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0000 Apollonius of Perga 

1687 The Mathematical Principles of Natural Philosophy Newton 
1736 Method of Fluxions Newton | 

1839 Researches on Curves Hearn o- 

1863 Geometrical Conics Taylor 

1869 Analytic Geometry Howison 

1879 Higher Plane Curves Salmon 

1879 Parabola, Ellipse, and Hyperbola Griffin 
1881 Geometry of Conics Taylor 

1882 Examples and Problems on Conics Roberts 
1889 Geometrical Conics Cockshott and Walters 
1893 Geometry of Conics Mukhopadhyay 

1894 Geometrical Conics Smith 

1901 Elementary Conics Besant 

1927 A Concise Geometrical Conics Durell 


The images to construct the digital versions of the above publications have 
had the advantage of Photoshop. The most difficult were twó publications which 
used inverted graphics for the plates. I finally constructed a passable macro to 
correct that fault for these works and in one of them I scaled the graphics to take 
advantage of the allotted space. The scanned images themselves can currently 
be found on the Internet Archive. IrfanView v was: used to standardize dpi and size 
of the images. - 


The above Ma were not chosen by a any merit that they may have, but 
because they are simple available on the Internet Archive. 


And for a standard for study 


2020 Basic Analog Grammar by me which is the product of Microsoft Word 
2003, Geometer’s Sketchpad version 4 and Mathcad 15. 


The Conic 


John's Learning Project. 


Introduction 

Wednesday, October 27, 2021 

About a month ago, I was working on doing another revision of The Delian 
Quest. For each revision I aim at finishing up write-ups originally set aside fora 
later date. When I ran across some plates from Two New Sciences by Galileo that 
was in an earlier version of the DQ. I decided that Two New Sciences required 
its own study project and stay gone from the DQ, so, I took some time out and 
did a study portfolio and posted it on the Internet Archive. Galileo's work with 
conics led me to an old project, etc., etc. 


| ended up with a project called a Compendium of Conics, by which I have the 
intention of learning what conics have been all about. The Compendium of 
Conics gives me a kind of source-book for Conics to refer to, and practice with. 
Or a whole box-full of neat stuff to play with. 


I was surprised at the primitive state of affairs with the whole matter in light 
of what Plato called starting a work by defining your terms. Not one of the 
authors of this Compendium could even produce a defining figure by which 
their work on conics proceeded from, no basic geometric figure. Some spoke of 
it as a descendent of cylinders and cones, as if it were schizophrenic, or maybe 
was born in a wood-chippers shop and with the proper saw and stuff, one can 
cut away and produce them to trace out on paper with. And others jabbering 
about points taking trips to some alternate reality called infinity. The gibberish 
aboutthe whole thing is rather frightening. Grown people talking like they were 
infants. How many of them realized that the terms Parabola, Ellipse, and 
Hyperbola are not three distinct figures, but divisions of a single figure using 
the simple notion of that ratio being equal to 1, less than 1 and greater than 1. 
No new figure is created, these are just categories of ratio's. There are not many 
Conics, unless one is referring to books written about The Conic a synonym for 
the application of the simple ratio in situ. 


So, before I set out on my study, I had to figure out how to simply draw the 
thing and how it is just a manifestation using a simple ratio. How is it that 
scholars who write books, educated in the finest Universities and Colleges, and 
not know that every possible ratio is expressible between 0 and 1? The ratio is 
a particular method of utilizing simple binary recursion. 


There is a lot of nice material done on conics, it is just that the authors do 
not seem to know how to talk or write in a sensible manner. I am sure, if they 
had noticed it, their work might have been spectacular instead of a chest of 
things one has to dig through. 


At any rate, with a given unit, and a given ratio, the entire topic of conics is 
derived. There is no nonsense about a directrix, or even spandex. Conics is the 
study of the curve which ranges from a straight line to a point. So, proceed to 
Chapter 1 and see how easy it should be. 


I had all of the included works in this set bookmarked in Adobe, but while 
going through them, I found something odd. Some pages, and some text, were 
badly skewed but, on examining the original images, they are fine. It is Abby 
FineReader 12. If the Deskew check box is checked, apparently, some pages 
images are French, and Abby seems to think it means de Skew, and it acts 
accordingly and adds skewing to the image. 


I had to reprocess all the work in Abby, with the check box not checked. 
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Ιπϊγοάμσποη......................................................νοὀονενεόννεαννενεὂνεεὀὀὀνενέὀενενέὀεεεἑέὀεεκὀέεεκεἑὀεέκεέσνε 


η. μμ O E ού  -ἵ -- 


Chapter ο Ον ιο ο ο ο ο ο ο ο ο np nU Oed 


Chapter 1 Definition of Conic 
1. A conic is constructed using the unit and eccentricity in order to produce 
curves all the way from a straight line down to a single point. This ratio, called 
e. The sum of the denominator and numerator of e is always 1. 


Unit = 1.00000 
BC = 2.04227 cm 
AC = 1.60356 cm σ 


2 Eccentricity is a fixed ratio 
applied to a perpendicular. 


Let AB be the Unit. 
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AH = 5.22513 cm 
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Unit = 1.00000 

, BC= 1.85177 cm 

AC = 1.79406 cm — = 1.03217 
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BC 
— = 1.03217 BC BJ 
AC 


conic. Li. 


One can see that what is called that Latus 
Rectum, BD, is a fundamental projection in 
construction. Or, again, as AN equals the unit, the 
Latus Rectum is actual perceptible ratio. 


After one does the basic construction, one can 
hide that starting constructs, dress it up, and start 
illustrating things line the tangent GP. 


So, this is how I start my study using the PC -0.87714 BC BJ 


Compendium of Conics. 


Let P. be the eccentricity. BC 
added to AC is 1. 


Construct AN equal to AB and with BC 
construct BK. 

With CN construct DN. Construct a 
limiting segment MLimit. Upon MLimit 
construct any point E. Construct EF 
perpendicular to AE. With D produce AD to 
F. 


Construct FH perpendicular to AB. 
Construct the circle BJ. BG will then be 
equal to BJ. 

If BF is greater than BG, then G will be a 
point on the zm: 





AH = 4.85598 cm 


y| Unit-100000 > 7. 
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Basic Analog Grammar 
Friday, November 6, 2020 
This work is a comprised of a number of topics I have been attempting 
to organize during my playing around with Basic Analog Grammar. 


Analogic. 
Introduction. 
10/15/2018 


Grammar has two divisions, each commensurate with an element of a 
thing. Those two main divisions are Logic and Analogic. Geometry is an 
analog grammar. Again, dividing by the only two concepts we have—the 
absolute and the relative which combined produces a unit, or thing, one 
can divide my work commensurably, The Delian Quest and Basic Analog 
Mathematics. 


The main source for the foundation of analog grammar using geometry 
is traced back to the compendium produced by Euclid called the 
Elements. 


Before I introduced myself to the works of Plato, I decided to study 
geometry but not by resorting to books, but by resorting to a straightedge 
and compass. Within a couple of days I was writing equations to figures, 
the process just came natural to me and I meditated on the concept as I 
continued my studies. In order to aid me in my studies I decided to 
search for the solution of what was claimed to be impossible to solve, the 
Delian Problem. I figured that since it was unsolvable, it could be used to 
motivate me on this wise: If the problem were given by so called gods, 
whatever that meant, it had a solution which could be found. If it was 
just conjured up by the imagination by some mystic then it may not have 
a solution at all as claimed by real mathematicians and I would never 
run out of things to try chasing a ghost. For me, then, that was a win- 
win situation. 


I ended up solving it, however, not being a member of the intelligentsia, 
it has been repeatedly been refused to be published. Another reason, 
perhaps, is it demonstrates the stupidity of the intelligentsia. 


Introduction. 
Friday, November 6, 2020 
Psychology is commensurate with the principles of language which are 
functionally resident in a mind. Other philosophers have put this into 
words which indicated that human virtue is produced by a mind doing 
its own work. 


Iam going to present a standard for language comprehension following 
this introduction based upon definition, but for now, let us take a look at 
what people take for granted, or again, take as a given. 


Have you ever heard that there are two, and only two, primitive 
methods of constructing a set? One can enumerate the members, or one 
can use a definition which determines class membership. 


There is an immutable order to learning. It is the same order which 
determines the evolution of a thing. It takes experience with many 
examples before we can group those examples under one concept, in 
other words, before we can construct a definition. Before one can see the 
simile in multis, or again, the similar idea in the many examples, or 
again a definition, one must have experience with the many examples. 


In terms of evolution, a species understands and effects language by 
enumeration for a very long and bloody history before it evolves to use 
language in accordance with definition. It can use names, but it cannot 
formulate a standard of behavior in reference towards them. It believes 
that it is linguistic, when it is factually proto-linguistic. A proto-linguistic 
species is not capable of judgment. It cannot, by definition, erect and 
maintain a standard, a definition, for any thing. 


What I am doing in this work, is demonstrate how to erect language by 
definition. It is a time in history that one will find intimated in ancient 
texts which indicated what some would call guided evolution. The fact is, 
evolution must go in that direction anyway. It can be made shorter or 


longer, and even snuffed out, but if evolution continues, there is only one 
result, a humanity with a functional mind doing its biologically defined 
job. 

Prerequisites of this work is a long and careful study of the Platonic 
dialogs. Comprehension of at least the first few books of Euclid’s 
Elements to the point that one can write equations to the figures without 
Trigonometry, Calculus, and Cartesian Coordinate systems; in other 
words, in simple Algebra. An example of this process can be found in my 
work called The Delian Quest. Towards the end of that work one finds 
the seeds to BAM, Basic Analog Mathematics. I discovered that branch of 
Geometry by writing equations to figures for so long, that I finally figure 
out to write a standard figure to given algebraic equations. 


Basic Analog Mathematics reinforces the understanding of exactly 
what we do in language. 


Grammar Mechanics 


A mind is responsible for standards of life supporting behavior and is 
thus responsible for predicting all behavior. It accomplishes this through 
the abstracts of Language being the parts of any thing; its limits and its 
relative difference. 


Grammars are indexing and mapping systems for memory. They are 
not the information mapped at best they are metaphors. 


Language is Universal and Intelligible; therefore nobody can speak 
language. Grammar is Particular and Perceptible; the single language of 
creation, of the Universe, is recursively used to produce Grammars. 
Every form of communication involves grammar. 


The two intelligible elements of Language can be named, and actually 
have several, however, the intelligible required to recognize and employ 
those concepts can only be provided by one's own evolutionary 
development. The ability to be aware of the intelligible elements of 
language cannot be bestowed upon anyone in any manner. We can and 
we can learn to recognize and use them solely as a function of our own 
intelligence. Many people have remarkable memories yet cannot 
recognize the significant abstractions of the recalled information. 


Unlike so called modern scholars, ancient Greek philosophers, as 
exampled by Plato, Euclid, and the author of the Judeo-Christian 
Scripture, started the study and the teaching of grammar by what we can 
objectively name, the elements of any thing. These elements of a thing 
form what is called a unit, a logic gate, a thing. We can name the relative 
of a thing and we can name the correlative of a thing providing us with 
exactly two, and only two, parts of speech. It also means that every 
possible grammar, logical and analogical, is effected by complete 
induction and deduction of a unit. The convention by which we assign 
names to these two elementary abstractions determine the whole of 


erammar through their recursion. One can say we actually count with 
order naming conventions, such as arithmetic and unordered naming 
conventions such as common grammar, or in short, we afford memory 
mapping, memory addressing, actually four distinct ways, three logically 
and one analogically. 


Modern scholars, it appears, have never had the wit to actually start at 
the foundation of grammar itself, the first principle parts of any thing, to 
test the gibberish they were spouting about grammar. Every grammar is 
effected by the standardization of our behavior in regard to symbol sets 
and the recursion of symbols to construct memory addressing. 


Most people will admit that there is such a thing the ability to see into 
the future, however, one would be hard pressed to find agreement as to 
how it is accomplished. Do we sit on our thumbs waiting for some mystic 
voice or vision, or is it a biologically afforded fact through grammar? The 
answer is obvious only if one actually understands the definition of a 
mind; only if one understands the Law of Identity when expressed as, 
what may be predicated of any thing, even man, is wholly determined by 
the definition of that thing. 


A particular savior of mankind is, by definition, impossible, however 
the Messiah, a defined biological fact, is not only possible, it is constantly 
proven even if no one hears the proof. Every life support system of a 
living organism is a messenger of the environment, is the salvation of 
that form of life. 


Symbolic Information Processing 


From the moment of birth we start learning how to manage our own 
behavior relative to our environment. This ability is afforded to us by 
memory and memory management. 


Memory is the storage of experience; it can be called the virtualization 
of our environment within a mind. With that memory our biologically 
defined job is to help maintain and promote the life of the body. 


In short we acquire useful experience which we can manipulate as 
memory in order to maintain and promote our life. 


We manage memory through indexing systems called grammars which 
most people colloquially call language. Technically, language is not the 
same as grammar. Language is a biologically provided advantage while 
grammar is how we make use of that advantage. 


It should be obvious that we require optimized experience by which to 
load memory prior to any ability to manipulate it. This is currently not 
socially provided. Geometry actually provides an optimized universal 
source of experience. However it is so highly abstract that simple minds 
cannot recognize nor formulate the associations. Learning grammar has 
to become an optimized universal source of experience. In the simple, 
learning grammar is said to be an optimized universal source of 
experience which produces an optimized social form of consensual 
expression by which a social structure interacts to perform its 
biologically defined job, or again, manages its behavior towards the 
environment in order to maintain and promote life. 


Grammar provides the art by which we craft our behavior. Grammar is 
the standardization of behavior by which memory is managed to produce 
our physical behavior. One can even say that grammar is a biologically 
defined ritual response to the environment. 


We not only use grammar to manage our own particular behavior, but 
it affords us the ability to act in concert with a social environment to 
increase our ability to perform our individual biologically defined 
obligations. 


Every grammar is composed of two parts; a set of symbols, or symbol 
set and a defined method of combining those symbols to produce specific 
indexes, or names. This affords us virtual addressing, recollection and 
manipulation of memory. 


Analogic. 
Introduction. 
10/15/2018 


Grammar has two divisions, each commensurate with an element of a 
thing. Those two main divisions are Logic and Analogic. Geometry is an 
analog grammar. Again, dividing by the only two concepts we have—the 
absolute and the relative which combined produces a unit, or thing, one 
can divide my work commensurably, The Delian Quest and Basic Analog 
Mathematics. 


The main source for the foundation of analog grammar using geometry 
is traced back to the compendium produced by Euclid called the 
Elements. 


Before I introduced myself to the works of Plato, I decided to study 
geometry but not by resorting to books, but by resorting to a straightedge 
and compass. Within a couple of days I was writing equations to figures, 
the process just came natural to me and I meditated on the concept as I 
continued my studies. In order to aid me in my studies I decided to 
search for the solution of what was claimed to be impossible to solve, the 
Delian Problem. I figured that since it was unsolvable, it could be used to 
motivate me on this wise: If the problem were given by so called gods, 
whatever that meant, it had a solution which could be found. If it was 
just conjured up by the imagination by some mystic then it may not have 
a solution at all as claimed by real mathematicians and I would never 
run out of things to try by chasing a ghost. For me, then, that was a win- 
win situation. Or one can say, that despite assertion or denial, I was 
going to investigate the problem on my own as a means of learning. 

I ended up solving it, however, not being a member of the intelligentsia, 
it has been repeatedly refused to be published. Another reason, perhaps, 
is it demonstrates the stupidity of the intelligentsia. 


If one is familiar with the bell curve in regard to intelligence, I have had 
my own introduction to it when early in my schooling the teachers placed 
me at an extreme on one side of it, but there own tests put me on the 
opposite side of it, which confused the hell out of them. One of the 
implications of this is that it is common in history—the dumbest persons 
are often hailed as the greatest geniuses. 


When I was young, it was clear to me that mankind was not processing 
information correctly at all, in fact they assumed that they knew what 
they nowhere demonstrated that they knew. For one thing, there is 
factually no correct grammar book on the planet. Men are pasting words 
into strings, but have absolutely no standard by which to connect words 
together. They had an obviously ridiculous system of rules called 
grammar, but which in fact is not grammar at all. I have personally never 
passed one of their grammar classes. They are wholly absurd. When men 
display is a complete lack in comprehension that their own biology and 
physical fact determine the whole of grammar they have no objective 
correlation. Man assumes that by sticking words together that they can 
change the principles of language. What men call genius for this 
gibberish is wholly astounding. No man is a genius who displays no 
standard for the grammar that they use. The standard is not more words 
or symbols, but a correlation to what those symbols denote which is 
physically defined and biologically known—a unit or one standard 
concept of a thing. No where, other than the JCS and Plato, do I find any 
awareness of this very easily demonstrable fact. Both of these works, 
including Euclid's Elements, man turns into pure gibberish and he is 
wholly unaware of it. 

It is very clear that the average person does not reduce the symbols 
they use to basic intelligibles, the symbols they use are reacted to on a 
perceptible level which means very limited intelligent information 
processing. It is closer to parroting than thought. For example, every so 


called non-Euclidean geometer justifies their bizarre behavior in terms of 
perceptibles, they display no awareness of intelligent information 
processing—the same as those who teach common grammar. As a child, 
I was simply confused by such bizarre presentations. 


A mind is an information processor. Grammars are simply indexing 
systems for information gathered by our senses, perceptible and 
intelligible. Our body informs us of boundaries and the relative difference 
between them, that is, absolutes and relatives, which combined is simply 
a unit, or 1. I cannot deviate from that fact, nor can grammar. This 
means, as Plato stated, we work only with nouns and verbs just like in 
geometry, absolutes and relatives. 


Our biology affords us only two basic concepts, absolutes and relatives. 
By recursion of these two concepts we formulate the whole of any 
particular grammar. If one studies the great brains in history, they will 
find that they do not understand that complete induction and deduction 
is simply another expression for recursion, nor do they demonstrate 
exactly what they are suppose to be repeating to begin with. As 
expressed by the JCS in metaphor, by Plato, and Euclid, it is simply 
these two elements of a thing that we can name. Every other concept is a 
combination, an equation if you will, of these two simple concepts. This 
means that you can call a sentence an equation and an equation a 
sentence, however, that is not what one is taught. One is not taught, in 
any grammar today, that we are always manipulating the same concept 
of a thing, where each individual thing simply has a different 
combination of relatives. We are counting in common grammar with 
relative naming conventions but in arithmetic, absolute naming 
conventions. The convention of naming, or symbolic convention, does not 
change the information. No grammar ever changes information and 
information is not the grammar. Or in more modern terms, the map is 


not the territory. Linguist repeat that, but they display no comprehension 
of it. 


If one is a member of the intelligentsia, we even have things called real 
numbers, whole numbers, imaginary numbers, counting numbers, 
transfinite numbers, etc., which amounts to saying that we have real 
names, imaginary names, counting names, whole names, transfinite 
names, etc. A number is no more than a name generated by an order 
convention of names. Number does not take an adjective. I know this, as 
I have spent thirty years looking for one transfinite tomato. Even I am 
bright enough to know I will never find one that counts and 1 like them 
too much to invest in an imaginary one. It is wholly absurd the amount 
of mental masturbation found in school books. You can critique so called 
educators all you want, it will not increase their I.Q. by one point. Or, 
one can say, that I know this because by complete induction and 
deduction, one can never fly off into the bananosphere into another 
symbol set while using it. Write all the numbers you like. You will never 
be able to make the distinction in them as claimed by the brainiacs. 


Whenever someone comes up with some newfangled theory, it is often 
no different than a witchdoctor's account, or a religious fanatic's account 
of reality. Yet men continue to be in awe of the witchdoctors. If you 
cannot say it simply, you simply cannot say it. After all, exactly how 
difficult is it to comprehend a unit? Apparently beyond the ability of 
man. 


Any account, in common grammar or mathematics, must always 
display the recursion of a unit. You can no more pull an equation out of 
your tush than you can a statement in common grammar. Yet, men keep 
doing it and not showing their work step by step in regard to this single 
demonstrable standard for information processing. They say what they 
please, not regulated by language processing at all. And no one aware 
that this is insanity, a schizophrenic break with reality. This state of 


affairs however is in the metaphors of the Judeo-Christian Scripture. 
Before a mind has evolved to a particular point in that evolution, it is 
really not aware that it is dysfunctional. Is unaware that what it calls 
knowledge is no such thing. 


No one cannot actually learn grammar unless the principles of 
language, itself, are functionally resident in that mind. This simply 
means that the ability for symbolic processing is proportional on an 
individual basis. It does not mean that there is no standard by which to 
measure and express it. 


One might think that because of the shear bulk of my work that that 
material is the relevant part of my work, where the relevant part of my 
work is that single concept. Generally the bulk of information is inversely 
proportional to its intelligible relevance. Many believe that the number of 
what they call particular languages that they can speak is something 
wonderful, while being wholly ignorant of the fact that it means that they 
are capable of rehashing the same nonsense. The same intelligible is 
untranslated in every version of it. 


As your own biology should teach you, Language is simply two 
concepts presented to a mind by their own biology, the absolute and the 
relative. Grammar, on the other hand, are the symbolic systems to 
express that language. Technically then, there is only one Language and 
a number of grammars. One can count those grammars in two ways, 
relatively or absolutely. Relatively, one tries, like an idiot, to count the 
number of symbols one can produce, being in fact, infinite. An idiot 
counts the perceptible symbols and ends up with such non-sense as the 
English Language, French Language, etc. The so called intelligentsia take 
this approach which is not flattering at all, however, if someone claims 
you are a genius, it may be because of this particular stupidity. The 
other way is to count them based by the intelligible difference they are 
based on, again, the absolute and relative. One should start their 


examination of grammar with the particular question, what can we 
actually name, why, and how. One will not find any historical work 
where the author reasoned after that fashion, at least as far as I know. 


We can symbolically represent both the relative and absolute by 
relative and absolute symbolic conventions which produce four basic 
grammars. So, you can claim that there are an infinite number of 
erammars as some grand expression of intelligence, or you can 
demonstrate that there are factually four. I am not particularly 
impressed with grand gestures, I do not find much help by them. 
Secondly, when you are explaining grammar as complete induction and 
deduction of a unit, one does not immediately abandon it and simply say 
many like a primitive. By simple recursion of a unit we simply acquire 
four categories of grammar. Eventually when one is answering any 
question they will immediately understand that what may be predicated 
of any thing is wholly determined by the definition of a thing so that 
although the big brains love the infinity symbol, it is actually not an 
answer. When they learn to think, you will see those symbols being used 
less frequently. An answer is not the same as just any one collection of 
words. 


There have been, and perhaps will be, those who cannot master 
assertion and denial while able to acquire college degrees in math. How 
stupid does one have to be to not be able to say that X is not a set, or 
thing and insisting that it is a thing by calling it the null set? I don't get 
it. It only expresses the fact that one is asserting and denying of 
perceptible symbols while devoid of its intelligible content. Assertion and 
denial functions with exactly these two concepts of any thing—nothing 
more, nothing less. Geometry cannot teach you that you have only two 
concepts, it can only teach you how to use them. Grammar cannot even 
insert the biological ability of discerning the basic concepts of language. 
No one can talk their way out of evolution. 


Now, if you can imagine that you are not a member of the intelligentsia 
and can work expressly with intelligibles, let me introduce some 
graphics, but graphics which are commensurate with a two symbol 
grammar, or analog grammar, geometry. Let us assume that every 
symbol we write can be called a graphic or more simply, that we can 
recognize a synonym. Graphic, is a synonym for visual, a graphic some 
division of it. Class and member of a class. Every definitive sentence 
presents the name of a class and the names of some particular members, 
one each for each element of a thing. This means that we often use an 
equality as a directive for one’s attention, not the abstractions we are 
calling attention to. Many false arguments are based on ignoring this 
basic linguistic fact. Grammars are developed for the manipulation of 
memory and therefore one of the intelligibles one has to keep in mind is 
that they are designed to manipulate your memory through intelligibles, 
expressed or implied. How often have you ever read that grammars are 
designed to manipulate your own memory, your own mental behavior? I 
have personally never seen it and I have quite a collection of digitalized 
grammar books. In this case our graphics are also symbol sets and 
specifically a two symbol grammar in analogic called geometry. Instead of 
viewing geometry in terms of the tools to write the grammar, straightedge 
and compass, understand it as the two symbols used to express it. You 
can put this into words several ways, the unit and universe of discourse, 
or the line and circle, or again a grammatical unit, etc. We cannot define 
a unit. A unit is actually given biologically and physically. We do describe 
it in geometry in terms of points, segments, lines, circles, triangles, etc., 
but the grammar of geometry is produced like every other grammar by 
the recursion of the unit. The recursion of the unit segment in geometry 
produces a circle. This gives us our two tools for expressing plane 
geometry and another recursion produces solid geometry. It is not my 
place to apologize for the really stupid thinking of mankind on the issue. 


So let us imagine that we can actually construct an analog grammar 
with one relative and its two boundaries and naming these elements of a 
thing as point and segment. It is not as if the concept is new, but as one 
can see, something a self proclaimed brainiac cannot master. 


1 


O 1 


Now we can have our unit laying down, skewed or standing up and 
that it has absolutely nothing to do with the definition of the unit. In 
short, the gibberish that science and physics depend on coordinate 
systems of reference is just that, gibberish. Neither Physics nor 
mechanics are Newtonian or Quantum. The geographical location of a 
unit is not part of its definition, nor is the relative difference between 
terms predicable of either term. It is simply a unit for discourse, for 
complete induction and deduction. Looking for a theory of the universe is 
like looking for your shoes when they are already on your feet. How 
stupid can you be? There are countless ways of saying one is illiterate, 
and the intelligentsia apparently are looking for them all. 


D 


And it does not matter what logical names we give the terms of the 
unit. The unit does not change. We can use the absolute naming 
convention of arithmetic or the relative naming convention of common 
grammar. 











a billion relatives 


five relatives 


one relative 


A B 


Nor do we have to claim to be reinventing a grammar called Set Theory. 
A relative can be a single relative or any group of relatives. 


The boundaries of a unit are called corellatives, meaning they keep the 
relative company, and the relative is simply a relative. One will notice 
that we often name correlatives denoting a set of relatives. This, however, 
has not yet been standardized in our vast knowledge of language. 

Now, for those who are mystified as scholars have been for over two 
thousand years about Plato’s dialog Parmenides, it is about the 
principles of predication. It should be noticed that neither element of a 


thing is, in of itself, a thing and cannot be predicated of. Predication 
actually equates the name of a class with specific members of that class. 
Or in terms of the above graphic, the name of the whole thing with 
specific names of a pair of member elements, one name for the 
correlative and another for the relative. One can call this database 
construction, unless, of course, one is a member of the intelligentsia. 


Plato’s Dialogs come down to us as a collection of dialogs which the so 
called intelligentsia argue over which of them are actually his, when in 
fact, Plato stated clearly that his work was grammar and its psychology. 
They are aimed at behavior as effected by the unit concept, the factual 
foundation of language. Like the Judeo-Christian Scripture, he 
demonstrates the use of mythology in the modification of behavior as 
well, in fact, his best constructed myths, like Phaedo, are outlined on the 
unit itself. The Judeo-Christian Scripture is more subtle and more 
factual than Plato. 


As we start grammar with language and language is composed of only 
two elements, the intelligible recursion produces four distinct categories 
of grammar. I can use a relative naming convention for the elements of a 
thing which produces our common grammars. I can use an absolute 
convention of names which produces arithmetic. I can use a combination 
of those to produce Algebra, and with our original analog that makes 
exactly two squared or four. One can even use some particular musical 
instrument as an analog grammar system, but it is way too abstract for 
even me and it is based wholly on what is pleasing to the ear. 


In my work The Delian Quest, I use geometry and algebra specifically 
for each figure, however, in Basic Analog Mathematics, I demonstrate 
arithmetic, algebra, and geometry, in a universal format which can 
actually be applied to common grammar as well. Therefore, my work is, 
itself, divided by the unit and universe of discourse. With Basic Analog 
Mathematics one can actually write a computer which is independent of 


time itself. AS soon as one has an input one has an output, the two are 
simultaneous—every event happens at the same moment. There, in the 
figure, is a proof of the fallacies of the Einstiens. How stupid does one 
have to be when asking, how can two events be called simultaneous if we 
add a relative difference to the definition? People getting all serious over 
something which should have them laughing. An absolute can never be a 
relative, the very first definition in the Elements, a point, or boundary, is 
not a part, or relative. If one is easily confused with synonyms, they go 
away scratching their behind trying to comprehend a simple sentence. 


The phrase Quantum Computing has quite a lot of mystical rubbish in 
many explanations of it. One cannot change language, but one can 
change the ways in which it is expressed. The relative difference of every 
thing is also called that thing’s behavior. We gate human behavior with 
metaphor and fact. We gate water with dams or a simple faucet, light 
with almost anything, and electricity in several ways, including the 
simple transistor. 


Man is still evolving to become what is defined as man in the front of 
the JCS, a relative difference constrained by absolutes, language itself. 


Geometry, as a two symbol grammar, is based on one and only one 
perceptible behavior and one and only one conceptual behavior. Not 
moving a hand to write, and making one, and only one motion to write 
with the hand. It is not a difficult concept, but which a mind that spends 
too much time away from reality cannot, apparently, comprehend. 
Points, are in fact often written to accent the name, but grammars do not 
depend on its perceptible as witnessed by the infinite fonts and 
handwriting styles of men. A man, capable of intelligence, does not ask if 
a line is still a line if one bends the paper, or writes on a tennis ball or 
some particular scrap of paper. 


Every grammar is effected by standards of behavior, the real standard 
being conceptual not the perceptible behavior of some particular ink on 


paper, wood, rock, or smoke in the air, or radio transmission. If you are 
as easily confused as what men call genius, well then, there you are. 
Confusion and concept do not designate the same behavior. A single 
concept, physically defined, biologically known, denotes the genius of 
man, not the gibberish of the intelligentsia. 


The intelligentsia of the world today are equal to the dumbest which 
believe that human behavior is regulated by what pleasea certain people 
in certain social positions, even if that person is themselvees, just like 
any other stupid animal. Correct human behavior is defined by 
demonstrable biological fact. That is why I find this world very bizarre 
and very frightening, not to mentions very depressing. Man is nowhere 
yet to be found. 


Basic Arithmetic in Geometry 

Friday, November 6, 2020 

Arithmetic is a logical system of grammar while Geometry is an 
analogical system of grammar. I generally use the name Basic Analog 
Grammar, however most people would not know what that means; 
suffice it to say, the mind is a life support system of our body and as 
such has a well defined and biologically determined job to perform and 
well defined biologically determined means of doing that job, language as 
a binary expressed in every possible grammar system when a mind has 
become functional. Until that time, just like any computer, that mind 
produces gibberish. 


Currently there are no correct grammar books on the planet and 
everyone believes that the mind processes information in countless ways. 
All they have to do is ask their computer; Is all information processed in 
binary? Plato answered that question and called the effect as applied to 
all thought, dialectic, thinking, reasoning, speaking, by two’s; the 
elements of every thing. 

Everything is composed of some material difference within limits; this 
means that everything is expressible, as the early Greeks were doing, as 
a binary expression which is the same concept used for the terms 
assertion and denial, is and is not. Technically is not is a noun, an 
absolute, while is, a verb. Plato called grammar systems dialectical 
because of that binary association; we are always speaking in accordance 
with these two primitive concepts afforded to us by Language and 
expressed in grammar to the limit of our intelligence. These two elements 
of any thing afford us two categories of grammar, logical and analogical. 
Arithmetic is a logical grammar, common grammar is a logical grammar 
and algebra is a logical grammar. Geometry, on the other hand, is an 


analogical grammar; it is a pure analogical grammar. Together, these 
four comprise a grammar matrix or in biblical metaphor simply matrix. 


Every system of grammar is a method of utilizing the binary of 
Language to do our biologically defined job but the comprehension of 
grammar systems is contingent upon our fundamental intelligence. 
Grammar systems are produced by the recursion of the binary of 
language by its application to symbol sets for the absolute and relative. 
Simple minded people imagine binary using symbols of only one binary 
grammar, O and 1, which is wholly devoid of the actual intelligible of 
elements of a thing being explored by some early Greeks and which is 
introduced in the Judeo-Christian Scripture in several metaphors; the 
most comprehensive being the Conjugate Binary Pair called Adam and 
Eve. Second from this, I would put something just as missed in 
metaphor, the Two Tablets of Law, written on both sides producing four 
pages, or again, the four basic grammars which are derived from our 
original intelligible binary. 

The mind is a life support system of a life form and like other life 
support system it processes what it has acquired from our environment 
in order to make products that maintain and promote our life. And like 
every other life support system, to the limits of its evolutionary 
development. The area of the environment the mind evolves to deal with 
is an intelligible portion of the environment, time, past, present and 
future; often simply called memory. Grammars are simply memory 
management systems, while to the mythologers in science and religion, 
they are a means of creating their imaginary realities. There is no 
distinction between the Einstein's of history and high priests of some 
cult. As the most powerful life support system possible, it takes longer to 
evolve in a species; man is still evolving and this evolutionary process is 
indicated by man's own disunity. The mind of man, in general, is still 
very dysfunctional. As psychology is commensurate with the principles of 


language which are functionally resident in the mind, one can plainly 
view human insanity through all of human media, social and secret. 


The development of the human mind is also commensurate with the 
two elements of a thing, the absolute and the relative. Psychology is 
commensurate with the principles of Language which are functionally 
resident in the mind as grammar systems. This work is currently in edit 
mode; All of my work is aimed at psychology through language, as a 
biological fact of a sapient species, and grammar systems commensurate 
with the evolution of a species to become sapient. 


Chapter 1. 
The Unit. 
3/8/2018 
When I first started drawing, I started with the desire just to try and 
learn a little geometry. In terms of the word geometry, I was a clean slate, 
I never had it in school and I was in my late 30's when decided to set off 
on my little learning adventure. 


It took about a dozen years, maybe because I was not actually 
thinking about it, to realize that a circle was not just a circle nor a line 
just a line. It took a lot longer to realize that the mind processes all 
information based on only one concept of a unit:—a unit is just a 
synonym for a thing. 


Now, the phrase, for it certainly is a phrase, does not seem to mean 
much until you start looking into your own mind. Slowly, you start to 
realize that it means everything. Everything we think and do, when our 
mind is functioning, is the results of complete induction and deduction 
of a unit, or as Plato would say, Just one thing. 


Another thing this means is just this. If this fact is not known or 
understood, then one does not actually know any thing at all. It means 
that we are proto-linguistic. As such, it also means we are a beast, docile 
or not. Language separates man from animals. That distinct separation 
is impossible until our mind is functioning by complete induction and 
deduction of a unit, a standard concept of a thing. The evolutionary 
umbilical cord only becomes severed when our behavior is determined by 
a mind doing its own work. 

A lot of people do not exactly know what it means to do one's own 
work. I had some idea, that is why while I was at work, doing my job, I 
sometimes got into trouble with both the company and the union. I was 


an over-achiever and for a very good reason. After I had done more than 
production quota’s I would take a break and try to study. Now the 
company wanted more, never satisfied, and the union threatened to 
actually kick my ass if I did not slow down. For some strange reason, 
which I have not figured out to this day, both of them suffered the same 
sociopathic behavior, each of them thought that I was governed by them. 
How is it possible, in a country that tosses the word freedom around to 
be wholly subjected to a slave psychology, a slave mentality? I have 
absolutely no idea. Although I did eventually earn my pension by my own 
terms, and I did earn some respect by both the company and the union, 
neither were happy about it. A social working life is something like 
standing in the rain with occasional hail:—neither the rain, nor the hail 
will ever remember you. So the company, setting production quota’s were 
claiming, by their behavior that I owed them more than they said was a 
fair day’s work, and the union claiming that job security means not doing 
one’s own work. One telling you it is okay to beat the horse to death, and 
the other claiming you never have to leave the barn. Wonderful, just 
freaking wonderful, because both of them are claiming that I am the 
problem. Seems to be my life’s story. 


I have a problem with authority. Even when I was going through a 
phase of being able to see things which actually came about, I found it 
curious, examined it, but my attitude was, however it was happening, I 
did not cause it, so why would I be interested? If I do not know a thing, 
then I either had to learn it, understand it if I could, or move on to 
something I could understand. Simple as that. I likened the experience to 
people who bitch about rich people claiming if they had that person’s 
money that they would do thing’s differently. Really? ever think about 
starting at the start, by earning the right to say that, by earning the 
money? I actually felt sorry for people who chased after the visions, all of 
their life wondering why they could not master it, when it was clear, 


should have been clear, it was not by their own ability. The future does 
not exist, thinking that it does is a brain dead tense error. I did not know 
where the visions were coming from, it did not excite me, and I was 
certain that I did not know, the only question to ask, just like popular 
media, why in the hell do they, or what ever it was, want my time? My 
time is the only thing I have. It is a blind bank account of which you 
never know when you have over drawn that account. You never will. 


Except I did, and that event sent me into a state I have never really 
recovered from. And I still do not know why. What in the hell does 
anyone want with my time, only now, is it my time? My account ran out 
a long time ago, yet here I am. Why? My whole situation is involved with 
true power I cannot understand and is wholly out of my ability to 
understand. 


50, I have to take the only road, the long road to understanding. I have 
to start learning the unit. 

In the grammar of geometry, we have two distinct tools. The 
straightedge and the compass and they produce a results, with pencil, 
pen, crayon, chalk, scribe, etc., like these:— 


And by recursive use you draw; draw is just a synonym for symbolic 
expressions in that grammar. Eventually you learn that the segment is 
just one thing, a unit, and the compass an expression of the universe of 
discourse. That tool, the compass, is all you have to do the math, or 
speak the language. Although they are constructed, each with a tool, the 


results, by appearance, differs drastically between them. The circle is not 
a line. It is a conceptual abstraction imposed upon the only word 
possible, one. By complete induction and deduction, all you are doing is 
counting and it does not matter if you are counting days, or the color of 
someone's eyes. 


Chapter 2. 
The Ball Game. 
3/8/2018 
In baseball, it only takes three misses at bat to set you back down in 
the dugout. It is a life of second and third chances, which makes it an 
optimistic game, unlike evolution. 


Before my trek into geometry and later, the study of Plato, I ran into 
another problem. I had an answer, in visual metaphor again, to a 
question I asked. For three days, I tried to figure out what C.M. meant. 
The best I could do is Common Market, which is actually what it does 
mean. Being in the format of C.M. means that it is a class with many 
members, that is what initials are. Another word for initials is acronym. 
The sign I was given in the lucid dream, is simply loaded with meaning, 
so that no matter how you look at it, if you are thinking, the results is 
always the same. When I have given up on trying to second guess the 
initials, I resorted to using a dictionary I found in the shop drawer. On 
the top of that list was, Congregation of the Mission. I knew less about 
this than the Common Market, however, I had a greater aversion to it 
than the other. I am not in the least fond of religion, not as practiced 
today, not as taught today. Therefore, I naturally had an aversion to the 
Bible in terms of religion. 


So, after I had my fit and by seeing that the words of the Book were 
being used a lot differently than I was use to seeing in a book, things 
started getting weirder than they already were in my life. 


When all was said and done, a very long circumlocution, much worse 
than an Platonic Dialog, it brings one back to the unit by which 
psychology is determined, even the name of the beast 666, resolves to a 
biological fact, what determines what we are is simply by our psychology 
as determined by our ability to employ the unit in thought. Therefore, let 


us pre-suppose that you have done your homework, and that you have 
studied the Delian Quest and Basic Analog Mathematics and let us put 
together a figure for doing complete induction and deduction with a unit 


using just a straightedge and compass. It should look something like the 
following:— 











N = 3.29699 
2 N 











AB can be any size you please: It does not matter in the least. N, 
however, is going to be constructed by which one assigns an ordered 
naming convention to what ever names we are going to assign to AB. 
This way, we can learn to see how the very same unit of discourse is 
expressed no matter how we recursively apply it, by induction or 
deduction. You may, like everything else, just look at the figure and draw 
a blank. Let us first examine how N is expressed inductively and 
deductively. 








AB = 7.00475 cm 
BC = 1.63015 cm 
AC = 5.37459 cm 

















AB 
N = 3.29699 πε 
AC 
z N — —  - 8.29699 
BC 
E AC 
"es —~ -N = 0.00000 
BC 





Examining the measurements of AB, BC, AC, with any means we 
desire, we noting a relationship to N. We have duplicated N, or I should 
say, N is a duplication of what is given in the figure AB. We have simply 
divided the unit. What if we want to multiply it instead? 


AB = 7.00475 cm 
BC = 1.63015 cm 
AC = 5.37459 cm 
DB - 3.04954 cm 














N - 3.29699 
2 N 








AC 
i | —— -N = 0.00000 
SS e BC 


AB+DB 
DB 











-N = 0.00000 


We can express a unit by recursion in either direction, inductively or 
deductively. We also have now, three different ways of taking the square 
root of the composite figure for all three. 


AB = 8.77741 cm 
BC = 2.30210 cm 
AC = 6.47532 cm 
D DB = 4.84193 cm 


B 
--- = 3.81279 
BC 











AC 
--- = 2.81279 
BC 











AC 
- 2.81279 ——-N = 0.00000 
DB BC 


2 - N = 0.00000 
N = 2.81279 pp S70 
* 2 N DE-8.12058 cm 


CF - 3.86093 cm 





























= 1.67714 
DB 


JN = 1.67714 


AC 
--- = 1.67714 
BC 


I suppose all of this is very interesting, however, what this is all 
leading to is the projection to point D and what it has to do with angle 
trisection. In other words, it is directly related to it. So, what I pointed 
out somewhere else, just a short time ago, that the Pythagorean Theorem 
was by no means completed by Pythagoras or a long history of angle 
enthusiast, angle trisection is itself directly related, very simply, to the 
unit as the following figure denotes, and which I put into the Delian 
Quest a long time ago. 













m^/FBC = 62.60075° m/FCB = 27.39925? 
F m/FBG = 20.86692? m^/FCJ = 9.13308° 
` m/GBH = 20.86692? 
m/HBC = 20.86692° m^/HCB = 9.13308? 
m/FBC m/FCB 
m/FBG - 3.00000 m/FCJ 








= 3.00000 








_./AB-AC-AE = 0.00000 cm = = 2.37115 

i ^"... AB = 7.02390 cm AC 

AC - 16.65473 cm Ap Ni 0.00000 
AD = 9.88074 cm 




















N, = 2.37115 
AE = 10.81578 cm 
K = 3.72203 
N,2-(N,+3) 
-K = 0.00000 
3-N,+1 
2 MN K 




















As one can see, the trisection of any angle is simply the results of an 
algebraic equation; after all, the circle is the universe of discourse for a 
simple unit. I make plenty of mistakes to be sure, that is why I rely on 
programs a bit better than paper and pencil. 


Anyway, three strikes and a hit on each one. Now, that is batting 
1,000. 


At any rate, I started the project called Three Pieces of Paper a long 
time ago, but it turned out there weren’t much to put in it. Now the 
project Eloi, which is composed of a number of ways to solve for an 
ellipse was more fruitful. One of the first ones I took seriously was used 
to solve the Delian Problem. It too is an old project. 


So, I will wrap this up with some plates on Archimedean Paper 
Trisector, which I decided, a while ago, that it should be completed too, 
but not by trying to do this with a piece of paper sliding around a circle. 
Why invent ordered naming conventions when you cannot use them? 
That is a lot like working to have your car Kept in a locked garage. 
Myself, I can no longer even afford to drive one. 


Conclusion 


And so, as every circle tells you, straight on, an angle is a geometric 


progression, starting from a right angle, after all, an ellipse is an ellipse. 


m 7CAAW m/C 


22:900 m/CAAW 


mZARCN 








AAW 
mZARCN mZARCN ` 9:000 


= 4.000 


f 
: 





To claim that you cannot do this with a straightedge and compass is 
certainly an odd thing to say:—Every time your working with an ellipse, 


your dividing angles, what do you think complete induction and 
deduction means anyway? 






















Looking for Angels. 


m/BKM = 86.20886° 
m/NKM = 28.73629° 


m/7BKM 
——____ = 3.00000 
m/7NKM 

N = 3.45871 














m/CBM = 74.67826° 
m/CBK = 24.89275° 
m/7CBM 
m/CBK 
m/CAM = 15.32174° 
TS m/CAJ = 5.10725° 

E |. mZCAM 
psu E m/CAJ 


= 3.00000 





= 3.00000 
2 








N = 5.19195 























Grammar Basics 
Friday, November 6, 2020 


One should let the figure teach them grammar. The grammar the figure 
can teach you is applicable to every possible grammar. 


Complete Induction. 


or counting. 














Basic paradigms, equal and unequal, greater and 
less, sum and difference, ratio. 


0. 1 2 3 4 5 N 








1 1 1 


— 
-— $7 = 


Addition and Subtraction. 


N, = 3.97853 
Νο = 6.63654 


A = 10.61508/ 

B = 10.61508 
(N,*N3)-A = 0.00000 
(Νι:Ν2)-Β = 0.00000 





N 


C = 2.65801 

D = 2.65801 
N5-N,-C = 0.00000 
Ν2-ΝΙ-Ώ = 0.00000 














Addition 1 N5 N, Ro 
| Note: Point K can be used for 


Ro = 5.91077 E projecting the converse, i.e. the 

(N,*N5)-Ro = 0.00000 ἊΝ converse of the operation, not the 
ox = R, converse of the number. 

messem ΑΝ ΤΙΝ 

(N,*N34)-R, = 0.00000 E 


R2 = 5.91077 B|- JZS ee 
(N,+N2)-Rz = 0.00000 Ἂμ. τ ----- 
Te pe ui Κα 


Rs = 5.91077 ο| σος το πο 
(N,+N2)-Rz = 0.00000 E" — 
"e ——À "i R4 


(N1+N2)-R4 = 0.00000 


e 
Ες = 5.91077 E Ceasar 
e Le 
κ" 


(N+N2)-Rs = 0.00000 ` k- ο 


— m" 
R4 = 5.91077 D See 








Subtraction 1 Β N3 N, 
N, = 4.17431 2 


= Ro = 1.42708 - ο” ! Note: The purple line indicates how to 
Νο = 2.74723 M > «να direct project the converse of 
Nj-N2-Ro = 0.00000 R, ui — subtraction. On the second example, K 
A 


=< — is the midpoint of the unit. 
R, = -1.42708 "D 
N5-N,-R, = 0.00000 = 
pen e S R2 
Ra = 1.42708 JEMEN PT 
i> EE" LL. 


N,-N2-R2 = 0.00000 Neth |S ως. 


R; = -1.42708 
Ν2-Νι-Βα = 0.00000 


R4 = 1.42708 
N1-N2-R4 = 0.00000 











Rs = -1.42708 
Ν2-ΝΙ-κ: = 0.00000 





Multiplication and Division 







N, = 2.30957 | 

N, = 4.43080 | 

A = 10.23326 

B = 10.23326 

C = 10.23326 

D = 10.23326 
N,-N>-A = 0.00000 
N,-N2-B = 0.00000 x 
N,.N-C = 0.00000 | 
N,-N>-D = 0.00000 






| 


P 


| 


9 
2" i 


| 











Pd 
e- 











E = 0.52125 έτος 

ΕΞ 0.52125 

G = 0.52125 E 

H = 0.52125 κ 
Νι LXX 
—-.E = 0.00000 Zs 
Ny X> 
x, F = 0.00000 no Yrs 

2 \/ 
e 

Ni κό -- 
—-.G = 0.00000 











N2 Ἢ == κ 

" (6a 
— -H = 0.00000 A ΑΡ 

Νο e YEE 


Square, Root and Reciprocal. 


N = 2.52631 1 2 N 3 4 
A= 6.38222 | Ντ 
Β-6.38222 vL 
C-6.38222 | Ν πι ..------ 
D = 6.38222 s N 

[2L 
E - 6.38222 κας 


F = 6.38222 = LA 
G = 1.58944 * Lr 
l — 


H = 0.39583 2 ==>" 
M i XE 


N2-A = 0.00000 PA. 


N2B=0,00000 | NM 7 
N2-C = 0.00000 E ΥΣ 
* LAS 


N2-D = 0.00000 


N2-E = 0.00000 κ Ν᾽ 
N2-F = 0.00000 T 


/Ν-α = 0.00000 


PR = 0.00000 * N 








Basic Analog Mathematics. 


Let O to 1 be the given Unit and N1 and N2 be any two given differences: 


o 1 N; Νο 


With the given analog (figure), it is required to render the products of these two differences using the 
paradigms sum, differences, and ratio:-- 





N5 
N»5-N,-R, = 0.00000 — -R3 = 0.00000 1 

Ni — -R7 = 0.00000 
ΝΙ-Ν2-Β2 = 0.00000 9 Νι _/N,-Rg = 0.00000 
(N,*N3)-Rs = 0.00000 "ED. = 0.00000  N,N5-Rg-0.00000 ΝΙ2-Βο = 0.00000 


2 


It should thus be clear that the so called mathematical paradigms exist a priori to Arithmetic and 
Algebraic Logic, that is--language systems--or in other words, Analogic precedes Logic. Or again, in 
a metaphor, perception determines conception, conception determines will, or in a more ancient 
metaphor, The Father, The Son, and the Holy Spirit are One. How can one claim that there are 
other geometries when every possible form of mathematics is easily demonstrated in one? 


3OBT10ARO 
3OBT10AR3 


(N,2+1)-,/(2-N,2+1)-3-N,4 


1 2:N,2+2 


N,2+1+,/(2-N,2-3-N,4)+1 


2.N,?*2 















= 0.16123 





- 0.83877 
N, = 0.76264 


R, = 0.16123 S 
R5 = 0.83877 


N12+1+ /(2-N12-3-N14)+1 (N,2+1)-,/(2-N,2+1)-3-Ny4 


= 0.67755 
2.N,2*2 2.N,2*2 
af (2-N,2-3-N,*)+ 1 
————— = 0.67755 
ΝΙ211 










J (2-N2-3-N*)+1 








= 0.79409 
N2+1 
J (2-N2-3-N*)+1 
———— — — — -J = 0.00000 
N2+1 





N = 0.66074 
A = 0.43658 
B = 1.43658 
C = 0.87315 
D - 0.19060 
F - 0.57180 
G = 1.30136 
H = 1.14077 
J = 0.79409 




















N2-A = 0.00000 
N^-D = 0.00000 
2.N?-C = 0.00000 

3.N^-F - 0.00000 

(N2+1)-B = 0.00000 
((2-N2-3-N*)+1)-G = 0.00000 


J (2-N2-3-N*)+1-H = 0.00000 











Grammar Resources 
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Grammar can be seen as four distinct methods of binary addressing or 
as counting, all of it designed to do our job as a mind, the regulation of 
behavior in order to maintain and promote life. The mastery of our 
behavior is the first requirement to mastering the behavior of anything 
else; this makes grammar the most important thing possible as it is part 
of our definition as a mind. The mythology and disregard of grammar 
today is simply symptomatic of our stage of evolution. 

In every formal expression of grammar we pair logic with analogic, 
perception with conception. I am going to do a very concise summary of 
writing the logic to a simple analog, or glyph used in Jacob's Ladder. 








As it stands we have no logical names for anything at all. To most it 
may appear to be some type of modern art or some meandering sketch. 
These sketches, however, do not just appear out of nowhere like words 
do that senseless men search histories and archaeologies for looking for 
meaning, as fact and as Plato affirmed, logical or analogical, names, in of 
themselves, have no meaning. One may as well ask a rock or tree what it 
means as a word; with one exception, a rock or a tree will always give 
you the same answer, not so man. We assert meaning as a means of 
doing our job as a mind; meaning is how we can profit by our behavior 
towards things. 








We therefore apply logical names to the absolute portion of the analog. 
As the relative difference can be any relative difference what so ever, we 
are not getting into that at this time. We use either arithmetic names, 
such as 1, 2, 3, etc, common grammar names, such as A, B, C, ora 
combination, such as Νι. With these names we will start to construct 


Algebraic Names, 

A p Na ΝΙΝ; N, R N, = 2.10101 
Να = 1.62626 
N3 = 1.11111 
N4 = 1.47475 
R = 2.64325 








Unit. AB:= 1 Given. N4 := 2.10101 N, := 1.62626 N}:= 1.11111 Ng:= 1.47475 


Descriptions. 
N3 DE -N, N^ 
ΡΕΞ ————— AD:=N4 DE AC- ——— R:- — R= 2.643245 
N3 + N4 N4 -AD AC 


We start by pairing arithmetic names to common grammar names and 
then pairing the names of the points, also called nouns, from which we 
construct algebraic descriptions wholly formed by common grammar and 
arithmetic names. The end result will bring us back to a single name in 
common grammar and arithmetic. Common grammar uses relative 
naming while arithmetic absolute based on the indexing system. 
Combined they make an algebraic name. The equations, in each step of 
the process, are algebraic names, however, particular. As we 
accumulated names in common grammar and arithmetic, we now 


attempt an accumulative algebraic name, which, sometimes 15 too 
complex to do. In this case the resolution is: 
N1 No- N3 +N1-N2-N4 -No Ng- N4 
NN 0^ 

This is how we show that our common grammar name, R, is equated 
by us to the Algebraic name we call an equation which is comprised 
wholly of our starting nouns. We see the Algebraic name still comprises 
nothing but nouns and verbs, absolutes, in terms of operations, and 
verbs in terms of our starting values as relative differences. 


The above process is, however, only one method which is called 
arithmetic. Let us demonstrate it using geometric assignments. It will 
differ in this one respect. 


Every value is going to be relative to some given. This given can change 
all it wants, the results will not vary. 
N,-(C- A D) 
© BD 


Notice that the equations do not look the same but are identical for the 
product. 

N1 No- No3 «ΝΙΝΟ N4-No Ng N4 Nu (C-A+D) 
|^ | NN | BD " 

The first way that we did the equation, we call particular to some thing, 
the second method is universal. You can change Ny all you want but the 
answer will not vary at all. So what good is it? One can call it a zoom 
control. Unlike mystics who claim that nature makes laws, which mean 
that they have a grammar education better than man has ever devised, 
and that the Laws of Nature change in accordance to what one is writing 


about, or its appearance to some sense of the body, as if by some divine 
magic, our second equation states that no matter what we write about, 
ereat or small, bird, rock or man, the answer is going to be the same for 
the same means of measure. Thus, in writing the analog grammar to the 
algebraic logic, the first equation would have us chasing values so far off 
our starting page that we would often have to resort to satellite 
surveillance to find the end of it, while the second method can be used to 
change the scale, meaning any set of equations can always fit on a single 
page, well almost, it depends on how thick our pencil led is. 

Every equation, absolute or relative, however, produces a relative 
result. What is an absolute result for an equation? It is called a logical 
operator; it produces only assertions and denials. Every possible 
equation can be also expressed as a logical operator. 

Relative Logical Operators 1CST7R8 








Descriptions. 
A-B.(C+D)-B-C-D A-B.(C+D)-B-C-D Α.Ο Num 
LA = 2.643245 Num 32 Den := LS = 

| [A-B-(C + D) —B-C-D]” (Α.Ο) Em 


Definitions. 
Num = 1 Den = 1 L=1 


X A?.c? [A.B.(C - D]  B.C.D] - 
P 


L O 


A-C-\/ [A-B-(C+ D) - B.C.D 
Thus one can formulate conditional statements by combining logical 
operators with other equations. Logical operators are used to find any 
result in accordance with some given. 


And we can do the same for our second type of equation. 


Unit. AB:=1 Given. N,:= 2.10101 N, := 1.62626 Ng: 1.11111 N4:= 1.47475 


u u u u 
N,=3 A= 2 Be CH D--— 
Nj Νο N3 N4 


Absolute Logical Operators 1CST7R8 





Descriptions. 
N -(C-A+D) Ny (C-A+D) B-D " 
“= 2 643245 Ναπι----------- Den: ———— τν. 
-- 2. 2 2 = 
B-D Nu (C-A+ D) | (B-D) Den 
Definitions. 


Num = 1 Den = 1 L=1 


2 2 
Num | | Ny BUD (C-A«D)- 


Meg B.D. |N,^.(C- A« D)? 


There is another thing I want to mention. Each of these uses of the 
analog and logical grammar systems rely on a number of givens. This 
means that each can be transformed by setting each of the givens to 
unity which produces 2 to the number of givens for results, or 2". These I 
call transforms. If I have 4 givens, then I have sixteen equations the 
analog figure can represent; if I have eight givens, I have 256 equations 
the glyph can represent. Or one can call them the logical family of an 
analog name. Thus one can see very plainly, that one will reach different 
conclusions in accordance with the number of things we do not know 
about a thing. All things being equal, means our ignorance of givens 
affect what we know of anything. 


And, one should realize by now, I believe that plotting points as has 
been common for a long time is absolutely stupid as the analog geometry 
can project the waves, every one of them, by itself. So called Cartesian 
Geometry is not geometry at all. As we construct measuring systems 
with geometry, we certainly do not start with one as a given, or in simple, 





we do not start with a measuring stick, much less two or three of them 
claiming we now have xy and z coordinates unless we are making a tv or 
3d screen which is simplified application, not a formal grammar. 


Also, if one noticed from the start, we start this process with common 
grammar and arithmetic. To solve for any equation, with at least one 
given, one can use the wave portion of a glyph to find a suitable solution 
to a given problem. Equations are not something to be solved, they are 
just the products of grammars which we construct, so if we knew what 
we were doing, solving for an equation is like asking our self what in the 
hell have we been doing? Every grammar book I have ever seen starts in 
the middle and gets lost in the end. I am not a big fan of trying to answer 
questions about things I know nothing about, especially when part of the 
question assumes that the given is something which appears 
mysteriously in nature. We construct grammar systems commensurate 
with our linguistic awareness, we do not discover them. 


I do not use Trigonometry, Cartesian Coordinate Geometry, or 
Calculus. Not one of those satisfies the requirements of a grammar 
system. They may do for felting your hat, but in the end they will drive 
you mad. 


Language and Grammar 

Friday, November 6, 2020 

Self realization begins when one comprehends that the mind, what we 
are, is one of the life support systems of the body; in short, it is evolving 
for the salvation of our soul, or our life. The biblical statement that man 
is being made in the image of God is a metaphor for the fact that a mind 
is a virtual information processor designed to parse and virtualize the 
entire environment through the Artifice of Language effected by grammar 
systems and that this ability is the product not only of evolution, but of 
guided evolution as well. Grammar systems, when correctly formulated 
from the binary of Language as a pure conceptual abstraction, affords 
mankind the ability to record the past, live by our own definition in the 
present and predict the future of our entire environment. The mind, 
when functional, is the most powerful life support system possible. One 
can say that the mind is a virtual reality organ of the body made to 
predict life supporting behavior by the management of time through 
grammar. 

Language is a simple binary, off, on, off; or again, absolute, relative, 
absolute; or again, correlative, relative, correlative; or again, noun, verb, 
noun. In the simple, the container and the contained, or a wave function, 
or even quanta function. If you want practice at it, use your light switch. 
The relative difference of light to the senses is gated by a simple wall 
switch. 


Every possible grammar system is a method of taking advantage of this 
binary for information management in the human mind. My work centers 
on the analog grammar of geometry, a grammar every possible logical 
grammar can be expressed in. 


As the two conceptual abstractions afforded by Language produce the 
Platonic expression of First Principles, or first principle parts of any thing 


and they were call the elements, the same meaning is used by Euclid to 
construct the Elements which we only have a highly altered version of it 
today, I work on geometry simply because of its pathetically primitive 
state in the world today. Instead of developing it, it is mythologized just 
like the Bible and every other work man puts his hand to even though I 
am not, as they say, the sharpest tool in the shed. The elements of a 
thing produce a unit, a thing, 1, which is a Conjugate Binary Pair of a 
relative constrained by correlatives. Every possible grammar, when 
correctly comprehended, is simply a method of affording us complete 
induction and deduction, or again, the whole of thought or the ability to 
virtualize the environment, of a unit, or again, thing as a binary; the two 
elements of any thing. 


When one is too simple, they are not capable of comprehending 
Language or grammar. They may be able to memorize grammar books, 
and grammatical methods, but not actually comprehend. They cannot 
tell the difference between fictions and fact, right from wrong, real from 
imaginary. Those who do not comprehend grammar are often motivated 
to fictionalize it such as non-Euclidean Geometry. If a unit can be 
different from itself, then grammar would be impossible; this means that 
all of the teachings, in schools, colleges, universities, are factually 
counter-productive to human interest and ability. Today, the human race 
is proto-linguistic; evolution will continue to effect individuals capable of 
holding onto simple fact. If you cannot comprehend that all of grammar 
is processed by this one conceptual binary, you do not comprehend your 
own computer. There is not one correct grammar book which is socially 
taught, even today. Nor can you comprehend the literature in history 
which was used to guide mankind into comprehending and using binary. 

To start one’s quest into Geometry, one should view the straightedge 
and compass not only perceptually, but also intelligibly. The straightedge 
affords us the ability to render a unit, while the compass complete 


induction and deduction of it. It also means, contrary to the simple 
minded, that we can construct tools from them just like we can construct 
figures. The tools are used inductively and deductively just like their 
products. Unless one is very stupid, it is not the tools which make a 
thing possible or not, it is the unit, by complete induction and deduction. 
If you say that cube roots cannot be produced with the instruments one 
writes a grammar system in, you are not even in the room in regard to a 
logical argument. It is like claiming one cannot write an equation unless 
one has a particular set of quills. 


Those who have claimed that one cannot effect the cube root of two by 
straight-edge and compass never had the wit to apply complete induction 
and deduction to the tools which is a fault of being illiterate and 
primitive. Primitive people believe that they can construct grammar 
systems when in fact, it is something we learn when we can comprehend 
the Universals of Language. As the principles of language do not change, 
our grammar matrix, derived from language, when effected in accordance 
with language, cannot fundamentally change either. Those who claim 
that grammar systems are anything we please are what can be called 
those who are not anchored in reality. 


The aim of my work is for the eventual the development of a grammar 
matrix recognized by our entire species. This grammar matrix will, 
through constant use, help effect our evolution as a species. 


Language is Universal and Intelligible, grammars are particular and 
perceptible; Grammars are the product of one’s intelligence which is a 
biological given, just like language. One cannot invent language, nor 
intelligence. Nor is it possible, through grammar systems, to make 
intelligence, contrary to those mythologists who can make simple minded 
people believe that Artificial Intelligence means anything more than Not 
Intelligent, cool gadget or not. Only a dumb-ass holds a Smart Phone. 


It is not possible to be self aware and sit through our educational 
institutions today in order to just memorize gibberish. 


Looking for Angels 

3/5/2018 

Have you ever thought, and perhaps have committed it yourself, that 
an angle is just a typo for an angel? Or even the reverse? They both have 
wings, right? Now, it may be of some concern, that one knows where they 
are going, but the other just goes duh. That is very disturbing. One can 
have a ball on the head of a pin, complete with orchestra and lights, 
while the other gets lost looking for a pencil because it cannot even find 
the light switch. 


Iam want to leave The Universal Language where it is at present. I am 
not one who actually enjoys the minutia of trying to say something, or 
set it down, especially when I am antsy to get on my way to explore 
something else and also since I am, myself, so unfamiliar with actually 
talking with anyone. I think, in regard to BAM, I way over did the 
minutia to begin with. However, the time I spent on that minutia 
certainly put my thoughts into order, like chicken baking in the oven. 
But now, I want to go back to a project I put on the back burner years 
ago. I can now attack it from a sounder base:—The Angle. 


Now I have examples derived from my own work. The information 
which I have accrued, like most of everything else, I have not found in 
any work. The hair brained use of Trigonometry, in my opinion, only 
leaves one as they started, just really stupid. To me, running off and 
creating bull-shit, when one has not even examined what they do have, is 
not the endeavor of someone who is wholly cognizant of themselves. Who, 
in their right mind, writes theories about the Universe, when they start 
from a foundation, which, their own education tells them is not even 
sound? Anyone, taking a grammar class, should at least, if they say 
nothing to the teacher, think within, What the Fuck? Enough of the rant. 


Iam going to spend some time, putting into a starting document, what 
I have learned about angles. This time, however, I am fully aware that 
what I am doing, is finding a way by which one correctly proportions a 
unit, itself, in relation to itself. I just have a suspicion that if one wants 
to comprehend dimensional progression, in regard to a unit, then that is 
where one starts. And, I have got up and running, a working pdf of Plato 
in the Nude, which can drone on in my ear as I work, when I am not 
watching Marvel cinema. Got to Keep up with the comics. 


I started my study of geometry as I was approaching my 40’s, never 
having it presented to me in public education. Now, I am approaching my 
70’s. So, I would not expect much. 


I will start off this project with a pdf of the project left undone from 
2005, when I called the project, Three Pieces of Paper. At the time, I did 
not pay much attention to BAM, because I actually took it for granted 
that the process had to have been known. How could it not? But a 
thought kept nagging at me, so I went searching on the internet, and 
then it dawned on me, it was not known, so I had to leave the work off 
and work it out. What was on the internet was just so undeveloped and 
primitive. 

So, I am wandering off, again, onto another exploit... 


Project Notes. 

12/9/2017 

I have decided to start doing something constructive with the 
Geometric Series studies. As an aid to keeping program setting 
normalized I have the working programs installed in an XP 64bit virtual 
box. Now, the current directory is named Geometric Series, but this 
project will start a new directory with the original files and simply called 
Recursion, after all, the terms are synonyms. Just sorting the original 
mess out and arriving at a common template to present the work in will 
take some time. It also surprises me that the last time I turned my 
attention into sorting series mess was back in 2015, not that long ago. 
Still, I have to relearn each figure, I did not exactly leave anything which 
might be called a detailed account of the figure. 


What one is examining is recursion which has no limit, such as 
complete induction, and recursion upon which a limit has been set. How 
that limit is set, either arithmetically, or geometrically, divides the work. 


What I have to do is separate each figure, give it is own directory, then 
sort them, yada, yada, yada. 

I started parsing the file called sketches, a name which is decidedly 
very informative, and found that what should come before it was the 
write-up called Curve of the Equation, which one will find in AUL. So, 
although I had the pdf at hand, for the life of me I could not find the 
original work which I used to make the pdf. I did a number of searches of 
the entire drive before I found it. The directory, for some unknown 
reason, was in a folder called retired. The plates to the MathCad are ina 
file called Roll-in, not a name I would ever arrive at in searching for’s. 

At one time, I was parsing my work and one part of that parsing I 
called Eloi, which was wholly concerned with ellipses, which, if I ever get 
the time, waiting in line for it now, I would like to turn into a complete 


work. One of the items that playing with ellipses should teach one is that 
a circle is simply an expressed ratio, just like an ellipse. Which means, 
the mathematics of a circle, involves just 2 variables, which anyone 
should have figured out as all one has to do is ask themselves just what 
does two-dimensions mean? It means that every thing in two-dimensions 
is subject to complete induction by two units. It also means, that I can 
remain almost wholly ignorant of trigonometry which does not go down 
to first principles, nor complies with the principles of geometry itself. It 
appears to be a method one would devise, late at night, while sitting in a 
bar. 


Now, turning one’s compass around in circles means that one has a 
short-cut to producing a circle, while at the same time producing an 
empty space between the ears by which one attempts to fill with 
gibberish, since their memory, that complete induction is afforded by a 
unit, quickly runs out the other ear, while picking up a little wax to play 
with. How many people ever actually considered the question, does a 
compass negate the concept of complete induction, or are we simple 
minded? If someone had invented a simple device for producing every 
ratio between two units, that is a way to draw ellipses other than stealing 
one’s shoe-strings and messing with knots and pins, then the two tools 
for geometry would probably have ended up as a straight-edge and 
rumpus, neither of which change the fact of complete induction. Instead 
we have the compass along with the self-referential fallacy expressed by 
the phrase, Conic Sections, as if the prior is defined in terms of the 
posterior. 


If it really is a conic section, how come it can be produced with two, 
and only two differences? 


The Circle 


Thinking about the circle can be a bit tricky: For example: 


Νι 





—_ 


You might describe the point A as an intersection of a line with the 
circle, which is a perceptible description, but not a definition. You will 
find however, in many of your drawings in a drawing program produces a 
results that does not always work. Drawing programs use an x, y, 
coordinate system to work which is not always true. A drawing program 
cannot read your mind. One has to look at the point A as an intelligible, 
not a perceptible. 


B Νι 





C 


A is one correlative of AB which is perpendicular to ΟΝι. As BC is to 
CN, so too AC is to BC. 


B Νι 


BC = 3.41300 cm BC 

AC = 1.29437 cm AC = 2.63679 
BN, = 8.32708 cm CN, 

AN, = 7.70501 cm --- = 2.63679 


BC 
CN, = 8.99938 
. cm gc CN; 


C AC BC 








= 0.00000 


We must turn the perceptible into the correct intelligible. 

By the same process you should be able to write an equation for any 
point along any segment such as BC as to where it would hit our 
imaginary circle. Given some C on AB, CD would be AC = 


V AC x (AB- ΑΟ. 





A C B 


AB - 2.94329 
AC - 2.34753 
CD = 1.18261 /AC«(AB-AC) = 1.18261 


Thus, instead of attempting to define a circle in terms of the motions of 
the hand, a perceptible process, one defines a circle in terms of what it 
actually is in relation to a unit. Another way of looking at DC is that it is 
a mean proportional to any other segment less than AB, DC being then 
half of that segment. 


Had Euclid done that, then some pretty stupid propositions in the 
work would have been quickly resolved into intelligible fact. A book on 
geometry should draw attention to the fact that early demonstrations 
contain perceptible descriptions and that the learning process will 
displace those descriptions with an intelligible fact. 


The Segment in geometry is a unit. It seems to escape notice that if a 
unit affords us complete induction and deduction for a grammar, every 
thing following the unit will be a recursion of that unit using both of its 
elements. Nothing new is created, noting new is distinct and outside of 
the class afforded by the unit. The circle is a unit of intelligible 
processing of that segment into parts. We can describe the perceptible 
results, such as the definition of a circle given in Euclid, but that is not 
actually a definition, it is a description. 


For any C, on any segment AB, C is the mean proportional to a 
segment, of 2 x ./AC x (AB- AC) which is always less than AB. Some 
would say, a locus of points, as if one can have a group of boundaries 
which is totally absurd, but then those same people claim that a segment 
is a group of points also, referring not to something intelligible, but to 
unprocessed perceptible possibilities one may as well claim one can 
make a salad, or even a whole banquet, by waving one's knife in the air 
an infinite number of times. 


We then have defined a segment in terms of a standard of our behavior 
recursively using our unit and a circle is a product of that recursion. 
Those standards are mapped and presented perceptibly, however that is 
not the intelligible, nor provides the intelligence to comprehend it. In 
short, we have only constructed indexes to standards of our own 
behavior. 


A circle is the product of such and such recursion of our unit. And 
since it is a very useful and primitive recursion, it is absolutely absurd to 
claim to be able to define a circle in terms of some perceptible situation 
one might propose for it. 

When you think about it, the circle is the product of the simplest 
recursion applied to a segment possible. Not to comprehend it is rather 
unfortunate. How unfortunate is it when stores become popular with the 
so called intelligentsia that geometry can be done only with a 


straightedge or only with a compass etc? Really? Who is hiding the 
intelligentsia? 

Taking the above to its ultimate conclusion, we find that when we 
locate a point on any segment, that point can, and is used, to find not 
just a point, but a correlative, the mean proportional to a whole class, an 
address to another DIMENSION! Shades of Fringe! This is how one works 
so called Set Theory, it is just a fact of an indexing system which is 
without limit, or a form of behavior, but it is only alien when one is 
ailing. 

One can work at understanding the mind’s system of indexing 
information, or one can sit and construct mythologies and call it a social 
science, or a mathematic science, or some other kind of fancy, and 
wholly absurd, name, or in short, stuck in a rut of renaming names, 
forged by some pooka to construct a whole mythology, a collection of 
names, for a particular name. How depressing. 


ΟΙ Grammar Basics 
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One should let the figure teach them grammar. The grammar the figure 
can teach you is applicable to every possible grammar. 


Complete Induction. 


or counting. 














Basic paradigms, equal and unequal, greater and 
less, sum and difference, ratio. 


0. 1 2 3 4 5 N 








1 1 1 


— 
-— $7 = 


Addition and Subtraction. 


N, = 3.97853 
Νο = 6.63654 


A = 10.61508/ 

B = 10.61508 
(N,*N3)-A = 0.00000 
(Νι:Ν2)-Β = 0.00000 





N 


C = 2.65801 

D = 2.65801 
N5-N,-C = 0.00000 
Ν2-ΝΙ-Ώ = 0.00000 














Addition 1 N5 N, Ro 
| Note: Point K can be used for 


Ro = 5.91077 E projecting the converse, i.e. the 

(N,*N5)-Ro = 0.00000 ἊΝ converse of the operation, not the 
ox = R, converse of the number. 

messem ΑΝ ΤΙΝ 

(N,*N34)-R, = 0.00000 E 


R2 = 5.91077 B|- JZS ee 
(N,+N2)-Rz = 0.00000 Ἂμ. τ ----- 
Te pe ui Κα 


Rs = 5.91077 ο| σος το πο 
(N,+N2)-Rz = 0.00000 E" — 
"e ——À "i R4 


(N1+N2)-R4 = 0.00000 


e 
Ες = 5.91077 E Ceasar 
e Le 
κ" 


(N+N2)-Rs = 0.00000 ` k- ο 


— m" 
R4 = 5.91077 D See 








Subtraction 1 Β N3 N, 
N, = 4.17431 2 


= Ro = 1.42708 - ο” ! Note: The purple line indicates how to 
Νο = 2.74723 M > «να direct project the converse of 
Nj-N2-Ro = 0.00000 R, ui — subtraction. On the second example, K 
A 


=< — is the midpoint of the unit. 
R, = -1.42708 "D 
N5-N,-R, = 0.00000 = 
pen e S R2 
Ra = 1.42708 JEMEN PT 
i> EE" LL. 


N,-N2-R2 = 0.00000 Neth |S ως. 


R; = -1.42708 
Ν2-Νι-Βα = 0.00000 


R4 = 1.42708 
N1-N2-R4 = 0.00000 











Rs = -1.42708 
Ν2-ΝΙ-κ: = 0.00000 





Multiplication and Division 







N, = 2.30957 | 

N, = 4.43080 | 

A = 10.23326 

B = 10.23326 

C = 10.23326 

D = 10.23326 
N,-N>-A = 0.00000 
N,-N2-B = 0.00000 x 
N,.N-C = 0.00000 | 
N,-N>-D = 0.00000 






| 


P 
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9 
2" i 


| 











Pd 
e- 











E = 0.52125 έτος 

ΕΞ 0.52125 

G = 0.52125 E 

H = 0.52125 κ 
Νι LXX 
—-.E = 0.00000 Zs 
Ny X> 
x, F = 0.00000 no Yrs 

2 \/ 
e 

Ni κό -- 
—-.G = 0.00000 











N2 Ἢ == κ 

" (6a 
— -H = 0.00000 A ΑΡ 

Νο e YEE 


Square, Root and Reciprocal. 


N = 2.52631 1 2 N 3 4 
A= 6.38222 | Ντ 
Β-6.38222 vL 
C-6.38222 | Ν πι ..------ 
D = 6.38222 s N 

[2L 
E - 6.38222 κας 


F = 6.38222 = LA 
G = 1.58944 * Lr 
l — 


H = 0.39583 2 ==>" 
M i XE 


N2-A = 0.00000 PA. 


N2B=0,00000 | NM 7 
N2-C = 0.00000 E ΥΣ 
* LAS 


N2-D = 0.00000 


N2-E = 0.00000 κ Ν᾽ 
N2-F = 0.00000 T 


/Ν-α = 0.00000 


PR = 0.00000 * N 








Basic Analog Mathematics. 


Let O to 1 be the given Unit and N1 and N2 be any two given differences: 


o 1 N; Νο 


With the given analog (figure), it is required to render the products of these two differences using the 
paradigms sum, differences, and ratio:-- 





N5 
N»5-N,-R, = 0.00000 — -R3 = 0.00000 1 

Ni — -R7 = 0.00000 
ΝΙ-Ν2-Β2 = 0.00000 9 Νι _/N,-Rg = 0.00000 
(N,*N3)-Rs = 0.00000 "ED. = 0.00000  N,N5-Rg-0.00000 ΝΙ2-Βο = 0.00000 


2 


It should thus be clear that the so called mathematical paradigms exist a priori to Arithmetic and 
Algebraic Logic, that is--language systems--or in other words, Analogic precedes Logic. Or again, in 
a metaphor, perception determines conception, conception determines will, or in a more ancient 
metaphor, The Father, The Son, and the Holy Spirit are One. How can one claim that there are 
other geometries when every possible form of mathematics is easily demonstrated in one? 


3OBT10ARO 
3OBT10AR3 


(N,2+1)-,/(2-N,2+1)-3-N,4 


1 2:N,2+2 


N,2+1+,/(2-N,2-3-N,4)+1 


2.N,?*2 















= 0.16123 





- 0.83877 
N, = 0.76264 


R, = 0.16123 S 
R5 = 0.83877 


N12+1+ /(2-N12-3-N14)+1 (N,2+1)-,/(2-N,2+1)-3-Ny4 


= 0.67755 
2.N,2*2 2.N,2*2 
af (2-N,2-3-N,*)+ 1 
————— = 0.67755 
ΝΙ211 










J (2-N2-3-N*)+1 








= 0.79409 
N2+1 
J (2-N2-3-N*)+1 
———— — — — -J = 0.00000 
N2+1 





N = 0.66074 
A = 0.43658 
B = 1.43658 
C = 0.87315 
D - 0.19060 
F - 0.57180 
G = 1.30136 
H = 1.14077 
J = 0.79409 




















N2-A = 0.00000 
N^-D = 0.00000 
2.N?-C = 0.00000 

3.N^-F - 0.00000 

(N2+1)-B = 0.00000 
((2-N2-3-N*)+1)-G = 0.00000 


J (2-N2-3-N*)+1-H = 0.00000 











Parallel Lines and Angles 

Friday, November 6, 2020 

If one does not know the principles of language, the unit thing upon 
which it is based, then one can really go off on a tangent and easily start 
thinking and preaching complete gibberish. How do we use our unit 
concept of language to solve questions which seem to be difficult? Not 
using words, or language, in accordance with definition and just tossing 
words around not only leads to gibberish, but people demanding that 
their gibberish is somehow true; this is why one takes the effort to 
exercise those principles in the mind. 


Let ask the question; do parallel lines meet at some place called 
infinity? Or in the simple, if I recursively use the unit to name with, does 
that unit change depending upon any particular thing, time, or place, it 
is applied to. Are place, time, or particular thing, use to define a name? 


What may be predicated of any thing is wholly dependent upon the 
definition of that thing, and the naming convention, being based upon 
form, or no difference, being an indexing system, a mapping systeme, 
cannot possibly change that thing, or that which the names signify. A 
one-to-one-correspondence does not add or subtract modifiers, 
adjectives, from one iteration to the next. 


The questions to ask are, if parallel lines meet at some mythical place 
called “infinity” can one even have the specific language set called 
mathematics, and more universally, can one have language at all? Is the 
principle of Identity itself a self-referential fallacy? Does what a thing is, 
change based upon position which is a relative term? Is the absolute 
relative? Is a container the contained? If it were, would I ever have to 
refill my coffee cup? And if a line is composed of an infinite number of 
points, could I not simply make a salad by waving my knife in the air an 


infinite number of times? And, if I had to do that, would I not starve to 
death before dinner? 


What do we mean by a unit? A unit is a standard thing. To claim that 
the unit can change depending upon where it is relative to some other 
thing, is to claim that the relative difference between terms can be 
predicated of one of the terms. By the principles of predication, is that 
true? Can one predicate of an element? 


Let us take a simple object: 


Let us choose another object by which to name some portion of this 
object. 


0 1 


Let us recursively apply our standard unit to arrive at a name which is 
called five of our unit. 


0 1 2 3 4 5 


Now, does a unit differ from itself? Is the unit, expressed by the names 
01, different from the unit, which may be called 45? 


In order to say that they differ, I would have to say that an element of a 
thing can be predicated of a thing. Can it be said that a single 
dimensional thing exists in space? Is space qua space a thing? Can it be 
said that a linear single dimensional thing exists in a three-dimensional 
thing? 

If one answers yes to certain questions, then it is obvious that one 
does not understand the principles of language, much less the principles 
of predication. When speaking of any thing, we often take many short- 
cuts in language, but we cannot assert that those short-cuts are spoken 
in accordance with the principles of language itself. 


Let us make our thing, more obvious, say a circle. 


Let us call our original thing ON. And let us say that I wanted to 
subtract from it 5 equal things. I can call those things O1, 12, 23, 34, 45, 
or I can say that they are 1, 2, 3, 4, 5. The remainder is 5N. 


Now, does the unit change due to its sequential place in usage? If it 
does, then we cannot claim to have an arithmetic convention of names. 


Let us look at this again. 








If the unit does not change, and by the principles of predication it 
cannot possibly change, then no matter how many times it is applied, it 
will always be a unit. This is one of the meanings of Complete Induction. 
A naming convention is based upon the paradigm of form, meaning no 
possible difference. 

One will notice one similarity in conceptual error, one is making the 
claim that parallels meet at some mythical place called "infinity" 
amounts to claiming that a line is composed of an infinite number of 
points; one can substitute for line, the names plane and space. 


Now here is a point to consider. Is the substantive name infinity a 
perceptible thing, or an intelligible? 

Both branches of language, Logic and Analogic, is founded upon the 
recursion of a standard thing. A mind, just like every life support system 


of a living organism is based upon the ability to craft things, thing is a 
standard. Without this standard concept, language cannot exist, life 
cannot exist, and quite frankly, nothing could exist. When one 
constructs a so called proof that contradicts the original naming 
convention, it is a fact, that the construction itself does not comply with 
language. 

I cannot predicate a spatial difference to or of a single dimensional 
object. The single dimensional object does not exist in space, nor does it 
exist on the surface of a sphere. The boundaries of every N-dimensional 
object is always an (N-1)-dimensional thing. As a boundary, it is an 
element and cannot be predicated of. We step through dimensional 
constructions on an intelligible level, but we always have to be careful as 
to how we think during that progression. 


Ask this question: if Time is the fourth dimension, does anything exist 
in time? A, either every thing is composed of more dimensions than 3, or 
a three dimensional geometry only constructs the boundaries of 3 
dimensional objects. Everything exists within the moment, the now, 
which is a boundary in time. One can count dimensional differences for a 
given material from which assertions and denials of boundaries can be 
effected, one cannot simply toss in a number and predicate a material 
difference. 


If I claim that time is linear, i.e. a single dimensional different, can a 
three-dimensional object exist in time? Or can a material difference be 
predicated of a material difference? 


Plato demonstrated the mental exercises required for basic 
understanding of the Principles of Predication in Parmenides, but do not 
make the mistake that he demonstrated the complicated examples. He 
did warn the reader that he was presenting a model and an easy very of 
the exercise, and even so, a long history of critics amounted to saying 
that they were baffled. 


We are given certain materials within things to craft with. Logics are 
simply naming conventions, indexing systems, mapping systems. As 
such, it is wholly descriptive. Prescriptions are a sub-set of descriptions, 
always. 


A thing is wholly dependent upon the definition of that thing, and the 
naming convention, being based upon form, or no difference, being an 
indexing system, cannot possibly change that thing, or that which the 
names signify. 

The questions to ask are, if parallel lines meet at some mythical place 
called “infinity” can one even have the specific language set called 
mathematics, and more universally, can one have language at all? Is the 
principle of Identity itself a self-referential fallacy? Does what a thing is, 
change based upon position which is a relative term? Is the absolute 
relative? Is a container the contained? If it were, would I ever have to 
refill my coffee cup? And if a line is composed of an infinite number of 
points, could I not simply make a salad by waving my knife in the air an 
infinite number of times? And, if I had to do that, would I not starve to 
death before dinner? 

What do we mean by a unit? A unit is a standard thing. To claim that 
the unit can change depending upon where it is relative to some other 
thing, is to claim that the relative difference between terms can be 
predicated of one of the terms. By the principles of predication, is that 
true? Can one predicate of an element? 


Let us take a simple object: 


Let us choose another object by which to name some portion of this 
object. 


0 1 


Let us recursively apply our standard unit to arrive at a name which is 
called five of our unit. 


0 1 2 3 4 5 


Now, does a unit differ from itself? Is the unit, expressed by the names 
01, different from the unit, which may be called 45? 


In order to say that they differ, I would have to say that an element of a 
thing can be predicated of a thing. Can it be said that a single 
dimensional thing exists in space? Is space qua space a thing? Can it be 
said that a linear single dimensional thing exists in a three-dimensional 
thing? 

If one answers yes to certain questions, then it is obvious that one 
does not understand the principles of language, much less the principles 
of predication. When speaking of any thing, we often take many short- 
cuts in language, but we cannot assert that those short-cuts are spoken 
in accordance with the principles of language itself. 


Let us make our thing, more obvious, say a circle. 


0 | 1 Ἷ 2 1 3 4 5 N 


Let us call our original thing ON. And let us say that I wanted to 
subtract from it 5 equal things. I can call those things O1, 12, 23, 34, 45, 
or I can say that they are 1, 2, 3, 4, 5. The remainder is 5N. 


Now, does the unit change due to its sequential place in usage? If it 
does, then we cannot claim to have an arithmetic convention of names. 


Let us look at this again. 








If the unit does not change, and by the principles of predication it 
cannot possibly change, then no matter how many times it is applied, it 
will always be a unit. This is one of the meanings of Complete Induction. 
A naming convention is based upon the paradigm of form, meaning no 
possible difference. 


One will notice one similarity in conceptual error, one is making the claim that parallels meet at some 
mythical place called “infinity” amounts to claiming that a line is composed of an infinite number of points; 
one can substitute for line, the names plane and space. 


Now here is a point to consider. Is the substantive name infinity a 
perceptible thing, or an intelligible? 


Both branches of language, Logic and Analogic, is founded upon the 
recursion of a standard thing. A mind, just like every life support system 
of a living organism is based upon the ability to craft things, thing is a 
standard. Without this standard concept, language cannot exist, life 
cannot exist, and quite frankly, nothing could exist. 


I cannot predicate a spatial difference to or of a single dimensional 
object. The single dimensional object does not exist in space, nor does it 
exist on the surface of a sphere. The boundaries of every N-dimensional 
object is always an (N-1)-dimensional thing. As a boundary, it is an 
element and cannot be predicated of. We step through dimensional 
constructions on an intelligible level, but we always have to be careful as 
to how we think during that progression. 

Ask this question: if Time is the fourth dimension, does anything exist 
in time? A, either every thing is composed of more dimensions than 3, or 
a three dimensional geometry only constructs the boundaries of 3 


dimensional objects. Everything exists within the moment, the now, 
which is a boundary in time. One can count dimensional differences for a 
given material from which assertions and denials of boundaries can be 
effected, one cannot simply toss in a number and predicate a material 
difference. 


If I claim that time is linear, i.e. a single dimensional different, can a 
three-dimensional object exist in time? Or can a material difference be 
predicated of a material difference? 


Plato demonstrated the mental exercises required for basic 
understanding of the Principles of Predication in Parmenides, but do not 
make the mistake that he demonstrated the complicated examples. He 
did warn the reader that he was presenting a model and an easy very of 
the exercise, and even so, a long history of critics amounted to saying 
that they were baffled. 


We are given certain materials within things to craft with. Logics are 
simply naming conventions, indexing systems, mapping systems. As 
such, it is wholly descriptive. Prescriptions are a sub-set of descriptions, 
always. 


When the statement is made, and when one thinks about it, that what 
may or may not be predicated of anything is wholly determined by the 
definition of that thing, we then compare two things. A one dimensional 
object and a two dimensional object. Two dimensions is not part of the 
definition of a one dimensional object, and thus, it cannot be even said to 
exist in terms of two-dimensions. In two dimensions it can be used as a 
boundary, but not as a thing. In working with planes, between any two 
lines, there is one and only one difference. That difference can be 
expressed Arithmetically, or proportionally, i.e., a single difference used 
recursively, or a proportion used recursively. One produces what are 
called parallel lines, and the other what is called converging or diverging 
lines, (unless that ratio is 1 to 1) but they are still boundaries to a plane 


figure and as boundaries, they are elements of a plane figure and not 
things of two-dimensions. We often use in, when we should use of. 


When we are naming, in reference to an N-dimensional object, we must 
name using an (N-1)-dimensional thing as a standard for naming the 
elements of that thing. This (N-1)-dimensional thing as an element of an 
N-dimensional thing, is not defined as a thing in N-dimensions and 
therefore, it can neither add to, nor subtract from that thing. This fact 
can be used for understanding the naming convention in reference to 
complex concepts by stepping back to what was once called a things first 
principles or the least abstraction possible, being two simple elements of 
a single difference. When we have arrived at the unit concept of a thing, 
of one and only one difference or dimension, then we use the same 
concept, when N = 1, then the standard names = O, or not a thing at all. 


The Unit and Complete Induction. 
Friday, November 6, 2020 


There are two, and only two, methods of constructing the unit, or in 
other words apply recursion, in regard to a given thing, by induction and 
deduction. 


What do I mean by induction? In induction, the unit is a given and the 
thing to be named is supplied. This means that I simply use my unit to 
recursively induct the material of a thing into a class established by our 
given unit. This will not always produce a name by that method, i.e., the 
results could be called irrational, or unnamable by the given convention. 


Deduction, on the other hand, starts with a given thing and that thing 
is divided recursively, until one simply desires to leave off. Any material 
difference can be divided any number of times. Where one leaves off 
determines what the unit is for that thing. The drawback of this is that a 
unit determined in accordance with one thing, is not always 
commensurate with a unit determined by something else. 


Both methods, therefore, does not always construct a name in 
accordance with a convention of names based upon a standard material 
difference of a thing. 


Analogic has material difference as a given, and the form must be 
applied. The application of form to a material difference does not change 
that material difference. One of the things that this means is that one 
can construct either form of naming convention in analogic, Arithmetic 
or Geometric. Therefore, Analogic can do what logic cannot in terms of 
precision, it is always exact in its products. 

Let me example two methods of constructing a numbered line 
geometrically. One by an Arithmetic method, and again by a Geometric 
Method. Each will produce a recursive unit. 


I can start with 
a given unit, and 








reproduce it 

recursively and 

thus produce a 
" : 4 2 « numbered line 








Arithmetically:— 





That is one method. 
I am not confined by using the figure of a circle, I could use a triangle. 


. . 9 ° 

















d ως à ` 7 " ` . : \ V Etc . 
I can also take the unit, and multiply it proportionally. 


ee 


In this second example, one has a whole lot of as so and so is to so and 
SO, SO too is so and so equal to so and so. One may come to realize that 
even if we use the simple method, what is implied is a proportional 
application of a unit concept. 

There are, naturally, many ways of producing any number of divisions 
within a given difference. When we are looking for arithmetic equalities in 
geometry, it is well to remember that we are actually seeking a 
proportional application of a unit concept. We always must construct 
that unit by which to actually see these relationships. In other words, it 
is just like simple arithmetic, the unit has to be defined first. Once that 
is done, one can then move to algebraic concepts of variables which are 
independent of any given unit but must still at least have a defined and 
particular unit in order to use those equations by a system using that 
unit. 

The standard unit in the universal is given in BAM as:— 











V V A 


With this standard unit, one can construct not only all of the basic 
operations of mathematics, but equations as complex as they desire and 
project from the figure itself the curves of that equation in real time. 


e 


aS 
N 
x 
U | 


g = 100.00000 N5.N3-N4((N,-N2*2-N,-N5.N4)-N,2-N4-N2?-N4) 


- -R - 0. 
N17-2.06012 ^  (w ((w, N,2«NÀ3-Ns)-2-N,-N22-N5)*N, ?-Na-N5) N43-((N42-2-N42-N5)*N j.N52))-N-N22-N3 aad 
N; = -1.13043 


Να = 3.09725 
N4 = 1.57146 
R = 0.69820 


In the dictionary work called AUL, A Universal Language, I have 
compile hundreds of figures as both an exploratory exercise and a 
dictionary of figures. 

Notice that there is no Trigonometry, there is no Calculus and there is 
no Cartesian Coordinate system. Each equation is given solely in terms 
of the givens. 


Those who claim that the equations of physics is dependent upon 
coordinate systems, I place before them the counter example to their 
untruth. All of logic and analogic are derived from a simple thing. One 
will also notice that in this construction, not only are the variables free to 
change, but a part of the computational machinery uses a circle which 
also changes in position, but it is not expressed as part of the answer. I 
use up to six different motions in the AUL catalog, which has been under 
construction for a number of years now. The is performing a complex 
mathematical operation as a single object. 


One can even use data piping between individual computational 
systems. 


Data Piping. 
OX = 9.48267 cm 


01 = 1.96850 cm N = 3.74166 01 = 0.67733 

ON = 7.36545 cm N2 = 14.00000 = 
" ΟΧ 

OW = 2.45515 cm W = 1.24722 (W-3)? = 14.00000 o 14.00000 

Data Pipe O 1 W N 


Each stack can 
independenly have its own 
unit. Operations can even be 
performed within the pipe 
itself. All results are exact. 





All of this can be done with a simple straight edge and compass. 


For the present, the presentation will example many ways of doing the 
basic operations of mathematics. 


Hopefully, I might go all the way to fractional and geometric series. 

It is by comprehending and utilizing the unit concept, in both of its 
expressions, that one can conceive of, and demonstrate computational 
systems to any complexity one has the patience for. The following 
example some of the figures which will be explored in this introductory 
work. The same operations can be perform, or indicated, just like in 


logic, a number of given ways. It might be, that no matter how many I 
demonstrate, I will not include them all. 


Addition and Subtraction. 


1 Νο 3 N54 5 6 7 8 9 


Νι = 1.67002 Ἶ.. 
N = 3.75881 


A = 5.42882 |^ | | 
B - 5.42882 
N,*N,-A-0.00000]. ιτ) 
N,*N,-B-0.00000| ο] 


C - 2.08879 

D - 2.08879 
N5 - N, - C = 0.00000 
N2 - N; - D = 0.00000| `, ||| 





Once upon a time, someone who knew me, but whom I did not know, 
came up to me at work and handed me a problem one of his children was 
given to solve that a teacher of Trigonometry gave to the class to solve. I 
quickly solved it using plain Geometry. I was informed by the man that 
my answer could not be correct, as it was a trig problem. A few days 
later, I was approached by the same person with an apology as he found 
out from the instructor that the answer was indeed correct. 


The word angle represents an implied ratio. As such, there is no trig 
problem that cannot be solved with simple algebra by simply determining 
that ratio. Angle is factually not a thing in geometry. In order to learn the 
equations for the sides of any triangle, one can reference my work called 
The Delian Quest. Early in my studies of Geometry, I figured out that I 
had to view the Pythagorean Theorem as a particular case of a more 
universal theorem, which I had to rediscover for myself for I later found 
that the figure could be found in older works. It seems, however, to have 
been under utilized and under stressed. Anyone of intelligence does not 
hold up a particular example as a standard. Touting the Pythagorean 
Theorem as a standard is just bad Geometry. We always start with 
particulars as a path to the Universal. It was not done in that case. 


Multiplication and Division 


1 2 Ni 3 4 N55 6 7 8 9 10 11 
N, = 2.30957 | Se 
N, = 4.43080 "we 
2 E C 


I 
A = 10.23326 [x ΝΕ ως A 
- NG 4 
M 


C = 10.23326 


N N 
Ν \ 6 Β 
σου B Ee ee 
‘aie 

N,‘N, - A = 0.00000 Ke ο 

N,N,-B-0.00000 |. 11 LR ο 
ΝΙΝ» - C = 0.00000 ‘tok AE 
N,N,-D-0.00000 j|. MM LL D 
5 » a 
Loe Aem 

Ι 

l 

Ι 


l 
N 
ΓΙ 
N 
i 
E = 0.52125 hi 
l 
F = 0.52125 Y 
G = 0.52125 Y 
H - 0.52125 


E | 


N, = 

— - E = 0.00000 n w= 

No : ) an 
v 

i lKox< 

~~ -F = 0.00000 aes 

2 N l l 
S SENE -.- 
w, 0.00000 EA 


" MT 
— -H = 0.00000 pu Ls < 
6- — m 


No 


One can look at these examples as examples of unit methods of 
performing a given operation. I present here ready made examples I did 
some time ago, but they are not inclusive of all possible methods. 


Square, Root and Reciprocal. 


N = 1.68576 1 N2 3 4 5 6 7 8 9 10 11 
A=2.84179 |^. X 
l 
B = 2.84179 ie | A 
E | A N 
C = 2.84179 | \ JA 
D - 2.84179 TN "L^ 
x B 
E - 2.84179 INAS 
F = 2.84179 | 24 
G = 1.29837 r Ja C 
H - 0.59320 


N? - A = 0.00000 
N? - B - 0.00000 
N? - C - 0.00000 
N? - D - 0.00000 
N? - E - 0.00000 
N? - F - 0.00000 
JN - G = 0.00000 


1 
— —H = 0.00000 
N 


Two Triangles 
Friday, November 6, 2020 
Just the first book or two of Euclid’s Elements should give one enough 
information to discover Basic Analog Mathematics. However, it apparently 
did not happen. The reason being is that it is a whole lot easier to repeat 
and memorize perceptible information than to see the intelligible being 
expressed which can be attributed to evolution of the mind. 


In this little essay, I am not going to say much, I am just going to 
present a little figure which I call Two Triangles. Just imagine what you 
can do with two right angles on the same base. I can call one ACB and 
the other ADB. I will simply present a series of plates which only differ in 
so far as a point go. 


D = 0.57557 

C = 0.50605 

ο E = 1.13737 
D 


D 
c = 0.00000 


A B 


Let us call AB the standard unit by which C and D and their product E 
is named. We simply have a right triangle to perform our operation. Call 
it AB. The intersection of the two triangles perpendicular to the base AB 
fall on what we can call the segment known to be the square root of 2. 
We are not, however, interested where it intersects the segment, but only 
that it intersects the line which contains the segment. We are interested 
in it only insofar as it expresses and projects a ratio. 


Now, we can give C and D any values we like. We can imagine them as 
triangles ACB and ADB, however, we have no wish to think or speak in 
terms of the mystical angle. We adhere to the notion that a two- 
dimensional plane is expressible as a ratio between two units. 


D = 0.57557 
C = 0.32472 
E = 1.77253 


D 
c -E - 0.00000 





D = 1.07058 
C = 0.50605 
E = 2.11556 
D D = 0.31674 
—-E = 0.00000 C = 0.50605 
S č E = 0.62590 
D 
σος — -E = 0.00000 
ο 
oS 
D 
E 
E 
D = 0.75520 
C = 0.76318 
E = 0.98955 
D 
— -E = 0.00000 
ο 
A 
ο 


D 


One of the things which BAM helps one with, or one of the things 
Geometry helps one with, is not to set the standard of understanding a 
figure based on the perceptible, which can be very confusing, but on the 
intelligible content established by standards. The standard references 
what is intersected while the mind is looking at where. 


One may notice, even in the Elements as we have them today, 
propositions written up by a weaker mind writes up the same proposition 
in terms of cases based on perceptible location. One can see here, if they 
were done correctly, the equation never changes. Notice also that any 
and every other type of triangle can be found using in the figure. I am not 
interested in obtuse, acute, or any other name one can give to any other 
expression of a triangle. I am only interested in the fact that a two- 
dimensional matrix can produce results using an unit whatsoever when 
compared to another and I do not need Cartesian Geometry, 
Trigonometry, or Calculus to do it. 


The ability to equate an analog to its logical name is not, in any wise 
apparent to the eye. One has to find and use standards to express it, and 
comprehend it in the mind. You can call an analog an isosceles right 
triangle in gray, or a method of dividing two given things of the same 
relative difference in accordance with a standard unit. All of the other so 
called triangles are simply parts of a much bigger and better ordered 
universe. 


Let us take our little figure, lay it on its side and imagine that C and D 
are on two parallels and AB is just a unit; when one does that then they 
can start examining BAM (Basic Analog Mathematics). 


Addition 


Ro = 5.91077 ^x ο. 
(Ni+Nz)-Ro = 0.00000 b" 
EN Za R, 
N4,*N5)-R; = 0.00000 ^ 
( ) NS a Νο 


(Ni+N2)-R2 = 0.00000 bt p 
s p R, 
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Rs = 5.91077 c «-- ἡ. 
(N1+N2)-Rg = 0.00000 Ν >< 

N po R4 
(N,*N2)-R4 = 0.00000 E e --τ.. 

~ oO Rs 








(Ni+N2)-Rs = 0.00000 








Note: Point K can be used for Νι = 3.37709 
projecting the converse, i.e. the 
converse of the operation, not the Να = 2.53368 


converse of the number. 


Subtraction 


Ro = 1.42708 
N1-No-Rg = 0.00000 


R, = -1.42708 
Ν2-Νι-ΝΙι = 0.00000 


R2 = 1.42708 


ΝΙ-Ν2-Β2 = 99000 5 S ... 
oe 


R5 - -1.42708 ο. 


N>-N,-R3 = 0.00000 


R, = 1.42708 
N4-No-R4 = 0.00000 





R 
Rs = -1.42708 ρα 














Ν 
Ν 
































Note: The purple line indicates how to 


direct project the converse of 


subtraction. On the second example, K 


is the midpoint of the unit. 


Ni = 4.17431 
N2 = 2.74723 


Νι = 2.30957 
N5 = 4.43080 
A = 10.23326 
B - 10.23326 
C - 10.23326 
D - 10.23326 


N,-N2-A = 0.00000 
N,-N5-B = 0.00000 
N,-N2-C = 0.00000 
N,-N2-D = 0.00000 


Ny 
—-E 
N2 


Ny 
2 
Ny 


—.G 
N2 


Ny 
—-H 
N2 


E = 0.52125 
F = 0.52125 
G = 0.52125 
H = 0.52125 


= 0.00000 
-F = 0.00000 

N 

= 0.00000 


= 0.00000 
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Multiplication and Division 





νι 








e- 
i | 


i 


DE 





M 











ἦν 





| 





Dad 
| 


\ 
Y 





Pas 


S 
ὶ 








V 
| 


| 


Yi 





Pas 





N 
2 

μι 

ω 


M 
| 





K 


4 Ν 5 


| 


| 


| 


NC 
| 


n 


IK 
ἥ 


6 


| 
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N = 2.52631 


A = 6.38222 
B = 6.38222 
C = 6.38222 
D = 6.38222 
E = 6.38222 
F = 6.38222 
G = 1.58944 
H = 0.39583 


N2-A = 0.00000 
N2-B = 0.00000 
N2-C = 0.00000 
N2-D = 0.00000 
N2-E = 0.00000 
N2-F = 0.00000 
/N-G = 0.00000 


1 
—-H = 0.00000 
N 


΄ 


Square, Root and Reciprocal. 


1 2 N 3 4 5 6 








\ Det 





A Ν 

















= 


EE 


X 


M 


μμ ΟΙ 
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3OBTSR12 








N - 1.88705 N2-R = 0.00000 
R = 3.56097 


1CST1R7 





N = 2.33308 N?-R = 0.00000 
R = 5.44326 


1CSTSRS 





N = 1.63893 N?-R = 0.00000 
R = 2.68609 


1CSTSR14 





N = 1.78152 N2-R = 0.00000 
R = 3.17382 


N = 1.67023 N2-R = 0.00000 
R = 2.78967 





3OBT4R7 





N = 1.48804 
R = 2.21427  N?-R = 0.00000 


A2SMTSR9 





N - 2.24392 N2-R = 0.00000 
R = 5.03519 


A2SMTSRS 





N = 2.88320 /N-R = 0.00000 
R = 1.69800 


SOBTSRS 





N = 2.86631 /N-R = 0.00000 
R = 1.69302 


1CST3RO 


N = 3.09588 1 
—-R = 0.00000 
R = 0.32301 N 





1CSTSR2 


R 1 





E 1 
N = 1.93212 = R = 0.00000 
R = 0.51757 N 


2SMT1R3 


R 1 


Ὢγ 


N=1.48107 1 
—-R = 0.00000 
R=0.67519 N 





3OBTIR2 


R 1 N 





N = 2.94080 


1 
— -R = 0.00000 
R = 0.34004 N 





3OBTSR2 


R 1 
N = 1.69152 
1 
N^ 0.59119 
—- R = 0.00000 


R - 0.59119 N 


S3OBTSR1 


R 1 N 
N = 1.51646 
R = 0.43485 


N2 -R - 0.00000 


A2SMT6RS3 


R 


N - 2.87663 1 
—-R = 0.00000 
R = 0.58960  |/N 


3OBTS5R4 
R 1 


N - 2.95199 1 
R - 0.58203 AR = 0.00000 


3OBT11R2 
R 1 N 








N - 3.19871 1 
R=0.55913 p R^ 0.00000 


BAM. Discrete Expressions 


noni 





ΝΙΝ / / 
Plate 1 Ni Ξ1 Plate 5 Νι.Ν2 Plate 9 ee = 1 ο ΝΝΊ Να κ =] 
= eee 4 NaN? Plate 18 (Ww. Na? 








1 N,-No2 

JNi Nı+ /N2 

Plate 2 TIN =] Ni+N2 2 Plate 10 rmn = 1 Plate 14 _VNi+/No κ =] 
1 Plate 6 /(Ni+N2)? 1 2 (./Nit./N2)? 
Νι.Ν2 JN +_/N 
E JN1*N ο C NM INO 

Plate 3 (N1-N2)? =] Plate 7 p m =1 Plate 11 JN + /N22 =1 Plate 15 N,+./No2 -1 

Ν IN; JJ (N1*N3) || [N49 N22 
Plate 4 τ 1 ΝΙ-Ν2 Νι-./Νο E 


N12. /N2? Plate 8 —————- = 1 Plate 12 ^7——— —- = 


Mathcad will come up with a 

N42*N4?-N22*N22)-N,-N 
reduction of an equation that a Na = 1.00000 Ni = 3.39997 
contains this, yet the product ψ((ΝΙ21Νι2.Ν221Ν22)-Ν1.Ν2)2 N> = 2.91851 
is always 1 it appears. The (N1?*N4?-N2?*N22)-N,-N2 - 108.61744 


Program will not reduce it to 
1. 


O2 Basic Arithmetic 


o 
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Basic Arithmetic in Geometry 


Introduction 


A concise outline of basic arithmetic moves in Geometry. 

A primary mechanism required for language is the ratio. And it is on 
a biological level first. On a conscious level, one must understand that as 
things are to each other, so too our mental manipulations of things must 
be to each other. This identity between reality and mentality is call 
rationality. It then follows that people who habitually lie, being aware of 
it or not, are not rational. On a religious level, when one says that God is 
Truth, they are enunciating a standard in rationality—of judgment. 


Cardinal and Ordinal Operations. 


These techniques are primarily focused not on ordinal operations but 
on cardinal. An example of an ordinal operation is Euclid’s Book 1:1. The 
operations here depend first upon the unit. 


The Unit 

Addition Subtraction 
Number Construction 
Unit Ratio 

Fractions. 

Ratio Two Numbers. 
Multiplication 
Division 


Contents 


Technique 1 
Technique 2 
Technique 3 
Technique 4 
Technique 5 
Technique 6 
Technique 7 
Technique 8 


Basic Techniques 


Technique 1. To construct a unit. 


< e 
L. 


ine 











A 0 B1 L. 


With a given line, assert two points. 
AOB1 is the unit by convention. 


Every formal logic starts the same way—Arithmetic with the 
definition of the unit, so too in geometry. Craft is all about standards in 
construction and one starts by constructing our first standard. 


Geometry is a relatiologic, which means the material difference is 
given, and the geometer only asserts boundaries. The material difference 
in geometry is unspecified, of no concern to the geometer. Thus 
geometric grammar can be used for any material difference, as Galileo 
indicated in his Two New Sciences. In a relatiologic, one can neither add 
to, nor subtract from difference, one can only make things by asserting 
boundaries to the things created. 


The construction of a unit is understood in this wise:—Between two 
assertions there is one and only one difference. 


Note: Preserve both naming conventions, Geometric and Arithmetic. 


Technique 2. To a given unit add another. 


A0 B1 ' C2 


ine ‘ ; ine 


To a given line, Let AIBO be the given unit and to it, simply add 
another. Construct © B1AO. 

B1C2 is the required addition. 

1+1=2and2-1=1. 

One need not drag this out for subtraction. 


Technique 3: To construct a number of equal things. 











^ ^ 7 7 
G 4 
F3 
" 
E 2 
B1 D1 
« > 
z 
x 
< > 
L- A 0 C0 





V V 

Given AOBI1 as our unit and 4 the number we are to construct, etc., 
Technique 4. To construct a ratio between linear units. 

A 7| 


B1 


Al 0 








ine ine 





L V 
ΟΑΙ :051 Is what was required . 


Technique 5. Construct a fraction. 






































=. <A S WA 7 A 7 
| f - 
» 
1 F3 
E E2 
« + > 
B1 D1 
< > 
« 
i (X 
< l ο - > 
e A 0 C 0 
ν ν ν qu? 
- 2 
Let AOB1 be our given unit, and 3 the fraction which we are to 
construct. 
τν, 4x2 
HOJ1 is 3- Furthermore, I say that HON4 is 3 
Technique 6. Provide a ratio between numbers with two different 
units. 
SAT 
4A. 
3A. 
ΣΑ. 
ΙΑ. 
< Ses > 
5B 4B 3B 2B IB 0 L. 


Let the numbers be 5 A and 5 B. Then 1A:1B:: 5A:5B. 


Technique 7. Multiply two numbers. 












































2 » 
< > 
< | > 
B 0 C1 D2 E3 F4 G5 H6 I7 J8 i 
y μμ 
With the given unit A1BO multiply 2 x 4. 
Technique 8. Divide two numbers. 
A 
Ta 
< e . > 
< > 
< — e 9 > 
B 0 C1 D2 E3 -.F4 G5 H 6 17 J ὃ 
UN 





V 
With the given unit A1BO divide 6 by 2. 
Explanation. 


I am going to try to explain how to multiply and divide a line by a line 
in Geometry. 

If I were given two lines, and asked to compare them, I would look at 
them and say; 


B E 


well, AB is shorter than CE. I mean, what can you do with two lines 
anyway? Reminds me of when I was a kid asking my mother what could I 
do with seven cents, realizing early on I was three cents short of a dime. 
If I were Euclid I would subtract one from the other and find that CE — 
AB = CD, or if you’re a top down programmer, CE — AB = DE. If I move 
CE off a ways, 


B E 


I would say that CE — AB = CD, or DE which ever you choose. Non- 
Euclidean Geometers, like Einstein, claim that this equality, this 
simultaneity, is not true and that at some point of moving AB and CE 
apart, as if it were part of the equation, does mysterious things to these 
segments. It amounts to a thief's logic—moving CE off sufficiently will 
make AB infinitely greater than CE 'cause we exact a kind of tribute on it 
and subtract that tribute as we go. It amounts to constructing a square 
say, of 25 square inches or so, and claiming if we repeat it enough, well, 
it just plain disappears—we wore it out. While on the other hand, there 
are those who claim that if I assert a point an infinite number of times, I 
can create a line. You know, like waving a knife in the air an infinite 


number of times and making a salad!. This is the kind of mentality that 
makes credit card lenders rich. As I said, non-Euclidean Geometers are 
really crooked bankers in disguise—or really lousy cooks. A basic fact of 
abstraction, when you really know that a boundary is not the difference 
(a point is that which has not part), a form is in fact absolute, you know 
you can never attribute difference to that form, the form is applied as a 
boundary to any given difference—material. The cut is not the cutted! 
Wow, that was trashy! 


Or, if the point is that which has no part, then the relative difference 
between boundaries can not be asserted of either boundary—one of the 
points Plato tried to make. Einstein’s seem to be of a contrary opinion. 


Now if I had AB, and wanted to construct CE from it. 


C 








B E 


I could transfer one segment at a time 


1 For those of you who feel put out because I have said this more 
than once, it is revenge for having to put up with all the times one reads 
that a line, plane, space is composed of an infinite number of points—at 
least one can eat a salad. 


B E 
using parallel lines, but this is not multiplication, it is multiple 
processes, or simply addition. Parallel lines gives us the ability to do 
multiple additions, which is again not multiplication. One sign of that is 


that we have to assert each unit point in constructing CE. We have to 
assert each unit point just to do the parallels. Duh! 


One of the things our ancient quibbling buddies, the Greeks, did tell 
us is that in order to multiply and divide, we have to have a unit. This is 
just part of plain simple Arithmetic. And they also said that when dealing 
with numbers in multiplication and division we were dealing with square 
and oblong (rectangular) numbers. Keep these ideas in mind. A square, 
an oblong, and a unit. Euclid drew a number of them. We will have need 
of them. For the moment let us learn what they did say about ratio, 
which we will also need. Now, if in constructing CE, we stayed up too 
late;— 


» 





B E 


and made a mistake in drawing—or were simply dyslexic; 


> 





B E 


we would discover the ratio. As AB is to CD, so AF is to DF. And by 
George—(if you remember, he too was a hairy fellow and curious), One 
learns how to take any multiple and divide another segment of any 
length by the same multiple. From multiple addition, we have a kind of 
multiple division, but it is not division, it is still just a plain ratio, of 
anther segment. 


> 
T 





B E 


Now, as AB is to GH, so to DE is to HI, etc., etc. This is all fine and 
good, but, we still have not really learned how to multiply and divide. 
That is because these ratio’s work regardless of the notion of unit, or 
square. Unless you are a crooked banker or a non-Euclidean Geometer, 
or a bad cook, this relationship is always true. There is one, and only 
one, difference between two points. 


We are building our ideas up, one standard at a time. Intellectually, 
we fail, at the point we cannot abstract and use a standard—or what 
Plato called form because a boundary is not a difference and by 
definition (not a difference) always true. The divergence of language itself, 
starts with the inability to establish a standard even for a name. Many 


linguists call it the “growth” of language when meaning changes, but 
then they are non-Euclidean Geometers at heart also. What do they say 
of a government that has got its constitution saying exactly the opposite 
of what is written? If you want to reduce them to rubble, ask them 
outright, Why can one word be or not be predicated of another? Or again, 
if definition is conventional, and meaning can never be conventional, 
what in the heck does meaning have to do with definition? or even 
language? They will either get a funny look on their face mumbling to 
themselves, or start babbling non-sense to you. I have some books by the 
gods on that topic also. It is really simple, . . . but not here, not now. 


Multiplication and division rely on a standard in unit. So lets add 
that and see where we go. 


nit 





At the outset the figure is very shy and unassuming. If you saw it 
laying in the street, you would hardly be pressed to pick it up. We have 
placed our segments the difference of our chosen unit apart, and we do 
have a square. No offence to Descartes who tried to find what I am doing, 
we don't have a number line, but a lined number. First time I ever seen a 
studious use of cross hairs actually miss the target. 


D 


nit 





It don’t look like much, but it can not only multiply and divide, one 
can use it to do much in the way of exponential manipulation as well. Let 
us take a closer look as to what the figure tells us. 


H 








(Area ABAC) (Area IJKA) 


- = 0.00000 
(Area AADC) (Area KGLC) 


This is how we perform multiplication. Given AC as our unit, AB x 
CD = AH. In order to see this using the Arithmetic Grammar system, We 
divide AC by AC and get 1, our Unit. We then divide AB by AC which 
gives AB in terms of our unit. We then divide CE by AC and acquire that 
in units, and again for AH. We will find that by using the notion of Unit, 
Square and Oblong Numbers, which is incorporated in the idea of ratio, 
we can Multiply. And we can do what no binary calculator will ever do, 
we do it exactly. What about division? 





(Area MANO) (Area ABAC) 


- = 0.00000 
(Area ONCP) (Area AADC) 


Wouldn't you know it, there is a triplicate ratio in the figure! Right 
under our pencil. Didn't Euclid write that it was the hardest thing to do 
in geometry? Well, I have never taken geometry in school and set out to 
comprehend the triplicate ratio, guess I got somewhere. Going through 
our steps as before, we find that AB + CD = AQ. Each of these steps is 
proven individually in Euclid. I suspect he was like Plato and wanted to 
see if his readers were smart enough to add and subtract ideas. And 
again, no binary computer will ever be up to Geometry, as Geometry is 
exact. 


One can do a whole lot with this figure, through various projections. 
One can do a lot in the way of exponential manipulation. Try that with 
cross hairs! Some of the methods one will find in those unpublished 
books I was talking about. (and please, don't mess up a joke by taking 
me seriously at the wrong time) I don't know how long the gods will let 
me work on them, in fact, if it were not for Them, I would have been 
killed over thirty years ago. Imagine that, I am a walking contradiction, a 
living dead man. At any rate, I hope you have fun playing with the figure. 


Now this is not the place to show the solution to the Delian Problem. 
I do that in a novel I call The Delian Quest. My god, if one is just learning 
the simple four, by adding multiplication and division to our list of 
addition and subtraction, it may be too difficult realize a revolution in 
Euclidean Geometry based upon a standard long ago recognized but left 
unemployed—just like these. I will put the idea in the Geometer's 
Sketchpad file. 


I hope I have made it clear that through multiple addition and 
subtraction, one leads into the understanding of ratio, just like Euclid 
did, but they are still a step away from multiplication and division. Those 
depend upon a respect for, and understanding of a standard in 
definition. We learn to add, and subtract. These teach us ratio—it is part 
of them. We learn about the unit which is taught by them also. This then 
leads to multiplication and division and our primary four are thus 
established. 


Basic Arithmetic In Geometry 






Addition 
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Unit. 

Given. 
Descriptions. 
Definitions. 


When collecting analog glyphs I like to put 
them into a structure I call Jacob's Ladder. It isa 
figure used for a more formal and orderly display of 
Basic Analog Grammar, or Mathematics and it takes 
advantage of data piping which can distribute 
products over an analog network. Everything 
happens concurrently. 


At the bottom, when one is writing machines, 
can do most if not all computations in the pipeline 
allowing one to actually build a more compact 
computation matrix. 


One can do their computations from either end 


of a segment. On one end one might look for the end 
of it over miles, but every thing is also in the same 
proportion at the unit end of the segment. Since 
Sketchpad does not have a zoom function, one can 
actually zoom using the pipe. One can actually 
shrink the pipe down to the sub-atomic level and 
save a whole lot of paper. Geometry, when done 
intelligibly, does not change with perceptible size. 
Those who claim to be mathematicians, logicians, 
etc, who make their arguments based on the 
perceptible are only trying to convince those who 
are as stupid or stupider than they are, something 


Introduction to Addition: 


(Nit+Nz2)-Ro = 0.00000 Y = 1.39903 


N, = 2.00000 

Nz = 3.00000 

Ro = 5.00000 
A 
— - 2.00000 
Y 
B 
— = 3.00000 
Y 
Ri 
— = 5.00000 
Y 
C 
— - 2.00000 
Y 
D 
— = 3.00000 
Y 
R2 
— = 5.00000 
Y 
E 
— = 2.00000 
Y 
F 
— = 3.00000 
Y 
R3 
— = 5.00000 
Y 
Pipe 





A = 2.79805 
B = 4.19708 
Κι = 6.99513 
C = 2.79805 
D = 4.19708 
Κο = 6.99513 
E - 2.79805 
F = 4.19708 
R3 - 6.99513 


Pipe 






























































Addition; Ice cube. 


like spooky action at a perceptible distance. 


Νι = 2.23942 
N2 = 3.88783 
R = 6.12725 


(N,+N2)-R = 0.00000 

















o 
Descriptions. 
AD -AC 
AB := — ——— 
AC+ AD 
BC := AC- AB 
AC -FH 
FG := — —— 
AC + FH 
GH :- FH - FG 
FH 
EG:- -------- 
AC + FH 
AC 
BE -- — ——— 
AC + FH 
Definitions. 
Ni: N5 
AB - ——— = 0 
N4 + Ν2 
2 
Ny 
BC - ————- = 0 
Ny + Ν2 
No 
EG - ————- = O 
Ny + Ν2 


O Unit. 


AF := 1 

Given. 

Ny = .94258 AC = Ny 

Ν2 = 1.41387 ΑΟ - Ν2 FH := Ν2 


AB = 0.565548 


Addition: a note on proportion 














FG-AB-O 
A B C D 
Φ 
EG - 0.6 x 
BE - O.4 ὁ 
Ε G H 
Whenever we have two lines crossing such 
as C and D, then we have a few handy 
N- N ; en 
FG 172 — proportions to write: 
N4 T N^ 
2 
No 
GH - = 
Ny T Ν2 
Ny 
BE - = 
Ny T Ν2 


AF = 1.00000 
AB = 0.56555 
AC = 0.94258 
AD = 1.41387 
EG = 0.60000 
BE = 0.40000 


Ny = 2 AC := Ny 


Zp Unit. 
AB := 1 
Given. 
Descriptions. 
AD 
FP := P = 0.6 
AC + AD 
| AD 
2 .— FP Κο = 5 
Definitions. 
No 
FP - ——— = O 
Ny + Ν2 


Ro - (N1* N5) - 0 


N^ = 3 AD := Ν2 FG := Ν2 


AB = 1.00000 
AC = 2.00000 
AD = 3.00000 
FP = 0.60000 
Κο = 5.00000 








Addition: Plate 2 


Do not expect me to try and write up plate 1, the whole parallel thingy. 
The only thing required of one is the grouping of two things. But, for all 
those highly acclaimed genius's, How much of math can you do without 
realizing that we only have two primitive concepts and if one negates 
either or both of them for any reason, at any time, then they have 
violated them all which would make thought and existence, wholly 
impossible. As Plato tried to get his readers to comprehend, all of correct 
grammar is dialectical, or again, binary, or again, is accomplished by 
complete induction and deduction of a unit. It is wholly revealing when 
mathematicians work so hard to negate the unit spinning their mystic 


yarns. 








When doiung proportion along a single segment, is not each part of that segment parallel to the other? 


Unit. 
v AB:= 1 
Given. 
N4 = 2 AE “Ξ- 
Descriptions. 
Ν2 “Ξ- 3 ΑΕ' “Ξ- 
AE -BK 
BH := — BH = 1.2 
AE + BK 
AB -BH 
DH := ------- DH = 0.4 
BK 
BJ 
R3 = DH R3 = 5 
Definitions. 
Nj ‘No 
BH - —— = 0 
N4 + Ν2 
Ny 
DH - ——— = O 
Ny + Ν2 


R5 -(N1*N5) - 0 


Νι ^ BJ-N, 
N^ BK := Ν2 


AE = 2.00000 
AF = 3.00000 
BH = 1.20000 
DH = 0.40000 
R; = 5.00000 


A 





Addition: Plate 3. 








1CST2R6 


Unit. AF -- 1 Given. AN:=3 








Descriptions. RE 
AN? + AN AN Em 
FG:= AF AK:= ———— KE = ——— — wn 
2:AN+1 2AN +1 E 
AK .AF .- 
FH := AR := FH Mu 
KE o Nə 1 Ni, - R 








AVA n 
Definiti : 
AR - (ΑΝ 1) - O 








gy = 48.04876 (N,*1)-R = 0.22837 

N, = 2.60632 (N,*N3)-R = 0.00000 
Given. Ny = 3 Ν2 = Ἢ ab := 1 N2 = 0.77163 

R = 3.37795 


Descriptions. 





Two Transforms. 


2 





, O 

1, O. N,+1 
» 2 1 Νο 
, 2 


Definitions. 


(Ny τ Νο) 
ar—(Ny ΕΝΟ) EU 


A 


Ν 2 A B N 


> Nac aus 
es X 





D 
Given 
E ΑΝ :- 3 
Descriptions. 1CST4R4 
AB -AN 
AG := —————— BD := AG 
AB + AN 
πας 
AB? - p». 
AR = ————— yA 
AB - BD ο, 
Definitions. No Να N, 

















AR - (AN « 1) - 0 aA NA 
Vertical Gain NM S 


X N zx Ὡς 


Given. Ny = 4 Ν2 = ὦ N3 = 2 


gy = 48.04876 N,+1 = 2.98290 
Descriptions. Νι = 1.98290 N1:N2+N2:N3 
Ν» = 1.24841 πι tR = 0.00000 
Να = 4.45603 
A N2 Να P R RA 2.87771 


Three Transforms. 








Hrs 1,2,0. No. (N +1) 
N N 1, 0, 0 N4,-1 
3 2 ; U3 
cd:- ------- ar -- — 1 1,0, 3 ΠΤ 
Ny ΕΝΩ cd N3 
Definitions. 0,2,0. 2-N2 0, 2,3. Ν2 (Ng +1) 
N5-(N4 + Να] Na +1 νι 
ατ------..."» _9 0,0,3. 9 1,2,3. Na (N4-*N3) 
N3 N3 
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Subtraction 


o 
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N, = 5.42708 
N2 = 2.43403 


Subtraction 


Ro - 2.99305 


N1-N2-Ro = 0.00000 


B 


D 








Rz = 2.99305 
N1-N2-Ro = 0.00000 


@ 











R, = 2.99305 
N,-N2-R4 = 0.00000 


e 
\ 























Y C A B R N 
o Unit. 
Nl, AB := 1 
Given. 
H l J 














AN := 3 
From Bam Dictionary Sampler 1CST1R1 
Descriptions. 
AN 
AH := AB HI:= ΑΒ HJ - 
AN- 1 
AH -HJ HI? 
FJ := ——— El:=FJ AR:= —— 
AN EI 
Definitions. το | | 
ο. Nga NN 
(AN-1)-AR-O CMS 
Vertical Gain LL [< 
Zv = 54.2826 N,-1-R = 0.00000 
A N> R Νι Ny 22418032 ΝΙ-Ν2-Ε = 0.00000 


πό 1.00000 
NN J 5 R = 1.18032 








B E 

Ni. Νο ab -bg ab ‘No 

ab :- 1 be:= Νο bg ------- fg --- ce:- fg ar:= 
ΝΙ-Ν Ν ce 

1 2 1 
Definitions. 
No 
fg- —— —— =O ar - (N -Ng) =0 
Ν1 - No 1 2 


C 


N4 [Νο + ar) = 0 
Two Transforms. 
ο, O. 0 N,-(N2+R) = 0.00000 
1. 0 Ny "m 1 N3 R Ni 
ο, 2 1 -- Νο 
N5-(N4,-ar|-O 
1, 2. Nj -- Νο s | : | 


Ν2-ΝΙ-Ε = 0.00000 
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Multiplication 


o 
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R = 6.00000 


Stub R = -0.20178 
Stub Κι = -0.20178 


Ni = 2.00000 Stub R» = -0.20178 
Νο = 3.00000 Stub R; = -0.20178 
Stub R, = -0.20178 






























































AE = 2.88 cm 
BD = 2.33 cm 





BF = 1.62 cm C 
AC = 4.15 cm | 
AE 

ac^ 0:69 

BD 

AC = 0.56 

BF 

ac 7 0:39 

AE BD BF A| 
AC AC Ac “ο 

BF 

zp = 0:69 

AC ΄ 
BD = 1.78 E 
AE 

BD = 1.24 

BF AC AE 

BD BD BD ^99 


Polar Multiplication 
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Division 
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Ni = 3.00000 
Νο = 2.00000 


No 7 
— = 0.6666 
Nı 


R = 0.66667 


Pipe 


Stub R = -0.72974 
Stub Κι = -0.72974 


Stub R2 = -0.72974 
Stub R5 = -0.72974 
Stub Κα = -0.72974 



































5 
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Square 
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Pipe 


ad 





Ni = 3.00000 
R = 9.00000 
1 




















| 

















-A 


\ 


R = -0.14012 


Ri = 


-0.14012 


= -0.14012 
= -0.14012 
= -0.14012 
= -0.14012 


a 


ο 


i 


Ν Α Β Ν R 
C Unit. 
d ΑΒ := 1 
F 
Given. 
G H l 


AN := 3 

From BAM Sample Dic 1CST1R7 
Descriptions. 

AG-BN 
AG := AB BN:= AN- AB BE = - 

AN 

AN -AG 

ΝΕ: BE FI:= AG- NF AR - LA 





Definitions. Ια 
ο 21 δι R 


| | EN 


AN- 1 
BE - -0 AR-AN^-0 “1 
ΑΝ Ze 
Vertical Gain ο a 














A Ν2 N, R ἘΚ N,2-R = 0.00000 
N,:=3 N, = 1.51534 N,2 
N> = 1.00000 τ κ = 0.00000 
E No `= 2 R = 2.29626 2 
Two Transforms. 
df := N4 -N ——— = f = ab Mu 
—NQ1-N5 cn: Ny en:= cn ef := ab-cn ar := ~F 0, O. 1 
m 1, 0 N47 
Definitions. sd 1 
N, -N N N,7 
1 “2 2 1 
cn — ———— = 0 ef - —-0 ar- — - 0 0,2 = 
Ny Ny No Ν2 
νι 
1, 2. ——— 


Unit. 
AB :- 1 


Given. 
ΑΝ := 3 





From BAM Sample Dic 1CST5R14 


Descriptions. 


1 
EI := —— —— HK := EI 


AN^ +1 
| GK-AB 
HK 


GK := AB- EI AR: 


Definitions. 


AR ΑΝ΄-ο 





Descriptions. 


2 
Ny Νὰ Ny 
bh-—5, .—— = 0 ar — —— = O 


VerticakGain 





g, = 45.97071 
N, = 1.48417 
N5 = 1.11451 
ΝΑ = 1.34174 
R = 1.97645 











N,2-R = 0.22632 


Νι2 
Ww. 5 = 0.00000 


2 


Three Transforms. 


1, 2, O. 








Y O A B N R Unit. 


ΑΒ := 1 


Given. 
ΑΝ := 3 





From BAM Sample Dic 1CSTSR5 


Descriptions. 
AB -AN 
GJ := ——— _ GI:= AB- GJ 
AB+AN 

















AB -GI GJ-AB 
EI := AR := 
AN EI 











Vertical Gain ZA c. 
Definitions. A N 











AR - AN? - O N,2-R = 1.62573 
N,2 
——.R = 0.00000 
N2 
R = 3.12805 
Three Transforms. 
0, 0, O 1 
N 2 
bh 
= -------- be - No fh de := — bh := N4 fh ar -- — 1,0,0 Ny 
Nı +N N de 
1 3 1 
— 1 
Definitions. ο, 2, O. —— 
2 No 
No -N3 No -N3 Nj Να Ny 
Bert N =O de- = bh N N B ar- — =O 
+ + 
] N^ -N4-N5 1'"3 2 0,0,3 1 


= 


From BAM Sample Dic 2SMT8R9 





Descriptions. 
1 AN 
EJ := 2 FJ := 2 
ΑΝ +1 ΑΝ +1 
EJ-AN 
HJ - AN-FJ CF- 
HJ 
AB? 
DG:- CF AR- —— 
DG 


Definitions. 


AR ΑΝ΄-ο 








be := = 
bnl Ny = be 
Definitions. 


2 
ar — Ni ‘N5=0 


Ny = 1.5254 


No = 1.16466 











Unit. 
ΑΒ :- 1 


Given. 
ΑΝ :- 3 








Vertical Gain 











gv = 100.00000 


N,2-R = 1.21868 


Νι = 1.91451 N,2-N2-R = 0.00000 
N, = 0.66751 
R = 2.44665 
Two Transforms. 
ο, ο. 1 
2 
1, O. Ny 
0,2 No 
1, 2. N, “No 
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Root 
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Νι = 2.00000 


Square roots? Why not a whole 2N exponential 
-3 


= series? 
F = 0.77111 =Ni®-F = 0.00000 


G = 0.84090 = 
H = 0.91700 ; 


1 = 1.00000 N: 8-H = 0.00000 
I = 1.09051 ο 


J = 1.18921 N,8-1=0.00000 


K = 1.29684 T 
L = 1.41421 Nı8-I = 0.00000 
2 


T 
00 
Q) 
| 


= 0.00000 





M = 1.54221 - 

Ni8-J = 0.00000 
N = 1.68179 : 
O = 1.83401 w,s.K = 0.00000 


N; - 2.00000 4 


P = 2.18102 N1?-L = 0.00000 
5 








Q7 2.97941 wi5.M = 0.00000 
R = 2.59368 5 
S = 2.82843 N,8-N = 0.00000 
7 
N18-O = 0.00000 I read a contemporary Algebra Book once and the author 
8 claimed that this was not possible, did not exist, in 


N.5-N. = 0.00000 geometry. It is in mine. 
1 = mm e 


9 
N,5-P = 0.00000 


10 


Νι 8 -Q = 0.00000 


11 


Νι 5 -R = 0.00000 


Νι ὅ -S = 0.00000 
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Reciprocal 





John 312 


Ni = 2.57245 
R = 0.38873 


1 
—. -R = 0.00000 


Ni 


Stuib for R = -0.52403 
Stuib for Κι = -0.52403 


Stuib for R2 = -0.52403 
Stuib for Κα = -0.52403 
Stuib for R4 - -0.52403 
Stuib for Rs = -0.52403 


Pipe R 1 


$ 
` 



































From BAM Sample Dic 1CST3RO 








Descriptions. 

AN- 1 
BD := AR :- AB - BD 

AN 

Definitions. 

: 1 
AR-AN 0 AR-AN *=0 

D 
E 
B 
Να 
ab :- 1 de := — cr := ab - de 
Ny 

Ν2 Cr 

rna := ar := N54- rn2 
ab 2 
Definitions. 
N1 - N5 N3 

cr- ———— =0 ar -N5. =0 

Ny Ny 


N,:=4 
Νο := 
N3 := 2 





o 
N 


SSA 


gy = 71.94633 








1 
—-R = 0.02475 


N, = 2.27383 Ny 
Nz = 1.31171 N>-N3 
—-R = 0.00000 
Ns = 0.71946 Ny 
R = 0.41504 


Three Transforms. 


0, 0, 0 1 1, 2,0 
1, 0, 0 : 

(V Ny 1, 0, 3 
O, 2, O. No ο, 2,3 
O, Ο, 3. Να 1,2, 3 





From BAM Sample Dic 1CST5R2 





Descriptions. 
AB -AN 
AH := ———— BH:- AB- AH CI - BH 
AB + AN 
CI. AB 
FI:= AH AR- 
FI 





© 


Definitions. € À 
Xo 
: P 


gv = 3785851 
N, = 2.80473 
A R N2 Ns Ni N,:=7 N2 = 1.38405 N2-N3 


: —————— -R = 0.00000 
oM Να = 2.0274? (N1+N3)-N2 
--- R = 0.81454 
Z — τα-5 








1 
—-R = -0.45787 
N 


μι 








Β E G H Three Transforms. 
No 
0,0,0. 1 1, 2, O. 
fg N3 b No -fg Ru. E eh be N1-N5:1 
= aa B . eh := -be ce:= — ar:= — 
2 3 
N4 * N5 3 ce 1, 0, ο. 1 N3 
1 1,0, 3 T m : 
Definitions. 17°37 
N 
2 2 N.N 
No ΝΦ ΝΙΝ ΕΝΩ -N5-N3 0, 2, 0. - 0.23 — 72 3. 
be - ————_ = 0 eh — ————————— = O N5-2 din N3-N5+1 
N.N 
O, O, 3. 2 3 
N4 «Να N5 Ν2 Να á i 1 1. 2, 3. N N N 


ar -- —— = 
N4 +N3 N4 ΝΩ-ΝΟ 























Ν Α B N R 
O Unit. 
E : AB:= 1 
Given. 
E F G AN:= 3 
From BAM Sample Dic 1CST6R2 
Descriptions. 
l 2 BD := AB- EF AR := —— 
AN ΑΝ -1 ΕΕ 
Definitions. 
2 
AN +AN-1 
AR - ————— = O 
AN 
"ic 
ο 1 (NOR 
N4 be Vertical Gain : "2 
hj := ——— be := Ν.Π de:- — OK 
gy = 0.47427 (N2+N)-1 
bg := fg := — ar:= — N 
1 -de N3 fg R = 2.06743 
Definitions. 
Να Ν4 N5.N4 Νι Να Ν4 
N1* Na Νι «ΝΑ ΝΙ Ni^-N4-N4- N5.N4 
2 
fg — —________—_———_ = 0 ar- ————————————————————————— = 


N1- N4 


0, 0, 0, O. 


1, O, O, O. 


O, 2, 0, O. 


0, 0, 3, O. 


0, 0, O, 4. 


1, 2, O, O. 


1, O, 3, O. 


1, O, O, 4. 


Four Transforms. 


1 


0, 2, 3, O. 


O, 2, 0, 4. 


0, 0, 3, 4. 


1, 2, 3, O. 


1, O, 3, 4. 


0,2, 3,4. 


1, 2, 0, 4. 


1, 2, 3, 4. 


N4 
N,:(N.7+N,-N,—N 
Qu] ΤΑΙ 
N4 Να 
N.7.N4- N,-N54.NA- Na- Na- N 
] "ο; 04 934 
N,-Ny 





= 


From BAM Sample Dic 1CST7R7 





Descriptions. 
AN-1 DH ΑΒ 
ΡΗ — EH := ΑΒ DH CF:= —— BC := 
AN~+AN-1 EH 
AB? 
EG:- —— AR := EG 
BC 
Ny “Ξ- 5 
N^ Ξ 4 
N3 Q— 3 
N4 = 2 





ef := ae := Ny ef ac := —— —— cd:= N5 - N5.ac 
N5-N4 Νι -8ε 
Definitions. 
N3: N4 Νι ΝΑ 
ae- —— =O ac- —— — ——— -0 cd — 
N.-.NA- N.N N,^.N 
14 “3 4 1 “4 
gh- =O  bl- 


2 


2 





2 
Ny 























Unit. 
AB = 1 
Given. 
AN := -3 
AB - CF 
0 P4 ΝΟΝΔ, π Νι 
gn 
RE 
i : —V ο» S| 
Vertical Gain X > 
απ lb 
g, = 43.89266 Νι2 
N, = 2.56476 MN y = -0.87398 
N> = 1.48856 N,2-N> 
Να = 1.15471 (N,2N,NQ)ENSNS - 0.00000 
N, = 1.28278 
R = 2.18611 
-- --- - — d . no ‘= apo 
ΝῚ ΝΩ Να -N37-N N.-N4- N4.N 
1 ο "4° "S3 "4 7 1Na-NgNq | 
 "-———————-—— M À— j uc Uc 
N4,.N Na,- N N 2 N 
1.2 "2 "S3 1 "No 





op 
Four Transforms. 
No 
ο, O, O, O. 1 0, 2, 3, O. N5:N5- N5-1 
2 
Ny 
ο, 2, O, 4. N^ 


1,0,0,0. --ᾱ--- 
Ny -N,+1 


0,2,0,0. Νο 0,0,3,4. 1 
Ng 
2 
1 : 
0,0,3,0. N- 1, 2, 3, O. Ny Ν2 
3 2 
Ν 2 
0,0,0,4. 1 1, O, 3, 4. 1 
2 
Ny - N,* N5 
2 
N. -N 
1 2 
1, 2, O, O. z 0, 2, 3, 4. N2 
2 
N 2 
1 f 
1, 0, 3, O. l .... N,?.N5 
N- -N4,-N 2 
2 
N 2 
1 Ναι N 
1 2 
Hoe 1, 2, 3, 4. z 


From BAM Sample Dic 1CST7R8 








Descriptions. 
AN AB? 
BC:- --------  DF:;- —— AR := DF 
2.ΑΝ- 1 ΒΟ 
Definitions. 
2AN- 1 
AR - ——— = Q0 
AN 
N4 = 5 
Ν2 = 4 
Να = 3 
N4 — 2 
de := ------- ad := N, de ac := 
N3 + N4 Nj — ad 
Definitions. 
ad ac 


N3 +N4 


ar — 


Verti Gain 


6, = 30.38534 
N, = 2.63749 
Nz = 1.45739 
N3 = 1.09237 
N, = 1.28278 
R = 2.45999 














-R = -0.83913 


f2-N4*N;-N2-N3)-N2-N5-N4 


N,-N3 


Ny Νὰ 


-R = 0.00000 


C 


Four Transforms. 


0, 0, 0,0. 


1, O, O, O. 


0, 2, 0, O. 


0, 0, 3, O. 


O, 0, 0,4. 


1, 2, O, O. 


1, O, 3, O. 


1, O, O, 4. 


0, 2, 3, O. 


O, 2, 0, 4. 


0,0, 3, 4. 


1, 2, 3, O. 


1, O, 3, 4. 


0,2, 3, 4. 


1, 2, 0, 4. 


1, 2, 3, 4. 


Ns + N4-N5.N4 
N3 
N4 Νο - Νο-ΝηΝ1:ΝοΝα 
Ν1 Να 
N,-N3+N,-N4-N3-Ny 
Ν1 Να 

ΝΟ ΝΑ N5.N4 - N5-N5-N4 

N3 
N.ON2- N5.N4 - N4-N5.N4 

Ny 
ΝΙ Ν2:Ν4 +N} -No N4- N9:N5-N4 

Ν1 Να 


A R N 
S O Nw / Unit. 
E b AC := 1 
N Given. 
M, ο 4 AN :- 13 


From BAM Sample Dic 2SMT1R3 















Descriptions. 
. 2 2 
BB 1 ΔΕΟ: ΛΑ ΑΝ” ΑΟ 5 
2 
(an? + 1) πι N 
AD -AB Vertical Gain 
AR := 
AN 
Definitions. 
1 gy = 100.00000 





1 
—-R = 0.00000 
N 


AR- — =O N, = 1.35343 i 


= R = 0.73886 


O3 Recursionn 


o 
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Νι = 5.00000 
o Ni Νι 
R, = 1.19048 = 4.20000 s. 7277778 — = 31.25000 
a 
R2 = 1.47059 ει x. 
1 1 
R3 - 1.92308 - 3.40000 s. 7192308 — = 15.62500 
a2 
l l , i _ Ες Ξ2.7ΤΤΤ78 ? 
Fractional Series Introduction 1 figure 1 Νι Νι 
S, = 1.80000 - 2.60000 S. ^ 1.47059 — = 10.41667 
S, = 2.60000 3 lis 
Ni Ny 
S3 = 3.40000 = 1.80000 --- Ξτ.19048 — = 7.81250 
As the first page of the original Series S, = 4.20000 x “a 
Introduction was a title page with no figure on it, I a, = 0.16000 
have decided to do, now, what I did not do, then. a> = 0.32000 
This will be a 9 figure series of simple single variable a. = 0.48000 
plates helping to learning how to manipulate a ° NM 
e e e e e 9 a = e. 
universal naming convention making it particular to 4 
particular circumstances and particular things while 
maintaining the given original linguistic concepts. Νι = 5.00000 = 4.16667 ~-=300000 D. 
R; = 1.20000 Sı ο πο κα: 
Each of these plates teaches one how, starting R2 = 1.50000 N, N; 
: : : = 3.33333 —— =2.00000 —- = 15.00000 
from a given unit, to count or enumerate using an R5 = 2.00000 S . . 
extended naming convention defined by the figure R4 = 3.00000 Νι Ny 
itself. figure 4. s, = 1.66667 = 2.50000 S. 1.50000 -- = 10.00000 
3 
S2 = 2.50000 Ni Ni 
In short, we learn how to enumerate, or count, S, = 3.33333 - 1.66667 = 1.20000 — - 7 50000 
we learn the basic operations, and then we learn to 4 a4 
Á . S4 = 4.16667 
combine the two to fabricate enumerating systems 
ο ο ο ο ο ο 81 = ο. 16667 
for particular situations using the given Universal — 
Linguistic Concepts. ibd 
a3 = 0.50000 
Do not forget to read the concluding remarks at the agi S200" 
end of the series. 
Νι = 5.00000 - " 
1 1 N 
Rj = 1.23810 — RÀ = = 4.03846 — = 4.33333 — = 26.00000 
R, = 1.62500 i δι ls 
N, Ni N 
R3 = 2.36364 R, 7307692  — = 2.36364 — = 13.00000 
R, = 4.33333 4 S2 a2 
; = Νι Ν Ν 
figure 7. 81 = 1.15385 — =2.11538 —-=1.62500 — =8.66667 
S, = 2.11538 R3 S3 a3 
- Ny N N 
S3 = 3.07692 — =1.15385 — =2.36364 — = 6.50000 
S4 = 4.03846 R4 S2 a4 
aı = 0.19231 
ερ = 0.38462 
a3 = 0.57692 


a4 = 0.76923 











2 AB -- 1 
o N, = 5.00000 
N,:-5 R, - 1.19048 
R, = 1.47059 
R, = 1.92308 
Figure 1, 2 and 3. R, = 2.77778 
Fi 1. 
e S, - 1.80000 
1 Ni 1 S2 = 2.60000 
DF:- — BG:= CE := — S3 = 3.40000 
Ny 1- DF BG S, = 4.20000 
2 
R : R ως 0 
l-— 1 x. a, = 0.16000 
l- CE 2 1 
M Νι - (Ny — 1) 80 = 0.32000 
a3 = 0.48000 
νι” a, = 0.64000 
2 
Ni — Index. (Ny i 1) Figure 2. 
2 
Ni HJ := — 
——————————— = 1.470588 ^" Riad 
2 1 
N,^-2.(N, - 1) i 
2 Νι΄ -Ιπάεκ.(Νι - 1) 
Ni - Με . 
LE τ 1.923077 1 
N, -8:(Νι - 1) N,^- 1.(N, - 1) 
2 —————————— = 4,2 
N, Ny 
"T ορ. =< 2.777778 2 
Nj - 4.(N, - 1) N1 -2.(N, - 1) 2344 
Ny 
N^ 8-(Νι - 1) 
———————————— = 2.6 
Ny 
Ni -4-(Νι - 1) 
———————————— = 1.8 


Ny 


b 


















































JO := N,-HJ 





|| JO Ni 
| 1- HJ R, 





S4: 


Interval between consecutive S sub x's. 





N,-1 N,-1 
N; = 0.8 S4 Ex N; = Ni = 0 
Figure 3. 
1-MN Index. (Ny — 1) 
MN := R HJ 81 := 1 — 
MN νι 

PH aum ΠΚ ou 

Νι Νι 
$m 0.48 ihe ἓΝ 0.64 

Ny Ny 





N,2 = 19.79491 
N,-1 = 3.44915 


N, = 4.44915 
R, = 1.21101 
R5 = 1.53489 
R3 = 2.09526 
R4 = 3.30008 


























Rı 


R2 


R3 


R4 





N12 

N42-(N,-1) = 0.00000 
N12 

"N42-2(N,-1) = 0.00000 
N12 

“N,2-3.(N,-1) = 0.00000 
N12 

"N42-4(N,-1) = 0.00000 








1 
R := 
wn 1. ΟΕ 
N,+1 


N, + 1 - Index 


N,+1 
—————— = 1.5 
N,+1-2 

N,+1 
—~ = 
N,+1-3 

N,+1 
—~ -- 
N,+1-4 








Ny 1 
CE := — 
1- DF BG 
Ni +1 
l1 N, — 
Figure 5. 





HJ := JO := Ny 
Rı +1 


Νι (Νι — Index) 
N4 + 1 
Νι:(Νι- 0) 
Ni + 1 
Νι:(Νι- 1) 
Ni + 1 
νι (N1 - 2) 
Ni + 1 


= 4.166667 
= 3.333333 


=2.5 


Νι (Νι - 3) 
N,+1 


= 1.666667 


ia 


N, = 5.00000 
R, = 1.20000 
Rz = 1.50000 
Βα = 2.00000 
R4 - 3.00000 














S, = 1.66667 
S, = 2.50000 
S4 = 3.33333 
S4 = 4.16667 

















a, = 0.16667 
82 = 0.33333 
az = 0.50000 
a4 = 0.66667 

















‘HJ Sg:= S4- — -0 S4= 4.166667 


1-HJ `^ R, 


Interval between consecutive S sub x's. 








Ny Ny 
= 0.833333 S4 + -Νι- O 
Ni +] Ni +] 
Figure 6. 

















MN := R, HJ a, := 1- —— 
' ΔΓ =n MN N,+1 
3 
= 0.166667 = 0.5 
Ni +] Ni +] 
4 
= 0.333333 = 0.666667 
Ni +] Ni +] 





αι = 0.166667 


— - 6 
81 


N,+1 = 5.45429 





A 




















Ω 


—— — 


D 


—— 


DA 
C ON 








1 ` R3 R 


σσ 


FT ee 


N 








3 ~n R3 


eee... 


17 


2- 


3- 


47 


(N,+1) 
1 
(N,+1) 
Νι-1 
(N,+1) 
Νι-2 
(N,+1) 
N,-3 


= 0.00000 


= 0.00000 


= 0.00000 


= 0.00000 


AB = 1 
Ni=5 


Figure 7, 8 and 9. 





Figure 7 
1 
DF := BG = Ny 
Νι και “™ #1-DFe™ 
1 N,7+1 
Ri:= Rie 
MS 1 
1-08 N,7-N,+1 
N,7+1 
2 
Ni + 1-Index-N, 
N,7+1 
—, . ——--1.625 
Ni +1-2-N, 
N,7+1 
—3 .———— = 2.363636 
Ni +1-3-N, 
N,7+1 
= 4.333333 


N,7+1-4-N, 





N, = 5.00000 
R, = 1.23810 
R, = 1.62500 
R; = 2.36364 
R4 = 4.33333 





S, = 1.15385 
S, = 2.11538 


a ara eee 














S5 = 3.07692 
S4 = 4.03846 





a, = 0.19231 
82 = 0.38462 
az = 0.57692 
a4 = 0.76923 








Figure 8. 


HJ := JO: 
R,+1 





N,° +N, - Index. N,^ 


N,7+ 1 
N,°+N,- 1.N,? 
ΞΘ 4.038462 
Ni +] 
N,°+N,-2-N,” 
ἔς; 3.076923 
Ni +] 
N,°+N,-3-N,” 
αν νην αὶ 2.115385 
Ni +] 
N,°+N,-4-N,” 
————————————— = 1.153846 


N,7+ 1 

















S, = 4.038462 


Interval between consecutive S sub x's. 


νι” νι 
; = 0.961538  S4- —— N, =O 
Ni +] Ni +] 
Figure 9. 
1. MN  Index.N, 
MN := Κι. HJ a= 1 — ————_ 2 . 81 = 0.192308 
MN Ni +] 

1.N, 3. Nı 1 
a 0.192308 = 0.576923 — = 5.2 
Νι΄-1 Νι΄-1 a1 

2.N4 

5 = 0.384615 2 = 0.769231 
Ni +] Ni +] 




















τ. 
i 
^ 
E E E E (N,241) 
^5 ^ ^N ^s on = 0.00000 
(N,2+1)-N, 
(N,2*1) 
α------------- = 0.00000 
| (N,2+1)-2-Ny 
N,241-28.58623 A c Ri `R, AR “Ra N, (Nu) — "T 
> > > - ? (N,2+1)-3-N, ` 
N, = 5.25226 (N,2+1) 
R, = 1.22509 R4 (N,241)-4-N, - 0.00000 
R, = 1.58095 
R3 = 2.22817 


R, = 3.77267 





Conclusion of the 9 plate series. 


It goes without saying that I 
never demonstrate all of the possible 
constructions in most of my work. That 
is not the job of presenting a Tour de 
Force in Philosophy. A Tour de Force 
presents a method of complete 
induction, not a complete set of 
individual results, which is factually 
impossible. The argument that a Tour 
de Force is impossible because someone 
did not mention some particular item is 
fallacious; it is like saying that 
someone did not teach mathematics 
because they never mentioned some 
particular number. That argument 
works only on someone who is not 
overly bright, everyone starts thinking 
using enumeration, one either evolves 
to thinking in terms of definition, or 
they do not. When they do not, they are 
condemned to a life of contradiction. 
How would you discern the difference 
between heaven and hell? 

A grammar book, founded upon 
the unit concept of a thing, is itself an 
example of a Tour de Force in 
Philosophy. Factually, there is only one 
Tour de Force in Philosophy possible, 
and it was mentioned a very long time 
ago. 

What does the parable of, If thy eye be 
single, your whole body would be full of 
light mean? Does it not mean, that 
there is but one and only one standard 
that psychology is based on? That isa 
biological fact. 


Νι 

— = 5.20000 
bi 

Ny 

— = 4.40000 
b2 

Nı 

— = 3.60000 
bg 

Ny 

— = 2.80000 
b4 

Nı 

— = 4.20000 
Κι 

Ny 

— = 3.40000 
R2 

Nı 

— = 2.60000 
R3 

Νι 

— = 1.80000 
R4 

Nı 

— = 2.77778 
Sı 

Nı 

— = 1.92308 
S2 

Nı 

— = 1.47059 
S3 

Νι 

— = 1.19048 
S4 

Νι 

— = 31.25000 
ay 

Ny 

— = 15.62500 
a2 


Νι 
— = 10.41667 


a3 


Ni 
— = 7.81250 
a4 


b, = 0.96154 
b> = 1.13636 
δα = 1.38889 
b4 = 1.78571 
N, = 5.00000 
R, - 1.19048 
R, = 1.47059 
R; = 1.92308 
R4 = 2.77778 
S, = 1.80000 
5, = 2.60000 
S4 = 3.40000 
S4 - 4.20000 
a, = 0.16000 
a> = 0.32000 
az = 0.48000 
a, = 0.64000 





























































T --- 








AB := 1 
σ Νι = 2.87497 
N, := 2.87497 N2 = 1.79901 
N, := 1.79901 dini add 
Βι = 0.68235 
Fractional Series Book 1 1 Να := 4.03249 Κο = 0.76315 
N R; = 0.86567 
1 1 R, = 1.18368 
== No — Να ''' Rs = 1.45002 
Re = 1.87102 
AG R4 AG. R4 
A= a JR, := — Rs = ————— 
AG - CH N3 AG - JR, 


One can walk each value down, however, these three iterations produce: 


N1: N3 N1: N3 N1: N3 


AB- ——--0 R,- ——_—_—_ = 
N,-N3—N> 


Νι:Να €  N, N3-2.N5 


giving a sequence: 


Νι:Να Νι:Να 
κ.α” R= —————— — 
N1- Ns - N5- Index |" N.ONNS- Νο: 8 
- N,-Ng Νι:Να 
ποτ. Ra: —————— — 
Νι Na - N5.-2 $5" N,N5- N51 
Νι:Να 
AB- - --ο p MON 
Νι Να ^ ΝΙ. Νε Νο | 
1:38 2 
N1: N3 N1: N3 
N1- N3- N5.2 N1- N3- N2- 3 
R, = 0.682347 R4 - 1.18368 
R, = 0.763153 R4 - 1.18368 


Βα = 0.865668 Ες = 1.871014 


R&- —————— = O 


A = 1.05263 
B=1.11111 
C = 1.17647 
D = 1.25000 
E = 1.33333 
F = 1.42857 
G = 1.53846 





H = 1.66667 
I= 1.81818 

J = 2.00000 
K = 2.22222 
L = 2.50000 
M = 2.85714 
N = 3.33333 





O = 4.00000 
P = 5.00000 
Q = 6.66667 
R = 10.00000 


Νι = 8.00000 
N2 = 4.00000 
Nz = 10.00000 

































































Νι.Να Νι.Να 

-— — — — = 0.00000 D———————— = 

PX NUN S Rey NN, 1 ^ 000000 
Νι.Ν. Νι.Να 

-_....~ = 0.00000 -——— = 

ER NT a Rey Ν.Ν,2 7 000000 
N,-N3 

3-2. C= 0.00000 

N,-N3-N2--1 


O AB := 1 


N, = 1.73988 
o N, := 1.73988 N> = 2.18406 
Να := 2.18406 με 
R; = 0.63950 
Να := 3.49697 R2 = 0.72684 
Fractional Series Book 1 3 R; = 0.84182 
1 N> 1 R, = 1.23138 
DE :-= — BK CF := — Rs = 1.60208 
N3 = pE = Ες = 2.29208 
N, R4 (Ng - 1) N1: R4 
R4 .= GR, = 5 -= 
N4 - CF N>: N3 N1 - GR4 
N5- 1 
CF - =O 
Νο: Να 
By interpolation gives: 
Νι:Ν2: Να - N1- N2- Να 0 
: : Et , — 4°” .. a a a 4 — 
N,-N2-Nz - Index. (N3 - 1) Ν Na Na- Νο 1 
N1: N2- N3 N1: N2- N3 
Re -- — -0 Ri ΕΕ πι 
N,-No:N3-2:N3+2 N,-N2-N3 - (Ng - 1).-3 
N,-N2:N3 N,-N2:N3 
Νο e —————M—————————————— 3 = OTT oD 
N,-N2-N3 - (N3 - 1).-2 N,-N5:.Ns - (N5 - 1).-1 
N,-N>-N3 N,-N2:N3 
AB — ——————————-—— 2-0 R4- —_________ = 0 
N,-N2-N3 (ΝΑ - 1).0 N,-N2:N;5 - (N35 - 1):.1 
N,-N2:N3 N1: N2- N3 
R5 - Rs : 


R, = 0.639503 
R» = 0.726845 
R5 = 0.841818 


O Ni Na Ng- (Να- 1}-2 — 


R4 = 1.231383 
Rs = 1.602075 
Ες = 2.292074 


^ N, Nz- Ns - (Ng - 1).3 


A = 1.04348 
B - 1.09091 
C = 1.14286 
D - 1.20000 
E - 1.26316 
F = 1.33333 





G = 1.41176 
H = 1.50000 
I = 1.60000 
J = 1.71429 
K = 1.84615 
L = 2.00000 


M = 2.18182 
N = 2.40000 
O = 2.66667 
P = 3.00000 
Q = 3.42857 
R = 4.00000 


AKIHGHJKÜÉsM N ο δι ο 





Νι = 3.00000 
N2 = 4.00000 
Να = 2.00000 


RN2 


























Me 
x 
` 
\ 
\ 
x 
\ 
x 
κ 
Ν 
κ 
bN 
N 
`, 
\ 
x 
\ 
^ \ 
> \ 
B3 
\ 
x 
\ 
\ 
ES 
N 
— 
ZA τα. 
ο ον Re UND 
τ N Z^ 
ον 








Νι = 1.73988 
N2 = 2.18406 
Να = 3.49697 
Ri = 0.63950 
Κο = 0.7268 
= 0.84 
-1.2 fef 
" = 1.60208 


Re = 2/29208 





























5 (Ni Nz- Ns)-(Ns-1).-1 


(N;-Na-N3) 
—— —— — — —- = 0.00000 
1 (NN. N3)-(Ns-1)--3 
(N;-Na-N3) 
2 — = 0.00000 
(N;-Na-Ns)-(Ns-1).-2 
(N;-Na-N3) 
- 0.00000 


R _— 
°" (Ni-No-N3)-(N3-1)-3 





(N;-N2-N3) 
au ... = 0.00000 
(N;-N2-N3)-(Ns-1). 1 
(N,-N2-N3) 
~~ = 0.00000 
7 (N1-N2-N3)-(N3-1)-2 
(N,-N2-N3) 
- 0.00000 


C AB := 1 Νι = 2.54173 
2 i N2 = 1.73712 
N; := 2.54173 υπο 
N» := 1.73712 N4 = 2.84066 
Να := 3.81280 ο ανα 
Fractional Series Book 1 5 R2 = 0.73802 
N4 := 2.84066 Rs = 0.84926 
R4 - 1.21579 
N, N4 1 Rs = 1.55035 
BE:- — DH:= — BF - CG := — Re = 2.13892 
N2 3 1 - DH BF : 
BE BE BE 
R4 = Re = 6 -= 
ΒΕ CG BE οα.2 BE — CG. 3 
BE BE BE Νο-1 
Βα---------- Ε2-- Ει-------- - « 
BE - σα. 1 BE - CG.-2 BE- CG.-3 N35. N4 
N,-N5.N4 N,-N5.N4 
CR ee πι 
Nə - Nə: N35 + N4- N3: N4 2-(N2 - N2: N3) + N1: Ng- N4 
N,-N5.N4 N,-N5.N4 
Β͵Βο---------τ-------ϱΟ R4-—L———V——— -0 
-1:(Na - N2- N3) + N1- N3- N4 1-(N2 - N2: N3) + N1: Ng- Na 
A = 1.05263 G-1.53846 M -= 2.85714 
B = 1.11111 H= 1.66667 N= 3.33333 
Ni = 5.00000 ϱο- 1.17647 I=1.81818 O= 4.00000 
N2 = 3.00000 5.125000 J-2.00000 P= 5.00000 
Ns = 2.00000 = 1,33333 K= 2.22222  Q- 6.66667 
R, = 0.65254 N4 = 6.00000 F- 1.42857 L=2.50000 R= 10.00000 
Κο = 0.738017 BDF GHI Jis KL MNon ο p Ny 


Βα = 0.849263 
R4 = 1.215792 
Ες = 1.550344 
Ες = 2.138912 





- -8.(Να- Ν2-Να} + Ν1:Να-Να — 


Rs — 








Νι: Να: ΝΑ 
Index- (N2 - N2- N35) + Ny-N3-Nq 


N,.N5. N4 A 


N1: Να. Να 


ecu 
2-(N - N2- N3) + N1: N3- Na 


9 


να ΚΡ 
p” eS 
a 
- 
sd P ee 
-— t ges 
P 
ea pr == 
ze ze — 


R2 





N,.N5. Να 


ον...  ἳ E G 
-2-(N5 - Na: N3) + N1- Ng- N4 


Res- 


N1: Να. Να 


uo 
3-(N2 - N2: N3) + N1: Ng- Na 





S 2 








2» AB:-1 
N, :- 1.63207 
Fractional Series Book 1 7 
2 
2 2 AB BE 
BN, :=./AB +N, BE := = 
BN, BN, 
1- EF Ny Ny 
AH := KN, := 1- — BJ: 
EF H KN, 
N,-1 Νι 
CG = — CG- - = 0 Ry := 5 
Ny Ny Ny 
Rs := ———— —— 3 = Rs := 
Νι- ὃ- σα N,+CG N,+ 2: 
N,° 
3 
N," Index (N, - 1) 
Να Να 
Κι - = 0 Κο — 


νι NO 
Ni +N,-1 Ni - Nı +1 
NU Νι 
Ες — -0 Ες - 


N,°-2-N,+2 N,°-3-N,+3 


R, = 0.696289 
Rə = 0.77472 
R5 = 0.873061 


R4 = 1.170131 
Ες = 1.410019 
Ες = 1.773629 





A = 1.04918 
B = 1.10345 
C = 1.16364 
D = 1.23077 
E = 1.30612 
F = 1.39130 


Νι Κε 


G = 1.48837 
H = 1.60000 
I = 1.72973 
J - 1.88235 
K - 2.06452 
L - 2.28571 


ARDEFGH IJK LM N 


πι η 7|) 1 1 41. / / | 
ee ee ee eee 


A RR;R; C R4 Rs 

N, = 1.63207 

R, = 0.69629 

Ro = 0.77472 

R3 = 0.87306 

R4 = 1.17013 

R5 = 1.41002 

Rg = 1.77363 

Ny 
N,-2.CG 
N, = 4.00000 
Ny 

CG N,-3.CG 
- 0 
O 
- 0 


/ | 





M = 2.56000 

N = 2.90909 

O = 3.36842 

P = 4.00000 

Q = 4.92308 

R = 6.40000 
p Ny 











Νι = 1.63207 
πι = 0.696 
R2 = 0.77TA7 
R3 = 0.87396 
R4 = 1/17013 
Rs = J.4 1002 
Re - [1.7/ 363 


Ld 
7 






































R 


R 








1 


N;? 


^ N1?-(Ni-1).-2 


Nj? 


R —_ 
* Ni3-(Ni-1)--1 


 N32-(N,-1).-3 


= 0.00000 


= 0.00000 


= 0.00000 


Νι3 


R _— 
* Ni3-(Ni-1)-1 


N;? 


R ------------------------ 
>" Ni9-(Ni-1).2 


N;? 
R 


° Ni9-(Ns-1).3 


= 0.00000 


= 0.00000 


= 0.00000 


Νι = 2.99687 
N2 = 2.21643 





2» AB:-1 
Ni = 2.99687 R, = 0.68887 
Νο := 2.21643 fa et OBS 
R3 = 0.86915 
R4 = 1.17723 


Fractional Series Book 1 19 
Rs = 1.43082 
Rg = 1.82364 





























1 
CE -- — 
Ny 
N2 N2 N2 
Νο - CE Νο - 2:CE N5-3.CE 
N2 N2 N2 
3° 2:— Ri = —— 2a 
Νο + CE Νο + 2. CE No+3-CE 
Νι:Ν2 
ΝιΝ2- Index N, = 2.00000 Α:1:09091 G = 2.40000 M = -12.00000 
- B = 1.20000 H = 3.00000 N = -6.00000 
. Νο = 6.00000 
R, — Ni N2 -0 Re- ΝΙΝΟ -0 C = 1.33333 I= 4.00000 O = -4.00000 
? N,:N2-1 j Νι N2 -2 D = 1.50000 J = 6.00000 P = -3.00000 
E = 1.71429 K = 12.00000 Q = -2.40000 
— ox " . 13 -- m è 
N1- N2 N1- N F = 2.00000 L --8.34511.101? R = -2.00000 
6 Ν..Ν, 3 3 N.N--1 π᾿ ABCD E ει 4 H I 
N1: N2 Ni: N2 r J 7 
2 — = 1 — = : x 7 
N,:N5 - -2 N,: N5 - -3 / / y 
R, - 0.688873 / / 7 
! / ' / / " » 1 
: ᾿ ! / ͵ ή "i ΄ 





R2 = 0.768582 

R3 = 0.86915 

R4 = 1.177231 ο... 
Ες = 1.430816 ag / ΠΝ; j 
Ες = 1.823643 hie fog yf i 










Νι = 2.99687 
N2 = 2.2164 
Ri = 0.68847 
Κο = 0.76% 
R3 = 0.36945 
R4 = 117123 
Rs = A.43082 
Re 7 1.87364 











































(Ni-N2) 
17 —— ————— = 0.00000 
(N;-N2)-1.-3 
(N,-N3) 
2-——— ———— — = 0.00000 
(Ni-N2)-1--2 
(Νι.Ν2) 
3-—— ————— = 0.00000 
(N;-N2)-1.-1 


(Νι.Νο) 
477 — —— = 0.00000 
(N;-N2-1.1 
(Νι.Νο) 
R5-— — — = 0.00000 
(N;-N2-1.2 
(Ni-N2) 
6-7 ———— = 0.00000 
(Ny-Na)-1-3 


AB = 1 


N, = 4.76977 
o Νι :- 4.76977 N2 = 3.17324 
317324 Ns = 0.56832 
Νο :- 3. 2 R; = 0.93780 
Να :- «968592 R2 = 1.07222 
Fractional Series Introduction 3 R3 = 1.25163 
N N R R4 = 1.50313 
1 1-4 - 
R4: — AO+=1+Ng EH:- — — '' 
N2 Νι Rs = 2.51308 
Rz; = 3.78447 
AO. R4 AO- R5 
EH + N3 Nı = Re 
— 9E N3 
Ny 
N; (Ns + 1) Νι (Ns + 1) 
_ L __ "i" ᾖ ~g 
" Nə + Nə: N3 2 Νο Νο N3- 1 
Ni: N3+ 1 Ni: N3+ 1 
... MEL Lu Mm 
Νο + N5. N4- 2 Nə Νο N3- 1 
Νι (Ns + 1) N; (Ns + 1) 
------------------- = 1.072222 — ~ 20.937802 
Νο + N5. N3 +2 Νο + N5. N3 +3 
Νι (Νο + 1) N; (Ns + 1) 
= 3.784435 


Νο + N5. N4- 3 


Ν2 + Να: N3 — Index 


377 





Ν: = 5.00000 A 
N2 = 3.00000 
Να = 1.00000 
R, = 1.11111 
R2 = 1.25000 
R; = 1.42857 
R4 = 1.66667 
Rs = 2.00000 
Re = 2.50000 
R; - 3.33333 





NRBR Κα Ry 




















































ΓΞ 


a ο EN 
\ i 24 R3 Ra Rs 


Ν 
Ν 
Ν 
NN 
Ν 
Ν 


Ak 

Y 

// Ze 
YN 


H 









N,-(N3+1) = 7.18297 
N2t+N2:N3 = 4.77869 








NN 
N 
x 
N 
Ν 
Ὰ 
Ν 
Ν 
Ν 
Ν 
Ν Ν 


Zz 


(Ni-(Ns+1)) 


1- ~~ = 0.00000 
(N2+N2- N3)+3 
N,-(N3+1 
ree ee = 0.00000 
(N2* Na. N3)+2 
N,-(N3+1 
ο οσο = 0.00000 
(N2+N2- N3)+ 1 
N,-(N3+1 
(Ni (Ns*1)) = 0.00000 


j (N2+N2- N3) 





(8081) 


= 0.00000 
: (N2*N2-N3)-1 
N,-(N3+1 
{ihn ett) = 0.00000 
(N2*N2 . N3)-2 
N,-(N3+1 
(Ni (Ns*1). = 0.00000 


ý (N2+N2- N3)-3 


N C AB:- 1 
N, :- 3.81433 
N> = 6 

















1 N2 1 
DE := — 88 - CG := — Νι = 3.81433 R; = 1.14021 
Ny 1- DE BF N2 = 6.00000 R, = 1.32616 
1 R3 = 1.58457 
Rj := 1 R4 = 1.96807 
-CG Rs = 2.59645 
N1: Nə 
Ει----------0 
Νι:Νϱ-(Νι- 1) 
Ν1Ν2 
Νι:Ν2 - Index (N, - 1) 
Ni4: N5 
——————————— = 1.326161 
N,:-N5 - (N, - 1).2 
N1: N5 
—————————— = 1.584574 
Νι Νο -(Ni- 1).3 
Nı = 4.00000 R; = 1.17647 
N2 = 5.00000 : 
ΝΙΝ» 2 R2 = 1.42857 
— 35 7 |. .21,.968067 Rs = 1.81818 
Ν1Ν2 = (Ny — 1) 4 R4 = 2.50000 
Rs = 4.00000 
N1: Nə 
= 2.596451 


Νι:Νϱ-(Νι-1).5 















































Nı:N2 = 14.69548 p (NM) __ 9 gog09 πι 8 ™)___- 9.00000 
Νι-1 = 1.44925 (Νι-Ν2)-((Νι-1) (Νι-Ν2)-4-(Νι-1) 
N2 = 600000 R, = 1.24570 (N;-N3) (Ni-N2) 
| Ra2-—— — ——— — = 0.00000 Rs-————.———— = 0.00000 
Ra\= 1.42016 ^ (Ni-N2)-2-(N;-1) >" (Ni-Na)-5-(N;-1) 
R4 e 1.69146 (Νι.Ν2) 


R3-—-————————- = 0.00000 
Rs X 1.97275 à (Ν:.Ν.)-8.(Νι-1) 





S O AB:- 1 N, = 4.37776 











o Νι := 4.37776 Nz = 3.10140 
Να = 4.98355 
Να :- 3.10140 R, = 1.10370 
N} := 4.98355 πα... 
Fractional Series Introduction 5 Haie ος 
R, = 1.60214 
1 N> Να Rs = 1.88605 
Ny 1- DF 1 - ΡΕ 
1 1 BH. AJ 
BG 1- CE BH + AJ 


N1- N2- N3 


R4, — ————————————— ἳὉ 
1 N1: N2- Ng + (Ny - 1)-(N2 - Ng) 


= 0 


N1: N2- N3 
N1: N2- Ng + Index. (N; - 1): (N2 - Να) 


ΜΝΑ͂Ν. — 1.2314 
N1- N2- Ng + 2. (N, - 1)-(N2 - Ng) .. 
--- ee = 1.392514 
Νι:Ν2-Να + 3. (N, - 1)-(N2 - Ng) 
——— e - 1.602134 
N,-N5: Ns + 4-(N; - 1). (N2 - Νο) 

iN = 1.886048 


N,-:N5. Να + 5-(N, = 1)-(N2 - Ng) 


cRiRa2 R4 Ry Rs 













































(N,-N2-N3) (N,-N2-N3) 














R -—— = 0.00000 R.- NLLN = 0.00000 
V (N1-N2-N3)+((N1-1).(N2-N3)) * (Ni N2N3)+4-((N1-1)-(N2-N3)) 
(N,-N2-N3) (N,-N2-N3) 
R»-—-— ee = 0.00000 Rzs5-——— ——————— Mm = 0.00000 
4 (N,-N5-N3)*2-((N,-1).(N2-Na)) 7 (N,-N5.N3)*5-((N,-1).(N2-N3)) 
(N,-N2-N3) 
R3-— ee = 0.00000 


(N,-N2-N3)+3-((N,-1)-(N2-N3)) 


A 


σι 

Il 
a 
00 
00 
ΟῚ 
o 


N,-N5.N5 = 67.66263 G H 
(N,-1)-(N2-N3) = -6.35748 


N = 10.00000 
F, = 1.11111 
Fz = 1.25000 
F; = 1.42857 
F4 - 1.66667 


Ες = 2.00000 
Ες = 2.50000 
Ε7 = 3.33333 
Fg = 5.00000 





N 
— .-F; = 0.00000 
N-1 


N 
-----Ε2 = 0.00000 
N-2 


N 
-----Ε- = 0.00000 
N-3 ? 


—— .F4 = 0.00000 
N-4 


N-8 


-F5 - 0.00000 


-Fg - 0.00000 


-F7 = 0.00000 


-Fg = 0.00000 





Νι2 = 25.00000 
N,-1 = 4.00000 


N, = 5.00000 
F, = 1.19048 
Ε2 = 1.47059 
F; = 1.92308 
F4 = 2.77778 
Ες = 5.00000 





Νι2 

Ni2-(Ny-1) ! = 0.00000 
Νι2 

N42-2(N,-1) 2 = 0.00000 
Νι2 

N42-8(N,-1) |? = 0.00000 
Νι2 

N42-4(N,-1) ° = 0.00000 
Νι2 

N42-5(N,-1) °° = 0.00000 











N,2 = 100.00000 
N,-1 = 9.00000 


1F,F, F; Fa 


wv 





10.00000 
= 1.09890 
= 1.21951 
= 1.36986 
= 1.56250 
F5 = 1.81818 
Ες = 2.17391 
F; = 2.70270 
Fg = 3.57143 
F9 - 5.26316 


Bw £x 2 
H n» Wn M I 


N,?-2.(N,-1) 


σποτ ---- 
N12-5.(N1-1) 


N42 
1 = 0.00000 


N42 
-F2 = 0.00000 


N42 
3 = 0.00000 


Νι2 
-F4 = 0.00000 


Νι2 
s = 0.00000 


—— F 
Νι2-6.(Ν1-1) 

Νι2-7.(Νι-1) 
Νι2-8.(Ν1-1) 


~ F 
Νι2-9.(Ν1-1) 


Νι2 
6 = 0.00000 


Νι2 
-F7 = 0.00000 


Νι2 
-Fg = 0.00000 


Νι2 
9 = 0.00000 


Fo = 9.18182 
N2+1 = 101.00000 





N = 10.00000 


F, = 1.10989 
F, = 1.24691 
F; = 1.42254 
F4 - 1.65574 
Ες = 1.98039 
Ες = 2.46341 
Ε7 = 3.25806 
Fg = 4.80952 


(N2«1).5.N 


(N?+1) 

— — —-F, = 0.00000 
(N2+1)-N 

(N?+1) 
.....— -F2 = 0.00000 
(N2+1)-2-N 

(N?+1) 
—— — ——--Fs = 0.00000 
(N2+1)-3-N 

(N?+1) 
—— — ——--F4 = 0.00000 
(N2+1)-4-N 

(N?+1) 

F5 = 0.00000 


(N2«1)-6-N 
(N2-1)-7.N 
(N2«1)-8-N 


(N2«1)-9.N 


(N?+1) 
Ες = 0.00000 


(N?+1) 
F; = 0.00000 


(N?+1) 
Fg = 0.00000 


(N?+1) 
Ρο = 0.00000 








Ni3 N42? Νιὸ Ni? 


Νι = 4.00000 Fg = 1.60000 | —————— ——.F, = 0.00000 -F5 = 0.00000 X 3.5/4... 19 7 0.00000 Aw τι -Fis = 0.00000 
F, = 1.04918 Fo = 1.72973 N1°-(Ni-1) N13-5-(Nj-1) N1°-9-(N1-1) N1?-13-(N;-1) 
Ni? Ni? Νι7 Νι5 
Ε2 = 1.10345 Fio = 1.88235 ——_——-F, = 0.00000 ————— — —.F. = 0.00000 enw -.-F,o- 0.00000 —— — — —--F,4 = 0.00000 
e 6 ο 14 ο 
F, = 1.16364 Ειι = 2.06452 N,?-2.(N,-1) Νι9-6.(Νι-1) Ν13-10.(Ν1-1) Νι3-14.(Ν1-1) 
F, = 1.23077 Fi2 = 2.28571 | — ——— — —.p,-0.00000 —— — — —.r, - ——————-.-F,, = 0.00000 ---------- - 
-F3 = U. -F7 = 0.00000 11 . -F15 = 0.00000 
Fs = 1.30612 = Fi4-2.56000 N1°-3-(N1-1) N1?-7 (N3-1) ΗΝ N1°-15-(Ni-1) 
3 3 N43? 
N13 = 64. - z Nı Nı 1 
1 64.00000 Ες = 1.39130 Fi4 = 2.90909 πε: = 0.00000 -Fg = 0.00000 aa ey F = 0.00000 
Nı-1 = 3.00000  p.-1.48837 F,5-3.36842 Νι7-4(Νι-1) N1°-8-(N1-1) N13-12-(N1-1) 


hF FsF4Fs5 FeF7 Fs Fo Fio Fir ΕΙ, Fi Es F44 N, 


AL fh TL “Ι 
IELAI E | 
LLALA gp 7g gp hy 
a 0g 47 ει’. 
| y |/ 





























N = 5.00000 


F, = 1.03960 
F, = 1.08247 
F; = 1.12903 
F, = 1.17978 
Ες = 1.23529 


Ες = 1.29630 
F; = 1.36364 
Fs = 1.43836 
F9 = 1.52174 


Fio = 1.61538 


N? = 125.00000 
(N3-N2)+N = 105.00000 


N-1 = 4.00000 
Fo = 1.19048 


F,; = 1.72131 
Fy. = 1.84211 
F5 = 1.98113 
F14 = 2.14286 
Ειρ = 2.33333 


Εις = 2.56098 
F,; = 2.83784 
Fıs = 3.18182 
Ειο = 3.62069 
Foo = 4.20000 


((N3-N2)+N) 
((N3-N2)+N) 
((N3-N2)«*N) 
((N3-N2)«*N) 


((NS-N?)+N) 


-F, = 0.00000 
N?-(N-1).(N* 1) 


-F2 = 0.00000 
N93-(N-1).(N*2) 


-F3 = 0.00000 
N3-(N-1)-(N+3) 


-F4 = 0.00000 
N?-(N- 1).(N*4) 


-F5 = 0.00000 
N3-(N-1)-(N+5) 


pPFES FSF 7Fs Fo Ειοξαι Fi Fis Fia Fee Fig 








((N3-N2)+N) 
((N3-N2)«*N) 
((N3-N2)«*N) 
((N3-N2)«*N) 


((NS-N?)+N) 


-Fg = 0.00000 
N3-(N-1)-(N+6) 


-F7 = 0.00000 
N3-(N-1)-(N+7) 


-Fg = 0.00000 
N3-(N-1)-(N+8) 


-Fo = 0.00000 
N3-(N-1)-(N+9) 


-F10 = 0.00000 
N3-(N-1)-(N+10) 


N3-(N-1).(N+11) 
((Ν5-Ν2}εΝ) 


((NS-N?)+N) 
((NS-N?)+N) 


((N3-N?)*N) 


N3-N2)+N 
( PI -F11 = 0.00000 


-F12 = 0.00000 
N3-(N-1)-(N+12) 


-ΕἼ1α = 0.00000 
N3-(N-1).(N+13) 


-F14 = 0.00000 
N3-(N-1).(N+14) 


Ἔις = 0.00000 
N3-(N-1).(N+15) 


N3-(N-1)-(N+16) 


N3-(N-1)-(N+17)_ 
((Ν5-Ν2}εΝ) 


((NS-N?)+N) 


N3-(N-1)-(N+20) _ 


N3-N2)+N 
( EN) Εις = 0.00000 


N3-N2)+N 
( Μο) Ει7 = 0.00000 


-Fıg = 0.00000 
N3-(N-1).(N+18) 


Ἔιο = 0.00000 
N3-(N-1).(N+19) 


N3-N2)+N 
( IN) Ε2ο = 0.00000 





N+1 = 10.00000 





N = 9.00000 
F, = 1.11111 
F2 = 1.25000 
F; = 1.42857 
F4 - 1.66667 
Ες = 2.00000 
Ες = 2.50000 
F; = 3.33333 
Fg = 5.00000 


(N* 1) 








-F, = 0.00000 
N 
(N+1) 
——.F, = 0.00000 
N-1 
(N+1) 
———.F, = 0.00000 
N-2 
(N+1) 
-—— —-.F4 = 0.00000 
N-3 
(N41) 
-F5 = 0.00000 
N-4 


(N+1) 
N-5 
(N+1) 
N-6 
(N+1) 
N-7 





-Fg = 0.00000 





-F7 = 0.00000 





-Fg = 0.00000 








Νι = 3.11160 


N1? = 30.12674 
N,-1 = 2.11160 


F, = 1.07537 
Ε2 = 1.16304 
F; = 1.26626 
F4 = 1.38959 
Ες = 1.53953 
Ες = 1.72576 
F; = 1.96323 
Fg = 2.27648 
Fo = 2.70867 


N48 


Ni3-(Ny-1) ^! = 0.00000 
N4? 

N49-2(N,-1) 2 = 0.00000 
N4? 

N49-3(N,-1) |? = 0.00000 
Νι3 

N45-4(N,-1) ° = 0.00000 
N12 

N49-5(N,-1) ^? = 0.00000 


FiF, Ε.Ε Fe Fz 


/| /| 1. 71 / | 
ae ae eel ee | 





— F 
Νι3-6.(Νι-1) 
N13-7-(N1-1) 
— —.F 
N4?-8.(N,-1) 


N,3-9.(N,-1) 





N12 
e = 0.00000 


N48 
-F7 = 0.00000 


N48 
s = 0.00000 


N12 
-Fə = 0.00000 








Νι = 11.00000 
Να = 10.00000 


F, = 1.10000 
F, = 1.22222 
F; = 1.37500 
F, = 1.57143 
Ες = 1.83333 
Ες = 2.20000 
Fy = 2.75000 
Ες = 3.66667 


Fy = 5.50000 








Ny 

x, Fi = 0.00000 
Ni 

Πτα F2 = 0.00000 
Nı 

No-2 L3 = 0.00000 
Ni 

Nag F4" 0.00000 
N, 

N,-4 P5 = 0.00000 





N, 
-F6 = 0.00000 

N2-5 5 

Nı 
— —-F; = 0.00000 
Ν2-6 

Νι 
— —-Fs = 0.00000 
No 7 ° 

Nj 
— — -Fə = 0.00000 
N5-8 








If I want to divide any value whatsoever into 
any number of fractions whatsoever. 


Νι = 8.00000 
Να = 10.00000 
ΝΙ.Ν2 = 80.00000 
Νι-1 - 7.00000 





F, = 1.09589 
F, = 1.21212 
F; = 1.35593 
F4 - 1.53846 
Ες = 1.77778 
Ες = 2.10526 
Ε7 = 2.58065 
Fg = 3.33333 
Fo = 4.70588 


(N,-N2)-5-(N;-1) 


(Ni-N2) 
(N,N2)(N,-1) |! = 0.00000 
(Ni-N2) 
(N,N2)2(N,-1) ^? = 0.00000 
(Ni-N2) 
(N,N2)3(N,-1) 9 = 0.00000 
(Νι:Να) 
(N,N2)-4(N,-1) ^^ = 0.00000 
(Νι:Να) 
-F5 = 0.00000 


(Νι:Ν2)-6.(Νι-1) 
(Ν1:Ν2)-7.(Νι-1) T 
(N,-N2)-8.(N,-1) 


(Ν1:Ν2)-9.(Νι-1) κ 


(N,-N2) 
-Fg = 0.00000 


(Νι:Να) 
7 = 0.00000 


(Ni-N2) 
Fg = 0.00000 


(Νι-Νο) 
9 = 0.00000 








F, = 0.57143 
F> = 0.66667 
F; = 0.80000 
F4 = 1.00000 
Ες = 1.33333 
Ες = 2.00000 
Ε7 = 4.00000 


N, = 4.00000 
N2 = 7.00000 


Ni 
— -F, = 0.00000 
N2 





-F> = 0.00000 





-F3 = 0.00000 





3 -F4 = 0.00000 


— —.Fs = 0.00000 
No-4 ^? 


Ni 





-Fg = 0.00000 
Ὁ 
Ni 


— — .F; = 0.00000 
N2-6 ^! 


01 = 3.08724 cm 
12 = 3.08724 cm 
23 = 3.08724 cm 
34 = 3.08724 cm 
45 = 3.08724 cm 
56 = 3.08724 cm 


110 = 3.08724 cm 
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BN, 





1.00000 


1.00000 


1.00000 


1.00000 


1.00000 


1.00000 


01 


0ο 
= 1.00000 





(N+1).N2 = 132.00000 
N,-Nz = 120.00000 
ΝΙ-Ν» = -2.00000 


Νι = 10.00000 
Να = 12.00000 


FFoF3F4Fs Ες F7 F, 





F, = 1.08197 
F2 = 1.17857 
F3 = 1.29412 
F4 = 1.43478 
Ες = 1.60976 
Ες = 1.83333 
F7 = 2.12903 
Ες = 2.53846 
Fo = 3.14286 


Fio = 4.12500 
F11 = 6.00000 


((N1*1)N2) 


(N,N2)(N,-No) |! - 0.00000 


(N;-N2)-((Ni-Nz)*10-N;) 


((N1*1)N2) 
TN1-N2)-((N1-N2)+5.N;) FO T 0.00000 
((N1*1)N2) 
(N.N2)(Ni-Nj)s6N,) τ T 0.00000 
((N1*1)N2) 
TN1-N2)-((N1-N2)+7.N;) τ T 0.00000 
MAS Fo = 0.00000 


((N1*1)N2) 


((N1*1)N2) 


ΕἼο = 0.00000 


-Ειι = 0.00000 





ο (ΘΝ) κ (N1?-N2) 


Νι = 5.00000 Ει = 1.05634 F; = 1.59574 (N 2Ν )-(N 1) -F, = 0.00000 (N;2-N2)-7(N4-1) ^7 - 0.00000 
Νο = 3.00000 F2 = 1.11940 d de μα N ) ας Ν ) 
1 °4N2 15:2 
E F3 = 1.19048 Fo = 1.92308 ———— — —— —-.F. = 0.00000 ———À— — —————.Fs = 0.00000 
N12-N2 = 75.00000 eao αμ (Ν12.Ν2)-2.(Νι-1) (Ν12.Ν2)-8.(Νι-1) 
Νι-1 = 4.00000 == (Νι2.Ν2) (Νι2.Ν2) 
F5 = 1.36364 ΕἾι = 2.41935 EN S A O E _ 
5 7 1. 11 z -F3 = 0.00000 TO τς -Fo = 0.00000 
Ες = 1.47059 Fi; = 2.77778 (N1?-N2)-3-(N1-1) (Νι2.Ν2)-9.(Ν1-1) 
(Ν12.Ν.2)-4-(Νι-1) ^ ` (Ν12.Ν2)-10(Νι-1) ° ^" 
(N12-N2) (N12-N2) 
F5 = 0.00000 1 = 0.00000 


(Νι2.Ν2)-5.(Νι-1) (N12-N2)-11-(N1-1) |! 
(Ni?-N2) (Νι2.Ν2) 


—______.F, = 0.00000 —___~_____.F,, = 0.00000 
(Νι2.Ν.2)-6(Νι-1) ? (N,2.:N2)12.(N;-1) ^? 


FF QF SFaFsF 7 Fg Fo Fio F,, Fiz N2 Νι 


“με τει Xp δ. 7] 
Pf jh jf yey 07 | 

















Ειι = 2.67851 


(N1-N2)-N2-0-(N2-N1) 
(N1-N2)-N2-(N2-N1) = 
(Ν1:Ν2)-Ν2-2.(Ν2-Νι) = 


er 
(Νι:Ν2)-Ν2-3.(Ν2-Νι) 








F, = 1.18762 
Ε2 = 1.25762 Fı2 = 3.06302 
F; = 1.33639 F13 = 3.57645 
F4 = 1.42568 ΕἼ} = 4.29666 
Fs = 1.52777 Εις = 5.38007 
Ες = 1.64560 
F7 = 1.78312 
Fg = 1.94573 
Fo = 2.14097 


Fio = 2.37976 
Νι = 6.32996 
Να = 9.00000 


Nı:-N2 = 56.96961 
Ν2-Νι = 2.67004 


1 FF sF4Fs FeF7 Fg Fo Fio Επι 
macer τ. ων. ol "di "m i 
αν ο ας, ΗΝ -- 


(Νι:Ν2)-Ν2-4-(Ν2-Νι) 
(Ν1:Ν2)-Ν2-5.(Ν2-Νι) B 


E — H————— — BC 
(Νι:Ν.2)-Ν2-6.(Ν2-Νι) 


(N,-N2) 
-F, = 0.00000 


(Νι:Να) 
2 = 0.00000 


(N;-N2) 
3 = 0.00000 


(N,-N2) 
4 = 0.00000 


(Νι-Νο) 
-F5 = 0.00000 


(Ν1:Ν2) 
6 = 0.00000 


(N-N2) 
7 = 0.00000 


(Νι:Ν2)-Ν2-8.(Ν2-Νι) 
(Νι:Ν2)-Ν2-9.(Ν2-Νι) 
(Νι:Ν2)-Ν2-10.(Ν2-Νι) 


(Νι:Ν2)-Ν2-11.(Ν2-Νι) 


(Νι:Ν2)-Ν2-12.(Ν2-Νι) 
(N1-N2)-N2-13-(N2-N1) 


(N1-N2)-N2-14-(N2-N1) 


(N1:N2) 
-Fs = 0.19524 


(N1:N2) 
-F10 = 0.00000 


(N1:N2) 
-F11 = 0.00000 


(Ni-N2) 
-F12 = 0.00000 


(Νι:Να) 
Ἔια = 0.00000 


(N1:N2) 
-F14 = 0.00000 


(Nı-N2) 
Ἔις = 0.00000 








F, = 1.07143 
F5 = 1.15385 
F3 = 1.25000 
F4 - 1.36364 
F5 - 1.50000 
Νι = 6.00000 Ες = 1.66667 
Νο = 10.00000 F7 = 1.87500 
N,-Nz = 60.00000 Fg = 2.14286 
Ν2-Νι = 4.00000 Fo = 2.50000 


Figo = 3.00000 


Fiji = 3.75000 
F12 - 5.00000 


1FFFF4F5F6 F7 Fg 





(Νι-Νο) 
— ——— —--F; = 0.00000 
(Ni-N2)-(N2-N1) 

(Νι-Νο) 

τ M — —-.F3 = 0.00000 
(N1-N2)-2-(N2-N1) 

(Νι-Να) 
—______~__.F3 = 0.00000 
(N;-N2)-3-(N2-N;) 

(Ni-N3) 
τον των —.F4 = 0.00000 
(N;-N2)-4-(N2-N;) 
(N,Nog)5(No-Ni) ^ ᾿Ἢ 

(N;-N2) 
——— — —-.Fe = 0.00000 
(N;-N2)-6-(N2-N;) 

Fio Fi 





(ΔΝ) τν νι) 7 


(N1-N2)-12-(No-N1) 


(N1:N2) 
Ε7 = 0.00000 


(N1:N2) 
Fs = 0.00000 


(Ni-N2) 
ο = 0.00000 


(N1:N2) 
-F10 = 0.00000 


(Νι:Να) 
-F,; = 0.00000 


(Ni-N2) 
-F12 = 0.00000 

















Γι = 1.07692 Fii = 4.66667 (N1-N2) "m (N;-N3) ee (Νι-Νο) 
N, = 7.00000 F2 - 1.16667 (N:N2-1 |— ^ (N;N3-6 ° ` (N,N2)11 P1 7 0.00000 
N2 = 2.00000 Fz = 1.27273 (N1-N2) (N1-N2) σος. 
Nı:N2 = 14.00000 F4 = 1.40000 (N,-Nz)-a 72 T 0.09000 (NiN2)7 7 
Fs - 1.55556 (N1-N2) (Ni-N2) 
ee a a -------Ρα = 0.00000 
Ες = 1.75000 (N,-N2).a F3 ^ 0.00000 (Ni:N2)8 5 
F; - 2.00000 (N1-N2) (Νι-Νο) 
Eu —— — —.Fe = 0.00000 
Fs = 2.33333 ΙΙ. (N,N2)9 ° 
Fo = 2.80000 (Νι:Να) (Ni-N3) 
E Ba es -------Ριο- 0.00000 
F10 = 3.50000 (Ny-Na)-5 Fs = 0.00000 (N,-N2).10 10 
PiFF3F4F5 Fg F7 Fg Fo Fio F1; N, 
2 ή. ΚΙ "s — 
N, \ f 





Hej 
E 
Ι 


= 1.07463 
= 1.16129 
= 1.26316 
= 1.38462 
F5 = 1.53191 
Ες = 1.71429 
Fy = 1.94595 
Fg = 2.25000 
Fo = 2.66667 
Fio = 3.27273 


mom ty 
h ο N 
Hu 6th 


N, = 6.00000 

N2 = 2.00000 
N12-N2 = 72.00000 
N,-1 = 5.00000 





Fiji = 4.23529 
Ει2 = 6.00000 


FiFoFF4FsFo F7 
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a = 
pf. V " p "P 
TE e É 
Lt y d δεν 
P 2d 
pw ΄ P je "d 
por dl p a P. 
BOG X Pd Pd ao P 
ee σ e ge 
rd ee p 
Vee Z m ο aF ue 
"M a re a 
Lvs ΄ a a P aee 
1 4 ο Pa 
[m Pu at 
put ue uh a ga 
du, αρ “ uet — 
LU, P p = 
A UT y 2 ga 
A P d = — 


(Ν12.Ν2) r 
(N12-N2)-(N1-1) 
(N12-N2) 
(N12-N2) 
(N12-N2) 
(Νι2.Ν2) 


1 = 0.00000 


F = 0.00000 


F; = 0.00000 


F4 - 0.00000 


Ες = 0.00000 
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K = 3.56188 A-B = 1.41403 
L = 3.99790 B2 = 1.58712 


D = 1.58712 I = 2.82731 M = 4.48729 B.C = 1.78141 


E = 1.78141 


(N;-N2* 1) 5 


(Ni-N2) 


(N;-N2* 1) 6 


(Ni-N3) 


(N;-N2* 1) 7 


(Ni-N3) 


(N;-N2* 1) 8 


(Ni-N3) 


nı 





= 1.12241 Nı-N2+1 = 9.16907 
(Ni-N2) Nı-N2 = 8.16907 


C2 = 1.99947 
C-D = 2.24424 
D2 = 2.51896 


D-E = 2.82731 


(N;-N2* 1) 9 
-E = 0.00000 — — — — -I = 0.00000 
(N1-N2) 
(N;-N2* 1) 10 
-F = 0.00000 ---------- -J = 0.00000 
(N1-N2) 
(N;-N2* 1) 11 
-G = 0.00000 ---------- -K = 0.00000 
(Ni-N2) 
(Ni-No+ 1) τ 
-H = 0.00000 ---------- -L = 0.00000 
(N1-N2) 
(Ni-No+ 1) 13 
————- -M = 0.00000 
(N1-N2) 


A3-C = 0.00000 
B?-F = 0.00000 
C3-I = 0.00000 
D?-L = 0.00000 


Ε2 = 3.17341 
E-F = 3.56188 
F2 = 3.99790 
F.G = 4.48729 





Circle 

















μα E 





i ——_— we 





| Hide Action Buttons 








A = 1.00000 
B = 1.32204 
C = 1.74778 
D = 2.31062 
E = 3.05473 
F = 4.03846 
G = 0.75641 
H = 0.57216 
I = 0.43278 


ΝΙ9-Α = 0.00000 
N;!-B = 0.00000 
Νι2-ς = 0.00000 
Ni°-D = 0.00000 
Νι4-Ε = 0.00000 
N,?-F = 0.00000 
N;,!-G = 0.00000 
Νι2-Η = 0.00000 
Ni-3-I = 0.00000 


Ni = 1.32204 





nı 










































































0.00000 


N21 
































N. τ Rs- πο = 0.0000 
R 2c Él 0.00000 Νο” 
2 Ny ° R4- Ni 0.0000 


































































































| Circle 


| Show Lines 
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E 
F 
G 
H 


1.31754 
1.73591 


Ni = 3.46347 
N2 = 2.62874 


Cı = 2.28713 
D; = 3.01339 


Ai 
Bi 
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| Points 








1 4 
Ni 4.Ν2 
N2-N3 
Nı-N24 
(N2-Na)^ 


-D - 0.00000 


-D - 0.00000 








φΦο 





NON 





e- 
N 




















MN NN UN NI N 








Ni = 


N2 
N3 


1.09230 
4.00439 
0.68530 





A = 1.31783 


B 
C 
D 
E 


= 1.58992 


1.91819 
2.31425 
2.79207 


F = 3.36855 


G = 0.90537 


H = 0.75043 
I = 0.62200 
J = 0.51556 


N2-N3 
N2-N3 


N2-N3 


Να 2 


Νο 8 
Νι-ς 
Νο * 
N2-Ns 
N2 5 
N2-Ns 
Νο ° 
N2-Ns 


-Ni-D 


Νι-Ε 





-Ni-A = 0.00000 


-_Ni-B = 0.00000 


0.00000 


0.00000 


0.00000 


-Ni-F = 0.00000 


N2-N3 


N2-N3 





Να 1 
Ο.ΟΟΟΟΟ 


Νι-α 


Να 3 


Νι-Η = 0.00000 


Νο ^? 
N;-Ns 

Να -4 
N2-Ns 


-N,-I = 0.00000 


-Ni-J = 0.00000 


= ee — 
gar — d -— 07 
ee — — — 
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um ee es o 
— 2 ae rm EDS 
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oe oe = - 
Mm = — ven HET 
-— 
gt -— = ο 
oH — — — 
-— w^ d 
"i = — ges 
ze .. ο. 
25) — m 
= — Ἐπ = 
e -— — τ uid 
E n E" _ a 
E = ae —— 
ae is — — 
-— we e Em iL — 
e == — e 
= -- _ — ane 
-— $e ll 7 
um — _ — um um 
= Eus em gest 
= ge — c B 
E gs eem - ο... 
= — c TOU 
E — eee ἜΚ 
Em cn» = PR d 
— uu e mdi 
= a ee pn 
E € καἰ “5-5 
E ux — 
E = oe, FEST 
— Se I — 
— — pere 
— e «ἝΞ — c 
uae gus E iy mm 





1.00000 
.76014 
99516 7782 
.94026 I - 0.43922 
.18358 J = 0.33387 


.00000 Νι9-Ε = 0.00000 
.00000 N;!-G = 0.00000 
00000 Νι-ζ- 0.00000 
.00000 N;1?-I = 0.00000 
.00000 N;^?-J = 0.00000 





o o 


A-1 
B-2 
C=2 
D-3 
E-5 


2242424 24 
I 

ια ο οσο 
Ι 

ooooo 











Nı = 1.95987 A= 1.18227 
N2 = 2.39124 B= 1.70541 
Ns = 1.65771 © = 2.46005 

D = 3.54859 


E = 5.11881 














Ni ο Νι 
w; ) ΝΑ = 0.00000 (ss) Ν2-Ε = 0.00000 
3 
Ni Ni 
Ne? .No-B = 0.00000 (s z) N2?-G = 0.00000 
3 
Ni ; Νι 
Ν-5 ‘No -C = 0.00000 (s z) N^ 3.H = ο. 00000 
3 
No N: 
τ - . STONE N54 ‘No -D = 0.00000 (s z) No 2) = — ο. 00000 
3 
G = 0.56819 Ni 
—— | N2*-E = 0.00000 
H = 0.39389 N3° 
I = 0.27306 





2 Z 
N m 
| { 





2.17870 
-0.52456 


= -1.97465 


BOO WwW Pp 


-1.97465 
1.78970 
-1.62208 
1.47016 
- -1.33247 


F = -2.40384 
G = 2.65225 
H = -2.92632 
I = 3.22872 





Νι.Ν2ΓΝι Notl 0 
































No Ne -A = 0.00000 
N,N2*N; N2*1! 

No Ne -B = 0.00000 
N,N2*N; N2+1? 

No Ne -C = 0.00000 
N,N2*N; N2+1° 

No Ne -D = 0.00000 
N,N2*N; Νο114 

No Ne -E = 0.00000 


Ni:-Not+tN, Notl -1 


























N2 N2 
N,No*N; N2+1-? 
No ΝΟ 
N,No*N; Not1-3 
No ΝΟ 
N,No*N; N2*1 ^ 
No ΝΟ 


Νι.Ν2ΓΝι Notl -5 
No No 








-N; = 0.00000 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 


ΓΕ 





= 1.24338 


2 


Νι = 3.18458 
No = 2.05988 



























































JIH G F B No D 
JN! 
-A = 0.00000 
/Ν2 
/Νι2 
-B = 0.00000 
/Ν2 
A = 1.24338 F = 1.00000 [N43 
B= 1.54601 G - 0.80426 /Na -C - 0.00000 
2 
C = 1.92228 H = 0.64683 
J/Ni* 
D = 2.39013 I = 0.52022 JN -D = 0.00000 
E = 2.97185 J = 0.41839 ᾽ 
Νι5 





-E = 0.00000 
Jy N2 


- 

















-F = 0.00000 


E 
-G - 0.00000 


-2 


-H = 0.00000 


-3 


-I = 0.00000 


-4 


-J = 0.00000 














Ni:-NotNi 
= 2.28293 

N2 
Ν211 A = 2.28293 
N = 1.21256 B = 2.76820 
° C = 3.35663 
Ni: = 1.88273 D = 4.07012 
No = 4.70446 E = 4.93529 


F = 1.55269 
G = 1.28050 
H = 1.05603 
I = 0.87090 
J = 0.71823 


Ni:-NotNi 


N2 


Nı-N2+N1ı 


N2 


Nı-N2+N1ı 


N2 


Ni:-NotNi 


N2 


Nı-N2+N1ı 


N2 


No+1 0 





N2 
N2+1 1 
N2 
N2+1? 
N2 
N2+1 
N2 
N2+14 
N2 














-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


nE 


Νι.Ν2ΓΝΙ 


N2 


Ni-NotNi 


N2 


Nı-N2+N1ı 


N2 


Nı-N2+N1ı 


N2 


Nı-N2+N1ı 


N2 


Nı-N2+N1ı 


N2 


N2+1 




















-1 


-Nı = 0.00000 


-2 
-F = 0.00000 


-3 


-G = 0.00000 


-4 


-H = 0.00000 


-5 


-I = 0.00000 


-6 


-J = 0.00000 


N2 (Nı+ 1) 
N1- (N2+ 1) 


= 1.10854 





A = 1.10854 
B = 1.22886 
C = 1.36225 
D = 1.51010 
E = 1.67401 
F = 0.90209 
G = 0.81376 
H = 0.73408 
I = 0.66221 


IHGF AB 


Nə (Nı+1)! 
Nı(N2+1) 
N2 (Nı+1)? 
Nı(N2+1) 
N2:(Ni+1) 3 
Ni-(N2+1) 
N2-(Ni+1) 4 
Ni-(N2+1) 
N2-(Ni+1) 5 
Ni-(N2+1) 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


























η] 


N2 (Nı+ 1) -1 

Ni (N2+1) -F = 0.00000 
N2- (Nı+ 1) -2 

Ni-(No+1) -G = 0.00000 
N2 (Nı+ 1) -3 

Ni (N241) -H = 0.00000 
N2 (Nı+ 1) -4 

Ni-(No+1) -I = 0.00000 


No 




















Not+l 
Nitl 





= 1.42764 


Ni = 2.75971 
N2 = 4.36750 








J = 1.42764 
K = 2.03815 
L = 2.90973 
M = 4.15404 
N = 5.93046 

















P = 0.70046 
Q = 0.49064 
R = 0.34367 
S = 0.24073 

















N2*1! 
Nit1 -J = 0.00000 
N2*1? 
Nl -K - 0.00000 
N2+1 3 
Nit1 -L = 0.00000 
N2+1 4 
Nit1 -M = 0.00000 
N2+15 

-N = 0.00000 


Nitl 














N2+1-1 
Nit1 -P = 0.00000 
N2+1 2 
N+ -Q = 0.00000 
N2*17 
Nit1 -R = 0.00000 
N2*1^ 
Nit1 -S = 0.00000 





N2?-(Ni+1) 
N, (Nati? ^ 9.83725 
N2-(Nit1) 
N,N;*N, = 1.12397 


A - 0.83725 
B - 0.94105 
C = 1.05771 
D - 1.18884 
E = 1.33622 


I HGFA B C D E 





























F = 0.74490 
G = 0.66274 
H = 0.58964 
I = 0.52461 


nı 























No J = 0.98482 
Nı+1 - K = 1.30202 
L = 1.72138 
N2*1 M = 2.27580 
= 1.32208 
Nı+1 N = 3.00879 
Ni = 1.96510 
N2 = 2.92011 





O = 0.74490 
P = 0.56343 
Q = 0.42617 
R = 0.32235 








N2 


Nitl 


N2 
Nı+1 
N2 
Nı+1 
N2 
Nı+1 
N2 














Nı+1 l Nı+1 









































N22.(Nı+ 1) N2-(Nit 1) 0 
-----------------᾽- -4A = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 1 
————— —-— -B = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 2 
πο πο  _-C = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 3 
-------------------- -D = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
N2?-(Nit 1) N2-(Nit 1) 4 
SO ora =. -E = 0.00000 
Ni-(Not+ 1)? Ni-NotNi 
No 
-- -=o 
N 
N2+1 " No Notl -1 
. -J = 0.00000 ; 
Nı+1 Nı+1 N;-*1 
N2+1 I No Notl -2 
. -K = 0.00000 ———, 
Nı+1 Nı+1 N;i-*1 
N2+1? N2 Ν211-5 
. -L = 0.00000 . 
Nı+1 Nı+1 Nı+1 
N2o-*1 3 No Notl -4 
. -M = 0.00000 . 
Nı+1 Nı+1 Nı+1 
Not+1 4 
-N = 0.00000 


Ν22.(Νι- 1) 
Νι:(Ν2: 1)2 l 


Ν22.(Νι- 1) 


Ni-(Not 1)? l 
N22.(Nı+ 1) 
Ni-(Not+ 1)? l 


N22. (Nı+ 1) 


Ni-(Not 1)? l 


-O = 0.00000 
-P = 0.00000 
-Q = 0.00000 


-R = 0.00000 


N2-(Nit 1) -1 


Ni-N2t+Ni 


N2-(Nit 1) -2 


Nı-N2+Nı 


N2-(Nit 1) -3 


Ni-N2t+Ni 


N2-(Nit 1) s 


Ni-N2t+Ni 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 






































B = 1.31080 Nı-(N2-1) Ni-(N2-1) ! 
C = 1.71820 No-(Ni-1) = 1.31080 No-(Ni-1) -B = 0.00000 
D = 2.25222 Ni-(N2-1) 2 Ni-(N2-1) ? 
E = 2.95221 No(Ni-1) = 1.71820 Ν2΄Ν.-1) -C = 0.00000 
i = mete a isa = 2.25222 s - 0.00000 
N».(N;-1) N».(N;-1) 
Ni-(No-1)4 Ni-(No-1) 4 
No-(Ni-1) = 2.95221 N2 (Ν. 1) -E = 0.00000 
Ni-(No-1) 5 Ni-(No-1) 5 
Ν. (Ν. 1) = 3.86977 N2(Ni-1) -F = 0.00000 
Ni-(No-1) 6 Ni-(No-1) 6 
N2(Ni-1) - 5.07250 N2(N;-1) -G = 0.00000 
I C D n, E F G n, 
l A H L N 
Νι2.(Ν2-1) Νι.(Ν2-1)-1 ΝΙ2.(Ν2-1) Νι.(Ν2-1)1 
N: A = 1.62056 N2.(Ni-1)? Ν2.(Ν1-1) m Ex Νο (Νι-1) -———— 
N;-1 ——! πμ N:*(N2-1) Ex e - 2.12423 ( a M -H = 0.00000 
N12.(No-1) L = 2.78444 No-(Ni-1)? No(Ni-1) ^ N2(N;-1)? No-(Ni-1) | 
N,(N, 1p 414429 M = 3.64985 Ni;2(No-1) Νι.(Ν2-1)1 Ni?-(N2-1) Ni(Nz-1)! 
N - 4.78423 No-(Ni-1)? Na(N,1) 4/9444 ἕπτ Νο(Νι-1) J 0.00000 
Ni = 2.61146 P" m Νι2.(Ν2-1) Νι.(Ν2-1)2 
N2 = 5.23175 ΝΙ5(Να-1) Νι (821) = 3.64985 Επι Τα = 0.00000 
N2-(Ni-1)? Ν2.(Νι-1) Νο(Νι-1}2 N2-(Ni-1) 
ΝΙ2.(Ν.-1) Ni-(No-1) 8 Ni?.(No-1) Νι:(Ν2-1) 38 
mE | E πμ (Geary Νο(Νι-1) J 000000 





























No — 1.60736 


D 


A = 1.06112 
B = 1.12597 


/C-126782 ! 


D = 2.58359 
E = 6.67496 


1 
N28 = 1.06112 
N24 = 1.12597 

a 
N2? = 1.26782 


Να’ = 2.58359 
N24 — 6.67496 


B2 


A? 


\ 
I 
\ 


1.26782 
C2 = 1.60736 
D? = 6.67496 


1.12597 . 


A8 = 1.60736. 


— 
C? = 1.60736 


Να’ = 1.60736 
1 
D2 
1 


E + 





P: 4 
/ d d 
^ ΄ ΄ 
΄ d z^ 
΄ e 4 
z d a 
7 d e 
x a e 
d 4 4 
P 4 Z 
y 7 ο΄ 
p ^ m 
τ ^ 
P4 Pd ΄ 
e 4 a 
΄ zy ΄ 
΄ ΄ a 
^ ΄ zi 
΄ d d 
΄ a d 
΄ A P 
x τ di 
4 id ΄ 
^ di g 
^ i i 
7 P ΣΤ 
^ 7 dd 
^ 7 ή 
4 ; e 
P4 
΄ 7 g 
4 pud 
7 ^ 
7 "2 
΄ 4 
z ^ 
^ 4 
4 4 
^ 4 
x 4 
^L xe 
VÀ 2 
LU Pd 
PA rd 
4 Pd 
Pd "d 
4 
4 
x 
P 
^ 
4 
4 


— Νι2-Α = 0.00000 


= 1.98360 


= 2.22346 Νι5-ς = 0.00000 
2.35405 15 


16-D = 0.00000 












































= 1.63353 = 1.00000 N1?-A = 0.00000 N,°-F = 0.00000 

- 1.27809 B= 2.08780 = 0.78241 Νι3-Β = 0.00000 N;!-G = 0.00000 
= 1.68896 C= 2.66841 = 0.61217 Νι΄-ς = 0.00000 N1?-H = 0.00000 
= 3.41048 I = 0.47897 Ni°-D = 0.00000 N;?-I = 0.00000 

E = 4.35891 J = 0.37476 ΝΙΘ-Ε = 0.00000 N;1^-J = 0.00000 




























= 0.62621 


B 

AC = 0.62621 
Νι = 4.05604 
N2 = 2.03783 
AB = 3.35735 
AC = 5.36137 





AH = 0.62385 


HK = 2.35269 
































H 
HK = 0.26517 
| Circle | Circle J2 N 
[Show Lines [Show Lines E inl ης. = 0.26517 
2.(N;-1).(N2-1) .— 
/2-Ni AH 
— = 0.00000 


2.(Ni-1)(No-1) HK 


EH = 3.95105 
GH = 1.38633 








= 2.85000 
GH “ 





Ni-N2-((2-Ni-N2-2-N2-Ni)+2) 
(N2-1)-.((((2-N1-N2-2-N2)*N;2)-2-N1)*2) 

N;-N2.((2-N;-N2-2-No-N1)*2) EH 
(No-1)-((((2-Ny-No-2-Na)+Ni2)-2-N,)+2) GH 999000 


= 2.85000 











nts 









































ΕΞΕΞΕΞΣΞΡΟ35ΞΡΞΕΠΕΕΞΕΞΕΞΕ3Λ3..Η5 





E 


μ-ι 


ΙΝ; η 





Ni = 3.00000 bd = 0.66667 
N2 = 5.00000  bd^2- 0.44444 


| Points 








AH = 0.62385 


HK = 2.35269 
































H 
HK = 0.26517 
| Circle | Circle J2 N 
[Show Lines [Show Lines E inl ης. = 0.26517 
2.(N;-1).(N2-1) .— 
/2-Ni AH 
— = 0.00000 


2.(Ni-1)(No-1) HK 


EH = 3.95105 
GH = 1.38633 








= 2.85000 
GH “ 





Ni-N2-((2-Ni-N2-2-N2-Ni)+2) 
(N2-1)-.((((2-N1-N2-2-N2)*N;2)-2-N1)*2) 

N;-N2.((2-N;-N2-2-No-N1)*2) EH 
(No-1)-((((2-Ny-No-2-Na)+Ni2)-2-N,)+2) GH 999000 


= 2.85000 











nts 









































ΕΞΕΞΕΞΣΞΡΟ35ΞΡΞΕΠΕΕΞΕΞΕΞΕ3Λ3..Η5 





E 


μ-ι 


ΙΝ; η 





Ni = 3.00000 bd = 0.66667 
N2 = 5.00000  bd^2- 0.44444 


| Points 































= 0.62621 


B 

AC = 0.62621 
Νι = 4.05604 
N2 = 2.03783 
AB = 3.35735 
AC = 5.36137 


Ni = 1.36693 


1.47803 
1.59816 
1.72805 
1.86850 


2.02036 
2.18457 
2.36212 
2.55410 


I = 2.76169 
J = 2.98615 
K = 3.22885 
L = 3.49128 








N;1-25-A = 0.00000 
Νι1:5-Β = 0.00000 
N;1-75-C = 0.00000 
Ni2-D = 0.00000 


Νι2-25.Ε, = 0.00000 
Νι25-Ε = 0.00000 
N,?75-G = 0.00000 
Ni°-H = 0.00000 


N,?-25-I = 0.00000 
Ni3-°-J = 0.00000 

N,°-75-K = 0.00000 
N,?-L = 0.00000 








A = 1.00000 
Ni = 1.36763 
= 1.36763 
C = 1.87042 
D = 2.55805 





3.49847 


= 4.78462 


0.73119 
0.53464 
= 0.39092 


πο 5 tj 
II 


ΝΙ9-Α = 0.00000 
N;!-B = 0.00000 
Νι2-ς = 0.00000 
Ni°-D = 0.00000 


Νι4-Ε = 0.00000 
N,?-F = 0.00000 
Νι-α = 0.00000 
Νι2-Η = 0.00000 
N,?-I = 0.00000 


Ni = 2.10483 
N2 = 2.59960 


Xa = 2.10483 
2.59960 
3.21068 
3.96539 
4.89752 


XB 


Xc 


XD 


XE 


Xr = 1.70423 
Χα = 1.37987 
Xy = 1.11724 
x; = 0.90460 














N12 


= 2.10483 


= 2.59960 


= 3.21068 


= 3.96539 


= 4.89752 














1.70423 


1.37987 


1.11724 


0.90460 





From any point N: draw the 
tangent to the ellipse Nz. Or 
given the square N» divide it by 
Ni. 











= 1.93770 A=3.79224 


= 2.71076 wj 
—-A = 0.00000 
Ni 


2 2 
N μα 
l | 


A?-B = 0.00000 
(A-B)-C = 0.00000 
B2-D = 0.00000 
(B-C)-E = 0.00000 


πο. ee P 


Le We m — ΜῊΝ 


z ας um 
ΕΕ ο - eed. 
Bases FS = 
= SS eee 
“κ = eee 
EM —— 






C?-F - 0.00000 
(C-D)-G = 0.00000 
D?-H = 0.00000 
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F, = 6.14677 
F2 = 7.34107 
Ες = 8.76742 
F, = 10.47089 
Ες = 12.50535 
Ες = 14.93509 
F; = 17.83693 
Fs = 21.30258 
Fo = 25.44160 





























N,9 N, 
— .— — .F, = 0.00000 


Νο ΝΙ-Ν2 

Νι Ni 

Ne’ N,N, F2 9.00000 
Ni2 Ny 
No ΝΙΞΝ 
Ni? Ny 
Ne “Nun, F4 = 0.00000 
N^ Ny 

Ne “Nun, Fs 0.00000 





-F3 = 0.00000 


Ni 5 Ni 
— .———.F¢ = 0.00000 


N2 ΝΙ-Ν2 
Νιό Ny 
Ne NN, F7 0.00000 
Νι΄ Ny 

Ne NN, Fs = 0.00000 
Ni® Ny 


No ΝΙ-Ν2 





-Fə = 0.00000 
































= 2 
= 
= 
aut PNE 
oem -- 
SS SSeS = Z= — = = 
= goce πα» 
— ~ — hi ars 

















N = Ni 
| — = 1.24930 ade" x- [Ni N4*-A = 0.00000 
N2 Ni = 1.74861 2 


N.-N» = 1.39967 C = 2.44748 Ni 
ΨΝΙ.Ν2 — ../Ni-N2!-Ni = 0.00000 
D = 3.42566 N2 
N2 = 1.12036 
2 2 E = 4.79479 Ni 


— . JN,:N25?-C = 0.00000 
N2 
Ni 
— . /Nj-N23-D = 0.00000 
N2 
Ni 
—.../N,-N2t-E = 0.00000 
N2 


Ni 
F = 0.89257 κ. νι ΝΣ = 0.00000 
V No 


G = 0.63770 


Ni 
H = 0.45561 Fx IN,-No-2-G = 0.00000 
I = 0.32551 2 
Ni 
— . /N,-N2?-H = 0.00000 
N2 


Ni 
— .../N,-N2°*-I = 0.00000 
N2 


N, = 0.38279 
Νο = 1.60857 


A = 2.22432 
B = 3.07576 
C = 4.25313 
D = 5.88118 
E = 8.13244 





F = 1.16328 
G = 0.84126 
H = 0.60838 
I = 0.43996 


N2-(Ni+1)}-A = 0.00000 
N2-(Ni+1)?-B = 0.00000 
N2-(Ni+1)3-C = 0.00000 
N2-(Ni+1)*-D = 0.00000 
N2-(Ni+1)5-E = 0.00000 


N2.(N,*1)!-F = 0.00000 
N2-(N1+1)-2-G = 0.00000 
N2.(N,*1)?-H = 0.00000 
N2.(N,*1)^-I = 0.00000 








N, = 0.78415 


Nə = 0.60814 
Ni 
— = 1.28943 
N2 


Νι.Ν2 
ΝΙ-Ν2 





= 2.70928 











J = 2.70928 
A = 3.49343 
B = 4.50454 
C = 5.80830 
D - 7.48941 
E - 9.65708 
F - 2.10114 
G = 1.62951 
H = 1.26374 
I = 0.98008 








N,° ΝΙ.Ν2 
Νο N;-No 





-J = 0.00000 


N,1 ΝΙΝΟ 
Νο ΝΙ-Ν2 





-A = 0.00000 


N,2 ΝΙ.Ν2 
Νο ΝΙ-Ν2 





-B = 0.00000 


N43 ΝΙ:Ν2 
--- .—————-C = 0.00000 
N2 Νι-Ν2 





-D = 0.00000 





-E = 0.00000 














B 
N,-1 ΝΙΝ» 
ΓΝ aN -F = 0.00000 
Νι-2 ΝΙΝ» 
i πα -G = 0.00000 
N,-3 ΝΙΝ» 
ας -H = 0.00000 
Νι-4 ΝΙΝ» 





-I = 0.00000 
N2 ΝΙ-Ν2 





2 
-J = 0.00000 
ΝΙ-Ν2 








-A = 0.00000 
ΝΙ-Ν2 


N48 


ERT = 0.00000 
14127112 


N44 


Νι Ν.Ο Ν ΑΟ € = 0.00000 


N45 


N,NS-N2^ D = 0.00000 


Νι6 


— —— — —-E = 0.00000 
N,-N24-N55 








-F - 0.00000 
ΝΙ-Ν2 


N53 


---------ᾱ = 0.00000 
N,2-N,-N2 


Ν24 


— —— -—-H = 0.00000 
N1?-N,?.N2 


N55 


— — —--] = 0.00000 
N14-N18-N2 








A = 1.43109 
B = 2.04801 
C = 2.93088 
D = 4.19435 
E = 6.00248 











Ni 
— -A = 0.00000 


-B = 0.00000 


N2 

Νι2 

N2 

Ni? 

— -C = 0.00000 
2 

Νι 4 

— -D = 0.00000 

N2 


Ni? 


— -E = 0.00000 
N2 


N1?*1 


Ni? 


N2-(Ni2+ 1) 


Ni? 


Ni 
Ν2 


1.14908 


1.79864 


2.598997 
1.56529 


A = 1.79864 N2(Ni?+1) Ni?+1° 














-A = 0.00000 
B = 2.06677 Ni? Ni? 
C = 2.37488 Ν2.(Νι211) Νι2111 
D-2.72892 Ni Ni `” T 000000 
E = 3.13573 
N2-(Ni2+1) N,2+1 2 
^ N2 πα -C = 0.00000 
1 1 
N2-(Ni2+1) N,2+1 3 
^ N2 ^"N2 -D = 0.00000 
1 1 
N2-(Ni2+1) N12+1 4 
— ~. — -E = 0.00000 


Ni? 


Ni? 














F = 1.36221 
G = 1.18549 





N2-(Ni2+ 1) 


12 


H = 1.03169 N2(N;?41) 


I = 0.89784 


Ni? 


N2-(Ni2+ 1) 


Ni? 


N2-(Ni2+ 1) 


Ni? 











E 

Νι2:1-2 
NP -F - 0.00000 
Νι211-3 

N;2 -G = 0.00000 
Νι211 4 
NP -H = 0.00000 
Νι211-5 

πα “T= 0.00000 





N2-(Ni2+ 1) = 1.44391 





N,7+1 7 
= 1.34470 
Ni? 
Ni = 1.70325 
Νο = 0.37013 


A = 1.94163 
B = 2.61092 
C = 3.51090 
D = 4.72112 
E - 6.34849 


N1?-* 1 
(N2-(N1?* 1) -A = 0.00000 
1 


24+ 1 2 





(N2-(N12+1))- B = 0.00000 


N? Ἢ 


N1?*1 3 
(N2-(N1?* 1) V2 -C = 0.00000 
1 


2114 





(N2-(N12+1))- D = 0.00000 


N? Ἢ 


N1?*1 5 
(N2-(Ni2+ 1) κ -E = 0.00000 
1 


C 
J - 1.44391 
F = 1.07378 
G = 0.79853 
H = 0.59383 
I = 0.44161 

















D 
24-1 0 
(N2-(Ni2+ 1)). -J = 0.00000 
Νι2 
N1?*1 -1 
(N2-(Ni2+ 1)). -F = 0.00000 
Νι2 
24-1 -2 
(N2-(Ni2+1))- -G = 0.00000 
Νι2 
Νι211 3 
(N2-(Ni2+ 1)). -H = 0.00000 
Νι2 
241 -4 
(N2-(Ni2+ 1)). -I = 0.00000 


Ni? 




















1 
— = 1.63024 
No 2 
N1-No 

= 0.79388 

N2 

N; = 1.94939 
No = 1.19577 














Ni-N2 Ni? 
A = 0.79388 No No 





B = 1.29421 
- 1 
c=2.10988 «= /NiN2 M 
D = 3.43962 N2 No 
E - 5.60741 Ni-N2 Ni? 
N2 “No 
N.N; Ni? 
N2 N2 
ΝΙΝ; Ni^ 


N2 N2 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 





ΝΙ-Ν2 Ni! 
F = 0.48697 N2 “No 


G = 0.29871 
ΝΙ-Ν2 Νι 2 
H = 0.18323 — -ες. 
No N2 
I = 0.11239 
ΝΙ-Ν2 Ni? 
No N2 


N1-No Ni ^ 


N2 N2 





-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 








N2 
= 1.75589 
ΝΙ-Ν2 


Νι 

— = 1.32434 
No 2 

Νι = 1.53175 
N5 = 1.15661 


A = 1.75589 
B = 2.32540 
C = 3.07963 
D = 4.07849 
E = 5.40133 


Να Ni? 


ΝΙ-Ν2 N2 


Νο Ni! 


ΝΙ-Ν2 No 


Να Ni? 


Ni-N2 N2 


No Ni? 
Ni-N2 No 


N2 Νι΄ 


ΝΙ-Ν2 No 





-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


F = 1.32585 
G = 1.00114 
H = 0.75595 
I = 0.57081 





No Ντι 
V N;-No N2 

No N^? 
V Ni-N2 N2 


No Ni -3 


ΝΙ-Ν2 No 


No Ni -4 
Ni-N2 No 











-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 











= 0.78754 
ΝΙ-Ν2 





Νι = 3.00000 
N2 = 1.14840 











A = 0.78754 
B = 1.27600 
C = 2.06740 
D = 3.34965 
E = 5.42718 








N2 Nı 
V Νι-Ν. Νι-Ν. 
N2 Nı 
Ὕ Νι-Ν. Νι-Ν. 
N2 Nı 
V Νι-Ν. Νι-Ν. 
1 


Ν 
ΝΙ-Ν2 








N2 
ΝΙ-Ν2 


Ν2 


Νι 
ΝΙ-Ν2 ΝΙ-Ν2 


























ο M Νι ΟΟΟΟ 
E _ -F = 0.0 
A = 0.00000 F = 0.48607 4| N,-N; ΝΙ-Ν; 
G = 0.30000 
i H = 0.18516 SEAN. GN 0000 
_ = : . -G = 0.0 
-B = 0.00000 ΝΙ-Ν2 N1-No 
I - 0.11428 
2 No Νι 7 0.00000 
f ———.——— .H-0. 
-C = 0.00000 ΝΙ-Ν2 ΝΙ-Ν2 
3 No, Ni * 0.00000 
] -I- 0. 
-D = 0.00000 N.N, N.Ns 
4 
-E = 0.00000 

















ΝΙ-Ν2 
Ν2 





= 1.42482 


= 1.49258 
ΝΙ-Ν2 - 


Ni = 3.99177 
N2 = 1.31737 








A = 1.42482 
B = 2.12666 
C = 3.17422 
D = 4.73779 
E = 7.07155 





Ni-N2 Ni 
Nə N.N 

Ni-N2 | Ni 
Nə N.N 


ΝΙ-Ν2 
Ν2 





ΝΙ-Ν2 
Ν2 


ΝΙ-Ν2 
N2 








ο 





-A = 0.00000 


1 





Ni 
 Ni-N2 





Ni 
 Ni-N2 





Ni 
 Ni-N2 


-B - 0.00000 


2 


-C = 0.00000 


3 


4 


-D - 0.00000 


-E - 0.00000 


F = 0.95460 
G = 0.63956 
H = 0.42849 
I = 0.28708 


Ni-N2 | Ni 
Nə N.N 


ΝΙ-Ν2 
N2 





Nı-N2 Ni 
Nə N.N 


ΝΙ-Ν2 
Ν2 





Ni 
ΝΙ-Ν; 





Νι 
ΝΙ-Ν; 








-4 


-1 


-F = 0.00000 


-2 


-G = 0.00000 


-3 


-H = 0.00000 


-I = 0.00000 


N2?-(Ni+1) 
N, (Nati? ^ 9.83725 
N2-(Nit1) 
N,N;*N, = 1.12397 


A - 0.83725 
B - 0.94105 
C = 1.05771 
D - 1.18884 
E = 1.33622 


I HGFA B C D E 





























F = 0.74490 
G = 0.66274 
H = 0.58964 
I = 0.52461 


nı 























No J = 0.98482 
Nı+1 - K = 1.30202 
L = 1.72138 
N2*1 M = 2.27580 
= 1.32208 
Nı+1 N = 3.00879 
Ni = 1.96510 
N2 = 2.92011 





O = 0.74490 
P = 0.56343 
Q = 0.42617 
R = 0.32235 








N2 


Nitl 


N2 
Nı+1 
N2 
Nı+1 
N2 
Nı+1 
N2 














Nı+1 l Nı+1 









































N22.(Nı+ 1) N2-(Nit 1) 0 
-----------------᾽- -4A = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 1 
————— —-— -B = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 2 
πο πο  _-C = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 3 
-------------------- -D = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
N2?-(Nit 1) N2-(Nit 1) 4 
SO ora =. -E = 0.00000 
Ni-(Not+ 1)? Ni-NotNi 
No 
-- -=o 
N 
N2+1 " No Notl -1 
. -J = 0.00000 ; 
Nı+1 Nı+1 N;-*1 
N2+1 I No Notl -2 
. -K = 0.00000 ———, 
Nı+1 Nı+1 N;i-*1 
N2+1? N2 Ν211-5 
. -L = 0.00000 . 
Nı+1 Nı+1 Nı+1 
N2o-*1 3 No Notl -4 
. -M = 0.00000 . 
Nı+1 Nı+1 Nı+1 
Not+1 4 
-N = 0.00000 


Ν22.(Νι- 1) 
Νι:(Ν2: 1)2 l 


Ν22.(Νι- 1) 


Ni-(Not 1)? l 
N22.(Nı+ 1) 
Ni-(Not+ 1)? l 


N22. (Nı+ 1) 


Ni-(Not 1)? l 


-O = 0.00000 
-P = 0.00000 
-Q = 0.00000 


-R = 0.00000 


N2-(Nit 1) -1 


Ni-N2t+Ni 


N2-(Nit 1) -2 


Nı-N2+Nı 


N2-(Nit 1) -3 


Ni-N2t+Ni 


N2-(Nit 1) s 


Ni-N2t+Ni 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 





J Ni1-N2 = 1.40869 


Ni = 0.67856 
No = 2.92441 








A = 1.66035 
B = 2.33892 
C = 3.29480 
D = 4.64135 
E = 6.53820 





Ni-N2-1 








Ni 
————.. |N,.N2°-A = 0.00000 
Nı-N2-1 
Nı 
—————— — . |N,:-N3!-B = 0.00000 
Νι.Ν2-1 
Νι 
---------../Νι.Ν22-ς = 0.00000 
Nı-N2-1 
Nı 
———————— . |N4:-N5?-D = 0.00000 
Νι.Ν2-1 
Νι 


-.J N1-N2*-E = 0.00000 











Ni 
==. |N1-N2"!-F = 0.00000 
Ni-N2-1 
F = 1.17865 
G = 0.83670 πει VE N2?-G = 0.00000 
Ni-N2-1 
H = 0.59396 7 
1 
I = 0.42164  — — ——. /N,.N2°-H = 0.00000 
Ni-N2-1 
Ni 
——— — - .JNi-N2^-I = 0.00000 
Ni-N2-1 








[να] -> ο 
[να] -> 1 
{Ν|11-» 2 























[N[1] -> 8 
[να] -> 4 
[να] -> 5 
[n1 -> 6 
[N[1] -> 7 
[N[1] -> 8 
[να] -> 9 
[N[1] -> 10 
[να] -> 11 
[ N[2] -> o 
[νο] -> 1 
[ N[2] -> 2 
[ N[2] -> 3 
| N[2] -> 4 
[Ni21 -> 5 
[ N[2] -> 6 
[ N[2] -> 7 
[ N[2] -> 8 
[ N[2] -> 9 
[ N[2] -> 10 
[N21 -> 11 












































































































































| Hide Action Buttons 
































No = N2 = 
_ |= = 0.86603 I SSD | — -A = 0.00000 F = 0.67853 
Ni B = 1.10534 Ni G- ο 
C = 1.41078 N2 B E 
— -.B = 0.00000 H = 0.41652 
D - 1.80063 Ni A I = 0.32634 


= 1.27633 E = 2.29820 N, B? 


—- . -C = 0.00000 
Nı A 


» 0 


Ni = 4.00000 


No = 3. N2 B? 
2 = 3.00000 —.— -D = 0.00000 
Ni A 


N2 Bt 


N2 — E = 
"^ . 0.75000 πα E 0.00000 
1 





rin »ις »ιο »iU 





-1 
-F = 0.00000 


-2 
-G = 0.00000 


-3 
-H = 0.00000 


-4 
-I = 0.00000 





Ni = 1.92028 
N2 = 0.77822 
Ri = 0.38347 
R2 = 0.57364 
R3 = 0.85812 
R4 = 1.28368 
Rs = 2.87259 
Re = 4.29718 











Ni? R,-N1- 














= 0.00000 
Νι2- /ΝιΙ.Ν2 
Ro-Ni1:. —— — — = 0.00000 
diii; Ni1?-/N;-N2 
R-N —— —— — = 0.00000 
uin N1?-/N;-N2 


Ra4-Ni:.— - — — = 0.00000 
doi N1?--/N1ı-N2 








Νο11 
= -0.90634 
N2 
Ni-Not+Ni 
= -1.97465 
N2 
Νι = 2.17870 
Ν2 = -0.52456 


A = -1.97465 
B = 1.78970 
C = -1.62208 
D = 1.47016 
E = -1.33247 


F = -2.40384 
G = 2.65225 
H = -2.92632 
I = 3.22872 




















ΝΙ.Ν2ΕΝι Notl 0 

















Na ^N -A = 0.00000 
Ni; N2*N; N2*1! 

Na ^N -B = 0.00000 
Ni; N2*N; Not1? 

N; ^N -C = 0.00000 
Ni; N2*N; N2+1° 

Na ^N -D = 0.00000 
Ni:-No+N, N2+14 

Na ^N -E = 0.00000 

















Ni:-Not+N, Notl 1 














N2 N2 
N,No*N; No*1^ 
N2 Νο 
N,No*N; No*17? 
N2 Νο 
Ni-Not+N, Ν2114 
N2 Νο 


Νι.Ν2ΓΝι Notl -5 
No No 





-Νι = 0.00000 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 




















= 1.63353 = 1.00000 N1?-A = 0.00000 N,°-F = 0.00000 

- 1.27809 B= 2.08780 = 0.78241 Νι3-Β = 0.00000 N;!-G = 0.00000 
= 1.68896 C= 2.66841 = 0.61217 Νι΄-ς = 0.00000 N1?-H = 0.00000 
= 3.41048 I = 0.47897 Ni°-D = 0.00000 N;?-I = 0.00000 

E = 4.35891 J = 0.37476 ΝΙΘ-Ε = 0.00000 N;1^-J = 0.00000 









































JN A = 1.23112 
[Na 1.23112 B= 1.51566 
C = 1.86597 
Νι = 3.18458 «2020723 
N2 = 2.10112 
E - 2.82817 





F = 1.00000 
G = 0.81227 
H = 0.65978 
I = 0.53592 
J = 0.43531 


Ni? 





-A = 0.00000 





-B = 0.00000 





-C = 0.00000 





-D = 0.00000 





-E = 0.00000 
/N2 




















-F = 0.00000 


-1 
-G = 0.00000 


-2 
-H = 0.00000 


-3 
-I = 0.00000 


-4 
-J = 0.00000 





Ni-N2t+Ni 
——— — = 2.277629 
N2 
N2o-*1 
= 1.20903 
No 2 
N; = 1.88273 
No = 4.78390 


A = 2.27629 
B = 2.75211 
C = 3.32740 
D - 4.02294 
E - 4.86387 





Wc» 





F = 1.55722 
G = 1.28799 
H = 1.06530 
I= 0.88112 
J = 0.72878 


Nı-N2+Nı 


N2 


Ni-N2t+Ni 


N2 


Nı-N2+Nı 


N2 


Nı-N2+Nı 


N2 


Nı-N2+Nı 


N2 


N2+1° 
N2 
Ν2111 
Ν2 
Not+1 2 
N2 
N2+13 
N2 
N2+14 

















2 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 





N2o-*1 


N2 


N2o-*1 





N2 


N2o-*1 





N2 


N2o-*1 





N2 


Not+1 





N2 





Not+1 


N2 





-1 
-Νι = 0.00000 


-2 
-F = 0.00000 


-3 
-G = 0.00000 


-4 
-H = 0.00000 


-5 
-I = 0.00000 


-6 
-J = 0.00000 


Ni = 2.10483 
N2 = 2.59960 


Xa = 2.10483 
2.59960 
3.21068 
3.96539 
4.89752 


XB 


Xc 


XD 


XE 


Xr = 1.70423 
Χα = 1.37987 
Xy = 1.11724 
x; = 0.90460 














N12 


= 2.10483 


= 2.59960 


= 3.21068 


= 3.96539 


= 4.89752 














1.70423 


1.37987 


1.11724 


0.90460 





A?-B = 0.00000 
(A-B)-C = 0.00000 
B2-D = 0.00000 
(B-C)-E = 0.00000 


πο. ee P 


Le We m — ΜῊΝ 


z ας um 
ΕΕ ο - eed. 
Bases FS = 
= SS eee 
“κ = eee 
EM —— 






C?-F - 0.00000 
(C-D)-G = 0.00000 
D?-H = 0.00000 
(D-E)-I = 0.00000 


VN 
\ 


Πω. 
e 
\ 
Ma 
\ 








A = 1.17724 
B = 1.38588 
C = 1.63151 
D = 1.92067 
E = 2.26108 


3.51340 
1.60591 


E2-J = 0.00000 
(E-F)-K = 0.00000 
F2-L = 0.00000 
(F-G)-M = 0.00000 


= — — 
= — = 
— = 
— — 
— ue P M" 
ss = 
em — 
— = 
— mt 
— — E 
— — — 
— ae 
— P" E 
es — -- 
d _- 
— "Es = 
d — — 


F = 2.66183 
G = 3.13360 
H = 3.68898 
I = 4.34280 


Νι.Ν2 1 1 


-A = 0.00000 
Νι:Ν2 


(N;-N2* 1) 2 


(Ni-N3) 
(N;-N2* 1) : 
πι Ν.) 


(N;-N2* 1) 4 


(Ni-N2) 


(NONO) 


J = 5.11249 
K = 6.01861 
L = 7.08532 
M = 8.34108 


= 1.17724 


ny 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


(N;-N2* 1) 5 


(Ν1:Ν2) 


(N;-N2* 1) 6 


(Ni-N2) 
(Ni-N2+1) 7 

(Ni-N2) 
(Ni-N2+1) 8 
(NON) 


N;,.N2*1 = 6.64222 


Ni-N2 = 5.64222 


A? = 1.38588 
A.B = 1.63151 
B? - 1.92067 
B.C - 2.26108 


C? - 2.66183 
C-D = 3.13360 
D2 = 3.68898 
D-E = 4.34280 


-E = 0.00000 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


(N;-N2* 1) 9 


-I - 0.00000 
(Νι:Νο) 


(N;-N2* 1) 10 


-J - 0.00000 
(N1-N2) 


(N;-N2* 1) 11 


-K = 0.00000 
(N1-N2) 


(N;-N2* 1) 12 


-L - 0.00000 
(Ni-N2) 


(Ni-No+ 1) 13 


-M = 0.00000 
(N1-N2) 


A3-C = 0.00000 
B?-F - 0.00000 
C3-I = 0.00000 
D?-L = 0.00000 


E? = 5.11249 
E.F - 6.01861 
F? - 7.08532 
F.G - 8.34108 






































B = 1.31080 Ni-(N2-1) Ni-(N2-1) } 
C = 1.71820 N2 (N1-1) = 1.31080 N2 (N1-1) -B = 0.00000 
D = 2.25222 Nı-(N2- 1) 2 : N;-(N5- 1) 2 
- — —— = 1.71820 — — — -C = 0.00000 
E - 2.95221 Να(Νι-1) N2-(Ni-1) 
pepe Pr - 2.25222 SONA D - 0.00000 
N2(Ni-1) © N2(Ni-1) | 
N;-.(N2-1)* : N;-.(N2-1)* 
——— = 2.95221 — — -E = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
Ni-(N2-1) 5 Ἐπ Ni-(N2-1) 5 
———— = 8.869 —— — — -F = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
Ni-(N2-1) 6 -— Ni-(N2-1) 6 
——_——_- = 5.07250 -------- -G = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
I B ο D n E F G m 
uS c MM d 9 e e Φ 9 
s - = oe = — Wiese: tec πα pex - E iy Ò 
A H L M N 
N12- (N2- 1) Ni-(No2- 1) 2n " ( Νι2.(Ν2- 1) N;-(Na2- 1) Es A - 0.00000 
——— ———— 08 1.62056 Eom xd στ. ο 
Νι A = 1.62056 N2-(Ni-1)? Ν2.(Νι-1) Ν»ο(Νι-1)2 No-(Ni-1) 
p cete H-2.12428 Ny?.(No-1) Nj (N21)? (REGED 8:050"), - 0.00000 
--------τ---------- = 2.12423 τπτ. ος F-H = O. 
N12.(N2-1) L = 2.78444 Na-(Ni-1)? No(Ni-1) N2- (N1-1)? Nz(N1-1) 
N2- (N1-1)? = 2.12423 M = 3.64985 N12-(N2-1) Nı(N2-1)! M (Ee Νι.(Ν2-1)1 — 
N - 4.78423 Ν2(Νι-1)2 N2-(Ni-1) τα, N2.(Ni-1? Νο(Νι-1) f 
A Νι2.(Ν2-1) Nı-(N2-1)? N;^(No-1) Nı(N2-1)? 
(N>- (N>- 1“:(No- 1'(N2- 
N2 = 5.23175 Ni^(No-1) Ni(N2-1) - 3.64985 Gre orn γα = 0.00000 
N2.(Ni-1)? N2-(Ni-1) N2-(Ni-1)? Ν2(Νι-1) 
N.2-(No-1) Ni-(N>5-1) 5 Νι2.(Ν2-1) Ni-(N2-1) 5 
Ni?-(N2-1) Ni(N2-1) - 4.78423 Ἐπ -N = 0.00000 
Na.(Ni-1)? | No-(Ni-1) N5.(Ni-1)? Ν2.(Νι-1) 


A = 1.46135 
B = 1.87140 
C = 2.39649 
D = 3.06893 
E = 3.93005 
F = 0.89111 
G = 0.69586 
H = 0.54339 
I = 0.42433 






N,1 
N3.—- -A = 0.00000 
N2 


Νι2 
— .B = 0.00000 
2 


Ν.. 
oN 
N,3 


N3.—- -C = 0.00000 
N2 


Νι4 

Νο:--- -D = 0.00000 
No 
Νι5 

N3.—- -E = 0.00000 
N2 


Nı-1 
Nz. — 
3 N2 


Νι 2 
Ns N2 

Νι 3 
Ns Nz 

N,-+ 
Ns Nz 


-F - 0.00000 


-G - 0.00000 


-H - 0.00000 


-I - 0.00000 


Plate 5 

















Ni‘N3 
-A = 0.00000 
N2 
N1?-.N3 
-B = 0.00000 
N22 
N1?-N3 
-C = 0.00000 
N53 
N14-N3 
-D = 0.00000 
N24 
N15-N3 
-E = 0.00000 


N25 


= 2.96382 
= 2.31441 
= 1.14115 


a Z 
Q N 
l | 


— = 1.28059 
N2 





N2?-N3 
Ni? 





-H - 0.00000 


N2?-N3 
N? 





G - 0.00000 


Ν2.Ν9 
Νι 





-F = 0.00000 
























































Νι = 2.98906 
N2 = 0.86166 Leu mu 
Να = 1.38922 — Mu 
Νι νο... 
N.N, 7 140503 
17112 
2i S Νι 7 ΝΙΝ (((N3*-Na-4-N,3-N2-N3 )*6-N,2-N27-N3)-4-N,-N2?-N3)*N2^-N 
1339 1 νο v2] CAND ING uv] i42 νο το] 145 νο 2 3 
_ Νο: -A = 0.00000 Ν-------- -F= 0.00000 A LM op 
A = 1.95189 ΝΙΝ; 3"N.-N; "NS A = 0.00000 m I - 0.00000 
B - 2.74246 2 
" Ni — N, 2 ((N13-N3-3-N12-N2-N3)+3-N1-N22-N3)-N23-N3 
C = 3.85323 S'N.-N, ^" N3- -G = 0.00000 ——— — — — — —-.B = 0.00000 M —M———— — — — —.H = 0.00000 
1-Ν2 ΝΙ-Ν2 (Νι2-2.Νι.Ν2)4Ν22 Nj? 
D - 5.41390 N, 3 Ns 
=: 
= Νο: -C = 0.00000 ; -H = N,2?-N3-2.N,-N2.N3 +N22-N3 
E = 7.60667 3 ΝΙΝ; No wg, 70400000 —______~________¢ = 0.00000 5 - ) -G = 0.00000 
F = 0.98875 "n "p ((N43-3-N,2-N2)*3-N,-N22)-N» Ni 
1 l 
G = 0.70372 3 "N..N. -D - 0.00000 Να: -I = 0.00000 N1-N3-N2-N3 
1-2 Νι-Ν2 M — —— ———.p = 0.00000 — — — — .F = 0.00000 
H - 0.50086 (((N1*-4-N13-N2)*6-N1?-N22)-4-N;-N23)*N5* Ni 
Νι 5 
I = 0.35648 Νο: -E = 0.00000 
os ως E = 0.00000 


Νι = 1.10350 
Nə = 0.88853 
N3 = 0.41903 
Νι 

No = 1.24195 
N;-N3 

N;-N2 





- 2.15096 








J = 2.15096 
A = 2.67138 
B = 3.31772 
C = 4.12043 
D = 5.11735 
E = 6.35548 
F = 1.73193 
G = 1.39453 
H = 1.12286 
I = 0.90411 





























N19 ΝΙ.Ν. 
NL NE -J = 0.00000 
N,1 ΝΙ.Ν. 
ο... -A = 0.00000 
N,2 Nj-N3 
ο... -B = 0.00000 
N13 Nj-N3 
NC NUN. -C = 0.00000 
Νι4 ΝΙ.ΝΩ 
ο... -D = 0.00000 
Νι5 ΝΙ.Ν. 
ο... -E = 0.00000 




















Ni -1 Ni‘N3 

No "N,-N -F - 0.00000 
Ni -2 Νι.Νς 

No "N,-N -G - 0.00000 
Ni -3 Ni‘N3 

No "N,-N -H - 0.00000 
Ni -4 Νι.Νς 

No "N,-N -I - 0.00000 











N,-N25-N5$ 





N,-N3 
-J = 0.00000 

ΝΙ-Ν2 

N1?-.N3 
—_.A = 0.00000 
N1-N2-N22 

N1?-N3 
— — —  —-.B = 0.00000 
N1-N22-N23 

N14-N3 
--------------ς = 0.00000 
N,-N2?-N2^ 

N15-N3 
— —- -D = 0.00000 
N1-N24-N25 

N19.N3 

-E = 0.00000 








3 
-F = 0.00000 

ΝΙ-Ν2 

N2?-N3 
———-G = 0.00000 
N42-N,-N2 

N2?-N3 
—. — ---H = 0.00000 
N,?-N,?.N2 

N2*-N3 
—. — —-] = 0.00000 
ΝΙ{-ΝΙ5.Ν2 





























N,+No2 -1 
A = 2.26679 Ns -A = 0.00000 M ig ο ος 
N, = 3.43566 N2 
B = 3.14522 _ 
N2 = 8.86571 N,*N32 " N,tN3 2 55050905 
C = 4.36406 Ns -B = 0.00000 sw, 9-0. 
Να = 1.63369 N2 
D - 6.05523 --- Nj +N, -3 
E = 8.40177 N} -C = 0.00000 Ng. N -H = 0.00000 
Ν2 2 
F = 1.17742 
N,+N> 4 Ni+N2 - 
G = 0.84858 Να: «Ὁ = 0.00000 Να: N2 -I = 0.00000 
N 
H - 0.61158 7 
Nı+N25 





I = 0.44077  w, -E = 0.00000 














N,+No2 


= 1.19477 
Ni 





A = 2.90820 
B = 3.47463 
C = 4.15140 
D = 4.95998 
E = 5.92605 





N,+No2 











N,+No2 4 





N,+No2 5 








-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 





F = 2.03729 
G = 1.70517 
H = 1.42719 
I= 1.19453 





Να: 


Να: 


Να: 

















-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 





Ni = 5.60373 
N2 = 2.06808 
N3 = 0.47811 
Ri = 0.69119 
0.94627 
1.29550 
= 1.77360 
Rs = 2.42816 
Re = 3.32429 
R; = 4.55113 
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8 82 a4, F a4 


Nı-N3 
— = 1.29550 
Nı+N2 
= 1.36905 
Nı 
































NitN2 2 
= 0.00000 
Ni 
Nı+N2`! 
= 0.00000 
Nı 
Nı+N2° 
= 0.00000 
Nı 

















Nı-Nz NitNo 

R4- No N, = 0.00000 
Ni-N3 NitNo 2 

Ro N, = 0.00000 
Nı-Nz NitNo 3 

ReUN N, = 0.00000 
Nı-Nz ΝΙΕΝΟ 4 

RUN N, = 0.00000 























Ni Ni 
Ga) = 0.00000 (s) = 0.00000 
Nı = 1.95987 A= 1.18227 F= 0.81960 Ni N: 
N2 = 2.39124 B= 1.70541 G= 0.56819 (is) Sii (Ga 6 = 0.00000 
Ns = 1.65771 C= 2.46005 H = 0.39389 Ni N. 
D = 3.54859  I- 0.27306 (s) ve - 0.00000 (s) en - 0.00000 
E - 5.11881 N, " 
(s) = 0.00000 (πε}η-' = 0.00000 
Ni 
Ga) = 0.00000 








1 4 
Ni 4.Ν2 
N2-N3 
Nı-N24 
(N2-Na)^ 


-D - 0.00000 


-D - 0.00000 
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Ni = 


N2 
N3 


1.09230 
4.00439 
0.68530 





A = 1.31783 


B 
C 
D 
E 


= 1.58992 


1.91819 
2.31425 
2.79207 


F = 3.36855 


G = 0.90537 


H = 0.75043 
I = 0.62200 
J = 0.51556 


N2-N3 
N2-N3 


N2-N3 


Να 2 


Νο 8 
Νι-ς 
Νο * 
N2-Ns 
N2 5 
N2-Ns 
Νο ° 
N2-Ns 


-Ni-D 


Νι-Ε 





-Ni-A = 0.00000 


-_Ni-B = 0.00000 


0.00000 


0.00000 


0.00000 


-Ni-F = 0.00000 


N2-N3 


N2-N3 





Να 1 
Ο.ΟΟΟΟΟ 


Νι-α 


Να 3 


Νι-Η = 0.00000 


Νο ^? 
N;-Ns 

Να -4 
N2-Ns 


-N,-I = 0.00000 


-Ni-J = 0.00000 
















































































Νι = 5.00000 
o Ni Νι 
R, = 1.19048 = 4.20000 s. 7277778 — = 31.25000 
a 
R2 = 1.47059 ει x. 
1 1 
R3 - 1.92308 - 3.40000 s. 7192308 — = 15.62500 
a2 
l l , i _ Ες Ξ2.7ΤΤΤ78 ? 
Fractional Series Introduction 1 figure 1 Νι Νι 
S, = 1.80000 - 2.60000 S. ^ 1.47059 — = 10.41667 
S, = 2.60000 3 lis 
Ni Ny 
S3 = 3.40000 = 1.80000 --- Ξτ.19048 — = 7.81250 
As the first page of the original Series S, = 4.20000 x “a 
Introduction was a title page with no figure on it, I a, = 0.16000 
have decided to do, now, what I did not do, then. a> = 0.32000 
This will be a 9 figure series of simple single variable a. = 0.48000 
plates helping to learning how to manipulate a ° NM 
e e e e e 9 a = e. 
universal naming convention making it particular to 4 
particular circumstances and particular things while 
maintaining the given original linguistic concepts. Νι = 5.00000 = 4.16667 ~-=300000 D. 
R; = 1.20000 Sı ο πο κα: 
Each of these plates teaches one how, starting R2 = 1.50000 N, N; 
: : : = 3.33333 —— =2.00000 —- = 15.00000 
from a given unit, to count or enumerate using an R5 = 2.00000 S . . 
extended naming convention defined by the figure R4 = 3.00000 Νι Ny 
itself. figure 4. s, = 1.66667 = 2.50000 S. 1.50000 -- = 10.00000 
3 
S2 = 2.50000 Ni Ni 
In short, we learn how to enumerate, or count, S, = 3.33333 - 1.66667 = 1.20000 — - 7 50000 
we learn the basic operations, and then we learn to 4 a4 
Á . S4 = 4.16667 
combine the two to fabricate enumerating systems 
ο ο ο ο ο ο 81 = ο. 16667 
for particular situations using the given Universal — 
Linguistic Concepts. ibd 
a3 = 0.50000 
Do not forget to read the concluding remarks at the agi S200" 
end of the series. 
Νι = 5.00000 - " 
1 1 N 
Rj = 1.23810 — RÀ = = 4.03846 — = 4.33333 — = 26.00000 
R, = 1.62500 i δι ls 
N, Ni N 
R3 = 2.36364 R, 7307692  — = 2.36364 — = 13.00000 
R, = 4.33333 4 S2 a2 
; = Νι Ν Ν 
figure 7. 81 = 1.15385 — =2.11538 —-=1.62500 — =8.66667 
S, = 2.11538 R3 S3 a3 
- Ny N N 
S3 = 3.07692 — =1.15385 — =2.36364 — = 6.50000 
S4 = 4.03846 R4 S2 a4 
aı = 0.19231 
ερ = 0.38462 
a3 = 0.57692 


a4 = 0.76923 











2 AB -- 1 
o N, = 5.00000 
N,:-5 R, - 1.19048 
R, = 1.47059 
R, = 1.92308 
Figure 1, 2 and 3. R, = 2.77778 
Fi 1. 
e S, - 1.80000 
1 Ni 1 S2 = 2.60000 
DF:- — BG:= CE := — S3 = 3.40000 
Ny 1- DF BG S, = 4.20000 
2 
R : R ως 0 
l-— 1 x. a, = 0.16000 
l- CE 2 1 
M Νι - (Ny — 1) 80 = 0.32000 
a3 = 0.48000 
νι” a, = 0.64000 
2 
Ni — Index. (Ny i 1) Figure 2. 
2 
Ni HJ := — 
——————————— = 1.470588 ^" Riad 
2 1 
N,^-2.(N, - 1) i 
2 Νι΄ -Ιπάεκ.(Νι - 1) 
Ni - Με . 
LE τ 1.923077 1 
N, -8:(Νι - 1) N,^- 1.(N, - 1) 
2 —————————— = 4,2 
N, Ny 
"T ορ. =< 2.777778 2 
Nj - 4.(N, - 1) N1 -2.(N, - 1) 2344 
Ny 
N^ 8-(Νι - 1) 
———————————— = 2.6 
Ny 
Ni -4-(Νι - 1) 
———————————— = 1.8 


Ny 


b 


















































JO := N,-HJ 





|| JO Ni 
| 1- HJ R, 





S4: 


Interval between consecutive S sub x's. 





N,-1 N,-1 
N; = 0.8 S4 Ex N; = Ni = 0 
Figure 3. 
1-MN Index. (Ny — 1) 
MN := R HJ 81 := 1 — 
MN νι 

PH aum ΠΚ ou 

Νι Νι 
$m 0.48 ihe ἓΝ 0.64 

Ny Ny 





N,2 = 19.79491 
N,-1 = 3.44915 


N, = 4.44915 
R, = 1.21101 
R5 = 1.53489 
R3 = 2.09526 
R4 = 3.30008 


























Rı 


R2 


R3 


R4 





N12 

N42-(N,-1) = 0.00000 
N12 

"N42-2(N,-1) = 0.00000 
N12 

“N,2-3.(N,-1) = 0.00000 
N12 

"N42-4(N,-1) = 0.00000 








1 
R := 
wn 1. ΟΕ 
N,+1 


N, + 1 - Index 


N,+1 
—————— = 1.5 
N,+1-2 

N,+1 
—~ = 
N,+1-3 

N,+1 
—~ -- 
N,+1-4 








Ny 1 
CE := — 
1- DF BG 
Ni +1 
l1 N, — 
Figure 5. 





HJ := JO := Ny 
Rı +1 


Νι (Νι — Index) 
N4 + 1 
Νι:(Νι- 0) 
Ni + 1 
Νι:(Νι- 1) 
Ni + 1 
νι (N1 - 2) 
Ni + 1 


= 4.166667 
= 3.333333 


=2.5 


Νι (Νι - 3) 
N,+1 


= 1.666667 


ia 


N, = 5.00000 
R, = 1.20000 
Rz = 1.50000 
Βα = 2.00000 
R4 - 3.00000 














S, = 1.66667 
S, = 2.50000 
S4 = 3.33333 
S4 = 4.16667 

















a, = 0.16667 
82 = 0.33333 
az = 0.50000 
a4 = 0.66667 

















‘HJ Sg:= S4- — -0 S4= 4.166667 


1-HJ `^ R, 


Interval between consecutive S sub x's. 








Ny Ny 
= 0.833333 S4 + -Νι- O 
Ni +] Ni +] 
Figure 6. 

















MN := R, HJ a, := 1- —— 
' ΔΓ =n MN N,+1 
3 
= 0.166667 = 0.5 
Ni +] Ni +] 
4 
= 0.333333 = 0.666667 
Ni +] Ni +] 





αι = 0.166667 


— - 6 
81 


N,+1 = 5.45429 
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—— — 
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—— 


DA 
C ON 








1 ` R3 R 


σσ 


FT ee 
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3 ~n R3 


eee... 


17 


2- 


3- 


47 


(N,+1) 
1 
(N,+1) 
Νι-1 
(N,+1) 
Νι-2 
(N,+1) 
N,-3 


= 0.00000 


= 0.00000 


= 0.00000 


= 0.00000 


AB = 1 
Ni=5 


Figure 7, 8 and 9. 





Figure 7 
1 
DF := BG = Ny 
Νι και “™ #1-DFe™ 
1 N,7+1 
Ri:= Rie 
MS 1 
1-08 N,7-N,+1 
N,7+1 
2 
Ni + 1-Index-N, 
N,7+1 
—, . ——--1.625 
Ni +1-2-N, 
N,7+1 
—3 .———— = 2.363636 
Ni +1-3-N, 
N,7+1 
= 4.333333 


N,7+1-4-N, 





N, = 5.00000 
R, = 1.23810 
R, = 1.62500 
R; = 2.36364 
R4 = 4.33333 





S, = 1.15385 
S, = 2.11538 


a ara eee 














S5 = 3.07692 
S4 = 4.03846 





a, = 0.19231 
82 = 0.38462 
az = 0.57692 
a4 = 0.76923 








Figure 8. 


HJ := JO: 
R,+1 





N,° +N, - Index. N,^ 


N,7+ 1 
N,°+N,- 1.N,? 
ΞΘ 4.038462 
Ni +] 
N,°+N,-2-N,” 
ἔς; 3.076923 
Ni +] 
N,°+N,-3-N,” 
αν νην αὶ 2.115385 
Ni +] 
N,°+N,-4-N,” 
————————————— = 1.153846 


N,7+ 1 

















S, = 4.038462 


Interval between consecutive S sub x's. 


νι” νι 
; = 0.961538  S4- —— N, =O 
Ni +] Ni +] 
Figure 9. 
1. MN  Index.N, 
MN := Κι. HJ a= 1 — ————_ 2 . 81 = 0.192308 
MN Ni +] 

1.N, 3. Nı 1 
a 0.192308 = 0.576923 — = 5.2 
Νι΄-1 Νι΄-1 a1 

2.N4 

5 = 0.384615 2 = 0.769231 
Ni +] Ni +] 




















τ. 
i 
^ 
E E E E (N,241) 
^5 ^ ^N ^s on = 0.00000 
(N,2+1)-N, 
(N,2*1) 
α------------- = 0.00000 
| (N,2+1)-2-Ny 
N,241-28.58623 A c Ri `R, AR “Ra N, (Nu) — "T 
> > > - ? (N,2+1)-3-N, ` 
N, = 5.25226 (N,2+1) 
R, = 1.22509 R4 (N,241)-4-N, - 0.00000 
R, = 1.58095 
R3 = 2.22817 


R, = 3.77267 





Conclusion of the 9 plate series. 


It goes without saying that I 
never demonstrate all of the possible 
constructions in most of my work. That 
is not the job of presenting a Tour de 
Force in Philosophy. A Tour de Force 
presents a method of complete 
induction, not a complete set of 
individual results, which is factually 
impossible. The argument that a Tour 
de Force is impossible because someone 
did not mention some particular item is 
fallacious; it is like saying that 
someone did not teach mathematics 
because they never mentioned some 
particular number. That argument 
works only on someone who is not 
overly bright, everyone starts thinking 
using enumeration, one either evolves 
to thinking in terms of definition, or 
they do not. When they do not, they are 
condemned to a life of contradiction. 
How would you discern the difference 
between heaven and hell? 

A grammar book, founded upon 
the unit concept of a thing, is itself an 
example of a Tour de Force in 
Philosophy. Factually, there is only one 
Tour de Force in Philosophy possible, 
and it was mentioned a very long time 
ago. 

What does the parable of, If thy eye be 
single, your whole body would be full of 
light mean? Does it not mean, that 
there is but one and only one standard 
that psychology is based on? That isa 
biological fact. 


Νι 

— = 5.20000 
bi 

Ny 

— = 4.40000 
b2 

Nı 

— = 3.60000 
bg 

Ny 

— = 2.80000 
b4 

Nı 

— = 4.20000 
Κι 

Ny 

— = 3.40000 
R2 

Nı 

— = 2.60000 
R3 

Νι 

— = 1.80000 
R4 

Nı 

— = 2.77778 
Sı 

Nı 

— = 1.92308 
S2 

Nı 

— = 1.47059 
S3 

Νι 

— = 1.19048 
S4 

Νι 

— = 31.25000 
ay 

Ny 

— = 15.62500 
a2 


Νι 
— = 10.41667 


a3 


Ni 
— = 7.81250 
a4 


b, = 0.96154 
b> = 1.13636 
δα = 1.38889 
b4 = 1.78571 
N, = 5.00000 
R, - 1.19048 
R, = 1.47059 
R; = 1.92308 
R4 = 2.77778 
S, = 1.80000 
5, = 2.60000 
S4 = 3.40000 
S4 - 4.20000 
a, = 0.16000 
a> = 0.32000 
az = 0.48000 
a, = 0.64000 





























































T --- 








AB = 1 


N, = 4.76977 
o Νι :- 4.76977 N2 = 3.17324 
317324 Ns = 0.56832 
Νο :- 3. 2 R; = 0.93780 
Να :- «968592 R2 = 1.07222 
Fractional Series Introduction 3 R3 = 1.25163 
N N R R4 = 1.50313 
1 1-4 - 
R4: — AO+=1+Ng EH:- — — '' 
N2 Νι Rs = 2.51308 
Rz; = 3.78447 
AO. R4 AO- R5 
EH + N3 Nı = Re 
— 9E N3 
Ny 
N; (Ns + 1) Νι (Ns + 1) 
_ L __ "i" ᾖ ~g 
" Nə + Nə: N3 2 Νο Νο N3- 1 
Ni: N3+ 1 Ni: N3+ 1 
... MEL Lu Mm 
Νο + N5. N4- 2 Nə Νο N3- 1 
Νι (Ns + 1) N; (Ns + 1) 
------------------- = 1.072222 — ~ 20.937802 
Νο + N5. N3 +2 Νο + N5. N3 +3 
Νι (Νο + 1) N; (Ns + 1) 
= 3.784435 


Νο + N5. N4- 3 


Ν2 + Να: N3 — Index 


377 





Ν: = 5.00000 A 
N2 = 3.00000 
Να = 1.00000 
R, = 1.11111 
R2 = 1.25000 
R; = 1.42857 
R4 = 1.66667 
Rs = 2.00000 
Re = 2.50000 
R; - 3.33333 





NRBR Κα Ry 




















































ΓΞ 


a ο EN 
\ i 24 R3 Ra Rs 


Ν 
Ν 
Ν 
NN 
Ν 
Ν 


Ak 

Y 

// Ze 
YN 


H 









N,-(N3+1) = 7.18297 
N2t+N2:N3 = 4.77869 








NN 
N 
x 
N 
Ν 
Ὰ 
Ν 
Ν 
Ν 
Ν 
Ν Ν 


Zz 


(Ni-(Ns+1)) 


1- ~~ = 0.00000 
(N2+N2- N3)+3 
N,-(N3+1 
ree ee = 0.00000 
(N2* Na. N3)+2 
N,-(N3+1 
ο οσο = 0.00000 
(N2+N2- N3)+ 1 
N,-(N3+1 
(Ni (Ns*1)) = 0.00000 


j (N2+N2- N3) 





(8081) 


= 0.00000 
: (N2*N2-N3)-1 
N,-(N3+1 
{ihn ett) = 0.00000 
(N2*N2 . N3)-2 
N,-(N3+1 
(Ni (Ns*1). = 0.00000 


ý (N2+N2- N3)-3 


N C AB:- 1 
N, :- 3.81433 
N> = 6 

















1 N2 1 
DE := — 88 - CG := — Νι = 3.81433 R; = 1.14021 
Ny 1- DE BF N2 = 6.00000 R, = 1.32616 
1 R3 = 1.58457 
Rj := 1 R4 = 1.96807 
-CG Rs = 2.59645 
N1: Nə 
Ει----------0 
Νι:Νϱ-(Νι- 1) 
Ν1Ν2 
Νι:Ν2 - Index (N, - 1) 
Ni4: N5 
——————————— = 1.326161 
N,:-N5 - (N, - 1).2 
N1: N5 
—————————— = 1.584574 
Νι Νο -(Ni- 1).3 
Nı = 4.00000 R; = 1.17647 
N2 = 5.00000 : 
ΝΙΝ» 2 R2 = 1.42857 
— 35 7 |. .21,.968067 Rs = 1.81818 
Ν1Ν2 = (Ny — 1) 4 R4 = 2.50000 
Rs = 4.00000 
N1: Nə 
= 2.596451 


Νι:Νϱ-(Νι-1).5 















































Nı:N2 = 14.69548 p (NM) __ 9 gog09 πι 8 ™)___- 9.00000 
Νι-1 = 1.44925 (Νι-Ν2)-((Νι-1) (Νι-Ν2)-4-(Νι-1) 
N2 = 600000 R, = 1.24570 (N;-N3) (Ni-N2) 
| Ra2-—— — ——— — = 0.00000 Rs-————.———— = 0.00000 
Ra\= 1.42016 ^ (Ni-N2)-2-(N;-1) >" (Ni-Na)-5-(N;-1) 
R4 e 1.69146 (Νι.Ν2) 


R3-—-————————- = 0.00000 
Rs X 1.97275 à (Ν:.Ν.)-8.(Νι-1) 





S O AB:- 1 N, = 4.37776 











o Νι := 4.37776 Nz = 3.10140 
Να = 4.98355 
Να :- 3.10140 R, = 1.10370 
N} := 4.98355 πα... 
Fractional Series Introduction 5 Haie ος 
R, = 1.60214 
1 N> Να Rs = 1.88605 
Ny 1- DF 1 - ΡΕ 
1 1 BH. AJ 
BG 1- CE BH + AJ 


N1- N2- N3 


R4, — ————————————— ἳὉ 
1 N1: N2- Ng + (Ny - 1)-(N2 - Ng) 


= 0 


N1: N2- N3 
N1: N2- Ng + Index. (N; - 1): (N2 - Να) 


ΜΝΑ͂Ν. — 1.2314 
N1- N2- Ng + 2. (N, - 1)-(N2 - Ng) .. 
--- ee = 1.392514 
Νι:Ν2-Να + 3. (N, - 1)-(N2 - Ng) 
——— e - 1.602134 
N,-N5: Ns + 4-(N; - 1). (N2 - Νο) 

iN = 1.886048 


N,-:N5. Να + 5-(N, = 1)-(N2 - Ng) 


cRiRa2 R4 Ry Rs 













































(N,-N2-N3) (N,-N2-N3) 














R -—— = 0.00000 R.- NLLN = 0.00000 
V (N1-N2-N3)+((N1-1).(N2-N3)) * (Ni N2N3)+4-((N1-1)-(N2-N3)) 
(N,-N2-N3) (N,-N2-N3) 
R»-—-— ee = 0.00000 Rzs5-——— ——————— Mm = 0.00000 
4 (N,-N5-N3)*2-((N,-1).(N2-Na)) 7 (N,-N5.N3)*5-((N,-1).(N2-N3)) 
(N,-N2-N3) 
R3-— ee = 0.00000 


(N,-N2-N3)+3-((N,-1)-(N2-N3)) 


A 


σι 

Il 
a 
00 
00 
ΟῚ 
o 


N,-N5.N5 = 67.66263 G H 
(N,-1)-(N2-N3) = -6.35748 


AB := 1 
σ Νι = 2.87497 
N, := 2.87497 N2 = 1.79901 
N, := 1.79901 dini add 
Βι = 0.68235 
Fractional Series Book 1 1 Να := 4.03249 Κο = 0.76315 
N R; = 0.86567 
1 1 R, = 1.18368 
== No — Να ''' Rs = 1.45002 
Re = 1.87102 
AG R4 AG. R4 
A= a JR, := — Rs = ————— 
AG - CH N3 AG - JR, 


One can walk each value down, however, these three iterations produce: 


N1: N3 N1: N3 N1: N3 


AB- ——--0 R,- ——_—_—_ = 
N,-N3—N> 


Νι:Να €  N, N3-2.N5 


giving a sequence: 


Νι:Να Νι:Να 
κ.α” R= —————— — 
N1- Ns - N5- Index |" N.ONNS- Νο: 8 
- N,-Ng Νι:Να 
ποτ. Ra: —————— — 
Νι Na - N5.-2 $5" N,N5- N51 
Νι:Να 
AB- - --ο p MON 
Νι Να ^ ΝΙ. Νε Νο | 
1:38 2 
N1: N3 N1: N3 
N1- N3- N5.2 N1- N3- N2- 3 
R, = 0.682347 R4 - 1.18368 
R, = 0.763153 R4 - 1.18368 


Βα = 0.865668 Ες = 1.871014 


R&- —————— = O 


A = 1.05263 
B=1.11111 
C = 1.17647 
D = 1.25000 
E = 1.33333 
F = 1.42857 
G = 1.53846 





H = 1.66667 
I= 1.81818 

J = 2.00000 
K = 2.22222 
L = 2.50000 
M = 2.85714 
N = 3.33333 





O = 4.00000 
P = 5.00000 
Q = 6.66667 
R = 10.00000 


Νι = 8.00000 
N2 = 4.00000 
Nz = 10.00000 

































































Νι.Να Νι.Να 

-— — — — = 0.00000 D———————— = 

PX NUN S Rey NN, 1 ^ 000000 
Νι.Ν. Νι.Να 

-_....~ = 0.00000 -——— = 

ER NT a Rey Ν.Ν,2 7 000000 
N,-N3 

3-2. C= 0.00000 

N,-N3-N2--1 


O AB := 1 


N, = 1.73988 
o N, := 1.73988 N> = 2.18406 
Να := 2.18406 με 
R; = 0.63950 
Να := 3.49697 R2 = 0.72684 
Fractional Series Book 1 3 R; = 0.84182 
1 N> 1 R, = 1.23138 
DE :-= — BK CF := — Rs = 1.60208 
N3 = pE = Ες = 2.29208 
N, R4 (Ng - 1) N1: R4 
R4 .= GR, = 5 -= 
N4 - CF N>: N3 N1 - GR4 
N5- 1 
CF - =O 
Νο: Να 
By interpolation gives: 
Νι:Ν2: Να - N1- N2- Να 0 
: : Et , — 4°” .. a a a 4 — 
N,-N2-Nz - Index. (N3 - 1) Ν Na Na- Νο 1 
N1: N2- N3 N1: N2- N3 
Re -- — -0 Ri ΕΕ πι 
N,-No:N3-2:N3+2 N,-N2-N3 - (Ng - 1).-3 
N,-N2:N3 N,-N2:N3 
Νο e —————M—————————————— 3 = OTT oD 
N,-N2-N3 - (N3 - 1).-2 N,-N5:.Ns - (N5 - 1).-1 
N,-N>-N3 N,-N2:N3 
AB — ——————————-—— 2-0 R4- —_________ = 0 
N,-N2-N3 (ΝΑ - 1).0 N,-N2:N;5 - (N35 - 1):.1 
N,-N2:N3 N1: N2- N3 
R5 - Rs : 


R, = 0.639503 
R» = 0.726845 
R5 = 0.841818 


O Ni Na Ng- (Να- 1}-2 — 


R4 = 1.231383 
Rs = 1.602075 
Ες = 2.292074 


^ N, Nz- Ns - (Ng - 1).3 


A = 1.04348 
B - 1.09091 
C = 1.14286 
D - 1.20000 
E - 1.26316 
F = 1.33333 





G = 1.41176 
H = 1.50000 
I = 1.60000 
J = 1.71429 
K = 1.84615 
L = 2.00000 


M = 2.18182 
N = 2.40000 
O = 2.66667 
P = 3.00000 
Q = 3.42857 
R = 4.00000 


AKIHGHJKÜÉsM N ο δι ο 





Νι = 3.00000 
N2 = 4.00000 
Να = 2.00000 


RN2 


























Me 
x 
` 
\ 
\ 
x 
\ 
x 
κ 
Ν 
κ 
bN 
N 
`, 
\ 
x 
\ 
^ \ 
> \ 
B3 
\ 
x 
\ 
\ 
ES 
N 
— 
ZA τα. 
ο ον Re UND 
τ N Z^ 
ον 








Νι = 1.73988 
N2 = 2.18406 
Να = 3.49697 
Ri = 0.63950 
Κο = 0.7268 
= 0.84 
-1.2 fef 
" = 1.60208 


Re = 2/29208 





























5 (Ni Nz- Ns)-(Ns-1).-1 


(N;-Na-N3) 
—— —— — — —- = 0.00000 
1 (NN. N3)-(Ns-1)--3 
(N;-Na-N3) 
2 — = 0.00000 
(N;-Na-Ns)-(Ns-1).-2 
(N;-Na-N3) 
- 0.00000 


R _— 
°" (Ni-No-N3)-(N3-1)-3 





(N;-N2-N3) 
au ... = 0.00000 
(N;-N2-N3)-(Ns-1). 1 
(N,-N2-N3) 
~~ = 0.00000 
7 (N1-N2-N3)-(N3-1)-2 
(N,-N2-N3) 
- 0.00000 


C AB := 1 Νι = 2.54173 
2 i N2 = 1.73712 
N; := 2.54173 υπο 
N» := 1.73712 N4 = 2.84066 
Να := 3.81280 ο ανα 
Fractional Series Book 1 5 R2 = 0.73802 
N4 := 2.84066 Rs = 0.84926 
R4 - 1.21579 
N, N4 1 Rs = 1.55035 
BE:- — DH:= — BF - CG := — Re = 2.13892 
N2 3 1 - DH BF : 
BE BE BE 
R4 = Re = 6 -= 
ΒΕ CG BE οα.2 BE — CG. 3 
BE BE BE Νο-1 
Βα---------- Ε2-- Ει-------- - « 
BE - σα. 1 BE - CG.-2 BE- CG.-3 N35. N4 
N,-N5.N4 N,-N5.N4 
CR ee πι 
Nə - Nə: N35 + N4- N3: N4 2-(N2 - N2: N3) + N1: Ng- N4 
N,-N5.N4 N,-N5.N4 
Β͵Βο---------τ-------ϱΟ R4-—L———V——— -0 
-1:(Na - N2- N3) + N1- N3- N4 1-(N2 - N2: N3) + N1: Ng- Na 
A = 1.05263 G-1.53846 M -= 2.85714 
B = 1.11111 H= 1.66667 N= 3.33333 
Ni = 5.00000 ϱο- 1.17647 I=1.81818 O= 4.00000 
N2 = 3.00000 5.125000 J-2.00000 P= 5.00000 
Ns = 2.00000 = 1,33333 K= 2.22222  Q- 6.66667 
R, = 0.65254 N4 = 6.00000 F- 1.42857 L=2.50000 R= 10.00000 
Κο = 0.738017 BDF GHI Jis KL MNon ο p Ny 


Βα = 0.849263 
R4 = 1.215792 
Ες = 1.550344 
Ες = 2.138912 





- -8.(Να- Ν2-Να} + Ν1:Να-Να — 


Rs — 








Νι: Να: ΝΑ 
Index- (N2 - N2- N35) + Ny-N3-Nq 


N,.N5. N4 A 


N1: Να. Να 


ecu 
2-(N - N2- N3) + N1: N3- Na 


9 


να ΚΡ 
p” eS 
a 
- 
sd P ee 
-— t ges 
P 
ea pr == 
ze ze — 


R2 





N,.N5. Να 


ον...  ἳ E G 
-2-(N5 - Na: N3) + N1- Ng- N4 


Res- 


N1: Να. Να 


uo 
3-(N2 - N2: N3) + N1: Ng- Na 





S 2 








2» AB:-1 
N, :- 1.63207 
Fractional Series Book 1 7 
2 
2 2 AB BE 
BN, :=./AB +N, BE := = 
BN, BN, 
1- EF Ny Ny 
AH := KN, := 1- — BJ: 
EF H KN, 
N,-1 Νι 
CG = — CG- - = 0 Ry := 5 
Ny Ny Ny 
Rs := ———— —— 3 = Rs := 
Νι- ὃ- σα N,+CG N,+ 2: 
N,° 
3 
N," Index (N, - 1) 
Να Να 
Κι - = 0 Κο — 


νι NO 
Ni +N,-1 Ni - Nı +1 
NU Νι 
Ες — -0 Ες - 


N,°-2-N,+2 N,°-3-N,+3 


R, = 0.696289 
Rə = 0.77472 
R5 = 0.873061 


R4 = 1.170131 
Ες = 1.410019 
Ες = 1.773629 





A = 1.04918 
B = 1.10345 
C = 1.16364 
D = 1.23077 
E = 1.30612 
F = 1.39130 


Νι Κε 


G = 1.48837 
H = 1.60000 
I = 1.72973 
J - 1.88235 
K - 2.06452 
L - 2.28571 


ARDEFGH IJK LM N 


πι η 7|) 1 1 41. / / | 
ee ee ee eee 


A RR;R; C R4 Rs 

N, = 1.63207 

R, = 0.69629 

Ro = 0.77472 

R3 = 0.87306 

R4 = 1.17013 

R5 = 1.41002 

Rg = 1.77363 

Ny 
N,-2.CG 
N, = 4.00000 
Ny 

CG N,-3.CG 
- 0 
O 
- 0 


/ | 





M = 2.56000 

N = 2.90909 

O = 3.36842 

P = 4.00000 

Q = 4.92308 

R = 6.40000 
p Ny 











Νι = 1.63207 
πι = 0.696 
R2 = 0.77TA7 
R3 = 0.87396 
R4 = 1/17013 
Rs = J.4 1002 
Re - [1.7/ 363 


Ld 
7 






































R 


R 








1 


N;? 


^ N1?-(Ni-1).-2 


Nj? 


R —_ 
* Ni3-(Ni-1)--1 


 N32-(N,-1).-3 


= 0.00000 


= 0.00000 


= 0.00000 


Νι3 


R _— 
* Ni3-(Ni-1)-1 


N;? 


R ------------------------ 
>" Ni9-(Ni-1).2 


N;? 
R 


° Ni9-(Ns-1).3 


= 0.00000 


= 0.00000 


= 0.00000 


Νι = 2.99687 
N2 = 2.21643 





2» AB:-1 
Ni = 2.99687 R, = 0.68887 
Νο := 2.21643 fa et OBS 
R3 = 0.86915 
R4 = 1.17723 


Fractional Series Book 1 19 
Rs = 1.43082 
Rg = 1.82364 





























1 
CE -- — 
Ny 
N2 N2 N2 
Νο - CE Νο - 2:CE N5-3.CE 
N2 N2 N2 
3° 2:— Ri = —— 2a 
Νο + CE Νο + 2. CE No+3-CE 
Νι:Ν2 
ΝιΝ2- Index N, = 2.00000 Α:1:09091 G = 2.40000 M = -12.00000 
- B = 1.20000 H = 3.00000 N = -6.00000 
. Νο = 6.00000 
R, — Ni N2 -0 Re- ΝΙΝΟ -0 C = 1.33333 I= 4.00000 O = -4.00000 
? N,:N2-1 j Νι N2 -2 D = 1.50000 J = 6.00000 P = -3.00000 
E = 1.71429 K = 12.00000 Q = -2.40000 
— ox " . 13 -- m è 
N1- N2 N1- N F = 2.00000 L --8.34511.101? R = -2.00000 
6 Ν..Ν, 3 3 N.N--1 π᾿ ABCD E ει 4 H I 
N1: N2 Ni: N2 r J 7 
2 — = 1 — = : x 7 
N,:N5 - -2 N,: N5 - -3 / / y 
R, - 0.688873 / / 7 
! / ' / / " » 1 
: ᾿ ! / ͵ ή "i ΄ 





R2 = 0.768582 

R3 = 0.86915 

R4 = 1.177231 ο... 
Ες = 1.430816 ag / ΠΝ; j 
Ες = 1.823643 hie fog yf i 










Νι = 2.99687 
N2 = 2.2164 
Ri = 0.68847 
Κο = 0.76% 
R3 = 0.36945 
R4 = 117123 
Rs = A.43082 
Re 7 1.87364 











































(Ni-N2) 
17 —— ————— = 0.00000 
(N;-N2)-1.-3 
(N,-N3) 
2-——— ———— — = 0.00000 
(Ni-N2)-1--2 
(Νι.Ν2) 
3-—— ————— = 0.00000 
(N;-N2)-1.-1 


(Νι.Νο) 
477 — —— = 0.00000 
(N;-N2-1.1 
(Νι.Νο) 
R5-— — — = 0.00000 
(N;-N2-1.2 
(Ni-N2) 
6-7 ———— = 0.00000 
(Ny-Na)-1-3 





AH = 0.62385 


HK = 2.35269 
































H 
HK = 0.26517 
| Circle | Circle J2 N 
[Show Lines [Show Lines E inl ης. = 0.26517 
2.(N;-1).(N2-1) .— 
/2-Ni AH 
— = 0.00000 


2.(Ni-1)(No-1) HK 


EH = 3.95105 
GH = 1.38633 








= 2.85000 
GH “ 





Ni-N2-((2-Ni-N2-2-N2-Ni)+2) 
(N2-1)-.((((2-N1-N2-2-N2)*N;2)-2-N1)*2) 

N;-N2.((2-N;-N2-2-No-N1)*2) EH 
(No-1)-((((2-Ny-No-2-Na)+Ni2)-2-N,)+2) GH 999000 


= 2.85000 











nts 









































ΕΞΕΞΕΞΣΞΡΟ35ΞΡΞΕΠΕΕΞΕΞΕΞΕ3Λ3..Η5 





E 


μ-ι 


ΙΝ; η 





Ni = 3.00000 bd = 0.66667 
N2 = 5.00000  bd^2- 0.44444 


| Points 































= 0.62621 


B 

AC = 0.62621 
Νι = 4.05604 
N2 = 2.03783 
AB = 3.35735 
AC = 5.36137 


Ni = 1.36693 


1.47803 
1.59816 
1.72805 
1.86850 


2.02036 
2.18457 
2.36212 
2.55410 


I = 2.76169 
J = 2.98615 
K = 3.22885 
L = 3.49128 








N;1-25-A = 0.00000 
Νι1:5-Β = 0.00000 
N;1-75-C = 0.00000 
Ni2-D = 0.00000 


Νι2-25.Ε, = 0.00000 
Νι25-Ε = 0.00000 
N,?75-G = 0.00000 
Ni°-H = 0.00000 


N,?-25-I = 0.00000 
Ni3-°-J = 0.00000 

N,°-75-K = 0.00000 
N,?-L = 0.00000 








A = 1.00000 
Ni = 1.36763 
= 1.36763 
C = 1.87042 
D = 2.55805 





3.49847 


= 4.78462 


0.73119 
0.53464 
= 0.39092 


πο 5 tj 
II 


ΝΙ9-Α = 0.00000 
N;!-B = 0.00000 
Νι2-ς = 0.00000 
Ni°-D = 0.00000 


Νι4-Ε = 0.00000 
N,?-F = 0.00000 
Νι-α = 0.00000 
Νι2-Η = 0.00000 
N,?-I = 0.00000 


Ni = 2.10483 
N2 = 2.59960 


Xa = 2.10483 
2.59960 
3.21068 
3.96539 
4.89752 


XB 


Xc 


XD 


XE 


Xr = 1.70423 
Χα = 1.37987 
Xy = 1.11724 
x; = 0.90460 














N12 


= 2.10483 


= 2.59960 


= 3.21068 


= 3.96539 


= 4.89752 














1.70423 


1.37987 


1.11724 


0.90460 





From any point n: draw the 
tangent to the ellipse n». Or 
given the square n» divide it by 











= 1.32088 A= 5.56312 


c 2 
N μα 
l l 


= 2.71076 wj 
—-A = 0.00000 
Ni 


A?-B = 0.00000 
(A-B)-C = 0.00000 
B2-D = 0.00000 
(B-C)-E = 0.00000 


πο. ee P 


Le We m — ΜῊΝ 


z ας um 
ΕΕ ο - eed. 
Bases FS = 
= SS eee 
“κ = eee 
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C?-F - 0.00000 
(C-D)-G = 0.00000 
D?-H = 0.00000 
(D-E)-I = 0.00000 


VN 
\ 


Πω. 
e 
\ 
Ma 
\ 








A = 1.17724 
B = 1.38588 
C = 1.63151 
D = 1.92067 
E = 2.26108 


3.51340 
1.60591 


E2-J = 0.00000 
(E-F)-K = 0.00000 
F2-L = 0.00000 
(F-G)-M = 0.00000 


= — — 
= — = 
— = 
— — 
— ue P M" 
ss = 
em — 
— = 
— mt 
— — E 
— — — 
— ae 
— P" E 
es — -- 
d _- 
— "Es = 
d — — 


F = 2.66183 
G = 3.13360 
H = 3.68898 
I = 4.34280 


Νι.Ν2 1 1 


-A = 0.00000 
Νι:Ν2 


(N;-N2* 1) 2 


(Ni-N3) 
(N;-N2* 1) : 
πι Ν.) 


(N;-N2* 1) 4 


(Ni-N2) 


(NONO) 


J = 5.11249 
K = 6.01861 
L = 7.08532 
M = 8.34108 


= 1.17724 


ny 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


(N;-N2* 1) 5 


(Ν1:Ν2) 


(N;-N2* 1) 6 


(Ni-N2) 
(Ni-N2+1) 7 

(Ni-N2) 
(Ni-N2+1) 8 
(NON) 


N;,.N2*1 = 6.64222 


Ni-N2 = 5.64222 


A? = 1.38588 
A.B = 1.63151 
B? - 1.92067 
B.C - 2.26108 


C? - 2.66183 
C-D = 3.13360 
D2 = 3.68898 
D-E = 4.34280 


-E = 0.00000 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


(N;-N2* 1) 9 


-I - 0.00000 
(Νι:Νο) 


(N;-N2* 1) 10 


-J - 0.00000 
(N1-N2) 


(N;-N2* 1) 11 


-K = 0.00000 
(N1-N2) 


(N;-N2* 1) 12 


-L - 0.00000 
(Ni-N2) 


(Ni-No+ 1) 13 


-M = 0.00000 
(N1-N2) 


A3-C = 0.00000 
B?-F - 0.00000 
C3-I = 0.00000 
D?-L = 0.00000 


E? = 5.11249 
E.F - 6.01861 
F? - 7.08532 
F.G - 8.34108 





A = 1.43109 
B = 2.04801 
C = 2.93088 
D = 4.19435 
E = 6.00248 











Ni 
— -A = 0.00000 


-B = 0.00000 


N2 

Νι2 

N2 

Ni? 

— -C = 0.00000 
2 

Νι 4 

— -D = 0.00000 

N2 


Ni? 


— -E = 0.00000 
N2 
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4 Lp με a^ E ΄ φ΄ 
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P s ur p Pd 
uu OE πο απ, στ a 
Zz ze a= δ 
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ee 


1 4 
Ni*-N 
N2-N3 


Ni-N2* 


(N2-Ns3)* 


-D = 0.00000 


-D = 0.00000 


Ν2 


N2-N3 


= 1.29123 


Ni = 0.84255 
N2 = 3.35986 
N3 = 0.75780 


A = 1.08792 
B = 1.40476 
C = 1.81388 
D = 2.34214 
E = 3.02425 
F = 3.90501 





G = 0.65251 
H = 0.50534 
I = 0.39136 
J = 0.30309 


N;-Ns 
N;-Ns 
N;-Ns 
N;-Ns 
N;-Ns 


N2-N3 


Νο ! 
:N1-A = 0.00000 


Νο 3 
:N1-B = 0.00000 


Νο ὃ 
:N1-C = 0.00000 


Νο * 
:N1-D = 0.00000 


N2 ° 
-Ni-E = 0.00000 


Νο 9 
ΝιΙ-Ε = 0.00000 


Ν2 


N2-N3 


N2 


N2-N3 


N2 


N2-N3 


N2 


N2-N3 


-1 


-2 


-3 


-4 


:N1-G = 0.00000 


ΝιΙ-Η = 0.00000 


-N,-I = 0.00000 


:N1-J = 0.00000 
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| 6 YL 
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We. KEL wt Vm -— VN. = 
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Νι = 1. - 
1= 1.31554 A= 1.73065 F - 1.00000 ΝΙ2-ΑΞ 0.00000 . N;?-F = 0.00000 


B = 2.27675 G = 0.76014 Ni°-B = 0.00000 N,!-G = 0.00000 
C = 2.99516 H - 0.57782 Νι΄-ς = 0.00000 Νι2-Η = 0.00000 
D = 3.94026 I = 0.43922 Ni°-D = 0.00000 N,?-I = 0.00000 
E = 5.18358 J = 0.33387 N,9-E = 0.00000 N,^-J = 0.00000 























Ni Ni 
Ga) = 0.00000 (s) = 0.00000 
Nı = 1.95987 A= 1.18227 F= 0.81960 Ni N: 
N2 = 2.39124 B= 1.70541 G= 0.56819 (is) Sii (Ga 6 = 0.00000 
Ns = 1.65771 C= 2.46005 H = 0.39389 Ni N. 
D = 3.54859  I- 0.27306 (s) ve - 0.00000 (s) en - 0.00000 
E - 5.11881 N, " 
(s) = 0.00000 (πε}η-' = 0.00000 
Ni 
Ga) = 0.00000 





xe "a f N,No*N;, N2+1° N,No*N;, N2+1-1 
TX NS UNS -A = 0.00000 ——————. ——— .-Ni; = 0.00000 
N2*1 A = -1.97465 * F= -2.40384 2 2 N2 N2 
—- . = -0.90634 = = N4.N»-*N, Not1 1 NNo-N. Not1 -2 
B = 1.78970 = 2. 1:N2+Nı ΝΟ 1:N2+Nı Noa 
N2 G = 2.65225 EC τν. -B = 0.00000 --------------- -F= 0.00000 
N.NotN, C = -1.62208 H = -2.92632 2 2 N2 N2 
———— = -1.97465 D = 1.47016 = Nı-N2+N; N2+12? Νι.Ν2ΕΝι Ν211 9 
N2 al ------.---- .C = 0.00000 ------.--- .ᾱ- 0.00000 
E - -1.33247 N2 N2 N2 N2 
N; - 2.17870 Ni; N2*N; N2+1° Ni; No2*N; N2+1-4 
No = -0.52456 No No -D = 0.00000 ^ N No -H = 0.00000 
Ni-NotNi Notl 4 ΝΙΝ2ΗΝι Notl “2 
—————.—— -E = 0.00000 — πο -I = 0.00000 


No ΝΟ N2 N2 


1.27809 
1.68896 


A = 1.63353 
B = 2.08780 
C = 2.66841 
D = 3.41048 
E = 4.35891 





F = 1.00000 
G = 0.78241 
H = 0.61217 
I = 0.47897 
J = 0.37476 


ΝΙ2-Α = 0.00000 
Ni°-B = 0.00000 
Νι΄-ς = 0.00000 
Ni°-D = 0.00000 
N,9-E = 0.00000 


Νι9-Ε = 0.00000 
Ni-!-G = 0.00000 
Νι2-Η = 0.00000 
Ni-3-I = 0.00000 
N,^-J = 0.00000 









































JN A = 1.23112 
[Na 1.23112 B= 1.51566 
C = 1.86597 
Νι = 3.18458 «2020723 
N2 = 2.10112 
E - 2.82817 





F = 1.00000 
G = 0.81227 
H = 0.65978 
I = 0.53592 
J = 0.43531 


Ni? 





-A = 0.00000 





-B = 0.00000 





-C = 0.00000 





-D = 0.00000 





-E = 0.00000 
/N2 




















-F = 0.00000 


-1 
-G = 0.00000 


-2 
-H = 0.00000 


-3 
-I = 0.00000 


-4 
-J = 0.00000 





Ni-N2t+Ni 
——— — = 2.277629 
N2 
N2o-*1 
= 1.20903 
No 2 
N; = 1.88273 
No = 4.78390 


A = 2.27629 
B = 2.75211 
C = 3.32740 
D - 4.02294 
E - 4.86387 





Wc» 





F = 1.55722 
G = 1.28799 
H = 1.06530 
I= 0.88112 
J = 0.72878 


Nı-N2+Nı 


N2 


Ni-N2t+Ni 


N2 


Nı-N2+Nı 


N2 


Nı-N2+Nı 


N2 


Nı-N2+Nı 


N2 


N2+1° 
N2 
Ν2111 
Ν2 
Not+1 2 
N2 
N2+13 
N2 
N2+14 

















2 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 


Ni-N2t+Ni 


N2 





N2o-*1 


N2 


N2o-*1 





N2 


N2o-*1 





N2 


N2o-*1 





N2 


Not+1 





N2 





Not+1 


N2 





-1 
-Νι = 0.00000 


-2 
-F = 0.00000 


-3 
-G = 0.00000 


-4 
-H = 0.00000 


-5 
-I = 0.00000 


-6 
-J = 0.00000 


N2-(Nit 1) 


Ni-(Not 1) 


= 1.10710 


A = 1.10710 
B = 1.22567 
C = 1.35694 
D = 1.50227 
E = 1.66316 
F = 0.90326 
G = 0.81588 
H = 0.73695 
I = 0.66566 














N2-(Nit 1) 1 


Nj (8.1) -A = 0.00000 
N2-(Nit1) ? 
Ni-(Not1) -B = 0.00000 
N2-(Nit1) 3 
Ni-(No+1) -C = 0.00000 
N2-(Ni+1) + 
Ni-(Not1) -D = 0.00000 
N2-(Nit1) 5 
Ni-(No+1) -E = 0.00000 
ny 


N2-(Nit 1) in 


Νι:(Ν2: 1) 


N2-(Nit 1) -2 


Ni-(Not+ 1) 


N2-(Nit 1) -3 


Ni-(Not 1) 


N2-(Nit 1) us 


Νι:(Ν2: 1) 


No 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 

















Notl J = 1.31677 
Ναι 131077 kK = 1.73387 
L = 2.28310 
Νι = 2.24615 οἱ 
N2 = 3.27442 
N = 3.95861 


P = 0.75944 
Q = 0.57674 
R = 0.43800 
S = 0.33263 

















N2*1! 
Nitl -J = 0.00000 
Not+1 2 
Nitl -K = 0.00000 
N2+13 
Nitl -L = 0.00000 
N2*1^ 
Nitl -M = 0.00000 
N2+15 

-N = 0.00000 


Nı+1 


zal οἱ 


N2+1-1 
Nı+1 
N2+1-2? 
Nı+1 
N2+1-3 
Nı+1 
N2+1-4 
Nı+1 





-P = 0.00000 





-Q = 0.00000 





-R = 0.00000 





-S = 0.00000 


N2?-(Ni+1) 
N, (Nati? ^ 9.83725 
N2-(Nit1) 
N,N;*N, = 1.12397 


A - 0.83725 
B - 0.94105 
C = 1.05771 
D - 1.18884 
E = 1.33622 


I HGFA B C D E 





























F = 0.74490 
G = 0.66274 
H = 0.58964 
I = 0.52461 


nı 























No J = 0.98482 
Nı+1 - K = 1.30202 
L = 1.72138 
N2*1 M = 2.27580 
= 1.32208 
Nı+1 N = 3.00879 
Ni = 1.96510 
N2 = 2.92011 





O = 0.74490 
P = 0.56343 
Q = 0.42617 
R = 0.32235 








N2 


Nitl 


N2 
Nı+1 
N2 
Nı+1 
N2 
Nı+1 
N2 














Nı+1 l Nı+1 









































N22.(Nı+ 1) N2-(Nit 1) 0 
-----------------᾽- -4A = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 1 
————— —-— -B = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 2 
πο πο  _-C = 0.00000 
N;-(N2* 1)? Ni-NotNi 
Ν22.(Νι- 1) N2-(Nit 1) 3 
-------------------- -D = 0.00000 
Νι:(Ν2: 1)? Ni-NotNi 
N2?-(Nit 1) N2-(Nit 1) 4 
SO ora =. -E = 0.00000 
Ni-(Not+ 1)? Ni-NotNi 
No 
-- -=o 
N 
N2+1 " No Notl -1 
. -J = 0.00000 ; 
Nı+1 Nı+1 N;-*1 
N2+1 I No Notl -2 
. -K = 0.00000 ———, 
Nı+1 Nı+1 N;i-*1 
N2+1? N2 Ν211-5 
. -L = 0.00000 . 
Nı+1 Nı+1 Nı+1 
N2o-*1 3 No Notl -4 
. -M = 0.00000 . 
Nı+1 Nı+1 Nı+1 
Not+1 4 
-N = 0.00000 


Ν22.(Νι- 1) 
Νι:(Ν2: 1)2 l 


Ν22.(Νι- 1) 


Ni-(Not 1)? l 
N22.(Nı+ 1) 
Ni-(Not+ 1)? l 


N22. (Nı+ 1) 


Ni-(Not 1)? l 


-O = 0.00000 
-P = 0.00000 
-Q = 0.00000 


-R = 0.00000 


N2-(Nit 1) -1 


Ni-N2t+Ni 


N2-(Nit 1) -2 


Nı-N2+Nı 


N2-(Nit 1) -3 


Ni-N2t+Ni 


N2-(Nit 1) s 


Ni-N2t+Ni 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 






































B = 1.31080 Ni-(N2-1) Ni-(N2-1) } 
C = 1.71820 N2 (N1-1) = 1.31080 N2 (N1-1) -B = 0.00000 
D = 2.25222 Nı-(N2- 1) 2 : N;-(N5- 1) 2 
- — —— = 1.71820 — — — -C = 0.00000 
E - 2.95221 Να(Νι-1) N2-(Ni-1) 
pepe Pr - 2.25222 SONA D - 0.00000 
N2(Ni-1) © N2(Ni-1) | 
N;-.(N2-1)* : N;-.(N2-1)* 
——— = 2.95221 — — -E = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
Ni-(N2-1) 5 Ἐπ Ni-(N2-1) 5 
———— = 8.869 —— — — -F = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
Ni-(N2-1) 6 -— Ni-(N2-1) 6 
——_——_- = 5.07250 -------- -G = 0.00000 
N2-(Ni-1) N2-(Ni-1) 
I B ο D n E F G m 
uS c MM d 9 e e Φ 9 
s - = oe = — Wiese: tec πα pex - E iy Ò 
A H L M N 
N12- (N2- 1) Ni-(No2- 1) 2n " ( Νι2.(Ν2- 1) N;-(Na2- 1) Es A - 0.00000 
——— ———— 08 1.62056 Eom xd στ. ο 
Νι A = 1.62056 N2-(Ni-1)? Ν2.(Νι-1) Ν»ο(Νι-1)2 No-(Ni-1) 
p cete H-2.12428 Ny?.(No-1) Nj (N21)? (REGED 8:050"), - 0.00000 
--------τ---------- = 2.12423 τπτ. ος F-H = O. 
N12.(N2-1) L = 2.78444 Na-(Ni-1)? No(Ni-1) N2- (N1-1)? Nz(N1-1) 
N2- (N1-1)? = 2.12423 M = 3.64985 N12-(N2-1) Nı(N2-1)! M (Ee Νι.(Ν2-1)1 — 
N - 4.78423 Ν2(Νι-1)2 N2-(Ni-1) τα, N2.(Ni-1? Νο(Νι-1) f 
A Νι2.(Ν2-1) Nı-(N2-1)? N;^(No-1) Nı(N2-1)? 
(N>- (N>- 1“:(No- 1'(N2- 
N2 = 5.23175 Ni^(No-1) Ni(N2-1) - 3.64985 Gre orn γα = 0.00000 
N2.(Ni-1)? N2-(Ni-1) N2-(Ni-1)? Ν2(Νι-1) 
N.2-(No-1) Ni-(N>5-1) 5 Νι2.(Ν2-1) Ni-(N2-1) 5 
Ni?-(N2-1) Ni(N2-1) - 4.78423 Ἐπ -N = 0.00000 
Na.(Ni-1)? | No-(Ni-1) N5.(Ni-1)? Ν2.(Νι-1) 














N2 = 1.60171 


A = 1.06065 
B = 1.12498 
C = 1.26559 
D = 2.56549 
E = 6.58173 


1 

N28 = 1.06065 
= 

N2* = 1.12498 
2 

N2? = 1.26559 


N2? = 2.56549 
N24 = 6.58173 


A? = 1.12498 
B? = 1.26559 
C2 = 1.60171 
D? = 6.58173 


A8 = 1.60171 
B4 = 1.60171 
C? = 1.60171 


N25! = 1.60171 


1.60171 


J 
N 
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N2 = 1.58494 


A = 1.05926 
B = 1.12203 
C = 1.25894 
D = 2.51204 
E = 6.31034 
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N53-A = 0.00000 
1 


N24-B = 0.00000 
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N52-C = 0.00000 
N5?-D = 0.00000 


Ν2΄-Ε, = 0.00000 


F = 1.02920 
G = 1.18852 
H = 1.41257 
I= 1.99535 
J = 3.98144 
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N516-F = 0.00000 
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N28-G = 0.00000 
3 

N2^-H = 0.00000 
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N22-I 

N23-J 


0.00000 
0.00000 
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A = 1.05419 
B - 1.11132 
C = 1.23504 


D - 2.32662 
N2 = 1.52533 E = 5.41318 
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N28-A = 0.00000 
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N24-B = 0.00000 
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N22-C = 0.00000 
N22-D = 0.00000 


N2*-E = 0.00000 
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F = 1.02674 N28-G = 0.00000 
G= 1.17155 3 


H = 1.37253 N2^-H = 0.00000 


I = 1.88384 : 


N22-I 
J = 3.54886 
N2°-J 


0.00000 
0.00000 


3 
N232-K = 0.00000 
K = 1.04038 η = 0.00000 
L = 1.08238  , 
M = 1.14104 y, 16. = 0.00000 
N= 1.20288 7 
O = 1.30197 Ν216-Ν = 0.00000 
5 


N58-O = 0.00000 


P - 1.44691 
1.69513 
2.09356 
2.87348 
= 4.38299 


Q 
R 
S 
T 


7 
N2°-P = 0.00000 
5 
N2*-Q = 0.00000 
7 


N5^-R = 0.00000 


0.00000 
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N22-T = 0.00000 























Νο = 2.49232 


090 WwW Pp 


1.57871 
1.98360 
2.22346 
2.35405 





0.00000 


N2*-B = 0.00000 


N2°-C 
15 


N>16-D = 0.00000 


0.00000 


Introduction to Fractional Series. 
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N3 
— = 2.00000 
F 
Να 
— = 1.33333 
G 
1AB C D E F G Να 
NEU EI ae aa J 
NS οσο ποσο ee 
τι... ο ο en Cr M 
pc w NUT νά 'ὲ' ᾽ν. 


A-112800 ο 
B= 1.28571 
C = 1.50000 
D - 1.80000 
E - 2.25000 
F - 3.00000 


G = 4.50000 


Indexs: Index = 2 Cinax = 7.00 















































































































































































































































































































































Number of div. by N3 N3 
: : — -6.00000 — = 2.87500 
difference at an index. 1 E 
N N 
ποπ κ ee ee λος — 25.37500  — - 2.25000 
E ” Α F = » = » 7 
N1-N2-(N3-1) Νι = 6.00000 I, = 2.87500 
N3 N3 = — 
αντ ος — Ed BUD Μι = 5.37500 H; - 2.25000 
N,-N4.N B G 
1°-No-N3 136316 Lı = 4.75000 αι = 1.62500 
ΝΟ.Ν.- (Ne-1) | N3 Να 
len of frac. NiNzNo-Index(Ns-1) |] = 412500 7 = 1.00000 Kı =4.12500 F; = 1.00000 
N3 Jı = 3.50000 E, = 0.37500 
Total number of fractions. — = 3.50000 
——_—t:_Uae>u«wv—«o_— UU UU 7s 
Fraction at Index: 
Num:  N1-No-Ns-Index-(N3-1) = 38.00000 
Den: N,N, = 8.00000 _ 1AB C D ΚΝΕ F G Ni 
(N1-N2-N3-Index-(N3-1)) N ul τ NE f j i A / p » m 
T ——— = 4.75000 RAMS, Oo oe / QA 3 bees 
(Ni-N2) C"-—— ee, πο ο ".  -ᾱα ie 
8 E LX Me = / 2 τε. prd Oo od ψ 
Fraction at Compliment: TE e I... 0I. 
M S * ΄ / -4> le ἘΠ AN PEE τ. ` T "abs TN ιτ 
N1-N2-N3-Cinax-(N3-1) nO ee a ee παν 
—— — — = 1.62500 jp des κ, ; S εν Ὃν Pu y LL -- ne 
N,-N> T , <i S - 
\ ο... 1 / K Pa Ti "s 
(Na-Cinax-N5-Index-N3)*2-N,-N2.N3 i ο. y Jf F NN "S 
————————————— — — — —— = 6.00000 : Dine 4. y j 2 καῖ 
ΝΙΝΟ \ SON ; Τ ra a P aoe 
[si] Ec B [N12] ai 0 [NIS] -> ο | ἢ " F ᾿ ΄ "A "d ο "d Bc 
[nit] > 1| [ur] > 1 [nis] -> 1 yy / A=4.11628 7” p Se 
N, = 4.00000 ee v T. K 
[να] 2| [nr] 2 [nia] ^ 2 φον. ΒΞ1.268316΄ μοῦ 
N2 = 2.00000 hat 2 πο 2 
[νι] -> 3 [u2]-3| 2 [ N[3] -> 3 / ^ /, (C= 1.45455 "d 
[νι] -> 4 | N[2] -> 4 Να = 6.00000 [Nis] -> 4 fey 4 ^ p - 1.71429 "S 
[νι] -> 5) [niz - 5 [N13] -> 5 ces B= 2.08696 .΄΄ 
N[1] -> 6 : αν E p 
| [ ] [ni21 > 6 [NIS] -> 6 P i 2 y jl JF — 2.66667 "i 
N[1] -> 7 N[2] -> 7 = JN ; oi τα α΄ M a 
— | [ ] [NIS] >7 ur a, : πα G = 3.69231 n 
> 8) [w21- 8 ΕΝ z "— 
[N13] > 8 Ην AL 6.00000 p— 
[ni > 9| [νο] 9 [nia] > ο DOR m oe 
[να] -> 10 [ni21 -» 10 [Nis] iG ΠΡ Ps ee 
N[1] -> 11 |[u[2] -> 11 5 "av ld 
| [N12] J N[3] -> 11 : ts pe 

















234 


N -> 2 


234 


N->5 


azz 


N 
N 


-> 0 
-> 1 


-» 3 
-> 4 


-» 6 
-> 7 
-» 8 
- 9 
-> 10 
-> 11 





ο 





Ν = 3.00000 





= 

ζω 
B 
ο 
g 
fe) 

& 
@ 
Q 
et 
a 








Inagx =7 


N3 


(N3-N)+1 


N3 


N3-Ing,-(N-1) 


= 1.08000 


= 2.07692 


N3 = 27.00000 


N3-Ing,-(N-1) = 13.00000 


N2 = 9.00000 

































































E, F, G, H, 


A = 1.08000 
B - 1.17391 
C = 1.28571 
D - 1.42105 
E = 1.58824 
F - 1.80000 
G - 2.07692 
H - 2.45455 


I - 3.00000 


H, = 2.77778 
F, = 2.55556 
E, = 2.33333 
D; = 2.11111 
C, = 1.88889 
B, = 1.66667 
A, = 1.44444 


Z= 1.22222 


Jliz Olz |z pla 
T|z Ω| 5 i2 liz 
ll 


xg, = 3.00000 


1.88889 


1.66667 


1.44444 


- 1.22222 


Fractional Geometric Series. 
Plate 1. 


Index is Base O 


Index: Inax = O 
Number of div. Ináx 
: p- — = 5.00000 
at an index. Na 


Number of div. by 

difference at an index. 

(Indx-Na:Np)-((Inax-Na‘Np)+ 1) 
Να 





= 45.0000 


Total number of fractions. 


Na:Nb-Na = 8.00000 



















































































numerator 
denominator _ σος 
numerator = 2.00000 
denominator = 1.00000 N, = 2.00000 
Ny = 5.00000 

num den 
[wu-1| [Nis] ->1 ἔνιο] -> 1| 
[nf1]->3| [[N[3] ->3 ἔνιο] -> 3| 
[ni ->4| [[N[3] ->4 [nt21 -> 4| 
INu-5,| [[N[3] ->5 [ni2] -> 5| 
[ni ->6| [[N[3] -> 6 [ni2] -> 6 
[ni ->7| [πιο|-»7 [ni21 -> 7| 
[ni ->8| [[N[3]->8 ἔνιο] -> 8| 
[niu ->9) [[NI3]->9 [ni21 -> 9| 
[ni1] -> 10| [N31 -> 10 [N12] -> ιο 
[ni -> 11| [[N[3] -> 11 [ni2] -> 11 











[Hide Intersection 








Construction: 


denbmithto® D numErator 

















10 


11 


Index is Base O 









































































































































Np b 
= 11.00000 ^ _ E 6 
eee Inaz = 1 H^ 7.36364 P 3.72727 a = 10.54545 
Np Np b 
Number of div. bu A = 10.54545 I = 6.90909 ο = 3.27273 111 
ο Np- = 10.54545 —— — = 10.09091 
at an index. Na Np Np b 11 
— = 10.09091 — = 6.45455 = 2.81818 
B J R 106 
: Np Np Np —— = 9.63636 
Number of div. by 4 = 9.63636 |. -6.00000  . = 2.36364 ἘΣ 
difference at an index. ς K 201 
Np Np Np — = 9.18182 
(Inax-Na-Ny ).((Inax-Na:Ny )*1) — 29,.18182 — - 5.54545 — - 1.90909 11 
~oo ----- = 234.1091 D L T 
j 2 2 = 1.45455 
— Eg — 2 5.09091 — = 1.454 
E 8.72727 M U 
Total number of fractions. Np Nb 
N,-Np-N, = 22.00000 τ 7827273 77 = 4.63636 
Np Np 
— 7 — = 4.18182 
G 7.81818 O 
| Present 2 Actions 
IRSIEFGHI JKLMN O P Q R S 
DIOSES T- - τπφουόόσ a L Ll L l, 1l, 1 ^» | 21 wer | or seed 
numerator ee Po o C MM EM | "e 
— — — — — = 2.20000 , ρα gr uum utendi aue ee -. 
denominator Δ n up ut gi up Ὁ αἲ ο΄ " iMm T 
numerator - 11.00000 ο“... "P "x "d - d m p 
denominator - 5.00000 Να = 2.20000 ΙΡ "adi "a - s — 
Np = 11.00000 a SEE SEE EE ---- 
num den ο uen uu unt ug uet MC n 
N[1] -> O N[3] -> O 5 ιο x 
Iii [N13] [ΙΕ Uo A= 1.04310 L= 1.98361 
[xi ->1| [Nis] -> 1 [N[2] -> 1 ο uet aM. LE ος 
Wyo B= 1.09009 M -= 2.16071 
[nt] ->2/ [ws1-2 ΙΙ 7--—————— 
C-1.14151 N= 2.37255 
INi ->3| [N[3]->3 πιο]--ο | 
D = 1.19802 O = 2.63043 
[νι] ->4| [[N[3] -> 4 νι] -> 4 
[x15 [Nis] > 5 [n2] > 5 E = 1.26042 P= 2.95122 
[N] ->6| [N13] -> 6 [ni2] -> 6 F = 1.32967 Q= 3.36111 
[πι] στ [ne >7 [ni2] -> 7 G = 1.40698 R = 3.90323 
Iuu-s| [ws [n[2] > 8 H = 1.49383 S = 4.65385 
νι]. ο. [πι5]-»9 [Νι2] -> 9 I = 1.59211  T- 5.76190 
[n3 ->10 [ws] -> 10 [N12] -> 10 J-1.70423 U = 7.56250 
[ui] 11 [mr3]- 11 [n2] -> 11 K - 1.83333 

































































| Show Intersection 






























































Index is Base O 














Np Np 
Inax = O 1 = 11.00000 u Ἴ 3.00000 
Np N 
Γιά A = 10.00000 —- = 2.00000 
Np- = 11.00000 

Na N 

— = 9.00000 
B 
Indx-Na-Np)-((Inax-Na‘Np)+1) Ny 

7 = 110.0000 — = 8.00000 
Na C 
N 

N34: Ny-N4 = 10.00000 r3 = 7.00000 
Ny 

—- = 6.00000 
E 
Ny 

— = 5.00000 
| Present 2 Actions F 
Np 

— = 4.00000 
G 
















































































numerator 
————— — — = 1.00000 οφ...» — 
denominator : ον uc HMM 
numerator - 1.00000 κος mn 
denominator - 1.00000 Να = 1.00000 es JC MN m Zi 
Np = 11.00000 |. — — 
num den 
N[1] -> O N[3] -> O . 
| [1] [π|5] {π|2] -> ο A = 1.10000 
N[1] -> 1 N[3] -> 1 N[2] -> 1 
| el | [2] B = 1.22222 
[νι] -> 2) JN[3] -> 2 Į N[2] -> 2 
C = 1.37500 
[Ν|1]-55 [N[3]->3 [ N[2] -> 3 
D = 1.57143 
[Ni ->4| [Ns] -> 4 νι] -> 4 
[ν|11-55. [Ni3]->5 [πια] - 5 E = 1.83333 
[ N[1] -> 6 [ N[3] -> 6 [ N[2] -> 6 F = 2.20000 
ἴνα]-» τι [νο] -»7 [N12] -» 7 G = 2.75000 
INi ->8| [N[3]->8 νι] -> 8 H = 3.66667 
[ni ->9| [νο] -> 9 [N12] -> ο I = 5.50000 
[Ni] -> 10| [NI3]-> 10 [ N[2] -> 10 
{Ν|1]-» 11 [N[3] ^ 11 | N[2] -> 11 






















































































| Show Intersection 



















































































Index is Base O 





Inax = O 
Inax 
N,-—— = 7.00000 
a 
Inax-Nà4-Ns )-((Inax-Na:Np )* 1 
πας NaN) (Qnan NaNo)*1) 6000 


Να 


N4-N5-N, = 6.00000 





| Present 2 Actions 














| Present 2 Actions 
















































































































































































































































































numerator 
πο πο — = 1.00000 
denominator 

numerator - 1.00000 

denominator - 1.00000 Να = 1.00000 
N, = 7.00000 

num den 

[νπ]-2ο. |N[3] -> ο [ N[2] -> ο 

Eni -> 1) [νο] 1 [N[2] -> 1 

[N11] xd Hg -> 2 | Home Point [ni21 -> 2 

[Ινι11-53, [Ki] -> 9 ĪA Point [νι -> 3 

[ν[α] -> 4 [NIS] -> 4 [B Point [ni21 -» 4 

[Ν|Π1]1-55᾽ [Ν|5|-» 5 |C Point [ui21 -> 5 

[x1] ->6| [Νις] -> 6 [D Point [N12] -> 6 

_E Point 

ἴνα]-» τι [νο] -»7 ÍF Point [νι] ^ 7 

INi ->8| [N[3]->8 [νι] -> 8 

[Ν|1]--9 [[N[3] ->9 [νι] -> 9 

[N[1] -> 10 [mw[3]-» 10 Į N[2] -> 10 

ἵνα]. -> 11 |N[3] -> 11 [Ni2] -> 11 




















| Show Intersection 





Np 
1 = 7.00000 
Np 

= 6.00000 
A 
Np 

= 5.00000 
B 
Np 

= 4.00000 
σ 
Np 

= 3.00000 
D 
Np 

= 2.00000 
E 2 
Np 

= 1.00000 
F 





-247 Ce" 9 e. -- --ϕ- E 

d o vc 
N 

e ooo J, 7 450000 
Np 

ο... x, 7 400000 
Np 

SEDED τ; “350000 
Np 

= 5.00000 i ο 





2.50000 


2.00000 


1.50000 


1.00000 





Recursive division using the first series points on the 


operational tail. 


F2 = 1.07692 
G2 = 1.16667 
Hz = 1.27273 
12 = 1.40000 

Jo = 1.55556 
Κο = 1.75000 
L2 = 2.00000 
M2 = 2.33333 
N2 = 2.80000 


O2 = 3.50000 
P2 - 4.66667 
Q2 = 7.00000 


Index is Base O 





(Inax-Na-Np)-((Inax-Na:Np)+ 1) 
Να 


= 42.0000 


N,:N,-N, = 6.00000 








| Present 2 Actions 











| Present 2 Actions 





numerator 
= 1.00000 


denominator 
numerator - 1.00000 


denominator - 1.00000 Να = 1.00000 


b 
= 7.00000 


b 
= 6.00000 
A 


= 5.00000 


= 4.00000 
C 


= 3.00000 
D 


= 2.00000 


= 1.00000 






























































































































































num den 
[Νπ]-2ο. |N[3] -> ο 
[νι] -> 1) = JN[3] 1 
[Nia] -> 2) JN[3] -> 2 
[Ν|1]-55 [N[3]->3 
[Ni ->4| [NIB] > 4 
ἴν]-»5ι [Νι5|-» 5 
[ν[]-»6ι [Νι5|-» 6 
[u13-7| [νο] -»7 
INi ->8| [N[3]->8 
[Ν|1]--9 [N3 ->9 
[N[1] -> 10 [NI3] -> 10 
ἵνα] -> 11 [mi3]- 11 











| Show Intersection 








| Home Point 











| A Point 








| B Point 








|C Point 








| D Point 











| E Point 








| F Point 








N, = 7.00000 





[ N[2] -> ο 
[νο] -> 1 
[ N[2] -> 2 
[ N[2] -> 3 
[n2] -> 4 
[ni21 -> 5 
[ N[2] -> 6 
| N[2] -> 7 
[ N[2] -> 8 
[ N[2] -> 9 

































































| N[2] -> 10 








[n2] -> 11 











Recursive division using the first series points on the 
operational tail. 


Fz = 1.02083 
Go = 1.04255 
H2 = 1.06522 
Ip = 1.08889 


J2 = 1.11364 


K, = 1.13953 
L2 = 1.16667 
M3 = 1.19512 


_ MENDED ZAS LD D E 
= - 6.85714 2 - 6.28571 x - 5.71429 = = 5.14286 = = 4.57143 x - 4.00000 
a - 6.71429 = = 6.14286 = = 5.57143 S = 5.00000 = = 4.42857 = = 3.85714 
= = 6.57143 = = 6.00000 = = 5.42857 zs - 4.85714 > = 4.28571 s = 3.71429 
7 - 6.42857 = = 5.85714 = = 5.28571 2: - 4.71429 = = 4.14286 = = 3.57143 


N2 = 1.22500 


O5 = 1.25641 
P, = 1.28947 


- 1.32432 
1.36111 


= 1.40000 
= 1.44118 
= 1.48485 
1.53125 


- 1.58065 


p 
ὦ 
l 


Y2 = 1.63333 


Z2 = 1.68966 
= 1.75000 
= 1.81481 
= 1.88462 


O Ὁ 
Q Q 
| | 


1.96000 


J 
Ὁ 
Il 





Fractional Geometric Series. 
Plate 2. 


Construction: 


Index = 1 


Frac. mult. ο οκ, 


= 6.74335 
Νι Νς 
# of fracs. N,-N3 = 8.00000 
N1-N2:N3 
——————— — -= 1.12167 
len of frac. N1-N2-N3-Index-(N2-1) = 


num of div. for frac, —. dex (NS) Nr No NS) ((Na*Index-(1-N2)*Ni-NzNao)-1) 


























































































































































































































Νι = 4.00000 
Να = 2.00000 

N2 = 7.56383 
[si -> 9| [π5]-»ο | N[2] -> ο 
[si ^ 1) [νο] -> 1 [N[2] -> 1 
[να] -> 2 [NIS] -> 2 [ni21 -> 2 
[να] -> 3 [ N[3] -> 3 [N[2] -> 3 
[να] -> 4 [ni3] -> 4 [Ni2] -> 4 
[να] -> 5 [ N[3] -> 5 [νι] -> 5 
[ N[1] -> 6 [ N[3] -> 6 [ N[2] -> 6 
[n1] -> 7 [ni3] -> 7 [νι] -> 7 
[νι] -> 8 [ N[3] -> 8 [νι] -> 8 
[να] -> 9 [ N[3] -> 9 [νι] -> 9 
[Ν|1]-» 10 [n3] -> 10 [ N[2] -> 10 
J N[1] -> 11 | N[3] -> 11 | N[2] ^ 11 




















= 62.16558 
N1-N3-(N2-1) 


1AB C D ΝΟΕ F N.G 





























N2 
1 = 6.76866 
N2 
— 2 6.38408 
A 
N2 
Index = 1 B = 5.99950 
1-N2)-Index+N1-N2-N N2 
Frac. mult. (1-N2)-Index+N1:N2:Ng 2) = EAM = 6.38408 — = 5.61492 
Νι-Να ο 
No 
# of fracs. N,-N3 = 15.00000 p 7 523035 
N1-N2-N3 
= 1.06024 


len of frac. N,-N2-N3-Index-(N2-1) 


num of div. for frac. 
N1-N3-(N2-1) 


(Index-(1-N2)+N1-N2-N3)-((No+Index.(1 -N3)*N, -N2-N3)- 1) 


Ν2 Nə 
E = 4.84577 J 
N2 N2 
F = 4.46119 K 
No N2 
G = 4.07662 L 
N2 N2 
H = 3.69204 M 
N N2 
I = 3.30746 N 
N 


2 
—-. = 112.36144 
A-1 


- 112.36144 


- 2.92289 


- 2.53831 


2.15373 


1.76915 


1.38458 


N2 
— = 1.00000 
O 



















































































ABCDEFGH I J K 
au ο ο. Ἡ 
V 7 PEE x. yw | E 
Νι = 3.00000 "S P1 Pog fF ο ^ 
Να = 5.00000 ΄΄ i ΤΕ a E r m au 
N2 = 6.76866 26 PHI Pag ο 
Ινπ]-5ο | [w3]-0| κ] --ο a ee Di ἯΙ Fi E 
Ivi 2) [wi] 1) jna > oo” A-1.06024 K= 2.66660 
Ivi: -> 2) [π|5|52 [wp] 2 DUNT / /  B-1.12820 L-3.14276 
[να] -> 3 [ N[3] -> 3 νι! -> 3 τον z C= 1.20548 M = 3.82593 
[νι] -> 4) [nis] > 4 [νι] -> 4 , D= 1.29411 N= 4.88861 
[να] >s] [ν5155 fna >s Ve . E-1.89682 0 = 6.76866 
[x6 [Nis]> 6) [we Do |^  F- 151723 
[να 7 [sis] > 7) [n7 rro G - 1.66036 
[nu -> 8) [w31^8| jna ->s dr : ου ἨΈ 
[Ni1]-> 9| [urs] 9 [ N[2] -> 9 Wes pis : 4648 
[Ν|1] -> 10 J n[3] -> 10 [ N[2] -> 10 d ΜΝ 
[nr1 -> 11 | N[3] -> 11 [Ni2] -> 11 du J = 2.31574 




































































































































































ες 
θες, 
SS 
M 
x 
C" 
—— 
m 
-— 
Ἢ 


oe 
MS 
xm 
κ... 
Rm 








Fractional Geometric Series. 
Plate 3. 





| Hide Objects 
| Hide Objects 
||Show Intersections 


























||Show Intersections 





(iax:(N2-No:-N2)+No-N 1 :N3)-(((Na-iax-N2-No-N2)*iax-No:N2)-No-N 1 Να) 


~ 


































































































- - = 45.55556 
N1-N3-(((No+iax:(N2-No-N2))-iax-N2-No:N2)+iax:-No-N2) 
Νο Νι Να 
———— —— — —— = 1.21951 
lax: (N2-N2-No)* No:N,-N3 
lax = 1 1A B ο D 
e = á= á á á =a 
i 3 E ? / / / ee ΄ 
lax: (N2-No-N2)* No:N,-N3 \ E n 3 ji / / / 4 MEL τ y { 
—_——_——— = 8.20000 \ ο | j N «νοῦ n MM 
N,-N3 \ NY ! , j dopo ji μιν». 
\ / "i -eme σπορ 
‘ os, --- -- 2 κ ''. 
: N PEL. mor iden ΄ 
N1-N3-igx-N2-(1-No) \ "d T E = 4? ve i gi νυ... = mE ΄ 
— — N.N. ——- 2.80000 ela E MET ; E 
. ee ee -— / 
1 3 um πα / ΄ ΄ Σ΄ 
; a / "d { 
Νο / / N " "d 
— = 10.00000 Fa | ια χ᾽ Νι 
"d P s 
No = 10.00000 y ar a en. d / N awe Y Ze 
πα. Aa e d a / ES Fá "m ud g^ | Ps 
Νι = 5.00000 No = 5.00000 . i | / FIL gu Pr. ere Pa | P 
x 7 ee s3 71 ue 
_ EN | / ee cm Sig eee | = 
N2 = 1.00000 κ, ES Td emm Po 7 π“ | "s 
T: ΄ CT o P 
Να = 1.00000 N, Ne - 5.00000 ej|--——--,9/ E z ^ = DENN 22 
/ a 
/ M H E , / E - ΄ 
/ 4 
N[1] -> O N[2] -> O E T / / d ΄ x "n. 
[N11] -> ο. [N12] -> ο. [uisi -> οἱ [s το] -> 0| A = 1.21951 : / / - ον Νο Ν x, 
να] -> 1) pa- [Nis] ->1| [[N fo] ->1 — - SE. / Ρ us 8.20000 ie 
= . / ΄ ΄ = σ 
να] 3] [w21^3| [πια]-55| [ν[ο]- 8 ΚΕ. fa 2 2. ΄΄ p 640000 -~ N 
2 / / Pd N 
MeH pea meea posa P- 9357149 ig o α No κ 
- 0 τη ^ 
[Nt] es) [21^ 5| [ππα]-»5 Inos] E= 10.00000 m 1 "d 2 ΄ --΄4.60000 by 
/ 
Maes] [w21- 6| [πιϑ]-56] nose] F--12.50000 py ο gy EU κ. 
SS / / / ΄ e di ο Ἂς 
ἕνα) [ντ] [πιο]-5τ! [νο] -7 ie ws p p "2.80000 EN 
- / P 
εν] -> 8 [ni2] -> 8 [sisi -> 8] [νιο]-»8 n K 6 5 "d N EY 
Em / ΄ Pd ο 
[π159 wa>) [πιο]-59| [πιο]-5ο!. Ἢ TP μα τ 100000 Se 
[N[1] -> ιο [ni2] -> 10 [ni] -> 10 [N [0]-> 10 ES P NE d ` 
N[1] -> 11 5 - Dex Pee No E 
[niu -> 11. [ui21 -> 11 | [nis] -> 11 IN [0] -> 11 E 7 LM -7 m -0.80000 EY 
κ 
N 
S 
N 
N 
N 
N 
N 
N 
e 
\ 
E 
S 
\ 
\ 
\ 
N 





Exponential Series Notebook 1 


Zero from bottom. 











Νι = 1.42736 


A = 2.03735 
B = 2.90803 
C = 4.15079 
D = 5.92467 
E = 0.70060 
F = 0.49083 
G = 0.34388 
H = 0.24092 








N,2-A = 0.00000 


N,?-B = 0.00000 
Νι΄-ς = 0.00000 
N,°-D = 0.00000 


Plate 1 


N,-1!-E = 0.00000 
N,-2-F = 0.00000 
N,-°-G = 0.00000 
Νι-Η = 0.00000 























~B 
A = 1.61466 N2-N11-A = 0.00000 N5.N,'1-F = 0.00000 
1.39234 B = 2.24815 Ν2:ΝΙ2-Β = 0.00000 N>-N,-2-G = 0.00000 
1.15968 C = 3.13018 Na-N4,?-C = 0.00000 Ν2:ΝΙ:3-Η = 0.00000 
D = 4.35827 
N2-N,^-D = 0.00000 N5-N,'^-J = 0.00000 
E = 6.06818 
Ν2:Ν15-Ε = 0.00000 
F = 0.83290 
G = 0.59820 
H = 0.42964 Plate 2 


J = 0.30857 


N, = 2.15726 
N2 = 1.61326 
N 


1 
--- = 1.33720 
N2 











A = 1.33720 
B - 1.78811 
C - 2.39107 
D - 3.19734 
E = 4.27549 
F - 0.74783 
G = 0.55925 
H = 0.41822 
I = 0.31276 





— -A = 0.00000 
Νι2 

-B = 0.00000 
-C = 0.00000 


-D = 0.00000 


N2 
N,3 
N2 
Νι4 
No 
N,5 
a -E = 0.00000 





Ny 


-1 


-2 


-3 


-4 








-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 


Plate 3 


Nı 

— -A = 0.00000 
N2 

N42 

——_ -B = 0.00000 
N22 

N3 


N3 -C = 0.00000 
2 


N44 
—.D = 0.00000 
N24 


N,5 
——-E = 0.00000 
N25 


N24 
—— -I = 0.00000 
Νι4 


N53 

_, -H = 0.00000 
N43 

N32 

_, -G = 0.00000 
N42 

N2 

— -F = 0.00000 
Nı 




















ο a 
Nit s EL EU A = 0.00000 Ν2” 
A = 2.05989 Nin, -A = 0.00000 Nix, -N5 = 0.00000 N2 . PR 4,1 = 0.00000 
N, = 1.68394 Ν 1 
1 B = 2.51977 N, 2 N, -2 N43 
N2 = 1.37660 C = 3.08233 Ni -B = 0.00000 N,—- -F = 0.00000 . 4 B- 0.00000 N34 
2 No N2 v gH = 0.00000 
Ny D = 3.77048 NS Ni 
uo N,— -C = 0.00000 a Νι7 
2 E = 4.61226 LN; -C = O. NUN, -G = 0.00000 sc - 0.00000 N23 
E 2 —— -G = 0.00000 
F = 1.12536 N, 4 a N42 
G=0.91997  Ni,- -D = 0.00000 N,—- -H = 0.00000 N45 
2 N2 — 4D = 0.00000 N22 
H = 0.75207 N, 5 Ἣν Ν2 πι = 0.00000 
I = 0.61481 Νικ. “E = 0.00000 Νι--- -I= 0.00000 N46 
2 
N2 — -E = 0.00000 
N25 


Plate 4 


N, = 2.96382 
N2 = 2.31441 
N; = 1.14115 
N 


1 
— = 1.28059 
N2 


A = 1.46135 
B = 1.87140 
C = 2.39649 
D = 3.06893 
E = 3.93005 
F = 0.89111 
G = 0.69586 
H = 0.54339 
I = 0.42433 








N 

Να---- -A = 0.00000 
N2 

Νι2 

Νο -B = 0.00000 
N2 
Νι ὃ 

Νο -C = 0.00000 
N2 

N44 

Να---- -D = 0.00000 
N2 
Νι5 

Να---- -E = 0.00000 
N2 


Nı 


Να —- 


Να --- 


Να --- 


-1 


-2 


-3 


-4 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 


Plate 5 


























N1-N3 
-A = 0.00000 
N2 
N12-N3 
5 -B = 0.00000 
N2 
N13-N3 
3 -C = 0.00000 
N2 
N14-N3 
" -D = 0.00000 
N2 
N15-N3 
-E = 0.00000 


N25 














N24-N3 
" -I = 0.00000 
Ni 
N2°-N3 
5 -H = 0.00000 
Ni 
N2?-N3 
5 -G = 0.00000 
Nı 
N25.N3 
-F - 0.00000 
Ni 


Zero from top. 





Νι = 3.76827 
Ni 
= 1.36124 
Νι-1 


A = 1.36124 
B = 1.85297 
C = 2.52232 
D = 3.43348 
E = 4.67378 
F = 0.73463 
G = 0.53968 
H = 0.39646 
I - 0.29125 





























-A = 0.00000 
ΝΙ-1 


-B = 0.00000 
N,-1 


-C = 0.00000 
ΝΙ-1 


-D = 0.00000 
































Νι -1 
πι t 0.00000 
N, 2 
πι ^9 0.00000 
Νι 3 
πι “Ἡ = 0.00000 
N, -4 
πι 1- 0.00000 
Plate 6 








N,* 








Ny 

-A = 0.00000 
Νι-1 

Νι2 
>... -B = 0.00000 
(N,2-2-N,)*1 

N43 
-C = 0.00000 


N,° 





-D = 0.00000 





N,* 


((N13-3-N 7)+3-N;)-1 


N48 


(N12-2-N1)+ 1 


Nj? 


N,-1 
Ny 


-E = 0.00000 





-I = 0.00000 


-H = 0.00000 


-G = 0.00000 


-F = 0.00000 


Νι = 3.11876 

N> = 1.08464 
Nj 

N,-1 





= 1.47197 











A = 1.59656 
B = 2.35009 
C = 3.45928 
D = 5.09196 
E = 7.49523 
F = 0.73686 
G = 0.50059 
H = 0.34008 
I = 0.23104 

















1 
Nz- 1 -A = 0.00000 


1 
Να- 1 -B = 0.00000 
N>- 1 -C = 0.00000 


Nz- 1 -D = 0.00000 


Νι 5 


Να- -E = 0.00000 
2 Ni-1 




















Ni -1 

Ν2: Νι-1 -F = 0.00000 
Ni -2 

N»- N,-1 -G - 0.00000 
Ni -3 

Ν2: ΝΕ -H = 0.00000 
Ni = 

N2 Nil -I - 0.00000 


Plate 7 














C D 
w,.1 ^^ 0.00000 πα -I = 0.00000 

N;?.N2 ((N13-N2-3-N12-N2)+3-N1-N2)-N2 
—————— B = 0.00000 Elus Me uud Mon, Pd SaL A NE 
(N1?-2-N;)*1 N,? -H - 0.00000 

ΝΙΝΟ (Νι2.Ν2-2.Ν1-Ν2)1Ν2 
——— c = 0.00000 ak ie οσα... 
((N,3-3-N,2)*3-N,)-1 κ» -G = 0.00000 
ΝΙΝ N,-N5-N 
M — ——M— — — — —.p = 0.00000 rNozN2 
(((Ni4-4-N13)+6-N12)-4-N;)+1 — w, t = 0.00000 
Νι5.Νὸ 
-E = 0.00000 





Νι = 3.35471 

Νο = 0.89626 
Ni 

ΝΙ-Ν2 





= 1.36456 


A = 1.36456 
B = 1.86204 
C = 2.54087 
D = 3.46718 
E = 4.73120 
F = 0.73283 
G = 0.53705 
H = 0.39357 
I = 0.28842 

















-A = 0.00000 


-B = 0.00000 
ΝΙ-Ν2 


-C = 0.00000 
Νι-Ν2 


-D = 0.00000 
Νι-Ν2 


-E = 0.00000 
Nı-N2 
































N, ^! 


-F = 0.00000 





Ni -2 





-G = 0.00000 


Ni -3 





-H = 0.00000 


Ni E 





-I - 0.00000 


Plate 8 




















Ni (((N,*-4-N43-N2)*6-N;?-N22)-4-N,-N23)*N;* 


-A = 0.00000 Ν΄ -I = 0.00000 





N,-N2 


N;? "BOO BHEBD ((wN,3-3-N,2-N2)*3-N,-N22)-N23 


(N42-2-N,-N2)*N22 NS -H = 0.00000 


NI N42-2-N,-N3)*N22 
-C = 0.00000 (N12-2-N1:N2)+N2? 


 ((N18-3-N12-N2)+3-N1:N22)-N28 πα -G = 0.00000 


BENED MEME D = 0.00000 Νι-Ν2 
(((N3*-4-N13-N2)*6-N;2-N22)-4-N,-N23)*N2* w, F = 0.00000 





N,° 


((((Ν15-6.ΝΙ4 ΝΟ) 1Ο.ΝΙ2.Ν22)-1Ο.ΝΙ2.Ν29) ΑΘ ΝΑ ΝΑ ` T 090000 


Νι = 8.58991 
N> 3 1.12360 

= 1.45558 
N/ -N2 














A = 1.63549 
B = 2.38058 
C = 3.46513 
D = 5.04377 
E = 7.34160 
F = 0.77193 
G = 0.53032 
H = 0.36434 
I = 0.25030 




















-A = 0.00000 





-B = 0.00000 





-C = 0.00000 





-D = 0.00000 





-E = 0.00000 





Ν». 
2 N1-N2 








Νι ^! 


-F - 0.00000 





Νι 2 





-G - 0.00000 





-H = 0.00000 





-I = 0.00000 
2 


Plate 9 











(((N1*-N2-4-N,?-N22)46-N,?-N53) : -NLN2*)*N55 





NrN2 -I = 0.00000 
-A = 0.00000 4 . 
ΝΙ-Ν2 Νι 
Ν12.Ν2 ((N13-N2-3-N12-N22)+3 1-N23)-No* 
——————— — —— —-.B = 0.00000 -H = 0.00000 
(N,?-2-N,-N5)*N2? Ni? 
Νι5.Ν; (N12-N2-2-N1- 27)+N23 
------------ππππ--ο.οοοοο G= 
((N,3-3-N42-N2)*3-N,-N22)-N23 πα G = 0.00000 
EN D = 0.00000 N,-Na-N2? 
(((N14-4-N18-N2)+6-N12-N22)-4-N1-N28)+N24 —  — E. P 000000 
ΝΙ5.Ν2 
-E = 0.000004 

















Νι = 2.73670 

N5 = 0.77575 

Να = 1.44291 
Ny 


= 1.39560 
ΝΙ-Ν2 


A = 2.01373 
B = 2.81035 
C = 3.92211 
D = 5.47368 
E - 7.63905 
F - 1.03391 
G = 0.74083 
H = 0.53084 
I = 0.38037 

















Να: -A = 0.00000 
2 


1 
Να: -B = 0.00000 
2 


1 
N3- -C = 0.00000 
3 ΝΙΝΟ 


4 
Να: -D = 0.00000 


Να: -E = 0.00000 

















Νι 1 

Νοκ, F 7 0-00000 
Νι -2 
N,N, “C= 000000 
N, 9 
NUN, "H^ 0.00000 
N, ^ 

sWLN, 27 000000 
Plate 10 














N,-N3 (((N1*-N3-4-N13-N2.N3)*6-N,?-N2?-N3 -4-N ,-N2?-N3)*N2^-N3 
-A = 0.00000 
ΝΙ-Ν2 N14 





-I = 0.00000 


N12-N3 ((N43-N3-3-N32-N2-N3)*3-N;-N2?-N3)-N5?-N3 
-B - 0.00000 


RU gm pn -H - 0.00000 
(N,?-2-N,-N3)*N2? Ni? 


N4?-N5 (N1*.N5-2-N,-N2.N35)*N2?-N5 


-C - 0.00000 -G - 0.00000 


N4^-N3 N;-N5-N2?.N3 


-D - 0.00000 -F - 0.00000 


Ni°-Ng 
-E = 0:00000 





Zero from bottom then top. 





N = 1.61903 


--- = 2.61543 


N 
N-1 




















J = 2.61548 
A = 4.23446 
B = 6.8557 

C = 11.09962 
D = 17.970@2 
E = 29.09448 
F - 1.6154 

G = 0.99778 
H = 0.61628 
I = 0.38065 


|z 


z 
μα 


-J = 0.00000 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 








N 
Na -F = 0.00000 


N 
N2 -G = 0.00000 


N 
Nea -H = 0.00000 


N 
Ντ = 0.00000 


Plate 11 


N 
πι“ = 0.00000 


-.-AÀ = 0.00000 
N-1 


----ς = 0.00000 
N-1 


. .-E = 0.00000 
N-1 


-ηἠ--- 








1 
-.-F = 0.00000 
N-1 





-G = 0.00000 
N2-N 





Na -H - 0.00000 





N^ NS -I - 0.00000 





Νι = 1.31693 
Nz = 0.82679 
Νι Ν2 





= 3.4355 
Νι-1 



































J = 3.43551 
A = 4.52433 
B = 5.95822 
C = 7.84657 
D = 10.33339 
E = 13.60837 
F = 2.60872 
G = 1.98091 
H = 1.50419 
I= 1.14219 





Νι9 


Νι] 


Νι2 


N42 


N,* 


N,° 





ΝΙ:Ν2 
` N4-1 





ΝΙ:Ν2 
` N4-1 





N,-N2 
` N4-1 





N1-N2 
` N4-1 





N,-N2 
N31 





N,-N2 
N31 








-J - 0.00000 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 














Νι Ν2 

ΝΤ = 0.00000 
Νι Νὸ2 

N12- N,-1 -G = 0.00000 
N.N 

Να. N,-1 -H = 0.00000 
Νι Νὸ2 

N,'4. N,-1 -I = 0.00000 

Plate 12 























C 
N,-N5 
-J = 0.00000 
Νι-1 
ΝΙ2.Ν2 
-A = 0.00000 
Νι-1 
ΝΙ3Ν2 
-B = 0.00000 
Νι-1 
N,*-N2 
-C = 0.00000 
Νι-1 
ΝΙ5 Νο 
-D = 0.00000 
Νι-1 
N19.N2 
-E - 0.00000 


Νι-1 








D 
N2 
-F = 0.00000 

Νι-1 

Ν2 
—— -G = 0.00000 
N,2-N, 

N2 
— -H = 0.00000 
N4,?-N,? 

N2 
— —- -I = 0.00000 
N,^-N,? 





= 
ll 


1.46046 
Nz = 1.13509 


= 1.28665 
Νο : 





























D - 12.30126 
E - 15.8p736 
F - 3.48363 
G = 2.71141 
H = 2.10735 
I = 1.63786 
































N,° Ni 

No N.N; J Æ 0.00000 
N,! Ni 

No N.N; A = 0.00000 
Νι2 Ni 

No "Nu T -B = 0.00000 
Νι3 N 

No . N,-No -C = 0.00000 
Νι4 

No "Nils, P = 0.00000 
Νι5 Wy 

No Win, ¥ = 0.00000 




















Ni 

ΝΙΝ; -F = 0.00000 
Ny 

ΝΙΝ; -G = 0.00000 
Ni 

N,-No -H = 0.00000 
Ni 

ΝΙΝ; -I = 0.00000 

Plate 13 























Νι 
-J = 0.00000 
Νι-Ν2 
Νι2 
-A = 0.00000 
N,-N>-N52 
N43 
-B = 0.00000 
N,-N>2-N53 
N,* 
-C = 0.00000 
N,-N>3-N54 
ΝΙ5 
-D = 0.00000 
N,-N2^-N55 
N46 


N,-N55-N29 


-E - 0.00000 




















N2 
-F = 0.00000 
Νι-Ν2 
Ν22 
-G = 0.00000 
N,2-N,-N> 
N53 
-H = 0.00000 
N,°-N,2-No 
N5^* 
-I = 0.00000 
N,?-N,?-N5 
























































C = 5.80830 
D = 7.48941 
E = 9.65708 
F - 2.10114 
G = 1.62951 
H - 1.26374 
I = 0.98008 

















2 
-N> 

Ni Ν2 
1-No 
N,-N2 





ΝΙ-Ν2 


Νι Ν2 





ΝΙ-Ν2 


Νι Ν2 





ΝΙ-Ν2 


Νι Ν2 





ΝΙ-Ν2 





-J = 0.00000 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 























1 N,N2 

. ΝΝ; -F = 0.00000 
2 ΝΙΝΟ 

. N,-N; -G = 0.00000 
3 ΝΙΝΟ 

. N,-N; -H = 0.00000 
“ΝΙΝΟ 

. N,-N; -I = 0.00000 

Plate 14 

















Νι Ν2 
-J = 0.00000 
Νι-Ν2 
N42 
-A = 0.00000 
N,-N2 
Ni? 
— — — -B = 0.00000 
N,-N5-N22 
N,* 
— -C = 0.00000 
N,-N22-N53 
N49 
-D = 0.00000 
N,-N59-N54 
N46 
-E = 0.00000 


N,-N2^-N55 











N52 
-F - 0.00000 

ΝΙΝΟ 

N53 
—. — —--G = 0.00000 
N,2-N,-N5 

N5^* 
—— —--H = 0.00000 
ΝΙ9-Ν12:Ν2 

N55 
—— —--] = 0.00000 
N,^-N,?-N5 
























































N; = 1.10350 
N5 = 0.88853 
Να = 0.41903 














-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 




















Νι 1 N,N3 
No . ΝΝ; -F = 0.00000 
Νι-2 N,.N5 
No . ΝΙΝ; -G = 0.00000 
N,-3 N,.N5 
No . N,-No -H = 0.00000 
Νι-4 ΝΙΝΟ 
No . N,-N; -I = 0.00000 
Plate 15 











ΝΙΝ 
-J = 0.00000 
ΝΙ-Ν2 
ΝΙ2.Να 
A = 0.00000 
N,-N5-N2? 
N,9-N3 
B - 0.00000 
N,-N52-N53 
N,*-N3 
C = 0.00000 
N,-N53-N;^4 
N15-N3 
D = 0.00000 
N,-N2^-N55 
N,9.N5 
E - 0.00000 





2:3 





-F = 0.00000 

Νι-Ν2 

N22-N3 
——— -G = 0.00000 
N,2-N,-N> 

N2?-N3 
— -H = 0.00000 
N4,?-N;?-N2 

N2*-N3 
— —————--] = 0.00000 
N,?-N;?-N2 





Exponential Series Notebook 2 


Zero from bottom. 


























N = 0.67329 








A = 1.12662 
B = 1.88516 
C = 3.15443 
D = 5.27830 
E = 8.83214 
F = 0.40238 
G = 0.24047 
H = 0.14371 
I = 0.08588 











N-(N+1)!-A = 0.00000 
N.(N+1)2-B = 0.00000 
N.(N+1)3-C = 0.00000 
N.(N+1)*-D = 0.00000 
N.(N+1)5-E = 0.00000 

N.(N+1)1-F = 0.00000 
N.(N+1)2-G = 0.00000 
N.(N+1)3-H = 0.00000 
N.(N+1)4-I = 0.00000 





























A = 2.22432 
B = 3.07576 
C = 4.25313 
D = 5.88118 
E = 8.13244 





F = 1.16328 
G = 0.84126 
H = 0.60838 
I = 0.43996 


N2-(Ni+1)1-A = 0.00000 
N2-(Ni+1)2-B = 0.00000 
N2-(Ni+1)3-C = 0.00000 
N2.(N,*1)*-D = 0.00000 
N2-(N,+1)5-E = 0.00000 


N2-(N,+1)-1-F = 0.00000 
N2.(N,*1)2-G = 0.00000 
N2.(N*1)?-H = 0.00000 
N2.(N*1)^-I = 0.00000 




















| N, = 1.12857 
N2 = 2.29441 


A = 1.68369 
B = 2.51186 
C = 3.74738 
D = 5.59064 
E = 8.34056 
F = 0.75648 
G = 0.50706 
H = 0.33988 
I = 0.22782 











-A = 0.00000 





-B = 0.00000 





-C = 0.00000 


N,*N35^ 
Νι------- -D = 0.00000 


N;,*N255 





-E - 0.00000 





ΝΙΝΟ -1 

















-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 




















Νι = 3.43566 


N2 
N3 


8.86571 
1.63369 





A = 2.26679 
B = 3.14522 
C = 4.36406 
D = 6.05523 
E = 8.40177 
F = 1.17742 
G = 0.84858 
H = 0.61158 
I = 0.44077 








-A = 0.00000 





-B = 0.00000 





-C = 0.00000 





-D = 0.00000 


Nı+N25 





Να: N -E = 0.00000 


Νο: 


Να: 


Να: 

















-1 


-F - 0.00000 


-2 


-G = 0.00000 


-3 


-H = 0.00000 


-4 


-I = 0.00000 





No 


Zero from top. 



































N = 2.00000 
A = 1.50000 
B = 2.25000 
C = 3.37500 
D = 5.06250 
E = 7.59375 


























N+11 
N 
N+12 
N 
N+183 
N 
N+14 
N 
N+15 
N 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 





F = 0.66667 
G = 0.44444 
H = 0.29630 
I = 0.19753 


N+1-1 





N+1 -2 





N+1-3 





N+1 -4 





-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 



































A = 2.14600 
B = 2.72047 
C = 3.44872 
D = 4.37192 
E = 5.54225 




















-A = 0.00000 





-B = 0.00000 





-C = 0.00000 





-D = 0.00000 





-E = 0.00000 





F = 1.33537 
G = 1.05339 
H = 0.83095 
I = 0.65548 

















-F = 0.00000 





-G = 0.00000 


-H = 0.00000 








-I = 0.00000 


ο 




















N, = 8.13593 
N3 = 2.43410 
N2 = 1.58466 





N4*N»o 





Ni 











= 1.19477 








A = 2.90820 
B = 3.47463 
C = 4.15140 
D = 4.95998 
E = 5.92605 




















Ni +N>2 
-A = 0.00000 
Ni 
N,+N> 2 
-B = 0.00000 
Ni 
ΝΙΝΟ 
-C = 0.00000 
Ni 
N,+No 4 
-D = 0.00000 
Ni 
N,+No 5 
-E = 0.00000 








F = 2.03729 
G = 1.70517 
H = 1.42719 
I = 1.19453 





Να: 


Να: 


Να. 

















-F = 0.00000 


-2 


-G = 0.00000 


-3 


-H = 0.00000 


-4 


-I = 0.00000 
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N2+1 = 0.48977 
N2+1 

N2 = 1.66488 
N = 1.22639 














A = 0.48977 
B = 0.81540 
C = 1.35755 
D = 2.26016 
E = 3.76290 























N N?+1° 
N241 N2 -A = 0.00000 

N N?2+1! 
N2+1 N2 -B = 0.00000 

N N?2+12 
N2+1 ON -C = 0.00000 

N N?2+13 
N241 N2 -D = 0.00000 

N N2+14 
-E = 0.00000 








N2+1 N2 





F = 0.29417 
G = 0.17669 
H = 0.10613 
I = 0.06375 





























N N?r1 

w241 κ “F= 0.00000 
N N2+1-2 

N41 N2 -G = 0.00000 
N N2+1-3 

N2,1' N2 “H = 0.00000 
N Ν211-4 

N2+1 nz “I= 0.00000 








N2+ 
νο 1.27525 
N2+1 
= 2.43071 





1 
N+— = 2.43071 
N 2 


N = 1.90607 


A = 2.43071 
B = 3.09976 
C = 3.95295 
D = 5.04098 
E = 6.42849 





























Ν211 N2+1° 
N ^ wa» “A = 9.00000 

Ν211 N?2+1? 
NX ^w» “B= 9.00000 

Ν211 N?2+1 ? 
^N NM -C - 0.00000 

Ν211 N?-*19? 
Nx ^q, “D = 0.00000 

Ν211 N?+14 
E = 0.00000 


N Νὰ — 





F = 1.49467 
G = 1.17207 
H = 0.91909 
I = 0.72072 














Ν211 N2+1 2 
N2 

Ν211 Ν2113 
N N 

Ν211 Ν211-4 
N N 

Ν211 Ν2115 


Ν N2 














-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 


Νι2--1 


Ni? 


N2-(Ni?+ 1) 


Ni? 


Ni 
N2 


1.14908 


1.79864 


2.98997 
1.56529 


A = 1.79864 N2(Ni?+1) Ni?+1° 














-A = 0.00000 
B=2.06677 Νι Ni? 
C = 2.37488 Ν2.(Νι211) Νι2111 
D = 2.72892 Ny ` Ny P 200000 
E = 3.13573 
N2-(Ni?+ 1) Νι2112 
^ N2 N2 -C - 0.00000 
1 1 
N2-(Ni?+ 1) Νι211 ὃ 
^ N2 “πα. -D - 0.00000 
1 1 
N2-(Ni?+ 1) N,2+1 4 
——5 7 —., -E = 0.00000 


Ni? 


Ni? 














F = 1.36221 
G = 1.18549 





N2-(Ni2+ 1) 


12 


H = 1.03169 No2-(Ni?2+1) 


I = 0.89784 


Ni? 


N2-(Ni?2+ 1) 


Ni? 


N2-(Ni?+ 1) 


Ni? 











E 
Νι211-2 
πα “F= 0.00000 
Νι211-3 

πα ~G = 0.00000 
Nı2+1 -4 
πα H = 0.00000 
Νι211-5 

Na 17 0.00000 





N2-(Ni2+1) = 2.23722 


N1?7*1 
Ni? 





= 1.24872 


Νι = 2.00514 
N2 = 0.44561 


A = 2.79366 
B = 3.48849 
C = 4.35614 
D = 5.43960 
E = 6.79253 


N,2+ 1 
(Nz-(N:?*1)— 0 -A = 0.00000 
1 


24.1 2 


N? 





(N2-(N12+1)). B = 0.00000 


N,2+1 3 
(N2-(Ni?+1))-— 7 -C = 0.00000 
1 


21-14 


N? Ἢ 





(N2-(N12+1)). D = 0.00000 


Νι2--1 5 
(N2-(N:?*1).— 5 -E = 0.00000 
1 


B 
J = 2.23722 
F = 1.79161 
G = 1.43476 
H = 1.14898 
I - 0.92013 

















C 
2+1 (0) 
(N2-(N12+1))- -J = 0.00000 
N;? 
N21 
(N2-(Ni2+1))- -F = 0.00000 
N;? 
Νι2112 
(N2-(Ni2+1))- -G = 0.00000 
N;? 
Nil 
(N2-(Ni2+1))- -H = 0.00000 
N;? 
241 -4 
(N2-(N12+1)). -I = 0.00000 


Ni? 


Topic divider 




















1 
— = 1.63024 
No : 
ΝΙ-Ν2 

= 0.79388 

N2 

N; = 1.94939 
N2 = 1.19577 











ΝΙ-Ν2 
A = 0.79388 — -A = 0.00000 


B - 1.29421 
C - 2.10988 
D - 3.43962 


N 
N 

E = 5.60741 ΝΙ-Ν2 
N2 
N 





2 
—. -C = 0.00000 


2 

ΝΙ-Ν2 

—— — -B = 0.00000 
2 
2 


ΝΙ-Ν2 
-D = 0.00000 
ΝΙ-Ν2 
———.—- -E = 0.00000 
Ν2 


Νιθ 
p 
Νι1 
p 
N; 
E 
Ni? 
Νο 
Νιά 
"s 





ΝΙ-Ν2 Nj! 


F = 0.48697 N2 "No 


G = 0.29871 
ΝΙ-Ν2 Νι 2 
H = 0.18323 ss 
No No 
I = 0.11239 
ΝΙ-Ν2 Νι 9 
N2 N2 
ΝΙ-Ν2 Νι 
No No 





-F - 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 





N2 
ΝΙ-Ν2 





= 1.75589 


Ni 
— = 1.32434 
N2 a 


Ni = 1.53175 
N2 = 1.15661 


A = 1.75589 
B = 2.32540 
C = 3.07963 
D = 4.07849 
E = 5.40133 


N2 Ni? 


Ni-N2 No 


No Ni! 


Ni-N2 No 


N2 Ni? 


Ni-N2 No 


No Ni? 
ΝΙ-Ν2 No 


N2 Ni* 


ΝΙ-Ν2 No 





-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 





No Ni, 
= 1, O— -F =0. 
F = 1.32585 N.N, No 0.00000 





G = 1.00114 . 
No Ni 
I = 0.57081 ων. 
No Νι 9 
.— -H = OO. 
N.-N; No 0.00000 
No N14 
———.— 1-50. 
N.-N; No 0.00000 











= 0.78754 
ΝΙ-Ν2 





Ni = 3.00000 
N2 = 1.14840 











A = 0.78754 
B = 1.27600 
C - 2.06740 
D - 3.34965 
E - 5.42718 














N2 Ni 
Ni-N2 Νι-Ν2 
N> Ni 
ΝΙ-Ν2 ΝΙ-Ν2 
N2 Ni 
ΝΙ-Ν2 Νι-Ν2 
N2 Ni 
Ni-N2 Νι-Ν2 


Ni 


Ν2 
ΝΙ-Ν2 ΝΙ-Ν2 


























ο No Ni -1 
AL _ ο. -F = 0.00000 
A = 0.00000 F = 0.48607 -| kN; Nun, 
G = 0.30000 
i H = 0.18516 a 
Ν = 0. -G = 0.00000 
-B = 0.00000 ο... 
I = 0.11428 
2 N2 Ni 3 B 
Ν ------.------ Ἡ - 0.0000 
-C = 0.00000 N.N. N.N. 
: μαι μμ 
Ν 1-0. 
-D = 0.00000 NANa N.N. 
4 
-E - 0.00000 

















ΝΙ-Ν2 
Ν2 





= 1.42482 


= 1.49258 
ΝΙ-Ν2 á 


Ni = 3.99177 
N2 = 1.31737 








A = 1.42482 
B = 2.12666 
C = 3.17422 
D = 4.73779 
E = 7.07155 





MEE 


N2 ΝΙΝΟ 
N;-N2 

V Ν; ΝΙΝ; 
N;-N2 

V N 


N 
N 
2 ΝΙ-Ν2 
N 
N 





ΝΙ-Ν2 
N2  N;-N2 


Νι-Ν2 


N2 





—- . -A = 0.00000 


—- . -B = 0.00000 





Ni 
1 
1 
1 
1 


N;-N2 


4 


ο 
1 
2 
3 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 





F = 0.95460 N2 N.N 
G = 0.63956 Νι-Ν2 1 7 
H = 0.42849 \ Νε ΝΙΝΟ 
1 3 
1 4 








N 
I = 0.28708 N.N; Ni - 
Νο  Ni-N2 

Ν 


Ni-N2 


N2  N;-N2 


-F = 0.00000 


-G = 0.00000 


-H = 0.00000 


-I = 0.00000 


Topic Divider. 





= 0.00000 
— INyNo1-F = 0 
F = 0.89257 E 


4 = 1.7 -2-G = 0.000 
1 1° 20- e. . Baa JE N1-N2 2 
9 2 H — ο. 5 N2 
E A : 
= 1.2 
N2 4 


D = 3.42566 00 
= 1 -3.H = 0.000 
8 1 1:Ν21-Νι = O. I = OQ. Jz Ni N,-N23-H 
e 

C= 2. : 

1192 = 1. = 9. Ni \/Ni-N22-C = 0.00000 
aisi. ----/Νι:Ν2 
Νο = 1.12036 E = 4.7947 
2 = 


= 0.00000 
Jz «1 - 0. 
τ, ΝΙΝ 
Ν2 
= 0.00000 
Ni 3.D = O. 
— -./Ni-Noa 
(x -- 


00 
3l [NLN;*-E = 0.000 
N2 


— = 2.11403 
Ni-N2-1 


J N1-N2 = 1.34658 


Ni = 0.73268 
No = 2.47486 








A = 2.11403 
B = 2.84670 
C = 3.83331 
D = 5.16185 
E = 6.95084 





Ni-N2-1 
Ni-N2-1 
Ni-N2-1 


Ni-N2-1 








Ni 
N,-N2-1 


-/ N1-N29-A = 0.00000 


1 
-J N1-N2!-B = 0.00000 


Ni 
-J N,:N2?-C = 0.00000 


Ni 
-J N,:N33-D = 0.00000 


Ni 
--/N1-N2*-E = 0.00000 








F = 1.56992 
G = 1.16586 
H = 0.86580 
I = 0.64296 








Ni 
———————.JN,:N2'!-F = 0.00000 
N,-N2-1 
1 
—— — — —. JN,:N2?-G = 0.00000 
N,-N2-1 
1 
-JN1-N2:?-H = 0.00000 
N,-N2-1 
Ni 
| ../N1-N27t-I = 0.00000 
N,-N2-1 














| Να _ 4 e602 A = 0.86603 
Ni B = 1.10534 
C = 1.41078 
: D = 1.80063 
4 = 127683 E= 2.29820 
Ni = 4.00000 
N2 = 3.00000 


2 
— = 0.75000 
Nj 











N2 
— -A = 0.00000 
Ni 


B 
---.---Β = 0. 
A 0.00000 


N2 B? 
Ν.Α -C = 0.00000 


N2 B? 
Ν.Α -D = 0.00000 


N2 Bt 
N. A -E = 0.00000 








F = 0.67853 
G = 0.53162 
H = 0.41652 
I = 0.32634 


z|z| 2/2] 2/2] 2/2 


SIU >I »iUuU | 








-1 
-F = 0.00000 


-2 
-G = 0.00000 


-3 
-H = 0.00000 


-4 
-I = 0.00000 


1.54692 


1.54692 


ο 
Β 
D 
ο 


2 = 1.41421 


= 2.00000 
N2 = 1.00000 


A 
Ι 





B = 3.09384 
C = 4.78591 
D = 7.40341 
E = 11.45247 
F = 1.29289 
G = 0.83579 
H = 0.54029 
I = 0.34927 


S O From any point N: draw the 


Zp tangent to the ellipse N2. Or 
AB := 1 given the square N» divide it by 
N, := 3.31672 Ni. 
Νο :- 2.53931 








Although I wrote this up in The Curver of the 
Equation, let me do it again, from a different 
starting point, pointing out other | 
relationships. Not to mention, simplified and A 





that I will make N, the ellipse. Bic heave ο 
Νο = 2.71076 w^ = 0.00000 
A = 5.56312 i 


Ν. = 3.31672 One can see that there is a number of pathways, starting from N4 by which to construct the figure 
1 -7 ο 


N» = 2.53931 and it is independent of any second variable. For example, I can use the operational tail of Νι and 











Ri = 4.33214 take any point H on it. From H, I can go to either M or E. Or I can take N} and any N, and find 
R- = 3.20184 





everything, which is what I will be doing here. Each path one takes will, naturally, produce a both a 
logical and an analogical path to the same conclusion. 





Ni. Ν2 BF BJ 

BF: ———  EF:- — BJ:=N,-EF BO:= ———— R,:=BO 
N,+ Nə Ν2 l- EF 

BT: ———-—  GT- —  GK:-BO(1-GT) SK:- GK- BT R5 :- SK 
BO + No 2 


R, = 4.332134 R, = 3.20184 


N^ 2.N4^. N5 
Rı-——=0 R-— —; = 
N2 Nı + Nə 


Therefore, even though, given only the two points, the logic gives us a means of drawing the 
figure for the solution. 


Now, if given Νο and Κο what would N; be? Given 


just 2 points, or any two values, it would not be N, — 
possible, however, since we have the equation, we 1 2.N5- Ro 
can now draw it to find the figure. 


Νι = 3.59613 4 
N2 = 2.51727 —— 
2-N2 = 5.03454 B = 5.03454 
ΚΕ . 
(2.Ν.)-Νι = 1.43841 C= 1.43841 co a 
N,-((2-N2)-Ni) = 5.17272 F = 9.17272 i 


(CNN) = 2.27436 ^ ο 


H 
N2- /(N;-((2-Na)-Ni)) = 5,72519 H = 5.72519 NEM 
= H 
Νο. Νι:(2.Ν2-Νι) μας, —-R = 0.00000 
——————— = 8.98021 C 
2:Ν2-Νι 





(Να-./(Ν1.((2-Νο)-Νι))) 


"ως. EN 2-N2)-N 
J-Nı = 0.00000 J = 3.59613 D Ec ((2-N2)-N:) 





-R - 0.00000 











Therefore, any point, on any circle or ellipse, may be espressed as a ratio between the two dimensions 
of a plane. 


Both an ellipse and a circle are two-dimensional linear functions, one can say that it is the loci of such 
and such points; in either case, it is not a line. Every segment is of one-dimension, or linear. 
































Νι = 3.31672 
Νο = 2.53931 
Κι = 4.33214 
Κο = 3.20184 


2 


R,-— = 0.00000 
N 


2 


2.ΝΙ2.Ν 
Ἀρ-------- 
Ni7+N2 


= 0.00000 


n, 


ul 





v 
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During my randome excursion into 
textbooks, I came across a statement by one 
author that exponential notation was not 
demonstrable, or abstractable from geometry. 
However, when I read that statement I reached a 
different conclusion, that the author could not 
draw his way out of a paper bag. It really does not 
take that much playing with basic geometric tools 
to discover a wealth of figures by which to develop 
geometric series. I will start with a simple root 
figure and add a bit of recursion. One will note 
that they can do a figure demonstrating both so 
called positive exponential series and negative 
with the same figure, or in short, the whole of 
basic exponential notation. 


A = 1.47803 
B = 1.59816 
C = 1.72805 
D = 1.86850 
E = 2.02036 
ΕΞ 2.18457 
G = 2.36212 
H = 2.55410 
I = 2.76169 
J - 2.98615 
K - 3.22885 
L - 3.49128 


One can see that one of the operational tails can produce 
two results using the operational tail of the unit and the units 


circular function or circle for short. 


The basic figure, where the circle is added to the unit 
example, can be understood as the pair of the unit and the 
primary unit function traditionally called a circle. Or, again, one 
can view the circle as the operational tail of the primitive linear 


function. 


Each of the results also have the same option for 


development, thus one can, using the area of the operational 
tails, simply draw to their hearts content simple geometric 
series. And, if we make the unit a veriable or second input, one 
can start to complicate things. Then by tossing a function on 
the second, well one can generate all the head work they want. 
One can see, by the dual splitting of our options, why the results 
is a factor of 2. This may be a hint as to how to formulate series 
using a function on the unit and after the first split, switching to 


the unit for further recursions, or whatever one likes. 


Simple Geometric Series. 


Νι:25-Α = 0.00000 
N,!-5-B = 0.00000 
N,175-C = 0.00000 
N,?-D = 0.00000 
N,?-25-E = 0.00000 
N,?5-F = 0.00000 
Νι275-α = 0.00000 
N,°-H = 0.00000 
N,?-25-] = 0.00000 
N,?-5-J = 0.00000 
N,?-.75-K = 0.00000 
N,?-L = 0.00000 


Νι = 1.36693 








Νι = 1.66534 
A = 1.29048 /Ni = 1.29048  _/N,-A = 0.00000 
B = 2.77337 N,? = 2.77337 N,?-B = 0.00000 


A ny B 








Y 2 AB := 1 A C πι nı R2 
























σ N, := 1.67837 
= 1.67837 
MN,:= EJ := \/ MN. (1 - MN) R; = 1.29552 
Ni + 1 
Rə = 2.81693 
- R N, =O 
τν 1 1 Ξ Β HK NP D 
2 
2 2 AB 
BN, :=./ AB^ +N} BG := 
BN, 
= GH := — 
BN, Νι 
R - Ν Βο-0 
2:7 η 1 2= 


Thus, one should realize, as soon as one is given the circle, they are given a linear function which automatically implies the importation of the so called Pythagorean 
Theorem. Thus, the so called theorem is just one results of what was given as soon as one had taken the original function. The fact of the matter is, one need not even 
mention it as it is one of a group of results. And, as one is given the circle, what is implied is, when one realize that the unit tail in the figure can be used to extrapolate a 
second variable, that the ellipse is a given also, or again, a geometric tool is that tool which produces one, and only one, difference between two points, or again, one in 
which is covered by the concept of complete induction of the unit. The whole train of thought which leads to discovering what a circle is, is not possible when one is 
thinking arithmetically, thought has to evolve to become inclusive of proportional reasoning which brings in multiplication and division, or again, the root functions. 
Proportion is a given as soon as one starts using the circle or the primitive unit function. 




















AA 


N, = 1.66534 


A = 1.29048 γΝι = 1.29048  _/N,-A = 0.00000 
B = 2.77337 N;? = 2.77337 N,2-B = 0.00000 


AB := 1 
o - 
< A2-B = 0.00000 CF = 0.00000 E?-J - 0.00000 
A e (A-B)-C = 0.00000 (CD)-G=0.00000 (E-F)-K = 0.00000 
E2-D = 0.00000 D?-H = 0.00000 F2-L = 0.00000 
Να := .82839 


(B-C)-E = 0.00000 


(DE)-I = 0.00000 


(F.G)-M = 0.00000 


Sketch from 062412 


One will notice that this is a geometric series which uses a second 
variable to deterine the point from which to project the series from. 
One may also notice, the vanishing point for the series, as shown in 
the second figure remains at O no matter what value one sets for 
either variable. One can manually adjust the second veriable in order 
to produce any number of proportionals within a given distance 
which means that a controlling structure to do exponential series 
can be plugged into the figure, if one knew what that plugin is. 











N, = 2.93308 
Νο = 0.82839 N, = 4.39883 A= 1.12241 
Κι = 0.70843 N, = 1.85710 B= 1.25981 
R» = 1.41157 C= 1.41403 
D = 1.58712 
E = 1.78141 
Ni HM 
ΒΡ := ———— AH := BP HM := 1 — AH BN := —— 
N,+1 AH 
N2 
BE := Nə BG:= ——— AG:=1-BG 3 GK:-BN AG 
Ν2 +1 
BE + GK Νι:Ν2-1 
Μο := ——— — - N5 R,» = 1.411568 R,- ————— - 0 
BG N1: N2 
Νο + BN BE 
BF :- ———— ——— ___ -N 
Ns + 1+ BN l^ BF 2 R, = 0.708432 
Νι:Ν2 
Rj -1 


__ ἳ τσ = 
Νι:Ν2-1 





F= 1.99947 
G = 2.24424 
H = 2.51896 
I - 2.82731 


um FR R » ( 
τ oem LJ 
E = — 
PE = = 
ue — — 
-- -- 

















N,-N,+1 1 (Ni-No+1)5 (N N +1)? 
—— -A= 0.00000 -------- -E = 0.00000 -------- 1- 0.00000 
NN, (N,-N2) (N,-N;) 
(N,-N,+1)? (Ni-N2+1) 6 (N,-N+1)1° 
— -B = 0.00000 ———— -F= 0.00000 —— = 
ΠῈΣ (N,N) (VN) ~~ 0.00000 
(N Na+ 1)° (ΝοΝ2ε17 ΠΕΣ 
-C = 0.00000 -G = 0.00000 -------- .K- 0.00000 
(N,-N2) (N,-N) (N,-N;) 
(N:Ns+1)‘ (N.-Ny+1)$ (N,-N,#1)” 
-D = 0.00000 -H = 0.00000 --------- .L- 0.00000 
(N;-N2) (N;-N2) (Νι:Νο) 
Επ = 0.00000 
(N,-N5) 
I J K M 
ni 
A3-C = 0.00000 
B3-F = 0.00000 
Nı-N2+1 - I= 
Ν.Π} aq M-Net 9.16907 C2-I = 0.00000 
(N: N2) Νι.Ν2 = 8.16907 D:-L = 0.00000 
J = 3.17341 A2 = 1.25981 C? = 1.99947 E? = 3.17341 
K = 3.56188 — AB- 1.41403 C.D = 2.24424 E.F = 3.56188 
L = 3.99790 B? = 1.58712 D? = 2.51896 F2 = 3.99790 
M = 4.48729 B-C= 1.78141 D-E = 2.82731 F.G = 4.48729 


ra 


ny 


LÀ I [| I 
a [ J l 
— — — — = μετα =— = 
= — — μα. »- m _ — = 
m — LA ES S = p A ENTE 
— c = κε... —E D — m nm 





is 


:” 














Thy 






Νι = 2.93308 





N2 = 0.82839 
πι = 0.70843 
R2 = 1.41157 
Ni-Not Ni-No+1 = N,.N25-*1 
^ —. . = 1.41157 Αι------ = 0.00000 -—— = 
Nı-N2 U NN R2 N,- N, 0.00000 


Thy 


IY C Ni = 1.32204 


σ A=1.00000 N;?-A = 0.00000 
B - 1.32204 Νι1-Β = 0.00000 
ο = 1.74778 . N;?-C = 0.00000 
D = 2.31062 . N;?-D = 0.00000 
072211-1 E = 3.05473 . N;^E = 0.00000 
F = 4.03846 N,°-F = 0.00000 


ης "t G = 0.75641 Νι-α = 0.00000 
constructable exponentia 

. = 0. N,-2-H = OQ. 
series. However, one can add ο αὶ : ; '''' 
this plate to the previous one I - 0.43278 N1*-I = 0.00000 
using each point on this as the 

second variable in that plate. 


Just another easily 




















A ο "i 
AB := 1 
Νι = 1.72698 
N, := 1.72698 R, = 0.57905 Vi One might notice, no matter where N] is, 
1 N ει. AR will always be perpendicular to BN}, or 
1 = 2. 
KM :- —— ------ ν᾿" again, their intersection will always be on the 
N,+1 Νι 1 circomference of a circle. 
_ KM - ΖΝ 
R4 (75 BM Ri = 0.5 9046 B F R, D R, R, 
1 -1 
Νι -— =O R,—N, = 0 
Ny 
O AB A f : 
BD:-AB BD-N, =O GH := — And thus we have four values in a geometric series. One may note, that if I was 
2 constructing, which I did for the temple, an arithmetic series, I would use AB, instead of 
AC to walk the series. 
R5o:- ———— Ro-N,=0 Ro-N, =O 
2 GH 2 1 2 1 
N,: JM 
JM :- BM R3 = — R3 = 2.98246 
KM 


Ἡ, Νι΄-ο 


N, = 1.72698 
Κι = 0.57902 
R; = 1.72698 
R; = 298245 









































R,-N,-1 = 0.00000 
Κ2-Νι = 0.00000 
R;3-N,2 = 0.00000 


O AB := 1 


2» Ni = 2.13284 
N := 3.17169 
AB 
AF := — 
072211-2 2 


BM := Νι ΑΕ BT := N2 AF 


BM 


R» :- — 
?" AF 


R} :- —— 
3" AF 


BT 


R2-2.13284 R} -= 3.17169 


Ro 
HJ := ———— 
Ν2 + Νο 
BJ 
Rj oe 
AB - HJ 
BV := N2- NP 


R, = 1.434253 


Νι = 2.13284 
N2 = 3.17169 
Κι = 1.43425 
R2 = 2.13284 
R; = 3.17169 
R4 - 4.71653 


BJ := N,.HJ 
R3 
pil————— 
R3 + Ni 
BV 
R4 QR 
AB - NP 


R4 = 4.716536 





























A = 2.05202 


B = 2.56000 


C = 3.19372 


D = 3.98432 


E = 4.97062 











Νι5 


= 2.56000 


= 3.19372 


= 3.98432 


= 4.97062 





F = 1.64485 


G = 1.31846 


H = 1.05685 


I = 0.84714 


Thy 




















o 
2 
= 1.64485 A- = 0.00000 
N,! 
N5! 
= 1.31846 B-—— = 0.00000 
. Νιο 
Ν22 
= 1.05685 CUN = 0.00000 
N5? 
D-— = 0.00000 
= 0.84714 Ni? 
N5* 
E- = 0.00000 
N42? 
No 
N, = 2.05202 
Νο = 2.56000 
C 





-1 














F- - 0.00000 
Q2 
N25? 
G- - 0.00000 
13 
-3 
H- - 0.00000 
1-4 
-4 
I- - 0.00000 
1:5 
2 
N2 
R4- —— -ο 
Νι 
2 
N2 
4-—— =0 
Νι 

















Νι = 2. 13282 
































-1 1 
N2 = 3.17169 Rı-- z = 0.00000 — g,.—- = 0.00000 
R; = 1.43427 : ih 
N59 22 
R2 = 2.12284 Ro-y ıı 70.00000 — R,-—_— = 0.00000 
Rs = 347169 ] i 
R,/4 4.71653 


B JDMP RT V R, Κα R4 





















































N ο 
2» A = 1.43109 ΠΑ = 0.00000 = 
AB := 1 ° 
N; 2 m 
B = 2.04801 Ll pe 2 
N, := 3.46347 M. πο E 
080912 Να :- 2.62874 C = 2.93088 c ος 
2 
4 
ΑΒ D= 4.19435 Ni z = 
AE:=—_ BN - AEN, ν᾽ 
N5 - AB E = 6.00248 N; 5 
- A, x -E = 0.00000 
Αι = AF = ———— 
1 - AE Aj + Ν2 
BT := ΑΕ.Ν B ia 
= “NY 1:= N, = 3.46347 
οὐ N2 = 2.62874 
B, Αι = 1.31754 
AG := E CN BX :- AG. N, B, = 1.73591 
1*2 C, - 2.28713 
BX C, D, = 3.01339 
C, -- AH -- — 
1 — AG Cı + Ν2 
BZ 
BZ:=AH-N, D,:= 
1 — AH 


= 3.4634 


Νο 2,262874 
Δι = 1.31754 
B, = 1.73591 
C, = 2.28713 


D; = 3.01339 






































KD TV X Z 








Νι 
— = 1.31754 
N2 


Ni 
Ar = 0.00000 


2 


Ni 
Βι---- 
Ν2 


= 0.00000 


= 0.00000 


= 0.00000 


081112 


AB := 1 

Ni .— 1.24957 
Να := 2.52225 
Να := .58657 


Although one can project the 
results from the origin, the exponential 
ladder is made behind it and must be 


completed anyway. 
N2 


BI := 1 — ——__— 
Νο + N35 


FK := BP. (1 - BF) 


EK := BP. (1 - BE) 
GM 
BG := 1 - — R3: 
BP 
HN 
BH := 1 - — R4: 
BP 
2 
N1- (N2 - Να) 
Μι - z 
N2 
N2 
R, —N 
1~ NL| Na -Na 






























































A = 1.31783 G = 0.90537 
i 4 N- = 1.20647 B = 1.58992 H = 0.75043 
Ni 4 -N2 a C-1.91819 I= 0.62200 
ΒΡ :- ΒΙ BF = 1 N2-N3 D oe Νι = 1.09230 D = 2.31425 J = 0.51556 
^" 1- BI |.ONQe1 Νι:Ν2΄ N2 = 4.00439 E = 2.79207 
(NaN P ^ 0.00000 N, = 0.68530 F = 3.36855 
1 - FK 1 
Νο = -1 BE: 
B Νο -1 
1- EK BP. N, 
Rj -- — — 1 GM = N, = 1.24957 
BE N, + 1-BP N2 = 2.52225 
Ns = 0.58657 
5 1 Ην. BP- R3 R; = 0.73596 
BG R3 1- BP R2 = 0.95897 
Rs = 1.62823 
1 R, = 2.12164 
x 7 
2 
N1- (N2 - Να) Νι:Ν2 Νι:Ν2 
-9 R2- N = 9 ΘΝ. Νε Ra- 2; 9 
2 27 "3 (N2 E N3) 
Na |! N2 N, ^ 
=O Ro-N = R> -Νι: =O R4- N = 
2-81 No — N; 3— Ny No Ν. 4—Ny No Ν. 




















2 
-N,-A = 0.00000 
N2-N3 


2 


2 
-Ni-B = 0.00000 
N2-N3 


3 


2 
-N,-C = 0.00000 
Ν2-Να 


4 


2 
-N,-D = 0.00000 
N2-N3 


5 


2 
-N,-E = 0.00000 
Ν2-Να 


6 
-N,-F = 0.00000 


2 
N2-N3 





N2 


1 


— — .N;-G = 0.00000 


2 


— —  «Νι-Η = 0.00000 








-3 
-N,-I = 0.00000 


-4 
-Ni-J = 0.00000 





pee PBZ 
ll 





















































S OAN ^B-1 — —— 
d N; := 1.47934 μμ. 
1 1-GS m 
BG := πῃ GS :=1-BG TU := ice Νι = 1.31554 A = 1.73065 F = 1.00000 N,2-A = 0.00000 N,°-F = 0.00000 
1 B = 2.27675 G = 0.76014 Ni3-B = 0.00000 _N,!-G = 0.00000 
_GN C = 2.99516 H = 0.57782 N,^-C = 0.00000 N,-2-H = 0.00000 
BU:-1- TU GN := BU-(1-BG) AC: "us 7 1 D = 3.94026 I = 0.43922 N,5-D = 0.00000  N;?-I- 0.00000 
E = 5.18358 J = 0.33387 N,9-E = 0.00000 _N,-4-J = 0.00000 
1 
AC = 1 = τι Ας FM := BU. (1 = BF) A R, R, C n, R5 R4 
-— i Nı = 1.47934 
R5 := -1 ΕΕ - EK := BU.(1 - BE) Ri = 0.45694 
BF 1+ Νο R2 = 0.67598 
Rs = 2.18845 
1 - EK 
R4 := -1 N,-|—-1]|=0 R4 = 3.23746 
BE BG 
Nı: BU HO 1 
HO — = 1------ Qa πεπα αι 
N4 + 1- BU BH 
R3. BU JP 1 
JP := = 1- — Ryg:= —- 
R5 + 1 - BU U BJ 


Κι = 0.456945 R, = 0.675977 R} = 2.188447 Ry = 3.237457 


1 1 
R;-——-0 R-—=0 AB-AC=0 N,-N,-O ΒαΝι-ο R,-N,°=0 

2 N 

N; 1 


R;,-N, 7=0 R-N; | -ο AB-N,?=0 ΝΙ-Νι-0Ο Εν Νι-ο ΕΝ -0 


N, = 1.51773 
Κι = 0.43412 


(2 0.65888 
R3 = 2.303 
R4 - 3.49610 


0 


0 














φ- 
΄ 
























R;-N,? = 0.00000 
R5-N;'! = 0.00000 
R3-N;? = 0.00000 
R4-N,? = 0.00000 







































































C AB = 1 
2 | N, = 1.97774 
Νι = 1.97774 ο 
No := 1.45792 Νο = 1.89462 
Νε := 1.89462 c R 
081312 R5 = 1.04387 
Ες = 1.35655 
BF := : E : KL := x BX = ui R4 - 1.76289 
N,+1 N5o+1 N3+1 l- JL Rs = 2.29095 
EX R, = 2.97718 
BW:- —-—-— FP:=BX (1-BF) ΕΟ:-ΒΝ.(1 BF) 
1- KL 
FP FO 
R4: —— R3: — BE: ——— — ΕΜ.- BW.(1- BE) 
BF BF R» + BX 
EM BW GR 
= α-- ——— GR := ΒΧ.(1 Βα R4:--—— 
BE R5 + BW BG 
BW HT BW 
BH = ———-  . HT: := BX-(1- BH)  Rs:= —— BI:= - — E 
R4 + BW BH Rs + BW U Ni N 
(πε}α-α = 0.00000 -- ).N.-1-F = 0.00000 
IV:= BX (1-BI)  Rg- —~ M M 
= . — 6 = — N 
BI I reordered No and N3. (5 me - 0.00000 ( Ni )x 2C 000000 
N32 Not 2 . 
Ni . Ν2 Ν Ni Ni N 
Ri-—,-=0 Ra-.--0 κα -ο (πε)η-ε = 0.00000 (s wn = 0.00000 
N3 3 2 " j 
1 i _ Ni 
N, = 1.95987 A-1.18227  F - 0.81960 Gs λα '''' Go su - 0.00000 
N,.N3 Νι «Να N,-N3° N2 = 2.39124 B= 1.70541 G = 0.56819 (*) "ERR 
R4- 25 5- "— Re - "-— Ns = 1.65771 C=2.46005 H= 0.39389 Να) ο ο ^" 
N2 N2 N2 D = 3.54859  I- 0.27306 
E = 5.11881 
from which one can derive: 
Ni a9 1 —1 Νι ο Νι 1 1 2 Ni 3 
R4 - Νο 7-0 Rg-——-N3 -0 Rg-——-Ng -0  R4-—. Ns -0 Rs-—-Ng -0 Rg-—, Νο =0 
N2 N2 N2 N2 N2 N2 





N, = 1.97774 
N2 = 1.45792 
Nz = 1.89462 
Κι = 0.80326 
R2 = 1.04387 
R3 - 1.35655 
R, = 1.76289 
Rs = 2.29095 
Re = 2.97718 


















































R|-——— = 0.00000 





N52! 
N,.N3! 
R2-—— —— = 0.00000 
N59 
N,. N39 
3- = 0.00000 
N21 


4- 


57 


6- 


Νι.Ν 


3 


N22 


N1- N32 


N53 


N1: N33 


3 


N54 






1 














= 0.00000 


= 0.00000 


= 0.00000 


BE := 


BJ := 


BF := 


BH : 


BG : 


R,--1.833107 R 


a 
A 
| 


C 


AB := 1 
o 
N4 := 1.53478 
Να := -0.54429 
081712 
Νο + 1 N1: Nə EK 
--------- Å 
N,+No5+1 N,+1+No5 BE 
N> + 1 R,:-No JP 
— "JP es OER = 
No+1+R, R,+1+No BJ 
Νο + 1 R2. Ν2 FM 
Nə + 1+ Rə R5+1+No BF 
Νο + 1 R5. N5 HO 
—————- πο:-------.. R= 
Nə + 1+ R3 R3+1+No BH 
No+1 R4: No GN 
eo, GN RE 
No-1-R4 R4 1 --Ν2 BG 


= 3.123297 


Ες = -3.730398 


N2: Ry, 
i N5o-1 i 
N2: R4 
5— = 
No+1 
N2 
-0 — 
: E No+1 
N2 
= 0 Ry — 
: ? No+1 


N2- R2 


= 2.189423 R} = -2.614999 







Κι = -1.83310 
Κο = 2.18940 


R; = -2.61495 
R4 = 3.12322 
Rs = -3.73028 


= 2.17870 


N2 


Not+1 
N2 


N,.N2*N,; 


N2 


-0.52456 


-0.90634 


= -1.97465 


= 1.53478 


-0.54429 


A = -1.97465 
B = 1.78970 
C = -1.62208 
D = 1.47016 

= -1.33247 


VL 











F = -2.40384 
G = 2.65225 
H = -2.92632 
I = 3.22872 


N, N2*N, 


N2 


Nı-N2+N:; 


N2 


Nı-N2+N:; 


N2 


Nı-N2+N:; 


N2 


N,.N2*N,; 


N2 











N2-*1 3 





No2t+1 0 


2 
N2+1 1 
2 
Not1 2 


2 


2 
No2t+1 * 


2 


Writing these out does have an adantage! 


-A = 0.00000 


-B = 0.00000 


-C = 0.00000 


-D = 0.00000 


-E = 0.00000 


N,.N2*N, 


N2 


Νι N2*N,; 


N2 


N,-Not+Ni 


N2 


N,.N2*N, 


N2 


Nı-N2+N; 


N2 






















No2t+1 d 
-N; = 0.00000 
N2 
No2t+1 -2 
-F = 0.00000 
2 
No2t+1 -3 
-G = 0.00000 
N2 
No2t+1 = 
-H = 0.00000 
2 
No2t+1 = 
-I = 0.00000 
N2 


R, = -1.83310 
R2 = 2.18940 
Rs = -2.61495 
R4 = 3.12322 
Ες = -3.73028 


N2 











* IV. 


Nì = 1.53478. 








































S C AB = 1 


o Ni ‘= 2.47834 
Να := 1.69523 


090912-1 


Here, I take the square root output of both variables and 
use them to project to the unit perpendicular tail to project 
two parallels upon which I construct the recursive series. 


1 1 


— BF := ——— AE :- AB - BE 
No+1 N,+1 


BE : 


AF := AB- BF EG:;- AE BE FH:- /AF.BF 


BE BF FH 
DM := — ---- R,-—— DM 
EG FH B 
Κι R2 R3 
R» := ——.DM R3:= —-DM  R4:- — DM 
DR DR DR 
2 








-0 R, - 1.209111 


- 
v Na v Na R» = 1.461949 


4 R, = 1.767659 
J Νι 
-0 R4- 
N 





=O R4= 2.137295 





N, := -2.47834 
Na.:- -1.69523 


Now here is proof positive that current mathematical 
linguistic comprehension is grossly in error. Some math 
packages will not give this result, currently there is some 
dissent in the mathematical community. However, do the 
figure, there is absolutely no results for so called negative 
values. If your life depended upon accurate results, would this 
program satisfy you? 


Νι = 2.47834 
N2 = 1.69523 
R, = 1.20911 
R2 = 1.46194 
R; = 1.76765 
R4 = 2.13728 








= 1.24338 


Νι = 3.18458 
N2 = 2.05988 
























































= —1.5742741 


(Ny + 1)? 
= 1.209111 


-A = 0.00000 











i. -B = 0.00000 
2 
F = 1.00000 Jw? 
1 
G = 0.80426 -C = 0.00000 
J N2 
H = 0.64683 πο 
. Ν 
I = 0.52022 L D- 0.00000 
J = 0.41839 y 82 
/Νι 
-E = 0.00000 
y No 


.[ N4 = 1.574274i 


J Nı 
= 1.209111 


ΜΖ 








-F = 0.00000 


[Ne 
/m ^ 





-G - 0.00000 


[S 
M? 





-H = 0.00000 





-I = 0.00000 





-J - 0.00000 


Ni 
N2 
Ri 
Κο 
R3 
Κι 


2.47834 
1.69523 
1.20911 
1.46194 
1.76765 
2.13728 































N 











OR RQNRS Ry N, 























Da ο Ν 3 
E τα JN - 1.20911 g,. XN - 0.00000 mel = 0.00000 
M U V J Na J/ Na J Na 
R2- = 0.00000 R4- = 0.00000 














Z> AB:=1 N; = 1.76087 
N, :- 1.76087 N2 = 3.81671 
R; = 1.10562 
N» := 3.81671 a aati 
090912-2 R; = 2.22223 
R4 - 2.80447 
1 1 1- DK 
1 1- DK — 
EK:- —  R,:- ——— ΟΚ-ΕΚ.(1- DK) , 
R2 EK 





1 1 
R3:- — HK := GK.(1- DK) R4:- — 
GK HK 


















































N, No*N, Notl 2 
———— . -Νι = 0.00000 
N2 N2 
R, = 1.105617 R» = 1.395295 N,No*N; N2+1° -2 
1 2 N N eee 2 μων Em i arii -F = 0.00000 
R3 = 2.222228 R4 = 2.804465 ο... = 
1NotNy at N, No*N, Notl ds 
N,-No+N; — C -B = 0.00000 ———. -G = 0.00000 
——— = 2.27629 3 a N2 N2 
-2 -1 N2 N,-N2+N, Not1 2 N,-NotN, Not1 -4 
(Να + 1) (Να + 1) -— A-2.27629  F- 1.58722 ————.— — -0-0.00000 ——. — — .H = 0.00000 
Κι - Ny ‘Nj =O R2- Ny -N,=0 2 = 1.20903 B= 2.75211 G=1.28799 m : B . i .. 
2 C = 3.32740 H = 1.06530 —— = : -D-0.00000 NN: Mott” | 0.00000 
N, = 1.88273 D -4.02294 I= 0.88112 à i N2 No 
_ B N,No*N, N5*1^ N,-No+N, No+1 6 
N- +1)1° N- + 1111 N2 = 4.78390 E = 4.86387 J= 0.72878 ----- -E = 0.00000 ———*—.-*— J= 0.00000 
2 2 N2 N2 N2 N2 
N,- N,-0 Ra3-|-— — | -N,=0 
Ν2 N2 
(N2 + 1) 
R4 — .N, =0 
































+1 
= 1.26201 





R-N; = 0.00000 
2 
N5*1 - 
Κ2-Νι----- = 0.00000 
N2 
Νο: 1 
ΚΩ-Νι = 0.00000 
2 
No+1 2 





= 0.00000 


N2- (Nı+ 1) 


090912-3 


This plate demonstrates two series. 
One may also infer that for every plate I 
project from the bottom of the origin, I 
can make a different plate of it by 
projecting from the top origin so that each 
plate like this one could have a minimum 
of four demonstrations. One can, in fact, 
project anywhere on the origin wall by 
adding another variable to the equation as 
I have done on other plates. 


If one works with Geometer's Sketchpad, 
they will quickly notice that unlike any other 
drawing prgram one may have, it does not 
have a zoom feature so one can work in small 


N;-(N2* 1) 





= 1.10854 


A = 1.10854 
B - 1.22886 
C = 1.36225 
D = 1.51010 
E = 1.67401 
F = 0.90209 
G = 0.81376 
H = 0.73408 
I = 0.66221 


N2- (Nı+ 1) 1 N2- (Nı+ 1) a 
— À— —- .A - 0.00000 ------τ- 
N;-(N2* 1) N;-(N2* 1) 
N2:(Nit+ 1) 2 N2- (Nı+ 1) -2 
---------- -B = 0.00000 — τν 
N;-(N2* 1) N;-(N2* 1) 
N2. (Nı+ 1) 3 N2- (Nı+ 1) is 
---------- -C = 0.00000 M 
N;-(N2* 1) N;-(N2* 1) 
N2- (Nı+ 1) 4 N2- (Nı+ 1) a 
---------- -D = 0.00000 — 7a 
N;-(N2* 1) N;-(N2* 1) 
N2- (Nı+ 1) 5 

---------- -E = 0.00000 

N;-(N2* 1) 














-F - 0.00000 
-G - 0.00000 
-H = 0.00000 
-I = 0.00000 














places. One either has to manually enlarge the 

figure, or one can print the figure to a PDF file 

and use the zoom feature of the reader. These No+ 

print as vector graphics so one can zoom in as N41 1.42764 
far as they like. My early drawings, a long t 

time ago, were done in TommyCad, which one Νι = 2.75971 
could zoom in as far as they like, however, it N2 = 4.36750 


did not have motion in mind when that 
program was written, nor did it have the idea 
of writing up figures using equations. 


One may also notice that where one 
starts a sequence from determines the resulting 
equation also. For example, these plates start 
the series from the unit perpendicular 
operational tail. I could have started the 
sequence from the operational tails of either 
variable as well, which would change the 
equation. One can even add a variable, as I 
have done in some plates, just to independently 
set the point of origine of the sequence itself. 


J = 1.42764 
K = 2.03815 
L = 2.90973 
M = 4.15404 
N = 5.93046 








N2+1 -1 





Nı+1 


-P = 0.00000 














P = 0.70046 No+1 1 
ti CNN Tar ^ 9.00000 
R = 0.34367 No+12 
S = 0.24073 gor 5 v 
No2t+1 3 
-L = 0.00000 
Nı+1 
Not+1 " 
-M = 0.00000 
Nı+1 
N2+1 5 
-N = 0.00000 
Nı+1 


Ν211 2 
N,+1 
N5*1 -3 
N,+1 
Νο11 -4 
N,+1 











-Q = 0.00000 


-R = 0.00000 


-S = 0.00000 


S C AB = 1 


























o Ni = 1.46762 N, = 1.46762 
N := 2.78261 N2 = 2.78261 
Κι = 0.52847 
090912-3a R5 = 0.65365 
R3 = 0.80849 
1 1 R4 = 1.23688 
DG :- DK := Rs = 1.52986 
Ni in N2 τ Rg = 1.89225 
DO:- 1- DK DV := 1- DG 
1 R4 Re 
R4:- —.DO Rs := —-DO R,:= —-DO 
DV DV DV 
1 R3 Νο 
3:7 ——. DV R5:- ——.DV R,:- —. DV 
DO DO DO 
Ν2 (Ny + 1) Νο (Ny T 1)? Νο (Νι En 1)? 
R4- -0 R5-— -50 | Re-—4 ;-0 
Ni + Ni, N2 Ni (N2 T 1) Ni (N2 +] 
Ni (N2 + 1) N,7-(N2 + 1)? ο S NS (Να + 1)? ο 
37 = — = 1 = 
Να + N1: N2 Ν2΄.(Ν1 + 1)? Νο (Ny + 1)? 


After reducing, reformating and reording: 


X X απ as ase] -ο 


N,+N,-No N,+N,-No N,+N,-No N,+N,-No 


N,+N,-No N,+N,-No N,+N,-No 









































Ν2.(Νι11) 3 


17 = 0.00000 
ΝΙΕΝΙ:Ν2 
Ν2.(Νι11) 2 
α--------- = 0.00000 
Nı+Nı-N2 
N2- (Nı+1) 1 
a-.- .- — = 0.00000 
N,*N, N32 


N;.(N1*1)! 
t N1+N1:N2 
N2- (Nı+1)? 
 Ni+N1- N2 
N2-(Ni+1) 4 


5 


? NEN, No 





= 0.00000 


= 0.00000 


= 0.00000 


S C N, = 1.90778 


























P AB := 1 N2 = 3.17746 
Κι = 0.33725 
N, := 1.9077 : 
edo, atts R, = 0.48451 
N» := 3.17746 R; = 0.69606 
090912-3b u Ry = 1.43665 
Rs = 2.06396 
Rg = 2.96518 
1 1 
= DF -= 
Ni +] Ν2 +] 
_ l1 pg mec em DE 
R^ := z DF R» := Rs R := R2 DF 
Νο 1 (Na + 1)? (No + 1)? 
* Ne1 j 2 ° 3 
1 (N; +1) (N; +1) 
N,+1 (Ny +1)* (Ny « 1)? 
3 — = R2- =O R,- =0 
N> +1 2 3 
2 (N2 + 1) (N2 + 1) 


After reducing, reformating and reording: 


No+1 = No+1 ne N5o-1 ^d N5-1 3 
Βι - -0 R- -0 R3- -0 AB- -0 
N,+1 N,+1 N,+1 N,+1 


ο. 

















Νορ S81 (4€ 
FR, = 0.33725 
R, = 0.48451 
Rs = 0.69606 
R4 = 1.43665 
Rs = 2.06396 
Re = 2.96518 
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090912-4 


This is identical to the last 
figure, however, the series is 
going to start from the units 
other operational tail. 


Looking at an exponential 
series, one would not think that it 
had a point of origin, however: In 
regard to the point of origin for any 
exponential series, one can, by 
viewing the waves of a series, find 
the starting points, or root of any 
series, or in short, if one knows two 
or more waves of an exponential 
series, one can figure out as much 
of the series as they like from its 
root; especially if the root is other 
than the point of origin. If one had 
two consecutive points of a series, 
one could simply place a square on 
it and draw the coversion to the 
origin and then use squares to plot 
each of the series, etc. 


















































_ N5?.(N,*1) No-(N,+1 0 N>2-(N,+1 
N22- (N1+1) A = 0.83725 F = 0.74490 a -A = 0.00000 2n 
Ντ 959725 B= 0.94105 a= 0.66274 "Qe Νι ΝΟΥ͂Ν TU 
; + τν. 
r (N2+1) CAO H-o0589g4. MOSD MMD (ooo N22-(N1+1) 
N2- (Nı+1 ' Ni- (N2+1)2 N,-NotN, | N1- (N2+1)2 
Na (Ni+1) _ 112397 D= 1.18884 I = 0.52461 r(N2+1)? WoNSN. r (N2*+1) 
Nr N2*N; E - 1.33622 N2?-(Ni+1) No-(Ni+1)? N2?-(Ni+1) 
------------------- -C = 0.00000 E 
N;-(N2* 1)? N,-NotN, Ni-(No+1) 
N2?-(N,*1) N2- (N1*1)? N>2-(Ni+1) 
------------------- -D = 0.00000 E 
N;-(N2* 1)? N,: N2*N, N;-(N2*1) 
N>2-(Ni+1) N2-(Ni+1) 4 
------------------- -E = 0.00000 
N;-(N2* 1)? N,: N2*N, 
I HGFAB C D E n, Do 
No N2+1° Nə Not1°! 
-J = 0.00000 -O = 0.00000 
- J = 0.98482 O-0.74490 Nitl Nı+1 Nı+1 Ni+1 
= 0.9848 
N,+1 7 K = 1.30202 P = 0.56343 N2 N2+1! Nə Νρ112 
-K = 0.00000 -P = 0.00000 
L = 1.72138 Q = 0.42617 Nı+1 Nı+1 Nı+1 N,+1 
N2+1 M = 2.27580 R = 0.32235 Νο N2+1? N2 N2+1° 
= 1.32208 ---- .L = 0.00000 ----------- Q= 0.00000 
Nı+1 N = 3.00879 Nı+1 Nı+1 Nı+1 Ni+1 
Νι = 1.96510 N2 N2+1° Nə Νρ114 
-M = 0.00000 -R = 0.00000 
Νο = 2.92011 Nı+1 N,+1 Nı+1 N;-*1 
Ν2 ΝΟΕ a 
-N = 0.00000 



































Nı+1 

















| Nı+1 























N2- (Nı+ 1) 2E 

— -F = 0.00000 
Νι N2*N; 

N2- (Nı+ 1) -2 

— -G = 0.00000 
N,.N2*N, 

N2- (Nı+ 1) 3 

— -H = 0.00000 
N,.N2*N,; 

N2- (Nı+ 1) i 

— -I= 0.00000 

ΝΙ:Ν2ΕΝι 


S 2 














o» AB — 1 
N, = 1.91766 
N, := 1.91766 Nə = 3.25942 
N := 3.25942 Rı = 0.41646 
090912-4A Κο = 0.48488 
R3 = 0.56453 
R4 = 0.65726 
1 1 Ες = 0.76523 
BG bd nn re Ες = 0.89093 
R7 = 1.03728 
Rs = 1.20767 
R,:= EG Rs:= HK Boe 
Rs 6 Rv 
Rg:- —.HK  R;:- —-HK Rg := —-HK 
EG G EG 
R4 3 Νο 
4: — EG  R5:- —-EG_  R;,:- — EG 
HK K HK 
Ni Ν2 HK N5-(N, + 1) 
R4- =O R5- = — ο ο r = 
Nı +1 Νορ + 1 EG N; (Na + 1) 


A RRQRQR4RS Re cR; Rs 














Ni N5-(N, T 1) 


— .— = 0.765226 
Nı +1 N; (N2 + 1) 





One might make an argument that every series should comprise two distinct parts, one, the starting point of the series, and the other the index, as in the following. I 
would imagine that such an arrangement would make series a whole lot easier to work with. 


R μας Να (πι 1) o Νι N5-(N, + 1) -2 Nı N2- (N; + 1) d 
(merim(w3) ΜΕ πμ 


R, = 0.416465 Ες = 0.765226 


Κο = 0.484876 Re = 0.890928 





Ni N5-(N, + 1) - Νι Ν2:(Νι + 1) Ni ΚΝ 1) — 0.765226 
κα Ντι Nı (N2 +1) =0 "S Noi NL(N2-1) O N,+1 N; (Na + 1) 


Κα = 0.564526 Rz = 1.037279 


R4 = 0.65726 Rg = 1.207671 








Re 


N; posed R posse i aL pause -ο 


|N1 1 (Na - 1) TN, +1. N; (Na + 1) | Ne1 






























































N>- (Nit 1) S 





= 0.00000 
N;-(N2*1) 
N2- (Nı+ 1) “2 

-— ——~ = 0.00000 
N;-(N2* 1) 
N2-(Nit 1) -1 

-— ——~ = 0.00000 
N,-(N2+1) 
N2- (Nı+ 1) 0 

-——_——~ = 0.00000 
N,-(N2+1) 











Ni (Νο 1) 


N2:(Nit+ 1) 
-— — — = 0.00000 
N,-(N2+1) 
N2:(Ni+1) 2 
-— ———- = 0.00000 
Ni-(N2+ 1) 
N2:(Ni+1)° 
-— ———- = 0.00000 
N;-(Na* 1) 
N2- (Nı+ 1)4 
--------- = 0.00000 




















e ΑΕΙ 1 
N, := 1.62767 
N3 := 2.83274 
090912-4B 
7 Ny Tu i Ν2 -1 ΔΝ 
Re Rz 
- — .FH  Rzg:- —— FH  Rg;- — FH 
Re Βα 
= — -GH δὶ- —-GH Eu 
FH ord. PH ea RH 
N2 FH Νο 1 
5 N41 GH N41 
No Ν2 +1 Bii No 
N2 +1 Ny +1 Ν2 +] 
Νο Ν2 -1 2 N^ 
Rs - ° = ο Re- è 
Ν2 -1 Ni +] No +] 


Κο = 0.238167 
R5 = 0.347392 


R4 = 0.506709 














Re = 1.078043 
Rz = 1.572441 


Rg - 2.293575 





3 
— 0 R 
τη 3 


No+1 1 
-ο R7 
N,+1 





Νι = 1.62767 
N2 = 2.83274 
Κι = 0.16328 
R2 = 0.23817 
R; = 0.34739 
R, = 0.50671 





Rs = 0.73909 





Κο = 1.07805 
R; = 1.57245 
Rg = 2.29359 








Νο No+1 τ 
— . -0 
Νο 1 N,+1 


No No+1 - 
—— s — 0 
No+1 N,+1 








R4 


Rg 











Νο Νο --1 == 
: -0 
Νο 1 N,+1 








Νο Νο --1 : 
: -0 
Νο +1 N,+1 











N, = 2.64084 











Νο = 4.13862 














Γι = 0.20297 























= 0.404400 —7 | E 
R057064 
Rs = 0.80540 
Rg = 1.13672 
Rz; = 1.6043 


Rs = 2.26434 





LJ 
E 

















Ν211 -3 





Νι-1 


Ν211 -2 





Nl 


1 - 
-——— = 0.00000 
N,+1 


= 0.00000 


= 0.00000 


R-- 
UN 


N2 
Re-— —. 
N5*1 


2 


2 


2 


N2 
Rae 
N2 


+1` 














Νο: -1 

= 0.00000 R 
N,+1 
Νο: 0 

= 0.00000 R 
N,+1 
Not 

= 0.00000 
N,+1 






Nə Notl1? 
UNS1 N,+1 

Nə Notl1? 
* N41 N,+1 








= 0.00000 








= 0.00000 


C 


090912-5 






































τ ΠΗ 4.41080 μα = 0.00000 
C = 1.71820 No(Ni-1) D NN.) 5-9. 
RAM Nee)? _ 1.71820 Ni (Ντ) 5 = 0.00000 
E - 2.95221 NND D 5o 0 77" 
F = 3.86977 Μι (Νο 109 Μι (Νο 109 
G = 5.07250 ------- --2.25222 ------- D = 0.00000 
N;.(N;-1) N;.(N;-1) 
N,-(No-1)4 N,-(No-1)4 
-------- = 2.95221 ------- .E = 0.00000 
N;-(N;-1) N;.(N;-1) 
N-(No-1)5 N1- (N2-1)5 
------- 23.86977 ------- .F = 0.00000 
N;.(N;-1) N2- (N1-1) 
Ν..(Ν2-1}6 Ν..(Ν2-1}6 
------- = 5.07250 — — — .G = 0.00000 
N;.(N;-1) N;.(N;-1) 
εεττ | e φ 9 e e 
Mo oun EU : — deu olde: : PUN CL: o 
A H L M N 
Νι2.(Ν2-1) Νι.(Ν2-1)-1 Νι2.(Ν2-1) Νι.(Ν2-1)-1 
ΝΕ aeons (ππ (8.-1) Na-(Nar1)"") | 0.00000 
N, A = 1.62056 Ν2.(Νι-1}2 Ν..(Νι-1) N2.(N;-1)? N2- (N1-1) 
κά lesum εν Neuen 6 ashes Exe Ni (9, 1) Ὕ i = 0.00000 
N12- (N2-1) L = 2.78444 N;-(N-1)? N2-(N;-1) D N2- (N1-1)2 Ν».(Νι-1) : 
Na (N1-1)2 = 2.12423 M = 3.64985 Νι2.(Ν»- 1) N,-(No- 1) 1 N;?-(N2- 1) N;-(N2- 1) 1 
Na sudo ΛΠ n HAMA --------.---------- j|. = 0.00000 
- = Ν2.(Νι-1)2 Ν2:.(Νι-1) Ν2.(Νι-1)2 Ν2:(Νι-1) 
ἐκδ σμήνη Νι2.(Ν2-1) Νι.(Ν2-1)2 ΝΙ2.(Ν2-1) Ni-(N2-1)? 
Ν2 = 5.23175 N12- (N2-1) Ni(Nz1) = 3.64985 (aaron? eae a = 0.00000 
N2-(Ni-1)? N2:(Ni-1) N2:(Ni-1)? Ν2:(Νι-1) 
N.2.(N»-1) Νι.(Νο-1}9 Νι2.(Ν2-1) Νι.(Ν2-1) 5 
1 ( 2 ) 1 ( 2 ) - 4.78423 (ae -N = 0.00000 
N2-(Ni-1)? N2:(Ni-1) N2-(Ni-1)? N5-(Ni-1) 


S 2 



































> ΑΒ := 1 N, = 2.76966 
N, := 2.76966 ο 9 103 
R, = 0.57569 
N» := 4.31164 Βα = 0.69203 
090912-5a ". = icio 
4-1. 
1 1 Rs = 1.44502 
DE := — DF := — Re = 1.73705 
Ny No R; = 2.08809 
: (1- DE) : (1- DF) 
3" 1-DF ^" 1-DE 
R3 Ro 
= .(1- DE .(1- DE 
2 μετ. | 1 ο ρω | 
" (1- DF) “5 (1-DF) R ° .(1- DF) 
Θ᾽ 1. DE 6: 1- DE 77 1. DE Ri = 0.575689 Re = 1.445022 
R» = 0.692031 Re = 1.737048 
νι (νο) R Ες = 0.831884 R; = 2.088089 
4 Ν2-(Νι 1) . R4 = 1.202091 
3 2 -1 ο 
Νι:(Νο- 1) Νι:(Νο- 1) N; (N2- 1) Νι:(Νο- 1) 
Ry -0 R- -0 R- -0 AB- -0 
N2- (N; - 1) N2- (N; - 1) N2- (N; - 1) 2:(Ν1 - 1) 


Νι = 2.76966 






Κο = 0.6920 

R3 = 0.83188 
R, = 1.20209 
Rs = 1.44502 
Re = 1.73705 


R7 = 2.08809 






































i2 Ὃν 64 

















N;-(N2-1) 3 
1".- ο 2 = 0.00000 
N2- (N1-1) 
N;-(N2-1) -2 
R5--— ..—- .. - 0.00000 
N;.(N,-1) 
N;-(N2-1) 2 
acl. 7. .. = 0.00000 
N;.(N;-1) 
N1- (N2-1) 
= 0.00000 


* No-(Ni-1) 





Νι.(Ν2-1)2 
~ N2-(Ni-1) 

N;-(N;-1)? 
° N2:(N,-1) 

N;-(N;-1)^ 
" N2- (N1-1) 


= 0.00000 


= 0.00000 


= 0.00000 


2 AB := 1 
o 
Ny := 2.41427 
No := 3.52979 





090912-5a 
DE- Ll DF- | R,- 1 Ες := 
R4-(1- DE) R5-(1- DE) 

Rz := —— ——— = — : 
iva 1. DF ined 1. DF pon 
Rs: (1- DF) Re: (1- DF) 

Re := i o o o 
ne 1. ΡΕ πα 1. ΡΕ 


1-DE Ν2(Νι-1) 











Νι = 2.41427 
N2 = 3.52979 
πι = 0.76190 
R2 = 0.93215 
R; = 1.14045 
R4 - 1.39529 
Rs = 1.70708 
Re = 2.08854 
R; = 2.55523 
Rs = 3.12622 


Βο-(1- DE) 
| — 1- DF 

R7 (1- DF) 
"^ — 1- DE 























" N,-1 | N2(N, - 1) Νι 1 
Νι [Ni (N2- 1) ος Ni 
^ N-1|N,(N-1) Ἢ 5 N-1 








Νι = 2.41427 
= 3.52979 
Ri = 0.76190 


-------- A ο 


Eum Ἐς 9.93215 
R3 - 1.14045 


R4 = 1.39529 
Rs = 1.70708 
Re = 2.08854 
R7 = 2.55523 
Rg = 3.12622 















































N2 (N1-1) 
N1- (N2-1) 3 

N2 (Ni-1) 
N1: (N2-1) 2 

Νο.(Νι-1) 








Νο-(Νι-1) 


N,-(N2- 1) “4 
= 0.00000 


= 0.00000 
= 0.00000 


Νι. (N2- 1) -1 
= 0.00000 











Nı:(N2-1) ~ 

«——— ———- = 0.00000 
N2- (Nı-1) 
Νι:(Ν2-1) 

--.---------- = 0.00000 
N2:(Ni-1) 
N;-(N5-1)? 

«— — ———- = 0.00000 
N2- (Nı-1) 
Νι:(Ν2-1)3 

«—— ———- = 0.00000 
N2:(Ni-1) 


Y O A cRıR2 N, Rg, R4 
































2» Νι = 1.21811 
Κι = 1.05056 
R5 = 1.10368 
R3 = 1.48380 
R4 = 2.20166 
''''' Ες = 4.84731 
One of the original 
methods I learned of doing i 
exponential progression was R,-N,^ = 0.00000  Rs-N;? = 0.00000 
by using what I call the unit 1 R4-N,^ = 0.00000 
reer - (— plate, I simply e R2-Nı 2 = 0.00000 R,-N;8 = 0.00000 
a e two figures 
together. I will do the 
exponential divisions in the 
unit circle. 
One might consider, 
how the figures add together AB = 1 
effortlessly when they are 
conceived of correctly. The N; := 1.21811 


unit circle, and the unit 

square, and the unit line, all N BG AB 
: 1 

work together using the BN, := | AB? 4 νι BG — BP-N, OX — 

same language, each depend BN 2 

simply upon the recursion of 


the unit, as does all of the / 2 2 OX. AB 
MP. PH 
PQ := ορ BQ := OX + MP + PQ HQ := \/ BQ. (AB - ΒΟ) 
BQ 
3:7 —— R5 = 1.483792 
HQ 


Now, Mathcad will come up with the following and simply refuse to reduce it. 


Being a dumb program, only doing what it 
is told, we do not have to worry about hurting its 2 
feelings by finishing the job. One might find Κο Νι -ὂ 
that in many math programs, one still has to 
give them a helping hand. 

Simply repeat the process for every value 
one wishes to find, or until one can take a hint. 








N; = 1.2 

R; = 1.05056 
R» = 1.10368 
Rs = 1.48380 
R4 = 2.20166 


Rs = 4.84731 B 























99 
P EPA 











= 0.00000  Rs-N;? = 0.00000 
R4-N;^ = 0.00000 
= 0.00000 _ R.-N,? = 0.00000 





C 











































P 
090912-9 l 
One might add this method for N, = 2.49232 N; ? -A = 0.00000 
finding exponential series to their bag of A = 1.57871 5 
tricks. Iam not going to demonstrate B = 1.98360 N; 4 -B = 0.00000 
cd Soles faces One might refer to το... 7 7 ZR REDE 
D = 2.35405 15 
Νι 16 -D = 0.00000 
A Ri Κα Rs R; Ro Ri Riz Β,,Βις Νι 
Νι = 2.49232 
R, = 1.05874 
R2 = 1.12092 
R; = 1.18676 
R4 - 1.25647 
Rs = 1.33027 
Rs = 1.40840 8 
R; = 1.49113 Κα-Νι 16 = 0.00000 
να = 0.00000 Mc - 0.00000 
Ro = 1.67144 m 
Rio = 1.76961 B = 0.00000 Rıo-N; 16 = 0.00000 
Ri; = 1.87355 " 
Riz = 1.98360 = 0.00000 Βιι-Νι 16 = 0.00000 
Μια = 2.10010 12 
R;4 = 2.22346 = 0.00000 ΚΙ2-Νι 6 = 0.00000 
13 
'''''" = 0.00000 Ris-N; 15 = 0.00000 
14 
ο = 0.00000 Rı4-Nı 16 = 0.00000 
l -- 
R7-N, 16 -0.ΟΟΟΟΟ Ris-Ni 16 = 0.00000 


S 2 


091712 


About the only thing interesting 
about this plate is that the second variable 
will not be found in the equation. No 
matter how large or how small one makes 
it, it will remain invisible to the logic 
except for one point, it has to be there. In 
short, its value is of no concern, its form, 
however, is required. Therefore, there are 
equations, which, a value is not seen, nor 
does one find its name, however, without 
being able to conceptually abstract it, one 
cannot solve for what they do have. The 
figure gives one something to think about 
in regard to conceptual ability. To solve a 


problem when one is dealing with a form of 


behavior one has to infer. I exampled a 
figure with this fact in the Delian Quest. 
The structure had to be there, but it 
neither added to, nor subtracted from the 
equation, they are binary operations. 

Or, one can say, that in doing the 
math, the unit, or one always has to be 
kept in mind. 





N, = 1.27809 
N2 = 1.44523 


A = 1.63353 
B = 2.08780 
C = 2.66841 
D = 3.41048 
E = 4.35891 


F = 1.00000 
G = 0.78241 
H = 0.61217 
I = 0.47897 

J = 0.37476 


N,2-A = 0.00000 
N,°-B = 0.00000 
Νι΄-ς = 0.00000 
N,*-D = 0.00000 
N,°-E = 0.00000 


N,°-F = 0.00000 
N,-1-G = 0.00000 
N,?-H = 0.00000 
N,?-I = 0.00000 
N,^?-J = 0.00000 


S 2 


o 
930725 
No \? 
— | +1 
Ny 
— 0.626212 
2 
Ni + Ν2 
7 — 0.626212 
2.N4 
2 
No 1 
a + — = 0.626212 
2.N,^ 2? 
2 
1 | N2 


1 
—-| —— ae = 0.626212 


N} := 4.05604 
Nz := 2.03783 

















N35? 
— +] 
Ni A 
-—— = 0.00000 
2 σ 
N35? 
— +] 
Ni 
^2 = 0.62621 


AB 
— = 0.62621 
AC 


Νι = 4.05604 
N2 = 2.03783 
AB = 3.35735 
AC = 5.36137 





C 


931124 


























HK - 2.35269 


---- = 0.26517 

y2-N. 0.26517 
2-(Ni-1)-(N2-1) ` 

/2.Νι ΑΗ 


— ooo a: = 0.00000 
2.(N,-1)(N-1) HK 


EH - 3.95105 
GH = 1.38633 


E 
—— = 2.85000 
GH 
N,-N2:((2-Ni-N2-2-N2-N;)+2) 
= 2.85000 
(N2-1) ((Q-N;-N;-2-N;)*N,2)-2-N,)42) 


N;- N25. ((2-N;-N2-2- N5-N1)*2) 
-—— = 0.00000 
(N41) (((2-N.-N;-2-N;)*N,2-2-N,42) GH 


04 Dividing the Circle 
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C 


Curve of the Equation. 























2.N5,.N5- 2. No 
—2 ο ---2 
N3 -2.N5-«2 


N, - 9999999999 


No =7 
Nz =4 
AB = Ny 
AD:-N4 BC:= AD 

















BC . BF 
BF := AB- AF FG:= —_ 
AB 
CL ΑΕ 
= AE := AD + DE 
BF 
oe 
M 
AE -JN 
BN := IK := 2. BN 
AB 

















00 = 2.34950 cm 


No0 = 10.11767 cm No = 4.30631 
N10 = 7.59534 cm N, = 3.23275 
N50 = 13.47764 cm No - 5.73638 


ΝΙΟ.Ν2Ο-ΝρΟ2 = 0.00000 cm? 














00 = 4.61433 cm 





No0 = 2.30717 cm 
N,O = 1.73199 cm 





N50 - 3.07335 cm 





N40.N50-N902? = 0.00000 cm? 


Νο = 0.50000 
N, = 0.37535 





Να = 0.66604 








After one acquires the equation, even if one put O in 

for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 


2.N5,.N5- 2. N5 
—2 ο ---2 
N3 -2.N5-«2 


Curve of the Equation. 











N,=0 
No =7 
Nz =4 
AB = Ny 






































AB 
AF := — 
Να 
BC. BF FG -AB 
BF := AB AF FG:= —— BL := —— CL := BC- BL 
AB AF 
CL . AF AB. BL 
E := -------- AE := AD + DE BL.AE-AD-a JN:= — 
BF 
" 
M 
AE -JN 2:.N5.N4-2.N 
= — 9. 3 2 2 
BN:= ο IK:= 2. BN a "PEE S 





Proportion is independent of the naming convention. 


00 = 2.34950 cm 
N9O = 10.11767 cm 


No = 4.30631 
N10 = 7.59534 cm N, = 3.23275 
N50 = 13.47764 cm Νο = 5.73638 


Ν1Ο.Ν2Ο-ΝΟΟ2 = 0.00000 cm2 

















00 = 4.61433 cm 
No0 = 2.30717 cm 





N,O = 1.73199 cm 





N20 = 3.07335 cm 





N,0.N,0-N,02 = 0.00000 cm2 


Νο = 0.50000 
N, = 0.37535 





Να = 0.66604 








After one acquires the equation, even if one put O in 

for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 








Y A N2 P Νι 
κο. 
Given: . 


Nas 2.75805 


Να,- .79464 The Curve of the Equation: 
Find EJ. Expressing a circle as a linear function. 
Descriptions: 

N 


2 DF 
AD:-AB- — DF:= N9.(AB- AD) ΒΗ:- — CH:= ΝΟ BH 
Ny AD 


CH .AD 
CK := AB - AD PN5 = ————— AP := Νο + PN5 
CK 
AB -AP CH. BE 
AE := —— BE := AB- AE HO := ------ EJ := BH + HO 
AP + BH CK 
Definitions: 


2 
2.Ν2 (Ny - No) 
EJ -- "ELEME = 0 


2 
N 
2 
VAP.BH-N5-0  AP-(N,-N9]-O BH-—— —--0 
NQ-N 
1 72 
N,-1 3——3 
N5. EJ + No + ———— ——. |N5^- EJ 
2 2 a V2 
Jn - 1) 
—__+—____*____“__________=_N,=0 
EJ 


S O Notice that EJ is not expressed as a root function. 


Given: 


EJ = 0.552689 
AE = 0.859253 


Find N, an N,: 

















EJ EJ ΒΗ 
H-——— =0 BE-(AB-AE)-O  AP-|BH- - 
2. AE BE 
N^ - BH N^ N^ 
Νο - ΒΗ ΑΡ = O CK - BE. ——— = 0 N,-.1, =0 CK- — - 0 
EJ - BH CK Ny 
Ν 2 A N2 p N, 
LE" 
Given N} an Νο: find EJ. 
B H OC 
Descriptions: 
N AP-N 
2 2 
AP-(N4-N9)]-O  CK-.--0  CH-|.——.|CK-0 BH-(N2-CH)=0 
Ny AB - CK 
2 
(Ny - 3) s 2.Νο΄.(Ν1-Ν 
AP -BH 1 "2 N2 ( 17 2) 
+ 
Ni(-N5- 


Νι N5 


Notice that IK is not expressed as a root function. 


o 
N (2-N 2.N 2) 
2778 43 
-a CO 0779838 


N4 = 3.51896 





᾽ Νο = 5.95313 


Να = .54930 








AB := Ny 








AD:- No BC:- AD 


ΛΛΛΛΛΛΛΛΑ 






































AF := N} AB 
BC -BF FG. AB 
ΒΕ:- AB- AF FG:= BL:- ——— CL:=BC-BL 
AB AF 
CL.AF AB-BL 
DE — AE = AD+DE .(/BL-AE-AD=0 JN:= ————— 
BF 777 (AE BL) 
E 
p 
M 
AE -JN N (2.N -2.N E 
BN := ------- IK -- 2-BN IK — 2 3 3 _o 


AB 2 













































































a 27 
Fe —— J/\ TN S/N p "a / ; 
INS πὶ GNU UNS μπα on. “ΜΝ S. NE / i p i 
AAA A AN A e j^ m / tee x α / Hu | "gf ᾽ / l 
| | | I | H ΠΡ | / | / | / | σι | / a a | | | / A P rd 
|] » | hoy phot OTA I A, i "ANN i / E 
| | ! | / | p ΄ / , 
| | | / \/ | | / | | / ΄ 
| l ! AEN. | V ' ly | / ME c T τ ΄ 
| Ἢ | / | ’ l | επ / Ll | } l d / ΄ 
| l | l / / | | | / # d # α΄ 
| ! H | / ΙΝ ΗΝ } | zi d j 
Id Γι / | / | T | ΄ { 
ΠΙ / F4 | / /| | L zd | oe z / 
| | ME / j^ j | / 25- 4 / | L^ dg d i a 
Ol ! | / / | | | / / 
| | ! / / ly | / / / | | / / 
| | [11 ! | | / | / | L | /\ l | ΄ ΄ / # 
| | | I / | | / | / / / | fi | / | l 7l Á # 
| ΠΠ / 4 / πι μα 7 f 
FE 1 | τα | Po / INE. LE. Df d A F ΄ 
| i va 4 a 3 / μ΄ τ, ει. uf ; 7 
E | ] | / Eod oJ / d 0j ‘9344 V pb d Wr 4 / / 
EE | A / TE l pol | 7 Y i d eae Ps 
| l E / : ly | 4 l 7T] PE / 4 
| ! ΠΣ / / {| 1] | ΄ 
Ul | Í ΓΙ | / / / / | BN / / ( | d | 2 
| Ly | jp lil / / 2, | |o, d dg / ^ p 
ΓΗ | / / .. ET holy dd [d / 
| | id ἡ / / / / E heh | 7 / 
η | / / | |/ / | / / / V | ν΄ kl | | 7 
| | | | / / | | / "d P 
Hl ; j odd , | od, ; 94-7 2 17% ly | | 
We | 51 / / / | | / / í 
| / / "I / / / | À 1 V ly 
| | η / / 1 /| / Ἢ / 
| | / ΙΙ. οι ΓΙ 4 
| | / | / / { / | x 
| | i! / UE / / / | p, ΠΠ» 17 | V LI | d 
ιο | f. 4 Py TEE / 1 do» — My Fo 
τη... οὗ of We Ὁ iv - dew d bo 1 or rod 
SEDEM | B ES / / / d |; |l 4^ | 7 / 
| / = / FI / a T | d 
ga i | l LE T ο ' 7 γί p 19-4 E PA fe | 
l Hog / 6. . / LL E | 
' |o B πο Y y 4E TAE ο 7 qa "dar 3 
zd Hi | / / ^". / M 4 / | 
P " i | iy E / ; ^ i € 124 "i 1877 gy ἢ Ld | 
r ΄ 
P |n | : Bo ME b og TE / A d / p, P i | 
E T | l | ΓΗ / / / ( / / E^ J / | / 2ἱ | I | 
d pod Lg "og Ww a» 4 κ΄ 7147; £ Ij | 
» Er | / a / N 7 j | 
we LH | l I MI / / / / / / ῃ rd áll ^ ΓΙ | 
Ε | / [1 / / yel | / / ΄ NX ^ 1 | | || 
P bud | / / Ld / / "4 Z 4 ] | MI | 
^ aT | l | | / j / / ! : g 21r 3 Jj G | | T 
^ | l {| / ή / / f A E 
EA ! Ἵν. yi ” . / m | Wa | 
2 T | | η ' ; / / ᾿ / / / 4 P E N | | 
΄ | | !| ἡ / / | l, / - ^15 S N | | 
| Ke get o wg Ὁ ow ΄ i \ T NN | 
] | l j / | / | / / / / la] / / 2 ul ) P TU Ν i |. d d | 
ντι | B 4a M ὦ pco uw uw y 3 ΠΝ | = 2.81250° 
| | | ; | a | yoy 4 7 í / 7 Σι | Ί4- e | Lo] | Ξ 
ij! Lolo ay sx Nd ^44 | | è | 
/ pdÀd A EM / AU rh l iM 
Ρ | pod I / p / ; /^ o4 q ^ A d 13 " m N Logd og 360 
I Hog y y l AAE - ο, ἢ . b m 
lot og = 
/ Pa φομ X. ο ο y τ 7 Hox. dg E —— = 128.00000 deg 
ή BIIPIT Κα Cao "A UT [ΠΝ τ mZABC 
| / p 2 glow wf [| \ | 
l phy E P ki P » ο 4% g med | | 127 i | \ pA d 
"4 
l l / / y / p^ Lf x y | P 7 | | |. I | \ ΓΕ. 
ΠΠ / 7 Egg gu atu ὦ LS a ΓΙ Φ i! | 
| / | me) 
T | | / [7 /| / pil eo ae "d | | | 11 | 1 | i" Ld | ΚΙ, - 1.40796 cm KL2 = 1.98235 cm? 
νο V | Je i | Li dg 
| PT duy la ο... | mE 10 | E Π : τα LM = 1.40118 cm i412. 1 96330 cm? 
Move Point | / pit P | | | "rr p n 3 
Eee | | | ar, M4 / ) " / | | | | [od hy MN = 1.38091 cm N? = 1.90690 cm? 
: [Move Point | | ο ο ελα ^ | | | IOF! a ‘ 'u 33 jä 
/ : Rel ol a μα. | | | | E | - 1.34733 cm 2 
/ | Move Point | TT ο... a | | 3 germ EF ἡ ne NO? = 1.81531 cm 
l |[Move Point | Bm D o | | "E |o! ti EE. ο λα Ρ2 - 1.69204 οπι2 
| CELER MEL p | | | | | [PE d =1.24171cm  OP^- 1. 
/ [Move Point | l np hie | | | Bur | | | | Ny PQ = ° 2 1.54184 cm? 
- b Ngo fh T y = i. 
l Μονο Point. | M CU Ca | | | | +4 | | [dg " QR = 1.17068 cm PQ " 
/ pU / | | ΙΙ 
: Hl hg | | 2 = 48 cm 
[Move Point | SAAC | | | | 7+., E p dp i RS = 1.08837 cm QR? = 1.370 
! | 
; | JU | | Γι 2 
int PMY YL, | BS | | | = 0.99558 cm 2 = 1.18454 cm 
[Move Point | | M, ra l | | | | l | | | | ST 0.99 RS 1.18 
. ΠΥ (44 | | | | | l | 2 
[Move Point | pM | | | | | | 6+ a Pot 11) TU = 0.89320 cmi ^... = 9.99117 cm 
[Move Point MA -— uv $NT 
Move Point ^0 MÁ^ | | | o τε... ν Y Z A V = 0.78222 cm 2 
| = oa 5 "5 v" Ὃ R S T, UV, w xy U TU? - 0.79781 cm 
| [|Move Point M N | | | 5Ó-- l | ο ee en VW = 0.66371 cm 87 2 
| [Move Point ΓΝ 1 | | | EM UV? = 0.611 cm 
Move Point nace αἳ | | | po | | _ m 
| | Move Point | | | | | | | Zar ΞΔ, XY -0.40871cm VW? - 0.4 
| | Move Point | | | agi. 
Move Point | | ΜΙΝ | | _ 2 
| : | | | | | | | | i | ΕΗ YZ = 0.27468 cm WX2 = 0.29031 cm 
||Move Point | | | | | | 2.2 | E Un —o0 3860 um Y? - 0.16704 cm? 
[Move Point. | | | | TEE Cd | ZEE ZA; = 0. oe 
| ΝΒ 
| | EN l| 2 
| | | | | | | | 2} | = F] 5 2 YZ? = 0.07545 cm 
\ | Ϊ | | | | | | ΝΕ N / || LM?+ZA,?2 = 1.98235 cm pate iene ext 
\ | | | | BE ϕ i4 1 Ut 
| | ΓΙ Fd 2 | | 
\ | | | | Lo ΠΝ 242A? = 1.92595 cm | | 
| PSOE a xe eue a ΘΕ 28 90 
| 1 | 2 PN | 
\ | | | | EM / = | 1 [I | | 
| | bo | TP Cd QE ae EU NO?+XY? = 1.98235 em? | | | | 12 NE 44 16 18 20 22 2 
| | | L , i I—H | Ht T1 | | 
| | CETT TT TT ? iad | 2", ig) OP@+WX?2 = 1.98235 cm?10 
mM | ΠΊΕ 
rot rt | A! -2 i NN 
| | LS NN | 44 12 HO 7 3ο ~ K -* 1 T " nie PQ?+VW? = 1.98235 cm? 
- = | = —_|— 
| [1 : -16 | | | h EUM 2 
| | | | 28 26 -24 -22 -20 Τ | | | | | E T / | Γι QR?+UV? = 1.98235 cm 
| 32 -30 E g EE | Ioi / | 
- - | I Ἡ 2 
-38 -36 34 | | | | ΙΙ -2 —— | | / T Ι 4 RS2+TU2 = 1.98235 cm 
ZEE b 4 T 7 y Ἡ ER 2 235 cm? 
Γι ο Fd / " i 2.ST? = 1.98 
.. "ΙΖ 
e Γι "E i |! -93 : τ Po | 
\ Γι EN | 1.1 d. ο τ m i 
| d Fx | E 47 i τ T 
Γι 2 ! H Bh. y TEES | 
Eo $ E lI / y Rue yl | 
= Fd || l " d ΓΙ ΓΙ | d d l 
|| | 
« || EM | | πι | 
bA y. 4 i d 7 | [ d4 4 
Cd * u μι”. BE MSS 
x 1 | ^ H fil i 
s 1 | I ^ | i | | [od og dg 
& Fd i3 Fo 7 E E | Ld od og | 
ES 
ES |] 4 | | 7-- 
- Ed od od | 
Ta E η _¢ E . ου... 
* H n am i || EE E P @h » s 
= i a i MEL. i | f wu Kd 
πας r ee ΓΙ 
|l NEM | | 
| pd 7 | | | qood | | MEN | 
E ΕΞ Ἢ i E . -9-- | | II | 
| ! Η jd Ed | | ΠΕΙ | 
| à [| | a Ἔ, | | ΠΝ. | 
r | | 
| | -10-- Ud | 
| 4 E | | 710 | E | 
[1] | | | | | =i | j pi | 
N Γι 
| | -11-- ΙΙ | 
| e Ld | (41711 | | i | 
| ib * | lh | Hog 
| | | ΓΗ | | HI 
! | | | Γ | [1] 
| * | | mE NN | | EN 
| | | | 
| -r [1] 
| d | | | 
| B | | | (o n3 1 | E | 
Ι | | n3 | | | "IRA ZI . | | 
| | 
| | | al | Ἡ | | 
| | | | bx gd Ι. 314004 | | P. T 
| | | ΠΝ, | | | T NU | | MEE 
| | 
| | | JE EE | | 
| | | | | | | il | e E | j | | 
| | | 
| | | EE | dg | 
| | | ΠΝ | 
| | | | | | y V ν Tv NV ΝΥ VW 
7 ν v V MV WV 











Area ABIC = 10.94690 cm2 ΄΄ 
Area ACJD = 8.79964 cm2 
Area ADKE = 5.86643 cm? 

Area AELF - 2.93321 cm? 

Area AFMG - 0.78595 cm? 


/ 


Area AAHB = 11.73286 cm? 


/ 


(Area ABIC)+(Area AFMG) = 11.73286 cm? 
(Area ACJD)*(Area AELF) = 11.73286 cm? 
2.(Area ADKE) = 11.73286 cm? 





AN = 7.91817 cm 
GN = 2.76501 cm 
GO = 9.44033 cm 


— = 3.41421 . 
GN 


A 


/2 = 1.41421 l 




















ee 























AB? BC? 


AB - 2.48569 cm 

BC - 2.40099 cm 
CD = 2.15267 cm 
DE = 1.75765 cm 

EF = 1.24284 cm 
FG = 0.64334 cm 


AB? = 6.17864 cm? 
BC? = 5.76475 cm? 
CD? = 4.63398 cm? 
DE? - 3.08932 cm? 
EF? - 1.54466 cm? 
FG? = 0.41389 cm? 


AB?.FG? = 2.55728 cm? 








AB? 
FG2 - FG2 = 1.00000 


BC2+FG? = 6.17864 cm? 


CD2+EF? = 6.17864 cm? 
AB2 


— 5, = 2.00000 
DE2 


—_,~ = 14.92820 
FG? 


BC? 


CD? 


DE? 


—_, = 13.92820 
FG2 


— = 11.19615 
FG? 


— = 7.46410 
FG2 


2 


AN = 7.91817 cm 


GN = 2.76501 cm 
GO = 9.44033 cm 


—.- = 3.41421 
GN 


/2 = 1.41421 


m7POA = 30.00000° 


AB = 2.48569 cm 
| | .K BC - 2.40099 cm 
| : CD = 2.15267 cm 
DE = 1.75765 cm 


EF = 1.24284 cm 
QA = 1.24284 cm 
FG = 0.64334 cm 
PA = 0.64334 cm 






































Pd 








elliptical functions. 


AB? = 6.17864 cm? 
BC? - 5.76475 cm? 
CD? - 4.63398 cm? 
DE? - 3.08932 cm? 
EF? - 1.54466 cm? 
FG? - 0.41389 cm? 


AB?.FG? = 2.55728 cm4 


AB? BC? AB? 
πορτα» 7 100000 το; 1492820 

BC? 

FG2 = 13.92820 
| ' / BC2+FG? = 6.17864 cm? CD? — 
| | . CD?+EF? = 6.17864 cm? FG? 

' i P A 2 DE? 
! , = DE2 = 2.00000 FG2 = 7.46410 
i à EF? 


—— = 3.73205 
G2 


I.e., so called angular division is also a 
|. fractional series. One can call fractional series 


CM = 3.50028 cm 


/ 
/ 
/ 
/ 


AB = 13.53894 cm 


|. DJ = 6.96383 cm 








2.ED? = 5.33855 cm? 
CB - 7.00056 cm 
AB - 13.53894 cm 


AB? - 183.30280 cm? 


CA?«CB? = 96.99265 cm? 


ο oc iiec M CA CB\2 | RM 
wwe uet p eee cm? -502- 48.49497 cm? 
"us 3 CA - 6.92711 cm 
ν΄ ED = 1.63379 cm s 


AC = 6.92711 cm 
. CB = 7.00056 cm 


7 5 
= 0.98951 
CB 





DF = 6.96383 cm κ. 


AC = 6.92711 cm 

CB = 7.00056 cm 

AC+CB 
2 


= 6.96383 cm 


AB 
— = 6.76947 cm 
AC+CB2 AB2 
2 2 
DE = 1.63379 cm 


AC+CB2 AB? 
2 "2 -DE = 0.00000 cm 


= 1.63379 cm 


2 
) = 6.96383 cm 


EB - 6.963 
DJ - 6.963 


83 cm 
83 cm 











DJ - 6.96383 cm 


AC = 6.92711 cm 
BC - 7.00056 cm 
AC+BC = 13.92767 cm 


(AC+BC) 
DJ 


= 2.00000 


CA? = 47.98479 cm? 
CB? = 49.00786 cm? 


DJ? - 48.49497 cm? 


AC+CB 2 
2 


= 48.49497 cm? 

















DF = 6.96383 cm 
DE = 1.63379 cm 


DF 
— = 4.26238 
DE 262 





| 


E 0.15429 
CB ^ 


























N | 
n F i 
4 DJ = 8.08567 cm κ | CA CB)\2 
ο ο ο ο P2 τ. Ga = 65.37801 cm? DJ? = 65.37801 cm? 
CB = 14.00979 cm Pa S | 2 27. 
y) i # Ἂ | e CA = 2.16154 cm 
CB+CA = 16.17133 cm 2 v | ED ^ T4953 cm 
΄ * 2 p l I 2 - . ᾽ 
- l . / & 3 σον EDI AC = 2.16154 cm 
/ a E το το ae CB = 14.00979 cm 
GN * . AB - 15.78824 
| .- i E | . AB? = 249.26865 cm? 
AB = 15.78824 cm cum ~ | 
| Eu - [3 CA?«CB? = 200.94651 cm? 
\ ie ο | | 
i D le yJ 
KJ = 16.17133 cm ‘ | ——À— AMEN - 
E ! "d | / CA? 2.4«67227 cm? TS 
^s. ^ i ΄΄ | ; CB? = 196.27424 cm? 
DF - 8.08567 cry Bu ''' c | P: 
AC = 2.16154 cm EM N | Nd 
CB = 14.060979 cm e | "V s 
AC+CE un CX" 
= 8.08567 cm CA CB 2 ic | 
oto J "808567 cm i | DJ? = 65.37801 cm? 


n Ld 
9 


2 


= 7.89412 cm 


AC+CB? AB? 
—_— -— = 1.74953 cm 


2 2 
DE = 1.74953 cm 


AC+CB2 AB? 
^2 "2 -DE = 0.00000 cm 


EB = 8.08567 ἽΝ 
em DJ - 8.08567 cm 

DJ = 8.08567 cm M 
AC = 2.16154 cm 
BC = 14.00979 cm 
AC+BC =.16.17133 cm 


(AC+BC) ` 
—--— = 2.00000 





L 


AC+CB2 
> = 65.37801 cm? 


DF = 8.08567 cm 
DE = 1.74953 cm 


DF 
--- = 4.62163 


DE 


Perfect II 101420 
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2.N5,.N5- 2:Ν2 E 


2 
N3 -2.N5-«2 


Curve of the Equation A From 2013. 


N, - 9999999999 























No =7 
Nz =4 
AB = Ny 


AD := Nə BC:= AD 


4.2 





























BC . BF 
BF = AB-AF FG = — — 
AB 
CL. AF 
BF 
κ 
Μ 
AE -JN Na -Na -2-N 
BN := IK := 2.ΒΝ ae a s 2 
AB IK - —, -0 





00 = 2.34950 cm 


No0 = 10.11767 cm No = 4.30631 
N10 = 7.59534 cm N, = 3.23275 
N50 = 13.47764 cm No - 5.73638 


ΝΙΟ.Ν2Ο-ΝρΟ2 = 0.00000 cm? 














00 = 4.61433 cm 





No0 = 2.30717 cm 
N,O = 1.73199 cm 





N50 = 3.07335 cm 





N,0.N,0-N,02 = 0.00000 cm2 


Νο = 0.50000 
N, = 0.37535 





Να = 0.66604 








After one acquires the equation, even if one put O in 

for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 


2.N5,.N5- 2. N5 
—2 ο ---2 
N3 -2.N5-«2 


Curve of the Equation A From 2013. 











N,=0 
No =7 
Nz =4 
AB = Ny 






































AB 
AF := — 
Να 
BC. BF FG . AB 
BF := AB ΑΕ FG:= —— BL := ——— CL := ΒΟ - BL 
AB AF 
CL . AF AB. BL 
E := -------- AE := AD + DE BL.AE-AD-a JN:= —— 
BF 
" 
M 
AE -JN 2:.N5.N4-2.N 
» — 9. 3 2 2 
ΒΝ----- IK:= 2. BN nc "EP 





Proportion is independent of the naming convention. 


00 = 2.34950 cm 
N9O = 10.11767 cm 


No = 4.30631 
N10 = 7.59534 cm N, = 3.23275 
N50 = 13.47764 cm Νο = 5.73638 


Ν1Ο.Ν2Ο-ΝΟΟ2 = 0.00000 cm2 

















00 = 4.61433 cm 
No0 = 2.30717 cm 





N,O = 1.73199 cm 





N50 = 3.07335 cm 





N,0.N,0-N,02 = 0.00000 cm? 


Νο = 0.50000 
N, = 0.37535 





Να = 0.66604 








After one acquires the equation, even if one put O in 

for the unit of the geometry, the equation remains the 
same for a circle and ellipse. This means, that no matter 
how one envision the circle, larger than largest or not at all 
its definition remains the same. 


S C Unit. 


























v AB:= 1 
Given. Curve of the Equation A 
N4 = 2 BC = Ny 
110919 N^ = .73678 BE := N^ 
Descriptions. 
AB. BE BE AB (BC - BJ) -AB 
EO:- ------- BJ := ------- K :-= ——__——_ + BJ 
BC AB- EO EO 
AK -BJ AB-MP 2 2 
MP := BJ AK BM := AK JK := AB + (AK — BJ) 
4 BC = 2.00000 AK = 3.42901 
| aK? — Ag? JR.BM BE = 0.73678 MP = 0.87041 
JR:-4/|JK - AB JS := Ap MN := BJ + JS EO = 0.36839 BM = 0.25384 
BJ = 1.16652 JK = 2.47363 
MN = 1.74082 
Definitions. 


EO = 0.36839 BJ = 1.166511 AK = 3.429029 MP = 0.870409 


BM = 0.253835 JK = 2.473659 MN = 1.740818 


























No Ν2:ΝΙ Να (Ny - N2) 
EO-—-O BJ- ———-0  AK- —— ———— - 0 
Ny ΝΙΝΟ No 
N: -No (N, -N Na” 
iN: (N1- Νο) 2 
MP -—~—______—_, =0 BM-— ~~~ =0 


N- = 0.73678 MP = 0.87041 (N:2-2- N1: N2)+2-N22 = 1.74082 
EO = 0.36839 BM = 0.25384 2-N1:- N2: (N1-N2) 





6 5 4.2.2.2 3 . 4 


JK- _o BJ = 1.16652 JK = 2.47363 (N,2-2-N,-N;)2-N;2 MN 7 0.00000 
N4^.(N4,-2.N N4^.N4.(N,.-2.N 2.N,-N4.(N.- N 
1 1 2) 1 2, ( 1 2) 1 2, ( 1 2) 

18 τν l-o JS-—————. 25 7 |" | 20 MN-————————— ' ο 


ΝΟ ΝΙ- Ν 2 2 2 2 


S 2 


Unit. AB:= 1 


σ 
Given. ΧΙ :- 6 X, = 20 
Yı -- 20 Yo Ξ 10 
Descriptions. 
Xo X1 AE -AC 
AC := — AE:- — EM:=AC-AE AF- —— 
Y Y AC - EM 
2 1 
(AB — AF) -AC CJ. AF AC.OP 
CJ := —— — — —— + AF ------- Αο------ 
ΕΜ AF +CJ CJ 
FH-AO 
FH:- CJ-AF FG:= — —— AG := AF + FG 
AC 
Definitions. 
Xo X4 X1 X2 X, 
AC- — -0 AE-—-0 EM-——-O AF — ———— 
Y2 Yı Yı- Y2 Y1- Xj 
Yi-X, X1 (Y1-Xi 
CJ ^X. = O OP - ΜΡ || | 2 = O 
Χ.2.Χ Υ..2.Χ..Υ 
1 29 1΄( Δ 1) 
AO-——7 σσ ο απ FH- τα ντ ^ 
Χι Yı (2X1 - Y1) ] 
Ta- =O AG- 


2-Xı (Yi -Xi 


2 2 


Curve of the Equation B 



































J 
C E 
K, 
Oe 
Unit = 1.00000 H 
--- e 
A 
ratios 
r, = 0.30000 το = 2.00000 A - 0.00000 AG = 0.72414 


X, = 6.00000 Χα = 20.00000 AE = 0.30000 AB = 1.00000 
Y, = 20.00000 Y> = 10.00000 AF = 0.42857 AH = 2.33333 








x Yi-X; x x 
—-AE = 0.00000 -AH = 0.00000 ——-AK = 0.00000 
Yi 1 Y, Yo 
X Χι2.Χο 
-AF = 0.00000 —————————-AO = 0.00000 
Υ1-Χι Y2.((2-X42-2-X,-Yi)*Y;2) 
23 (Ys) AG - 0.00000 Xo 
(2X 22%, Y Y, y, AC = 0.00000 


=O 


AO = 0.31034 
AK = 0.60000 
AC = 2.00000 


C 





















































rı = 0.65425 το = 0.37831 A = 0.00000 AG = 0.82619 
Χι = 13.08506 Χο = 3.78310 AE = 0.65425 AB = 1.00000 
Y, = 20.00000 Y> = 10.00000 AF = 1.89229 AH = 0.52846 
Χι Υι-Χι xX 
—-AE = 0.00000 -AH = 0.00000 -AK = 0.00000 
Yı 1 Yi: 2 
X1 ΧΙ2.Χο 
-AF = 0.00000 —— -AO = 0.00000 
Υ1-Χι Y2- ((2-X12-2-X1-Y1)+Y12) 
EU AG - 0.00000 Χρ 
(2.X,2-2.X, Yi)*Y;? i y, ^€ = 0.00000 


Unit = 1.00000 


AO = 0.29572 
AK = 0.24751 
AC = 0.37831 


( 5? KS Unit. A1:-1 
Nl, Given. D:= 1.50675 








Descriptions. 

1 Al 
AB := — AT := —  BT:- ΑΒ AT 

D 2 

AT 
BP :=./BT7+AT* IP= 
ΒΡ.ΑΙ 
BT -BI 

BI := IP- BP BC:= AC := AB + BC 


CI:= .,/AC-(A1_AC) AI:=./AC*+cI” 
I1 := ./ CI? + (A1 - Ac)? 


Definitions. 
1 1 1 
AB-—-0  AT-—-0 T-|—-—-/- 
2 D 2 
2 
D -2.D-«2 2.D 
ΒΡ -- = po ν2υ | 
V2-D 2| D? -2.D«2 
v 2-(D - 1) (1 - D) (D - 2) 
BI - —— — ————— = 0 BC TN HEN 
D-/D^-2.D«2 p [p -2.D+2) 
1 (D - 1) 
D“-2-D+2 (p -2.D«2) 
1 (D - 1) 
AI — =O 11 -0 


Perfect PI plate A 


OQ 
S 
SS 
Ἂς 
\ 



































Perfect PI plate B 
Unit. AC := 1 


Given. X — 12 


Y := 20 
Descriptions. 
--. AB:= — BX:= ΑΧ. AB 
2 2 AB 
OX := ,/ BX^-AB^ EO:= — ΕΧ-ΕΟ-ΟΧ 
OX 
BX.EX 
DX := AD := AX+DX CD:= AC- AD 
Ox 
DE:-./AD.CD AE-:=./AD*+DE* CE:=./CD*+DE” 
A 
Definitions. 
x 1 2.X-Y 
AX-—=0 AB-—-0 BX-——— = 
Y 2 2.Y 
/2.X^-2.X Y « Y? /2-¥ 
ox- T 0 EQ-——_ -9 
f2-¥ 24/2.X^-2.X Y « Y" 

/ 2-X.(Y - X) X.(X-Y).(Y-2.X) 
εκ-------------- px - ο ο 
y../2.xX7_2.x.y+yY7 y-(2-x -2.x.Y« Y?) 

2 
X 2 
AD - (X - Y) B 
ox? 2ΧΥΙΥΣ P- Z2 2 9 
id 2.X"-2.X.Y^Y 
X.(Y- X) X 


J2.x^-2.X Y. Y? 


J2.x^-2.X Y. Y^ 








(2. X?-2. X. Y)* Y? = 89.00000 

Y-X - 5.00000 

AE = 7.54309 cm 

DE = 3.99783 cm 

CE = 4.71443 cm 
(2-AX?-2- AX- AC) -AC? = 41.66885 cm? 
AC-AX = 3.42122 cm 


B X D C 
XY = 0.61538 
Χ.(Υ-Σ) 

= ———————— = 0.44944 ΑΧ.(ΑΟ-ΑΧ) 
X = 8.00000 ((2.X2-2.X.Y)*Y?) gU WU πο Us 0.44944 
x —_____—______ - 0.84800 AX - 0.84800 
e = 0.61538 | (2-X2-2. X Y)*Y?) ((2-AX2-2.AX-AC)* AC?) 

Y-X 
DE - 0.44944 -.. «55 - 0.53000 (AC-AX) Ν 
/((2-X2-2.X-Y)*Y?) = 0.53000 
AE = 0.84800 O ((2-AX2-2.AX.AC)+AC2) 
CE = 0.53000 
X:(Y-X AX: (AC-AX) 
L RA ng = 0.00000 -.. ο DS) ng = 0.00000 
((2-X?-2.X.Y)*Y?) ((2-AX?-2- AX- AC) FAC?) 
X AX 

— -AE = 0.00000 ————————————————————--AE = 0.00000 

/((2-X2-2.X-Y)4Y?) ((2-AX?-2- AX- AC) -AC?) 

: AC-AX) 

τ, ο = 0.00000 — LUCA) og = 0.00000 

/((2-X2-2.X-Y)4Y?) J ((2- AX?-2. AX- AC) FAC?) 


(Y -X) o 


Unit = 1.00000 














Unit = 1.00000 





| Show Objects 




















Area ©KJ = 112.02859 cm? 
Area ADGJ = 35.65981 cm? 
(Area OKJ) 
(Area ADGJ) 
(Area OKJ) 
(Area ADGJ) | 
Area ADIL = 17.82990 cm? 
(Area OKJ) 
(Area ADIL) 
DG = 13.35287 cm 
DM = 4.45096 cm 


= 3.14159 


πξ 0.00000 


= 6.28319 


Unit = 1.00000 





| Show Objects 
| Circle 
| Show Lines 






































"x is is [Es pe e [on [e [o [o rig 
































(Area OKJ) 








Area ©KJ = 112.02859 cm? 
Area ADGJ = 35.65981 cm? 


(Area OKJ) -— 
-----------3.14 
(Area ADGJ) 

(Area OKJ) 

-πΞξ 0.00000 


(Area ADGJ) 
Area ADIL = 17.82990 cm? 
(Area OKJ) 
(Area ADIL) 
DG = 13.35287 cm 
DM = 4.45096 cm 


= 6.28319 


Area ADNO N 11.88660 cm? 
X 





DP - 3.33822 cm 


- 9.42478 
(Area ADNO) 


DG - 
—.1 |a = 9.424 
pP J)” 


= 4.00000 


πε”. 
"2| 


Unit = 1.00000 





| Show Objects 
| Circle 
| Show Lines 
| Points 








































Area OKJ = 11 
= 35.65981 cm? 








- 3.14159 
(Area ADGJ) ` 
(Area OKJ) 
x = 0.00000 


(Area ADGJ) — 


Ἔκ κα cls ele Ste else feb 





DG = 13.35287 cm 
DM = 4.45096 cm 





DG 
---- = 3.00000 
DM 


Area ADNO = 7.13196 cm? 








rea (OKJ) 


DP = 2.22548 cm 














D ut 
m/DKQ = 22.61986° νο ο. 15.70796 
μμ (Area ADNO) DG 
Μι». = 6.00000 
I re κ. ud DP 
~ ο μα DG 
/ meu τς -----1 }- = 15.70796 
ee .. EN DP 











| Animate Point 
































See Curve of the Equation in The Art of Prophecy 


The semi-circle is project from the straight line 
L1 as F moves from L to 1. 


Unit = 1.00000 
D = 1.61226 


D-1 
E Ζαρα ^ 0.44532 
| CI = 0.44532 
J EM | κ I N “[((p2-2.D)+2) = 0.85285 
AI = 0.85285 
D-1 
((D2-2.D)42) 


I1 = 0.52216 


D E 














- 0.52216 























2^ p c 
((D2-2-D)+2) | 
1 
------------------ΑΙ = 0.00000 
(@?-2.D)+2) 


D-1 


Saf ----------------.]1 = 0.00000 
R 7 v ((D?-2:D)+2) 
S 


I = 0.00000 


























Unit = 1.00000 
































Νι = 1.35144 
(N,?-2-N,)*2 = 1.12351 
Νι-1 = 0.35144 


(N1-1) 
((N,?-2-N)+2) 
1 


((N1?-2-N1)*2) 
(Νι-1) 
((:2-28,)«2) 


= 0.31280 


- 0.94343 


- 0.33156 


CI - 0.31280 


AI = 0.94343 


11 = 0.33156 



































/ ^ Pd 
ος i 5 "d =” 
% 4 d 
/ 
PO ΄ S "d 
/ x i "o ” 
© “a 
/ Po τα ΕΞ 
/ dd G 
P d 
9 9 LO qp 2” Ἂ 
Α itions <- i 
(ter 
VE 
a p ud 
=< aem 
-— Las 
eas ett 
a κατ 
5 bes 
e = 
uud = 
.” — 


Subtractions F 





Multiplications 





Divisions  . - 


























90.000000? 








lim 





Νι = 2.50677 
(N,2-2.N,)42 = 3.27036 
Νι-1 = 1.50677 


(N1-1) 
((N1?-2-N1)*2) 
1 Additions 

0.55297 


- 0.46074 


((νι2-2.Νι)»2) 


ao = 0.83320 Subtractions 
1 -4'111 


Multiplications 


CI = 0.46074 


AI = 0.55297 


Divisions 


11 = 0.83320 




















\ 


m/LMN = 90.00000° 
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Ὁ, ze aoe 
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e —-- 
\ P ον oun μμ ES 
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225. MN .--- 
οτ- 1 — ım 
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2 
1 ΄ "d 
uni 
ae νο 
/ E να PE 
// 7 Pu 
ΜΙ Pd 2 
/ i. 
H^ P Ν 
JL ο * 
LA S 6 





























lim 

















Additions 





- = Νι = 2.21537 
ge ane (N;?-2.N,)*2 = 2.47711 


Subtractions dM e UT N,-1- 1.21537 
A (Νι-1) 
F = 0.49064 
((N12-2-N1)+2) 


Multiplications a 1 
= -------------- = 0.63537 


iii ((N12-2-N;)+2) 
E ui (Νι-1) 

















9 9 9 "s = 0.77221 
Divisions | -΄.. ((N,2-2-N,)*2) 
Ὧν. 29 P PT 
η 2? 4 Nu 
N SIE a t n di 
S ober CI = 0.49064 
go 
Squares | ^. 
2 BR a n AI - 0.63537 
h ‘ a "d e us 
\ p^ see NT i2 
A ᾿ ; co H -- 
a Ἡ Sa 
——s ΄ = 
Roots | .—— I1 = 0.77221 
nau LS "s 
/ ES uM 
| ^k a 
\ S 
p ---. 
" y * 





Unit = 1.00000 





ly ->1 








ly -> 2 








ly -»5 








ly ->4 








ly ->5 








ly -> 6 








ly ->7 








ly -> 8s 








ly ->9 











|x > 








|x > 








|x > 








[x > 








[x > 








| > 








[x > 








[x > 








[x > 








[x > 








ly -> 20 











[x -> 0 








[x > 


1 








Ix -> 2 








[x -> 3 








[x -> 4 








[x ^5 








Ix -> 6 








Ix -> 7 








[x -> 8 








[x ^» 











|x > 


10 








|x > 


11 








|x > 


12 








x > 


13 








[x > 


14 








[x > 


15 








[x > 


16 








[x > 


17 








[x > 


18 











| Show Circle 











[x -> 19 
[x -> 20 

















| Show Points 











XY = 0.61538 
X = 8.00000 
Y = 13.00000 


- 0.61538 
Y — 9 


DE = 0.44944 

AE = 0.84800 

CE = 0.53000 
X:(Y-X) 


((2-X2-2.X-Y)4Y?) 


(Y-X) 





(2-X2-2-X-Y)+Y2 = 89.00000 
Y-X = 5.00000 


nes bli 0.44944 AC = 8.89517 
LOL E - 8. cm 
2.o.. 2 ° 
((2-X νο, ) ΑΕ = 7.54309 cm 


τπτ rT = 0.84800 DE = 3.99783 cm 
((2-X?-2-X-Y)+Y%) CE = 4.71443 cm 
(Y-X) 


--------------- = 0.53000 
((2-X2-2-X-Y)*Y?) 


X 


----------------.ΑΕ = 0.00000 
((2-X2-2.X-Y)4Y?) 


-DE = 0.00000 


---------------.ΟΕ = 0.00000 
((2-X2-2.X-Y)4Y?) 


Unit = 1.00000 





ly ->1 








ly -> 2 








ly ->3 








ly ->4 








ly -» 5 








ly -> 6 








ly ->7 








ly -»5 








ly ->9 











ly -> 








ly -» 








ly -> 








ly -> 








ly -> 








ly -> 








ly -> 








ly -> 








ly -» 








ly -> 








ly -> 20 











[x -> 0 








[x -> 


1 








Ix -> 2 








[x -> 3 








[x -> 4 








[x ^5 








Ix -> 6 








Ix -> 7 








[x -> 8 








[x -> 9 











Ix -» 


10 








ΙΧ -» 


11 








Ix -> 


12 








[x -> 


13 








Ix -> 


14 








[x -> 


15 








[x -> 


16 








Ix -> 


17 








Ix -> 


18 











| Show Circle 











[x -> 19 
[x -> 20 

















| Show Points 








AX = 5.47395 cm 
AC = 8.89517 cm 








(2-X2-2-X-Y)+Y2 = 89.00000 

Y-X = 5.00000 

AE = 7.54309 cm 

DE = 3.99783 cm 

CE = 4.71443 cm 
(2-AX?-2.AX-AC)- AC? = 41.66885 cm? 
AC-AX = 3.42122 cm 


XY - 0.61538 XY-X) 
- ——— ——. = 0.44944 AX-(AC-AX) 
X = 8.00000 ((2-X2-2.X-Y)*Y?) a ee = 0.44944 
AX 
X —— = 0.84800 - 
Y - 0.61538 J(2-X?-2-X.Y)* Y?) ((2-AX2-2.AX-AC)- AC?) 0.84800 
Y-X 
DE - 0.44944 — «1 9.53000 — Α.Α) o 
((2-X2-2-X-Y)+Y2) = 0.53000 
AE = 0.84800 ο J(2-AX?-2-AX-AC)* AC?) 
CE - 0.53000 
X.(Y-X) AX-(AC-AX) —— 
((2-X2-2.X-Y)*Y?) NH ((2-AX2-2-AX-AC)* AC?) 
——M— M: = AE = 0.00000 
((@2-2KYy+y2) ^P 7 0.00000 —  ((2AXA2AXACHAC. "ν᾿ 
: AC-AX 
(X) | -CE = 0.00000 


——— —À— — ——--CE = 0.00000 
J/((2-X2-2-X-Y)*-Y?) 


((2-AX2-2.AX-AC)* AC?) 
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| Hide Path Objects 














[Points EOE O 




















[Show Points 
| Hide Objects 








X = 11.59515 

Y = 20.00000 

XY = 0.57976 

DE = 0.47519 

CE = 0.58689 

AE = 0.80966 

Y-X = 8.40485 
(2-X?-2.X-Y)+¥? = 205.08902 





το. ππΕη 
((2-X2-2-X-Y)+Y?) -DE = 0.00000 
X 
G27 ^*^ 090090 
(Y-X) 





UmveaseweA CB-0.00000 
J ((2-X2-2-X-Y)+Y2) 






































Additions 





Subtractions Me -- 


Multiplications 


Divisions 4 


Squares LE 




















2X2-2XY+Y, 















































































































































































































































































































ly ->1 
ly -> 2 
ly ->3 
ly > 4 d = 1.14146 
Iv ^5 e - 2.92128 
Iv -> 6 e-d = 1.77982 
Iy ^7 de - 1.77982 
E ΕΒ (e-d)-de = 0.00000 
Y->9 
ly -> 10 X = 12.00000 
|y -> 11 Y - 20.00000 
[Y -> 12 XY = 0.60000 
[Y -> 13 DE = 0.46154 
[Y -> 14 CE = 0.55470 
[Y -> 15 AE = 0.83205 
ly -> 16 Y-X = 8.00000 
|y -> 17 u jy (2-X?-2-X-Y)+Y? = 208.00000 
ly -> 18 Additions |, — — RX) or = 0.00000 
[Y -> 19 NNNM er E ((2-x2-2.X- Y) v2) i 
[Y -> 20 Je due MM x 
[x -> o — «a YR (@x22xy)r¥2) AF = 0.00000 
[x E pv Ési ubtractions  .— 
1 — MT — (Y-X) 
3 a ----------------ςΕ = 0.00000 
- = "ur ((2:X2-2-X-Y)+Y7) 
-> - - 
[x -> 4 
| X->5 Multiplications -- 
Ix -> 6 
Ix -> 7 
Ix ^s Divisions ps 
[x ^» . 
[x -> ιο de. 
[x -> 11 *" 
[x -> 12 οτε 
[x -> 13 Squares α-------δ---ο-- 
[x -> 14 ΄ I l 
X -> 15 | Ede e Mud" 
7 = 16 \ \ pum "s r2X2-2XY-4Y, 2X2-2XY-*Y, 
[x -> 17 Roots *— — —— 
[x -> 18 ΄ | M i 
[x -> 19 | a NEM ae 
[x -> 20 | s 
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| Hide Path Objects 
| Inputs 
































| Points | Hide Segments 








[Show Points 
| Hide Objects 

















X - 4.81580 
Y - 20.00000 
XY - 0.24079 
DE - 0.28817 
CE - 0.95321 
AE - 0.30232 
Y-X - 15.18420 
(2-X2-2.X-Y)+¥? = 253.75180 
Χ.(Υ-Σ) 
((2-X2-2.X-Y)+Y7) 
x 
((2-X2-2.X-Y)+Y7) 
(Y-X) 
((2-X2-2.X-Y)+Y7) 
πι ΑΕς = 90.00000° 


-DE = 0.00000 


-AE = 0.00000 


-CE = 0.00000 
































Additions | 





^  Subtracti 


ons 


2X2-2XY+Y, 





Multiplications 





Divisions / 
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2X2-2XY+Y, 
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John 312 


Data Piping 

Friday, November 6, 2020 

One of the results of my project to provide the constructions for the 
many propositions in the Elements that do not have them, the lines 
provided which may nor may not be proportional to each other in the 
book are supposed results, but not constructions, was to lead me to 
advance my understanding of figure stacking for Basic Analog 
Mathematics. Also one can show the steps in a glyph by piping to simpler 
glyphs. Suffice it to say, one should view each glyph as having inputs 
and outputs which may be distributed using data piping, or wiring. 

One of the early recognized benefits of a Basic Analog Mathematics 
figure is stackability so that one can do computations within another 
figure on another line. The stacking maintains a one-to-one ratio with 
the given unit over all the figures. 


Basic Stacking 


A = 1.61538 
01 = 2.20133 cm B = 3.72115 
OA = 3.55600 cm C = 2.30357 


OB = 8.19150 cm B 
OC = 5.07093 cm x = 0.00000 














However, to take stackability to a new level, one must recognize that 
one can pipe results to a stacked figure and also, simultaneous choose 
an independent unit for that line of computation while have no effect on 
the results. Thus if one desires to project the results for the construction 
of a figure, they can do so quite independently of units chosen to do the 
math in Basic Analog Mathematics. 


Proportional Stacking 


01 = 2.20133 cm A = 1.71154 
OA = 3.76767 cm B = 3.50962 
OB = 7.72583 cm C = 2.05056 


OC = 4.51397 cm B 
X = 0.00000 





01 = 0.93133 cm 
OD - 1.90976 cm 
D - 2.05056 

D-C - 0.00000 





























One can see that this aids in building geometric figures which are in 
fact, very complex computational computers. Thus complex 
computational analog computers can constructed, which, if I am not 
mistaken, will eventually lead to the realization of holographic analog 
computing at speeds unimagined at this time. 


Data Piping. 


01 = 1.96850 cm N = 3.74166 
ON = 7.36545 cm N2 = 14.00000 
OW = 2.45515 cm W = 1.24722 (W-3)2 = 14.00000 


Data Pipe O 1 W N 








Each stack can 
independenly have its own 
unit. Operations can even be 
performed within the pipe 
itself. All results are exact. 




















All of legitimate mathematics are derived from the physical world— 
each concept geometrically demonstrable. Thus, all legitimate 
mathematics are demonstrable in the analogic of geometry—through 
Basic Analog Mathematics; or more properly, any logical grammar, or any 
analog grammar, can be reduced to a universal analog grammar called 
geometry. The information to construct the figure, that of proportion 
between parallel lines, is actually presented in Euclid's Elements Book 1. 
So, all that is needed to understand mathematics is presented by the end 
of Book 1, and the results of the implication of proportion is explored 
throughout the rest of the work. 
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ΖΡ Nz = 1.62626 
N, = 1.47475 Na = 3 Δ... - H-—- ς-.. D 
R - 2.64325 Ny No N3 N4 
Absolute Logical Operators 1CST7R8 
Descriptions. 
N, -(C-A+D) Ny (C-A+D) B-D " 
u — 2.643245 Num = —— — — — — —— Den:- —————— L- um 
— mm 9° = 2 2 = D 
B-D (Nu (C-A+D)]| y (B-D) en 
Definitions. 


Num = 1 Den = 1 L=1 





2 2 
Na V B^-D^-(C-A+D) 
ey; 


2 2 
B-D-/N,~-(C-A+D) 


Νι = 2.10101 Unit. AB:= 1 Given. N,:= 2.10101 No:= 1.62626 Να: 1.11111 


N4 = 1.47475 








IY O Given. 
> A := 2.10101 Da me 
Να = 1.62626 
B := 1.62626 N35 = 1.11111 
C — 1.11111 N4 = 1.47475 
n R - 2.64325 
D := 1.47475 s uii x 
Relative Logical Operators 1CST7R8 
Descriptions. 
N A.B.(C- D)- B. C.D D A-C E Num 
uim =O en:- --------- -- 
A-B.(C-D)- B.C.D / / Den 
Sa = 2.643245 [A-B-(C+D) —B-C-D]” (A-C)? 
Definitions. 
Num = 1 Den = 1 L= 1 


A-C] [A-B-(C +D) - B-C-D]? 


L O 


For 4 variables there are 16 subsets. 


2 
0,0,0,0: , 0,0,3,0: νο | 
ο 
2 
. X/A?.(2.A- 1 2.2 
1, 0, 0, O: (2 ) 1, O, 3, O: A .C .[C- A. (C « 1)| = 
] Lm we ecce enr 
ΥΕ A-C- [C-A (C+ 1)]? 
B Je? 
0, 2, 0, 0: Ee 0, 2, 3, 0: Ve Lia a NN" 
: - 7 
VB CJ [B-C-B.(C+1)]? 
2 
1,2,0,0: {9 32ΑΒ) ΥΑ κ 1,2,3,0: y/A^-C^[BC-AB(C*1].- 


1 


2 
.. αμ A-C.,/ [B-C-A-B-(C + 1)]? 





O, O, O, 4: 


1, O, O, 4: 


ο, 2, 0, 4: 


1, 2, 0, 4: 


O, O, 3, 4: 


1, O, 3, 4: 


O, 2, 3, 4: 


1, 2, 3,4: 


JA? [D - A. (D+ D] , 
A [D - A-(D « 1)]^ 


BD-B(D«1  , 


JA? [B-D- A-B.(D- D , 
"IET 
Jc^4c«n-c») , 


A^.c?.[A.(C « D) -C-D] | ; 


A-C 4 [A (C+D) - C. D]? 


/ c? .[B.(C « D) -BB.C.D] - ; 
C../ [B-(C « D) - B.C. D]? 


A^.c?.[A.B.(C - D B.C.D] - : 


A-C AJ [A-B-(C + D) - B.C. D]? 
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Absolute Transforms 1CST7R8 


Descriptions. 


Να (ο - A4 D) 


B.D 





= 2.643245 


For 4 variables there are16 subsets. 


O, O, O, 0: 


1, O, O, O: 


O, 2, O, O: 


1, 2, O, O: 


O, O, 3, O: 


1, O, 3, O: 


O, 2, 3, O: 


1, 2, 3, 0: 


1 


O, O, O, 4: 


1, 0. O, 4: 


ο, 2, 0, 4: 


1, 2, O, 4: 


O, O, 3, 4: 


1, O, 3, 4: 


ο, 2, 3, 4: 


1, 2, 3, 4: 





Ny (C+D-N,) 


B-D 


Να (ο - A« D) 


B.D 


N, = 2.10101 
Να = 1.62626 
N = 1.11111 
N, = 1.47475 
R = 2.64325 


Unit. AB:= 1 


Given. 
Ny Ny 
A:-— B:= — 
Ny No 


N4 := 2.10101 


No := 1.62626 N5:- 1.11111 


N4 = 1.47475 





e ads Νο := 1.62626 
AB := 1 
τ... N = 1.11111 
N} = 2.10101 Ny: 1.47475 


Relative Transforms 1CST7R8 


Descriptions. 


= 2.643245 
BIS 
For 4 variables there are 16 subsets. 
0,0,0,0: 1 1 
0,0,3,0: —— 
N3 
2.N4,-1 
1, 0, 0, 0: 1 B 
? ? ? ———— 1, 0, 3, O: Ny N3+Ny N3 
Ny 
Νι ΝΑ 
ο. 2.0.0: Ν2 
RR No 0,2,3,0: — 
N3 
TT 9 9 9 e [uu " AíuUU Au9AGAGBLULALLLULOOOO)UOLLLAL LL LLLLLLLLLLLLLLLOO 
Ny Nj Να 





O, O, O, 4: 


1, O, O, 4: 


ο, 2, 0, 4: 


1, 2, 0, 4: 


N, = 2.10101 
Να = 1.62626 
ΝΑ = 1.11111 
N4 = 1.47475 
R = 2.64325 


Ny 


O, O, 3, 4: 


1, O, 3, 4: 


ο, 2, 3, 4: 


1, 2, 3, 4: 


Να 


N4:N5 


Να 


Νι ΝᾺ 
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N = 4.00000 
" C B C = 3.05757 
"ES = D = 1.69751 


ae M" JC-(N-C)-D = 0.00000 

















The equation for a circle is the same as in Euclidean Geometry, for any 
diameter and any point on it, the circumference from that point is square root 
of the product of the two segments of the diameter. 


One of the ways of importing the circle into geometry is by starting with a unit, 
and then applying math functions of multiplication and division to it. By taking 
any ratio of a unit, multiplying those segments and then taking the square root of 
them, one will produce a circle. 


Construction 1. 


Intrduction to the circle and the ellipse. 


A circle is that boundary in a plane, from the locus of a 
segment, as a proportional to half the segment as 
determined by the root of both parts of that segment on the 
perpendicular to that point. 


Or, one can say that a circle is that boundary which is the 
root of the product of a segment's complementary segments. 


However, no matter which way one views the circle, it turns 
out to be a product of a segment and it circumscribes that 
segment, furthermore the mathematics is a given as soon as 
one has been given a segment. Therefore, the compass itself 
only recognizes a given when the segment is a given. This is 
only part of what complete induction means. 


What this should tell one, is that the stipulation that 
geometry is the product of only the straight edge and 
compass is not true. Complete induction by the unit 
segment is inclusive of any geometric tool which maintains 
the unit. 


Complete induction, itself, determines what a geometric tool 
is; otherwise, one is both affirming and denying complete 
induction for a language. Complete induction automatically 
eliminates any claim of alternate geometries. 


The fact of complete induction determines a geometric tool 
follows from the definition of any thing. 


What may be predicated of any thing is wholly determined 
by the definition of that thing. By claiming geometry only 
uses or can use, straightedge and compass, only denotes a 
lack of language comprehension. 


Construction 2. 


Intrduction to the circle and the ellipse. 








A circle is that boundary in a plane from 
= ος the locus of a segment as a proprotional 
νην to half the segment as determined by the 
B = 1.48020 root of both parts of that segment on the 
C - 3.72981 perpendicular to that point. 

D - 1.93127 
(A*B)-N = 0.00000 ./A-(N-A)-D = 0.00000 





A-B-C = 0.00000 
D-./C = 0.00000 








The equation for a circle is the same as in Euclidean Geometry, for any 
diameter and any point on it, the circumference from that point is 
square root of the product of the two segments of the diameter. 


Therefore, an alternate means of starting a geometric treatise, is with a 
unit, and then applying the basic operations to that unit for the sake of 
construction and building the language. 


Ellipse El. An elipse is that boundary in a plane 


from the locus of a segment as a 
proportional to the proprotional to half 





One will note that in this the segment as determined by the root 
construction, every ellipse is of both parts of that segment on the 
possible, however, there is no perpendicular to that point. 


major and minor axis; there is 
just the axis. 


Equations: 





A = 3.36000 Circle /A-(N-A)-C = 0.00000 


B = 2.64315 
C = 1.54100 


δ Β..Α.(Ν-Α 
D = 2.86113 Ellipse —— - 0.00000 




















Ellipse E2. 


An elipse is that boundary in a plane 





One will note that in this from the locus of a segment as a 
construction, every ellipse is proportional to the proprotional to half 
possible, however, there is no the segment as determined by the root 
major and minor axis; there is of both parts of that segment on the 
just the axis. perpendicular to that point. 
Equations: 

A = 3.36000 Circle ο ο = 0.00000 

B = 0.98967 

C = 1.54100 


ο Β..Α.(Ν-Α 
D = 0.49563 Ellipse BAA) 5, = 0.00000 
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The Myth of Trigonometry. 


If one examine all of my work in Geometry, there are two things you 
will not find in the work: so called angles and Trigonometry. In the 
thousands of pages of demonstrations, and wave forms, I have never 
found a reason or a use for it. If one examines and thinks about the 
following plates, which I just used for video demonstrations, one will find 
the mythology of Trigonometry. Every bit of it derived from a simple 
geometric figure and simple algebra. If you know anything about 
Trigonometry, maybe you can recall the mythologies and lies told to 
support the obfuscation of the simple. And it is amazing, all of the so 
called geniuses could not just see it. 


I don't know, but I do not believe that lack of awareness is intelligence. 


In case you are having a hard time with it, maybe you are thinking too 
hard about it. A plane is only 2 dimensions, meaning you only require 
two variables. Only 2, no more, no less. That means that all an angle can 
possibly be is a simple ratio. If you are able, recall all the impressive, so 
called advanced mathematics trigonometry is claimed to be, all the thick 
volumes of problems, very impressive. Really? 


Now, look at the plates and see how simple it really is, and how much 
obfuscation is required to make those books. 


Notice something else, the geometric figure is independent of a right 
angle and is perfectly comfortable with any angle, and any triangle. It 
works, like everything I demonstrate, right from the unit. It even works 
fine for the so called Pythagorean Theorem, which, by the way, was never 
completed. Take a look at Pythagoras Revisited in The Delian Quest. I 
decided I had to fix it to do the Delian Quest. 


Do you still seriously think that a scientist has any right to bitch about 
the religious fanatics? 


WIKIPEDIA 
Trigonometry 


Trigonometry (from Greek trigonon, "triangle" and metron, "measure"!#!) is a branch of mathematics 
that studies relationships between side lengths and angles of triangles. The field emerged in the 
Hellenistic world during the 3rd century BC from applications of geometry to astronomical studies.!2! 
The Greeks focused on the calculation of chords, while mathematicians in India created the earliest- 
known tables of values for trigonometric ratios (also called trigonometric functions) such as sine.!3! 


Throughout history, trigonometry has been applied in areas such as geodesy, surveying, celestial 
mechanics, and navigation |4! 


Trigonometry is known for its many identities,5!9! which are equations used for rewriting 
trigonometrical expressions to solve equations, to find a more useful expression, or to discover new 
relationships.!7! 
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History 


Sumerian astronomers studied angle measure, using a division of circles 
into 360 degrees.!9! They, and later the Babylonians, studied the ratios of 
the sides of similar triangles and discovered some properties of these ratios 
but did not turn that into a systematic method for finding sides and angles 
of triangles. The ancient Nubians used a similar method.'19! 


In the 3rd century BC, Hellenistic mathematicians such as Euclid and 
Archimedes studied the properties of chords and inscribed angles in circles, 
and they proved theorems that are equivalent to modern trigonometric 
formulae, although they presented them geometrically rather than 
algebraically. In 140 BC, Hipparchus (from Nicaea, Asia Minor) gave the 





first tables of chords, analogous to modern tables of sine values, and used Hipparchus, eredited- with 
them to solve problems in trigonometry and spherical trigonometry.H! In compiling the first 

the 2nd century AD, the Greco-Egyptian astronomer Ptolemy (from trigonometric table, has 
Alexandria, Egypt) constructed detailed trigonometric tables (Ptolemy's been described as "the 


table of chords) in Book 1, chapter 11 of his Αἰπιαροςί. 131 Ptolemy used father of trigonometry" I! 


chord length to define his trigonometric functions, a minor difference from 

the sine convention we use today.431 (The value we call sin(0) can be found 

by looking up the chord length for twice the angle of interest (20) in Ptolemy's table, and then dividing 
that value by two.) Centuries passed before more detailed tables were produced, and Ptolemy's treatise 
remained in use for performing trigonometric calculations in astronomy throughout the next 1200 years 
in the medieval Byzantine, Islamic, and, later, Western European worlds. 


The modern sine convention is first attested in the Surya Siddhanta, and its properties were further 
documented by the 5th century (AD) Indian mathematician and astronomer Aryabhata.!!4! These Greek 
and Indian works were translated and expanded by medieval Islamic mathematicians. By the 10th 
century, Islamic mathematicians were using all six trigonometric functions, had tabulated their values, 
and were applying them to problems in spherical geometry.!!5!!4°! The Persian polymath Nasir al-Din al- 
Tusi has been described as the creator of trigonometry as a mathematical discipline in its own 
right.71:8119] Nasir al-Din al-Tüsi was the first to treat trigonometry as a mathematical discipline 
independent from astronomy, and he developed spherical trigonometry into its present form.!2°! He 
listed the six distinct cases of a right-angled triangle in spherical trigonometry, and in his On the Sector 
Figure, he stated the law of sines for plane and spherical triangles, discovered the law of tangents for 
spherical triangles, and provided proofs for both these laws.!2"/ Knowledge of trigonometric functions 
and methods reached Western Europe via Latin translations of Ptolemy's Greek Almagest as well as the 
works of Persian and Arab astronomers such as Al Battani and Nasir al-Din al-Tusi.!22! One of the 
earliest works on trigonometry by a northern European mathematician is De Triangulis by the 15th 


century German mathematician Regiomontanus, who was encouraged to write, and provided with a copy 
of the Almagest, by the Byzantine Greek scholar cardinal Basilios Bessarion with whom he lived for 
several years.!23! At the same time, another translation of the Almagest from Greek into Latin was 
completed by the Cretan George of Trebizond.!24! Trigonometry was still so little known in 16th-century 
northern Europe that Nicolaus Copernicus devoted two chapters of De revolutionibus orbium coelestium 
to explain its basic concepts. 


Driven by the demands of navigation and the growing need for accurate maps of large geographic areas, 
trigonometry grew into a major branch of mathematics.!25! Bartholomaeus Pitiscus was the first to use 
the word, publishing his Trigonometria in 1595. 26) Gemma Frisius described for the first time the 
method of triangulation still used today in surveying. It was Leonhard Euler who fully incorporated 
complex numbers into trigonometry. The works of the Scottish mathematicians James Gregory in the 
17th century and Colin Maclaurin in the 18th century were influential in the development of 
trigonometric series.!27! Also in the 18th century, Brook Taylor defined the general Taylor series.!2°! 


Trigonometric ratios 


Trigonometric ratios are the ratios between edges of a right 
triangle. These ratios are given by the following trigonometric 
functions of the known angle A, where a, b and c refer to the 
lengths of the sides in the accompanying figure: 


= Sine function (sin), defined as the ratio of the side opposite 
the angle to the hypotenuse. 








opposite a 
sin A = —————— = —. 
hypotenuse C NN | 
In this right triangle: sin Á = a/c; 
= Cosine function (cos), defined as the ratio of the adjacent ο οκ 
leg (the side of the triangle joining the angle to the right 


angle) to the hypotenuse. 


adjacent b 
cos A = ——————_ = --. 
hypotenuse ο 


= Tangent function (tan), defined as the ratio of the opposite leg to the adjacent leg. 


opposite a a/c  sinA 
tan A. = eum EE 
adjacent b b/c  cosA 





The hypotenuse is the side opposite to the 90 degree angle in a right triangle; it is the longest side of the 
triangle and one of the two sides adjacent to angle A. The adjacent leg is the other side that is adjacent 
to angle A. The opposite side is the side that is opposite to angle A. The terms perpendicular and 
base are sometimes used for the opposite and adjacent sides respectively. See below under Mnemonics. 


Since any two right triangles with the same acute angle A are similar!29!, the value of a trigonometric 
ratio depends only on the angle A. 


The reciprocals of these functions are named the cosecant (csc), secant (sec), and cotangent (cot), 
respectively: 





1 hypotenuse ο 
csc A = —— = ————_ =, 
sin A opposite a 
1 hypotenuse ο 
sec A = SS SS ον 
cos A adjacent b 
1 adjacent cosA b 
cot A = uud = 








tan A opposite sn4 a 
The cosine, cotangent, and cosecant are so named because they are respectively the sine, tangent, and 
secant of the complementary angle abbreviated to "eo-" [30] 


With these functions, one can answer virtually all questions about arbitrary triangles by using the law of 
sines and the law of cosines.!31! These laws can be used to compute the remaining angles and sides of any 
triangle as soon as two sides and their included angle or two angles and a side or three sides are known. 


Mnemonics 


A common use of mnemonics is to remember facts and relationships in trigonometry. For example, the 
sine, cosine, and tangent ratios in a right triangle can be remembered by representing them and their 
corresponding sides as strings of letters. For instance, a mnemonic is SOH-CAH-TOA:!82! 


Sine = Opposite + Hypotenuse 
Cosine = Adjacent + Hypotenuse 
Tangent = Opposite + Adjacent 


One way to remember the letters is to sound them out phonetically (1.e., SOH-CAH-TOA, which is 


The unit circle and common trigonometric values 


Trigonometric ratios can also be represented using the unit circle, which is the circle of radius 1 centered 
at the origin in the plane.!34! In this setting, the terminal side of an angle A placed in standard position 
will intersect the unit circle in a point (x,y), where z = cos A and y = sin Α.134} This representation 


allows for the calculation of commonly found trigonometric values, such as those in the following 
table:!35! 





Fig. 1a — Sine and cosine of an 
angle 0 defined using the unit circle. 


Function 0 71/6 π/4 1/3 π/2 21/3 37/4 57/6 T 
sine 0 1/2 /2/2., 3/2 |1 /3/2 /2/2 1/2 0 
cosine | 1 /3/2 | /2/2 1/2 0 —1/2 —/2/2  —/3/2 | -1 
tangent 0 J/3/3 1 ν8 undefined | —4/3 —1 —/3/3 | 0 
secant |1 24/3/3 | v2 2 undefined | —2 ssa D —24/3/3 | -1 
cosecant | undefined | 2 2 24/3/3 | 1 2/3/3 | v2 2 undefined 
cotangent | undefined | 4/3 1 /3/3 0 —/3/3 | —1 —/3 undefined 


Trigonometric functions of real or complex variables 


Using the unit circle, one can extend the definitions of trigonometric ratios to all positive and negative 
arguments!3°l (see trigonometric function). 


Graphs of trigonometric functions 


The following table summarizes the properties of the graphs of the six main trigonometric 
functions; 37138] 


Function | Period Domain Range 





sine 2m (--οο, oo) [—1, 1] 
cosine 27 (--οο, oo) [—1, 1] 
tangent 7 2 -ἐπ/2λη-ππ | (--οο, co) 
secant 27 2 -ἐπ/λη-τιπ | (—oo,—1|U [1, oo) 
cosecant | 27 £L ENT (—oo, —1] U [1, oo) 
cotangent 7 v FNT (--οο, oo) 





Inverse trigonometric functions 


Because the six main trigonometric functions are periodic, they are not injective (or, 1 to 1), and thus are 
not invertible. By restricting the domain of a trigonometric function, however, they can be made 
invertible.[391:48tt 


The names of the inverse trigonometric functions, together with their domains and range, can be found 
in the following table:394:4811[40]:52111 


Range of usual Range of usual 


Name ead Definition ο ο. principal value principal value 
(radians) (degrees) 
arcsine ene x = sin(y) -1sx<1 en -90? < y < 90? 
arccosine i ho x = cos(y) -1<x<1 Osy<z 0° < y < 180° 
arctangent ΠΗ͂Ι, x = tan(y) all real numbers προ» -90° < y < 90? 
arccotangent acc) x = cot(y) all real numbers O<y<Z 0° < y < 180° 
arcsecant πας x = sec(y) xs-tor1sx 0Osy«$or2«ysm η pd PUPA 
arccosecant ee x = csc(y) XS σα ο 1s x E <y<Qor0<ys 5 ε.α; ο = 


Power series representations 


When considered as functions of a real variable, the trigonometric ratios can be represented by an 
infinite series. For instance, sine and cosine have the following representations: 411 
r’ n r’ a! ie 
Sh SS ee ee 
3! 5! 7! 
(αλα τα 


E zs (2n +1)! 


With these definitions the trigonometric functions can be defined for complex numbers.!42! When 
extended as functions of real or complex variables, the following formula holds for the complex 
exponential: 


et — e” (cos y + sin y). 


This complex exponential function, written in terms of trigonometric functions, is particularly 
useful. 1431144] 


Calculating trigonometric functions 


Trigonometric functions were among the earliest uses for mathematical tables.'45! Such tables were 
incorporated into mathematics textbooks and students were taught to look up values and how to 
interpolate between the values listed to get higher accuracy.49! Slide rules had special scales for 


trigonometric functions.|47! 


Scientific calculators have buttons for calculating the main trigonometric functions (sin, cos, tan, and 
sometimes cis and their inverses).49! Most allow a choice of angle measurement methods: degrees, 
radians, and sometimes gradians. Most computer programming languages provide function libraries 
that include the trigonometric functions.49! The floating point unit hardware incorporated into the 
microprocessor chips used in most personal computers has built-in instructions for calculating 
trigonometric functions.!5°! 


Other Trigonometric Functions 


In addition to the six ratios listed earlier, there are additional trigonometric functions that were 
historically important, though seldom used today. These include the chord (crd(0) = 2 sin(5)), the 


versine (versin(@) = 1 — cos(0) = 2 sin(5)) (which appeared in the earliest tables!51!), the coversine 
(coversin(0) = 1 — sin(0) = versin(5 — θ)), the haversine (haversin(0) = ;versin(0) = ο. 


the exsecant (exsec(@) = sec(0) — 1), and the excosecant (excsc(0) = exsec(5 — 0) = csc(0) — 1). See 


List of trigonometric identities for more relations between these functions. 


Applications 


Astronomy 


For centuries, spherical trigonometry has been used for locating solar, lunar, and stellar positions, 53] 
predicting eclipses, and describing the orbits of the ρ]αηοῖς. 54Η 


In modern times, the technique of triangulation is used in astronomy to measure the distance to nearby 


stars, 55) as well as in satellite navigation systems.!©! 


Navigation 


Historically, trigonometry has been used for locating latitudes and longitudes of sailing vessels, plotting 
courses, and calculating distances during navigation.L56l 


Trigonometry is still used in navigation through such means as the Global Positioning System and 
artificial intelligence for autonomous vehicles.l571 
Surveying 


In land surveying, trigonometry is used in the calculation of lengths, areas, and relative angles between 
objects. 55: 


On a larger scale, trigonometry is used in geography to measure distances between landmarks, 59) 


Periodic functions 


The sine and cosine functions are fundamental to the theory of periodic 
functions,!©°! such as those that describe sound and light waves. 
Fourier discovered that every continuous, periodic function could be 
described as an infinite sum of trigonometric functions. 





Even non-periodic functions can be represented as an integral of sines 
and cosines through the Fourier transform. This has applications to 
quantum mechanics!!! and communicationsl9?l, among other fields. 





Sextants are used to measure 
the angle of the sun or stars with 
respect to the horizon. Using 
trigonometry and a marine 
chronometer, the position of the 
ship can be determined from 
such measurements. 


Optics and Acoustics 


Trigonometry is useful in many physical sciences,3! including 
acoustics, 61 and optics!©4!, In these areas, they are used to describe 
sound and light waves, and to solve boundary- and 
transmission-related problems.!©5! 


Other applications 


Other fields that use trigonometry or trigonometric 
functions include music theory, 69! geodesy, audio 
synthesis, 67] architecture,!©*! electronics,!©°! biology,.69 
medical imaging (CT scans and ultrasound),!7°! 
chemistry,!74! number theory (and hence cryptology),!72! 
seismology,!©4! meteorology,!73! oceanography, 74! image 
compression,!Z5! phonetics, 79! economics, 77! electrical 





engineering, mechanical engineering, civil 
engineering, 66) computer graphics,75! cartography,9Ó! ^^ Function βία) (in red) is a sum of six sine 
crystallography!79! and game development.!Z®! functions of different amplitudes and harmonically 
related frequencies. Their summation is called a 
e, Fourier series. The Fourier transform, S (in 
Identities 4) 


blue), which depicts amplitude vs frequency, 
reveals the 6 frequencies (at odd harmonics) and 
Trigonometry has been noted for its many identities, that — their amplitudes (1/odd number). 


is, equations that are true for all possible inputs.!90l 


Identities involving only angles are known as trigonometric identities. Other equations, known as 
triangle identities! relate both the sides and angles of a given triangle. 


Triangle identities 


In the following identities, A, B and C are the angles of a triangle and a, b and c are the lengths of sides of 
the triangle opposite the respective angles (as shown in the diagram).!82! 


Law of sines 


The law of sines (also known as the "sine rule") for an arbitrary 











triangle states:!83! b 
a b c | OR — abc / N 
snA sinB απο 2A’ / N a 
where A is the area of the triangle and R is the radius of the / 3 
circumscribed circle of the triangle: / Ν 
abc 


eS ees l | 9s 
(a 4- b - c)(a — b 4- c)(a - b — c)(b 4- c — a) 


Triangle with sides a,b,c and 
respectively opposite angles A,B,C 


Law of cosines 


The law of cosines (known as the cosine formula, or the "cos rule") is an extension of the Pythagorean 
theorem to arbitrary triangles:!83! 


c? = a? +b’ — 2abcos C, 
or equivalently: 


a? + b e 
2ab | 


cos C = 


Law of tangents 


The law of tangents, developed by Francois Viéte, is an alternative to the Law of Cosines when solving 
for the unknown edges of a triangle, providing simpler computations when using trigonometric 
tables.!94! Tt is given by: 


α- Ὁ tan|>(A — B)| 


a+b — tan[l(A4 B)] 





Area 


Given two sides a and b and the angle between the sides C, the area of the triangle is given by half the 
product of the lengths of two sides and the sine of the angle between the two sides: [83] 


Heron's formula is another method that may be used to calculate the area of a triangle. This formula 
states that if a triangle has sides of lengths a, b, and c, and if the semiperimeter is 


1 
s= οἷα t bte) 


then the area of the triangle is:!85! 


where R is the radius of the circumcircle of the triangle. 


Area = A= ταῦ sin C. 


Trigonometric identities 


Pythagorean identities 


The following trigonometric identities are related to the Pythagorean theorem and hold for any value:!®°! 
- 2 2 = 
sin^ Á + cos Á = 1 
tan? A + 1 = sec? A 


cot? A + 1 = csc? A 


Euler's formula 


Euler's formula, which states that e" = cos 2; + isin z, produces the following analytical identities for 
sine, cosine, and tangent in terms of e and the imaginary unit i: 


l =, e € ei 4 e ἴα Ue nA "m ee) 
sn t = ——2—, COS t = ——, tanq = ——————— 
2 ett |. ο” ἴα 


Other trigonometric identities 


Other commonly used trigonometric identities include the half-angle identities, the angle sum and 
difference identities, and the product-to-sum identities. 291 


See also 


= Aryabhata's sine table 

= Generalized trigonometry 

= Lénárt sphere 

= List of triangle topics 

= List of trigonometric identities 
» Rational trigonometry 

= Skinny triangle 

=» Small-angle approximation 


Trigonometric functions 
Unit circle 
Uses of trigonometry 
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AB = 4.52967 cm 


mZCBA = 32.77288° AC = 2.51883 cm 
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(2-AB) 
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= 11.44575° 
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BC-CD-BD 
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(2-AB) sin(m ) 


BD 
-sin(mZDCB) = 0.00000 





The sine function is working, but the 
inverse sing function seems to be rather 
iffy. 


BC 
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inverse sing function seems to be rather 
iffy. 
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mZCBE 
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Foot Note 2. 


CE 
sin(a }-πιάοοε = -104.1873 7° ᾿ 
(2-AB) The so called angle has never been, nor can ever be anything other than a 
standardized system of putting into ratio the sides of a triangle. 
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The so called angle has never been, nor can ever be 
anything other than a standardized system of putting 
into ratio the sides of a triangle. Many false 
mathematics used for so called non-Euclidean 
Geometries use trig to hide false geometric claims. 
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Looking for Angels. 


m/BKM = 86.20886° 
m/NKM = 28.73629° 
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Looking for Angels. 

3/5/2018 

Have you ever thought, and perhaps have committed it yourself, that 
an angle is just a typo for an angel? Or even the reverse? They both have 
wings, right? Now, it may be of some concern, that one knows where they 
are going, but the other just goes duh. That is very disturbing. One can 
have a ball on the head of a pin, complete with orchestra and lights, 
while the other gets lost looking for a pencil because it cannot even find 
the light switch. 


Iam want to leave The Universal Language where it is at present. I am 
not one who actually enjoys the minutia of trying to say something, or 
set it down, especially when I am antsy to get on my way to explore 
something else and also since I am, myself, so unfamiliar with actually 
talking with anyone. I think, in regard to BAM, I way over did the 
minutia to begin with. However, the time I spent on that minutia 
certainly put my thoughts into order, like chicken baking in the oven. 
But now, I want to go back to a project I put on the back burner years 
ago. I can now attack it from a sounder base:—The Angle. 


Now I have examples derived from my own work. The information 
which I have accrued, like most of everything else, I have not found in 
any work. The hair brained use of Trigonometry, in my opinion, only 
leaves one as they started, just really stupid. To me, running off and 
creating bull-shit, when one has not even examined what they do have, is 
not the endeavor of someone who is wholly cognizant of themselves. Who, 
in their right mind, writes theories about the Universe, when they start 
from a foundation, which, their own education tells them is not even 
sound? Anyone, taking a grammar class, should at least, if they say 
nothing to the teacher, think within, What the Fuck? Enough of the rant. 


Iam going to spend some time, putting into a starting document, what 
I have learned about angles. This time, however, I am fully aware that 
what I am doing, is finding a way by which one correctly proportions a 
unit, itself, in relation to itself. I just have a suspicion that if one wants 
to comprehend dimensional progression, in regard to a unit, then that is 
where one starts. And, I have got up and running, a working pdf of Plato 
in the Nude, which can drone on in my ear as I work, when I am not 
watching Marvel cinema. Got to Keep up with the comics. 


I started my study of geometry as I was approaching my 40’s, never 
having it presented to me in public education. Now, I am approaching my 
70’s. So, I would not expect much. 


I will start off this project with a pdf of the project left undone from 
2005, when I called the project, Three Pieces of Paper. At the time, I did 
not pay much attention to BAM, because I actually took it for granted 
that the process had to have been known. How could it not? But a 
thought kept nagging at me, so I went searching on the internet, and 
then it dawned on me, it was not known, so I had to leave the work off 
and work it out. What was on the internet was just so undeveloped and 
primitive. 

So, I am wandering off, again, onto another exploit... 


Chapter 1. 
The Unit. 
3/8/2018 
When I first started drawing, I started with the desire just to try and 
learn a little geometry. In terms of the word geometry, I was a clean slate, 
I never had it in school and I was in my late 30's when decided to set off 
on my little learning adventure. 


It took about a dozen years, maybe because I was not actually 
thinking about it, to realize that a circle was not just a circle nor a line 
just a line. It took a lot longer to realize that the mind processes all 
information based on only one concept of a unit:—a unit is just a 
synonym for a thing. 


Now, the phrase, for it certainly is a phrase, does not seem to mean 
much until you start looking into your own mind. Slowly, you start to 
realize that it means everything. Everything we think and do, when our 
mind is functioning, is the results of complete induction and deduction 
of a unit, or as Plato would say, Just one thing. 


Another thing this means is just this. If this fact is not known or 
understood, then one does not actually know any thing at all. It means 
that we are proto-linguistic. As such, it also means we are a beast, docile 
or not. Language separates man from animals. That distinct separation 
is impossible until our mind is functioning by complete induction and 
deduction of a unit, a standard concept of a thing. The evolutionary 
umbilical cord only becomes severed when our behavior is determined by 
a mind doing its own work. 

A lot of people do not exactly know what it means to do one's own 
work. I had some idea, that is why while I was at work, doing my job, I 
sometimes got into trouble with both the company and the union. I was 


an over-achiever and for a very good reason. After I had done more than 
production quota’s I would take a break and try to study. Now the 
company wanted more, never satisfied, and the union threatened to 
actually kick my ass if I did not slow down. For some strange reason, 
which I have not figured out to this day, both of them suffered the same 
sociopathic behavior, each of them thought that I was governed by them. 
How is it possible, in a country that tosses the word freedom around to 
be wholly subjected to a slave psychology, a slave mentality? I have 
absolutely no idea. Although I did eventually earn my pension by my own 
terms, and I did earn some respect by both the company and the union, 
neither were happy about it. A social working life is something like 
standing in the rain with occasional hail:—neither the rain, nor the hail 
will ever remember you. So the company, setting production quota’s were 
claiming, by their behavior that I owed them more than they said was a 
fair day’s work, and the union claiming that job security means not doing 
one’s own work. One telling you it is okay to beat the horse to death, and 
the other claiming you never have to leave the barn. Wonderful, just 
freaking wonderful, because both of them are claiming that I am the 
problem. Seems to be my life’s story. 


I have a problem with authority. Even when I was going through a 
phase of being able to see things which actually came about, I found it 
curious, examined it, but my attitude was, however it was happening, I 
did not cause it, so why would I be interested? If I do not know a thing, 
then I either had to learn it, understand it if I could, or move on to 
something I could understand. Simple as that. I likened the experience to 
people who bitch about rich people claiming if they had that person’s 
money that they would do thing’s differently. Really? ever think about 
starting at the start, by earning the right to say that, by earning the 
money? I actually felt sorry for people who chased after the visions, all of 
their life wondering why they could not master it, when it was clear, 


should have been clear, it was not by their own ability. The future does 
not exist, thinking that it does is a brain dead tense error. I did not know 
where the visions were coming from, it did not excite me, and I was 
certain that I did not know, the only question to ask, just like popular 
media, why in the hell do they, or what ever it was, want my time? My 
time is the only thing I have. It is a blind bank account of which you 
never know when you have over drawn that account. You never will. 


Except I did, and that event sent me into a state I have never really 
recovered from. And I still do not know why. What in the hell does 
anyone want with my time, only now, is it my time? My account ran out 
a long time ago, yet here I am. Why? My whole situation is involved with 
true power I cannot understand and is wholly out of my ability to 
understand. 


50, I have to take the only road, the long road to understanding. I have 
to start learning the unit. 

In the grammar of geometry, we have two distinct tools. The 
straightedge and the compass and they produce a results, with pencil, 
pen, crayon, chalk, scribe, etc., like these:— 


And by recursive use you draw; draw is just a synonym for symbolic 
expressions in that grammar. Eventually you learn that the segment is 
just one thing, a unit, and the compass an expression of the universe of 
discourse. That tool, the compass, is all you have to do the math, or 
speak the language. Although they are constructed, each with a tool, the 


results, by appearance, differs drastically between them. The circle is not 
a line. It is a conceptual abstraction imposed upon the only word 
possible, one. By complete induction and deduction, all you are doing is 
counting and it does not matter if you are counting days, or the color of 
someone's eyes. 


Chapter 2. 
The Ball Game. 
3/8/2018 
In baseball, it only takes three misses at bat to set you back down in 
the dugout. It is a life of second and third chances, which makes it an 
optimistic game, unlike evolution. 


Before my trek into geometry and later, the study of Plato, I ran into 
another problem. I had an answer, in visual metaphor again, to a 
question I asked. For three days, I tried to figure out what C.M. meant. 
The best I could do is Common Market, which is actually what it does 
mean. Being in the format of C.M. means that it is a class with many 
members, that is what initials are. Another word for initials is acronym. 
The sign I was given in the lucid dream, is simply loaded with meaning, 
so that no matter how you look at it, if you are thinking, the results is 
always the same. When I have given up on trying to second guess the 
initials, I resorted to using a dictionary I found in the shop drawer. On 
the top of that list was, Congregation of the Mission. I knew less about 
this than the Common Market, however, I had a greater aversion to it 
than the other. I am not in the least fond of religion, not as practiced 
today, not as taught today. Therefore, I naturally had an aversion to the 
Bible in terms of religion. 


So, after I had my fit and by seeing that the words of the Book were 
being used a lot differently than I was use to seeing in a book, things 
started getting weirder than they already were in my life. 


When all was said and done, a very long circumlocution, much worse 
than an Platonic Dialog, it brings one back to the unit by which 
psychology is determined, even the name of the beast 666, resolves to a 
biological fact, what determines what we are is simply by our psychology 
as determined by our ability to employ the unit in thought. Therefore, let 


us pre-suppose that you have done your homework, and that you have 
studied the Delian Quest and Basic Analog Mathematics and let us put 
together a figure for doing complete induction and deduction with a unit 


using just a straightedge and compass. It should look something like the 
following:— 











N = 3.29699 
2 N 











AB can be any size you please: It does not matter in the least. N, 
however, is going to be constructed by which one assigns an ordered 
naming convention to what ever names we are going to assign to AB. 
This way, we can learn to see how the very same unit of discourse is 
expressed no matter how we recursively apply it, by induction or 
deduction. You may, like everything else, just look at the figure and draw 
a blank. Let us first examine how N is expressed inductively and 
deductively. 








AB = 7.00475 cm 
BC = 1.63015 cm 
AC = 5.37459 cm 

















AB 
N = 3.29699 πε 
AC 
z N — —  - 8.29699 
BC 
E AC 
"es —~ -N = 0.00000 
BC 





Examining the measurements of AB, BC, AC, with any means we 
desire, we noting a relationship to N. We have duplicated N, or I should 
say, N is a duplication of what is given in the figure AB. We have simply 
divided the unit. What if we want to multiply it instead? 


AB = 7.00475 cm 
BC = 1.63015 cm 
AC = 5.37459 cm 
DB - 3.04954 cm 














N - 3.29699 
2 N 








AC 
i | —— -N = 0.00000 
SS e BC 


AB+DB 
DB 











-N = 0.00000 


We can express a unit by recursion in either direction, inductively or 
deductively. We also have now, three different ways of taking the square 
root of the composite figure for all three. 


AB = 8.77741 cm 
BC = 2.30210 cm 
AC = 6.47532 cm 
D DB = 4.84193 cm 
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--- = 3.81279 
BC 
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--- = 2.81279 
BC 
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- 2.81279 ——-N = 0.00000 
DB BC 


2 - N = 0.00000 
N = 2.81279 pp S70 
* 2 N DE-8.12058 cm 


CF - 3.86093 cm 





























= 1.67714 
DB 


JN = 1.67714 


AC 
--- = 1.67714 
BC 


I suppose all of this is very interesting, however, what this is all 
leading to is the projection to point D and what it has to do with angle 
trisection. In other words, it is directly related to it. So, what I pointed 
out somewhere else, just a short time ago, that the Pythagorean Theorem 
was by no means completed by Pythagoras or a long history of angle 
enthusiast, angle trisection is itself directly related, very simply, to the 
unit as the following figure denotes, and which I put into the Delian 
Quest a long time ago. 













m^/FBC = 62.60075° m/FCB = 27.39925? 
F m/FBG = 20.86692? m^/FCJ = 9.13308° 
` m/GBH = 20.86692? 
m/HBC = 20.86692° m^/HCB = 9.13308? 
m/FBC m/FCB 
m/FBG - 3.00000 m/FCJ 








= 3.00000 








_./AB-AC-AE = 0.00000 cm = = 2.37115 

i ^"... AB = 7.02390 cm AC 

AC - 16.65473 cm Ap Ni 0.00000 
AD = 9.88074 cm 




















N, = 2.37115 
AE = 10.81578 cm 
K = 3.72203 
N,2-(N,+3) 
-K = 0.00000 
3-N,+1 
2 MN K 




















As one can see, the trisection of any angle is simply the results of an 
algebraic equation; after all, the circle is the universe of discourse for a 
simple unit. I make plenty of mistakes to be sure, that is why I rely on 
programs a bit better than paper and pencil. 


Anyway, three strikes and a hit on each one. Now, that is batting 
1,000. 


At any rate, I started the project called Three Pieces of Paper a long 
time ago, but it turned out there weren’t much to put in it. Now the 
project Eloi, which is composed of a number of ways to solve for an 
ellipse was more fruitful. One of the first ones I took seriously was used 
to solve the Delian Problem. It too is an old project. 


So, I will wrap this up with some plates on Archimedean Paper 
Trisector, which I decided, a while ago, that it should be completed too, 
but not by trying to do this with a piece of paper sliding around a circle. 
Why invent ordered naming conventions when you cannot use them? 
That is a lot like working to have your car Kept in a locked garage. 
Myself, I can no longer even afford to drive one. 


Conclusion 


And so, as every circle tells you, straight on, an angle is a geometric 


progression, starting from a right angle, after all, an ellipse is an ellipse. 
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22:900 m/CAAW 


mZARCN 








AAW 
mZARCN mZARCN ` 9:000 


= 4.000 
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To claim that you cannot do this with a straightedge and compass is 
certainly an odd thing to say:—Every time your working with an ellipse, 


your dividing angles, what do you think complete induction and 
deduction means anyway? 


S O From any point N: draw the 


Zp tangent to the ellipse N2. Or 
AB := 1 given the square N» divide it by 
N, := 3.31672 Ni. 
Νο :- 2.53931 








Although I wrote this up in The Curve of the 
Equation, let me do it again, from a different 
starting point, pointing out other relationships. | 
Not to mention, simplified and that I will make A 





N, the ellipse. στ κος ο 
N2 = 2.71076 Ww -A = 0.00000 
A = 5.56312 i 
Ν. = 3.31672 One can see that there is a number of pathways, starting from N4 by which to construct the figure 
1 -7 ο 


N» = 2.53931 and it is independent of any second variable. For example, I can use the operational tail of Νι and 











Ri = 4.33214 take any point H on it. From H, I can go to either M or E. Or I can take N} and any N, and find 
R- = 3.20184 





everything, which is what I will be doing here. Each path one takes will, naturally, produce a both a 
logical and an analogical path to the same conclusion. 





Ni. Ν2 BF BJ 

BF: ———  EF:- — BJ:=N,-EF BO:= ———— R,:=BO 
N,+ Nə Ν2 l- EF 

BT: ———-—  GT- —  GK:-BO(1-GT) SK:- GK- BT R5 :- SK 
BO + No 2 


R, = 4.332134 R, = 3.20184 


N^ 2.N4^. N5 
Rı-——=0 R-— —; = 
N2 Nı + Nə 


Therefore, even though, given only the two points, the logic gives us a means of drawing the 
figure for the solution. 


Now, if given Νο and Κο what would N; be? Given 


just 2 points, or any two values, it would not be N, — 
possible, however, since we have the equation, we 1 2.N5- Ro 
can now draw it to find the figure. 


Νι = 3.59613 4 
N2 = 2.51727 —— 
2-N2 = 5.03454 B = 5.03454 
ΚΕ . 
(2.Ν.)-Νι = 1.43841 C= 1.43841 co a 
N,-((2-N2)-Ni) = 5.17272 F = 9.17272 i 


(CNN) = 2.27436 ^ ο 


H 
N2- /(N;-((2-Na)-Ni)) = 5,72519 H = 5.72519 NEM 
= H 
Νο. Νι:(2.Ν2-Νι) μας, —-R = 0.00000 
——————— = 8.98021 C 
2:Ν2-Νι 





(Να-./(Ν1.((2-Νο)-Νι))) 


"ως. EN 2-N2)-N 
J-Nı = 0.00000 J = 3.59613 D Ec ((2-N2)-N:) 





-R - 0.00000 











Therefore, any point, on any circle or ellipse, may be espressed as a ratio between the two dimensions 
of a plane. 


Both an ellipse and a circle are two-dimensional linear functions, one can say that it is the loci of such 
and such points; in either case, it is not a line. Every segment is of one-dimension, or linear. 
































Νι = 3.31672 
Νο = 2.53931 
Κι = 4.33214 
Κο = 3.20184 
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During my randome excursion into 
textbooks, I came across a statement by one 
author that exponential notation was not 
demonstrable, or abstractable from geometry. 
However, when I read that statement I reached a 
different conclusion, that the author could not 
draw his way out of a paper bag. It really does not 
take that much playing with basic geometric tools 
to discover a wealth of figures by which to develop 
geometric series. I will start with a simple root 
figure and add a bit of recursion. One will note 
that they can do a figure demonstrating both so 
called positive exponential series and negative 
with the same figure, or in short, the whole of 
basic exponential notation. 


A = 1.47803 
B = 1.59816 
C = 1.72805 
D = 1.86850 
E = 2.02036 
ΕΞ 2.18457 
G = 2.36212 
H = 2.55410 
I = 2.76169 
J - 2.98615 
K - 3.22885 
L - 3.49128 


One can see that one of the operational tails can produce 
two results using the operational tail of the unit and the units 


circular function or circle for short. 


The basic figure, where the circle is added to the unit 
example, can be understood as the pair of the unit and the 
primary unit function traditionally called a circle. Or, again, one 
can view the circle as the operational tail of the primitive linear 


function. 


Each of the results also have the same option for 


development, thus one can, using the area of the operational 
tails, simply draw to their hearts content simple geometric 
series. And, if we make the unit a veriable or second input, one 
can start to complicate things. Then by tossing a function on 
the second, well one can generate all the head work they want. 
One can see, by the dual splitting of our options, why the results 
is a factor of 2. This may be a hint as to how to formulate series 
using a function on the unit and after the first split, switching to 


the unit for further recursions, or whatever one likes. 


Simple Geometric Series. 


Νι:25-Α = 0.00000 
N,!-5-B = 0.00000 
N,175-C = 0.00000 
N,?-D = 0.00000 
N,?-25-E = 0.00000 
N,?5-F = 0.00000 
Νι275-α = 0.00000 
N,°-H = 0.00000 
N,?-25-] = 0.00000 
N,?-5-J = 0.00000 
N,?-.75-K = 0.00000 
N,?-L = 0.00000 


Νι = 1.36693 








Νι = 1.66534 
A = 1.29048 /Ni = 1.29048  _/N,-A = 0.00000 
B = 2.77337 N,? = 2.77337 N,?-B = 0.00000 


A ny B 








Y 2 AB := 1 A C πι nı R2 
























σ N, := 1.67837 
= 1.67837 
MN,:= EJ := \/ MN. (1 - MN) R; = 1.29552 
Ni + 1 
Rə = 2.81693 
- R N, =O 
τν 1 1 Ξ Β HK NP D 
2 
2 2 AB 
BN, :=./ AB^ +N} BG := 
BN, 
= GH := — 
BN, Νι 
R - Ν Βο-0 
2:7 η 1 2= 


Thus, one should realize, as soon as one is given the circle, they are given a linear function which automatically implies the importation of the so called Pythagorean 
Theorem. Thus, the so called theorem is just one results of what was given as soon as one had taken the original function. The fact of the matter is, one need not even 
mention it as it is one of a group of results. And, as one is given the circle, what is implied is, when one realize that the unit tail in the figure can be used to extrapolate a 
second variable, that the ellipse is a given also, or again, a geometric tool is that tool which produces one, and only one, difference between two points, or again, one in 
which is covered by the concept of complete induction of the unit. The whole train of thought which leads to discovering what a circle is, is not possible when one is 
thinking arithmetically, thought has to evolve to become inclusive of proportional reasoning which brings in multiplication and division, or again, the root functions. 
Proportion is a given as soon as one starts using the circle or the primitive unit function. 
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N, = 1.66534 


A = 1.29048 γΝι = 1.29048  _/N,-A = 0.00000 
B = 2.77337 N;? = 2.77337 N,2-B = 0.00000 


AB := 1 
o - 
< A2-B = 0.00000 CF = 0.00000 E?-J - 0.00000 
A e (A-B)-C = 0.00000 (CD)-G=0.00000 (E-F)-K = 0.00000 
E2-D = 0.00000 D?-H = 0.00000 F2-L = 0.00000 
Να := .82839 


(B-C)-E = 0.00000 


(DE)-I = 0.00000 


(F.G)-M = 0.00000 


Sketch from 062412 


One will notice that this is a geometric series which uses a second 
variable to deterine the point from which to project the series from. 
One may also notice, the vanishing point for the series, as shown in 
the second figure remains at O no matter what value one sets for 
either variable. One can manually adjust the second veriable in order 
to produce any number of proportionals within a given distance 
which means that a controlling structure to do exponential series 
can be plugged into the figure, if one knew what that plugin is. 











N, = 2.93308 
Νο = 0.82839 N, = 4.39883 A= 1.12241 
Κι = 0.70843 N, = 1.85710 B= 1.25981 
R» = 1.41157 C= 1.41403 
D = 1.58712 
E = 1.78141 
Ni HM 
ΒΡ := ———— AH := BP HM := 1 — AH BN := —— 
N,+1 AH 
N2 
BE := Nə BG:= ——— AG:=1-BG 3 GK:-BN AG 
Ν2 +1 
BE + GK Νι:Ν2-1 
Μο := ——— — - N5 R,» = 1.411568 R,- ————— - 0 
BG N1: N2 
Νο + BN BE 
BF :- ———— ——— ___ -N 
Ns + 1+ BN l^ BF 2 R, = 0.708432 
Νι:Ν2 
Rj -1 


__ ἳ τσ = 
Νι:Ν2-1 





F= 1.99947 
G = 2.24424 
H = 2.51896 
I - 2.82731 
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N,-N,+1 1 (Ni-No+1)5 (N N +1)? 
—— -A= 0.00000 -------- -E = 0.00000 -------- 1- 0.00000 
NN, (N,-N2) (N,-N;) 
(N,-N,+1)? (Ni-N2+1) 6 (N,-N+1)1° 
— -B = 0.00000 ———— -F= 0.00000 —— = 
ΠῈΣ (N,N) (VN) ~~ 0.00000 
(N Na+ 1)° (ΝοΝ2ε17 ΠΕΣ 
-C = 0.00000 -G = 0.00000 -------- .K- 0.00000 
(N,-N2) (N,-N) (N,-N;) 
(N:Ns+1)‘ (N.-Ny+1)$ (N,-N,#1)” 
-D = 0.00000 -H = 0.00000 --------- .L- 0.00000 
(N;-N2) (N;-N2) (Νι:Νο) 
Επ = 0.00000 
(N,-N5) 
I J K M 
ni 
A3-C = 0.00000 
B3-F = 0.00000 
Nı-N2+1 - I= 
Ν.Π} aq M-Net 9.16907 C2-I = 0.00000 
(N: N2) Νι.Ν2 = 8.16907 D:-L = 0.00000 
J = 3.17341 A2 = 1.25981 C? = 1.99947 E? = 3.17341 
K = 3.56188 — AB- 1.41403 C.D = 2.24424 E.F = 3.56188 
L = 3.99790 B? = 1.58712 D? = 2.51896 F2 = 3.99790 
M = 4.48729 B-C= 1.78141 D-E = 2.82731 F.G = 4.48729 
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Νι = 2.93308 





N2 = 0.82839 
πι = 0.70843 
R2 = 1.41157 
Ni-Not Ni-No+1 = N,.N25-*1 
^ —. . = 1.41157 Αι------ = 0.00000 -—— = 
Nı-N2 U NN R2 N,- N, 0.00000 


Thy 


IY C Ni = 1.32204 


σ A=1.00000 N;?-A = 0.00000 
B - 1.32204 Νι1-Β = 0.00000 
ο = 1.74778 . N;?-C = 0.00000 
D = 2.31062 . N;?-D = 0.00000 
072211-1 E = 3.05473 . N;^E = 0.00000 
F - 4.03846 N,°-F = 0.00000 


μις "t G = 0.75641 Νι-α = 0.00000 
constructable exponentia 

9 = 0. N,-2-H = OQ. 
series. However, one can add ο αὶ : ; '''' 
this plate to the previous one I - 0.43278 N1*-I = 0.00000 
using each point on this as the 

second variable in that plate. 


Just another easily 




















A ο "i 
AB := 1 
Νι = 1.72698 
N, := 1.72698 R, = 0.57905 Vi One might notice, no matter where ΝΙ is, 
1 N ιο AR will always be perpendicular to BN}, or 
1 = 2. 
KM := ——— LLL Bs cede again, their intersection will always be on the 
N,+1 N,+1 circomference of a circle. 
_ KM - ΖΝ 
R4 (75 BM Ri = 0.5 9046 B F R, D R, R, 
1 -1 
Νι -— =O R,—N, = 0 
Ni 
O AB ; : : 
BD:-AB BD-N, =0O GH := — And thus we have four values in a geometric series. One may note, that if I was 
2 constructing, which I did for the temple, an arithmetic series, I would use AB, instead of 
AC to walk the series. 
R5o:- ———— Ro-N,=0 Ro-N, =O 
2 GH 2 1 2 1 
N,: JM 
JM :- BM R3 = — R3 = 2.98246 
KM 


Ἡ, Νι΄-ο 


N, = 1.72698 
Κι = 0.57902 
R; = 1.72698 
R; = 298245 









































R,-N,-1 = 0.00000 
Κ2-Νι = 0.00000 
R;3-N,2 = 0.00000 


O AB := 1 


2» Ni = 2.13284 
N := 3.17169 
AB 
AF := — 
072211-2 2 


BM := Νι ΑΕ BT := N2 AF 


BM 


R» :- — 
?" AF 


R} :- —— 
3" AF 


BT 


R2-2.13284 R} -= 3.17169 


Ro 
HJ := ———— 
Ν2 + Νο 
BJ 
Rj oe 
AB - HJ 
BV := N2- NP 


R, = 1.434253 


Νι = 2.13284 
N2 = 3.17169 
Κι = 1.43425 
R2 = 2.13284 
R; = 3.17169 
R4 - 4.71653 


BJ := N,.HJ 
R3 
pil————— 
R3 + Ni 
BV 
R4 QR 
AB - NP 


R4 = 4.716536 





























A = 2.05202 


B = 2.56000 


C = 3.19372 


D = 3.98432 


E = 4.97062 











Νι5 


= 2.56000 


= 3.19372 


= 3.98432 


= 4.97062 





F = 1.64485 


G = 1.31846 


H = 1.05685 


I = 0.84714 


Thy 




















o 
2 
= 1.64485 A- = 0.00000 
N,! 
N5! 
= 1.31846 B-—— = 0.00000 
. Νιο 
Ν22 
= 1.05685 CUN = 0.00000 
N5? 
D-— = 0.00000 
= 0.84714 Ni? 
N5* 
E- = 0.00000 
N42? 
No 
N, = 2.05202 
Νο = 2.56000 
C 





-1 














F- - 0.00000 
Q2 
N25? 
G- - 0.00000 
13 
-3 
H- - 0.00000 
1-4 
-4 
I- - 0.00000 
1:5 
2 
N2 
R4- —— -ο 
Νι 
2 
N2 
4-—— =0 
Νι 

















Νι = 2. 13282 
































-1 1 
N2 = 3.17169 Rı-- z = 0.00000 — g,.—- = 0.00000 
R; = 1.43427 : ih 
N59 22 
R2 = 2.12284 Ro-y ıı 70.00000 — R,-—_— = 0.00000 
Rs = 347169 ] i 
R,/4 4.71653 


B JDMP RT V R, Κα R4 





















































N ο 
2» A = 1.43109 ΠΑ = 0.00000 = 
AB := 1 ° 
N; 2 m 
B = 2.04801 Ll pe 2 
N, := 3.46347 M. πο E 
080912 Να :- 2.62874 C = 2.93088 c ος 
2 
4 
ΑΒ D= 4.19435 Ni z = 
AE:=—_ BN - AEN, ν᾽ 
N5 - AB E = 6.00248 N; 5 
- A, x -E = 0.00000 
Αι = AF = ———— 
1 - AE Aj + Ν2 
BT := ΑΕ.Ν B ia 
= “NY 1:= N, = 3.46347 
οὐ N2 = 2.62874 
B, Αι = 1.31754 
AG := E CN BX :- AG. N, B, = 1.73591 
1*2 C, - 2.28713 
BX C, D, = 3.01339 
C, -- AH -- — 
1 — AG Cı + Ν2 
BZ 
BZ:=AH-N, D,:= 
1 — AH 


= 3.4634 


Νο 2,262874 
Δι = 1.31754 
B, = 1.73591 
C, = 2.28713 


D; = 3.01339 






































KD TV X Z 








Νι 
— = 1.31754 
N2 


Ni 
Ar = 0.00000 


2 


Ni 
Βι---- 
Ν2 


= 0.00000 


= 0.00000 


= 0.00000 


081112 


C 


AB := 1 

Nı .— 1.24957 
Να := 2.52225 
Να := .58657 


Although one can project the 
results from the origin, the exponential 
ladder is made behind it and must be 


completed anyway. 
No 


BI := 1 — ——__— 
Νο + N35 


FK := BP. (1 - BF) 


EK := BP. (1 - BE) 
GM 
BG := 1 - — R3: 
BP 
HN 
BH := 1 - — R4: 
BP 
2 
N1- (N2 - Να) 
Μι - z 
N2 
N2 
R, —N 
1~ NL| Na -Na 






























































A = 1.31783 G = 0.90537 
i 4 N- = 1.20647 B = 1.58992 H = 0.75043 
Ni 4 -N2 a C-1.91819 I= 0.62200 
ΒΡ :- ΒΙ BF = 1 N2-N3 D oe Νι = 1.09230 D = 2.31425 J = 0.51556 
^" 1- BI |.ONQe1 Νι:Ν2΄ N2 = 4.00439 E = 2.79207 
(NaN P ^ 0.00000 N, = 0.68530 F = 3.36855 
1 - FK 1 
Νο = -1 BE: 
B Νο -1 
1- EK BP. N, 
Rj -- — — 1 GM = N, = 1.24957 
BE N, + 1-BP N2 = 2.52225 
Ns = 0.58657 
5 1 Ην. BP- R3 R; = 0.73596 
BG R3 1- BP R2 = 0.95897 
Rs = 1.62823 
1 R, = 2.12164 
x 7 
2 
N1- (N2 - Να) Νι:Ν2 Νι:Ν2 
-9 R2- N = 9 ΘΝ. Νε Ra- 2; 9 
2 27 "3 (N2 E N3) 
Na |! N2 N, ^ 
=O Ro-N = R> -Νι: =O R4- N = 
2-81 No — N; 3— Ny No Ν. 4—Ny No Ν. 




















2 
-N,-A = 0.00000 
N2-N3 


2 


2 
-Ni-B = 0.00000 
N2-N3 


3 


2 
-N,-C = 0.00000 
Ν2-Να 


4 


2 
-N,-D = 0.00000 
N2-N3 


5 


2 
-N,-E = 0.00000 
Ν2-Να 


6 
-N,-F = 0.00000 


2 
N2-N3 





N2 


1 


— — .N;-G = 0.00000 


2 


— —  «Νι-Η = 0.00000 








-3 
-N,-I = 0.00000 


-4 
-Ni-J = 0.00000 





pee PBZ 
ll 





















































S OAN ^B-1 — —— 
td Νι := 1.47934 uui o 
1 1-GS m 
BG := πῃ GS :=1-BG TU := ice Νι = 1.31554 A = 1.73065 F = 1.00000 N,2-A = 0.00000 N,°-F = 0.00000 
1 B = 2.27675 G = 0.76014 Ni3-B = 0.00000 _N,!-G = 0.00000 
_GN C = 2.99516 H = 0.57782 N,^-C = 0.00000 N,-2-H = 0.00000 
BU := 1- TU GN:= BU-(1-BG) AC: "us 7 1 D = 3.94026 I = 0.43922 N,5-D = 0.00000  N;?-I- 0.00000 
E = 5.18358 J = 0.33387 N,9-E = 0.00000 _N,-4-J = 0.00000 
1 
AC = 1 = τι Ας FM := BU. (1 = BF) A R, R, C n, R5 R4 
-— i Nı = 1.47934 
R5 := -1 ΕΕ - EK := BU.(1 - BE) Ri = 0.45694 
BF 1+ Νο R2 = 0.67598 
Rs = 2.18845 
1 - EK 
R4 := -1 N,-|—-1]|=0 R4 = 3.23746 
BE BG 
Nı: BU HO 1 
HO — = 1------ Qa πεπα αι 
N4 + 1- BU BH 
R3. BU JP 1 
JP := = 1- — Ryg:= —- 
R5 + 1 - BU U BJ 


Κι = 0.456945 R, = 0.675977 R} = 2.188447 Ry = 3.237457 


1 1 
R;-——-0 R-—=0 AB-AC=0 N,-N,-O ΒαΝι-ο R,-N,°=0 

2 N 

N; 1 


R;,-N, 7=0 R-N; | -ο AB-N,?=0 ΝΙ-Νι-0Ο Εν Νι-ο ΕΝ -0 


N, = 1.51773 
Κι = 0.43412 


(2 0.65888 
R3 = 2.303 
R4 - 3.49610 


0 


0 














φ- 
΄ 
























R;-N,? = 0.00000 
R5-N;'! = 0.00000 
R3-N;? = 0.00000 
R4-N,? = 0.00000 







































































C AB = 1 
2 | N, = 1.97774 
Νι = 1.97774 ο 
No := 1.45792 Νο = 1.89462 
Νε := 1.89462 c R 
081312 R5 = 1.04387 
Ες = 1.35655 
BF := : E : KL := x BX = ui R4 - 1.76289 
N,+1 N5o+1 N3+1 l- JL Rs = 2.29095 
EX R, = 2.97718 
BW:- —-—-— FP:=BX (1-BF) ΕΟ:-ΒΝ.(1 BF) 
1- KL 
FP FO 
R4: —— R3: — BE: ——— — ΕΜ.- BW.(1- BE) 
BF BF R» + BX 
EM BW GR 
= α-- ——— GR := ΒΧ.(1 Βα R4:--—— 
BE R5 + BW BG 
BW HT BW 
BH = ———-  . HT: := BX-(1- BH)  Rs:= —— BI:= - — E 
R4 + BW BH Rs + BW U Ni N 
(πε}α-α = 0.00000 -- ).N.-1-F = 0.00000 
IV:= BX (1-BI)  Rg- —~ M M 
= . — 6 = — N 
BI I reordered No and N5 (5 me - 0.00000 ( Ni )x 2C 000000 
N32 Not 2 . 
Ni . Ν2 Ν Ni Ni N 
Ri-—,-=0 Ra-.--0 κα -ο (πε)η-ε = 0.00000 (s wn = 0.00000 
N3 3 2 " j 
1 i _ Ni 
N, = 1.95987 A-1.18227  F - 0.81960 Gs λα '''' Go su - 0.00000 
N,.N3 Νι «Να N,-N3° N2 = 2.39124 B= 1.70541 G = 0.56819 (*) "ERR 
R4- 25 5- "— Re - "-— Ns = 1.65771 C=2.46005 H= 0.39389 Να) ο ο ^" 
N2 N2 N2 D = 3.54859  I- 0.27306 
E = 5.11881 
from which one can derive: 
Ni a9 1 —1 Νι ο Νι 1 1 2 Ni 3 
R4 - Νο 7-0 Rg-——-N3 -0 Rg-——-Ng -0  R4-—. Ns -0 Rs-—-Ng -0 Rę-—_ Νο =0 
N2 N2 N2 N2 N2 N2 





N, = 1.97774 
N2 = 1.45792 
Nz = 1.89462 
Κι = 0.80326 
R2 = 1.04387 
R3 - 1.35655 
R, = 1.76289 
Rs = 2.29095 
Re = 2.97718 


















































R|-——— = 0.00000 





N52! 
N,.N3! 
R2-—— —— = 0.00000 
N59 
N,. N39 
3- = 0.00000 
N21 


4- 


57 


6- 


Νι.Ν 


3 


N22 


N1- N32 


N53 


N1: N33 


3 


N54 






1 














= 0.00000 


= 0.00000 


= 0.00000 


S p - 
















ΑΒ = 1 M 
o 
N,:- 1.53478 
Να := -0.54429 
081712 
BE = C —X EK = uu Ri “--- —— 
Ni + N> +1 Ni - 1 -- Ν2 ΒΕ, R, = -1.83310 
R2 = 2.18940 
N 1 R,- N 
BJ := Ln JP := EE R, := Om Ες = -2.61495 Νι = 1.53478 
Ν2 -1- Rj Ri -- 1 -- Ν2 BJ R, = 3.12322 N2 = -0.54429 
Rs = -3.73028 
Να + 1 R5. N2 FM > 
Nə + 1+ Rə R5+1+No BF 
N2+1 Νο Νρ ΗΟ H 
Nə + 1+ R3 R3+1+No BH 
No-1-R4 R4 1 --Ν2 BG 





= 2.17870 





























N2 = -0.52456 
Κι = -1.833107 R, = 2.189423 R} = -2.614999 
R4 = 3.123297 R5 - -3.730398 πο N,-No+N, No+1° Ny-No+N, Noel 
30 To -A = 0.00000 ————. -Νι = 0.00000 
Nı: N2 N2: R4 Nə: R2 N2+1 A = -1.97465 + F= -2.40384 I 2 N2 N2 
R, -——_ =O R5- ———-0 R3-——=0 "y. - 090634 B - 1.78970 : Ni-No+N, N2+1! N,No*N, Not+1 3 
1- N.1 2^ τι 3 Nail N2 ΕΕ πρ πι -B = 0.00000 —— —. -F = 0.00000 
N,-No+N, C = -1.62208 H = -2.92632 2 2 N2 N2 
—— = -1.97465 = = N,N2*N; Not+1 2 N,N2*N; Νρ11 3 
N2: Βα N2: R4 N2 μαι LARLA ———..—— .C- 0.00000 ———..—— .G- 0.00000 
R4 — ——— = O Rs — ——— = 0 = -1.33247 N2 N2 N2 N2 
N2 +1 N2 +1 N, No*N, Notl 3 Nı-N2+N; Notl = 
———— . — — -D = 0.00000 = -H = 0.00000 
Ν2 Ν2 N2 N2 
1 2 
N2 N2 N, No*N, Notl T N, No*N, Notl is 
1^ N, =O 2-| ——— -N,-0 ———. -E - 0.00000 — -I = 0.00000 
Ν2 +1 Ν2 -1 N2 N2 N2 N2 
3 4 5 
Ν2 Ν2 Ν2 
R3 — Νι-ο R, -| —— .N,-0 Rs5- —— — Νι-ο Writing these out does have an adantage! 
Ν2 -1 Ν2 -1 Ν2 -1 


R, = -1.83310 
R2 = 2.18940 
Rs = -2.61495 
R4 = 3.12322 
Ες = -3.73028 


N2 











* IV. 


Nì = 1.53478. 








































S C AB = 1 


o Ni ‘= 2.47834 
Να := 1.69523 


090912-1 


Here, I take the square root output of both variables and 
use them to project to the unit perpendicular tail to project 
two parallels upon which I construct the recursive series. 


1 1 


— BF := ——— AE :- AB - BE 
No+1 N,+1 


BE : 


AF := AB- BF EG:;- AE BE FH:- /AF.BF 














EG FH B 
Κι R2 R3 
R» := ——.DM R3:= —-DM  R4:- — DM 
DR DR DR 
[Ny wy 
z - R3 — -0 R, = 1.209111 
N N 
v2 v2 R» = 1.461949 
3 4 R, = 1.767659 
[Ny [Ny 
R5 - -0 R4- -0 R4= 2.137295 
«Νο «Νο 


Ni ‘= -2.47834 
N, := -1.69523 


Now here is proof positive that current mathematical 
linguistic comprehension is grossly in error. Some math 
packages will not give this result, currently there is some 
dissent in the mathematical community. However, do the 
figure, there is absolutely no results for so called negative 
values. If your life depended upon accurate results, would this 
program satisfy you? 


Νι = 2.47834 
N2 = 1.69523 
R, = 1.20911 
R2 = 1.46194 
R; = 1.76765 
R4 = 2.13728 





















































-A = 0.00000 











/Νι A = 1.24338 
i C = 1.92228 
N, = 3.18458 D = 2.39013 

Νο = 2.05988 
E - 2.97185 


(Ny + 1)? 





= —1.5742741 


= 1.209111 











i. -B = 0.00000 
2 
F = 1.00000 Jw? 
1 
G = 0.80426 -C = 0.00000 
J N2 
H = 0.64683 πο 
. Ν 
I = 0.52022 L D- 0.00000 
J = 0.41839 y 82 
/Νι 
-E = 0.00000 
y No 


.[ N4 = 1.574274i 


J Nı 
= 1.209111 


ΜΖ 





-F = 0.00000 


[Ne 
/m ^ 





-G - 0.00000 


[S 
M? 





-H = 0.00000 





-I = 0.00000 





-J - 0.00000 


Ni 
N2 
Ri 
Κο 
R3 
Κι 


2.47834 
1.69523 
1.20911 
1.46194 
1.76765 
2.13728 































N 











OR RQNRS Ry N, 























Da ο Ν 3 
E τα JN - 1.20911 g,. XN - 0.00000 mel = 0.00000 
M U V J Na J/ Na J Na 
R2- = 0.00000 R4- = 0.00000 














Z> AB:=1 N; = 1.76087 
N, :- 1.76087 N2 = 3.81671 
R; = 1.10562 
N» := 3.81671 a aati 
090912-2 R; = 2.22223 
R4 - 2.80447 
1 1 1- DK 
1 1- DK — 
EK:- —  R,:- ——— ΟΚ-ΕΚ.(1- DK) , 
R2 EK 





1 1 
R3:- — HK := GK.(1- DK) R4:- — 
GK HK 


















































N, No*N, Notl 2 
———— . -Νι = 0.00000 
N2 N2 
R, = 1.105617 R» = 1.395295 N,No*N; N2+1° -2 
1 2 N N eee 2 μων Em i arii -F = 0.00000 
R3 = 2.222228 R4 = 2.804465 ο... = 
1NotNy at N, No*N, Notl ds 
N,-No+N; — C -B = 0.00000 ———. -G = 0.00000 
——— = 2.27629 3 a N2 N2 
-2 -1 N2 N,-N2+N, Not1 2 N,-NotN, Not1 -4 
(Να + 1) (Να + 1) -— A-2.27629  F- 1.58722 ————.— — -0-0.00000 ——. — — .H = 0.00000 
Κι - Ny ‘Nj =O R2- Ny -N,=0 2 = 1.20903 B= 2.75211 G=1.28799 m : B . i .. 
2 C = 3.32740 H = 1.06530 —— = : -D-0.00000 NN: Mott” | 0.00000 
N, = 1.88273 D -4.02294 I= 0.88112 à i N2 No 
_ B N,No*N, N5*1^ N,-No+N, No+1 6 
N- +1)1° N- + 1111 N2 = 4.78390 E = 4.86387 J= 0.72878 ----- -E = 0.00000 ———*—.-*— J= 0.00000 
2 2 N2 N2 N2 N2 
N,- N,-0 Ra3-|-— — | -N,=0 
Ν2 N2 
(N2 + 1) 
R4 — .N, =0 
































+1 
= 1.26201 





R-N; = 0.00000 
2 
N5*1 - 
Κ2-Νι----- = 0.00000 
N2 
Νο: 1 
ΚΩ-Νι = 0.00000 
2 
No+1 2 





= 0.00000 


» μμ A 1.10854 
Nel) D B - 1.22886 
C = 1.36225 
D - 1.51010 
E - 1.67401 
090912-3 F - 0.90209 
G = 0.81376 
This plate demonstrates two series. H = 0.73408 
One may also infer that for every plate I I = 0.66221 


project from the bottom of the origin, I 
can make a different plate of it by 
projecting from the top origin so that each 
plate like this one could have a minimum 
of four demonstrations. One can, in fact, 
project anywhere on the origin wall by 
adding another variable to the equation as 
I have done on other plates. 


If one works with Geometer's Sketchpad, 
they will quickly notice that unlike any other 
drawing prgram one may have, it does not 
have a zoom feature so one can work in small 
places. One either has to manually enlarge the 
figure, or one can print the figure to a PDF file 
and use the zoom feature of the reader. These 
print as vector graphics so one can zoom in as 
far as they like. My early drawings, a long 
time ago, were done in TommyCad, which one 
could zoom in as far as they like, however, it 
did not have motion in mind when that 
program was written, nor did it have the idea 
of writing up figures using equations. 


One may also notice that where one 
starts a sequence from determines the resulting 
equation also. For example, these plates start 
the series from the unit perpendicular 
operational tail. I could have started the 
sequence from the operational tails of either 
variable as well, which would change the 
equation. One can even add a variable, as I 
have done in some plates, just to independently 
set the point of origine of the sequence itself. 


N2- (Nı+ 1) 1 N2- (Nı+ 1) a 
— À— —- .A - 0.00000 ------τ- 
N;-(N2* 1) N;-(N2* 1) 
N2:(Nit+ 1) 2 N2- (Nı+ 1) -2 
---------- -B = 0.00000 — τν 
N;-(N2* 1) N;-(N2* 1) 
N2. (Nı+ 1) 3 N2- (Nı+ 1) ix 
— — C = 0.00000 — 
N;-(N2* 1) N;-(N2* 1) 
N2- (Nı+ 1) 4 N2- (Nı+ 1) -4 
---------- -D = 0.00000 — 7a 
N;-(N2* 1) N;-(N2* 1) 
N2- (Nı+ 1) 5 

---------- -E = 0.00000 

N;-(N2* 1) 














-F - 0.00000 
-G - 0.00000 
-H = 0.00000 
-I = 0.00000 

















Not1 J = 1.42764 
wy) 1327604 =k = 2.03815 
L = 2.90973 
nna M - 4.15404 
Να = 4.36750 
N = 5.93046 


P = 0.70046 
Q = 0.49064 
R = 0.34367 
S = 0.24073 

















N2+1 1 

-J = 0.00000 
Nı+1 
N2+1 2 

-K = 0.00000 
Nı+1 
N2+1 3 

-L = 0.00000 
Nı+1 
Not+1 " 

-M = 0.00000 
Nı+1 
N2+1 5 

-N = 0.00000 
Nı+1 

















Not1 Es 

N41 -P - 0.00000 
1 

No2t+1 -2 

N41 -Q - 0.00000 
1 

No2t+1 Hs 

N41 -R = 0.00000 
1 

N2+1 = 

N41 -S - 0.00000 
1 


S 2 


























AB:-1 
o Ni = 1.46762 N, = 1.46762 
N := 2.78261 N2 = 2.78261 
Κι = 0.52847 
090912-3a R5 = 0.65365 
R3 = 0.80849 
1 1 R4 = 1.23688 
DG :- DK := Rs = 1.52986 
Ni ils N2 la Rg = 1.89225 
DO:- 1- DK DV := 1- DG 
1 R4 Re 
R4:- —.DO Rs := —-DO R,:= —-DO 
DV DV DV 
1 R3 Νο 
- RA DV Νο = —-DV R,:- —. DV 
DO DO DO 
Ν2 (Ny + 1) Νο (Ny T 1)? Νο (Νι En 1)? 
R4- -0 R5-— -50 | Re-—4 ;-0 
Ni + Ni, N2 Ni (N2 T 1) Ni (N2 +] 
Ni (N2 + 1) N,7-(N2 + 1)? ο S NS (Να + 1)? ο 
37 = — = 1 = 
Να + N1: N2 N2^. (N; + 1)? Νο (Ny + 1)? 


After reducing, reformating and reording: 


XS X απ as ase] -ο 


N,+N,-No N,+N,-No N,+N,-No N,+N,-No 


N,+N,-No N,+N,-No N,+N,-No 









































Ν2.(Νι11) 3 


17 = 0.00000 
ΝΙΕΝΙ:Ν2 
Ν2.(Νι11) 2 
α--------- = 0.00000 
Nı+Nı-N2 
N2- (Nı+1) 1 
a-.- .- — = 0.00000 
N,*N, N32 


N;.(N1*1)! 
t N1+N1:N2 
N2- (Nı+1)? 
 Ni+N1- N2 
N2-(Ni+1) 4 


5 


? NEN, No 





= 0.00000 


= 0.00000 


= 0.00000 


























Ν Ες No 
C N; = 1.90778 — 
P AB = 1 Να = 3.17746 
N, 1.90778  ® = 0.33725 
Ro = 0.48451 
Nə := 3.17746 Ες = 0.69606 
090912-3b Β, = 1.43665 
Rs = 2.06396 
Re = 2.96518 
1 1 
DE := DF := 
Ni +] Ν2 +] 
R4 
R,:= — -DE Rs:=—-DE Rg:- «ΡΕ 
DF DF F 
1 R3 2 
R3 := — -DF R» := — DF R,:- —  :DF 
DE DE E 
Νο 1 (Na + 1)? (No + 1)? 
4- -0 R5- -0 Re- -0 
N,+1 2 3 
1 (N; +1) (N; +1) 
N,+1 (Ny +1)? (Ny « 1)? 
3 — = R2- =O R,- =0 
N> +1 2 3 
2 (N2 + 1) (N2 + 1) 


After reducing, reformating and reording: 


No+1 = No+1 ne N5o-1 ^d N5-1 3 
Βι - -0 R- -0 R3- -0 AB- -0 
N,+1 N,+1 N,+1 N,+1 


ο. 

















Νορ S81 (4€ 
FR, = 0.33725 
R, = 0.48451 
Rs = 0.69606 
R4 = 1.43665 
Rs = 2.06396 
Re = 2.96518 
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This is identical to the last 
figure, however, the series is 
going to start from the units 
other operational tail. 


Looking at an exponential 
series, one would not think that it 
had a point of origin, however: In 
regard to the point of origin for any 
exponential series, one can, by 
viewing the waves of a series, find 
the starting points, or root of any 
series, or in short, if one knows two 
or more waves of an exponential 
series, one can figure out as much 
of the series as they like from its 
root; especially if the root is other 
than the point of origin. If one had 
two consecutive points of a series, 
one could simply place a square on 
it and draw the coversion to the 
origin and then use squares to plot 
each of the series, etc. 


















































_ N5?.(N,*1) No-(N,+1 0 N>2-(N,+1 
N22- (N1+1) A = 0.83725 F = 0.74490 a -A = 0.00000 ae et) 
ΠΠ 7 0-83725 B = 0.94105 α- 0.66274 ο (Net Ne Not — 
1 (N2*1) F N22-(N1+1) No-(Ny+1)? N22- (N1+1) 
C = 1.05771 H = 0.58964 ---------.---------- _B = 0.00000 ----- -- 
N5-(N1*1 _ N,-(No+1)2 Ny-No+N ` N,-(N2+1)? 
N2(N:*1) = 1.12397 D = 1.18884 I = 0.52461 : ( 2 ) dads i 5 ( * ) 
No NN; E - 1.33622 Na2-(N1+1) Na(Nit1)? || 0000 N2?-(Nit1) 
N;-(N2* 1)? N,-NotN, Ni-(No+1)? 
Na2.(N1+1) Na(Nit1)* ο 60ρο0 Na (νι 1) 
Νι (Νο: 1)2 N,-NotN, Ni-(No+1)? 
N>2-(Ni+1) N2-(Ni+1) 4 
------------------- -E = 0.00000 
N;-(N2* 1)? N,: N2*N, 
I HGFA B C D E ni No 
No N2+1° Nə Not1°! 
l -J = 0.00000 À -O = 0.00000 
- J = 0.98482 O-0.74490 Nitl Nı+1 Nı+1 Ni+1 
= 0.9848 
N,*1 : K - 1.30202 P - 0.56343 N2 N2+1! N2 N2+1- 
| -K = 0.00000 -P = 0.00000 
L = 1.72138 Q-0.42617  Ni*l Nı+1 Nı+1 Nı+1 
N2+1 M = 2.27580 R = 0.32235 N2 N2+1? Να N2+1- 
= 1.32208 À -L = 0.00000 ——. -Q = 0.00000 
N,*1 N = 3.00879 Nı+1 N;-*1 Nı+1 Ni+1 Q 
ΗΝ ΤΗ... ooo ο ο 00000 
Νο = 2.92011 Ni+1 N,+1 Nı+1 | Nı+1 ΝΙΝ 
Ν2 ΝΟΕ a 
-N = 0.00000 



































Nı+1 

















| Nı+1 























N2- (Nı+ 1) 2E 

— -F = 0.00000 
Νι N2*N; 

N2- (Nı+ 1) -2 

— -G = 0.00000 
N,.N2*N, 

N2- (Nı+ 1) 3 

— -H = 0.00000 
N,.N2*N,; 

N2- (Nı+ 1) i 

— -I= 0.00000 

ΝΙ:Ν2ΕΝι 
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o» AB — 1 
N, = 1.91766 
N, := 1.91766 Nə = 3.25942 
N := 3.25942 Rı = 0.41646 
090912-4A Κο = 0.48488 
R3 = 0.56453 
R4 = 0.65726 
1 1 Ες = 0.76523 
BG bd nn re Ες = 0.89093 
R7 = 1.03728 
Rs = 1.20767 
R,:= EG Rs:= HK Boe 
Rs 6 Rv 
Rg:- —.HK  R;:- —-HK Rg := —-HK 
EG G EG 
R4 3 Νο 
4: — EG  R5:- —-EG_  R;,:- — EG 
HK K HK 
Ni Ν2 HK N5-(N, + 1) 
R4- =O R5- = — ο ο r = 
Nı +1 Νο 1 EG Ny (Na + 1) 


A RRQRQR4RS Re cR; Rs 














Ni N5-(N, T 1) 


— . _____—_—_ = 0.765226 
Ni +] Ny (N2 + 1) 





One might make an argument that every series should comprise two distinct parts, one, the starting point of the series, and the other the index, as in the following. I 
would imagine that such an arrangement would make series a whole lot easier to work with. 


R μας Να (πι 1) o Νι N5-(N, + 1) -2 Nı N2- (N; + 1) d 
(merim(w3) ΜΕ πμ 


R, = 0.416465 Ες = 0.765226 


Κο = 0.484876 Re = 0.890928 





Ni N5-(N, + 1) - Νι Ν2:(Νι + 1) Ni ΚΝ 1) — 0.765226 
κα Ντι Nı (N2 +1) =0 "S Noi NL(N2-1) O N,+1 N; (Na + 1) 


Κα = 0.564526 Rz = 1.037279 


R4 = 0.65726 Rg = 1.207671 








Re 


N; posed R posse i aL pause -ο 


|N1 1 (Na - 1) TN, +1. N; (Na + 1) | Ne1 






























































N>- (Nit 1) S 





= 0.00000 
N;-(N2*1) 
N2- (Nı+ 1) “2 

-— ——~ = 0.00000 
N;-(N2* 1) 
N2-(Nit 1) -1 

-— ——~ = 0.00000 
N,-(N2+1) 
N2- (Nı+ 1) 0 

-——_——~ = 0.00000 
N,-(N2+1) 











Ni (Νο 1) 


N2:(Nit+ 1) 
-— — — = 0.00000 
N,-(N2+1) 
N2:(Ni+1) 2 
-— ———- = 0.00000 
Ni-(N2+ 1) 
N2:(Ni+1)° 
-— ———- = 0.00000 
N;-(Na* 1) 
N2- (Nı+ 1)4 
--------- = 0.00000 














o AB m 1 
N, := 1.62767 
No := 2.83274 
090912-4B 
1 1 
Ni + 1 No 4 1 
R5 
R = —— FH R — ———.FH R ERN FH 
6 GH 7 8 =" 
Re ] 
R4 = CH Ps“ pp GH Ῥο pp GH 
FH = 
N2 FH No+l 
À Ν2 -1 p CH 7 Νι +1 — 











N2 Νο 1 2s N5 
1 : -0 R — | 
N2+1 Ni+1 N5-1 
0 
N2 Νορ 1 N5 
: =, Re — | 
αλά, Ni+1 N5-1 


Rs = 0.73909 











R, = 0.163284 


Rə = 0.238167 Ες = 1.078043 


R5 = 0.347392 R7 = 1.572441 


R4 = 0.506709 Rg - 2.293575 


N5o-1 Ee 
N,+1 


No+1 1 
N,+1 








N, = 1.62767 
N2 = 2.83274 
R; = 0.16328 
Rə = 0.23817 
R = 0.34739 
R, = 0.50671 





R; = 0.73909 





Κο = 1.07805 
R; = 1.57245 
Rg = 2.29359 








N2 Νο 1 pe 
— , 1 R, 
Να +1 N,+1 


No No+1 - 
= ο Re 
No+1 N,+1 

















N2 Νο 1 -1 
_ l _¢ 
No+1 N,+1 








N2 Νο 1 x 
= 20 
No+1 N,+1 











N, = 2.64084 











Νο = 4.13862 














Γι = 0.20297 























= 0.404400 —7 | E 
R057064 
Rs = 0.80540 
Rg = 1.13672 
Rz; = 1.6043 


Rs = 2.26434 





LJ 
E 

















Ν211 -3 





Νι-1 


Ν211 -2 





Nl 


1 - 
-——— = 0.00000 
N,+1 


= 0.00000 


= 0.00000 


R-- 
UN 


N2 
Re-— —. 
N5*1 


2 


2 


2 


N2 
Rae 
N2 


+1` 














Νο: -1 

= 0.00000 R 
N,+1 
Νο: 0 

= 0.00000 R 
N,+1 
Not 

= 0.00000 
N,+1 






Nə Notl1? 
UNS1 N,+1 

Nə Notl1? 
* N41 N,+1 








= 0.00000 








= 0.00000 


C 
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τ ΠΗ 4.41080 μα = 0.00000 
C = 1.71820 No(Ni-1) D NN.) 5-9. 
RAM Nee)? _ 1.71820 Ni (Ντ) 5 = 0.00000 
E - 2.95221 NND D 5o 0 77" 
F = 3.86977 Μι (Νο 109 Μι (Νο 109 
G = 5.07250 ------- --2.25222 ------- D = 0.00000 
N;.(N;-1) N;.(N;-1) 
N,-(No-1)4 N,-(No-1)4 
-------- = 2.95221 ------- .E = 0.00000 
N;-(N;-1) N;.(N;-1) 
N-(No-1)5 N1- (N2-1)5 
------- 23.86977 ------- .F = 0.00000 
N;.(N;-1) N2- (N1-1) 
Ν..(Ν2-1}6 Ν..(Ν2-1}6 
------- = 5.07250 — — — .G = 0.00000 
N;.(N;-1) N;.(N;-1) 
εεττ | e φ 9 e e 
Mo oun EU : — deu olde: : PUN CL: o 
A H L M N 
Νι2.(Ν2-1) Νι.(Ν2-1)-1 Νι2.(Ν2-1) Νι.(Ν2-1)-1 
ΝΕ aeons (ππ (8.-1) Na-(Nar1)"") | 0.00000 
N, A = 1.62056 Ν2.(Νι-1}2 Ν..(Νι-1) N2.(N;-1)? N2- (N1-1) 
κά lesum εν Neuen 6 ashes Exe Ni (9, 1) Ὕ i = 0.00000 
N12- (N2-1) L = 2.78444 N;-(N-1)? N2-(N;-1) D N2- (N1-1)2 Ν».(Νι-1) : 
Na (N1-1)2 = 2.12423 M = 3.64985 Νι2.(Ν»- 1) N,-(No- 1) 1 N;?-(N2- 1) N;-(N2- 1) 1 
Na sudo ΛΠ n HAMA --------.---------- j|. = 0.00000 
- = Ν2.(Νι-1)2 Ν2:.(Νι-1) Ν2.(Νι-1)2 Ν2:(Νι-1) 
ἐκδ σμήνη Νι2.(Ν2-1) Νι.(Ν2-1)2 ΝΙ2.(Ν2-1) Ni-(N2-1)? 
Ν2 = 5.23175 N12- (N2-1) Ni(Nz1) = 3.64985 (aaron? eae a = 0.00000 
N2-(Ni-1)? N2:(Ni-1) N2:(Ni-1)? Ν2:(Νι-1) 
N.2.(N»-1) Νι.(Νο-1}9 Νι2.(Ν2-1) Νι.(Ν2-1) 5 
1 ( 2 ) 1 ( 2 ) - 4.78423 (ae -N = 0.00000 
N2-(Ni-1)? N2:(Ni-1) N2-(Ni-1)? N5-(Ni-1) 


S 2 



































> AB := 1 N, = 2.76966 
N; := 2.76966 ο 491104 
Κι = 0.57569 
N» := 4.31164 Βα = 0.69203 
090912-5a ". - icio 
4-1. 
1 1 Rs = 1.44502 
DE := — DF - — Ες = 1.73705 
Ny N2 R7 = 2.08809 
. (1 - DE) 1 (1- DF) 
δ 1-DF ^" 1-DE 
R3 R5 
τοπ -(1- DE) 1 = [pp (1 - DE) 
R4 Κο 6 
' 1- DF . (1-DF) R7:= .(1 - DF - - 
5/77 ρε | Re- τ ος | πο ος | R, = 0.575689 R; = 1.445022 
R, = 0.692031 Ες = 1.737048 
N (N2- 1) R; = 0.831884 Ry = 2.088089 
R4- = 0 - 
4 Ν2-(Νι 1) R4 = 1.202091 
3 2 -1 0 
Νι:(Νο- 1) Νι:(Νο- 1) N; (N2- 1) Νι:(Νο- 1) 
Ri - -0 R- =O R;3- =O AB- -0 
N5-(N, - 1) N5-(N, - 1) N5-(N, - 1) 2:(N; - 1) 


Νι = 2.76966 






Κο = 0.6920 

R3 = 0.83188 
R, = 1.20209 
Rs = 1.44502 
Re = 1.73705 


R7 = 2.08809 






































i2 Ὃν 64 

















N;-(N2-1) 3 
1".- ο 2 = 0.00000 
N2- (N1-1) 
N;-(N2-1) -2 
R5--— ..—- .. - 0.00000 
N;.(N,-1) 
N;-(N2-1) 2 
acl. 7. .. = 0.00000 
N;.(N;-1) 
N1- (N2-1) 
= 0.00000 


* No-(Ni-1) 





Νι.(Ν2-1)2 
~ N2-(Ni-1) 

N;-(N;-1)? 
° N2:(N,-1) 

N;-(N;-1)^ 
" N2- (N1-1) 


= 0.00000 


= 0.00000 


= 0.00000 
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AB := 1 
σ 
Ni = 2.41427 
Ν2 = 3.52979 
090912-5a 
1 1 1 
DE := — #=DF:= — Rg: 
Ni No 1- DF 
R4 (1 - DE) R35.(1- DE) 
R3 = 2°> 
1 DF 1- DF 
κε.(1 - ΡΕ) Re: (1 - DF) 
9"  1-DE © T"  1-DE 


1-DF Ni(Na- 1) 
1-DE Ν2(Νι-1) 











Νι = 2.41427 
N2 = 3.52979 
πι = 0.76190 
R2 = 0.93215 
R; = 1.14045 
R4 - 1.39529 
Rs = 1.70708 


| 1 Rs = 2.08854 


R; = 2.55523 
Rs = 3.12622 


R>- (1 - ΡΕ) 


1- ΡΕ 


R7 (1- DF) 


1- ΡΕ 





























" N,-1 | N2(N, - 1) Νι 1 
Ni [N;(Na-1) ος Νι 
νι 1 Νο (Νι-1) Ἢ 5 νι ι 


Νι = 2.41427 
= 3.52979 
Ri = 0.76190 


-------- A ο 


Eum Ἐς 9.93215 
R3 - 1.14045 


R4 = 1.39529 
Rs = 1.70708 
Re = 2.08854 
R7 = 2.55523 
Rg = 3.12622 















































N2 (N1-1) 
N1- (N2-1) 3 

N2 (Ni-1) 
N1: (N2-1) 2 

Νο.(Νι-1) 








Νο-(Νι-1) 


N,-(N2- 1) “4 
= 0.00000 


= 0.00000 
= 0.00000 


Νι. (N2- 1) -1 
= 0.00000 











Nı:(N2-1) ~ 

«——— ———- = 0.00000 
N2- (Nı-1) 
Νι:(Ν2-1) 

--.---------- = 0.00000 
N2:(Ni-1) 
N;-(N5-1)? 

«— — ———- = 0.00000 
N2- (Nı-1) 
Νι:(Ν2-1)3 

«—— ———- = 0.00000 
N2:(Ni-1) 


S O A cR,R2N, Rg R4 
































Z> N; = 1.21811 
Κι = 1.05056 
R2 = 1.10368 
R3 = 1.48380 
R4 = 2.20166 
dui duh: Rs = 4.84731 
One of the original 
methods I learned of doing 1 
exponential progression was R,-N,^ = 0.00000  Rs-N;? = 0.00000 
by using what I call the unit 1 R,-N,* = 0.00000 
— i this plate, I simply - Β.-ΝΙ2 = 0.00000 R;-N,8 = 0.00000 
a e two figures 
together. I will do the 
exponential divisions in the 
unit circle. 
One might consider, 
how the figures add together AB = 1 
effortlessly when they are 
conceived of correctly. The N; := 1.21811 


unit circle, and the unit 

square, and the unit line, all N BG AB 
: 1 

work together using the BN, := | AB? 4 νι BG — BP-N, OX — 

same language, each depend BN 2 

simply upon the recursion of 


the unit, as does all of the / 2 2 OX. AB 
MP. PH 
PQ := ορ BQ := OX + MP + PQ HQ := \/ BQ. (AB - ΒΟ) 
BQ 
3:7 —— R> = 1.483792 
HQ 


Now, Mathcad will come up with the following and simply refuse to reduce it. 


Being a dumb program, only doing what it 
is told, we do not have to worry about hurting its 2 
feelings by finishing the job. One might find Κο Νι -ὂ 
that in many math programs, one still has to 
give them a helping hand. 

Simply repeat the process for every value 
one wishes to find, or until one can take a hint. 








N; = 1.2 

R; = 1.05056 
R» = 1.10368 
Rs = 1.48380 
R4 = 2.20166 


Rs = 4.84731 B 























99 
P EPA 











= 0.00000  Rs-N;? = 0.00000 
R4-N;^ = 0.00000 
= 0.00000 _ R.-N,? = 0.00000 
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C 











































1 





One might add this method for N, = 2.49232 N; ? -A = 0.00000 
finding exponential series to their bag of A = 1.57871 s 
tricks. I am not going to demonstrate B = 1.98360 N; 4 -B = 0.00000 
E ου. One might refer to C = 2.20346 "^ 2560000 
° D = 2.35405 15 
Νι 16 -D = 0.00000 
A Ri Κα Rs R; Ro Ri Riz Β,,Βις Νι 
Νι = 2.49232 
Κι = 1.05874 
Μο = 1.12092 
R3 = 1.18676 
R, = 1.25647 
Rs = 1.33027 
R, = 1.40840 8 
R7 = 1.49113 Κα-Νι 16 = 0.00000 
μυ = 0.00000 -—— = 0.00000 
Ro = 1.67144 ° ^ 
ενα; = 0.00000 Βιο-Νι 16 = 0.00000 
Rıı = 1.87355 11 
Rı2 = 1.98360 - 0.00000 Rıı-Nı 16 = 0.00000 
Ri3 = 2.10010 12 
Rig = 2.22346 = 0.00000  Riz-N;!$ = 0.00000 
13 
nn = 0.00000 Ris-N; 15 = 0.00000 
14 
ο = 0.00000 Rı4-Nı 16 = 0.00000 
£ a 
R7-N, 16 = 0.00000 Ris-Ni 16 = 0.00000 


S 2 
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About the only thing interesting 
about this plate is that the second variable 
will not be found in the equation. No 
matter how large or how small one makes 
it, it will remain invisible to the logic 
except for one point, it has to be there. In 
short, its value is of no concern, its form, 
however, is required. Therefore, there are 
equations, which, a value is not seen, nor 
does one find its name, however, without 
being able to conceptually abstract it, one 
cannot solve for what they do have. The 
figure gives one something to think about 
in regard to conceptual ability. To solve a 


problem when one is dealing with a form of 


behavior one has to infer. I exampled a 
figure with this fact in the Delian Quest. 
The structure had to be there, but it 
neither added to, nor subtracted from the 
equation, they are binary operations. 

Or, one can say, that in doing the 
math, the unit, or one always has to be 
kept in mind. 





N, = 1.27809 
N2 = 1.44523 


A = 1.63353 
B = 2.08780 
C = 2.66841 
D = 3.41048 
E = 4.35891 


F = 1.00000 
G = 0.78241 
H = 0.61217 
I = 0.47897 

J = 0.37476 


N,2-A = 0.00000 
N,°-B = 0.00000 
Νι΄-ς = 0.00000 
N,*-D = 0.00000 
N,°-E = 0.00000 


N,°-F = 0.00000 
N,-1-G = 0.00000 
N,?-H = 0.00000 
N,?-I = 0.00000 
N,^?-J = 0.00000 


Tale of Tails 
Wednesday, November 4, 2020 
The straightedge allows us to 
construct a single relative difference on «———— — — —————————— 
paper, or other recording media. This is 
called a line also. A line and a single relative difference mean the same 
thing. By the definition of a thing, the line is not a thing; it is just one of 
the two parts of a thing. In order to 
make some one thing from it, we 
με  £ = -Σ have to add limits to it. Adding the 
correlatives A and B, we make a 
thing called AB, but now we can call the line AB and also the segment 
AB. 


τς Λ Λ 77 


The term collinear means constructed 
from the same relative difference. I can 
< . also call the line AB the operational tail of 

segment AB, for every operation with the 
segment AB will involve the line AB. In 
Geometry, the segment AB is called a 
simple binary thing and we can elevate it 
< > to the status of a unit by which every 
E other thing we construct will be in terms 
of a ratio to it. 


L ν ν a Using AB as our unit, we can then 
construct six operational tails AB, AD, AC, BC, BD, and CD which we 
can use to start demonstrating our mathematical operations with. 














If we use the operational tail AD and any point E on it, we can 
construct BE along with DH, AF, CG, etc., which are on a locus called a 
circle. This is the difference between a straightedge and a compass. A 


hw N A N Λ A 

















straightedge affords us one relative 
difference, while a compass affords us 
one locus. Thus a straightedge will give 
us one relative difference between two 
points, while a compass a correlative of 
every possible relative difference from a 
given point. With the straightedge we 
then draw a line, but with a compass we 
draw a locus. In a manner of speaking 
then, one can say that the straightedge 
gives us a unit of discourse, while the 


compass shows us the universe of discourse with a given unit. The 
straightedge, then, affords us the verb, while the compass a noun. If we 
make the mistake of many a past geometer, confusing the one with the 
other, we will be speaking gibberish. These two tools, then, afford us the 
unit by which to construct the whole of geometry by complete induction 


and deduction. 


The Conchoid 




















Heath mentions this in his Eucclid's Elements. His graphic and explaination was not 
very good, so I decided to draw what he was describing and then maybe I will at some 
time tackle writing up the equations and doing some research on how it was used. See 
what I can come up with. I do not understand why it is thought that it produces 
different curves when every one of them all have the same equation. 




































































The Conchoid 
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I found some of my old notes on Heath. Heath mentions this in his Euclid's Elements. His graphic and explaination was not very good, so I 
decided to draw what he was describing and then maybe I will, at some time, tackle writing up the equations and doing some research on how it was 
used. See what I can come up with. I do not understand why it is thought that it produces different curves when every one of them all have the 
same equation. If one wants to think they can classify all the curves by how they look, what will they do with BAM? Way too much appearance over 
reality. It makes it easier to understand when one can gather it all in with a glance. 


Seems to me, if one can draw it using the language, one can write the equations. If one can write the equations, one can write the equations to 
what it was used for. 














As the figure uses the unit for 
construction, it is a valid geometric 
construction just like the circle. When 
drawn correctly, it is easy to find any 
point one desires. 


N ] If one can actually solve all the 
í : problems one wants with this, as they 

















say, then I guess that is that, all one 
has to do is fill in the blanks. 





So, this should be a nice little diversion 
if I get the opportunity to write it up. 








It is not any more difficult to write up 
9 than the conic sections. 
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The Oxford dic. has a better def. then what I seen online. Not exactly sure that a curve cuts it 


though; it is actually two distinct curves. 


noun Mathematics a plane quartic curve consisting of two separate branches either side of and 
asymptotic to a central straight line (the asymptote), such that if a line is drawn from a fixed 
point (the pole) to intersect both branches, the part of the line falling between the two branches 


is of constant length and is exactly bisected by the asymptote. 
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PREFACE. 


T is not too much to say that, to the great majority of 

mathematicians at the present time, Apollonius is nothing 
more than a name and his Convcs, for all practical purposes, a 
book unknown. Yet this book, written some twenty-one 
centuries ago, contains, in the words of Chasles, “the most 
interesting properties of the conics,” to say nothing of such 
brilliant investigations as those in which, by purely geometrical 
means, the author arrives at what amounts to the complete 
determination of the evolute of any conic. The general neglect 
of the “ great geometer,” as he was called by his contemporaries 
on account of this very work, is all the more remarkable from 
the contrast which it affords to the fate of his predecessor 
Euclid; for, whereas in this country at least the Elements of 
Euclid are still, both as regards their contents and their order, 
the accepted basis of elementary geometry, the influence of 
Apollonius upon modern text-books on conic sections 15, so far 
as form and method are concerned, practically nl. 

Nor is it hard to find probable reasons for the prevailing 
absence of knowledge on the subject. In the first place, it could 
hardly be considered surprising if the average mathematician 
were apt to show a certain faintheartedness when confronted 
with seven Books in Greek or Latin which contain 387 


viii PREFACE. 


propositions in all; and doubtless the apparently portentous 
bulk of the treatise has deterred many from attempting to 
make its acquaintance. Again, the form of the propositions is 
an additional difficulty, because the reader finds in them none 
of the ordinary aids towards the comprehension of somewhat 
complicated geometrical work, such as the conventional appro- 
priation, in modern text-books, of definite letters to denote 
particular points on the various conic sections. On the contrary, 
the enunciations of propositions which, by the aid of a notation 
once agreed upon, can now be stated in a few lines, were by Apol- 
lonius invariably given in words like the enunciations of Euclid. 
These latter are often sufficiently unwieldy; but the incon- 
venience 15 greatly intensified in Apollonius, where the greater 
complexity of the conceptions entering into the investigation of 
conics, as compared with the more elementary notions relating 
to the line and circle, necessitates in many instances an enun- 
ciation extending over a space equal to (say) half a page of this 
book. Hence it is often a matter of considerable labour even 
to grasp the enunciation of a proposition. Further, the propo- 
sitions are, with the exception that separate paragraphs mark 
the formal divisions, printed continuously ; there are no breaks 
for the purpose of enabling the eye to take in readily the 
successive steps in the demonstration and so facilitating the 
comprehension of the argument as a whole. ‘There is no uni- 
formity of notation, but in almost every fresh proposition a 
different letter is employed to denote the same point: what 
wonder then if there are the most serious obstacles in the way 
of even remembering the results of certain propositions ? 
Nevertheless these propositions, though unfamiliar to mathe- 
maticians of the present day, are of the very essence of 
Apollonius' system, are being constantly used, and must there- 
fore necessarily be borne in mind. 

The foregoing remarks refer to the editions where Apollonius 
can be read in the Greek or in a Latin translation, i.e. to those 
of Halley and Heiberg; but the only attempt which has been 
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made to give a complete view of the substance of Apollonius 
in a form more accessible to the modern reader is open to 
much the same objections. This reproduction of the Conics in 
German by H. Balsam (Berlin, 1861) is a work deserving great 
praise both for its accuracy and the usefulness of the occasional 
explanatory notes, but perhaps most of all for an admirable set 
of figures to the number of 400 at the end of the book; the 
enunciations of the propositions are, however, still in words, 
there are few breaks in the continuity of the printing, and the 
notation is not sufficiently modernised to make the book of any 
more real service to the ordinary reader than the original 
editions. 

An edition is therefore still wanted which shall, while in 
some places adhering even more closely than Balsam to the 
original text, at the same time be so entirely remodelled by 
the aid of accepted modern notation as to be thoroughly 
readable by any competent mathematician; and this want 
it is the object of the present work to supply. 

In setting myself this task, I made up my mind that any 
satisfactory reproduction of the Conics must fulfil certain 
essential conditions: (1) it should be Apollonius and nothing 
but Apollonius, and nothing should be altered either in the 
substance or in the order of his thought, (2) it should be 
complete, leaving out nothing of any significance or importance, 
(3) it should exhibit under different headings the successive 
divisions of the subject, so that the definite scheme followed by 
the author may be seen as a whole. 

Accordingly I considered it to be the first essential that I 
should make myself thoroughly familiar with the whole work at 
first hand. With this object I first wrote out a perfectly literal 
translation of the whole of the extant seven Books. This was a 
laborious task, but it was not in other respects dithcult, owing 
to the excellence of the standard editions. Of these editions, 
Halley’s is a monumental work, beyond praise alike in respect 
of its design and execution; and for Books v—vit it is still the 
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only complete edition. For Books 1—1v I used for the most 
part the new Greek text of Heiberg, a scholar who has earned 
the undying gratitude of all who are interested in the history 
of Greek mathematics by successively bringing out a critical 
text (with Latin translation) of Archimedes, of Euclid's Elements, 
and of all the writings of Apollonius still extant in Greek. The 
only drawback to Heiberg's Apollonius is the figures, which are 
poor and not seldom even misleading, so that I found it a great 
advantage to have Halley's edition, with its admirably executed 
diagrams, before me even while engaged on Books 1—1v. 

The real difficulty began with the constructive work of 
re-writing the book, involving as it did the substitution of a 
new and uniform notation, the condensation of some pro- 
positions, the combination of two or more into one, some slight 
re-arrangements of order for the purpose of bringing together 
kindred propositions in cases where their separation was rather 
a matter of accident than indicative of design, and so on. The 
result has been (without leaving out anything essential or 
important) to diminish the bulk of the work by considerably 
more than one-half and to reduce to a corresponding extent the 
number of separate propositions. 

When the re-editing of the Conics was finished, it seemed 
necessary for completeness to prefix an Introduction for the 
purposes (1) of showing the relation of Apollonius to his pre- 
decessors in the same field both as regards matter and method, 
(2) of explaining more fully than was possible in the few notes 
inserted in square brackets in the body of the book the mathe- 
matical significance of certain portions of the Conics and the 
probable connexion between this and other smaller treatises of 
Apollonius about which we have information, (3) of describing 
and illustrating fully the form and language of the propositions 
as they stand in the original Greek text. The first of these 
purposes required that I should give a sketch of the history of 
conic sections up to the time of Apollonius; and I have ac- 
cordingly considered it worth while to make this part of the 
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Introduction as far as possible complete. Thus e.g. in the case 
of Archimedes I have collected practically all the propositions 
in conics to be found in his numerous works with the substance 
of the proofs where given ; and I hope that the historical sketch 
as a whole will be found not only more exhaustive, for the 
period covered, than any that has yet appeared in English, but 
also not less interesting than the rest of the book. 

For the purposes of the earlier history of conics, and the 
chapters on the mathematical significance of certain portions of 
the Conics and of the other smaller treatises of Apollonius, I 
have been constantly indebted to an admirable work by 
H. G. Zeuthen, Die Lehre von den Kegelschnitten im Altertum 
(German edition, Copenhagen, 1886), which to a large extent 
covers the same ground, though a great portion of his work, 
consisting of a mathematical analysis rather than a reproduction 
of Apollonius, is of course here replaced by the re-edited 
treatise itself. I have also made constant use of Heiberg's 
Litterargeschichtliche Studien über Euklid (Leipzig, 1882), the 
original Greek of Euclid's Elements, the works of Archimedes, 
the συναγωγή of Pappus and the important Commentary on 
Eucl. Book 1. by Proclus (ed. Friedlein, Leipzig, 1873). 

The frontispiece to this volume is a reproduction of a 
quaint picture and attached legend which appeared at the 
beginning of Halley's edition. The story is also told elsewhere 
than in Vitruvius, but with less point (cf. Claudii Galeni 
Pergameni Προτρεπτικὸς ἐπὶ τέχνας c. V. S 8, p. 108, 3-8 
ed. I. Marquardt, Leipzig, 1884). The quotation on the title 
page is from a vigorous and inspiring passage in Proclus 
Commentary on Eucl. Book 1. (p. 84, ed. Friedlein) in which he 
is describing the scientific purpose of his work and contrasting 
it with the useless investigations of paltry lemmas, distinctions 
of cases, and the like, which formed the stock-in-trade of the 
ordinary Greek commentator. One merit claimed by Proclus 
for his work I think I may fairly claim for my own, that it 
at least contains ὅσα πραγματειωδεστέραν ἔχει θεωρίαν; and I 
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should indeed be proud if, in the judgment of competent critics, 
it should be found possible to apply to it the succeeding phrase, 
συντελεῖ πρὸς τὴν ὅλην φιλοσοφίαν. 

Lastly, I wish to express my thanks to my brother, 
Dr R. S. Heath, Principal of Mason College, Birmingham, 
for his kindness in reading over most of the proof sheets and 
lor the constant interest which he has taken in the progress 
of the work. 


T. L. HEATH. 


March, 1896. 
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INTRODUCTION. 


PART I. 


THE EARLIER HISTORY OF CONIC SECTIONS 
AMONG THE GREEKS. 


CHAPTER I. 
THE DISCOVERY OF CONIC SECTIONS: MENAECHMUS. 


THERE is perhaps no question that occupies, comparatively, a 
larger space in the history of Greek geometry than the problem of 
the Doubling of the Cube. The tradition concerning its origin is 
given in a letter from Eratosthenes of Cyrene to King Ptolemy 
Euergetes quoted by Eutocius in his commentary on the second 
Book of Archimedes’ treatise On the Sphere and Cylinder* ; and the 
following is a translation of the letter as far as the point where we 
find mention of Menaechmus, with whom the present subject 
begins. 

* Eratosthenes to King Ptolemy greeting. 

“There is a story that one of the old tragedians represented 
Minos as wishing to erect a tomb for Glaucus and as saying, when 
he heard that it was a hundred feet every way, 


Too small thy plan to bound a royal tomb. 
Let it be double; yet of its fair form 
Fail not, but haste to double every side t. 


* In quotations from Archimedes or the commentaries of Eutocius on his 
works the references are throughout to Heiberg's edition (Archimedis opera 
omnia cum commentariis Eutocii. 3 vols. Leipzig, 1880-1). The reference here 
is ΙΙ. p. 102. 

t µικρὀν γ᾽ ἔλεξας βασιλικοῦ σηκὸν τάφου' 

διπλάσιος ἕστω" τοῦ καλοῦ δὲ μὴ σφαλεὶς 
δίπλαζ᾽ ἕκαστον κῶλον ἐν τάχει τάφου. 


Valckenaer (Diatribe de fragm. Eurip.) suggests that the verses are from the 
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But he was clearly in error ; for, when the sides are doubled, the area 
becomes four times as great, and the solid content eight times 
as great. Geometers also continued to investigate the question in 
what manner one might double a given solid while it remained in 
the same form. And a problem of this kind was called the doubling 
of the cube; for they started from a cube and sought to double it. 
While then for a long time everyone was at a loss, Hippocrates of 
Chios was the first to observe that, if between two straight lines of 
which the greater is double of the less it were discovered how to find 
two mean proportionals in continued proportion, the cube would be 
doubled ; and thus he turned the ditliculty in the original problem * 
into another difficulty no less than the former. Afterwards, they 
say, some Delians attempting, in accordance with an oracle, to 
double one of the altars fell into the same difficulty. And they sent 
and begged the geometers who were with Plato in the Academy to 
find for them the required solution. And while they set themselves 
energetically to work and sought to find two means between two 
given straight lines, Archytas of Tarentum is said to have dis- 
covered them by means of half-cylinders, and Eudoxus by means 
of the so-called curved lines. It is, however, characteristic of them 
all that they indeed gave demonstrations, but were unable to make 
the actual construction or to reach the point of practical application, 
except to a small extent Menaechmus and that with difficulty.” 
Some verses at the end of the letter, in commending Eratosthenes’ 
own solution, suggest that there need be no resort to Archytas' 
unwieldy contrivances of cylinders or to “ cutting the cone in the 
triads of Menaechmust.” This last phrase of Eratosthenes appears 


Polyidus of Euripides, but that the words after σφαλεὶς (or σφαλῇς) are 
Eratosthenes’ own, and that the verses from the tragedy are simply 


puxpdv y ἔλεξας βασιλικοῦ σηκὸν τάφου 
διπλάσιος ἔστω" τοῦ κύβου δὲ μὴ σφαλῃς. 


It would, however, be strange if Eratosthenes had added words merely for the 
purpose of correcting them again: and Nauck (Tragicorum Graecorum Fragmenta, 
Leipzig, 1889, p. 874) gives the three verses as above, but holds that they do not 
belong to the Polyidus, adding that they are no doubt from an earlier poet than 
Euripides, perhaps Aeschylus. 

* τὸ ἀπόρημα αὐτοῦ is translated by Heiberg '*haesitatio eius," which no 
doubt means “ his difficulty.” I think it is better to regard αὐτοῦ as neuter, and 
as referring to the problem of doubling the cube. 

t μηδὲ Μενεχμείους κωνοτομεῖν τριάδας. 


MENAECHMUS. ΧΙΧ 


again, by way of confirmatory evidence, in a passage of Proclus*, 
where, quoting Geminus, he says that the conic sections were 
discovered by Menaechmus. 

Thus the evidence so far shows (1) that Menaechmus (a pupil of 
Eudoxus and a contemporary of Plato) was the discoverer of the 
conic sections, and (2) that he used them as a means of solving the 
problem of the doubling of the cube. We learn further from 
Eutociust that Menaechmus gave two solutions of the problem of 
the two mean proportionals, to which Hippocrates had reduced the 
original problem, obtaining the two means first by the intersection 
of a certain parabola and a certain rectangular hyperbola, and 
secondly by the intersection of two parabolast. Assuming that a, b 
are the two given unequal straight lines and a, y the two required 
mean proportionals, the discovery of Hippocrates amounted to the 
discovery of the fact that from the relation 


m = y = b Ue EA level one ον choverenetevere e e ele ο ezeceve (1) 
3 
it follows that | (<) =o ) 
x b 
and, if a = 2b, a? = 97. 


The equations (1) are equivalent to the three equations 
a cay ο ον, cia SOD S enacts (2), 
and the solutions of Menaechmus described by Eutocius amount to the 
determination of a point as the intersection of the curves represented 
in a rectangular system of Cartesian coordinates by any two of the 
equations (2). 

Let AO, BO be straight lines placed so as to form a right angle 
at Ο, and of length a, b respectively §. Produce BO to x and AO 
to y. 

* Comm. on Eucl. 1., p. 111 (ed. Friedlein). The passage is quoted, with 
the context, in the work of Bretschneider, Die Geometrie und die Geometer vor 
Euklides, p. 177. 

t Commentary on Archimedes (ed. Heiberg, 111. p. 92—98). 

1 It must be borne in mind that the words parabola and hyperbola could not 
have been used by Menaechmus, as will be seen later on; but the phraseology is 
that of Eutocius himself. 

§ One figure has been substituted for the two given by Eutocius, so as to 
make it serve for both solutions, The figure is identical with that attached to 
the second solution, with the sole addition of the portion of the rectangular 
hyperbola used in the first solution. 

It is a curious circumstance that in Eutocius’ second figure the straight line 
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The first solution now consists in drawing a parabola, with 
vertex O and axis Oz, such that its parameter is equal to BO or b, 
and a hyperbola with Or, Oy as asymptotes such that the rectangle 
under the distances of any point on the curve from Ox, Oy respec- 
tively is equal to the rectangle under 40, BO, i.e. to ab. If P be 





the point of intersection of the parabola and hyperbola, and PN, PM 
be drawn perpendicular to Ox, Oy, i.e. if PN, PM be denoted by 
y, x, the coordinates of the point P, we shall have 


y*’=b. 0N =b. PM=bx } 


and xy = PM. PN=ab 
whence ---». 
x y b 


In the second solution of Menaechmus we are to draw the 
parabola described in the first solution and also the parabola whose 


representing the length of the parameter of each parabola is drawn in the same 
Straight line with the axis of the parabola, whereas Apollonius always draws the 
parameter as a line starting from the vertex (or the end of a diameter) and 
perpendicular to the axis (or diameter). It is possible that we may have here 
an additional indication that the idea of the parameter as ὀρθία or the latus 
rectum originated with Apollonius; though it is also possible that the selection 
of the directions of 40, BO was due to nothing more than accident, or may 
have been made in order that the successive terms in the continued proportion 
might appear in the figure in cyclic order, which corresponds moreover to their 
relative positions in the mechanical solution attributed to Plato. For this solu- 
tion see the same passage of Eutocius (Archimedes, ed. Heiberg, 111. p. 66—70). 
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vertex is O, axis Oy and parameter equal to a. The point P where 
the two parabolas intersect is given by 


y? = bx | 

α--αι ) 
whence, as before, ο τα 

v y b 


We have therefore, in these two solutions, the parabola and the 
rectangular hyperbola in the aspect of loci any points of which 
respectively fultil the conditions expressed by the equations in (2); 
and it is more than probable that the discovery of Menaechmus was 
due to efforts to determine loci possessing these characteristic 
properties rather than to any idea of a systematic investigation of 
the sections of a cone as such. This supposition is confirmed by 
the very special way in which, as will be seen presently, the conic 
sections were originally produced from the right circular cone; 
indeed the special method is ditħcult to explain on any other 
assumption. It is moreover natural to suppose that, after the 
discovery of the convertibility of the cube-problem into that of 
tinding two mean proportionals, the two forms of the resulting 
equations would be made the subject of the most minute and 
searching investigation. The form (1) expressing the equality of 
three ratios led naturally to the solution attributed to Plato, in which 
-the four lines representing the successive terms of the continued pro- 
portion are placed mutually at right angles and in cyclic order round 
a fixed point, and the extremities of the lines are found by means of 
a rectangular frame, three sides of which are fixed, while the fourth 
side can move freely parallel to itself. The investigation of the 
form (2) of the equations led to the attempt of Menaechmus to 
determine the loci corresponding thereto. It was known that the 
locus represented by 7? =2,x%,, where y is the perpendicular from 
any point on a fixed straight line of given length, and a, x are the 
segments into which the line is divided by the perpendicular, was a 
circle; and it would be natural to assume that the equation y* = bx, 
differing from the other only in the fact that a constant is sub- 
stituted for one of the variable magnitudes, would be capable of 
representation as a locus or a continuous curve. The only difficulty 
would be to discover its form, and it was here that the cone was 
introduced. 

If an explanation is needed of the circumstance that Menaech- 
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mus should have had recourse to any solid figure, and to a cone in 
particular, for the purpose of producing a plane locus, we find it in 
the fact that solid geometry had already reached a high state of 
development, as is shown by the solution of the problem of the two 
mean proportionals by Archytas of Tarentum (born about 430 B.c.). 
This solution, in itself perhaps more remarkable than any other, 
determines a certain point as the intersection of three surfaces of 
revolution, (1) a right cone, (2) a right cylinder whose base is a 
circle on the axis of the cone as diameter and passing through the 
apex of the cone, (3) the surface forined by causing a semicircle, 
whose diameter is the same as that of the circular base of the cylinder 
and whose plane is perpendicular to that of the circle, to revolve 
about the apex of the cone as a fixed point so that the diameter of 
the semicircle moves always in the plane of the circle, in other words, 
the surface consisting of half a split ring whose centre is the apex of 
the cone and whose inner diameter is indefinitely small. We find that 
in the course of the solution («) the intersection of the surfaces (2) and 
(3) is said to be a certain curve (γραμμήν τινα), being in fact a curve of 
double curvature, (6) a circular section of the right cone is used in 
the proof, and (c), as the penultimate step, two mean proportionals 
are found in one and the same plane (triangular) section of the cone *. 


* The solution of Archytas is, like the others, given by Eutocius (p. 98—102) 
and is so instructive that I cannot forbear to quote it. Suppose that 4C, AB are 
the straight lines between which two mean proportionals are to be found. AC 
is then made the diameter of a circle, and 4B is placed as a chord in the circle. 


D’ 





A semicircle is drawn with diameter AC but in a plane perpendicular to that 
of ABC, and revolves about an axis through 4 perpendicular to the plane of ABC. 
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Thus the introduction of cones by Menaechmus should not in itself 
be a matter for surprise. 

Concerning Menaechmus' actual method of deducing the proper- 
ties of the conic sections from the cone we have no definite 
information ; but we may form some idea of his probable procedure 


A half-cylinder (right) is now erected with ABC as base: this will cut the 
surface described by the moving semicircle APC in a certain curve. 

Lastly let CD, the tangent to the circle ABC at the point C, meet 47} 
produced in D; and suppose the triangle 4CD to revolve about AC as axis. 
This will generate the surface of a right circular cone, and the point B will 
describe a semicircle BQE perpendicular to the plane of ABC and having its 
diameter BE at right angles to 4C. The surface of the cone will meet in some 
point P the curve described on the cylinder. Let APC’ be the corresponding 
position of the revolving semicircle, and let AC’ meet the circle ABC in M. 

Drawing PM perpendicular to the plane of 4 BC, we see that it must meet the 
circumference of the circle ABC because P is on the cylinder which stands on 
ABC as base. Let AP meet the circumference of the semicircle BQE in Q, and 
let AC’ meet its diameter BE in N. Join PC’, QM, QN. 

Then, since both semicircles are perpendicular to the plane ABC, so is their 
line of intersection QN. Therefore QN is perpendicular to BE. 


Hence QV°=BN.NE=AN.NM. 


Therefore the angle AQ. is a right angle. 
But the angle C’P4 is also right: therefore MQ is parallel to C’P. 
It follows, by similar triangles, that 


C'A: AP-AP : AMZAM : AQ. 
That is, AC: AP=AP: AM—AM : AB, 
and AB, AM, AP, AC are in continued proportion. 
In the language of analytical geometry, if AC is the axis of z, a line through 
d perpendicular to dC in the plane of ABC the axis of y, and a line through 


d parallel to PM the axis of z, then P is determined as the intersection of the 
surfaces 


9 


i ^ a 0 5 
SU ri, di doe E ο ο νο (1), 
E ee SL E: (2), 
z*4?422—a 23 y? ο oer ent EO (3), 
where AC «xa, AB xb. 


From the first two equations 


α- Εν: + 22 — (x? +y?) 


ὐ: 
and from this equation and (3) we have 
α _ Xz.yMS Nety 
Jat + y? +2? AJ 23 4 y? ES 


or AC: AP=AP:AM=AM: AB. 
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if we bear in mind (1) what we are told of the manner in which the 
earlier writers on conics produced the three curves from particular 
kinds of right circular cones, and (2) the course followed by Apol- 
lonius (and Archimedes) in dealing with sections of any circular cone, 
whether right or oblique. 

Eutocius, in his commentary on the Conics of Apollonius, quotes 
with approval a statement of Geminus to the effect that the ancients 
defined a cone as the surface described by the revolution of a right- 
angled triangle about one of the sides containing the right angle, and 
that they knew no other cones than right cones. Of these they dis- 
tinguished three kinds according as the vertical angle of the cone 
was less than, equal to, or greater than, a right angle. Further 
they produced only one of the three sections from each kind of cone, 
always cutting it by a plane perpendicular to one of the generating 
lines, and calling the respective curves by names corresponding to 
the particular kind of cone; thus the “section of a right-angled 
cone” was their name for a parabola, the “section of an acute-angled 
cone” for an ellipse, and the “section of an obtuse-angled cone” for 
a hyperbola. The sections are so described by Archimedes. 

Now clearly the parabola is the one of the three sections for the 
production of which the use of a right-angled cone and a section at 
right angles to a generator gave the readiest means. If V be a 
point on the diameter JC of any circular section in such a cone, and 
if NI be a straight line drawn in the plane of the section and perpen- 
dicular to BC, meeting the circumference of the circle (and therefore 
the surface of the cone) in Z’, 


PN? = BN. NC. 


Draw AX in the plane of the axial triangle OBC meeting the 
generator OF at right angles in A, and draw AD parallel to BC 
meeting OU in D; let DEF, perpendicular to AD or BC, meet 5C 
in E and AN produced in F. 

Then AD is bisected by the axis of the cone, and therefore AZ 
is likewise bisected by it. Draw CG perpendicular to BC meeting 
AF produced in G. 

Now the angles BAN, BCC are right; therefore B, A, C, G are 


concyclic, and 


BN. NC=AN. NG. 
But AN=CD=FG; 
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therefore, if 4 F meets the axis of the cone in Z, 
NG=AF=2AL. 
Hence PN?=BN.NC 
=2AL. AN, 


and, if A is fixed, 24 Z is constant. 





Thus P satisfies the equation 
y. -8940,. X, 
where y= PN, xz AN. 
Therefore we have only to select A as a point on OB such that 
b 
AL (or AO) = 


3 and the curve corresponding to the equation 
y! = ba is found. 

The ‘parameter’ of the parabola is equal to twice the distance 
between 4 and the point where ANV meets the axis of the cone, or 
a διπλασία τᾶς μέχρι τοῦ ἄξονος, as Archimedes calls it *. 

The discovery that the hyperbola represented by the equation 
ay =ab, where the asymptotes are the coordinate axes, could be 
obtained by cutting an obtuse-angled cone by a plane perpendicular 
to a generator was not so easy, and it has been questioned whether 
Menaechmus was aware of the fact. The property, xy = (const.), for 
a hyperbola referred to its asymptotes does not appear in Apollonius 
until the second Book, after the diameter-properties have been 
proved. It depends on the propositions (1) that every series of 
parallel chords is bisected by one and the same diameter, and 
(2) that the parts of any chord intercepted between the curve and 
the asymptotes are equal. But it is not necessary to assume that 


* Cf. On Conoids and Spheroids, 3, p. 304. 
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Menaechmus was aware of these general propositions. It is more 
probable that he obtained the equation referred to the asymptotes 
from the equation referred to the axes; and in the particular case 
which he uses (that of the rectangular hyperbola) this is not difficult. 





Β΄ 


Thus, if P be a point on the curve and PK, PK’ be perpendicular 
to the asymptotes 6, CR’ of a rectangular hyperbola, and if 
ΑΙ be perpendicular to the bisector of the angle between the 


asymptotes, PA.PK'=the rect. CAPA’ 
= the quadrilateral CRPE, 
since ACEK'= APRK. 
Hence PA. PK'= &ORCN—- APEN 
=4(CN*?- PN") 
ay? 
EU 


where xr, y are the coordinates of / referred to the axes of the 
hyperbola. 

We have then to show how Menaechmus could obtain from an 
obtuse-angled cone, by a section perpendicular to a generator, the 
rectangular hyperbola 


3 
z' — y! = (const.) -1 , Say, 
or y = xx, 


where z,, z, are the distances of the foot of the ordinate y from the 
points A, A’ respectively, and 44' 2 a. 
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Take an obtuse-angled cone, and let BC be the diameter of any 
circular section of it. Let A be any point on the generator OB, and 
through 4 draw AN at right angles to OB meeting CO produced in 
A’ and BC in N. 

Let y be the length of the straight line drawn from X perpen- 
dicular to the plane of the axial triangle OLC and meeting the 
surface of the cone. Then y will be determined by the equation 


yzBbN.NC. 





Let 4D be drawn, as before, parallel to BC and meeting OC in 
D, and let OL, DF, CG be drawn perpendicular to BC meeting 4.V 
produced in LZ, F, G respectively. 

Then, since the angles BAG, BCG are right, the points B, A, C, G 
are concyclic ; 

τ y = BN. NC=AN. NG. 
But NG: AFZ CN : AD, by similar triangles, 
ZAN : AA. 


Hence y -A.V. Tr: A'N 
2AL 


ΞΞ —— ο «ια. x 
2a το 


and the locus of the extremity of y for different positions of the 
circular section, or (in other words) the section of the cone by a 
plane through AN perpendicular to the plane of the axial triangle, 
144, | l 


satisfies the desired condition provided that ^ T 
44 4. 
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This relation, together with the fact that the angle AOZ is equal 
to half the supplement of the angle 4'OA, enables us to determine 
the position of the apex Ο, and therefore the vertical angle, of the 
desired cone which is to contain the rectangular hyperbola. 

For suppose O determined, and draw the circle circumscribing 
AOA’; this will meet LO produced in some point A, and OA’ will 
be its diameter. Thus the angle 4'AO is right; 

^. 2 44 Α z complement of - ALK= L AOL S LOC = AOK, 
whence it follows that the segments AA, A'K are equal, and 
therefore A lies on the line bisecting AA’ at right angles. 

But, since the angle A'K L is right, A also lies on the semicircle 
with A'L as diameter. 

K is therefore determined by drawing that semicircle and then 
drawing a line bisecting ΑΛ’ at right angles and meeting the 
semicircle. Thus, A being found and AZ joined, O is determined. 

The foregoing construction for a rectangular hyperbola can be 
equally well applied to the case of the hyperbola generally or of an 
ellipse; only the value of the constant Ls 
unity. In every case 24 is equal to the parameter of the ordinates 
to A’, or the parameter is equal to twice the distance between the 
vertex of the section and the axis of the cone, à διπλασία τᾶς μέχρι 
τοῦ ἄξυνος (as Archimedes called the principal parameter of the 


will be different from 


parabola). 

The assumption that Menaechmus discovered all three sections 
in the manner above set forth agrees with the reference of 
Eratosthenes to the **Menaechmean triads," though it is not im- 
probable that the ellipse was known earlier as a section of a right 
cylinder. Thus a passage of Euclid's Ph«aenomena says, “if a cone 
or cylinder be cut by a plane not parallel to the base, the resulting 
section is a section of an acute-angled cone which is similar to a 
θυρεός, showing that Euclid distinguished the two ways of pro- 
ducing an ellipse. Heiberg (Litterargeschichtliche Studien über 
Euklid, p. 88) thinks it probable that θυρεός was the name by which 
Menaechmus called the curve*. 

It is a question whether Menaechmus used mechanical contriv- 


* The expression ἢ τοῦ θυρεοῦ for the ellipse occurs several times in Proclus 
and particularly in a passage in which Geminus is quoted (p. 111); and it 
would seem as though this name for the curve was more common in Geminus' 
time than the name **ellipse."  [Bretschineider, p. 176.] 
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ances for effecting the construction of his curves. The idea that he 
did so rests (1) upon the passage in the letter of Eratosthenes* to 
the effect that all who had solved the problem of the two mean pro- 
portionals had written theoretically but had not been able to effect 
the actual construction and reduce the theory to practice except, to 
a certain extent, Menaechmus and that only with difficulty, (2) upon 
two well known passages in Plutarch. One of these latter states 
that Plato blamed Eudoxus, Archytas and Menaechmus for trying 
to reduce the doubling of the cube to instrumental and mechanical 
constructions (as though such methods of finding two mean pro- 
portionals were not legitimate), arguing that the good of geometry 
was thus lost and destroyed, as it was brought back again to the world 
of sense instead of soaring upwards and laying hold of those eternal 
and incorporeal images amid which God is and thus is ever Godt; 
the other passage (Fita Marcelli 14, $ 5) states that, in consequence 
of this attitude of Plato, mechanics was completely divorced from 
geometry and, after being neglected by philosophers for a long time, 
became merely a part of the science of war. I do not think it 
follows from these passages that Menaechmus and Archytas made 
machines for effecting their constructions; such a supposition would 
in fact seem to be inconsistent with the direct statement of 
Eratosthenes that, with the partial exception of Menaechmus, the 
three geometers referred to gave theoretical solutions only. The words 
of Eratosthenes imply that Archytas did not use any mechanical 
contrivance, and, as regards Menaechmus, they rather suggest such 
a method as the finding of a large number of points on the curvef. 
It seems likely therefore that Plato’s criticism referred, not to the 


* See the passage from Eratosthenes, translated above, p. xviii. The Greek 
of the sentence in question 18: συμβέβηκε δὲ πᾶσιν αὐτοῖς ἀποδεικτικῶς γεγραφέναι, 
χειρουργῆσαι δὲ καὶ εἰς χρεῖαν πεσεῖν pn δύνασθαι πλὴν ἐπὶ βραχύ τι τοῦ Mevéxpou 
καὶ ταῦτα δυσχερῶς. 

t Διὸ καὶ Πλάτων αὐτὸς ἐμέμψατο τοὺς περὶ Εὔδοξον καὶ Αρχύταν καὶ Μέναιχμον 
eis ὀργανικὰς καὶ μηχανικὰς κατασκευὰς τὸν τοῦ στερεοῦ διπλασιασμὸν ἀπάγειν 
ἐπιχειροῦντας (ὥσπερ πειρωμένους διὰ λόγου [ser. δὶ ἀλόγου] δύο μέσας ἀνάλογον μὴ 
[ser. ᾗ] παρείκοι λαβεῖν). ἀπόλλυσθαι γὰρ οὕτω καὶ διαφθείρεσθαι τὸ γεωμετρίας 
ἀγαθόν, αὖθις ἐπὶ τὰ αἰσθητὰ παλινδρομούσης καὶ μὴ φερομένης ἄνω, μηδ᾽ ἀντιλαμ- 
βανομένης τῶν ἀῑδίων καὶ ἀσωμάτων εἰκόνων, πρὸς αἷσπερ ὧν ὁ θεὸς ἀεὶ θεός ἐστι. 
(Quaest. conviv. virt. 2. 1.) 

t This is partly suggested by Eutocius' commentary on Apollonius 1. 20, 21, 
where it is remarked that it was often necessary for want of instruments to 
describe à conic by & continuous series of points. This passage is quoted by 
Dr Taylor, 4ncient and Modern Geometry of Conics, p. xxxiii. 
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use of machines, but simply to the introduction of mechanical 
considerations in each of the three solutions of Archytas, Eudoxus, 
and Menaechmus. 

Much has been written on the difficulty of reconciling the 
censure on Archytas and the rest with the fact that a mechanical 
solution is attributed by Eutocius to Plato himself. The most 
probable explanation is to suppose that Eutocius was mistaken in 
giving the solution as Plato's ; indeed, had the solution been Plato’s, 
it is scarcely possible that Eratosthenes should not have mentioned 
it along with the others, seeing that he mentions Plato as having 
been consulted by the Delians on the duplication problem. 

Zeuthen has suggested that Plato's objection may have referred, 
in the case of Menaechmus, to the fact that he was not satisfied to 
regard a curve as completely defined by a fundamental plane property 
such as we express by the equation, but must needs give it a geo- 
metrical definition as a curve arrived at by cutting a cone, in order to 
make its form realisable by the senses, though this presentation of 
it was not made use of in the subsequent investigations of its 
properties ; but this explanation is not so comprehensible if applied 
to the objection to Archytas’ solution, where the curve in which the 
revolving semicircle and the fixed half-cylinder intersect is a curve 
of double curvature and not a plane curve easily represented by an 
equation. 


CHAPTER II. 
ARISTAEUS AND EUCLID. 


WE come next to the treatises which Aristaeus ‘the elder’ and 
Euclid are said to have written ; and it will be convenient to deal 
with these together, in view of the manner in which the two names 
are associated in the description of Pappus, who is our authority 
upon the contents of the works, both of which are lost. The passage 
of Pappus is in some places obscure and some sentences are put in 
brackets by Hultsch, but the following represents substantially its 
effect*. “The four books of Euclid's conics were completed by 
Apollonius, who added four more and produced eight books of conics. 
Aristaeus, who wrote the still extant five books of solid loci con- 
nected with the conics, called one of the conic sections the section 
of an acute-angled cone, another the section of a right-angled cone 
and the third the section of an obtuse-angled cone.... Apollonius 
says in his third book that the ‘locus with respect to three or four 
lines’ had not been completely investigated by Euclid, and in fact 
neither Apollonius himself nor any one else could have added in the 
least to what was written by Euclid with the help of those properties 
of conics only which had been proved up to Euclid’s time; Apollonius 
himself is evidence for this fact when he says that the theory of 
that locus could not be completed without the propositions which 
he had been obliged to work out for himself. Now Euclid—regard- 
ing Aristaeus as deserving credit for the discoveries he had already 
made in conics, and without anticipating him or wishing to construct 
anew the same system (such was his scrupulous fairness and his 
exemplary kindliness towards all who could advance mathematical 
science to however small an extent), being moreover in no wise con- 
tentious and, though exact, yet no braggart like the other—wrote so 
much about the locus as was possible by means of the conics of 
Aristaeus, without claiming completeness for his demonstrations. 


* See Pappus (ed. Hultsch), pp. 672—678. 
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Had he done so he would certainly have deserved censure, but, as 
matters stand, he does not by any means deserve it, seeing that 
neither is Apollonius called to account, though he left the most part 
of his conics incomplete. Apollonius, too, has been enabled to add 
the lacking portion of the theory of the locus through having become 
familiar befurehand with what had already been written about it by 
Euclid and having spent a long time with the pupils of Euclid in 
Alexandria, to which training he owed his scientific habit of mind. 
Now this ‘locus with respect to three and four lines,’ the theory of 
which he is so proud of having added to (though he should rather 
acknowledge his obligations to the original author of it), is arrived at 
in this way. If three straight lines be given in position and from 
one and the same point straight lines be drawn to meet the three 
straight lines at given angles, and if the ratio of the. rectangle 
contained by two of the straight lines so drawn to the square of the 
remaining one be given, then the point will lie on a solid locus given 
in position, that is on one of the three conic sections. And, if 
straight lines be drawn to meet, at given angles, four straight lines 
given in position, and the ratio of the rectangle under two of the 
lines so drawn to the rectangle under the remaining two be given, 
then in the same way the point will lie on a conic section given in 
position.” 

Tt is necessary at this point to say a word about the solid locus 
(στερεὸς τόπος). Proclus defines a locus (τόπος) as “a position of a 
line or a surface involving one and the same property” (γραμμῆς ἢ 
ἐπιφανείας θέσις ποιοῦσα ἓν καὶ ταὐτὸν σύμπτωμα), and proceeds to say 
that loci are divided into two classes, line-loci (τόποι πρὸς γραμμαῖς) 
and surface-loct (τόποι πρὸς ἐπιφανείαις). The former, or loci which 
are lines, are again divided by Proclus into plane loc? and solid loci 
(τόποι ἐπίπεδοι and τόποι στερεοί), the former being simply generated 
in a plane, like the straight line, the latter from some section of a 
solid figure, like the cylindrical helix and the conic sections. 
Similarly Eutocius, after giving as examples of the plane locus 
(1) the circle which is the locus of all points the perpendiculars 
from which on a finite straight line are mean proportionals between 
the segments into which the line is divided by the foot of the 
perpendicular, (2) the circle which is the locus of a point whose 
distances from two fixed points are in a given ratio (a locus investi- 
gated by Apollonius in the τόπος ἀναλνόμενος), proceeds to say that 
the so-called solid loci have derived their name from the fact that 
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they arise from the cutting of solid figures, as for instance the 
sections of the cone and several others*. Pappus makes a further 
division of those line-loci which are not plane loci, i.e. of the class 
which Proclus and Eutocius call by the one name of solid loci, into 
solid loci (στερεοὶ τόποι) and linear loci (τόποι γραμμικοί). Thus, he 
says, plane loci may be generally described as those which are 
straight lines or circles, solid loc? as those which are sections of 
cones, i.e. parabolas or ellipses or hyperbolas, while linear loci are lines 
such as are not straight lines, nor circles, nor any of the said three 
conic sectionst. For example, the curve described on the cylinder in 
Archytas' solution of the problem of the two mean proportionals is 
a linear locus (being in fact a curve of double curvature), and such 
a locus arises out of, or is traced upon, a locus which is a surface 
(τόπος πρὸς ἐπιφανείᾳ). Thus linear loc? are those which have a 
more complicated and unnatural origin than straight lines, circles 
and conics, * being generated from more irregular surfaces and 
intricate movements 1." 

It is now possible to draw certain conclusions from the passage 
of Pappus above reproduced. 

l. The work of Aristaeus on solid loct was concerned with those 
loci which are parabolas, ellipses, or hyperbolas; in other words, it 
was a treatise on conics regarded as loci. 

2. This book on solid loci preceded that of Euclid on conics 
and was, at least in point of originality, more important. Though 
both treatises dealt with the same subject-matter, the object 
and the point of view were different; had they been the same, 
Euclid could scarcely have refrained, as Pappus says he did, from an 
attempt to improve upon the earlier treatise. Pappus' meaning 
must therefore be that, while Euclid wrote on the general theory of 
conics as Apollonius did, he yet confined himself to those properties 
which were necessary for the analysis of the solid loci of Aristaeus. 

3. Aristaeus used the names ‘section of a right-angled, acute- 
angled, and obtuse-angled cone," by which up to the time of 
Apollonius the three conic sections were known. 

4. The three-line and four-line locus must have been, albeit 
imperfectly, discussed in the treatise of Aristaeus; and Euclid, in 


* Apollonius, Vol. 1. p. 184. t Pappus, p. 662. 

t Pappus, p. 270: γραμμαὶ γὰρ ἕτεραι παρὰ τὰς εἰρημένας εἰς τὴν κατασκευὴν 
λαμβάνονται ποικιλωτέραν ἔχουσαι τὴν Ὑένεσιν καὶ βεβιασμένην μᾶλλον, ἐξ araxro- 
τέρων ἐπιφανειῶν καὶ κινήσεων ἐπιπεπλεγμένων γεννώμεναι. 


H. C. C 
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dealing synthetically with the same locus, was unable to work out 
the theory completely because he only used the conics of Aristaeus 
and did not add fresh discoveries of his own. 

5. The Conics of Euclid was superseded by the treatise of 
Apollonius, and, though the Solid Loci of Aristaeus was still extant 
in Pappus' time, it is doubtful whether Euclid's work was so. 

The subject of the three-line and four-line locus will be discussed 
in some detail in connexion with Apollonius; but it may be 
convenient to mention here that Zeuthen, who devotes some bril- 
liant chapters to it, conjectures that the imperfection of the 
investigations of Aristaeus and Euclid arose from the absence of 
any conception of the hyperbola with two branches as forming 
one curve (which was the discovery of Apollonius, as may be in- 
ferred even from the fulness with which he treats of the double- 
hyperbola). Thus the proposition that the rectangles under the 
segments of intersecting chords in fixed directions are in a constant 
ratio independent of the position of the point of intersection is 
proved by Apollonius for the double-hyperbola as well as for the 
single branch and for the ellipse and parabola. So far therefore as 
the theorem was not proved for the double-hyperbola before Apollo- 
nius, it was incomplete. On the other hand, had Euclid been in 
possession of the proof of the theorem in its most general form, 
then, assuming e.g. that the three-line or four-line locus was reduced 
by Aristaeus’ analysis to this particular property, Euclid would 
have had the means (which we are told that he had not) of 
completing the synthesis of the locus also. Apollonius probably 
mentions Euclid rather than Aristaeus as having failed to complete 
the theory for the reason that it was Euclid’s treatise which was on 
the same lines as his own; and, as Euclid was somewhat later in 
time than Aristaeus, it would in any case be natural for Apollonius 
to regard Euclid as the representative of the older and defective 
investigations which he himself brought to completion. 

With regard to the contents of the Conics of Euclid we have the 
following indications, 

1. The scope must have been generally the same as that of the 
first three Books of Apollonius, though the development of the 
subject was more systematic and complete in the later treatise. 
This we infer from Apollonius’ own preface as well as from the 
statement of Pappus quoted above. 

2. A more important source of information, in the sense of 
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giving more details, is at hand in the works of Archimedes, who 
frequently refers to propositions in conics as well known and not 
requiring proof. Thus 

(a) The fundamental property of the ellipse, 

PN: AN NA EP Ne AN NM SB AC 
that of the hyperbola, 
PN AN NA =P NEAN NA, 
and that of the parabola, 
PN? =p,.AN, 
are assumed, and must therefore presumably have been contained in 
Euclid’s work. 

(5) At the beginning of the treatise on the area of a 
parabolic segment the following theorems are simply cited. 

(1) If PV be a diameter of a segment of a parabola and 
QVq a chord parallel to the tangent at P, QV = Το. 

(2) If the tangent at Q meet VP produced in 7, PV = PT. 

(3) If QVq, Q'V’q’ be two chords parallel to the tangent 
at P and bisected in V, V’, 

ΓΣ ο 

“ And these propositions are proved in the elements of conics” (i.e. in 
Euclid and Aristaeus). 

(c) The third proposition of the treatise On Conoids and 
Spheroids begins by enunciating the following theorem: If straight 
lines drawn from the same point touch any conic section whatever, 
and if there be also other straight lines drawn in the conic section 
parallel to the tangents and cutting one another, the rectangles 
contained by the segments (of the chords) will have to one another 
the same ratio as the squares of the (parallel) tangents. “And this 
is proved in the elements of conics.” 

(d) In the same proposition we find the following property of 
the parabola: If p, be the parameter of the ordinates to the axis, 
and QQ' be any chord not perpendicular to the axis such that the 
diameter PV bisects it in V, and if (D be drawn perpendicular 
to PV, then (says Archimedes), supposing p to be such a length 
that 

QV*:QD'zp:pa, 
the squares of the ordinates to PV (which are parallel to VQ’) are 
equal to the rectangles applied to a straight line equal to p and of 


c2 
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width equal to the respective intercepts on PV towards P. “ For 
this has been proved in the conics.” 

In other words, if p,, p are the parameters corresponding 
respectively to the axis and the diameter bisecting QQ’, 

p:pa2QV':QD*. 

(For a figure and a proof of this property the reader is referred 
to the chapter on Archimedes p. liii.) 

Euclid still used the old names for the three conic sections, but 
he was aware that an ellipse could be obtained by cutting a cone in 
any manner by a plane not parallel to the base (assuming the 
section to lie wholly between the apex of the cone and its base), and 
also by cutting a cylinder. This is expressly stated in the passage 
quoted above (p. xxviii) from the Phaenomena. But it is scarcely 
possible that Euclid had in mind any other than a right cone; for, 
had the cone been oblique, the statement would not have been true 
without a qualification excluding the circular sections subcontrary 
to the base of the cone. | 

Of the contents of Euclid's Surface-loci, or τόποι πρὸς ἐπιφανείᾳ, 
we know nothing, though it is reasonable to suppose that the 
treatise dealt with such loci as the surfaces of cones, spheres and 
cylinders, and perhaps other surfaces of the second degree. But 
Pappus gives two lemmas to the Surface-loct, one of which (the 
second) is of the highest importance*. This lemma states, and 
gives a complete proof of, the proposition that the locus of a point 
whose distance from a given point is in a given ratio to rts distance 
from a fixed line is a conic section, and is an ellipse, a parabola, or a 
hyperbola according as the given ratio 18 less than, equal to, or greater 
than, unity. 

The proof in the case where the given ratio is different from 
unity is shortly as follows. 

Let S be the fixed point, and let SX be the perpendicular from S$ 
on the fixed line. Let P be any point on the locus and PN perpen- 
dicular to SX, so that SP is to .V.Y in the given ratio. Let e be 


this ratio, so that 


em PN?’ + SN? 


Now let X be a point on the line SX such that 
SN? 
παι 


* Pappus (ed. Hultsch) p. 1006 seqq. 
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then, if A’ be another point so taken that VA = Λ Κ΄, we shall have 
PN*+SN* SN PN PN* 


d pe I LK e S 

07 NX NEU ΖΡ ΤΑ XK.XK 
The position of the points V, K, A’ changes with the position of 7. 
If we suppose A to be the point on which Δ᾽ falls when A coincides 
with .Y, we have 


SA SN 
AX ^" NK 
P 

b KAN SK A’ 





It follows that ας ας are both known and equal, and therefore 


SA’ SV 


SX SK 
Sa’ sy e both known and equal. Hence either of the latter 


expressions is equal to 
SX-SK XK 
SA— SN? °° AN 


which is therefore known 


= l + 


SX , 1 
Ae 


e e 
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In like manner, if A’ be the point on which V falls when A" 


Y , 


coincides with X, we have -~= =e; and in the same way we shall 


A'X 


is known and is equal to 


d 


tind that the rztio AN 


A'S LA'S 
T Α΄ 
Hence, by multiplication, the ratio aa m has a known value. 


SX | 


τν» 


And, since = ο, from above, 


ΧΑ. XK’ 


, . PN* s 2 ] RM, 2 
we have AN. Doy emu) =e (1~5)=1~e']. 


This is the property of a central conic, and the conic will be an 
ellipse or a hyperbola according as e is less or greater than 1 ; for in 
the former case the points A, A’ will lie on the same side of A and 
in the latter case on opposite sides of X, while in the former case 
aV will lie on AA’ and in the latter W will lie on AA’ produced. 

The case where e= l is easy, and the proof need not be given 
here. 

We can scarcely avoid the conclusion that Euclid must have 
used this proposition in the treatise on surface-loct to which Pappus’ 
lemma refers, and that the necessity for the lemma arose out of the 
fact that Euclid did not prove it. It must therefore have been 
assumed by him as evident or quoted as well known. It may 
therefore well be that it was taken from some known work*, not 
impossibly that of Aristaeus on solid loci. 

That Euclid should have been acquainted with the property of 
conics referred to the focus and directrix cannot but excite surprise 

* It is interesting to note in this connexion another passage in Pappus 
where he is discussing the various methods of trisecting an angle or circular 
arc. He gives (p. 284) a method which '' some” had used and which involves 


the construction of a hyperbola whose eccentricity is 2. 
Suppose it is a segment of a circle which has to be divided into three equal 


P 


R x N 5 


parts. Suppose it done, and let SP be one-third of the arc SPR. Join RP, SP. 
Then the angle RSP is equal to twice the angle SRP. 
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seeing that this property does not appear at all in Apollonius, and 
the focus of a parabola is not even mentioned by him. The ex- 
planation may be that, as we gather from the preface of Apollonius, 
he does not profess to give all the properties of conics known to 
him, and his third Book is intended to give the means for the 
synthesis of solid loci, not the actual determination of them. The 
focal property may therefore have been held to be a more suitable 
subject for a treatise on solid loci than for a work on conics proper. 
We must not assume that the focal properties had not, up to 
the time of Apollonius, received much attention. The contrary 
is indeed more probable, and this supposition is supported by a 
remarkable coincidence between Apollonius' method of determining 
the foci of a central conic and the theorem contained in Pappus' 
31st lemma to Euclid's Porisms. 

This theorem is as follows: Let Α’ 4 be the diameter of a semi- 
circle, and from A’, A let two straight lines be drawn at right angles 
to A'A. Let any straight line RR’ meet the two perpendiculars 
in R, R' respectively and the semicircle in Y. Further let YS be 
drawn perpendicular to RA’, meeting A'A produced in δ. 

It is to be proved that 

AS.SA'- AR. 4, 
i.e. that SA : AR Αν : A'S, 

Now, since δὲ, A’, Y, S are concyclic, the angle d'S A is equal to 

the angle 4΄} A" in the same segment. 


Let SE bisect the angle RSP, meeting RP in E aud draw EX, PN perpen- 
dicular to RS. 
Then the angle ERS is equal to the angle ESR, so that RE=ES ; 


<. RX=NXS, and X is given. 


Also RS :SP=RE :EP=RX: XN; 
. RS : RX=SP : NX. 
But RS z2RX; 
^. SP=2NX, 
whence SP?-4NX*, 
or PN?4 SN?-ANX*. 


* Since then the two points S, X are given, and PN is perpendicular to SX, 

while the ratio of NX? to PN? 4 SN? is given, P lies on a hyperbola.” 
This is obviously a particular case of the lemma to the τόποι mpos ἐπιφανείᾳ, 
VX 


4 4 2 s 
δ. ig stated in the same form in both cases. 
PNIL SN? is stated i 


and the ratio 
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Similarly, the angle AKS is equal to the angle 41 YS. 
But, since A’}'A, R'YS are both right angles, 
_A'YR=LAYS; 
. .A'SR'= ARS; 
hence, by similar triangles, 
AR: AS=SA: AR, 
or AS.SA'2 AR. A'R. 





It follows of course from this that, if the rectangle A R. A'K is 
constant, AS. SA is also constant and S is a fixed point. 

It will be observed that in Apollonius, ΠΙ. 45 [Prop. 69], the 
complete circle is used, AR, A'R’ are tangents at the extremities of 
the axis 4A’ of a conic, and RR’ is any other tangent to the conic. 
He has already proved, i. 42 [Prop. 66], that in this case 
AR.A'I' = BC’, and he now takes two points S, δ’ on the axis 
or the axis produced such that 

AS. SA'= AS’. S'A = BC. 
He then proves that RÆK’ subtends a right angle at each of the 
points S, S’, and proceeds to deduce other focal properties. 

Thus Apollonius’ procedure is exactly similar to that in the 
lemma to Euclid's Porisms, except that the latter does not bring in 
the conic. This fact goes far to support the view of Zeuthen as to 
the origin and aim of Euclid's Porisms, namely, that they were 
partly a sort of by-product in the investigation of conic sections and 
partly a means devised for the further development of the subject. 


CHAPTER III. 


ARCHIMEDES. 


No survey of the history of conic sections could be complete 
without a tolerably exhaustive account of everything bearing on the 
subject which can be found in the extant works of Archimedes. 

There is no trustworthy evidence that Archimedes wrote a 
separate work on conies. The idea that he did so rests upon no more 
substantial basis than the references to κωνικὰ στοιχεῖα (without any 
mention of the name of the author) in the passages quoted above, 
which have by some been assumed to refer to a treatise by Archi- 
medes himself. But the assumption is easily seen to be unsafe when 
the references are compared with a similar reference in another 
passage* where by the words ἐν τῇ στοιχειώσει the Elements 
of Euclid are undoubtedly meant. Similarly the words ‘this is 
proved in the elements of conics" simply mean that it is found in 
the text-books on the elementary principles of conics. A positive 
proof that this is so may be drawn from a passage in Eutocius' 
commentary on Apollonius, Heracleidest, the biographer of Archi- 
medes, is there quoted as saying that Archimedes was the first to 
invent theorems in conics, and that Apollonius, having found that 
they had not been published by Archimedes, appropriated them ¢; 


* On the Sphere and Cylinder, 1. p. 24. The proposition quoted is Eucl. ΧΙΙ, 2. 

+ The name appears in the passage referred to as ᾿Ηράκλειος. Apollonius 
(ed. Heiberg) Vol. 11. p. 168. 

t Heracleides’ statement that Archimedes was the first to ‘‘invent” 
(ἐπινοῆσαι) theorems in conics is not easy to explain. Bretschneider (p. 156) 
puts it, as well as the charge of plagiarism levelled at Apollonius, down to the 
malice with which small minds would probably seek to avenge themselves for 
the contempt in which they would be held by an intellectual giant like 


xli THE EARLIER HISTORY OF CONICS. 


and Eutocius subjoins the remark that the allegation is in his 
opinion not true, “for on the one hand Archimedes appears in many 
passages to have referred to the elements of conics as an older 
treatise (ws παλαιοτέρας), and on the other hand Apollonius does not 
profess to be giving his own discoveries." Thus Eutocius regarded 
the reference as being to earlier expositions of the elementary 
theory of conies by other geometers: otherwise, ie. if he had 
thought that Archimedes referred to an earlier work of his own, he 
would not have used the word παλαιοτέρας but rather some expression 
like πρότερον ἐκδεδομένης. 

In searching for the various propositions in conics to be found 
in Archimedes, it is natural to look, in the first instance, for indica- 
tions to show how far Archimedes was aware of the possibility of 
producing the three conic sections from cones other than right cones 
and by plane sections other than those perpendicular to a generator 
of the cone. We observe, first, that he always uses the old names 
“section of a right-angled cone” &c. employed by Aristaeus, and 
there is no doubt that in the three places where the word έλλειψις 
appears in the mss, it has no business there. But, secondly, at the 
very beginning of the treatise On Conoids and Spheroids we find the 
following: “ If a cone be cut by a plane meeting all the sides of the 
cone, the section will be either a circle or a section of an acute- 
angled cone” [i.e. an ellipse]. The way in which this proposition was 
proved in the case where the plane of section is at right angles to the 
plane of symmetry can be inferred from propositions 7 and 8 of the 
same treatise, where it is shown that it is possible to find a cone of 
which a given ellipse is a section and whose apex is on a straight 
line drawn from the centre of the ellipse (1) perpendicular to the 
plane of the ellipse, (2) not perpendicular to its plane, but lying in 
a plane at right angles to it and passing through one of the axes 
of the ellipse. The problem evidently amounts to determining the 


Apollonius. Heiberg, on the other hand, thinks that this is unfair to Hera- 
cleides, who was probably misled into making the charge of plagiarism by finding 
many of the propositions of Apollonius already quoted by Archimedes as known. 
Heiberg holds also that Heracleides did not intend to ascribe the actual 
invention of conics to Archimedes, but only meant that the elementary theory of 
conic sections as formulated by Apollonius was due to Archimedes ; otherwise 
Eutocius’ contradiction would have taken a different form and he would not 
have omitted to point to the well-known fact that Menaechmus was the 
discoverer of the conic sections. 
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circular sections of the cone, and this is what Archimedes proceeds 
to do. 

(1) Conceive an ellipse with BB as its minor axis and 
lying in a plane perpendicular to the plane of the paper: suppose 
the line CO drawn perpendicular to the plane of the ellipse, and 





let Ο be the apex of the required cone. Produce 07, UC, OS’, and 
in the same plane with them draw BED meeting OC, OF’ produced 
in £, D respectively, and in such a direction that 


BE: ED: E0*- C4? : CO? 


(where CA is half the major axis of the ellipse). 
And this is possible, since 


BE. ED: EO?>BC.CB': CO. 


[Both the construction and this last proposition are assumed as 
known. | 

Now conceive a circle with BD as diameter drawn in a plane 
perpendicular to that of the paper, and describe a cone passing 
through this circle and having O for its apex. 

We have then to prove that the given ellipse is a section of this 
cone, or, if P is any point on the ellipse, that P lies on the surface 
of the cone. 

Draw PN perpendicular to BR’. Join OV, and produce it to 
meet BD in J, and let MQ be drawn in the plane of the circle on 
BD as diameter and perpendicular to BD, meeting the circumference 
of the circle in Q. Also draw FG, HK through #, M respectively 
each parallel to DZ’. 
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Now QM? : LM. MR=BM.MD:HM.MK 
-BE.ED:FE.EG 
=(BE. ED : E0?). (E0? : FE. EG) 
= (CA? : CO?). (CO? : BC .CB') 
=CA*?: BC. CB 
=PN?: BN. NB. 

—. QM?:PN=HM. MA: BN. NB 

= OM’: ON”, 


whence, since PN, QM are parallel, OPQ is a straight line. 

But Q is on the circumference of the circle on 5D as diameter ; 
therefore OQ is a generator of the cone, and therefore P lies on the 
cone. 

Thus the cone passes through all points of the given ellipse. 


(2) Let OC not be perpendicular to Ad’, one of the axes of 
the given ellipse, and let the plane of the paper be that containing 
AA' and OC, so that the plane of the ellipse is perpendicular to that 
plane. Let BL be the other axis of the ellipse. 





K 


Now OA, OA’ are unequal. Produce ΟΛ’ to D so that OA = OD. 
Join 4D, and draw FG through C parallel to it. 
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Conceive a plane through A D perpendicular to the plane of the 
paper, and in it describe 

either (a), if CB? = FC. CG, a circle with diameter .1 D, 

or (b), if not, an ellipse on AD as axis such that if V be the other 
axis 

d':iAD'zCPb:FC.CG. 

Take a cone with apex O and passing through the circle or 
ellipse just drawn. This is possible even when the curve is an 
ellipse, because the line from O to the middle point of AD is perpen- 
dicular to the plane of the ellipse, and the construction follows that 
in the preceding case (1). 

Let P be any point on the given ellipse, and we have only to 
prove that P lies on the surface of the cone so described. 

Draw P.Y perpendicular to 44'. Join ON, and produce it to 
meet AD in M. Through M draw HK parallel to A'A. Lastly, draw 
MQ perpendicular to the plane of the paper (and therefore perpen- 
dicular to both HA and AD) meeting the ellipse or circle about 4} 
(and therefore the surface of the cone) in Q. 

Then 


QJ: HM. MA =(QM?: DM. MA).(DM. MA: HM. MA) 
—-(d^: AD*).(FC.CG : A'C.CA) 
-(CB?: FC. CG).(FC.CG : A'C.CA) 
=CB*:A'C.CA 
— PN?:4'N. NA. 
ο QAM: PN?- HM. MK: ANNA 
ZOM: ONF 


Hence OPQ is a straight line, and, Q being on the surface of the 
cone, it follows that P is also on the surface of the cone. 

The proof that the three conics can be produced by means of 
sections of any circular cone, whether right or oblique, which are 
made by planes perpendicular to the plane of symmetry, but not 
necessarily perpendicular to a generating line of the cone, is of course 
essentially the same as the proof for the ellipse. It is therefore to 
be inferred that Archimedes was equally aware of the fact that the 
parabola and the hyperbola could be found otherwise than by the 
old method. The continued use of the old names of the curves is of 
no importance in this connexion because the ellipse was still called 
the “section of an acute-angled cone” after it was discovered that 
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it could be produced by means of a plane cutting all the generating 
lines of any cone, whatever its vertical angle. Heiberg concludes 
that Archimedes only obtained the parabola in the old way 
because he describes the parameter as double of the line between 
the vertex of the parabola and the axis of the cone, which is only 
correct in the case of the right-angled cone; but this 1s no more 
an objection to the continued use of the term as a well-known 
description of the parameter than it is an objection to the con- 
tinued use by Archimedes of the term ‘section of an acute-angled 
cone” that the ellipse had been found to be obtainable in a different 
manner. Zeuthen points out, as further evidence, the fact that we 
have the following propositions enunciated by Archimedes without 
proof (On Conoids and Spheroids, 11): 

(1) “Tf a right-angled conoid [a paraboloid of revolution] be 
cut by a plane through the axis or parallel to the axis, the section 
will be a section of a right-angled cone the same as that compre- 
hending the figure (a αὐτὰ τᾷ περιλαμβανούσᾳ τὸ σχῆμα). And its 
diameter [axis] will be the common section of the plane which 
cuts the figure and of that which is drawn through the axis perpen- 
dicular to the cutting plane. 

(2) ‘Tf an obtuse-angled conoid [a hyperboloid of revolution] be 
cut by a plane through the axis or parallel to the axis or through 
the apex of the cone enveloping (περιέχοντυς) the conoid, the section 
will be a section of an obtuse-angled cone: if [the cutting plane 
passes] through the axis, the same as that comprehending the figure: 
if parallel to the axis, similar to it: and if through the apex of the 
cone enveloping the conoid, not similar. And the diameter [axis] of 
the section will be the common section of the plane which cuts the 
figure and of that drawn through the axis at right angles to the 
cutting plane. 

(3) “If any one of the spheroidal figures be cut by a plane 
through the axis or parallel to the axis, the section will be a section of 
an acute-angled cone: if through the axis, the actual section which 
comprehends the figure: if parallel to the axis, similar to it." 

Archimedes adds that the proofs of all these propositions are 
obvious. It is therefore tolerably certain that they were based 
on the same essential principles as his earlier proofs relating to the 
sections of conical surfaces and the proofs given in his later investi- 
gations of the elliptic sections of the various surfaces of revolution. 
These depend, as will be seen, on the proposition that, if two chords 
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drawn in fixed directions intersect in a point, the ratio of the rect- 
angles under the segments is independent of the position of the 
point. This corresponds exactly to the use, in the above proofs with 


O 





regard to the cone, of the proposition that, if straight lines FG, HK 
are drawn in fixed directions between two lines forming an angle, 
and if FG, HA meet in any point M, the ratio Fl. WG: HM . MK 
is constant; the latter property being in fact the particular case 
of the former where the conic reduces to two straight lines. 

The following is a reproduction, given by way of example, of the 
proposition (13) of the treatise On Conoids and Spheroids which proves 
that the section of an obtuse-angled conoid [a hyperboloid of re- 
volution] by any plane which meets all the generators of the en- 
veloping cone, and 15 not perpendicular to the axis, is an ellipse 
whose major axis is the part intercepted within the hyperboloid of 
the line of intersection of the cutting plane and the plane through 
the axis perpendicular to it. 





ς 


Suppose the plane of the paper to be this latter plane, and the 
line BC to be its intersection with the plane of section which is 
perpendicular to the plane of the paper. Let (ὁ be any point on 
the section of the hyperboloid, and draw QM perpendicular to BC. 
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Let FAF be the hyperbolic section of the hyperboloid made by 
the plane of the paper and AD its axis. Through .M in this plane 
draw EDF at right angles to AD meeting the hyperbola in Æ, F. 

Then the section of the hyperboloid by the plane through EF 
perpendicular to AD is a circle, Q. lies in its plane, and Q is a 
point on it. 


Therefore QM? EM. ALF. 

Now let P7 be that tangent to the hyperbola which is parallel 
to BC, and let it meet the axis in 7 and the tangent at A in O. 
Draw PN perpendicular to AD. 

Then QM? : BM. MC- EM. MF: BM. MC 

20A : OP’, 

which is constant for all positions of Q on the section through BC. 

Also OA < OP, because it is a property of hyperbolas that 


AT < AN, and therefore OT < OP, 


whence a fortiori OA « OP. 

Therefore Q lies on an ellipse whose major axis is 5C. 

It is also at once evident that all parallel elliptic sections are 
similar. 

Archimedes, it will be seen, here assumes two propositions 

(a) that the ratio of the rectangles under the segments of 
intersecting chords in fixed directions is equal to the constant ratio 
of the squares on the parallel tangents to the conic, and 

(b) that in a hyperbola AN> A7. 

The first of these two propositions has already been referred to 
as having been known before Archimedes' time [p. xxxv]; the second 
assumption is also interesting. It is not easy to see how the latter 
could be readily proved except by means of the general property 
that, if PLP’ be a diameter of a hyperbola and from any point Q on 
the curve the ordinate (V be drawn to the diameter, while the 
tangent QT meets the diameter in 7', then 


1 ΕΤΕ 


so that we may probably assume that Archimedes was aware of this 
property of the hyperbola, or at least of the particular case of it 
where the diameter is the axis. 

It is certain that the corresponding general proposition for the 
parabola, PV = PT, was familiar to him; for he makes frequent use 
of it. 
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As a preliminary to collecting and arranging in order the other 
properties of conics either assumed or proved by Archimedes, it may 
be useful to note some peculiarities in his nomenclature as compared 
with that of Apollonius. The term diameter, when used with 
reference to the complete conic as distinguished from a segment, is 
only applied to what was afterwards called the axis. In an ellipse 
the major axis is å μείζων διάμετρος and the minor axis ἆ ἐλάσσων 
διάμετρος. For the hyperbola, by the ‘diameter’ is only understood 
that part of it which is within the (single-branch) hyperbola. This we 
infer from the fact that the ‘diameter’ of a hyperbola is identified 
with the axis of the figure described by its revolution about the 
diameter, while the axis of the hyperboloid does not extend outside 
it, as it meets (ἅπτεται) the surface in the vertex (κορυφά), and the 
distance between the vertex and the apex of the enveloping cone 
[the centre of the revolving hyperbola] is ‘the line adjacent to the 
axis’ (å ποτεοῦσα τῷ ἄξονι). In the parabola diameters other than 
the axis are called ‘the lines parallel to the diameter’; but in a 
segment of a parabola that one which bisects the base of the segment 
is called the diameter of the segment (τοῦ τµάματος). In the ellipse 
diameters other than the axes have no special name, but are simply 
‘lines drawn through the centre.’ 

The term axis is only used with reference to the solids of 
revolution. For the complete figure it is the axis of revolution; for 
a segment cut off by a plane it is the portion intercepted within the 
segment of the line, (1) in the paraboloid, drawn through the vertex 
of the segment parallel to the axis of revolution, (2) in the hyper- 
boloid, joining the vertex of the segment and the apex of the 
enveloping cone, (3) in the spheroid, joining the vertices of the tico 
segments into which the figure is divided, the vertex of any segment 
being the point of contact of the tangent plane parallel to the base. 
In a spheroid the *diameter' has a special signification, meaning 
the straight line drawn through the centre (defined as the middle 
point of the axis) at right angles to the axis. Thus we are told 
that “those spheroidal figures are called similar whose axes have 
the same ratio to the diameters *." 

The two diameters (axes) of an ellipse are called conjugate 
(συζυγεῖς). 

The asymptotes of a hyperbola are in Archimedes the straight 
lines nearest to the section of the obtuse-angled cone (αἱ ἔγγιστα 


* On Conoids and Spheroids, p. 282, 
Hc. d 


l THE EARLIER HISTORY OF CONICS. 


εὐθεῖαι τᾶς τοῦ ἀμβλυγωνίου κώνου τομᾶς), while what we call the 
centre of a hyperbola is for Archimedes the point in which the 
nearest lines meet (τὸ σαμεῖον, καθ ὃ αἱ ἔγγιστα συμπίπτοντι). 
Archimedes never speaks of the ‘centre’ of a hyperbola: indeed the 
use of it implies the conception of the two branches of a hyperbola 
as forming one curve, which does not appear earlier than in 
Apollonius. 

When the asymptotes of a hyperbola revolve with the curve 
round the axis they generate the cone enveloping or comprehending 
the hyperboloid, (τὸν δὲ κῶνον τὸν περιλαφθέντα ὑπὸ τᾶν ἔγγιστα τᾶς 
τοῦ ἀμβλυγωνίου κώνου τομᾶς περιέχοντα τὸ κωνοειδὲς καλεῖσθαι). 


The following enumeration* gives the principal properties of 
conics mentioned or proved in Archimedes. It will be convenient 
to divide them into classes, taking first those propositions which are 
either quoted as having been proved by earlier writers, or assumed 
as known. They fall naturally under four heads. 


I. GENERAL. 


1. The proposition about the rectangles under the segments of 
intersecting chords has been already mentioned (p. xxxv and xlviii). 

2. Similar conics. The criteria of similarity in the case of 
central conics and of segments of conics are practically the same as 
those given by Apollonius. 

The proposition that all parabolas are similar was evidently 
familiar to Archimedes, and is in fact involved in his statement that 
all paraboloids of revolution are siniilar (rà μὲν οὖν ὀρθογώνια 
κωνοειδέα πάντα ὅμοιά ἐντι). 

3. Tangents at the extremities of a ‘diameter’ (axis) are 
perpendicular to it. 

II. Tue ELLIPSE. 

1. The relations 

PN?*: AN. A'NZ P'N?: AN'. A'N' 
= BB”? : AA” or CB: CA? 

* A word of acknowledgement is due here to Heiberg for the valuable 
summary of '' Die Kenntnisse des Archimedes über die Kegelschnitte,” contained 
in the Zeitschrift für Mathematik und Physik (Historisch-literarische Abtheilung) 
1880, pp. 41—67. This article is a complete guide to the relevant passages in 


Archimedes, though I have of course not considered myself excused in any 
instance from referring to the original. 
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are constantly used as expressing the fundamental property and the 
criterion by which it is established that a curve is an ellipse. 
2. The more general proposition 


OFF ΡΕ Va OV ely Ll 
also occurs. 
3. If a circle be described on the major axis as diameter, and 
an ordinate PN to the axis of the ellipse be produced to meet the 


circle in p, then 
pN : PN = (const.). 


4. The straight line drawn from the centre to the point of 
contact of a tangent bisects all chords parallel to the tangent. 

5. The straight line joining the points of contact of parallel 
tangents passes through the centre ; and, if a line be drawn through 
the centre parallel to either tangent and meeting the ellipse in two 
points, the parallels through those points to the chord of contact of 
the original parallel tangents will touch the ellipse. 

6. If a cone be cut by a plane meeting all the generators, the 
section is either a circle or an ellipse. 

Also, if a cylinder be cut by two parallel planes each meeting all 
the generators, the sections will be either circles or ellipses equal 
and similar to one another. 


III. Tne HYPERBOLA. 


1. We find, as fundamental properties, the following, 
PN PN HAN AN AN GAN, 
ο ο πρ μι ΣΉ; 
but Archimedes does not give any expression for the constant ratios 
PN*:AN.A'N and QV? : PV. P'V, from which we may infer that 
he had no conception of diameters or radii of a hyperbola not 
meeting the curve. 

If C be the point of concourse of the asymptotes, 4’ 5 arrived at by 
producing AC and measuring C 4’ along it equal to CA ; and the same 
procedure is used for finding P’, the other extremity of the diameter 
through P: the lengths 4A’, PP’ are then in each case double of the 
line adjacent to the axis [in one case of the whole surface, and in the 
other of a segment of which P is the *vertex']. This term for Ad’, 
PP' was, no doubt, only used in order to avoid mention of the cone of 

d 2 
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which the hyperbola is a section, as the introduction of this cone 
might have complicated matters (seeing that the enveloping cone also 
appears); for it is obvious that 4 4’ appeared first as the distance 
along the principal diameter of the hyperbola intercepted between 
the vertex and the point where it meets the surface of the opposite 
half of the double cone, and the notion of the asymptotes came 
later in the order of things. 

9. If from a point on a hyperbola two straight lines are drawn 
in any direetions to meet the asymptotes, and from another point 
two other straight lines are similarly drawn parallel respectively to 
the former, the rectangles contained by each pair will be equal*. 

3. A line through the point of concourse of the asymptotes and 
the point of contact of any tangent bisects all chords parallel to the 
tangent. 

4. If PN, the principal ordinate from P, and PT, the tangent 
at P, meet the axis in N, T respectively, then 


AN > AT. 


5. If a line between the asymptotes meets a hyperbola and is 
bisected at the point of concourse, it will touch the hyperbola f. 


IV. THe PARABOLA. 

l. PN ΤΗΥ αν AN 
and OV? : QVV"%=PV:PV' | 

We find also the forms 

PN =p AN 

QV?=p. PV | 
Pa (the principal parameter) is called by Archimedes the parameter 
of the ordinates (parallel to the tangent at the vertex), παρ᾽ àv 
δύνανται αἱ ἀπὸ Tas Topas, and is also described as the double of the line 
extending [from the vertex] to the axis [of the cone] à διπλασία τᾶς 
μέχρι τοῦ ἄξονος. 

The term ‘parameter’ is not applied by Archimedes to p, the 
constant in the last of the four equations just given. is simply 
described as the line to which the rectangle equal to QV? and of 
width equal to PV is applied. 


2. Parallel chords are bisected by one line parallel to the axis ; 


* This proposition and its converse appear in a fragment given by Eutocius 
in his note on the 4th proposition of Book 11. On the Sphere and Cylinder. 
t This is also used in the fragment quoted by Eutocius. 
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and a line parallel to the axis bisects chords parallel to the tangent 
at the point where the said line cuts the parabola. 

3. If QD be drawn perpendicular to the diameter PV bisecting 
the chord Q FQ’, and if p be the parameter 
of the ordinates parallel to QQ’, while p, Q 
is the principal parameter, 

P : Pa = QV" : QD’. 

[This proposition has already been 
mentioned above (p. xxxv, xxxvi). Itis 
easily derived from Apollonius’ proposi- 
tion I. 49 [Prop. 22]. If PV meet the 
tangent at 4 in £, and PT, AE intersect 
in O, the proposition in question proves 
that 





OP TESPA PI 
and ο - 1081; 
ae TERRE 
=p. AN. 
Thus QV? : QD? = PT? : PN’, by similar triangles, 
=p.AN:p,.AN 


=): Pa] 
4. If the tangent at Q meet the diameter PV in T, and QV be 
an ordinate to the diameter, 


PV = PT. 


[d 


5. By the aid of the preceding, tangents can be drawn to a 
parabola (a) from a point on it, (b) parallel to a given chord. 

6. In the treatise On floating bodies (περὶ τῶν ὀχουμένων), 11. 5, 
we have this proposition: If A be a point on the axis, and AF' be 
measured along the axis away from the vertex and equal to half the 
principal parameter, while ΑΙ is drawn perpendicular to the 
diameter through any point P, then /// is perpendicular to the 
tangent at P. (See the next figure.) 

It is obvious that this is equivalent to the proposition that the 
subnormal at any point P is constant and equal to half the principal 
parameter. 
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7. If QAQ’ be a segment of a parabola such that QQ’ is 
perpendicular to the axis, while QVq, 
parallel to the tangent at P, meets the a 
diameter through P in V, and if Λ be 
any other point on the curve the ordinate 
from which RHK meets PV in H and 
the axis in A, then (M being the middle 
point of YQ’) 

PV: PH ga MK : KA, 


“ for this is proved.” (On floating bodies, 
1t. 6.) 

[There is nothing to show where or 
by whom the proposition was demon- 
strated, but the proof can be supplied 
as follows: 





PY MK. A 
We have to prove that PH^ κα 2 positive or zero. 
Let Qq meet AM in O. 


PV MK PV.AK- PII. MK 








DOSE I Ρα 
AK. PV - (AK — AN) (AM AK) 
B Ak. PI 
ΑΚ’ AK (AM + AN—PV)+AM.AN 
hi AK.PH 
| AR? - AK. OM + AM.AN 
7 AK.PH í 
(since AN = AT). 
OM NT 
B t ος = τος 9 
e Qu^ PX) 
OM? 447 
° Pa AM pg. AN? 
whence OM? -- 44. AN, 
2 
or AW. AN = zl δ 


It follows that 
OM? 


AA? —AK.0M + AM. AN = AA? — AK. OM + 4 
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which is a complete square, and therefore cannot be negative ; 


_ (PV ΜΑΝ > 
i v - κα) opes 
whence the proposition follows.] 
8. If any three similar and similarly situated parabolic seg- 
ments have one extremity (5) of their bases common and their 
bases BQ,, B(,, BQ, lying along the same straight line, and if £O 





be drawn parallel to the axis of any of the segments meeting the 
tangent at B to one of them in Z, the common base in O, and each 
of the three segments in A, &,, R, then 


ανν, QN, BQ, 
Δ.Δ; BQ, l ιο, l 
[This proposition is given in this place because it is assumed 

without proof (On floating bodies, 11. 10). But it may well be that 
it is assumed, not because it was too well known to need proof, but 
as being an easy deduction from another proposition proved in the 
Quadrature of a parabola which the reader could work out for 
himself. The latter proposition is given below (No. l of the next 
group) and demonstrates that, if ΜΑ be the tangent at # to the 
segment BE Q,» 





ER, : RO= BO : OQ,. 


To deduce from this the property enunciated above, we observe 
first that, if V, V,, V, be the middle points of the bases of the three 
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segments and the (parallel) diameters through V,, V,, V, meet the 
respective segments in 2, DP, P, then, since the segments are 
similar, 
BV, : BV, : BV, HPP, PV, : PV, 
It follows that B, P,, P,, P, are in one straight line. 
But, since BE is the tangent at B to the segment BLY, 
T P, = P,V, (where V,P, meets BE in 7). 
Therefore, if V,P,, V.P, meet BE in 7,, T^, 
EE p 
and τ ghee ae) Ser 
and BE is therefore a tangent to all three segments. 
Next, since ÆR : kh O=80:0Q,, 
ER, : EO z BO : BQ,. 
Similarly ER,: EO = BO : BQ,, | 
and ER,: EO = BO : BQ; 
From the first two relations we derive 
R R ] ] 
ποσο, (50 7 τ 
_ BO. 90,0, 
~ BQ,. BQ," 
k R, 30.9, 
EO BQ,. BQ, 
From the last two results it follows that 
RR, QU, BE, 
fk, BQ, 0,2, l 
9. If two similar parabolic segments with bases BQ,, BQ, be 
placed as described in the preceding proposition, and if BA, A, be any 





Similarly 
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straight line through # cutting the segments in Zi, A, respectively, 
then 
BQ, : BQ, = Dh, : BR,. 
[Let the diameter through R, meet the tangent at J} in E, the 
other segment in R, and the common base in Ο. 
Then, as in the last proposition, 


ER, : EO x DO : BR 
and ER : EO = BO : BQ, ; 
S ER: ΕΕ Ξ DQ, : BQ,. 

But, since 7, is a point within the segment BAY,, and EER, is the 
diameter through Δ, we have in like manner 
ER: ER =BR: BR,. 

Hence BQ, : BQ, = BE, : BR] 

10. Archimedes assumes the solution of the problem of placing, 
between two parabolic segments, similar and similarly situated as 
in the last case, a straight line of a given length and in a direction 
parallel to the diameters of either parabola. 

[Let the given length be /, and assume the problem solved, ZZ, 
being equal to /. 

Using the last figure, we have 


BO ER, 

BQ, - EO’ 
BO ER 

and ος ας 
BQ, EO 


Subtracting, we obtain 


20.410, ER. 
BQ,. BQ, EO' 


BQ,. BQ 
whence BO.O0E-l. πο 3, 
QQ, 


which is known. 

And the ratio BO : OE is given. 

Therefore BO’, or OE”, can be found, and therefore O. 

Lastly, the diameter through O determines 22,.] 

It remains to describe the investigations in which it is either 
expressed or implied that they represent new developments of the 
theory of conics due to Archimedes himself. With the exception of 
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certain propositions relating to the areas of ellipses, his discoveries 
mostly have reference to the parabola and, in particular, to the 
determination of the area of any parabolic segment. 

The preface to the treatise on that subject (which was called by 
Archimedes, not τετραγωνισμὸς παραβολῆς, but περὶ τῆς τοῦ ὀρθογωνίου 
κώνου τομῆς) is interesting. After alluding to the attempts of the 
earlier geometers to square the circle and a segment of a circle, he 
proceeds: “ And after that they endeavoured to square the area 
bounded by the section of the whole cone* and a straight line, 
assuming lemmas not easily conceded, so that it was recognised by 
most people that the problem was not solved. But I am not 
aware that any one of my predecessors has attempted to square the 
segment bounded by a straight line and a section of a right-angled 
cone, of which problem I have now discovered the solution. For 
it is here shown that every seginent bounded by a straight line and 
a section of a right-angled cone is four-thirds of the triangle which 
has the same base and an equal altitude with the segment, and for 
the demonstration of this fact the following lemma is assumed f : 
that the excess by which the greater of (two) unequal areas exceeds 
the less can, by being added to itself, be made to exceed any given 
finite area. The earlier geometers have also used this lemma; for it 
is by the use of this same lemma that they have shown that circles 
are to one another in the duplicate ratio of their diameters, and that 
spheres are to one another in the triplicate ratio of their diameters, 
and further that every pyramid is one third part of the prism having 
the same base with the pyramid and equal altitude: also, that every 
cone is one third part of the cylinder having the same base as 
the cone and equal altitude they proved by assuming a certain 
lemma similar to that aforesaid. And, in the result, each of the 
aforesaid theorems has been acceptedf no less than those proved 


* There seems to be some corruption here: the expression in the text is ras 
ὅλου τοῦ κώνου τομᾶς, and it is not easy to give a natural and intelligible meaning 
toit. The section of ‘the whole cone’ might perhaps mean a section cutting 
right through it, i.e. an ellipse, and the ‘straight line’ might be an axis or 
a diameter, But Heiberg objects to the suggestion to read τᾶς ὀξυγωνίου κώνου 
τομᾶς, in view of the addition of καὶ εὐθείας, on the ground that the former 
expression always signifies the whole of an ellipse, never a segment of it 
(Quaestiones Archimedeae, p. 149). 

t The lemma is used in the mechanical proof only (Prop. 16 of the treatise) 
and not in the geometrical proof, which depends on Eucl. x. 1 (see p. lxi, Ixiii). 

t The Greek of this passage is: συμβαίνει δὲ τῶν προειρημένων θεωρημάτων 
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without the lemma. As therefore my work now published has 
satisfied the same test as the propositions referred to, I have 
written out the proof of it and send it to you, first as investigated 
by means of mechanics and next also as demonstrated by geometry. 
Prefixed are, also, the elementary propositions in conics which are of 
service in the proof" (στοιχεῖα κωνικὰ χρεῖαν ἔχοντα ἐς τὰν ἀπόδειξιν). 

The first three propositions are simple ones merely stated without 
proof. The remainder, which are given below, were apparently not 
considered as forming part of the elementary theory of conics; and 
this fact, together with the circumstance that they appear only as 
subsidiary to the determination of the areas of parabolic segments, 
no doubt accounts for what might at first seem strange, viz. that 
they do not appear in the Conics of Apollonius. 

l. Jf Qq be the base of any segment of a parabola, and P the 
vertex* of the segment, and if the diameter through any other point R 
on the curve meet Qq in Ο, QP in F, and the tangent at Q in E, then 


(1) QV:VO=OF: FR, 


(2) Q0 :0q- ER: 1901. 





ἕκαστον μηδὲν ἧσσον τών ἄνευ τούτου τοῦ λήμματος ἀποδεδειγμένων πεπιστευκέναι. 
Here it would seem that πεπιστευκέναι must be wrong and that the Passive 
should have been used. 

* According to Archimedes’ definition the Aeight (ὕψος) of the segment is 
“the greatest perpendicular from the curve upon the base,” and the verter 
(κορυφά) ‘the point (on the curve) from which the greatest perpendicular 
is drawn." The vertex is therefore P, the extremity of the diameter 
bisecting Qq. 

+ These results are used in the mechanical investigation of the area of 
8 parabolic segment. The mechanical proof is here omitted both because it is 
more lengthy and because for the present purpose the geometrical proof given 
below is more germane. 
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To prove (1), we draw the ordinate RW to PV, meeting QP 
in A. 
Now PV: PW=QV°: RW’; 
therefore, by parallels, 
Ρο: PK = PR? : PF’. 
In other words, ?Q, PF, PK are in continued proportion ; 
S PQIPFESPFE:PK 
= PF + PQ: PK + PF 
=QF: KF; 
therefore, by parallels, 
QV: VO=0F: FR. 


To prove (2), we obtain from the relation just proved 
QV : q0 =0F : OR. 
Also, since 7? = PV, EF = OF. 
Accordingly, doubling the antecedents in the proportion, 
Qq :q0=0E : OR, 
or QO : Oq = ER : RO. 


It is clear that the equation (1) above is equivalent to a change 
of axes of coordinates from the tangent and diameter to the chord 
Qq (as axis of x, say) and the diameter through Q (as the axis of y). 


For, if QV =a, PY-7., 
and if 050, ΚΟ Ξ- 3, 
we have at once from (1) 
«o _ OF 
x-a OF-y! 
os 
a | OF "p 
-x y y^ 
whence py = x (2a - x). 


Zeuthen points out (p. 61) that the results (1) and (2) above can. 
be put in the forms 


NO SOV ERU cii esc (1) 
and WO OQ S ας uae: (2) 
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and either of these equations represents a particular case of the 
parabola as a “locus with respect to four lines.” Thus the first 
represents the equality of the rectangles formed, two and two, from 
the distances of the movable point X taken in fixed directions from 
the fixed lines Qg, PV, PQ and ση (where Gq is the diameter 
through q); while the second represents the same property with 
respect to the lines Qq, QD (the diameter through Q), QT and Gq. 

9. If RM be a diameter bisecting QV in M, and KW be the 
ordinate to PV from R, then 

PV -&RM. 
For PV: PW=QV?: RW? 
—4RW?: RV; 
ΓΙ SAL, 
and PV=$RM. 

3. The triangle PQq is greater than 
half the segment PQQ. 

For the triangle PQq is equal to half 
the parallelogram contained by Q9, the 
tangent at P, and the diameters through Q, g. It is therefore 
greater than half the segment. 

Con. It follows that a polygon can be inscribed in the segment 
such that the remaining segments are together less than any assignable 





area. e 
For, if we continually take away an area greater than the half, 
we can clearly, by continually diminishing the remainders, make 
them, at some time, together less than any given area (Eucl. x. 1). 
4. With the same assumptions as in No. 2 above, the triangle PQq 
is equal to eight times the triangle KPQ. 
RM bisects QV, and therefore it bisects PQ (in Y, say). 
Therefore the tangent at ᾖν is parallel to PQ. 


Now PV=sRM, 
and PV 14; 
πώ σος, 
and APQM=24 PRQ. 
Hence APQV=a4 A PRQ, 


so that A PQq = 8A PRY. 
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Also, if RW produced meet the curve again in 7, 

A PQq = 8 A Prq, similarly. 
5. If there be a series of areas A, D, C, D... each of which is four 


times the next in order, and if the largest, A, is equal to the triangle 
PQq, then the sum of all the areas A, D, C, D... will be less than the 


area of the parabolic segment PQQq. 

For, since A PQq 28^ PQR - 8A Par, 

^ PQq 2 A(^ PQR + ^ Par); 
therefore, since A P(q - A, 
A PQR 1 Δ Ρατ 2 B. 

In like manner we can prove that the triangles similarly in- 
scribed in the remaining segments are together equal to the area C, 
and so on. 

Therefore A+B+C+D+... 
is equal to the area of a certain inscribed polygon, and therefore less 


than the area of the segment. 


6. Given the series A, D, C, D... just described, if Z be the last 


of the series, then 
A+B+C+...4+444Z=4A4. 
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Let 0-12, 
c — 1C, 
d= 1D, and so on. 

Then, since b - iJ, 
and D z 1A, 
B «b 214 
Similarly C+c=18, 

Therefore B+CO+D+..4+Z7+b+e+d+..4% 


=} (A+B+C+D+...+Y). 
But b+c+d+...+y=}(B+C+D+...+Y); 
© B+C+D+...+2+z=4}A, 
or A+B+C+D+..+Z+}4Z=4A4. 


T. Every segment bounded by a parabola and a chord is 
four-thirds of the triangle which has the same base and equal 
altitude. 

Let K=4.A PQq, 
and we have then to prove that the segment is equal to X. 

Now, if the segment is not equal to Ķ, it must be either greater 
or less. 

First, suppose it greater. Then, continuing the construction 
indicated in No. 4, we shall finally have segments remaining whose 
sum is less than the area by which the segment PQq exceeds A 
[No. 3, Cor.]. 

Therefore the polygon must exceed Λ΄: which is impossible, for, 
by the last proposition, 


A+B+C+...+Z<4A4, 


where A =A PQq. 
Secondly, suppose the segment less than X. 
If A PQq=A, D -- 14, ς-}/, 


and so on, until we arrive at an area X such that X is less than the 
difference between A and the segment, 


A+ B+Cr ict N44 Xa ja 
= XK, 
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Now, since A exceeds A + B+C +... - X by an area less than 
X, and the segment by an area greater than X, it follows that 
A+B+C0+..+X 


is greater than the segment: which is impossible, by No. 4 above. 

Thus, since the segment is neither greater nor less than X, it 

follows that 
the segment = K = 4. 4 PQq. 

8. The second proposition of the second Book of the treatise On 
the equilibrium of planes (ἐπιπέδων ἰσορροπιών) gives a special term 
for the construction of a polygon in a parabolic segment after the 
manner indicated in Nos. 2, 4 and 5 above, and enunciates certain 
theorems connected with it, in the following passage : 

“If in a segment bounded by a straight line and a section of a 
right-angled cone a triangle be inscribed having the same base as 
the segment and equal altitude, if again triangles be inscribed in the 
remaining segments having the same bases as those segments and 
equal altitude, and if in the remaining segments triangles be 
continually inscribed in the same manner, let the figure so produced 
be said £o be inscribed in the recognised manner (γνωρίμως ἐγγράφεσθαι) 
in the segment. 

And it 18 plain 

(1) that the lines joining the two angles of the figure so inscribed 
which are nearest to the vertex of the segment, and the next pairs of 
angles in order, will be parallel to the base of the segment, 

(2) that the said lines will be bisected by the diameter of the 
segment, and 

(3) that they will cut the diameter in the proportions of the 
successive odd numbers, the number one having reference to [the 
length adjacent to] the vertex of the segment. 

And these properties will have to be proved in their proper 
places (ἐν ταῖς ra£eaw)." 

These propositions were no doubt established by Archimedes by 
means of the above-mentioned properties of parabolic segments ; and 
the last words indicate an intention to collect the propositions in 
systematic order with proofs. But the intention does not appear to 
have been carried out, or at least we know of no lost work of 
Archimedes in which they could have been included. Eutocius 
proves them by means of Apollonius’ Conics, as he does not appear 
to have seen the work on the area of a parabolic segment; but the 
first two are easily derived from No, 2 above (p. lxi). 
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The third may be proved as follows. 
If Q,Q,Q,Q, Pq,q,9,2, be a figure γνωρίμως ἐγγεγραμμένον, we have, 
since (2141, Qq, ... are all parallel and bisected by PV,, 


BY SPV PV a PV s | 
= QV? : Q, p . Q, Fa . Q, y ἊΝ 


= de ος Τους... 





whence it follows that 
ΘΑ 
fi ses ani ey οὖ; 
9. If QQ’ be a chord of a parabola bisected in V by the diameter 
PV, and if PV is of constant length, then the areas of the triangle 


PQQ' and of the segment PQQ’ are both constant whatever be the 
direction of QQ’. 
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If BAB’ be the particular segment whose vertex is A, so that 
BB' is bisected perpendicularly by the axis at the point M where 
AN 2 PV, and if QD be drawn perpendicular to PV, we have (by 
No. 3 on p. liii) 

QV": QD? =p: pa. 


Also, since AN= PV, 
OV? : BN? =p: Pa; 
^. BN = QD. 
Hence BN.ANzQD.PV, 
and A ABB’ =A PQQ. 


Therefore the triangle PQQ’ is of constant area provided that PV 
is of given length. 

Also the area of the segment PQQ’ is equal to ἡ. A PQQ’ ; 

[No. 7, p. 1xiii]. 
therefore the area of the segment is also constant under the same 
conditions. 

10. The area of any ellipse is to that of a circle whose diameter 
is equal to the major axis of the ellipse as the minor axis 18 to the 
major (or the diameter of the circle). 

| This is proved in Prop. 4 of the book On Conoids and Spheroids.] 


ll. The area of an ellipse whose axes are a, b is to that of a 
circle whose diameter is d, as ab to d’. 
[Un Conoids and Spheroids, Prop. 5.] 


19. The areas of ellipses are to one another as the rectangles 
under their axes ; and hence similar ellipses are to one another as the 
squares of corresponding axes. 


[On Conoids and Spheroids, Prop. 6 and Cor. ] 


It is not within the scope of the present work to give an account 
of the applications of conic sections, by Archimedes and others, 
e.g. for the purpose of solving equations of a degree higher than the 
second or in the problems known as νεύσειςΧ. The former application 


* The word νεῦσις, commonly inclinatio in Latin, is difficult to translate 
satisfactorily. Its meaning is best gathered from Pappus’ explanation. He 
says (p. 670): ** A line is said to verge (νεύειν) towards a point if, being produced, 
it reaches the point.” As particular cases of the general form of the problem he 
gives the following: 

' Two lines being given in position, to place between them a straight line 
given in length and verging towards a given point." 

** A gemicircle and a straight line at right angles to the base being given in 
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is involved in Prop. 4 of Book IT. On the Sphere and Cylinder, where 
the problem is to cut a given sphere (by a plane) so that the 
segments may bear to one another a given ratio. The book On 
Spirals contains propositions which assume the solution of certain 
νεύσεις, e.g. Props. 8 and 9, in which Archimedes assumes the 
following problem to be effected: If AB be any chord of a circle 
and O any point on the circumference, to draw through O a 
straight line ODP meeting AB in D and the circle again in P 
and such that DP is equal to a given length. Though Archimedes 
does not give the solution, we may infer that he obtained it by 
means of conic sections*. 

A full account of these applications of conic sections by the 
Greeks will be found in the 11th and 12th chapters of Zeuthen’s 
work, Die Lehre von den Kegelschnitten im Altertum. 


position, or two semicircles with their bases in a straight line, to place between 
the two lines a straight line given in length and verging towards a corner of the 
semicircle, ” 

Thus a line has to be laid across two given lines or curves so that it passes 
through a given point and the portion intercepted between the lines or curves is 
equal to a given length. 

Zeuthen translates the word νεῦσις by ** Einschiebung," or as we might say, 
** interpolation" ; but this fails to express the condition that the required line 
must pass through a given point, just as the Latin inclinatio (and for that 
matter the Greek term itself) does not explicitly express the other requirement 
that the intercepted portion of the line shall be of given length. 

* Cf. Pappus, pp. 298—302. 
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PART IL. 
INTRODUCTION TO THE CONICS OF APOLLONIUS. 


CHAPTER I. 
THE AUTHOR AND HIS OWN ACCOUNT OF THE CONICS. 


WE possess only the most meagre information about Apollonius, 
viz. that he was born at Perga, in Pamphylia, in the reign of 
Ptolemy Euergetes (247-222 B.c.), that he flourished under Ptolemy 
Philopator, and that he went when quite young to Alexandria, where 
he studied under the successors of Euclid. We also hear of a visit 
to Pergamum, where he made the acquaintance of Eudemus, to 
whom he dedicated the first three of the eight Books of the Conics. 
According to the testimony of Geminus, quoted by Eutocius, he was 
greatly held in honour by his contemporaries, who, in admiration of 
his marvellous treatise on conics, called him the “ great geometer *." 

Seven Books only out of the eight have survived, four in the 
original Greek, and three in an Arabic translation. They were 
edited by Halley in 1710, the first four Books being given in Greek 
with a Latin translation, and the remaining three in a Latin 
translation from the Arabic, to which Halley added a conjectural 
restoration of the eighth Book. 

The first four Books have recently appeared in a new edition by 
J. L. Heiberg (Teubner, Leipzig, 1891 and 1893), which contains, in 
addition tu the Greek text and a Latin translation, the fragments 
of the other works of Apollonius which are still extant in Greek, 


the commentaries and lemmas of Pappus, and the commentaries of 
Eutocius. 


* The quotation is from the sixth Book of Geminus! τῶν μαθημάτων θεωρία. 
See Apollonius (ed. Heiberg) Vol. τι. p. 170, 
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No additional light has been thrown on the Arabie text of 
Books V. to VII. since the monumental edition of Halley, except as 
regards the preface and the first few propositions of Book V., of 
which L. M. Ludwig Nix published a German translation in 1889*. 

For fuller details relating to the MSS. and editions of the 
Conics reference should be made to the Prolegomena to the second 
volume of Heiberg’s edition. 

The following is a literal translation of the dedicatory letters in 
which Apollonius introduces the various Books of his Conics to 
Eudemus and Attalus respectively. 


l. Book I. General preface. 


* Apollonius to Eudemus, greeting. 

* [f you are in good health and circumstances are in other 
respects as you wish, it is well; I too am tolerably well. When 
I was with you in Pergamum, I observed that you were eager to 
become acquainted with my work in conics; therefore I send you 
the first book which I have corrected, and the remaining books 
I will forward when I have finished them to my satisfaction. 1 
daresay you have not forgotten my telling you that I undertook 
the investigation of this subject at the request of Naucrates the 
geometer at the time when he came to Alexandria and stayed 
with me, and that, after working it out in eight books, I 
communicated them to him at once, somewhat too hurriedly, 
without a thorough revision (as he was on the point of 
sailing), but putting down all that occurred to me, with the 
intention of returning to them later. Wherefore I now take 
the opportunity of publishing each portion from time to time, 
as it is gradually corrected. But, since it has chanced that 
some other persons also who have been with me have got the 
first and second books before they were corrected, do not be 
surprised if you find them in a different shape. 


* This appeared in a dissertation entitled Das fünfte Buch der Conica des 
Apollonius von Perga in der arabischen Uebersetzung des Thabit ibn Corrah 
(Leipzig, 1880), which however goes no further than the middle of the 7th 
proposition of Book v. and ends on p. 32 in the middle of a sentence with the 
words * gleich dem Quadrat von”! The fragment is nevertheless valuable in 
that it gives a new translation of the important preface to Book v., part of which 
Halley appears to have misunderstood. 
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“Now of the eight books the first four form au elementary 
introduction; the first contains the modes of producing the 
three sections and the opposite branches [of the hyperbola] 
(τῶν ἀντικειμένων) and their fundamental properties worked 
out more fully and generally than in the writings of other 
authors ; the second treats of the properties of the diameters and 
axes of the sections as well as the asymptotes and other things of 
general importance and necessary for determining limits of pos- 
sibility (πρὸς τοὺς διορισμούς)Ά, and what I mean by diameters 
and axes you will learn from this book. The third book 
contains many remarkable theorems useful for the synthesis 
of solid loci and determinations of limits; the most and 


* It is not possible to express in one word the meaning of διορισμός here. In 
explanation of it it will perhaps be best to quote Eutocius who speaks of “that 
[διορισμός] which does not admit that the proposition is general, but says when 
and how and in how many ways it is possible to make the required construction, 
like that which occurs in the twenty-second proposition of Euclid's Elements, 
From three straight lines, which are equal to three given straight lines, to 
construct a triangle; for in this case it is of course a necessary condition 
that any two of the straight lines taken together must be greater than 
the remaining one," (Comm. on Apoll. p. 178]. In like manner Pappus 
(p. 30], in explaining the distinction between a ‘theorem’ and a ‘ problem,’ 
says: “But he who propounds a problem, even though he requires what is for 
some reason impossible of realisation, may be pardoned and held free from 
blame; for it is the business of the man who seeks a solution to determine at 
the same time [καὶ τοῦτο διορίσαι] the question of the possible and the impossible, 
and, if the solution be possible, when and how and in how many ways it is 
possible." Instances of the διορισμός are common enough. Cf. Euclid νι. 27, 
which gives the criterion for the possibility of a real solution of the proposi- 
tion immediately following; the διορισμός there expresses the fact that, for a real 


solution of the equation x(a — x)= U^, it is a necessary condition that b? $+ (5): 


Again, we find in Archimedes, On the Sphere and Cylinder [p. 214], the remark 
that a certain problem “stated thus absolutely requires a διορισμός, but, if 
certain conditions here existing are added, it does not require a διορισμός." 

Many instances will be found in Apollonius’ work ; but it is to be observed 
that, as he uses the term, it frequently involves, not only a necessary condition, 
as in the cases just quoted, but, closely connected therewith, the determination 
of the number of solutions. ‘This can be readily understood when the use of the 
word in the preface to Book iv. is considered. That Book deals with the 
number of possible points of intersection of two conics; it follows that, when 
e.g. in the fiftl Book hyperbolas are used for determining by their intersections 
with given conics the feet of normals to the latter, the number of solutions comes 
to light at the same time as the conditions necessary to admit of a solution. 
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prettiest of these theorems are new, and, when I had discovered 
them, I observed that Euclid had not worked out the synthesis of 
the locus with respect to three and four lines, but only a chance 
portion of it and that not successfully: for it was not possible that 
the synthesis could have been completed without my additional 
discoveries. The fourth book shows in how many ways the 
sections of cones meet one another and the circumference of a 
circle; it contains other matters in addition, none of which has 
been discussed by earlier writers, concerning the number of points 
in which a section of a cone or the circumference of a circle meets 
[the opposite branches of a hyperbola]*. 

“The rest [of the books] are more by way of surplusaget 
(περιουσιαστικώτερα): one of them deals somewhat fully (ἐπὶ 
πλέον) with minima and maxima, one with equal and similar 
sections of cones, one with theorems involving determination of 
limits (διοριστικῶν θεωρημάτων), and the last with determinate 
conie problems. 


* The reading here translated is Heiberg's κώνου τομῇ Ñ κύκλου περιφέρεια 
«rais ἀντικειμέναις”. κατὰ πόσα o«ue'a συμβάλλουσι. Halley had read κώνου 
τομὴ ἢ κύκλου περιφέρεια καὶ ἔτι ἀντικείμεναι ἀντικειμέναις κατὰ πόσα 
σημεῖα συμϑάλλουσι. Heiberg thinks Halley’s longer interpolation unnecessary, 
but I cannot help thinking that Halley gives the truer reading, for the following 
reasons. (l) The contents of Book ιν. show that the sense is not really 
complete without the mention of the number of intersections of a double-branch 
hyperbola with another double-branch hyperbola as well as with any of the 
eingle-branch conics; and it is scarcely conceivable that Apollonius, in 
describing what was new in his work, should have mentioned only the less 
complicated question. (2) If Heiberg’s reading is right we should hardly have 
the plural συμβάλλουσι after the disjunctive expression ‘‘a section of a cone or 
the circumference of a circle." (3) There is positive evidence for καὶ ἀντικεί- 
µεναι in Pappus’ quotation from this preface (ed. Hultsch, p. 676), where the 
words are κώνου τομῇ κύκλου περιφερείᾳ καὶ ἀντικείμεναι ἀντικειμέναις, “a section of 
a cone with the circumference of a circle and opposite branches with opposite 
branches." Thus to combine the reading of our text and that of Pappus would 
give a satisfactory sense as follows: “in how many points a section of a cone 
or a circumference of a circle, as well as opposite branches, may [respectively] 
intersect opposite branches.” See, in addition, the note on the corresponding 
passage in the preface to Book 1v. given below. 

t περιουσιαστικώτερα has been translated ** more advauced,” but literally it 
implies extensions of the subject beyond the mere essentials. Hultsch 
translates “ad abundantiorem scientiam pertinent," and Heiberg less precisely 
** ulterius progrediuntur.” 
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“When all the books are published it will of course be open 
to those who read them to judge them as they individually 
please. Farewell.” 


9. Preface to Book II. 


* Apollonius to Eudemus, greeting. 

“Tf you are in good health, it is well; I too am moderately 
well. Ihave sent my son Apollonius to you with the second 
book of my collected conics. Peruse it carefully and com- 
municate it to those who are worthy to take part in such 
studies. And if Philonides the geometer, whom I introduced 
to you in Ephesus, should at any time visit the neighbourhood 
of Pergamum, communicate the book to him. "lake care of 
your health. Farewell." 


3. Preface to Book IV. 


“ Apollonius to Attalus, grecting. 

* Some time ago, I expounded and sent to Eudemus of 
Pergamum the first three books of my conics collected in eight 
books; but, as he has passed away, I have resolved to send the 
remaining books to you because of your earnest desire to 
possess my works. Accordingly I now send you the fourth 
book. It contains a discussion of the question, in how many 
points at most it is possible for the sections of cones to meet 
one another and the circumference of a circle, on the sup- 
position.that they do not coincide throughout, and further in 
how many points at most a section of a cone and the circum- 
ference of a circle meet the opposite branches [of a hyperbola]* 


* Here again Halley adds to the text as above translated the words καὶ ἔτι 
ἀντικείμεναι ἀντικειμέναις. Heiberg thinks the addition unnecessary as in the 
similar passage in the first preface above. I cannot but think that Halley is 
right both for the reasons given in the note on the earlier passage, and 
because, without the added words, it seems to me impossible to explain satis- 
factorily the distinction between the three separate questions referred to in the 
next sentence. Heiberg thinks that these refer to the intersections 


(1) of conic sections with one another or with a circle, 

(2) of sections of a cone with the double-branch hyperbola, 

(3) of circles with the double-branch hyperbola. 

But to specify separatcly, as essentially distinct questions, Heiberg’s (2) and 
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and, besides these questions, not a few others of a similar 
character. Now the first-named question Conon expounded to 
Thrasydaeus, without however showing proper mastery of the 
proofs, for which cause Nicoteles of Cyrene with some reason 
fell foul of him. The second matter has merely been mentioned 
by Nicoteles, in connexion with his attack upon Conon, as one 
capable of demonstration; but I have not found it so de- 
monstrated either by himself or by any one else. The third 
question and the others akin to it I have not found so much as 
noticed by any one. And all the matters alluded to, which I 
have not found proved hitherto, needed many and various 
novel theorems, most of which I have already expounded in the 
first three books, while the rest are contained in the present 
one. The investigation of these theorems is of great service 
both for the synthesis of problems and the determinations of 
limits of possibility (πρός τε τὰς τῶν προβληματων συνθέσεις 
καὶ τοὺς διορισμούς). On the other hand Nicoteles, on account 
of his controversy with Conon, will not have it that any use 
can be made of the discoveries of Conon for determinations 
of limits: in which opinion he is mistaken, for, even if it is 
possible, without using them at all, to arrive at results re- 
lating to such determinations, yet they at all events afford a 
more ready means of observing some things, e.g. that several 


(3) is altogether inconsistent with the scientific method of Apollonius. When 
he mentions a circle, it is always as a mere appendage to the other curves 
(ὑπερβολὴ ἡ ἔλλειψις ἢ κύκλου περιφέρεια is his usual phrase), and it is impossible, 
I think, to imagine him drawing a serious distinction between (2) and (3) or 
treating the omission of Nicoteles to mention (3) as a matter worth noting. τὸ 
τρίτον should surely be something essentially distinct from, not a particular case 
of, ro δεύτερον. I think it certain, therefore, that τὸ τρίτον is the case of the 
intersection of two double-branch hyperbolas with one another; and the 
adoption of Halley’s reading would make the passage intelligible. We should 
then have the following three distinct cases, 

(1) the intersections of single-branch conics with one another or with 
a circle, 

(2) the intersections of a single-branch conic or a circle with the double- 
branch hyperbola, 

(3) the intersections of two double-branch hyperbolas ; 
and ἄλλα οὐκ ὀλίγα ὅμοια τούτοις may naturally be taken as referring to those 
cases e.g. where the curves touch at one or two points, 
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solutions are possible or that they are so many in number, 
and again that no solution is possible; and such previous 
knowledge secures a satisfactory basis for investigations, while 
the theorems in question are further useful for the analyses 
of determinations of limits (πρὸς τὰς αναλύσεις δὲ τῶν διο- 
ρισμῶν). Moreover, apart from such usefulness, they arc 
worthy of acceptance for the sake of the demonstrations 
themselves, in the same way as we accept many other things in 
mathematics for this and for no other reason.” 


4. Preface to Book V*. 


“Apollonius to Attalus, greeting. 

“In this fifth book I have laid down propositions relating 
to maximum and minimum straight lines. You must know 
that our predecessors and contemporaries have only superficially 
touched upon the investigation of the shortest lines, and have 
only proved what straight lines touch the sections and, con- 
versely, what properties they have in virtue of which they are 
tangents. For my part, I have proved these properties in the 
first book (without however making any use, in the proofs, of 
the doctrine of the shortest lines) inasmuch as I wished to 
place them in close connexion with that part of the subject in 
which I treated of the production of the three conic sections, in 
order to show at the same time that in each of the three 
sections numberless properties and necessary results appear, as 
they do with reference to the original (transverse) diameter. 
The propositions in which I discuss the shortest lines I have 
separated into classes, and dealt with each individual case by 
careful demonstration; I have also connected the investigation 
of them with the investigation of the greatest lines above 
mentioned, because I considered that those who cultivate this 
science needed them for obtaining a knowledge of the analysis 
and determination of problems as well as for their synthesis, 
irrespective of the fact that the subject is one of those which 
seem worthy of study for their own sake. Farewell.” 

* In the translation of this preface I have followed pretty closely the 


German translation of L. M. L. Nix above referred to [p. lxix, note]. The 
prefaces to Books vr. and vit. are translated from Halley. 
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5. Preface to Book VI. 


“Apollonius to Attalus, greeting. 

“I send you the sixth book of the conics, which embraces 
propositions about conic sections and segments of conics equal 
and unequal, similar and dissimilar, besides some other matters 
left out by those who have preceded me. In particular, you 
will find in this book how, in a given right cone, a section is to 
be cut equal to a given section, and how a right cone is to be 
described similar to a given cone and so as to contain a given 
conic section. And these matters in truth I have treated 
somewhat more fully and clearly than those who wrote before 
our time on these subjects. Farewell.” 


6. Preface to Book VII. 


“ Apollonius to Attalus, greeting. 

“1 send to you with this letter the seventh book on conic 
sections. In it are contained very many new propositions 
concerning diameters of sections and the figures described upon 
them ; and all these have their use in many kinds of problems, 
and especially in the determination of the conditions of their 
possibility. Several examples of these occur in the determinate 
conic problems solved and demonstrated by me in the eighth 
book, which is by way of an appendix, and which I will take 
care to send you as speedily as possible. Farewell." 


The first point to be noted in the above account by Apollonius 
of his own work is the explicit distinction which he draws between 
the two main divisions of it. The first four Books contain matters 
which fall within the range of an elementary introduction (πέπτωκεν 
eis αγωγὴν στοιχειώδη), while the second four are extensions beyond 
the mere essentials (περιουσιαστικώτερα), or (as we may say) more 
“advanced,” provided that we are careful not to understand the 
relative terms “elementary” and “advanced” in the sense which 
we should attach to them in speaking of a modern mathematical 
work. Thus it would be wrong to regard the investigations of the 
fifth Book as more advanced than the earlier Books on the ground 
that the results, leading to the determination of the evolute of any 
conic, are such as are now generally obtained by the aid of the 
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differential calculus ; for the investigation of the limiting conditions 
for the possibility of drawing a certain number of normals to a 
given conic from a given point is essentially similar in character to 
many other διορισμοί found in other writers. The only difference is 
that, while in the case of the parabola the investigation is not very 
difficult, the corresponding propositions for the hyperbola and ellipse 
make exceptionally large demands on a geometer's acuteness and 
grasp. The real distinction between the first four Books and the 
fifth consists rather in the fact that the former contain a connected 
and scientific exposition of the general theory of conic sections as 
the indispensable basis for further extensions of the subject in 
certain special directions, while the fifth Book is an instance of such 
specialisation ; and the same is true of the sixth and seventh Books. 
Thus the first four Books were limited to what were considered the 
essential principles ; and their scope was that prescribed by tradi- 
tion for treatises intended to form an accepted groundwork for 
such special applications as were found e.g. in the kindred theory of 
solid loci developed by Aristaeus. It would follow that the subject- 
matter would be for the most part the same as that of earlier 
treatises, though it would naturally be the object of Apollonius to 
introduce such improvements of method as the state of knowledge 
at the time suggested, with a view to securing greater generality 
and establishing a more thoroughly scientifie, and therefore more 
definitive, system. One effect of the repeated working-up, by suc- 
cessive authors, of for the most part existing material would be to 
produce erystallisation, so to speak ; and therefore we should expect 
to find in the first four Books of Apollonius greater conciseness than 
would be possible in a treatise where new ground was being broken. 
In the latter case the advance would be more gradual, precautions 
would have to be taken with a view to securing the absolute impreg- 
nability of each successive position, and one result would naturally 
be a certain diffuseness and an apparently excessive attention to 
minute detail. We find this contrast in the two divisions of 
Apollonius’ Conics; in fact, if we except the somewhat lengthy 
treatment of a small proportion of new matter (such as the 
properties of the hyperbola with two branches regarded as one 
conic), the first four Books are concisely put together in comparison 
with Books V.—V II. 

The distinction, therefore, between the two divisions of the work 
is the distinction between what may be called a text-book or com- 
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pendium of conic sections and a series of monographs on special 
portions of the subject. 

For the first four Books it will be seen that Apollonius does not 
claim originality except as regards a number of theorems in the 
third Book and the investigations in the fourth Book about inter- 
secting conics; for the rest he only claims that the treatment 
is more full and general than that contained in the earlier works on 
conics. This statement is quite consistent with that of Pappus that 
in his first four Books Apollonius incorporated and completed 
(αναπληρώσας) the four Books of Euclid on the same subject. 

Eutocius, however, at the beginning of his commentary claims 
more for Apollonius than he claims for himself. After quoting 
Geminus' account of the old method of producing the three conics 
from right cones with different vertical angles by means of plane 
sections in every case perpendicular to a generator, he says (still 
purporting to quote Geminus), *But afterwards Apollonius of 
Perga investigated the general proposition that in every cone, 
whether right or scalene, all the sections are found, according as the 
plane [of section] meets the cone in different ways." Again he says, 
'* Apollonius supposed the cone to be either right or scalene, and 
made the sections different by giving different inclinations to the 
plane.” It can only be inferred that, according to Eutocius, 
Apollonius was the first discoverer of the fact that other sections 
than those perpendicular to a generator, and sections of cones other 
than right cones, had the same properties as the curves produced in 
the old way. But, as has already been pointed out, we find (1) that 
Euclid had already declared in the Phaenomena that, if a cone 
(presumably right) or a cylinder be cut by a plane not parallel to 
the base, the resulting section is a “section of an acute-angled cone,” 
and Archimedes states expressly that all sections of a cone which 
meet all the generators (and here the cone may be oblique) are 
either circles or ‘sections of an acute-angled cone.” And it cannot 
be supposed that Archimedes, or whoever discovered this proposition, 
could have discovered it otherwise than by a method which would 
equally show that hyperbolic and parabolic sections could be pro- 
duced in the same general manner as elliptic sections, which 
Archimedes singles out for mention because he makes special use of 
them. Nor (2) can any different conclusion be drawn from the 
continued use of the old names of the curves even after the more 
general method of producing them was known; there is nothing 
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unnatural in this because, first, hesitation might well be felt in 
giving up a traditional definition associated with certain standard 
propositions, determinations of constants, &c., and secondly, it is not 
thought strange, e.g. in a modern text-book of analytical geometry, 
to define conic sections by means of simple properties and equations, 
and to adhere to the definitions after it is proved that the curves 
represented by the general equation of the second degree are none 
other than the identical curves of the definitions. Hence we must 
conclude that the statement of Eutocius (which is in any case too 
general, in that it might lead to the supposition that every hyperbola 
could he produced as a section of any cone) rests on a misappre- 
hension, though perhaps a natural one considering that to hin, 
living so much later, conics probably meant the treatise of Apollo- 
nius only, so that he might easily lose sight of the extent of the 
knowledge possessed by earlier writers*. 

At the same time it seems clear that, in the generality of his 
treatment of the subject from the very beginning, Apollonius was 
making an entirely new departure. Though Archimedes was aware 
of the possibility of producing the three conics by means of sections 
of an oblique or scalene cone, we find no sign of his having used 
sections other than those which are perpendicular to the plane of 
symmetry ; in other words, he only derives directly from the cone 
the fundamental property referred to an axis, i.e. the relation 
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and we must assume that it was by means of the equation referred 
to the axes that the more general property 


ΟΥ: PV. ΡΥ =(const.) 
was proved. Apollonius on the other hand starts at once with 


* There seems also to have been some confusion in Eutocius' mind about the 
exact basis of the names parabola, ellipse and hyperbola, though, as we shall see, 
Apollonius makes this clear enough by connecting them immediately with 
the method of application of areas. Thus Eutocius speaks of the hyperbola 
as being so called because a certain pair of angles (the vertical angle of an 
obtuse-angled right cone and the right angle at which the section, made in the 
old way, is inclined to a generator) together exceed (ὑπερβάλλειν) two right 
angles, or because the plane of the section passes beyond (ὑπερβάλλειν) the apex 
of the cone and meets the half of the double cone beyond the apex ; and he gives 
similar explanations of the other two names. But on this interpretation the 
nomenclature would have no significance; for in each case we could choose 
different angles in the figure with equal reason, and so vary the names, 
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the most general section of an oblique cone, and proves directly 
from the cone that the conic has the latter general property with 
reference to a particular diameter arising out of his construction, 
which however is not in general one of the principal diameters. 
Then, in truly scientific fashion, he proceeds to show directly that 
the same property which was proved true with reference to the 
original diameter is equally true with reference to any other 
diameter, and the axes do not appear at all until they appear as par- 
ticular cases of the new (and arbitrary) diameter. Another indica- 
tion of the originality of this fuller and more general working-out of 
the principal properties (τὰ ἀρχικὰ συμπτώματα ἐπὶ πλέον καὶ καθόλου 
μᾶλλον ἐξειργασμένα) is, I think, to be found in the preface to Book V. 
as newly translated from the Arabic. Apollonius seems there to imply 
that minimum straight lines (i.e. normals) had only been discussed 
by previous writers in connexion with the properties of tangents, 
whereas his own order of exposition necessitated an early introduc- 
tion of the tangent properties, independently of any questions about 
normals, for the purpose of effecting the transition from the original 
diameter of reference to any other diameter. This is easily under- 
stood when it is remembered that the ordinary properties of 
normals are expressed with reference to the aves, and Apollonius 
was not in a position to use the axes until they could be brought in 
as particular cases of the new and arbitrary diameter of reference. 
Hence he had to adopt a different order from that of earlier works 
and to postpone the investigation of normals for separate and later 
treatment. 

All authorities agree in attributing to Apollonius the designation 
of the three conics by the names parabola, ellipse and hyperbola ; 
but it remains a question whether the exact form in which their 
fundamental properties were stated by him, and which suggested the 
new names, represented a new discovery or may have been known 
to earlier writers of whom we may take Archimedes as the repre- 
sentative. 

It will be seen from Apollonius 1. 11 (Prop. 1] that the fundamental 
property proved from the cone for the parabola is that expressed by 
the Cartesian equation y? = pz, where the axes of coordinates are 
any diameter (as the axis of x) and the tangent at its extremity (as 
the axis of y). Let it be assumed in like manner for the ellipse and 
hyperbola that y is the ordinate drawn from any point to the 
original diameter of the conic, a the abscissa measured from one 
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extremity of the diameter, while x, is the abscissa measured from the 
other extremity. Apollonius’ procedure is then to take a certain 
length (p, say) determined in a certain manner with reference to the 
cone, and to prove, first, that 


where d is the length of the original diameter, and, secondly, that, 
if a perpendicular be erected to the diameter at that extremity of it 
from which x is measured and of length p, then γ΄ is equal to a 
rectangle of breadth α and “applied” to the perpendicular of length 
p, but falling short (or exceeding) by a rectangle similar and similarly 
situated to that contained by p and d ; in other words, 


or YEE T uq ecc (2). 


Thus for the ellipse or hyperbola an equation is obtained which 
differs from that of the parabola in that it contains another term, 
and y* is less or greater than ρω instead of being equal to it. The 
line p is called, for all three curves alike, the parameter or latus 
rectum corresponding to the original diameter, and the characteristics 
expressed by the respective equations suggested the three names. 
Thus the parabola is the curve in which the rectangle which is equal 
to γ᾽ is applied to p and neither falls short of it nor overlaps it, 
the ellipse and hyperbola are those in which the rectangle is applied 
to p but falls short of it, or overlaps it, respectively. 

In Archimedes, on the other hand, while the parameter duly 
appears with reference to the parabola, no such line is anywhere 
mentioned in connexion with the ellipse or hyperbola, but the 
fundamental property of the two latter curves is given in the form 
y y" 





morcm ae 


it being further noted that, in the ellipse, either of the equal ratios 
2 


9 b e e 9 
is equal to "ES the case where the equation is referred to the axes 


and a, ὃ are the major and minor semi-axes respectively. 
Thus Apollonius’ equation expressed the equality of two areas, 
while Archimedes’ equation expressed the equality of two propor- 
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tions; and the question is whether Archimedes and his predecessors 
were acquainted with the equation of the central conic in the form 
in which Apollonius gives it, in other words, whether the special use 
of the parameter or latus rectum for the purpose of graphically 
constructing a rectangle having x for one side and equal in area to 
y? was new in Apollonius or not. 

On this question Zeuthen makes the following observations. 


(1) The equation of the conic in the form 


2 
=a (const.) 


T. L 


had the advantage that the constant could be expressed in any shape 
which might be useful in a particular case, e.g. it might be expressed 
either as the ratio of one area to another or as the ratio of one 
straight line to another, in which latter case, if the consequent in 
the ratio were assumed to be the diameter d, the antecedent would 
be the parameter p. 

(2) Although Archimedes does not, as a rule, connect his 
description of conics with the technical expressions used in the 
well-known method of application of areas, yet the practical use of 
that method stood in the same close relation to the formula of 
Archimedes as it did to that of Apollonius. Thus, where the axes 
of reference are the axes of the conic and « represents the major or 
transverse axis, the equation 


2 


J (const.) = A (say) 


2. αι κ 





is equivalent to the equation 


and, in one place (On Conoids and Spheroids, 25, p. 420) where 


Archimedes uses the property that ee has the same value for all 
DU 
points on a hyperbola, he actually expresses the denominator of the 


ratio in the form in which it appears in (3), speaking of it as an 
area applied to a line equal to a but exceeding by a square figure 
(ὑπερβάλλον εἴδει τετραγώνω), in other words, as the area denoted 


by ax + z. 
2 


(3) The equation ET = (eonst.) represents y as a mean pro- 
did 


portional between x and a certain constant multiple of z,, which 


H. C. f 
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last can easily be expressed as the ordinate Y, corresponding to the 
abscissa z, of a point on a certain straight line passing through the 
other extremity of the diameter (i.e. the extremity from which 2, is 
measured) Whether this particular line appeared as an auxiliary 
line in the figures used by the predecessors of Apollonius (of which 
there is no sign), or the well-known constructions were somewhat 
differently made, is immaterial. 


(4) The differences between the two modes of presenting the 
fundamental properties are so slight that we may regard Apollonius 
as in reality the typical representative of the Greek theory of conics 
and as giving indications in his proofs of the train of thought which 
had led his predecessors no less than himself to the formulation of 
the various propositions. | 

Thus, where Archimedes chooses to use proportions in investiga- 
tions for which Apollonius prefers the method of application of 
areas which is more akin to our algebra, Zeuthen is most incliued 
to think that it is Archimedes who is showing individual peculi- 
arities rather than Apollonius, who kept closer to his Alexandrine 
predecessors: a view which (he thinks) is supported by the 
circumstance that the system of applying areas as found in Euclid 
Book Il. is decidedly older than the Euclidean doctrine of pro- 
portions. 

I cannot but think that the argument just stated leaves out of 
account the important fact that, as will be seen, the Archimedean 
form of the equation actually appears as an intermediate step in the 
proof which Apollonius gives of his own fundamental equation. 
Therefore, as a matter of fact, the Archimedean form can hardly 
be regarded as a personal variant from the normal statement of 
the property according to the Alexandrine method. Further, to 
represent Archimedes’ equation in the form 


Y — = (const. ), 


T. Xi 


and to speak of this as having the advantage that the constant may 
be expressed differently for different purposes, implies rather more 
than we actually find in Archimedes, who never uses the constant at 
all when the hyperbola is in question, and uses it for the ellipse only 


in the case where the axes of reference are the axes of the ellipse, 
; : 6° 
and then only in the single form "E 
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Now the equation 





(y E» 
ax—a* α 
2 2 
or yo aeo osa, 


does not give an easy means of exhibiting the area y* as a simple 
rectangle applied to a straight line but falling short by another 


: b. 
rectangle of equal breadth, unless we take some line equal to = 


and erect it perpendicularly to the abscissa x at that extremity of 
it which is on the curve. Therefore, for the purpose of arriving at 
an expression for y? corresponding to those obtained by means of 
the principle of application of areas, the essential thing was the 
determination of the parameter p and the expression of the con- 


stant in the particular form b, which however does not appear in 
Archimedes. 

Again, it is to be noted that, though Apollonius actually sup- 
plies the proof of the Archimedean form of the fundamental property 
in the course of the propositions 1. 12, 13 [Props. 2, 3] establishing 
the basis of his definitions of the hyperbola and ellipse, he retraces 
his steps in 1. 21 [Prop. 8], and proves it again as a deduction from 
those definitions: a procedure which suggests a somewhat forced 
adherence to the latter at the cost of some repetition. This slight 
awkwardness is easily accounted for if it is assumed that Apollonius 
was deliberately supplanting an old form of the fundamental 
property by a new one; but the facts are more difficult to explain 
on any other assumption. The idea that the form of the equation 
as given by Apollonius was new is not inconsistent with the fact 
that the principle of application of areas was older than the 
Euclidean theory of proportions; indeed there would be no cause 
for surprise if so orthodox a geometer as Apollonius intentionally 
harked back and sought to connect his new system of conics with 
the most ancient traditional methods. 

It is curious that Pappus, in explaining the new definitions of 
Apollonius, says (p. 674): “For a certain rectangle applied to a 
certain line in the section of an acute-angled cone becomes deficient 
by a square (ἐλλεῖπον τετραγώνω), in the section of an obtuse-angled 
cone exceeding by a square, and in that of a right-angled cone 
neither deficient nor exceeding.” There is evidently some confusion 


f2 
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here, because in the definitions of Apollonius there is no question 
of exceeding or falling-short by a square, but the rectangle which is 
equal to y* exceeds or falls short by a rectangle similar and similarly 
situated to that contained by the diameter and the latus rectum. 
The description “deficient, or exceeding, by a square" recalls 
Archimedes’ description of the rectangle «.x, appearing in the 
equation of the hyperbola as ὑπερβάλλον εἴδει τετραγώνῳ; so that it 
would appear that Pappus somehow confused the two forms in 
which the two writers give the fundamental property. 


It will be observed that the “opposites,” by which are meant 
the opposite branches of a hyperbola, are specially mentioned as 
distinct from the three sections (the words used by Apollonius 
being τῶν τριῶν τομῶν καὶ τῶν ἀντικειμένων). They are first intro- 
duced in the proposition 1. 14 [Ῥτορ. 4], but it is in 1. 16 [Prop. 6] 
that they are for the first time regarded as together forming one 
curve. It is true that the preface to Book IV. shows that other 
writers had already noticed the two opposite branches of a hyper- 
bola, but there can be no doubt that the complete investigation 
of their properties was reserved for Apollonius. This view is 
supported by the following evidence. (1) The words of the first 
preface promise something new and more perfect with reference to 
the double-branch hyperbola as well as the three single-branch 
curves; and a comparison between the works of Apollonius and 
Archimedes (who does not mention the two branches of a hyper- 
bola) would lead us to expect that the greater generality claimed by 
Apollonius for his treatment of the subject would show itself, if 
anywhere, in the discussion of the complete hyperbola. The words, 
too, about the ** new and remarkable theorems” in the third Book 
point unmistakeably to the extension to the case of the complete 
hyperbola of such properties as that of the rectangles under the 
segments of intersecting chords. (2) That the treatment of the two 
branches as one curve was somewhat new in Apollonius is attested 
by the fact that, notwithstanding the completeness with which he 
establishes the correspondence between their properties and those of 
the single branch, he yet continues throughout to speak of them as 
two independent curves and to prove each proposition with regard 
to them separately and subsequently to the demonstration of it for 
the single curves, the result being a certain diffuseness which might 
have been avoided if the first propositions had been so combined as 
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to prove each property at one and the same time for both double- 
branch and single-branch conics, and if the further developments 
had then taken as their basis the generalised property. As it is, 
the diffuseness marking the separate treatment of the double 
hyperbola contrasts strongly with the remarkable ingenuity shown 
by Apollonius in compressing into one proposition the proof of a 
property common to all three conics. This facility in treating the 
three curves together is to be explained by the fact that, as 
successive discoveries in conics were handed down by tradition, 
the general notion of a conic had been gradually evolved ; whereas, 
if Apollonius had to add new matter with reference to the double 
hyperbola, it would naturally take the form of propositions supple- 
mentary to those affecting the three single-branch curves. 

It may be noted in this connexion that the proposition 1. 38 
(Prop. 15] makes use for the first time of the secondary diameter (d) 
of a hyperbola regarded as a line of definite length determined by 
the relation 

d^ p 

Ba 
where d is the transverse diameter and p the parameter of the 
ordinates to it. The actual definition of the secondary diameter in 
this sense occurs earlier in the Book, namely between 1. 16 and 
1.17. The idea may be assumed to have been new, as also the 
determination of the conjugate hyperbola with two branches as the 
complete hyperbola which has a pair of conjugate diameters common 
with the original hyperbola, with the difference that the secondary 
diameter of the original hyperbola is the transverse diameter of the 
conjugate hyperbola and vice versd. 

The reference to Book II. in the preface does not call for any 
special remark except as regards the meaning given by Apollonius 
to the terms diameter and axis. The words of the preface suggest 
that the terms were used in a new sense, and this supposition agrees 
with the observation made above (p. xlix) that with Archimedes 
only the axes are diameters. 

The preface speaks of the ‘‘many remarkable theorems” con- 
tained in Book III. as being useful for “the synthesis of solid 
loci,” and goes on to refer more particularly to the “locus with 
respect to three and four lines.” It is strange that in the Book 
itself we do not find any theorem stating in terms that a particular 
geometrical locus is a conic section, though of course we find 
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theorems stating conversely that all points on a conic have a 
certain property. The explanation of this is probably to be found 
in the fact that the determination of a locus, even when it wasa 
conic section, was not regarded as belonging to a synthetic treatise 
on conics, and the ground for this may have been that the subject 
of such loci was extensive enough to require a separate book. This 
conjecture is supported by the analogy of the treatises of Euclid and 
Aristz:us on conics and solid loci respectively, where, so far as we 
can judge, a very definite line of demarcation appears to have been 
drawn between the determination of the loci themselves and the 
theorenis in conics which were useful for that end. 

There can be no doubt that the brilliant investigations in Book 
V. with reference to normals regarded as maximum and minimum 
straight lines from certain points to the curve were mostly, if not 
altogether, new. It will be seen that they lead directly to the 
determination of the Cartesian equation to the evolute of any conic. 

Book V I. is about similar conics for the most part, and Book VII. 
contains an elaborate series of propositions about the magnitude of 
various functions of the lengths of conjugate diameters, including 
the determination of their maximum and minimum values. A 
comparison of the contents of Book VII. with the remarks about 
Book VII. and VIII. in the preface to the former suggests that the 
lost Book VIII. contained a number of problems having for their 
object the finding of conjugate diameters in a given conic such that 
certain functions of their lengths have given values. These 
problems would be solved by means of the results of Book VII., 
and it is probable that Halley's restoration of Book VIII. represents 
the nearest conjecture as to their contents which is possible in the 
present state of our knowledge. 


CHAPTER II. 
GENERAL CHARACTERISTICS. 


§ 1. Adherence to Euclidean form, conceptions and 
language. 

The accepted form of geometrical proposition with which Euclid’s 
Elements more than any other book has made mathematicians 
familiar, and the regular division of each proposition into its com- 
ponent parts or stages, cannot be better described than in the words 
of Proclus He says*: ** Every problem and every theorem which 
is complete with all its parts perfect purports to contain in itself all 
of the following elements: enunciation (πρότασις), setting-out (ἔκθεσις), 
definitiont (διορισμός), construction (κατασκευή), proof (ἀπόδειξις), 
conclusion (συμπέρασμα). Now of these the enunciation states what 
is given and what is that which is sought, the perfect enunciation 
consisting of both these parts. The setting-out marks off what is 
given, by itself, and adapts it beforehand for use in the investigation. 
The definition states separately and makes clear what the particular 
thing is which is sought. The construction adds what is wanting to 
the datum for the purpose of finding what is sought. The proof 
draws the required inference by reasoning scientifically from ac- 
knowledged facts. The conclusion reverts again to the enunciation, 
confirming what has been demonstrated. These are all the parts of 
problems and theorems, but the most essential and those which are 
found in all are enunciation, proof, conclusion. For it is equally 
necessary to know beforehand what is sought, and that this should 
be demonstrated by means of the intermediate steps and the de- 
monstrated fact should be inferred; it is impossible to dispense 


* Proclus (ed. Friedlein), p. 203. 

+ The word definition is used for want of a better. As will appear from 
what follows, διορισμός really means a closer description, by means of a concrete 
figure, of what the enunciation states in general terms as the property to be 
proved or the problem to be solved. 
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with any of these three things. The remaining parts are often 
brought in, but are often left out as serving no purpose. Thus 
there is neither setting-out nor definition in the problem of con- 
structing an isosceles triangle having each of the angles at the base 
double of the remaining angle, and in most theorems there is no 
construction because the setting-owt suffices without any addition 
for demonstrating the required property from the data. When then 
do we say that the setting-owt is wanting? The answer is, when 
there is nothing given in the enunciation; for, though the enun- 
ciation is in genera] divided into what is given and what is sought, 
this is not always the case, but sometimes it states only what is 
sought, i.e. what must be known or found, as in the case of the 
problem just mentioned. That problem does not, in fact, state 
beforehand with what datum we are to construct the isosceles 
triangle having each of the equal angles double of the remaining 
one, but (simply) that we are to find such a triangle.... When, 
then, the enunciation contains both (what is given and what 
is sought), in that case we find both definition and setting-out, but, 
whenever the datum is wanting, they too are wanting. For not only 
is the setting-out concerned with the datum but so is the definition 
also, as, in the absence of the datum, the definition will be identical 
with the enunciation. In fact, what could you say in defining the 
object of the aforesaid problem except that it is required to find an 
isosceles triangle of the kind referred to? But that is what the 
enunciation stated. If then the enunciation does not include, on the 
one hand, what is given and, on the other, what is sought, there is 
no setting-out in virtue of there being no datum, and the definition 
is left out in order to avoid a mere repetition of the enunciation.” 

The constituent parts of an Euclidean proposition will be readily 
identified by means of the above description without further details. 
It will be observed that the word διορισµός has here a different 
signification from that described in the note to p. Ixx above. Here 
it means a closer definition or description of the object aimed at, by 
means of the concrete lines or figures set out in the ἔκθεσις instead 
of the general terms used in the enunciation ; and its purpose is to 
rivet the attention better, as indicated by Proclus in a later passage, 
τρόπον τινὰ προσεχείας ἐστὶν αἴτιος ὁ διορισμός. 

The other technical use of the word to signify the limitations to 
which the possible solutions of a problem are subject is also described 
by Proclus, who speaks of διορισµοί determining “ whether what is 
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sought is impossible or possible, and how far it is practicable and in 
how many ways*" ; and the διορισμός in this sense appears in the 
In Apollo- 
nius it is sometimes inserted in the body of a problem as in the 
instance 11. 50 [Prop. 50] given below ; in another case it forms the 
subject of a separate preliminary theorem, 11. 52 [Prop. 51], the 
result being quoted in the succeeding proposition 11. 53 [Prop. 52] in 
the same way as the διορισμός in Eucl vi. 27 is quoted in the 
enunciation of vi. 28 (see p. cviii). 


same form in Euclid as in Archimedes and Apollonius. 


Lastly, the orthodox division of a problem into analysis and 
synthesis appears regularly in Apollonius as in Archimedes. Proclus 
speaks of the preliminary analysis as a way of investigating the 
more recondite problems (rà ἀσαφέστερα τῶν προβλημάτων); thus it 
happens that in this respect Apollonius is often even more formal 
than Euclid, who, in the Elements, is generally able to leave out all 
the preliminary analysis in consequence of the comparative sim- 
plicity of the problems solved, though the Data exhibit the method 
as clearly as possible. 

In order to illustrate the foregoing remarks, it is only necessary 
to reproduce a theorem and a problem in the exact form in which 
they appear in Apollonius, and accordingly the following propo- 
sitions are given in full as typical specimens, the translation on the 
right-hand side following the Greek exactly, except that the letters 
are changed in order to facilitate comparison with the same propo- 
sitions as reproduced in this work and with the corresponding 
figures. 


III. 54 [Prop. 75 with the first figure]. 


᾿Εὰν κώνου τομῆς ἢ κύκλου περι- 
Φερείας δύο εὐθεῖαι ἐφαπτόμεναι συμ- 
πίπτωσι, διὰ δὲ τῶν ἀφών παράλληλοι 
ἀχθῶσι ταῖς ἐφαπτομέναις, καὶ ἀπὶ τῶν 
ἀφῶν πρὸς τὸ αὐτὸ σημεῖον τῆς γραμμῆς 
διαχθώσιν εὐθεῖαι τέμνουσαι τὰς παραλ- 
λήλους, τὸ περιεχόμενον ὀρθογώνιον 
ὑπὸ τῶν ἀποτεμνομένων πρὸς τὸ ἀπὸ 
τῆς ἐπιζευγνυούσης τὰς ἁφὰς τετράγω- 
νον λόγον ἔχει τὸν συγκείμενον ἔκ τε 
τοῦ, ov ἔχει τῆς ἐπιζευγνυούσης τὴν 
σύμπτωσιν τῶν ἐφαπτομένων καὶ τὴν 
διχοτομίαν τῆς τὰς ἀφὰς ἐπιζευγνυούσης 


If two straight lines touching a 
section of a cone or the circum- 
ference of a circle meet, and through 
the points of contact parallels be 
drawn to the tangents, and from 
the points of contact straight lines 
be drawn through the same point of 
the curve cutting the parallels, the 
rectangle contained by the inter- 
cepts bears to the square on the 
line joining the points of contact 
the ratio compounded [1] of that 
which the square of the inner seg- 


* Proclus, p. 202. 
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τὸ ἐντὸς τμῆμα πρὸς τὸ λοιπὸν δυνάμει, 
καὶ τοῦ, ὂν ἔχει τὸ ὑπὸ τῶν ἐφαπτομέ- 
νων περιεχόμενον ὀρθογώνιον πρὸς τὸ 
τέταρτον μέρος τοῦ ἀπὸ τῆς τὰς ἀφὰς 
ἐπιζευγνυούσης τετραγώνου. 


ἔστω κώνου τομὴ ἢ κύκλου περι- 
Φέρεια ἡ ABT καὶ ἐφαπτόμεναι αἱ ΑΔ, 
ΓΔ, καὶ ἐπεζεύχθω ἡ ΑΓ καὶ δίχα 
τετμήσθω κατὰ TÒ E, καὶ ἐπεζεύχθω ἡ 
ABE, καὶ ἤχθω ἀπὸ μὲν τοῦ A παρὰ 
τὴν ΓΔ ἢ ΑΖ, ἀπὸ δὲ τοῦ Γ παρὰ τὴν 
ΑΔ ἡ ΓΗ, καὶ εἰλήφθω τι σημεῖον ἐπὶ 
τῆς γραμμῆς τὸ Θ, καὶ ἐπιζευχθεῖσαι 
αἱ ΑΘ, ΓΘ ἐκβεβλήσθωσαν ἐπὶ τὰ Η, 
Ζ. λέγω, ὅτι τὸ ὑπὸ ΑΖ, ΓΗ πρὸς τὸ 
ἀπὸ ΑΓ' τὺν συγκείμενον ἔχει λόγον ἐκ 
TOU, ὃν ἔχει τὸ ἀπὸ EB πρὸς τὸ ἀπὸ 
ΒΔ καὶ τὸ ὑπὸ AAT πρὸς τὸ τέταρτον 
τοῦ ἀπὸ AT, τουτέστι τὸ ὑπὸ ΑΕΓ. 


ἤχθω γὰρ amo μὲν τοῦ Θ παρὰ τὴν 
AT ἡ ΚΘΟΞΛ, ἀπὸ δὲ τοῦ B ἡ MBN: 
φανερὸν δή, ὅτι ἐφάπτεται ἡ ΜΝ. 
ἐπεὶ οὖν ἴση ἐστὶν ἡ ΑΕ τῇ ET, ἴση 
ἐστὶ καὶ ἡ ΜΒ τῇ BN καὶ ἡ ΚΟ τῇ ΟΛ 
καὶ ἡ ΘΟ τῇ ΟΞ καὶ ἢ ΚΘ τῇ ZA. 
ἐπεὶ οὖν ἐφάπτονται αἱ ΜΒ, ΜΑ, καὶ 
παρὰ τὴν MB ἧκται ἡ KOA, ἔστιν, ὡς 
τὸ ἀπὸ ΑΜ πρὸς τὸ ἀπὸ ΜΒ, τουτέστι 
τὸ ὑπὺ ΜΒΝ, τὸ ἀπὸ ΑΚ πρὸς τὸ ὑπὸ 
ZKO, τουτέστι τὸ ὑπὸ ΛΘΚ. «ὡς δὲ 
τὸ ὑπὸ NT, ΜΑ πρὸς τὸ ἀπὸ MA, τὸ 
ὑπὸ ΛΓ, ΚΑ πρὸς τὸ ἀπὸ ΚΑ: δι 
ἴσου ἄρα, ὡς τὸ ὑπὸ NT, MA πρὸς τὸ 
ὑπὸ NBM, τὸ ὑπὸ ΛΓ, ΚΑ πρὸς τὸ ὑπὸ 


ment of the line joining the point 
of concourse of the tangents and 
the point of bisection of the line 
joining the points of contact bears 
to the square of the remaining seg- 
ment, and [2] of that which the 
rectangle contained by the tangents 
bears to the fourth part of the 
Square on the line joining the 
points of contact. 

Let QPQ’ be a section of a cone 
or the circumference of a circle and 
QT, Q’T tangents, and let QQ’ be 
joined and bisected at V, and let 
TPV be joined, and let there be 
drawn, from Q, Qr parallel to Q'7 
and, from Q’, QY’r’ parallel to QT, 
and let any point / be taken on the 
curve, and let QR, @ k be joined 
and produced to 7’, r. 1 say that 
the rectangle contained by Qr, Q'r' 
has to the square on QQ the ratio 
compounded of that which the 
square on VP has to the square on 
PT and that which the rectangle 
under QTQ’ * has to the fourth part 
of the square on QQ’, i.e. the rect- 
angle under Q VQ. 

For let there be drawn, from 2è, 
AKRWR'A’, and, from P, LPL' 
paralel to QQ'; it is then clear 
that ZL’ is a tangent. Now, since 
QV is equal to VQ’, LP is also 
equal to PL’ and KW to WA’ and 
kW to Wh’ and AR to Δ’ Κ΄. 
Since therefore LP, LQ are tan- 
gents, and XZA” is drawn parallel 
to LP, as the square on QZ is to 
the square on LP, that is, the rect- 
angle under L/L’, so is the square 
on QA to the rectangle under R'E R, 
that is, the rectangle under A’2A. 
And, as the rectangle under L’Q’, 


* τὸ ὑπὸ AAT, “the rect. under QTQ’,” means the rectangle QT. ΤῸ’, and 


similarly in other cases. 
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ΛΘΚ. τὸ δὲ ὑπὸ AT, KA πρὸς τὸ ὑπὸ 
ΛΘΚ τὺν συγκείµενον ἔχει λόγον ἐκ 
τοῦ τῆς TA πρὸς AO, τουτέστι τῆς ZA 
πρὸς AT, καὶ τοῦ τῆς ΑΚ πρὸς KO, 
τουτέστι τῆς ΗΓ πρὸς ΓΑ, ὅς ἐστιν ὁ 
αὐτὸς τῷ, ὃν ἔχει τὸ ὑπὸ HT, ZA πρὸς 
τὸ ἀπὸ TA: ὡς dpa τὸ ὑπὸ NT, MA 
πρὺς τὸ ὑπὸ NBM, τὸ ὑπὸ HT, ZA 
τὸ δὲ ὑπὸ ΓΝ, ΜΑ 
πρὸς τὸ ὑπὸ NBM τοῦ ὑπὸ NAM µέσου 


πρὸς τὸ ἀπὸ ΓΑ. 


λαμβανομένου τὸν συγκείμενον ἔχει 
λόγον ἐκ τοῦ, ὃν ἔχει τὸ ὑπὸ ΓΝ, ΑΜ 
προς τὸ ὑπὸ ΝΔΜ καὶ τὸ ὑπὸ ΝΔΜ 
πρὸς τὸ ὑπὸ NBM: τὸ ἄρα ὑπὸ HT, 
ΖΑ πρὸς τὸ ἀπὸ TA τὸν συγκείμενον 
ἔχει λόγον ἐκ τοῦ τοῦ ὑπὸ ΓΝ, ΑΜ 
πρὸς τὸ ὑπὸ NAM καὶ τοῦ ὑπὸ NAM 
πρὸς τὸ ὑπὸ ΝΒΜ. ἀλλ᾽ ὡς μὲν τὸ 
ὑπὸ ΝΓ, ΑΜ πρὸς τὸ ὑπὸ ΝΔΜ, τὸ ἀπὸ 
ΕΒ πρὸς τὸ ἀπὸ ΒΔ. ὡς δὲ τὸ ὑπὸ 
NAM πρὸς τὸ ὑπὸ NBM, τὸ ὑπὸ ΓΔΑ 
πρὸς τὸ ὑπὸ ΓΕΑ: τὸ ἄρα ὑπὸ HT, AZ 
πρὸς τὸ ἀπὸ ΑΓ τὸν συγκείμενον ἔχει 
λόγον ἐκ τοῦ τοῦ ἀπὸ ΒΕ πρὸς τὸ ἀπὸ 
ΒΔ καὶ τοῦ ὑπὸ TAA πρὸς τὸ ὑπὺ 
ΓΕΑ. 


LQ is to the square on LQ, so is the 
rectangle under A'( AQ to the 
square on AQ; therefore ex aequo 
as the rectangle under L'O’, LQ is 
to the rectangle under L’PZ, so 18 
the rectangle under Αφ’, AQ to the 
rectangle under ΔΑ. But the 
rectangle under A'Q' AQ has to 
the rectangle under ΑΛ the ratio 
compounded of that of Q^ A" to K'R, 
that is, of rQ to YQ’, and of that of 
QA to AL, that is, of r’Q’ to Q'Q, 
which is the same as the ratio 
which the rectangle under r’Q’, rQ 
has to the square on Q'Q; hence, 
as the rectangle under Z'Q', LQ is 
to the rectangle under Z'PL, so is 
the rectangle under r’Q’, rQ to the 
square on Q'Q. But the rectangle 
under Q'Z', LQ has to the rectangle 
under Z'PL (if the rectangle under 
L'TL be taken as a mean) the ratio 
compounded of that which the rect- 
angle under Q'Z', QL has to the 
rectangle under Z'TL and the rect- 
angle under Z'T'L to the rectangle 
under Z'PL; hence the rectangle 
under 7'Q', rQ has to the square on 
Q'Q the ratio compounded of that 
of the rectangle under Q'Z', QL to 
the rectangle under ZL'TL and of 
the rectangle under Z'TL to the 
rectangle under Z'PL. But, as the 
rectangle under Z'Q', QL is to the 
rectangle under Z'TL, so is the 
square on VP to the square on PT, 
and, as the rectangle under Z'TZ is 
to the rectangle under Z/ PL, so is the 
rectangle under Q’7Q to the rect- 
angle under ( VQ; therefore the rect- 
angle under r’Q, rQ has to the square 
on YY the ratio compounded of that 
of the square on PV to the square 
on PT and of the rectangle under 
Q'TQ to tho rectangle under Q'VQ. 
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INTRODUCTION TO APOLLONIUS. 


II. 50 [Prop. 50 (Problem)]. 


(So far as relating to the hyperbola.) 


Της δοθείσης κώνου τομῆς ἐφαπτο- 
΄ 3 ^ o 4 ^ ν 
μένην ἀγαγεῖν, ἦτις πρὸς τῷ ἄξονι 
a a ~ s» 
γωνίαν ποιήσει ἐπὶ ταὐτὰ τῇ τομῇ ἴσην 
τῇ δοθείση ὀξείᾳ γωνία. 


* * * * 

"Ἔστω ἡ τομὴ ὑπερβολη, καὶ yeyo- 
νέτω, καὶ ἔστω ἐφαπτομένη ἡ ΓΔ, καὶ 
εἰλήφθω τὸ κέντρον τῆς τομῆς τὸ Χ, 
καὶ ἐπεζεύχθω ἡ TX καὶ κάθετος ἡ TE: 
λόγος apa τοῦ ὑπὸ τῶν ΧΕΔ πρὸς τὺ 
ἀπὸ τῆς EY δοθείς' ὁ αὐτὸς γάρ ἐστι 
τῷ τῆς πλαγίας πρὸς τὴν ὀρθίαν. τοῦ 
δὲ ἀπὸ τῆς TE πρὸς τὸ ἀπὸ τῆς EA 
λύγος ἐστὶ obeis: δοθεῖσα γὰρ ἑκατέρα 
τῶν ὑπὸ ΓΔΕ, ΔΕΓ. λόγος ἄρα καὶ 
τοῦ ὑπὸ ΧΕΔ πρὸς τὸ ἀπὸ τῆς ΕΔ 
δοθείε: ὥστε καὶ τῆς XE πρὸς ΕΔ 
λόγος ἐστὶ δοθείς. καὶ δοθεῖσα ἡ πρὸς 
τῷ E: δοθεῖσα ἄρα καὶ ἡ πρὸς τῷ Χ. 
πρὸς δὴ θέσει εὐθείᾳ τῇ XE καὶ δοθέντι 
τῷ Χ διῆκταί τις ἡ ΓΧ ἐν δεδομένῃ 
γωνία: θέσει ἄρα ἡ TX. θέσει δὲ καὶ 
ἡ τομή" δοθὲν ἄρα τὸ Y. καὶ διῆκται 
ἐφαπτομένη ἡ TA: θέσει ἄρα ἡ ΓΔ. 


» 9 , ^ - ε » 
ἤχθω ασύμπτωτος τῆς τομῆς η ZX: 
ἡ ΓΔ ἄρα ἐκβληθεῖσα συμπεσεῖται τῇ 
ἀσυμπτώτῳ. συμπιπτέτω κατὰ τὸ Ζ. 
μείζων ἄρα ἔσται ἡ ὑπὸ ΖΔΕ γωνία τῆς 
ὑπὸ ΖΧΔ. δεήσει dpa eis τὴν σύνθεσιν 
. , > - , , 
τὴν δεδομένην ὀξεῖαν γωνίαν μείζονα 
7 - , ^ ΄ 
είναι τῆς ἡμισείας τῆς περιεχομένης 
ὑπὸ τῶν ἀσυμπτώτων. 


Το draw a tangent to a given 
section of a cone which shall make 
with the axis towards the same 
parts with the section an angle 
equal to a given acute angle. 

ko * * & 

Let the section be a hyperbola, 
and suppose it done, and let PT be 
the tangent, and let the centre C of 
the section be taken and let PC be 
joined and PN be perpendicular ; 
therefore the ratio of the rectangle 
contained by CNT to the square on 
NP is given, for it is the same as 
that of the transverse to the erect. 
And the ratio of the square PN to 
the square on NT is given, for each 
of the angles PTN, TNP is given. 
Therefore also the ratio of the rect- 
angle under CN T to the square on 
NT is given; so that the ratio of 
CN to NT is also given. And the 
angle at N is given; therefore also 
the angle at C is given. Thus with 
the straight line CN [given] in posi- 
tion and at the given point C a 
certain straight line PC has been 
drawn at a given angle; therefore 
PC is [given] in position. Also the 
section is [given] in position ; there- 
fore P is given. And the tangent 
PT has been drawn; therefore PT 
is [given] in position. 

Let the asymptote LC of the 
section be drawn; then 77 pro- 
duced wil meet the asymptote. 
Let it meet it in Z ; then the angle 
LTN will be greater than the angle 
LCT. Therefore it will be necessary 
for the synthesis that the given 
acute angle should bo greater than 


GENERAL CHARACTERISTICS. 


συντεθήσεται δὴ τὸ πρόβλημα où- 
τως: ἔστω ἡ μὲν δοθεῖσα ὑπερβολή, ἧς 
ἄξων ὁ AB, ἀσύμπτωτος δὲ ἡ XZ, ἡ δὲ 
δοθεῖσα γωνία ὀξεῖα μείζων οὖσα τῆς 
ὑπὸ τῶν ΑΧΖ ἡ ὑπὸ ΚΘΗ, καὶ ἔστω 
τῇ ὑπὸ τῶν AXZ ἴση rj ὑπὸ KOA, καὶ 
ἤχθω ἀπὸ τοῦ Α τῇ ΑΒ πρὸς ὀρθὰς ἡ 
ΑΖ, εἰλήφθω δέ τι σημεῖον ἐπὶ τῆς ΗΘ 
τὸ H, καὶ ἤχθω ἀπ᾽ αὐτοῦ ἐπὶ τὴν ΘΚ 
κάθετος η HK. 
ὑπὸ ΖΧΑ τῇ ὑπὸ ΛΘΚ, εἰσὶ δὲ καὶ αἱ 


, ` 9 Ν , LY € 
€T €t ουν ιση εστιν 7) 


πρὸς τοῖς A, K γωνίαι ὀρθαί, ἔστιν apa, 
ὡς ἡ XA πρὸς AZ, ἡ OK πρὸς ΚΑ. ἡ 
δὲ ΘΚ πρὸς KA μείζονα λόγον ἔχει 
ἥπερ πρὸς τὴν HK: καὶ ἡ XA πρὸς AZ 
ἄρα μείζονα λόγον ἔχει ἧπερ ἢ ΘΚ 
πρὸς KH. wore καὶ τὸ ἀπὸ ΧΑ πρὸς 
τὸ ἀπὸ ΑΖ μείζονα λόγον ἔχει ἧπερ τὸ 
ἀπὸ ΘΚ πρὸς τὸ ἀπὸ ΚΗ. ws δὲ τὸ 
ἀπὸ ΧΑ πρὸς τὸ ἀπὸ ΑΖ, ἡ πλαγία 
πρὸς τὴν opÜiav: καὶ ἡ πλαγία ἄρα 
πρὸς τὴν ὀρθίαν μείζονα λόγον ἔχει 
ἥπερ τὸ ἀπὸ ΘΚ πρὸς τὸ ἀπὸ ΚΗ. 
ἐὰν δὴ ποιήσωμεν, ὡς τὸ ἀπὸ XA πρὸς 
τὸ ἀπὸ ΑΖ, οὕτως ἄλλο τι πρὸς τὸ 
ἀπὸ ΚΗ, μεῖζον ἔσται τοῦ ἀπὸ ΘΚ. 
ἔστω τὸ ὑπὸ MKO: καὶ ἐπεζεύχθω 7 
HM. 
τοῦ ὑπὸ MKO, τὸ dpa ἀπὸ MK πρὸς 


9 ^» $5 
ἐπεὶ οὖν μεῖζὀν ἐστι τὸ ἀπὸ MK 


4 Ld 
τὸ ἀπὸ KH μείζονα λόγον ἔχει ἤπερ τὸ 
a 
ὑπὸ ΜΚΘ πρὸς τὸ ἀπὸ KH, τουτέστι 
, 
τὸ ἀπὸ ΧΑ πρὸς τὸ ἀπὸ AZ. καὶ ἐὰν 
, e s > 4 . ` > a 
ποιήσωμεν, ὡς ro απο MK προς TO απο 
. » 
KH, οὕτως τὸ ἀπὸ XA πρὸς ἄλλο τι, 
ν . Ld ^ 9 4 4 ε 
ἔσται πρὸς ἔλαττον rov απο AZ: καὶ η 
ἀπὸ τοῦ Χ ἐπὶ τὸ ληφθὲν σημεῖον 
΄ 9 - [αι ΄ A 
ἐπιζευγνυμένη εὐθεῖα ὅμοια ποιήσει τὰ 
- > 
τρίγωνα, καὶ διὰ τοῦτο μείζων ἐστιν ἡ 
a ε 
ὑπὸ ΖΧΑ τῆς ὑπὸ ΗΜΚ. 
ε 


τῇ ὑπὸ HMK ἴση rj ὑπὸ ANT" ἡ dpa 


κείσθω δὴ 
XT τεμεῖ τὴν τομήν. τεμνέτω κατὰ τὸ 
T, καὶ ἀπὸ τοῦ Γ ἐφαπτομένη τῆς τομῆς 
ἤχθω ἡ ΓΔ, καὶ κάθετος ἡ ΓΈ: ὅμοιον 


xciil 


the half of that contained by the 
asymptotes. 

Thus the synthesis of the prob- 
lem will proceed as follows : let the 
given hyperbola be that of which 
AA’ isthe axis and CZ an asymptote, 
and the given acute angle (being 
greater than the angle ACZ) the 
angle FED, and let the angle FEH 
be equal to the angle .1CZ, and let 
AZ be drawn from .1 at right angles 
to A’, and let any point D be 
taken on DE, and let a perpendicu- 
lar DF be drawn from it upon £F. 
Then, since the angle ZCA is equal 
to the angle HEF, and also the 
angles at 4, F are right, as CA is to 
AZ,sois EF to FH. But EF has 
to FH a greater ratio than it has to 
FD; therefore also CA has to AZ a 
greater ratio than EF has to FD. 
Hence also the square on C.1 has to 
the square on AZ a greater ratio 
than the square on EF has to the 
square on FD. And, as the square 
on CA is to the square on .1Z, so is 
the transverse to the erect ; therefore 
also the transverse has to the erect 
a greater ratio than the square on 
EF has to the square on FD. If 
then we make, as the square on Cd 
to the square on AZ, so some other 
area to the square on FD, that area 
will be greater than the square on 
EF. Let it be the rectangle under 
KFE; and let DK be joined. Then, 
since the square on KF is greater 
than the rectangle under XEFE, the 
square on AF’ has to the square on 
FD a greater ratio than the rectangle 
under KFE has to the square on 
FD, that is, the square on CA to 
the square on AZ. And if we make, 
as the square on A to the square 
on FD, so the square on C.i to 


XC1V 


ἄρα ἐστὶ τὸ ΓΧΕ τρίγωνον τῷ HMK. 
ἔστιν ἄρα, ὡς τὸ ἀπὸ ΧΕ πρὸς τὸ ἀπὸ 
ET, τὸ ἀπὸ ΜΚ πρὸς τὸ ἀπὸ KH. 
ἔστι δὲ καὶ, ὡς ἡ πλαγία πρὸς τὴν 
ὀρθίαν, τό τε ὑπὸ ΧΕΔ πρὸς τὸ ἀπὸ 
ET καὶ τὸ ὑπὸ ΜΚΘ πρὸς τὸ ἀπὸ KH. 
καὶ ἀνάπαλιν, ὡς τὸ ἀπὸ ΓῈ πρὸς τὸ 
ὑπὸ XEA, τὸ ἀπὸ HK πρὸς τὸ ὑπὸ 
MKO: δὲ ἴσου ἄρα, ὡς τὸ ἀπὸ ΧΕ 
πρὸς τὸ ὑπὸ XEA, τὺ ἀπὸ ΜΚ πρὸς τὸ 
ὑπὸ ΜΚΘ. καὶ ὡς ἄρα ἡ ΧΕ πρὸς 
ΕΔ, ἡ ΜΚ πρὸς ΚΘ. ἦν δὲ καὶ, ὡς ἡ 
ΓΕ πρὸς EX, ἡ HK πρὸς KM: δι ἴσου 
ἄρα, ὡς ἡ TE πρὸς EA, ἡ ΗΚ πρὸς 
ΚΘ. 
K γωνίαι" ἴση ἄρα ἡ πρὸς τῷ Δ γωνία 
τῇ ὑπὸ ΗΘΚ. 


. - 
καὶ εἰσὶν ὀρθαὶ αἱ πρὸς τοῖς Ε, 
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another area, [the ratio] will be to a 
smaller area than the square on 
AZ; and the straight line joining 6 
to the point taken will make the 
triangles similar, and for this reason 
the angle ZCA is greater than the 
angle DAF. Let the angle ACP be 
made equal to the angle DKF; 
therefore CP will cut the section. 
Let it cut it at P, and from P let 
PT be drawn touching the section, 
and PN perpendicular; therefore 
the triangle PCN is similar to 
DKF. Therefore, as is the square 
on CW to the square on AP, so is 
the square on XF to the square on 
FD. Also, as the transverse is to 
the erect, so is both the rectangle 
under CVT to the square on VP 
and the rectangle under XFE to 
the square on FD. And conversely, 
as the square on PN is to the 
rectangle under CN7, so is the 
square on DF to the rectangle under 
KFE; therefore ev aequo, as the 
square on CN is to the rectangle 
under CNT, so is the square on AF 
to the rectangle under AF E. There- 
fore, as CN is to NT, so is AF to 
FE. But also, as PN is to NC, so 
was DF to FK ; therefore ex aequo, 
as PN is to NT, so is DF to FE. 
And the angles at N, F are right ; 
therefore the angle at T is equal to 
the angle DEF. 


In connexion with the propositions just quoted, it may not be 
out of place to remark upon some peculiar advantages of the Greek 


language as à vehicle for geometrical investigations. 


Its richness 


in grammatical forms is, from this point of view, of extreme import- 
ance. For instance, nothing could be more elegant than the regular 
use of the perfect imperative passive in constructions; thus, where 
we should have to say “let a perpendicular be drawn” or, more 
peremptorily, “draw a perpendicular," the Greek expression is ἤχθω 
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κάθετος, the former word expressing in itself the meaning “let it have 
been drawn” or “suppose it drawn,” and similarly in all other cases, 
e.g. γεγράφθω, ἐπεζεύχθω, ἐκβεβλήσθω, τετμήσθω, εἰλήφθω, ἀφηρήσθω 
and the like. Neatest of all is the word γεγονέτω with which the 
analysis of a problem begins, ‘suppose it done.” The same form is 
used very effectively along with the usual expression for a propor- 
tion, e.g. πεποιήσθω, ὡς ἡ HK πρὸς KE, 7 ΝΞ πρὸς EM, which can 
hardly be translated in English by anything shorter than “ Let N= 
be so taken that NZ is to EM as HK to KE.” 

Again, the existence of the separate masculine, feminine and 
neuter forms of the definite article makes it possible to abbreviate 
the expressions for straight lines, angles, rectangles and squares by 
leaving the particular substantive to be understood. Thus 7 HK is 
ἡ HK (γραμμή), the ine HK; in ἡ ὑπὸ ABT or ἢ ὑπὸ τῶν ABT the word 
understood is γωνία and the meaning is the angle ABT (i.e. the angle 
contained by AB and BT); τὸ vró ABT or τὸ ὑπὸ τών ABT is τὸ ὑπὸ ABT 
(χωρίον or ὀρθογώνιον), the rectangle contained by AB, BT ; τὸ ἀπὸ AB 
is τὸ ἀπὸ ΑΒ (τετράγωνον), the square on AB. The result is that much 
of the language of Greek geometry is scarcely less concise than the 
most modern notation. 


The closeness with which Apollonius followed the Euclidean 
tradition is further illustrated by the exact similarity of language 
between the enunciations of Apollonius’ propositions about the conic 
and the corresponding propositions in Euclid’s third Book about 
circles, The following are some obvious examples. 


Eucl. rm. 1. Ap. 1. 45. 


Tov δοθέντος κύκλου τὸ κέντρον 
εὑρεῖν. 
Eucl. ri. 2. 
᾿Εὰν κύκλου ἐπὶ τῆς περιφερείας 
ληφθῇ δύο τυχόντα σημεῖα, ἡ ἐπὶ τὰ 


σημεῖα ἐπιζευγνυμένη 
πεσεῖται τοῦ κύκλου. 


» - > 4 
εὐθεῖα ἐντὸς 


Eucl. ΙΠ. 4. 
Ἐὰν ἐν κύκλῳ δύο εὐθεῖαι τέμνωσιν 


- , 9 
ἀλλήλας μὴ διὰ τοῦ κέντρου οὖσαι, ov 
τέμνουσιν ἀλλήλας δίχα. 


Tis δοθείσης ἐλλείψεως ἢ vmep- 
βολῆς τὸ κέντρον εὑρεῖν. 


ΑΡ. 1. 10. 

Ἐὰν ἐπὶ κώνου τομῆς ληφθῃ δύο 
σημεῖα, ἡ μὲν ἐπὶ τὰ σημεῖα ἐπιζευγνυ- 
μένη εὐθεῖα ἐντὸς πεσεῖται τῆς τομῆς, 
€ i» 9 > ,  , a 9 , 

n δὲ ew εὐθείας αὐτῇ ἐκτός. 
Ap. ir. 26. 

Ἐὰν ἐν ἐλλείψει f) κύκλου mepi- 
φερείᾳ δύο εὐθεῖαι τέμνωσιν ἀλλήλας 
μὴ διὰ τοῦ κέντρου οὖσαι, οὐ τέμνουσιν 


ἀλλήλας δίχα. 


ΧΟνΙ 


Eucl. mz. 7. 


, A , 7 A ^ ΄ 
Εὰν κύκλου ἐπὶ τῆς διαμέτρου 
- ^ e , Ld 
ληφόθῃη τι σημεῖον, Ο μή ἐστι κέντρον 
- - , 4 
τοῦ κύκλου, ἀπὸ δὲ τοῦ σηµείου πρὸς 
τὸν κύκλον προσπίπτωσιν εὐθεῖαί τινες, 
, ν ν »4» € 4 , 
μεγίστη μὲν ἔσται, ep rs τὸ κέντρον, 
e 9 y > 
ἐλαχίστη δὲ ἡ λοιπή, τῶν δὲ ἄλλων aci 
ἡ ἔγγιον τῆς διὰ τοῦ κέντρου τῆς 
» , , » , , 8 , 
ἀπώτερον μείζων ἐστίν, δύο δὲ μόνον 
LÀ ^ ^ 
ἴσαι ἀπὸ τοῦ σημείου προσπεσοῦνται 
. . , 91» e ^? ^ 
πρὸς τὸν κύκλον ἐφ  éxarepa της 
ἐλαχίστης. 
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Ap. v. 4 and 6. 
(Translated from Halley.) 


If a point be taken on the axis 
of an ellipse whose distance from 
the vertex of the section is equal to 
half the latus rectum, and if from 
the point any straight lines what- 
ever be drawn to the section, the 
least of all the straight lines drawn 
from the given point will be that 
which is equal to half the latus 
rectum, the greatest the remaining 
part of the axis, and of the rest 
those which are nearer to the least 
will be less than those more re- 
mote....... 


As an instance of Apollonius’ adherence to the conceptions of 


Euclid’s Elements, those propositions of the first Book of the Conies 
may be mentioned which first introduce the notion of a tangent. 
Thus in 1. 17 we have the proposition that, if in a conic a straight 
line be drawn through the extremity of the diameter parallel to the 
ordinates to that diameter, the said straight line will fall without 
the conic ; and the conclusion is drawn that it is a tangent. This 
argument recalls the Euclidean definition of a tangent to a circle as 
“any straight line which meets the circle and being produced does 
not cut the circle.” We have also in Apollonius as well as in Euclid 
the proof that no straight line can fall between the tangent and the 
curve. Compare the following enunciations : 


Eucl. rrr. 16. Ap. 1. 32. 


Ἡ τῇ διαμέτρῳ τοῦ κύκλου πρὸς ᾿Εὰν κώνου τομῆς διὰ τῆς κορυφῆς 


ὀρθὰς ἀπ᾽ ἄκρας ἀγομένη ἐκτὸς πεσεῖται εὐθεῖα παρὰ τεταγμένως κατηγμένην 
τοῦ κύκλου, καὶ εἰς τὸν μεταξὺ τόπον ἀχθῇ, ἐφάπτεται τῆς τομῆς, καὶ εἰς 
τῆς τε εὐθείας καὶ τῆς περιφερείας τὸν μεταξὺ τόπον τῆς τε κώνου τομῆς 
ἑτέρα εὐθεῖα οὐ παρεμπεσεῖται. καὶ τῆς εὐθείας ἑτέρα εὐθεῖα οὐ παρεμ- 


πεσεῖται. 


Another instance of the orthodoxy of Apollonius is found in the 
fact that, when enunciating propositions as holding good of a circle 
as well as a conic, he speaks of “a hyperbola or an ellipse or the 
circumference of a circle," not of a circle simply. In this he follows 
the practice of Euclid based upon his definition of a circle as “a 
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plane figure bounded by one line.” It is only very exceptionally 
that the word circle alone is used to denote the circumference of the 
circle, e.g. in Euclid tv. 16 and Apollonius 1. 37. 


82. Planimetric character of the treatise. 


Apollonius, like all the Greek geometers whose works have come 
down to us, uses the stereometric origin of the three conics as 
sections of the cone only so far as is necessary in order to deduce 
a single fundamental plane property for each curve. This plane 
property is then made the basis of the further development of the 
theory, which proceeds without further reference to the cone, except 
indeed when, by way of rounding-off the subject, it is considered 
necessary to prove that a cone can be found which will contain any 
given conic. As pointed out above (p. xxi), it is probable that the 
discovery of the conic sections was the outcome of the attempt of 
Menaechmus to solve the problem of the two mean proportionals by 
constructing the plane loci represented by the equations 


e=ay, yY =bæ, xy=ab, 


and, in like manner, the Greek geometers in general seem to have con- 
nected the conic sections with the cone only because it was in their 
view necessary to give the curves a geometrical definition expressive 
of their relation to other known geometrical figures, as distinct from 
an abstract definition as the loci of points satisfying certain conditions. 
Hence finding a particular conic was understood as being synonymous 
with /ocalising it in a cone, and we actually meet with this idea in 
Apollonius 1. 52—58 [Props. 24, 25, 27], where the problem of 
* finding" a parabola, an ellipse, and a hyperbola satisfying certain 
conditions takes the form of finding a cone of which the required 
curves are sections. Menaechmus and his contemporaries would 
perhaps hardly have ventured, without such a geometrical defini- 
tion, to regard the loci represented by the three equations as being 
really curves. When however they were found to be producible by 
cutting a cone in a particular manner, this fact was a sort of 
guarantee that they were genuine curves; and there was no longer 
any hesitation in proceeding with the further investigation of their 
properties in a plane, without reference to their origin in the cone. 
There is no reason to suppose that the method adopted in the 
Solid Loci of Aristaeus was different. We know from Pappus that 
Aristaeus called the conics by their original names; whereas, if (as 
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the title might be thought to imply) he had used in his book the 
methods of solid geometry, he would hardly have failed to discover 
a more general method of producing the curves than that implied by 
their old names. We may also assume that the other predecessors 
of Apollonius used, equally with him, the planimetric method ; for 
(1) among the properties of conics which were well-known before 
his time there are many, e.g. the asymptote-properties of the 
hyperbola, which could not have been evolved in any natural way 
from the consideration of the cone, (2) there are practically no 
traces of the deduction of the plane properties of a conic from other 
stereometric investigations, even in the few instances where it would 
have been easy. Thus it would have been easy to regard an ellipse 
as & section of a right cylinder and then to prove the property of 
conjugate diameters, or to find the area of the ellipse, by projection 
from the circular sections ; but this method does not appear to have 
been used. 


83. Definite order and aim. 


Some writers have regarded the Conics as wanting in system and 
containing merely a bundle of propositions thrown together in a 
hap-hazard way without any definite plan having taken shape in the 
author's mind. This idea may have been partly due to the words 
used at the beginning of the preface, where Apollonius speaks of 
having put down everything as it occurred to him ; but it is clear 
that the reference is to the imperfect copies of the Books which 
had been communicated to various persons before they took their 
final form. Again, to a superficial observer the order adopted in the 
first Book might seem strange, and so tend to produce the same 
impression ; for the investigation begins with the properties of the 
conics derived from the cone itself, then it passes to the properties 
of conjugate diameters, tangents, etc., and returns at the end of the 
Book to the connexion of particular conies with the cone, which is 
immediately dropped again. But, if the Book is examined more 
closely, it is apparent that from the beginning to the end a detinite 
object is aimed at, and only such propositions are given as are 
necessary for the attainment of that object. It is true that they 
contain plane properties which are constantly made use of after- 
wards; but for the time being they are simply links in a chain of 
proof leading to the conclusion that the parabolas, ellipses and 
hyperbolas which Apollonius obtains by any possible section of any 
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kind of circular cone are identical with those which are produced 
from sections of cones of revolution. 

The order of procedure (leaving out unnecessary details) is as 
follows. First, we have the property of the conic which is the 
equivalent of the Cartesian equation referred to the particular 
diameter which emerges from the process of cutting the cone, and 
the tangent at its extremity, as axes of coordinates. Next, we are 
introduced to the conjugate diameter and the reciprocal relation be- 
tween it and the original diameter. Then follow properties of tangents 
(1) at the extremity of the original diameter and (2) at any other 
point of the curve which is not on the diameter. After these come 
a series of propositions leading up to the conclusion that any new 
diameter, the tangent at its extremity, and the chords parallel to 
the tangent (in other words, the ordinates to the new diameter) 
have to one another the same relation as that subsisting between the 
origina] diameter, the tangent at its extremity, and the ordinates 
to it, and hence that the equation of the conic when referred to 
the new diameter and the tangent at its extremity is of the same 
form as the equation referred to the original diameter and tangent*. 
Apollonius is now in a position to pass to the proof of the 
proposition that the curves represented by his original definitions 
can be represented by equations of the same form with reference to 
rectangular axes, and can be produced by means of sections of right 
cones. He proceeds to propose the problem “to find” a parabola, 
ellipse, or hyperbola, when a diameter, the angle of inclination of its 
ordinates, and the corresponding parameter are given, or, in other 
words, when the curve is given by its equation referred to given 
axes, “Finding” the curve is, as stated above, regarded as 
synonymous with determining it as a section of a right circular 
cone. This Apollonius does in two steps: he first assumes that the 
ordinates are at right angles to the diameter and solves the problem 
for this particular case, going back to the method followed in his 
original derivation of the curves from the cone, and not using any of 
the results obtained in the intervening plane investigations; then, 
secondly, he reduces the case where the ordinates are not perpen- 


* The definiteness of the design up to this point is attested by a formal 
recapitulation introduced by Apollonius himself at the end of 1. 51 and 
concluding with the statement that **all tbe properties which have been shown 
to be true with regard to the sections by reference to the original diameters 
will equally result when the other diameters are taken." 
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dicular to the diameter to the former case, proving by his procedure 
that it is always possible to draw a diameter which is at right angles 
to the chords bisected by it. Thus what is proved here is not the 
mere converse of the first propositions of the Book. If that had 
been all that was intended, the problems would more naturally have 
followed directly after those propositions. It is clear, however, that 
the solution of the problems as given is not possible without the 
help of the intermediate propositions, and that Apollonius does in 
fact succeed in proving, concurrently with the solution of the 
problems, that there cannot be obtained from oblique cones any 
other curves than can be derived from right cones, and that all 
conics have axes. 

The contents of the first Book, therefore, so far from being a 
fortuitous collection of propositions, constitute a complete section of 
the treatise arranged and elaborated with a definite intention 
throughout. 

In like manner it will be seen that the other Books follow, 
generally, an intelligible plan; as, however, it is not the object of 
this introduction to give an abstract of the work, the remaining 
Books shall speak for themselves. 


CHAPTER III. 
THE METHODS OF APOLLONIUS. 


As a preliminary to the consideration in detail of the methods 
employed in the Con?cs, it may be stated generally that they follow 
steadily the accepted principles of geometrical investigation which 
found their definitive expression in the Alements of Euclid. Any 
one who has mastered the Elements can, if he remembers what 
he gradually learns as he proceeds in his reading of the Conics, 
understand every argument of which Apollonius makes use. In 
order, however, to thoroughly appreciate the whole course of his 
thought, it is necessary to bear in mind that some of the methods 
employed by the Greek geometers were much more extensively used 
than they are in modern geometry, and were consequently handled 
by Apollonius and his contemporary readers with much greater 
deftness and facility than would be possible, without special study, 
to a modern mathematician. Hence it frequently happens that 
Apollonius omits an intermediate step such as a practised mathema- 
tician would now omit in a piece of algebraical work which was 
not intended for the mere beginner. In several such instances 
Pappus and Eutocius think it necessary to supply the omission by a 
lemma. 


81. The principal machinery used by Apollonius as well as by 
the earlier geometers comes under the head of what has been not 
inappropriately called a geometrical Algebra; and it will be 
convenient to exhibit the part which this plays in the Conics under 
the following important subdivisions. 


(1) The theory of proportions. 


This theory in its most complete form, as expounded in the fifth 
and sixth Books of Euclid, lies at the very root of the system of 
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Apollonius ; and a very short consideration suttices to show how far 
it is capable of being used as a substitute for algebraical operations. 
Thus it is obvious that it supplies a ready method of effecting the 
operations of multiplication and division. Again, suppose, for 
example, that we have a series in geometrical progression consisting 
of the terms αρ, a, a, ... ἄμ, so that 





My ty do ya 
Qa Q Οι Qn 
; n zn 
x a QN a a 
We have then —= ο) , or —=,/—. 


Thus the continued use of the method of proportions enables an 
expression to be given for the sum of the geometrical series (cf. the 
summation in Eucl. 1x. 35). 


(2) The application of areas. 


Whether the theory of proportions in the form in which Euclid 
presents it is due to Eudoxus of Cnidus (408—355 B.c.) or not, 
there is no doubt that the method of application of areas, to which 
allusion has already been made, was used much earlier still. We 
have the authority of the pupils of Eudemus (quoted by Proclus on 
Euclid 1. 44) for the statement that “these propositions are the 
discoveries of the Pythagorean muse, the application of areas, their 
exceeding, and their falling short" (7 τε παραβολὴ τῶν χωρίων καὶ 7 
ὑπερβολὴ καὶ ἡ ἔλλειψις), where we find the very terms afterwards 
applied by Apollonius to the three conic sections on the ground of 
the corresponding distinction between their respective fundamental 
properties as presented by him. The problem in Euclid 1. 44 is “to 
apply to a given straight line a parallelogram which shall be equal 
to a given triangle and have one of its angles equal to a given 
rectilineal angle." The solution of this clearly gives the means of 
adding together or subtracting any triangles, parallelograms, or other 
figures which can be decomposed into triangles. 

Next, the second Book of Euclid (with an extension which is 
found in vi. 27—29) supplies means for solving the problems of 
modern algebra so long as they do not involve expressions above the 
second degree, and provided, so far as the solution of quadratic 
equations is concerned, that negative and imaginary solutions are 
excluded; the only further qualification to be borne in mind is 
that, since negative magnitudes are not used in Greek geometry, 
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it is often necessary to solve a problem in two parts, with ditlerent 
figures, where one solution by algebra would cover both cases. 

It is readily seen that Book 11. of the Elements makes it possible 
to multiply two factors with any number of linear terms in each ; 
and the compression of the result into a single product follows by 
the aid of the application-theorem. That theorem itself supplies a 
method of dividing the product of any two linear factors by a third. 
The remaining operations for which the second Book affords the 
means are, however, the most important of all, namely, 


(a) the finding of a square whose area is equal to that of a 
given rectangle [11. 14], which problem is the equivalent of extract- 
ing the square root, or of the solution of a pure quadratic equation, 


(b) the geometrical solution of a mixed quadratic equation, 
which can be derived from ΙΙ. 5, 6. 


In the first case (a) we produce the side AB of the rectangle to 
E, making BE equal to BC; then we bisect AF in F, and, with ῥ᾽ 
as centre and radius FE, draw a circle meeting CB produced in G. 


G 





Then FG? = FB + BG". 
Also F@=FE*=AB. BE + FB’, 
whence, taking away the common FB”, 
BG?=AB. BE. 


This corresponds to the equation 


and BG or x is found. 
In the second case (b) we have, if AB is divided equally at C 


and unequally at D, 
AD. DB + CD = CR. [Eucl. τι. 5.) 


Now suppose AD2e«e Dbza. 
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Then ax — x? =rect, AH 
=the gnomon CMF. 
Thus, if the area of the gnomon is given (=0b°, say), and if a is given 
(= AB), the problem of solving the equation 
ax — x zb 

is, in the language of geometry, “To a given straight line (a) to 
apply a rectangle which shall be equal to a given square (b°) and 
deficient by a square,” i.e. to construct the rectangle 4/7. 


N 





E G F 


This simply requires the construction of a gnomon, equal in area 
δ » «1 


to b°, of which each of the outer sides is given (cB, or 5) . Now 


od 


2 
a). 
we know the area ΤΕ (i.e. the square CZ), and we know the area of 


part of it, the required gnomon CM P (= b’) ; hence we have only to 
find the difference between the two, namely the area of the square 
LG, in order to find CD which is equal to its side. This can be 
done by applying the Pythagorean proposition, 1. 47. 

Simson gives the following easy solution in his note on vı. 
28-29. Measure CO perpendicular to AB and equal to b, produce 
QC to N so that ON = CB (or 5), and with Ο as centre and radius 


- 


ON describe a circle cutting CB in D. 
Then DB (or x) is found, and therefore the rectangle 477. 


For AD. DB + CD? =CB* 
= 0D° 
= 0C? + CDS, 
whence AD. 23-06”, 


or qae y ee E ο ma e e (2). 
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It is clear that it is a necessary condition of the possibility of a 


9 


Pd 


a 2 
real solution that b? must not be greater than (5) , and that the 


geometrical solution derived from Euclid dves not differ from our 
practice of solving a quadratic by completing the square on the side 
containing the terms in cz? and z*. 

To show how closely A pollonius keeps to this method and to the old 
terminology connected therewith, we have only to compare his way 
of describing the foci of a hyperbola or an ellipse. He says, ‘ Let 
a rectangle equal to one fourth part of the ‘figure’ [i.e. equal to 
C D*] be applied to the axis at either end, for the hyperbola or the 
opposite branches exceeding, but for the ellipse deficient, by a 
square”; and the case of the ellipse corresponds exactly to the 
solution of the equation just given. 


* It will be observed that, while in this case there are two geometrically 
real solutions, Euclid gives only one. It must not however be understood from 
this that he was unaware that there are two solutions. The contrary may be 
inferred from the proposition v1. 27, in which he gives the διορισμός stating the 


2 
necessary condition corresponding to b? + (5) ; for, although the separate treat- 


ment, in the text translated by Simson, of the two cases where the base of the 
applied parallelogram is greater and less than half the given line appears to 
be the result of interpolations (see Heiberg’s edition, Vol. 11. p. 161), the dis- 
tinction is perfectly obvious, and we must therefore assume that, in the case 
given above in the text, Euclid was aware that x —4D satisfies the equation as 
well as z— DD. The reason why he omitted to specify the former solution is no 
doubt that the rectangle so found would simply be an equal rectangle but on BD 
as base instead of 4D, and therefore there is no real object in distinguishing 
two solutions. This is easily understood when we regard the equation as a 
statement of the problem of finding two quantities whose sum (a) and product 
(03) are given, i.e. as equivalent to the simultaneous equations 
t+y=a, 
ry =v, 

These symmetrical equations have really only one solution, as the two 
apparent solutions are simply the result of interchanging the values of x and y. 
This form of the problem was known to Euclid, as appears from Prop. 86 of the 
Data (as translated by Simson): “ If two straight lines contain a parallelogram 
given in magnitude, in a given angle; if both of them together be given, they 
shall each of them be given." 

From Euclid's point of view the equations next referred to in the text 


z?+ax=b? 


have of course only one solution. 
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Again, from the proposition in Euclid rr. 6, we have, if ARB is 
bisected at C and produced to D, 


AD.DB + CB? = CDF. 





Let us suppose that, in Euclid’s figure, AB =a, BD =x. 
Then AD, DB = av + x’, 
and, if this is equal to b’ (a given area), the solution of the equation 
ax + x= δ' 


is equivalent to finding a gnomon equal in area to b and having as 
one of the sides containing the inner right angle a straight line 


α aN? 
5° Thus we know (5) and b°, and 
we have to find, by the Pythagorean proposition, a square equal to 
the sum of two given squares. 

To do this Simson draws BO at right angles to 47 and equal to 
b, joins CO, and describes with centre C and radius CO a circle 


meeting 42 produced in D. Thus BD, or x, is found. 


equal to the given length CB or 


Now AD. DB «CB zCD? 
2 CO! 
= CB? + BO?, 
whence AD. DEB = ΠΟ", 
or ax + x? = b. 


This solution corresponds exactly to Apollonius’ determination of 
the foci of the hyperbola. 
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The equation a*—ax = b* 
can be dealt with in a similar manner. 
If AB=a, and if we suppose the problem solved, so that 
AD - 2, then 
x? —av= A.M =the gnomon CMF, 
and, to find the gnomon, we have its area (b°), and the area CL? 
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ΟΥ (5) by which the gnomon differs from 6)". Thus we can find 
D (and therefore AD, or a) by the same construction as in the case 
immediately preceding. 

Hence Euclid has no need to treat this case separately, because 
it is the same as the preceding except that here x is equal to AD 
instead of BD, and one solution can be derived from the other. 

So far Euclid has not put his propositions in the form of an 
actual solution of the quadratic equations referred to, though he 
has in 11. 5, 6 supplied the means of solving them. In vi. 28, 29 
however he has not only made the problem more general by 
substituting for the square by which the required rectangle is to 
exceed or fall short a parallelogram similar and similarly situated to 
a given parallelogram, but he has put the propositions in the form 
of an actual solution of the general quadratic, and has prefixed to 
the first case (the deficiency by a parallelogram) the necessary 
condition of possibility [vr. 27] corresponding to the obvious 
διορισμός referred to above in connection with the equation 

ax — a” zb. 

Of the problems in vi. 28, 29 Simson rightly says “These two 
problems, to the first of which the 27th prop. is necessary, are the 
most general and useful of all in the elements, and are most 
frequently made use of by the ancient geometers in the solution of 
other problems ; and therefore are very ignorantly left out by Tacquet 
and Dechales in their editions of the Elements, who pretend that they 
are scarce of any use.* " 


* It is strange that, notwithstanding this observation of Simson's, the three 
propositions vr. 27, 28, 29 are omitted from Todhunter's Euclid, which contains 
a note to this effect : ** We have omitted in the sixth Book Propositions 27, 28, 
29 and the first solution which Euclid gives of Proposition 30, as they appear 
now to be never required and have been condemned as useless by various 
modern commentators; see Austin, Walker, and Lardner." 

I would suggest that all three propositione should be at once restored to the 
text-hooks of Euclid with a note explaining their mathematical significance. 
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The enunciations of these propositions are as follows* : 


γι. 27. “Of all the parallelograms applied to the same straight 
line and deficient by parallelograms similar and similarly situated to 
that which is described upon the half of the line, that which is applied 
to the half, and is similar to its defect, 1s greatest. 


vi. 28. “To a given straight line to apply a parallelogram equal 
to a given rectilineal figure and deficient by a paralleloyram similar 
to a given parallelogram: But the given rectilineal figure must not be 
greater than the parallelogram applied to half of the given line and 
sumilar to the defect. 


vi. 29. “Toa given straight line to apply a parallelogram equal 
to a given rectilineal figure and exceeding by a parallelogram similar 
to a given one.” 


Corresponding propositions are found among the Data of Euclid. 
Thus Prop. 83 states that, “Zf a parallelogram equal to a given 
space be applied to a given straight line, deficient by a parallelogram 
given «n species, the sides of the defect are given," and Prop. 81 states 
the same fact in the case of an excess. 

It is worth while to give shortly Euclid's proof of one of these 
propositions, and vr. 28 is accordingly selected. 


H G O 
ONAN N 
A E S B 
L M 
K N 
* The translation follows the text of Heiberg’s edition of Euclid (Teubner, 
1883-8). 
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Let 4} be the given straight line, C the given area, D the 
parallelogram to which the defect of the required parallelogram is to 
be similar. 

Bisect AB at E, and on EB describe a parallelogram GEBF 
similar and similarly situated to D [by νι. 18] Then, by the 
διορισμός [νι. 27], AG must be either equal to C or greater than it. 
If the former, the problem is solved ; if the latter, it follows that 
the parallelogram ÆF is greater than C. 

Now construct a parallelogram LAN. equal to the excess of 
EF over C and similar and similarly situated to D [νι. 25]. 

Therefore LA NM is similar and similarly situated to EF, while, 
if GE, LA, and GF, LM, are homologous sides respectively, 


GE > LK, and GF> LM. 


Make GX (along GE) and GO (along GF) equal respectively to 
LK, LM, and complete the parallelogram XGOP. 

Then CPB must be the diagonal of the parallelogram GB 
[v1. 26]. Complete the figure, and we have 


EF=C + KM, by construction, 
and XO= KM. 


Therefore the difference, the gnomon KO, is equal to C. 

Hence the parallelogram TS, which is equal to the gnomon, is 
equal to C. 

Suppose now that AB =a, SP — v, and that b : c is the ratio of 
the sides AW, LK of the parallelogram LANA to one another; we 
then have, if m is a certain constant, 


TB =m . ax, 


2 
SR=m.-.be 
C 


so that αα ----- 22} -- --, 


Proposition 28 in like manner solves the equation 


206 
αω --α-ξ-. 
ο m 
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If we compare these equations with those by which Apollonius 
expresses the fundamental property of a central conic, viz. 


petha =y, 


d 

it is seen that the only difference is that p takes the place of a and, 
instead of any parallelogram whose sides are in a certain ratio, that 
particular similar parallelogram is taken whose sides are p, d. 
Further, Apollonius draws p at right angles to d. Subject to these 
differences, the phraseology of the Conies is similar to that of 
Euclid: the square of the ordinate is said to be equal to a rectangle 
“applied to” a certain straight line (i.e. p), “having as its width " 
(πλάτος ἔχον) the abscissa, and “falling short (or exceeding) by a 
figure similar and similarly situated to that contained by the 
diameter and the parameter.” 

It will be seen from what has been said, and from the book 
itself, that Apollonius is nothing if not orthodox in his adherence to 
the traditional method of application of areas, and in his manipula- 
tion of equations between areas such as are exemplified in the 
second Book of Euclid. From the extensive use which is made of 
these principles we may conclude that, where equations between, 
areas are stated by Apollonius without proof, though they are not 
immediately obvious, the explanation is to be found in the fact 
that his readers as well as himself were so imbued with the methods 
of geometrical algebra that they were naturally expected to be 
able to work out any necessary intermediate step for themselves. 
And, with regard to the manner of establishing the results assumed 
by Apollonius, we may safely infer, with Zeuthen, that it was 
the practice to prove them directly by using the procedure of the 
second Book of the Elements rather than by such combinations and 
transformations of the results obtained in that Book as we tind in 
the lemmas of Pappus to the propositions of Apollonius. The 
kind of result most frequently assumed by Apollonius is some 
relation between the products of pairs of segments of a straight 
line divided by points on it into a number of parts, and Pappus’ 
method of proving such a relation amounts practically to the pro- 
cedure of modern algebra, whereas it is more likely that Apollonius 
and his contemporaries would, after the manner of geometrical 
algebra, draw a figure showing the various rectangles and squares, 
and thence, in many cases by simple inspection, conclude e.g. that 
one rectangle is equal to the sum of two others, and so on. 
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An instance will make this clear. In Apollonius m1 26 
(Prop. 60] it is assumed that, if E, A, D, C, D be points on a line 
in the order named, and if AB = CD, then 


EC. EB=AB.BD+ED. EA. 


ge ' 


A' 


E A g C D 


This appears at once if we set off ΕΛ’ perpendicular and equal 
to ED, and ΕΑ’ along EB’ equal to FA, and if we complete the 
parallelograms as in the figure *. 

Similarly Eutocius' lemma to rir. 29 [Prop. 61] is more likely to 
represent Apollonius’ method of proof than is Pappus' 6th lemma 
to Book III. (ed. Hultsch, p. 919). 


(3 Graphic representation of areas by means of aux- 
iliary lines. 

The Greek geometers were fruitful in devices for the compression 
of the sum or difference of the areas of any rectilineal figures into a 
single area ; and in fact the Elements of Euclid furnish the means 
of effecting such compression generally. The Conzcs of Apollonius 
contain some instances of similar procedure which deserve mention 
for their elegance. There is, first, the representation of the area of 
the square on the ordinate y in the form of a rectangle whose base 
is the abscissa x. While the procedure for this purpose is, in 


* On the other hand Pappus' method is simply to draw a line with points on 
it, and to proceed semi-algebraically. Thus in this case [Lemma 4 to Book m1., 
p. 947] he proceeds as follows, first bisecting BC in Z. 


CE.EB-t-DZ?-zFEkZ?, 


and DE.EA-c-AZ?-—EZ?, 
while AZ?2CA.AB + BZ*. 

It follows that CE.ED-BZ?z2DE.EA--CA.AD-- DZ8, 
whence CE.EBZDE.EA-t*-CA.ABD, 


(and CA- BD). 
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form, closely connected with the traditional application of areas, 
its special neatness is due to the use of a certain auxiliary line. 
The Cartesian equation of a central conic referred to any diameter 
of length d and the tangent at its extremity is (if d' be the length 
of the conjugate diameter) 


and the problem is to express the right hand side of the equation in 
the form of a single rectangle xY, in other words, to find a simple 
construction for ) where 
dad” 
d αἱ 


Apollonius’ device is to take a length p such that 


α. 


p d^ 

d d" 
(so that p is the parameter of the ordinates to the diameter of 
length d). If PP’ be the diameter taken as the axis of x, and P 
the origin of coordinates, he draws PL perpendicular to PP’ and of 
length p, and joins P’Z. Then, if PV =x, and if VR drawn parallel 
to PL meets P'L in È we have (using the figures of Props. 2, 3), by 
similar triangles, 


p Vk B VR 
d PV ατα’ 
so that VR=p τα 
τη Ὁ 
η Cue 
- Y, 


and the construction for Y is therefore effected. 

Again, in v. 1-3 [Prop. 81], another auxiliary line is used 
for expressing y? in the form of an area standing on xz as base 
in the particular case where y is an ordinate to the axis. AM is 


drawn perpendicular to AA’ and of length equal to Pa (where p, is 


the parameter corresponding to the axis Ad’), and CM is joined. 
Tf the ordinate PN meets CM in H, it is then proved that 


3j = 2 (quadrilateral MANIT). 
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Apollonius then proceeds in v. 9, 10 [Prop. 86] to give, by means of 
a second auxiliary line, an extremely elegant construction for an 
area equal to the difference between the square on a normal PG 
and the square on P'G, where P’ is any other point on the curve 
than P’. The method is as follows. If PN is the ordinate of P, 
measure VG along the axis away from the nearer vertex so that 


NG :CN=p,: AA'[=CB : CA"). 
In the figures of Prop. 86 let PN produced meet CM in H, as 
before. GH is now joined and produced if necessary, forming the 


second auxiliary line. It is then proved at once that NG = NH, 
and therefore that 


NG? = 2 ^ NGH, 
and similarly that N'GCZz2AN'GH' 


Hence, by the aid of the expression for γ΄ above, the areas PG? 
and P'G? are exhibited in the figures, and it is proved that 


P'Gi-PG3-9AHKH' 


so that we have in the figures a graphic representation of the 
difference between the areas of the two squares effected by means 
of the two fixed auxiliary lines CM, GH. 


(4) Special use of auxiliary points in Book VII. 


The seventh Book investigates the values of certain quadratic 
functions of the lengths of any two conjugate diameters PP’, DD’ 
in central conics of different excentricities, with particular reference 
to the maximum and minimum values of those functions. The 
whole procedure of Apollonius depends upon the reduction of the 
ratio CP? : CD? to a ratio between straight lines MH’ and M, 
where 7/, H are fixed points on the transverse axis of the hyperbola 
or on either axis of the ellipse, and M is a variable point on the 
same axis determined in a certain manner with reference to the 
position of the point P. The proposition that 


PP"iDD"zMH':MI 


appears in vil. 6, 7 (Prop. 127], and the remainder of the Book is a 
sufficient proof of the effectiveness of this formula as the geometrical 
substitute for algebraical operations. 

The bearing of the proposition may be exhibited as follows, with 
the help of the notation of analytical geometry. If the axes of 


H. C. h 
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coordinates are the principal axes of the conic, and if a, b are the 
lengths of the axes, we have, e.g., in the case of the hyperbola, 


eProp 36 +y¥)- {(5) E (5)] 


where z, y are the coordinates of P. 
Eliminating y by means of the equation of the curve, we obtain 


a? + D? aA? b? 
cP eop Ww T (5) - (3) 


"5 8-8 


4 (22 -5 


Apollonius’ procedure is to take a certain fixed point H on the 
axis whose coordinates are (h, 0) and a variable point M whose 
coordinates are (α΄, 0), such that the numerator and denominator of 
the last expression are respectively equal to 2ax', 2ah; whence the 


/ 


fraction is itself equal to τ , and we have 


l 


2 
and ax’ =2 (2 — 1) ; 
or a (5 + 5) edat ο ο ος. (2). 
From (1) we derive at once 
| α 

9 —h x b? 

μον”. 

9 +h 
whence AH: A'Il- D: 


=p,: AA’. 
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Thus, to find H, we have only to divide AA’ in the ratio μα: AA’. 
This is what is done in vir. 2, ὃ [Prop. 124]. 
H' is similarly found by dividing A'A in the same ratio μα: ΛΑ", 
and clearly AH = A'/I', A'H- AH. 
Again, from (2), we have 


ai(2'+$) 2 
` 2] 4m 


In other words, AA':A'M=CT:CN 
or AM ANE SC NG Νο a (3). 


If now, as in the figures of Prop. 127, we draw AQ parallel to 
the tangent at P meeting the curve again in Q, AQ is bisected by 
CP; and, since AA’ is bisected at C, it follows that A’Q is parallel 
to CP. 

Hence, if ΘΜ’ be the ordinate of Q, the triangles A’QM’, CPN 
are similar, as also are the triangles 406314’, TPN; 


AM SAME CH ΤΝ. 


Thus, on comparison with (3), it appears that M coincides with 
4M"; or, in other words, the determination of Q by the construction 
described gives the position of M. 

Since now H, H', M are found, and x’, ὦ were so determined 
that 


CP'-CD x 

ορ ορ h’ 
it follows that CP: CD =x +h:x'—h, 
or PP”: DD” = MH’; MH. 


The construction is similar for the ellipse except that in that case 
AA’ is divided externally at H, H' in the ratio described. 


§ 2. The use of coordinates. 


We have here one of the most characteristic features of the 
Greek treatment of conic sections. The use of coordinates is not 
peculiar to Apollonius, but it will have been observed that the same 
point of view appears also in the earlier works on the subject. Thus 
Menaechmus used the characteristic property of the parabola which 
we now express by the equation y* = χα referred to rectangular axes. 
He used also the property of the rectangular hyperbola which is 
expressed in our notation by the equation zy = c*, where the axes of 
coordinates are the asymptotes. 


h2 
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Archimedes too used the same form of equation for the parabola, 
while his mode of representing the fundamental property of a 


central conic 
2 


y 


X. L 





= (const. ) 


can easily be put into the form of the Cartesian equation. 

So Apollonius, in deriving the three conics from any cone cut in 
the most general manner, seeks to find the relation between the 
coordinates of any point on the curve referred to the original 
diameter and the tangent at its extremity as axes (in general 
oblique), and proceeds to deduce from this relation, when found, the 
other properties of the curves. His method does not essentially differ 
from that of modern analytical geometry except that in Apollonius 
geometrical operations take the place of algebraical calculations. 

We have seen that the graphic representation of the area of γ᾽ 
in the form of a rectangle on x as base, where (a, y) is any point on 
a central conic, was effected by means of an auxiliary fixed line P'Z 
whose equation referred to PP’, PL as rectangular axes is 

Y-p*^s 
That an equation of this form between the coordinates x, Y repre- 
sents a straight line we must assume Apollonius to have been aware, 
because we find in Pappus’ account of the contents of the first Book 
of his separate work on plane loci the following proposition : 

“ If straight lines be drawn from a point meeting at given angles 
two straight lines given in position, and if the former lines are in a 
given ratio, or if the sum of one of them and of such a line as bears 
a given ratio to the second is given, then the point will lie on a 
given straight line” ; in other words, the equation 


£+ ay =b 


represents a straight line, where a, b are positive. 

The altitude of the rectangle whose base is x and whose area is 
equal to y* is thus determined by a procedure like that of analytical 
geometry except that Y is found by a geometrical construction 
instead of being calculated algebraically from the equation of the 
auxiliary line 
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If it should seem curious that the auxiliary line is determined with 
reference to an independent (rectangular) pair of coordinate axes 
different from the oblique axes to which the conic is itself referred, 
it has only to be borne in mind that, in order to show the area y? as 
a rectangle, it was necessary that the angle between x and Y should 
be right. But, as soon as the line /’Z was once drawn, the object 
was gained, and the subsidiary axes of coordinates were forthwith 
dropped, so that there was no danger of confusion in the further 
development of the theory. 

Another neat example of the use of an auxiliary line regarded 
from the point of view of coordinate geometry occurs in 1. 32 
[Prop. 11], where it is proved that, if a straight line be drawn from 
the end of a diameter parallel to its ordinates (in other words, a 
tangent), no straight line can fall between the parallel and the 
curve. Apollonius first supposes that such a line can be drawn 
from P passing through A, a point outside the curve, and the 
ordinate AQV is drawn. Then, if y', y be the ordinates of A, Q 
respectively, and x their common abscissa, referred to the diameter 
and tangent as axes, we have for the central conic (figures on pp. 
23, 24) 

y^-9' or xY, 


where Y represents the ordinate of the point on the auxiliary line 
P' L before referred to corresponding to the abscissa x (with PP’, PL 
as independent rectangular axes). 

Let y" be equal to xY’, so that Y’> Y, and let Y' be measured 
along Y (so that, in the figures referred to, VR = Y, and VS= Y?) 

Then the locus of the extremity of Y for different values of x is 
the straight line P’Z, and the locus of the extremity of Y’ for 
different points K on PX is the straight line PS. It follows, since 
the lines P’Z, PS intersect, that there is one point (their intersection 
19) where Y= Y’, and therefore that, for the corresponding points 
Q’, M on the conic and the supposed line PK respectively, y = y', so 
that Q', M are coincident, and accordingly PA must meet the 
curve between P and A. Hence PA cannot lie between the tangent 
and the curve in the manner supposed. 

Here then we have two auxiliary lines used, viz. 


Y-p* bz, 


and Y - mz, 
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where m is some constant ; and the point of intersection of PA and 
the conic is determined by the point of intersection of the two 
auxiliary lines; only here again the latter point is found by a 
geometrical construction and not by an algebraical calculation. 

In seeking in the various propositions of Apollonius for the 
equivalent of the Cartesian equation of a conic referred to other 
axes different from those originally taken, it is necessary to bear in 
mind what has already been illustrated by the original equation 
which forms the basis of the respective definitions, viz. that, where 
the equivalents of Cartesian equations occur, they appear in the 
guise of simple equations between areas. The book contains several 
such equations between areas which can either be directly expressed 
as, or split up into parts which are seen to be, constant multiples of 
X, xy, y^, x, and y, where x, y are the coordinates of any point on 
the curve referred to different coordinate axes; and we have there- 
fore the equivalent of so many different Cartesian equations. 

Further, the essential difference between the Greek and the 
modern method is that the Greeks did not direct their efforts to 
making the fixed lines of the figure as few as possible, but rather to 
expressing their equations between areas in as short and simple a 
form as possible. Accordingly they did not hesitate to use à number 
of auxiliary fixed lines, provided only that by that means the areas 
corresponding to the various terms in 2’, xy, ... forming the Cartesian 
equation could be brought together and combined into a smaller 
number of terms. Instances have already been given in which such 
compression is effected by means of one or two auxiliary lines. In 
the case, then, where two auxiliary fixed lines are used in addition 
to the original axes of coordinates, and it appears that the properties 
of the conic (in the form of equations between areas) can be equally 
well expressed relatively to the two auxiliary lines and to the two 
original axes of reference, we have clearly what amounts to a 
transformation of coordinates. 


§ 3. Transformation of coordinates. 


A simple case is found as early as 1. 15 [Prop. 5], where, for the 
ellipse, the axes of reference are changed from the original diameter 
and the tangent at its extremity to the diameter conjugate to the 
first and the corresponding tangent. This transformation may with 
sufficient accuracy be said to be effected, first, by a simple transference 
of the origin of coordinates from the extremity of the original diameter 
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to the centre of the ellipse, and, secondly, by moving the origin a 
second time from the centre to D, the end of the conjugate diameter. 
We find in fact, as an intermediate step in the proof, the statement 
of the property that (d being the original diameter and d’ its 
conjugate in the figure of Prop. 5) 


^2 
(5) -y'= the rectangle RT. TE 


9 
3 
= A . x’, 
where x, y are the coordinates of the point Q with reference to the 
diameter and its conjugate as axes and the centre as origin; and 
ultimately the equation is expressed in the old form, only with d’ 
for diameter and p’ for the corresponding parameter, where 
p d 
d p 
The equation of the hyperbola as well as of the ellipse referred 
to the centre as origin and the original diameter and its conjugate 
as axes is at once seen to be included as a particular case in 1. 41 
[Prop. 16], which proposition proves generally that, if two similar 
parallelograms be described on CP, CV respectively, and an equi- 
angular parallelogram be described on QV such that QV is to the 
other side of the parallelogram on it in the ratio compounded of the 
ratio of CP to the other side of the parallelogram on ΟΡ and of the 
ratio p : d, then the parallelogram on QV is equal to the difference 
between the parallelograms on CP, CV. Suppose now that the 
parallelograms on CP, CV are squares, and therefore that the 
parallelogram on QV is a rectangle; it follows that 


Apollonius is now in a position to undertake the transformation 
to a different pair of axes consisting of any diameter whatever and 
the tangent at its extremity. The method which he adopts is to 
use the new diameter as what has been termed an auxiliary fixed 
line. 

It will be best to keep to the case of the ellipse throughout, in 
order to avoid ambiguities of sign. Suppose that the new diameter 
CQ meets the tangent at P in δ, as in the figure of 1. 47 [Prop. 21]; 


Cxx INTRODUCTION TO APOLLONIUS. 


then, if from any point R on the curve the ordinate RW is drawn 
to PP’, it is parallel to the tangent PE, and, if it meets CQ in 
F, the triangles CPE, CWF are similar, and one angle in each 
is that between the old and the new diameters. 

Also, as the triangles CPE, C WEF are the halves of two similar 
parallelograms on CP, CW, we can use the relation proved in 1. 41 
[Prop. 16] for parallelograms, provided that we take a triangle on 
RW as base such that A WP is one angle, and the side WU lying 
along IVP is determined by the relation 


RW CP p 
WU ΡΕ αἱ 
Apollonius satisfies this condition by drawing RU parallel to QT, 
the tangent at Q. The proof is as follows. 
From the property of the tangent, 1. 37 [Prop. 14], 
QV p 
CV.VT d 
Also, by similar triangles, 
QV RW QV PE 
VT WU' CV CP' 
RW PE p 
WU'CP d' 
RAW CP p 
WU PE'd 
Thus it is clear that the proposition 1. 41 [Prop. 16] is true of 
the three triangles CPE, CFW, RUW ; that is, 
ACPE-RACFWZARUW 25 ues (2). 
It is now necessary to prove, as is done in 1. 47 [Prop. 21], that 


the chord A ZE' parallel to the tangent at Q is bisected by CQ*, in 
order to show that RM is the ordinate to CQ in the same way as 


and 
Therefore 


or (the required relation). 


* This is proved in r. 47 (Prop. 21] as follows : 
ACPE- ACFW- A RUW. 
Similarly ΔΟΡΕ- ACF'W'—-AR'UW' 
By subtraction, F'W'WF-R'W'IFR, 
whence, taking away the figure R'W'WFM from each side, 
AR'F'UZARFM, 
and it follows that RM=R'M. 
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RW is to CP. It then follows that the two triangles RUW, CEW 
have the same relation to the original axes, and to the diameter 
QQ’, as the triangles KFM, CUM have to the new axes, consisting 
of QQ' and the tangent at Q, and to the diameter Pl”, respectively. 

Also the triangle CPE has the same relation to the old axes 
that the triangle CQT has to the new. 

Therefore, in order to prove that a like relation to that in (2) 
above holds between three triangles similarly determined with 
reference to CQ, the tangent at Q and the diameter PJ’, it has to 


be shown that 
ACQT-—ACUM=ARMF. 


The first step is to prove the equality of the triangles CPE, 
CQT, as to which see note on 1. 50 [ Prop. 23] and ri. 1 [Prop. 53]. 
We have then, from (2) above, 


ACQT-ACFW=ARUW, 

or the quadrilateral QTWF=A RU W, 

therefore, subtracting the quadrilateral MU WF from each side, 
ACQT-—ACUM= A RMP, 


the property which it was required to prove. 

Thus a relation between areas has been found in exactly the 
same form as that in (2), but with QQ’ as the diameter of reference 
in place of PP’. Hence, by reversing the process, we can determine 
the parameter q corresponding to the diameter QQ’, and so obtain 
the equation of the conic with reference to the new axes in the same 
form as the equation (1) above (p. cxix) referred to P7" and its 
conjugate ; and, when this is done, we have only to move the origin 
from C to Q in order to effect the complete transformation to the 
new axes of coordinates consisting of QQ’ and the tangent at Q, 
and to obtain the equation 


Now the original parameter p is determined with reference to 
the length (d) of PJ” by the relation 


p_ QV? ΡΕ OP OP 2PE 
d CV.VT COP'PT PT' da’ 
OP 


so that = pT 2PE ; 
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and the corresponding value for g should accordingly be given by 
the equation 

q= 4 . 2QT, 
which Apollonius proves to be the case in r. 50 [Prop. 23]. 

No mention of the parabola has been made in the above, because 
the proof of the corresponding transformation is essentially the 
same; but it may be noted here that Archimedes was familiar with 
a method of effecting the same transformation for the parabola. 
This has been already alluded to (p. liii) as easily deducible from 
the proposition of Apollonius. 


There is another result, and that perhaps the most interesting 
of all, which can be derived from the foregoing equations between 
areas. We have seen that 


ARUW= ACPE- ACFW, 
so that ARUW+ ACFW- ACPE, 


ie. the quadrilateral CFRU = ACPE. 

Now, if PP’, QQ’ are fixed diameters, and È a variable point on 
the curve, we observe that RU, RF are drawn always in fixed 
directions (parallel to the tangents at Q, P respectively), while the 
area of the triangle CPE is constant. 

It follows therefore that, if PP’, QQ’ are two fixed diameters and 
if from any point R on the curve ordinates be drawn to PP’, QQ’ 
meeting QQ’, PP’ in F, U respectively, then 


the area of the quadrilateral CF RU 15 constant. 


Conversely, if in a quadrilateral CFRU the two sides CU, CF lie 
along fixed straight lines, while the two other sides are drawn from a 
moveable point R in given directions and meeting the fixed lines, and 
if the quadrilateral has a constant area, then the locus of the point R 
is an ellipse or a hyperbola. 


Apollonius does not specifically give this converse proposition, 
nor in fact any proposition stating that this or that locus is a conic. 
But, as he says in his preface that his work contains “remarkable 
theorems which are useful for the synthesis of solid loci,” we must 
conclude that among them was the proposition which in effect states 
that the area of the quadrilateral CF'RU is constant, and that the 
converse way of stating it was perfectly well known to him. 
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It will be seen from the note to Prop. 18 that the proposition 
that the area of CFRU is constant is the equivalent of saying that 
the equation of a central conic referred to any two diameters as 
axes 18 

ax? + Bry + yy! = 4, 
where a, B, y, A are constants. 

It'is also interesting to observe that this equation is the equiva- 
lent of the intermediate step in the transformation from one diameter 
and tangent to another diameter and tangent as axes; in other 
words, Apollonius passes from the equation referred to one pair of 
conjugate diameters to the equation referred to a second pair of 
conjugate diameters by means of the more general equation of the 
curve referred to axes consisting of one of each pair of conjugates. 


Other forms of the equation of the conic can be obtained, e.g. by 
regarding ΠΡ, RU as fixed coordinate axes and expressing the 
constancy of the area of the quadrilateral Cf’ E'U' for any point R’ 
with reference to RF, RU as axes. The axes of reference may 
then be any axes meeting in a point on the curve. 

For obtaining the equation we may use the formula 

CFRUZCF'RU, 

or the other relations derived immediately from it, viz. 
F'IKF-IUU'N, 

or FJR'F' -JU'UR, 

which are proved in 111. 3 [Prop. 55]. 

The coordinates of A’ would in this case be RI, δω. 

Similarly an equation can be found corresponding to the property 
in 111, 2 [Prop. 54] that 

A HFQ = quadrilateral Z/T'U Rh. 


Again, ΙΙ, 54, 56 [Prop. 75] lead at once to the “locus with 
respect to three lines," and from this we obtain the well-known 
equation to a conic with reference to two tangents as axes, where 
the lengths of the tangents are h, &, viz. 


τσ. πιο oy 
Gt 1) = n hk 


and, in the particular case of the parabola, 


qq 
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The latter equation can also be derived directly from ΙΙ. 41 
[Prop. 65], which proves that three tangents to a parabola forming 
a triangle are divided in the same proportion. 

Thus, if x, y be the coordinates of Q with reference to qf, qP as 
axes, and if gp =x, rq =y, (cf. the figure of Prop. 65), we have, by 
the proposition, 





απ eee or αι Ξλα 
x a 0c: Sos (1). 
V (1.5 | or 7 
Y Y, É í 
Also, since St A 
© yy 
X Y 
rena: nf tamer ο ο ο ο IC ο» 2), 
πα (2) 


therefore by combining (1) and (2) we obtain 


(an 


The same equation can equally be derived from the property 
proved by Archimedes (pp. lix, 1x). 


Lastly, we find of course the equation of the hyperbola referred 
to its asymptotes 


cy = c, 


and, if Apollonius had had a relation between the coordinates of a 
point (x, y) represented to him in a geometrical form equivalent to 
the equation 


xy + ax by - C 2-0, 


he would certainly not have failed to see that the locus was a 
hyperbola; for the nature of the equation would immediately have 
suggested the compression of it into a form which would show that 
the product of the distances of the point (reckoned in fixed 
directions) from two fixed straight lines is constant. 
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§ 4. Method of finding two mean proportionals. 


It will be remembered that Menaechinus’ solution of the problem 
of the two mean proportionals was effected by finding the points of 
intersection between any two of the curves 

x’ = ay, y? = δα, xy = ab. 

It is clear that the points of intersection of the first two curves 

lie on the circle 

x? + y? — bx — ay = 0, 
and therefore that the two mean proportionals can be determined by 
means of the intersection of this circle with any one of the three curves. 

Now, in the construction for two mean proportionals which is 
attributed to Apollonius, we find this very circle used, and we must 
therefore assume that he had discovered that the points of inter- 
section of the two parabolas lay on the circle. 

We have it on the authority of Ioannes Philoponus* (who 
quotes one Parmenio) that Apollonius solved the problem thus. 


Let the two given unequal straight lines be placed at right 
angles, as OA, OB. 





O A D 


Complete the parallelogram and draw the diagonal OC. On OC 
as diameter describe the semicircle OBC, produce OA, OB, and 
through C draw DCFE (meeting OA in D, the circle again in F, 
and OB in E) so that DC = FE. “And this is assumed as a 
postulate unproved.” 

Now DC = FE, and therefore DF = CE. 


* On the Anal. post. 1. The passage is quoted in Heiberg's Apollonius, 
Vol. rr. p. 105. 
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And, since the circle on OC as diameter passes through 4, 
OD.DA-FD.DC 
—-CE.EF 
=OE.EB; 
oO DOR = BE AD cz ve a (1). 
But, by similar triangles, 
OD:OE-CB:BE 


Also, by similar triangles, 
OD:OE- DA:AC 


It follows from (1), (2) and (3) that 
OA:BE=BE:AD=AD:0B; 
hence BE, AD are the two required mean proportionals. 

The important step in the above is the assumed step of drawing 
DE through C so that DC = FE. 

If we compare with this the passage in Pappus which says that 
Apollonius ‘has also contrived the resolution of it by means of the 
sections of the cone*," we may conclude that the point F in the 
above figure was determined by drawing a rectangular hyperbola 
with OA, OB as asymptotes and passing through C. And this is 
the actual procedure of the Arabian scholiast in expounding this 
solution. Hence it is sufficiently clear that Apollonius’ solution 
was obtained by means of the intersection of the circle on OC as 
diameter with the rectangular hyperbola referred to, ie. by the 
intersection of the curves 

αἱ + y? — bx —-ay=0 
xy = αὖ } 

The mechanical solution attributed to Apollonius is given by 
Eutociust. In this solution M, the middle point of OC, is taken, 
and with M as centre a circle has to be described cutting OA, OB 
produced in points D, E such that the line DE passes through C ; 
and this, the writer says, can be done by moving a ruler about C as 
a fixed point until the distances of D, E (the points in which it 
crosses OA, OB) from M are equal. 

* Pappus ur. p. 56. Οὗτοι γὰρ ὁμολογοῦντες στερεὸν εἶναι τὸ πρόβλημα τὴν 
κατασκευὴν αὐτοῦ μόνον ὀργανικῶς πεποίηνται συμφώνως ᾽Απολλωνίῳ τῷ Περγαίῳ, ὃς 


καὶ τὴν ἀνάλυσιν αὐτοῦ πεποίηται διὰ τῶν τοῦ κώνου τομών. 


t Archimedes, Vol. 111. pp. 76—78. 
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It is clear that this solution is essentially the same as the other, 
because, if DC be made equal to FE as in the former case, the line 
from Jf perpendicular to DF must bisect it, and therefore MD = ME. 
This coincidence is noticed in Eutocius' description of the solution of 
the problem by Philo Byzantinus. This latter solution is the same 
as that attributed by Ioannes Philoponus to Apollonius except 
that Philo obtains the required position for DE by moving the ruler 
about C until DC, FE become equal.  Eutocius adds that this 
solution is almost the same as Heron's (given just before and 
identical with the mechanical solution of Apollonius), but that 
Philo's method is more convenient in practice (πρὸς χρῆσιν εὐθετω- 
tepov), because it is, by dividing the ruler into equal and con- 
tinuous parts, possible to watch the equality of the lines DC, FE 
with much greater ease than to make trial with a pair of compasses 
(καρκίνῳ διαπειράζειν) whether ALD, ME are equal*. 

It may be mentioned here that, when Apollonius uses the 
problem of the two mean proportionals in the Conies, it is for the 
purpose of connecting the coordinates of a point on a central conic 
with the coordinates of the corresponding centre of curvature, i.e. of 
the corresponding point on the evolute. The propositions on the 
subject are v. 51, 52 [Prop. 99]. 


65. Method of constructing normals passing through 
a given point. 


Without entering into details, for which reference should be 
made to v. 58-63 [Props. 102, 103], it may be stated generally that 
Apollonius’ method of finding the feet of the various normals passing 
through a given point is by the construction of a certain rectangular 
hyperbola which determines, by its intersections with the conic, the 
required points. 

The analytical equivalent of Apollonius’ procedure is as follows. 
Suppose 0 to be the fixed point through which the 
normals are to pass, and PGO to be one of those 
normals, meeting the major or transverse axis of 
a central conic, or the axis of a parabola, in G. 
Let PN be the ordinate of 7, and O.M the 
perpendicular from O on the axis. 

Then, if we take as axes of coordinates the 
axes of the central conic, and, for the parabola, 





* Archimedes, Vol. 111. p. 76. 
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the axis and the tangent at the vertex, and if (x, y), (x,, y,) be 
the coordinates of P, O respectively, we have 
E LL NR 
—y, «,-x-NG 
Therefore, (1) for the parabola, 





Pa 
ee 
im x -ᾱ-- 
ΟΥ zy- (m - e) n -ο ERE (1); 
(2) for the ellipse or hyperbola, 
b? 2 
ον (1 + ai) ryta yeo. 


The intersections of these rectangular hyperbolas with the 
respective conics give the feet of the various normals passing 
through 0. 

Now Pappus criticises this procedure, so far as applied to the para- 
bola, as being unorthodox. He is speaking (p. 270) of the distinction 
between the three classes of ** plane” (ἐπίπεδα), “solid” (στερεά), and 
the still more complicated “linear” problems (γραμμικὰ προβλήµατα), 
and says, “Such procedure seems a serious error on the part of 
geometers when the solution of a plane problem is discovered by 
means of conics or higher curves, and generally when it is solved 
by means of a foreign kind (ἐξ ἀνοικείου γένους), as, for example, the 
problem in the fifth Book of the Conics of Apollonius in the case of 
the parabola, and the solid νεῦσις with reference to a circle assumed 
in the book about the spiral by Archimedes; for it is possible 
without the use of anything solid to discover the theorem pro- 
pounded by the latter..." The first allusion must clearly be to the 
use of the intersections of a rectangular hyperbola with the parabola 
when the same points could be obtained by means of the intersec- 
tions of the latter with a certain circle.  Presumably Pappus 
regarded the parabola itself as being completely drawn and given, 
so that its character as a “solid locus” was not considered to affect 
the order of the problem. On this assumption the criticism has no 
doubt some force, because it is a clear advantage to be able to effect 
the construction by means of the line and circle only. 
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The circle in this case can of course be obtained by combining 
the equation of the rectangular hyperbola (1) above with that of 
the parabola y? = p,m. 


Multiply (1) by - , and we have 


€ αγ, Ζεν OVAL 
Pa” (s 2r 2 9, 


and, substituting pax for γ᾽, 
Pa\,, YY 


whence, by adding the equation of the parabola, we have 
zy - (s Ir ya-h.y-o. 


But there is nothing in the operations leading to this result 
which could not have been expressed in the geometrical language 
which the Greeks used. Moreover we have seen that in Apollonius’ 
solution of the problem of the two mean proportionals the same 
reduction of the intersections between two conics to the intersec- 
tions of a conic and a circle is found. We must therefore assume 
that Apollonius could have reduced the problem of the normals to 
a parabola in the same way, but that he purposely refrained from 
doing so. Two explanations of this are possible; either (1) he 
may have been unwilling to sacrifice to a pedantic orthodoxy the 
convenience of using one uniform method for all three conics alike, 
or (2) he may have regarded the presence of one “solid locus” 
(the given parabola) in his figure as determinative of the class of 
problem, and may have considered that to solve it with the help of 
a circle only would not, in the circumstances, have the effect of 
making it a “plane” problem. 


CHAPTER IV. 
THE CONSTRUCTION OF A CONIC BY MEANS OF TANGENTS. 


In Book 11. 41-43 [Props. 65, 66, 67] Apollonius gives three 
theorems which may be enunciated as follows: 


41. If three straight lines, each of which touches a parabola, 
meet one another, they will be cut in the same proportion. 


49. If in a central conic parallel tangents be drawn at the 
extremities of a fixed diameter, and if both tangents be met by any 
variable tangent, the rectangle under the intercepts on the parallel 
tangents is constant, being equal to the square on half the parallel dia- 
meter, i.e. the diameter conjugate to that joining the points of contact. 


43. Any tangent to a hyperbola cuts off lengths from the asymp- 
totes whose product 18 constant. 


There is an obvious family likeness between these three consecu- 
tive propositions, and their arrangement in this manner can hardly 
have been the result of mere accident. It is true that 111. 42 [Prop. 
66] is used almost directly afterwards for determining the foci of a 
central conic, and it might be supposed that it had its place in the 
book for this reason only; but, if this were the case, we should have 
expected that the propositions about the foci would follow directly 
after it instead of being separated from it by 111. 43, 44 [Props. 67, 
68]. We have also a strong positive reason for supposing that the 
arrangement was due to set purpose rather than to chance, namely the 
fact that all three propositions can be used for describing a conic by 
means of tangents. Thus, if two tangents to a parabola are given, 
the first of the three propositions gives a general method of drawing 
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any number of other tangents; while the second and third give the 
simplest cases of the construction of an ellipse and a hyperbola by 
the same means, those cases, namely, in which the fixed tangents 
employed are chosen in a special manner. 

As therefore the three propositions taken together contain the 
essentials for the construction of all three conics by this method, it 
becomes important to inquire whether Apollonius possessed the 
means of drawing any number of tangents satisfying the given 
conditions in each case. That Apollonius was in a position to solve 
this problem is proved by the contents of two of his smaller 
treatises. One of these, λόγου ἀποτομῆς β΄ (two Books On cutting 
off a proportion), we possess in a translation by Halley from the 
Arabic under the title De sectione rationis; the other, now lost, 
was χωρίου ἀποτομῆς B (two Books On cutting off « space, which means 
cutting off from two fixed lines lengths, measured from fixed points 
on the lines respectively, such that they contain a rectangle of 
constant area) Now the very problem just mentioned of drawing 
any number of tangents to a parabola reduces precisely to that 
which is discussed with great fulness in the former of the two 
treatises, while the construction of any number of tangents to 
the ellipse and hyperbola in accordance with the conditions of 
ΠΠ. 42, 43 [Props. 66, 67] reduces to two important cases of the 
general problem discussed in the second treatise. 


I. In the case of the parabola, if two tangents qP, qR and the 
points of contact P, A are given, we have to draw through any 
point a straight line which will intersect the given tangents 
(in 7, p respectively) in such a way that 


Pr :rq=qp : pR, 
or Pr : Pq=qp:qhk; 
that is, we must have 
Pr : qp = Pq : qR (a constant ratio). 


In fact, we have to draw a line such that the intercept on one 
tangent measured from the point of contact is to the intercept on 
the other tangent measured from the intersection of the tangents in 
a given ratio. How to do this is shown in the greatest detail in the 
first Book λόγου ἀποτομῆς. 

If, again, instead of the points of contact, two other tangents 
are given meeting the fixed tangent qP in r, r, and the tixed 
tangent gf in μι, Pa we have to draw a straight line rp cutting off 


py 
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along the tangents qP, qR parts measured from 7,, p, respectively 
which are in a given proportion, i.e. such that 
rr : p P =T, : P,P, (a fixed ratio); 

and this problem is solved in the second Book λόγου ἀπυτομῆς. 

The general problem discussed in that treatise is, to draw from 
a point O a straight line which shall cut off from two given straight 
lines portions, measured from two fixed points 4, B, which are in a 
given proportion, e.g., in the accompanying figure, ONM is to be 
drawn so that AM : BN is a given ratio. In the second Book of 


O 





B 


the treatise this general case is reduced to a more special one in 
which the fixed point B occupies a position B’ on the first line AM, 
so that one of the intercepts is measured from the intersection of 
the two lines. The reduction is made by joining O7 and drawing 
D' N' parallel to BN from the point B’ in which OB, MA intersect. 
Then clearly B’N’ : BN is a given ratio, and therefore the ratio 
ΒΝ’: AM is given. 
We have now to draw a straight line ΟΥ̓́ cutting MAB’, B’N’ 
in points Jf, V’ such that 
D'N' 
A M 
This problem is solved in the first Book, and the solution is 
substantially as follows. 
Draw OC parallel to Λ΄ δ’ meeting MA produced in C. Now 
suppose a point D found on AM such that 
_ ος 
ΞΡ 


=a given ratio, A suppose. 
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ry 
AM 
AM ΠΥ’ BM 
AD 0C CM’ 


Then, supposing that the ratio is made equal to A, we have 


ER MD CB 
E AD CM” 
and therefore CM.MD- AD.CB' (a given rectangle). 


Thus a given line CD has to be divided at M so that C.M. MD 
has a given value; and this is the Euclidean problem of applying to 
a given straight line a rectangle equal to a given area but falling 
short, or exceeding, by a square. 

In the absence of algebraical signs, it was of course necessary for 
Apollonius to investigate a large number of separate cases, and also 
to find the limiting conditions of possibility and the number of the 
possible solutions between each set of limits. In the case repre- 
sented in the above figure the solution is always possible for any 
value of the given ratio, because the given value AD. CB’, to which 
CM. MD is to be equal, is always less than CA. 4D, and therefore 


2 
always less than (Sr ) , the maximum value of the rectangle whose 
sides are together equal to CD. As the application of the rectangle 
would give two positions of M, it remains to be proved that only 
one of them falls on AD and so gives a solution such as the figure 
requires; and this is so because C.M..MD must be less than 
CA. AD. 

The application to the parabola has more significance in the 
cases where the given ratio must be subject to certain limits in 
order that the solution of the problem may be possible. This will 
be so, e.g. in the annexed figure, where the letters have the same 


meaning as before, and the particular case is taken in which one 
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intercept B’N’ is measured from B’, the intersection of the two fixed 
lines. Apollonius begins by stating the limiting case, saying that 
we obtain a solution in a special manner in the case where M is the 
middle point of CD, so that the given rectangle CM. AMD or 
CB’. AD has its maximum value. 

In order to find the corresponding limiting value of A, Apollonius 
seeks the corresponding position of D. 


BC CM BM 
AMD AD MA’ 
whence, since MD = C M, 
35 CM NM 
B'M MA BA’ 
and therefore BM? = ΒΟ. B'A. 


Thus M is determined, and therefore D also. 
According, therefore, as A is less or greater than the particular 


We have 


value of oe thus determined, Apollonius finds no solution or two 


AD 
solutions. 
At the end we find also the following further determination of 
the limiting value of A. We have 


AD= B'A + B'C-(B'D + BC) 
= BA+BC-22M 
= B'A« BO- 94 B'A. BC. 
Thus, if we refer the various points to a system of coordinates with 
D'A, B'N' as axes, and if we denote the coordinates of O by (a, y) 
and the length 5'A by h, we have 
----.... 
AD γα θα 
If we suppose Apollonius to have used these results for the 
parabola, he cannot have failed to observe that the limiting case 
described is that in which Ο is on the parabola, while N'O.M is the 
tangent at O ; for, as above, 
bM BC 
BA BM 


À 


/ 


0 
= War’ by parallels, 
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so that B'A, N'M are divided at M, O respectively in the same 
proportion. 
Further, if we put for λ the proportion between the lengths of 

the two fixed tangents, we obtain, if A, ὦ be those lengths, 

k y 

h ἠφα- ὃν λα᾽ 
which is the equation of the parabola referred to the fixed tangents 
as coordinate axes, and which can easily be reduced to the sym- 


metrical form 
ΩΝ ὁ y + 
(3) i (ὦ SN 


II. In the case of the ellipse and hyperbola the problem is to 
draw through a given point O a straight line cutting two straight 
lines in such a way that the intercepts upon them measured from 
fixed points contain a rectangle of constant area, and for the ellipse 
the straight lines are parallel, while for the hyperbola they meet in 
a point and the intercepts on each are measured from the point of 
their intersection. 

These are particular cases of the general problem which, accord- 
ing to Pappus, was discussed in the treatise entitled χωρίου ἀποτομή ; 
and, as we are told that the propositions in this work corresponded 
severally to those in the λόγου ἀποτομή, we know that the particular 
cases now in question were included. We can also form an idea 
how the general problem was solved. The reduction to the particular 
case where one of the points from which the intercepts are measured 
is the intersection of the two fixed lines is effected in the same 
manner as in the case of proportional section described above. 
Then, using the same figure (p. cxxxii), we should take the point D 
(in the position represented by (D) in the figure) such that 


OC. AD =the given rectangle. 
We have then to draw the line O.Y'4/ so that 
B'N'.AMzOC.AD, 





DN' AD 
n Ὃς AM’ 
But, since δ’ Δ’, OC are parallel, 
ΤΝ’ BM 
ος CM’ 
Therefore AM AD DM 


CM BM” BC’ 
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and the rectangle DM. ISD = AD. B'C, which is given. Hence, as 
before, the problem is reduced to an application of a rectangle in 
the well-known manner. 

The complete treatment of the particular cases of the problem, 
with their διορισµοί, could present no difficulty to Apollonius. 


III. It is not a very great step from what we find in Apollonius 
to the general theorem that, if a straight line cuts off from two fixed 
straight lines intercepts, measured frum given points on the lines 
respectively, which contain a rectangle of given area, the envelope of 
the first straight line is a conic section touching the two fixed straight 
lines. 





Q 


Thus, suppose ABCD to be a parallelogram described about a 
conic and Æ, F to be the points of contact of AB, CD. If a fifth 
tangent MN cuts AB, CD in M, N and AD, CB in P, Q respectively, 
we have, by the proposition of Apollonius, 


EA.FD-EM.FN. 


EA EM AM AP 
FN FD ND PD’ 
Hence, since KA = CF, 


Therefore 


CF FN = CN 
AP PD AD 
and therefore AP.CN-CF.AD, 


or the rectangle AP. CN has an area independent of the position of 
the particular fifth tangent Af N. 
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Conversely, if the lines AD, DC are given as well as the points 
A, C and the area of the rectangle 47^. CN, we can determine the 
point F, and therefore also the point Æ where AB touches the conic. 
We have then the diameter E/ and the direction of the chords 
bisected by it, as well as the tangent AD; thus we can find the 
ordinate to EF drawn through the point of contact of AD, and 
hence we can obtain the equation of the conic referred to the 
diameter EF and its conjugate as axes of coordinates. Cf. Lemma 
xxv. of the first Book of Newton's Principia aud the succeeding 
investigations. 


CHAPTER V. 
THE THREE-LINE AND FOUR-LINE LOCUS. 


ΤΗΕ so-called τόπος ἐπὶ τρεῖς καὶ τέσσαρας γραμμας is, as we have 
seen, specially mentioned in the first preface of Apollonius as a 
subject which up to his time had not received full treatment. He says 
that he found that Euclid had not worked out the synthesis of the 
locus, but only some part of it, and that not successfully, adding 
that in fact the complete theory of it could not be established 
without the “new and remarkable theorems” discovered by himself 
and contained in the third book of his Conics. The words used 
indicate clearly that Apollonius did himself possess a complete 
solution of the problem of the four-line locus, and the remarks of 
Pappus on the subject (quoted above, p. xxxi, xxxii) though not 
friendly to Apollonius, confirm the same inference. We must 
further assume that the key to Apollonius' solution is to be found 
in the third Book, and it is therefore necessary to examine the 
propositions in that Book for indications of the way in which he 
went to work. 

The three-line locus need not detain us long, because it is really a 
particular case of the four-line locus. But we have, in fact, in 
111. 53-56 [ Props. 74-76] what amounts to a complete demonstration 
of the theoretical converse of the three-line locus, viz. the proposition 
that, if from any pont of a conic there be drawn three straight lines 
in fixed directions to meet respectively two fixed tangents to the conic 
and their chord of contact, the ratio of the rectangle contained by the 
first two lines so drawn to the square on the third line is constant. 
The proof of this for the case where the two tangents are parallel is 
obtained from ΙΙ. 53 [Prop. 74], and the remaining three propo- 
sitions, 111. 54—56 [Props. 75, 76], give the proof where the tangents 
are not parallel. 
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In like manner, we should expect to find the theorem of the 
Jour-line locus appearing, if at all, in the form of the converse 
proposition stating that every conic section has, with reference to any 
inscribed quadrilateral, the properties of the four-line locus. It will 
be seen from the note following Props. 75, 76 that this theorem is 
easily obtained from that of the three-line locus as presented by 
Apollonius in those propositions ; but there is nowhere in the Book 
any proposition more directly leading to the former. The explana- 
tion may be that the construction of the locus, that is, the aspect of 
the question which would be appropriate to a work on solid loci 
rather than one on conics, was considered to be of preponderant im- 
portance, and that the theoretical converse was regarded as a 
mere appendage to it. But, from the nature of the case, that 
converse must presumably have appeared as an intermediate step 
in the investigation of the locus, and it could hardly have 
been unknown even to earlier geometers, such as Euclid and 
Aristaeus, who had studied the subject thoroughly. 

In these circumstances we have to seek for indications of the 
probable course followed by Greek geometers in their investiga- 
tion of the four-line locus; and, in doing so, we have to bear 
in mind that the problem must have been capable of partial 
solution before the time of Apollonius, and that it could be 
completely solved by means of the propositions in his third Book. 

We observe, in the first place, that 111. 54-56 [Props. 75, 76], 
which lead to the property of the three-line locus, are proved by 
means of the proposition that the ratio of the rectangles under the 
segments of any intersecting chords drawn in fixed directions is 
constant. Also the property of the three-line locus is a particular 
case of the property of a conic with reference to an inscribed quadri- 
lateral having two of its sides parallel, that case, namely, in which 
the two parallel sides are coincident ; and it will be seen that the 
proposition relating to the rectangles under the segments of in- 
tersecting chords can equally well be used for proving generally 
that a conic is a four-line locus with reference to any inscribed 
quadrilateral which has two sides parallel. 

For, if AB is a fixed chord of a conic and Ar a chord in a given 
direction cutting 47 in J, we have 

RI.Iv 
τρ κο 
If we measure RA along Kr equal to Zr, the locus of A is a chord 


nst.). 
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DC meeting the diameter which bisects chords parallel to Ar in 
the same point in which it is met by 4B, and the points D, C lie on 
lines drawn through A, B respectively parallel to Ar. 





Then, if x, y, z, u be the distances of A from the sides of the 
quadrilateral ABCD, we shall have 


Lz 
a (const. ). 


And, since ABCD may be any inscribed quadrilateral with two 
sides parallel, or a trapezium, the proposition is proved generally for 
the particular kind of quadrilateral. 

If we have, on tlie other hand, to find the geometrical locus of a 
point R whose distances x, y, z, u from the sides of such a trapezium 
are connected by the above relation, we can first manipulate the 
constants so as to allow the distances to be measured in the 
directions indicated in the figure, and we shall have 


ΛΙ. ΛΑ ΔΙ.7ν 

~AL.IB  AI.IB' 

where A is a given constant. We must then try to find a conic 
whose points {ὲ satisfy the given relation, but we must take care to 
determine it in such a manner as to show synthetically at the same 
time that the points of the conic so found do really satisfy the given 
condition; for, of course, we are not yet supposed to know that the 
locus ts a conic. 

It seems clear, as shown by Zeuthen, that the defective state of 
knowledge which prevented the predecessors of Apollonius from 
completing the determination of the four-line locus had reference 
rather to this first step of finding the locus in the particular case of 
a trapezium than to the transition from the case of a trapezium to 
that of a quadrilateral of any form. The transition was in fact, in 


λ 
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itself, possible by means which were within the competence of 
Euclid, as will presently be seen; but the difticulty in the way of 
the earlier step was apparently due to the fact that the conception 
of the two branches of a hyperbola as a single curve had not 
occurred to any one before Apollonius. His predecessors ac- 
cordingly, in the case where the four-line locus is a complete 
hyperbola in the modern sense, probably considered only one branch 
of it; and the question which branch it would be would depend on 
some further condition determining it as one of the two branches, 
e.g. the constant might have been determined by means of a given 
point through which the conic or single-branch hyperbola, which it 
was required to prove to be the four-line locus, should pass. 

To prove that such a single branch of a hyperbola, not passing 
through all four corners of the quadrilateral, could be the four-line 
locus, and also to determine the locus corresponding to the value of 
A leading to such a hyperbola, it was necessary to know of the 
connexion of one branch with the other, and the corresponding 
extensions of all the propositions used in the proof of the property 
of the inscribed quadrilateral, as well as of the various steps in the 
converse procedure for determining the locus. These extensions to 
the case of the complete hyperbola may, as already mentioned 
(p. Ixxxiv segg.), be regarded as due to Apollonius. His predeces- 
sors could perfectly well have proved the proposition of the in- 
scribed trapezium for any single-branch conic; and it will be seen 
that the converse, the construction of the locus, would in the 
particular case present no difficulty to them. The difficulty would 
come in where the conic was a hyperbola with two branches. 

Assuming, then, that the property of the four-line locus was 
established with respect to an inscribed trapezium by means of the 
proposition that the rectangles under the segments of intersecting 
chords are to one another in the ratio of the squares on the parallel 
tangents, what was wanted to complete the theory was (1) the 
extension to the case where the tangents are tangents to op- 
posite branches of a hyperbola, (2) the expression of the constant 
ratio between the rectangles referred to in those cases where no 
tangent can be drawn parallel to either of the chords, or where a 
tangent can be drawn parallel to one of them only. Now we find 
(1) that Apollonius proves the proposition for the case where the 
tangents touch opposite branches in 11. 19 (Prop. 59, Case .]. 
Also (2) the proposition 111. 23 [Prop. 59, Case 1v.] proves that, 
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where there is no tangent to the hyperbola parallel to either of the 
chords, the constant ratio of the rectangles is equal to the ratio of 
the squares of the parallel tangents to the conjugate hyperbola ; and 
111. 21 (Prop. 59, Case 11.] deals with the case where a tangent can 
be drawn parallel to one of the chords, while no tangent can be drawn 
parallel to the other, and proves that, if ¢Q, the tangent, meets the 
diameter bisecting the chord to which it is not parallel in ¢, and if 
tq is half the chord through ¢ parallel to the same chord, the 
constant ratio is then tQ? : tq’. 

Zeuthen suggests (p. 140) that the method adopted for deter- 
mining the complete conic described about a given trapezium ABCD, 
which is the locus with respect to the four sides of the trapezium 
corresponding to a given value of the constant ratio A, may have 
been to employ an auxiliary figure for the purpose of constructing a 
conic similar to that required to be found, or rather of finding the 
form of certain rectilineal figures connected with such a similar 
conic. This procedure is exemplified in Apollonius, 11. 50-53 
(Props. 50-52], where a certain figure is determined by means of a 
previous construction of another figure of the same form; and the 
suggestion that the same procedure was employed in this case has 
the advantage that it can be successfully applied to each of the 
separate cases in which Apollonius gives the different expressions 
for the constant ratio between the rectangles under the segments 
of intersecting chords in fixed directions. 

We have the following data for determining the form of the 
conic similar to the required conic circumscribing ABCD: the value 





dtl dr 
(A) of the ratio AI. IB 


two different directions, and the direction of the diameter Pp 
bisecting chords in one of the given directions. 


between the products of segments of lines in 


I. Suppose that the conic has tangents in both given directions 
(which is always the case if the conic is a conic in the old sense of 
the term, i.e. if the double-branch hyperbola is excluded). 

Let the points of the auxiliary figure be denoted by accented 
letters corresponding to those in the figure on p. cxl. 

We know the ratio 

Ῥ x 
007 JA 


and, if we choose any straight line for O'P’, we know (1) the position 
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of a diameter, (2) its extremity P’, (3) the direction of the chords 
bisected by the diameter, (4) a point Q' with the tangent at that 
point. 

Then the intersection of the tangent at Q' with the diameter 
and the foot of the ordinate to it from Q’ determine, with P’, three 
poiuts out of four which are harmonically related, so that the 
remaining one, the other extremity (p') of the diameter, is found. 
Hence the conic in the auxiliary figure is determined. 


II. Suppose that the conic has no tangent in either direction. 

In this case we know the ratio between the tangents to the 
hyperbola conjugate to the required auxiliary hyperbola, and we can 
therefore determine the conjugate hyperbola in the manner just 
described ; then, by means of the conjugate, the required auxiliary 
hyperbola is determined. 


III. Suppose that the conic has a tangent in the direction of 
A D, but not in the direction of AB. 


A 





D 


In this case, if the tangent Pt parallel to AD and the diameter 
bisecting AP meet in ¢, Apollonius has expressed the constant A as 
the ratio between the squares of the tangent tP and of tq, the half 
of the chord through ¢ parallel to AB. We have then 


tP tP > 
— ---ῃ = À. 
tq ts 
If we now choose ¢’P’ arbitrarily, we have, towards determining the 
auxiliary similar conic, 
(1) a diameter with the direction of chords bisected by it, 
(2) one extremity P’ of that diameter, 


(3) two points q’, x’ on the curve. 
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If y,, y, are the ordinates of q’, s% with respect to the diameter, 
z,, X the distances of the feet of the ordinates from P’, and αι, æ; 
their distances from the other (unknown) extremity of the diameter, 


we have 


’ 


whence = is determined. 
2 
The point p’ can thus be found by means of the ratio between 


its distances from two known points on the straight line on which 
it must lie. 


IV. Suppose that the conic has a tangent in the direction of 
AJ, but not in the direction of AD. 

Let the tangent at P, parallel to AB, meet the diameter bisecting 
BC, AD in t, and let tg parallel to AD meet the conic in q; we then 
have 





If we choose either /'q' or ''P' arbitrarily, we have 
(1) the diameter /'7", 


(2) the points P’, g’ on the curve, the ordinates from which to 
the diameter meet it in ¢’, 7" respectively, 


(3) the tangent at P'. 
Since ¢’P’ is the tangent at 7", 
Ct .CT'-1.a^, 


where C” is the centre, and «' the length of the diameter. 
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Therefore, by symmetry, 7"g' is the tangent at q’. [Prop. 42.] 

Hence we can find the centre C’ by joining Y", the middle point 
of 94’ to O', the point of intersection of the tangents, since 170’ 
must be a diameter and therefore meets {' Τ’ in C”. 

Thus the auxiliary conic can be readily determined. The 
relation between the diameter α΄ and the diameter b’ conjugate to it 
is given by 

tq’ b"? Dp? 
CCT ὦ’ aV 

Thus it is seen that, in all four cases, the propositions of Apollo- 
nius supply means for determining an auxiliary figure similar to 
that which is sought. The transition to the latter can then be 
made in various ways; e.g. the auxiliary figure gives at once the 
direction of the diameter bisecting AB, so that the centre is given; 
and we can effect the transition by means of the ratio between C4 
and 64’, 

There are, however, indications that the auxiliary figures would 
not in practice be used beyond the point at which the ratio of the 
diameter (a) bisecting the parallel sides of the trapezium to its 
conjugate (0) is determined, inasmuch as we find in Apollonius 
propositions which lead directly to the determination of the absolute 


ον ὁ 
be solved is, in fact, to describe a conic through two given points 4 
and B such that one diameter of it lies along a given straight line, while 
the direction of the chords bisected by the diameter is given, as well as 


values of a and b when the ratio τ (- y) is given. The problem to 


a 
b 

Suppose that, in the accompanying figure, a straight line is 
drawn through B parallel to the known direction of the diameter, 


the ratio ( ) between the length of the diameter and its conjugate. 


Ο B 
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and meeting DA produced in O. Also let OB meet the curve 
(which we will suppose to be an ellipse) again in Æ. 
Then we must have 
OB.OE α 
04.0D b" 
whence OF can be found, and therefore the position of E. The line 
bisecting BF and parallel to AD or BC will determine the centre. 
We have now, for the case of the ellipse, a proposition given 
by Apollonius which determines the value of a’ directly. By 
rir. 27 [Prop. 61 (1)] we know that 


2 
OB + OF? + (04° + OD*) =a", 


whence a? is at once found. 

Similar propositions are given for the hyperbola (see ΙΙΙ. 24-26, 
28, 29 [Props. 60 and 61 (2)]). The construction in the case of the 
hyperbola is also facilitated by means of the asymptote properties. 
In this case, if the letters have the same significations as in the 
figure for the ellipse, we find the centre by means of the chord BE 
or by using the auxiliary similar figure. The asymptotes are then 


determined by the ratio τ If these cut the chord AD in A, ZL, 
then 

Ak, AL =’, 
or Ak. KD= Y. 


If the required curve is a parabola, the determination of the 
auxiliary similar figure after the manner of the first of the four 
cases detailed above would show that P’, the end of the diameter, is 
at the middle point of the intercept between the intersection of the 
diameter with the tangent at Q’ and with the ordinate from Q’ respec- 
tively. The curve can then be determined by the simple use of the 
ordinary equation of the parabola. 

So far the determination of the four-line locus has only been 
considered in the particular case where two opposite sides of the 
inscribed quadrilateral are parallel. It remains to consider the 
possible means by which the determination of the locus with 
reference to a quadrilateral of any form whatever might have been 
reduced to the problem of finding the locus with reference to a 
trapezium. As Apollonius’ third Book contains no propositions 
which can well be used for effecting the transition, it must be 
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concluded that the transition itself was not affected by Apollonius' 
completion of the theory of the locus, but that the key must be 
looked for elsewhere. Zeuthen (Chapter 8) finds the key in the 
Porisms of Euclid*. He notes first that Archimedes' proposi- 
tion (given on p. lix, Ix above) respecting the parabola exhibits the 
curve as a four-line locus with respect to two quadrilaterals, of 
which one is obtained from the other by turning two adjacent 
sides about the points on the parabola in which they meet the two 
other sides. (Thus PQ is turned about ( and takes the position 
QT, while PV is turned about its intersection with the parabola 
at infinity and takes the position of the diameter through Q.) 
This suggests the inquiry whether the same means which are 
used to effect the transition in this very special case cannot 
also be employed in the more general case now under consi- 
deration. 

As the Porisms of Euclid are themselves lost, it is necessary to 
resort to the account which Pappus gives of their contents; and 
the only one of the Porisms which is there preserved in its original 
form is as followst: 


If from two given points there be drawn straight lines which 
intersect one another on a straight line given in position, and if one 
of the straight lines so drawn cuts off from a straight line given in 
position a certain length measured from a given point on it, then the 
other straight line also will cut off a portion from another straight 
line bearing a given ratio [to the former intercept]. 


The same proposition is true also when a four-line locus is 
substituted for the first-mentioned given straight line and the two 
fixed points are any two fixed points on the locus. Suppose that we 
take as the two fixed points the points 4 and 6, being two opposite 
corners of the quadrilateral ABCD to which the locus is referred, 
and suppose the lines from which the intercepts are cut off to be 
CE, AE drawn respectively parallel to the sides BA, BC of the 
quadrilateral. 

Let JM be a point on the required locus, and let AD, AM meet 


* That the Porisms of Euclid were a very important contribution to geometry 
is indicated by the description of them in Pappus (p. 648) as a collection most 
ingeniously adapted for the solution of the more weighty problems (ἄθροισμα 
Φιλοτεχνότατον εἰς τὴν ἀνάλυσιν τῶν ἐμβριθεστέρων προβλημάτων). 

t Pappus, p. 656, 
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CE in D', M' respectively, while CD, CM meet AE in D", M" 
respectively. 

For the purpose of determining the geometrical locus, let the 
distances of M from 47, CD be measured parallel to BC, and its 
distances from BC, AD parallel to BA. 





Then the ratio of the distances of M from CD, BC respectively 


n Mt 


will be equal to CE 





and the ratio of the distances of M from AB, 


DA will be equal to 





AE 
D'M'' 
Therefore the fact that the ratio of the rectangles under the 
distances of J from each pair of opposite sides of the quadrilateral 
ABCD is constant may be expressed by the equation 


D" M" CE 
ir^ ig^" SAY ox eru ο ο ος. (1), 


where μ is a new constant independent of the position of Af. 
If now A be determined by means of the position of a point F of 
the locus, we have 
D'M" ΠΡ ΡΜ" (2) 
Di ^DF^JYM ccc 2), 
where F’, F” are the intersections of AF, CE and of CF, AE 
respectively. 

And, since the last ratio in (2), which is derived from the other 
two, remains constant while M moves along the required locus, it 
follows that that locus is also a four-line locus with reference to the 
four sides of the quadrilateral A C F. 

Thus, in order to extend the proposition about an inscribed 
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trapezium to a quadrilateral of any form, or, conversely, to reduce 
the determination of a four-line locus with reference to any quadri- 
lateral to a similar locus with reference to a trapezium, it was only 
necessary to consider the case in which one of the lines AD or AF 
coincides with AE. It follows that the four-line locus with reference 
to any quadrilateral is, like the four-line locus with reference to a 
trapezium, a conic section. 

The actual determination of the locus in the general form can 
be effected by expressing it in the more particular form. 

Suppose that the distances of M from AB, CD (reckoned parallel 
to BC) are denoted by x, z, and the distances of Jf from BC, AD 
(reckoned parallel to BA) are y, u respectively. Then the locus is 
determined by an equation of the form 


where à is a constant, and a, y are the coordinates of the point M 
with reference to BC, BA as axes. 

If P, Q are the points in which the ordinate (y) of Jf meets AD, 
AE respectively, 


Since (— MQ) is the distance of M from A measured parallel to 
DA, let it be denoted by w,. 
Then, from the figure, 
D'E 
PQ= AE*™ 
Therefore, from (1), 


D' Ad 
X (z-a AE y) = yu, 


; D ; 
In order to substitute a single term for (2 -À oe y) , we derive 


, 


AE 
from the figure 


η D” M" 
= παρα 


and we have then to take a point G on AZ such that 
D RE 
AE | CE' 


(The point G is thus seen to be a point on the locus.) 


λ 
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H λ DE N D" M” , E D'"G 
ence 2 - ΑΝ ΟΕ Y cE! 
GM” 
σε” 


-— fv 
— Ky 


1? 
where z, is the distance of the point Jf from the line CG measured 
parallel to BC. 


The equation representing the locus is accordingly transformed 
into the equation 


qz, =A. γι, 
and the locus is expressed as a four-line locus with reference to the 
trapezium ABCG. 

The method here given contains nothing which would be beyond 
the means at the disposal of the Greek geometers except the mere 
notation and the single use of the negative sign in (— MQ), which 
however is not an essential difference, but only means that, whereas 
by the use of the negative sign we can combine several cases into 
one, the Greeks would be compelled to treat each separately. 


Lastly, it should be observed that the four-line locus with 
reference to a trapezium corresponds to the equation 
ax? + Bay + yy? +dx+ey=0, 


which may be written in the form 


x (ax + By + d) =- y (yy + 6). 
Thus the exact determination of the four-line locus with reference 
to a trapezium is the problem corresponding to that of tracing a 


conic from the general equation of the second degree wanting only 
the constant term. 


CHAPTER VI. 
THE CONSTRUCTION OF A CONIC THROUGH FIVE POINTS. 


SINCE Apollonius was in possession of a complete solution of the 
problem of constructing the four-line locus referred to the sides of a 
quadrilateral of any form, it is clear that he had in fact solved the 
problem of constructing a conic through five points. For, given the 
quadrilateral to which the four-line locus is referred, and given a 
fifth point, the ratio (A) between the rectangles contained by the 
distances of any point on the locus from each pair of opposite sides 
of the quadrilateral measured in any fixed directions is also given. 
Hence the construction of the conic through the five points is 
reduced to the construction of the four-line locus where the constant 
ratio λ 15 given. 

The problem of the construction of a conic through five points 
is, however, not found in the work of Apollonius any more than the 
actual determination of the four-line locus. The omission of the 
latter is easily explained by the fact that, according to the author's 
own words, he only professed to give the theorems which were 
necessary for the solution, no doubt regarding the actual construc- 
tion as outside the scope of his treatise. But, as in Euclid we find 
the problem of describing a circle about a triangle, it would have 
been natural to give in a treatise on conics the construction of a 
conic through five points. The explanation of the omission may be 
that it was not found possible to present the general problem 
in a form sufficiently concise to be included in a treatise embracing 
the whole subject of conics. This may be easily understood when 
it is remembered that, in the first place, a Greek geometer 
would regard the problem as being in reality three problems 
and involving a separate construction for each of the three 
conics, the parabola, the ellipse, and the hyperbola. He would 
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then discover that the construction was not always possible 
for a parabola, since four points are sufficient to determine a 
parabola; and the construction of a parabola through four points 
would be a completely different problem not solved along with the 
construction of the four-line locus. Further, if the curve were an 
ellipse or a hyperbola, it would be necessary to find a διορισµος 
expressing the conditions which must be satisfied by the particular 
points in order that the conic might be the one or the other. If it 
were an ellipse, it might have been considered necessary to provide 
against its degeneration into a circle. Again, at all events until the 
time of Apollonius, it would have been regarded as necessary to find 
a διορισμός expressing the conditions for securing that the five points 
should not be distributed over both branches of the hyperbola. 
Thus it would follow that the complete treatment of the problem by 
the methods then in use must have involved a discussion of con- 
siderable length which would have been disproportionate in such a 
work as that of Apollonius. 

It is interesting to note how far what we actually find in 
Apollonius can be employed for the direct construction of a conic 
through five points independently of the theory of the four-line 
locus. The methods of Book IV. on the number of points in which 
two conics may intersect are instructive in this connexion. These 
methods depend (1) on the harmonic polar property and (2) on the 
relation between the rectangles under the segments of intersecting 
chords drawn in fixed directions. The former property gives a 
method, when five points are given, of determining a sixth; and by 
repeating the process over and over again we may obtain as many 
separate points on the curve as we please. The latter proposition 
has the additional advantage that it allows us to choose more freely 
the particular points to be determined ; and by this method we can 
find conjugate diameters and thence the axes. This is the method 
employed by Pappus in determining an ellipse passing through five 
points respecting which it is known beforehand that an ellipse can 
be drawn through them*. It is to be noted that Pappus’ solution 
is not given as an independent problem in conic sections, but it is 
an intermediate step in another problem, that of finding the dimen- 
sions of a cylinder of which only a broken fragment is given such 
that no portion of the circumference of either of its bases is left 
whole. Further, the solution is made to depend on what is to be 


* Pappus (ed. Hultsch), p. 1076 seqq. 


THE CONSTRUCTION OF A CONIC THROUGH FIVE POINTS. clin 


found in Apollonius, and no claim is advanced that it contains 
anything more than any capable geometer could readily deduce for 
himself from the materials available in the Conics. 

Pappus’ construction is substantially as follows. If the given 
points are 4, B, C, D, E, and are such that no two of the lines 
connecting the different pairs are parallel, we can reduce the problem 
to the construction of a conic through A, B, D, E, F, where EF is 
parallel to AB. 





For, if EF be drawn through Æ parallel to AB, and if CD meet 
AB in O and £F in Ο’ we have, by the proposition relating to 
intersecting chords, 


CO.0D:A0.0B=C0'.0'D: ΕΟ’. Ο'}’ 


whence O’F is known, and therefore F is determined. 

We have therefore to construct an ellipse through 4, B, D, E, F, 
where E is parallel to AB. 

And, if V, W be the middle points of AB, EF respectively, the 
line joining V and W is a diameter. 

Suppose DR to be the chord through D parallel to the diameter, 
and let it meet AB, EF in G, H respectively. Then Z is deter- 
mined by means of the relation 


RG.GD: BG.GA- RH. ID : FH.HE ......... (1). 
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In order to determine œX, let DB, RA be joined meeting EF in A, L 
respectively. 
Then 


RG.GD: DG. GAZ (RH : IHL).(DH : Hk), by similar triangles, 
= RH.II D: ΚΗ. ΙΙ, 
Therefore, from (1), we have 
FH.HE-KH.HL, 


whence //Z is found, and therefore L is determined. And the 
intersection of AZ, DH determines K. 

In order to find the extremities of the diameter (PP), we draw 
ED, RF meeting the diameter in M, N respectively. And, by the 
same procedure as before, we obtain 


FH.HE: RH.HD-FW.WE:PW.WP, 

by the property of the ellipse. 

Alo FH.HE:RH.UD=FW.WE: NW. WM, 
by similar triangles. 

Hence PW.WP=NW. WM; 
and similarly we can find the value of P'V. VP. 

Pappus’ method of determining P, P' by means of the given 
values of P'V. VP and /P'W.WP amounts to an elimination of one 
of the unknown points and the determination of the other by an 


equation of the second degree. 
Take two points Q, (" on the diameter such that 


ΡΥ.νΡ-1γ.νο........................ (α), 
Ρ.ΙΡ-ΥΙ.1ΡΦ................... (B), 


and V, WV, Q, @' are thus known, while 7, P’ remain to be found. 
It follows from (a) that 


Py:VWz2zqQV:Vvp, 
whence PW:VWzPQ:PV. 
From this we obtain, by means of (8), 

PQ:PV2Q'W:WLD, 
so that PQ: QV= QW : PY, 
or Ρο. Ρῳῴ’Ξ ΦΥ’. QW. 


Thus 7 can be found, and similarly 7". 
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It is noteworthy that Pappus' method of determining the ex- 
tremities of the diameter PP’ (which is the principal object of his 
construction) can be applied to the direct construction of the points 
of intersection of a conic determined by five points with any straight 
line whatever, and there is no reason to doubt that this construction 
could have been effected by Apollonius. But there is a simpler 
expedient which we know from other sources that Apollonius was 
acquainted with, and which can be employed for the same purpose 
when once it is known that the four-line locus is a conic. 

The auxiliary construction referred to formed the subject of a 
whole separate treatise of Apollonius On determinate section (περὶ 
διωρισµένης τομῆς). The problem is as follows: 

Given four points 4, B, C, D on a straight line, to determine 
another point 7 on the same straight line so that the ratio 


AP.CP:BP.DP 


has a given value. 

The determination of the points of intersection of the given 
straight line and a four-line locus can be immediately transformed 
into this problem, 4, B, C, D being in fact the points of intersection 
of the given straight line with the four lines to which the locus 
has reference. 

Hence it is important to examine all the evidence which we 
possess about the separate treatise referred to. This is contained 
in the seventh Book of Pappus, who gives a short account of the 
contents of the work* as well as a number of lemmas to the 
different propositions in it. It is clear that the question was very 
exhaustively discussed, and in fact at much greater length than 
would have been likely had the investigation not been intended as 
a means of solving other important problems. The conclusion is 
therefore irresistible that, like the Books λόγου ἀποτομῆς and χωρίου 
ἀποτομῆς above mentioned, that On determinate section also was 
meant to be used for solving problems in conic sections. 

To determine P by means of the equation 


AP.CP - . BP. DP, 


where A, B, C, D, X are given, is now an easy matter because the 
problem can at once be put into the form of a quadratic equation, 
and the Greeks also would have no difficulty in reducing it to the 
usual application of areas. But, if it was intended for application 


* Pappus, pp. 642—644. 
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in further investigations, the complete discussion of it would 
naturally include, not only the finding of a solution, but also the 
determination of the limits of possibility and the number of possible 
solutions for different positions of the given pairs of points 4, C and 
D, D, for the cases where the points in either pair coincide, where 
one is infinitely distant, and so forth : so that we should expect the 
subject to occupy considerable space. And this agrees with what 
we find in Pappus, who further makes it clear that, though we do 
not meet with any express mention of series of point-pairs deter- 
mined by the equation for different values of A, yet the treatise 
contained what amounts to a complete theory of Involution. Thus 
Pappus says that the separate cases were dealt with in which the 
given ratio was that of either (1) the square of one abscissa 
measured from the required point or (2) the rectangle contained by 
two such abscisse to any one of the following: (1) the square of one 
abscissa, (2) the rectangle contained by one abscissa and another 
separate line of given length independent of the position of the 
required point, (3) the rectangle contained by two abscisse. We 
also learn that maxima and minima were investigated. From the 
lemmas too we may draw other conclusions, e.g. 

(1) that, in the case where A 2 1, and therefore P has to be 
determined by the equation 

AP.CP=BP. DP, 


Apollonius used the relation * 
BP: DP=AB.BC:AD. DC; 
(2) that Apollonius probably obtained a double point Æ of the 
involution determined by the point-pairs 4, C and B, D by means of 


the relation t 
AB.BC:AD.DC=BE?: DE’. 


Assuming then that the results of the work On determinate 
section were used for finding the points of intersection of a straight 
line with a conic section represented as a four-line locus, or a conic 
determined by five points on it, the special cases and the various 
διορισµοί would lead to the same number of properties of the conics 
under consideration. There is therefore nothing violent in the 
supposition that Apollonius had already set up many landmarks in 
the field explored eighteen centuries later by Desargues. 

* This appears in the first lemma (p. 704) and is proved by Pappus for 


several different cases. 
+ Cf. Pappus’ prop. 40 (p. 732). 
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NOTES ON THE TERMINOLOGY OF GREEK GEOMETRY. 


THE propositions from the Conics of Apollonius which are given 
at length in Chapter II. above will have served to convey some idea 
of the phraseology of the Greek geometers ; and the object of the 
following notes is to supplement what may be learnt from those 
propositions by setting out in detail the principal technical terms 
and expressions, with special reference to those which are found in 
Apollonius. It will be convenient to group them under different 
headings, 


1. Points and lines. 


A point is σημεῖον, the point A τὸ A σημεῖον or τὸ A simply; a 
fuller expression commonly used by the earlier geometers was τὸ 
(σημεῖον) ἐφ᾽ ov A, “the point on which (is put the letter) A*.” Any 
point is τυχὸν σημεῖον, the point (so) arising τὸ γενόμενον σημεῖον, the 
point (so) taken τὸ ληφθὲν σημεῖον, a point not within the section 
σημεῖον μὴ ἐντὸς τῆς τομῆς, any point within the surface σημεῖόν τι τών 
ἐντὸς τῆς ἐπιφανείας ; in one point only καθ ἓν μόνον σημεῖον, in two 
points κατὰ δύο, and so on. 

The following are names for particular points: apea or vertex 
κορυφή, centre κεντρο. point of division διαίρεσις, point of bisection 
διχοτοµία, extremity πέρας. 

A line is γραμμή, a straight iis εὐθεῖα γραμμή or εὐθεῖα alone, a 
finite straight line εὐθεῖα πεπερασμένη; a curved line 15 καμπύλη 


* A similar expression was ἡ (εὐθεῖα) ἐφ ἡ AB the straight line (on which are 
the letters) AB. The same phrases, with the same variation of case after ἐπί, 
are found frequently in Aristotle, particularly in the logical treatises and the 
Physics. 
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γραμμή, but γραμμή alone is often used of a curve, e.g. a circle or a 
conic; thus τὸ πέρας τῆς εὐθείας τὸ πρὸς τῇ γραμμῇ is that extremity of 
the straight line which is on the curve. A segment (of a line as well 
as a curve) is τμῆμα. 

Of lines in relation to other lines we find the terms parallel 
παράλληλος, a perpendicular to κάθετος ἐπί (with acc.); a straight 
line produced is ἡ ἐπ εὐθείας αὐτῇ. 

For a line passing through particular points we have the follow- 
ing expressions used with διά and the genitive, ήξει, ἔρχεται, ἐλεύσεται, 
πορεύεται; likewise πίπτω δια, or κατα (with acc.). 

Of a line meeting another line πίπτειν ἐπί (with acc.), συμπίπτειν, 
συμβάλλειν, ἅπτομαι are used; until it meets is ἕως οὗ συμπέσῃ or 
ἄχρις ἂν συμπέσῃ, point of meeting σύμπτωσις ; the line from the point 
of concourse to A, ἡ ἀπὸ τῆς συμπτώσεως ἐπὶ τὸ A; the straight line 
joining H, Θ, ἢ ἐπὶ τὰ H, © ἐπιζευγνυμένη εὐθεῖα; BA passes through 
the points of contact, ἐπὶ τὰς adas ἐστιν ἡ BA. 

The line ΖΘ is bisected in M, δίχα τέτμηται ἡ ΖΘ κατὰ τὸ M; 
bisecting one another δίχα τέμνουσαι ἀλλήλας, the line joining their 
middle points xj τὰς διχοτομίας αὐτῶν ἐπιζευγνύουσα, is cut into equal 
and unequal parts εἰς μὲν ἴσα, eis δὲ ἄνισα τέτµηται. 

Straight lines cut off or intercepted are ἀποτεμνόμεναι ΟΥ ἀπολαμ- 
βανόμεναι, the part cut off without (the curve) ἡ ἐκτὸς ἀπολαμβανομένη, 
will cut off an equal length ἴσην ἀπολήψεται, the lengths intercepted on 
it by the (conic) section towards the asymptotes ai ἀπολαμβανόμεναι απ᾿ 
αὐτῆς πρὸς ταῖς ἄσυμπτωτοις. 

A point on a line is often elegantly denoted by an adjective 
agreeing with it: thus az’ ἄκρας αὐτῆς from its extremity, am ἄκρου 
τοῦ ἄξονος from the extremity of the axis, ἡ ἐπ᾽ ἄκραν τὴν ἀποληφθεῖσαν 
αγομένη the line drawn to the extremity of the intercept, αἱ πρὸς μέσην 
τὴν τομὴν κλώμεναι εὐθεῖαι the straight lines drawn so as to meet at the 
middle point of the section. 


2. Angles. 


An angle is γωνία, an acute angle ὀξεῖα γωνία, obtuse ἀμβλεῖα, 
right ὀρθή; at right angles to πρὸς ὀρθάς (with dative) or ὀρθὸς πρὸς 
(with acc.); the line AA (drawn) from A at right angles to EA, απὸ τοῦ 
Δ τῇ EA ὀρθὴ ἡ AA ; to cut at right angles πρὸς ὀρθὰς τέμνειν, will not 
in general be at right angles but only when... οὐκ αἰεὶ πρὸς ὀρθὰς ἔσται, 


ἀλλ᾽ ὅταν... 
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At any angles ἐν τυχούσαις γωνίαις, at a given angle ἐν δοθείση 
γωνία. 

Vertically opposite (angles) κατὰ κορυφὴν ἀλλήλαις κείμεναι; the 
angle vertically opposite to the angle ZOE, ἡ κατὰ κορυφὴν τῆς ὑπὸ ZOE 
γωνίας; the same expression is also used of triangles (e.g. in τὰ 
γινόμενα κατὰ κορυφὴν τρίγωνα), and of the two halves of a double 
cone, which are called vertically opposite surfaces αἱ κατὰ κορυφὴν 
ἐπιφάνειαι. 

The exterior angle of the triangle is ἡ ἐκτὸς τοῦ τριγώνου γωνία. 

For the angle ATE we find the full expression ἡ περιεχοµένη γωνία 
ὑπὸ τῶν ATE or “the angle contained by the lines AT, PE,” but 
more usually 7 ὑπὸ τῶν ATE or x ὑπὸ ATE. The angles ATZ, AZT 
are (together) equal to a right angle ai ὑπὸ ATZ, AZT μιᾷ ὀρθῇ ἴσαι 
εἶσίν. 

The adjacent angle, or the supplement of an angle, is η ἐφεξῆς γωνία. 

To subtend (an angle) is ὑποτείνειν either with a simple accusa- 
tive, or with ὑπὸ and acc. (extend under) as in αἱ γωνίαι, ὑφ às αἱ 
ὁμόλογοι πλευραὶ ὑποτείνουσιν the angles which the homologous sides 
subtend. 


3. Planes and plane figures. 


A plane is ἐπίπεδον, a figure σχῆμα or εἶδος, a figure in the sense 
of a diagram καταγραφή or σχῆμα. 

(A circle) which is not in the same plane with the point ὃς οὐκ 
ἔστιν ἐν τῷ αὐτῷ ἐπιπέδῳ τῷ σημείῳ. 

The line of intersection of two planes is their κοινὴ τομή. 

A rectilineal figure is σχῆμα εὐθύγραμμον (Euclid), and among the 
figures of this kind are triangle τρίγωνον, quadrilateral τετράπλευρον, 
a five-sided figure πεντάπλευρον etc., πλευρά being a side. 

A circle is κύκλος, its circumference περιφέρεια, a semicircle 
ἡμικύκλιον, a segment of a circle τμῆμα κύκλου, a segment greater, or 
less, than a semicircle τμῆμα μεῖζον, or ἔλασσον, ἡμικυκλίου ; a segment 
of a circle containing an angle equal to the angle ATB is κύκλου τμῆμα 
δεχόμενον γωνίαν ἴσην τῇ ὑπὸ ATB. 

Of quadrilaterals, a parallelogram is παραλληλόγραμμον, a square 
τετράγωνον, a rectangle ὀρθογώνιον or frequently χωρίον with or without 
ὀρθογώνιον. Diagonal is διάµετρος. 

To describe a figure upon a given line (as base) is ἀναγράφειν aro. 
Thus the figure OIH has been described upon the radius OH is avaye- 
γραπται ἀπὸ τῆς ἐκ τοῦ κέντρου τῆς OH εἶδυς τὸ OIH, the square on ZO 
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is τὸ ἀπὸ τῆς ZO (τετράγωνον), the figures on KA, AZ is τὰ ἀπὸ KAZ 
εἴδη. But ἐπί with the genitive is used of describing a semicircle, 
or a segment of a circle, on a given straight line, e.g. ἐπὶ τῆς AA 
γεγράφθω ἡμικύκλιον, τμῆμα κύκλου. Similarly guadrilaterals standing 
on the diameters as bases are βεβηκότα ἐπὶ τῶν διαμέτρων τετράπλευρα. 

A rectangle applied to a given straight line is παρακείµενον παρά 
(with acc.), and its breadth is πλάτος. The rectangle contained by 
AZ, ZE is τὸ ὑπὸ τῶν AZ, ZE or τὸ ὑπὸ (τῶν) ΔΖΕ; will contain (with 
another straight line) a rectangle equal to the square on is ἴσον 
περιέξει τῷ απὀ. 

With reference to squares the most important point to notice is 
the use of the word δύναμις and the various parts of the verb δύναμαι. 
δύναμις expresses a square (literally a power) ; thus in Diophantus it 
is used throughout as the technical term for the square of the 
unknown in an algebraical equation, i.e. for 2. In geometrical 
language it is used most commonly in the dative singular, δυνάμει, in 
such expressions as the following: λόγος ὃν ἔχει τὸ ἐντὸς Tupa πρὸς 
τὸ λοιπὸν δυνάμει, “the ratio which” (as one might say) “ the inner 
segment has to the remaining segment potentially," meaning the ratio 
of the square of the inner segment to that of the other. (Similarly 
Archimedes speaks of the radius of a circle as being δυνάμει ἴσα to the 
sum of two areas, meaning that the square of the radius 1s equal etc.) 
In like manner, when δύναται is used of a straight line, it means 
literally that the line is (if squared) capable of producing an area 
equal to another. ἴσον δυνάμεναι τῷ ὑπὸ is in Apollonius (straight 
lines) the squares on which are equal to the rectangle contained by ; 
δύναται τὸ περιεχόμενον ὑπὸ the square on it is equal to the rectangle 
contained by; MN δύναται τὸ ΖΞ, the square on MN 15 equal to the 
rectangle ZZ; δυνήσεται τὸ παρακείμενον ὀρθογώνιον πρὸς THY προσπο- 
ρισθεῖσαν the square on it will be equal to the rectangle applied to the 
straight line so taken in addition (to the figure); and so on. 

To construct a triangle out of three straight lines is in Euclid ἐκ 
τριῶν εὐθειῶν τρίγωνον συστήσασθαι, and similarly Apollonius speaks 
of its being possible συστήσασθαι τρίγωνον ἐκ τῆς Θ καὶ δύο τῶν EA, to 
construct a triangle from the straight line © and two straight lines 
(equal to) EA. The triangle formed by three straight lines is ro 
γινόμενον UT αὐτῶν τρίγωνον. 

Equiangular is ἰσογώνιος, similar ὅμοιος, similar and similarly 
situated ὅμοιος καὶ ὁμοίως κείμενος ; because of the similarity of the 
triangles OEN, KEO is διὰ τὴν ὁμοιότητα τῶν OEN, KEO τριγώνων. 
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4. Cones and sections of cones. 


A cone is κώνος, a right cone ὀρθὸς κώνος, an oblique or scalene cone 
σκαληνὸς κῶνος, the surface of a cone is κωνικὴ ἐπιφάνεια, the straight 
line generating the surface by its motion about the circumference of 
a circle is ἡ γράφουσα εὐθεῖα, the fixed point through which the 
straight line always passes is τὸ μεμενηκὸς σημεῖον, the surface of the 
double cone is that which consists of two surfaces lying vertically 
opposite to one another ἢ συγκεῖται ἐκ δύο ἐπιφανειῶν κατὰ κορυφὴν 
ἀλλήλαις κειμένων, the circular base is βασις, the apex κορυφή, the 
axis ἄξων. 

A circular section subcontrary to the base is ὑπεναντία τομή. 

In addition to the names parabola, ellipse, and hyperbola (which 
last means only one branch of a hyperbola), Apollonius uses the 
expression τομαὶ ἀντικείμεναι Or αἱ ἀντικείμεναι denoting the opposite 
branches of a hyperbola; also αἱ κατ ἐναντίον topai has the same 
meaning, and we even find the expression διάµετρος τῶν δύο συζυγών 
for a diameter of two pairs of opposite branches, so that conjugate 
here means opposite branches. (Cf. too ἐν μὲν τῇ ἑτέρᾳ συζυγίᾳ in the 
one pair of opposites.) Generally, however, the expression τομαὶ 
συζυγεῖς is used of conjugate hyperbolas, which are also called αἱ xara 
συζυγίαν ἀντικείμεναι or συζυγεῖς ἀντικείμεναι conjugate opposites. Of 
the four branches of two conjugate hyperbolas any two adjoining 
branches are αἱ ἐφεξῆς ropa. 

In the middle of a proposition, where we should generally use the 
word curve to denote the conic, Apollonius generally uses τομή 
section, sometimes γραμμή. 


5. Diameters and chords of conics. 
Diameter is ἡ διάμετρος, conjugate diameters συζυγεῖς διάμετροι, of 
which the transverse is ἡ πλαγία, the other ἡ ὀρθία (erect) or δευτέρα 


(secondary). 
The original diameter (i.e. that first arising out of the cutting of 


a cone in a certain manner) is xj ἐκ τῆς γενέσεως διάμετρος or ἡ προῦ- 
πάρχουσα διάμετρος, and (in the plural) αἱ ἀρχικαὶ διάμετροι. The 
bisecting diameter is ἡ διχοτομοῦσα διάμετρος. A radius of a central 
conic is simply ἐκ τοῦ κέντρου (with or without the definite article). 


Chords are simply ai ἀγόμεναι ἐν τῇ τομῇ. 


6. Ordinates. 
The word used is the adverb τεταγμένως ordinate-wise, and the 
advantage of this is that it can be used with any part of the verb 


H. C. l 
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signifying to draw. This verb is either κατάγειν or ἀνάγειν, the 
former being used when the ordinate is drawn down to the diameter 
from a point on the curve, and the latter when it is drawn upwards 
from a point on a diameter. Thus τεταγμένως κατήχθω ἐπὶ τὴν 
διάµετρον means suppose an ordinate drawn to the diameter, which 
diameter is then sometimes called ἡ ἐφ ἣν ἄγονται or κατῆκται An 
ordinate is τεταγμένως καταγομένη or κατηγμένη, and sometimes τεταγ- 
µένως alone or κατηγμένη alone, the other word being understood; 
similarly κατήκται and ἀνῆκται are used alone for is an ordinate or 
has been drawn ordinate-wise. τεταγμένως is also used of the tangent 
at the extremity of a diameter. 

Parallel to an ordinate is παρὰ τεταγμένως κατηγμένην or mapa- 
τεταγμένως in one word. 


7. Abscissa. 

The abscissa of an ordinate is ἡ ἀπολαμβανομένη ὑπ αὐτῆς ἀπὸ 
τῆς διαμέτρου πρὸς τῇ κορυφῇ the (portion) cut off by it from the 
diameter towards the vertex. Similarly we find the expressions ai 
ἀποτεμνόμεναι ὑπὸ τῆς κατηγµένης, or al ἀπολαμβανόμεναι UT αὐτῶν, 
πρὸς τοῖς πέρασι τῆς πλαγίας πλευρᾶς τοῦ εἴδους the (portions) cut off by 
the ordinate, or by them, towards the extremities of the transverse 
side of the figure (as to which last expression see paragraph 9 
following). 


8. Parameter. 


The full phrase is the parameter of the ordinates, which is ἡ παρ᾽ 
ἣν δύνανται αἱ καταγόµεναι τεταγμένως, i.e. the straight line to which 
are applied the rectangles which in each conic are equal to the 
squares on the ordinates, or (perhaps) to which the said squares are 
related (by comparison). 


9. The “figure” of a central conic. 


The figure (τὸ εἶδος) is the technical term for a rectangle 
supposed to be described on the transverse diameter as base and 
with altitude equal to the parameter or latus rectum. Its area is 
therefore equal to the square on the conjugate diameter, and, with 
reference to the rectangle, the transverse diameter is called the 
transverse side (πλαγία πλευρα) and the parameter is the erect side 
(ὁρθία πλευρα) of the figure (εἶδος). We find the following different 
expressions, τὸ πρὸς τῇ BA εἶδος the figure on (the diameter) BA ; τὸ 
παρὰ τὴν AB εἶδος the figure applied to (the diameter) AB; τὸ ὑπὸ AE, 
H εἶδος the figure contained by (the diameter) AE and (the parameter) 
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H. Similarly τὸ γινόμενον εἶδος πρὸς τῇ διὰ τῆς ἁφῆς ἀγομένῃ διαμέτρῳ 
is the figure formed on the diameter drawn through the point of contact 
and τὸ πρὸς τῇ τὰς ἀφὰς ἐπιζευγνυούσῃ εἶδος is the figure on (the 
diameter which is) the chord joining the points of contact (of two 
parallel tangents). 

τὸ τέταρτον τοῦ εἴδους one-fourth of the figure is, with reference to 


a diameter PP’, one-fourth of the square of the conjugate diameter 
DD’, i.e. CD*. 


10. Tangents etc. 


To touch is most commonly ἐφάπτεσθαι, whether used of straight 
lines touching curves or of curves touching each other, a tangent 
being of course ἐφαπτομένη ; the tangent at A, ἡ κατὰ τὸ A ἐφαπτομένη. 
(The simple verb ἅπτεσθαι is not generally used in this sense but as 
a rule means to meet, or is used of points lying on a locus. Cf. 
Pappus, p. 664, 28, ἄψεται τὸ σημεῖον θέσει δεδομένης εὐθείας the point 
will lie on a straight line given in position ; p. 664, 2, ἐὰν ἅπτηται ἐπι- 
πέδου τόπου θέσει δεδομένου Uf t lies on a plane locus given in position). 
The word ἐπιψαύειν is also commonly used of touching, e.g. καθ ἓν 
ἐπιψαύουσα τῆς τομῆς is touching the section in one point, ἧς ἔτυχε 
τῶν τομῶν ἐπιψαύουσα touching any one of the sections at random. 

Point of contact is adn, chord of contact ἡ τὰς ἁφὰς ἐπιζευγνύουσα. 

The point of intersection of two tangents is ἡ σύμπτωσις τῶν ἐφ- 
απτοµένων. 

The following elliptical expressions are found in Apollonius: az’ 
αὐτοῦ ἡ AB ἐφαπτέσθω let AB be the tangent (drawn) from A (outside 
the curve); ἐὰν az αὐτοῦ ἡ μὲν ἐφάπτηται, ἡ δὲ τέμνῃ if (there be 
drawn) from it (two straight lines of which) one touches, and the other 
cuts (the curve). 


1]. Asymptotes. 


Though the technical term used by Apollonius for the asymp- 
totes is ἀσύμπτωτος, it is to be observed that the Greek word has a 
wider meaning and was used of any lines which do not meet, in 
whatever direction they are produced. Thus Proclus*, quoting from 
Geminus, distinguishes between (a) ἀσύμπτωτοι which are in one 
plane and (b) those which are not. He adds that of ἀσύμπτωτοι 
which are in one plane “some are always at the same distance from 
one another (ie. parallel) while others continually diminish the 
distance, as a hyperbola approaches the straight line and the 


* Comment, in Eucl. 1. p. 177. 
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conchoid the straight line.” The same use of ασύμπτωτος in its 
general sense is found even in Apollonius, who says (11. 14) πασῶν 
τῶν ἀσυμπτώτων τῇ τομῇ ἔγγιον εἰσιν αἱ AB, AT, the lines AB, AT (the 
asymptotes proper) are nearer than any of the lines which do not 
meet the section. 

The original enunciation of rr. 14 [Prop. 36] is interesting: ai 
ἀσύμπτωτοι καὶ ἡ τομὴ εἰς ἄπειρον ἐκβαλλόμεναι ἔγγιόν T€ προσάγουσιν 
ἑαυταῖς καὶ παντὸς τοῦ δοθέντος διαστήματος εἰς ἔλαττον ἀφικνοῦνται 
διάστημα, the asymptotes and the section, if produced to infinity, 
approach nearer to one another and come within a distance less than 
any given distance. 

One of the angles formed by the asymptotes is ή περιέχουσα τὴν 
ὑπερβολήν the angle containing (or including) the hyperbola, and 
similarly we find the expression ἐπὶ μιᾶς τῶν ασυμπτώτων τῶν 
περιεχουσῶν τὴν τομήν on one of the asymptotes containing the 
section. 

The space between the asymptotes and the curve is ὁ ἀφοριζόμενος 


, € ^ , ^ ^ 
τόπος ὑπὸ TOV ἀσυμπτώτων καὶ τῆς τομῆς. 


12. Data and hypotheses. 


Given is δοθείς or δεδοµένος; given in position θέσει δεδομένη, given 
in magnitude τῷ μεγέθει δεδομένη (of straight lines). For 18 or will 
be, given in position we frequently find θέσει ἐστίν, ἔσται without δεδο- 
μένος, or even θέσει alone, as in θέσει apa ἡ AE. A more remarkable 
ellipse is that commonly found in such expressions as παρὰ θέσει τὴν 
AB, parallel to AB (given) in position, and πρὸς θέσει τῇ AB, used 
of an angle made with AB (given) in position. 

Of hypotheses ὑπόκειται and the other parts of the same verb are 
used, either alone, as in ὑποκείσθω τὰ μὲν ἄλλα τὰ αὐτά let all the 
other suppositions be the same, τών αὐτών ὑποκειμένων with the same 
suppositions, or with substantives or adjectives following, e.g. κύκλος 
ὑπόκειται 7 ΔΚΕΛ γραμμή the line AKEA is by hypothesis a circle, 
ὑπόκειται ἴση 15 by hypothesis equal, ὑπόκεινται συμπίπτουσαι they meet 
by hypothesis. In accordance with the well-known Greek idiom ὅπερ 
οὐχ ὑπόκειται means which is contrary to the hypothesis. 


13. Theorems and problems. 


In a theorem what is required to be proved is sometimes denoted 
by τὸ προτεθέν, and the requirement in a problem is τὸ ἐπιταχθέν. 
Thus εἰ μὲν οὖν ἡ AB ἄξων ἐστί, γεγονὸς ἂν εἴη τὸ ἐπιταχθέν if then AB 
is an axis, that which was required would have been done. To draw 


NOTES ON THE TERMINOLOGY OF GREEK GEOMETRY. clxv 


in the manner required is ἀγαγεῖν ὡς πρόκειται. When the solution 
of a problem has been arrived at, e.g. when a required tangent has 
been drawn, the tangent is said ποιεῖν τὸ πρόβλημα. 

In the ἔκθεσις or setting out of a theorem the re-statement of 
what it is required to prove is generally introduced by Apollonius 
as well as Euclid by the words λέγω, ὅτι; and in one case Apollonius 
abbreviates the re-statement by saying simply λέγω, ore ἔσται τὰ τῆς 
προτάσεως I say that the property stated in the enunciation will be 
true; it is to be proved is δεικτέον, it remains to be proved λοιπὸν apa 
δεικτέον, let it be required to draw δέον ἔστω αγαγεῖν. 

The synthesis of a problem regularly begins with the words συν- 
τεθήσεται δὴ (τὸ πρόβλημα) οὕτως. 


14. Constructions. 


These are nearly always expressed by the use of the perfect 
imperative passive (with which may be classified such perfect 
imperatives as γεγονέτω from γίνεσθαι, συνεστάτω from συνιστάναι, 
and the imperative κείσθω from κεῖμαι). The instances in Apollonius 
where active forms of transitive verbs appear in constructions are 
rare; but we find the following, ἐὰν ποιήσωμεν if we make (one line 
in a certain ratio to another), ὁμοίως yap τῷ προειρημένῳ ἀγαγὼν τὴν 
AB ἐφαπτομένην λέγω, ὅτι for in the same manner as before, after 
drawing the tangent AB, I say that..., ἐπιζεύξαντες τὴν AB ἐροῦμεν 
having joined AB we shall prove; while in αγαγόντες yap ἐπιψαύουσαν 
τὴν OE ἐφάπτεται αὕτη we have a somewhat violent anacoluthon, for, 
having drawn the tangent ΘΕ, this touches. 

Of the words used in constructions the following are the most 
common : to draw ayew, διάγειν and other compounds, to join ἐπιζευγ- 
νύναι, to produce ἐκβάλλειν, προσεκβάλλειν, to take or supply πορίζειν, 
to cut off ἀπολαμβάνειν, ἀποτέμνειν, ἀφαιρεῖν, to construct συνίστασθαι, 
κατασκευάζειν, to describe γράφω and its compounds, to apply παρα- 
βαλλειν, to erect ἀνιστάναι, to divide διαιρεῖν, to bisect διχοτομεῖν. 

Typical expressions are the following: τῇ ὑπὸ τῶν HOE γωνίᾳ ἴση 
συνεστάτω ἡ ὑπὸ τῶν BAT let the angle BAT be constructed equal to the 
angle HOE ; 6 κέντρῳ τῷ K διαστήματι δὲ τῷ KT κύκλος γραφόμενος the 
circle described with K as centre and at a distance KT ; ἀνεστατω ἀπὸ 
τῆς AB ἐπίπεδον ὁρθὸν πρὸς τὸ ὑποκείμενον ἐπίπεδον let a plane be 
erected on AB at right angles to the supposed plane ; κείσθω αὐτῇ ἴση 
let (an angle) be made equal to it, ἐκκείσθω let (a line, circle etc.) be set 
out, ἀφηρήσθω ἀπ᾽ αὐτοῦ τμῆμα let a segment be cut off from it, τῶν 
αὐτῶν κατασκευασθέντων with the same construction. 
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No detailed enumeration of the various perfect imperatives is 
necessary ; but γεγονέτω for suppose it done deserves mention for its 
elegance. 

Let it be conceived is νοείσθω: thus νοείσθω κῶνος, οὗ κορυφὴ τὸ Z 
σημεῖον let a cone be conceived whose apex 1s the point Z. 

A curious word is κλάω, meaning literally to break off and 
generally used of two straight lines meeting and forming an angle, 
e.g. of two straight lines drawn from the foci of a central conic to 
one and the same point on the curve, ἀπὸ τῶν E, A σημείων κεκλά- 
σθωσαν πρὸς τὴν γραμμὴν ai EZ, ZA, (literally) from the points E, A let 
EZ, ZA be broken short off against the curve. Similarly, in a propo- 
sition of Apollonius quoted by Eutocius from the ᾿Αναλυόμενος τόπος, 
the straight lines drawn from the given points to meet on the circum- 
Jerence of the circle are ai ἀπὸ rov δοθέντων σημείων ἐπὶ τὴν περιφέρειαν 
τοῦ κύκλου κλώμεναι εὐθεῖαι. 


15. Operations (Addition, Subtraction eto.). 


The usual word for being added is πρόσκειµαι: thus δίχα τέτμηται 
ἡ ZO κατὰ τὸ M προσκειμένην ἔχουσα τὴν AZ, or ZO 15 bisected in M 
and has AZ added. Of a magnitude having another added to it the 
participle of προσλαμβάνειν is used in the same way as λιπών for 
having something subtracted. Thus τὸ KP λιπὸν Ñ προσλαβὸν τὸ BO 
ἴσον ἐστὶ τῷ MIT means KP minus or plus BO 13 equal to ΜΠ. μετά 
(with gen.) is also used for plus, e.g. τὸ ὑπὸ AEB μετὰ τοῦ ἀπὸ ZE is 
equivalent to AE. EB + ZE*. 

A curious expression is συναμφότερος ἡ AA, AB, or συναμφότερος 
ἡ TZA meaning the sum of AA, AB, or of ΓΖ, ΖΔ. 

Of adding or subtracting a common magnitude κοινός is used: 
thus κοινὸν προσκείσθω or ἀφῃρήσθω is let the common (magnitude) be 
added, or taken away, the adjective λοιπός being applied to the 
remainder in the latter case. 

To exceed is ὑπερβάλλειν or ὑπερέχειν, the excess is often ἡ ὑπεροχή, 
ἣν ὑπερέχει κ.τ.λ., ΠΑ exceeds AO by ΟΠ is τὸ ΠΑ τοῦ AO ὑπερέχει τῷ 
ΟΠ, to differ from is διαφέρειν with gen., to differ by is expressed by 
the dative, e.g. (a certain triangle) differs from TAO by the triangle 
on ΑΘ as base similar to TAA, διαφέρει τοῦ TAO τῷ απὸ τῆς AO 
τριγώνῳ ὁμοίῳ τῷ TAA; (the area) by which the square on TP differs 
from the square on AX, à διαφέρει τὸ ἀπὸ TP τοῦ ἀπὸ ΑΣ. 

For multiplications and divisions the geometrical equivalents 
are the methods of proportions and the application of areas; but of 
numerical multiples or fractions of magnitudes the following are 
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typical instances: the half of AB, ἡ ἡμίσεια τῆς AB; the fourth part 
of the figure, τὸ τέταρτον τοῦ εἴδους ; four times the rectangle AE. EA, 
τὸ τετράκις ὑπὸ AEA. 


16. Proportions. 


Ratio is λόγος, will be cut in the same ratio eis τὸν αὐτὸν λόγον 
τµηθήσονται, the three proportionals αἱ τρεῖς avaXoyov ; being a mean 
proportional between EO, ΘΑ, µέσον λόγον ἔχουσα, or µέση ανάλογον, 
τῶν ZOA. The sides about the right angles (are) proportional περὶ 
ὀρθὰς γωνίας αἱ πλευραὶ ανάλογον. 

The ratio of A to B is ó λόγος, ὃν ἔχει τὸ A πρὸς τὸ B, or 6 τοῦ A 
πρὸς τὸ B λόγος; suppose the ratio of TA to AB made the same as the 
ratio of TH to HB, τῷ τῆς TH πρὸς ΗΒ λόγῳ ὁ αὐτὸς πεποιήσθω ὁ τῆς 
TA zpos AB; A has to B a greater (or less) ratio than T has to A, τὸ 
A πρὸς τὸ B μείζονα (or ἐλάσσονα) λόγον ἔχει ἧπερ τὸ I πρὸς τὸ A, or 
τοῦ, ὃν ἔχει τὸ T' πρὸς τὸ A; the ratio of the square of the inner segment 
to the square of the remaining segment, λόγος, ὃν ἔχει τὸ ἐντὸς τμῆμα 
πρὸς τὸ λοιπὸν δυνάμει. 

The following is the ordinary form of a proportion: as the square 
on ΑΣ is to the rectangle under BS, ΣΤ so is EO to ΕΠ, ws τὸ ἀπὸ ΑΣ 
πρὸς τὸ ὑπὸ BSI, οὕτως 7 ΕΘ πρὸς ΕΠ. In a proportion the antece- 
dents are τὰ ἡγούμενα, ie. the leading terms, the consequents τὰ 
ἑπόμενα; as one of the antecedents is to one of the consequents so are 
all the antecedents (taken together) to all the consequents (taken together) 
ὡς ἓν τῶν ἡγουμένων πρὸς Ev τῶν ἑπομένων, οὕτως ἅπαντα τὰ ἡγούμενα 
πρὸς ἅπαντα τὰ ἑπόμενα. 

A very neat and characteristic sentence is that which forms the 
enunciation of Euclid v. 19: ἐὰν 7 ὡς ὅλον πρὸς ὅλον, οὕτως αφαιρεθὲν 
πρὸς ἀφαιρεθέν, καὶ τὸ λοιπὸν πρὸς τὸ λοιπὸν ἔσται ὡς ὅλον πρὸς ὅλον. 
If as a whole is to a whole so is (a part) taken away to (a part) taken 
away, the remainder also will be to the remainder as the whole to the 
whole. Similarly in Apollonius we have e.g. ἐπεὶ οὖν ὡς ὅλον ἐστὶ τὸ 
ἀπὸ AE πρὸς ὅλον τὸ AZ, οὕτως αφαιρεθὲν τὸ ὑπὸ AAB πρὸς αφαιρεθὲν 
τὸ AH, καὶ λοιπόν ἐστι πρὸς λοιπόν, ὡς ὅλον πρὸς ὅλον, since then, as the 
whole the square on AE is to the whole the (parallelogram) AZ, so is 
(the part) taken away the rectangle under AA, AB to (the part) taken 
away the (parallelogram) AH, remainder 18 also to remainder as whole 
to whole. 

To be compounded of is συγκεῖσθαι, the ratio compounded of 6 
συγκείμενος (or συνημμένος, from συνάπτειν) λόγος (ἔκ τε τοῦ, ὃν ἔχει 
κ.τ.λ.), the ratio compounded (of the rutios) of the sides ὁ συγκείµενος 


elxvill APPENDIX TO INTRODUCTION. 


λόγος ἐκ τῶν πλευρῶν. συγκεῖσθαι is moreover used not only of being 
a compounded ratio, but also of being equal to a ratio compounded 
of two others, even when none of the terms in the two latter ratios 
are the same as either term of the first ratio. 
Another way of describing the ratio compounded of two others 
is to use µετά (with gen.) which here implies multiplication and not 
addition. Thus 6 τῆς ΑΣ πρὸς ST λόγος μετὰ τοῦ τῆς ΑΣ πρὸς XB is 
the ratio compounded of the ratio of ΑΣ to ST and that of ΑΣ to SB. 
Similarly κοινὸς ἀφῃρήσθω ó τῆς TA πρὸς TO means let the common 
ratio of TA to ΓΘ be divided owt (and not, as usual, subtracted), 
κοινοῦ ἀφαιρεθέντος τούτου τοῦ λόγου dividing out by this common ratio, 
Taking the rectangle contained by GE, EZ as a middle term is τοῦ 
ὑπὸ OEZ μέσου λαμβανομένου, taking AH as a common altitude τῆς 
AH κοινοῦ ὕψους λαμβανομένης. 
So that the corresponding terms are continuous ὥστε τὰς ὁμολόγους 
συνεχεῖς εἶναι; so that the segments adjoining the vertex are corre- 
sponding terms ὥστε ὁμόλογα εἶναι τὰ πρὸς τῇ κορυφῇ τμήματα. 
There remain the technical terms for transforming such a pro- 
portion asa:b=c:d. These correspond with the definitions at the 
beginning of Eucl Book v. Thus ἐναλλαξ alternately (usually called 
permutando or alternando) means transforming the proportion into 
a:c=b:d. 
ἀνάπαλιν reversely (usually invertendo), b:a=d:c. 
σύνθεσις λόγου is composition of a ratio, by which the ratio a : b 
becomes a+6:6. The corresponding Greek term to compo- 
nendo is συνθέντι which means no doubt, literally, “to one 
who has compounded,” or “if we compound,” the ratios. Thus 
συνθέντι is used of the inference that a+b:b=c+d:d. 

διαίρεσις λόγου means division of a ratio in the sense of separation 
or subtraction in the same way as σύνθεσις signifies addition. 
Similarly διελόντι (the translation of which as dividendo or 
dirimendo is misleading) means really separating in the sense 
of subtracting: thus a -b : b=c¢c-d : d. 

ἀναστροφὴ λόγου conversion of a ratio and ἀναστρέψαντι conver- 
tendo correspond respectively to the ratio a :a—b and to the 
inference that a:a—b=c:c-—d. 

δι ἴσου, generally translated ex aeguali (sc. distantia), is applied 

to the inference e.g. from the proportions 
a:b:c:dete=A:B:C: D etc. 
that acd=Aa dD. 
All the expressions above explained, ἐναλλάξ, ἀνάπαλιν, συνθέντι, 
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διελόντι, ἀναστρέψαντι, δι ἴσου are constantly used in Apollonius as 
in Euclid. In one place we find the variant διὰ δὲ τὸ ἀνάπαλιν. 
Are in reciprocal proportion is αντιπεπόνθασιν. 


17. Inferences. 


The usual equivalent for therefore is apa, e.g. ἐν τῇ ἐπιφανείᾳ apa 
ἐστί it is therefore on the surface, εὐθεῖα αρα ἐστὶν ἡ AB therefore AB 
is a straight line; ovv is generally used in a somewhat weaker sense, 
and in conjunction with some other word, in order to mark the 
starting point of an argument rather than to express a formal 
inference, so that we can usually translate it by then, e.g. ἐπεὶ οὖν 
since, then, ὅτι μὲν οὖν...φανερόν it is, then, clear that.... δή is some- 
what similarly used in taking up an argument. So that is wore, 
that is τουτέστιν. A corollary is often introduced by καὶ φανερὸν, 
ὅτι, Or by συναποδέδεικται 14 is proved at the same time. 

It is at once clear φανερὸν αὐτόθεν, from this it is clear ἐκ δὴ 
τούτου φανερόν, for this reason διὰ τοῦτο, for the same reason διὰ τὰ 
avra, wherefore διόπερ, in the same way as above or before κατὰ τὰ 
αὐτὰ τοῖς ἐπάνω Or ἔμπροσθεν, similarly it will be shown ὁμοίως καὶ 
δειχθήσεται, the same results as before will follow τὰ αὐτὰ τοῖς πρότερον 
συμβήσεται, the same proofs will apply ai αὐταὶ αποδείξεις ἁρμόσουσι. 

Conversely αντιστρόφως, by the converse of the theorem διὰ τὴν 
ἀντιστροφὴν τοῦ θεωρήματος, by what was proved and its converse διὰ 
τὰ εἰρημένα καὶ τὰ ἀντίστροφα αὐτών. 

By what was before proved in the case of the hyperbola διὰ τὸ 
προδεδειγµένον ἐπὶ τῆς ὑπερβολῆς, for the same (facts) have been 
proved in the case of the parallelograms which are their doubles καὶ 
γὰρ ἐπὶ τῶν διπλασίων αὐτῶν παραλληλογράμμων τὰ αὐτὰ δέδεικται. 

By the similarity of the triangles διὰ τὴν ὁμοιότητα τῶν τριγώνων, 
by parallels διὰ τὰς παραλλήλους, by the (property of the) section, 
parabola, hyperbola διὰ τὴν τομήν, παραβολήν, ὑπερβολήν. 

The properties which have already been proved true of the sections 
when the original diameters are taken (as axes of reference) ὅσα 
προδέδεικται περὶ τὰς τομὰς συμβαίνοντα συμπαραβαλλομένων τῶν 
αρχικών διαμέτρων. 

Much more πολλῷ μᾶλλον. Cf. πολὺ πρότερον τέμνει τὴν τομήν 
much sooner does it cut the section. 


18. Conclusions. 


Which it was required to do, to prove ὅπερ ἔδει ποιῆσαι, δεῖξαι ; 
which is absurd ὅπερ ἄτοπον; and this is impossible, so that the 
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original supposition is so also τοῦτο δὲ ἀδύνατον: ὥστε καὶ τὸ ἐξ ἀρχῆς. 
And again the absurdity will be similarly inferred καὶ πάλιν ὁμοίως 
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συναχθήσεται τὸ ἄτοπον. 


19, Distinctions of cases. 


These properties are general, but for the hyperbola only etc. ταῦτα 
μὲν κοινῶς, ἐπὶ δὲ τῆς ὑπερβολῆς μόνης κ.τ.λ., in the third figure ἐπὶ 
τῆς τρίτης καταγραφῆς or τοῦ τρίτου σχήματος, in all the possible cases 
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κατα πασας Tas εν εχοµενας ιαστολας. 


90. Direction, concavity, convexity. 


In both directions ἐφ᾽ ἑκάτερα, towards the same parts as the 
section ἐπὶ ταὐτὰ τῇ τομῇ ; towards the direction of the point E, ἐπὶ τὰ 
µέρη. ἐφ᾽ a ἐστι τὸ E; on the same side of the centre as AB, ἐπὶ τὰ 
αὐτὰ μέρη τοῦ κέντρου, ἐν οἷς ἐστιν ἡ AB. There is also the expression 
κατὰ τὰ ἑπόμενα μέρη τῆς τομῆς, meaning literally in the succeeding 
parts of the section, and used of a line cutting a branch of a hyperbola 
and passing inside. 

The concave parts τὰ κοῖλα, the convexities τὰ κυρτά, not having its 
concavity (convexity) towards the same parts py ἐπὶ τὰ αὐτὰ µέρη τὰ 
κοῖλα (τὰ κυρτὰ) ἔχουσα, towards the same parts as the concavity of the 
curve ἐπὶ τὰ αὐτὰ τοῖς κοίλοις τῆς γραμμῆς, Uf it touches with rts concave 
side ἐὰν ἐφάπτηται τοῖς κοίλοις αὐτῆς, will touch on rts concave side 
ἐφάψεται κατὰ τὰ κοῖλα. 

Having its convexity turned the opposite way ἀνεστραμμένα τὰ 
κυρτὰ έχουσα. 


2]. Infinite, Infinity. 


Unlimited or infinite ἄπειρος, to increase without limit or indefi- 
nitely εἰς ἄπειρον αὐξάνεσθαι. | 

ἄπειρος is also used in a numerical sense; thus $n the same way 
we shall find an infinite number of diameters τῷ δὲ αὐτῷ τρόπῳ καὶ 
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THE CONICS OF APOLLONIUS. 


THE CONE. 


Ir a straight line indefinite in length, and passing always 
through a fixed point, be made to move round the circumference 
of a circle which is not in the same plane with the point, so as 
to pass successively through every point of that circumference, 
the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and 
meeting in the fixed point, which is the apex of each cone. 


The circle about which the straight line moves is called 
the base of the cone lying between the said circle and the 
fixed point, and the axis is defined as the straight line drawn 
from the fixed point or the apex to the centre of the circle 
forming the base. 


The cone so described is a scalene or oblique cone except 
in the particular case where the axis is perpendicular to the 
base. In this latter case the cone is a right cone. 


If a cone be cut by a plane passing through the apex, the 
resulting section is a triangle, two sides being straight lines 
lying on the surface of the cone and the third side being 
the straight line which is the intersection of the cutting plane 
and the plane of the base. 


Let there be a cone whose apex is A and whose base is the 
circle BC, and let O be the centre of the circle, so that 40 15 
the axis of the cone. Suppose now that the cone is cut by any 
plane parallel to the plane of the base BC, as DE, and let 
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the axis 460 meet the plane DE ino. Let p be any point on 
the intersection of the plane DE and the surface of the cone. 
Join Ap and produce it to meet the circumference of the circle 
BC in P. Join ΟΡ, op. 





Then, since the plane passing through the straight lines 
AO, AP cuts the two parallel planes BC, DE in the straight 
lines OP, op respectively, OP, op are parallel. 


'. op : OP = Ao: AO. 


And, BPC being a circle, OP remains constant for all positions 
of p on the curve Dp#, and the ratio Ao: AO is also constant. 


Therefore op is constant for all points on the section of the 
surface by the plane DE. In other words, that section is 
a circle. 


Hence all sections of the cone which are parallel to the 
circular base are circles. [I. 4.]* 


Next, let the cone be cut by a plane passing through the 
axis and perpendicular to the plane of the base BC, and let the 
section be the triangle ABC. Conceive another plane HK 
drawn at right angles to the plane of the triangle ABC 
and cutting off from it the triangle AHK such that AHK is 
similar to the triangle ABC but lies in the contrary sense, 
1.6. such that the angle AKH is equal to the angle ABC. 
Then the section of the cone by the plane HK is called a 
subcontrary section (ὑπεναντία τομή). 


* The references in this form, here and throughout the book, are to the 
original propositions of Apollonius, 
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Let P be any point on the intersection of the plane HK 
with the surface, and F any point on the circumference of the 
circle BC. Draw PM, FL each perpendicular to the plane of 
the triangle ABC, meeting the straight lines HX, BC respec- 
tively in M, L. Then PM, FL are parallel. 


Draw through M the straight line DE parallel to BC, and 
it follows that the plane through 
DME, PM is parallel to the base 
BC of the cone. 

Thus the section DPF is a 
circle, and DM. ME = PM’. 

But, since DE is parallel to BC, 
the angle ADE is equal to the 
angle ABC which is by hypothesis 
equal to the angle AKH. 

Therefore in the triangles H D M, 
EKM the angles HDM, EKM are 
equal, as also are the vertical 
angles at M. 

Therefore the triangles HDM, EKM are similar. 

Hence AM: MD = EM : MK. 

<. HM. MK = DM .ME = PM’. 


And P is any point on the intersection of the plane HK 
with the surface. Therefore the section made by the plane 
HK is a circle. 

Thus there are two sertes of circular sections of an oblique 
cone, one series being parallel to the base, and the other consisting 
of the sections subcontrary to the first series. [I. 5.] 


A 





Suppose a cone to be cut by any plane through the axis 
making the triangular section ABC, so that BC is a diameter 
of the circular base. Let H be any point on the circumference 
of the base, let HK be perpendicular to the diameter BC, and let 
a parallel to HK be drawn from any point Q on the surface 
of the cone but not lying in the plane of the axial triangle. 
Further, let AQ be joined and produced, if necessary, to meet 
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the circumference of the base in F, and let FLF’ be the chord 
perpendicular to BC. Join AL, AF’. Then the straight line 
through Q parallel to HK is also parallel to FLF’; it follows 
therefore that the parallel through Q will meet both 41, and 
AF’. And AL is in the plane of the axial triangle ABC. 
Therefore the parallel through Q will meet both the plane 
of the axial triangle and the other side of the surface of the 
cone, since AF” lies on the cone. 





Let the points of intersection be V, Q respectively. 
Then QV: VQ'—FL:LF', and FL = LF". 
ο, QV= VQ, 
or QQ’ is bisected by the plane of the axial triangle. [l. 6.] 


Again, let the cone be cut by another plane not passing 
through the apex but intersecting the plane of the base in 
a straight line DME perpendicular to BC, the base of any axial 
triangle, and let the resulting section of the surface of the cone 
be DPE, the point P lying on either of the sides AB, AC of 
the axial triangle. The plane of the section will then cut the 
plane of the axial triangle in the straight line PM joining P to 
the middle point of DE. 


Now let ( be any point on the curve of section, and through 
Q draw a straight line parallel to DE. 


Then this parallel will, if produced to meet the other side 
of the surface in Q', meet, and be bisected by, the axial 
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triangle. But it lies also in the plane of the section DPE; it 
will therefore meet, and be bisected by, PM. 


A 





Therefore PM bisects auy chord of the section which is 
parallel to DE. 


Now a straight line bisecting each of a series of parallel 
chords of a section of a cone is called a diameter. 


Hence, if a cone be cut by a plane which intersects the 
circular base in a straight line perpendicular to the base of any 
axial triangle, the intersection of the cutting plane and the plane 
of the axial triangle will be a diameter of the resulting section 
of the cone.  [I. 7.] 


If the cone be a right cone it is clear that the diameter so 
found will, for all sections, be at right angles to the chords 
which it bisects. 


If the cone be oblique, the angle between the diameter so 
found and the parallel chords which it bisects will in general 
not be a right angle, but will be a right angle in the particular 
case only where the plane of the axial triangle ABC is at right 
angles to the plane of the base. 


Again, if PM be the diameter of a section made by a plane 
cutting the circular base in the straight line DME perpen- 
dicular to BC, and if P.M be in such a direction that 1t does not 
meet AC though produced to infinity, ie. if PM be either 
parallel to AC, or makes with PB an angle less than the angle 
BAC and therefore meets CA produced beyond the apex of the 
cone, the section made by the said plane extends to infinity: 
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For, if we take any point V on PM produced and draw through 
it HK parallel to BC. and QQ’ parallel to DE, the plane 
through HK, QQ’ is parallel to that through DE, BC, i.e. to the 
base. Therefore the section HQKQ’ is a circle. And D, E,Q, Q’ 
are all on the surface of the cone and are also on the cutting 
plane. Therefore the section DPF extends to the circle HQK, 
and in like manner to the circular section through any point 
on PM produced, and therefore to any distance from P. [I. 8.] 





[It is also clear that DM? = BM.MC,and Ωγ, = HV.VK ; 
and HV.VK becomes greater as V is taken more distant 
fron P. For, in the case where PÀ is parallel to AC, VK 
remains constant while H V increases; and in the case where the 
diameter PM meets CA produced beyond the apex of the cone, 
both HV, VK increase together as V moves away from P. 
Thus QV increases indefinitely as the section extends to 
infinity.] 


If on the other hand PM meets AC, the section does not 
extend to infinity. In that case the section will be a circle 
if its plane is parallel to the base or subcontrary. But, if the 
section is neither parallel to the base nor subcontrary, it will 
not be a circle. [I. 9.] i 


For let the plane of the section meet the plane of the base 
in DME, a straight line perpendicular to BC, a diameter of the 
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circular base. Take the axial triangle through BC meeting the 
plane of section in the straight line PP’. Then P, P’, M are 
all points in the plane of the axial triangle and in the plane 
of section. Therefore PP’. is a straight line. 


If possible, let the section PP’ be a circle. Take any point 
Q on it and draw QQ’ parallel to DME. Then if QQ’ meets 
the axial triangle in V, QV — VQ'. Therefore PP’ is the 
diameter of the supposed circle. 





Let HQKQ’ be the circular section through QQ’ parallel to 
the base. 


Then, from the circles, QV? = HV. VK, 


QV*- PV.VP'. 
SHV.VK-PV.VP'! 
so that HV:VP-P'V:VK. 


.'. the triangles VPH, VKP’ are similar, and 
L PHV =Z KP'V; 
“. LKP'V=2 ABC, and the section PP’ 15 subcontrary: 
which contradicts the hypothesis. 
.". PQP’ is not a circle. 


It remains to investigate the character of the sections 
mentioned on the preceding page, viz. (a) those which extend 
to infinity, (b) those which are finite but are not circles. 


Suppose, as usual, that the plane of section cuts the circular 
base in a straight line DME and that ABC is the axial triangle 
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whose base BC is that diameter of the base of the cone which 
bisects DME at right angles at the point Jf Then, if the 
plane of the section and the plane of the axial triangle intersect 
in the straight line PM, PM is a diameter of the section 
bisecting all chords of the section, as QQ’, which are drawn 
parallel to DE. 


If QQ’ is so bisected in V, QV is said to be an ordinate, or 
a straight line drawn ordinate-wise (τεταγμένως κατηγµένη), 
to the diameter PM; and the length PV cut off from the 
diameter by any ordinate QV will be called the abscissa of QV. 


Proposition 1. 
[I. 11.] 


First let the diameter PM of the section be parallel to one of 
the sides of the axial triangle as AC, and let QV be any ordinate 
to the diameter PM. Then, if a straight line PL (supposed to be 
drawn perpendicular to PM in the plane of the section) be taken 
of such a length that PL: PA = BC’: BA. AC, tt is to be proved 
that 


QV?=PL.PYV. 
Let HK be drawn through V parallel to BC. Then, since 


QV is also parallel to DE, it follows that the plane through 
H, Q, K is parallel to the base of the cone and therefore 
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produces a circular section whose diameter is HK. Also QV is 
at right angles to HK. 


CUTE WR OV | 
Now, by similar triangles and by parallels, 
HV:PV=BC:AC 


and VK :PA=BC: BA. 
^ AV.VK:PV.PA=BC*:BA.AC. 
Hence OV PV αρ PA 
-PLOPVSPV.PI 
ο πο PV. 


It follows that the square on any ordinate to the fixed 
diameter PM is equal to a rectangle applied (παραβαλλειν) 
to the fixed straight line PL drawn at right angles to PM with 
altitude equal to the corresponding abscissa PV. Hence the 
section 1s called a PARABOLA. 

The fixed straight line PL is called the latus rectum 
(ὀρθία) or the parameter of the ordinates (παρ ἣν δύ- 
νανται αἱ καταγὀµεναι τεταγμένως). 

This parameter, corresponding to the diameter PM, will for 
the future be denoted by the symbol p. 

Thus QV? =p.PV, 
or QV?ac PV. 


Proposition 2. 
[I. 15. 


Next let PM not be parallel to AC but let it meet CA 
produced beyond the apex of the conein P'. Draw PL at right 
angles to PM in the plane of the section and of such a length 
that PL: PP’=BF.FC: AF’, where AF is a straight line 
through A parallel to PM and meeting BC in F. Then, if VR 
be drawn parallel to PL and P'L be joined and produced to 
meet VR in R, it «s to be proved that 

QV?=PV.VR. 

As before, let HK be drawn through V parallel to BC, so 

that QV*-HV.VK. 
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Then, by similar triangles, 
HV : PV = BF: AF, 
VK :P'V = FC: AF. 





UVV KS PVP V = BREC AF. 


Hence OV PVP V SPL Pr 
—VR:PV 

SP ΕΕ ΤΕ PV ΤΝ, 
Όρου τη 


It follows that the square on the ordinate is equal to a 
rectangle whose height 15 equal to the abscissa and whose base 
lies along the fixed straight line PL but overlaps (ὑπερβάλλει) 
it by a length equal to the difference between VR and PL*. 
Hence the section 15 called a HYPERBOLA. 


* Apollonius describes the rectangle PR as applied to the latus rectum but 

exceeding by a figure similar and similarly situated to that contained by PP’ and 
PL, i.e. exceeding the rectangle VL by the rectangle LR. Thus, if QV=y, 
PV=z, PL=p, and PP’=d, 
p 
d 
which is simply the Cartesian equation of the hyperbola referred to oblique axes 
consisting of a diameter and the tangent at its extremity. 


/ ρα +5. αἲ, 
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PL is called the latus rectum or the parameter of the 
ordinates as before, and PP’ is called the transverse (ἡ 
πλαγία). The fuller expression transverse diameter (ἡ πλαγία 
διάμετρος) is also used; and, even more commonly, Apollonius 
speaks of the diameter and the corresponding parameter together, 
calling the latter the latus rectum (Le. the erect side, ἡ ὀρθία 
πλευρα), and the former the transverse side (ἡ πλαγία πλευρα), 
of the figure (εἶδος) on, or applied to, the diameter (πρὸς τῇ 
διαμέτρῳ), 1.6. of the rectangle contained by PL, PP’ as drawn. 


The parameter PL will in future be denoted by p. 


[Cor. It follows from the proportion 
QV*:PV.P'V-PL:PP"' 
that, for any fixed diameter PP’, 
QV?*:PV.P'V is a constant ratio, 
or QV* varies as PV. P'V.] 


Proposition 3. 
[I. 13.] 

If PM meets AC in P' and BC in M, draw AF parallel to 
PM meeting BC produced in F, and draw PL at right angles to 
PM im the plane of the section and of such a length that 
PL:PP'—BF.FC:AF?, Join P'L and draw VR parallel 
to PL meeting P'L in R. It will be proved that 

QV*zPV.VR. 
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Draw HK through V parallel to BC. Then, as before, 
QV'—HV.VK. 
Now, by similar triangles, 
HV :PV =BF:AF, 
VK : P'V= FC : AF. 
ΜΕ. ΕΚ PV PV SBE FC AF.. 


Hence QV*:PV.P'V-PL:PP' 
-VR:P'V 

= PV.VR:PV.P'V. 
-~ QV?=PV.VR. 


Thus the square on the ordinate is equal to a rectangle 
whose height is equal to the abscissa and whose base lies along 
the fixed straight line PL but falls short of it (ἐλλείπει) by a 
length equal to the difference between VR and PL*. The 
section is therefore called an ELLIPSE. 


As before, PL is called the latus rectum, or the para- 
meter of the ordinates to the diameter PP’, and PP’ itself is 
called the transverse (with or without the addition of 
diameter or side of the figure, as explained in the last 
proposition). 


PL will henceforth be denoted by p. 


[Cor. It follows from the proportion 
OV ΕΕ ΤΕ = PE rr 
that, for any fixed diameter PP’, 
QV?: PV.P'V is a constant ratio, 
or QV’ varies as PV. P'V.] 


* Apollonius describes the rectangle PR as applied to the latus rectum but 
falling short by a figure similar and similarly situated to that contained by PP” 
and PL, i.e. falling short of the rectangle VL by the rectangle LR. 

If QV=y, PV-z, PL=p, and PP'zd, 


yizpz-b. z?, 


Thus Apollonius! enunciation simply expresses the Cartesian equation referred 
to a diameter and the tangent at its extremity as (oblique) axes. 
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Proposition 4. 
[I. 14.] 


If a plane cuts both parts of a double cone and does not pass 
through the apex, the sections of the two parts of the cone will 
both be hyperbolas which will have the same diameter and equal 
latera recta corresponding thereto. And such sections ure called 
OPPOSITE BRANCHES. 





Let BC be the circle about which the straight line generating 
the cone revolves, and let B’C’ be any parallel section cutting 
the opposite half of the cone. Let a plane cut both halves 
of the cone, intersecting the base BC in the straight line DE 
and the plane ΒΟ’ in D'E'. Then D'E’ must be parallel to 
DE. 


Let BC be that diameter of the base which bisects DE at 
right angles, and let a plane pass through BC and the apex A 
cutting the circle B'C' in B'C', which will therefore be a diameter 
of that circle and will cut D'E’ at right angles, since B'C" is 
parallel to BC, and D'E” to DE. 


14 THE CONICS OF APOLLONIUS. 

Let PA F' be drawn through A parallel to MM', the straight 
line joining the middle points of DE, D'E' and meeting CA, 
B'A respectively in P, P’. 

Draw perpendiculars PL, P’L’ to MM’ in the plane of the 
section and of such length that 

PL :PP=BF.FC:AF*, 
PLP PHB ΡΟ AV: 
Since now MP, the diameter of the section DPE, when 


produced, meets BA produced beyond the apex, the section 
DPE is a hyperbola. 


Also, since D'E” is bisected at right angles by the base of 
the axial triangle AB’C’, and ΜΡ in the plane of the axial 
triangle meets C'A produced beyond the apex A, the section 
D'P'E' is also a hyperbola. 

And the two hyperbolas have the same diameter M PP'M'. 

It remains to prove that PL = P'I/. 

We have, by similar triangles, 

BF: AF=B’'F’: AF’, 
FC: AF = F'O: AF’. 
6 BF. FC : AF? = BF’. Ρο. ΑΡ” 

Hence PL : PP = PL : ΡΡ 

ο. PL = PEĽ. 


THE DIAMETER AND ITS CONJUGATE. 


Proposition 5. 
Η. 15.] 


If through C, the middle point of the diameter PP’ of an 
ellipse, « double ordinate DCD’ be drawn to PP’, DCD’ will 
bisect all chords parallel to PP’, and will therefore be a diameter 
the ordinates to which are parallel to PP’. 

In other words, if the diameter bisect all chords parallel to a 
second diameter, the second diameter will bisect all chords 
parallel to the first. 

Also the parameter of the ordinates to DCD' will be a third 
proportional to DD’, PP’. 

(1) Let QV be any ordinate to PP’, and through Q draw 
QQ' parallel to PP’ meeting DD’ in v and the ellipse in Q'; and 
let Q'V' be the ordinate drawn from ϱ to PP’. 
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Then, if PL is the parameter of the ordinates, and if P'L is 
joined and VR, CE, V’R’ drawn parallel to PL to meet P'L, we 
have [Prop. 3] οὗ: Ξ PV.VR, 

QV" ΞΕΡΟ; | 
and QV = ΦΥ, because QV is parallel to Q'V' and QQ’ to PP’. 
c PV.VR= PV'.V'R. 
Hence PV:PV'2V'R':VRZPYV':P'V. 
HPV PV = PVSP al Very, 


or PV: VW’=FPV': VY". 
qp ps ps 
Also CPZECP. 
By subtraction, CV=CYV', 


and .'. Qv — vQ', so that QQ’ is bisected by DD", 

(2) Draw DK at right angles to DD’ and of such a length 
that DD': PP’=PP’: DK. Jom D'K and draw vr parallel to 
DK to meet D'K 1n r. 


Also draw TR, LUH and ES parallel to PP’. 
Then, since PC = CP’, PS=SE and CE = EH; 
^. the parallelogram (PE) = (SH). 
Also (PR) = (VS) + (SR) = (SU) + (RH). 
By subtraction, (PE) - (PR) = (RE); 
CD —-QV'z RT.TE. 


But CD? —QV* = CD - Cv’ = D'v. wD. 
S99 D 1 8817 PESO cof MAR AS DR ene tC (A). 
Now DD' : PP’ = PP’ : DK, by hypothesis. 
DD pik = DD PP” 
—CD : OP? 
— PC.CE:CP 
= ht Vin RT 
and DD: DK = Dv: ur 
= D'v.vD:vD.0r; 
. Dv.vD: Dv.vr = RT. TE : RT”. 
But D'v.v D = RT.TE, from (A) above; 


^ Dv. vr = RT? = CV? = QV. 
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Thus DK is the parameter of the ordinates to DD’, such 
as Qv. 

Therefore the parameter of the ordinates to DD’ is a third 
proportional to DD', PP’. 


Cor. We have CD? = PC.CE 
=}PP'.4PL; 
DD = PPP. 
or PP’: DD’ = DD': PL, 


and PL is a third proportional to PP’, DD’. 


Thus the relations of PP’, DD’ and the corresponding 
parameters are reciprocal. 


Der. Diameters such as PP’, DD’, each of which bisects 
all chords parallel to the other, are called conjugate diameters. 


Proposition 6. 
Η. 16.] 


If from the middle point of the diameter of a hyperbola with 
two branches a line be drawn parallel to the ordinates to that 
diameter, the line so drawn will be a diameter conjugate to the 
former one. 


If any straight line be drawn parallel to PP’, the given 
diameter, and meeting the two branches of the hyperbola in Q, Q’ 
respectively, and if from C, the middle point of PP’, a straight 
line be drawn parallel to the ordinates to PP’ meeting QQ’ in 
v, we have to prove that QQ is bisected in υ. 





Let QV, Q'V' be ordinates to PP’, and let PL, P’L’ be the 
parameters of the ordinates in each branch so that [Prop. 4] 
H, C. 2 
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PL=P'L’. Draw VR, V'R' parallel to PL, P'L', and let PL’, 
P'L be joined and produced to meet ΤΕ’, VR respectively in 
R', R. 
Then we have QV?= PV. VR, 
QV^zPy'.Vv'R. 
S PV.VR=P'V’.V'R, and V’R’:VR=PV:P'V’. 
Also PWV: VR=PP: PL =PP:PL=PV :VR. 
^ PV’: P’V=V'R': VR 
= PV: P'V', from above; 
ae να ών 


and PV'’+PV:PV=PV+PV': PV", 
or VV': PVVV':P'V'; 
SPV SPV. 
But CP =CP’; 
^. by addition, CV = CV”, 
or Qv = Qv. 


Hence Cv 18 a diameter conjugate to PP’. 
[More shortly, we have, from the proof of Prop. 2, 
Οὐ EVE VE PL ΡΕ, 
OPV le SPL PP 


and Ων -ΩΥ, PL-P'L'; 
Seb hat ο ο ας ΕΕ P PV ΡΕ 
whence, as above, ο Va 


Der. The middle point of the diameter of an ellipse or 
hyperbola is called the centre; and the straight line drawn 
parallel to the ordinates of the diameter, of a length equal to 
the mean proportional between the diameter and the parameter, 
and bisected at the centre, is called the secondary diameter 
(δευτέρα διάμετρος). 


Proposition 7. 
[I. 20.] 
In a parabola the square on an ordinate to the diameter 
varies as the abscissa. 
This is at once evident from Prop. 1. 
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Proposition 8. 
[I. 21.] 
In a hyperbola, an ellipse, or a circle, if QV be any ordinate 
to the diameter PP’, 
QV*x PV.P'V. 
[This property is at once evident from the proportion 
OV PEUX HP ie PF 
obtained in the course of Props. 2 and 3; but Apollonius gives 
a separate proof, starting from the property QV*— PV.VR 
which forms the basis of the definition of the conic, as follows. | 
Let QV, ΟΥ’ be two ordinates to the diameter PJ”. 





Then QV*- PV.VR, 
QV^- PV'.V'R' 
nQV:iPV.PV-PVOYRIPV.OPUCO 
=VR:P'V=PL: PP. 


2—2 
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Similarly Q V” : PV’.P’V’=PL: PP’. 
S. QV*:Q'V^ ZPV.P'V: PV PV’; 
and QV? : PV.P'V is a constant ratio, 
or QV? x PV.P'V. 


Proposition 9. 
[I. 29.] 


If a straight line through the centre of a hyperbola with 
two branches meet one branch, it will, of produced, meet the 
other also. 





Let PP’ be the given diameter and C the centre. Let CQ 
meet one branch in Q. Draw the ordinate QV to PP’, and set 
off CV' along PP' on the other side of the centre equal 
to CV. Let V'K be the ordinate to PP' through V'. We 
shall prove that QCK is a straight line. 


Since CV = CV”, and CP ΟΡ’, it follows that PV = P'V'; 
PVP V "πό 

But OVA ΚΙ EPV PV FV Py. [Prop. 8] 

^. QV=KV’; and QV, KV’ are parallel, while CV = CV’. 

Therefore QCK is a straight line. 

Hence QC, if produced, will cut the opposite branch. 


THE DIAMETER AND ITS CONJUGATE. 91 


Proposition 10. 
[I. 30.] 


In a hyperbola or an ellipse any chord through the centre 
as bisected at the centre. 
Let PP’ be the diameter and C the centre; and let QQ be 


any chord through the centre. Draw the ordinates QV, Q' V” 
to the diameter PP’. 





Then 


PV ο PV ΕΙ = OVO 
= CV’: CV”, by similar triangles. 
CVE PY PV: ΟΡ aC EV PVC OV 


(where the upper sign applies to the ellipse and the lower 
to the hyperbola). 


SCP ο σος το 
But CP = CF 
- ΟΥΣΞ ΟΥ”, and CV = CV". 
And QV, Q'V’ are parallel; 
< τῷ = 60. 


TANGENTS. 


Proposition ll. 
[I. 17, 32.] 


If a straight line be drawn through the extremity of the 
diameter of any conic parallel to the ordinates to that diameter, 
the straight line will touch the conic, and no other straight 
line can fall between it and the conic. 

It is first proved that the straight line drawn in the 
manner described will fall without the conic. 

For, 1f not, let it fall within it, as PK, where 
PM is the given diameter. Then KP, being 
drawn from a point K on the conic parallel to Ρ 
the ordinates to PM, will meet PM and will be 
bisected by it. But AP produced falls without 
the conic; therefore it will not be bisected at P. 

Therefore the straight line PK must fall without the conic 
and will therefore touch it. 

It remains to be proved that no straight line can fall 
between the straight line drawn as described and the conic. 

(1) Let the conic be a parabola, and let PF be parallel 
to the ordinates to the diameter PV. If possible, let PK fall 
between PF and the parabola, and draw KV parallel to the 
ordinates, meeting the curve in Q. 

Then KV':PV'»-QV?:PV* 

>PL.PV: PV’ 
SPL: Py. 
Let V’ be taken on PV such that 
IOV PEUEPES ES 
and let V'Q'M be drawn parallel to QV, meeting the curve in 
Q and PK in M. 


K 
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Then KV’: PV?=PL: PV’ 
= PL. PV’: PV" 
= Q'V^ d i ο 





ι 

and KV*: PV* MV": PV”, by parallels. 

Therefore MV"?-2 ΩΨ’ and MV'2Q'V*. 

Thus PK cuts the curve in Q’, and therefore does not fall 
outside it: which is contrary to the hypothesis. 

Therefore no straight line can fall between PF and the 
curve. 

(2) Let the curve be a hyperbola or an ellipse or a 
circle. 





Let PF be parallel to the ordinates to PP’, and, if possible, 
let PK fall between PF and the curve. Draw KV parallel to 
the ordinates, meeting the curve in Q, and draw VR per- 
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pendicular to PV. Join P'L and let it (produced if necessary) 
meet VR in R. 

Then QV*-2PV.VR,so that KV’ >PV. VR. 

Take a point S on VR produced such that KV’ = PV. VS. 
Join PS and let it meet P’R in R. Draw E'V' parallel to PL 
meeting PV in V', aud through V' draw V'Q'M parallel to 
QV, meeting the curve in Q' and PK in M. 





Now KV*zPV.VS, 
^ VS: KV=KV: PY, 
so that VS: PV2KV*:PV- 


Hence, by parallels, 
VR PV anv: Py 


or JV’ is a mean proportional between PV’, V'R’, 


1.6. MV? =PV -VR 
= Q'V^, by the property of the conic. 
^e MV’ =Q'V". 


Thus PX cuts the curve in Q’, and therefore does not fall 
outside it: which 1s contrary to the hypothesis. 


Hence no straight line can fall between PF and the curve. 


to 
t 


TANGENTS. 


Proposition 12. 
[I. 33, 35.] 


If a point T be taken on the diameter of a parabola outside 
the curve and such that. TP — PV, where V is the foot of the 
ordinate from Q to the diameter PV, the line TQ will touch 
the parabola. 

We have to prove that the straight line Τῷ or 7'Q produced 
does not fall within the curve on either side of Q. 

For, if possible, let K, a point on TQ or TQ produced, 
fall within the curve*, and through K draw Q'KV” parallel 
to an ordinate and meeting the diameter in V’ and the curve 


in Q. 
Then Q' V”: QV? 
> KV” : QV’, by hypothesis, 
τε. 

e PVSP να] ee κ 
Hence 
4TP.PV':4TP.PV>TV”:TV?, 
and, since TP = PV, 

TIPOIDVEIÉW 
ο dye 
But, since by hypothesis TV” is not bisected in P, 
4TP.PV'«TV", 





which 15 absurd. 


Therefore TQ does not at any point fall within the curve, 
and is therefore a tangent. 


* Though the proofs of this proposition and the next follow in form the 
method of reductio ad absurdum, it is easily seen that they give in fact the 
direct demonstration that, if A is any point on the tangent other than Q, the 
point of contact, K lies outside the curve because, if A'Q'V' be parallel to QV, it 
is proved that AV’>Q’V’. The figures in both propositions have accordingly 
been drawn in accordance with the facts instead of representing the incorrect 
assumption which leads to the absurdity in each case. 
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Conversely, if the tangent at Q meet the diameter produced 
, outside the curve in the point T, TP = PV. Also no straight line 
can fall between TQ and the curve. 
[Apollonius gives a separate proof of this, using the method 
of reductio ad absurdum.] 


Proposition 13. 
[I. 34, 36.] 


In a hyperbola, an ellipse, or a circle, if PP’ be the 
diameter and QV an ordinate to wt from a point Q, and if a 
point T be taken on the diameter but outside the curve such that 
TP:TP'=PV: VP’, then the straight line TQ will touch the 
curve. 

We have to prove that no point on TQ or TQ produced falls 
within the curve. 
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If possible, let a point X on TQ or TQ produced fall within 
the curve* ; draw Q'X V" parallel to an ordinate meeting the 
curve in Q’ Join P'Q, V'Q, producing them if necessary, 
and draw through P’, P parallels to TQ meeting V'Q, VQ in J, 
O aud H, N respectively. Also let the parallel through P 
meet P'Q in M. 

Now, by hypothesis, P'V: PV = TP’: TP; 

ον by parallels, P'H : PN = P'Q:QM 
SPH: NM. 


Therefore PN=NM. 
Hence PN.NM > PO.0M, 
or 7M : MO > OP: PN; 

SPH: PI ο PN, 
or P'H.PN > P'I.OP. 


It follows that P’H.PN: TQR? » P'T.0P: TQ’; 
.". by similar triangles 
P VPV- LY SPV o PV IV; 

or PVPV PV TPV >V- IV? 

OV ο V DEDE 

> QV’: KV”. 
^Q'V' < KV’, which is contrary to the hypothesis. 

Thus TQ does not cut the curve, and therefore it touches it. 


Conversely, ?f the tangent at a point Q meet the diameter 
PP’ outside the section in the point T, and QV is the ordinate 
from Q, 

LPLP =V 0 
Also no other straight line can fall between TQ and the curve. 

[This again is separately proved by Apollonius by a simple 

reductio ad absurdum.] 


* See the note on the previous proposition. 
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Proposition 14. 
[I. 37, 39.] 


In u hyperbola, an ellipse, or a circle, if QV be an ordinate 
to the diameter PP’, and the tangent at Q meet PP’ in T, then 
(1) CV.CT=CP*, 


(2) QV?:CV.VT=p: PP’ [or CD* : ΟΡ]. 





(1) Since QT is the tangent at Q, 
ΕΕ -PESPOE [Prop. 13] 
“LP ΓΤΡ ΤΡ. ΤΡ'ΞΡΥΕΡΥ: PV~P'V; 
thus, for the hyperbola, 
2CP : 2CT « 2CV :2CP ; 
and for the ellipse or circle, 
ACT : 2CP 2 2CP : 2CV ; 
therefore for all three curves 


CV.CT -« CP’. 
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(2) Since (V:CP=CP:CT. 
CV~CP:CV=CP~CT: CP, 


whence PV:CV=PT: CP, 
or PV: PT=CV:CP. 
“PV: PV+PT=CV :CV+CP, 
or PV:VTeCV:P'V, 
and CV.VTzPV.P'V. 
But QV*: PV.P'V = p: PP’ (or CD? : ΟΡ") (Prop. 8] 


ον Ον ΚΜ PP (or CD" CP 
Cor. It follows at once that QV : VT is equal to the ratio 
compounded of the ratios p : PP’ (or CD* : CP") and ΟΥ: QV. 


Proposition 15. 
[I. 38, 40.] 

If Qv be the ordinate to the diameter conjugate to PP’, and 
QT, the tangent at Q, meet that conjugate diameter in t, then 

(1) Cv.Ct  CD', 

(2) Ου”: Cv.vt = PP' : p [or CP? : CD’), 

(3) tD:tD' -vD' : vD for the hyperbola, 
and tD : tD' 2 vD : vD' for the ellipse and circle. 


Using the figures drawn for the preceding proposition, we 
have (1) 


QV*':CV.VTzCD':CP:*. [Prop. 14] 
But QV: CV =v: CV, 
and QV: VT=Ct:CT; 
<. QV? : CV. VT = Cv. Ct: CV. CT. 
Hence Cv.Ct: CV. CT CD? : CP". 
And CV .CT =C0CP*; [Ρτορ. 14] 


ου. Ct = CD". 
(2) As before, 
QV?: CV. VT=CD*: CP? (or p : PP’). 
But QV : CV = Ου: Qu, 
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and OV: VT =vt : Qu; 
SOV CV. VT = Cv. vt : Qv*. 
Hence Qv? : Cv. vt = CP? : CD? 
SPP p. 


(3) Again, 
Ct. Cv = CD CD. CD’; 
<. Ct: CD = CD’ : Ου, 
and ..Ct+CD:Ct~CD=CD' + Cv: CD’ ~ συ 


Thus tD:tD'=vD': vD for the hyperbola, 
and tD’:tD=vD': vD for the ellipse and circle. 


Con. It follows from (2) that Qv : Cv is equal to the ratio 
compounded of the ratios PP’: p (or CP? : CD*) and vt : Qv. 


PROPOSITIONS LEADING TO THE REFERENCE OF 
A CONIC TO ANY NEW DIAMETER AND THE 
TANGENT AT ITS EXTREMITY. 


Proposition 16. 
[L 41] 


In a hyperbola, an ellipse, or a circle, if equiangular paral- 
lelograms (VK), (PM) be described on QV, CP respectively, and 
QV p CPI. CD? ΟΡ : 
QK PPCM i συ owt aues 
(VN) be the parallelogram on CV similar and similarly situated 
to (PM), then 


their sides are such that 


(VN) x (VE) (PM), 
the lower sign applying to the hyperbola. 
Suppose O to be so taken on KQ produced that 
QV: Q0O=p: PP’, 
so that QV”: QV.QO2 QV': PV. PV’ 
Thus QV.Q0 ασ αι. (1). 
Also QV: QK =(CP:CM).(p:PP’)=(CP.: CM).(QV: QO), 
or (QV : QO).(Q0: QK) — (CP : CM). (QV : QO): 
SQ0:QK 20P:COM..... 0 ο), 
But Q0:QK 2QV.Q0:QV.QXK 
and CP:CM= CP i:CP.CM; 
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<. CP? : CP.CM=QV.Q0: QV.QK 
=PV.P’V : QV.QK, trom (1). 
Therefore, since PM, VK are equiangular, 
CP: PVP V ο ών (3). 
Hence CP’? x PV. P'V: CP? =(PM) F (VK): (PM), 
where the upper sign applies to the ellipse and circle and the 
lower to the hyperbola. 


<. CV”: CP? =(PM) Y (VK): (PM), 
and hence (VN): (PM) Z(PM) Y (VE): (PM), 
so that (VN)z (PM) F (VK), 
or (VN) £ (VK) (PM). 
[The above proof is reproduced as given by Apollonius in 
order to show his method of dealing with a somewhat compli- 
cated problem by purely geometrical means. The proposition 


is more shortly proved by a method more akin to algebra as 
follows. 


We have QV?: CV -CP* ορ: CP’, 


QV ο CP S CD . 
ad — Qk oP om’ ον V= op om’ 
CD? 2 goes 9, 2 
QV ΟΚ yp oy ` CV! CP* = CD? : OP", 
od QV.QK =CP.CM σι ~1) 


+. (VK) =(VN)~(PM), 
or (VN) + (VK) 2 (PM)] 
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Proposition 17. 
[I. 42.] 


In a parabola, if QV, RW be ordinates to the diameter 
through P, and QT, the tangent at Q, and RU parallel to it 
meet the diameter in T, U respectively; and if through Q a 
parallel to the diameter be drawn meeting RW produced in F 
and the tangent at P in E, then 

A RUW =the parallelogram (EW). 


Since QT is a tangent, 
TV =2PV;; [Prop. 12] 


SON OTV SOEV) use (1). 
Also QV': RW'ZPV:PW; 
ASAQTV: A RUW - (EV) : (EW), 
and A QTV (EV), from (1); 





^A RUW (ΕΥ. 


Proposition 18. 
[I. 43, 44. ] 


In a hyperbola, an ellipse, or a circle, of the tangent at Q 
and the ordinate from Q meet the diameter in T, V, and if RW 
be the ordinate from any point R and RU be parallel to QT ; 4f 
also RW and the parallel to it through P meet CQ in F, E 
respectively, then 


A CFW~ACPE=A RUW. 
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We have QV*:CV.VT=p: PP’ [or CD’: CP", 
whence QV: VT =(p: PP?^).(CV : QV); [Prop. 14 and Cor.] 
therefore, by parallels, 

RW: WU (p: PP^.(CP : PE). 

Thus, by Prop. 16, the parallelograms which are the doubles 
of the triangles RUW, CPE, CWF have the property proved in 
that proposition. It follows that the same is true of the 
triangles themselves. 


SA CFW ~ A CPE = ^ RUV. 


[It is interesting to observe the exact significance of this 
proposition, which is the foundation of Apollonius method of 
transformation of coordinates. The proposition amounts to 
this: If CP, CQ are fixed semidiameters and R a variable 
point, the area of the quadrilateral CFRU is constant for all 
positions of δ on the conic. Suppose now that CP, CQ are 
taken as axes of coordinates (CP being the axis of 4). If we 
draw RX parallel to CQ to meet CP and RY parallel to CP to 
meet CQ, the proposition asserts that (subject to the proper 
convention as to sign) 

A RYF+ OCXRY+ A RXU = (const.). 

But, since RY, RY, RF, RU are in fixed directions, 

A RYF «œ ΓΙ", 


or A RYF = az’; 
C CXRY œx RX.RY, 
or COCXRY = Bay; 


A^ RXU ο ΚΛ’, 
or A RX U = yy’. 


TRANSITION TO A NEW DIAMETER. 35 


Hence, if a, y are the coordinates of R, 
az + Bay + yy" = A, 
which is the Cartesian equation referred to the centre as origin 
and any two diameters as axes. ] 


Proposition 19. 
[I. 45.] 


If the tangent at Q and the straight line through R parallel 
to it meet the secondary diameter in t, u respectively, and Qv, Rw 
be parallel to the diameter PP’, meeting the secondary diameter 
inv, w; if also Rw meet CQ $n f, then 

A Cfw = A Ruw~ A Ct. 





[Let PK be drawn parallel to Qt meeting the secondary 
diameter in AK, so that the triangle CPK is similar to the 
triangle vQt.] 

We have [Prop. 14, Cor.] 

QV:CVz(p: PP^).(VT :QV) 
—(p:PP').(Qu : vt), 
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and the triangles QvC, Qvt are the halves of equiangular paral- 
lelograms on Cv (or QV) and Qv (or CV) respectively: also 
CPK is the triangle on CP similar to Qut. 
Therefore [by Prop. 16], A CQv = A Qut ~ ^ CPK, 
and clearly A CQu= A Qut ~ A CQt; 
<. A CPK=A σοι. 
Again, the triangle Ου is similar to the triangle CQv, and 


the triangle Rwu to the triangle Qut. Therefore, for the ordinate 
RW, 


A Cfw = ^ Ruw~ A CPK = ^ Ruw~ A σοι. 


Proposition 20. 
Η. 46.] 


In a parabola the straight line drawn through any point 
parallel to the diameter bisects all chords parallel to the tangent 
at the point. 

Let RF be any chord parallel 
to the tangent at Q and let it 
meet the diameter PV in U. Let 
QM drawn parallel to PV meet 
RR in M, and the straight lines 
drawn ordinate-wise through R, 
R, P in F, F’, E respectively. 

We have then [Prop. 17] 

A RUW=0 EW, 
and A ΙΤ = 0O EW. 
Therefore, by subtraction, the figure RW W'R' = O F'W. Take 
away the common part R'W'WFM, and we have 
A RMF= A RMF’. 
And R'F' is parallel to RF; 
RM MR. 
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Proposition 21. 
[I. 47, 48.] 


In a hyperbola, an ellipse, or a circle, the line joining any 
point to the centre bisects the chords parallel to the tangent ut the 
point. 





If QT be the given tangent and RR’ any parallel chord, let 
RW, R'W', PE be drawn ordinate-wise to PP’, and let CQ 
meet them in F, F’, E respectively. Further let CQ meet RR’ 
in M. 

Then we have [by Prop. 18] 

ACFW~ACPE=ARUW, 
and ACF’ W'~ACPE=ARUW" 


38 THE CONICS OF APOLLONIUS. 


Thus (1), as the figure is drawn for the hyperbola, 
A RUW = quadrilateral EP WF, 

and A Κ΄ Ὁ W' = quadrilateral EP ΗΕ”, 
ον by subtraction, the figure /” W’ WF = the figure Κ΄ Ἡ WR. 

Taking away the common part Z'W'WFM, we obtain 

A FRM = A F'R'M. 
And, :.: FR, F' E are parallel, 
RM = ME. 

(2) as the figure is drawn for the ellipse, 
ACPE—ACFW=ARUW, 
ACPE-ACFW=ARUW,, 

ο by subtraction, 
ACK’ η —-ACFWZARUW-ARUW, 
or ARUW+ ACFW=ARUW -ACF'W. 
Therefore the quadrilaterals CFRU, CF'ER'U are equal, and, 
taking away the common part, the triangle CUM, we have 
AFRM-ZAF'RM, 
and, as before, RM = MR’. 

(3) if RF is a chord in the opposite branch of a hyperbola, 
and Q' the point where QC produced meets the said opposite 
branch, CQ will bisect RR’ provided RR’ is parallel to the 
tangent at Q'. 

We have therefore to prove that the tangent at Q is parallel 
to the tangent at Q, and the proposition follows immediately *. 


* Eutocius supplies the proof of the parallelism of the two tangents as 
follows. 





We have CV .CT=CP? [Prop. 14], 
and CV'.CT'2CP"; 
CV. CT=CV’. CT’, 
and CVzCV', '' CQ=CQ’ (Prop. 10]; 
^ CTzCT'. 


Hence, from the as CQT, CQ’T’, it follows that QT, Q'T'" are parallel. 
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Proposition 22. 
[I. 49.] 


Let the tangent to a parabola at P, the extremity of the 
original diameter, meet the tangent at any point Q in O, and the 
parallel through Q to the diameter in E; and let RR’ be any 
chord parallel to the tangent at Q meeting PT in U and EQ 
produced in M ; then, uf p' be taken such that 


OQ : QE = p : 2QT, 
tt 5 to be proved that 
RAP =p’. QM. 
In the figure of Prop. 20 draw the ordinate QV. 
Then we have, by hypothesis, 
OQ : QE =p : 2TQ. 
Also QE να] = TP, 
Therefore the triangles EOQ, POT are equal. 
Add to each the figure QOPWF; 
ο, the quadrilateral QTWF = O(EW)= ^ RUW. [Prop. 17] 
Subtract the quadrilateral MU WF; 
^. OQU δ RMF, 


and hence RM- -MF =20M QT... IS (1). 
But RM: MF = OQ : QE = p : 2Q7, 
or RAP : RM. MF = p. QM : 2QM . QT. 


Therefore, from (1) RAL? =p’. QM. 


Proposition 23. 
[I. 50.] 
If in a hyperbola, an ellipse, or a ctrele, the tangents at P, Q 


meet in O, and the tangent at P meet the line joining Q to the 
centre in E ; if also a length QL (= p') be taken such that 


0Q:QE=QL :2TQ 
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and erected perpendicular to QC ; if further Q'L be joined (where 
Q’ is on QC produced and CQ = CQ’), and M K be drawn parallel 
to QL to meet ΩΙ, in K (where M is the point of concourse of 
CQ and RR’, a chord parallel to the tangent at Q): then it rs 
to be proved that 

: RM? = QM. MK. 

In the figures of Prop. 21 draw CHN parallel to ϱ 1, meet- 
ing QL in H and MK in N, and let RW be an ordinate to PP, 
meeting CQ in F. 

Then, since CQ = CQ’, QH = HL. 


Also 0Q: QE = QL : 2QT 
= QH : QT; 
SBM- ME = QU QI eoe (A). 
Now 


ARUW=ACFW - ACPE2 ACFW ~ ACQT* ; 


'. in the figures as drawn 


(1) for the hyperbola, (2) for the ellipse and circle, 

ARUW =QTWF, ARUW =ACQT -—ACFW; 

ον subtracting MU WF, “A CQT=quadrilateral Rk UCF; 

we have and, subtracting AMUC, we 
A RMF = QTUM. have 


A RMF = QTUM. 
^ RM. MF = QM (QT + MU) ............ (B). 


* [t will be observed that Apollonius here assumes the equality of the two 
triangles CPE, CQT, though it is not until Prop. 53 [III. 1] that this equality 
is actually proved. But Eutocius gives another proof of Prop. 18 which, he says, 
appears in some copies, and which begins by proving these two triangles to be 
equal by exactly the same method as is used in our text of the later proof. If 
then the alternative proof is genuine, we have an explanation of the assumption 
here. If not, we should be tempted to suppose that Apollonius quoted the 
property as an obvious limiting case of Prop. 18 (I. 43, 44] where R coincides 
with Q; but this would be contrary to the usual practice of Greek geometers 
who, no doubt for the purpose of securing greater stringency, preferred to give 
separate proofs of the limiting cases, though the parallelism of the respective 
proofs suggests that they were not unaware of the connexion between the 
general theorem and its limiting cases. Compare Prop. 81 (V. 2], where 
Apollonius proves separately the case where P coincides with D, though we have 
for the sake of brevity only mentioned it as a limiting case. 
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Now QT: MUZCQ:CM -QH : MN, 
^. QH+ MN :QT - MU-QH : QT 
= RM: MF [from (A)]; 
<. QM (QH + MN): QU (QT + MU) = RM? : RM. ΜΙ; 
^. [by (B)] RM’ = QM (QH + MN) 
=QM.MK. 


The same is true for the opposite branch of the hyperbola. 
The tangent at Q' is parallel to QT, and P'E to ΡΕ. 
[Ῥτορ. 21, Note.] 
O°: QE =0Q:QE =p : 2QT 2p :2QT, 
whence the proposition follows. 


It results from the propositions just proved that in a parabola 
all straight lines drawn parallel to the original diameter are 
diameters, and in the hyperbola and ellipse all straight lines 
drawn through the centre are diameters; also that the conics 
can each be referred indifferently to any diameter and the 
tangent at its extremity as axes. 


CONSTRUCTION OF CONICS FROM CERTAIN DATA. 


Proposition 24. (Problem.) 
[I. 52, 53.] 


Given a straight line in a fixed plane and terminating in a 
fixed point, and another straight line of a certain length, to find 
a parabola in the plane such that the first straight line 15 a 
diameter, the second straight line 1s the corresponding parameter, 
and the ordinates are inclined to the diameter at a given angle. 

First, let the given angle be a right angle, so that the given 
straight line is to be the axis. 

Let AB be the given straight line terminating at A, Pa the 
given length. ; 

Produce BA to C so that AC > e , and let S be a mean 
proportional between AC and p, (Thus pa: AC=S*: AC’, 
and AC > ip,, whence is. or 246 » S, so that it is 
possible to describe an isosceles triangle having two sides equal 
to AC and the third equal to S.) 

Let AOC be an isosceles triangle in a plane perpendicular 
to the given plane and such that AO = AC, OC = 5. 

Complete the parallelogram ACOE, and about AÈ as 
diameter, in a plane perpendicular to that of the triangle 
AOC, describe a circle, and let a cone be drawn with O as 
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apex and the said circle as base. Then the cone is a right 
cone because OE = AC = OA. 

Produce OE, OA to H, K, and draw HK parallel to AE, 
and let the cone be cut by a plane through HK parallel to the 
base of the cone. This plane will produce a circular section, 
and will intersect the original plane in a line PP’, cutting AB 
at right angles in N. 

Now py: AE = AE : AO, since AE = 0C =S, AO = AC; 

'. Pa: AOS AE" : ΑΟ" 


= AF’: AO.OE. 
Hence PAP’ is a parabola in which p, is the parameter 
of the ordinates to AB. [Prop. 1] 


Secondly, let the given angle not be right. Let the line 
which is to be the diameter be PM, let p be the length of the 
parameter, and let MP be produced to F so that PF = dp. 
Make the angle FPT equal to the given angle and draw FT 
perpendicular to TP. Draw TN parallel to PM, and PN perpen- 
dicular to TN; bisect TN in A and draw LAE through A 
perpendicular to FP meeting PT in O; and let 

NA.AL=PN’. 

Now with axis AN and parameter AL describe a para- 
bola, as in the first case. 

This will pass through P since PN? =LA.AN. Also PT 
will be a tangent to it since AT = AN. And PM is parallel 
to AN. "Therefore PM is a dia- 
meter of the parabola bisecting 
chords parallel to the tangent 
PT, which are therefore inclined to 
the diameter at the given angle. 

Again the triangles FTP, OEP ν 
are similar ; 

COUPS DEEP PEU 
—p:2PT, 





by hypothesis. 
Therefore p is the parameter of the parabola corresponding to 
the diameter PM. [ Prop. 22] 
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Proposition 25. (Problem.) 
Π. 54, 55, 59.] 


Given a straight line AA’ in a plane, and also another 
straight line of a certain length ; to find a hyperbola in the plane 
such that the first straight line ts a diameter of it and the second 
equal to the corresponding parameter, while the ordinates to the 
diameter make with it a given angle. 


First, let the given angle be a right angle. 


Let AA’, p, be the given straight lines, and let a circle be 
drawn through A, A’ in a plane perpendicular to the given 
plane and such that, if C be the middle point of AA’ and DF 
the diameter perpendicular to AA’, 


DC : CF $ AA’: p. 
Then, if DC : CF = AA’: Pa, we should use the point F for 


our construction, but, if not, suppose 
DC : CG = AA' : Pa (CG being less than CF). 
Draw GO parallel to AA’, meeting the circle in O. Join ΑΟ), 







Ο 


- 
LWA 
MY 





A'O, DO. Draw AE parallel to DO meeting A’O produced 
in E. Let DO meet AA’ in B. 
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Then ZOBA=ZA'OD= z AOD=ZOAE: 
^. 0A - OE. 


Let a cone be described with O for apex and for base the 
circle whose diameter is A E and whose plane is perpendicular 
to that of the circle AOD. The cone will therefore be right, 
since OA = OE. 


Produce OE, OA to H, K and draw HK parallel to AE. 
Draw a plane through HK perpendicular to the plane of the 
circle AOD. This plane will be parallel to the base of the cone, 
and the resulting section will be a circle cutting the original 
plane in PP’ at right angles to A’A produced. Let GO meet 
HK n M. 


Then, because NA meets HO produced beyond O, the curve 
PAP’ is a hyperbola. 


And AA’: pg= DC: CG 
= DB: BO 
= DB.BO: BO? 
= A'B. BA : BO’. 
But 48: BO = OM : MH 


BA : BO=0M: 20 by similar triangles, 


<. A'B. BA: ΡΟ = OMP’ : HM. MK. 
Hence AA’: pg=OM’: HM.MK. 


Therefore p, is the parameter of the hyperbola PAP’ cor- 
responding to the diameter AA’. [Prop. 2] 


Secondly, let the given angle not be a right angle. Let 
PP’, p be the given straight lines, CPT the given angle, and 
C the middle point of PP’. On CP describe a semicircle, and 
let N be such a point on it that, if NH is drawn parallel to PT 
to meet CP produced in H, 


NH*:CH.HP =p: PP'*. 


* This construction is assumed by Apollonius without any explanation; but 
we may infer that it was arrived at by a method similar to that adopted for 
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Join NC meeting PT in T, and take A on CN such that 
CA*=CT.CN. Join PN and produce it to K so that 


PN*=AN.NK. 


Produce AC to A’ so that AC = CA’, join A'K, and draw 
EOAM through A parallel to PN meeting CP, PT, A’K in 
E, O, M respectively. 


With AA’ as axis, and AM as the corresponding parameter, 
describe a hyperbola as in the first part of the proposition. 
This will pass through P because PN?’ = AN. NK. 


& similar case in Prop. 52. In fact the solution given by Eutocius represents 
sufficiently elosely Apollonius' probable procedure. 





If HN produced be supposed to meet the curve again in N', then 
N’H.HN=CH. HP, 
. NH? : CH.HP=NH : N'H. 

Thus we have to draw HNN’ at a given inclination to PC and so that 

N'H: NH=PP’: p. 
Take any straight line aß and divide it at y so that 

aß : By — PP' : p. 

Bisect ay in à. Then draw from G, the centre of the semicircle, GR at right 
angles to PT which is in the given direction, and let GE meet the circumference 
in R. Then RF drawn parallel to PT will be the tangent at R. Suppose RF 


meets CP produced in F. Divide FR at S so that FS : SR- fy : yó, and 
produce FR to S’ so that RS’=RS. 


Join GS, GS’, meeting the semicircle in N, N’, and join N'N and produce it 
to meet CF in H. Then NH is the straight line which it was required to 
find. 


The proof is obvious. 
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Also PT will be the tangent at P because CT.CN = 643. 
Therefore CP will be a diameter of the hyperbola bisecting 





chords parallel to PT and therefore inclined to the diameter at 
the given angle. 


Again we have 

p:2CP=NH’: CH. HP, by construction, 

and 2C0P:2PT=CH : NH 

=CH.HP:NH.HP; 
AOp:2PT- NH* : NH.HP 

=NH: HP 
= OP: PE, by similar triangles; 
therefore p is the parameter corresponding to the diameter PP’. 
[ Prop. 23] 


The opposite branch of the hyperbola with vertex A’ can be 
described in the same way. 


Proposition 26. (Problem.) 
[I. 60.] 


Given two straight lines bisecting one another at any angle, to 
describe two hyperbolas each with two branches such that the 
straight lines are conjugate diameters of both hyperbolas. 


Let PP’, DD’ be the two straight lines bisecting each other 
at C. 
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From P draw PL perpendicular to PP’ and of such a length 
that PP’. PL = DD’; then, as in Prop. 25, describe a double 
hyperbola with diameter PP’ and parameter PL and such that 
the ordinates in it to PP’ are parallel to DD’. 

Then PP’, DD’ are conjugate diameters of the hyperbola 
so constructed. 


Again, draw DM perpendicular to DD’ of such a length that 
DM. DD’ = PP” ; and, with DD’ as diameter, and DM as the 
corresponding parameter, describe a double hyperbola such that 
the ordinates in it to DD’ are parallel to PP’. 


Then DD’, PP’ are conjugate diameters to this hyperbola, 
and DD’ is the transverse, while PP’ is the secondary dia- 
meter. 


The two hyperbolas so constructed are called conjugate 
hyperbolas, and that last drawn is the hyperbola conjugate to 
the first. 


Proposition 27. (Problem.) 
Η. 56, 57, 58.] 


Given a diameter of an ellipse, the corresponding parameter, 
and the angle of inclination between the diameter and its ordi- 
nates: to find the ellipse. 

First, let the angle of inclination be a right angle, and let 
the diameter be greater than its parameter. 
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Let AA’ be the diameter and AJ, a straight line of length 
Pa perpendicular to it, the parameter. 





In a plane at right angles to the plane containing the 
diameter and parameter describe a segment of a circle on AA’ 
as base. 


Take AD on AA’ equal to AL. Draw AE, A'E to meet at 
E, the middle point of the segment. Draw DF parallel to A’E 
meeting AE in F, and OFN parallel to AA’ meeting the 
circumference in Ο. Join EO and produce it to meet A'A 
produced in T. Through any point H on OA produced draw 
HKMN parallel to OE meeting OA’, AA’, OF in K, M, N 
respectively. 


Now 


ZTIOA2ZOEA-ZOAE-7AA4'0- ZzZOA'E-Z AA'E 
=Z EAA' = Z 04’, 
and HK is parallel to OE, 
whence LOHK = Z OKH, 


and OH = OK. 
H. C. 4 
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With O as vertex, and as base the circle drawn with diameter 
HK and in a plane perpendicular to that of the triangle OHK, 
let à cone be described. "This cone will be a right cone because 


OH = OK. 


Consider the section of this cone by the plane containing 
AA’, AL. This will be an ellipse. 


And pa: AASAD 4 Α’ 
=AF:AK 
= TO : TE 
—TO':TO.TE 
= Το". TA. TA. 
Now TO: TA = HN : NO, 
and TO : TA’ = NK : NO, by similar triangles, 
ο Το": TATA = HN.NK : NO’, 
so that Pa: AA’=HN.NK : NO’, 
or Pq 1s the parameter of the ordinates to AA’. [Prop. 3] 


Secondly, if the angle of inclination of the ordinates be 


still a right angle, but the given diameter less than the para- 
meter, let them be Bb’, B.M respectively. 


Let C be the middle point of BB’, and through it draw AA’, 
perpendicular to BB’ and bisected at C, such that 


M 





AA" = ΒΠ’. BM; 
and draw AL, parallel to BB’, such that 
BM:BD'—-AA': AL; 
thus AA’ > AL. 
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Now with AA’ as diameter and AL as the corresponding 
parameter describe an ellipse in which the ordinates to AA’ are 
perpendicular to 1t, as above. 


This will be the ellipse required, for 
(1) it passes through B, B’ because 
AL: AA'— ΡΒ’: BM 
= BB” : AA” 
= BC": AC.CA', 
(2) BM : BB’ = Ας”: BC” 
= AC”: BC.CB, 
so that BM is the parameter corresponding to BB’. | 
Thirdly, let the given angle not be a night angle but 





equal to the angle CPT, where C is the middle point of the 
given diameter PP’; and let PL be the parameter correspond- 
ing to PP’. 

Take a point N, on the semicircle which has CP for its 
diameter, such that NH drawn parallel to PT satisfies the 


relation 
NH':CH.HP-PL:PP"'*. 


* This construction like that in Prop. 25 is assumed without explanation. 
If NH be supposed to meet the other semicircle on CP as diameter in N’, the 


4—2 
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Join CN and produce it to meet PT in T. Take A, on CT, such 
that CT.CN = CA', and produce AC to A’ so that AC = CA'. 
Join PN and produce it to K so that AN.NK = PN*. Join 
A'K. Draw EAM through A perpendicular to CA (and 
therefore parallel to NK) meeting CP produced in Æ, PT in 0, 
and A'K produced in M. 


Then with axis Α.Α’ and parameter AM describe an ellipse 
as in the first part of this proposition. "This will be the ellipse 
required. 


For (1) it will pass through P .. PN*— AN.NK. For 
a similar reason, it will pass through P -. CP'— CP and 
CA’ = CA. 


(2) PT will be the tangent at P -. CT.CN = CA’. 
(3) We have p: 2CP =NH’: CH. HP, 


and 2CP : 2PT = CH : HN 
= CH.HP : NH. HP; 
'. ex aequali ον ΕΝ Να HA 
=NH: HP 
= OP: PE. 


Therefore p is the parameter corresponding to PP’. 
[Prop. 23] 


problem here reduces to drawing NHN’ in a given direction (parallel to PT) so 
that NIH NI SPP» 


and the construction can be effected by the method shown in the note to Prop. 25 
mutatis mutandis. 


ASYMPTOTES. 


Proposition 28. 
1.15; 17-21] 


(1) If PP’ be a diameter of a hyperbola and p the corre- 
sponding parameter, and if on the tangent at P there be set off 
on each side equal lengths PL, PL’, such that 


Ρ]- PL" =p- PPF = CD] 
then CL, CL’ produced will not meet the curve in any finite point 
and are accordingly defined as asymptotes. 
(2) The opposite branches have the same asymptotes. 


(3) Conjugate hyperbolas have their asymptotes common. 


(1) If possible, let CL meet the hyperbola in Q. Draw the 





ordinate QV, which will accordingly be parallel to LL. 
Now τι jp Ps Per 
= PL’: CP* 
= QV? : CV”. 
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But p: PP =QV?:PV.P'V. 
> PV.PV=CV* 
ie. CV? —CP?=CV*, which is absurd. 


Therefore CL does not meet the hyperbola in any finite 
point, and the same is true for CL’. 


In other words, CL, CL’ are asymptotes. 
(2) Ifthe tangent at P’ (on the opposite branch) be taken, 


and P'M, P'M' measured on it such that P’M? = P'M” = CD’, 
it follows in like manner that CM, CM’ are asymptotes. 

Now MM’, LL’ are parallel, PL = P'M, and PCP’ is a 
straight line. Therefore LCM is a straight line. 

So also is L'CM', and therefore the opposite branches have 
the same asymptotes. 


(3) Let PP’, DD’ be conjugate diameters of two conjugate 


^ 


Sr N A 
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hyperbolas Draw the tangents at P, P', D, D'. Then [Prop. 
11 and Prop. 26] the tangents form a parallelogram, and the 
diagonals of it, LM, L'M', pass through the centre. 

Also PL=PL=PM=PM =CD. 

Therefore LM, L'M' are the asymptotes of the hyperbola in 
which PP’ is a transverse diameter and DD’ its conjugate. 

Similarly DL = DM’ = D'I’ = D'M = CP, and LM, L'M' are 
the asymptotes of the hyperbola in which DD" is a transverse 
diameter and PP’ its conjugate, i.e. the conjugate hyperbola. 


Therefore conjugate hyperbolas have their asymptotes 
common. 


ASYMPTOTES. 55 
Proposition 29. 
(II. 2.] 


No straight line through C within the angle between the 
asymptotes can itself be an asymptote. 





If possible, let Ck be an asymptote. Draw from P the 
straight line PK parallel to CL and meeting CK in K, and 
through K draw RKQR’ parallel to LL’, the tangent at P. 

Then, since PL = PL’, and RR’, LL’ are parallel, RV = ἐν, 
where V is the point of intersection of RA’ and CP. 

And, since PK RL is a parallelogram, PA = LE, PL = KR. 

Therefore QR > PL. Also R'Q» PL; 


πο QR cal Dead Gel DG) vam BD te. (1). 
Again RV?:CV?=PL?:CP*=p: PP, — [Prop. 28] 
and PPP = OV ο pep [Prop. 8] 
=QV’:CV*®-—CP’; 
thus RV?*:CV*zQV*:CY*-CrP* 


ZRVSGOVSOD 

ID CP > RV SOV OD 
whence PL = RV? —-QV?= ΒΩ. ΩΙ, 
which is impossible, by (1) above. 


Therefore CK cannot be an asymptote. 
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Proposition 30. 
[Η. 3.] 


If a straight line touch a hyperbola at P, it will meet 
the asymptotes in two points L, L; LL’ will be bisected at P, 
and PL’ =}p.PP’[=CD"]. 

[This proposition is the converse of Prop. 28 (1) above.] 


For, if the tangent at P does not meet the asymptotes 
in the points L, L' described, take 
on the tangent lengths PK, PK’ 
each equal to CD. 


Then CK, ΟΚ’ are asymptotes ; 
which 15 impossible. 


Therefore the points K, K’ must 
be identical with the points L, L’ 
on the asymptotes. 





Proposition 31. (Problem.) 
[II. 4.] 


Given the asymptotes and a point P on a hyperbola, to find 
the curve. 


Let CL, CL’ be the asymptotes, 
and P the point. Produce PC 
to P’ so that CP = CP’. Draw 
PK parallel to CL' meeting CL 
in A, and let CL be made equal to 
twice CK. Join LP and produce 
it to L’. 

Take a length p such that 
LL” =p.PP’, and with diameter PP’ and parameter p 
describe a hyperbola such that the ordinates to PP’ are 
parallel to LL’. [Prop. 25] 
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Proposition 32. 
ΠΙ. 8, 10.] 


If Qq be any chord, it will, if produced both ways, meet 
the asymptotes in two points as R, r, and 


(1) QR, gr will be equal, 
(2) RQ.Qr-21p.PP'[-CD?] 
Take V the middle point of Qg, and join CV meeting 
the curve in P. Then CV isa 


diameter and the tangent at P 
is parallel to Qq. [Prop. 11] 


Also the tangent at P meets 
the asymptotes (in L, L’). 
Therefore Qq parallel to 1t also 
meets the asymptotes. 





Then (1), since Qq is parallel 
to LL’, and LP = PL’, it follows that RV = Vr. 


But QV = γα; 
therefore, subtracting, QR = qr. 


(2) We have 
DP PSL ο 


—RVUSCES 
and p: PP'zQV*:CV* — ΟΡ’, [Prop. 8] 
SPL ο Ες Ες πο πα ο 
= RQ. Qr CP*, 
thus RQR. Qr 2 PL’ 


= }] p. PP = CD. 
Similarly ry.qgk = CD’. 
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Proposition 33. 
[II. 11, 16.] 


If Q, Q' are on opposite branches, and QQ’ meet the asymp- 
totes in K, Κ΄, and if CP be the semidiameter parallel to QQ', then 


(1) KQ.QK’=CP*, 
(2 QK-2Q'K. 
Draw the tangent at P meeting the asymptotes 1n L, L', and 





let the chord Qq parallel to DL’ meet the asymptotes in R, r. 
Qq is therefore a double ordinate to CP. 


Then we have 
PL: CP SPL? CP) (APL CP) 
= (RQ: KQ). (Qr: QK’) 
= RQ. Qr : K. QK”. 
But PL = RQ Qr; [Prop. 32] 
<. KQ.QK' = CP, 
Similarly οίκο" 
(2) KQ.QK' = CP? = K'Q'.Q'K; 
^ KQ.(KXQ-- KK) = K'QUET'Q' + KE), 
whence it follows that kQ=K'Q. 
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Proposition 34. 
[II. 12.] 


If Q, q be any two points on a hyperbola, and parallel 
straight lines QH, qh be drawn to meet one asymptote at any 
angle, and. QK, qk (also parallel to one another) meet the other 
asymptote at any angle, then 


HQ.QK =hq. gk. 





Let Qq meet the asymptotes in R, r. 


We have RQ. Qr = Rq.qv; [Prop. 32] 
. RQ: να = qr : Qr. 
But RQ : hg = HQ: ha, 
and qr: Qr=qk:QK; 


HQ :hq= qk: QK, 
or HQ. QK = hq. qk. 
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Proposition 35. 
(II. 13.] 


If in the space between the asymptotes and the hyperbola a 
straight line be drawn parallel to one of the asymptotes, it will 
meet the hyperbola in one point only. 


Let E be a point on one asymptote, and let EF be drawn 
parallel to the other. 

Then EF produced shall 
meet the curve in one point 
only. 

For, if possible, let it not 
meet the curve. 

Take Q, any point on the 
curve, and draw QH, QK each 
parallel to one asymptote and 
meeting the other; let a point 
F be taken on EF such that 


HQ.QK — CE. EF. 


Join CF and produce it to 
meet the curve in q; and draw 


qh, qk respectively parallel to QH, QK. 





Then hq .qk = HQ.QK, [Prop. 34] 
and HQ. QK = CE. EF, by hypothesis, 
<. hq.qk = CE. EF: 


which is impossible, '. hq > EF, and gk > CE. 
Therefore £F will meet the hyperbola in one point, as R. 
Again, EF will not meet the hyperbola in any other point. 


For, if possible, let P meet it in R’ as well as R, and let 
RM, E M' be drawn parallel to QK. 


Then ER.RM-ERW.RM': [Prop. 34] 
which is impossible, *.: ER > ER. 

Therefore EF does not meet the hyperbola in a second 
point K. 
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Proposition 36. 
[II. 14.] 


The asymptotes and the hyperbola, as they pass on to infinity, 
approach continually nearer, and will come within a distance 
less than any assignable length. 


Let S be the given length. 


Draw two parallel chords Qq, 24 meeting the asymptotes 
in R,r and R’, v. Join Cq and produce it to meet Q'q' in F. 





Then rg. gR =7q.qh, 
and gh’ >qR; 
^q < qr, 
and hence, as successive chords are taken more and more distant 
from the centre, qr becomes smaller and smaller. 


. Take now on rq a length rH less than S, and draw HM 
parallel to the asymptote Cr. 
HM will then meet the curve [Prop. 35] in a point M. And, 
if MK be drawn parallel to Qq to meet Cr in K, 
Mk =rH, 


whence MK « S. 
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Proposition 37. 
[II. 19.] 


Any tangent to the conjugate hyperbola will meet both 
branches of the original hyperbola and be bisected at the point 
of contact. 


(1) Let a tangent be drawn to either branch of the conju- 
gate hyperbola at a point D. 


This tangent will then meet the asymptotes [Prop. 30], and 
will therefore meet both branches of the original hyperbola. 


(2) Let the tangent meet the asymptotes in L, M and the 
original hyperbola in Q, Q. 


Then [Prop. 30] DL= DM. 
Also [Prop. 33] LQ = MQ; 
whence, by addition, DQ = DY. 
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Proposition 38. 
Π1. 23.] 


If a chord Qq in one branch of a hyperbola meet the asymp- 
totes in R, r and the conjugate hyperbola in Q', q', then 


QQ.Qq' = 260: 





Let CD be the parallel semi-diameter. Then we have 
[Props. 32, 33] 
RQ.Qr = CD’, 


RY .Vr=CD*; 

4. 20D? = RQ. Qr + RQ’. Qr 
=(RQ+ RQ’) Qr+ RY. ΩΩ’ 
= QR. (Qr + RY’) 
= QQ' (Qr +77’) 
= QQ". Qq'. 
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Proposition 39. 
[II. 20.] 


If Q be any point on a hyperbola, and CE be drawn from 
the centre parallel to the tangent at Q to meet the conjugate 
hyperbola in E, then 

(1) the tangent at E will be parallel to CQ, and 
(2) CQ, CE will be conjugate diameters. 


Let PP’, DD’ be the conjugate diameters of reference, and 
let QV be the ordinate from Q to PP', and EW the ordinate 


a =F e 
DEK | 
7 NUN 


Ε΄ D' 


from E to DD’, Let the tangent at Q meet PP’, DD’ in 
T, t respectively, let the tangent at E meet DD’ in U, and let 
the tangent at D meet EU, CE in O, H respectively. 
Let p, p' be the parameters corresponding to PP’, DD’ 
in the two hyperbolas, and we have 
(1) IP psp DD, 
EPER = DD p DppP 
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and PP’: p=CV.VT: QV’, 
p:DD'—- EW::CW.WU. [Prop. 14] 
^ CV.VT:QV*-Z EW*: CW. WU. 
But, by similar triangles, 
VT:QV—-EW:CW. 
Therefore, by division, 
CV: QV=EW: WU. 
And in the triangles CVQ, EWU the angles at V, W 
are equal. 
Therefore the triangles are similar, and 
L£QCV = ZUEW. 
But 2ZVCE= Z CEW, since EW, CV are parallel. 
Therefore, by subtraction, < QUE = Z CEU. 
Hence EU is parallel to CQ. 
(2) Take a straight line S of such length that 
HE: EO=E£EU:S, 
so that S 1s equal to half the parameter of the ordinates to the 


diameter LE" of the conjugate hyperbola. . [Prop. 23] 
Also Ct. QV = CD', (since QV = Ου), 
or Ct: QV = C? : CD’. 


Now Ct: QV 2 tT : TQ= AtCT : ACQT, 
and C? : CD?  AtCT : ACDH = AtCT: ACEU 
[as in Prop. 23]. 

It follows that ACQT = ACEU. 


And Z CQT = Z CEU. 
(CU OT—CE IU ο ος (A). 
But S: EUZOE : EH 
=CQ: QT. 
^ S.CE: CE. EU-CQ* : CQ. QT. 
Hence, by (A), S.CE-CQ* 
^ 2S. EE' = QQ”, 


where 24 is the parameter corresponding to EE”. 
And similarly it may be proved that EE" is equal to the 
rectangle contained by QQ’ and the corresponding parameter. 
Therefore QQ’, FE’ are conjugate diameters. [Prop. 26] 


Η. C. η 


66 THE CONICS OF APOLLONIUS. 


Proposition 40. 
[II. 3T.] 


If Q, Q are any points on opposite branches, and v the 
middle point of the chord QQ’, then Cv is the ‘ secondary” 
diameter corresponding to the transverse diameter drawn parallel 


to QQ’. 





Join Q'C and produce it to meet the hyperbola in q. Join 
Qq, and draw the diameter PP’ parallel to QQ’. 


Then we have 
CQ’=Cq, and Qv-Qv. 


Therefore Qq is parallel to Cv. 
Let the diameter PP’ produced meet Qq in V. 
Now QV =Cv= Vq, because CQ' = Cq. 


Therefore the ordinates to PP’ are parallel to (δη, and 
therefore to Cv. 


Hence PP’, Cv are conjugate diameters. [Prop. 6] 


Proposition 4]. 
ΠΠ. 29, 30, 38.] 
If two tangents TQ, TQ’ be drawn to a conic, and V be the 
middle point of the chord of contact QQ’, then TV is a diameter. 


For, if not, let VE be a diameter, meeting TQ'in E. Join 
EQ meeting the curve in R, and draw the chord RR’ parallel to 
QQ’ meeting EV, EQ’ respectively in K, H. 

Then, since RH is parallel to QQ’, and QV=Q’'V, 
Rh = WH. 
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Also, since RR’ is a chord parallel to QQ’ bisected by 
the diameter EV, RK = K R’. 


Therefore KR’ 2 KH: which is impossible. 





Therefore EV is not a diameter, and 1t may be proved 
in like manner that no other straight line through V is a 
diameter except TV. 


Conversely, the diameter of the conic drawn through T, the 
point of intersection of the tangents, will bisect the chord of 
contact QQ". 

[This is separately proved by Apollonius by means of 
an easy reductio ad absurdum.] 


Proposition 42. 
(II. 40.] 


If tQ, tQ' be tangents to opposite branches of a hyperbola, 
and a chord RR’ be drawn through t parallel to QQ’, then the 
lines joining R, R’ to v, the middle point of QQ’, will be tangents 
at R, Β΄. 
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Join vt, vt is then the diameter conjugate to the transverse 
diameter drawn parallel to QQ’, 1.9. to PP’. 


But, since the tangent Qt meets the secondary diameter 
in f, 
Cv. Ct = 1p. PP’ [= CD"]. [Prop. 15] 
Therefore the relation between v and ¢ is reciprocal, and the 
tangents at R, R’ intersect in v. 


Proposition 43. 
[II. 26, 41, 42.] 


In a conic, or a circle, or in conjugate hyperbolas, if two 
chords not passing through the centre intersect, they do not 
bisect each other. 


LY 


q 
» p 








Let Qq, Rr, two chords not passing through the centre, 
meet in O. Join CO, and draw the diameters Pp, P'p' re- 
spectively parallel to Qq, Rr. 


Then Qq, Er shall not bisect one another. For, if possible, 
let each be bisected 1n O. 
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Then, since Qq is bisected in O and Pp is a diameter 
parallel to it, CO, Pp are conjugate diameters. 


Therefore the tangent at P is parallel to CO. 


Similarly it can be proved that the tangent at P’ is 
parallel to CO. 

Therefore the tangents at P, P’ are parallel: which is 
impossible, since PP’ is not a diameter. 


Therefore Qq, Rr do not bisect one another. 


Proposition 44. (Problem.) 
(II. 44, 45.] 


To find a diameter of a conic, and the centre of u central 
conic. 


(1) Draw two parallel chords and join their middle points. 
The joining line will then be a diameter. 


(2) Draw any two diameters; and these will meet in, and 
so determine, the centre. 


Proposition 45. (Problem.) 
(II. 46, 47.] 


To find the awis of a parabola, and the axes of a central 
conic. 
(1) In the case of the parabola, let PD be any diameter. 


Draw any chord QQ’ perpendicular to PD, and 
let N be its middle point. Then AN drawn 
through N parallel to PD will be the axis. 

For, being parallel to PD, AN is a diameter, 
and, inasmuch as it bisects QQ’ at right angles, 
it 1s the axis. 

And there is only one axis because there 1s 
only one diameter which bisects QQ”. 
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(2) In the case of a central conic, take any point P on the 
conic, and with centre C and radius CP describe a circle 
cutting the conic in P, P’, Q’, Q. 





Let PP’, PQ be two common chords not passing through 
the centre, and let N, M be their middle points respectively. 
Join CN, CM. 


Then CN, CM will both be axes because they are both 
diameters bisecting chords at right angles. They are also 
conjugate because each bisects chords parallel to the other. 


Proposition 46. 
[II. 48.] 


No central conic has more than two axes. 


If possible, let there be another axis CL. Through P’ 
draw P'L perpendicular to CL, and produce P'L to meet the 





curve again in R. Join CP, CR. 
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Then, since CL is an axis, P'L = LR; therefore also 


CP =CP’=CR. 


Now in the case of the hyperbola it is clear that the circle 
PP’ cannot meet the same branch of the hyperbola in any 
other points than P, P'. Therefore the assumption is absurd. 


In the ellipse draw RK, PH perpendicular to the (minor) 
axis which is parallel to PP’. 


Then, since it was proved that CP = CR, 


CP? = CR?, 
or CH? + HP? =CK?+ KR’. 
SORS — CH? = HP*-KRG220.Q (1). 
Now BK.KB’ + CK? = B? 
and BH. HB’ + CH? = CB?. 


<. CK?” — CH? = BH. HB’ - BK. KB’. 
Hence HP” — KR” = BH. HB’ -— ΗΚ. KB’, from (1). 
But, since PH, RK are ordinates to BB’, 
PH’: BH.HB’=RkK’: ΒΚ. ΚΗ, 


and the difference between the antecedents has been proved 
equal to the difference between the consequents. 


πα απ S Dn HB, 
and RK’=BK.KB’. 


ον P, R are points on a circle with diameter BB’: which is 
absurd. 


Hence C'L is not an axis. 
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Proposition 47. (Problem.) 
[II. 49.] 


To draw a tangent to a parabola through any point on or 
outside the curve. 


(1) Let the point be P on the curve. Draw PN per- 
pendieular to the axis, and produce NA to T so that AT = AN. 
Join PT. 





Then, since AT = AN, PT is the tangent at P.  [Prop. 12] 


In the particular case where P coincides with A, the 
vertex, the perpendicular to the axis through A is the tangent. 


(2) Let the given point be any external point O. Draw 
the diameter OBV meeting the curve at B, and make BV 
equal to OB. Then draw through V the straight line VP 
parallel to the tangent at B [drawn as in (1)] meeting the 
curve in P. Join OP. 


OP 1s the tangent required, because PV, being parallel to 
the tangent at B, is an ordinate to BV, and OB = BV. 
[Prop. 12] 


[This construction obviously gives the two tangents through 


ο] 
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Proposition 48. (Problem.) 
11. 49.] 


To draw a tangent to a hyperbola through any point on 
or outside the curve. 


There are here four cases. 
Case I. Let the point be Q on the curve. 





Draw QN perpendicular to the axis AA’ produced, and 
take on AA’ a point T such that A'T: AT— A'N: AN. 
Join TQ. 

Then TQ is the tangent at Q. [ Prop. 13] 


In the particular case where Q coincides with A or A’ the 
perpendicular to the axis at that point is the tangent. 


Case II. Let the point be any point O within the angle 
contained by the asymptotes. 


Join CO and produce it both ways to meet the hyperbola in 
P, P'. Take a point V on CP produced such that 
py Ες ος ος 
and through V draw VQ parallel to the tangent at P [drawn 
as in Case I.] meeting the curve in Q. Join OQ. 


Then, since QV is parallel to the tangent at P, QV is an 
ordinate to the diameter P'P, and moreover 


ΠΕΡ τοι OF. 
Therefore OQ is the tangent at Q. [Prop. 13] 
[This construction obviously gives the two tangents through 


0.) 
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Case III. Let the point U be on one of the asymptotes. 
Bisect CU at H, and through H draw HP parallel to the other 





asymptote meeting the curve in P. Join OP and produce it to 
meet the other asymptote in L. 


Then, by parallels, 
OP: PL = OH : HC, 
whence OP = PL. 
Therefore OL touches the hyperbola at P. — [Props. 28, 30] 


Case IV. Let the point O lie within one of the exterior 
angles made by the asymptotes. 





Join CO. Take any chord Qq parallel to CO, and let V be 
its middle point. Draw through V the diameter PP’. Then 
PP’ is the diameter conjugate to CO. Now take on OC 
produced a point w such that CO. Cw = 1p. PP’ [= CD*], and 
draw through w the straight line wi parallel to PP’ meeting 
the curve in Zi. Join OR. Then, since Rw is parallel to CP 
and Cw conjugate to it, while CO . Cw = CD*, OR is the tangent 
at R. [ Prop. 15] 
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Proposition 49. (Problem.) 
ΠΙ. 49.] 


To draw a tangent to an ellipse through any point on or 
outside the curve. 


There are here two cases, (1) where the point is on the 
eurve, and (2) where it is outside the curve; and the con- 





structions correspond, mutatis mutandis, with Cases I. and II. 
of the hyperbola just given, depending as before on Prop. 13. 


When the point is external to the ellipse, the construction 
gives, as before, the two tangents through the point. 


Proposition 50. (Problem.) 
[II. 50.] 


To draw a tangent to a given conic making with the axis an 
angle equal to a given acute angle. 


I. Let the conic be a parabola, and let DEF be the given 
acute angle. Draw DF perpendicular to EF, bisect EF at H, 
and join DH. 


Now let AN be the axis of the parabola, and make the 
angle NAP equal to the angle DHF. Let AP meet the curve 
in P. Draw PN perpendicular to AN. Produce NA to T so 
that AN = AT, and join PT. 

Then PT is a tangent, and we have to prove that 


ZPTN zz DEF. 
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Since <z DHF =z PAN, 
HF: FD = AN : NP. 
<- 2HF: FD-2AN : ND, 
or EF: FD=TN: NP. 
".ZPTN -z DEF. 





II. Let the conic be a central conic. 


Then, for the hyperbola, it is à necessary condition of the 
possibility of the solution that the given angle DEF must be 


BJ. ) 


P 
T A 
D ; 
E F K 





greater than the angle between the axis and an asymptote, 
or half that between the asymptotes. If DEF be the given 
angle and DF be at right angles to EF, let H be so taken 
on DF that 2 HEF= z ACZ, or half the angle between 


the asymptotes. Let AZ be the tangent at A meeting an 
asymptote in Z. : 
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We have then CA? : AZ’ (or CA? : CB?) = EF’ : FH’. 
“οσα. CB S ER ED 
Take a point K on FE produced such that 
CA* CBS KF. FE: FD’. 
Thus ΚΕ’: FD? > CA’: AZ. 
Therefore, if DK be joined, the angle DKF is less than the 


angle ACZ. Hence, if the angle ACP be made equal to the 
angle DKF, CP must meet the hyperbola in some point P. 


In the case of the ellipse K has to be taken on EF produced 
so that CA^ : CB? KF.FE: FD’, and from this point the 
constructions are similar for both the central conics, the angle 
ACP being made equal to the angle DKF in each case. 


Draw now PN perpendicular to the axis, and draw the 
tangent PT. [ Props. 48, 49] 


Then PNUSUNUNTECB::CA- [ Prop. 14] 
= FD*:KF.FE, from above; 


and, by similar triangles, 
CN: PN = KF" : FD’. 
SQCN:ICN.NT- KF^:KF.FE, 


or CN: NT=KF: FE. 

And PN :CN=DF: KF. 
CPN NT = DF FE: 

Hence < PTN =2 DEF. 


Proposition 51. 
[II. 52.] 


In an ellipse, if the tangent at any point P meet the major 
axis in T, the angle CPT is not greater than the angle ABA’ 
(where B is one extremity of the minor asis). 

Taking P in the quadrant AB, join PC. 


Then PC is either parallel to BA’ or not parallel to it. 
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First, let PC be parallel to BA’. Then, by parallels, 
CP bisects AB. Therefore the 





Β 
tangent at P is parallel to AB, P 
and < CPT = 2 A'BA. 
Secondly, suppose that PC ρα Α' 
is not parallel to BA’, and we 
have in that case, drawing PN 
perpendicular to the axis, 
Z PCN ẹ < BA'C, or z BAC. 
SPN ον = BC ασ 
whence PN ON ΕΛΛ; [Prop. 14] 


VON NT. 

Let FDE be a segment in a circle containing an angle FDE 
equal to the angle ABA’, and let 
DG be the diameter of the circle 
bisecting FE at right angles in J. 
Divide FE in M so that 

EM: MF=CN : NT, 
and draw through M the chord 
HK at right angles to £F. From 
O, the centre of the circle, draw OL 
perpendicular to HK, and join 
EH, HF. 
The triangles DFI, BAC are 


then similar, and 





FI? : ID? = CA’ : CB’. 
Now OD:OI>LH: LM, since OI = LM. 
^. OD: DIC LH: HM 
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and, doubling the antecedents, 
DG : DI < HK: HM, 


whence GI: ID< KM: MH. 
But GI:ID2FDP:ID'2CA?:CB* 
= CN. NT.: PN’. 


<. CN. NT: PN’ KM: MH 
< KM.MH : MH? 
« EM.MF : MH’. 
Let CN.NT:PN°=EM. MF : MR’, 
where R is some point on HK or HK produced. 


It follows that ME > MH, and R hes on KH produced. 
Join ER, RF. 


Now CN.NT: EM.MF= PN’ : RM’, 
and ΟΝ’: EM? ZCN.NT : EM. MF 
(since CN : NT = EM : MF). 
“CN: EM = PN : RM. 
Therefore the triangles CPN, ERM are similar. 
In like manner the triangles PTN, RFM are similar. 
Therefore the triangles CPT, ERF are similar, 
and ZCPT = zERF; 
whence it follows that 
Z CPT is less than Z FEAF, or 2 ABA’. 


Therefore, whether CP is parallel to BA’ or not, the < CPT 
is not greater than the Ζ ABA’. 


Proposition 52. (Problem.) 
[II. 51, 53.] 


To draw a tangent to any given conic making a given angle 
with the diameter through the point of contact. 

I. In the case of the parabola the given angle must be 
an acute angle, and, since any diameter is parallel to the axis, 
the problem reduces itself to Prop. 50 (1) above. 
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II. In the case of a central conic, the angle CPT must be 
acute for the hyperbola, and for the ellipse it must not 
be less than a right angle, nor greater than the angle ABA’, as 
proved in Prop. 51. 


Suppose ϐ to be the given angle, and take first the particu- 
lar case for the ellipse in which the angle 0 is equal to the 
angle ABA'. In this case we have simply, as 1n Prop. 51, to 
draw CP parallel to BA' (or AB) and to draw through P a 
parallel to the chord AB (or A'D). 


Next suppose @ to be any acute angle for the hyperbola, 
and for the ellipse any obtuse angle less than ABA’; and 
suppose the problem solved, the angle CPT being equal to 6. 


A! 





TANGENTS, CONJUGATE DIAMETERS AND AXES. 8] 


Imagine a segment of a circle taken containing an angle 
(EDF) equal to the angle 0. Then, if a point D on the 
circumference of the segment could be found such that, if DM be 
the perpendicular on the base EF, the ratio HA. MF : DM” is 
equal to the ratio CA? : CB’, 1.6. to the ratio CN . ΝΤ: PN’, we 
should have 


ZCPT = 20= Z EDF, 
and CN.NT:PN*'- ΕΛ, ΜΡ: DAP, 
and it would follow that triangles PCN, PTN are respectively 


similar to DEM, DFM*. Thus the angle DEM would be 
equal to the angle PCN. 


The construction would then be as follows : 
Draw CP so that the angle PCN is equal to the angle 


DEM, and draw the tangent at P meeting the axis AA’ in T. 
Also let P.N be perpendicular to the axis AA’. 


Then CN.NT : PN? = CA’ : CB? = EM.MF : DM’, 


and the triangles PCN, DEM are similar, whence it follows 
that the triangles PTN, DFM are similar, and therefore also 
the triangles CPT, EDF*. 

. LCPT= Z EDF «Z0. 

It only remains to be proved for the hyperbola that, if 
the angle PON be made equal to the angle DEM, CP must 
necessarily meet the curve, i.e. that the angle DEM is less 
than half the angle between the asymptotes. If AZ is per- 
pendicular to the axis and meets an asymptote in Z, we have 

EM.MF:DM*—-CA' : CB’? = CA’ : AZ’, 
^ ΝΜ: DM’ > CA’: AZ’, 
and the angle DEM is less than the angle ZCA. 

We have now shown that the construction reduces itself 

to finding the point D on the segment of the circle, such that 
EM .MF : DM?’ = CA’ : CB’. 


* These conclusions are taken for granted by Apollonius, but they are easily 
proved. 


H. C. 6 
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This is effected as follows : 
Take lengths a8, By in one straight line such that 
a3: By = CA* : CB’, 


By being measured towards a for the hyperbola and away 
from a for the ellipse; and let ay be bisected in 8. 


Draw OI from O, the centre of the circle, perpendicular to 
EF; and on OJ or OJ produced take a point H such that 


OH : HI = y: yP, 
(the points O, H, I occupying positions relative to one another 


corresponding to the relative positions of ô, y, £). 


Draw HD parallel to EF to meet the segment in D. Let 
DK be the chord through D at right angles to EF and meeting 
it in M. 


Draw OR bisecting DK at right angles. 
Then RD: DM = OH : HI = $y: yg. 
Therefore, doubling the two antecedents, 
KD: DM = ay: yB; 
so that ΚΛ: DM —af : Bw. 
Thus 
KM.MD: DM? = EM.MF: DM" =aß : By = CA* : CB’. 
Therefore the required point D is found. 


In the particular case of the hyperbola where CA? = CB’, i.e. 
for the rectangular hyperbola, we have EM . MF = DM’, or DM 
is the tangent to the circle at D. 


Note. Apollonius proves incidentally that, in the second 
figure applying to the case of the ellipse, H falls between T and 
the middle point (L) of the segment as follows: 


Z FLI = 4z CPT, which is less than 4 2 ABA’; 
AZ FLI is less than z ABC, 
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whence σα CR > FEP =M? 
-LI:IL. 

It follows that aj : By> LTI:IL, 

so that ay: y8 2 LL : IL, 


and, halving the antecedents, 
ôy : y8 > OL : LI, 
so that 68 : £y » OI : IL. 
Hence, if H be such a point that 
08 : gy — OI :1H, 
IH is less than JL. 
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Proposition 53. 
(Ill. 1, 4, 13.] 


(1) P,Q being any two points on a conic, if the tangent at 
P and the diameter through Q meet in E, and the tangent at Q 
and the diameter through P in T, and if the tangents intersect at 
O, then A OPT = AOQE. 


(2) If P be any point on a hyperbola and Q any point on 
the conjugate hyperbola, and if T, E have the same significance 
as before, then ACPE = ACQT. 


(1) Let QV be the ordinate from Q to the diameter 
through P. 





Then for the parabola we have 


P= PV, [Prop. 12] 
so that ος 


and O EV - AQTV. 
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Subtracting the common area OP VQ, 
AOQE=AOPT. 
For the central conic we have 
CV.CT CP 





Q 
P 
3 
or CV :CT=CV?: CP’; 
. ACQV: ACQT=ACQV: ACPE; 
^ ACQT =ACPE. 


Hence the sums or differences of the area OTCE and each 
triangle are equal, or 


A OPT =AOQE. 
(2) In the conjugate hyperbolas draw CD parallel to the 
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tangent at P to meet the conjugate hyperbola in D, and draw 
QV also parallel to PE meeting CP in V. Then CP, CD are 
conjugate diameters of both hyperbolas, and QV is drawn 
ordinate-wise to CP. 


Therefore [Prop. 15] 


CV.CT = CP’, 
or CP: CL - ον +CP 
=CQ:CE; 


<. CP.CE = CQ .CT. 
And the angles PCE, QCT are supplementary ; 
S ACQT = ACPE. 


Proposition 54. 
[III. 2, 6.] 


If we keep the notation of the last proposition, and if R be 





EXTENSIONS OF PROPOSITIONS 17—19. 87 


any other point on the conic, let RU be drawn parallel to QT to 
meet the diameter through P in U, and let a parallel through R 
to the tangent ut P meet QT and the diameters through Q, P in 
H, F, W respectively. Then 

A HQF = quadrilateral HTU R. 

Let RU meet the diameter through Q in M. Then, as in 

Props. 22, 23, we have 

A RMF = quadrilateral QTU M ; 
."., adding (or subtracting) the area HM, 


A HQF = quadrilateral HTU ΗΒ. 


Proposition 55. 
ΗΗ. ο, 7, 9, 10.] 


If we keep the same notation as in the last proposition and 
take two points Β΄, R on the curve with points Η΄, F’, etc. corre- 
sponding to H, F, etc. and if, further, RU, R'W' intersect in I 
and R'U', RW in J, then the quadrilaterals F'IRF, IUU'R' 
are equal, as also the quadrilaterals FJR'F', JU'UR. 


[N.B. It will be seen that in some R 
cases (according to the positions of R, R’) 
the quadrilaterals take a form like that 
in the margin, in which case F'ZEF must © M F 
be taken as meaning the difference 
between the triangles F'MI, RAF.) i 
I. We have in figs. 1, 2, 3 
AH FQ = quadrilateral HTU R, [ Prop. 54] 
A H’F’Q = quadrilateral ΗΤΟ, 
^. F'H'HF- H'TU'R' ~ HTUR 
—-IUU'R'T(IH) 
whence, adding or subtracting TH, 
RD TUU ecc c tee (1), 
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and, adding (ZJ) to both, 
FIRR =J UR cen (2). 





Fig. 4. 
II. In figs. 4, 5, 6 we have [ Props. 18, 53] 
AR'UW'2ACFW'—ACQT, 
so that A CQT = quadrilateral CU'R'F', 
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and, adding the quadrilateral CF'H'T, we have 


A H’F’Q = quadrilateral ΗΤΟ’ Β΄. 





Similarly AHFQ=HTUR, 
and we deduce, as before, 
FIRF-IUU'R' 
Thus e.g. in fig. 4, 
AH'FQ'-AHFQ-H'TUR' —HTUR; 
<. F'H'HF-(R'H)-(RU?*), 
and, subtracting each from (ZH), 
FIRFZIUU'R. 
In fig. 6, 
F’H'HF =H'TU'R’ - AHTW+ARUW, 


Τι 


Fig. 0. 
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and, adding (ZH) to each side, 
F°IRF=H'TU'R’ + ΗΤΟΙ 
ο D. canes dure tecto dn we: (1). 
Then, subtracting (ZJ) from each side in fig. 4, and sub- 
tracting each side from (ZJ) in figs. 5, 6, we obtain 
FIRE πο ο UR rrr rere nr re (2), 


(the quadrilaterals in fig. 6 being the differences between the 
triangles FJM’, F' Β΄’ M' and between the triangles JU’W, RUW 
respectively). 

III. The same properties are proved in exactly the same 


manner in the case where P, Q are on opposite branches, and 
the quadrilaterals take the same form as in fig. 6 above. 


Con. In the particular case of this proposition where R’ 
coincides with P the results reduce to 
EIRF = APUI, 
PJRU -PJFE. 


Proposition 56. 
[III. 8.] 


If PP’, QQ’ be two diameters and the tangents ut P, P', 
Q, Q' be drawn, the former two meeting QQ’ in E, E' and the 
latter two meeting PP’ in T, T", and if the parallel through P’ 
to the tangent at Q meets the tangent at P in K while the parallel 
through Q’ to the tangent at P meets the tangent at Q in K’, then 
the quadrilaterals (EP’), (TQ') are equal, as also the quadri- 
laterals (E'K), (T' Κ΄) 


Since the triangles CQT, CPE are equal [Prop. 53] and 


have a common vertical angle, 
CQ.CT-CP.CE; 
CQ: CE x CP : CT, 
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whence QQ’: EQ = PP : TP, 
and the same proportion is true for the squares ; 
. AQQ'K' : AQEO = APP'K : APTO. 


And the consequents are equal ; 





. AQU'K' = APP'K, 
and, subtracting the equal triangles CQT, CPE, we obtain 


pec s (1) 


Adding the equal triangles CP'E', CQ'T' respectively, we 
have 
(EJ QUE ο ο ος (2). 


Proposition 57. 
ΠΠ. 5, 11, 12, 14] 
(Application to the case where the ordinates through R, R’, 


the points used in the last two propositions, are drawn to a 
secondary diameter.) 


(1) Let Cv be the secondary diameter to which the ordi- 
nates are to be drawn. Let the tangent at Q meet 1t 1n £, and 
let the ordinate Rw meet Qt in h and CQ in f. Also let Ru, 
parallel to Qt, meet Cv in u. 


Then [Prop. 19] 
A Ruw ~ ACfw = ACQt.................. (A) 
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and, subtracting the quadrilateral CwhQ, 
A Ruw ~ AhQf = Altw; 
^. AhQf = quadrilateral htuR. 





(2) Let R'w be another ordinate, and h’, w &c. points 
corresponding to h, w, ὅς. Also let Ru, R’w’ meet in 1 and Rw, 


Rw m Ί. 
Then, from above, 
δν γ᾽ 2 Ntw Ε΄, 
and AhQS = Mu. 
Therefore, subtracting, 


fhf = ὑωιί R — (hi) 
and, adding (hz), 


SLS ο σος. (1). 
If we add (tj) to each, we have 
PRI SIUR ο ue (2). 


[This 1s obviously the case where P is on the conjugate 
hyperbola, and we deduce from (A) above, by adding the area 
CwRM to each of the triangles Ruw, Cfw, 


ACuM ~ ^ RfM = ^CQt, 


a property of which Apollonius gives a separate proof.] 
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Proposition 58. 
ΠΠ. 15.] 


In the case where P, Q are on the original hyperbola and R 
on the conjugate hyperbola, the same properties as those formu- 
lated in Propositions 55, 57 still hold, viz. 

ARMF~ ACMU = ACQT, 
and FIRF-IUU'R. 





Let D'D" be the diameter of the conjugate hyperbola 
parallel to RU, and let QT be drawn; and from D’ draw DG 
parallel to PE to meet CQ in G. Then D'D" is the diameter 
conjugate to CQ. 

Let p' be the parameter in the conjugate hyperbola corre- 
sponding to the transverse diameter D’D”, and let p be the 
parameter corresponding to the transverse diameter QQ’ in the 
original hyperbola, so that 


5. CQ — CD”, and 5 CD = CQ. 


Now we have [Prop. 23] 
0Q : QE =p :2QT=5: QT; 
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J D'C: 08 —5:QT 


-5.0Q0:0Q.QT 
=Z CD: CQ. QT. 
Hence D'C.CG = CQ.QT, 
or AUDI cs TCO Ean ces (1). 
Again, CM:MUZCQ:QT 


= (CQ :5).(» : 20) 


—(p':D'D").(0Q : QE) 
—(p': D'D^.(RM : MP)...... (2). 
Therefore the triangles CMU, RMF, D'CG, being respec- 
tively half of equiangular parallelograms on CM (or Rv), 
RM (or Cv), CD', the last two of which are similar while the 
sides of the first two are connected by the relation (2), have the 
property of Prop. 16. 
. ARMF - ACMU = AD'CG = ACQT.. ......(3). 


If R’ be another point on the conjugate hyperbola, we have, 
by subtraction, 


RJFF — RMM'J = MUU'M', or RUFF = RUU. 
Aud, adding (LJ), 
ETHEIUUS uS πος (4) 


RECTANGLES UNDER SEGMENTS OF 
INTERSECTING CHORDS. 


Proposition 59. 
ΗΠ. 16, 17, 18, 19, 20, 21, 22, 23] 


Case I. /f OP, OQ be two tangents to any conic and Rr, 
F'r' two chords parallel to them respectively and intersecting in 
J, an internal or external point, then 


OP’: OQ? = RJ. dr: RJ.Jr. 


(a) Let the construction and figures be the same as in 
Prop. 55. 


We have then 
RJ.Jr- RW? ~ JW’, 


and RW?:JW*= ARUW: AJU'W; 
. RW*'-JW?: RW* ZJU'UR: ARUW-. 
But RW’: OP = ARUW: AOPT; 


“αυ ος OR = SU UR AOPTI s (1). 
Again RSI. Jr = RM” ~ JM” 
and RM”: JM? = ARF M : AJFM, 
or RM? ~ JM”: RM? =FIRF’: AR'F'M. 
But R'M”: OW = AR FM’: AOQE; 


v RJ. Jr: OQ = FUR'F : AOQE ......... (2). 
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Comparing (1) and (2), we have 
JUUR = FJR'F', by Prop. 55, 


and AOPT = AOQE, by Prop. 53. 
Thus RJ. Jr: OP? = R'J.Jv' : ΟΦ, 
or OP':0Q = RJ. Jr: RJ. Jr. 


(b) If we had taken the chords A'r/, Rr, parallel respec- 
tively to OP, OQ and intersecting in J, an internal or external 
point, we should have established in the same manner that 


ο": ΟΦ: = R'I.Ir/ : RI. In, 
Hence the proposition is completely demonstrated. 


(Cor. If J, or J, which may be any internal or external 
point be assumed (as a particular case) to be the centre, we 
have the proposition that the rectangles under the segments of 
intersecting chords in fixed directions are as the squares of the 
parallel semi-diameters. | 


Case II. Jf P be a point on the conjugate hyperbola and 
the tangent αἱ Q meet CP in t; if further qg be drawn through 
t parallel to the tangent at P, and Rr, R’r’ be two chords parallel 
respectively to the tangents at Q, P, and intersecting at i, then 


tÈ : tq? = Ri.ir: Rew". 
Using the figure of Prop. 57, we have 
Ri.ir = Mè ~ MR’, 
and ΛΣ: M= ΔΊ: AMFR. 
Hence In.ir: MFR Ξ f'iRf: AMfR. 
Therefore, if QC, gq’ (both produced) meet in ZL, 
Rate tQ = ΓΕ: ΔΩΙΙ,................ (1). 
Similarly, — R4.ó': Rw’ = iw’ R: A Ruw: 
Re. tg m duw R':AUQE oaia. (2), 
where qK is parallel to Qt and meets Ct produced in K. 


RECTANGLES UNDER SEGMENTS OF INTERSECTING CHORDS. 97 


But, comparing (1) and (2), we have 


f^Rf - iw E, [ Prop. 57] 
and AtqK = ACLt + ACQt= AQLL. [ Prop. 19] 
D Ra. tni tQ 2 B. tq, 
or (Q^ : tq? = Ri.ir : Rear’. 


Case III. Jf PP’ be a diameter and Rr, R’r’ be chords 
parallel respectively to the tangent at P and the diameter PP’ 
and intersecting in I, then 


II Is RI hn Sper Pe: 





If RW, R'W' are ordinates to PP’, 
νη LOW a Cr: [ Prop. 8] 
= RW”: CW? ~ CP’ 
= RW'- R'W^:CW*-CW^ 
= RI.Ir: RI.Ir. 


Case IV. If OP, OQ be tangents to a hyperbola and Rr, 
R'r’ be two chords of the conjugate hyperbola parallel respectively 
to OQ, OP, and meeting in I, then 


0Q':0P'—- RI.Ir: RI. Tr. 
Using the figure of Prop. 58, we have 
ορ’: AOQE= RM: A RMF 
= ΜΙ: ΔΛ 
= RI.Ir: ARMF ~ AMIF"' 
= RI. Ir: F'IRF, 
H. C. 7 
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and, in the same way, 
ΟΡ’: AOPT=RI.Ir': AR UW’ ~ AIUW 
—- RI.Dh':IUU'R; 
whence, by Props. 53 and 58, as before, 
OQ: RI. Ir 2 OP : ΚΊ. Ir’, 
Or OQ :0P*- RI.Ir: RIL". 


Proposition 60. 
ΠΗ. 24, 25, 26.] 


If Rr, R’r’ be chords of conjugate hyperbolas meeting in Ὁ 
and parallel respectively to conjugate diameters PP’, DD’, then 
CP 
CD 
RO.Or ΠΟ. Or’ 
or “op: * op = 2|. 


RO. Or + RKO Or’ = 2601” 





Cz D' 


Let Rr, Ry’ meet the asymptotes in K, k; Κ΄, k’, and CD, 
CP in w, W’ respectively. Draw LPL’, the tangent at P, 
meeting the asymptotes in L, L’, so that PL PL. 


Then ΕΕ}; 
and ΠΡ DPI ο = ορ CP. 
Νοιν 15: Οδ κο: ORB, 


PL’: CP = Ok’: Ok; 
ο. CD: CP = K'O. Oh’: KO. Ok. 
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[From this point Apollonius distinguishes five cases: (1) 
where O is in the angle LCL’, (2) where O is on one of the 
asymptotes, (3) where O is in the angle LCh or its opposite, (4) 
where 0 is within one of the branches of the original hyperbola, 
(5) where O lies within one of the branches of the conjugate 
hyperbola. The proof is similar in all these cases, and it will 
be sufficient to take case (1), that represented in the accom- 


panying figure.] 
We have therefore 

ΟΡ»: CP? = K'0. Ok’ + CD’: KO. Ok + ΟΡ 
-|0.ΟΝ-- ΚΕ’. Rk: KO. Ok + CP’ 
—-K'WwW^-oW^.-mW?^—K'W^:Qw — kw + CP 
= R'W?^—0W?: Rw? — Ka? — Rw? + Ow? + ΟΡ 
= R'0.0r': RK. Kr + CP' - RO. Or 
= R'O . Or : 2CP? — ΒΟ. Or (since Kr = Rh), 


whence RO.Or + A R’0. Or = 2CP’, 


RO.Or RO.Or 
or ΠΝ sb CD? 


[The following proof serves for all the cases : we have 
R'W?—CD:CW^-2CLD':CP 
and Cw: Rw? — CP? = CD’: CP’; 
- RW? — Cw? — CD: CP? — (Ru — CW”) = CD: CP”, 





= 2. 


so that +R’0.0r — CD': CP’ + RO.Or — CD: ερ. 
whence + R'0.0r : CP? + RO. Or = CD’: ΟΡ 


R’'0.0r  RO.Or _ 
ui ον t op Ἡ 
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Proposition 6]. 
[III. 27, 28, 29.] 


If in an ellipse or in conjugate hyperbolas two chords Rr, 
R'r' be drawn meeting in O and parallel respectively to two 
conjugate diameters PP’, DD’, then 


(1) for the ellipse 
RO’ + Ον" is (RO? + Ον”) = 4CP*, 


RO +0 RO + Or? _ 
CP ODF = 





or 


and for the hyperbolas 
RO? + Or? : RO + Or? = CP’: CD’. 


Also, (2) if R'r «n the hyperbolas meet the asymptotes in 
K’, k, then 


K'O + Ok” + 20D? : RO? + Or? = ΟΠ: CP. 


R’ 
te! 
WR 
A ο «ο 
ΨΤΡ ον. 
li So, 
r" D 





(1) We have for both curves 
CP':CD'—-PW.WP': RW? 
= Rw”: Dw .w'D' 
- CP'-PW.WP'trHRWw*:CD* + RW? + Dw .wD', 
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(taking the upper sign for the hyperbolas and the lower 
for the ellipse) ; 
CP: CD =CP??+CW2+PW.WP’: CD + Cw + Dw.w D, 
whence, for the hyperbolas, 
CP: CD =CW7+CW?: Cw? + Cw” 
= 4(RO? + Ον”) :  (IVO* + Or”), 
or RO! + Or: R'O + Or? =CP?: CD? ......... (A), 
while, for the ellipse, 
CP? : CD = 2CP? —(CW" + CW’) : Cw? + Cw’ 
= 4CP?* — (RO? + Or’) : (ΙΟ + Or”), 
RO «Or RO + Or? | 
CP’ CD” 
(2) We have to prove that, in the hyperbolas, 
R’O? + Or? = K'O + OL? + 2CD". 
Now ΙΟ’ -- κοιν +2R'K'. K'O, 
and Or? — Oh? 2 r'k^ 2.0 
= ΤΙ + 2R'K'. ο. 
Therefore, by addition, 
R'O? + Or? — K'O — Ok? = 2R'K'(R'K' + K'O + OE) 
—29R'K'.R'k 
= 20)". 
2. οἱ + Or? = K'O + οἱ” + 200)”, 
whence K'O + Ok? 4+ 2CD?: RO? + Ον’ = CD : CP’, 
by means of (A) above. 


whence 
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Proposition 62. 
ΠΠ. 30, 31, 32, 33, 34.] 


TQ, Tq being tangents to a hyperbola, if V be the middle 
point of Qq, and if TM be drawn parallel to an asymptote 
meeting the curve in R and Qq in M, while VN parallel to 
an asymptote meets the curve in R’ and the parallel through T 
to the chord of contact in N, then 

TR= RM, 
VR UN. 





I. Let CV meet the curve in P, and draw the tangent PL, 
which is therefore parallel to Qq. Also draw the ordinates 
RW, R'W' to CP. 

Then, since the triangles CPL, TWR are similar, 

RM TM του ο -ο ο” 
= hW?*: PW.WP'; 
now y M WE: 
* [t will be observed from this proposition and the next that Apollonius 
begins with two particular cases of the general property in Prop. 64, namely 
(a) the case where the transversal is parallel to an asymptote, (b) the case where 


the chord of contact is parallel to an asymptote, i.e. where one of the tangents 
is an asymptote, or a tangent at infinity. 
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Also CV .cT=CP’; 
^ PW. WP'+CP?=CV.CT+TW’, 
or CW? =CV.CT+T7W?, 
whence CT(CW+TW)=CV. ΟἿ, 
and TW = WV. 
It follows by parallels that TR = RM..................... (1). 
Again CP?: PP = W'V*: WR”; 
ΩΙ te Wolo ee 
so that PW’. WP’ = W’'V*. 
And ο”. ο =CP’; 


<. CW? =CV.CT + W'V?, 
whence, as before, TW'zW'V, 
and NTE ο V te eite (2). 
II. Next let Q, q be on opposite branches, and let P’P be 
the diameter parallel to Qg. Draw the tangent PL, and the 
ordinates from R, R’, as before. 





Let TM, CP intersect in K. 
Then, since the triangles CPL, KWR are similar, 
ΟΡ’. PP =KW’: WR’, 
and CP?:CD=PW.WP’: WH; 
<. KW=PW. WP. 
Hence, adding CP’, 
CW? [= Rw|- KW? + CP. 
But Ru’: KW’ + CP = Tw : RW? + PE, 
by similar triangles. 
Therefore Tw’ = RW? + CD? 
= Cw -CV.CT, 
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whence 7Zw—Cw=CV, or TwzwV; 


Again (PU ppp WP: RW” 
= PW’. W'P' + CP”: R'W" -CD' 
= CW”: Cw” +CV. CT. 
Also CI”: PP = Rw”: υγ”; 
μυς Cw” + CV.CT, 
whence, as before, Tw =w VN, 


and, by parallels, NR’ = R'V............... eee (2). 


III. The particular case in which one of the tangents 18 
a tangent at infinity, or an asymptote, is separately proved 
as follows. 

Let LPL’ be the tangent at P. Draw PD, LM parallel to 
CL’, and let LM meet the curve in R 
and the straight line PF drawn through 
P parallel to CL in M. Also draw RẸ 
parallel to CL. 

Now ο δα 

^ PDZCF-FL, FP=CD=DL. 
And FP.PD=ER.RL. [Prop. 34] 
But E LC-20D-2FP; 
^ PD = 2LR, 
or LR = RM. 





Proposition 63. 
(III. 35, 36.] 


If PL, the tangent to a hyperbola at P, meet the asymptote 
in L, and if PO be parallel to that asymptote, and any straight 
line LQOQ' be drawn meeting the hyperbola in Q, Q’ and PO in 
O, then 

LQ’: LQ = QO : OQ. 
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We have, drawing parallels through L, Q, P, Q’ to both 
asymptotes as in the figures, 
LQ — Q'L/; whence, by similar triangles, DL = IQ' = CF 
^ CD = FL, 


and CD: DL=FL: LD 





Hence (HD): (DW)= (MC) : (CQ) 
=(MC):(EW), 
since (CQ) 2 (CP) Z(EW). [Prop. 34] 
Therefore 
(MC): (EW) 2 (MO) £ (HD) : (EW) € (DW) 
SAMH) EU aces: (1). 
Now (DG) = (HE). [Prop. 34] 


Therefore, subtracting CX from both, 
and, adding (X U) to each, (EU) = (HQ). 

Hence, from (1), since (EW) = (CQ), 

(MC) : (CQ) = (ΙΗ): (HQ), 
or LQ’ : LQ Q'O : OY. 

[Apollonius gives separate proofs of the above for the two 
cases in which Q, Q' are (1) on the same branch, and (2) on 
opposite branches, but the second proof is omitted for the sake 
of brevity. 

Eutocius gives two simpler proofs, of which the following is 
one. 


Join PQR and produce it both ways to meet the asymptotes 
in R, R. Draw PV parallel to CR’ meeting QQ’ in V. 
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Then LV=VUL'. 
But QL2QL; '. OV= VY. 
Now OV: PL =QOP: PR 
= PR: QE 
= 0Q : QL. 
^. 2QV:2VL'=00: QL, 
or QQ': Οῳ -- 1,17: QL; 


^. YO: 0Q=L': LQ.] 


Proposition 64. 
ΠΠ. 37, 38, 39, 40.] 


(1) If TQ, Tq be tangents to a conic and any straight line 
be drawn through T meeting the conic and the chord of contact, 
the straight line is divided harmonically ; 

(2) If any straight line be drawn through V, the middle 
point of Qq, to meet the conic and the parallel through T to Qq 
[or the polar of the point V], this straight line 15 also divided 
harmonically ; 


i.e. in the figures drawn below 
(1) RI:TRSRI:IR, 
(2 RO:O0OR' =RV: VE. 
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Let TP be the diameter bisecting Qq in V. Draw as usual 
HRFW,H'R'F'W', EP ordinate-wise to the diameter TP; and 
draw RU, E'U' parallel to QT meeting TP in U, U”. 





(1) We have then 
RE IR Θα HQ 
= AH'F'Q: AHFQ 
= H’TU’R’: ΗΤΟΙ. [Props. 54, 55] 
Also RI τοσο BU 
= ARU'W': ARUW; 
and at the same time 
RT’: TR=TW"?: TW’ 
.=ATH'W': ATHW; 
<.. RT: TR = AR UW ~ ATH'W’': ARUW ~ ATHW 
= ΗΤΟ: HTUR 
= R'P : TR’, from above. 
RESTR = RE: Ik. 
(2) We have in this case (it is unnecessary to give more 
than two figures) 
RV”: VR” = RU’: RU" 
= ARUW: ARU W. 
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Also RV’: VRF = HQ: QH” 
= AHFQ: AH'F'Q- HTUR: H'TU'R. 
. RV”: VR” = HTUR + ARUW: H'TUR + ARU'W' 
= ATHW:ATH'W' 
JW IMS 
= RO’: OR”; 
that is, RO : OR'= RV : VR. 





INTERCEPTS MADE ON TWO TANGENTS BY 
A THIRD. 


Proposition 65. 
ΠΠ, 41.] 


If the tangents to a parabola at three points P, Q, R form a 
triangle pqr, all three tangents are divided. in the same propor- 
tion, or 


Pr :rq=rQ : Qp 2 qp: ph. 





Let V be the middle point of PR, and join q}, which is 
therefore a diameter. Draw 7”TQW parallel to it through Q, 
meeting Pg in T and qR in T. Then QW is also a diameter. 
Draw the ordinates to it from P, R, viz. PU, RW, which are 


therefore parallel to pQr. 
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Now, if qV passes through Q, the proposition is obvious, and 
the ratios will all be ratios of equality. 


If not, we have, by the properties of tangents, drawing EBF 
the tangent at the point B where qV meets the curve, 


TQ =QU, T’Q=QW, qB= BV, 
whence, by parallels, 
Pr —vT, Tp=pR, qF = FR. 
Then (1) ΙΡ 4 =EP ας 15 2, 
and, alternately, rP:PE=TP: Pq 
=0P: PV, 
whence, doubling the consequents, 


rP: ΡΟΞ ΟΡ: PR, 


and να ος OR ο ος (1). 
(2) rQ: Qp=PU: RW, 
since PU = 2rQ, and RW = 2pQ; 
nO Ops DO VOI ei (2). 
(3) Fh:Rq-pR:RT, 
and, alternately, FR: Rp=qkh: RT’ 
= VR: RO. 


Therefore, doubling the antecedents, 
qR: Rp=PR: RO, 
whence gps pé POS OF ae vnc (3). 
It follows from (1), (2) and (3) that 
Pr: rqg=71Q: Qp — qp : pR. 
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Proposition 66. 
[III 42.] 


If the tangents at the extremities of a diameter PP’ of a 
central conic be drawn, and any other tangent meet them in r, γ΄ 


respectively, then 
Propos CD: 





Draw the ordinates QV, Qv to the conjugate diameters PP’ 
and DD’; and let the tangent at Q meet the diameters in T, t 
respectively. | 

If now, in the case of an ellipse or circle, CD pass through Q, 
the proposition is evident, since in that case rP, CD, »' P’ will all 


be equal. 
If not, we have for all three curves 


CT.CV SCI”, 


so that οι ο = CP CV 
=CT~CP:CP~CV 
ο cal 
Cle Cl Er PT- PV, 
whence COEF πα V 
Hence, by parallels, Ct : P’r’ = Pr: QV 
= Pr: Ου; 


er Pr = Cn Ct-cCD. 
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Proposition 67. 
[III. 43.) 


If a tangent to a hyperbola, LPL’, meet the asymptotes in 
L, Ι΄, the triangle LCL’ has a constant area, or the rectangle 
LC . CI 1s constant. 
Draw PD, PF parallel to the asymptotes (as in the third 
figure of Prop. 62). 
Now ΕΙ; 
w CL=2CD= σου, 
CL’ = 2CF = 2PD. 
LO ο =4DP. PF, 
which is constant for all positions of P. [Prop. 34] 


Proposition 68. 
ΠΠ. 44.] 


If the tangents at P, Q to a hyperbola meet the asymptotes 
respectively in L, L'; M, M', then LM’, L'M are each parallel 
to PQ, the chord of contact. 





Let the tangents meet at O. 
We have then [Prop. 67] 

LC.CL’ = MC.CM', 
so that LC: CM’ = MC: CL’; 
^. LM’, L'M are parallel. 

It follows that OL: LE - OM' : M'M, 
or, halving the consequents, 

OL: LP-OM':M'Q; 
< LM’, PQ are parallel. 


FOCAL PROPERTIES OF CENTRAL CONICS. 


The foci are not spoken of by Apollonius under any equiva- 
lent of that name, but they are determined as the two points 
on the axis of a central conic (lying in the case of the ellipse 
between the vertices, and in the case of the hyperbola within 
each branch, or on the axis produced) such that the rectangles 
AS.SA’, AS’. δ΄ Α΄ are each equal to “one-fourth part of the 
figure of the conic,” 1.6. tpa. 4A’ or CB*, The shortened 
expression by which S, S’ are denoted is τὰ ἐκ τῆς παραβολῆς 
γινόμενα σημεῖα, "the points arising out of the application.” 
The meaning of this will appear from the full description of the 
method by which they are arrived at, which is as follows: éàv 
τῷ τετάρτῳ μέρει τοῦ εἴδους ἴσον παρὰ τὸν ἄξονα παραβληθὴ 
ἐφ᾽ ἑκάτερα ἐπὶ μὲν τῆς ὑπερβολῆς καὶ τῶν ἀντικειμένων 
ὑπερβάλλον εἴδει τετραγώνῳ, ἐπὶ δὲ τῆς ἐλλείψεως ἐλλεῖπον, 
“if there be applied along the axis in each direction [a rect- 
angle] equal to one-fourth part of the figure, in the case of the 
hyperbola and opposite branches exceeding, and in the case of 





the ellipse falling short, by a square figure.” This determines 
two points, which are accordingly τὰ ἐκ τῆς παραβολῆς γενηθέντα 
H. C. 3 
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σημεῖα. That is, we are to suppose a rectangle applied to the 
axis as base which is equal to CB’ but which exceeds or falls 
short of the rectangle of equal altitude described on the whole 
axis by a square. Thus in the figures drawn the rectangles AF, 
Α΄ F are respectively to be equal to CB’, the base AS’ falling short 
of AA’ in the ellipse, and the base A'S exceeding A’A in the 
hyperbola, while S’F or SF is equal to S’A’ or SA respectively. 


The focus of a parabola is not used or mentioned by 
Apollonius, 


Proposition 69. 
[III. 45, 46.] 


If Ar, Á'r', the tangents at the extremities of the axis of a 
central conic, meet the tangent at any point P in r,r respectively, 
then 

(1) rr subtends a right angle at each focus, S, S' ; 


(2) the angles rr'S, A'r'S' are equal, as also ave the angles 
rrS, Ars. 





(1) Since [Prop. 66] 
rA . A'r = CRB? 
= AS.SA’, by definition, 
TA: AS=WNA’: 4’. 
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Hence the triangles 748, SA^ are similar, and 
ZArS= Z A'SY 5 
. the angles S4, A'S»' are together equal to a right angle, 
so that the angle 7687” is a right angle. 
And similarly the angle 91” is a right angle. 
(2) Since Sr’, rS' are right angles, the circle on rr as 
diameter passes through ο, S; 
SZ TUS = Z vS'S, m the same segment, 
= Z ST Á', by similar triangles. 
In like manner LTTE = L Ars. 


Proposition 70. 
[III. 47.] 


If, in the same figures, O be the intersection of νδ΄, 'S, then 
OP will be perpendicular to the tangent at P. 
Suppose that OR is the perpendicular from O to the tangent 
at P. We shall show that R must coincide with P. 
For Z Or E = Z S" A', and the angles at R, A’ are right; 
^. the triangles O” R, S A’ are similar. 
S—2 
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Theretore Αγ. ΕΞ: 0 
= Sr: rO, by similar triangles, 
=Ar:rhk, 
because the triangles ArS, RrO are similar; 
ο PR: Rr=A'r': Ar 


may: Ly Mead Αα... (1) 
Again, if PN be drawn perpendicular to the axis, we have 
[ Prop. 13] ÁA'T: TA- A'N : NA 


— 1'P : Pr, by parallels. 
Hence, from (1), ο: Rr=r P: Pr, 
and therefore R coincides with P. 
It follows that OP is perpendicular to the tangent at P. 


Proposition 71. 
(III. 48.] 


The focal distances of P make equal angles with the tangent 
at that point. 
In the above figures, since the angles rSO, OPr are right 
[Props. 69, 70] the points O, P, r, S are concyclic ; 
^ L NPr = z SOr, in the same segment. 
In like manner ZSPrzzSOr, 
and the angles SOr, S’Or’ are equal, being the same or opposite 


angles. 
Therefore ZSPrzZzS' Pr. 


Proposition 72. 
[III. 49, 50.] 


(1) 2} from either focus, as S, SY be drawn perpendicular 
to the tangent at any point P, the angle AYA’ will be a right 
angle, or the locus of Y 1s a circle on the aris AA’ as diameter. 

(2) The line drawn through C parallel to either of the focal 
distances of P to meet the tangent will be equal in length to CA, 
or UA’, 
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Draw SY perpendicular to the tangent, and join AY, YA’. 
Let the rest of the construction be as in the foregoing proposi- 
tions. 


We have then 
(1) the angles rAS, rY S are right ; 
^. d,7, Y, S are concyclic, and 
LAYS=ZArS 
= Z1'SÁ', since Z rs?’ is right 
= Z1 YÁ', in the same segment, 
S, Y, 2’, A’ being concyclic ; 
.., adding the angle SYA’, or subtracting each angle from it, 
Z AYA’ = Z SYv =a right angle. 
Therefore Y lies on the circle having AA’ for diameter. 
Similarly for Y”. 


(2) Draw CZ parallel to SP meeting the taugent in Z, and 
draw S'K also parallel to SP, meeting the tangent in K. 


Now AS.SA’ = AS'.S'A', 
whence AS = S'A’, and therefore CS = CS’. 
Therefore, by parallels, PZ = ZK. 
Again ZSKP=2ZSPY, since SP, S'K are parallel, 


=zS'PK; [Prop. 71] 
ΕΞΟΡΙΑ, 
And PZ=ZK; 


'. S'Z is at right angles to the tangent, or Z coincides with Y”. 
But Y” is on the circle having AA’ for diameter ; 
Pe CY = CA, ο σα. 
And similarly for CY. 
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Proposition 73. 
[IIL. 51, 52.] 


In an ellipse the sum, and in a hyperbola the difference, of the 
focal distances of any point is equal to the axis AA’. 


We have, as in the last proposition, if SP, CY’, S'K are 
parallel, S'K 2 S'P. Let S'P, CY’ meet in M. 


Then, since SC = CS’, 
SP = 20M, 
SP-S'K-—-2MY'; 
^OSPHS'P22(CM + MY’) 
= 20)" 
= AA’, [Prop. 72] 


THE LOCUS WITH RESPECT TO THREE LINES &c. 


Proposition 74. 
ΠΗ. 53.] 


If PP’ be a diameter of a central conic, and Q any other 
point on it, and if PQ, P'Q respectively meet the tangents at P’, 
P in R’, R, then 


PR. PR’ = DD”. 
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Draw the ordinate QV to PP’. 

Now p: PP’=QV?:PV.PV [Prop. 8] 
=(QV: PV).(QV: P'V) 
—(P'R': PP’).(PR: PP’), by similar triangles ; 


Hence ου σος PR: Cp: 
Therefore PRIPUR PE 
= DD”. 


Proposition 75. 
[III. 54, 56.] 


ΤΩ, TQ being two tangents to a conc, und R any other 


point on it, of Qr, Q be drawn parallel respectively to TQ’, 
TQ, and if Qv, Q R meet in v and Q, QR in v, then 


Qr. Q7 : QQ? 2 (PV? : PT) x (FQ. TQ : QV*), 


where P ts the point of contact of a tangent parallel to QQ'. 


r? 
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Draw through R the ordinate RW (parallel to QQ’) meeting 
the curve again in R’ and meeting TQ, TQ’ in K, K’ respec- 
tively; also let the tangent at P meet TQ, TQ’ in L, L'. Then, 
since PV bisects QQ’, it bisects LL’, KK’, RR’ also. 





K 


Now QD LP πο LP 
= QK’: RK. KR [Prop. 59] 
= QK’: RK. RK”. 
But QL.QL': QL =QK. QEK: QKR”. 
Therefore, ex aequali, 
QL.QL':LP.PL =QK.QK : RK.RK' 
=(Q'K': K'R). (QK : KR) 
= (Qr : QQ). (Q : QQ") 
= Qr. Qr: QQ"; 
T Or ον QUT QL.QUL:LP.PL 
—-(QL.Q'I/: LT.TL’).(LT.TL’: ΠΡ. Ρ1/) 
ΞΕ) «ο TOV. 
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Proposition 76. 
[III. 55.] 


If the tangents are tangents to opposite branches and meet in t, 
and if tq is half the chord through t parullel to QQ’, while R, r,” 
have the same meaning as before, then 

Qr. QT QQ” = tQ .tQ' : ta’. 

Let RR’ be the chord parallel to QQ’ drawn through R, and 
let it meet tQ, tQ' in L, L'. Then QQ’, RR’, LL’ are all bisected 
by tv. 





Now tq’: tQ= RL.LR : LQ?’ [Prop. 59] 
= D'R. RL : LR. 
But tQ’: tQ.tQ' = LY: LQ. LIR. 
Therefore, ex aequali, 
ty’: tQ. LR. RL: LQ.L'Q' 
—-(LR:LQ».(RL: LQ) 
= (QQ: Qr). (QQ: Qr) = QQ": Qr. Q^. 
Thus Qr .Q^' : QQ” = tQ.tQ' : tq". 


[It is easy to see that the last two propositions give the 
property of the three-line locus. For, since the two tangents and 
the chord of contact are fixed while the position of R alone 
varies, the result may be expressed thus, 


Qr. Q^ = (const.). 
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Now suppose Q,, Q,, T, in the accompanying figure substi- 


tuted for Q, Q', T respectively in the first figure of Prop. 75, 
and we have 


Qr. Qu” = (const.) 


r 
LN 
ur 
1 

1 

* 





Draw R4, R4, parallel respectively to T Q, ΤΩ, and 
meeting Q,Q, in q,, qa. Also let Ev, be drawn parallel to the 
diameter CT, and meeting Q,Q, in v, 


Then, by similar triangles, 


Qr : Ba; = QR: Q9, 
Qa”: Ra, = QQ, : Φις. 
Hence Qır. Qr: Ry,. Ra = QF : O19,» Q40,. 
But Rq,. Γη, : Ro! = TR, Τι: T V’, by similar triangles 
ο, Rq, Rg, : Rv? = (const.). 
Also QQ,’ is constant, and Q,7. Q,” is constant, as proved. 
It follows that | 
Rv’ : Q9, - Qq = (const.). 
But Av, is the distance of R from Q,Q,, the chord of 
contact measured in a fixed direction (parallel to CT,); and 
Qd, QQ, are equal to the distances of R trom the tangents 


TQ, TQ, respectively, measured in a fixed direction (parallel 


to the chord of contact). If the distances are measured in any 
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other fixed directions, they will be similarly related, and the 
constant value of the ratio will alone be changed. 


Hence R is such a point that, if three straight lines be 
drawn from it to meet three fixed straight lines at given 
angles, the rectangle contained by two of the straight lines so 
drawn bears a constant ratio to the square on the third. In 
other words, a conic is a “three-line locus” where the three 
lines are any two tangents and the chord of contact. 


The four-line locus can be easily deduced from the three- 
line locus, as presented by Apollonius, in the following manner. 


If Q,Q,Q,Q, be an inscribed quadrilateral, and the tangents 
at Q,,Q, meet at 7), the tangents at Q,, Q, at T, and so on, 
suppose Aq, Rq, drawn parallel to the tangents at Q,, Q, 
respectively and meeting Q,Q, in q,, g, (in the same way as 
Rq,, Rq; were drawn parallel to the tangents at Q,, Q, to meet 
Q,Q,), and let similar pairs of lines Rq,, Rq, and Rq,, ἵνα, be 


drawn to meet Q,Q, and Q,Q, respectively. 
Also suppose Rv, drawn parallel to the diameter CT,, meet- 
ing Q,Q, in v,, and so on. 


Then we have 
Q,q,. 0.4. = k Ro; 
Q,q,. Q,q, = ka. Rv, , where k,, ky ky k, are 
Qd, 2.9, = 5. Ευ; constants. 
Qu. Qg = k. Ros 


Hence we derive 


Ευ). Ro μ Qo Qu, Qu, Qu. 


Rv. Ro; E QI | Q.q, l Qla σαι 
where ὦ is some constant. 








But the triangles Q.9,9,, Q,q,g, etc. are given in species, 
as all their sides are in fixed directions. Hence all the ratios 


Q 


idi etc. are constant; 
OU —— 


111 
Mri = (const.). 


ý Rv, . Rv, 
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But Rv, Hw, Rv,, Rv, are straight lines drawn in fixed 
directions (parallel to CT,, etc.) to meet the sides of the 
inscribed quadrilateral Q QQQ, 


Hence the conic has the property of the four-line locus with 
respect to the sides of any inscribed quadrilateral. ] 


The beginning of Book IV. of Apollonius’ work contains 
a series of propositions, 23 in number, in which he proves 
the converse of Propositions 62, 63, and 64 above for a great 
variety of different cases. The method of proof adopted is the 
reductio ad absurdum, and it has therefore been thought 
unnecessary to reproduce the propositions. 


It may, however, be observed that one of them [IV. 9] gives 
a method of drawing two tangents to a conic from an external 
point. 

Draw any two straight lines through T each cutting the 
conic in two points as Q, Q' and 
R, R'. Divide QQ’ in O and RR’ 
in Ο’ so that 

TQ: TQ'2 QO : OY’, 

ΤΕ: ΤΕ’ -- ΒΟ’: O'R’ 
Join OO’, and produce it both ways 
to meet the conic in P, P’. Then 


P, P' are the points of contact of the 
two tangents from T. 





INTERSECTING CONICS. 


Proposition 77. 
[IV. 24.] 


No two conics can intersect in such a way that part of one 
of them 1s common to both, while the rest is not. 


If possible, let a portion q'Q'PQ of a conic be common 
to two, and let them diverge at Q. Take Q’ 
any other point on the common portion and 
join QQ’. Bisect QQ’ in V and draw the 
diameter PV. Draw rqvq' parallel to QQ’. 

Then the line through P parallel to QQ’ 
will touch both curves and we shall have in 
one of them qv = vg, and in the other rv = vq' ; 





'". rv = qv, which is impossible. 


There follow a large number of propositions with regard to 
the number of points in which two conics can meet or touch 
each other, but to give all these propositions in detail would 
require too much space. They have accordingly been divided 
into five groups, three of which can be combined in a general 
enunciation and are accordingly given as Props. 78, 79 and 80, 
while indications are given of the proofs by which each 
particular case under all the five groups is established. The 
terms “conic” and “hyperbola” in the various enunciations do 
not (except when otherwise stated) include the double-branch 
hyperbola but only the single branch. The term “conic” must 
be understood as including a circle. 
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Group I. Propositions depending on the more elementary 
considerations affecting conics, 


1. Two conics having their concavities in opposite directions 
will not meet in more than two points. [IV. 35.] 


If possible, let ABC, ADBEC be two such conics meeting in 
three points, and draw the chords of contact AB, 
BC. Then AB, BC contain an angle towards 
the same parts as the concavity of ABC. And 
for the same reason they contain an angle towards 
the same parts as the concavity of ADBEC. 


A 


Therefore the concavity of the two curves 
is in the same direction: which is contrary to 
the hypothesis. 





2. If a conic meet one branch of a hyperbola in two 
points, and the concavities of the conic and the branch are in 
the same direction, the part of the conie produced beyond the 
chord of contact will not meet the opposite branch of the 


hyperbola. [IV. 36.] 


The chord joining the two points of intersection will cut both 
the lines forming one of the angles made by the asymptotes of 
the double hyperbola. It will not therefore fall within the 
opposite angle between the asymptotes and so cannot meet the 
opposite branch. Therefore neither can the part of the conic 
more remote than the said chord. 


3. If 4 conic meet one branch of a hyperbola, it will not 
meet the other branch in more points than two. . (IV. 37.] 


The conic, being a one-branch curve, must have its 
concavity in the opposite direction to that of the branch which 
it meets in two points, for otherwise it could not meet the 
opposite branch in a third point [by the last proposition]. The 
proposition therefore follows from (1) above. "The same 1s true 
if the conie touches the first branch. 


i. A conic touching one branch of a hyperbola with its 
concave side will not meet the opposite branch.  [IV. 39.] 
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Both the conic and the branch which it touches must be on 
the same side of the common tangent and therefore will be 


separated by the tangent from the opposite branch. Whence 
the proposition follows. 


5. If one branch of a hyperbola meet one branch of 
another hyperbola with concavity in the opposite direction 
in two points, the opposite branch of the first hyperbola 
will not meet the opposite branch of the second. [IV. 41.] 


— 


The chord joining the two points of concourse will fall 
across one asymptotal angle in each hyperbola. It will not 
therefore fall across the opposite asymptotal angle and 
therefore will not meet either of the opposite branches. 
Therefore neither will the opposite branches themselves meet, 
being separated by the chord referred to. 


6. If one branch of a hyperbola meet both branches of 
another hyperbola, the opposite branch of the former will not 
meet either branch of the second in two points. [IV. 42.] 


For, if possible, let the second branch of the former meet 
one branch of the latter in D, E. Then, joining DE, we use 
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the same argument as in the last proposition. For DE 
crosses one asymptotal angle of each hyperbola, and it will 
therefore not meet either of the branches opposite to the 
branches DE. Hence those branches are separated by DE 
and therefore cannot meet one another: which contradicts 


the hypothesis. 





Similarly, if the two branches DE touch, the result will be 
the same, an impossibility. 


7. If one branch of a hyperbola meet one branch of 
another hyperbola with concavity in the same direction, and 
if it also meet the other branch of the second hyperbola in one 
point, then the opposite branch of the first hyperbola will not 
meet either branch of the second. [IV. 45.] 





A, B being the points of meeting with the first branch and 
H. C. 9 


130 THE CONICS OF APOLLONIUS. 


C that with the opposite branch, by the same principle as 
before, neither AC nor BC will meet the branch opposite to 
ACB. Also they will not meet the branch C opposite to 
AB in any other point than C, for, if either met it in two 
points, it would not meet the branch AB, which, however, 
it does, by hypothesis. 

Hence D will be within the angle formed by AC, BC 
produced and will not meet C or AB. 

8. If a hyperbola touch one of the branches of a second 
hyperbola with its concavity in the opposite direction, the 
opposite branch of the first will not meet the opposite branch 
of the second.  [IV. 54.] 

The figure is like that in (6) above except that in this case 
D and E are two consecutive points; and it is seen in a similar 
manner that the second branches of the two hyperbolas are 
separated by the common tangent to the first branches, 
and therefore the second branches cannot meet. 


Group II. containing propositions capable of being ex- 
pressed in one general enunciation as follows: 


Proposition 78. 
No two conics (including under the term a hyperbola with 
two branches) can intersect in more than four points. 


l. Suppose the double-branch hyperbola to be alone 
excluded. [IV. 25.] 





INTERSECTING CONICS. 131 


If possible, let there be five points of intersection A, D, C, 
D, E, being successive intersections, so that there are no others 
between. Join AB, DC and produce them. Then 


(a) if they meet, let them meet at 7. Let Ο, O' be 
taken on AB, DC such that TA, TD are harmonically divided. 
If OO' be joined and produced it will meet each conic, and the 
lines joining the intersections to T will be tangents to the 
conics. Then TE cuts the two conics in different points P, P’, 
since it does not pass through any common point except Æ. 


Therefore ET ΤΕ ΞΕΕ IP 
and ET:TP'’=EI:IP’)’ 
where 00’, TE intersect at J. 

But these ratios cannot hold simultaneously; therefore the 
conics do not intersect in a fifth point £. 


(b If AB, DC are parallel, the conics will be either 
ellipses or circles. Bisect AB, DC at M, M'; ΜΗ ΜΗ’ is then 





a diameter. Draw ENPP' through £ parallel to AB or DC, 
meeting MM’ in N and the conics in P, P’. Then, since MM" 
is a diameter of both, 
NP=NE=NP’, 
which is impossible. 
Thus the conics do not intersect in more than four points. 


2. A conic section not having two branches will not meet 
a double-branch hyperbola in more than four points. [IV. 38.] 

This is clear from the fact that [Group I. 3] the conic 
meeting one branch will not meet the opposite branch in more 
points than two. 
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3. If one branch of a hyperbola cut cach branch of a second 
hyperbola in two points, the opposite branch of the first 
hyperbola will not meet either branch of the second. [IV. 43.] 





The text of the proof in Apollonius is corrupt, but Eutocius 
gives a proof similar to that in Group I. 5 above. Let HOH’ 
be the asymptotal angle containing the one branch of the first 
hyperbola, and KOK” that containing the other branch. Now 
A B, meeting one branch of the second hyperbola, will not meet 
the other, and therefore AB separates the latter from the 
asymptote OK’. Similarly DC separates the former branch 
from OK. Therefore the proposition follows. 


4. If one branch of a hyperbola cut one branch of a second 
in four points, the opposite branch of the first will not meet the 
opposite branch of the second. [IV. 44.] 


The proof is like that of 1 (a) above. If E is the supposed 
fifth point and T is determined as before, ET meets the inter- 
secting branches in separate points, whence the harmonic 
property produces an absurdity. 


5. If one branch of a hyperbola meet one branch of a 
second in three points, the other branch of the first will not 
meet the other branch of the second in more than one point. 
[IV. 46.] 
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Let the first two branches intersect in A, B, C, and (if 
possible) the other two in D, E. Then 


(a) if AB, DE be parallel, the line joining their middle 
points will be a diameter of both conics, and the parallel chord 
through C in both conics will be bisected by the diameter ; 
which is impossible. 


(b) If AB, DE be not parallel, let them meet in O. 


Bisect AB, DE in M, ΔΙ’ and draw the diameters MP, MP’ 
and M'Q, M'Q' in the respective hyperbolas. Then the tangents 
at P', P will be parallel to 40, and the tangents at Q’, (ὁ parallel 
to DO. 


Let the tangents at P, Q and P’, Q meet in T, T". 





Let CRR’ be parallel to AO and meet the hyperbolas in 
R, ER, and DO in 0’. 


Then TP*:TQ*2 AO.O0B : DO.OE 
BJ Iu [ Prop. 59] 
It follows that 
RO'.0'C : DO'.O'E = R'O'.0'C : DO'.O' E, 
whence RO'.0O'C = ΙζΟ’.Ο’ς; 
which is impossible. 
Therefore, etc. 


6. The two branches of a hyperbola do not meet the 
two branches of another hyperbola in more points than four. 
[IV. 55.] 
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Let A, A’ be the two branches of the first hyperbola and 
B, B’ the two branches of the second. 





Then (a) if A meet D, B' cach in two points, the proposition 
follows from (3) above ; 

(b) if A meet B in two points and B'in one point, A’ cannot 
meet B’ at all [Group I. 5], and it can only meet B in one 
point, for if A’ met Bin two points A could not have met B’ 
(which 1t does); 

(c) if A meet B in two points and A’ meet B, A’ will not 
mect 33’ [Group I. 5], and A’ cannot meet B in more points than 
two [Group I. 3]; 

(d) if A meet B in one point and B’ in one point, A’ will 
not meet either B or B’ in two points [Group I. 6]; 


(e) if the branches A, B have their concavities in the same 
direction, and A cut B in four points, A’ will not cut B’ [case 
(4) above] nor B [case (2) above]; 


(f) if A meet B in three points, A’ will not πιθοῦ B’ in 
more than one point [case (5) above]. 


And similarly for all possible cases. 


Group III. being particular cases of 


Proposition 79. 
Two conics (including double hyperbolas) which touch at one 
point cannot intersect in more than two other points. 


1. The proposition is true of all conics excluding hyperbolas 
with two branches. [IV. 26.] 


The proof follows the method of Prop. 78 (1) above. 
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2. If one branch of a hyperbola touch one branch of another 
in one point and meet the other branch of the second hyperbola 
in two points, the opposite branch of the first will not meet 
either branch of the second. [IV. 47.] 

The text of Apollonius’ proof is corrupt, but the proof of 
Prop. 78 (3) can be applied. 


3. If one branch of a hyperbola touch one branch of a 
second in one point and cut the same branch in two other 
points, the opposite branch of the first does not meet either 
branch of the second. [IV. 48.] 

Proved by the harmonic property like Prop. 78 (4). 

4. If one branch of a hyperbola touch one branch of a 
second hyperbola in one point and meet it in one other point, 
the opposite branch of the first will not meet the opposite 
branch of the second in more than one point. [IV. 49.] 

The proof follows the method of Prop. 78 (5). 

5. If one branch of a hyperbola touch one branch of 
another hyperbola (having its concavity in the same direction), 
the opposite branch of the first will not meet the opposite 
branch of the second in more than two points. [IV. 50.] 

The proof follows the method of Prop. 78 (5), like the last 
case (+). 

6. If a hyperbola with two branches touch another hyper- 
bola with two branches in one point, the hyperbolas will not 
meet in more than two other points. [IV. 56.] 

The proofs of the separate cases follow the methods em- 
ployed in Group I. 3, 5, and 8. 


Group I V. merging in 
Proposition 80Ο. 


No two conics touching each other at two points can intersect 
at any other point. 


1. The proposition is true of all conics excluding hyperbolas 
with two branches. [IV. 27, 28, 29.] 
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Suppose the conics touch at A, B. Then, if possible, let 
them also cut at C. 

(a) If the tangents are not parallel and C does not lie 
between A and B, the proposition is proved from the harmonic 
property ; 

(b) if the tangents are parallel, the absurdity 1s proved by 
the bisection of the chord of each conic through C by the chord 
of contact which 1s a diameter ; 

(c) if the tangents are not parallel, and C 1s between A and 
B, draw TV from the point of intersection of the tangents to the 
middle point of AB. Then TV cannot pass through C, for then 
the parallel through C to AB would touch both conics, which is 
absurd. And the bisection of the chords parallel to 4 B through 
C in each conic results in an absurdity. 

2. If a single-branch conic touch each branch of a hyper- 
bola, it will not intersect either branch in any other point. 
[IV. 40.] 

This follows by the method employed in Group I. 4. 

3. If one branch of a hyperbola touch each branch of a 


second hyperbola, the opposite branch of the first will not meet 
either branch of the second.  [IV. 51.] 





Let the branch AB touch the branches AC, BE in A, B. 
Draw the tangents at A, B meeting in 7. If possible, let CD, 
the opposite branch to AB, meet AC in C. Join CT. 


Then T is within the asymptotes to AB, and therefore CT 
falls within the angle ATB. But BT, touching BE, cannot 
meet the opposite branch AC. "Therefore BT falls on the side 
of CT remote from the branch AC, or CT passes through 
the angle adjacent to ATB; which is impossible, since it falls 
within the angle ATB. 
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4. If one branch of one hyperbola touch one branch of 
another in one point, and if also the other branches touch in 
one point, the concavities of each pair being in the same 
direction, there are no other points of intersection. [IV. 52.] 


This is proved at once by means of the bisection of chords 
parallel to the chord of contact. 


w 


5. If one branch of a hyperbola touch one branch of another 
in two points, the opposite branches do not intersect. [IV. 53.] 


This is proved by the harmonic property. 


6. If a hyperbola with two branches touch another hyper- 
bola with two branches in two points, the hyperbolas will not 
meet in any other point. [IV. 57.] 


The proofs of the separate cases follow those of (3), (4), (5) 
above and Group I. 8. 


Group V. Propositions respecting double contact between 
conics. 


1, A parabola cannot touch another parabola in more 
points than one. [IV. 30.] 
This follows at once from the property that TP = PV. 
2. A parabola, if it fall outside a hyperbola, cannot have 
double contact with the byperbola. [IV. 3L] 
For the hyperbola 
CV οΓγ-ο CI 
—-CV-CP:CP-CT 
1. 
Therefore PV > PT. 
And for the parabola P’V=P’T: therefore the hyperbola 
falls outside the parabola, which is impossible. 
3. A parabola cannot have internal double contact with an 
ellipse or circle. [IV. 32.] 


The proof is similar to the preceding. 
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4. A hyperbola cannot have double contact with another 
hyperbola having the same centre. [LV. 33.] 

Proved by means of CV. CT = CP”. 

5. If an ellipse have double contact with an ellipse or a 
circle having the same centre, the chord of contact will pass 
through the centre. [IV. 34.] 





Let (if possible) the tangents at A, B meet in T, and let V 
be the middle point of AB. Then TV is a diameter. If 
possible, let C be the centre. 


Then CP* 2 CV. CT = CP”, which is absurd. Therefore the 
tangents at A, D do not meet, i.e. they are parallel. Therefore 
AB is a diameter and accordingly passes through the centre. 


NORMALS AS MAXIMA AND MINIMA. 


Proposition 81. (Preliminary.) 
[3571,72 ο] 
If in an ellipse or a hyperbola AM be drawn perpendicular 


to the axis AA’ and equal to one-half its parameter, and if CM 
meet the ordinate PN of any point P on the curve in H, then 


PN?’ = 2 (quadrilateral MA NH). 





Let AL be twice AM, ie. let AL be the latus rectum or 
parameter. Join A'L meeting PN in R. Then A'L is parallel 
to CM. Therefore HR = LM = AM. 


Now PN’ = AN. NR; [Props. 2, 3] 
. PN?=AN(AM+ HN) 
= 2 (quadrilateral MANH). 


In the particular case where P is between C and A’ in the 
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ellipse, the quadrilateral becomes the difference between two 
triangles, and 
P'N"22(ACAM-—ACN'H)). 
Also, if P be the end of the minor axis of the ellipse, the 
quadrilateral becomes the triangle CA M, and 


BC?=2ACAM. 
[The two last cases are proved by Apollonius in separate 
propositions. Cf. the note on Prop. 23 above, p. 40.] 


Proposition 82. 
[V. 4] 


In a parabola, if E be a point on the axis such that AE 15 
equal to half the latus rectum, then the minimum straight line 
from E to the curve 15 AE ; and, if P be any other point on the 
curve, PE increases as P moves further from A on either side. 
Also for any point 


PE-AE--AN* 





Let AL be the parameter or latus rectum. 
Then PN'—-AL.AN 
—24E.AN. 
Adding ΙΝ’, we have 
PE'-2AE.AN + EN’ 
=2AE.AN+(A4E ~ ANY 
= A’ 4+ AN? 
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Thus PE*» AE” and increases with AN, i.e. as P moves 
further and further from A. 


Also the minimum value of PE is AE, or AF is the 
shortest straight line from Æ to the curve. 

[In this proposition, as in the succeeding propositions, 
Apollonius takes three cases, (1) where N is between A and Æ, 
(2) where N coincides with Æ and PE is therefore perpen- 
dicular to the axis, (3) where AW is greater than AE, and 
he proves the result separately for each. The three cases will 
for the sake of brevity be compressed, where possible, into one.] 


Proposition 83. 
[V. 5, 6.] 


If E be a point on the axis of a hyperbola or an ellipse such 
that AE 1s equal to half the latus rectum, then AE 15 the least 
of all the straight lines which can be drawn from E to the curve; 
and, if P be any other point on tt, PE increases as P moves 
further from A on either side, and 
AA’ t pa 

AA’ 
(where the upper sign refers to the hyperbola) *. 


PE = AE! + ΑΝ. [= AE? +e. ANY] 


Also in the ellipse ΚΑ’ is the maximum straight line from 
E to the curve. 


Let AL be drawn perpendicular to the axis and equal to 
the parameter; and let AZ be bisected at M, so that AM = AE. 


Let P be any point on the curve, and let PN (produced if 
necessary) meet CM in H and EM in K. Join EP, and draw 
MI perpendicular to HA. Then, by similar triangles, 


MI=I1K, and EN - NK. 


* The area represented by the second term on the right-hand side of the 
equation is of course described, in Apollonius' phrase, as the rectangle on the 
base AN similar to that contained by the axis (as base) and the sum (or difference) 
of the axis and its parameter. A similar remark applies to the similar expression 
on the next page. 
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Now PN’ = 2 (quadrilateral MANH), [Prop. 81] 
and EN'—-2^ENK; 


+, PE*=2(AEAM+ AMHK) 
=AK*+ MI.HK 
= AE? + MI.(K + ΤΗ) 
= AE? 4 MI (MI + IH).......... (1). 








Now MI:IH-CA:AM-—AÁA': Pa 
Therefore MI .(MI + IH): AA'.(AA' + pa) = MI’: AA”, 
2 
or MI.(MI+IH)= p AA’. (AÀ" + ρα) 
ο AA’ t Da 
= MP. 
7 , AA’ + Pa 
ΑΝ”. αλ, 


whence, by means of (1), 
AA’ +p 
Ik? = - εκ σος ας 
ΡΕΞ ΑΡ" - AN’. PU 


It follows that AZ is the minimum value of PE, and that 


PE increases with AN, ie. as the point P moves further 
from A. 


Also in the ellipse the maximum value of PE” is 
AE* -AA'(AA' —)—- ΑΕ} AA” —2AE.AA' 
= EA", 
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Proposition 84. 
[V. Τ.] 

If any point O be taken on the axis of any conic such that 
AO < $ λα, then OA is the minimum straight line from 0 
to the curve, and OP (if P is any other point on it) increases as 
P moves further and further from A. 

Let A E be set off along the axis equal to half the parameter, 
and join PE, PO, PA. 

Then [Props. 82, 83] PE > AE, 


so that ZPAE2ZAPE; 
and a fortiori 

< PAO >Z APO, 
so that PO > AO. 


And, if P' be another point more 
remote from 4, 
PE > PE. 
επι SZ EPP. 
and a fortiori 
Z OPP >z OPP. 
SOP SOP, 





and so on. 


Proposition 85. 
[V. 8.] 


In a parabola, if G be a point on the axis such that 
4 ἐρα, and if N be taken between A and G such that 


— Pa 
NG = z 


then, if NP is drawn perpendicular to the axis meeting the curve 
in P, PG is the minimum straight line from G to the curve [or 
the normal at PT. 
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If P' beany other point on the curve, P'G increases as P' moves 
further from P in either direction. 


Also P'G -PG--NN? 





We have P'N” = pa. AN’ 


=2NG.AN’. 
Also N'G? = NN"? + NG+2NG.NN’ 
(according to the position of N’). 
Therefore, adding, 
P'P=2NG.AN+ NN? + NG 
= PN? + NÆ + NN” 
= PŒ + NN”. 


Thus it is clear that PG is the minimum straight line from 
G to the curve [or the normal at P]. 


And P'G increases with NN’, i.e. as P’ moves further from 
P in either direction. 


Proposition 86. 
[V. 9, 10, 11.] 


In a hyperbola or an ellipse, if G be any point on AA’ (within 
the curve) such that AG x , and if GN be measured towards 


the nearer verter A so that 
NG: CN = pa: AA’ [= CI: CA?], 
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then, if the ordinate through N meet the curve in D, PG is the 
minimum straight line from G to the curve [or PG is the 
normal at P]; and, if P’ be any other point on the curve, P'G 
increases as P' moves further from P on either side. 


Also PG — P= NN. Er 


[-- e. NN”, 


where P'N' is the ordinate from P'. 





Draw AM perpendicular to the axis and equal to half the 
parameter. Join CM meeting PN in H and P'N' in K. Join 
GH meeting P'N' in H’. 

Then since, by hypothesis, 

NG: CN = Ppa: AA’, 
and, by similar triangles, 


NH:CN=AM:AC 


Sp 44’, 
it follows that NH = NG, 
whence also N’H'=N’G. 
Now PN’ = 2 (quadrilateral MANH), [Prop. 81] 


NG =2A HNG. 
Therefore, by addition, PG’ = 2 (quadrilateral AM HG). 
H. C. 10 


146 THE CONICS OF APOLLONIUS. 


Also PŒ = PN” + N'G' 2 (quadr. AMKN’)+ 2A H’N’'G 
= 2 (quadr. AMHG) + 2^ HH'K. 
, P'G—-PG-Z2AHH'K 
= HI .(H'I + IK) 


= HI. (HI + IK) 

CA 1 AM AA’+p 
= yS e aE EE NAAR ει νο εις 
= HI ο CA A . | 1’ ο 


Thus it follows that PG is the minimum straight line from 
G to the curve, and P'G increases with NN’ as P’ moves 
further from P in either direction. 


In the ellipse GA’ will be the maximum straight line from 
G to the curve, as is easily proved in a similar manner. 


Cor. In the particular case where G coincides with C, the 
centre, the two minimum straight lines are proved in a similar 
manner to be CB, CB’, and the two maxima CA, CA’, and CP 
increases continually as P moves from B to A. 


Proposition 87. 
[V. 12.] 


If G be a point on the axis of a conic and GP be the mint- 
mum straight line from G to the curve [or the normal at P], and 
of O be any point on PG, then OP is the minimum straight line 
from O to the curve, and OP’ continually increases as P’ moves 
from P to A [or to Α΄]. 





Since PG > PG, 
ZGPP'-2GP'P. 
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Therefore, a fortiori, 
|. £0PP'»Z0P'P, 
or OP’ > OP. 
Similarly OP" > OP’ [&c. as in Prop. 84]. 
[There follow three propositions establishing for the three 
curves, by reductio ad absurdum, the converse of the propo- 


sitions 85 and 86 just given. It is also proved that the normal 
makes with the axis towards the nearer vertex an acute angle.] 


Proposition 88. 
[V. 16, 17, 18] 


If E' be a point on the minor axis of an ellipse at a distance 
P p 


A 
from B equal to half the parameter of BB’ |o os |. then E'B 
ts the maximum straight line from E to the curve ; and, if P be 
any other point on it, E'P diminishes as P moves further from 
B on either side. 


/ 142 . {D2 
Also E'R -— E'P* = Bn? Pea ΒΒ [= Bot. “Se |. 





BB’ CB’ 
Apollonius proves this separately for the cases (1) where 


δ « BB’, (2) where &= BB’, and (3) where 5» BB. 


The method of .. is the same for all three cases, and only 
the first case of the three is given here. 





10—2 


148 THE CONICS OF APOLLONIUS. 
By Prop. 81 (which is applicable to either axis) we have, if 
Bm =P = BE’, and Pn meets Cm, E'm in h, k respectively, 
] Py? = 2 (quadrilateral m Bn). 


Also nE^29AmnkE' 
 PE?^-9^mBE'—-9A^mhk. 
But BE"-2AmBE* 


<. BE? — PE"-9A^mhk 


= mi. (hi — kt) = me. (hi — mi) 





whence the proposition follows. 


Proposition 89. 
[V. 19.] 


If BE’ be measured along the minor axis of an ellipse equal 


to half the parameter [or GE | and any point O be taken on the 


minor axis such that BO> BE’, then OB is the maximum 
straight line from O to the curve; and, if P be any other point 
on it, OP diminishes continually as P moves in either direction 
from D to D. 


The proof follows the method of Props. 84, 87. 
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Proposition 90. 
[V.-20,-21,-22.] 


If g be a point on the manor axis of an ellipse such that 
2 


Bg > BC and Bg «ip, |o cE | ,and if Cn be measured to- 


wards B so that 
Cn : ng = BB’: p [= CB’: CA’), 
then the perpendicular through n to ΒΡ’ will meet the curve in 


two points P such that Pg is the maximum straight line from 
g to the curve. 


Also, of P' be any other point on the curve, P’g diminishes as 
P' moves further from P on eher side to B or B’, and 
BB’ | α(Α-- | 
= nn 


2 an mb — 
Pg’ — P' =nn par 


OB | 





Draw Bm perpendicular to BB’ and equal to half its para- 
meter py. Join Cm meeting Pn in h and P'w inh’, and join 
gh meeting P'm' in k. 


Then since, by hypothesis, 
Cn : ng = BB’: p= BC: Bm, 
and Cn : nh = BC: Bm, by similar triangles, 


it follows that ng = nh. Also gn' = nk, and hi = ik, where hi is 
perpendicular to Γη’. 
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Now P»? = 2 (quadrilateral mBnh), 
ng’ = 2A Ing; 
. Pg’? =2 (mBnh + Ahng). 
Similarly ΟΡ = 2 (mBn'h' + Akng). 
By subtraction, 
Po — Pg -2A^hh'k 
= hi. (ντ — ki) 
= hi. (k'i — hi) 


whence it follows that Pg is the maximum straight line from g 
to the curve, and the difference between Pg’ and P’g’ is the 
area described. 


Con. l. It follows from the same method of proof as that 
used in Props. 84, 87, 89 that, 1f O be any point on Pg produced 
beyond the minor axis, PO is the maximum straight line that 
can be drawn from O to the same part of the ellipse in which 
Pg is a maximum, 1.9. to the semi-ellipse BPB’, and if OP’ be 
drawn to any other point on the semi-ellipse, OP’ diminishes as 
P" moves from P to B or B’. 


Con. 2. In the particular case where g coincides with the 
centre C, the maximum straight line from C to the ellipse is 
perpendicular to BB’, viz. CA or CA’. Also, if g be not the 
centre, the angle PgB must be acute if Pg is a maximum ; 
and, if Pg is a maximum [or a normal], 


Cn : ng = CB: CA’. 


[This corollary is proved separately by reductio ad absurdum.] 
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Proposition 9]. 
[V. 23.] 


If g be on the minor axis of an ellipse,and gP is a maximum 
straight line from g to the curve, and if gP meet the major axis 
in G, GP is a minimum straight line from G to the curve. 


[In other words, the minimum from G and the maximum 
from g determine one and the same normal.] 





We have Cn : ng = BB’: p [ Prop. 90] 
[= CB’: CA’) 
= pq: AA’, 
Also Cn : ng = PN: ng 
= NG : Pn, by similar triangles 
= NG : CN. 


NG CN =p,: AA; 


or PG is the normal determined as the minimum straight line 


from G. [Prop. 86] 


Proposition 92. 
[V. 24, 25, 26.] 


Only one normal can be drawn from any one point of a comc, 
whether such normal be regarded as the minimum straight line 
from the point in which tt meets AA’, or as the maximum straight 
line from the point in which (in the case of an ellipse) it meets 
the minor axis. 
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This is at once proved by reductio ad absurdum on assuming 
that PG, PH (meeting the axis AA’ in G, H) are minimum 
straight lines from G and H to the curve, and on a similar 
assumption for the minor axis of an ellipse. 


Proposition 93. 
[V. 27, 28, 29, 30.] 


The normal at any point P on a coni, whether regarded 
us a minimum straight line from its intersection with the axis 
AA’ or as a maximum from its intersection with BB’ (in the 
case of an ellipse), 1s perpendicular to the tangent at P. 


Let the tangent at P meet the axis of the parabola, or the 
axis AA’ of a hyperbola or an ellipse, in T. Then we have to 
prove that TPG is a right angle. 





(1) For the parabola we have 


AT — AN, and NG-te 


; NG:p,z AN: NT, 
so that TN . NG = pa. AN 
= PN”. 
And the angle at N is a right angle ; 


- ZTPG is a right angle. 
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(2) For the hyperbola or ellipse 
ΕΝ CN NT 


= μα: AA’ [ Prop. 14] 
= NG: CN, by the property of the minimum, 
[Prop. 86] 


—-TN.NG:CN.NT. 
. PN*=TN.NG, while the angle at N is right ; 
. L TPG is a right angle. 





(3) If Pg be the maximum straight line from g on the 
minor axis of an ellipse, and if Pg meet AA’ in G, PG is 
a minimum from G, and the result follows as in (2). 


[Apollonius gives an alternative proof applicable to all three 
conics. If GP is not perpendicular to the tangent, let GK be 
perpendicular to it. 


Then Z GKP >Z GPK, and therefore GP > GK. 


Hence a fortiori GP » GQ, where Q 15 the point in which 
GK cuts the conic; and this is impossible because GP is a 
minimum. Therefore &c.] 


Proposition 94. 
[V. 31, 33, 34.] 


(1) Jn general, of O be any point within a conic and UP be 
a maximum or a minimum straight line from O to the conic, a 
straight line PT drawn at right angles to PO will touch the 
conic at P. 
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(2) If O' be any point on OP produced outside the conic, 
then, of all straight lines drawn from O' to meet the conic in one 
point but not produced so as to meet it in a second point, O'P 
will be the minimum ; and of the rest that which is nearer to it 
will be less than that which 1s more remote. 


(1) First, let OP be a maximum. Then, if TP does not 
touch the conic, let it cut it again at Q, and draw OK to meet 
PQ in K and the curve in R. 





ο 


Then, since the angle OPK is right, Z OPK > Z OKP. 

Therefore OK > OP, and a fortiori OR > OP: which is 
impossible, since OP is a maximum. 

Therefore TP must touch the conic at P. 

Secondly, let OP be a minimum. If possible, let TP cut the 


curve again in Q. From any point between ΤΡ and the curve 
draw a straight line to P and draw ORK perpendicular to this 





line meeting it at Κ΄ and the curve in R. Then the angle OKP 
is a right angle. Therefore OP > OK, and a fortiori OP > OR : 
which is impossible, since OP is a minimum. Therefore TP 
inust touch the curve. 
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(2) Let Ο’ be any point on OP produced. Draw the 
tangent at P, as PK, which is therefore at right angles to OP. 
Then draw O'Q, O'R to meet the curve in one point only, and 
let O'Q meet PK in K. 


O 


Then O'K > O'P. Therefore a fortior? O'Q > ΟΡ, and O'P 


is a minimum. 


Join RP, RQ. Then the angle O'QR is obtuse, and therefore 
the angle O'RQ is acute. Therefore O'R > O'Q, and so on. 


Proposition 95. 
[V. 35, 36, 37, 38, 39, 40.] 


(1) 4f the normal at P meet the uxis of a parabola or the 
axis ΑΑ’ of a hyperbola or ellipse in G,the angle PGA increases 
as P or G moves further and further from A, but in the 
hyperbola the angle PGA will always be less than the complement 
of half the angle between the asymptotes. 


(2) Two normals at points on the same side of the axis AA’ 
will meet on the opposite side of that axis. 


(3) Two normals at points on the same quadrant of an 
ellipse, as AB, will meet at a point within the angle ACB’. 


(1) Suppose P’ is further from the vertex than P. Then, 
since PG, P'G' are minimum straight lines from G, G' to the 
curve, we have 
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(a) For the parabola 


and DON SPNS 
^. ZP'G'A»2PGA. 





(b) For the hyperbola and ellipse, joining CP and producing 
it if necessary to meet P'N' in K, and joining KG’, we have 


ΝΟ’ CN’=p,: 44’ [Prop. 86] 
=NG:CN; 
S N’G’: NG=CN’: CN 
= KN’: PN, by similar triangles. 
Therefore the triangles PNG, Ι(Ν’Ω’ are similar, and 
ZKG'N'2z PGN. 
Therefore «ΡΩΝ» PGN. 
(c) In the hyperbola, let AL be drawn perpendicular to 
AA’ to meet the asymptote in L and CP 130. Also let AM 


be equal to ; 


Now AA4':p.,—- CA: AM-CN : NG, 
and OA : CA = PN : CN, by similar triangles ; 
therefore, ex aequali, OA: AM - PN : NG. 
Hence AL: AM>PN : NG. 
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But AL: AM=CA:AL, [Prop. 28] 
PS CATAL νο NG: 
*, Z PGN is less than Z CLA. 


(2) It follows at once from (1) that two normals at points 
on one side of AA’ will meet on the other side of AA’. 


(3) Regard the two normals as the maximum straight 
lines from g, g', the points where they meet the minor axis of 
the ellipse. 


Then Cn’: n'g 2 BP : pp [Prop. 90] 
=(Cn: ng; 
s. Cn’: Cg = Cn : Cg. 
But Cn >Cn; ~. Cg »Cg, 


whence it follows that Pg, P’g’ must cross at a point O before 
cutting the minor axis. Therefore O lies on the side of BB’ 
towards A. 


And, by (2) above, O lies below AC; therefore O lies within 
the Z ACB’. 


Proposition 96. 
[V. 41, 42, 43.] 


(1) Ina parabola or an ellipse any normal PG will meet 
the curve again. 


(2) In the hyperbola (a), if AA’ be not greater than pg, no 
normal can meet the curve in a second point on the same branch ; 
but (b), if AA’ > pa, some normals will meet the same branch 
again and others not. 


(1) For the ellipse the proposition is sufficiently obvious, 
and in the parabola, since PG meets a diameter (the axis), it 
will meet another diameter, viz. that through the point of 
contact of the tangent parallel to PG, i.e. the diameter bisecting 
it. Therefore it will meet the curve again. 
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(2) (a) Let CL, CL’ be the asymptotes, and let the 


tangent at A meet them in L, L'. Take AM equal to 5. Let 
PG be any normal and PN the ordinate. 





M 


Then, by hypothesis, CA + AM, 


and CA: AM=CA’: AL’; [Prop. 28] 
ACA AL; 
hence the angle CLA is not greater than ACL or ACL’. 
But LCLA>ZPGN; [Prop. 95] 
. LACE >Z PGN. 


It follows that the angle ACI’ together with the angle 
adjacent to PGN will be greater than two right angles. 


Therefore PG will not meet CL’ towards L’ and therefore 
will not meet the branch of the hyperbola again. 


(b) Suppose CA > AM or 5 . Then 


LA : AM» LA : AC. 
Take a point K on AL such that 
ΚΑ: AM-LA : AC. 
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Join CK, and produce it to meet the hyperbola in P, and 
let PN be the ordinate, and PG the normal, at P. 





PG is then the minimum from G to the curve, and 
NG :CN=p,: AA’ 

=AM: AC. 
Also CN : PN=AC: AK, by similar triangles. 
Therefore, ex aequali, NG: PN=AM: AK 

= CA : AL, from above. 
Hence LACL’=ZACL=2zPGN; 

'. PG, CL’ are parallel and do not meet. 


But the normals at points between A and P make with the 
axis angles less than the angle PGN, and normals at points 
beyond P make with the axis angles greater than PGN. 


Therefore normals at points between A and P will not meet 
the asymptote CL’, or the branch of the hyperbola, again; but 
normals beyond P will meet the branch again. 
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Proposition 97. 
[V. 44, 45, 46, 47, 48.] 


If P,G,, P,G, be normals at points on one side of the axis of 
a conic meeting in O, and if O be joined to any other point P on 
the conic (it being further supposed in the case of the ellipse 
that all three lines OP,, OP,, OP cut the same half of the axis), 
then 


(1) ΟΡ cannot be a normal to the curve ; 


(2) if OP meet the axis in K, and PG be the normal 
at P, 


AG<AK when P is intermediate between P, and P,, - 
and | AG » AK when P does not lie between P, and P,. 


I. First let the conic be a PARABOLA. 





V 





Let P,P, meet the axis in 7, and draw the ordinates P, N,, 
PN, 
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Draw OM perpendicular to the axis, and measure MH 


towards the vertex equal to 5. 


Then MH = NG,, 
and N,H = G,M. 
Therefore MH: HN,=N,G,:G,M 


= P N, : MO, by similar triangles. 


Therefore HM.MO-P,N,.N,H | την (AX 
Similarly HM,.MO=PN,.N H 
Therefore ΗΝ: H.N,=P,N,: PN, 
=TN,:TN,, 
whence NN AN -NN TN, 
na = HN 
s μμ... D 


If P be a variable point and PN the ordinate*, we have 
now three cases: 


IN ΤΝ OHAN στον: (1), 
TN > TN, or HN,, but < TN, or HN,...... (2), 
DN SIN OHUN ο voe ust ώς: (3). 


Thus, denoting the several cases by the numbers (1), (2), 
(3), we have 


ΝΝ:ΤΝ»ΝΝ:ΗΝ................ (1), 
LNN Ντ. (2), 
< N NHN ο (3), 

and we derive respectively | 
ΤΝ,:ΤΝ»ΗΝ:ΗΝ................. (1), 
SHIN Πλ... (2), 
ΗΝ:ΉΝ,................. (3). 


* It will be observed that there are three sets of points P, N, K, in the 
figure denoted by the same letters. This is done in order to exhibit the three 
different cases; and it is only necessary to bear in mind that attention must 
be confined to one at a time as indicated in the course of the proof. 


H. C. 11 
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If NP meet P,P, in F, we have, by similar triangles, 
PN ENS TN EN τς (1) and (3), 
“ἩΝ ΠΝ ο rere (2). 
But in (1) and (3) FN > PN, and in (2) FN < PN. 
Therefore, a fortiori in all the cases, 


PN PN SAAN TEN Sue (1) and (8), 
SENS UMS eese niis (2) 
Thus: P UN H PV NU ertt (1) and (3), 
«ΕΝ ΝΟ S tcr de m (2) 
ese DEOS PX.) eO 4 ah 
Therefore MO: PN» NH : HM .................. (1) and (3), 
c MH U Ol) ο ο ο ος. (2) 
and MO: PN=MK : NK. 
Therefore MK:NK>NH:HM....... (1) and (3), 
“ΝΗ HM τοσο. τι. (2), 
whence we obtain MN : NK>MN : HAM....... (1) and (9), 
LUNE HUMU anne ο. (2), 
so that HM or NG » NK in (1) and (3), 


and « NK in (2). 
Thus the proposition is proved. 


II. Let the conic be à HYPERBOLA or an ELLIPSE. 


Let the normals at P,, P, meet at O, and draw OM perpen- 
dicular to the axis. Divide CM in H (internally for the 
hyperbola and externally for the ellipse) so that 

CH: HM—AA': pa [or 64": CB"), 
and let OM be similarly divided at Z. Draw HVA parallel 
to OM and LVE, ORF parallel to CM. 
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Suppose P,P, produced to meet FZ in T, and let P,N,, 
P.N, meet it in U,, Ua. 


. 
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R EO 


Take any other point P on the curve. Join OP meeting 
the axes in K, k, and let PN meet P,P, in Q and EL in VU. 


11—2 
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Now CN,: N.G,= AA’: pa= CH : HM. 


Therefore, componendo for the hyperbola and dividendo foi 
the ellipse, 


CM : CH = CG, : CN, 
= CG, ~ CM : CN ~ CH 


= MG, : HN, 
NG VU Eaa tae toons (A). 
Next 
FE: EC=AA': pa= CN, : NG, 
so that FC:CE=CG, : N.G.. 
Thus ΡΟ: N,U,= CG, : NG. 
=Cg, : P,N,, by similar triangles, 
= FC + Cg, : N,U, X PN: 
SF a πο ο. (B). 
Again 


FC.CM : EC.CH (FC : CE).(CM : CH) 
= (F9, . PUN (MG, : VU), 
from (A) and (B), 
and ΕΟ. CM = Fg. MG., °. Fg,: OM = FC : MG. 
s πο οὐ ος, UV. 
or CE.EV=P,U,. U,V 
= P,U,. U,V, in like manner; 
re OR ae ὁπ ο. Γ0, 
= TU, : TU,, by similar triangles, 


whence UUU ντος. TU, 
πο = VU, 
- n. du —À (9) 
Now suppose (1) that AN < AN; 
then U,V > TU, from (C) above; 
ο οὐ SED S USES 
hence TU, : TU>UV: U,V; 


aP QU ου UTV 
by similar triangles. 
Therefore P,U,. U,V > QU. UV, 
and a fortiori » PU.UV. 
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But P,U,.U,.V CE. EV, from above, 
= LO.O0R, +s CE: LOZOR: EV; 
^ LU. OR > PU. UV. 
Suppose (2) that AN > AN, but < AN, 


Then TU, < UV; 
SOUUSTU >U U: UV, 
whence LULU =UV ο. 


ος US UV OY, 
by similar triangles. 


Therefore (a fortiori) PU.UV >PU,.UV 


> LO. OR. 
Lastly (3) let AN be > AN,. 
Then TU > UK, 
osc οσο «ο ο 6, 
whence DU ee eee το 
or QU: P,U,< UV: UV; 
pol ο ου ου. UV. 
and a fortiori >PU.UV; 


. LO.OR> PU.UV, 


as in (1) above. 
Thus we have for cases (1) and (3) 
LO.OR>PU.UY, 
and for (2) LO.OR< PU. UV. 


That is, we shall have, supposing the upper symbol to refer 
to (1) and (3) and the lower to (2), 


LU: PUZ UV: OR, 
i.e. LS: SUZ UV: LV; 
^ LU: USZ LU: LV, 


r> Τῷ 
and LI CUS. 
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It follows that 
FO: LV $ FO: SU, or Fk: PU, 


or CM: MH $ Fk: PU; 
^ FC: CES Fk: PU 
S Fk 7 FC: PUF CE 
< Ol. 
S Ck: PN 
< . 
S CK: NK. 


Therefore, componendo or dividendo, 


FE: ECS CN: NK, 


or CN: NK Z FE: EC, 
1.6. a AA’ : Pa 
But ΟΝ: NG=AA’: pa; 

| < vq. 

-. NES NG; 


i.e. when P is not between P, and P, NK < NG, and when P 
lies between P, and Ρ,, NK » NG, whence the proposition 
follows. 


Con. l. In the particular case of a quadrant of an ellipse 
where P, coincides with B, i.e. where O coincides with g,, 
it follows that no other normal besides P,g,, Bg, can be drawn 
through g, to the quadrant, and, if P be a point between A and 


P,, while Pg, meets the axis in K, NG » ΝΙΚ. 

But if P lie between P, and B, NG « NK. 

[This is separately proved by Apollonius from the property 
in Prop. 95 (3).] 

Cor. 2. Three normals at points on one quadrant of an 
ellipse cannot meet at one point. 


This follows at once from the preceding propositions. 
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Cor. 3. Four normals at points on one semi-ellipse bounded 
by the major axis cannot meet at one point. 


For, if four such normals cut the major axis and meet in one 
point, the centre must (1) separate one normal from the three 
others, or (2) must separate two from the other two, or (3) 
must lie on one of them. 


In cases (1) and (3) a contradiction of the preceding 
proposition is involved, and in case (2) a contradiction of 
Prop. 95 (3) which requires two points of intersection, one on 
each side of the minor axis. 


Proposition 98. 
[V. 49, 50.] 


In any conic, if M be any point on the axis such that AM is 
not greater than half the latus rectum, and 1f O be any point on 
the perpendicular to the axis through M, then mo straight 
line drawn to any point on the curve on the side of the axis 
opposite to O and meeting the axis between A and M can 
be a normal. 


Let OP be drawn to the curve meeting the axis in K, and 
let PN be the ordinate at P. 


We have in the parabola, since AM > Pa 


ΝΗ «ΣΕ, ie«NG. 
Therefore, a fortiori, NK < NG. 
For the hyperbola and ellipse AA’: pq 15 not greater 
than CA: AM, 


and CN: NM > CA : AM; 
<. CN: NM> AS: Pa 
> CN: NG; 
. NM < NG, 
and a fortiori NK < NG. 


Therefore UP is not a normal. 


PROPOSITIONS LEADING IMMEDIATELY TO THE 
DETERMINATION OF THE EVOLUTE. 


Proposition 99. 
[V. 51, 52.] 


If AM measured along the axis be greater than 5 (but in 


the case of the ellipse less than AC), and if MO be drawn 
perpendicular to the axis, then a certain length [y] can be assigned 
such that 


(a) if OM > y, no normal can be drawn through O which 
cuts the axis; but, if OP be any straight line drawn to the curve 
cutting the axis in K, NK < NG, where PN ds the ordinate and 
PG the normal at P ; 


(b) if OM = y, only one normal can be so drawn through 
U, and, if OP be any other straight line drawn to the curve and 
meeting the axis in K, NK « NG, as before ; 


(c) if OM <y, two normals can be so drawn through O, 
and, if OP be any other straight line drawn to the curve, NK is 
less or greater than NG according as OP is not, or is, inter- 
mediate between the two normals. 

I. Suppose the conic is à PARABOLA. 
Measure MH towards the vertex equal to δι and divide AH 


at WV, so that HW, = 2N, 4. 
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Take a length y such that 
y: PN, NH: HM, 
where P, J, is the ordinate passing through N.. 
(a) Suppose OM >y. 





Join OP, meeting the axis in K,. 


Then y: PIS NH: HM; 

“COM EN >N HHM, 

or MK, : KN >N, H: HM; 

hence MN, ΝΙΚ > MN, : HM, 
so that N K, < HM, 
1,6. NK, < D. 


Therefore OP, is not a normal, and N, K, «Ν.Ο. 


Next let P be any other point. Join OP meeting the axis 
in Ι΄, and let the ordinate PN meet the tangent at P, in Q. 
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Then, if AN< AN,,we have, | If AN> AN,, 
since N, T=2A4AN,=N,H, Ν.Τ»ΝΗ, 
N, H > NT; NNNHNN: NT, 
“NN: NT>N N: HN,; | whence 
thus TN,:TN>HN: HN,, HN,:HN>TN:TN, 
or PN :QN>HN: HN}, >QN: PN, 
and a fortiori > PN: PN, 
ΕΝ PN>HN: ΠΑΝ, a fortiori 
or P,N.NH»PN.NH; PN. NH PN.NH. 
But OM.MH > P,N,. N.H, by hypothesis; 
<. OM.MH > PN..NH, 
or OM: PN > NH : HM, 
1.6. MK : KN > NH : HM, 


by similar triangles. 
Therefore, componendo, MN : NK > MN : HM, 


whence NK < HM or E A 


Therefore OP is not a normal, and NK < NG. 
(b) Suppose OM =y, and we have in this case 
MN, : NK,- MN: ΗΛΙ, 


or N, K, =HM=¥=N,G, 
and P O is a normal. 
If P is any other point, we have, as before, 
ENN HSPN NH, 
and P,N,. N, H is in this case equal to OM. MH. 
Therefore OM. MH > PN.NH, 
and it follows as before that OP is not normal, and NK < NG. 
(c) Lastly, if OM < y, 
OM: P,N,« NH:HM, 
or OM.MH«P,N,..N,H. 
Let NV, Jt be measured along N,P, so that 
OM.MH= RN,.N,H. 
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~ C, 


Thus R lies within the curve. 


Let HL be drawn perpendicular to the axis, and with AH, 
HL as asymptotes draw a hyperbola passing through R. 
This hyperbola will therefore cut the parabola in two points, 
say P, P’. 

Now, by the property of the hyperbola, 

PN.NH=RN,.N,H 
= OM. MH, from above ; 
-. OM: PN =NH : HM, 
or MK: KN =NH : HM, 
and, componendo, MN : NK = MN : HM; 


- NK=HM == NG, 
and PO is normal. 
Similarly P'O is normal. 
Thus we have two normals meeting in O, and the rest of 
the proposition follows from Prop. 97. 


[It is clear that in the second case where OM = y, O is the 
intersection of two consecutive normals, i.e. is the centre of 
curvature at the point P. 


If then z, y be the coordinates of O, so that AM — a, 
and if 4a — Pa, 
HM = 2a, 


N H —2(v— 2a), 
AN, =4(a- 2a). 
Also y:PNC-NB!:HM, 
or y 34a. AN =N H: Λα; 
. ay=AN,.N,H’ 
= xf (a — 249), 
or Tay? = 4 (x — 2a)’, 


which is the Cartesian equation of the evolute of a parabola.] 
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Il. Let the curve be a HYPERBOLA or an ELLIPSE, 


We have AM > Ee, so that CA : AM < AA’: ps. 


Q' 





Therefore, if H be taken on AM such that CH: HM = 
44’: pa, H will fall between 4 and M. 
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Take two mean proportionals CN,, CI between CA and 
CH*, and let P,N, be the ordinate through N, 


Take a point Z on OM (in the hyperbola) or on OM 
produced (in the ellipse) such that OL : LM = AA’: pg. Draw 
LVE, OR both parallel to the axis, and CE, HVR both 
perpendicular to the axis. Let the tangent at P, meet the axis 
in T and EL in W, and let P, N, meet EL in U,. Join OP, 
meeting the axis in K,. 


Let now y be such a length that 
y: P,IN, 2 (CM : MH).(HN, : ΝΟ. 
(a) Suppose first that OM > y; 
POM ΗΕ Να 
But 
OM: P,N,=(OM: ML).(ML : P,N,) 
=(OM: ML).(NU, : P,N,), 


and 
y: PN, Z (CM : MH).(HN, : NC) 
=(OM: ML).(HN, : ΝΟ; 
ANUEN PUN ΑΟ νο», (1), 
or PN NH < CN,. INNU,. 
Adding or subtracting the rectangle U,N,. N, H, we have 
P, U,. U, V< CH.HV | 
< LO.OR, CH: HM=OL: LM. 


But, for a normal at P,, we must have [from the proof of 

Prop. 97] 
P,U,. U,V = LO.OR. 

Therefore P,O is not à normal, and [as in the proof of 

Prop. 97] 
N K « Να. 

* For Apollonius! method of finding two mean proportionals see the Intro- 

duction, 
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Next let P be any other point than P,, and let U, N, K 
have the same relation to P that U,, N,, K, have to Ρ.. 


Also, since U,N,: N,P,» HN, : N,C by (1) above, let u, 
be taken on U N, such that 
WANN Tee NG NC mS (2), 
and draw wuu,v parallel to WUU,V. 
Now CN,.CT=CA’, sothat CN,: CA- CA : CT; 
.. CT is a third proportional to CN,, CA. 
But CN, is a third proportional to CH, CT, 
and CN,: CAZ CI : CN,- CH : CT; 
^ CH: CN,=CN,: CT 
= CH ~ CN,: CN, ~ CT 
= HN,: NT. 
And CH ΟΥ = δι: PLN, 
since u,N,: N,P, = HN, : ΝΟ, from (2) above; 
ΗΝ ΝΞ LN 


1 9 


=uw:N,T; 
thus uw= HN, = upv. 
IfAN<AN,, | If AN>AN,, 
wu < wu, WU, > W; 
and Uw: Uuw> uu: uy, C. UU, | UV > UU, : WU, 
whence μυ: Uw > uv : uw. whence 
vou Qu > wv : uv VU, : VU > WU : Wr, 
(where PN meets P Τ in Q); l . 
7 Q > Qu: Pa; 
thus U, UV > QU. UV 
ELE thus P,u,. uv » Qu.wv 
» Pu.uv, p 
m > Pu.u 
a fortiori. ie 
But, since a fortiori, 


HN,: NC-uN,: PN, and the proof proceeds as in 
PN,.N,H=CN,. Nu the first column, leading to 


1 1? 
and, adding or subtracting the the same result, 


rectangle u, N, . N, H, PU.UV < LO.OR. 
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Pu,.uv = CH. Hv; 

^. CH. Hv > Pu. wi, 
and, adding or subtracting the 
rectangle uU. UV, 
PU.UV<CH.Hv+uU.UV 


for the hyperbola, 


or 
PU.UV<CH.Hv-uU.UV 
for the ellipse, 
ον In either case, a fortor, 
PU.UV «CH.HV, 
or PU.UV-«LO.OR. 
Therefore, as in the proof of Prop. 97, PO is not à normal, 
but NK < NG. 
(b) Next suppose OM =y, so that OM: P,N,—y: P,N,, 
and we obtain in this case 
UN: NP, HN: NC; 
^ ON,.NU = ΕΝ. NA. 
Adding or subtracting U,N,.N,H, we have 
PU,.U V=CH.HV=LO.OR, 
and this [Prop. 97] is the property of the normal at P, 
Therefore one normal can be drawn from O. 
If P be any other point on the curve, it will be shown as 


before that U,W = U,V, because in this case the lines WV, wv 
coincide ; also 


UU,: UW > UU,: U,V in the case where UW < U, V, 
and 


UU,: UV> συ: U,W im the case where U,W > UV, 
whence, exactly as before, we derive that 
P,U,.UV»QU.UV 
> PU.UV, a fortiori, 
and thence that PU. UV <LO.OR. 
Therefore PO is not a normal, and NK < NG. 
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(c) Lastly, if OM < y, we shall have in this case 
NU,: PN, < HN, NG, 
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and we shall derive 


LO.OR <P U,. U,V. 

Let S be taken on P, N, such that LO.OR οὐ... U,V, and 
through S describe a hyperbola whose asymptotes are V W and 
VH produced. This hyperbola will therefore meet the conic in 
two points P, P’, and by the property of the hyperbola 

PU.UV=PU .WUV=SU,.UV=LO0.0R, 
so that PO, P'O are both normals. 

The rest of the proposition follows at once from Prop. 97. 

[It is clear that in case (b) O is the point of intersection 
of two consecutive normals, or the centre of the circle of 
curvature at P. 


To find the Cartesian equation of the evolute we have 


z= CM, 
CH «a ον = CH Nu οσο (1). 
HM V’ ~CH 0? 
(Y CM HN, (2) 
PN. μμ: VC 7] το προς σος ; 
IAT 2 2 
and OM, + =a τν ο EE eter (3), 


a’ 


Also 





where the upper sign refers to the hyperbola. 
And, lastly, «:CN,=CN,:Cl=CI:CH ............ (+). 
From (4) CN, =«a.Cl, 
a.CH 
and CN, = “or 
CN PN E77 ο e (5). 


Now, from (2), 
y ΟΜ HN, 
PN, ~ MH: NC 
a rb CH ~ CN. 
πμ “ON, 1 by aid of (1), 


d xb CN, 
zd e ur es Sy ὦ) 

e εὐ PNF 
ΕΙ: ΠΠ 





, by (3). 
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Thus PN e δ 
a tb 
whence P N? =b. (25) ο... (6). 
But, from (1), CH = πας 
Therefore, by (5), CN = zip 
whence CN! --α. (ag) το ου. (7). 


Thus, from (6) and (7), by the aid of (3), 


ax ΝΘ by 1 
Ge rp) * Grp) <2 


or (ax)? F (by)? = (a + b’)4] 


Proposition 100. 
[V. 53, 54.] 


If Ὁ be a point on the minor axis of an ellipse, then 


(a) if OB: BC 4 AA’: pa, and P be any point on either of 
the quadrants BA, BA’ except the point B, and if OP meet the 


major axis in K, 


PO cannot be a normal, but NK < NG; 


(b) if OB: BC« AA’: Pa, one normal only besides OB can 
be drawn to either of the two quadrants as OP, and, if P’ be any 
other point, N'K' is less or greater than .N'G' according as Ρ' 


15 further from, or nearer to, the minor axis than P. 


[This proposition follows at once as a particular case of the 


preceding, but Apollonius proves it separately thus.] 
(a) We have OB: BC « On : nC ; 
. On: nC, or ΟΝ: NK > AA' : Da, 
whence CN: NK » CN : NG, 
and NK « NG. 
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(b) Suppose now that 
ο: BC« AA' : pa. 


Take a point n on O'B such that 
O'n : nO = AA’ : pa. 





Therefore CN: NK = AA pa, 


where N is the foot of the ordinate of P, the point in which 
nP drawn parallel to the major axis meets the ellipse, and K, is 
the point in which O’P meets the major axis; 


^. NK, = NG, and ΡΟ’ is a normal. 


PO’, BO’ are then two normals through 0’, and the rest of 
the proposition follows from Prop. 97. 
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CONSTRUCTION OF NORMALS. 


Proposition 101. 
[V. 55, 56, 57.] 


If O is any point below the axis AA’ of an ellipse, and 
AM » AC (where M is the foot of the perpendicular from O 
on the axis), then one normal to the ellipse can always be drawn 
through O cutting the axis between A and C, but never more than 
one such normal. 


Produce OM to L and CM to H so that 
OL:LM-CH:HM-AA':p, 


and draw LI, IH parallel and perpendicular to the axis 
respectively. Then with JZ, IH as asymptotes describe a 
[rectangular] hyperbola passing through O. 
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This will meet the ellipse in some point P,. For, drawing 
AD, the tangent at A, to meet IL produced in D, we have 


AH: HM>CH: HM 
> AA’: pa 
>OL: LM; 
<. AH. IM > OL. AM, 
or ÁAD.DI » OL.LI. 


Thus, from the property of the hyperbola, it must meet AD 
between 4 and D, and therefore must meet the ellipse in some 
point ΖΡ. 


Produce OP, both ways to meet the asymptotes in k, R’, 
and draw R'E perpendicular to the axis. 


Therefore OR = P, R’, and consequently EN, = MH. 


Now AA’: Pa= OL: LM 
= ME: EK, by similar triangles. 
Also AA': p, CH: HM; 


' AA’: p,2 ME — CH: EK, — MH 
ΙΟΥ CANA. 
since EN, — MH. 
Therefore JN, K, = Ν.Ο, and P,O is a normal. 
Let P be any other point such that OP meets AC in K. 
Produce BC to meet OP, in F, and join FP, meeting the 


axis in Μ΄. 

Then, since two normals [at P,, B] meet in F, FP is not 
a normal, but NMK’ > NG. Therefore, a fortiori, ΝΙΚ» Λα. 
And, if P is between A and P,, NK < NG. [Prop. 97, Cor. 1.] 
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Proposition 102. 
[V. 58, 59, 60, 61.] 


If O be any point outside a conic, but not on the axis whose 
extremity is A, we can draw a normal to the curve through Ο. 





For the parabola we have only to measure MH in the 
direction of the axis produced outside the curve, and of length 


equal to Z , to draw HR perpendicular to the axis on the same 


side as Ο, and, with HR, HA as asymptotes, to describe a 
[rectangular] hyperbola through O. This will meet the curve 
in a point P, and, if OP be joined and produced to meet 
the axis in K and HR in R, we have at once HM = NK. 


Therefore NK = 5 : 
and PK is a normal. 


In the hyperbola or ellipse take H on CM or on CM 
produced, and L on OM or OM produced, so that 


CH:HM-zOL:LM-AA': pg. 
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Then draw HIR perpendicular to the axis, and ILR’ 
through L parallel to the axis. 


R 





(1) If M falls on the side of C towards A, draw with 


asymptotes ZR, IL, and through O, a [rectangular] hyperbola 
cutting the curve in P. 


(2) If M falls on the side of C further from A in the 
hyperbola, draw a [rectangular] hyperbola with JH, JR’ as 
asymptotes and through C, the centre, cutting the curve in P. 
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Then OP will be a normal. 
For we have (1) MK: ΗΝ - MK: LR, 
since OR = PR’, and therefore ZL = UR’. 
Therefore MK : HN = MO : OL, by similar triangles, 
= MC: CH, 
CH: HM=OL: LM. 


Therefore, alternately, 


MK MC = NY ΠΟ uu (A). 
In case (2) OL: IM=CH: HM, 
or OL.LI=CH. HI, 


[so that U, C are on opposite branches of the same rectangular 
hyperbola]. 

Therefore PU: O0OL= LI: IU, 
or, by similar triangles, 


UR’: R'L= LI: LU, 


whence R'L-IU- HN; 
«MK :HN= MK: RL 
= MO: ΟΙ, 
= MC: CH, 
and MK : MC = NH: HC, as before (A). 


Thus, in either case, we derive 
CK :CM=CN : CH, 
and hence, alternately, 


CN: CK «CH : CM, 


so that CN: NK 2 CH: HM 
= AA’: γα; 
^. NK SENG, 


and OP is the normal at P. 
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(3) For the hyperbola, in the particular case where M 
coincides with C, or O is on the conjugate axis, we need only 


divide OC in L, so that 
OL: LC = AS’: pa, 
and then draw LP parallel to A.A’ to meet the hyperbola in P. 
P is then the foot of the normal through O, for 
AA’: p, 2 OL: LC 
=OUP:PK 
=CN: NK, 
and Nk = NG. 


[The particular case is that in which the hyperbola used 
in the construction reduces to two straight lines.] 


Proposition 103. 
[V. 62, 63.] 


If O be an internal point, we can draw through Ὁ a normal 
to the conic. 
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The construction and proof proceed as in the preceding 
proposition, mutatis mutandis. 


The case of the parabola is obvious; and for the hyperbola 
or ellipse 
MK: HN = OM : OL 


= CM : CH. 
<. CM : CH=CM + MK : CH + HN 
= CK: CN; 
<. NK : CN = HM: CH 
— pa: AA’; 
^ NK = NG, 


and PO 1s a normal. 


OTHER PROPOSITIONS RESPECTING MAXIMA 
AND MINIMA. 


Proposition 104. 
[V. 64, 65, 66, 67.] 


If O be a point below the ams of any conic such that either 
no normal, or only one normal, can be drawn to the curve through 
O which cuts the axis (between A and C in the case of the ellipse), 
then OA 15 the least of the lines OP cutting the axis, and that 
which ts nearer to OA 15 less than that which is more remote. 


If OM be perpendicular to the axis, we must have 
Pa 
AM> 2 


and also OM must be either greater than or equal to y, where 
(a) in the case of the parabola 
y: P,IN- NB : HM; 
(b) in the case of the hyperbola or ellipse 
y: P,IN, (CM: MH).(HN, : ΝΟ, 
with the notation of Prop. 99. 


In the case where OM >y, we have proved in Prop. 99 for 
all three curves that, for any straight line OP drawn from O to 
the curve and cutting the axis in K, NK « NG; 


but, in the case where OM =y, NK < NG for any point P 
between A and P, except P, itself, for which N, K, 2 Να. 
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Also for any point P more remote from A than P, it is still 
true that VA < NG. 


I. Consider now the case of any of the three conics where, 


for all points P, NK « NG. 


Let P be any point other than A. Draw the tangents 
AY, PT. Then the angle OAY is obtuse. Therefore the per- 
pendicular at A to 40, as AL, falls within the curve. Also, 
since [NK « NG, and PG is perpendicular to PT, the 


angle OPT is acute. 
(1) Suppose, if possible, OP = OA. 


With OP as radius and O as centre describe a circle. 
Since the angle OPT is acute, this circle will eut the tangent PT, 





O 


but AL will lie wholly without it. It follows that the circle 
must cut the conic in some intermediate point as R. If RU 
be the tangent to the conic at R, the angle ORU is acute. 
Therefore RU must meet the circle. But it falls wholly 
outside it: which is absurd. 


Therefore OP is not equal to OA. 
(2) Suppose, if possible, OP < 04. 
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In this case the circle drawn with O as centre and OP 
as radius must cut AM in some point, D. Aud an absurdity is 
proved in the same manner as before. 


Therefore OP is neither equal to OA nor less than OA, 
Le. OA < OP. 


It remains to be proved that, if P' be a point beyond P, 
OP < ΟΡ’ 


If the tangent TP be produced to 7", the angle OPT" is 
obtuse because the angle OPT is acute. Therefore the perpen- 
dicular from P to OP, viz. PE, falls within the curve, and 
the same proof as was used for A, P will apply to P, P”. 


Therefore OA « OP, OP « OP’, &c. 


IL Where only one normal, OP,, cutting the axis can be 
drawn from O, the above proof applies to all points P between A 
and P, (excluding P, itself) and also applies to the comparison 
between two points P each of which is more remote from A 


than P. 
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It only remains therefore to prove that 
(a) OP,» any straight line OP between OA and OP,, 
(b) OP, < any straight line OP’ beyond OP. 


(a) Suppose first, if possible, that OP = OP,, and let Q be 
any point between them, so that, by the preceding proof, 
OQ» OP. Measure along OQ a length Oq such that Oq is 
greater than OP, and less than OQ. With O as centre and Oq as 
radius describe a circle meeting OP, produced in p,. This circle 
must then meet the conic in an intermediate point R. 


Thus, by the preceding proof, OQ is less than OR, and there- 
fore is less than Oq: which is absurd. 

Therefore OP is not equal to ΟΡ.. 

Again suppose, if possible, that OP > OP,. Then, by taking 
on OP, a length Op, greater than OP, and less than OP, an 


absurdity is proved in the same manner. 
Therefore, since OP is neither equal to nor greater than OP, 
OP < UP: 


(b If OP’ hes more remote from OA than OP, an 
exactly similar proof will show that OP, < OP’. 


Thus the proposition is completely established. 


Proposition 105. (Lemma.) 
[V. 68, 69, 70, 71.] 


If two tangents at points Q, Q’ on one side of the axis of a 
conic meet in T, and if Q be nearer to the axis than Q', then 
TQ < TQ. 


The proposition is proved at once for the parabola and 
hyperbola and for the case where Q, Q' are on one quadrant of 


an ellipse: for the angle 7'VQ' is greater than the angle TVQ, 
and QV = VQ. 
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Therefore the base TQ is less than the base TQ’. 





In the case where Q, Q' are on different quadrants of an 
ellipse, produce the ordinate Q’N’ to meet the ellipse again 
ing’. Join q'C and produce it to meet the ellipse in R. Then 
Q'N' = N'q', and q'C = CR, so that Q'E is parallel to the axis. 
Let RM be the ordinate of R. 





Now RM>QN; 

. [Prop. 86, Cor.] CQ > CR, 

1.6. > CV’; 
. ZCVQ» z CVQ', 

and, as before, TQ « TQ. 


Proposition 106. 
[V. 72.] 


If from a point O below the axis of a parabola or hyperbola 
it is possible to draw two normals OP,, OP, cutting the axis 
(P, being nearer to the vertec A than P,), and if further 
P be any other point on the curve and UP be joined, then 
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(1) if P hes between A and P,, OP, is the greatest of all 
the lines OP, and that which is nearer to OP, on each side is 
greater than that which 1s more remote; 

(2) if P lies between P, and P,, or beyond P,, OP, is the 
least of all the lines OP, and the nearer to OP, is less than the 
more remote. 





ο 


By Prop. 99, if P is between A and P,, OP is not a normal, 
but NK < NG. Therefore, by the same proof as that employed 
in Prop. 104, we find that OP increases continually as P moves 
from A towards P,. 


We have therefore to prove that OP diminishes continually 
as P moves from P, to P, Let P be any point between 
P, and P,, and let the tangents at P,, P meet in T. Join OT. 


Then, by Prop. 105, TP,« TP. 


Also TP? + OP? > ΤΡ" OP’, 
since Á K > AG, and consequently the angle OPT is obtuse. 
Therefore OP < OP,. 


Similarly it can be proved that, if P' is a point between P 
and P, OP’ « OP. 


That OP increases continually as P moves from P, further 
away from A and P, 18 proved by the method of Prop. 104. 


Thus the proposition is established. 
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Proposition 107. 
[V. 73.] 


If O be a point below the major axis of an ellipse such that 
at is possible to draw through O one normal only to the whole of 
the semi-ellapse ABA’, then, of OP, be that normal and P, is on 
the quadrant AB, OP, will be the greatest of all the straight 
lines drawn from O to the semi-ellipse, and that which is nearer 
to OP, will be greater than that which is more remote. Also 
OA’ will be the least of all the straight lines drawn from O to 
the semi-ellapse. 





It follows from Props. 99 and 101 that, if OM be per- 
pendicular to the axis, M must lie between C and A’, and that 
OM must be greater than the length y determined as in 
Prop. 99. 


Thus for all points P between A’ and B, since K is nearer 
to A’ than G is, it is proved by the method of Prop. 104 that 
OA' is the least of all such lines OP, and OP increases con- 
tinually as P passes from A’ to B. 


For any point P' between B and P, we use the method of 
Prop. 106, drawing the tangents at P' and B, meeting in T. 


H. C. 13 
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Thus we derive at once that OB « OP’, and similarly that OP’ 
increases continually as P" passes from B to P, 


For the part of the curve between P, and A we employ the 
method of reductio ad absurdum used in the second part of 
Prop. 104. 


Proposition 108. 
[V. 74.] 


If O be a point below the major axis of an ellipse such that 
two normals only can be drawn through it to the whole semi- 
ellipse ABA’, then that normal, OP,, which cuts the minor axis 
is the greatest of all straight lines from O to the semi-ellipse, 
and that which is nearer to it is greater than that which is more 
remote. Also OA, joining O to the nearer vertex A, 15 the least 
of all such straight lines. 


It follows from Prop. 99 that, if O be nearer to A than to 
A’, then P,, the point at which O is the centre of curvature, 
is on the quadrant AB, and that OP, is one of the only two 
possible normals, while P,, the extremity of the other, 1s on the 
quadrant BA’; also OM = y determined as in Prop. 99. 


In this case, since only one normal can be drawn to the 
quadrant AB, we prove that OP " 


increases as P moves from A to R 
P, by the method of Prop. 104, as /.| > R 
. 3 
also that OP increases as P moves , xxr 
from P, to B. ΝΕ 
That OP increases as P moves 


from B to P, and diminishes as 
it passes from P, to A’, is established by the method employed 
in the last proposition. 
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Proposition 109. 
[V. 75, 76, 77.] 
If O be a point below the major axis of an ellipse such that 
three normals can be drawn to the semi-ellipse ABA’ ut points 


P,, P,, P,, where P,, P, are on the quadrant AB and P, on the 
quadrant BA’, then (if P, be nearest to the vertex A), 


(1) OP, 1s the greatest of all lines drawn from O to points 
on the semi-ellipse between A’ and P,, and the nearer to OP, on 
either side is greater than the more remote ; 


(2) OP, 18 the greatest of all lines from O to points on the 
semi-ellipse from A to P,, and the nearer to OP, on either side 
18 greater than the more remote. 


(3) of the two maxima, OP, > OP.. 


Part (2) of this proposition 1s established by the method of 
Prop. 106. 


Part (1) is proved by the 
method of Prop. 107. 


It remains to prove (3). 
We have 
CN, :N,G,—AA':p, — CN,: N,G,; 
. MN,: NG,«CN,: Ν.Ο. 
< MN, : N,G,, a fortior, 
whence MG, : N,G, « MG, : Ν.Ο. 
and, by similar triangles, 
OM: P.N, «OM: P,N,, 
or EN SRN 
If then P,p, be parallel to the axis, meeting the curve in 
p,, we have at once, on producing OM to R, 


p, i > P,R, 
so that Op, > OP; 
'. & fortiori OP, > OP.. 
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As particular cases of the foregoing propositions we have 


(1) If O be on the minor axis, and no normal except OB 
can be drawn to the ellipse, OB is greater than any other 
straight line from O to the curve, and the nearer to it is greater 
than the more remote. 


(2) If O be on the minor axis, and one normal (besides OB) 
can be drawn to either quadrant as OP,, then OP, is the 
greatest of all straight lines from O to the curve, and the nearer 
to it is greater than the more remote. 


EQUAL AND SIMILAR CONICS. 


DEFINITIONS. 


1. Conic sections are said to be equal when one can be 
applied to the other in such a way that they everywhere 
coincide and nowhere cut one another. When this is not the 
case they are unequal. 


2. Conics are said to be similar if, the same number of 
ordinates being drawn to the axis at proportional distances 
from the vertex, all the ordinates are respectively proportional 
to the corresponding abscissae. Otherwise they are dissimilar. 


3. The straight line subtending a segment of a circle or a 
conic is called the base of the segment. 


4. The diameter of the segment 15 the straight line which 
bisects all chords in 1t parallel to the base, and the point where 
the diameter meets the segment is the vertex of the segment. 


5. Equal segments are such that one can be applied to the 
other in such a way that they everywhere coincide and nowhere 
cut one another. Otherwise they are unequal. 


6. Segments are similar in which the angles between the 
respective bases and diameters are equal, and in which, parallels 
to the base being drawn from points on each segment to meet 
the diameter at points proportionally distant from the vertex, 
each parallel is respectively proportional to the corresponding 
abscissa in each. 
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Proposition 110. 
(VI. 1, 2.] 


(1) In two purabolas, if the ordinates to a diameter in each 
are inclined to the respective diameters at equal angles, and if 
the corresponding parameters are equal, the two parabolas are 
equal. 

(2) If the ordinates to a diameter in each of two hyperbolas 
or two ellipses are equally inclined to the respective diameters, 
and if the diameters as well as the corresponding parameters are 
equal respectively, the two conics are equal, and conversely. 

This proposition is at once established by means of the 
fundamental properties 

(1) QV* 2 PL.PV for the parabola, and 


(22 QV*=PV.VR for the hyperbola or ellipse 
proved in Props. 1—3. 


Proposition 111. 
[VI. 3.] 


Since an ellipse is limited, while a parabola and a hyperbola 
proceed to infinity, an ellipse cannot be equal to either of the 
other curves. Also a purabolu cunnot be equal to a hyperbola. 


For, if a parabola be equal to a hyperbola, they can be 
applied to one another so as to coincide throughout. If then 
equal abscissac AN, AN’ be taken along the axes in cach we 
have for the parabola 


ANS AN =] DN’ SPON 
Therefore the same holds for the hyperbola: which is im- 
possible, because 
EN PN OS AN ΑΝΑΝ αν. 
Therefore a parabola and hyperbola cannot be equal. 


[Here follow six easy propositions, chiefly depending upon 
the symmetrical form of a conie, which need not be re- 
produced.] 
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Proposition 112. 
[VI. 11, 12, 13.] 
(1) All parabolas are similar. 
(2) Hyperbolas, or ellipses, are similar to one another when 
the “ figure” on a diameter of one 1s similar to the “ figure" on a 


diameter of the other and the ordinates to the diameters in each 
make equal angles with the diameters respectively. 


(1) The result is derived at once from the property 
PN’ =p AN. 


(2) Suppose the diameters to be axes in the first place 
(conjugate axes for hyperbolas, and both major or both minor 
axes for ellipses) so that the ordinates are at right angles to the 
diameters in both. 


Then the ratio pg: AA’ is the same in both curves. There- 
fore, using capital letters for one conic and small letters for the 
other, and making AN : an equal to AA’: aa’, we have at the 
same time 


ΡΝ’: ΑΝ. NA’ = pn’: απ. πα. 


But AN.NA': AN? =an.nd : an’, 
because A'N: AN 2an:an; 
6 PN”: AN’ = pn’: an’, 
or PN:AN=pn:an, 


and the condition of similarity is satisfied (Def. 2). 


Again, let PP’, pp’ be diameters in two hyperbolas or two 
ellipses, such that the corresponding ordinates make equal 
angles with the diameters, and the ratios of each diameter to 
its parameter are equal. 


Draw tangents at P, p meeting the axes in T, t respectively. 
Then the angles CPT, cpt are equal. Draw AH, ah perpen- 
dicular to the axes and meeting CP, cp in H,h; and on CH, 
ch as diameters describe circles, which therefore pass respectively 
through A,a. Draw QAR, gar through A, a parallel respec- 
tively to the tangents at P, p and meeting the circles just 
described in RÈ, r. 
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Let V, v be the middle points of .1Q, ag, so that V, v lie on 
CP, cp respectively. 





i 


Then, since the “figures” on PP’, pp’ are similar, 
AV*:CV.VH =ar: cv. vh, 
or AV*: AV. VR =ar: av.vr, 


whence AV:VHR-2a:vr 


[ Prop. 14] 


and, since the angle AVC is equal to the angle ave, it follows 
that the angles at C, c are equal. 
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[For, if K, k be the centres of the circles, and J,2 the middle 
points of AR, ar, we derive from (a) 
VA:AI-va:a ;; 
and, since 6 KVI = Z kv, 
the triangles KVI, kvi are similar. 





. ο αν . » ὁ) 
Therefore, since VJ, υἱ are divided at A, a in the same ratio 
the triangles KVA, kva are similar ; 


. ZAKV = zakv; 
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hence the halves of these angles, or of their supplements, are 
equal, or 
Z KCA = Z kca.] 
Therefore, since the angles at P, p are also equal, the 
triangles CPT, cpt are similar. 


Draw PN, pn perpendicular to the axes, and it will follow 
that 
PN*: CN. NT = pw : cn. nt, 
whence the ratio of AA’ to its parameter and that of aa’ to 
its parameter are equal. [Prop. 14] 


Therefore (by the previous case) the conics are similar. 


Proposition 113. 
[VI. 14, 15.] 


A parabola is neither similar to a hyperbola nor to an 
ellipse; and a hyperbola is not similar to an ellipse. 


[Proved by reductio ad absurdum from the ordinate pro- 
perties. | 


Proposition 114. 
[VI. 17, 18.] 


(1) If PT, pt be tangents to two similar conics meeting the 
axes in T, t respectively and making equal angles with them ; 
of, further, PV, pv be measured along the diameters through P, 
p so that 

PV: PT= pv: pt, 
and 1f QQ’, qq’ be the chords through V, v parallel to PT, pt 
respectively: then the segments QPQ’, gpg are similar and 
similarly situated. 


(2) And, conversely, af the segments are similar and 
similarly situated, PV: PI=pv: pt, and the tangents are 
equally inclined to the aces. 
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I. Let the conics be parabolas. 


Draw the tangents at A, a meeting the diameters through 
P, p in H, h, and let PL, pl be such lengths that 


τ. ppp: ag 
and pl: 2pt = op : ph, 
where O, o are the points of intersection of AH, PT and ah, pt. 


Therefore PL, pl are the parameters of the ordinates 
to the diameters PV, pv. [ Prop. 22 





Hence QV?=PL.PYV, 
qu’ = pl. pv. 
(1) Now, since Z PTA = Z pta, 
Z OPH = Zoph, 


and the triangles OPH, oph are similar. 
Therefore OP: PH =op: ph, 
so that PL : PT 2 pl : pt. 
But, by hypothesis, 
PV: PT=pv: pt; 
^ PL: PV =pl: pv, 
and, since QV is a mean proportional between PV, PL, and qu 


between pv, pl, 
QV: PV =q: pv. 
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Similarly, if V’, v' be points on PV, pv such that 
PV: PV’ = pi: pv, 
and therefore PL: PV'=pl: pv, 


it follows that the ordinates passing through V’, ο’ are in the 
same ratio to their respective abscissae. 


Therefore the segments are similar. (Def. 6.) 


(2) If the segments are similar and similarly situated, 
we have to prove that 


Z PTA = Z pta, 
and PV: PT 2p : pt. 


Now the tangents at P, p are parallel to QQ’, qq’ respec- 
tively, and the angles at V, v are equal. 


Therefore the angles PTA, pta are equal. 
Also, by similar segments, 


QV: PV = qv : pu, 


while PL: QV=QV: PV, and pl: qu=qv: pv; 
^O PL: PV =pl: pv. 
But PL: 2PT=OP : de 
pl: 2pt=op: ph }᾽ 
and OP : PH = op : ph, 
by similar triangles. 
Therefore PV: PT =pv: pt. 


II. If the curves be hyperbolus or ellipses, suppose a 
similar construction made, and let the ordinates PN, pn be 
drawn to the major or conjugate axes. We can use the figures 
of Prop. 112, only remembering that the chords are here QQ’, 
qq, and do not pass through A, a. 


(1) Since the conics are similar, the ratio of the axis to its 
parameter 1s the same for both. 
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Therefore PN’: CN. NT pn’: cn. nt. [Prop. 1+] 
Also the angles PT'N, ptn are equal, 
therefore PN: NT — pn : nt. 
Hence PN :CN=pn: cn, 
and Z PCN = Z pen. 
Therefore also Z CPT 2 z cpt. 
It follows that the triangles OPH, oph are similar. 
Therefore OP : PH =op : ph. 
But OP:PH-PL:2PT| 
op: ph=pl:2Qpt J’ 
whence PL: PT=pl : pt. 


Also, by similar triangles, 
PT: CP = pt: cp; 
. PL: CP=pl: cp, 
or PT Pp DDR ees ee (A). 
Therefore the “figures” on the diameters PP’, pp’ are 
similar. 
Again, we made PV: PT=pv: pt, 
so that PLS Vi ede (B). 
We derive, by the method employed in Prop. 112, that 
QV: PV =q: pv, 
and that, if PV, pv be proportionally divided in the points V’, 
v', the ordinates through these points are in the same ratios. 
Also the angles at V, υ are equal. 
Therefore the segments are similar. 


(2) If the segments are similar, the ordinates are in the 
ratio of their abscissae, and we have 


QV: PV =qu: pu 
PV: PV’ = pi: pv 
PV':Q'V'z p':q'v 
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Then QV”: Q' V” = ᾳυ": qv”; 
< PV. VP: PV’. Υ̓Ρ’ --ρυ.υρ': ρυ.υγ’, 
and PV: PV' =p: pv, 
so that P'V: P'V' = pv: pv. 


From these equations it follows that 


PV’: VV'=pv' : M 


and P'V':yV'zpw:w' 

whence PV TV --ρ'': ρυ'; 
PV ΤτΕ ου ορ pi 

But PV” : Q' V” = pv”: qv"; 


ΤΡ O δρυ ups go. 

But these ratios are those of PP’, pp’ to their respective 
parameters. 

Therefore the “ figures” on PP’, pp’ are similar; and, since 
the angles at V, v are equal, the conics are similar. 

Again, since the conics are similar, the “figures” on the 
axes are similar. 

Therefore PN*:CN.NT =pn’: cn. nt, 
and the angles at NÑ, n are right, while the angle CPT is equal 
to the angle cpt. 

Therefore the triangles CPT, cpt are similar, and the angle 
CTP is equal to the angle ctp. 

Now, since PV.VP':QV*-pv.vp' : qv’, 


and QV?: PV? qv : pv’; 
it follows that PV: P'V = pv : p^, 
whence PP’: PV =pp : pv. 


But, by the similar triangles CPT, cpt, 
CP: PT=cp: pt, 

or ΡΡ’: PT=pp' : pt; 
^ PV: PT =pv: pt, 


and the proposition is proved. 
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Proposition 115. 
(VI. 21, 22.] 


If two ordinates be drawn to the axes of two parabolas, or the 
major or conjugate axes of two similar ellipses or two similar 
hyperbolas, as PN, P’N' and pn, ρ΄, such that the ratios AN : an 
and ΑΝ’: απ’ are each equal to the ratio of the respective latera 
recta, then the segments PP’, pp’ will be similar ; also PP’ will 
not be similar to any segment in the other conic which is cut off 
by two ordinates other than pn, p'w', and vice versa. 


[The method of proof adopted follows the lines of the 
previous propositions, and accordingly it is unnecessary to 
reproduce it.] 


Proposition 116. 
[VI. 26, 27.] 


If any cone be cut by two parallel planes making hyperbolic 
or elliptic sections, the sections will be similar but not equal. 


On referring to the figures of Props. 2 and 3, it will be seen 
at once that, 1f another plane parallel to the plane of section be 
drawn, it will cut the plane of the axial triangle in a straight 
line p'pm parallel to P'PM and the base in a line dme parallel 
to DME; also p'pm will be the diameter of the resulting 
hyperbola or ellipse, and the ordinates to it will be parallel to 
dme, 1.6. to DME. 


Therefore the ordinates to the diameters are equally 
inclined to those diameters in both curves. 


Also, if PL, pl are the corresponding parameters, 


PL:PP'2BF.FC: AF*= pl: pp. 
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Hence the rectangles PL. PP’ and pl. pp’ are similar. 
It follows that the conics are similar. [Prop. 112] 


And they cannot be equal, since PL. PP’ cannot be equal to 
pl. pp’. [Cf. Prop. 110(2)] 


[A similar proposition holds for the parabola, since, by 
Prop. 1, PL: PA is a constant ratio. Therefore two parallel 
parabolic sections have different parameters. ] 


PROBLEMS. 


Proposition 117. 
[VI. 28.] 


In a given right cone to find a parabolic section equal to a 
given parabola. 


Let the given parabola be that of which am is the axis and 
al the latus rectum. Let the given right cone be OBC, where 
O is the apex and BC the circular base, and let OBC be a 
triangle through the axis meeting the base in BC. 


O 





Measure OA along OB such that 
al: OA = BC : BO. OC. 
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Draw AM parallel to OC meeting BC in M, and through 
AM draw a plane at right angles to the plane OBC and cutting 
the circular base in DME. 


Then DE is perpendicular to AM, and the section DAK is 
a parabola whose axis is AM. 


Also (Prop. 1], if AL is the latus rectum, 
AL: AO 2 BC : BO.OC, 


whence AZ =al, and the parabola is equal to the given one 
[ Prop. 110]. 


No other parabola with vertex on OB can be found which is 
equal to the given parabola except DAE. For, if another such 
parabola were possible, its plane must be perpendicular to the 
plane OBC and its axis must be parallel to OC. If A’ were 
the supposed vertex and A’L’ the latus rectum, we should have 
A'L/: A'O2 BC? : BO. OC— AL: AO. Thus, if A’ does not 
coincide with A, A'Z' cannot be equal to AL or al, and the 
parabola cannot be equal to the given one. 


Proposition 118. 
[VI. 29.] 


In a gwen right come to find a section equal to a given 
hyperbola. (A necessary condition of possibility 1s that the ratio 
of the square on the axis of the cone to the square on the radius 
of the base must not be greater than the ratio of the transverse 
axis of the given hyperbola. to its parameter.) 


Let the given hyperbola be that of which aa’, al are the 
transverse axis and parameter respectively. 


I. Suppose OJ": BI’ < aa’: al, where J is the centre of the 
base of the given cone. 


Let a circle be circumscribed about the axial triangle OBC, 
and produce OJ to meet the circle again in D. 
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Then OI:ID-OTI': BI’, 
so that OI : ΙΓ αά’ : αἰ. 





Take E on ID such that ΟΙ: IE = aa : al, and through E 
draw the chord QQ' parallel to BC. 


Suppose now that AA’, A,A,' are placed in the angle formed 
by OC and BO produced, such that AA’= 4,4, — aa', and 
AA’, A,A, are respectively parallel to OQ, OQ, meeting BC 
in M, M. 


Through A’AM, A,'A,M' draw planes perpendicular to the 
plane of the triangle OBC making hyperbolic sections, of which 
A'AM, A'A M will therefore be the transverse axes. 


Suppose OQ, OQ’ to meet BC in F, F”. 
Then ad : al - OI : IE 
= OF : FQ or ΟΡ: F'Q' 
= OF": OF. FQ or OF” : OF’. F'Q' 
= OF": BF. FC or OF" : BF'.F'C 
=AL: ALor 14, : μι, 
14—2 
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where AL, A,L, are the parameters of AA’, Α.Α, in the 
sections respectively. 

It follows, since AA’=A,A'=aa, 
that AL=A,L, =al. 
Hence the two hyperbolic sections are each equal to the given 
hyperbola. 


There are no other equal sections having their vertices on 


OC. 


For (1), if such a section were possible and OH were parallel 
to the axis of such a section, OH could not be coincident 
either with OQ or OQ'. This is proved after the manner of 
the preceding proposition for the parabola. 


If then (2) OH meet BC in H, QQ in E, and the circle 
again in K, we should have, if the section were possible, 
αα :al=OH’: BH.HC 
—O0H^ : OH. HK 
=OH:HK; 
which is impossible, since 
αα :al- OI : IE-OH : AR. 
II. If OI? : BI? xao! : al, we shall have OJ : ID --αα : al, 
and OQ, OY will both coincide with OD. 


In this case there will be only one section equal to the 
given hyperbola whose vertex is on OC, and the axis of this 
section will be perpendicular to BC. 


III. If OI? : BI? » αα : al, no section can be found in the 
right cone which is equal to the given hyperbola. 


For, if possible, let there be such a section, and let ON be 
drawn parallel to its axis meeting BC in N. 


Then we must have aa’: al= ON’ : BN . ΝΟ, 
so that ΟΙ: DBI.IC»0N?: BN.NC. 
But ON* > OF, while BZ. IC > BN . NC: which is absurd. 
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Proposition 119. 
[VI. 30.] 


In a given right cone to find a section equal to a given ellipse. 


In this case we describe the circle about OBC and suppose 
F, F' taken on BC produced in both directions such that, if 
OF, OF’ meet the circle in Q, Q', 


ΟΕ: FQ- OF' : F'Q' =ad : al. 





Then we place straight lines AA’, A,A; in the angle BOC 
so that they are each equal to aa’, while AA’ is parallel to 
OQ and A,A, to OY. 


Next suppose planes drawn through AA’, A,A; cach 
perpendicular to the plane of OBC, and these planes determine 
two sections each of which 15 equal to the given ellipse. 


The proof follows the method of the preceding proposition. 
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Proposition 120. 
[VI. 31.] 


To find a right cone similar to a gwen one and containing 
a given parabola as a section of it. 


Let OBC be an axial section of the given right cone, and 
let the given parabola be that of which AJN is the axis and AL 
the latus rectum. Erect a plane passing through AN and 
perpendicular to the plane of the parabola, and in this plane 
make the angle VAM equal to the angle OBC. 





Let 4 M be taken of such a length that AL : AM = BC : BO, 
and on AM as base, in the plane MA N, describe the triangle 
EAM similar to the triangle OBC. Then suppose a cone 
described with vertex Æ and base the circle on A M as diameter 
in a plane perpendicular to the plane EA M. 

The cone FAM will be the cone required. 

For ZMAN-ZZOBCzzEAM-zEMA;j; 
therefore EM is parallel to AN, the axis of the parabola. 


Thus the plane of the given parabola cuts the cone in a 
section which is also a parabola. 


Now AL: AM= RBC : BO 
=ANM: AE, 
or AIMV=EA.AL; 


' AMW: AE. EM=AL: EM 
=AL : ΚΑ. 
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Hence AL is the latus rectum of the parabolic section of 
the cone made by the plane of the given parabola. It is also 
the latus rectum of the given parabola. 


Therefore the given parabola is itself the parabolic section, 
and EAM 15 the cone required. 


There can be no other right cone similar to the given one, 
having its vertex on the same side of the given parabola, and 
containing that parabola as a section. 

For, if another such cone be possible, with vertex F, draw 
through the axis of this cone a plane cutting the plane of the 
given parabola at right angles. The planes must then intersect 
in AN, the axis of the parabola, and therefore F must lie in the 
plane of HAN. 

Again, if AF, FR are the sides of the axial triangle of the 
cone, FR must be parallel to AN, or to EM, and 


ZAFR-— BOC= 2 AEM, 


so that F must lie on AE or AE produced. Let AM meet 
FR in R. 
Then, if AL’ be the latus rectum of the parabolic section of 
the cone FARK made by the plane of the given parabola, 
AL’: AF- ARP: AF.FR 
=AM*: AE. EM 
=AL: AE. 
Therefore AL’, AL cannot be equal; or the given parabola 
is not a section of the cone FAR. 


Proposition 121. 
[VI. 32.] 


To find a right cone similar to a given one and containing a 
given hyperbola as a section of tt. (If OBC be the given cone and 
D the centre of its base BC, and if AA’, AL be the axis and 
parameter of the given hyperbola, « necessary condition of 
possibility 15 that the ratio OD* : DB? must not be greater than 
the ratio AA’: AL.) 


216 THE CONICS OF APOLLONIUS. 


Let a plane be drawn through the axis of the given 
hyperbola and perpendicular to its plane; and on A'A, in the 
plane so described, describe a segment of a circle containing an 





angle equal to the exterior angle B’OC at the vertex of the 
given cone. Complete the circle, and let EF be the diameter 
of it bisecting AA’ at right angles in J. Join A'E, A E, and 
draw AG parallel to EF meeting A'E produced in G. 


Then, since EF bisects the angle A'EA, the angle EGA 
is equal to the angle HAG. And the angle AEG is equal 
to the angle BOC, so that the triangles HAG, OBC are similar. 


Draw EM perpendicular to AG. 

Then Οὔ”: DB’? = EM’ : MA? 
= IA’: EI” 
= FI : IE. 

I. Suppose that 

OD*: DB’? < AA’: AL, 
so that FI: IE<AA’: AL. 
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Take a point H on EJ such that FI : JH=AA’': AL, and 
through H draw the chord QQ’ of the circle parallel to AA’. 
Join A’Q, AQ, and in the plane of the circle draw AR making 
with AQ an angle equal to the angle OBC. Let AR meet 
A'Q produced in R, and QQ’ produced in N. 


Join FQ meeting AA’ in K. 
Then, since the angle QA R is equal to the angle OBC, and 
ZFQÀA-1272A'QA — 17 DB'OC, 
AR is parallel to FQ. 
Also the triangle QAR is similar to the triangle OBC. 


Suppose a cone formed with vertex Q and base the circle 
described on A R as diameter in a plane perpendicular to that 


of the circle FQA. 


This cone will be such that the given hyperbola is a 
section of it. 


We have, by construction, 
AA’: AL- FI : IH 
= FK : KQ, by parallels, 
= FK. Κω: KQ’ 
— A'K.KA : KQ. 
But, by the parallelogram QA Y, 
A'K : KQ=QN : NR, 
and KA: KQ=QN : NA, 
whence A'K.KA: KQ?=QN’?:AN.NR. 


It follows that 
AA’: AL=QN’?:AN.NR. 


Therefore [Prop. 2] AZ is the parameter of the hyperbolic 
section of the cone QAR made by the plane of the given 
hyperbola. The two hyperbolas accordingly have the same 
axis and parameter, whence they coincide [Prop. 110 (2)]; and 
the cone QAR has the required property. 
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Another such cone is found by taking the point Q' instead 
of Q and proceeding as before. 


No other right cone except these two can be found which 
is similar to the given one, has its apex on the same side of the 
plane of the given hyperbola, and contains that hyperbola as a 
section. 


For, if such a cone be possible with apex P, draw through 
its axis a plane cutting the plane of the given hyperbola at 
right angles. The plane thus described must then pass 
through the axis of the given hyperbola, whence P must lie in 
the plane of the circle FQA. And, since the cone is similar to 
the given cone, P must lie on the arc A'QA. 


Then, by the converse of the preceding proof, we must have 
(if FP meet A’A in 7) 
AA AL=Fr: TP: 
OFT: LPFI ΤΠ, 
which is impossible. 
II. Suppose that 
OD’: DB’ = AA’: AL, 
so that FI: IE = ΑΑ’: AL. 


In this case Q, Q' coalesce with E, and the cone with 
apex δ and base the circle on AG as diameter perpendicular 
to the plane of FQA is the cone required. 


III. If 0D': DB' 2 AA' : AL, no right cone having the 


desired properties can be drawn. 


For, if possible, let P be the apex of such a cone, and we 
shall have, as before, 


FT:TP-2AA': AL. 
But AA’: AL «0D? : DB}, or FI: IE. 
Hence FT : TP « FI : IE, which is absurd. 


Therefore, ctc. 


PROBLEMS. 219 


Proposition 122. 
[VI. 33.] 


To find a right cone similar to a given one and containing 
a given ellipse as a section of it. 

As before, take a plane through AA’ perpendicular to the 
plane of the given ellipse; and in the plane so drawn describe 
on AA’ as base a segment of a circle containing an angle equal 
to the angle BOC, the vertical angle of the given cone. Bisect 
the arc of the segment in F. 


Draw two lines FK, FK’ to meet AA’ produced both ways 
and such that, if they respectively meet the segment in Q, Q’, 


FK :KQ-FK':K'Q'—AA' : AL. 


Draw QN parallel to AA’, and AN parallel to QF, meeting in N. 
Join AQ, A’Q, and let A'Q meet AN in R. 


F 
N ο 


Per. 
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Conceive a cone drawn with Qas apex and as base the circle 
on AR as diameter and in a plane at right angles to that 
of AFA’. 

This cone will be such that the given ellipse is one of 
its sections. 
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For, since FQ, AR are parallel, 


Z FQR= Z ARQ, 

. LARQ=2ZFAA’ 
= Z OBC. 

And 2 AQR= < AFA’ 
= Z BOC. 


Thercfore the triangles QAR, OBC are similar, and likewise 
the cones QAR, OBC. i 


Now AA’: AL=FK: KQ, by construction, 
=FK.KQ: ΚΩ’ 
—A'K.KA: ΚΩ’ 
—(A'K : KQ).(KA: KQ) 
=(QN: VR).(QN: NA), by parallels, 
—QN*: AN.NR. 


Therefore [Prop. 3] AL is the latus rectum of the elliptic 
section of the cone QAR made by the plane of the given 
ellipse. And AL is the latus rectum of the given ellipse. 
Therefore that ellipse is itself the elliptic section. 


In like manner another similar right cone can be found with 
apex Q’ such that the given ellipse is a section. 


No other right cone besides these two can be found satis- 
fying the given conditions and having its apex on the same 
side of the plane of the given ellipse. For, as in the preceding 
proposition, its apex P, if any, must lie on the arc AFA’. 
Draw PM parallel to A’A, and A'M parallel to FP, meeting 
in M. Join AP, A'P, and let AP meet A'M in S. 


The triangle PA'S will then be similar to OBC, and we 
shall have PM? : A'M. MS = AT.TA': TP* FT. TP: TP’, in 
the same way as before. 

We must therefore have 

AA’: AL FT: ΤΡ: 
and this 1s impossible, because 


AA’: AL 2 FK: KQ. 


VALUES OF CERTAIN FUNCTIONS OF THE 
LENGTHS OF CONJUGATE DIAMETERS. 


Proposition 123 (Lemma). 
[VII. 1.] 


In a parabola*, of PN be an ordinate and AH be measured 
along the axis away from N and equal to the latus rectum, 


AP*=AN.NH. [SAN (AN + »4)] 





This is proved at once from the property PN’ = pa. AN, by 
adding AN?’ to each side. 


Proposition 124 (Lemma). 
[VII. 2, 3.] 


If AA’ be divided at H, internally for the hyperbola, and 
externally for the ellipse, so that AH: Η Α΄ =pa: AA’, then, 
uf PN be any ordinate, 


ΑΡ’. AN. NH— AA': A’H. 


* Though Book VII. is mainly concerned with conjugate diameters of a 
central conie, one or two propositions for the parabola are inserted, no doubt 
in order to show, in connection with particular propositions about a central 
conic, any obviously corresponding properties of the parabola. 
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Produce AN to K, so that 
AN.NK «PN*; 


thus AN.NK:AN.A'N 
—PN':AN.A'N 
= pe 44. [ Prop. 8] 
= AH: A'H, by construction, 

or NK: ΑΝ 2 AH : A'H. 





It follows that 


A'N+ NK: A'N=A'H+ AH: ΑΗ 
(where the upper sign applies to the hyperbola). 


Hence A'K : A'N- AA': A'H ; 
 ΑΚΗΕΑΑ’: ΑΝ 1 ΑΗ -- ΑΑ’: 4Η, 
or AK: NH=AA’: ΑΗ. 


Thus AN.AK: AN. NH- 44’: A'H. 
But AN. AK = AP?, since AN. NK = PN? 
Therefore AP?: AN. NH = AA': A' H. 


The same proposition is true if AA’ is the minor axis of an 
ellipse and p, the corresponding parameter. 
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Proposition 125 (Lemma). 
[VIL 4.] 


If in a hyperbola or an ellipse the tangent at P meet the axis 
AA’ in T, and if CD be the semi-diameter parallel to PT, then 


PF -CDS NT CN. 





Draw AE, TF at right angles to CA to meet CP, and 
let AE meet PT in O. 


Then, if p be the parameter of the ordinates to PP’, 
we have 


5 : PT=OP: PE. [ Prop. 23] 


Also, since CD is parallel to PT, it is conjugate to CP. 


Therefore E. CD ΕΜ a a ο ο) (1). 
Now OP Περώ TP ere 
t : PT=PT: PF, 

or ο αρ Αν c (2). 


From (1) and (2) we have 
PT CDPD Ρα. ον 
ZNI OCN. 
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Proposition 126 (Lemma). 
[VII. 5.] 


In a parabola, if p be the parameter of the ordinates to the 
diameter through P, and PN the principal ordinate, and if AL 
be the latus rectum, 





Let the tangent at A meet PT in O and the diameter 
through P in Æ, and let PG, at right angles to PT, meet 
the axis in G. 


Then, since the triangles PTG, EPO are similar, 


GT:TP=OP: PE, 


7 GT-b MAE (1.  [Prop. 22] 
Again, since TPG is a right angle, 
TN .NG = PN? 
=LA.AN, 
by the property of the parabola. 
But TN =2AN. [Prop. 12] 
Therefore 4p NO E Um E (2); 
thus AL--4AN-2(TN + NG) 
= 2TG 


= p, from (1) above. 
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[.Vote. The property of the normal (NG — half the latus 
rectum) is incidentally proved here by regarding it as the 
perpendicular through P to the tangent at that point. Cf. 
Prop. 85 where the normal is regarded as the minimum straight 
line from G to the curve.] 


Der. If AA’ be divided, internally for the hyperbola, and 
externally for the ellipse, in each of two points H, H’ such that 
A'H: AH= AH’: ΑΗ AÁA': pa, 
where p, is the parameter of the ordinates to Ad’, then AH, 
ΑΗ’ (corresponding to p, in the proportion) are called 

homologues. 


In this definition AA’ may be either the major or the 
minor axis of an ellipse. 


Proposition 127. 
(VII. 6, 7.] 


If AH, A'H' be the “homologues” in a hyperbola or an 
ellipse, and PP’, DD’ any two conjugate diameters, and if AQ 
be drawn parallel to DD’ meeting the curve in Q, and QM be 
perpendicular to AA‘, then 


PP”: ΠΡ’- ΜΗ’: ΜΗ. 
Join A’Q, and let the tangent at P meet AA’ in T. 
Then, since A'C = CA, and QV = VA (where CP meets QA 
in V), A'Q is parallel to CV. 
Now PT CD = NT CN [Prop. 125] 
= AM: A'M, by similar triangles. 
And, also by similar triangles, 
CPP PT = AQ AQ; 
whence, ec aequali, 
CP’: CD' Z (AM: A'M).(A'Q* : AQ’) 
=(AM: A'M) x(A'Q': A'M. MH’) 
x (A'M. ΙΗ’: AM. MH)x(AM.MH : AQ’). 
H. C. 15 
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But, by Prop. 124, 
A'Q*: A'M. MH’ = 44’: AH, 
and AM.MH : AQ? = A'H: AA — AH': AM’ 
Also Α΄’. ΛΜ’: AM. MH -(A'M: AM).(MH' : MH). 
It follows that 
CP’: CD? = MH’: MH, 
or PP®: DD? = MH': MH. 
This result may of course be written in the form 
PP’: p=MH’: MH, 


where p is the parameter of the ordinates to PP’. 


Proposition 128. 
[VII. 8, 9, 10, 11.] 
In the figures of the last proposition the following relations 
hold for both the hyperbola and the ellipse : 
(1) AA^:(PP' c DD'  A'H. MH':(MH' £V MH.MH"y, 
(2) AA": PP'. DD'- A'H: WMH.MH', 
(3) 44°”: (PP £ DD)  A'H: MH + MH". 
(1) We have 
AA”: PP” SCA CP’; 
SAAS ΡΩΝ CIT CCP [Prop. 14] 
= ÕM. A'A: AR, 
by similar triangles. 
Now 40”: ΑΜ. ΙΗ’ - AA’: AH" [Prop. 124] 
= AA’: ΑΗ 
= A’M.A'A: A'M.A'H, 
whence, alternately, 
A'M.A'A : A'Q*  A'H. A'H: A'M. MH", 
Therefore, from above, 
AAS ΕΕ =A MI απο (a), 
= A’H. MH’: ΔΗ͂", 
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Again, PP”: DD” = MH’: MH ...(8), [Prop. 127] 
= MH": ΜΗ. ΜΗ”: 
S PP’: ΒΡ’ = ΜΗ’ νΝΜΗ. ΜΗ’ ...... (y). 
Hence PP’: ΡΡ’ 1 DD'=MH’': MH’ + /MH. ΜΗ’, 
and PP”: (PP' +4 DD'F = MH” :(MH' + VMH.MH'F. 
Therefore by (a) above, ex aequali, 
AA": (PP' + DDF = ΑΗ. ΜΗ’ :(MH' + /VMH.MH^y. 
(2) We derive from (y) above 
PP^:PP'.DD'- MH': WMH.MH'*. 
Therefore by (a), ex aequali, 
AA”: PP’. DD’ =A’'H:VMH. ΜΗ’. 
(3) From (8), 
PP’ :(PP"” + DD”)= MH’: MH + ΜΗ’. 
Therefore by (a), ex aequali, 
A4": (PP^ 4 DD')—- A'H: MH + ΜΗ’. 


Proposition 129. 
[VII. 12, 13, 29, 30.] 
In every ellipse the sum, and in every hyperbola the difference 


of the squares on any two conjugate diameters is equal to the sum 
or difference respectively of the squares on the axes. 


Using the figures and construction of the preceding twc 
propositions, we have 


AA”: BB"^- AA’: p, 
= 4Η: AH, by construction, 


= A'H : A'H'. 
Therefore 


AA”: AA" c BB” = ΑΗ: ΑΗ. A'H' 
(where the upper sign belongs to the ellipse), 
Or AA”: AA" +4 BB” = A'H: HH’ 
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Again, by (a) in Prop. 128 (1), 
24 PPSA H: MH, 
and, by means of (8) in the same proposition, 
PP”: (PP” + DD”) = MH’: MH + MH’ 
= MH’: HH’. 
From the last two relations we obtain 
AA” : (PP? DD')- ΑΗ: HH", 
Comparing this with (a) above, we have at once 


(PP? 4 DD^) =(AA” + BB), 


Proposition 130. 
[VII. 14, 15, 10, 17, 18, 19, 20.] 


The following results can be derived from the preceding 
propositions, viz. 
(1) For the ellipse, 
AA”: PP” ~ DD° =A H : 20011: 


and for both the ellipse and hyperbola, if p denote the parameter 
of the ordinates to PP’, 


(2) AA”: p= A'H. MH': MH’, 
(3) AA": (PP'E£py  A'H. MH': (MH + MH y, 
(+) AA”: PP’. p- AH: MH, and 
(5) AA”: PP? + p=A'H.MH': MH” + MH". 
(1) We have 
AA”: PP? = ΑΗ : MH’, (Prop. 128 (1), (a)] 
and PP": PP? ~ DD” =MH': MH’ ~ MH [ιδιά., (8)) 
= MH’: 2CM in the ellipse. 
Therefore for the ellipse 
AA": PP" ~ DD" 2 A'H : 20M. 
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(2) For either curve 
AA”: PP*®=A'H: MH’, as before, 
= A'H. MH': ΜΗ”, 
and, by Prop. 127, 
PPP p= MAEM ; 
^. AA”: ΡΤΞΑΠ. MA’: MH’. 
(3) By Prop. 127, 
PP':p2 MH': MH; 
e PP”: (PP' 4p =MH" : (MA x MH’. 
And AA": PP®=A'H. MH’: MH”, as before ; 
SAA (TP Ep =A H MH’: (MH + MH). 


(+) AA”: PP”= ΑΗ: MH’, as before, 
and Εμ εὐ; 
= ΛΗ’: MH; [Ρτορ. 127] 
^ AA®: PP'.p- A'H: MH. 
(5) AA”: PP"— A'H. MH': MH”, as before, 
and PP”: PP”? 4p = MH”: MH" + MH’, 


by means of Prop. 127; 
|. AA": PP” gi A'H. MH': MH” + ΜΗ", 


Proposition 131. 

[ VH. οι 22, 23-] 

In a hyperbola, if AA’ me BB’, then, if PP', DD' be any 

> 

or< 
decreases 

or ?ncreases 


other two conjugate diameters, PP’ DD' respectively ; and 


the ratio PP’: DD’ continually | as P moves 


further from A on either side. 
Also, if AA' = BB’, PP’ = DD’ 
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(1) Of the figures of Prop. 127, the first corresponds to 
the case where A A' » BB’, and the second to the case where 
AA’ « BB’. 


first ME 
Taking then the eee i figure respectively, it follows 
from 
PP?: DD” = MH’: MH [Prop. 127] 
,. > / 
that Dp DD. 
Also AA*: BB? =AA’: pg=A‘H : AH, by construction, 
= AH’: AH, 
and AH': AH „Zz MH’: MH, 


while WH’: MH ..... continually as M moves further 
or increases 


from A, ie. as Q, or P, moves further from A along the curve. 
Therefore AA”: BB” as PP”: DD”, 


diminishes 


and the latter ratio j as P moves further from A. 
or increases 


And the same is true of the ratios 
AA’: BB’ and PP’: DD’. 
(2) If AA’= BB’, then A A’=p,, and both H and H’ 
coincide with C. 
In this case therefore 
AH=AH'=AC, 
MH = MH’ = CM, 
and PP’ = DD’ always. 


Proposition 132. 
[VIIL 24.] 
In an ellipse, if AA’ be the major, und BB’ the minor, axis, 
and if PP’, DD’ be any other two conjugate diameters, then 
AA’: BB’> PP’: DD’, 
and the latter ratio diminishes continually as P moves from 


À to B. 
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We have CA*: ΟΒΞΑΝ.ΝΑ’: ΡΝ᾽, 
SUN να VS 
and, adding CN” to each, 
CA? > CP’, 
or du ae ce ο το σος ore (1). 





Also CB’: CA? = BM. MB’: DMP, 
where DM is the ordinate to BB’. 
Therefore BM.MB’ < DM", 
and, adding CM”, CB'«CD'; 
ΒΡ e DD ee ο ο (2). 
Again, if P,P/, D,D’ be another pair of conjugates, P, 


being further from A than P, D, wil be further from B 
than D. 


And AN WA ANCONA = PN: PNE. 
But AN,.N,A'- AN.NÀ',; 
MSS 
and AN,.N,A'-AN.NA'’>PN?- PN. 
But, as above, AN,.N,A'» PN? 


ος, 
and 4AN,.N,A'— AN. NA'-2CN*— CN, 
n. C! CN? > PN? - PH’; 
thus CP > CPF, 
or FEET e ο ο (3). 


In an exactly similar manner we prove that 


νε μα ες. (4). 
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We have therefore, by (1) and (2), 
AA’: BB’ > PP': DD’, 
and, by (3) and (4), PP’: DD’ > P,P’: 0”. 
Cor. It is at once clear, if pa, p, p, are the parameters 
corresponding to AA’, PP’, P,P’, that 


Y 1? 


Da«p ος, etc. 


Proposition 133. 
[VII. 25, 26.] 
(1) Ina hyperbola or an ellipse 
AA’ + BB’ < PP’+ DD’, 
where PP’, DD’ are any conjugate diameters other than 
the axes. 

(2) In the hyperbola PP’ + DD’ increases continually as P 
moves further from A, while in the ellipse it increases as P 
moves from A until PP’, DD’ take the position of the equal 
conjugate diameters, when it is a maximum. 

(1) For the hyperbola 

AA" ~ BB” = PP” ~ DD” [Prop. 129] 
or (dA’ 4 BB’). (Ad’ ~ BB^=(PP'+ DD).(PP' ~ DD"), 
and, by the aid of Prop. 191, 
AA’ ~ BB’>PP’~ DD’; 
^ AA’+ BB’ <PP'+ 9)’. 

Similarly it is proved that PP’+ DD' increases as P moves 
further from 4. 

In the case where AA’ = BB’, PP'Z DD’, and PP’> AA’; 
and the proposition still holds. 

(2) For the ellipse 

Ad’: BB’ > PP’: DD'; 
^ (Ad? + BB?):(AA' + BBY > (PP* + DD): (PP' - DD'y* 
But AA" + BB” = PP" - DD"; [ Prop. 129] 
^ AA'+ BB'« PP' EDD. 


* Apollonius draws this inference directly, and gives no intermediate steps. 
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Similarly it may be proved that PP’+ DD’ increases as 
P moves from A until PP’, DD’ take the position of the equal 
conjugate diameters, when it begins to diminish again. 


Proposition 134. 
(VII. 27.] 
In every ellipse or hyperbola having unequal axes 
AA’ ~ BB’ > PP’ ~ DD’, 
where PP’, DD’ are any other conjugate diameters. Also, as P 
moves from A, PP’ ~ DD’ diminishes, in the hyperbola con- 
tinually, and in the ellipse until PP’, DD’ take up the position 
of the equal conjugate diameters. 


For the ellipse the proposition is clear from what was 
proved in Prop. 132. 

For the hyperbola 

AA” ~ BB” = PP” ~ DD", 

and PI AA. 

It follows that 

AA’ ~ BBD'-5 PP' - DD’, 

and the latter diminishes continually as P moves further 
from 4. 


[This proposition should more properly have come before 
Prop. 133, because it is really used (so far as regards the 
hyperbola) in the proof of that proposition. | 


Proposition 135. 
[VII. 28.] 
In every hyperbola or ellipse 
AA’. BB’ < PP’. DD’, 

and PP’, DD’ increases as P moves away from A, in the 
hyperbola continually, and in the ellipse until PP’, DD’ coincide 
with. the equal conjugate diameters. 

We have AA’+ BB’ « PP’+ DD, [Prop. 133] 
so that ^ ΑΔ’ + BBY <(PP’ + DD'Y. 


gt 
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And, for the ellipse, 


AA" + BB” = PP” + DD”. (Prop. 129] 
Therefore, by subtraction, 
AA’. BB’ < PP’. DD', 


and in like manner it will be shown that PP. DD’ increases 
until PP’, DD’ coincide with the equal conjugate diameters. 

For the hyperbola [proof omitted in Apollonius] PP’ > AA’, 
DD’ > BB', and PP’, DD’ both increase continually as P moves 
away from A. Hence the proposition is obvious. 


Proposition 136. 
[VII. 31.] 


If PP’, DD’ be two conjugate diameters in an ellipse or 
in conjugate hyperbolas, and if tangents be drawn at the four 
extremities forming a parallelogram LL'MM', then 

the parallelogram LEMM = rect. AA’. BB’. 

Let the tangents at P, D meet the axis AA’ in T, T" 

respectively. Let PN be an ordinate to AA’, and take a 


length PO such that 
PO? HCN. NT. 


Now σα”. CP ZCN.NT: PN? [ Prop. 14] 
PO ΕΝ, 
Or CA:CB-PO:PN; 


CA CA CRS PO.CT:CT.PN. 
Hence, alternately, 
CA’: PO.CT=CA.CB:CT.PN, 
or OL CN ο οσα ος ο PN ως (1). 
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Again, DPI*-CD'—NT.CN, [Prop. 125] 
so that 2ACPT:2AT’DC=NT: CN. 


But the parallelogram (CZ) is a mean proportional between 
2ACPT aud 2AT'DC, 


for 2ACPT : (CL) - PT : CD 
= CP : DT 
— (CL) : 2AT'DC. 
Also PO is a mean proportional between CN and NT. 
Therefore 
2ACPT :(CL) 2 PO: CN = PO.CT:CT.CN 
=CT.PN:CA.CB, from (1) above. 
And 2ACPT=CT.PN; 
^. (CD) 2 CA . CB, 
or, quadrupling each side, 
LCJLLMM'- AA’. BB’. 


Proposition 137. 
(VII. 33, 34, 35.] 
Supposing Pa to be the parameter corresponding to the axis 
AA’ in a hyperbolu, and p to be the parameter corresponding 
to a diameter PP’, 


(1) if AA’ be not less than pa, then pa « p, and p increases 
continually as P moves further from d; 
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(2) if AA’ be less than pq but not less than D. then p, < p, 


and p increases as P moves away from A ; 


(3) if AA' < Pa , there can be found a diameter P,P, on 


either side of the axis such that pp=2P,P,. Also p, is less 
than any other parameter p, and p increases as P moves further 
from P, in either direction. 
(1) (a) If A Α΄ = pg, we have [Prop. 131 (2)] 
PP'zy-DDS 
and PP’, and therefore p, increases continually as P moves 
away from A. 


(b If AA'»p,, AA'» BB', and, as in Prop. 131 (1), 
PP' : DD', and therefore PP': p, diminishes continually as P 
moves away from A. But PP’ increases. Therefore p in- 
creases all the more. 


(2) Suppose AA’ «p, but εἷς. 


Let P be any point on the branch with vertex A; draw 
A'Q parallel to CP meeting the same branch in Q, and draw 
the ordinate QM. 


Divide A'A at H, H' so that 
ΑΗ: HAZ ΑΠ’: H'A = As: pu, 


as in the preceding propositions. 
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Therefore AAP ope =A HAT AH ues (a). 
We have now AH > AH’ but } 24Η’. 
And MH + HA >2AH; 
-. MH+HA:AH>AH: 4Η’, 
or (MH 3 AY AH, S AH Lee (8). 


It follows that 
(MH + HA) AM : («MH + HA) 4Η’, or AM: ΑΗ’, 
< (MH + HA) AM: AH’. 
Therefore, componendo, 
ΛΗ’: AH’ <(MH+ HA)AM+ AH’: AH’ 
«ΜΗ AT ene μες (y), 
whence A'H.MH': A'H.AH'« ΜΗ’: AH’, 
or, alternately, 
A'H.MH': MH’ « A'H.AH': AH’. 
But, by Prop. 130 (2), and by the result (a) above, these 
ratios are respectively equal to AA”: p°, and AA”: pa. 
Therefore AA”: p< AA”: pa’; 
or | Pa <P- 
Again, if P, be a point further from A than P is, and if 
A'Q, is parallel to CP,, and M, is the foot of the ordinate QM,, 
then, since AH *2AH', 


MH «2MH'; 
also ΜΗ + HM > 2MH. 
Thus (M,H + HM) MH’ > ΜΗ" 


This is a similar relation to that in (8) above except that 
M is substituted for A, and M, for M. 


We thus derive, by the same proof, the corresponding result 
to (y) above, or 


M,H’: MH' < MH’: MA’, 
whence A’H.M,H': M,H'« ΑΗ. ΜΗ’: ΜΗ», 
or AA”: pp? < AA" : p’, 
so that p « p,, and the proposition is proved. 
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(3) Now let AA’ be less than £7. 


Take a point M, such that HH’ = H'M,, and let Q., P, be 
related to M, in the same way that Q, P are to M. 


Then P,P,:p = MH’: MH. (Prop. 127] 
It follows, since HH’ = H'M,, that 
ps2 


Next, let P be a point on the curve between P, and 4, 
and Q, M corresponding points. 


Then M,H'.H'M« HH”, 
since ΛΗ’ < M, H’. 
Add to each side the rectangle (MH + HH’) MH’, and we 


have 
(M, H + HM) MA’ < MH”. 


This again corresponds to the relation (8) above, with M 
substituted for A, M, for M, and < instead of >. 

The result corresponding to (y) above is 

M,H': MH’> ΜΗ”: MH’; 
^e 4Η. MH’: MH’ > 4Η. MH’: MIT, 

or AA”: pi > AA”: p. 

Therefore p» 

And in like manner we prove that p increases as P moves 
from P, to A. 

Lastly, let P be more remote from A than P, is. 

In this case H'M»H'M,, 
and we have MH’.H'M,> HH”, 
and, by the last preceding proof, interchanging M and M, and 
substituting the opposite sign of relation, 

ΑΑ”:γ᾽ς AA”: py, 

and p > po. 

In the same way we prove that p increases as P moves 
further away from P and A. 

Hence the proposition is established. 
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Proposition 138. 
[VIL 36.] 
In a hyperbola with unequal axes, of pa be the parameter 
corresponding to AA’ and p that corresponding to PP’, 
AA’ ~ p,» PP’ ~p, 
and PP’ ~ p diminishes continually as P moves away from A. 
With the same notation as in the preceding propositions, 
ΑΗ: HA=AH’: H'A'2 AA': pa, 
whence AA” :(AA’ ~ p. = AH. AH’: HH”. 
Also [Prop. 130 (3)] 
AA”:(PP’ - pr ΑΗ. MH’: HH”. 


But ΑΗ. ΜΗ» ΑΗ. 4Η’. 
^. AA? : (PP' -) > AA": (AA' ~ pay’. 
Hence AA’ ~ p, » PP’ - p. 


Similarly, if P, M, be further from A than P, M are, 
we have 
4Η. M,H'»- A'H.MH', 
and it follows that 
LP “ρου 


and so on. 


Proposition 139. 
(VII. 37.] 


In an ellipse, if P,P’, DoDo be the equal conjugate diameters 
and PP’, DD’ any other conjugate diameters, and tf po, P, Pa, po 
be the parameters corresponding to P,P’, PP’, AA’, BB’ 
respectively, then 

(1) AA’ ~ p, ts the maximum value of PP’ ~p for 
all points P between A and P,, and PP’ ~ p diminishes con- 
tinually as P moves from A to Py, 
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(2) BB'- p, is the maximum value of PP’ ~p for all 
points P between B and P,,and PP’ ~ p diminishes continually 
as P passes from B to Py, 


(3) BB'~ w> AS’ ~pa. 
The results (1) and (2) follow at once from Prop. 132. 


(3) Since p, : BB’= AA’: pg, and pp > AA’, it follows at 
once that BB’ ~ p > AA’ ~ pa. 


Proposition 140. 
[VII. 38, 39, 40.] 


(1) Ina hyperbola, if AA’ be not less than } pa, 
PP'+p>AA'+ pa, 

where PP’ is any other diameter and p the corresponding 
parameter; and PP’+p will be the smaller the nearer P 
approaches to A. 

(2) If AA’<1 4, there is on each side of the axis a 
diameter, as P,P, such that P,P =4po; and P,Pj + p, is 
less than PP’ + p, where PP’ is any other diameter on the same 


side of the axis. Also PP’ + p increases as P moves away from 
P: 


(1) The construction being the same as before, we suppose 


(a) AA’ € Da. 
In this case [Prop. 137 (1)] PP’ increases as P moves from 
A, and p along with it. 


Therefore PP’ + p also increases continually. 
(b Suppose AA’< py but ¢ } pa; 
^e AM’44AH; 

thus AH'& 1(AH c AH?), 
and (AH + AH).4AH'&(AH -- AH^). 

Hence 4(4H--AH')AM:4(AH-AH')AH',or AM:AH', 

P4(AH+All')AM (AH οἱ) 
H. C. 16 
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and, componendo, 
MH':AH' *4(AH - AH)AM - (AH + ΑΗ" : (AH + AH^y. 
Now 
(MH + ΜΗ -(AH ΑΗ) - 2AM(MH - MH' AH - AH?) 
>4AM(AH+AHA’); 
^ 4AM(AH - AH) x (AH - AH « (MH + MEY. 
It follows that 
MH':AH'«(MH -MH'y:(AH - AH^y, 
or A'H.MH':(MH 4 MH'y« A'H. AH': (AH c AH^y ; 
^ AA”: (PP'+pf < AA”: (AA' + pa) [by Prop. 130 (3)]. 


Hence AA’ t p, « PP' 4 p. 
Again, since AH'& 1(AH -- AH?) 
MH’ » 1Η + ΜΗ’); 


^ 4(MH + MA’) MH’ > (MH + ΜΗ’. 
And, if P, be another point further from A than P is, and 


Q,, M, points corresponding to Q, M, we have, by the same proof 
as before (substituting M for A, and M, for M), 


ΑΗ. ΜΗ’: (M,H - MH'Y« AH. ΜΗ (MH + MEY. 
We derive PP’ + p< P,P + pi; 
and the proposition is established. 
(2) We have AH’<1AH, so that AH'« 4 HH'*. 
Make H’M, equal to 4 HH’, so that M,H' — 1 Μι. 


Then P,P/:p,— M,H': M,H =1: 3, 
and pp Eo : 
Next, since M,H' Z1M,H, 


M,H' -- Y(4,H + MH). 
Now suppose P to be a point between A and /, so that 
M,H’ > ΜΗ’; 
<. (MH + ΜΗ) > (M,H + MH’). 4M, Η΄. 
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Subtracting from each side the rectangle (M, H + MH’). 4MM,, 
(MH + ΜΗ» (M,H + MH).4MH'; 
^ (MA 4-MH^).4MM, : (QM,H + MH’) AM, or MM,: MH", 
> (MH + MH).4MM,: (MH + MI y. 
Therefore, componendo, 
M, H’: MR'>(M,H+ MH').48MM,À-(MH +MH'F:(MH+MH'F 
> (ALH + M, H'F : (MH + MH*y. 
Hence 
ΑΗ. M,H’:(M,H+ ΙΗ» A'H.MH': (MH + MH Py. 
Therefore [Prop. 130 (3)] 
A4" : (BP, +) > AA": (PP' + py, 
and PP’+p>P,Po +p. 
Again, if P, be a point between P and A, we have 
(MH + MH'y » (MH + MM H).4MH', 
and we prove exactly as before that 
P,P/ p» PP' +p, 


and so on. 
Lastly, if MH > M,H, we shall have 
(MH + M,H^).4M,H' 5 (M,H 1- M,H*y. 


If to both sides of this inequality there be added the 
rectangle (MH + M,H^). 4M M,, they become respectively 


(MH + M,H^).4MH' and (MH + MH*y, 
and the method of proof used above gives 
P,P’ + p< PLP’ + p, 
and so on. 


Hence the proposition 1s established. 
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Proposition 141. 
[VII. 41.] 


In any ellipse, if PP’ be any diameter and p its parameter, 
PP'+p>AA'+ pq, and ΓΡ’ - p ts the less the nearer P is to 
A. Also BB' c p> PP' 4 p. 





With the same construction as before, 
A'H: HA=AH’: ΗΑ’ 
SAA pa 
= m : BB’. 
Then A44^":(AA'tpy-A4'H': HH” 
ZAHM CAM αμ... (a). 
Also AA" = DB —AA <)>, =A AH 
= A'H.A'H': 4Η” 5. 
and BB” : (BB +) = A’H” : HH” 
Therefore, ex aequali, 
AA (BB +9, =A HUA HU (B). 
From (a) and (8), since AH’ > A'H', 
AA’ + p, « BD' + py. 
Again AA”: (PP'+ př — ΑΠ. ΜΗ’: HH”, [Prop. 190 (3)] 
and AA”: (0, ΕΥ cp Y- A'H.MMH': HH", 
where P, is between P and B, from which it follows, since 
ΑΗ’ » ΜΗ'/ » ΠΗ’ » Α΄ Η’, 
that AA’+pa< PP’ +p, 
PP'+p< P,P +p, 
P,P +p < BB’ +p, 


and the proposition follows. 


LENGTHS OF CONJUGATE DIAMETERS, O45 


Proposition 142. 
(VII. 42.] 
In a hyperbola, if PP’ be any diameter with parameter p, 
AA’. pa< PP’. p, 

and PP’. p increases as P moves away from A. 

We have ΑΗ HAZ AA": AA’. pg, 
and ΑΗ : MH=AA®: PP’. p, — [Prop. 190 (4)] 
while AH < MH; 

MAS De «dp», 


and, since MH increases as P moves from A, so does PP’. p. 


Proposition 143. 
[VII. 43.] 


In an ellipse AA’. p, « PP'. p, where PP’ is any diameter, 
and PP'.p increases as P moves away from A, reaching a 
maximum when P coincides with B or B’. 


The result is derived at once, like the last proposition, from 
Prop. 130 (4). 


[Both propositions are also at once obvious since 


PP’. p=DD",) 


Proposition 144. 
[VIL 44, 45, 46.] 


In a hyperbola, 
(1) f AA' 4 pa, or 
(2) if AA’ « pa, but AA" & Y (AA ~ ρα), then 
AA" + μα « PP" 4 y, 
where PP’ is any diameter, and PP” + p° increases us P moves 
away from A; 
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(3) if AA" < 1(AA' ~ pay, then there will be found on either 
side of the axis a diameter P,P; such that P,P,” =$ (P,P ~ po)’; 
and P,P? + pè will be less than PP”? +p, where PP’ 15 any 
other diameter. Also PP” + p* will be the smaller the nearer 


PP’ is to P,Py. 
(1) Let AA’ be not less than pa. 


Then, if PP’ be any other diameter, p > Pa, and p increases 
as P moves further from A [Prop. 137 (1)]; also AA’ < PP’, 
which increases as P moves further from A ; 


ο, AA? + p< PP? +p’, 
and PP” + p° increases continually as P moves further from A. 
(2) Let AA’ be less than pa, but AA” ¢ $(AA’ ~ py)’. 
Then, since AA’: p = A'IT: AH = AH’: ΑΗ”, 
2AH” 4 HH”, 
and 2MH’. AH’ > HH”. 
Adding 24Η. A H' to each side of the last inequality, 
2(MH + ΑΗ’) AH’>2AH.AH'+ HH” 
>AH’+ AH”; 
ον 2(MH + AH) AM : 2(MH + AH)AH', or AM: AH’, 
<2(MH+AH’')AM: AH*+ AR”. 
Therefore, componendo, 
MII': AH' «(ΜΗ + AH’) AM + AH* AH”: AIT AH”, 
and MH'4 MH” =AH*’+AH"+2AM (MH + AH’), 
so that ΜΗ’: AH’ < MH’ + MH”: AH*+ ΑΗ”, 
or A'H.MH':MH'- MH” < A'H.AH': AH AH"; 
s. AA”: PP? y < 443: AA" - pg. [Prop. 130 (5)] 
Thus AA” + pq « PP? +p’. 
Again, since 2MH” > HH”, 
and (if AM, > AM) 2M,H'. MH' > HH”, 


we prove in a similar manner, by substituting M for A and M, 
for M, that 


DP? + p! « P P+ py 
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(3) Let AA’ be less than 4 (4LA' ~ pa)’, 


so that 2AH" < HH”. 
Make 2M,H" equal to HH”. 
Now MH’: MH PAIN: po, 
so that PPP = 4 (PePe ~ p). 


Next, if P be between A and P,, 
2M "= HH", 
and 2M,H’. MH’ < HH”. 
Adding 2. . MH’ to each side, 
2(M,H + MH’) MH’ < MH? + MH”, 


[ Prop. 


and, exactly in the same way as before, we prove that 


P,P Tp» < PP? + py. 
Again, if P, be between A and P, 
2MH'.MMH'« HH”, 
whence (adding 294, H . M, 1’) 
2(MH + MH) MH'« M, H’? - MH”, 


and, in the same way, 


PP” + p< Py Py? + py’. 
Similarly P,P” + py < AA” + ρα. 
Lastly, if AM > Adh, 
2MH'.M,H' > HH”, 
and, if AM,» AM, 


ΟΠΗ MH’ > HH”; 
whence we derive in like manner that 
PPFP > Plo Pos 
P P? +p? > PP” + Ρ', 


and so on. 
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Proposition 145. 
[VII 47, 48.] 
In an ellipse, 


(1) if AA" $4(AA’H py), then AA" + p < PP? 4 p’, 
and the latter increases as P moves away from A, reaching a 
maximum when P coincides with D ; 


(2) if AA" 5 (4 Α’ + py), then there will be on each side 
of the axis a diameter P,P,’ such that P,P? =4(PoPo +p)’, 
and P,P, +p,” will then be less than PP’ +p in the same 
quadrant, while this latter increases as P moves from D, on either 
side. 


(1) Suppose AA" $4(AA’ + pu)’. 
Now 4Η. 4Η’: AH’ ΑΗ” 44”: AA" + pi’. 
Also AA" : BB” = p, : BB’ = AA':p,— 4Η : A'H' 
= A'H.A'H' : A’H”, 
and BB” : (BB” + př) = A'H^: ΑΗ + A'H^, 
hence, ex aequali, 
AA” : (DB" + py) 2 ΑΗ. ΑΗ’: A'H? + 4Η”, 
and, as above, 
44"^:(A4A4^ - pq) 2 AH.AH' : A'R’ + ΑΗ”. 


Again, AA" * 1(AA' + νι)”, 
<. 2A'H. AH' > HH”, 
whence 2A’H. MH’ < HH”. 
Subtracting 24H . MH’, we have 
2A M MH <M Sn. (1), 


ος 24'M.AM:2A'M.MH', or AM: ΜΗ”, 
>2A’M. AM: MH’? + MH", 
and, since 24'M.AM + MH? + MH” = A' H’ + ΑΗ”, 
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we have, componendo, 
AH’: MH’ > A'* + AH" : MH? + MH", 
S. ΑΗ. 4Η’: A'H* ΑΗ» ΑΗ. ΜΗ’: MH? + MH”, 
whence AA’: (AA? + py’) > AA" : (PP? +p’), 
(Prop. 130 (5)] 
or A A^ + p! < PP" + p. 
Again, either MH < M, H’, or MH ẹ M, H*. 
(a) Let MH < M, Η΄. 
Then MH? + MH” > M, H’ + MH”, 
and M, H’ + MLH” > M, H'.2 (4H - MH)*; 
: MM,.2(M,H'- MH): M,H'.2 (M,H'— MH), or MM, : M, Η΄, 
> MM, .2 (4LH' — MH): M, H” + M, H”. 
But MH’ + MH” — (M, H? + MH”) = 2 (CMP — ΟΛ); 
<. MM, .2(M,H' — MH) + M, H’ + M, H” = ME + MH”; 
thus, componendo, we have 
MH’ : M, H’ > MH’ + MH": M, H” + MLH’; 
therefore, alternately, 
A'H.MH': MH? + MB’ > A'H. M,H': MH’ + MH’, 


and AA” : PP? + AA? : P, P," + pi, [Prop. 130 (5)] 
so that PP? + p< Pi Py? + py. 
(b) If MH «€ MH”, 


MH?+ MH" + M, + MH”, 
and it results, in the same way as before, that 
ΑΠ MH’: MH? + MH" 4Η. M, I : M, H’ + MH’, 
and PP? +p < P,P? +p 
Lastly, since 
ΑΗ. ΑΗ’: ΑΗ:  A'H* = AA? : BB” + w^ 
and ΑΗ. MAT : Mu? - MH? = AA" : P P” + Po 
* As in (1) above, 
M,H?- M,H7 2 24'M, MH! 
2 MlI'.2(M,H' - A'H)) 
> MH’ .2(MyUI' - MH), a fortiori. 
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it is shown in the same manner that 
P,P? +p? < BB? + py’. 
(2) Suppose AA? » 1(AA' + pa)’, 
so that 2AH”" > HH”. 
Make 2)/,H” equal to HH”, so that 
M,H"—-4HH"-HH'.CH'; 
SHW MH = MH CH 
= HH’ ~ ΙΗ’: Ml’ ~ CH', 


whence AH : CM HH' : MH, 
and HH’. CM, = M,H.M,H'. 
If then (a) AM < AM, 


4CM,.CH' > 2MH . M, H’. 
Adding 24MM,. M, Η’ to each side, 
4CM,.CH'+2MM,. MH’ > 2M,H.M,H', 

and again, adding 4CM 5, 
2 (CM + CM,) M,H' > (MH? + M, H”). 
It follows that 
2 (CM + CM.) MM, : 2 (CM + CM,) M, H’, or MM, : M, H’, 
< 2 (CM + CM) MM, : (M,H* + M,H”). 
Now 2(CM + CM) MM, + ΛΗ + M,H^ 
= MH’ + MH”, 


so that, componendo, 


MH’: M,H' < MI? + MH” : M, H? + M, H”, 


and 
A'H.MH': MH? + MH?” < A'H.M,H' : MH? +M H”, 
whence P,P? + py < PP? +p. 
Sunilarly, if AM, < AM, 
2HH'.CM »2M,H.MH', 
and we prove, in the same manner as above, 


PP? 4 y! « PPS + py 
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And, since 2HH'.CM,>2AH. MH’, 
in like manner 
P,P? + py < AA? + pa. 
Lastly (b), if AM > AM, the same method of proof give, 
PP +p) < PP? +p’, 


etc. 


Proposition 146. 
[VIL 49, 50.] 

In a hyperbola, 

(1) af AA’ > pa, then 
AA” ~ pa < PP" ~ p*, where PP’ is any diameter, and PP” ~ y 
increases as P moves further from A ; 
also PP” ~ p > AA” ~ pg. AA’ but € 2(AA" ~ pg. AA’): 

(2) if AA < pa, then 
AA” ~ pè > PP" ~ p, which diminishes as P moves away 
from A; 
also PP” ~ p} > 2(AA" ~ pg. AA) 

(1) As usual, d’H: AH = AH’: A'H'— AA’: pa; 

- A'H.AH': AH" ~ AH’?=AA": AA" ~ pa’ 
Now MH’: AH'« MH: AH; 
^ MH’: AH’ < MH'+ MH: AH' AH 
«(Η΄ + MH) HH’: (AI 4Η) HEH, 

1.6. < MH” ~ MH’: AH” ~ AH". 

Hence 

A'H.MH': MH? ~ MH? < 4Η. 4Η’: AH? ~ AH’; 
S AA?: PP? ~ y! AA" : AA? ~ pa, [Prop. 130 (5)] 

or AA? ~ p « PP" - y. 

Again, if AM,» AM, 

M, H' : MH' «Δ: MIT; 
ον M, H: MHE <M H+ MH: MM + MH, 
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and, proceeding as before, we tind 
PP? ~ p< P,P ~ vy, 
and so on. 
Now, if PO be measured along PP’ equal to p, 
PP? ~ p=2P0.0P'+ 0P”; 
ο, PP” ~ p> PP’.OP’ but < 2PP’. OP". 
But PP’.OP’=PP°-PP'.PO 
=PP"”-—p.PP’ 
=AA”—»p,.AA’; [Prop. 129] 
eO PP? ~ p?> AA”? ~ py. AA’ but €2(A4A4" ~ pa. AA’). 


(2) If AA’< pa, 
ΛΗ’: AH’>MH: AH; 
<. MH': AH' > MH'+ MH: AH’ + AH, 


and 
A'H.MH':A'H.AH'»5 (MH'-MH)HH':(AH'-AH) HH', 
1.0, > MH” ~ MH’: AH” ~ ΑΗ" 
Therefore, proceeding as above, we find in this case 
PP? ~ p< AA® ~ Pa. 
Similarly 
| P,P’? ~p? < PP? ~, 
and so on. 
Lastly, if PP’ be produced to O so that PO = p, 
AA" ~ p,. AA’= PP? - p. PP’ [Prop. 129] 
ΟΙ, 
And PP” ~ p= PP” ~ PO 
—29PP'.P'O-r-P'o 
-2PP'OP: 
or >2(AA” ~ pg. AA’). 
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Proposition 147. 
[VII. 51.] 


In an ellipse, 
(1) if PP’ be any diameter such that PP' > p, 
AA” ~ pè > PP” ~ y, 
and PP” ~ p° diminishes as P moves further from A ; 
(2) if PP’ be any diameter such that PP’ « p, 
BB” ~ py > PP” ~ p’, 
and PP” ~ p diminishes as P moves further from B. 


(1) In this case (using the figure of Prop. 141) 
AH': MH'« AC:CM 
<. A'H.AH': ΑΗ. MH’ < 2HH'. AC: 23HH'.CM 
1.6. < AH” ~ AH’: MH" ~ MH". 
Therefore, alternately, 
A'H.AH': AH” ~ AH* « A'H. MH': MH"? ~ MH”. 
Hence | 
AA”: AA" ~ pa < AA”: PP" ~ p*, [Prop. 130 (5)] 
and AA" ~ p > PP" - p. 
Also, if AM, » AM, we shall have in the same way 
ΑΗ. ΙΗ’: ΑΗ. MMH'« MH" ~ MH’: M,H* - ΜΗ), 
and therefore PP” ~ p > P,P? ~ p}, and so on. 
(2) P mustin this case lie between B and the extremity 


of either of the equal conjugate diameters, and M will lie 
between C and A’ if P is on the quadrant A B. 
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Then, if M, corresponds to another point P,, and AM, > A M, 
we have 


ΜΗ’ >M, H’, and CM« CM, 
^ A'H. MRB’: A'H. M,H'» CM : CM, 
-»2CM.HH':2CM,. HH’, 
1.6. > MH?’ ~ MH”: M,H* ~ ΜΗ”, 
whence, 1n the same manner, we prove 
PP? ~ p< P,P ~ py; 


and PP” ~ μ᾽ increases as P moves nearer to B, being a 
maximum when P coincides with B. 
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The Ode Dedicated to Newton by Edmund Halley 


THIS ODE PREFIXED TO THE PRINCIPIA OF NEWTON 
IS HERE TRANSLATED BY LEON J. RICHARDSON 
PROFESSOR OF LATIN 
IN THE UNIVERSITY OF CALIFORNIA 
FROM THE VERSION AS GIVEN IN THE FiRST EDITION 


TO THE ILLUSTRIOUS MAN 


ISAAC NEWTON 


AND THIS HIS WORK 
DONE IN FIELDS OF THE MATHEMATICS AND PHYSICS 
A SIGNAL DISTINCTION OF OUR TIME AND RACE 


Lo, for your gaze, the pattern of the skies! 

What balance of the mass, what reckonings 
Divine! Here ponder too the Laws which God, 
Framing the universe, set not aside 

But made the fixed foundations of his work. 


The inmost places of the heavens, now gained, 

Break into view, nor longer hidden is 

The force that turns the farthest orb. The sun 

Exalted on his throne bids all things tend 

Toward him by inclination and descent, 

Nor suffers that the courses of the stars 

Be straight, as through the boundless void they move, 


[xim] 


XIV 


ODE TO NEWTON 


But with himself as centre speeds them on 
In motionless ellipses. Now we know 

The sharply veering ways of comets, once 
A source of dread, nor longer do we quail 
Beneath appearances of bearded stars. 


At last we learn wherefore the silver moon 
Once seemed to travel with unequal steps, 

As tf she scorned to suit her pace to numbers— 
Till now made clear to no astronomer; 

Why, though the Seasons go and then return, 
The Hours move ever forward on their way; 
Explained too are the forces of the deep, 
How roaming Cynthia bestirs the tides, 
Whereby the surf, deserting now the kelp 
Along the shore, exposes shoals of sand 
Suspected by the sailors, now in turn 

Driving its billows high upon the beach. 


Matters that vexed the minds of anctent seers, 
And for our learned doctors ofien led 

To loud and vain contention, now are seen 

In reason's light, the clouds of ignorance 
Dispelled at last by science. Those on whom 
Delusion cast its gloomy pall of doubt, 

Upborne now on the wings that genius lends, 
May penetrate the mansions of the gods 

And scale the heights of heaven. O mortal men, 
Arise! And, casting off your earthly cares, 
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Learn ye the potency of heaven-born mind, 
Its thought and life far from the herd withdrawn! 


The man who through the tables of the laws 
Once banished theft and murder, who suppressed 
Adultery and crimes of broken faith, 

And put the roving peoples into cities 

Girt round with walls, was founder of the state, 
While he who blessed the race with Ceres’ gifi, 
Who pressed from grapes an anodyne to care, 
Or showed how on the tissue made from reeds 
Growing beside the Nile one may inscribe 
Symbols of sound and so present the voice 

For sight to grasp, did lighten human lot, 
Offsetting thus the miseries of life 

With some felicity. But now, behold, 

Admitted to the banquets of the gods, 

We contemplate the polities of heaven; 

And spelling out the secrets of the earth, 

Discern the changeless order of the world 

And all the aeons of its history. 


Then ye who now on heavenly nectar fare, 
Come celebrate with me in song the name 
Of Newton, to the Muses dear; for he 
Unlocked the hidden treasuries of Truth: 
So richly through his mind had Phoebus cast 
The radiance of his own divinity. 

Nearer the gods no mortal may approach. 





Newton’s Preface to the First Edition 


INCE THE ANCIENTS (as we are told by Pappus) esteemed the science of mechan- 
Sic of greatest importance in the investigation of natural things, and the 
moderns, rejecting substantial forms and occult qualities, have endeavored to 
subject the phenomena of nature to the laws of mathematics, I have in this treatise 
cultivated mathematics as far as it relates to philosophy. The ancients considered 
mechanics in a twofold respect; as rational, which proceeds accurately by demon- 
stration, and practical. To practical mechanics all the manual arts belong, from 
which mechanics took its name. But as artificers do not work with perfect accu- 
racy, it comes to pass that mechanics is so distinguished from geometry that what 
is perfectly accurate is called geometrical; what is less so, is called mechanical. 
However, the errors are not in the art, but in the artificers. He that works with 
less accuracy is an imperfect mechanic; and if any could work with perfect accu- 
racy, he would be the most perfect mechanic of all, for the description of right 
lines and circles, upon which geometry is founded, belongs to mechanics. Geom- 
etry does not teach us to draw these lines, but requires them to be drawn, for it 
requires that the learner should first be taught to describe these accurately before 
he enters upon geometry, then it shows how by these operations problems may 
be solved. To describe right lines and circles are problems, but not geometrical 
problems. The solution of these problems is required from mechanics, and by 
geometry the use of them, when so solved, is shown; and it is the glory of geom- 
etry that from those few principles, brought from without, it is able to produce 
so many things. Therefore geometry is founded in mechanical practice, and is 
nothing but that part of universal mechanics which accurately proposes and 
demonstrates the art of measuring. But since the manual arts are chiefly employed 
in the moving of bodies, it happens that geometry is commonly referred to their 
magnitude, and mechanics to their motion. In this sense rational mechanics will 
be the science of motions resulting from any forces whatsoever, and of the forces 
required to produce any motions, accurately proposed and demonstrated. This 
part of mechanics, as far as it extended to the five powers which relate to manual 
arts, was cultivated by the ancients, who considered gravity (it not being a man- 
ual power) no otherwise than in moving weights by those powers. But I con- 
sider philosophy rather than arts and write not concerning manual but natural 
powers, and consider chiefly those things which relate to gravity, levity, elastic 
force, the resistance of fluids, and the like forces, whether attractive or impulsive; 
and therefore I offer this work as the mathematical principles of philosophy, 
for the whole burden of philosophy seems to consist in this—from the phenomena 
of motions to investigate the forces of nature, and then from these forces to dem- 


[xvi] 


XVIII NEWTON S PREFACE TO THE FIRST EDITION 


onstrate the other phenomena; and to this end the general propositions in the 
first and second Books are directed. In the third Book I give an example of this 
in the explication of the System of the World; for by the propositions mathe- 
matically demonstrated in the former Books, in the third I derive from the 
celestial phenomena the forces of gravity with which bodies tend to the sun and 
the several planets. Then from these forces, by other propositions which are also 
mathematical, I deduce the motions of the planets, the comets, the moon, and 
the sea. I wish we could derive the rest of the phenomena of Nature by the same 
kind of reasoning from mechanical principles, for I am induced by many reasons 
to suspect that they may all depend upon certain forces by which the particles of 
bodies, by some causes hitherto unknown, are either mutually impelled towards 
one another, and cohere in regular figures, or are repelled and recede from one 
another. These forces being unknown, philosophers have hitherto attempted the 
search of Nature in vain; but I hope the principles here laid down will afford some 
light either to this or some truer method of philosophy. 

In the publication of this work the most acute and universally learned Mr. 
Edmund Halley not only assisted me in correcting the errors of the press and 
preparing the geometrical figures, but it was through his solicitations that it came 
to be published; for when he had obtained of me my demonstrations of the fig- 
ure of the celestial orbits, he continually pressed me to communicate the same 
to the Royal Society, who afterwards, by their kind encouragement and entreaties, 
engaged me to think of publishing them. But after I had begun to consider the 
inequalities of the lunar motions, and had entered upon some other things relat- 
ing to the laws and measures of gravity and other forces; and the figures that 
would be described by bodies attracted according to given laws; and the motion 
of several bodies moving among themselves; the motion of bodies in resisting 
mediums; the forces, densities, and motions, of mediums; the orbits of the com- 
ets, and such like, I deferred that publication till I had made a search into those 
matters, and could put forth the whole together. What relates to the lunar 
motions (being imperfect), I have put all together in the corollaries of Prop. τχνι, 
to avoid being obliged to propose and distinctly demonstrate the several things 
there contained in a method more prolix than the subject deserved and interrupt 
the series of the other propositions. Some things, found out after the rest, I chose 
to insert in places less suitable, rather than change the number of the propositions 
and the citations. I heartily beg that what I have here done may be read with 
forbearance; and that my labors in a subject so difficult may be examined, not 
so much with the view to censure, as to remedy their defects. 

Is. NEwron 


Cambridge, Trinity College, May 8, 1686.” 





Newton’s Preface to the Second Edition 


N THIS SECOND EDITION of the Principia there are many emendations and some 
ως: In the second section of the first Book, the determination of forces, 
by which bodies may be made to revolve in given orbits, is illustrated and en- 
larged. In the seventh section of the second Book the theory of the resistances of 
fluids was more accurately investigated, and confirmed by new experiments. In 
the third Book the lunar theory and the precession of the equinoxes were more 
fully deduced from their principles; and the theory of the comets was confirmed 
by more examples of the calculation of their orbits, done also with greater 
accuracy. 

Is. NEwTon 


London, March 28, 1713. 





Cotes’s Preface to the Second Edition’ 


E HEREBY PRESENT to the benevolent reader the long-awaited new edition 

Ve of Newton’s Philosophy, now greatly amended and increased. The prin- 
cipal contents of this celebrated work may be gathered from the adjoining Table. 
What has been added or modified is indicated in the author’s Preface. There 
remains for us to add something relating to the method of this philosophy. 

Those who have treated of natural philosophy may be reduced to about three 
classes, Of these some have attributed to the several species of things, specific and 
occult qualities, according to which the phenomena of particular bodies are sup- 
posed to proceed in some unknown manner. The sum of the doctrine of the 
Schools derived from Aristotle and the Peripatetics is founded on this principle. 
They affirm that the several effects of bodies arise from the particular natures of 
those bodies. But whence it is that bodies derive those natures they don’t tell us; 
and therefore they tell us nothing. And being entirely employed in giving names 
to things, and not in searching into things themselves, they have invented, we 
may say, a philosophical way of speaking, but they have not made known to us 
true philosophy. 

Others have endeavored to apply their labors to greater advantage by rejecting 
that useless medley of words. They assume that all matter is homogeneous, and 
that the variety of forms which is seen in bodies arises from some very plain 
and simple relations of the component particles. And by going on from simple 
things to those which are more compounded they certainly proceed right, if they 
attribute to those primary relations no other relations than those which Nature 
has given. But when they take a liberty of imagining at pleasure unknown figures 
and magnitudes, and uncertain situations and motions of the parts, and moreover 
of supposing occult fluids, freely pervading the pores of bodies, endued with an 
all-performing subtilty, and agitated with occult motions, they run out into 
dreams and chimeras, and neglect the true constitution of things, which certainly 
is not to be derived from fallacious conjectures, when we can scarce reach it by 
the most certain observations. Those who assume hypotheses as first principles of 
their speculations, although they afterwards proceed with the greatest accuracy 
from those principles, may indeed form an ingenious romance, but a romance it 
will still be. 

There is left then the third class, which possess experimental philosophy. These 
indeed derive the causes of all things from the most simple principles possible; 
but then they assume nothing as a principle, that is not proved by phenomena. 
They frame no hypotheses, nor receive them into philosophy otherwise than as 
questions whose truth may be disputed. They proceed therefore in a twofold 
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method, synthetical and analytical. From some select phenomena they deduce 
by analysis the forces of Nature and the more simple laws of forces; and from 
thence by synthesis show the constitution of the rest. This is that incomparably 
best way of philosophizing, which our renowned author most justly embraced 
in preference to the rest, and thought alone worthy to be cultivated and adorned 
by his excellent labors. Of this he has given us a most illustrious example, by the 
explication of the System of the World, most happily deduced from the Theory 
of Gravity. That the attribute of gravity was found in all bodies,’ others sus- 
pected, or imagined before him, but he was the only and the first philosopher 
that could demonstrate it from appearances, and make it a solid foundation to 
the most noble speculations. 


I know indeed that some persons, and those of great name, too much prepos- 
sessed with certain prejudices, are unwilling to assent to this new principle, and 
are ready to prefer uncertain notions to certain. It is not my intention to detract 
from the reputation of these eminent men; I shall only lay before the reader such 
considerations as will enable him to pass an equitable judgment in this dispute. 


Therefore, that we may begin our reasoning from what is most simple and 
nearest to us, let us consider a little what is the nature of gravity in earthly bodies, 
that we may proceed the more safely when we come to consider it in the heavenly 
bodies that lie at the remotest distance from us. It is now agreed by all philoso- 
phers that all circumterrestrial bodies gravitate towards the earth. That no bodies 
having no weight are to be found, is now confirmed by manifold experience. That 
which is relative levity is not true levity, but apparent only, and arises from the 
preponderating gravity of the contiguous bodies. 


Moreover, as all bodies gravitate towards the earth, so does the earth gravitate 
again towards all bodies. 'That the action of gravity is mutual and equal on both 
sides, is thus proved. Let the mass of the earth be divided into any two parts 
whatever, either equal or unequal; now if the weights of the parts towards each 
other were not mutually equal, the lesser weight would give way to the greater, 
and the two parts would move on together indefinitely in a right line towards that 
point to which the greater weight tends, which is altogether contrary to experi- 
ence. Therefore we fnust say that the weights with which the parts tend to each 
other are equal; that is, that the action of gravity is mutual and equal in contrary 
directions. 

The weights of bodies at equal distances from the centre of the earth are as 
the quantities of matter in the bodies. This is inferred from the equal acceleration 
of all bodies that fall from a state of rest by their weights; for the forces by which 
unequal bodies are equally accelerated must be proportional to the quantities 
of the matter to be moved. Now, that all falling bodies are equally accelerated, 
appears from this, that when the resistance of the air is taken away, as it is under 
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an exhausted receiver of Mr. Boyle, they describe equal spaces in equal times; 
but this is yet more accurately proved by the experiments with pendulums. 

The attractive forces of bodies at equal distances are as the quantities of matter 
in the bodies. For since bodies gravitate towards the earth, and the earth again 
towards bodies with equal moments, the weight of the earth towards each body, 
or the force with which the body attracts the earth, will be equal to the weight of 
the same body towards the earth. But this weight was shown to be as the quantity 
of matter in the body; and therefore the force with which each body attracts the 
earth, or the absolute force of the body, will be as the same quantity of matter. 


Therefore the attractive force of the entire bodies arises from and is composed 
of the attractive forces of the parts, because, as was just shown, if the bulk of the 
matter be augmented or diminished, its power is proportionately augmented or 
diminished. We must therefore conclude that the action of the earth is composed 
of the united actions of its parts, and therefore that all terrestrial bodies must at- 
tract one another mutually, with absolute forces that are as the matter attracting. 
This is the nature of gravity upon earth; let us now see what it is in the heavens. 


That every body continues in its state either of rest or of moving uniformly 
in a right line, unless so far as it is compelled to change that state by external force, 
is a law of Nature universally received by all philosophers. But it follows from this 
that bodies which move in curved lines, and are therefore continually bent from 
the right lines that are tangents to their orbits, are retained in their curvilinear 
paths by some force continually acting. Since, then, the planets move in curvi- 
linear orbits, there must be some force operating, by the incessant actions of which 
they are continually made to deflect from the tangents. 

Now it is evident from mathematical reasoning, and rigorously demonstrated, 
that all bodies that move in any curved line described in a plane, and which, by 
a radius drawn to any point, whether at rest or moved in any manner, describe 
areas about that point proportional to the times, are urged by forces directed to- 
wards that point. This must therefore be granted. Since, then, all astronomers 
agree that the primary planets describe about the sun, and the secondary about 
the primary, areas proportional to the times, it follows that the forces by which 
they are continually turned aside from the rectilinear tangents, and made to 
revolve in curvilinear orbits, are directed towards the bodies that are placed in 
the centres of the orbits. This force may therefore not improperly be called centri- 
petal in respect of the revolving body, and in respect of the central body attractive, 
from whatever cause it may be imagined to arise. 

Moreover, it must be granted, as being mathematically demonstrated, that, if 
several bodies revolve with an equable motion in concentric circles, and the 
squares of the periodic times are as the cubes of the distances from the common 
centre, the centripetal forces will be inversely as the squares of the distances. Or, 
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if bodies revolve in orbits that are very nearly circular and the apsides of the 
orbits are at rest, the centripetal forces of the revolving bodies will be inversely 
as the squares of the distances. That both these facts hold for all the planets, all 
astronomers agree. Therefore the centripetal forces of all the planets are inversely 
as the squares of the distances from the centres of their orbits. If any should 
object, that the apsides of the planets, and especially of the moon, are not per- 
fectly at rest, but are carried progressively with a slow kind of motion, one may 
give this answer, that, though we should grant that this very slow motion arises 
from a slight deviation of the centripetal force from the law of the square of the 
distance, yet we are able to compute mathematically the quantity of that aberra- 
tion, and find it perfectly insensible. For even the ratio of the lunar centripetal 
force itself, which is the most irregular of them all, will vary inversely as a power 
a little greater than the square of the distance, but will be well-nigh sixty times 
nearer to the square than to the cube of the distance. But we may give a truer 
answer, by saying that this progression of the apsides arises not from a deviation 
from the law of inverse squares of the distance, but from a quite different cause, 
as is most admirably shown in this work. It is certain then that the centripetal 
forces with which the primary planets tend to the sun, and the secondary planets 
to their primary, are accurately as the inverse squares of the distances. 


From what has been hitherto said, it is plain that the planets are retained in 
their orbits by some force continually acting upon them; it is plain that this force 
is always directed towards the centres of their orbits; it 1s plain that its intensity 
is increased in its approach and is decreased in its recession from the centre, and 
that it is increased in the same ratio in which the square of the distance is dimin- 
ished, and decreased in the same ratio in which the square of the distance is 
augmented. Let us now see whether, by making a comparison between the cen- 
tripetal forces of the planets and the force of gravity, we may not by chance find 
them to be of the same kind. Now, they will be of the same kind if we find on 
both sides the same laws and the same attributes. Let us then first consider the 
centripetal force of the moon, which is nearest to us. 


The rectilinear spaces which bodies let fall from rest describe in a given time 
at the very beginning of the motion, when the bodies are urged by any forces 
whatsoever, are proportional to the forces. This appears from mathematical rea- 
soning. Therefore the centripetal force of the moon revolving in its orbit is to the 
force of gravity at the surface of the earth, as the space which in a very small 
interval of time the moon, deprived of all its circular force and descending by its 
centripetal force towards the earth, would describe, is to the space which a heavy 
body would describe, when falling by the force of its gravity near to the earth, 
in the same small interval of time. The first of these spaces is equal to the versed 
sine of the arc described by the moon in the same time, because that versed sine 
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measures the translation of the moon from the tangent, produced by the cen- 
tripetal force, and therefore may be computed, if the periodic time of the moon 
and its distance from the centre of the earth are given. The last space is found by 
experiments with pendulums, as Mr. Huygens has shown. Therefore by making 
a calculation we shall find that the first space is to the latter, or the centripetal 
force of the moon revolving in its orbit will be to the force of gravity at the sur- 
face of the earth, as the square of the semidiameter of the earth to the square 
of the semidiameter of the orbit. But by what was shown before, the very same 
ratio holds between the centripetal force of the moon revolving in its orbit, and 
the centripetal force of the moon near the surface of the earth. Therefore the 
centripetal force near the surface of the earth is equal to the force of gravity. 
Therefore these are not two different forces, but one and the same; for if they 
were different, these forces united would cause bodies to descend to the earth 
with twice the velocity they would fall with by the force of gravity alone. There- 
fore it is plain that the centripetal force, by which the moon is continually either 
impelled or attracted out of the tangent and retained in its orbit, is the very force 
of terrestrial gravity reaching up to the moon. And it is very reasonable to believe 
that this force should extend itself to vast distances, since upon the tops of the 
highest mountains we find no sensible diminution of it. Therefore the moon 
gravitates towards the earth; but on the other hand, the earth by a mutual action 
equally gravitates towards the moon, which is also abundantly confirmed in this 
philosophy, where the tides in the sea and the precession of the equinoxes are 
treated of, which arise from the action both of the moon and of the sun upon the 
earth. Hence lastly, we discover by what law the force of gravity decreases at 
great distances from the earth. For since gravity is noways different from the 
moon's centripetal force, and this is inversely proportional to the square of the 
distance, it follows that it is in that very ratio that the force of gravity decreases. 


Let us now go on to the other planets. Because the revolutions of the primary 
planets about the sun and of the secondary about Jupiter and Saturn are phenom- 
ena of the same kind with the revolution of the moon about the earth, and be- 
cause it has been moreover demonstrated that the centripetal forces of the primary 
planets are directed towards the centre of the sun and those of the secondary 
towards the centres of Jupiter and Saturn, in the same manner as the centripetal 
force of the moon is directed towards the centre of the earth, and since, besides, 
all these forces are inversely as the squares of the distances from the centres, in 
the same manner as the centripetal force of the moon is as the square of the dis- 
tance from the earth, we must of course conclude that the nature of all is the 
same. Therefore as the moon gravitates towards the earth and the earth again 
towards the moon, so also all the secondary planets will gravitate towards their 
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primary, and the primary planets again towards their secondary, and so all the 
primary towards the sun, and the sun again towards the primary. 

Therefore the sun gravitates towards all the planets, and all the planets towards 
the sun. For the secondary planets, while they accompany the primary, revolve 
the meanwhile with the primary about the sun. Therefore, by the same argument, 
the planets of both kinds gravitate towards the sun and the sun towards them. 
That the secondary planets gravitate towards the sun is moreover abundantly 
clear from the inequalities of the moon, a most accurate theory of which, laid open 
with a most admirable sagacity, we find explained in the third Book of this work. 


That the attractive force of the sun is propagated on all sides to prodigious 
distances and is diffused to every part of the wide space that surrounds it, is most 
evidently shown by the motion of the comets, which, coming from places im- 
mensely distant from the sun, approach very near to it, and sometimes so near 
that in their perihelia they almost touch its body. The theory of these bodies was 
altogether unknown to astronomers till in our own times our excellent author 
most happily discovered it and demonstrated the truth of it by most certain obser- 
vations. So that it is now apparent that the comets move in conic sections having 
their foci in the sun’s centre, and by radii drawn to the sun describe areas propor- 
tional to the times. But from these phenomena it is manifest and mathematically 
demonstrated, that those forces by which the comets are retained in their orbits are 
directed towards the sun and are inversely proportional to the squares of the dis- 
tances from its centre. Therefore the comets gravitate towards the sun, and there- 
fore the attractive force of the sun not only acts on the bodies of the planets, placed 
at given distances and very nearly in the same plane, but reaches also the comets 
in the most different parts of the heavens, and at the most different distances. This 
therefore is the nature of gravitating bodies, to exert their force at all distances to 
all other gravitating bodies. But from thence it follows that all the planets and 
comets attract one another mutually, and gravitate towards one another, which is 
also confirmed by the perturbation of Jupiter and Saturn, observed by astrono- 
mers, and arising from the mutual actions of these two planets upon each other, 
as also from that very slow motion of the apsides, above taken notice of, which 
arises from a like cause. 


We have now proceeded so far, that it must be acknowledged that the sun, 
and the earth, and all the heavenly bodies attending the sun, attract one another 
mutually. Therefore all the least particles of matter in every one must have their 
several attractive forces proportional to their quantities of matter, as was shown 
above of the terrestrial bodies. At different distances these forces will be also 
inversely as the squares of their distances; for it is mathematically demonstrated, 
that globes attracting according to this law are composed of particles attracting 
according to the same law. 
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The foregoing conclusions are grounded on this axiom which is received by 
all philosophers, namely, that effects of the same kind, whose known properties 
are the same, take their rise from the same causes and have the same unknown 
properties also. For if gravity be the cause of the descent of a stone in Europe, 
who doubts that it is also the cause of the same descent in America? If there is a 
mutual gravitation between a stone and the earth in Europe, who will deny the 
same to be mutual in America? If in Europe the attractive force of a stone and 
the earth is composed of the attractive forces of the parts, who will deny the like 
composition in America? If in Europe the attraction of the earth be propagated 
to all kinds of bodies and to all distances, why may we not say that it is propa- 
gated in like manner in America? All philosophy is founded on this rule; for if 
that be taken away, we can affirm nothing as a general truth. The constitution of 
particular things is known by observations and experiments; and when that is 
done, no general conclusion of the nature of things can thence be drawn, except 
by this rule. 

Since, then, all bodies, whether upon earth or in the heavens, are heavy, so far 
as we can make any experiments or observations concerning them, we must cer- 
tainly allow that gravity is found in all bodies universally. And in like manner 
as we ought not to suppose that any bodies can be otherwise than extended, mov- 
able, or impenetrable, so we ought not to conceive that any bodies can be other- 
wise than heavy. The extension, mobility, and impenetrability of bodies become 
known to us only by experiments; and in the very same manner their gravity 
becomes known to us. All bodies upon which we can make any observations, are 
extended, movable, and impenetrable; and thence we conclude all bodies, and 
those concerning which we have no observations, are extended and movable and 
impenetrable. So all bodies on which we can make observations, we find to be 
heavy; and thence we conclude all bodies, and those we have no observations of, 
to be heavy also. If anyone should say that the bodies of the fixed stars are not 
heavy because their gravity is not yet observed, they may say for the same reason 
that they are neither extended nor movable nor impenetrable, because these prop- 
erties of the fixed stars are not yet observed. In short, either gravity must have a 
place among the primary qualities of all bodies, or extension, mobility, and im- 
penetrability must not. And ifthe nature of things is not rightly explained by the 
gravity of bodies, it will not be rightly explained by their extension, mobility, and 
impenetrability. 

Some I know disapprove this conclusion, and mutter something about occult 
qualities. They continually are cavilling with us, that gravity is an occult property, 
and occult causes are to be quite banished from philosophy. But to this the answer 
is easy: that those are indeed occult causes whose existence is occult, and imagined 
but not proved; but not those whose real existence is clearly demonstrated by 
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observations. Therefore gravity can by no means be called an occult cause of the 
celestial motions, because it is plain from the phenomena that such a power does 
really exist. Those rather have recourse to occult causes, who set imaginary vor- 
tices of a matter entirely fictitious and imperceptible by our senses, to direct those 
motions. 

But shall gravity be therefore called an occult cause, and thrown out of philos- 
ophy, because the cause of gravity is occult and not yet discovered? Those who 
affirm this, should be careful not to fall into an absurdity that may overturn the 
foundations of all philosophy. For causes usually proceed in a continued chain 
from those that are more compounded to those that are more simple; when we 
are arrived at the most simple cause we can go no farther. Therefore no mechan- 
ical account or explanation of the most simple cause is to be expected or given; 
for if it could be given, the cause were not the most simple. These most simple 
causes will you then call occult, and reject them? Then you must reject those that 
immediately depend upon them, and those which depend upon these last, till 
philosophy is quite cleared and disencumbered of all causes. 


Some there are who say that gravity is preternatural, and call it a perpetual 
miracle. Therefore they would have it rejected, because preternatural causes have 
no place in physics. It is hardly worth while to spend time in answering this ridic- 
ulous objection which overturns all philosophy. For either they will deny grav- 
ity to be in bodies, which cannot be said, or else, they will therefore call it preter- 
natural because it is not produced by the other properties of bodies, and there- 
fore not by mechanical causes. But certainly there are primary properties of 
bodies; and these, because they are primary, have no dependence on the others. 
Let them consider whether all these are not in like manner preternatural, and 
in like manner to be rejected; and then what kind of philosophy we are like 
to have. 

Some there are who dislike this celestial physics because it contradicts the opin- 
ions of Descartes, and seems hardly to be reconciled with them. Let these enjoy 
their own opinion, but let them act fairly, and not deny the same liberty to us 
which they demand for themselves. Since the Newtonian Philosophy appears 
true to us, let us have the liberty to embrace and retain it, and to follow causes 
proved by phenomena, rather than causes only imagined and not yet proved. The 
business of true philosophy is to derive the natures of things from causes truly 
existent, and to inquire after those laws on which the Great Creator actually 
chose to found this most beautiful Frame of the World, not those by which he 
might have done the same, had he so pleased. It is reasonable enough to suppose 
that from several causes, somewhat differing from one another, the same effect 
may arise; but the true cause will be that from which it truly and actually does 
arise; the others have no place in true philosophy. The same motion of the hour- 
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hand in a clock may be occasioned either by a weight hung, or a spring shut up 
within. But if a certain clock should be really moved with a weight, we should 
laugh at a man that would suppose it moved by a spring, and from that principle, 
suddenly taken up without further examination, should go about to explain the 
motion of the index; for certainly the way be ought to have taken would have 
been actually to look into the inward parts of the machine, that he might find 
the true principle of the proposed motion. The like judgment ought to be made 
of those philosophers who will have the heavens to be filled with a most subtile 
matter which is continually carried round in vortices. For if they could explain 
the phenomena ever so accurately by their hypotheses, we could not yet say that 
they have discovered true philosophy and the true causes of the celestial motions, 
unless they could either demonstrate that those causes do actually exist, or at 
least that no others do exist. Therefore if it be made clear that the attraction of 
all bodies is a property actually existing in rerum natura, and if it be also shown 
how the motions of the celestial bodies may be solved by that property, it would be 
very impertinent for anyone to object that these motions ought to be accounted 
for by vortices; even though we should allow such an explication of those motions 
to be possible. But we allow no such thing; for the phenomena can by no means 
be accounted for by vortices, as our author has abundantly proved from the clear- 
est reasons. So that men must be strangely fond of chimeras, who can spend their 
time so idly as in patching up a ridiculous figment and setting it off with new 
comments of their own. 


If the bodies of the planets and comets are carried round the sun in vortices, 
the bodies so carried, and the parts of the vortices next surrounding them, must 
be carried with the same velocity and the same direction, and have the same den- 
sity, and the same inertia, answering to the bulk of the matter. But it is certain, 
the planets and comets, when in the very same parts of the heavens, are carried 
with various velocities and various directions. Therefore it necessarily follows 
that those parts of the celestial fluid, which are at the same distances from the 
sun, must revolve at the same time with different velocities in different directions; 
for one kind of velocity and direction is required for the motion of the planets, 
and another for that of the comets. But since this cannot be accounted for, we 
must either say that all celestial bodies are not carried about by vortices, or else 
that their motions are derived, not from one and the same vortex, but from sev- 
eral distinct ones, which fill and pervade the spaces round about the sun. 


But if several vortices are contained in the same space, and are supposed to 
penetrate one another, and to revolve with different motions, then because these 
motions must agree with those of the bodies carried about by them, which are 
perfectly regular, and performed in conic sections which are sometimes very 
eccentric, and sometimes nearly circles, one may very reasonably ask how it comes 


COTES'S PREFACE TO THE SECOND EDITION XXIX 


to pass that these vortices remain entire, and have suffered no manner of per- 
turbation in so many ages from the actions of the conflicting matter. Certainly 
if these fictitious motions are more compounded and harder to be accounted for 
than the true motions of the planets and comets, it seems to no purpose to admit 
them into philosophy, since every cause ought to be more simple than its effect. 
Allowing men to indulge their own fancies, suppose any man should affirm that 
the planets and comets are surrounded with atmospheres like our earth, which 
hypothesis seems more reasonable than that of vortices; let him then affirm that 
these atmospheres by their own nature move about the sun and describe conic 
sections, which motion is much more easily conceived than that of the vortices 
penetrating one another; lastly, that the planets and comets are carried about the 
sun by these atmospheres of theirs: and then applaud his own sagacity in discov- 
ering the causes of the celestial motions. He that rejects this fable must also reject 
the other; for two drops of water are not more like than this hypothesis of atmos- 
pheres, and that of vortices. 


Galileo has shown that when a stone projected moves in a parabola, its de- 
flection into that curve from its rectilinear path is occasioned by the gravity of 
the stone towards the earth, that is, by an occult quality. But now somebody, 
more cunning than he, may come to explain the cause after this manner. He will 
suppose a certain subtile matter, not discernible by our sight, our touch, or any 
other of our senses, which fills the spaces which are near and contiguous to the 
surface of the earth, and that this matter is carried with different directions, and 
various, and often contrary, motions, describing parabolic curves. 'Then see how 
easily he may account for the deflection of the stone above spoken of. 'The stone, 
says he, floats in this subtile fluid, and following its motion, can't choose but 
describe the same figure. But the fluid moves in parabolic curves, and therefore 
the stone must move in a parabola, of course. Would not the acuteness of this 
philosopher be thought very extraordinary, who could deduce the appearances 
of Nature from mechanical causes, matter and motion, so clearly that the meanest 
man may understand it? Or indeed should not we smile to see this new Galileo 
taking so much mathematical pains to introduce occult qualities into philosophy, 
from whence they have been so happily excluded? But I am ashamed to dwell 
so long upon trifles. 


The sum of the matter is this: the number of the comets is certainly very great; 
their motions are perfectly regular and observe the same laws with those of the 
planets. The orbits in which they move are conic sections, and those very eccen- 
tric. They move every way towards all parts of the heavens, and pass through the 
planetary regions with all possible freedom, and their motion is often contrary 
to the order of the signs. These phenomena are most evidently confirmed by 
astronomical observations, and cannot be accounted for by vortices. Nay, indeed, 
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they are utterly irreconcilable with the vortices of the planets. There can be no 
room for the motions of the comets, unless the celestial spaces be entirely cleared 
of that fictitious matter. 


For if the planets are carried about the sun in vortices, the parts of the vortices 
which immediately surround every planet must be of the same density with the 
planet, as was shown above. Therefore all the matter contiguous to the perimeter 
of the earth's orbit? must be of the same density as the earth. But this great orb 
and the orb of Saturn must have either an equal or a greater density. For to 
make the constitution of the vortex permanent, the parts of less density must lie 
near the centre, and those of greater density must go farther from it. For since the 
periodic times of the planets vary as the %th powers of their distances from the 
sun, the periods of the parts of the vortices must also preserve the same ratio. 
Thence it will follow that the centrifugal forces of the parts of the vortex must 
be inversely as the squares of their distances. Those parts therefore which are 
more remote from the centre endeavor to recede from it with less force; whence, 
if their density be deficient, they must yield to the greater force with which the 
parts that lie nearer the centre endeavor to ascend. Therefore the denser parts 
will ascend, and those of less density will descend, and there will be a mutual 
change of places, till all the fluid matter in the whole vortex be so adjusted and 
disposed, that being reduced to an equilibrium its parts become quiescent. If two 
fluids of different density be contained in the same vessel, it will certainly come 
to pass that the fluid of greater density will sink the lower; and by a like reason- 
ing it follows that the denser parts of the vortex by their greater centrifugal force 
will ascend to the higher places. Therefore all that far greater part of the vortex 
which lies without the earth's orb, will have a density, and by consequence an 
inertia, answering to the bulk of the matter, which cannot be less than the density 
and inertia of the earth. But from hence will arise a mighty resistance to the pass- 
age of the comets, such as must be very sensible, not to say enough to put a stop 
to and absorb their motions entirely. But it appears from the perfectly regular 
motion of the comets, that they suffer no resistance that is in the least sensible, 
and therefore that they do not meet with matter of any kind that has any resist- 
ing force or, by consequence, any density or inertia. For the resistance of mediums 
arises either from the inertia of the matter of the fluid, or from its want of lubric- 
ity. That which arises from the want of lubricity is very small, and is scarcely 
observable in the fluids commonly known, unless they be very tenacious like oil 
and honey. The resistance we find in air, water, quicksilver, and the like fluids 
that are not tenacious, is almost all of the first kind, and cannot be diminished 
by a greater degree of subtilty, if the density and inertia, to which this resistance 
is proportional, remains, as is most evidently demonstrated by our author in his 
noble theory of resistances in the second Book. 
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Bodies in going on through a fluid communicate their motion to the ambient 
fluid by little and little, and by that communication lose their own motion, and 
by losing it are retarded. Therefore the retardation is proportional to the motion 
communicated, and the communicated motion, when the velocity of the moving 
body is given, is as the density of the fluid; and therefore the retardation or resist- 
ance will be as the same density of the fluid; nor can it be taken away, unless the 
fluid, coming about to the hinder parts of the body, restore the motion lost. Now 
this cannot be done unless the impression of the fluid on the hinder parts of the 
body be equal to the impression of the fore parts of the body on the fluid; that is, 
unless the relative velocity with which the fluid pushes the body behind is equal 
to the velocity with which the body pushes the fluid; that is, unless the absolute 
velocity of the recurring fluid be twice as great as the absolute velocity with which 
the fluid is driven forwards by the body, which is impossible. Therefore the resist- 
ance of fluids arising from their inertia can by no means be taken away. So that 
we must conclude that the celestial fluid has no inertia, because it has no resisting 
force; that it has no force to communicate motion with, because it has no inertia; 
that it has no force to produce any change in one or more bodies, because it has 
no force wherewith to communicate motion; that it has no manner of efficacy, 
because it has no faculty wherewith to produce any change of any kind. There- 
fore certainly this hypothesis may be justly called ridiculous and unworthy a 
philosopher, since it is altogether without foundation and does not in the least 
serve to explain the nature of things.’ Those who would have the heavens filled 
with a fluid matter, but suppose it void of any inertia, do indeed in words deny 
a vacuum, but allow it in fact. For since a fluid matter of that kind can noways 
be distinguished from empty space, the dispute is now about the names and not 
the natures of things. If any are so fond of matter that they will by no means 
admit of a space void of body, let us consider where they must come at last. 


For either they will say that this constitution of a world everywhere full was 
made so by the will of God to this end, that the operations of Nature might be 
assisted everywhere by a subtile ether pervading and filling all things; which 
cannot be said, however, since we have shown from the phenomena of the comets, 
that this ether is of no efficacy at all; or they will say, that it became so by the 
same will of God for some unknown end, which ought not be said, because for 
the same reason a different constitution may be as well supposed; or lastly, they 
will not say that it was caused by the will of God, but by some necessity of its 
nature. Therefore they will at last sink into the mire of that infamous herd who 
dream that all things are governed by fate and not by providence, and that matter 
exists by the necessity of its nature always and everywhere, being infinite and 
eternal. But supposing these things, it must be also everywhere uniform; for 
variety of forms is entirely inconsistent with necessity. It must be also unmoved; 
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for if it be necessarily moved in any determinate direction, with any determinate 
velocity, it will by a like necessity be moved in a different direction with a differ- 
ent velocity; but it can never move in different directions with different velocities; 
therefore it must be unmoved. Without all doubt this world, so diversified with 
that variety of forms and motions we find in it, could arise from nothing but the 
perfectly free will of God directing and presiding over all. 


From this fountain it is that those laws, which we call the laws of Nature, have 
flowed, in which there appear many traces indeed of the most wise contrivance, 
but not the least shadow of necessity. These therefore we must not seek from 
uncertain conjectures, but learn them from observations and experiments. He 
who is presumptuous enough to think that he can find the true principles of 
physics and the laws of natural things by the force alone of his own mind, and 
the internal light of his reason, must either suppose that the world exists by neces- 
sity, and by the same necessity follows the laws proposed; or if the order of Nature 
was established by the will of God, that himself, a miserable reptile, can tell what 
was fittest to be done. All sound and true philosophy is founded on the appear- 
ances of things; and if these phenomena inevitably draw us, against our wills, to 
such principles as most clearly manifest to us the most excellent counsel and 
supreme dominion of the All-wise and Almighty Being, they are not therefore to 
be laid aside because some men may perhaps dislike them. These men may call 
them miracles or occult qualities, but names maliciously given ought not to be a 
disadvantage to the things themselves, unless these men will say at last that all 
philosophy ought to be founded in atheism. Philosophy must not be corrupted in 
compliance with these men, for the order of things will not be changed. 


Fair and equal judges will therefore give sentence in favor of this most excel- 
lent method of philosophy, which is founded on experiments and observations. 
And it can hardly be said or imagined, what light, what splendor, hath accrued 
to that method from this admirable work of our illustrious author, whose happy 
and sublime genius, resolving the most difficult problems, and reaching to dis- 
coveries of which the mind of man was thought incapable before, is deservedly 
admired by all those who are somewhat more than superficially versed in these 
matters. The gates are now set open, and by the passage he has revealed we may 
freely enter into the knowledge of the hidden secrets and wonders of natural 
things. He has so clearly laid open and set before our eyes the most beautiful 
frame of the System of the World, that if King Alphonso were now alive, he 
would not complain for want of the graces either of simplicity or of harmony 
in it. Therefore we may now more nearly behold the beauties of Nature, and en- 
tertain ourselves with the delightful contemplation; and, which is the best and 
most valuable fruit of philosophy, be thence incited the more profoundly to rev- 
erence and adore the great Maker and Lord of all. He must be blind who from 
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the most wise and excellent contrivances of things cannot see the infinite Wisdom 
and Goodness of their Almighty Creator, and he must be mad and senseless who 
refuses to acknowledge them. 

Newton's distinguished work will be the safest protection against the attacks 
of atheists, and nowhere more surely than from this quiver can one draw forth 
missiles against the band of godless men. This was felt long ago and first surpris- 
ingly demonstrated in learned English and Latin discourses by Richard Bentley, 
who, excelling in learning and distinguished as a patron of the highest arts, is a 
great ornament of his century and of our academy, the most worthy and upright 
Master of our Trinity College. To him in many ways 1 must express my indebted- 
ness. And you too, benevolent reader, will not withhold the esteem due him. For 
many years an intimate friend of the celebrated author (since he aimed not only 
that the author should be esteemed by those who come after, but also that these 
uncommon writings should enjoy distinction among the literati of the world), 
he cared both for the reputation of his friend and for the advancement of the 
sciences. Since copies of the previous edition were very scarce and held at high 
prices, he persuaded by frequent entreaties and almost by chidings, the splendid 
man, distinguished alike for modesty and for erudition, to grant him permission 
for the appearance of this new edition, perfected throughout and enriched by 
new parts, at his expense and under his supervision. He assigned to me, as he had 
a right, the not unwelcome task of looking after the corrections as best I could. 


RoGER Cores 


Fellow of Trinity College, 
Plumian Professor of Astronomy 
and Experimental Philosophy. 


Cambridge, May 12, 1713. 
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N THIS THIRD EDITION, prepared with much care by Henry Pemberton, M.D., a 

man of the greatest skill in these matters, some things in the second Book on 
the resistance of mediums are somewhat more comprehensively handled than be- 
fore, and new experiments on the resistance of heavy bodies falling in air are 
added. In the third Book, the argument to prove that the moon is retained in its 
orbit by the force of gravity is more fully stated; and there are added new obser- 
vations made by Mr. Pound, concerning the ratio of the diameters of Jupiter to 
one another. Some observations are also added on the comet which appeared in 
the year 1680, made in Germany in the month of November by Mr. Kirk; which 
have lately come to my hands, By the help of these it becomes apparent how 
nearly parabolic orbits represent the motions of comets. The orbit of that comet 
is determined somewhat more accurately than before, by the computation of 
Dr. Halley, in an ellipse. And it is shown that, in this elliptic orbit, the comet took 
its course through the nine signs of the heavens, with as much accuracy as the 
planets move in the elliptic orbits given in astronomy. The orbit of the comet 
which appeared in the year 1723 is also added, computed by Mr. Bradley, Professor 
of Astronomy at Oxford? 

Is. NEWTON 


London, Jan. 12, 1725-6. 
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DEDICATION. 
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TEACHERS OF THE NORMAL SCHOOL 
OF THE STATE n N NE 


GENTLEMEN :— 

A stirring freshness in the air, and ruddy streaks upon the 
horizon of che moral world betoken the grateful dawning of a new 
era. The days of a drivelling instruction are departing. With 
us is the opening promise of a better time, wherein genuine man- 
hood doing its noblest work shall have adequate reward. 
TE4cnHER is the highest and most responsible office man can fill. 
Its aignity 15, and will yet be held commensurate with its duty— 
a duty boundless as man's intellectual capacity, and great as his 
moral need—a duty from the performance of which shall emanate 
an influence not limited to the now and the here, but which surely 
will, as time flows into eternity and space into infinity, roll up, a 
measureless curse or a measureless blessing, in inconceivable | 
swellings along the infinite curve. It is an office that should be 
esteemed of even sacred import in this country. Ere long a hun- 
dred millions, extending from the Atlantic to the Pacific, from 
. Baffin's Bay to that of Panama, shall call themselves American 
citizens. What a field for those two master-passions of the hu- 
man soul—the love of Rule, and the love of Gain! How shall 
our liberties continue to be preserved from the graspings of Am- 
bition and the corruptions of Gold? Not by Bills of Rights. 
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Constitutions, and Statute Books ; but alone by the rightly culti- 
vated hearts and heads of the Prop. They must themselves 
guard the Ark. It is yours to fit them for the consecrated 
charge. Look well to it: for you appear clothed in the majesty 
of great power! It is yours to fashion, and to inform, to save, 
and to perpetuate. You are the Educators of the People: you 
are the prime Conservators of the public weal. Betray your 
trust, and the sacred fires would go out, and the altars crumble 
into dust: knowledge become lost in tradition, and Christian no- 
bleness a fable! As you, therefore, are multiplied in number, . 
elevated in consideration, increased in means, and fulfill, well and 
faithfully, all the requirements of true Teachers, so shall our fa- 

voured land lift up her head among the nations of the earth, and 
call herself blessed. 

In conclusion, Gentlemen, to you, as the πα leaders 
in the vast and honourable labour of Educational Reform, and 
Popular Teaching, the First American Edition of the Principia of 
Newton—the greatest work of the greatest Teacher—is most 
respectfully dedicated. | 


Ν. W. CHITTENDEN. 


INTRODUCTION TO THE AMERICAN EDITION. 


TuaT the Principia of Newton should have remained so gen- 
erally unknown in this country tó the present day is a somewhat 
remarkable fact ; because the name of the author, learned with 
the very elements of science, is revered at every hearth-stone 
where. knowledge and virtue are of chief esteem, while, abroad, 
in all the high places of the land, the character which that name 
recalls is held up as the noblest illustration of what Man may be, 
and may do, in the possession and manifestation of pre-eminent 
intellectual and: moral worth ; because the work is celebrated, not: 
only in the history of one career and one mind, but in the history 
of all.achievement and human reason itself; because οἵ the spirit. 
of inquiry, which has been aroused, and which, in pursuing its 
searchings, is not always satisfied with stopping short of the foun- 
tain-head of any given truth; and, finally, because of the earnest 
endeavoür that has been and is constantly going on, in many 
sections of the Republic, to elevate the popular standard of edu- 
cation:and give to scientific and other efforts a higher and a 
better aim. | | 

True, the Prindipi4 has been hitherto inaccessible’ to popular’ 
use. A few copies in Latin, and occasionally onè in English may 
be found in some of our larger libraries, or in the possession of 
some ardent disciple of the great Master. But a: d¢ad: language 
in the one case, and an enormous price in both, particularly in: 
that of the English edition, have thus far opposed very sufficient: 
obstacles to the wide circulation of the work. It is now, how- 
ever, placed within the reach of all. And in performing this la- 
bour, the utmost care has been taken, by collation, revision, and: 
otherwise, to render the First American Edition the most accurate: 
and beautiful in our language. “ Le plus beau monument que: 
l” on puisse élever ἃ la gloire de Newton, c'est une bonne édition 
de ses ouvrages :" and a monument like unto that we would here: 
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set up. The Principia, above all, glows with the immortality of 
a transcendant mind. Marble and brass dissolve and pass away ; 
but the true creations of genius endure, in time and beyond time, 
forever: high upon the adamant of the indestructible, they send 
forth afar and near, over the troublous waters of life, a pure, un- 
wavering. quenchless light whereby the myriad myriads of barques, 
richly laden with reason, intelligence and various faculty, are 
guided through the night and the storm, by the beetling shore 
and the hidden rock, the breaker and the shoal, zd into havens 
calm and secure. 

To the teacher and the taught, the scholar and the student, the 
devotee of Science and the worshipper of Truth, the Principia 
must ever continue to be of inestimable value. If to educate 
means, not so much to store the memory with symbols and facts, 
as to bring forth the faculties of the soul and develope them to the 
full by healthy nurture and a hardy discipline, then, what so effec- 
tive to the accomplishment of that end as the study of Geometri- 
cal Synthesis? The Calculus, in some shape or other, is, indeed, 
necessary to the successful prosecution of researches in the higher 
branches of philosophy. But has not the Analytical encroached 
upon the Synthetical, and Algorithmic Formule been employed 
when not requisite, either for the evolution of truth, or even its 
apter illustration? To each method belongs, undoubtedly, an 
appropriate use. Newton, himself the inventor of Fluxions, 
censured the handling of Geometrical subjects by Algebraical 
calculations ; and the maturest opinions which he expressed were 
additionally in favour of the Geometrical Method. His prefer- 
ence, so strongly marked, is not to be reckoned a mere matter ot 
taste ; and his authority should bear with preponderating weight 
upon the decision of every instructor in adopting what may be 
deemed the best plan to insure the completest mental develóp- 
fent. Geometry, the vigorous product of remote time ; blended 
with the earliest aspirations of Science and the earliest applica- 
tions of Art; as well in the measures of music as in the move- 
ment of spheres; as wholly in the structure of the atom as in that 
of the world; directing Motion and shaping APPEARANCE; in a 
word, t the moulding of the created all, is, in. comprehensive 
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view, the outward form of that Inner Harmony of which and in 
which all things are. Plainly, therefore, this noble study has 
other and infinitely higher uses than to increase the power of ab- 
straction. A more general and thorough cultivation of it should - 
pe strenuously insisted on. Passing from the pages of Euclid or 
Legendre, might not the student be led, at the suitable time, to 
those of the Principia wherein Geometry may be found in varied 
use from the familiar to the sublime? The profoundest and the 
happiest results, it is believed, would attend upon this enlargement 
of our Educational System. 

Let the Principia, then, be gladly welcomed into every Hall 
where a TRUE TEACHER presides. And they who are guided to 
the diligent study of this incomparable work, who become 
strengthened by its reason, assured by its evidence, and enlight- 
‘ened by its truths, and who rise into loving communion with the 
great and pure spirit of its author, will go forth from. the scenes 
of their pupilage, and take their places in the world as strong- 
minded, right-hearted men—such men as the Theory of our 
Government contemplates and its practical operation absolutely 
demands. 


LIFE OF 


SIR ISAAC NEWTON. © 


Nec fas est proprius mortali attingere Divos.—HALLEY. 


From the thick darkness of the middle ages man's struggling 
. Spirit emerged as in new birth ; breaking out of the iron control 
of that period; growing strong and confident in the tug and din - 
of succeeding conflict and revolution, it bounded forwards and 
upwards with resistless vigour to the investigation of physical and 
moral truth ; ascending height after height ; sweeping afar over 
the earth, penetrating afar up into the heavens ; increasing in en- 
deavour, enlarging in endowment ; every where boldly, earnestly 
uut-stretching, till, in the AuTrHoR of the Principia, one arose, 
who, grasping the master-key of the universe and treading its — 
celestial paths, opened up to the human intellect the stupendous 
realities of the material world, and, in the unrolling of its harmo- 
nies, gave to the human heart a new song to the goodness, wis- 
dom, and majesty of the all-creating, all-sustaining, all-perfect 
God. | 

Sir Isaac Newton, in whom the rising intellect seemed to attain, 
asit were, to its culminating point, was born on the 25th of De- - 
cember, O.. S. 1642—Christmas day—at Woolsthorpe, in the 
parish of Colsterworth, in Lincolnshire. His father, John New- 
ton, died at the age of thirty-six, and only a few months after his 
marriage to Harriet Ayscough, daughter of James Ayscough, of 

Rutlandshire. Mrs. Newton, probably wrought upon by the 
. early loss of her husband, gave premature birth to her only and 
posthumous child, of which, too, from its extreme diminutiveness, 
she appeared likely to be soon bereft. Happily, it was otherwise 
decreed! The tiny infant, on whose little lips the breath of life 
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so doubtingly hovered, lived ;—lived to a vigorous maturity, to a 
hale old age ;—lived to become the boast of his country, the won- 
der of his time, and the “ ornament of his species.” 

Beyond the grandfather, Robert N ewton, the descent of Sir 
Isaac cannot with certainty be traced. Two traditions were held 
in the family: one, that they were of Scotch extraction; the 
other, that they came originally from Newton, in Lancashire, 
dwelling, for a time, however, at Westby, county of Lincoln, be- 
fore the removal to and purchase of Woolsthorpe—about a hundred 
years before this memorable birth. _ 

The widow Newton was left with the simple means of a com- 
fortable subsistence. The Woolsthorpe estate together with - 
small one which she possessed at Sewstern, in Leicestershire, yield | 
ed her an income of some eighty pounds; and upon this limited sum, 
she had to rely chiefly for the support of herself, and the educa 
tion of her child. She continued his nurture for three years, 
when, marrying again, she confided the tender charge to the care 
of her own mother. 

Great genius is seldom marked by precocious developments | 
and young Isaac, sent, at the usual age, to two day schools at 
Skillington and Stoke, exhibited no unusual traits of character. 
In his twelfth year, he was placed at the public school at Gran- 
tham, and boarded at the house of Mr. Clark, an apothecary. 
But even in this excellent seminary, his mental acquisitions con- 
tinued for a while unpromising enough: study apparently had no 
charms for him; he was very inattentive, and ranked low in the 
school. One day, however, the boy immediately above our seem- 
ingly dull student gave him a severe kick in the stomach; Isaac, 
deeply affected, but with no outburst of passion, betook himself, 
with quiet, incessant toil, to his books; he quickly passed above 
the offending classmate; yet there he stopped not; the strong 
spirit was, for once and forever, awakened, and, yielding to its 
noble impulse, he speedily took up his position at the head of all. 

His peculiar character began now rapidly to unfold itself. 
Close application grew to be habitual. Observation alternated 
with reflection. “ A sober, silent, thinking lad,” yet, the wisest 
and the kindliest, the indisputable leader of his fellows. Gener- 
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osity, modesty, and a love of truth distinguished him then as ever 
afterwards. He did not often join his classmates in play ; but he 
would contrive for them various amusements of a scientific kind. 
Paper kites he introduced; carefully determining their best form 
and proportions, and the position and number of points whereby 
to attach the string. He also invented paper lanterns; these 
served ordinarily to guide the way to school in winter mornings, 
but occasionally for quite another purpose ; they were attached to 
the tails of kites ina darknight, to the dismay of the country people 
dreading portentous comets, and to the immeasureable delight οἱ 
his companions. To him, however, young as he was, life seemed 
to have become an earnest thing. When not occupied with his 
studies, his mind would be engrossed with mechanical contrivances ; 
. now imitating, now inventing. He became singularly skilful in the 
use of his little saws, hatchets, hammers, and other tools. <A 
windmill was erected near Grantham ; during the operations of 
the workmen, -he was frequently present; in a short time, he had 
completed a perfect working model of it, which elicited general- 
admiration. Not content, however, with this exact imitation, he 
' conceived the idea of employing, in the place of sails, animal power , 
and, adapting the construction of his mill accordingly, he enclosed 
in it a mouse, called the miller, and which by acting on a sort ot 
treadwheel, gave motion to the machine. He invented, too, a 
mechanical carriage—having four wheels, and put in motion with 
a handle worked by the person sitting inside. ‘The measurement 
of time early drew his attention. He first constructed a water 
clock, in proportions. somewhat like an old-fashioned house clock. 
The index of the dial plate was turned by a piece of wood acted 
upon by. dropping water. This instrument, though long used by 
himself, and by Mr. Clark's family, did not satisfy his inquiring 
mind. His thoughts rose to the sun ; and, by careful and oft-re- 
peated observations of the solar movements, he subsequently 
formed many dials. One of these, named Isaac’s dial, was the 
accurate result of years’ labour, and was frequently referred to 
for the hour ofthe day by the country people. | 

_ May we not discern in these continual efforts—the diligent re 
search, the patient meditation, the aspiring glance, end the energy 
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of discovery—the stirring elements of that wondrous spirit, 
which, clear, calm, and great, moved, in after years, through 
deep onward through deep of Nature's mysteries, unlocking her: 
strongholds, dispelling darkness, educing order—everywhere si- 
lently conquering. | 

Newton had an early and decided taste for drawing. Pictures, 
taken sometimes from copies, but often from life, and drawn, 
coloured and framed by himself, ornamented his apartment. He 
was skilled also, in poetical composition, “excelled in making 
verses ;' some of these were borne in remembrance and repeated, 
seventy years afterward, by Mrs. Vincent, for whom, in early 
youth, as Miss Storey, he formed an ardent attachment. She 
was the sister of a physician resident near Woolsthorpe; but 
Newton's intimate acquaintance with her began at Grantham, 
where they were both numbered among the inmates of the same 
house. Two or three years younger than himself, of great per- 
sonal beauty, and unusual talent, her society afforded him the 
greatest pleasure ; and their youthful friendship, it is believed, 
gradually rose to a higher passion; but inadequacy of fortune 
prevented their union. Miss Storey was afterwards twice mar- 
ried; Newton, never; his esteem for her continued unabated 
during life, accompanied by numerous acts of attention and 
kindness. a | 

In 1656, Newton’s mother was again left a widow,.and took 
up her abode once more at Woolsthorpe. He was now fifteen 
years of age, and had made great progress in his studies ; but she, 
desirous of his help, and from motives of economy, recalled him 
from school. Business occupations, however, and. the. manage- 
ment of the farm, proved utterly distasteful to him. When sent to 
Grantham Market on Saturdays, he would betake himself to his 
former lodgings in the apothecary's garret, where some of. Mr. 
Clark's old books employed his thoughts till the aged and trust- 
worthy servant had executed the family commissions and announced 
the necessity of return: or, at other times, our young philosopher. 
would seat himself under a hedge, by the wayside, and: continue 
his studies till the same faithful personage—proceeding ‘alone. to 
the town and completing the. day's business—stopped as he:-re-: 
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turned. The more immediate affairs of the farm received no 
better.attention. In fact, his passion for study grew daily more 
absorbing, and his dislike for every other occupation more in- 
tense. His mother, therefore, wisely resolved to give him all the 
advantages which an education could confer. He was sent back 
to Grantham school, where he remained for some months in busy 
preparation for his academical studies. At the recommendation 
of one of bis uncles, who had himself studied at Trinity College, 
Cambridge, Newton proceeded thither, and was duly admitted, 
on the 5th day of June 1660, in the eighteenth year of his age. 

The eager student had now entered upon a new and wider 
field; and we find him devoting himself to the pursuit of know- 
‘ledge with amazing ardour and perseverance. Among other sub- 
jects, his attention was soon drawn to that of Judicial Astrology 
He exposed the folly of this pseudo-science by erecting a figure 
with the aid of one or two of the problems of Euclid ;—and thus 
began his study of the Mathematics. His researches into this 
science were prosecuted with unparallelled vigour and success. 
Regarding the propositions contained in Euclid as self-evident 
truths, he passed rapidly over this ancient system—a step which 
he afterward much regretted—and mastered, without further pre- 
paratory study, the Analytical Geometry of Descartes. Wallis’s 
Arithmetic of Infinites, Saunderson’s Logic, and the Optics of 
Kepler, he also studied with great care; writing upon them 
many comments; and, in these notes on: Walliss work was un- 
doubtedly the germ of his fluxionary calculus. His progress was 
so great that he found himself more profoundly versed than his tutor 
in many branches of learning. Yet his acquisitions were not 
gotten with the rapidity of intuition; but they were thoroughly 
made and firmly secured.. Quickness of apprehension, or intel 
lectual nimbleness did not belong to him. He saw too far: his, 
insight. was too deep. He dwelt fully, cautiously upon the least 
subject ; while to the consideration of the greatest, he brought a 
massive. strength joined with a matchless clearness, that, regard- 
less of the merely trivial or unimportant, bore with unerring sa- 
gacity upon the prominences of the subject, and, grappling with 
its difficulties, rarely failed to surmount them. 


14 . LIFE’ OF SIR ISAAC NEWTON. 


His early and fast friend, Dr. Barrow—in compass of inven- 
tion only inferior to Newton—who had been elected Professor 
of Greek in the University, in 1660, was made Lucasian Profes- 
sor of Mathematics in 1663, and soon afterward delivered his 
Optical Lectures: the manuscripts of these were revised by New- 
ton, and several oversights corrected, and many important sug- 
gestions made by him ; but they were not published till 1669. - 

In the year 1665, he received the degree of Bachelor of Arts; 
and, in 1666, he entered upon those brilliant and imposing dis- 
coveries which have conferred inappreciable benefits upon science, 
and immortality upon his own name. 

Newton, himself, states that he was in possession of his Method 
of Fluxions, “in the year 1666, or before.” Infinite quantities 
had long been a subject of profound investigation; among the 
ancients by Archimedes, and Pappus of Alexandria; among the 
moderns by Kepler, Cavaleri, Roberval, Fermat and Wallis. 
With consummate ability Dr. Wallis had improved upon the la- 
bours of his predecessors: with a higher power, Newton moved 
forwards from where Wallis stopped. Our author first invented 
his celebrated BrinomiaL ΤΉΕΟΒΕΝ. And then, applying this 
Theorem to the rectification of curves, and to the determination 
of the surfaces and contents of solids, and the position of their 
centres of gravity, he discovered the general principle of deducing 
the areas of curves from the ordinate, by considering the area as 
a nascent quantity, increasing by continual fluxion in the propor- 
tion of the length of the ordinate, and supposing the abscissa 
to increase uniformly in proportion to the time. Regarding lines 
as generated by the motion of points, surfaces by the motion of 
lines, and solids by the motion of surfaces, and considering that. 
the ordinates, abscissae, &c., of curves thus formed, vary accord- 
ing to a regular law depending on the equation of the curve, 
he deduced from this equation the velocities with which these | 
quantities are generated, and obtained by the rules of infinite 
series, the ultimate value required. To the velocities with which 
every line or quantity is generated, he gave the name of Fivx- 
10Ns, and to the lines or quantities themselves, that of FLuents. 
A discovery that successively baffled the acutest and strongest 
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intellects :--that, variously modified, has proved of incalculable 
service in aiding to develope the most abstruse and the highest 
truths in Mathematics and Astronomy: and that was of itself 
enough to render any name illustrious in the crowded Annals of 
Science. . | 

At this period, the most distinguished philosophers were direct- 
ing all their energies to the subject of light and the improvement 
of the refracting telescope. . Newton, having applied himself to 
the grinding of “optic glasses of other figures than spherical,” ex- 
perienced the impracticability of executing such lenses; and con- 
jectured that their defects, and consequently those of refracting - 
telescopes, might arise from some other cause than the imperfect 
convergency of rays to asingle point. He accordingly “ procured 
a triangular glass prism to try therewith the celebrated phenom- 
ena of colours.” His experiments, entered upon with zeal, and 
. sonducted with that industry, accuracy, and patient thought, for 
which he was so remarkable, resulted in the grand conclusion, 
that LIGHT WAS NOT HOMOGENEOUS, BUT CONSISTED OF RAYS, 
SOME OF WHICH WERE MORE REFRANGIBLE THAN OTHERS. This 
profound and beautiful discovery opened up a new era in the 
History of Optics. As bearing, however, directly upon the construc- 
tion of telescopes, he saw that a lens refracting exactly like a prism 
would necessarily bring the different rays to different foci, at 
different distances from the glass, confusing and rendering the 
vision indistinct. ‘Taking for granted that all bodies produced 
spectra of -qual length, he dismissed all further consideration of 
the refracting instrument, and took up the principle of reflection. 
Rays of all colours, he found, were reflected regularly, so that the 
angle of reflection was equal to the angle of incidence, and hence 
he concluded that optical instruments might be brought to any 
degree of perfection imaginable, provided reflecting specula of 
the requisite figure and finish could be obtained. At this stage 
of his optical researches, he was forced to leave Cambridge on 
account of the plague which was then desolating England. 

He retired to Woolsthorpe. "The old manor-house, in which he 
was born, was situated in a beautiful little valley, on the west side 
of the river Witham ; and here in the quiet home of his boyhood, 

2 | 


16 LIFE OF SIR. ISAAC NEWTON. 


he passed his days in serene contemplation, while the stalking 
pestilence was hurrying its tens of thousands into undistinguisha. 
ble graves. | 

Towards the close of a pleasant day in the early autumn of 
1666, he was seated alone beneath a tree, in his garden, absorbed 
in meditation. . He was a slight young man; in the twenty-fourth 
year of his age; his countenance mild and full of thought. For 
a century previous, the science of Astronomy had advanced with 
rapid strides. "The human mind had risen from the gloom and 
bondage of the middle ages, in unparalleled vigour, to unfold the 
system, to investigate the phenomena, and to establish the laws 
of the heavenly bodies. Copernicus, Tycho Brahe, Kepler, 
Galileo, and others had prepared and lighted the way for him 
who was to give to their labour its just value, and to their genius 
its true lustre. At his bidding isolated facts were to take order 
as parts of one harmonious whole, and sagacious conjectures grow 
luminous in the certain splendour of demonstrated truth. And 
this ablest man had come—was here. His mind, familiar with 
the knowledge of past effort, and its unequalled faculties develop- 
ed in transcendant strength, was now moving on to the very 
threshold of :ts grandest achievement. Step by step the untrod- 
den path was measured, till, at length, the entrance seemed dis- 
closed, and the tireless explorer to stand amid the first opening 
wonders of the universe. 

The nature of gravity—that mysterious power. which causes 
all bodies to descend towards the centre of the earth—had, in- 
deed, dawned upon him. And reason busily united link to link 
of that chain which was yet to be traced joining the least to the 
vastest, the most remote to the nearest, in one harmonious bond. 
From the bottoms of the deepest caverns to the summits of the 
highest mountains, this power suffers no sensible change: may not 
its action, then, extend to the moon? . Undoubtedly: and furthei 
reflection convinced him that such a power might be sufficient for 
retaining that luminary in her orbit round the earth. But, though 
this power suffers no sensible variation, in the little change of 
distance from the earth’s centre, at which we may place our- 
“elves, yet, at the distance of the moon, may not its force undergo 
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more or less diminution? The conjecture appeared most pr 3ba- 
ble: and, in order to estimate what the degree of diminution 
might be, he considered that if the moon be retained in her orbit 
by the force of gravity, the primary planets must also be carried 
round the sun by the like power; and, by comparing the periods 
of the several planets with their distances from the sun, he found 
that, if they were held in their courses by any power like gravity, 
its strength must decrease in the duplicate proportion of the in- 
crease of distance. In forming this conclusion, he supposed the 
planets to move in perfect circles, concentric to the sun. Now 
was this the law of the moon's motion ? Was such a force, em- 
anating from the earth and directed to the moon, sufficient, when 
diminished as the square of the distance, to retain her in her 
orbit? To ascertain this master-fact, he compared the space 
through which heavy bodies fall, in a second of time, at a given 
distance from the centre of the earth, namely, at its surface, with 
the space through which the moon falls, as it were, to the earth, 
in the same time, while revolving in a circular orbit. He was 
absent from books; and, therefore, adopted, in computing the 
earth's diameter, the common estimate of sixty miles to a degree 
of latitude as then in use among geographers and navigators. 
The result of his calculations did not, ot course, answer his ex- 
pectations; hence, he concluded that some other cause, beyond the 
reach of observation—analogous, perhaps, to the vortices of Des- 
cartes— joined its action to that of the power of gravity upon the 
moon. Though by no means satisfied, he yet abandoned awhile 
further inquiry, and remained totally silent upon the subject. 
These rapid marches in the career of discovery, combined with 
the youth of Newton, seem to evince a penetration the most 
lively, and an invention the most exuberant. But in him there 
was a conjunction of influences as extraordinary as fortunate. 
Study, unbroken, persevering and profound carried on its inform- 
ing- and disciplining work upon a genius, natively the greatest, 
and rendered freest in its movements, and clearest in its vision, 
through the untrammelling and. enlig} tening power of religion. 
And, in this happy concurrence, are to be sought the elements of 
those amazing abilities, which, grasping, with equal facility, the 
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minute and the stupendous, brought these successively to light, 
and caused science to make them her own. 

In 1667, Newton was made a Junior Fellow ; and, in the year 
following, he took his degree of Master of Arts, and was appoint- 
ed to a Senior Fellowship. 

On his return to Cambridge, in 1668, he resumed his optical 
labours. Having thought of a delicate method of polishing metal, 
he proceeded to the construction of his newly projected reflect- 
ing telescope ; a small specimen of which he actually made with 
his own hands, It was six inches long; and magnified about 
forty times ;—a power greater than a refracting instrument of six 
feet tube could exert with distinctness. Jupiter, with his four 
satellites, and the horns, or moon-like phases of Venus were 
plainly visible through it. THis was THE FIRST REFLECTING 
TELESCOPE EVER EXECUTED AND DIRECTED TO THE HEAVENS. 
He gave an account of it, in a letter to a friend, dated February 23d, 
1668-9—a letter which is also remarkable for containing the firs’ 
allusion to his discoveries * concerning the nature of light" ^ En: 
couraged by the success of his first éxperiment, he again executed 
with his own hands, not long afterward, a second and superior 
instrument of the same kind. The existence of this having come 
to the knowledge of the Royal Society of London, in 1671, they 
requested it of Newton for examination. He accordingly sent it 
to them. It excited great admiration; it was shown to the king: 
a drawing and description of it was sent to Paris; and the tele- 
scope itself was carefully preserved in the Library of the Society. 
Newton lived to see his invention in public use, and of eminent 
service in the cause of science. 

In the spring of 1669, he wrote to his friend Francis Aston, 
Esq., then about setting out on his travels, a letter of advice and 
directions, it was dated May 18th, and is interesting as exhibit- 
ing some of the prominent features in Newton's character. 
Thus :— 

" Since in your letter you give me so much liberty of spending 
my judgment about what may be to your advantage in travelling, 
l shall do it more freely than perhaps otherwise would have been 
decent, First, then, I will lay down some general rules, most οἵ. 
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which, I believe, you have considered already; but if any of 
them be new to you, they may excuse the rest; if none at all, 
yet is my punishment more in writing than youre in reading. 
"When you come into any fresh company. 1. Observe their 
humours. 2. Suit your own carriage thereto, by which insinua- 
tion you will make their converse more free and open. 3. Let 
your discourse be more in queries and doubtings than peremptory 
assertions or disputings, it being the design of travellers to learn, 
not to teach. Besides, it will persuade your acquaintance that 
you have the greater esteem of them, and so make them more 
ready to communicate what they know to you; whereas nothing 
sooner occasions disrespect and quarrels than peremptoriness. 
You will find little or no advantage in seeming wiser or much 
more ignorant than your company. 4. Seldom discommend any- 
thing though never so bad, or do it but moderately, lest you be 
unexpectedly forced to an unhandsome retraction. It is safer to 
commend any thing more than it deserves, than to discommend 
a thing so much as it deserves; for commendations meet not 
so often with oppositions, or, at least, are not usually so ill re- 
 sented by men that think otherwise, as discommendations; and 
you, will insinuate into men's favour by nothing sooner than seem- 
ing to approve and commend what they like; but beware o 
doing it by comparison. 5. If you be affronted, it is better, in ε 
foreign country, to pass it by in silence, and with a jest, though 
. With some dishonour, than to endeavour revenge ; for, in the first 
case, your credit's ne'er the worse when you return into England, 
or come into other company that have not heard of the quarrel. 
. But, in the second case, you may bear the marks of the quarrel 
while you live, if you outlive it at all. But, if you find yourselt 
unavoidably engaged, "tis best, I think, if you can command your 
passion and language, to keep them pretty evenly at some certain 
moderate pitch, not much heightening them to exasperate. your 
adversary, or provoke his friends, nor letting them grow overmuch 
dejected to make him insult. In a word, if you can keep reason 
above passion, that and watchfulness will be your best defendants. 
‘To which purpose you may consider, that, though such excuses 
as. this—He provok't me so much I could not forbear—may pass 
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among friends, yet amongst strangers they are insignificant, na 
only argue a traveller's weakness. 

“ To these I may add some general heads for inquiries or ob- 
servations, such as at present I can think on. As, 1. To observe 
the policies, wealth, and state affairs of nations, so far as a soli- 
tary traveller may conveniently do. 2. Their impositions upon 
all sorts of people, trades, or commodities, that are remarkable. 
3. Their laws and customs, how far they differ from ours. 4. 
Their trades and arts wherein they excel or come short of us in 
England. 5. Such fortifications as you shall meet with, their 
fashion, strength, and advantages for defence, and other such mili- 
tary affairs as are considerable. 6. The power and respect be- 
longing to their degrees of nobility or magistracy. 7. It will not 
be time misspent to make a catalogue of the names and excellen- 
cies of those men that are most wise, learned, or esteemed in any 
nation. 8. Observe the mechanism and manner of guiding ships. 
9. Observe the products of Nature in several places, especially in 
mines, with the circumstances of mining and of extracting metals 
or minerals out of their ore, and of refining them; and if you 
meet with any transmutations out of their own species into 
another (as out of iron into copper, out of any metal into quick- - 
silver, out of one salt into another, or into an insipid body, &c.), 
those, above all, will be worth your noting, being the most lucif- 
erous, and many times lucriferous experiments, too, in philosophy. 
10. The prices of diet and other things. 11. And the staple 
commodities of places. | 

“These generals (such as at present I could think of), if they 
will serve for nothing else, yet they may assist you in drawing up 
à model to regulate your travels by. ` As for particulars, these that 
follow are all that I can now think of, viz.; whether at Schem- 
nitium, in. Hungary (where there are mines of gold, copper, iron, 
vitriol, antimony, &c.). they change iron into copper by dissolving 
it in-a vitriolate water, which they find in cavities of rocks in the 
mines, and then melting the slimy solution in a βίτοιισ fire, which 
in the cooling proves copper. The like is said to be done in other 
places, which I cannot now remember; perhaps, too, it may be 

lone in Italy. For about twenty or thirty years agone there was - 
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a certain vitriol came from thence (called Roman vitriol), but of 
a nobler virtue than that which is now called by that name; 
which vitriol is not now to be gotten, because, perhaps, they make 
a greater gain by some such trick as turning iron into copper 
with it than by selling it. 2. Whether, in Hungary, Sclavonia, 
Bohemia, near the town Eila, or at the mountains of Bohemia 
near Silesia, there be rivers whose waters are impregnated with 
gold; perhaps, the gold being dissolved by some corrosive water 
like aqua regis, and the solution carried along with the stream, 
that runs through the mines. And whether the practice of laying 
mercury in the rivers, till it-be tinged with gold, and then strain- 
ing the mercury through leather, that the gold may stay behind. 
be a secret yet, or openly practised. 3. There is newly con- 
trived, in Holland, a mill to grind glasses plane withal, and I 
think polishing them too ; perhaps it will be worth the while to see 
it. 4. There is in Holland one Borry, who some years since 
was imprisoned by the Pope, to have extorted from him secrets 
(as I am told) of great worth, both as to medicine and profit, but 
he escaped into Holland, where they have granted him a guard. 
I think he usually goes clothed in green. Pray inquire what you 
can of him, and whether his ingenuity be any profit to the Dutch. 
You may inform yourself whether the Dutch have any tricks to 
keep their ships from being all worm-eaten in their voyages to 
the Indies. Whether pendulum clocks do any service in finding 
out the longitude, &c. Ἢ | 

“Tam very weary, and shall not stay to part with a long 
compliment, “only I wish yon: a good journey, and God be with 
you." 

It was not till the month of June, 1669, that our author made: 
known his Method of Fluxions. He then communicated. the 
work which he had composed upon the subject, and entitled, 
ANALYSIS PER EQUATIONES NUMERO TERMINORUM INFINITAS, 
to his friend Dr. Barrow. "The latter, ina letter dated 20th of the 
. same month, mentioned it to Mr. Collins, and transmitted it to 
- him, on the 31st of July thereafter. Mr. Collins greatly approv- 
ed of the work; took a copy of it; and sent the original back 
to Dr. Barrow. During the same and the two following years, Mr 
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Collins, by his extensive correspondence, spread the knowledge 
of this discovery among the mathematicians in England, Scotland, 
France, Holland and Italy. 

Dr. Barrow, having resolved to devote himself to Theology, 
resigned the Lucasian Professorship of Mathematics, in 1669, in 
favour of Newton, who accordingly received the appointment to 
the vacant chair. 

During the years 1669, 1670, and 1671, our author, as such 
Professor, delivered a course of Optical Lectures. "Though these 
contained his principal discoveries relative to the different re- 
frangibility of light, yet the discoveries themselves did not be- 
come publicly known, it seems, till he communicated them to the 
Royal Society, a few weeks after being elected a member there- 
of, in the spring of 1671-2. He now rose rapidly in reputation, 
and was soon regarded as foremost among the philosophers of the 
age. His paper on light excited the deepest interest in the Royal 
Society, who manifested an anxious solicitude to secure the author 
from the *arrogations of others," and proposed to publish his 
discourse in the monthly numbers in which the Transactions were 
given to the world. Newton, gratefully sensible of these expres- 
sions of esteem, willingly accepted of the proposal for publication. 
He gave them also, at this time, the results of some further ex- 
periments in the decomposition and re-composition of light :—that 
the same degree of refrangibility always belonged to the same 
colour, and the same colour to the same degree of refrangibility : 
that the seven different colours of the spectrum were original, or 
simple, and that whiteness, or white light was a compound of all 
these seven colours. 

The publication of his new doctrines on light soon called forth 
violent opposition as to their soundness. Hooke and Huygens— 
men eminent for ability and learning—were the most conspic vous 
of the assailants. - And though Newton effectually silenced all his 
adversaries, yet he felt the triumph of little gain in comparison 
with the loss his tranquillity had sustained. He subsequently re- 
narked in allusion to this controversy—and to one with whom 
he was destined to have a longer and a bitterer conflict—“ I was 
so persecuted with discussions arising from the publication óf my 
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theory of ‘light, that I blamed my own imprudence for parting 
with so substantial a blessing as my quiet to run after a shadow.” 
_ In a communication to Mr. Oldenburg, Secretary of the Royal 
‘Society, in 1672, our author stated many valuable suggestions re- 
lative to the construction of RerLectinc Microscopes which he 
considered even more capable of improvement than telescopes. 
He also contemplated, about the same time, an edition of Kinck- 
huysen’s Algebra, with notes and additions; partially arranging, 
as an introduction to the work, a treatise, entitled, A Method of 
Fluxions; but he finally abandoned the design. This treatise, 
however, he resolved, or rather consented, at a late period of his 
life, to put forth separately ; and the plan would probably have 
been carried into execution had not his death intervened. It was 
translated into English, and published in 1736 by John Colson, 
Professor of Mathematics in Cambridge. 

Newton, it is thought, made his discoveries concerning the 
[InFLECTION and DirrractTion of light before 1674. The phe- 
nomena of the inflection of light had been first discovered more 
than ten years before by Grimaldi. And Newton began by re- 
peating one of the experiments of ‘the learned Jesuit—admitting 
a beam of the sun’s light through a small pin hole into a dark 
chamber: the light diverged from the aperture in the form of & 
cone, and the shadows of all bodies placed in this light were. 
larger than might Have been expected, and surrounded with three 
coloured fringes, the nearest being widest, and the most remote 
the narrowest.: Newton, advancing upon this experiment, took 
exact measures of the diameter of. the shadow of a human hair, 
and of the breadth of the fringes, at different distances behind it, 
and discovered that these diameters and breadths were not pro- 
portional to the distances at which they were measured. He 
hence supposed that the rays which passed by the edge of the 
hair were deflected or turned aside from it, as if by a repulsive 
force, the nearest rays suffering the greatest, the more remote a 
less degree of deflection. In explanation of the coloured fringes, 
he queried: whether the rays which differ in refrangibility do not ` 
differ also in flexibility, and whether they are nut, by these dif- 
ferent inflections, separated from one another, so as after separa- 
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tion to make the colours in the three fringes above described’? 
Also, whether the rays, in passing by the edges and sides of 
bodies, are not bent several times backwards and forwards with 
an eel-like motion—the three fringes arising from three such 
bendings ? His inquiries on this subject were here interrupted. 
and never renewed. - | 

His Theory of the Cotours of NaTunaL ΒΟΡΙΕΒ was commus 
nicated to the Royal Society, in February, 1675. This is justly 
regarded as one of the profoundest of his speculations. ‘The fun- 
damental principles of the Theory in brief, are :—That bodies 
possessing the greatest refractive" powers reflect the greatest 
quantity of light; and that, at the confines of equally refracting 
media, there is no reflection. That the minutest particles of al- 
most all natural bodies are in some degree transparent. That 
between the particles of bodies there are pores, or spaces, either 
empty or filled with media of a less density than the particles 
themselves. "That these particles, and pores or spaces, have some 
definite size. Hence he deduced the Transparency, Opacity, and 
colours of natural bodies. Transparency arises from the particles 
and their pores being too small to cause reflection at their com- 
mon surfaces—the light all passing through; Opacity from the 
opposite cause of the particles and their pores being sufficiently 
large to réflect the light which is “stopped or stifled” by the 
multitude of reflections; and colours from the particles, accord- | 
ing to their several sizes, reflecting rays of one colour and trans- 
mitting those of another—or in other words, the colour that 
meets the eye is the colour reflected, while all the other rays are 
transmitfed or absorbed. 

Analogous in origin to the colours of natural bodies, he con- 
sidered the COLOURS or THIN PLATES. This subject was interests 
ing and important, and had attracted considerable investigation. 
He, however, was the first to determine the law of the produc- 
tion of these colours, and, during the same year made known the - 
results of his researches herein to the Royal Society. His mode 
of procedure in these experiments was simple and curious. He 
placed a double convex lens of a large known radius of curvature, 
rpen the flat surface of a plano-convex object glass. Thus, from 
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their point of contact at the centre, to the circumference of the 
lens, he obtained plates of air, or spaces varying from the ex- 
tremest possible thinness, by slow degrees, to a considerable thick- 
ness. Letting the light fall, every different thickness of this 
plate of air gave different colours—the point of contact of the 
leas and glass forming the centre of numerous concentric colored 
ilags. Now the radius of curvature of the lens being known, the 
thickness of the plate of air, at any given point, or where any par- 
ticular colour appeared, could be exactly determined. Carefully 
noting, therefore, the order in which the different colours ap- 
peared, he measured, with the nicest accuracy, the different thick- 
nesses at which the most luminous parts of the rings were pro- 
duced, whether the medium were air, water, or mica— all these 
substances giving the same colours at different thicknesses ;—the 
ratio of which he also ascertained. From the phenomena obser- 
ved in these experiments, Newton deduced his Theory of Fits of 
Easy REFLECTION AND Transmission of light. It consists in suppos- 
‘ing that every particle of light, from its first discharge from a lumi- 
nous body, possesses, at equally distant intervals, dispositions to 
he reflected from, or transmitted through the surfaces of bodies 
upon which it may fall. For instance, if the rays are in a Fit of 
Easy Reflection, they are on reaching the surface, repelled, 
- thrown off, or reflected from it; if, in a Fit of Easy Transmission, 
they are attracted, drawn in; or transmitted through it. By this 
Theory of Fits, our author likewise explained the colours of 
thiek plates. | l 

He regarded light as consisting of small material particles 
emitted from shining substances. He thought that these parti- 
. cles could be re-combined into solid matter, so that * gross bodies 
and light were convertible into one another ;" that the particles of 
light and the particles of solid. bodies acted mutually upon each 
other; those of light agitating and heating those of solid bodies, 
and the latter attracting and repelling the former. Newton was 
the first to suggest the idea of the ῬΟΙΑΒΙΖΑΤΙΟΝ of light. 
.. In the paper entitled An Hypothesis Explaining Properties of 
Light, December, 1675, our author first introduced his opinions re- 
specting Ether—opinions which he afterward abandoned and again 
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permanently resumed—" A most subtle spirit which pervades” ali 
bodies, and is expanded through all the heavens. It is electric, 
and almost, if not quite immeasurably elastic and rare. “ By the 
force and action of which spirit the particles of bodies mutually 
attract one another, at near distances, and cohere, if contiguous ; 
and electric bodies operate at greater distances, as well repelling 
39 attracting the neighbouring corpuscles ; and light is emitted, 
-reflected, refracted, inflected and heats bodies; and all sensation 
is excited, and the members of animal bodies move at the com- 
mand of the will, namely, by the vibrations of this spirit, mutu- 
ally propagated along the solid filaments of the nerves, from the 
outward organs of sense to the brain, and from the brain into the 
muscles.” This "spirit" was no anima mundi ; nothing further 
from the thought of Newton; but was it not, on his part, a par- 
tial recognition of, or attempt to reach an ultimate material force, - 
or primary element, by means of which, “in the roaring loom of 
time," this material universe, God's visible garment, may be 
woven for us ? j 

The Royal Society were greatly interested in the results of 
some experiments, which our author had, at the same time, com- 
municated to them relative to the excitation of electricity in glass ; 
and they, after several attempts and further direction from him, 
suvceeded in re-producing the same phenomena. 

One of the most curious of Newton’s minor inquiries related to 
the connexion between the refractive powers and chemical com- 
position of bodies. He found on comparing the refractive powers 
and the densities of many different substances, that the former 
were very nearly proportional to the latter, in the same bodies. 
Unctuous and sulphureous bodies were noticed as remarkable excep- 
tions—as well as the diamond— their refractive powers being two 
ər three times greater in respect of their densities than in the 
case of other substances, while, as among themselves, the one was 
generally proportional to the other. He hence inferred as to the 
diamond a great degree of combustibility ;—a conjecture which 
the experiments of modern chemistry have shown to be true. 

The chemical researches of our author were probably pursued 
with more or less diligence from the time of his witnessing some 
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xf the vractical operations in that science at the Apothecary’s at 
Grantham. De Natura ÁcipoRuM is a short chemical paper, on 
various topics, and published in Dr. Horsley's Edition of his 
works. "TaAsuLA QuawTITATUM ET GRADUUM Coronis was in- 
serted ih the Philosophical Transactions ; it contains a compara- 
tive scale of temperature from that of melting ice to that of a 
small kitchen coal-fire. He regarded fire as a body heated so hot 
as to emit light copiously ; and flame as a vapour, fume, or ex- 
halation heated so hot as to shine. To elective attraction, by 
the operation of which the small particles of bodies, as he con- 
ceived. act upon one another,.at distances so minute as to escape - 
observation, he ascribed all the various chemical phenomena ot 
precipitation, combination, solution, and crystallization, and the - 
mechanical phenomena of cohesion and capillary attraction. New 
ton's chemical views were illustrated and confirmed, in pari, at 
least, in his own life-time. . As to the structure of bodies, he was 
of opinion “that the smallest particles of matter may cohere by 
the strongest attractions, and compose bigger particles of weaker - 
virtue ; and many of these may cohere and compose bigger par 
ticles whose virtue is still weaker; and so on for divers succes- 
sions, until the progression end in the biggest particles, on which 
the operations in chemistry and the colours of natural bodies de- 
pend, and which by adhering, compose bodies of sensible magni- 
tude." 

_ There is good reason to suppose that our author was a diligent 
student of the writings of Jacob Behmen ; and that in conjunction 
with a relative, Dr. Newton, he was busily engaged, for several 
months in the earlier part of life, in quest of the philosopher's 
tincture. “Great Alchymist," however, very imperfectly de- 
scribes the character of Behmen, whose researches into things 
material and things spiritual, things human and things divine, at- 
ford the strongest evidence of a great and original mind. 

-. More appropriately here, perhaps, than elsewhere, may be 
given Newton's account of some curious experiments, made in his 
own person, on the action οἵ 1ight upon the retina. Locke, who 
iwas an intimate friend of our author, wrote to him for his opinion 
on a certain fact stated in Boyle's Book of Colours. Newton, in 
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his reply, dated June 30th, 1691, narrates the following circum- 
stances, which probably took place in the course of his optical 
researches. Thus :— 

“ The observation you mention in Mr. Boyle’s Book of Colours 
I once tried upon myself with the hazard of my eyes. The 
manner was this; I looked a very little while upon the sun in the 
looking-glass with my right eye, and then turned my eyes into a 
dark corner of my chamber, and winked, to observe the impres- 
sion made, and the circles of colours which encompassed it, and 
how they decayed by degrees, and at last vanished. This I re- 
peated a second and a third time. At the third time, when the 
phantasm of light and colours about it were almost vanished, in- 
tending my fancy upon them to see their last appearance, I found, 
to my amazement, that they began to return, and by little and 
little to become as lively and vivid as when I had newly looked. 
upon the sun. But when I ceased to intend my fancy upon them, 
they vanished again. After this, I found, that as often as I went 
into the dark, and intended my mind upon them, as when a man 
looks earnestly to see anything which is difficult to be seen, { 
could make the phantasm return without looking any more upon 
the sun; and the oftener I made it return, the more easily I could 
make it Teuh again. And, at length, by repeating this, without 
looking any more upon the sun, I made such an impression on my 
eye, that, if I looked upon the clouds, or a book, or any bright 
object, I saw upon it a round bright spot of light like the sun, 
and, which is still stranger, though I looked upon the sun with 
my right eye only, and not with my left, yet my fancy began to 
make an impression upon my left eye, as well us upon my right. 
For if I shut my right eye, or looked upon a book, or the clouds, 
with my left eye, I could see the spectrum of the sun almost as 
plain as with my right eye, if I did but intend my fancy a little 
while upon it; for at first, if I shut my right eye, and looked with 
my left, the spectrum of the sun did not appear till I intended my 
fancy upon it; but by repeating, this appeared every time more 
easily. And now, in a few hours’ time, I had brought my eyes 
to such a pass, that I could look upon no bright object with either 
eye, but I saw the sun before me, so that I durst neither write 
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nor read ; but to recover the use of my eyes, shut myself up in 
my chamber made dark, for three days together, and used all 
means to divert my imagination from the sun. For if I thought 
upon him, I presently saw his picture, though I was in the dark. 
But by keeping in the dark, and employing my mind about other 
things, I began in three or four days to have some use of my eyes 
again; and by forbearing to look upon bright objects, recovered 
them pretty well, though not so well but that, for some months 
after, the spectrum of the sun began to return as often as I began 
to meditate upon the phenomena, even though I lay in bed at mid- 
night with my curtains drawn. But now I have been very well 
for many years, though I am apt to think, if I durst venture my 
eyes, I could still make the phantasm return by the power of my 
fancy. This story I tell you, to let you. understand, thaf in the 
observation related by Mr. Boyle, the man's fancy probably con- 
curred with the impression made by the sun's light to produce 
that phantasm of the sun which he constantly saw in bright ob- 
jects. And so your question about the cause of phantasm in- 
volves another about the power of fancy, which I must confess is 
too hard a knot for me to untie. To place this effect in a constant 
motion is hard, because the sun ought then to appear perpetually. 
It seems rather to consist in a disposition of the sensorium to 
move the imagination strongly, and to be easily moved, both by 
_ the imagination. and by the light, as often as bright objects are 
looked upon." | 

"Though Newton had continued silent, yet his thoughts were 
by no means inactive upon the vast subject of the planetary mo- 
tions. The idea of Universal Gravitation, first caught sight of. so 
to speak, in the garden at Woolsthorpe, years ago, had gradually 
expanded upon him. We find him, in a letter to Dr. Hooke, 
Secretary of the Royal Society, dated in November, 1679, pro- 
posing to verify the motion of the earth by direct experiment, 
namely, by the observation of.the path pursued by a body falling 
from a considerable height. He had concluded that the path 
would be spiral; but Dr. Hooke maintained that it would be an 
eccentric ellipse iu vacuo, and an ellipti-spiral in a resisting me- 
dium. Our author, aided by this correction of his error, and by 
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the discovery that a projectile would move in an elliptical orbit 
when under the influence of a force varying inversely as the 
square of the distance, was led to discover “the theorem by 
which he afterwards examined the ellipsis ;” and to demonstrate 
the celebrated proposition that a planet acted upon by an attrac- 
tive force varying inversely as the squares of the distances wil! ` 
describe an elliptical orbit, in one of whose foci the attractive 
force resides. d 

When he was attending a meeting of the Royal Society, in 
June 1682, the conversation fell upon the subject of the measure- 
ment of a degree of the meridian, executed by M. Picard, a 
French Astronomer, in 1679. Newton took a memorandum of 
the result; and afterward, at the earliest opportunity, computed 
from it the diameter of the earth: furnished with these new data, 
he resumed his calculation of 1666. As he proceeded therein, 
he saw that his early expectations were now likely to be realized ; 
the thick rushing, stupendous results overpowered him; he be- 
came unable to carry on the process of calculation, and intrusted 
its completion to one of his friends. "The discoverer had, indeed, 
grasped the master-fact. The law of falling bodies at the earth’s 
surface was at length identified with that which guided the moon 
in her orbit. And so his Great ΤΠπουαητ, that had for sixteen 
years loomed up in dim, gigantic outline, amid the first dawn of a 
plausible hypothesis, now stood forth, radiant and not less grand, 
in the mid-day light of demonstrated truth. 

It were difficult, nay impossible to imagine, even, the: influence 
of a result like this upon a mind like Newton’s. It was as if the 
keystone had been fitted to the glorious arch by which his spirit 
should ascend to the outskirts of infinite space—spanning the immea- 
surable—weighing the imponderable—computing the incalculahle 
—mapping out the marchings of the planets, and the far-wander- 
ings of the comets, and catching, bring back to earth some clearer 
notes of that higher melody which, as a sounding voice, bears 
perpetual witness to the design and omnipotence of a creating 
Deity. 

Newton, extending the law thus obtained, composed a series 
of about twelve propositions on the motion of the primary planets 
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about the sun. These were sent to London, and communicated 
to the Royal Society about thé end of 1683. At or near this pe- 
riod, other philosophers, as Sir Christopher Wren, Dr. Halley, 
and Dr. Hooke, were engaged in investigating the same subject ; 
but with no definite or satisfactory results. Dr. Halley, having 
seen, it is presumed, our author's propositions, went in August, 
1684, to Cambridge to consult with him upon the subject. 
Newton assured him that he had brought the demonstration to 
perfection. In November, Dr. Halley received a copy of the 
work ; and, in the following month, announced .it to the Royal 
Society, with the author's promise to have it entered upon their 
Register. Newton, subsequently reminded by the Society of his 
promise, proceeded in the diligent preparation of the work, and, 
though suffering an interruption of six weeks, transmitted the 
manuscript of the first book to London before the end of April. 
The work was entitled PritosopHiz ` NATURALIS PRINCIPIA 
ΜΑΤΗΕΜΑΤΙΟΑ, dedicated to the Royal Society, and presented 
‘thereto on the 28th of April, 1685-6.. The highest encomiums 
were passed upon it; and the council resolved, on the 19th of 
May, to print it at the expense of the Society, and under the di- 
rection of Dr. Halley. The latter, a few days afterward, com- 
munieated these steps to Newton, who, in a reply, dated the 20th 
of June, holds the following language :—“ The proof you sent me 
I like very well. I designed the whole to consist of three books ; 
the second was finished last summer, being short, and only wants 
. transcribing, and drawing the cuts fairly. Some new propositions 
I have since thought on, which I can as well let alone. "The 
third wants the theory of comets. In autumn last, I spent two 
months in calculation to no purpose for want of a good method. 
which made me afterward return to the first book, and enlarge it 
with diverse propositions, somé relating to comets, others to other 
things found ou* last winter. The third I now design to sup- 
press. Philosophy is such an impertinently litigious lady, thata 
man had as good be engaged in law-suits as have to do with her. 
I found it so formerly, and now I can no sooner come near her 
again, but she gives me warning.. The first two books without 
the third will not so well bear the title of Philosophie Naturalis 
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Principia Mathematicia ; and thereupon I had altered it to this, 
De Motu Corporum Libri duo. But after second thought I re- 
tain the former title. It will help the sale of the book, which 1 
ought not to diminish now ’tis yours." | 

This “ warning" arose from some pretensions put forth by Dr. 
Hooke. And though Newton gave a minute and positive refuta- - 
tions of such claims, yet, to reconcile all differences, he gener- 
ously added to Prop. IV. Cor. 6, Book L, a Scholium, in which 
‘Wren, Hooke and Halley are acknowledged to have indepen- 
dently deduced the law of gravity from the second law of 
Kepler. 

The suppression of the third book Dr. Halley could not endure 
to see. “I must again beg you” says he, “not to let your re- 
sentments run so high as to deprive us of your third book, where- 
in your applications of your mathematical doctrine to the theory 
of comets, and several curious experiments, which, as I guess by 
what you write ought to compose it, will undoubtedly render it 
acceptable to those who will call themselves philosophers without 
mathematics, which are much the greater number.” To these 
solicitations Newton yielded. There were no “resentments,” how- 
ever, as we conceive, in his “design to suppress.” He sought 
peace; for he loved and valued it above all applause. But, in 
spite of his efforts for tranquillity's sake, his course of discovery 
was all along molested by ignorance or presumptuous rivalry. 

The publication of the great work now went rapidly forwards. 
The second book was sent to the Society, and presented on the 
2d March ; the third, on the 6th April; and the whole was com- 
pleted and published in the month of May, 1686-7. In the sec- 
ond Lemma of the second book, the fundamental principle of his 
fluxionary calculus was, for the first time, given to the world ; but 
its algorithm or notation did nbt appear till published in the 
second volume ^f Dr. Wallis's works, in 1693. 

And thus was ushered into existence The Princip1a—a work 
to which pre-eminence above all the productions of the human 
intellect has been awarded—a work that must be esteemed of 
priceless worth so long as Science has a votary, or a single wor- 
shipper be left to kneel at the altar of Truth. 
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The entire work bears the general title of Tue MATHEMATICAL 
PrincipLes oF NATURAL Puivosopuy. It consists of three books: 
the first two, entitled, Or ΤΗΕ Motion or ΒΟΡΙΕΒ, are occupied 
with the laws and conditions of motions and forces, and are illus- 
trated with many scholia treating of some of the most general 
and best established points in philosophy, such as the density and 
resistance of bodies, spaces void of matter, and the motion of 
sound and light. From these principles, there is deduced, in the 
third book, drawn up in as popular a style as possible and entitled, 
Or THE SYSTEM OF THE WOoRLD», the constitution of the system of 
the world. In regard to this book, the author says —“ I had, indeed, 
composed the third Book in a popular method, that it might be read 
by many ; but afterwards, considering that such as had not suf- 
ficently entered into the prineiples could not easily discover the 
strength of the consequences, nor lay aside the prejudices to which. 
they had been many years accustomed, therefore, to prevent dis- 
putes which might be raised upon such accounts, I chose to reduce 
the substance of this Book into the form of Propositions (in the 
mathematical way), which should be read by those only who had 
first made themselves masters of the principles established in the 
preceding Books: not that I would advise any one to the previous 
study of every Proposition of those Books.”—“ It is enough it 
one carefully reads the Definitions, the Laws of Motion, and the 
three first Sections of the first Book. He may then pass on to 
this Book, and consult such of the remaining Propositions of the 
first two Books, as the references in this, and his occasions shall re- 
quire.” So that “ The System of the World” is composed both 
* jn a popular method," and in the form of mathematical Propo- 
sitions. T | 
The principle of Universal Gravi‘ition, namely, that every 
particle of matter is attracted by, or sravitates. to, every other 
particle of matter, with a force inversely proportional to the 
squares of their distances—is the discovery wh ich characterizes 
The Principia. This principle the author deduced from the mo- 
tion of the moon, and the three laws of Kepler—laws, which 
Newton, in turn, by his greater law, demonstrated to be true. 

From the first law of Kepler, namely, the proportionality of 
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the areas to tue times of their description, our author inferred 
tbat the force which retained the planet in its orbit was always 
directed to the sun; and from the second, namely, that every 
planet moves in an ellipse with the sun in one of its foci, he drew 
the more general inference that the force by which the planet 
moves round that focus varies inversely as the square of its dis- 
tance therefrom: and he demonstrated that a planet acted upon 
by such a force could not move in any other curve than a conic 
section; showing when the moving body would describe a circu- 
lar, an elliptical, a parabolic, or hyperbolic orbit. He demon- 
strated, too, that this force, or attracting, gravitating power re- 
sided in every, the least particle; but that, in spherical masses, it 
operated as if confined to their centres; so that, one sphere or 
body will act upon another sphere or body, with a force directly 
proportional to the quantity of matter, and inversely as the square 
of the distance between their centres; and that their velocities of 
mutual approach will be in the inverse ratio of their quantities of 
matter. Thus he grandly outlined the Universal Law.  Verify- 
ing its truth by the motions of terrestrial bodies, then by those of 
the moon and other secondary orbs, he finally embraced, in one 
mighty generalization, the entire Solar System—all the move- 
ments of all its bodies—planets, satellites and comets—explain- 
ing and harmonizing the many diverse and theretofore inexplica- 
ble phenomena. | 

Guided by the genius of Newton, we see sphere bound to 
sphere, body to body, particle to particle, atom to mass, the min- 
utest part to the stupendous whole—each to each, each to all, 
and all to each—in the mysterious bonds of a ceaseless, recipro- 
calinfluence. An influence whose workings are shown to be 
alike present in the globular dew-drop, or oblate-spheroidal earth ; 
in the falling shower, or vast heaving ocean tides; in the flying 
thistle-down, or fixed, ponderous rock ; in the swinging pendulum, 
or time-measuring sun; in the varying and unequal moon, or 
earth's slowly retrograding poles; in the uncertain meteor, or 
plazing comet wheeling swiftly away on its remote, yet determined 
round. An influence, in fine, that may link system to system 
through all the star-glowing firmament ; then firmament to firma- 
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ment; aye, firmament .to firmament, again and again, till, con- 
verging home, it may be, to some ineffable centre, where. more 
presently dwells He who inhabiteth. immensity, and where infini- 
tudes meet and eternities have their conflux, and where around 
move, in softest, swiftest measure, all the countless hosts that 
crowd heaven’s fathomless deeps. Ἢ 

And yet Newton, amid the loveliness and magnitude of Om- 
nipotence, lost not sight of the Almighty One. A secondary, 
however universal, was not taken for the First Cause. An im- 
pressed force, however diffused and powerful, assumed not the 
functions of the ereating, giving Energy. Material beauties, 
splendours, and sublimities, however rich in glory, and endless in 
extent, concealed not the attributes of an intelligent Supreme. 
From the depths of his own soul, through reason and the Won», 
he had risen, à priori, to God: from the heights of Omnipotence, 
through the design and law of the builded universe, he proved ü 
posteriori, a Deity. “I had," says he, “an eye upon such prin- 
ciples as might work, with. considering men, for the belief of a 
Deity," in writing the Principia ; at the conclusion whereof, he 
teaches that—“ this most beautiful system of the sun, planets and 
comets, could only proceed from the counsel and dominion of an 
intelligent and powerful Being. And if the fixed stars are the 
centres of other like systems, these, being formel by the like 
. wise counsels, must be all subject to the daminion of One; especially 
since.the light of the fixed stars is of the same nature with the 
light of the sun, and from every system light passes into all other 
Systems: and lest the systems of the fixed stars should, by their 
gravity, fall on each other mutually, he hath placed those systems 
at immense distances one from another. | 

“This Being governs all things, not as the soul of the world, 
but as Lord over all; and on account of his dominion he is wont, 
to be called Lord God παντοκρατωρ OF Universal Ruler; for God 
is a relative word, and has a respect to servants; and Deity 1 is 
the dominion of God, not over his own body, as those imagine 
who fancy God to be the soul of the world, but over servants 
. The Supreme God is a Being eternal, infinite, absolutely perfect ; 
but a being, however perfect, without dominion, cannot be said to- 
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be Lord God; for we say, my God, your God, the God of Israel, 
the God of Gods, and. Lord of Lords; but we do not say, my 
Eternal, your Eternal, the Eternal of Israel, the Eternal of Gods; 
we do not say my Infinite, or my Perfect: these are titles which 
have no respect to servants. The word God usually signifies 
Lord; but every Lord is not God. It is the dominion of a spir- 
itual Being which constitutes à God ; a true, supreme, or imagi- 
nary dominion makes a true, supreme, or imaginary God. And 
from his true dominion it follows that the true God is a living, 
intelligent and powerful Being; and from his other perfections, 
that he is supreme or most perfect. He is eternal and in- 
finite, omnipotent and omniscient; that is, his duration reaches 
from eternity to eternity ; his presence from infinity to infinity ; 
he governs all things and knows all things, that are or can be 
done. He is not eternity or infinity, but eternal and infinite ; 
he is not duration and space, but he endures and is present. 
He endures forever and is everywhere present; and by existing 
always and everywhere, he constitutes duration and space. Since 
every particle of space is always, and every indivisible moment 
of duration is everywhere, certainly the Maker and Lord of things 
cannot be never and nowhere. Every soul that has perception 
is, though in different times and different organs of sense and mo- 
tion, still the same indivisible person. There are given succes- 
sive parts in duration, co-existent parts in space, but neither the 
one nor the other in the person of a man, or his thinking 
principle; and much less can they be found in the thinking sub- 
stance of God. Every man, so far as he is a thing that has per- 
ception, is one and the same man during his whole life, in all and 
each of his organs of sense. God is one and the same God, al- 
ways and everywhere. He is omnipresent, not virtually only, 
‘but also substantially ; for virtue cannot subsist without sub- 
stance. In him are all things contained and moved; yet neither 
affects the other; God suffers nothing from the motion of bodies ; 
bodies find no resistance from the omnipresence of God. Itis 
allowed by all that the Supreme God exists necessarily ; and by 
the same necessity he exists always and everywhere. Whence 
also he is all similar, all eye, all ear, all brain, all arm, all powe» 
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to perceive, to understand, and to act ; but in a manner not at all 
human, in a manner not at all corporeal, in a manner utterly un- 
known to us. As a blind man has no idea of colours, so have we 
no idea of the manner by which the all-wise (1od perceives and 
understands all things. He is utterly void of all body, and bodily 
figure, and can theréfore neither be seen, nor heard, nor touched ; 
nor ought he to be worshipped under the representation of any 
corporeal thing. We have ideas of his attributes, but what the 
real substance of anything is we know not. In bodies we see. 
only their figures and colours, we hear only the sounds, we touch 
only their outward surfaces, we smell only the smells, and taste 
only the savours ; but their inward substances are not to be known, 
either by our senses, or by any reflex act of our minds: much 
less, then, have we any idea of the substance of God. We know 
him only by his most wise and excellent contrivances of things, 
and final causes ; we admire him for his perfections ; but we rev 

erence and adore him on account of his dominion; for we adore 
him as his servants ; and a god without dominion, providence, and 
final causes, is nothing else but Fate and Nature. Blind meta- 
physical necessity, which is certainly the same always and every- 
where, could produce no variety of things. All that diversity of 
natural things which we find suited to different times and places 
` could arise from nothing but the ideas and will.of a Being neces- 
sarily existing." 

Thus, the diligent student of science, the earnest seeker of 
truth, led, as through the courts of a sacred Temple, wherein, at 
each step, new wonders meet the eye, till, as a crowning grace, 
they stand before a Holy of Holies, and learn that all science and 
all truth are one which hath its beginning and its end in the 
knowledge of Him whose glory the heavens declare, and whose 
handiwork the firmament showeth forth. 

The introduction of the pure and lofty doctrines of the Prix- 
CIPIA was perseveringly resisted. Descartes,with his system of 
vortices, had sown plausibly to the imagination, and error had 
struck down deeply, and shot up luxuriantly, not only in the . 
popular, but in the scientific mind. Besides the idea—in itself so 
simple and so grand—that the great masses of the planets were 
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suspended in empty space, and retained in their orbits by an in- 
visible influence residing in the sun—was to the ignorant a thing 
inconceivable, and to the learned a revival of the occult qualities 
of the ancient physics. ‘This remark applies particularly to the 
continent. Leibnitz misapprehended ; Huygens in part rejected ; 
John Bernouilli opposed ; and Fontenelle never received the doc- 
trines of the Principia. So that, the saying of Voltaire is prob- 
ably true, that though Newton survived the publication of his 
great work more than forty ‘years, yet, at the time of his death, 
lie‘had not above twenty followers out of England. 

But in England, the reception of our author’s philosophy was 
rapid and triumphant. His own labours, while Lucasian Pro- 
fessor; those of his successors in that Chair—Whiston and 
Saunderson ; those of Dr. Samuel Clarke, Dr. Laughton, Roger 
. Cotes, and Dr. Bentley ; the experimental lectures of Dr. Keill 
and Desaguliers; the early and powerful exertions of David 
Gregory at Edinburgh, and of his brother James Gregory at St. 
Andrew's, tended to diffusé widely in England and Scotland a 
knowledge of, and taste for the truths of the ῬΗΙΝΟΙΡΙΑ. - Indeed, 
its mathematical doctrines constituted, from the first, a regular 
part of academical instruction ; while'its physical truths, given to 
the public in popular lectures, illustrated by experiments, had, 
before the lapse of twenty y«ars, become familiar to, and adopted 
by the general mind. Pemberton’s popular “ View of Sir Isaac 
Newton's Philosophy” was published, in 1728; and the year after- 
ward, an English translation of the Principta, and System of the 
World, by Andrew Motte. And since that period, the labours of 
Le Seur and Jacquier, of Thorpe, of Jebb, of Wright and others 
have greatly contributed to display the most hidden treasures of 
the Principia. 

About the time of the publication of the Principia, James IL, 
berit on ré-establishing the Romish Faith, had, among other ille- 
gal'acts, ordered by mandamus, the University of Cambridge to 
confer the degree of Master of Arts upon an ignorant monk. 
Obedience to this mandate was resolutely refused. Newton was 
ohe of the nine delegates chosen to defend the independence: of 
the University. - They appeared before the ΣΕΝ ‘Court ;—-and 
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successfully: the king abandoned his design. -The prominent 
part which our author took in these proceedings, and his erninencé 
in the scientific world, induced his proposal as one of the parlia- 
mentary representatives of the University. He was elected, in 
1688, and sat in the ‘Convention Parliament till its dissolution. 
After the first year, however, he seems to have given little or no 
attention to his parliamentary duties, being seldom absent from 
the University till his appointment in the Mint, in 1695. 
Newton: began his theological researches sometime previous to 
1691 ; in the prime of his years, and in the matured vigour of 
his intellectual powers. From his youth, as we have seen, he 
had devoted himself with an activity the most unceasing, and an 
energy almost superhuman to the discovery of physical truth ;— 
giving to Philosophy a new foundation, and to Science a new 
temple. To pass on, then, from the consideration of the material, 
more directly to that of the spiritual, was a natural, nay, with so 
large and devout a soul, a necessary advance. The Bible was to 
him of inestimable worth. In the elastic freedom, which a pure 
and unswerving faith in Him of Nazareth gives, his mighty facul- 
ties enjoyed the only completest scope for development. His 
original endowment, however great, combined with a studious 
application, however profound, would never, without this libera- 
tion from the dominion of passion and sense, have enabled him to 
attain to that wondrous concentration and grasp of intellect, for 
which Fame has as yet assigned him no equal  Gratefully he 
owned, therefore, the:same Author in the Book of Nature and the 
Book of Revelation. These were to him as drops of the same 
unfathomable ocean ;—as outrayings of the same inner splendour ; 
—as tones of the same ineffable voice ;—as segments of the same 
infinite curve. With great joy he had found himself enabled to 
proclaim, as an interpreter, from the hieroglyphs of Creation, the 
existence of a God: and now, with greater joy, and in the fulness 
of his knowledge, and in the fulness of his strength, he laboured 
to make clear, from the utterances of the inspired Word, the far 
mightier confirmations of a Supreme Good, in all its glorious 
amplitude of Being and of Attribute; and to bring the infallible - 
workings thereof plainly home to the understandings and the 
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affections of his fellow-men ; and finally to add the weight of his 
own testimony in favour of that Religion, whose truth is now, in- 
deed, * girded with the iron and the rock of a ponderous and co- 
lossal demonstration." 

His work, entitled, OBSERVATIONS UPON THE PROPHECIES OF 
Hoty WRIT, PARTICULARLY THE PROPHECIES OF DANIEL AND THE 
APOCALYPSE OF Sr. Joun, first published in London, in 1733 4to. 
consists of two parts: the one devoted to the Prophecies of 
Daniel. and the other to the Apocalypse of St. John. In the first 
part, he treats concerning the compilers of the books of the Old 
Testament ;—of the prophetic language ;—of the vision of the 
four beasts ;—of the kingdoms represented by the feet of the 
image composed of iron and clay ;—of the ten kingdoms repre- 
sented by the ten horns of the beast ;—of the eleventh horn of 
Daniel’s fourth beast ; of the power which should change times 
and laws ;—of the kingdoms represented in Daniel by the ram 
and he-goat;—of the prophecy of the seventy weeks ;—of the 
times of the birth and passion of Christ ;—of the prophecy of the 
Scripture of Truth ;—of the king who doeth according to his will, 
and magnified himself above every god, and honoured Mahuzzims, 
and regarded not the desire of women ;—of the Mahuzzim, hon- 
oured by the king who doeth according to his will. In the sec- 
ond part, he treats of the time when the Apocalypse was written , 
of the scene of the vision, and the relation which the Apocalypse 
has to the book of the law of Moses, and to the worship of God 
in the temple ;—of the relation which the Apocalypse has to the 
prophecies of Daniel, and of the subject of the prophecy itself 
Newton regards the prophecies as given, not for the gratification 
of man’s curiosity, by enabling him to foreknow ; but for his con- 
viction that the world is governed by Providence, by witnessing 
their fulfilment. Enough of prophecy, he thinks, has already 
been fulfilled to afford the diligent seeker abundant evidence of 
God’s providence. The whole work is marked by profound 
erudition, sagacity and argument. 

And not less learning, penetration and masterly reasoning are 
conspicuous in his Historica Account or Two ΝΟΤΑΒΙΕ 
Corruptions oF Scriptures IN A LETTER To a Frienp. This 
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Treatise, first accurately published in Dr. Horsley’s edition of his 
works, relates to two texts: the one, 1 Epistle of St. John v. 7; 
the other, 1 Epistle of St. Paul to Timothy iii. 16. As this 
work had the effect to deprive the advocates of the doctrine of 
the Trinity of two leading texts, Newton has been looked upon 
as an Árian; but there is absolutely nothing in his writings to 
warrant such a conclusion. m 

His remaining theological works consist of the Lexicon Pro- 
PHETICUM, which was left incomplete ; a Latin Dissertation on 
the sacred cubit of the Jews, which was translated into English, 
and published, in 1737, among-the Miscellaneous Works of John 
Greaves; and Four LETTERS addressed to Dr. Bentley, contain- 
ing some arguments in proof of a Deity. These Letters were 
dated respectively : 10th December, 1692; 17th January, 16959: 
25th February, 1693; and 11th February, 1693—the fourth 
bearing an earlier date than the third. The best faculties and 
the profoundest acquirements of our author are convincingly 
manifest in these lucid and powerful compositions. They were- 
published in 1756, and reviewed by Dr. Samuel Johnson. 

Newton’s religious writings are distinguished by their absolute 
freedom from prejudice. Everywhere, throughout them, there 
glows the genuine nobleness of soul. To his whole life, indeed, 
we may here fitly. extend the same observation. He was most 
richly imbued with the very spirit of the Scriptures which he so 
delighted to study and to meditate upon. His was a piety, so 
fervent, so sincere and practical, that it rose up like a holy incense 
from every thought and act. His a benevolence that not only 
willed, but endeavoured the best for all. His a philanthropy 
that held in the embracings of its love every brother-man. 
His a toleration of the largest and the truest; condemning per- 
secution in every, even its mildest form; and kindly encouraging 
each striving after. excellence :—a toleration that came not of 
indifference—for the immoral and the impious met with their 
quick rebuke—but a toleration that came of the wise humbleness 
and the Christian charity, which see, in the nothingness of self 
and the almightiness of 'T'RuTH, no praise for the ablest, and no 
blame for the feeblest in their strugglings upward to light and life. 
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In the winter of 1691-2, on returning from chapel, one morn- 
ing, Newton founa tnat a favourite little dog, called Diamond, 
had overturned a lighted taper on his desk, and that several pa- 
pers containing the results of certain optical experiments, were 
nearly consumed. His only exclamation, on perceiving his loss, 
was, “ Oh Diamond, Diamond, little knowest thou the mischief 
thou hast done.” Dr. Brewster, in his life of our author, gives the 
following extract from the manuscript Diary of Mr. Abraham De 
La Pryme, a student in the University at the time of this oc- 
currence. 7 | 
“1692. February, 3—What I heard to-day I must relate. 
There 1s one Mr. Newton (whom I have very oft seen), Fellow 
of Trinity College, that is mighty famous for his learning, being a 
most excellent mathematician, philosopher, divine, &c. He has 
been Fellow of the Royal Society these many years ; and among 
other very learned books and tracts, he’s written one upon the mathe- 
matical principles of philcsophy, which has given him a mighty 
name, he having received, especially from Scotland, abundance of 
congratulatory letters for the same;. but of all the books he ever 
wrote, there was one of colours and light, established upon thou- 
sands of experiments which he had been twenty years of making, 
and which had cost him many hundreds. of pounds. This book 
which he vaiued so much, and which was so much talked of, had 
the ill luck to perish, and be utterly lost just when the learned 
author was almost at patting a conclusion at the same, after this 
manner: In a winter’s morning, leaving it among his other papers 
on his study table while he went to chapel, the candle, which he 
had unfortunately left burning there, too, catched hold by some 
means of other papers, and they fired the aforesaid book, and ut- 
terly consumed it and several other valuable writings; and which 
is most wonderful did no further mischief.. But when Mr. New- 
ton came from chapel, and had seen what was done, every one 
thought he would have run mad, he was so troubled thereat that 
he was not himself for a month after. A long account of this his 
system of colours you may find in the Transactions of the Royal 
Society, which he had sent up to them long before this sad mis- 
chance happened unto him.” 
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' It will be borne in mind that all of Newton's theological wri- 
tings, with the exception of the Letters to Dr. Bentley, were 
composed ‘before this event which, we must conclude, from 
Pryme's words, produced a serious impression upon our author for 
about a month. - But M. Biot, in his Life of Newton, relying on a 
memorandum contained in a small manuscript Journal of Huygens, 
declares this occurrence to have caused a derangement of New- 
ton's intellect: M. Biot's- opinions and deductions, however, as 
well as those of La Place, upon this subject, were based upon 
erroneous data, and have been overthrown by the clearest proof. 
There is not, in fact, the least: evidence that Newton's reason was, 
for a single moment, dethroned ; on the contrary, the testimony 
Is conclusive that he was, at all times, perfectly capable of carry- 
ing on his mathematical, metaphysical arid astronomical inquiries. 
Loss of sleep, loss of appetite, and' irritated nerves will disturb 
somewhat the equanimity of the most serene; and an act done, or 
language employed, under such temporary discomposure, is not a 
just criterion of the general tone and strength of a man's mind. 
As to the accident itself, we may suppose, whatever might have 
been its precise nature, that it greatly distressed him, and, still 
further, that its shock may have originated the train of nervous 
derangements, which afflicted him, more or less, for two years 
afterward. Yet, during this very period of ill health, we find him 
putting forth his highest powers. In 1692, he prepared for, and 
transmitted to Dr. Wallis the first proposition of the Treatise-on 
Quadratures, with examples of it in first, second and third flux- 
ions. He investigated, in the'same year, the subject of haloes; 
making and recording numerous and important observations rela- 
` tivethereto. Those profound and beautiful Letters to Dr. Bentley 
were written at the close of this and the beginning οἵ the next 
year. In October, 1693, Locke, who was then about publishing a 
second edition of his work on the Human Understanding, request- 
éd Newton to reconsider his opinions on innate ideas. And in 
1694, hé was zealously occupied in perfecting his lunar theory ; 
visiting Flamstead, at the Royal Observatory of Greenwich, in 
September,’ and’ obtaining a series of lunar observations; and 


14 LIFE OF SIR ISAAC NEWTON. 


rommencing, in October, a correspondence with that distinguished 
practical Astronomer, which continued till 1698. 

We now arrive at the period when Newton permanently with- 
‘drew from the seclusion of a collegiate, and entered upon a more 
active and public life. He was appointed Warden of the Mint, 
in 1695, through the influence of Charles Montague, Chancellor 
of the Exchequer, and afterward Earl of Halifax. The current 
roin of the nation had been adulterated and debased, and Mon- 
tague undertook a re-coinage. Our author's mathematical and 
chemical knowledge proved eminently useful in accomplishing 
this difficult and most salutary reform. In 1699, he was pro- 
moted to the Mastership of the Mint—an office worth twelve or 
fifteen hundred pounds per annum, and which he held during the 
remainder of his life. He wrote, in this capacity, an official Re- 
port on the Coinage, which has been published; he also prepared 
a Table of Assays of Foreign Coins, which was printed at the 
end of Dr. Arbuthnot’s Tables of Ancient Coins, Weights, and 
Measures, in 1727. 

Newton retained his Professorship at Cambridge till 1703. 
But he had, on receiving the appointment of Master of the Mint, 
in 1699, made Mr. Whiston his deputy, with all the emoluments 
of the office ; and, on finally resigning, procured his nomination to 
the vacant Chair. 

In January 1697, John Bernouilli proposed to the most distin- 
guished mathematicians of Europe two problems for solution. 
Leibnitz, admiring the beauty of one of them, requested the time 
for solving it to be extended to twelve months—twice the period 
originally named. The delay was readily granted. Newton, how- 
ever, sent in, the day after he received the problems, a solution of 
them to the President of the Royal Society. Bernouilli obtained 
solutions from Newton, Leibinitz and the Marquis De L’Hopital ; 
but Newton’s though anonymous, he immediately recognised 
“tanquam ungue leonem,” as the lion is known by his claw. 
We may mention here the famous problem of the trajectories 
proposed by Leibnitz, in 1716, for the purpose of “feeling the 
pulse of the English Analysts" Newton received the problem . 
about five o’clock in the afternoon, as he was returning from the 
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Mint ; and though it was extremely difficult and he himself much 
fatigued, yet he completed its solution, the same evening before 
he went to bed. 

The history of these problems affords, by direct comparison, a 
striking illustration of Newton’s vast superiority of mind. That 
amazing concentration and grasp of intellect, of which we have 
spoken, enabled him to master speedily, and, as it were, by a 
single effort, those things, for the achievement of which, the many 
would essay utterly in vain, and the very, very few attain only 
after long and renewed striving. And yet, with a modesty as 
unparalleled as his power, he attributed his successes, not to any 
extraordinary sagacity, but solely to industry and patient thought. 
He kept the subject of consideration constantly before him, and 
waited till the first dawning opened gradually into a full and 
clear light ; never quitting, if possible, the mental process till the 
object of it were wholly gained. He never allowed this habit of 
meditation to appear in his intercourse with society; but in the 
privacy of his own chamber, or in the midst of his own family, he 
gave himself up to the deepest abstraction. Occupied with some 
interesting investigation, he would often sit down on his bedside, 
after he rose, and remain there, for hours, partially dressed. 
Meal-time would frequently come and pass unheeded; so that, 
unless urgently reminded, he would neglect to take the re- 
quisite quantity of nourishment. But notwithstanding his anx- 
lety to be left undisturbed, he would, when occasion required, 
turn aside his thoughts, though bent upon the most intricate re- 
search, and then, when leisure served, again direct them to the 
very point where they ceased to act: and this he seemed to ac- 
complish not so much by the force of his memory, as by the force 
of his inventive faculty, before the vigorous intensity of which, no 
subject, however abstruse, remained long unexplored. 

He was elected a member of the Royal Academy of Sciences 
at Paris, in 1699, when that distinguished Body were empowered, 
by a new charter, to admit a small number of foreign associates. 
In 1700, he communicated to Dr. Halley a ο of his re- 
flecting instrument for observing the moon’s distance from the 
fixed stars. This description was published in the Philosophical 
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Transactions, in 1742. The instrument was the same as that 
produced by Mr. Hadley, in 1731, and which, under the name of 
Hadley’s Quadrant, has been of so great use in navigation. On 
the assembling of the new Parliament, in 1701, Newton was re- 
elected one of the members for the University of Cambridge. In 
1705, he was chosen President of the Royal Society of London, 
to which office he was annually re-elected till the period of his 
decease—about twenty-five years afterward. 

Our author unquestionably devoted more labour to, and, i in 
many respects, took a greater pride in his Optical, than his other 
discoveries. ‘This science he had placed on a new and indestruc- 
tible basis; and he wished not only to build, but to perfect the 
costly and glowing structure. He had communicated, before the 
publication of the Principia, his most important researches on 
light to the Royal Society, in detached papers which were inserted 
in successive numbers of the Transactions; but he did not pub- 
lish a connected view of these labours till 1704, when they appeared - 
under the title of Optics: or, A TREATISE ON THE REFLEXIONS, 
Rerractions, INFLExions AND CoLours or Licut. To this, 
but to no subsequent edition, were added two Mathematical Trea- 
tises, entitled, TRACTATUS DUO DE SPECIEBUS ET MAGNITUDINE 
FIGURARUM CURVILINEAKUM; the one bearing the title TRACTATUS 
DE QUADRATURA CurvaRuM; and the other, that of ENUMERATIO 
LINEARUM TERTII ORDINIS. The publication of these Mathemati- 
cal Treatises was made necessary in consequence. of plagiarisms 
from the manuscripts of them loaned by the author to his friends. 
Dr. Samuel Clarke published a Latin translation of the Optics, in 
in. 1706 ; whereupon he was presented by Newton, as a mark of 
his grateful approbatien, with five hundred pounds, or one hun- 
dred pounds for each of his children. The. work was afterward: 
translated into French. It had a remarkably wide circulatjon, 
and appeared, in several successive editions, both in England and 
on the Continent. There is displayed, particularly on this Opti- 
cal Treatise, the author's talent for simplifying and communica- 
ting the profoundest speculations. It is a faculty rarely united to 
that of the highest invention. Newton possessed both; and thus 
that mental perfectness which enabled him to create, to combine, 
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and to teach, and so. render himself, not the “ornament” cnly, 
but inconceivably more, the pre-eminent benefactor of his species. 

The honour of knighthood was conferred on our author in 
1705. Soon afterward, he was a candidate again for the Repre- 
sentation of the University, but was defeated by a large majority. 
It is thought that a more pliant man was preferred by both min- 
isters and electors. Newton was always remarkable for simplicity 
of dress, and his only known departure from it was on this oc- 
casion, when he is said to have appeared in a suit of laced 
clothes. 

` The Algebraical Lectures which he had, Juring nine years, 
delivered at Cambridge, were published by Whiston, in 1707, 
under the title of ΑΠΙΤΗΜΕΤΙΟΑ UNIVERSALIS, SINE DE Composi- 
ΤΙΟΝΕ ET ReEsoLuTIONE ARITHMETICA Liser. This publication 
is said to have been a breach of confidence on Whiston’s part. Mr. 
Ralphson, not long afterward, translated the work into English; 
and a second edition of it, with improvements by the author, was 
issued at London, 1712, by Dr. Machin. Subsequent editions, 
both in English and Latin, with commentaries, have been published. 

In June, 1709, Newton intrusted the superintendence of a 
second edition of the Principia to Roger Cotes, Plumian Pro- 
fessor of Astronomy at Cambridge. The first edition had been 
sold off for some time. Copies of the work had become very 
rare, and could only be obtained at several times their original 
cost. A great number of letters passed oetween the author and 
Mr. Cotes during the preparation of the edition, which finally 
appeared in May, 1713. It had many alterations and improve- 
ments, and was accompanied by an admirable Preface from the 
pen of Cotes. 

Our author’s early Treatise, entitled, ANALYsis PER EQuaTIONES 
Numero TERMINORUM INFINITAS, as well as a small Tract, oearing 
the title of METHopvs DrrrFERENTIALIS, was published, witno nis 
consent, in 1711. The former of these. and the Treatise De 
Quadratura Curvarum, translated into Englisn. witn a .arge com- 
mentary, appeared in 1745. His work. entitled. Artis Awa- 
LYTICJE SPECIMINA, VEL GEOMETRIA ANALYTICA, Was first given 
to the world in the edition of n Horsley, 1779. 
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It is a notable fact, in Newton’s history, that he never volun. 
tarily published any one of his purely mathematical writings. 
The cause of this unwillingness in some, and, in other instances, 
of his indifference, or, at least, want of solicitude to put forth his: 
works may be confidently sought for in his repugnance to every- 
thing like contest or dispute. But, going deeper than this aver- 
sion, we find, underlying his whole character and running parallel 
with all his discoveries, that extraordinary humility which always 
preserved him in a position so relatively just to the behests: of 
time and eternity, that the infinite value of truth, and the utter 
worthlessness of fame, were alike constantly present to him. 
Judging of his course, however, in its more temporary aspect, as 
bearing upon his immediate quiet, it seemed the most unfortunate. 
For an early publication, especially in the case of his Method of 
Fluxions, would have anticipated all rivalry, and secured him 
from the contentious claims of Leibnitz. Still each one will solve 
the problem of his existence in his own way, and, with a man like 
Newton, his own, as we conceive, could be no other than the best 
way. The conduct of Lejbnitz in this affair is quite irreconcilable 
with the stature and strength of the man; giant-like, and doing 
nobly, in many ways, a giant's work, yet cringing himself into the 
dimensions and performances of a common calumniator. Opening 
in 1699, the discussion in question continued till the close of 
Leibnitz's life, in 1716. We give the summary of the case as 
contained in the Report of the Committee of the Royal Society, 
the deliberately weighed opinion of which has been adopted as an 
authoritative decision in all countries. 

“ We have consulted the letters and letter books in the custody 
of the Royal Society, and those found among the papers of Mr. 
John Collins, dated between the years 1669 and 1677, inclusive ; 
and showed them to such as knew and avouched the hands of Mr. 
Barrow, Mr. Collins, Mr. Oldenburg, and Mr. Leibnitz; and 
compared those of Mr. Gregory with one another, and with copies 
of some of them taken in the hand of Mr. Collins ; and have 
extracted from them what relates to the matter referred to us; 
. all which extracts, herewith delivered to you, we believe to be 
genuine and authentic. And by these letters and papers we 


find :— 
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“I. Mr. Leibnitz was in London in the beginning of the year 
1673; and went thence in or about March, to Paris, where he 
kept a correspondence with Mr. Collins, by means of Mr. Olden- 
burg, till about September, 1676, and then returned, by London 
and Amsterdam, to Hanover: and that Mr. Collins was very free 
in communicating to able mathematicians what he had received 
- from Mr. Newton and Mr. Gregory. 

«IL That when Mr. Leibnitz was the first time in London, 
he contended for the invention of another differential method, 
properly so called ; and, notwithstanding he was shown by Dr. 
Pell that it was Newton's method, persisted in maintaining it to 
be his own invention, by reason that he had found it by himself 
without knowing what Newton had done before, and had much 
improved it. And we find no mention of his having any other 
differential method than Newton's before his letter of the 21st of 
June, 1677, which was a year after a copy of Mr. Newton's letter 
of the 10th of December, 1672, had been sent to Paris to be ΄ 
communicated to him; and above four years after Mr. Collins 
began to communicate that letter to his correspondents ; in which 
letter the method of fluxions was sufficiently described to. any 
intelligent person. 

«TIL That by Mr. Newton's letter, of the 13th of June, 1676 
it appears that he had the method of fluxions above five years 
before the writing of that letter. And by his Analysis per /Equa- 
tiones numero Terminorum Infinitas, communicated by Dr. Barrow 
to Mr. Collins, in July, 1669, we find that he had invented the 
method before that time. 

“TV. That the differential method is one and the same with 
the method of fluxions, excepting the name and mode of notation ; 
Mr. Leibnitz calling those quantities differences which Mr. N eqion 
calls moments, or fluxions; and markivg them with a letter d—a 
mark not used by Mr. N ὄνοι. 

“ And, therefore, we take the proper question to be, not whu 
invented this or that method, but, who was the first inventor of 
the method? And we believe that those who have reputed Mr. 
. Leibnitz the first inventor knew little or nothing of his correspond- 
ence with Mr. Collins and Mr. Oldenburg long before, nor of Mr. 
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Newton’s having that method above fifteen years before Mr 
Leibnitz began to publish it in the Acta Eruditorum of Leipsic. 
“For which reason we reckon Mr. Newton the first inventor ; 
and are of opinion that Mr. Keill, in asserting the same, has been ~ 
no ways injurious to Mr. Leibnitz. And we submit to the judg- 
ment of the Society, whether the extract and papers, now pre- 
sented to you, together with what is extant, to the same pur- 
pose, in Dr. Wallis’s third volume, may not deserve to be made 
public.” | | 
This Report, with the collection of letters and manuscripts, 
under the title of Commercium Epistoticum D. JoHannis CoLLINS 
ET ALIORUM DE ANALYSI PROMOTA Jussu ΒΟΟΙΕΤΑΤΙ5 REGIÆ 
Epitum, appeared accordingly in the early part of 1713. Its 
publication seemed to infuse additional bitterness into the feelings 
of Leibnitz, who descended to unfounded charges and empty 
threats. He had been privy counsellor to the Elector of Han- 
over, before that prince was elevated to the British throne; and 
in his correspondence, in 1715 and 1716, with the Abbé Conti, 
then at the court of George I., and with Caroline, Princess of 
Wales, he attacked the doctrines of the Principia, and indirectly 
its author, in a manner very discreditable to himself, both as a 
learned and as an honourable man. His assaults, however, were 
triumphantly met; and, to the complete overthrow of his rival 
pretensions, Newton was induced to give the finishing blow. The 
verdict is universal. and irreversible that the English preceded 
the German philosopher, by at least ten years, in the invention 
of fluxions. Newton could not have borrowed from Leibnitz; 
but Leibnitz might have borrowed from Newton. A new edition 
of the Commercium Epistolicum was published in 1722-5 (?) ; but 
neither in this, nor in the former edition, did our author take any 
part. The disciples, enthusiastic, capable and ready, effectually 
shielded, with the buckler of Truth, the character of the Master, 
whose own conduct throughout was replete with delicacy, dignity 
and justice. He kept aloof from the controversy—in which Dr. 
Keill stood forth as the chief representative of the Newtonian 
side—till the very last, when, for the satisfaction of the King, 
George I., rather than for his own, he consented to pnt forth his 
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hand and rly secure his rights upon a certain and impregnable 
basis. 

A petition to hare inventions for E the discovery of the 
longitude at sea, suitably rewarded, was presented to the House 
of Commons, in 1714. A committee, having been appointed to 
investigate the subject, called upon Newton and others for their 
opinions. That of our author was given in writing. A report, 
favourable to the desired measure, was then taken up, and a bill 
for its adoption subsequently passed. 

On the ascension of George I., in 1714, Newton became an 
object of profound interest at court. His position under govern- 
ment, his surpassing fame, his spotless character, and, above all, 
his deep and consistent piety, attracted the reverent regard of the 
Princess of Wales, afterward queen-consort to George II. She 
was a woman of a highly cultivated mind, and derived the greatest 
pleasure from conversing with Newton and corresponding with 
Leibnitz. One day, in conversation with her, our author men- 
tioned and explained a new system of chronology, which he had 
composed at Cambridge, where he had been in the habit “of 
refreshing himself with history and chronology, when he was 
weary with other studies." Subsequently, in the year 1718, she 
requested a copy of this interesting and ingenious work. Newton. 
accordingly, drew up an abstract of the system from the separate 
papers in which it existed, and gave it to her on condition that it 
should not be communicated to any other person. Sometime 
afterward she requested that the Abbé Conti might be allowed 
to have a copy of it. The author consented: and the abbé 
received a copy of the manuscript, under the like injunction and 
promise of secrecy. This manuscript bore the title of “A short 
Chronicle, from the First Memory of Things in Europe, to the 
Conquest of Persia, by Alexander the Great." 

After Newton took up his residence in London, he lived in a 
style suited to his elevated position and rank. He kept his car- 
riage, with an establishment of three male and three female serv- 
ants. But to everything like vain show and luxury he was utterly 
averse.. His household affairs, for the last twenty years of his 
life, were under the charge of his niece, Mrs. Catherine Barton, 
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wife and widow of Colonel Barton—a woman of great beauty and 
accomplishment—and subsequently married to John Conduit, Esq. 
At home Newton was distinguished by that dignified and gentle 
hospitality which springs alone from true nobleness. On all pro- 
per occasions, he gave splendid entertainments, though without 
ostentation. In society, whether of the palace or the cottage, 
his manner was self-possessed and urbane; his look benign and 
affable; his speech candid and modest; his whole air undisturb- 
edly serene. He had none of what are usually called the singu- 
larities of genius; suiting himself easily to every company— 
except that of the vicious and wicked; and speaking of himself 
and others, naturally, so as never even to be suspected of vanity. 
There was in him, if we may be allowed the expression, a WHOLE- 
NESS of nature, which did not admit of such imperfections and 
weakness—the circle was too perfect, the law too constant, and 
the disturbing forces too slight to suffer scarcely any of those 
eccentricities which so interrupt and mar the movements of many 
bright spirits, rendering their course through the world more like 
that of the blazing meteor than that of the light and life-impart- 
ing sun. In brief, the words GREATNEsS and GoopNEss could 
not, humanly speaking, be more fitly employed than when applied 
as the pre-eminent characteristics of this pure, meek and vene- 
rable sage. 

In the eightieth year of his age, Newton was seized with 
symptoms of stone in the bladder. His disease was pronounced 
incurable. He succeeded, however, by means of a strict regimen, 
and other precautions, in alleviating his complaint, and procuring 
long intervals of ease. His diet, always fruga:, was now extremely 
temperate, consisting chiefly of broth, vegetables, and fruit, with, 
now and then, a little butcher meat. He gave up the use of his 
carriage, and employed, in its stead, when he went out, a chair. 
All invitations to dinner were declined; and only small parties 
were received, occasionally, at his own house. 

:. In 1724 he wrote to the Lord Provost of Edinburgh, offering 
to contribute twenty pounds yearly toward the salary of Mr. 
Maclaurin, provided he accepted the assistant Professorship οἱ 
Mathematics in:the University of that place. Not only in the 
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cause of ingenuity and learning, but in that of religion—in relieving 
the poor and .assisting his relations, Newton annually expended 
large sums. He was generous and charitable almost to a fault. 
Those, he would often remark, who gave away nothing till they 
died, never gave at all. His wealth had become considerable by 
a prudent economy ; but he regarded money in no other light 
than as one of the means wherewith he had been intrusted to do 
good, and he faithfully employed it accordingly. 

He experienced, in spite of ull his precautionary measures, a 
return of his complaint in the month of August, of the same year, 
1724, when he passed a stone the size of pea; it came from him 
in two pieces, the one at the distance of two days from the other. 
Tolerable good health then followed for some months. In Janu- 
ary, 1725, however, he was taken with a violent cough and inflam- 
mation of the lungs. In consequence of this attack, he was pre- 
vailed upon to remove to Kensington, where his health greatly 
improved. In February following, he was attacked in both feet 
. with the gout, of the approach of which he had received, a few 
years before, a slight warning, and the presence of which now 
produced a very beneficial change in his general health. Mr. 
Conduit, his nephew, has recorded a curious conversation which 
took place, at or near this time, between himself and Sir Isaac. 

“T was, on Sunday night, the 7th March, 1724-5, at Kensing- 
ton, with Sir Isaac Newton, in his lodgings, just after he was out 
of a fit of the gout, which he had had in both of his feet, for the 
first time, in the eighty-third year of hisage. He was better after 
it, and his head clearer and memory stronger than I had known 
them for some time. He then repeated to me, by way of dis- 
course, very distinctly, though rather in answer to my queries, 
than in one continued narration, what he had often hinted to me 
before, viz.: that it was his conjecture (he would affirm nothing) 
that there was a sort of revolution in the heavenly bodies; that 
the vapours and light, emitted by the sun, which had their sedi- 
ment, as water and other matter, had gathered themselves, by 
degrees, into a.body, and attracted more matter from the planets, 
and at last made a secondary planet (viz.: one of those that go 
round another planet), and then, by gathering to them, and. 
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attracting more matter, became a primary planet; and then, bg 
increasing still, became a comet, which, after certain revolutions, 
by coming nearer and nearer to the sun, had all its volatile parts 
condensed, and became a matter fit to recruit and replenish the 
sun (which must waste by the constant heat and light it emitted), 
as a faggot would this fire if put into it (we were sitting by a 
wood fire), and that that would probably be the effect of the 
comet of 1680, sooner or later; for, by the observations made 
upon it, it appeared, before it came near the sun, with a tail only 
two or three degrees long; but, by the heat it contracted, in going 
so near the sun, it seemed to have a tail of thirty or forty degrees 
when it went from it; that he could not say when this comet 
would drop into the sun; it might perhaps have five or six revo- 
lutions more first, but whenever it did it would so much increase 
the heat of the sun that this earth would be burned, and no ani- 
mals in it could live. That he took the three phenomena, seen 
by Hipparchus, Tycho Brahe, and Kepler’s disciples, to have been 
of this kind, for he could not otherwise account for an extraor- 
dinary light, as those were, appearing, all at once, among the 
the fixed stars (all which he took to be suns, enlightening other 
planets, as our sun does ours), as big as Mercury or Venus seems 
to us, and gradually diminishing, for sixteen months, and then 
sinking into nothing. He seemed to doubt whether there were 
not intelligent beings, superior to us, who superintended these 
revolutions of the heavenly bodies, by the direction of the Supreme 
Being. He appeared also to be very clearly of opinion that the 
inhabitants of this world were of short date, and alledged, as one 
reason for that opinion, that all arts, as. letters, ships, printing, 
. needle, &c., were discovered within the memory of history, which 
could not have happened if the world had been eternal; and that 

there were visible marks of ruin upon it which could not be 
effected by flood only. When I asked him how this earth could 
have been repeopled if ever it had undergone the same fate 
it was threatened with hereafter, by the comet of 1680, he 
answered, that required the power of a Creator. He said he 
took all.the planets to be composed of the same matter with this 
earth. viz.: earth, water, stones, &c., but variously concocted. J. 
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asked him why he would not publish his conjectures, as conjec- 
tures, and instanced that Kepler had communicated his; and 
though he had not gone near so far as Kepler, yet Kepler’s 
guesses were so just and happy that they had been proved and 
demonstrated by him. His answer was, “I do not deal in con- 
jectures.” But, on my talking to him about the four observations 
that had been made of the comet of 1680, at 574 years’ distance, 
and asking him the particular times, he opened his Principia, 
which laid on the table, and showed me the particular periods, 

z.: lst. The Julium Sidus, in the time of Justinian, in 1106, 
in 1680. | 

τα And I, observing that he said there of that comet, ‘incidet 
in corpus solis, and in the next paragraph adds, ‘stelle ἤχα 
refici possunt, told him I thought he owned there what we had 
been talking about, viz.: that the comet would drop into the sun, 
and that fixed stars were recruited and replenished by comets 
when they dropped into them; and, consequently, that the sun 
would be recruited too; and asked him why he would not own as 
fully what he thought of the sun as well as what he thought of 
the fixed stars. ο said, ‘that concerned us more; and, laugh- 
ing, added, that he had said enough for people to Know his 
meaning." 

In the summer of 1725, a French translation of the chronolo- 
gical MS., of which the Abbé Conti had been permitted, some 
time previous, to have a copy, was published at Paris, in violation 
of all good faith. The Punic Abbé had continued true to his 
promise of secrecy while he remained in England; but no sooner 
did he reach Paris than he placed the manuscript into the hands 
of M. Freret, a learned antiquarian, who translated the work, and. 
accompanied it with an attempted refutation of the leading points 
of the system. In November, of the same year, Newton received 
a presentation copy of this publication, which bore the title of 
ABREGE DE CHRONOLOGIE DE M. LE CHEVALIER NEWTON, FAIT 
ΡΑΕ. LUI-MEME, ET TRADUIT SUR LE MANUSCRIPT ANGLAIS. Soon 
afterward a paper entitled, REMARKS ON TFE OBERVATIONS MADE 
on A CHRONOLOGICAL INDEx oF Sir Isaac NEWTON, TRANSLATED 
INTO FRENCH BY THE OBSERVATOR, ANL PUBLISHED AT Paris, 
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was drawn up by our author, and printed in the Philosophical 
Transactions for 1725. It contained a history of the whole 
matter, and a triumphant reply to the objections of M. Freret. 
This answer called into the field a fresh antagonist, Father Soueiet, 
whose five dissertations on this subject were chiefly remarkable 
for the want of knowledge and want of decorum, which they 
displayed. In consequence of these discussions, Newton was in- 
duced to prepare his larger work for the press, and had nearly 
completed it at the time of his death. It was published in 1728, 
under the title of THE CHRONOLOGY or THE ANCIENT ΚΙΝΩΡΟΜΒ 
AMENDED, TO WHICH IS PREFIXED A SHORT CHRONICLE FROM THE 
FIRST MEMORY OF THINGS IN EUROPE TO THE CONQUEST OF 
Persia BY ALEXANDER THE GREAT. It consists of six chap- 
ters: 1. On the Chronology of the Greeks; according to Whis- 
ton, our author wrote out eighteen copies of this chapter with his . 
own hand, differing little from one another. 2. Of the Empire 
of Egypt; 3. Of the Assyrian Empire; 4. Of the two contempo- 
rary Empires of the Babylonians and Medes; 5. A Description 
of the Temple of Solomon; 6. Of the Empire of the Persians ; 
this chapter was not found copied with the other five, but as it 
was discovered among his papers, and appeared to be a continu- 
ation of the same work, the Editor thought proper to add it 
thereto. Newton's LETTER TO A PERSON OF DISTINCTION WHO 
HAD DESIRED HIS OPINION OF THE LEARNED DBisuo» Lrovp's 
HYPOTHESIS CONCERNING THE FORM OF ΤΗΕ MOST ANCIENT 
VEAR, closes this enumeration of his Chronological Writings. 

. À third edition of the Principia appeared in 1726, with many 
changes and additions. About four years were consumed in its 
preparation and publication, which were under the superintend- 
ance of Dr. Henry Pemberton, an accomplished mathematician, 
and the author of “A view or Sir Isaac Newroy’s PinLo- 
SOPHY.” 1728. This gentleman enjoyed numerous opportunities 
of conversing with the aged and illustrious author. “I found,” 
says Pemberton, * he had read fewer of the modern mathemati- 
cians than one could have expected; but his own prodigious 
invention readily supplied him with what he might have an occa- 
sion for in the pursuit of any subject he undertook. I have often 
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heard him censure the handling geometrical subjects ly algebraic 
calculations; and his book of Algebra he called by the name of 
Universal Arithmetic, in opposition to the injudicious title of 
Geometry, which Descartes had given to the treatise, wherein he 
shows how the geometer may assist his invention by such kind 
of computations. He thought Huygens the most elegant of any 
mathematical writer of modern times, and the most just imitator 
of the ancients. Of their taste and form of demonstration, Sir 
Isaac always professed himself a great admirer. Ihave heard 
him even censure himself for not following them yet more:closely 
than he did; and speak with regret of his mistake at the begin- 
ning of his mathematical studies, in applying himself to the works 
of Descartes and other algebraic writers, before he had considered 
the elements of Euclid with that attention which so excellent a 
writer deserves.” 

“Though his memory was much να ” continues Dr. Pem- 
berton, “he perfectly understood his own writings.” And even 
this failure of memory, we would suggest, might have been more 
apparent than real, or, in medical terms, more the result of func- 
tional weakness than organic decay. Newton seems never to 
have confided largely to his memory: and as this faculty mani- 
fests the most susceptibility to cultivation ; so, in the neglect-of 
due exercise, it more readily and plainly shows a diminutio of 
its powers. | | 

. Equanimity and temperance had, indeed, preserved Newton 
singularly free from all mental and bodily ailment. His hair was, 
to the last, quite thick, though as white as silver. He never 
made use of spectacles, and lost but one tooth to. the day of his 
death. He was of middle stature, well-knit, and, in the latter 
part of his life, somewhat inclined to be corpulent. . Mr. Conduit 
says, “he had a very lively and piercing eye, a comely and gra- 
cious aspect, with a fine head of hair, white as silver, without any 
baldness, and when his peruke was off was a venerable sight.” 
According to Bishop Atterbury, *in the whole air of his face and 
make there was nothing of that penetrating sagacity which 
appears in his compositions. He had something rather languid 
in his look and manner which did not raise any great expectation 
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in those who did not know him.” Hearne remarks, “Sir Isaac 


was a man of no very promising aspect. He was a short, well- 
set man. He was full of thought, and spoke very little in com- 
pany, so that his conversation was not agreeable. When he rode 
in his coach, one arm would be out of his coach on one side and 
the other on the other." These different accounts we deem 
easily reconcilable. In the rooms of the Royal Society, in the 
street, or in mixed assemblages, Newton's demeanour—always 
courteous, unassuming and kindly—still had in it the overawings 
of a profound repose and reticency, out of which the communica- 
tive spirit, and the “lively and piercing eye" would only gleam 
in the quiet and unrestrained freedom of his own fire-side. 

“ But this I immediately discovered in him," adds Pemberton, 
still further, * which at once both surprised and charmed me. 
Neither his extreme great age, nor his universal reputation had 
rendered him stiff in opinion, or in any degree elated. Of this 1. 
had occasion to have almost daily experience. The remarks | 
continually sent him by letters on his Principia, were received 
with the utmost goodness. These were so far from being any- 
ways displeasing to him, that, on the contrary, it occasioned him 
to speak many kind things of me to my friends, and to honour me 
with a public testimony of his good opinion.” A modesty, open- 
ness, and generosity, peculiar to the noble and comprehensive 
spirit of Newton. “Full of wisdom and perfect in beauty," yet 
not lifted up by pride nor corrupted by ambition. None; how- 
ever, knew so well as himself the stupendousness of his discoveries 
in comparison with all that had been previously achieved ; and 
none realized so thoroughly as himself the littleness thereof in 
comparison with the vast region still unexplored. A short time 
before his death he uttered this memorable sentiment :—“ I do not 
know what I may appear to the world; but to myself I seem to 
have been only like a boy playing on the sea-shore, and diverting 
myself in now and then finding a smoother pebble or a prettier 
shell than ordinary, while the great ocean of truth lay all undis- 
covered before me.” How few ever reach the shore even, much 
less find “a smoother pebble or a prettier shell !” 

Newton had now resided about two years at Kensington ; and 
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the air which he enjoyed there, and the state of absolute rest, 
proved of great benefit to him. Nevertheless he would occasion- 
ally go to town. And on Tuesday, the 28th of February, 1727, 
he proceeded to London, for the purpose of presiding at a meeting 
of the Royal Society. At this time his health was considered, 
by Mr. Conduit, better than it had been for many years. But 
the unusual fatigue he was obliged to suffer, in attending the 
meeting, and in paying .and receiving visits, speedily produced a 
violent return of the affection in the bladder. He returned to 
Kensington on Saturday, the 4th of March. Dr. Mead and Dr. 
Cheselden attended him; they pronounced his disease to be the 
stone, and held out no hopes of recovery. On Wednesday, the 
15th of March, he seemed a little better; and slight, though 
groundless, encouragement was felt that he might survive the 
attack. From the very first of it, his sufferings had been intense. 
Paroxysm followed paroxysm, in quick succession: large drops 
of sweat rolled down his face; but ποί ἃ groan, not a complaint, 
not the least mark of peevishness or impatience escaped him: 
and during the short intervals of relief, he even smiled and con- 
versed with his usual composure end cheerfulness. The flesh 
quivered, but the heart quaked not; the impenetrable gloom was 
settling down: the Destroyer near; the portals of the tomb 
opening, still, amid this utter wreck and dissolution of the mortal, 
the immortal remained serene, unconquerable: the radiant light 
broke through the gathering darkness; and Death yielded up its 
sting, and the grave its victory. On Saturday morning, 18th, 
he read the newspapers, and carried on a pretty long conversation 
with Dr. Mead. His senses and faculties were then strong and 
vigorous ; but at six o'clock, the same evening, he became insen- 
sible; and in this state he continued during the whole of Sunday, 
and till Monday, the 20th, when he expired, between one and 
two o'clock in the morning, in the eighty-fifth year of his age. 
And these were the last days of Isaac Newton. Thus closed 
the career of one of earth's greatest and best men. His mission 
was fulfilled. Unto the Giver, in many-fold addition, the talents 
were returned. While it was yet day he had worked; and for 
the night that quickly cometh he was not unprepared. Full of 
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years, and full of honours, the heaven-sent was recalled; and, in 
the confidence of a “certain hope,” peacefully he passed away 
into the silent depths of Eternity. 

His body was placed in Westminster Abbey, with the state 
and ceremonial that usually attended the interment of the most 
distinguished. In 1731, his relatives, the inheritors of his personal 
estate, erected a monument to his memory in the most conspicu- 
cus part of the Abbey, which had often been refused by the dean 
and chapter to the greatest of England’s nobility. During the 
same year a medal was struck at the Tower in his honour; and, 
in 1755, a full-length statue of him, in white marble, admirably 
executed, by Roubiliac, at the expense of Dr. Robert Smith, was 
erected in the ante-chamber of Trinity College, Cambridge. 
There is a painting executed in the glass of one of the windows 
of the same college, made pursuant to the will of Dr. Smith, who 
left five hundred pounds for that purpose. 

Newton left a personal estate of about thirty-two thousand 
pounds. It was divided among his four nephews and four nieces 
of the half blood, the grand-children of his mother, by the Reve- 
rend Mr. Smith. The family estates of Woolsthorpe and Sustern 
fell to John Newton, the heir-at-law, whose great grand-father 
was Sir Isaac’s uncle. Before his death he made an equitable 
distribution of his two other estates: the one in Berkshire to the 
sons and daughter of a brother of Mrs. Conduit; and the other, 
at Kensington, to Catharine, the only daughter of Mr. Conduit, 
and who afterward became Viscountess Lymington. Mr. Con- 
duit succeeded to the offices of the Mint, the duties of which he 
had discharged during the last two years of Sir Isaac’s life. 
= Our author's works are found in the collection of Castilion, 
Berlin, 1744, 4to. 8 tom.; in Bishop Horsley's Edition, London, 
1779, 4to. 5 vol; in the Biographia Brittannica, ἃς. Newton 
also published Bern. Vareni Geographia, &c. 1681, 8vo. 
There are, however, numerous manuscripts, letters, and other 
papers, which have never been given to the world: these are 
preserved, in various collections, namely, in the library of Trinity 
College, Cambridge; in the library of Corpus Christi College, 
Oxford; in the library of Lord Macclesfield; and, lastly and 
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chiefly, in the possession of the family of the Earl of Portsmouth. 
through the Viscountess Lymington. 

Everything appertaining to Newton has bec kept and che- 
rished with peculiar veneration. Different memorials of him are 
preserved in Tririty College, Cambridge; in the rooms of the 
Royal Society, of London; and in the Museum of the Royal 
Society of Edinburgh. 

The manor-house, at Woolsthorpe, was visited by Dr. Stuke - 


ley, in October, 1721, who, in a.letter to Dr. Mead, written in 


. 1727, gave the following description of it :—" "Tis built of stone, 


v 


as is the way of the country hereabouts, and a reasonably good 
one. They led me up stairs and showed me Sir Isaac's study, 
where I supposed he studied, when in the country, in his younger 
days, or perhaps when he visited his mother from the University. 
I observed the shelves were of his own making, being pieces of 
deal boxes, which probably he sent his books and clothes down 
in on those occasions. There were, some years ago, two or three 
hundred-books in it of his father-in-law, Mr. Smith, which Sir 
Isaac gave to Dr. Newton, of our town.” The celebrated apple- 
tree, the fall of one of the apples of which is said to have turned 
the attention of Newton to the subject of gravity, was destroyed 
by the wind about twenty years ago; but it has been preserved 
in the form of a chair. The house itself has been protected with 


religious care. It was repaired in 1798, and a tablet of white 


marble put up in the room where our author was born, with the 
following inscription :— 

“Sir Isaac Newton, son of John Newton, Lord of the Manor 
of Woolsthorpe, was born in this room, on the 25th of December, 


1642. á 
Nature and Nature's Laws were hid in night, 
God said, “ Let Νενντον be,” and all was light. 





































































































THE PRINCIPIA. 


THE AUTHORS PREFACE ) 


Since the ancients (as we are told by Pappus), made great account of 
the science of mechanics in the investigation of natural things; and the 
moderns, laying aside substantial forms and occult qualities, have endeav- 
oured to subject the phenomena of nature to the laws of mathematics, I. 
have in this treatise cultivated mathematies so far as it regards philosophy. 
The ancients considered mechanics in a twofold respect; as rational, which 
proceeds accurately by demonstration; and practical. Το practical me- 
‘chanics all the manual arts belong, from which mechanics took its name. 
Dut as artificers do not work with perfect accuracy, it comes to pass that 
mechanics is so distinguished from geometry, that what is perfectly accu- 
rate is called geometrical; what is less so, is called mechanical. But the 
errors are not in the art, but in the artificers. .He that works with less 
accuracy is an imperfect mechanic; and if any could work with perfect 
accuracy, he would be the most perfect mechanic of all; for the description 
if right lines and circles, upon which geometry is founded, belongs to me- 
chanics. Geometry does not teach us to draw these lines, but requires 
them to be drawn ; for it requires that the learner should frst be taught 
to describe these accurately, before he enters upon geometry ; then it shows 
how by these operations problems may be solved. To describe right lines 
and circles are problems, but not geometrical problems. The solution of 
these problems is required from mechanics; and by geometry the use of 
them, when so solved, is shown ; and it is the glory of geometry that from 
those few. principles, brought from without, it is able to produce so many 
things. 'Therefore geometry is founded in mechanical practiee, and is 
nothing but that part of universal mechanics which accurately proposes 
and demonstrates the art of measuring. But since the manual arts are 
chiefly conversant in the moving of bodies, it comes to pass that geometry 
.i8 commonly referred to their magnitudes, and mechanics to their motior. 
In this sense rational mechanics will be the science of motions resulting 
from any forces whatsoever, and of the forces required to produce any mo- 
tions, accurately proposed and demonstrated.. This part of mechanics was 
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cultivated by the ancients in the five powers which relate to manual arts 
who considered gravity (it not being a manual power’, ho otherwise than 
as it moved weights by those powers. Our design not respecting arts, but 
philosophy, and our subject not manual but natural powers, we consider 
chiefly those things which relate to gravity, levity, elastic force, the resist- 
‘ance of fluids, and the like forces, whether attractive or impulsive; and 
therefore we offer this work as the mathematical principles <f philosophy ; for 
all the difficulty of philosophy seems to consist in this—-from the phenom- 
ena of motions to investigate the forces of nature, and then from these 
forces to demonstrate the other phenomena; and to this end the general 
propositions in the first and second book are directed. In the third book 
we give an example of this in the explication of the System of the World ; 
for by the propositions mathematically demonstrated in the former books, 
we in the third derive from the celestial phenomena the forces of gravity - 
with which bodies tend to the sun and the several planets. ‘Then from these 
forces, by other propositions which are also mathematical, we deduce the mo-. 
tions of the planets, the comets, the moon, and the sea. I wish we could de- 
rive the rest of the phenomena of nature by the same kind of reasoning from 
mechanical principles; for I am induced by many reasons to suspect that 
they may all depend upon certain forces by which the particles of bodies, 
by some causes hitherto unknown, are either mutually impelled towards 
each other, and cohere in regular figures, or are repelled and recede from 
each other; which forces being unknown, philosophers have hitherto at- 
tempted the search of nature in vain; but I hope the principles here laid 
down will afford some light either to this or some truer method of philosophy. 

In the publication of this work the most acute and universally learned 
Mr. Edmund. Halley not only assisted me with his pains in correcting the 
press and taking care of the schemes, but it was to his solicitations that its 
becoming public is owing; for when he had obtained of me my demonstra- 
tions of the figure of the celestial orbita, he continually pressed me to com- 
municate the same to the Payal Society, who afterwards, by their kind en- 
.eouragement and entreaties, engaged me to think of publishing them. But 
after I had begun to consider the inequalities of the lunar motions, and 
had entered upon some other things relating to the laws and measures of 
gravity, and other forces: und the figures that would be described by bodies 
attracted according to given laws; and the motion of several bodies moving 
among themselves; the motion of bodies in resisting mediums; the forces, 
densities, and motions, of m: liums; the orbits of tlie comes, and such like; 
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. deferred: that publication till I had made a search into those matters, and 
-~ could put forth the whole together. What relates to the lunar motions (be- 
ing imperfect), I have put all together in the corollaries of Prop. 66, to 
avoid being obliged to propose and distinctly demonstrate the several things 
there contained in à method more prolix than the subject deserved, and in- 
terrupt the series of the several propositions. Some things, found out after 
the rest, I chose to insert in places less suitable, rather than change the 
number of the propositions and the citations. I heartily beg that what 1 
have here done may be read with candour; and that the defects in a 
subject so difficult be not so much reprehended as kindly supplied, and in- 
vestigated by new endeavours of mv readers. | 
| ISAAC NEWTON. 

Cambridge. Trinity Couege May Ὁ, 1586. 

In the second edition the second section of the first book was enlarged. 
In the seventh section of the second book the theory of the resistances of fluids 
was more accurately investigated, and confirmed by new experiments. In 
the third book the moon’s theory and the prsecession of the equinoxes were 
more fully deduced from their principles; and the theory of the comets 
was confirmed by more examples of the calculation of their orbits, done 
also with greater accuracy. | 

In this third edition the resistance of mediums is somewhat more largely 
handled than before; and new experiments of the resistance of heavy 
bodies falling in air are added. In the third book, the argument to prove 
that the moon is retained in its orbit by the force of gravity is enlarged 
on; and there are added new observations of Mr. Pound’s of the proportion 
of the diameters of Jupiter to each other: there are, besides, added Mr. 
Kirk’s observations of the comet in 1680; the orbit of that comet com- 
puted in an ellipsis by Dr. Halley; and the ortit of the comet in 1723. 
computed by Mr. Bradley. 


BOOK I 


THE 
MATHEMATICAL PRINCIPLES 


OF 


NATURAL PHILOSOPHY. 


DEFINITIONS. 


DEFINITION L 
The μι y of matter is the measure of the same, arising from its 
density and bulk conjunctly.. 

Tuus air of a double density, in a double space, 1s quadruple in quan- 
tity; in a triple space, sextuple in quantity. 'The same thing is to be un- 
derstood of snow, and fine dust or powdera, that are condensed by compres- 
sion or liquefaction ; and of all bodies that are by any causes whatever 
differently condensed. I-have no regard in this place to a medium, if any 
such there is, that freely pervades the interstices between the parts of 
bodies. It is this quantity that I mean hereafter everywhere under the 
name of body or mass. And the same is known by the weight of each 
body ; for it is proportional to the weight, as I have found by experiments 
on pendulums, very accurately made, which shall be shewn hereafter. 


DEFINITION II. 
The quantity of motion is the measure of the same. arising from the 
velocity and quantity of matter corjunctly. 
The motion of the whole is the sum of the motions of all the parts; and 
therefore in a body double in quantity, with equal velocity, the motion is 
Jouble; with twice the velocity, it is quadruple. 


DEFINITION 1Π. 

The vis insita, or innate force of matter, is a power of resisting, by 
which every body, as much as in it lies, endeavours to persevere in 4ts 
present state, whether it be of rest, or of moving uniformly forward 
in a right line. 

This force is ever proportional to the body whose force it is; and differs 
nothing from the inactivity of the mass, but in our manner of conceiving 
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it. A body, from the inactivity of matter, is not without difficulty put out 
of its state of rest or motion. Upon which account, this vis insita, may, 
by a most significant name, be called vis nertic, or force of inactivity. 
But a body exerts this force only, when another force, impressed upon it, 
endeavours to change its condition; and the exercise of this force may be 
considered both as resistance and impulse; it is resistance, in so far as the 
body, for maintaining its present state, withstands the force impressed ; it 
is impulse, in so far as the body, by not easily giving way to the impressed 
force of another, endeavours to change the state of that other. Resistance 
is usually ascribed to bodies at rest, and impulse to those in motion; 
but motion and rest, as commonly conceived, are only relatively distin- 
ruished; nor are those bodies always truly at rest, which commonly are 
taken to be so. : 


DEFINITION IV. 


An impressed force is an action exerted upon a body, in order to change 
its state, either of rest, or of moving uniformly forward in a right 
line. 

‘This force consists in the action only; ind remains no longer in the 
hody, when the action is over. Fora body maintains every new state it 
acquires, by its vis inertie only. Impressed forces are of differeat origins: 
as from percussion, from pressure, from centripetal force. 


DEFINITION V. 


A centripetal force is that by which bodies are drawn or impelled, or anu 
way tend, towards a point as to a centre. 


Of this sort 1s gravity, by which bodies tend to the centre of the earth 
magnetism, by which iron tends to the loadstone; and that force, what 
ever it is, by which the planets are perpetually drawn aside from the τος- 
tilinear motions, which otherwise they would pursue, and made to revolve 
in curvilinear orbits. A stone, whirled about in a sling, endeavours to re- 
cede from the hand that turns it; and by that endeavour, distends the 
sling, and that with so much the greater force, as it 1s revolved with the 
greater velocity, and as soon as ever it is let go, flies away.. That force 
which opposes itself to this endeavour, and by which the sling perpetually 
draws back the stone towards the hand, and retains it in its orbit, because 
it is directed to the hand as the centre of the orbit, I call the centripetal 
force. And the same thing is to be understood of all bodies, revolved in 
any orbits. ‘They all endeavour to recede from the centres of their orbits; 
and were it not for the opposition of a contrary force which restrains them 
to, and detains them in their orbits, which I therefore call centripetal, would 
fly off in right lines, with an uniform motion. A projectile, if it was not 
for the force of gravity, would not deviate towards the earth, tut would 
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go off from it in a right line, and that with an uniform motion,,if the re- 
sistance of the air was taken away. It is by its gravity that it is drawn 
aside perpetually from its rectilinear course, and made to deviate tewards 
the earth, more or less, according to the force of its gravity, and the velo- 
city of its motion.. The less its gravity is, for the quantity of its matter, 
or the greater the velocity with which it is projected, the less will it devi- 
ate from a rectilinear course, and the farther it will go. , If a leaden ball, 
projected from the top of a mountain by the force of gunpowder with a 
given velocity, and in a direction parallel to the horizon, is carried in a 
curve line to the distance of two miles before it falls to the ground; the 
 Bame, if the resistance of the air were taken away, with a double or decuple 
velocity, would fly twice or ten times as far. And by increasing the velo- 
city, πό may at pleasure increase the distance to which it might be pro- 
jected, and diminish the curvature of the line, which it might describe, till 
at last it should fall at the distance of 10, 30, or 90 degrees, or even might 
go quite round the whole earth before it falls; or lastly, so that it might 
never fall to the earth, but go forward into the celestial spaces, and pro- 
ceed in its motion in infinitum. And after the same manner that a pro- 
jectile, by the force of gravity, may be made to revolve in an orbit, and go 
round the whole earth, the moon also, either by the force of gravity, if it 
is endued with gravity, or by any other force, that impels it towards the 
earth, may be perpetually drawn aside towards the earth, out of.the recti- 
linear way, which by its innate force it would pursue; and would he made 
to revolve in the orbit which it now describes; nor could the moon with- 
out some such force, be retained in its orbit. If this force was too small, 
it would not sufficiently turn the moon out of a rectilinear course: if it 
was too great, it would turn it too much, and draw down the moon from 
its orbit towards the earth. It is necessary, that the force be of a just 
quantity, and it belongs to the mathematicians to find the force, that may 
serve exactly to retain a body in a given orbit, with a given velocity; and 
vico versa, to determine the curvilinear way, into which a body projected 
from a given place, with a given velocity, may be made to deviate from 
its natural rectilinear way, by means of a given force. 

The quantity of any centripetal force may be considered as of three 
kinds; absolute, accelerative, and motive. 


DEFINITION VI. 
The absolute quantity of a centripetal force is the measure of the same 
- proportional to the efficacy ofthe cause that propagates it from the cen- 
tre, through the spaces round about. 


Thus the magnetic force is greater in one load-stone and less in another 
| according to their sizes and strength of intensity. - 
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DEFINITION VIL 


The accelerative quantity of a centripetal force is the measure of the 
same, proportional to the velocity which it generates in a given time. 


Thus the force of the same load-stone is greater at a less distance, and 
less at a greater: also the force of gravity is greater in valleys, less on 
tops of exceeding high mountains; and yet less (as shall hereafter be shown), 
at greater distances from the body of the earth; but at equal distan- 
ces, it is the same everywhere; because (taking away, or allowing for, the 
resistance of the air), it equally accelerates all falling bodies, whether heavy 
or light, great or small. 


DEFINITION VIII. 


The motive quantity of a centripetal force, is the measure of the same, 
| proportional to the motion which it generates in a given time, 

Thus the weight is greater in a greater body, less in a less body; and, 
in the same body, it is greater near to the earth, and less at remoter dig- 
tances. This sort of quantity is the centripetency, or propension of the 
whole body towards the centre, or, as I may say, its weight; and it is al- 
ways known by the quantity of an equal and contrary force just sufficient 
to hinder the descent of the body. 

‘These quantities of forces, we may, for brevity's sake, call by the names 
of motive, accelerative, and absolute forces; and, for distinction's sake, eon- 
sider them, with respect to the bodies that tend to the centre; to the places 
of those bodies; and to the centre of force towards which they tend ; that 
is to say, I refer the motive force to the body as an endeavour and propen- 
sity of the whole towards a centre, arising from the propensities of the 
several parts taken together; the accelerative force to the place of the 
body, as a certain power or energy diffused from the centre to all places 
around to move the bodies that are in them; and the absolute force to 
the centre, as endued with some cause, without which those motive forces 
would not be propagated through the spaces round about; whether that 
cause be some central body (su:h as is the load-stone, in the centre of the 
magnetic force, or the earth in the centre of the gravitating force), or 
anything else that does not yet appear. For I here design only to give a 
mathematical notion of those forces, without considering their physical 
causes and seats. 

Wherefore the accelerative force will stand in the same relation to the 
motive, as celerity does to motion. For the quantity of motion arises from 
the celerity drawn into the quantity of matter; and the motive force arises 
from the accelerative force drawn into the same quantity of matter. For 
the sum of the actions of the accelerative force, upon the several ; articles 
of the body, is the motive force of the whole. Hence it is, that near the 
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surface of the earth, where the accelerative gravity, or torve productive of 
gravity, in all bodies is the same, the motive gravity or the weight is as 
the body: but if we should ascend to higher regions, where the accelerative 
gravity is less, the weight would be equally diminished, and would always 
be as the product of the body, by the accelerative gravity. So in those re- 
gions, where the accelerative gravity is diminished into one half, the weight 
of a body two or three times less, will be four or six times less. 

I likewise call attractions and impulses, in the same sense, accelerative, 
. and motive; and use the words attraction, impulse or propensity of any 
Sort towards a centre, promiscuously, and indifferently, one for another; 
considering those forces not physically, but mathematically: wherefore, the 
reader is not to imagine, that by those words, I anywhere take upon me to 
define the kind, or the manner of any action, the causes or the physical 
reason thereof, or that I attribute forces, in a true and physical sense, to 
certain centres (which are only mathematical points); when at any time I 
happen to speak of centres ag attracting, or as endued with attractive 
powers. 


SCHOLIUM. 


Hitherto I have laid down the definitions of such words as are less 
known, and explained the sense in which I would have them to be under- 
stood in the following discourse. I do not define time, space, place and 
motion, as being well known to all. Only I must observe, that the vulgar 
conceive those quantities under no other notions but from the relation they 
bear to sensible objects. And thence arise certain prejudices, for the re- 
moving of which, it will be convenient to distinguish them into absolute 
and relative, irue and apparent, mathematical and common. 

I. Absolute, true, and mathematical time, of itself, and from its own na- 
ture flows equably without regard to anything external, and by another 
name is called duration : relative, apparent, and common time, is some sen- 
sible and external (whether accurate or unequable) measure of duration by 
the means of motion, which is commonly used instead of true time; such 
as an hour, a day, a month; a year. 

II. Absolute space, in its own nature, without regard to anything exter- 
nal, remains always similar and immovable. Relative space is some mo- 
vable dimension or measure of the absolute spaces; which our senses de- 
termine by its position to bodies; and which is vulgarly taken for immo- 
vable space; such is the.dimension of a subterraneous, an zereal, or celestial 
space, determined by its position in respect of the earth. Absolute and 
relative space, are the same in figure and magnitude; but they do not re- 
main always numerically the same. For if the earth, for instance, moves, 
a space of our air, which relatively and in respect of the earth remains al- 
“ways the same, will at one time be one part of the absolute space into which 
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the air passes; at another time it will be another part of the same, and so, 
absolutely understood, it will be perpetually mutable. 

III. Place is a part of space which a body takes up, and is according to 
the space, either absolute or relative. Isay, a part of space; not thesituation, 
nor the external surface of the body. For the places of equal solids are 
always equal; but their superfices, by reason of their dissimilar figures, are 
often unequal. Positions properly have no quantity, nor are they so much 
the places themselves, as the properties of places. ‘The motion of the whole 
is the same thing with the sum of the motions of the parts; that is, the 
translation of the whole, out of its place, is the same thing with the sum 
of the translations of the parts out of their places; and therefore the place 
of the whole is the same thing with the sum of the places of the parta, and 
for that reason, it is internal, and in the whole body. 

IV. Absolute motion is the translation of a body from one absolute 
place into another; and relative motion, the translation from one relative 
place into another. ‘Thus in a ship under sail, the relative place of a body 
is that part of the ship which the body possesses; or that part of its cavity 
which the body fills, and which therefore moves together with the ship: 
and relative rest is the continuance of the body in the same part of the 7 
ship, or of its cavity. But real, absolute rest, is the continuance of the 
body in the same part of that immovable space, in which the ship itself, 
its cavity, and all that it contains, is moved. Wherefore, if the earth is 
really at rest, the body, which relatively rests in the ship, will really and 
absolutely move with the same velocity which the ship has on the earth. 
But if the earth also moves, the true and absolute motion of the body will 
arise, partly from the true motion of the earth, in immovable space; partly 
from the relative motion of the ship on the earth; and if the body moves 
also relatively in the ship; its true motion will arise, partly from the true 
motion of the earth, in immovable space, and partly from the relative mo- 
tions as well of the ship on the earth, as of the body in theship; and from 
these relative motions will arise the relative motion of the body on the 
earth. As if that part of the earth, where the ship is, was truly moved 
toward the east, with a velocity of 10010 parts; while the ship itself, with 
a fresh gale, and full sails, is carried towards the west, with a velocity ex- 
pressed by 10 of those parts; but a sailor walks in the ship towards the 
east, with 1 part of the said velocity; then the sailor will be moved truly 
in immovable space towards the east, with a velocity of 10001 parts, and 
relatively on the earth towards the west, with a velocity of 9 of those parts. 

Absolute time, in astronomy, is distinguished from relative, by the equa- 
tion or correction of the vulgar time. For the natural days are tru'y un- 
equal, though they are commonly considered as equal, and used for a meas- 
ure of time; astronomers correct this inequality for their more accurate 
deducing of the celestial motions. It may be, that there is no such thing 
as an equable motion, whereby time may Ῥη accurately mensured. All mo 
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tions may be accelerated and retarded, but the true, or equable, progress of 
absolute time is liable to no change. The duration or perseverance of the 
existence of things reinains the same, whether the motions are swift or slow, 
or none at all: and therefore it ought to be distinguished from what are _ 
only sensible measures thereof; and out of which we collect it, by means 
of the astronomical equation. ‘The necessity of which equation, for deter- 
mining the times of a phenomenon, is evinced as well from the experiments 
of the pendulum clock, as by eclipses of the satellites of Jupiter. 

As the order of the parts of time is immutable, so also is the order of 
the parts of space. Suppose those parts to be moved out of their places, and 
thoy will be moved (if the expression may be allowed) out of themselves. 
For times and spaces are, as it were, the places as well of themselves as of 
all other things. All things are placed in time as to order of succession ; 
and in space as to order of.situation. It is from their essence or nature 
that they are places; and that the primary places of things should be 
moveable, is absurd. ‘These are therefore the absolute places; and trans- 
lations out of those places, are the only absolute motions. 

But because the parts of space cannot be seen, or distinguished fom one 
another by our senses, therefore in their stead we use sensible measures of 
them. For from the positions and distances of things from any body con- 
sidered as immovable, we define all places; and then with respect to such 
places, we estimate all motions, considering bodies as transferred from some 
of those places into others. And'so, instead of absolute places and motions, 
we use relative ones; and that without any inconvenience in common af- 
tairs; but in philosophical disquisitions, we ought to abstract from our 
senses, and consider things themselves, distinct from what are only sensible 
measures of them. For it may be that there is no body really at rest, to 
which the places and motions of others may be referred. 

But we may distinguish rest and motion, absolute and relative, one from 
the other by their properties, causes and effects. It is a property of rest, - 
that bodies really at rest do rest in respect to one another. And therefore 
as it is possible, that in the remote regions of the fixed stars, or perhaps 
far beyond them, there may be some body absolutely at rest; but impossi- 
ble to know, from the position of bodies to one another in our regions 
whether any of these do keep the same position to that remote body; it 
follows that absolute rest cannot be determined from the position of bodies 
in our regions. 

It is a property of motion, that the parts, which retain given positions 
to their wholes, do partake of the motions of those wholes. For all the 
parts of revolving bodies endeavour to recede from the axis of motion; 
and the impetus of bodies moving forward, arises from the joint impetus 
of all the parts. ‘Therefore, if surrounding bodies are moved, those that 
are relatively at rest within them, will partake of their motion. Upon 
which account, the true and absolute motion of a body cannot be deter- 
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mined by the translation of it from those which only seem to rest; for the 
external bodies ought not only to appear at rest, but to be really at rest. 
For otherwise, all included bodies, beside their translation from near the 
surrounding ones, partake likewise of their true motions; and though that 
translation were not made they would not be really at rest, but only seem 
to beso. For the surrounding bodies stand in the like relation to the 
- Burrounded as the exterior part of a whole does to the interior, or as the 
shell does to the kernel; but, if the shell moves, the kernel will also 
move, as being part of the whole, without any removal from near the shell. 

A property, near akin to the preceding, is this, that if a place is moved, 
whatever is placed therein moves along with it; and therefore a body, 
which is moved from a place in motion, partakes also of the motion of its 
place. Upon which account, all motions, from places in motion, are no 
other than parts of entire and absolute motions; and cvery entire motion 
is composed of the motion of the body out of its first place, and the 
motion of this place out of its place; and so on, until we come to some - 
immovable place, as in the before-mentioned example of the sailor. Where- 
fore, entire and absolute motions can be no otherwise determined than by 
immovable places; and for that reason I did before refer those absolute 
motions to immovable places, but relative ones to movable placcs. Now 
no other places are immovable but those that, from infinity to infinity, do 
all retain the same given position one to another; and upon this account 
must ever remain unmoved; and do thereby constitute immovable space. 

The causes by which true and relative motions are distinguished, one 
from the other, are the forces impressed upon bodies to generate motion. 
- True motion is neither generated nor altered, but by some force impressed 
upon the body moved; but relative motion may be generated or altered 
without any force impressed upon the body. For it is sufficient only to 
impress some force on other bodies with which the former is compared, 
that by their giving way, that relation may be changed, in which the re- 
lative rest or motion of this other body did consist. Again, true motion 
suffers always some change from any force impressed upon the moving 
body ; but relative motion does not necessarily undergo any change by such 
forces. For if the same forces are likewise impressed on those other bodies, 
with which the comparison is made, that the relative position may be pre- 
served, then that condition will be preserved in which the relative motion 
consists. And therefore any relative motion may be changed when the 
true motion remains unaltered, and the relative may be preserved when the 
true suffers some change. Upon which accounts, true motion does by no 
means consist in such relations. | 

The effects which distinguish absolute from relative motion are, the 
forces of receding from the axis of circular motion. For there are no such 
forces in a circular motion purely relative, but in a true and absolute cir- 
cular motion, they are greater or less, according ἐν the quantity of the 
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motion. If a vessel, hung by a long cord, is so often turned about that the 
cord is strongly twisted, then filled with water, and held at rest together 
with the water; after, by the sudden action of another force, it is whirled 
about the contrary way, and while the cord is untwisting itself, the vessel 
continues for some time in this motion; the surface of the water will at 
first be plain, as before the vessel began to move; but the vessel, by grad- 
ually communicating its motion to the water, will make it begin sensibly 
,to revolve, and recede by little and little from the middle, and ascend to the 
sides of the vessel, forming itself into a concave figure (as I have experi- 
enced), and the swifter the motion becomes, the higher will the water rise, 
till at last, performing its revolutions in the same times with the vessel, 
it becomes relatively at rest in it. This ascent of the water shows its en- 
deavour to recede from the axis of its motion; and the true and absolute 
circular motion of the water, which is here directly contrary to the rela- 
tive, discovers itself, and may be measured by this endeavour. At first, 
when the relative motion of the water in the vessel was greatest, it pro- 
duced no endeavour to recede from the axis; the water showed no tendency 
to the circumference, nor any ascent towards the sides of the vessel, but 
remained of a plain surface, and therefore its true circular motion had not 
yet begun. But afterwards, when the relative motion of the water had 
decreased, the ascent thereof towards the sides of the vessel proved its en- 
deavour to recede from the axis; and this endeavour showed the real cir- 
cular motion of the water perpetually increasing, till it had acquired ite 
greatest quantity, when the water -rested relatively in the vessel. And 
therefore this endeavour does not depend upon any translation of the water 
in respect of the ambient bodies, nor can true circular motion be defined 
by such translation. ‘There is only one real circular motion of any one 
revolving body, corresponding to only one power of endeavouring to recede. 
from its axis of motion, as its proper and adequate effect ; but relative 
motions, in one and the same body, are innumerable, according to the various 
relations it bears to external bodies, and like other relations, are altogether 
destitute of any real effect, any otherwise than they may perhaps par- 
take of that one only true motion. And therefore in their system who 
suppose that our heavens, revolving below the sphere of the fixed stars, 
carry the planets along with them; the several parts of those heavens, and 
the planets, which are indeed relatively at rest in their heavens, do yet 
really move. For they change their position one to another (which never 
happens to bodies truly at rest) and being carried together with their 
heavens, partake of their motions, and as parts of revolving wholes, 
endeavour to recede from the axis of their motions. 

Wherefore relative quantities are not the quantities themselves, whose 
names they bear, but those sensible measures of them (either accurate cr 
inaccurate), which are commonly used instead of the measured quantities 
themselves. And if the meaning of words is to be determined by their 
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use, then by the names time, space, place and motion, their measures arv 
properly to be understood; and the expression will be unusual, and purely 
mathematical, if the measured quantities themselves are meant. Upon 
which account, they do strain the sacred writings, who there interpret 
those words for the measured quantities. Nor do those less defile the 
purity of mathematical and philosophical truths, who confound real quan- 
tities themselves with their relations and vulgar measures. 

It is indeed a matter of great difficulty to discover, and effectually to . 
distinguish, the true motions of particular bodies from the apparent; be- 
cause the parts of that immovable space, in which those motions are per- 
formed, do by no means come under the observation of our senses. Yet 
the thing is not altogether desperate; for we have some arguments to 
guide us, partly from the apparent motions, which are the differences of 
the true motions; partly from the forces, which are the causes and effects 
of the true motions. For instance, if two globes, kept at a given distance 
one from the other by means of a cord that connects them, were revolved 
about their common centre of gravity, we might, from the tension of the 
cord, discover the endeavour of the globes to recede from the axis of their 
motion, and from thence we might compute the quantity of their circular 
motions. And then if any equal forces should be impressed at once on the 
alternate faces of the globes to augment or diminish their circular motions, 
from the increase or decr age of the tensi n of {16 cord, we might infer 
the increment or decrement of their motions; and thence would be found 
on what faces those forces ought to be impressed, that the motions of the 
globes might be most augmented ; that is, we might discover their hinder- 
most faces, or those which, in the circular motion, do follow. But the 
faces which follow being known, and consequently the opposite ones that 
precede, we should likewise know the determination of their motions. And 
thus we might find both the quantity and the determination of this circu- 
lar motion, even in an immense vacuum, where there was nothing external 
or sensible with which the globes could be compared. But now, if in that 
Space some remote bodies were placed that kept always a given position 
one to another, as the fixed stars do in our regions, we could not indeed 
determine from the relative translation of the globes among those bodies, 
whether the motion did belong to the globes or to the bodies. But if we 
observed the cord, and found that its tension was that very tension which 
the motions of the globes required, we might conclude the motion to be in 
the globes, and the bodies to be at rest ; and then, lastly, from tho trans- 
lation of the globes among the bodies, we should find the determination of 
their motions. But how we are to collect the true motions from their 
causes, effects, and apparent differences; and, vice versa, how from the mo- 
tions, either true or apparent, we may come to the knowledge of their 
causes and effects, shall be explained more at large in the following tract 
For to this end it was that I composed it. 
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AXIOMS, OR LAWS OF MOTION. 


| LAW I. | 

Fivery body perseveres in its state of rest, or of uniform motion in a right 
line, unless it is compelled to change that state by m ces impressed 
thereon. 

PROJECTILES persevere in their motions, so far as they are not retarded 
by the resistance of the air, or impelled downwards by the force of gravity 
A top, whose parts by their cohesion are perpetually drawn aside from 
rectilinear motions, does not cease its rotation, otherwise than as it is re- 
tarded by the air. ‘The greater bodies of the planets and comets, meeting 
with less resistance in more free spaces, preserve they motions both pro- 
gressive and circular for a much longer time. 


LAW II. 

The alteration of motion is ever pr oportional to the motive force impress- 
ed ; and is made in the direction of the right line in which that force 
is impressed. 

If any force generates a motion, a double force will generate double the 
motion, a triple force triple the motion, whether that force be impressed 
altogether and at once, or gradually and successively. And this motion 
| (being always directed the same way with the generating force), if the body 
moved before, is added to or subducted from the former motion, according 
as they directly conspire with or are directly contrary to each other; or 
‘obliquely joined, when they are oblique, so as to produce a new motion 
compounded from the determination of both. 


| LAW IIT. 


To every action there is always opposed an equal reaction: or the mu- 
tual actions of two bodies upon each other are always equal, and di- 
rected to contrary parts. | 
Whatever draws or presses another is as much drawn or pressed by that 

other. If you press a stone with your finger, the finger is also pressed by 

the stone. If a horse draws a stone tied to a rope, the horse (if I may so 
say) will be equally drawn back towards the stone: for the distended rope, 
by the same endeavour to. relax or unbend itself, will draw the horse ag- 
much towards the stone, as it does the stone towards the horse, and will 
obstruct the progress óf the onc as much as it advances that of the other. 
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If a body impinge upon arother, and by its force change the motion of the 
other, that body also (because of the equality of the mutual pressure) will 
undergo an equal change, in its own motion, towards the contrary part. 
The changes made by these actions are equal, not in the velocities but in 
the motions of bodies; that is to say, if the bodies are not hindered by any - 
other impediments. For, because the motions are equally changed, the 
changes of the velocities made towards contrary parts are reciprocally pro- 
portional to the bodies. ‘This law takes place also in attractions, as will 
be proved in the next scholium. 


COROLLARY I. 


A body by two forces conjoined will describe the diagonal of a parallelo- 
gram, in the same time that it would describe the sides, by those forces 
apart. 


If à body in a given time, by the force M impressed κε κ. 





apart in tlie place A, should with an uniform motion S ns v 
be carried from A to B ; and by the force N impressed __ 7 
apart in the same place, should be carried from A to é- rug 


C; complete the parallelogram ABCD, and, by both forces acting together, 
it will in the same time be carried in the diagonal from A to D. For 
since the force N acts in the direction of the line AC, parallel to BD, this 
force (by the second law) will not at all alter the velocity generated by the 
other force M, by which the body is carried towards the line BD. "The 
body therefore will arrive at the line BD in the same time, whether the 
rorce N be impressed or not; and therefore at the end of that time it will 
he found somewhere in the linc BD. By the same argument, at the end | 
of the same time it will be found somewhere in the line CD. Therefore it 
will be found in the point D, where both lines meet. But it will move in 
a right line from A to D, by Law I. | 


COROLLARY I. 


And hence is explained the composition of any one direct force AD, out 
of any two oblique forces AC and CD; and, on the contrary, the re- 
solution of any one direct force AD into two oblique forces AC and 
CD: which composition and resolution are abundantly confirmed from 
mechanics. 


As if the unequal radii OM and ON drawn from the centre O of any 
wheel, should sustain the weights A and P by the cords MA and NP;. and 
the forces of those weights to move the wheel were required. Through the 
centre O draw the right line KOL, meeting the cords perpendicularly in 
« and T,; and from the centre O, with OL the greater of the distances 
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OK and ΟΙ, describe a circle, meeting the cord H 
MA in D: and drawing OD, make AC paral- bs 
lel and DC perpendicular thereto. Now, it 
heing indifferent whether the points K, L, D, of E 
the corda be tixed to the plane of the wheel or 
not, the weights will have the same effect 
whether they are suspended from the points K 
and L, or from D and L. ‘Let the whole force 
of the weight A be represented by the line AD, 
and let it be resolved into the forces AC and 
CD; of which the force AC, drawing the radius x 
OD directly from the centre, will have no effect to move the wheel: but 
the other force DC, drawing the radius DO perpendicularly, will have the 
same effect as if it drew perpendicularly the radius OL equal to OD; that 
is, it will have the same effect as the weight P, if that weight is to the 
weight A as the force DC is to the force DA; that 18 (because of the sim- 
ilar triangles ADC, DOK), as OK to OD or OL. ‘Therefore the weights A 
and P, which are reciprocally as the radii OK and OL that lie in the same 
right line, will be equipollent, and so remain in equilibrio; which is the well 
known property of the balance, the lever, and the wheel. If either weight ia 
greater than in this ratio, its force to move the wheel will be so much greater. 
If the weight p, equal to the weight P, is partly suspended. by the 
cord Np, partly sustained by the oblique plane pG; draw pH, NH, the 
former perpendicular to the horizon, the latter to the plane pG ;. and if 
the force of the weight p tending downwards is represented by the line 
. pH; it may be resolved into the forces pN, HN. If there was any plane 
pQ, perpendicular to the cord pN, cutting the other plane pG in a line 
parallel to the horizon, and the weight p was supported only by those 
planes pQ, pG, it would press those planes perpendicularly with. the forces 
pN, HN; to wit, the plane pQ with the force pN, and the plane pG with 
the force HN. And therefore if the plane pQ was taken away, so that 
the weight might stretch the cord, because the cord, now sustaining the 
weight, supplies the place of the plane that was removed, it will be strained 
by the same force pN which pressed upon the plane before. ‘Therefore, 
the tension of this oblique cord pN will be to that of the other perpendic- 
ular cord PN as pN to pH. And therefore if the weight p is to the 
weight A in a ratio compounded of the reciprocal ratio of the least distances 
of the cords PN, AM, from the centre of the wheel, and of the direct ratio of 
pH to pN, the weights will have the same effect towards moving the wheel, 
and will therefore | sustain each other; as any one may find by experiment. 
But the weight p pressing upon those two oblique planes, may be con- 
sidered as a wedge between the two internal surfaces of a body split by it; 
and hence the farces of the wedge and the mallet may be determined; for 






D 


S6 THE MATHEMATICAL PRINCIPLES 


because the force with which the weight p presses the plane pQ is to the 
force with which the same, whether by its own gravity, or by the blow of 
a mallet, is impelled in the direction of the line pH towards both the 
planes, as pN to pH; and to the force with which it presses the other 
plane pG, as pN to NH. And thus the force of the screw may be deduced 
from a like resolution of forces; it being no other than a wedge impelled 
with the force of a lever. Therefore the use of this Corollary spreads far 
and wide, and by that diffusive extent the truth thereof is farther con- 
firmed. For on what has been said depends the whole doctrine of mechan- 
108 variously demonstrated by different authors. For from hence are easily 
deduced the forces of machines, which are compounded of wheels, pullics, 
levers, cords, and weights, ascending directly or obliquely, and other mechan- 
ical powers; as also the force of the tendons to move the bones of animals. 


COROLLARY IIL. 

The quantity of motion, which is collected by taking the sum of the mo- 
tions directed towards the same parts, and the difference of those that 
are directed to contrary parts, suffers no change from the action of 
bodies among themselves. 

For action and its opposite re-action are equal, by Law III, and there 
fore, by Law II, they produce in the motions equal changes towards oppo- 
site parts. Therefore if the motions are directed towards the same parts, 
whatever is added to the motion of the preceding body will be subducted 
from the motion of that which follows; so that the sum will be the same 
as before. If the bodies meet, with contrary motions, there will be 4n 
equal deduction from the motions of both; and therefore the difference of 
the motions directed towards opposite parts will remain the same. 

Thus if a spherical body A with two parts of velocity is triple of a 
spherical body B which follows in the same right line with ten parts of 
velocity, the motion of A will be to that of B as 6 to 10. Suppose, 
then, their motions to be of 6 parts arid of 10 parts, and the sum will be 
16 parts. Therefore, upon the meeting of the bodies, if A acquire 3, 4, 
or 5 parts of motion, B will lose as many; and therefore after reflexion 
_A will proceed with 9, 10, or 11 parts, and B with 7, 6, or 5 parts; the 
sum remaining always of 16 parts as before. If the body A acquire 9, 
10, 11, or 12 parts of motion, and therefore after meeting proceed with 
15, 16, 17, or 18 parts, the body B, losing so many parts as A has got, - 
will either proceed with 1 part, having lost 9, or stop and remain at rest, 
as having lost its whole progressive motion of 10 parts: or it will go back 
with 1 part, having not only lost its whole motion, but (if I may so say) 
one part more; or it will go back with 2 parts, because a progressive mo- 
tion of 12 parts is taken off. And ao the sums of thé ronspiring motions 
15 +1, or 164-0, and the differences of the contrary 1 otions 17—-1 and 
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-15--2, will always be equal to 16 parts, as they were before {1.6 meeting 
and reflexion of the bodies. But, the motions being known with which 
the bodies proceed after reflexion, the velocity of either will be also known, 
by taking the velocity after to the velocity before reflexion, as the motion 
after is to the motion before. As in the last case, where the motion of the 
body A was of 6 parts before reflexion and of 1S parts after, and the 
velocity was of 2 parts before reflexion, the velocity thereof after reflexion 
will be found to be of 6 parts; by saying, as the 6 parts of motion before 
to 1S parts after, so are 2 parts of velocity before reflexion to 6 parts after. 

But if the bodies are cither not spherical, or, moving in different right 
lines, impinge obliquely one upon the other, and their mot' ons after re- 
flexion are required, in those cases we are first to determine the position 
of the plane that touches the concurring bodies in the point of concourse , 
then the motion of each body (by Corol. II) is to be resolved into two, onc 
perpendicular to that plane, and the other parallel to it. This done, be 
cause the bodies act upon each other in the direction of a line perpendicu- 
lar to this plane, the parallel motions are to be retained the same after 
reflexion as before; and to the perpendicular motions we are to assign 
equal changes towards the contrary parts; in Such manner that the sum 
of the conspiring and the difference of the contrary motions may remain 
the same as before. From such kind of reflexions also sometimes arise 
the circular motions of bodies about their own centres. But these are 
cases which I do not consider in what follows; and it would be too tedious 

'to demonstrate every particular that relates to this subject. 


COROLLARY IV. 


The common centre of gravity of two or more bodies does not alter its 
state of motion or rest by the actions of the bodies among themselves ; 
and therefore the common centre of gravity of all bodies acting upon 
each other (excluding outward actions and impediments) is either at 
rest, or moves untformly in a right line. 


For if two points proceed with an uniform motion in right lines, and 
their distance be divided in a given ratio, the dividing point will be either 
at rest, or proceed uniformly in a right line. This is demonstrated herc- 
after in Lem. X XIII and its Corol., when the points are moved in the same 
plane; and by a like way of arguing, it may be demonstrated when the 
points are not moved in the same plane. Therefore if any number of 
t -dies move uniformly in right lines, the common centre of gravity of any 
two of them is either at rest, or proceeds uniformly in a right line; because 
the line which connects the centres of those two bodies so moving is divided at 
that common centre in a given ratio. In like manner the common centre 
of those two and that of a third body will be either at rest or moving uni- 

 formly in a right line because at that centre the distance tetween the 
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common centre of the two bodies, and the centre of this last, is divided in 
a given ratio. In like manner the common centre of these three, and of a 
fourth body, is either at rest, or moves uniformly in a right line; because 
the distance betwcen the common centre of the three bodies, and the centre 
of the fourth is there also divided in a given ratio, and so on in infinitum. 
Therefore, in a system of bodies where there is neither any mutual action 
among themselves, nor any foreign force impressed upon them from without, 
and which consequently move uniformly in right lines, the common centre of 
gravity of them all is either at rest or moves uniformly forward in aright line. 

Moreover, in a system of two bodies mutually acting upon each other, 
since the distances between their centres and the common centre of gravity 
of both are reciprocally as the bodies, the relative motions of those bodies, 
- whether of approaching to or of receding from that centre, will be equal 
among themselves. ‘Therefore since the changes which happen to motions 
are equal and directed to contrary parts, the common centre of those bodies, 
by their mutual action between themselves, is neither promoted nor re- 
tarded, nor suffers any change as to its state of motion or rest. Butin a 
system of several bodies, because the common centre of gravity of any two 
ecüng mutually upon each other suffers no change in its state by that ac- 
tion; and much less the common centre of gravity of the others with which 
that action does not intervene; but the distance between those two centres 
is divided by the common centre of gravity of all the bodies into parts re- 
ciprocally proportional to the total sums of those bodies whose centres they 
are: and therefore while those two centres retain their state of motion or 
rest, ihe common centre of all does also retain its state: it 18 manifest that 
the common centre of all never suffers any change in the state of its mo- 
tion or rest from the actions of any two bodies between themselves. But 
in such » system all the actions of the bodies among themselves either hap- 
pen between two bodies, or are composed of actions interchanged between 
some two bodies; and therefore they do never produce any alteration in 
the comm: n centre of all as to its state of motion or rest. Wherefore 
«ince that ventre, when the bodies do not act mutually one upon ancther, 
ther is «t rest or moves uniformly forward in some right line, it will, 
xotvithstending the mutual actions of the bodies among themselves, always 
pvwevere in its state, either of rest, or of proceeding uniformly in a right 
line, anless it is forced out of this state by the action of some power im- 
pressvd from without upon the whole system. And therefore the same law 
takey place in a system consisting of many bodies as in one single body, 
with vogard to their persevering in their state of motion or of rest. For 
the progressive motion, whether of one single body, or of a whole system of 
bodies. us always to be estimated from the motion of the ceutre of gravity. 


COROLLARY Y. 


The motions of bodies included in a given space α ο the same among 
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themselves, whether that space is at rest, or moves uniformly fore ards 

in. a right line without any circular motion. 

For the differences of the motions tending towards the same parts, and 
the sums of those that tend towards contrary parts, are, at first (by sup- 
position), in both cases the same; and it is from those sums and differences 
that the collisions and impulses do arise with which the bodies mutually 
impinge one upon another. Wherefore (by Law II), the effects of those 
collisions will be equal in both cases; and therefore the mutual motions 
of the bodies among themselves in the one case will remain equal to‘ the 
mutual motions of the bodies among themselves in the other. A clear 
proof of which we have from the experiment of a ship; where all motions 
happen after the same manner, whether the ship is at rest, or is carried 
uniformly forwards in a right line. 


COROLLARY VL | 
If. bodies, any how moved among themselves, are urged in the direction 
of parallel lines by equal accelerative forces, they will all continue to 
move among themselves, after the same manner as tf they had been 
urged by no such forces. 


For these forces acting equally (with respect to the quantities of the 
nodies to he moved), and i in the direction of parallel lines, will (by Law 11) 
move all the bodies equally (as to velocity), and therefore will never pro- 
duce any change in the positions or motions of the bodies among themselves. 


SCHOLIUM. 


‘Hitherto I have laid down such principles as have been received by math- 
ematicians, and are confirmed by abundance of experiments. By the first 
two Laws and the first two Corollaries, Galileo discovered that the de- 
scent of bodies observed the duplicate ratio of the time, and that the mo- 
tion of projectiles was in the curve of a parabola; experience agreeing 
with both, unless so far as these motions are a little retarded by the re- 
sistance of the air. When a body is falling, the uniform force of its 
gravity acting equally, impresses, in equal particles of time, equal forces 
upon that body, and therefore generates equal velocities; and in the whole 
time impresses a whole force, and generates a whole velocity proportional 
to the time. And the spaces described in proportional times are as the 
velocities and the times conjunctly; that is, in a duplicate ratio of the 
times. And when a body is thrown upwards, its uniform gravity im- 
presses.forces and takes off velocities proportional to the times; and the 
times of ascending to the greatest heights are as the velocities to be taken 
off, and those heights are as the Velocities and the times conjunctly, or 15 
the duplicate ratio of the velocities. . And if a body be projected in any 
direction, the motion arising from its projection .2 compounded with the 
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motion arising from its gravity. As if the body A by its motion of pro- 
jection alone could describe in a given time the right line 
AB, and with ita motion of falling alone could describe in 
the same time the altitude AC; complete the paralello- 
gram ABDC, and the body by that compounded motion 
will at the end of the time be found in the place D; and 
the curve line AED, which that body describes, will be a 
parabola, to which the right line AB will be a tangent in 
A; and whose ordinate BD will be as the square of the line AB. On the 
same Laws and Corollaries depend those things which have been demon- 
strated concerning the times of the vibration of pendulums, and are con- 
firmed by the daily experiments of pendulum clocks. By the same, to- 
gether with the third Law, Sir Christ. Wren, Dr. Wallis, and Mr. Huy- 
gens, the greatest geometers of our times, did severally determine the rules 
of the congress and reflexion of hard bodies, and much about the same 
time communicated their discoveries to the Royal Society, exactly agreeing 
among themselves as to those rules. Dr. Wallis, indeed, was something 
more early in the publication; then followed Sir Christopher Wren, and, 
lastly, Mr. Huygens. But Sir Christopher Wren confirmed the truth of 
the thing before the Royal Society by the experiment of pendulums, which 
Mr. Mariotte soon after thought fit to explain in a treatise entirely upon 
that subject. But to bring this experiment to an accurate agreement with 
the theory, we are to have a due regard as well to the resistance of the air 
as to the clastic force of the concurring bodics. Let the spherical bodies 
A, B be suspended by the parallel and τ @ c D F IH 
equal strings AC, BD, from the centres 
C, D. About these centres, with those R 
intervals, describe the semicircles EAF, Sr 
GBH, bisected by the radii CA, DB. V 
Bring the body A to any point R of the Ν E 

arc ΠΑΡ, and (withdrawing the body Ss 

B) let it go from thence, and after one oscillation suppose it to return to 
the point V: then RY will be the retardation arising. from the resistanee 
of the air. ‘Of this RV let ST be a fourth part, sitnated in the middle, 
to wit, so as RS and TV may be equal, and RS may be to ST as 3 to 9. 
then will ST represent very nearly the retardation during the descent 
from S to A. Restore the body B to its place: and, supprsing the body 
A to be let fall from the point S, the velocity thereof in the place of re- 
flexion A, without sensible error, will be the same as if it had descended 
in vacuo from ihe point T. Upon which account this velocity may be 
represented by the chord of the arc TA. For it is a proposition well 
known to geometcrs, that the velocity of a pendulous body in the lowest 
point is as the chord of the arc which it has described in its descent. After 
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reflexion, suppose the body A comes to the place s, and the body B to th 
place k. Withdraw the body B, and find the place v, from which if the 
body A, being let go, should after one oscillation return to the place r, sé 
may bea fourth part of rv, so placed in the middle thereof as to leave rs 
equal to £v, and let the chord of the arc £A represent the velocity which 
the body A had in the place A immediately after reflexion. For ¢ will be 


the true and correct place to which the body A should have ascended, if | 


the resistance of the air had been taken off. In the sume way we are to 
correct the place & to which the body B ascends, by finding the place / to 
which it should have ascended in vacuo. And thus everything may be 
subjected to experiment, in the same manner as if we were really placed 
in vacuo. "These things being done, we are to take the product (if I may 


so say) of the body A, by the chord of the arc TA (which represents its 


velocity), that we may have its motion in the place A immediately before 
reflexion; and then by the chord of the arc /A, that we may have its mo- 
tion in the place A immediately after reflexion. And so we are to take 
the product of the body B by the chord of the arc B/, that we may have 
the motion of the same immediately after reflexion. And in like manner, 
when two bodies are let go together from different places, we are to find 
the motion of each, as well before as after reflexion; and then we may 
compare the motions between themselves, and collect the effects of the re- 
flexion. ‘Thus trying the thing with pendulums of ten feet, in unequal 
as well as equal bodies, and making the bodies to concur after a descent 
through large spaces, as of 8, 12, or 16 feet, I found always, without an 
error of 3 inches, that when the bodies concurred together directly, equal 
changes towards the contrary parts were produced in their motions, and, 
of consequence, that the action and reaction were always equal. Asif the 
body A impinged upon the body B at rest with 9 parts of motion, and 
losing 7, proceeded after reflexion with 2, the body B was carried back- 
wards with those 7 parts. If the bodies concurred with contrary motions, 
A with twelve parts of motion, and B with six, then if A receded with 2, 
B receded with 8; to wit, with a dcduction of 14 parts of motion on 
,each side, For from the motion of A subducting twelve parts, nothing 
will remain; but subducting 2 parts more, a motion will be generated of 
2 parts towards the contrary way; and so, from the motion of the body 
B of 6 parts, subducting 14 parts, a motion is generated of S parts towards 
the contrary way. But if the bodies were made both to move towards the 
same way, A, the swifter, with 14 parts of motion, B, the slower, with 5, 
and after reflexion A went on with 5, B likewise went on with 14 parts; 
9 parts being transferred from A to B. ‘And so in other cases. By the 
congress and collision of bodies, the quantity of motion, collected from the 
sum of the motions directed towards the same way, or from the difference 
of those that were directed towards contrary ways, was never changed. 
For the error of an inch or two in measures may be easily ascribed to the 
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dificulty of executing everything with accuracy. It was not easy to let 
go the two pendulums so exactly together that the bodies should impinge 
one upon the other in the lowermost place AB; nor to mark the places s, 
and k, to which the bodies ascended after congress. Nay, and some errors, 
too, might have happened from the unequal density of the parts of the pen- 
dulous bodies themselves, and from the irregularity of the texture pro- 
ceeding from other causes. 

But to prevent an objection that may perhaps be alledged against the 
rule, for the proof of which this experiment was made, as if this rule did 
suppose that the bodies were either absolutely hard, or at least perfectly 
elastic (whereas no such bodies are to be found in nature), I must add, that 
the experiments we have been describing, by no means depending upon 
that quality of hardness, do succeed as well in soft as in hard bodies. For 
if the rule is to be tried in bodies not perfectly hard, we are only to di- ` 
minish the reflexion in such a certain proportion as the quantity of the 
elastic force requires. By the theory of Wren and Huygens, bodies abso- 
lutelv hard return one from another with the same velocity with which 
they meet. But this may be affirmed with more certainty of bodies per- 
fectly elastic. In bodies imperfectly elastic the velocity of the return is to 
be diminished together with the elastic force; because that force (except 
when the parts of bodies are bruised by their congress, or suffer some such 
extension as happens under the strokes of a hammer) is (as far as I can per- 
celve) certain and determined, and makes the bodies to return one from 
the other with a relative velocity, which is in a given ratio to that relative 
velocity with which they met. This I tried in balls of wool, made up 
tightly, and strongly compressed. For, first, by letting go the pendulous 
bodies, and measuring their reflexion, I determined the quantity of their 
elastic force; and then, according to this force, estimated the reflexions 
that ought to happen in other cases of congress. And with this computa- 
tion other experiments made afterwards did accordingly agree; the balls 
always receding one from the other with a relative velocity, which was to 
the relative velocity with which they met as about 5 to 9. Balls of steel 
returned with almost the same velocity : those of cork with a velocity some- 
thing less; but in balls of glass the proportion was as about 15 to 16. 
And thus the third Law, so far as it regards percussions and reflexions, 18 
proved by a theory exactly agreeing with experience. | 

In attractions, I briefly demonstrate the thing after this manner. Sup- 
pose an obstacle is interposed to hinder the congress of any two bodies A, 
B, mutually attracting one the other: then if ‘either body, as A, is more 
attracted towards the other body B, than that other body B is towards the 
first body A, the obstacle will be more strongly urged by the pressure of 
the body A than by the pressure of the body B, and therefore will not 
remain in equilibrio: but the stronger pressure will prevail, and will make 
the system of the two bodies, together with the obstacle, to move directly 
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towards the parts on which B lies; and in free spaces, to go forward in 
infinitum with a motion perpetually accelerated; which is absurd and 
contrary to the first Law. For, by the first Law, the system ought to per- 
severe in its state of rest, or of moving uniformly forward in a right line; 
and therefore the bodies must equally press the obstacle, and be equally 
attracted one by the other. I made the experiment on the loadstone and 
iron. If these, placed apart in proper vessels, are made to float by one 
another in standing water, neither of them will propel the other; but, 
by being equally attracted, they will sustain each other's pressure, and rest 
at last in an equilibrium. . 

So the gravitation betwixt the earth and its parts is mutual. Let the 
earth FI be cut by any plane EG into two parts EGF 
and EGI, and their weights one towards the other 
wil be mutually equal. For if by another plane 
HK, parallel to the former EG, the greater part F I 
EGI is cut into two parts EGKH and HKI, 
whereof HKI is equal to the part EFG, first cut 
off, it is evident that the middle part EGKH, will © K 
have no propension by its proper weight towards either side, but will hang 
as it were, and rest in an equilibrium betwixt both. But the one extreme 
part HKI will with its whole weight bear upon and press the middle part 
towards the other extreme part EGF ; and therefore the force with which 
EGI, the sum of the parts HKI and EGKH, tends towards the third part 
EGF, is equal to the weight of the part HKI, that is, to the weight of. 
the third part EGF. And therefore the weights of the two parte EGI 
and EGF, one towards the other, are equal, as I was to prove. And in- 
deed if those weights were not equal, the whole earth floating in the non- 
resisting sether would give way to the greater weight, and, retiring from 
it, would be carried off in infinitum. 

And as those bodies are equipollent in the congress and reflexion, whose 
velocities are reciprocally as their innate forces, so in the use of mechanic 
instruments those agents are equipollent, and mutually sustain each the 
contrary pressure of the other, whose velocities, estimated according to the 
determination of the forces, are reciprocally as the forces. 

So those weights are of equal force to move the arms of a balance; 
which during the play of the balance are reciprocally as their velocities 
upwards and downwards; that is, if the ascent or descent is direct, those 
weights are of equal force, which are reciprocally as the distances of the 
points at which they are suspended from the axis oi the balance; but if 
. they are turned aside by the interposition of oblique planes, or other ob- 
stacles, and made to ascend or descend obliquely, those bodies will be 
equipollent, which are reciprocally as the heights of their ascent and de- 
scent. taken according to the perpendicular; and that on account: of the 
determination of gravity downwards. 
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And in like manner in the pully, or in a combination of pullies, the 
force of a hand drawing the rope directly, which is to the weight, whether 
ascending directly or obliquely, as the velocity of the perpendicular ascent- 
of the weight to the velocity of the hand that draws the rope, will sustain 
the weight. 

In clocks and such like instruments, made up from a combination of 
wheels, the contrary forces that promote and impede the motion of the 
wheels, if they are reciprocally as the velocities of the parts of the wheel 
cn which they are impressed, will mutually sustain the one the other. 

The force of the screw to press a body is to the force of the hand that 
turns the handles by which it is moved as the circular velocity of the 
handle in that part where it is impelled by the hand is to the progressive 
velocity of the screw towards the pressed body. 

The forces by which the wedge presses or drives the two parts of the 

wood it cleaves are to the force of the mallet upon the wedge as the pro- 
gress of the wedge in the direction of the force impressed upon it by the 
mallet is to the velocity with which the parts of the wood yield to the 
wedge, in the direction of lines perpendicular to the sides of the wedge. 
And the like account is to be given of all machines. 
_ The power and use of machines consist only in this, that by diminishing 
the velocity we may augment the force, and the contrary: from whence 
in all sorts of proper machines, we have the solution of this problem; 7. 
move a given weight with a given power, or with a given force to over- 
come any other given resistance. For if machines are so contrived that the 
velocities of the agent and resistant are reciprocally as their forces, the 
agent will just sustain the resistant, but with a greater disparity of ve- 
locity will overcome it. So that if the disparity of velocities is so great 
as to overcome all that resistance which commonly arises either from the 
attrition of contiguous bodies as they slide by one another, or from the 
cohesion of continuous bodies that are to be separated, or from the weights 
of bodies to be raised, the excess of the force remaining, after all those re- 
sistances are overcome, will produce an acceleration of motion proportional 
thereto, as well in the parts of the machine as in the resisting body. But 
to treat of mechanics is not my present business. I was only willing to 
show by those examples the great extent and certainty of the third Law ot 
motion. For if we estimate the action of the agent from its force and 
velocity conjunctly, and likewise the reaction of the impediment conjunctly 
from the velocities of its several parts, and from the forces of resistance 
arising from the attrition, cohesion, weight, and acceleration of those parts, 
the action and reaction ir. the use of all sorts of machines will be found 
always equal to one another. And so far as the action is propagated by 
the intervening instruments, and at last impressed upon the resisting 
body, the ultimate determination of the action will be always contrary to 
the determination of the reaction. 
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BOOK 1. 


OF THE MOTION OF BODIES. 


SECTION I. 


Uf the method of first and last ratios of quantities, by the help whereoy 
we demonstrate the propositions that follow. 


LEMMA I. 


Quantities, and the ratios of quantities, which in any finite time converge 
continually to equality, and before the end of that tume approach nearer 
the one to the other than by any given difference, become ultimately 
equal. 


If you deny it, suppose them to be ultimately unequal, and let D be 
their ultimate difference. Therefore they cannot approach nearer to. 
equality than by that given difference D; which is against the supposition. 


LEMMA Il. 


lf in any figure AacE, terminated by the right P Z 
lines Aa, AE, and the curve ack, there be in- μ' 
scribed any number of parallelograms Ab, Be, 
Cd, ὅ-ο., comprehended under equal bases AB, 
BC, CD, Sc. and the sides, Bb, Cc, Dd, &c., 
parallel to one side Aa of the figure; and the 
parallelogr ams aKbl, bLicm, eMdn, &c., are com- 
pleted. Then if the breadth of those parallelo- 
grams be supposed to be diminished, and their ΑΓ —BF C D E 
number to be augmented i in infinitum ; say, that :he ultimate ratios 
which the inscribed figure AKbLcMdD, the circumscribed [γε 
Aalbmendob, and curvilinear figure AabcdE, will have to one another, 
are ratios of equality. 

For the difference of the inscribed and circumscribed figures is the sum 
of the parallelograms Ki, Lm, Mn, Do, that is (from the equality of all. 
their bases), the rectangle under one of their bases Kb and the sum vf their 
altitudes Aa, that is, the rectangle ABla. But this rectangle, because 
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its breadth AB is supposed diminished-in infinitum, becomes less thar 
any given space. And therefore (by Lem. I) the figures inscribed and 
circumscribed become ultimately equal one to the other; and much more © 
will the intermediate curvilinear figure be ultimately equal to either. 


Q.E.D 


LEMMA IIL 


Lhe same ultimate ratios are also ratios of equality, when the breadths, 
AB, BC, DC, ὅ-ο., of the parallelograms are unequal, and are all di- 
minished in nanlu. 

For suppose AF equal to the greatest breadth, and , Z f 

complete the parallelogram F'Aaf. ‘This parallelo- g Ϊ 

gram will be greater than the difference of the 1π- 

scribed and circumscribed figures; but, because its 
breadth AF is diminished in infinitum, it will be- 

come less than any given rectangle. Q.E.D. 

Cor. 1. Hence the ultimate sum of those evanes- 
cent parallelograms willin all parts coincide with 
the curvilinear figure. A BF C D E 

Cor. 2. Much more will the rectilinear figure comprehended under tne 
chords of the evanescent arcs αὖ, bc, cd, &c., ultimately coincide with tl.c 
curvilinear figure. 

Con. 3. And also the circumscribed rectilinear figure comprehended 
under the tangents of the same arcs. 

Cor. 4 And therefore these ultimate figures (as to their perimeters ack) 
are not rectilinear, but curvilinear limi's of rectilinear figures. 





LEMMA IV. 
[f in two figures AacE, Ppr'T, you inscribe (as befi ne 


two ranks of parallelograms, an equal number in ^ 
each rank, and, when their breadths are diminished 
in infinitum, theultimate ratiosof the parallelograms 
in one figure to those in the other, each to each respec- 
tively, are the same; I say, that those two figures 


AacE, PprT, are to one another in that same ratio. 


For as the parallelograms in the one are severally to P 
the parallelograms i in the other, so (by composition) is the 4 


sum of all in the one to the sum of all in the other: and 
80 is the one figure to the other; because(by Lem. III) the 
former figure to theformersum, ‘and the latter figure to the 
latter sum, are both in the ratio of equality. Q.E.D. 
Cor. Hence if two quantities of any kind are any 


how divided into an equal number of parts, and those A 
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parts, when their number is augmented, and their magnitude diminished 
in infinitum, have a given ratio one to the other, the first to the first, the 
second to the second, and so on in order, the whole quantities will be one to 
the other in that same given ratio. For if, in the figures of this Lemma, 
the parallelograins are taken one to the other in the ratio of the parts, the 
gum of the parts will always be as the sum of the parallelograms; and 
therefore supposing the number of the parallelograms and parts to be aug- 
mented, and their magnitudes diminished in infinitum, those sums will be 
in the ultimate ratio of the parallelogram in the one figure to the corres- 
pondent parallelogram in the other; that is (by the supposition), in the 
ultimate ratio of any part of the one quantity: to the correspondent part of 
the other. 


LEMMA V. 


In similar figures, all sorts of homologous sides, whether curvilinear or 
rectilinear, are proportional ; and the areas are in the duplicate ratio 
of the homologous sides. 


| LEMMA VI. 
Lf any arc ACB, given in position is sub- 
tended by its chord AB, and in any point 
A, in the middle of the continued curva- 
ture, is touched by a right line AD, pro- | 
duced both ways ; then if the points A È 
. and B approach one another and meet, 
I say, the angle BAD, contained between 
the chord and the tangent, will be dimin- 
ished in infinitum, and ultimately will vanish. 
For if that angle does not vanish, the arc ACB will contain with the 
tangent AD an angle equal to a rectilinear angle; and therefore the cur- 
vature at the point A will not be continued, which is against the supposi- 
tion. 





A. D 


LEMMA VII. 
The same things being supposed, I say that the ultimate ratio of the arc, 
chord, and tangent, any one to any other, is the ratio of equality. 


For while the point B approaches towards the point A, consider always 
AB and AD as produced to the remote points 6 and d, and parallel to the 
secant BD draw bd: and let the arc Acb be always similar to the arc 
ACB. Then, supposing the points A and B to coincide, the angle dA 
wil vanish, by the preceding Lemma; and therefore the right lines Ab, 
Ad (which are always finite), and the intermediate arc Acb, will coincide, 
and become equal among themselves. Wheref.re, the right lines AB, AD, 
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and the intermediate arc ACB (which are always proportional to the 
former), will vanish, and ultimately acquire the ratio of equality. Q.E.D. 
Cor. 1. Whence if through B we draw 


A EV D 
BF parallel to the tangent, always cutting C 
any right line AF passing through Ain ~~ F ` 
Ε this line BF will be ultimately in the NS . 


ratio of equality with the evanescent arc ACB; because, completing the 
parallelogram AFBD, it is always in a ratio of equality with AD. 

Cor. 2. And if through B and A more right lines are drawn, as BE, 
BD, AF, AG, cutting the tangent AD and its parallel BF; the ultimate 
ratio of all the abscissas AD, AE, BF, BG, and of the chord and arc AB, 
any one to any other, will be the ratio of equality. 

Con. 3. And therefore in all our reasoning about ultimate ratios, we 
may freely use any one of those lines for any other. 


LEMMA VIII. 

Uf the right lines AR, BR, with the arc ACB, the chord AB, and the 
tangent AD, constitute three triangles RAB, RACB, RAD, and the 
points A and B approach and meet : I say, that the ultimate form of 
these evanescent triangles is that of similitude, and their ultimate 
ratio that of equality. 

For while the point B approaches towards 
the point A, consider always AB, AD, AR, 
as produced to the remote points 5, d, and r, 
and rbd as drawn parallel to RD, and let 
the arc Acb be always similar to the arc 
ACB. Then supposing the points A and B 
to coincide. the angle bAd will vanish; and 
therefore the three triangles rAb, rAcb,rAd 7 
(which are always finite), will coincide, and on that account become both 
similar and equal And therefore the triangles RAB, RACB, RAD 
which are always similar and proportional to these, will ultimately be- 
come both similar and equal among themselves. Q.E.D. | 

Con. And hence in all reasonings about ultimate ratios, we may indif- 
ferently use any one of those triangles for any other. 





LEMMA IX. 


If a ment une AE. and a curve une ABC, both given by position, cut 
each other «n a given angle, A; and to that right line, in another 
gwen angle, BD, CE are ordinately applied, meeting the curve in B, 
C ; and the points B and C together approach towards and meet in 
the point A: I say, that the areas of the triangles ABD, ACE, wil 
ultimately be one to the other in the duplicate ratio of the sides. 
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For while the points B, C, approach e . 
towards the point A, suppose always AD | 
to be produced to the remote points d and a f 

e, 30 as Ad, Ae may be proportional to | 

AD, AE; and the ordinates db, ec, to be 

drawn parallel to the ordinates DB and ¥ 

EC, and meeting AB and AC produced D 

in P and ο. Let the curve Abc be similar 

to the curve ABC, and draw the right line 

Ag so as to touch both curves in A, and 

cut the ordinates DB, EC, db ec, inF,G, 4 

J,g- Then, supposing the length Ae to remain the same, let the points B 
and C meet in the point A; and the angle cAg vanishing, the curvilinear 
areas Abd, Ace will coincide with the rectilinear areas Afd, Age; and 
therefore (by Lem. V) will be one to the other in the duplicafe ratio of 
the sides Ad, Ae. But the areas ABD, ACE are always proportional to 
these areas; and so the sides AD, AE are to these sides. And therefore 
the areas ABI), ACE are ultimately one to the other in the duplicate ratio 
of the sides AD, AE. Q.E.D. 


LEMMA Χ. 

The spaces which a body describes by any finite force urging it, whether 
that force is determined and immutable, or is continually. augmented 
or continually diminished, are in the very beginning of the motion one 
to the other in the duplicate ratio of the times. 

. Let the times be represented by the lines AD, AE, and the velocities - 
generated in those times by the ordinates DB, EC. Ίο spaces described 

with these velocities will be as the areas ABD, ACE, described by those 

ordinates, that is, at the very bezinning of the motion (by Lem. IX), ip 

the duplicate ratio of the times AD, AE. Q.E.D. 

Con. 1. And hence one may easily infer, that the errors of bodies des- 
cribing similar parts of similar figures in proportional times, are nearly 
as the squares of the times in which they are generated ; if so be these 
errors are generated by any equal forces similarly applied to the bodies, 
and measured by the distances of the bodies from those places of the sim- 
ilar figures, at which, without the action of those forces, the bodies would 
have arrived in those proportional times. 
Cor. 2. But the errors that are generated by proportional forces, sim- 
ilarly applied to the bodies at similar parts of the similar figures, are as 
the forces and the squares of the times conjun: tly. 
‘Cor. 3. The same thing is to be understood of any spaces whatsoever 
described by bodies urged with different forces; all which, in the very be- 
g nning of the motion, are as the forcesand the squares of the times conjunctly. 
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Con. 4. And therefore the forces are as the spaces described in the very 
beginning of the motion directly, and the squares of the times inversely. 

Con. 5. And the squares of the times are as the spaces described direct- 
ly, and the forces inversely. 


SCHOLIUM. | 

If in comparing indetermined quantities of different sorts one with 
another, any one is said to be as any other directly or inversely, the mean- 
ing is, that the former is augmented or diminished in the same ratio with 
the latter, or with its reciprocal. And if any one is said to be as any other 
two or more directly or inversely, the meaning is, that the first is aug- 
mented or diminished in the ratio compounded of the ratios in which th 
others, or the reciprocals of the others, are augmented or diminished. As 
if A is said to be as B directly, and C directly, and D inversely, the mean- 
ing is, that A is augmented or diminished in the same ratio with B x C 
X =, that is to say, that A and + arc one to the other in a given ratio. 


LEMMA XI. 


The evanescent subtense of the angle of contact, in all curves which at 
the point of contact have a finite curvature, is ultimately in the dupli- 
cate ratio of the subtense of the conterminate arc. 

Case 1. Let AB be that arc, AD its tangent, BD à ,7 υ 

the subtense of the angle of contact perpendicular on | 

the tangent, AD the subtense of the arc. Draw BG 

perpendicular to the subtense AB, and AG to the tan- 
gent AD, meeting in G; then let the points D, B, and 

G, approach to the points d, b, and s, and suppose J 

to be the ultimate intersection of the lines BG, AG, 

when the points D, B, have come to A. It is evident 

that the distance GJ may be less than any assignable. j 

But (from the nature of the circles passing through g 

the points A, B, G, A, b, g) ΑΒ:-- AG x BD, and. & 

AD — Ag x bd; and therefore the ratio of AB? to AP? is compounded οἱ 

the ratios of AG to Ag, and of Bd to bd. But because GJ may be as- 

sumed of less length than any assignable, the ratio of AG to Ag may be 
such as to differ from the ratio of equality by less than any assignable 

. difference; and therefore the ratio of AB? to AU? may be such as to differ 

from.the ratio of BD to dd by less than any assignable difference. ‘There 

fore, by Lem. I, the ultimate ratio of AB? to AB i is the same with ths 9 Wa 

timate ratio of BD to bd. Α.Ε.Ε. 

Case 2. Now let BD be inclined to AD in any given angle, and the 
ultimate ratio of BD to bd will always be the same as befure. and there- 

fore the same with the ratio of AB? to AU? Q.E.D 
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Case 3. And if we suppose the angle D not to be given, but that the 
right line BD converges to a given point or is determined by any other 
condition whatever ; nevertheless the angles.D, d, being determined by the 
game law, will always draw nearer to ‘equality, and ‘approach nearer to 
cach other than by any assigned difference, and therefore, by. Lem. I, will at 
last be equal ; and therefore the lines BD, bd arc in the same ratio to each 
other as before. Q.E.D. 

Cor. 1. Therefore since the tangents AD, Ad, the ares AB, Ab, and 
their sincs, BC, bc, become ultimately equal to the chords AB, “Ab, their 
squares will ultimately become as the subtenses BD, bd. 

Cor. 2. Their squares are also ultimately as the versed sines of the arcs, 
bisecting the chords, and converging to a given point. For those versed 
Bipcs are as the subtenses BD, bd. 

Cor. 3. And therefore the versed sine is in the duplicate ratio of the 
time in which a body will describe the arc with a given velocity. 

Con. 4. The rectilinear triangles ADB, Adb are à d D 
ultimately in the triplicate ratio of the sides AD, Ad, 
and in a sesquiplicate ratio of the sides DB, db; as 
being in the ratio compounded of the sides AD to DB, 
and of Ad to db. So also the triangles ABC, Abe 
are ultimately in the triplicate ratio of the sides BC, bc. 
What I call the sesquiplicate ratio is the subduplicate 
of the triplicate, as being compounded of the simple 
and σος ratio. J 

Cor. 5. And because DB, db are ultimately paral- g 
lel and in the duplicate ratio of the lines AD, Ad, the & | 
ultimate curvilinear areas ADB, Adb will be (by the nature of the para- 
bola) two thirds of the rectilinear triangles ADB, Adb and the segmenta 
AB, Ab will be one third of the same triangles. And thence those areas 
and those segments will be in the triplicate ratio as well of the tangents 
AD, Ad, as of the chords and arcs AB, AB. 


71 





SCHOLIUM. 
But we have all along supposed the angle of contact to be neither infi- 
. nitely greater nor infinitely less than the angles of contact made by cir- 
cles and their tangents; that is, that the curvature at the point A is neither 
infinitely small nor i afinitely great, or that the interval AJ is of a finite mag- 
nitude. For DB may be takenas AD?: in which case no circle can be drawn 
through the point A, between the tangent AD and the curve AB, and 
therefore the angle of contact will be infinitely less than those of circles. 
And by a like reasoning, if DB be made successfully as AD*, ΑΡ’, ΑΠΡ, 
AD’, &c., we shall have a series of angles of contact, proceeding in infini- 
tuan, wherein every succeeding term is infinitely less than the pre- 
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ceding. And if DB be made successively as AD?, AD3, ADS, AD’, AD$ 
AD’, &c., we shall have another infinite series of angles of contact, the first 
of which is of the same sort with those of circles, the second infinitely 
greater, and every succeeding one infinitely greater than the preceding. 
But between any two of these angles another series of intermediate angles 
of contact may be interposed, proceeding both ways in infinitum, wherein 
every succeeding angle shall be infinitely greater or infinitely less than the 
preceding. As if between the terms AD? and AD? there were interposed 
the series AD; ADY, AD}, AD], ΑΡ’, AD5, AD^, ADS ADZ, ὅς. And 
again, between any two angles of this series, a new series of intermediate 
angles may be interposed, differing from one another by infinite intervals. 
Nor is nature confined to any bounds. 

'l'hose things which have been demonstrated of curve lines, and the 
superfices which they comprehend, may be easily applied to the curve su- 
perfices and contents of solids. ‘These Lemmas are premised to avoid the 
tediousness of deducing perplexed demonstrations ad absurdum, according 
to the method of the ancient geometers. For demonstrations are more 
contracted by the method of indivisibles: but because the hypothesis of 
indivisibles seems somewhat harsh, and therefore that method is reckoned 
less geometrical, I chose rather to reduce the demonstrations of the follow- 
ing propositions to the first and last sums and ratios of nascent and evane- 
scent quantities, that 18, to the limits of those sums and ratios; and so to 
premise, as short as I could, the demonstrations of those limits. For hereby 
the same thing is performed as by the method of indivisibles; and now 
those principles being demonstrated, we may use them with more safety. 
Therefore if hereafter I should happen to consider quantities as made up of 
particles, or should use little curve lines for right ones, I would not be un- 
derstood to mean indivisibles, but evanescent divisible quantities ; not the 
gums and ratios of determinate parts, but always the limits of sums and 
ratios; and that the force of such demonstrations always depends on the 
method laid down in the foregoing Lemmas. 

Perhaps it may be objected, that there is no ultimate proportion, of 
evanescent quantities; because the proportion, before the quantities have 
vanished, is not the ultimate, and when they are vanished, is none. But 
by the same argument, it may be alledged, that a body arriving at a cer- 
tain place, and there stoppinz, has no ultimate velocity: because the velo- 
city, before the body comes to the place, is not its ultimate velocity ; when 
it has arrived, is none. | ut the answer is easy; for by the ultimate ve- 
locity.is meant that with which the body i3 moved, neither before it arrives 
at its last place and the motion ceases, nor after, but at the very instant it 
arrives; that is, that velocity with which the body arrives at its last place, 
and with which the motion ceases. And in like manner, by the ultimate ra- 
tio ef evancscent quantities is to Le understood the ratio of the quantitiea 
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not before they vanish, nor afterwards, but with which T vanish. In 
like manner the first ratio of nascent quantities is that with which they begin 
to be. And the first or last sum is that with which they begin and cease 
to be (or to be augmented or:diminished) ‘There is a limit which the ve- 
locity at the end of the motion may attain, but not exceed. ή is the 
, ultimate velocity. Arti there is the like limit in all quantities and pro- 
portions that begin and cease to be. And since such limits are certain and 
definite, to determine the same is a problem strictly geometrical But 
whatever is geometrical we may be allowed to use in determining and de- 
monstrating any other thing that is likewise geometrical. . : 

It may also be objected, that if the ultimate ratios of. evanescent quan- 
tities are given, their ultimate magnitudes will be also given: and so all 
quantities will consist of indivisibles, which is contrary to: what Huclid 
has demonstrated concerning incommensurables, in the 10th Book of his 
Elements. But this objection is founded on a false supposition. For 
those ultimate ratios with which quantities vanish are not truly the ratiog 
of ultimate quantities, but limits towards which the ratios of quantities 
decreasing without limit do always converge; and to which they approach 
nearer than by any given difference, but never go beyond, nor in effect attain 
. to, till the quantities are diminished in infinitum. This thing will appear 
more evident in quantities infinitely great. If two quantities, whose dif- 
ference is given, be augmented in infinitum, the ultimate ratio of these 
quantities will be given, to wit, the ratio of equality; but it does not from 
thence follow, that the ultimate or greatest quantities themselves, whose 
ratio that is, will be given. ‘Therefore if in what follows, for the sake of 
being more easily understood, I should happen. to mention quantities as 
least, or evanescent, or ultimate, you are not to suppose that quantities of 
any determinate magnitude are meant, but such as are conceived to be al- 
ways diminished without end. .. | 


SECTION 1l. 
Of the Invention of Centripetal Forces. 


PRQPOSITION I. THEOREM |. 

The areas, which revolving bodies describe by radii drawn to an mmo- 
vable centrs of force do lie in tle same immovable pans and are pro- 
portional to the times in which they are described. . 

For suppose the time to be divided into equal parts, and i in the first part 
of that time let the body by its innate force describe the right line AB 
In the second part of that time, the same would (by Law L), if not hindered, 
proceel directly to c, along the line Be equal to AB; so that by the radii 
AS, BS, cS, draw. to the centre, the equal areas ASB, BSc, would be de 
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scribed. But when the body Pn s 

is arrived at B, suppose di^ . ο. y, 

that a centripetal force acts .£ — — 7; ---- Ἂν, a 
. at once with a great im- pop - z / -- A | 


pulse, and, turning aside the 
body from the right line Be, 
compels it afterwards to con- 
tinue its motion along the 
right line BC. Draw cC 
parallel to BS meeting BC 
in C; and at the end of the 
second part of the time, the 
body (by Cor. I. of the Laws) 
will be found in C, in the 
same plane with the triangle ἐφ." 
ASB. JoinSC, and, because θ΄ 

SB and Cc are parallel, the triangle SBC will b: equal to the triangle SBc, 
and therefore also to the triangle SAB. By the like argument, if the 
centripetal force acts snocessively in C, D, E, &c., and makes the body, in 
each single particle of time, to describe the right lines CD, DE, EF, &c., 
they will all lie in the same plane; and the triangle SCD will be equal to 
the triangle SBC, and SDE to SCD, and SEF to SDE. And therefore, 
in equal times, equal areas are described in one immovable plane: and, by 
composition, any sums SADS, SAFS, of those areas, are one to the other 
as the times in which they are described. Now let the number of those 
triangles be augmented, and their breadth diminished in infinitum ; and 
(by Cor. 4, Lem. II.) their ultimate perimeter ADF will be a curve line: 
and therefore the centripetal force, by which the body is perpetually drawn 
back from the tangent of this curve, will act continually ;.and any described 
areas SADS, SAFS, which are always proportional to the times of de- 
scription, will, in this case also, be proportional to those times. Q.E.D. 

Cor. 1. The velocity of a body attracted towards an immovable centre, 
in spaces void of resistance, is reciprocally as the perpendicular let fall 
from that centre on the right line that touches the orbit. For the veloci- 
ties in those places A, B, C, D, E, are as the bases AB, BC, CD, DE, EF, 
of equal triangles; and these bases are reciprocally as the perpendiculars 
let fall upon them. 

Cor. 2. If the chords AB, BC of two arcs, successively described in 
equal times by the same body, in spaces void of resistance, are completed 
into a parallelogram ABCY, and the diagonal BV of this parallelogram, 
in the position which it ultimately acquires when those arcs are diminished 
in infinitum, is produced both ways, it will pass through the centre of foree, 

Cor. 3. If the chords AB, BC, and DE, EF, of arcs described in equal 


` 
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times, in spaces void of resistance, are completed into the parallelograms 
ABCV, DEFZ; the forces in B and E are one to the other in the ulti- 
mate ratio of the diagonals BV, EZ, when those arcs are diminished in 
infinitum. For the motions BC and EF of the body (by Cor. 1 of the 
Laws) are compounded of the motions Bc, BV, and Ef, EZ: but BV and 
EZ, which are equal to Cc and Ff, in the demonstration of this Proposi- - 
tion, were generated by the impulses of the centripetal force in B and E, 
and are therefore proportional to those impulses. 

Con. 4. The forces by which bodies, in spaces void of resistance, are 
drawn back from rectilinear motions, and turned into curvilinear orbits, 
are one to another as the versed gines of arcs described in equal times; which 
versed sines tend to the centre of force, and bisect the chords when those 
arcs are diminished to infinity. For such versed sines are the halves of 
the diagonals mentioned in Cor. 3. | 

- Con. 5. And therefore those forces are to the force of gravity as the said 
versed sines to the versed sines perpendicular to the horizon of those para- 
bolic ares which projectiles describe in the same time. _ 

Cor. 6. And the same things do all hold good (by Cor. 5 of the Laws), 
when the planes in which the | bodies are moved, together with the centres 
of force which are placed in those planes, are not at rest, but move uni- 
formly forward in right lines. 


PROPOSITION IL THEOREM II. 


Every body that moves in any curve line described in a plane, and by a 
radius, drawn to a point either immovable, or moving forward with 
an uniform rectilinear motion, describes about that point areas propor- 
tional to the times, 1s urged by a κρέα force directed to Prat point 
Case. l. For every body 

that moves in a curve line, 

is (by Law 1) turned aside 
from its rectilinear course 
by the action of some force 
thatimpelsit. And that force 
by which the body is turned 
off from its rectilinear course, 
and is made to describe, in 
equal times, the equal least 
triangles SAB, SBC, SCD, 

&c. about the immovable 

point S (by Prop. XL. Book 

1, Elem. and Law IL) acts 

in the place B, according to 

the direction of a line par- 
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allel tc cC, that is, in the direction of the line BS, and in the place C, 
accordir g to the direction of a line parallel to dD, that is, in the direction 
of the line CS, &c.; and therefore acts always in the direction of lines 
tending to the immovable point S. Q.E.D. 

Case. 2. And (by Cor. 5 of the Laws) it is indifferent whether the su- 
perfices in which a body describes a curvilinear figure be quiescent, or moves 
together with the body, the figure described, and its point S, uniformly 
forward in right lines. 

Con. 1. In non-resisting spaces or mediums, if the areas are not propor- 
tional to the times, the forces are not directed to the point in which the 
radii meet; but deviate therefrom in consequentia, or towards the parts to 
which the motion is directed, if the description of the areas is accelerated ; 
but in antecedentia, if retarded. : 

Cor. 2. And even in resisting mediums, if the description of the arcas 
is accelerated, the directions of the forces deviate from the point in which 
the radii meet, towards the parts to which the motion tends. 


SCHOLIUM. 


A body may be urged by a centripetal force compounded of several 
forces; in which case the meaning of the Proposition is, that the force 
which results out of all tends to the point S. But if any force acts per- 
petually in the direction of lines perpendicular to the described surface, 
this force will make the body to deviate from the plane of its motion: but 
will neither augment nor diminish the quantity of the described surface 
and is therefore to be neglected in the composition of forces. 


PROPOSITION III. THEOREM ΤΠ. | 


Every body, that by a radius drawn to the centre of another body, how- 
soever moved, describes areas about that centre proportional to the times, 
is urged by a force compounded out of the centripetal force ‘ending to 
that other body, and of all the accelerative force by which that other 
body is impelled. ~. | 
Let I, represent the one, and T the other body ; and (by Cor. 6 of the Laws’ 

if both bodies are urged in the direction of parallel lines, hy a new force 

equal and contrary to that by which the second body 'T' is urved, the first 
body I. will go on to describe about the other body T the same areas aa 
before: but the force by which that other body Γ᾽ was urged will be now 
destroyed by an equal and contrary force; and therefore (by Law L) that 
other body T, now left to itself, will either rest, or move uniformly forward 
in a right line: and the first body L impelled by the difference of the 
forces, that is, by the force remaining, will go on to describe about the other 
body T areas proportional to the times. And therefore (by Theor. II.) the 
difference -f the forces is directed to the other body T as itscentre. Q.E.D 
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.. Cox. 1. Hence if the one body L, by a radius drawn to the other body T, 
descrihes areas proportional to the times ; and from the whole force, by which 
the first body L, is urged (whether that force is simple, or, according to 
Cor. 2 of the Laws, compounded out of several forces), we subduct (by the 
same Cor.) that whole accelerative force by which the other body is urged ; 
the who.e remaining force by which the first body is urged will tend to the 
(ther body T, as its centre. 

Cor. 2. And, if these areas are proportional to the times nearly, the re- 
maining force will tend to the other body T nearly. 

: Con. "3. And vice versa, if the remaining force tends nearly to the other 
body T, those areas will be nearly proportional to the times. . 

Cor. 4. If the body L, by a radius drawn to the other body T, describes 
areas, which, compared. with the times, are very unequal; and that other 
body T be either at rest, or moves uniformly forward in a right line: the 
action of the centripeta! force tending to that other body T is either none 
at all, or it is mixed and compounded with very powerful actions of other 
forces: and the whole force compounded of them all, if. they are many, is 
directed to another (immovable or moveable) centre. The same thing ob- 
tains, when the otlier body is moved by any motion whatsoever; provided 
that centripetal force is taken, which remains after subducting that whole 
force acting upon that other body. T. 


SCHOLIUM. 

Because the equable description of areas indicates that a centre 18 re- 
spected by that force with which the body is most affected, and by which it 
is drawn back from its rectilinear motion, and retained in its orbit ; why 
may we not be allowed, in the following discourse, to use the equable de- 
scription of areas as an indication of a centre, about which all circular 
motion is performed in free spaces ? 


PROPOSITION IV. THEOREM IV. 

The centripetal forces of bodies, which by equable motions describe differ- 
ent circles, tend to the centres of the same circles ; and are one to the 
‘other as the squares of the arcs described in equal times applied to the 
radii of the circles. 

These forces tend to the centres of the circles (by Prop. IL, and Cor. 2, 
Prop. L), and are one to another as the versed sines of the least arcs de- 
scribed in equal times (by Cor. 4, Prop. L); that is, as the squares of the 
same arcs applied to the diameters of the circles (by Lem. VIL); and there- 
fore since those arcs are as arcs described in any equal times, and the dia- 
me'ers are as the radii, the forces will be as the squares of any arcs de- 
scr bed in the samc time applied to the radii of the circles. Q.E.D. 

Yor. 1... Therefore, since those arcs are as the velocities of the bodies 
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ihe centripetal forces are in a ratio compounded of the duplicate ratio of 
the velocities directly, and of the simple ratio of the radii inversely. 

Cor. 2. And since the periodic times are in a ratio compounded of the 
ratio of the radii directly, and the ratio of the velocities inversely, the cen- 
tripetal forces, are in a ratio compounded of the ratio of the radii directly, 
and the duplicate ratio of the periodic times inversely. 

Con. 3. Whence if the periodic times are equal, and the velocities 
therefore as the radii, the centripetal forces will be also as the radii; and 
the contrary. 

. Con. 4. If the periodic times and the velocities are both in the «μία: 
plicate ratio of the radii, the centripetal forces will be equal among them- 


selves; and the contrary. 
Cor. 5. If the periodic times are as the tadi, and therefore the veloci- 


ties equal, the centripetal forces will be reciprocally as the radii; and the 
contrary. 

Cor. 6. If the periodic times are in the sesquiplicate ratio of the radii, 
and therefore the velocities reciprocally in the subduplicate ratio of the 
radii, the centripetal forces will be in the duplicate ratio of the radii in- 
versely ; and the contrary. 

Con. 7. And universally, if the periodic time is as any power R” of the 
radius R, and therefore the velocity reciprocally as the power R°—"' of 
the radius, the centripetal force will be reciprocally as the power R?—7 of 
the radius; and.the contrary. 

Cor. 8. The same things all hold concerning the times, the velocities, 
and forces by which bodies describe the similar parts of any similar figures 
that have their centres in a similar position with those figures ; as appears 
by applying the demonstration of the preceding cases to those. And the 
application is easy, by only substituting the equable description of areas in 
the place of equable motion, and using the distances of the bodies from the 
centres instead of the radii. 

Cor. 9. From the same demonstration it likewise follows, that the arc 
which a body, uniformly revolving in a circle by means of a given centri- 
petal force, describes in any time, is a mean proportional between the 
diameter of the circle, and the space which the same body falling by thc 
same given force would descend through in the same given time. 


SCHOLIUM. 

The case of the 6th Corollary obtains in the celestial bodies (as Sir 
Christopher Wren, Dr. Hooke, and Dr. Halley have severally observed); 
and therefore in what follows, I intend to treat more at large of those 
things which relate to centripetal force decreasing in a duplicate ratic 
of the distances from the centres. 
` Moreover, by means of the preceding Proposition and its Corollaries, we 
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may discover the proportion of a centripetal force to any other known 
force, such as that of gravity. For if a body by means of its gravity re- 
volves in a circle concentric to the earth, this gravity is the centripetal 
force of that body. But from the descent of heavy bodies, the time of one 
entire revolution, as well as the arc described in any given time, is given 
(by Cor. 9 of this Prop.). And by such propositions, Mr. Huygens, in his 
excellent book De Horologiw Oscillatorio, has compared the force of 
gravity with the centrifugal forces of revolving bodies. 

The preceding Proposition may be likewise demonstrated after this 
manner. In any circle suppose a polygon to be inscribed of any number 
of sides. And if a body, moved with a given velocity along the sides of the 
polygon, is reflected from the circle at the several angular points, the force, 
with which at every reflection it strikes the circle, will be as its velocity : 
and therefore the sum of the forces, in a given time, will be as that ve- 
locity and the number of reflections conjunctly ; that is (if the species of 
the polygon be given), as the length described in that given time, and in- 
creased or diminished in the ratio of the same length to the radius of the 
circle; that is, as the square of that length applied to the radius; and 
therefore the polygon, by having its sides diminished 17 'tnfinttum, coin- 
cides with the circle, as the square of the arc described in a given time ap- 
plied to the radius. This is the centrifugal force, with which the body 
impels the circle; and to which the contrary force, wherewith the circle 
continually repels the body towards the centre, is equal. 


PROPOSITION Y. PROBLEM I. 


There being given, in any places, the’ velocity with which a body de- 
scribes a given figure, by means of forces directed to some common 
centre: to find that centre. | 


Let the three right lines PT, TQV, VR 
touch the figure described in as many points, 
P, Q, R, and meet in T and V. On the tan- 
gents erect the perpendiculars PA, QB, RC, 
reciprocally proportional to the velocities of the 
body in the points P, Q, R, from which the 
perpendiculars were raised; that is, so that PA 
may be to QB as the velocity in Q to the velocity in P, and QB to RC 
as the velocity in R to the velocity in Q. Through the ends A, B, C, of 
the perpendiculars draw AD, DBE, EC, at right angles, meeting in D and 
E: and the right lines TD, VE produced, will meet in S, the centre re- 
quired. i 
- For the perpendiculars let fall from the centre S on the tangents PT, 
QT, are reciprocally as the velocities of the bodies in the points P and Q 
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(by Cor. 1, Prop. L), and therefore, by construction, as the perpendiculars 
AP, BQ directly; that is, as the perpendiculars let fall from the point D: 
on the tangents. Whence it is easy to infer that the points S, D, T, are 
in one right line. And by the like argument the points S, E, V are also 
in one right line; and therefore the centre S is in the point where the 
right lines TD, VE meet.. Q.E.D. 


PROPOSITION VI. THEOREM Y. 


In a space void of resistance, if a body revolves in any orbit about an im- 
movable centre, and in the least time describes any arc just then na- 
scent ; and the versed sine of that arc is supposed to be drawn bisect- 
ing the chord, and produced passing through the centre of force : the 
centripetal force in the middle of the arc will be as the versed sine di- 
rectly and the square of the time inversely. 

For the versed sine in a given time is as the force (by Cor. 4, Prop. 1); 
and augmenting the time in any ratio, because the arc will be augmented 
in the same ratio, the versed sine will be augmented in the duplicate of 
that ratio (by Cor. 2 and 3, Lem. XL), and therefore is as the force and the 
square of the time. Subduct on both sides the duplicate ratio of the 
time, and the force will be as the versed sine directly, and the square. of 
the time inversely. Q.E.D. 

And the same thing may also be easily demonstrated by Corol. 4, 
Lem. X. 

Cor. 1. If a body P revolving about the 
centre S describes a curve line APQ, which a 
right line ZPR touches in any point P; and 
from any other point Q of the curve, QR is 
drawn parallel to the distance SP, meeting 
the tangent in R; and QT is drawn perpen- 
dicular to the distance SP; the centripetal force will be reciprocally as the 

ΠΕ x QT? . ; ETE, 
solid QR ^" if the solid be taken of that magnitude which it ulti- 
mately acquires when the points P and Q coincide. For QR is equal to 
the versed sine of double the arc QP, whose middle is P: and double the 
triangle SQP, or SP X QT is proportional to the time in which that 
double arc is described ; and therefore may be used for the exponent of 
the time. : 

Cor. 2. By a like reasoning, the centripetal force 18 reciprocally as the 


2 2 

solid 2 Ὃς - ; if SY is a perpendicular from the centre of force on 
PR the tangent of the orbit. For the rectangles SY x QP and SP x QT 
are equal. 
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/./ «. Con. 3. If the orbit is either a circle, or touches or cuts a circle οι ncen- 
trically, that 1s, contains with a circle the least angle of contact or. sec- 
tien, havirfy the same curvature and the same radius of curvature at the 
point P ; and if PV be a chord of this circle, drawn from the body through 


the centre of force; the centripetal force will be reciprocally as the solid 
22 


QI 
2 y CM 
SY? x. PV. For PV is QR 


Con. 4. 'The same things being supposed, the centripetal force is as the 
square of the velocity directly, and that chord inversely. For the velocity 
is reciprocally as the perpendicular SY, by Cor. 1. Prop. I. 

Con. 5. Hence if any curvilinear figure APQ is given, and therein a 
point:S is also. given, to which a centripetal force is perpetually directed, 
that law of centripetal force may be found, by which the body P will be 
continually drawn back from a rectilinear course, and, being detained in 
the perimeter of that figure, will describe the same by a perpetual revolu- 


| | SP? '[2 
tion. That is, we are to find, by computation, either the solid ο 





or the solid SY? x PV, reciprocally proportional to this force. Example 
of this we shall give in the following Problems. 


PROPOSITION ΤΗ. PROBLEM IL 


Jf a body revolves in the circumference of a circle; it is proposed to fini 
the law of centripetal force directed to any given point. 


Let VQPA be the circumference of the 
circle; S the given point to which as to 
a centre the force tends; P the body mov- 
ing in the circumference; Q the next 
place into which it is to move; and PRZ 
the tangent of the circle at the preceding ` 
place. "Through the point S draw the V 
chord PV, and the diameter VA of the 
circle: join AP, and draw QT perpen- 
dicular to SP, which produced, may meet 
the tangent PR i in Z; and lastly, through 
the. point. Q, draw LR parallel to SP, meeting the circle in L, and the 
tangent PZ in R. And, because of the similar triangles ZQR, ZTP, 
VPA, we shall have ΜΡ’, that is. QRL to QT? as AY? to PV?. E 
therefore a SA ; wb is equal to QT’. Multiply those equals s Q - : 
and the points P and Q coinciding, for RT. write PV; then we shall have . 


Px PY? ^ SP? x QT? | 
— s = πα . And therefore (hy Cor 1 and 5, Prop. VL) 
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E MA λος ; that is (because AY: 
is given), reciprocally as the square of the distance or altitude SP, and the 
sube of the chord PV conjunctly. Q.E.L | 
The same otherwise. 

On the tangent PR produced let fall the perpendicular SY; and (be- 

cause of the similar triangles SYP, VPA), we shall have AV to PV as SP 
T Ον, 9 
to SY, and therefore Aa Se SY, and Be cat d = SY? x PY. 
And therefore (by Corol. 3 and 5, Prop. VI), the centripetal force is recip- 
SP? x ΡΥ 
AV? 

x PV QEL | 

Con. 1. Hence if the given point S, to which the centripetal force al- 
ways tends, is placed in the circumference of the circle, as at V, the cen- 
tripetal force will be reciprocally as the quadrato-cube (or fifth power) of 
the altitude SP. l 

Cor. 2. The force by which the body P in the 
circle AP'T'V revolves about the centre of force S 
is to the force by which the same body P may re- 
volve in the same circle, and in the same periodic 
time, about any other centre of force R, as RP? X 
SP to the cube of the right line SG, which from 
the first centre of force S i is drawn parallel to the 
distance PR of the body from the second centre of force R, meeting the 
tangent PG of the orbit in G. For by the construction of this Proposition, 
the former force is to the latter as RP? x PT? to SP? x PV’; that is, as 


V 
SP x RP? to bat Ur or (because of the similar triangles PSG, ΤΡΥ) 
to SG’, 


Cor. 3. The force by which the body P in any orbit revolves about the - 
centre of force S, is to the force by which the same body may revolve in 
the same orbit, and the same periodic time, about any other centre of force 
R. as the solid SP x RP?, contained under the distance of the body from 
the first centre of force S, and the square of its distance from the sec- 
ond centre of force R, to the cube of the right line SG, drawn from the 
first centre of the force S, parallel to the distance RP of the body from 
the second centre of force R, meeting the tangent PG of the orbit in G. 
For the force in this orbit at any point P is the same as in a circle of the 
same curvature. 


the centripetal force is reciprocally as Š 





rocally as ; that is (because AV is given), reciprocally as SP? 
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PROPOSITION ΤΠ. PROBLEM III. 

Tf a body mives in the semi-circumference PQA; it is proposed to find 
the law of the centripetal force tending to a point S, so remote, that all 
the lines PS, RS drawn thereto, may be taken for parallels. 

From C, the centre of the semi-circle, let 
the semi-diameter CA be drawn, cutting the 
parallels at right angles in M and N, and 
join CP. Because of the similar triangles 
CPM, PZT, and RZQ, we shall have CP? a 
to PM? as PR? to QT"; and, from the na- 
ture of the circle, PR? is equal to the rect- 
angle QR x RN + - QN, or, the points P, Q ο ποιος. to the rectangle 
QR x 2PM. Therefore CP? is to PM? as QR x 2PM to QT”; and 

2 3 2 2 3 

ΘΕ = = ,an ea a AR = e 2n . And therefore (by 

.Corol 1 and 5, Prop. VL), the centripetal force is reciprocally as 

«ΡΝ X SP? 

| CP? . 

PM. ΩΤ. 
And the.same thing is likewise easily inferred from the preceding Pro 

position. 








; that is (neglecting the given ratio —,-), reciprocally aa 


2SP? 
CP? 


SCHOLIUM. 


And by a like reasoning, a body will be moved 1n an ellipsis, or even in 
an hyperbola, or parabola, by a centripetal force which is reciprocally ae - 
the cube of the ordinate directed to an infinitely remote centre of force. 


PROPOSITION ΙΧ. PROBLEM IV. 

If a body revolves in a spiral PQS, cutting all the radii SP, SQ, &e., 
in a given angle ; it is proposed to find the law of the centripetal force 
tending to the centre of that spiral. | 
Suppose the inde- 

finitely small angle 

PSQ to be given; be- 

cause, then, all the : 

angles are given, the | Ga 
figure SPRQT will 


S 
be given in specie. V | 





1 


zn a is as QT, that is (be. 


cause the figure is given in specie), as SP. But if the angle PSQ is any 
way changed, the right line QR, subtending the angle of contact QPR 
S 





"Therefore the ratio is also given, and 
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(by Lemma XT) will be changed in the duplicate ratio of PR or QT 
2 
Therefore the ratio RU nai the same as before, that is, as SP. And 


QR 
2 2 
ie as SP3, and therefore (by Corol. 1 and 5, Prop. VI) the 


centripetal force is reciprocally as the cube of the distance SP. Α.Ε.Ι. 


The same otherwise. | 

The perpendicular SY let fall upon the tangent, and the chord PV of 

the circle concentrically cutting the spiral, are in given ratios to the height 

SP; and therefore SP? is as SY? x PV, that is (by Corol. 3 and 5, Prop. 
VI) reciprocally as the centripetal force. 


LEMMA XII. 


All parallelograms circumscribed about any conjugate diameters of a 
given ellipsis or hyperbola are equal among themselves. 
This is demonstrated by the writers on the conic sections. 


PROPOSITION X. PROBLEM V. 


lf a body revolves in an ellipsis ; it is proposed to find the law of the 
centripetal force tending to the centre of the ellipsis. 


Suppose CA, CB to 


B 1 
be semi-axes of the l Y 


ellipsis; GP, DK, con- p 

jugate diameters; PF, ν΄ N 

QT perpendiculars to / | | 

thosediameters; Quan / 

ordinate to the diame- 

ter GP; and if the 9 

parallelogram QvPR : y Γ 
be completed, then (by 

the properties of the 

sonic sections) the rec- ` 

tangle. PvG will be to 

Qr? as PC? to CD?; G K 

and (because of the 

similar triangles Qv T, PCF), Qv? to Q'I? as PC? to PF?; and, by com 
position, the ratio of PvG to QT” is compounded of the ratio of PC? t 


2 
ΟΡ’, and of the ratic of PC? to PF?, that is, vG to mils as PC: 


Pv 
CD? x ΡΕ" 
por — Put QR for Po, and (by Lem. XII) BC x CA for CD 


x PF; also (the points P and Q coinciding) 2PC for vG; and multiply- 
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; T? x ΡΟ 
ing the extremes and means together, we shall have EE 


| QR 
2BC? x CA? 
= . ‘Therefore (by Cor. 5, Prop. VI), the centripetal force is 
2BC? x CA? 
νο 








equal to 








reciprocally as ; that is (because 2BC? x CA? is given), re- 


ciprocally — that is, directly as the distance PC. QEL 
| The same otherwise. 

[n the right line PG on the other side of the point T, take the point u 
so that Tu may be equal to Tv; then take uV, such as shall be to vG ag 
DC? to PC?. And. because Qv? is to PvG as DC? to PC? (by the conic 
sections), we shall have Qv? — Pv x uV. Add the rectangle «Pv to both 
sides, and the square of the chord of the are PQ will be equal to the rect- 
angle VPv; and therefore a circle which touches the conic section in P, 
and passes through the point Q, will’ pass also through the point V. Now 
let the points P and Q meet, and the ratio of «V to vG, which is. the same 
with the ratio of DC? to PC?, will become the ratio of PV to- PG, or PV 

| ! 2 
to 2PC; and therefore PV will be equal te es e And therefore the 
force by which the body P revolves in the ellipsis will be reciprocally as 

C? | 
ae x PF? (by Cor. 3, Prop. VI); that is (because 2DC? x PF? is 
given) directly as PC. Ο.Ε]. 

Con..1. And therefore the force is as the distance of the body from the 
centre of the ellipsis; and, vice versa, if the force is as the distance, the - 
body will move in an ellipsis whose centre coincides with the centre of force, 
or perhaps in a circle into which the ellipsis may degenerate. 

Cor. 2, And the periodic times of the revolutions made in all ellipses. 
whatsoever about the same centre will be equal. For those times in sim- 
ilar ellipses will.be equal (by Corol. 3 and S, Prop. IV); but in ellipses 
that have their greater axis common, they are one to another as the whole 
areas of the ellipses directly, and the parts of the areas described in the 
same time inversely; that is, as the lesser axes directly, and the velocities 
of the bodies in their principal vertices inversely; that is, as those lesser 
axes directly, and the ordinates to the same point ‘f the common axes in- 
versely ; and therefore (because of the equality of the direct and inverse 
ratios) in the ratio of equality. 


SCHOLIUM. . 


If the ellipsis, by having its centre removed to an infinite distance, de- 
generates into a parabola, the body will move in this parabola; and the 
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force, now tending to a centre infinitely remote, will become cquable. 
Which is Galileo's theorem. And if the parabolic section of the cone (by 
changing the inclination of the cutting plane to the cone) degenerates into 
an hyperbola, the body will move in the perimeter of this hyperbola, hav- 
ing its centripetal force changed into a centrifugal force. And in like 
manner as in the circle, or in the ellipsis, if the forces are directed to the 
centre of the figure placed in the abscissa, those forces by increasing or di- 
minishing the ordinates in any given ratio, or even by changing the angle 
of the inclination of the ordinates to the abscissa, are always augmented 
or diminished in the ratio of the distances from the centre; provided the 
periodic times remain equal; so also in all figures whatsoever, if the ordi- 
nates:are augmented or diminished in any given ratio, or their inclination 
is any way changed, the periodic time remaining the same, the forces di- 
rected to any centre placed in the abscissa are in the several ordinates 
augmented or diminished in the ratio of the distances from the centre 


———— 


SECTION ΙΠ. , 
Of the motion of bodies in eccentric conic sections. 


PROPOSITION XI. PROBLEM VI. 


If a body revolves in an ellipsis ; it is required to find the law of the 
centripetal force tending to the focus of the ellipsis. 
Let S be the focus 


" : 
of the ellipsis. Draw 
SP cutting the diame- ' < AN 
ter DK of the ellipsis T 7 
in E, and the ordinate . f 
Qv in x; and com- άν 
SN 
P ib" i 


plete the parallelogram 

QrPR. It is evident 

that EP is equal to the d oO H 
greater semi-axis AC: 

for drawing HI frotn 

the other focus H of 

the ellipsis parallel to - 

EC, because CS, CH 

are equal, ES, EI will 

be also equal; so that EP is the half sum of PS, PI, that is (because of 
the parallels HI, PR, and the equal angles IPR, HPZ), of PS, PH, which 
taken together are equal to the whole axis 2AC. Draw QT' perpendicu- 
lar to SP, and putting L for the princi a! latus rectum of the ellipsis (or for 
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: | EM 
: > ), we shall have L x QR to L x Pv as QR to Pv, that is, as PE 


or AC to PC; and L x Pv to GP as L to Gv; and GvP to Ωυ as PC? 
to CD?; and by (Corol. 2, Lem. VIT) the points Q and P coinciding; Qu? 
is to Qat i in the ratio of equality; and Qz? or Q1? is to QT” as EP? to 
ΡΕΞ that is, as CA? to PF?, or (by Lem. XII) as CD? to CB?. And com- 
pounding all those ratios together, we shall have L Χ QR to QT? as AC 
x Lx PC? x CD?, or 2CB? x PC? x CD? to PC x Ger x CD? x 
CB?, or as 2PC to Gv. But the points Q and P coinciding, 2PC and Gr 
are equal. And therefore the quantities L Χ QR and QT”, ως 


p? 
to these, will be also equal. Let those equals be drawn πο ο QR? and L 


| p2 T? 
X SP? will become equal to S xa . And σος (by Corol. 1 and 








5, Prop. VI) the centripetal force.is reciprocally as L X ΒΡ’, that is, re 
ciprocally in the duplicate ratio of the distance SP. Q.E.T. 


The same otherwise. 


Since the force tending to the centre of the ellipsis, by which the body 
P may revolve in that ellipsis, is (by Corol. 1, Prop. X.) as the distance 
CP of the body from the centre C of the ellipsis; let CE be drawn paral- 
lel to the tangent PR of the ellipsis; and the force by which the same body 
P may revolve about any other point S of the ellipsis, if CE and.PS in- 


PE? 
tersect 1 in E, will be as a7 ΞΡ» (by Cor. 3, Prop. VIL); that is, if the point 


S is the focus of the ellipsis, and therefore PE be given as SP? recipro- 
cally. Q. E. I. 1 

With the same brevity with which we reduced the fifth Problem to the 
parabola, and hyperbola, we might do the like here: but because of the 
dignity of the Problem and its use in what follows, I shall confirm the other 
cases by particular demonstrations. | 3 


PROPOSITION XII. PROBLEM VII. 


Suppose a body to move in an hyperbola ; it is required to find the law of 
the centripetal force tending to the focus of that figure. 

Let CA, CB be the semi-axes of the hyperbola; PG, KD other con- 
jugate diameters; PF a perpendicular to the diameter KD; and Qv an 
ordinate to the diameter GP. Draw SP cutting the diameter DK in E, 
and the ordinate Qv in v, and complete the parallelogram QRPz. It is 
evident that EP is equal to the semi-transverse axis AC; for drawing 
HI, from the other focus H of the hyperbola, parallel to EC, because CS, 
CH are equal, ES EI will be also equal ; so that EP is the half difference 
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of PS, PI; that is (be- E 
cause of the parallels IH, Jo 
PR, and the equal angles r4 
IPR, HPZ), of PS, PH, Pa 
the difference of which is r 
equal to the whole axis P 
2AC. Draw QT perpen- f 
dicular to SP; and put- κ E Ζ 
ting L for the principal o D/ 
latus rectum of the hy- ΄ 
perbola (that is, for 
2BC? 
C , we shall have L 
X QR toL x Pvas QR 
to Pv, or Px to Pv, that is 
(because of the similar tri- ;.. —5 
angles Pzv, PEC), as PE Ἡ * 
to PC, or AC to PC. 
And L x Pv will be to 
Gv x Pv as L to Gv; 
and (by the properties of 
the conic sections) the rec- 
tangle GrP is to Qv? as X 
PC? to CD? ; and by (Cor. 2, Lem. VIL), Qr? to Qz?, the points Q and P 
coinciding, becomes a ratio of equality; and 913 or Qe? isto QT? as EP? 
to PF?, that is, as CA? to PF?, or (by Lem. XIL) as CD? to CB?: and, 
compounding all those ratios together, we shall have L Χ QR to QT? as 
AC x L x PC? x CD’, or 2CB? x PC! x CD? to PC x Gv» x CD? 
X CB’, or as 2PC to Gv. But the points P and Q coinciding, 2PC and 
Gv are equal. And therefore the quantities L x QR and QT”, propor- 
tional to them, will be also equal. Let those equals be drawn into 
2 'T 
Qm and we shall have L x SP? equal T Li XE And therefore (by 
Cor. 1 and 5, Prop. VI.) the centripetal force is reciprocally as L X SP?, 
that is, reciprocally. in the duplicate ratio of the distance SP. Α.Ε.Ι. — 








The sume otherwise. 


Find out the force tending from the centre C of the hyperbola. This will 
be proportional to the distance CP. But from thence (by Cor. 3, Prop. 


3 
VII.) the force tending to the focus S will be as 2 th: ὁ is, because PE 
is given reciprocally as SP. Q.ELI. | 
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And the same way may it be demonstrated, that the body having its cen- 
tripetal changed into a centrifugal force, will move in the conjugate hy- 
perbola. | 


LEMMA xm. | 
The latus rectum of a parabola belonging to any verter is quadruple 
the distance of that verter from the focus of the figure. 
. This is demonstrated by the writers on the conic sections. 


LEMMA XIV. 


The perpendicular, let fall from the focus of a parabola on its nen 15 
a mean proportional between the distances of the focus from the point 
of contact, and from the principal vertex of the figure. 


For, let AP be the parabola, S its - 
focus, A its principal vertex, P the 
point of contact, PO an ordinate to the 
principal diameter, PM the tangent 
meeting the principal diameter in M, 
and SN the perpendicular from the fo-—_™ 
eus on the tangent: join AN, and because of the equal lines MS and SP, 
MN and NP, MA and AO, the right lines AN, OP, will be parallel ; and - 
thence the triangle SAN will be right-angled at A, and similar to the 
equal triangles SNM, SNP; therefore PS is to SN as SN to SA. Q.E.D. 
- Con. 1. PS? is to SN? as PS to SA. 

Cor. 2. And because SA is given, SN? will be as PS. 

Cor. 3. And the concourse of any tangent PM, with the right line SN, 
drawn from the focus perpendicular on the tangent, falls in: the right line 
AN that touches the parabola in the principal vertex. - 





PROPOSITION XIII. PROBLEM VIII. 
If a body moves in the perimeter of a parabola ; it is required to find the - 
law of the centripetal force tending to the focus of that figure. 


Retaining the construction 
of the preceding Lemma, let P - 
be the body in the perimeter 
of the parabola; and from the 
place Q, into which it is next 
to succeed, draw QR parallel 
and QT perpendicular to SP, 
as also Qv parallel to thetan- - 
gent, and mosting the diame- 
ter PG in v, and the distance 





120 THE MATHEMATICAL PRINCIPLES | Boox I. 


SP in z. Now, because of the similar triangles Pzv, SPM, and of the 
equal sides SP, SM of the one, the sides Pz or QR and Pv of the other 
will be also equal. But (by the conic sections) the square of the ordinate 
Qv is equal to the rectangle under the latus rectum and the segment Pv 
of the diameter; that is (by Lem. XIIL), to the rectangle 4PS x Pv, or 
APS x QR; and the points P and Q coinciding, the ratio of Qv to Qr 
(by Cor. 2, Lem. VIL,) becomes a ratio of equality. And therefore Qz?, in 
this case, becomes equal to the rectangle 4Ρ8 Xx QR. But (because of the 
similar triangles Qz'T, SPN), Qz? is to QT? as PS? to SN?, that is (by 
Cor. 1, Lem. XIV.), as PS to SA; that is, as 4PS x QR to 4SA x QR, 
and therefore (by Prop. IX. V., Elem.) QT? and 4SA x QR are 

p SP? x QT | 
equal. Multiply these equals hee QR and ——— Sane 3 — will become equal 
to SP? x 48Α: and therefore (by Cor. 1 and 5, Prop. VL), the centripetal 
force is reciprocally as SP? x 48A ; that is, because 4SA is given, recipro- 
cally in the duplicate ratio of the distance SP.  Q.E..I. 

. Con. 1. From the three last Propositions it follows, that if any body P 
goes from the place P with any velocity in the direction of any right line 
PR, and at the same time is urged by the action of a centripetal force that 
is reciprocally proportional to the square of the distance of the places from 
the centre, the body will move in one of the conic sections, having its fo- 
cus in the centre of force; and the contrary. For the focus, the point of 
contact, and the position of the tangent, being given, a conic section may 
be described, which at that point shall have a given curvature. But the 
curvature is given from the centripetal force and velocity of the body be- 
ing given; and two orbits, mutually touching one the other, cannot be de- 
scribed by the same centripetal force and the same velocity. = 

Cor. 2. If the velocity with which the body goes from its place P is 
such, that in any infinitely small moment of time the lineola PR may be 
thereby described; and the centripetal force such as in the same time to 
move the same body through the space QR ; the body will move in one of 

2 


the conic sections, whose principal latus rectum is the quantity EE in its 


ultimate state, when the lineole PR, QR are diminished in infinitum. In 
these Corollaries I consider the circle as an ellipsis; and I except the case 
where the body descends to the centre in a right line. 


PROPOSITION XIV. THEOREM VIL 

If several bodies revolve about one common centre, and the centripetal 
.. force is reciprocally in the duplicate ratio of the distance of places 
from, the centre; I say, that the principal latera recta of their orbits 
are in the duplicate ratio of the areas, which the bodies by radii drawn 
to the centre d2scribe in the same time. | 
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For (by Cor 2, Prop. XII) the latus rectum 
4 
L is equal to the quantity rin its ultimate 


„State when the points P and Q coincide. But 
the lineola QR in a given time is as the gen- 
erating centripetal force; that is (by supposi- 





tion), reciprocally as SP*. And ος ος 


QR 
is as QT? x SP?; that is, the latus rectum L is in the duplicate ratio of 
the area QT x SP. Q.E.D. 

Cor. Hence the whole area of the ellipsis, and the rectangle under the 
axes, which is proportional to it, is in the ratio compounded of the subdu- 
. plicate ratio of the latus rectum, and the ratio of the periodie time. For 
the whole area is as the area QT x SP, described in a given time, mul- 
ciplied by the periodic time. 


PROPOSITION XV. THEOREM VIL 


The same things being supposed, 1 say, that the periodic times in ellip- 
— 868 are in the sesquiplicate ratio of their greater axes. | 

For the lesser axis is a mean proportional between the greater axis and 
the latus rectum ; and, therefore, the rectangle under the axes is in the 
ratio compounded of the subduplicate ratio of the latus rectum and the 
sesquiplicate ratio of the greater axis. But this rectangle (by Cor. 3. 
Prop. XIV) is in a ratio compounded of the subduplicate ratio of the 
latus rectum, and the ratio of the periodic time. Subduct from both sides 
the subduplicate ratio of the latus rectum, and there will remain the ses- 
quiplicate ratio of the greater axis, equal to the ratio of the periodic time. 
Q.E.D. 

Cor. Therefore the periodic times in ellipses are the same as in circles. 
whose diameters are equai to the greater axes of the ellipses. 


PROPOSITION XVI. THEOREM VII... 


‘The same things being supposed, and right lines heing drawn to the 

bodies that shall touch the orbits, and perpendiculars being let fall on 

those tangents from the common focus ; I say, that the velocities of 

the bodies are in a ratio compounded of the ratio of the perpendiculars 

inversely, and the subduplicute ratio of the principal latera recta 
. directly. 

From the focus S draw SY perpendicular to the tangent PR, and the 
velocity of the body P will be reciprocally in the subduplicate ratio of the 


. quantity = For that velocity is as the infinitely small arc PQ de 


122 THE MATHEMATICAL PRINCIPLES J. [Book 1. 


scribed in a given moment of time, that is (by S 
Lem. VID) as the tangent PR ; that is (because 

of the proportionals PR to QT, and SP to 
SY), as St Ets oras SY reciprocally, / 
and SP x QT directly; but SP x QT is as 
the area described in the given time, that is (by 
Prop. XIV), in the subduplicate ratio of. the 
latus rectum. Q.E.D. 

Cor. 1. The principal latera recta are in a ratio bcd of the 
duplicate ratio of the perpendiculars and the duplicate ratio of the ve- 
locities. | 

Con. 2. 'The velocities of bodies, in their greatest and least distances from 
the common focus, are in the ratio compounded of the ratio of the distan- 
ces inversely, and the subduplicate ratio of the principal latera recta di- 
rectly. For those perpendiculars are now the distances. 

Cor. 3. And therefore the velocity in a conic section, at its greatest or 
least distance from the focus, 1s to the velocity in a circle, at the same dis- 
tance from tbe centre, in the subduplicate ratio of the principal latus zx- 
tum to the double of that distance. 

Con. 4. The velocities cf the bodies revolving in ellipses, at their mean 
distances from the common focus, are the same as those of bodies revolving 
in circles, at the same distances; that is (by Cor. 6, Prop. IV), recipro- 
cally in the subduplicate ratio of the distances. For the perpendiculars 
are now the lesser semi-axes, and these are as mean proportionals between 
the distances and the latera recta. Let this ratio inversely be compounded 
with the subduplicate ratio of the latera recta directly, and we shall have 
the subduplicate ratio of the distance inversely. Ὃ 

Cor. 5. In the same figure, or even in different figures, whose principal 
latera recta are equal, the velocity of a body is reciprocally as the perpen- 
dicular let fall from the focus on the tangent. 

Con. 6. In a parabola, the velocity is reciprecaily in the subduplicate 
ratio.of the distance of the body from the focus of the figure; it 18 more 
variable in the ellipsis, and less in the hyperbola, than σος to this 
ratio. For (by Cor. 2, Lem. XIV) the perpendicular let fall from the 
focus on the tangent of a parabola is in the subduplicate ratie of the dis- 
tance. In the hyperbola the perpendicular is less variable; in the ellipsis 
more. 

Cor. 7. In à parabola, the velocity of a body at any distance from the 
focus is to the velocity of a body revolving in a circle, at the same distance 
from the centre, in the subduplicate ratio ‘of the number 2 to 1; in the 
ellipsis it is less, and in the hyperbola greater, than according to this ratio, 
For (by Cor. 2 of this Prop.) the velocitv at the vertex of a parabola is ir 
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this ratio, and (by Cor. 6 of this Prop. and Prop. IV) the same proportior 
holds in all distances. And hence, also, in a parabola, the velocity is 
everywhere equal to the velocity of a body revolving in a circle at half the 
distance; in the ellipsis it is less, and in the hyperbola greater. 

Cor. 3. The velocity of a body revolving in any conic section is to the 

velocity of a body revolving in a circle, at the distance of half the princi- 
pal latus rectum of the section, as that distance to the perpendicular let 
fall from the focus on the tangent of the section. This appears from 
Cor. 5. 
. Con. 9. Wherefore since (by Cor. 6, Prop. IV), the velocity of a body 
revolving in this circle is to the velocity of another bedy revolving in any 
other circle reciprocally in the subduplicate ratio of the distances; there- 
fore, ex equo, the velocity of a body revolving *in « conic section will be 
to the velocity of a body revolving in a circle at the same distance as a 
mean proportional between that common distance, and half the principal 
latus rectum of the section, to the perpendicular let fall from the common 
focus upon the tangent of the section. 


| PROPOSITION XVII. PROBLEM IX. 

Supposing the centripetal force to be reciprocally proportional to the 
squares of the distances of places from the centre, and that the abso- 
lute quantity of that force is known ; it is required to determine the 
line which a body will describe that is let go froma given place with a 
given velocity 4n the direction of a given right line. 

Let the centripetal force B 


tending to the point S be LR fS. EN 
such as will make the body ,. | NG 
p revolve in any given orbit ' /7 

S 






pq; and suppose the velocity 
of this body in the place p 
is known. Then from the 
place P suppose the body P 
to be let go with a given ve- 
locity in the direction of the 
line PR; but by virtue of a 
centripetal force to be immediately turned aside from that right: line into 
the conic section PQ. This, the right line PR will therefore touch in P. 
Suppose likewise that the right line pr touches the orbit pg in p; and if 
from S you suppose perpendiculars let fall on those tangents, the principal 
. latus rectum of the conic section (by Cor. 1, Prop. XVI) will be to the- 
principal latus rectum of that orbit in a ratio compounded of the duplicate 
ratio of the perpendiculars, and the duplicate ratio of the velocities; and 
is therefore given. Let this latus rectum be L; the focus S of the conic 
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section is also given. Let the angle RPH be the complement of the angie 
RPS to two right; and the line PH, in which the other focus H is placed, 
is given by position. Let fall SK perpendicular on PH, and erect the 
conjugate semi-axis BC; this done, we shall have SP? — 2KPH + PH? 
= SH? = 4CH? = 4BH? —4BC? = SP + PH? — L x SP + PH = 
SP? + 2SPH + PH?—L x SP + PH. Add on both sides 2KPH — 


SP:—PH? +L x SP + PH, and we shall have L x SP + PH = 28PH 
+ 2KPH, or SP + PH to PH, as 2SP + 2KP to L. Whence PH is 
given both in length and position. That is, if the velocity of the body 
in P is such that the latus rectum L is less than 2SP + 2KP, PH will 
lie on the same side of the tangent PR with the line SP; and therefore 
the figure will be an ellipsis, which from the given foci S, H, and the 
principal axis SP + PH, is given also. But if the velocity of the body 
is so great, that the latus rectum L becomes equal to 2SP + 2KP, the 
length PH will be infinite; and therefore, the figure will be a parabola, 
which has its axis SH parallel to the line PK, and is thence given. But 
if the body goes from its place P with a yet greater velocity, the length 
PH is to be taken on the other side the tangent; and so the tangent pas- 
sing between the foci, the figure will be an hyperbola having its principal 
axis equal to the difference of the lines SP and PH, and thence is given. 
For if the body, in these cases, revolves in a conic section so found, it is 
demonstrated in Prop. XI, XII, and XIII, that the centripetal force will 
be reciprocally as the square of the distance of the body from the centre 
of force S; and therefore we have rightly determined the line PQ, which 
a body let go from a given place P with a given velocity, and in the di- 
rection of the right line PR given by position, would describe with such a 
force. Q.E.F. 

Cor. 1. Hence in every conic section, from the principal vertex D, the 
latus rectum L, and the focus S given, the other focus H is given, by 
taking DH to DS as the latus rectum to the difference between the latus 
rectum and 4DS. For the proportion, SP + PH to PH as 2SP + 2KP 
to L, becomes, in the case of this Corollary, DS + DH to DH as 4DS to 
L, and by division DS to DH as 4DS — L to L. 

Cor. 2. Whence if the velocity of a body in the principal vertex D ig 
given, the orbit may be readily found; to wit, by taking its latus-rectum 
to twice the distance DS, in the duplicate ratio of this given velocity to 
the velocity of a body revolving in a circle at the distance DS (by Cor. 
3, Prop. XVL), and then taking DH to DS as the latus rectum to the 
difference between the latus rectum and 4DS. 

Cor. 3. Hence also if a body move in any conic section, and is forced 
out of its orbit by any impulse, you may discover the orbit in which it will 
afterwards pursue its course. For by compounding the proper motion of 
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the body with that motion, which the impulse alone. would generate, you 
will have the motion with which the body will go off from a given place 
of impulse in the direction of a right line given in position. 

Cor. 4. And if that body is continually disturbed by the action of some 
foreign force, we may nearly know its course, by collecting the changes 
which that forcé introduces in some points, and estimating the continual 
changes it will undergo in the intermediate places, from the analogy that 
appears in the progress of the series. 


SCHOLIUM. 


If à body P, by means of a centripetal 
force tending to any given point R, move 
in the perimeter of any given conic sec- 
tion whose centre is C; and the law of 
the centripetal force is required: draw 
CG parallel to the radius RP, and meet- 
ing the tangent PG of the orbit in G; 
and the force πεν (by Cor. 1, and 


Schol. Prop. Χ., and Cor. 3, Prop. VIL) will be as --- 





σα 
RP? 


SECTION IV. 


Of the finding of elliptic, parabolic, and hyperbolic orbits, from ‘the 
Jocus given. 


LEMMA XY. 


If from the two foci S, H, of any ellipsis or hyberbola, we draw to any 

. third point V the right lines SV, HV, whereof one HV is equal to the 
principal axis of the figure, that is, to the axis in which the foci are 
situated, the other, SV, is bisected in T by the perpendicular TR let 
fall upon it ; that perpendicular TR will somewhere touch the conic 
section : and, vice versa, if it does touch it, HV will 5e equal to the 
principal axis of the figure. 

For, let the perpendicular TR cut the right line v 
HV, produced, if need be, in R; and join SR. Be- 
cause T'S, TV are equal, therefore therightlines SR, Β = 
VR, as well as the angles TRS, ΤΗΥ, will be also - S 
equal. Whence the point R will be in the conic section, and the perpen- 
dicular TR will touch the same; and the contrary. Q.E.D. 
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PROPOSITION XVIII. PROBLEM X. 


From a focus and the principal axes given, to describe elliptic and hy- 
perbolic trajectories, which shall pass through given points, and touch 
right lines given by position. 

Let S be the common focus of the figures; ABA B 
the length of the principal axis of any trajectory ; "poc 
P a point through which the trajectory should ^. 
pass; and TR a ‘Tight line which it should touch. ^ 
About the centre P, with the interval AB —SP, A E / 
if the orbit is an ellipsis, or AB + SP, if the p: GF 


orbit is an hyperbola, describe the circle HG. On the tangent TR let fall 
the perpendicular ST, and produce the same to V, so that TV may be 
equal to ST’; and about V as a centre with the interval AB describe the 
circle FH. In this manner, whether two points P, p, are given, or two 
tangents TR, tr, or a point P and a tangent TR, we are to describe two 
circles. Let H be their common intersection, and from the foci S, H, with 
the given axis describe the trajectory: I say, the thing is done. For (be- 
cause PH -+ SP in the ellipsis, and PH — SP in the hyperbola, is equal 
to the axis) the described trajectory will pass through the point P, and (by 
the preceding Lemma) will touch the right line ΤΗ. And by the same 
argument it will either pass through the two points P, p, or touch the two 
right lines ΤΗ, tr. Α.Ε.Ε. 





PROPOSITION XIX. PROBLEM XI. 


About a given focus, to describe a parabolic trajectory, which shall pass 
through given points, and touch right lines given by position. 

Let S be the focus, P a point, and TR a tangent of. 
the trajectory to be described. About P as a centre, he 
with the interval PS, describe the circle FG. From 
the focus let fall ST perpendicular on the tangent, and G 
produce the same to V, so as TV may be equal to ST. |v 
After the same manner another circle fe is to bede- [M 
scribed, if another point p is given; or another poitit vI 
is to be found, if another tangent fr is given; then draw 
the right line IF, which shall touch the two circles FG, fg, if two points 
P, p are given; or pass through the two points V, v, if two tangents TR, 
tr, are given: or touch the circle FG, and pass through the point V, if the 
point P and the tangent TR are given. On FI let fall the perpendicular 
SI, and bisect the same in K ; and with the axis SK and principal vertex K 
describe a parabola: I say the thing is done. For this parabola (because 
SK is equal to TK, and SP to FP) will pass through the point P; and 






--. 
S 
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(by Cor. 3, Lem. XIV) because ST is equal to TV, and STR a right an- 
gle, it will toueh the right line TR. Ο.Ε.Ε, 


-= PROPOSITION XX. PROBLEM XII. 


About a given focus to describe any trajectory given in specie which shal 
. pass through given points, and touch right lines given by position. 
Case'1. About the focus S it is re p C 

uired:to describe a trajectory ABC, pass- ^^ 22” 

ing through two points B, C. Because the K ——- p 

trajectory i is given in specie, the ratio of the { __ Nu. 

‘principal axis- to the distance of the foci G A 5 » u 

will be given. In that ratio take KB to BS, and LC to CS. About the 

centres B, C, with the intervals BK, CL, describe two circles; and on the 
right line KL, that touches the same in K and L, let fall the perpendicu- 
lar SG; which cut in A and a, so that GA may be to AS, and Ga to aS, 
as KB to BS; and with the axis Aa, and vertices A, a, describe a trajectory : 

I say the thing is done. For let H be the other focus of the described 

figure, and seeing GA is to AS as Ga to aS, then by division we shall 

have Ga—GA, or Aa to aS—AS, or SH in the same ratio, and therefore 
in the ratio which the principal axis of the figure to be described kas to 
the distance of its foci; and therefore the described figure is of the same 

Species with the figure which was to be described. And since KB to BS, 

and LC to CS, are in the same ratio, this figure will pass through the 

points B, C, as is manifest from the conic sections. 
Case 2. About the focus S it is required to , 

describe. a trajectory which shall somewhere :ἲ-.. - sk- 

touch two right lines TR, tr. From the focus | ^7 

on those tangents let fall the perpendiculars | N 

ST, St, which produce to V, v, so that TV, ἐν 77V — S 

may be equal to T'S, /S. Bisect Vv in O, and ; 1 

erect the indefinite perpendicular OH, and cut iX 

the right line VS infinitely produced in K and V E 

k, so that VK be to KS, and Vk to KS, as the principal axis of the tra- 

jectory to be deseribed is to the distance of its foci. On the diameter 

Kk describe a circle cutting OH in H; and with the foci S, H, and 

principal axis equal to VH, describe a trajectory : I say, the thing is done. 

For bisecting ΚΙ; in X, and joining HX, HS, HV, Hv, because VK is to 

KS as Vk to kS; and by. composition, as VK + Vk to KS + KS; and 

by division, as Yk — VK to kS — KS, that is, as 2VX to 2KX, and 








΄ 2KX to 28X, and therefore as VX to HX and HX to SX,.the triangles 


VXH, HXS will be similar; therefore VH will be to SH as VX to XH: 
and therefore as VK to KS. Wherefore VH, the principal axis of the 
described trajectory, has the same ratio to SH, the distance of the foci, ns 
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the principal axis of the trajectory which was to be described has to the 
distance of its foci; and is therefore of the samespecies. And seeing VH, 
vH are equal to the principal axis, and VS, vS are perpendicularly bisected 
by the right lines TR, £r, it is evident (by Lem. XV) that those right 
lines touch the described trajectory. Q.E.F. 

Case. 3. About the focus S it is required to describe a trajectory, which 
shall touch a right line TR in a given Point R. On the right line TR 
let fall the perpendicular S'I, which produce to V, so that TY may be 
equal to ST’; join VR, and cut the right line VS indefinitely produced 
in K and k, so. that VK may be to SK, and Τά to SA, as the principal 
axis of the ellipsis to be described to the distance of its foci; and on the 





diameter Kk describing a circle, cut the Holl 

right line VR produced in H; then with uu 

the foci S, H, and principal axis equal to BS id 

VH, describe a trajectory : I say, the thing | ae eee D 
is done. For VH is to SH as VK to SK, vay k 


and therefore as the principal axis of the trajectory which was to be de- 
scribed to the distance of its foci (as appears from what we have demon- 
strated in Case 2); and therefore the described trajectory is of the same 
species with that which was to be described; but that the right line TR, 
by which the angle VRS is bisected, touches the trajectory in the point R, 
is certain from the properties of the conic sections. Q.E.F. 

Case 4. About the focus S it is 
required to describe a trajectory 
APB that shall touch a right line 
TR, and pass through any given 
point P without the tangent, and 
shall be similar to the figure apb, 
described with the principal axis ab, 
and foci s, h. On the tangent TR μή 
let fall the perpendicular ST, which pes "s 
produce to V, so that TV may be ΝΩ͂Ν 
equal to ST ; and making the an- 
 gles hsg, sha, equal to the angles VSP, SVP, about q as a centre, and. 
with an interval which shall be to ab as SP to VS, describe a circle cut- 





ting the figure apb in p: join sp, and draw ^ PI 
SH such that it may be to sh as SP is to sp, αἱ 

and may make the angle PSH equal to the op as ae 
angle psh, and the angle VSH equal to the Pam am T 
angle psg. Then with the foci S, H, and gB ng. A 


principal axis AD, equal to the distance VH, 
describe a conic section: I say, the thing is 
done; for if sv is drawn so that it shall be to 





΄ «' 
΄ e? 
fe” 
nee 


.. Sec. IV.] OF NATURAL PHILOSOPHY. 129 


sp as sh is to sq, and shall make the angle vsp equal to the angle Asg, and 
the angle vsh equal to the angle psg, the triangles svh, spq, will be similar, 
and therefore vh will be to pg as sh is to sq; that is (because of the simi- 
lar triangles VSP, hsq), as VS is to SP, or as, ab to pg. Wherefore 
vh and ab are equal. But, because of the similar triangles VSH, vsh, VH 
is to SH as vh to sh; that is, the axis of the conic section now described 
is to the distance of its foci as the axis ab to the distance of the foci sh; 
‘and therefore the figure now described is similar to the figure aph. But, 
. because the triangle PSH is similar to the triangle psh, this figure passes 
through the point P; and because VH is equal to its axis, and VS is per- 
pendicularly bisected by the right line 'T'R, the said cee touches the 
right line TR. Q.E.F. 


LEMMA XVI. 


From three given pots to draw to a fourth point that is not given three 
right lines whose differences shall be either given, or none at all. 
Ολες 1. Let the given points be A, B, C, and Z the fourth point which 

we are to find ; because of the given difference of the lines AZ, BZ, the 

locus of the point Z will be an hyperbola 
whose foci are A and B, and whose princi- 
pal axis is the given difference. Let that 
axis be MN. ‘Taking PM to MA as MN 
is to AB, erect PR perpendicular to AB, 
and let fall ZR perpendicular to PR; then 
from the nature of the hyperbola, ZR will 

be to AZ as MN is to AB. And by the B à Ue C 

like argument, the locus of the point Z will T 

be another hyperbola, whose foci are A, C, and whose principal axis is the 

difference between AZ and CZ; and QS 8 perpendicular on AC may be 

drawn, to which (QS) if from any point Z of this hyperbola a perpendicular 

ZS is let fall (this ZS), shall be to AZ as the difference between AZ and 

CZ is to AC. Wherefore the ratios of ZR and ZS to AZ are given, and 

consequently the ratio of ZR to ZS one to the other; and therefore if the 

right lines RP, SQ, meet in T, and TZ and TA are drawn, the figure 

- 'TRZS will be given im specie, and the right line TZ, in which the point 

Z is somewhere placed, will be given in position. There will be given 

also the right line T'A, and the angle ATZ; and because the ratios of AZ 

and 'TZ to ZS are given, their ratio to each other is given also; and 
thence will be given likewise the triangle A'TZ, whose vertex is the point 

2. QEL 
Case 2. If two of the three lines, for example AZ and BZ, are equal, 

draw the right line TZ so as to bisect the right line AB; then find the 

triangle ATZ as above. Q.ELL 
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Case 3. If all the three are equal, the point Z will be placed in the 
centre of a circle that passes through the points A, B, C. Α.Ε.Ι. 

"This problematic Lemma is likewise solved in Apollonius's Book of 
Tactions restored by Vieta. 


. PROPOSITION XXI. PROBLEM XIII. 


About a given focus to describe a trajector y that shall pass through 
given points and touch right lines given by position. 

Let the focus S, the point P, and the tangent TR be given, and suppose 
that the other focus H is to be found. 
On the tangent let fall the perpendicular 
ST, which produce to Y,so that TY may 
be equal to ST, and YH will be equal 
to the principal axis. Join SP, HP, and 
SP will be the difference between HP and 
the principal axis. After this manner, 
if more tangents TR are given, or more 
points P, we shall always determine as 
many lines YH, or PH, drawn from the said points Y or P, to the focus 
H, which either shall be equal to the axes, or differ from the axes by given 
lengths SP; and therefore which shall either be equal among themselves, 
or shall have given differences; from whence (by the preceding Lemma), 
that other focus H is given. But having the foci and the length of the 
axis (which is either YH, or, if the trajectory be an ellipsis, PH + SP; 
or PH — SP, if it be an hyperbola), the trajectory is given. Q.E.I. 





SCHOLIUM. 


When the trajectory is an hyperbola, I do not comprehend its conjugate 
hyperbola under the name of this trajectory. For a body going on with a 
continued motion can never pass out of one hyperbola into its conjugate 
hyperbola. 

The case when three points are given 
18 more readily solved thus. Let D, C, 
D, be the given points. Join BC, CD, 
and produce them to E, F, so as EB may 
be to EC as SB to SC; and FC to FD 
as SC to SD. On EF drawn and pro- 
duced let fall the perpendiculars SG, 
BH, and in GS produced indefinitely 
- take GA to AS, and Ga to aS, as HB 
is to BS; then A will be the vertex, and Aa the principal axis of the tra- 
jeetory; which, according as GA is greater than, equal to, or less than 





Sec. V.] OF NATURAL PHILOSOPHY. | 131 


. AS, will be either an ellipsis, a parabola, or an hyperbola; the point a in 
the first case falling on the same side of the line GF as the point A; in 
the second, going off to an infinite distance; in the third, falling on the 
other side of the line GF. For if on GF the perpendiculars CI, DK are 
let fall, TC will be to HB as EC to EB; that is, as SC to SB; and by 
permutation, IC to SC as HB to SB, or as GA to SA. And, by the like 
argument, we may prove thàt KD is to SD in the same ratio. Where- 
' fore the points B, C, D lie in a conic section described about the focus S, 
in such manner that all the right lines drawn from the focus S to the 
several points of the section, and the perpendiculars let fall from the same 
points on the right line GF, are in that given ratio. 

"That excellent geometer M. De la Hire has solved this Problem much 
after the same way, in his Conics, Prop. X XV., Lib. VIIL 





| SECTION V. | 
- How the orbits are to be found when neither focus is given. 


LEMMA XVII. 

If from any point P of a given conic section, to the four produced iles 
AB, CD, AC, DB, of any trapezium ABDC inscribed in that section, 
as many rig’ ht lines PQ, PR, PS, PT are drawn in given anges, 
each line to each side; the rectangle PQ X PR of those on the opposite 
sides AB, CD, will be to the rectangle PS x PT of those on the other 
two opposite sides AC, BD, in a given ratio. 

Case 1. Let us suppose, first, that the lines drawn € 
to one pair of opposite sides are parallel to either of 
the other sides; as PQ and PR to the side AC, and ^| 
PS and PT to ‘the side AB. And farther, that one 
pair of the opposite sides, as AC and BD, are parallel 
betwixt themselves; then the right line which bisects κ---- iQ B 
those parallel sides mill beone of the diameters of the K 
conic section, and will likewise bisect RQ. Let O be the point in which 
RQ is bisected, and PO will be an ordinate to that diameter. Produce 
PO to K, βο that OK may be equal to PO, and OK will be an ordinate 
on the other side of that diameter. Since, therefore, the points A, B, P 
and K are placed in the conic section, and PK cuts AB in a given angle, 
the rectangle PQK (by Prop. XVIL, XIX. XXI. and XXIIL, Book IIL, 
of Apollonius's Conics) will be to the rectangle AQB in a given ratio. 
But QK and PR are equal, as being the differences of the equal lines ΟΚ,. - 
OP; and OQ, OR; whence the rectangles PQK and PQ x PR are equal ; 
and therefore the rectangle PQ x PR is to the rectangle AQ B, that is, to 
_ the rectangle PS x PT in a given ratio. Q.E.D 
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Case 2. Let us next suppose that the oppo- € 
site sides AC and BD of the trapezium are not |? 
parallel. Draw Bd parallel to AC, and meeting 
as well the right line ST in /, as the conic section 
ind. Join Cd cutting PQ in 7, and draw DM 
parallel to PQ, cutting Cd in M, and AB in N. 
Then (because of the similar triangles D'TY, 
DBN), Bt or PQ is to Tt as DN to NB. And ^ Q N 
80 Rris to AQ or PSas DM to AN. Wherefore, by multiplying the antece- 
dents by the antecedents, and the consequents by the consequents, as the 
rectangle PQ x Rr is to the rectangle PS x Tt, so will the rectangle 
ΝΙ)Μ be to the rectangle ANB; and (by Case 1) so is the rectangle 
PQ x Pr to the rectangle PS x Ρέ; and by division, so is the rectangle 
PQ x PR to the rectangle PS x PT. Q.E.D. 

Case 3. Let us suppose, lastly, the four lines € 
PQ, PR, PS, PT, not to be parallel to the sides — | 5 —4—— 

AC, AB, but any way inclined to them. In their. p EX 
place draw Pq, Pr, parallel to AC; and Ps, Pt g^ 

parallel to AB; and because the angles of the 
triangles PQg, PRr, PSs, PT? are given, the ra- | 

tios of FQ to Pg, PR to Pr, PS to Ps, PT to Pt κ Ld 

will be also given; and therefore the compound- 9.2? - 
cd ratios Pa X PR to Pg x Pr,and PS x PT to Ps x Pt are 
riven. But from what we have demonstrated before, the ratio of Pg x Pi 
to Ps x Pf is given; and therefore also the ratio of PQ x PR to PS x 
PT. Q.E.D. 






S 


LEMMA XVIII. | 
The s un things supposed, if the rectangle PQ x PR of the lines drawn 
to the two opposite sides of the trapezium is to the rectangle PS x PT 

of those drawn to the other two sides in a given ratio, the point P, 

from whence those lines are drawn, will be placed in a conic section 

described about the trapezium. 

Conceive a conie section to be deacribed pas- 
sing through the points A, B, C, D, and any 
one of the infinite πια of pointe P, as for 
example p; I say, the point P will be always c 
placed in this section. If you deny the thing, | 
join AP cutting this conic section somewhere 
else, if possible, than in P, as in b Therefore 
if from those points p and 5i in the given angles 
to the sides of the (apet. we draw the right 
lines pq, pr, ps, pt, and bk, bn, bf, bd, we shall have, as bk Χ bn to bf x bd 
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so (by Lem. XVID) pg x pr to ps X pt; and so (by supposition) PQ x 
PR to PS x PT. And because of the similar trapezia bk Af, PQAS, as 
bk to bf, so PQ to PS. Wherefore by dividing the terms of the preceding 
proportion by the correspondent terms of this, we shall have bn to bd as 
PR to PT. And therefore the equiangular trapezia Dnbd, DRP'T, are 
similar, and consequently their diagonals Db, DP do coincide. Wherefore 
b falls in the intersection of the right lines AP, DP, and consequently 
coincides with the point P. And therefore the point P, wherever it is 
taken, falls to be in the assigned conie section. Q.E.D. 

Cor. Hence if three right lines PQ, PR, PS, are drawn from a com- 
mon point P, to as many other right lines given in position, AB, CD, AC, 
each to each, in as many angles respectively given, and the rectangle PQ 
X PR under any two of the lines drawn be to the square of the third PS 
in a given ratio; the point P, from which the right lines are drawn, will 
be placed in a conic section that touches the lines AB, CD in A and C; 
and the contrary. For. the position of the three right lines AB, CD, AC 
remaining the same, let the line BD approach to and coincide with the 
line AC; then let the line PT come likewise to coincide with the line PS; 
and the rectangle PS x PT will become PS?, and the right lines AB, CD, 
which before did cut the curve in the points A and B, C and D, can no 
longer cut, but only touch, the curve in those coinciding points. 


! SCHOLIUM. 

In this Lemma, the name of conic section 1s to be understood in a large 
sense, comprehending as well the rectilinear section through the vertex of 
the cone, as the circular one parallel to the base. For if the point p hap- 
pens to be in a right line, by which the points A and D, or C and B are 
joined, the conic section will be changed into two right ines one of which 
is that right line upon which the point p falls, | 
and the other is a right line that joins the other 
two of !he four points.. If the two opposite an- 
gles of the trapezium taken together are equal c 
to two right angles, and if the four lines PQ, 
PR, PS, PT, are drawn to the sides thereof at 
right angles, or any other equal angles, and the 
rectangle PQ x PR under two of the lines 
drawn PQ and PR, is equal to the rectangle 


PS x PT under the other two PS and PT, the conic section will become 
a circle And the same thing will happen if the four lines are drawn in 


any angles, and the rectangle PQ x: PR, under one pair of the lines drawn, 
is to the rectangle PS x PT under the other -pair as the rectangle under 
the sines of the: angles S, T, in which the two last lines PS, PT are drawn 
_to the rectangle under the sines of the een fe Q, R, in which the first twe 
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PQ, PR are drawn. In all other cases the locus of the point P will be 
one of the three figures which pass commonly by the name of the conic 
sections. But in room of the trapezium ABCD, we may substitute a 
quadrilateral figure whose two opposite sides cross one another like diago- 
nals. And one or two of the four points A, B, C, D may be supposed to 
be removed to an infinite distance, by which means the sides of the figure 
which converge to those points, will become parallel; and in this case the 
conic section will pass through the other points, and will go the same way 
as the parallels tn infinitum. | 


LEMMA XIX. 

To find a point P from which if four right lines PQ, PR, PS, PT are 
drawn to as many other right lines AB, CD, AC, BD, given by posi- 
tion, each to each, at given angles, the rectangle PQ X PR, under any 
two of the lines drawn, shall be to the peang PS x PT, under the 
other two, in a given ratio. 

Suppose the lines AB, CD, to which the two 
. right lines PQ, PR, containing one of the rect- 
angles, are drawn to meet two ‘other lines, given 
by position, in the points A, B, C, D. From one 
of those, as A, draw any right line AH, in which 
you would find the point P. Let this cut the 
opposite lines BD, CD, in H and I; and, because 
all the angles of the figure are given, the ratio of 
PQ to PA, and PA to PS, and therefore of PQ 
to PS, will be also given. Subducting this ratio from the given ratio of 
PQ x PR to PS x PT, the ratio of PR to PT will be given; and ad- 
ding the given ratios of PI to PR, and PT to PH, the ratio of PI to PH, 
and therefore the point P will be given. Α.Ε.Ι. 

Cor. 1. Hence also a tangent may be drawn to any point D of the 
locus of all the points P. For the chord PD, where the points P and D 
meet, that is, where AH is drawn through the point D, becomes a tangent. 
In which case the ultimate ratio of the evanescent lines IP and PH will 
be found as above. ‘Therefore draw CF parallel to AD, meeting BD in 
F, and cut it in E in the same ultimate ratio, then DE will be the tan- 
gent; because CF and the evanescent IH are parallel, and similarly cut in 
E and P. | 

Con. 2. Hence also the locus of all the points P may be determined. 
Through any of the points A, B, C, D, as A, draw AE touching the locus, 
and through any other point B parallel to the tangent, draw BF meeting 
the locus in F; and find. the point F by this Lemma. Bisect BF in G, 
and, drawing the indefinite line AG, this will be the position of the dia- 
meter to which BG and FG are ordinates. Let this AG meet the locus 
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in H, and AH will be its diameter or latus trans- 
versum, to which the latus rectum will be as BG? 
to AG X GH. If AG nowhere meets the locus, 
the line AH being infinite, the locus will be a par- 
abola; and its latus rectum corresponding to the 


Ε : BG? "E ; 
diameter AG will berg: But if it does meet it 





anywhere, the locus a be an hyperbola, when 

the points A and H are placed on the same side the point G; and an 
ellipsis, if the point G falls between the points A and H; unless, perhaps, 
the angle AGB is a right angle, and at the same time BG? equal to the 
rectangle AGH, in which case the locus will be a circle. 

And so we have given in this Corollary a solution of that famous Prob- 
lem of the ancients concerning four lines, begun by Euclid, and carried on 
by Apollonius; and this not an analytical calculus, but a geometrical.com- 
position, such as the ancients required. 


LEMMA XX. 

If the two opposite angular points A and P of any parallelogram ASPQ 
touch any conic section in the points A and P ; and the sides AQ, AS 
of one of those angles, indefinitely produced, meet the same conic section 
in B and C; and from the points of concourse B and Ὁ to any fyth 
point D of the conic section, two right lines BD, CD are drawn meet- 
ing the two other sides PS, PQ of the parallelogram, indefinitely pro- 

. duced in T and R; the parts PR and PT, cut off from the sides, will 
always be one to the other in a given ratio. And vice versa, if those 
parts cut off are one to the other in a given ratio, the locus of the point 
D will be a conic section passing through the four points A, B, Ο, F 
Case 1. Join BP, CP, and from the point Οκ 

D draw the two right lines DG, DE, of which | 

the first DG shall be parallel to AB, and ? 

meet PB, PQ, CA in H, I, G; and the other 

DE shall be ee to AC, and meet PC, 

PS, AB, in F, K, E; and (by Lem. XVII) 

the rectangle DE x DF will be to the rect- 

angle DG x DH in a given ratio. But 

PQ is to DE (or IQ) as PB to HB, and con- | 

sequently as P'T to DH; and by permutation PQ is to PT as DE to 

DH. Likewise PR is to DF as RC to DC, and therefore as (IG or) PS 

to DG; and by permutation PR is to PS as DF to DG; and, by com- 

pounding those ratios, the rectangle PQ x PR will be to the rectangle 

PS X PT as the rectangle DE x DF is to the rectangle DG x DH. 

and consequently in a given ratio. But PQ and PS are given, and there- 

fore the ratio of PR to PT is given. Q.E.D 
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Case 2. But if PR and PT are supposed to be in a given ratio one to 
the other, then by going back again, by a like reasoning, it will follow 
that the rectangle DE x DF is to the rectangle DG x DH in a given 
rati»; and so the point D (by Lem. X VIII) will lie in a conic section pass- 
ing through the points A, B, C, P, as its locus. Q.E.D. 

Cor. 1. Hence if we draw BC cutting PQ in r and in PT take Pt to 
Pr in the same ratio which PT has to PR; then Be will touch the conic 
section in the point B. For suppose the point D to coalesce with the point 
B, so that the chord BD vanishing, BT shall become a tangent, and CD 
and BT will coincide with CB and BL 

Cor. 2. And, vice versa, if Πέ is a tangent, and the lines BD, CD meet 
in any point D of a conic section, PR will be to PT as Pr to Pt. And, 
on the contrary, if PR is to PT as Pr to Pt, then BD and CD will meet 
in some point D of a conic scction. 

Con. 3. One conic section cannot cut another conic section in more than 
four points. For, if it is possible, let two conic sections pass through the 
five points A, B, C, P, O; and let the right line BD cut them in the 
points D, d, and the right line Cd cut the right line PQing. Therefore 
PR is to PT as Pg to PT: whence PR and Pg are equal one to the other, 
against the supposition. 


LEMMA XXI. 

If two moveable and indefinite right lines BM, CM drawn through given 
points B, C, as poles, do by their point of concourse M describe a third 
right line MN given by position ; and other two indefinite right lines 
BD,CD are drawn, making with the former two at those given points 
B, C, given angles, MBD, MCD: I say, that those two right lines BD, 
CD will by their point of concourse D describe a conic section passing 
through the points B,C. And, vice versa, if the right lines BD, CD. 
do by their point of concourse D describe a conic section. passing 
through the given points B, C, A, and the angle DBM is always 
equal to the giren angle ABC, as well as the angle DCM always 
equal to the given angle ACB, the point M. will lie in a right line 
given by position, as its locus. 

For in the right line MN let a point 
N be given, and when the moveable point 
M falls on the immoveable point N, let 
the moveable point D fall on an immo- 
vable point P. Join CN, BN, CP, BP, 
and from the point P draw the right lines 


and making the angle BPT eyual to the 
given angle BNM, and the angle CPR 
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equal to the given angle CNM. Wherefore since (by supposition) the an- 
gles MBD, NBP are equal, as also the angles MCD, NCP, take away the 
angles NBD and NCD that are common, and there will remain the angles 
NBM and PBT, NCM and PCR equal; and therefore the triangles NBM, 
PBT are similar, as also the triangles NCM, PCR. Wherefore PT is to 
NM as PB to NB; and PR to NM as PC to NC. But the points, B, C, 
. N, P are immovable: wherefore PT and PR have a given ratio to NM, 
and consequently a given ratio between themselves; and therefore, (by κ 
Lemma XX) the point D wherein the moveable right lines BT and CR 
perpetually concur, will be placed in a conic section passing through the 
points B, C, P. Q.E.D. 

And, vice versa, if the moveable point 
D lies in a conic section passing through 
the given points B, C, A; and the angle 
DBM is always equal to the given an- 
gle ABC, and the angle DOM always 
equal to the given angle ACB, and when 
the point D falls successively on any 
two immovable points p, P, of the conic S 
section, the moveable point M falls suc- - 
cessively on two immovable points n, N. 
Through these points n, N, draw the right line nN: this line nN will be 
the perpetual locus of that moveable point M. For, if possible, let the 
point M be placed in any curve line. Therefore the point D will be placed. 
in a conic section passing through the five points B, C, A, p, P, when the 
point M is perpetually placed in a curve line. But from what was de- 
monstrated before, the point D will be also placed in a conic section pass- 
ing through the same five points B, C, A, p, P, when the point M is per- 
petually placed in a right line. Wherefore the two conic sections will both. 
pass through the same five pointe, against Corol 3, Lem. XX. It is 
therefore absurd to suppose that the point M is placed in a curve line. 
Q E.D. 





PROPOSITION XXII. PROBLEM XIV. 

To describe a trajectory that shall pass through five given points. 
Let the five given points be A, B, C, P, D. ο 
From any one of them, as A, to any other ς 
two as B, C, which may be called the poles, - 

draw the right lines AB, AC, and parallel to 
those the lines TPS, PRQ through thefourth 
point P. Then from the two poles B, C, 
draw through the fifth point D two indefinite 
lines BDT. CRD, meeting with the last drawn lines TPS, PRQ (the 


SN 
z3. 
- 
oa 
". 
Fen 
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former with the former, and the latter with the latter) in T and R. Then 
drawing the right line £r parallel to T'R, cutting off from the right lines 
PT, PR, any segments P/, Pr, proportional to PT, PR; and if through 
their extremities, £, r, and the poles D, C, the right lines Bé, Cr are drawn, 
meeting in d, that point d will be placed in the trajectory required. For 
(by Lem. X X) that point d is placed in a conic section passing through 
the four points A, B, C, P ; and the lines Rr, T? vanishing, the point d 
comes to coincide with the point D. Wherefore the conic section passes 
through the five points A, B, C, P, D. Q.E.D. 


The same otherwise. 


Of the given points join any three, as A, B, 
C; and about two of them D, C, as poles, 
making the angles ABC, ACB of a given 
magnitude to revolve, apply the legs BA, 
CA, first to the point D, then to the point P, 
and mark the points M, N, in which the other 
legs BL, CL intersect each other in both cases. C= 
Draw the indefinite right line MN, and let 
those moveable angles revolve about their » 
poles B, C, in such manner that the intersection, which 1s now supposed to 
be m, of the legs BL, CL, or BM, CM, may always fall in that indefinite 
right line MN; and the intersection, which is now supposed to be d, of the 
legs ΒΑ ^A, or BD, CD, will describe the trajectory required, PADdB. 
For (by Lem. X XT) the point d will be placed in à conie section passing 
through the points B,C; and when the point m comes to coincide with 
the points L, M, N, the point d will (by construction) come to coin- 
eide with the points A, D, P. Wherefore a conic section will be described 
that shall pass through the five points A, B, C, P, D. Q.E.F. 

Cor. 1. Hence a right line may he readily drawn which shall be a tan- 
gent to the trajectory in any given point B. Let the point d come to co- 
incide with the point B, and the right line Bd will become the tangent 
required. 

Cor. 2. Hence also may be found the centres, diameters, and latera recta _ 
of the trajectories, as in Cor. 2, Lem. XIX. 





SCHOLIUM. 


The former of these constructions will be- € 
come something more simple by joining ^, g 
and in that line, produced, if need be, ‘aking 
Bp to BP as PR is to PT’; and t rough p 
draw the inde‘inite right ine pe parallel to S 
P'T, and in that line pe taking always pe 
equal to P; , and draw the right lines Be, Cr 
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tomeet ind. Forsince Pr to Pt, PR to PT, pB to PB, pe to Pt, are all in 
the same ratio, pe and Pr will be always equal. After this manner the 
points of the trajectory are most readily found, unless you would rather 
deacribe the curve mechanically, as in the second construction. 


|  PROPOSITION XXIII. PROBLEM XV. 

To describe a trajectory that shall pass through four given points, and 
touch a right line given by position. 
Case 1. Suppose that HB is the 

given tangent, B the peint of contact, |^ 

and C, L, P, the three other given 
points. Jo n BC, and draw FS paral- 
lel to BH, and PQ parallel to BC; 
complete the parallelogram BSPQ. 

Draw BD cutting SP in T, and CD 

cutting PQ in R. Lastly, draw any - 

line £r parallel to TR, cutting off 
from PQ, PS, the segments Pr, Pt proportional to PR, PT respectively ; 
and draw Cr, Bt their point of concourse d will ty Len. XX) always fall 
on the trajectory to be described. 





The same otherwise. 

l et the angle CBH of a given magnitude re- 
volve about the pole B, as also the rectilinear ra- 
dius E C, both ways produced, about the pole C. 
Mark the points M, N, on which the leg BC of 
the angle cuts that radius when BH, the other 
leg thereof, meets the same radius in the points 
P and D. Then drawing the indefinite line MN, 
let that radius CP or CD and the leg BE of the 
angle perpetually meet in this line; and the 
point of concourse of the other leg BH with the 
radius will delineate the trajectory required. 

For if in the constructions of the preceding Problem the point A comes 
to a coincidence with the point B, the lines CA and CB will coincide, and 
the line AB, in its last gituation, will become the tangent BH ; and there 
fore the constructions there set down will become the ; same with the con- 
structions here described. Wherefore the concourse of the leg BH with 
the radius will describe a conic section passing through the points C, D, 
P, and touching the line BH in the point B. Q.EF. — 

Όλες 2. Suppose the four points B, C, D, P, given, being situated with- 
out the tangent HI. Join each two by the lines BD, CP meeting in G, 
and cutting the tangent in H and Ι.. Cut the tangent jn A in such manner 
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tat HA may be to IA as the rectangle un- 
der à mean proportional between CG and 
GP, and a mean proportional between BH 
and HD is to a rectangle under a mean pro- 
portional between GD and GB, and a mean 
proportional betweeen PI and IC, and A will 
be the point of contact. For if HX, a par- 
allel to the right line PI, cuts the trajectory 
in any points X and Y, the point A (by the 
properties of the conic sections) will come to be so placed, that HA? will 
become to AI? in a ratio that is compounded out of the ratio of the rec- 
tangle XHY to the rectangle BHD, or of the rectangle CGP to the rec- 
tangle DGB; and the ratio of the rectangle BHD to the rectangle PIC. 
But after the point of contact A is found, the trajectory will be described as 
in the first Case. Α.Ε.Ε. But the point A may be taken either between 
or without the points H and I, upon which account a twofold trajectory 
may be described. 


PROPOSITION XXIV. PROBLEM XVI. 
To describe a trajectory that shall pass through three given points, and 
touch two right lines given by position. 
Suppose HI, KI. to be the given tangents a. 

and B, C, D, the given points. Through any 
two of those points, as D, D, draw the indefi- c 
nite right line BD meeting the tangents in , — 7! D. κ P 
the points H, K. Then likewise through ARX 

any other two of these points, as C, D, draw 
the indefinite right line CD meeting the tan- 
gents in the points I, L. Cut the lines drawn 
in R and S, so that HR may be to KR as : 
the mean proportional between BH. and HD is to the mean proportional 
between BK and KD; and IS to LS as the mean proportional between 
CI and ID is to the mean proportional between CL and LD. But you 
may cut, at pleasure, either within or between the points K and H, I and 
L, or without them; then draw RS cutting the tangents in A and P, and 
A and P will be the points of contact. For if A and P are supposed to 
be the points of contact, situated anywhere else in the tangents, and through 
any of the points H, I, K, L, as I, situated in either tangent HI, a right 
line IY is drawn parallel to the other tangent KL, and meeting the curve 
in X and Y, and in that right line there be taken IZ equal to a mean pro- 
portional between IX and IY, the rectangle XIY ος 1Z?, will (by the pro- 
perties of the conic sections) be to LP? as the rectangle CID is to the rect- 
angle CLD, that is (by the construction), as SI is to SL’, and therefore 
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IZ is to LP as Sl to SL. Wherefore the points S, P, Z, are in one right 
line. Moreover, since the tangents meet in G, the rectangle XIY or 124 
will (by the properties of the conic sections) be to IA? as GP? is to ΠΑ’, 
and consequently IZ will be to IA as GP to GA. Wherefore the points 
P, Z, A, lie in one right line, and therefore the points S, P, and A are in 
one right line. And the same argument will prove that the points R, P, 
and A are in one right line. Wherefore the points of contact A and P lie - 
in the right line RS. But after these points are found, the trajectory may 
be described, as in the first Case of the preceding Problem. Q.E.F. 

In this Proposition, and Case 2 of the foregoing, the constructions are 
the same, whether the right line XY cut the trajectory in X and Y, or 
not; neither do they depend upon that section. But the constructions 
being demonstrated where that right line does cut the trajectory, the con- 
structions where it does not are also known; and therefore, for brevity’s 
Bake, I omit any farther demonstration of them. 


LEMMA XXII. 


To transform figures into other figures of the same kind. 
Suppose that any figure HGI is to be 
transformed. Draw, at pleasure, two par- 
allel lines AO, BL, cutting any third line 
AB, given by position, in A and B, and from 
any point G of the figure, draw out any 
right line GD, parallel to OA, till it meet 
the right line AB. Then from any given 
point O in the line OA, draw to the point 
D the right line OD, meeting BI. in d ; and |. 
from the point of concourse raise the right ^ 
line dg containing any given angle with the right line BL, and having 
such ratio to Od as DG has to OD; and e will be the point in, the new 
: figure Agi, corresponding to the point G. And in like manner the several 
points of the first figure will give as many correspondent points of the new 
figure. If we therefore conceive the point G to be carried along by a con- 
tinual motion through all the points of the first figure, the point æ will 
be likewise carried along by a continual motion through all the points of 
the new figure, and describe the same. For distmction’s sake, let us call 
DG the first ordinate, dz the new ordinate, AD the first abscissa, ad the 
new abscissa; O the pole, OD the abscinding radius, OA the first ordinate 
radius, and Oa (by which the parallelogram OA Ba is completed) the new 
ordinate radius. - 
I say, then, that if the point G is plac: ed in a right line given by posi- 
üon, the point g c will be also placed i in a right line given by position. If 
the point G is placed in a conic section, the point g will be iikewise placed. 
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in a conic section. And here I understand the circle as one of the conic 
sections, But farther, if the point G is placed in a line of the third ana- 
lytical order, the point œ will also be placed in a line of the third order, 
and so on in curve lines of higher orders. The two lines in which the 
points G, g, are placed, will be always of the same analytical order. For 
as ad 18 to OA, so are Od to OD, dg to DG, and AB to AD; and there- 
x= and DG equal pee x aA Now if the 
point G is placed in a right line, and therefore, in any equation by which 
the relation between the abscissa AD and the ordinate GD is expressed, 
those indetermined lines AD and DG rise no higher than to one dimen- 
OA x dg 
ad 





fore AD is equal to 


i T Ὁ 
sion, by writing this οηπϑ(]οπ----- 2 oe kin place of AD, and——,, 


in place of DG, a new equation will be produced, in which the new ab- 
scissa ad and new ordinate dg rise only to one dimension; and which 
therefore must denote a right line. But if AD and DG (or either of 
them) had risen to two dimensions in the first equation, ad and dg would 
likewise have risen to two dimensions in the second equation. And so on 
in three or more dimensions. The indetermined lines, ad, dg in the 
second equation, and AD, DG, in the first, will always rise to the same 
number of dimensions; and therefore the lines in which the points G, g, 
are placed are of the same analytical order. 

I say farther, that if any right line touches the curve line in the first 
figure, the same right line transferred the same way with the curve into 
. the new figure will touch that curve line in the new figure, and vice versa. 
For if any two points of the curve in the first figure are supposed to ap- 
proach one the other till they come to coincide, the same points transferred 
will approach one the other till they come to coincide in the new figure; 
and therefore the right lines with which those points are joined will be- 
come together tangents of the curves in both figures. I might have given 
demonstrations of these assertions in a more geometrical form; but I study 
to be brief. 

Wherefore if one rectilinear TN is to be transformed into another, we 
need only transfer the intersections of the right lines of which the first 
figure consists, and through the transferred intersections to draw right lines 
in the new figure. But if a curvilinear figure is to be transformed, we 
must transfer the points, the tangents, and other right lines, by means of 
which the curve line is defined. This Lemma is of use in the solution of 
the more difficult Problems; for thereby we may transform the proposed 
figures, if they are intricate, into others that are more simple. ‘Thus any 
right lines converging to a point are transformed into parallels, by taking 
for the first ordinate radius any right line that passes through the point 
of concourse of the converging lines, and that because their point of con- 
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course is by: this means made to go off in infinitum ; and parallel lines 
are guch. as tend to a point infinitely remote. And after the problem is 
solved in the new figure, if by the inverse operations we transform the 
new into the first figure, we shall have the solution required. 

This Lemma is also of use in the solution of solid problems. For as 
often:as two conic sections occur, by the intersection of which a problem 
may be solved, any one of them may be transformed, if it 18 an hyperbola 
or a parabola, into an ellipsis, and then this ellipsis may be easily changed 
inte a circle. So also a right line and a conic section, in the construc- 
tion of plane problems, may be transformed into a right line and a circle 


PROPOSITION XXV. PROBLEM XVIL 
To describe a trajectory that shall pass through two gwen points, and 
touch three right lines given by position. 

Through the concourse of any two of the tangents one with the other, 
and the concourse of the third tangent with the right line which passes 
through the two given points, draw an indefinite right line; and, taking 
this line for the first ordinate radius, transform the figure by the preceding 
Lemma into a new figure. In this figure those two tangents will become 
parallel to each other, and the third tangent will be parallel to the right 
line that passes through the two given points. Suppose hi, kl to be those 
two parallel tangents, ik the third tangent, and Al a right line parallel 
thereto, passing through those points a, ὦ, , 
through which the conie section ought to pass 
in this new figrre; and completing the paral- 
lelogran hikl, let the right lines hi, ik, kl be 
so cut in c, d, e, that he may be to the square 
root of the rectangle ahb, ic, to id, and ke to 
kd, as the sum of the right lines Ai and kl is 
to the sum of the three lines, the first whereof ` 
. is the right line ik, and the other two are the 
square roots of the rectangles ahb and alb ; and c, d, e, will be the points 
of contact. For by the properties of the conic sections, Ac? to the rectan- 
gle ahb, and iè to td’, and ke to Καὶ, and eF to the rectangle alb, are all 
in the same ratio; and therefore hc to the square root of ahb, ic to rd, ke 
to Ad, and el to the square root of alb, are in the subduplicate of that 
ratio; and by composition, in the given ratio of the sum of all the ante- 
cedents hi + kl, to the sum of all the consequents vahb + ik +- ald. 
Wherefore from that given ratio we have the points of contact ο, d, e, in 
the new figure. By the inverted operations of the last Lemma, let those | 
points be transferred into the first figure, and the trajectory will be there 
described by Prob. XIV. Q.E.F. But. according as the points a, b, fall 
between the points À, J, or without them, the points ο, d, e, must be taken 
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either between the points, A, 2, k, l, or without them. If one of the points 
a, b, falls between the points A, i, and the other without the points A, l 
the Problem is impossible.. 


PROPOSITION XXVI PROBLEM XVIII. 
To describe a trajectory that shall pass through a given point, and touch 
four right lines given by position. 
. From the common intersections, of any two 
of the tangents to the common intersection of 
the other two, draw an indefinite right line; and 
taking this line for the first ordinate radius, 
transform the figure (by Lem. XXII) into a new 
figure, and the two pairs of tangents, each of 
which before concurred in the first ordinate ra- 
dius, will now become parallel. Let hi and kl, 4 
ik and Al, be those pairs of parallels completing the parallelogram hike. 
And let p be the point in this new figure corresponding to the given point 
in the first figure. Through O the centre of the figure draw pg: and Og 
being equal to Op, q will be the other point through which the conic sec- 
tion must pass in this new figure. Let this point be transferred, by the 
inverse operation of Lem. X XII into the first figure, and there we shall 
have the two points through which the trajectory is to be described. But 
through those points that trajectory may be described by Prop. XVII. 





LEMMA XXIII. 


y two right lines, as AC, BD given by position, and terminating in 
given points A, B, are in a given ratio one to the other, and the right 
line CD, by which the indetermined points C, D are joined is cut in 
K in a given ratio; I say, that the point K will be placed in a right 
line given by position. 

For let the right lines AC, BD meet in 
E, and in BE take BG to AE as BD is to 
ΑΟ, and let FD be always equal to the given 
line EG; and, by construction, EC will be sft 
to GD, that is, to EF, as AC to BD, and "um d 
- therefore in a given ratio; and therefore the ο΄." 

— triangle EFC will be given in kind. Let κα που Ἡ 

CF be cut in L so as CL may be to CF in the PS of CK to CD; ‘and 

because that is a given ratio, the triangle EFL will be given in kind, and 

therefore the point L will be placed in the right line EL given by position. 

Join LK, and the triangles CLK, CFD will be similar; and because FD 

is a given line, and LK is to FD in a given ratio, LK will be also given 
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To this let EH be taken equal, and ELKH will be always a parallelogram. 
And therefore the point K is always placed in the side HK (given by po 
sition) of that parallelogram. Q.E.D. 

Cor. Because the figure EFLC is given in kind, the three right lines 
EF, EL, and EC, that is, GD, HK, and EC, will have given ratios to 
each other. 


LEMMA XXIV. 


If three right lines, two whereof are parallel, and given by position, touch 
any conic section ; I say, that the semi-diameter of the section whi. {ι 
is parallel to those two is a mean proportional between the segments 
of those two that are intercepted between the points of contact and the 
third tangent. 

Let AF’, GB be the two parallels touch- 
ing the canis section ADB in A and B; 
EF the third right line touching the conic S 
section in I, and meeting the two former 
tangents in F and G, and let CD be the 
semi-diameter of the figure parallel to 
those tangents; I say, that AF, CD, BG 
are dl proportional. 

For if the conjugate diameters AB, DM € Q B 

meet the tangent FG in E and H, and cut one the other in C, and the 

parallelogram IKCL be completed ; from the nature of the conic sectiors, 

KC will be to CA as CA to CL; and so by division, EC — CA to CA -.- 

CL, or EA to AL; and by composition, EA to EA + AL or EL, as EC to 

EC4-CA or EB; and therefore (bécause of the similitude of the triangles 

EAF, ELI, ECH, EBG) AF is to LI as CH to BG. Likewise, from tli? 

nature of the conie sections, LI (or CK) is to CD as CD to CH ; and 

therefore (ez «γιο perturbat?) AF is to CD as CD to BG. Q.E.D. 
Con. 1. Hence if two tangents FG, PQ meet two parallel tangents AF, 

BG in F and G, P and Q, and cut one the other in O; AF (er equo per- 

turbat:.) will be to BQ as AP to BG, and by division, as FP to GQ, and 

therefore as FO to OG. 

Cor. 2. Whence also the two right lines PG, FQ, drawn through the 
points P and G, F and Q, will meet in the right line ACB passing through 
the centre of the figure and the points of contact A, B. 





LEMMA XXV. 
[f four sides of a parallelogram indefmitely produced touch any conic 
section, and are cut by a fifth tangent ; I say, that, taking those seg- 


ments of any two conterminous sides that terminate in opposite angles 
LO 
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of the parallelogram, either segment is to the side from which it is 

cut off as that part of the other conterminous side which is intercepted 

between the pocut of contact and the third side is to the other segment. 

Let the four sides ML, IK, KL, MI, 
of the parallelogram MLIK touch the * 
conic section in A, B, C, D; and let the 
fifth tangent FQ cut those ‘aides in F, 
Q, H, and E; and taking the segments 
ME, ΚΩ of the sides MI, ΚΙ, or the 
segments KH, MF of the sides KL, 
ΜΙ, 1 siy, that ME is to MI as BK to 
Κα; and KH to KL as AM to MF. 
For, by Cor. 1 of the preceding Lemma, ME is to EI as (AM or) BK to 
BQ; and, by composition, ME is to MI as BK to KQ. Q.E.D. Als 
KH is to HL as (BK or) AM to AF; and by division, KH to KL as AM 
to MF. Q.E.D. 

Con. 1. Hence if a parallelogram IKI.M described about a given conic 
section is given, the rectangle KQ x ME, asalso the rectangle KH x ΜΕ 
equal thereto, will be given. For, by reason of the similar triangles KQH 
MFE, those rectangles are equal. | 

Cor. 2. And if a sixth tangent eg is drawn meeting the tangents Kl, 
MI in 4 and e, the rectangle KQ x ME will be equal to the rectangle 
Kg x Me, and Κα, will be to Me as Kg to ME, and by division as 
Q4 to Ee. 

Cor. 3. Hence, also, if Eg, eQ, are joined and bisected, and a right line 
is drawn through the points of bisection, this right line will pass through 
the centre of the conic section. For since Qg is to Ee as KQ to Me, the 
same right line will pass through the middle of all the lines Eg, eQ, MK 
(by Lem. X XIID, and the middle point of the right line MK is the 
centre of the section. 


PROPOSITION ΧΧΥΠ. PROBLEM XIX. 

To describe a trajectory that may touch five right lines given by position. 

Supposing ABG, BCF, 
GCD, FDE, EA to be the 
tangents given by position. x: 
Bisect in M and N, AF, BE, 
the diagonals of the quadri- 
lateral figure ABFE con- B 
tained under any four- of 
them; and (by Cor. 3, Lem. 
XXV) the right line MN 
drawn through the points cf 


L 
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bisection will pass through the centre of the trajectory. Again, hisect in 
P and Q the diagonals (if I may so call them) BD, GF of the quadrila- 
teral figure BGDF contained under any other four tangents, and the right 
line PQ drawn through the points of bisection will pass through the cen- 
tre of the trajectory; and therefore the centre will be given in the con- 
course of the bisecting lines. Suppose it to be O. Parallel to any tan- 
gent BC draw KL at such distance that the centre O may be placed in the 
middle between the parallels; this KL will touch the trajectory to be de 

scribed. Let this cut any other two tangents GCP, FDE, in L and K. 
‘Through the points C and K, F and L, where the tangents not parallel, 
CL, EK meet the parallel tangents CF, KL, draw CK, FL meeting in 
R; and the right line OR drawn and produced, will cut the parallel tan- 
gents CF, KL, in the points of contact. ‘This appears from Cor. 2, Lem. 
XXIV. And by the same method the other points of contact may be 
found, and then the trajectory may be described by Prob. XIV. Q.E.F. : 


| SCHOLIUM. | 

Under the preceding Propositions are comprehended those Problems 
wherein either the centres or asymptotes of the trajectories are given. For 
when points and tangents and the centre are given, as many other points 
und as many other tangents are given at an equal distance on the other 
side of the centre. And an asymptote is to be considered.as a'tangent, and 
its infinitely remote extremity (if we may say so) is a point of contact. 
Conceive the point of contact of any tangent removed i» infinitum, and 
the tangent will degenerate into an asymptote, and the constructions of 
the preceding Problems will be changed into the constructions of those 
Problems wherein the asymptote is given. 

After the trajectory is described, we may 
find its axes and foci in this manncr. In the 
construction and figure of Lem. X XI, let those 
lers BP, CP, of the moveable angles PBN, 
PCN, by the concourse of which the trajec- ` 
tory was described, be made parallel one to 
‘the other; and retaining that position, let 
them revolve about their poles E, C', in that 
figure. In the mean while let the other legs 
CN, BN, of those angles, by their concourse 
K or k, describe the circle BKGC. Let O be the centre of this circle; 
and from this centre upon the ruler MN, wherein those legs CN, BN did 
concur while the trajectory was described, let fall the perpendicular OH 
meeting the circle in K and L. And when those other legs CK, BK meet 
in the point K that is nearest to the ruler, the first legs CP, BP will be 
ps7allel to the greater axis, and perpendicular on the lesser; and the con- 
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. trary vill happen if those legs meet in the remotest point L. Whence if 
_ the centre of the trajectory is given, the axes will be given; and those be- 
ing given, the foci will.be readily found. 

Put the squares of the axes are one to the 
other as KH to LH, and thence it is easy to 
describe a trajectory given in kind through 
four given points. For if two of the given 
» points are made the poles C, B, the third will 
. give the moveable angles ΡΟΚ, PBK; but 
. those being given, the "cis BGKC may be 
described. Then, because the trajectory 18 
given in kind, the ratio of OH to OK, and [M 
and therefore OH itself, will be given. About | 
the centre O, with the interval OH, describe another circle, and the right 
line that touches this circle, and passes through the concourse of the legs 
CK, BK, when the first legs CP, BP meet in the fourth given point, will 
be the τ ΜΝ, by means of which the trajectory may be described 
Whence also on the other hand a trapezium given in kind (excepting a 
few cases that are impossible) may be inscribed in a given conic section. 

There are also other Lemmas, by the help of which trajectories given m 
kind may be described through given points, and touching given lines. 
Of such a sort is this, that if a right line is drawn through any point 
given by position, that may cut a given conic section in two points, and 
«ie distance of the intersections is bisected, the point of bisection will 
to1ch ano her conic section of the same kind with the former, and having 
its axes parallel to the axes of the former. But I hasten to things of 
greater use. | 





LEMMA XXVI. 


To plaće the three angles of a triangle, given both in kin and masni- 
tude, in respect of as many right lines given by position, provided tiecy 
are not all parallel among themselves, in such manner thas the sencral 
angles may touch the several lines. 


Three indefinite right lines AB, AC, BC, are 
given by position, and it is required so to place 
the triangle DEF that its angle D may touch 
tue line AB, its angle E the line AC, and 
its angle F the line BC. Upon DE, DF, and 
VF, describe three segments of circles DRE, 
DGF, EMF, capable “of angles equal to the 
Τμ BAC, ABC, ACB respectively. But those άν are to be de- 
scribed t: wards udi sides of the lines DE, DF, EF, that the letters 
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DRED may turn round about in the same order with the letters BACB; 
the letters DGFD in the same order with the letters ABCA; and the 
letters EMFE in the same order with the letters ACBA ; then, completing 
those segmerts into entire circles let the two former circles cut one the 
other in G, and suppose P and Q to be their centres. Then joining GP, 
PQ, take Ga to AB as GP is to PQ; and about the centre G, with the 
interval Ga, describe a circle that may cut the first circle DGE in a. 
Join aD cutting the second circle DFG in b, as well as aE cutting the 
third circle EMF in c. Complete the figure ABCdef similar and equal 
to the figure abcDEF : I say, the thing is done. | 

For drawing Fe meeting aD in n, 
and joining aG, 6G, QG, QD, PD, by 
construction the angle EaD is equal to 
the angle CAB, and the angle acF equal 
to the angle ACB; and therefore the 
triangle anc equiangular to the triangle 
ABC. Wherefore the angle anc or ΕΤ 
is equal to the angle ABC, and conse- 
cuently to the angle FbD; and there- 
"fore the point » falls on the point ù. 
Moreover the angle GPQ, which is half 
the angle GPD at the centre, is equal |. 
to the angle GaD at the circumference ; | 
and the angle GQP, which is half the angle GQD at the centre, is equal 
to the complement to two right angles of the angle GOD at the circum- 
ference, and therefore equal to the angle Gba. Upon which account the 
triangles GPQ, Gab, are similar, and Ga is to ab as GP to PQ; that is 
‘by construction), as Ga to AB. Wherefore ab and AB are equal; and 
consequently the triangles abc, ABC, which we have now proved to be 
similar, are also equal. And therefore since the angles D, E, F, of the 
triangle DEF do respectively touch the sides ab, ac, bc of the triangle 
abe, the figure ABCdef may be completed similar and equal to the figure 
abcDEF, and by completing it the Problem will be solved. Ο.Ε.Ε, 

Cor. Hence a right line may be drawn whose parts given in length may 
be intercepted between three right lines given by position. Suppose the 
triangle DEF, by the access of its point D to the side EF; and by having 
the sides DE, DF placed in directum to be changed into a right line 
whose given part DE is to be interposed between the right lines AB, AC 
given by position; and its given part DF is to be interposed between the. 
right lines AB, BC, given by position; then, by applying the preceding 
Ὃς construction to this case, the Problem will be solved. 
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PROPOSITION XXVIII. PROBLEM XX. 

To describe a trajectory giren both in kind and magnitude, given parts 
of which shall be interposed between three right lines given by position. 
Suppose a trajectory is to be described that | 

may be similar and equal to the curve line DEF, 

and may be cut by three right lines AB, AC, 

BC, given by position, into parts DE and EF, 

similar and equal to the given parts of this 

curve line. 
Draw the right lines DE, EF, DF: and 
place the angles D, E, F, of this triangle DEF, so 

as to touch those right lines given by position (by 

Lem. XXVI). Then about the triangle describe 

the trajectory, similar and equal to the curve DEF. 

QEF. | » 





LEMMA XXVII. | 
To describe a trapezium given in kind, the angles whereof may be s. 
placed, in respect of four right lines given by position, that are neither 
all parallel among themselves, nor converge to one common point, thal 
the several angles may touch the several lines. 

Let the four right lines ABC, AD, BD, CE, be 
given by position; the first cutting the second in A, 
- the third in B, and the fourth in C; and suppose a 
trapezium fghi is to be described that may be similar 
to the trapezium FGHI, and whose angle f, equal to 
the given angle F, may touch the right line ABC; and 
the other angles g, h, i, equal to the other given angles, 
G, H, I, may touch the other lines AD, BD, CE, re- 
spectively. Join FH, and upon FG, FH, FI describe / 
: as many segments of circles FSG, ΕΤΗ, FVI, the first 
of which FSG may be capable of an angle equal to 
the angle BAD; the second F'TH capable of an angle 
equal to the angle CBD ; and the third ΕὟΙ of an angle equal to the angle 
ACK. Bw the segments are to be described towards those sides of the 
lines FG, FH, FI, that the circular order of the letters FSGF may be 
. the same as of the letters BADB, and that the letters F'T'HF may turn 
about in the same order as the letters CBDC and the letters F'VIF in the 
same order aa the letters ACEA. Complete the segments into entire cir- 
cles, and let P be the centre of the first circle FSG, Q the centre of the 
second FTH. Join and prednce both ways the line PQ, and in it take 
QR in the same ratio to PQ, as BC has to AB. But QR is to be taken 
towards that side of the point G. that the order of the letters P, Q, R 
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may be the same as of the letters A, B, C; 
and about. the centre. R with the interval . 
RF describe a fourth circle FNc cutting /,” 
the third circle FVI inc. Join Fc cut- ^i 
ting the first circle in a, and the second in [/ 
t. Draw aG, bH, cl, and let the figure |! 
ABCfghi be made similar to the figure |: 
abcFGHI, and the trapezium fghi will | 
be that which. was our to be de- | 
scribed... 

For let the two first circles FSG, FTH 
cut one the other in K; join PK, QK, 
RK, uK, bK, cK, and produce QP to L. 
'The angles FaK, ΕΟΚ, FcK at the circumferences are the halves of the 
angles FPK, FQK, FRK, at the centres, and therefore equal to LPK, 
LQK, LRK, the halves of those angles. Wherefore the figure PQRK iz 
«quiangular and similar to the figure abcK, and consequently αὖ is to bc 
is PQ to QR, that is, as AB to BC. But by construction, the angles 
TAs, / Bh, f Ci, are equal to the angles. FaG, FOH, FcI. And therefore 





the figure ABCfghi may be completed similar to the figure abcFGHL - 


Which done a trapezium fei will be constructed similar to the trapezium 
FGHI, and which by its angles eL ο, h, i will touch m right lines ABC, 
AD, BD, CE Q.EF. ... ~ - 


Cor. Hence a right line may be. drawn whose parts intercepted 1 in.a 


given order, between four right lines given by position, shall have a given 
proportion among themselves. “Let the angles FGH, GHI, be so far in- 
creased that the right lines FG, GH, HI, may lie in directum ; and by 


constructing the Problem in this case, a right line fghi will be drawn, ' 


whose parts fg, gh, hi; intercepted between. the four right lines given by 
position, AB and AD, AD and BD, BD and CE, will be one to another 
as the lines FG, GH, HI, and will observe the same order among them- 
 Selves.' But the same thing may be more readily done in this manner. 
Produce AB to K and BD to L, 
so as BK may be to AB aa HI to 
GH ; and DL to BD as GI to FG; 
and join KL meeting the right line 
CE in i. Produce. ¿L to M, 80 as 
LM may be to iL as GH to. HI; 





- then draw MQ parallel to-LB, and G 
meeting the right line AD ing, and 
join gi cutting AB, BD in f; h; I Me 
F 


say, the thing is done. ο... | 
For let Mg cut the right line AB in Q, and AD the right line KL in 


— 
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S, and draw AP parallel to BD, and meeting iL in P, and gM to Lh (g: 
to hi, Mi to Li, GI to HI, AK to BK) and ΑΡ to BL, will be in thesame 
ratio. Cut Dl, in R, so as DL to RL may bein that same ratio; and be- 
cause 55 to gM, AS to AP, and DS to DL are proportional; therefore 
(ex cquo) as gS to Lh, so will AS be to BL, and DS to RL; and mixtly, 
BL— RL to LA — BL, as AS— DS to gS— AS. That is, BR is to 
BA as AD isto Ag, and therefore as BD to gQ. And alternately BR is 
to BD as BÀ to gQ, or as fh to fe. But by construction the line BL. 
was cut in D and R in the same ratio as theline FI in G and H ; and 
therefore BR is to BD as FH to FG. Wherefore Jh is to fy as FH to 
FG. Since, therefore, gi to hi likewise 18 as Mi to Li, that is, as GI to 
HI, it is manifest that the lines FI, fî, are similarly cut in G and H, g 
and A.  Q.ILF. : 

In the construction of this Corollary, after the line LK is drawn cutting 
CE in 4, we may produce iE to V, so as EV may be to Exi as FH to HI, 
and then draw Vf parallel to BD. It will come to the same, if about the 
centre 4 with an interval IH, we describe a circle cutting BD in X, and 
produce iX to Y so as iY may be equal to IF, and then draw Yf parallel 


to BD. 
Sir Christopher Wren and Dr. Wallis have long ago given other solu- 


tions of this Problem. 


PROPOSITION XXIX. PROBLEM XXI. 

To describe a trajectory given in kind, that may be cut by four right 
lines given by position, into parts given in order, kind, and yroportion. 
Suppose a trajectory is to be described that may be 

similar to the curve line FGHI, and whose parts, 

aimilar and proportional to the parts FG, GH, HI of 
the other, may be intercepted between the right lines 

AB and AD, AD, and BD, BD and CE given by po- 

sition, viz., the first between the first pair of those lines, 

the second between the second, and the third between 

the third. Draw the right lines FG, GH, HI, FI; \t 

and (by Lem. XXVII) describe a trapezium fei that I 

may be similar to the trapezium F'GHI, and whose an- H 

gles f, 2, h, i, may touch the right lines given by posi- 

tion AB, AD, BD, CE, severally according to their order. And then about 

this trapezium describe a trajectory, that trajectory will be similar to the 

curve line FGHI. | 





SCHOLIUM. 


This problem may be likewise constructed in the following manner. 
Jóining FG, GH, HI, FI, produce GF to V, and join FH, IG, and make 
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the angles CAK, DAL equal to 
the angles FGH, VFH. Let ~. 
AK, AL meet the right line | 
BD in K and L, and thence | 
draw KM, LN, of which let | 
KM make the angle AKM equal 
to the angle GHI, and be itself 
to AK as HI isto GH ; and let 
LN make the angle ALN equal to the angle FHI, and be R I 
to AL as HI to FH. But AK, KM, AL, LN are to be drawn 
towards those sides of the lines AD, AK, AL, that the letters 
CAKMC, ALKA, DALND may be carried round in the same 
order as the letters FGHIF ; and draw MN meeting the right ,. 
line CE in i. Make the angle iEP equal to the angle IGF,  " 
and let PE be to Ei as FG to GI; and through P draw PQ/ that may 
with the right line ADE contain an angle PQE equal to the angle FIG, 
and may meet the right line AB in f, and join fi. But PE and PQ are 
to be drawn towards those sides of the lines CE, PE, that the circular 
order of the letters PE;P and PEQP may be the same as of the letter: 
FGHIF ; and if upon the line ft, in the same order of letters, and similar 
to the trapezium FGHI, a trapezium fei is constructed, and a trajectory 
given in kind is circumscribed about it, the Problem will be solved. 

So far concerning the finding of the orbits. It remains that we deter- 
mine the motions of bodies in the orbits so found. 


TTD 


“SECTION VI. 
How the motions are to be found in given orbits. 


PROPOSITION XXX. PROBLEM XXII. 
To find at any assigned time the place of a body moving in a given 
parabolic trajectory. 

“Let S be the focus, and A the principal vertex of 
: the parabola; and suppose 4AS x M equal to the 
parabolic area to be cut off APS, which either was 
described by the radius SP, since the body's departure 
from the vertex, or is to be described thereby before 
its arrival there. Now the quantity of that area to 
be cut off is known from the time which is propor- 
tional to it. Bisect AS in G, and erect the perpendicular GH equal to 
3M, and a circle described about th » centre H, with the interval HS, will 
cut the parabola i in the place P required. For letting fall PO perpendic- 
ular on the axis, and drawing PH, there will be AG? -+ GH? (== HP? = 


AO — AG? + PO — GH[) = AO? + PO! —2GA^—?GH + PO + 









AGS O 
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AG? + GH*® Whence 24Η x PO (ze AO? + PO? — 2GAO) = 


: | 
ΡΟ; For AO? write AO x VIS: then dividing all the terms by 


ΡΟ, and multiplying them by 2AS, we shall have {GH x AS (= ;AO 


— 3S 
x PO + JAS x PO, AO 348 y pg m τὸ x po ts 


the area APO — SPO)| = to the area APS. But GH was 3M, and 
therefore {GH x AS is 4AS x M. Wherefore the area cut off APS 18 
equal to the area that was to be cut off 4AS x M. Q.E.D. 

Con. 1. Hence GH is to AS as the time in which the body described 
the arc AP to the time in which the body described the arc between the 
vertex A and the perpendicular erected from the focus S upon the axis. 

Cor. 2. And supposing a circle ASP perpetually to pass through the 
moving body P, the velocity of the point H is to the velocity which the 
body had in the vertex A as 3 to S; and therefore in the same ratio is 
the line GH to the right line which the body, in the time of its moving 
from A to P, would describe with that velocity which it had in the ver- 
tex A. 

Cor. 3. Hence, also, on the other hand, the time may be found in which 
the body has described any assigned arc AP. ' Join AP, and on its middle 
point erect a perpendicular meeting the right line GH in H. 








LEMMA XXVIII. 


There is no oval figure whose area, cut off by right lines at pleasure, can 
be universally found by means of equations of any number of finite 
terms and dimensions. κ 


Suppose that within the oval any point is given, about which as a pole. 
aright line is perpetually revolving with an uniform motion, while in 
that right line a moveable point going out from the pole moves always 
forward with a velocity proportional to the square of that right line with- 
in the oval. By this motion that point will describea spiral with infinite 
cireumgyrations. Now if a portion of the area of the oval cut off by that 
right line could be found by a finite equation, the distance of the point 
from the pole, which is proportional to this area, might be found by the 
same equation, and therefore all the points of the spiral might be found 
by a finite equation also; and therefore the intersection of a right line 
given in position with the spiral might also be found by a finite equation. 
But every right line infinitely produced cuts a spiral in an infinite num- 
ber of points; and the equation by which any one intersection of two linea 
is found at the same time exhibits all their intersections by as many roots, 
and therefore rises to as many dimensions as there are intersections. Bo- 
cause two circles mutually cut one another in two points, one of those in 
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tersections is not to be found but by an equation of two dimensions, by 
which the other intersection may be also found. Because there may be 
four intersections of two conic sections, any one of them is not to be found 
universally, but by an equation of four dimensions, by which they may be 
all found together. For if those intersections are severally sought, be- 
cause the law and condition of all is the same, the calculus will? be the 
same in every case, and therefore the conclusion always the same, which 
must. therefore.comprehend all those intersections at‘orce within itself, and 
exhibit them all indifferently. _ Hence it is that the intersections of the 
conic sections with the curves of the third order, because they may amount 
to six, ome out together by equations of six dimensions; and the inter- 
sections of two curves of the third order, because they may amount to nine, 
come out together by equations of nine dimensions. If this did not ne- 
cessarily happen, we might reduce all solid to plane Problems, and those 
higher than solid to. solid Problems. But here I speak of curves irreduci- 
ble in power. For if the equation by which the curve is defined may be 
reduced to a lower power, the curve will not be one single curve, but com- 
posed of two, or more, whose intersections may be severally found by different 
calculusses. After the same manner the two intersections of right lines 
with the conic sections come out always by equations of two dimensions; the 
three intersections of right lines with the irreducible curves of the third 
order by equations of three dimensions; the four intersections of right 
lines with the irreducible curves of the fourth order, by equations of four 
dimensions; and so on in infinitum. Wherefore the innumerable inter- 
sections of a right line with a spiral, since this is but one simple curve. 
and not reducible to more curves, require equations infinite in r amber of 
dimensions and roots, by which they may be all exhibited together. For 
the law and calculus of all is the same. For if a perpendicular is let fall 
from the pole upon that intersecting right line, and that perpendicular 
together with the intersecting line revolves about the pole, the interscc- 
tions of the spiral will mutually pass the one into the other; and that 
which waa first or nearest, after one revolution, will be the second; after 
two, the third; and so on: nor will the equation in the mean time be 
changed but as the magnitudes of those quantities are changed, by which 
the position of the intersecting line is determined. Wherefore since those 
quantities after every revolution return to their first magnitudes, the equa- 
tion will return to its first form; and consequently orie and the same 
equation will exhibit all the intersections, and will therefore have an infi- 
nite number of roots, by which they may be all exhibited. And therefore 
the intersection of a right line with a spiral cannot be universally found by. 
any finite equation; and of consequence there is no oval figure whose area, 
cut off by right lines at. pope: can be univergally exhibited by any 
such equation. . 
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-= By the same argument, if the interval of the pole and point by which 
the spiral is described is taken proportional to that part of the perimeter 
of the oval which is cut off, it may be proved that the length of the peri- 
meter cannot be universally exhibited by any finite equation. But here I 
speak of ovals that are not touched by conjugate figures running out in 
infinitum. 

Cor. Hence the area of an ellipsis, described by a radius drawn from 
the focus to the moving body, is not to be found from the time given bya 
finite equation ; and therefore cannot be determined by the description of 
curves geometrically rational. ‘Those curves I call geometrically rational, 
all the points whereof may be determined by lengths that are definable 
by equations; that is, by the complicated ratios of lengths. Other curves 
(such ag spirals, quadratrixes, and cycloids) I call geometrically irrational. 
For the lengths which are or are not as number to number (according to 
the tenth Book of Elements) are arithmetically rational or irrational. 
And therefore I cut off an area of an ellipsis proportional to the time in 
which it is described by a curve geometrically irrational, in the following 
manner. 


PROPOSITION XXXI. PROBLEM XXIII. 


To find the place of a body moving in a given elliptic trajectory at any 
assigned time. 

Suppose A to be 
the principal vertex, , 
S the focus, and O 
the centre of the 
ellipsis APB; and 
let P be the place of 
the body to be found. 
Produce OA to Gso 
as OG may be to OA 
as OA to OS. Erect | 
the perpendicular GH; and about the centre O, with the interval OG, de- 
scribe the circle GEF ; and on the ruler GH, as a base, suppose the wheel 
GEF to move forwards, revolving about its axis, and in the mean time by 
its point A describing the cycloid ALI. Which done, take GK to the 
perimeter GEFG of the wheel, in the ratio of the time in which the body 
proceeding from A described the arc AP, to the time of a whole revolution 
in the ellipsis. Erect the perpendicular KL meeting the cycloid in L; 
then LP drawn parallel to KG will meet the ellipsis in P, the required 
place of the body. 

_ For about the centre O with the interval OA describe the semi-circle 
AQB, and let LP, produced, if need be, meet the arc AQ in Q, and join 






H 
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SQ, OQ. Let OQ, meet the are EFG in F, and upon OQ let fall the 
perpendicular SR. ‘The area APS is as the area AQS, that is, as the 
difference between the sector OQA and the triangle OQS, or as the dif. r- 
ence of the rectangles 00) X AQ, and OQ x SR, that is, because Hui: 
is given, as the difference between the arc AQ and the right line SR; and 
` therefore (because of the equality of the given ratios SR to the sine of the 
arc AQ, OS to OA, OA to OG, AQ to GF; and by division, AQ—SR 
to GF — sine of the arc AQ) as GK, the difference between the arc GI 
and the sine of the arc AQ. Q.E.D. 


SCHOLIUM. 


But since the description of this curve 
is difficult, a solution by approximation 
. will be preferable. First, then, let there 
be found a certain angle B which may 
be to an angle of 57,29578 degrees, 
which an arc equal to the radius subtends, 
a3 SH, the distance of the foci, to AB, A 
tne diameter of the ellipsis. Secondly,-a certain length L, which may be to 
the radius in the same ratio inversely. And these being found, the Problem 
may be solved by the following analysis. By any construction (or even 
by eonjecture) suppose we know P the place of the body near its true 
place p. Then letting fall on the axis of the ellipsis the ordinate PR 
from the proportion of the diameters of the ellipsis, the ordinate RQ of 
the circumscribed circle AQB will be given; which ordinate is the sine of 
the angle AOQ, supposing AO to be the radius, and also cuts the ellipsis 
in P. It will.be sufficient if that angle is found by a rude calculus in 
numbers near the truth. Suppose we also know the angle proportional to 
the time, that is, which isto four right angles as the time in which the 
body described the arc Ap, to the time of one revolution in the ellipsis. 
Let this angle be N. Then take an angle D, which may be to the angle 
B as the sine of the angle AOQ to the radius; and an angle E which 
may be to the angle N—AOQ +D as the length L to the same length 
I, diminished by the cosine of the angle AOQ, when that angle is less 
than a right angle, or increased thereby when greater. In the next 
place, take an angle F that may be to-the angle B as thesineof the angle 
40Q + E to the radius, and an angle G, that may be to the angle N — 
AOQ, — E + F as the length L to the same length L diminished by the 
cosine of the angle AOQ + E, when that angle is less than a right angle, 
or increased thereby when greater. For the third time take an angle H, 
that may be to the angle B as the sine of the angle AOQ + E +G to the 
radius; and an angle I to the angle N — AOQ — E — G + H, as the 
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length L is to the same length L diminished by the cosine of the angle 
AOQ +E + G, when that angle is less than a right angle, or increased 
thereby when greater. And so we may proceed in infinitum. Lastly, 
take the angle AOg equal to the angle AOQ + E + G + I +, &c. and 
from its cosine Or and the ordinate pr, which is to its sine gr as the lesser 
axis of the ellipsis to the greater, we shall have p the correct place of the 
body. When the angle N— AOQ + D happens to be negative, the 
sign + of the angle E must be every where changed into —, and the sign — 
into +. And the same thing is to be understood of the signs of the angles 
G and I, when the angles N — ΑΟΩ — E + F, and N — AOQ — E — 
G + H come out negative. But the infinite series AOQ +E+G+4+1+, 
&c. converges so very fast, that it will be scarcely ever needful to pro- 
ceed beyond the second term E. And the calculus is founded upon 
this Theorem, that the area APS is as the difference between the arc 
AQ and the right line let fall from the focus S perpendicular J upon the 
radius OQ. 

And by a calculus not anlike the Problem Q 
is solved in the hyperbola. Let its centre be 
O, its vertex A, its focus S, and asymptote 
OK ; and suppose the quantity of the area to 
be cut off is known, as being proportional to 
the time. Let that be A, and by conjecture 
suppose we know the position of a rizht | πο 
SP, that cuts off an area APS near the truth. 
Join OP, and from A and P to theasymptote Ὁ. TA Š 
draw AI, PK parallel to the other asymptote; and by the table of loga- 
rithms the area AIKP will be given, and equal thereto the area OPA, 
which subducted from the triangle OPS, will leave the area cut off APS. 
And by applying 2APS — 2A, or 2A — 2APS, the double difference of 
the area A that was to be cut off, and the area APS that is cut off, to the 
line SN that is let fall from ‘the focus S, perpendicular upon the tangent 
TP, we shall have the length of the chord PQ. Which chord PQ is to 
be inscribed between A and P, if the area APS that is cut off be greater 
than the area A that was to be cut off, but towards the contrary side of the 
point P, if otherwise: and the point Q will be the place of the body more 
accurately. And by repeating the computation the place may be found 
perpetually to greater and greater accuracy. 

And by such computations we have a general 
analytical resolution of the Problem. But the par- 
ticular calculus that follows is better fitted for as- | 
tronomical purposes. Supposing ΑΟ, OB, OD, to 
be the semi-axis of the ellipsis, and L its latus rec- - 
tum, and D the difference betwixt the lesser semi- 
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axis OD, and: the half of the latus rectum : letan angle Y be found, whose 
Sine may be to the radius as the rectangle under that difference D, and 
AO: 4- OD the half sum of.the axes to the square of the greater axis AB. 
Find also an angle Z, whose sine may be to the radius as the double rec- 
tangle under the distance of the foci SH and that difference D to triple 
the Ἱ square of half the greater semi-axis AO. "Those angles being once 
found, the place of the body may be thus determined. Take the angle r 
proportional to the time in which the are BP was described, or equal to 
what is called the mean motion; and an angle V the first equation of the 
mean motion to the angle Y, the greatest first equation, as the sine of 
double the angle T is to the radius; and an angle X, the second equation, 
to the angle Z, the second greatest equation, as the cube of the sine of. the 
angle T is to the cube of the radius. Then take the angle BHP the mean 
motion equated equal to T + X + V, the sum of the angles T, V, X,- 
if the angle T is less than a right-angle; or equal to T + X — V, the 
difference of the same, if that angle 'T' is greater than one and less than 
two right angles; and if HP meets the ellipsis in P, draw SP, and it will 
cut off the area BSP nearly proportional to the time. 

This practice seems to be expeditious enough, because the angles V and 
X, taken in second minutes, if you please, being very small, it will be suf- - 
ficient, to find two or three of their first figures. But it is likewise 
sufficiently accurate to answer to the theory of the planet’s motions. 
For even in the orbit of Mars, where the greatest equation of the centre 
amounts to ten degrees, the error will scarcely exceed one second. But 
when the angle of the mean motion equated BHP is found, the angle ot 
the true motion BSP, and the distance SP, are readily had by the known 
methods. 

And so far concerning the motion of bodies in curve lines But it may 
. also come to pass that a moving body shall ascend or descend in a right 
line; and I shall now go on to explain what belongs to such kind of 
motions. 


SECTION VIL 
Concerning the rectilinear ascent and descent of bodies. 


PROPOSITION XXXIL PROBLEM XXIV. 
— Supposing that the. centripetal force is reciprocally proportional to the | 
square of the distance of the places from the centre; it is required 
to define the spaces which a body, falling directly, describes in given 
times. 


Ὃν Case 1. Tf the body does not fall perpendicularly, it will (by Cor. 1 
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Prop. XIII) describe some conic section whose focus is a 
placed in the centre of force. Suppose that conic sec- 
tion to be ARPB and its focus S. And, first, if the 
figure be an ellipsis, upon the greater axis thereof AB 
describe the semi-circle ADB, and let the right line 
DPC pass through the falling body, making right angles 


with the axis; and drawing DS, PS, the area ASD will € 7" 
be proportional to the area ASP, and therefore also to YZ 
thetime. Theaxis AB still re:naining the same, let the 

breadth of the ellipsis be perpetually diminished, and 5 = 


the area ASD will always remain proportional to the g 
time. Suppose that breadth to be diminished in infinitum ; and the orbit 
APB in that case coinciding with the axis AB, and the focus S with the 
extreme point of the axis B, the body will descend in the right line AC. 
and the area ABD will become proportional to the time. Wherefore the 
space AC will be given which the body describes in a given time by its 
perpendicular fall from the place A, if the area ABD is taken proportional 
to the time, and from the point D the right line DC is let fall perpendic- 
. ularly on the right line ΑΒ. Q.ELL 

Case 2. If the firure RPB is an hyperbola, on the 
same principal diameter AB describe the rectangular 
hyperbola BED ; and because the areas CSP, CB/P, 
SP/B, are severally to the several areas CSD, CBED, 
SDEB, in the given ratio of the heights CP, CD, and 
the area SP/B is proportional to the time in which 
the body P will move through the arc P/B, the area 
SDEB will be also proportional to that time. Let 
the latus rectum of the hyperbola RPB be diminished 
in infinitum, the latus transversum remaining the 
same; and the arc PB will come to coincide with the 
right line CB, and the focus S, with the vertex B, Α 
and the right line SD with the right line BD. And therefore the area 
BDEB will be proportional to the time in which the body C, by its per- 
pendicular descent, describes the line CB. Α.Ε.Ι. 

Case 3. And by the like argument, if the figure 
RPB is a parabola, and to the same principal ver- 
tex B another parabola BED is described, that 
may always remain given while the former para- 
bola in whose perimeter the body P moves, by 
having its latus rectum diminished and reduced 
to nothing, comes to coincide with the line CB, s/7 
the parabolic segment BDEB will be proportional B 
to the time in which that body P or C will descend to the centre S or B 
Q.E.T 





R 
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" PROPOSITION XXXII. THEOREM IX. 


The things above found being supposed, I say, that the velocity of a fal- 
ling body in any place C is to the velocity of a body, describing a 
circle about the centre B at the distance BC, in the subduplicate ratio 
of AC, the distance of the body from the remoter verter A of the circle 
or rectangular hyperbola, to 4AB, the principal semi-diameter of the 

oure. | 
Let AB, the common dia- 
meter of both figures RPB, 

DEB, be bisected in O; and 

draw the right line PT that 

may touch the figure RPB 
in P,.and likewise cut. that 
common diameter AB (pro- 
duced, if need be) in T; and 
let SY be perpendicular to 

this line, and BQ to this di- 

ameter, and supposethelatus c 

rectum of the figure RPB to 

be L. From Cor. 9, Prop. ? 

XVI, it is manifest that the 

velocity of à body, moving 

in the line RPB about the S 

centre S, in any place P, is B 

to the velocity of à body describing a circle about the same centre, at the 

distance SP, in the subduplicate ratio of the rectangle 4L x SP to SY? 

For by the properties of the conic sections ACB is to CP? as 2AO to L. 


2CP? x AO 
and therefore — is equal to L. Therefore those velocities art 


to each other in the subduplicate ratio p EAT SY?. Mor 


over, by the properties of the conic sections, CO is to BO as BO to To | 
and (by composition or division) as CB to BT. Whence (by division ον 
composition) BO — or + CO will be to BO as CT to BT, that is, AC 


will be to AO as CP to BQ; and therefor CP? x AO X SP; 


ACB 
BQ? x AC x SP 
SS Ee Now suppose CP, the breadth of the figure RPB, to 
be diminished in infinitum, so as the point P may come to coincide with 
the point C, and the point S with the point B, and the line SP with the 
line BC, and the line SY with the line BQ; and the velocity of the body 


üow descending perpendicularly in the line CB will be to the velocity of 
| 11 | 






——— is equal to 
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a body describing a circle about the centre B, at the distance BC, in the 
2 

Sa x TES to SY?, that is (neglecting the ra- 
tios of equality of SP to BC, and BQ? to SY?) in the subduplicate ratio 
of AC to AO, or 3AB. Q.E.D. . 

Cor. 1. When the points B and S come to coincide, TC will become to 
'TS as AC to AO. 

Con. 2. A body revolving in any circle at a given distance from the 
centre, by its motion converted upwards, will ascend to double its distance 


subduplicate ratio of 


= from the centre. 


PROPOSITION XXXIV. THEOREM X. 

If the figure BED is a parabola, I say, that the velocity of a falling 
body in any place C is equal to the velocity by which a body may 
uniformly describe a circle about the centre B at half the interval BC 
For (by Cor. 7, Prop. XVI) the velocity of a 

body describing a parabola RPB about the cen- 

tre S, in any place P, 16 equal to the velocity of 

a body uniformly describing a circle about the c 

same centre S at half the interval SP. Let the 

breadth CP of the parabola be diminished in 
infinitum, so 88 the parabolic arc P/B may come 

to coincide with the right line CB, the centre S 5 

with the vertex B, and the interval SP with the B | 

interval BC, and the proposition will be manifest. Q.E.D. 







PROPOSITION XXXV. THEOREM XI. 

The same things supposed, I say, that the area of the figure DES, de- 
scribed by the indefinite radius SD, is equal to the area which a body 
with a radius equal to half the latus rectum of the figure DES, by 
uniformly revolving about the centre S, may describe in the same time. 
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For suppose a body C in the smallest moment of time describes in fal- 
ling the infinitely little line Cc, while another body K, uniformly revolv- 
ing about the centre S in the circle OKA, describes the arc Kk. Erect the 
perpendiculars CD, cd, meeting the figure DES in D, d. Join SD, Sd, 
SK, Sk, and draw Dd meeting the axis AS in T, and thereon let fall the 
perpendicular SY. | 

Case 1. If the figure DES is a circle, or a rectangular hyperbola, bisect 
its transverse diameter AS in O, and SO will be half the latus rectum. 
And because TC is to TD as Cc to Dd, and TD to TS as CD to SY; 
ez equo TC will be to TS as CD x Ce to SY x Dd. But (by Cor. 1, 
Prop. XX XIII) TC is to TS as AC to AQ; to wit, if in the coalescence 
of the points D, d, the ultimate ratios of the lines are taken. Wherefore 
AC is to AO or SK as CD x Cc to SY x Dd. Farther, the velocity of 
the descending body in C is to the velocity of a body describing a circle 
about the centre S, at the interval SC, in the subduplicate ratio of AC to 
AO or SK (by Prop. XXXIII); and this velocity is to the velocity of a 
body describing the circle OK in the subduplicate ratio of SK to SC 
(by Cor. 6, Prop' IV); and, ex «equo, the first velocity to the last, that is, 
the little line Cc to the are K~, in the subduplicate ratio of AC to SO, 
that is, in the ratio of AC to CD. Wherefore CD X Cc is equal to AC 
X Kk, and consequently AC to SK as AC x Kk to SY x Dd, and 
thence SK x Kk equal to SY x Dd, and ἑ5Κ x Kk equal to ¿SY x Dd, 
that is, the area KS& equal to the area SDd.  ''hereforein every moment 
of time two equal particles, KS& and SDd, of areas are generated, which, 
if their magnitude is diminished, and their number increased $n infinit»un, 
obtain the ratio of equality, and consequently (by Cor. Lem. IV), the whole 
areas together generated are always equal. Q.E.D. | 

CASE 2. But if the figure DES isa 
parabola, we shall find, as above, CD X 
Cc to SY x Dd as TC to TS, that is, 
as 2 to 1; and that therefore1CD x Cc :,’ 
is equal to 3 SY x Dd. But the veloc- 
ity of the falling body in C is equal to 
the velocity with which a circle may be ἱ 
uniformly described at the interval ¿SC  & 
(by Prop. XXXIV). And this velocity — 
to the velocity with which a circle may Emm 
be described with the radius SK, that is, 
the little line Ce to the arc Kk, is (by. 
Cor. 6, Prop. IV) in the subduplicate ratio of SK to 150; that is, in the 
ratio of SK to 4CD. Wherefore 4SK x ΚΚ is equal to iCD x Ce, and 
therefore equal to ¿SY x Dd; that is, the area KS% is equal to the area 
SDd, as above. Q.E.D. 
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PROPOSITION XXXVI. PROBLEM XXV. 






To determine the times of the descent of a body falling from a given 
Upon the diameter AS, the distance of the body from the A | 

centre at the beginning, describe the semi-circle ADS, as EON 

S. From any place C of the body erect the ordinate CD, O 

Join SD, and make the sector OSK equal to the area ASD. 

describe the space AC in the same time in which another body, 

uniformly revolving about the centre S, may describe the arc 


place A. 
likewise the semi-circle OKH equal thereto, about the centre € 
It is evident (by Prop. XX XV) that the body in falling will ς : 
OK. Q.E.F. 


PROPOSITION XXXVII. PROBLEM XXVI. 


To define the times of the ascent or descent of a body projected upwards 
or downwards from a given place. 

Suppose the body to go off from the given place G, in the direction of 

the line GS, with any velocity. In the duplicate ratio of this velocity to 

the uniform velocity in a circle, with which the body may revolve about 





the centre S at the given interval SG, take GA to 4AS. If that ratio is 
the same as of the number 2 to 1, the point A is infinitely remote; in 
which case a parabola is to be described with any latus rectum to the ver- 
tex S, and axis SG; as appears by Prop. XXXIV. But if that ratio 18 
less or greater than the ratio of 2 to 1, in the former case a circle, in the 
latter a rectangular hyperbola, is to be described on the diameter SA; as 
appears by Prop. XX XIII. Then about the centre S, with an interval 
equal to half the latus rectum, describe the circle HAK ; and at the place 
G of the ascending or descending body, and at any other place C, erect the 
perpendiculars GI, CD, meeting the conic section or circle in I and D. 
Then joining SI, SD, let the sectors HSK, HSk be made equal to the 
segments SEIS, SEDS, and (by Prop. XX XV) the body G will describe 
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the space GC in the same time in which the body K may describe the arc 
Kk. Q.E.F 


PROPOSITION XXXVII. THEOREM XII. 


Supposing that the centripetal force is proportional to the altitude or 
distance of places from the centre, I say, that the times and velocities 
of falling bodies, and the spaces which they describe, are respectively 
proportional to the arcs, and the right and versed sines of the arcs. 
Suppose the body to fall from any piace A in the a 

right line AS; and about the centre of force S, with 

the interval AS, describe the quadrant of a arde AE; 

and let CD be the right sine of any are AD; and the 

body A will in the time AD in falling describe the 

space AC, and in the place C will acquire the ve- E 

locity CD. E 
This is demonstrated the same way from Prop. X, as Prop. XXXII was 

demonstrated from Prop. XI. 

Cor. 1. Hence the times are equal in which one body falling from the 
place A arrives at the centre S, and another poe revolving describes the 
quadrantal are ADE. 

Cor. 2. Wherefore all the times : are equal in which bodies falling from 
whatsoever places arrive at the centre. For all the periodic times “of re- 
volving bodies are equal (by Cor. 3, Prop. IV). 


PROPOSITION XXXIX. PROBLEM XXVII. 


| Supposing a centripetal force of any kind, and granting the quadra- 
tures of curvilinear figures ; it 1s required to find the velocity of a body, 
ascending or descending in a right line, in the several places through 
which it passes ; as also the time in which it will arrive at any place: 
and vice versa. 
. Suppose the body E to fall from any place a n T 
A in the right line ADEC ; and from its place 
E imagine a perpendicular EG always erected P- 
proportional to the centripetal force in that 
place tending to the centre C; and let BFG 
- be a curve line, the locus of the point G. And D 
in the beginning of the motion suppose EG to i 
coincide with the perpendicular AB; and the 
velocity of the body in any place E will be as e 
a right line whose square is equal to the cur- 
vilinear area ABGE. QELI. | 
In EG take EM reciprocally proportional to € 
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a right line whose square is equal to the area ABGE, and let VLM be a 
curve line wherein the point M is always placed, and to which the right 
line AB produced 15. an asymptote; and the time in which the body in 
falling describes the line AE, will be as the curvilinear area AB'TVME. 
QEL 

For in the right line AE let there be taken the very small line DE of 
a given length, and let DLF be the place of the line EMG, when the 
body was in D; and if the centripetal force be such, that a right line, 
` whose square is equal to the area ABGE, is as the velocity of the descend- 
ing body, the area itself will be as the square of that velocity ; that is, if 
for the velocities in D and E we write V and V + I, the area ABFD will 
be as VV, and the area ABGE as VV + 2VI + II; and by division, the 
area DFGE as 2VI + II, and therefore ue will be 85— DE 3 
that is, 1f we take the first ratios of those quantities when just nascent, the 





| 2VI 
length DF is as the quantity DE” and therefore also as half that quantity 


Ix V 
DE 
small line DE, is as that line directly and the velocity V inversely; and 
the force will be as the increment I of the velocity directlv and the time 
inversely; and therefore if we take the first ratios when those quantities 
are just nascent, A that is, as the length DF. Therefore a force 
proportional to DF or EG will cause the body to descend with a velocity 
that is as the right line whose square is equal to the area ABGE. |. Q.E.D. 

Moreover, since the time in which a very small line DE of a given 
length may be described is as the velocity inversely, and therefore also 
inversely as a right line whose square is equal to the area ABFD ; and 
since the line DL, and by consequence the nascent area DLME, will be as 
the same right line inversely, the time will be as the area DLME, and 
the sum of all the times will be as the sum of all the areas; that is (by 
Cor. Lem. IV), the whole time in which theline AE is described will be 
as the whole area ATVME. Q.E.D. | | 

Con. 1. Let P be the place from whence a body ought to fall, so as 
that, when urged by any known uniform centripetal force (such as 
gravity is vulgarly supposed to be) it may acquire in the place D a 
velocity equal to the velocity which another body, falling by any force 
whatever, hath acquired in that place D. In the perpendicular DF let 
there be taken DR, which may be. o DF as that uniform force to 
the other force in the place D. Complete the rectangle PDRQ, and cut 
ff the area ABFD equal to that rectangle. Then A will be the place 


e But the time in which the body in falling describes the very 
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from whence the other body fell. For com- a B ]: 
pleting the rectangle DRSE, since the area 
ABFD is to the area DF'GE as VV to 2VI, νι. 
and therefore as ἐγ to I, that is, as half the 
whole velocity to the increment of the velocity 

of the body falling by the unequable force; and p 
in like manner the area PQRD to the area 5 
DRSE as half the whole velocity to the incre- 
ment of the velocity of the body falling by the εἰ 
uniform force; and since those increments (by | 
reason of the equality of the nascent times) | 
are as the generating forces, that is, as the or- οἱ 
dinates DF, DR, and consequently as the nascent areas DPGE, DRSE; 
therefore, ez «quo, the whole areas ABFD, PQRD will be to one another 
as the halves of the whole velocities; and therefore, because the velocitics 
are equal, they become equal also. 

Cor. 2. Whence if any body be projected either upwards or downwards 
with a given velocity from any place D, and there be given the law of 
centripetal force acting on it, its velocity will be found in any other place, 
as e, by erecting the ordinate eg, and taking that velotity to the velocity 
in the place D as a right line whose square is equal to the rectangle 
PQRD, either increased by the curvilinear area DF ge, if the place e is 
below the place. D, or diminished by the same area DF ge, if it be higher, 
is to the right line whose square is equal to the rectangle PQRD alone. 

Cor. 3. The time is also known by erecting the ordinate em recipro- 
cally proportional to the square root of PQRD + or — DF ge, and taking 
the time in which the body has described the line De to the time in which 
another body has fallen with an uniform force from P, and in falling ar- 
rived at D in the proportion of the curvilinear area DLme to the rectan- 
vle 2PD x DL. For the time in which a body falling with an uniform 
force hath described the line PD, is to the time in which the same body: 
has described the line PE in the subduplicate ratio of PD to PE; that ig 
` (the very small line DE being just nascent), in the ratio of PD to PD + 
4DE, or 2PD to 2PD + DE, and, by division, to the time in which the 
body hath described the small line DE, as 2PD to DE, and therefore as 
the rectangle 2PD X DL to the area DLME; and the time in which 
both the bodies described the very small line DE is to the time in which 
.the body moving unequably hath described the line De as the area DLME 
to the area DLme ; and, εν cquo, the first mentioned of these times is to 
the last as the rectangle 2PD x DL to the area DI.me. 
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SECTION VIII. 
Of the invention of orbits wherein bodies will rerolve, being acted upon 
by any sort of centripetal force. 


PROPOSITION XL. THEOREM XIIL 
If a body, acted upon by any centripetal force, is any how moved, and 
another body ascends or descends in a right line, and their velocities 
be equal in any one case of equal altitudes, their velocities will be also 
equal at all equal altitudes. 

Let a body descend from A through D and E, to the centre A 
C; and let another body move from V in the curve line VIKk. 
From the centre C, with any distances, describe the concentric 
circles DI, EK, meeting the right line AC in D and E, and 
the curve VIK in I and K. Draw IC meeting KE in N, and 
on IK let fall the perpendicular N'T ; and let the interval DE 
or IN between the circumferences of the circles be very small; 
and imagine the bodies in D and I to have equal velocities. 
‘Then because the distances CD and CI are equal, the centri- 
petal forces in D and I will be also equal. Let those forces be αἱ 
expressed by the equal lineolæ DE and IN; and let the force | 
IN (by Cor. 2 of the Laws of Motion) be resolved into two 
others, NT and IT. 'lhen the force NT acting in the direction of the 
line NT perpendicular to the path ITK of the body will not at all affect 
or change the velocity of the body in that path, but only draw it aside 
from a rectilinear course, and make it deflect perpetually from the tangent 
of the orbit, and proceed in the curvilinear path ITKÁ. That whole 
force, therefore, will be spent in producing this effect; but the other force 
IT, acting in the direction of the course of the body, will be all employed 
in accelerating it, and in the least given time will produce an acceleration 
proportional to itself. Therefore the accelerations of the bodies in D and 
I, produced in equal times, are as the lines DE, IT (if we take the first 
ratios of the nascent lines DE, IN, IK, ΙΤ, NT); and in unequal times as 
those lines and the times conjunctly. But the times in which DE and IK 
are described, are, by reason of the equal velocities (in D and I) as the 
spaces described DE and IK, and therefore the accelerations in the course 
of the bodies through the lines DE and IK are as DE and IT, and DE 
and IK conjunctly ; that is, as the square of DE to the rectangle IT into 
IK. But the rectangle IT x IK is equal to the square of IN, that is, 
equal to the square of DE; and therefore the accelerations generated in 
the passage of the bodies from D and I to E and K are equal. Therefore 
the velocities of the bolies in E and K are also equal. and by the same 
reasoning they will always be found equal in any subsequent equal dis- 
tances. Q.E.D. | 
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By the same reasoning, bodies of equal velocities and equal distances 
from the centre will be equally retarded in their ascent to equal distances. 
Q.E.D. 

Cor. 1. Therefore if a body either oscillates by hanging to a string, or 
by any polished and perfectly smooth impediment is forced to move in a 
curve line; and another body ascends or descends in a right line, and their 
velocities be equal at any one equal altitude, their velocities will be also 
equal at all other equal altitudes. For by the string of the pendulous 
body, or by the impediment of a vessel perfectly smooth, the same thing 
will be effected as by the transverse force ΝΤ. The body is neither 
accelerated nor retarded by it, but only is obliged to leave its rectilinear 
course. 

Don. 2. Suppose the quantity P to be the greatest distance from the 
ventre to which a body can ascend, whether it be oscillating, or revolving 
in a trajectory, and so the same projected upwards from any point of a 
trajectory with the velocity it has in that point. Let the quantity A be 
the distance of the body from the centre in any other point of the orbit; and 
let the centripetal force be always as the power A»—', of the quantity A, the 
index of which power » — 1 is any number n diminished by unity. Then 


the velocity in every altitude A will be as y P" — A”, and therefore will 
be given. For by Prop. XX XIX, the velocity of a body ascending and 
descending i in a right line is in that very ratio. 


PROPOSITION XLL PROBLEM XXVIII. 

Supposing a centripetal force of any kind, and granting the quadra- 
tures of curvilinear figures, it is required to find as well the trajecto- 
ries in which bodies will move, as the times of their motions in the 
trajectories found. l 
Let any centripetal force tend to a 

the centre C, and let it be required ΤΣ. 

to find the trajectory VIKE. Let R 

there be given the circle VR, described 

from the centre C with any interval 

CV; and from the same centre de- 

. Scribe any other circles ID, KE cut- 

ting the trajectory in I and K, and 

the right line CV in D and E. Then 
draw the right line CNIX cutting the 
circles KE, “VR in N and X, and the right line CKY meeting the circle 

VR in Y. Let the points i and K be indefinitely near; and let the body 

go on from V through I and K to k; and let the point A be the place 

from whence anothe body is to fall, so as in the place D to acquire a ve- 
locity equal to the velocity of the first body in I. And things remaining 
as in Prop. XX XIX, the lineola IK, described in the least given time 
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will be as the velocity, and therefore as the right line whose square is 
equal to the area ABFD, and the triangle ICK ‘proportional to the time 
will be given, and therefore KN will be reciprocally as the altitude JC; 
that is (if there be given any quantity Q, and the altitude IC be called 


A), as > 


. be such that in some case V ABFD may be to Z as IK to KN, and then 
in all cases y ABFD will be to Z as IK to KN, and ABFD to ZZ as 
IK? to ΚΝ’, and by division ABF D — ZZ to ZZ aa IN? to KN?, and therc- 


This quantity a call Z, and suppose the magnitude of Q te 


fore v ABFD — ZZ to Z, or = as IN to KN; and therefore A x KN 
: ΙΝ 
will be equal to peru Thereforesince Y X x XC is to A X KN 


/ ABFD—ZZ 


X IN 2 
as CX?,to AA, the rectangle XY x XC will be equal to 4 X IN X CX 


AA v ABFD—ZZ. 
‘Therefore in the perpendicular DF let there be taken continually Dé, De 


(ὰ Q x CX? 
Se το τν απο TOspectively;-atid 
24 ABFI)— ZZ 2AA y ABFD — ZZ : 
let the curve lines ab, ac, the foci of the points b and c, be described : and 
from the point V let the perpendicular Va be erected to the line AC, cut- 
ting off the curvilinear areas VDla, VDca, and let the ordinates Ez, 
Ex, be erected also. ‘Then because the rectangle Dé x IN or DozE 18 
equal to half the rectangle A x KN, or to the triangle ICK ; and the 
rectangle De x IN or DczE is equal to half the rectangle Y X x XC, or 
to the triangle XCY ; that is, because the nascent particles DózE, ICK 
of the areas VDóa, ‘VIC are always equal; and the nascent particles 
DczE, XCY of the areas VDca, VCX are always equal: therefore the 
generated area VDda will be equal to the generated area VIC, and there- 
fore proportional to the time; and the generated area VDca is equal to 
the generated sector VCX. If, therefore, any time be given during which 
the body has been moving from V, there will be also given the area pro- 
portional to it VDba; and thence will be given the altitude of the body 
CD or CI; and the area VDca, and the sector ΤΟΧ equal there'o, together 
with its angle VCI. But the angl» VCI, and the altitude CI being given, 
there is also given the place I, in which the body will be found at the end 
of that time. Q.E.L 

Con. 1. Hence the greatest and least altitudes of the bodies, that is, the 
apsides of the trajectories, may be found very readily. For the apsides 
are those points in which a right line IC drawn through the centre falls 
perpendieularly upon the trajectory VIK; which comes to pass when the 
right lines IK and NK become equal; that is, when the ares ABFD is 
enm) to ZZ. 





equal to 
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Cor. 2. So also the angle KIN, in which the trajectory at any place 
cuts the line IC, may be readily found by the given altitude IC of the 
body: to wit, by making the sine of that angle to radius as KN to IK 
that is, as Z to the square root of the area ABFD. | 

Cor. 3. If to the centre C, and the S/ x 
principal vertex V, there be described a R T 
conic section VRS; and from any point y y 
thereof, as R, there be drawn the tangent ην 
RT meeting the axis CV indefinitely pro- (2 
duced in the point T; and then joining C | S 
CR there be drawn the right line CP, Q z 
equal to the abscissa CT, making an angle VCP proportional to the sector 
VOR; and if a centripetal force, reciprocally proportional to the cubes 
of the distances of the places from the centre, tends to the centre C; and 
from the place V there sets out a body with a just velocity in the direc- 
. tion of a line perpendicular to the right.line CV; that body will proceed 
in a trajectory VPQ, which the point P will always touch; and therefore 


if the conic section VRS be an hyberbola, the body will descend to the cen- 
tre; but if it be an ellipsis, it will ascend perpetually, and go farther and 


farther off in infinitum. And, on the contrary, if a body endued with any 
velocity goes off from the place V, and according as it begins either to de 
scend obliquely to the centre, or ascends obliquely from it, the figure VRS 
be either an hyperbola or an ellipsis, the trajectory may be found by increas- 
ing or diminishing the angle VCP in a given ratio. And the centripetal 
force becoming centrifugal, the body will ascend obliquely in the trajectory 
VPQ, which is found by taking the angle VCP proportional to the elliptic 
sector VRC, and the length CP equal to the length CT, as before. All these 
. things follow from the foregoing Proposition, by the quadrature of a certair 
curve, the invention of which, as being easy enough, for brevity’s sake I omit. 


PROPOSITION XLII. PROBLEM XXIX. 

The law of centripetal force being given, it is required to find the motion 
of a body setting out from a given place, with a given velocity, in the 
direction of a given right line. 
Suppose the same things as in 

the three preceding propositions; 

and let the body go off from 
the place I in the direction of the" ^ 
little line, IK, with the same ve- 
locity as another body, by falling 
with an uniform centripetal force 
from the place P, may acquire in 
D; and let this uniform force be 
to the force with which the body 
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' is at first urged in I, as DR to DF. Let the body go on towards 4; and 
about the centre C, with the interval Ck, describe the circle ke, meeting 
the right line PD in e, and let there be erected the lines eg, ev, ew, ordi- 
nately applied to the curves BF'g, abv, acw. From the given rectangle 
PDRQ and the given law of centripetal force, by which the first body ig 
acted on, the curve line BF g is also given, by the construction of Prop. 
XXVII, and its Cor. 1. Then from the given angle CIK is given the 
proportion of the nascent lines IK, KN; and thence, by the construction 
of Prob. XXVIII, there is given the quantity Q, with the curve lines abv, 
acw ; and therefore, at the end of any time Dédve, there is given both 
the altitude of the body Ce or Ck, and the area Dewe, with the sector 
equal to it XCy, the angle ICE, and the place &, in which the body will 
then be found. Q.E.I. 

We suppose in these Propositions the centripetal force to vary in its 
recess from the centre according to some law, which any one may imagine 
at pleasure; but at equal distances from the centre to be everywhere the 
same. 

I have hitherto considered the motions of bodies in immovable orbits. 
lt remains now to add something concerning their motions in orbits which 
revolve round the centres of force. 


SECTION IX. 
Of the motion of bodies in moveable orbits ; and of the motion of the 
apsides. 


PROPOSITION XLIII. PROBLEM XXX. 

It is required to make a body move in a trajectory that revolves about 
the centre of force in the same manner as another body in the same 
trajectory at rest. 

In. the orbit VPK, given by position, let the body 
P revolve, proceeding from V towards K. From 
the centre C let there be continually drawn Cp, equal 
to CP, making the angle VCp proportional to the 
angle VCP; and the area which the line Cp describes 
will be to the area VCP, which the line CP describes 
at the same time, as the velocity of the describing 
line Cp to the velocity of the describing line CP; i 
that is, as the angle VCp to the angle VOP, therefore in a given ratio, 
and therefore proportional to the time. Since, then, the area described by 
the line Cp in an immovable plane is proportional to the time, it is manifest 
that a body, being acted upon by a just quantity of centripetal force may 
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revolve with the point p in the curve line which the same point p, by the 
method just now explained, may be made to describe an Homey ule plane. 
Make the angle VCu equal to the angle PCp, and. the line Cu equal to 
CV, and the figure uCp equal to the figure VCP, and the body being al- 
ways in the point p, will move in the perimeter of the revolving fijrure 
uCp, and will describe its (revolving) arc wp in the same time tha’ the 
other body P describes the similar and equal arc VP in the quiesce':t fig- 
ure VPK. Find, then, by Cor. 5, Prop. VL, the centripetal force by which 
the body may be made to revolve in the curve line which the poins p de- 
scribes in an immovable plane, and the Problem will be solved. (4, E.F. 


PROPOSITION XLIV. THEOREM XIV. 


The difference of the forces, by which two bodies may be mati to nove 

equally, one in a quiescent, the other in the same orbit revolving, i « in 

a triplicate ratio of their common altitudes οσα 

Let the parts of the quiescent or- 
bit VP, PK be similar and equal to 
the parts of the revolving orbit up, U 
pk ; and let the distance of the points 2’ 
P and K be supposed of the utmost F 
smallness Let fall a perpendicular į 
kr from the point & to theright line i 
pC, and produce it to m, so that mr * 
may be to kr as the angle VCp to the 
angle VCP. Because the altitudes 
of the bodies PC and pO, KC and 
ΚΟ, are always equal, it is manifest 
that the increments or decrements of 
the lines PC and pC are always 
equal; and therefore if each of the 
several motions of the bodies in the places P and p be resolved inc two 
(by Cor. 2 of the Laws of Motion), one of which is directed towards the 
centre, or aecording to the lines PC, pC, and the other, transverse to the 
former, hath a direction perpendicular to the lines PC and pC; the mo- 
tions towards the centre will be equal, and the transverse motion of the 
body p will be to the transverse motion of the body P as the angular mo- 
tion of the line pC to the angular motion of the line PC; that is, as the 
angle VCp to the angle VCP. ‘Therefore, at the same time that the hodv 
P, by both its motions, comes to the point K, the body p, having an equal 
motion towards the centre, will be equally moved from p towards C ; and 
therefore that time being expired, it will be found somewhere in the 
line mkr, which, passing through the point k, is perpendicular to the line: 
pC; and by its transverse motion will acquire a distance from the line 
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vC, that will be to the distance which the other body P acquires from the ` 
line PC as the transverse motion of the body p to the transverse motion of 
the other body P. Therefore since kr is equal to the distance which the 
body P acquires from the line PC, and mr is to kr aa the angle VCp to 
the angle VCP, that is, as the transverse motion of the body p to the 
transverse motion of the body P, it 18 manifest that the body p, at the ex- 
piration of that time, will be found in the place m. These things will be 
so, if the bodies p and P are equally moved in the directions of the lines 
pC and PC, and are therefore urged with equal forces in those directions. 
but if we take an angle pCz that is to the angle pCk as the angle VCp 
to the angle VCP, and nC be equal to KC, in that case the body p at the 
expiration of the time will really be in n; and is therefore urged with a 
greater force than the body P, if the angle nCp is greater than the angle 
kCp, that is, if the orbit upk, move either a consequentia, or in antece- 
dentia, with a celerity greater than the double of that with which the line 
CP moves in consequentia ; and with a less force if the orbit moves slower 
in antecedentia. And the difference of the forces will be as the interval 
mn of the places through which the body would be carried by the action of 
that difference in that given space of time. About the centre C with the 
interval Cn or Ck suppose a circle described cutting the lines mr, nen pro- 
duced in s and ¢, and the rectangle mn X mt will be equal to the rectan- 


mk x ms . 
——. But since 
mt 





gle mk X ms, and therefore mn will be equal to 


the triangles pCk, pCn, in a given time, are of a given magnitude, Ar and 
mr, aid their difference mk, and their sum ms, are reciprocally as the al- 
titude pC, and therefore the rectangle mk Χ ms is reciprocally as the 
square of the altitude pC. But, moreover, mt is directly as 4 mt, that is, as 
the altitude pC. 'These are the first ratios of the nascent lines; and hence 
S , that is, the nascent lineola mn, and the difference of the forces 
proportional thereto, are reciprocally as the cube of the altitude pC. 
Q.E.D. 
Cor. 1. Hence the difference of the forces in the places P and p, or K and 
k, is to the force with which a body may revolve with a circular motion 
from R to K, in the same time that the body P in an immovable orb de- 
scribes the arc PK, as the nascent line mn to the versed sine of the nascent 
: mk x ms, rk? 
arc RK, that 18, as — mn © 2x6 
rk; that is, if we take given quantities F and G in the same ratio to one 
another as the angle VCP bears to the angle VCp, as GG — FF to FF. 
And, therefore, if from the centre C, with any distance CP or Cp, there be 
described a circular sector equal to the whole area VPC, which the body 





,oras mk X ms to the square of 
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revolving in an immovable crbit has by a radius drawn to the centre de- 
scribed in any certain time, the difference of the forces, with which the 
body P revolves in an immovable orbit, and the body p in a movable or- 
bit, will be to the centripetal force, with which another body by a radius 
drawn to the centre can uniformly describe that sector in the same time 
as the area VPC is described, as GG — FF to FF. For that sector and 
the area pCk are to one another as the times in which they are described. 
. Cor. 2. If the orbit VPK be an - 
ellipsis, having its focus C, and its 

highest apsis V, and we suppose the 

the ellipsis upk similar and equal to ; 
it, so that pC may be always equal ἑ 
to PC, and the angle VCp be to the £ 
angle VCP in the given ratio of G į 
to F; and for thealtitude PC or pC ' 
we put A, and 2R for the latus rec- 
tum of the ellipsis, the force with 
which a body may be made to re 
volve in a movable ellipsis will be as 
FF , RGG— RFF 
AAT ae 
Liet the force with which a body may 


and vice versa. 





FF 
revolve in an immovable ellipsis be expressed by the quantity ΑΛ) and the 


force in V will be ΟΥ: But the force with which a body may revolve in 


a circle at the distance CV, with the same velocity as a body revolving in 
an ellipsis has in V, is to the force with which a body revolving in an ellip- 
sis is acted upon in the apsis V, as half the latus rectum of the ellipsis to the 
semi-diameter CV of the circle, and therefore is as Qu ; and the force 


RGG — RFF 


which is to this, as GG — FF to FF, is as gys ~: and this force 


(by: Cor. 1 of this Prop.) is the difference of the forces in V, with which the 
body P revolves in the immovable ellipsis "VPK, and the body p in the 
movable ellipsis upk. Therefore since by this Prop. that difference at 





any other altitude A is to itself at the altitude CV as x; to s the same 


? ov» 
difference in every altitude A will be as -- ο ας art REF Therefore to the, 


FF | - 
force ΑΔ by which the body may revolve in an immovable ellipsis VPK 
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GG— 
KGG iE E and the sum will be the whole force 





add the excess 


RGG — RFF 
A? 
able ellipsis upk. 

Cor. 3. In the same manner it will be found, that, if the immovable or- 
bit VPK be an ellipsis having its centre in the centre of the forces C, and 
there be supposed a movable ellipsis vpk, similar, equal, and concentrical 
to it; and 2R be the principal latus rectum of that ellipsis, and 2T the 
latus transversum, or greater axis; and the angle VCp be continually to the 
angle VCP as G to F; the forces with which bodies may revolve in the im- 

TE ; FFA FFA 
movable and movable ellipsis, in equal times, will be as Up and qv 
RGG —RFF 
T 

Con. 4. And universally, if the greatest altitude CV of the body be called 
T, and the radius of the curvature which the orbit VPK has in V, that is. 
the radius of a circle equally curve, be called R, and the centripetal force 
with which a body may revolve in any immovabletrajectory VPK at the place 


FF 
ai + 





by which a body may revolve in the same time in the mot- 





respectively. 


VFF 
V be called TT! and in other places P be indefinitely styled X ; and the 


altitude CP be called A, and G be taken to F in the given ratio of the 
angle VCp to the angle VCP; the centripetal force with which the same 
body will perform the same motions in thesame time, in thesame trajectory 
upk revolving with a circular motion, will be as the sum of the forces X + 
Ὕπαα — VRFF 
ο... 

Cor. 5. Therefore the motion of a body in an immovable orbit being 
given, its angular motion round the centre of the forces may be increased 
or diminished in a given ratio; and thence new immovable orbits may be 
found in which bodies may revolve with new centripetal forces. 

Cor. 6. Therefore if there be erected the line VP of an indeterminate 

Ῥ length, perpendicular to the line CV given by Ρο- 
V sition, and CP be drawn, and Cp equal to it, mak- 

ing the angle VCp having a given ratio to the an- 

gle VCP, the force with which a body may revolve 

P in the curve line Vpk, which the point p is con- 

A | tinually describing, will be reciprocally as the cube 
of the altitude Cp. For the body P, by its vis in- 

ertic alone, no other force impelling it, will proceed uniformly in the right 
line VP. Add, then, a force tending to the centre C reciprocally as the 
cube of the altitude CP or Cp, and (by what was just demonstrated) the 
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body will deflect from the rectilinear motion into the curve line Vpk. But 
this curve Vpk is the same with the curve VPQ found in Cor. 3, Prop 
XLI, in which, I said, bodies attracted with such forces would ascend 
obliquely. 


PROPOSITION XLV. PROBLEM ΧΧΧΙ. 
To Jind the motion of the apsides in orbits approaching very near to 
circles, 

This problem is solved arithmetically by reducing the orbit, which a 
body revolving in a movable ellipsis (as in Cor. 2 and 3 of the above 
Prop.) describes in an immovable plane, to the figure of the orbit whose 
apsides are requited ; and then seeking the apsides of the orbit which that 
body describes in an immovable plane. But orbits acquire the same figure, 
if the centripetal forces with which they are described, compared between 
themselves, are made proportional at equal altitudes. Let the point V be 
. the highest apsis, and write 'I' for the greatest altitude CV, A for any other 
altitude CP or Cp, and X for the difference of the altitudes CV — CP; 
and the force with which a body moves in an ellipsis revolving about its 


F RGG— RFF, 
foous C (as in Cor. 2), and which in Cor. 2 was as 77 E ; 


AAT ας A 
FFA + RGG FF 
that is as a by substituting T — X for A, will be- 
RGG — RFF + ΤΕΕ — FFX 
come ντ --- In like manner any other cen- 








tripetal force is to be reduced to a fraction whose denominator is A’, and 
the numerators are to be made analogous by collating together the homo- 
logous terms. This will be made plainer by Examples. 


ExaMPLE 1. Let us suppose the centripetal force to be uniform, 
3 


A E : 
and therefore as As οι, writing T --- X for A in the numerator, aa 


ae = . Then collating together the correspon- 
dent terms of the numerators, that is, those that consist of given quantities, 
with those of given quantities, and those of quantities not given with those 
of quantities not given, it will become RGG — RFF + TFF to T? as — 
= FFX to 3TTX + 3TXX — X35, or as —FF to —3TT + 3TX — XX. 
Now since the orbit is supposed extremely near to a circle, let it coincide 
with a circle; and because in that case R and T become equal, and X is 
infinitely diminished, the last ratios will be, as RGG to 'T?, so — FF to — 
ΘΓ, or as GG to TT, so FF to 3TT; and again, as GG to FF, so TT" 
to ITT, that is, as 1 to 3; and therefore G is to F, that is, the angle VCp 
to the angle VCP, as 1 to V3. 'T'heretore since the body, in an immovable 
: 12 





478 THE MATHEMATICAL PRINCIPLES [Book I 


ellipsis, in descending from the upper to the lower apsis, describes an angle, 
if I may so speak, of 180 deg., the other body in a movable ellipsis, and there- 
fore in the immovable orbit we are treating of, will in its descent from 
the upper to the lower apsis, describe an angle VCp »f ο deg. And this 
comes to pass by reason of the likeness of this orbit which a body acted 
upon by an uniform centripetal force describes, and of that orbit which a 
body performing its circuits in a revolving ellipsis will describe in a quies- 
cent plane. By this collation of the terms, these orbits are made similar; 
not universally, indeed, but then only when they approach very near to a 
circular figure. A body, therefore revolving with an η centripetal 


180 
force in an orbit nearly circular, will always describe an angle of --- 73 deg4 or 


103 deg., 55 m., 23 scc., at the centre; moving from the upper apsis to the 
lower apsis when it has once described that angle, and thence returning to 
the upper apsis when it has described that angle again; and so on in in- 
finitum. 

_ Exam. 2. Suppose the centripetal force to be as any power of the alti- 


9 A® 
tude A, as, for example, A"—3, or AS! where n — 3 and n signify any in- 


dices of powers whatever, whether integers or fractions, rational or surd, 


affirmative or negative. ‘That numerator A^ or T — X|" being reduced to 
an indeterminate series by my method of converging series, will become 





T" —»X'I"— + —3- XX'TI"—? &c. And conferring these terms 
with the terms of the other numerator RGG — RFF + TFF — FFX, it 
becomes as RGG— RFF + TFF to T” so — FF to — u T"—' + e 


X'T"—*, &c. And taking the last ratios where the orbits approach to 
circles, it becomes as RGG to T", so — FF to — »'T^»—!, or as GG to 
'T^—!, so FF to nT™— ; and again, GG to FF, so 'T^—' to »/T^—!, that 
is, as 1 to n; and therefore G is to F, that is the angle VCp to the angle 
VCP, as 1 to vn. Therefore since the angle VCP, described in the de- 
scent of the body from the upper apsis to the lower apsis in an ellipsis, is 
of 180 deg., the angle VCp, described in the descent of the body from the 
upper apsis to the lower apsis in an orbit nearly circular yin a body de- 
scribes with a centripetal force proportional to the power A"—93, will be equal 


180 
to an angle of "e deg., and this angle being repeated, the body will re- 


turn from the lower to the upper apsis, and so on iv infinitum. ΑΝ if the 
centripetal force be as the distance of the body from the centre, that is, as A, 
; | 


A : 
or -ga πι will be equal to 4, and yn equal to 2; and theref.re the angle 
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' between the upper and the lower apsis will be equal to = 


Therefore the body having perfermed a fourth part of one revolution, will 
arrive at the lower apsis, and having performed another fourth part, will 
arrive at the upper apsis, and ao on by turns in infinitum. This appears 
also from Prop. X. For a body acted on by this centripetal force will rc- 
volve in an immovable ellipsis, whose centre is the centre of force. Lf the 


deg., or 90 deg. 


A? 
A” A» 
n will be equal to 2; and therefore the angle hetween the upper and lower 


centripetal force is reciprocally as the distance, that is, directly as 


18U 
. apsis will be — deg., or 127 deg., 16 min., 45 sec. ; and therefore a body re- 


volving with auch a force, will by a perpetual repetition of this angle, move 
alternately from the upper to the lower and from the lower to the upper 
apsis for ever. So, also, if the centripetal force be reciprocally as the 
biquadrate root of the eleventh power of the altitude, that is, reciprocally 
1 

n wil be equal to |, and 


. aS Á "AT and, therefore, directly 86 i or as πὸ 


T. deg. will be equal to 360 deg.; and therefore the body parting from 


ie upper apsis, and from thence perpetually descending, will arrive at the 
lower apsis when it has completed one entire revolution; and thence as- 
cending perpetually, when it has completed another entire revolution, it 
will arrive again at the upper apsis; and so alternately for ever. 
Exam. 3. Taking m and n for any indices of the powers of the alti- 
tude, and b and c for any given numbers, suppose the centripetal force 
ag DAT + cA? b T — Xj" to T — Xl" 
to be Ts cn, that ig, as eno ele SNL T—X t -e =a 
or M the method of converging series — | as 
U'T^ + cT" — mbX'T^ —! 2i bert mm—m unm 


Sb XXT" ος 














A3 

εΧΧΤ"-- : | 
οι and comparing the terms of the numerators, there will 
arise RGG — REF + TFF to UT" + cT” as — FF to — mbT™ — 1 — 
ncT" — 1 + M oxT= — 2.4, 0 — 7 OXT —2, ἕο, And tak- 
ing the last ratios that arise when the ia come to a circular form, there 
will come forth GG to b6T™ — ! + cT® —!33 FF to mbT™—! + nc T^—'!; 
and again, GG to FF as 6T™ — ! + cT” —! to mbT® — ! + nc T? — *. 
“This proportion, by expressing the greatest altitude CV or T arithmeti- 
cally by unity, becomes, GG to FF aa ὁ + c to mb + nc, and therefore as 1 
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to ares Whence G becomes to F, that is, the angle VOp to the an- 


b € 

gle VCP, as 1 to VTL ^. And therefore since the angle VCP between 
the upper and the lower apsis, in an immovable ellipsis, is of 180 deg., the 
angle VCp between the same apsides in an orbit which a body describes 


mt. cA’ 


with a centripetal force, that 13, as ——A8 ^? vill be equal to an angle of 


b+c 





180 EPEN deg. And by the same reasoning, if the centripetal force 
DA" — eA" 
be as A the angle between the apsides will be found equal to 
posee 
18v. m ΕΞ dey. After the same manner the Problem is solved in 


more difficult cases. The quantity to which the centripetal force is pro- 
portional must always be resolved into a converging series whose denomi- 
nator is A”. ‘Then the given part of the numerator arising from that 
operation is to be supposed in the same ratio to that part of it which is not 
given, as the given part of this numerator RGG — RFF + TFF — FFX 
is to that part of the same numerator which is not given. And taking 
away the superfluous quantities, and writing unity for T, the proportion 
of G to F is obtained. 

Cor. 1. Hence if the centripetal force be as any power of the altitude, 
that power may be found from the motion of the apsides; and so contra- 
rwise 'lhat i 18, if the whole angular motion, with which the body returns 
to the same apsis, be to the angular motion of one revolution, or 360 deg., 
as any number as m to another as n, and the altitude called A ; the force 


will be as the power A mn — of the altitude A; the index of which power is 
σον 3. This appears by the second example. Hence it is plain that 
the force in its recess from the centre cannot decrease in a greater than a 
triplicate ratio of the altitude. A body revolving with such a force, and 
parting from the apsis, if it once begins to descend, can never arrive at the 
lower apsis or least altitude, but will descend to the centre, describing the 
curve line treated of in Cor. 3, Prop. XLI. But if it should, at its part- 
ing from the lower apsis, begin to ascend never so little, it will ascend in 
infinitum, and never come to the upper apsis; but will describe the curve 
line spoken of in the same Cor., and Cor. 6, Prop. XLIV. So that where 
the force in its recess from the centre decreases in a greater than a tripli- 
cate ratio of the altitude, the body at its parting from the apsis, will either 
descend to the centre, or ascend in infinitum, according as it descends or 
:scends at the beginning of its motion. But if the force in its recess from 


Sec. IX.| | OF NATURAL PHILOSOPHY. 18) 


the centre either decreases in a less than a triplicate ratio of the altitude, 
or increases in any ratio of the altitude whatsoever, the body will never 
descend to the centre, but will at some time arrive at the lower apsis; and, 
on the contrary, if the body alternately ascending and descending from oné 
apsis to another never comes to the centre, then either the force increases 
in the recess from the centre, or it decreases in a less than a triplicate ratio 
of the altitude; and the sooner the body returns from one apsis to another, 
the farther is the ratio of the forces from the triplicate ratio. As if the 
body should return to and from the upper apsis by an alternate descent and - 
ascent in S revolutions, or in 4, or 2, or 11 ; that i if m should be to 7 as 9, 


or 4, or 2, or 11 to 1, and therefore —_3, be 4; —3,or 44 —3, or 1—3,or 


— 8; then the force will be as A®* ^ ^" or ΑἹ TT op AST P op AD?) 


a Zi Ed 
that is, it will be reciprocally as A? ** or A? !? or A" Por A? * 
If the body after each revolution returns to the same apsis, and the apsis 


remains unmoved, then m will be to n as 1 to 1, and therefore Amm — 

1 | ᾶ 
AA! and therefore the decrease of the forces wil] 
be in a duplicate ratio of the altitude; as was demonstrated above. If the 
body in three fourth parts, or two thirds, or one third, or one fourth part 
of an entire revolution, return to the same apsis; m will be to πι as 2 or ἃ 


will be equal to A—?, or — 


nn - L6 9 — 9 
or 1 or 1 to 1, and therefore Amm~ ? is equal to A ° "or A* “ora 
3 t eq 
— 1 6 
7 or ΤΑ ae ane dd the force is either reciprocally as A T ο 


A® or directly aa Α΄ or Nes ‘Lastly if the body in its progress from the 
upper apsis to the same upper apsis again, goes over one entire revolution 
and three deg. more, and therefore that apsis in each revolution of the body 
moves three deg. in consequentia ; then m will be to n as 363 deg.‘ to 


360 deg. or as 121 to 120, and therefore Amm ^ will be equal to 
ti and therefore the centr petes force will be reciprocally as 


? or reciprocally as A? sis very nearly. ‘Therefore the centripetal 
forée Heu, in a ratio something greater than the duplicate; but ap- 
proaching 593 times nearer to the duplicate than the triplicate. 

Cor. 2. Hence also if a body, urged by a centripetal force which is re- 
viprocally as the square of the altitude, revolves in an ellipsis whose focus 
is in the centre of the forces; and a new and foreign force should be added 
to or subducted from this centripetal force, the motion of the apsides arising 
from that foreign force may (by the third Example) be known; and so on 
the contrary. As if the force with which the body revolves in the ellipsis 
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| : | | 
De νι and the foreign force subducted as cA, and therefore the remain- 





— c A* 
C then (by the third Example) ὁ will be equal to 1. 


m equal to 1, and n equal to 4; ae ee the angle of revolution be 


ing force as 


tween the apsides is equal to 180. — 7; deg. Suppose that foreign force 
to be 357. 45 an less than the dad e with which the S revolves 


180 — i will be 18025845 or 180.7623, that is, 180 45 min., 


44 sec. Therefore the body, parting from the upper apsis, will arrive at 
the lower apsis with an angular motion of 180 deg., 45 min., 44 sec , and 
this angular motion being repeated, will return to the upper apsis; and 
therefore the upper apsis in each revolution will go forward 1 deg., 31 min., 
28 sec. The apsis of the moon is about twice as swift 

So much for the motion of bodies in orbits whose planes pass uui 
the centre of force. It now remains to determine those motions in eccen- 
trical planes. [or those authors who treat of the motion of heavy bodies 
used to consider the ascent and descent of such bodies, not only in a per- 
pendicular direction, but at all degrees of obliquity upon any given planes ; 
and for the same reason we are to consider in this place the motions of 
bodies tending to centres by means of any forces whatsoever, when those 
bodies move in eccentrical planes. These planes are supposed to be 
perfectly smooth and polished, so as not to retard the motion of the bodies 
in the least. Moreover, in these demonstrations, instead of the planes upon 
which those bodies roll or slide, and which are therefore tangent planes to 
the bodies, I shall use planes parallel to them, in which the centres of the 
bodies move, and by that motion describe orbits. And by thesame method 
I afterwards determine the motions of bodies performed in curve superficies. 


SECTION X. 
Of the motion of bodies in given superficies, and of the reciprocal motion 
of funependulous bodies. 


PROPOSITION XLVI. PROBLEM XXXII. 
Any kind of centripetal force being supposed, and the centre of force, and 
. any plane whatsoever in which the body revolves, being given, and the 
quadratures of curvilinear figures being allowed ; it is required to de- 
. termine the motion of a body going off from a given place, with a 
given velocity, in the direction of a given right line in that plane. 
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Let S be the centre of force, SC the 

least distance of that centre from the given p 
plane, P a body issuing from the place P 
in the direction of the right line PZ, Q 
the same body revolving in its trajectory, 
and PQR the trajectory itself which is 
required to be found, described in that 
given plane. Join CQ, QS, and if in QS 
we take SV proportional to the centripetal 
force with which the body is attracted to- 
wards the centre S, and draw VT parallel 
to CQ, and meeting SC in T'; then will the force SV be resolved into 
two (by Cor. 2, of the Laws of Motion), the force ST, and the force TV; of 
which ST a‘tracting the body in the direction of a line perpendicular ta 
that plane, does not at all change its motion in that plane. But the action 
cf the other force 'T'V, coinciding with the position of the plane itself, at- 
tracts the body directly towards the given point C in that plane; and 
t erefcre causes the body to move in thia plane in the same manner as if - 
the force S T were taken away, and the body were to revolve in free space 
about the centre C by means of the force TV alone. But there being given 
the centripetal force TV with which the body Q revolves in free space 
about the given centre C, there is given (by Prop. XLII) the trajectory 
PQR which the body describes; the place Q, in which the body will be 
found at any given time; and, lastly, the velocity of the body in that place 
Q. And βο è contra. QEL 





PROPOSITION XLVIL THEOREM XV. 


Supposing the centr ipetal force to be p ‘oportional to the distance of the 
body from, the centre ; all bodies revolving in any planes whatsoever 
will describe ellipses, and complete their revolutions in equal times ; 
and those which move in right lines, running backwards and forwards 
alternately, will complete their severul periods of going and returning 
in the same times. ` 
For letting all things stand as in the foregoing Proposition, the force 

SV, with which the body Q revolving in any plane PQR is attracted to- 

wards the centre S, is as the distance SQ; and therefore because SV and 

SQ, TV and CQ are proportional, the force 'TV with which the body 18 

attracted towards the given point C in the plane of the orbit is as the dis- 

tance CQ. Therefore the forces with which bodies found in the plane 

PQR are attracted towards the point C, are in proportion to the distances 

equal to the forces with which the same bodies are attracted every way to- 

wards tlie centre S; and therefore the bodies will move in the same times, 
and in the same figures, in any plane PQR about the point C. as they 


154 THE MATHEMATICAL PRINCIPLES [Boox |. 


would do in free spaces about the centre S; and therefore (by Cor. 2, Prop. 
X, aid Cor. 2, Prop. XX XVIII.) they will in equal times either describe 
ellipscs in that plane about the centre C, or move to and fro in right lines 
passing through the centre C in that plane; completing the same periods 
of time in all cases. Q.E.D. 


SCHOLIUM. 

The ascent and descent of bodies in curve superficies has a near relation 
to these motions we have been speaking of. Imagine curve lines to be de- 
scribed on any plane, and to revolve about any given axes passing through 
the centre of force, and by that revolution to describe curve superficies ; and 
that the bodies move in such sort that their centres may be always found 
in those superficies. If those bodies reciprocate to and fro with an oblique 
ascent and descent, their motions will be performed in planes passing through 
the axis, and therefore in the curve lines, by whose revolution those curve 
Superficie were generated. In those cases, therefore, it will be sufficient to 
consider the motion in those curve lines. | 


PROPOSITION XLVIII THEOREM XVL 


If a wheel stands upon the outside of a globe at right angles thereto, and 
revolving about its own axis goes forward in a great circle, the length 
| of the curvilinear path which any point, given in the perimeter of the 
wheel, hath described since the time that it touched the globe (which 
curvilinear path we may call the cycloid or epicycloid), will be to double 
the versed sine of half the arc which since that time has touched the 
globe in passing over «t, as the sum of the diameters of the globe and 
the wheel to the semi-diameter of the globe. 


PROPOSITION XLIX. THEOREM XVII. 


If a wheel stand upon the inside of a concave globe at right angles there- 
to, and revolving about its own aris go forward in one of the great 
circles of the globe, the length of the curvilinear path which any point, 
given in the perimeter of the wheel, hath described since $t touched the 
lobe, will be to the double of the versed sine of half the arc which in 
all that time has touched the globe in passing over it, as the difference 
of the diameters of the globe and the wheel to the semi-diameter of the 
globe. 

Let ABL be the globe, C its centre, BPV the wheel ins.sting thereon, 
E the centre of the wheel, B the point of contact, and P the given point 
in the perimeter of the wheel. Imagine this wheel to proceed in the great 
circle ABL from A through B towards L, and in its progress to revolve in 
such a manner that the arcs AB, PB may be always equal one to the other, 
and the given point P in the perimeter of the wheel may describe in the 
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mean time the curvilinear path AP. Let AP be the whole curvilinear 
path described since the wheel touched the globe in A, and the length cf 
thia path AP will be to twice the versed sine of the arc 1ΡΒ as 2CE to 
| CB. For let the right line CE (produced if need be) meet the wheel in V, 
and join CP, BP, EP, VP; produce CP, and let fall thereon the perpen- 
dicular ΤΕ. Let PH, ΤΗ, meeting in H, touch the circle in P and V, 
and let PH cut VF in G, and to VP let fall the perpendiculars GI, HK. 
From the centre C with any interval let there be described the circle nom, 
cutting the right line CP in n, the perimeter of the wheel BP in o, and 
the curvilinear path AP in m; and from the centre V with the interval 
Vo let there be described a circle cutting VP produced ing. Ἢ 

Because the wheel in its progress always revoives about the point of con- _ 
tact B, it is manifest that the right line BP is perpendicular to that curve line 
AP which the point P of the wheel describes, and therefore that the right 
line VP will touch this curve in the point P. Let the radius of the circle nom 
be gradually increased or diminished so that-at last it become equal to the 
distance CP; and by reason of the similitude of the evanescent figure 
Pnomq, and the figure PFGVI, the ultimate ratio of the evanescent lineole 
Pm, Pn, Po, Pq, that is, the ratio of the momentary mutations of the curve 
AP, the right line CP, the circular arc BP, and the right line VP, will be 
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“ 

the same as of the lines PV, PF, PG, PI, respectively. But since VF is 
perpendicular to CF, and VH to ΟΥ, and therefore the angles HVG, VCF 
equal; and the angle VHG (because the angles of the quadrilateral figure 
. HVEP are right in V and P) is equal to the angle CEP, the triangles 
VHG, CEP will be similar; and thence it will come to pass that as EP is 
to CE so is HG to HV or HP, and so KI to KP, and by composition or 
. division as CB to CE so is PI to PK, and doubling theconsequents as CB 
to 2CE so PI to PV, and so is Pg to Pm. Therefore the decrement of the 
line VP, that is, the increment of the line BY —VP to the increment of the 
curve line AP is in a given ratio of CB to 20Η, and therefore (by Cor. 
Lem. IV) the lengths BV — VP and AP, generated by those increments, arc 
in the same ratio. But if BV be radius, VP is the cosine of the angle BVP 
or 1BEP, and therefore BV—VP is the versed sine of the same angle, and 
therefore in this wheel, whose radius is 1BV, BV — VP will be double the 
versed sine of the arc 1BP. Therefore AP is to double the versed sine of 
the arc ¿BP as 2CE to CB. Q.E.D. | 

The line AP in the former of these Propositions we shall name the cy- 
cloid without the globe, the other in the latter Proposition the cycloid within 
the globe, for distinction sake. 

Cor. 1. Hence if there be described: the entire cycloid ASL, and the 
same be bisected in S, the len,th of the part PS will be to the length PV 
(which is the double of the sine of the angle VBP, when EB is radius) as 
2CE to CB, and therefore in a given ratio. 

Con. 2. And the length of the semi-perimeter of the cyeloid AS will be 


equal to a right line which is to the dizmeter of the whcel BV as 2CE 
to CB. | 


PROPOSITION L. PROBLEM XXXIII. 
To cause a pendulous body to oscillate in a given cycloid. 


Let there be given within the globe QVS dc- 

F' scribed with the centre C, the cycloid QRS, bi- 
sected in R, and meeting the superficies of the 
globe with its extreme points Q and S on either 
hand. Let there be drawn CR bisceting the are 
QS in O, and let it be-produced to A in such 
sort that CA may be to CO as CO to CR. 
About the centre C, with the interval CA, Jet 
there be described an exterior globe DAF ; and 
within this globe, by à wheel whose diameter is 
AO, let there be described two semi-cycloids AQ, 
AS, touching the interior globe in Q and S, and meeting the exterior globe 
in A. From that point A, with a thread APT in length equal to the line 
AR, let the body T depend, and oscillate in such manner between the two 





Sec. XJ |. OF NATURAL PHILOSOPHY. - 187 


semi-cycloids AQ, AS, that, as often as the pendulum parts from the per- 
pendicular AR, the upper part of the thread AP may be applied to that 
semi-cycloid APS towards which the motion tends, and fold itself round 
that curve line, as if it were some solid obstacle, the remaining part of the 
same thread PT which has not yet touched the semi-cycloid continuing 
straight. Then will the weight T oscillate in the given cycloid QRS. 
For let the thread PT meet the cycloid QRS in T, and the circleQOS 
1n V, and let CV be drawn; and to the rectilinear part of the thread PT 
from the extreme points P and T let there be erected the perpendiculars 
BP, TW, meeting the right line CV in B and W. It is evident, from the 
construction and generation of the similar figures AS, SR, that those per- 
pendiculars PB, 'I'W, cut off from CV the lengths VB, VW equal the 
diameters of the wheels OA, OR; "Therefore 'T'P is to VP (which is dou- 
ble the sine of the angle VBP when 1ΒΥ͂ is radius) as BW to BV, or AO 
-- OR to AO, that is (since CA and CO, CO and CR, and by division AO 
and OR are proportional) as CA + CO to CA, or, if BV be bisected in E, 
as 2CE to CB. Therefore (by Cor. 1, Prop. XLIX), the length of the 
rectilinear part of the thread P'T' is always equal to the arc of the cycloid 
PS, and the whole thread APT is always equal to the half of the cycloid 
APS, that is (by Cor. 2, Prop. XLIX), to the length AR. And there- 
fore contrariwise, if the string remain always equal to the length AR, the 
- point T will always move in the given cycloid QRS. Q.E.D. 
Cor. The string AR is equal to the semi-cycloid AS, and therefore has 
the same ratio to AC the semi-diameter of the exterior globe as the like 
semi-cycloid SR has to CO the semi-diameter of the interior globe. 


PROPOSITION LL THEOREM XVIII. 

If a centripetal force tending on all sides to the centre C of a globe, be in 
all places as the distance of the place from the centre, and by this force 
alone acting upon 4t, the body 'T oscillate (in the manner above de- 
scribed) in the pervmeter of the cycloid QRS; I say, that all the oscil- 
lations, how unequal soever in themselves, will be performed in equal 
times. | | | 
For upon the tangent TW infinitely produced let fall the perpendicular 

CX, and join CT. Because the centripetal force with which the body T 

is impelled towards C is as the distance C'T, let this (by Cor. 2, of the 

laws) be resolved into the parts CX, TX, of which CX impelling the 
body directly from P stretches the thread P'T, and by the resistance the 

:hread makes to it is totally employed, producing no other effect ; but the 

ther part TX, impelling the body transversely or towards X, directly 

accelerates the motion in the cycloid. ‘Then it is plain that the accelera- 
tion of the body, proportional to this accelerating force, will be every 
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: moment as the length 'TX, that is (because CV, 


WY, and 'TX, 'TW proportional to them are given), 
x 
P d. 
Ww 





as the length TW, that is (by Cor. 1, Prop. XLIX) 

as the length of the arc of thecycloid TR. If there 

fore two pendulums APT, Apt, be unequally drawn 

^ Q aside from the perpendicular AR, and let fall together, 
x 







their accelerations will be always as the arcs to be de- 
scribed TR, ¢R. But the parts described at the 
beginning of the motion are as the accelerations, thai 
is, as the wholes that are to be described at the be- 
σ ginning, and therefore the parts which remain to be 
described, and the subsequent accelerations proportional to those parts, are 
also as the wholes, and so on. Therefore the accelerations, and consequently 
the velocities generated, and the parts described with those velocities, and 
the parts to be described, are always as the wholes; and therefore the parte . 
to be described preserving a given ratio to each other will vanish together, 
that is, the two bodies oscillating will arrive together at the perpendicular AR. 
Andsince on the other hand theascent of the pendulums from the lowest place 
R through the same cycloidal arcs with a retrograde motion, 1s retarded in 
the several places they pass through by the same forces by which their de- 
scent was accelerated ; it is plain that the velocities of their ascent and de- 
scent through the same arcs are equal, and consequently performed in equal 
times; and, therefore,.since the two parts of the cycloid RS and RQ lying 
on either side of the perpendicular are similar and equal, the two pendu- 
lums will perform as well the wholes as the halves of their oscillations in 
the same times. Q.E.D. 
' Con. The force with which the body T is accelerated or retarded in any 
place T of the cycloid, is to the whole weight of the same body in the 
highest place S or Q as the arc of the cycloid TR is to the arc SR or QR 


PROPOSITION LII PROBLEM XXXIV. 


To define the velocities of the pendulums in the several places, and the 
times in which both the entire oscillations, and the several parts of them 
are performed. 


About any centre G, with the interval GH equal to 
the arc of the cycloid RS, describe a semi-circle HKM 
bisected by the semi-diameter GK. And if a centripe- 
tal force proportional to the distance of the places from 
the centre tend to the centre G, and it be in the peri- 
meter HIK equal to the centripetal force in the perime- 
ter of the globe QOS tending towards its centre, and at 
the same time that the pendulum T' is let fall from the 
highest place S, a body, as L, is let fall from H to G; then because the 
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forces which act upon the bodies are equal at the be- K 


ginning, and always proportional to the spaces to be I 5 
described TR, LG, and therefore if TR and LG are 
equal, are also equal in the places T and L, it is plain 


that those bodies describe at the beginning equal spaces ™ ον a 
ST, HL, and therefore are still acted upon equally, and continue to describe 
equal spaces. Therefore by Prop. X X XVIII, the time in which the body 
describes the arc ST is to the time of one oscillation, as the arc HI the time 
in which the body H arrives at L,to the semi-periphery HKM, the time 
in which the body H will come to M. And the velocity of the pendulous 
body in the place 'T is to its velocity in the lowest place R, that is, the 
velocity of the body H in the place L to its velocity in the place G, or the 
momentary increment of the line HL, to the momentary increment of the 
line HG (the arcs HI, HK increasing with an equable flux) as the ordinate 


LI to the radius GK, or as /SR? — TR? to SR. Hence, since in unequal 
oscillations there are described in equal time arcs proportional to the en- 
tire arcs of the oscillations, there are obtained from the times given, both 
the velocities and the arcs described in all the oscillations universally. 
Which was first required. 

Let now any pendulous bodies oscillate in different cycloids described 
within different globes, whose absolute forces are also different ; and if the 
absolute force of any globe QOS be called V, the accelerative force with 
which the pendulum is acted on in the circumference of this globe, when it 
begins to move directly towards its centre, will be as the distance of the 
pendulous body from that centre and the absolute force of the globe con- 
junctly, that is, as CO x V... 'P'herefore the lineola HY, which is as this 
accelerated force CO x V, will be described in a given time; and if there 
be erected the perpendicular YZ meeting the circumference in Z, the nascent 
arc HZ will denote that given time. But that nascent are HZ is in the 


subduplicate ratio of the rectangle GHY, and thereforeas /GH x CO x V 
Whence the time of an entire oscillation in the cycloid QRS (it being as 
the semi-periphery HKM, which denotes that entire oscillation, directly ; 
and as the arc HZ which in like manner denotes a given time inversely) 


will be as GH directly and VGH x CO X V inversely; that is, because 
. SR Ἐς, | AR 

GH and SR are equal, as Yoox Y qr (by Cor. Prop. L,) 88 ΠΟῪ 
'l'herefore the oscillations in all globes and cycloids, performed with what 
absolute forces soever, are in a ratio compounded of thesubduplicate ratio of 
the length of the string directly, and the subduplicate ratio of tlie distance 
between the point of suspension and the centre of the globe inversely, and. 
the subduplicate ratio of the absolute force of the globe inversely also 
Q.F.I. { 
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Cor. 1. Hence also the times of oscillating, falling, and revolving bodies 
may be compared among themselves. For if the diameter of the wheel 
with which the cycloid is described within the globe is supposed equal to 
the semi-diameter of the globe, the cycloid will become a right line passing 
through the centre of the globe, and the oscillation will be changed into a 
descent and subsequent ascent in that right line. Whence there is given 
both the time of the descent from any place to the centre, and the time equal 
to it in which the body revolving uniformly about the centre of the globe 
at any distance describes an arc of a quadrant For this time (by 
Case 2) is to the time of half the oscillation in any cycloid QRS as 1 to 

AR 
V AG 

Cor. 2. Hence also follow what Sir Christopher Wren and M. Huygens 
have discovered concerning the vulgar cycloid. For if the diameter of the 
globe be infinitely increased, its sphserical superficies will be changed into a 
plane, and the centripetal force will act uniformly in the direction of lines 
perpendicular to that plane, and this cycloid of our’s will become the same 
with the common cycloid. But in that case the length of the arc of the 
cycloid between that plane and the describing point will become equal to 
four times the versed sine of half the arc of the wheel between the same 
plane and the describing point, as was discovered by Sir Christopher Wren. 
And a pendulum between two such cycloids will oscillate in a similar and 
equal cycloid in equal times, as M. Huygens demonstrated. ‘The descent 
of heavy bodies also in the time of one oscillation will be the same as M. 
Huygens exhibited. 

The propositions here demonstrated are adapted to the true constitution 
of the Earth, in so far as wheels moving in any of its great circles will de- 
scribe, by the motions of nails fixed in their perimeters, cycloids without the 
globe; and pendulums, in mines and deep caverns of the Earth, must oscil- 
late in cycloids within the globe, that those oscillations may be performed 
in equal times. For gravity (as will be shewn in the third book) decreases 
in its progress from the superficies of the Earth; upwards in a duplicate 
ratio of the distances from the centre of the Earth ; downwards in a sim- 
ple ratio of the same. 


PROPOSITION LITE PROBLEM XXXV. 

Granting the quadratures of curvilinear figures, it is required to find 
the forces with which bodies moving in given curve lines may always 
perform their oscillations in equal times. 

Let the body T oscillate in any curve line STRQ, whose axis is AR 
passing through the centre of force C. Draw ΤΧ touching that curve in 
any place of the body T, and in that tangent TX take TY equal to the 
aro TR. The length of that arc is known from the common methods used 
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for the quadratures of figures. From the point Y 
draw the right line YZ yerpendicular to the tangent. 
Draw CT meeting that perpendicular in Z, and the 
centripetal force will be proportional to the right line 
TZ. QE. | 

For if the force with which the body is attracted 
from T towards C be expressed by the right line TZ 
taken proportional to it, that force will be resolved 
into two forces TY, YZ, of which YZ drawing the 
body in the direction of the length of the thread P'T, 
docs not at all change its motion; whereas the other 
force TY directly accelerates or retards its mction in the curve S''RQ 
Wherefore since that force is as the space to be described TR, the acceler- 
ations or retardations of the body in describing two proportional parts (a 
greater and a less) of two oscillations, will be always as those parts, and 
therefore will cause those parts to be described together. But bodies which 
continually describe together parts proportional to the wholes, will describe 
the wholes together also. Q.E.D. 

Con. 1. Hence if the body T, hanging by a rectilinear thread 
AT from the centre A, describe the circular arc STRQ, 
and in the mean time be acted on by any force tending 
downwards with parallel directions, which is to the uni- 
form force of gravity as the arc TR to its sine ΤΝ, the 
times of the several oscillations will beequal. For because 
TZ, AR are parallel, the triangles ATN, ZTY are similar; and there- 
fore TZ will be to AT as TY to TN; that is, if the uniform force of 
gravity be expressed by the given length AT, the force TZ, by which the 
oscillations become isochronous, will be to the force of gravity AT, as the 

arc TR equal to TY is to TN the sine of that arc. 
... Con. 2. And therefore in clocks, if forces were impressed by some ma- 
chine upon the pendulum which preserves the motion, and so compounded 
with the force of gravity that the whole force tending downwards should 
be always as a line produced by applying the rectangle under the arc TR 
and the radius AR to the sine TN, all the oscillations will become 
isochronous. 








PROPOSITION LIV. PROBLEM XXXVI. : 
Granting the quadratures of curvilinear figures, it is required to find 
the times in which bodies by means of any centripetal force will descend 
or ascend in any curve lines described in a plane passing through the 
centre of force. 
Let the body descend from any place S, and move in any curve ΒΒ 
given in a plane passing through the centre of force C. Join OS, and let 
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Q it be divided into innumerable equal parts, and let 

” Dd be one of those parts. From the centre C, with 

N πο intervals CD, Cd, let the circles DT, dt be de- 

a scribed, meeting the curve lino ST¢R in T and t. 

And because the law of centripetal force is given, 

and also the altitude CS from which the body at 

first fell, there will be given the velocity of the body 

in any other altitude CT (by Prop. XX XIX). But 

the time in which the body describes the lineola 'T' 

is as the length of that lineola, that 1s, as the secant 

of the angle ¿TC directly, and the velocity inversely. 

Let the ordinate DN, proportional to this time, be made perpendicular to 

the right line CS at the point D, and because Dd is given, the rectangle 

Dd x DN, that is, the are» DNzd, will be proportional to the same time. 

Therefore if PNz be a curve line in which the point N is perpetually found, 

and its asymptote be the right line SQ standing upon the line CS at right 

angles, the area SQPND will be proportional to the time in which the body 

in its descent hath described the line ST ; and therefore that area being 
. found, the time is also given. Q.ELL 





PROPOSITION LV. THEOREM XIX. 


If a body move in any curve superficies, whose axis passes through the 
centre of force, and from the body a perpendicuiar be let fall upon the 
axis; and a line parallel and equal thereto be drawn from any given 
point of the axis ; I say, that this parallel line will describe an area 
proportional to the time. 


Let BKL be a curve superficies, T a body 
revolving in it, STR a trajectory which the 
body describes in the same, S the beginning 
of the trajectory, OMK the axis of the curve 
superficies, TN a right line let fall perpendic- 
ularly from the body to the axis; OP a line 
parallel and equal thereto drawn from the 
given point O in the axis; AP the orthogra- 
phic projection of the trajectory described by 
the point P in the plane AOP in which the 
revolving line OP is found; A the beginning 
of that projection, answering to the point S; 
TC a right line drawn from the body to the centre; TG a part thereot 
proportional to the centripetal force with which the body tends towards the 
centre C; TM aright line perpendicular to the curve superficies; TI a 
part thereof proportional to the force of pressure with which the body urgea 
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the superficies, and therefore with which it is again repelled by the super- 
ficies towards M; ΡΤΕ a right line parallel to the axis and passing througt 
the body, and GF, IH right lines let fall perpendicularly from the points 
G and I upon that parallel ΡΗ ΤΕ' I say, now, that the area AOP, de- 
seribed vy the radius OP from the beginning of the motion, is proportional 
to the time. For the force TG (by Cor. 2, of the Laws of Motion) is re- 
solved into the forces TF, FG; and the force TI into the forces TH, HI; 
but the forces TF, 'TH, acting in the direction of the line PF perpendicular 
to the plane AOP, introduce no change in the motion of the body but in a di- 
rection perpendicular to that plane. ‘Therefore its motion, so far as it has 
the same direction with the position of the plane, that 1s, the motion of the 
point P, by which the projection AP of the trajectory is described in that 
plane, is the same as if the forces TF, TH were taken away, and the body 
were acted on by the forces FG, HI alone; that is, the same as :f the body 
were to describe in the plane AOP the curve AP by means of a centripetal 
force tending to the centre O, and equal to the sum of the forces FG and 
HI. But with such a force as that (by Prop. 1) the area AOP will be de- 
scribed proportional to thetime. Q.E.D. 

Cor. By the same reasoning, if a body, acted on by forces tending to 
two or more centres in any the same right line CO, should describe in a 
free space any curve line ST, the area AOP would be always proportional 
to the time. 


PROPOSITION LVI. PROBLEM ΧΧΧΥ͂Π. 

Granting the quadratures of curvilinear figures, and supposing that 
there are given both the law of centripetal force tending to a given cen- 
tre, and the curve superficies whose axis passes through that centre; 
it is required to find the trajectory which a body will describe in that 
superficies, when going off from a given place with a given velocity. 
and in a given direction in that superficies. | 
The last construction remaining, let the 

body T go from the given place S, in the di- 

A ο R de B 
rection of a line given by position, and turn 
into the trajectory sought STR, whose ortho- 
graphic projection in the plane BDO is ΑΡ. 
And from the given velocity of the body in 
the altitude SC, its velocity in any other al- 
titude TC will be also given. -With that 
velocity, in à given moment of time, let the 
body describe the particle Tt of its trajectory, 
and let Pp be the projection of that particle 
described in the plane AOP. Join Op, and 


a little circle being described upon the curve superficies about the centre'T 
13 
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with the interval 'T? let the projection of that little circle in the plane AOP 
be the ellipsis pQ. And because the magnitude of that little circle Tz, and 
ΤΝ or PO its distance from the axis CO is also given, the ellipsis pQ will 
be given both in kind and magnitude, as also its position to the right line 
PO. And since the area POp is proportional to the time, and therefore 
given because the time is given, the angle POp willbe given. And thence 
will be given p the common intersection of the ellipsis and. the right line 
Op, together with the angle OPp, in which the projection APp of the tra- 
jectory cuts the line OP. But from thence (by conferring Prop. XLI, with | 
(ts 2d Cor.) the manner of determining the curve APp easily appears. 
‘Then from the several points P of that projection erecting to the plane 
AOP, the perpendiculars PT meeting the curve superficies in T, there will 
he given the several points T of the trajectory. Q.E.L 


SECTION XI. 


Cf the motions of bodies tending to each other with centripetal forces. 

I have hitherto been treating of the attractions of bodies towards an im- 
movable centre; though very probably there is no such thing existent in 
nature. For attractions are made towards bodies, and the actions of the 
bodies attracted and attracting are always reciprocal and equal, by Law III; 
80 that if there are two bodies, neither the attracted nor the attracting body 
is truly at rest, but both (by Cor. 4, of the Laws of Motion), being as it 
were mutually attracted, revolve about a common centre of gravity. And 
if there be more bodies, which are either attracted by one single one which 
is attracted by them again, or which all of them, attract each other mutn- 
ally, these bodies will be so moved among themselves, as that their common 
centre of gravity will either be at rest, or move uniformly forward in a 
right line. I shall therefore at present go on to treat of the motion of 
bodies mutually attracting each other; considering the centripetal forces 
a3 attractions ; though perhaps in a physical strictness they may more truly 
be called impulses. But these propositions are to be considered as purely 
mathematical; and therefore, laying aside all physical considerations, I 
make use of a familiar way of speaking, to make myself the more easily 
understood by a mathematical reader. 


PROPOSITION LVIL THEOREM XX. 
Ton bodies attracting each other mutually describe similar figures about 
their common centre of gravity, and about each other mutually. 
For the distances of the bodies from their common centre of gravity are 
1eciprocally as the bodies; and therefore in a given ratio to each other: 
and thence, by composition of ratios, in a given ratio to the whole distance 
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between the bodies. Now these distances revolve about their common term 
with an equable angular motion, because lying in the same right line they 
never change their inclination to each other mutually But right lines 
that are in a given ratio to each other, and revolve about their terms with 
an equal angular motion, describe upon planes, which either rest with 
those terms, or move with any motion not angular, figures entirely similar 
round those terms. Therefore the figures described dy the revolution of 
these distances are similar. Q.E.D. 


PROPOSITION 1Υ͂ΠΙ. ‘THEOREM XXI. 


If two bodies attract each other mutually with forces of any kind, and 
in the mean time revolve about the common centre of gravity; I say, 
that, by the same forces, there may be described round either body un- 
moved a figure similar and equal to the figures which the bodies 80 
moving describe round each other mutually. 

Let the bodies S and P revolve about their common centre of gravity 

C, proceeding from S to 'T, and from P to Q. From the given point s let 





there be continually drawn sp, sq, equal and parallel to SP, TQ ; and the. 
urve pqv, which the point p describes in its revolution round the immovable: 
point s, will be similar and equal to the curves which the bodies S and I” 
describe about each other mutually; and therefore, by Theor. X X, similar 
to the curves ST and PQV which the same bodies. describe about their 
common centre of gravity C ; and that because the proportions of the lines 
SC, CP, and SP or sp, to each other, are given. 

Case 1. The common centre of gravity C (by Cor. 4, of the Laws of Mo- 
tion) is either at rest, or moves uniformly in a right line. Let us first 
suppose it at rest, and in s and p let there be placed two bodies, one im-. 
movable in s, the other movable in p, similar and equal to the bodies S and 
P. Then let the right lines PR and pr touch the curves PQ and pq m P 
and p, and produce CQ and sg to R andr. And because the figures 
CPRQ, sprg are similar, RQ will be to rg as CP to sp, and therefore ina 
given ratio. Hence if the force with which the body P is attracted to- 
wards the body S, and by consequence towards the intermediate point the 
centre C, were to the force with which the body p is attracted towards the 
, centre 9. in the same given ratio, these forces would in equal times attract 
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the bodies from the tangents PR, pr to the arcs PQ, pq, through the in- 
tervals proportional to them RQ, rq ; and therefore this last force (tending 
to s) would make the body p revolve in the curve pqv, which would become 
similar to the curve PQV, in which the first force obliges the body P te 
revolve; and their revolutions would be completed in the same times 
But: because those forces are not to each other in the ratio of CP to sp, bu: 
(by reason of the similarity and equality of the bodies S and s, P aud n 
and the equality of the distances SP, sp) mutually equal, the bodies n 

equal times will be equally drawn from the tangents; and therefore tha’ 

the body p may be attracted through the greater interval rq, there is re 
quired a greater time, which will bein the subduplicate ratio of the inter- 
vals; because, by Lemma X, the spaces described at the very beginning ot 
the motion arein a duplicate ratio of thetimes. Suppose, then the velocity 
of the body p to be to the velocity of the body P in a subduplicate ratio of 
the distance sp to the distance CP, so that the arcs pg, PQ, which areina 
simple proportion to each other, may be described in times that are ina 
subduplicate ratio of the distances ; and the bodies P, p, always attracted 
ΡΥ equal forces, will describe round the quiescent centres C and s similar 
figures PQV, pqv, the latter of which pqv is similar and equal to the figure 
which the body P describes round the movable body S. Q.E.D 

Case 2. Suppose now that the common centre of gravity, together with 
the space in which the bodies are moved among themselves, proceeds uni- 
formly in a right line; and (by Cor. 6, of the Laws of Motion) all the mo- 
tions in this space will be performed in the same manner as before; and 
therefore the bodies will describe mutually about each other the same fig- 
ures as before, which will be therefore similar and equal to the figure pqv. 
Q.E.D. 

Cor. 1. Hence two bodies attracting each other with forces proportional 
to their distance, describe (by Prop. X) both round their common centre of 
gravity, and round each other mutually concentrical ellipses; and, vice 
versa, if such figures are described, the forces are proportional to the dis- 
tances. | | 

Con. 3. And two bodies, whose forces are reciprocally proportional to 
the square of their distance, describe (by Prop. XI, XII, XIII), both round 
their common centre of gravity, and round each other mutually, conic sec- 
tions having their focus in the centre about which the figures are described. 
Aud, vice versa, if such figures are described, the centripetal forces are re- 
eiprocally proportional to the squares of the distance. 

Con. 3. Any two bodies revolving round their common centre of gravity 
describe areas proportional to the times, by radii drawn both to that centre 
and to each other mutually. 
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PROPOSITION LIX. THEOREM XXII. | 
The periodic time of two hodies S and P revolving round their common 
centre of gravity C, is to the periodic time of one of the bodes P re- 


volving round the other S remaining unmoved, and describing a fig- 
ure similar and equal to those which the bodies describe ubout each 


other mutually, in a subduplicate ratio af the other ας S to the sum 

of the bodies S + P. E 

For, by the demonstration of the last Proposition, the times - in which 
any similar arcs PQ and pq are described are in a subduplicate ratio of the 
distances CP and SP, or sp, that is, in a subduplicate ratio of the ody S 
to the sum of the bodies S + P. And by composition of ratios, the sums 
- of the times in which all the similar arcs. PQ anù pg are described, that is, 
the whole times in which the whoie similar figures are described are in the 
same subduplicate ratio. Q.E. D. | 


PROPOSITION LX. THEOREM XXIIL 
If two bodies S and P, attracting each other with forces reciprocally pro- 
portional to the squares of their distance, revolve about their common 
centre of gravity ; I say, that the principal axis of the ellipsis which 

either of the bodies, as P, describes by this motion about the other S, . 

will be to the principal aris of the ellipsis, which the same body P may 

describe in the same periodical time about the other body S quiescent, 
as the sum of the two bodies S + P to the first of two mean propor- 

tionals between that sum and the other body S. 

For if the ellipses described were equal to each other, their periodic times 
by the last Theorem would be in a subduplicate ratio of the body S to the 
sum of the bodies S + P. Let the periodic time in the latter ellipsis be 
diminished in that ratio, and the periodic times will become equal; but, 
by Prop. XV, the principal axis of the ellipsis will be diminished in a ratio 
sesquiplicate to the former ratio; that is, in a ratio to which the ratio of 
S to S + P is triplicate; and therefore that axis will be to the principal 
axis of the other ellipsis as the first of two mean proportionals between S 
+-PandS to S+ P. And inversely the principal axis of the ellipsis de 
scribed about the movable body will be to the principal axis of that described 
round the immovable as S + P to the first of two mean proportionals be- 
twenS+PandS. Q.E.D. 


PROPOSITION LXI. THEOREM XXIV. 

If two bodies attracting each other with any kind of forces, and not 
otherwise agitated or obstructed, are. moved in any manner whatsoever, 
those motions will be the same as if they did not at all attract each 
other mutually, but were both attracted with the same forces by a third 
hody placed tn. their common centre of gravity ; and the law of the 


e 
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attracting forces will be the same in respect of the distance of the 

bodies from the common. centre, as in respect of the distance between 

the two bodies. 

For those forces with which the bodies attract each other mutually, by 
tending to the bodies, tend also to the common centre of gravity lying di- 
rectly between them ; and therefore are the same as if they proceeded from 
‘an intermediate body. Q.E.D. 

And because there is given the ratio of the distance of either body from 
that common centre to the distance between the two bodies, there is given, 
of course, the ratio of any power of one distance to the same power of the 
.ther distance; and also the ratio of any quantity derived in any manner 
from one of the distances compounded any how with given quantities, to 
another quantity derived in like manner from the other distance, and aa 
many given quantities having that given ratio of the distances to the first 
Therefore if the force with which one body is attracted by another be di- 
rectly or inversely as the distance of the bodies from each other, or a3 any 
: power of that distance ; or, lastly, as any quantity derived after any man- 
ner from thàt distance compounded with given quantities; then will the 
same force with which the same body is attracted to the common centre of 
gravity be in like manner directly or inversely as the distance of the at- 
tracted body from the common centre, or as any power of that distance; 
or, lastly, as a quantity derived in like sort from that distance compounded 
with analogous given quantities. ‘That is, the law of attracting force will 
be the same with respect to both distances. "Q.E.D. | 


PROPOSITION LXII. PROBLEM XXXVIII. 

To determine the motions of two bodies which attract each other with 
forces reciprocally proportional to the squares of the distance between 
them, and are let fall from given places. 

‘The bodies, by the last Theorem, will be moved in the same manner as 
if they were attracted by a third placed in the common centre of their 
gravity; and by the hypothesis that centre will be quiescent at the begin- 
ning of their motion, and therefore (by Cor. 4, of the Laws of Motion) will 
be always quiescent. ‘The motions of the bodies are therefore to be deter- 
mined (by Prob. X XV) in the sume manner as if they were impelled by 
forces tending to that centre; and then wc shall have the motions of the 
bodies attracting each other mutually. Q.ELI 


PROPOSITION LXII. PROBLEM XXXIX. 

To determine the motions of two bodies attracting each other with forces 
reciprocally proportional to the squares of their distance, and going 
off from given places in given directions with given velocities. 

‘The motions of the bodies at the beginning being given, there is given 
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also the uniform motion of the common centre of gravity, and the motion 
of the space which moves along with this centre uniformly in a right line, 
and also the very first, or beginning motions of the bodies in respect of this 
space, Then (by Cor. 5, of the Laws, and the’ last Theorem) the subse- 
quent motions will be performed i in the same manner in that space, as if 
that space together with the common centre of gravity were at rest, and as 
if the bodies did not attract each other, but were attracted by a third body 
placed in that centre. The motion therefore in this movable space of each: 
body going off from a given place, in a given direction, with a given velo- 
city, and acted upon by a centripetal force tending to that centre, i3 to be 
determined by Prob. IX and X XVI, and at the same time will be obtained 
the motion of the other round the same centre. With this motion com- 
pound the uniform progressive motion of the entire system of the space and 
the bodies revolving in it, and there will be obtained the absolute motion 
of the bodies in immovable space.  Q.E.I. 


PROPOSITION LXIV. PROBLEM XL. 
Supposing forces with which bodies mutually attract each other to in- 
~ crease in a simple ratio of their distances from the centres ; it is ro- 
quired to find the motions of several bodies among themselves. 
Suppose the first two bodies T and L αφ. 
to have their common centre of gravity in 
D. These, by Cor. 1, Theor. XXI, will ^ 
describe ellipses having their centres in D, — 
the magnitudes of whieh ellipses are 
known by Prob. V. K 
Let now a third body S attract the two | 
former 'T' and L with the accelerative forces ST, SL, and let it be attract- 
ed again by them. The force ST (by Cor. 2, of the Laws of Motion) is 
resolved into the forces SD, D'T'; and the force SL into the forces SD and 
DL. Now the forces DT, DL, which are as their sum TL, and therefore 
a8 the accelerative forces with which the bodies 'T' and L attract each other 
mutually, added to the forces of the bodies 'T' and L, the first to the first, 
and the last to the last, compose forces proportional to the distances D'T' 
and DL as before, but only greater than those former forces; and there- 
fore (by Cor. 1, Prop. X, and Cor. 1, and 8, Prop. IV) they will cause those 
bodies to describe ellipses as before, but with a swifter motion. The re- 
maining accelerative forces SD and DL, by the motive forces SD x 'T and 
SD X L, which are as the bodies attracting those bodies equally and in the 
. direction of the lines TI, LK parallel to DS, do not at all change their situ- 
ations with respect to one another, but cause them equally to approach te 
the line IK ; which must be imagined drawn through the middle of the 
body S, an1 perpendicular to the line DS. But tha* approach to the line 
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IK will be hindered by causing the system of the bodies T and L on one 
. side, and the body S on the other, with proper velocities, to revolve round 
the common centre of gravity C. With such a motion the body S, because 
the sum of the motive forces SD x T and SD xX L is proportional to the 
distance CS, tends to the centre C, will describe an ellipsis round the same, 
centre C ; and the point D, because the lines CS and CD are proportional, 
will describe a like ellipsis over against it. But the bodies T and L, at- 
tracted by the motive forces SD x T and SD x L, the first by the first, 
and the last by the last, equally and in the direction of the parallel lines TI 
and LK, as was said before, will (by Cor. 5 and 6, of the Laws of Motion) 
continue to describe their ellipses round the movable centre D, as before. 
Q.E.I. | 
Let there be added a fourth body V, and, by the like reasoning, it will 
be demonstrated that this body and the point C will describe ellipses about 
the common centre of gravity B; the motions of the bodies T, L, and S 
round the centres D and C remaining the same as before; but accelerated. 
And by the same method one may add yet more bodies at pleasure. Q.E.I. 
. This would be the case, though the bodies 'T' and 1, attract each other 
mutually with accelerative forces either greater or less than those with 
which they attract the other bodies in proportion to their distance. Let 
all the mutual accelerative attractions be to each other as the distances 
multiplied into the attracting bodies; and from what has gone before it 
will easily be concluded that all the bodies will describe different ellipses 
with equal periodical times about their common centre of gravity B, in an 
immovable plane. Q.E.I. 


PROPOSITION LXV. THEOREM XXV. 
Bodies, whose forces decrease in a duplicate ratio of their distances from 
their centres, may move among themselves in ellipses; and by radu 
. drawn to the foci may describe areas proportional to the times very 
nearly, 7 
In the last Proposition we demonstrated that case in which the motions 
will be performed exactly in ellipses. The more distant the law of the 
forces is from the law in that case, the more will the bodies disturb each 
others motions; neither is it possible that bodies attrecting each other 
mutually according to the law supposed in this Proposition should move 
exactly in ellipses, unless by keepirg a certain proportion of distances from 
each other. However, in the following cases the orbits will not much dif- 
fer from ellipses. 
~ Case 1. Imagine several lesser bodies to revolve about some very great 
one at different distances from it, and suppose absolute forces tending to 
every one of the bodies proportional to each. And because (by Cor. 4, ot 
the Laws) the common centre of gravity of them all is either at rest. or 
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moves u.iformly forward in a right line, suppose the lesser bodies so smali 
that the great body may be never at a sensible distance from that centre ; 
. and then “the great body will, without any sensible error, be either at rest, 
or move uniformly forward in a right line; and the lesser will revolve 
about that great one in ellipses, and by radii drawn thereto will describe 
areas proportional to the times; if we except the errors that may be intro- 
duced by the receding of the great body from the common centre of gravity, 
or by the mutual actions of the lesser bodies upon each other. But the 
lesser bodies may be so far diminished, as that this recess and the mutual 
actions of the bodies on each other may become less than any assignable; 
and therefore so as that the orbits may become ellipses, and the areas an- 
swer to the times, without any error that is not less than any assignable. 
Q.E.O. | 

Case 2. Let us imagine a system of lesser bodies revolving about a very 
great one in the manner just described, or any other system of two bodies 
revolving about each other to be moving uniformly forward in a right line, and 
in the mean time to be impelled sideways by the force of another vastly greater 
body situate at a great distance. And because the equal accelerative forces 
with which the bodies are impelled in parallel directions do not change the 
situation of the bodies with respect to each other, but only oblige the whole 
system to change its place while the parta still retain their motions among 
themselves, it is manifest that no change in those motions of the attracted 
. bodies can arise from their attractions towards the greater, unless by the 
inequality of the accelerative attractions, or by the inclinations of the lines 
towards each other, in whose directions the attractions are made. Suppose, 
therefore, all the accelerative attractions made towards the great body 
to be among themselves as the squares of the distances reciprocally; and 
then, by increasing the distance of the great body till the differences of the 
right lines drawn from that to the others in respect of their length, and the 
inclinations of those lines to each other, be less than any given, the mo- 
tions of the parts of the system will continue without errors that are not 
less than any given. And because, by the small distance of those parts from 
each other, the whole system is attracted as if it were but one body, it will 
therefore be moved by this attraction as if it were one body; that is, its 
centre of gravity will describe about the great body one of the conic sec- 
tions (that is, a parabola or hyperbola when the attraction is but languid 
and an ellipsis when it is more vigorous); and by radii drawn thereto, it 
will describe areas proportional to the times, without any errors but those 
which arise from the distances of the parts, which are by the supposition 
exceedingly small, and may be diminished at pleasure. Q.E.O. 

By a like reasoning one may proceed to more compounded cases in th- 
finitum. i 

Cor 1. In the second Case, the nearer the very great body a to 
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the system of two or more revolving bodies, the greater will the pertur- 
bation be of the motions of the parts of the system among themselves; be- 
cause the inclinations of the lines drawn from that great body to those 
parts become greater; and the inequality of the proportion is also greater. 

Cor. 2. But the perturbation wil] be greatest of all, if we suppose the 
accelerative attractions of the parts of the system towards the greatest body 
of all are not to each other reciprocally as the squares of the distances 
from that great body ; especially if the inequality of this proportion be 
greater than the inequality of the proportion of the distances from the 
great body. For if the accelerative force, acting in parallel directions 
and equally, causes no perturbation in the motions of the parts of the 
system, it must of course, when it acts unequally, cause a perturbation some- 
where, which will be greater or less as the inequality is greater or less. 
The excess of the greater impulses acting upon some bodics, and not acting 
upon others, must necessarily change their situation among themselves. And 
this perturbation, added to the perturbation arising from the inequality 
and inclination of the lines, makes the whole perturbation g greater. 

Con. ?. Hence if the parts of this system move in ellipses or circles 
without any remarkable perturbation, it is manifest that, if they are at all 
impelled by accelerative forces tending to any other bodies, the impulse is 
very weak, or else is impressed very near equally and in parallel directions 
upon all of them. 


PROPOSITION LXVI. THEOREM XXVI. 


If three bodies whose forces decrease in a duplicate ratio of the distances 
attract each other mutually ; and the accelerative attractions of any 
two towards the third be between themselves reciprocally as the squares 
of the distances ; and the two least revolve about the greatest ; I say, 
that the interior of the two revolving bodies will, by radii drawn to the 
innermost and ereutest, describe round that body areas more propor- 
tional to the times, and a figure more approaching to that of an ellip- 
sis having its focus in the point of concourse of the radii, if that great 
body be agitated by those attractions, than it would do if that great 
body were not attracted at all by the lesser, but remained at rest; or 
than it would if that great body were very much more or very much. 
less attracted, or very much more or very much less agitated, by the 
attractions. 

This appears plainly enough from the demonstration of the second 
Corollary of tle forezoing Proposition; but it may be made out after 
this manner by a way of reasoning more distinct and more universally 
convincing. 

Case 1. Let the lesser bodies P and S revolve in the same plane about 
the greatest body T, the body P describin: the interior orbit PAB, and S 
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the exterior orbit ESE. Let SK be the mean distance of the bodies P and 
S; and let the accelerative attraction of the body P towards S, at that 
mean distance, be expressed by that line SK. Make SL to SK as the 


a 2777777 
ooo 


-. 
μον οἱ 






ane 
ace ο... 


a 
9 
————— - ---------ον 
g M 


E 


square of SK to the square of SP, and SL will be the accelerative attrac- 
tion of the body P towards S at any distance SP. Join PT, and draw 
ILM parallel to it méeting ST in M; and the attraction SL will be resolv- 
ed (by Cor. 2, of the Laws of Motion) intothe attractions SM, LM. And 
so the body P will be urged with a threefold accelerative force. One of 
these forces tends towards T, and arises from the mutual attraction of tne 
bodies Τ' and P. By this force alone the body P would describe round the 
body T, by the radius PT, areas proportional to the times, and an 
ellipsis whose focus is in the centre of the body 'T'; and this it would do 
whether the body T remained unmoved, or whether it were agitated by that 
attraction. This appears from Prop. XI, and Cor. 2 and 3 of Theor. ΄ 
XXI. The other force is that of the attraction LM, which, because it 
tends from P to T, will be superadded to and coincide with the former 
force; and cause the areas to be still proportional to the times, by Cor. 3, 
Theor. XXI. But because it is not reciprocally proportional to the square 
of the distance P'T, it will compose, when added to the former, a force 
varying from that proportion ; which variation will be the greater by how 
much the proportion of this force to the former is greater, ceteris paribus. 
Therefore, since by Prop. XI, and by Cor. 2, Theor. X XI, the force with 
which the ellipsis is described about the focus 'T' ought to be directed to 
that focus, and to be reciprocally proportional to the square of the distance 
P'T, that compounded force varying from that proportion will make the 
orbit PAB vary from the figure of an ellipsis that hasits focus in the point 
T ; and so much the more by how much the variation from that proportion 
is greater; and by consequence by how much the proportion of the second 
force LM to the first force is greater, ceteris paribus. But now the third 
force SM, attracting the body P in a direction parallel to S'T', composes with 
the other forces anew force which 18 πο longer directed from P to Τ; and which 
varies 80 much more from this direction by how much the proportion of this 
third force to the other forces is greater, ceteris paribus ; and therefore causes 
the body P to describe, by the radius TP, areas no longer proportional to the 
times; and therefore makes the variation from that proportionality so much 
greater by how much the proportion of this force to the others is greater. 
But this third force will increase the variation of the orbit PAB from the 
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elliptical figure before-mentioned upon two accounts; first because that 
force is not directed from P to T ; and, secondly, because it i8 not recipro- 
cally proportional to the square of the distance PT. These things being 
premised, it is manifest that the areas are then most nearly proportional to 
the times, when that third force is the least possible, the rest preserving 
their former quantity ; and that the orbit PAB does then approach nearest 
to the elliptical figure above-mentioned, when both the second and third, 
but especially the third force, is the least possible; the first force remain- 
ing in its former quantity. 

Let the accelerative attraction of the body T towards S be expressed by 
the line SN ; then if the accelerative attractions SM and SN were equal, 
these, attracting the bodies 'T and P equally and in parallel directions 
would not at all change their situation with respect to each other. The mo- 
tions of the bodies between themselves would be the same in that case as if 
those attractions did not act at all, by Cor. 6, of the Laws of Motion. And, 
by a like reasoning, if the attraction SN is less than the attraction SM, it 
will take away out of the attraction SM the part SN, so that there will re- 
main only the part (of the attraction) MN to disturb the proportionality of 
the areas and times, and the elliptical figure of the orbit. And in like 
manner if the attraction SN be greater than the attraction SM, the pertur- 
bation of the orbit and proportion will be produced by the difference MN 
alone. After this manner the attraction SN reduces always the attraction 
SM to the attraction MN, the first and second attractions rema ning per- 
fectly unchanged ; and therefore the areas and times come then nearest to 
proportionality, and the orbit PAB to the above-mentioned elliptical figure, 
when the attraction MN 1s either none, or the least that is possible; that 
. 15, when the accelerative attractions of the bodies P and T approach as near 
as possible to equality; that is, when the attraction SN is neither none at 
all, nor less than the least of all the attractions SM, but is, as it were, a 
mean between the greatest and least of all those attractions SM, that is 
not much greater nor much less than the attraction SK. Q.E.D. 

Case 2. Let now the lesser bodies P, S, revolve about a greater T in dif- 
ferent planes; and the force LM, acting in the direction of the line PT 
situate in the plane of the orbit PAB, will have the same effect as before ; 
neither will it draw the body P from the plane of its orbit. But the other 
force NM acting in the direction of a line parallel to S'T (and which, there- 
fore, when the body S is without the line of the nodes is inclined to the 
plane of the orbit PAB), besides the perturbation of the motion just now 
Bpoken of as to longitude, introduces another perturbation also as to latitude, 
attracting the body P out of the plane of its orbit. And this perturbation, 
in any given situation of the bodies P and 'T' to each other, will be as the 
generating force MN; and therefore becomes least when the force MN ia 
least, that 1s (as was just now shewn), where the attraction SN is net mach 
greater nor much less than the attraction SK. Q.E.D. 
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Con. 1. Hence it may be easily collected, that if several less bodies P 
S, R, &c., revolve about a very great body T, the motion of the innermost 
revolving body P will be least disturbed by the attractions of the others, 
when the great body is as well attracted and agitated by the rest (accord- 
ing to tlie: ratio of the accelerative forces) as the rest are by each other 
mutually. 

Cor. 2. In a S of three bodies, T, P, S, if the accelerative attrac- 

tions of any two of them towards a third be to each other reciprocally as the. 
squares of the distances, the body P, by the radius PT, will describe its area 
about the body T swifter near the conjunction A and the opposition B than it 
will near the quadratures C and D. For every force with which the body P 
is acted on and the body T is not, and which does not act in the direction of 
the line PT, does either accelerate or retard the description of the area, 
according as it is directed, whether in consequentia or in antecedentia. 
Such is the force NM. This force in the passage of the body P frem C 
to A is directed in consequentia to its motion, and therefore accelerates 
it; then as far as D in antecedentia, and retards the motion; then 4n con- ' 

sequentia as far as B ; and lastly in antecedentia as it moves from B to C. 
. Cor. 3. And from the same reasoning it appears that the body P ceteris 
paribus, moves more swiftly in the conjunction and opposition than in the 
quadratures. 

Cor. 4. The orbit of the body P, ceteris paribus, is more curve at the 
quadratures than at the conjunction and opposition. For the swifter 
bodies move, the less they deflect from a rectilinear path. And besides the 
force KL, or NM, at the conjunction and opposition, is contrary to the 
force with which the body 'T' attracts the body P, and therefore diminishes 
that force; but the body P will deflect the less from a rectilinear path the 
less it is impelled towards the body T. 

Cor. 5. Hence the body P, ceteris paribus, goes farther from the body 
T at the quadratures than at the conjunction and opposition. This is said, 





. however, supposing no regard had to the motion of eccentricity. For if 
the orbit of the body P be eccentrical, its eccentricity (as will be shewn 
presently by Cor. 9) will be greatest when the apsides are in the Byzy- 
gies; and thence it may sometimes come to pass that the body P, in ita 
near approach to the farther apsis, may go farther from the body T at the 
syzygies than at the quadratures. 

Cor. 6. Because the centripetal force of the central body T, by which 
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the body P is retained in its orbit, is increased at the quadratures by the 
addition caused by the force LM, and diminished at the syzygies by the 
subduction caused by the force KL, and, because the force KL is greater 
than LM, it is more diminished than increased; and, moreover, since that 
centripetal force (by Cor. 2, Prop. IV) is in a ratio compounded of thesim- 
ple ratio of the radius 'TP directly, and the duplicate ratio of the periodi- 
cal time inversely ; it is plain that this compounded ratio is diminished by 
the action of the force KL; and therefore that the periodical time, supposing 
the radius of the orbit P'T' to remain the same, will be increased, and that 
in the subduplicate of that ratio in which the centripetal force is diminish- 
əd; and, therefore, supposing this radius increased or diminished, the peri- 
odical time will be increased more or diminished less than in the sesquipli- 
cate ratio of this radius, by Cor. 6, Prop. IV. If that force of the central 
body should gradually decay, the body P being less and less attracted would 
go farther and farther from the centre T; and, on the contrary, if it were 
increased, it would draw nearer toit. ‘Therefore if the action of the distant 
body S, by which that force is diminished, were to increase and decrease 
by turns, the radius TP will be also increased and diminshed by turns; 
and the periodical time will be increased and diminished in a ratio com- 
pounded of the sesquiplicate ratio of the radius, and of the subduplicate ot 
that ratio in which the centripetal force of the central body T is dimin- 
ished or increased, by the increase or decrease of the action of the distant 
body S. 
Cor. 7. It also follows, from what was before laid down, that the axis 
of the ellipsis described by the body P, or the line of the apsides, does as 
to its angular motion go forwards and backwards by turns, but more for- 
wards than backwards, and by the excess of its direct motion is in the 
whole carried forwards. For the force with which the body P is urged to 
the body T at the quadratures, where the force MN vanishes, is compound- 
ed of the force LM and the centripetal force with which the body T at- 
tracts the body P. The first force LM, if the distance PT be increased, is 
increased in nearly the same proportion with that distance, and the other 
force decreases in the duplieate ratio of the distance; and therefore the 
sum of these two forces decreases in a less than the duplicate ratio of the 
distance PT; and therefore, by Cor. 1, Prop. XLV, will make the line of 
the apsides, or, which is the same thing, the upper apsis, to go backward. 
But at the conjunction and opposition the force with which the body P is 
urged towards the body T is the difference of the force KL, and of the 
force with which the body T attracts the body P; and that difference, be- 
cause the force KL is very nearly increased in the ratio of the distance 
PT, decreases in more-than the duplicate ratio of the distance PT; and 
therefore, by Cor. 1, Prop. XLV, causes the line of the apsides to go for- 
. wards. In the places between the syzygies and the quadratures, the motion 


/ 


Szo. XL] OF NATURAL PHILOSOPHY. | 207 


of the line of the apsides depends upon both cf these causes conjunctly, so 

that it either goes forwards or backwards in proportion to the excess of 
one of these causes above the other. Therefore since the force KL. in the 
syzygies is almost twice as great as the force LM in the quadratures, the 
excess will be on the side of the force KL, and by consequence the line of 
the apsides will be carried forwards. ‘The truth of this and the foregoing 
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Corollary will be more easily understood by conceiving the system of the 
two bodies T and P to be surrounded on every side by several bodies 8, 
S, S, &c., disposed about the orbit ESE. For by the actions of these bo- 
dies the action of the body 'T' will be diminished on every side, and decrease 
in more than a duplicate ratio of the distance. 

Cor. 8. But since the progress or regress of the apsides depends upon 
the decrease of the centripetal force, that is, upon its being in a greater or 
less ratio than the duplicate ratio of the distance ΤΕ, in the passage of 
the body from the lower apsis to the upper; and upon a like increase in 
its return to the lower apsis again; and therefore becomes greatest where 
the proportion of the force at the upper apsis to the force at the lower ap- 
sis recedes farthest from the duplicate ratio of the distances inversely; it 
is plain, that, when the apsides are in the syzygies, they will, by reason of 
the subducting force KL or NM — LM, go forward more swiftly ; and in 
the quadratures by the additional force LM go backward more slowly. 
Because the velocity of the progress or slowness of the regress is continued 
for a lung time; this inequality becomes exceedingly great. 

Cor. 9. Ifa ll is obliged, by a force reciprocally proportional to the 
square of its distance from any centre, to revolve in an ellipsis round that 
centre; and afterwards in its descent from the upper apsis to the lower 
apsis, that force by a perpetual accession of new force is increased in more 
than a duplicate ratio of the diminished distance ; it is manifest that the 
body, being impelled always towards the centre by the perpetual accession 
of this new force, will incline more towards that centre than if it were 
urged by that force alone which decreases in a duplicate ratio of the di- 
minished distance, and therefore will describe an orbit interior to that 
elliptical orbit, and at the lower apsis approaching nearer to the centre 
than before. ‘Therefore the orbit by the accession of this new force will, 
become more eccentrical. If now, while the body is returning from the 
lower to the upper apsis, it should decrease by the same degrees by whicb 
it increases before the body would return to its first distance; and there- 
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fore if the force decreases in a yet greater ratio, the body, being now less 
attracted than before, will ascend to a still greater distance, and so the ec- 
centricity of the orbit will be increased still more. ‘Therefore if the ratio 
of the increase and decrease of the centripetal force be augmented each 
revolution, the eccentricity will be augmented also; and, on the contrary, 
if that ratio decrease, it will be diminished: 

Now, therefore, in the system of the bodies T, P, S, sion the apsides of 
the orbit PAB are in the quadratures, the ratio of that increase and de- 
crease is least of all, and becomes greatest when the apsides are in the 
syzygies. If the apsides are placed in the quadratures, the ratio near the 
apsides 18.less, and near the syzygies greater, than the duplicate ratio of the 
distances; and from that greater ratio arises a direct motion of the line of 
the apsides, as was just now said. But if we consider the ratio of the 
whole increase or decrease in the progress between the apsides, this is less 
than the duplicate ratio of the distances. "The force in the lower is to the 
force in the upper apsis in less than a duplicate ratio of the distance of the 
upper apsis from the focus of the ellipsis to the distance of the lower apsis 
from the same focus ; and, contrariwise, when the apsides are placed in the 
syzygies, the force in the lower apsis is to the force in the upper apsis in a 
greater than a duplicate ratio of the ο For the forces LM in the 
quadratures added to the forces of the body T compose forces in a less ra- 
tio; and the forces KL in the syzygies subducted from the forces of the 
body T, leave the forces in a greater ratio. ‘Therefore the ratio of the 
whole increase and decrease in the passage between the apsides is least at 
the quadratures and greatest at the syzygies; and therefore in the passage 
of the apsides from the quadratures to the syzygies it is continually aug- 
mented, and increases the eccentricity of the ellipsis; and in the passage 
from the syzygies to the quadratures it is perpetually decreasing, and di 
minishes the eccentricity. Ἢ 

Cor. 10. That we may give an account of the errors as to latitude, let 
us suppose the plane of the orbit EST to remain immovable; and from 
the cause of the errors above explained, it is manifest, that, of the two 
forces NM, ML, which are the only and entire cause of them, the force 
ML acting always in the plane of the orbit PAB never disturbs the mo- 
tions as to latitude; and that the force NM, when the nodes are in the 
Byzygies, acting also j in the same plane of the orbit, does not at that time 
affect those motions. But when the nodes are in the quadratures, it dis- 
turbs them very much, and, attracting the body P perpetually out of the 
plane of its orbit, it diminishes the inclination of the plane in the passage 
of the body from the quadratures to the syzygies, and again increases the 
same in the passage from the syzygies to the quadratures. Hence it 
comes to pass that when the body is in the syzygies, the inclination is 
then least of all, and returns to the first magnitude nearly, when the body 
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arrives at the next node. But if the nodes are situate at the octanta after 
the quadratures, that is, between C and A, D and B, it will appear, from 
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wnat was just now shewn, that in the passage of the body P from either 
node to the ninetieth degree from thence, the inclination of the plane is 
perpetually diminished; then, in the passage through the next 45 degrees 
to the next quadrature, the inclination is increased ; and afterwards, again, 
in its passage through another 45 degrees to the next node, it is dimin- 
ished. Therefore the inclination is more diminished than increased, and 
is therefore always less in the subsequent node than in the preceding one. 
And, by a like reascning, the inclination is more increased than diminish- 
ed when the nodes are in the other octants between A and D, B and C. 
The inclination, therefore, is the greatest of all when the nodes are in the 
syzygles In their passage from the syzygies to the quadratures the incli- 
nation is diminished at each appulse of the body to the nodes; and be- 
comes least of all when the nodes are in the quadratures, and the body in 
the syzygies; then it increases by the same degrees by which it decreased 
before; and, when the nodes come to the next syzygies, returns to its 
| Prince magnitude. 

Cor. 1. Because when the nodes are in the quadratures the body Pi is 
perpetually attracted from the plane of its orbit ; and because this attrac- 
tion is made towards S in its passage from the nade C through the cun- 
junction A to the node D; and to the contrary part in its passage from the 
node D through the opposition B to the node C; it 1s manifest that, in its 
motion from the node C, the body recedes continually from the former 
plane CD of its orbit till it comes to the next node; and therefore at that 
node, being now at its greatest distance from the first plane CD, it will 
pass through the plane of the orbit EST not in D, the other node of that 
plane, but in a point that lies nearer to the body S, which therefore be- 
. comes a new place of the node in antecedentia to its former place. And, 
by a like reasoning, the nodes will-continue to recede in their passage 
from this node to the next. The nodes, therefore, when situate in the 
quadratures, recede perpetually; and at the syzygies, where no perturba- 
tion can be produced in the motion as to latitude, are quiescent: in the in- 
termediate places they partake of both conditions, and recede more slowly ; 
and, therefore, being always either retrograde or stationary, they will be 
carried backwards, or in antecedentia, each revolution. 

Cor. 12. All the errors described i in these corollaries arc a little greater 
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at the conjunction of the bodies P, S, than at their opposition; because 
the generating forces NM and ML are greater. 

Cor. 13. And since the causcs and proportions of the errors and varia- 
tions mentioned in these Corollaries do not depend upon the magnitude of 
the body S, it follows that all things before demonstrated will happen, if 
the magnitude of the body S be imagined so great as that the system of the 
two bodies P and T may revolve about it. And from this increase of the 
body S,and the consequent increase of its centripetal force, from which the 
errors of the body P arise, it will follow that all these errors, at equal dis- 
tances, will be greater in this case, than in the other where the body S re- 
volves about the system of the bodies P and 'T'. 

.. Con. 14. But since the forces NM, ML, when the body S is exceedingly 
‘distant, are very nearly as the force SK and the ratio PT to ST con- | 
junctly ; that is, if both the distance PT, and the absolute force of the body 
S be given, as ST? reciprocally ; and since those forces NM, ML are the 
causes of all the errors and effects treated of in the foregoing Corollaries; 
it is manifest that all those effects, if the system of bodies ‘I’ and P con- 
tinue as before, and only the distance ST and the absolute force of the body 
S be changed, will be very nearly in a ratio compounded of the direct ratio 
of the absolute force of the body S, and the triplicate inverse ratio of the 
distance ST. Hence if the system of bodies T and P revolve about a dis- 
tant body S, those forces NM, ML, and their eft ta, will be (by Cor. 2 and 
6, Prop IV) reciprocally in a duplicate ratio uf the periodical time. And 
thence, also, if the magnitude of the body S be proportional to its absolute 
' force, those forces NM, ML, and their effects, will be directly as the cube 
of the apparent diameter of the distant body S viewed from T, and so vice 
versa. For these ratios are the same as the compounded ratio above men- 
tioned. 

Con. 15. And because if the orbits ESE and PAB, retaining their fig- 
ure, proportions, and inclination to each other, should alter their magni- 
tude; and the forces of the bodies S and 'T should either remain, or be 
changed in any given ratio; these forces (that is, the force of the body T, 
which obliges the body P to deflect from a rectilinear course into the orbit 
PAB, and the force of the body S, which causes the body P to deviate from 
that orbit) would act always in the same manner, and in the same propor- 
tion; it follows, that all the effects will be similar and proportional, and 
the times of those effecta proportional also; that is, that all the linear er- 
rors will be as tne diameters o£ the orbits, the angular errors the same as 
before; and the times of similar linear errors, or equal angular errors, as 

. the periodical times of the orbits. 

Cor. 16. ‘Therefore if the figures of the orbits and their inclination to 
each other be given. and the magnitudes, forces, and distances of the bodies 
be any hew changed, we may. from the errors and times of those errors in 
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one case, collect very nearly the errors and times of the errors in any other 
case. But this may be done more expeditiously by the following method. 
The forces NM, ML, other things remaining unaltered, are as the radius 
ΤΡ; and their periodical effects (by Cor. 2, Lem. X) are as the forces and 
. the square of the periodical time of the body P conjunctly. ‘These are the 
linear errors of the body P; and hence the angular errors as they appear 
from the centre T (that is, the motion of the apsides and of the nodes, and all 
the apparent errors 88 to longitude and latitude) are in each revolution of 
the body P as the square of the time of the revolution, very nearly. Let 
these ratios be compounded with the ratios in Cor. 14, and in any system 
of bodies T, P, S, where P revolves about T very near to it, and T' re- 
volves about S at a great distance, the angular errors of the body P, ob- 
served from the centre 'T', will be in each revolution of the body P as the 
square of the periodical time of the body P directly, and the square of the 
periodical time of the body 'T inversely. And therefore the mean motion. 
of the line of the apsides will be in a given ratio to the mean motion. of 
the nodes; and both those motions will be as the periodical time of. the 
body P directly, and the square of the periodical time of the body. 'I' im 
versely. The increase or diminution of the eccentricity and inclination of 
the orbit PAB makes no sensible variation in the motions of. the: apsides 
. and nodes, unless that inc.case or diminution he very great indeed. 

Cor. 17. Since the line LM becomes sometimes greater and. sometimes 
less than the radius PT, let the mean quantity of the force LM be expressed 





by that radius PT ; and then that mean force will be to the mean force 
SK or SN (which may be also expressed by ST) as the length PT to the 
length ST. But the mean force SN or ST, by which the body T is re- 
tained in the orbit it describes about S, is to the force with which the body P 
is retained in its orbit about T in a ratio compounded of the ratio of the 
radius ST to the radius P'T', and the duplicate ratio of the periodical time 
: of the body P about T to the periodical time of the body T about S. And, 
ex cquo, the mean force LM is to the force by which the body P is retain- 
ed in its orbit about T (or by which the same body P might revolve at the 
. distance PT in the same periodical time about any immovable point T) in 
the same duplicate ratio of the periodical times. The periodical times 
therefore being given, together with the distance PT, the mean force LM 
is also given; and that force being given, there is given also the force MN, 
very nearly, by the analogy of the lines PT and MN. 
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Cox. 18. By the same laws by which the body P revolves about the 
body ‘I’, let us suppose many fluid bodies to move round 'T' at equal dis- 
tances from it; and to beso numerous, that they may all become contiguous 
to each other, so as to form a fluid annulus, or ring, of a round figure, and 
concentrical to the body 'T'; and the several parts of this annulus, perform- 
ing their motions by the same law as the body P, will draw nearer to the 
body T, and move swifter in the conjunction and opposition of themselves 
and the body S, than in the quadratures. And the nodes of this annulus, 
or its intersections with the plane of the orbit of the body S or T, will rest 
at the syzygies; but out of the syzygies they will be carried backward, or 
in antecedentia ; with the greatest swiftness in the quadratures, and more 
slowly in other places. ‘The inclination of this annulus also will vary, and 
its axis will oscillate each revolution, and when the revolution is completed 
will return to its former situation, except only that it will be carried round 
a little by the przecession of the nodes. | 

Cor. 19. Suppose now the spherical body T, consisting of some matter 
not fluid, to be enlarged, and to extend its-If on every side as far as that 
annulus, and that a channel were cut all round its circumference contain- 
ing water; and that this sphere revolves uniformly about its own axis in 
the same periodical time. This water being accelerated and retarded by 
turns (as in the last Corollary), will be swifter at the syzygies, and slower 
at the quadratures, than the surface of the globe, and so will ebb and flow in 
its channel after the manner of thesea. If the attraction of the body S were 
taken away, the water would acquire no motion of flux and reflux by revolv- 
. .ng round the quiescent centre of the globe. The case is the same of a globe 
moving uniformly forwards in a right line, and in the mean time revolving 
about its centre (by Cor. 5 of the Laws of Motion), and of a globe uni- 
formly attracted from its rectilinear course (by Cor. 6, of the same Laws). 
But let the body S come to act upon it, and by its unequable attraction the 
water will receive this new motion; for there will be a stronger attraction 
upon that part of the water that is nearest to the body, and a weaker upon 
. that part which is more remote. And the force LM will attract the water 
downwards at the quadratures, and depress it as far as the syzygies ; and the 
force KL will attract it upwards in the syzygies, and withhold its descent, 
and make it rise as far as the quadratures; except only in so far as the | 
motion of flux and reflux may be directed by the channel of the water, and 
be a little retarded by friction. 

Cor. 20. If, now, the annulus becomes hard, and the globe is diminished, 
the motion of flux and reflux will cease; but the oscillating motion of the 
inclination and the preecession of the nodes will remain. Let the globe 
have the same axis with the annulus, and perform its revolutions in the 
same times, and at its surface touch the annulus within, and adhere to it; 
then the globe partaking of the motion of the annulus, this whole compages 


Sec. XL UF NATURAL PHILOSOPHY. 213 


will oscillate, and the nodes will go backward, for the globe, as we shall 
shew presently, is perfectly indifferent to the receiving of all impressions. 
The greatest angle of the inclination of the annulus single is when the 
nodes are in the syzygies. ‘Thence in the progress of the nodes to the 
quadratures, it endeavours to diminish its inclination, and by that endea- 
vour impresses a motion upon the whole globe. The globe retains this 
motion impressed, till the annulus by a contrary endeavour destroys that 
motion, and impresses a new motion in a contrary direction. And by this 
means the greatest motion of the decreasing inclination happens when the 
nodes are in the quadratures, and the least angle of inclination in the octants 
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, after the quadratures ; and, again, the greatest motion of roclination happens 
when the nodes are in the syzygies; and the greatest angle of reclination in 
. the octants following. And the case is the same of a globe without this an- 
nulus, if it be a little higher or a little denser in the equatorial than in the 
polar regions; for the excess of that matter in the regions near the equator - 
supplies the place of the annulus. And though we should suppose the cen- 
tripetal force of this globe to be any. how increased, so that all its parts 
were to tend downwards, as the parts of our earth gravitate to the centre, 
yet the phzenomena of this and the preceding Corollary would scarce be al- 
tered ; except that the places of the greatest and least height of the water 
will be different; for the water is now no longer sustained and kept in its 
orbit by its centrifugal force, but by the channel in which it flows. And, 
besides, the force LM attracts the water downwards most in the quadra- 
tures, and the force KL or NM — LM attracts it upwards most in the 
syzygies. And these forces conjoined cease to attract the water downwards, 
and begin to attract it upwards in the octants before the syzygies; and 
cease to attract the water upwards, and begin to attract the water down- 
wards in the octants after the syzygies. And thence the greatest height of 
the water may happen about the octants after the syzygies; and the least 
height about the octants after the quadratures; excepting only so far as the © 
motion of ascent or descent impressed by these forces may by the vis insita 
of the water continue a little longer, or be stopped a little sooner by impe- | 
diments in its channel. 

Cor. 21. For the same reason that redundant matter in the equatorial 
regions of a globe causes the nodes to go backwards, and therefore by the 
increase of that matter that retrogradation i8 increased, by the diminution 
is diminished, and by the removal quite ceases; it follows, that, if more thax 


a 
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that redundant matter be taken away, that is, if the globe be either more 

lepressed, or of a more rare consistence near the equator than near the 

polea, there will arise a motion of the nodes in consequentia. 
Con. 22. And thence from the motion of the nodes is known the consti- 


. tution of the globe. ‘That is, if the globe retains unalterably the same polea. 


and the motion (of the nodes) be {μι antecedentia, there is a redundance οἱ 


the matter near the equator; but if in consequentia, a deficiency. Sup- 


pose a uniform and exactly spherical globe to be first at rest in a free space ; 
then by some impulse made obliquely upon its superficies to be driven from 
its place, and to receive a motion partly circular and partly right forward. 
Because this globe is perfectly indifferent to all the axes that pass through 
its centre, nor has a greater propensity to one axis or to one situation of 


the axis than to any other, it is manifest that by its own force it will never 


change its axis, or the inclination of it. Let now this globe be impelled 
obliquely by a new impulse in the same part of its superficies as before. 
and since the effect of an impulse is not at all changed by its coming sooner 
or later, it is manifest that these two impulses, successfvely impressed, will 
produce the same motion as if they were impressed at thesame time; that. 
is, the same motion as if the globe had been impelled by a simple force 
compounded of them both (by Cor. 2, of the Laws), that is, a simple motion 
about an axis of a given inclination. And the case is the same if the sec- 
ond impulse were made upon any other place of the equator of the first 
motion ; and also if the first impulse were made upon any place in the 
equator of the motion which would be generated by the second impulse 
alone; and therefore, also, when both impulses are made in any places 
whatsoever; for these impulses will generate the same circular motion as 
if they were impressed together, and at once, in the place of the intersec- 
tions of the equators of those motions, which would be generated by each 
of them separately. ‘Therefore, a homogeneous and perfect globe will not 
retain several distinct motions, but will unite all those that are impressed 
on it, and reduce them into one; revolving, as far as in it lies, always with 
8 simple and uniform motion about one single given axis, with an inclina- 
tion perpetually invariable. And the inclination of the axis, or the velocity 
of the rotation, will not be changed by centripetal force. For if the globe 
be supposed to be divided into two hemispheres, by any plane whatsoever 
passing through its own centre, and the centre to which the force is direct- 
ed, that force will always urge each hemisphere equally ; and therefore will 
not incline the globe any way as to its motion round its own axis. But 
let there be added any where between the pole and the equator a heap of 
new matter like a mountain, and this, by its perpetual endeavour to recede 
from the centre of its motion, will disturb the motion of the globe, and 
cause its poles to wander about its superficies, describing circles about 
themselves and their opposite points. Neither can this enormous evagatior 
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of the polea be corrected, unless by placing that mountain οἱ ;.er in one ot 
the poles; in which case, by Cor. 21, the nodes of the equator will go for- 
wards; or in the equatorial regions, in which case, by C'or. 20, the nodes 
will go backwards; or, lastly, by adding on the other aide of the axis a new 
quantity of matter, by which the mountain may be balanced in its motion; 
and then the nodes will either go forwards or backwards, as the mountain 
and this newly. added matter happen to be nearer to the pole or to the 
equator. | | 


PROPOSITION LXVII. THEOREM XXVII. 


The same laws of attraction being supposed, I say, that the exterior body 
S does, by radii dra.on to the point O, the common centre of gravity 
of the interior bodies P and T, describe round that centre areas more 
proportional to the times, and. an orbit more approaching to the form 
of an ellipsis having its focus in that cen, than 1{ can describe 
round the innermost and greatest body T by ralii drawn to that 
body. 

.. For the attractions of the body S towards T' and 

P compose its absolute attraction, which is more 

directed towards O, the common centre of gravity 9^ | 

of the bodies T and P, than it is to the : reatest 

body T ; and which is more in a reciprocal propor- Ἢ 

` tion to the square of the distance SO, than it is to the square of the distanc! 

ST; as will easily appear by a little consideration. 


PROPOSITION LXVII. THEOREM XXVIII. 


The same laws of attraction supposed, I say, that the exterior body S 
will, by radu drawn to O, the common centre of gravity of the interior 
bodies P and T, describe round that centre areas more propor- 
tional to the times, and an orbit more approaching to the form of an 
ellipsis having its focus in that centre, if the innermost and greatest 
body be agitated by these attractions as well as the rest, than it would 
do if that body were either at rest as not attracted. or were much more 
or much less attracted, or much more or much less agitated. 

This may be demonstrated after the same manner as Prop. LXVI, but 
by a more prolix reasoning, which I therefore pass over. It will be suf- 
ficient to consider it after this manner. From the demonstration of the 
last Proposition it is plain, that the centre, towards which the body S is 
urged by the two forces conjunctly, is very near to the common centre of 
gravity of those two other bodies. If this centre were to coincide with that 
common centre, and moreover the common centre of gravity of all the three 
bodies were at rest, the body S on one side, and the common centre of 
gravity of the other two bodies on the other side, would describe true ellip- 
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ses about that quiescent common centre. "This appears from Cor. 2, Prop 
LVIII, compared with what was demonstrated in Prop. LXIV, and LXV 
Now this accurate elliptical motion will be disturbed a little by the dis- 
tance of the centre of the two bodies from the centre towards which the 
third body S is attracted. Let there be added, moreover, a motion to the 
common centre of the three, and the perturvation will be increased yet 

. more. Therefore the perturbation is least when the 
common centre of the three bodies 18 at rest; that 
is, when the innermost and greatest body T is at- 
tracted acccording to the same law as the rest are; 
and is always greatest when the common centre of 
the three, by the diminution of the motion of the body T, begins to be 
moved, and is more and more agitated. 

Con. And hence if more lesser bodies revolve about the great one, it 
may easily be inferred that the orbits described will approach nearer to 
ellipses; and the descriptions of areas will be more nearly equable, if all 
the bodies mutually attract and agitate each other with accelerative forces 
that are as their absolute forces directly, and the squares of the distances 
inversely ; and if the focus of each orbit be placed in the common centre 
of gravity of all the interior bodies (that is, if the focus of the first and in- 
nermost orbit be placed in the centre of gravity of the greatest and inner- 
most body; the focus of the second orbit in the common centre of gravity 
of the two innermost bodies; the focus of the third orbit in the common 
centre of gravity of the three innermost ; and so on), than if the innermost 
body were at rest, and was made the common focus of all the orbits. 





PROPOSITION LXIX. THEOREM XXIX. 

[n a system of several bodies A, B, C, D, ὅ-ο., if any one of those bodies, 
as A, attract all the rest, B, C, D, &c., with accelerative forces that are 
reciprocally as the squares of the distances from the attracting body ; 
aiul another body, as B, attracts also the rest, A, C, D, &c., with forces 
that are reciprocally as the squares of the distantes from the attruct- 
ing body ; the absolute forces of the attracting bodies A and B will 
be to each other as those very bodies A and B to which those forces 
belong. 

For the accelerative attractions of all the bodies B, C, D, towards A, 
are by the supposition equal to each other at equal distances; and in like 
manner the accelerative attractions of all the bodies towards B are also 
equal to each other at equal distances. But the absolute attractive force 
_ of the body A is to the absolute attractive force of the body B as the ac- 
telerative attraction of all the bodies towards A to the accelerative attrac- 
tion of all the bodies towards B at equal distances; and so is also the ac- 
celerative attraction of the body B to-vards A to the accelerative attraction 
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of the body A towards B. But the accelerative attraction of the body B 
towards A is to the accelerative attraction of the body A towards D as the 
mass of the body A to the mass of the body B ; because the motive forces 
which (by the 2d, 7th, and Sth Definition) are as the accelerative forces 
and the bodies attracted conjunctly are here equal to one another by the 
third Law. ‘Therefore the absolute attractive force of the body A is to the 
. absolute attractive force of the body B as the mass of the body A to the 
mass of the body B. Q.E.D. 

Con. 1. Therefore if each of the bodies of the svat A, B, C, D, ὥς. 
does singly attract all the rest with accelerative forces that are reciprocally 
as the squares of the distances from the attracting body, the absolute forces 
of all those bodies will be to each other as the bodies themselves. 

Con. 2. By a like reasoning, if each of the bodies of the system A, B, 
C, D, &c., do singly attract all the rest with accelerative forces, which are 
either reciprocally or directly in the ratio of any power whatever of the 
distances from the attracting body; or which are defined by the distances 

from each of the attracting bodies according to any common law ; it is plain 
that the absolute forces of those bodies are as the bodies themselves. 

Cor. 3. In a system of bodies whose forces decrease in the duplicate ra- 
tio of the distances, if the lesser revolve about one very great one in ellip- 
ses, having their common focus in the centre of that great body, and of a 
tigure exceedingly accurate; and moreover by radii drawn to that great 

ody descrihe areas proportional to the times exactly ; the absolute forces 
sf those bodies to each other will be either accurately or very nearly in the. 
ratio of the bodies. And s» on the contrary. This appears from Cor. of 
Prop. XLVIIL,compared with the first Corollary of this Prop. 


SCHOLIUM. 


. These Propositions naturally lead us to the analogy there is between 
centripetal forces, and the central bodies to which those forces used to be 
directed; for it is reasonable to suppose that forces which are directed to 
bodies should depend upon the nature and quantity of those bodies, as we 
see they do in magnetical experiments. And when such cases occur, we 
. are to compute the attractions of the bodies by assigning to each of their 
particles its proper force, and then collecting the sum of them all. I here 
use the word attraction in general for any endeavour, of what kind soever, 
made by bodies to approach to each other; whether that endeavour arise 
from the action of the bodies themselves, as tending mutually to or agita- 
ting each other by spirits emitted; or whether it arises from the action 
of the sether or of the air, or of any medium whatsoevery whether corporeal 
or incorpereal, any how impelling bodies placed therein towards each other. 
In the same general sense I use the word impulse, not defining in this trea- 
tise the species or physical qualities of forces, but investigating tbe quantities 
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and mathematical proportions of them ; as I observed before ir the Defi- 
nitions. In mathematics we are to investigate the quantities of forces 
with their proportions consequent upon any conditions supposed; then, 
when we enter upon physics, we compare those proporticns with the phe- 
nomena of Nature, that we may know what conditions of those forces an- 
swer to the several kinds of attractive bodies. And this preparation being 
made, we argue more safely concerning the physical species, causes, and 
proportions of the forces. Let us sce, then, with what forces spherical 
bodies consisting of particles endued with attractive powers in the manner 
above spoken of must act mutually upon one another: and what kind of 
motions will follow from thence. 


SECTION XII. 
Of the attractive forces of spherical bodies. 


PROPOSITION LXX. THEOREM XXX. 
If to every point of a spherical surface there tend equal centripetal forces 
decreasing in the duplicate ratio of the distances from those points ; 
I say, that a corpuscle placed within that superficies will not be attract- 
ed by those forces any way. 
Let HIKL, be that spherical superficies, and P a 
corpuscle. placed within. Through P let there be 
T drawn to this superficies to two lines HK, IL, inter- 
cepting very small arcs HI, KL; and because (by 
Cor. 3, Lem. VII) the triangles HPI, LPK are alike, 
those ares will be proportional to the distances HP 
LP; and any particles at HI and KL of the spheri- 
cal superficies, terminated by right lines passing through P, will be in the 
duplicate ratio of those distances. Therefore the forces of these particles 
exerted upon the body P are equal between themselves. For the forces are 
as the particles directly, and the squares of the distances inversely. And 
these two ratios compose the ratio of equality. The attractions therefore, 
being made equally towards contrary parts, destroy each other. And bya 
like reasoning all the attractions through the whole spherical superficies 
are destroyed by contrary attractions. Therefore the body P will not be 
any way impelled by those attractions. Q.E.D. 


PROPOSITION LXXI. THEOREM XXXI. 

The same things supposed as above, I say, that a corpuscle placed with- 
out the spherical superficies is attracted towards the centre of tha 
sphere with a force reciprocally proportional to the square ay its dis- 
tance from that centre. 

Let AHKB, ahkb, be two equal sphserical superficies described about 
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the centre S, 5; their diameters AB, ab; and let P and p be two corpus- 
cles situate without the spheres in those diameters produced. Let there 
| | I 





be drawn from the corpuscles the lines PHK, PIL, phk, pil, cutting off 
from the great circles AHB, ahb, the equal arcs HK, hk, IL, il; and to 
those lines let fall the perpendiculars SD, sd, SE, se, IR, ir ; of which let 
SD, sd, cut PL, pl, in F and f. Let fall also to the diameters the perpen- 
diculars IQ, ig. Let now the angles DPE, dpe, vanish; and because DS 
and ds, ES and es are equal, the lines PE, PF, and pe, pf, and the lineolæ 
DF, df may be taken for equal; because their last ratio, when the.angles 
DPE, dpe vanish together, is the ratio of equality. These things then 
supposed, it will be, as PI to PF so is RI to DF, and as pf to pi so is df or 
DF to ri; and, ez equo, aa PI x pf to PF X piso is RI to ri, that is 
(by Cor. 3, Lem VID), so is the arc IH to the arc ih. Again, PI is to PS 
as IQ to SE, and ps to pi as se or SE to 4g ; and, ez equo, PI X+ps to 
PS x pi as IQ to ig. And compounding the ratios PI? X pf X ps is to 
pi? x PF x PS, as IH X IQ to th X iq; that is, as the circular super- 
ficies which is described by the arc IH, as the semi-circle AKB revolves 
about the diameter AB, is to the circular superficies described by the arc {2 
as the semi-circle akb revolves about the diameter ab. And the forces 
- with which these superficies attract the corpuscles P and p in the direction 
of lines tending to those superficies are by the hypothesis as the superficies 
themselves directly, and the squares of the distances of the superficies from 
those corpuscles inversely ; that is, as pf X ps to ΡΕ XPS. And these 
forces again are to the oblique parts of them which (by the resolution of 
forces as in Cor. 2, of the Laws) tend to the centres in the directions of the 
lines PS, ps, as PI to PQ, and pi to pq ; that is (because of the like trian- 
gles PIQ and PSF, pig and psf), as PS to PF and ps to pf. Thence ex 
exquo, the attraction of the corpuscle P towards S is to the attraction of 
the corpuscle p towards s as =o is to ... tha‘is, 
as ps? to PS?. And, by a like reasoning, the forces with which the su- 
perficies described by the revolution of the arcs KL, kl attract those cor- 
puscles, will be as ps? to PS?. And in the same ratio will be the forces 
of all the circular superficies into which each of the spherical superficjes 
may be divided by taking sd always equal to SD, and se equal to SE. And 
therefore, by composition, the forces of the entire spherical superficies ex- 
erted upon those corpuscles will be in the same ratio. Q.E.D 
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 PROPOSITION LXXII. THEOREM XXXII. 

If to the several points of a sphere there tend equal centripetal forces de- 
creasing in a duplicate ratio of the distances from those points ; aud 
there be given both the density of the sphere and the ratio of the di- 
ameter of the sphere to the distance of the corpuscle from its centre ; 
I say, that the force with which the corpuscle is attracted is propor- 
tionai to the semi-diameter of the sphere. 

For conceive two corpuscles to be severally attracted by two spheres, one 
i by one, the other by the other, and their distances from the centres of the 
spheres to be proportional to the diameters of the spheres respectively , and 
the spheres to be resolved into like particles, disposed in a like situation 
to the corpuscles. 'T'hen the attractions of one corpuscle towards the sev- 
eral particles of one sphere will be to the attractions of the other towards 
as many analogous particles of the other sphere in a ratio compounded of 
the ratio of the particles directly, and the duplicate ratio of the distances 
inversely. But the particles are as the spheres, that is, in a triplicate ra- 
tio of the diameters, and the distances are as the diameters; and the first 
ratio directly with the last ratio taken twice inversely, becomes the ratio 
of diameter to diameter. Q.E.D. 

Con. 1. Hence if corpuscles revolve in circles about spheres composed 
of matter equally attracting, and the distances from the centres of the 
spheres be proportional to their diameters, the periodic times will be equal. 

Cor. 2. And, vice versa, if the periodic times are equal, the distances 
will be proportional to the diameters. These two Corollaries appear from 
Cor. 3, Prop. IV. : 

Cor. 3. If to the several points of any two solids whatever, of like fig- 
ure and equal density, there tend equal centripetal forces decreasing in a 
duplicate ratio of the distances from those points, the forces, with which 
corpuscles placed in a like situation to those two solids will be attracted 
by them, will be to each other as the diameters of the solids. 


PROPOSITION LXXII. THEOREM XXXIII. 

If to the several points of a given sphere there tend equal centripetal forces 
decreasing in a duplicate ratio of the distances from the points; I 
say, that a corpuscle placed within the sphere is attracted by a force 
proportional to its distance from the centre. 

In the sphere ABCD, described about the centre S, 
let there be placed the corpuscle P; and about the 
same centre S, with the interval SP, conceive de- 

B scribed an interior sphere PEQF. It is plain (by 

Prop. LX X) that the concentric spherical superficies, 

of which the difference AEBF of the spheres 18 com- 

D posed, have no effect at all upon the body P, their at. 
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tractions being destroyed by contrary attractions.. There remains, there- 
fore, only the “attraction of the interior sphere PEQF. And (by Prop. 
LX SD this is as the distance PS. Q.E.D. 


SCHOLIUM. 


. By the superficies of which I here imagine the solids composed, I do not 
mean superficies purely mathematical, but orbs so extremely thin, that 
their thickness is as nothing; that is, the evanescent orbs of which the sphere 
will at last consist, when the number of the orbs is increased, and their 
thickness diminished without end. In like manner, by the points of which 
lines, Surfaces, and solida are said to be composed, are to be understood 
equal particles, whose magnitude is perfectly inconsiderable. 


PROPOSITION LXXIV. THEOREM XXXIV. 


The same things supposed, I say, that a corpuscle situate without the 
sphere is attracted with a force reciprocally proportional to the square 
of its distance from the centre. 

For suppose the sphere to be divided into innumerable concentric sphe- 
rical superficies, and the attractions of the corpuscle arising from the sev- 
eral superficies will be reciprocally proportional to the square of the dis- 
tance of the corpuscle from the centre of the sphere (by Prop. LX XI), 
And, by composition, the sum of those attractions, that is, the attraction 
of the corpuscle towards the entire sphere, will bein thesameratio. Q.E.D. 

Con. 1. Hence the attractions df homogeneous spheres at equal distances 
from the centres will be as tie spheres themselves. For (by Prop. LX XII) 
if the distances be proportional to the diameters of the spheres, the forces 
will be as the diameters. Let the greater distance be diminished in that 
ratio; and the distances now being equal, the attraction will be increased 
in the duplicate of that ratio; and therefore will be to the other attraction 
in the triplicate of that ratio; that is, in the ratio of the spheres. 

Con. 2. At any distances whatever the attractions are as the spheres 
applied to the squares of the distances. | 

Con. 3. If a corpuscle placed without an homogeneous sphere is attract- 
ed by a force reciprocally proportional to the square of its distance from 
the centre, and the sphere consists of attractive particles, the force of every 
particle will decrease in a duplicate ratio of the distance from each particle. 


PROPOSITION LXXV. THEOREM XXXV. 


Uf to the several points of a given sphere there tend equal centripetal forces 
decreasing in a duplicate ratio of the distances from the points ; I say, 
that another similar sphere will be attracted by it with a force recip- 
rocally proportional to the square of the distance of the centres. 

For the attraction of every particle is reciprocally as the square of its 
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distance from the centre of the attracting sphere (by Prop. LX XIV), and 
48 therefore the same as if that whole attracting force issued from one sin- 
gle corpuscle placed in the centre of this sphere. But this attraction is as 
great as on the other hand the attraction of the same corpuscle would be, 
if that were itself attracted by the several particles of the attracted sphere 
with the same force with which they are attracted by it. But that attrac- 
tion of the corpuscle would be (by Prop. LX XIV) reciprocally propor- 
tional to the square of its distance from thecentre of the sphere; therefore 
the attraction of the sphere, equal thereto, is also in the same ratio. Q.E.D. 

Cor. 1. The attractions of spheres towards other homogeneous spheres 
are as the attracting spheres applied to the squares of the distances of their 
centres from the centres of those which they attract. 

Cor. 2. The case is the same when the attracted sphere does also at- 
tract. For the several points of the one attract the several points of the 
other with the same force with which they themselves are attracted by the 
others again; and therefore since in all attractions (by Law IIT) the at- 
tracted and attracting point are both equally acted on, the force will be 
doubled by their mutual attractions, the proportions remaining. | 

Cor. 3. Those several truths demonstrated above concerning the motion 
of bodies about the focus of the conic sections will take place when an 
attracting sphere is placed in the focus, and the bodies move without the 
sphere. 

Cor. 4. Those things which were demonstrated before of the motion of 
bodies about the centre of the conic sections take place when the motions 
are performed within the sphere. 


PROPOSITION LXXVI. THEOREM XXXVL 
If spheres be however dissimilar (as to density of matter and attractive 
force) in the same ratio onward from the centre to the circumference ; 
but every where similar, at every given distance from the centre, on ali 
sides round about ; and the attractive force of every point decreases 
an the duplicate ratio of the distance of the body attracted ; I say, 
that the whole force with which one of these spheres attracts the other 
will be reciprocally proportional to the square of the distance of the 
centres. | 
Imagine several concentric similar 
spheres, ΑΒ, CD, EF, &c., the inner- 
most of which added to the outermost 
\may compose a matter more dense to- 
wards the centre, or subducted from 
them may leave the same more lax and 
rare. Then, by Prop. LX XV, these 
spherez will attract other similar con. 
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sentric spheres GH, IK, LM, &c., each the other, with forces reciprocally 
proportional to the square of the distance SP. And, by composition or 
division, the sum of all those forces, or the excess of any of them above 
the others; that is, the entire force with which the whole sphere AB (com- 
posed of any concentric spheres or of their differences) will attract the 
whole sphere GH (composed of any concentric spheres or their differences) 
in the same ratio. Let the number of the concentric spheres be increased 
n infinitum, so that the density of the matter together with the attractive 
force may, in the progress from the circumference to the centre, increase or 
decrease according to any given law; and by the addition of matter not at- 
tractive, let the deficient density be supplied, that so the spheres may acquire 
any form desired ; and the force with which one of these attracts the other 
will be still, by the former reasoning, in the same ratio of the square of the 
distance inversely. Q.E.D. 

Con..1. Hence if many spheres of this kind, E. in all respecte, at- 
tract each other mutually, the accelerative attractions of each to each, at 
any equal distances of the centres, will be as the attracting spheres. 

Cor. 2. And at any unequal distances, as the attracting spheres applied 
to the squarcs of the distances between the centres. | 

Cor. 8. The motive attractions, or the weights of the spheres towards 
one another, will be at equal distances of the centres as the attracting and 
attracted spheres conjunctly ; that is, as the products arising from multi- 
plying the spheres into each other. 

Cor. 4. And at unequal distances, as those products directly, and the 
squares of the distances between the centres inversely. 

Cor. 5. These proportions take place also when the attraction ariseg 
from the attractive virtue of both spheres mutually exerted upon each 
other. For the attraction is only doubled by the onction of the forces, 
the proportions remaining as before. 

Cor. 6. If spheres of this kind revolve about others at rest, each about 
each ; and the distances between the centres of the quiescent and revolving 
bodies are proportional to the diameters of the quiescent bodies; the peri- 
odic times will be equal. 

Cor. 7. And, again, if the periodic times are equal, the distances will 
be proportional to the diameters. 

Cor. 8. All those truths above demonstrated, ση to the motions 
of bodies about the foci of conic sections, will take place when an attract- 
ing sphere, of any form and condition like that above described, 14. placed 
in the focus. 
© Con. 9. And also when the revolving bodies are also attracting spheres 
of any condition like that above described. 


1 
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PROPOSITION LXXVII. THEOREM XXXVII. 


If to the several points of spheres there tend centripetal forces propor- 
tional to the distances of the points from the attracted bodies ; I say, 
that the compounded force with which two spheres attract each other 
mutually is as the distance between the centres of the spheres. 

Case 1. Let AEBF be a sphere; S ita 
centre. P a corpuscle attracted; PASB 
the axis of the sphere passing through the 
centre of the corpuscle; EF, ef two planes 
cutting the sphere, and perpendicular to 
the axis, and equi-distant, one on one side, 
the other on the other, from the centre of 
the sphere; G and g the intersections of 
the planes and the axis; and H any point in the plane EF. The centri- 
petal force of the point H upon the corpuscle P, exerted in the direction of 
the line PH, is as the distance PH; and (by Cor. 2, of the Laws) the same 
exerted in the direction of the line PG, or towards the.centre S, is as the 
length PG. ‘Therefore the force of all the points in the plane EF (that is, 
of that whole plane) by which the corpuscle P is attracted towards the 
centre S is as the distance PG multiplied by the number of those points, 
that is, as the solid contained under that plane EF and the distance PG. 
And in like manner the force of the plane ef, by which the corpuscle P is 
attracted towards the centre S, 18 as that plane drawn into its distance Ρο, 
or as the equal plane EF drawn into that distance Pe ; and the sum of the 
forces of both planes as the plane EF drawn into the sum of the distances 
PG + Pe, that is, as that plane drawn into twice the distance PS of the 
centre and the corpuscle; that is, as twice the plane EF drawn into the dis- 
tance PS, or as the sum of the equal planes EF + ef drawn into the same 
distance. And, by a like reasoning, the forces of all the planes in the 
Whole &phere, equi-distant on each side from the centre of the sphere, arc 
as the sum of those planes drawn into the distance PS, that is, as the 
whole sphere and the distance PS conjunctly. Q.E.D. 

Case 2. Let now the corpuscle P attract the sphere ΑΕΒΕ, And, by . 
the same reasoning, it will appear that the force with which the sphere is- 
attracted is a8 the distance PS. Q.E.D. 

Case 3. Imagine another sphere composed of innumerable corpuscles Pp: 
and because the force with which every corpuscle is attracted is as the dis- 
tance of the corpuscle from the centre of the first sphere, and as the same 
sphere conjunctly, and is therefore the same as if it all proceeded from a 
single corpuscle situate in the centre of the sphere, the entire force with 
which all the corpuscles in the second sphere are attracted, that is, with 
which that whole sphere is attracted, will be the same as if that sphere 
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were attracted by a force issuing from a single corpuscle in the centre of 
the first sphere; and is therefore proportional to the distance between the 
centres of the spheres. Q.E.D. | 
^. Case 4. Let the spherés attract each other mutually, and the force will 
be doubled, but the proportion will remain. Q.E.D. | 
Case 5. Let the corpuscle p be placed within 
the sphere AEBF' ; and because the force of the 
plane ef upon the corpuscle is as the solid contain- | 
ed under that plane and the distance pe ; and the 
. contrary force of the plane EF as the solid con- 
tained under that plane and the distance pG; the 
force compounded of both will be as the difference 
of the solids, that is, as the sum of the equal planes drawn into half the 
difference of the distances; that is, as that sum drawn into pS, the distance 
of the corpuscle from the centre of the sphere. And, by a like reasoning, 
the attraction of all the planes EF, ef, throughout the whole sphere, that 
18, the attraction of the whole sphere, is conjunctly as the sum of all the 
planes, or as the whole sphere, and as pS, the distance of the corpuscle from 
the centre of the sphere. Q.E.D. | | 
‘Case 6. And if there be composed a new sphere out of innumerable cor- 
puscles such as p, situate within the first sphere AEBF, it may be proved, 
as before, that the attraction, whether single of one sphere towards the 
other, or mutual of both towards each other, will be as the distance pS of 
the centres. Q E.D. 





. PROPOSITION LXXVII. THEOREM XXXVII. 
lf spheres ix the progress from the centre to the circumference be however 
dissimilar und wnequable, but similar on every side round about c! elt 
given distances from the centre; and the attractive force of every 
point be as the.distance of the attracted body ; I say, that the entir 
force with which two spheres of this kind attract each other mutually 
is proportional to the distance between the centres of the spheres. 
This is demonstrated from the foregoing Proposition, in the same man- 
ner as Proposition LX XVI was demonstrated from Proposition LX XV. 
Con. Those things that were above demonstrated in Prop. X and LXIV, 
of the motion of bodies round the centres of conic sections, take place when 
all the attractions are made by the force of sphserical bodies of the condi- 
"tion above described, and the attracted bodies are spheres of the same kind. 


SCHOLIUM. 


I have now explained the two principal cases of attractions; to τ 
when tke centripetal forces decrease in a duplicate ratio of the distances, 
-r increase in a simple ratio of the distances, causing the bodies in both 

15 
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cases to revolve in conic sections, and composing spherical bodies whose 
centripetal forces observe the same law of increase or decrease in the recess 
from the centre as the forces of the particles themselves do ; which is very 
remarkable. It would be tedious to run over the other cases, whose con- 
clusions are less elegant and important,so particularly as I have done 
these. I choose rather to comprehend and determine them all by one gen- 
eral method as follows. 
LEMMA XXIX. 
[f about the centre S there be described any circle as AEB, and about the 
centre P there be also described two circles EF, ef, cutting the first in 
E and e, and the line PS in F and f; and there be let fall to PS the 
perpeudiculars ED, ed; I say, that if the distance of the arcs EF, ef 
be supposed to be infinitely diminished, the last ratio of the evanscent 
_line Dd to the evanescent line Vf is the same as that of the line PE to 
the line PS. 
For if the line Pe cut the arc EF in q; and the right line Ee, which 





coincides with the evanescent arc Ee, be produced, and meet the right line 
PS in T; and there be let fall from S to PE the perpendicular SG ; then, 
hecause of the like triangles DTE, d'Te, DES, it will be as Dd to Ee so 
DT to ΤΗ, or DE to ES; and because the triangles, Eeg, ESG (by Lem. 
VII, and Cer. 3, Lem. VIT) are similar, it will be as Ee to eg or Ff so ES 
to SG ; and, ez equo, as Dd to Ff so DE to SG; that is (because of the 
similar triangles PDE, PGS), so is PE to PS. Q.E.D. 


PROPOSITION LXXIX. THEOREM XXXIX. 

Suppose a superficies as EF fe to have its breadth infinitely diminished, 
and to be just vanishing ; and that the same superficies by its revolu- 
fion round the axis PS describes a spherical concavo-convez solid, to 
the several equal particles of which there tend equal centripetal forces ; 
I say, that the force with which that solid attracts a corpuscle situate 
an P is in a ratio compounded of the ratio of the solid DE? x Ff and 
the ratio of the force with which the given particle in the place Ff 
would attract the same corpuscle. 

For if we consider, first, the force of the dphserical superficies FE which 
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is generated by the revolution of the arc FE 


; ; e 
and is cut any where, as in r, by the line de, | 
- the annular part of thesuper?ciesgenerated — , i 
by the revolution of the arc rE will be as the 


lineola Dd, the radius of the sphere PE re- (eS 


‘maining the same; as Archimedes has de- 

monstrated in his Book of the Sphere and 
Cylinder. And the force of this super- N. . Ἡ 
ficies exerted in the direction of the lines PE 
or Pr situate all round in the conical superficies, will be as this annular 
superficies itself; that is as the lineola Dd, or, which is the same, as. the 
rectangle under the given radius PE of the sphere and the lineola Dd ; but 
that force, exerted in the direction of the line PS tending to the centre S, 
will be less in the ratio PI) to PE, and therefore will be as PD x Dd. 
Suppose now the line DF to be divided into innuzzerable little equal. par- 
ticles, each of which call Dd, and then the superficies FE will be. divided 
into so many equal annuli, whose forces will be as the sum of all the rec- 
tangles PD x Dd, that is, as 1PF? —1PD?, and therefore as ΓΕ”. 
Let now the superficies FE be drawn into the altitude Ff; and: the force 
of the solid EEfe exerted upon the corpuscie P will be as DE? x Ff; 
that is, if the force be given which any given particle as Pf exerts. upon 
the corpuscle P at the distance PF. But if that force be not given, the 
force of the solid EFfe will be as the solid DE? X Ff and that force not 
given, conjunctly. Q.E.D. 


PROPOSITION LXXX. THEOREM XL. 
Jf to the several equal parts of a sphere ABE described about the centre 

S there tend equal centripetal forces ; and from the several points D 

án the axis of the sphere AB in which a corpuscle, as E, is placed, 
there be erected the perpendiculars DE «neetiug the sphere in E, and 
if in those perpendiculars the lengths DN be taken as the quantity 

DE? X PS 

PE 

the axis. exerts αἱ the distance PE upon the corpuscle P conjuncily ; 1 

say, that the whole force with which the corpuscle P is attracted to- 

wards the sphere is as the area ANB, comprehended under the axis of 

the sphere AB, and the curve line ANB, the locus of the point N. 

For supposing the construction in the last Lemma and Theorem to 
stand, conceive the axis of the sphere AB to be divided into innumerable 
equal particles Dd, and the whole sphere to be divided into so many sphæ- 
rical concavo-convex lamine EF fe; and erect the perpendicular dn. By 
the last Theorem, the force with which tho lamine EF fe attracts the cor- 
puscle P is as DE? x Ff and the force of one particle exerted: at the 





, and as the force which a particle of the sphere situate in. 
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distance PE or PF, conjunctly. 

But (by the last Lemma) Dd is to 

Ff as PE to PS, and therefore Ef 
PS d 

is equal to = and DE? x 


2 ) 
P prj is equal to Dd X Bn — p Ἕν 


and therefore the force of the la- 
DE2 

mina EFfe isas Dd X B Kar 
and the force of a particle exerted at the distance PF conjunctly ; that 18, 
by the supposition, as DN x Dd, or as the evanescent area DNnd. 
Therefore the forces of all thelaminz exerted upon the corpuscle P are as 
all the areas DN»d, that is, the whole force of the sphere will be as the 
whole area ANB. Q.E.D 

Cor. 1. Hence if the centripetal force tending to the several particles 


E? 
remain always the same at all distances, and DN be made as 2 TR 2 








the whole force with which the corpuscle is attracted by the sphere is as 
the area ANB. 

Cor. 2. If the centripetal force of the particles be reciprocally as the 

DE? x PS 
distance of the corpuscle attracted by it, and DN be made as — PE: ^ 
the force with which the corpuscle P is attracted by the whole sphere will 
be as the area ANB. 

Cor. 3. If the centripetal force of the particles be reciprocally as the 
cube of the distance of the corpuscle attraeted by it, and DN be made as 
DE? x PS 

PE‘ 
sphere will be as the area ANB. 

Cor. 4. And universally if the centripetal force ee to the several 
particles of the sphere be supposed to be reciprocally as the quantity V; 

DE? x PS 
and DX be made as PE x V 
tracted by the whole sphere will be as the area ANB. 


, the force with which the corpuscle is attracted by the whole 


the force with which a corpuscle is at- 





PROPOSITION LXXXI. PROBLEM XLI 


The things remaining as above, it is required {0 measure the area 
ANB. 
From the point P let there be drawn the right line PH touching the 
sphere in H; and to the axis PAB, letting fall the perpendicular HI, 
bisect PI in L; and (by Prop. XII, Book II, Elem.) PE? is equal te 
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PS? + SE? + 2PSD. But because " 
the triangles SPH, SHI are alike, C] 
SE? or SH? is equal to the rectan- 
gle PSI, Therefore PE? is equal 


to the rectangle contained under PS § A IN 


and PS + SI + 28D; thatis, under : AU UE n 
. PS and 2LS + 28D : that is, under l 

PS and 2LD. Moreover DE? is 

equal to SE? — SD*, or SE? — | 


LS? + 28LD — LD?, that is; 28LD — LD? — ALB. For LS? — 
SE? or LS? — SA? (by Prop. VI, Book II, Elem.) is equal to the rectan- 
gle ALB. Therefore if instead of DE? we write28LD — LD? —- ALB, 


2 
the quantity cap x z which (by Cor. 4 of the foregoing Prop) i 18 as 





y 





the length of the ordinate DN, will now resolve itself into three parts 
2SLD x PS LD*xPS ALB xPS_ here if instead f V we write 

PEx V -PEx V ^ pEx V^ Where if instead o 
. the inverse ratio of the centripetal force, and instead of PE the mean pro- 
portional between PS and 2LD, those three parts will become ordinates to 
ro many curve lines, whose areas are discovered by the common owe 
Q.E.D. 

ΕΧΑΜΡΙΕ 1. If the centripetal force tending to the several particles of 
the sphere be reciprocally as the distance ; instead of V write PE the dis 
tance, then 2PS x LD for PE? ; and DN will become as E -- 1,1 --- 
ALB AL 
?LD Suppose DN equal to its double 2SL — LD — D and 2SL 
the given part of the ordinate drawn into the length AB will describe the 
rectangular area 2SL X AB; and the indefinite part LD, drawn perpen- 
dicularly into the same length with a continued motion, in such sort as in 
its motion one way or another it may either by increasing or decreasing re- 

AE B? — LÀ? 
main always equal to the length LD, will describe the area oo, 
that is, the area SL x AB; which taken from the former area 291, x 
` AB, leaves the area SL X AP. But the third part d drawn after the 
same manner with a continued motion perpendicularly into the same length, 
will describe the area of an hyperbola, which subducted 2 € 
from the area SL Χ AB will leave ANB the area sought. 
Whence arises this construction of the Problem. At 
the points, L, A, B, erect the perpendiculars Li, Λα, Bb; 
making Aa equal to LB, and Bd equal to LA. Making | 
LZ and LB asymptotes. deacribe through the points a, b, y a ———— $ 
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the hyper»elic errve ab. And the chord ba being drawn, will inclose the 
area aba equal to the area sought ANB. 

ΕΧΑΜΡΙΕ 2. If the centripetal force tending to the several particles of 
the sphere be reciprocally as the cube of the distance, or (which is the same 
thing) as that cube applied to any given plane; writ E: ; for V, and 

SL x AS? AS? 


2PS x LD for PE? ; and DN will become as PSxLD 2PS 








ALB x AS? 

755 PS της Pp that is (because PS, AS, SI are continually proportional), a3 

LSI ALB I 

Lp ^ δα x If we draw then these three parts into th 
LSI | 

length AB, the first Lp will generate the area of an hyperbola; the sec- 

. , ALB x SI ALB x Sl 
ond 1SI the area 1AB X SI; the third ορ the area — LA 
ALB x SI 


—2LB ^ that is, ΑΒ x SI. From the first subduct the sum of the 


second and third, and there will remain ANB, the area sought. Whence 
arises this construction of the problem. At the points L, A, S, B, erect 
a the perpendiculars L/ Αα Ss, Bb, of which suppose Ss 
equal to SI; and through the point s, to the asymptotes 
Li, LB, describe the hyperbola asb meeting the 
perpendiculars Aa, Bb, in a and b; and the rectangle 
ῤ 2ASI, subducted from the hyberbolic area AasbB, will 
LA I S B leave ANB the area sought. | 
ΕΧΑΜΡΙΕ 3. If the centripetal force tending to the several particles of 
the spheres decrease in a quadruplicate ratio of the distance from the par- 
ticles; write ss for V, then v 2PS + LD for PE, and DN will become 
SI? x SL l SI? 1 SI? x ALB 1 
—VJ38[ * 7 Lb? 228i VLD 2/280 * JLD" 
These three parts drawn into the length AB, produce so many areas, viz. 


s 
$ 





H 251: x SL 1 ae COM E : 
Z SI "° YIA vy LB’ 
SI? ae 

| 7 281 into VA LB — ν΄ ΠΑ; and 
} BSI? x ALB mu η Ir? 
R L f κα ες e | e t ADM REIR 
37281 ΝΤΑ: vLB* 
And these after due reduction come 

forth eam S SI?, and SI? + 


~ Ll 
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2SI 4SI* 
c And these by subd acting the last from the first, become LT 


Therefore the entire force with which the corpuscle P. is attracted towards 


the centre of the &phere is ml 


PI’ 
Q.E.L 
By the same method one may determine the attraction of a corpuscle 
situate within the sphere, but more expeditiously by the following Theorem. 


that is, reciprocally as PS? x PI 


PROPOSITION LXXXIL THEOREM XLI. 

In u sphere described about the centre S with the interval SA, if there be 
taken 51, SA, SP continually proportional ; J say, that the attraction 
of a corpuscle within the sphere in any place 1 15 to its attraction without 
tke sphere in the place P in a ratio compounded of the subduplicate 
ratio of IS, PS, the distances from the centre, and the subduplicate 
ratio of the centripetal forces tending to the centre in those places. P 
and L | 
As if the centripetal forces of the 

particles of the sphere be reciprocally 

as the distances of the corpuscle at- 

tracted by them ; the force with which , 

the corpuscle situate in I is attracted P 

by the entire sphere will be to the - 

force with which it is attracted in P- 

in a ratio compounded of the subdu- 

plicate ratio of the distance SI to the distance SP, and the subduplicate 
ratio of the centripetal force in the place I arising from any particle in the 

centre to the centripetal foree in the place P arising. from the same particle in 
the centre; that 18, in the subduplicate ratio of the distances SL SP to each 
other reciprocally. ‘These two subduplicate ratios compose the ratio of 
equality, and therefore the attractions in I and P produced by the whole 
sphere are equal. By the like calculation, if the forces’of the particles of 
the sphere are reciprocally in a duplicate ratio of the distances, it will be 
found that the attraction in Lis to the attraction in P as the distance SP 
to the semi-diameter.SA of the sphere. If those forces are reciprocally in 

a triplicate ratio of the distances, the attractions in I and P will be to each 

other as SP? to SA? ; ifin a quadruplicate ratio, as SP? to SA*. There- 

fore since the attraction in P was found in this last case to be reciprocally 
as PS? x PI, the attraction in I will be reciprocally as SA? X PI, that is, 
because SA? is given reciprocally as PI. And the progression is the same 
sn infinitum. The demonstration of this Theorem is as follows: 

The things remaining as above constructed, and a corpuscle being in any 
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3 
place P, the ordinate DN was found to be as ο < 'T'herefore if 
IE be drawn, that ordinate for any other place of the corpuscle, as I, will 
DE? x IS 
EXT 
flowing from any point of the sphere, as E, to be to each other at the dis- 
tances IE and PE as PE" to IE” (where the number 2 denotes the index 


become (mutatis mutandis) as Suppose the centripetal forces 


DE? x PS 
of the powers of PE and IE), and those ordinates will become as PE x PEM 
DE? x IS τον | i 
and, ~S IE x IE, whose ratio to each other is aa PS x IE X IE» to IS x 


PE x PE’. Because SI, SE, SP are in continued proportion, the tri- 
angles SPE, SEI are alike; and thence IE is to PE aa IS to SE or SA. 
For the ratio of IE to PE write the ratio of IS to SA ; and the ratio of 
the ordinates becomes that of PS x IE" to SA X ΡΕ», But the ratio of 
PS to SA is subduplicate of that of the distances PS, SI; and the ratio of 
[E^ to PE? (because IE is to PE as IS to SA) is subduplicate of that of 
the forces at the distances PS, IS. "Therefore the ordinates, and conse- 
quently the areas whieh the ordinates describe, and the attractions propor- 
t:onal to thein, are in a ratio compounded of those ο ratios. 
Q.E.D. 


PROPOSITION LXXXIII. PROBLEM XLII. 


To find the force with which a corpuscle placed in the centre of a sphere 
is attracted towards any segment of that sphere whatsoever. 
R Let P be a body in the centre of that sphere and 
RBSD a segment thereof contained under the plane 
RDS, and thespheerical superficies RBS. Let DB becut 
in F by a spherical superficies EFG described from the 
centre P, and let the segment be divided into the parts 
BREFGS, FEDG. Let us suppose that segment to 
be not a purely mathematical but a physical superficies, 
having some, but a perfectly inconsiderable thickness. 
! Let that thickness be called O, and (by what Archi- 
- medes has demonstrated) that superfieies will be as 
PF x DF x O. Let us suppose besides the attrac- 
tive forces of the particles of the sphere to be reciprocally as that power of 
the distances, of which 7 is index; and the force with which the superficies 


a3 
EFG attracts the body P will be (by Prop. LX XIX) as DE? x O 


PF" ^C 
2DF D DF? x O 
(05 “pp 0h ^ ΒΕ 





that 





Let the perpendicular FN drawn into 
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O be proportional to this quantity ; and the curvilinear area BDI, which 
the ordinate FN, drawn through the length DB. with a continued motion 
will describe, will be as the whole force with which the whole segment 
RBSD attracts the body P. Α.Ε.Ι. 


PROPOSITION LXXXIV. PROBLEM XLIII. 
To find the force with which a corpuscle, placed without the centre of a 
ephere in the axis of any segment, is attracted by that segment. 
Let the body P placed in the axis ADB of τ F 
‘the segment EBK be attracted by that seg- | 
ment. About the centre P, with the interval 
PE, let the sphzrical superficies EFK be de- È 
Scribed; and let it divide the segment into 4 
two parts EBKFE and EFKDE. Find the 
force of the first of those parts by Prop. 
LXXXI, and the force of the latter part by 
Prop. LX X XIII, and the sum of the forces will be the force of the whole 
segment EBKDE. . Q.E.I. 


SCHOLIUM. 


. The attractions of sphzrical bodies being now explained, it comes next 
in order to treat of the laws of attraction in other bodies consisting in like . 
manner of attractive particles; but to treat of them particularly is not neces- 
sary to my design. It will be sufficient to subjoin some general proposi- 
tions relating to the forces of such bodies, and the motions thence arising, 
because the knowledge of these will be of some little use in philosophical 
inquiries, 


SECTION XIII. 
Of th the attractive forces of bodies which are not of a spherical figure. 


PROPOSITION LXXXV. THEOREM XLI. — 


If a body be attracted by anothér, and its attraction be vastly stronger 
. when it is contiguous to the attracting body than when they are sepa- 
rated from one another by a very small interval; the forces of the 
particles of the attracting body decrease, in the recess of the body at- 
tracted, in more than.a duplicate ratio of the distance of the particles. 
For if the forces decrease in a duplicate ratio of the distances from the 
particles, the attraction towards a spherical body being (by Prop. LX XV) 
reciprocally as the square of the distance of the attracted body from the 
-sentre of the aphere, will not be sensibly increased by the contact, and it. 
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will be still less increased by it, if the attraction, in the recess of the body 
attracted, decreases in a still Jess proportion. The proposition, therefore, 
is evident concerning attractive spheres. And the case is the same of con- 
cave spherical orbs attracting external bodies. And much more docs :t 
appear in orbs that attract bodies placed within them, because there the 
attractions diffused through the cavities of those orbs are (by Prop. LX X) 
destroyed by contrary attractions, and therefore have no effect even in the 
place of contact. Now if from these spheres and spherical orbs we take 
away any parts remote from the place of contact, and add new parts any 
where at pleasure, we may change the figures of the attractive bodies at - 
pleasure; but the parts added or taken away, being remote from the place 
of contact, will cause no remarkable excess of the attraction arising from 
the contact of the two bodies. ‘! herefore the proposition holds good in 
bodies of all figures. Q.E.D. 


PROPOSITION LXXXVI. THEOREM XLIII. 
Jf the forces of the particles of which an attractive body is composed de- 
crease, in the recess of the attractive body, in a triplicate or more than 
a triplicate ratio of the distance from the particles, the attraction. will 
be vastly stronger in the point of contact than when the attracting and 
attracted bodies are separated from each other, though by never so 
small an interval. | | 
For that the attraction is infinitely increased when the attracted eorpus- 
cle comes to touch an attracting sphere of this kind, appears, by the solu- 
tion of Problem XLI, exhibited in €gpe second and third Examples. The 
same will also appear (by comparing those Examples and Theorem XLI 
together) of attractions of bodies made towards concavo-convex orbs, whether 
the attracted bodies be placed without the orbs, or in the cavities within 
them. And by aiding to or taking from those spheres and orbs any at- 
tractive matter any where without the place of contact, so that the attrac- 
tive bodies may receive any assigned figure, the Fropontion will hold good 
of all bodies universally. Q.E. D. 


PROPOSITION LXXXVII. THEOREM XLIV. 

If two bodies similar to each other, and consisting of matter equally at- 
tractive, attract separately two corpuscles proportional to those bodies, 
and in a like situation to them, the accelerative attractions of the cor- 
puscles towards the entire bodies will be as the accelerative attractions 
of the corpuscles towards partieles of the bodies proportional to the 
wholes, and alike situated in them. 

For if the bodies are divided into particles proportional to the wholes, 
and alike situated in them, it will be, as the attraction towards any parti- 
cle of one of the bodies to the attraction towards the correspondent particle 
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in the other body, so are the attractions towards the several particles of the 
first body, to the attractions towards the several correspondent particles of 
the other body; and, by composition, so is the attraction towards the first 
whole body to the attraction towards the second whole body. Q.E.D. 
Cor. 1. Therefore if, as the distances of the corpuscles attracted increase, 
the attractive forces of the particles decrease in the ratio of any powcr 
of the distances, the accelerative attractions towards the whole bodies will 
be as the bodies directly, and those powers of the distances inversely. As 
if the forces of the particles decrease in a duplicate ratio of the distances 
from the corpuscles attracted, and the bodies are as A? and B3, and there- 
fore both the cubic sides of the bodies, and the distance of the attracted 
corpuscles from the bodies, are as A and B; the accelerative attractions 
3 
towards the bodies will be "n nd a that is, as A and B the cubic 
sides of those bodies. If the forces of the particles decrease in a triplicate 
ratio of the distances from the attracted aves a accelerative attrac- 


tions towards the whole bodies will be as > de - that 3 18, equal. Ἢ the 


A? B? 
forces decrease in a quadruplicate ratio, the attractions towards the bodies 
= B? 
will be as Ta and —-, that is, reciprocally as the cubic sides A and B. 
Bi 
And so in p cases. 

Con. 2. Hence, on the other hand, ftom the ae with which like bodies 
attract corpuscles similarly situated, may be collected the ratio of the de- 
crease of the attractive forces of the particles as. the attracted corpuscle 
recedes from them ; if so be that decrease is directly or inversely in any 
ratio of the distances. 


PROPOSITION LXXXVIII. THEOREM XLV. 


If the attractive forces of the equal particles of any body be as the dis- 
tance of the places from the particles, the force of the whole body will 
tend to its centre of gravity ; and will be the same with the force of 
a globe, consisting of similar and equal matter, and having its centre 
in the centre of gravity. | 
Let the particles A, B, of the body RSTYV at- 

tract any corpuscle Z with forces which, suppos-Z 

ing the particles to be equal hetween themselves, ' 
are as the distances AZ, BZ; but, if they are 
supposed unequal, are as those particles and 
their distances AZ, BZ, conjunctly, or (if I may 
go speak) as those particles drawn into their dis- 
tances AZ, BZ respectively. And let those forces be "e by the 
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contents uader A X AZ, and B X BZ. Join AB, and let it be cut in G, 
so that AG may be to BG as the particle B to the particle A; and G 
will be the common centre of gravity of the particles A and B. The force 
A X AZ will (by Cor. 2, of the Laws) be resolved into the forces A x GZ 
and A X AG; and the force B x BZ into the forces B x GZ and B x 
BG. Now the forces A X AG and B x BG, because A is proportional to 
B, and BG to AG, are equal, and therefore having contrary directions de- 
stroy one another. ‘There remain then the forces A x GZ and B x GZ. 


‘These tend from Z towards the centre G, and compose the force A + B 
X GZ; that is, the same force as if the attractive particles A and B were 
placed in their common centre of gravity G, composing there a little globe. 

By the same reasoniny, if there be added a third particle C, and the 


force of it be compounded with the force A + B x GZ tending to the cen- 
tre G, the force thence arising will tend to the common centre of gravity 
of that globe in G and of the particle C ; that is, to the common centre of 
gravity of the three particles A, B, C; and will be the same as if that 
globe and the particle C were placed in that common centre composing a 
greater globe there; and so. we may go on iw infinitum. Therefore 
the whole force of all the particles of any body whatever RST'V is the 
same as if that body, without removing its centre of gravity, were to put 
on the form of a globe. Q.E.D. 

Con. Hence the motion of the attracted body Z will be the same as if 
the attracting body RST'V were spherical; and therefore if that attract- 
ing body be either at rest, or proceed uniformly in a right line, the body 
attracted will move in an ellipsis having its centre in the centre of gravity 
of the attracting body. 


PROPOSITION LXXXIX. THEOREM XLVI. 

If there be several bodies consisting of equal. particles whose forces are 
as the distances of the places from each, the force compounded of all 
the forces by which any corpuscle is attracted will tend to the common 
centre of gravity of the attracting bodies ; and will be the same as 4f 
those attracting bodies, preserving their common centre of gravity, 
should unite there, and be formed into a globe. 

This is demonstrated after the same manner as the foregoing Proposi- 
tion. 

Cor. Therefore the motion of the attracted body will be the same as if 
the attracting bodies, preserving their common centre of gravity, should 
anite there, and be formed into a globe. And, therefore, if the common 
sentre of gravity of the attracting bodies be either at rest, or proceed uni- 
formly in a right line, the attracted body will move in an ellipsis having 
its centre in the common centre of gravity of the attracting bodies. 
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PROPOSITION XC. PROBLEM XLIV. | 


If to the sererai points of any circle there tend equal centr ipeta forces, 
increasing or decreasing in any ratio of the distances ; it is required 
to find the Sor ce with which a corpuscle be attracted, that is, situate 
any where in a right line which stands at right angles to the plane 
of the circle at its centre. 

Suppose a circie to be described about the cen- 
tre A with any interval AD in a plahe to which 
the right line AP is perpendicular ; and let it be 
required to find the force with which a corpuscle 
P is attracted towards the same. From any point 
E of the circle, to the attracted corpuscle P, let 
there be drawn the right line PE. In the right 
line PA take PF equal to PE, and make a per- 
pendicular FK, erected at F, to be as the force 
with which the point E attracts the corpuscle P. 
And let the curve line IKT. be the locus of the point K. Let that cus re 
meet the plane of the circle in L. In PA take PH equal to PD, and er:ct 
the perpendicular HI meeting that curve in I; and the attraction of the 
corpuscle P towards the circle will be as the area AHIL drawn into the 
altitude AP. Α.Ε.Ι. 

For let there be taken in AE a very small line Ee. Join Pe, and in PE, 
PA take PC, Pf equal to Pe. And because the force, with which any 
point E of the annulus described about the centre A with the interval Al 
in the aforesaid plane attracts to itself the body P, is supposed to be as 
FK; and, therefore, the force with which that point attracts the body P 

AP x FK 


towards A is as —pE ^ and the force with which pe whole annulus 


attracts the body P towards A is as the annulus mie 





ees 





x F 
TREO 
ly; and that annulus also i8 as the rectangle under the radius AE aad the 
breadth Ee, and this rectangle (because PE and AE, Ee and CE are pro- 
portional)is equal to the rectangle PE x CE or PE x Ef; the force 
with which that annulus attracts the body P towards A will be as PE x 
Ff and — da —— eonjunétly; that is, as the content under Ff x FK x 
AP, or as the area FK&f drawn into AP. And therefore the sum of the 
forces with which all the annuli, in the circle described about the centre A 
with the interval AD, attract the body P towards A, is as the whole area 
AHIKL drawn into AP. Q.E.D. | 
.. Cor. 1. Hence if the forces of the points decrease in the duplicate ratio 





238 THE MATHEMATICAL PRINCIPLES [Boox L 


of the distances, that is, if FK be as EN , and therefore the area AHIKI. 


PF? 
Ι 1 | 
8851 pH: the attraction of the corpuscle P towards the circle wil] 


PA AH 
beas 1 — pp! that is, as PH 
Con. 2. And universally if the forces of the points at the dirac D be 


reciprocally as any power D” of the distances; that is, if FK be as τ 


D 
1 1 : 
PA"—1 mem ῬΗ: } the attraction 
1 PA 
PA" 3 ~ pH 
Cor. 3. And if the diameter of the circle be increased in infinitum, and 


the number n be greater than unity ; the attraction of the corpuscle P to- 
wards the whole infinite plane will be reciprocally as PA" — 3, because the 


and therefore the area AHIKL as 


of the E P towards the circle will be as 


A 
— ; Vanishes. 





ther t S 
other term. Syn” 


PROPOSITION XCI. PROBLEM ΧΙΛ. 


To find the attraction of a corpuscle situate in the axis of a round solid, 
to whose several points there tend equal centripetal forces decreasing 
in any ratio of the distances whatsoever. 

Let the corpuscle P, situate in the axis AB 
of the solid DECG, be attracted towards that 
solid. Let the solid be cut by any circle as 
RFS, perpendicular to the axis; and in its 
semi-diameter FS, in any plane PALKB pass- 
ing through the axis, let there be taken (by 
Prop. XC) the length FK proportional to the 
force with which the corpuscle P is attracted 
| towards that circle. Let the locus of the point 

K be the curve line LKI, meeting the planes of the outermost circles AL 
and BI in L and I; and the attraction of the corpuscle P towards the 

solid will be as the area LABI. Q.E.L 

Cor. 1. Hence if the solid be a cylinder described by the parallelogram 
.ADEB revolved about the axis AB, and the centripetal forces tending to 

the several points be reciprocally as the squares of the distances from the 
pointe; the attraction of the corpuscle P towards this cylinder will be as 
AB — PE + PD. For the ordinate FK (by Cor. 1, Prop. XC) will be 





as 1l — LA The part 1 of this quantity, drawn into the length AB, de- 
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scribes the area 1 x AB; and the other part 
oF 
PR’ 
area 1 into PE — AD (as may be easily — — ο E | | 
shewn. from the quadrature of the curve a αἰ 


oor [| 


drawn into the length PB describes the Pip a 


I,K); and, in like manner, the same part 
drawn into the length PA describes the area 


L into PD — AD, and drawn into AB, the 


difference of PB and PA, describes 1 into PE —] PD, the difference of the 
areas. From the first content 1 x AB take away the last content, | into 


PE — — PD, and there will remain the area LABI equal to 1 into 


AB — PE + PD. Therefore the force, being proportional to this area, 
is as AB— PE + PD. 

Cor. 2. Hence also is known the force B M 
by which a spheroid AGBC attracts any 
body P situate externally in.its axis AB. , 
Let NKRM be a conic section whose or- : 
dinate ER perpendicular to PE may be 
always equal to the length of the line PD, 
continually drawn to tie point D in 
which that ordinate cuts the spheroid. 
From the vertices A, B, of the spheriod, 
let there be erected to its axis AB the perpendiculars AK, BM, respectively 
equal to AP, BP, and therefore meeting the conic sectidn in K and M; and 
join KM cutting off from it the segment KMRK. Let S be the centre of the 
spheroid, and SC. ita greatest semi-diameter ; and the force with which the 
spheroid attracts the body P will be to the force with which a sphere describ- 
AS x CS1*—PS x KMRK 

PS? + CS?— AS? Ἢ 
is to iba z And by a calculation founded on the same principles may be 
found the forces of the segments of the. spheroid. 

. Con. 3. If the corpuscle be placed within the spheroid adi In its axis, 
the attraction will be as its distance from the centre. ‘This may be easily 
collected from the following reasoning, whether DF 
the particle bein the axis or in any other given É ~~" 
diameter. Let AGOF be an attracting sphe / 
roid, S its centre, and P the body attracted. , d. 
Through the body P let. there be drawn the 4 
semi-diameter SPA, and two right lines DE, N 


FG meeting the .spheroid in 1) ‘and E, F and ` A 
G ; and let, PCM, -HLN be the superficies of CF 








ed with thediameter AB attracts thesame body as —,— 
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two interior spheroids similar and concentrical to the exterior, the first of 
which passes through the body P, and cuts the right lines DE, FG in B 
and C ; and the latter cuts the same right lines in H and I, K and L. 
let the spheroids have all one common axis, and the parts of the right 
lines intercepted on both sides DP and BE, FP and CG, DH and IE, FK 
and LG, will be mutually equal; because the right lines DE, PB, and HI, 
are bisected in the same point, as are also the right lines FG, PC, and KL. 
Conceive now DPF, EPG to represent opposite cones described with the 
infinitely small vertical angles DPF, EPG, and the lines DH, EI to he 
infinitely small also. Then the particles of the cones DHKF, GLIE, cut 
off by the spheroidical superficies, by reason of the equality of the lines DH 
and EI, will be to one another as the squares of the distances from the body 
P, and will therefore attract that corpuscle equally. And by a like rea- 
soning if the spaces DPF, EGCB be divided into particles by the superfi- 
cies of innumerable similar spheroids concentric to the former and having 
one common axis, all these particles will equally attract on both sides the 
body P towards contrary parts. ‘Therefore the forces of the cone DPF, 
and of the conic segment. EGCB, are equal, and by their contrariety de- 
stroy each other. And the case is thesame of the forces of all the matter 
that lies without the interior spheroid PCBM. Therefore the body P is 
attracted by the interior spheroid PCBM alone, and therefore (by Cor. 3, 
Prop. L.X XII) its attraction is to the force with which the body A is at- 
tracted by the whole spheroid AGOD as the distance PS to the distance 
AS. Q.E.D. 


PROPOSITION ΧΟΠ, PROBLEM XLVI. 


An attracting body being given, il is required to find the ratio of the de- 
crease of the centripetal forces tending to tts several points. 

The body given must be formed into a sphere, a cylinder, or some regu- 
lar figure, whose law of attraction answering to any ratio of decrease may 
be found by Prop. LXXX, LXXXI, and XCI. Then, by experiments, 
the force of the attractions must be found at several distances, and the law 
of attraction towards the whole, made known by that means, will give 
the ratio of the decrease of the forces of the Bevera parts; which was to 
be found. 


PROPOSITION XCIIL THEOREM XLVIL 


If a solid be plane on one side, and infinitely ertended on all other sides, 
and consist of equal particles equally attractive, whose forces decrease, 
in the recess from the solid, in the ratio of any power greater than the 
square of the distances ; and a corpuscle placed towards eithr part of 
the plane 1s attracted by the force of the whole solid ; I say that the 
attractive force of the whole solid, in the recess from its plans superfi- 
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cies, will decrease in the ratio of a power whose side is the distance of 
the corpuscle from the plane, and its index less by 3 than the index of 
the power of the distances. 

Case 1. L.et'l.Glbe the plane by which 
the solid is terminated. Let the solid 
lie on that hand of the plane that is to- 
wards I, and let it be resolved into in- 
numerable planes mHM, ΗΝ, oKO, 
&c., parallel to GI.. And first let the 
attracted body C be placed without the 
solid. J.et there be drawn CGHI per- 
pendicular to those innumerable planes, 
and let the attractive forces of the points of the solid decrease in the ratio 
of a power of the distances whose index is the number n not less than 3. 
Therefore (by Cor. 3, Prop. XC) the force with which any plane mHM 
attracts the point C is reciprocally as CH"—*. In the plane mHM take the 
length HM reciprocally proportional to CH'— ?, and that force will be as 
HM. In like manner in the several planes 1, nIN, oKO, &c., take the 
lengths GL, IN, KO, &c., reciprocally proportional to CG»—3, CI— 
CK"— 2, &c., and the forces of those planes will be as the lengths so taken, 
and therefore the sum of the forces as the sum of the lengths, that is, the 
force of the whole solid as the area GLOK produced infinitely towards 
OK. But that area (by the known methods of quadratures) is reciprocally 
as CG"— ?, and therefore the force of the whole solid is reciprocally as 
CG"— 5, QE. D. 

Case 2. Let tFecorpuscle C be now v placed on that 
hand of the plane /GL, that is within the solid, 
and take the distance CK equal to the distance 
CG. And the part of the solid LGloKO termi- 
nated by the parallel planes /GL,, oKO, will at- 
tract the corpuscle C, situate in the middle, neither | 
one way nor another, the contrary actions of the / 
opposite points destroying one another by reason of 
their equality. Therefore the corpuscle C is attracted by the force only 
of the solid situate beyond the plane OK. But this force (by Case 1) is 
reciprocaliy as CK^—3, that is, (because CG, CK are equal) reciprocally as 
CG"—*, Q.E.D. 

... Con. 1. Hence if the solid LGIN be terminated on each side by two in- 
finite parallel plares LG, IN, its attractive force is known, subducting 

from the attractive force of the whole infinite solid LGKO the attractive 

force of the more distant part NIKO infinitely produced towards KO. 

Con. 2. If the more distant part of this solid be rejected, because its at- 
traction compared with the attraction of the nearer part is inconsiderable, 

16 





lo N τ 






o. 
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the attraction of that nearer part will, as the distance Increases, decrease 
nearly in the ratio of the power CG^— 

Con. 3. And hence if any finite body, ιο on one side, attract a cor- 
puscle situate over against the middle of that plane, and the distance between 
the corpuscle and the plane compared with the dimensions of the attracting 
body be extremely small; and the attracting body consist of homogeneous 
particles, whose attractive forces decrease in the ratio of any power of the 
distances greater than the quadruplicate; the attractive force of the whole 
body will decrease very nearly in the ratio of a power whose side is that 
very small distance, and the index less by 3 than the index of the former 
power. ‘This assertion does not hold good, however, of a body consisting 
of particles whose attractive forces decrease in the ratio of the triplicate 
power of the distances ; because, in that case, the attraction of the remoter 
part of the infinite body in the second Corollary is always infinitely greater 
than the attraction of the nearer part. 


SCHOLIUM. 


If a body is attracted perpendicularly towards a given plane, and from 
the law of attraction given, the motion of the body be required ; the Pro- 
blem will be solved by secking (by Prop. XX XIX) the motion of the body 
descending in a right line towards that plane, and (by Cor. 2, of the Laws) 
compcunding that motion with an uniform motion performed in the direc- 
tion of lines parallel to that plane. And, on the contrary, if there be re- 
quired the law of the attraction tending towards the plane in perpendicu- 
lar directions, by which the body may be caused to move in any given 
curve line, the Problem will be solved by working after the manner of the 
third Problem. 

But the operations may be contracted by resolving the ordinates into 
converging serics. As if to a base A the length B be ordinately ap- 
plied in any given angle, and that length be as any power of the base 


Απ; and there be sought the force with which a body, either attracted to- 
wards the base or driven from it in the direction of that ordinate, may be 
caused to move in the curve line which that ordinate always describes with 
its superior extremity; I suppose the base to be increased by a very small 


part O, and I resolve the ordinate A+ +0: a into an infinite series A^ + 
T. QA TS 0-77 00A 353 


aun 
tional to the term of this series in which O is of two dimensions, that is, 








όζο., and I suppose the force propor- 


to the term ee ——OOA a Therefore the force sought is as 
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---- T A, or which is the same thing, a3 a BT, 
As if the ordinate describe a parabola, m being — 2, and n = 1, the force 
will be as the given quantity 2B9, and therefore is given. Therefore with 
a given force the body will move in a parabola, as Galileo has demon. 
strated. If the ordinate describe an hyperbola, m being — 0 — 1, and x 
= 1, the force will be as 2A" * or 23: and therefore a force which is as the 
cube of the ordinate will cause the body to move in an hyperbola. But 
leaving this kind of propositions, I shall go on to some others relating to 
motion which I have hot yet touched upon. 








SECTION XIV. 


Of the motion of very small bodies when agitated by centripetal forces 
tending to the several parts of any very great body. 


PROPOSITION XCIV. THEOREM XLVIII. 


If two similar mediums be separated from each other by a space termi- 
nated on both sides by parallel planes, and a body in its passage 
through that space be attracted or impelled perpendicularly towards 
either of those mediums, and not agitated or hindered by any other 
force ; and the attraction be every where the same αἱ equal distances 
from either plane, taken towards the same hand of the plane ; ; Isay,. 
that the sine of incidence upon either plane will be to the sine of emer. 
gence from the other plane in a given ratio. 
Case 1. Let Λα and BÓ be two parallel planes, 

and let the body light upon the first plane Aa in 

the direction of the line GH, and in its whole 
passage through the intermediate space let it be 
attracted or impelled towards the medium of in- 
cidence, and by that action let it be made to de- 

scribe a curve line HI, and let it emerge in the di- 

rection of the line IK. Let there be erected IM 

perpendicular to Bb the plane of emergence, and 

meeting the line of incidence GH prolonged in M, and the plane of inci- 
dence Aa in R; and let the line of emergence KI be produced and meet 

HM in L. About the centre L, with the interval LI, let a circle be dc. 

scribed cutting both HM in P and Q, and MI produced in N; and, first, 

if the attraction or impulse be supposed uniform, the curve HT (by what - 

Galileo has demonstrated) he à parabola, whose property is that of a rec- 
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tangle under its given latus rectum and the line IM is equal to the squaré 
of HM ; and moreover the line HM will be bisected in L. Whence if to 
MI there be let fall the perpendicular ILLO, MO, OR will be equal; and 
adding the equal lines ON, OI, the wholes MN, IR will be equal also. 
` Therefore since IR is given, MN is also given, and the rectangle NMI is 
to the rectangle under the latus rectum and IM, that is, to HM? in a given 
ratio. But the rectangle NMI is equal to the rectangle PMQ, that is, to 
the difference of the squares ML?, and PL? or LI? ; and HM? hath a given 
ratio to its fourth part ML?; therefore the ratio of ML?— LE to ML? is given, 
and by conversion the ratio of LI? to ML’, and its subduplicate, the ratio 
of LI to ML. But in every triangle, as LMI, the sines sf the angles are 
proportional to the opposite sides. Therefore the ratio of the sine of the 
angle of incidence LMR to the sine of the angle of emergence LIR is 
given. Q.E.P. 

Case 2. Let now the body pass successively through several spaces ter- ` 
minated with parallel planes AahB, BbcC, &c., and let it be acted on by a 

force which is uniform in each of them separ- 
α ately, but different in the different spaces; and 
ὁ by what was just demonstrated, the sine of the 
c angle of incidence on the first plane Aa is to 

the sine of emergence from the second plane Bb 
in a given ratio; and this sine of incidence upon the second plane Bb will 
be to the sine of emergence from the third plane Cc in a given ratio; and 
this sine to the sine of emergence from the fourth plane Dd in a given ra- 
tio; and so on in infinitum ; and, by equality, the sine of incidence on 
the first plane to the sine of emergence from the last plane in a given ratio. - 
let now the intervals of the planes be diminished, and their number be in- 
finitely increased, so that the action of attraction or impulse, exerted accord- 
ing to any assigned law, may become continual, and the ratio of the sine of 
incidence on the first plane to the sine of emergence from the last plane 
being all along given, will be given then also. Q.E.D. 


PROPOSITION XCV. THEOREM XLIX. 


The same things being supposed, I say, that the velocity of the body be- 
fore its incidence is to its velocity after emergence as the sine of emer- 
gence to the sina of incid.nce. 

. Make AH and Id equal, and erect the perpen- 
diculars AG, dK meeting the lines of incidence 
and emergence GH, IK, in G and K. In GH 

-@ take TH equal to IK, and to the plane Aa let 

c fall a perpendicular Tv. And (by Cor. 2 of the 
Laws of Motion) let the motion of the body be 
resolved into two, one perpendicular to the planes 


gau» 
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Aa, Bb, Cc, &c, and another parallel to them. The force of attraction or 
impulse, acting in directions perpendicular to those planes, does not at all 
alter the motion in parallel directions; and therefore the body proceeding 
with this motion will in equal times go through those equal parallel inter- 
vals that lie between the line AG and the point H, and between the point 
I and the line dK; that is, they will describe the lines GH, IK in equal 
times. Therefore the velocity before incidence is to the velocity after 
emergence as GH to IK or TH, that is, as AH or Id to vH, that is (sup- 
posing ΤΗ or IK radius), as the sine of emergence to the sine of inci- 
dence. Q.E.D. 


PROPOSITION XCVL THEOREM L. 


‘Lhe same things being supposed, and that the motion before incidence is 
swifter than afterwards ; I say, that if the line of incidence be in- 
clined continually, the body will be at last reflected, and the angle of 
reflexion will be equal to the angle of incidence. 

For conceive the body passing between the parallel planes Aa, Bb, Ce, 

&c., to describe parabolic arcs as above; g, 

and let those arcs be HP, PQ, QR, ο. Α 1 4 

And let the obliquity of the line of inci- € 

dence GH to the first plane Aa be such B— — R1 

that the sine of incidence may be to the radius of the circle whose sine it 18, 

in the same ratio which the same sine of incidence hath to thesine of emer- 

gence from the plane Dd into the space DdeE ; and because the sine of 

emergence is now become equal to radius, the angle of emergence will be a 

right one, and therefore the line of emergence will coincide with the plane 

Dd. Let the body come to this plane in the point R; and because the 

line of emergence coincides with that plane, it is manifest that the body can 

proceed no farther towards the plane Ee. But neither can it proceed in the 
line of emergence Rd ; because it is perpetually attracted or impelled towards 

- the melum. of incidence. It will return, therefore, between the planes Ce, 

Dd, describing an arc of a parabola QRq, whose principal vertex (by what 

Galileo has demonstrated) is in R, cutting the plane Cc in the same angle 

at q, that it did before at Q ; then going on in the parabolic arcs qp, ph, 

&c., similar and equal to the former arcs QP, PH, &c., it will cut the rest 

of the planes in the same angles at p, h, &c., as it did before in P, H, &c., 

and will emerge at last with the same obliquity at ἦ with which it first 

impinged on that plane at H. Conceive now the intervals of the planes 

Aa, Bb, Cc, Dd, Ee, &c., to be infinitely diminished, and the number in- 

finitely increased, so that the action of attraction or impulse, exerted aq- 

eording to any assigned law, may become continual; and, the angle of 
emergence remaining all alorg equal to the angle of incidence, will be 

equal to the same also at last. Q.E.D. 





|| 
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SCHOLIUM. 


These attractions bear a great resemblance to the reflexions and refrac- 
tions of light made in a given ratio of the secants, as was discovered by 
Snellius ; and consequently in a given ratio of the sines, as was exhibited 
by Des Cartes. For it is now certain from the phenomena of Jupiter’s 
igatellites, confirmed by the observations of different astronomers, that light 
is propagated :n succession, and requires about seven or eight minutes to 
travel from the sun to the earth. Moreover, the rays of light that are in 
our air (as lately was discovered by Grimaldus, by the admission of light 
into a dark room through a small hole, which 1 have also tried) in their 
passage near the angles of bodies, whether transparent or opaque (such as 
the circular and rectangular edges of gold, silver and brass coins, or of. 
knives, or broken pieces of stone or glass), are bent or inflected round those 
bodies as if they were attracted to them ; and those rays which in their 
passage come nearest to the bodies are the 1nost inflected, as if they were 
most attracted ; which thing I myself have also carefully observed. And 
those which pass at greater distances are less inflected; and those at still 
greater distances are a little inflected the contrary way, and form three 

„fringes of colours. In the figure s represents the edge of a knife, or any 
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wards the knife in the arcs owo, nvn, mtm, lsl ; which inflection is greater 
or less according to their distance from the knife. Now since this inflec- 
tion of the rays is performed in the air without the knife, it follows that the 
rays which fall upon the knife are first inflected in the air before they touch 
the knife. And the case is the same of the rays falling upon glass. The 
refraction, therefore, is made not in the point of incidence, but gradually, by 
a continual inflection of the rays; which is done partly in the air before they 
touch the glass, partly (if [ mistake not) within the glass, after they have 
entered it; as is represented in the rays ckze, btyb, ahxa, falling upon r, 
. q, p, and inflected between A and z, i and y, hand z. Therefore because 
of the analogy there is between the propagation of the rays f light and the 
motion of bodies, I thought it not amiss to add the followi & Propositions 
for optical uses ; not at all considering the nature of the rays of light, or 
 inquiring whether they are bodies or not; but only determining the tra- 
jectories of bodies which are extremely like the trajectories of the rays. 
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PROPOSITION XCVIL PROBLEM XLVII. 
Supposing the sine of incidence upon any superficies to be in a given ra- 
tio to the sine of emergence ; and that the inflection of the paths of 
those bodies near that superficies is performed in a very short space, 
which may be considered as a point ; 4t is required to determine such 

a superficies as may cause all the corpuscles issuing from any one 

. given place to converge to another given place. 

Let A be the place from whence the cor- 
puscles diverge; B the place to which they 
should converge; CDE the curve line which 
by its revolution round the axis AB describes A NM 
the superficies sought ; D, E, any two points of that curve; and EF, EG, 
perpendiculars let fall on the paths of the bodies AD, DB. Let the point 
D approach to and coalesce with the point E; and the ultimate ratio of 
the line DF by which AD is increased, to the line DG by which DB is 
diminished, will be the same as that of the sine of incidence to the sine of 
emergence ‘Therefore the ratio of the increment of the line AD to the 
decremer.t of the line DB isgiven; and therefore if in the axis AB there - 


be taken any where the point C through which the curve CDE must 
pass, and CM the increment of AC be taken in that given ratio to CN 


the decrement of BO, and from the centres A, B, with the intervals A M, 
BN, there be described two circles cutting each other in D; that point D 
will touch the curvesought CDE, and, by touching it any where at pleasure, 
will determine that curve. Q.E.I. 

Cor. 1. By causing the point A or B to go off sometimes in infinitum, 
and sometimes to move towards other parts of the point C, will be obtain- 
ed all those figures which Cartesius has exhibited in his Optics and Geom- 
etry relating to refractions. The invention of which Cartesius having 
thought fit to conceal, is here laid open in this Proposition. 

Con. 2. If a body lighting on any superfi- 
cies CD in the direction of a right line AD, 
drawn according to any law, should emerge 
in the direction of another right line DK; 
and from the point C there be drawn curve C 
lines CP, CQ, always perpendicular to AD, DK ; the increments of the 
lines PD, QD, and therefore the lines themselves PD, QD, generated by 
those increments, will be as the sines of incidence and emergent to each 
other, and 2 contra. 








PROPOSITION XCVII. PROBLEM XLVIIL 
The same things supposed ; 4f round the axis AB any attractive super- 
ficies be described as CD, regular or irregular, through which the bo- 
dies tssuing from the given place A must pass ; it 4s required to find 
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a second attractive superficies EF, which may make those bodies con- 
verge to a given place B. 
Let a line joining AB cut 
o7 B the first superficies in C and 
| the second in E, the point D 
Ε being taken any how at plea- 
sure. And supposing the 
B 6 gine of incidence on the first 
L superficies to the sine of 
emergence from the same, and the sine of emergence from the second super- 
. ficies to the sine of incidence on the same, to be as any given quantity M 
to another given quantity N; then produce AB to G, so that BG may be 
to CE as M — N to N; and AD to H, so that AH may be equal to AG; 
and DF to K, so that DK may be to DH as N to M. Join KB, and about 
the centre D with the interval DH describe a circle meeting KB produced 
in L, and draw BF parallel to DL; and the point F will touch the line 
EF, which, being turned round the axis AB, will describe the superficies 
sought. Q.E.F. | 
For conceive the lines CP, CQ to be every where perpendicular to AD, 
DF, and the lines ER, ES to FB, FD respectively, and therefore QS to 
be always equal to CE; and (by Cor. 2, Prop. XCVII) PD will be to QD 
as M to N, and therefore as DI, to DK, or FB to FK ; and by division as 
DL — FB or PH — PD — FB to FD or FQ — QD ; and by composition 
as PH — FB to FQ, that is (because PH and CG, QS and CE, are equal), 
as CE + BG — FR to CE — FS. But (because BG is to CE as M— 
N to N) it comes to pass also that CE + BG is to CE as M to N; and 
therefore, by division, FR is to FS as M to N; and therefore (by Cor. 2, 
Prop XCVII) the superficies EF compels a body, falling upon it in the 
direction DF, to go on in the line FR to the place B. Q.E.D. 


SCHOLIUM. 

[n the same manner one may go on to three or more superficies. But 
of all figures the sphzerical is the most proper for optical uses. If the ob- 
ject glasses of telescopes were made of two glasses of a spherical figure, 
containing water between them, it is not unlikely that the errors of the 
refractions made in the extreme parts of the superficies of the glasses may 
be accurately enough corrected by the refractions of the water. Such ob- 
ject glasses are to be preferred before elliptic and hyperbolic glasses, not only 
because they may be formed with more ease and accuracy, but because the 
pencils of rays situate without the axis of the glass would be more accu- 
rately refracted by them. But the different refrangibility of different rays 
is the real obstacle that hinders optics from being made perfect by sphzri- 
eal or any other figures. Unless the errors thence arising can be corrected, 
all the labour spent in correcting the others is quite thrown away. 
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OF THE MOTION OF BODIES. 


| SECTION L | 
Of the motion of bodies that are resisted in the ratio of the velocity. 


PROPOSITION L THEOREM I. 
If a body is resisted in the ratio of its velocity, the motion lost by re- 
sistance 1s as the space gone over in tts motion. 

For since the motion lost in each equal particle of time is as the velocity, 
that is, as the particle of space gone over, then, by composition, the motion 
lost in the whole time will be as the whole space gone over. Q.E.D. 

Cor. Therefore if the body, destitute of all gravity, move by its innate 
force only in free spaces, and there: be given both its whole motion at the 
beginning, and also the motion remaining after some part of the way is 
gone over, there will be given also the whole space which the body can de- 
scribe in an infinite time. For that space will be to the space now de- 
scribed as the whole motion at the Derimnung is to the part lost of that. 
motion. 


LEMMA L 


Quantities proportional to their differences are continually proportional. 
Let A be to A — B as B to B — C and C to C — D, &c.,, and, by con- 
version, À will be to B as B to C and C to D, &c. Q.E.D. 


PROPOSITION IL. THEOREM IL ^ 


If a body is resisted in the ratio of its velocity, and moves, by its vis in- 
sita only, through a similar medium, and the times be taken equal, 
the velocities in the beginning of each of the times are in a. greometri- 
cal progression, and the spaces described tn each of the times are as 
the velocities. 

Case 1. Let the time be divided into equal particles ; and if at the very 
beginning of each particle we suppose the resistance to act with one single 
impulse which is as the velocity, the decrement of the velocity in each | of 
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the particles of time will be as the same velocity. Therefore the veloci- 
ties are proportional to their differences, and therefore (by Lem. 1, Book 
II) continually proportional. Therefore if out of an equal number of par- 
ticles there be compounded any equal portions of time, the velocities at the 
beginning of those times will be as terms in a continued progression, which 
are taken by intervals, omitting every where an equal number of interme- 
diate terms. But the ratios of these terms are compounded of the equa? 
ratios of the intermediate terms equally repeated, and therefore are equal 
‘Therefore the velocities, being proportional to those terms, are in geomet- 
rical progression. Let those equal particles of time be diminished, and 
their number increased in infinitum, so that the impulse of resistance may 
become continual; and the velocities at the beginnings of equal times, al- 
ways continually proportional, will be also in this case continually pro- 
portional. Q.E.D. 

Cask 2. And, by division, the differences of the velocities, that is, the 
parts of the velocities lost in each of the times, are as the wholes; but the 
spaces described in each of the times are as the lost parts of the velocities 
(by Prop. 1, Book I), and therefore are also as the wholes. Q.E.D. 

H Conor. Hence if to the rectangular asymptotes AC, CH, 

the hyperbola BG is described, and AB, DG be drawn per- 

^ . p pendicular to the asymptote AC, and both the velocity of 

the body, and the resistance of the medium, at the very be- 

ginning of the motion, be expressed by any given line AC, 

and, after some time is elapsed, by the indefinite line DC; the time may 

be expressed by the are» ABGD, and the space described in that time by 

the line AD. For if that area, by the motion of the point D, be uniform- 

ly increased in the same manner as the time, the right line DC will de- 

crease in a geometrical ratio in the same manner as the velocity; and the 

parts of the right line AC, described in equal times, will decrease in the 
same ratio. 


C D 


PROPOSITION II. PROBLEM I. 


To define the motion of a body which, in a similar medium, ascends or 
descends in a right line, and is resisted in the ratio of its velocity, and 
acted upon by an uniform force of gravity. 

The body ascending, let the gravity be expound- 
ed by any given rectangle BACH; and the resist- 
ance of the medium, at the beginning of the ascent, 
by the rectangle BADE, taken on the contrary side 

. of the right line AB. Through the point B, with 
the rectangular asymptotes AC, CH, describe an 

Dd A 14 C hyperbola, cutting the perpendiculars DE, de, in 
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G, g ; and the body ascending will in the time DGgd describe the space 

EGge; in the time DGBA, the space of the whole ascent EGB; in the 
time ABKI, the space of descent BFK; and in the time IK: the Space of 
-descent KE fk; and the velocities of the bodies (proportional to the re- 
sistance of the medium) in these periods of time will be ABED, ABed, O, 
ABFI, ABfi resp.ctively; and the greatest velocity which the body can 
acquire by descending will be BACH. 
.. For let the rectangle BACH be resolved into in- 
numerable rectangles Ak, Kl, Lm, Mu, &c, which 
shall be as the increments of the velocities produced 
in so many equal times; then will 0, Ak, Al, Am, An, 
&c., beas the whole velocities, and therefore (by suppo- 
sition) as the resistances of the medium in the be- 
ginning of each of the equal times. Make AC to AKLMN 
AK, or ABHC to ABE K, as the force of gravity to the resistance in the 
beginning of the second time; then from the force of gravity subduct the 
resistances, and ABHC, KKHC, LIHC, MmHC, &c., will be as the abso- 
lute forces with which the body is acted upon in the beginning of each of 
the times, and therefore (by Law I) as the increments of the velocities, that 
is, as the rectangles Ak, K/, Lm, Mn, &c., and therefore (by Lem. 1, Book 
II) in a geometrical progression. Therefore, if the right lines Kk, Ll 
Mm, Nn, &c., are produced so as to meet the hyperbola in g, r, s, t, &c., 
the areas ABgK, KqrL, LrsM, MstN, &c., will be equal, and there- 
fore analogous to the equal times and equal gravitating forces. But the 
area ABgK (by Corol. 3, Lem. VII and VIII, Book I) is to the area Bko 
as Kg to 1kg, or AC to ZAK, that is, as the force of gravity to the resist- 
ance in the middle of the first time. And by the like reasoning, the areas 
qKLr, rLMs, sMNi, &c., are to the areas gkir, rims, smnt, &c., as the 
gravitating forces to the resistances in the middle of the second, third, fourth 
time, and so on. Therefore since the equal areas BAKg, gKLr, rLMs, 
sMNi, &c., are analogous to the gravitating forces, the areas Βλ, qklr, 
rims, smnt, &o., will be analogous to the resistances in the middle of 
each of the times, that is (by supposition), to the velocities, and so to the 
spaces described. Take the sums of the analogous quantities, and the areas 
Bkq, Bir, Bms, But, &c., will be analogous to the whole spaces described ; 
and also the areas ABgK, ABrL, ABsM, ΑΒΙΝ, &c., to the times. There- 
fore the body, in descending, willin any time ABrL describe the space Bir, 
and in the time LriéN the space rint. Q.E.D. And the like demonstra- 
tion holds in ascending motion. 

Conor. 1. Therefore the greatest velocity that the body can acquire by 
falling is to the velocity acquired in any given time as the given force οἱ 
gravity which perpetually acts upon it to the resisting force which opposes 
it at the end of that time, 
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Conor. 2. But the time being augmented in an arithmetical progression, 
the sum of that greatest velocity and the velocity in the ascent, and also 
their difference in the descent, decreases in a geometrical progression. 

Conor. 3. Also the differences of the spaces, which are described in equal 
differences of the times, decrease in the same geometrical progression. 

Conor. 4. The space described by the body is the difference of two 
spaces, whereof one is as the time taken from the beginning of the descent, 
and the other as the velocity; which [spaces] also at the beginning of the 
descent are equal among themselves. 


PROPOSITION IV. PROBLEM II. 


Supposing the force of gravity in any similar medium to be uniform, 
and to tend perpendicularly to the plane of the horizon; to define the 
motion of a projectile therein, which suffers resistance proportional to 
tts velocity. κ 
Let the projectile go from any place D in 

the direction of any right line DP, and let 

ita velocity at the beginning of the motion 
be expounded by the length DP. From the 
point P let fall the perpendicular PC on the 
horizontal line DC, and cut DC in A, so 
that DA may be to AC as the resistance 
of the medium arising from the motion up- 
wards at the beginning to the force of grav- 
ity; or (which comes to the same) so that 
tie rectangle under DA and DP may be to 
that under AC and CP as the whole resist- 
ance at the beginning of the motion to the 
force of gravity. With the asymptotes 
DC, CP describe any hyperbola G'TBS cut- 


] 
n 


IE ps —— TB Ν 
B ; complete the parallelogram DGKC, and 


"s RA. pe let its side GK cut AB in Q. Take a line 
N in the same ratio to QB as DC isin to CP; and from any point R of the 
right line DC erect RT perpendicular to it, meeting the hy; erbola in T, 
and the right lines EH, GK, ÐP in I, /, and V; in that perpendicular 


2 









t > 
take Vr equal to aol , or which is the same thing, take Rr equal to 


G 
τ ; and the projectile in the time DRTG will arrive at the point r 


describing the curve line DraF, the locus of the point r; thence it will 
come to its greatest height a in the perpendicular AB; and afterwards 
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ever approach to the asymptote PC. And its velocity 1 in any point r vill 
be as the tangent rL to the curve. Q.E.I. 
For N is to QB as DC to CP or DR to RV, and therefore RV is equal to 
DR B—iGT 
DE x QB and Rr (that is, RY — Vr, or a i ides B ) is equal to 


DE a EDGE Now let the time be expounded by the area 
RDGT and (by Laws, Cor. 2), distinguish the motion of the body into 
two others, one of ascent, the other lateral. And since the resistance 1s a2 
the motion, let that also be distinguished into two parts proportional and 
contrary to the parta of the motion: and therefore the length described by 
the lateral motion will be (by Prop. II, Book II) as the line DR, and the 
height (by Prop. III, Book II) as the area DR x AB — RDGT, that is. 
as the line Rr. ` But in the very beginning of the motion the area RDG T 
is equal to the rectangle DR x AQ, and therefore that line Rr (or 
DRE N DE X an will then be to DR as AB — AQ or QB to N, 
that is, as CP to DC; and therefore as the motion upwards to the motion 
lengthwise at the beginning. Since, therefore, Rr is always as the height, 
and DR always as the length, and Rris to DR at the beginning as the 
height to the length, it follows, that Rr is always to DR as the height to 
the length; and therefore that the body will move in the line Drak’, which 
is the locus of the point r. Q.E.D. 




















Cor. 1. Therefore Rr is equal to ΚΞ, m αν and therefore 


N N 
if RT be ο. to X so that RX may be equal to = a that. is, 
if the parallelogram ACPY be completed, and DY cutting CP in Z be 
drawn, and RT be produced till it meets DY in X ; Xr will be equal to 


RDG 
AY and therefore proportional to the time. 





Con. 2. Whence if innumerable lines CR, or, which is the same, innu- 
merable lines ZX, be taken in a geometrical progression, there will be as 
many lines Xr in an arithmetical progression, And hence thecurve DraF 
is easily delineated by the table of logarithms. 

Con. 3.. If a parabola be constructed to the vertex. D, and the diameter 
DG produced downwards, and its latus rectum is to 2 DP as the whole 
resistance at the beginning of the notion to the gravitating force, the ve- 
locity with which the body ought «o ge from the place D, in the direction 
_ of the right line DP, so as in an uniform resisting medium to describe the 
curve DraF, will be the same as that with which it ought to go from the 
same place D, in the direction of the same right line DP, so as to describe 


256 THE MATHEMATICAL PRINCIPLES _ [Βοοκ Il 


a parabola in a non-resisting medium. For 
the latus rectum of this parabola, at the very 





oe ΟΥ 
beginning of the motion, 18 τρ) and Vr is 


(ΩΓ DRx Tt 

Wo ον But a right line, which, 

if drawn, would touch the hyperbola GTS in 

G, is parallel to DK, and therefore Tt is 

T€ lod and N is Λη Ahd there- 
DR? x CK x CP |, 

fore Vr is equal to -DC x QB , that is (because DR and DC, DV 


DV? x CK x CP 
and DP are proportionals), to —9DP x QB `’ and the latus reetum 


DV? 2DP? x QB 
RU comes out “GK x GP” 
are proportional), naar po and therefore is to 2DP as DP x DA to 
CP x AC; that is, as the resistance to the gravity. Q.E.D. 

Con. 4. Henceif a body be projected from 
any place D with a given velocity, in the 
direction of a right line DP given by posi- 
tion, and the’ resistance of the medium, at 
the beginning of the motion, be given, the 
curve DraF, which that body will describe, 
may be found. For the velocity being 
given, the latus rectum of the parabola is 
given, as is well known. And taking 2DP 
to that latus rectum, as the force of gravity 
to the resisting force, DP is also given. 
Then cutting DC in A, so that CP x AC 
may be to DP x DA in the same ratio of 
the gravity to the resistance, the point A 
will be given, And hence the curve DraF 
is also given. i 

Con. 5. And, on the contrary, if the 
curve DraF be given, there will be given 
oth the velocity of the body and the resistance of the medium in each of 
the places r. For the ratio of CP x AC to DP x DA being given, there 
is given both the resistance of the medium at the beginning of the motion. 
and the latus rectum of the parabola; and thence the velocity at the be- 
ginning of the motion is given also. Then from the length of the tangent 





that is (because QB and CK, DA and AC 
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L there is giver both the velocity proportional to it, and the resistance 
proportional to the velocity in any place r. 

Con. 6. But since the length 2DP is to the latus rectum of the para- 
bola as the gravity to the resistance in D; and, from the velocity aug- 
mented, the resistance is ‘a gmented in the same ratio, but the latus rectum 
of the parabola is augmented in the duplicate of that ratio, it is plain thot 
the length 2DP is augmented in that simple ratio only ; and is therefore 
always proportional to the velocity ; nor will it be augmented or dimin- 
ished by the change of the angle CDP, unless the velocity be also changed. 

‘Cor. 7. Hence appears the method of deter- 
mining the curve DraF nearly from the phe- 
nomena, and thence collecting the resistance and 
velocity with which the body is projected. Let 
two similar and equal bodies be projected with 
the same velocity, from the place D, in differ- 
ent angles CDP, CDp ; and let the places F, 
f, where they fall upon the horizontal plane 
DC, be known. Then taking any length for 
DP or Dp suppose the resistance in D to be to 
the gravity in any ratio whataoever, and let that 
ratio be expounded by any length SM. Then, g M. 
by computation, from that assumed length DP, | 
find the lengths DF, Df; and from the ratio 





aN found by calculation, subduct the same ratio as found by experiment ; 


and let the difference be expounded by the perpendicular MN. Repeat the 
same a second and a third time, by assuming always a new ratio SM of the 
resistance to the gravity, and collecting a new difference MN. Draw the: 
affirmative differences on one side of the right line SM, and the negative 
on the other side; and through the points N, N, N, draw a regular curve 
NNN, cutting the right line SMMM in X, and SX will be the true ratio 
of the resistance to the gravity, which was to be found. From this ratio 
the length DF is to be collected by calculation ; and a length, which is to 
the assumed length DP as the length DF known by experiment to the 
length DF just now found, will be the true length DP. This being known, 
you will have both the curve line DraF which the body describes, and also 
the velocity and resistance of the body in each place. 


SCHOLIUM. 

But, yet, that the resistance of bodies is in the ratio of the velocity, is more . 

a mathematical hypothesis than a physical one. In mediums void of all te- 
nacity, the resistances made to bodies are in the duplicate ratio of the ve- 


locities For by the action of a swifter body, a greater motion in propor- 
17 
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tion to a greater velocity is communicated to the same quantity of the 
medium in a leas time; and in an equal time, by reason of a greater quar- 
tity of the disturbed medium, a motion is communicated in the duplicate 
ratio greater; and the resistance (by Law Ii and IIT) is as the motion 
communicated. Let us, therefore, see what motions arise from this law of 
resistance. 


SECTION IL 


yt the motion of bodies that are resisted in the duplicate ratio of thetr 
velocities. | 


PROPOSITION V. THEOREM IIL 


If a body is resisted in the duplicate ratio of tts velocity, and moves by 
its innate force only through a similar medium ; and the times be 
taken in a geometrical progression, proceeding from less to greater 
terms : I say, that the velocities at the beginning of each of the times 
are in the same geometrical progression inversely ; and that the spaces 
are equal, which are described in each of the times. 

For since the resistance of the medium is proportional to the square of 
the velocity, and the decrement of the velocity is proportional to the resist- 
ance: if the time be divided into innumerable equal particles, the squares of 
the velocities at the beginning of each of the times will be proportional to 
the auterenses of the same velocities. Let those particles of time be AK, 
KL, LM, &c., taken in the right line CD; and 
erect the nerpendiculars AB, Κι Li, Mm, &c., 
meeting the hyperbola BkimG, described with the 
centre C, and the rectangular asymptotes CD, CH, 
in B, k, Ι, m, &c.; then AB will be to Kk as CK 
to CA, and, by division, AB — Kk to Kk as AK 
to CA, and alternately, AB — Kk to AK as Κά 
to CA; and therefore as AB X Kk to AB x CA. 
Therefore since AK and AB x CA are given; AB— Kk will be as AB 
X Kk ; and, lastly, when AB and K& coincide, as AB?. And, by the like 
reasoning, Kk — 1.4, Ll— Mm, &c., will beas Kk?, Li?, &c. Therefore the © 
squares of the lines AB, Kk, L/, Mm, &c., are as their differences; and, 
therefore, since the squares of the πο. were shewn above to be as their 
differences, the progression of both will be alike. This being demonstrated 
it follows also that the areas described by these lines are in a like progres- 
sion with the spaces described by these velocities, Therefore if the velo- 
city at the beginning of the first time AK be expounded by the line AB, 
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and the velocity at the beginning of the second time KL by the line Kk 
and the length described in the tirst time by the area AKZB, all the fol- 
lowing velocities will be expounded by the following lines LZ, Mm, ὅσο, 
and the lengths described, by the areas K/, Lm, &c. And, by compo- 

sition, if the whole time be expounded by AM, the sum of its parts, the 
whole length described will be expounded by AMmB the sum of its parts. 
Now conceive the time AM to be divided into the parts AK, KL, LM, &c 

so that CA, CK, CL, CM, &c. may be in a geometrical progression; and 
those parts will be in the same progression, and the velocities AB, KA, 
Li, Mm, &c., will be in the same progression inversely, and the spaces de- 
scribed Ak, K/, Lan, &c., will be equal. Q.E.D. 

Cor. 1. Hence it appears, that if the time be expounded by any part 
AT? of the asymptote, and the velocity in the beginning of the time by the 
ordinate AB, the velocity at the end of the time will be expounded by the 
ordinate DG; and the whole space described by the adjacent hyperbolic 
area ABGD ; and the space which any body can describe in the same time 
AD, with the first velocity AB, in a non-resisting medium, by the rectan- 
gle AB x AD. 

Cor 2. Hence the space described in a resisting medium is given, by 
taking it to the space described with the uniform velocity AB in a non- 
resisting medium, as the hyperbolic area ABGD to the rectangle AB x AD. 

Con. 3. The resistance of the medium is also given, by making it equal, 
in the very beginning of the motion, to an uniform centripetal force, which 
could generate, in a body falling through a non-resisting medium, the ve- 
locity AB in the time AC. For if BT be drawn touching the hyperbola 
in B, and meeting the asymptote in T, the right line AT will be equal to 
AC, and will express the time in which the first resistance, uniformly con- 
tinued, may take away the whole velocity AB. 

Cor. 4. And thence is also given the proportion of this resistance to the 
force of gravity, or a^y other given centripetal force. 

Con. 5. And, vice versa, if there is given the proportion of the resist- 
t.nce to any given centripetal force, the time AC is also given, in which 2 
centripetal force equal to the resistance may generate any velocity as AB; 
and thence is given the point B, through which the hyperbola, having CH. 
CD for its asymptotes, is to be described : as also the space ABGD, which a 
body, by beginning its motion with that velocity AB, can describe in any 
time AD. in a similar resisting medium. 


PROPOSITION VI. THEOREM IV. 


Homogeneous and equal spherical bodies, opposed hy resistances that are 
in the duplicate ratio of the velocities, and moving on by their innate 
Sorce only, will. in times which are reciprocally as the velocities at the 
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beginning, describe equal spaces, and lose parts of their velocities pro- 
portional to the wholes. | 
To the rectangular asymptotes CD, CH de- 
scribe any hyperbola BbEe, cutting the perpen- 
diculars AB, αὐ, DE, de in B, b, E; e; let the 
- initial velocities be expounded by the perpendicu- 
lars AB, DE, and the times by the lines Aa, Dd. 
Therefore as Aa is to Dd, so (by the hypothesis) 
is DE to AB, and so (from the nature of the hy- 
perbola) is CA to CD; and, by composition, so 18 
Ca to Cd. Therefore the areas ABba, DEed, that is, the spaces described, 
are equal among themselves, and the first velocities AB, DE are propor- 
tional to the last ab, de; and therefore, by division, proportional to the 
parts of the velocities lost, AB — ab, DE — de. Q.E.D. 





Ὁ AZ DA 


PROPOSITION VIL THEOREM V. 

If spherical bodies are resisted in the duplicate ratio of their velocities, 
in times which are as the first motions directly, and the first resist- 
ances inversely, they will lose parts of their motions proportional to the 
wholes, and will: describe spaces proportional to those times and the 
first velocities conjunctly. 

For the parts of the motions lost are as the resistances and times con- 
junctly. Therefore, that those parts may be proportional to the wholes, 
the resistance and time conjunctly ought to be as the motion. Therefore the 
time will be as the motion directly and the resistance inversely. Where- 
fore the particles of the times being taken in that ratio, the bodies will 
always lose parts of their motions proportional to the wholes, and therc- 
fore wil retain velocities always proportional to their first velocities. 
And because of the given ratio of the velocities, they will always describe 
spaces which are as the first velocities and the times conjunctly. Q.E.D. 

Con. 1. Therefore if bodies equally swift are resisted in a duplicate ra- 
tio of their diameters, homogeneous globes moving with any velocities 
whatsoever, by describing spaces proportional to their diameters, will lose 
parts of their motions proportional to the wholes. For the motion of each 
globe will be as its velocity and mass conjunctly, that is, as the velocity 
and the cube of its diameter; the resistance (by supposition) will be as the 
square of the diameter and the square of the velocity conjunctly; and the 
‘time (by this proposition) is in the former ratio directly, and in the latter 

inversely, that is, as the diameter directly and the velocity inversely; and 

. therefore the space, which is proportional to the time and velocity is as 

the diameter. 

Cor. 2. If bodies equally swift are resisted in a sesquiplicate ratio of 

their diameters, homogeneous globes, moving with any velocities whatso- 
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ever, by describing spaces that are in a sesquiplicate ratio of the diameters, 
will lose parts of their motions proportional to the wholes. 

Cor. 3. And universally, if equally swift bodies are resisted in the ratio 
of any power of the diameters, the spaces, in which homogeneous globes, 
moving with any velocity whatsoever, will lose parts of their motions pro- 
portional to the wholes, will be as the cubes of the diameters applied to 
that power. Let those diameters be Dand E; and if thc resistances, where 
the velocities are supposed equal, are as D" and E^; the spaces in which 
the globes, moving with any velocities whatsoever, will lose parts of their 
motions proportional to the wholes, will be as D? —" and K?—* And 
therefore homogeneous globes, in describing spaces proportional to D* — ^ 
and E? —", will retain their velocities in the same ratio to one another as 
at the beginning. | | 

Cor. 4. Now if the globes are not homogeneous, the space described by 
the denser globe must be augmented in the ratio of the density. For the 
motion, with an equal velocity, is greater in the ratio of the density, and 
. the time (by this Prop.) is augmented in the ratio of motion directly, and 
the space described in the ratio of the time. 

Cor. 5. And if the globes move in different mediums, the space, in a 
medium which, ceteris paribus, resists the most, must be diminished in the 
ratio of the'greater resistance. For the time (by this Prop.) will be di- 
minished in the ratio of the augmented resistance, and the space in the ra- 
tio of the time. Ὃ EE 


LEMMA IL 


The moment of any genitum ?s equal to the moments of each of the gen- 
erating sides drawn into the indices of the powers of those sides, and 
into their co-efficients continually. 

I call any quantity a genitum which is not made by addition or sub- 
duction of divers parts, but is generated or produced in arithmetic by the 
multiplication, division, or extraction of the root of any terms whatsoever ; 
in geometry by the invention of contents and aides, or of the extremes and 
means of proportionals. Quantities of this kind are products, quotients, 
roots, rectangles, squares, cubes, square and cubic sides, and the like. 
‘These quantities I here consider as variable and indetermined, and increas- 
ing or decreasing, as it were, by a perpetual motion or flux; and I under- 
Stand their momentaneous incrementa or decrements by the name of mo- 
ments; so that the increments may be esteemed as added or affirmative 
moments; and the decrements as subducted or negative ones. But take 
care not to look upon finite particles as such. Finite particles are not. 
moments, but the very quantities generated by the moments. We are to 
conceive them as the just nascent principles of finite magnitudes. Nor do 
we in this Lemma regard the magnitude of the moments, but their firsi 
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proportion, as nascent. It will be the same thing, if, instead of moments, 
we use either the velocities of the increments and decrements (which may 
also be called the motions, mutations, and fluxions of quantities), or any 
finite quantities proportional to those velocities. The co-efficient of any 
generating side is the quantity which arises by applying the genitum to 
that side. 

Wherefore the sense of the Lemma is, that if the moments of any quan- 
tities A, B, C, &c., increasing or decreasing by a perpetual flux, or the 
velocities of the mutations which are proportional to them, be called a, 6, 
c, &c., the moment or mutation of the generated rectangle AB will be aB 
+ 5A; the moment of the generated content ABC will be aBC + bAC + 


cAB; and the moments'of the generated powers: A?, A?, A‘, Αἱ ΑΣ A}, 
A3, A — ', A—?, A— will be 2aA, 3aA?, 4aA?, 1aA — t 3aA* 


1aÀ — Š, aA — 3, — aA — ?, —2aÀ — *,— 1aA — a respectively; and. 
in general, that the moment of any power AZ, will be = aA*—". Also, 
that the moment of the generated quantity A*B will be 2aAB + 5A? ; the 
moment of the generated quantity A°B‘C? will be 3aA?B‘C?2 + 40A? 


3 


B3C? + 2cA*B‘C; and the moment of the generated quantity 5: or 





A*B — ? will be 3aA2B— ? —20A*B — ? ; and so on. The Lemma is 
thus demonstrated. 

Case 1. Any rectangle, as AB, augmented by a perpetual flux, when, as 
set, there wanted of the sides A and B half their moments £a and 15, was 
A — 1a into B — 15, or AB — 1a B — 16 A + jab; but as soon as the 
sides A and B are augmented by the other half moments, the rectangle be- 
comes A + ta into B + 16,or AB + 1a B+ 16 A + 1αὐ. From this 
rectangle &ubdugt the fortia rectangle, and there will remain the exces? 
aB -+ bA. Therefore with the whole increments a and b of the sides, {15 
increment aB + bA of the rectangle is generated. Q.E.D. 

Case 2. Suppose AB always equal to G, and then the moment of the 
content ABC or GC (by Case 1) will be gC + cG, that is (putting AB and 
aB + bA for G and ο), aBC + JAC +cAB. And the reasoning is the 
same for contents under ever so many sides. Q.E.D. 

Case 3. Suppose the aides A, B, and C, to be always equal among them- 
selves; and the moment aB + bA, of A?, that is, of the rectangle AB, 
will be 2aA; and the moment aBC + bAC + cAB of A*, that is of the 
content ABC, will be 34A?. And by the same reasoning the moment of 
any power A" is nagA"—'. Q.E.D 


| 1 1 7 
Case 4. Therefore since A into A is 1, the moment of A drawn inte 
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i drawn into a, will be the moment of 1, that is, nothing. 


Therefore the moment of > or of A — !, is => And generally since 


1 ae ο. 
> into A? is l, the moment of Aj drawn into A" together witb AG into 


naA® — ! will be nothing. And, therefore, the moment of τ or A —" 


A, together with 


A 


m na i 
-will be — ipn Q.E.D. 
Case 5. And since Αἱ into A? is A, the moment of A? drawn into 2A? 
will be a (by Case 3); and, therefore, the moment of At will be dil or 
3 
aA —}ł4. And, generally, putting A7 equal to B, then A" will be equal 
to B^, and therefore maA™— ' equal to nbB" — ', and maA — ' equal to 


nbB — 3, or nbA — 7; and therefore , aA ~- is equal to J, that is, equal 


to the moment of ΑΣ. Q.E.D. 

Case 6. Therefore the moment of any generated quantity A"B" is the 
moment of A" drawn into B^, together with the moment of B^ drawn into 
A", that is, "ma A" — ! B? + nbB" — ! A"; and that whether the indices 
m and » of the powers be whole numbers or fractions, affirmative or neg- 
ative. And the reasoning is the same for contents under more powers. 
Q.E.D. 

Cor. 1. Hence in quantities continually proportional, if one term is 
given, the moments of the rest of the terms will be as the same terms mul- 
tiplied by the number of intervals between them and the given term. Let 
A, B, C, D, E, F, be continually proportional; then if the term C is given, 
the moments of the rest of the terms will be among themselves as — 2A, 
— B, D, 2E; 3F. 

Con. 2. And if in four proportionals the two means are given, the mo- 
ments of the extremes will be as those extremes. The same is to be un- 
derstood of the sides of any given rectangle. 

Cor. 3. And if the sum or difference of two squares is given, , the mo- 
ments of the sides will be reciprocally as the sides. 


SCHOLIUM. `- 


In a letter of mine to Mr. J. Collins, dated December 10, 1672, having — 
described a method of tangents, which I suspected to be the same with 
Slusius's method, which at that time wae not made public, I subjoined these Ἢ 
words ` This is one particular, or rather a Corollary, of a general me 
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thod, which extends itself, without any troublesome calculation, not only 

to the drawing of tangents to any curve lines, whether geometrical or 

mechanical, or any how respecting right lines or other curves, but also 

to the resolving other abstruser kinds of problems about the crookedness, 

areas, lenyths, centres of gravity of curves, &c.; nor is it (as Huddzn's 
method de Maximis & Minimis) limited to equations which are free from 
surd quantities. This method I have interwoven with that other of 
working in equations, by reducing them to infinite series. So far that 
letter. And these last words relate to a treatise I composed on that sub- 

ject in the year 1671. ‘The foundation of that general method is contain-. 
ed in the preceding Lemma. 7 


PROPOSITION ΥΠ. ‘THEOREM VI. 


lf a body in an uniform medium, being uniformly acted upon by the force 
of gravity, ascends or descends in. a right line ; and the whole space 
described be distinguished into equal parts, and in the beginning of 
each of the parts (by adding or subducting the resisting force of the 
medium to or from the force of gravity, when the body ascends or de: 
scends) you collect the absolute forces ; I say, that those absolute forces 
tre in a geometrical progression. 
q . For let the force of gravity be expounded by the 
given line AC ; the force of resistance by the indefi- 
| "Mp, nite line AK ; the absolute force in the descent of the 
= i ος body by the difference ΚΟ: the velocity of the body 
G QOPIKIAZ2A/ by a line AP, which shall be a mean proportional be- 
tween AK and AC, and therefore in a subduplicate ratio of the resistance; 
the increment of the resistance made in a given particle of time by the li- 
neola KL, and the contemporaneous increment of the velocity by the li- 
neola PQ ; and with the centre C, and rectangular asymptotes CA, CH, 
describe any hyperbola BNS meeting the erected perpendiculars AB, KN, 
LOinB,NandO. Because AK isas AP?, the moment KL of the one will 
be as the moment 2ΑΡΩ of the other, that is, as AP x KC; for the in- 
crement PQ of the velocity is (by Law II) proportional to the generating 
force KC. Let the ratio of KL be compounded with the ratio KN, and 
the rectangle ΚΙ, X KN will become as AP x KC x ΚΝ; that is (because 
the rectangle KC x KN is given), as ΑΡ. But the ultimate ratio of the © 
hyperbolic area KNOL to the rectangle KL x KN becomes, when the 
points K and L coincide, the ratio of equality. "Therefore that hyperbolic 
évanescent area is as AP. ‘Therefore the whole hyperbolic area ABOL 
is composed of particles KNOL which are always proportional to the 
velocity AP; and therefore is itself proportional to the space described 
with that velocity. Let .that area be now divided into equa! parts 
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as ABMI, IMNK, KNOL, &c. and the absolute forces AC, IC, KC, LC, 
&c., will be in a geometrical progression. Q.E.D. And by a like rea- 
soning, in the ascent of the body, taking, on the contrary side of the point 
A, the equal areas ABmi, imnk, knol, &c., it will appear that the absolute 
forces AC, 4G, ΚΟ, 1Ο, &c., are continually proportional. Therefore if all 
the spaces in the ascent and descent are taken equal, all the absolute forces 
iC, kC, iC, AC, IC, KC, LC, &c., will be continually proportional. Q.E.D. 

Cor. 1. Hence if the space described be expounded by the hyperbolic 
area ABNK, the force of gravity, the velocity of the body, and the resist- 
ance of the medium, may be expounded by the Jines AC, AP, and AK re- 
spectively ; and vice versa. 

Cor. 2. And the greatest velocity which the body can ever acquire in 
an infinite descent will be expounded by the line AC. 

Cor. 3. Therefore if the resistance of the medium answering to any 
given velocity be known, the greatest velocity will be found, by taking it 
to that given velocity in a ratio subduplicate of the ratio which the force 
of gravity bears to that known resistance of the medium. - 


PROPOSITION IX. THEOREM VIL. 

Supposing what is above demonstrated, I say, that 4f the tangents of the 
angles of the sector of a circle, and of an hyperbola, be taken propor- 
tional to the velocities, the radius being of a fit magnitude, all the time 
of the ascent to the highest place will be as the sector of the circle, and 
all the time of descending from the highest place as the sector of the 
hyperbola. 

To the right line AC, which ex- 
presses the force of gravity, let AD beZ 
drawn perpendicular and equal. From 
the centre D with the semi-diameter 
AD describe as well the quadrant AtE 
of a circle, as the rectangular hyper- 
bola AVZ, whose axis is AK, principal 
vertex A, and asymptote DC. Let Dp, 
DP be drawn; and the circular sector 
AéD will be as all the time of the as- 
cent to the highest place; and the hy- 
perbolie sector ATD as all the time of descent from the highest place; if 
so be that the tangents Ap, AP of those sectors be as the velocities. 

Case 1. Draw Dvg cutting off the moments or least particles ¿Dv and 
qDp, described in the same time, of the sector AD¢ and of the triangle 
ADp. Since those particles (because of the common angle D) are in a du- 
qDp x tD? 

(pp ^ 








that is 





plicate ratio of the sides, the particle {Dv will be as 


266 THE MATHEMATICAL PRINCIPLES - [Boox Il. 


(because ¿D is given), as oe But pD? is AD? + Ap?, that is, AD? + 
AD x Ak, or AD x Ck; and gDp is } AD x pq. Therefore (Dv, the 
particle of the sector, is as rae ; that is, as the least decrement pq of the 


velocity directly, and the force Οἱ; which diminishes the velocity, inversely ; 
and therefore as the particle of time answering to the decrement of the ve- 
locity. And, by composition, the sum of all the particles ¢Dv in the sector 
ADt will be as the sum of the particles of time answering to each of the 
lost particles pg of the decreasing velocity Ap, till that velocity, being di- 
minished into nothing, vanishes; that is, the whole sector ADt is as the 
whole time of ascent to the highest place. Q.E.D. 

Case 2. Draw ῬΩΥ͂ cutting off the least particles TDV and PDQ of 
the sector DAV, and of the triangle DAQ ; and these particles will be to 
each other as DT? to DP?, that is (if TX and AP are parallel), as DX? 
to DA? or TX? to AP? ; and, by division, as DX? — TX? to DA? — 
.AP?. But, from the nature of the hyperbola, DX? —-TX °? is AD? ; and, by 
the supposition, AP? 13 AD X AK. Therefore the particles are to each 
other as AD? to AD? — AD x AK ; that is, as AD to AD — AK or AC 
PDQ x AC nd 

CK ^'^ 


P 
therefore (because AC and AD are given) as = that is, as the increment 


to CK : and therefore the particle TDV of the sector 18 





of the velocity directly, and as the force generating the increment inverse- 
ly; and therefore as the particle of the time answering to the increment. 
And, hy composition, the sum of the particles of time, in which all the par- 
ticles PQ of the velocity AP are generated, will be as the sum of the par- 
ticles of the sector A''D ; that 15, the whole time will be as the whole 
sector. Q.E.D 

Con. 1. Hence if AB be equal to a 
fourth part of AC, thespace which a body 
will describe by falling in any time will 
be to the space which the body could de- 
scribe, by moving uniformly on in the 
same time with its greatest velocity 
AC, as the area ABNK, which ex- 
presses the space described in falling to 
the area ATD, which expresses the 
time. For since AC is to AP as AP 
to AK, then (by Cor. 1, Lem. II, of this 
Book) LK i is to PQ as 2AK to AP, that is, as 2AP to AC, and thence 
LK is to PQ as AP to 1AC or AB; and KN is to AC or AD as AB te 
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UK; and therefore, ez equo, LKNO to DPQ as AP to CK. But DPQ 
- was to D'TV as CK to AC. Therefore, ez equo, LKNO is to DTV as 
AP to AC; that is as the velocity of the falling body to the greatest 
velocity which the body by falling can acquire. Since, therefore, the 
moments LKNO and DTV of the areas ABNK and ATD are as the ve- 
locities, all the parts of those areas generated in the same time will be as 
the spaces described in the same time ; and therefore the whole areas ABNK 
and ADT, generated from the beginning, will be as the whole spaces de- 
scribed from the beginning of the descent. Q.E.D. 

Con. 2. The same is true also of the space described in the ascent. 
That is to say, that all that space is to the space described in the same 
time, with the uniform velocity AC, as the area AB» isto the sector ΑΠ. 

Cor. 3. The velocity of the body, falling in the time ATD, is to the 
velocity which it would acquire in the same time in a non-resisting space, 
as the triangle APD to the hyperbolic sector ATD. For the velocity in 
a non-resisting medium would be as the time A'T'D, and in a resisting me- 
dium is as AP, that is, as the triangle APD. And those velocities, at the 
beginning of the descent, are te among themselves, as well as those 
areas ATD, APD. 

Cor. 4. By the same argument, the velocity i in the ascent is to the ve- 
locity with which the body in the same time, in a non-resisting space, would 
lose all its motion of ascent, as the triangle ApD to the circular sector 
AtD ; or as the right line Ap to the arc At. 

Con. 5. Therefore the time in which a body, by falling | in a resisting 
medium, would acquire the velocity AP, is to the time in which it would 
acquire its greatest velocity AC, by falling in a non-resisting space, 48 the 
sector AD'T to the triangle ADC: and the time in which it would lose its 
velocity Ap, by ascending in a resisting medium, is to the time in which 
it would lose the same velocity by ascending in a non-resisting space, a8 
the arc Af to its tangent Ap. 

Con. 6. Hence from the given time there is given the space described in 
the,ascent or descent. For the greatest velocity of a body descending in 
infinitum i is given (by Οοτο.. 2 and ὃ, Theor. VI, of this Book) ; and thence 
the time is given in which a body would acquire that velocity by falling 
in a non-reaisting space. And taking the sector ADT or AD¢ to the tri- 
angle ADC in the ratio of the given time to the time just now found, 
there will be given both the velocity AP or Ap, and the area ABNK or 
ABnk, which is to the sector ADT, or ΑΡ, as the space sought to the 
space which would, in the given time, be uniformly described with that 
greatest velocity found just before. 

Cor. 7. And by going backward, from the given space of ascent or de 
scent AB"k or ABNK, there will be given the time AD? or ADT. 
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PROPOSITION X. PROBLEM III. 


Suppose the uniform force of gravity to tend directly to the plane of the 
horizon, and the resistance to be as the density of the medium and the 
square of the velocity conjunctly : it is proposed to find the density of 
the medium in each place, which shall make the body move in any 
given curve line ; the velocity of the body and the resistance of the 
medium in each place. 


Let PQ be a plane perpendicular to 
the plane of thescheme itself; PFHQ 
a curve line meeting that plane in the 
points P and Q; G, H, I, K four 
places of the body going on in this 
curve from F to Q ; and GB, ΗΟ, ID, 

E ΚΕ four parallel ordinates let fall 
pP & ^B C DE à from these points to the horizon, and 
standing on the horizontal line PQ at the points B, C, D, E; and let the 
distances BC, CD, DE, of the ordinates be equal amohg themselves. From 
the points G and H let the right lines GL, HN, be drawn touching the 
curve in G and H, and meeting the ordinates CH, DI, produced upwards, 
in I, and N: and complete the parallelogram HCDM. And the times in 
_ which the body describes the arcs GH, HI, will be in a subduplicate ratio 
. of the altitudes LH, NI, which the bodies would describe in those times, 
by falling from the tangents; and the velocities will be as the lengths de- 
scribed GH, HI directly, and the times inversely. J.et the times be ex- 





I 
pounded by T and 7, and the velocities by τ and T and the decrement 
GH HI 


TOF 
This decrement arises from the resistance which retards the body, and from 
the gravity which accelerates it. Gravity, in a falling body, which in its 
fall describes the space NI, produces a velocity with which it would be able 


to describe twice that space in the same time, as Galileo has demonstrated ; 


of the velocity produced in the time { will be expounded by 


2 
that is, the velocity s but if the body describes the arc HI, it augments 


MI x ΝΙ 


that arc only by the length HI— HN or HI and therefore generates 


only the velocity PEX Let this velocity be added to the before- 





mentioned decrement, and we shall have the decrement of the velocity 


GH HI 2MIxNl 
arising from the resistance alone, that is, mo yh a 
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"Therefore since, in the same time, the action of gravity generates, in a fall- 


| | GH 
ing body, the velocity ad the resistance will be to the gravity as τ — 





HI | 2MIx NI. 2NI tx GH 2MI x NI 
FE Dux HE ο 0e T — + HI te 2ΝΙ. 
Now for the abscissas CB, CD, : 


OE, put — 0,0, 20. For the ordinate 
CH put P; and for MI put any series 
Qo + Ro? + So? +, &c. And all 
the térms of the series after the first, 
that is, Ro? + So? +, &c., will be 
NI; and the ordinates DI, EK, and 
BG will be P — Qo — Ro? — So? —, p UTR BCDE ὃ 
&c.,, P—2Qo — 4Ro? — S80? —, &c., and P -+ Qo — Ro? + So? — 
&c., respectively. And by squaring the differences of the ordinates BG — 
CH and CH — DI, and to the squares thence produced adding the squares 
of BC and CD themselves, you will have oo + QQoo — 2QRo? +, &c., 
and oo + QQoo + 2QRo? +, &c., the squares of the ares GH, HI; whose 


TO0l8 ο — — — στ 2n ,ando V7 + ΩΩ αρα are the 


1+QQ v1+aQqQ /1-4- QQ 
arcs GH and HI. Moreover, if from the ordinate CH there be subducted . 
half the sum of the ordinates BG and DI, and from the ordinate DI there. 
be subducted half the sum of the ordinates CH and EK, there will remain 
Roo and Roo + 3805, the versed sines of the arcs Gl and HK. And these 
are proportional to the lineole LH and NI, and therefore in the duplicate 











. ratio of the infinitely small times T and ¢: and thence the ratio d 18 y 
R+3So R + 4S0 txGH 2MI x NI 











Ro E — ; and T — HI + —Hli ^ by substituting 
| 3 
the values of ην GH, HI, MI and NI just found, becomes J 


1+QQ. And since 2NI is 2Roo, the resistance will be now to the 
gravity as TT V1+ QQ to 2Roo, that is, as 38 VI F QQ to 4RR. 


And the velocity will be such, that a body going off therewith from any 
place H, in the direction of the tangent HN, would describe, in vacuo, a 


! | 2 1 
parabola, whose diameter is HC, and its latus rectum a or aea 





And the resistance is as the density of the medium and the square òf 
the velocity conjunctly ; and therefore the density of the medium is as the 
resistance directly, and the square of the velocity inversely ; that is, as 
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38 VT + QQ directly and 1 98 inversely; that is, 28 ——À —— 
^ ARR ες R ai i Ry1+ QQ 
ΘΕ. | 


Cor. 1. If the tangent HN be produced both ways, so as to meet any 





ordinate AF in T E will be equal to /Τ-- QQ, and therefore in what 


has gone before may be put for y 1 + QQ. By this means the resistance 
will be to the gravity as 3S x HT to 4RR x AC; the velocity will be as 
d - E and the density of the medium will be as 5 τ. 

Cor. 2. And hence, if the curve line PFHQ be defined by the relation 
between the base or abscissa AC and the ordinate CH, as is usual, and the 
value of the ordinate be resolved into a converging series, the Problem 
will be expeditiously solved by the first terms of the series; as in the fol- 
lowing examples. 

ΕΧΑΜΡΙΕ 1. Let the fins PFHQ, be a semi-circle described upon the 
diameter PQ, to find the density of the medium that shall make a projec- 
tile move in that line. 

Bisect the diameter PQ in A; and call AQ, n; AC, a; CH, e; and 
CD, o; then DI? or AQ? — AD? = nn — aa — 2a0 — 00, or ee — 2ao 
-— 00 ; and the root being extracted by our method, will give DI — e — 
ao 00 aaoo an? a? o? 


ui ο). as ον one 653 &c. Here put nn for ee + aa, and 
: ao nnoo anno? 
DI will become — e — ο: ton το &c. 


Such series I distinguish into successive terms after this manner: I call 
that the first term in which the infinitely small quantity o is not found; 
the second, in which that quantity is of one dimension only; the third, in 
which it arises to two dimensions; the fourth, in which it is of three; and 
so ad infinitum. And the first term, which here is e, will always denote 
the length of the ordinate CH, standing at the beginning of the indefinite 


quantity o. The second term, which here is =, will denote the difference 


between CH and DN ; that is, the lineola MN which is cut off by coni- 
pleting the parallelogram HCDM ; and therefore always determines the 


position of the tangent HN ; as, in this case, by taking MN to HM as = 


to o, or a to e. The third term, which here is στ, will represent the li- 


neola IN, which lies between the tangent and the curve; and therefore 
determires the angle of contact IHN, or the curvature which the curve line 
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has in H. If that lineola IN is of a finite magnitude, it will be expressed 
by the third term, together with those that follow in IMS "^. But if 


that lineola be diminished 1 infini- 
tum, the terms following become in- 
finitely less than the third term, and. 
therefore may be neglected, The 
fourth term determines the variation 
of the curvature; the fifth, the varia- 
tion of the variation; and so on. 

Whence, by the way, appears no con- Ρ A B CDE 
temptible use of these series in the solution of ος that depend upon 
tangents, and the curvature of curves. 








: ao 7:100 unno? : 
Now compare the series e — "dx oes ir ως &c., with the 
| ann 
series P — Qo —- Roo — So? — &o., and for P, Q, R and S, put e, 7 Des 


and à; 5— and for ν 1 -- QQ put V] Έτ — or zi and. the density οἱ 


τ : TT a 
the medium will come out as —; that is (because n is given), as z ος 


ΑΟ: 
cE that is, as that length of the tangent HT, which is terminated at the 


semi-diameter AF standing perpendicularly on PQ: and the resistance 
will be to the gravity as 3a to 2n, that is, as SAC to the diameter PQ of 
the circle; and the velocity will be as “CH. ‘Therefore if the body goes 
from the place F, with a due velocity, i in the direction of a line parallel to 
PQ, and the density of the medium in each of the places H is as the length 
of the tangent HT, and the resistance also in any place H is to the force 
of gravity. as 3AC to PQ, that body will describe the quadrant FHQ of a 
circle. Q.E.I. 

But if the same body should go-from the place P, in the direction of a 
line perpendicular to PQ, and should begin to move in an arc of the semi- 
circle PFQ, we must take AC or a on the contrary side of the centre A ; 
and therefore its sign must be changed, and we must put — a for + a. 


‘Then the density of the medium would come out as — - But nature 


does not admit of a negative density, that is, à density which accelerates 
the motion of bodies; and therefore it cannot naturally come to pass that 
a body by ascending from P should describe the quadrant PF of a circle, 
To produce such an effect, a body ought to be accelerated by an impelling 
medium, and not impeded by a resisting one. Ὃ 

Examp.e 2. Let the line PFQ be a parabola, having its axis AF per- 
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pendicular to the horizon PQ, to find the density of the medium, which 
will make a projectile move in that line. 

H From the nature of the parabola, the rectangle PDQ, 

/|W ig equal to the rectangle under the ordinate DI and some 

given right line; that is, if that right line be called 5; 

PC, a; PQ, c; CH, e; and CD, o; the rectangle a 

P A CD Q +o into c— a— oor ac — aa —2ao + co — oo, i8 

ac — aa 

5 





equal to the rectangle b into DI, and therefore DI is equal to + 


c — 2a 00 c — 2a 
ep Ore ape Now the second term b 





o of this series is to be put. 


; 00 : 
for Qo, and the third term ? for Roo. But since there are no more 


terms, the co-efficient S of the fourth term will vanish ; and therefore the 








quantity DD T to which the density of the medium is propor- 


Rv1+QQ 
tional, will be nothing. Therefore, where the medium is of no density, 
the projectile will move in a parabola; as Galileo hath heretofore demon- 
strated. Ο.Ε... 

ΕΙΧΑΝΡΙΕ 3. Let the line AGK be an hyperbola, having its asymptote 
NX perpendicular to the horizontal plane AK, to find the density of the 
medium that will make a projectile move in that line. 

Y Let MX be the other asymptote, meeting 
the ordinate DG produced in V; and from 
the nature of the hyperbola, the rectangle of 
XV into VG will be given. There is also- 
given the ratio of DN to VX, and therefore 
the rectangle of DN into VG is given. Let 
that be bb: and, completing the parallelo- 
gram DNXZ, let BN be called a; BD, ο; 
NX, c; and let the given ratio of VZ to 


ZX or DN be - Then DN will be equal 





bb Sara 
to a — o, VG equal to e VZ equal to = X a—o,and GD or NX 


0) 
m m bb bb 
—VZ—VG equal to c—7 a+ —70— σσ Let the term το be 


; ; . bb bb bb bb 
resolved into the converging series aq age a OO να ο &c., and 
: alt Md _ ob se bb bb 2 bb 8 
GD will become equal to c — z7 a — 7 πο πο πιο =F, 0 
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m bb : "S tee 
&c. The second term ο of this series is to be used for Qo; the 


third n ο3, with its sign changed for Ro? ; and the fourth 5 ο, with its, 








| b 
sign changed also for So?, and their coefficients ες » an nd 7; i ; are to 
be pat for Q, R, and S in the former rule. Which being rey n den- 
bb 
, as 
sity of the medium will come out as s; v a 2 mbb - me 
| | — —— or 
a? "n naa a* 
DOM C IRAE DU o that is, if in VZ you take VY equal to 
"nad cL -— dace TET 
n n aa 
1 m? 2mbb b? 
VG, as XY For aa and ια ccs Ge MEO the squares of XZ 


and ZY. But the ratio of the resistance to gravity is found to be that of 
3XY to 2YG; and the velocity is that with which the body would de- 





XY: 
scribe a parabola, whose vertex is G, diameter DG, latus rectum Sup- 


VG" 
pose, therefore, that the densities of the medium in each of the places G 
are reciprocally as the distances XY, and that the resistance in any place 
G is to the gravity as 3X Y to.2YG; and a body let go from the place A. 
with a due velocity, will describe that hyperbola AGK. Q.E.I. 
.  ExawrrE 4. Suppose, indefinitely, the line AGK to be an hyperbola 
described with the centre X, and the asymptotes MX, NX, so that, having 
constructed the rectangle XZDN, whose ride ZD cuts the hyperbola in G 
and its asymptote in V, VG may be reciprocally as any power DN® of the 
line ΖΧ or DN; whose index is the number 7: to find the density of the- 
medium in which a projected body will describe this curve. . 
For BN, BD, NX, put A, O, C, respec- 
tively, and let VZ be to XZ or DN as d to 


e, and VG be equal to E ; then DN will 
bb 


be equal to A — O, VG = ===; VZ = 
eq 3 A—O[' 
d ν 


; À — O, and GD or NX — VZ — VG equal 
d d bb 


toC —-A+-O— ——-. Let the | 
e e A — Ol | 


18 
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τη be resolved into an infinite series i + Ei x O + 
nr S NONE ο αι ur T x bb O*, &c, and GD will be equal 
teow bbO*, &c. The second term i 0 — ον. ; O of this 


EDGE bbO? for Roo, the fourth 


2 Απ 4 3 A® + 2 
n? tanti +2" 3502 for So*. And thence the density of the medium 


S n+2 


Ryl+ QQ’ in any place G, will be ἂν dd 2dnbb nub^ 
A? + --- A? —. AD σε 
66 eA" A?" 


and therefore if in VZ you take VY equal to 2 X VG, that density is re- 

" : dd 2dnbb nnb’ 
ciprocally as XY. For Α7 and pm A? — AN Am 
squares of XZ and ZY. But the resistance in the same place G is to the 


Y 
σα to 4RR, that is, as XY to Sun RE VG. 


| n +2 

And the velocity there is the same wherewith the projected body would 
move in a parabola, whose vertex is G, diameter GD, and latus rectum 
1+QQ 2X Y? QEI 





` geries is to be used for Qo, the third ------ 





are the 





force of gravity as 3S X 











r- Ἰ 
R an+nx VG 


SCHOLIUM. 


T In the same manner that the den- 
. sity of the medium comes out to be aa 


S x AC 
R Μο HT in Cor. 1, if the resistance 


is put as any power V? of the velocity 
\ V, the density of the medium will 


S 
[d | come out to be as ——. X 
P A BCDE a R3 
Ain! 


AC 
HT; 





And therefore if. a curve can be found, such that the ratio of 
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τττνὶα--ἱ ΠΠ sd. 
ji , or of ES - to 1--QQr7 may. be given; the body, in an uni- 
form medium, whose resistance 18 as the power V" of the velocity V, will 
move in this curve. But let us return to more simple curves. 

Because there can be no motion in a para- : 
bola except in a non-resisting medium, but 
in the hyperbolas here described it is produced 
by a perpetual resistance; it is evident that 
the line which a projectile describes in an 
uniformly resisting medium approaches nearer 
to these hyperbolas than toa parabola. That 
line is certainly of the hyperbolic kind, but 
about the vertex it is more distant from the 
asymptotes, and in the parts remote from the à MERE 
vertex draws nearer to them than these hy- BD 
 perbolas here described. The difference, however, is not so great ἘΝ 
the one and the other but that these latter may be commodiously enough 
used in practice instead of the former. And perhaps these may prove more 
useful than an hyperbola that is more accurate, and at the same time more 
compounded. They may be made use of, then, in this manner. EE 

Complete the parallelogram X Y GT, and the right line GT will touch 
the hyperbola in G, and therefore the density of the medium in G- 18 re- 






ΠΡ as the tangent GT, and the velocity there as y m ; and the 


resistance is to the force of gravity as GT to = 2: = x αγ. 

Therefore if a body projected from the 
place A, in the direction of the right line 
AH, describes the hyperbola AGK and 
AH produced meets the asymptote NX in 
H, and Af drawn parallel to it meets the 
other asymptote MX in I; the density of 
the medium in A will be reciprocally as 
AH. and the velocity of the body as y 
, and the resistance there to the force M 


2 2 
of gravity es AH to Iu X ΑΙ. He:ce the following rules ae 
deduced. 
Rute 1. If the density of the medium at A, and the velocity with which 
the body is projected remain the same, and the angle NAH be changed, 
the lengths AH, AL HX will remain. Therefore if those lengths, in: any 
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one case, are found, the hyperbola may afterwards be easily determined 
from any given angle NAH. 

Rute 2. If the angle NAH, and the density of the medium at A, re- 
main the same, and the velocity with which the body is projected be 
changed, the length AH will continue the same; and AI will be changed 
in à duplicate ratio of the velocity reciprocally. 

Rute 3. If the angle NAH, the velocity of the body at A, and the ac- 
celerative gravity remain the same, and the proportion of the resistance at 
A to the motive gravity be augmented in any ratio; the proportion of AH 


to AI will be augmented in the same ratio, the latus rectum of the above- 
2 





mentioned parabola remaining the same, and also the length E 


tional to it; and therefore AH will be diminished in the same ratio, and 
AI will be diminished in the duplicate of that ratio. But the proportion 
of the resistance to the weight is augmented, when either the specific grav- 
ity is made less, the magnitude remaining equal, or when the density of 
the medium is made greater, or when, by diminishing the magnitude, the 
resistance becomes diminished in a less ratio than the weight. 

Rute 4. Because the density of the medium is greater near the vertex 
of the hyperbola than it is in the place A, that a mean density may be 
preserved, the ratio of the least of the tangents GT to the tangent AH 
ought to be found, and the density in A augmented in a ratio a little 
greater than that of half the sum of those tangents to the least of the 
tangents G'T. 

Ruts 5. If the lengths AH, AI are given, and the figure AGK is to be 
described, produce HN to X, so that HX may be to AIasn + 1to1; and 
. with the centre X, and the asymptotes MX, NX, describe an hyperbola 
through the point A, such that AI may be to any of the lines VG as XV" 
to XP. : 

Rute 6. By how much the greater the number » is, so much the more 
accurate are these hyperbolas in the ascent of the body from A, and less 
accurate in its descent to K; and the contrary. The conic hyperbola 
keeps a mean ratio between these, and is more simple than the rest. There- 
fore if the hyperbola be of this kind, and you are to find the point K, 
where the projected body falls upon any right line AN passing through 
the point A, let AN produced meet the asymptotes MX, NX in M and N, 
and take NK equal to AM. 

.Rurg7. And hence appears an expeditious method of determining this 
hyperbola from the phenomena. Let two similar and equal bodies be pro- 
jected with the same velocity, in different angles HAK, hAk, and let them 
fall upon the plane of the horizon in K and k; and note the proportion 
of AK to Ak. Let it be asd to e. Then erecting a perpendicular AI of 
any length, assume any how the length AH or A/, and thence graphically, 


propor- 
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or by scale and compass, collect the lengths AK, Ak (by Rule 6). If the 
ratio of AK to Ak be the same with that of d to e, the length of AH was 


| 
7 | | 


| 
I an πλ | 
| oF | 
ALZ: | 
M οἱ 5 K N 


rightly assumed. If not, take on the indefinite right line SM, the length 
SM equal to the assumed AH; and erect a perpendicular MN equal to the 
difference zs — : of the ratios drawn into any given right line. By the 
like method, from several assumed lengths AH, you may find several points 
N; and draw through them all a regular curve NNXN, cutting tle right 
line SMMM in X. Lastly, assume AH equal to the abscissa SX, and 
thence find again the length AK; and the lengths, which are to the as- 
sumed length AT, and this last AH, as the length AK known by experi- 
ment, to the length AK last found, will be the true lengths AI and AH, 
which were to be found. But these being given, there will be given also 
the resisting force of the medium in the place A, it being to the force of 
gravity as AH to £AT. Let the density of the medium be increased by 
Rule 4, and if the resisting force just found be increased in the same ratio, 
it will become still more accurate. 

Rute S. The lengths AH, HX, being found; let there be now re- 
quired the position of the line AH, according to which a projectile thrown 
with that given velocity shall fall upon any point K. At the foints A 
and K, erect the lines AC, KF perpendicular to the horizon; whereof let 
AC be drawn downwards, and be equal to Al or 3H X. With the asymp- 
totes AK, KF, describe an hyperbola, whose conjugate shall pass through 
the point C ; and from the centre A, with the interval AH, describe a cir- 
ele cutting that hyperbola in the point H; then the projectile thrown in 
the direction of the right line AH will fall upon the point K. Α.Ε.Ι. For 
the point H, because of the given length AH, must be. somewhere in the 
circumference of the described circle. Draw CH meeting AK and KF in 
E and F; and because CH, MX are parallel, and AC, AI equal, AE will 
be equal to AM, and therefore also equal to KN. But CE is to AE as 
FH to KN, and therefore CE and FH are equal. Therefore the point H 
falls upon the hyperbolic curve described with the asymptotes AK, KF 
whose conjugate passes through the point C; and is therefore found in the 
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common intersection of this hyperbolic 
curve and the circumference of the de- 
scribed circle. Q.E.D. It is to be ob 
served that this operation is the same, 
whether the right line AKN be parallel to 
the horizon, or inclined thereto in any an- 
gle; and that from two intersections H, 
h, there arise two angles NAH, NAA; 
and that in mechanical practice it is suf- 
ficient once to describe a circle, then to 
apply a ruler CH, of an indeterminate length, so to the point C, that its 
part FH, intercepted between the circle and the right line PK, may be 
equal to its part CE placed betwen the point C and the right line AK 
What has been said of hyperbolas may be easily 
applied to pirvholas. For if a parabola be re- 
presented by XAGK, touched by aright line XV 
in the vertex X, and the ordinates ΤΑ, VG be as 
any powers XI", XV“, of the abscissas XI, XV ; 
draw XT, GT, AH, whereof let X'T be parallel 
to VG, and let GT, AH touch the parabola in 
Gand A: and a body projected from any place 
A, in the direction of the right line AH, with a 
. due velocity, will describe this parabola, if the density of the medium in 
each of the places G be reciprocally as the tangent GT. In that case the 
velocity in G will be the same as would cause a body, moving in a non- 
resisting space, to describe a conic parabola, having G for its vertex, VG 


2GT? 
produced downwards for its diameter, and — —— 
nn —n x VG 


rectum. And the resisting force in G will be to the force of gravity as GT to 


2nn — 2f 
m s VG. Therefore if NAK represent an horizontal line, and both 


the density of the medium at A, and the velocity with which the body is 
projected, remaining the same, the angle NAH be any how altered, the 
lengths AH, AI, HX will remain; and thence will be given the vertex X 
of the parabola, and the position of the right line XI; and by taking VG 
to IA as XV" to ΧΙ", there will be given all the points G of the parabola, 
through which the projectile will pass. 








for its latus 
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SECTION III. 


Of the motions of bodies which are resisted partly in the ratio of the ve- 
locities, arid. partly in the duplicate of the same ratio. 


. PROPOSITION ΧΙ. THEOREM VIII. 


If a body be resisted partly in the ratio and partly in the duplicate ratio 
of its velocity, and moves ina similar medium by its innate force 
only; and the times be taken in arithmetical progression; then 
quantities reciprocally proportional to the velocities, increased by a cer- 
tain given quantity, will be in geometrical progression. 

. With the centre C, and the rectangular asymptotes | 
CADd and CH, describe an hyperbola BEe, and let 
AB, DE, de, be parallel to the asymptote CH. In 
the asymptote CD let A, G be given points; and if 
the time be expounded by the hyperbolic area ABED 
uniformly increasing, I say, that the velocity may 
be expressed by the length DF, whose reciprocal 
GD, together with the given line CG, compose the 
length CD increasing in a geometrical progression. | 

For let the areola DEed be the least given increment of the time, and 

Dd will be reciprocally as DE, and therefore directly as CD. Therefore 





a | . Dd . | 
the decrement of GD’ which (by Lem. II, Book 11) is ο will be also as. 


CD CG+GD l CG ο EE | 
GDi 9 — Gp: , that is, as Gp t Gp Therefore the time ABED 


uniformly increasing by the addition of the given particles EDde, it fol- 





lows tha 








1 
αυ 
crement of the velocity is as the resistance, that is (by the supposition), as 
the sum of two quantities, whereof one is as the velocity, and the other as 


1 
the square of the velocity ; ; and the decrement of GD is as the sum of the 


itself, and the last 


1 CG | T 
quantities GD and GD?’ whereof the first is ap 


CG. 1 1 Te i 
GD? 18 a8 = Gp: : therefore qp is as the velocity, the decrements of both 


E analogous. And if the quantity GD reciprocally proportional to 
G A be augmented by the given quantity CG; the sum CD, the time 


ABED uniformly increasing, will increase ‘n a geometrical progression. 
Q.E.D. | l 
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Cor. 1. Therefore, if, having the points A and G given, the time be 
SURE by the hyperbolic area ABED, the velocity may be expounded 
By 5n the reciprocal of GD. 

Con. 2. And by taking GA to GD as the NA of the velocity at 
the beginning to the reciprocal of the velocity at the end of any time 
ABED, the point G will be found. And that point being found the ve- 
locity may be found from any other time given. 


PROPOSITION XII. THEOREM IX. 


The same things being supposed, I say, that if the spaces described are 
taken 4n arithmetical progression, the velocities augmented by a cer- 
tain given quantity will be in geometrical progression. 

In the asymptote CD let there be given the 


H t 

| NB point R, and, erecting the perpendicular RS 
$ "E meeting the hyperbola in S, let the space de- 
| NE seribed be expounded by the hyperbolic area 


| in ? RSED ; and the velocity will be as the length 

GD, which; together with the given line CG, 
composes à length CD decreasing in a geo- 
metrical progression, while the space RSED increases in an arithmetical 
progression. 

For, because the incre nent EDde of the space is given, the lineola Dd, 
which is the decrement of GD, will be reciprocally as ED, and therefore 
directly as CD ; that ia, as the sum of the same GD and the given length 
CG. But the decrement of the velocity, in a time reciprocally propor- 
tional thereto, in which the given particle of space DdeE is described, is 
as the resistance and the time conjunctly, that 1s, directly as the sum of 
two quantities, whereof one is as the velocity, the other as the square of 
the velocity, and inversely as the velicity ; and therefore directly as the 
sum of two quantities, one of which is given, the other 18: as the velocity. 
"Therefore the deorement both of the velocity and the line GD 18 as a given 
quantity and a decreasing quantity conjunctly; and, because the decre- 
menta are analogous, the decreasing quantities will always be analogous; 
viz., the velocity, and the line GD. Q.E.D. 

ον 1. If the velocity be expounded by the length GD, the space de- 
scribed will be as the hyperbolic area DESR. 

Con. 2. And if the point . be assumed any how, the point G will be 
found, by taking GR to GD as the velocity at the beginning to the velo- 
city after any space RSED is described. The point G being given, the 
Space is given from the given velocity: and the contrary. 
~ Cox. 3. Whence since (by Prop. XT) the velocity is given from the given 


C GA 
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time, and (by this Prop.) the space is given from the given velocity ; the 
space will be given from the given time : and the contrary. 


PROPOSITION XIIL THEOREM X. 


Supposing that a body attracted downwards by an uniform gravity as- 
cends or descends in a right line; and that the same is resisted 
partly tn the ratio of tts velocity, and partly in the duplicate ratio 
thereof: I say, that, if right lines parallel to the diameters of a circle 
and an hyperbola be drawn through the ends of the conjugate diame- 
ters, aud the velocities be as some segments of those parallels drawn 
from a given point, the times will be as the sectors of the areas cut 
off by right lines drawn from the centre to the ends of the segments ; 
and the contrary. | 
Case 1. Suppose first that the body is ascending, | 

and from the centre D, with any semi-diameter DB, p [~~ 

describe a quadrant BETF of a circle, and through 

the end B of the semi-diameter DB draw the indefi- ' 

nite line BAP, parallel to thesemi-diameter DF. In 
€hat line let there be given the point A, and take the 
segment AP proportional to the velocity. Andsince  |/ | 
one part of the resistance is as the velocity, and D pru 
another part as the square of the velocity, let the 

whole resistance be as AP? + 2BAP. Join DA, DP, cutting the circie 

in E and T, and let the gravity be expounded by DA?, so that the gravity 

shall be to the resistance in P as DA? to AP?+-2BAP; and the time of the 
whole-ascent will be as the sector EDT of the circle. 

For draw DVQ, cutting off the moment PQ of the velocity AP, and the 
moment D'I'V of the sector DET answering to a given moment of time; 
and that decrement PQ, of the velocity will be as the sum of the forces of 
gravity DA? and of resistance AP? + 2BAP, that is (by Prop. XII 
Book II, Elem.),as DP?. Then the area DPQ, which is proportional to PQ, 
is as DP?, and the area DT'V, which is to the area DPQ as DT? to DP?, is 
us the given quantity D'T?. Therefore the area EDT decreases uniformly 
according to the rate of the future time, by subduction of given particles D'T V, 
and is therefore proportional to the time of the whole ascent. Q.E.D. 

Case 2. If the velocity in the ascent | 
of the body be expounded by the length , 
AP as before, and the resistance be made 
as AP? + 2BAP,and if the force of grav- 
ity be less than can be expressed by DA?; 
take BD of such a length. that AB* — 
BD? may be proportional to the gravity, 
and let DF be perpendicular and equal P 
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to DB, and through the vertex F describe the hyperbola F'T'YE, whose con- 
jugate semi-diameters are DB and DF, and which cuts DA in E, and DP, 
DQ in T and V; and the time of the x ascent will be as the hyper- 
bolic sector TDE. 

For the decrement PQ of the velocity, produced in a given particle of 
time, is as the sum of the resistance AP? + 2BAP and of the gravity 
AB? — BD?, that is, as BP? — BD?. But the area DT'V is to the area 
DPQ as DT? to DP?; and, therefore, if G'T be drawn perpendicular to 
DF. as GT? or GD? — DF? to BD?, and as GD? to ΒΡ, and, by di- 
vision, as DF? to BP? — BD?. Therefore since the area DPQ is as PQ, 
that is, as BP? — BD?, the area DTV will be as the given quantity DF?. 
Therefore the area EDT decreases uniformly in each of the equal particles 
of time, by the subduction of so many given particles DTV, and therefore 
18 proportional o the time. Q.E.D. 

y- Case 3. Let AP be the velocity in the descent of 

^" ihe body, and AP? + 2BAP the force of resistazice, 

‘and BD? — AB? the force of gravity, the angle DBA 
being aright one. And if with the centre D, and the 
principal vertex B, there be described a rectangular 
hyperbola BETY cutting DA, DP, and DQ produced 
in E, T, and V ; the sector DET of this hyperbola will 
be as the whole time of descent. 

For the increment PQ of the velocity, and the area DPQ proportional 
to it, is as the excess of the gravity above the resistance, that is, as 
BD? — AB? —2BAP — AP? or BD?—BP?. And the area DTV 
ìs to the area DPQ as DT? to DP? ; and therefore as GT? or GD? — 
BD? to BP?, and as GD? to BD®, and, by divisicn, as BD? to BD? — 
BP2. Therefore since the area DPQ is as BD? — BP?, the area DTV 
will be as the given quantity ΒΡ’, Therefore the area EDT increases 
uniformly in the several equal particles of time by the addition of as 
. many given particles DTV, and therefore is proportional to the time of 
the descent. Q.E.D. 

Con. If with the centre D and the semi-diameter DA there be drawn 
through the vertex A an arc A? similar to the arc ET, and similarly sub- 
tending^the angle A DT, the velocity AP will be to the velocity which the 
body in the time EDT, in a non-resisting space, can lose in its ascent, or 
acquire in its descent, as the area of the triangle DAP to the area of the 
sector DA: ; and therefore is given from the time given. For the velocity 
ir a non-resisting medium is proportional to the time, and therefore to this 
Sector; in a resisting medium, it is as the triangle; and in both mediums, 
where it is least, it approaches to the ratio of equality, as the sector and. 
triangle do. 
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SCHOLIUM. | 


One may demonstrate also that case in the ascent of the body, where the κ 
force of gravity is less than can be expressed by DA? or AB? + BD?, and 
greater than can be expressed by AB? — DB?, and must be expressed by 
ΑΒ’, But I hasten to other things. 


PROPOSITION XIV. THEOREM XL 


The same things being supposed, I say, that the space described in the 
ascent or descent is as the difference of the area by which the time is 
expressed, and of some other agea which 4s augmented or diminished 
in an arithmetical progression ; if the forces compounded of the re- 
sistance and the gravity be taken in a geometrical progression. 

Take AC (in these three figures) proportional to the gravity, and AK 
to the resistance; but take them on the same side of the point A, if the 





D 

body is descending, otherwise on the contrary. Erect Ab, which make to 
DB as DB? to 4BAC: and to the rectangular asymptotes CK, CH, de- 
scribe the hyperbola ôN ; and, erecting KN perpendicular to CK, the area 
. ADNK will be augmented or diminished in an arithmetical progression, 
while the forces CK are taken in a geometrical progression. I say, there- 
fore, that the distance of the body from its greatest altitude is as the excess 
of the area AONK above the area DET. l 

For since AK is as the resistance, that is, as AP? x 2BAP; assume 


2 
any given quantity Z, and put AK equal to = cca then (by Lem, 
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Π of this Book) the moment KL of AK will be equal to ei mS 


Z 
2BPQ 
r ----» and the moment KLON of the area ΑΦΝΚ will be equal to 


2BPQ x LO BPQ x BD? 
Z  “2ZxCK x AB 
Case 1. Now if the body ascends, and the gravity be as AB? + BD? 
BET being a circle, the line AC, which is proportional to the gravity, 
AB? + BD? | 
will be 7 , and DP? or AP? +2BAP + AB? + BD? will be 
AK xZ + AC x Z or CK x Z; and therefore the area D'TV will be to 
the area DPQ as DT? or DB? to CK x Z. 
Case 2. If the body ascends, and the gravity be as AB? — BD*, the 
2 2 
line AC will be ae 7 and DT? will be to DP? as DF? or DB? _ 


to BP? — BD? or AP? + 2BAP + AR? —BD?, that is, to AK X Z + 

















D 


AC x Z or CK X Z. And therefore the area D'TV will be to the area 
DPQ as DB? to CK x Z. | 
Case 3. And by the same reasoning, if the body descends, and therefore 
the gravity is as BD? — ΑΒ’, and the line AC becomes equal to 
α 2 
un Z ar ; the area D'T'Y will be to the area DPQ as DB? to CK X 
Z: as above. 
. Since, therefore, these areas are always in this ratio, if for the area 
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DTV, by which the moment of the time, always equal to itself, is express- 
ed, there be put any determinate rectangle, as BD X m, the area DPQ, 
that is, 3BD x PQ, will be to BD X mas CK x ZtoBD?. And thence 
PQ x BD? becomes equal to 2BD x m x CK x Z,and themoment KLON 
| BP D 
. of the area AONK, found before, becomes a Se From the area 
DET subduct its moment DTV or BD X m, and there will remain 
aS x Be Therefore the difference of the moments, that is, the 


AP x. 
mo.nent of the difference of the areas, is equal to MX zs ; and 








l D . . 
therefore (because of the given quantity 2am as the velocity AP; 


that is, as the moment of the space which the body describes in its ascent 
or descent. And therefore the difference of the areas, and that space, in- 
creasing or decreasing by proportional moments, and beginning together or 
vanishing together, are proportional. Q.E.D. 

Cor. lf the length, which arises by applying the area DET to the line 
BD, be called M; and another length V be taken in that ratio to the length 
Μ. which the line DA has to the line DE; the space which a body, in a 
resisting medium, describes in its whole ascent or descent, will be to the - 
space which a body, in a non-resisting medium, falling from rest, can de- 
scribe in the same time, as the difference of the aforesaid areas to 


BD x V? E ; : | è 
B `’ and therefore is given from the time given. For thespacein a 


non-resisting medium 18 in a duplicate ratio of the time, or as V? ; and. 


D x V? 
because BD and AB are given, as S This area is equal to the 


DA? x BD x M? 


area — and the moment of M is m; and therefore the 





DE? x ΑΒ | 
, DA? x BDx2M x m | 
moment of this area is — —DE'xAB `” But this moment is to 


the moment of the difference of the aforesaid areas DET and AbNK, viz., to 


APxBDxm DA'xBDxM DA?, 
AB’ DE: -- to ¿BD X AP, or a8 Dina into DET 


to DAP; and, therefore, when the areas DEF. T and DAP are least, in the 





; ; | BD x V? 
ratio of equality. ‘Therefore the area UR and the difference of the 


areas DET and AONK, when all these areas are least, have equal moments; 
and «re therefore equal. Therefore since the velocities, and therefore also 
the sj aces in both mediums described together, in the beginning of the de- 
scent. or the end of the ascent, approach to equality, and therefore are then 
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2 
one to another as the area ο. and the difference of the areas DET 


and AUNK ; and moreover since the space, in a non-resisting medium, is 


BD x V? | e TES 
perpetually as — AB ^" and the space, in a resisting medium, is perpetu- 





ally as the difference of the areas DET and AONK;; it necessarily follows, 
that the spaces, in both mediums, described in any equal times, are one to 


2 
another as that area 22 -ᾱς and the difference of the areas DET and 
ΑΟΝΚ. Q.E.D. 

SCHOLIUM. 


The resistance of spherical bodies in fluids arises partly from the tenu- 
city, partly from the attrition, and partly from the density of the medium. 
And that part of the resistance which arises from the density of the fluid 
is, as I said, in a duplicate ratio of the velocity; the other part, which 
arises from the tenacity of the fluid, is uniform, or as the moment of the 
time; and, therefore, we might now proceed to the motion of bodies, which 
are resisted partly by an uniform force, or in the ratio of the moinents of 
the time, and partly in the duplicate ratio of the velocity. But it is suf- 
ficient to have cleared the way to this speculation in Prop. VIII and IX 
foregoing, and their Corollaries. For in those Propositions, instead of the 
uniform resistance made to an ascending body arising from its gravity, 
one may substitute the uniform resistance which arises from the tenacity 
of the medium, when the body moves by its vis insita alone; and when the 
body ascends in a right line, add this uniform resistance to the force of 
gravity, and subduct it when the body descends in a right line. One 
might also go on to the motion of bodies which are resisted in part uni- 
formly, in part in the ratio of the velocity, and in part in the duplicate 
ratio of the same velocity. And I have opened a way to this in Prop. 
XIII and XIV foregoing, in which the uniform resistance arising from the 
tenacity of the medium may be substituted for the force of gravity, or be 
compounded with it as before. But I hasten to other things, 
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SECTION IV. 
Of the circular motion of bodies in resisting mediums. 


LEMMA IIL 

Let PQR be a spiral cutting all the radii SP, SQ, SR, &c., in equal 

angles, Draw the right line PT touching the spiral in any point P, 

and cutting the radius SQ in T; draw PO, QO perpendicular to 

the spiral, and meeting in O, and join SO. T say, that if the points 

P and Q approach and coincide, the angle PSO will become a right 

angle, and the ultimate ratio of the rectangle 'I'Q, x: 2PS to PQ? will 

be the ratio of equality. | 

For from the right angles OPQ, OQR, sub- 
duct the equal angles SPQ, SQR, and there 
will remain the equal angles OPS, OQS. 
“Therefore a circle which passes through the 
points OSP will pass also through the point 
Q. Let the points P and Q coincide, and ` 
this circle will touch the spiral in the place 
of coincidence PQ, and will therefore cut the 
right line OP perpendicularly. ‘Therefore OP will become a diameter of 
this circle, and the angle OSP, being in a semi-circle, becomes a right 
one Q.E.D. 

Draw QD, SE perpendicular to OP, and the ultimate ratios of the lines 
: will be as follows: TQ to PD as TS or PS to PE, or 2PO to 2Ρ8 and 
PD to PQ as PQ to 2PO ; and, ex cquo perturbate, to TQ to PQ as Ρα 
to 2PS. . Whence PQ? becomes equal to TQ x 2PS. Q.E.D. 





PROPOSITION XV. THEOREM XII. 

If the density of a medium in ench place thereof be reciprora!ly as the 
distance of the places from an immovable centre, and the centripetal 
force be in the duplicate ratio of the density ; I say, that a body may 

revolve in a spiral. which cuts all the radii drawn from that centre 

in a given angle. 

Suppose every thing to be as in the forego- 
ing Lemma, and produce SQ to V so that SV 
may. be equal to SP. In any time let a body, 
in 4 resisting medium, describe the least arc 
PQ, and in double the time the least arc PR; 
and the decrements of those arcs arising from 
the resistance, or their differences from the 
arcs which would be described in a non-resist- 
ing medium in the same times, will be to each 
other as the squares of the times in which they 

-are generated; therefore the decrement of the 
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arc PQ is the fourth part of the decrement of the are PR. Whence also 
if the area QSr be taken equal to the area PSQ, the decrement of the arc 
PQ will be equal to half the lineola Rr ;- and therefore the force of resist- 
ance and the centripetal force are to each other as the lineola }Rrand'TQ 
which they generate in the same time. Because the centripetal force with 
which the body is urged in P is reciprocally as SP?, and (by Lem. X, 
Book I) the lineola TQ, which is generated by that force, is in a ratio 
compounded of the ratio of this force and the duplicate ratio of the time 
in which the arc PQ is described (for in this case I neglect the resistance, 
as being infinitely less than the centripetal force), it follows that TQ x 
SP, that is (by the last Lemma), 1PQ? x SP, will be in a duplicate ra- 
tio of the time, and therefore the time is as PQ X SP; and the velo- 
city of the body, with which the arc PQ is described in that time, as 
PQ 1 
PQ x VSP” VSP’ 
And, by a like reasoning, the velocity with which the arc QR is described, 
is in the subduplicate ratio of SQ reciprocally. Now those arcs PQ and 
QR are as the describing velocities to each other; that is, in the subdu- 
plicate ratio of SQ to SP, or as SQ to VSP x SQ; and, because of the 
equal angles SPQ, SQr, and the equal areas PSQ, QSr, the arc PQ is to 
the arc Qr as SQ to SP. Take the differences of the proportional conse- 
quents, and the arc PQ will be to the arc Rr as SQ to SP — VSP x SQ, 
or 1VQ. For the points P and Q coinciding, the ultimate ratio of SP — 
VSP x SQ to 1VQ is the ratio of equality. Because the decrement of 
the arc PQ arising from the resistance, or its double Rr, is as the resistance 


that is, in the subduplicate ratio of SP reciprocally. 


: ; : ; Rr 
and the alum of the time conjunctly, the resistance will be pgs x SP’ 


R 
But PQ was to Rr as SQ to }VQ, and thence P: x 8P becomes as 


.. R _ 40S 
PQ x SP x SQ ™ “ OP x SP*" 
SP and SQ coincide also, and the angle PVQ becomes a right one; and, 


because of the similar tri: angle PYQ, PSO, PQ becomes to 1VQ, as OP 
to 105. Therefore = 


. For the points P and Q coinciding, 


Bé s T ps is as the resistance, that is, in the ratio of 


the deusity of the medium in P and the duplicate ratio of the velocity 

conjunctly. Subduct the duplicate ratio of the velocity, namely, the ratio 

» and there will remain the density of the medium in P, as OPxSP 

Let the spiral be given, and, because of the given ratio of OS to OP, the 
1 E : 

density of the medium in P will be a8 55. Therefore in a medium whose 


e 


-- 
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density 1 18 νι as SP the distance from the centre, a bodv will re- 


volve in this spiral. Q.E.D. 

Cor. 1. The velocity in any place P, is always the same wherewith a 
body in a non-resisting medium with the same centripetal force would re- 
volve in a circle, at the same distance SP from the centre. 

Cor. 2. The density of the φας if the distance SP be given, is as 


τ ο 
δρ but if that distance 18 not given, as , OP A jx SP’ And thence a | Spiral 


may be fitted to any density of the medium. 
Cor. 3. The force of the resistance in any place P is to the centripetal 
force in the same place as 1OS to OP. For those forces are to each other 


as 1Rr and TQ, or as ues oan nd = αι that is, as $VQ and PQ, 


SQ SP" 
or 105 and OP. The spiral therefore being given, there is given the pro- 
portion of the resistance to the centripetal force; and, vice versa, from that 
proportion given the spiral is given. 

Con. 4. Therefore the body cannot revolve in this spiral, except where 
the force of resistance is less than half the centripetal force. Jet the re- 
sistance be made equal to half the centripetal force, and the spiral will co- 
incide with the right line PS, and in that right line the body will descend 
to the centre with a velocity that is to the velocity, with which it was 
proved before, in the case of the parabola (Theor. X, Book I), the descent 
wouid be made in a non-resisting medium, in the subduplicate ratio of 
unity to the number two. And the times of the εν will be here recip- 





rocally as the velocities, and therefore given. 


Cor. 5. And because at equal distances 
from the centre the velocity is the same in the 
spiral PQR as it is in the right line SP, and 
the length of the spiral is to the length of the 
right line PS in a given ratio, namely, in the 
ratio of OP to OS; the time of the descent in 
the spiral will be to the time of the descent in 
the right line SP in the same given ratio, and 
therefore given. 
Cor. 6. If from the centre S, with any two 7 τ 
given intervals, two circles are described ; and 7 
these circles remaining, the angle which the spiral makes with the radius 
PS be any how changed; the number of revolutions which the body can 


complete in the space between the circumferences of those circles, going 


"e : ; | PS 
round in the Spiral from one circumference to another, will be as Og ? 38 


the tangent of the angle which the spiral makes with the radius PS; and 
| 19 
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the time of the same revolutions will be as σα that is, as the secant of the 


same angle, or reciprocally as the density of the medium. 

Cor. 7. If a body, in a medium whose density is reciprocally as the dis- 
tances of places from the centre, revolves in any curve AEB about that 
centre, and cuts the first radius AS in the same 
angle in B as it did before in A, and that with a 
velocity that shall be to its first velocity in A re- 
ciprocally-in a subduplicate ratio of the distances 
from the centre (that is, as AS to a mean propor- 
tional between AS and BS) that body will con- 
tinue to describe innumerable similar revolutions 
BFC, CGD, &c., and by its intersections will 
distinguish the radius AS into parta AS, BS, CS, DS, &c., that are con- 
tinually proportional. But the times of the revolutions will be as the 
perimeters of the orbits AEB, BFC, CGD, &c., directly, and the velocities 


at the beginnings A, B, C of those orbits inversely ; that is as AS?, BS?, 





CS?, And the whole time in which the body will arrive at the centre, 
will be to the time of the first revolution as the sum of all the continued 


: 3 3 e e 9 
|» proportionals ASÍ, BS?, CS?, going on ad infinitum, to the first term 
: 3 
AS? ; that is, as the first term AS? to the difference of the two first AS? 


— BS?, or as 2 AS to AB very nearly. Whence the whole time may be 
easily found. . 

Cor. 9. From hence also may be deduced, near enough, the motions of 
bodies in mediums whose density is either uniform, or observes any other 
assigned law. From the centre S, with intervals SA, SB, SC, &c., con- 
 tinually proportional, describe as many circles; and suppose the time of 
the revolutions between the perimeters of any two of those circles, in the 
medium whereof we treated, to be to the time of the revolutions between 
the same in the medium proposed as the mean density of the proposed me- 
dium between those circles to the mean density of the medium whereof wc 
treated, between the same circles, nearly : and that the secant of the angle 
in which the spiral above determined, in the medium whereof we treated, 
cuts the radius AS, ia in the same ratio to the secant of theanglein which 
the new spiral, in the proposed medium, cuts the same radius: and also 
that the number of all the revolutions between the same two circles is nearly 
as the tangents of those angles. If this be done every where between every 
two circles. the motion will be continued through all the circles. And by 
this means one may without difficulty conceive at what rate and in what 
time bodies ought to revolve in any regular medium. 
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Cor. 9. And although these motions. becoming eccentrical should be 
performed in spirals approaching to an oval figure, yet, conceiving the 
several revolutions of those spirals to be at the same distances from each 
other, and to approach to the centre by the same degrees as the spiral above 
described, we may also understand how the motions of bodies may be per- 
formed in spirals of that kind. 


PROPOSITION XVI. THEOREM XIII. 

Af the density of the medium in each of the places be reciprocally as the 
distance of the places from the àmmoveable centre, and the centripetal 
force be reciprocally as any power of the same distance, I say, that the 
body may revolve in a spiral intersecting all the radu drawn from 
that centre in a given angle. 

This is demonstrated in the same manner as 
the foregoing Proposition. For if the centri- 
petal force in P be reciprocally as any power 
SP+ ' of the distance SP whose index 18 n 
+ 1; it will be collected, as above, that the 
time in which the 23 describes any arc PQ, 


will be 38 PQ x ps3”, : and the resistance in 





P Rr ^ 1— 1n x YQ d 
* PQ? x x Spr Pa: x SP*xSQ’ i 

— in x OS 1—}r jn x OS | 
therefore as OP x SP rv that is, (endis —oP is a given 


quantity), reciprocally as SP»+-'. And therefore, since the velocity is reeip- 


rocally as ΒΡ», the density in P will be reciprocally as SP. 


Con. 1. The resistance is to the centripetal force as 1 —in X OS 
to OP. 

Con. 2. If the centripetal force be reciprocally as SP*, 1 — 1n will be 
== 0; and therefore the resistance and density of the medium will he 
nothing, as in Prop. IX, Book I. 

Con. 3. If the centripetal force be reciprocally as any power of the ra- 
dius SP, whose index is greater than the number 3, the affirmative resist- 
ance will be changed into a negative. 


SCHOLIUM. 


This Proposition and the former, which relate to mediums of απεταεὶ 
density, are to be understood of the motion of bodies that are so small, that. 
the greater density of the medium on one side of the body above that on 
the other is not to be considered. I suppose also the resistance, ceteris 
paribus, to be proportional to its density. Whence, in mediums whose 
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force of resistance is not as the density, the density must be so much aug- 
mented or diminished, that either the excess of the resistance may be taken 
away, or the defect supplied. 


PROPOSITION XVIL PROBLEM IV 


Το find the centripetal force and the resisting force of the medium, by 
which a body, the law of the velocity being given, shall revolve in a 
given spiral. 


Let that spiral be PQR. From the velocity, 
with which the body goes over the very small arc 
PQ, the time will be given; and from the altitude 
TQ, which is as the centripetal force, and the 
P square of the time, that force will be given. Then 
from the difference RSr of the areas PSQ and 
T QSR described ın equal particles of time, the re- 
?  tardation of the body will be given; and from 
the retardation will be found the resisting force 

and density of the medium. | 





PROPOSITION XVIIL PROBLEM vV. 


The law of centripetal force being given, to find the density of the me- 
dium in each of the places thereof, by which a body may describe a 
given spiral. | 
From the centripetal force the velocity in cach place must be found; 

then from the retardation of the velocity the density of the medium is 

found, as in the foregoing Proposition. ' 
But I have explained the method of managing these Problems in the 

- tenth Proposition and second Lemma of this Book; and will no longer 

detain the reader in these perplexed disquisitions. I shall now add some 

things relating to the forces of progressive bodies, and to the density and 
resistance of those mediums in which the motions hitherto treated of, and 
those akin to them, are performed. 


[ 
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SECTION V. | 
Of the density and compression of fluids ; and of hydrostatics. 


THE DEFINITION OF A FLUID. 
A fluid is any body whose parts yield to any force impressed on st, 
by yielding, are eusily moved among themselves. 


PROPOSITION XIX. THEOREM XIV 
All the parts of a homogeneous and unmoved fluid included in any un- 
moved vessel, and compressed on every side (setting aside the consider- 
ation of condensation, gravity, and all centripetal forces), will be 
equally pressed on every side, and remain in their places without any 
motion arising from that pressure. 

Case 1. Let a fluid be included in the spherical - 
vessel ABC, and uniformly compressed on every 
side: 1 say, that no part of it will be moved by 
that pressure. For if any part, as D, be moved, 
all such parts at the same distance from the centre 
on every side must necessarily be moved at the 
same time by 8 like motion; because the pressure 
of them all is similar and equal: and all other 
motion is excluded that does not arise from that 
pressure. But if these parts come all of them nearer to the centre, the 
fluid must be condensed towards the centre, contrary to the supposition. 
If they recede from it, the fluid must be condensed towards the circumfer- 
ence; which is also contrary to the supposition. Neither can they move: 
in any one direction retaining their distance from the centre, because for 
the same reason, they may move in a contrary direction; but the same 
part cannot be moved contrary ways at the same, tiie. Therefore no 
part of the fluid will be moved from its place. Q.E.D. 

Case 2. I say now, that all the spherical parts of this fluid are equally - 
pressed on every side. For let EF be a spherical part of the fluid; if this 
be not pressed equally on every side, augment the lesser pressure till it be 
pressed equally on every side; and its parts (by Case 1) will remain in 
their places. But before the increase of the pressure, they would remain 
in their places (by Case 1); and by the addition of a new pressure they 
will be moved, by the definition of a fluid, from those places. Now these 
two conclusions contradict each other. Therefore it was false to say that - 
the sphere EF was not pressed equally on every side. Q.E.D. 

Case 3. I say besides, that different spherical parts have equal pressures. 
For the contiguous spherical parts press each other mutually and equally - 
in the point of contact (by Law IIl). But (by Case 2) they are pressed on 
every side with the same force. Therefore any two spherical parts ο 
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contiguous, since an intermediate spherical part can touch both, will be 
pressed with the same force. Q.E.D. | 

Case 4. I say now, that all the parts of the fluid are every where press- 
ed equally. For any two parts may be touched by spherical parts in any 
points whatever; and there they will equally press those spherical parts 
(by Case 3), and are reciprocally equaily pressed by them (by Law III). 
Q.E.D. 

Case 5. Since, therefore, any part GHI of the fluid is inclosed by the 
rest of the fluid as in a vessel, and is equally pressed on every side; and 
also its parts equally press one another, and are at rest among themselves ; 
it is manifest that all the parts of any fluid as GHI, which is pressed 
equally on every side, do press each other mutually and equally, and are at 
rest among themselves, Q.E.D. 

Case 6. Therefore if that fluid be included in a vessel of a yielding 
substance, or that is not rigid, and be not equally pressed on every side, 
the same will give way to a stronger pressure, by the Definition of fluidity. 

Case 7. And therefore, in an inflexible or rigid vessel, a fluid will not 
sustain a stronger pressure on one side than on the other, but will give 
way to it, and that in a moment of time; because the rigid side of the 
vessel does not follow the yielding liquor. But the fluid, by thus yielding, 
will press against the opposite side, and so the pressure will tend on every 
side to equality. And because the fluid, as soon as it endeavours to recede 
from the part that is most pressed, is withstood by the resistance of the 
vessel on the opposite side, the pressure will on every side be reduced to 
equality, in a moment of time, without any local motion: and from thence 
the parts of the fluid (by Case 5) will press each other mutually and equal- 
ly, and be at rest among themselves. Q.E.D. 

Con. Whence neither will a motion of the parts of the fluid among 
themselves be changed by a pressure communicated to the external super- 
ficies, except so far as either the figure of thesuperficies may be somewhere 
altered, or that all the parts of the fluid, by pressing one another more in- 
tensely or remissly, may slide with more or less difficulty among them- 


selves. | 


PROPOSITION XX. THEOREM XV. 


Jf all the parts of a spherical fluid, homogeneous at equal distances from 
the centre, lying on a spherical concentric bottom, gravitate towards 
the centre of the whole, the bottom will sustain the weight of a cylin- 
der, whose base is equal to the superficies of the bottom, and whose al- 
titude is the same with that of the incumbent fluid. 

Let DHM be the superficies of the bottom, and AEI the upper super- 
ficies of the fluid. Let the fluid be distinguished into concentric orbe of 

' *qual thickness, by the innumerable spherical superficies BFK, CGT.: and 
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conceive the force of gravity to act only in the 
upper superficies of every orb, and the actions 
to be equal on the equal parts of all the su- .'. 
perficies. Therefore the upper superficies AE — ^ ^.^ 
is pressed by the single force of its own grav- 5; ὁ 
ity, by which all the parts of the upper orb, ; } | 
and the second superficies BFK, will (by i: : 
Prop. XIX), according to its measure, be + 27 
equally pressed. 'The second superficies BFK 
is pressed likewise by the force of its own 
gravity, which, added to the former force, 
makes the pressure double. The third superficies CGL is, according ic 118 
measure, acted on by this pressure and the force of its own gravity besides, 
whieh makes its pressure triple. And in like manner the fourth superfi- . 
cies receives a quadruple pressure, the fifth superficies a quintuple, and so 
on. Therefore the pressure acting on every superficies is not as the solid 
quantity of the incumbent fluid, but as the number of the orbs reaching 
to the upper surface of the fluid ; and is equal to the gravity of the lowest 
orb multiplied by the number of orbs: that is, to the gravity of a solid 
whose ultimate ratio to the cylinder above-mentioned (when the number of 
the orbs is increased and their thickness diminished, ad infinitum, so that 
the action of gravity from the lowest superficies to the uppermost may be- 
some continued) is the ratio of equality. Therefore the lowest superficies 
sustains the weight of the cylinder above determined. Q.E.D. And bya 
like reasoning the Proposition will be evident, where the gravity of the 
fluid decreases in any assigned ratio of the distance from the centre, and 
also where the fluid is more rare above and denser below. Q.E.D. 

Con. 1. Therefore the bottom is not pressed by the whole weight of the 
. imeumbent fluid, but only sustains that part of it which is described in the 
* Proposition; the rest of the weight being sustained archwise by the spheri- 
cal figure of the fluid. 

Cos. 2. The quantity of the pressure i3 the same always at equal dis- 
tances from the centre, whether the superficies pressed be parallel to the 
horizon, or perpendicular, or oblique; or whether the fluid, continued . up- 
warda from the compressed superficies, rises perpendicularly in a rectilinear 
direction, or creeps obliquely through crooked cavities and canals, whether 
those passages be regular or irregular, wide or narrow. ‘That the pressure 
is not altered by any of these circumstances, may be collected by applying 
the demonstration of this Theorem to the several cases of fluids. 

Cor. 3. From the same demonstration it may also be collected (by Prop. 
XIX), that the parts of a heavy fluid acquire no motion among themselves 
by the pressure of the incumbent veight, except uae motion which arises 
from condensation. 
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Con. 4. And therefore if another body of the same specific gravity, in- 
capable of condensation, be immersed in this fluid, it will acquire no mo- 
tion by the pressure of the incumbent weight: it will neither descend nor. 
ascend, nor change its figure. If it be spherical, it will remain so, notwith- 
standing the pressure; if it be square, it will remain square; and that, 
whether it be soft or fluid; whether it swims freely in the fluid, or lies at 
the bottom. For any internal part of a fluid is in the samestate with the 
" submersed body ; and the case of all submersed bodies that have the same 
magnitude, figure, and speciiic gravity, is alike. If a submersed body, re- 
taining its weight, should dissolve and put on the form of a fluid, this 
body, if before it would have ascended, descended, or from any pressure as- 
sume a new figure, would now likewise ascend, descend, or put on a new 
figure; and that, because its gravity and the other causes of its motion 
remain. But (by Case 5, Prop. XIX, it would now be at rest, and retain 
its figure. Therefore also i in the former case. 

Con. 5. Therefore à body that is specifically heavier than a fluid con- 
tiguous to it will sink; and that which is specifically lighter will ascend, 
and attain so much motion and change of figure as that excess or defect of 
gravity is able to produce. For that excess or defect is the same thing as an 
impulse, by which a body, otherwise in eqwilibrio with the parts of the 
fluid, is acted on; and may be compared with the excess or defect of a 
weight in one of the scales of a balance. 

Cor.-6. Therefore bodies placed in fluids have a twofold en: the 
one true and absolute, the other apparent, vulgar, and comparative. Au 
solute gravity is the whole force with which the body tends downwards ; 
relative and vulgar gravity is the exeess of gravity with which the body 
tends downwards more than the ambient fluid. By the first kind of grav- 
ity the parts of all fluida and bodies gravitate in their proper places; and 
therefore their weights taken together compose the weight of the whole. 
For.the wbole taken together is heavy, as may be experienced in vessels 
full of liquor; and the weight of the whole is equal to the weights of all 
the parts, and is therefore composed of them. By the other kind of grav- 
ity bodies do not gravitate in their places; that is, compared with one 
another, they do not preponderate, but, hindering one another's endeavours 
to descend, remain in their proper places, as if they were not heavy. Those 
things which are in the air, and do not preponderate, are commonly looked 
on as not heavy. Those which do preponderate are commonly reckoned 
heavy, in as much as they are not sustained by the weigat of tke air. The 
common weights are nothing else but the excess of the true weights above 
the weight of the air. Hence also, vulgarly, those things are called light 
which are less heavy, and, by yielding to the preponderating air, mount 
upwards. But these are only comparatively lig +, und not truly so, because 
-hey descend i vacuo. ‘Thus, in water, bodies «»ieb, by their greater or 
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less gravity, descend or ascend, are comparatively and apparently heavy or 
light ; and their comparative and apparent gravity or levity is the. excess 
.or defect by which their true gravity either exceeds the gravity of the 
water or is exceeded by it. But those things which neither by preponder- 
ating descend, nor, by yielding to the preponderating fluid, ascend, although 
by their true weight they do increase the weight of the whole, yet com- 
paratively, ard in the sense of the vulgar, they do not gravitate in the wa- 
ter. For these cases are alike demonstrated. 

Cor. 7. These things which have been demonstrated concerning gravity 
take place in any other centripetal forces. 

Con. 8. Therefore if the medium in which any body moves be acted on 
either by its own gravity, or by any other centripetal force, and the body 
be urged more powerfully by the same force; the difference of the forces is 
that very motive force, which, in the foregoing Propositions, I have con- 
sidered as a centripetal force. Butif the body be more lightly urged by 
that force, the difference of the forces becomes a centrifugal Loree, and 18 tc 
be considered as such. 

Cor. 9. But since fluids by pressing the included bodies do not 
change their external figures, it appears also (by Cor. Prop. XIX) that they 
will not change the situation of their internal parts in relation to one 
another; and therefore if animals were immersed therein, and that all sen- 
sation did arise from the motion of their parts, the fluid will neither hurt 
the immersed bodies, nor excite any sensation, unless so far as those bodies 
may be condensed by the compression. And the case is the» same of any 
system of bodies encompassed with a compressing fluid. All the parts of 
the system will be agitated with the same motions as if they were placed 
in à vacuum, and would only retain their comparative gravity ; unless so 
far as the fluid may somewhat resist their motions, or he requisite to con- 
glutinate them by compression. | | 

| 


PROPOSITION XXI. ‘THEOREM XVI. | 
Let the density of any fluid be proportional to the compression, and its 
parts be attracted downwards by a centripetal force reciprocally pro- 
portional to the distances from the centre: I say, that, if those dis- 
tances be taken continually proportional, the densities of the fluid at 
the same distances will be also continually proportional. 

Let ATV denote the spherical bottom of the fluid, S the centre, SA, SB, 
8Ο, SD, SE, SF, &c., distances continually proportional Erect the per- 
pendiculars AH, BI, CK, DL, EM, FN, &c., which shall be as the densi- 
ties of the medium in the places A, B, C, D, E, F ; and the specific RIA, 


AH BI C 
ities in those places will be as AS’ BS’ d &c., or, which is all one ae 
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n3 5 d &c. Suppose, first, these gravities to be uniformly continued 
from A to B, from B to C, from C to D, &c., the decrements in the points 
B, C, D, &c., being taken by steps. And these gravi- 
ties drawn into the altitudes AB, BC, CD, &c., will 
give the pressures AH, BI, CK, &c., by which the bot- 
tom AT'V is acted on (by Theor. XV). Therefore the 
particle A sustains all the pressures AH, BI, CK, DL, 
&c., proceeding in infinitum; and the particle B sus- 
tains the pressures of all but the first AH ; and the par- 
ticle C all but the two first AH, BI; and so on: and 
therefore the density AH of the first particle A is to 
the density BI of the second particle B as the sum of 
all AH + BI + CK + DL, in infinitum, to the sum of © 
all BI + CK + DL, &c. And BI the density of the second particle B is 
to CK the density of the third C, as the sum of all BI + CK + DL, &c., 
to the sum of all CK + DL, &c. Therefore these sums are proportional 
to their differences AH, BI, CK, &c., and therefore continually propor- 
tional (by Lem. 1 of this Book); and therefore the differences AH, BI, 
CK, &c. proportional to the sums, are also continually proportional. 
Wherefore since the densities in the places A, B, C, &c., are as AH, BI, 
ΟΚ, &c., they will also be continually proportional. Proceed intermis- 
sively, and, ez «equo, at the distances SA, SC, SE, continually proportional, 
the densities AH, CK, EM will be continually proportional. And by the 
same reasoning, at any distances SA, SD, SG, continually proportional, 
the densities AH, DL, GO, will be continually proportional. Let now the 
points A, B, C, D, E; &c., coincide, so that the progression of the specific 
gravities from the bottom A to the top of thefluid may be made continual ; 
and at any distances SA, SD, SG, continually proportional, the densities 
AH, DL, GO, being all along continually proportional, will still remain 
continually proportional Q.E.D. 

Cor. Henceif the density of the fluid in two places, 
as A and E, be given, its density in any other place Q 
may be collected. With the centre S, and the rectan- 
E gular asymptotes SQ, SX, describe an hyperbola cut- 
ting the perpendiculars AH, EM, QT in a, e, and q, 
as also the perpendiculars HX, MY, 'T'Z, let fall upon 
the asypmtote SX, in ᾖ, m, and ¢. Make the area 

Z Y X YmZ to the given area YmhX as the given area 
EQ to the given area EewA; and the line Zt produced will cut off the 
line QT’ proportional to the density. For if the lines SA, SE, SQ are 
eontinually proportional, the areas KegQ, EeaA will be equal, and thence 
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the areas YmtZ, X. hmY, proportional to them, will be also equal; and 
the lines SX, SY, SZ, that is, AH, EM, QT continually proportional, as 
they ought to be. And if the lines SA, SE, SQ, obtain any other order — 
in the series of continued proportionals, the lines AH, EM, Q/T, because 
of the proportional hyperbolic areaa, will obtain the same order in another 
series of quantities continually proportional. 


PROPOSITION XXII THEOREM XVII. 


Let the density of any fluid be proportional to the co:npression, and its 
parts be attracted downwards by a ‘gravitation reciprocally propor- 
tional to the squares of the distances from the centre: I say, that if 

. the distances be taken in harmonic progression, the densities of the 
finid at those distances will be in a geometrical progression. Ἢ 
Let S denote the centre, and SA, | | 

SB, SC, SD, SE, the distances in , 

geometrical progression. Erect the 3 

perpendiculars AH, BI, ΟΚ, &c., x 

which shall be as the densities of o 

the fluid in the places A, B, C, D, 

E, &c. and the specific gravities 

thereof in those places will be as 

i EA s &c. Supposethese ? | | 

gravities to be uniformly continued, the first from A to B, the second from 

B to C, the third from C to D, &c. And these drawn into the altitudes 

AB, BC, CD, DE, &c., or, which is the same thing, into the distances SA, 

| AH BI CK & 

| SA SB’ SC G, 

the exponents of the pressures. ‘Therefore since the densities are as the 

gums of those pressures, the differences AH — BI, BI — CK, &c., of th. 

AH ) 

| SA? = pas &c. With 

the centre S, and the asymptotes SA, Sz, describe any hyperbola, cutting 

the perpendiculars AH, BI, ΟΚ, &c., in a, b,c, &c., and the perpendicu- 
lars Ht, Iu, Kw, let fall upon the asymptote Sz, in ἦ, ?,  ; and the dif- 






SB, SC, &c., proportional to those altitudes, will give 


densities will be as the differences of those sums 


ferences of the densities tu, uw, &c., will be as pis aa &c. “And the 
rectangles tu X th, uw X ut, &c., or tp, uq, &c., as ax ios &c., 


that is, as Aa, Bb, &c. For, by the nature of the hyperbola, SA is to AH 


| H 
or St as th to Ac, and therefore Ξ eo is equal to Aa. And, by a like 
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reasoning, ο is equal to Bb, &c. But Aa, Bd, Cc, &c., are continu- 
ally proportional, and therefore proportional to their differences Aa — Bd, 
Bb — Cc, &c., therefore the rectangles £p, ug, &c., are proportional to those 
differences; as also the sums of the rectangles tp + wq, or tp + uq + wr 
to the sums of the differences Aa — Cc or Aa — Dd. Suppose several of 
these terms. and the sum of all the differences, as Aa — Ff, will be pro- 
portional t^ the sum of all the rectangles, as zthn. Increase the number 
of terms, and diminish the distances of the points A, B, C, &c., in infini- 
tum, and those rectangles will become equal to the hyperbolic area ztn, 
and therefore the difference Aa — Ff ig proportional to this area. Take 
now any distances, as SA, SD, SF, in harmonic progression, and the dif- 
ferences Aa — Dd, Dd — Ff will be equal; and therefore the areas tAi/z, 
xlnz, proportional to those differences will be equal among themselves, and 
the densities Sf, Sz, Sz, that is, AH, DL, FN, continually proportional. 
Q.E.D. 

Cen. Hence if any two densities of the fluid, as AH and BI, be given, 
the area thiu, answering to their difference £u, will be given; and thence 
the density FN will be found at any height SF, by taking the area tAnz to 
that given area thiu as the difference Aa — Ff to the difference Aa — Bh. 


SCHOLIUM. 


By a like reasoning it may be proved, that if the gravity of the particles : 
of a fluid be diminished in a triplicate ratio of the distances from the centre ; 
and the reciprocals of the squares of the distances SA, SB, SC, &c., (namely, 
SA? SA? SA? À : : T. ! 
SA? SB: Sc) be taken in an arithmetical progression, the densities AH, 
BI, CK, &c., will be in a geometrical progression. And if the gravity be 
diminished in a quadruplicate ratio of the distances, and the reciprocals of 
the cubes of the distances (as Eon con &c ) be taken in arithmeti- 

SA? SB? SC? — 7" | 
cal progression, the densities AH, BI, CK, &c., will be in geometrical pro- 
gression. And so in infinitum. Again; if the gravity of the particles of 
the fluid be the same at all distances, and the distances be in arithmetical 
progression, the densities will be in a geometrical progression as Dr. Hal- 
ley has found. If the gravity be as the distance, and the squares of the 
distances be in arithmetical progression, the densities will be in geometri- 
cal progression. And so in infinitum. ‘These things will beso, when the 
density of the fluid condensed by compression is as the force of compres- 
sion ; or, which is the same thing, when the space possessed by the fluid is 
reciprocally as this force. Other laws of condensation may be supposed, 
as that the cube of the compressing force may be as the biquadrate of the 
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. density; or the tripl‘cate ratio of the force the same with the quadruplicat. 
ratio of the density : in which case, if the gravity be reciprocally as the 
square of the distance from the centre, the density will be reciprocally as 
the cube of the distance. Suppose that the cube of the compressing force 
be as tlie quadrato-cube of the density; and if the gravity be reciprocally 
as the square of the distance, the density will be reeiprocally in a sesqui- 
plicate ratio of the distance. Suppose the compressing force to be in a du- 
plicate ratio of the density, and the gravity reciprocally in a duplicate ra- 
tio of the distance, and the density will be reciprocally as-the distance. 
To run over all the cases that might be offered would be tedious. But as 
to our own air, this is certain from experiment, that its density is either 
accurately, or very nearly at least, as the compressing force; and therefore 
the density of the air in the atmosphere of the earth is as the weight of 
the whole incumbent air, that is, as the height of the mercury in the ba- 
rometer. 


PROPOSITION XXIII. THEOREM XVIII. 

If a fluid be composed of particles mutually flying each other, and the 
density be as the compression, the centrifugal forces of the particles 
will be reciprocally proportional to the distances of their centres. And, 
vice versa, particles flying each other, with forces that are reciprocally 
proportional to the distances of their centres, compose an elastic fluid, 
whose density is as the compression. | 
Let the fluid be supposed to be included in a cubic Ἢ 

space ACE, and then to be reduced by compression into 4 

a lesser-cubic space ace ; and the distances of the par- pl............---. 

ticles retaining a like situation with respect to each 

other in both the spaces, will be as the sides AB, ab of 
the cubes ; and the densities of the mediums will be re- 
ciprocally as the containing spaces ΑΒ», αὖ”. In the p DUC 
plane side of the greater cube ABCD take the square 

DP equal to the plane side db of the lesser cube: and, 

by the supposition, the pressure with which the square 

DP urges the inclosed fluid wiil be to the pressure with 

which that square db urges the inclosed fluid as the densities of the me- 

diums are to each other, that is, as ab? to ΑΒ’, But the pressure with 
which the square DB urges the included fluid is to the pressure with which 
the square DP urges the same fluid as the square DB to the square DP, 

_ that is, as AB? to ab?. Therefore, ex cquo, the pressure with which the 

square DB urges the fluid is to the pressure with which the square dà 

urges the fluid as ab to AB. Let the planes FGH, fgh, te drawn through 

. the middles of the two cubes, and divide the fluid into twv parts. These 

parta will press each other mutually with the same forces with which they 
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are themselves pressed by the planes AC, ac, that is, in the proportion of 
ab to AB : and therefore the centrifugal forces by which these pressures 
are sustained are in the same ratio. ‘The number of the particles being 
equal, and the situation alike, in both cubes, the forces which all the par- 
ticles eXert, according to the planes FGH, feh, upon all, are as the forces 
which each exerts on each. Therefore the forces which each exerts on 
each, according to the plane FGH in the greater cube, are to the forces 
which each exerts on each, according to the plane fgh in the lesser cube, 
as ab to AB, that is, reciprocally as the distances of the particles from each 
other. Q.E.D. 

And, vice versa, if the forces of the single particles are reciprovally as 
the distances, that is, reciprocally as the sides of the cubes AB, αὐ ; the 
suias of the forces will be in the same ratio, and the pressures of the sides 
1) B, db as the sums of the forces; and the pressure of the square DP to 
the pressure of the side DB as ab? to ΑΒ”, And, ex equo, the pressure of 
the square DP to the pressure of the side db as ab? to ΑΒ’; that is, the 
force of compression in the one to the force of compression in the other as 
the density in the former to the density in the latter. Q.E.D. 


SCHOLIUM. 


By a like reasoning, if the centrifugal forces of the particles are recip- 
rocally in the duplicate ratio of the distances between the centres, the cubes 
of the compressing forces will be as the biquadrates of the densities. If 
the centrifugal forces be reciprocally in the triplicate or quadruplicate ratio 
of the distances, the cubes of tlie compressing forces will be as the quadrato- 
cubes, or cubo-cubes of the densitics. And universally, if D be put for the 
distance, and E for the density of the compressed fluid, and the centrifugal 
forces be reciprocally as any power D" of the distance, whose index is the 
number 7, the compressing forces will be as the cube roots of the power 
E? + 3, whose index is the number n + 2; and the contrary. All these 
things are to be understood of particles whose centrifugal forces terminate 
in those particles that are next them, or are diffused not much further. 
We have an example of this in magnetical bodies. Their attractive vir- 
tue is terminated nearly in bodies of their own kind that are next them. 
The virtue of the magnet is contracted by the interposition of an iron 
plate, and is almost terminated atit: for bodies further off are not attracted 
by the magnet so much as by theiron plate. If in this manner particles repel 
others of their own kind that lie next them, but do not exert their virtue 
on the more remote, particles of this kind will compose such fluids as are 
treated of in this Proposition. If the virtue of any particle diffuse itself 
every way in infinitum, there will be required a greater force to produce ᾿ 
an equal condensation of a greater quantity of the fluil. But whether 
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elastic fluids do really consist of particles so repelling each other, is a phy- 
sical question.. We have here demonstrated mathematically the property 
of fluids consisting of particles of this kind, that hence philosophers may 
take occasion to discuss that question. 


SECTION VL 
Of the motion and resistance of funependulous bodies. 


PROPOSITION XXIV. THEOREM. XIX. 


The quantities of matter in funependulous bodies, whose centres of oscil- 
lation are equally distant from the centre of suspension, are in a ratio 
compounded of the ratio of the weights and the duplicate ratio of the 
times of the oscillations in vacuo. 

For the velocity which a given force can generate in a given matter in 

a given time is as the force and the time directly, and the matter inversely. 

The greater the force or the time is, or the less the matter, the greater ve- 

locity will be generated. ‘This is manifest from the second Law of Mo- 

tion. Now if pendulums are of the same length, the motive forces in places 
eyually distant from the perpendicular are as the weights: and therefore 
if two bodies by oscillating describe equal arcs, and those arcs are divided 
into equal parts; since the times in which the bodies describe each of the 
currespondent parts of the arcs are as the times of the whole oscillations, 
the velocities in the correspondent parts of the oscillations will be to each 
other as the motive forces and the whole times of the oscillations directly, 
and the quantities of matter reciprocally : and therefore.the quantities of ' 
matter are as the forces and the times of the oscillations directly and the 
velocities reciprocally. But the velocities reciprocally are as the times, 
and therefore the times directly and the velocities reciprocally are as the 
squares of the times; and therefore the quantities of matter are as the mo- 

_ tive forces and the squares of the times, that is, as Hc "oss and the 

squares of the times. Q.E.D. | 
Cor. 1. Therefore if the times are equal, the quando of matter in 

each of the bodies are as the weights. , 
Con. 2. If the weights are equal, the quantities of matter will be as the 

. gquares of the times. - 

Con. 3. If the quantities of matter are equal, the weights will be recip- 
rocally as the squares of the times. 

Cor. 4. Whence since the squares of the times, ceferis paribus, are as ' 
the lengths of the pendulums, therefore if both the times and quantities of 
matter are equal, the weights will be as the lengths of the pendulums. 
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Cor. 5. And universally, the quantity of matter in the pendulous body 
is as the weight and the square of the time directly, and the length of the 
pendulum inversely. 

Cor. 6. But in a non-resisting medium, the quantity of matter in the 
pendulous body is as the comparative weight and the square of the time 
directly, and the length of the pendulum inversely. For the comparative 
weight is the motive force of the body in any heavy medium, as was shewn 
above; and therefore does the same thing in such a non-resisting medium 
as the absolute weight does in a vacuum. 

Cor. 7. And hence appears a method both of comparing bodies one 
among another, as to the quantity of matter in each; and of comparing 
the weights of the same body in different places, to know the variation of 
its gravity. And by experiments made with the greatest accuracy, I 
have always found the quantity of matter in bodies to be proportional to 
their weight. . 


PROPOSITION XXV. THEOREM XX. 
Funependulous bodies that are, in any medium, resisted in the ratio of 
the moments of time, and funependulous bodies that move in a non- 
resisting medium of the same specific gravity, perform their oscilla- 
tions in a cycloid in the same time, and describe proportional parts of 
arcs together. | 
Let AB be an arc of acycloid, which 
a body D, by vibrating in a non-re- 
sisting medium, shall describe in any 
Z time. Bisect that arc in C, so that C 
may be the lowest point thereof; and 
the accelerative force with which the 
body is urged in any place D, ord or 
E, will be as the length of the arc CD, 
or Cd, or CE. Let that force be ex- 
pressed by that same arc; and since the resistance is as the moment of the 
time, and therefore given, let it b» expressed by the given part CO of the 
cycloidal arc, and take the arc Od in the same ratio to the arc CD that 
the arc OB has to the arc CB : and the force with which the body in d is 
urged in a resisting medium, being.the excess of the force Cd above the 
resistance CO, will be expressed by the arc Od, and will therefore be to 
the force with which the body D is urged in a non-resisting medium in the 
place D, as the arc Od to the arc CD; and therefore also in the place B, 
as the arc OB to thearc CB. Therefore if two bodies D, d go from the place 
B, and are urged by these forces ; since the forces at the beginning are as 
the arc CB and OB, the first velocities and arcs first described will be in 
the same ratio. Let those ares be BD and Bd, and the remaining ares 
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CD, Od, will be in the same ratio. Therefore the forces, being propor- 
tional to those ares CD, Od, will remain in the same ratio as at the be- 
ginning, and therefore the bodies will continue describing together arcs in 
the same ratio. ‘Therefore the forces and velocities and the remaining arcs 
CD, Od, will be always as the whole arcs CB, OB, and therefore those re- 
 maining arcs wi.l be described together. ‘Therefore the two bodies D and 
. d will arrive together at the places C and O ; that which moves in the 
non-resisting medium, at the place C, and the other, in the resisting me- 
dium, at the place O. Now since the velocities in C and O are as the arca 
CB, OB, the arcs which the bodies describe when they go farther will be 
in the same ratio. Let those arcs be CE and Oe. ‘The force with which 
the body D in a non-resisting medium is retarded in E is as CE, and the 
force with which the body d in the resisting medium is retarded in e, is as 
the sum of the force Ce and the resistance CO, that 1s, as Oe; and there- 
fore the forces with which the bodies are retarded are a8 the arcs CB, OB, 
proportional to the arcs CE, Oe ; and therefore the velocities, retarded in 
that given ratio, remain in the same given ratio. ‘Therefore the velocities 
- and the arcs described with those velocities are always to each other in 
that given ratio of the arcs CB and OB ; and therefore if the entire arcs 
AB, aB are taken in the same ratio, the bodies D and d will describe those 
arcs together, and in the places A and a will lose all their motion together. 
Therefore the whole oscillations are isochronal, or are performed in equal 
tines ; and any parts of the arcs, as BD, Bd, or BE, Be, that are described 
together, are proportional to the whole arcs BA, Ba. Q.E.D. 

Con. Therefore the swiftest motion in a resisting medium does not fali 
upon the lowest point C, but is found in that point O, in which the whole 
arc described Ba is bisected. And the body, proceeding from thence to a, 
is retarded at the same rate with which it was accelerated before in ita de- 
scent from B to Ο. 


PROPOSITION XXVI. THEOREM XXI. 


Funependulous bodies, that are resisted in the ratio of the velocity, have 
their oscillations in a cycloid isochronal. 

For if two bodies, equally distant from their centres of suspension, de- 
scribe, in oscillating, unequal arcs, and the velocities in the correspondent 
parts of the arcs be to each other as the whole arcs; the resistances, pro- 
portional to the velocities, will be also to each other as the same arcs. 
Therefore if these resistances be subducted from or added to the motive 
forces arising from gravity which are as the same arcs, the differences o? 
sums will be to each other in the same ratio of the arcs; and since the in- 
crements and decrements of the veloeities are as these differences or sums, 
the velocities will be always as the whole arcs; therefore if the velocities 
are in any one case as the whole arcs, they will remain always in the same 

20 ; 
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ratio. But at the beginning of the motion, when the bodies begin to de- 
scend and describe those arcs, the forces, which at that time are proportional 
to the arcs, will generate velocities proportional to the arcs. Therefore 
the velocities will be always as the whole arcs to be described, and there- 
fore those arcs will be described in the same time. Q.E.D. 


PROPOSITION XXVII THEOREM XXII. 


If funependulous bodies are resisted in the duplicate ratio of their 
velocities, the differences between the times of the oscillations in a re- 
sisting medium, and the times of the oscillations in a non-resisting 
medium of the same specific gravity, will be proportional to the arcs 
described in oscillutins nearly. 


For let equal pendulums in a re- 
sisting medium describe the unequal 
arcs A, B; and the resistance of the 
body in the arc A will be to the resist- 
ance of the body in the correspondent 
part of the arc B in the duplicate ra- 
tio of the velocities, that is, as, AA to 
BB nearly. If the resistance in the - 
e o arc B were to the resistance in the arc 
A as AB to AA, the times in the arcs A and B would be equal (by the last 
Prop.) Therefore the resistance AA in the arc A, or AB in the arc B, 
causes the excess of-the time in the arc A above the time in a non-resisting 
medium ; and the resistance BB causes the excess of the time in the arc B 
above the time in a non-resisting medium. But those excesses are as the 
efficient forces AB and BB nearly, that is, as the ares A and B. Q.E.D. 

Cor. 1. Hence from the times of the oscillations in unequal arcs in a 
resisting medium, may be known the times of the oscillations in a non-re- 
sisting medium of the same specific gravity. For the difference of the 
times will be to the excess of the time in the lesser arc above the time ina 
non-resisting medium as the difference of the arcs to the lesser arc. 

Cor. 2, The shorter oscillations are more isochronal, and very short 
ones are performed nearly in the same times as in a non-resisting medium. 
But the times of those which are performed in greater arcs are a little 
greater, because the resistance in the descent of the body, by which the - 
time is prolonged, is greater, in proportion to the length described in the 
descent than the resistance in the subsequent ascent, by which the time is 
contracted. But the time of the oscillations, both short and long, seems to 
be prolonged in some measure by the motion of the medium. For retard- 
ed bodies are resisted somewhat less in proportion to the velocity, and ac- 
celerated bodies somewhat more than those that proceed uniformly forwards : 
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because the medium, by the motion it has received from the bodies, going 
forwards the same way with them, is more agitated in the former case, and 
less in the latter; and so conspires more or less with the bodies moved. 
Therefore it resists the pendulums in their descent more, and in their as- 
cent less, than in proportion to the velocity; and these two causes concur- 

ring prolong the time. | 


PROPOSITION XXVIIL THEOREM XXIII. 

If a funependulous body, oscillating in a cycloid, be resisted in the rati? 
of the moments of the time, its resistance will be to the force of grav- 
ity as the excess of the arc described i in the whole descent above the 

. arc described in the subsequent ascent to twice the length of the pen- 


dulum. 
Let BC represent the arc described 


in the descent, Ca the arc described in 
the ascent, and Aa the difference of 
the arcs: and things remaining as they 
were constructed and demonstrated in 
Prop. XXV, the force with which the A 
oscillating body is urged in any place 


D will be to the force of resistance as 
the are CD to the arc CO, which is | 
half of that difference Aa. Therefore the force with nn the oscillating 
body is urged at the beginning or the highest point of the cycloid, that is, 
the force of gravity, will be to the resistance as the arc of the cycloid, be- 
tween that highest point and lowest point C, is to the arc CO; that is 
(doubling those arcs), as the whole cycloidal arc, or twice the length of the 
pendulum, to the arc Λα. Q.E.D. 


PROPOSITION XXIX. PROBLEM VI. 
Supposing that a body oscillating in a cycloid is resisted tn a duplicate 
ratio of the velocity: to find the resistance in each place. 
Let Ba be an arc described in one entire oscillation, C the- lowest point 








of the cycloid, and CZ half the whole cycloidal arc, equal to the length of 
the pendulum ; and let it be required to fing the resistance of the body i 15 
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any place D. Cut the indefinite right line OQ in the points O, S, P, Q, 
so that (erecting the perpendiculars OK, ST, PI, QE, and with the centre 
O, and the aysmptotes OK, OQ, describing the hyperbola TIGE cutting 
the perpendiculars ST, PI, QE in T, I, and E, and through the point I 
drawing KF, parallel to the asymptote OQ, meeting the asymptote OK i1 
K, and the perpendiculars ST and QE in L and F) the hyperbolic area 
PIEQ may be to the hyperbolic area PIT'S as the arc BC, described in the 
descent of the body, to the arc Ca described in the ascent; anc that the 
area IEF may be to the area IL'T as OQ to OS. Then with the perpen- 
dicular MN cut off the hyperbolic area PINM, and let that area be to the 
hyperbolic area PIEQ as the arc CZ to the are BC described in the de 
scent. And if the perpendicular RG cut off the hyperbolic area PIGR, 
which shall be to the area PIEQ as any arc CD to the arc BC described 
in the whole descent, is resistance in any place D will be to the force of 


eravity a3 the area OG R IEF — IGH to the area PINM. 


. For since the forces arising from gravity with which the body 1s 

urged in the places Z, B, D, a, are as the ares CZ, CB, CD, Ca and those 
arcs are as the area3 PINM, PIEQ, PIGR, PITS; let those areas be the 
exponents both of the arca aid of the forces respectively. Let Dd be a 
very small space described by the body in its descent : and let it be expressed 
3y the very small area RGgr comprehended between the parallels RG, rg ; 
and produce rg to A, so that GHhg and RGgr may be the contemporane- 
Py agents of the areas S PIGR. And the increment GHhg — 


l IEF ,or Rr x HG — —— L IEF, of the area os IEF —IGH will be 


od 5a OQ 
to the decrement RGgr, or Rr X RG, of the area PIGR, as HG — oa 
to RG; and therefore as OR x HG — δα IEF to OR x GR or OP X 


PI, that is (because of the equal quantities OR x: HG, OR x HR — OR 
x GR, ORHK — OPIK, PIHR and PIGR + "ovd as PIGR + IGH — 
Od IEF to OPIK. Therefore if the arca od OR IEF — IGH be called 
Y, and RGgr the decrement of the area PIGR be given, the inorement of 
the area Y will be as PIGR — Y. 

Then if V represent the force arising from the gravity, proportional to 
the arc CD to be described, by which the body is acted upon in D, and R 
be put for the resistance, V — R will be the whole force with which the 
body is urged in D. Therefore the increment of the velocity is as V —R 
and the particle of time in which it is generated conjunctly. . But the ve- 
locity itself is as the contempo: aneous increment of the space described di- 


Sec. VL] ©- OF NATURAL PHILOSOPHY. ᾿ 309 


rectly and the same particle of time inversely. ‘Therefore, since the re- 
sistance is, by the supposition, as the square of the velocity, the increment 
of the resistance will (by Lem. IT) be as the velocity and the increment of 
the velocity conjunctly, that is, as the moment of the space and V—R 
conjunctly ; and, therefore, if the moment of the space be given, as V — 
R; that is, if for the force V we put its exponent PIGR, and the resist- 
ance R be expressed by any other area Z, as PIGR — Z." 

Therefore the area PIGR uniformly decreasing by the subduction of 
given moments, the area Y increases in proportion of PIGR — Y, and 
the area Z in proportion of PIGR — Z. And therefore if the areas 
Y and Z begin together, and at the beginning are equal, these, by the 
addition of equal moments, will continue to be equal; and in like man- 
ner decreasing by equal moments, will vanish together. And, vice versa, 
if they together begin and vanish, they will have equal moments and te 
always equal; and that, because if the resistance Z be augmented, the ve- 
locity together with the arc Ca, described in the ascent of the body, will be 
' diminished; ard the point in which all the motion together with the re- 
sistance ceases coming nearer to the point C, the resistance vanishes sooner 
than the area Y. And the contrary will happen when the resistance 18 
diminished. 

Now the area Z begins and ends where the resistance i8 nothiny, that i 18, 
at the beginning of the motion where the arc CD is equal to the aro CB, 





| O SP 7R 9 
d the right line RG falls upon the right line QE; and at the end of 
the motion where the arc CD is equal to the arc Ca, and RG falls upcn 


the right line ST. And the area’ Y or σα IEF — IGH begins and ends 


| Ω | | : 
alao where the resistance i8 nothing, and thercfore where dien IEF and 
[GH are equal; that is (by the construction), where the right line RG 
falls successively upon the right lines QE and ST. Therefore those areas 
begin and vanish together, and are therefore always equal. Therefore the area 
R 

oq IEF — IGH is equal to the area Z, by which the resistance is ex- 
pressed, and therefore is to the area PINM, by which the ως is exe 
pressed, as the resistance to the gravity. Q.E.D. 
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Con. 1. Therefore the resistance in the lowest place C is to the force 


of gravity as the area od IEF to the area PINM. 


Con. 2. But it becomes greatest where the area PIHR is to the area 
IEF as OR to OQ. For in that case its moment (that is, PIGR — Y) 
becomes nothing. 

Con. 3. Hence’also may be known the velocity i in each place, as being 
in the subduplicate ratio of the resistance, and at the beginning of the mo- 
tion equal to the velocity of the body oscillating 1 in the same cycloid with- 
out any resistance. 

However, by reason of the difficulty of the calculation by which the re- 
sistance and the velocity are found by this Proposition, we have thought 
fit to subjoin the Proposition following. 


PROPOSITION XXX. ‘THEOREM XXIV. 

lf a right line aB be equal to the arc of a cycloid which an oscillating 
body describes, and at each of its points D the perpendiculars DK be 
erected, which shall be to the length of the pendulum as the resistance 
of the body in the corresponding points of the arc to the force of grav- 
ity ; I say, that the difference between the arc described in the whole 
descent and the arc described in the whole subsequent ascent drawn 
into half the sum of the same arcs will be equal to the area BKa 
which all those Pe κατα take up. 

Let the arc of the cycloid, de- 
scribed in one entire oscillation, be 
expressed by the right line aB, 
equal to it, and the arc which 
would have been described in vacuo 
by the length AB. Bisect AB in 
A | "| C, and the point C will represent 

SEN ο . © ο 4D ^. PB the lowest point of the cycloid, and 
CD will be as the force arising from gravity, with which the body in D is 
urged in the direction of the tangent of the cycloid, and will have thesame 
ratio to the length of the pendulum as the force in D has to the force of 
gravity. Let that force, therefore, be expressed by that length CD, and 
the force of gravity by the length of the pendulum; and if in DE you 
take DK in the same ratio to the length of the pendulum as the resistance 
has to the gravity, DK will be the exponent of the resistance. From the 
centre C with the interval CA or CB describe a semi-circle BEeA. Let 
the body describe, in the least time, the space Dd ; and, erecting the per- 
pendiculars DE, de, meeting the circumference in E and e, they will be as 
the velocities which the body descending in vacuo from the point B would 
acquire in the places D and d. This appears by Prop. LII, Book L Let 


I 
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therefore, these velucities be expressed by those perpendiculars DE, de ; 
and let DF be the velocity which it acquires in D by falling from B in 
the resisting medium. And if from the centre C with the interval CF we 
describe the circle F/M meeting the right lines de and AB in f and M, 
then M will be the place to which it would thenceforward, without farther 
resistance, ascend, and df the velocity it would acquire in d. Whence, 
also, if Fe represent the moment of the velocity which the body D, in de- 
scribing the least space Dd, loses by the resistance of the medium; and 
CN be taken equal to Cg; then will N be the place to which the body, if 
it met no farther resistance, would thenceforward ascend, and MN will be 
the decrement of the ascent arising from the loss of that velocity. Draw 
Fn perpendicular to df, and the decrement Fg of the velocity DF gener- 
ated by the resistance DK will be to the increment fm of the same velo- 
city. generated by the force CD, as the generating force DK to the gener- 
ating force CD. But because of the similar triangles Fmf, Ες, FDC, 
fm is to Fm or Dd as CD to DF; and, ez equo, Fg to Dd as DK to 
DF. Also FA is to Fg as DF to CF; and, ex equo perturbate, Fh or 
MN to Dd as DK to CF or CM ; and therefore the sum οἵ all the MN x - 
.CM will be equal to the sum of all the Dd x DK. At the moveable 
point M suppose always a rectangular ordinate erected equal to the inde- 
terminate CM, which by a continual motion is drawn into the whole 
length Aa; and the trapezium described by that motion, or its equal, the 
rectangle Aa X 1aB, will be equal to the sum of all the MN x CM, and 
therefore to the sum of all the Dd x DK, that is, to the area | BKVTa 

Q.E.D. 

Cor: Hence from the law of resistance, and the difference Aa of the 
are3 Ca, CB, may be collected the Propert of the resistance to the grav- 
ity nearly. 

For if the resistance DK be uniform, the figure ΒΚ Τα will be a rec- 
tangle under Ba and DK; and thence the rectangle under 1Ba and Aa 
will be equal to the rectangle under Ba and DK, and DK will be equal to. 
Aa. Wherefore since DK is the exponent of the resistance, and the 
length of the pendulum the exponent of the gravity, the resistance will be 
to the gravity as 1Λα to the length of the pendulum; altogether as in 
Prop. XXVIII is demonstrated. 

If the resistance be as the velocity, the figure BKTa will be nearly an 
ellipsis. For if a body, i in a non-resisting medium, by one entire oscilla- 
tion, should describe the length BA, the velocity in any place D would be 
as the ordinate DE of the circle described on the diameter AB. There- 
. fore since Ba in the resisting medium, and BA in the non-resisting one, - 
are described nearly in the same times; and therefore the velocities in each 
of the points of Ba are to the velocities in the correspondent points of the 
length BA nearly as Ba is to BA, the velocity in the point D in the re- 
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sisting medium will be as the ordinate of the circle or ellipsis described 
upon the diameter Ba ; and therefore the figure BK VT will be nearly ar 
ellipsis. Since the resistance is supposed proportional to the velocity, le: 
OV be the exponent of the resistance in the middle point O; and an ellip- 
sis BRVSa described with the centre O, and the semi-axes OB, ΟΥ, will 
be nearly equal to the figure BKV'Ta, and to its equal the rectangle Aa 
x BO. 'lhercfore Aa x BO is to OV x BO as the area of this ellipsis 
to OV x BO; that is, Aa is to OV as the area of the semi-circle to the 
square of the radius, or as 11 to 7 nearly; and, therefore, ,";Aa ia to the 
length of the pendulum as the resistance of the oscillating body in O to 
its gravity. | | 

Now if the resistance DK be in the duplicate ratio of the velocity, the 
figure BK VTa will be almost a parabola having V for ita vertex and OV 
for its axis, and therefore will be nearly equal to the rectangle under 2Ba 
and OV. Therefore the rectangle under ?Ba and Λα is equal to the rec- 
tangle 2Ba x OV, and therefore OV is equal to 2Aa ; and therefore the 
resistance in O made to the oscillating body is to its gravity as 2Aa to the 
length of the pendulum. | 

And I take these conclusions to be accurate enough for practical uses. 
For since an ellipsis or parabola BRVSa falls in with the figure BKV'Ta 
in the middle point V, that figure, if greater towards the part BRV or 
VSa than the other, is less towards the contrary part, and is therefore 
nearly equa] to it. 


PROPOSITION XXXI. THEOREM XXV. 


If the resistance made to an oscillating body in each of the proportional 
parts of the arcs descrihed be augmented or diminished in a given ra- 
tio, the difference between the arc described in the descent and the arc 
described in the subsequent ascent will be augmented or diminished in 
the same ratio. 


For that difference arises from 
the retardation of the pendulum 
by the resistance of the medium, 
and therefore is as the whole re- 
tardation and the retarding resist- 
ance proportional thereto. In the 
K foregoing Proposition the rectan- 

MN « ς 9 éD Τι gle under the right line 1aB and 
the difference Aa of the arcs CB, Ca, was equal to the area BK'Ta. And 
that area, if the length aB remains, is augmented or diminished in the ra- 
tio of the ordinates DK; that is, in the ratio of the resistance and is there- 
fore as the length aB and the resistance conjunctly. And thcrefore the 
rectangle under Aa and 1aB is as aB and the resistance eonjunctly, anc 
therefore Aa is as the resistance. Q.E.D. 
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Cor. 1. Hence if the resistance be as the velocity, the difference of 
the arcs in the same medium will be as the whole arc described: and the 
gral 

Con. 2. If the resistance be in the duplicate ratio of the velocity, that 
difference will be in the duplicate ratio of the whole arc: and the contrary. 

Cor. 3. And universally, if the resistance be in the triplicate or any 
other ratio of the velocity, the difference will be in the same ratio of the 
whole arc: and the contrary. 

Con. 4. If the resistance be partly in the simple ratio of the velocity, 
and partly i in the duplicate ratio of the same, the difference will be partly 
in the ratio of the whole arc, and partly in the duplicate ratio of it: and 
the contrary. So that the law and ratio of the resistance will be the 
same for the velocity as the law and ratio of that difference for the length 
of the arc. | 

Con. 5. And therefore if a pendulum describe successively unequal arcs, 
and we can find the ratio of the increment or decrement of this difference 
for the length of the arc described, there will be had also the ratio of the 
increment or decrement of the resistance for a greater or less velocity. 


GENERAL SCHOLIUM. 

From these propositions we may find the resistance of mediums by pen- 
dulums oscillating therein. I found the resistance of the air by the fol- 
lowing experiments. 1 suspended a wooden globe or ball weighing 575, 
ounces troy, its diameter 62 London inches, by a fine thread on a firm 
hook, so that the distance between thc hook and the centre of oscillation of 
the globe was 101 feet. I marked on the thread a point 10 feet and 1 inch 
distant from the centre of suspension; and even with that point I placed a 
ruler divided into inches, by the help whereof I observed the lengths of the 
ares described by the pendulum. "Then I numbered the oscillations ia 
which the globe would lose i part of its motion. If the pendulum was 
drawn aside from the perpendicular to the distance of 2 inches, and thence 
let go, so that in its whole descent it described an arc of 2 inches, and in 
the first whole oscillation, compounded, of the descent and subsequent 
ascent, an arc of almost 4 inches, the same in 164 oscillations lost 1 1 part 
of its motion, so as in its last ascent to describe an arc of 12 indies lf 
in the first descent it described an arc of 4 inches, it lost } part of its mo- 
-tion in 121 oscillations, so as in its last ascent to describe an arc of δὶ 
inches. If in the first descent it described an arc of 8, 16, 32, or 64 inches, 
it lost 1 part of its motion in 69, 351, 181, 92 oscillations, respectively. 
Therefore the difference between the arcs described in the first descent and 
the last ascent was in the Ist, 2d, 3d, 4th, 5th, 6th cases, 1, 1, 1, 2, 4, 8 
inches respectively. Divide those differences by the number of oscillations 
in each case, and in one mean oscillation, wherein an arc of 33, 71, 15, 30 
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60, 120 inches was described, the difference of the arcs described in the 
descent and subsequent ascent will be 415, 41, a's) Tr: στ; $$ parts of an 
inch, respectively. But these differences in the greater oscillations are in 
the duplicate ratio of the arcs described nearly, but in lesser oscillations 
something greater than in that ratio ; and therefore (by Cor. 2, Prop. XX XI 
of this Book) the resistance of the globe, when it moves very swift, is in 
the duplicate ratio of the velocity, nearly; and when it moves slowly, 
somewhat greater than in that ratio. 

Now let V represent the greatest velocity in any oscillation, and let A, 
B, and C be given quantities, and let us suppose the difference of the arcs 


to be AV + BV? + ΟΥ:. Since the greatest velocities are in the cycloid 

1 the arcs described in oscillating, and in the circle as 1 the chords of 
those arcs; and therefore in equal arcs are greater in the cycloid than in 
the circle in the ratio of 4 the arcs to their chords; but the times in the 
circle are greater than in the cycloid, in a reciprocal ratio of the velocity ; 
it is plain that the differences ofthe arcs (which are as the resistance and 
the square of the time conjunctly) are nearly the same in both curves: for 
in the cycloid those differences must be on the one hand augmented, with 
the resistance, in about the duplicate ratio of the arc to the chord, because 
of the velocity augmented in the simple ratio of the same; and on the 
other hand diminished, with the square of the time, in the same duplicate 
ratio. ‘Therefore to reduce these observations to the cycloid, we must take 
the same differences of the arcs as were observed in the circle, and suppose 
the greatest velocities analogous to the half, or the whole arcs. that is, to 
the numbers 1, 1, 2, 4,8, 16. ‘Therefore in the 2d, 4th, and 6th cases, put 
1, í and 16 for V; and the difference of the arcs in the 2d case will become 


2 
ΤΙ == A + B + C; in the 4th case, 35; 1Α + 8B + 16C; in the 6th 


8 
case, ~~ ji 16A^ + 64B + 256C. These equations reduced give A = 
0, 000091 6, B = 0,0010847, and C = 0,0029558. Therefore the difference 


of the arcs is as 0,0000916V + 0,0010847 Y* + 0,0029558Y : and there- 
fore since (by Cor. Prop. ΧΧΧ, applied to this case) the re:ist:nce of the 
globe in the middle of the arc described in oscillating, where the velocity 


is V, is to its weight as ,';, AV + 4 BY? + 3CV? to the length of the 
pendulum, if for A, B, and C you put the numbers found, the resistance of 


the globe will be to its weight as 0,0000583V + 0,0007593V? + 0,0922169V? 
to the length of the pendulum between the centre of suspension and the 
ruler, that is, to 121 inches. Therefore since V in the second case repre- 
sents 1, in the 4th case 4, and in the 6th case 16, the resistance will be to 
the weight of the globe, in the 2d case, as 0,0030345 to 121; in the 4th, ag 
0,041748 to 121; in the 6th, as 0,61705 to 121. 
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‘The are, "n the point marked in the thread described in the 6th case, 
was of 120 — I^ or 11945 inches. And therefore since the radius was 
121 inches, and tho length of the pendulum between the point of suspen- 
sion and the centre of the globe was 126 inches, the arc which the centre of 
the globe described was 124-3; inches. Because the greatest velocity of the 
oscillating body, by reason of the reaistance of the air, does not fall on the 
lowest point of the arc described, but near the middle place of the whole 
arc, this velocity will be nearly the same asif the globe in its whole descent 
in a non-resisting medium should describe 62,3, inches, the half of that arc, 
and that in a cycloid, to which we have above reduced the motion of the 
pendulum; and therefore that velocity will be equal to that which the 
globe would acquire by falling perpendicularly from a height equal to the 
versed sine of that arc. . But that versed sine in the cycloid is to that arc 
6243, as the same arc to twice the length of the pendulum 252, and there- 
fore equal to 15,275 inches. Therefore the velocity of the pendulum is the 
same which a body would acquire by falling, and in its fall describing a 
space of 15,278 inches. ‘Therefore with such a velocity the globe meets 
with a resistance which is to its weight as 0,61705 to 121, or (if we take 
that part only of the resistance which i is in the duplicate ratio of the ve- 
loc.ty) as 0,56752 to 121. 

I found, by an hydrostatical experiment, that the weight of this S 
globe was to the weight of a globe of water of the same magnitude as 55 
to 97: and therefore since 121 is to 213,4 in the same ratio, the resistance 
made to this globe of water, moving forwards with the above-mentioned 
velocity, will be to its weight as 0,56752 to 213,4, that is, as 1 to 3764. 
Whence since the weight of a globe of water, in the time in which the 
globe with a velocity uniformly continued describes a length of 30,556 
. inches, will generate all that velocity in the falling globe, it is manifest 
that the force of resistance uniformly continued in the same time will take 
away a velocity, which will be less than the other in the ratio of 1 to 376,5, 


that is, the 5——- part of the whole velocity. And therefore in the time 


1 

3764s 

-hat the globe, with the same velocity uniformly continued, would describe 
the length of its ας, or Jj; inches, it would lose the ;7,, part 
of its motion. 

I also counted the oscillations in which the pendulum lost } part of its 
motion. In the following table the upper numbers denote the Een of the 
arc described in the first descent, expressed in inches and parts of an inch ; 
the middle numbers denote the length of the arc described in the last a&-: 
cent; and in the lowest place are the numbers of the oscillations. I give 
an account of this experiment, as being more accurate than that in which 
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only 1 part of the motion was lost. I leave the calculation to such as are 
disposed to make it. | 
First descent . . . 2 4 8 16 32 64 
Last ascent . . . li ὁ 6 12 24 48 
Numb. of oscill. . . 374 272 1623 831 412 221 
I afterward suspended a leaden globe of 2 inches in diameter, weighing 
261 ounces troy by the same thread, so that between the centre of the 
globe and the point of suspension there was an interval of 10} feet, and I 
counted the oscillations in which a given part of the motion was lost. ‘The 
first of the following tables exhibits the number of oscillations in which } 
part of the whole motion was lost; the second the number of oscillations 
in which there was lost 1 part of the same. 


First descent. . . . 1 2 4 8 16 32 64 
Last ascent... . i 4 31 7 14 28 56 
Numb. of oscill. . . 226 228 193 140 901 53 30 
First descent. . . . I 2 4 8 16 32 64 
Last ascent . . . . i 1i 3 6 12 24 4S 


Numb. of oscill, . . 510 518 420 318 204 121 70 

Selecting in the first table the 3d, 5th, and 7th observations, and express- 
ing the greatest velocities in these observations particularly by the num- 
bers 1, 4, 16 respectively,and generally by the quantity V as above, therc 


will come out in the 3d observation ioi = A+B + C,in the 5th obser- 


2 . 8 
vation 9017 4A + 8B + 16C, in the7th observation 3) = 16A + 64B + 
256C. These equations reduced give A — 0,001414, B — 0,000297, C = 
0,000879. And thence the resistance of the globe moving with the velocity 
V wil be to its weight 263 ounces in the same ratio as 0,0009V + 


0,000208 V? + 0,000659V? to 121 inches, the length of the pendulum. 
And if we regard that part only of the resistance which is in the dupli- 
cate ratio of the velocity, it will be to the weight of the globe as 0,000659V? 
to 121 inches. But this part of the resistance in the first experiment was 
to the weight of the wooden globe of 57 σι ounces as 0,002217 V° to 121; 
and thence the resistance of the wooden globe is to the resistance of the 
leaden one (their velocities being equal) as 574 into 0,002217 to 26: 
into 0,000659, that is, as 71 to 1. The diameters of the two globes were 
67 and 2 inches, and the squares of these are to each other as 47} and 4, 
or 111$ and 1, nearly. Therefore the resistances of these equally swift 
globes were in less than a duplicate ratio of the diameters. But we have 
not yet considered the resistance of the thread, which was certainly very 
considerable, and ought to be subducted from the resistance of the pendu- 
lums here found. Icould not determine this accurately, but I found ii 
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greater than a third part of the whole resistance of the lesser pendulum ; 
and thence I gathered that the resistances of the globes, when the resist- 
ance of the thread is subducted, are nearly in the duplicate ratio of their 
diameters. For the ratio of 7} — } to 1 — }, or 10} to 1 is not very 
different from the duplicate ratio of the diameters 11}2 to L. 
Since the resistance of the thread is of less moment in greater globes, I 
-= tried the experiment also with a globe whose diameter was 131 inches. 
The length of the pendulum between the point of suspension and the cen- 
tre of oscillation was 1221 inches, and between the point of suspension and 
- the knot in the thread 1091 inches. The arc described by the knot at the 
first descent of the pendulum was 32 inches. ‘Fhe arc described by the 
same knot in the last ascent after five oscillations was 28 inches. 'T'he 
gum of the arcs, or the whole arc described in one mean oscillation, was 64) 
inches. The difference of the arcs 4 inches. The τς part of this, or the 
difference between the descent and ascent in one mean oscillation, is 2 of 
an inch. ‘Then as the radius 1091 to the radius 1221, so 18 the whole arc 
of 60 inches described by the knot in one mean oscillation to the whole arc . 
of 671 inches described by the centre of the globe in one mean oscillation; 
and so is the difference 2 to a new difference 0,4475. If the length of the 
arc described were to remain, and the length of the pendulum should be 
augmented in the ratio of 126 to 1221, the time of the oscillation would 
be augmented, and the velocity of the pendulum would be diminished in 
the subduplicate of that ratio; so that the difference 0,4475 of the arcs de- 
scribed in the descent and subsequent ascent would remain. ‘Then if the 
arc described be augmented in the ratio of 1242, to 671, that difference 
0.4475 would be augmented in the duplicate of that ratio, and so would 
become 1,5295. These things would be so upon the supposition that the 
resistance of the pendulum were in the duplicate ratio of the velocity. 
Therefore if the pendulum describe the whole arc of 124,3, inches, and its 
length between the point of suspension and the centre of oscillation be 126 
inches, the difference of the arcs described in the deseent and subsequent 
ascent would be 1,5295 inches. And this difference multiplied into the 
weight of the pendulous globe, which was 20S ounces, produces 318,136. 
. Again; in the pendulum above-mentioned, made of a wooden globe, when 
its centre of oscillation, being 126 inches from the point. of suspension, de- 
scribed the whole arc of 124.3, inches, the difference of the arcs described 
in the descent and ascent was = into 3 This multiplied into the 
weight of the globe, which was 5744 ounces, produces 49,396. But I mul- 
tiply these differences into the weights of the globes, in order to find their 
resistances. For the differences arise from the resistances, and are as the 
resistances directly and the weights inversely. Therefore the resistances 
are as the numbers 319,136 and 49,396. But that part of the resistance 
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of the lesser globe, which is in the duplicate ratio of the velocity, was to 
the whole resistance as 0,56752 to 0,61675, that is, as 45,453 to 49,396; 
whereas that part of the resistance of the greater globe is almost equal to 
its whole resistance; and so those parts are nearly as 318,136 and 45,453, 
that is, as 7 and 1. But the diameters of the globes are 183 and 61; and 
their squares 351, and 4712 are as 7,438 and 1, that is, as the resistances 
of the globes 7 and 1, nearly. The difference of these ratios is scarce 
greater than may arise from the resistance of the thread. Therefore those 
parts of the resistances which are, when the globes are equal, as the squares 
of the velocities, are also, when the velocities are equal, as the squares of 
the diameters of the globes. | | 

But the greatest of the globes I used in these experiments was not per- 
fectly spherical, and therefore in this calculation I have, for brevity’s sake, 
neglected some little niceties; being not very solicitous for an accurate 
calculus in an experiment that was not very accurate. So that I could 
wish that these experiments were tried again with other globes, of a larger 
size, more in number, and more accurately formed ; since the demonstra- 
tion of a vacuum depends thereon. If the globes be taken in a geometrical 
proportion, as suppose whose diamcters are 4, 8, 16, 32 inches; one may 
collect from the progression observed in the experiments what would hap- 
pen if the globes were still larger. 

In order to compare the resistances of different fluida with each other, 1 
made the following trials. I procured a wooden vessel 4 feet long, 1 foot 
. broad, and 1 foot high. This vessel, being uncovered, I filled with spring 
water, and, having immersed pendulums therein, I made them oscillate in 
the water. And I found that a leaden globe weighing 1661 ounces, and in 
diameter 35 inches, moved therein as it is set down in the following table; 
thelength of the pendulum from the point of suspension to a certain 
point marked in the thread being 126 inches, and to the centre of oscilla- 
tion 1342 inches. 

The arc described. in 

the first descent, by 

fhe frat aot by | . 32 .16.8.4.2.1.4.]ł 

the thread was 

inches. 

The arc described in 
the last ascent was} 48 . 24 . 12.6 . ὃ . 1 . 1. 1 - 5 


inches. 
The difference of the 
arcs, proportional 
to the motion lost, 16. 8.4.2.1. ὁ . 4.4. τε 
was inches. 
The number of the os- 
cillations in water. . ἐς ο 1} e 3 e 7 e 11: «191, 13} 
The number of the os- 
cillations FA air. 954 . 287 . 535 
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In the experiments of the 4th column there were equal motions lost in 
535 oscillations made in the air, and 1x in water. The oscillations in the 
air were indeed a little swifter than those in the water. But if the ogcil- 
lations in the water were accelerated in such a ratio that the motions of 
the pendulums might be equally swift in both mediums, there would be 
still the same number 1} of oscillations in the water, and by these the 
same quantity of motion would be lost as before; because the resistance i; 
increased, and the square of the time diminighed in the same duplicate ra- 
tio. The pendulums, therefore, being of equal velocities, there were equal 
motions. lost in 535 oscillations in the air, and 11 in the water; and there- 
fore the resistance of the pendulum in the water is to its resistance in the 
air as 535 to 11. This is the proportion of the whole resistances in the 
case of the 4th column. 

Now let AV + CV? represent the difference of the arcs described in the 
descent and subsequent ascent by the globe moving in air with the greatest 
velocity V ; and since the greatest velocity is in the case of the 4th column 
to the greatest velocity in the case of the 1st column as 1 to 8; and that 
difference of the arcs in the case of the 4th column to the difference in the 


2 16 : 
case of the 1st column as 535 t 85y oras 85} to 4290; put in these 


cases 1 and S for the velocities, and S51 and 4280 for the differences of 
the arcs, and A + C will be = S51, id SA + 64C = 4280 or A + 8C 
== 535; and then by reducing these: equations, there will come out 7Ο = 
4491 and C = 6443; and A = 212; and therefore the resistance, which is 
as ΤΤΑΥ͂ + 3CV?, will become as 134V + 48°,V?. Therefore in the 
case of the 4th eolumn: where the velocity waa 1, the whole resistance is B 
ita part proportional to the square of the velocity as 13,5 + 483, 
6113 to 48,2 ; and therefore the resistance of the pendulum in water X 5 
that part of the resistance in air, which is proportional to the square of the 
velocity, and which in swift motions is the only part that deserves consid- 
eration, as 6113 to 48°, and 535 to 11 conjunctly, that is, as 571 to 1. 
If the whole thread of the pendulum oscillating : in the water had been im- 
mersed. its resistance would have been still greater; so that the resistance 
of the pendulum oscillating in the water, that is, that part which is pro- 
portional to the square of the velocity, and which only needs to be consid- 
ered in swift bodies, is to the resistance of the same whole pendulum, oscil- 
lating in air with the same velocity, as about S50 to 1, that is as, the den- 
- sity of water to the density of air, nearly. 

In this calculation we ought also to have taken in that part of the re- 
sistance of the pendulum in the water which was as the square of the ve- . 
locity; but I found (which will perhaps seem strange) that the resistance 
in the water was augmented in more than a duplicate ratio of the velocity. 
In searching after the cause, I thought upon this, that the vessel was toc 
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narrow for the magnitude of the pendulous globe, and by its narrowness 
obstructed the motion of the water as it yielded to the oscillating globe. 
For when I immersed a pendulous globe, whose diameter was one inch only, 
the resistance was augmented nearly in a duplicate ratio of the velocity. 
I tried this by making a pendulum of two globes, of which the lesser and 
lower oscillated in the water, and the greater and higher was fastened to 
the thread just above the water, and, by oscillating in the air, assisted the 
motion of the pendulum, and continued it longer. ‘The experiments made 
by this contrivance proved according to the following table. 


Arc descr. in first descent.. 16 . 8. 4.2 . 1. 1. 1 
Arc descr. in last ascent . . 12 6 3. Ti 8.5. 
Diff. cs, proport. t 

Poimi τ. 


Number of oscillations ... 32 . 61. 12,5. 211. 84. 53. 621 
In comparing the resistances of the mediums with each other, I also 
caused iron pendulums to oscillate in quicksilver. The length of the iron 
wire was about 3 feet, and the diameter of the pendulous globe about i of 
an inch. To the wire, just above the quicksilver, there was fixed another 
leaden globe of a bigness sufficient to continue the motion of the pendulum 
for some time. ‘Then a vessel, that would hold about 3 pounds of quick- 
silver, was filled by turns with quicksilver and common water, that, by 
making the pendulum oscillate successively in these two different fluids, I 
might find the proportion of their resistances; and the resistance of the 
quicksilver proved to be to the resistance of water as about 13 or 14 to 1; 
that is, as the density of quicksilver to the density of water. When I made 
use of a pendulous globe something bigger, as of one whose diameter was 
about 3 or 2 of an inch, the resistance of the quicksilver proved to be to 
the resistance of the water as about 12 or 10 to 1. But the former experi- 
mént is more to be relied on, because in the latter the vessel was too nar- 
row in proportion to the magnitude of the immersed globe; for the vessel 
ought to have been enlarged together with the globe. I intended to have 
repeated these experiments with larger vessels, and in melted metals, and 
other liquors both cold and hot; but I had not leisure to try all: and be- 
sides, from what is already described, it appears sufficiently that the resist- 
ance of bodies movinz swiftly is nearly proportional to the densities of 
the fluids in which they move. Ido not say accurately; for more tena- 
sious fluids, of equal density, will undoubtedly resist more than those that 
are more liquid ; as cold oil more than warm, warm oil more than rain- 
water, and water more than spirit of wine. But in liquors, which are sen- 
sibly fluid enough, as in air, in salt and fresh water, in spirit of wine, of 
turpentine, and salts, in oil cleared of its fæces by distillation and warmed, 
in oil of vitriol, and in mercury, and melted metals, and any other such 
like, that are fluid enouzh to retain for some time the motion impressed 
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upon them by the agitation of the vessel, and which being poured out are 
easily resolved into drops, I doubt not but the rule already laid down may 
be accurate enough, especially if the experiments be made with larger 
pendulous bodies and more swiftly moved. 

Lastly, since it is the opinion of some that there is a certain ethereal 
medium extremely rare and subtile, which freely pervades the pores of all 
bodies; and from such a medium, so pervading the pores of bodics, some re- 
sistance must needs arise; in order to try whether the resistance, which we 
experience in bodies in motion, be made upon their outward superficies only, 
or whether their internal parts meet with any considerable resistance upon 
their superficies, I thought of the following experiment. I suspended a 
round deal box by a thread 11 feet long, on a steel hook, by means of a ring 
of the same metal, so as to make a pendulum of the aforesaid length. The 
hook had a sharp hollow edge on its upper part, so that the upper arc of 
. the ring pressing on the edge might move the more freely ; and the thread 
was fastened to the lower arc of the ring. The pendulum being thus pre- 
pared, I drew it aside from the perpendicular to the distance of about 6 
feet, and that in a plane perpendicular to the edge of the hook, lest the 
ring, while the pendulum oscillated, should slide to and fro on the edge of 
the hook: for the point of suspension, in which the ring touches the hook, 
ought to remain immovable. I therefore accurately noted the place to 
which the pendulum was brought, and letting it go, I marked three other 
places, to which it returned at the end of the 1st, 2d, and 3d oscillation. 
„This I often repeated, that I might find those places as accurately as pos- 
sible. Then I filled the box with lead and other heavy metals that were - 
near at hand. But, first, I weighed the box when empty, and that part of © 
the thread that went round it,and half the remaining part, extended be- 
tween the hook and the suspended box; for the thread so extended always 
acts upon the pendulum, when drawn aside from the perpendicular, with half 
its weight. Το this weight I added the weight of the air contained in the 
box And this whole weight was about φὶτ of the weight of the box when 
filled with the metals. ‘Then because the box when full of the metals, by ex- 
tending the thread with its weight, increased the length of the pendulum, 
[ shortened the thread so as to make the length of the pendulum, when os- 
cillating, the same as before. Then drawing aside the pendulum to the 
place first marked, and letting it go, I reckoned about 77 oscillations before 
the box returned to the second mark, and as many afterwards before it came 
to the third mark, and as many after that before it came to the fourth 
mark. From whence I conclude that the whole resistance of the box, when 
full, had not a greater proportion to the resistance of the box, when empty, : 
than 78 to 77. For if their resistances were equal, the box, when full, by 
reason of its vis instta, which was 78 times greater than the vis insita of 
the same when empty, ought to have continued its oscillating motion so 

21 
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much the longer, and therefore to have returned to those marks at the end 
of 78 oscillations. But it returned to them at the end of 77 oscillations. 

Let, therefore, A represent the resistance of the box upon its external 
superficies, and B the resistance of: the empty box on its internal superficies; 
and if the resistances to the internal parts of bodies equally swift be as the 
matter, or the number of particles that are resisted, then 78B will be the 
resistance made to the internal parts of the box, when full; and therefore 
the whole resistance A + B of the empty box will be to the whole resist- 
ance A + 78B of the full box as 77 to 7S, and, by division, A + B to 77B 
as 77 to l; and thence A + B to B as 77 x 77 to 1, and, by division 
again, A to B as 5928 to 1. ‘Therefore the resistance of the empty box in 
. its internal parts will be above 5000 times less than the resistance on its 
external superficies. 'This reasoning depends upon the supposition that the 
greater resistance of the full box arises not from any other latent cause, 
but only from the action of some subtile fluid upon the included metal. 

This experiment is related by memory, the paper being lost in which I 
had described it; so that I have been obliged to omit some fractional parta, 
which are slipt out of my memory; and I have no leisure to try it again. 
The first time I made it, the hook being weak, the full box was retarded 
sooner. The cause I found to be, that the hook was not strong enough to 
bear the weight of the box; so that, as it oscillated to and fro, the hook 
was bent sometimes this and sometimes that way. I therefore procured a 
hook of sufficient strength, so that the point of suspension might remain 
unmoved, and then all things happened as is above described. 
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SECTION VIL 


Of the motion of fluids, and the resistance made to projected bodies. 


PROPOSITION XXXIL THEOREM ΧΧΤΙ. 


Suppose two similar systems of bodies consisting of an equal number of 
particles, and let the correspondent particles be similar and propor- 
tional, each in one system to each in the other, and have a like situa- 
tion among themselves, and the same given ratio of density to each 
other ; and let them begin to move among themselves in proportional 
times, and with like motions, (that is, those in one system among one 
another, and those in the other among one another). And ìf the par- 
ticles that are in the same system do not touch one another, except ir 
the moments of reflexion ; nor attract, nor repel each other, except with 

'  accelerative forces that are as the diameters of the correspondent parti 

cles inversely, and the squares of the velocities directly ; I say, that the. 

particles of those systems will continue to move among themselves with 
like motions and. in proportional times. 


Like bodies in like situations are said to be moved among themselves 
with like motions and in proportional times, when their situations at the 
end of those times are always found alike in respect of each other; as-sup- 
pose we compare the particles in one system with the correspondent parti- 
cles in the other. Hence the times will be proportional, in which similar 
and proportional parts of similar figures will be described by correspondent 
particles. Therefore if we suppose two systems of this: kind;.the corre- 
spondent particles, by reason of the similitude of the motions at their 
beginning, will continue to be moved with like motions, so long as they 
move without meeting one another; for if they are acted on by no fonces;. 
they will go on uniformly i in right lines, by the Ist Law. But if they do: 
_agitate one another with some “certain forces, and those forces are as the 
diameters of the correspondent particles inversely and the squares of the 
velocities directly, then, because the particles are in like situations, and 
their forces are proportional, the whole forces with which correspondent 
particles are agitated, and which are compounded of each of the agitating 
forces (by Corol. 2 of the Laws), will have like directions, and have the 
same effect as if they respected centres placed alike among the particles; 
and those whole forces will be to each other as the several forces which 
‘compose them, that is as the diameters of the correspondent particles in- 
versely, and the squares of the velocities directly: and therefore will cause 
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correspondent particles to continue to describe like figures. These things 
will be so (by Cor. 1 and 8, Prop. 1V., Book 1), if those centres are at rest 
but if they are moved, yet by reason of the similitude of the translations, 
their situations among the particles of the system will remain similar, so 
that the changes introduced into the figures described by the particles will 
still be similar. So that the motions of correspondent and similar par- 
ticles will continue similar till their first meeting with each other; and 
thence will arise similar collisions, and similar reflexions; which will again 
beget similar motions of the particles among themselves (by what was just 
now shown), till they mutually fall upon one another again, and so on ad 
infinitum. 

Cor. 1. Hence if any two ία, which are similar and in like situations 
to the correspondent particles of the systems, begin to move amongst them 
in like manner and in proportional times, and their magnitudes and densi- 
ties be to each other as the magnitudes and densities of the correspohding 
particles, these bodies will continue to be moved in like manner and in 
proportional times; for the case of the greater parts of both systems and of 
the particles is the very same. ; 

Cor. 2. And if all the similar and similarly situated parts of both sys- 
tems be at rest among themselves; and two of them, which are greater than 
the rest, and mutually correspondent in both systems, begin to move in 
lines alike posited, with any similar motion whatsoever, they will excite 
similar motions in the rest of the parts of the systems, and will continue 
to move among those parts in like manner and in proportional times ; and 
will therefore describe spaces proportional to their diameters. 


PROPOSITION XXXII. THEOREM XXVII. 


The same thins being supposed, I say, that the greater parts of the 
systems are resisted in a ratio compounded of the duplicate ratio of 
their velocities, and the duplicate ratio of their diameters, and the sim- 
ple ratio of the density of the parts of the systems. 

For the resistance arises partly from the centripetal or centrifugal forces 
with which the particles of the system mutually act on each other, partly 
from the collisions and reflexions of the particles and the greater parts. 
` The resistances of the first kind are to each other as the whole motive 
forces from which they arise, that is, as the whole accelerative forces and 
the quantities of matter in corresponding parts; that is (by the sup 
position). as the squares of the velocities directly, and the distances of the 
corresponding particles inversely, and the quantitiea of matter in the cor- 
respondent parts directly : and therefore since the distances of the parti- 
cles in one system are to the correspondent distances of the particles of the 
ather as the diameter of one particle or part in the former system to the 
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diameter of the correspondent particle or part in the other, and since the 
quantities of matter are as the densities of the parts and the cubes of the 
diameters; the resistances are to each other as the squares of the velocities 
and the squares of the diameters and the densities of the parts of the sys- 
tems. Q.E.D. The resistances of the latter sort are as the number of 
sorrespondent reflexions and the forces of those reflexions conjunctly ; but 
the number of the reflexions are to each other a3 the velocities of the cor- 
responding parts directly and the spaces between their reflexions inversely. 
And the forces of the reflexions are as the velocities and the magnitudes 
and the densities of the corresponding parts conjunctly ; that is, as the ve- 
locities and the cubes of the diameters and the densities of the parts. And, 
joining all these ratios, the resistances of the corresponding parts are to 
each other as the squares of the velocities and the squares of the diameters 
and the densities of the parts conjunctly. Q.E.D. 

Cor. 1. Therefore if those systems are two elastic fluids, like our aii, 
and their parts are at rest among themselves; and two similar bodies pro- 
portional in magnitude and density to the parts of the fluids, and similarly 
situated among those parts, be any how projected in the direction of lines 
similarly posited ; and the accelerative forces with which the particles of 
the fluids mutually act upon each other are as the diameters of the bodies 
projected inversely and the squares of their velocities directly ; those bodies 
will excite similar motions in the fluids in proportional times, and will de- 
scribe similar spaces and proportional to their diameters. 

Cor. 2. Therefore in the same fluid a projected body that moves swiftly 
meets with a resistance that is, in the duplicate ratio of its velocity, nearly. 
For if the forces with which distant particles act mutually upon one 
another should be augmented in the duplicate ratio of the velocity, the 
projected body would be resisted in the same duplicate. ratio accurately ; 
and therefore in a medium, whose parts when at a distance do not act mu- 
tually with any force on one another, the resistance is in the duplicate ra- 
tio of the velocity accurately. Let there be, therefore, three mediums A, 
B, C, consisting of similar and equal parts regularly disposed at equal 
distances. Let the parts of the mediums A and B recede from each other 
with forces that are among themselves as T and V; and let the parts of 
the medium C be entirely destitute of any such forces. And if four equal 
. bodies D, E, F, G, move in these mediums, the two first D and E in the 
two first A and B, and the other two F and G in the third C; and if the 
velocity of the body D be to the velocity of the body E, and the velocity 
of the body F to the velocity of the body G, in the subduplicate ratio of 
the force 'T' to the force V; the resistance of the body D to the resistance: 
of the body E, and the resistance of the body F to the resistance of the 
body G, will be in the duplicate ratio of the velocities; and therefore the 
resistance of the body D will be to the resistance of the body Ε' as the re- 
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sistance of the body E to the resistance of the body G. Let the bodies D 
and F be equally swift, as also the bodies E and G; and, augmenting the 
velocities of the bodies D and F in any ratio, and diminishing the forces 
of the particles of the medium B in the duplicate of the same ratio, the 
medium B will approach to the form and condition of the medium C at 
pleasure; and therefore the resistances of the equal and equally swift 
bodies E and G ir. these mediums will perpetually approach to equality 
so that their difference will at last become less than any given. "'lhere- 
fore since the resistances of the bodies D and F are to each other as the 
resistances of the bodies E; and G, those will also in like manner approach 
to the ratio of equality. "Therefore the bodies D and F, when they move 
with very great swiftness, meet with resistances very nearly equal; and 
therefore since the resistance of the body F is in a duplicate ratio of the 
velocity, the resistance of the body D will be nearly in the same ratio. 

Con. 3. The resistance of a body moving very swift in an elastic fluid 
is almost the same as if the parts of the fluid were destitute of their cen- 
‘trifugal forces, and did not fly from each other; if so be that the elasti- 
city of the fluid arise from the centrifugal στο of the particles, and the 
velocitv be so great a3 not to allow the | particles time enough to act. 

Cor. 4. Therefore, since the resistances of similar and equally swift 
bodies, in a medium whose distant parts do not fly from each other, are az 
the squares of the diameters, the resistances made to bodies moving with 
very great and equal velocities in an elastic fluid will be as the squares of 
the diameters, nearly. 

Cor. 5. And since similar, d and equally swift bodies, moving 
through mediums of the same density, whose particles do not fly from each 
other mutually, will strike against an equal quantity of matter in equal 
times, whether the particles of which the medium consists be more and 
smaller, or fewer and greater, and therefore impress on that matter an equal 
quantity of motion, and in return (by the 3d Law of Motion) suffer an 
equal re-action from the same, that is, are equally resisted ; it is manifest, 
also, that in elastic fluids of the same density, when the bodies move with 
extreme swiftness, their resistances are nearly equal, whether the fluids 
consist of gross parts, or of parts ever so subtile. For the resistance of 
projectiles moving with exceedingly great celerities is not much diminished 
by the subtilty of the medium. 

Cor. 6. All these things are so in fluids whose elastic force takes ita rise 
from the centrifugal forces of the particles. But if that force arise from 
some other cause, as from the expansion of the particles after the manner 
of wool, or the boughs of trees, or any other cause, by which the particles 
are hindered from moving freely among themselves, the resistance, by 
reason of the lesser fluidity of the medium, will be greater than in the 
Corollaries above. 
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PROPOSITION XXXIV. THEOREM XXVIII. 

lf in a rare medium, consisting of equal particles freely disposed at 
equal distances from each other, a globe, and a cylinder described on 
equal diameters move with equal velocities in the direction of the axis 
of the cylinder, the resistance of the globe will be but ud $0 ES as 

that of the cylinder. κ 
. For since the action of the medi- 
um upon the body is the same (by 
5 of the Laws) whether the body 
move in a quiescent medium, or 
whether the particles of the medium 
impinge with the same velocity upon 
the quicscent body, let us consider 
the body as if it were quiescent, and 
see with what force it would be im- 
pelled by the moving medium. Let, therefore, ABKI represent a spherical 
body described from the centre C with the semi-diameter CA, and let the 
particles of the medium impinge with a given velocity upon that. spherical 
body in the directions of right lines parallel to AC; and let FB be one of 
those right lines. In FB take LB equal to the semi-diameter CB, and 
draw BD touching the sphere in B. Upon KC and BD let fall the per- 
pendiculars BE, LD; and the force with which a particle of the medium, 
impinging on the globe obliquely in the direction ΕΒ, would strike the 
‘globe in B, will be to the force with which the same particle, meeting the 
cylinder. ON GQ described about the globe with the axis ACI, would strike 
it perpendicularly in ὁ, as LD to LB, or BE to BC. Again; the efficacy 
of this force to move the globe, according to the direction of its incidence 
FB or AC, is to the efficacy of the same to move the globe, according to 
the direction of its determination, that is, in the direction of the right line 
BC in which it impels the globe directly, as BE to BC. And, joining 
these ratios, the eflicacy of a particle, falling upon the globe obliquely in 
the direction of the right line FB, to move the globe in the direction of its 
incidence, is to the efficacy of the same particle falling in the same line 
perpendicularly on the cylinder, to move it in the same direction, as BE? 
to BC*. Therefore if in JE, which is perpendicular to the circular base of 
the cylinder NAO, and equal to the radius AC, we take 6H equal to 





a ; then bH will be to bE as the effect of the particle upon the globe tc. 
the effect of the particle upon the cylinder. And therefore the solid which — 
is formed by all the right lines 5H will be to the solid formed by all the 
right lines. JE as the effect of all the particles upon the globe to the effect 
of all the particles upon the cylinder. But the former of these solids is a 


328 THE MATHEMATICAL PRINCIPLES |Book IL 


paraboloid whose vertex is C, its axis CA, and latus rectum CA, and the 
latter solid is a cylinder circumscribing the paraboloid; and it is knowr 
that a paraboloid 18 half its circumscribed cylinder. Therefore the whole 
force of the medium upon the globe is half of the entire force of the same 
upon the cylinder. And therefore if the particles of the medium are at 
rest, and the cylinder and globe move with equal velocities, the resistance 
of the globe will be half the resistance of the cylinder. Q.E.D. 


SCHOLIUM. 


By the same method other figures may be compared together as to their 
resistance; and those may be found which are most apt to continue their 
motions in resisting mediums. Asif upon the circular base CEBH from 
the centre O, with the radius OC, and the altitude OD, one would construct 
a frustum CBGF of a cone, which should meet with less resistance than 
any other frustum constructed with the same base and altitude, and going 
forwards towards D in the direction of its axis: bisect the altitude OD in 
Q, and produce OQ to 8, so that QS may be equal to QC, and S will be 
the vertex of the cone whose frustum is sought. | 
D 





B | 

Whence, by the bye, since the angle CSB is always acute, it follows, that, 
if the solid ADBE be generated by the convolution of an elliptical or oval 
figure ADBE about its axis AB, and the generating figure be teuched by 
three right lines FG, GH, HI, in the points F, B, and I, so that GH shall 
be perpendicular to the axis in the point of contact B, and F'G, HI may be 
inclined to GH in the angles FGB, BHI of 135 degrees: the solid arising 
from the convolution of the figure ADFGHIE about the sume axis AB 
will be less resisted than the former solid; if so be that both move forward 
in the direction of their axis AB, and that the extremity B of each go 
foremost. Which Proposition I conceive may be of use in the building of 
ships. 

If the figure DNFG be such a curve, that if, from any point thereof, 88 
N, the perpendicular NM be let fall on the axis AB, and from the given 
point G there be drawn the right line GR parallel to a right line touching 
the figure in N, and cutting the axis produced ın R, MN becomes to GR 
as GR? to ABR x ΟΠ», the solid described by the revolution of this figure 
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about its axis AB, moving in the before-mentioned rare medium from A 
towards B, will be less resisted than any other circular solid whatsoever, 
described of the same length and breadth. 


PROPOSITION XXXY. - PROBLEM VIL. 


Lf a rare medium consist of very small quiescent particles of equal mazg- 
nitudes, and freely disposed at equal distances from one another : to 
find the resistance of a globe moving uniformly forward in this 
medium. 

Case 1. Let a cM described with the same diameter and altitude he 
conceived to go forward with the same velocity in the direction of its axis 
through the same medium; and let us suppose that the particles of the 
medium, on which the globe or cylinder falls, ly back with as great a force 
of reflexion as possible. ‘Then since the resistance of the globe (by the last 
Proposition) 1 is but half the resistance of the cylinder, and since the globe 
13 to the cylinder as 2 to 3, and since the cylinder by falling perpendiou- 
larly on the particles, and reflecting them with the utmost force, commu- 
nicates to them a velocity double to its own; it follows that the cylinder. 
in moving forward uniformly half the length of its axis, will communicate 
a motion to the particles which is to the whole motion of the cylinder as 
the density of the medium to the density of the cylinder; and that the 
globe, in the time it describes one length of its diameter in moving uni- 
formly forward, will communicate the same motion to the particles; and 
in the time that it describes two thirds of its diameter, will communicate 
a motion to the particles which is to the whole motion of the globe as the 
density of the medium to the density of the globe. And therefore the 
globe meets with a resistance, which is to the force by which its whole mo- 
tion may be either taken away or generated in the time in which it de- 
scribes two thirds of its diameter moving uniformly forward, as the den- 
sity of the medium to the density of the globe. 

Case 2. Let us suppose that the particles of the medium incident on 
the globe or cylinder. are not reflected; and then the cylinder falling per- 
pendicularly on the particles will communicate its own simple velocity to 
them, and therefore meets a resistance but half 8o great as in the former 
case, and the globe also meets with a resistance but half so great. 

Case 3. Let us suppose the particles of the medium to fly back from 
the globe with a force which is neither the greatest, nor yet none at all, but 
with a certain mean force; then the resistance of the globe will be in the 
same mean ratio between the resistance in the first case and the resistance 
in the second. . Q.E.I. 

Cor. 1. Hence if the globe and the particles are infinitely hard, and 
destitute of all elastic force, and therefore of all force of reflexion; the 
resistance of the globe will be to the force by which its whole motion may 
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be destroyed or generated, in the time that the globe describes four third 

parts of its diameter, as the density cf the medium to the density of the 

zlobe. 

Con. 2. The resistance of the globe, ceteris paribus, 18 in the duplicate 
ratio of the velocity. 

Cor. 3. The resistance of the globe, ceteris paribus, i is in the duplicate 
ratio of the diameter. 

Con. 4. The resistance of the globe is, ceteris paribus, as the density of 
the medium. 

Con. 5. The resistance of the globe is in a ratio compounded of the du- 
plicate ratio of the velocity, and the duplicate ratio of the diameter, and 
the ratio of the density of the medium. 

D Con. 6. The motion of the globe and its re- 
sistance may be thus expounded Let AB be the 
time in which the globe may, by its resistance 

c G uniformly continued, lose its whole motion. 

Erect AD, BC perpendicular to AB. Let BC be 

that whole motion, and through the point C, the 

E asyinptotes being AD, AB, describe the hyperbola 

CF. Produce AB to any point E. Erect the perpendicular EF meeting 

the hyperbola in F. Complete the parallelogram CBEG, and draw AF 

meeting BC in H. Then if the globe in any time BE, with its first mo- 
tion BC uniformly continued, describes in a non-resisting medium the space 

CBEG expounded by the area of the parallelogram, the same in a resisting 

medium will describe the space CBEF expounded by the area of the hy- 

perbola; and its motion at the end of that time will be expounded by EF, 
the ordinate of the hyperbola, there being lost of its motion the part FG. 

And its resistance at the end of the same time will be expounded by the 

length BH, there being lost of its resistance the part CH. All these things 

appear by Cor. 1 and : 3, Prop. V., Book IL. 

Cor. 7. Hence if the globe in the time T by the resistance R uniformly 
continued lose its whole motion M, the same globe in the time £ in a 
resisting medium, wherein the resistance R decreases in a duplicate 


A B 


iM 
ratio of the velocity, will lose out of ita motion M the part ;,— TÉ ' the 


part ;í—— remaining; and will describe a space which is to the space de- 


TM 
T+t 
scribed in the same time /, with the uniform motion M, as the logarithm of 


the number ο multiplied by the number 2302595092994 is to the 


απαΐα.-- 


T because the hyperbolic area BCFE is to the rectangle BCGE 


in that proportion. 
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SCHOLIUM. 


l have exhibited in this Proposition the resistance and retardation of 
spherical projectiles in mediums that are not continued, and shewn that 
this resistance is to the force by which the whole motion of the globe may be 
destroyed or produced in the time in which the globe can describe two thirds 
of its diameter, with a velocity uniformly continued, as the density of the 
medium to the density of the globe, if so be the globe and the particles of 
the medium be perfectly elastic, and are endued with the utmost force of 
reflexion; and that this force, where the globe and particles of the medium 
are infinitely hard and void of any reflecting force, is diminished one half. 
But in continued mediums, as water, hot oil, and quicksilver, the globe as 
it passes through them does not immediately strike against all the parti- 
cles of the fluid that generate the resistance made to it, but presses only 
the particles that lie next to it, which press the particles beyond, which 
press other particles, and so on; and in these mediums tlie resistance is di- 
minished one other half. A globe in these extremely fluid mediums meets 
with a resistance that is to the force by which its whole motion may be 
destroyed or generated in the time wherein it can describe, with that mo- 
tion uniformly continued, eight third parts of its diameter, as the density 
of the medium to the density of the globe. This I shall endeavour to shew 
in what follows. 


PROPOSITION XXXVI. PROBLEM VIII. 


L'o define the motion of water running out of a cylindrical vessel through 
| a hole made αἱ the bottom. 

Let ACDB be a cylindrical vessel, AB the mouth οἱ ο 
of it, CD the bottom p wallel to the horizon, EF a | : 
circular hole in the middle of the bottom, G the 
cantre of the hole, and GH the axis of the cylin- 
der perpendicular to the horizon. And suppose a 
. cylinder of ice APQB to be of thesame breadth 
with the cavity of the vessel, and to have the same 
axis, and to descend perpetually with an uniform 
motion, and that its parts, as soon as they touch the 
superficies AB, dissolve into water, and flow 
d wn by their weight into the vessel, and in their | 
fall compose the cataract or column of water © EGF D 
ABNFEM, passing through the hole EF, and filling up the same exactly. 
Let the uniform velocity of the descending ice and of thecontiguous water 
in the circle AB be that which the water would acquire by falling through 
the space IH ; and let IH and HG lie in the same right line; and through: 
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the point I let there be drawn the right line KL parallel to the horizon, 
and meeting the ice on both the sides thereof in K and L. "Then the ve- 
locity of the water running out at the hole EF will be the same that it 
would acquire by falling from I through the space IG. "Therefore, by 
Galileo’s Theorems, IG will be to IH in the duplicate ratio of the velo- 
city of the water that runs out at the hole to the velocity of the water in 
the circle AB, that is, in the duplicate ratio of the circle AB to the circle 
ΕΕ; those circles being reciprocally as the velocities of the water which 
in the same time and in equal quantities passes severally through each of 
them, and completely fills them both. We are now considering the velo- 
^ city with which the water tends to the plane of the horizon. But the mo- 
tion parallel to the same, by which the parts of the falling water approach to 
each other, is not here taken notice of; since it is neither produced by 
gravity, nor at all changes the motion perpendicular to the horizon which the 
gravity produces. We suppose, indeed, that the parts of the water cohere 
a little, that by their cohesion they may in falling approach to each other 
with motions parallel to the horizon in order to form one single cataract, 
and to prevent their being divided into several: but the motion parallel to 
the horizon arising from this cohesion does not come under our present 
consideration. 

Case 1. Conceive now the whole cavity in the vessel, which encompasses 
the falling water ABNF'EM, to be full of ice, so that the water may pass 
through the ice as through a funnel. ‘Then if the water pass very near to 
the ice only, without touching it; or, which is the same thing, if by rea- 
son of the perfect smoothness of the aurface of the ice, the water, though 
touching it, glides over it with the utmost freedom, and without the least 
resistance; the water will run through the hole EF with the same velocity 
as before, and the whole weight of the column of water ABNFEM will be 
all taken up as before in forcing out the water, and the bottom of the vessel 
will sustain the weight of the ice encompassing that column. 

Let now the ice in the vessel dissolve into water; yet will the efflux of 
the water remain, as to its velocity, the same as before. It will not be 
less, because the ice now dissolved will endeavour to descend; it will not 
be greater, because the ice, now become water, cannot descend without hin- 
dering the descent of other water equal to its own descent. ‘The same force 
ought always to generate the same velocity in the effluent water. 

But the hole at the bottom of the vessel, by reason of the oblique mo- 
tions of the particles of the effluent water, must be a little greater than before 
For now the particles of the water do not all of them pass through the 
hole perpendicularly, but, flowing down on all parts from the sides of the 
vessel, and converging towards the hole, pass through it with oblique mo- 
tions; and in tending downwards meet in a stream whose diameter is a little 
smaller below the hole than at the hole itself; its diameter being to the 
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diameter of the hole as 5 to 6, or as 51 to 61, very nearly, if I took the 
measures of those diameters right. I procured a very thin flat plate, hav- 
ing a hole pierced in the middle, the diameter of the circular hole being 
$ parts of an inch. And that the stream of running waters might not be 
accelerated in falling, and by that acceleration become narrower, I fixed 
this plate not to the bottom, but to the side of the vessel, so as to make the 
water go out in the direction of a line parallel to the horizon. ‘Then, when 
the vessel was full of water, I opened the hole to let it run out; and the 
diameter of the stream, measured with great accuracy at the distance of 
about half an inch from the hole, was 21 of an inch. Therefore the di- 
ameter of this circular hole was to the diameter of the stream very nearly 
as 25 to 21. So that the water in passing through the hole converges on 
all sides, and, after it has run out of the vessel, becomes smaller by converg- 
ing in that manner, and by becoming smaller is accelerated till it comes to 
the distance of half an inch from the hole, and at that distance flows in a 
gmaller stream and with greater celerity than in the hole itself, and this 
in the ratio of 25 x 25 to 21 x 21, or 17 to 12, very nearly; that is, in 
about the subduplicate ratio of 2 to 1. Now it is certain from experiments, 
that the quantity of water running out in a given time through a circular 
hole made in the bottom of a vessel is equal to the quantity, which, flow- 
ing with the aforesaid velocity, would run out in the same time through 
another circular hole, whose diameter is to the diameter of the. former as 
21 to 25. And therefore that running water in paasing through the 
hole itself has a velocity downwards equal to that which a heavy body 
would aequire in falling through half the height of the stagnant water in 
the vessel, nearly. But, then, after it has run out, it is still accelerated by 
converging, till it arrives at a distance from the hole that is nearly equal to 
its diameter, and acquires a velocity greater than the other in about the 
. subduplicate ratio of 2 to 1; which velocity a heavy body would nearly 
acquire by falling through the whole height of the stagnant water in the 
vessel. | 
.. Therefore in what follows let the diameter of 
Lp the stream be represented by that lesser hole which 
we called EF. And imagine another plane VW ' 
above the hole KB’, and parallel to the plane there- 
of, to be placed at a distance equal to the diame- 
ter of the same hole, and to be pierced through 
with a greater hole ST, of such a magnitude that 
zu a stream which will exactly fill the lower hole EF 
€ EGF D may pass through it; the diameter of which hole 
will therefore be to the diameter of the lower hole as 25 to 21, nearly. By 
this means the water will run perpendicularly out at the lower hole; and 
the quantity of the water running out will be, according to the magnitude 
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of this last hole, the same, very nearly, which the solution of the Problem 
requires. ‘The space included between the two planes and the falling stream 
may be considered as the bottom of the vessel. But, to make the solution 
more simple and mathematical, it is better to take the lower plane alone 
for the bottom of the vessel, and to suppose that the water which flowed 
through the ice as through a funnel, and ran out of the vessel through the 
nole EF made in the lower plane, preserves its motion continually, and that 
the ice continues at rest. "'l'herefore in what follows let ST be the diame- 
ter of a circular hole described from the centre Z, and let the stream run 
out of the vessel through that hole, when the water in the vessel is all 
fluid. And let EF be the diameter of the hole, which the stream, in fall- 
ing through, exactly fills up, whether the water runs out of the vessel by 
that upper hole ST, or flows through the middle of the ice in the vessel, 
as through a funnel. And let the diameter of the upper hole ST be to the 
diameter of the lower EF as about 25 to 21, and let the perpendicular dis 
tance between the planes of the holes be equal to the diameter of the lesser 
hole EF. ‘Then the velocity of the water downwards, in running out of 
the vessel through the hole ST, will be in that hole the same that a body 
may acquire by falling from half the height IZ; and the velucity of both 
the falling streams will be in the hole EF, the same which a body would 
acquire by falling from the whole height IG. 

Case 2. If the hole EF be not in the middle of the bottom of the ves- 
sel, but in some other part thereof, the water will still run out with the 
same velocity as before, if the magnitude of the hole be the same. For 
though an heavy body takes a longer time in descending to the same depth, 
by an oblique line, than by a perpendicular line, yet in both cases it acquires 
in its descent the same velocity ; as Galileo has demonstrated. 

Case 3. The velocity of the water is the same when it runs out through 
a hole in the side of the vessel. For if the hole be small, so that the in- 
terval between the superficies AB and KL may vanish as to sense, and the 
. Stream of water horizontally issuing out may form -a parabolic figure; from 
the latus rectum of this parabola may be collected, that the velocity of the 
effluent water is that which a body may acquire by falling the height IG 
or HG of the stagnant water in the vessel. For, by making an experi- 
ment, I found that if the height of the stagnant water above the hole were 
20 inches, and the height of the hole above a plane parallel to the horizon 
were also 20 inches, a stream of water springing out from thence would 
fall upon the plane, at the distance of 37 inches, very nearly, from a per- 
pendicular let fall upon that plane from the hole. For without resistance 
the stream would have fallen upon the plane at the distance of 40 inches, 
the latus rectum of the parabolic stream being 80 inches. 

Case 4. If the effluent water tend upward, it will still issue forth with 
the same velocity. For the small stream of water springing upward, as- 
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cends with a perpendicular motion to GH or GI, the height of the stagnant 
water in the vessel; excepting in so far as its ascent is hindered a little by 
the resistance of the air; and therefore it springs out with the same ve- 
locity that it would acquire in falling from that height. Every particle of 
the stagnant water is equally pressed on all sides (by Prop. XIX., Book IT), 
and, yielding to the pressure, tends always with an equal force, whether it 
descends through the hole in the bottom of the vessel, or gushes out in an 
horizontal direction through a hole in the side, or passes into a canal, and 
springs up from thence through a little hole made in the upper part of the 
canal, And it may not only be collected from reasoning, but is manifest 
also from the well-known experiments just mentioned, that the velocity 
with which the water runs out is the very sume that is assigned in this 
Proposition. 

Case 5. The velocity of the effluent water is the same, whether the 
figure of the hole be circular, or square, or triangular, or any other figure 
equal to the circular; for the velocity of the effluent water does not depend 
upon the figure of the hole, but arises from its depth below the plane 
KL. 

K I L Case 6. If the lower part of the vessel ABDC 

| ΠΒ be immersed into stagnant water, and the height 
of the stagnant water above the bottom of the ves- 
gel be GR, the velocity with which tbe water that 
is in the vessel will run out at the hole EF into 
the stagnant water will be the same which the 
water would acquire by falling from the height 
IR; for the weight of all the water in the vessel 
P that is below the superficies of the stagnant water ᾿ 
will be sustained in equilibrio by the weight of the stagnant water, and 
therefore does not at all accelerate the motion of the descending water in 
the vessel. ‘This case will also appear by experiments, measuring the times 
in which the water will run out. 

Cor. 1. Hence if CA the depth of the water be produced to K, so that 
AK may be to CK in the duplicate ratio of the area of a hole made in any 
part of the bottom to the area of the circle AB, the velocity of the effluent 
water will be equal to the velocity which the water would acquire by falling 
from the height KC. 

Cor. 2. And the force with which the whole motion of the effluent wate: 
may be. generated is equal to the weight of a cylindric column of water, 
whose base is the hole EF, and its altitude 2GI or 2CK. For the effluent 
water, in the time it becomes equal to this column, may acquire, by falling 
by its own weight from the page GI, a velocity equal to that with which 
it runs out. 

Cor. 3. The weight of all the water in the vessel ABDC is to that part 
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of the weight which is employed in forcing out the water as the sum of 
the circles AB and EF to twice the circle EF. For let IO be a mean pro- 
portional between ΤΗ and IG, and the water running out at the hole EF 
will, in the time that a drop falling from I would describe the altitude IG, 
become equal to a cylinder whose base is the circle EF and its altitude 
2IG, that is, to a cylinder whose base is the circle AB, and whose altitude 
is 210. For the circle EF is to the circle AB in the subduplicate ratio cf 
the altitude IH to the altitude IG; that 15, in the simple ratio of the mean 
proportional IO to the altitude IG. Moreover, in the time that a drop 
falling from I can describe the altitude IH, the water that runs out will 
have become equal to a cylinder whose base is the circle AB, and its alti- 
tude 2IH ; and in the time that a drop falling from I through H to G de- 
scribes HG, the difference of the altitudes, the effluent water, that is, the 
water contained within the solid ABNF EM, will be equal to the difference 
of the cylinders, that is, to a cylinder whose base is AB, and its altitude 
2HO. And therefore all the water contained in the vessel ABDC is to the 
whole falling water contained in the said solid ABNF EM as HG to 2HO, 
that is, as HO + OG to 2HO, or IH + IO to 21H. But the weight of all 
the water in the solid ABNFEM is employed in forcing out the water ; 
and therefore the weight of all the water in the vessel is to that part of 
the weight that is employed in forcing out the water as IH + IO to 21H, 
and therefore as the sum of the circles EF and AB to twice the circle 
EF. 3 | 
Cor. 4. And hence the weight of all the water in the vessel ABDC 1s 
to the other part of the weight which is sustained by the bottom of the 
vessel as the sum of the circles AB and EF to the difference of the same 
circles. 

Cor. 5. And that part of the weight which the bottom of the vessel sus- 
tains is to the other part of the weight employed in forcing out the water 
as the difference of the circles AB and EF to twice the lesser circle EF, or 
ag the arca of the bottom to twice the hole. 

Con. 6. That part of the weight which presses upon the bottom is to 
the whole weight of the water perpendicularly incumbent thereon as the 
circle AB to the sum of the circles AB and EF, or as the circle AB to the 
excess of twice the circle AB above the area of the bottom. For that part 
of the weight which presses upon the bottom is to the weight of the whole 
water in the vessel as the difference of the circles AB and EF to.the sum 
of the same circles (by Cor. 4); and the weight of the whole water in the 
vessel is to the weight of the whole water perpendicularly incumbent on 
the bottom as the circle AB to the differenée of the circles AB and EF. 
Therefore, er equo perturbat?, that part of the weight which presses upon 
the bottom is to the weight of the whole water perpendicularly incumbent 
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thereon as the circle AB to the sum of the circles AB and EF. or the ex- 


cess of twice the circle AB above the bottom. 
Con. 7. If in the middle of the hole EF there be placed the little circle 


PQ described about the centre G, and parallel to the horizon, the weight 
of water which that little circle sustains is greater than the weight of a 
third part of & cylinder of water whose base is that little circle and ite 
height GH. For let ABNFEM be the cataract or column of falling water 
whose axis is GH, as above, and let all the wa- 
ter, whose fluidity is not requisite for the ready 
and quick descent of the water, be supposed to 
be congealed, as well round about the cataract, 
as above the little circle. And let PHQ be the 
column of water congealed above the little cir- 
cle, whose vertex is H, and its altitude GH. 
And suppose this cataract to fall with its whole 
weight downwards, and not in the least to lie 
against or to press PHQ, but to glide freely by a ΕΠΕ 

it without any friction, unless, perhaps, just at © Ἐ b UN d un 
the very vertex of the ice, where the cataract at the beginning of its fall 
may tend to a concave figure. And as the congealed water AMEC, BNFD, 
lying round the cataract, is convex in its internal superficies AME, BNF, 
towards the falling cataract, so this column PHQ will be convex towards 
the cataract also, and will therefore be greater than a cone whose base is 
that little circle PQ and its altitude GH; that is, greater than a third 
part of a cylinder described with the same base and altitude. Now that 
little circle sustains the weight of this column, that is, a weight greater 
than the weight of the cone, or a third part of the cylinder. 

Cor. 8. The weight of water which the circle PQ, when very small, sus- 
tains, seems to be less than the weight of two thirds of a cylinder of water 
whose base is that little circle, and its altitude HG. For, things standing 
as above supposed, imagine the half of a spheroid described whose base 13 
that little circle, and its semi-axis or altitude HG. This figure will be 
equal to two thirds of that cylinder, and will comprehend within it the 
column of congealed water PHQ, the weight of which is sustained by that 
little circle. - For though the motion of the water tends directly down- 
wards, the external superficies of that column must yet meet the base PQ 
in an angle somewhat acute, because the water in its fall is perpetually ac- 
celerated, and by reason of that acceleration become narrower. Therefore, 
aince that angle is less than a right one, this column in the lower parts 
thereof will lie within the hemi-spheroid. In the upper parts also it will be 
acute or pointed; because to make it otherwise, the horizontal motion of 
the water must be at the vertex infinitely more swift than its motion to- 
wards the horizon. And the less this circle PQ is, the more acute will 

292 : 
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the vertex of this column be; and the circle being diminished in infinitum, 
the angle PHQ will be diminished in infinitum, and therefore the co- 
lumn will lie within the hemi-spheroid. Therefore that column is less than 
that hemi-spheroid, or than two-third parts of the cylinder whose base is 
that little circle, and its altitude GH. Now the little circle sustains a 
force of water equal to the weight of this column, the weight of the ambient 
water being employed in causing its efflux out at the hole. 

Cor. 9. ‘The weight of water which the little circle PQ sustains, when 
it is very small, is very nearly equal to the weight of a cylinder of water 
whose base is that little circle, and its altitude 1GH ; for this weight is an 
arithmetical mean between the weights of the cone and the hemi-spheroid 
above mentioned. But if that little circle be not very small, but on the 
contrary increased till it be equal to the hole EF, it will sustain the weight 
of all the water lying perpendicularly above it, that is, the weight of a 
cylinder of water whose base is that little circle, and its altitude GH. 

Con. 10. And (as far as I can judge) the weight which this little circle | 
sustains is always to the weight of a cylinder of water whose base is that 
little circle, and its altitude 1GH, as EF? to EF? — 1PQ?, or as the cir- 
cle EF to the excess of this circle above half the little circle PQ, very 
nearly. 


LEMMA IV. 


If a cylinder move uniformly forward in the direction of its length, the 
resistauce made thereto is not at all changed by augmenting or di- 
minishing that length ; and 4s therefore the same with the resistance 
of a circle, described with the same diameter, and moving forward 
with the same velocity in the direction of a right line perpendicular to 
its plane, | | 
For the sides are not at all opposed to the motion; and a cylinder be- 

comes a circle when its length is diminished in infinitum. 


] / 
PROPOSITION XXXVII. THEOREM XXIX. 


If a cylinder move uninformly forward in a compressed, infinite, and 
non-elastic fluid, in the direction of tts length, the resistance arisiny 
from the magnitude of tts transverse section is to the force by which 
its whole motion may be destroyed or generated, in the time that it 
moves four times its length, as the density of the medium to the den- 
sity of the cylinder, nearly. 

For let the vessel ABDC touch the surface of stagnant water with its 
bottom CD, and let the water run out of this vessel into the stagnant wa- 
ter through the cylindric canal EFTS perpendicular io the horizon; and 
let the little circle PQ, be placed parallel to the horizon any where in the 
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middle of the canal; and produce CA to- K, 50. 
that AK may be to CK in the duplicate of the 
ratio, which the excess of the orifice of thecanal 
EF above the little circle PQ bears to the cir- 
cle AB. Then it is manifest (by Case 5, Case 
6, and Cor. 1, Prop. XX XVI) that the velocity 
of the water passing through the annular space 
between the little circle and the sides of the ves- 
sel will be the very same which the water would 
acquire by falling, and in its fall describing the 
altitude KC or IG. 

.. And (by Cor. 10, Prop. X X XVI) if the breadth of the vessel be infinite, 
so that the lineola HI may vanish, and the altitudes IG, HG become equal ; 
the force of the water that flows down and presses upon the circle will be 
to the weight of a cylinder whose base is that little circle, and the altitude 
110, as EF? to EF? — 1PQ?, very nearly. For the force of the. water 
flowing downward uniformly through the whole canal will be the same 
upon the little circle PQ in whatsoever part of the canal it be placed: 

Let now the orifices of the canal EF, ST be closed, and let the little 
circle ascend in the fluid compressed on every side, and by its ascent let it 
oblige the water that lies above it to descend through the annular space 
between the little circle and the sides of the canal. Then will the velocity 
uf the ascending little circle be to the velocity of the descending water as 
the difference of the circles EF and PQ is to the circle PQ; and the ve- 
locity of the ascending little circle will be to the sum of the velocities, that 
is, to the relative velocity of the descending water with which it passes by 
the little circle in its ascent, as the difference of the circles EF and PQ to 
the circle EF, or as EF? — PQ? to EF?. Let that relative velocity be 
equal to the velocity with which it was shewn above that the water would 
pass through the annular space, if the circle were to remain unmoved, that 
is, to the velocity which the water would acquire by falling, and in its fali 
describing the altitude IG; and the force of the water upon the ascending 
circle will be the same as before (by Cor. 5, of the Laws of Motion) ; that 
is, the resistance of the ascending little circle will be to the weight of a 
cylinder of water whose base is that little circle, and its altitude 1IG, as 
EF? to EF? — }PQ‘, newly. But the velocity of the little circle will 
be to the velocity which the water acquires by falling, and in its fall de- 
scribing the altitude IG, as EF* — PQ? to EF?. 

Let the breadth of the canal be increased in infinitum; and the ratios 
between EF? — PQ? and EF?, and between EF? and EF? — }PQ’, 
will become at last ratios of equality. And therefore the velocity of the 
little circle will now be.the same which the water would acquire in falling, 
and in its fa)l describing the altitude IG: and the resistance will become 
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equal to the weight of a cylinder whose base is that little circle, and 1ts 
altitude half the altitude IG, from which the cylinder must fall to acquire 
the velocity of the ascending circle; and with this velocity the cylinder in 
the time of its fall will describe four times its length. But the resistance 
of the cylinder moving forward with this velocity in the direction of its 
length is the same with the resistance of the little circle (by Lem. 1V), and 
is therefore nearly equal to the force by which its motion may be generated 
while it describes four times its length. 

If the length of the cylinder be augmented or diminished, its motion, 
and the time in which it describes four times its length, will be augmented 
or diminished in the same ratio, and therefore the force by which the mo- 
tion, so increased or diminished, may be destroyed or generated, will con- 
tinue the same; because the time is increased or diminished in the same 
proportion; and therefore that force remains still equal to the resistance 
of the cylinder, because (by Lem. IV) that resistance will also remain the 
same. | 

If the density of the cylinder be augmented or diminished, its motion, 
and the force by which its motion may be generated or destroyed in the 
same time, will be augmented or diminished in the same ratio. ‘Therefore 
the resistance of any cylinder whatsoever. will be to the force by which its 
whole motion may be generated or destroyed, in the time during which it 
moves four times its length, as the density of the medium to the density of 
the cylinder, nearly. Q.E.D. 

A fluid must be compressed to become continued; it must be continued 
and non-elastic, that all the pressure arising from its compression may be 
propagated in an instant; and so, acting equally upon all parts of the body 
moved, may produce no change of the resistance. The pressure arising 
from the motion of the body is spent in generating a motion in the parta. 
of the fluid, and this creates the resistance. But the pressure arising from 
the compression of the fluid, be it ever so forcible, if it be propagated in an 
instant, generates no motion in the parts of a continued fluid, produces no 
change at all of motion therein; and therefore neither augments nor les- 
sens the resistance. This is certain, that the action of the fluid arising 
from the compression cannot be stronger on the hinder parts of the body 
moved than on its fore parts, and therefore cannot lessen the resistance de- 
scribed in this proposition. And if its propagation be infinitely swifter 
than the motion of the body pressed, it will not be stronger on the fore 
parts than on the hinder parts. But that action will be infinitely 
swifter, and propagated in an instant, if the fluid be continued and non- 
elastic. : | 

‘Cor. 1. The resistances, made to cylinders going uniformly forward in 
the direction of their lengths through continued infinite mediums «re in a 
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ratio compounded of the duplicate ratio of the velocities and the duplicate 
ratio of the diameters, and the ratio of the density cf the mediums. 

Cor. 2. If the breadth of the canal be not infinitely increased but the 
cylinder go forward in the direction of its length through an included - 
quiescent medium, its axis all the while coinciding with the axis of the 
canal, its resistance will be to the force by which its whole motion, in the 
time in which it describes four times its length, 
` may he generated or destroyed, in a ratio com- 
pounded of the ratio of EF? to EF? — }PQ? 
once, and the ratio of EF? to EF? — PQ? 
twice, and the ratio of the density of the medium 
to the density of the cylinder. 

Cor. 3. The same thing supposed, and that a 
length L is to the quadruple of the length of 
the cylinder in a ratio compounded of the ratio 
EF? — 1PQ? to EF? once, and the ratio of 
EF? — PQ? to EF? twice; the resistance of | 
the cylinder will be to the force by which its whole motion, in the time 
- during which it describes the length L, may be destroyed or generated, as 
the density of the medium to the density of the cylinder. 





SCHOLIUM. 


In this. proposition we have investigated that resistance alone which 
arises from the magnitude of the transverse section of the cylinder, neg- 
lecting that part of the same which may arise from the obliquity of the 
motions. For as, in Case 1, of Prop. XXXVI, the obliquity of the mo- 
tions with which the parts of the water in the vessel converged on every 
side to the hole EF hindered: the efflux of the water through the hole, so, 
in this Proposition, the obliquity of the motions, with which the parts of 
the water, pressed by the antecedent extremity of the cylinder, yield to the 
pressure, and diverge on all sides, retards their passage through the places 
that lie round that antecedent extremity, toward the hinder parts of the 
cylinder, and causes the fluid to be moved to a yreater distance; which in- 
creases the resistance, and that in the same ratio almost in which it dimin- 
ished. the efflux of the water out of the vessel, that is, in the duplicate ratio 
. of 25 to 21, nearly. And as, in Case 1, of that Proposition, we made the 
parts of the water pass through the hole KF perpendicularly and in the 
greatest plenty, by supposing all the water in the vessel lying round the 
cataract to be frozen, and that part of the water whose motion was oblique 
and useless to remain without motion, so in this Proposition, that the: 
obliquity of the motions may be taken away, and the parts of the water 
may give the freest passage to the cylinder, by yielding to it with the most 
direct and quick motion possible. so that only so much resistance may re- 
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main as arises from the magnitude of the transverse section, and which is 
incapable of diminution, unleas by diminishing the diameter of the cylinder; 
we must conceive those parts of the fluid whose motions are oblique and 
useless, and produce resistance, to be at rest among themselves at both ex- 
tremities of the cylinder, and there to cohere, and be joined to the cylinder. 
Let ABCD be a rectangle, and let - 


AE and BE be two parabolic arcs, LEM 
described with the axis AB, and C 
with a latus rectum that is to the ,,.—77 ^ M 


space HG, which must be described F~. E 
by the cylinder in falling, in order 

to acquire the velocity with which it moves, as HG to!AB. Let CF and 
DF be two other parabolic arcs described with the axis CD, and a latus 
rectum quadruple of the former; and by the convolution of the figure 
about the axis EF let there be generated a solid, whose middle part ABDC 
is the cylinder we are here speaking of, and whose extreme parts ABE and 
CDF contain the parts of the fluid at rest among themselves, and concreted 
into two hard bodies, adhering to the cylinder at each end like a head and 
tail. Then if this solid EACF DB move in the direction of the length of 
its axis FE toward the parts beyond E, the reaistance will be the same 
which we have here determined in this Proposition, nearly; that is, it will 
have the same ratio to the force with which the whole motion of the cyl- 
inder may be destroyed or generated, in the time that it is describing the 
length 4AC with that motion uniformly continued, as the density of the 
fluid has to the density of the cylinder, nearly. And (by Cor. 7, Prop. 
XXXVI) the resistance must he to this force in the ratio of 2 to 3, at the 
least. 


LEMMA V. 


If a cylinder, a sphere, and a spheroid, of equal breadths be placed suc- 
cessively in the middle of a cylindric canal, so that their ares may 
coincide with the axis of the canal, these bodies will equally hinder t^e 
passage of the water through the canal. 


For the spaces lying between the sides of the canal, and the cylinder, 
sphere, and spheroid, through which the water passes, are equal ; and the 
water will pass equally through equal spaces. 

This is true, upon the supposition that all the water above the oylinder, 
sphere, or spheroid, whose fluidity is not necessary to make the passage of 
the water the quickest possible. is congealed, as was explained above in Cer 
7, Prop. XXXVI. 
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| | LEMMA VI. | 
The same supposition remaining, the fore-mentioned bodies are equally 
acted on by the water flowing through the canal. 
This appears by Lem. V and the third Law. For the water and tbe 
vodies act upon each other mutually and equally. 


LEMMA VIL 


If the water be at rest in the canal, and these bodies move with equal ve- 
locity and the contrary way through the canal, their resistances will 
be equal among themselves. 

This appears from the last Lemma, for the relative motions remain the 
same among themselves. 


SCHOLIUM. 


The case is the same of all convex and round bodies, whose axes coincide 
with the axis of the canal. Some difference may arise from a greater or 
less friction; but in these Lesnmata we suppose the bodies to be perfectly 
smooth, and the medium to he void of all tenacity and friction; and that 
those parts. of the fluid which by their oblique and superfluous motions may 
disturb, hinder, and retard the flux of the water through the canal, are at 
. vest amorg themselves; being fixed like water by frost, and adhering to 
the fore and hinder parts of the bodies in the manner explained in the 
Scholium of the last Proposition; for in what follows we consider the very 
least resistance that round bodies described with the greatest given trans- 
verse sections can possibly meet with. 

Bodies swimming upon fluids, when they move straight forward, cause 
the fluid to ascend at their fore parts and subside at their hinder parts, 
especially if they are of an obtuse figure; and thence they meet with a 
little more resistance than if they were acu*e at the head and tail. And 
bodies moving in elastic fluids, if they are obtuse behind and before, con- 
dense the fluid a little more at their fore parts, and relax the same at their 
hinder parts; and therefore meet also with. a little more resistance than if 
they were acute at the head and tail. But in these Lemmas and Proposi- 
tions we are not treating of elastic but non-elastic fluids; not of bodies 
floating on the surface of the fluid, but deeply immersed therein. And 
when the resistance of bodies in non-elastic fluids is once known, we may 
then augment this resistance a little in elastic fluids, as our air; and in 
the surfaces of stagnating fluids, as lakes and seas. 


 PROPOSITION XXXVII. THEOREM XXX. 


Jf a globe move uniformly forward in a compressed, infinite, and non- 
elastic fluid, its resistance is to the force by which tts whole motior 
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may be destroyed or generated, in the time that it describes eight third 

parts of its diameter, as the density of the fluid to the density of the 

globe, very nearly. 

For the globe is to its circumscribed cylinder as two to three; and there- 
fore the force which can destroy all the motion of the cylinder, while the 
same cylinder is describing the length of four of its diameters, will destroy 
all the motion of the globe, while the globe is describing two thirds of this 
length, that is, eight third parts of its own diameter. Now the resistance 
of the cylinder is to this force very nearly as the density of the fluid to the 
density of the cylinder or globe (by Prop. X X XVII), and the resistance of 
the globe is equal to the resistance of the cylinder (by Lem. V, VI, and 
VID. Q.E.D. 

Con. 1. 'T'he resistances of globes in infinite compressed mediums are in 
a ratio compounded of the duplicate ratio of the velocity, and the dupli- 
eate ratio of the diameter, and the ratio of the density of the mediums. 

Con. 2. 'T'he greatest velocity, with which a globe can descend by its 
comparative weight through a resisting fluid, is the same which it may 
acquire by falling with the same weight, and without any resistance, and’ 
in its fall describing a space that is, to four third parts of its diameter as 
the density of the globe to the density of the fluid. For the globe in the 
time of its fall, moving with the velocity acquired in falling, will describe . 
a space that will be to eight third parts of its diameter as the density of 
the globe to the density of the fluid; and the force of its weight which 
generates this motion will be to the force that can generate the same mo- 
tion, in the time that the globe describes eight third parts of its diameter, 
with the same velocity as the density of the fluid to the density of the 
globe; and therefore (by this Proposition) the force of weight willbe equal 
to the force of resistance, and therefore cannot accelerate the globe. 

Con. 3. If there be given both the density of the globe and its velocity 
at the beginning of the motion, and the density of the compressed quiescent 
fluid in which the globe moves, there is given at any time both the velo- 
city of the globe and its ων. and the space described by it (by Cor. 

7, Prop. XXXV). 

Cor. 4. A globe moving in a compressed quiescent fluid of the same 
density with itself will lose half its motion before it can describe the length 
of two of its diameters (by the same Cor. 7). 


PROPOSITION XXXIX. THEOREM XXXL 


If a globe move uniformly forward through a fluid inclosed and com- 
pressed in a cylindric canal, its resistance is to the force by which sts 
whole motion may be generated or destroyed, in the time in which it 
describes eight third parts of its diameter, in a ratio compounded of 
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the ratio of the orifice of the canal to the excess of that orifice above 
half the greatest circle of the globe; and the duplicate ratio of the 
orifice of the canal.to the excess of that orifice above the greatest circle 
of the globe ; and the ratio of the density of the fluid to the density of 
the globe, nearly. κ 
This appears by Cor. 2, Prop. XXXVII, and the demonstration pro- 
ceeds in the same manner as in the foregoing Proposition. 


SCHOLIUM. 


In the last two Propositions we suppose (as was done before in Lem. V) 
that all the water which precedes the globe, and whose fluidity increases 
the resistance of the same, is congealed. Now if that water becomes fluid, 
it will somewhat increase the resistance. But in these Propositions that 
increase is so small, that it may be neglected, . because the cohvex superfi- 
cies of the globe produces the very same: effect almost as the congelation 
of the water. 


PROPOSITION XL. PROBLEM IX. 


To find by phenomena the resistance of a globe moving through c a per- 
fectly fluid compr eal medium. 

Let A be the weight of the globe in vacuo, B its weight in the resisting 
medium, D the diameter of the globe. F' a space which is to 4D as the den- 
sity of the globe to the density of the medium, that is, as A to A — B, G 
fhe time in which the globe falling with the weight B without resistance 
describes the space F, and H the velocity which the body acquires by that 
fall. Then H will be the greatest velocity with which the globe can pos- 
sibly descend with the weight B in-the resisting medium, by Cor. 2, Prop 
XXXVIII; and the resistance which the globe meets with, when descend- 
ing with that velocity, will be equal t» its weight B ; and the resistance it 
meets with in any other velocity will be to the weight B in the duplicate ra- 
tio of that velocity to the greatest velocity H, by Cor. 1, Prop. XX XVIII. 

This is the resistance that arises from the inactivity of the matter of 
the fluid. That resistance which arises from: the elasticity, tenacity, and 
friction of its parts, may be thus investigated. 

Let the globe be let fall so that it may descend in the fluid by the weight 
B ; and let P be the time of falling, and let that time be expressed in sec- 
onds, if the time G be given in seconds. Find the absolute number N 


agreeing to the logarithm 0,4342944819 2 and let L be the logarithm of 





the number Sa E: and the velocity acquired in falling will be 
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| E z : H, and the height described will be id — 1,3862943611F + 


4,605170186LF. If the fluid be of a sufficient bulk we may neglect the 
term 4,6051701S6LF ; and cia — 1,3862943611F will be the altitude 
described, nearly. These things appear by Prop. IX, Book II, and its Corol- 
laries, and are true upon this supposition, that the globe meets with no other 
resistance but that which arises from the inactivity of matter. Now if it 
really meet with any resistance of another kind, the descent will be slower, 
and from the quantity of that retardation will be known the quantity of 
this new resistance. 

That the velocity and descent of a body falling in a fluid might more 
easily be known, I have composed the following table; the first column of 
which denotes the times of descent; the second shews the velocities ac- 
quired in falling, the greatest velocity being 100000000; the third exhib- 
its the spaces described by falling in those times, 2F being the space which 
the body describes in the time G with the greatest velocity ; and the fourth 
gives the spaces described with the greatest velocity in the same times. 
The numbers in the fourth column are a and by subducting the number 
19962944 — 4,6051702L, are found the numbers in the third column ; 
and these numbers must be multiplied by the space F to obtain the spaces 
described in falling. A fifth column is added to all these, containing the 
spaces described in the same times by a body falling in vacuo with the 
force of B its comparative weight. 


The Times Velocities of the|The spaces de |The spaces descri-|'The spaces de-| 
P. 





body, falling} scrited infall-| bed with the scribed by fall. 

in the fluid. | inginthefluid.| greatest motion.| ing in vacuo. 
0,001G 999992 » 0,000001F 0,002F 0,000001F 
0,01G | 9999677 | 0,0001F 0,02F '0,0001F | 
0,1G | 9966799 | 0,0099834F| ΟΕ 0,01F 
020 |19737532 | 0,0397361F| 0,4F 0,04F 
0,3G |29131261 | 0,0886815F| —0,6F 0,09F 
0,4G |37994896 | 0,1559070F| 0.8F 0,16F 
0,5G [|46211716 0, 2402290F| 1,0F 0,25F 
0,6G |53704957 | 0,3402706F| 1,9Ε 0.36F 
0,7G |60436778 0. 4545405F 1,4F 0,19F 
0,8G 66403677 0,5815071F 1,6F 0,64F 
0,9G |71629787 0.7196609F 1,8F 0.81Ε 

1G 76159416 0,8675617F| 28 1F 

2G 96402758 2,6500055F| 4Ε 4F 

3G | |99505475 4.61865;0F| ΘΕ 9F 

4G 99932930 6,60143765F| 8 16F 

5G 99990920 8.6137964F| 10F 255 H 
6G 99998771  |10,6137179F| 12F 36F 

7G |99999834 |12,6137073F| 14F 49F 

8G 99999980  |14,6137059F| 16F 64F 

9G 99999997  [16,6137057F| 18F 81F 
10G [999999993 |18,6137056F| 20F 100F | 
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D SCHOLIUM. 

In order to investigate the resistances of fluids from experiments, I pro- 
cured a square wooden vessel, whose length and breadth on the inside was 
9 inches English measure, and its depth 9 feet 1; this I filled with rain- 
water: and having provided globes made up of wax, and lead included 
therein, I noted the times of the descents of these globes, the height through 
which they descended being 112 inches. A solid cubic foot of English 
measure contains 76 pounds £roy weight of rain water; and a solid inch 
contains 12$ ounces troy weight, or 253! grains; and a globe of water of 
one inch in diameter contains 132,645 grains in air, or 132,3. grains in 
vacuo; and any other globe will be as the excess of its weight in vacuo 
above its weight in water. 

Exper. 1. A globe whose weight was 156} grains in air, and 77 grains 
in water, described the whole height of 112 inches j in 4 seconds, . And, upon 
repeating the experiment, the globe Spent again the very same time of 4 
seconds in falling. 

The weight of this globe iz vacuo is 15612 grains; and the excess of 
this weight above the weight of the globe in water is 7913 grains. Hence 
the diameter of the globe appears to be 0,84224 parts of an inch. "Then it 
will be, as that excess to the weight of the globe in vacuo, so is the density 
of the water to the density of the globe; and so is 3 parts of the diameter 
of the globe (viz. 2,24597 inches) to the space 2F, which will be therefore 
4,4256 inches. Now a globe falling im vacuo with its whole weight of 
15612 grains in one second of time will describe 1931 inches; and falling 
in water in the same time with the weight of 77 grains without resistance, 
will describe 95,219 inches; and in the time G, which is to one second of 
time in the subduplicate ratio of the space F, or of 2,2128 inches to 95,219 
inches, will describe 2,2128 inches, and will acquire the greatest velocity H 
with which it is capable of descending in water. ‘Therefore the time G is 
015244. And in this time G, with that greatest velocity H, the globe 
will describe the space 2E, which is 4,4256 inches; and therefore in 4 sec- 
onds will describe a space of 116,1946 inches. Subductthe space 1,3862944F, 
or 3,0676 inches, and there will remain a space of 113,0569 inches, which - 
the globe falling through wuter in a very wide vessel will describe in 4 sec- 
onds But this space, by reason of the narrowness of the wooden vessel 
before mentioned, ought to be diminished in a ratio compounded of the sub- 
duplicate ratio of the orifice of the vessel to the excess of this orifice above 
half a great circle of the globe, and of the simple ratio of the same orifice 
to its excess above a great circle of the globe, that is, ina ratio of 1 to 
0,9914. "This done, we have a space of 112,08 inches, which a globe fall- 
ing through the water in this wooden vessel in 4 seconds of time ought 
nearly to describe by this theory; but it described 112 inches by the ex- 
periment. 
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Exper. 2. Three equal globes, whose weights were severally 70} grains 
in air, and 5,4, grains in water, were let fall successively; and every one 
fell through the water in 15 seconds of time, describing in its fall a height 
of 112 inches. 

By computation, the weight of each globe in vacuo is 76,5; grains; the 
excess of this weight above “the weight in water is 71 grains απ. ; the diam: 
eter of the globe 0,81296 of an inch; 3 parts of this diameter 2,167$f 
inches; the space 2F is 2,3217 inches; the space which a globe of ὅτι 
grains in weight would describe in one second without resistance, 12,80€ 
inches, and the time GU",301036. Therefore the globe, with the greatesi 
velocity it is capable of receiving from a weight of ὅτε grains in its de 
scent through water, will describe i in the time 0’ 301056 the space of 2,3217 
inches ; and in 15 seconds the space 115,678 inches. Subduct the space 
1,3862944F’, or 1,609 inches, and there remains the space 114,069 inches, 
which therefore the falling globe ought to describe in the same time, if the 
vessel were very wide. But because : our vessel was narrow, the space ought 
to be diminished by about 0,895 of an inch. And so the space will remain 
113,174 inches, which a globe falling in this vessel ought nearly to de- 
scribe in 15 seconds, by the theory. But by the experiment it described 
112 inches. The difference is not sensible. 

Exper. 3. Three equal globes, whose weights were severally 121 grains 
in air, and 1 grain in water, were successively let fall; and they fell 
through the water in the times 46”, 47", and 50", describing a height of 
112 inches. 

By the theory, these A ought to have fallen in about 40". Now 
whether their falling more slowly were occasioned from hence, that in slow 
motions the resistance arising from the force of inactivity does really bear 
a less proportion to the resistance arising from other causes; or whether 
itis to be attributed to little bubbles that might chance to stick to the 
globes, or to the rarefaction of the wax by the warmth of the weather, or 
of the hand that let them fall; or, lastly, whether it proceeded from some 
insensible errors in weighing the globes in the water, I am not certain. 
, Therefore the weight of the globe in water should be of several grains, that 
the experiment may be certain, and to be depended on. 

Exper. 4. I began the foregoing experiments to investigate the resistan- 
ces of fluids, before I was acquainted with the theory laid down in the 
Propositions immediately preceding. Afterward, in order to examine the 
theory after it was discovered, I procured a wooden vessel, whose breadth 
on the inside was S2 inches, and its depth 15 feet and 1. Then I made 
four globes of wax, with lead included, each of which weighed 1391 grains 
in air, and 71 grainsin water. ‘These I let fall, measuring the times of their 
falling in the water with a pendulum oscillating to half seconds, The 
globes were cold, and had remained sə some time, both when they were 
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weighed and when they were let fall; because warmth rarefies the wax, and 
oy rarefying it diminishes the weight of the globe in the water; and wax, 
when rarefied, is not instantly reduced by cold to its former density. Be- 
fore they were let fall, they were.totally immersed under water, lest, by the 
weight of any part of them that might chance to be above the water, their 
descent should be accelerated in its beginning. ‘Then, when after their 
immersion they were perfectly at rest, they were let go with the greatest 
care, that they might not receive any impulse from the hand that let them 
down. And they fell successively in the times of 471, 48}, 50, and 51 os- 
cillations, describing a height of 15 feet and 2 inches, But the weather 
was now a little colder than when the globes were weighed, and therefore I 
repeated the experiment another day; and then the globes fell in the times 
of 49, 491, 50, and 53; and at a third trial in the times of 493, 50, 51, 
and 53 oscillations. And by making the experiment several times over, I 
found that the globes fell mostly in the times of 493 and 50 oscillations. 
When they fell slower, I suspect them tu have been retarded by striking 
against the sides of the vessel. | 

Now, computing from the theory, the weight of the globe in vacuo is 
1392 grains; the excess of this weight above the weight of the globe in 
water 13211 1 grains; the diameter of the globe 0,99868 of an inch; 2 parts 
of the σα 2,66315 inches; the space 2F 2,8066 inches; the space 
which a globe weighing 7} grains falling without resistance describes in a 
second of time 9,88164 inches; and the time GO",376843. Therefore the 


globe with the greatest velocity with which it is capable of descending | 


through the water by the force of a weight of 7} grains, will in the time 
0",376843 describe a space of 2,8066 inches, and in one second of time a 
_ space of 7,44766 inches, and in the time 26”, or in 50 oscillations, the space 
186,1915 inches. Subduct the space 1,386294F, or 1,9454 inches, and 
there will remain the space 184,2461 inches which the globe will describe 
in that time in a very wide vessel. Because our vessel was narrow, let this 
space be diminished in a ratio compounded of the subduplicate ratio of the 
orifice of the vessel to the excess of this orifice above half a great circle of 
the globe, and of the simple ratio of the same orifice to its excess above a 
great circle of the. globe; and we shall have the space of 181,86 inches, 
which the globe ought by the theory to describe in this vessel in the time 
of 50 oscillations, nearly. But it described the space of 182 inches, by 
experiment, in 491 or 50 oscillations. 

. Exper. 5. Four globes weighing 1543 grains in air, and 21} grains in 
water, being let fall “several times, fell in the times of 981, 29, 291, and 30, 
and sometimes of 31, 32, and 33 oscillations, describing a height of 15 feet 
and 2 inches. 


- They ought by the theory to have fallen in the time of 29 oszillationg ΄ 


nearly. 
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Exper. 6. Five globes, weighing 2122 grains in air, and 791 in water, 
- being several times let full, fell in the times of 15, 151, 16, 17, and 18 os- 
 cillations, describing a height of 15 feet and 2 inches. 

By the theory they ought to have fallen in the time cf 15 oscillations, 
nearly. 

Exper. 7. Four globes, weighing 2933 grains in air, and 351 grains in 
water, being let fall : several times, fell in the times of 291 30, 301 31, 32, 
and 33 oscillations, describing a height of 15.feet and 1 inch and i 

By the theory they ought to have fallen in the time of 28 eons 
nearly. 

In searching for the cause that occasioned these globes of the same weight 
and magnitude to fall, some swifter and some slower, I hit upon this; that 
the globes, when they were first let go and began to fall, oscillated about 
their centres; that side which chanced to be the heavier descending first, 
and producing an oscillating motion. Now by oscillating thus, the globe 
communicates a greater motion to the water than if it descended without 
any oscillations; and by this communication loses part of its own motion 
with which it should descend; and therefore as this oscillation is greater 
or less, it will be more or less retarded. Besides, the globe always recedes 
from that side of, itself which is descending in the oscillation, and by so 
receding comes nearer to the sides of the vessel, so as even to strike against. 
them sometimes. And the heavier the globes are, the stronger this oscil- 
lation is; and the greater they are, the more is the water agitated by it. 
Therefore to diminish this oscillation of the globes I made new ones of 
lead and wax, sticking the lead in one side of the globe very near its sur- 
face; and I let fall the globe in such a manner, that, as near as possible, 
the heavier side might be lowest at the beginning of the descent. By this 
means the oscillations became much less than before, and the times in which 
the globes fell were not so unequal: as in the following experiments. 

Exper. S. Four globes weighing 139 grains in air, and 61 in water, 
were let fall several times, and fell mostly in the time of 51 oscillations, 
never in more than 52, or in fewer than 50, describing a height of 182 
inches. | i 

By the theory they ought to fall in about the time of 52 oscillations 

. Exper. 9. Four globes weighing 273} grains in air, and 1402 in water, 
being several times let fall, fell in never fewer than 12, and never more 
than 13 oscillations, describing a height of 182 inches. 

‘These globes by the theory ought to have fallen in the time of 11} os- 
cillations, nearly. 

Exper. 10. Four globes, weighing 384 grains in air, and 119} in water, 
being let fall several times, fell in the times of 174 1S, 181, and 19 oscilla 
tions, descril ing a height of 1811 inches. And when they fell in the time 
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of 19 oscillations, I sometimes heard them hit against the sides of tle ves- 
gel before they reached the bottom. 

By the theory they ought to have fallen in the time of 165 oscillations, 
nearly. 

Exper. 11. Three equal globes, weighing 49 grains in the air, and 329 
in. water, being several times let fall, fell in the times of 431, 44, 441, 45, 
and 46 oscillations, and mostly in 44 and 45. describing a height of 182: 
inches, nearly. 

By the theory they ought to have fallen in the time of 46 oscillations 
and 4, nearly. 

ee 12. Three equal globes, weighing 141 grains in air, and 42 in 
water, being let fall several times, fell in the times of 61, 62, 63, 64, and 
65 oscillations, describing a space of 182 inches. 

And by the theory they ought to have fallen in 641 oscillations 
nearly. 

From these experiments it is manifest, that when the globes fell slowly. 
as in the second, fourth, fifth, eighth, eleventh, and twelfth experiments, 
the times of falling are rightly exhibited by the theory ; but when the 
globes fell more swiftly, as in the sixth, ninth, and tenth experimenta, the 
resistance was somewhat greater than in the duplicate ratio of the velocity. 
For the globes in falling oscillate a little; and this oscillation, in those 
globes that are light and fall slowly, soon ceases by the weakness of the 
motion; but in greater and heavier globes, the motion being strong, it con- 
tinues longer, and is not to be checked by the ambient water till after sev- 
eral oscillations Besides, the more swiftly the globes move, the less are 
they pressed by the fluid at their hinder parts; and if the velocity be, per- 
petually increased, they will at last leave an empty space behind them, 
unless the compression of the fluid be increased at the same time. For the 
compression of the fluid ought to be increased (by Prop. XXXII and 
XXXIII) in the duplicate ratio of the velocity,in order to preserve the re- 
sistance in the same duplicate ratio. But because this is not done, the 
globes that move swiftly are not so much pressed at their hinder parts as 
the others; and by the defect of this pressure it comes to pass that their 
resistance is a little greater than in a duplicate ratio of their velocity. 

So that the theory agrees with the phenomena of bodies falling in water 
It remains that we examine the phzenomena of bodies falling in air. 

Exper. 13. From the top of St. Pauls Church in London, in June 
1710, there were let fall together two glass globes, one full of quicksilver, 
the other of air; and in their fall they described a height of 220 English 
feet. A wooden table was suspended upon iron hinges on one sid», and the 
other side of the same was supported by a wooden pin. The two globes 
lying upon this table were let fall together by pulling out the pin by 
means of an iron wire reaching from thence quite down to the ground; se 
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that, the pin being reroved, the table, which had then no support but the 
iron hinges, fell downward, and turning round upon the hinges, gave leave 
to the globes to drop off from it. At the same instant, with the same pull 
of the iron wire that took out the pin. a pendulum oscillating to seconds 
was let go, and began to oscillate. The diameters and weights of the 
globes, and their times of falling, are exhibited in the following table. 

The globes filled with mercury. {| The globes full of air. —— 


Times i. Times in 
failing. 









Weights. Diam: ters. 





Weign's | Diameters. 


5,1 inches|8"4 





‘11510  graius 
642 


908 grains 
983 













2 
866 1 . [599 5,1 8 ^ 
747 0,75 4+ [5165 | 5,0 84 
808 483 5,0 84 
.75 5,2 









784 641 





But the times observed must be corrected ; for the globes of mercury (by 
Galileo’s theory), in 4 seconds of time, will describe 257 English feet, and 
220 feet in only 3'42", So that the wooden table, when the pin was taken 
out, did not turn upon its hinges so quickly as it ought to have done; and 
the slowness of that revolution hindered the descent of the globes at the 
beginning. For the globes lay about the middle of the table, and indeed 
were rather nearer to the axis upon which it turned than to the pin. And 
hence the times of falling were prolonged about 18"; and therefore ought 
to be corrected by subducting that excess, especially in the larger globes, 
which, by reason of the largeness of their diameters, lay longer upon the 
revolving table than the others. This being done, the times in which the 
six larger globes fell will come forth 8" 12", 7" 42", 7" 42", 7" 57", 8" 12" 
and 7" 42", | 

Therefore the fifth in order among the globes that were full of air being 
5 inches in diameter, and 483 grains in weight, fell in 8” 12", describing a 
space of 220 feet. The weight of a bulk of water equal to this globe is 
16600 grains; and the weight of an equalbulkofairis*2229 grains, or 19,5, 
‘grains; and therefore the weight of the globe in vacuo is 502,5, grains; 
and this weight is to the weight of a bulk of air equal to the globe as 
50243, to 1943; and so is 2F to 2 of the diameter of the globe, that is, to 
131 inches. Whence 2F becomes 2S feet 11 inches. A globe, falling in 
vacuo with its whole weight of 502,2, grains, will in one second of time 
describe 1931 inches as above; and with the weight of 483 grains will de- 
scribe 185,905 inches; and with that weight 483 grains in vacuo will de- 
Scribe the space F, or 14 feet 51 inches, in the time of 57" 58”, and ac- 
quire the greatest velocity it is capable of descending with in the air. 
With this velocity the globe in S" 12" of time will describe 245 feet and 
δι inches. Subduct 1,3863F, or 20 feet and 1 an inch, and there remain 
925 feet D inches. This space, therefore, the falling globe ought by the 
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theory to describe in 8" 12", But’ by the experiment it descrined a space 
of 220 feet. ‘The difference is insensible. 

By like calculations applied to the other globes full of air, I composed 
the following table. 


i rhe umes of ]r ὁ spac e spaces rx whieh they 








που. Te onma ιν a moult dexcribe by the; The excesses. 
ΤΕ ον 320 reet 

510 graius|5.1iuches|8" 12” aae 26 feet H inch.! 6 feet 11 .nch. 
642 5,2 7 42 1230 10 9 

599 5,1 7 42 |]391 D 7 0 

515 5 7 .57 224 5 4 5 

483 5 8 12 |25 5 5 5 

641 5,2 7 42 230 7 10 7 


Exper. 14. Anno 1719, in the month of July, Dr. Desaguliers made 
some experiments of this kind again, by forming hogs’ bladders into spheri- 
cal orbs; which was done by means of a concave wooden sphere, which the 
bladders, being wetted well first, were put into. After that being blown, 
full of air, they were obliged to fill up the spherical cavity that contained 
them; and then, when dry, were taken out. ‘These were let fall from the 
lantern on the top of the cupola of the same church, namely, from a height 
of 272 feet; and at the same moment of time there was let fall a leaden 
globe, whose weight was about 2 pounds ¢roy weight. And in the mean 
time some persons standing in the upper part of the church where the 
globes were let fall observed the whole times of falling ; and others stand- 
ing on the ground observed the differences of the times between the fall 
of the leaden weight and the fall of the bladder. ‘The times were measured 
by pendulums oscillating to half seconds. And one of those that stood 
upon the ground had a machine vibrating four times in one second; and 
another had another machine accurately made with a pendulum vibrating 
four times in a second also. One of those also who stood at the top of the 
church had a like machine; and these instruments were so contrived, that 
their motions could be stopped or renewed. at pleasure. Now the leaden 
globe fell in about four seconds and } of time; and from the addition of 
this time to the difference of time above spoken of, was collected the whole 
time in which the bladder was falling. The times which the five bladders 
spent in falling, after the leaden globe had reached the ground, were, the 
first time, 142", 123", 145", 173”. and 162”; and the second time, 141", 141", 
14", 19", and 165”. Add to these 43", the time in which the laie globe 
was falling, and “the whole times in which the five bladders fell were, the 
first time, 19", 17", 183", 22”, and 211"; and the second time, 182", 191”, 
181^ 231" and 21", The times observed at the top of the church were, 
the first time, 193”, 171", 182", 221", and 214”; and the second time, 19” 
183", 193”, 24". and 211". But the bladders did not always fall directly 
down, but sometimes fluttered a little in the air, and waved to and fro, as 

23 | 
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they were descending. And by these motions the times of their falling 
were prolonged, and increased by half a second sometimes, and sometimez 
by a whole second. The second and fourth bladder fell most directly the 
first time, and the first and third the second time. The fifth bladder was 
wrinkled, and by its wrinkles was a little retarded. I found their diame- 
ters by their circumferences measured with a very fine thread wound about 
them twice. In the following table I have compared the experiments with 
the theory ; making the density of air to be to the density of rain-water aa 
1 to 860, and computing the spaces which by the theory the globes ought 
to describe in falling. 

































The weight. he times ot||'The spaces which by!The difference be 
of "tie Dla i |The diameters Mh Ρο Ισ 
: Έντι = 272 feet in those times ments. 
128 grains|5,28 inches| 19” 271 feet 11 in.|— 0 ft. 1 in. 
156 9.19 17 272 04 + 0 04 
1374 5.3 18 272 1 + ο 17 
974 5,26 22 277 4 + 5 4 
| 99% 5 214 — (282 ο |+10 ο 


= Our theory, therefore, exhibits rightly. within a very little, all the re- 
sistance that globes moving either in air or in water meet with; which,ap- 
pears to be proportional to the densities of the fluids in globes of equal ve. 
locities and magnitudes. 

In the Scholium subjoined to the sixth Section, we shewed, by experi- 
ments of pendulums, that the resistances of equal and equally swift globes 
moving in air, water, and quicksilver, are as the densities of the fluids. 
We here prove the same more accurately by experiments of bodies falling 
in air and water. For pendulums at each oscillation excite à motion in 
the fluid always contrary to the motion of the pendulum in its return ; and 
the resistance arising from this motion, as also the resistance of the thread 
by which the pendulum is suspended, makes the whole resistance of a pen- 
᾽ dulum greater than the resistance deduced from the experiments of falling 
bodies. For by the experiments of pendulums described in that Scholium, 
a globe of the same density as water in describing the length of its semi- 
diameter in air would lose the 44,4 part of its motion. But by the 
theory delivered in this seventh Section, and confirmed by experiments of 
falling bodies, the same globe in describing the same length would lose only 
a part of its motion equal to ;,';5, supposing the density of water to be 
to the density of air as 850 to 1. Therefore the resistances were found 
greater by the experiments of pendulums (for the reasons just mentioned) 
than by the experimenta of falling globes; and that in the ratio of about 
4 to 3. Bat yet since the resistances of pendulums oscillating in air, wa- 
ter, and quicksilver, are alike increased by like causes, the proportion of 
the resistances in these mediums will be rightly enough exhibited by the 
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experiments of pendulums, as well as by the experiments of falling bodies. 
And from all this it may be concluded, that the resistances of bodies, moving 
in any fluids whatsoever, though of the most extreme fluidity, are, ceteris 
paribus, as the densities of the fluids, 

These things being thus established, we may now determine what part 
of its motion any g glabe projected in any fluid whatsoever would nearly lose 
in a given time. Let D be the diameter of the globe, and V its velocity 
at the beginning of its motion, and T the time in which a globe with the 
velocity V can describe in vacuo a space that is, to the space $D ag the 
density of the globe to the density. of the fluid; and the globe projected. 





the -part 


: ο tV 
in that fluid will, in any other time lose the part Tore 


TV ; : ; i ; 
T 3 qp o, remaining; and will describe a space, which will be to that de- 
scribed in the same time in vacuo with the uniform velocity V, as the 


" multiplied by the number 2302595093 is 





logarithm of the number 2 T 
to the number = "qv by Cor. 7, Prop. XXXV. In slow motions the resist- 
ance may be a little less, because the figure of a globe is more adapted {0 
motion than the figure of a cylinder described with the same diameter: ` In 
swift motions the resistance may be a little greater; because the elasticity 
and compression of the fluid do not increase in the duplicate ratio οἱ. the 
velocity. But these little niceties I take no notice of. 

And though air, water, quicksilver, and the like fluids, by the division. 
of their parts in infinitum, should be subtilized, and become mediums in- 
finitely fluid, nevertheless, the resistance they would make to projected 
globes would be the same. For the resistance considered in the preceding 
Propositions arises from the inactivity of the matter; and the inactivity 
of matter is essential to bodies, and always proportional to the quantity 
of matter. By the division of the parts of the fluid the resistance arising 
from the tenacity and friction of the parts may be indeed diminished; but 
the quantity of matter will not be at all diminished by this division; and 
if the quantity of matter be the same, its force of inactivity will be the 
same; and therefore the resistance here spoken of will be the same, as being: 
always proportional to that force. 'To diminish this resistance, the quan- 
tity of matter in the spaces through which the bodies move must be dimin- 
ished; and therefore the celestial spaces, through which the globes of the 
planets and comets are perpetually passing towards all parts, with the. 
utmost freedom, and without the least sensible diminution of their motion, 
must be utterly void of any corporeal fluid, excepting, perhaps, some ex- 
tremely rare vapours and the raya of igas 
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Projectiles excite a motion in fluids as they pass through them, and thia 
motion arises from the excesa of the pressure of the fluid at the fore parts 
of the projectile above the pressure of the same at the hinder parts; and 
cannot be less in mediums infinitely fluid than it is in air, water, and quick- 
silver, in proportion to the density of matter in each. Now this excess of 
pressure does, in proportion to its quantity, not only excite a motion in the 
fluid, but also acts upon the projectile so as to retard its motion ; and there- 
fore the resistance in every fluid is as the motion excited by the projectile 
in the fluid; and cannot be less in the most subtile æther in proportion to 
the density of that ether, than it is in air, water, and auicksilver. in pro- 
portion to the densities of those fluids. 


SECTION VIII. 
Of motion propagated through fonds; 


PROPOSITION XLI. THEOREM XXXII. 


A “pressure is not propagated through a fluid in rectilinear directions 
ET unless where the particles of the fluid lie in a right line. 
| If the particles a, b, c, d, e, lie in a right line, the pres- 
sure may be indeed directly propagated from a to e; but 
HY then the particle e will urge the obliquely posited parti- 
DR cles f and 5 obliquely, and those particles f and g will 
τς OS not sustain this pressure, unless they be supported by the 
particles A and Æ lying beyond them; but the particles 
that support them are also pressed by them; and those particles cannot 
sustain that pressure, without being supported by, and pressing upon, those 
particles that lie still farther, as l and m, and so on in infinitum.. 'There- 
fore.the pressure, a8 soon as it is propagated to particles that lie out of 
right lines, begins to deflect towards one hand and the other, and will be 
propagated obliquely in infinitum ; and after it has begun to be propagat- ` 
ed obliquely, if’it reaches more distant particles lying out of the right 
line, it will deflect again on each hand and this it will do as often as it 
lights on particles that do not lie exactly in a right line. Q.E.D. 
Cor. If any part of a pressure, propagated through a fluid from a given 
point, be intercepted by any obstacle, the remaining part, which is not in- 
tercepted, will deflect into the spaces behind the obstacle. This may be 


demonstrated also after the following manner. Let a pressure be propagat- 
ed from the point A towards any part, and, if it be possible, in rectilinear 
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directions ; and the  obetacle 
NBCK being perforated in BC, 
let all the pressure be intercepted 
but the coniform part APQ, pass- 
ing through the circular hole BC. 
Let the cone APQ, be divided ^ 
into frustums by the transverse 
‘planes, de, fg, hi. Then while 
the cone ABO, propagating the 
pressure, urges the conic frustum 
dec f beyond it on the superficies 
de, and this frustum urges the next frustum feih on the superficies fg,and 
that frustum urges a third frustum, and so in infinitum ; it is manifest 
(by the third Law) that the first frustum defg is, by the re-action of the 
second frustum fghi, as much urged and pressed on the superficies fz, as 
it urges and presses that second frustum. ‘Therefore the frustum degf is 
compressed on both sides, that is, between the cone Ade and the frustum 
fhig ; and therefore (by Case 6, Prop. XIX) cannot preserve its figure, 
unless it be compressed with the same force on all sides. "Therefore with 
the same force with which it is pressed on the superficies de, fg, it will 
endeavour to break forth at the sides df, eg ; and there (being not in the 
least tenacious or hard, but perfectly fluid) it will run out, expanding it- 
self, unless there be an ambient fluid opposing that endeavour. Therefore, 
by the effort 1t makes to run out, it will press the ambient fluid, at its sides 
df, eg, with the same force that it does the frustum fshi; and therefore, - 
the pressure will be propagated as much from the sides df, eg, into the 
spaces NO, KL this way and that way, as it is propagated from the sr- 
perficies fg towards PQ. Q.E.D. 


. PROPOSITION XLII. THEOREM XXXIII. 
All motion propagated through a fluid diverges from a rectilinear pro~ 
gress into the unmoved spaces. 

CasE 1. Let a motion be 
propagated from the point A. 
through the hole BC, and, if it 
be possible, let it proceed in the 
conic space BCQP according to 
right lines diverging from the 
point A. And let us first sup- 
nose this motion to be that of 
waves in the surface of standing 
water ; and let de, fg, hi, kl, &c., 
be the tops of the several waves, 
divided from each other by as 

any intermediate valleys or hollows. 'Then, because the water in the 
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ridges of the waves is higher than in the unmoved parts of the fluid KL, 
ΝΟ, it will run down from off the tops of those ridges, e, g, ἡ, l, &c., d, f, 
h, k, &c., this way and that way towards KL and NO; and because the 
water is more depressed in the hollows of the waves than in the unmoved 
parts of the fluid KL, NO, it will run down into those hollows out of those 
unmoved parts. By the first deflux the ridges of the waves will dilate 
themselves this way and that way, and be propagated towards KL and NO. 
And because the motion of the waves from A towards PQ is carried on by 
a continual deflux from the ridges of the waves into the hollows next to 
them, and therefore cannot be swifter than in proportion to the celerity of 
the descent; and the descent of the water on each side towards KL and NO 
must be performed with the same velocity; it follows that the dilatation 
of the waves on each side towards KL and NO will be propagated with the 
same velocity as the waves themselves go forward with directly from A to 
PQ. And therefore the whole space this way and that way towards KL 
and NO will be filled by the dilated waves rfer, shis, tklt, »mnv, &c. 
Q.E.D. That these things are so, any one may find by making the exper- 
iment in still water. 

Case 2. Let us suppose that de, fe, hi, kl, mn, represent pulses sue- 
cessively propagated from the point A through an elastic medium. Con- 
ceive the pulses to be propagated by successive condensations and rarefactions 
of the medium, so that the densest part of every pulse may occupy a 
spherical superñcies described about the centre A, and that equal intervals 
intervene between the successive pulses. Let the lines de, fg, hi, kl, &c., 
represent the densest parts of the pulses, propagated through the hole BC ; 
and because the medium is denser there than in the spaces on either side 
towards KL and NO, it will dilate itself as well towards those spaces KL, 
NO, on each hand, as towards the rare intervals between the pulses; and 
thence the medium, becoming always more rare next the intervals, and 
more dense next the pulses, will partake of their motion. And because the 
progressive motion of the pulses arises from the perpetual relaxation of the 
denser parts towards the antecedent rare intervals; and since the pulses will 
relax themselves on each hand towards the quiescent parts of the medium 
KL, NO, with very near the same celerity; therefore the pulses will dilate 
themselves on all sides into the unmoved parts KL, NO, with almost the 
same celerity with which they are propagated directly from the centre A; 
and therefore will fill.up the whole space KLON. Q.E.D. And we find 
the same by experience also in sounds which are heard through a mountain 
interposed; and,'if they come into a chamber through the window, dilate 
themselves into all the parta of the room, and are heard in every ccrner; 
and not as reflected from the opposite walls, but directly propagated from 
the window, as far as our sense can judge. 

Case 3 Let us suppose, lastly, that a motion of any kind is propagated 
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from A through the hole BC. Then since the cause of this propagation 18 
that the parts of the medium that are near the centre A disturb and agitate 
those which lie farther from it; and since the parts which are urged are 
fluid, and therefore recede every way towards those spaces where they are 
less pressed, they will by consequence recede towards all the parts of the 
quiescent medium; as well to the parts on each hand, as KL and NO, 
as to those right before, as PQ; and by this means all the motion, as soon 
-ag it has passed through the hole BC, will begin to dilate itself, and from 
thence, as from its principle and centre, will be propagated directly every 
way. Q.E.D. | 


PROPOSITION XLIIL THEOREM XXXIV. 


Every tremulous body in an elastic medium propagates the motion of 
the pulses on every side right forward ; but in a non-elastic medium 
excites a circular motion. | 
Case. 1. The parts of the tremulous body, alternately going and return- 

ing, do in going urge and drive before them those parts of the medium that 

lie nearest, and by that impulse compress and condense them ; and in re- 
turning suffer those compressed parts to recede again, and expand them- 
selves. Therefore the parts of the medium that lie nearest to the tremulous 
body move to and fro by turns, in like manner as the parts of the tremulous 
body itself do; and for the same cause that the parts of this body agitate 
these parts of the medium, these parts, being agitated by like tremors, will 
in their turn agitate others next to themselves; and these others, agitated 
in like manner, will agitate those that lie beyond them, and so on ix infin- 
itum. And in the same manner as the first parts of the medium were 
condensed in going, and relaxed in returning, so will the other parts be 
condensed every time they go, and expand themselves every time they re- 
turn, And therefore they will not be all going and all returning at the 
same instant (for in that case they would always preserve determined dis- 
tances from each other, and there could be no alternate condensation and 
rarefaction); but since, in the places where they are condensed, they ap- 
. proach to, and, in the places where they are rarefied, recede from each other, 
therefore some of them will be going while others are returning; and so on 
in infinitum. ‘The parts so going, and in their going condensed, are pulses, 
by reason of the progressive motion with which they strike obstacles in 
their way; and therefore the successive pulses produced by a tremulous 
body'will be propagated in rectilinear directions; and that at nearly equal 
distances from each other, because of the equal intervals of time in which 
the body, by its several tremors produces the several pulses. And though 
the parts of the tremulous body go and return .n some certain and deter- 
minate direction, yet the pulses propagated from thence through the medium 
will dilate themselves towards the sides, by the foregoing Proposition; anc 
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will be propagated on all sides from that tremulous body, as from a com- 
mon centre, in superficies neariy spherical and concentrical. An example 
of this we have in waves excited by shaking a finger in water, whieh 
proceed not only forward and backward agreeably to the motion of the 
finger, but spread themselves in the manner of concentrical circles all round 
the finger, and are propagated on every side. For the gravity of the water 
supplies the place of elastic force. 

Case 2. If the medium be not elastic, then, because its parts cannot be 
condenaed by the pressure arising from the vibrating parts of the tremulous 
body, the motion will be propagated in an instant towards the parts where 
the medium yields most easily, that is, to the parts which the tremulous 
body would otherwise leave vacuous behind it. ‘The case is the same with 
that of a body projected in any medium whatever. A medium yielding 
to projectiles does πού recede tn infinitum, but with a circular motion comes 
round to the spaces which the body leaves behind it. ‘Therefore as often 
as a tremulous body tends to any part, the medium yielding to it comes 
round in a circle to the parts which the body leaves; and as often as the 
body returns to the first place, the medium will be driven from the place it 
came round to, and return to its original place. And though the tremulous 
body be not firm and hard, but every way flexible, yet if it continue of a 
given magnitude, since it cannot impel the medium by its tremors any 
where without yielding to it somewhere else, the medium receding from the 
parts of the body where it is pressed will always come round in a circle to 
the parts that yield to it. Q.E.D. 

Cor. It is a mistake, therefore, to think, as some have done, that. the 
agitation of the parts of flame conduces to the propagation of a pressure in 
rectilinear directions through an ambient medium. A pressure of that 
kind must be derived not from the agitation only of the parts of flame, but 
from the dilatation of the whole. 


PROPOSITION XLIV. THEOREM XXXV. 


If water ascend and descend alternately in the erected legs KL, MN, of 
a canal or pipe; and a pendulum be constructed whose length between 
the point of suspension and the centre of oscillation 1s equal to half 
the length of the water in the canal ; I say, that the water will ascend 
and descend in the same times in which the pendulum oscillates. 


I measure the length of the water along the axes of the canal and its legs, 
and make it equal to the sum of those axes; and take no notice of the 
resistance of the water arising from its attrition by the sides of the canal. 
Let, therefore, AB, CD, represent the mean height of the water in both 
legs; and when the water in the leg KL ascends to the height EF, the 
water will descend in the leg MN to the height GH. Let P be a pendulow 
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body, VP the thread, V the point of suspension, RPQS the cycloid which 
ν E : | 





P Q 
the pendulum describes, P its lowest point, PQ an are equal to the neight 
AE. The force with which the motion of the water is accelerated and re- 
tarded alternately is the excess of the weight of the water in one leg above 
the weight in the other; and, therefore, when the water in the leg ΚΙ, 
ascends to EF, and in the other leg descends to GH, that force is double 
the weight of the water EABF, and therefore is to the weight of the whole 
water as AE or PQ to VP or PR. The force also with which the body P 
is accelerated or retarded in any place, as Q, of a cycloid, is (by Cor. Prop. 
LI) to its whole weight aa its distance PQ from the lowest place P to the 
length PR of the cycloid. Therefore the motive forces of the water and 
pendulum, describing the equal spaces AE, PQ, are as the weights to be 
moved; and therefore if the water and pendulum are quiescent at first, 
those forces will move them in equal times, and will cause them to go and 
return together with a reciprocal motion. Q.E.D. 

Con. 1. Therefore the reciprocations of ‘the water in ascending and de- 
Bcending are all performed in equal times, whether the motion be more or 
less intense or remiss. 

Con. 2. If the length of the whole water in the canal be of 6! feet of 
French measure, the water will descend in one second of time, andl will as- 
cond in another second, and so on by turns in infinitum ; for a pendulum 
of 34, such feet in length will oscillate in one second of time. 

Cor. 3. But if the length of the water be increased or diminished, the 
time of the reciprocation will be increased or diminished in the subdupli- 
cate ratio of the length. 


PROPOSITION XLV. THEOREM XXXVL 
The velocity of waves is in the subduplicate ratio of the breadths, 
. This follows from the construction of the following Proposition. 


PROPOSITION XLVL PROBLEM X. 


To find the velocity of waves. 


Let a pendulum be constructed, whose length between the point of sus 
pension and the centre of oscillation is equal to the breadth of the waves 
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and in the time that the pendulum will perform one single oscillation the 
waves will advance forward nearly a space equal to their breadth. 

That which I call the breadth of the waves is the transverse measure 
c A lying between the deepest 
> - X NIC pat of the hollows, or the 

tops of the ridges. Let 
ABCDEF represent the surface of stagnant water ascending and descend- 
ing in successive waves; and let A, C, E; &c., be the tops of the waves; 
and let B, D, F, &c., be the intermediate hollows. Because the motion of 
the waves is carried on by the successive ascent and descent of the water, 
so that the parts thereof, as A, C, E, &c., which are highest at one time 
become lowest immediately after; and because the motive force, by which 
the highest parts descend and the lowest ascend, is the weight of the eleva- 
ted water, that alternate ascent and descent will be analogous to the recip- 
rocal motion of the water in the canal, and observe the same laws as to the 
times of its ascent and descent; and therefore (by Prop. XLIV) if the 
distances between the highest places of the waves A, C, E, and the lowest 
B, D, F, be equal to twice the length of any pendulum, the highest parts 
A, C, E, will become the lowest in | the time of one oscillation, andi in the 
time of another oscillation will ascend again. Therefore between the pas- 
sage of cach wave, the time of two oscillations will intervene; that 18, the 
wave will describe its breadth in the time that pendulum will oscillate 
twice; but a pendulum of four times that length, and which therefore is 
equal to the breadth of the waves, will just oscillate once in that time. 
QEL 

Cor. l. Therefore waves, whose breadth is equal to ὅτ. French feet, 
will advance through a space equal to their breadth in one second of time; ` 
and therefore in one minute will go over a space of 1831 feet; and in an 
hour a space of 11000 feet, nearly. 

Cor. 2. And the velocity of greater or less waves will be augmented or 
diminished in the subduplicate ratio of their breadth. | 

These things are true upon the supposition that the parts of water as- 

cend or descend in a right Jine; but, in truth, that ascent and descent is 
rather performed in a circle ; and therefore I propose the time defined by 
this Proposition as only near the truth. 


PROPOSITION XLVII. ΓΗΕΟΒΕΜ XXXVII. 

If pulses are propagated through a fluid, the se eral particles of the 
fluid, going and returning with the shortest reciprocal motion, are al- 
ways accelerated or retarded according to the law of the oscillating 
pendulum. | 
Let AB, BC, CD, &c., represent equal distances of successive pulses, 

ABC the line of direction of the motion of the successive pulses propagated 
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from A to B; E, F, G three physical points of the quiescent medium sit- 
nate in the right line AC at equal distances from each other; Ee, Ef, Gg, 


ΠΗ͂Ι. 


the places εφ, gy, and ef, fe. Let there be drawn the . 


equal spaces of extreme shortness, through which those 


points go and return with a reciprocal motion in each vi- 
bration; e, $, y, any intermediate places of the same points; 
EF, FG physical lineole, or linear parts of the medium 
lying between those points, and successively transferred into 


right line PS equal to the right line Ee. Bisect the same 
in O, and from the centre O, with the interval OP, describe 
the circle SIPi. Let the whole time of one vibration ; with 
its proportional parts, be expounded by the whole circum- 
1erence of this circle and its parts, in such sort, that, when 
any time PH or PHSA is completed, if there be let fall to 
PS the perpendicular HL or Al, and there 
be taken Ee equal to PL or Pl, the physi- 
cal point E may be found in e. A point, 
as E, moving acccording to this law with 
a reciprocal motion, in its going from E 
through to e, and returning again through 
ε to E, will perform its several vibrations with the same de- 
grees of acceleration and retardation with those of an oscil- | 
lating pendulum. We are now to prove that the several 
physical points of the medium will be agitated with such a 
kind of motion. Let us suppose, then, that a medium hath 
such a motion excited in it from any cause whatsoever, and 
consider what will follow from thence. 

In the circumference PHSA let there be taken the equal 
arcs, HI, IK, or hi, ik, having the same ratio to the whole 





circumference as the equal right lines EF, FG have to BC, , 
the whole interval of the pulses. Let fall the perpendicu- ΙΙ 


lars IM, KN, or im, kn ; then because the points E, F, G are 
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successively agitated with like motions, and perform their entire vibrationg 
composed of their going and return, while the pulse is transferred from B 
to C; if PH or PHSA be the time elapsed since the beginning of the mo- 
tion of the point E, then will PI or PHS: be the time elapsed since the 
beginning of the motion of the point F, and PK or PHSk the time elapsed 
since the beginning of the motion of the point G; and therefore Ec, Fo, 
Gy, will be respectively equal to PL, PM, PN, while the points are going, 
and to P/, Pm, Pn, when the points are returning. ‘Therefore ey or EG 
+ Gy — E: will, when the points are going, be equal to EG — LN 
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and in their return equal to EG + ἦι. But ey is the breadth or ex- 
pansion of the part EEG of the medium in the place ey ; and therefore the 
expansion of that part in its going 18 to its mean expansion as EG — 
LN to EG; and in its return, as EG + ln or EG + LN to EG. 
Therefore since LN is to KH as IM to the radius OP, and KH to EG 
as the circumference PHSAP to BC; that is, if we put V for the 
radius of a circle whose circumference 18 equal to BC the interval of the 
pulses, as OP to V; and, ez equo, LN to EG as IM to V; the expansion 
of the part EG, or of the physical point F in the place ey, to the mean ex- 
pansion of the same part in its first place EG, will be as V — IM to V 
in going, and as V + im to V in its return. Hence the elastic force of the 
point F in the place ey to its mean elastic force in the place EG is as 


1 ee 1 eee 
TM to y; in its going, and as .——.— to y in its return. And by 


V+im 
the same reasoning the elastic forces of the physical points E and G in going 
1 1 1 , | | 
are as ay and YEN to γ᾽ and the difference of the forces to the 


mean elastic force of the medium 38 ττητ--τ αν 
ean elastic Torce o e medium as VY—YV x HL—Vx KN + HL x KN 


to τ that i8, a8 "eT to : or as HL — KN to V; if we suppose 
(by reason of the very short extent of the vibrations) HL and KN to be 
indefinitely less than the quantity V. Therefore since the quantity V is 
ziven, the difference of the forces 15 as HL — KN; that is (because HL 
— KN 1s proportional to HK, and OM to OI or OP; and because HK 
and OP are given) as OM; that is, if Ff be bisected in 2, as ΩΦ. And 
fur the same reason the difference of the elastic forces of the physical points 
ε and y, in the return of the physical lineola ey, is as Q¢. But that dif- 
ference (that is, the excess of the elastic force of the point & above the 
elastic force of the point y) is the very force by which the intervening phy- 
pical lineola ey of the medium is accelerated in going, and retarded in re- 
turning ; and therefore the accelerative force of the physical lineola ey is 
as its distance from Q, the middle place of the vibration. ‘Therefore (by 
Prop. XX XVIII, Book 1) the time is rightly expounded by the arc PI; 
and the linear part of the medium ey is moved according to the law above- 
mentioned, that is, according to the law of a pendulum oscillating ; and 
the case is the same of all the linear parts of which the whole medium is 
compounded. Q.E.D. 

Cor. Hence it- appears that the number of the pulses propagated is the 
same with the number of the vibrations of the tremulous body, and is not 
multiplied in their progress. For the physical lineola εγ as soon as it 
returns to its first place is at rest; neither will it move again, unless it 
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receives à new motion either from the impulse of the tremulous body, or 
of the pulses propagated from that body. As soon, therefore, as the pulses 
cease to be propagated from the tremulous body, it will return to a state 
of rest, and move no more. 


PROPOSITION XLVIIL THEOREM XXXVIII. 
The velocities of pulses propagated in an elastic fluid are in a ratis 
compounded of the subduplicate ratio of the elastic force directly, aud 
the subduplicate ratio of. the density inversely; supposing the elastic 
Jorce of the fluid to be proportional to its condensation 
Case 1. If the mediums be homogeneous, and the distances of the pulses 
in those mediums be equal amongst themselves, but the motion in one me- 
dium is more intense than in the other, the contractions and dilatations of 
the correspondent parta will be as those motions; not that this proportion 
is perfectly accurate. However, if the contractions and dilatations are not 
exceedingly intense, the error will not be sensible ; and therefore this pro- 
portion may be considered as physically exact. Now the motive elastic 
forces are as the contractions and dilatations; and the velocities generated 
in the same time in equal parts are as the forces. ‘Therefore equal and 
corresponding parts of corresponding pulses will go and return together, 
through spaces proportional to their contractions and dilatations, with ve- 
locities that are as those spaces; and therefore the pulses, which in the 
time of one going and returning advance forward a space 2qual to their 
breadth, and are always succeeding into the places of the pulses that im- 
mediately go before them, will, by reason of the equality of the distances, 
go forward in both mediums with equal velocity. - 
Case 2. If the distances of the pulses or their lengths are greater in one 
medium than in another, let us suppose that the correspondent parts de- 
Scribe spaces, in going and returning, each time proportional to the breadths 
of the pulses; then will their contractions and dilatations be equal; and 
therefore if the mediums are homogeneous, the motive elastic forces, which 
agitate them with a reciprocal motion, will be equal also. Now the matter 
to be moved by these forces is as the breadth of the pulses; and - the space 
through which they move every time they go and return is in the same 
ratio. And, moreover, the time of one going and returning is in a ratie 
compounded of the subduplicate ratio of the matter, and the σανάπριισᾶῖε 
ratio of the space; and therefore is as the space. But the pulses advance 
8 space equal to their breadths in the times. of going once and returning 
once; that is, they go over spaces proportional to the times, and therefore 
are equally swift. 
Case 3. And therefore in mediums of equal density and elastic force 
all the pulses are equally swift. Now if the density or the elastic force of 
the medium were augmented, then, because the motive force is increased 
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in the ratio of the elastic force, and the matter to be moved is increased in 
the ratio of the density, the time which is necessary for producing the 
same motion as before will be increased in the subduplicate ratio of the 
density, and will be diminished in the subduplicate ratio of the elastic 
force. And therefore the velocity of the pulses will be in a ratio com- 
pounded of the subduplicate ratio of the density of the medium inversely, 
and the subduplicate ratio of the elastic force directly. Q.E.D. 

This Proposition will be made more clear from the construction of the 
following Problem. 


PROPOSITION XLIX. PROBLEM ΧΙ. 


The density and elastic force of a medium being given, to find the ve- 
locity of the pulses. 

Suppose the medium to be pressed by an incumbent weight after the manner 
of our air; and let A be the height of a homogeneous medium, whose 
weight is equal to the incumbent weight, and whose density is the same 
with the density of the compressed medium in which the pulses are propa: 
gated. Suppose a pendulum to be constructed whose length between the 
point of suspension and the centre of oscillation is A: and in the time in 
which that pendulum will perform one entire oscillation composed of 
its going and returning, the pulse will be propagated right onwards 
through a space equal to the circumference of a circle described with the 
radius A. 

For, letting those things stand which were constructed in Prop. XLVII, 
if any physical line, as EF, describing the space PS in each vibration, be 
acted on in the extremities P and S of every going and return that it 
makes by an elastic force that is equal to ita weight, it will perform its 
several vibrations in the time in which the same might oscillate in a cy- 
cloid whose whole perimeter is equal to the length PS; and that because 
equal forces will impel equal corpuscles through equal spaces in the same 
or equal times. Therefore since the times of the oscillations are in the 
subduplicate ratio of the lengths of the pendulums, and the length of the 
pendulum is equal to half the arc of the whole cycloid, the time of one vi- 
bration would be to the time of the oscillation of a pendulum whose length 
is A in the subduplicate ratio of the length 1PS or PO to the length A. 
But the elastic force with which the physical lineola EG 18 urged, when it 
:8 found in its extreme places P, S, was (in the demonstration of Prop. 
XLVII) to its whole elastic force as HL — KN to V, that is (since the 
point K now falls upon P), as HK to V: and all that force, or which is 
the same thing, the incumbent weight by which the lineola EG is com- 
pressed, is to the weight of the lineola as the altitude A of the incumbent 
weight to EG the length of the lineola; and therefore, ex «quo, the foroe 
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with which the lineola EG is urged in the places P and S 
is to the weight of that lineola as HK x A to V x EG; or 
as PO X A to VV; because HK was to EG as PO to V. 
Therefore since the times in which equa: bodies are impelled 
through equal spaces are reciprocally in the subduplicate 
ratio of the forces, the time of one vibration, produced by 
the action of that elastic force, will be to the time of a vi- 
bration, produced by, the impulse of the weight in a subdu- 
plicate ratio of VV to PO Χ A, and therefore to the time 
of the oscillation of a pendulum whose length is A in the 
subduplicate ratio of VV to PO x A, and the subdupli- || 
cate ratio of PO to A conjunctly ; that is, in the Sen ra- 
tioof V to A. But in the time of one 
vibration composed of the going and re- 
turning of the pendulum, the pulse will 
be propagated right onward through a 
space equal to its breadth BC. There- 
fore the time in which a pulse runs over 
the space BC is to the time of one oscillation composed of 
the going and returning of the pendulum as V to A, that is, 
as BC to the circumference of a circle whose radius is A. 

But the time in which the pulse will run over the space BC 
is to the time in which it will run over a length equal to 
that circumference in the same ratio; and therefore in the 
time of such an oscillation the pulse will run over a length 
equal to that circumference. Q.E.D. 

Cor. 1. The velocity of the pulses is equal to that which 
heavy bodies acquire by falling with an equally accele- 
rated motion, and in their fall describing half the alti- 
tude A. For the pulse will, in the time of this fall, sup- !! 
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posing it to move with the velocity acquired by that fall, run over a 
space that will be equal to the whole altitude A; and therefore i in the 
time of one oscillation composed of one going and return will go over a 
space equal to the circumference of a circle described with the radius A ; 
for the time of the fall is to the time of oscillation as theradius of a circle | 


to its circumference. 


Cor. 2. Therefore since that altitude A is as the elastic force of the 
fluid directly, and the density of the same inversely, the velocity of the. 
pulses will be in a ratio compounded of the subduplicate ratio of the den- 
sity inversely, and the subduplicate ratio of the clastic force directly. 
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PROPOSITION I. PROBLEM XII. 


To find the distances of the pulses. 
Let the number of the vibrations of the body, by whose tremor the pulses 
are produced, be found to any given time. By that number divide the 


space which a pulse can go over in the same time, and the part found will 
be the breadth of one pulse. Q.E.I. 


SCHOLIUM. 


The last Propositions respect the motions of light and sounds; for since 
light is propagated in right lines, it is certain that it cannot consist in ac- 
tion alone (by Prop. XLI and XLII). As to sounds, since they arise from 
tremulous bodies, they can be nothing else but pulses of the air propagated 
through it (by Prop. XLIII); and this is confirmed by the tremors which 
sounds, if they be loud and deep, excite in the bodies near them, as we ex-. 
perience in the sound of drums; for quick and short tremors are less easily 
excited. But it is well known that any sounds, falling upon strings in 
unison with the sonorous bodies, excite tremors in those strings. This is 
also confirmed from the velocity of sounds; for since the specific gravitics 
of rain-water and quicksilver are to one another as about 1 to 132, and 
when the mercury in the barometer is at the height of 30 inches of our 
measure, the specific gravities of the air and of rain-water are to one 
another as about 1 to S70, therefore the specific gravity of air and quick- 
silver are.to each other as 1 to 11890. ‘Therefore when the height of 
the quicksilver is at 30 inches, a height of uniform air, whose weight would 
be sufficient to. compress our air to the density we find it to be of, must be 
equal to 356700 inches, or 29725 feet of our measure; and this is that 
very height of the medium, which I have called A in the construction of 
the foregoing Proposition. A circle whose radius is 29725 feet is 1907605 
feet in circumference. And since a pendulum 391 inches in length com- 
pletes one oscillation, composed of its going and return, in two seconds of 
time, as is commonly known, it follows that a pendulum 29725 feet, or 
356700 inches in length will perform a like oscillation in 1902 seconds. 
Therefore in that time a sound will go right onwards 1860709 feet, and 
therefore in one second 979 feet. 

But in this computation we have made no allowance for the crassitude 
of the solid particles of the air, by which the sound is propagated instan- 
taneously. Because the weight of air is to the weight of water as 1 tc 
570, and because salts are almost twice as dense as water; if the particles 
of air are supposed to be of near the same density as those of water or salt, 
and the rarity of the air arises from the intervals of the particles; the 
diameter of one particle of air will be to the interval between the centres 
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of the particles as 1 to about 9 or 10, and to the interval between the par- 
ticles themselves as 1 to Sor 9. Therefore to 979 feet, which, according to 
the above calculation, a sound will advance forward in one second of time, 
we may add 915, or about 109 fect, 0 compensate for the crassitude of the 
particles of the air: and then a sourd will go forward about 1088 feet in 
one second of time. | 

Moreover, the vapours floating in the air being of another spring, and a 
different tone, will hardly, if at all, partake of the motion of the true air 
in which the sounds are propagated. Now if these vapours remain unmov- 
ed, that motion will be propagated the swifter through the true air alone, 
and that in the subduplicate ratio of the defect of the matter. So if the 
atmosphere consist of ten parts of true air and one part of vapours, the 
motion of sounds will be swifter in the subduplicate ratio of 11 to 10, or 
very nearly in the entire ratio of 2] to 20, than if it were propagated 
through eleven parts of true air: and therefore the motion of sounds above 
discovered must be increased in that ratio. By this means the sound will 
pass through 1142 feet in one second of time. 

These things will be found true in spring and autumn, when the air is 
rarefied by the gentle warmth of those scasons, and by that means its elas- 
tic force becomes somewhat more intense. But in winter, when the air is 
condensed by the cold, and its elastic force is somewhat remitted, the mo- 
tion of sounds will τε slower in a subduplicate ratio of the Menag; ; and. 
on the other hand, swifter in the summer. - 

Now by experiments it actually appears that sounds do really advance 
in one second of time about 1142 feet of English measure, or 1070 feet of 
French measure. 

The velocity of sounds being known, the intervals of the pulses are known 
also. For M. Sauveur, by some experiments that he made, found that an 
open pipe about five Parts feet in length gives a gound: of the same tone 
with a viol-string that vibrates a hundred times in one second. Therefore 
there are near 109 pulses in a space of 1070 Paris feet, which a sound runs 
over in asecond of time; and therefore one pulse fills up a space of about 10;7, 
Paris feet, that is, about twice the length of the pipe. F'rom whence it 18 
probable that the breadths of the pulses, in all sounds made in open pipes, 
are equal to twice the length of the pipes. 

. Moreover, from the Corollary of. Prop. XLVII appears the reason why 
the sounds immediately cease with the motion of the sonorous body, and 
why they are heard no longer when we are at a great distance from the 
Bonorous bodies than when we are very near them. And besides, from the 
foregoing principles, it plainly appears how it comes to pass that sounds are. 
so mightily increased in speaking-trumpets; for all reciprocal motion uses 
to be increased by the generating cause at each return. And in tubes hin- 
dering the dilatation of the sounds, the motion decays more slowly, and 
24 
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recurs more forcibly; and therefore is the more increased by the new mo- : 
tion impressed at each return. Από these are the principal pher »mena of 
sounds. 





SECTION IX. 
Of the circular motion of fluids. 
HYPOTHESIS, 


The resistance arising from the want of lubricity in the parts of a fluid, 
as, ceteris paribus, proportional to the velocity with which the parts of 
the fluid are separated from each other. 


PROPOSITION LL THEOREM XXXIX. 


If a solid cylinder infinitely long, in an uniform and infinite fluid, revolve 
with an untform motion about an aris given in position, and the fluid 
be forced round by only this impulse of the cylinder, and every part 
of the flnid persevere uniformly in its motion ; I say, that the periodic 
times af the parts of the fluid are as their distances from the axis of 
the cylinder. 


a Let AFL be a cylinder turning uni- 
formly about the axis S, and let the 
concentric circles BGM, CHN, DIO, 
EKP, &c., divide the fluid into innu- 
merable concentric cylindric solid orbs 
of the same thickness. Then, because 
the fluid is homogeneous, the impres- 
sions which the contiguous orbs make 
upon each other mutually will be (by 
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are made. If the.impression made upon any orb be greater or less on its 
concave than on its convex side, the stronger impression will prevail, and 
will either accelerate or retard the motion of the orb, according as it agrees 
with, or is contrary to, the motion of the same. ‘Therefore, that every orb 
may persevere uniformly in its motion, the impressions made on both sides 
must be equal and their directions contrary. Therefore since the impres- 
sions are as the contiguous superficies, and as their translations from one 
another, the translations will be inversely as the superficies, that is, inversely 
as the distances of the superficies from the axis, But the differences of 
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the angular motions about the axis are as those translations applied to the 
distances, or as the translations d.rectly and the distances inversely ; that 
is, joining these ratios together, as the squares of the distances inversely. 
Therefore if there be erected the lines Au, Bb, Cc, Dd, Ee, &c. , perpendic- 
ular to the several parts of he infinite right line SABCDEQ, and recip- 
rocally proportional to the squares of SA, SB, SC, SD, SE, &c., and 
through the extremities of those perpendiculars there be supposed to pass 
an hyperbolic curve, the sums of the differences, that is, the whole angular 
motions, will be as the correspondent sums of the lines Aa, Bd, Ce, Dd, Ee, 
that is (if to constitute a medium uniformly fluid the number of the orbs 
be increased and their breadth diminished in infinitum), as the hyperbolic 
areas AaQ, BdQ, CcQ, DdQ, EeQ, &c., analogous to the sums; and the 
~ times, reciprocally proportional to the angular motions, will be also recip- 
rocally proportional to those areas. Therefore the periodic time of any 
particle as D, is reciprocally as: the area DdQ, that is (as appears 
from the known methods of quadratures of curves), directly as the dis- 
tance SD. Q.E.D. 

Cor. 1. Hence the angular motions of the particles of the fluid are re 
ciprocally as their distances from the axis of the cylinder, and the absolute 
velocities are equal. 

Cor. 2. If a fluid be contained in a cylindric vessel of an infinite lergth, 
and contain another cylinder within, and both the cylinders revolve about 
one common axis, and the times of their revolutions be as their semi- 
diameters, and every part of the fluid perseveres in its motion, the peri- 
odic times of the several parts will be as the distances from the axis of the 
cylinders. — 

Cor. 3. If there be added or taken away any common quantity of angu- 
lar motion from the cylinder and fluid moving in this manner; yet because 
this new motion will not alter the mutual attrition of the parts of the fluid, 
the motion of the parts among themselves will not be changed; for the 
translations of the parts from one another depend upon the attrition. 
Any part will persevere in tliat motion, which, by the attrition made 
on both sides with contrary directione, is no more accelerated than it is re- 
tarded. 

Con. 4. 'T'herefore if there be taken away from this whole system of the 
cylinders and the fluid all the angular motion of the outward cylinder, we 
shall have the motion of the fluid in a quiescent cylinder. 

Con. 5. Therefore if the fluid and outward cylinder are at rest, and the 
inward cylinder revolve uniformly, there will be communicated a circular 
motion to the fluid, which will be propagated by degrees through the whole 
fluid; and will go on continually increasing, till such time as the several 
parta of the fluid acquire the motion determined in Cor. 4. 

(Jor. 6. And because the fluid endeavours to propagate its motion stil! 
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farther, its impulse.will carry the outmost cylinder als, about with it, un- 
less the cylinder be violently detained; and accelerate ita motion till the 
periodic times of both cylinders become equal among themselves. But if 
the outward cylinder be violently detained, it will make an effort to retard 
the motion of the fluid; and unless the inward cylinder preserve that mo- 
tion by means of some external force impressed thereon, it will make it 
sease by degrees. 

All these things will be found true by making the experiment in deep 
standing water. 


PROPOSITION LII. THEOREM XL. 


If a solid sphere,in an uniform and infinite fluid, revolves about an axis 
given in position with an uniform motion, and the fluid be forced round 
by only this impulse of the sphere; and. every part of the fluid perse- 
veres uniformly in its motion; I say, that the periodic times of the 
parts of the fluid are as the squares of their distances from the centre 
of the sphere. 


Case 1. Let AFL be a sphere turn- 
ing uniformly about the axis S, and let 
the concentric circles BGM, CHN, DIO, 
EKP, &c., divide the fluid into innu- 
merable concentric orbs of the same 
thickness. Suppose those orbs to be 
solid ; and, because the fluid is homo- 
geneous, the impressions which the con- 
tiguous orbs make one upon another 
will be (by the supposition) as their. 
᾽ translations from one another, and the 

Pe contiguous superficies upon which the 
impressions are made. If the i impression upon any orb be greater or less 
upon its concave than upon its convex side, the more forcible impression 
will prevail, and will either accelerate or retard the velocity of the orb, ac- 
cording as it is directed with a conspiring or contrary motion to that of 
the orb. Therefore that every orb may persevere uniformly in its motion, 
it is necessary that the impressions made upon both sides of the orb should 
be equal, and have contrary directions. ‘Therefore since the impressions 
are as the contiguous superficies, and as their translations from one another, 
the translations will be inversely as the superficies, that is, inversely as the 
squares of the distances of the superficies from the centre. But the differ- 
ences of the angular motions about the axis are as those translations applied 
to the distances, or as the translations directly and the distances inversely; 
that is, by compounding those ratios, as the cubes of the distances inversely. 
‘Therefore if upon the several parts of the infinite right line SABCDEQ 
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there be erected the perpendiculars Aa, Bb, Ce, Dd, Ee, &c., reciprocally 
proportional to the cubes of SA, SB, SC, SD, SE, &c., the sums of the 
differences, that 1s, the whole angular motions will be as the corneavonding 
sums of the lines Aa, Bb, Cc, Dd, Ee, &c., that is (if to constitute an uni- 
formly fluid medium the number of the orbs be increased and their thick- 
ness diminished in infinitum), as the hyperbolic areas AaQ, BbQ, CcQ, 
DdQ, EeQ, &c., analogous to the sums; and the periodic times being re- 
ciprocally proportional to the angular motions, will be also reciprocally 
proportional to those areas. ‘Therefore the periodic time of any orb DIO 
is reciprocally as the area DdQ, that is (by the known methods of quadra» 
tures), directly as the square of the distance SD. Which was first to be 
demonstrated. 

Case 2. From the centre of the sphere let there be drawn a ral num- 
ber of indefinite right lines, making given angles with the axis, exceeding 
one another by equal differences ; and, by these lines revolving about the 
axis, conceive the orbs to be cut into innumerable annuli; then will every 
annulus have four annuli contiguous to it, that 16, one on its inside, one on 
its outside, and two on each hand. Now each of these annuli cannot be 
impelled equally and with contrary directions by the attrition of the inte- 
rior and exterior annuli, unless the motion be communicated according to 
the law which we demonstrated in Case 1. ‘This appears from that dem- 
onstration. And therefore any series of annuli, taken in any right line 
extending itself in infinitum from the globe, will move according to the 
law of Case 1, except we should imagine it hindered by the attrition of the 
annuli on each side of it. But now in a motion, according to this law, no 
such is, and therefore cannot be, any obstacle to the motions persevering 
according to that law. If annuli at equal distances from the centre 
revolve either more swiftly or more slowly near the poles than near the 
ecliptic, they will be accelerated if slow, and retarded if swift, by their 
mutual attrition; and so the periodic times will continually approach to 
equality, according to the law of Case 1. Therefore this attrition will not 
at all hinder the motion from going on according to the law of Case 1, and 
therefore that law will take place; that is, the. periodic times of the several 
annuli will be as the squares of their distances from the centre of the globe. 
Which was to be demonstrated in the second place. 

Case 3. Let now every annulus be divided by transverse sections into 
innumerable : particles constituting a substance absolutely and uniformly 
fluid; and because these sections do not at all respect the law of circular 
motion, but only serve to produce a fluid substance, the law of circular mo- 
tion will continue the same as before. All the very small annuli will either 
not at all change their asperity and force of mutual attrition upon account 
of these sections, or else they will change the same equally. Therefore the 
proportion of the causes remaining the same, the proportion of the effecta 
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will remain the same also; that is, the proportion of the motions and the 
periodic times. Q.E.D. But now as the circular motion, and the centri- 
fugal force thence arising, is greater at the ecliptic than at the poles. there 
must be some cause operating to retain the several particles in their circles; 
otherwise the matter that is at the ecliptic will always recede from the 
centre, and come round about to the poles by the outside of the vortex, 
and from thence return by the axis to the ecliptic with a perpetual circu- 
lation. 

Con. 1. Hence the angular motions of the parta of the fluid about the 
axis of the globe are reciprocally as the squares of the distances from the 
centre of the globe, and the absolute velocities are reciprocally as the same 
squares applied to the distances from the axis. 

Cor. 2. If a globe revolve with a uniform motion about an axis of a 
given position in a similar and infinite quiescent fluid with an uniform 
motion, it will communicate a whirling motion to the fluid like that of a 
vortex, and that motion will by degrees be propagated onward tn infinitum ; 
and this motion will be increased continually in every part of the fluid, till 
the periodical times of the several parts become as the squares of the dis- 
tances from the centre of the globe. | 

Cor. 3. Because the inward parts of the vortex are by reason of their 
greater velocity continually pressing upon and driving forward the external 
parts, and by that action are perpetually communicating motion to them, 
and at the same time those exterior parts communicate the same quantity 
' of motion to those that lie still beyond them, and by this action preserve 
the quantity of their motion continually unchanged, it is plain that the 
motion is perpetually transferred from the centre to the circumference of 
the vortex, till it is quite swallowed up and lost in the boundless extent of 
that circumference. The matter between any two spherical superficies 
concentrical to the vortex will never be accelerated; because that matter 
will be always transferring the motion it receives from the matter nearer 
the centre to that matter which lies nearer the circumference. 

Cor. 4. Therefore, in order to continue a vortex in the same state of 
motion, some active principle is required from which the globe may receive 
continually the same quantity of motion which it 18 always communicating 
to the matter of the vortex. Without such a principle it will undoubtedly 
come to pass that the globe and the inward parts of the vortex, being al- 
ways propagating their motion to the outward parts, and not receiving any 
new motion, will gradually move slower and slower, and at last be carried 
round no longer. 

Cor. 5. If another globe should be swimming in the same vortex at a 
certain distance from its centre, and in the mean time by some force revolve 
constantly about an. axis of a given inclination, the motion of his globe 
will drive the fluid round after the manner of a vortex; and at first this 
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new and small vortex will revolve with its globe about the centre of the 
other; and in the mean time its motion will creep on farther and farther, 
and by degrees be propagated in infinitum, after the manner of the first 
vortex. And for the same reason that the globe of the new vortex was 
carried about before by the motion of the other vortex, the globe of this 
other will be carried about by the motion of this new vortex, sc that the 
two globes will revolve about some intermediate point, and by reason of 
that circular motion mutually fly from each other, unless some force re- 
strains them. Afterward, if the constantly impressed forces, by which the 
globes persevere in their motions, should cease, and every thing be left to 
act according to the laws of mechanics, the motion of the globes will lan- 
guish by degrees (for the reason assigned in Cor. 3 and 4), and the vortices 
at last will quite stand still. 

Cor. 6. If several globes in given places should constantly revolve with 
determined velocities about axes given in position, there would arise from 
them as many vortices going on in infinitum. For upon the same account 
that any one globe propagates its motion in infinitum, each globe apart 
will propagate its own motion in infinitum also; so that every part of the 
infinite fluid will be agitated with a motion resulting from the actions of 
all the globes. ‘Therefore the vortices will not be confined by any certain 
limits, but by degrees run mutually into each other; and by the mutual 
actions of the vortices on each other, the globes will be perpetually moved 
from their places, as was shewn in the last Corollary; neither can they - 
possibly keep any certain position among themselves, unless some force re- 
strains them. But if those forces, which are constantly impressed upon 
the globes to continue these motions, should cease, the matter (for the rea- 
son assigned in Cor. 3 and 4) will gradually stop, and cease to move in 
vortices. | 

Cor. 7. If a similar fluid be inclosed in a spherical vessel, and, by the 
uniform rotation of a globe in its centre, is driven round in a vortex; and 
the globe and vessel revolve the same way about the same axis, and their 
periodical times be as the squares of the semi-diameters; the parts of the 
fluid will not go on in their motions without acceleration or retardation, 
till their periodical times are as the squares of their distances from 
the centre of the vortex. No constitution of a vortex can be permanent 
but this. 

Cor. 8. If the vessel, the inclosed fluid, and the globe, retain this mo- 
tion, and revolve besides with a common angular motion about any given 
axis, because the mutual attrition of the parts of the fluid is not changed 
by this motion, the motions of the parts among each other will not be 
changed ; for the translations of the parts among themselves depend upon 
this attrition. Any part will persevere in that motion in which its attri- 
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tion on one side retards it just as much as its attrition on the other side 
accelerates it. | 

Con. 9. Therefore if the vessel be quiescent, and the motion of the 
globe be given, the motion of the fluid will be given. For conceive a plane 
to pass through the axis of the globe, and to revolve with a contrary mo- 
tion; and suppose the sum of the time of this revolution and of the revolu- 
tion of the globe to be to the time of the revolution of the globe as the 
square of the semi-diameter of the vessel.to the square of the semi-diameter 
of the globe; and the periodic times of the parts of the fluid in respect of 
this plane will be as the squares of their distances from the centre of the 
globe. | 

Con. 10. Therefore if the vessel move about the same axis with the globe, 
or with a given velocity about a different one, the motion of the fluid will 
be given. For if from the whole system we take away the angular motion 
of the vessel, all the motions will remain the same among themselves as 
before, by Cor. 8, and those motions will be given by Cor. 9. 

Con. 11. If the vessel and the fluid are quiescent, and the globe revolves 
with an uniform motion, that motion will be propagated by degrees through 
the whole fluid to the vessel, and the vessel will be carried round by it, 
unless violently detained; and the fluid and the vessel will be continually 
accelerated till their periodic times become equal to the periodic times of 
the globe. If the vessel be either withheld by some force, or revolve with 
any constant and uniform motion, the. medium will come by little and 
little to the state of motion defined in Cor. 5, 9, 10, nor will it ever perse- 
vere in any other state. But if then the forces, by which the globe and 
vessel revolve with certain motions, should cease, and the whole system be 
left to act according to the mechanical laws, the vessel and globe, by means 
of the intervening fluid, will act upon each other, and will continue to 
propagate their motions through the fluid to each other, till their periodic 
times become equal among themselves, and the whole system revolves to- 
gether like one solid body. 


SCHOLIUM. 


In all these reasonings I suppose the tluid to consist of matter of uniform 
density and fluidity ; I mean, that the fluid is such, that a globe placed 
any where therein may propagate with the same motion of its own, at dis- 
tances from itself continually equal, similar and equal motions in the fluid 
in the same interval of time. ‘The matter by its circular motion endeavours 
to recede from the axis of the vortex, and therefore presses all the matter 
that lies beyond. This pressure makes the attrition greater, and the 
separation of the parts more difficult; and by consequence diminishes 
the fluidity of the matter. Again; if the parts of the fluid are in any one 
place denser or larger than in the others, the fluidity will be less in that 
j lace, because there are fewer superácies where the parts can be separated 
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from each other. In these cases I suppose the defect of the fluidity to be 
supplied by the smoothness or softness of the parts, or some other condi- 
tion ; otherwise the matter where it is less fluid will cohere more, and be 
more sluggish, and therefore will receive the motion more slowly, and pro- 
pagate it farther than agrees with the ratio above assigned. If the vessel 
be not spherical, the particles will move in lines not circular, but answer- 
ing to the figure of the vessel; and the periodic times will be nearly as the 
squares of the. mean distances from the centre. In the parts between the 
centre and the circumference the motions will be slower where the spaces 
are wide, and swifter where narrow ; but yet the particles will not tend to the 
circumference at all the more for their greater swiftness; for they then 
describe arcs of less curvity, and the conatus of receding from the centre ia 
as much diminished by the diminution of this curvature as it is augment- . 
ed by the increase of the velocity. As they go out of narrow into wide 
spaces, they recede a little farther from the centre, but in doing so are re- 
tarded ; and when they come out of wide into narrow spaces, they are again 
accelerated ; and so each particle is retarded and acoelerated by turns for 
ever. These things will come to pasa in a rigid vessel; for the state of 
vortices in an infinite fluid is known by Cor. 6 of this Proposition. 

I have endeavoured in this Proposition to investigate the properties of 
vortices, that I might find whether the celestial pheenomena can be explain- 
ed by them; for the phenomenon is this, that the periodic times of the 
planets revolving about Jupiter are in the sesquiplicate ratio of their dis- 
tances from Jupiter's centre; and the same rule obtains also among the 
planets that revolve about the sun. And these rules obtain also with the 

greatest accuracy,.as far as has been yet discovered by astronomical obser- 
tion. Therefore if those planets are carried round in vortices revolving 
about Jupiter and the sun, the vortices must revolve according to that 
law. But here we found the periodic times of the parts of the vortex to 
be in the duplicate ratio of the distances from the centre of motion; and 
this ratio cannot be diminished and reduced to the sesquiplicate, unlese 
either the matter of the vortex be more fluid the farther it is from the cen- 
tre, or the resistance arising from the want of lubricity in the parts of the 
fluid should, as the velocity with which the parts of the fluid are separated 
goes on increasing, be augmented with it in a greater ratio than that in 
which the velocity increases, But neither of these suppositions seem rea- 
sonable. The more gross and less fluid parts will tend to the circumfer- 
ence, unless they are heavy towards the centre. And though, for the sakẹ 
of demonstration, I proposed, at the beginning of this Section, an Hypoth- 
esis that the resistance is proportional to the velocity, nevertheless, it is in 
truth probable that the resistance is in a less ratio than that of the velo- 
eity ; which granted, the periodic times of the parts of the vortex will be 
in a greater than the duplicate ratio of the distances from its centre. If, 
as some think, the vortices move more swiftly near the centre, then slower 
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to a certain limit, then again swifter near the circumference, certainly 
neither the sesquiplicate, nor any other certain and determinate ratio, can 
obtain in them. Let philosophers then see how that phznomenon of the 
sesquiplicate ratio can be accounted for by vortices. 


PROPOSITION LIT. THEOREM XLI. 


Bodies carried about in a vortex, and returning in the same orb, are of 
the same density with the vortex, and are moved according to the 
same law with the parts of the vortex, as to velocity and direction of 
mootton. 

For if any small part of the vortex, whose particles or physical points 
preserve a given situation among each other, be supposed to be congealed, 
this particle will move according to the same law as before, since no change 
is made either in its density, vis insita, or figure. And again; if a congealed 
or solid part of the vortex be of the same density with the rest of the vortex, 
and be resolved into a fluid, this will move according to the same law 88 
before, except in so far as its particles, now become fluid, may be moved 
among themselves. Neglect, therefore, the motion of the particles among 
themselves as not at all concerning the progressive motion of the whole, and 
the motion of the whole will be the same as before. But this motion will be 
the same with the motion of other parts of the vortex at equal distances 
from the centre; because the solid, now resolved into a fluid, is become 
perfectly like to the other parts of the vortex. Therefore a solid, if it be 
of the same density with the matter of the vortex, will move with thesame 
motion as the parts thereof, being relatively at rest in the matter that sur- 
rounds it. If it be more dense, it will endeavour more than before to re- 
cede from the centre; and therefore overcoming that force of the vortex, 
by which, being, as it were, kept in equilibrio, it was retained in its orbit, 
it will recede from the centre, and in its revolution describe a spiral, re- 
turning no longer into the same orbit. And, by the same argument, if 1t 
be more rare, it will approach to the centre. Therefore it can never con- 
tinually go round in the same orbit, unless it be of the same density with 
the fluid. But we have shewn in that case that it would revolve accord- 
ing to the same law with those parts of the fluid that are at the same or 
equal distances from the centre of the vortex. 

Cor. 1. Therefore a solid revolving in a vortex, and continually going 
round in the came orbit, is relatively quiescent in the fluid that carries it. 

Cor. 2. And if the vortex be of an uniform density, the same body may 
revolve at any distance from the centre of the vortex. 


SCHOLIUM. 


. Hence it is manifest that the planets are not carried round in corporeal 
vortices; for, according to the Copernican hypothesis, the planets going 
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round the sun revolve in ellipses, having the sun in their common focus; 
and by radii drawn to the sun describe 

areas proportional to the times. But 
now the parts of a vortex can never re- 
volve with such a motion. Let AD, 
BE, CF, represent three orbits describ- 
ed about the sun S, of which let the 
utmost circle CF be concentric to the 
sun; and let the aphelia of the two in- 
nermost be A, B; and their perihelia 
D, E. Therefore a body revolving in 
the orb CF, describing, by a radius 
drawn to the sun, areas proportional to : 
the times, will move with an uniform motion. And, according to thelaws 
of astronomy, the body revolving in the orb BE will move slower in its 
aphelion B, and swifter in its perihelion Ei; whereas, according to the 
laws of mechanics, the matter of the vortex ought to move more swiftly in 
the narrow space between A and C than in the wide space between D and 
F ; that is, more swiftly in the aphelion than in the perihelion. Now these 
two conclusions cohtradict each other. So at the beginning of the sign of 
Virgo, where the aphelion of Mars is at present, the distance between the 
orbits of Mars and Venus is to the distance between the same orbits, at the 
beginning of the sign of Pisces, as about 3 to 2; and therefore the matter 
of the vortex between those orbits ought to be swifter at the beginning of 
Pisces than at the beginning of Virgo in the ratio of 3 to 2; for the nar- 
rower the space is through which the same quantity of matter passes in the 
game time of one revolution, the greater will be the velocity with which it 
passes through it. Therefore if the earth being relatively at rest in this 
celestial matter should be carried round by it, and revolve together with it 
about the sun, the velocity of the earth at the beginning of Pisces 
would be to its velocity at the beginning of Virgo in a sesquialteral ratio. 
‘Therefore the sun's apparent diurnal motion at the beginning of Virgo 
ought to be above 70 minutes, and at the beginning of Pisces less than 4S 
minutes; whereas, on the contrary, that apparent motion of the sun is 
really greater at the beginning of Pisces than at the beginning of Virgo, 
as experience testifies; and therefore the earth is swifter at the beginning 
of Virgo than at the beginning of Pisces; so that the hypothesis of vor- 
tices is utterly irreconcileable with astronomical phenomena, and rather 
serves to perplex than explain the heavenly motions. How these mo- 
tions are performed in free spaces without vortices, may be understood 
by the first Book; and I shall now more fully treat of it in the followirg 
Book. | 





BOOK III. 


BOOK ILI. 


' In the preceding Books I have laid down the principles of philosophy, 
principles not philosophical, but mathematical: such, to wit, as we may 
build our reasonings upon in philosophical inquiries. These principles are 
the laws and conditions of certain motions, and powers or forces, which 
chiefly have respect to philosophy; but, lest they should have appeared of 
themselves dry and barren, I have illustrated them here and there with 
some philosophical scholiums, giving an account of such things as are of 
more general nature, and which philosophy seems chiefly to be founded on ; 
such as the density and the resistance of bodies, spaces void of all bodies, 
and the motion of light and sounds. It remains that, from the same prin- 
ciples, I now demonstrate the frame of tue System of the World. Upon 
this subject I had, indeed, composed the third Book in a popular method, 
that it might be read by many; but afterward, considering that such as 
had not sufficiently entered into the principles could not easily discern the 
strength of the consequences, nor lay aside the prejudices to which they had 
been many years accustomed, therefore, to prevent the disputes which might 
be raised upon such accounts, I chose to reduce the substance of this Book 
into the form of Propositions (in the mathematical way), whieh should be 
read by those only who had first made themselves masters of: the principles 
established in the preceding Books: not that I would advise any one to the 
previous study of every Proposition of those Books; for they abound with 
such as might cost too much time, even to readers of good mathematical 
learning. It is enough if one carefully reads the Definitions, the Laws of 
Motion, and the first three Sections of the first Book. He may then pass 
on to this Book, and consult such of the remaining Propositions of the 
first two Books, as the references in this, and his occasions, shall require. 
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RULES OF REASONING IN PHILOSOPHY. 


RULE I. 


We are vo admit no more causes of natural things than such as are both 
true and sufficient to explain their appearances. _ 
To this purpose the philosophers say that Nature does nothing in vain, 
and more is in vain when less will serve; for Nature is pleased with sim- 
plicity, and affects not the pomp of superfluous causes. 


RULE II. 


Therefore to the same natural effects we must, as far as possible, assign 
the same causes. 
As to respiration in a man and in a beast; the descent of stones in Hurope 
and in America; the light of our eulinary fire and of the sun; the reflec- 
tion of light in the earth, and in the planets. 


RULE IIL. 


The qualities of bodies, which admit neither intension nor remission of 
degrees, and which are found to belong to all bodies within the reach 
of our experiments, are to be esteemed the universal qualities of all 
bodies whatsoever, | | 
For since the qualities of bodies are only known to us by experiments, we 

are to hold for universal all such as universally agree with experiments; 

and such as are not liable to diminution can never be quite taken away. 

We are certainly not to relinquish the evidence of experiments for the sake 

of dreams and vain fictions of our own devising; nor are we to recede from 

the analogy of Nature, which uaés to be simple, and always consonant to 
itself. We no other way know the extension of bodies than by our senses, 
nor do these reach it in all bodies; but because we perceive extension in 
all that are sensible, therefore we ascribe it universally to all others also. 

"That abundance of bodies are hard, we learn by experience; and because 

the hardness of the whole arises from the hardness of the parts, we therefore 

justly infer the hardness of the undivided particles not only of the bodies 
we feel but of all others. That all bodies are impenetrable, we gather not 

from reason, but from sensation. The bodies which we handle we find im- 

penetrable, and thence conclude impenetrability to be an universal property 

of all bodies whatsoever. 'That all bodies are moveable, and endowed witk 

. certain powers (which we call the vires inertia) of persevering in their mo- 

tion, or in their rest, we only infer from the like properties observed in the 
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bodies which we have seen. The extension, hardness, impenetrability, mo- 
bility, and vis inertia of the whole, result from the extension, hardness, 
impenetrability, mobility, and vires inertia of the parts; and thence we 
conclude the least particles of all bodies to be also all extended, and hard 
and impenetrable, and moveable, and endowed with their proper vires inertia. 
And this is the foundation of all philosophy. Moreover, that the divided 
but contiguous particles of bodies may be separated from one another, is 
matter of observation; and, in the particles that remain undivided, our 
minds are able to distinguish yet lesser parts, as is mathematically demon- 
strated. But whether the parts so distinguished, and not yet divided, may, 
by the powers of Nature, be actually divided and separated from one an- 
other, we cannot certainly determine. Yet, had we the proof of but onc 
experiment that any undivided particle, in breaking a hard and solid body, 
suffered a division, we might by virtue of this rule conclude that the un- 
divided as well as the divided particles may be divided and actually sep- 
arated to infinity. 

Lastly, if it universally appears, by experiments and astromomical obser- 
vations, that all bodies about the earth gravitate towards the earth, and 
that in proportion to the quantity of matter which they severally contain ; 
that the moon likewise, according to the quaatity of its matter, . gravitate 
towards the earth; that, on the other hand, our sea gravitates towards the 
moon; and all the planets mutually one towards another; and the comets 
in like manner towards the sun; we must, in consequence of this rule, uni- 
versally allow that all bodies whatsoever are endowed with a principle ot 
mutual gravitation. For the argument from the appearances concludes with 
more force for the universal gravitation of all bodies than for their impen: 
etrability ; of which, among those in the celestial regions, we have no ex- 
periments, nor any manner of observation. Not that I affirm gravity to bc 
essential to bodies: by their vis insita I mean nothing but their vis inertie, 
This is immutable. Their gravity is diminished as they recede from the 
earth. 


RULE IV. 


£n experimental philosophy we are to look upon propositions collected by 
general induction from phenomena as accurately or very nearly true, 
notwithstanding any contrary hypotheses that may be imagined, till 
- such time as other phenomena occur, by which they may either be made 
᾿ more accurate, or liable to exceptions. 
This rule we must follow, that the argument of induction may not br 


| evaded by hypotheses. 2: 
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PHAENOMENA, OR APPEARANCES. 


PH/ENOMENON L 


That the circumjovial planets, by radii drawn to Jupiter's centre, de- 
scribe areas proportional to the times of description; and that their 
periodic times, the fixed stars being at rest, are in the sesquiplicate 
proportion of their distances from its centre. 

This we know from astronomical observations. For the orbits of these 
planets differ but insensibly from circles concentric to Jupiter; and their 
motions in those circles are found to be uniform. And all astronomers 
agree that their periodic times are in the sesquiplicate proportion of the 
veni diameters of their orbits; and so it manifestly appears rom the fol- 
lowing table. 

The periodic times of the satellites of Jupiter. 
13, 185, 27’, 34”. 33, 190, 19’ 42”. 74, ὃν, 42’ 36". 169%, 16%, 32’ 9", 
The distances of the satellites from Jupiter's centre. 

From the observations of 1 ; 2 3 4 

δὲ (88 — ia za 

δ) 52 o 78 |13,47 |24,72 semi-diameter of 


|Borelli . . 
Townly by the Microm. 















Cassini by the Telescope . . 13 23 Jupiter. 
= by the eclip. of the satel. . 38 > 1455 [2576 
From the periodic times [5,667|9,017/14,384| 25,299 











p Pound has determined, by the help of excellent micrometers, the 
diameters of Jupiter and the elongation of its satellites after the following 
manner. The greatest heliocentric elongation of the fourth satellite from 
Jupiter's centre was taken with a micrometer in a 15 feet telescope, and at 
ihe mean distance of Jupiter from the earth was found about 8' 16". ‘The 
elongation of the third satellite was taken with a micrometer in a telescope 
of 123 feet, and at the same distance of Jupiter from the earth was found 
4’ 42", 'The greatest elongations of the other satellites, at the same dis- - 
tance of Jupiter from the earth, are found from the periodic times to be 2' 
56” Aq", and 1’ 51" 6”. 

The diameter of Jupiter taken with the micrometer in a 123 feet tele- 
scope several times, and reduced {ο Jupiter’s mean distance from the earth, 
proved always less than 40”, never less than 38", generally 39”. ‘This di- 
ameter in shorter telescopes is 40", or 41"; for Jupiter's light is a little 
dilated by the unequal refrangibility of the rays, and this dilatation bears 
a less ratio to the diameter of Jupiter in the longer and more perfect tele- 
escopes than in those which are shorter and less perfect. The times iu 
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‘which two satellites, the first and the third, passed: over Jupiter's body, were 
observed, from the beginning of the ingress to the beginning of the egress, 
and from the complete ingress to the complete egress, with the long tele- 
scope. And from the transit of the first satellite, the diameter of, Jupiter 
at its mean distance from the earth. came forth 37 1". and from the transit 
of the third 373".. There was observed also the time in which the shadow 
of the first satellite passed. over Jupiter's body, and thence the diameter of 
Jupiter at its mean distance from the earth came out about 37". Let us 
suppose its diameter to be 371" very nearly; and then the greatest elonga- 
tions of the first, second, third, and fourth satellite will be respectively 
equal to 5,965, 9,494, 15,141, and 26,63 semi-diameters of Jupiter. 


PHENOMENON IL 


That the circumsaturnal planets, by radu drawn to Saturs centre, de- 
scribe areas proportional to the times of description ; and that their 
periodic times, the fixed stars being at rest, are in the. sesquiplicate 
| proportion uf their distances from its centre. 
For, as Cassini from his own observations has determined, their: distan- 
ces from Saturn's centre and their periodic times are as follow.. 


The periodic times of the satellites of Saturn. 
14 215, 18 27", 24.17%, AL 22", 44, 12, 257 12", 153,22» 41' M", 


2 1701, 7, 45’ 00”. 
The distances of the satellites from Saturn’s centre, in semi-diameters of 
ts ring. 
From observations: . . . . .119. 22. 31, 8. 24. 


From the periodic times . . .. 1,93. . 2,447; | 3,45. 8. 23,35. 

The greatest elongation of the fourth satellite from Saturn’s centre is 
commonly determined from the observations to be eight of those semi- 
diameters very nearly. But the greatest elongation of this satellite from: 
Saturn’s centre, when taken with an excellent micrometer in Mr. Huygens 
telescope of 123 fect, appeared to be eight semi-diameters and 4", of a semi-- 
diameter. And from this observation and the periodic times the distances — 
uf the satellites from Saturn’s centre in semi-diameters of the ring are 2,1. 
2,69. 3,75. 8,7. and 25,35. The diameter of Saturn observed in the same 
telescope was found to be to the diameter of the ring as 3 to 7; and the 
diameter of the ring, May 98-29, 1719, was found to be 43”; and thence - 
the diameter of the ring when Saturn is at its mean distance from the 
earth is 42", and the diameter of Saturn 1S". . These things appear so in 
very long and excellent telescopes, because in such telescopes the apparent 
magnitudes of the heavenly bodies bear a greater proportion to the dilata- 
tion of light in the extremities of those bodies than in shorter telescopes, 
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If we, then, reject all the spurious light, the diameter of Saturn will not 
amount to more than 16”. 


PH/ENOMENON IIL 


That the five primary planets, Mercury, Venus, Mars, Jupiter, and Sat- 
urn, with their several orbits, encompass the sun. 

‘That Mercury and Venus revolve about the sun, is evident from their 
moon-like appearances. When they shine out with a full face, they are, in 
respect of us, beyond or above the sun; when they appear half full, they 
are about the same height on one side or other of the sun; when horned, 
they are below or between us and the sun; and they are sometimes, when 
directly under, seen like spots traversing the sun’s disk. ‘That Mars sur- 
rounds the sun, is as plain from its full face when near its conjunction with 
the sun, and from the gibbous figure which it shews in its quadratures. 
And the same thing is demonstrable of Jupiter and Saturn, from their ap- 
pearing full in all situations; for the shadows of their satellites that appear 
sometimes upon their disks make it plain that the light they shine with is 
not their own, but borrowed from the sun. 


PHZENOMENON ΙΤ. 


That the fired stars being at rest, the periodic times of the five primary 
planets, and (whether of the sun about the earth, or) of the earth about 
the sun, are in the sesquiplicate proportion of their mean distances 
from the sun. | 
This proportion, first observed by Kepler, is now received by all astron- 

omers ; for the periodic times are the same, and the dimensions of the orbits 

are the same, whether the sun revolves about the earth, or the earth about 
the sun. And as to the measures of the periodic times, all astronomers are 
agreed about them. But for the dimensions of the orbits, Kepler and Bul- 
lialdus, above all others, have determined them from observations with the 
greatest accuracy; and the mean distances corresponding to the periodic 
times differ but insensibly from those which they have assigned, and for 
the most part fall in between them ; as we may see from the following table. 


The periodic times with respect to the fixed stars, of the planets and earth 
revolving about the sun, in days and decimal parts of a day. 


h 4 4 $ 2 ¥ 
10759,275. 4332,514. 686,9785. 365,2565. 224,6176. 87,9692, 


The mean distances of the planets and of the earth from the sun. 
b. A 4. 
-Aovording to Kepler . . . . . e . .951000. 519650. 1523650. 
g to Bullialdus. . . . . . . 954198. 522520. 152350. 
ο to the periodic times . . . . 954006. 520096. 152369 
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| 5 ? y 
According to Kepler . s . . . . . . ~ 100000. 72400. 38806 
κ to Bullialdus. . . . * . .100000. 72398. 38585 
à to the periodic times. . . . . . 100000. 72333. 38710. 
As to Mercury and Venus, there can be no doubt about their distances 
from the sun; for they are determined by the elongations of those planets. 
from the sun; and for the distances of the superior planets, all dispute is 
cut off by the eclipses of the satellites of Jupiter. For by those eclipses 
the position of the shadow which Jupiter projects is determined; whence 
we have the heliocentric longitude of Jupiter. And from its helio- 
centric and geocentric longitudes compared together, we determine its 
distance. | 


PHENOMENON V. 


Then the primary planets, by radi drawn to the earth, describe areas no 

wise proportional to the times ; but that the areas which they describe 
by radii drawn to the sun are proportional to the times of descrip- 
tion. 

For to the earth they appear sometimes direct, sometimes stationary, 
nay, and sometimes retrograde. But from the sun they are always scen 
direct, and to proceed with a motion nearly uniform, that is to say, a little 
swifter in the perihelion and a little slower in the aphelion distances, so as 
to maintain an equality in the description of the areas. This a noted 
proposition among astronomers, and particularly demonstrable in Jupiter, 
from the eclipses of his satellites; by the help of which eclipses, as we have 
said, the heliocentric longitudes of that planet, and its distances from the 
sun, are determined. 


PH.ENOMENON VL 


That the moon, by a radius drawn to the earth's centre, describes an area 
proportional to the time of description. 

This we gather from the apparent motion of the moon, conipared with 
its apparent diameter. It is true that the motion of the moon is a little 
disturbed by the action of the sun: but in laying down these Phenomena, 
I neglect those small and inconsiderable errors. 
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PROPOSITIONS. 


PROPOSITION I. THEOREM I. 


That the forces by which the circumpovial planets are continually drawn 
off from rectilinear motions, and retained in their proper orbits, tend 
to Jupiter's centre ; and are reciprocally as the squares of the distances 
of the places of those planets from that centre. 

The former part of this Proposition appears from Phen. I, and Prop. 
1 or III, Book I; the latter from Phæn. I, and Cor. 6, Prop. IV, of the same 
Book. 

The same thing we are to understand of the planets which encompass 
Saturn, by Phan. IL. 


PROPOSITION II. THEOREM II. 


That the forces by which the primary planets are continually drawn off 
from rectilinear motions, and retained in their proper orbits, tend to 
the sun ; and are reciprocally as the squares of the distances of the 
places of those planeta from the surs centre. 

The former part of the Proposition is manifest from Phæn. V, and 
Prop. II, Book I; the latter from Phæn. IV, and Cor. 6, Prop. IV, of the 
same Book. But this part of the Proposition is, with great accuracy, de- 
monstrable from the quiescence of the aphelion points; for a very small 
aberration from the reciprocal duplicate proportion would (by Cor. 1, Prop. 
XLV, Book I) produce a motion of the apsides sensible enough in every 
single revolution, and in many of them enormously great. 


PROPOSITION ΠΠ. THEOREM IIL 


That the force by which the moon is retained in. its orbit tends to the 
. earth; and is reciprocally as the square of the distance of its place 
from the earth’s centre. 

The former part of the Proposition is evident from Phen. VI, and Prop. 
II or III, Book I; the latter from the very slow motion of the moon's apo- 
gee; which in every single revolution amounting but to 3° 3' in conse- 
quentia, may be neglected. For (by Cor. 1, Prop. XLV, Book I) it ap- 
pears, that, if the distance of the moon from the earth's centre is to the 
gemi-diameter of the earth as D to 1, the force, from which such a motion 
will result, is reciprocally as D’ zin i 1. e., reciprocally as the power of D, 
whose exponent is 2,4, ; that is to say, in the proportion of the distance 
something greater than reciprocally duplicate, but which comes 592 timer 
nearer to the duplicate than to the triplicate proportion. But in regard 
that this motion is owing to the action of the sun (as we shall afterwards 
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shew), it is here.to be neglected. The action of the sun, attracting the 
moon from the earth, is nearly as the moon's distance from the earth; and 
therefore (by what we have shewed in Cor. 2, Prop. XLV, Book I) is to the 
centripetal force of the moon as 2 to 357,45, or nearly so; that is, as 1 to - 
17823. And if we neglect so inconsiderable a force of the sun, the re- 
maining force, by which the moon is retained in its orb, will be recipro- 
cally as D?. ‘This will yet more fully appear from comparing this force 
with the force of gravity, as is done in the next Proposition. 

Con. If we augment the mean centripetal force by which the moon is 
retained in its orb, first in the proportion of 17728 to 17522, and then in 
the duplicate proportion of the semi-diameter of the earth to the mean dis- 
tance of the centres of the moon and earth, we shall have the centripetal 
force of the moon at the surface of the earth ; supposing this force, in de- 
scending to the earth’s surface, continually to increase in the reciprocal 
duplicate proportion of the height. 


PROPOSITION IV. THEOREM IV. 


That the moon gravitates towurds the earth, and by the force of gravity 
is continually drawn off from a rectilinear motion, and retained in 
ats orbit. 

The mean distance of the moon from the earth in the syzygies in semi- 
diameters of the earth, 1s, according to Ptolemy and most astronomers, 

59: according to Vendelin and Huygens, 60; to Copernicus, 601; to 

Street, 602; and to Tycho, 561. But Tycho, and all that follow his ta- 

bles of refraction, making the refractions of the sun and moon (altogether 

against the nature of light) to exceed the refractions of the fixed stars, and 
that by four or five minutes near the horizon, did thereby increase the 
moon's horizontal parallax by a like number of minutes, that is, by a 
twelfth or fifteenth part of the whole parallax. Correct this error, and 
the distance will become about 60: semi-diameters of the earth, near to 
what others have assigned. Let us assume the mean distance of 60 diam- 
eters in the syzygies; and suppose one revolution of the moon, in respect 
of the fixed stars, to be completed in 274. 7". 43’, aa astronomers have de- 

termined ; and the circumference of. the earth to amount to 123249600 

Paris feet, as the French have found by mensuration. And now if we 

imagine the moon, deprived of all motion, to be let go, so as to descend 

towards the earth with the impulse of all that force by which (by Cor. 

Prop. III) it is retained in its orb, it wili in the space of one minute of time, 

describe in its fall 165, Paris feet. This we gather by a calculus, founded 

either upon Prop. XX XVI, Book. [, or (which comes to the same thing! 
upon Cor. 9, Prop. IV, of the same Book. For the versed sine of that are, 
which the moon, in thespace of one minute of time, would by its mean 
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motion describe at the distance of 60 semi-diameters of the earth, is nearly 
15,4 Paris feet. or more accurately 15 feet, 1 inch, and 1 line 4. Where- 
fore, since that force, in approaching to the earth, increases in the recipro- 
cal duplicate proportion of the distance, and, upon that account, at the 
surface of the earth, is 60 x 60 times greater than at the moon, a body 
in our regions, falling with that force, ought in the space of one minute of 
time, to describe 60 x 60 x 154, Paris feet; and, in the space of one sec- 
ond of time, to describe 15, of those feet; or more accurately 15 feet, 1 
inch, and 1 line 4. And with this very force we actually find that bodies 
here upon earth do really descend ; for a pendulum oscillating seconds in 
the latitude of Paris will be 3 Paris feet, and 8 lines 1 in length, as Mr. 
Huygens has observed. And the space which a heavy body describes 
by falling in one second of time is to half the length of this pendulum in 
the duplicate ratio of the circumference of a circie to ita diameter (as Mr. 
Huygens has also shewn), and is therefore 15 Paris feet, 1 inch, 1 line 4. 
And therefore the force by which the moon is retained in its orbit becomes, 
at the very surface of the earth, equal to the force of gravity which we ob- 
serve in heavy bodies there. And therefore (by Rule I and II) the force by 
which the moon is retained in its orbit is that very same force which we 
commonly call gravity ; for, were gravity another force different from that, 
then bodies descending to the earth with the joint impulse of both forces 
would fall with a double velocity, and in the space of one second of time 
would describe 30} Paris feet; altogether against experience. 

This caiculus is founded on the hypothesis of the earth’s standing still ; 
for if both earth and moon move about the sun, and at the same time about 
their common centre of gravity, the distance of the centres of the moon and 
earth from one another will be 601 semi-diameters of the earth; as may 
be found by a computation from Prop. LX, Book I. 


SCHOLIUM. 


The demonstration of this Proposition may be more diffusely explained 
after the following manner. Suppose several moons to revolve about the 
earth, as in the system of Jupiter or Saturn; the periodic times of these 
moons (by the argument of induction) would observe the same law which 
Kepler found to obtain among the planets ; and therefore their centripetal 
forces would be reciprocally as the squares of the distances from the centre 
of the earth, by Prop. I, of this Book. Now if the lowest of these were 
very small, and were so near the earth as almost to touc the tops of the 
highest mountains, the centripetal force thereof, retaining it in its orb, 
would be very nearly equal to the weights of any terrestrial bodies that 
should be found upon the tops of those mountains, as may be known by 
the foregoing computation. "Therefore if the same little moon should be 
deserted by its centrifugal force that carries it through its orb, and so he 
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lisabled from going onward therein, it would descend to the earth; and 
that with the same velocity as heavy bodies do actually fall with upon the 
tops of those very mountains; because of the equality of the forces that 
oblige them both to descend. And if the force by which that lowest moun 
would descend were different from gravity, and if that moon were to gravi- 
tate towards the earth, as we find terrestrial bodies do upon the tops of 
mountains, it would then descend with twice the velocity, as being impel- 
led by both these forces conspiring together. Therefore since both these 
forces, that is, the gravity of heavy bodies, and the centripetal forces of the - 
moons, respect the centre of the earth, and are similar and equal between 
themselves, they will (by Rule I and II) have one and the same cause. And - 
therefore the force which retains the moon in its orbit is that very force 
which we commonly call gravity; because otherwise this little moon at the 
top of a mountain must either be without gravity, or fall twice as swiftly - 
a8 heavy bodies are wont to do. 


PROPOSITION V. THEOREM V. 


That the circumjovial planets gravitate towards Jupiter ; the circumsat- 
urnal towards Saturn; the circumsolar towards the sun; aud by the 
forces of their gravity are drawn off from rectilinear motions, and re- 
tained in curvilinear orbits. 

For the revolutions of the circumjovial planets about Jupiter, of the 
circumsaturnal about Saturn, and of Mercury and Venus, and the other 
circumsolar planets, about the sun, are appearances of the same sort with 
the revolution of the moon about the earth; and therefore, by Rule II, 
must be owing to the same sort of causes; eapecially since it has been 
demonstrated, that the forces upon which those revolutions. depend tend to 
the centres of Jupiter, of Saturn, and of the sun; and that those forces, in 
receding from Jupiter, from Saturn, and from the sun, decrease in the same 
proportion, and according to the same law, as the force of gravity does in 
receding from the earth. 

Cor. Ἴ. There is, therefore, a power of gravity tending to all the plan- 
ets; for, doubtless, Venus, Mercury, and the rest, are bodies of the same 
sort with Jupiter and Saturn. And since all attraction (by Law III) is 
mutual, Jupiter will therefore gravitate towards all his own satellites, Sat- 
urn towards his, the earth towards the moon, and the sun towards all the 
primary planets. 

Cor. 2. The force of gravity which tends to any one planet is re- 
. eiprocally as the square of the distance of places from that planet's 
centre. 

Con. 3. All the planets do mutually gravitate towards one another, by 

Cor. land 2. And hence it is that Jupiter and Saturn, when near their 
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conjunction, by their mutual attractions sensibly disturb each other's 2v- 
tions. So the sun disturbs the motions of the moon; and both sun and 
moon disturb our sea, as we shall hereafter explain. 


SCHOLIUM. 


The force which retains the celestial bodi:s in their orbits has been 
hitherto called centripetal force; but it being now made plain that it can 
be no other than a gravitating force, we shall hereafter call it gravity. 
For the cause of that centripetal force which retains the moon in its orbit 

will extend itself to all the planets, by Rule I, II, and IV. 


PROPOSITION VI. THEOREM VI. 


That all bodies gravitate towards every planet ; and that the weights of 
bodies towards any the same planet, at equal distances from the centre 
of the planet, are proportional to the quantities of matter which they 
severally contain. 

It has been, now of a long time, observed by others, that all sorts of 
heavy bodies (allowance being made for the inequality of retardation which 
they suffer from a small power of resistance in the air) descend to the 
earth from equal heights in equal times; and that equality of times we 
may distinguish to a great accuracy, by the help of pendulums. I tried the 
thing in gold, silver, lead, glass, sand, common salt, wood, water, and wheat. 
I provided two wooden boxes, round and equal: I filled the one with wood, 
and suspended an equal weight of gold (as exactly as I could) in the centre 
of oscillation of the other. ‘Fhe boxes hanging by equal threads of 11 feet 
made a couple of pendulums perfectly equal in weight and figure, and 
equally receiving the resistance of the air. And, placing the one by the 
other, I observed them to play together forward and backward, for a long 
time, wi.h equal vibrations. And therefore the quantity of matte ^n the 
gold (by Cor. 1 and 6, Prop. X XIV, Book II) was to the quantity οἱ mat- 
ter in the wood as the action of the motive force (or vis motrir) upon all 
the gold to the action of the same upon all the wood; that is, as the weight 
of the one to the weight of the other: and the like happened in the other 
bodies. By these experiments, in bodies of the same weight, | could man- 
ifestly have discovered a difference of matter less than the thousandth part 
of the whole, had any such been. But, without all doubt, the nature of 
gravity towards the planets is the.same as towards the earth. For, should 
we imagine our terrestrial bodies removed to the orb of the moon, and 
there, together with the moon, deprived of all motion, to be let go, so as to 
fall together towards the earth, it is certain, from what we have demonstra- 
ted before, that, in equal times, they would describe equal spaces with the 
moon, and of consequence are to the moon, in quantity of matter, as their 
weights to its weight. Moreover, since the satellites of Jupiter perform 
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their revolutions in times which observe the sesquiplicate pr portion of 
their distances from Jupiter’s centre, their accelerative gravities towards 
Jupiter will be reciprocally as the squares of their distances from Jupiter’s 
centre; that is, equal, at equal distances. And, therefore, these satellites, 
if supposed to fall towards Jupiter from equal heights, would describe equal 
spaces in equal times, in like manner as heavy bodies. do on our earth. 
And, by the same argument, if the circumsolar planets were supposed to be 
let fall at equal distances from the sun, they would, in their descent towards 
the sun, describe equal spaces. in equal times. But forces which equally 
accelerate unequal bodies must be as those bodies: that is to say, the weights 
if the planets towards the sun must be as their quantities of matter. 
V'urther, that the weights of Jupiter and of his satellites towards the sun 
are proportional to the several quantities of their matter, appears from the 
exceedingly regular motions of the satellites (by Cor. 3, Prop. LXV, Book 
I). For if some of those bodies were more strongly attracted to the sun in 
proportion to their quantity of matter than others, the motions of the sat- 
ellites would be disturbed by that inequality of attraction (by Cor. 2, Prop. 
LXV, Book I). If, at equal distances from the sun, any satellite, in pro- 
portion to the quantity of its matter, did gravitate towards the sun with a 
force greater than J upiter in proportion to his, according to any given pro- 
portion, suppose of d toe; then the distance between. the centres of the sun 
and of the satellite's orbit would be always greater than the distance be- 
tween.the centres of the sun and of Jupiter nearly in the subduplicate of 
that proportion: as by some computations I have found. And if the sat- 
ellite did gravitate towards the sun with a force, lesser in the proportion. of e 
to d, the distance of the centre of the satellite’s orb from the sun would be 
less than the distance of the centre of Jupiter from the sun in the subdu- 
plicate of the same proportion. Therefore if, at equal distances from the 
sun, the accelerative gravity of any satellite towards the sun were greater 
or less than theaccelerative gravity of Jupiter towards the sun but by one ;,'55 
part of the whole gravity, the distance of the centre of the satellite’s orbit 
from the sun would be greater or less than the distance of Jupiter from the 
sun by one 445; part of the whole distance; that is, by a fif h part of the 

distance of the utmost satellite from the centre of Jupiter; an eccentricity 
of the orbit which would be very sensible. But the orbits of the satellites 
are concentric to Jupiter, and therefore the accelerative gravities of Jupiter, 
and of all its satellites towards the sun, are equal among themselves. And 
by the same argument, the weights of Saturn and of his satellites towards 
the aun, at equal distances from the sun, are as their. several quantities of 
matter; and the weights of the moon and of the earth towards the aun are 
either none, or accurately proportional to the masses of matter which they 


contain. But some they are, by Cor. 1 and ἃ, Prop. V. 
But further ; the weights of all the parts of every planet t iwards. any other 
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planet are one to another as the matter in the several parts; for if some 
parts did gravitate more, others less, than for the quantity of their matter, 
then the whole planet, according to the sort of parts with which it most 
abounds, would gravitate more or less than in proportion to the quantity of 
matter in the whole. Nor is it of any moment whether these parts are 
external or internal; for if, fur example, we should imagine the terrestrial 
bodies with us to be raised up to the orb of the moon, to be there compared 
with its body : if the weights of such bodies were to the weights of the ex- 
ternal parts of the moon as the quantities of matter in the one and in the 
other respectively ; but to the weights of the internal parts in a greater or 
less proportion, then likewise the weights of those bodies would be to the 
weight of the whole moon in a greater or less proportion; against what 
we have shewed above. 

Cor. 1. Hence the weights of bodies do not depend upon their forms 
and textures; for if the weights could be altered with the forms, they 
would be greater or less, according to the variety of forms, in equal matter ; 
altogether against experience. 

Cor. 2. Universally, all bodies about the earth gravitate towards the 
earth ; and the weights of all, at equal distances from the earth’s centre 
are as the quantities of matter which they severally contain. This is the 
quality of all bodies within the reach of our experiments; and therefore 
(by Rule IIT) to be affirmed of all bodies whatsoever. If the ether, or any 
other body, were either altogether void of gravity, or were to gravitate less 
in proportion to its quantity of matter, then, because (according to Aris- 
totle, Des Cartes, and others) there is no difference betwixt that and other 
bodies but in mere form of matter, by a successive change from form to 
form, it might be changed at last into a body of the same condition with 
those which gravitate most in proportion to their quantity of matter ; and, 
on the other hand, the heaviest bodies, acquiring the first form of that 
body, might by degrees quite losetheir gravity. And therefore the weighta 
would depend upon the forms of bodies and with those forms might be 

changed: contrary to what was proved in the preceding Corollary. 

Cor. 3. All spaces are not equally full; for if all spaces were equally: 
full, then the specific gravity of the fluid which fills the region of the air, 
on account of the extreme density of the matter, would fall nothing short 
of the specific gravity of quicksilver, or gold, or any other the most dense 
body ; and, therefore, neither gold, nor any other body, could descend in 
air; for bodies do not descend in fluids, unless they are apecifically heavier 
than the fluids. And if the quantity of matter in a given space can, by 
any rarefaction, be diminished, what should hinder a diminution to 
infinity ? 

Cor. 4. If all the solid particles of all bodies are of the same denaity, 
nor can be rarefied without pores, a void, space, or vacuum must be granted 
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By bodies of the same density, I mean those whose vires inertic are in the 
proportion of their bulks. | 

Con. 5. The power of gravity is of a different nature from the power of 
 magnetism ; for the magnetic attraction is not as the matter attracted. 
Some bodies are attracted more by the magnet; others less; most bodies 
not at all. The power of magnetism in one and the same body may be 
increased and diminished; and is sometimes far stronger, for the quantity 
of matter, than the power of gravity; and in receding from the magnet 
decreases not in the duplicate but almost in the triplicate proportion of the 
distanve, as nearly as I could judge from some rude observations. 


PROPOSITION VII THEOREM VII. 


That there is a power of gravity tending to all bodies, proportional to 
the several quantities of matter which they contain, 

That all the planets mutually gravitate one towards another, we have 
proved before ; as well as that the force of gravity towards every one of them, 
considered apart, is reciprocally as the square of the distance of places from 
the centre of the planet. And thence (by Prop. LXIX, Book I, and its 
Corollaries) it follows, that the gravity tending towards all the planets is 
proportional to the matter which they contain. 

Moreover, since all the parts of any planet A gravitate towards any > 
other planet B; and the gravity of every part is to the gravity of the 
whole as the matter of the part to the matter of the whole; and (by Law 
IIT) to every action corresponds an equal re-action ; therefore the planet B 
will, on the other hand, gravitate towards all the parts of the planet A; 
and its gravity towards any one part will be to the gravity towards the 
whole as the matter of the part to the matter of the whole. Q.E.D. 

Cor. 1. Therefore the force of gravity towards any whole planet arises 
from, and is compounded of, the forces of gravity towards all its parts. 
Magnetic and electric attractions afford us examples of this; for all at- 
traction towards the whole arises from the attractions towards the several 
parts. The thing may be easily understood in gravity, if we consider a 
greater planet, as formed of a number of lesser planets, meeting together in 
one globe; for hence it would appear that the force of the whole must 
arise from the forces of the component parts. If it is objected, that, ac- 
cording to this law, all bodies with us must mutually gravitate one to- 
wards another, whereas no such gravitation any where appears, I answer, . 
that since the gravitation towards these bodies is to the gravitation towards 
the whole earth as these bodies are to the whole earth, the gravitation to- 
wards them must be far less than to fall under the observation of our senses. 

Cor. 2. The force of gravity towards the several equal particles of any 
hody is reciprocally as the square of the distance of places from the parti- 
cles; ás appears from Cor. 3, Prop. LX.XIV, Book I. 
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PROPOSITION VIII. THEOREM VIIL 


In two spheres mutually gravitating each towards the other, f the matter 
in places on all sides round about and equi-distant from the centres is 
similar, the weight of either sphere towards the other will be recipro- 
cally as the square of the distance between their centres. 

After I had found that the force of gravity towards a whole planet did 
arise from and was compounded of the forces of gravity towards all its 
parts, and towards every one part was in the reciprocal proportion of the 
squares of the distances from the part, I was yet in doubt whether that re- 
ciprocal duplicate proportion did accurately hold, or but nearly so, in the 
total force compounded of 80 many partial ones; for it might be that the 
proportion which accurately enough took place in greater distances should 
be wide of the truth near the surface of the planet, where the distances of 
the particles are unequal, and their situation dissimilar. But by the help 
of Prop. LX XV and LXXVI, Book I, and their Corollaries, I was at last 
satisfied of the truth of the Proposition, as it now lies before us. 

Cor. 1. Hence we may find and compare together the weights of bodies 
towards different planets; for the weights of bodies revolving in circles 
about planets are (by Cor. 2, Prop. IV, Book I) as the diameters of the 
circles directly, and the squares of their periodic times reciprocally; and 
their weights at the surfaces of the planets, or at any other distances from 
their centres, are (by this Prop.) greater or less in the reciprocal duplicate 
proportion of the distances. ‘Thus from the periodic times of Venus, re- 
volving about the sun, in 2244, 163^, of the utmost circumjovial satellite 
revolving about Jupiter, in 16'. 16 2.; of the Huygenian satellite about 
Saturn in 154. 222^. ; and of the moon about the earth in 274. 7*. 43’; 
compared with the mean distance of Venus from the sun, and with the 
greatest heliocentric elongations of the outmost circumjovial satellite 
from Jupiter’s centre, S' 16"; of the Huygenian satellite from the centre 
of Saturn, 3’ 4" ; and of the moon from the earth, 10’ 33": by computa- 
tion I found that the weight of equal bodies, at equal distances from the 
centres of the sun, of Jupiter, of Saturn, and of the earth, towards the sun, 
Jupiter, Saturn, and the earth, were one to another, as 1, 4,54, 4,441, and 
IT7337 ’ respectively. Then. because as the distances are increased or di- 
minished, the weights are diminished or increased in a duplicate ratio, the 
weights of equal bodies towards the sun, Jupiter, Saturn, and the earth, 
. at the distances 10000, 997, 791, and 109 from their centres, that is, at their 
very superficies, will be as 10000, 943, 529, and 435 respectively. How 
much the weights of bodies are at the superficies of the moon, will be 
shewn hereafter. . 

Cor. 2. Hence likewise we discover the quantity of matter in the several 
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planeta; for their quantities of matter are as the forces of gravity at equa; 
distances from their centres; that is, in the sun, Jupiter, Saturn, and the 
earth, 88 1, τεστ; ποστ; aNd 755555 respectively. If the parallax of the 
sun be taken greater or less than 10" 30"', the quantity of matter in 
the earth must be augmented or diminished in the triplicate of that pro- 
portion. . 

Con. 3. Hence also we find the densities of the planets; for (by Prop. 
LXXII, Book [) the weights of equal and similar bodies towards similar 
spheres are, at the surfaces of those spheres, as the diameters of the spheres; 
and therefore the densities of dissimilar spheres are as those weights applied 
to the diameters of the spheres. But the true diameters of the Sun, Jupi- 
ter, Saturn, and the earth, were one to another as 10000, 997, 791, and 
109; and the weights towards the same as 10000, 943, 529, and 435 re- 
spectively; and therefore their densities are as 100, 943, 67, and 400. The 
density of the earth, which comes out by this computation, does not depend 
upon the parallax of the sun, but is determined by the parallax of the 
moon, and therefore is here truly defined. The sun, thereforc, 18 a little 
denser than Jupiter, and Jupiter than Saturn, and the earth four times 
denser than the sun; for the sun, by its great heat, is kept in a sort of 
a rarefied state. The moon is denser than the earth, as shall appear after- 
ward. | | 

Con. 4. The smaller the planets are, they are, ceteris paribus, of so 
much the greater density; for so the powers of gravity on their several 
surfaces come nearer to equality. They are likewise, ceteris paribus, of 
the greater. density, as they are nearer to the. sun. So Jupiter is more 
dense than Saturn, and the earth than Jupiter; for the planets were to be 
placed at different distances from the sun, that, according to their degrees 
of density, they might enjoy a greater or less proportion to the sun’s heat. 
, Our water, if it were removed as far as the orb of Saturn, would be con- 
verted into ice, and in the orb of Mercury would quickly fly away in va- 
pour; for the light of the sun, to which its heat is proportional, is seven 
times denaer in the orb of Mercury than with us: and by the thermometer 
I have found that a sevenfold heat of our summer sun will make water 
boil. Nor are we.to doubt that the matter of Mercury is adapted to its 
heat, and is therefore more dense than the matter of. our earth; since, in a 
denser matter, the operations of Nature require a stronger heat. 


PROPOSITION IX. THEOREM IX. 


That the force of gravity, considered downward from the surface 
of the planets. decreases nearly in the proportion of the distances from 
their centres. Le | | | 
If the matter of the planet were of an uniform density, this Proposi- 

tion would be accurately true (by Prop. LX XIII Book I). The error, 
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therefore, can be no greater than what may arise from the inequality of 
the density. | 


PROPOSITION X. THEOREM X. 


That the motions of the planets in the heavens may subsist an exceedingly 
long time. 

In the Scholium of Prop. XL, Book II, I have shewed that a globe of 
water frozen into ice, and moving freely in our air, in the time that it would 
describe the length of its semi-diameter, would lose by the resistance of the 
air ,;,, part of its motion; and the same proportion holds nearly in all 
globes, how great soever, and moved with whatever velocity. But that our 
globe of earth is of greater density than it would be if the whole 
consisted of water only, I thus make out. If the whole consisted of 
water only, whatever was of less density than water, because of its *ess 
specific gravity, would emerge and float above. And upon this account, if 
a globe of terrestrial matter, covered on all sides with water, was less dense 
than water, it would emerge somewhere; and, the subsiding water falling 
back, would be gathered to the opposite side. And such is the condition 
of our earth, which in a great measure is covered with seas. ‘The earth, if 
it was not for its greater density, would emerge from the seas, and, accord- 
ing to its degree of levity, would be raised more or less above their surface, 
the water of the seas flowing backward to the opposite side. By the same 
argument, the spots of the sun, which float upon the lucid matter thereof, 
are lighter than that matter; and, however the planets have been formed 
while they were yet in fluid masses, all the heavier matter subsided to the 
centre. Since, therefore, the common: matter of our earth on the surface 
thereof is about twice as heavy as water, and a little lower, in mines, is 
found about three, or four, or even five times more heavy, it is probable that 
the quantity of the whole matter of the earth may be five or six times 
gréater than if it consisted all of water; especially since I have before 


shewed that the earth is about four times more dense than Jupiter. If, | 


therefore, Jupiter is a little more dense than water, in the space of thirty 
days, in which that planet describes the length of 459 of its semi-diame- 
tera, it would, in a medium of the same density with our air, lose almost a 
tenth part of its motion. But since the resistance of mediums decreases 
in proportion to their weight or density, so that water, which is 133 times 
lighter than quicksilver, resists less in that proportion; and air, which is 
S60 times lighter than water, resists less in the same proportion ; therefore 
in the heavens, where the weight of the medium in which the planets move 
is immensely diminished, the resistance will almost vanish. 

It is shewn in the Scholium of Prop. X XII, Book II, that at the height 
of 200 miles above the earth the air is more rare than it is at the super- 
fieles of the earth in the ratio of 30 to 0,0000000000003998, or as 


oe 
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75000000000000 to 1 nearly. And hence the planet Jupiter, revolving in 
a medium of the same density with that superior air, would not lose by the 
resistance of the medium the 1000000th part of its motion in 1000000 
years. In the spaces near the earth the resistance is produced only by the 
air, exhalations, and vapoura. When these are carefully exhausted by the 
air-pump from under the receiver, heavy bodies fall within the receiver with 
perfect freedom, and without the least sensible resistance: gold itself, and 
the lightest down, let fall together, will descend with equal velocity ; and 
though they fall through a space of four, six, and eight feet, they will come 
to the bottom at the same time; as appears from experiments. And there- 
fore the celestial regions being perfectly void of air and exhalations, the 
planets and comets meeting no sensible resistance in those spaces will con- 
tinue their motions through them for an immense tract of time. 


HYPOTHESIS I. 


That the centre of the system of the world is immovable. 
‘This is acknowledged by all while some contend that the earth, 
others that the sun, is fixed in that centre. Tet us see what may from 
hence follow. 


PROPOSITION XI. THEOREM XL 


Lhat the common centre of gravity of the earth, the sun, and ali the 
planets, is immovable. 

For (by Cor. 4 of the Laws) that centre either is at rest, or moves uni- 

formly forward in a right line; but if that centre moved, the centre of the 
world would move also, against the Hypothesis. 


PROPOSITION XII. THEOREM XH. 


That the sun is agitated by a perpetual motion, but never recedes far 
from the common centre of gravity of all the planets. 

For since (by Cor. 2, Prop. VIII) the quantity of matter in the sun is to 
the quantity of matter in Jupiter as 1067 to 1; and the distance of Jupi- 
ter from the sun is to the semi-diameter of the sun in a proportion but a 
small matter greater, the common centre of gravity of Jupiter and the sun 
will fall upon a point a little without the surface of the sun. By the same 
argument, since the quantity of matter in the sun is to the quantity of 
matter in Saturn as 3021 to 1, and the distance of Saturn from the sun is 
to the semi-diameter of the sun in a proportion but a small matter less, 
the common centre of gravity of Saturn and the sun will fall upon a point 
a little within the surface of the sun. And, pursuing the principles of this 
computation, we should find that though the earth and all the planets were 
placed on one side of the.sun, the distance of the common centre of gravity 
of all from the centre of the sun Ton scarcely amount to one diameter of 
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the sun. In other cases, the distances of those centres are always less; and 
therefore, since that centre of gravity is in perpetual rest, the sun, accord- 
ing to the various positions of the planets, must perpetually be mover every 
way, but will never recede far from that centre. 

Cor. Hence the common centre of gravity of the earth, the sun, and all 
the planets, is to be esteemed the centre of the world; for since the earth, 
the sun; and al] the planets, mutually gravitate one towards another, and 
are therefore, according to their powers of gravity, in perpetual agitation, 
as the Laws of Motion require, it is plain that their moveable centres can- 
not he taken for the immovable centre of the world. If that body were to 
be placed in the centre, towards which other bodies gravitate most (accord- 
ing to common opinion), that privilege ought to be allowed to the sun; but 
since the sun itself is moved, a fixed point is to be chosen from which the 
centre of the sun recedes least, and from which it would recede yet 
less if the body of the sun were denser and greater, and therefore less apt 
tu be moved. 


PROPOSITION ΧΠΙ. THEOREM XIII. 


The plunets move in ellipses which have their common focus in the centre 
of the sun ; and, by radi drawn to that centre, ey describe areas pro- 
portional to the times of description. 

We have discoursed above of these motions from the Phenomena. Now 
that we know the principles on which they depend, from those principles 
we deduce the motions of the heavens d priori. Because the weights of 
the planets towards the sun are reciprocally as the squares of their distan- 
ces from the sun's centre, if the sun was at rest, and the other planets did 
not mutually act one upon another, their orbits would be ellipses, having 
- the sun in their common focus; and they would describe areas proportional 
to the times of description, by Prop. I and XI, and Cor. 1, Prop. XIII, 
Book I. But the mutual actions of the planets one upon another are so 
very small, that they may be neglected; and by Prop. LXVI, Book I, they 
less disturb the motions of the plancts around the sun in motion than if 
those motions were performed about the sun at rest. 

It is true, that the action of Jupiter upon Saturn is not to be neglected : 
for the force of gravity towards Jupiter is to the force of gravity towards 
the sun (at equal distances, Cor. 2, Prop. VIII) as 1 to 1067; and therefore 
in the conjunction of Jupiter and Saturn, because the distance of Saturn 
from Jupiter is to the distance of Saturn from the sun almost as 4 to 9, the 
gravity of Saturn towards Jupiter will be to the gravity of Saturn towards 
the sun as 81 to 16 x 1067; or, as 1 to about 211. And hence arises a 
perturbation of the orb of Saturn in every conjunction of this planet with 
Tupiter, so sensible, that astronomers are. puzzled with it. As the planet 
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is differently situated in these conjunctions, its eccentricity is sometimes 
augmented, sometimes diminished; its aphelion is sometimes carried for- 
ward, sometimes backward, and ita mean motion is by turns accelerated and 
retarded ; yet the whole error in its motion about the sun, though arising 
from so great a force, may be almost avoided (except in the mean motion) 
by placing the lower focus of its orbit in the common centre of gravity of 
Jupiter and the sun (according to Prop. LXVII, Book I), and therefore that 
error, when it ia greatest, scarcely exceeds two minutes; and the greatest 
error in the mean motion scarcely exceeds two minutes yearly. But in the 
conjunction of Jupiter and Saturn, the accelerative forces of gravity of the 
sun towards Saturn, of Jupiter towards Saturn, and of Jupiter towards the 
X Ν᾽ Mal or 156609; and therefore 
the difference of the forces of gravity of the sun tòwards Saturn, and of 
Jupiter towards Saturn, is to the force of gravity of Jupiter towards. the 
sun as 65 to 156609, or as 1 to 2409. But the greatest power of. Saturn 
to disturb the motion of Jupiter is proportional to this difference;. and 
therefore the perturbation of the orbit of Jupiter is much less than that of 
Saturn’s. The perturbations of the other orbits are yet far less, except that 
the orbit of the earth is sensibly disturbed by the moon. ‘The common 
centre of gravity of the earth and moon moves jn an ellipsis about the sun 
in the focus thereof, and, by a radius drawn to the aun, describes areas pro- 
portional to the times of description. But the earth in the mean time by 
a menstrual motion is revolved about this common centre. 


san, are almost as 16, 81, and 


PROPOSITION XIV. THEOREM XIV. 


The aphelions and nodes of the orbits of the planets are fixed, 


The aphelions are immovable by Prop. XI, Book I; and so are the 
planes of the orbits, by Prop. I of the same Book. And if the planes are 
fixed, the nodes must be so too. It is true, that some inequalities may 
arise from the mutual actions of the planets and comets in their revolu-- 
tions; but these will be so small, that they may be here passed by. 

Con. 1. The fixed stars are immovable, seeing they keep the same posi- 

tion to the aphelions and nodes of the planets. 
Cor. 2. And since these stars are liable to no sensible parallax from the: 
. annual motion of the earth, they can have no force, because of their im- 
mense distance, to produce any sensible effect in our system. Not to 
mention that the fixed stars, every where promiscuously dispersed in the. 
heavens, by their contrary attractions destroy their mutual acticns, by 
= Prop. LXx, Book I. 


SCHOLIUM. 
Since the planets near the sun (viz. Mercury, Venus, the Earth, and 
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Mars) are so small that they can act with but little force upon each other, 
therefore their aphelions and nodes must be fixed, excepting in so far as 
they are disturbed by the actions of Jupiter and Saturn, and other higher 
bodies. And hence we may find, by the theory of gravity, that their aphe- 
lions move a little în consequentia, in respect of the fixed stars, and that 
in the sesquiplicate proportion of their several distances from the sun. So 
that if the aphelion of Mars, in the space of a hundred years, is carried 
33' 20" in consequentia, in respect of the fixed stars, the aphelions of the 
Earth, of Venus, and of Mercury, will in a hundred years be carried for- 
wards 17’ 40”; 10’ 53”, and Δ’ 16", respectively. But these motious are 
30 inconsiderable, that we have neglected them in this Proposition. 


PROPOSITION XV. PROBLEM I 
To find the principal diameters vf the orbits of the planets. 

They are to be taken in the sub-sesquiplicate proportion of the penodic 
times, by Prop. XV, Book I, and then to be severally augmented in the 
proportion of the sum of the masses of matter in the sun and each planet 
to the first of two mean proportionals betwixt that sum and the quantity of 
matter in the sun, by Prop. LX, Book I. 


PROPOSITION XVI. PROBLEM IL. 


To find the eccentricities and aphelions of the planets. 
This Problem is resolved by Prop. XVIII, Book I. 


PROPOSITION XVI. THEOREM XY. 


That the diurnal motions of the planets are uniform, and that the 
libration of the moon arises from its diurnal motion, 

The Proposition is proved from the first Law of Motion, and Cor. 22, 
Prop. LXVI, Book I. Jupiter, with respect to the fixed stars, revolves in 
9^. 56’; Mars in 24*. 39’; Venus in about 23^. ; the Earth in 23". 56’; the 
Sun in 251 days, and the moon in 27 days, 7 hours, 43’. These things 
appear by the Phenomena. The spots in the sun’s body return to the 
same situation on the sun's disk, with respect to the earth, in 271 days; and 
therefore with respect to the fixed stars the sun revolves in about 251 days. 
But because the lunar day, arising from its uniform revolution about its 
axis, 13 menstrual, that is, equal to the time of its periodic revolution in 
sts orb, therefore the same face of the moon will be always nearly turned to 
the upper focus of its orb; but, as the situation of that focus requires, will 
deviate a little to one side and to the other from the earth in the lower 
focus; and this is the libration in longitude; for the libration in latitude 
arises from the moon’s latitude, and the inclination of its axis to the plane 
vf the ecliptic. This theory of the libration of the moon, Mr. Ν. Mercator 
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in his Astronomy, published at the beginning of the year 1676, explained 
more fully out of the letters I sent him. ‘The utmost satellite of Saturr 
seems to revolve about its axis with a motion like this of the moon, respect- 
ing Saturn continually with the same face; for in its revolution round 
Saturn, as often as it comes to the eastern part of its orbit, it is scarcely 
visible, and generally quite disappears; which is like to be occasioned by 
some spots in that part of its body, which is then turned towards the earth, 
as M. Cassini has observed. So also the utmost satellite of Jupiter seems 
. to revolve about its axis with a like motion, because in that part of its body 
which is turned from Jupiter it has a spot, which always appears as if it 
were in Jupiter’s own body, whenever the satellite passes between Jupiter 
and our eye. 


PROPOSITION XVIII. THEOREM XVI. 


That the axes of the planets are less than the diameters drawn perpen- 
dicular to the axes. 

The equal gravitation of the parts on all sides would give a spherical. 
figure to the planets, if it was not for their diurnal revolution in a circle. 
By that circular motion it comes to pass that the parts receding from the 
axis endeavour to ascend about the equator; and therefore if the matter is 
in a fluid state, by its ascent towards the equator it will enlarge the di- 
ameters there, and by its descent’ towards the poles it will shorten the axis. ᾽ 
So the diameter of Jupiter (by the concurring observations of astronomery) 
18 found shorter betwixt pole and pole than from east to west. And, Ly 
the same argument, if our earth was not higher about the equator thaa at 
the poles, the seas would subside about the poles, and, rising toward, the 
equator, would lay all things there under water. 


PROPOSITION XIX. PROBLEM II 


To find the proportion of the axis of a planet to the diamevers p.rpen- 
dicular thereto. : 

Our countryman, Mr. Norwood, measuring a distance of 005751 feet οἱ 
London measure between London and York, in 1635, and observing the 
difference of latitudes to be 2° 28’, determined the measure of one degree 
to be 367196 feet of London measure, that is 57300 Paris toises. M 
Picart, measuring an arc of one degree, and.22’ 55” of the meridian Fe- 
tween Amiens and Malvoisine, found an arc of one degree to be 57060 
Paris toises. M. Cassini, the father, measured the distance upon the me- 
ridian from the town of Collioure in Roussillon to the Observatory of 
Paria; and his son added the distance from the Observatory to the Cita- 
del of Dunkirk. The whole distance was 486156} toises and the difter 
ence of the latitudes of Collioure and Dunkirk was 8 degrees, and 31 
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113”. Hence an arc of one degree appears to be 57061 Paris toises. 
And from these measures we conclude that the circumference of the earth 
is 123249600, and its semi-diameter 19615800 Paris feet, upon the sup- 
position that the earth is of a spherical figure. 

In the latitude of Paris à heavy body falling in a second of time de- 
scribeg 15 Paris feet, 1 inch, 1j line, as above, that is, 2173 lines j. The 
weight of the body is diminished by the weight of the ambient air. Let 
us suppose the weight lost thereby to be 1115, part of the whole weight ; 
then that heavy body falling in vacuo will describe a height of 2174 lines 
in one second of time. 

A body in every sidereal day of 23". 56' 4" uniformly revolving in a 
vircle at the distance of 19615800 feet from the centre, in one second of 
time describes an arc of 1433,46 feet ; the versed sine of which is 0,05236561 
feet, or 7,54064 lines. And therefore the force with which bodies descend. 
in the latitude of Paris isto the centrifugal force of bodies in the equator 
arising from the diurnal motion of the earth as 2174 to 7,54064. 

The centrifugal force of bodies in the equator is to the centrifugal force 
with which bodies recede directly from the earth in the latitude of Paris 
48° 50' 10" in the duplicate proportion of the radius to the cosine of the 
latitude, that is, as 7,54064 to 3,267. Add this force to the force with 
which bodies descend by their weight in the latitude of Paris, and a body, 
in the latitude of Paris, falling by its whole undiminished force of gravity, 
in the time of one second, will describe 2177,267 lines, or 15 Paris feet, 
1 inch, and 5,267 lines. And the total force of gravity in that latitude 
will be to the centrifugal force of bodies in the equator of the earth as 
2177,267 to 7,54064, or as 289 to 1. 

AM Wherefore if APBQ represent the figure of the 
earth, now no longer spherical, but generated by the 
rotation of an ellipsis about its lesser axis PQ; and 

P ACQ4ca a canal full of water, reaching from the pole 
Qg to the centre Cc, and thence rising to the equator 

Aa ; the weight of the water in the leg of the canal 

B ACca will be to the weight of water in the other leg 

QCcq as 289 to 288, because the centrifugal force arising from the circu- 
lar motion sustains and takes off one of the 289 parts of the weight (in the 
one leg), and the weight of 288 in the other sustains the rest. But by 
computation (from Cor. 2, Prop. XCI, Book I) I find, that, if the matter 
of the earth was all uniform, and without any motion, and its axis PQ 
were to the diameter AB as 100 to 101, the force of gravity in the 
place Q towards the earth would be to the force of gravity in the same 
place Q towards a sphere described about the centre C with the. radius 
PC, or QC, as 126 to 125. And, by the same argument, the force of 
gravity in the place A towards the spheroid generated by the rotation of 
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the ellipsis APBQ about the axis AB is to the force of gravity in the 
same place A, towards the aphere described about the centre C with the: 
radius AC, as 125 to 126. But the force of gravity in the place A to- 
wards the earth is a mean proportional betwixt the forces of gravity to- 
wards the spheroid and this sphere; because the sphere, by having its di- 
ameter PQ diminished in the proportion of 101 to 100, is transformed into 
the figure of the earth; and this figure, by having a third diameter per- 
pendicular to the two diameters AB and PQ diminished in the same pro- 
portion, is converted into the said spheroid; and the force of gravity in A, 
in either case, is diminished nearly in the same proportion. "'l'herefore the 
force of gravity in A towards the sphere described about the centre C with 
the radius AC, is to the force of gravity in A towards the earth as 126 to 
1251. And the force of gravity in the place Q towards the sphere de- 
scribed about the centre C with the radius QC, is to the force of gravity 
in the place A towards the sphere described about the centre C, with the 
radius AC, in the proportion of the diameters (by Prop. L.X XII, Book I), 
that is, as 100 to 101. If, therefore, we compound those three proportions 
126 to 125, 126 to 1951. and 100 to 101, into one, the force of gravity in 
the place Q towards the earth will be to the force of gravity in the place 
A towards the earth as.126 x 126 x 100 to 125 x 1251 x 101; or as 
501 to 500. 

Now since (by Cor. 3, Prop. XCI, Book I) the force of gravity in either 
leg of the canal ACca, or (Όση, is as the distance of the places from the 
centre of the earth, if those legs are conceived to be divided by transverse, 
parallel, and equidistant surfaces, into parts proportional to the wholes, 
the weights of any number of parts in the one leg ACca will be to the 
weights of the same number of parta in the other leg as their magnitudes 
and the accelerative forces of their gravity conjunctly, that is, as 101 to 
100, and 500 to 501, or as 505 to 501. And therefore if the centrifugal 
force of every part in the leg ACca, arising from the diurnal motion, was 
to the weight of the same part as 4 to 505, so that from the weight of 
every part, conceived to be divided into 505 parts, the centrifugal force 
might take off four of those parts, the weights would remain equal in each 
leg, and therefore the fluid would rest in an equilibrium. But the centri- 
fugal force of every part is to the weight of the same part as 1 to 289; 
that is, the centrifugal force, which should be «ἐς parts of the weight, is 
only πὲς part thereof. And, therefore, I say, by the rule of proportion, 
that if the centrifugal force 4, make the height of the water in the leg 
ACca to exceed the height of the water in the leg QCcq by one της part 
of its whole height, the centrifugal force 41, will make the excess of the 
height in the leg ACca only 41, part of the height of the water in the 
other leg QCcq ; and therefore the diameter of the earth at the equator, is 
to its diameter from pole to pole as 230 to 229. And since the mean semi- 
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diameter of the earth, according to Picart’s mensuration, is 19615800 
Paris feet, or 3923,16 miles (reckoning 5000 feet to a mile) the earth 
will be higher at the equator than at the poles by 85472 feet, or 1711 
miles. And its height at the equator will be about 19653600 feet, and at 
the poles 19573000 feet. 

If, the density and periodic time of the diurnal revolution remaining the 
same, the planet was greater or less than the earth, the proportion of the 
centrifugal force to that of gravity, and therefore also of the diameter be- 
twixt the poles to the diameter at the equator, would likewise remain the 
‘same. But if the diurnal motion was accelerated or retarded in any pro- 
portion, the centrifugal force would be augmented or diminished nearly in 
the same duplicate proportion; and therefore the difference of the diame- 
ters will be increased or diminished in the same duplicate ratio very nearly. 
And if the density of the planet was augmented or diminished in any pro- 
portion, the force of gravity tending towards it would also be augmented 
or diminished in the same proportion: and the difference of the diameters 
contrariwise would be diminished in proportion as the force of gravity is 
augmented, and augmented in proportion as the force of gravity is dimin- 
ished. Whercicre, since the earth, in respect of the fixed stars, revolves in 
235. 56’, but Jupiter in 9°. 56’, and the squares of their periodic times are 
as 29 to 5, and their densities as 400 to 941, the difference of the diameters 
es 400 1 TE 1t 

X 941 * 229 o 1, or as 1 to 
91, nearly. Therefore the diameter of J MN from east to west is to its 
diameter from pole to pole nearly as 101 to 91. Therefore since its 
greatest diameter is 37”, its lesser diameter lying between the poles will 
be 33" 25'", Add thereto about 3" for the irregular refraction of light, 
and the apparent diameters of this planet will become 40" and 36" 25" ; 
which are to each other as 112 to 104, very nearly. ‘These things are so 
upon the supposition that the body of Jupiter is uniformly dense. But 
now if its body be denser towards the plane of the equator than towards 
the poles, its diameters may be to each other as 12 to 11, or 13 to 12, or 
perhaps as 14 to 13. 

And Cassini observed in the year 1691, that the diameter of Jupiter 
reaching from east to west is greater by about a fifteenth part than the 
other diameter. Mr. Pound with his 123 feet telescope, and an excellent 
micrometer, measured the diameters of Jupiter in the year 17 τ and found 
them as follow. 


of Jupiter will be to its lesser diameter as 


























The Times. Greatest diam. Lesser diam.| The diam. to each other. 
Day. Hours.| Parts Parts — 
January 28 6 13,40 12,28 As 12 to 11 
March 6 7 13,12 12,20 133 to 121 
|March 9 7 13,12 12,08 | 12% to 113! 
April 9 9 12,32 11,48 144 to 134| 
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So that the theory agrees with the phænomena ; for the planets are more 
heated by the sun’s rays towards their equators, and therefore are a lité Ke 
more condensed by that heat than towards their poles. 

,, Moreover, that there is a diminution of gravity occasioned by the diur- 
“ial rotation of the earth, and therefore the earth rises higher there than it 
does at the poles (supposing that its matter is uniformly dense), will ap- 

year by the experiments. of pendulums related under the following Propo-. 
sition. S 


PROPOSITION XX. PROBLEM IV. 
To find and compare together the weights of bodies in the different re- 
gions of our earth. 


Because the weights of the unequal legs of the canal Ad 
of water ACQgca are equal; and the weights of the | 
parts proportional to the whole legs, and alike aituated 
in them, are one to another as the weights of the P Q 


wholes, and therefore equal betwixt themselves; the 

weights of equai parts, and alike situated in the legs, 

will be reciprocally as the legs, that is, reciprocally as B 

230 to 229. And the case is the same in all homogeneous equal bodies alike 
situated in the legs of the canal. ‘Their weights are reciprocally as the legs, 
that is, reciprocally as the distances of the bodies from the centre of the earth.. - 
Therefore if the bodies are situated in the uppermost parts of the canals, or on 
the surface of the earth, their weights will be one to another reciprocally as 
their distances from thecentre. And, by the same argument, the weights in 
. all other places round the whole surface of the earth are reciprocally as the. 
distances of the places from the centre; and, therefore, in the hypothesis 
of the earth’s being a spheroid are given in proportion. 

Whence arises this Theorem, that the increase of weight in passing from 
tne equator to the poles is nearly as the versed sine of double the latitude ; 
or, which comes to the same thing, as the square of the right sine of the 
latitude; and the ares of the degrees of latitude in the meridian increase, 
nearly in the same proportion. “And, therefore, since the latitude of Paris 
is 48° 50’, that of places under the equator 00° 00’, and that of places 
under the poles 90°; and the versed sines of double those arcs are 
11334,00000 and 20000, the radius being 10000; and the force of gravity 
at the pole is to the force of gravity at the equator as 230) to 229; and 
the excess of the force of gravity at the pole to the force of gravity at the 
equator as 1 to 229; the excess of the force of gravity in the latitude of 
Paris will be to the force of gravity at the equator as 1 X 14224 to 229, 
or as 5667 to 2290000. And therefore the whole forces of gravity in 
those places will be one to the other as 2295667 to 9290000. Wherefore 
since the lengths of pendulums vibrating in equal times are as the forces of 
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gravity, and 1n the latitude of Paris, the length of a pendulum vibrating 
seconds is 3 Paris feet, and 91 lines, or rather because of the weight of 
the air, δ: lines, the length of a pendulum vibrating in the same time 
ander the equator will be shorter vy 1,087 lines. And by a like calculus 
the following table is made. 














Latitude of Length of the |Measure of one degree 
the place. pendulum . jn the meridian. 
Deg. Feet. Lines. - Toises. 
0 | 3. 7,468 56637 
5 | 3. 7482 56642 
10 | 3. 7,526 56659 
15 | 3. 7,596 56687 
20 | 3. 7,692 56724 
25 | 3. 7,812 56769 
30 3. 7,948 56823 
35 | 3. 8099 56882 
40 | 3. 8,261 56945 
1 3. 8,294 56958 
2 | 3. 8327 56971 | 
3 | 3. 8.361 56984 | 
4 | 3. 8394 56997 
45 3. 8,428 57010 
6 | 3. 8461. 57022 
7 3. 8,494 57035 
8 | 3. 8,528 57048 
9 | 3. 8561 57061 
50 3. 8,94 57074 
55 | 3. 8,756 57137 
60 3. 8,907 57196 
` 65 | 3. 9,044 57250 
70 3. 9,162 57295 
75 3. 9,258 57332 
80 3. 9,329 57360 
85 3. 9,372 57377 
90 | 3. 9,387 | 57382 


By this table, therefore, it appears that the inequality of degrees 18 sc 
small, that the figure of the earth, in geographical matters, may be con- 
sidered as spherical; especially if the earth be a little denser towards the 
plane of the cquator than towards the poles. 

Now several astronomers, sent into remote countries to make astronomical 
observations, have found that pendulum clocks do accordingly move slower 
near the equator than in our climates. And, first of all, in the year 1 72, 
M. Richer took notice of it in the island of Cayenne ; for when, in the 
month of August, he was observing the transits of the fixed stars over the 
meridian, he found his clock to go slower than it ought in respect of the 
mean motion of the sun at the rate of 2’ 28" a day. ‘Therefore, fitting up 
a simple pendulum to vibrate in seconds, which were measured by an ex- 
cellent clock, he observed the length of that simple pendulum; and this he 
did over and over every week for ten months together. And upon his re- 
turn to France, comparing the length of that pendulum with the length 
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of the pendulum at Paris (which was 3 Paris feet and S3 lines), he found 
it shorter by 11 line. 

Afterwards, our friend Dr. Halley, about the year 1677, arriving at the - 
island of St. Helena, found his pendulum clock to go slower there than at 
London without marking the difference. But he shortened the rod of 
his clock by more than the 1 of an inch, or 11 line; and to effect this, be- 
cause the length of the screw at the lower end of the rod was not sufficient, 
he interposed a wooden ring betwixt the nut and the ball. : 

Then, in the year. 1652, M. Varin and M. des Hayes found the length 
of a simple pendulum vibrating in seconds at the Royal Observatory of 
Paris to be 3 feet and 95 lines. And by the same method in the island 
of G'oree, they found the length of an isochronal pendulum to be 3 feet and 
6$ lines, differing from the former by two lines, And in the same year, 
going to the islands of Guadaloupe and Martinico, they found that the 
length of an isochronal pendulum in those ialanda waa 3 feet and 61 lines. 

After this, M. Cornplet, the son, in the month of July 1697, at the Royal 
Observatory of Paris, so fitted his pendulum clock to the mean motion of 
the sun, that for a considerable time together the clock agreed with the 
motion of the sun. In November following, upon his arrival at Lisbon, he 
found his clock to go slower than before at the rate of 2' 13" in 24 hours. 
And next March coming to Paraiba, he found his clock to go slower than 
at Paris, and at the rate 4’ 12" in 24 hours; and he affirms, that the pen- 
dulum vibrating in seconds was shorter at Lisbon by 21 lines, and at Pa- 
raiba by 32 lines, than at Paris. He had done better to have reckoned 
those differences 11 and 2$: for these differences correspond to the differ- 
ences of the times 9 13" and 4’ 12". But this gentleman's observations 
are 80 gross, that we cannot confide in them. 

In the following years, 1699, and 1700, M. des Hayes, making another 
voyage to America, determined that in the island of Cayenne and Granada 
the length of the pendulum vibrating in seconds was a small matter less 
than 3 feet and Οἱ lines; that in the island of St. Christophers it was 
3 feet and 63 lines ; and in the island of St. Domingo 3 feet and 7 
lines. 

And in the year 1704, P. Feuillé, at Puerto Bello in America, found 
that the length of the pendulum vibrating in seconds was 3 Paris feet, 
and only 5,3, lines, that is, almost 3 lines shorter than at Paris; but the 
pa e τ faulty. For afterward, going to the island of Ma ‘tinico, 
he found the length of the isochronal pendulum there 3 Paris feet and 
512 lines. 

Now the latitude of Paraiba is 6° 38' south; that of Puerto Bello 9° 
33 north; and the latitudes of the islands Cayenne, Goree, Gaudaloupe, 
Martinico, Granada, St. Christophers, and St. Domingo, are respectively 
4° 55', 14° 40", 15? 00’, 14? 44’, 12? 06', 17? 19', and 19° 49’, north. Απ] 
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the excesses of the length of the pendulum at Paris above the lengths of 
the isochronal pendulums observed in those latitudes are a little greater 
than by the table of the lengths of the pendulum before computed. And 
therefore the earth is a little higher under the equator than by the prece- 
ding calculus, and a little denser at the centre than in mines near the sur- 
face, unless, perhaps, the heats of the torrid zone have a little extended the 
length of the pendulums. 

For M. Picart has observed, that a rod of iron, which in frosty weather 
in the winter season was one foot long, when heated by fire, was lengthened 
into one foot and 1 line Afterward M. de la Hire found that a rod of 
iron, which in the like winter season was 6 feet long, when exposed to the 
heat of the summer sun, was extended into 6 feet and 2 line. In the former 
case the heat was greater than in the latter; but in the latter it was greater 
than the heat of the external parts of a human body; for metals exposed 
to the summer aun acquire a very considerable degree of heat. But the rod 
of a pendulum clock is never exposed to the heat of the summer sun, nor 
ever acquires a heat equal to that of the external parts of a human body ; 
and, therefore, though the 3 feet rod of a pendulum clock will indeed be 4 
little longer in the summer than in the winter season, yet the difference will 
scarcely amount to 1 line. "Therefore the total difference of the lengths of 
isochronal pendulums 3 in different climates cannot be ascribed to the differ- 
ence of heat; nor indeed to the mistakes of the French astronomers. For 
although there is not a perfect agreement betwixt their observations, yet 
the errors are so small that they may be neglected; and in this they all 
agree, that .isochronal pendulums are shorter under the equator than 
at the Royal Observatory of Paris, by a ditference not less than 11 line, 
nor greater than 22 lines. By the observations of M. Richer, in the island 
of Cayenne, the difference was 11 line. That difference being corrected by 
those of M. des Huyes, becomes 13 line or 12 line. By the less accurate 
observations of others, the same was made about two lines. And this dis- 
agreement might arise partly from the errors of the observations, partly 
from the dissimilitude of the internal parts of the earth, and the height of 
mountains; partly from the different heats of the air. 

I take an iron rod of 3 feet long to be shorter by a sixth part of one line 
in winter time with us here in England than in the summer. Because of 
the great heats under the equator, subduct this quantity from the difference 
of one line and a quarter observed by M. Richer, and there will remain one 
line τὶς, which agrees very well with 1,272, line collected, by the theory a 
little before. M. Richer repeated his observations, made in the island of 
Cayenne, every week for ten months together, and compared the lengths of 
the pendulum which he had there noted in the iron rods with the lengths 
thereof which he observed in France. This diligence and care seems to 
have been wanting to the other observers. If this gentleman’s observations 
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are to be depended on, the earth is higher under the equator than at the 
poles, and that by an excess of about 17 miles; as appeared above by thc 
theory. | 


PROPOSITION XXL 'l'HEOREM XVII. 


Lhat the equinoctial points go backward, and that the axis of the earth, 
by a nutation in every annual revolution, twice vibrates towards the 
ecliptic, and as often returns to its former position. κ 

The proposition appears from Cor. 20, Prop. LXVI, Book I; but 
that motion of nutation must be very small, and, indeed, scarcely per- 
ceptible. 


PROPOSITION ΧΧΗ. THEOREM XVIII. 


That all the motions of the moon, and all the inequalities of those motions, 
follow from the principles which we have laid down. 

That the greater planets, while they are carried about the sun, may in 
the mean time carry other lesser planets, revolving about them; and that 
those lesser planets must move in ellipses which have their foci in the cen- 
tres of the greater, appears from Prop. LXV, Book I. But then their mo- 
tions will be several ways disturbed by the action of the sun, and they will 
suffer such inequalities as are observed in our moon. "Thus our moon (by 
Cor. 2, 3, 4, and 5, Prop. LXVI, Book I) moves faster, and, by a radius 
drawn to the earth, describes an area greater for the time, and has its orbit 
less curved, and therefore approaches nearer to the earth in the syzygies 
than in the quadratures, excepting in so far as these effects are hindered by 
the motion of eccentricity ; for (by Cor. 9, Prop. LX VI, Book I) the eccen- 
tricity is greatest when the apogeon of the moon is in the syzygies, and 
least when the same is in the quadratures; and upon this account the pe- 
rigeon moon is swifter, and nearer to us, but the apogeon moon slower, 
and farther from us, in the syzygies than in the quadratures. Moreover, 
the apogee goes forward, and the nodes backward ; and this is done not with 
a regular but an unequal motion. For (by Cor. 7 and 8, Prop. LXVI, 
Book I) the apogee goes more swiftly forward in its syzygies, more slowly 
backward in its quadratures; and, by the excess of its progress above its 
regress, advances yearly in consequentia. But, contrariwise, the nodes (by 
Cor. 11, Prop. LX VI, Book I) are quiescent in their syzygies, and go fastest 
back in their quadratures, Farther, the greatest latitude of the moon (by 
Cor. 10, Prop. LXVI, Book I) is greater in the quadratures of the moon 
than in its syzygies. And (by Cor. 6, Prop. LXVI, Book I) the mean mo- 
tion of the moon is slower in the perihelion of the earth than in its aphelior. 
And these are the principalinequalities (of the moon) taken notice of by 
astronomers.. | 
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But there are yet other inequalities not observed by former astronomers, 
by which the motions of the moon are so disturbed, that to this day we 
have not been able to bring them under any certain rule. For the veloc- 
ities or horary motions of the apogee and nodes of the moon, and their 
equations, as well as the difference betwixt the greatest eccentricity in the 
syzygies, and the least eccentricity in the quadratures, and that inequality 
which we call the variation, are (by Cor. 14, Prop. LX VI, Book I) in the 
course of the year augmented and diminished in the triplicate proportion 
of the sun’s apparent diameter. And besides (by Cor. 1 and 2, Lem. 10, 
and Cor. 16, Prop. LXVI, Book I) the variation is augmented and 
diminished nearly in the duplicate proportion of the time between 
the quadratures. But in astronomical calculations, this inequality 
18 commonly thrown into and confounded with the equation of the moon’s 
centre. 


- PROPOSITION XXIIL PROBLEM V. 


To derive the unequal motions of the satellites of Jupiter and Saturn 
from the motions of our moon. 

From the motions of our moon we deduce the corresponding motions of 
the moons or satellites of Jupiter in this manner, by Cor. 16, Prop. LX VI, 
Book I. Themean motion of the nodes of the outmost satellite of Jupiter 
is to the mean motion of the nodes of our moon in a proportion compound- 
. ed of the duplicate proportion of the periodic times of the earth about the 
sun to the periodic times of Jupiter about the sun, and the simple propor- 
tion of the periodic time of the satellite about Jupiter to the periodic time 
of our moon about the earth; and, therefore, those nodes, in the space of 
a hundred years, are carried 8? 24' backward, or in antecedentia. 'The 
inean motions of the nodes of theinner satellites are to the mean motion of 
the nodes of the outmost aa their periodic times to the periodic time of the 
former, by the same Corollary, and are thence given. And the motion of 
the apsis of every satellite in consequentia 18 to the motion of its nodes in 
antecedentia as the motion of the apogee of our moon to the motion of its 
nodes (by the same Corollary), and is thence given. But the motions of 
the apsides thus found, must be diminished in the proportion of 5 to 9, or 
of about 1 to 2, on account of a cause which I cannot here descend to ex- 
plain. The greatest equations of the nodes, and of the apsis of every satel- 
lite, are to the greatest equations of the nodes, and apogee of our moon re- 
gpectively, as the motions of the nodes and apsides of the satellites, in the 
time of onerevolütion of the former equations, to the motions of the nodes 
and apogee of our moon, in the time of one revolution of the latter equa- 
tions. "The variation of a satellite seen from Jupiter is to the variation of 
eur moon in the same proportion as the whole motions of their noder 
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respectively during the times in which the satellite and our moon (after 
parting from) are revolved (again) to the sun, by the same Corollary; and 
therefore in the outmost satellite the variation does not exceed 5" 12'", 


| PROPOSITION XXIV. THEOREM XIX. 
That the flux and reflux of the sea arise from the actions of the sun 
and moon. 

By Cor. 19 and 20, Prop. LXVI, Book I, it appears that the waters of 
the sea ought twice to rise and twice to fall every day, as well lunar as solar ; 
aud that the greatest height of the waters in the open and deep seas ought 
to follow the appulse of the luminaries to the meridian of the place by a 
less interval than 6 hours ; as happens in all that eastern tract of the Atlantic 
and Authiupic seas between France and the Cape of Good Hope ; and ou 
the coasts of Chili and Peru in the South Sea ; in all which shores the - 
tio d falls out about the second, third, or fourth hour, unless where the 
motionipropagated from the deep ocean is by the shallowness of the chan: 
nels, through which it passes to some particular places, retarded to the 
fifth, sixth, or seventh hour, and even later. The hours I reckon from the 
appulse of each luminary to the meridian of the place, as well under as 
above the horizon; and by the hours of the lunar day I understand the 
24th parts of that time which the moon, by its apparent diurnal motion, 
employs to come about again to the meridian of the place which it left the 
day before. ‘The force of the sun or moon in raising the sea is. greatest in 
the appulse of the luminary to the meridian of the place; but the force 
impressed upon the sea at that time continues a little while after the im- 
pression, and is afterwards increased by a new though less force still act- 
ing upon it, This makes the sea rise higher and higher, till this new force 
becoming too weak to raise it any more, the sea rises to its greatest height. 
And this will come to pass, perhaps, in one or two hours, but more fre- 
quently near the shores in about three hours, or even more, where the sea 
is shallow. 

The two luminaries excite two motions, which will not appear distinctly, 
but between them will arise one mixed motion compounded out of both. 
In the conjunction or opposition of the luminaries their forces will be con- 
joined, and bring on the greatest flood and ebb. In the quadratures the 
sun will raise the waters which the moon depresses, and depress the waters 
which the moon raises, and from the difference of their forces the smallest 
of all tides will follow. And because (as experience tells us) the force of 
the moon is greater than that of the sun, the greatest height of the waters 
will happen about the third lunar hour. Out of the ayzygies and quadra- 
tures, the greatest tide, which by the single force of the moon ought to fall 
out at the third lunar hour, and by the single force of the sun at the third 
solar hour, by the compounded forces of both must fall out in an interme- 


416 THE MATHEMATICAL PRINCIPLES [Boox 11 


diate time that aproaches nearer to the third hour of the moon than tc 
that of the sun. And, therefore, while the moon is passing from the syzy- 
gies to the quadratures, during which time the 3d hour of the sun precedes 
the 3d hour of the moon, the greatest height of the waters will also precede 
the 3d hour of the moon, and that, by the greatest interval, a little after 
the octants of the moon; and, by like intervals, the greatest tide will fol- 
low the 3d lunar hour, while the moon is passing from the quadratures to 
the syzygies. Thus it happens in the open sea; for in the mouths of 
rivers the greater tides come later to their height. 

But the effects of the luminaries depend upon their distances from the 
earth; for when they are less distant, their effects are greater, and when 
more distant, their effects are less, and that in the triplicate proportion of 
their apparent diameter. Therefore it is that the sun, in the winter time, 
being then in its perigee, has a greater effect, and makes the tides in the 
syzygies something greater, and those in the quadratures something less 
than in the summer season; and every month the moon, while in the peri- 
gee, rises greater tides than at the distance of 15 days before or after, 
when it is in its apogee. Whence it comes to pass that two highest 
tides do not follow one the other in two immediately succeeding syzygies. 

The effect of either luminary doth likewise depend upon its declination 
or distance from the equator ; for if the luminary was placed at the pole, 
it would constantly attract all the parts of the waters without any inten- 
Sion or remission of its action, and could cause no reciprocation of motion. 
And, therefore, as the luminaries decline from the equator towards either 
pole, they will, by degrees, lose their force, and on this account will excite 
lesser tides in the solstitial than in the equinoctial syzygies. But in the 
solstitial quadratures they will raise greater tides than in the quadratures 
about the equinoxes; because the force of the moon, then situated in the 
equator, most exceeds the force of the sun. Therefore the greatest tides 
fall out in those syzygies, and the least in those quadratures, which hap- 
pen about the time of both equinoxes: and the greatest tide in the syzy- 
gies is always succeeded by the least tide in the quadratures, as we find 
by experience. But, because the sun is less distant from the earth in 
winter than in summer, it comes to pass that the greatest and least tides. 
more frequently appear before than after the vernal equinox, and more 
frequently after than before the autumnal. 

f ΚΝ Moreover, the effects of the lumi- 

j naries depend upon the latitudes of 
places. Let ApEP represent the 
earth covered with deep waters; C 
its centre; P, p its poles; AE the 
equator; F any place without the 
equator ; Ff the parallel of the place; 
Dd the correspondent parallel on the 
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other side of the equator; L the place of the moon three Lours before; 
H the place of the earth directly under it; A the opposite place; K, k the 
places at 90 degrees distance; CH, Ch, the greatest heights of the sea 
from the centre of the earth ; and CK, ΟΚ, its least heights: and if with 
the axes H/, Kk, an ellipsis is described, and by the revolution of that 
ellipsis about its longer axis HA a spheroid HPK pk is formed, this sphe- 
roid will nearly represent the figure of the sea; and CF, Cf, CD, Cd, 
will represent the heights of the sea in the places Ff, Dd. But far- 
ther; in the said revolution of the ellipsis any point N describes the circle 
NM cutting the parallels Ff, Dd, in any places R'T, and the equator AE 
in S; CN will represent the height of the sea in all those places R, S, 
T, situated in this circle. Wherefore, in the diurnal revolution of any 
place F, the greatest flood will be in F, at the third hour after the appulse 
of the moon to the meridian above the horizon; and afterwards the great- 
est ebb in Q, at the third hour after the setting of the moon; and then 
the greatest flood in f, at the third hour after the appulge of the moon to 
the meridian under the horizon ; and, lastly, the greatest ebb in Q, at the 
third hour after the rising of the moon; and the latter flood in f will be 
less than the preceding flood in F. For the whole sea is divided into two 
hemispherical floods, one in the hemisphere KH on the north side, the 
other in the opposite hemisphere KAk, which we may therefore call the 
northernandthesouthernfloods. These floods, being always opposite the one 
to the other, come by turns to the meridians of all places, after an interval 
of 12 lunar hours. And seeing the northern countries partake more of 
the northern flood, and the southern countries more of the southern flood, 
thence arise tides, alternately greater and less in all places without the 
equator, in which the luminaries rise and set. But the greatest tide will 
happen-when the moon declines towards the vertex of the place, about the 
third hour after the appulse of the moon to the meridian above the hori- 
zon; and when the moon changes its declination fo the other side of the 
equator, that which was the greater tide will be changed into a lesser. 
And the greatest difference of the floods will fall out about the times of 
the solstices; especially if the ascending node of the moon is about the 
first of Aries. Soit is found by expérience that the morning tides in 
winter exceed those of the evening, and the evening tides in summer ex- 
ceed those of the morning ; at Plymouth by the height of one foot, but at 
Bristol by the height of 15 inches, according to the observations of Cole- 
press and Sturmy. 

But the motions which we have been describing suffer some alteration 
from that force of reciprocation, which the waters, being once moved, retain: 
a little while by their vis insita. Whence it comes to pass that the tides 
may continue for some time, though the actions of the luminaries should 

27 
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cease. This power of retaining the impressed motion lessens the difference 
of the alternate tides, and makes those tides which immediately succeed 
after the syzygies greater, and those which follow next after the quadra- 
tures less. And hence it is that the alternate tides at Plymouth and 
Bristol do not differ much more one from the other than by the height of 
a foot or 15 inches, and that the greatest tides of all at those ports are not 
the first but the third after the syzygies. And, besides, all the motions are 
retarded in their passage through shallow channels, so that the greatest 
tides of all, in some straits and mouths of rivers, are the fourth or even the 
fifth after the syzygies. 

Farther, it may happen that the tide may be propagated from the ocean 
throuczh different channels towards the same port, and may pass quicker 
through some channels than through others; in which case the same tide, 
divided into two or more succeeding one another, may compound new mo- 
tions of different kinds. let us suppose two equal tides flowing towards 
the same port from different places, the one preceding the other by 6 hours; 
and suppose the first tide to happen at the third hour of the appulse of the 
moon to the meridian of the port. If the moon at the time of the appulse 
to the meridian was in the equator, every 6 hours alternately there would 
arise equal floods, which, meeting with as many equal ebbs, would so bal- 
ance one the other, that for that day, the water would stagnate and remain. 
quiet. If the moon then declined from the equator, the tides in the ocean 
would be alternately greater and less, as was said; and from thence two 
greater and two lesser tides would be alternately propagated towards that 
port. But the two greater floods would make the greatest height of the 
waters to fall out in the middle time betwixt both; and the greater and 
lesser floods would make the waters to rise to a mean height in the middle 
time between them, and in the middle time between the two lesser floods the 
waters would rise to their least height. Thus in the space of 24 hours the 
waters would come, not twice, as commonly, but once only to their great- 
est, and once only to their least height; and their greatest height, if the 
moon declined towards the elevated pole, would happen at the 6th or 30th 
hour after the appulse of the moon to the meridian; and when the moon 
changed its declination, this flood would be changed into an ebb. An ex- 
ample of all which Dr. alley has given us, from the observations of sea- 
men in the port of Batsham, in the kingdom of T'nquin, in the latitude 
of 20° 60’ north. In that port, on the day which follows after the passage 
of the moon over the cquator, the waters stagnate: when the moon declines 
to the north, they begin to flow and ebb, not twice, as in other ports, but 
once only every day: and the flood happens at the setting, and the greatest 
ebb at the rising of the moon. This tide increases with the declination of 
the moon till the 7th or 8th day; then for the 7 or 8 days following it 
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decreases at the same rate as it had increased before, and ceases when the 
: moon changes its declination, crossing over the equator to the south. Af- 
ter which the flood is immediately changed into an ebb; and thenceforth 
the ebb happens at the setting and the flood at the rising of the moon; till 
the moon, again passing the equator, changes its declination. ‘There are 
_ two inlets to this port and the neighboring channels, one from the seas of 
China, between the continent and the island of Leuconia ; the other from 
the Indian sea, between the continent and the island of Borneo. But 
whether there be really two tides propagated through.the said channels, one 
from the Indian sea in the space of 12 hours, and one from the sea of 
China in the space of 6 hours, which therefore happening at the 3d and. 
9th lunar hours, by being compounded together, produce those motions; or. 
whether there be any other circumstances in the stateof those seas, I cave 
to be determined by observations on the neighbouring shores. 

Thus I have explained the causes of the motions of the moon and. of. tlie 
sea. Now it is fit to subjoin something concerning the πα of. those 
motions. 


PROPOSITION XXV. PROBLEM VL 


: To find the forces with which the sun disturds the motions of the moon. 
Let S represent the sun, T the | 

earth, P the moon, CADB the 
moon’s orbit. In SP take SK 
equal to ST; and let SL be to : 
SK in the duplicate proportion 
of SK to SP: draw LM parallel 
to ΡΤ; and if ST or SK is sup- 
posed to represent the accelerated force of gravity of the earth towards the 
sun, SL will represent the accelerative force of gravity of the moon towards 
the sun. But that force is compounded of the parts SM and LM, of: which 
the force LM, and that part of SM which is represented by TM, disturb 
the motion of the moon, as we have shewn in Prop. LXVI, Book I, and: 
its Corollaries. Forasmuch as the earth and moon are revolved about 
their common centre of gravity, the motion of the earth about that centre 
will be also disturbed by the like forces; but we may consider the sums: 
both of the forces and of the motions as in the moon, and represent the sum: 
of the forces by the lines TM and ML, which are analogous to them both. 
The force ML (in its mean quantity) is to the centripetal force by which 
the moon may be retained in its orbit revolving about the earth at rest, at 
— the distance E"1, ın the duplicate proportion of the periodic time of the’ 
moon about the earth to the periodic time of the earth about the sun (by: 
vor. 17, Prop. LX VI, Book I); that is, in the duplicate proportion of 276, 
7u, 49’ to 365". 6". 9’: or as 1000 to 175725; or 88 1 to 17823. But in the 
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4th Prop. of this Book we found, that, if both earth and moon were revolved 
tfoont their common centre of gravity, the mean distance of the one from 
the other would be nearly 603 mean semi-diameters of the earth; and the 
force by which the moon may be kept revolving in its orbit about the earth 
in rest at the distance PT of 601 semi-diameters of the earth, is to the 
force by which it may be revolved in the same time, at the distance of 60 
semi-diameters, as 601 to 60: and this force is to the force of gravity with 
us very nearly as 1 to 60 x 60. ‘Therefore the mean force ML is to the 
force of gravity on the surface of our earth as 1 X 601 to 60 x 60 x 60 
X 17822,0r as 1 to 638092,6 ; whence by the proportion of the lines TM, 
ML, the force TM is also given; and these are the forces with which the 
sun disturbs the motions of the moon. Q.E.I. | 


PROPOSITION XXVL PROBLEM VIL 


Το find the horary increment of the area which the moon, by a radius 
drawn to the earth, describes in a circular orbit. 


We have above 
shown that the area 
which the moon de- 
scribes by a radius 
drawn to the earth 
is proportional to 
the time of descrip- 
tion, excepting in so 
far as the moon's 
motion is disturbed 
by the action of the 
sun; and here we 

D propose to investi- 
gate the inequality of the moment, or horary increment of that area or 
motion so disturbed, To render the calculus more easy, we shall suppose 
the orbit of the moon to be circular, and neglect all inequalities but that 
only which is now under consideration; and, because of the immense dis- 
tance of the sun, we shall farther suppose that the lines SP and ST are 
parallel. By this means, the force LM will be always reduced to its mean 
quantity TP, as wellas the force TM to its mean quantity 3PK. These 
forces (by Cor. 2 of the Laws of Motion) compose the force TTL; and 
this force, by letting fall the perpendicular LE upon the radius TP, is 
resolved into the forces TE, EL; of which the force TE, acting constantly 
in the direction of the radius TP, neither accelerates nor retards the de- 
&eription of the area TPC made by that radius TP; but EL, acting on 
the radius TP in a perpendicular direction, accelerates or retards the de- 
scription of the area in proportion as it accelerates ^r retards the moon. 
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That acceleration of the moon, in its passage from the quadrature C to the 
conjunction A, is in every moment of time as the generating accclerative 
force EL, that is, as uA = 
mean motion of the moon, or (which comes to the same thing) by the angle 
CTP, or even by the arc CP. At right angles upon CT erect CG equal 
to C'T ; and, supposing the quadrantal arc AC to be divided into an infinite 
number of equal parts Pp, &c., these parts may represent the like infinite 
number of the equal parts of time. Let fall p& perpendicular on CT, and 
draw TG meeting with KP, kp produced in F and S3 ; then will FK be 
equal to TK, and Kk be to PK as Pp to Tp, that is, in a given propor- 

; | 3PK x TK 
tion; and therefore FK x Kk, or the area ΕΚ} will be as —TP ^ 
that is, as EL; and compounding, the whole area GCKPF' will be as the 
sum of all the forces EL impressed upon the moon in the whole time CP; 
and therefore also as the velocity generated by that sum, that is, as the ac- 
celeration of the description of the area CTP, or as the increment of the 
moment thereof. ‘The force by which the moon may in its periodic time 
CADB of 274. 75, 43’ be retained revolving about the earth in rest at the 
distance ΤΡ, would cause a body falling in the time CT to describe the 
length 1CTT, and at the same time to acquire a velocity equal to that with 
which the moon is moved in its orbit. This appears from Cor. 9, Prop. 
IV., Book L But since Kd, drawn perpendicular on ΤΡ, is but a third 
part of EL, and equal to the half of 'TP, or ML, in the octants, the force 
EL in the octants, where it is greatest, will exceed the force MI. in the 
proportion of 3 to 2; and therefore will be to that force by which the moon 
in its periodic time may be retained revolving about the earth at rest as 
100 to 2 x 178721, or 11915; and in the time CT will generate a ve- 
locity equal to 1122; parts of 'the velocity of the moon ; but in the time 
CPA will generate a greater velocity in the proportion of CA to CT or 
TP. Let the greatest force EL in the octants be represented by the area 
FK x Kk, or by the rectangle ΤΡ x Pp, which is equal thereto; and 
the velocity which that greatest force can generate in any tiine CP will be 
to the velocity which any other lesser force EL, can generate in the same 
time as the rectangle ł TP x CP to the area ΚΟΕ; but the velocities 
generated in the whole time CPA will be one to the other as the rectangle 
«ΤΡ x CA to the triangle TCG, or as the quadrantal arc CA to the 
radius TP; and therefore the latter velocity generated in the whole time 
will be 4142; parts of the velocity of the moon. ‘To this velocity of the 
moon, which is proportional to the mean moment of the area (supposing 
this mean moment to be represented by the number 11915), we add and 
subtract the half of the other velocity; the sum 11915 + 50, or 11966, 
will represent the greatest moment of the area in the syzygy A; and the 





Let the time be represented by the 
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difference 11915 — 50, or 11865, the least moment thereof in the quadra- 
tures. 'l'herefore the areas which in equal times are described in the syzy- 
gies and quadratures are one to the other as 11965 to 11865. And if to 
the least moment 11865 we add a moment which shall be to 100, the dif- 
. ference of the two former moments, as the trapezium FKCG to the triangle 
TCG, or, which comes to the same thing, as the square of the sine PK to 
the square of the radius 'T'P (that is, as Pd to TP), the sum will represent 
the moment of the area when the moon is in any intermediate place P. 

But these things take place only in the hypothesis that the sun and the 
earth are &t rest, and that the synodical revolution of the moon is finished 
in 273. 7^. 43. But since the moon’s synodical period is really 29". 12b, 
41’, the increments of the moments must be enlarged in the same propor- 
tion as the time is that is, in the proportion of 1080853 to 1000000. 
Upon which account, the whole increment, which was 41324 parts of the 
mean moment, will now become 11224 parts thereof; and therefore the 
moment of the area in the quadrature of the moon will be to the moment 
thereof in the syzygy as 11023 — 50 to 11023 + 50; or as 10973 to 
11073; and to the moment thereof, when the moon is in any intermediate 
place P, as 10973 to 10973 + Pd; that is, supposing TP — 100. 

The area, therefore, which the moon, by a radius drawn to the earth, 
describes in the several little equal parts of time, is nearly as the sum of 
the number 219,46, and the versed sine of the double distance of the moon 
from the nearest quadrature, considered in a circle which hath unity for its 
radius. ‘Thus it is when the variation in the octants is in its mean quantity. 
3ut if the variation there is greater or less, that versed sine must be aug- 
nented or diminished in the same proportion. 


PROPOSITION XXVII. PROBLEM VILL 


From the horary motion of the moon to find its distance from the earth. 


The area which the moon, by a radius drawn to the earth, describes in 
every, moment of time, is as the horary motion of the moon and the square 
of the distance of the moon from the earth conjunctly. And therefore the 
distance of the moon from the earth is in a proportion compounded of the 
subduplicate proportion of the area directly; and the subduplicate propor- 
tion of the horary motion inversely. Q.E.I. 

Cor. 1. Hence the apparent diameter of the moon is given; for it is re- 
ciprocally as the distance of the moon from the earth. Let astronomers 
try how accurately this rule agrees with the phzenomena. 

Con. 2. Hence also the orbit of the moon may be more exactly defined 
from the phenomena than hitherto could be done. 
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PROPOSITION XXVIII PROBLEM IX. 


To find the diameters of the orbit, in which, without eccentricity, the 
moon would. move. | 

The curvature of the orbit which a body describes, if attracted in lines 
perpendicular to the orbit, is as the force of attraction directly, and the 
square of the velocity inversely. I estimate the curvatures of lines com- 
pared one with another according to the evanescent proportion of the sines 
or tangents of their angles of contact to equal radii, supposing those radii 
to be infinitely diminished. But the attraction of the moon towards the 
earth in the syzygies is the excess of its gravity towards the earth above 
the force of the sun 2PK (see Fig. Prop. X XV), by which force the accel- 
erative gravity of the moon towards the sun exceeds the accelerative gravity 
of the earth towards the sun, or is exceeded by it. But in the quadratures 
that attraction is the sum of the gravity of the moon towards the earth, 
and the sun’s force KT, by which the moon is attracted towards the earth. 
And these attractions, putting N Tee u = are nearly as Allee --- 


AT? 

Oren an μά F it as 178725N x CT? — 2000AT? 
X CT, and 178725N x AT? + 1000C T* x AT. For if the accelera- 
tive gravity of the moon towards the earth be represented by the number 
178725, the mean force ML, which in the quadratures is PT or TK, and 
draws the moon towards the earth, will be 1000, and the mean force TM in 
the syzygies will be 3000; from which, if we subtract the mean force ML, 
there will remain 2000, the force by which the moon in ‘the syzygies is 
drawn from the earth, and which we above called 3PK. But the velocity 
of the moon in the syzygies A and B is to its velocity in the quadratures 
C and D as CT to AT, and the moment of the area, which the moon by 
a radius drawn to the earth describes in the syzygies, to the moment of that 
area described in the quadratures conjunctly; that 15, as 11073CT to 
10973A'T. Take this ratio twice inversely, and the former ratio once di- 
rectly, and the curvature of the orb of the moon in the syzygies will be to 
the curvature thereof in the quadratures as 120406729 x 178725AT? x 
CT? x N— 120406729 x 2000A'T* x CT to 122611329 x 179725A'T* 
x CT? x N + 122611329 x 1000€ T* x AT, that is, as 2151969AT 
x CT x N — 24081AT" to 2191371A T x CT x N + 12261CT*. 

Because the figure of the moon’s orbit is unknown, let us, in ita stead, 
assume the ellipsis DBCA, in the centre of which we suppose the earth to 
be situated, and the greater axis DC to lie between the quadratures as the 
lesser AB between the syzygies. But since the plane of this ellipsis is re- 
volved about the earth by an angular motion, and the orbit, whose curva- 
ture we now examine, should be described in a plane void of such motion 
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ὃς we are to consider the figure which the moon, 
while it is revolved in that ellipsis, describes in 
| this plane, that is to say, the ἤρατο Cpa, the 
i several points p of which are found by assuming 
any point P in the ellipsis, which may represent 
| the place of the moon, and drawing Tp equal 
to TP in such manner that the angle PTp may 
be equal to the apparent motion of the sun from 
the time of thelast quadrature in C; or (which 
comes to the same thing) that the angle C'T'p 
may be to the angle CTP as the time of the 
synodic revolution of the moon to the time of 
the periodic revolution thereof, or as 29". 12". 44' to 274. 74, 43'. If, there- 
fore, in this proportion we take the angle Ο Τα to the right angle CTA, 
and make Ta of equal length with ΤΑ, we shall have a the lower and C 
the upper apsis of this orbit Cpa. But, by computation, I find that the 
difference betwixt the curvature of this orbit Cpa at the vertex a, and the 
curvature of a circle described about the centre T with the interval TA, is 
to the difference between the curvature of the ellipsis at the vertex A, and 
the curvature of the same circle, in the duplicate proportion of the angle 
CTP to the angle CT; and that the curvature of the ellipsis in A is to 
the curvature of that circle in the duplicate proportion of TA to TC; and 
the curvature of that circle to the curvature of a circle described about the 
centre T with the interval 'TC as TC to TA; but that the curvature of 
this /ast arch is to the curvature of the ellipsis in C in the duplicate pro- 
portion of TTA to TC; and that the difference betwixt the curvature of the 
ellipsis in the vertex Cj and the curvature of this last circle, is to the dif- 
ference betwixt the curvature of the figure Cpa, at the vertex C, and the 
curvature of this same /ast circle, in the duplicate proportion of the angle 
C'T? to the angle CTP; all which proportions are easily drawn from the 
gines of the angles of contact, and of the differences of those angles. But, 
by comparing those proportions together, we find the curvature of the figure 
Cpa at a to be to its curvature at C as A'T'?.— AOT A'T to CT? + 
PASSAT? X CT; where the number Pf represents the difference 
of the squares of the angles ΟἽ Ῥ and C'T, applied to the square of the 
lesser angle CTP; or (which is all one) the difference of the squares of the 
times 273, 7^. 43’, and 294. 125, 44’, applied to the square of the time 27°. 
7^, 49’. | 

Since, therefore, a represents the syzygy of the moon, and Ο its quadra- 
ture, the proportion now found must be the same with that proportion of 
the curvature of the moon’s orb in the syzygies to the curvature thereof in 
the quadratures, which we found above. "Therefore, in order to find the 
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proportion of CT to AT, let us multiply the extremes and the means, ane 
the terms which come out, applied to A'T x: CT, become 2062,79CT* — 
2151969N x CT? + 368676N x AT x CT? + 36342 AT? x CT? — 
362047N x AT? x CT + 2191371N x AT? + 40514AT* =Q. 
Now if for the half sum N of the terms AT and CT we put 1, and z for. 
their half ditference, then CT will be — 1 + z, and AT — 1 — z. And 
substituting those values in the equation, after resolving thereof, we shall 
find « — 0,007 19; and from thence the semi-diameter C'T — 1,007 19, and 
the semi-diameter AT — 0,99281, which numbers are nearly as 7044, and 
69,.. Therefore the moon's distance from the earth in the syzygies is to 
ita distance in the quadratures (setting aside the consideration of eccentrici- 
ty) as 69, to 703z; or, in round numbers, as 69 to 70. 


PROPOSITION XXIX. PROBLEM X. , 


To find the variation of the moon. 


This inequality is owing partly to the elliptic figure of the moon’s orbit 
partly to the inequality of the moments of the area which the moon by a 
radius drawn to the earth deseribes. If the moon P revolved in the ellipsis 
DBCA about the earth quiescent in the centre of the ellipsis, and by the 
radius TP, drawn to the earth, described the area CTP, proportional to 
the time of description ; and the greatest semi-diameter C'T of the ellipsis 
was to the least TA as 70 to 69; the tangent of the angle CT'P would be 
to the tangent of the angle of the mean motion, computed from the quad- 
rature C, as the semi-diameter TA of the ellipsis to its semi-diameter TC, 
or as 69 to 7U. But the description of the area CTP, as the moon advan- 
ces from the quadrature to the 8YZYEY, ought to be in such manner accel- 
erated, that the moment of the area in the moon’s syzygy may be to the 
‘moment thereof in its quadrature as 11073 to 10973; and that the excess 
of the moment in any intermediate place P above the moment in the quad- 
rature may be as the square of the sine of the angle CTP ; which we may - 
effect with accuracy enough, if we diminish the tangent of the angle CTP 
in the subduplicate proportion of the number 10973 to the number 11073, 
that is, in proportion of the number 68,6877 to the number 69. Upon 
which account the tangent of the angle CTP will now be to the tangent 
of the mean motion as | 68,6977 to 70; and the angle CTP in the octante, 
where the mean motion is 45°, will be found 44? 27' 28", which sub- 
tracted from 45°, the angle of the mean motion, leaves the greatest varia- 
tion 32’ 32", Thus it would be, if the moon, in passing from the quad- 

rature to the syzygy, described an angle CTA of 90 degrees only. But 
- because of the motion of the earth, by which the sun is apparently trang- 
ferred in consequentia, the moon, before it overtakes the sun, describes an 
angle CTa, greater than a right angle, in the proportion of the time of the 
synodic revolution of the moon to the time of its periodic revolution, that 
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is, in the proportion of 29". 12". 44’ to 974, 7». 49’. Whence it comes tc 
pass that all the angles about the centre T are dilated in the same pro- 
portion; and the greatest variation, which otherwise would be but 32 
32", now augmented in the said proportion, becomes 35' 10". 

And this is its magnitude iu the mean distance of the sun from the 
earth, neglecting the differences which may arise from the curvature of 
the orbis magnus, and the stronger action of the sun upon the moon when 
horned and new, than when gibbous and full. In other distances of the 
sun from the earth, the greatest variation is in à proportion compounded 
of the duplicate proportion of the time of the synodic revolution of the 
moon (the time of the year being given) directly, ànd the triplicate pro- 
portion of the distance of the sun from the earth inversely. And, there- 
fore, in the apogee of the sun, the greatest variation 13 33’ 14", and in its 
perigee 37’ 11”, if the eccentricity of the sun is to the transverse semi-di- 
ameter of the orbis magnus as 1615 to 1000. 

Hitherto we have investigated the variation in an orb not eccentric, in 
which, to wit, the moon in its octants is always in its mean distance from 
the earth. If the moon, on account of its eccentricity, is more or less re- 
moved from the earth than if placed in this orb, the variation may be 
something greater, or something less, than according to this rule. But I 
leave the excess or defect to the determination of astronomers from the 
phenomena. ! | | 
PROPOSITION XXX. PROBLEM ΧΙ. 

To find the horary motion of the nodes of the moon in a circular orbit. 

Let S represent the sun, T the earth, P the moon, NP» the orbit. of the 
moon, Npn. the orthographic projection of the orbit upon the plane of the 
ecliptic; N. n the nodes, n T'No the line of the nodes produced indefi- 

| 3 


nd 
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nitely ; PI, PK perpendiculars upon the lines ST, Qg; Pp à perpendicu- 
lar upon the plane of the ecliptic; A, B the moon’s syzygies in the plane 
of the ecliptic; AZ a perpendicular let fall upon Nz, the line of the 
nodes; Q, g the quadratures of the moon in the plane of the ecliptic, and 
pK a perpendicular on the line Qg lying between the quadratures. The 
force of the sun to disturb the motion of the moon (by Prop. XXV) i ig 
twofold, one proportional to the line LM, the other to the line MT, in the 
scheme of that Proposition; and the moon by the former force is drawn 
towards the earth, by the latter towards the sun, in a direction parallel to 
the right line ST joining the earth and the sun. The former force LM 
acts in the direction of the plane of the moon’s orbit, and therefore makes 
no change upon the situation thereof, and is upon that account to be neg- 
lected; the latter force MT, by which the plane of the moon’s orbit 19 dis- 
turbed, is the same with the force 3PK or 3IT. And this force (by Prop. 
XXV) is to the force by which the moon may, in its periodic time, be uni- 
formly revolved in a circle about the earth at rest, as 3IT' to the radius of 
the circle multiplied by the number 178,725, or as IT to the radius there- 
of multiplied by 59,575. But in this calculus, and all that follows, I 
consider ali the lines drawn front the moon to the sun as parallel to the 
line which joins the earth and the sun; because what inclination there is 
almost as much diminishes all effects in some cases as it augments them 
in others ; and we are now inquiring after the mean motions of the nodes, - 
neglecting such niceties as are of no moment, and would only serve to ren- 
der the calculus more perplexed. 

Now suppose PM to represent an arc which the moon describes in the 
least moment of time, and ML a little line, the half of which the moon, 
by the impulse of the said force 3IT, would describe in the same time; and 
joining PL, MP, let them be produced to m and /, where they cut the plane 
of the ecliptic, and upon 'T' let fall the perpendicular PH. Now, since 
the right line ML is parallel to the plane of the ecliptic, and therefore can 
never meet with the right line mnl which lies in that plane, and yet both 
those right lines he in one common plane LMPmil, they will be parallel, 
and upon that account the triangles LMP, lmP will be similar. And 
seeing MPa lies in the plane of the orbit, in which the moon did move 
while in the place P, the point m will fall upon the line Nn, which passes 
through the nodes N, n, of that orbit. And because the force by which the 
half of the little line LM is generated, if the whole had been together, and 
at once impressed in the point P, would: hav^ generated that whole line, 
and caused the moon to move in the arc who chord is LP; t atis to say, ` 
would have transferred the moon from the plane MPmT into the plane. 
LPT ; therefore the angular motion of the nodes generated by that force 
will be equal to the angle mTl. But πο is to mP as ML to MP; and 
since MP, because of the time given, is also given, mi will be as the rectan- 
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gle ML Χ mP, that is, as the rectangle IT X mP. And if T isa T 

ml , ITxPm, 

Tm Tm 

cause Tm and mP, TP and PH are proportional), as ie E and, there- 
fore, because ΤΡ is given, as IT x PH. But if the angle Τη or STN 
is oblique, the angle mT will be vet less, in proportion of the sine of the 
angle STN to the radius, or AZ to AT. And therefore the velocity of 
the nodes is as IT x PH x AZ, or as the solid content of the sines of the 
three angles ΤΡΙ, PTN, and STN. 

If these are right angles, as happens when the nodes are in the quadra- 
tures, and the moon in the syzygy, the little line ml will be removed to 
an infinite distance, and the angle aml will become equal to the angle 
smPl. But in this case the angle mP? is to the angle PTM, which the 
moon in the same time by its apparent motion describes about the earth, 
as 1 to 59,575. For the angle mP/ is equal to the angle LPM, that is, to 
the angle of the moon's deflexion from a rectilinear path ; which angle, if 
the gravity of the moon should have then ceased, the said force of the sun 
3IT would by itself have generated in that given time; and the angle 
PTM is equal to the angle of the moon’s deflexion from a rectilinear path; 
which angle, if the force of the sun 3I'T' should have then ceased, the force 
alone by which the moon is retained in its orbit would have generated in 
the same time. And. these forces (as we have above shewn) are the one to 
the other as | to 59,575. Since, therefore, the mean horary motion of the 
moon (in respect of the fixed stars) is 32’ 56" 27'" 121". the horary motion 
of the node in this case will be 33" 10’” 33. 12"). But in other cases the 
horary motion will be to 33” 10' 33". 12", as the solid content of the sines 
of the three angles TPI, PTN, and STN (or of the distances of the moon 
from the quadrature, of the moon from the node, and of the node from the 
sun) to the cube of the radius. And as often as the sine of any angle is 
changed from positive to negative, and from negative to positive, so often 
must the regressive be changed into a progressive, and the progressive into 
a regressive motion. Whence it comes to pass that the nodes are pro- 
gressive a8 often as the moon happens to be placed between either quadra- 
ture, and the node nearest to that quadrature. In other cases they are 
regressive, and by the excess of the regress above the progress, they are 
monthly transferred in antecedentia. 

Cor. 1. Hence if from P and M, the extreme points of a least arc PM, 
on the line Qg joining the quadratures we let fali the pernendiculara PK 
Mk, and produce the same till they cut the line of the nodes Nz in D ana 
d, the horary motion of the nodes will be as the area MPDd, and the 
square of the line AZ conjunctly. For let PK, PH, and AZ, be the three 
aaid sines, viz, PK the sine of the distance of the moon from the quadra- 














angle, the angle mT will be 
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ture, PH the sine of the distance of the moon from the node, and AZ the 
sine of the distance of the node from the sun; and the velocity of the node 
will be as the solid content of PK x PH x AZ. But PT is to PK as 
PM to Kk; and, therefore, because PT and PM are given, Kk will be as 
PK. Likewise AT is to PD as AZ to PH, and therefore PH is as the ` 
rectangle PD x AZ; and, by compounding those proportions, PK x PH 
is as the solid content Kk Χ PD x AZ, and PK x PH x AZ as Kk 
.X PD x AZ?; that is, as the area PDdM and AZ?! conjunctly. Q.E.D. 

Cor. 2. In any given position of the nodes their mean horary motion is 
half their horary motion in the moon’s syzygies; and therefore is to 16" 
35'" 161), 36". as the square of the sine of the distance of the nodes from 
the syzygies to the square of the radius, or as AZ? to AT?. For if the 
moon, by an uniform motion, describes the semi-circle Q Αφ, the sum of all 
the areas PDdM, during the time of the moon’s passage from Q to M, will 
make up the area QMdE, terminating at the tangent QE of the circle; 
and by the time that the moon has arrived at the point 7, that sum will 
make up the whole area EQAn described by the line PD: but when the 
moon proceeds from n to g, the line PD will fall without the circle, and 
describe the area nge, terminating at the tangent ge of the circle, which 
area, because the nodes were before regressive, but are now progressive, 
must be subducted from the former area, and, being itself equal to the area - 
QEN, will leave the semi-circle NQAn. While, therefore, the moon de- 
scribes a semi-circle, the sum of all the areas PDdM will be the area of 
that semi-circle; and while the moon describes a complete circle, the sum 
of those areas will be the area of the whole circle. But the area PDdM, 
when the moon is in the syzygies, is the rectangle of the arc PM into the 
radius PT’; and the sum of all the areas, every one equal to this area, in. 
the time that the moon describes a complete circle, is the rectangle of the 
whole circumference into the radius of the circle; and this rectangle, being 
double the area of the circle, will be double the quantity of the former sum 
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If, therefore, the nodes went on with that velocity uniformly continued 
. which they acquire in the moon’s syzygies, they would describe a space 
double of that which they describe in fact; and, therefore, the mean motion, 
by which, if uniformly continued, they would describe the sime space with 
that which they do in fact describe by an unequal motion, is but one-half 
of that motion which they are possessed of in the moon's svzygies. Where- 
fore since their greatest horary motion, if the nodes are in the quadratures, 
is 33” 10'" 33. 12’. their mean horary motion in this case will be 16" 
35'' 16", 36”. And seeing the horary motion of the nodes is every where 
as AZ? and the area PDdM conjunctly, and, therefore, in the moon's 
syzygies, the horary motion of the nodes is as AZ? and the area PDdM : 
conjunctly, that is (because the area PDdM described in the syzygies is 
given), as AZ?, therefore the mean motion also will be as AZ? ; and, there- 
fore, when the nodes are without the quadratures, this motion will be to 
16" 35'" 16". 96". as AZ? to AT. Q.E.D. 


PROPOSITION XXXI. PROBLEM XII. 


To find the horary motion of the nodes of the moon in an elliptic orbit 

Let Qpmazg represent an ellipsis described with the greater axis Qg, anc 
the lesser axis ab; QAgB a circle circumscribed; T the earth in the com- 
mon centre of both; S the sun; p the moon moving in this ellipsis; and 
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gm ah arc Sino it describes in the least moment of time; N'and n the 
nodes joined by theline Nn ; pK and mk perpendiculars upon the axis Qg, 
produced both ways till they meet the circle in P and M, and the line of 
the nodes in D and d. And if the moon, by a radius drawn to the earth, 
describes an area proportional to the time of description, the horary motion 
of the node in the ellipsis will be as the area pDdm and AZ? conjunctly. 
.. For let PF touch the circle in P, and produced meet TN in F; and pf 
touch. the ellipsis in p, and produced meet the same TN in f, and both 
tangents concur in the axis TQ at Y. And let ML represent the space 
which the moon, by the impulse of the above-mentioned force 3IT or 3PK, 
would describe with a transverse motion, in the meantime while revolving 
in the circle it describes the arc PM; and ml denote the space which the 
moon revolving in the ellipsis would describe in the same time by the im- 
pulse of the same force 3IT cr 3PK ; and let LP and dp be produced til 
they meet the plane of the ecliptic in G and ο, and FG and fg be joined, 
of which FG produced may cut pf, pg, and TQ, in c, e, and R respect- 
ively ; and fg produced may cut TQ in r. Because the force 3IT or 3PK 
in the circle is to the force 3IT or 3pK in the ellipsis as PK to pK, or 
as AT to aT, the space MI, generated by the former force will be to the 
Space ml generated by the latter as PK to pK; that. is, because of the 
similar figures PYKp and FYRc, as FR to cR. But (because of the 
similar triangles PLM, PGF) ML is to FG as PL to PG, that is (on ac- 
count of the parallels 1.4, PK, GR), as pl to pe, that is (because of the 
similar triangles pim, cpe), as lm to ce; and inversely as LM is to dm, or 
as FR is to cR, so is FG to ce. And therefore if fg was to ce as fy to 
cY, thats, as fr to cR. (that is, as fr to FR and FR to cR conjunctly, 
that is, as fT to F'T, and FG to ce conjunctly), because the ratio of FG 
to ce, expunged on both sides, leaves the ratios fg to FG and fT to FT, 
fg would be to FG as fT to FT; and, therefore, the angles which FG 
and fg would subtend at the earth T would be equal to each other. But 
these angles (by what we have shewn in the preceding Proposition) are the 
motions of the nodes, while the moon describes in the circle the arc PM, 
in the ellipsis the arc pm ; and therefore the motions of the nodes in the. 


circle and in the ellipsis would be equal to each other. Thus, I say, it 
cex f Y 
would be, if fg was to ce as f Y to cY, that is, if fg was equal 7a exe à 


But because of the similar triangles gp, cep, 151 is to ce as fp to cp; and 


therefore fg 18 equal to— «ΧΡ, and therefore the angle which /g sub- 





tends in fact is to the former angle which FG subter ds. that is to say, the 
motion of the nodes in tue cUipsis i is to the motion of the same in the 








T κ Y : 
circle as this fg or Jp to the torrer jg or— xL, that is, a8 /p X 
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CY tof Y X cp, or as fp tof Y, and cY to cp; that is, if ph parallel to 
TN meet FP in A, as Fh to FY and FY to FP; that is, as Ε to FP 
or Dp to DP, and therefore as the area Dpmd to the area DPMd. And, 
therefore, seeing (by Corol. 1, Prop. XX X) the latter area and AZ? con- 
junctly are proportional to the horary motion of the nodes in the circle, 
the former area and AZ? conjunctly will be proportional to the horary 
motion of the nodes in the ellipsis. Q.E.D. 

Con. Since, therefore, in any given position of the nodes, the sum of all 
the areas pDdn, in the time while the moon is carried from the quadra- 
ture to any place m, is the area mpQEd terminated at the tangent of the 
ellipsis QE ; and the sum of all those areas, in one entire revolution, is 
the area of the whole ellipsis; the mean motion of the nodes in the ellip- 
sis will be to the mean motion of the nodes in the circle as the ellipsis to 
the circle; that is, as Ta to TA, or 69 to 70. And, therefore, since (by 
Curol 2, Prop. XX X) the mean horary motion of the nodes in the circle 
is to 16" 35'" 16". 36". as AZ? to AT?, if we take the angle 16" 21" 
3", 307. to the angle 16" 35'" 16'*, 36". as 69 to 70, the mean horary mo- 
tion of the nodes in the ellipsis will be to 16” 21'" ἃν, 30°. as AZ? to 
AT? ; that is, as the square of the sine of the distance of the node from 
the sun to thesquare of the radius. | 

But the moon, by a radius drawn to the earth, describes the area in the 

syzygies with a greater velocity than it does that in the quadratures, and 
upon that account the time i8 contracted in the syzygies, and prolonged in 
the quadratures; and together with the time the motion of the nodes is 
likewise augmented or diminished. But the moment of the area in the 
quadrature of the moon was to the moment thereof in the syzygies as 
10973 to 11073 ; and therefore the mean moment in the octants is to the 
excess in ithe syzygies, and to the defect in the quadratures, as 11023, the 
half sum of those numbers, to their half difference 50. Wherefore since 
the time of the moon in the several little equal.parts of its orbit is recip- 
rocally as its velocity, the mean time in the octants will be to the excess 
of the time in the quadratures, and to the defect of the time in the syzy- 
gies arising from this cause, nearly as 11023 to 50. But, reckoning from 
the quadratures to the syzygies, I find that the excess of the moments of 
the area, in the several places above the least moment in the quadratures, 
is nearly as the square of the sine of the moon's distance from the quad- 
ratures; and therefore the difference betwixt the moment in any place, 
and the mean moment 1n the octants, i8 as the difference betwixt the square 
of the sine of the moon's distance from the quadratures, and the square 
of the sine of 45 degrees, or half the square of the radius; and the in- 
srement of the time in the several places between the octants and quad- 
ratures, and the decrement thereof between the octants and syzygies, is in 
the same proportion. But the motion of the nodes, while the moon de- 
scribes the several little equal parts of its orbit, is accelerated or retarded 
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in the duplicate proportion of the time; for that 1notion, while the moon 
describes PM, is (ceteris paribus) as ML, and ML is in the duplicate 
proportion of the time. Wherefore the motion of the nodes in the syzy- 
gjes, in the time while the moon describes given little parts of its orbit, 
18 diminished in the duplicate proportion of the number 1107. to the num- 
ber 11023; and the decremeut is to the remaining motion as 100 to 
10973 ; but to the whole motion as 100 to 11073 nearly. But the decre- 
ment in the places between the octants and syzygies, and the increment in 
the places between the octants and quadratures, is to this decrement nearly 
as the whole motion in these places to the whole motion in the syzygies, 
and the difference betwixt the square of the sine of the moon's distance 
from the quadrature, and the half square of the radius, to the half square 
of the radius conjunctly. Wherefore, if the nodes are in the quadratures, ` 
and we take two places, one on one side, one on the other, equally distant 
from the octant and other two distant by the same interval, one from the 
syzygy, the other from the quadrature, and from the decrements of the 
motions in the two places between the syzygy and octant we subtract the 
increments of the motions in the two other places between the octant and 
the quadrature, the remaining decrement will he equal to the decre- 
ment in the syzygy, as will easily appear by computation; and therefore | 
the mean decrement, which ought to be subducted from the mean motion 
of the nodes, is the fourth part of the decrement in the syzygy. ‘The 
whole horary motion of the nodes in the syzygies (when the moon by a ra- 
dius drawn to the earth was supposed to describe an area proportional to 
the time) was 32" 42/" 7v, And we have shewn that the decrement of 
the motion of the nodes, in the time while the moon, now moving with 
preater velocity, describes the same space, was to this motion as 100 to 
11073; and therefore this decrement is 17'" 43. 11". The fourth part 
of which 4'" 25". 48". subtracted from the mean horary motion above 
found, 16" 21'" δἱν, 30"..leaves 16" 16” 3715, 42”. their correct mean ho- 
rary motion. Ἢ | | 

If the nodes are without the quadratures, and two places are considered, 
. one on one side, one on the other, equally distant from the syzygies, the 
sum of the motions of the nodes, when the moon is in those places, will be 
to the sum of their motions, when the moon is in the same places and the 
nodes in the quadratures, as AZ? to A'T?.: And the decrements of the 
motions arising from the causes but now explained will be mutually as 
the motions themselves, and therefore the remaining motions will be mu- 
tually betwixt themselves as AZ? to AT? ; and the mean motions will be 
as the remaining motions. And, therefore, in any given position of the 
nodes, their correct mean horary motion is to 16" 16'" 37%. 42”. as AZ 
to AT? ; that is, as the square of the sine of thc distance of the nodes 
from the syzygies to the square of the radius. i 
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PROPOSITION XXXIL PROBLEM XIIL 


To find the mean motion of the nodes of the moon. 


The yearly mean motion is the sum of all the mean horary motions 
throughout the course of the year. Suppose that the node is in N, and 
that, after every hour is elapsed, it is drawn back again to its former 
place; so that, notwithstanding its proper motion, it may constantly re- 
main in the same situation with respect to the fixed stars; while in the 
mean time the sun S, by the motion of the earth, is seen to leave the node, 
and to proceed till it completes its appa- 
rent annual course by an uniform motion. 
Let Aa represent a given least arc, which 
the right line T'S always drawn to the 
sun, by its intersection with the circle 
NA», describes in the least given moment 
of time; and the mean horary motion 
(from what we have above shewn) will be 
as AZ?, that is (because AZ and ZY are 
proportional), as the rectangle of AZ into ZY, that is, as the area 
AZYa ; and the sum of all the mean horary motions from the beginning 
will be as the sum of all the areas aY ZA, that is, as the area NAZ. But 
the greatest AZ Ya is equal to the rectangle of the arc Aa into the radius 
of the circle; and' therefore the sum of all these rectangles in the whole 
circle will be to the like sum of all the greatest rectangles as the area uf 
the whole circle to the rectangle of the “whole circumference into the ra- 
dius, that is, as 1 to 2. But the horary motion corresponding to that 
greatest rectangle was 16” 16°” 371». 42". and this motion in the complete 
course of the sidereal year, 3664, 6". 9’, amounts to 39° 38’ 7” 50’”, and 
therefore the half thereof, 19° 49’ 3" 55’”, is the mean motion of the 
nodes corresponding to the whole circle. And the motion of the nodes, 
in the time while the sun is carried from N to A, is to 19° 49’ 3" 55" as 
the area NAZ to the whole circle. 

Thus it would be if the node was after every hour drawn back again to 
ite former place, that so, after a complete revolution, the sun at the year's 
end would be found again in the same node which it had left when the 
year begun. But, because of the motion of the node in the mean time, the 
sun must needs meet the node sooner; and now it rémains that we compute 
the abbreviation of the time Since, then, the sun, in the course of the 
year, travels 360 degrees, and the node in the same time by its greatesc 
motion would be carried 39° 99’ 7” 50”, or 39,6355 degrees; and the mean 
motion of the node in any place N is to its mean motion in its quadratures 
as AZ? to A'T?- the motion of the sun will be to the motion of the node 
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in N as 360A T* to 39,6355AZ?; that is, aa 9,0827646AT? to ΑΖ”. 
Wherefore if we suppose the circumference NA^ of the whole circle to be 
divided into little equal parts, such as Aa, the time in which the sun would 
describe the little arc Aa, if the circle was quiescent, will be to the time of 
- Which it would describe the same arc, supposing the circle together with 
the nodes to be revolved about the centre T, reciprocally as 9,0827646A T'* 
to 9,0827646A'T? + ΑΖ:; for the time is reciprocally as the velocity 
with which the little arc is described, and this velocity is the sum of the 
velocities of both sun and node. If, therefore, the sector NTA represent 
the time in which the sun by itself, without the motion of the node, would 
describe the arc NA, and the indefinitely small part ATa of. the sector 
represent the little moment of the time in which it would describe the least 
arc Αα; and (letting fall aY perpendicular upon Nv) if in AZ, we take 
dZ of such length that the rectangle of dZ into ZY may be to the least 
part A'Ta of the sector as AZ? to 9,0827646AT? + AZ?, that is to 
say, that dZ may be to 1AZ as AT? to 9,0827646AT? + AZ’; the 
rectangle of dZ into ZY will represent the decrement of the time arising 
from the motion of the node, while the arc Aa is described; and if the 
curve NdGn is the locus where the point d is always found, the curvilinear 
area NdZ will be as the whole decrement of time while the whole arcNA 
is described; and, therefore, the excess of the sector NAT above the area 
NdZ will be as the whole time. But because the motion of the node in a 
less time is less in proportion of the time, the area Aa Y Z must also be di- 
minished in the same proportion; which may be done by. taking in ΑΖ, the 
.line'eZ of such length, that it may be to the length of AZ as AZ? to 
9,0827646AT? + AZ?; for so the rectangle of eZ. into ZY will be to 
the area AZ Ya as the decrement of the time in which the arc Aa is de- 
scribed to the whole time in which it would have been. described, if the 
node had been quiescent; and, therefore, that rectangle will be-us.the de- 
crement of the motion of the node. And if the curve NeF'n is the locus. of 
the point e, the whole area NeZ, which is the sum of all the decrements of 
that motion, will be as the whole decrement thereof during the time in 
which the arc AN is described ; and tke remaining area N Ae will be as. the 
remaining motion, which is the true motion of the node, during the time 
in which the whole arc NA is described by the joint motions of both sun 
and node. Now the area of the semi-circle is to the area of the figure 
NeF found by the method of infinite series nearly as 795 το ὃ), But the 
motion corresponding or proportional io the whole circle was 19? 49' 3" 
δδ''': and therefore the motion corresponding to double the figure NeFn 
jg 1? 29' 58”. 9''', which taken from the for.ner motion leaves 18? 19’ 5" 
53", the whole motion of the node witn respect to the fixed stars in the 
interval between two:of its conjunctions with the sun; and this motion sub- 
ducted from the annual motion of the sun 360°, leaves 341? 40’ 54" 7'^,. 
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the motion of the sun in the interval between the same conjunctions. But 
18 this motion is to the annual motion 360°, so is the motion of the node 
but just now found 1S? 19’ 5” 53'" to its annual motion, which will there- 
fore be 19° 18’ 1" 23"; and this is the mean motion of the nodes in the 
sidereal year. By astronomical tables, it is 19? 21’ 21” 50'", ‘The dif- 
ference 18 less than 41, part of the whole motion, and seems to arise from 
the eccentricity of the moon's orbit, and its inclination to the plane of the 
ecliptic. By the eccentricity of this orbit the motion of the nodes is too 
much accelerated; and, on the other hand, by the inclination of the orbit, 
the motion of the nodes is something retarded, and reduced to its just 
velocity. 


PROPOSITION XXXIIL PROBLEM XIV. 


To find the true mation of the nodes of the moon. | 


In the time which is as the area 
NTA—NdZ (in the preceding Fig.) 
. A that motion is as the area NAe, and 
is thence given; but because the cal- 
culus is too difficult, it will be better 
to use the following construction of 

J . the Problem. About the centre C, 
with any interval CD, describe the circle BEFD ; produce DC to A so as 
AB may be to AC as the mean motion to half the mean true motion when 
the nodes are in their quadratures (that is, as 19? 19’ 1" 23'" to 19° 49' 3" 
55'": and therefore BC to AC as the difference of those motions 0° s1’ 2” 
32” to the latter motion 19? 49’ 3" 55'", that is, as 1 to 384,5). Then 
through the point D draw the indefinite line Gg, touching the circle in 
D; and if we take the angle BCE, or BCF, equal to the double distance 
uf the sun from the place of the node, as found by the mean motion, and 
drawing AE or AF cutting the perpendicular DG in G, we take another 
angle which shall be to the whole motion of the node in the interval be- 
tween its syzygies (that is, to 9? 11’ 3”) as the tangent DG to the whole 
circumference of the circle BED, and add this last angle (for which the 
angle DAG may be used) to the mean motion of the nodes, while they are 
passing from the quadratures to the syzygies and subtract it from their 
mean motion while they are passing from the syzygies to the quadratures, 
we shall have their true motion; for the true motion so found will nearly 
agree with the true motion which comes out from assuming the times as 
the area NTA—NdZ, and the motion of the node as the area NÀe; aa 
whoever will please to examine and make the computations will find: and 
this is the semi-menstrual equation of the motion of the nodes. But there 
is also a menstrual equation, but which is by no means necessary for find- 
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ing of the moon’s latitude; for since the variation of the inclination of the 
inoon's orbit to the plane of the ecliptic is liable to a twofold inequality, 
the one semi-menstrual, the other menstrual, the menstrual inequality of 
this variation, and the menstrual equation of the nodes, so moderate and 
correct each other, that i in computing the latitude of the moon both may 
.be neglected. 

Con. From this and the preceding Prop. it appears that the nodes are 
quiescent in their syzygies, but regressive in their quadratures, by an 
hourly motion of 16" 19"" 26". ; and that the equation of the motion of 
the nodes in the octants is 1° 30’; all which exactly agree with the phx- 
nomena of the heavens. 


SCHOLIUM. 

Mr. Machin, Astron, Prof. Gresh., and Dr. Henry Pemberton, sepa- 
rately. found out the motion of the nodes by a different method. Mention 
has been made of this method in another place. Their several papers, both 
of which I have scen, contained two Propositions, and exactly agreed with: 
each other in both of them. Mr. Machin’s paper coming first to my handa, 
I shall here insert it. 


OF THE MOTION OF THE MOON'S N ODES. 


 * PROPOSITION I. 


The mean motion of the sun. from the node is defined by a geometric 
mean. proportional between the mean motion of the sun and that mean. 
motion with which the sun recedes ue Ais greatest swiftness from the 
node in the quadratures. 


“Let T be the earth’s place, Nn the line of the moon's nodes at any 
given time, KTM a perpendicular thereto, ΤΑ. a right line revolving 
about the centre with the same angular velocity with which the sun and 
the node recede from one another, in such sort that the angle between the 
quiescent right line Nn and the revolving line TA may be always equal | 
to the distance of the places of the sun and node. Now if any right line 
TK be divided into parts T'S and SK, and those parts be taken as the 
mean horary motion of the sun to the mean horary motion of the node in 
the quadratures, and there be taken the right line TH, à mean propor- 
tional between the port TS and the whole TK, this right line will be pro- 
portional to the sun’s mean motion from the node. 

-“For let there be described the circle NKnM from the centre T and 
. with the radius TK, and about the same centre, with the semi-axis TH 
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and ΤΝ, let there be described an ellipsis NHL; and in the time in 
which the sun recedes from the node through the arc Na, if there be drawn 
the right line Tba, the area of the sector NTa will be the exponent of the 
sum of the motions of the sun and node in the same time. Let, there- 
fore, the extremely small arc aA be that which the right line Tba, revolv- 
ing according to the aforesaid law, will uniformly describe in a given 
particle of time, and the extremely small sector T'Aa will be as the sum 
of the velocities with which the sun and node are carried two different 
waysin that time. Now the sun's velocity is almost uniform, its ine- 
quality being so small as scarcely to produce the least inequality in the 
mean motion of the nodes. "The other part of this sum, namely, the mean 
quantity of the velocity of the node, is increased in the recess from the 
gyzygies in a duplicate ratio of the sine of its distance from the sun (by 
Cor. Prop. XX XI, of this Book), and, being greatest in its quadratures 
with the sun in K, is in the same ratio to the sun's velocity as SK to TS, 
that is, as (the difference of the squares of TK and TH, or) the rectangle 
KHM to TH?. But the ellipsis NBH divides the sector A'Ta, the expo- 
nent of the sum of these two velocities, into two parts ABéa and BTS, 
proportional to the velocities. For produce BT to the circle in β, and 
from the point B let fall upon the greater axis the perpendicular BG, 
which being produced both ways may meet the circle in the points P and 
f; and because the space ABéa is to the sector TBb as the rectangle A BG 
to BT? (that rectangle being equal to the difference of the squares of TA 
and 'I'B, because the right line AG is equally cut in T, and unequally in 
B), therefore when the space ABba is the greatest of all in K, this ratio 
will be the same as the ratio of the rectangle KHM to HT*. But the 
greatest mean. velocity of the node was: shewn above to be in that very 
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ratio to the velocity of: the’sun; and therefore in the quadratures the sec- 
tor AT a is divided into parts proportional to the velocities. And because 
the rectangle KH M is to HT? as FBf to BG?, and the rectangle ABZ is 
" equal to the rectangle ΕἨ/, therefore the little area ΑΒύα, where it is 
greatest, ἴα {ο the remaining sector TBb as the rectangle ABB to BG? 
But the ratio of these little areas always was as the rectangle ABB to 
BT? ; and therefore the little area ABba in the place A is less than its 
correspondent little area in the quadratures in the duplicate ratio «f BG 
to BT, that 15.13 the duplicate ratio of the sine of the sun’s distance 
from the node. And therefore the sum of all the little areas A Bba, to 
wit, the space ABN, will be as the motion of the node 1ἡ the time in 
which the sun hath been going over the arc NA since he left the node; 
and the remaining space, namely, the elliptic sector NTB, will be as ihe 
sun's mean motion in the same time.. And because the mean annual mo- 
tion of the node is that motion which it performs in the time that the sun 
completes one period of its course, the mean motion of the node from the 
sun will be to the mean motion of the sun itself as the area of the circle 
to the area of the ellipsis; that is, as the right line TK to the right line 
. TH, which is a mean proportional between TK and TS; or, which comes 
to the same as the mean proportional TH to the right line TS. 


“PROPOSITION IL 


“ The mean motion of the moon’s nodes being given, to find their true. 
motion. ' 


“ Let the angle A be the distance of the sun from the mean place of the 
node, or the sun’s mean motion from the node. Then if we take the angle 
B, whose tangent 18 to the tangent of the angle A as ΤΗ to ΤΕ, that is, 


m 
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in the sub-duplicate ratio of the mean horary motion of the sun to the 
mean horary motion of the sun from the node, when the node is in the 
quadrature, that angle B will be the distance of the sun from the node's 
true place. For join FT, and, by the demonstration of the last Propor- 
tion, the angle FTN will be the distance of the sun from the mean place 
of the node, and the angle ATN the distance from the true place, and the 
tangents of these angles are between themselves as TK to TH. 

“Cor. Hence the angle FTA is the equation of the moon’s nodes; and 
the sine of this angle, where it is greatest in the octants, is to the radius 
as KH to TK + TH. But the sine of this equation in any other place 
A is to the greatest sine as the sine of the sums of the angles FTN + 
. ATN to the radius; that is, nearly as the sine of double the distance of 
the sun from the mean place of the node (namely, 2F'T'N) to the radius. 


* SCHOLIUM. | τ 

“Tf the mean horary motion of the nodes in the quadratures be 16" 
16'" 37v. 49". that is, in a whole sidereal year, 39° 38’ 7" 50'", TH will 
be to TK in the subduplicate ratio of the number 9,0827646 to the num- 
ber 10,0827646, that is, as 18,6524761 to 19,6524761. And, therefore. 
TH is to HK as 18,6524761 to 1; that is, as the motion of the sun ina 
sidereal year to the mean motion of the node 19° 18’ 1" 232'", 

'* But if the mean motion of the moon’s nodes in 20 Julian years is 
386? 50' 15", as is collected from the observations made use of in the 
theory of the moon, the mean motion of the nodes in one sidereal year will 
be 19° 20' 31” 58'"". and TH will be to HK as 360? to 19° 20’ 31" 
5S"': that is, as 19,61214 to 1: and from hence the mean horary motion 
of the nodes in the quadratures will come out 16" 18'" 48", And the 
greatest equation of the nodes in the octants will be 1? 29' 57”? 


PROPOSITION XXXIV. PROBLEM XV. 


To find the horary variation of the inclination of the moon’s orbit to the 
plane of the ecliptic. 


Let A and a represent the syzygies; Q and g the quadratures; N and 
n the nodes; P the place of the moon in its orbit; p the orthographic 
projection of that place upon the plane of the ecliptic; and z& T? the mo- 
mentaneous motion of the nodes as above. If upon Tm we let fall the 
perpendicular PG, and joining pG we produce it till it meet T/ in g, and 
join also Pg, the angle PGp will be the inclination of the moon's orbit to 
the plane of the ecliptic when the moon is in P ; and the angle Pgp will 
be the inclination of the same after à small moment of time is elapsed; 
and therefore the angle GPg will be the momentaneous variation of the 
inclination. But this angle GPg is to the angle GTg as TG to PG and 
Pp to PG conjunctly. And, therefore, i£ for the moment of time we as 


141 





sume an hour, since the angle GTg (by Prop. XXX) is to the angle 33’ 
10” 33". as IT x PG x AZ to AT, the angle GPg (or the horary γϑ- 
riation of the inclination) will be to the angle 33" 10” 33”. as IT X AZ 
x TG x ρᾷ to AT». QEL τ 
— And thus it would be if the moon was uniformly revolved in a ση. 
orbit. But if the orbit is elliptical, the mean motion of the nodes will 
be diminished in proportion of the lesser axis to the greater, as we have 
shewn above; and the variation of the inc ADAC will be also diminished 
in the same proportion. 

Cor. 1. Upon Nn erect the perpendicular TF, and let pM be the horary 
motion of the moon in the plane of the eclip tic; upon "QT let fall the 
perpendiculars pK, Mk, and produce them till they meet ΤΕ in H and À; 
then IT will be to AT as Kk to Mp; and TG to Hp as TZ to AT'; and, 


k x.H TZ 
therefore, IT x TG will be equal to ——— EX re A , that i is, equal to 


the area HpMh multiplied into the ratio o` and therefore the horary 


variation of the inclination will be to 33" ο 33". as the area a HpMA 
multiplied into AZ X E pA to to AT'S. 

Con. 2. And, therefore, if the earth and nodes were afte? every να 
drawn back from their new and instantly restored to their old places, so as 
thejr situation might continue given for a whole periodic month together, 
the whole variation of the inclination during that month would be to 33" 
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10” 33". as the aggregate of ali the areas HpMA, generated in the time ot 
one revolution of the point p (with due regard in summing to their proper 


Pp 
signs + —e), multiplied: into AZ x TZ X 5a to Mp x AT*; that is, as 


PG 


the whole circle QAga multiplied into AZ x TZ x = ae to Mp x ATS,’ 


PG 
that is, as the circumference QAga multiplied into AZ x TZ x Ep to 


PG 
2Mp x ΑΤ:. | 

Cor. 3. And, therefore, in a given position of the nodes, the mean ho- 
rary variation, from which, if uniformly continued through the whole 
month, that menstrual variation might be generated, is to 33" 10'" 33. as 

Pp AZ x TZ 
AZ x TZ x PG to 2A'T*, or as Pp X TAT to PG x 4AT; that 
2 
18 (because Pp is to PG as the sine of the aforesaid inclination to the ra- 
AZ x TZ 
4AT Ἢ 

times the radius), as the sine of the same inclination multiplied into the 
sine of double the distance of the nodes from the sun to four times the 
square of the radius. - 

Cor. 4. Seeing the horary variation of the inclination, when the ioie 
are in the quadratures, i is (by this Prop.) to the angle 33” 10” 33". as IT 
x AZ x TG x E to AT?, that is, as PAIN uA to 2AT, that 
18, as the sine of double the distance of the moon from the quadratures 





dius, and ——; to 4AT as the sine of double the angle A'T' to four 


24 to twice the radius, the.sum of all the horary varia- 


tions during the time that the moon, in this situation of the nodes, passes 
from the quadrature to the syzygy (that is, in the space of 177} hours) will 
be to the sum of as many angles 33” 10'" 33. or 5878”, as the sum of all 
the sines of double the distance of the moon’ from the quadratures multi- 


multiplied into 


plied into to the sum of as many diameters; that is, as the diameter 


Ep 
PG 
zd to the circumference; that 15, if the inclination be 5? 
1,487 X ,224, to 22, or as 279 to 10000. And, therefore, the whole 
variation, composed out of the sum of all the horary variations in | the 
aforesaid time, is 163", or 2' 43". 


multiplied into 
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PROPOSITION XXXV. PROBLEM XVI. 


"Το a given time to find the inclination of the moon's orbit to the plane 
of the ecliptic. : 

= Let AD be the sine of the greatest inclination, and AB the sine of the 

least. Bisect BD in C; and round the centre C, with the interval BC, 

describe the circle BGD. In AC take CE in the same proportion to EB 





as EB to twice BA. And if to the time given we set off the angle AEG 
equal to double the distance of the nodes from the quadratures, and upon 
AD let fall the perpendicular GH, AH will be the sine of the inclination 
required. 

For GE? is equal to GH? + HE? = BHD + HE? = HBD + HE? 
— BH? = HBD + BE? — 2BH x BE — BE? + 2EC x BH = 2EC 
. X AB+2EC x BH —2EC x AH; wherefore since 2EC is given; GE? κ 

will be as AH. Now let AE represent double the distance of the nodes 
from the quadratures, in a given moment of time after, and. the arc Gg, on 
account of the given angle GE, will be as the distance GE. But Hh is 
. to Gg as GH to GO, and, therefore, HA is as the rectangle GH x Gy, or 
GH x GE, that is, as an x GE?, or ae X AH; that is, as AH and 
the sine of the angle AEG conjunctly. 1f, therefore, in any one case, AH 
be the sine of inclination, it will increase by the'same increments as the 
sine of inclination doth, by Cor. 3 of the preceding Prop. and therefore will 
alwars continue equal to that sine. But when the point G falls upon 
either point B or D, AH is equal to this sine, and therefore remains always 
equal thereto. Q.E.D. 

In this demonstration I have supposed that the angle BEG, representing 
double the distance of the nodes from the quadratures, increaseth uniform- 
ly; for I cannot descend to every minute circumstance of inequality. Now 
suppose that BEG is a right angle, and that Gg is in this case the ho- 
rary increment of double the distance of the nodes from the sun; then, by 
Cor. 3 of the last Prop. the horary variation of the inclination in the same , 
case will be to 33" 10” 33". as the rectangle of AH, the sine of the incli- 
nation, into the sine of the right angle BEG, double the distance of the 
nodes from the sun, to four times the square of the radius; that is, as AH, 
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the sine of the mean inclination, to four times the radius; that is, seeing 

the mean inclination is about 5° Si, as its sine S96 to 40000, the quad- 
ruple of the radius, or as 224 to 10000. But the whole variation corres- 
. ponding to BD, the difference of the sines, is to this horary variation aa 
the diameter BD to the arc Gg, that is, conjunctly as the diameter BD to 
the semi-circumference BGD, and as the time of 2079, hours, in which 
the node proceeds from the quadratures to the syzygies, to one hour, that 
ig as 7 to 11, and 207947, to 1. Wherefore, compounding all these pro- 
portions, we shall have the whole variation BD to 33" 10’' 33". as 224 X 

7 X 20792, to 110000, that is, as 29645 to 1000; and from thence that 
variation BD will come out 16' 231", | 

And this is the greatest variation of the inclination, abstracting from 
the situation of the moon in its orbit; for if the nodes are in the syzygies, 
the inclination suffers no change from the various positions of the moon. 
But if the nodes are in the quadratures, the inclination is less when the 
moon is in the syzygies than when it is in the quadratures by a difference 
of 2' 43", as we shewed in Cor. 4 of the preceding Prop.; and the whole 
mean variation BD, diminished by 1' 211", the half of this excess, becomes 
15' 2", when the moon is in the quadratures; and increased by the same, 
becomes 17’ 45" when the moon is in the syzygies. If, therefore, the 
moon be in the syzygies, the whole variation in the passage of the nodes 
from the quadratures to the syzygies will be 17’ 45" ; and, therefore, if the 
inclination be 5? 17’ 20", when the nodes are in the syzygies, it will be 4? 
59' 35" when the nodes are in the quadratures and the moon in the syzy- 
gies. ‘The truth of all which is confirmed by observations. 

Now if the inclination of the orbit should be required when the moon is 
in the syzygies, and the nodes any where between them and the quadratures, 
let AB be to AD as the sine of 4? 59' 35" to the sine of 5? 17' 20", and 
take the angle AEG equal to double the distance of the nodes from the 
quadratures; and AH will be the sine of the inclination desired. To this 
inclination of the orbit the inclination of the same is equal, when the moon 
is 90° distant from the nodes. In other situations of the moon, this men- 
strual inequality, to which the variation of the inclination is obnoxious in 
the calculus of the moon’s latitude, is balanced, and in a manner took off, 
by the menstrual inequality of the motion of the nodes (as we said 
before), and therefore may be neglected in the computation of the said 
latitude. 


SCHOLIUM. 


By these computations of the lunar motions I was willing to shew that 
by the theory of gravity the motions of the moon could be calculated from 
their physical causes. By the same theory I moreover found that the an- 
nual equation of the mean motion of the moon arises from the various 
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dilatation which the orbit of the moon suffers from the action of the sun 
according to Cor. 6, Prop. LXVI, Book 1. The force of this action is 
greater in the perigeon sun, and dilates the moon’s orbit ; in the apogeon 
sun it is less, and permits the orbit to be again contracted. ‘The moon 
moves slower in the dilated and faster in the contracted orbit ; and the 
annual equation, by which this inequality is regulated, vanishes in the 
apogee and perigee of the sun. In the mean distance of the sun from the 
earth it arises to about 11’ 50"; in other distances of the sun it is pro- 
portional to the equation of the sun’s centre, and is added to the mean 
motion of the moon, while the earth is passing from its aphelion to its 
perihelion, and subducted while the earth is in the opposite semi-circle. 
Taking for the radius of the orbis magnus 1000, and 162 for the earth’s 
eccentricity, this equation, when of the greatest magnitude, by the theory 
of gravity comes out 11’ 49", But the eccentricity of the earth seems to 
be something greater, and with the eccentricity this equation will be aug- 
mented in the same proportion. Suppose the eccentricity 1614, and the 
greatest equation will be 11’ 51”. 

Farther; I found that the apogee and nodes of the moon move faster 
in the perihelion of the earth, where the force of the sun’s action is greater, 
than in the aphelion thereof, and that in the reciprocal triplicate propor- 
tion of the earth’s distance from the sun; and hence arise annual equa- 
tions of those motions proportional to the equation of the sun’s centre. 
Now the motion of the sun is in the reciprocal duplicate proportion of the 
earth's distance from the sun; and the: greatest equation of the centre 
which this inequality generates is 1° 56’ 20”, corresponding to the above- 
mentioned eccentricity of the sun, 1611. But if the motion of the sun 
had been in the reciprocal triplicate proportion of the distance, this ine- 
quality would have generated the greatest equation 2° 54’ 30” ; and there- 
fore the greatest equations which the inequalities of the motions of the 
moon’s apogee and nodes do generate are to 2° 54’ 30" as the mean diur- 
nal motion of the moon’s apogee and the mean diurnal motion of its 
nodes are to the mean diurnal motion of the sun. Whence the greatest 
equation of the mean motion of the apogee comes out 19’ 43", and the 
greatest equation of the mean motion of the nodes 9' 24”. The former 
equation is added, and the latter subducted, while the earth is passing 
from its perihelion to its aphelion, and contrariwise when the earth is in 
the opposite semi-circle. 

By the theory of gravity I likewise found that the action of the sun 
upon the moon is something greater when the transverse diameter of the 
moon’s orbit passeth through the sun than when the same is perpendicur 
lär upon the line which joins the earth and the sun; and therefore the 
moon’s orbit is something larger in the former than in the latter case. 
And hence arises another equation of the moon's mean motion, depending 
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upon the situation of the moon’s apogee in respect of the sun, which is in 
its greatest quantity when the moon’s apogee is in the octants of the sun, 
and vanishes when the apogee arrives at the eia or Byzygies ; and 
it is added to the mean motion while the moon’s apogee is passing from 
the quadrature of the sun to the syzygy, and subducted while the apogee 
is passing from the syzygy to the quadrature. This equation, which I 
shall call the semi-annual, when greatest in the octants of the apogee, 
arises to about 3’ 45”, so far as I could collect from the phenomena: and 
this is its quantity in the mean distance of the sun from the earth. But 
it is increased and diminished in the reciprocal triplicate proportion of 
the stin’s distance, and therefore is nearly 3’ 34" when that distance 18 
greatest, and 3’ 56" when least. But when the moon’s apogee is without 
the octants, it becomes less, and is to its greatest quantity as the sine of 
double the distance of the moon’s apogee from the nearest Syzygy or quad- 
rature to the radius. 

By the same theory of gravity, the action of the sun upon the moon 18 
something greater when the line of the moon's nodes passes through the 
sun than when it is at right angles with the line which joins the sun and 
the earth ; and hence arises another equation of the moon’s mean motion, 
which 1 shall call the second semi-annual ; and this is greatest when the 
nodes are in the octants of the sun, and vanishes when they are in the 
syzygies or quadratures; and in other positions of the nodes is propor- . 
tional to the sine of double the distance of either node from the nearest 
syzygy or quadrature. And it is added to the mean motion of the moon, 
if the sun is in antecedentia, to the node which is nearest to him, and 
subducted if i consequentia; and in the octants, where it is of the 
greatest magnitude, it arises to 47” in the mean distance of the sun from 
the earth, as I find from the theory of gravity. In other distances of the 
sun, this equation, greatest in the octants of the nodes, is reciprocally as 
the cube of the sun’s distance from the earth; and therefore in the sun’s 
perigee it comes to about 49", and in its apogee to about 45", 

By the same theory of gravity, the moon’s apogee goes forward at the 
greatest rate when it is either in conjunction with or in opposition to the 
sun, but in its quadratures with the sun it goes backward ; and the ec- 
centricity comes, in the former case, to its greatest quantity ; in the latter 
to its least, by Cor. 7, 8, and 9, Prop. LX VI, Book 1. And those ine- 
qualities, by the Corollaries we have named, are very great, and generate 
the principal which I call the semi-annual equation of the apogee; and 
this semi-annual equation in its greatest quantity comes to about 12° 18’, 
as nearly as I could collect from the phenomena. Our countryman, 
Horror, was the first who advanced the theory of the moon’s moving in 
an ellipsis about the earth placed in its lower focus. Dr. Halley improved 
the notion, by putting the centre of the ellipsis in an epicycle whose cen- 
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tre is uniformly revolved about. the earth; and from the motion in thig 
epicycle the mentioned inequalities in the progress and regress of the apo- 
gee, and in the quantity of eccentricity, do arise. Suppose the mean dis- 
tance of the moon from the earth to be divided into 100000 parts, and 
let T represent the earth, and ‘TC the moon's mean eccentricity of 5505 
such parts. Produce T'C to B, so as CB may be. the sine of the greatest 
semi-annual equation 12° 1S' to the radius TC; and the circle BDA de- 
_ scribed about the centre C, with the 

interval CB, will be the epicycle 
spoken of, in which the centre of the 

3 moon’s orbit is placed, and revolved 
according to the order of the letters 

BDA. Set off the angle BCD equal 
| to twice the annual argument, or 
twice the distance of the sun’s true place from the place of the moon’s 
apogee once equated, and CTD will be the semi-annual equation of the 
moon’s apogee, and T'D the eccentricity of its orbit, tending to the place 
of the apogee now twice equated. But, having the moon’s mean motion, 
the place of its apogee, and its eccentricity, aa well as the longer axis of 
its orbit 200000, from these data the true place of the moon in its orbit, 
together with its distance from the earth, may be determined by the 
methods commonly known. 

In the perihelion of the earth, where the force of the sun is greatest, 
the centre of the moon's orbit moves faster about the centre C than in the 
aphelion, and that in the reciprocal triplicate proportion of the sun's dis- 
tance from the earth. But, because the equation of the sun's centre i8 
included in the annual argument, the centre of the moon’s. orbit moves 
faster in its epicycle BDA, in the reciprocal duplicate proportion of the 
sun’s distance from the earth. Therefore, that it may move yet faster in 
the reciprocal simple proportion of the distance, suppose that from D, the 
centre of the orbit, a right line DE is drawn, tending towards the moon’s 
apogee once equated, that is, parallel to TC; and set off the angle EDF 
equal to the excess of the aforesaid annual argument above the distance 
of the moon's apogee from the sun's perigee in consequentia ; or, which 
comes to the same thing, take the angle CDF equal to the complewuent of 
the sun's true anomaly to 360°; and let DF be to DC as twice the eccen- 
tricity of the orbis magnus to the sun’s mean distance from the earth, 
and the sun's mean diurnal metion from the moon's apogee to the sun's 
mean diurnal motion from its own apogee conjunctly, that is, as 331 to 
1000, and .52' 27" 16'" to 59' 8" 10'"«conjunctly, or as 3 to 100; and: 
imagine the centre of the moon's orbit placed in-the point F to be revolved 
in an epicycle whose centre is D, and radius DF, while the point D moves 
. in the circumference of the circle DABD :. for by this means the centre of 
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the moon's orbit comes to describe a certain curve line about the centre C, 
with a velocity which will be almost reciprocally as the cube of the sun's 
distance from the earth, as it ought to be. 

The calculus of this motion is difficult, but may be rendered more easy 
by the following approximation. Assuming, as above, the moon’s mean 
distance from the earth of 100000 parts, and the eccentricity ΤΟ of 5505 
Buch parts, theline CB or CD will be found 11723, and DF 351 of those 
parts; and this line DF at the distance TC subtends the angle at the earth, 
which the removal of the centre of the orbit from the place D to the place 
F generates in the motion of this centre; and double this line DF ina 
parallel position, at the distance uf the upper focus of the moon’s orbit from 
the earth, subtends at the earth the same angle as DF did before, which 
that removal generates in the motion of this upper focus; but at the dis- 
tance of the moon from the earth this double line 2DF at the upper focus, 
in a parallel position to the first line DF, subtends an angle at the moon, 
which the said removal generates in the motion of the moon, which angle 
may be therefore called the second equation of the moon’s centre; and this 
equation, in the mean distance of the moon from the carth, is nearly as the 
sine of the angle which that line DF contains with the line drawn from 
the point Ε' to the moon, and when in its greatest quantity amounts to 2’ 
25", But the angle which the line DF contains with the line drawn from 
the point F to the moon is found either by subtracting the angle EDF 
from the mean anomaly of the moon, or by adding the distance of the moon 
from the sun to the distance of the moon’s apogee from the apogee of the 
snn; and as the radius to the sine of the angle thus found, 80 is 2’ 25” to 
the second equation of the centre: to be added, if the forementioned sum 
be less than a semi-circle ; to be subducted, if greater. And from the moon’s 
place in its orbit thus corrected, its longitude may be found in the syzygies 
of the luminaries. | | 

The atmosphere of the earth to the height of 35 or 40 miles refracts the 
sun’s light. "This refraction scatters and spreads the light over the earth’s 
shadow; and the dissipated light near the limits of the shadow dilates the 
shadow. Upon which account, to the diameter of the shadow, as it comes 
out by the parallax, I add 1 or 1} minute in lunar eclipses. 

But the theory of the moon ought to be examined and proved from the 
phenomena, first in the syzygies, then in the quadratures, and last of all 
in the octants; and whoever pleases to undertake the work will find it 
- not amiss to assume the following mean motions of the sun and moon at 
the Royal Observatory of Greenwich, to the last day of December at noon, 
anno 1700, O.S. viz. The mean motion of the sun v? 20° 43' 40”, and of 
its apogee 5ο 7? 44/ 30"; the mean motion of the moon % 15? 21' 00”; 
of its apogee, X 8? 20' 00"; and of its ascending node St 27? 24' 20"; 
and the difference of meridians betwixt the Observatory. at Greenwich and 
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the Royal Observatory at Paris, 0°, 9’ 20": but the mean motion of the 
moon and of its apogee are not yet obtained with sufficient accuracy. 


PROPOSITION XXXVI. PROBLEM XVIL 


To find the furce of the sun to move the sea. 

. The sun’s force ML or ΡΊ' to disturb the motions of the moon, was (by 
Prop. XXV.) in the moon’s quadratures, to the force of gravity with us, as 
l to 638092,6; and the force TM — LM or 2PK in the moon's syzygies 
is double that quantity. But, descending to the surface of the earth, these 
forces are diminished in proportion of the distances from the centre of the 
earth, that is, in the proportion of 601 to 1; and therefore the former force 
on the earth's surface is to the force of gravity as 1 to 38604600; and by 
this force the sea is depressed in such places as are 90 degrees distant from 
the sun. But by the other force, which is twice as great, the sea is raised 
not only in the places directly under the sun, but in those also which are 
directly opposed to it; and the sum of these forces is to the force of gravity 
as 1 to 12868200. And because the same force excites the same motion, 
whether it depresses the waters in those places which are 90 degrees distant 
from the sun, or raises them in the places which are directly under and di- 
rectly opposed to the sun, the aforesaid sum will be the total force of the 
sun to disturb the sea, and will have the same effect as if the whole was 
employed in raising the sea in the places directly under and directly op- 
posed to the sun, and did not act at all in the places which are 90 degrees 
removed from the sun. 

And this is the force of the sun to disturb the sea in any given λος 
where the sun 16 at the same time both vertical, and in its mean distance 
from the earth. In other positions of the sun, its force to raise the sea is 
as the versed sine of double its altitude above the horizon of the place di- 
rectly, and the cube of the distance from the earth reciprocally. 

Cor. Since the centrifugal force of the parts of the earth, arising from 
the earth’s diurnal motion, which is to the force of gravity as 1 to 289, 
raises the waters under the equator to a height exceeding that under the 
poles by $5472 Paris feet, as above, in Prop. XIX., the force of the sun, 
which we have now shewed to be to the force of gravity as 1 to 12868200, 
and therefore is to that centrifugal force as 289 to 1286S200, or as 1 to 
44527, will be able to raise the waters in the places directly under and di- 
rectly opposed to the sun to a height exceeding that in the places which are 
90 degrees removed from the gun only by one Paris foot and 1133} inches; 
for this measure is to the measure of 85472 feet as 1 to 44527. 


PROPOSITION XXXVIL PROBLEM XVIII. 
To find the force of the moon to move the sea. - 
The force of the moon to move the sea is to be deduced from its propor- 
29 
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tion to the force of the sun, and this proportion is to be collected from the 
proportion of the motions of the sea, which are the effects of those forces. 
Before the mouth of the river Avon, three miles below Bristol, the height 
of the ascent of the water in the vernal and autumnal syzygies of the lu- 
minaries (by the observations of Samuel Sturmy) amounts to about 45 
feet, but in the quadratures to 25 only. The former of those heights arı- 
ses from the sum of the aforesaid forces, the latter from their difference. 
If, therefore, S-and L are supposed to represent respectively the forces of 
the sun and moon while they are in the equator, as ir. as in their mean 
distances from the earth, we shall have L + S to L, — S as 45 to 26, or as 
9 to 5. 

At Plymouth (by the beea one of Samuel Colepr ess) the tide in its 
mean height rises to about 16 feet, and in the spring and autumn the 
height thereof in the syzygies may exceed that in the quadratures by more 
than 7 or 8 feet. Suppose the greatest difference of those heights to be 9 
feet, and L + S will be to L — S as 201 to 111, or as 41 to 23; a pro- 
portion that agrees well enough with the former. But because of the great 
tide at Bristol, we are rather to depend upon the observations of Sturmy ; 
and, therefore, till we procure something that is more certain, we shall use 
the proportion of 9 to 5. 

But because of the reciprocal motions of the waters, the greatest tides do 
not happen at the times of the syzygies of the luminaries, but, as we have 
said before, are the third in order after the syzygies; or (reckoning from 
the syzygies) follow next after the third appulse of the moon to the me- 
ridian of the place after the syzygies; or rather (as Sturmy observes) are 
the third after the day of the new or full moon, or rather nearly after the 
twelfth hour from the new or full moon, and therefore fall nearly upon the 
forty-third hour after the new or full of the moon. But in this port they 
fall out about the seventh hour after the appulse of the moon to the me- 
ridian of the place; and therefore follow next after the appulse of the 
moon to the meridian, when the moon is distant from the sun, or from op- 
position with the sun by about 1S or 19 degrees in consequentia. So the 
summer and winter seasons come not to their height in the solstices them- 
selves, but when the sun is advanced beyond the solstices by about a tenth 
part of its whole course, that is, by about 36 or 37 degrees. In like man- 
ner, the greatest tide is raised after the appulse of the moon to the meridian 
of the place, when the inoon has passed by the sun, or the opposition thereof; 
by about a tenth part of the whole motion from owe greatest tide to the 
next following greatest tide. Suppose that distance about 183} degrees; 
and the sun’s force in this distance of the moon from the syzygies and 
quadratures will be of less moment to augment and diminish that part ot 
the motion of the sea which pruceeds from the motion of the moon than in 
the syzygies and quadratures themselves in the proportion of the radius ta 
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the co-aine of double this distance, or of an angle of 37 degrees; that is. in 
proportion of 10000000 to 7985355; and, therefore, i in the preceding an- 
alogy, in place of S we must put 0, 79963558. 

But farther; the force of the moon in the quadratures must be dimin- 
ished, on συν. of its declination from the equator; for the moon in 
those quadratures, or rather in 181 degrees past the quadratures, declines 
from the equator by about 23° 13’; and the force of either luminary to 
move the sea is diminished as it declines from the equator nearly in the 
duplicate proportion of the co-sine of the declination ; and therefore the 
force of the moon in those quadratures is only 0,85703271.; whence we 
have L+0,7986355S to 0,8570327L — 0,7986355S as 9 to 5. s 

Farther yet; the diameters of the orbit in which the moon should move, 
setting aside the consideration of eccentricity, are one to the other as 69 
to 70; and therefore the moon’s distance from the earth in the syzygies 
18 to ita distance in the quadratures, ceteris paribus, as 69 to 70; and.its 
. distances, when 181 degrees advanced beyond the syzygies, where the great- 
est tide was excited, and when 181 degrees passed by the quadratures, 
where the least tide was produced, are to its mean distance as 69,005747 
and 69,697345 to 691. But the force of the moon to move the aea is. in 
the reciprocal triplicate proportion of its distance; and therefore its 
forces, in the greatest and least of those distances, are to its force in its 
mean distance as 0.9830427 and 1,017522 to 1. From whence we have 
1,0175221, X 0,79863558. to 0,9830427 x 0,8570327L — 0,7986355S: 
as 9 to 5; and S to 1, as 1 to 4,4815. Wherefore since the force of the 
sun 13 to the force of gravity as 1 to 12868200, the moon’s force will be 
to the force of gravity as 1 to 2871400. 

Cor. 1. Since the waters excited by the sun’s force rise to the height of' 
a foot and 11,', inches, the moon's force will raise the same to the height: 
of 8 feet and 7,4 inches; and the joint forces of both will raise the same 
to the height of 10} feet; and when the moon is in its perigee to the- 
height of 12} feet, and more, especially when the wind sets the same way: 
as the tide. And a force of that quantity is abundantly sufficient to ex-. 
cite all the motions of the sea, and agrees well with the proportion οἵ 
those motions; for in such seas as lie free and open from east to west, as- 
in the Pacific sea, and in those tracts of the Atlantic and Ethiopic seas 
which lie without the tropics, the waters commonly rise to 6; 0» 12, cr: 15: 
feet; but in the Pacific sea, which is of a greater depth, as well: as-of: a 
larger extent, the tides are said to be greater than in the Atlantic andi 
Ethiopic seas; for to have a full tide raised, an extent of sea from east-to- 
west is required of no less than 90 degrees. In the Ethiopic sea, the waters 
rise to a leas height within the tropics than in the temperate zones, be- 
cause of the narrowness of the sea between Africa and the southern parta 
. of America. In the middle of the open sea the waters cannot rise with. 
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out falling together, and at the same time, upon both the eastern and west- 
ern shores, when, notwithstanding, in our narrow seas, they ought to fall 
on those shores by alternate turns; upon which account there is com- 
monly but a small flood and ebb in such islands as lie far distant from 
the continent. On the contrary, in some ports, where to fill and empty 
the bays alternately the waters are with great violence forced in and out 
through shallow channels, the flood and ebb must be greater than ordinary ; 
as at Plymouth and Chepstow Bridge in England, at the mountains of 
St. Michael, and the town of Awranches, in Normandy, and at Cambaia 
and Pegu in the East Indies. In these places the sea is hurried in and 
qut with such violence, as sometimes to lay the shores under water, some- 
times to leave them dry for many miles. Nor is this force of the influx 
and efflux to be broke till it has raised and depressed the waters to 30, 40, 
or 50 fect and above. And a like account is to be given of long and shal- 
low channels or straits, such as the Magellanic straits, and those chan- 
nels which environ England. ‘The tide in such ports and straits, by the 
violence of the influx and efflux, is angmented above measure. But on 
such shores as lie towards the deep and open sea with a steep descent, 
where the waters may freely rise and fall without that precipitaticn of 
influx and efflux, the proportion of the tides agrees with the forces of the 
gun and moon. | 

Cor. 2. Since the moon's force to move the sea is to the force of gravity 
as 1 to 2871400, it is evident that this force is far less than to appear 
sensibly in statical or hydrostatical experiments, or even in those of pen- 
dulums. It is in the tides only that this force shews itself by any sensi- 
ble effect. — 

Con. 3. Because the force of the moon to move the sea i8 to the like 
force of the sun as 4,4515 to 1, and those forces (by Cor. 14, Prop. LXVI, 
Book 1) are as the densities of the bodies of the sun and moon and the 
cubes of their apparent diameters conjunctly, the density of the moon will 
be to the density of the sun as 4,4815 to 1 directly, and the cube of the 
moon’s diameter to the cube of the sun’s diameter inversely ; that is (see- 
ing the mean apparent diameters of the moon and sun are 31’ 161", and 
32' 12"), as 4891 to 1000. But the density of the sun was to the den- 
sity of the earth as 1000 to 4000; and therefore the density of the moon 
is to the density of the earth as 4891 to 4000, or as 11 to 9. Therefore 
the body of the moon is more dense and more earthly than the earth 
itself. | . 

Cor. 4. And since the true diameter of the moon (from the observations 
of astronomers) is to the true diameter of the earth as 100 to 365, the 
mass of matter in the moon will be to the mass of matter in the earth as 
1 to 39,788. 

Cor. 5. And the accelerative gravity on the surface of the moon will be 
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about three times less than the accelerative pravity on the surface of thr 
earth. | 

Con. 6. And the distance of the moon's centre from the centre of the 
earth will be to the distance of the moon's centre from thé common centre 
of gravity of the earth and moon as 40,788 to 39,788. 

Con. 7. And the mean distance of the centre of the moon from the. 
centre of the earth will be (in the moon's octants) nearly 602 of the great- 
est semi-diameters of the earth; for the greatest. semi-diameter of the 
earth was 19658600 Paris feet, and the mean distance of the centres of 
the earth and moon, consisting cf 602 such semi-diameters, is equal to 
1187379440 feet. And this distance (by the preceding Cor.) 18 to the dis- 
tance of the moon's centre from the common centre of gravity of the 
earth and moon as 40,788 to 39,788; which latter distance, therefore, ie 
1158268534 feet. And since the moon, in respect of the fixed stars, per- 
. forms its revolution in 274. 7^, 434’, the versed sine of that angle which 
the moon in a minute of time describes is 12752341 to the radius 
1000,000000,000000 ; and as the radius is to this versed sine, so are 
1158268534 feet to 14,7706353 feet. The moon, therefore, falling tow- 
ards the earth by that force which retains it in its orbit, would in one 
minute of time describe 14,7706353 feet; and if we augment this force 
in the proportion of 17922 to 17722, we shall have the total force of 
gravity at the orbit of the moon, by Cor. Prop. III; and the moon falling 
by this force, in one minute of time would describe 14,8538067 feet. And 
at the 60th part of the distance of the moon from the earth's centre, that 
is, at the distance of 197896573 feet from the centre of the earth, a body 
falling by its weight, would, in one second of time, likewise describe 
14,9538067 feet. And, therefore, at the distance of 19615800, which 
compose one mean semi-diameter of the earth, a heavy body would de- 
scribe in falling 15,11175, or 15 feet, 1 inch, and 4,', lines, in the same 
time. ‘This will be the descent of bodies in the latitude of 45 degrees. 
And by the foregoing table, to be found under Prop. X X, the descent in 
the latitude of Paris will be a little greater by an excess of about 2 parts - 
of a line. Therefore, by this computation, heavy bodies in the latitude of - 
Paris falling in vacuo will describe 15 Paris fect, 1 inch, 425 lines, very 
nearly, in one second of time. And if the gravity be diminished by tak- 
ing away a quantity equal to the centrifugal force arising in that latitude 
‘rom the earth's diurnal motion, heavy bodies falling there will describe 
in one second of time 15 feet, 1 inch, and 1} line. And with this velo- 
city heavy bodies do really fall in the latitude of Paris, as we have shewn. 
above in Prop. IV and XIX. | 

Cor. 8. The mean distance of the centres of the earth and moon in the 
syzygies of the moon is equal to 60 of the greatest semi-diameters of the 
earth, subducting only about one 30th par: of a semi-diameter: and in the 


454 THE MATHEMATICAL PRINCIPLES [Book IIl. 


moon's quadratures the mean distance of the same centres is 60 such semi- 
diameters of the earth; for these two distances are to the mean distance of 
the moon in the octants as 69 and 70 to 691, by Prop. X XVIII. 

Con. 9. The mean distance of the centres of the earth and moon in the 
syzygies of the moon 18 60 mean semi-diameters of the earth, and a 10th 
part of one semi-diameter; and in the moon's quadratures the mean dis- 
tance of the same centres is 61 mean semi-diameters of the earth, subduct- 
ing one 30th part of one semi-diameter. 

Cor. 10. In the moon's syzygies its mean horizontal parallax in the lat- 
itudes of 0, 30, 38, 45, 52, 60, 90 degrees is 57’ 20", 57’ 16", 57" 14", 57 
12", στ’ 10", 57’ 8", 57' 4”, respectively. 

In these computations I do not consider the magnetic attraction of the. 
earth, whose quantity is very small and unknown: if this quantity should 
ever be found out, and the measures of degrees upon the meridian, the 
lengths of isochronous pendulums in different parallels, the laws of the 1no- 
tions of the sea, and the moon's parallax, with the apparent diameters of 
the sun and moon, should be more exactly determined from phenomena: we 
should then be enabled to bring this calculation to a greater accuracy. 


PROPOSITION XXXVIII. PROBLEM XIX. 
To find the figure of the moon’s body. 


If the moon’s body were fluid like our sea, the force of the earth to raise 
that fluid in the nearest and remotest parts would be to the force of the 
moon by which our sea is raised in the places under and opposite to the 
moon as the accelerative gravity of the moon towards the earth to the ac- 
celerative gravity of the earth towards the moon, and the diameter of the 
moon to the diameter of the earth conjunctly; that is, as 39,788 to 1, and 
LOO to 365 conjunctly, or as 1081 to 100. Wherefore, since our sea, by 
the force of the moon, is raised to 82 fect, the lunar fluid would be raised 
by the force of the earth to 93 feet; and upon this account the figure of 
the moon would be a spheroid, whose greatest diameter produced would 
pass through the centre of the earth, and exceed the diameters perpendicu- 
lar thereto by 186 feet. Such a figure, therefore, the. moon affects, and 
must have put on from the beginning. Q.E.I. 

Con. Hence it is that the same face of the moon always respects the 
earth; nor can the body of the moon possibly rest in any other position, 
but would return always by a libratory motion to this situation; but those 
librations, however, must be exceedingly slow, because of the weakness of 
the forces which excite them; so that the face of the moon, which should 
be always obverted to the earth, may, for the reason assigned in Prop. X VIL 
be turned towards the other focus of the moon’s orbit, without being im- 
mediately drawn back, and converted again towards the earth. 
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LEMMA I. 


If. APEp represent the earth uniformly dense, marked with the centre C, 
the poles P, p, and the equator AE; and if about the centre C, with 
the radius CP, we suppose the sphere Pape to be described, and QR to 
denote the plane on which a right liue, drawn from the centre of the 

sun to the centre of the earth, insists at right angles; and further 
suppose that the several particles of the whole exterior earth PapAPepE, 
without the height of the said sphere, endeavour to recede towards this 
stde and that side from the plaue QR, every particle by a force pro- 
portional to its distance from that plane ; I say, in the first place, that 
the whole force and efficacy of all the particles that ure situate in AE, 
the circle of the equator, and disposed uniformly without the lobe, 
encompassing the same after the manner of a ring, to wheel the earth 
about its centre, is to the whole force and efficacy of as many particles 

4n that point A of the equator which is at the greatest distance from 
the plane QR, to wheel the earth about its centre with a like circular 
motion, as 1 to 9, And that circular motion will be performed about 
an axis lying in the common section of the equator and the plane QR. κ 
For let there be described from the centre K, with the diameter IL, the 


semi-circle INL. Suppose the semi-circumference INL to be divided 
into innumerable equal parts, and from the several parts N to the diameter 





H I K ML 
IL let fall the sines NM. Then the sums of the aquares of all the sines 


NM will be equal to the sums of the squares of the sines KM, and both - 
sums together will be equal to the sums of the squares of as many semi- - 
diameters KN; and therefore the sum of the squares of all the sines ΝΜ. 
will be but half so great as the sum of the squares of as many semi-diam- 
sters KN. | 

Suppose now the circumference of the circle AE to be divided into the 
ike number of little equal parts, and from every such part F a perpen- 
dicular FG to be let fall upon the plane QR, as well as the perpendicular 
AH from the point A. Then the force by which the particle F recedes 
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from the plane QR will (by supposition) be as that perpendicular FG; and 
this force multiplied by the distance CG will represent the power of the 
particle F to turn the earth round its centre. And, therefore, the power 
of a particle in the place F will be to the power of a particle in the place 
Aas FG x GC to AH x HC; that is, as FC? to AC? : and therefore 
the whole power of all the particles F, in their proper places F, will be to 
the power of the like number of particles in the place A as the sum of all 
the FC? to the sum of all the AC?, that is (by what we have demonstrated 
before) as 1 to 2. Q.E.D. 

And because the action of those particles is exerted in the direction of 
lines perpendicularly receding from the plane QR, and that equally from 
each side of this plane, they will wheel about the circumference of the circle 
of the equator, together with the adherent body of the earth, round an axis 
which lies as well in the plane QR as in that of the equator. 


LEMMA IL 


T'he same things still supposed, I say, in the second. place, that the totat 
force or power of all the particles situated every where about the sphere 
to turn the earth about the said axis is to the whole force of the like 
number of particles, uniformly disposed round the whole circumference 
of the equator AE in the fashion of a ring, to turn the whole earth 
about with the like circular motion, as 2 to 5. 


For let IK be any lesser circle parallel to 
the equator AE, and let L? be any two equal 
particles in this circle, situated without the 
sphere Pape; and if upon the plane QR, 
which is at right angles with a radius drawn 
to the sun, we let fall the perpendiculars LM, 
lm, the total forces by which these particles 
recede from the plane QR will be propor- 
tional to the perpendiculars LM, lm. Let 
the right line Li be drawn parallel to the 
plane Pape, and bisect the same in X ; and 
through the point X draw Nn parallel to the plane QR, and meeting the 
perpendiculars LM, lm, in N and πι; and upon the plane QR let fall the 
perpendicular XY. And the contrary forces of the particles L and ¿ to 
wheel about the earth contrariwise are as LM κ MC, and lm x mC; that 
is, as LN x MC + NM x MO, and la X mC — nm x mC; or LN x 
MC + NM x MC, and LN x mC — NM Xx mC, and LN x Mm — 
ΝΜ x MC + mO, the difference of the two, is the force of both taken 
together to turn the earth round. The affirmative part of this difference 
LN x Mm, or 2LN x NX, is to 2AH x HC, the force of two particles 
of the same size situated in A, as LX? to AC? ; and the negative part NM 
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x MO + mC, or 2XY x CY, is to 2AH x HO, the force of the same 
two particles situated in A, as CX? to ΑΟ”, And therefore the difference 
of the parts, that is, the force of the two particles I and ᾖ, taken together, 
to wheel the earth about, is to the force of two particles, equal to the 
former and situated in the place A, to turn in like manner the earth round, 
. as LX? — CX? to ΑΟ», But if the circumference IK of the circle IK 
is supposed to be divided into an infinite number of little equal parts L, 
all the 1,X:? will be to the like number of IX? as 1 to 2 (by Lem. 1); and 
to the same number of AC? as IX? to 2AC? ; and the same number οἱ 
CX? to as many AC? as 2CX? to 2AC?. Wherefore the united force: 
of all the particles in the circumference of the circle IK are to the joint 
forces of as many particles in the place A as IX? — 2CX? to 2AC? ; and 
therefore (by Lem. 1) to the united forces of as many particles in the cir- 
cumference of the circle AE as IX? — 2CX? to AC?. 

Now if Pp, the diameter of the sphere, is conceived to be divided into 
an infinite number of equal parts, upon which alike number of circles 
[K are supposed to insist, the matter in the circumference of every circle 
[K will be as IX? ; and therefore the force of that matter to turn the 
earth about will be as IX? into IX? — 2C X7 : and the force of the same | 
matter, if it was situated in the circumference of the circle AE, would be as 
— IX? into AC?. And therefore the force of all the particles of the whole 
matter situated without the sphere in the circumferences of all the circles 
is to the force of the like number of particles situated in the circumfer- . 
ence of the greatest circle AE as all the IX? into IX? — 2CX? to as 
many IX? into AC? ; that is, as all the AC? — CX? into AC? — yd 
to as many AC? — CX: into AC?; that is, as all the AC* — 4AC? 
CX? + 3CX* to as many AC* — AC? x CX?; that is, aa the Shale 
fluent quantity, whose fluxion is AC* — 4AC? X CX? + 3CX', to the 
whole fluent quantity, whose fluxion is ΑΟ’ — AC? x CX?; and, there. 
fore, by the method of fluxions, as AC: x CX — 4AC? x CX? + 
$CX5 to ΑΟ: x CX — 1AC? x OX; that is, if for CX we write the 
whole Cp, or AC, as ,&AC* to 2AC*; that i is a8 2 to 5. Q.E.D. 


. LEMMA ITIL 

The same things still supposed, I say, in the third place, that the mo- 
tion of the whole earth about the axis above-named arising from the 
motions of all the particles, will be to the motion of the aforesaid ring ` 
about the same axis in a. proportion compounded of the proportion of 
the matter tn the earth to the matter $n the ring ; and the proportion 
of three squares of the quadrantal arc of any circle to two squares 
of its diameter, that is, in the proportion of the matter to the matter, 
and of the number 925275 to the number 1000000. 
For the motion of a cylinder revolved about its quiescent axis is to the 
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motion of the inscribed sphere revolved together with it as any four equal 
squares to three circles inscribed in three of those squares; and the mo- 
tion of this cylinder is to the motion of an exceedingly thin ring sur- 
rounding both sphere and cylinder in their common contact a8 double the 
matter in the cylinder to triple the matter in the ring; and this motion 
of the ring, uniformly continued about the axis of the cylinder, is to the 
" uniform motion of the same about its own diameter performed in the 

‘same periodic time as the circumference of a circle to double its diameter. 


HYPOTHESIS II. 


If the other parts of the earth were taken away, and the remaining ring 
was carried alone about the sun in the orbit of the earth by the annuat 
motion, while by the diurnal motion 4t was in the mean time revolved 
about its own axis inclined to the plane of the ecliptic by an angle 
of 231 degrees, the motion of the equinoctial points would be the 
same, whether the ring were fluid, or whether it consisted of a hard 
and rigid matter. 


PROPOSITION XXXIX. PROBLEM XX. 
To find the precession of the equinozes. 


The middle horary motion of the moon’s nodes in a circular orbit, when 
the nodes are in the quadratures, was 16" 35'" 16", 36*.; the half of 
which, 8" 17'" 3S v. 19". (for the reasons above explained) is the mean ho- 
rary motion of the nodes in such an orbit, which motion in a whole side- 
real year becomcs 20° 11' 46". Because, therefore, the nodes of the moon 
in such an orbit would be yearly transferred 20° 11’ 46" 4n antecedentia ; 
and, if there were more moons, the motion of the nodes of every one (by 
Cor. 16, Prop. LXVI, Book 1) would be as its periodic time; if upon the 
surface of the earth a moon was revolved. in the time of a sidereal day, 
the annual motion of the nodes of thia moon would be to 20? 11' 46" as 
23^. 56', the sidereal day, to 27 '. 7^. 43’, the periodic time of our moon, 
that is, as 1436 to 39343. And the same thing would happen to the 
= nodes of a ring of moons encompassing the earth. whether these moons 
did not mutually touch each the other, or whether they were molten, and 
formed into a continued ring, or whether that ring should become rigid 
and inflexible. 

Let ua, then, suppose that this ring is in quantity of matter DN to 
the whole exterior earth PapAPepE, which lies without the. sphere Pape 
(see fig. Lem. II); and because this sphere is to that exterior earth as aC? 
to AC? — ας”, that is (seeing PC or aC the least semi-diameter of the 
earth is to AC the greatest semi-diameter of the same as 229 to 230), as 
52441 to 459; if this ring encompassed the earth round the equator, and 
both together were revolved about the diameter of the ring, the motion of 
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the ring (by Lem. IIl) would be to the motion of the inner sphere as 459 
to 52441 and 1000000 to 925275 conjunctly, that is, as 4590 to 485223 ; 
and therefore the motion of the ring would be to the sum of the motions 
of both ring and sphere as 4590 to 489813. Wherefore if the ring ad- 
heres to the sphere, and communicates its motion to the sphere, by which 
its nodes or equinoctial points recede, the motion remaining in the ring will 
be to’ its former motion as 4590 to 489813; upon which account the 
motion of the equinoctial points will be diminished in the same propor- 
tion. Wherefore the annual motion of the equinoctial points of the body, 
composed of both ring and sphere, will be to the motion 20° 11’ 46” as 
1436 to 39343 and 4590 to 489813 conjunctly, that is, as 100 to 292369, 
But the forces by which the nodes of a number of moons (as we explained 
above), and therefore by which the equinoctial points of the ring recede 
(that is, the forces SIT, in fig. Prop. ΧΧΧ), are in the several particles 
as the distances of those particles from the plane QR; and by these forces 
the particles recede from that plane: and therefore (by Lem. IT) if the 
matter of the ring was spread all over the surface of the sphere, after the 
fashion of the figure PupAPepE, in order to make up that exterior part 
of the earth, the total force or power of all the particles to wheel about 
the earth round any diameter of the equator, and therefore to move the 
equinoctial points, would become less than before in the proportion of 2 to 
5. Wherefore the annual regress of the equinoxes now would be to 20° 
11’ 46" as 10 to 73092 ; that i is, would be 9” 56'" 50’. 

But because the plane of the equator is inclined to that of the ecliptic, 
this motion is to be diminished in the proportion of the sine 91706 
(which is the co-sine of 231 deg.) to the radius 100000; and the remain- 
ing motion will now be 9” 7’ 20'*, which is the annual precession of the 
equinoxes arising from the force of the sun. 

But the force of the moon to move the sea was to the force of the sun 
nearly as 4,4815 to 1; and the force of the moon to move the equinoxes 
is to that of the sun in thesame proportion. Whence the annual precession 
of the equinoxes proceeding from the force of the moon comes out 40" 
52'" 52. and the total annual precession arising from the united forces 
of both will be 50" 00'" 12'*, the quantity of which motion agrees with 
the phenomena ; for the precession of the equinoxes, by astronomical ob- 
servations, is about 50" yearly. 

If the height of the earth at the equator exceeds its height at the 
poles by more than 17} miles, the matter thereof will be more rare near 
the surface than at the centre; and the precession of the equinoxes will 
be augmented by the excess of height, and diminished by the greater rarity. . 

And now we have described the system of the sun, the earth, moon, 
and planets, it remains that we add something about the comets. 
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LEMMA IV 


That the comets are higher than the moon, and in the regions of the 
planets. 


As the comets were placed by astronomers above the moon, because they 
were found to have no diurnal parallax, so their annual parallax is a con- 
vincing proof of their descending into the regions of the planets; for all 
the comets which move in a direct course according to the order of the 
signs, about the end of their appearance become more than ordinarily slow 
or retrograde, if the earth is between them and the sun; and more than 
ordinarily swift, if the earth is approaching to a heliocentric opposition 
with them ; whereas, on the other hand, those which move against the or- 
der of the signs, towards the end of their appearance appear swifter thau 
they ought to be, if the earth is between them and the sun; and slower, 
and perhaps retrograde, if the earth is in the other side of its orbit. And 
these appearances proceed chiefly from the diverse aituations which the 
earth acquires in the course of its motion, after the same manner ag it hap- 
pens to the planets, which appear sometimes retrograde, sometimes more 
slowly, and sometimes more swiftly, progressive, according as the motion of 
the earth falls in with that of the planet, or is directed the contrary way. 
_ If the earth move the same way with the comet, but, by an angular motion 
about the sun, so much swifter that right lines drawn from the earth to. 
the comet converge towards the parts beyond the comet, the comet seen 
from the earth, because of its slower motion, will appear retrograde; and 
even if the earth is slower than the comet, the motion of the earth being 
subducted, the motion of the comet will at least appear retarded; but if the 
earth tends the contrary way to that of the comet, the motion of the comet 
will from thence appear accelerated; and from this apparent acceleration, 
or retardation, or regressive motion, the distance of the comet may be in- 
-.ς _ F c B A ferred in this manner. Let TQA, 

TQB, TQC, be three observed lon- 

gitudes of the comet about the time 

of its first appearing, and YQF its 

last observed longitude before its 

disappearing. Draw the right line 

ABC, whose parts AB, BC, inter- 

Q cepted between the right lines QA 

and QB, QB and 90, may be one to the other as the two times between 
the three first observations. Produce AC to G, so as AG may be to AB 
as the time between the first and last observation to the time between the 
first and second; and join QG. Now if the comet did move uniformly in 
a right line, and the earth either stood still, or was likewise carried for- 
wards in a right line by an uniform motion, the angle TQG would be the 
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longitude of the comet at the time of the last observation. The angle, 
therefore, FQG, which is the difference of the longitude, proceeds from the 
inequality of the motions of the comet and the earth; and this angle, if 
the earth and comet move contrary ways, is added to the angle TQ,G, and 
accelerates the apparent motion of the comet; but if the comet move the 
same way with the earth, it is subtracted, and either retards the motion οἱ 
the comet, or perhaps renders it retrograde, as we have but now explained. 
This angle, therefore, proceeding chiefly from the motion of the earth, is 
justly to be esteemed the parallax of the comet; neglecting, to wit, some 
little increment or decrement that may arise from the unequal motion of 
the comet in its orbit; and from this parallax we thus deduce the distance 
of the comet. Let S represent the sun, acT v 
the orbis magnus, a the earth’s place in the 
first observation, c the place of the earth in 
the third observation, T the place of the 
earth in the last observation, and TY a right 
line drawn to the beginning of Aries. Set 
off the angle YTV equal to the angle YQF; 
that is, equal to the longitude of the comet 
_at the time when the earth is in T; join ac, 
and-produce it to 9,80 as ag may be to ac 
as AG to AC; and g will be the place at 
which the earth would have arrived in the 
time of the last observation, if it had con- 
tinued to move uniformly in the right line 
ac. Wherefore, if we draw gT parallel to TY, and make the angle TzV 
. equal to the angle TQG, this angle ΥΟΥ͂ will be equal to the longitude of 
the comet seen from the place g, and the angle TVg will be the parallax 
which arises from the earth’s being tranaferred from the place g into the 
place Γ᾽; and therefore V will be the place of the comet in the plane of the 
ecliptic. And this place V is commonly lower than the orb of Jupiter. 
The same thing may be deduced from the incurvation of the way of the 
comets; for these bodies move almost in great circles, while their velocity 
is great; but about the end of their course, when that part of their appa- 
rent motion which arises from the parallax bears a greater proportion to 
their whole apparent motion, they commonly deviate from those circles, and 
when the earth goes to one side, they deviate to the other; and this deflex- 
lon, because of its corresponding with the motion of the earth, must arise 
chiefly from the parallax; and the quantity thereof i8 so considerable, as, 
by my computation, to place the disappearing comets a good deal lower 
than J upiter. Whence it follows that when they approach nearer to us in 
their perigees and perihelions they often descend below the orbs of Mare 
nd the inferior planets. 
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The near approach of the comets is farther confirmed from the light of 
their heads; for the light of a celestial body, illuminated by the sun, and 
receding to remote parts, is diminished in the quadruplicate proportion of 
the distance; to wit, in one duplicate proportion, on account of the increase 
of the distance from the sun, and in another duplicate proportion, on ac- 
count of the decrease of the apparent diameter. Wherefore if both the 
quantity of light and the apparent diameter of a comet are given, its dis- 
tance will be also given, by taking the distance of the comet to the distance 
of a planet in the direct proportion of their diameters and the reciprocal 
subduplicate proportion of their lights. ‘Thus, in the comet of the year 
1682, Mr. Flamsted observed with a telescope of 16 feet, and measured 
with a micrometer, the least diameter of its head, 2’ 00; but the nucleus 
or star in the middle of the head scarcely amounted to the tenth part of 
this measure; and therefore its diameter was only 11" or 12"; but in the 
light and splendor of its head it surpassed that of the comet in the year 
1680, and might be compared with the stars of the tirst or second magni- 
tude. Let us suppose that Saturn with its ring was about four times more 
lucid; and because the light of the ring was almost equal to the light of 
the globe within, and the apparent diameter of the globe is about 21", and 
therefore the united light of both globe and ring would be equal to the 
light of a globe whose diameter is 3U”, it follows that the distance of th 
comet was to the distance of Saturn as 1 to «/4 inversely, and 12" to 30 
directly; that is, as 24 to 30, or 4 to 5. Again; the comet in the month 
of April 1665, as Hevelius informs us, excelled almost all the fixed stars 
in splendor, and even Saturn itself, as being of a much more vivid colour; 
for this comet was more lucid than that other which had appeared about 
the end of the preceding year, and had been compared to the stars of the 
first magnitude. ‘The diameter of its head was about 6’; but the nucleus, 
compared with the planets by means of a telescope, was plainly less than 
Jupiter; and sometimes judged less, sometimes judged equal, to the globe 
of Saturn within the ring. Since, then, the diameters of the heads of the 
comets seldom exceed 8’ or 12’, and the diameter of the nucleus or central 
star is but about a tenth or perhaps fifteenth part of the diameter of the 
head, it appears that these stars are generally of about the same apparent 
magnitude with the planets. But in regard that their light may be often 
compared with the light of Saturn, yea, and sometimes exceeds it, it is evi- 
dent that all comets in their perihelions must either be placed below or not 
far above Saturn; and they are much mistaken who remove them almost 
as far as the fixed stars; for if it was so, the comets could receive no more 
light from our sun than our planets do from the fixed stars. 

So far we have gone, without considering the obscuration which comets 
suffer from that plenty of thick smoke which encompasseth their heads, 
and through which the heads always shew dull, as through v cloud; for by 
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how much the inore a body is obscured by this smoke, by so much the more 
near it must be allowed to come to the sun, that it may vie with the plan- 
eta in the quantity of light which it reflects. Whence it is probable that 
the comets descend far below the orb of Saturn, as we proved before from 
their parallax. But, above all, the thing is evinced from their tails, whick 
must be owing either to the sun’s light reflected by a smoke arising from 
them, and dispersing itself through the ether, or to the light of their own 
heads. In the former case, we must shorten the distance of the comets, 
lest we be obliged to allow that the smoke arising from their heads 1s 
propagated through such a vast extent of space, and with such a velocity 
and expansion as will seem altogether incredible; in the latter case, the 
whole light of both head and tail is to be ascribed to the central nucleus. 
But, then, if we suppose all this light to be united and condensed within 
the disk of the nacleus, certainly the nucleus will by far exceed Jupiter 
itself in splendor, especially when it emits a very large and lucid tail If, 
therefore, under a less apparent diameter, it reflects more light, it must be 
much more illuminated by the sun, and therefore much nearer to it; and 
the same arzument will bring down the heads of comets sometimes within 
the orb of Venus, viz., when, being hid under the sun’s rays, they emit such 
huge and splendid tails, like beams of fire, as sometimes they do; for if all 
that light was supposed to be gathered together into one star, it would 
sometimes exceed not one Venus only, but a great many such united 
into one. 

Lastly; the same thing i is inferred ion the light of the heads, which 
increases in the recess of the comets from the earth towards the sun, and 
decreases in their return from the sun towards the earth ; for so the comet 
of the year 1665 (by the observations of Hevelius), from the time that it 
was first seen, was always losing of its apparent motion, and therefore had 
already passed its perigee ; but yet the splendor of its head was daily in- 
 ereasing, till, being hid under the sun's rays, the comet ceased to appear. 
The comet of the year 1683 (by the observations of the same Hevelius), 
about the end of July, when it first appeared, moved at a very alow rate, 
advancing only about 40 or 45 minutes in its orb in a day's time; but 
from that time its diurnal motion was continually upon the increase, till 
September 4, when it arose to about 5 degrees; and therefore, in all this 
interval of time, the comet was approaching to the earth. Which is like- 
wise proved from the diameter of its head, measured with a micrometer ; 
for, August 6, Hevelius found it only 6' 05", including the coma, which, 
September 2. he observed to be 9’ 07”, and therefore its head appeared far 
less about the beginning than towards the end of the motion; though 
about the beginning, because nearer to the sun, it appeared far more lucid 
than towards the end, as the same Hevelius declares. Wherefore in all 
this interval of time. on account of its recess from the sun, it decreased 
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in splendor, notwithstanding its access towards the earth. The comet of 
the year 1615, about the middle of December, and that of the year 1680, 
about the end of the same month, did both move with their greatest velo- 
city, and were therefore then in their perigees; but the greatest splendor 
of their heads was seen two weeks before, when they had just got clear of 
the sun’s rays; and the greatest spiendor of their tails a little more early, 
when yet nearer to the sun. ‘The head of the former comet (according to 
the observations of Cysatus), December 1, appeared greater than the stars 
of the first magnitude; and, December 16 (then in the perigee), it was 
but little diminished in magnitude, but in the splendor and brightness of 
its light a great deal. January 7, Kepler, being uncertain about the 
head, left off observing. December 12, the head of the latter comet was 
seen and observed by Mr. Flamsted, when but 9 degrees distant from the 
sun; which is scarcely to be done in a star of the third magnitude. De- 
cember 15 and 17, it appeared as a star of the third magnitude, its lustre 
being diminished by the brightness of the clouds near the setting sun. 
December 26, when it moved with the greatest velocity, being almost in 
its perigee, it was less than the mouth of Pegasus, a star of the third 
magnitude. January 3, it appeared as a star of the fourth. January 9, 
as one of the fifth. January 13, it was hid by the splendor of the moon, 
then in her increase. January 25, it was scarcely equal to the stars of 
the seventh magnitude. If we compare equal intervals of time on one 
side and on the other from the perigee, we shall find that the head of the 
comet, which at both intervals of time was far, but yet equally, removed 
from the earth, and should have therefore shone with equal splendor, ap- 
peared brightest on the side of the perigee towards the sun, and disap- 
peared on the other. ‘Therefore, from the great difference of light in the 
one situation and in the other, we conclude the great vicinity of the sun 
and comet in the former; for the light of comets uses to be regular, and 
to appear greatest when the heads move fastest, and are therefore in their 
perigees; excepting in so far as it is increased by their nearness to the 
sun. : 

Cor. 1. Therefore the comets shine by the sun’s light, which they reflect. 

Cor. 2. From what has been said, we may likewise understand why 
comets are so frequently seen in that hemisphere in which the sun is, and 
so seldom in the other. If they were visible in the regions far above 
Saturn, they would appear more frequently in the parts opposite to the 
sun; for such as were in those parts would be nearer to the earth, whereas 
the presence of the sun must obscure and hide those that appear in the 
hemisphere in which he is. Yet, looking over the history of comets, I 
find.that four or five times more have been seen in the hemisphere towards 
the sun than in the opposite hemisphere; besides, without doubt, not a 
few, which have been hid by the light of the sun: for comets descending 
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into our parts neither emit tails, nor are so well illuminated by the sun, 
as to discover themselves to our naked eyes, until they are come nearer to 
us than Jupiter. But the far greater part of that spherical space, which 
is described about the sun with so small an interval, lies on that side of 
the earth which regards the sun; and the comets in that greater part are 
commonly more strongly illuminated, as being for the most part nearer to 
the sun. 

Cor. 3. Hence also it is evident that the celestial spaces are void of 
resistance; for though the comets are carried in oblique paths, and some- 
times contrary to the course of the planets, yet they move every way with 
the greatest freedom, and preserve their motions for an exceeding long 
timé, even where contrary to the course of the planets. I am out in my 
judgment if they are not a sort of planets revolving in orbits returning 
into themselves with a perpetual motion; for, as to what some writere 
contend, that they are no other than meteors, led into this opinion by the 
perpetual changes that happen to their heads, it seems to have no founda- 
tion; for the heads of comets are encompassed with huge atmospheres, 
and the lowermost parts of these atmospheres must be the densest; and 
therefore it is in the clouds only, not in the bodies of the comets them- 
selves, that these changes are seen.  'T'hus the earth, if it was viewed from- 
the planets, would, without all doubt, shine by the light of its clouds, and 
the solid body would scarcely appear through the surrounding clouds. 
Thus also the belts of Jupiter are formed in the clouds of that planet, 
for they change their position one to another, and the solid body of Jupiter 
is hardly to be seen through them; and much more must the bodies of 
comets be hid under their atmospheres, which are both deeper and thicker. 


PROPOSITION XL. THEOREM XX. 


That the comets mwe in some of the conic sections, having their foci 
in the centre of the sun; and by radu drawn to the sun describe 
areas proportional to the times. 

This proposition appears from Cor. 1, Prop. XIII, Book 1, compared 
‘vith Prop. VIII, XII, and XIII, Book III. 

Cor. 1. Hence if comets are revolved in orbits returning into them- 
selves, those orbits will be ellipses; and their periodic times be to the 
periodic times of the planets in the sesquiplicate proportion of their prin- 
cipal axes. And therefore the comets, which for the most part of their 
course are higher than the planets, and upon that account describe orbits 
with greater axes, will require a longer time to finish their revolutions. 
Thus if the axis of a comet's orbit was four times greater than the axis : 
of the orbit of Saturn, the time of the revolution of the comet would be 
to the time of the revolution of Saturn; that. is; to 30 years, as 4 y 4 


(or 8) to 1, and would therefore: be 240 years, ` 
30 
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Con. 2. But their orbits will be so near to parabolas, that parabolas 
may be used for them without sensible error. 

Cor. 3. And, therefore, by Cor. 7, Prop. XVI, Book 1, the velocity of 
every comet will always be to the velocity of any planet, supposed to be 
revolved at the same distance in a circle about the sun, nearly in the sub- 
duplicate proportion of double the distance of the planet from the centre 
of the sun to the distance of the comet from the sun’s centre, very nearly. 
Let us suppose the radius of the orbis magnus, or the greatest semi- 
diameter of the ellipsis which the earth describes, to consist of 100000000 
parts; and then the earth by its mean diurnal motion will describe 
1720212 of those parts, and 71675! by its horary motion. And there- 
fore the comet, at the same mean distance of the earth from the sun, with 
a velocity which is to the velocity of the earth as y 2 to 1, would by its 
diurnal motion describe 2432747 parts, and 101364! parts by its horary 
motion. But at greater or less distances both the aiurnal and horary 
motion will be to this diurnal and horary motion in the reciprocal subdu- 
plicate proportion of the distances, and is therefore given. 

Cor. 4. Wherefore if the latus rectum of the parabola is quadruple of 
the radius of the orbis magnus, and the square of that radius is sup- 
posed to consist of 100000000 parts, the area which the comet will daily 
describe by a radius drawn to the sun will be 12163731 parts, and the 
horary area will be 506821 parte. But, if the latus rectum is greater 
or less in any proportion, the diurnal and horary area will be less or 
greater in the subduplicate of the same proportion reciprocally. 


LEMMA V. 


To find a curve line of the parabolic kind which shall pass through any 
given number of points. 

Let those points be A, B, C, D, E, F, &c., and from the same to any 
right line HN, given in position, let fall as many perpendiculars AH, BI, 
CK, DL, EM, ΕΝ, ἅο, 

b 26 3b 4b bb 





f 
Case 1. If HI, IK, KL, &c., the intervals of the points H, I, K, L, M 
N, &c., are equal, take b, 2b, 3b, 40, 56, &c., the first differences of the per- 
pendiculars AH, BI, CK, &oc.; their second differences c, 2c, 3c, 4c, &c.; 
their third, d, 2d, 3d, &c., that is to say, so as AH — BI may be == b, BI ; 
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— CK = 2b, CK — DL = 3), DL + EM = 4b, — EM + FN == 5b, 
&c.; then b — 2b — ο, &c., and so on to the last difference, which is here 
f. Then, erecting any perpendicular RS, which may be considered as an 
ordinate of the curve required, in order to find the length of this ordinate, 
suppose the intervals HI, IK, KL, LM, &c., to be units, and let AH — a, 
— HS = p, 1p into — IS = q, 14 into + SK = r, 1r into + SL =s, 
ls into + SM == ¢ Y proceeding, to wit, to ME, the last perpendicular but 
one, and prefixing negative signs before the terms HS, IS, &c., which lie 
from S towards A; and affirmative signs before the terms SK, SL, &c., 
which lie on the other side of the point S; and, observing well the signs, 
RS will be = a + bp + cq + dr 4- es + ft, + &c. 

Case 2. But if HI, IK, &c. the intervals of the points H, I, K, L, &c., 
are unequal, take b, 2b, 3b, 46, 5b, &c., the first differences of the perpen- 
diculars AH, BI, CK, &c., divided by the intervals between those perpen- 
diculars; c, 2c, 3c, 4c, &c., their second differences, divided by the intervals 
between every two; d, 2d, 3d, &c., their third differences, divided \by the 
intervals between every three; e, 2e, &c., their fourth differences, divided 
by the intervals between every four; and ao forth; that is, in such manner, 





AH — BI BI — CK CK — DL 
that 6 may be = —Hi πε - , 3b = KL , &c., then 
b — 2b 2b — 3b 3b — 4b c — 9c 
C= HE ^^ C a ae aM ο Ko then d — —— HL ΞΕ 
` 2c — 3 b 
= —Do &c. And those differences being found, let AH be = a, — 


HS = p, p into — IS = q, q into + SK = r,r into + SL = s, s into 
+ SM = t; proceeding, to wit, to ME, the last perpendicular but one:. 
and the ordinate RS will be = a + bp + cq + dr + es + ft, + ὅσο. 

Cor. Hence the areas of all curves may be nearly found; for if some: 
number of points of the curve to be squared are found, and a parabola. be: 
supposed to be drawn through those points, the area of this parabola will: 
be nearly the same with the area of the curvilinear figure proposed to be- 
Squared: but the parabola can be always squared geometrically by methods 
vulgarly known. 


LEMMA VI. 


Certain observed places of a comet being given, to find the place of the 
same to any intermediate given time. . 

Let HI, IK, KL, LM (in the preceding Fig.), represent the times between 
the observations; HA, IB, KC, LD, ME, five observed longitudes of the 
comet; and HS the given time between the first observation ‘and the longi- ' 
tude required. , Then if a regular curve ABCDE is supposed to be drawn 
through the points A, B, C, D, E, and the ordinate RS is found ont by the 
preceding lemma, RS will be the longitude required. 
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After the same method, from five observed latitudes, we may find the 
latitude to a given time. | 

If the differences of the observed longitudes are small, suppose of 4 or 5 
degrees, three or four observations will be sufficient to find a new longitude 
and latitude; but if the differences are greater, as of 10 or 20 degrees, five 
observations ought to be used. 


LEMMA VIL 


Through a given point P to draw a right line BC, whose parts PB, PC, 
cut off by two right lines AB, AC, given in position, may be one to the 
other in a given proportion. 


x From the given point P suppose any right line 
PD to be drawn to either of the right lines given, 
as AB; and produce the same towards AC, the 
other given right line, as far as E, so as PE may 
be to PD in the given proportion. Let EC be 
parallel to AD. Draw CPB, and PC will be to PB 
as PE to PD. Q.E.F. 






B ...--...-) 


LEMMA VIII. 


Let ABC be a parabola, having tts focus in S. By the chord AC ον- 
sected in I cut off the segment ABCI, whose diameter is Iu and verter 
p. In lp produced take pO equal to one half of lu. Join OS, and 
produce it to ἕ, so as S£ may be equal to2SO. Νου, supposing a comet 
to revolve in the arc CBA, draw EB, cutting ΑΟ ὑπ E; I say, the point 
E will cut off from the chord AC the segment AE, nearly proportional 
to the time. 
For if we join EO, cutting the parabolic arc ABC in Y, and draw μΧ 

touching the same arc in the vertex p, and meeting EO in X, the curvi- 

linear area AEX A will be to the curvilinear area ACYpvA as AE to AC; 
and, therefore, since the triangle ASE is to the triangle ASC in the same 
proportion, the whole area ASEXyA will be to the whole area ASC YA aa 





Boox HEJ | OF NATURAL PHILOSOPHY. 469 


AE to AC. But, because £O is to SO as 3 to 1, and EO to XC in the same 
proportion, SX will be parallel to EB; and, therefore, joining BX, the tri- 
angle SEB will be equal to the triangle XEB. Wherefore if to the area 
ASEXuA we add the triangle EXB, and from the sum subduct the triangle 
SEB, there will remain the area ASBX pA, equal to the area ASEXpA, and 
therefore in proportion to the area ASCYA as AE to AC. But the area 
ASBYLA is nearly equal to the area ASBX&A ; and this area ASBYpA 
is to the area ASCYuA as the time of description of the arc AB to the 
time of description of the whole arc AC; and, therefore, AE is to AC 
nearly in the proportion of the times. Q.E.D. - 

Cor. When the point B falls upon the vertex » of the parabola, AE 18. 
- to AC accurately in the proportion of the times. 7 


ae SCHOLIUM. 

If we join μξ cutting AC in ὃ, and in it take én in proportion to B as 
27 MI to 16Mp, and draw Bn, this Bn will cut the chord AC, in the pro- 
portion of the times, more accurately than before; but the point 22 is to be 
taken beyond or on this side the point £, according as the point B is 
more or less distant from the principal vertex of the parabola than the 
point p. 

LEMMA IX. 


T he right lines Ip and uM, and the length is. , are equal among them. 
selves. 


For 4Sy ia the latus rectum of the parabola belonging to io vertex p. 


LEMMA X. 


Produce Su to N and P, so as uN may be one third of ul, and SP may 
be to SN as SN to Su; ; and in the time that a comet would descrébe 
` the arc Au€, if it was supposed to niove always forwards with the ve- 
locity which it hath in a height equal to SP, it would describe a length © 
egual to the chord AC. 


For if the comet with the velocity 
which it hath in µ was in the said time 
supposed to move uniformly forward in 
the right line which touches the parabola 
in p, the area which it would describe by 
a radius drawn to the point S would be 
equal to the parabolic area ASCuA; and 
therefore the space contained under the 
length described in the tangent and the 
 tength Su would beto the space contained under the lengths AC and SM as the 
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area ASCuA to the triangle ASC, that is, as SN to SM. Wherefore AC 
is to the length described in the tangent. as Su to SN. But since the ve- 
locity of the comet in the height SP (by Cor. 6, Prop. XVL, Book I) is to 
the velocity of the same in the height Su in the reciprocal subduplicate 
proportion of SP to Sy, that is, in the proportion of Sy to SN, the length 
described with this velocity will be to the length in the same time described 
in the tangent as Su to SN. Wherefore since AC, and the length described 
with this new velocity, are in the same proportion to the length described 
in the tangent, they must be equal betwixt themselves. Q.E.D. 

Con. Therefore a comet, with that velocity which it hath in thé height 
Su + 3]μ, would in the same time describe the chord AC nearly. 


LEMMA XI. 


If a comet void of all motion was let fall from the height SN, or Su + 
lIp, towards the sun, and was still impelled to the sun by the same 
force uniformly continued by which it was impelled at first, the same, 
in one half of that time in which 4t might describe the arc AC in its 
own. orbit, would in descending describe a space equal to the ‘eneth 
du. 


For in the same time that the comet would require to describe the para- 
bolic are AC, it would (by the last Lemma), with that velocity which it 
hath in the height SP, describe the chord AC; and, therefore.(by Cor. 7, 
Prop. XVI, Book 1), if it was in the same time supposed to revolve by the 
force of its own gravity in a circle whose semi-diameter was SP, it would 
describe an arc of that circle, the length of which would be to the chord 
of the parabolic arc AC in the subduplicate proportion of 1 to 2. Where- 
fore if with that weight, which in the height SP it hath towards the sun, 
it should fall from that height towards the sun, it would (by Cor. 9, 
Prop. XVI, Book 1) in half the said time describe a space equal to the 
square of half the said chord applied to quadruple the height SP, that is, 

| 


ΑΙ | 
it would describe the space TSP But since the weight of the comet 


towards the sun in the height SN is to 
the weight of the same towards the 
sun in the height SP as SP to Sp, the 
comet, by the weight which it hath in 
the height SN, in falling from that 
height towards the sun, would in the . 


: : Al 
same time describe the space isi! that 


is, a space equa) to the length Iu or 
uM. Q.E.D 
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PROPOSITION XLL PROBLEM XXI. 
From three observations given to determine the orbit of a comet moving 
i an a parabola. 

This being a Problem of very great difficulty, I tried many methods of 
resolving it; and several of thcse Problems, the composition whereof I 
have given in the first Book, tended to this purpose. But afterwards I 
. contrived the following solution, which is something more simple. 

Select three observations distant one from another by intervals of time 
nearly equal; but let that interval of time in which the comet moves 
more slowly be somewhat greater than the other ; so, to wit, that the dif- 
ference of the times may be to the sum of the times as the sum of the 





times to about 600 days; or that the point E may fall upon M nearly, 
and may err therefrom rather towards I than towards A. If such direct 
observations are not at hand, a new place of the comet must be found, by 
Lem. VI. | 

Let S represent the sun; T, t, τ, three places of the éarth in the orbis 
magnus; ΤΑ, ΙΒ, tC, three observed longitudes of the comet; V the 
time between the first observation and the second; W the time between 
the second and the third; X the length which in the whole time V + W 






λα S 


- 
a ta 


the comet might describe with that velocity which it hath in the mean 
distance of the earth from the sun, which length is to be found by Cor. 3, 
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Prop. XL, Book III; and ¿V a perpendicular upon the chord Tr. In the 
mean observed longitude ¿B take at pleasure the point B, for the place of - 
the comet in the plane of the ecliptic; and from thence, towards the sun 
S, draw the line BE, which may be to the perpendicular ¿V as the content 
under SB and S/? to the cube of the hypothenuse of the right angled {τι- 
angle, whose sides are SB, and the tangent of the latitude of the comet in 
the second observation to the radius ¢B. And through the point E (by 
Lemma VII) draw the right line AEC, whose parts AE and EC, terminat- 
ing in the right lines TA and 7C, may be one to the other as the times V 
and W : then A and C will be nearly the places of the comet in the plane 
of the ecliptic in the first and third observations, if B was its place 
rightly assumed in the second. | 

Upon AC, bisected in I, erect the perpendicular Ii. Through B draw 
the obscure line B? parallel to AC. Join the obscure line Sz, cutting AC 
in A, and complete the parallelogram {1 Au. Take Io equal to 314; and 
through the sun S draw the obscure 11Π6,σξ equal to 3So + 3 ἐλ. Then, 
cancelling the letters A, E, C, I, from the point B towards the point é, 
draw the new obscure line BE, which may be to the former BE in the 
duplicate proportion of the distance BS to the quantity Su + 1 ἐλ. And 
through the point E draw again the right line AEC by the same rule as 
before; that is, so as its parts AE and EC may be one to the other as the 
times V and W between the observations. Thus A and C will be the 
places of the comet more accurately. 

Upon AC, bisected in I, erect the perpendiculars AM, CN, IO, of which 
AM and CN may be the tangents of the latitudes in the first and third ob- 
servations, to the radii TA and 7C. Join MN,cutting IO in O. Draw the 
rectangular parallelogram ilIAp, as before. In IA produced take ID equal to 
Sp + 2434. Then in MN, towards N, take MP, which may be to the 
above found length X in the subduplicate proportion of the mean distance 
of the earth from the sun (or of the semi-diameter of the orbis magnus) 
to the distance OD. If the point P fall upon the point N; A, B, and C, 
will be three places of the comet, through which its orbit is to be described 
in the plane of the ecliptic. But if the point P falls not upon the point 
N, in the right line AC take CG equal to NP, so as the ponts G and P 
may lie on the same side of the line NC. 

By the same method as the points E, A, C, G, were found from the as- 
sumed point B, from other points b and β assumed at pleasure, find out the 
new points e, a, €, g ; and £, a, k, y. Then through G, 6, and y, draw the 
circumference of a circle Ge, cutting the right line 7C in Z: and Z will 
. be one place of the comet in the plane of the ecliptic. And in AC, ac, ax 
saking AF, af, αφ, equal respectively to CG, cg, xy; through the points F, 
f, and $, draw the circumference of a circle F/9, cutting the right line AT 
' in X; and the point X will be another place of the comet in the plane of 
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the ecliptic. And at the points X ud Z, erecting the tangents of the 
latitudes of the comet to the radii TX and 7Z, two places of the comet in 
its own orbit will be determined. Lastly, if (by Prop. XIX., Book 1) to 
the focus S a parabola is described passing through those two places, this 
parabola will be the orbit of the comet. Q.E.L 

The demonstration of this construction follows from the preceding Lem- 
mas, because the right line AC is cut in E in the proportion of the times, 
by Lem. VIL, as it ought to be, by Lem. ΥΠΙ.; and BE, by Lem. XL, is a 
| portion of the right line BS or Bé in the plane of the ecliptic, intercepted 
between the arc ABC and the chord AEC; and MP (by Cor. Lem. X.) is 
the length of the chord of that arc, which the comet should describe in its 
proper orbit between the firs: and third observation, and therefore 18 equal 
to MN, providing B is a true place of the comet in the plane of the 
ecliptic. 

But it will be convenient to assume the points B, 4, β, not at random, 
but nearly true. If the angle AQ/, at which the projection of the orbit in 
the plane of the ecliptic cuts the right line ¢B, is rudely known, at that 
angle with Bé draw the obscure line AC, which may be to 4Ττ in the sub-- 
duplicate proportion of SQ to St; and, drawing the right line SEB so as 
its part EB may be equal to the length Vt, the point B will be determined, 
which we are to use for the first time. Then, cancelling the right line 
AC, and drawing anew AC according to the preceding construction, and, 
moreover, finding the length MP, in {Β take the point 5, by this rule, that, 
if ΤΑ and 7C intersect each other in Y, the distance Yb may be to the 
distance YB in a proportion compounded of the proportion of MP to MN, 
and the subduplicate proportion of SB to Sd. And by the same method 
you may find the third point 8, if you please to repeat the operation the 
third time; but if this method is followed, two operations generally will.be 

sufficient ; for if the distance Bd happens to be very small, after the points 
| F, f, and G, g, are found, draw the right lines Ff and Gg, and they will 
cut TA and 7C in the points required, X and Z. 


EXAMPLE. 


Let the comet of the year 1680 be proposed. 'The following table shews 
_ the motion thereof, as observed by Flamsted, and calculated afterwards by 
him from his observations, and corrected by Dr. Halley from the same :b- 
servations. 


474 THE MATHEMATICAL PRINCIPLES 


[Βοοκ ΠΠ. 


| Time. | Comets 
| ee Te Sun’s 
Appar. True. |Longitude. |Lougitude. 


















Lat. N. 



























h. 4 bh.’ ^" ov » o » njo v 
1680, Dec. 12|4.46 1.46. 0ἰγο 1.51.23|V9 6.32.30) 8.28. 0 
21/6.324 |6.36.59| 11.06 44|« 5.08.12 21.42.13 
2416.12  |6.17.52|  14.09.26|  18.49.23125.23. 5 
265.14  |520.44|. 16.09.22 28.24.1927 00.59 
297.55 8.03.02)  19.19.43| €. 13.10.41128.09.58 
3018.02. |8.10.26| 20.21.09) — 17.38.20128.11.5 
1681, Jan. 5|5.51 (6.01.38! 26.22.18| V 8.48.53 26.15. 7 
916.49 7.00.53|^z 0.29.02| ` 18.44.04 24.11.56 
106.64 16.06.10. 1.27.43| — 20.40.50/23.43.52 
1316.56 7.08.55. 4.33.20] 95.59.48|99.17.98 
25/7.44 |7.58.42|  16.45.36| 83 9.35. 0|17.56.30 
308.07  |8.21.53| 21.49.58 13.19.51116.42.18 
Feb. 916.20 16.34.51| 24.46.59] 15.13 53116.04. 1 
516.50 17.04.41, 914951] 165906|1591 3 








To these you moy qon. add some observations of mine. 














1681, Feb. 25 "8.30 ὅ 26.18.35|12.46.46 


| Comet’s | 
ΑΡ. |——————————— 
Time |Longitude. |Lat. N. | 

, o ) “ e , n 


27| 8.15) 27.04.30)12.36.12 
Mar. 1411. 0 27.52.42]12.23.40 
2| 8. 0 28.12.48|12.19.38 
5|11.30 29.18. 0112.03.16 


7| 9.30]11 0. 4. 011.57. O 


9} 8.30 


0.43. 4|11.45.52 


These observations were made by a telescope of 7 feet, with a microme- 
tcr and threads placed in the focus of the telescope; by which instruments 
we determined the positions both of the fixed stars among themselves, and 
of the comet in respect of the fixed stars. Let A represent the star of the 
fourth magnitude in the left heel of Perseus (Bayer's ο), B the following 
star of the third magnitude in the left foot (Bayer's ¢), C a star of the 
sixth magnitude (Bayer’s n) in the heel of the same foot, and D, E, F, G, 
H, I, K, L, M, N, O, Z, a, B, y, ô, other smaller stars in the same foot; 
and let p, P, Q, R, S, T, V, X, represent the places of the comet in the 
observations above set down ; and, reckoning the distance AB of 807 τ parts, 
AC was 521 of those parts; BC, 584; AD, 5755; BD, $27; CD, 231; 
AE, 294; CE, 571; DE, 4911; AI, 277,; BL521; Cl, 3677; DE 53r; 
AK, 392 ; BK, 43; ΟΚ, 312; FK, 29; FB, 23; FC, 361; AH, 184; 
DH, 501; BN, 4645, ; CN, 311; BL, 455; NL, 314. HO was to HI 
as 7 to 6, and, produced, did pass between the stars D and E, so as the 
distance of the star D from this right line was }CD. LM was to LN as 
2 to 9, and, produced, did pass through the star H. 'Thus were the posi- 
tions of the fixed stars determined in respect of one another. 
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Mr. Pound has since observed a second time the positions of these fixed 
stars amongst themselves, and collected their longitudes and lat sadeg ao- 
cording to the following table. 


The : | The | 
fixed} Their (Latitude |/fixed| Their [Latitude 


stars. Longitudes| North. |stars. jLongitudes 











rE 
o » n o + W" ο ?» n 


ὅ 26.41.50| 12. 8.361, ὅ 29.33.34 
28.40.28 11.11.54 M 29.18.64 
27.58.30] 12.40.25||N 28.48.29 
26.27.17] 12.52. ΤΖ - 29.44.48 
28.28.87! 11.52.2211 . 29.52. 3 

B 
y 
δ 





| 26.56. 8| 12. 4.58 II 0. 8.23| 11.48.56 
27.11.45| 12. 2. 1 0.40.10| 11.55.18 
27.25. 2| 11.53.11 1. 3.20] 11.30.4 
27.42. 1| 11.53.26! | 





x 


^ 
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The positions of the comet to these fixed stars were observed to be ag 
follow: 

Friday, February 25, O.S. at 81», P. M. the distance of the comet in p 
from the star E waa less than SAE, and greater than 1AE, and therefore 
nearly equal to τῇ ΑΕ; and the angle ApE was a little “obtuse, but almost 
right. For from A, letting fall a perpendicular on pE, the distance of the 
comet from that perpendicular was 1pE. 

The same night, at 91^, the distance of the comet in P from the star E 


; 1 . 
was greater than 4i AE, and les than 5 AE, and therefore nearly equal 


to t of AE, or «ΠΑΕ. But the distance of the comet from the perpen- 
dicular let fall from the star A upon the right line PE was ΡΕ. 

Sunday, February 27, 81^. P. M. the distance of the comet in Q, from 
the star O was equal to the distance of the stars O and H ; and the right 
line QO produced passed between the stars K and B. I could not, by 
reason of intervening clouds, determine the position of the star to greater 
accuracy. 

Tuesday, March 1, 115, P. M. the comet in R lay exactly in a line be- 
tween the stars K and C, so as the part CR of the right line CRK was a 
little greater than 10Η, and a little less than CK + 1CR, and therefore 

= ΟΚ + τ , OR, or 150 Κ. 

Wednesday March 2 2, Ων, P. M. the distance of the comet in S from the 
atar C was nearly 4F'C; the distance of the star F from the right line CS 
produced was ;;FC; and the distance of the star B from "ei same right 
line was five times greater than the distance of the star F; and the right 
line NS produced passed between the stars H d I five or six times nearer 
to the star H than to the star I. 

Saturday, March 5, 111^. P. M. when the comet was in T, the right line 
MT was equal to 1ML, and the right line LT produced passed between B 
and F four or five times nearer to F than to B, cutting off from BF a fifth 
or sixth part thereof towards F: and MT produced passed on the outside 
of the space BF towards the star B four times nearer to the star B than 
to thestar F. M was a very small star, scarcely to be seen by the tele- 
scope; but the star L was greater, and of about the eighth magnitude. - 

Monday, March 7, 915, P. M. the comet being in V, the right line Va 
produced did pass between B and F, cutting off, from BF towards F, εἰς of 
BF, and was to the right line VG as 5 to 4. And the distance of the comet 
from the right line a8 was 1V. 

Wednesday, March 9, S1». P. M. the comet being in X, the right line 
yX was equal to }yd; and the perpendicular let fall from the star ô upon 
the right yX was 2 of yd. 

Ane same night, at 12. the comet being in Y, the right line yY was 
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equal +o 1 of yd, or a little less, as perhaps τῆς of yd; and a perpendicular 
let fall from the star ô on the right line yY was equal to about 1 or } 6. 
But the comet being then extremely near the horizon, was scarcely discern- 
ible, and therefore its place could not be determined with that certainty as 
in the foregoing observations. 

From these observaticns, by constructions of figures and calculations, I 
deduced the longitudes and latitudes of the comet; and Mr. Pound, by 
correcting the places of the fixed stars, hath determined more correctly the 
places of the comet, which correct places are set down above. Though my 
micrometer was none of the best, yet the errors in longitude and latitude 
(as derived from my cbservations) scarcely exceed one minute. The comet 
(according to my ouservations), about the end of its motion. began tc 4z;iine 
sensibly towards the north, from the parallel which it descrived about the 
end of February. | | 
. Now,in order to determine the orbit of the comet out of the observations 
above described, I selected those three which Famsted made, Dec. 21, Jan. 
5, and Jan. 25; from which I found S£ of 9842,1 parts, and Vt of 455 
such as the semi-diameter of the orbis magnus contains 10000. 'T'hen for 
the first observation, assuming tB cf 5657 of those parts, 1 found SB 9747, 
BE for the first time 412, Su 9503, iA 413, BE for the second time 421, 
OD 10186, X. 8528,4, PM 9450, MN 9476, NP 25; from whence, by the 
second operation, I collected the distance 7b 5640; and by this operation I 
at last deduced the distances TX 4775 and rZ 11322. From which, lim- 
iting the orbit, I found its descending node in 9», and ascending node in v? 
1° 53’; the inclination of its plane to the plane of the ecliptic 61° 201 , 
the vertex thereof (or the perihelion of the comet) distant from the node 
85 3S', and in ? 27° 43’, with latitude 7° 34' south; its latus rectum 
236,8; and the diurnal area described by a radius drawn to the sun 935S5, 
supposing the square of the semi-diameter of the orbis magnus 100000000 ; 
that the comet in this orbit moved directly according to the order of the 
signs, and on Dec. 94, 00". 04’ P. M. was in the vertex or perihelion of its 
orbit. All which I determined by scale and compass, and the chords of 
angles, taken from the table of natural sines, in a pretty large figure, in 
which, to wit, the radius of the orbis magnus (consisting of 10000 parts) 
was equal to 161 inches of an English foot. 

Lastly,in order to discover whether the comet did truly move in the 
orbit so determined, I investigated its places in this orbit partly by arith- 
metical operations, and partly by scale and compass, to the times of eome 
of the observations, as may be seen in the following table:— 
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But afterwards Dr. Halley did determine the orbit to a greater accu- 
racy by an arithmetical calculus than could be done by linear descriptions; 
and, retaining the place of the nodes in 9» and v? 1? 53’, and the inclina- 
tion of the plane of the orbit to the ecliptic 61? 201’, as well as the time 
of the ccmet’s being in perihelio, Dec. 81, 005, 04’, he found the distance 
of the perihelion from the ascending node measured in the comet’s orbit 
9° 90’, and the latus rectum of the parabola 2430 parts, supposing the 
mean distance of the sun from the earth to be 100000 parts; and from 
these duta, by an accurate arithmetical calculus, he computed the places 
of the comet to the times of the observations as follows :— 


: The Comet’s 
Dist from Longitude , Latitude Errors in 
True time. the sun.|-omputed. | computed. | Long.) Lat. 











d h. '" e :"m|o n oon e n 


Dec. 12. 4.46. 28028 |V 6.29.25| 8.26. Obor.|-—3. 5—2. 0 


21. 6.37. 61076 |% 5. 6.30/21.43.20 —1.42/+ 1. 7 
24. 6.18. 70008 18.48.90|95.99.40 — 1. 3|— 0.25 
26. 5.20. 15516 28.99.45|27. 1.36 — 1.28/+ 0.44 


29. 8. 3. | 84021 |X 13.12.40|28.10.10 + 1.59|-]- 0.12 


| 30. 8.10. | 86661 17.40. δἱ98.11.90 + 1.45|--- 0.33 
Jan. 5. 6. 1.4| 101440 | 8.49.49|26.15.15 + 0.56|-Γ 0. 8 
9. 7. 0. | 110959 | 18.44.36|24.12.54 + 0.32|4- 0.58 

10. 6. 6. | 113162 | 20.41. 0|23.44.10 + 0.10/+ 0.18 

13. 7. 9. | 120000 | 96. 0.21|22.17.30 + 0.33|4- 0. 2 

25. 7.59. | 145370 |% 9.33.40]17.57.55 —1.20/4- 1.25 

30. 8.22. | 155303 | 13.17.41|16.49. 7 — 2.10|— 0.11 

Feb. 2. 6.35. | 160951 16.11.1116. 4.15 ---9.49|-- 0.14 
| δ. 7. 4.5 166686 |  16.58.5515.29.13 — 0.41/+ 2. 0 
25. 8.41. | 202570 | 26.15.46/12.48. 0 — 2.49 - 1.10 

Mur. 5.11.39. | 216205 | 99.18.3612. 5.40 + 0.35/-+ 9.14 


This comet also appeared in the November before, and at Coburg, in 
Saxony, was observed by Mr. Gottfried Kirch, on the 4th of that month, on 
the 6th and 11th O. S.; from its positions to the nearest fixed stars observed 
with sufficient accuracy, sometimes with a two feet, and sometimes with a 
ten feet telescope; from the difference of longitudes of Coburg and Lon- 
don, 11°; and from the places of the fixed stars observed by Mr. Pound, 
Dr. Halley has determined the places of the comet as follows :— 
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Nov. 3, 175, 9’, apparent time at London, the comet was in 2 29 deg. 
5L’, with 1 deg. 17’ 45" latitude north. 

November B. 15^. 58’ the comet. was in ™ 3° 23', with 1° 6' ποτ]. lat. 

November 10, 16^, 31’, the comet was equally distant from two stars in 
Sl, which are o and 7 in Bayer ; but it had not quite touched the right 
line that joins them, but was very little distant from it. In Flamsted’s 
eatalogue this star o was then in "y 14° 15’, with 1 deg. 41' lat. north 
nearly, and 7 in ' 17? 31’ with 0 deg. 34' lat. south; and the middle 
point between those stars was,’% 15° 391’, with 0? 391’ lat. north. Het 
the distance of the comet from that right line be about 10’ or 12’; and 
the difference of the longitude of the comet and tiat middle point will be 
7'; and the difference of the latitude nearly 71'; and thence it follow: 
that the comet was in ™ 15? 32', with about 26’ lat. north. 

The first observation from the position of the comet with respect te 
certain small fixed stars had all the exactness that could be desired; the 
second also was accurate enough. ` In the third observation, which was the 
least accurate, there might be an error of 6 or 7 minutes, but hardly 
greater. The longitude of the comet, as found in the first and most: 
accurate observation, being computed in the aforesaid parabolic orbit, 
comes out $1 29° 80’ 22”, its latitude north 1° 25’ 7”, and its distance 
from the sun 115546. | 

Moreover, Dr. Halley, observing that a remarkable comet had appeared 
four times at equal intervals of 575 years (that is, in the month of Sep- 
tember after Julius Cesar was killed; An. Chr. 531, in the consulate of 
Lampadius and Orestes; An. Chr. 1106, in the month of February ; 
and at thé end of the year 1680; and that with a long and remarkable 
tail » except when it was seen after Cæsars death, at which time, by reason 
of the Inconvenient situation of the earth, the tail was not so conspicuous), 
set himself to find out an elliptic orbit whose greater axis should be 
1382957 parts, the mean distance of the earth from the sun containing 
10000 such; in which orbit a comet might revolve in 575 years; and, 
placing the ascending node in 5ο 2° 2’, the inclination of the plane of the 
orbit to the plane of the ecliptic in an angle of 61° 6’ 48", the perihelion 
of the comet in this planein ? 22° 44! 95", the equal time of the perihe- 
lion December 74, 93», 9’, the distance of the perihelion from the ascend- 
ing node in the plane of the ecliptic 9° 17’ 35", and its conjugate axis 
194919. he computed the motions of the comet in this elliptic orbit. ‘The 
places of the comet, as deduced from the observations, and as arising from 
computation made in this orbit, may be seen in the following table. 
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Latit’de 
Longitude | North | Longitude | Latitude Errors in 
True time. | observed. | obs, comp. | computed. | Long. | Lat. 
d. h. ' ο πο ow TORNEO NAE ' on e p 


Nov. 3.16.47 |S} 29.51. 0| 1.17.45/SU 29.51.22| 1.17.32 N|.j. 0.22|-— 0.13 
5.15.37 |Y 3.23. 0| 1. 6. ΟΠΠ 3.24.32| 1.6.9 |. 1.32]d- 0. 9 
10.16.18 15.32. 0| 0.27. 0| 15.33. 2| 0.25.7 |J- 1. 2|— 1.53 


16.17.00 -- 8.16.45| 0.53. 1 S 
18.21.34 18.52.15| 1.26.54 
20.17. 0 28.10.36] 1.53.35 
. 23.17. 5 iM 13.22.42, 2.29. 0 
Dec. 12. 4.46 |V? 6.32.30] 8.98. O/VS 6.31.20] 8.29. 6 N|-—1.10|+ 1. 6 
21. 6.37 |x δ. 8.12]21.42.13|^ δ. 6.14|91.4449  |— 1.58|4- 2.29 
24. 6.18 8.49.23|25.23. 5| 18.47.30/25.2335  |— 1.53|-1- 0.30 
26. 5.21 | 28.2413|27. 0.52] 28.2142/97. 2. 1 |—2.31]-- 1. 9 


29. 8. 3 |X 13.10.41/28. 9.58) € 13.11.14/28.10.38 |+ 0.33(4 0.40 
30. 8.10 | 17.38. 0|28.11.53| 17.38 2728.11.37 |4- 0. 7|— 0.16 


Jan. δ. 6. 14| $8.48.53|26.15. 7| €^ 8.48.51|26.14.57 |—0. 2|.— 0.10 
9. 7. 1 18.44. 4|24.11.56| 18.43.51|24.12.17 |— 0.13|-4- 0.21 
10. 6. 6 20.40.50123.43.32| 20.40.23|23.43.25  |—0.27|— 0. 7 
13. 7. 9 25.59.48|22 17.28| 26. 0. 8|22.16 32  |-j-0.20|— 0.56 
25. 7.59 |% 9.35. 0|17.56.30| δ 9.34.11|]17.56. 6 |——0.49|— 0.24 
30. 8.22 13.19.51]16.42.18|  13.18.28|16.40. 5 |—— 1.23|— 2.13 
Feb. 2. 6.35 15.13.53|16. 4. 1 15.11.59]16. 2.17  |— 1.54|— 1.54 
δ. 7. 44| 16.59. 6115.27. 3| 16.59.17115.27. 0 |+ 0.11|— O0. 3 
25. 8.41 26.18.35|12.46.46|  26.16.59]12.45.22  |— 1.36|— 1.24 
Mar. 1.11.10 27.52.42)12.23.40| 27.51.17|]12.22.28  |— 0.55|— 1.12 
5.11.39 29.18. 0/12. 3.16, 29 20.11/12. 250  |-- 2.11|— 0.26 


9. 8.38 |I 0.43. 4111.45.52|II 0.42.43|11.45.35 1|—0.21/— 0.17 


The observations of this comet from the beginning to the end agree as 
perfectly with the motion of the comet in the orbit just now described ae 
the motions of the planeta do with the theories from whence they are cal- 
culated ; and by this agreement plainly evince that it was one and the 
same comet that appeared all that time, ang also that the orbit of that 
comet is here rightly defined. 

In the foregoing table we have omitted the observations of Nov. 16, 
18, 20, and 23, as not sufficiently accurate, for at those times several per- 
Sons had observed the comet. Nov. 17, O. S. Pontheus and his compan- 
ions, at 6^. in the morning at Rome (that is, 5^. 10’ at London), by threads 
directed to the fixed stars, observed the comet in -- 8° 30’, with latitude 0° 
40’ south. Their observations may be seen in a treatise which Ponthæus ` 
published concerning this comet. Cellius, who was present, and commu- 
nicated his observations in a letter to Cassini, saw the comet at the same 
hour in = 8° 30’, with latitude 0° 30' south. It was likewise seen by 
Galletius at the same hour at Avignon (that is, at 5". 49’ morning at 
London) in = S? without latitude, But by the theory the comet was at 
that time in = 8° 16’ 45”, and its latitude was 0° 53’ 7” south. 

Nov. 18, at 6^. 30’ in the morning at Rome (that is, at 5°. 40’ at Lon- 
don), Pontheus observed the comet in = 13° 30’, with latitude 1? 20 
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south ; and Cellius in = 13° 30', with latitude 1° 00’ south. But at δ᾽, 
30’ in the morning at Avignon, Galletius saw it in — 13? 00’, with lati- 
tude 1? 00’ south. In the University of La Fleche, in France, at 5^. in 
the morning (that is, at 5". 9’ at London), it was seen by P. Ango, in the 
middle between two small stars, one of which is the middle of the three 
which lie in a right line in the southern hand of Virgo, Bayers ψ; and 
the other is the outmost of the wing, Bayer's 0. Whence the comet was 
then in = 12° 46' with latitude 50' south. And I was informed by Dr. 
Halley, that on the same day at Boston in New England, in the latitude 
of 421 deg. at δ). in the morning (that is, at O". 44’ in the morning at 
London), the comet was seen near = 14°, with latitude 1° 80’ south. 

Nov. 19, at 41^. at Cambridge, the comet (by the observation of a 
young man) was distant from Spica ™ about 2? towards the north west. 
Now the spike was at that time in 19? 23' 47", with latitude 2° 1’ 59" 
south. The same day, at 5^. in the morning, at Boston in New England, 
the comet was distant from Spica Π 1°, with the difference of 40’ in lati- 
tude. The same day, in the island of Jamaica, it was about 1? distant 
from Spica "y. The same day, Mr. Arthur Storer, at the river Patuzent, 
near Hunting Creek, in Maryland, in. the confines of Virginia, in lat. 
381°, at 5 in the morning (that is, at 10". at London), saw the comet 
above Spica ΤΙ, and very nearly joined with it, the distance between them 
being about 2 of one deg. And from these observations compared, I con- 
clude, that at 9^. 44’ at London the comet was in ~ 18° 50', with about 
I? 25' latitude south. Now by the theory the comet was at that time in 
-- 18? 52’ 15", with 1° 26' 54" lat. south. 

Νου. 20, Montenari, professor of astronomy at Padua, at 6^. in the 
morning at Venice (that is, 5^. 10’ at London), saw the comet in = 23°, 
with latitude 1° 30’ south. The same day, at Boston, it was distant from 
Spica ™ by about 4° of longitude east, and therefore was in ~ 23° 24’ 
nearly. 

Nov. 21, Pontheus and his companions, at 71*. in the morning, ob- 
served the comet in = 27° 50’, with latitude 1° 16’ south; Cellius, in ~ 
985: P. Ango at b". in the morning, in = 27° 45’; Montenari in = 
27? 51’. The same day, in the island of Jamaica, it was seen near the 
beginning of ΤΠ, and of about the same latitude with Spica ΤΙ, that is, 2° 
2'. The same day, at 5". morning, at Ballasore, in the East Indies (that 
is, at 11^. 20' of the night preceding at London) the distance of the 
comet from Spica ™ was taken 7° 35' to the east. It was in a right line 
between the spike and the balance, and therefore was then in -- 26° 58’, 
with about 1° 11’ lat. south; and after δ᾽, 40’ (that is, at 5". morning at- - 
London), it was in. = 28? 12. with 1° 16' lat. south. Now by the theory 
the comet was then in = 28? 10’ 36", with. 1? 53' 35" lat. south. 

Nov. 22, the comet was seen by Montenari in Π 2° 33’; but at Boston 
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in New England, it was found in about ™ 3°, and with almost the same 
latitude as before, that is, 1° 90’. The same day, at 5". morning at 
Ballasore, the comet was observed in ™ 1° 60’: and therefore at 5^, morn- 
ing at London, the comet was in ™ 3° δ’ nearly. The same day, at 61^. 
in the morning at London, Dr. Hook observed it in about m 3° 30’, and 
that in the right line which passeth through Spica ™ and Cor Leonis ; 
not, indeed, exactly, but deviating a little from that line towards the 
north. Montenari likewise observed, that this day, and some days after, 
a right line drawn from the comet through Spica passed by the south 
side of Cor Leonis at a very small distance therefrom. The right line 
through Cor Leonis and Spica "X did cut the ecliptic in ™ 3° 46’ at an 
angle of 2° 51'; and if the comet had been in this line and in Π 3°, its 
: latitude would have been 2° 26'; but since Hook and Montenari agree 
that the comet was at some small distance from this line towards the 
north, its latitude must have been something less. On the 20th, by the 
observation of Montenari, its latitude was almost the same with that of 
Spica ΤΠ, that is, about 1° 30'. But by the agreement of Hook, Monte- 
nari, and Ango, the latitude was continually increasing, and therefore 
must now, on the 22d be sensibly greater than 1? 30'; and, taking a 
mean between the extreme limits but now stated. 2° 26’ and 1° 30’, the 
latitude will be about 1? 5S'. Hook and Montenari agree that the tail 
of the comet was directed towards Spica ΤΙ, declining a little from that 
star towards the south according to Hook, but towards the north according 
to Montenari ; and, therefore, that declination was scarcely sensible ; and 
the tail, lying nearly parallel to the equator, deviated a little from the op- 
position of the sun towards the north. . 

Nov. 23, Q. S. at 5°. morning, at Nuremberg (that is, at 41^. at Lon- 
don), Mr. Zimmerman. saw the comet in ™ 8° S', with 2° 31’ south lat. 
its place being collected by taking its distances from fixed stars. 

Nov. 24, before sun-rising, the comet was seen by Montenari in ™ 12? 
62’ on the north side of the right line through Cor Leonis and Spica ™, 
and therefore its latitude was something less than 2? 38'; and since the 
latitude, as we said, by the concurring observations of Montenari, Ango, 
and Hook, was continually increasing, therefore, it was now, on the 24th, 
something greater than 1° 58’; and, taking the mean quantity, may be 
reckoned 2° 18’, without any considerable error. Pontheus and Galletius 
will have it that the latitude was now decreasing; and Celliws, and the 
observer in New England, that it continued the same, viz., of about 1°, 
or 13°. The observations of Pontheus and Cellius are more rude, espe- 
cially those which were made by taking the azimuths and altitudes; as 
are also the observations of Galletius. Those are better which were 
made by taking the position of the comet to the fixed stars by Montenari, 
Hook, Ango, and the observer in New England, and sometimes by 
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Pontheus and Cellius. 'The same day, at 5^. morning, at Ballasore, the 
comet was observed in ™ 11° 45’; and, therefore, at 5^. morning at Lon- 
don, was in ™ 13° nearly. And, by the theory, the comet was at that 
time in Π, 13° 22' 42", 

Nov. 25, before sunrise, Montenari observed the comet in ™ 172 
nearly ; and Cellius observed at the same time that the comet was in a 
right line between the bright'star in the right thigh of Virgo and the 
southern scale of Libra; and this right line cuts the comet's way in tl 
L8° 36’. And, by the theory, the comet was in ™ 181? nearly. 

From all this it is plain that these observations agree with the theory, 
so far as they agree with one another; and by this agreement it is made 
clear that it was one and the same comet that appeared all the time from 
. Nov. 4 to Mar. 9. The path of this comet did twice cut the plane of the 
ecliptic, and therefore was not a right line. It did cut the ecliptic not in 
opposite parts of the heavena, but in the end of Virgo and beginning of 
Capricorn, including an are of about 98°; and therefore the way of the 
comet did very much deviate from the path of a great circle; for in the 
month of Nov. it declined at least 3? from the ecliptic towards the south; 
and in the month of Dec. following it declined 29? from the ecliptic to- 
wards the north; the two parts of the orbit in which the comet descended 
towards the sun, and ascended again from the sun, declining one from the 
other by an apparent. angle of above 30°, as observed by Montenari. This 
comet travelled over 9 signa, to wit, from the last deg. of Sl to the begin- 
ning of π, beside the sign of S, through which it passed before it began 
to be seen; and there is no other theory by which a comet can go over ao 
great a part of the heavens with a regular motion. The motion of this 
comet was very unequable; for about the 20th of Nov. it described about 
5° a day. Then its motion being retarded between Nov. 26 and Dec. 
12, to wit, in the space of 151 days, it described only 40?- But the mo- 
tion thereof being afterwards accelerated, it described near 5? a day, till 
its motion began to be again retarded. And the theory which justly cor- 
responds with a motion so unequable, and through so great a part of the 
heavens, which observes the same laws with the theory of the planets, and 
which accurately agrees with accurate. astronomical observations, cannot: 
be otherwise than true. ! 

. And, thinking it would not be improper, 1 have given a true representa-. 
tion of the orbit which this comet, described, and of the tail which it 
emitted in several places, in the annexed figure; protracted in the plane of 
the trajectory. In this scheme ABC represents the trajectory of the comet, 
D the sun DE the axis of the trajectory, DF the line.of the nodes, GH . 
the intersection of the sphere of the orbis magnus with the plane of the 
trajectory, I the place of the comet Nov. 4, Ann. 1680; K the place of the 
same Avr. 11; L the place of the same Nov. 19; M its place Dec. 12; N 
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its place Dec. 21; O its place Dec. 29; P its place Jan. 5 following; Q 
its place Jan. 25; R its place Feb. 5; S its place Feb. 25; T its place 
March 5; and V its place March 9. In determining the length of the 
tail, I made the following observations. 

Nov. 4 and 6, the tail did not appear; Nov. 11, the tail just begun to 
shew itself, but did not appear above } deg. long through a 10 feet tele- 
scope; Nov. 17, the tail was seen by Pontheus more than 15? long; Nov, 
19, in New-England, the tail appeared 30° long, and directly opposite to 
the sun, extending itself to the planet Mars, which was then in ΠΠ, 9? δά ; 
Nov. 19. 1η Maryland, the tail was found 15° or 20° long; Dec. 10 (by 
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the observation of Mr. Flamsted), the tail passed through the middle of 
the distance intercepted between the tail of the Serpent of Ophiuchus and 
the star ô in the south wing of Aquila, and did terminate near the stars 
A, w, b, in Bayer’s tables. Therefore the end of the tail was in v? 191°, 
with latitude about 341? north; Dec 11, it ascended to the head of Sagit- 
ta (Bayer's a, B), terminating in v? 26? 43', with latitude 38° 34’ north; 
Dec. 12, it passed through the middle of Sagitta, nor did it reach much 
farther; terminating in  4*, with latitude 421? north nearly. But these 
things are to be understood of the length cf the brighter part of the tail; 
for with a more faint light, observed, too, perhaps, in a serener sky, at 
Rome, Dec. 12, 5^. 40’, by the observation of Pontheus, the tail arose to 
10? above the rump of the Swan, and the side thereof towards the west 
and towards the north was 45' distant from this star. But about that time 
the tail was 3? broad towards the upper end; and therefore the middle | 
thereof was 2? 15' distant from that star towards the south, and the upper 
end was X in 22°, with latitude 61? north; and thence the tail was about - 
7U? long; Dec. 21, it extended almost to Cassiopeia’s chair, equally dis- 
tant from 8 and from Schedir, so as its distance from either of the two 
was equal to the distance of the one from the other, and therefore did ter- 
minate in P 245, with latitude 471°; Dec. 29, it reached to a contact with 
. Scheat on its left, and exactly filled up the space between the two stars in 
the northern foot of Andromeda, being 54° in length; and therefore ter- 
minated in 8 19°, with 35? of latitude; Jan. 5, it touched the star 7 in 
the breast of Andromeda. on its right side, and the star µ of the girdle on 
its left; and, according to our observations, was 40? long; but it was 
curved, and the convex side thereof lay to the.south ; and near the head of 
the comet it made an angle of 4? with the circle which passed through the 
sun and the comet’s head; but towards the other end it was inclined to 
that circle in an angle of about 10? or 11?; and the chord of the tail con- 
tained with that circle an angle of 8°. Jan. 13, the tail terminated. be- 
tween: Alamech and Algol, with a light that was sensible enough; but 
with a faint light it ended over against the star κ in Persens's side. The 
distance of the end of the tail from the circle passing through the sun and 
the comet was 3° 50’; and the inclination of the chord of the tail to that 
circle was 81°. - Jan. 25 and 26, it shone with a faint light to the length 
of 6° or 7°; .and for a night or two after, when there was a very clear sky, 
it extended to the length of 12°, or something more, with a light that was 
very faint and very hardly to be seen; but the axis thereof was exactly di- 
rected to the bright star in the eastern shoulder of Auriga, and therefore 
deviated from the opposition of the sun towards the north by. an angle of. 
10°. Lastly, Feb. 10, with a telescope I observed the tail 2° long ; for that 
fainter light which I spoke of did not appear through the glasses. But 
Ponthaus writes, that, on Fed. 7, he saw the tail 12? long. Feb. 25, the 
comet was without a tail. and so continued till it disappeared. 
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Now if one reflects upon the orbit described, and duly considers the other 
appearances of this comet, he will be easily satisfied that the bodies of 
cometa are solid, compact, fixed, and durable, like the bodies of the planeta; 
for if they were nothing else but the vapours or exhalations of the earth, of 
the sun, and other planets, this comet, in its passage by the neighbourhood 
of the sun, would have been immediately dissipated; for the heat of the 
sun is as the density of its rays, that is, reciprocally as the square of. the 
distance of the places from the sun. ‘Therefore, since on Dec. S, when the 
comet was in its perihelion, the distance thereof from the centre of the sun 
was to the distance of the earth from the same as about 6 to 1000, the 
sun’s heat on the comet was at that time to the heat of the summer-sun 
with us as 1000000 to 36, or as 28000 to 1. But the heat of boiling 
water is about 3 times greater than the heat which dry earth acquires from 
the summer-sun, 88 l have tried; and the heat of red-hot iron (if my con- 
jecture is right) is about three or four times greater than the heat of boil- 
ing water. And therefore the heat which dry earth on the comet, while in 
its perihelion, might have conceived from the rays of the sun, was about 
2000 times greater than the heat of red-hot iron. But by so fierce a heat, 
. vapours and Ετος and every volatile matter, must have been imme- 
diately consumed and dissipated. 

This comet, therefore, must have conceived an immense heat from the 

sun, and retained that heat for an exceeding long time; for a globe of iron 
of an inch in diameter, exposed red-hot to the open air, will scarcely lose 
all its heat in an hour’s time; but a greater globe would retain its heat 
longer in the proportion of its diameter, because the surface (in proportion 
to which it is cooled by the contact of the ambient air) is in that proportion 
less in respect of the quantity of the included hot matter; and therefore a 
globe of red hot iron equal to our earth, that is, about 40000000 feet in 
diameter, would scarcely cool in an equal number of days, or in above 
50000 years. But I suspect that the duration of heat may, on account of 
some latent causes, increase in a yet less proportion than that of the 
diameter; and I should be glad that the true proportion was ον 
by experiments. 
- It is farther to be observed, that the comet in the month of December, 
just after it had been heated by the sun, did emit a much longer tail, and 
much more splendid, than in the month of November before, when it had 
not yet. arrived at its perihelion; and, universally, the greatest and most 
fulgent tails always arise from comets immediately . fter their passing by 
the neighbourhood of the sun. Therefore the heat received by the comet 
conduces to the greatness of the tail: from whence, I thiu.k I may infer, 
that the tail is nothing else but a very fine VARON, Wwhicu the head or 
oncleus-of the comet emits by its heat. 

But we have had three several opinions about the tails of comets; for 
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some ‘will have it that they are nothing else but the beams of the sun’s 
light transmitted through the comets’: heads, which they suppose to be 
transparent; others, that they proceed from the refraction which light suf- 
fers in passing from the comet’s head to the earth: und, lastly, others, thac 
they are a sort‘of clouds or vapour constantly rising from the comets’ heads, 
and tending towards the parts opposite to the sun. ‘I'he first is the opin- 
ion of such as are yet unacquainted with optics; for the beams of ‘the sun 
are seen in a darkened room only in consequence of the light that is re- 
üected from them by the little particles of dust and smoke which are 
always flying about in the air; and, for that reason, in xir impregnated 
with thick smoke, those beams appear with great brightness, and move the 
gense vigorously; in a yet finer air they appear more faint, and are less 
easily discerned ; but in the heavens, where there is no matter to reflect 
the light, they can never be seen at all. Light is not seen as it is in the 
beam, but as it is thence reflected to our eyes; for vision can be no other- 
wise produced than by rays falling upon the eyes; and, therefore, there 
must be some reflecting matter in those parts where the tails of the comets 
are seen: for otherwise, since all the celestial spaces are equally illumin- 
ated by the sun’s Tight, no part of the heavens could appear with more 
splendor than another. The second opinion is liable to many difficulties. 
‘The tails of comets are never seen variegated with those colours which 
commonly are inseparable from refraction ; and the distinct transmission 
of the light of the fixed stars and planets to us is a demonstration that 
the «ther or celestial medium is not endowed with any refractive power: 
for as to what is alleged, that the fixed stars have been sometimes seen by 
the Egyptians environed with a Coma or Capitlitium, because that has 
but rarely happened, it is rather to be ascribed to a casual refraction of 
clouds; and so the radiation and scintillation of the fixed stars to the 
refractions both of the eyes and air; fur upon laying a telescope to the 
eye, those radiations and scintillations immediately disappear. By the trem- 
ulous agitation of the air and ascending vapours, it happens that the rays of 
light are alternately turned aside from the narrow space of the pupil of the 
eye; but no such thing can have place in the much wider aperture of the ob- 
ject-glass of a telescope; and hence it is that a scintillation is occasioned ir. 
the former case, which ceases in the latter ; and this cessation in the latter 
case 1s a demonstration of the regular transmission of light through the 
heavens, without any sensible refraction. But, to obviate an objection 
that may be made from the appearing of no tail in such comets as shine 
but with a faint light, as if the secondary rays were then too weak to af- 
fect the eyes, and for that reason it is that the tails of the fixed stars do 
not appear, we are to consider, that by the means of telescopes the light of 
the fixed stars may be augmented above an hundred fold, and yet no tails - 
are seen; that the light of the planets is yet more copious without any 
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‘ail; but that comets are seen sometimes with huge tails, when the light 
of their heads is but faint and dull For so it happened in the comet of 
the year 1650, when in the month of December it was scarcely equal in 
light to the stars of the second magnitude, and yet emitted a notable tail, 
extending to the length of 40°, 50°, 60°, or 70°, and upwards; and after- 
wards, on the 27th and 28th of January, when the head appeared but as 
a star of the 7th magnitude, yet the tail (as we said above), with a light 
that was sensible enough, though faint, was stretched out to 6 or 7 degrees 
in length, and with a languishing light that was more difficultly seen, even 
to 12°, and upwards. But on the 9th and 10th of February, when to the 
naked eye the head appeared no more, through a telescope I viewed the 
tail of 2° in length. But farther; if the tail was owing to the refrac- 
tion of the. celestial matter, and did deviate from the opposition of the 
sun, according to the figure of the heavens, that deviation in the game 
places of the heavens should be always directed towards the same parts. 
Bu tie comet of the year 1680, December 284, 81". P. M. at London, was 
seen in X δ 41’, with la'itude north 28? 6'; while the sun was in v? 185 
26’. And the comet of the year 1577, December 29%. was in X S? 41’ 
with latitude north 28 40’, and the sun, as before, in about v: 18° 26’. 
[n both cases the situation of the earth was the same, and the comet ap- 
peared in the same place of the heavens; yet in the former case the tail 
of the comet (as well by my observations as by the observations of others) 
deviated from the opposition of the sun towards the north by an angle of 
4} degrees; whereas in the latter there was (according to the observations 
of Tycho) a deviation of 21 degrees towards the south. . The refraction, 
therefore, of the heavens being thus disproved, it remains that the pha- 
nomena. of the tails of comets must be derived from some reflecting matter. 

And that the tails of comets do arise from their heads, and tend towards 
the parts opposite to the sun, is.farther confirmed from the laws which 
the tails observe. As that, lying in the planes of the comets’ orbits 
which pass through the sun, they constantly deviate from the opposition 
of the sun towards the parts which the comets’ heads in their progress 
along these orbits have left. ‘That to a spectator, placed in those planes, 
they appear in the parts directly opposite to the sun; but, as the spectator 
recedes from thse planes, their deviation begins to appear, and daily be- 
comes greater. 'lhat the deviation, ceteris paribus, appears less when 
the tail is more oblique to the orbit of the comet, as well as when the 
head of the comet approaches nearer to the sun, especially if the angle of 
deviation is estimated near the head of the comet. That the tails which 
have no deviation appear straight, but the tails which deviate are like- 
wise bended into acertain curvature. That this curvature is greater when 
the deviation is greater; and is more sensible when the tail, ceteris pari- 
bus is longer; for in the shorter tails the curvature is hardly to be ρην' 
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ceived. That the angle of deviation is less near the comet's head, but 
greater towards the other end of the tail; and that because the convex 
side of the tail regards the parts from which the deviation is made, and 
which lie in a right line drawn out infinitely from the sun through the 
comet's head. And that the tails that are long and broad, and shine with 
a stronger light, appear more resplendent and: more exactly defined on the 
‘convex than on the concave side. Upon which accounts it is plain that 
the phenomena of the tails of comets depend upon the motions of their 
heads, and by no means upon the places of the heavens in which their 
heads are seen ; and that, therefore, the tails of comets do not proceed from 
the refraction of the heavens, but from their own heads, which furnish the 
matter that forms the tail. For, as in our air, the smoke of a heated body 
ascends either perpendicularly if the body is at rest, or obliquely if the 
body is moved obliquely, so in the heavens, where all bodies gravitate to- 
wards the sun, smoke and vapour must (as we have already said) ascend 
from the sun, and either rise perpendicularly if the smoking body is at 
rest, or obliquely if the body, in all the progress of its motion, is always 
leaving those places from which the upper or higher parts of the vapour 
had risen before ; and that obliquity will be least where the vapour ascends 
with most velocity, to wit, near the smoking body, when that is near the 
sun. But, because the obliquity varies, the column of vapour will be in- 
eurvated; and because the vapour in the preceding sides is something more 
recent, that is, has ascended something more,late from the body, it will 
therefore be something more dense on that side, and must on that account 
reflect more light, as well as be better defined. I add nothing concerning 
the sudden uncertain agitation of the tails of comets, and their irregular 
figures, which authors sometimes describe, because they may arise from the 
mutations of our air, and the motions of our clouds, in part obscuring 
those tails; or, perhaps, from parts of the Via Lactea, which might have 
been confounded with and mistaken for parts of the tails of the comets as 
they passed by. 

But that the atmospheres of comets may furnish a supply of vapour 
great enough to fil] so immense spaces, we may easily understand from the 
rarity of our own air; for the air near the surface of our earth possesses 
a space S50 times greater than water of the same weight; and therefore 
a cylinder of air 850 feet high is of equal weight with a cylinder of water 
of the same breadth, and but one foot high. But a cylinder of air reach- 
ing to the top of the atmosphere is of equal weight with a cylinder of 
water about 33 feet high: and, therefore, if from the whole cylinder of 
air the lower part of 850 feet high is taken away, the remaining upper 
part will be of equal weight with a cylinder of water 32 feet high: and 
from thence (and by the hypothesis, confirmed by many experiments, that 
the compression of air is as the weight of the incumbent atmosphere, and 
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that the force of gravity is reciprocally as the square of the distance from 
the centre of the earth) raising a calculus, by Cor. Prop. X XII, Book II, 
I found, that, at the height of one semi-diameter of the earth, reckoned 
from the earth’s surface, the air is more rare than with us in a far greater 
proportion than of the whole space within the orb of Saturn to a spherical 
space of one inch in diameter ; and therefore if a sphere of our air of but 
one inch in thickness was equally rarefied with the air at the height of 
one semi-diameter of the earth from the earth’s surface, it would fill all 
the regions of the planets to the orb of Saturn, and far beyond it. Where 
fore since the air at greater distances is immensely rarefied, and the coma 
or atmosphere of comets is ordinarily about ten times higher, reckoning 
from their centres, than the surface of the nucleus, and the tails rise yet 
higher, they must therefore be exceedingly rare; and though, on account 
of the much thicker atmosphercs of comets, and the great gravitation of 
their bodies towards the sun, as well as of the particles of their air and 
vapours mutually one towards another, it may happen that the air in the 
celestial spaces and in the tails of comets is not so vastly rarefied, yet 
from this computation it is plain that a very small quantity of air and 
vapour is abundantly sufficient to produce all the appearances of the tails 
of comets; for that they are, indeed, of a very notable rarity appears from 
the shining of the stars through them. "The atmosphere of the earth, 
illuminated by the sun’s light, though but of a few miles in thickness, 
quite obscures and extinguishes the light not only of all the stars, but 
even of the moon. itself; whereas the smallest stars are seen to shine 
through the immense thickness of the tails of comets, likewise illuminated 
by the sun, without the least diminution of their splendor. Nor is the 
brightness of the tails of most comets ordinarily greater than that of our 
air, an inch or two in thickness, reflecting in a darkened room the light of 
the sun-beams let in by a hole of the window-shutter. 

And we may pretty nearly determine the time spent during the ascent 
of the vapour from the comet’s head to the extremity of the tail, by draw- 
ing a right line from the extremity of the tail to the sun, and marking 
the place where that right line intersects the comet's orbit: for the vapour 
that is now in the extremity of the tail, if it has ascended in a right line 
from the sun, must have begun to rise from the head at the time when the 
head was in the point of intersection. It is true, the vapour does not rise 
in a right line from the sun, but, retaining the motion which it had from 
the comet before its ascent, and compounding that motion with its motion 
of ascent, arises obliquely ; and, therefore, the solution of the Problem will 
be more exact, if we draw the line which intersects the orbit. parallel to 
the length of the tail; or rather (because of the curvilinear motion of the 
comet) diverging a little from the line or length of the tail. And by 
means of this principle I found that the vapour which, January 25, was 
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in the extremity of the tail, had begun to rise from the head before De- 
cember 11, and therefore had spent in its whole ascent 45 days; but that 
the whole tail which appeared on December 10 had finished its ascent in 
the space of the two days then elapsed from the time of the comet's being 
in its perihelion. "The vapour; therefore, about the beginning and in the 
neighbourhood of the sun rose with the greatest velocity, and afterwards 
continued to ascend with a motion constantly retarded by its own gravity ; 
and the higher it ascended, the more it added to the length of the tail; 
and while the tail continued to be seen, it was made up of almost all that 
vapour which had risen since the time of the comet’s being in its perihe- 
lion; nor did that part of the vapour which had risen first, and which 
formed the extremity of the tail, cease to appear, till its too great dis- 
tance, as well from the sun, from which it received its light, a3 from our 
eyes, rendered it invisible. Whence also it is that the tails of other comets 
which are short do not rise from their heads with a swift and continued 
notion, and soon after disappear, but are permanent and lasting columns 
of vapours and exhalations, which, ascending from the heads with a slow 
motion of many days, and partaking of the motion of the heads which 
they. had from the beginning, continue to go along together with them 
through the heavens. From whe.ce again we have another argument 
proving the celestial spaces to be free, and without resistance, since in 
them not only the solid bodies of the planets and cometa, but also the ex- 
tremely rare vapours of comets' tails, maintain their rapid motions with 
great freedom, and for an exceeding long time. 

Kepler ascribes the ascent of the tails of the comets to the atinospheres 
of their heads; and their direction towarda the parts opposite to the sun to 
the action of the rays of light carrying along with them the matter of the 
comets’ tails; and without any great incongruity we may suppose, that, in 
so free spaces, so fine a matter as that of the æther may yield to the action 
of the rays of the sun’s light, though those rays are not able sensibly to 
move the gross substances in our parts, which are clogged with su palpable 
a resistance, Another author thinks that there may be a sort of particies 
of matter endowed with a principle of levity, as well as others are with a 
power of gravity; that the matter of the tails.of comets may be of the 
former sort, and that its ascent from the sun may be owing to its levity; 
but, considering that the gravity of terrestrial bodies is as the matter of 
the bodies, and therefore can be neither more nor less in the same quantity 
of matter, I am inclined to believe that this ascent may rather proceed from 
the rarefaction of the matter of the comets’ tails. The ascent of smoke in 
a chimney i3 owing to the impulse of the air with which it is entangled. 
‘The air rarefied by heat ascends, because its specific gravity 18 diminished, 
and in its ascent carries along with it the smoke with which it is engaged; 
and why may not the tail of a comet rise from the sun after the same man- 
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ner? For the sun's rays do not act upon the mediums which they per- 
vade otherwise than by reflection and refraction ; and those reflecting par- 
ticles heated by this action, heat the matter of the zether which is involved 
with them. "'l'hat matter is rarefied by the heat which it acquires, and be- 
gause, by this rarefaction, the specific gravity with which it tended towards 
the sun before is diminished, it will ascend therefrom, and carry along with 
it the reflecting particles of which the tail of the comet 18 composed. But 
the ascent of the vapours is further promoted by their circumgyration 
about the sun, in consequence whereof they endeavour to recede from the 
sun, while the sun’s atmosphere and the other matter of the heavens are 
either altogether quiescent, or are only moved with a slower circumgyra- 
tion derived from the rotation of the sun. And these are the causes of the 
ascent of the tails of the comets in the neighbourhood of the sun, where 
their orbits are bent into a greater curvature, and the comets themselves 
are plunged into the denser and therefore heavier parts of the sun’s atmos- 
phere: upon which account they do then emit tails of an huge length; for 
the tails which then arise, retaining their own proper motion, and in the 
mean time gravitating towards the sun, must be revolved in ellipses about 
the sun in like manner as the heads are, and by that motion must always 
accompany the heads, and freely adhere to them. For. the gravitation ot 
the vapours towards the sun can no more force the tails to abandon the 
heads, and descend to the sun, ‘than the gravitation of the heads can oblige 
them to fall from the tails. They must by their common gravity either 
fall together towards the sun, or be retarded together in their common as- 
cent therefrom ; and, therefore (whether from the causes already described, 
or from any others), the tails and heads of comets may easily acquire and 
freely retain any position one to the other, without disturbance or impedi- 
ment from that common gravitation. 

The tails, therefore, that rise in the perihelion positions of the comets 
willgo along with their heads into far remote parts, and together with 
the heads will either return again from thence to us, after a long course of 
years, or rather will be there rarefied, and by degrees quite vanish away ; 
for afterwards, in the descent of the heads towards the sun, new short tails 
will be emitted from the heads with a slow motion; and those tails by de- 
grees will be augmented immensely, especially in such comets as in their 
perihelion distances descend as low as the sun's atmosphere; for all vapour 
in those free spaces is in a perpetual state of rarefaction and dilatation; 
and from hence it is that the tails of all comets are broader at their upper 
extremity than near their heads. And it is not unlikely but that the va- 
pour, thus perpetually rarefied and dilated, may be at last dissipated and 
scattered through the whole heavens, and by little and little be attracted 
towards the planets by its gravity, and mixed with their atmosphere; for 
as the seas are absolutely necessary to the constitution of our earth, that 
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from them, the sun, by its heat, may exhale a sufficient quantity of vapours, 
which, being gathered together into clouds, may drop down in rain, for 
watering of the earth, and for the production and nourishment of vegeta- 
bles; or, being condensed with cold on the tops of mountains (as some phi- 
losophers with reason judge), may run down in springs and rivers; so for 
the conservation of the seas, and fluids of the planets, comets seem to be 
required, that, from their exhalations and vapours condensed, the wastes of 
the planetary fluids spent upon vegetation and putrefaction, and converted 
into dry earth, may be continually supplicd and made up; for all vegeta- 
bles entirely derive their growths from fluids, and afterwards, in great 
measure, are turned into dry earth by putrefaction; and a sort of slime is 
always found to settle at the bottom of putrefied fluids; and hence it is 
that the bulk of the solid earth is continually increased; and the fluids, if 
they are not supplied from without, must be in a continual decrease, 
and quite fail at last. T suspect, moreover, that it is chiefly from the 
comets that spirit comes, which is indeed the smalles; but thé most subtle 
and useful part of our air, and so much required to sustain the life of all 
things with us. 

The atmospheres of comets, in their descent towards the sun, by running 
out into the tails, are spent and diminished, and become narrower, at least 
on that side which regards the sun; and in receding from the sun, when 
they less run out into the tails, they are again enlarged, if Hevelius has 
justly marked their appearances. But they are seen least of all just after 
they have been most heated by the sun, and on that account then emit the 
longest and most resplendent tails; and, perhaps, at the same time, the 
nuclei are environed with a denser and blacker smoke in the lowermost 
parts of their-atmosphere; for smoke that is raised by a great and intense 
heat is commonly the denser and blacker. ‘Thus the head of that comet 
which we have been describing, at equal. distances both from the sun and 
from the earth, appeared darker after it had passed by its perihelion than 
it did before; for in the month of December it was commonly compared 
with the stars of the third magnitude, but in November with those of the 
first or second; and such as saw both appearances have described the first 
as of another and greater comet than the second. For, November 19, this | 
comet appeared to a young man at Cambridge, though with a pale and - 
dull light, yet equal to Spica Virginis; and at that time it shone with 
greater brightness than it did afterwards. And Montenari, November 20, 
et. vet. observed it larger than the stars of the first magnitude, its tail 
being then 2 degrees long. And Mr. Storer (by letters which have come 
into my hands) writes, that in the month of December, when the tail ap- 
peared of the greatest bulk and splendor, the head was but'small, and far 
leas than that which was seen in the month of November before sun-rising ; 
end, conjecturing at the cause of the appearance, he judged it to proceed 
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from there being a greater quantity of matter in the head at first, which 
was afterwards gr adually Spent. 

And, which farther makes for the same purpose, I find, that the heads of 
other comets, which did put forth tails of the greatest bulk and aplendur, 
have appeared but obscure and small. For in Brazil, March 5, 1668, 7°. 
D. M., δι. N. P. Valentinus Estancvus saw a comet near the horizon, and 
towards the soutn west, with a head so small as scarcely to be discerned, 
out with a tail above measure splendid, so that the reflection thereof from 
the sea was easily seen by those who stood upon the shore; and it looked 
like a fiery beam extended 23? in length from the west to south, almost 
parallel to the horizon. But this excessive splendor continued only three 
days, decreasing apace afterwards; and while the splendor was decreasing, 
the bulk of the tail increased: whence in Portugal it 18 said to have taxen 
1p one quarter of the heavens, that is, 45 degrees, extending from west to 
ast with a very notabie splendor, though the whole tail was not seen in 
chose parts, becavaz the head was always hid under the horizon: and from 
the increase of the hulk and decrease of the splendor of the tail, it appears 
that the head was then in its recess from the sun, and had been very near 
to it in its perihelion, as the comet of 1680 was. And we read, in the 
Saxon Cnronicle, of a like comet appearing in the year 1106, the star 
whezeof was small and obscure.(as that of 1680), but the splendour of its 
tail was very bright, and like a huge fiery beam stretched out in a direc- 
tion ketiveen the east and north, as Hevelius has it also from Simeon, the 

monk of Durham. 'This comet appeared in the beginning of February, 
ient the evening, and towards the south west part of heaven; from 
whence, and from the position of the tail, we infer that the head was near 
the sun. Matthew Paris says, It was distant from the sun by about a 
cubit, from three of the clock (rather six) till nine, putting forth a long 
tail. Such also was that most resplendent comet described by Aristotle, 
hib. 1, Meteor.6. The head whereof could not be seen, because it had set 
before the sun, or at least was hid under the sums rays ; but next dau 
it was seen as well as might be; for, having left the sun but a very lit- 
‘tle way, it set immediately after it. And the scattered light of the head, 
obscured by the too great splendour (of the tail) did not yet appear. But 
afterwards (as Aristotle says) when the splendour (of the tail) was now 
diminished (the head of), the comet recovered its native brightness ; and 
the splendour (of its tail) reached now to a third part of the heavens (that 
is, to 60°). This appearance was in the winter season (an. 4, Olymp. 
101), and, rising to Orion’s girdle, it there vanished away. It is true 
that the comet of 1618, which came out directly from under the sun’s rays 
with a very large tail, seemed to equal, if not to. exceed, the stars of the 
first magnitude; but, then, abundance of other comets have appeared yet 
greater than this, that put forth shorter tails; some of whicb are said 
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to have appeared as big as Jupiter, others as big as Venus, or even as 
the moon. | : 
We have said, that comets are a sort of planets revolved in very eccen- 
iric orbits about the sun; and as, in the planets which are without tails, 
those are commonly leas which are revolved in lesser orbits, and nearer to 
the sun, 80 in comets it is probable that those which in their perihelion ap- 
proach nearer to the sun ute generally of less magnitude, that they may 
not agitate the sun too much by their attractions. But as to the trans- 
verse diameters of their orbits, and the periodic times of their revolutions, 
I leave them to be determined by comparing comets together which after 
long intervals of time return again in the same orbit. In the meun time, 
the following Proposition may give some light in that inquiry. | 


PROPOSITION XLIL PROBLEM XXII. 
To correct a comet's trajectory found as above. 


Operation 1. Assume that position of the plane of the trajectory which 
was determined according to the preceding proposition; and select three 
places of the comet, deduced from very accurate observations, and at great 
distances one from the other. Then suppose A to represent the time be- 
tween the firat observation and the second, and B the time between the 
second and the third; but it will be convenient that in one of those times 
the cumet be in its perigeon, or at least not far from it. From those ap- 
parent places find, by trigonometric operations, the three true places of the 
. comet in that assumed plane of the trajectory; then through the places 
found, and about the centre of the sun as the focus, describe a conic section 
by arithmetical operations, according to Prop. XXL, Book 1. Let the 
areas of this figure which are terminated by radii drawn from the sun to 
the places fuund be D and E; to wit, D the area between the first observa- 
tion and the second, and E the area between the second and third ; and let 
T represent the whole time in which the whole area D' + E should be de- 
scribed with the velocity of the comet found by Prop. XVI, Book 1. 

Oper. 2. Retaining the inclination of the plane of the trajectory to the | 
plane of the ecliptic, let the longitude of the nodes of the plane cf the tra- 
jectory be increased by the addition of 20 or 30 minutes, which call P. 
‘Then from the aforesaid three observed places of the comet let the three 
true places be found (as before) in this new plane; as also the orbit passing 
through those places, and the two areas of the same described between the 
two observations, which call d and e; and let ¢ be the whole time in which 
the whole area d + e should be described. 

Orzz. 3. Retaining the longitude of the nodes in the first operation, let 
the inclination of the plane of the trajectory to the plane of the ecliptic be 
increased by adding thereto 20’ or 30’, which call Q. Then from the 
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aforesaid three observed apparent places of the comet let the three true 
places be found in this new plane, as well as the orbit passing through 
them, and the two areas of the same described between the observation, 
which call ô and £; and let 7 be the whole time in which the whole area 
ô + € should be described. 

Then taking C to 1 as A to B; and G to las D to E; and g to 1 as 
d to e; and y to 1 asd toe; let S be the true time betw can the first ob- 
servation and the third ; and: observing well the signs + and —, let such 
numbers m and n be found out as will make 2G — 2C, = mG — mg 
+ nG — ny; and 2T — 2S = mT — mt + uT — nr. And if, in 
the first operation, I represents the inclination of the plane of the trajec- 
tory to the plane of the ecliptic, and K the longitude of either node, then 
I + nQ will be the true inclination of the plane of the trajectory to the 
plane of the ecliptic, and K + mP the true longitude of the node. And, 
lastly, if in the first, second, and third operations, the quantities 1 U and 


p, represent the parameters of the trajectory, and the quantities — τ T Ed 

the transverse diameters of the same, then R + mr — mR + np — nR 
1 

will be the true parameter, and —--—_—__-—_-___--_,--_- will be the 


L + m — mL + nA — τι], 

true transverse diameter of the trajectory which the comet describes; and 
from the transverse diameter given the periodic time of the comet is also 
given. Q.E. But the periodic times of the revolutions of comets, and 
the transverse diameters of their orbits, cannot be accurately enough de- 
termined but by comparing comets together which appear at different 
times. If, after equal intervals of time, several comets are found to have 
described the same orbit, we may thence conclude that they are all but one 
and the same comet revolved in the same orbit; and then from the times 
of their revolutions the transverse diameters of their orbits will be given, 
and from those diameters the elliptic orbits themselves will be determined. 

To this purpose the trajectories of many comets ought to be.computed, 
supposing those trajectories to be parabolic; for such trajectories will 
always nearly agree with the phenomena, as appears not only from the 
parabolic trajectory of the comet of the year 1680, which I compared 
above with the observations, but likewise from that of the notable comet 
which appeared in the year 1664 and 1665, and was observed by Hevelius, 
who, from his own observations, calculated the longitudes and latitudes 
thereof, though with little accuracy. But from the same observations Dr. 
Halley did again compute its places; and from those new places deter- 
mined its trajectory, finding its ascending node in Π 21° 13’ 55" ; the in- 
clination.of the orbit to the plane of the ecliptic 21° 18! 40" ; the dis- 
tance of 114 perihelion from the node, estimated in the comet’s orbit, 495. 
97' 30" ats perihelion in N 85 40’ 30", with heliocentric latitude south 
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16° UL’ 45" ; the comet to have been in its perihelion November 249. 111. 
62’ P.M. equal time at London, or 13°. 8’ at Dantzick, Q. S.; and that 
the latus rectum of the parabola was 410286 such parta as the sun’s mean 
distance from the earth is supposed to contain 100000. And how nearly 
the places of the comet computed in this orbit agree with the observations, 
will appear from the annexed table, calculated by Dr. Halley. 


A 


























1 Places 
Appar. Time | The observed Distances of the Comet from The observed Places. | Ὁ ρα da 
at Vanizick. the Urb. 
December . | ο ο 
d. h. ’ | The Lion’s heart 46.24.20 | Long. = 1 01 00 1 o 29 
3.18.2934 | The Virgin’s spike 22.52.10 | Lat. S. 21.39. 0 "2 .38.50 
4.18. 14 The Lion’s heart 46. 2.45| Long. = 6.15. 0 |^ 6.16.. 5 
' The Virgin's spike 23.52.40 | Lat. S. 22.24. 0] 22.24. οἱ 
7.17.48 The Liow’s heart 41.48. 0| Loug. — 3. 6. 0 3. 7.33 
i The Virgin’s spike 27.56.40 | Lat. S. 25.22. 0 S 252140 
17.14.43 The Lion’s heart 53.15.15 | Long. 2), 2.56. 0| N 2.56. € 
ναί; Orion’s right shoulder 45.43.30 | Lat. S. 49.25. 0 49.25. 0 
19. 9.25 Procyon 35.13.50 | Loug. O 28.40.30 | π 28.43. 0 
| Bright star of Whale’s jaw 52 56. 0| Lat. S. 45.48. 0 45.46. 0 
20. 9.534 Procyon 40.49. 0 | Long. i1 13.03. 0| π 13. 5. 0 
Bright star of Whale’s jaw 49.04. 0| Lat. S. 39.54. 0 39.53. 0 











21. 9. 94 Orion’s right shoulder 26.21.25 | Long. 1. 2.16. 0| n. 218.30 

i Brightstarof Whale'sjaw 29.28. 0| Lat. S. 33.41. 0 33.39.40 
Orion’s right shoulder 29.47. 0 
Bright star of Whale’s jaw 20.29.30 


The bright star of Aries 22.20. 0 
26. 7.58 | Aldebaran. 26.44. 0 





Loug. Ὁ 24.24. O| 5 94.91. 0 
Lat. S. 27.45. 0| 2746.0 


Loug. ὅ 9.0. οἱ ὁ 9. 2.28 
Lat. S. 12.36. 0| 12.34.13! 


22. 9. 0 
























































27. 6.45 The bright star of Aries 20.45. 0| Long. ὅ 7. 5.40] ὅ 7. 8.45 
2 Aldebaran 28.10. 0| Lat. S. 10.23. 0| 10.23.15 
98. 7.39 The bright star of Aries 18.29. 0| Long. Ὁ 5.2445 | Ὁ 527.5: 
(ear Palilicium 29.37. 0 | Lat. S. 8.22.50 8.23.37 
31. 6.45 Andromeda’s girdle 30.48.10 | Long. ὅ 2. 7.40| ὅ 2. 8.2 
d» Palilicium 32.53.30 | Lat. S. 4.13. 0 4.16.25 
|Jan. 1665 | Andromeda’s girdle 25.11. 0 ο. P 28.24.47 | P 28.24. 0 
| 7. 7.374 | Palilieium 37.12.25 | Lat. N 0.54. 0 0.53. € 
13, 7. 0 Andromeda’s head 28. 7.10 | Long. v 27. 6.54 | P 27. 6.39 
τ Palilicium 38.55.20 | Lat. N. 3. 6.50 3. 7.40) 
24. 7.29 Andromeda’s girdle 20.32.15 | Long. P 26.29.15 | v 26.29.15 | P 26.28.50 
DM Palilicium . 40. 5.0| Lat. N. 5.25.50 5.26. 0 
Feb. Long. P 27. 4.46 | T 27.24.55 
7. 8.31 Lat. N. 7. 3.29 1. 3.15 

loo 2 Long. P 28.29.46 | P 28.29.58 
215009 ' Lat. N. 8.12.36 ma 
| March. Long. P 29.18 15 | P 29.18.20! 
1. 8.16 Lat.N. 8.36.26 8.36.12: 








Long. 6 0. 2.48] & 0.2492 


1. 8.37 | Lat. N. 8.56.30 8.56, 56) 





In February, the beginning of the year 1665, the first star of Aries, 
which I shall hereafter call y, was in Y 28? 30 15”, with 7? 6’ 58” north 
32 
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lat.; the second star of Aries was in Y 29° 17’ 18", with 8° 28’ 16" north 
lat.; and another star of the seventh magnitude, which I call A, was in 
P 28? 24’ 45", with 8° 28’ 33” north lat. 'l'he comet Feb. 73. 7^, 30’ εἰ 
Paris (that is, Feb. 7". 8^. 87’ at Dantzick) O. S. made a triangle with 
those stars y and A, which was right-angled in y; and the distance of the 
comet from the star y was equal to the distance of the stars y and A, that 
. 15, 1? 19’ 46" of a reat circle; and therefore in the parallel of the lati- 
tude of the star y it was 1? 20) 26". ‘Therefore if from the longitude of 
the star y there be subducted the longitude 1? 20' 26", there will remain 
the longitude of the comet “ 27? 9' 49”. M. Auzout, from this observa- 
tion of his, placed the comet in Y 27? 0’, nearly ; and, by the scheme in 
which Dr. Jouke delineated its motion, it was then in “ 26? 59' 94’, 1 
place it in T 27° Δ: 46" , taking the middle between the two extremes. 

From the same ο τσι M. Awzout made the latitude of the comet 
at that time 7° and 4’ or 5’ to the north; but he had done better to have 
made it 7° 3’ 29", the difference of the latitudes of the comet and the star 
y being equal to the difference of the longitude of the stars y and A. 

February 22". 7^. 80’ at London, that is, February 22", S^. 46’ at 
Dantzick, the distance of the comet from the star A, according to Dr. 
Hooke's observation, as was delineated by himself in a scheme, and also 
by the observations of M. Awzout, delineated in like manner by M. Petit, 
was a fifth part of the distance between the star A and the first star of 
Aries, or 15’ 57" ; and the distance of the comet from a right line joining 
the star A and the first of Aries was a fourth part of the same fifth part, 
that is, 4’; and therefore the comet was in P 28° 29’ 46", with 8? 19’ 
36” north lat. | 

March 1, 7*. 0’ at London, that is, March 1, 85, 16’ at Dantzick, the 
comet was observed near the second star in Aries, the distance between 
them being to the distance between the first and second stars in Aries, that 
is, to 1° 33’, as 4 to 45 according to Dr. Hooke, or as 2 to 23 according 
to M. Gottignies. And, therefore, the distance of the comet from the 
second star in Aries was 8’ 16” according to Dr. Hooke, or 8’ 5” according 
to M. Gottignies ; or, taking a mean between both, 9’ 10”. But, accord- 
ing to M. G'ottignies, the comet had gone beyond the second star of Aries 
about a fourth or a fifth part cf the space that it commonlv went over iu 
a day, to wit, about 1’ 35" (in which he agrees very well with M. Auwzout); 
or, according to Dr. Hooke, not quite so much, as perhaps only 1’. Where-- 
fore if to the longitude of the first star in Aries we add 1’, and 8’ 10” to 
its latitude, we shall have the longitude of the comet T 29° 15, with S? 
36’ 26” north lat. 

March 7, 7^. 30’ at Paris (that is, March 7, 8". 37’ at Dantzick), 
from the observations of M. Auzout, the distance of the comet from the 
second star in Aries was equal to the distance of that star from the star 
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A, that is, 52,29" ; and the difference of the longitude of the comet and 
` the second star in Aries was 45’ or 46’, or, taking a mean quantity, 45' 
, 90" ; and therefore the comet was in ὅ 05 2' 48". . From the scheme of 
the observations of M. Awzuut, constructed by M. Petit, Hevelius collected 
the latitude of the comet 8° 54'. But the engraver did not rightly trace 
the eurvature of the comet's way towards the end of the motion; and 
. Hevelius, in the scheme of M. Auzout’s observations which he constructed 
himself, corrected this irregular curvature, and so made the latitude of the 
comet S? 55' 30". And, by farther correcting this irregularity, the lati- 
tude may become.8° 56’, or S? 57’. 

This comet was also seen March 9, and at that time its place must have 
been in ὅ 0° 19’, with 9° 3!’ north lat. nearly. 

This comet appeared three months together, in which space of time it 
travelled over almost six signs, and in one of the days thereof described - 
almost 20 deg. Its course did very much deviate from a great circle, bend- 
ing towatds the north, and its motion towards the end from retrograde be- 
came direct ; and, notwithstanding its course was so uncommon, yet by the 
table it appears that the theory, from beginning to end, agrees with the 
observations no less accurately than the theories of the planets usually do 
with the observations of them ; but we are to subduct about 2' when the 
comet was swiftest, which we may effect by taking off 12" from the angle 
between the ascending node and the perihelion, or by making that angle 
49? 27' 15".. The annual parallax of both these comets (this and the 
preceding) was very conspicuous, and by its quantity Genlons trates the an- 
‘nual motion of the earth in the orbis magnus. 

, 'This theory is likewise confirmed by the motion. of that comet, which 
in the year 1683 appeared retrograde, in an orbit whose plane contained. 
almost a right. angle with the plane of the ecliptic, and whose ascending 
node (by the computation of Dr. Halley) was in " 23° 23’; the inclina- 
tion of its orbit to the ecliptic S3? 11’; its perihelion in x 25° 29 30" 
its perihelion distance from the sun 56020 of such parts as the radius of 
the orbis magnus contains 100000 ; and the time of its perihelion July 
24, 34, 50’. And the places thereof, ‘computed by Dy. Halley in this orbit, 
are compared with the places of the same observed by Mr. Flamsted, in 
the following table :— 
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1683 Comet’s [Lat.Nor.| Comet's (Lat.Nor.| Diff. | Diff. 
| Ea. mo Sun’s placej Long. com.|comput. [Long. obs’dlobserv’d} Long. | Lat. 
fre 7 o πο c —s |—— e» re r oo «7-77» 
July 13.12.55/SL 1.02.30] es 13.05.42 29.28.13|95 13. 6.42 29.28.20|-I- 1.00|4- 0.07 
15.11.15 2.53.12 11.37.48|29 34. 0 11.39.43|29.34.50|-T- 1.55|4- 0.50 
17.10.20 4.45.45 10. 7. 6|29.33.30 10. 8.40/29.34. Οἱ-- 1.34|4- 0.30 
23.13 40 10.38.21 5.10.27128.51.42 5.11.30/28.50.28 + 1.03|— 1. E 
25.14. 5 12.35.28| | 3.27.53|24.24.47 3.27. 0|28.23.40| — 0.53|— 1. 
31. 9.42, 18.09.22) r1 27.55. 3|26.22.52| t1 27.54.24|26.22.25| — 0.39| — 0. ΟἿ | 


| 31.14.55 18.21.53 27.41. 7126.16.57 27.41. 8126.14.50|-]- 0. 1|— 2. 7! 
dug. 2.14 56 20.17.16 95.99 39|25.16.19 25.28.46|25.17.28|— 0.46|-- 1. 9} 
| 4.10.49 22.02.50 23.18.20|24.10.49 23.16.55|24.12.19|— 1.25/-+ 1.30 
6.10. 9 23.56.45 20.42.23]22.17. 5 20.40.32/22.49. 5| — 1.51|4- 2. 
9.10.26 26.50.52 16 7.57/20. 6.37 16. 5.55/20. 6.10; —2. 2|— 0.27 
15.14. 1| 2.47.13 3.30.48|11.37.33 3.26.18|11.32. 1|—4.30|— 5.32 
16.15.10 3.48. 2 0.43. 7| 9.34.16 0.41.55| 9.34.13| — 1.12] — O. 3| 
18.15.44 5.45.33| Ὁ 24.52.53) 5.11.15| Ὁ 24.49. 5| 5. 9.11] — 3. 48|— 2. 4 
South. South | 
22.14.44 9.35.49 11. 7.14! 5.16.58 11.07.12} 5.16.58|—0. 2 — 0. 3 
a 23 15.52 10.36.48 7. 2.18| 8.17. 9 7. 1.17| 8.16.41|— 1. 1|— 0.28 
26.16. 2 13.31.10| Y 24.45.31[16.38. ΟΙ 24.44.00 16.38.20 —1.31!-+ 0.20 








Le theory is yet farther confirmed by the motion of that retrograde 
comet which appeared in the year 1682. The ascending node of this (by 
Dr. Halley’s computation) was in ὅ 21° 16! 30"; the eel of ita 
orbit to the plane of the ecliptic 17° 56’ 00" ; its perihelion in ^ 2* 52’ 
. 50"; its perihelion distance from the sun 58328 parts, of which the radius. 
of the orbis magnus contains 100000; the equal time of the comet’s 
being in its perihelion Sept. 4". 7^, 39'. And its places, collected from 
Ντ. Flamsted's observations, are compared with its places computed from 
our theory in the following table :— 










Lat.Nor,Com. Long.jLat Nor, . Diff. | Diff. . 


App. Time. |Suu’s placelLon. comp.| comp. | observed..jobserv. | Long. Lat. 
d. b. ' orn orn; vy ton ο pawl oso owl] rw on 


4ug19.16.38\"% 7. 0. TEL 18.14 28|25.50. Τ| 6], 18.14.40|25.49.55|— 0.12|+ 0.12 


1 682 Comet’s 





20.15.38} 7.55.52| 24.46.23/26.14.42! 94.46.99|96.19 59|1- 0. 1|+ 1.50 
21. 8.21 8.36.14) 99.81.15|96.90. 3|  29.38.02]26.17.37,— 0.47|-|- 2.26 
22. 8. 8| 9.33.55)" 6.99.53|96. 8.42|"]] 6.30. 326. 7.12\— 0.10|4. 1.30] 
99.08.90! 1699.40|--. 12.37.5418.37.47| ~ 19.31.49|18.84. 5|-- 0. 5/4 3-42 
30. 7.45 17.19.41] 15.36. 1|17.26.43| 15.35.18|11.97.1|-|- 0.43|— 0.34] - 
Sept. 1. 7.33| 19.16. 9| —20.30.53|15.13. O| — 20.27. 415. 9.49|4- 3.49/+ 3.11| 
4. 7.22} 22.11.28] 25.42. 0112.23.48| «95.40 58/112.22. O|+ 1. 2/4 1.48 
5. 7.32] 2310.29) ΦΥ, 0.45111.33.08| — 96.59.24|11.33.51| 4- 1.22| — 0.43 
8. 7.16| 26. 5.58| 29.58.44) 9.26.46] 29.58.45] 9.26.43| — 0., 1|-1- 0. 3 
9. 7.96 — 27. δ. 9L 0.44 101 8.49.10] TL. 0 44. 4| 8.48.25|1- 0. 6'4- 0,45 


— This theory i is also confirmed by the retrograde motion of the comet that 
appeared in the year 1723. The ascending node of this comet (according | 
to the computation of Mr. Bradley, Savilian Professor of Astronomy at 
Ozford) was in P 14° 16’. 'l'he inclination of the orbit to the plane of 
the ecliptic 49° 59. Its perihelion was in ὅ 12° 15' 20". Ita perihelion 
distance from the sun 998651 parta, of which the radius of the orbis mag. 
nus contains 1000000, and the equal time of its perihelion September 16°- 
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16», 10’. The places of this comet computed in this orbit by Mr. Bradley, 
and compared with the places observed by himself, his uncle Mr. Pound, 
and Dr. Halley, may be seen in the following table. 


OF NATURAL PHILOSOPHY. 











1723 Comet’s |Lat.Nor| Comet's |Lat.Nor|Diff. |Diff. | 
Eq. time. |Lonz.obs.| obs. | Lon. com. | comp. |Lon. Lat. 
^ d.b I| 9"*" ο τν orn 9 | n ν " 
Ort. 9.8. 5| ~ 7.22.15| 5. 2. 0| ^ 7.21.26| 5. 2.47|--- 49, — 47 
10.6.21 6.41.12] 7.44.13 6.41 42 7.43.18- — 50| -+ 55 
12.7.22 5 39.58|11.55. O| — 5.40.1911 54. 55|— 21/4. 5 
14.8.57 4.59.49114.43.50| ` 5. 0.37/14.44. 1|--- 48| — 11 
15.6.35 4.47.41|15.40.51 4.47.45|15.40.55|— 4|—— 4 
21.€ 22 4. 2.32/19.41.49| 4. 9.21|19.42. 3/-+ 11|--- 14 
22.6.24 3.59. 2/20. 8.12 3.59.10/20. 8.17|— 8— 5 
24.8. 2 3.55.29|20.55.18 3 55.11/20.55. 9|-- 18/4 9 
29.8.56 3.56.1722.20.27| 38.56.42|22.20.10|--- 25] 4. 17 
30.6.20 3.58. 9/22.32.28 3.58.17/22.32.12|— .8p4- 16 
Nov. 5.5.53 4.16.30|23.38.33 4.16.23/|23.38. 7|-- 7|-1- 26 
8.7. 6 4.29.36|24. 4.30] 4.99.54|94. 4.40|— 18/— 10 
14.6.20 5. 2.16/24.48.46 δ. 2.51|24.48 16|— 35|-1- 30 
20.7.45 5.42.20|25.24.45 5.43.13|25.25.17|— 53|— 32 
Dec. 7.6.45 8. 4.13|26.54.18 8. 3.55/26.53.42|-I- 18| -+4- 36! 





From these examples it is abundantly evident that the motions of com- 
eta are no less accurately represented by our theory than the motions of the 
planets commonly are by the theories of them ; and, therefore, by means of 
this theory, we may enumerate the orbits of σας and so discover the 
periodic time of a comet’s revolution in any orbit; whence, at last, we 
shall have the transverse diameters of their elliptic orbits and their aphe- 
lion distances. | 

That retrograde comet which appeared in the year 1607 described an 
orbit whose ascending node (according to Dr. Halley’s computation) was in 
ὅ 20° 21’; and the inclination of the plane of the orbit to the plane of 
the ecliptic 17° 2' ;. whose perihelion was in ^ 2° 16’; and its perihelion 
distance from the sun 58680 of such parts as the radius of the orbis mag- 
nus contains 100000; and the comet was in its perihelion October 165, 3^. 
50’; which orbit agrees very nearly with the orbit of the comet which was 
seen in.1682. If these were not two different comets, but one and the 
same, that comet will finish one revolution in the space of 75 years; and 
the greater axis of its orbit will be to the greater axis of the orbis magnus . 


as /*:75 X 76 to 1, or as 1778 to 100, nearly. And the aphelion dis- 
. tance of this comet from the sun will be to the mean distance of the earth 
from the.sun as about.35 to 1: from which data it will be no hard matter 
to determine the elliptic orbit. of this comet. But these things are to be 
‘supposed on condition, that, after the space of 75 years, the same comét 
shall return again in the same orbit. The other comets seem to ascend te 
greater heights, and to require a longer time to perform their revolutions. 
But, because of the great number οἵ comets, of the great distance of their 
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aphelions from the sun, and of the slowness of their motions in the aphe- 
lions, they will, by their mutual gravitations, disturb each other; so that 
their eccentricities and the times of their revolutions will be sometimes a 
little increased, and sometimes diminished. ‘Therefore we are not to ex- 
pect that the same comet will return exactly in the same orbit, and in the 
same periodic times: it will be sufficient if we find the ohanga no greater 
than may arise from the causes just spoken of. 

And hence a reason may be assigned why comets are not ΜΕΝ 
within the limits of a zodiac, as the planets ure; but, being confined to no 
bounds, are with various motions dispersed all over the heavens; namely, 
to this purpose, that in their aphelions, where their motions are exceedingly 
slow, receding to greater distances one from another, they may suffer leas 
disturbance frum their mutual gravitations: and hence it is that the comets 
which descend the lowest. and therefore move the slowest in their aphelions, 
ought also to ascend the highest. 

'l'he comet which appeared in the year 1680 was in its perihelion less 
distant from the sun than by a sixth part of the sun’s diameter; and be- 
cause of its extreme velocity in that proximity to the sun, and some density 
of the sun’s atmosphere, it must have suffered some resistance and retarda- 
tion; and therefore, being attracted something nearer to the sun in every 
revolution, will at last fall down upon the body of the sun. Nay, in its 
aphelion, where it moves the slowest, it may sometimes happen to be yet 
farther retarded by the attractions of other comets, and in consequence οἵ 
this retardation descend to the sun. So fixed stars, that have been gradu- 
ally wasted by the light and vapours emitted from them for a long time, 
may be recruited by comets that fall upon them; and from this fresh sup- 
ply of new fuel those old stars, acquiring new splendor, may pass for new 
stars. Of this kind are such fixed stars as appear on a sudden, and shine 
with a wonderful brightness at. first, and afterwards vanish by little and 
little. Such was that star which appeared in Cassiopeia's chair; which 
. Cornelius Gemma did not see upon the Sth of November, 1572, though 

he was observing that part of the heavens upon that very night, and the 
sky was perfectly serene; but the next night (November 9) he saw it 
shining much brighter than any of the fixed stars, and scarcely inferior to 
Venus in splendor. Tycho Brahe saw it upon the 11th of the same month, 
when it shone with the greatest lustre; and from that time he observed it 
tò decay by little and little; and in 16 months’ time it entirely disap- 
peared. In the month of November, when it first appeared, its light was 
equal to that of Venus. In the month of December its light was a little 
diminished, and was now become equal to that of Jupiter. In Jannary 
1573 it was less than Jupiter, and greater than Sirius; and about the 
end of February and the beginning of March became equal to that star. 
In the months of April and May it was equal to a star of the second mag- 
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nitude; in June, July, and August, to a star of the third magnitude; in 
September, October, and November, to those of the fourth magnitude; in 
December and January 1574 to those of the fifth; in February to those 
of the sixth magnitude; and in March it entirely vanished. Its colour at 
the beginning was clear, bright, and inclining to white; afterwards i4. 
turned a little yellow; and in March 1573 it became ruddy, like Mars or 
Aldebaran: in May it turned to a kind of dusky whiteness, like that we 
observe in Saturn ; and that colour it retained ever after, but growing al- 
ways more and more obscure. Such also was the star in the right foot of - 
Serpentarius, which Kepler's scholars first observed September 30, O.S. 
1604, with a light exceeding that of Jupiter, though the night before it 
was not to be seen; and from that time it decreased by little and little, 
and in 15 or 16 months entirely disappeared. Such a new star appearing 
with an unusual splendor is said to have moved Hipparchus to observe, 
and make a catalogue of, the fixed stars. -As to those fixed stars that ap- 
pear and disappear by turns, and increase slowly and by degrees, and 
scarcely ever exceed the stars of the third magnitude, they seem to be of 
another kind, which revolve about their axes, and, having a light and a 
dark side, shew those two different sides by turns. ‘The vapours which 
arise from the sun, the fixed stars, and the tails of the comets, may meet 
at last with, and fall into, the atmospheres of the planeta by their gravity, 
and there be condensed and turned into water and humid spirits; and from 
thence, by a slow heat, pass gradually into the form of salts, and sulphure, 
and tinctures, and mud, and clay, and sand, and stones, and coral, and other 
terrestrial substances. - 


GENERAL SCHOLIUM. 


The hypothesis of vortices is pressed with many difficulties. That every 
planet by a radius drawn to the sun may describe areas proportional to the 
times of description, the periodic times of the several parts of the vortices 
should ebserve the duplicate proportion of their distances from the san; 
but that the periodic times of the planets may obtain the sesquiplicate pro- 
portion of their distances from the sun, the periodic times of the parts of 
-the vortex ought to be in the sesquiplicate proportion of their distances. 
That the smaller vortices may maintain their lesser revolutions about 
Saturn, Jupiter, and other planets, and swim quietly and undisturbed in 
the greater vortex of the sun, the periodic times of the parts of the sun’s 

. vortex should be equal; but the rotation of the sun and planets about their 
. axes, which ought to correspond with the motions. of their vortices, recede 
far from all these proportions. The motions of the comets are exceedingly 
regular, are governed by the same laws with the. motions of the planeta, 
and can by no means. be accounted for by the hypothesis of vortices; for 
comets are carried with very eccentric motions through all parts of the 
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heavens indiff.rently, with a freedom that is incompatible with the notion 
of a vortex. 

Bodies pn jected i in our air suffer no resistance but from the air. With- 
draw the air, as is done in Mr. Boyle’s vacuum, and the resistance ceases ; 
for in this void a'bit of fine down and a piece of solid gold descend with 
equal velocity. And the parity of reason must take place in the celestial 
spaces above the earth’s atmosphere; in which spaces, where there is no 
air to resist their motions, all bodies will move with the greatest freedom ; 
and the planets and comets will constantly pursue their revolutions in or- , 
bits given in kind and position, according to the laws above explained; but 
- though these bodies may, indeed, persevere in their orbits by the mere laws 
of gravity, yet they could by no means have at first derived the regular 
position of the orbits themselves from those laws. 

The six primary planets are revolved about the sun in circles concentric 
with the sun, and with motions directed towards the same parts, and al- 
most in the same plane. Ten moons are revolved about the earth, Jupiter 
and Saturn, in circles concentric with them, with the same direction of 
motion, and nearly in the planes of the orbits of those planets; but it is 
not to be conceived that mere mechanical causes could give birth to so 
many regular motions, since the comets range over all parts of the heavens 
in very eccentric orbits; for by that kind of motion they pass easily through 
the orbs of the planets, and with great rapidity; and in their aphelions, 
where they move the slowest, and are detained the longest, they recede to 
the greatest distances from each other, and thence suffer the least disturb- 
ance from their mutual attractions. ‘This most beautiful system of the sun, 
planets, and comets, could only proceed from the counsel and dominion of an 
intelligent and powerful Being. And if the fixed stars are the centres of oth- 
er like systems, these, being formed by the like wise counsel, must be all sub- 
ject to the dominion of One; especially since the light of the fixed stars 18 
of the same nature with the light of the sun, and from every system light 
passes into all the other systems: and lest the systems of the fixed stars 
should, by their gravity, fall on each other mutually, he hath placed those 
systems at immense distances one from another. 

This Being governs all things, not as the soul of the world, but as Lord 
over all; and on account of his dominion he is wont to be called Lord God 
παντοκράτωρ, or Universal Ruler ; for God is a relative word, and has a 
respect to servants; and Deity is the dominion of God not over his own 
body, as those imagine who fancy God to be the soul of the world, but over. 
servants. The Supreme God is a Being eternal, infinite, absolutely per- 
fect; but a being, however perfect, without dominion, cannot be said to be 
Lord God; for we say, my God, your God, the God of Israel, the God of 
Gods, and Lord of Lords; but we do not say, my Eternal, your Eternal, 
' he Eternal of Jsrae/, the Eternal of Gods; we do not say, my Infinite, or 
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my Perfect: these are titles which have no respect to servants. The word . 
God* usually signifies Lord ; but every lord is not a God. It is the do- 
minion of a spiritual being which constitutes a God: a true, supreme, or 
imaginary dominion makes a true, supreme, or imaginary God And from 
his true dominion it follows that the true God is a living, intelligent, and 
powerful Being; and, from his other perfections, that he is supreme, or 
most perfect. He is eternal and infinite, omnipotent and omniscient; that 
is, his duration reaches from eternity to eternity.; his presence from infinity 
to infinity; he governs all things, and knows all things that are or can be 
done. He is not eternity or infinity, but eternal and infinite; he is not 
duration or space, but he endures and 18 present. He endures for ever, and 
is every where present; and by existing always and every where, he consti- 
tutes duration and space. Since every particle of space is always, and 
every indivisible moment of duration is every where, certainly. the Maker 
and Lord of all things cannot be never and no where. Every soul that 
has perception is, though in different times and in different organs of sense 
and motion, still the same indivisible person. ‘There are given successive 
parts in duration, co-existent parts in space, but neither the one nor the - 
other in the person of a man, or his thinking principle; and much less 
can they be found in the thinking substance of God. Every man, so far 
as he 18 a thing that has perception, is one and the same man during his 
whole life, in all and each of his organs of sense. God is the same God, 

always and every where. He is omnipresent not virtually only, but also 
substantially ; for virtue cannot subsist without substance. In him} are 
all things contained snd moved; yet neither affects the other: God suffers 
nothing from the motion of bodies; bodies find no resistance from the om- 
nipresence of God. It is allowed by all that the Supreme God exists 
necessarily ; and by the same necessity he exists always and every where. 
Whence also he is all similar, all eye, all-ear, all brain, all arm, all power 
to perceive, to understand, and to act; but in a manner not at all human, 
in a manner not at all corporeal, in a manner utterly unknown to us. As 
a blind maù has no idea of colours, so have we no idea of the manner by 


* Dr. Pocock derives the Latin word Deus from the Arabic du (in the oblique case di). 
which signifies Lord. And in this sense princes are called gods, Psal. Ixxxii. ver. 6; and 
John x. ver. 35. And Moses is called a god to his brother Aaron, and a god to Pharaoh 
( Exod. iv. ver. 16; and vii. ver. 1). Andin the same sense the souls of dead princes were 

formerly, by the Heathens, called gods, but falsely, because of their want of dominion. 

^ t This was the opinion of the Ancients. So Pythagoras, in Cicer. de Nat. Deor. lib. i 
Thales, Anaxagoras, Virgil, Georg. lib. iv. ver. 220; and Aneid, lib. vi. ver. 721. Philo 
Allegor, at the beginning of lib. i. Aratus, in his Phenom. at the beginning. So also the 
sacred writers; as St. Paul, Acts, xvii. ver. 27,28. St. John’s Gosp. chap. xiv. ver. 2. Mo- 
ses, in Deut. iv. ver. 39; and x. ver. 14. David, Psal. cxxxix. ver. 7, 8, 9. Solomon, 1. 
Kings, viii. ver. 97. Job, xxii. ver. 12, 13, 14. Jeremiah, xxiii. ver. 23, 94. The Idolaters 
supposed the sun. moon, and stars, the souls of men, and other parts of the world, to be 
parts of the Supreme God, and therefore to be worshipped; but erroneously. 
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which the all-wise God perceives and understands all things. He is ut- 
. terly void of all body and bodily figure, and can therefore neither be seen, 
nor heard, nor touched; nor ought he to be worshipped under the repre- 
sentation of any corporeal thing. We have ideas of his attributes, but 
what the real substance of any thing is we know not. In bodies, we see 
only their figures and colours, we hear only the sounds, we touch only their 
outward surfaces, we smell only the smells, and taste the savours; but their 
inward substances are not to be known either by our senses, or by any 
reflex act of our minds: much less, then, have we any idea of the sub- 
stance of God. We know him only by his most wise and excellent con- 
trivances of things, and final causes; we admire him for his perfections; 
but we reverence and adore him on account of his dominion: for we adore 
him as his servants; and a god without dominion, providence, and final 
causes, is nothing else but Fate and Nature. Blind metaphysical neces: 
sity, which is certainly the same always and every where, could produce 
no variety of things. All that diversity of natural things which we find 
suited to different times and places could arise from nothing but the ideas 
and will of a Being necessarily existing. But, by way of allegory, God 
is said to see, to speak, to laugh, to love, to hate, to desire, to give, to re- 
ceive, to rejoice, to be angry, to fight, to frame, to work, to build; for all 
our notions of God are taken from the ways of mankind by a certain 
similitude, which, though not perfect, has some likeness, however. And 
thus much concerning God; to discourse of whom from the appearances 
of things, does certainly belong to Natural Philosophy. 

Hitherto we have explained the phenomena of the heavens and of our 
sea by the power of gravity, but have not yet assigned the cause of this 
power. 'lhis is certain, that it must proceed from a cause that penetrates 
to the very centres of the sun and planets, without suffering the least 
diminution of its force; that operates not according to the qnantity of 
the surfaces of the particles upon which it acts (as mechanical causes use 
to do), but according to the quantity of the solid matter which they con- 
tain, and propagates its virtue on all sides to immense distances, decreasing 
always in the duplicate proportion of the distances. Gravitation towards 
the sun is made up out of the gravitations towards the several particles 
of which the body of the sun is composed ; and in receding from the sun 
decreases accurately in the duplicate proportion of the distances as far as 
the orb of Saturn, as evidently appears from the quiescence of the aphe- 
lions of the planets; nay, and even to the remotest aphelions of the comets, 
if those aphelions are also quiescent. But hitherto I have not been able 
to discover the cause of those properties of gravity from phzenomena, and 
I frame no hypotheses; for whatever is not deduced from the phenomena 
is to be ealled an hypothesis; and hypotheses, whether metaphysical or 
physical, whether of occult qualities or mechanical, have no place in ex 
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perimental philosophy. In this philosophy particular propositions. are 
inferred from the phenomena, and afterwards rendered general by induo- 
tion. . Thus it was that the impenetrability, the mobility, and the impul- 
sive force of bodies, and the laws of motion and of gravitation, were 
discovered. And to us it is enough that gravity does really exist, and act 
according to the laws which we have explained, and abundantly serves to 
account for all the motions of the celestial bodies, and of our sea. 

And now we might add something concerning a certain most subtle 
Spirit which pervades and lies hid in all gross bodies; by the force and 
action of which Spirit the particles of bodies mutually attract one another 
at near distances, and cohere, if contiguous; and electric bodies operate to 
greater distances, as well repelling as attracting the neighbouring corpus- 
cles; and light is emitted, reflected, refracted, inflected, and heats bodies ; 
and all sensation is excited, and the members of animal bodies move at the 
command of the will, namely, by the vibrations of this Spirit, mutually 
» propagated along the solid filaments of the nerves, from the outward or- 
gans of sense to ‘the brain, and from the brain into the muscles. But these 
are things that cannot be explained in few words, nor are we furnished 
with that sufficiency of experiments which is required to an accurate deter- 
mination and demonstration of the laws by which this electric and elastie 
Spirit operates. 


END OR THE MATHEMATICAL PRINCIPLES, 


THE SYSTEM OF THE WORLD. 


THE 


SYSTEM OF THE WORLD. 


` 1t was-the ancient opinion of not a few, in the earliest ages of philoso- 
phy, that the fixed stars stood immoveable in the highest parts of the world ; 
that under the fixed stars the planets were carried about the sun; that the 
earth, as one of the planets, described an annual course about the sun, while 
by a diurnal motion it was in the mean time revolved about its own axis; 
and that the sun, as the common fire which served to warm the whole, was 
fixed in the centre of the universe. | 

This was the philosophy taught of old by Philolaus, Aristarchus of 
Sumos, Plato in his riper years, and the whole sect of the Pythagoreans ; 
and this was the judgment of Anazimander, more ancient than any of 
them; and of that wise king of the Romans, Numa Pompilius, who, as 
a symbol of the figure of the world with the sun in the centre, erected. a 
temple in honour of Vesta, of « round form, and ordained perpetua fire to 
be kept in the middle of it. 

“The Egyptians were early observers of the heavens; and from chem: 
probably, this philosophy was spread abroad among other nations; for from 
them it was, and the nations about them, that “the Greeks, a ‘people of 
themselves more addicted to the study of philology than of nature, derived 
their first, as well as soundest, notions of philosophy; and in the vestal 
ceremonies we may yet trace the ancient spirit of the Meryptians ; for it 
was their way to deliver their mysteries, that is, their philosophy of things 
above the vulgar way of thinking, under the veil of Teligious rites and 
hieroglyphic symbols. 

It is not to be denied but that Anaxagoras, Democritus, and. others, 
did now and then start up, who would have it that the earth possessed the 
centre of the world, and that the stars of all sorts were revolved towarde 
the west about the earth quiescent in ths contre, some at a swifter, others 
at a slower rate. 

However, it was agreed on both sides that the motions of the celestial 
bodies were performed in spaces altogether free and void of resistance. ‘The 
whim of solid orbs was of a later date, introduced by Eudoxus, Calippus, 
and Aristotle ; when the ancient philosophy began to decline, and to give 
vlace to the new prevailing fictions of the Greeks. 

But, above all things, the phenomena of comets can by no means consist 
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with the notion of solid orbs. The Chaldeans, the most learned astrono- 
mers of their time, looked upon the comets (which of ancient times before 
had been numbered among the celestial bodies) as a particular sort of plan- 
ets, which, describing very eccentric orbits, presented themselves to our view 
only by turns, viz., once in a revolution, when they descended into the 
lower parts of their orbits. 

And as it was the unavoidable consequence of the hypothesis of solid 
orbs, while it prevailed, that the comets ‘should be thrust down below the 
moon, so no sooner had the late observations of astronomers restored the 
comets to their ancient places in the higher heavens, but these celestial spaces 
were at once cleared of the incumbrance of solid orbs, which by these ob- 
servations were broke into pieces, and discarded for ever. 

Whence it was that the planets came to be retained within any certain 
bounds in these free spaces, and to be drawn off from the rectilinear courses, 
which, left to themselves, they should have pursued, into regular revolu- 
tions in curvilinear orbits, are questions which we do not know how the 
“ancients explained; and probably it was to give some sort of satisfaction 
to this difficulty that solid orbs were introduced. 

The later philosophers pretend to account for it either by the action of 
certain vortices, as Kepler and Des Cartes ; or by some other principle of 
impulse or attraction, as Borelli, Hooke, and others of our nation ; for, 
from the laws of motion, it is most certain that these effects must proceed 
from the action of some force or other. 

But our purpose is only to trace out the quantity and properties of this 
force from the phenomena (p. 21S), and to apply what we discover in some 
simple cases as principles, by which, in a mathematical way, we may esti- 
mate the effects thereof in more involved cases: for it would be endless and 
impossible to bring every particular to direct and immediate observation. 

We said, in a mathematical way, to avoid all questions about the na- 
ture or quality of this force, which we would not be understood to deter- 
mine by any hypothesis; and therefore call it by the general name of a 
centripetal force, as it is a force which is directed towards some centre; 
and as it regards more particularly a body in that centre, we call it circum- 
solar, circum-terrestrial, circum-jovial; and in like manner in respect of 
other central bodies, 

That by means of centripetal forces the planets may be retained in cer- 
tain orbits, we may easily understand, if we consider the motions of pro- 
jectiles (p. 75, 76, 77); for a stone projected is by the pressure of its own 
weight forced out of the rectilinear path, which by the projection alone it 
should have pursued, and made to describe a curve line in the air; and 
through that crooked way is at last brought down to the ground; and the 
greater the velocity is with which it is projected, the farther it goes before 
it falls to the earth. We may therefore suppose the velocity to be so in 
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creased, that it would describe an arc of 1, 2, 5, 10, 100, 1000 miles before 
it arrived at the earth, till at last, exoceding the limite of the earth, it 
sheuld pass quite by without touching it. 

Let AFB represent the surface of the earth, C its centre, VD, VE, VF, 
the curve linee which a body would describe, if projected in an horizontal 
direction from the top of an high mountain successively with more and 


E—— 


—! 





more velocity (p. 400); and, because the celestial motions are scarcely re- 
tarded by the little or no resistance of the spaces in which they are per- 
formed, to keep up the parity of cases, let us suppose either that there is 
nó air about the earth, or at least that it is endowed with little or no power 
of resisting; and for the same reason tl at the body projected with a less 
velocity describes the lesser arc VD, and with a greater velocity the greater 
arc VE. and, augmenting the velocity, it goes farther and farther to F and 
G, if the velocity was still more and more augmented, it would reach at 
last quite beyond the circumference of the earth, and return to the moun- 
tain from which it was projected. 

And since the areas which by this motion it describes by a radius drawn 
to the centre of the earth are (by Prop. 1, Book 1, Princip. Math.) propor- 
tional to the times in which they are described, its velocity, when it returns 
*o the mountain, will be no less than it was at first; and, retaining the 
same velocity, it will describe the same curve over and over, by the same law 
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But if we now imagine bodies to be projected in the directions of lines 
parallel to the horizon from greater heights, as of 5, 10, 100, 1000, or more 
miles, or rather a3 many semi-diameters of the earth, those bodies, accord- 
ing to their different velocity, and the different force of gravity in different 
heights, will describe arcs either concentric with the earth, or variously 
eccentric, and go on revolving through the heavens in those trajectories, 
just as the planets do in their orba. 

As when a stone is projected obliquely, that is, any way but in the per- 
pendicular direction, the perpetual deflection thereof towards the earth 
from the right line in which it was projected is a proof of its gravitation 
to the earth, no less certain than its direct descent when only suffered to 
fall freely from rest; so the deviation of bodies moving in free spaces from 
rectilinear paths, and perpetual deflection therefrom towards any place, is 
a sure indication of the existence of some force which from all quarters 
impels those bodies towards that place. 

And as, from the supposed existence of gravity, it necessarily follows 
that all bodies about the earth must press downwards, and therefore must 
either descend directly to the earth, if they are let fall from rest, or at 
least perpetually deviate from right lines towards the earth, if they are 
projected obliquely; so from the supposed existence of a force directed to 
any centre, it will follow, by the like necessity, that. all bodies‘upon which 
this force acts must either descend directly to that centre, or at least devi- . 
ate perpetually towards it from right lines, if otherwise they should have | 
moved obliquely in these right lines. 

And how from the motions given we may infer the πο or from the 
forces given we may determine the motions, is shewn in the two first Books 
of our Pr inciples of Philosophy. 

If the earth is supposed to stand still, and the fixed stars to be revolved 
in free spaces in the space of 24 hours, it is certain the forces by which 
the fixed stars are retained in their orbs are not directed to the earth, but 
to the centres of the several orbs, that is, of the several parallel circles, 
which the fixed stars, declining to one side and the other from the equator, 
describe daily ; also that by radii drawn to the centres of those orba the 
fixed stars describe areas exactly proportional to the times of description. 
Then, because the periodic times are equal (by Cor. III, Prop. IV, Book 1), 
it follows that the centripetal forces are as the radii of the several orbs, 
and that they will perpetually revolve in the same orbs. And the like 
consequences may be drawn from the supposed diurnal motion of the 
planets. 

That forces should be directed to no body on which they physically de- 
pend, but to innumerable imaginary points in the axis of the earth, is an 
hypothesis too incongruous. It is more incongruous still that those forces 
should increase exactly in proportion of the distances from this axis; for 
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this is an indi ation of an increase to immensity, or rather to infinity; 
whereas the forces of natural things commonly decrease in receding from 
the fountain from which they flow. But, what is yet more absurd, neither 
are the areas described by the same star proportional to the times, nor are 
its revolutions performed in the same orb; for as the star recedes from the 
neighbouring pole, both areas and orb increase; and from the increase of 
the area it is demonstrated that the forces are not directed to the axis of 
the earth. And this difficulty (Cor. 1, Prop. II) arises from the twofold 
motion that is observed in the fixed stars, one diurnal round the axis of 
the earth, the other exccedingly slow round the axis of theecliptic. And 
the expiication thereof requires a composition of forces so perplexed and 
so variable, that it is hardly to be reconciled with any physical theory. 
That there are centripetal forces actually directed to the bodies.of the 


sun, of the earth, and other planets, I thus infer. 


The moon revolves about our earth, and by radii drawn to its centre 
(p. 390) describes areas nearly proportional to the times in which they are 
described, as is evident from its velocity compared with its apparent diame- 
ter; for its motion is slower when its diameter is less (and therefore its 
distance greater), and its motion is swifter when its diameter is. greater. 

The revolutions of the satellites of Jupiter about that planet are more 
regular (p. 386) ; for they describe circles concentric with Jupiter by equa- 
ble motions, as exactly as our senses can distinguish. 

And so the satellites of Saturn are revolved about this planet with mo- 
tions nearly (p. 387) circular and equable, scarcely disturbed by any eccen- 
tricity hitherto observed. 

That Venus and Mercury are revolved about the sun, is demonstrable 
from their moon-like appearances (p. 388): when they shine with a full 
face, they are in those parts of their orbs which in respect of the earth lie 
beyond the sun; when they appear half full, they are in those parts which 


_ lie over against the sun; when horned, in those parts. which lie between 


the earth and the sun; and sometimes they pass over the sun’s disk, when 
directly interposed between the earth and the sun. 
And Venus, with a motion almost uniform, describes an orb nearly’ cir- 


cular and concentric with the sun. 


But Mercury, with a more eccentric motion, makes remarkable. ap- 
proaches to the sun, and goes off again by turns ; but it is always swifter 
as it is near to the sun, and therefore by a radius drawn to the sun still 
describes areas proportional to the times. 

Lastly, that the earth describes about the sun, or the sun about the 
earth, by a radius from the one to the other, areas exactly proportional to ' 
the times, is demonstrable from the apparent diameter of the sun com- 
pared with its apparent motion. 

These are astronomical experiments; from which it follows, by Prop. I, 
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IL, ILI, in the first Book of our Principles, and their Corollaries (p. 212, 
213, 214). that there are centripetal forces actually directed (either accu- 
rately or without considerable error) to the centres of the earth, of Jupi- 
ter, of Saturn, and of the sun. In Mercury, Venus, Mars, and the lesser 
planets, where experiments are wanting, the arguments from analogy must 
be allowed in their place. 

That those forces (p. 212, 213, 214) decrease in the duplicate propor- 
tion of the distances from the centre of every planet, appears by Cor. VI, 
Prop. IV, Book 1; for the periodic times of the satellites of Jupiter are 
one to another (p. 386, 387) in the sesquiplicate proportion of their dis- 
tances from the centre of this planet. 

This proportion has been long ago observed in those satellites; and Mr. 
F'lamsted, who had often measured their distances from Jupiter by the 
micrometer, and by the eclipses of the satellites, wrote to me, that it holds 
co all the accuracy that. possibly can be discerned by our senses. And he 
sent me the dimensions of their orbits taken by the micrometer, and re- 
duced to the mean distance of Jupiter from the earth, or from the sun, 
*ogether with the times of their revolutions, as follows :— 

The greatest elo, 

gation of the sate- 

lites from thecen-| The periodic 
tre of Jupiter as| times of their 
seenfromthesun.| revolutions. 

Ist 148 or 108 : 18 28 . 36 
2d 301 or 181 |.13 17 54 


1 
3 
3d 4 46 or 286 7 03 59 36 
4th 8 134 or 4934! 16 18 5 13 





Wher ce the sesquiplicate proportion may be easily seen. For example; 
the 16° 185, 05' 13” is to the time 12. 190. 28' 36" as 4931" x y 4931" 
to 106 x ν 108”, neglecting those small fractions which, in observing, 
cannot .,6 certainly απο σι 
Befa: e the invention of the micrometer, the same ‘distances were deter- 
mined ? ν semi-diameters of Jupiter thus :— 


Distance of the 1st | 2d | 3d | 4th 
By Galileo, . . . 6 |10 | 16] 28 
* Simon Manus . 6 |10 | 16 | 26 
“ Cassini. . . 5 8 | 13 | 23 
* Borelli, more ex- 
actly . . . 53g | 824 | 14 | 24% 


After the invention of the micrometer :-— 


By Townley . . . 5,51 |8,78 [13,47 |24,72 
Flamsted , . . δ) 31 |8,85 |13, 98 24, 23 
More accurately b 


the eclipses 5,51818,876|14.159|24,803 
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And the periodic times of those satellities, hy the observations of Mr. 
Flamsted, are 14. 18», 28’ 36” | 3". 13". 17' 54" | 74. 85, 59' 36" | 164. 
190, 5’ 13", as above. 

And the distances thence computed are 5,578 | 8,978 | 14,168 | 24,968, 
accurately agreeing with the distances by observation. 

Cassini assures us (p. 388, 389) that the same proportion is observed . 
.inthe circum-saturnal planets. But a longer course of observations is 
required before we can have a certain and accurate theory of those planets. 

In the circum-solar planets, Mercury and Venus, the same proportion 
holds with great accuracy, according to the dimensions of their orbs, as 
determined by the observations of the best astronomers. 

That Mars is revolved about the sun is demonstrated from the phases 
which it shews, and the proportion of its apparent diameters (p. 388, 389, 
and 390); for from its appearing full near cenjunction with the sun, and 
gibbous in its quadratures, it is certain that it surrounds the sun. 

And since its diameter appears about five times greater when in opposi- 
tion to the sun than when in conjunction therewith, and ita distance from - 
the earth is reciprocally as its apparent diameter, that distance will be . 
about five times less when in opposition to than when in conjunction with 
the sun; but in both cases its distance from the' sun will be nearly about 
the same with the distance which is inferred from its gibbous appearance 
in the quadratures. And as it encompasses the sun at almost equal dist n- 
ces, but in respect of the earth is very unequally distant, so by radii drawn 
to the sun it describes areas nearly uniform ; but by radii drawn to the 
earth, it is sometimes swift, sometimes stationary, and sometimes retrograde. 

That Jupiter, in -a higher orb than Mars, is likewise revolved about the 
sun, with a motion nearly equable, as well in distance as in the areas des- 
eribed, I infer thus. 

Mr. Flamsted assured me, by ies that all the eclipses of the inner- 
most satellite which hitherto have been well observed do agree with his 
theory so nearly, as never to differ therefrom by two minutes of time; 
that in the outmost the error is little greater; in the outmost but one, 
scarcely three times greater; that in the innermost but one the difference 
is indeed much greater, yet so as to agree as nearly with his compufationz . 
as the moon does with the common tables; and that he computes those 
eclipses only from the mean motions corrected by the equation of light dis- 
covered and introduced by Mr. Romer. Supposing, then, that the theory 
differs by a less error than that of 2 from the muon of the outmost sat- 
ellite as hitherto described, and taking as the periodic time 16%. 185, 5' 13" 
to 2: in time, so is thé whole circle or 360° to the arc 1’ 48”, the error οἱ 
Mr.. Flamsted’s computation, reduced to the satellite's orbit, will be less 
than 1’ 4S"; that is, the longitude of the satellite, as scen from the centre 
of Jupiter, will be determined with a leas error than 1’ 48". But when 
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the satellite isin the middle of the shadow, that longitude is the same with 
the heliocentric longitude of Jupiter; and, therefore, the hypothesis which 
Mr. Flamsied follows, viz., the Copernican, as improved by Kepler, and 
(as to the motion of Jupiter) lately corrected by himself, rightly represents 
that longitude within a less error than 1’ 48”; but by this longitude, to- 
gether with the geocentric longitude, which is always easily found, the dis- 
tance of Jupiter from the sun is determined ; which must, therefore, be the 
very same with that which the hypothesis exhibits. For that greatest error 
of 1’ 48” that can happen in the heliocentric longitude is almost insensi- 
ble, and quite to be neglected, and perhaps may arise from some yet undis- 
covered eccentricity of the satellite: but since both longitude and distance 
are rightly determined, it follows of necessity that Jupiter, by radii drawn 
to the sun, describes areas so conditioned as the hypothesis requires, that is, 
proportional to the times. 

And the same thing may be concluded of Saturn from his satellite, by 
the observations of Mr. Huygens and Dr. Halley ; though a longer series 
of observations is yet wanting to confirm the thing, and to bring it under 
a sufficiently exact computation. 

For if Jupiter was viewed from the sun, it would never appear retro- 
grade nor stationary, as it 1s seen sometimes from the earth, but always to 
go forward with a motion nearly uniform (p. 389). And from the very 
great inequality of its apparent geocentric motion, we infer (by Prop. 111 
Cor. IV) that the force by which Jupiter is turned out of a rectilinear course, 
and made to revolve in an orb, is not directed to the centre of the earth. 
And the same argument holds good in Mars and in Saturn. Another centre 
of these forces is therefore to be looked for (by Prop. Ii and III, and the 
Corollaries of the latter) about which the areas described by radii inter- 
vening may be equable; and that this is the sun, we have proved already : 
in Mars and Saturn nearly, but accurately enough in Jupiter. It may be 
alledged that the sun and planets are impelled by some other force equally 
and in the direction of parallel lines; but by such a force (by Cor. VI ot 
the Laws of Motion) no change would happen in the situation of the 
planets one to another, nor any sensible effect follow : but our business is 
with the causes of sensible effects. Let us, therefore, neglect every such 
force as imaginary and precarious, and of no use in the phenomena of the 
heavens; and the whole remaining force by which Jupiter is impelled will 
be directed (by Prop. III, Cor. T) to the centre of the sun. 

'The distances of the planets from the sun come out the same, whether, 
with Tycho, we place the earth in the centre of thesystem, or the sun with 
Copernicus : and we have already proved that these distances are true ir 
Jupiter. | | 

. Kepler and Bullialdus have, with great care (p. 388), determined the 
listances of the planeta from the sun; and hence it is that their tables 
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agree best with the heavens. And in all the planets, in Jupiter and Mara, 
. jn Saturn and the earth, as well as in Venus and Mercury, the cubes of their 
distances are as the squares of their periodic times; and therefore (by Cor. 
VI, Prop. IV) the centripetal circum-solar force throughout all the plane- 
tary regions decreases in the duplicate proportion of the distances from the 
sun. In examining this proportion, we are to use the mean distances, or 
the transverse semi-axes of the orbits (by Prop. XV). and to neglect those 
little fractions, which, in defining the orbits, may have arisen from the in- 
sensible errors of observation, or may be ascribed to other causes which we 
shall afterwards explain. And thus we shall always find the said propor- 
tion to hold exactly; for the distances of Saturn, Jupiter, Mars, the Earth, 
Venus, and Mercury, from the sun, drawn from the observations of as- 
tronomers, are, according to the computation of Kepler, as the numbers 
951000, 519650, 152350, 100000, 72400, 35806; by the computation of 
Bullialdus, as the numbers 954198, 522520, 152350, 100000, 7239S, 
38585; and from the periodic times they come out 953806, 520116, 152399, 
100000, 72333, 38710. ‘Their distances, according to Kepler and 
Bullialdus, scarcely differ by any sensible quantity, and where they 
differ most the distances drawn from the periodic times, fall in between them. 

‘That the circum-terrestrial force likewise decreases in the duplicate pro- 
portion of the distances, I infer thus. 

'The mean distance of the moon from the centre of the earth, is, i in semi- 

diameters of the earth, according to Ptolemy, Kepler in his Ephemerides, 
| Bullialdus, Hevelius, and Ricciolus, 59; according to Flamsted, 591 ; 
according to Tycho, 561; to Vendelin, 60; to Copernicus, 601; to Kir- 
cher, 621 (p. 391, 392, 393). 
. But Tycho, and all that follow his tables of refraction, making the 
refractions of the sun and moon (altogether against the nature of light) 
to exceed those of the fixed stars, and that by about four or five minutes 
in the horizon, did thereby augment the horizontal parallax of the moon 
by about the like number of minutes; that is, by about the 12th or 15th 
part of the whole parallax. Correct this error, and the distance will be- 
come 60 or 61 semi-diameters of the earth, nearly agreeing with what 
others have determined. 

Let us, then, assume the mean distance of the moon 60 semi-diameters 
of the earth, and its periodic time in respect of the fixed stars 274. 7%, 49’, 
as astronomers have determined it. And (by Cor. VI, Prop. IV) a body 
revolved in our air, near the surface of the earth supposed at rest, by - 
means of a centripetal force which should be to the same force at the dis- 
tance of the moon in the reciprocal duplicate proportion of the distances - 
from the centre of the earth, that is, as 3600 to 1, would (secluding the 
resistance of the air) complete a revolution in 1^. 24’ 27". 

Suppose the circumference of the earth to be 123249600 Paris fect, ae 
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has been determined by the late mensuration of the French (vide p. 406) ; 
then the same body, deprived of its circular motion, and falling by the 
impulse of the same centripetal force as before, would, in one second of 
time, describe 15-7; Paris feet. | 

This we infer by a calculus formed upon Prop. X XXVI, and it agrees 
-with what we observe in all bodies about the earth. For by the experi- 
ments of pendulums, and a computation raised thereon, Mr. Huygens has 
demonstrated that bodies falling by all that centripetal force with which 
(of whatever nature it is) they are impelled near the surface of the earth, 
do, in one second of time, describe 15;', Paris feet. 

But if the earth is supposed to move, the earth and moon together (by 
Cor. IV of the Laws of Motion, and Prop. LVID will be revolved about 
their common centre of gravity. Ana the moon (by Prop. LX) will in 
the same periodic time, 27", 7”. 43’, with the same circum -terrestrial force 
diminished in the duplicate proportion of the distance, describe an orbit 
whose semi-diameter is to the semi-diameter of the former orbit, that 18, to — 
60 semi-diameters of the earth, as: the sum of both the bodies of the earth 
and moon tc the first of two mean proportionals between this sum and the 
body of the earth; that is, if we suppose the moon (on account of its 


mean apparent diameter 311’) to be about ,' of the earth, as 43 to 
3 


ν 42 + 48/3, or as about 128 to 127. And therefore the semi-diameter 
of the orbit, that 1s, the distance between the centres of the moon and 
earth, will in this case be 601 semi-diameters of the earth, almost the same 
with that assigned by Copernicus, which the T'ychonic observations by no 
means disprove; and, therefore, the duplicate proportion of the decrement 
of the force holds good in this distance. I have neglected the increment 
of the orbit which arises from the action of the sun as inconsiderable; 
but if that is subducted, the true distance will remain about 603 semi- 
diameters of the earth. 

But farther (p. 390); this proportion of the decrement of the forces is 
confirmed from the eccentricity of the planets, and the very slow motion 
of their apses; for (by the Corollaries of Prop. XLV) in no other pro- 
portion could the circum-solar planets once in every revoluticn descend to 
their least and once ascend to their greatest distance from the sun, and the 
places of those distances remain immoveable. A small error from the du- 
plicate proportion would produce a motion of the apses considerable in 
every revolution, but in many enormous 

But now, after innumerable revolutions, hardly any such motion has 
been perceived in the orbs of the circum-solar planets. Some astronomers 
affirm that there is no such motion; others reckon it no greater than what 
may easily arise from the causes hereafter to be ies a and is of no πιο. 
ment in the present qucstion. 
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We may even neglect the motion of the moon's apsis (p. 390, 391), which 
is far greater than in the circum-solar planets, amounting in every revolu- 
tion to three degrees; and from this motion it is demonstrable that the 
circum-terrestrial force decreases in no less than the duplicate, but far less 
than the triplicate proportion of the distance; for if the duplicate propor- 
tion was gradually changed into the triplicate, the motion of the apsis 
would thereby increase to infinity; and, therefore, by a very small muta- 
tion, would exceed the motion of the moon’s apsis. ‘This slow motion arises 
from the action of the circum-solar force, as we shall afterwards explain. 
But, secluding this cause, the apsis or apogeon of the moon will be fixed, 
and the duplicate proportion of the decrease of the circum-terrestrial force 
in different distances from the earth will accurately take place. 

Now that this proportion has been established, we may compare the 
forces of the several planets among themselves (p. 391). 

In the mean distance of Jupiter from the earth, the greatest elongation 
of the outmost satellite from Jupiter's centre (by the observations of Mr. 
Flamsted) is 8’ 13"; and therefore the distance of the satellite from the 
centre of Jupiter is to the mean distance of Jupiter from tue centre of the 
gun as 124 to 52012, but to the mean distance of Venus from the centre 
of the sun as 124 to 7234; and their periodic times are 1634, and 2242" 
and from hence (according to Cor. II, Prop. IV), dividing the distances by 
the squares of the times, we infer that the force by which the satellite is 
impelled towards Jupiter is to the force by which Venus is impelled to 
wards the sun as 442 to 143; and if we diminish the force by which the 
satellite is impelled in the duplicate proportion of the distance 124 to 
7234, we shall have the circum-jovial force in the distance of Venus from 
the sun to the circum-solar force by which Venus is impelled as ,'j to 
143, or as L to 1100; wherefore at equal distances the circum-solar force 
18 1100 times greater than the circum-jovial. 

And, by the like computation, from the periodic time of the satellite ot 
. Saturn 161,22», and its greatest elongation from Saturn, while that planet 
18 in its mean distance from us, 3’ 20", it follows that the distance.of this. 
satellite from Saturn's centre is to the distance of Venus from the sun as 
922 to 7234 ; and from thence that the absolute circum-solar force is 2360 
times greater than the absolute circum-saturnal. 

From the regularity of the heliocentric and irregularity of the geocen- 
tric motions of Venus, of Jupiter, and the other planets, it is evident (by 
Cor. IV, Prop. III) that the circum-terrestrial force. compared. with thecir- 
cum-solar, is very small. 

Ricciolus and Vendelin have severally tried to determine the sun's par- 
allax from the moon's dichotomies observed by the telescope, and they agree - 


that it does not exceed half a minute. 
Kepler, from Tycho’s observations and his own, found the parallax of 
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. Mars insensible, even in Sppos aon to the gun, when that parallax i8 some 
thing greater than the sun's. 

Flamsted attempted the same parallax with the micrometer in the peri- 
geon position of Mars, but never found it above 25”; and thence conclud- 
cd the sun’s parallax at most 10". 

Whence it follows that the distance of the moon from the earth bears 
no greater proportion to the distance of the earth from the sun than 29 to 
10000; nor to the distance of Venus from the sun than 29 to 7233. 

From which distances, together with the periodic times, by the method 
above explained, it is easy to infer that the absolute circum-soiar force 18 
greater than the absolute circum-terrestrial force at least 229400 times. 

And though we were only certain, from the observations of /icciolus 
and Vendelin, that the sun’s parallax was less than half a minute, yet from 
this it will follow that the absolute circum-solar force exceeds the absolute 
circum-terrestrial force S500 times. 

By the like computations I happened to discover an analogy, that 18 ob- 
served between the forces and the bodies of the planets; but, before I ex- 
vlain this analogy, the apparent diameters of the planets in their mean 
distances from the earth must be first determined. 

Mr. Flamsted (p. 387), by the micrometer, measured the diameter of 
Jupiter 40" or 41"; the diameter of Saturn’s ring 50" ; and the diameter 
of the sun about 32 13" (p. 337). 

But the diameter of Saturn is to the diameter of the ring, m to 
Mr. Huygens and Dr. Halley, as 4 to 9; according to Galletius, as 4 to 
10; and according to Hooke (by a telescope of 60 feet), as 5 to 12, And 
from the mean proportion, 5 to 12, the diameter of Saturn’s body is in- 
ferred about 21". | 

Such as we have said are the apparent magnitudes; but, because of the 
unequal refrangibility of light, all lucid points are dilated bv the tele- 
scope, and in the focus of the object-glass possess a circular space whose 
breadth is about the 50th part of the aperture of the glass. 

It is true, that towards the circumference the light is 3v rare as hardly 
to move the sense ; but towards the middle, where it is of greater density, 
and is sensible enough, it makes a small lucid circle, whose breadth varies 
according to the Splendor of the lucid point. but is generally about the 3d, 
or Ath, or 5th part of the breadth of the whole. 

Let ABD represent the circle of the whole light; PQ the mall circle . 
of the denser and clearer light; C the centre of both; CA, CB, semi-di- 
ameters of the greater circle containing a right angle at C; ACBE the 
square comprehended under these semi-diameters; AB the diagonal of that 
square; EGH an hyperbola with the centre C and asymptotes CA; CB 
PG a perpendicular erected from any point P of the line BC, and meeting 
the hyperbola in G, and the right lines AB, AE, in K and F: and the 
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density of the light in any place P, will, by iny computation, be as the 
line FG, and therefore at the centre infinite, but near the circumference 
very small, And the whole light within the small circle PQ is to the 
whole without..as the area of the quadrilateral figure CAKP to the trian- 








ἂν 


gle PKB. And we are to understand the small circle PQ to te there 
terminated, where FG, the density of the light, begins to be less than what 
i8 required to move the sense. 

Hence it was, that, at the distance of 191995 feet, a fire of ὃ feet in di- 
ameter, through a telescope of 3 feet, appeared to Mr. Picart of S" in 
breadth, when it should have appeared only of 3" 14"'; and hence it is 
that the brighter fixed stars appear through the telescope as of 5” or 6" in 
diameter, and that with a good full light; but with a fainter light they 
appear to run out to a greater breadth. Hence, likewise, it was that He- 
velius, by diminishing the aperture of the telescope, did cut off a grcat part 
of the light towards the circumference, and brought the disk of the star to 
be more distinctly defined, which, though hereby diminished, did yet ap- 
pear as of 5" or 6" in diameter. But Mr. Huygens, only by clouding the 
eye-glass with a little smoke, did so effectually extinguish this scattered 
light, that the fixed stars appeared as mere points, void of all sensible 
breadth. Hence also it was that Mr. Huygens, from the breadth of bodies 
interposed to intercept the whole light of the planets, reckoned their diam- 
eters greater than others have measured them by the micrometer; for the 
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acattered light, which could not be seen before for the stronger light of the 
planet, when the planet is hid, appears every way farther spread. ‘Lastly, 
from hence it is that the planets appear so small in the disk of the sun, 
being lessened by the dilated light. For to Hevelius, Galletius, and Dr. 
Halley, Mercury did not seem to exceed 12” or 15”; and Venus appeared 
to Mr. Crabtree only 1’ 3"; to Horror but 1’ 12"; though by the men- 
surations of Hevelius and Hugenius without the sun's disk, it ought to . 
have been seen at least 1’ 24", Thus the apparent diameter of the moon, 
which in 1684, a few days both before and after the sun’s eclipse, was 
measured at the observatory of Paris 31’ 30", in the eclipse itself did not 
seem to exceed 30’ or 90’ 05"; and therefore the diameters of the planets 
are to be diminished when without the sun, and to be augmented when 
within it, by some seconds. But the errors seem to be less than usual in 
the mensurations that are made by the micrometer. So from the diameter 
of the shadow, determined by the eclipses of the satellites, Mr. Flamsted 
found that the semi-diameter of Jupiter was to the greatest elongation of 
the outmost satellite as 1 to 24,903. Wherefore since that elongation is 
8’ 13”, the diameter of Jupiter will be 391”; and, rejecting the scattered 
light, the diameter found by the micrometer 40" or 41" will be reduced to 
391"; and the diameter of Saturn 21” is to be diminished by the like cor- 
rection, and to be reckoned 20", or something less. But (if I am not mis- 
taken) the diameter of the sun, because of its stronger light, is to be dimin- 
ished something more, and to be reckoned about 32', or 32' 6". 

That bodies so different in magnitude should come so near to an analogy 
with their forces, is not without some mystery (p. 400). 

It may be that the remoter planets, for want of heat, have not thoge me- 
tallic substances and ponderous minerals with which our earth abounds; 
and that the bodies of Venus and Mercury, as they are more exposed to the: 
guns heat, are also harder baked, and more compact. 

For, from the experiment of the burning-glass, we see that the heat in- 
creases with the density of light; and this density increases in the recipro- 
cal duplicate proportion of the distance from the sun; from whence the 
san’s heat in Mercury is proved to be sevenfold its heat in our summer 
Seasons. But with this heat our water boils; and those heavy fluids, quick- 
silver and the spirit οἵ vitriol, gently evaporate, as I have tried by the 
thermometer; and therefore there can be no fluids in Mercury but what 
are heavy, and able to bear a great heat, and from which substances of great 
density may be nourished. 
` And why not, if God has placed different bodies at different distances 
from the sun, so as the denser bodies always possess the nearer places, and 
cach body enjoys a degree of heat suitable to its condition, and proper for 
its nourishment? From this consideration it will best appear that the 
weights of all the planets are one to another as their forces. 
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But I should be glad the diameters of the planets were more accurately 
measured ; and that may be done, if a lamp, set at a great distance, is made 
to shine through a circular hole, and both the hole and the light of the 
lainp are so diminished that the spectrum may appear through the telescope 
just like the planet, and may be defined by the same measure: then the 
diameter of the hole will be to its distance from the objective glass as the 
true diameter of the planet to its distance from us. The light of the lamp 
may be diminished by the interposition either of pieces of cloth, or of 
smoked glass. : 

Of kin to the analogy we have been describing, there i8 another observed 
between the forces and the bodies attracted (p. 395, 396, 397). Since the 
action of the centripetal force upon the planets decreases in the duplicate 
proportion of the distance, and the periodic time increases in the sesquipli- 
cate thereof, it is evident that the actions of the centripetal force, and 
therefore the periodic times, would be equal in equal planets at equal dis- 
tances from the sun; and in equal distances of unequal planets the total 
actions of the centripetal force would be as the bodies of the planets; for 
. if the actions were not proportional to the bodies to be moved, they could 
not equally retract these bodies from the tangents of their orbs in equal 
times: nor could the motions of the satellites of Jupiter be so regular, if it 
was not that the circum-solar force was equally exerted upon Jupiter and 
all its satellites in proportion of their several weights. And the same thing 
is to be said of Saturn in respect of its satellites, and of our earth in re- 
spect of the moon, as appears from Cor. IL and IIl, Prop. LXV. And, 
therefore, at equal distances, the actions of the centripetal force are equal 
upon all the planets in proportion of their bodies, or of the quantities of 
matter in their several bodies; and for the same reason must be the same 
upon all the particles of the same size of which the planet is composed ; for 
if the action was greater upon some sort of particles than upon others than 
in proportion to their quantity of matter, it would be also greater or less 
upon.the whole planets not in proportion to the quantity only, but like- 
wise of the sort of the matter more copiously found in one and more 
sparingly in another. 

, In such bodies as are found on our earth of very different sorts, I exam- 
ined this analogy with great accuracy (p. 343, 944). 

If the action of the circum-terrestrial force is proportional to the bodies 
to be moved, it will (by the Second Law of Motion) move them with equal 
velocity in equal times, and will make all bodies let fall to descend through 
equal spaces in equal times, and all bodies hung by equal threads to vibrate 
in equal times. If the action of the force was greater, the times would be 
less; if that was less, these would be greater. 

But it has been long ago observed by others, that (allowance being made 
for the small resistance of the air) all bodies descend through equal spaces 
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in equal times; and, by the help of pendulums, that ολ, of times may 
be distinguished to great exactness. 

I tried. the thing in gold, silver, lead, glass, sand, common salt wood, . 
water, and wheat. Ἶ provided two equal wooden boxes. I filled the one 
with wood, and suspended an equal weight of gold (as exactly as I could) 
in the centre of oscillation of the other. The boxes, hung by equal threads 
of 11 feet, made a couple of pendulums perfectly equal in weight and fig- 
ure, and equally exposed to the resistance of the air: and, placing the one 
by the other, I observed them to play together forwards and backwards for 
a long while, with equal vibrations. And therefore (by Cor. l and VI, 
Prop. X XIV, Book II) the quantity of matter in the gold was to the quan- 
tity of matter in the wood as the action of the motive force upon all the 
gold to the action of the same upon all the wood; that is, as the weight of 
the one to the weight of the other. 

And by these experiments, in bodies of the same weight, could have dis- 
covered a difference of matter less than the thousandth part of the whole. 

Since the action of the centripetal force upon the bodies attracted is, at 
equal distances, proportional to the quantities of matter in those bodies, 
reason requires that it should be also proportional to the quantity of mat- 
ter in the body attracting. 

For all action is mutual, and (p. 83, 93, by the Third Law of Motion) 
makes the bodies mutually to approach one to the other, and therefore must 
be the same in both bodies. [t is true that we may consider one body ae 
attracting, another as attracted; but this distinction is more mathematical] 
than natural. The attraction is really common of either to other, and 
therefore of the same kind in both. | 

And hence it is that the attractive force is found in both. The sun at- 
tracts Jupiter and the other planets; Jupiter attracts its satellites; and, 
for the same reason, the satellites act as well one upon another as upon Ju- 
piter, and all the planets mutually one upon another. 

And though the mutual actions of two planets may be distinguished 
and considered as two, by which each attracts the other, yet, as those ac- 
tions are intermediate, they do not make two but one operation between 
two terms. Two bodies may be mutually attracted each to the other by 
the contraction of a cord interposed. ‘There is a double cause of action, 
to wit, the disposition of both bodies, as well as a double action in so far 
as the action 1s considered as upon two bodies; but as betwixt two bodies 
it is but one single one. It is not one action by which the sun attracts 
Jupiter, and another by which Jupiter attracts the sun; but it is one ac- 
tion by which the sun and Jupiter mutually endeavour to approach each 
the other. By the action with which the sun attracts Jupiter, Jupiter and - 
the sun endeavours to come nearer together (by the Third Law of Mo- 
tion); and by the action with which Jupiter attracts the sun, likewise Ju- 
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ο piter and. the sun endeavor to come nearer together, . But the sun is not 
attracted towards Jupiter by a twofold action, nor Jupiter by a twofold 
action towards the sun; but it is one single intermediate action, by which 
both approach: nearer together. 

"Thus iron draws the load-stone (p. 93), as well as the load-stone 
draws the iron ; for all iron in the neighbourhood of the load-stone draws 
other iron. But the action betwixt the load-stone and iron is single, and 
is considered as single by the philosophers. "The action of iron upon the 
load-stone, is, indeed, the action of the load-stone betwixt itself and the 
iron, by which both endeavour to come nearer together: and so it mani- 
festly appears; for if you remove the load-stone, the whole force of the 
iron almost ceases. 

In this sense it is that we are to conceive one single action to be ex- 
erted betwixt two planets, arising from the conspiring natures of both: 
and this action standing in the same relation to both, if it is proportional 
to the quantity of matter in the one, it will be also proportional to the 
quantity of matter in the other. 

Perhaps it may be objected, that, according to this philosophy (p. 39S), 
all bodies should mutually attract one another, contrary to the. evidence 
of experiments in terrestrial bodies; but Į answer, that the experiments in 
terrestrial bodies come to no account; for.the attraction of homogeneous 
spheres near their surfaces are (by Prop. LX XII) as their diameters. 
Whence a sphere of one foot in diameter, and of a like nature to the 
earth, would attract. a small body placed near its surface with a force 
20000000 times less than the earth would do if placed near its surface; 
but so small a force could produce no sensible effect. If two such spheres 
were distant but by } of an inch, they would not, even in spaces void of 
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resistance, come together by the force of their mutual attraction in leas 
than a month's time; and less spheres will come together at a rate yet 
slower, viz, in the proportion of their diameters. Nay, whole mountains 
will not be sufficient to produce any sensible effect. A mountain of an 
hemispherical figure, three miles high, and six broad, will not, by its at- 
traction, draw the pendulum two minutes out of the true perpendicular ; 
und it is only in the great bodies of the planets that these forces are to be 
perceived, unless we may reason about smaller bodies in manner following. 

Let ABCD (p. 93) represent the globe of the carth cut by any plane 
AC into two parts ACB, and ACD. The part ACB bearing upon the 
part ACD presses it with its whole weight; nor can the part ACD sustain 
this pressure and continue unmoved, if it is not opposed by an equal con- 
trary pressure. And therefore the parts equally press each other by their 
weights, that is, equally attract each other, according to the third Law of 
Motion ; and, if separated and let go, would fall towards each other with 
velocities reciprocally as the bodies. All which we may try and see in the 
load-stone, whose attracted part does not propel the part attracting, but 18 
only stopped and sustained thereby. 

Suppose now that ACB represents some small body on the earth’s sur- 
face; then, because the mutual attractions of this particle, and of the re- 
maining part ACD of the earth towards each other, are equal, but the 
attraction of the particle towards the eartb (or its weight) is as the matter 
of the particle (as we have proved by the experiment of the pendulums), 
the attraction of the earth towards the particle will likewise be as the 
= matter of the particle; and therefore the attractive forces of all terres- 
trial bodies will be as their several quantities of matter. 

The forces (p. 396), which are as the matter in terrestrial bodies of all 
forms, and therefore are not mutable with the forms, must be found in all 
sorts of bodies whatsoever, celestial as well as terrestrial, and be in all 
. proportional to their quantities of matter, because among all there is no 
difference of substance, but of modes and forms only. But in the celes- 
tial bodies the same thing is likewise proved thus. We have shewn that 
the action of the circum-solar force upon all the planets (reduced to equal 
distances) is as the matter of the planets; that the action of the circum- 
jovial force upon the satellites of Jupiter observes the same law; and the 
same thing is to be said of the attraction of all the planets towards every 
planet: but thence it follows (by Prop. LXIX) that their attractive forces 
are as their several quantities of matter. 

As the parts of the earth mutually attract one another, so do those of 
all the planets. If Jupiter and its satellites were brought together, and 
formed into one globe, without doubt they would continue mutually to 
attract cne another as before. And, on the ether hand, if the body of 
Jupiter was broke into more globes, to be sure, these would no less attract 
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one another than they do the satellites now. From these attractions it is 
that the bodies of the earth and all the planets effect a spherical figure, and 
their parts cohere, and are not dispersed through the ether. But we have 
before proved that these forces arise from the universal nature of matter 
(p. 395), and that, therefore, the force of any whole globe is made up of - 
the several forces of all its parts. And from thence it follows (by Cor. 
11, Prop. LX XIV) that the force of every particle decreases in the dupli- 
cate proportion of the distance from that particle; and (by Prop. LX XIII 
and LX XV) that the force of an entire globe, reckoning from the surface 
outwards, decreases in the duplicate, but, reckoning inwards, in the sim- 
ple proportion of the distances from the centres, if the matter of the globe 
be uniform. And though the matter of the globe, reckoning from the 
centre towards the surface, is not uniform (p. 398, 399), yet the decrease in 
_ the duplicate proportion of the distance outwards would (by Prop. LX XVI) 
take place, provided that difformity is similar in places round about at 
equal distances from the centre. And two such globes will (by the same 
Proposition) attract one the other with a force decreasing in the duplicate 
proportion of the distance between, their centres. 

Wherefore the absolute force of every globe is as the quantity of matter 
which the globe contains; but the motive force by which every globe is 
attracted towards another, and which, in terrestrial bodies, we commonly - 
_call their weight, 18 as the content under the quantities of matter in both 
globes applied to the square of the distance between their centres (by Cor. . 
IV, Prop. LX XVI), to which force the quantity of motion, by which each κ 
globe in agiven time will be carried towards the other, is proportional. 
And the accelerative force, by which every globe according to its quantity 
: of matter is attracted towards another, 18 as the quantity of matter in that 
other globe applied to the square of the distance between the centres of 
the two-(by Cor. II, Prop. LX XVI); to which force, the velocity by which 
the attracted globe will, in a given time, be carried towards the other 18 — 
proportional, And from these principles well understood, it will be now 
easv to determine the motions of the celestial bodies among themselves. 

From comparing the forces of the planets one with another, we have 
above seen that the circum-solar does more than a thousand times exceed 
all the rest; but by the action of a force so grea} it is unavoidable but that 
all bodies within, nay, and far beyond, the bounds of the planetary system 
must descend directly to the sun, unless by other motions they are impelled 
towards other parts: nor is our earth to be excluded from the number of - 
such bodies; for certainly the moon is a body of the same nature with the 
planets, and subject to the same attractions with the other planets, seeing 
it is by the circum-terrestrial force that it is retained in its orbit. But 
that the earth and moon are equally attracted towards the sun, we have 
above proved; we have likewise before proved that all bodies are subject to 
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the said common laws of attraction. Nay, supposing any of those bodies 
to be deprived of its circular motion about the sun, by having its distance 
from the sun, we may find (by Prop. XXXVI) in what space of time it 
would in its descent arrive at the sun; to wit, in half that periodic time in 
which the body might be revolved at one half of its former distance; or in 
a space of time that is to the periodic time of the planet as 1 to 4/2; as 
that Venus in its descent would arrive at the sun in the space of 40 days, 
Jupiter in the space of two years and one month, and the earth and moon 
together in the space of 66 days and 19 hours. But, since no such thing 
lappens, it must needs be, that those bodies are moved tewards other parts 
(p. 75), nor is every motion sufficient for this purpose. Το hinder such a 
descent, a due proportion of velocity is required. And hence depends the 
^ force of the argument drawn from the retardation of the motions of the 
planets. Unless the circum-solar force decreased in the duplicate ratio of 
their increasing slowness, the excess thereof would force those bodies to de- 
scend to the sun; for instance, if the motion (ceteris paribus) was retarded 
by one half, the planet would be retained in its orb by one fourth of the 
former circum-solar force, and by the excess of the other three fourths 
would descend to the sun. And therefore the planets (Saturn, Jupiter, 
Mars, Venus, and Mercury) are not really retarded in their perigees, nor 
become really stationary, or regressive with slow motions. All these are 
but apparent, and the absolute motions, vy which the planets continue to 
revolve in their orbits, are always direct, and nearly equable. But that 
such motions are performed about the sun, we have already proved; and 
therefore the sun, as the centre of the absolute motions, is quiescent. For 
we can by no means allow quiescence to the earth, lest the planets in their 
perigees should indeed be truly retarded, and become truly stationary and 
regressive, and so for want of motion should descend to the sun. But 
farther; since the planets (Venus, Mars, Jupiter, and the rest) by radi? 
drawn to the sun describe regular orbits, and areas (as we have shewii) 
nearly and to sense proportional to the times, it follows (by Prop. III, and 
Cor. III, Prop. LXV) that the sun is moved with no notable force, unless 
perhaps with such as all the planets are equally moved with, according to 
their several quantities of matter, in parallel lines, and so the whole sys- 
tem is transferred in right lines. Reject that translation of the whole 
system, and the sun will be almost quiescent in the centre thereof. If the 
gun was revolved about the carth, and carried the other planets round about 
itself, the earth ought to attract the sun with a great force, but the cir- 
cum-solar planets with no force producing any sensible effect, which is 
contrary to Cor. III, Prop. LXV. Add to this, that if hitherto the earth, 
because of the gravitation of its parts, has been placed by most authors in 
the lowermost region of the universe; now, for better reason, the sun pos- 
sessed of a centripetal force exceeding our terrestrial gravitation a thousand 
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times und more, ought to be depressed into the lowermost place, and to be 
held for the centre of the system. And thus the true disposition of the 
. whole system will be more fully and more exactly understood. 

Because the fixed stars are quiescent one in respect of another (p. 401, 
402), we may consider the aun, earth, and planets, a3 one system of bodies 
carried hither and thither by various motions among themselves; and the 

‘common centre of gravity of all (by Cor. IV of the Laws of Motion) will 
either be quiescent, or move uniformly forward in a right line: in which 
case the whole system will likewise move uniformly forward in right lines. 
But this is an hypothesis hardly to be admitted; and, therefore, setting it 
aside, that common centre will be quiescent: and from it the sun is never 
far removed. ‘The common centre of gravity of the sun and Jupiter falls 
on the surface of the sun; and though all the planets were placed towards 

the saine parts from the sun with Jupiter the common centre of the sun 
und all of them would scarcely recede twice as far from the sun’s centre; 
and, therefore, though the sun, according to the various situation of the 
planeta, 18 variously agitated, and always wandering to and fro with a slow 
motion of libration, yet it never recedes one entire diameter of its own boay 
from the quiescent centre of the whole system. But from the weights of 

. the sun and planets above determined, and the situation of all among them- 

selves, their common centre of gravity may be found ; and, this being given, 

_ the sun’s place to any supposed time may be obtained. 

About the sun thus librated the other planets are revolved in elliptic 
orbits (p 403), and, by radii drawn to the sun, describe areas nearly pro- 
portional to the times, as is explained in Prop. LXV. If the sun was qui- 
escent, and the other planets did not act mutualiy one upon another, their 
orbits would be elliptic, and the areas exactly proportional to the times (by 
Prop. XI, and Cor. 1, Prop. XIII). But the actions of the planets among 
themselves, compared with the actions of the sun en the planets, are of no 
moment, and produce no sensible errors. And those errors are less in rev- 
olutions about the sun agitated in the manner but now described than if 
those revolutions were made about the sun quiescent (by Prop. LXVI, and 
Cor. Prop. LX VIID, especially if the focus of every orbit is placed in the 
common centre of gravity of all the lower included planets; viz., the focus 
of the orbit of Mercury in the'centre of the sun; the focus of the orbit of 
Venus in the common centre of gravity of Mercury and the sun; the focus 
of the orbit of the earth in the common centre of gravity of Venus, Mer- 
 cury, and the sun; and so of the rest. And by this means the foci of the 
crbits of all the planets, except Saturn, will not be sensibly removed from 
the centre of the sun, nor will the focus of the orbit of Saturn recede sensi- 
bly from the common centre of gravity of Jupiter and the sun. And 
therefore astronomers are not far from the truth, when they reckon the 
sun's centre the common focus of all the planetary orbits. In Saturn itself 
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the error thence arising does not exceed 1' 45”. And if its orbit, by placing 
the focus thereof in the common centre of gravity of Jupiter and the sun, 
shall happen to agree better with the phzenomena, from thence all that we 
have said will be farther confirmed. 

If the sun was quiescent, and the planeta did not act one on another, the 
aphelions and nodes of their orbita would likewise (by Prop. 1, XI, and Cor. 
Prop. XIII) be quiescent. And the lonzer axes of their elliptic orbits 
would (by Prop. XV) be as the cubic roots of the squares of their periodic 
times: and therefore from the given periodic times would be also given. 
But those times are to be measured not from the equinoctial points, which 
are moveable, but from the first star of Aries. Put the semi-axis of the 
earth’s orbit 100000, and the semi-axes of the orbits of Saturn, Jupiter, 
Mars, Venus, and Mercury, from their periodic times, will come out 
953306, 520116, 152399, 72333, 38710 respectively. But from the sun’s 
motion every semi-axis is increased (by Prop. LX) by about one third of 
the distance of the sun's centre from the common centre of gravity of 
the sun and planct (p. 405, 406.) And from the actions of the exterior 
planets on the interior, the periodic times of the interior are something 
protracted, though searcely by any sensible quantity; and their aphelions 
are transferred “(by Cor. VI and VII, Prop. LX VI) by very slow motions 
in conseguentia. And on the like account the periodic times of all, espe- 
cially of the exterior planets, will be prolonged by the actions of the 
somets, if any such there are, without the orb of Saturn, and the aphe- 
lions of all will be thereby carried forwards in consequentia. But from 
the progress of the aphelions the regress of the nodes follows (by Cor. 
XI, XIII, Prop. LXVI). And if the plane of the ecliptic is quiescent, the 
regress of the nodes (by Cor. XVI, Prop. LX VI) will be to the progress of 
“the aphelion in every orbit as the regress of the nodes of the moon's orbit 
tu the progress of its apogeon neatly, that is, as about 10 to 21. But as- 
ronomical observations seem to confirm a very slow progress of the aphe- 
lions, and a regress of the nodes in respect of the fixed stars. And hence. 
it is probable that there are comets in the regions beyond the planets, which, 
revolving in very eccentric orbs, quickly fly through their perihelion parts, 
and, by an exceedingly slow motion in their aphelions, spend almost their 
whole time in the regions beyond the planets; as we shall afterwards ex- 
plain more at large. 

The planets thus revulved about the sun (p. 413, 414, 415) may at the 
game time carry others revolving about themselves as satellites or moons, 
88 appears by Prop. LXVI. But from the action of the sun our moon 
must move with greater velocity, and, by a radius drawn to the earth, de- 
scribe an area greater for the time; it must have its orbit less curve, and 
^ therefore approach nearer to the earth in the syzygies than in the quadra- 
tnres, except in so far as the motion of eccentricity hinders those effects. 
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For the eccentricity is greatest when the moon’s apogeon is in the syzygies, 
and least when the same is in the quadratures; and hence it is that the 
perigeon moon is swifter and nearer to us, but the apogeon moon slower and 
farther from us, in the syzygies than in the quadratures. But farther; the 
apogeon has a progressive and the nodes a regressive motion, both unequa- 
ble. For the apogeon is more swiftly progressive in its syzygies, more 
slowly regressive in its quadratures, and by the excess of its progress above 
its regress is yearly transferred in consequentia ; but the nodes are quies- 
cent in their syzyzies, and most swiftly rezressive in their quadratures. But 
farther, still, the greatest latitude of the moon is greater in its quadra- 

tures than in its syzygies; and the mean motion swifter in the aphelion of 
. the earth than in its perihelion: More inequalities in the moon’s motion 
have not hitherto been taken notice of by astronomers: but all these fol- 
low from our principles in Cor. Il, III, IV, V, VI, VII, VIII, IX, X, XI, 
XII, XIII, Prop. LXVI, and are known really to exist in the heavens. 
And this may seen in that most ingenious, and if I mistake not, of all, the 
most acccurate, hypothesis of Mr. Horroz, which Mr. Flamsted has fitted 
to the heavens; but the astronomical hypotheses are to be corrected in the 
motion of the nodes; for the nodes admit the greatest equation or pros- 
thaphzeresis i in their ootants, and this jnequálity i is most conspicuous when 
the moon is in the nodes, and therefore also in the octants; and hence it 
was that T'ycho, and others after him, referred this inequality. to the 
octants of the moon, and made it menstrual; but the reasons by us addu- 

ced prove that it ought to be referred to the octants of the nodes, and to 
be made annual. 

Beside those inequalities taken notice of by astronomers (p. 414, 445, 
447,) there are yet some others, by which the moon’s motions are so dis- 
turbed, that hitherto by no lawcould they be reduced to any certain regu- 
lation. For the velecities or horary motions of the apogee and nodes of 
thé moon, and their equations, as well as the difference betwixt the greatest 
eccentricity in the syzygies and the least in the « redratures, and that ine- 
quality which we call the variation, in the progress of the year are aug- 
mented and diminished (by Cor. XIV, Prop. LXVI) in the triplicate ratio 
of the sun's apparent diameter. Beside that, the variation 18 mutable 
nsarly in the duplicate ratio of the time between the quadratures (by Cor. 
l and fI, Lem. X, and Cor. XVI, Prop. LXVI); and all those inequali- 
ties are something greater in that part of the orbit which respects the sun 
than in the opposite part, but by a difference that is scarcely or not at all 
perceptible. 

By a computation (p. 422), which for brevity's sake I do not describe, 1 
also find thatthe area which the moon by a radius drawn to the earth 
describes in the several equal moments of time is nearly as the sum of the 
number 237,3,, and versed sinc of the double distance of the moon from 
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the nearest quadrature in a circle whose radius is unity ; and therefore 
that the square of the moon’s distance from the earth is as that sum divid- 
ed by the horary motion of the moon. Thus it is when the variation in 
the octants is in its mean quantity; but if the variation is greater or less. 
that versed sine must be augmented or diminished in the same ratio. Let 
astronomers try how exactly the distances thus found will agree with the 
moon’s apparent diameters. 

From the motions of our moon we may derive the motions of the mouns 
or satellites of Jupiter and Saturn (p. 413); for the mean motion of the 
nodes of the outmost satellite of Jupiter is to the mean motion of the nodes - 
of our moon in a proportion compounded of the duplicate proportion ‘of 
the periodic time of the earth about the sun to the periodic time of Jupiter 
about the sun, and the simple proportion of the periodic time of the sat- 
ellite about Jupiter to the periodic time of our moon about the earth (by 
Cor. XVI, Prop. LX VI): and therefore those nodes, in the space of a hun- 
dred years, are carried S? 24' backwards, or in antecedentia. 'The mean 
motions of the nodes of the inner satellites are to the (mean) motion of 
(the nodes of) the outmost as their periodic times to the periodic time of 
this, by the same corollary, and are thence given. And the motion of the 
apsis of every satellite in consequentia is to the motion of its nodes in 
antecedentia, as the motion of the apogee of our moon to the motion of its 
nodes (by the same Corollary), and is thence given. The greatest equa- 
tions of the nodes and line of the apses of each satellite are to the greatest 
equations of the nodes and the line of the apses of the moon respectively 
as the motion of the nodes and line of the apses of the satellites in the 
time of one revolution of the first equations to the motion of the nodes 
and apogeon of the moon in the time of one revolution of the last equa- 
tions. The variation of a satellite seen from Jupiter is to the variation 
of our moon in the same proportion as the whole motions of their nodes 
respectively, during the times in which the satellite and our moon (after 
parting from) are revolved (again) to the sun, by the same Corollary ; and 
therefore in the outmost satellite the variation does not exceed 5" 12", 
From the small quantity of those inequalities, and the slowness of the 
motions, it happens that the motions of the satellites are found to be so 
regular, that the more modern astronomers either deny all motion to the 
nodes, or affirm them to be very slowly regressive. 

(P. 404). While the planets are thus "evolved in orbits about remote 
centres, in the meantime they make their several rotations about their 
proper axes; the sun in 26 days; Jupiter in 90. 56’; Mars in 241^; 
Venus in 23*.; and that in planes not much inclined to the plane of the 
ecliptic, and according to the order of the signs, as astronomers determine 
from the spots or maculz that hy turns present themselves to our sight in . 
their bodies; and there is a like revolution of our earth performed in 24". ; 
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and those motions are neither accclerated-nor retarded hy the actions of 
the centripctal forces, as appears by Cor. X XII, Prop. LA VI; and there- 
fore of all others they are the most equable and most fit for the mensura- 
tion of time; but those revolutions are to be reckoned equable not from 
their return to the sun, but to some fixed star: for as the position of the 
planets to the sun is unequably varied, the revolutions of those planets 
from aun to sun are rendered unequable. 

‘In like manner is the moon revolved about its axis by a motion most 
equable in respect of the fixed stars, viz, in 274. 7^ . 49’, that is, in the 
Rpace of a sidereal month; so that this diarnal motion is equal to the 
mean motion of the moon in its orbit; upon which account the same face 
of the moon always respects the centre about which this mean motion is 
performed, that is, the exterior focus of the moon’s orbit nearly ; and hence 
arises a deflection of the moon’s face from the earth, sometimes towards 
the east, and other times towards the west, according to the position of the 
fucus which it respects; and this deflection is eyual to the equation of the 
moon’s orbit, or to the difference betwixt its mean and true motions; and 
this is the moon’s libration in longitude: but it is likewise affected with 
a libration in latitude arising from the inclination of the moon’s axis to 
the plane of the orbit in which the moon is revolved about the earth; for 
that axis retains the same position to the fixed stars nearly, and hence the 
poles present themselves to our view by turns, a8 we may understand from 
the example of the motion of the earth, whose. poles, by reason of the incli- 
nation of its axis to the plane of the ecliptic, are by turns illuminated by 
the sun. To determine exactly the position of the moon’s axis to the 
fixed stars, and the variation of this position, is a problem worthy of an 
astronomer. 

By reason of the diamal revolutions of the planets, the matter which 
they contain endeavours to recede from the axis of this motion; and hence 
the fluid parts rising higher towards the equator than abont the poles 
(p. 405), would lay the solid parts about the equator under water, if those 
parts did not rise also (p. 405, 409): upon which account the planets are 
something thicker about the equator than about the poles; and their equi- 
noctial points (p. 413) thence become regressive; and their axes, by a 
motion of nutation, twice in every revolution, librate towards their eclip- 
tics, and twice return again to their former inclination, as is explained in 
Cor. XVIII, Prop. LXVI; and hence it is that Jupiter, viewed through 
very long telescopes, does not appear altogether round (p. 409), but having 
its diameter that lies parallel to the ecliptic something longer than that 
which is drawn from north to south. 

’ And from the diurnal motion and the attractions (p. 415, 418) of the 
stn and moon our sea ought twice to rise and twice to fall every day, as 
well lunar as solar (by Cor. XIX, XX, Prop. LXVI), and the greatest Ἢ 
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height of the water to happen before the sixth hour of either day and after 
the twelfth hour preceding. By the slowness of the diurnal motion the 
flood is retracted to the twelfth hour; and by the force of the motion of 
reciprocation it is protracted and deferred till a time nearer to the sixth 
hour. But till that time is more certainly determined by the phseno- 
mena, choosing the middle between those extremes, why may we not 
conjecture the greatest height of the water to happen at the third hour? 
for thus the water will rise all that time in which the force of the lumi- 
naries to raise it is greater, and will fall all that time in which their force 
is less; viz., from the ninth to the third hour when that force is greater, 
and from the third to the ninth when it is less. The hours I reckon from 
the appulse of each luminary to the meridian of the place, as well under 
as above the horizon; and by the hours of the lunar day I understand the 
twenty-fourth parts of that time which the moon spends before it comes 
about again by its apparent diurnal motion to the meridian of the place 
which it left the day before. | 

But the two motions which the two μπα raise will not appear distin- 
guished, but will make a certain mixed motion. In the conjunction or op- 
position of the luminaries their forces will be conjoined, and bring on the 
greatest flood and ebb. In the quadratures the sun will raise the waters 
which the moon depresseth, and depress the waters which the moon raiseth ; 
and from the difference of their forces the smallest of all tides will follow. 
And because (as experience tells us) the force of the moon 18 greater than 
that of the sun, the greatest height of the water will happen about the 
third lunar hour. Out of the syzygies and quadratures the greatest tide 
which by the single force of the moon ought to fall out at the third lunar 
hour, and by the single force of the sun at the third solar hour, by the 
compounded forces of both must fall out in an intermediate time that ap- 
proaches nearer to the third hour of the moon than to that of the sun; 
and, therefore, while the moon is passing from the syzygies to the quadra- 
tures, during which time the third hour of the sun precedes the third of 
the moon, the greatest tide will precede the third lunar hour, and that by 
the greatest interval a little after the octants of the moon; and by like 
intervals the greatest tide will follow the third lunar hour, while the moon Ἢ 
is passing from the quadratures to the syzygies. 

But the effects of the luminaries depend upon their distances fon the 
earth; for when they are less distant their effects are greater, and when 
more distant their effects are less, and that in the triplicate proportion of 
their apparent diameters. ‘Therefore it is that the sun in the winter time, 
being then in ita perigee, has a greater effect, and makes the tides i in the 
syzygies something greater, and those in the quadratures something less, 
celeris paribus, than in the summer season; and every month the moon, 
while in the perigee. raiseth greater tides than at the distance of 15 daye 


THE SYSTEM OF THE WORLD. | 537 


vefure or after, when it is in its apogee. Whence it comes to pass that twe 
nichest tides do not follow one the other in two immediately succeeding 
Byzygies. 
. The effect of either luminary doth likewise depend upon its declination 
or distance from the equator; for if the luminary was placed at the pole, 
it would constantly attract all the parts of the waters, without any inten- 
sion or remission of its action, and could cause no reciprocation of motion ; 
and, therefore, as the luminaries decline from the equator towards te 
pole, they will by degrees lose their force, and on this account will excite 
lesser tides in the solstitial than in the equinoctial syzygies. But in the 
— solstitial quadratures they will raise greater tides than in the quadratures 
about the equinoxes; because the effect of the moon, then situated in the 
equator, most exceeds the effect of the sun; therefore the greatest tides 
fall out in those syzy ries, and the least in those quadratures, which happen 
about the time of both equinoxes; and the greatest tide in the syzygies is 
always succeeded by the least tide in the quadratures, as we find by οχρε- 
rience. But because the sun is less distant from the earth in winter than 
in summer, it comes to pass that the greatest and least tides more frc- 
juently appear before than after the vernal equinox, and more fregnentiy 
after than before the autumnal. 

Moreover, the effects of che lumina- f ΚΝ. 
ries depend upon the latitudes of places. ; " 
Let ApEP represent the earth on all D SUL 
sides covered with deep waters; C its , Was: | L 
centre; P, p, its poles; AE the equa- í) : 
tor; F any place without the equator; 
Ff the parallel of the place; Dd the » 
correspondent parallel on the other side tM 
of the equator; I, the rlace which the moon possessed three hours before 
H the place of the earth directly under it; A the opposite place; K, k, 
the places at 90 degrees distance; CH, Ch, the greatest heights of the sea 
from the centre of the earth; and CK, Ck, the least heights; and if with 
the axes Hh, Kk, an ellipsis is described, and by the revolution cf that 
ellipsis about its longer axis Hh a spheroid HPK/pk is formed, this sphe- 
roid will nearly represent the figure of the sea; and CF, C/, CD, Cd, will 
represent the sea in the places F, f, D, d. But farther; if in the said revo- 
lution of the ellipsia any point N describes the circle NM, cutting the 
parallels Ef, Dd, in any places R, T, and the equator ΑΕ in S, CN will 
represent the height. of the sea in all those places R, S, T, situated in thia 
circle. Wherefore in the diurnal revolution of any place F the greatest 
flood will be in F, at the third hour after the appulse of the moon to the 
meridian above the horizon; and afterwards the greatest ebb in Q, at the 
third hour after the setting ‘of the moon ; and then the greatest flood in f, 
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at the third Luur after the appulse of the moon to the meridian under the 
horizon, and, lastly, the greatest ebb in Q, at the third hour after the 
rising of the moon; and the latter flood in f will be less than the preced- 
ing flood in F For the whole sea is divided into two huge and hemis- 
pherical floods, one in the hemisphere KHÁC on the north side, the other 
in the opposite hemisphere KHC, which we may therefore call the north- 
ern and the southern floods: these floods. being always opposite the one to 
the other, come by turns to the meridians of all places after the interval 
of twelve lunar hours; and, sceing the northern countries partake more 
of the northern flood, and the southern countries more of the southern 
_flood, thence arise tides alternately greater and less in all places without 
the equator in which the luminaries rise and set. But the greater tide 
will happen when the moon declines towards the vertex of the place, about 
the third hour after the -appulae of tke moon to the meridian above the 
horizon; and when the moon changes its declination, that which was the 
greater tide will be changed into a lesser; and the greatest difference of 
the floods will fall out about the times of the solstices, especially if the 
ascending node of the moon is about the first of Aries. So the morning 
tides in winter exceed those of the evening, and the evening tides exceed 
those of the morning in summer; at Plymouth by the height of one foot, 
but at Bristol by the height of 15 inches, according to the observations of 
Colepress and Sturmy. | | 

But the motions which we have been describing suffer some alteration 
from that force of reciprocation which the waters [having once received] 
retain a little while by their vis insita ; whence 1t comes to pass that the 
tides may continue for some time, though the actions of the luminaries 
should cease. ‘his power of retaining the impressed motion leserens the 
difference of the alternate tides, and makes those tides which immediately 
succced after the ayzygies greater, and those which follow next after the 
quauratures less. And hence it is that the alternate tides at P7Jymouth 
and Bristol do not differ much more one from the other than by the height 
of a foot, or of 15 inches; and that the greatest tides of all at those porta 
are not the first but the third after the syzygies. 

And, besides, all the motions are retarded in their passage through shal- 
low channels, so that the greatest tides of all, in some atrai s and mouths 
of rivers, are the fourth, or even the fifth, after the syzygies. 

It may also happen that the greatest tide may be the fourth or fifth 
after the syzygies, or fall out yet later, because the motions of the sea are 
retarded in passing through shallow places towards the shores; for so the 
tide arrives at the western coast of Ireland at the third lunar hour, and an 
hour or two after at the ports in the southern coast of the same island; as 
also at the islands Cassiterides, commonly Sorlings ; then successively at 
Falmouth, Plymouth, Portland, the isle of Wight, Winchester, Dover, 
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the mouth of the Thames, and London Bridge, spending twelve hours in 
this passage. But farther; the propagation of the tides niay be obstructed 
evcn by the channels of the ocean itself, when they are not of depth enough, 
for the flood happens at the third lunar hour in the Canary islands; and 
at all those western coasts-that lie towards the Atlantic ocean, as of Ire- 
land, France, Spain, and all Africa, to the Cape of Good Hope, except. 
in some shallow places, where it is impeded, and falls out later; and in the 
straits of Gibraltar, where, by reason of a motion propagated from the 
Mediterranean sea, it flows sooner. But, passing from those coasts over 
the breadth of the ocean to the coasts of America, the flood arrives first at 
the most eastern shores of Brazil, about the fourth or fifth lunar hour; 
then at the mouth of the river of the Amazons at the sixth hour, but at 
the neighbouring islands at the fourth hour; afterwards at the islands of 
Bermudas at the seventh hour, and at port St. Augustin in Florida at 
seven and a half. And therefore the tide is propagated through the ocean 
with a slower motion than it should be according to the course of the 
moon; and this retardation is very necessary, that the sea at the same time 
may fall between Brazil and New France, and rise at the Canary islands, 
and on the coasts of Europe and Africa, and vice versa: for the sea can- 
not rise in one place but by falling in another. And it is probable that 
` the Pacific sea is agitated by the same laws; for in the coasts of Chili and 
Peru the highest flood is said to happen at the third lunar hour. But 
with what velocity it is thence propagated to the eastern coasts of 
Japan, the Philippine and other islands adjacent to China, I have not 
yet learned. | | 

Farther; it may happen (p. 41S) that the tide may be propagated from 
the ocean through different channels towards the same port, and may pass 
quicker through some channels than through others, in which case the 
` game tide, divided into two or more succeeding one another, may compound 
new motions of different kinds. Let us suppose one tide to be divided into 
two equal tides, the former whereof precedes the other by the space of six 
hours, and happens at the third or twenty-seventh hour from the appulse 
of the moon to the meridian of the port. If the moon at the time of this 
 appulse to the meridian was in the equator, every six hours alternately 
there would arise equal floods, which, meeting with as many equal ebbs, 
would so balance one the other, that, for that day, the water would stag- 
. nate, and remain quiet. If the moon then declined from the equator, the 
tides in the ocean would be alternately greater and less, as was said; and 
from hence two greater and two lesser tides would be alternately propa- 
gated towards that port. But the two greater floods would’ make the 
greatest height of the waters to fall out in the middle time betwixt both, 
and the greater and lesser floods would make the waters to rise to à mean 
height in the middle time between them ; and in the middle time between 
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the two lesser floods the waters would rise to their least height. Thus in 
the space of twenty-four hours the waters would come, not twice, but once 
only to their greatest, and once only to their least height; and their great- 
est height, if the moon declined towards the elevated pole, would happen 
at the sixth or thirtieth hour after the appulse of the moon to the meridian ; 
and when the moon changed its declination, this flood would be changed 
into an ebb. 

Of all which we have an στα], in the port of Batsham, in the king- 
dom of Tunguin, in the latitude of 20° 50’ north. In that port, on the 
day which follows after the passage of the moon over the equator, the 
waters stagnate; wheu the moon declines to the north, they begin to flow 
and ebb, not twice, as in other ports, but once only every day; and the 
flood happens at the setting, and the greatest ebb at the rising of the moon. 
This tide increaseth with the declination of the moon till the seventh or 
eighth day; then for the seventh or eighth day following it decreaseth at 
the same rate as it had increased before, and ceaseth when the moon 
changeth its declination. After which the flood is immediately changed 
into an ebb; and thenceforth the ebb happens at the setting and the flood 
at the rising of the moon, till the moon again changes its deciination. 
There are two inlets from the ocean to this port; one more direct and short 
between the island Hainan and the coast of Quantung, a province of 
China ; the other round about between the same island and the coast of 
Cochim ; and through the shorter passage the tide 18 sooner propagated to 
Batsham. 

In the channels of rivers the influx and reflux depends upon the current 
of the rivers, which obstructs the ingress of the waters from the sea, and 
promotes their egress to the sea, making the ingress later and slower, and 
the egress sooner and faster; and hence it is that the reflux is of longer 
duration that the influx, especially far up the rivers, where the force of the 
sea is less. So Sturmy tells us, that in the river Avon, three miles below 
Bristol, the water flows only five hours, but ebbs seven; and without doubt 
the difference is yet greater above Bristol, as at Caresham or the Bath. 
This difference does likewise depend upon the quantity of the flux and re- 
flux; for the more vehement motion of the sea near the syzygies of the 
luminaries more easily overcoming the resistance of the rivers, will make 
the ingress of the water to happen sooner and to continue longer, and will 
therefore diminish this difference. But while the moon is approaching to 
the syzygies, the rivers will be more plentifully filled, their currents being 
obstructed by the greatness of the tides, and therefore will something more 
retard the reflux of the sea a little after than a little before the syzygies. 
Upon which account the slowest tides of all will not happen in the syzy- 
gies, but precede them a little; and I observed above that the tides before 
the syzygies were also retarded by the force of the sun; and from both 
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causes conjoined the retardation of the tides will be both greater and sooner 
before the syzygies. All which I find to be so, by the tide-tables which 
Flamsted has composed from a great many observations. 

By the laws we have been describing, the times of the tides are peered: 
but the greatness of the tides depends upon the greatness of the seas. Let 
C represent the centre of the earth, EADB the oval figure of the seas, CA 
the longer semi-axis of this oval, CB the shorter insisting at right angles 
upon the former, D the middle point between A and B, and ECF or eC/ 
the angle at the centre of the earth, subtended by the breadth of the sea 
' that terminates in the shores ΕΕ or e, f. Now, supposing that the point 





A is in the middle between the points E, F, and the point D in the middle 
between the points e, f, if the difference of the heights CA, CB, represent 
the quantity of the tide in a very decp sea surrounding the whole earth, 
the excess of the height CA above the height CE or CF will represent the 
quantity of the tide in the middle of the sea EF, terminated by the shorts 
E, F; and the excess of the height Ce above the height Cf will nearly 
represent the quantity of the tide on the shores f of the same sea. Whence 
it appears that the tides are far less in the middle of the sea than at the 
Shores; and that the tides at the shores are nearly as EF (p. 451, 452), the 
breadth of the sea not exceeding a quadrantal arc. And hence it is that 
near the equator, where the sea between Africa and America is narrow, 
the tides are far less than towards cither side in the temperate zones, where 
the seas are extended wider; or on almost all the shores of the Pacific sea, 
as well towards America as towards China, and within as well as without 
the tropics; and that in islands in the middle of the sea they scarcely rise 
higher than two or three feet, but on the shores of great continents are 
three or four times greater, and above, especially if the motions propagated 
from the ocean are by degrees contracted into a narrow space, and the water, 
to fill and empty the bays alternately, is forced to flow and ebb with great 
violence through shallow places; as Plymouth and Chepstow Bridge i in 
Ene oland, at the mount of St. Michael and town of Avranches in Nor- 
maidi y, and at Cambaia and Pegu in the East Indies. In which places. 
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the sea, hurried in and out with great violence, sometimes lays the shorea 
under water, sometimes leaves them dry, for many miles. Nor is the force 
of the influx and efflux to be broke till it has raised or depressed the water . 
to forty or fifty feet and more. Thus also-long and shallow straits that 
open to the sea with mouths wider and deeper than the rest of their chan- 
ne] (such as those about Britain and the Magellanic Straits at the east- 
ern entry) will have a greater flood and ebb, or will more intend and remit : 
their course, and therefore will rise higher and be depressed lower. Or 
the coast of South America it is said that the Pacific sea in its reflux 
sometimes retreats two miles, and gets out of sight of those that stand on 
shore. Whence in these places the floods will be also higher; but in deeper 
waters the velocity of influx and efflux is always less, and therefore th: 
ascent and descent is 80 too. Nor in such places is the ocean known to 
ascend to more than six, eight, or ten feet. The quantity of the ascent | 
compute in the following manner 3 
Let S represent the sun, T the 

earth (419, 420), P the moon, - e 
PAGB the moon’s orbit. In SP | 
take SK equal to ST and SL to « M 
SK in the duplicate ratio of SK 

to SP. Parallel to PT draw LM; 

and , Supposing the mean quantity 

vf the circum-solar force directed towards the earth to δὲ represented ty 
the distance ST or SK, SL will represent the quantity thereof directed 
towards the moon. But that force is compounded of the parts SM, LM; 
of which the force LM and that part of SM which is represented by TM, 
do disturb the motion of the moon (as appears from Prop. LXVI, and its 
Corollaries) In so far as the earth and moon are revolved about their 
common centre of gravity, the earth will be liable to the action of the like 
forces. But we may refer the sums as well of the forces as of the motions 
to the moon, and represent the sums of the forces by the lines TM and 
ML, which are proportional to them. "The force LM, in its mean quan- 
tity, is to the force by which the moon may be revolved in an orbit, about 
the earth quiescent, at the distance P'T' in the duplicate ratio of the moon's 
periodic time about the earth to the earth's periodic time about the sun 
(by Cor. XVII, Prop. LXVI); that is in the duplicate ratio of 274. 7», 
43' to 8654, 6°. 9’; or as 1000 to 178725, or 1 to 17823. ‘The force by 
which the moon may be revolved in its orb about the earth in rest, at the 
distance PT of 601 semi-diameters of the earth, is to the force by which 
it may revolve in the same time at the distance of 60 semi-diameters as 
603 to 60; and this force is to the force of gravity with us as 1 to 60 X 
60 nearly; and therefore the mean force ML is to the force of gravity at 
the surface of the earth as 1 x 601 to 60 x 60 x.1782$,0r 1 to 
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638092,6. “Whence the force TM will be also given from the proportion 
of the lines TM, ML. And these are the forces of the sun, by which the 
taoon’s motions are disturbed, 

If from the moon’s orbit (p. 449) we descend to the earth’s surface, those 
forces will be diminished in the ratio of the distances 001 and 1; and 
therefore the force LM will then become 38604600 times less than the 
force of gravity. But this force acting equally every where upon the 
earth, will scarcely effect any change on the motion of the sea, and there- 
fore may be neglected in the explication of that motion. The other force 
'T'M, in places where the sun is vertical, or in their nadir, is triple the 
quantity of the force ML, and therefore but 12868200 times less than the 
force of gravity. | 

Suppose now ADBE to represent the spherical surface of the earth, 
aDJE the surface of the water overspreading it, C the centre of both, A 
the place to which tke sun is vertical, B the place opposite; D, E, places 
at 9) degrees distance from the former ; ACEmmlk a right angled cylindric 
canal passing through the earth’s centre. The force TM in any place is 
. as the distance of the place from the plane DE, on which a line from A 
to C insists at right angles, and 
chercfore in the part of the ca- 
ual which is represented by EC 
lın 18 of no quantity, but in the 
other part ACIK is as the gravity 
at the several heights; for in . 
descending towards the centre of J: 
the earth, gravity is (by Prop. : 
LXXIII) every where as the 
height; and therefore the force 
TM drawing the water upwards 
will diminish its gravity in the 
leg AC/E of the canal in a given 
ratio: upon which account the 
water will ascend in this leg, till its defect of gravity is supplied by its 
greater height; nor will it rest in an equilibrium till its total gravity 
becomes equal’ to the total gravity in EClm, the other leg of the canal. 
Because the gravity of every particle is as its distance from the earth’s 
centre, the weight of the whole water in either leg will increase in the 
duplicate ratio of the height; and therefore the height of the water in the 
leg ΑΟΚ will be to the height thereof in the leg ClmE in the suldupli- 
cate ratio of the number 12868201 to 12968200, or in the ratio of the 
number 25623053 to the number 25623052, and the height of the water 
in the leg EC/m to the difference of the heights, as 25623052 to 1. But 
the height in the leg KCl is of 19615800 Paris feet, as has been lately 
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found by the mensuration of the French; and, therefore, by the preceding 
analogy, the difference of the heights comes out 9} inches of the Paris 
foot; and the sun's force will make the height of the sea at A to exceed 
the height of the same at E by 9 inches. And though the water of the 
canal ACEmlk be supposed to be frozen into a hard and solid consistence, 
yet the heights thereof at A and E, and all other intermediate places, would 
still remain the saine. 
lct Αα (in the following figure) represent that excess of height of 9 
inches at A, and Af the excess of height at any other place h; and upon 
DC let fall the perpendicular fG, meeting the globe of the earth in F ; 
and because the distance of the sun 15 so great that all the right lines 
drawn thereto may be considered as parallel, the force ‘TM in any place f 
will be to the same force in the place A as the sine FG to the radius AC. 
And, therefore, since those forces tend to the sun in the direction of par- 
ο allel lines, they will generate 
the parallel heights Ff, Aa, 
in the same ratio; and there- 
fore the figure of the water 
Dfaeb wil be a spheroid 
made by the revolution of an 
ellipsis about ita longer axis 
ab. And the perpendicular 
height fh will be to the ob- 
lique height Ff as fG to /C, 
or as FG to AC: and there- 
fore the height fh is to the 
height Aa in the duplicate 
ratio of FG to AC, that is, in the ratio of the versed sine of double the 
angle DCf to double the radius, and is thence given. And hence to the 
several moments of the apparent revolution of the sun about the earth we 
may infer the proportion of the ascent and descent of the waters at any 
given place under the equator, as well as of the diminution of that ascent 
and descent, whether arising from the latitude of places or from the sun's 
declination ; viz., that on account of the latitude of places, the ascent and 
descent of the sea is in all places diminished in the duplicate ratio of the 
co-sines of latitude; and on account of the sun’s declination, the ascent 
and descent under the equator is diminished in the duplicate ratio of the 
%o-sine of declination. And in places without the equator the half sum 
of the morning and evening ascents (that is, the mean ascent) is diminished 
nearly in the same ratio. 
Let S and L respectively represent the forces of thé gun | and moon 
placed in the equator, and at their mean distances from the earth; R the 
radius; T and V the versed sines of double the complements of the sup 
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and moon's dec.inations to any given time; D and E the mean apparent 
diameters of the sun and moon: and, supposing F and G to be their appa- 
rent diameters to that given time, their forces to raise the tides under the 
equator will be, in the syzygiesz Mice L + SRD? S; in the quadratures, 
VG? TF? | 
ΕΕ: | RD? 
.the parallels, from observations accurately made in our northern climates 
we may determine the proportion of the forces L and S; and then by 
means of this rule predict the quantitics of the tides to rey syzygy and 
quadrature. : 
At the mouth of the river Avon, three miles below Bristol (p. 450 to 
453), in spring and autumn, the whole ascent of the water in the conjunc- 
tion or opposition of the luminaries (by the observation of Sturniy) is 
about 45 feet, but in the quadratures only 25. Because the apparent di- 
ameters of the luminaries are not here determined, let us assume them in 
their mean quantities, as well as the moou’s declination in the equinoctial 
quadratures in its mean quantity, that is, 231°; and the versed sine of 
double its complement will be 1682, supposing the radius to be 1000. But 
the declinations of the sun in the equinoxes and of the moon in the syzy- 
gies are of no quantity, and the versed sines of double the complements 
are each 2000. Whence those forces become 1], + S in the syzygies, and 
1682 


S. And if the same ratio 18 likewise observed under 


L — Sin the quadratures; respectively proportional to the heights 


2000 
of the tides of 45 and 25 feet, or of 9 and 5 paces. And, therefore, mul- 
| 1513 
tiplying the extremes and the means, we have 5L + 5S — ee Dos 
28000 _ 
9S, or L — "Bias S = 5448. 


But farther; I remember to have been told that in summer the ascent of 
the sea in the syzygies is to the ascent thereof in the quadratures as about 
5 to 4. In the solstices themselves it is probable that the proportion may 
be something less, as about 6 to 5; whencé it would follow that L is = 
3 1S [for then the proportion is 1688 + S L — mop: :6:5]. 
Till we can more certainly determine the proportion from observation, let 
us assume L — 51S; and since the heights of the tides are as the forces 
which excite them, and the force of the sun is able to raise the tides to the 
height of nine inches, the moon’s force will be sufficient to raise the same 
to the height of four feet. And if we allow that this height may be 
doubled, or perhaps tripled, by that force of reciprocation which we obgerve 
in the motion of the waters, and by which their motion once be πη is kept 

35 
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up for some time, there will be force enough to generate all that quantity 
of tides which we really find in the ocean. 

Thus we have seen that these forces are sufficient to move the sea. But, 
so far as I can observe, they will not be able to produce any other effect 
sensible on our earth; for since the weight of one grain in 4000 is not . 
sensible in the nicest balance; and the sun’s force to move the tides is 
12868200 less than the force of gravity; and the sum of the forces of both 
moon and sun, exceeding the sun's force only in the ratio of 61 to 1, 18 still 
2032890 times less than the force of gravity; it is evident that both forces 
together are 900 times less than what is required sensibly to increase ır 
diminish the weight of any body in a balance. And, therefore, they will 
not sensibly move any suspended body ; nor will they produce any sensible 
effect on pendulums, barometers, bodies swimming in stagnant water, or in 
the like statical exp.riments. In the atmosphere, indeed, they will excite 
such a flux and reflux as they do in the sea, but with so small a motion 
that no sensible wind will be thence produced. 

If the effects of both moon and sun in raising the tides (p. 454), as well 
. a8 their apparent diameters, were equal among themselves, their absolute 
forces would (by Cor. XLV, Prop. LXVI) be as their magnitudes. But the - 
effect of the moon is to the effect of the sun as about 51 to 1; and the 
moon’s diameter less than the sun's in the ratio of 311 to 321, or of 45 to 
46. Now the force of the moon i8 to be increased in the ratio of the effect 
directly, and in the triplicate ratio of the diameter inversely. Whence the 
force of the moon compared with its magnitude will be to the force of the 
sun compared with its magnitude in the ratio compounded of δ} to 1, and 
the triplicate of 45 to 46 inversely, that 18, in the ratio of about 5,5 to 1. 
And therefore the moon, in respect of the magnitude of its body, has an 
absolute centripetal force greater than the sun in respect of the magnitude 
of its body in the ratio to 5,5 to 1, and is therefore more dense in the 
same ratio. 

In the time of 274, 7^, 43’, in | which the moon makes its revolution about - 
the earth, a planet may be revolved about the sun at the distance of 19,96 | 
diameters of the sun from the sun’s centre, supposing the mean apparen . 
diameter of the sun to be 321’; and in the same time the moon may be r«- 
volved about the earth at rest. at the distance of 30 of the earth'a diame - 
ters. If in both cases the number of diameters was the same, the absolute 
circum-terrestrial force would (by Cor. II, Prop. LX X11) be to the absolute 
circum-solar force as the magnitude of the earth to the magnitude of the 
gun. Because the number of the earth’s diameters is greater in the ratio 
of 30 to 19,954;the body of the earth will be less in the triplicate of that 
ratio, that is, in the ratio of 323 to 1. Wherefore the earth’s force, for the 
magnitude of its body, is to the sun’s force, for the magnitude of its body, 
as 33$ to 1; and consequently the earth’s density to the sun’s will be ip 
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the same ratio. Since, then, the moon’s density i8 tv the aun’s density as 
6,5 to 1, the moon’s density will be to the earth's density as 547; to 328, 
or as 23 to 16. Wherefore since the moon’s magnitude is to the earth's 
magnitude as about l to 413, the moon’s absolute centripetal force will be 
to the earth's absolute centripetal force a8 about 1 to 29, and the quantity 
of matter in the moon to the quantity of matter in the earth in the same 
ratio. And hence the common centre of gravity of the earth and moon is 
‘more exactly determined than hitherto has been done; from the knowledge 
of which we may now infer the moon’s distance from the earth with greater 
accuracy. But 1 would rather wait till the proportion of the bodies of the 
moon and earth one to the other is more exactly defined from the phe 
nomena of the tides, hoping that in the mean time the circumference of the 
earth may be measured from more distant Stations than any body has yet 
employed for this purpose. 

Thus Ihave given an account of the system of the planeta. As to the 
fixed stars, the smallness of their annual parallax proves them to be re- 
moved to immense distances from the system of the planets: that this 
parallax is less than one minute is most certain ; and from thence it follows 
that the distance of the fixed stars is above 360 times greater than the 
. distance of Saturn from ‘he sun. Such as reckon the earth one of the 
planets, and the sun one of the fixed stars, may remove the fixed stars to 
yet greater distances by the following arguments: from the annual motion 
ef the earth there would happen an apparent transposition of the fixed 
stars, one in respect of another, almost equal to their double parallax: but 
the greater and nearer stars, in respect of the more remote, which‘are only 
seen by the telescope, have not hitherto been observed to have the least 
motion. : If: we sbould suppose that motion to be but less than 20", the 
distance of the nearer fixed stars would exceed the mean distance of Saturn 
hy above 2000 times. Again; the disk of Saturn, which is only 17” or 
18” in diameter, receives but about στσστσσσσς Of the sun’s light; for so 
much less is that disk than the whole spherical surface of the orb of Saturn. 
Now if we suppose Saturn to reflect about 1 of this light, the whole light 
reflected from its illuminated τὸ vill be about | 1707700797 of the 
whole light emitted from the sun's hemisphere; and, therefore, since light 
i3 rarefied in the duplicate ratio of the distance from the luminous body, if 


. the sun was 10000 22 times more distant than Saturn, it would yet ap- 
pear as lucid as Saturn now does without its ring, that is, something more 
lucid than a fixed star of the first magnitude. Let us, therefore, suppose 
that the distance from which the sun would shine as a fixed star exceeds 
that of Saturn by about 100,000 times, and its apparent diameter will be 
7", 16%, and its parallax arising from the annual motion of the earth 13"" : 
and so great will be the distance, the apparent diameter, and the parallax 
of the fixed stars of the first magnitude, in bulk and light equal to our sun. 
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Some may, perhaps, imagine that a great part of the light of the fixed stars 
is intercepted and lost in its passage through so vast spaces, and upon that 
account pretend to place the fixed stars at nearer distances; but at this 
rate the remoter stars could be scarcely seen. Suppose, for example, that 
3 of the light perish in its passage from the nearest fixed stars to us; then 
2 will twice perish in its passage through a double space, thrice through a 
triple, and so forth. And, tlierefore, the fixed stars that are at a double 
distance will be 16 times more obscure, viz., 4 times more obscure on ac- 
count of the diminished apparent diameter; and, again, 4 times more on 
account of the lost light. And, by the same argument, the fixed stars at a 
triple distance will be 9 Χ 4 Χ 4, or 144 times more obscure; and those 
at a quadruple distance will be 16 x 4 x 4 xX 4, or 1024 times more ob- 
scure; but so great a diminution of light is no ways consistent with the 
phenomena and with that hypothesis which places the fixed stars at differ- 
ent distances. 

Tue fixed stars being, therefore, at such vast distances from one another 
(p. 460, 461), can neither attract cach other sensibly, nor be attracted by 
our sun. But the comets must unavoidably be acted on by the circum- 
solar force; for as the comets were placed by astronomers above the moon, 
because they were found to have no diurnal parallax, so their annual 
parallax is a convincing proof of their descending into the regions of the 
planeta. For all the comets which move in a direct course, according to 
the order of the signs, about the end of their appearance become more than 
ordinarily slow, or retrograde, if the earth is between them and the sun; 
and more than ordinarily swift if the earth is approaching to a heliocen- 
tric opposition with them. Whereas, on the other hand, those which move 
against the order of the signs, towards the end of their appearance, appear 
rwifter than they ought to be if the earth is between them and the sun; 
and slower, and perhaps retrograde, if the earth is in the other side of its 
crbit. This is occasioned by the motion of the earth in different situa- 
tions. If the earth go the same way with the comet, with a swifter 
motion, the comet becomes retrograde; if with a slower motion, the comet . 
becomes slower, however; and if the earth move the contrary way, it be- 
comes swifter; and by collecting the differences between the slower and 
swifter motions, and the sums of the more swift and retrograde motions, 
and comparing them with the situation and motion of the earth from, 
whence they arise, I found, by means of this parallax, that the distances 
of the comets at the time they cease to be visible to the naked eye are 
always less than the distance of Saturn, and generally even less than the 
distance of Jupiter. 

The same thing may be collected from the curvature of the way of the 
comets (p. 469). These bodies go on nearly in great circles while their 
motion continues swift ; but about the end of their course, when that part 
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of their apparent motion which arises from the parallax bears a greater; 
proportion to their whole apparent motion, they commonly deviate from . 
those circles; and when the earth goes to one side, they deviate to the 
3ther; and this deflection, because of its corresponding with the motion, 
of the earth, must arise chiefly from the parallax; and the quantity there-. 
of is so considerable, as, by my computation, to place the disappearing. 
comets a good deal lower than Jupiter. Whence it follows, that, when. 
they approach nearer to us in their perigees and perihelions, they often de- 
scend below the orbits of Mars and the inferior planets. 7 

Moreover, this nearness of the comets is confirmed by the annual paral- 
lax of the orbit, in so far as the same is- pretty nearly collected by the 
supposition that the comets move uniformly in right lines The method. 
of collecting the distance of a comet according to this hypothesis from 
four observations (first attempted by Kepler, and perfected by Dr. Wallis 
and Sir Christopher Wren) is well known; and the comets reduced to. 
this regularity generally pass through the middle of the planetary region. 
So the comets of the year 1607 and 1618, as their motions are defined by 
Kepler, passed between the sun and the earth; that of the year 1674 be- 
low the orbit of Mars; and that in 1680 below the orbit of Mercury. as 
its motion was defined by Sir Christopher Wren and others. By a like. 
rectilinear hypothesis, Hevelius placed all the comets about which we have 
any observations below the orbit of Jupiter. It is a false notion, there- 
fore, and contrary to astronomical calculation, which some have enter- 
tained, who, from the regular motion of the comets, either remove them 
into the regions of the fixed stars, or deny the motion of the earth ; where- 
as their motions cannot be reduced to perfect regularity, unless we suppose 
them to pass through the regions near the earth in motion ; and these are - 
the arguments drawn from the parallax, so far as it can be determined 
‘without an exact knowledge of the orbits and motions of the comets. 

The near approach of. the comets is farther confirmed from the light of 
their heads (p. 463, 465) ; for the light of a'celestial body, illuminated by 
the sun, and receding to remote parts, is diminished in the quadruplicate 
proportion of the distance ; to wit, in one duplicate proportion on account 
of the increase of the distance from the sun; and in another duplicate 
proportion on account of the decrease of the apparent diameter. Hence it 
may be inferred, that Saturn being at a double distance, and having its 
apparent diameter nearly half of that of Jupiter, must appear about 16 
times more obscure; and that, if its distance were 4 times greater, its 
light would be 256 times less; and therefore would be hardly perceivable 
to the naked eye. But now the comets often equal Saturn’s light, without 
exceeding him in their apparent diameters. So the comet of the year 
1668, according to Dr. Hooke’s observations, equalled in brightness the 
light of a fixed star of the first magnitude; and its head, or the star, in 
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the middle of the coma, appeared, through a telescope ot 15 feet, as lucid 
as Saturn near the horizon ; but the diameter of the head was only 25" 
that is, almost the same with the diameter of a circle equal to. Saturn 
and his ring. The coma or hair surrounding the head was about ten times 
as broad; namely, 4} min. Again; the least diameter of the hair of the 
comet of the year 1682, observed by Mr. Flamsted with a tube of 16 feet 
aud measured with the micrometer, was 2’ 0" ; but the nucleus, or star in 
the middle, searcely possessed the tenth part of this breadth, and waa 
therefore only 11" or 12" broad; but the light and clearness of its head 
exceeded that of the year 1680, and was equal to that of the stars.of the 
first or second magnitude. Moreover, the comet of the year 1665, in Apri/, 
as Hevelius informs us, exceeded almost all the fixed stars in splendor, and 
even Saturn itself, as being of a much more vivid colour; for this comet 
was more lucid than that which appeared at the end of the foregoing year 
and was compared to the stars of the first magnitude. The diameter of 
the coma .was about 6’; but the nucleus, compared with the planets by 
means of a telescope, was plainly less than Jupiter, and was sometimnee 
thought less, sometimes equal to the body of Saturn within the ring. ‘To 
this breadth add that of the ring, and the whole face of Saturn will be 
twice as great as that of the comet, with a light not at all more intense ; 
and therefore the comet was nearer to the sun than Saturn. From the 
proportion of the nucleus to the whole head found by these observations, 
and from its breadth, which seldom exceeds 8' or 12’, it appears that the 
stars of the comets are most commonly of the same apparent magnitude 
as the planets ; but that their light may be compared oftentimes with that 
of Saturn, and sometimes exceeds it. And hence it is certain that in their 
perihelia their distances can scarcely be greater than that of Saturn. At 
twice that distance, the light would be four times less, which besides by its 
dim paleness would be as much inferior to the light of Saturn as the light 
of Saturn is to the splendor of Jupiter: but this difference would be easily 
observed. Ata distance ten times greater, their bodies must be greater 
than that of the sun; but their light would be 100 times fainter than 
that of Saturn. And at distances still greater, their bodies would far 
exceed the sun ; but, being in such dark regions, they must be no longer 
visible. So impossible i3 it to place the comets in the middle regions be- 
tween the sun and fixed stars, accounting the sun as one of the fixed stars; 
for certainly they would receive no more light there from the sun than we 
do from the greatest of the fixed stars. 

So far’we have gone without considering that obscuration which cometa 
Buffer from that plenty of thick smoke which encempasseth their heads, 
and through which the heads always shew dull as through a cloud ; for 
by how much the more a body is obscured by this smoke, by so much the 
more near it must be allowed to come to the sun, that it may vie with the 
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planets in the quantity of light which it reflects; whence it is probable 
that the comets descend far below the orbit of Saturn, as we proved before 
from their parallax. . But, above all, the thing is evinced from their tails, 
which must be owing either to the sun’s light refiectod from a smoke 
arising from them, and dispersing itself through the zether, or to the light 
uf their own heade. 

In the former case we must shorten the distance of the comets, lest we be 
obliged to allow that the smoke arising from their heads is propagated 
through such a vast extent of space, and with such a velocity of expansion, 
us will seem altogether incredible; in the latter case the whole light of 
both head and tail must be ascribed to the central nucleus. But, then, if 
we suppose all this light to be united and condensed within the disk of the 
nucleus, certainly the nucleus will by far exceed Jupiter itself in splendor, 
especially when it emits a very large and lucid tail. If, therefore, under a less 
apparent diameter, it reflects more light, it must be much more illuminated 
by the sun, and therefore much nearer to it. So the comet that appeared 
Dec. 12 and 15, O.S. Anno 1679, at the time it emitted a very shining 
tail, whose splendor was equal to that of many stars like Jupiter, if their 
light were dilated and spread through so great a space, was, a8 to the mag- 
nitude of its nucleus, less than Jupiter (as Mr. Flamsted observed), and 
therefore was much nearer to the sun: nay, it was even less than Mercury. 
For on the 17th of that month, when it was nearer to the earth, it ap- 
peared to Cassini through a telescope of 35 feet a little less than the globe 
of Saturn. On the 8th of this month, in the morning, Dr. Halley saw the 
.. tail, appearing broad and very short, and as if it rose from the body of the 
sun itself, at that time very near its rising. Its form was like that of an 
extraordinary bright cloud; nor did it disappear till the sun itself began 
to be seen above,the horizon. Its splendor, therefore, exceeded the light of 
the clouds till the sun rose, and far surpassed that of all the stars together, 
a3 yielding only to the immediate brightness of the sun itself. Neither 
Mercury, nor Venus, nor the moon itself, are seen so near the rising sun. 
Imagine all this dilated light collected together, and to be crowded into 
the orbit of the comet's nucleus which was less than Mercury; by its 
splendor, thus increased, becoming 80 much more conspicuous, 1t will vastly 
exceed Mercury, and therefore must be nearer to the sun. On the 12th 
and 15th of the same month, this tail, extending itself over a much greater 
space, appeared more rare; but its light was still so vigorous as to become 
visible when the fixed stars were hardly to be seen, and soon after to appear 
like a fiery beam shining in a wonderful manner. From its length, which 
was 40 or 50 degrees, and its breadth of 2 degrees, we may compute what 
the light of the whole must be | 

This near approach of the comets to the aun is confirmed from the situ- 
tion thev are seen in when their tails appear most resplendent; for when 
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the head passes by the sun, and lies hid under the solar rays, very bright 
and shining ta.ls, like fiery beams, are said to issue from the horizon; but 
afterwards, when the head begins to appear, and is got farther from the 
sun, that splendor always decreases, and turns by degrees into a paleness 
like to that of the milky way, but much more sensible at first; after that 
vanishing gradually. Such was that most resplendent comet described by 
Aristotle, Lib. 1, Meteor. 6. “The head thereof could not be seen, because 
it set before the sun, or at least was hid under the sun’s rays; but the next 
day it was seen as well as might be; for, having left the sun but a very 
little way, it set immediately after it; and the scattered light of the head 
obscured by the too great splendour (of the tail) did not yet appear. But 
afterwards (says Aristotle), when the splendour of the tail was now dimin- 
ished (the head of), the comet recovered its native brightness. And the 
splendour of its tail reached now to a third part of the heavens (that is, to 
60°). It appeared in the winter season, and, rising to Orion’s girdle, there 
vanished away.” Two comets of the same kind are described by Justin, 
Lib. 37, which, according to his account, “shined so bright, that the whole 
heaven seemed to be on fire; and by their greatness filled up a fourth part 
of the heavens, and by their splendour exceeded that of the sun.” By 
which last words a near position of these bright comets and the rising or 
setting sun is intimated (p. 494, 495). We may add to these the comet of 
the year 1101 or 1106, “the star of which was small and obscure (like that 
of 1650); but the splendour arising from it extremely bright, reaching like 
a fiery beam to the east and north,” as Hevelius has it from Simeon, the 
monk of Durham. It appeared at the beginning of February about the 
evening in the south-west. From this and from the situation of the tail 
we may infer that the head was near the sun. Mutthew Paris says, “it 
was about one cubit from the sun; from the third [or rather the sixth] to 
the ninth hour sending out a long stream of light.” 'The comet of 1264, 
in July, or about the solstice, preceded the rising sun, sending out its beams 
with a great light towards the west as far as the middle of the heavens; 
and at the beginning it ascended a little above the horizon: but as the sun 
-went forwards it retired every day farther from the horizon, till it passed 
hy the very middle of the heavens. It is said to have been at the beginning 
large and bright, having a large coma, which decayed from day to day. It 
is described in Append. Matth. Paris, Hist. Ang. after this manner: “An. 
Christi 1265, there appeared a comet so wonderful, that none then living 
had ever seen the like; for, rising from the east with a great brightness, it 
extended itself with a great light as far as the middle of the hemisphere 
‘towards the west.” The Latin original being somewhat barbarous and ob- 
scure, it is here subjoined. Ab oriente enim cum magno fulgore sur- 
^is, usque ad medium RED ass versus Orten ms omnia, perlucide 
pertrahebat. . 
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- * [n the year 1401 or 1402, the sun being got below the horizon, there 
appeared in the west a bright and shining comet, sending out a tail up- 
wards, in splendor like a flame of fire, and in form like a spear, darting its 
rays from west to east. When the sun was sunk below the horizon, by the 
lustre of its own rays it enlightened all the borders of the earth, not per- 
mitting the other stars to shew their light, or the shades of night to darken 
the air, because its light exceeded that of the others, and extended itself to 
the upper part of the heavens, flaming,” &oc., Hist. Byzant. Duc. Mich. 
Nepot. From the situation of the tail of this comet, and the time of its 
first appearance, we may infer that the head was then near the sun, and 
went farther from him every day; for that comet continued three months. 
In the year 1527, Aug. 11, about four in the morning, there was seen al- 
most throughout Europe a terrible comet in Leo, which continued flaming 
an hour and a quarter every day. It rose from the east, and ascended to 
the south and west to a prodigious length. It was most conspicuous to the 
north, and its cloud (that is, its tail) was very terrible; having, according 
to the fancies of the vulgar, the form of an arm a little bent holding a 
sword of a vast magnitude. In the year 1618, in the end of November, 
there began a rumour, that there appeared about sun-rising a bright beam, 
which was the tail of a comet whose head was yet concealed within the 
brightness of the solar rays. On Nov. 24, and from that time, the comet 
itself appeared with a bright light, its head and tail being extremely re- 
&plendent. The length of the tail, which was at first 20 or 30 deg., in- 
creased till December 9, when it arose to 75 deg., but with a light πιο 
more faint and dilute than at the beginning. In the year 1668, March 5, 
N. S, about 7 in the evening, P. Valent. Estancius, being in Brazil, saw 
a comet near the horizon in the south-west. Its head was small, and 
scarcely discernible, but its tail extremely bright and refulgent, so that the 
reflection of it from the sea was easily seen by those who stood upón the 
shore. This great splendor lasted but three days, decreasing very remark- 
ably from that time. 'The tail at the beginning extended itself from west 
to south, and in a situation almost parallel to the horizon, appearing like 
a shining beam 23 deg. in length. Afterwards, the light decreasing, its 
magnitude increased till the comet ceased to be visible; so that Cassini, 
at Bologna, saw it (Mar. 10, 11, 12) rising from the horizon 32 deg. in 
length. In Portugal it is said to have taken up a fourth part of the 
heavens (that is, 45 deg.), extending itself from west to east with a notablo 
brightness; though the whole of it was not seen, because the head in this. 
part of the world always lay hid below the horizon. From the increase of 
the tail it is plain that the head receded from the sun, and was nearest ta 
it at the beginning, when the tail appeared brightest. 

To all these we may add the comet of 1680, whose wonderful splendor 
at the conjunction of the head with the sun was above described. But sc 
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great a splendor argues the comets of this kind to have really passed near 
the fountain of light, especially since the tails never shine so much in 
their opposition to the sun; nor do we read that fiery beams. have ever ap- 
peared there. 

Lastly, the same thing is inferred (p. 466, 407) from the light of the 
heads increasing in the recess of the comets from the earth towards the 
sun, and decreasing in their return from the sun towards the earth; for so 
the last comet of the year 1665 (by the observation of Hevelius), from the 
time that it was first seen, was always losing of its apparent motion, and 
therefore had already passed its perigee; yet the splendor of its head was 
daily increasing, till, being hid by the sun's rays, the comet ceased to ap- 
gear. The comet of the year 1683 (by the observation of the same He- 
Jelius), about the end of Ju/y, when it first appeared, moved at a very 
slow rate, advancing only about 40 or 45 minutes in its orbit in a day’s 
time. But from that time its diurnal motio, was continually upon the 
increase till September 4, when it arose to about 5 degrees; and therefore 
in all this interval of time the comet was approaching to the earth. Which 
is likewise proved from the diameter of its head measured with a microme- 
ter; for, August the 6th, Hevelius found it only 6' 5”, including the 
coma; which, September 2, he observed 9’ 7’. And therefore its head 
appeared far less about the beginning than towards the end of its motion, 
though about the beginning, because nearer to the sun, it appeared far 
more lucid than towards the end, as the same Hevelius declares. W here- 
fore in all this interval of time, on account of its recess from the sun, 
2t decreased in splendor, notwithstanding its access towards the earth. 'The 
comet of the year 1618, about the middle of December, and that of the 
year 1680, about the end of the same month, did both move with their 
greatest velocity, and were therefore then in their perigees ; but the greatest 
splendor of their heads was seen two weeks before, when they had just got 

clear of the sun’s rays; and the greatest splendor of their tails a little’ 
more early, when yet nearer to the sun. ‘lhe head of the former comet, 
according to the observations of Cysatus, Dec. 1, appeared greater. than 
the stars of the first magnitude; and, Dec. 16 (being then in its perigee), 
of a small magnitude, and the splendor or clearness was much diminished. 
Jan. 7, Kepler, being uncertain about the head, left off observing. Dee: 
12, the head of the last comet was seen and observed by Flumsted at the 
distance of 9 degrees from the sun, which a star of the third magnitude 
could hardly have been. December 15 and 17, the same appeared like a 
star of the third magnitude, its splendor being diminished by the bright. 
clouds near the setting sun. Dec. 26, when it moved with the greatest 
swiftness, and was almost in its perigee, it was inferior to Os Pevasi, a 
star of the third magnitude. «αμ. 8, it appeared like a star of the fourth ; 
Jan. 9, like a star of the fifth. Jan. 13, it disappeared, by reason of tbe 
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brightness of the.moon, which was then in its increase. Jan. 25, it wus 
scarcely equal to the stars of the seventh magnitude. If we take equal 
times on each. hand of the perigee, the heads placed at remote distances 
would have shined equally before and after, because of their equal distances 
from the earth. That in one case they shined very bright, and in the 
other vanished, is to be ascribed to the nearness cf the sun in the first case, 
and his distance in the other; and from the great difference of the light 
in these two cases we infer its great nearness in the first of them; for 
the light of the comets uses to be regular, and to appear greatest' when 
their heads move the swiftest, and are therefore in their perigees, except- 
ing in 80 fur as it is increased by their nearness to the sun. 

From these things I at last discovered why the comets frequent BO mucti 
the region of the sun. If they were to be seen in the regions a great way 
beyond Saturn, they must appear oftener in thcse parts of the heavens 
that are opposite to the sun ; for those which are in that situation would 
be nearer to the earth, and the interposition of the sun would obscure the 
others: but, looking over the history of comets, I find that four or five 
times more have been seen in the hemisphere towards the sun than in th» 
epposite hemisphere; besides, without doubt, not a few which have been 
hid by the light of the sun; for comets descending into our parts neither 
emit tails, nor are so well illuminated by the sun, as to discover them- 
selves to our naked eyes, till they are come nearer to us than Jupiter. But 
the far greater part of that spherical space, which is described about the 
sun with so small an interval, lies cn that side of the earth which regards 
the sun, and the cometa in that greater part are more strongly illuminated, 
as being for the most part nearer to the sun: besides, from the remarka- 
ble eccentricity of their orbits, it comes to pass that their lower apsides 
are much nearer to the sun than if their revolutions were performed in 
circles concentric to the sun. | 

Hence also we understand why the tails of the comets, while their heads 
are descending towards the sun, always appear short and rare, and are sel- 
dom said to have exceeded 15 or 20 deg. in length; but in the recess of 
the heads from the sun often shine like fiery beams, and soon after reuch 
to 40, 50, 60, 70 deg. in length, or more. This great splendor and length 
of the tails arises from the heat which the sun communicates to the comet 
as it passes near it. And thence, I think, it may be concluded, that all the 

comets that have had such tails have passed very near the sun. 

Hence also we may collect that the tails arise from the atmospheres of 
the heads (p. 487 to 489): but we have had three several opinions about. 
the tails of comets; for some will have it that they are nothing else but 
the beams of the sun’s light transmitted through the comets’ heads, which 
they suppose to be transparent ; others, that they proceed from the refrac- 
tion which light suffers in passing from the comet’s head to the earth ; 
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and, lastly, others, that they are a sort of clouds or vapour constantly 
rising from the comets’ heads, and tending towards the parts opposite to 
the sun. The first is the opinion of such as are yet unacquainted with 
optics; for the beams of the sun are not seen in a darkened room, but in 
consequence of the light that is reflected from them by the little particles 
of dust and smoke which are always flying about in the air; and hence it 
is that in air impregnated with thick smoke they appear with greater 
brightness, and are more faintly and more difficultly seen in a finer air; 
but in the heavens, where there is no matter to reflect the light, they are 
not to be seen at all. Light is not seen as it is in the beams, but as it is 
thence retlected to our eyes; for vision is not made but by rays falling 
upon the eyes, and therefore there must be some reflecting matter in those 
parts where the tails of comets are seen; and so the argument turns upon 
the third opinion ; for that reflecting matter can be no where found but in 
the place of the tail, because otherwise, since all the celestial spaces are 
equally illuminated by the sun’s light, no part of the heavens could appear 
with more splendor than another. The second opinion is liable to many . 
difficulties. The tails of comets are never seen variegated with those 
colours which ever use to be inseparable from refraction ; and the distinct 
transmission of the light of the fixed stars and planets to us 1s a demon- 
stration that the sether cr celestial medium is not endowed with any re- 
fractive power. For as to what is alledged that the fixed stars have been 
sometimes seen by the Hiyptians environed with a coma or capillitium 
because that has Lut rarely happened, it is rather to be ascribed to a casual 
refraction of clouds, as well as the radiation and scintillation of the fixed 
stars to the refractions both of the eyes and air; for upon applying a tele- 
scope to the eye, those radiations and scintillations immediately disappear. 
By the tremulous agitation of the air and ascending vapours, it happens 
that the rays of light are alternately turned aside from the narrow space 
of the pupil of the eye; but no such thing can have place in the much 
wider aperture of the object-glass of a telescope ; and hence it 13 that a 
scintillation is occasioned in the former case which ceases in the latter; 
and this cessation in the latter case 1s a demonstration of the regular trans- 
mission of light through the heavens without any sensible refraction. 
But, to obviate an objection that may be made from the appearing of no 
tail in such comets as shine but with a faint light, as if the secondary 
rays were then too weak to affect the eyes, and for this reason it is that 
the tails of the fixed stars do not appear, we.are to consider that by the 
means of telescopes the light of the fixed stars may be augmented above 
an hundred fold and yet no tails are seen; that the light of the planets is 
yet more copious without any tail, but that comets are seen sometimes 
with huge tails when the light of their heads is but faint and dull; for 
so it happened in the comet of the year 1680, when in the month of De- 
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 eember it was scarcely equal in light to the stars of the second magnitude, 
and yet emitted a notable tail, extending to the length of 40°, 50°, 60°, or- 
70°, and upwards; and afterwards, on the 27th and 28th of January, the 
head appeared but as a star of the seventh magnitude; but the tail (as 
was said above), with a light that was sensible enough, though faint, was 
stretched out to 6 or 7 degrees in length, and with a languishing light 
that was more difficultly seen, even to 12° and upwards. But on the 9th 
and 10th of February, when to the naked eye the head appeared no more, 
I saw through a telescope the tail of 2° in length. But farther; if the 
tail was owing to the refraction of the celestial matter, and did deviate 
from the opposition of the sun, according as the figure of the heavens re- 
quires, that deviation, in the same places of the heavens, should be always 
directed towards the same parts: but the comet of the year 1680, Decem- 
ber 28". 81", P. M. αἱ London, was seen in Pisces, S? 41’, with latitude 
north 28° 6’, while the sun was in Capricorn 18° 96’. And the comet of 
the year 1577, December 29, was in Pisces 8° 41’, with latitude north 
28° 40’; and the sun, as before, in about Capricorn 18° 26’. In both 
cases the situation of the earth was the same, and the comet appeared in 
the same place of the heavens; yet in the former case the tail of the comet 
‘as well by my observations as by the observations of others) deviated 
from the opposition of the sun towards the north by an angle of 41 de- 
grees, whereas in the latter there was (according to the observation of 
- Tycho) a deviation of 21 degrees towards the south. The refraction, 
therefore, of the heavens being thus disproved, it remains that the phzeno- 
mena of the tails of comets must be derived from some reflecting matter. 
That vapours sufficient to fill such immense spaces may arise from the 
comet's atmospheres, may be easily understood from what follows. 

It is well known that the air near the surface of our earth possesses a 
space about 1200 times greater than water of the same weight; and there- 
fore a cylindric column of air 1200 feet high is of equal weight with a 
cylinder of water of the same breadth, and but one foot high. But a 
cylinder of air reaching to the top of the atmosphere is of equal weight 
with a cylinder of water about 33 feet high; and therefore if from the 
whole cylinder of air the lower part of 1200 feet high is taken away, the 
remaining upper part will be of equal weight with a cylinder of water 32 
feet high. Wherefore at the height of 1200 feet, or two furlongs, the 
weight of the incumbent air is less, and consequently the rarity of the 
' compressed air greater, than near the surface of the earth in the ratio of 
33 to 32. And, having this ratio, we may compute the rarity of the air 
in all places whatsoever (by the help of Cor. Prop. X XII, Book II), sup- 
posing the expansion thereof to be reciprocally proportional to its compres- 
sion; and this proportion has been proved by the experiments of Hooke 
and others. ‘The result of the computation I have set down in the follow- 
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ing table, in the first column of which you have the height o the air in 
miles, whereof 4000 make a semi-diameter cf the earth; in the second the 
compression of the air, or the incumbent weight; in the third its rarity or 
expansion, supposing gravity to decrease in the duplicate ratio of the 
distances from the earth's centre. And the Latin numeral characters 
are here used for certain numbers of ciphers, as O,xvii 1224 for 
0,000000000000000001224, and 26956 xv for 26956000000000000000. : 























AIR’s 
pet Compression. | Expansion. 
0133 1 | 
517,8515. 1.8486 
10| 9,6717 3,4151 
90] 2,852 11,571 
40| 0,2525 | 136,83 
400| O.xvii 1224 — 126956 xv 
4000| 0.cv. 4465 73907 cn 
40000} O,excii 1628 120263 clxxxix | 
400000] 0,cecx 7895 41798 cevil 
4000000} O,cexii 9878 {33414 ccix 
[ufinite.| O,cexii 6041 1541622 ccix 





But from this table it appears that the air, in proceeding upwards, 18 
rarefied in such manner, that a sphere of that air which is nearest to the 
earth, of but one inch in diameter, if dilated with that rarefaction which 
it would have at the height of one semi-diameter of the earth, would fill all 
the planetary regions as far as the sphere of Saturn, and 5. great way be- 
yond; and at the height of ten semi-diameters of the earth would fili up 
more space than is contained in the whole heavens on this side the fixed 
Stars, according to the preceding computation of their distance. And 
though, by reason of the far greater thickness of the atmospheres of comets, 
and the great quantity of the circum-solar centripetal force, 1t may happen 
that the air in the celestial spaces, and in the tails of comets, 18 not so 
vastly rarefied, yet from this computation it is plain that a very small 
quantity of air and vapour is abundantly sufficient to produce all the ap- 
pearances of the tails of cometa; for that they are indeed of a very notable 
rarity appears from the shining of the stars through them. ‘The atmos- 
phere of the earth, illuminated by the sun's light, though but of a few miles 
in thickness. obscures and extinguishes the light not only of all the stars, 
but even of the moon itself; whereas the smallest stars are seen to ghiné 
through the immense thickness of the tails of comets, likewise illuminated 
by the sun, without the least diminution of their splendor. | 

Kepler ascribes the ascent of the tails of comets to the atmospheres of 
their heads, and their direction towards the parts opposite to the sun to the 
action of the rays of light carrying along with them the matter of the 
comets’ tails; and without any great incongruity we may suppose that, in 
80 free spaces, so fine a matter as that of the ether may yield to the action 
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of the rays of. the sun’s light, though those rays are not able sensibly to move 
the gross substances in our parts, which are clogged with so palpable a re- 
sistance. :. Another author thinks that there may be a sort of particles of 
matter endowed with a principle of levity as well as others are with a 
power of gravity; that the matter of the tails of comets may be of the 
former sort, and that its ascent from the sun may be owing to its levity ; 
but, considering the gravity of terrestrial bodies is as the matter of the 
bodies, and therefore can be neither more nor less in the same quantity of 
matter, I am inclined to believe that this ascent may rather proceed from 
the rarefaction of the matter of the comets’ tails. The ascent of smoke in 
a chimney is owing to the impulse of the air with which it is entangled. 
The air rarefied by heat ascends, because its specific gravity is diminished, 
and in its ascent carries along with it the smoke with which it is engaged. 
And why may not the tail of a comet rise from the sun after the same 
manner ? for the sun’s rays do not act any way upon the mediums which 
they pervade but by reflection and refraction; and those reflecting parti- 
cles heated by this action, heat the matter of the szether which is involved 
with them. That matter is rarefied by the heat which it acquires, and 
because by this rarefaction the specific gravity, with which it tended 
towards the sun before, is diminished, it will ascend therefrom like a stream, 
and carry along with it the reflecting particles of which the tail of the 
coniet 18 composed; the impulse of the sun’s light, as we have said, pro- 
moting the ascent. | e 

But that the tails of comets do arise from their heads (p. 488), and tend 
towards the parts opposite to the sun, is farther confirmed from the laws 
which the tails observe; for, lying in the planes of the comets’ orbits which 
pass through the sun, they constantly deviate from the opposition of the 
sun towards the parts which the comets’ heads in their progress along those 
orbits have left; and to a spectator placed in those planes they appear in 
the parts directly opposite to the sun; but as the spectator recedes from 
those planes, their deviation begins to appear, and daily becomes greater. 
And the deviation, ceteris paribus, appears less when the tail is more ob- 
lique to the orbit of the comet, as well as when the head of the comet ap- 
proaches nearer to the sun; especially if the angle of deviation is estimated 
near the head of the comet. Farther; the tails which have no deviation 
appear straight, but the tails which deviate are likewise bended into a ccr- 
tain curvature; and this curvature is greater when the deviation is greater, 
and is more sensible when the tail, ceteris paribus, is longer; for in the 
shorter tails the curvature is hardly to be perceived. And the angle of 
deviation is less near the comet’s head, but greater. towards the other end 
of the tail, and that because the ines side of the tail regards the parts 
from which the deviation is made, and which lie in a right line drawn out | 
infinitely from the sun through the comet’s head. And the tails that aré 
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longer and broader, and shine with a stronger light, appear more resplendent 
and more exactly defined on the convex than on the concave side. Upon 
which accounts it is plain that the phenomena of the tails of comets de- 
pend upon the motions of their heads, and by no means upon the places of 
the heavens in which their heads are seen; and that, therefore, the taile of 
the comets do not proceed from the refraction of the heavens, but from 
their own heads, which furnish the matter that forms the tail; for as in 
our air the smoke of a heated body ascends either perpendicularly, if the 
body is at rest, or obliquely if the body is moved obliquely, so in the 
heavens, where all the bodies gravitate towards the sun, smoke and vapour 
must (as we have already said) ascend from the sun, and either rise perpen- 
dicularly, if the smoking body 18 at rest, or obliquely, if the body, in the 
progress of its motion, is always leaving those places from which the upper 
or higher parts of the vapours had risen before. And that obliquity will 
be less where the vapour ascends with more velocity, to wit, near the 
smoking body, when that is near the sun; for there the force of the sun by 
which the vapour ascends is stronger. But because the obliquity is varied, 
the coiumn of vapour will be incurvated; and because the vapour in the 
preceding side is something more recent, that is, has ascended something 
more lately from the body, it will therefore be something more dense on 
that side, and must on that account reflect more light, as well as be better 
defined; the vapour on the other side languishing. by degrees, and vanish- 
ing out of sight. 

But it is none of our present business to explain the causes of the ap- 
pearances of nature. Let those things which we have last said be true or 
false, we have at least made out, in the preceding discourse, that the rays 
of light are directly propagated from the tails of comets in right lines 
through the heavens, in which those tails appear to the spectators wherever 
placed; and consequently the tails must ascend from the heads of the comets 
towards the parts opposite to the sun. And from this principle we may 

determine anew the limits of their dis- 

B tances in manner following. Let S rep- 

| resent the sun, T' the earth, STA the 
elongation of a comet from the sun, and 
ATB the apparent length of its tail; 
and because the light is propagated from 
the extremity of the tail in the direction 
of the right line TB, that extremity 
must lie somewhere in the line TB. 
Suppose it in D, and join DS cutting 
TA in C. Then, because the tail is al- 
ways stretched out towards the parts 
8 nearly opposite to the sun, and therefore © 
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the sur, the head of the comet, and the extremity of the tail, lie in a right 
line, the comet’s head will be found in C. Parallel.to TB draw SA, meet- 
ing the line 'TA in A, and the comet’s head C must necessarily be found 
between 'T' and A, because the extremity of the tail lies somewhere in the 
infinite line TB; and all the lines SD which can possibly be drawn from 
the point S to the line TB must cut the line Τ.Α. somewhere between T 
and.A. Wherefore the distance of the comet from the carth cannot exceed 
the interval ’ΣΑ. nor its distance from the sun the interval SA beyond, or 
S'T on this side the sun. For instance: the elongation of the comet of 
16S0 from the sun, Dec. 12, was 9°, and the length of its tail 35? at least. 
If, therefore, a triangle TSA is made, whose angle T is equal to the elon- 
gation 9°, and angle A equal to ATSB, or to the length of the tail, viz., 35°, 
then SA will be to ST, that is, the limit of the greatest possible distance 
of the comet from the sun to the semi-diameter of the orbis magnus, as 
the sine of the angle T to the sine of the angle A, that is, as about 3 to 
11. And therefore the comet at that time was less distant from the sun 
than by τῆς of the earth’s distance from the sun, and consequently either 
was within the orb of Mercury, or between that orb and the earth. Again, 
Dec. 21, the elongation of the comet from the sun was 322°, and the lengt): 
of its tail 70°. Wherefore as the sine of 322? to the sine of 70°, that is, 
as 4 to 7, so was the limit of the comet’s distance from the sun to the dis- 
tance of the earth from the sun, and consequently the comet had not then 
got without the orb of Venus. Dec. 28, the elongation of the comet from 
the sun was 55°, and the length of its tail 56°; and therefore the limit of 
the comet’s distance from the sun was not yet equal to the distance of the 
earth from the sume, and consequently the comet had not then got without 
` the earth’s orbit. But from its parallax we find that its egress from the 
orbit happened about Jan. 5, as well as that it had descended far within 
the orbit of Mercury. Let us suppose it to have been in its perihelion 
Dec. the Sth, when it was in conjunction with the sun; and it will follow 
that in the journey from its perihelion to its exit out of the earth's orbit 
it had spent 2S days; and consequently that in the 26 or 27 days {ο]- 
lowing, in which it ceased to be farther seen by the naked eye, if had 
scarcely doubled its distance from the sun; and by limiting the distances 
of other comets by the like arguments, we come’at last to this conclu- 
sion,—that all comets, during the time in which they are visible by us, 
are within the compass of ‘a spherical space described about the sun as a 
centre, with a radius double, or at most triple, of the distance of the earth 
from the aun. 

And hence it follows that the comets, during the whole time of thejr 
appearance unto us, being within the sphere of activity of the circum- 
Solar force, and therefore agitated by the impulse of that force, will (by 
Cor. 1, Prop. XII, Book I, for the same reason as the planeta) be made tc 


562 ! THE SYSTEM OF THE WORLD. 


move in conic sections that have one focus in the centre of the sun, and. 
by radii drawn to the sun, to describe areas proportional to the times; for 
that force is propagated to an immense distance, and will govern the 
motions of bodies far beyond the orbit of Saturn. 

There are three hypotheses about comets (p. 466); for some will have it 
that they are generated and perish as often as they appear and vanish ; 
others that they come from the regions of the fixed stars, and are seen by 
us in their passage through the system of our planets; and, lastly, others, 
that they are bodies perpetually revolving about the sun in very ecccntric 
orbits. In the first case, the comets, according to their different vel: cities, 
will move in conic sections of all sorts: in the second, they will describe 
hyperbolas, and in either of the two will frequent indifferently all quar- 
ters of the heavens, as well those about the-poles as those towards the 
ecliptic; in the third, their motions will be performed in ellipses very ec- 
centric, and very nearly approaching to parabolas. But (if the law of the 
planets is observed) their orbits will not much decline from the plane of 
the ecliptic; and, so far as I could hitherto observe, the third case obtains; 
for the comets do, indeed, chiefly frequent the zodiac, and scarcely ever 
attain to a heliocentric latitude of 40°. And that they move in orbits 
very nearly parabolical, I infer from their velocity ; for the velocity with 
which a parabola is described is every where to the velocity with which a — 
comet or planet may be revolved about the sun in a circle at the same dia- 
tance in the subduplicate ratio of 2 to 1 (by Cor. VII, Prop. XVI); and, 
by my computation, the velocity of comets is found to be much about 
the same. I examined the thing by inferring nearly the velocities from 
the distances, and the distances both from the parallaxes and the pheeno- 
mena of the tails, and never found the errors of excess or defect in the ve- 
lucities greater than what might have arose from the. errors in the dis- 
tances collected after that manner. But I likewise made use of the reason- 
ing that follows. 

Supposing the radius of the orbis magnus to be divided into 1000 
parts: let the numbers in the first column of the ος tahle represent 
the distance of the vertex of the parabola from the sun’s centre, expressed 
by those parts: and a comet in the times expressed in col. 2, will pass 
from its perihelion to the surface of the sphere which is described about 
the sun asa centre with the radius of the orbis magnus; and in the 
times expressed in col. 3, 4, and 5, it will double, t riple, and quadruple, 
that its distance from tl:e sun. 
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(This table here corrected, is made on the supposition. that tle earth's 
diurnal motion is just 59', and the measure of one minute loosely 0,2909, 
in respect of the radius 1000. If those measures are taken true, the 
true numbers of the table will all come out less. But the difference, 
even when greatest, and to the quadruple of the earth’s distance from 
the sun, amounts only to 165, 55’. 

The time of a comet’s ingress into the sphere of the orbis magnus, or 
of its egress from the same, may be inferred nearly from its parallax, but 
with more expedition by the following 
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The ingress ot a comet into the sphere of the orbis magnus, or ite 
egress from the same, happens at the time of its elongation from the sun, 
expressed in col. 1, against its diurnal motion. So in the comet of 1681, - 
Jan. 4, O.S. the apparent diurnai motion in its orbit was about 3° 5’, and 
the corresponding elongation 712°; and the comet had acquired this elon- 
gation from the sun Jan. 4, about six in tke evening. Again, in the year 
1680, Nov. 11, the diurnal motion of the comet that then appeared was 
about 42°; and the corresponding elongation 792 happened Nov. 10, a 
little before midnight. Now at the times named these comets had arrived 
at an equal distance from the sun with the earth, and the earth was then 
almost in its perihelion. But the first table is fitted to the earth's mean 
distance from the sun assumed of 1000 parts; and this distance is greater 
by such an excess of space as the earth might describe by its annual motion 
in one day's time, or the comet by its motion in 16 hours. Το reduce the 
comet to this mean distance of 1000 parts, we add those 16 hours to the 
former time, and subduct them from the latter; and thus the former be- 
comes Jan. 44, 10^. afternoon ; the latter Nov. 10, about six in the morn- 
ing. But from the tenor and progress of the diurnal motions it appears 
that both comets were in conjunction with the sun between Dec. 7 and Dec. 
8; and from thence to Jan. 4°. 10". afternoon on one side, and to Nov. 
10". 6^. of the morning on the other, there are about 28 days. And so 
. many days (by 'Table 1) the motions in parabolic trajectories do require. 

But though we have hitherto considered those cometa as two, yet, from 
the coincidence of their perihelions and agreement of their velocities, it is 
probable that in effect they were but one and the same; and if so, the 
orbit of this comet must have either been a parabola, or at least a conic 
gection very little differing from a parabola, and at its vertex almost in 
contact with the surface of the sun. For (by Tab. 2) the distance of the 
comet from the earth, Nov. 10, was about 360 parts, and Jan. 4, about 
630. From which distances, together with its longitudes and latitudes, 
we infer the distance of the places in which the comet was at those times 
to have been about 280: the half of which, viz., 140, is an ordinate to the 
comet’s orbit, cutting off a portion of its axis nearly equal to the radius - 
of the orbis magnus, that is, to 1000 parts. And, therefore, dividing the. 
‘square οἵ the ordinate 140 by 1000, the segment of the axis, we find the 
latus rectum 19, 16, or in a round number 20; the fourth part whereof, 
5, is the distance of the vertex of the orbit from the sun’s centre. But the 
time corresponding to the distance of 5 parta in Tab. 1 is 274. 165, 7". In 
which time, if the comet moved in a parabolic orbit, it would have been 
carried from its perihelion to the surface of the sphere of the orbis mag- 
nus described with the radius 1000, and would have spent the double of 
that time, viz., 554. 83". in the whole course of its motion within that 
sphere: and so in fact it did; for from. Nov. 104, 6», of the morning, the 
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time of the comet’s ingress into the sphere of the orbis magnus, to Jan. 
41, 10’, afternoon, the time of ita egress from the same, there are 55". 16», 
The small difference of 72°. in this rude way of computing is to be heg- — 
lected, and perhaps may arise from the comet’s motion being some small 
matter slower, as it must have been if the true orbit in which it was car- 
ried was an ellipsis. The middle time between its ingress and egress was 
December 84. 2". of the morning; and therefore at this time the comet 
ought to have been in its perihelion. And accordingly that very day, just 
before sunrising, Dr. Halley (as we said) saw the tail short and broad, but 
very bright, rising perpendicularly from the horizon. From the position 
of the tail it is certain that the comet had then crossed over the ecliptic, 
and got into north latitude, and therefore had’ passed by its perihelion, 
which lay on the other side of the ecliptic, though it had not yet come into 
conjunction with the sun; and the comet [see more of this famous comet, 
p. 475 to 496] being at this time between its perihelion and its conjuno- 
tion with the sun, must have been in its perihelion a few hours before; 
_ for in so near a distance from the sun it must have been carried with great 
velocity, and have apparently described almost half a degree every hour. 
By like computations I find that the comet of 161S entered the sphere 
of the orbis magnus December 7, towards sun-setting ; but its conjunc- 
tion with the sun was Nov. 9, or 10, about 28 days intervening, as in the 
preceding comet; for from the size of the tail of this, in which it was 
equal to the preceding, it is probable that this comet likewise did come 
almost into a contact with the sun. Four comets were seen that year of 
which this was the last. ‘The second, which made its first appearance 
_ October 31, in the neighbourhood of the rising sun, and was soon after hid 
under the sun’s rays, I suspect to have been the same with the fourth, 
which emerged out of the sun's rays about Nov.9. Το these we may add 
the comet of 1607, which entered the sphere of the orbis magnus Sept. 
14, OS. and arrived at its perihelion distance from the sun about October’ 
19, 35 days intervening. Its perihelion distance subtended an apparent 
angle at the earth of about 23 degrees, and was therefore of 390 parts. 
And to this number of parts about 34 days correspond in Tab. 1. Far- 
ther; the comet of 1665 entered the sphere of the orbis magnus about 
March 17,and came to its perihelion abuut April 16, 30 days intervening. 
Its perihelion distance subtended an angle at the earth of about seven 
. degrees, and therefore was of 122 parts: and corresponding to this number 
of parts, in Tab. 1, we find 30 days. Again; the comet of 1652 entered 
the sphere of the orbis magnus about Aug. 11, and arrived at its perihe- - 
lion about Sep. 16, being then distant from the sun by about 350 parts, to 
which, in Tab. 1, belong 38; days. Lastly; that memorable comet. of 
Regiomontanus, which in 1472 was carried through the circum-polar 
parts of our northern hemisphere with such rapidity as to describe 40 
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degrees in one day, entered the sphere of the orbis magnus Jan. 21, abont 
the time that it was passing by the pole, and, hastening from thense 
towards the sun, was hid under the sun's rays about the end of Feo., 
whence it is probable that.30 days, or a few more, were spent between ita 
ingress into the sphere of the orbis magnus and its perihelion. Nor did 
this comet truly move with more velocity than other comets, but owed the 
greatness of its apparent velocity to its passing by the earth at a near 
distance. 

It appears, then, that the velocity of comets (p. 471), so far as it can be 
determined by these rude ways of computing, is that very velocity with 
which parabolas, or ellipses near to parabolas, ought to be described; and 
therefore the distance between a comet and the sun being given, the velocity 
of the comet is nearly given. And hence arises this problem. 


PROBLEM. 


The relation betwixt the velocity of a comet and its distance from the 
sun’s centre being given, the comet’s trajectory is required. 


If this problem was resolved, we should thence have a method of deter 
mining the trajectorieg of comets to the greatest accuracy; for if that re 
lation be twice assumed, and from thence the trajectory. be twice compated, 
and the error of each trajectory be found from observations, the assumption 
may be corrected by the Rule of False, and a third trajectory may thence 
be found that will exactly agree with the observations. And by deter- 
mining the trajectories of comets after this method, we may come, at last, 
to a more exact knowledge of the parts through which those bodies travel, 
of the velocities with which they are carried, what sort of trajectories they 
describe, and what are the true magnitudes and forms of their tails accord- 
ing to the various distances of their heads from the sun; whether, aftez 
certain intervals of time, the same cometa do return again, and in what 
periods they complete their several revolutions. But the problem may be 
resolved by determining, first, the hourly motion of a comet to a given time 
from three or more observations, and then deriving the trajectory from this 
motion. And thus the invention of the trajectory, depending on one ob- 
gervation, and its hourly motion at the time of this observation, will either 
. confirm or disprove itself; for the conclusion that is drawn from the mo- 
tion only of an hour or two and a false hypothesis, will never agree with 
the motions of the comets from beginning to end. 'The method of ihe 
- whcle computation is this. 


THE SYSTEM OF THE WORLD. 567 


LEMMA I. 


To cut two right lines OR, ΤΡ, given in position, by a third right line 
RP, so as TRP may be a right angle; and, if another right line SP 
is drawn to any given point S, the solid contained under this line SP, 
and the square of the right line OR terminated at a given point O, 
may be of a given magnitude, 

It is done by linear description thus. Let the given magnitude of the 
solid be M? x N; from any point r of the right line OR crect the per- 





pendicular rp meeting TP in p. Then through the point Sp draw the 
| M? XN ; | | 

line Sq equal to T Gu In like manner draw three or more right lines 
S29, 540, &c.; and a regular line 42939, drawn through all the points 
42q3q, &c., will cut the right line TP in the point P, from which the per- 
pendicular PR is to be let fall. Α.Ε.Ε. 

By trigonometry thus. Assuming the right line TP as found by the 
preceding method, the perpendiculars TR, SB, in the triangles TPR, TPS, 
will be thence given; and the side SP in the triangle SBP, as well as the 
E 3 

error mN — SP. Let this error, suppose D, be to a new error, gup- 
pose E, as the error 2024 + 3p3q to the error 2p3p ; or as the error 2p2g 
+ D to the error 2pP ; and this new error added to or subducted from the 
length ΤΡ, will give the correct length TP + E. "The inspection of the 
figure will shew whether we are to add to or subtract; and if at any time 
there should bc use for a farther correction, the operation may be repeated 
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By arithmetic thus. Let us suppose the thing done, and let TP + e be the 
correct length of the right line TP as found out by delineation; and thence 
T 
the correct lengths of the lines OR, BP, and SP, will be OR — = 
M:N 


BP + e, and VSP? + 2BPe + ee = ΘΟΕ x TR . TR: 


OR* + TP 7 "pp 
| | BP SB? 
Whence, by the method of converging series, we have SP + ΞΡ’ t ερ» 


M:N 2TR ΜΟΝ 3TR: ΜΝ 


θε, &c., = OR: t rp X og? * pps X OR: & Ke. For the given 
ficient M?N SP 2TR ΜΙΝ BP3TR? ΜΙΝ SB* 

rene? OR? — Spp ORs — SP’ TP? X OR: 286» 

putting F, x EN and carefully observing the signs, we find F + 3 e+ 

Gy 55 = 0, and e + H = — G. Whence, neglecting the i very small 

2 
term n e comes out equal to — G. If the error H is not despicable, take 
G? 
—G— no = 6. 


And it is to be observed that here a general method is hinted at for 
solving the more intricate sort of problems, as well by trigonometry as by 
arithmetic, without those perplexed computations and resolutions of affected 
equations which hitherto have been in use. 


| LEMMA ΙΙ. 

To cut three right lines given in position by a fourth right line that 
Shall pass through a point assigned in any of the three, and so as its 
sntercepted parts shall be in a given ratio one to the other. 

Let AB, AC, BC, be the right lines given in position, and suppose D to 
be the given point in the line AC. Parallel to AB draw DG meeting BC 





in G; and, taking GF to BG in the given ratio, draw FDE; and FD 
will be to DE as FG to BG. Q.E.F. 
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By trigonometry thus. In the triangle CGD all the angles and the side 
CD are given, and from thence its remaining sides are found; and from 
the given ratios the lines GF and BE are also given. | 


LEMMA IIL 


To find and represent by a linear description the hourly motion of a comet 
ie to any given time. 

From observations of the best credit, let three longitudes of the comet 
be given, and, supposing ATR, RTB, to be their differences, let the hourly 
motion be required to the time of the middle observation TR. By Lem 
IT, draw the right line ARB, so as its intercepted parts AR, RB, may b - 





as the times between the observations; and if we suppose a body in the 
whole time to describe the whole line AB with an equal motion, and to be 
in the mean time viewed from the place T, the apparent motion of that 
body about the point R will be nearly the same with that of the comet at 
, the time of the observation TR. 


The same more accurately. 

Let Τα, Tb, be two longitudes given at a greater distance on one sKle 
and on the other; and by Lem. Il draw the right line aRb so 38 its inter- 
cepted parts aR, Rb may be as the times between the observations a TR, R'T4. 
Suppose this to cut the lines TA, TB, in D and E; and because the error 
of the inclination TRa increases nearly in the duplicate ratio of the time 
between the observations, draw FRG, so as either the angle DRF may be 
to the angle ARF, or the line DF to the line AF, in the duplicate ratio 
of the whole time between the observations a'T B to the whole time between 
the observations AT B, and use the line thus found FG in place of the 
line AB found above. -- ; 

It will be convenient that the angles ATR, RTB, αΓΑ, BTÀ, be nc 
less than of ten or fifteen degrees, the times corresponding no greater than 
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of eight or twelve days, and the longitudes taken when the comet noves 
with the greatest velocity; for thus the errors of the observations will 
bear a less proportion to the differences of the longitudes. | 


LEMMA IV. | 
To find the longitudes of a comet to any given times. | 
it is done by taking in the line FG the distances Rr, Rp, proportional 
to the times, and drawing the lines Tr, Tp. The way of working by 
trigonometry is manifest. 


LEMMA V. 
Ὃ find the latitudes. 

On TF, TR, TG, as radiuses, at right angles erect Ff, RP, Gg, tan- 
gents of the observed latitudes; and parallel to fg draw PH. The per — 
pendiculars rp, ρῷ, meeting PH, will be the tangents of the sought latitudes 
to Tr and 'Tp as radiuses. τ 


PROBLEM I | 


From the assumed ratio of the velocity to determine the trajectory of a 
comet. 


Let S represent the sun; 4, T, τ, three places of the earth in its orbit 
at equal distances; p, P, o, as many corresponding places of the comet in 





Q | 
its trajectory, so as the distances interposed betwixt place and place may 
angwer to the motion of one hour; pr, PR, óp, perpendiculars let fall on 
the plane of the ecliptic, and rRp the vestige of the trajectory in this 
plane. Join Sp, SP, So, SR, ST, tr, TR, τρ, TP, and lef tr, τρ, meet ir 
O, TR will nearly converge to the same point O, or the error will be in 
considerable, By the premised lemmas the angles rOR, ROp, are given, 
as well as the ratios pr to tr, PR to TR, and dp to τρ. “he figure (T7O 
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, is likewise given both in magnitude and position, together with the dis- 
tance S'l', and the angles STR, PTR, STP. Let us assume the velocity 
of the comet in the place P to be to the velocity of a planet revolved 
about the sun in a circle, at the same distance SP, as V to 1; and we shall 
have a line pPõ to be determined, of this condition, that the space po, 
described by the comet in two hours, may be to the space V X tr (that is. 
to the space which the earth describes in the sàme time multiplied by the 
number V) in the subduplicate ratio of ST, the distance of the earth from 
the sun, to SP, the distance of the comet from the sun; and that the space 
pP, described by the comet in the first hour, may be to the space Po, de- 
scribed by the comet in the second hour, as the velocity in p to the velocity 
in P; that is, in the subduplicate. ratio of the distance SP to the distance 
Sp, or in the ratio of 2Sp to SP + Sp; for in this whole work I neglect 
small fractions that can produce no sensible error. 

In the first place, then, as mathematicians, in the resolution of affected 
equations, are wont, for the first essay, to assume the root by conjecture, 
so, in this analytical operation, J judge of the sought distance TR as I 
best can by conjecture. Then, by Lem. II. I draw 7p, first supposing +R 
equal to Rp, and again (after the ratio of SP to Sp is discovered) so as 
rR may be to Rp as 28P to SP + Sp, and I find the ratios of the lines 
pw, rp, and OR, one to the other. Let M be to V x t? as OR to po; and 
because the square of pw is to the square of V x tr as ST to SP, we 
shall have, ez equo, OR? to M? as ST to SP, and therefore the solid 
OR? x SP equal to the given solid M? x ST; whence (supposing the 
triangles STP, PTR, to be now placed in the same plane) TR, TP, SP, 
PR, will be given, by Lem. I. All this I do, first by delineation in a rude 
and hasty way ; then by a new delineation with greater care; and, lastly, 
by an arithmetical computation. Then I proceed to determine the position 
of the lines rp, ρῶ, with the greatest accuracy, together with the nodes and 
inclination of the plane Spó to the plane of the ecliptic; and in that 
plane Spe I describe the trajectory in which a body let go from the place 
P in the direction of the given right line põ would be carried with v velo- 
city that is to the velocity of the earth as põ to V X tr. Α.Ε.Ε. 


PROBLEM IL 
To correct the assumed ratio of the velocity and the trajectory thence 
found. 

‘lake an observation of the comet about the end of its appearance, or 
any other observation at a very great distance from the observations used 
before, and find the intersection of a right line drawn to the comet, in that. 
observation with the plane Spo, as well as the comet’s place in its trajec- 
tory to the time of the observation. If that intersection happens in this 
place, it is a proof that the trajectory was rightly determined ; if other- 
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wise, a new number V is to be assumed, and a new trajectory to be found ; 
^ alal then th? place of the comet in this trajectory to the time of that pro- 
batory observation, and the intersection of a right line drawn to the comet 
with the plane of the trajectory, are to be determined as before; and by 
comparing the variation of the error with the variation of the other quan- 
tities, we may conclude, by the Rule of Three, how far those other 
quantities ought to be varied or corrected, so as the error may become as 
small as possible’ And by means of these corrections we may have tho 
trajectory exactly, providing the observations upon which the computation. 
was founded were exact, and that we did not err much in the assumption 
of the quantity V; for if we did, the operation is to be repeated vill the 
trajectory is exactly enough determined. Q.E.F. 
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Gop, his nature, ο (στο ος ο e e ο - ο ο ον αν ο ο - 0. € 
GaAviTY mutual between the earth and its parts, . . « © ο ο », > œ 


“έ 
« 


HAT, an iron rod increases in length by heat, κ τ, TC pi eo ον tiara ciae pe 
of the sun, how great at different distances frum the sun, w^ er Ὁ Ὁ. dw. 3 
how great in Mercury, . ο . ο ver οι cc cc ^ 
how great in the comet of 1680, when in its perihelion, . . 

HxAvENS are void of any sensible resistance, 401, 445, 492; and, therefore, of almost any cor- 


εί 
et 
e« 


HypnosTATICS, the principles thereof delivered,  . 9 


.foreé will cause a body to move in an hyperbola, .  « ο» ο ο ο ο «ο 


the absolute quantity of centripetal force defined, ο ee qe οἱ ας. το 
the accelerative quantity of the same defined, . . ο . ο o ο ο 76 
the motive quantity of the same defined, .  . eal Ue. fX. ve 1869 teu ο πο 
the proportion thereof to any known foree how collected, : 9 109 
a centripetai force that is reciprocally as the cube of the απο. tending toa vastly 

remote centre οἵ :orce will cause a body to move in any given conic section, ο ο 114 
a centripetal force that is as the cube of the ordinate tending to a vastly remote centre of 


centrifugal furee of bodies on the earth’s equator, how great, . » +. e ο 


of a different nature from magnetical force, . ο ο © ο «ο «ο œ 
the cause of it not assigned, . . . e o ο © ο © ο ο 


tends towards all the planets, .. . "A ue e ae eee ος 
from the surfaces of the planets upwards decreases | in the duplicate ratio of the dis- 
tances from the centre, . . ο « ο ὃν ο, ‘er cud 


frum the same downwards decreases neatly in the simple ratio of the same, «ο ο 
tends towards ali b dies, and 1s proportional to the quantity of matter in each, . 
is the force by which the moon is retained in itaorbit,. ο ο. +. è «ο . 


the same proved by an accurate calculus, Tare e ο 
is the furce by which the primary planets and the satellites of Jupiter and Saturn a are 
retained in their orbits,. . e a; ae τα ο ον E; 


poreal fluid whatever, ~ . SEM HI ee 356 
suffer light to pass through them without any refraction, ο 4 
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HwPxEnsoLA, by what law of centrifugal force tending from the Sende of the figure iti is described 


Hvyporngses of what kiud : oever rejected from this philosophy, o e èe ο ο œ 
τα, its periodic time, e e ο ο ο e e e e e e 9 ο 


εί 


με its propagation not instantaneous, 8^ Ὁ. οὐ ὁ. ὦ. v. Ὁ. cw -ᾱ 
its velocity different in different mediums, . ο ο e e© ο ο ο 


Maemweticforce, ο ο ο ο e. ο ο τῇ 


oc 


ind 
[e 
a 


by a revolving body, . ° . 

by what law of centrifugal force tending from the cus of the figure it is desoribed 
by a revolving body, . ` ° . ο 

by what law of ceatripetal force Vending to the focus of the figure iti is described 
by a revolving body, . . 8. nee ών ον ο ον ο rA ᾱ 


= 
mj 


pd 
[ d 
QD 


its distauce frum the sun, . , s. o « a. © © o ο ο 
its apparent diameter, ο. ο . . . . . e ο «© ο ο 
its true diameter, 8 ; 9 e e 9 9. e ο 9 9 e 

ite attractive fı rce, how great, . ο ᾽ e « e o o ο ο o ο 
the weights of bi dies on its surface, . e ο o © 0 ὁ ο 

its density, ο E e ο ο ο ο ο ο ο ο 9 9 
ita quantity of matter, ο E ο | ο 5 9 e ο e e 

its perturbation by Saturn , how much, . e >o ο ο ο ο 
the proportion of its diameters exhibited by computation, e o u ee ἃᾱ 
and compared with observations, ο e ο ο ο » 

its rotation about its axis, in what time ο εν e é © ο ο oœ 
the-cause of its belts hinted at, . κ 1. μα... ο oe e o ο 


& certain reflection it sometimes suffers jE V. nw -ῳ .«. ο, e 
ite refraction explained, . — EM eS ὁ 
refraction is not made in the single point of incidence, . . 
an incurvation of light about the extremities of bodies obeorved by PE 
not caused by the agitation of any ethereal medium, a ee ο τῷ 
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S 
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Mars, its periodic time, ο . ο ° ο e e 9 e e 9 e e 
«u its di-tance from the sun, . e . > e ο e e e e e . ο 
*  themotionot its aphelion, ὁ ο œ eh. oy Ψ. 292 δι “ieee © « ο 
Matter, its quantity of matter defined, . o ο ο ο ο ve oè œ 
s its vis insita define, T EC Ὁ .ϱ TEE "P 
“« — itsimprescd torce defined, NECS . . . 


“« its extension, hardness, impenetrability, mobility, s vis inertia, Sáu. how discovered! 

*  gubtle matter of Descartes in quired into, . . . ο è © è è . 
Mecuanica Powers explained and vemonstrated, ο ο ο ο ο o o ο 

MERCURY, ita periodic time, ο ο ο ο 9 ο e e ο e e ef ο 
“ its distance from the sun, : . ; ». ο e ο ο ο ο : 

M the motion of its aphelion,. |. . oè © ο ο e e >o « e 

Μετηορ of first and last ration, . ο . + «ο © © © ο ο ο ο, œ 
* — oftrausforming figures into others of the same analytical order, ο ο ο « 

& of fluxions, . " . s : . . «ο ο . . . "τε 
e differential, . ο ο ο ο ο 9 ο ο 9 ο ο ο 9 

* οἱ finding the quadratures of all curves very nearly true, ο ο ο ο ο œ 


TTT TTT 


*" οἱ converging series applied to the solution of difficult problems, . ο ο 271,436 


Moon, the inclixation of its orbit to the ecliptic greatest in the eysygies of the node with the sun, 


and least in the quadrature, . Se ey a ο ο P RE cet) “tence 208 
* the figure of its body collected by ealeulation, e © ο © © ο «: 454 
~ its librations explained, . . . . © © ο e  « oè . « 405 
“ its mean apparent diameter, . ο "ONE νο Ἐν μον . oe ο 453 
* itstruediameter, . . . ο ο ο ο © ο ο > ο ο 453 
* weight of bodies on itsecrface, . . e ο © « © o «© o > 453 
“u itsdensity,. . le es το ἃ bee ο... c9 ee c9. ce aD 
* its quantity of matter, IE ος e © ο ο ο > > 453 
“ its mean distance from the earth, how many ποια sem-diameters of the earth con- 

tained therein, ο . ο ο 9 ο e e 9 ο 9 ο e e . ο 453 
" how many mean semi-diameters, . e e ο ο ο ο ο o « «ὦ 454 
* its force to move the sea how great, . . ο ο œ ww e e . 449 
* not perceptible in experiments of pendulums, or any statical or hydrostatical ole vatis: 452 
* its periodic time, e e e > © © © © e ο ο ο > « 4654 
“the time of its synodical revolution, . ο ο +. ο ο © ο ο 422 
* its motions, and the inequalities of the same derived from their causes, ο . 413, 444 


* revolves more slowly, in a dilated orbit, when the earth is in its perihelion; and more 


swiftly in the aphelion the same, its orbit being contracted, . . «: ο 413,444,415 


* revolves more slowly, in a dilated orbit, when tl.e apogeeon is in the syzygies with the sun ; 


and more swiftly, in a contracted orbit, when the apogseon is in the quadratures, . 445 
revolves more slowly, in a dilated orbit, when the node is in the syzygies with the sun; 
and more swiftly, in a contracted orbit, when the node is in the quadratures, . « 446 
* — moves slower in its quadratures with the sun, swifter in the syzygies; and by a radius 
drawn to the earth dexeribes an area, in the first case less i in proportion to the time, in the 
last case greater, . : IN MEE CS ον πο ας 4 NES . 413 
“ the inequality of those areas computed, . , ο è vocac ur xs E 
* its orbit is more curve, and goes farther from the earth in the first case; in the last case 
its orbit ir less curve, and comes nearer to the earth, ο ο e « ο . 415 
* the figure of this orbit, and the proportion of its diameters collected by computation, . 423 
“ a method of finding the moon’s distance from the earth by its horary motion, . . 423 
“ its apogænn moves more slowly when the earth is in its aphelion, mere swiftly in the peri- 
helion, . es : . . 414, 445 
u its apogeeon gues S forward ask ewity when i in the sysygies with the sun; and goes back- 
ward in the quadratures, . « « 414, 44€ 
“ its eccentricity greatest when the ορ, is in in the eysygies mith the sun ; least when the 
| same is in the quadratures, . ° 7 5. ο ο 5 ο ο, 484, 446 
9 its nodes move more slowly when the earth i is in its aphelion, and. more ewiftly in the peri- 
helion, . «. . κ. 9 . . e « ο ) 4014445 
. 4 its nodes are at rest in their sysyg:es with the sun, Mad go back mo swiftly in the quad- 
Taturee, . : : πο 5 . è . > ο 44 


INDEX TO THE PRINCIPIA. 579 


Moon, the motions of the nodes and the inequalities of ite motions computed from the theory of 
gravity, ° « ο . . ο ο 9 9 e. . 9 427, 430, 434, 436 
« the same from a different μαρια ος . ο κ, ος 

* the variations of the inclination computed from the (henry of gravity, ο 

* the equations of the moon’s motions for astronomical uses, e ο e ο ο. ο 445 
* the annual equation of the moon’s mean motion, ο νο te. wh dw. 7445 
“the first semi-annual equation ofthe same, . . « ο ° ο ο 446 
* the second serai-annual equation of the same, e e « ο oè ο ο 
4 the first equation of the moon’seentre,. . ο «ο © ο © ο ο ο 447 
* the second equation of the maon’scentre,. . « ο © © ο ο «ο 
NMoow’s first variation, E" ο ο e ο . e ο ο ο ο e 
*  theannualequation of the mean motion of its apogee, . ο -ο ο © ο ο 445 
* the semi-annual equation of the same, Si vw. “Gee. ct,  ῳ tet, εψι τῳ Ὁ MAT 


pi 
E 


* the semi-annual equation of its eccentricity, - e a ο © © ο ο « 447 
* the annual equation of the mean motion of its nodes, e  . « ο ο ο ο 445 
“the semi-annual equation of the same, ὁ . . Pen Se. er, ο T 


* the semi-annual equation of the inclination of the orbit to the ecliptic, © ο ο 444 
" the method of fixing the theory of the lunar motions from observations, ο ο . 464 
οκ. its quantity defined, . |. ο ο © © ο ο» o ο ο ο, œ 73 


absolute and relative, ee ee £9 (e ο ο e. - 78 
* absolute and relative, the penetration ef ene from the other possible, demonstrated by - 

an example. i ° ` ο. ο 9 ° $ s 9 ; Σ ἢ 82 ' 
“u  lawsthereo, . ο | ‘ ° . oo η. 6 
“ef concurring bodies after iher reflection, by what experiments collected, . . . 9l 
“ — efbodiesineccentricsections, . ο e © ο ο o « o. 116 


."  inmoveable orbis, . EET = d ο Š 4 Ὁ : : 7 . 172 
“ in given superficies, and of the reciprocal motion of pendulums, ο . ο . 183 
“ . ef bedies tending to.each other with centripetal forces, . . ο . . 194 
“. οἵ very small bodies agitated by centripetal forces tending to each part of some s 

great body, . iE ae ee Nox το 9 E E ο ee e. ο 23 
4. ef bodies mesisted in the ratio of the velocities, "IC α C C a ee οσο 
* in the duplicate ratio of the velocity, . ο e. 5. ο 288 
* partly in the simple and partly in the duplieate ratio of the dune, 2^ lw dw ο 200 
* οὐ bodies proceeding by their vis insita alone in resisting mediums, 251, 258, 280, 280, 281, 330 
“ οἵ bodies ascending er descending im right lines in ewes mediums, and acted on by 

an uniform force of gravity, . . © e ο 52 265, 281, 283 
* of bodies projected in resisting mediums, and acted o en by: an uniform force of gravity, 255, n 
*  efbodiesrevolvinginresisting mediums, . ο . . e e © è . 
* — offunependulous bediesin resisting mediums,. ο « ο ο ο ο . $i 


* and resistance of fluids, . . ο ο © ο» ο « e. o, œ ο 323 
* propagated through fluids, . . ο. Ta fee) Ὁ ο ο UG 
*  offluids after the manner of a vortex, or cineular, 4 fer ἡ, “et eer “6, Wes. ας 
Motions, composition and resolution of them, . . ο Ὁ «γω 25 84 
Ovats for optic uses, the method of finding them which Cartesius Sonebaled: « ο ο ο 246 
* a general solution of Cartesius’s problem, ο . . e ο ο «247249 


Onnrrs, the invention of those which are described by bodies going off from a given place with 
a given velocity according to a given right line, when the centripetal force is recipro- 
cally as the square of the distance, and the absolute quantity of that force is known, ο 123 
* — of those which are described by bodies when the centripetal foree is reeiprocally as the 
cube of the distance, . . "AN 114, 171, 176 
“ of those which are described by bodies agitated bs. any ΜΕΡΕΙ forces whatever, 168 
PARAsoLA, by what law of centripetal force tending to the focus of the figure the same may be 
described, . 9 “ e 9 e 9 e . e e 9 e 
Pexpu.ums, their properties explained, . « ο» ο 186,190, 304 
? the diverse lengths of isochronous veudalumsi in different latitudes compared among | 
themselves, both by observations and by the theory of EM κ — 40910 618 
Prace defined, and distinguished into absolute and relative, . . "P . 78 
PLACES of bodies moving in conic sections found to any assigned time, ο ο ο ο 1059 
PLANETS not carried about by corporeal vortices, e ο ο, ο « ο: ο « 5:8 
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Ριανκτε, their perindia simes, . . . . «. : =. Ὁ . 8 
their distances from the sun, i å ; "S . 880 
* thea, heia and nodes of their orbits do almost rest, « © ο «ὡ 5. ο 4 
* — their orbits determined, . . . ο 575 © « o5. « » 266 
* the way of finding their places in their orbite, o ο o ο ο ο ο 94110390 
«© their density suited to the heat they receive from the m, . ο 57 * . A00 
* their diurnal revolutions equable, . . MERC . ο . 406 
* their axes less than the diameters that stand upon them at right angles, . ο ο, 406 
λε PRIMARY, surround the sun, . . e ο ο «© ο ο o > ο 98 
move in ellipses whose focus is in the sun’s centre, à . 403 
NS E by radii drawn to the sun describe areas proportional to the limes 368, 403 
εέ “u 


revolve jn periodic times that are in the sesquiplicate proportion of the dis- 
tances from the sun, . . . « . ο» ο» « . « 38 
are retained in their orbits by a force of gravity which respects the sun, 
and is reeiprocally as the square of the distance from the sun’s centre, 289, 393 
PLANETS, SECONDARY, move in ellipses having their focus in the centre of the primary, . 413 
i “ by radii drawn to their primary describe areas proportional to the 
times, ; : eS E" "n . 386, 387, 390 
revolve in periodic times that are in the sesquiplicste jëoportion of their 
distances from the primary, ». e oe 5. 5 « > 386, 387 
ProsLEm KEPLERIAN, solved by the trochoid and by approximations, . ο ο ο 157 to160 
& s of the ancients, of four lines, related by Pappus, and attempted by Car- 
tesius, by an algebraic calculus solved by a geometrical composition, . 135 
PROJECTILES move in parabolas when the resistance of the medium is taken away, 91, 115, 243, 273 
ge their motions in resisting mediums, . : . 
PursEs of the air, by which sounds are propagated, their intervals or breadths determined, 368, 376 
* — these intervals in sounds made by open pipes probably equal to twice the length of the 
pipes, . . . TES 9 νο νυ 
QUuADRATURES general of πε figures not to be obtained by finite ieri. ο 7 o « (03 
QUALITIES of bodies how discovered, and when to be supposed universal, .. 
RESISTANCE, the quantity thereof T mediums not continued, . «ο 


« 6 


ff in continued mediums, : c ο ο... τα 
ο in mediums of any kind ο. . e ο... ον} 
« of mediums is as their density, ceteris paribus, . . 320,321, 324, 329, 341, 355 
κ is in the duplicate proportion of the velocity of the bodies resisted, ceteris zari- 

bus, NET è s . 258, 314, 324, 329, 344, 351 
t is in the duplicate proportion of the diameters of spherical bodies resisted, ceteris 

paribus, ; a a a ἃ 317, 318, 329, 344 
(t of fluids threefold, arises either from the inactivity of the fluid matter, or the te- 

nacity of its parts, or friction, . . . v. Eco $5 Ἐς 286- 
u the resistance found in fluids, almost all of the first kind, ο PEE 22, 351 
in cannot be diminished by the subtilty of the parts of the fluid, if the density remain, 335 
e of & globe, what proportion it bears to that of a cylinder,in mediums not continued, 327 
« in compressed mediums, . "uu c EE ss 
z of a globe in mediums not continued: eee eke + v 2D 
“ in compressed mediums, . ο» . « « « © è « . « M 


how found by experiments, ο» . ο . o o «ὦ: » 345 to 355 
to a frustum of a cone, how made the least posible. 5 ο . . . 28 


« what kind of solid it is that meets with the least, . . ο» . e . . 32 
Reeistances, the theory thereof confirmed by experimenta of pendulums, . . ο 313 to 32l 
a by experiments of falling bodie,. . . . . . . « e 345t0 356 

Rest, true and relative, . . . ο ο  «« . ο» «© e. © :«: « 76 . 
- RuLes of philosophy, . . . C WW WD E 


SATATLITER, the greatest heliocentric elongation of J upiter's satellites S V ce 19 88] 
the greatest heliocentric elongation of the Huygenian satellite from Saturn's centre, 398 


ος the periodic times of Jupiter’s satellites, and their distances from his centre, . 386,387 - 
" the periodic times of Saturn’s satellites, and their distances from his centre, 387, 388 
s the inequalities of the motions of the satellites of Jupiter and Saturn derived from 


the motions of the moon, . . e . . e ο e > > ο 413 
SwsquipLicaTE proportion defined, . ο «ο . . ὁ © «© ο» 4 - 101 


m 
$ 
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BATURN, its periodic tune, CENE πο ο ον ο. mye ο. f . 388 
it its distance from the sun, . ο ο ο ο ο e ο ο ο . 388 
*  itsapparent diameter, . . ο ο © © ο ο ο «© « ο 38 
& its true diameter, . e ο e e 9 ο ο ο ο ο e e. . 399 
u its attractive force, how great, e « ο» ο ο ο ο ο ο è> « 398 
* the weight of bodies on its surface, . . ο ο ο ο ,. «ο ο «ο 309 
sa ME its density, e 9 ο ο e 9 » ο ο e e ο 399 
« its quantity of matter, . ο 9 ec > è oœ ο ὁ ο 999 
« — its perturbation by the approach of Jupiter how greats © e ο ο « ο 403 
( the apparent diameter of its ring, Xr c NE EET EC 388 
Ruapow of the earth to be augmented in lunar eclipses, because of the refraction of the at- 
mosphere, . ο "du CET mu C LEE RES 447 
Suonps, their nature explained, cC υψς E τν 360, 363, 365, 366, 367, 468, 369 
* mot propagated in directum, . . ο « œ . e ο « 359 
“& caused by the agitation of the air, ο c ων Ὁ ον ο ο. Ke" uS ROO. 
« their velocity ccmputed, . ο ο ο e © o o « o. 368,369 


* somewhat swifter by the theory in summer than i mwinter, . ο ο ο « . 370 
« cease immediately, when the motion of the sonorous body ceases, . ο ο ο 36 
τ how augmented in speaking trumpets, . ο „e ο ο ο ο -o « ο 370 
SPACE, absolute and relative, e . . ο ek? δι τν ον .. LM ο. ee 83 


* notequally full, . , . .  ὁ . : . ο © s. 396 
SPHEROID, the attraction of the same when the forces of its’ paries are re reciprocally as the 
equares of the distances, ee . 239 


SPIRAL cutting all its radii in a given angle, by what law of centripetal force tending to the 
centre thereof it may be described by a revolving body, , . . ο £107, 287, 291 

Sririr pervading all bodies, and concealed within them, hinted at, as required to solve a great 
many pheenomena of Nature, . "E Φα 0. «= w . « ο . 9008 
STARS, the fixed stars demonstrated tobe at rest, ο ο » €. o. o> > ο 44 
* — their twinkling what to be ascribed to,. ο e © © ο ο ο ο ο 487 
" new stars, whence they may arise, . ο e ο © o ο ο ο ο « 502 
ὩὉΟΒΒΤΑΝΟΕΒ of all.things unknown, ο e ο ο e «ὦ ο 
‘Sun, moves round the common centre of SER VIT of ‘all the planets, st sene. ee oO] 
* the periodic time οἱ its revolution about its axis, . . e © ο ο «© «: 405 


* its mean apparent diameter, ` 5 . ° ° . e ο ο 5 . « 453 
“ itstruediameter, . . ο e ο ο . « « o ‘e ο o o 398 
“ its horizontal parallax, ο. ο ο . . ©. oe © ο 5 ο 5 : 98 
* ‘has a menstrual parallax,  . e © o ο o ο ο ο ο ο «: 403 
* its attractive force how great, . ο » . © « «© © o o o . 39 
* the weight «f bodies on its surface, ο e στο eS, ο “η 
“ its density, . ` . . ” ο ο ο 9 » e e ο e . . 399 
* its quantity of matter, . . e ο ο è © ο © © ο «: 39 
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* its force to disturb the motions of the moon, . ο ο ο » « ο ο 391, 
: its force to move the sea,. . . ο . . e e ο © ο ο» ο 448 
TipEs of the sea derived from their cause, . ο . . © ο ο ο 415, 448, 449 


Timer, absolute and relative,. . « «+ 78,79 
* the astronomical equation thereof proved by pendulum clocks, and the eclipses of Jupiter’s 
satellites, ο . e e e 9 79 


A VACUUM proved, or that all spaces (if said to be fall) a are not equally ful . . . . 396 
" VeLociTIES of bodies moving in conic sections, where the centripetal force tends to the focus, . 121 
V gLociTY, the greatest that a globe falling in a resisting medium can acquire, Ἢ ο . 3H 
V gnus, its periodic time, . |. . . ο» . ^. ὁ «© «© © ο 5 : S888 

" its distance fromthe sun, . . ο e © ο of » è > ο >o £388 

* the motion of its aphelion, ο . «ο «ο © © © ο © «© > . 405 

Vorrices, their nature and constitution examined,. . ο «ο ο © ο ο . 604 
Waves, the velocity with which they are propagated on the superficies of stagnant water, ^. 36 
Weicuts of bodies towards the sun, the earth, or any planet, are, at equal distances from the ! 

centre, as the quantities of matter in the bodies, . ο 1 ο. ΘΙ 

*^ they do not depend upon the forms and textures of bodies, . . . o ο 3% 

“ — of bodies in different regions of the earth found out, and compared together, ». «ὦ W 
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Geometers, and very worthy to be imitated by 
their Succeffors, to addrefs their Mathematical 
ed labours, not fo much to Men of eminent rank 
τ {tation in he world, as to Perfons of diftinguifh’d 
merit and proficience in the fame Studies. For they knew 
very well, that fuch only could be competent Judges of 
their Works, and would receive them with ‘the efteem 
they might deferve. So far at leaft-I can copy after thofc 
great Originals, as to chufe a Patron for thefe Speculations, 
whofe known skill and abilities in fuch matters will enable 
him to judge, and. whofe known candor will incline him 
to judge favourably, of the fhare I have had in the prefent 
performance. For as to the fundamental part of the 
Work, of which I am. only the Interpreter, I know. it 
cannot but pleafe you; it will need no protection, nor 
can it receive a greater recommendation, than to bear the 
name of its illuftrious Author. However, it very naturally 
applies itfelf to you, who had the honour (for I am fure 
you think it fo) of the Author's friendíhip and familiarity 
in his life-time; who had his own confent to publifh an 
elegant edition of fome of his pieces, of a nature not very 
different from this; and who have fo juft an efteem for, 
as well as knowledge of, His other moft fublime, moft 
aémirable, and.juftly celebrated Works. 
A 2 But 
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But befides thefe motives of a publick nature, I had 
others that more nearly concern myfelf. The many per- 
{onal obligations I have received from you, and your ge- 
nerous manner of conferring them, require all the tefti- 
monies of gratitude i in my power. Among the.reft, give 
me leave to mention one, (tho' it be a privilege I have 
enjoy d in common with many others, who have the hap- 
pinefs of your acquaintance, which is, the free accefs you 
have always allow'd me, to your ,copious Colleétion,of 
whatever is choice and excellent .in ithe -Mathematicks. 
Your judgment and. induftry, in collecting thofe valuable 
κειμήλια, are not more confpicuous, than the freedom 
and readinefs with which you communicate them, to all 
fuch who you know will apply them to their- proper ufe, 
that is, to the general improvement of Science. 

Before I take my leave, permit. me, good Sir, to join my 
wifhes to thofe of the.publick, that your. own -ufeful Lu- 
cubrations nay fee the light, with all convenient fpeed; 
which, if I rightly conceive of them, -will-be an excellent 
methodical Introduction, not only to the mathematical 
Sciences in general, but alfo to thefe, as well-as to the other 
curious and abftrufe Speculations of. our great Author. You 
are very well apprized, as all other good Judges muft be, 
that to illuftrate him is to cultivate real Science, and to 
make his Difcoveries eafy and familiar, will be no fmall 
improvement in Mathematicks and Philofophy. 

That you will receive this addrefs with your ufual can- 
dor, and with that favour and friendfhip I have fo long 
and often experienced, is the earneft requeft of, 


SIR, 
"Your moft obedient humble Servant, 


J COLSON. 





Cannot but very much congratulate with my Mathe- 
matical Readers, and think it one of the moft for- 
tunate circum(tances of my Life, that I have it in my 
power to prefent the publick with a moft valuable 
Anecdote, of the greateft Mafter in Mathematical and 
Knowledge, that ever appear'd in the World. And 
fo much the more, becaufe this Anecdote is of an elementiry nature, 
preparatory and introductory to his other moft a:duous and fublime 
Speculations, and intended by himfelf for the inftru&tion of Novices 
and Learners. I therefore gladly embraced the opportunity that 
was put into my hands, of publifhing this pofthumous Work, be- 
caufe I found it had been compofed with that view and defign. 
And that my own Country-men might firft enjoy the benefit of 
this publication, I refolved upon giving it in an Exgi/b Tranflation, 
with fome additional Remarks of my own. I thought it highly 
injurious to the memory and reputation of the great Author, as 
well as invidious to the glory of our own Nation, that fo curious 
and uleful a piece fhould be any longer fupprefs’d, and confined to 
a few private hands, which ought to be communicated to all the 
learned World for general Inftruction. And more efpecially at a 
time when the Principles of the Method here taught have been 
fcrupuloufly fifted and examin'd, have been vigoroully oppofed and 
(we may fay) ignominioufly rejected as infufficient, by fome Mathe- 
matical Gentlemen, who feem not to have derived their knowledge 
of them from their only true Source, that is, from cur Authcr's 
own Treatife wrote exprefsly to explain them. And on the other 
hand, the Principles of this Method have been zealoufly and com- 
mendably defended by other Mathematical Gentlemen, ο yet 
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f.em to have been as little acquainted with this Work, (or at leaft 
to have over-look'd it,) the only genuine and original Fountain of 
this kind of knowledge. For what has been elfewhere deliver'd by 
our Author, concerning this Method, was only accidental and oc- 
cafional, and far from that copioufnefs with which he treats of it. 
here, and illuftrates it with a great variety of choice Examples. 

The learned and ingenious Dr. Pemberton, as he acquaints us in 
his View of Sir [πας Newton’s Philofophy, had once a defign of 
publifhing this Work, with the confent and under the infpe&ion 
of the Author himíelf; which if he had then accomplifh'd, he would 
certainly have deferved and received the thanks of all lovers of Science. 
The Work wculd have then appear'd with a double advantage, as 
rcc-iving the laft Emendations of its great Author, and likewife in 
raffing through the hands of fo able an Editor. And among the 
other good effects of this publication, poffibly it might have prevent- 
ed all or a great part of thofe Difputes, which have fince been raifed, 
and which have been fo ftrenuoufly and warmly purfüed on both 
fides, concerning the validity of the Principles of this Method. They 
would doubtlefs have been placed in fo good a light, as would have 
cleared them from any imputation of being in any wife defective, or 
not fufficiently demonftrated. But fince the Author's Death, as the 
Doctor informs us, prevented the execution of that defign, and {πες 
he has not thought fit to refume it hitherto, it became needful that 
this publication fhould be undertook by another, tho' a much in- 
ferior hand. 

For it was now become highly neceffary, that at laft the great 
Sir yee himfelf fhould interpofe, fhould produce his genuine Me- 
thod of Fluxions, and bring it to the teft of all impartial and con- 
fiderate Mathematicians; to fhew its evidence and fimplicity, to 
maintain and defend it in his own way, to convince his Opponents, 
and to teach his Difciples and Followers upon what grounds they 
fhould proceed in vindication of the Truth and Himfelf. And that 
this might be done the more eafily and readily, I refolved to accom- 

any it with an ample Commentary, according to the beft of my 
fkill, and (I believe) according to the mind and intention cf the Au- 
thor, wherever I thought it needful; and particularly with an Eye 
to the fore-mention'd Controverfy. In which I have endeavoui'd. to 
obviate the difficulties that have been raifed, and to explain every 
thing in fo full a manner, as to remove all the objections of any 
force, that have been any where made, at leaft fuch as have occur’d 
to my obfervation. Jf what is here advanced, as there is good Pun 
on 
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fon to hope, fhall prove to the fatisfaction of thofe Gentlemen, who 
firft ftarted thefe objections, and who (Iam willing to fuppofe) had 
only the caufe of Truth at heart; I fhall be very glad to have cor- 
tributed any thing, towards the removing of their Scruples. But if 
it fhall happen otherwife, and what is here offer'd fhould not appear 
to be fufhcient evidence, convi&ion, and demonftration to them ; 
yet Lam perfuaded it will be fuch to moft other thinking Readers, 
who fhall apply themfelves to it with unprejudiced and impartial 
minds; and then I fhall not think my labour ill beftow'd. It fhould 
however be well confider'd by thofe Gentlemen, that the great num- 
ber of Examples they will find here, to which the Method of Fluxions 
is fuccefsfully apply'd, are fo many vouchers for the truth of the 
Principles, on which that Method is founded. For the Deductions 
are always conformable to what has been derived from other uncon- 
troverted Principles, and therefore muft be acknowledg'd as true, 
This argument fhould have its due weight, even with fuch as can- 
not, as well as with fuch as will not, enter into the proof of the 
Principles themfelves. And the Aypothefis that has been advanced to 
evade this conclufion, of one error in reafoning being ftill corrected 
by another equal and contrary to it, and that fo regularly, conftantly, 
and frequently, as it muft be fuppos’d to do here; this bvpothefs, I 
fay, ought not to be ferioufly refuted, becaufe I can hardly think it 
is ferioufly propofed. 

The chief Principle, upon which the Method of Fluxions is here 
built, is this very fimple one, taken from the Rational Mechanicks ; 
which is, 'That Mathematical Quantity, particularly Extenfion, may 
beconceived as generated by continued local Motion ; and that allQuan- 
tities whatever, at leaft by analogy and accommodation, may be con- 
ceived as generated after a like manner, Confequently there muft be 
comparative Velocities of increafe and decreafe, during fuch generations, 
whofe Relations are fixt and determinable, and may therefore (pro- 
blematically) be propofed to be found. This Problem our Author 
here folves by the hzip of another Principle, not lefs evident; which 
fuppofes that Quantity is infinitely divifible, or that it may (men- 
tally at leaft) fo tar continually diminifh, as at laft, before it is totally 
extinguifh'd, to arrive at Quantities that may be call’d vanifhing 
Quantities, or which are infinitely little, and lef than any affign- 
able Quantity. Or it fuppofes that we may form a Notion, not 
indeed of abfoiute, but cf relative and comparative infinity. ’Tis a 
very juft exception to the Method of Indivifibles, as alfo to the 
foreign infinitefimal Method, that they have recourfe at once to 
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infinitely little Quantities, and infinite orders and gradations of thefe, 
not relatively but abfolutely fuch. They affume thefe Quantities 
fimul & femel, without any ceremony, as Quantities that actually and 
obvioufly exift, and make Computations with them accordingly ; 
the refult of which muft needs be as precarious, as the abfolute ex- 
iftence of the Quantities they affume. And fome late Geometricians 
have carry'd thefe Speculations, about real and abfolute Infinity, ftill 
much farther, and have raifed imaginary Syftems of infinitely great 
and infinitely little Quantities, and their feveral orders and properties; 
which, to all fober Inquirers into mathematical Truths, muft cer- 
tainly appear very notional and vifionary. 

Thefe will be the inconveniencies that will arife, if we do not 
rightly diftinguifh between abfolute and relative Infinity. Abfolute 
Infinity, as fuch, can hardly be the object either of our Conceptions 
or Calculations, but relative Infinity may, under a proper regulation. 
Our Author obíerves this diftinction very ftrictly, and introduces 
none but infinitely little Quantities that are relatively fo; which he 
arrives at by beginning with finite Quantities, and proceeding by a 
gradual and neceflary progrefs of diminution. His Computations 
always commence by finite and intelligible Quantities; and then at 
laft he inquires what will be the refult in certain circumftances, when 
{fuch or fuch Quantities are diminifh'd zz infinitum. This is a con- 
ftant practice even in common Algebra and Geometry, and is no 
more than defcending from a general Propofition, toa particular Cafe 
which 1s certainly included in it. And from thefe eafy Principles, 
managed with a vaft deal of fkill and fagacity, he deduces his Me- 
thod of Fluxions ; which if we confider only fo far as he himfelf 
has carry'd it, together with the application he has made of it, either 
here or elfewhere, dire&ly or indirectly, exprefly or tacitely, to the 
moft curious Difcoveries in Art and Nature, and to the fublimeft 
Theories: We may defervedly efteem it as the greateft Work of 
Genius, and as the nobleft Effort that ever was made by the Human 
Mind, Indeed it muft be own’d, that many ufeful Improvements, 
and new Applications, have been fince made by others, and proba- 
bly will be {till madc every day. For it is no mean excellence of 
this Method, that it is doubtlefs ftill capable of a greater degree of 
perfection ; and will always afford an inexhauftible fund of curious 
matter, to reward the pains of the ingenious and induftrious Analyft. 

As I am defirous to make this as fatisfactory as pothible, efpecially 
to the very learned and ingenious Author of the Difcourfe calt'd The 
Analyft, whofe eminent Talents I acknowledge myfelf to have a 

I great 
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great veneration for; I fhall here endeavour to obviate fome of his 
principal Obje&ions to the Method of Fluxions, particularly fuch as 
I have not touch'd upon in my Comment, which is fcon to follow. 

He thinks cur Author has not proceeded in a demonftrative and 
fcientifical matter, in his Princip. lib. 2. lem. 2. where he deduces 
the Moment of a Rectangle, whofe Sides are fuppofed to be variable 
Lines I fhall reprefent the matter Analytically thus, agreeably (I 
think) to the mind of the Author. 

Let X and Y be two variable Lines, or Quantities, which at dif- 
ferent periods of time acquire different values, by flowing or increa- 
fing continually, either equably oralike inequably. For inftance, let 
there be three periods of time, at which X becomes A — τά, A, 
and A- +a; and Y becomes B — 24, B, and B -+ 4b fucceffively 
and refpectively ; where A, a, B, 4, are any quantities that may be 
affumed at pleafure. Then at the fame periods of time the variable 
Produ& or Rectangle XY will become A — 12 x B — 15, AB, and 
A -+ ża x B -+ +24, that is AB — 248 — 44A -+ žab, AB, and 
AB + 24B -- 22A -- iab. Now in the interval from the firft period 
of time to the fecond, in which X from being A — +a is become A, 
and in which Y from being B — +4 is become B, the Produ& XY 
from being AB — 2aB — 14A -+ iab becomes AB; that is, by Sub- 
traction, its whole Increment during that interval is 448 +4 12A — 
zab. And in the interval from the fecond period of time to the 
third, in which X from being A becomes A -+ χα, and in which Y 
frem being B becomes B 4- i2, the Product XY from being AB 
b:comes AB -+ ἑ4Β -+ +A -+ tab; that is, by Subtraction, its whole 
Ircrement during that interval is 44B -}- 12A -+- tab. | Add thefe two 
Increinents together, and we fhall have 4B -+ bA for the compleat 
Increment of the Produ& XY, during the whole interval of time, 
while X flcw’d from the value A — ża to A -1- 2a, or Y flow'd 
from the value B — +2 to B ++). Or it might have been found 
by cne Operation, thus: While X fows from A — £a to A, and 
thence to A+ ża, or Y flows fiom B— 32 to B, and thence to 
B+ +b, the Produ& XY will flow fiom AB — taB— 43A + żab 
to AB, and thence to AB -i- £aB + £^A --- 245 ; therefore by Sub- 
traction the whole Increment during that interval of time will be 
aB-- 5^. Q.E.D. 

This may eafily be illuftrated by Numbers thus: Make A,2, B,Z, 
equal to 9, 4, 15, 6, refpectively; (or any other Numbers to be af- 
fumed at pleafure.) Then the three fucceffive values of X will be 
7, 9, 11, and the three fucceffive values of Y will be 12, 15, 18, 

refpcetively, 
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refpectively. Alfo the three fucceflive values of the Produ& XY 
will be 84, 135, 198. But aB -+ bA = 4 x 15-- 6x 9 = 114 == 
198 — 84. Q. E. O. 

Thus the Lemma will be true of any conceivable finite Incre- 
ments whatever ; and therefore by way of Corollary, it will be true 
of infinitely little Increments, which are call’d Moments, and which 
was the thing the Author principally intended here to demonftrate. 
But in the cafe of Moments it is to be confider'd, that X, or defi- 
nitly A — 22, A, and A- +a, are to be taken indifferently for 
the fame Quantity ; as allo Y, and definitely B— +4, B, B+ 24. 
And the want of this Confideration has occafion'd not a few per- 
plexities, | 

Now from hence the reft of our Author's Conclufions, in the 
fame Lemma, may be thus derived fomething more explicitely. The 
Moment of the Rectangle AB being found to be Ab -+ aB, when 
the contemporary Moments of A and B are repredented by a and ὐ 
refpectively ; make B==A, and therefore ? —— a, and then the 
Moment of A x A, or A*, will be Aa -+ 4A, or 24Α. Again, 
make B == A+, and therefore b= 24A, and then the Moment of 
Α ΧΑ’, or A?, will be22A*-t- 2ÀA*, or 34Α”. Again, make B = 
A:, and therefore == 14Α”, and then the Moment of A χΑ:, or 
A*, will'be 34A? -4-.4A*, or 44Α’. Again, make B == A‘, and 
therefore b == 44A?, and then the Moment of Ax A‘, or A’, will 
be 44A* +-a@A‘, or gaA*. And fo on zz infinitum. Therefore in 
general, affuming 7; to reprefent any integer affirmative Number, the 
Moment of A” will be παΑ”-:, 

Now becaufe A” x A7" -— 1, (where z is any integer affirmative 
‘Numiber,) and becaufe the Moment of Unity, or any other conftant 
quantity, is == 0; we fhall have A* x Mom. A—” + A-"x Mom, 
A” = o, or Mom. A—" == — A~» x Mom. A”. But Mom. A” 
== maA"~', as found before; therefore Mom. A~” == — Αι 
maA"—: ——.ma&-n—:. Therefore the Moment of A” will be 
maA"—, when 71 is any integer Number, whether affirmative or 
negative. 


0 
And univerfally, if we put A” — B, or A» — B” , where m and 
Ὥ may be any integer Numbers, affirmative or negative ; then we 


fhall have z/2A*— == nB", or --- man n “a As —1, Which 
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is the Moment of B, or of A». So that the Moment of A” wil 
be 
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be ftill aA", whether 7; be affirmative or negative, integer or 
fraction. 

The Moment of AB being ΖΑ 4- aB, and the Moment of CD 
being dC + cD; fuppofe D = AB, and therefore ἆ--- bA + aB, 
and then by Subftitution the Moment of ABC will be 2A +- aB κο 
-- cAB == 6AC + aBC-+-cAB. And likewife the Moment of 
A” B" will be n2B"—'À" ~+- maA"—"B*. And fo of any others. 

Now there is fo near a connexion between the Method of Mo- 
ments and the Method of Fluxions, that it will be very eafy to pafs 
from the one to the other. For the Fluxions or Velocities of in- 
creafe, are always proportional to the contemporary Moments. Thus 
if for A, B, C, Ge. we write x, y, z, &c. for a, b, ο, &c. we may 
write x, 7, z, &c. Then the Fluxion of xy will be xy <- xy, the 
Fluxion of x” will be mxx*-', whether 7; be integer or fraction, 
affirmative or negative; the Fluxion of xyz will be xyz ++ xyz + 
xyz, and the Fluxion of x"y» will be mxx=—*y» -I- nx”ýy"—. And 
fo of the reft. 

Or the former Inquiry may be placed in another view, thus: 
Let A and A -+ a be two fücceffive values of the variable Quantity 
X, asalfo B and B -+ ὁ be two fucceflive and contemporary values 
of Y ; then will AB and AB-+-aB-+ bA -|- à) be two fucceffive and 
contemporary values of the variable Produ& XY. And while X, 
by increafing perpetually, flows from its value A to A -1- a, or Y 
flows from B to B-b; XY at the fame time will flow from AB 
to AB + 4B -+- 2A +- ab, during which time its whole Increment, 
as appears by Subtraction, will become aB 4- 4A +- ab. Or in 
Numbers thus: Let A, a, B, 2, be equal to 7, 4, 12, 6, refpectively ; 
then will the two fucceflive values of X be 7, 11, and the two fuc- 
ceflive values of Y will be 12,18. Alfo the two {fucceffive values of 
the Product XY will be 84, 198. But the Increment aB -+ 2A +- 
ab — 48 + 42 + 24 = 114 = 198 — 84, as before. 

' And thus it will be as to all finite Increments: But when the In- 
crements become Moments, that is, when a and P are fo far dimi- 
nifh'd, as to become infinitely lefs than A and B; at the fame time 
ab will become infinitely lefs than either aB or 2A, (for aB. αὖ :: 
B. ὁ, and bA. ab 1: A. a,) and therefore it will vanifh in refpect of 
them. In which cafe the Moment of the Product or Rectangle 
will be aB -4- ΖΑ, as before. This perhaps is the more obvious and 
direct way of proceeding, in the prefent Inquiry ; but, as there was 
room for choice, our Author thought fit to chufe the former way, 

as 
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as the more elegant, and in which he was under no neceffity of hav- 
ing recourfe to that Principle, that quantities arifing in an Equation, 
which are infinitely lefs than the others, may be neglected or ex- 
punged in comparifon of thofe others, Now to avoid the ufe of 
this Principle, tho’ otherwife a true one, was all the Artifice ufed on 
this occafion, which certainly was a very fair and juftifiable one. 

I fhall conclude my Obfervations with confidering and obviating 
the Objections that have been made, to the ufual Method of finding 
the Increment, Moment, or Fluxion of any indefinite power x" of 
the variable quantity x, by giving that Inveftigation in fuch a man- 
ner, as to leave (I think) no room for any juft exceptions to it. 
And the rather becaufe this is a leading point, and has been ftrangely 
perverted and mifreprefented. 

In order to find the Increment of the variable quantity or power 
x», (or rather its relation to the Increment of x, confider'd as given ; 
becaufe Increments and Moments can be known only by comparifon 
with other Increments and Moments, as alfo Fluxions by comparifon 
with other Fluxions ;) let us make x"——y, and let X and Y be any 
fynchronous Augments of « and 7. Then by the hypothefis we 
fhall have the Equation x -+ Xj" =—=y -+ Y ; for in any Equation 
the variable Quantities may always be increafed by their fynchronous 
Augments, and yet the Equation wiil ftill hold good. "Then by 
our Author's famous Binomial Theorem we shall have y -1- Y — xn 


tom t ---ι n — 2 


πα X -- nx ——a7X* nx --- x= απ 39, &c. or re- 
moving the equal Quantities y and x», it will be Υ---πχ”-Χ-- 
"x TX: -nx —— x——xX—3X?, &c. So that when X de, 
notes the given Increment of the variable quantity x, Y will here denote 
the fynchronous Increment of the indefinite power y or x" ; whofe 
value therefore, in all cafes, may be had from this Series. Now 
that we may be fure we proceed regularly, we will verify this thus 
far, by a particular and familiar inftance or two. Suppofe a = 2, 
then Y == 2xX-++-X*. Thatis, while x flows or increafes to x 4- X, 
x? in the fame time, by its Increment Y == 2xX +. X*, will increafe 
to x? -- 2x X + X*, which we otherwife know to be true. Again, 
fuppofe ΊΞ--- 4, then Y == 4x*X + 4xX* 4+ Χἱ. Or while x in- 
creafes to x -+ X, x by its Increment Y — 4x*X + 3xX* -- X? 
will increafe to x? +4. 3x*X + 3xX^ -- X^. And fo in all other 
particular cafes, whereby we may plainly perceive, that this general 
Conclufion mutt be certain and indubitable. 
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This Series therefore will be always true, let the Augments X and 

Y be ever fo great, or ever fo little ; for the truth does not at all de- 

pend on the circumftance of their magnitude. Nay, when they are 

infinitely little, or when they become Moments, it muft be true alfo, 

by virtue of the general Conclufion. But when X and Y are di- 
minifh'd iz infinitum, fo as to become at laft infinitely little, the 
greater powers of X muft needs vanifh firft, as being relatively of an 
infinitely lefs valve than the fmaller powers. So that when they are 

all expunged, we fhall neceffarily obtain the Equation Y = πλ ΙΧ: 
where the remaining Terms are likewife infinitely little, and confe- 
quently would vanifh, if there were other Terms in the Equation, 
which were (relatively) infinitely greater than themfelves. But as 
„there are not, we may fecurely retain this Equation, as having an 
undoubted right fo to do; and efpecially as it gives us an ufeful piece 
of information, that X and Y, tho’ themfelves infinitely little, or 
vanifhing quantities, yet they vanifh in proportion to each other, as 
1 to zx"—, We have therefore learn'd at laft, that the Moment by 

which x increafes, or X, is to the contemporary Moment by which 
x» increafes, or Y, as 1 is to zx*—'. And their Fluxions, or Velo- 
cities of increafe, being in the fame proportion as their fynchronous 
Moments, we fhall have nx"-'x for the Fluxion of x», when the 

Fluxion of x is denoted by x. 

.. I cannot conceive there can be any pretence to infinuate here, 

that any unfair artifices, any leger-de-main tricks, or any fhifting of 

the hypothefis, that have been fo feverely complain'd of, are at all 

made ufe of in this Ínveftigation. We have legitimately derived 

this general Conclufion in finite Quantities, that in all cafes the re- 


lation of the Increments will be Y 2 zx*—'X -- 2 x xX? , &c. 


of which one particular cafe is, when X and Y are fuppofed conti- 
nually to decreafe, till they finally terminate in nothing. But by 
thus continually decreafing, they approach nearer and nearer to tl.e 
Ratio of 1 to zx"—', which they attain to at the very inftant of ther 
vanifhing, and not before. This therefore is their ultimate Ratio, 
the Ratio of their Moments, Fluxions, or Velocities, by which x 
and x” continually increafe or decreafe. Now to argue from a 
general Theorem to a particular cafe contain’d under it, is certainly 
one of the moft legitimate and logical, as well as one of the moft ufual 
and ufeful ways of arguing, in the whole compafs of the Matheinz- 
ticks. To object here, that after we have made X and Y to ftand 
for fome quantity, we are not at liberty to make them nothing, or no 
quantity, or vanifhing quantities, is not an Objection againit the 

b Method 
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Method of Fluxions, but againft the common Analyticks. ‘This 
Method only adopts this way of arguing, as a conftant practice in 
the vulgar Algebra, and refers us thither for the proof of it. If we 
have an Equation any how compos'd of the general Numbers a, ὁ, c, 
&c. it has always been taught, that we may interpret thefe by any 
particular Numbers at pleafure, or even by ο, provided that the 
Equation, or the Conditions of the Queftion, do not exprefsly re- 
quire the contrary. For general Numbers, as fuch, may ftand for 
any definite Numbers in the whole Numerical Scale; which Scale 
(I think) may be thus commodioufly reprefented, &c. — 3, — 2, 
— 1, ©, 1,2, 3, 4, &c. where all pofirble Factional Numbers, inter- 
mediate to thefe here exprefs'd, are to be conceived as interpolated. 
But in this Scale the Term o is as much a Term or Number as any 
other, and has its analogous properties in common with the reft, 
We are likewife told, that we may not give fuch values to general 
Symbols afterwards, as they could not receive’at firft; which if ad- 
mitted is, I think, nothing to the prefent purpofe. It is always 
moft eafy and natural, as well as moft regular, inftruétive, and ele- 
gant, to make our Inquiries as much in general ‘Terms as may be, 
and to defcend to particular cafes by degrees, when the Problem is 
nearly brought to a conclufion. But this is a point of convenience 
only, and not a point of neceffity. "Thus in the prefent cafe, in- 
ftead of deícending from finite Increments to infinitely little Mo- 
ments, or vanifhing Quantities, we might begin our Computation 
with thofe Moments themfelves, and yet we fhould arrive at the 
fame Conclufions. As a proof of which we may confult our Au- 
thor's own Demonftration of his Mar ad 24. of this Treatife, 
In fhort, to require this is juft the fame“thing as to infift, that a 
Problem, which naturally belongs to Algebra, fhould be folved by 
common Arithmetick ; which tho’ poffible to be done, by purfuing 
backwards all the fteps of the general procefs, yet would be very 
troublefome and operofe, and not fo inftru&ive, or according to the 
true Rules of Art. 

But I am apt to fufpect, that all our doubts and ícruples about 
Mathematical Inferences and Argumentations, efpecially when we are 
fatished that they have been juftly and legitimately conducted, may 
be ultimately refolved into a fpecies of infidelity and diftruft. Not 
in refpect of any implicite faith we ought to repofe on meer human 
authority, tho' ever fo great, (for that, in Mathematicks, we fhould 
utterly difclaim,) but in refpe& of the Science itfelf. We are hardly 
brought to believe, that the Science is fo perfectly regular je uni- 
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form, fo infinitely confiftent, conftant, and accurate, as we thall really. 
find it to be, when after long experience and reflexion we {hall have 
overcome this prejudice, and fhall learn to purfue it rightly. We 
do not readily admit, or eafily comprehend, that Quantities have an 
infinite number of curious and fubtile properties, fome near and ob- 
vious, others remote and abftrufe, which are all link’d together by 
a neceflary connexion, or by a perpetual chain, and are then only 
difcoverable when regularly and clofely purfued ; and require our 
.truft and confidence in the Science, as well as our induftry, appli- 
cation, and obftinate perfeverance, our fagacity and penetration, in 
order to their being brought into full light. That Nature is ever 
confiftent with herfelf, and never proceeds in thefe Speculations per 
altum, or at random, but is infinitely fcrupulous and folicitous, as 
we may fay, in adhering to Rule and Analogy. ‘That whenever we 
make any regular Pofitions, and purfue them through ever fo great 
a variety of Operations, according to the ftri& Rules of Art; we 
fhall always proceed through a feries of regular and well-connected 
tranfmutations, (if we would but attend to ’em,) till at laft we arrive 
at regular and juft Conclufions. That no properties of Quantity 
are intirely deftructible, or are totally loft and abolifh’d, even tho’ 
profecuted to infinity itfelf; for if we fuppofe fome Quantities to be- 
come infinitely great, or infinitely little, or nothing, or lefs than 
nothing, yet other Quantities that have a certain relation to them 
will only undergo proportional, and often finite alterations, will fym- 
pathize with them, and conform to 'em in all their changes; and 
will always preferve their analogical nature, form, or magnitude, 
which will be faithfully exhibited and difcover'd by the refult. This 
we may collect from a great variety of Mathematical Speculations, 
and more particularly when we adapt Geometry to Analyticks, and 
Curve-lines to Algebraical Equations. That when we purfue gene- 
ral Inquiries, Nature is infinitely prolifick in particulars that will 
refult from them, whether in a direct fubordination, or whether they 
branch out collaterally ; or even in particular Problems, we may often 
perceive that thefe are only certain cafes of fomething more general, 
and may afford good hints and affiftances to a fagacious Analyít, for 
afcending gradually to higher and higher Difquifitions, which may 
be profecuted more univerfally than was at firft expected or intended. 
Thefe are fome of thofe Mathematical Principles, of a higher order, 
which we find a difficulty to admit, and which we fhall never be 
fully convinced of, or know the whole ufe of, but from much prac- 
tice and attentive confideration; but more efpecially by a diligent 
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perufal, and clofe examination, of this and the other Works of our 
illuftrious Author. He abounded in thefe fublime views and in- 
quiries, had acquired an accurate and habitual knowledge of all thefe, 
and of many more general Laws, or Mathematical Principles of a 
fuperior kind, which may not improperly be call'd 72e Philofophy of 
Quantity ; and which, afüifted by his great Genius and Sagacity, to- 
gether with his great natural application, enabled him to become fo 
compleat a Mafter in the higher Geometry, and particularly in the 
Art of Invention. This Art, which he poffeft in the greateft per- 
fection imaginable, is indeed the fublimeft, as well as the moft difi- 
cult of all Arts, if it properly may be call’d fuch ; as not being redu- 
cible to any certain Rules, nor can be deliver’d by any Precepts, but 
is wholly owing to a happy fagacity, or rather to a kind of divine 
Enthufiafm. Το improve Inventions already made, to carry them 
on, when begun, to farther perfection, is certainly a very ufeful and 
excellent Talent ; but however is far inferior to the Art of Difcovery, 
as having a në q-&, or certain data to proceed upon, and where juft 
method, clofe reafoning, ftrict attention, and the Rules of Analogy, 
may do very much. Butto ftrike out new lights, to adventure where 
no footfteps had ever been fet before, zullius antè trita folo; this is 
the nobleft Endowment that a human Mind is capable of, is referved 
for the chofen few quos Jupiter equus amavit, and was the peculiar 
and diftinguifhing Character of our great Mathematical Philofopher. 
He had acquired a compleat knowledge of the Philofophy of Quan- 
tity, or of its moft effential and moft general Laws; had confider'd it 
in all views, had purfued it through all its difguifes, and had traced it 
through all its Labyrinths and Receffes; in a word, it may be faid 
of him not improperly, that he tortured and tormented Quantities 
all poffible ways, to make them confefs their Secrets, and difcover 
their Properties. 

The Method of Fluxions, as it is here deliver’d in this Treatife, 
is a very pregnant and remarkable inftance of all thefe particulars. To 
take a curfory view of which, we may conveniently enough divide 
it into thefe three parts. The firt will be the Introduction, 
or the Method of infinite Series. The fecond is the Method of 
Fluxions, properly fo cali'd. The third is the application of both 
thefe Methods to fome very general and curious Speculations, chiefly 
in the Geometry of Curve-lines. 

As to the firft, which is the Method of infinite Series, in this 
the Author opens a new kind of Arithmetick, (new at leaft at the 
time of his writing this,) or rather he vaftly improves the old. F e 
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he extends the received Notation, making it compleatly univerfal, 
and fhews, that as our common Arithmetick of Integers received a 
great Improvement by the introduction of decimal Fractions ; fo the 
common Algebra or Analyticks, as an univerfal Arithmetick, will 
receive a like Improvement by the admiffion of his Doctrine of in- 
finite Series, by which the fame analogy will be ftill carry'd on, and 
farther advanced towards perfection. Then he fhews how all com- 
plicate Algebraical Expreffions may be reduced to fuch Series, as will 
continually converge to the true values of thofe complex quantities, 
or their Roots, and may therefore be ufed in their ftead : whether 
thofe quantities are Fractions having multinomial Denominators, which 
are therefore to be refolved into fimple Terms by a perpetual Divi- 
fion ; or whether they are Roots of pure Powers, or of affected Equa- 
tions, which are therefore to be refolved by a perpetual Extraction. 
And by the way, he teaches us a very general and commodious Me- 
thod for extracting the Roots of affected Equations in Numbers. 

And this is chiefly the fubftance of his Method ‘of infinite Series. ^ 
The Method of Fluxions comes next to be deliver'd, which in- 
deed is principally intended, and to which the other is only preparatory 
and fubfervient. Here the Author difplays his whole fkill; and fhews 
the great extent of his Genius. The chief difficulties of this he re- 
duces to the Solution of two Problems, belonging to the abítra& or 
Rational Mechanicks. For the dire&t Method of Fluxions, as it is 
now call'd, amounts to this Mechanical Problem, The length of the 
Space deftribed being continually given, to find the Velocity of tbe Mo- 
tion at any time propofed. Aifo the inverfe Method of Fluxions has, 
for a foundation, the Reverfe of this Problem, ‘which is, 75e Velocity 
of the Motion being continually given, to find the Space defcribed at any 
time propofed. So that upon the compleat Analytical or Geometri- 
cal Solution of thefe two Problems, in all their varieties, he builds 
his whole Method, ο ο ο... MTM 
His firft Problem, which is, The relation of tbe flowing Quantities 
being given, to determine the relation of their Fl'uxtons, he difpatches 
very generally. He does not propofe this, as is ufualiy done, 74 flow- 
ing Quantity being given, to find tts Fluxion; for this gives us too 
lax and vague an Idea of the thing, and does not fuffictently thew 
that Comparifon, which is here alwavs to be underftood. ` Fluents 
and Fluxions are things of a relative nature, and fuppofe two at leat; 
whofe relation or relations fhould always be exprefs'd by Equations. He 
requires therefore that all fhould be reduced to Equations, by which 
the relation of the flowing Quantities will be exhibited, and their 
comparative 


comparative magnitudes will be more eafily eftimated; as alfo the 
comparative magnitudes of their Fluxions. And befides, by this 
means he has an opportunity of refolving the Problem much more 
generally than is commonly done. For in the ufual way of taking 
Fluxions, we are confined to. the Indices of the Powers, which are 
to be made Coefficients ; whereas the Problem in ‘its full extent will 
allow us to take any. Árithmetical Progreffions whatever. By this 
means we may have an infinite variety of Solutions, which tho' dif- 
ferent in form, will yet all agree in the main; and we may always 
chufe the fimpleft, or that which.will beft ferve the prefent purpofe. 
He fhews alfo how the given Equation may comprehend feveral va- 
riable Quantities, and by. that: means the-Fluxional Equation may be 
found, notwithítanding any furd quantities that may occur, or even 
any other quantities, that are irreducible, or Geometrically irrational. 
And all this is derived and demonttrated from the properties of Mo- 
ments , He. does not here proceed to fecond, or bigher Orders of 
Fluxions, for a reafon which will be .affigu'd in another place. 

His next Problem is, 4n Equation being propofed exbibiting the re- 
dation of tbe Fluxions of Quantities, to find the relation of tbofe Quan- 
tities, or Fluents, to one another ; which is the direct Converfe of the 
foregoing: Problem, | This indeed is an operofe and difficult Problem, 
taking it in its full extent, and, requires all our Author's fkill and ad- 
dreis; which yet he folves very generally, chiefly by the affiftance of his 
Methed of infinite Series. He firft teaches how we may return from 
the Fluxional Equation given, to its correfponding finite Fluential or 
Algebraical Equation, when that.can be done; But when it cannot be 
done, or when there is no fuch-finite Algebraical Equation, as is moft 
commonly the cafe, yet however he finds the Root of that Equation 
by an infinite converging Series, which anfwers the fame purpofe, 
And often he fhews how to find the Root, or Fluent required, by 
an infinite number of fuch Series. His proceffes for. extracting thefe 
Roots are peculiar to himfelf, and always contrived with much fub- 
tty and ingenuity. 

The reft of his Problems are an application or an exemplification 
of the foregoing. As when he determines the Maxima and Minima 
of quantities in all cafes. When he fhews the Method of drawing 
Tangents to Curves, whether Geometrical or Mechanical; or how- 
ever the nature of the Curve may be defined, or refer'd to right 
Lines or other Curves. ‘Then he fhews how to find the Center or 
Radius of Curvature, of any Curve whatever, and that in a fimple 
but general manner; which he illuftrates by many curious Examples, 
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and purfues many other ingenious Problems, that offer themfelves by 
the way. After which he difcuffes another very fubtile and intirely 
new Problem about Curves, which is, to determine the quality of 
the Curvity of any Curve, or how its Curvature varies in its progrefs 
through the different parts, in refpe&t of equability or inequability. 
He then applies himfelf to confider the Areas of Curves, and fhews 
us how we may find as many Quadrable Curves as we pleafe, or fuch 
whofe Areas may be compared with thofe of right-lined Figures. 
Then he teaches us to find as many Curves as we pleafe, whofe 
Areas may be compared with that of the Circle, or: of the Hyper- 
bola, or of any other Curve that fhall be aflign’d; which he extends 
to Mechanical as well as Geometrical Curves; He then determines 
the Área in general of any Curve that may be propofed, chiefly by 
the help of infinite Series; and gives many ufeful Rules for afcer- 
taining the Limits of fuch Areas. And by the way he fquares the 
Circle and Hyperbola, and applies the Quadrature of this to the con- 
ftru&ing of a Caron of Logarithms. But chiefly' he collects very 
general and ufeful Tables of Quadratures, for readily. finding the 
Areas of Curves, or for comparing them with the Areas of the Conic 
Sections; which Tables are: the fame as. thofe he has publifh'd him- 
felf, in his Treatife of Quadratures. "T'he ufe and application of thefe 
he fhews in an ample manner, and derives from’ them many curious 
Geometrical Conftructions, with their Demontftrations. τ, 
Laftly, he applies himfelf to the Rectification of Curves, and fhews 
us how we may find as many Curves as we pleafe, whofe Curve- 
lines are capable of Rectification ; or whofe Curve-lines, as to length, 
may be compared with the Curye-lines of any Curves, that (hall. be 
affign’d. And concludes in general, with rectifying any Curve-lines 
that may be propofed, either by the affiftance of his Fables of Quadrat 
tures, when that can. be done, or however.by infinite Series. And 
this is chiefly the fubftance of the prefent Work. . As to the account 
that perhaps May be expected, of what I have added in my Anno- 
tations ; I fhall refer the inquifitive Reader to the Preface, which 
will go before that part of the Work, 
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IntropuctTion: Or, the Refolution of Equations 
by Infinite Series. 


“SAVING obferved that moft of our modern Geome- 
Q tricians, neglecting the Synthetical Method of the 
Ancients; have apply’d themfelves chiefly to the 
cultivating of the Analytical Art; by the affiftance 

Jawai of which they have been able to overcome fo man 
and fo get difficulties, that they feem to have exhaufted all the 
Speculations of Geometry, excepting the Quadrature of Curves; and 
fome other matters of a like nature, not yet intirely difcufsd : 
I thought it not amifs, for the fake of young Students in this Science, 
to compofe the following Treatife, in which I have endeavour'd 
to enlarge the Boundaries of Analyticks, and. to improve the Doctrine 
of Curve-lines. 

2. Since there is a great conformity between: the Operations in 
Species, and the fame Operations i in common Numbers; nor do they 
feem to differ, except in the Characters by which they are re-- 

B. prefented,, 
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prefented, the firft being general and indefinite, and the other defi- 
nite and particular: I cannot but wonder that no body has thought 
of accommodating the lately-difcover'd Doctrine of Decimal Frac- 
tions in like manner to Species, (unlefs you will except the Qua- 
drature of the Hyberbola by Mr. Nicolas Mercator ;) efpecially fince 
it might have open'd a way to more abftrufe Diícoveries, But 
fince this Doctrine of Species, has the fame relation to Algebra, 
as the Doctrine of Decimal Numbers has to common Arithme- 
tick ; the Operations of Addition, Subtraction, Multiplication, Di- 
vifion, and Extraction of Roots, may eafily be learned from thence,. 
if the Learner be but fkill'd in Decimal Arithmetick, and the 
Vulgar Algebra, and obferves the correfpondence that obtains be- 
tween Decimal Fractions and Algebraick Terms infinitely continued. 
For as in Numbers, the Places towards the right-hand continually 
decreafe in. a Decimal or Subdecuple Proportion ; fo it is in Species 
refpectively, when the Terms are difpofed, (as is often enjoin'd in 
what foilows,) in an uniform Progreffion infinitely continued, ac- 
cording to the Order of the Dimenfions of any Numerator or De- 
nominator. And as the convenience of Decimals is this, that all 
vulgar Fractions and Radicals, being reduced to them, in fome mea- 
fure acquire the nature of Integers, and may be managed as fuch ; 
fo it is a convenience attending infinite Series in Species, that all 
kinds of complicate Terms, (fuch as Fractions whofe Denomina- 
tors are compound Quantities, the Roots of compound Quantities, 
or of affected Equations, and the like,) may be reduced to the Clafs 
of fimple Quantities; that is, to an infinite Series of Fractions, whofe 
Numerators and Denominators are fimple Terms; which will no 
longer labour under thofe difficulties, that in the other form feem'd. 
almoft infuperable. Firft therefore I fhall fhew how thefe Re- 
du&ions are to be perform'd, or how any compound Quantities may 
be reduced to fuch fimple Terms, efpecially when the Methods of 
computing are not obvious. ‘Then 1: fhall apply this Analyfis to the 
Solution of Problems. 
3. Reduétion by Divifion and Extraction of Roots will be plain 
from the following Examples, when you compare like Methods. 
of Operation in Decimal and in Specious Arithmetick. 


Examples 


ond Ineinite SERIES, 


Ἔθος of Reduction by Divifion: 


4. The Fraction τος = being propofed, divide aa by ὁ --- κ in the 
following manner : 


aa aax aax? aax? aaxs 
bx) 224-0 (F — i pe m Tie 


bt bs αν 64 6s >? &c. 
aa -p—— 
x 
πιο ds 
aax aax? 
E ες 


- τ . A2Q ἀαὖχ a?x* a?x$.a$x4 
The Quotient therefore is τ-- τις τι Ἔπττ ὅς. 


which Series, being infinitely continued, will be equivalent to 


aa 


bee Or making x the firt Term of the Divifor, in this manner, 
x --- ὁ) aa +o (the Quotient will Ρε -Ξ — --ἱ i E un 
found as by the foregoing Procefs, μοι. 

c. In like manner the Fraction ---- = will be reduced to 


Tm x? -H κ mee i ote x5, &c. or ον τ me x75 — a8, &c. 
6. And the Fraction fa =: will be reduced to 2x? — 2x 
I x —34x 
+ 713 — I3x* --- 34x*, &c. 
7. Here it will be proper to obíerve, that I make ufe of x- i 
xt. X3, Xt. &c. for x X) xt = E &c. of xz, xi, xi, x3, x1, Ac 
for. REF vx ee vx, yxt, &c. and of x, x5, xi, Ke. for 


Ta X Var Wx gE And this by the Rule of Analogy, as may be 
apprehended from fuch Geometrical Progreffions as thefe; xs, xi, 
NE. xt, x, x, xo-(or 1,) x, x", x, x, &e, 


2 8. 
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b ν ἃ 
8. In the fame manner for 2- aet, &c. may be wrote 


x* 
4*x — a*bx* - arbes, &c. 
9. And thus inftead: of vaa — xx may. be wrote aa — xxl? $ 
and ncc inftead of the Square of aa — xx; and LUE IIIA 


HAC bY --27 
inftead of V un And the like of others. 


10. So Uu we may not improperly diftinguifh Powers into Affir- 
mative and Negative, Integral and Fractional. , 





Examples of Reduciion by Extraétion of Roots. 


11. The Quantity aa 4- xx being propofed, you may thus ex- 
tract its LR 











x x6 5x? Ta 21113 &c. 
σα --- xx («4-5 goat d Gens τα — 128a7 + 25645 256a9 T 1024431. 
ac | 
| O-- XX 
x 
-- XX Ho πει 
x4 
4a% 
το, x4 x § x* 
x 6 ie 
ορια as 64 a 
x 6 x 8 xe xit 
Suc + 16a6 77 64 αὖ T 2564 1* 
Sx xto R 
eat —— we OS €. 
Ὅρα -- 64 ας 2ς6 a10 
5x8 5 x10 gx 15 
6446  128a8 T ci2a!6 
gute 7x! & 
—_ Es C. 
+ 52343 612419 
; xo xit 
4-2 7 


12848 ! ac6are 
21 xe &c; 
$1241* 


x4 


So that the Root is found to be a- 27 — =* 4 = lE c. Where 
it may be obferved, that towards the end of the Ri i I neg- 
le& all thofe Terms, whofe Dimenfions would exceed the Dimenfions 
of the laft icm to which I intend only to continue the Root, 


fuppofe to = 12, 
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12. Alfo the Order of the Terms may be inverted in this man- 


ner xx -- 22, in which cafe the Root will be found to be 
44 a 6 ¢ a8 


aa 
Wok 2. 77 3x: E i53 7 στ KO 


- ^ 4 .6 
13. Thus the Root of aa — xx is a — — — Z — —_, &c. 
2a 8a? ισα 
. T 3 
14. The Root of x — xx is x: — ix? — 1xt— xk, &c. 
b ία bagh 
15. Of aa +- bx — xx is a-p- — — = — 1, &c. 


ET + 2a 2a 843? 
pb taxx . gr-Jiax?—ila?xz4-Li-a3x6, δες. 
16. And Vi —bxx is 1—7 bxi mm gb? x 4 igt? h, ὃς. 
over by actually dividing, it becomes 
I -- πόκ” -H 34264 4. 8 .b3x5, &c. 
+32 --παῦ + Jab 
— 1405 — rib 
--- pU 
17. But thefe Operations, by due preparation, may very often 
be abbreviated; as in the foregoing Example to find / μασ», 


t 
: . 1l — xx 
if the Form of the Numerator and Denominator had not been the 


fame, I might have multiply'd each by y 1 — bxx, which would 
ftpaxt—abx4 
have produced -- 


and more- 


and the reft of the work mighe 
1—bxx 
have been performed by extracting the Root of the Numerator only, 
and then dividing by the Denominator. 
18. From hence I imagine it will fufficiently appear, by what 
means any other Roots may be extracted, and how any compound 


Quantities, however entangled with Radicals or Denominators, (fuch 
5 


y x— Y i— xx γιος 
Γον ES Ια] 

4 
V axx + x3 η. 
infinite Series confifting of fimple Terms, 


as x? -[- 








) may be reduced to 


Of the Reduction of affected Equations. 


I9. As to affected Equations, we muft be fomething more par- 
ticular in explaining how their Roots are to be reduced to fuch Se- 
ries as theíe ; becaufe their Doctrine in Numbers, as hitherto de- 
liver’d by Mathematicians, is very perplexed, and incumber'd with 
fuperfluous Operations, fo as not to afford proper Specimens for. per- 
forming the Work in Species. I fhall therefore firt thew bey hs 

efolu- 
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Refolution of affected Equations may be compendioufly perform'd 
in Numbers, and then I fhall apply the fame to Species. 

20. Let this Equation y? — 2y — 5 = o be propofed to be re- 
folved, and let 2 be a Number (any how found) which differs from 
the true Root lefs than by a tenth part of itfelf. Then I make 
2 +- f — y, and fubftitute 2-4- for y in the given Equation, by 
which is produced a new Equation $-4- 65* + 1ο — 1 ==0, 
whofe Root is to be fought for, that it may be added to the Quote. 
Thus rejecting ῥ’ -}- 6p becaufe of its fmallnefs, the remaining 
Equation 10) — 1 == 0, or p == 0,1, will approach very near to 
the truth. Therefore I write this in the Quote, and rad od 
ο,1 4- g = f, and fubftitete this fictitious Value of p as before, 
which produces g3 -+ 6,39* +- 11,239 -+ 0,061 ——0. And {πος 
11,210 +-0,061==0 is near the truth, or gz— — 0,0054. nearly, 
(that is, dividing 0,061 by 11,23, till fo many Figures arife as 
there are places between the firft Figures of this, and of the prin- 
cipal Quote exclufively, as here there are two places between 2 and 
0,005) I write — 0,0054. 13 the lower part of the Quote, as being 
negative; and fuppofing — 0,0054 +- 72:4, I fubftitute this as 
before. And thus I continue the Operation as far as I pleafe, in the 
manner of the following Diagram : 








-}- 2, 16000000 
— 0; 00544852 


+ 2209455148, &c. = y 
+ 8-+ 12p H2 6p 2-4 ps 
πια 2p 





jyi—23)—5-0 








—I-F 10 p-+ 6p* 4. p? 


--0,;00I + 0,0 +o. 2193 
+ 0,06 +- iQ : 
+I, 10) 








2 0,061 11,23 4 -r 6, 3 4 2 + 43 
43| — 0090000157464 -1- 0,00088748r— δ, 91 6212 Ar? 





lhe Sum 


—0,005¢-+7= 4. 
































; F in234|— 9060642 13,23 d 
+ 0,061] +061 





The Sum 


— 0, 00004852 -]- s =r. 


--- 0, 0005 4.16 -- 11,1627 





2I. 
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21. But the Work may be much abbreviated towards the end by 
this Method, efpecially in Equations of many Dimenfions. Having 
firt determin'd how far you intend to extract the Root, count fo 
many places after the firft Figure of the Coefficient of the laft Term. 
but one, of the Equations that refult on the right fide of the Dia- 
gram, as there remain places to be fill’d up in the Quote, and reject 
the Decimals that follow. But in the laít Term the Decimals may 
be neglected, after fo many more places as are the decimal places 
that are fil'd up in the Quote. And in the antepenultimate Term 
reject all that are after fo many fewer places. And fo on, by pro- 
ceeding Arithmetically, according to that Interval of places: Or, 
which is the fame thing, you may cut off every where fo many 
Figures as in the penultimate Term, fo that their loweft places may 
be in Arithmetical Progreffion, according to the Series of the Terms, 
or are to be fuppos'd to be fupply’d with Cyphers, when it happens 
otherwife. Thus in the prefent Example, if I defired to continue 
the Quote no farther than to the eighth place of Decimals, when 
I fubftituted 0,0054 -+ 7 for g, where four decimal places are 
compleated in the Quote, and as many remain to be compleated, I 
might have omitted the Figures in the five inferior places, which 
therefore I have mark'd or cancell’d by little Lines drawn through 
them; and indeed I might alfo have omitted the firft Term 7», 
although its Coefficient be 0,99999. Thofe Figures therefore 
being expunged, for the following Operation there arifes the Sum 
0,000 54.16 -+ 11,1627,. which by Divifion, continued as far as 
the Term prefcribed, gives — 0,000048 52 for r, which compleats 
the Quote to the Period required. Then fubtracting the negative 
part of the Quote from the affirmative part, there arifes 2,09455148 
for the Root of the propofed Equation, 

22. It may likewife be obferved, that at the beginning of the 
Work, if I had doubted whether 0,1-4+ 9 was a fufficient Ap- 
proximation to the Root, inftead of 105 — 1 = o, I might have 
fuppos'd that 6p* + 105 — 1 = 0, and fo have wrote the firft 
Figure of its Root in the Quote, as being nearer to nothing. And 
in this manner it may be convenient to find the fecond, or even 
the third Figure of the Quote, when in the fecondary Equation, 
about which you are converfant, the Square of the Coefficient of 
the penultimate Term is not ten times greater than the Product of 
the laft Term multiply'd into the Coefficient of the antepenulti- 
mate Term. And indeed you will often fave fome pains, efpecially 
in Equations of many Dimenfions, if you feek for all the Figures 

to: 
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to be added to the Quote in this manner ; that is, if you extract the 
leffer Root out of the three laft Terms. of its fecondary Equation : 
For thus you will obtain, at every time, as many Figures again 
in the Quote. 

23. And now from the Refolution of numeral Equations, I fhall 
proceed to explain the like Operations in Species; concerning which, 
it is neceflary to obferve what follows. 

24. Firft, that fome one of the fpecious or literal Coefficients, if 
there are more than one, fhould be diftinguifh'd from the reft, which 
either is, or may be fuppos’d to be, much the leaft or greateft of 
all, or neareft to a given Quantity. The reafon of which is, that 
becaufe of its Dimenfions continually increafing in the Numerators, 
or the Denominators of the Terms of the Quote, thofe Terms ma 
grow lefs and lefs, and therefore the Quote may ,conftantly ier | 
to the Root required; as may appear from what is faid before of 
the Species x, in the Examples of Reduction by Divifion and Ex- 
traction of Roots. And for this Species, in what follows, I fhall 
generally make ufe of x or z; as alfo I fhall ufe y, 5, φ, 7, 5, &c.. 
for the Radical Species to be extracted. 

25. Secondly, when any complex Fractions, or furd Quantities, 
happen to occur in the propofed Equation, or to arife afterwards 
in the Procefs, they ought to be removed by fuch Methods as 
are fufficiently known to Analyfts. As if we fhould have 


J +3 = y? —x? == ο, multiply by ----κ, and from the Pro- 
duct dy — xy:.- 2” — dx? -+ xt 0 extract the Root γ. Or 
we might fuppofe y x b— x =v, and then writing rm for y, 
we fhould have v? -p 4*o* — dix? -+ 309 x* — 35x? A x6 == ο. 
whence extracting the Root v, we might divide the Quote by 6 — ,. 
in order to obtain y. Alfo if the Equation 23 — xy: -- xi — ο 
were propofed, we might put j?—— v, and x*-——z, and fo wri- 
ting vv for y, and z? for x, there will arife. vs — z5o + z*—0; 
which Equation being refolved, y and x may be reftored. ,For the 
Root will be foundv——2-4-2: -4- 62:5 ,&c. and reftoring y and x, we have 
yi == x3 + x + 6x5, &c. then Íquaring, y zwi 2x + 13x*; &c.. 

26. After the fame manner if there fhould be found negative Di- 
menfions of x and y, they may be removed by: multiplying by the fame 
x and y. Asif we had the Equation x*-E3x*y* — 2x" — 16y? —o, 
multiply by x and y*, and there would ‘arife x*y* -t- 433” —2y* 


— 16x20. And if the Equation were x= > 777 ^: 
y 
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by multiplying into y* there would arife xy? == a*y*—2a*y-++- 304, 
And fo of others, 

27. Thirdly, when the Equation is thus prepared, the work be- 
gins by finding the firft Term of the Quote; concerning which, as 
alfo for finding the following Terms, we have this general Rule, 
when the indefinite Species (x or z) is fuppofed to be finall; to 
which Cate the other two Cafes are reducible. 

28. Of all the Terms, in which the Radical Species (y,, 9, or 
7, &c.) is not found, chufe the loweft in refpect of the Dimentions 
of the indefinite Species (x or z, &c.) then chufe another 'Term in 
which that Radical Species is found, fuch as that the Progreffion of 
the Dimenfions of each of the fore-mentioned Species, being con. 
tinued from the Term firft affumed to this Term, may defcend as 
much as may be, or afcend as little as may be. And if there 
are any other Terms, whofe Dimenfions may fall in with this 
Progreflion continued at pleafure, they muft be taken in like- 
wife. Laftly, from thefe Terms thus felected, and made equal to 
nothing, find the Value of the faid Radical Species, and write it in 
the Quote. 

29. But that this Rule may be more clearly apprehended, I fhall 
explain it farther by help of the following Diagram. Making a 
right Angle BAC, divide its fides AB, AC, into equal parts, and 
raifing Perpendiculars, diftribute the Angular Space into equal Squares 
or Parallelograms, which you may conceive to be denominated from 
the Dimenfions of the Species x and y, B 
as they are here infcribed. Then, when Scu 





ss] 24:3) x44 


° » 3 3, Prey 33143 4 

any Equation is propofed, mark fuch of asl ct Gelder crea elias 

x2 [χο |232] χ1 3] 524 

the Parallelograms as correfpond to all --|--------]----]|---- 
x wy (%2? |x, χι 4 





its Terms, and let a Ruler be apply’d eg e πα 
to two, or perhaps more, of the Paralle- Α---------------- 
lograms fo mark'd, of which let one 
be the loweft in the left-hand Column at AB, the other touching 
the Ruler towards the right-hand ; and let all the reft, nct touching 
the Ruler, lie above it. Then felect thofe Terms of the Equation 
which are reprefented by the Parallelograms that touch the Ruler, 
and from them find the Quantity to be put in the Quote. 

30. Thus to extract the Root y out of the Equation y6— sxy -t 


3 
—y—7aMx*y*4- 625x1-4- 2 x*—0, I mark the Parallclograms belong- 
C ing 
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ing to the Terms of this Equation 

Wi the Mark +, as you ies here Bix 
done. Then I apply the Ruler - 
DE to the lower of the Parallelo- D 
grams mark’d in the left-hand 
Column, and I make it turn round 
towards the right-hand from the 
lower to the upper, till it begins “4 
in like manner to touch another, 

or perhaps more, of the Parallelograms that are mark’d ; and I fee 
that the places fo touch'd belong to x3, x*y*, and ys. "Therefore 
from the Terms y5——74*x*)*-I-6a*x*, as if equal to nothing, (and 
moreover, if you pleafe, reduced to vt —7v*-4- 6==0, by making. 
jy— V/ax,) I feek the Value of y, and find it to be four-fold, 
πω ax, — fax, + /2ax, and —4/2ax, of which I may take. 
any one for the initial Term of the Quote, according as I defign to 
extract this or that Root of the given Equation. 

31. Thus having the Equation y'—dy*--94,2—x3==0, I chufe 
the Terms —/y*-+-94x?, and thence I obtain + 3x for the initial 
Term of the Quote. 

32. And having 33--axy--aay—x?—-2a!==0, I make choice of. 
J +a y—2a?, and its Root -+a I write in the Quote. 

33. Alfo having X*y5—30*xy* —c5x*-p-c'z0, 1 felect x*y*-+-c", 
which gives — Y, Ξ for the firt Term οἵ the Quote. And the 


like of others. 

34. But when this Term is found, if its Power fhould happen 
to be negative, I deprefs the Equation by the fame Power of the 
indefinite Species, that there may be no need of deprefling it in the 
Refolution ; and befides, that the Rule hereafter deliver'd, for the 
fuppreffion of fuperfluous Terms, may be conveniently apply'd. 
Thus the Equation 8255*-1-2255^—27a»-—o being propofed, whofe 
Root is to begin by the Term 5. I deprefs by 2*, that it may be- 
come 82+y3---72z4)*-—-27092%==0, before I attempt the Refolu-. 
tion. 

35. The fubfequent Terms of the Quotes are derived by the fame 
Method, in the Progrefs of the Work, from their feveral fecondary 
Equations, but commonly with lef trouble. For the whole affair 
is perform'd by dividing the loweft of the Terms affected with the 
indefinitely {mall Species, (x, x+, x3, êc.) without the Radical Spe- 
cies, (f, 4» 7, &c.) by the Quantity with which that radical pA" 

I. ο 
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of one Dimenfion only is affected, without the other indefinite Spe- 


cies, and by writing the Refult in the Quote. So in the following 
Example, the Terms r ui a &c. are produced by dividing 
atx, τς ολ”, Lilx5, &c. by 44a. 

36. Thefe things being premifed, it remains now to exhibit the 
Praxis of Refolution, Therefore let the Equation y?4-a*y-+-axy— 
241—x:z-0 be propofed to be refolved. And from its Terms 
j5-1-a* y——2a3——o, being a fictitious Equation, by the third of the 
foregoing Premifes, I obtain y—a==o, and therefore I write -+a in 
the Quote. Then becaufe -a is not the compleat Value of y, I put 
a-+-p==y, and inftead of y, in the Terms of the Equation written 
in the Margin, I fubftitute a-p, and the Terms refulting (f:-1- 
gaf^-I-axp, &c.) Iagain write in the Margin; from which again, 
according to the third of the Premifes, I felect the Terms -+-4a*p 
--2:x——o for a fictitious Equation, which giving p==— 4x, I 
write — 4x in the Quote. Then becaufe —2x is not the accurate 
Value of p, I put —1x-++-g==f, and in the marginal Terms for p 
I fubftitute — 2£x-1-g, and the refulting Terms (9:—3x9*2-3a4, &c.) 
I again write in the Margin, out of which, according to the fore- 
going Rule, I again fele& the Terms 4a:¢—$,ax*==0 for a fiti- 
tious Equation, which giving (=F I write a in the Quote. 


» XX ο XX 
Again, fince faa 18 not the accurate Value of ο, I make éd ^h 


and inítead of g I fubftitute per in the marginal Terms And 
thus I continue the Procefs at pleafure, as the following Diagram 
exhibits to view. 
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x 
J^ τα yaaa Hax yam EO. Sd δα gt 2a 


-l-0--f-—y. 1-3 








&c. 


1638443 


as 4-342732?" +P 





-H axy -H ο” Χ--αλβ 
--4*y ΠΡ 
— 223 — 24$ 
7 3 
—LiÁx--q—f. + ft ig cede GT TE’. 
-+ 3ap* -H altae ag 349", 
--axp —3À AX? -pF-GXg 
+ 44'f —ax -4449 
-OoO?X -H 6X 
mme x -- x3 
x? í 
pas — $ sk 
PPS 2 
— XG a 
x 8 4 
317 y 
+3] --- 10244 ο ία 
— iaxg -----Χ᾽ — AXT 
-4a | --τίγαχ' ar 
—te | ipe 
pg AN" — rr I 











131x43 $0c9x4 


: E er p 
2 1 9 3 eee eee 
+44 FOX PK) Lig X 4095a ( 612a? — 1633445 


37. If it were required to continue the Quote only to a certain 


Period, that x, for inftance, in the laft Term fhould not afcend 
beyond a given Dimenfion ; as I fubftitute the Terms, I omit fuch as 
I forefee will be of no ufe. For which this is the Rule, that after 
the firft Term refulting in the collateral Margin from every Quan- 
tity, fo many Terms are to be added to the right-hand, as the In- 
dex of the higheft Power required in the Quote exceeds the Index. 
of that firft refulting Term. 

38. As in the prefent Example, if I defired that the Quote, (or 
the Species x in the Quote,) fhould afcend no higher than to four 
Dimenfions, I omit all the Terms after «+, and put only one after x°. 

Therefore 
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Therefore the Terms after the Mark « are to be conceived to be 
expunged. And thus the Work being continued till at laft we come 


15x4 131.3 $ . . 5 
to the Terms joga 7 egg 408 ax, in which Ρ, 9,7, or s,&c. 
reprefenting the Supplement of the Root to be extracted, are only 
of one Dimenfion; we may find fo many Terms by Divifion, 


(+ Mr πρ πο) as we fhall fee wanting to omp the Quote, 
So that at laft we fhall have yates ο. es &c. 
39. For the fake of farther Illuftration, I fhall propofe another 
Example to be refolved, From the Equation ty'—4y*-2-45)! —2)*. 
+-)—z===0, let the Quote be found only to the fifth Dimenfion, - 
and the fuperfluous Terms be rejected after the Mark, Cc. 














iy iyt —i)'43-)—2-—0. VEBH eS Hr rrt Hi2, Ke, 








σοι [η 4+ $)* -L £25, &c. 
— tye —izi—zip, ὅτς, 
+ τγ' + Z23-+-2*p-+2p*, &c. 
pai —319—2p —ipt 
zy +2 -+P 
—Z — 7z 
το"-[-0---ρ. + zp? τσ, &c. 
<= ap" — 25—322z'9, &c. 
— zip — Zs, &c. 
+ 2*5 H- 22*4-2*4 
— Zp ---χ---- 
+p +43 
-ἰ- το -- £2! 
— st —— L Z4 
+- 323 -- το 
— iz? — iz? 


40. And thus if we propofe the Equation ,$3,y'!4-,33,y9+ 
wis -- ο) +3)? +y—z==0, to be refolved only to the ninth Di- 
menfion of the Quote ; before the Work begins we may rejeét the 
Term 4,tf$41'' ; then as we operate we may reject all the Terms 


beyond 29, beyond 2? we may admit but one, and two only after 


ows. 
- E 
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z; becaufe we may obferve, that the Quote ought always to afcend 
by the Interval of two Units, in this manner, z, ο), 2°, ὅς, Then 
at laft we fhall have J——U—pEÍiÉ-d-rTis$2—-qpexs7 --4e:vpe9, ἅς. 
41. And hence an Artifice is difcover'd, by which Equations, 
tho’ affected zu infinitum, and confifling of an infinite number of 
Terms, may however be refolved. And that is, before the Work 
begins all the Terms are to be rejected, in which the Dimenfion of 
the indefinitely {mall Species, not affected by the radical Species, 
excecds the greateft Dimenfion required in the Quote; or from 
which, by fubftituting inftead of the radical Species, the firft Term 
of the Quote found by the Parallelogram as before, none but fuch 
exceeding Terms can arife. Thus in the laft Example I fhould have 


omitted all the Terms beyond 1”, though they went on ad infini- 
tum. And fo in this Equation 


—8 +-2*—424-++-925—162°, &c. 
ME dinzj—225--3z5— λα, &c. 


—y? NZ— see z5— οὗ &c. 
“hy? IN giat- e το, &c. 


that the Cubick Root may be extracted only to four Dimenfions of z, 
I omit all the Terms in infinitum beyond +-y3 in RI— SALES, 
and all beyond —y? in 2*5— 24-25, and all beyond -+y in s*—224, 
and beyond —8-+-2*—4z+. And therefore I affume this Equation 
only to be refolved, TZ aS AYE RAV mek JP S14)? — Bi? Y7— 2 Bry 
, Sty —424-ps*— Uz—o. Becaufe 23, (the firft Term of the Quote,) 

being fubftituted inftead of y in the reft of the Equation deprefsd 
by zł, gives every where more than four Dimenfions. 

42. What I have faid of higher Equations may alfo be apply'd to 
Quadraticks, As if I defired the Root of this Equation 


S 4 
: x? a3 A4 
ome’) IN ax- 4+ S45 &c. 
x4 
gx 
as far as the Period α΄, I omit all the Terms iz infinitum, beyond 
. x? . . 
—y in e--x-4--— and affume only this Equation, y2—~ay—ay— 


x4 


a% ο ο ο " 
D+ =o. This I rcfolve either in the ufual manner, by making 


y 
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gemi ixi — 1a*--lax4-ix*-- T ; or more expeditioufly by 

the Method of affected Equations deliver'd before, by which we fhall 

have jm ws where the laft Term required vanifhes, or 
4a 4at 


becomes equal to nothing. 

43. Now after that Roots are extracted to a convenient Period, 
they may fometimes be continued at pleafure, only by obferving the 
Analogy of the Series. So you may for ever continue this z-+32* 
+72 ste iuc, &c. (which 15 the Root of the infinite Equa- 
tion ᾱ--Ξγ-|-1γ2-|-1γ3-|-1γ4, &c.) by dividing the laft Term by thefe 
Numbers in order 2,3, 4, 5,6, &c. And this, 5--ἐα)--τττᾶ”--- 
T5352 -I-c p r5 25, 6c. may be continued by dividing by ος N um- 
bers 2x3, 4x5, 6x7, 8x9, Ge. Again, the Series 44-7. —— ROT 
---- δις. may be continued at pleafure, by multiplying the Terms 
refpectively by thefe Fractions, +, —+, —$£,—4$,—45., Gv. And 
fo of others. 

44. But in difcovering the firft Term of the Quote, and fome- 
times of the fecond or third, there may ftill remain a difficulty 
to be overcome. For its Value, fought for as before, may happen 
to be furd, or the inextricable Root of an high affected Equation. 
Which when it happens, provided it be not alfo impoffible, you 
may reprefent it by fome Letter, and then proceed as if it were 
known. As in the Example 5:-LaxyJ-a*y—x:—24:—0: If the 
Root of this Equation 43---a7y—-2a*==0, had been furd, or un- 
known, I fhould have put any Letter ὁ for it, and then have per- 
form'd the Refolution as follows, fuppofe the Quote found only to 
the third Dimenfion. 
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3 -Lgay--4Xy—245—xi—0. Make σ:--ηϕ---Ξ’, then 
J*--aa) ) 3 


abx | a*hx? — x8 (8315 αἴδχ2 — 5254? 














JE a (6 "i K es K: 1 icis &c. 
bp. +3? +63 -+-37p-4-35¢2-+-p? 
-axy + abx--axp 
4 2 y -- c. ap 
— — X 
— 20? — 22°? 
pN Re αρα ασ ARGUS GRUPPE 
abx > 2592343 
Í (aliua 6al* 
4-3 | PE &e, 
a*]x2 
-+ axp —— bang 
+ cp —abx -+c*9 
+ abx -abx 
bab?x\ c43x2 .. α2ὐ3ΧΣ fatha? ο 3 3x3 
axe) uem (EA δὲ 





45. Here writing 4 in the Quote, I fuppofe 44-p==y, and then 
for y 1 fubftitute as you fee. Whence proceeds $:-1-32/*, &c. re- 
jecting the Terms /-I-a*ó—24*, as being equal to nothing: For ὁ 
15 fuppos'd to be a Root of this Equation y%-+-a*y—2a?==0. Then 


the Terms 34*$4-a*$--abx give -τς to be fet in the Quote, and 


abx 
—Aabx diia 
an+ to be fubftituted for p. 


46. But for brevity's fake I write cc for aa+-34b, yet with this 
caution, that 22-4-3/5 may be reftored, whenever I perceive that 
the "Terms may be abbreviated by it. When the Work is finifh'd, 
I aflume {fome Number for a, and refolve this Equation 5*--a*y— 
245—2co, as is fhewn above concerning Numeral Equations; and I 
fübítitute for ὁ any one of its Roots, if it has three Roots. Or 
rather, I deliver fuch Equations from Species, as far as I can, efpe- 
cially from the indefinite Species, and that after the manner before 
infinuated. And for the reft only, if any remain that cannot be 
expunged, I put Numbers. Thus y3-+-a*y—2a?==0 will be freed 
from a, by dividing the Root by a, and it will become 33+-y—2==0, 
whofe Root being found, and multiply'd by a, muft be fubftituted 
inftead of 4. 47. 
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47. Hitherto I have fuppos'd the indefinite Species to be little. 
But if it be fuppos’d to approach nearly to a given Quantity, for 
that indefinitely {mall difference I put fome Species, and that being 
fubftituted, I folve the Equation as before. Thus in the Equation 
i —tyt -ἵ- 4 — U* py + a—x==0, it being known or fup- 
pos that x is nearly of the fame Quantity as a, I fuppofe z to be 
their difference; and then writing a-z or a—z for x, there will 
arife py? — yt + 133 — Ey? et y H- z 20, which is to be folved 
as before. dE 

49.- But if that Species be fuppos'd to be indefinitely great, for 
its Reciprocal, which will therefore be indefinitely little, I put fome 
Species, which being fubftituted, I proceed in the Refolution as 
before. Thus having y+ +-y* -+ y — x? —0, where x is known 
or fuppos’d to be very great, for the reciprocally little Quantity 
: I put z, and fubftituting = for x, there will arife γ’ -4- γ' -4- y — 
4 ==0, whofe Root is y == : — Ξ = st + doma --- ze, &c. where 
x being reftored, if you pleafe, it will be y———7 a A “f= oo 
+ Ro &c. 

49. If it fhould happen that none of thefe Expedients fhould 
fucceed to your defire, you may have recourfe to another. Thus 
in the Equation y+ — x*y* 4-xy* -+ 23? —2y + 1:—0, whereas 
the firt Term ought to be obtain'd from the Suppofition that 
j*--2)* —2y -+ 120, which yet admits of no poble Root; 
you may try what can be done another way. As you may fuppofe 
that x is but little different from -+- 2, or that 2-j- zzz x. Then 
fubftituting 2 4- z inftead of x, there will arife y4 — z*y* — 4zy* 
— 2y -I- 1——0, and the Quote will begin from +- 1. Or if you 


fuppofe x to be indefinitely great, or ~ == ὅ, you will have y+— 


A + 4 --2)*—2y-- 120, and 4- z for the initial Term of 
the Quote. : 

ço. And thus by proceeding according to feveral Suppofitions, 
you may extract and exprefs Roots after various ways. 

gt. If you fhould defire to find after how many ways this 
may be done, you muft try what Quantities, when fubftituted for 
the indefinite Species in the propofed Equation, will make it divifible 
by y, + or — fome Quantity, or by y alone. Which, for Example 
fake, will happen in the Equation y? -+- axy +. a*y — x1— 243 == 0, 

D by 

4. 
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by. fubftituting -+-2, or — 4, or —2a, or —2a3|3, &c. inftead 
of x. And thus you may conveniently fuppofe the Quantity x to 
differ little from +a, or —a, or — 2a, or —2«4:|*, and thencé 
you may extract the Root of the Equation ώς, after fo 
many ways. And perhaps alfo after fo many other ways, by fup- 
pofing thofe differences to be indefinitely great. Befides, if you take 
for the indefinite Quantity this or that of the Species which exprefs 
the Root, you may perhaps obtain your defire after other ways. 
And farther ftill, by fubftituting any fictitious Values for the inde- 


finite Species, fuch as az- bz*, z5 ZEZ &c. and then proceeding 


ad infinitum. So that the Quote, when infinitely extracted, will at 
laft be the true Root. Ἢ | l 
53. Laftly, altho’ the Species, which for the fake of perfpicuity E 
have hitherto Πιρρόςἆ to be indefinitely little, fhould however be 
fappos'd to be as great a$ you pleafé, yet the Quotes will ftill be 
true, though they may not converge fo faft to the true Root? . This 
is manifeft from the Analogy of the thing. But. here the Limits 
of the Roots, or the greateft and leaft Quantities, come to be 
confider'd. For thefe Properties are in common both to finite and 
infinite Equations. ‘Fhe Root in thefe is then greateft or κοῖς 
when 
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when there is the greateft or leaít difference between the Sums of 
the affirmative Terms, and of the negative Terms; and is limited 
when the indefinite Quantity, (which therefore not improperly I 
fuppos'd to be fmall,) cannot be taken greater, but that the Mag- 
nitude of the Root will immediately become infinite, that is, will 
become impoffible. | 

54. To illuftrate this, let ACD be a Semicircle defcribed on the 
Diameter AD, and BC be an Ordinate. 
Make AB == x, BC==), AD =a. Then c € 


aor XI x 
ym ax — xx τς fax — = Sax 


= V ax — =. V ax, &c. as before. 
Therefore BC, or y, then becomes greateft — 4L 
when J/ax moft exceeds all the Terms 


= S 4x -- ga ax -- =Z vax, &c. that is, when x == 4a; but 
it will be terminated when x==4. For if we take x greater than 
a, the Sum of all the Terms — = V ax — Z [ax — ef aX, 
&c. will be infinite. ‘There is another Limit alfo, when x zo, 
by reafon of the impoffibility of the Radical Y~- ax; to which 
Terms or Limits, the Limits of the Semicircle A, B, and D, are cory 
refpondent. το. 


P b D 


Tranfition to the METHOD or FruxrioNs. 


ες. And-thus much for the Methods.of Computation, of which 
I fhall make frequent ufe in. what follows. Now it remains, that 
for an Illuftration of the Analytick Art, I fhould give fome Speci- 
mens of Problems, efpecially fuch as the nature of Curves will fup- 
ply. But firft it may be obferved, that all the difficulties of thefe 
may be reduced to thefe two Problems only, which I fhall propofe 
concerning a Space defcribed by local Motion, any how accelerated 
or-retarded. . 

56. Y. The Length of the Space deferibed being continually (that 
2s, at all Times) given; tó find the Velocity of the Motion at any 
Time. propofed. = τ l E 

57. Il. The Velocity of the Motion being continually given ; to find 
the Length of the Space deferibed at any Time propofed. 

58. Thus in the Equation xx — y, if y reprefents the Length of 
the Space at any time defcribed, which (time) another Space x, 
by increafing with an uniform Celerity x, meafures and exhibits as 

D 2 | defcribed : 


4 
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defcribed: Then 2xx will reprefent the Celerity by which the Space 
3 at the fame moment of Time, proceeds to be defcribed ; and 
contrary-wife. And hence it is, that in what follows, I confider 
Quantities as if they were generated by continual Increafe, after the 
manner of a Space, which a Body or Thing in Motion defcribes. 

59. But whereas we need not confider the Time here, any 
farther than as it is expounded and meafured by an equable local 
Motion ; and befides, whereas only Quantities of the fame kind 
can be compared together; and alfo their Velocities of Increafe and 
Decreafe : Therefore in what follows I fhall have no regard to Time. 
formally confider'd, but I fhall fuppofe fome one of the Quantities 
propofed, being of the fame kind, to be increafed by an equable. 
Fluxion, to which the reft may be referr'd, as it were to Time ; 
and therefore, by way of Analegy, it may not improperly receive 
the name of Time. Whenever therefore the word Time occurs in- 
what follows, (which for the fake of perfpicuity and diftinction I 
have fometimes ufed,) by that Word I would not have it under- 
ftood as if I meant Time in its formal Acceptation, but only.that 
other Quantity, by the equable Increafe or Fluxion whereof, Time 
is expounded and meafured. 

5o. Now thofe Quantities which I confider as gradually and 
indefinitely increafing, I fhall hereafter call Fiuents, or Flowing. 
Quantities, and fhall reprefent them. by the final Letters of the 
Alphabet v, x, y, and z; that I may diftinguifh them from other 
Quantities, which in Equations are to be confider’d as known and. 
determinate, and which therefore are reprefented' by the initial 
Letters a, 6, c, &c. And the Velocities by which every Fluent 
is increafed by its generating Motion, (which I may call Fluxions, 
or fimply Velocities or Celerities,) I fhall reprefent by the fame 
Letters pointed thus v, x, y, and z. That is, for the Celerity of 
the Quantity v I fhall put v, and fo for the Celerities of the other 
Quantities x, y, and z, I thall put x, J, and z refpeaively.. 

61. Thefe things being premifed, I fhall now forthwith proceed 
to the matter in hand; and firít I fhall give the Solution of the 
two Problems juft now propofed. 


PROB. 
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PROB, I. 


The Relation of the Flowing Quantities to one another being 
given, to determine the Relation of their Fluxions. 


SOLUTION. 


1. Difpofe the Equation, by which the given Relation is ex- 
prefsd, according to the Dimenfions of fome one of its flowing 
Quantities, fuppofe x, and multiply its Terms by any Arithmetical 


Progreffion, and then by ~ . And perform this Operation feparately 


for every one of the flowing Quantities. Then make the Sum of 
all the Produéts equal to nothing, and you will have the Equation 
required. 

pa ExAMPLE 1. If the Relation of the flowing Quantities x and 
y be xi— ax*-4- axy — y? = 0; Αι difpofe the Terms. according 
to x, and then according to y, and multiply them in the follow- 
ing manner. 


Mult. xt = —ax* + axy — f] —? -- axy Ia 








3x 9 2x 8 x e. 3) 9 J e. 
by x x x iz J J 5 
makes 3xx*—2axx axy x | —3))*-hayx x 


The Sum of the Products is 3xx*— 20x -- axy— 3)*4- ay =o) 
which Equation gives the Relation between the Fluxions x and y. 
For if you take x at pleafure, the Equation x? — αχ: -4- axy— yi 
==0 will give y. Which being determined, it will be x : y: 
3) — AX : 3x*— 24. + ay. 

3. Ex. 2. If the Relation of the Quantities x, y, and z, be ex- 
preísd by the Equation 213 <t- xy — 2cyz -- 3yz* —23 == οἱ 


Mult. 2/5 +e xxx y—25| γα’ --- 2)5 | ---ᾱ) -- 392^ — 2cyz -- κ.) 











— 26% — 2cyz | + 27? 
+- 32* + 3yz° 
l — ο) 
= 2 2x 3* 2% z f 
by J ο ο ος " " ο. z - = ©: 
᾿ ' "i ο 9 > . 
makes4yy* κα. -- ET 2XXy) α —322*--6zzy—-260zy x 


Where- 
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Wherefore the Relation of the Celerities of Flowing, or of the 


Fluxions x, y, and g, is 4yy* -+ = 4- 2XKY 5zz* -- 6zzy—2czy 
---ο, 

4. But fince there are here three flowing Quantities, x, y, and 
2, another Equation ought alfo to be given, by which the Relation 
among them, as alfo among their Fluxions, may be intirely deter- 
mined. Asif it were fuppofed that x -+- y — 2 2—0. From whence 
another Relation among the Fluxions x 4+ y—2==0 would be 
found by this Rule. Now compare thefe with the foregoing Equa- 
tions, by expunging any one of the three Quantities, and alfo any 
one of the Fluxions, and then you will obtain an Equation which 
will intirely determine the Relation of the reft. 

5. In the Equation proposd, whenever there are complex Frac- 
tions, or {urd Quantities, I put fo many Letters for each, and fup- 
pofing them to reprefent flowing Quantities, I work as before. Af 
terwards I fupprefs and exterminate the affumed Letters, as you fee 
done here, 

6. Ex. 3. If the Relation of the Quantities x and y be yy — aa 
—x V aa— xx 220; for x /aa—xx I write z, and thence I 
have the two Equations yy — aa — z = o, and a*x*—x+—2* 
zo, of which the firft will give 2yy — z = 0, as before, for the 
Relation of the Celerities y and z, and the latter will give 2a>xx 


Ga* xx — 2x43 
OSTA SECTS 





— AXKS — 22:2 == 0, OF == z, for the Relation of the 


9 « $ < M ο ο e S mat, 2xx3 
Celcrities ‘x and z. Now z being expunged, it will be ayy i la 
== 0, and then reftoring xv aa — xx for x, we fhall have 2yy 
cuoi -+. axa 


== 0, for the Relation between x and y, as was re- 


V aa — xx 
quired ; 
3 ———— : 
7. Ex. 4. If x? — ayt + σας — XX V ay 4- xx z—0, exprefies 
: E b? 
the Relation that is between x and y: I make aS =z, and 


xx S ay-+-xx==v, from whence I fhall have the three Equations x*— 
aj? A- B—V==O, az -+ yZ—by =o, and ax*y -- κ΄--- υυ---ο. 
The firft gives 3xx*—— 2ayy -+ z — v= o, the fecond gives az -- 
zy -+ Jz — αγγ = 0, and the third gives 44xx YA 6xxt --ayx* 
—2zvv== ο, for the Relations of the Velocities υ, x, 3, and z. p 

tne 
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the Values of z and v, found by the fecond and third Equations, 


. by t—y. s χΑ3 6χι5 14 : . . 
(that is, = Sor * for z, and se ban for v) Hfubftitute in the 





firft Equation, and there arifes 3xx*—24yy-1- Wie = ee 
e 9 9 8 
==0. Then inftead of z and v reftoring their Values --- and 


M UE aa | ΟΝ 
wx ay +- xx, there will arife the Equation fought 3.x? —2ayy 
--3abpn*? -- 2byy3 — 4axxy — 6x33 — avxx 


προ ο ο oe by which the Relation of the 
Velocities x and y will be exprefs'd. 

9. After what manner the Operation is to be perform'd in other 
Cafes, I believe is manifeft from hence; as when in the Equation 
proposd there are found furd Denominators, Cubick Radicals, Ra- 
dicals within Radicals, as V ax -- / aa — xx, or any other com- 
plicate Terms of the like kind. 

9. Furthermore, altho' in the Equation propofed there fhould 
be Quantities involved, which cannot be determined or εχρτείςἆ 
by any Geometrical Method, fuch as Curvilinear Areas or the Lengths 
of Curve-lines; yet the Relations of their Fluxions may be found, 
as will appear from the following Example. 


Preparation for EXAMPLE 5. 

10. Suppofe BD to be an Ordinate at right Angles to AB, and. 
that ADH be any Curve, which is defined by H 
the Relation between AB and BD exhibited ` = D 
by an Equation. Let AB be called x, and | 
the Area of the Curve ADB, apply'd to Unity, C777 ^ 
be cald z. Then erect the Perpendicular AC ἱ 
equal to Unity, and thro’ C draw CE parallel — ἱ 
to AB, and meeting BD in E. Then conceiving A B 
thefe two Superficies ADB and ACEB to be generated by the 
Motion of the right Line BED ; it is manifeft that their Fluxions, 
(that is, the Fluxions of the Quantities 1 xz, and rx«x, or of the 
Quantities g and x,) are to each other as the generating Lines BD 
and BE. Therefore 5 : x :: BD : BE or 1, and therefore 
z== x x BD. 

11. And hence it is, that z may be involved in any Equation, 
exprefling the Relation between x and any other flowing Quantity y ;. 


and yet the Relation of the Fluxions x and y may however be dif- 
cover'd, 15. 
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12. Ex. 5. As if the Equation zz -} axz — y4 == 0 were pro- 
posd to exprefs the Relation between x and y, as alfo /ax—~xx 
== BD, for determining a Curve, which therefore will be a Circle, 
The Equation gzz- axz — y+ ==0, as before, will give 215 +- 
azn -+ axz — 4yy? == 0, for the Relation of the Celerities x, y» 
and z. And therefore fince it is z — x x BD or —x4/ AX— XX, 
fubítitute this Value inftead of it, and there will arife the Equation 
axe + axx ν aX— xx -+ axz — 4y)* 20, which determines the 
Relation of the Celerities x and y. 


DEMONSTRATION of tbe Solution. 

13. The Moments of flowing Quantities, (that is, their indefi- 
nitely fmall Parts, by the acceffion of which, in indefinitely {mall 
portions of Time, they are continually increafed,) are as the Ve- 
locities of their Flowing or Increafing. 

14. Wherefore if the Moment of any one, as x, be reprefented 
by the Product of its Celerity x into an indefinitely finall Quantity 
ο (that is, by xo) the Moments of the others v, y, z, will be 
reprefented by 00, 30, zo; becaufe vo, xo, yo, and xo, are to each 
other as v, x, y, and &. 

15. Now fince the Moments, as xo and yo, are the indefinitely 
little acceffions of the flowing Quantities x and y, by which thofe 
Quantities are increafed through the feveral indefinitely little in- 
tervals of Time; it follows, that thofe Quantities x and y, after 
any indefinitely {mall interval of Time, become x + xo and γ-}- yo. 
And therefore the Equation, which at all times indifferently expreffes 
the Relation of the flowing Quantities, will as well exprefs the 
Relation between x -+ xo and y+ 20, as between x and y: So 
that x- xo and y-+ yo may be fubftituted in the fame Equation 
for thofe Quantities, inftead of x and y. 

16. Therefore let any Equation αἱ — ax* +- axy — y: == 0 be 
given, and fubftitute x- xo for x, and y -+ yo for y, and there 
will arife 

xP -- 3x0x* -- 3X*00x -- Απρ 
— ax? — 2ax0x — ax*00 
+ axy -I- axoy -+ ayox -- axyoo 
sec y ο 420)” ρα 37700} — 93 G3 


----Ο. 
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17. Now by Suppofition x:— ax*-+ axy —y==0, which there- 
fore being expunged, and the remaining Terms being divided by ο, 
there will remain 4xx* 4- 3x*0x -+ x3co — 2axx— ax*o +4 axy + 
ayx -- axyo — 137: — 3y*oy —ytoo==0. But whereas is fuppofed 
to be infinitely little, that it may reprefent the Moments of Quan- 
tities; the Terms that are multiply'd by it will be nothing in retpe& 
of the reft. Therefore I reject them, and there remains 3xx* — 
20XX -H axy + ayx — 3y =— o, as above in Examp. 1. 

18. Here we may obferve; that the Terms that are not multiply'd 
by ο will always vanifh, as alfo thofe Terms that are multiply'd by o 
of more than one Dimenfion. And that the reft of the Terms 
being divided by o, will always acquire the form that they ought 
to have by the foregoing Rule: Which was the thing to be proved. 

19. And this being now fhewn, the other things included in the 
Rule will eafily follow. As that in the propos’d Equation feveral 
flowing Quantities may be involved ; and that the Terms may be 
multiply'd, not only by the Number of the Dimenfions of the flow- 
ing Quantities, but alfo by any other Arithmetical Progreflions ; fo 
that in the Operation there may be the fame difference of the Terms 
according to any of the flowing Quantities, and the Progreffion be 
difpos’d according to the fame order of the Dimenfions of each of 
them. And thefe things being allow’d, what is taught befides in 
Examp. 1, 4, and 5, will be plain enough of itfelf. 


PROB. Il. 


An Equation being propofed, including tbe Fluxions of 
Quantities, to find the Relations of thofe Quantities to 


one another. 


A PARTICULAR SOLUTION. 


I. As this Problem is the Converfe of the foregoing, it muft be 
folved by proceeding in a contrary manner. That is, the Terms 
multiply'd by x being difpofed according to the Dimenfions of x ; 


they muft be divided by =, and then by the number of their Di- 
menfions, or perhaps by fome other Arithmetical Progreffion. Then 
the fame work muft be repeated with the Terms multiply'd by v, y, 

E Or 
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or z, and the Sum refulting muft be made equal to nothing, re- 
jecüng the Terms that are redundant. 

2. ExAMPLE. Let the Equation propofed be 1ΧΧ'----24Χχ +- axy. 
— 33^ + ayx =o. The Operation will be after this manner : 


Divide Z XX —24XX-p-ax) Divide — ayy? * -- ayx 
by 5.Quot. 4x9 —2ax* -ayx by -. Quot. — 33? κ + axy 


Divide by 3 . 2 . m | Divide by eas C 
uote X?  —ax* -Layx | Quote — y? & + axy 


Therefore the Sum x? — ax* + axy — ys == o, will be the required 
Relation of the Quantities x and y, Where it is to be obferved, 
that tho’ the Term axy occurs twice, yet I do not put it twice in 
the Sum x? — ax? -+ axy — y? =o, but I reje& the redundant 
Term. And fo whenever any 'Term recurs twice, (or oftener when 
there are feveral flowing Quantities concern'd,) it muft be wrote 
only once in the Sum of the Terms. 

3. There are other Circumftances to be obferved, which I (hall: 
leave to the Sagacity of the Artift ; for it would be needlefs to dwell 
too long upon this matter, becaufe the Problem cannot always be 
folved by this Artifice. I fhall add however, that after the Rela- 
tion of the Fluents is obtain'd by this Method, if we can return, 
by Prob. 1. to the propofed Equation involving the Fluxions, then 
the work is right, otherwife not. Thus in the Example propofed, 
after I have found the Equation x? — ax? -|- axy — y? == ο, if from 
thence I feek the Relation of the Fluxions x and y by the firft 
Problem, I fhall arrive at the propofed Equation 3xx* — 2axx -[- 
axy — 3yy^ + ayx — o. Whence it is plain, that the Equation 
x? — ax? + axy — y: = 0 is rightly found. But if the Equation 
xx — xy - ay — ο were propofed, by the prefcribed Method I 
fhould obtain this Lx* — xy -+ ay — ο, for the Relation between 
x and y; which Conclufion would be erroneous: Since by Prob. 1. 
the Equation xx — xy — yx -- ay== o would be produced, which 
is different from the former Equation. 


. 4. Having therefore premifed this in a perfun&ory manner, I 
fhall now undertake the general Solution. 


Á. 
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A PREPARATION FOR THE GENERAL SOLUTION. 


5. Firft it muft be obferved, that in the propofed Equation 
the Symbols of the Fluxions, (fince they are Quantities of a diffe- 
rent kind from the Quantities of which they are the Fluxions,) 
ought to afcend in every Term to the fame number of Dimenfions +- 
And when it happens otherwife, another Fluxion of fome flowing 
Quantity muft be underftood to be Unity, by which the lower 
Terms are fo often to be multiply’d, till the Symbols of the Fluxions 
arife to the fame number of Dimenfions in all the Terms. As if 
the Equation x -- xyx — axx == o were propofed, the Fluxion z 
of fome third flowing Quantity z muft be underftood to be Unity, 
by which the firft Term x muft be multiply'd once, and the laft 
axx twice, that the Fluxions.in them may afcend to as many Di- 
menfions as in the fecond Térm: xyx: Ας if the propofed Equation 
had been derived from this xg -+ xyx — azzx* ——0,: by putting 
z== 1. And thus in the Equation yx — y, you ought to ima- 
gine x to be Unity, by which the. Term yy is multiply'd. 

6. Now Equations, in which there are only two flowing Quan- 
titiés, which'every where arife to the fame number of Dimenfions, 
may always be reduced to füch:.a form, .as that on one fide may be 
had the Ratio of the Fluxions, (as = » OF » OF Ξ »δτο.) and on the 
other fide the Value of that Ratio, expreísd by fimple Algebraic 
Terms ; as you may {ee here, +2 + ον —y. And when the 
foregoing particular Solution will. not take place, it is required that 
you fhould bring the Equations to this’ form. 

7. Wherefore when in the Value of that Ratio any Term is de- 
nominated:by a Compound quantity, or is Radical, or if that Ratio 
bé the Root of an affected Equation; the: Reduction muft.be per- 
form'd either by Divifion, or by Extraction of Roots, or. by the 
Refolution of an affe&ed Equation, as has been before fewn: 

8. As if the Equation ya — yx — xa -+ xx — xy == ο were pro- 





pofed; firft by Reduétion this becomes += 1 -+ — , or === 
x "m, 7 9 
Ε---χ 


= And in the firft Cafe, if I reduce the Term —, deno- 


minated by the compound Quantity a —x, to an infinite Series of 
E2 funple 
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fimple Terms Ž + + HI &c. by dividing the Numerator 


at 


y by the Denominator a— x, I fhall have x = 1 -]- = ap z 4t 


77 + = δες. by the help of which the Relation between x and 
y is to be determined. 


ο. So the Equation yy— xy -+ xxxx being given, or 2 — 2, 

xx x 
-+ xx, and by a farther Reduction 4 == --V/i-p xx: I extract 
the fquare Root out of the Terms + + xx, and obtain the infinite 


Series $ -4 x? — x* + 2x5 — 5x° + 14x'*, &c. which if I fubfti- 
tute for V+- xx, Ifhall have 2 — 1 + x? — x4 + 2x6 — 5x°,, 
X 


&c. ori 5 ------Χ’ -[- x* — 2x5 -- 5x9, &c. according as /+--xx 


9 


x 
is either added to 3, or fubtracted from it. 
10. And thus if the Equation y3 + axxty -}- atxty — x1x* — 
ο 3 H y 
2203 == ο Were propofed, or = -- ax? qt X3 a= 243 = Ο» 
x x x 
I extract the Root of the affected Cubick Equation, and there. 





TORT AN x Q, XX Q 1310 sogx4 
arifes : ---- ὦ : -ἷ- qm. "Eu + - TIT &c. as may be feen 


before. 

11. But here it may be obferved, that I look upon thofe Terms 
only as compounded, which are compounded in refpect of flowing 
Quantities. For I efteem thofe as fimple Quantities which are com- 
pounded only in refpect of given Quantities. For they may be re- 


duced to fimple Quantities by fuppofing them equal to other given 


ax+bx x bec 


Quantities. Thus I confider the Quantities —— αρ axxo 


l4 ————— Ar 
πηραν Vax + bx, &c. as fimple Quantities, becaufe they may 
9 ο ex x δι” b4 baoa 
may all be reduced to the fimple Quantities 7, =, —, —, Vex (or 


εκτ) &c. by fuppofing a -+ à =e. 

12. Moreover, that the flowing Quantities may the more eafily 
be diftinguifh'd from one another, the Fluxion that is put in the 
Numerator of the Ratio, or the Antecedent of the Ratio, may not 
improperly be call'd the Relate Quantity, and the other in the De- 
nominator, to which it is compared, the Correlate: Alfo the 

flowing 
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flowing Quantities may be diftinguifl'd by the fame Names refpec- 
tively. And for the better underftanding of what follows, you may 
conceive, that the Correlate Quantity is Time, or rather any other 
Quantity that flows equably, by which Time is expounded and 
meéafured. And that the other, or the Relate Quantity, is Space, 
which the moving Thing, or Point, any how accelerated or retarded, 
defcribes in that Time. And that it is the Intention of the Problem, 
that from the Velocity of the Motion, being given at every Inftant 
of Time, the Space defcribed in the whole Time may be deter- 
mined. 

13. But in refpe& of this Problem Equations may be diftinguifh'd 
into three Orders. 

14. Firft: In which two Fluxions of Quantities, and only one 
of their flowing Quantities are involved. 

15. Second : In which the two flowing Quantities are involved, 
together with their Fluxions. 

16. Third: In which the Fluxions of more than two Quantities 
are involved. 

17. With thefe Premifes I fhall attempt the Solution of the 
Problem, according to thefe three Cafes, 


SOLUTION OF Case I. 


18. Suppofe the flowing Quantity, which alone is contain’d in 
the Equation, to be the Correlate, and the Equation being accord- 
ingly difposd, (that is, by making on one fide to be only the 
Ratio of the Fluxion of the other to the Fluxion of this, and on 
the other fide to be the Value of this Ratio in fimple Terms,) mul- 
tiply the Value of the Ratio of the Fluxions by the Correlate Quan- 
tity, then divide each of its Terms by the number of Dimenfions 
with which that Quantity is there affected, and what arifes will be 
equivalent to the other flowing Quantity. — — — 

19. So propofing the Equation yy — xy + xxxx; I fuppofe x 
to be the Correlate Quantity, and the Equation being accordingly 


y 
reduced, we fhall have = == 1 + x? —x*-t- 2x5, &c. Now 1] mul- 
^ 


tiply the Value of - into x, and there arifes v -p x*t— xs + 2x7, 


&c. which Terms I divide feverally by their number of Dimenfions, 
and the Refult x - zx! — £x*-- 5^, &c. I put =y. And by 
tls 
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this Equation will be defined the Relation between x and y, as was 
- required. 

14113 





2ο. Let the ο be ὁ dec -+ 2— + =, &c. there 
3 51202 
$ T et m 3 e e o 
will arife y = ax — © --- 5 πο V apa KE for determining the 


Relation between x and y. 


i ; a Li 
21. And thus the — ^ = - pa -- HE .L oxi, 
x x? 


gives y = τας QUU 2ax* — $x? -p- ixi . For multiply the 


UT ox? 


I Li d: z 
Value of 5 into x, and it becomes — ---- -p ax* — x* + xí, 
^ 


OF x*—— at AXT mm xt-px*, which Terms being divided by 
the number of Dimenfions, the Value of y will arife as be- 
fore, 
* ῥα 3 
22. After the fame manner the Equation - VA -+ 23 3+ 


V by + cy, εμας ος Vie -+ cy? . For the 





Value of = = being meee : y, there arifes 7. -+ 2 jc 
ν by? cy? τρ or 2” ty? —7 9 E V b - εκ}. And thence 
‘the Value of x refults, by dividing by the number of the Dimen- 


fions of each Term. 
ab 


exi 


y 
3. And fo 2 z ca, gives y — 427. And Ie » gives y—— 


bei e 9 ENS, . E Yd apa id 2 
34! But τ Equation τς givesy = ο" For - = multiply’d 


ο 
into x makes a, which being divided by the number of Dimen- 


fions, which is ο, there arifes = , an infinite Quantity for the Value 
of y. 


24. Wherefore, whenever a like Term fhall occur in the Value 
of 4, whofe Denominator involves the Correlate Quantity of one 
x 


Dimenfion only; inftead of the Correlate Quantity, fubftitute the 
Sum or the Difference between the fame and fome other given 
Quantity to be affumed at pleafüre. For there will be the fame 
Relation of Flowing, of the Fluents in the Equation fo. produced, 
as of the Equation at μα. propofed ; and the infinite Relate Quan- 

tity 
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tity by this means will be diminifh’d by an infinite part of itfelf, 


and will become finite, but yet confifting of Terms infinite in 
number. 


25. Therefore the Equation 2 = Ξ being propofed, if for x I 
write 5-+ x, affuming the Quantity ὁ at pleafure, there will arife 


ax ax ax 


Z= =; and by Divifion 4 = 5 — E + F — 72 &c. And 
x 


x γα b b+ &3 l4 
: M RC , ax* ax3 ax* o. 
nowthe Ruleaforegoing will give y= T = ÁÀ Ἢ ΠΤ &c. for 


the Relation between x and y. 


26. So if you have the Equation ixi “+ 3 — aw; becaufe 


2 . ο 
of the Term =, if you write r - x for x, there will arife 2 
x 


sd ma he Ε EEr - 
τα 2X —Xx. Then reducing the Term Ὅσα into an in 


finite Series -ἰ- 2 — 2x -+ 2x* — 2 -]- 2x*, &c. you will have z, 


== 4 — 4X -p x* — 2x3 -4- 2x4, &c. And then according to the Rule 


Y == 4X — 2x* txt — ix*-4- gus, &c. for the Relation of x 
and y. 


9: 


27. And thus if the Equation 2 me yt + x? — x? were pro- 
x 
pofed; becaufe I here obferve the Term x" (or ~) to be found, 


9 9 bd 9 y 
I tranfmute x, by fubftituting 1 — x for it, and there arifes = 
= y 4-0 V1i—x, Now the Term ----. produces 


I-- x X* -- x*, &c. and the Term Vx I—*x is equivalent to: 


1 
=e T —— = 3 ecm gee 
I— inv — txt — 43, and therefore Jr 0 Foe ee. is 


the fame as 1-+- 4% -H ἐκ" --- $27, &c. So that when thefe Values 
are fubftituted, I fhall have Ξ ---1ι--2χ-|-λχ'-1.27χ’,δος, And 
then by the Rule y= x -+ x -H ix? H Zixt, &c. And fo of 
others. 


28. Alfo in other Cafes the Equation may fometimes be con- 
veniently reduced, by fuch a νο of the ο ας Ea 


of 














As if this Equation were propofed = 
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9 γ (e) =— ctx (5 ca 
of x I write c — x, and then I fhall have Come ian Oat 
cà 


and then by the Rule y = — — + = But the ufe of fuch Tranf- 
mutations will appear more plainly in what follows, 


SoLuTION oF Case II. 


20. PREPARATION. And fo much for Equations that involve 
only one Fluent. But when each of them are found in the 
Equation, firft it muft be reduced to the Form prefcribed, by 
making, that on one fide may be had the Ratio of the Fluxions, 
equal to an aggregate of fimple Terms on the other fide. 

30. And befides, if in the Equations fo reduced there be any 
Fractions denominated by the flowing Quantity, they muft be freed 
from thofe Denominators, by the above-mentioned Tranfmutation 
of the flowing Quantity. 

31. So the Equation yax — xxy — aax ——o being propofed, or 
T ae Ξ ae =; becaufe of the Term =, I affume ὁ at pleafure, and 
for x I either write $ -+ x, or b — x, or x—b. As if I fhould 


write ὁ -4- x, it will become 2 — 2 -+ EF . And then the Term 
P 
a 


+ x 
o— 
Cua— 





being converted by Divifion into an infinite Series, we fhall have 


Z 
ο aye eee ae - 
5 DIUI b jg —— qe ὅς. 

42. And after the fame manner the Equation == 3) — 2x -4 
x 


cm 2 being propofed; if, by reafon of the Terms 7 and 7, 


I write 1 — y for y, and 1r — x for x, there will arife --- 


I— 4) 4-24 -]- = --- τοσα. But the Term στο by 
infinite Divifion gives 1 — x -- y — xy -+ J? — xy? -- y — χγὂ, &c. 


2) —2 


and the Term --------. by a like Divifion gives 2y — 2 + 4xy 
— 4x H Oxty — 6x* -- 8x*y — 8x* + 10x*y — 10x*, &c. There- 
fore t. ——— 3x-- 3.) -- J* — xy* 4-  — xp, &c. 4 6x*y — 6x 
H 8x3 y — 8x5 + 10x *y — 10x*, &c. 


33: 
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33. Rute. The Equation being thus prepared, when need re~ 
quires, difpofe the Terms according to the Dimenfions of the flow- 
ing Quantities, by fetting down firft thofe that are not affeéted by 
the Relate Quantity, then thofe that are affected by its leaft Dimen- 
fion, and fo on. In like manner alfo difpofe the Terms in each of 
thefe Claffes according to the Dimenfions of the other Correlate 
Quantity, and thofe in the firft Clafs, (or fuch as are not affected 
by the Relate Quantity,) write in a collateral order, proceeding to- 
wards the right hand, and the reft in a defcending Series in the left- 
hand Column, as the following Diagrams indicate. The work be- 
ing thus prepared, multiply the firft or the loweft of the Terms in 
the firít Clafs by the Correlate Quantity, and divide by the number 
of Dimenfions, and put this in the Quote for the initial Term of 
the Value of the Relate Quantity. Then fubftitute this into the 
Terms of the Equation that are difpofed in the left-hand Column, 
inftead of the Relate Quantity, and from the next loweft Terms 
you will obtain the fecond Term of the Quote, after the fame man- 
ner as you obtain'd the ΠΠ. And by repeating the Operation you 
may continue the Quote as far as you pleafe, But this will appear 
plainer by an. Example or two. 


34. Examp. 1. Let the Equation Ξ ---1--17--γ--Χ’Η-Χγ 


be propofed, whofe Terms 1— 1.-|-α’, which are not affected 
by the Relate Quantity », you fce difpos’d collaterally in- the up- 







4-1 — 3X + xx 


-+y «--Χ — Xxx-- qX— tH a’, Ke. 
-H xy κ. κ κκ + πλαν es &c 
The Sum I — 2% -H xx—4x3-- tX*—4.x5, Gc. 


X — Xxx HA? — ext-I-g9x'—4 4x5, &c. 
permoft Row, and the reft y-and xy in the left-hand Column. And 
fit I multiply the initial Term 1 into the Correlate Quantity x. 
and it makes x, which being divided by the number cf Dimen- 
fions 1, I place it in the Quote under-written. Then fübfti:uting 
this Term inftead of y in the marginal’ Terms + y and -+ xy, I 
have -- æ and + xx, which I write over againft them to the right 
hand. Then from the reft I take the loweft Terms — 3x and +x, 
whofe aggregate — 2x mulüply'd into x becomes — 2xx, and 
E being 
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being divided by the number of Dimenfions 2, gives — x» for the 
fecond ‘Ferm of the Value of y in the Quote. Then this Term 
being likewife aflumed to compleat the Value of the Marginals +y 
and + xy, there will arife alfo — xx and — x*, to be added to 
the Terns 4- v and -xx that were before inferted. Which being 
done, I again atlume the next loweft Terms -+ xx, — xx, and -+ xx, 
which I colle& into one Sum xx, and thence I derive (as before) 
the third Term + 2x5, to be put in the Value of y. Again, taking 
this Term ΣΧ’ into the Values of the marginal Terms, from the 
next loweft + ΞΧ’ and — x? added together, I obtain — £x* for 
the fourth Term of the Value of y. And fo on zz σι 

35. Examp.2. In like manner if it were required to determine 
the Relation of x and y in this Equation, Στ + - -+ 3 +- = 4 

X 

<2 , &c. which Series is fuppofed to proceed ad infinitum; I put 1 
in the beginning, and the other Terms in the left-hand Column, 
and then purfue the work according to the following Diagram. 














za. 
y x x? x$ x4 xf 
zu a * T a ES 2a? -+ 2a3 za4 245 &c. 
xy x? x3 a4 as 
zh $ * - Ξ- I - 
T a? a? r3 263 E 244 το 2as > &c. 
13) x3 x4 x5 $ 
~} 5 * $ 3k ss ad SES 244 um 245? &c. 
x3y x4 x5 
= 8 κ x E ac z = 
xm ed T at 205 2 &c. 
d. s 
ecu * ἃ. 8 * * +> , ἃς 
ns 45 ? 
&c. 
x 3x* 2x3 6x4 3x5 a 
Suin I + 5 =f 253 τς p zr 5 &c. 
x? x3 A4 Af x6 
J= X IL uud ee 
menn C """"———————————————Á————HMUGÁEMÁMÁMÁMHÁ' συ. 


36. As I here propofed to extract the Value of y as far as fix 
Dimenfions of x only; for that reafon I omit all the Terms in 
the Operation which I forefee will contribute nothing to my pur- 


pofe, as is intimated by the Mark, &c. which I have fubjoin'd το 
the Series that are cut off. 
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37. ΕΧΑΜΡ. 3. In like manner if this Equation were propofed 
7L — 3&8 --3XJy 4-J* — xy* yt — xy? -- y* — Ἀγ} &c. 4-63? y 


— 6x? -ἰ- 8x3y — 853 +. 10xy* — 10x*, &c. and it is intended to 
extraét the Value of y as far as feven Dimenfions of x. I place the 
Terms in order, according to the following Diagram, and I work 
as before, only with this exception, that fince in the left-hand Co- 
lumn y is not only of one, but alfo of two and three Dimentions; 
(or of more than three, if I intended to produce the Value of y 
beyond the degree of x?,) 1 fubjoin the fecond and third Powers of the 
Value of y, fo far gradually produced, that when they are fubftitu- 
ted by degrees to the right-hand, in the Values of the Marginals 





Y — 6x2 — 8x? — 10x* — 12. — 14x* Âc. 




















9 75 273 
EEPE oy rami 4 — — M5 — -----Α-6 T 
* * 2^ 6x b X 20 A Xe. 
74 
* * κ. == OX? em 124% — 7x8 ,&c. 
y * * * — 12x! — 16x5,&c. 
+ 10x) * # * — 15x5,Gc, 
&c. 
9 10 
-— yi κ * * de + 6x: “+ ^ x5, &c. 
9 
— xy? * * * * Di os 6x5 ,&c. 
&c. 
-ἰ- y3 * * * * κ — =x ὃςς, 
2s οι 333 
Sum — 3x — 6x7 — Ν᾽ ---- yt x — t &c 
p 2 gt 111 6- 
3} = — ie 2X — dx eee a == re 
5 
107 
y— + fxs 6x! 4-7 x6, &c. 
y= E =x, δες. 
ET nT | 


to the left, Terms may arife of fo many Dimenfions cs I obferve 
to*be required for the following Operation. And by this Method 


ο ^ 25 . . 
there arifes at length y == — Οκ’ — 6x3 — x+, &c. which is the 
po Equation 
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Equation required. But whereas this Value is negative, it appears 
that one of the Quantities x or y decreafes, while the other in- 
creafes. And the fame thing is alfo to be concluded, when one of 
the Fluxions is affirmative, and the other negative. 

38. ΕΧΑΜΡ. 4. You may proceed in like manner to refolve the 
Equation, when the Relate Quantity is affected with fractional Di- 
menfions. As if it were propofed to extra& the Value of x from 


this Equation, === ty — 4y* 4 2yx* — txt H zy? 4 οὐ, in 
J 










Hy —Ay +77? 4-2) 


ΖΥΛ * * +- 4? " es 2γ'-}- 4) —2y*, &c. 
μμ * * * * * * —z'591t,&c. 








κ — 397+ 7. ν 2-455 — Ac. 





1 γα 3 Σ 8 3 4t $ & 
A IL τας) =) + 2 * +5. — Toe 2 C. 
x 5 
xim +5) —)5-4-2)*— γ', &c. 
== Q5), &c. 





which x in the Term 2yx* (or 2y,/x) is affected with the Frac- 
tional Dimenfion 3. From the Value of x I derive by degrees the - 
Value of x*, (that is, by extracting its fquare-Root,) as may be 
obferved in the lower part of this Diagram ; that it may be in- 
ferted and transfer'd gradually into the Value of the marginal Term 
aya, And fo at 145 I fhall have the Equation vo yy? ----}3 -- 
ays -- Sy? — σα)", &c. by which x is exprefs'd indefinitely in re- 
{pect of y. And thus you may operate in any other cafe what- 
foever. 

39. I faid before, that theíe Solutions may be perform'd by an 
infinite variety of ways. “This may ‘be ‘done if you affume at 
pleafure not only the initial quantity of the upper Series, but any 
other given quantity for the firft Term of the Quote, and then you 
may proceed as before. ‘Thus in the firft of the preceding Exam- 
ples, if you affume 1 for the firft Term of the Value of y, and 
fubftitute it for y in the marginal Terms -}- y and -+ xy, and pur- 
fue the reft of the Operation as before, (of which I have here given a 


-- 1 


and INFINITE SERIES. 37 












| + 1— 3x -- Xx 








+y --14d-2xX «© --xX*--Zx*5, Gc. 
-p Xy κ J-X --2x* x + x*, Gc. 
Sum H2 κ --1λ᾽ 1544} +saxt, Ke. 





= 1--2X κ a ixt peas, &c. 


Specimen,) another Value of y will arife, 1- 2x -p x3 + £x*, &c. 
And thus another and another Value may be produced, by affum- 
ing 2, or 3, or any other number for its firft Term. Or if you 
make ufe of any Symbol, as æ, to reprefent the firit Term inde- 
finiteiy, by the fame method of Operation, (which I fhall here fet 
down,) you will find y == a + x + ax — xx -H axx + txt Lax, 
&c. which being found, for æ you may fubftitute 1, 2, o, 4, or any 
other Number, and thereby obtain the Relation between x and y 
an infinite variety of ways. | 


+ I — 3x -H xx 








+y +a+x — ΝΑ + 5x! , Ke. 
-- ax -+ ax? + zax, Gc. 
+ xy ΩΝ + κ —x5 ὃς, 
+ αχ" -par , Ke. 
Sum + 1— 2x + x^ — 4x5 , ὃς. 
-+ 4 --- 2ax-|- 2ax*-- £ax*, &c. 

= atx mx pe τα dnt , Kc. 


-Hax --- ον" + Bax? + soaxt, &c. 


40. And it is to be obferved, that when the Quantity to be ex- 
tracted is affected with a Fra@tional Dimenfion, (as you fce in the 
fourth of the preceding Examples,) then it is convenient to take 
Unity, or fome other proper Number, for its ΠΗ Term. And in- 
deed this is neceflary, when to obtain the Value of that fractional 
Dimenfion, the Root cannot otherwife be extraéted, becanfe of 
the negative Sign ; asalfo when there are no Terms to be difpofed 


in the firft or capital Clafs, from which that initial Term may be 
deduced, 4.1, 
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41. And thus at laft I have compleated this moft troublefome 
and of all others moft difficult Problem, when only two flowing 
Quantities, together with their Fluxions, are comprehended in an 
Equation. But befides this general Method, in which I have taken 
in all the Difficulties, there are others which-are generally fhorter, by 
which the Work may often be eafed; to give fome Specimens of which, 
ex abundanti, perhaps will not be difagreeable to the Reader. 

42. I. If it happen that the Quantity to be refolved has in fome- 
places negative Dimenfions, it is not of abfolute neceflity that there- 
fore the Equation fhould be reduced to another form. For thus. 


the Equation y == ᾽ — xx being propofed, where y is of one ne- 
gadve Dimenfion, I might indéed reduce it to another Form, as 
by writing 1 + y for y; but the Refolution will be more expe- 
dite as you have it in the following Diagram. 











m 
1 a E 
; I-— x- 2nx, &c. 
oum I — Xf iXX 
Uy — € pe X-—— ux ++ 2X3, &c. . 
I 
p — ven l—x-L- ΧΧΧ &c. 





43. Here'affuming 1 for the initial Term of the Value of γ,. 
I exira& the reft.of the Terms as before, and in the mean time. 
I deduce from thence, by degrees, the- Value of ς by Divifion, and 
infert it in the Value of the marginal Term. 

44. II. Neither is it neceflary that the Dimenfions of the other 
flowing Quantity fhould be always affirmative, For from the Equa- . 
tion y — 1 -+ 2y— = , without the prefcribed Reduction of the 
Term Ë , there will arife y = 3x — xx + αχ», δες. 


45. And from the Equation y-— — 4l — —, the Value 


xx? 
of y will be found y = 5, if the Operation be perform’d after 
the Manner of the following Specimen. 
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46. Here we may obferve by the way, that among the infinite 
manners by which any Equation may be refolved, it often happens 
that there are fome, that terminate at a finite Value of the Quan- 
tity to be extracted, as in the foregoing Example. And thefe are 
not difficult to find, if (ome Symbol be aflumed for the firft Term. 
For when the Refolution is perform'd, then fome proper Value may 
-be given to that Symbol, which may render the whole. finite. 

47. III. Again, if the Value of y is to be extracted from this 


+ d y . I Λο. 4 o y ο... 
Equation JE z I 21 + X it may ,be done conveniently 
enough, without any Reduction of the Term ^, by fuppofing 


(after the manner of Analyfts,) that to be given which is required. 
Thus for the firit Term of the Value of y I put 2ex, taking 2e for 
the numeral Coefficient which is yet unknown. And fubftituting 
2ex inftead of y, in the marginal Term, there arifes e, which I 
write on the right-hand; and the Sum 1 -- e will give x -+ ex for 
the fame firt Term of the Value of y, which I had firft repre- 
fented by the Term 2ex. Therefore I make 2ex — x -+ ex, and 
thence I deduce e == 1. So that the firft Term 2ex of the Value 
of y is 2x. After the fame manner I make ufe of the fictitious 
Term 2fx* to reprefent the fecond Term of the Value of y, and 
thence at laft I derive — + for the Value of f, and therefore that fe- 
cond Term is — £xx. And fo the fi&ditious Coefficient g in the 
third Term will give 4,, and ὁ in the fourth Term will be o. 
Wherefore fince there are no other Terms remaining, I conclude 
the work is finifh'd, and that the Value of y is exactly .2x — £x* 
“+ x°. Sec the Operation in the following Diagram. 


F 
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| I --2Χ -L.ixx 
ΕΕ μι νο ο τω κ ως. 
= e Jx +e gee -- hx 
ς +1 — 2x q4- σα 
| E be -Ε gat -h 
Hypothetically γ--- ών. πο. 2513 +. 2bx* 
l | 
Confequentially y= x --ᾱ’ -p ἐχι -p bxs 
“hex Gfx? lox 
Real Value y=- 2X — $X --- Las 


—— P — M IÁQnÓáTHüí—ür d m Pp rici RUM QURE RE E EE 


48. Much after the fame manner, if it were y == Rx fuppofe 


y === ex', where e denotes the unknown Coefficient, and s the num- 
ber of Dimenfions, which is alfo unknown. And ex! being fub- 


ftituted for y, there will arife y= m , and thence again y == 


24.3 
atc 


zy + Compare thefe two Values of y, and you will find £ =e, 
and therefore s == 3, and e will be indefinite. Therefore affuming 
e at pleafure, you will have y == ext. 

49. IV. Sometimes alfo the Operation may be begun from the 
higheft Dimenfion of the equable Quantity, and continually pro- 


ceed to the lower Powers. As if this Equation were given, y== 
= + = te oe 2x e T and we would begin from the higheft 
Term 2x, by difpofing the capital Series in an order contrary to the 
foregoing ; there will arife at laft. y — xx. -- 4* --- , &c. as may: 
be feen in the form of working here fet down. 
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ço. And here it may be obferved by the way, that as the Opera- 
tion proceeded, I might have inferted any given Quantity between 
the Terms 4x and — =, for the intermediate Term that is deficient, 
and fo the Value of y might have been exhibited an infinite variety 
of ways. 

51. V. If there are befides any fractional Indices of the Dimen- 
fions of the Relate Quantity, they may be reduced to Integers by 
fuppofing that Quantity, which is affected by its fraétional D`- 
menfion, to be equal to any third Fluent ; and then by fubftitutir g 
that Quantity, as alfo its Fluxion, arifing from that fidtitious 
Equation, inftead of the Relate Quantity and its Fluxion. 

52. As if the Equation y == 3xy* + y were propofed, where the 
Relate Quantity is affected with the fractional Index 3 of its Dimen- 
fion; a Fluent z being affumed at pleafure, fuppofe y?——z, or 
J= zt; the Relation of the Fluxions, by Prob. 1. will be 
y= 322%. Therefore fubftituting 3227 for y, as alfo z? for y, 
and z? for y there will arife ggz? = 1." -++ ο), Or z == x HS, 
where z performs the office of the Relate Quantity. But after the 





s x$ x4 x5 - 
ον Domi 1 “2 — Á— M a——— eu 
Value of z is extracted, as z = 1x* + z + sgt ο, &c. in 
Li » » 
ftead of 5 reftore y3, and you will have the defired Relation be- 
tween x and y; that is, y? —— ix? +4 .'&x?-p- 51.04, &c. and by 


Cubing each fide, y == 4x6- ox? + τττλ", Kc. 

53. In like manner if the Equation y == y 4y + yxy were 
given, or y == 2/3 -+ xiyt ; I make z = 13, or zz; == y, and thence 
by Prob. 1. 2zz == y, and by confequence 2zz == 25 -x?z, or 
z= I +x, Therefore by the firft Cafe of this 'tis z == x -+ 
4x, or y? =x -+ ixt, then by fquaring each fide, yxx-4-ix* 
-+ x3. But if you fhould defire to have the Value of y exhibited 
an infinite number of ways, make z = ς -+ x -+ Ext affuming any 
initial Term c, and it will be zz, that is y, = e + 20Χ --- iex* 
-p x? 2x? -+ ολ. But perhaps I may feem too minute, In treat- 
ing of fuch things as will but feldom come into practice. 


SOLUTION OF Case Ill. 


54. The Refolution of the Problem will foon be difpatch'd, when 
the Equation involves three or more Fluxions of Quantities, For 
G between 
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between any two of thofe Quantities any Relation may be affumed, 
when it is not determined by the State of the Queftion, and the Re- 
lation of their Fluxions may be found from thence; fo that either 
of them, together with its Fluxion, may be exterminated. For which 
reafon if there are found the Fluxions of three Quantities, only one 
Equation need to be aflumed, two if there be four, and fo on; 
that the Equation proposd may finally be transform’d into another 
Equation, in which only two Fluxions may be found. And then 
this Equation being refolved as before, the Relations of the other 
Quantities may be difcover’d. 

ες. Let the Equation propofed be 2x ——z -4- yx == 0; that I 
may obtain the Relation of the Quantities x, y, and z, whofe Fluxions 
X, ï, and z are contained in the Equation; I form a Relation at 
pleafure between any two of them, as x and y, fuppofing that x==y, 
or 2y = 4 + Z, or x zy, ὃς. But fuppofe at prefent x == yy, 
and thence x ==2yy. Therefore writing 2yy for x, and yy for x, 
the Equation propofed will be transform’d into this: 4yy — z -+ yy 
== o. And thence the Relation between y and g will arife, 2γγ-|- 
iy oz. In which if x be written for yy, and x* for y3, we fhall 
have 2x ---- xxi == z. Sothat among the infinite ways in which 
X, y, and z may be related to each other, one of them is here 
found, which is reprefented by thefe Equations, x = yy, 2y* +- 57? 
== z, and 2x -+ Ix* = 2. 


DEMONSTRATION. 


56. And thus we have folved the Problem, but the Demonftra- 
tion is ftill behind. And in fo great a variety of matters, that we 
may not derive it fynthetically, and with too great perplexity, from 
its genuine foundations, it may be fufficient to point it out thus in 
fhort, by way of Analyfis. ‘That is, when any Equation is propos'd, 
after you have finifh'd the work, you may try whether from the 
derived Equation you can return back to the Equation propos'd, by 
Prob. 1. And therefore, the Relation of the Quantities in the de- 
rived Equation requires the Relation of the Fluxions in the propofed 
Equation, and contrary-wife: which was to be fhewn. 


57. So if the Equation propofed were y —— x, the derived Equa- 
tion wil be y= 2x*; and on the contrary, by Prob. 1. we have 
y == xx, that is, y — x, becaufe x is fuppofed Unity. And rays 

rom 
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from y ze 1 — 3X +y -H xx 4- xy is derived y == x — x* + τα 
— Yt bh τσκ — yX, &c. And thence by Prob. 1. y == 1 —2x 
--X* — $X* -popX*— Qux, &c. Which two Values of y agree 
with each other, as appears by fubftituting x — xx -+ tx? — px 
-- qux, &c. inftead of y in the firft Value. 

58. But in the Reduction of Equations I made ufe of an Opera- 
tion, of which alfo it will be convenient to give fome account. And 
that is, the Tranímutation of a flowing Quantity by its connexion 
with a given Quantity. Let AE and ae be two Lines indefinitely 
extended each way, along which two moving Things or Points may 
pafs from afar, and at the fame time 





may reach the places A and a, B and A B C D E 
b, C and c, D and d, &c. and let B ; T 
be the Point, by itsdiftance from which, ees $- — 


the Motion of the moving thing or 
point in AE is eftimated; fo that — BA, BC, BD, BE, fuccetfively, 
may be the flowing Quantities, when the moving thing is in the 
places A, C, D, E. Likewifelet ὁ be a like point in the other Line. 
Then will — BA and — ba be contemporaneous Fluents, as alfo 
BC and dc, BD and bd, BE and Ze, &c. Now if inftead of the points 
B and ὁ, be fubftituted A and c, to which, as at reft, the Motions 
are refer'd ; then o and — ca, AB and — ch, AC and o, AD and 
cd, AEand ce, will be contemporaneous flowing Quantities. There- 
fore the flowing Quantities are changed by the Addition and Sub- 
traction of the given Quantities AB and ac; but they are not changed 
as to the Celerity of their Motions, and the mutual refpect of their 
Fluxion. For the contemporaneous parts AB and a2, BC and ὁς, 
CD and cd, DE and 4e, are of the fame length in both cafes. And 
thus in Equations in which thefe Quantities are reprefented, the 
contemporaneous parts of Quantities are not therefore changed, not- 
withftanding their abfolute magnitude may be increafed or dimini(hed 
by fome given Quantity. Hence the thing propofed is manifeft: 
For the only Scope of this Problem is, to determine the contempo- 
rancous Parts, or the contemporary Differences of theabíolute Quan- 
tities 9, x, y, or z, defcribed with a given Rate of Flowing. And 
it is all one of what abfolute magnitude thofe Quantities are, fo that 
their contemporary or correfpondent Differences may agree with the 
propofed Relation of the Fluxions. 
$9. The reafon of this matter may alfo be thus explain'd Al- 
gebraically. Let the Equation y= xxy be propofed, and fup- 
G 2 γοίς 
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pofex==1-+2. Then by Prob. 1. x= z. So that for y = xxy, 
may be wrote y= xy -+ xzy. Now fince x= g, it i$ plain, that 
though the Quantities x and z be not of the fame length, yet that 
they flow alike in refpect of y, and that they have equal contem- 
poraneous parts. Why therefore. may I not reprefent by the fame 
Symbols Quantities that agree in their Rate of Flowing; and to de- 
termine their contemporaneous Differences, why may not I ufe 
y == xy +xxy inftead of y — xxy? 

60. Lattly it appears plainly in what manner the contemporary 
parts may be found, from an Equation involving flowing Quantities. 


Thus if jy. -- x be the Equation, when x = 2, then y== 25, 


But when x= 3, then y — 34. Therefore while x flows from 
2 to 3, y will flow from 23 to 34. So that the parts defcribed in 
this time are 3 — 2 = 1, and 34 — 24 = i 


e 
61. This Foundation being thus laid for what follows, I {Πα} 
now proceed to more particular Problems: 


PROB. ΠΠ. 
To determine tbe Maxima and Minima of Quantities.. 


1, When a Quantity is the greateft or the leaft that it can be, 
at that moment it neither flows backwards or forwards. For if it 
flows forwards, or increafes, that proves it was. lefs, and will pre- 
fently be greater than it is. And the contrary if it flows backwards, 
or decreafes. Wherefore find its.Fluxion, by Prob.1. and fuppofe 
it to be nothing. 

2. ExAMP. 1. If in the Equation x} — ax* + axy — y? == o the 
greateft Value of. x be required; find the Relation of the Fluxions 
of x and y, and you will have 3xx* — 2axx + axy — 33y*4- ayx 
==o. Then making x — o, there will remain — 3yy* +- ayx——o, 
or 1)” ==ax. By the help of this you may exterminate either x 
or y out of the primary Equation, and by the refulting Equation you 
may determine the other, and then both of them by — 45* +. 
ax == o. 

3. This Operation is the fame, as:if you had multiply'd the 
Terms of the propofed Equation by the number of the Dimenfions 
of the other flowing Quantity.y. From whence we may derive the 


famous 
2. 
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famous Rule of Huddenius, that, in order to obtain the greateft or 
leaít Relate Quantity, the Equation muft be difpofed according to 
the Dimenfions of the Correlate Quantity, and then the Terms are 
to be multiply'd by any Arithmetical Progreffion. But fince neither 
this Rule, nor any other that I know yet publifhed, extends to Equa- 
tions affected with furd Quantities, without a previous Reduction ; 
I fhall give the following Example for that purpofe. 

4. ExAMP. 2. If the greateft Quantity y in the Equation x: — 
ay 4- rem — xx V ay + xx= 0o. be to be determin'd, feek the 
. Fluxions of x and y, and there will arife the Equation 3xx*— 2ayy-t-- 
3aby* -- 2byy 3 4axxy be 6xx3 4- ayx? 
ας 1) αγ/αγ-|-πα 
omit the Terms multiply’d by y, (which, το fhorten the labour, | 
might have been done before, in the Operation,) and divide the reft 
ae — ==0. When the Re- 
duction is made, there will arife 4ay +- 3xx = o, by help of which 
you may exterminate either of the quantities x or y out of the pro- 
posd Equation, and then from the refulting Equation, which will 

be Cubical, you may extra& the Value of the other. 

5. From this Problem may be had the Solution of thefe. fol- 
lowing. 

L In a given Triangle, or in a Segment of any given Curve, to 
tnfcribe the greateft Rectangle. 

Il. To draw tbe greateft or the leaf right Line, which can lie 
between a given Point, and a Curve given in pofition. Or, to draw. 
a Perpendicular to a Curve from a given Point. 

ΠΙ. To draw the greateft or the leaf right Lines, which paffng: 
through a given Point, can lie between two others, either right Lines 
or Curves. 

IV. From a given Point within a Parabola, to draw a right 
Line, which fhall cut the Parabola more obliquely than any otker. 
And to do the fame in other Curves. 

V. To determine the Vertices of Curves, their greatef or leaf? 
Breadths, the Points in which revolving parts cut each other, &c. 

VI. To find the Points in Curves, where they have. the greatefft 
ar leaf Curvature. 


ΥΠ. To find tbe laf] Angle in a given Ellipfs, in which tbe. 


Ordinates can cut their Diameters. . 





==o, And fince by fuppofition /ΞΞΞο,. 


by xx,and there willremain 3x— 


VJI. 2 
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VIII. Of Ellipfes that pafi through four given Points, to deter- 


mine tbe greateft, or that which approaches neareft to a Circle. 

IX. To determine fuch a part of a Spberical Superficies, which 
can be illuminated, in its farther part, by Light coming from a 
great diftance, and which is refracted by the nearer Hemifpbere. 

And many other Problems of a like nature may more eafily be 
propofed than refolved, becaufe of the labour of Computation. 


PROB. IV. 
7ο draw Tangents to Curves. 


Firft Manner. 


I. Tangents may be varioufly drawn, according to the various 

Relations of Curves to right Lines. And firft let BD be a right 
Line, or Ordinate, in a given Angle to 
another right Line AB, as a Bafe or Ab- LI 
{515, and terminated at the Curve ED. τ, 
Let this Ordinate move through an inde- 
finitely finall Space to the place 24, fo 
that it may be increafed by the Moment nd 
cd, while AB is increafed by the Moment —£—4 
Bb, to which De is equal and parallel. 
Let D4 be produced till 3t meets with AB in T, and this Line will 
touch the Curve in D or d; and the Triangles dD, DBT will be 
fimilar. So that itis TB : BD :: De (or Bd) : ed. 

2. Since therefore the Relation of BD to AB is exhibited by the 
Equation, by which the nature of the Curve is determined ; feek for 
the Relation of the Fluxions, by Prob. :i. "Then take TB to BD 
in the Ratio of the Fluxion of AB to the Fluxion of BD, and TD 
will touch the Curve in the Point D. 

3. Ex. 1. Calling AB — x, and BD — y, let their Relation be 
x3 —ax* + axy — y? =o. And the Relation of the Fluxions will 
be 3xx* — 2axx -axy — 3yy? + αλλο. Sothat y : x :: 3xx 
— 2ax + ay : 3y* — ax :: BD (y) : BT. Therefore BT — 

w Therefore the Point D being given, and thence DR 


and AB, or y and x, the length BT will be given, by which the Tan- 
gent TD is determined. 








4. 


and INFINITE SERIES. 47 


4. But this Method of Opération may be thusconcinnated. Make 
the Terms of the propofed Equation equal to nothing: multiply by 
the proper number of the Dimenfions of the Ordinate, and put the 
Refult in the Numerator: Then multiply the Terms of the fame 
Equation by the proper number of the Dimenfions of the Abfcifs, and 
put the Produ& divided by the Abfcifs, in the Denominator of the 
Value of BT. Then take BT towards A, if its Value be affirmative, 
but the contrary way if that Value be negative. 

5. Thus the Equation x? — ax? + axy = == 0, being multi- 
ply'd by the upper Numbers, gives axy — 3y* for the Numerator ; 
and multiply'd by the lower Numbers, and then divided by x, gives 
3x* — 2ax -+ ay for the Denominator of the Value of BT. 

6. Thus the Equation y3 — by? — cay +- bcd+4-dxy — ο, (which 
denotes a Parabola of the fecond kind, by help of which Des Cartes 
conftructed Equations of fix Dimenfions; fee his Geometry, p. 42. 
Amfterd. Ed. An. 1659.) by Infpe&ion gives ied ioni ubi 


å 
3w aby ή 


, Or 


7. And thus at xe — j? = o, (which denotes an Ellipfis 


whofe Center is A,) gives = , Or g == BT. And fo in others. 


— "—— 3 





8. And you may take notice, that it matters not of what quantity 
the Angle of Ordination ABD may be. l 

9. But as this Rule does not extend to Equations affected by furd 
Quantities, or to mechanical Curves; in thefe Cafes we muft have 
récourfe to the fundamental Method. 


ιο. Ex. 2. Let x3 — ay? +- ον ν αγ -+ xxz0 be the 
x i . at 
Equation expreffing the Relation between AB ànd BD; and by Prob. 1. 


ee Doa c ate ο 
the Relation of the Fluxions will be 3xx* — 2ayy -< Pary 
— 4axxy — 6xx$ — ayx? — 4axy — 6x3 


mam == 0. 'efore it will XX 
CET o. Therefore it will be 3 aT: 
ην = 3ab -4- 253 axx 





PT CU ima (y : κ: BD: BT. 


I I. 
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11. Ex. 3. Let ED be the Conchoid of Nicomedes, defcribed with 
the Pole G, the Afymptote AT, and the Diftance LD; and let 


DAE 1; 
m - Le o. 
a Re M 
.. oa 
Ω͂ — 
T B LIA 





‘GA==), LD==c, AB =x, and BD =y. And becaufe of fimi- 
lar Triangles DBL and DMG, it will be LB : BD :: DM: MG; 
that is, V/cc— yy : y :: x : b-+-y, and therefore 2 -- y / ce — y 
==yx. Having got this Equation, I fuppofe V cc — yy = z, and 
thus I fhall have two Equations bz + yz == yx, and zz — cc — yy. 
‘By the help of thefe I find the Fluxions of the Quantities x, y, and 


ο, by Prob. τ. From the firft arifes dz -+ yZ ats yz == yx + xy, 
and from the fecond 2zz == — 2yy, or zg -+ yy 2-0. Out of 





9 9 5 ο ο by ὝΣ B B 
thefe if we exterminate z, there will arife — Z — & + yz — yx 


- xy, which being refolved it will be y : z — μεσο ος 


2 22 


(y: Xn) BD: BT. But as BD is y, therefore BT = z —x 


=e? That 15, — BT = AL -+ a ; where the Sign — 


prefixt to BT denotes, that the Point T muft be taken contrary to 
the Point A. 

12. SCHOLIUM. And hence it appears by the bye, how that 
point of the Conchoid may be found, which feparates the concave 
from the convex part. For when AT is the leaft poffible, D will 
be that point. Therefore make AT == v; and fince BT —— z 


^y b 
+x- a , then v = — z + 2x 4- zE» . Here to fhorten 


z 
. b 
the work, for x fubftitute ae 


ἃ . ° b 
is before, and it will be = ο ae Be a == v. Whence the 


Fluxions v, » and z being found by Prob. 1. and fuppofing υ---ο, 
by 








, which Value is derived from what 


and INFINITE SERIES. 49 
abyx 
Y 
Laftly, fubftituting in this --- for z, and cc— yy for zz, (which 


: : bs 3 b . * 1. e ^ i 
by Prob, 3. there will arife = —— ES Lm eh yo Di 


values of z and zz are had from what goes before) and making a 
due Reduction, you will have y? -4- 35^ — 25c ——0. By the Con- 
ftruction of which Equation y or AM, will be given. ‘Then thro’ 
M drawing MD parallel to AB, it will fall upon the Point D of 
contrary Flexure. 

13. Now if the Curve be Mechanical whofe Tangent isto be 
drawn, the Fluxions of the Quantitiesare to be found, as in Examp. 5. 
of Prob. 1. and then the reft is to-be perform'd as before. , 

14. Ex. 4. Let AC and AD be two Curves, which are cut in 
the Points C and D by the right Line — 
BCD, applyd to the Abfifs AB in a 
given Angle. Let AB = x, BD = y, 


and “2 5-5 — g, Then (by Prob. 1. 
1 


Preparat. to Examp. 5.) it will be z = x 
x BC. 

15. Now let AC be a Circle, or any known Curve ; and to ἀείει- 
mine the other Curve AD, let any Equation be propofed, in which 
z is involved, as zz 4- axz == y*. Then by Prob. 1. 2zz + axe 
“+ axz == 4yy. And writing x x BC for z, it will be 2xz x BC, 
-- axx x BC -4- axs = Αγγ. Therefore ας x BC -|- ax x BC H- 
az: 4y? :: (y : ox) BD: BT. So that if the nature of the 
Curve AC be given, the Ordinate BC, and the:Area ACB or z; 
the Point T will be given, through which the Tangent DT will 
pafs. l 

16. After the fame manner, if 45 = 2y be the Equation to the 
Curve ΑΡ; ’twill be (15) 3% x BC == 2y. So that 3BC : 2 :: 
(y: x 19 BD : BT. And foin others, | 

17. Ex. 5. Let AB =x, BD =y, as before, and let the length 
of any Curve AC be z And drawing a Tangent to it, as CZ, 'twill 
be Be : Ct n x: 2, or z = =, : 

18. Now for determining the other Curve AD, whofe Tangent 
is to be drawn, let there be given any Equation in which æ is in- 
volved, fuppofe z =y. Then it will be I= y, fo that C£ : Be:: 
(τα τὴ: BD: BT. But the Point T being found, the Tari- 
gent DT may be drawn. 





H 19. 
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19. Thus fuppofing xz = = σα be iL mA = 2yY 5 ; and 


iting ὋΝ Ct go = 
for z writi τον 


fore z + 2 2y :: BD : DT. 

20. Ex. 6. Let AC be a Circle, or any other known Curve, 
whofe Tangent is Cr, and let AD be any 
other Curve whofe Tangent DT is to be 





There- 


Τ 
drawn, and let it be defin'd by affuming 
AB = to the Arch AC; and (CE, BD 
being Ordinates to AB in a given Angle,) 
let the Relation of BD to CE or AE be -44 -ᾱ- τε 


exprefs’'d by any Equation. 

21. Therefore call ΑΒ or AC == x, BD Ξ/, AE = z, and 
CE==v, And it is plain that v, x, and z, the Fluxions of CE, 
ne and AE, are to each other as CE, Cf, and Et. Therefore xx 
C; =n, and xx = = Ze 


. 22. Now let any Equation be given to a z Curve AD, 
as y = g. Then y — g; and therefore Ez : =: (y: x oin) 
BD : BT. 


23. Or. let the Equation be JHB vx, and it will be 
y=(v+ me x) — ad . And therefore CE +- Ef 
— Ct: Ct :: (y:x::) BD: BT. : 

24. Or finally, "a the Equation be ayy == v*, and it will be 

CE 
2ayy — (1υυ’ ==) 3xv* xý. 5ο that 3v x CE : 2ay x Cr :: 
BD : BT. 
25. Ἐκ. 7. Let FC be a Circle, which is touched by CS in C; 
and let FD be a Curve, which is de- 


fined by affuming any Relation of the 

Ordinate DB to he Ach FC, which is Mo 
intercepted by DA drawn to the Center. 
Then letting fall CE, the Ordinate in 
the Circle, call AC or AF == 1, ΑΒ 
== X, DB =y, AE 5, CE, 


CF = ἐς and it will be a bam, A ENT Τις 








v, and —/v == (tx = ==) 2. Herel put z negatively, becaufe 
AE is diminifh’d while EC is increafed. And befides AE : EC :: 
AB : 
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AB : BD, | fo that zy = vx, and thence by Prob. 1. zy -- )$ 
== UX + xu. Then exterminating v, x, and v, ’tis ya — fy? — 
2x7 <= xy. 

26. New let the Curve DF be defined by any Equation, from 
which the Value of ¢ may be derived, to be fubftituted here. Sup- 
pofe let / — y, (an Equation to the firft Quadratrix,) and by Prob. 1. 
it will be 7 = y, fo that jx — yy — yx* xy. Whence y : xx 
+ yy — x s (y: — x ::) BD 0): BT. Therefore BT — x: 

q 


+y — x; and AT = xx4- y πε. 
27. After the fame manner, if it is εί == dy, there will arife 
2tt == by; and thence AT = = x5 . And fo of others. 


28. Ex. 8. Now if AD be taken equal to the Arch FC, thie 
Curve ADH being then the Spiral of Archimedes; the fame names 
of the Lines ftill remaining as were put 1 
afore: Becaufe of the right Angle ABD 
"tis xx -- yy==st¢, and therefore (by Prob. r.) 
Xx 4- yy = tt. "Tis afo AD : AC :: 
DB : CE, fo that zv = y,and thence (by 
Prob.1.) v- o£ == y. Laftly, the Fluxion 
of the Arch FC is to the Fluxion of the 
right Line CE, as AC to AE, or as AD i 
to AB, thatis, £ : v :: Z: x, and thence ^ ÈR OW 0v 
£x === ut. Compare the Equations now found, and you will fee 








"tis Zu + £x = y, and thence xx -4- yy == (it =) σταρ. . And there- 


Y 


fore compleating the Parallelogram ABDQ_, if you make QD : 
QP :: (BD: BT :: y: —x :) x 0) — LL that is, if you 


+x 
take AP = > : z » PD will be perpendicular to the Spiral. 


29. And from hence (1 imagine) it will be fufficiently manifeft, 
by what methods the Tangents of all forts of Curves are to be 
drawn. However it may not be foreign from the purpofe, if I alfo 
fhew how the Problem may be perform'd, when the Curves are re- 
fer'd to right Lines, after any other manner whatever : So that hav- 
ing the choice of feveral Methods, the eafieft and moft fimple may 
always be ufed. 





H 2 Second 
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Second Manner. 


30. Let D be a point in the Curve, from which the Subtenfe 
DG is drawn toa given Point G, and let DB be an Ordinate in any given 
Angle to the Abícifs AB. Now let the 
Point D flow for an infinitely fmall {pace 
Dd in the Curve, and in GD let GZ be 
taken equal to Gd, and let the Parallelo- 
gram «Βύ be compleated. Then Dé 
and De will be the contemporary Mo- 
ments of GD and BD, by which they 
are diminifh'd while D is transfer'd to d. Now let the right Line 
Dd be produced, tillit meets with AB in T, and from the Point T to 
the Subtenfe GD let fall the perpendicular TF, and then the Trapezia 
Dcd£ and DBTF will be like; and therefore DB : DF :: Dc: D&. 

31. Since then the Relation of BD to GD is exhibited by the 
Equation for determining the Curve ; find the Relation of the Fluxions, 
and take FD to DB in the Ratio of the Fluxion of GD to the 
Fluxion of BD. Then from F raife the perpendicular FT, which 
may meet with AB in T, and DT being drawn will touch the 
Curve in D. But DT muft be taken towards G, if it be affirmative, 
and the contrary way if negative. 

32. Ex. 1. Call GD = x, and BD ---γ, and let their Relation 
be x3 — ax? +. axy —jy%==0. Then the Relation of the Fluxions 
will be 3xx* — 2axx -+ axy 4+ ayx — 3yy* =o. Therefore 3xx 
— 2ax -+ ay : 3yy — ax :: (y : x ::) DB (y): DF. So that 
DF — LL . Thenany Point D in the Curve being given, 
and thence BD and GD or y and x, the Point F will be given 
alfo. From whence if the Perpendicular FT be raifed, from its 
concourfe 'T with the Abícifs AB, the Tangent DT may be 
drawn. 

33. And hence it appears, that a Rule might be derived here, as well 
as in the former Cafe. For having difpofed all the Terms of the given 
Equation on one fide, multiply by the Dimenfions of the Ordinate y, 
and place the refult in the Numerator of a Fraction. Then multiply 
its Terms feverally by the Dimenfions of the Subtenfe x, and dividing 
the refult by that Subtenfe x, place the Quotient in the Deno- 
minator of the Value of DF. And take the fame Line DF to- 
wards G if it be affirmative, otherwite the contrary way. Where 

you 
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you may obferve, that it is no matter how far diftant the Point G 
is from the Abfcifs AB, or if it be at all diftant, nor what is the 
Angle of Ordination ABD. 

34. Let the Equation be as before xs — ax* +- axy — y* == 0; 
it gives immediately axy — 1γ} for the Numerator, and 3x* — 2ax 
-+ ay for the Denominator of the Value of DF. 


35. Let alfo a + "x — y==0, (which Equation is to a Conick 
Se&ion,) it gives — y for the Numerator, and : for the Denomi- 


nator of the Value of DF, which therefore will be — T . 


36. And thus in the Conchoid, (wherein thefe things will be 
perform’d more expeditioufly than before,) putting GA == 4, 





As 
C S 
ο 


LD =c, GD ==x, and BD =y, it will be BD (y) : DL (o) :: 
GA (4): GL (x— c). Therefore xy — cy == cb, or xy — cy — 
ch==o. This Equation according to the Rule gives 2—2 | that 
is, x —c==DF. Therefore prolong GD to F, fo that DF — 
LG, and at F raife the perpendicular FT meeting the Atymptote 
AB in T, and DT being drawn will touch the Conchoid. 

37. But when compound or furd Quantities are found in the 
Equation, you muft have recourfe to the general Method, except you 
fhould chufe rather to reduce the Equation. ! 

. 38. Ex. 2. If the Equation b- yx /cc— yy == yx, were given 
for the Relation hetween GD and BD; (fee the foregoing Figure, 
p. 52.) find the Relation of the Fluxions by Prob. 1. As füppofing 
J ce — yy ==, you will have the Equations dg + yz == yx, and 
ες — yy = zz, and thence the Relation of the Fluxions dz -- yz 
JZ= yx yw, and — 2y = 23g. And now z and g being 

I exter- 
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: 1 ` DEDOS by be yy2 V 4 
exterminated, there will arife y Acc — yy — ZIE — yy = 


— xy 9 


πο. ο Vay 
Therefore y : VI y E — wu (y: x 1) BD (y): DF. 


Third Manner. 


39. Moreover, if the Curve be refer'd to two Subtenfes AD and 
BD, which being drawn from two given Points A and B, may 
meet at the Curve: Conceive that Point 
1) ιο flow on through an infinitely little 
Space Dd in the Curve; andin AD and 
BD take Ak — Ad, and Bc = B4; and 
then £D and cD will be contempora- 
neous Moments of the Lines AD and 
BD. Take therefore DF to BD in 
the Ratio of the Moment Dé to the 
Moment De, (that is, in the Ratio of the Fluxion of the Line 
AD to the Fiuxion of the Line BD,) and draw BT, FT perpendicu- 
lar to BD, AD, meeting in T. Then the Trapezia DFTB and Déde 
will be fimilar, and therefore the Diagonal DT will touch the 
Curve. 

40. Therefore from the Equation, by which the Relation is 
defined between AD and BD, find the Relation of the Fluxions by 
Prob. 1, and take FD to BD in the fame Ratio. 

41. Examp. Suppofing AD — x, and BD == y, let their Rela- 
tion be a + 7 — y= o. This Equation is to the Ellipfes of 


the fecond Order, whofe Properties for Refracting of Light are fhewn 
by Des Cartes, in the fecond Book of his Geometry. "Then the 


Relation of the Fluxions will be - -n y ==0. "Tis therefore e : 
d:(y:x:) BD : DF. 


42. And for the fame reafon if a — 7 — y = o, ’twill be 


e: —d : BD: DF. In the firft Cafe take DF towards A, and 
contrary-wife in the other cafe. 

43. Conor. 1. Hence if d == e, (in which cafe the Curve be- 
comes a Conick Sedction,) ‘twill be 
ΓΕ —-DB. And therefore the Tri- 
angles DFT and DBT being equal, 
the Angle FDB will be bifected by 
the Tangent. 
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44. Corot. 2. And hence alfo thofe things will be manifeft of 
themfelves, which are demonftrated, in a very prolix manner, by 
Des Cartes concerning the Refraction of thefe Curves. For as much 
as DF and DB, (which are in the given Ratio of d τος) in refpe& 
of the Radius DT, are the Sines of the Angles DTF and DTB, 
that is, of the Ray of Incidence AD upon the Surface of the Curve, 
and of its Reflexion or Refraction DB. And there is a like reafon- 
ing concerning the Refractions of the Conick Sections, fuppofing 
that either of the Points A or B be conceived to be at an infinite 
diftance. 

45. It would be eafy to modify this Rule in the manner of the 
foregoing, and to give more Examples of it: As alfo when Curves 
are refer'd to Right lines after any other manner, and cannot com- 
modioufly be reduced to the foregoing, it will be very eafy to find 
out other Methods in imitation of thefe, as occafion fhall require. 


Fourth Manner. 


46. As if the right Line BCD fhould revolve about a given Point 
B, and one of its Points D fhould defcribe a Curve, and another 
Point C fhould be the 
interfection of the right 
Line BCD, with another 
right Line AC given in 
pofition. Then the Re- 
lation of BC and BD be- 
ing exprefsd by any E- | 
quation; draw BF pa- 
rallel to AC, fo as to meet DF, perpendicular to BD, in F. Alfo 
erect FT perpendicular to DF; and take FT in the fame Ratio to 
BC, that the Fluxion of BD has to the Fluxion of BC. Then DT 
being drawn will touch the Curve. 





Fifth Manner. 

47. But if the Point A being given, the Equation fhould exprefs 
the Relation between AC and BD; draw CG parallel to DF, and 
take FT in the fame Ratio to BG, that the Fluxion of BD has to 
the Fluxion of AC. 

Sixth Manner. 

48. Or again, if the Equation expreffes the Relation between AC 
and CD; let AC and FT meet in H; and take HT in the fame 
Ratio to BG, that the Fluxion of CD has to the Fluxion of ΑΟ. Aad 
the like in others. Seveità 
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Seventh Manner : For Spirals. 


49. The Problem is not otherwife perform'd, when the Curves 
are refer’d, not to right Lines, but to other Curve-lines, as is ufual 
in Mechanick Curves. Let BG be the Circumference of a Circle, 
in whofe Semidiameter AG, while it revolves 
about the Center A, let the Point D be con- 
ceived to move any how, fo as to defcribe the 
Spiral ADE. And fuppofe Dd to be an in- 
finitely little part of the Curve thro? which 
D flows, and in AD take Ac== Ad, then 
cD and Gg will be contemporaneous Moments 
of the right Line AD and of the Periphery 
BG. Therefore draw Aż parallel to cd, that 
is, perpendicular to AD, and let the Tangent 
DT meet it in T; then it will be cD : cd:: 
AD: AT. Alfo let Gt be parallel to the Tangent DT, and it 
will be cd : Gg :: (Ad or AD : AG ::) AT: At. 

50. Therefore any Equation being propofed, by which the Re- 
lation is exprefsd between BG and AD ; find the Relation of their 
Fluxions by Prob. 1. and take A; in the fame Ratio to AD: And then 
G* will be parallel to the Tangent. | 

51. Ex. 1. Calling BG == x, and AD 2 y, let their Relation be 
XP = ax*  axy—y? == ο, and by Prob, 1. 3x* — 2ax -4- ay : 34)” 
—ax : (y : κ AD : At. The Point ¢ being thus found, draw 
Gt, and DT parallel to it, which will touch the Curve. 


52. Ex.2. If ο 7 == y, (which is the Equation to the Spiral 
of Archimedes,) "twill be > — y, and therefore a : b :: (y: x ::) 


AD : At. Wherefore by the way, if TA be produced to P, 


that it may be AP : AB :: a : 6, PD will be perpendicular to 
the Curve. 





53. Ex. 3. If xx == by, then 2xx — by, and 2x : ὁ:: AD: 


At. And thus Tangents may be eafily drawn to any Spirals what- 
ever, 


Eighth 
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Eighth Manner : For Quadratrices. 


54. Now if the Curve be fuch, that any Line AGD, being drawn 
from theCenter A, may meet the Circular Arch in G, and the Curve in 
D; and if the Relation between the 
Arch BG, and the right Line DH, 
which is an Ordinate to the Bafe 
or Abfcifs AH in a given Angle, 
be determin'd by any Equation 
whatever : Conceive the Point D to 
move in the Curve for an infinite- 
ly fmall Interval to d, and the Pa- 
rallelogram d5H£ being compleat- 
ed, produce Ad to c, fo that | 
Ac— AD ; then Gg and Dé will be contemporaneous Moments of 
the Arch BG and of the Ordinate DH. . Now produce Dd ftrait 
on to T, where it may meet with AB, and from thence let fall 
the Perpendicular TF on DcF. Then the Trapezia Dkde and DHTF 
will be fimilar; and therefore DÅ: De:: DH : DF. And befides 
if Gf be raifed perpendicular to AG, and meets AF in f; becaufe 
of the Parallels DF and Gf, it will be De : Gg :: DF : Gf. There- 
fore ex cquo, tis DÅ : Gg :: DH: Gf, that is, as the Moments or 
Fluxions of the Lines DH and BG. | 

55. Therefore by the Equation which exprefles the Relation of 
BG to DH, find the Relation of the Fluxions (by Prob. 1.) and in 
that Ratio take Gf, the Tangent’of the Circle BG, to DH. Draw 
DF parallel to Gf; which may meet Af produced in F. And at 
F erect the perpendicular FT, meeting AB in T; and the right 
Line DT being drawn, will touch the Quadratrix. 

56. Ex. 1. Making BG ze x, and DH = y, let it be xx — dy; 
then (by Prob. 1.) 2xx == by. Therefore 2x : b :: (y : x ::) DH: 
Gf; and the Point f being found, the reft will be determin'd as above. 

But perhaps this Rule may be thus made fomething neater : 
Make x: y:: AB: AL. Then AL: AD:: AD: AT, and then 
DT will touch the Curve. For becaufe of equal Triangles AFD and 
ΑΤΡ, ’tis AD x DF==AT x DH, and therefore AT : AD :: (DF or 
ag X Gf : DH or 2 Gf) AD: (2 AG or) AL. ον ᾿ | 

57. Ex.2. Let x y, (which is the Equation to the Quadratrix 
of the Ancients,) then xy. Therefore AB: AD :: AD : AT. 

I 





58, 
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58. Ex. 3. Let axx =}, then 2axx == 3yy?. Therefore make 
33 :24x :: (x: y::) AB: AL. Then AL: AD:: AD: AT. And 
thus you may determine expeditioufly the Tangents of any other 
Quadratrices, howfoever compounded. 


Ninth Manner. 


59. Laftly, if ABF be any given Curve, which is touch’d by the 
right Line Bt; and a part BD of 
the right Line BC, (being an Or- 
dinate in any given Angle to the 
Abfcifs AC,) intercepted between 
this and another Curve DE, hasa 
Relation to the portion of the 
Curve AB, which is exprefsd by - 
any Equation: You may draw'a 
Tangent DT to the other Curve, 
by taking (in the Tangent of this 
Curve,) BT in the fame Ratio to 
BD, as the Fluxion of the Curve AB hath to the Fluxion of the 
tight Line BD. | ME | 
— 6o. Ex. Y! Calling AB =x, ind BD = y; let it be ax — yy; and 
therefore ax == 2)’. Then 2 : 2y :: (y : x ::) BD: BT. 

61. Ex:2. Let x =y, (the Equation to the Trochoid, if ABF 
bé a Circle) then 7x — y, and e: 2 :: BD: BT. -- 

62. And with the fame eafe may Tangents be drawn, when the 
Relation of BD to AC, or to BC, is exprefsd by any Equation; or 
when the Curves are refer'd to right Lines, or to any other Curves, 
after any other manner. whatever. | | 

63. There are alfo many other Problems, whofe Solutions are 
to be derived from the fame Principles; fuch as thefe following. 

I. To find a Point of a Curve, where the Tangent is parallel fo: the 
Abfcifi, or to any other right Line given in pofition ; or is perpendicular 
to it, or znclined to it in any given Angle. 

II. To find tbe Point where the Tangent is moft-ér leaf. inclined to 
the Abfeifi, or to any other right Line given in pofition. That is, to find 
the confine of contrary Flexure. Of this I. have-already given:a Spe- 
cimen in the Conchoid. 

ΠΙ. From any given Point without tbe Perimeter of a Curve, to 
draw a right Line, which with the Perimeter may make an Angle of 

Contad?, 
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Contaé, or a right Angle, or any other given Angle. That is, from 
a given Point, to draw Tangents, or Perpendiculars, or right’ Lines 
that fhall have any other Inclination to a Curve-line. 

IV. From any given Point within a Parabola, to draw a right 
Line, which may make with the Perimeter the greateft or leaf Angle 
pofible. And fo of all Curves whatever. oe | | 

0 draw a right Line which may touch two Curves given: in 
pofition, or the fame Curve in two Points, when that can be done. Ἢ 

VI. To draw any Curve with given Conditions, which may touch 
another Curve given in pofition, in a:given Point. ^ 

VII. To determine the Refraction of any Ray of Light, that -falls 
upon any Curve Superficies  ----τ- -. τ s 

The Refolution of thefe, or of any other the like Problems, will 
not be fo difficult, abating the tedioufnefs of Computation, as that 
there is any occafion to dwell upon them here: -And I imagine it 


may be more agreeable to Geometricians barely to have mention'd: 
them. ee ση η 


Du ee s 

PROB V ` 
At any given Point of a given Curve, to find the 
| Quantity ‘of Curvature. Ea l i 


dia κ 


Gn: 


afit 


1. There are few Problems concerning Curves more elegant than 
this, or that give a greater Infight into their nature. In order to ‘its 
Refolution; I muft premife thefe following general Confiderations. , 

4,1. The fame Circle has every where tHe famé’Curvature, and 
in different Circles it is reciprocally proportional to their Diaineters. 
If the Diameter of any Circle is as little again as the Diameter of 
another, the Curvature of its Periphery 'will be as, great again. If 
the Diameter be one-third of the other, the'Curvature will be thrice 
as much, &r. PM | | er 

_3- 1. If a Circle touchés any Curve on its concave fide, in any. 
given Point, and if it be of fuch magnitude, that no other tangent 
Circle can be interferibed in the Angles of Conta& ‘near that Point ; 
that Circle will be of the fame Curvature as the Curve is of, in that 
Point of Contact. For the Circle that comes between the Curve 
and another Circle at the Point of Contact, varies lefs from the 
Curve, and makes ‘a nearer approach to. its Curvature, than that 
other Circle does. And therefore that Circle: approaches neareit to its 

I 2 Curvature, 
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Curvature, between which and the Curve no other Circle can in- 
tervene. E l 

4. ML. Therefore the Center of Curvature to any Point of a 
Curve, is the Center of a Circle equally curved. And thus the Ra- 
dius: or Séinidiameter of Curvature is part of the Perpendicular 
to the Curve, which is terminated at that Center. NS 

5.-IV. And the proportion of Curvature at different Points will 
be known from the proportion of Curvature of equi-curve Circles, 
or from the reciprocal proportion of the Radii of Curvature. 

6. Therefore the Problem is reduced to this, that the Radius, or 
Center of Curvature may be found. | e E 

7. Imagine therefore that at three Points of the Curve 4, D, and d, 
Perpendiculars are drawn; of which thofe that are 
at D and δ meet in H, and thofe that are. at D 
and d meet in 5: And the Point D being in the . 
middle, if there is a greater Curvity at the part Dd - 
than at Dd, then DH will be lefs than dbh. But 
by how much the Perpendiculars $H and db are 
nearer the intermediate Perpendicular, fo much the 
leís will the diftance be of the Points H and 7: 
And at laft when the Pérpendiculars meet, thofe ` 
Points will coincide. Let them coincide in the Point 
C, then will C be the Center of Curvature, at the 
Point D of the Curve, on which the Perpendicu- 
lars ftand ; which is manifeft of itfelf. 

8. But there are feveral Symptoms or Properties of this Point C; 
which may be,of πίε το its determination.  : | js 

9. I. That it is the Concourfe of Perpendiculars that are on each’ 
fide at an infinitely little diítance from DC. i 

10. II. That the Interfections of Perpendiculars, at any little finite 
diftance on each fide, are feparated and divided by it; fo that thofe 
which are on the more curved fide DA fooner meet at H, and thofe, 
which are- on the other iefs curved fide Dd meet more remotely 
at ῥ. ee ο MN 

τι. ΠΠ. If DC be conceived to move, while it infifts perpendi- 
cularly on the Curve, that point of it C, (if you except the motion 
of approaching to or receding from the Point of Infiftence C,) will 
be leaft moved, but will be as it were the Center of Motion. 
- 12. IV. If a Circle be defcribed with the Center C, and the di- 
ftance DC, no other Circle can be defcribed, that can lie between 
at the Contact, 





15. 
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13. V. Laftly, if the Center H or 4 of any other touching Circle 
approaches by degrees to C the Center of this, till at lait it co- 
incides with it; then any of the points in which that Circle fhall 
cut the Curve, will coincide with the point of Contact D. 

14. And cach of thefe Properties may fupply the means of folving 
the Problem different ways: But we fhall here make choice of the 
firft, as being the moft (imple. | 

15. At any Point D of the Curve let DT be a Tangent, DC a 
Perpendicular, and C the Center of Curvature, as before. And let 
AB be the Abfcifs, to which let DB be apply'd at right Angles, 
and which DC meetsinP. Draw 
DG parallel to AB, and CG per- d 
pendicular to it, in which take D 3 
Cg of any given Magnitude, and 
draw g perpendicular to it, which 
meets DC in J. Then it will be 
Cz : g3 :: (TB: BD ::)the Fluxion 
of the Abfcifs, to the Fluxion of 
the Ordinate. Likewile imagine 
the Point D to move in the Curve 
an infinitely little diftance Dd, and 
drawing de perpendicular to DG, and Cd perpendicular to the Curve, 
let Cd meet DG in F, and dig in f: Then will De be the Momen- 
tum of the Abfci(s, de the Momentum of the Ordinate, and 4f the 


contemporaneous Momentum of the right Line gd. Therefore DF 


οκ d x 
—De--—— . Having therefore the Ratio's of thefe Moments, or, 


which is the fame thing, of their generating Fluxions, you will have 
the Ratio of CG to the given Line Cg, (which is the fame as that of 
DF to 45) and thence the Point C will be determined. 

16. Therefore let AB = x, BD = y, Cg = 1, and gô == z; 


then it will ber: z:: x : y, or z = >. Now let the Mo- 





X 
mentum df of z be zxo, (that is, the Product of the Velocity 
and of an infinitely fmall Quantity o,) and therefore the Moment: 


De=x xo, de = yxo, and thence DF — xo -p 23, Therefore 
tis Cg (1) 1 CG τ: (γι DF :) 89 : xo +2. That is, CG= 


xx-l- η 


e 9 
xax 
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17. And whereas we are at liberty to afcribe whatever Velocity 
we pleafe to the Fluxion of the Abfcifs x, (to which, as to an 
equable Fluxion, the reft may be referrd;) make x — 1, and 
then y = z, and CG = ==, And thence DG == == , and 
DC = TEA : 





18. Therefore any Equation being propofed, in which the Rela- 
tion of BD to AB is exprefsd for defining the Curve ; firft find 


the Relation betwixt x and y, by Prob. 1. and at the fame time fub- 
ftitute 1 for x, and z for y. Then from the Equation that arifes, 
by the fame Prob. 1. find the Relation between-x, » and z, and at 
the fume time fübftitute 1 for x, and z for y, as before. And thus 
by the former operation you will obtain the Value of z, and by 
the latter you will have the Value of z ; which being obtain'd, pro- 
duce DB to H, towards the concave part of the Curve,: that it 
may be DH = E and draw HC parallel to AB, and meet- 


ing the Perpendicular DC in C ; then will C be the Center of Cur- 
vature at the Point D of the Curve. Or fince it is 1 -[- zz = 


PT PT DP I3 
ος 6 e Hz Py or DC enw, ™ pure, s 
pr? make D zxBT’ zx DBI3 


ιο. Ex. 1. Thus the Equation ax 4- bx? — y? =o being pro- 
pofed; (which is an Equation to the Hyperbola whofe Latus rectum 
is a, and "Tranfverfum 53) there will arife (by Prob. 1.) a -+ 20x — 
2zy — 0, (writing 1 for x, and z for y in the refulting Equation, 
which otherwife would have been ax +- 2bxx — 2yy = ο) and 
hence again there arifes 25 — 22% — 2zy == o, (1 and z being again 
wrote for x and y.) By the firt we have z = ape 














, and by the 
b— xz 


latter = == E Therefore any Point D of the Curve being given, 


and confequently x and y, from thence z and z will be given, which 
being known, make ru. GC or DH, and draw HC. 

20. As if definitely you make a == 1, and d==1, fo that 3x. 
xx == yy may be the condition of the Hyperbola. And if you 
aflume x= 1, then y = 2, z==4, z—-—— z, and DH==—o?, 


11 being found, raife the Perpendicular HC meeting the Perpendi- 
f cular 
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cular DC before drawn ; or, which is the fame thing, make HD : 
HC :: (1: 2 3:) 1: 4 Then draw DC the Radius of Curva- 
ture. 

21. When you think the Computation will not be too perplex, you 


may fubftitute the indefinite Values of z and z into EM , the 

Value of CG. Thus in the preíent Example, by a due Reduction 
21 48 4by3 b 

you will have DH == y + — ———. Yet the Value of DH by 


Calculation comes out negative, as may be feen in the numeral Ex- 
ample, But this only fhews, that DH muft be taken towards B ; 
for if it had come out affirmative, it ought to have been drawn the 
contrary way. 

22. Conor. Hence let the Sign prefixt to the Symbol -+-4 be 
changed, that it may be ax — bxx — yy =o, (an Equation to the 
Ellipfis,) then DH = y -p 5-5, 

23. But fuppofing == ο, that the Equation may become ax — 
yy == 0, (an Equation to the Parabola,) then DH — η -+ a ; and 
thence DG == ia -+ 2x. 

24. From thefe feveral Expreffions it may eafily be concluded, 
that the Radius of Curvature of any Conick Section is always 
ασ, 

aa 

ας, Ex. 2. If x? == ay? — xy? be propofed, (which is the Equa- 
tion to the Ciffoid of Dzocles,) by Prob. 1. it will be firft 3x? = 2azy 
—2xzy— y^; and then 6x ——2azy -1-2azz — 2zy—2xzy —2xzz 
fore any Point of the Ciffoid being given, and thence x and 2, 


-ο 
we 


there will be given alfo 2 and æ; which being known, make LE 
= CG. f 
26. Ex. 3. If  -- y \/ce— yy — xy were given, (which is the 
Equation to the Conchoid, in pag. 48 ;) make /ce— yy ==, and 
there will arife du yv = xy. Now the firft of thefe, (cc — vy 
== vv,) will give (by Prob, 1.) — 253 — 2v, (writing z for y;) 
and the latter will give by -+ yu -p zv = y--xz. And from thefe 


Equations rightly difpofed v and z will be determined. But that ὦ 
may alfo be found; out of the laft Equation exterminate the Fluxion 


V, by fubftituting — — 











Wes wep: 
oe 


p 


. 2 biz 
and there will arife — —— 


; 32 


I 
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== y -+ xz, an Equation that comprehends the flowing Quantities, 
without any of their Fluxions, as the Refolution of the firt Pro- 
blem requires. Hence therefore by Prob. 1, we fhall have — 
bet by Όπου yt ye 


ee ed 


= τ πη = = SU - omo oe ος H κῷ, 
This Equation being reduced, and difpofed in order, will give z. 
But when z and z are known, make - -- == CG. 

27. If we had divided the laf Equation but one by z, then 


by Prob. 1. we fhould have had — = --- Z — = = + v= 





Ż ; which would have been a more fimple Equation than the 


2 -- 


LES 


aur zb ο ba be x 

σπα cw --2ὐ0--2)25Ξ2Ν, or — πτ-πτ-ὂ--χ--- -. 
e : 3595 x 2b I XX 3 

And hence again by Prob. 1. =r Bu s=. By 


the firft refult z is determined, and z by the latter. 
29. Ex. 4. Let ADF be a Trochoid [or Cycloid] belonging to 


the Circle ALE, whofe Diameter is AE; and making the Ordinate 
BD to cut the 


Circle in L, 
call AE E, 
AB==vx, BD 
==, BLS, 
and the Arch 
ALz-—:, and 
the Fluxion of 
the fame Arch 
—f. And 
firft (drawing 
the Semidia- 
meter PL, the A 
Fluxion ofthe cm 
Bafe or Abfcifs AB will be to the Fluxion of the Arch AL, as BL 


to 
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toPL; thatis,vor1:/::u:4a. And therefore £ =f, Then 
from the nature of the Circle ax — xx == vv, and therefore by 


a— 2 





Prob. 1. @—— 2x = 200, or = 

30. Moreover from the nature of the Trochoid, ’tis LD == Arch 
AL, and therefore y--#==y. And thence (by Prob. 1) v-iz. 
Laftly, inftead of the Fluxions v and z let their Values be fubfti- 
tuted, and there will arie —~ =:2, Whence (by Prob.1.) is de- 


oa UT. 





rived — -- 4. = — - ——z. And thefe being found, make LET 


==— DH, and raife the perpendicular HC. 
31. Con. r. Now it follows from hence, that DH ==2BL, and 
CH —2BE, or that EF bifes the radius of Curvature CD in N. 


And this will appear by fubftituting the values of z and z now 
Te DH, and by a proper redu&ion of 





found, in the Equation * 


the refult. 

32. Cor. 2. Hence the Curve FCK, defcribed indefinitely by the 
Center of Curvature of ADF, is another Trochoid equal to this, 
whofe Vertices at I and F adjoin to the Cufpids of this. For let 
the Circle Fa, equal and alike pofited to ALE, be defcribed, and 
let CQ be drawn parallel to EF, meeting the Circle in A: Then 
will Arch Fa == (Arch EL— NF ==) Ca. 

33. Cor. 3. The right Line CD, which is at right Angles to the 
Trochoid IAF, will touch the Trochoid IKF in the point C. 

34. Cor. 4. Hence (in the inverted Trochoids,) ifat the Cufpid K 
of the upper Trochoid, a Weight be hung by a Thread at the di- 
ftance KA or 2EA, and while the Weight vibrates, the Thread be 
fupposd to apply itfelf to the parts of the Trochoid KF and KI, 
which refift it on each fide, that 1t may not be extended into a 
right Line, but compel it (as it departs from the Perpendicular) to 
be by degrees inflected above, into the Figure of the Trochoid, 
while the lower part CD, from the loweft Point of Contact, ftill 
remains a right Line: The Weight will move in the Perimeter of 
the lower Trochoid, becaufe the Thread CD will always be perpen- 
dicular to it. l 

35. Cor. 5. Therefore the whole Length of the Thread KA is 
equal to the Perimeter of the Trochoid KCF, and its part CD is 
equal to the part of the Perimeter CF. 


K 46. 
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36. Con. 6. Since the Thread by its ofcillating Motion revolves. 
about the moveable Point C, as a Center; the Superficies through 
which the whole Line CD continually paffes, will be to the Super- 
ficies through which the part CN above the right Line IF paffes at 
the fame time, as CD' to CN’, that is, as 4to I. Therefore the 
Area CFN is a fourth part of the Area CFD; and the Area KCNE 
15 a fourth part of the Area AKCD. 

37. Cor. 7. Alfo fince the fubtenfe EL is equal and parallel to 
CN, and is converted about the immoveable Center E, juft as CN 
moves about the moveable Center C; the Superficies will be equal 
through which they pafsin the fame time, that is, the Area ΟΕΝ, 
and the Segment of the Circle EL. And thence the Area ΝΕΡ' 
will be the triple of that Segment, and the whole area EADF will 
be the triple of the Semicircle. 

38. Con. 8. When the Weight D arrives at the point F, the 
whole Thread will be wound about the Perimeter of the Trochoid 
ΚΟΕ, and the Radius of Curvature will there be nothing. Where- 
fore the Trochoid IAF is more curved, at its Cufpid F, than any 
Circle; and makesan Angle of Contact, with the Tangent βΕ produ- 
ced, infinitely greater than a Circle can make with a right Line. 

39. But there are Angles of Contact that are infinitely greater 
than Trochoidal ones, and others infinitely greater than thefe, and 
fo on is infinitum ; and yet the greateft of them all are infinitely 
lefs than right-lined Angles. Thus xx == ay, x* == όλ", x* ==cy3, 
x5 == dy*, &c. denote a Series of Curves, of which every fucceeding. 
one makes an Angle of Contact with its Abfcifs, which is infinitely 
greater than the preceding can make with the fame Abfcifs. And the 
Argle of Contact which the firt xx==ay makes, is of the fame kind 
with Circular ones; and that which the fecond x: == 4y* makes, is of 
the fame kind with Trochoidals. And tho’ the Angles of the fucceed- 
ing Curves do always infinitely exceed the Angles of the preceding, yet 
they can never arrive at the magnitude of a right-lined Angle. 

40. After the fame manner x — y, xx ==ay, x3 == by, κά == 6y, 
&c. denote a Series of Lines, of which the Angles of the fubfequents, 
made with their Abfcifs’s at the Vertices, are always infinitely lefs 
than the Angles of the preceding. Moreover, between the Angles 
of Contact of any two of thefe kinds, other Angles of Contact may 
be found ad infinitum, that hall infinitely excced each other. 

41. Now it appears, that Angles of Contact of one kind are in- 
finitely greater than thofe of another kind; fince a Curve of one 
kind, however great it may be, cannot, at the Point of Contact, 

I lie 
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lie between the Tangent and a Curve of another kind, however fmall 
that Curve may be. Or an Angle of Contact of one kind cannot 
neceffarily contain an Angle of Contact of another kind, as the whole 
contains a part. ‘Thus the Angle of Contact of the Curve x*——cys, 
or the Angle which it makes with its Abícifs, neceffarily includes the 
Angle of Contact of the Curve x3 == dy*, and can never be contain'd 
by it. For Angles that can mutually exceed each other are of the 
fame kind, as it happens with the aforefaid Angles of the Trochoid, 
and of this Curve x: == 5y*. 

42. And hence it appears, that Curves, in fome Points, may be 
infinitely more ftraight, or infinitely more curved, than any Circle, and 
yet not, on that account, lofe the form of Curve-lines. But all 
this by the way only. 

43. Ex. s. Let ED be the Quadratrix to the Circle, defcribed 
from Center A; and letting fall DB 
perpendicular to AE, make AB = x, 
BD =y, and AE = ı. Then 'twill 
be yx — yy? — yx? = xy, as before. 
Then writing 1 for x, and z for y, the 
Equation becomes zx — zy? — zx* 
== y; and thence, by Prob. 1. zx 
— Sy? — BAP fp BH — 2XXX — 22yy == y, Then reducing, and 


again writing 1 for x, and æ for y, there arifes z == =o. 
X—XX—— 


But z and z being found, make ' t5 pH, and draw HC as 


above. 
44. If you defire a Conftru€tion of the Problem, you will find it 


very fhort. Thus draw DP perpendicular to DT, meeting AT in P, 
BD 


and make 2AP : AE :: PT : CH. For z = {στ ZT 
BDg : 


and zy = =) ——— BP; and zy -- x = — AP, and 
Into Zy- x= 








2% 





2 . $ DP 
— — == 4. lt 15 ----- 
REX BT; into— AP Moreover it is 1-- z 
PT BD DT «κα PTx AExBT 
τε, (becaufe == 1-1 iT, SS ,) and therefore = == μοντ 

see PT x AE 

= DH. Laftly, it is BT : BD :: DH: CH = Zp > Here 
the negative Value only fhews, that CH muft be taken the fame 
way as AB from DH. 

45. In the fame manner the Curvature of Spirals, or of any other 
Curves whatever, may be determined by a very fhort Calculation. ; 

K 2 4.6. 
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46. Furthermore, to determine the Curvature without any pre- 
vious reduction, when the Curves are refer’d to right Lines in any 
other manner, this Method might have been apply’d, as has been 
done already for drawing Tangents. But as all Geometrical Curves, 
as alfo Mechanical, (efpecially when the defining conditions are re- 
duced to infinite Equations, as I fhall {hew hereafter,) may be re- 
fer'd to rectangular Ordinates, I think I have done enough in this 
matter. He that defires more, may eafily fupply it by his own in- 
duftry ; efpecially if for a farther illuftration I fhall add the Method 
for Spirals. 

47. Let BK be a Circle, A its Center, and B a given Point in 
its Circumference. Let ADZ | 
be a Spiral, DC its Perpen- 
dicular, and C the Center of 
Curvature at the Point D. 
Then drawing the right Line 
ADK, and CG parallel and 
equal to AK, as alfo the Per- 
pendicular GF meeting CD 
in F: Make AB or AK = 
1==CG, BK= x, ΑὈ--- s 
and GF == z. Then con- 
ceive the Point D to move in the Spiral for an infinitely little Sprce 
Dd, and then through d draw the Semidiameter A, and Cg parallel 
and equal to it, draw gf perpendicular to gC, fo that Cd cits gf 
in /, and GF in P; produce GF to g, fo that Go — gf, and draw 
de perpendicular to AK, and produce it till it meets CD at I. Then 
the contemporaneous Moments of BK, AD, and Gg, will be KZ, De 
and Εφ, which therefore may be call'd xo, yo, and zo. 

48. Now it is AK : Ae (AD) :: 4K : de = yo, where I affume 
x= I, as above. Alfo CG : GF :: de : eD ——oyz, and there- 
fore yz == y. Befides CG : CF :: de : dD == oy x CF :: dD: 
di == ο) x CFg. Moreover, becaufe ZPCQ (== Z.GCg) = ZDAd, 
and {Ρο (== LCA == 4 edD + Re&.) — 4 AD4, the Triangles 
CPg and ADd are fimilar, and thence AD : Dd :: CP (CF) : 
Ῥρ- οχΟΕφΦ. From whence take Fg, and there will remain PF 
—oxCFq—oxz. Laftly, letting fall CH perpendicular to AD, 


tis PF : dI =: CG: eH or DH — σσ, Or fubftituting r--zz 





Ur CFg—z 
for CFg, “twill be DH ==". Here it may be obferved, 


that 
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that in this kind of Computations, I take thofe Quantities (AD and 
Ae) for equal, the Ratio of which differs but infinitely little from. 
the Ratio of Equality. 

49. Now from hence arifes the following Rule. T'he Relation 
of x and y being exhibited by any Equation, find the Relation of 
the Fluxions x and y, (by Prob. 1.) and fubftitute 1 for x, and yz 
for y. Then from the refulting Equation find again, (by Prob. 1.) 
the Relation between x, y, and z, and again fubftitute 1 for x. 
The firft refult by due reduction will give y and z, and the latter 
will give x; which being known, make VUES = DH, andraife 
the Perpendicular HC, meeting the Perpendicular to the Spiral DC 
before drawn in C, and C will be the Center of Curvature, Or 


which comes to the fame thing, take CH : HD :: 2: 1, and 
draw CD. 


so. Ex. 1. If the Equation be 2x zy, (which will belong to 
the Spiral of Archimedes,) then (by Prob. 1.) ax = y, or (writing 1 
for x, and yz for y,)’¢ == yz. And hence again (by Prob 1.) o = 
yz- yz. Wherefore any Point D of the Spiral being given, and 
thence the length AD or y, there will be given z = s , and z= 


(—= or) — =, Which being known, make r-rzz—z.: 

J J 
I--z2 :: DA (y): DH. And 1 : ο :: DH: CH. 

And hence you will eafily deduce the following Conftru&ion. 
Produce AB to Q, fo that AB : Arch BK :: Arch BK : BQ, 
and make AB + ΑΟ: AQ. :: DA : DH :: a : HC. 

ει. Ex. 2. If ax* z—* be the Equation that determines the Re-. 
lation between BK and AD; (by Prob; τ.) you will have 2axx—. 
4)», or 2ax = 3293. Thence again 2gx == 3zy* -4- 93yy*. "Tis 


2a— 9zz)3 . 
therefore z == =, and == = . Thee being known, make 
: 2) 


Il--zz— g: 7422 s DA:DH. Or, the work being reduced: 
to a better form, make gxx-+- 10: gxx --4 :: DA: ΡΗ. | 
52. Ex. 3. After the fame manner, if ax* —dxy ==}? determines 


: I ; 2ax ~ by 
the Relation of BK to AD; there will arife IS — z, and 
24 — :bxy— bzw — 9293... From which DH, and thence the 


Exy + ο | 
Point C, is determined as before. 


53: 
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23. And thus you will eafily determine the Curvature of any 
other Spirals; or invent Rules for any other kinds of Curves, in 
imitation of thefe already given. 

54. And now I haye finifh’d the Problem; but having made ufe 
of a Method which is pretty different from the common ways of 
operation, and as the Problem itfelf is of the number of thofe 
which are not very frequent among Geometricians : For the illuftra- 
tion and confirmation of the Solution here given, I fhall not think 
much to give a hint of another, which is more obvious, and has a 
nearer relation to the ufual Methods of drawing ‘Tangents. Thus if 
from any Center, and with any Radius, a Circle be conceived to 
be defcribed, which may cut any Curve in feveral Points; if that 
Circle be füpposd to be contracted, or enlarged, till two of the 
Points of interfection coincide, it will there touch the Curve. And 
befides, if its Center be fuppos’d to approach towards, or recede 
from, the Point of Contact, till the third Point of interfection fhall 
meet with the former in the Point of Conta& ; then will that Circle 
be equicurved with the Curve in that Point of Contact: In like man- 
ner as I infinuated before, in the laft of the five Properties of the 
Center of Curvature, by the help of each of which I affirm'd the 
Problem might be folved in a different manner. 

$5. Therefore with Center C, and Radius CD, let a Circle be 
deícribed, that cuts the Curve 
in the Points d, D, and δ; 
and letting fall the Perpendi- 
culars DB, dé, 48, and CF, 
to the Abícifs AB; call AB 
zx, BD = y, ΑΕ =v, 
FC==4,andDC==s. Then 
BFÉÍv—-», and DB-+-FC 
mJ--:. The fum of the 
Squares of thefe is equal to the 
Square of DC; that is, v*—~ 
20. -- X* -1- 3^ -4- 2yt 4- 5 
τε, If you would abbrevi- | l 
ate this, make v* -[- 45 — s+ ==9%, (any Symbol at pleafure,) and it 
becomes x? — 2v% -+ j^ + 24) +- g?==0. After you have found 
£, v, and g*, you will have s = V Ὁ» + P — 9^. 

56. Now let any Equation be propofed for defining the Curve, 
the quantity of whofe Curvature isto be found. By the help of 
this Equation you may exterminate either of the Quantities x or y, 


and 


D 





EJ 
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and there will arife an Equation, the Roots of which, (db, DB, δβ, 
&c. if you exterminate x; or Ad, AB, AB, &c. if you exterminate 
y,) are at the Points of interfe&ion d, D, ^, &c. Wherefore fince 
three of them become equal, the Circle both touches the Curve, 
and will alfo be of the fame degree of Curvature as the Curve, in 
the point of Contact. But they will become equal by comparing 
the Equation with another fictitious Equation of the fame number 
of Dimenfions, which has three equal Roots; as Des Cartes has 
fhew'd. Or more expeditioufly by multiplying its Terms twice by 
an Arithmetical Progreffion. 

57. EXAMPLE. Let the Equation be ax == yy, (which is an 
Equation to the Parabola,) and exterminating x, (that is, fubftitu- 
ting its Value 2 in the forego- 
ing Equation) there will arife τ * — T + 20 + P = o. 
Three of whofe Roots y are to be -4- y? 
madeequal. And for this purpofe 





: : 4 * 2 I ο 
I multiply the Terms twice by an 3 x I WERE 
Arithmetical Progreffion, as you PE 


fee done here; and there arifes —=y - 2y* = 0. 
Or v= D -- 4a. Whence it is eafily infer'd, that BF == 2x + 
3a, as before. 

58. Wherefore any Point D of the Parabola being given, draw the 
Perpendicular DP to the Curve, and in the Axis take PF == 2AB, 
and erect FC Perpendicular to FA, meeting DP in C; then will C 
be the Center of Curvity defired. 

59. The fame may be perform'd in the Ellipfis and Hyperbola, 
but the Calculation will be troublefome enough, and in other Curves 
generally very tedious. 


Of Queftions that have Jome Affinity to the preceding 
Problem. 

60. From the Refolution of the preceding Problem fome others 
may be perform’d; fuch are, 

I, To find the Point where the Curve bas a given degree of Cure 
vature. 

61. Thus in the Parabola, ‘ax — yy, if the Point be required 
whofe Radius of Curvature is of a given length f: From the Cen- 
ter of Curvature, found as before, you will determine the Radius. 

to. 
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to be LIS V aa +- 44X, which muft be made equal to f. Then 
by reduction there arifes x —— — ia + 9, aff- 
II. To find the Point of Rectitude. 

62. I call that the Poit of Reéfitude, in which the Radius of 
Flexure becomes infinite, or its Center at an infinite diftance: Such 
it is at the Vertex of the Parabola atx== y+. And this fame Point 
is commonly the Limit of contrary Flexure, whofe Determination 
I have exhibited before. But another Determination, and that not 
inelegant, may be derived from this Problem. Which is, the 
longer the Radius of Flexure is, fo much the lefs the Angle DCd 
(Fig. pag. 61.) becomes, and alfo the Moment 3/; fo that the 
Fluxion of the Quantity 2 is diminifh’d along with it, and by the 
Infinitude of that Radius, altogether vanifhes, Therefore find the 
Fluxion z, and fuppofe it to become nothing. 

63. As if we would determine the Limit of contrary Flexure in 
the Parabola of the fecond kind, by the help of which Cartefizs con- 
ftruéted Equations of fix Dimenfions; the Equation to that Curve 
15 x? — bx? — cdx -A- bcd -+-dxy== o. And hence (by Prob.1.) arifes 
3xx* — 2bxx — cdx -+ dxy + dy =o. Now writing 1 for x, 
and z for y, it becomes 3x* — 2bx—cd -t- dy -- dxz==0; whence 
again (by Prob. 1.) 6xx — 26x -- dy +- dxz; -+ dxz ——o. Here again 
writing 1 for x, 2 for y, and o for z, it becomes 6x — 25 -}- 2dz 
==0. And exterminating 5, by putting J— 3x for dz in the 
Equation 3xx — 25x — cd +- dy -t- dxz = o, there will arife —dx 
—cd4- dy ==0, or yz—c-- 5; this being fubftituted in the room 
of y in the Equation of the Curve, we fhall have x: +-dcd==0; 
which will determine the Confine of contrary Flexure, 

64. By a like Method you may determine 
the Points of Rectitude, which do not come 
between parts of contrary Flexure. As if the 
Equation x* — qax? -p batx? — by == 0 ex- 
prefsd the nature of a Curve; you have firft, 
(by Prob.1.) 4x: — 1248" -4- 12a*x — b z==0, 
and hence again 12x* — 244. 4- 12a* — biz; 
zo. Here fuppofe g==0, and by Reduc- 
tion there will arife x==a. Wherefore take 
AB za, and erect the perpendicular BD; this will meet the 
Curve in the Point of Re&itude D, as was required. 





HI. 
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3 
ΠΙ. To find the Point of infinite Flexure. 


65. Find the Radius of Curvature, and fuppofe it to be nothing. 
Thus to the Parabola of the fecond kind, whofe Equation is x: — 


ay*, that Radius will be CD — etx ν qax- 9xx ; which be- 
comes nothing when x =o. 


IV. To determine the Point of the greateft or leaft Flexure. 

66. At thefe Points the Radius of Curvature becomes either the 
ereateft or leaft. Wherefore the Center of Curvature, at that mo- 
ment of Time, neither moves towards the point of Contact, nor 
the contrary way, but is intirely at ret. Therefore let the Fluxion 
of the Radius CD be found; or more ex- 
peditioufly, let the Fluxiou of either of the 
Lines BH or AK be found, and let it be 
made equal το nothing. 

67. Asif the Queftion were propofed con- 
cerning the Parabola of the fecond kind 
x3? == a*y; fir to determine the Center of 


Curvature you will find DH = 7799, 


aa + 16xy : am 
ποτ make BH==v, then ον -+- iy. 





and therefore BH = 


Hence (by Prob. 1.) — E + Sy =v. But now fuppofe v, or the 
Fluxion of BH, to be nothing; and befides, fince by Hypothefis 
x3 <== a*y, and thence (by Prob. 1.) 4xx* ——a*y, putting x == 1, fub- 
ftitute = for y, and there will arife 45x1 == a4, Take therefore 





AB =a yj, ==a x45] , and raifmng the perpendicular BD, it will” 
meet the Curve in the Point of the greateft Curvature. Or, which 
is the fame thing, make AB : BD :: 34/5 : 1. 

68. After the fame manner the Hyperbola of the fecond kind 
reprefented by the Equation αγ == a3, will be 
moft inflected in the points D and d, which you 
may determine by taking in the Abícifs AQ — r, 
and erecting the Perpendicular QP = y 5, and 
ΩΡ equal to it on the other fide. Then draw- 
ing AP and Af, they will meet the Curve in the 
points D and d required. 
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V. To determine the Locus of the Center of Curvature, or to de- 
Jeribe tbe Curve, in which that Center is always found. 

69. We have already fhewn, that the Center of Curvature of the 
Trochoid is always found in another Trochoid. And thus the Cen- 
ter of Curvature of the Parabola is found in another Parabola of 
the fecond kind, reprefented by the Equation axx == y, as will 
eafily appear from Calculation. 


VI. Light falling upon any Curve, to find its Focus, or the Con- 
courfe of the Rays that are refracted at any of its Points. 

70. Find the Curvature at that Point of the Curve, and defcribe 
a Circle from the Center, and withthe Radius of Curvature. Then 
find the Concourfe of the Rays, when they are refracted by a Cir- 
cle about that Point: For the fame is the Concourfe of the refrac- 
ted Rays in the propofed Curve. 

71. To thefe may be added a particular Invention of the Curva- 
ture at the Vertices of Curves, where they cut their Abfciffes at right 
Angles For the Point in which the Perpendicular to the Curve, 
meeting with the Abícifs, cuts it ultimately, is the Center of its 
Curvature. So that having the relation between the Abícifs x, 
and the rectangular Ordinate y, and thence (by Prob. 1.) the rela- 
tion between the Fluxions x and y; the Value 3», if you fubftitute 
r for x into it, and make γκο, will be the Radius of Curva- 
ture. . 

72. Thus in the Ellipfis ax — xx = yy, it 15 - --- > = γγ; 
which Value of yy, if we fuppofe y —20, and confequently x == 4, 
‘writing 1 for x, becomes za for the Radius of Curvature. And fo 
at the Vertices of the Hyperbola and Parabola, the Radius of Cur- 
vature will be always half of the Latus retum. 
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73: And in like manner for the Conchoid, defined by the Equation 
El pe emer | ree xx — yy, the Value of yy, (found by 


ax x —À 





Prob. 1.) will be — = — -- — b — x, Now fuppofing y zo, 


bb bb 
and thence x == c or — c, we íhall have — — — 24—c, or T 


25 -|- c, for the Radius of Curvature. Therefore make ΑΕ: EG :: 
EG : EC, and Ae : eG :: eG : ec, and you will have the Centers 
of Curvature C and c, at the Vertices E and e of the Conjugate 
Conchoids, 


PROB. VI 


To determine the Quality of the Curvature, at a given 
Point of any Curve. 


I. By the Quality of Curvature I mean its Form, as it is more 
or lefs inequable, or as it is varied more or lefs, in its progrefs thro’. 
different parts of the Curve. So if it were demanded, what is the 
Quality of the Curvature of the Circle? it might be anfwer'd, that 
it 1s uniform, or invariable, 
And thus if it were demand- 
ed, what is the Quality of the 
Curvature of theSpiral,which 
is defcribed by the motion of 
the point D, proceeding from 
A in AD with an accelerated 
velocity, while the right 
Line AK moves with an uni- 
form rotation about the Cen- 
ter A; the acceleration of 





L 2 which 
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which Velocity is fuch, that the right Line AD has the fame ratio 
to the Arch BK, defcribed from a given point B, as a Number has 
to its Logarithm: I fay, if it be afk’d, What is the Quality of the 
Curvature of this Spiral? It may be anfwer'd, that it is uniformly 
varied, or that it is equably inequable. And thus other Curves, in 
their feveral Points, may be denominated inequably inequable, ac- 
cording to the variation of their Curvature. 

2. Therefore the Inequability or Variation of Curvature is re- 
quired at any Point of a Curve. Concerning wlüch it may be ob- 
ferved, 

3. I. That at Points placed alike in like Curves, there is a like 
Inequability or Variation of Curvature. 

4. II. And that the Moments of the Radii of Curvature, at thofe 
Points, are proportional to the contemporaneous Moments of the 
Curves, and the Fluxions to the Fluxions, i 
* $. II. And therefore, that where thofe Fluxions are not propor- 
tional, the -Inequability of the Curvature will be unlike. For 
there will be a greater Inequability, where the Ratio of the Fluxion 
of the Radius of Curvature to the Fluxion of the Curve is 
greater, And therefore that ratio of the Fluxions may not impro- 
perly be cald the Index of the Inequability or of the Variation 
of Curvature. 

6. At the points D and d, infinitely near to each other, in the 
Curve ADd, let there be drawn the 
Radii of Curvature DC and de; and Dd 
being the Moment of the Curve, Cc 
will be the contemporaneous Moment 


e . Ο 
of the Radius of Curvature, and 5 


will be the Index of the Inequability of 
Curvature. For the Inequability may 
be call'd fuch and fo great, as the quan- _ 


tity of that ratio = fhews it to be: 
Or the Curvature may be faid to be fo 
much the more unlike to the uniform 
Curvature of a Circle. | 

7. Now letting fall the perpendicular Ordinates DB and db, 
to any line AB meeting DC in P; make AB = x, BD =”, 
DP =z, DC =v, and thence Bb — xo, it will be Ce = w ; and 
BD : DP :: Bb: Dd= ™ , and p; = Ë = 2, makingxor. 


Wherefore 
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\Vherefore the relation between x and y being exhibited by any 
Equation, and thence, (according to Prob. 4. and 5.) the Perpendicu- 
lar DP or ¢, being found, and the Radius of Curvature o, and the 


Fluxion v of that Radius, (by Prob. τ.) the Index = of the Inequabi- 
lity of Curvature will be given alfo. 

8. Ex. τ. Let the Equation to the Parabola 2ax == yy be given; 
then (by Prob. 4.) BP == a, and therefore DP == Y aayy = t. 
Alfo (by Prob. 5.) BF — a -+ 2x, and BP: DP :: BF : DC = 
ΕΞ vs Now the Equations 24x == Sy, aa- yy = tt, and 


a 
al -ἰ- 2tx 
a 





== v, (by Prob. 1.) give 207 = 2yy, and 2yy == 2¢t, and 
at 4- 2tx --- 2/x Rc v 
a 


Which being reduced to order, and putting 


i : . : a s ry a y at atx 2/ 
x= 1, there will arif y =; i= (s =) ? and y — ED 3 


And thus y, ¢, and v being found, there will be had 3 the Index 


of the Inequability of Curvature. 
9. As if in Numbers it were determin'd, that a == 1, Or 2x y, 


and x4 ; then y(== V 24) =1, y (22), (=v aayy 


=) /2, (=)= y h ando = (EEE Lc) 3/2. Sothat 
2 == 3, which therefore is the Index of Inequability. 


το. But if it were determin'd, that x == 2, then y == 2, yi, 


t= yV 5 t/t, and u= 34/5. Sothat (2 =) 6 willbe here 
the Index of Inequability. 

11. Wherefore the Inequability of Curvature at the Point of the 
Curve, from whence an Ordinate, equal to the Latus rectum of the 
Parabola, being drawn perpendicular to the Axis, will-be double to the 
Inequability at that Point, from whence the Ordinate fo drawn is half 
the Latus rectum; that is, the Curvature at the firft Point is asunlike a- 
cain to the Curvature of the Circle, asthe Curvature at the fecond Point. 

ια, Ex. 2. Let the Equation be 22x — xx ——yy, and (by Prob. 4.) 
it will be 2 — bx ==BP, and thence tt— (aa — 26bx p bbxx- vy 
=) ca — bry + yy. Alfo (by Ρτοῦ.ς.) it is DH =y yo $ 
where, if for yy—dyy you fubftitute zt — aa, there arifes DH — 


wy 


πε "Iis alfo BD: DP :: DH: DC = 2 =v. Now (by Prob.1.) 





the Equations 2ax =—bxx == yy, aa— byy -4- yy = tt, and — 


“2 


give 
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give a — IN yy, and xy — by — tt, and -- — v. And thusy 
being found, the Index 7 of the Inequability of Curvature, will 
alfo be known. 


14. Thus in the Ellipfis 2x — 34K | 
—==y, where it is a = 1, and 6=—=3; b Dae 
if we make “==> then y — :, y= PA 

— d, fL, i2 v= 45, 
and therefore a == 3, which is the In- 


dex of the Inequability of Curvature, A 
Hence it appears, that the Curvature of 
this Ellipfis, at the Point D here αί- 
fign'd, is by two times lef$ inequable, 
(or by two times more like to the Cur- 
vature of the Circie,) than the Curva- 
ture of the Parabola, at that Point of 
its Curve, from whence an Ordinate let fall upon the Axis is equay 
to half the Latus rectum. 

14. If we have a mind to compare the Conclufions derived in 





eQ 


thefe Examples, in the Parabola 26x == yy arifes (2—)? for the 
Index of Inequability ; and in the Ellipfis 22x — dxx — yy, arifes 


(2 =) 3) =% x BP; and fo in the Hyperbola 2a% -}- bxx == yy, 


t 
the analogy being οὈίετνεά, there arifes the Index 2— 3-35 


x BP. Whence it is evident, that at the different Points of any 
Conic Section. confider'd apart, the Inequability of Curvature is as 
the Rectangle BD x BP. And that, at the feveral Points of the Pa- 
rabola, it is as the Ordinate BD. 

15. Now as the Parabola is the moft fimple Figure of thofe that 
are curved with inequable Curvature, and as the Inequability of its 


ο e - : ο di 
Curvature is fo eafily determined, (for its Index is 6 x Create ) there- 





Lat. rect. ? 
fore the Curvatures of other Curves may not improperly be compared 
to the Curvature of this. 

16. As if it were inquired, what may be the Curvature of the 
Ellipfis 2x — 3xx == yy, at that Point of the Perimeter which is 
determined by affuming x= 4 : Becaufe its Index is 2, as before, 
it might be anfwer'd, that it is like the Curvature of the Parabola 


6x 
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6x == yy, at that Point of the Curve, between which and the Axis 
the perpendicular Ordinate is equal to 2. l 
17. Thus, asthe Fluxion of the Spiral ADE is to the Fluxion 
of the Subtenfe AD, in a certain given Ratio, 
{uppofe as d to e; on its concave fide erect 


AP --- -== x AD perpendicular to AD, 


M dd — ce 
and P will be the Center of Curvature, and 


O 





AD ο Zum will be the Index of Inequa- 
bility. So that this Spiral has every where 
its Curvature alike inequable, as the Parabola 
6x == yy has in that Point of its Curve, from 
whence to its Abfcifs a perpendicular Ordi- 
nate is let fall, which is equal to the 


quantity 





y dd — εε᾿ 
18. And thus the Index of Inequability at any Point D of the 
Trochoid, (fee Fig. in 7477. 29. pag.64.) is found to be στ. Where- 


fore its Curvature at the fame Point D is as inequable, or as unlike 
to that of a Circle, as the Curvature of any Parabola ax == yy is at 


A 
the Point where the Ordinate is £a x τπτ. 


19. And from thefe Confiderations the Senfe of the Problem, as 
I conceive, muft be plain enough; which being well underftood, it 
will not be difficult for any one, who obferves the Series of the 
things above deliver'd, to furnifh himfelf with more Examples, and 
to contrive many other Methods of operation, as occafion may re- 
quire. So that he will be able to manage Problems of a like nature, 
(where he is not difcouraged by tedious and perplex Calculations, ) 
with little or no difficulty. Such are thefe following ; 


I. To find the Point of any Curve, where there is either no Incquabi- 
lity of Curvature, or infinite, or tke greatefl, or the leaf. 

20. Thus at the Vertices of the Conic Scétions, there is πο In- 
equability of Curvature; at the Cufjid of the ‘Irechoid it is infi- 
nite ; and it is greateft at thofe Points of the Elliptis, where the 
Rectangle BD x BP is greateft, that is, where the Diagoral-Lines 
of the circumícribed Parallelogram cut the Ellipfis, whofe Sids 
touch it in their principal Vertices. 


IL. To determine a Curve of fome definite Species, fuppcfe a Cenie 
Section, whofe Curvature at any Point may be equel and fimilar to the 
Curvature of any otber Curve, at a given Point of it. 


M. 
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II To determine a Conic Section, at any Point of which, the Cur- 
vature and Pofition of the Tangent, (in refpeét of the Axis) may be like 
to the Curvature and Poftion of the Tangent, at a Point affign'd of 
any other Curve, 

21, The ufe of which Problem is this, that inftead of Ellipfes of 
the fecond kind, whofe Properties of refracting Light are explain’d 
by Des Cartes in his Geometry, Conic Sections may be fubftituted, 
which fhall perform the fame thing, very nearly, as to their Re- 
fractions, And the fame may be underftood of other Curves. 


PROB. VII. 


Jo find as many Curves as you pleafe, whofe Areas may 
be exhibited by finite Equations. | 


I. Let AB be the Abfcifs of a Curve, at whofe Vertex A let the 
perpendicular AC ==1 be raifed, and let CE be 
drawn parallel to AB. Let alfo DB be a rectan- 
gular Ordinate, meeting the right Line CE in E, 
and the Curve AD in D. And conceive thefe 
Areas ACEB and ADB to be generated by the z 
right Lines BE and BD, as they move along the 
Line AB. Then their Increments or Fluxions will c F, 
be always as the defcribing Lines BE and BD. Wherefore make 
the Parallelogram ACEB, or AB x 1, = x, and the Area of the 
Curve ADB call 5. And the Fluxions x and g will be as BE and 
BD; {ο that making x — 1==BE, then z = BD. 

2. Now if any Equation be affumed at pleafure, for determining 
the relation of z and x, from thence, (by Prob. 1.) may z be de- 
rived. And thus there will be two Equations, the latter of which 
will determine the Curve, and the former its Area. 


1) 








EXAMPLES 


3. Affume xx — z, and thence (by Prob. 1.) 
becaufe x == I. 


t3 


NYAS, or 2.ι----, 


4. Affume T oe, and thence will arife 3 2, an Equation 

to the Parabola. 
5. Aflume ax? — zz, or a*x*——z, and there will arife 2¢7x?== x 
or 2ax == zz, an Equation again to the Parabola, 2 
1 » 6, 


3 
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6. Aflume asa7* ze 22, or σα ==, and therearifes — axt 2— = 
Or a3 -4-zxx-0. Here the negative Value of z only infinuates, 
that BD is to be taken the contrary way from BE. 
7. Again if you aflume c*a* +- c*x* — z^, you will have ο. 
= 222; and z being eliminated, there will arie -= = 5 
i aa + xx 


A * aa -- xx es ΓΘ 
8. Or if you aflume ---- Vaa + xx = z, make Waa E xx 





== v, and it will be T ==, and then (by Prob. 1.) ua NS Alfo 


b — ο 
the Equation aa +- xx == vv gives 2x == 29v, by the help of which 


if you exterminate v, it will become i =S== "s V aap xx. 
9. Laftly, if you aflume 8 — 3xz -+ is = zz, you will obtain 
— 3S — 3x2 -+ £z = 235. Wherefore by the aflumed Equation 


firft feek the Area gz, and then the Ordinate 2 by the retulting Equa- 
tion. 


10. And thus from the Areas, however they may be feign’d, you 
may always determine the Ordinates to which they belong. 


PROB. VIII. 


7ο find as many Curves as you pleafe, whofe Areas fhall 
have a relation to the Area of any given Curve, affgn- 
able by finite Equations. 


i. Let FDH be a given Curve, and GEI the Curve required, and 
conceive their Ordinates DB and EC to move at right Angles upon 





their Abfciffes or Bafes ABand AC. Then theIncrements or Fluxions 
of the Areas which they defcribe, will be as thofe Ordinates drawn 
M into 
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-into their Velocities of moving, that is, into the Fluxions of their 
Abfcifles, Therefore make AB — x, BD — v, AC-——z, and 
CE — y, the Area AFDB =s, and the Area AGEC =£, and let 
the Fluxions of the Areas be s and 7: And it will be xv: gy uif. 


Therefore if we fuppofe x == 1, and v==s, as before; it will be 
zy = f, and thence = — 3. 


2. Therefore let any two Equations be affumed ; one of which 
may exprefs the relation of the Areas s and ¢, and the other the 
relation of their Abfciffes x and 5, and thence, (by Prob. r.) let the 


Fluxions ¢ and æ be found, and then make ^ — y. 


3. Ex. r. Let the given Curve FDH be a Circle, exprefs'd by the 
Equation ax — xx = vv, and let other Curves be fought, whofe 
Areas may be equal to that of the Circle. Therefore by the Hy- 


pothefis s —, and thence s==/, and y === ==>. It remains 
zZ z 


to determine z, by afluming fome relation between the Abfciffes 
x and z. 
4. As if you fuppofe ax= zz ; then (by Prob. 1.) a = 223: So 


ZVZ 


. 9 a * ο . e. 
that fubftituting — for z, then y == I=: But it is v = 
(ν ax — xx =) = / da~— ze, therefore = ν΄ aa -— ο- =y is the 
Equation to the Curve, whofe Area is equal to that of the Circle. 
5. After the fame manner if you fuppofe xx == z, there will 
arife 2x ==, and thence y == ee) —; whence v and x being 
z 2x 
9 9 ο y T --ᾱ 
exterminated, it will be γ----------. 
29: 
6. Or if you fuppofe ccz— x3, there arifes o = 5: -++ xz, and 
TAM DEUM e 


UN S 
thence — = ---γ------- V az — cc. 
pA 23 


7. Again, fuppofing ax +. - =z, (by Prob. 1.) it is a ++- s =z, 
and thence —— — y = ——, which denotes a mechanical Curve. 
: Est a-v 8 , 

9. Ex. 2. Let the Circle ax — xx = vv be given again, and let 


Curves be fought, whofe Areas may have any other affumed relation 
to the Area of the Circle, As if you affume cx + s—7, and fup- 


pofe alfo gx zzz. (By Prob. 1.) 'tis c -- s—/, and a= 2zz. 
J Therefore 


and INFINITE SERIES. 83 


Hn zez-- 255 ; A an - 
Therefore y = ~- == ~y; and fubftituting V ax — xx for s, 





ny i 205 25 
and = for x, 'tis y—— 77 t 77 V aa — zz. 


ο. But if you affume s — - ---/, and x == z, you will have 


= . e e è 5 aw? 
s — 2? == z, and r = z. Therefore y== -~ == s— =, or 


a 2 


UNE Y F A : τ 
-υ-----.. Now for exterminating v, the Equation ax — xx 


XS a 

== vv, (by Prob. 1.) gives α---2χ--- 2vv, and therefore 'tis y == 
T. Where if you expunge v and x by fubftituting their values 
a 


ν΄ ax — xx and z, there will arife yz V ας — zx. 
το. But if you aflume s$——/, and x= zz, there will arife 


2552 f, and I == 222; and therefore y = ^o = 4ssz. And for 


sand x fubftituting V ax — xx and zz, it will become y == 4szz 
v/a— zz, which is an Equation to a mechanical Curve. 

11. Ex. 3. After the fame manner Figures may be found, which 
have an affumed relation to any other given Figure. Let the Hyper- 
bola cc +- xx ==: vv be given; then if you affume s ——/, and 


xX==ez, you wil have ;——/ and 2x——c02; and thence y= 


t MER ------------ . ror : 
c= E Then fubftituting /ce+t-x« for s, and c?z* for x, it 
£z 


a 6 ντ νο 
will be γ--- = ν΄ cz; -4- ZZ. 

12, And thus if you aflume xo—-5——/, and αλ τες, you 
will have v -vx — 5 =ż, and 2x==cz. But v, and thence 
uxt, Therefore y = -- = 2, But now (by Prob. 1.) cc--xx 

vA e^ 
== VU gives x== v, and 'tis y = =. Then fubftituting V « + xx 

ος c 
2v (x, be mx 

13. Ex. 4. Moreover if the Ciffoid TE “=s == were given, to 

X — 
which other related Figures are to be found, and for that purpofe 
you affume : Van — xx -I- : se fuppofe 5 V ax — xx == h, 


1 1 : 
for v, and c*z* for x, it becomes y == 





and its Fluxion b; therefore bo : ς — £, But the Equation — 
i M 2 = bb 
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=-= bb ives 343* — 443 ῃ ] if e : E 

μα. — == 200, where if you exterminate 4, it will be 

o με ο αν 

b= jy And befides fince it is - ae τς ας 
3 


UM E 
OV ax — xx! 








ERR ax 
twill be — = 


Vip, = f. Now to determine z and z, affume 


v/a4— ax = z; then (by Prob. 1.) —a=e2zz, or z z—— “. 





2% 
Wherefore it is y == (-- πι αν αι XY 
i 2 3, V AX XX 8 — x a ν΄ ax ==) 


V/aa— zz. And as this Equation belongs to the Circle, we fhal! 
have the relation of the Areas of the Circle and of the Ciffoid. 


14. And thus if you had affumed > Van —xx +- ποτέ, 


and x == z, there would have been derived y= V ag— zz, an 
Equation again to the Circle. | 
15. In like manner if any mechanical Curve were given, other 
mechanical Curves related to it might be found. But to derive 
geometrical Curves, it will be convenient, that of right Lines de- 
pending Geometrically on each other, fome one may be taken for 
the Bafe or Abfcifs ; and that the Area which compleats the Paralle- 
logram be fought, by fuppofing its Fluxion to be equivalent to the 
Abfcifs, drawn into the Fluxion of the Ordinate. 
16. Ex. 5. Thus the Trochoid ADF being propofed, I refer it 
to the Abícifs K ae a 
AB; and the 
Parallelogram 
ABDG being 
compleated, I 
feck for the κ 
complemen- : 
tal Superficies 
ADG,by fup- 
pofing it to be 
defcribed by 
the Motion of . 
the right Line E η 
GD, and therefore its Fluxion to be equivalent to the Line GD 
drawn into the Velocity of the Motion; that is, xxv. Now where- 
as AL is parallel to the Tangent DT, therefore AB will be to BL 
as the Fluxion of the fame AB to the Fluxion of the Ordinate BD, 
that 





“G 
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9 » . BL τ 
that is, as r tov So that v = —, and therefore xv — BL. 


Therefore the Area ADG is defcribed by the Fluxion BL; fince 
therefore the circular Area ALB is defcribed by the fame Fluxion, 
they will be equal. 

17. In like manner if you conceive ADF to be a Figure of 
Arches, or of verfed Sines, that is, whofe Ordinate BD is equal to 
the Arch AL; fince the Fluxion of the Arch AL is to the Fluxion 
of the Abfcifs AB, as PL to BL, that is, v: 1:: a: V/ax — xx, 








then v == I. Then «x, the Fluxion of the Area ADG, 
. a; e i .* ο 
will be 77———. Wherefore if a right Line equal to -------- 


be conceived to be apply'd as a rectangular Ordinate at B, a point of 
the Line AB, it will be terminated at a certain geometrical Curve, 
whofe Area, adjoining to the Abícifs AB, is equal to the Area 
ADG. | | 

18. ‘And thus geometrical Figures may be found equal to other 
Figures, made by the application (in any Angle) of Arches of a 
Circle, of an Hyperbola, or of any other Curve, to the Sines right 
or verfed of thofe Arches, or to any other right Lines that may be 
Geometrically determin'd. τ 

19. As to Spirals, the matter will be very fhort. For from the 
Center of Rotation A, the Arch DG being defcribed, with any 
Radius AG, cutting the right Line AF in G, and the Spiral in D ; 
fince that Arch, as a Line moving upon the 
Abícifs AG, deferibes the Area of the Spiral 
AHDG, fo that the Fluxion of that Area is 
to the Fluxion of the Rectangle 1 x AG, as 
the Arch GD to 1; if you raife the perpen- 
dicular right Line GL equal to that Arch, 
by moving in like manner upon the fame 
Line AG, it will defcribe the Area A/LG 
equal to the Area of the Spiral AHDG: 
The Curve A/L being a geometrical Cuive, — ^* ane 
And farther, if the Subtenfe AL be drawn, then A ALG==1AG 
x GL = 44G x GD == Sector AGD; therefore the complemental 
Segments AL/ and ADH will alfo be equal. And this not only agrees 
to the Spiral of Archinzedes, (in which cafe AZL becomes the Parabola 
of Afolonius,) but to any other whatever; fo that all of them may 
be converted into equal geometrical Curves with the fame eafe. 





20. 
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20. I might have produced more Specimens of the Conftru&ion 
of this Problem, but thefe may fuffice; as being fo general, that 
whatever as yet has been found out concerning the Areas of Curves, 
or (I believe) can be found out, is in fome manner contain’d herein, 
and is here determined for the moft part with lefs trouble, and with- 
out the ufual perplexities. 

21. But the chief ufe of this and the foregoing Problem is, that 
afluming the Conic Sections, or any other Curves of a known mag- 
nitude, other Curves may be found out that may be compared with 
thefe, and that their defining Equations may be difpofed orderly in 
a Catalogue or Table. And when fuch a Table is conftructed, 
when the Area of any Curve is to be found, if its defining Equation 
be either immediately found in the Table, or may be transformed 
into another that is contain’d in the Table, then its Area may be 
known. Moreover fuch a Catalogue or Table may be apply’d to 
the determining of the Lengths of Curves, to the finding of their 
Centers of Gravity, their Solids generated by their rotation, the Su- 
perficies of thofe Solids, and to the finding of any other flowing 
quantity produced by a Fluxion analogous to it. 


PROB IX 
Jo determine the Area of any Curve propofed. 


1. The refolution of the Problem depends upon this, that from 
the relation of the Fluxions being given, the relation of the Fluents 
may be found, (as in Prob. 2.) And firft, if the right Line BD, 
by the motion of which the Area required AFDB 
is defcribed, move upright upon an Abfcifs AB 
given in pofition, conceive (as before) the Paral- 
lelogram ABEC to be defcribed in the mean time 
on the other fide AB, by a line equal to unity. 
And BE being fupposd the Fluxion of the Pa- 
rallelogram, BD will be the Fluxion of the Area 
required. 

2. Therefore make AB == x, and then alfo ABEC— 1 x x ==x, 
and BE == x. Call alfo the Area AFDB == z, and it will be 


BD==2, asalfo— =, becaufe x=— 1. Therefore by the Equa- 





tion exprefing BD, at the fame time the ratio of the Fluions = 
x 


is 
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is exprefs'd, and thence (by Prob. 2. Cafe 1.) may be found the 
relation of the flowing quantities x and 5. 


3.Ex.1. When BD, or z, is equal to fome fimple quantity. 


4. Let there be given = == 2, or = (the Equation to the Pa- 


rabola,) and (Prob. 2.) there will arife = == S. Therefore » 
or + AB x BD, == Area of the Parabola AFDB. 
5. Let there be given zi — ο, (an Equation to a Parabola of 


the fecond kind,) and there will arife =: = 2, that is, + AB x BD 


5 


== Area AFDB. 
5 a? 5 
6. Let there be given = = z, 
or a3x—* == 5, (an Equation to 


an Hyperbola of the fecond kind,) 
and there will arife — a3 x— == z, 


or — C zz, That is, AB x BD 


== Area HDBH, of an infinite length, lying on the other fide of 
the Ordinate BD, as its negative value infinuates. 


7. And thus if there were given = z, there would arife 





.. fol . ? a 
8. Moreover, let ax == zz, or αχ" == x, (an Equation again 

9 9 ικα bd 
to the Parabola,) and there will arife αχ” == 2, that is, 4AB 


x BD = Area AFDB. 


9. Let Ë = zz; then — 26$ == z, or 2 AB x BD == ΑΕΡΗ. 
10, Let 5 = zz; then —2 == z, or 2 AB x BD — HDBH. 


$ 
z 





11, Let ax? == 23; then 3a3x3 == z, or 3 AB x BD — AFDH. 
And fo in others. 

12. Ex. 2, Where g is equal to an Aggregate of fuch Quantities. 

13. Let x + === z; then 7 + PES 

a3 À “3 s 
14. Let 2 -t- τ» then ax — = = X. 
τ 5 2 : 3 5 E 

15. Let 3x* — 2. — 3 == 5; then αχ’ ue — 4x uz. 

16. Ex. 3. Where a previous reduction by Divifion is required, 

17. Let there be given Tus =z (an Equation to the Apollonian 
Hyperbola,) and che divifion being performed in infinitum, it will be 


4 
5453 
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aa aax aax? 


z= Sa E —— =, &c. And thence, (by Prob. 2.) as 


atx αλλ” 


in the fecond Set of Examples, you will obtain z= 4 — -i 
2 2 ; 

= — E &c. 

18. Let there be given 5 = z, and by divifion it will be 
zl—1-—3x5-4-x*—2x*,&c. or elfe z= -- — ὃς + τω, &e. And 
thence (by Prob. 2.) z= x — 1x 4+ ΕΑ — ix, ὅτο, == AFDB; 
Or z= — < --- τ — zn &c. —:HDBH. 

NAE 


2x 


19. Let there be given --------- = z, and by divifion it will 


be z == 2x? — 2x -H 7x* — 13x* -++ 34x, bcc. And thence (by 
Prob. 2. Som txt — x? -- t+ xt 4 x -- p xt, &c. 

20. Ex. 4. Where a previous reduction is required by Extraction 
of Roots. 


21. Let there be given z= vV aa -4+ xx, (an Equation to the 
Hyperbola,) and the Root being extracted to an infinite multitude 


9 : . a? x4 x6 5x8 
ο == —— LL — 2 
f terms, it will be z == a -+ Lau v eau ώση &c. whence 
‘ * x3 xj x7 5x9 
as in the foregoing z ==4x -+ ὃς — ++ tai — Trom Be 
22. In the fame manner if the Equation z —- y aa— xx were 
given, (which is to the Circle,) there would be produced z==ax— 


x3 x5 x? 6x9 
CHER RI SEL oe ERY RUE 


6a 40«3 11245 100347! 

23. And fo if there were given z= V x— xx, (an Equation 
alfo to the Circle) by extracting the Root there would arife 
3 == x? ixi txt — οκ, δες. And therefore z — ixi 
Σ &c. 


9 . . ; x xx 62,2 
cle) by extraction of the Root it gives z==4 -+ πο. = , «c. 
bx? x3 £253 
whence z == ax -+- ee &c. 
1 -arx . " 

(25 And thus y Tj, ==, by a due redu&ion gives 

— Zby? 3 Ahys εν ------ 
zI—I-- τόν -+ i , &c. then z = x 4+ ee -- Abs, ὅς. 

“τα + 4a + τά + sab 
— 100 


po 1 
gola 


26. 
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'.-ᾱ..-.----; 


26. Thus finally z= Sa + x3, by the extraction of the Cubic 
3 λ6 


. 5 2 9 
Root, gives z——a + ot πας i» &c. and then (by Prob.2.) 





x? x1? i 
E 12. ^ 634! E iine &c. = AFDB. Or εἰς z-x-r 
επ. κος. x τος as a6 
xx 7 $0 E gue Oc And thence z = > — x mU 
B Lus TN 
Rari &c. == HDBH. 


27. Ex. 5. Where a previous reduction is required, by the refo- 
lution of an affeéted Equation. 


28. If a Curve be defined by this Equation 2? + atg + axz 
— 245 —x3==0, extract the Root, and there will arife z=a— 





xx 4 ο ο 
+ ds oan? &c. whence will be obtain'd as before g — ax — 
< |244 
xx x3 131x4 
8 192a 204842" &c. 


29. But if τσ" — 2x7 — cS + αχ) +c} == were the 
Equation to the Curve, the refolution will afford a three-fold Root; 





a . . ; 2 . 2 3 
either z = c -+ x — ŽŽ -- C. so: Ὃ eure 
+ 4¢ + 322? &c. or ica 4c 32¢¢ 
& : x? x3 xs . . 
ο, OF S L—(—-—L- το &c. And hence will arife the 


: 3 
values of the three correfponding Areas, % == cx -p ix: — — 


a4 x3 1x4 
-- ——, &c. Lcx — 3x? pe E —— 375 δε. and g == — ex — 


12862} 4e 1282? 
xs x4 x6 
δε 8.2 24:4? &c. 


30. I add nothing here concerning mechanical Curves, becaufe 
their reduction to the form of geometrical Curves will be taught af- 
ter wards. 

31. But whereas the values of xz thus found belong to Areas 
which are fituate, fometimes to a finite part AB of the Abfcis, 
fometimes to a part BH produced infinitely towards H, and fome- 
times to both parts, according to their different terms: That the 
due value of the Area may be affign’d, adjacent to any portion of 
the Abícifs, that Area is always to be made equal to the difference 
of the values of z, which belong to the parts of the Abfcifs, that 
are terminated at the beginning and end of. the Area. 

1 


32. For Inftance; to the Curve exprefsd by the Equation —— 


N == 5). 
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==, it is found that z==x— 4 X. α΄ 
-H 4x5, &c. Now that I may de- 
termine the quantity of the Area : 
bdD¥, adjacent -to the. part of the 
-Abfcifs 4B; from the value of z 
which arifes by putting AB==x, 


5c B 
I take the value of z which arifes by putting Ab=— x, and there 


remains X — +x? + κ), &c. — x -4- ix? — 4x5, &c. the value of 
that Area ADB. Whence if Ad, or x, be put equal to nothing, 
qere will be had the.whole Area AFDB == x — 4x3 + 4x5) &c. 


33. To the'fame Curve there is alfo found z == — -+ 





1 

3x8 

um — &c. Whence again, according to what is before, the Area 
51 


bdDB== : — = -+ — &c. --- + =a — T &c. Therefore 
if AB, or x, be fuppofed infinite, the adjoining Area dH toward 
H, which is alfo infinitely long, will be equivalent το ; — 53 
-- E &c. For the latter Series — - + 
‘vanifh, becaufe of its infinite denominators. 
34. To the Curve reprefented by the Equation a -+ Il — z, it 


x 
15 found, that g == ax — =, 


1 1 ο 
"er &c. will 


Whence it is that ex — E — ax 


+ <== Area 6dDB. But this becomes infinite, whether x be fup- 


pofed nothing, or x infinite; and therefore each Area AFDB and 
b4H is infinitely great, and the intermediate parts alone, fuch as 
bdDB, can be exhibited. And this always happens when the Ab- 
fcifs x is found as well in the numerators of fome of the terms, as 
in the denominators of others, of the value of z. But when x is 
only found in the numerators, as in the firft Example, the value of 
= belongs to the Area fituate at AB, on this fide the Ordinate. And 
when it is only in the denominators, as in the fecond Example, that 
value, when the figns of all the terms are changed, belongs to the 
whole Area infinitely produced beyond the Ordinate. 

35. If at any time the Curve-line cuts the Abfcifs, between the 
points ὁ and B, fuppofe in E, inftead 
of the Area will be had the difference 
bdE — BDE of the Areas at the diffe- 
rent parts of the Abícifs; to which if 
phere be added the Rectangle ΒΡΟΡ, 
he Area dEDG will be obtain'd, 
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36. But it is chiefly to be regarded, that when in the value of g 
any term 18 divided by x of only one dimenfion; the Area corre- 
{ponding to that term belongs to the Conical Hyperbola ; and there- 
fore isto be exhibited by it felf, in an infinite Series : As is done in 
what follows. 


3 — a3 x . 9 ο 
37. Let ——— == g be an Equation to a Curve ; and by divifion 


ax + xx 


e e a 2 2 2x3 
it becomes D σος» = — 20 4- 2X — = -- — &c. and thence 


Qa 9 
2x3 


~ —|24| 2ax -- x? = -d- L3 &c And th 
A mI | — S 3a 247 . € Area àdDB 


[2s 2x3 po 2x3 
= |>|— 24x -+x — -α» CC. — | -- 2ax — xx 4+- τω 8c 


ιο 


Where by the Marks B and 
— 





=| I denote the little Areas belonging 
to the Terms = and — 


39. Now that E and [=] may be found, I make Ad, or x, to 
be definite, and 5B indefinite, or a flowing Line, which therefore I 


call y ; fo that it will be κα == to that Hyperbolical Area adjoin- 


ing to OB, that is, |=|—[“[, But by Divifion it will be Zr, — “5 


+ 


























ay 1595 a?y3 aa [au aa 2 
——+4+—— —_ 24 ae πο (el | mf 

ier aa? &c. and therefore, =| or |£ (=> 
ο aa ee OR qud ats πε CN pU ; 

aa “gas. gra, &c. and therefore the whole Area required 
bdDB == ty a = ER 

> TT &c. 24X - x? τη &c. -- 24 
3 

— XX - oa &c, 

39. After the fame manner, AB, or x, might have been ufed for 

« 3 1 mp 127 93 

a definite Line, and then it would have been H —|L— + 


as? ary3 


a*,4 
243. 323 +, &c. 
40. Moreover, if bB be bife&ed in C, and AC be affumed to be 
of a definite length, and Οὐ and CB indefinite; then making AC 


ze, and Οὐ or CB E 'twill be ὁ ------ S++ 5: -ᾱ- 1z 
2.3 2 f . 
rg Hi, &c. and therefore the Hyperbolical Area adjacent 





N 2 to 
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E : : αὖ a^y* ος at σος 
to the Part of the ΑΡ C will be — + sr t τι 44. 
| CEN E πω, CHO. ο ας τν 
&c. Twill be alfo DB = = = 7 — 4 ta VOR ME 
&c. And therefore the Area adjacent to the other part of the Abfcifs CB 
2 192 2 235 2.4 
zo ee a! ee LCS μ΄» &c. And the Sum of thefe 
e 2e? i S 36 4.4 $43 
2 ? 22*3 p 21315 7 3 aa 
Areas desc "Rr, &c. will be equivalent to | =| 
Lh aa 
A 








41. Thusin the Equation zit g 4+ om X3 ——0, denoting the 


| . e . 2 " ς 
nat le A ego ν ey aa T asm ~A L -4 — | 
ture of a Curve, its Root will.be g —— x — 2 Ji Fe 
——À 
ae 2 — Me — _5_» 
&c. Whence there arifes g == Lxx — LY —— | ov 7| Six 162xs 
5 νης, 2 ele 
&c. j And the Area b4DB anes =x? -- =X mmen | 9x | So $1x? &c. 
‘ oo PSI "E 
1 . 1 = SOLIS MA dos e ο ορ XR κα 








&c. —* ΕΗ -- zY --- E &c. -- rE — 4 D ned Lu ὃς, 


aed : 9e 276 aces 
2. But this Hyperbolical term, for the moft part, may be very 
commodioufly avoided, by altering the beginning of the Abícits, 
that is, by increafing or diminifhing it by fome gen quantity. As 


ai —a?x 


in the former Example, where - 





Vae == z was the Equation to 
the Curve, if I fhould make ὁ to be the beginning of the Abfcife 
and fuppofing A2 to be of any determinate length £a, for the re- 
mainder of the Abfcifs ZB, I fhall now write x: That is, if I dimi- 
nilh the Abfcifs by 4a, by writing x + ża inftead of x, it will 


1 MU de 
τα αχ 


LS mm Ὁ ivi (v —À 2 ως 2 8 ae 
become paar tm S, and (by Divifion) £ == +a y^ 


290x? . 2002? 
+ cL, 8€. whence arifes 3 == {ax — at +? Χο. Ξ 
Area 54DB. 


43. And thus by affuming another and another point for the be- 
ginning of the Abícifs, the Area of any Curve may be exrrefs'd an 
infinite variety of ways. 


2 


ο 3 — x * s N 
44. Alfo the Equation prend == zx might have been refolved 
* 9 e 9 5 
into the two infinite Series g ——“ “+2 &c — a -- x 
Xx x ? 


x 3 9 ο 
— T 4 zi &c. where there is found no Term divided by the fi; ít 


2 Power 


and INFINITE SERIES. 93 


Power of x. But fuch kind of Series, where the Powers of x afcend 
infinitely in the numerators of the one, and in the denominators 
of the other, are not fo proper to derive the value of z from, by 
Arithmetical computation, when the Species are to be changed in- 
to Numbers. 

45. Hardly any thing difficult can occur toany one, who isto un- 
dertake fuch a computation in Numbers, after the value of the Area 
is obtain'd in Species. Yet for the morc compleat illuftration of the 
foregoing Doétrine, I fhall add an Example or two. 

46. Let the Hyperbola AD be propofed, 
whofe Equation is /x-I-xx—— z; its Vertex be- 
ing at A, and each of its Axes is equal to Unity. 
From what goes before, its Area ADB — ix 


5. Boe 9 at 
9 κ. 5 ι.. 1 T ς ος 
JS X? into τε -T- πλ” ---π-ν]- S1:XÍ Eee 


&c. which Series may be infinitely produced by 
multiplying thelaf term continually by the fucceeding terms of this 





— m) 
A 4} C * 





Progreflion 3x, — I$, LI37, ---9.-7:: δες, That is 
5 2 πα, 4% 6.9** 8.1^* 19.13% ) 

$. ο 
the firft term ax? x 134 makes the fecond term £x? ; Which 


£5 


multiply'd by EA makes the third term — 445 x* : Which mul- 


tiply’d by E. x makes ,'x* the fourth term; and fo ad infini- 
tum. Now let AB beaflumed ofany length, fuppofe +, and writing 
ο - e L 3. 
this Number for x, and its Root 4 for x7, and the firt term $x* 
or + x «, being reduced to a decimal Fraction, it becomes 
Q^ e 1.3 
2411123, &c, This into —— makeso.0062 ς the fecond term. 
0.0833533333, 54 5 


This into — 





makes — 0.0002790178, &c. the third term. And 


4-7 4 
fo on for ever. But the terms, which I thus deduce by degrees, I 
difpofe in two Tables; the affirmative terms in one, and the nega- 
tive in another, and I add them up as vou {ες here. 


Δ 
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“+ 0.0833333333333333 — 9.0002790178 57 142g 
2 500000000000 34679066051 
271267361111 834465027 
5135169396 262853 54 
144628917 961296 
4954581 38676 
190948 1663 
7963 75 
352 4 

16 See NUR τα. 
I — 0,000282 5719389575 
ποστς -- 0.089610988 564.6518 
ο Ας ο.οδο12841662ς7ο41 


Then from the fum of the Affirmatives I take the fum of the ne- 
gatives, and there remains 0.0893284166257043 for the quantity. 
of the Hyperbolic Area ADB ; which was to be found. 

47. Now let the Circle AdF be propofed, 
which isexpreffed by the equation / x—xx = Z; a 
that is, whofe Diameter is unity, and from what 
goes before its Area AdB will be 2x? — ixi 
— signi — τικ)», &c. In which Series, fince b 
the terms do not differ from the termsof the Se- ^ 5 € N 
ries, which above exprefsd the Hyperbolical Area, unlefs in the 
Signs -+ and — ; nothing elfe remains to be done, than to 
connect the fame numeral terms with other figns; that is, by 
fubtracting the connected fums. of both the afore-mention'd tables, 
0.089893 5605036193 fromthe firft term doubled o. 1666666666666, 
&c. and the remainder 0.076773 1061630473 will be the portion 
AdB of the circular Area, fuppofing AB to be a fourth part of the 
diameter. And hence we may obferve, that tho' the Areas of the 
Circle and Hyperbola are not compared in a Geometrical confidera- 
tion, yet each of them is difcover'd by the fame Arithmetical com- 
putation. 

43. The portion of the circle AdB being found, from thence the 
whole Area may be derived. For the Radius 4C being drawn, 
multiply Bd, or £,/3, into BC, or +, and half of the product 
42/3, OF 0.0541265877365275 will be the value of the Triangle 
dB; which added to the Area AdB, there will be had the 
Seftor ACJ == 0.1308996938995747, the fextuple of which 
0.78 5398163 3974482 is the whole Area. 








49. And 
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49. And hence by the way the length of the Circumference will 
be 3.1415926535997928, by dividing the Area by a fourth part of 
the Diameter. 

5o. To thefe we fhall add the calculation of the Area compre- 
hended between the Hyperbola ZFD and its Afymptote CA. Let 
C be the Center of the Hyperbola, and putting 
CA = a, AF — ὂ, and AB == Ab = x; 


E ab ab 
twill be zc == BD, and TP =—bd; whence 


the Area AFDB — x — -< bxs ἐκ’ 
a 





3a* 4.3) |) 
&c. and the Area AFdb za bx p © +p p oe Ty 
2a 3a? : 1 H rd Q 
bx 2bx3 ZEE proe 
Tue &c. and the fum DB == 2bx + jar C UAB ΑΡ 
bx! bx? 
τ 4- τ. &c. Now let us fuppofe CA == AF==1, and AZ 


or AB = vs, Οὐ being 0.9, and CB == 1.1; and fubftituting thefe 
numbers for æ, ὁ, and x, the firft term of the Series becomes 9.2, 
the {fecond 0.0006666666, &c. the third 0.000004 ; and fo on, as 
you fee in this Table. 

0.2000000000000000 

6666666666666 

40000000000 

28 5714286 

2222222 

18 182 


1 64. 
I 


The fum | 0.20067069 546215112: Area d DB. 
51. If the parts of this Area Ad and AD be defired feparately, 
fübtraét the leffer BA from the greater dA, and there will remain 


» 6 . 
κ CHEN -+ = &c. Where if 1 be wrote for æ and ὁ, 


a 2ᾳ3 2a 
and τς for x, the terms being reduced to decimals will ftand 
thus ; 
0.0100000000000000 
500000000000 
3333333333 
2 5000000 
200000 


1667 
14 
The fum 0.010050335853 5014 == Ad — AD. 
52. 
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52. Now if this difference of the Areas be added to, and fubtracted 
from,their fum before found, half the aggregate o.10 2360 $1 56578263 
will be the greater Area Ad, and half of the remainder 
0.09 §3101798043248 will be the leffer Area AD. 

53. By the fame tables thofe Areas AD and Ad will be obtain'd 
alfo, when AB and Ad are fupposd -:ς, or CB==1.01, and 
C= 0.99, if the numbers are but duly transferr'd to lower places, 
as may be here feen. 


ο 0209302000000091 Ø 0.03991009900000 309 
66666666666 42020900 
40000cg 3333 


2: 


i = Sum 0.0201000050203333 Ad—AD. ᾿ 
Sum o 020000666 7066695 = bD. 

+ Aggr.o.0100 50335853 5014=Ad,and 1 Refid.o.0099 503308531681 
== AD, 

54. And fo putting AB and Ab = sss, or CB = 1.001, and 
Cb==0.999, there will be obtain'd Ad = 0.00 10005003335835, 
and AD == 0.000999 500333083 5. 

ες. In the fame manner (if CA and AF == 1) putting AB and 
Ab 0.2, or 0.02, or 0.002, thefe Areas will arife, 

Ad—0.2231435513142097, and AD—o0.1823215567939 546, 
or Ad==0.0202027073175194, and AD==0.0198026272961797, 
or Ad 20.002002 and AD—co.ooT 

56. From thefe Areas thus found it will be eafy to derive others, 

1.2 
— —2, 


by addition and fubtraction alone. For as it is = into T 

the fum of the Areas 0,693 1471805599453 belonging to the Ratio's 
ΞΞ and =, (that is, infifting upon the parts of the Abfeifs 1.2 —0 8 
and 1.2—0.9,)will be the Area AF48, Cf being==2, as is known. 
Again, fince = into 2 = 3, the fum 1.098612288668 1097 of the 





12 


Area's belonging to —; and 2, will be the Area AF SB, Cg being 1. 


Again, as it 15 — == 5, and 2x5-—— 10, by a due addition of 
Areas will be obtain'd 1.6093379124341004 == AF48, when 
Οβ-- 5; and 2.3025850929940457 = ΔΕΟδβ, when Cf == 10. 
And thus, fince 10 x 10== 100, and 10 x 100== 1000, and 4/5 


x10x0.98 == 7, and 10x 1.1 = 11, and ap mM 13, and 
dubi. == 499; it is plain, that the Area AF2 may be found by 


the compofition of the Areas found before, when C == 100; 1000; 
75 


and INFINITE SERIES. 97 


7; or any other of the above-mention’d numbers, AB — ΒΕ being 
{till unity. This I was willing to infinuate, that a method might 
be derived from hence, very proper for the conftru&ion of a Canon 
of Logarithms, which determines the Hyperbolical Areas, (from 
which the Logarithms may eafily be derived,) correfponding to fo 
many Prime numbers, as it were by two operations only, which are 
not very troublefome. But whereas that Canon feems to be deriva- 
ble from this fountain more commodioufly than from any other, 
what if I fhould point out its conftruction here, to compleat the 
whole? 

57. Firft therefore having affumed o for the Logarithm of the 
number 1, and 1 for the Logarithm of the number 1Ο, as is gene- 
rally done, the Logarithms of the Prime numbers 2, 3, 5, 7, 11, 
13, 17, 37, are to be inveftigated, by dividing the Hyperbolical 
Areas now found by 2.30258 50929940457, which is the Area cor- 
refponding to the number 10: Or which is the fame thing, by mul- 
tiplying by its reciprocal 0.4342944819032518. Thus for Inftance, 
if 0.69314718, &c. the Area correfponding to the number 2, were 
multiply'd by 0.43429, &c. it makes 0.30102999 56639812 the Lo- 
garithm of the number 2. 

58. Then the Logarithms of all the numbers in the Canon, 
which are made by the multiplication of thefe, are to be found 
by the addition of their Logarithms, as is ufual. And the void 
places are to be interpolated afterwards, by the help of this 
Theorem. 

59. Let 2 be a Number to which a Logarithm is to be adapted, x 
the difference between that and the two neareft numbers equally 
diftant on each fide, whofe Logarithms are already found, and let d 
be half the difference of the Logarithms. Then the required Loga- 
rithm of the Number 7 will be obtain'd by adding d+ pa duc 


2n 12753? 
&c. to the Logarithm of the leffer number. For if the numbers 


are expounded by Cp, CB, and CP, the rectangle CBD or Ο6ό---τ, 
as before, and the Ordinates fg and ΡΟ being raifed; if 2 be wrote 


for CB, and x for Bp or BP, the Area PIQE i = E + = 
ὅτε. will be to the Area ῥᾷδβ or = + = a &c. as the diffe- 
rence between the Logarithms of the extream numbers or 24, to 
the difference between the Logarithms of the leffer and of the middle 

O one; 
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2 ax3 
dx dx x &c 


» 222 323 


one; which therefore will be : , that is, when the 


x$ xs 


divifion is perform'd, d -+ ei + e SEC 


22 1223 
60. The two firft terms of this Series 7-- & I think to be accu- 


rate enough for the conftruétion of a Canon of Logarithms, even 
tho’ they were to be produced to fourteen or fifteen figures; pro- 
vided the number, whofe Logarithm is to be found, be not lef 
than 1000. And this can give little trouble in the calculation, be- 
caufe x is generally an unit, or the number 2. Yet it is not necef- 
fary to interpolate all the places by the help of this Rule. For the 
Logarithms of numbers which are produced by the multiplication or 
divifion of the number laft found, may be obtain’d by the numbers 
whofe Logarithms were had before, by the addition or fubtraction 
of their Logarithms. Moreover by the differences of the Loga- 
rithms, and by their fecond and third differences, if there be occa- 
fion, the void places may be more expeditioufly fupply'd; the fore- 
going Rule being to be apply'd only, when the continuation of fome 
full places is wanted, in order to obtain thofe differences. 

61. By the fame method rules may be found for the intercalation 
of Logarithms, when of three numbers the Logarithms of the leffer 
and of the middle number are given, or of the middle number and 
of the greater; and this although the numbers fhould not be in 
Arithmetical progreffion. 

62. Alfo by purfuing the fteps of this method, rules might be 
eafily difcover'd, for the conftruction of the tables of artificial Sines 
and Tangents, without the affiftance of the natural Tables. But of 
thefe things only by the bye. 

63. Hitherto we have treated of the Quadrature of Curves, which 
are exprefsd by Equations confifting of complicate terms ; and that 
by means of their reduction to Equations, which confift of an infi- 
nite number of fimple terms. But whereas fuch Curves may fome- 
times be fquared by finite Equations alfo, or however may be com- 
pared with other Curves, whofe Areas in a manner may be confi- 
derd as known; of which kind are the Conic Sections: For this 
reafon I thought fit to adjoin the two following catalogues or tables 
of Theorems, according to my promife, conftructed by the help of 
the 77/5 and 875 aforegoing Propofitions, 

64. 
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64. The firft of thefe exhibits the Areas of fuch Curves as can be 
Íquared ; and the fecond contains fuch Curves, whofe Areas may be 
compared with the Areas of the Conic Sections. In each οἵ (πείς, 
the letters d, e, f, g, and b, denote any given quantities, x and 5 
the Abícifles of Curves, v and y parallel Ordinateg, and s and ¢ 
Areas, as before. The letters » and 6, annex'd to the quantity z, 
denote the number of the dimenfions of the fame 2, whether it be 
integer or fractional, affirmative or negative. As if n= 3, then 


us I 
Aue mE ae ee OF lp gt us, and 24—' == z*, 


65. Moreover in the values of the Areas, for the fake of brevity 
is written R inftead of this Radical Ve $ 7z 


t i ^, OF Seat fZ H gz, 
and p inftead of V b -- iz", by which the value of the Ordinar yis 
affected. 
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67. Other things of the fame kind might have been added; but I 
fhall now pafs on to another fort .of Curves, which may be com- 
pared with the Conic Sections. And in this Table or Catalogue 
you have the propofed Curve reprefented by the Line QEyR, the 
beginning of whole Abfcifs is A, the Abfcifs AC, the Ordinate CE, 
the beginning of the Area ay, and the Area 
defcribed ayEC. But the beginning of this 
Area, or the initial term, (which :com- 
monly either commences at the beginning 
of the Abfcifs A, ‘or recedes to an infinite 
diftance,) is found by feeking the length of 
the Abfcifs Aa, when the value of the 
Area is nothing, and by ere&ing the per- 
pendicular a». | | 

68. After the fame manner you ‘have the Conic Section repre- 
fented by the Line PDG, whofe Center is A, Vertex a, rectangular 





\ , 
a 
pP 
o 
P A baa ην 





Semidiameters Aa and AP, the beginning of the Abfcifs A, -or a, 
or a, the Abfcifs AB, or.aB, or «B, the Ordinate BD, the Tangent 
DT meeting AB in T, the Subtenfe aD, and the Rectangle infcribed 
or adfcribed ABDO. 

69. Therefore .retdining the letters before defined, it will be 
AC= z, CE =y, ayEC==f, AB or aB==x, BD ==v, and 
ABDP or aGDB ==s. And befides, when two Conic Sections are 
required, for the determination of any Area, the Area of the latter 
fhall be call'd e, the Abícifs £, and the Ordinate T. Put p for 
v f — 48. 
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71. Before I go on to illuftrate by Examples the Theorems that 
are deliver'd in thefe claffes of Curves, I think it proper to obferve, 
2. I. That whereas in the Equations reprefenting Curves, I have 
all along fuppofed all the figns of the quantities d, e, f, g, L, and i 
to be affirmative; whenever it fhall happen that they are negative, 
they muft be changed in the fubfequent values of the Abfcifs and Or- 
ninate of the Conic Section, and alfo of the Area required. 
73. II. Alfo the figns of the numeral Symbols ἡ and 0, when they 
are negative, muft be changed in the values of the Areas. More- 
over their Signs being changed, the Theorems themfelvcs may ac- 


quire a new form. Thus in the 4th Form of Table 2, the Sign of η 
1 


; d 
being changed, the 3d Theorem becomes VU VIE T um 
di! 


== vV, &c. that is =}, = x V fx + (eh 


| Ve pt 

into 2x9 — 3s==4. And the fame is to be obferved in others. 

74. III. The feries of each order, excepting the 2d of tke ift Ta- 
ble, may be continued each way ad infinitum. For in the Series of 
the 4d and 4th Order cf Table 1, the numeral co-efficients of the 
initial terms, (2, — 4, 16, — 9$, 768, &c.) are forin'd by multi- 
plying the numbers — 2, — 4, — 6, — 3, — 10, &c. continually 
into each other; and the co-etticicnts of the fubfequent terms are dc- 


rived from the initials in the 3d Order, by multiplying gradually by 


— 4, —4, --%, --, —is5, Νε. or in the 4th Order by multi- 
plying by — +, —4, —£, —4, — s, Nc. But the co-efiicients 


of the denominatois 1, 3, 15, 105, &c. arife by multiplying the 
numbers 1, 3, 5, 7, 9, &c. gradually into each other. 
75. But in the 2d Table, the Series of the 1%, 24, 3%, £^, gt", and 


10'^ Orders are produced zz infinitum by divition alone. Thus having 
ο, 





=y, in the 1ft Order, if you perform the divition to a con- 


ἑ --- 2M 
f 9 . ο» ο d uM de eat de? LATI 
venient period, there will arife —- 2 — >z στ ο — 
x j J / 
e 


a. 1 
Λι. ---γ. The firt three terms belong to the 1ft Order of 
e -Hfz 


Table 1, and the fourth term belongs to the 1ft Species of this Order. 


. 00. om de tH det E 
Whence it appears, that the Area isz πγ΄ 


2) Y 
] = ον] » in Ee «τση, 
JS x — 2 and Ordinate VU mro e Jx' 
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76. But the Series of the sth and 6th Orders may be infinitely 
continued, by the help of the two Theorems in the sth Order of 
Table 1. by a due addition or fubtraction: As alto the 7th and 8th 
Series, by means of the Theorems in the 6th Order of Table 1. and 
the Series of the 11th, by the Theorem in the roth Orderof Table 1, 

For inftance, if the Series of the 3d Order of Table 2. beto be far- 
ther continued, fuppofe ϐ == — 4», and the rft Theorem of the 


sth Order of Table τ, wi'l become — 8zez ο — suf "T" into 


sVe+ a). = ¢. But according to the 4th Theorem of 


e e . ο e e ga --2ή -ι 
this Series to be produced, writing — m for ὦ, itis—7 fz 
—— CAELOS RAN 


" 
So that fubtracting the former values of y and ¢, there will remain 


ey a PA ER R3 Ν τ 
4nez i vies fos y. D iii M =, 77^ Thefe being mul- 


12€ 


Ro. NE 
tiplied by z ; and, (if you pleafe) for - Writing xv», there will arife 


d ——— 
a 5th Theorem of the Seriesto be produced, Vr. ν΄ ef, ux, 





A fX +e exx = v, and AVIA — a f. 

77. IV. Some of thefe Orders may alfo be otherwife derived from 
others. As inthe 2d Table, the sth, 6th, 7th, and rith, from the 
8th; and the gth from the roth: Sothat Imight have omitted them, 
but that they may be of fome ufe, tho’ not altogether neceffary. Yet 
I have omitted fome Orders, which I might have derived from the 1ft, 
and 2d, as alfo from the 9th and roth, becaufe they were affected by 
Denominators that were more complicate, and therefore can hardly be 
of any ufe. 

78. V. If the defining Equation of any Curve is compounded of 
feveral Equations of different Orders, or of different Species of the 
fame Order, its Area muft be compounded of the correfponding A- 
reas; taking care however, that they may be rightly connected with 
their proper Signs. For we muft not always add or fubtract at the 
fame time Ordinates to or from Ordinates, or correfponding Areas 
to or from correfponding Areas; but íometimes the fum of thefe, 
and the difference of thofe, is to be taken for a new Ordinate, or to 
conftitute a correfponding Area. And this muft be done, when the 
conftituent Areas are pofited on the contrary fide of the Ordinate. 
Rut that the cautious Geometrician may the more readily avoid this 

in- 
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inconveniency, I have prefix'd their proper Signs to the feveral Va- 
lues of the Areas, tho’ fometimes negative, as is done in the sth 
and 7th Order of Table 2. 

79. VI. It is farther to be obferved, about the Signs of the Areas, 
that + s denotes, either that the Area of the Conic Section, adjoin- 
ing to the Abfcifs, is to be added to the other quantities in the value 
of ¢; (fee the 1ft Example following ;) or that the Area on the other 
fide of the Ordinate is to be fubtraéted. And on the contrary, — s$ 
denotes ambiguoufly, either that the Area adjacent to the Abfcifs is 
to be fubtracted, or that the Area on the other fide of the Ordinate 
is to be added, as it may feem convenient. Alfo the Value of 7, if 
it comes out affirmative, denotes the Area of the Curve propofed ad- 
joining to its Abfcifs : And contrariwife, if it be negative, it repre- 
fents the Area on the other fide of the Ordinate. 

8ο. VII. But that this Area may be more certainly defined, we 
muft enquire after its Limits. Andas to its Limit at the Abfcifs, at 
the Ordinate, and at tlie Perimeter of the Curve, there can be no un- 
certainty: But its initial Limit, or the beginning from whence its de- 
{cription commences, may obtain various pofitions. In the following 
Examples it is either at the beginning of the Abfcifs, or at an infinite 
diftance, or in the concourfe of the Curve with its Abfcifs. But it 
may be placed elfewhere. And wherever it is, it may be found, by 
feeking that length of the Abfcifs, at which the value of ¢ becomes 
nothing, and there erecting an Ordinate, For the Ordinate fo raifed 
will be the Limit required, 

81. VIII. If any part of the Area is pofited below the Abfcifs, 
¢ will denote the difference of that, and of the part above the Ab- 
{cifs, 

82. IX. Whenever the dimenfions of the terms in the values of 
x, u, and ¢, fhall afcend too high, or defcend too low, they may be 
teduced to a juft degree, by dividing or multiplying fo often by any 
given quantity, which may be fuppos’d to perform the office of Uni- 
ty, as cften as thofe dimenfions fhall be either too high or too low. 

83. X. Befides the foregoing Catalogues, or Tables, we might alfo 
conftruct Tables of Curves related to other Curves, which may be the 
moft fimple in their kind ; as to ya -- /x? ==, or tox / e+ fx! =t, 
or to (/e-+/x* =v, &c. So that we might at all times derive the 
Area of any propofed Curve from the fimpleft original, and know 
to what Curves it tands related. But now let us illuftrate by Ex- 
amples, what has been already delivered. 

O 


e4. 
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S4, ExAMPLE I. Let QER be a 
Conchoidal of fucha kind, that the ΘΓ 
Semicircle QHA being defcribed, and 





8 z/ Therefore make AQ == 4, AC==z, CE Ξ-- y; and becaufe of the 
continual Proportionals AI, AQ, AH, EC, ’twill be EC or y = "ne 


96. Now thatthis may acquire the Form of the Equations in the 
Tables, make n= 2, and for g+ in the denominator write z», and 
1 eo ind 9 9 9 
a3" for a? or a*z:17 in the numerator, and there will arife y == 


4 
jnt 


—, an Equation of the 1ft Species of the 2d Order of Table 2, 


ας 
2 
Ἔα ος 
and the Terms being compared, it will be d =a}, ε---α", and 
f 1; 4ο that VELA m X, y — ax z— v, and xv — 25 
e E. 
87. Now that the values found of x and v may be reduced to a 
juft number of dimenfions, choofe any given quantity, as a, by 
which, as unity, ὦ) may be multiplied once in the value of x, and 


in the value of v, aè may be divided once, and a*x* twice. And by 
5 « » 4 —— —— 

this means you will obtain ,/—7— ==, y αἲ---χ' = v, and xv 

, == 1: of which the conftraction is thus. 

88. Center A, and Radius AQ, defcribe the Quadrantal Arch 


QDP ; in AC take AB — ΑΗ; raite the perpendicular BD meeting 
that Arch in D, and draw AD. Then the double of the Scctor 


ADP will be equal to the Area fought ACEQ. For 4/ πη = 
(V ADg — ABz—) BD, orv ; and xo —2s== 24 ADB—2ABNQ; 
or 244 ADB ~- 2BDP, that is, either = — 2Q0AD, or ==2 DAP: 
Of which values the affirmative 2DAP belongs to the Area ACEQ__ 
on this fide EC, and the negative —2QAD belongs to the Arca 
RE R extended ad inf£uitum beyond EC. 
89. The folutions of Problems thus found may fometimes be 
made more clegant. Thus in the prefent cafe, drawing RH the fe- 
midiameter 
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midiameter of the Circle QHA, becaufe of equal Arches ΟΙ] and DP, 
the Sector QRH is half the Sector DAP, and therefore a fourth part 
of the Surface ACEQ .. 

9ο. ExAMPLE II. Let AGE bea Curve, which is defcribed by the 
Angular point E of the Norma AEF, whilft one of the Legs AE, 
being interminate, paffes continually through the given point A, 
and the other CE, of a given length, 
flides upon the right Line AF gi- 
ven in pofition. Let fall EH per- 
pendicular to AF, and compleat 
the Parallelogram AHEC; and 
calling AC = s, CE =y, and 
EF =a, becaufe of HF, HE, HA 


continual Proportionals, it will be 
z* 








* 
. 


eee 
V gt—xt 


HA or Jy = 
gt. Now that the Area AGEC may be known, Πιρροίς 2* —— ^, 


= y.. Here fince g in the 





or 2----η, and thence it will be === 

Ya — es 

numerator is of a fraéted dimenfion, deprefs the value of y by di- 
4—1 ^ 


z 


viding by αὐ» and it will be JACET =j an Equation of the 
a 


2d Species of the 7th Order of Table 2. And the terms being com- 


pared, itis d= 1, 0 == — I, and τὰ ---- a>. So that 2? = 
( - =) HV x = v, ands—xy==7. Therefore fince 
4 








xand zare equal, and {πες ya? — x* == v is an Equation to a 
Circle, whofe Diameter isa: with the Center A, and diftance a or 
EF, let the Circle PDQ be defcribed, which CE meetsin D, and let 
the Parallelogram ACDI be compleated ; then will AC= z, 
CD = v, and the Area fought AGEC == s — xv == ACDP 
— ACDI = IDP. 


92, Ex- 
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92. EXAMPLE III. Let AGE be the Ciffoid belonging to the 
Circle ADQ, defcribed with 
the diameter AQ. Let DCE 
be drawn perpendicular to the 
diameter, and meeting the 
Curves in D and E. And na- 
ming AC = z, CE — y, and 
AQ == 4; becaufe of CD, 
CA, CE continual Proportio- 
nals, it willbe CE or y = 





9 


zz 
=> and dividing by z, "tis 





y Tar Therefore g~! 


το, Or — 1 == η, and thence NY 
gr A 


I= ve an Equation of 
the 3d Species of the 4th Order of Table 2. The icm therefore 
being com pared, 'tis d== 1, ez— I, and J= Therefore 


Sos == x, yax — XX == ù, and 3s — 2xv ==f. Wherefore 


it is "AC =x, CD==v, and thence ACDH = s; {ο that 
3ACDH — 44ADC = == 35 — 2x0 == f == Aiea of the Ciffoid 
ACEGA. Or, which is the fame thing, 3 Segments ADHA == Area 
ADEGA, or 4 Segments ADHA == Area AHDEGA. 

1.599. EXAMPLE IV. Let PE 
be the firt Conchoid of the 
Ancients, defcribed from Center 
G, with the Afymptote AL, 
and diftance LE. Draw its 
Axis GAP, and let fall the Ôr- 
dinate EC. "Then calling AC 
zz Z, CE =y, GA =ô, and 
ΑΡ --- ος becaufe of the Pro- 
portionals AC: CE — AL:: 
GC : CE, it will be CE or y 





. Now that its Area PEC may be found from hence, the 
"TN ‘of the Ordinate CE are to be confider'd feparately. And And if 


the Ordinate CE is fo divided in D, that it is CD == ΜΕ 
an 
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and DE = ἐν & — 2^ ; CD will be the Ordinate of a Circle de- 
{cribed from Center A, and with the Radius AP. Therefore the 
part of the Area PDC is known, and there will remain the other 
part DPED to be found. Therefore fince DE, the part of the Or- 


dinate by which it is defcribed, is equivalent to G e — z*, fup- 


pofe 2 = η, and it becomes N 6" — z= DE, an Equation of 
the ift Species of the 3d Order of Table 2, The terms therefore 
being compared, it is d== b, e==c*, and f==— 1 ; and therefore 
1 I RE απο πας, bus 

=y Amm V — 1 -+ c*x* ==, and 24e; — εί 

ος. Thefe things being found, reduce them to a juft number of 
dimenfions, by multiplying the terms that are too deprefsd, and 
dividing thofe that are too high, by fome given Quantity. If this 
be done by c, there will arife x, V — ο. -+ x? =v, and 
A — = == ft: The Conftru&ion of which is in this manner. 

96. With the Center A, principal Vertex P, and Parameter 2AP, 
defcribe the Hyperbola PK. Then from the point C draw the right 
Line CK, that may touch the Parabola in K: And it will be, as 
AP to 2AG, fo is the Area CKPC to the Area required DPED. 

97. EXAMPLE 5. Let the Norma GFE fo revolve about the Pole 
G, as that its angular point F may continually flide upon the right 
Line AF given in pofition; then conceive the Curve PE to be de- 
{cribed by any Point E in the 
other Leg EF. Now that the 
Area of this Curve may be 
found, let fall GA and EH per- 
pendicular to the right Line 
AF, and compleating the Pa- 
rallelogram AHEC, call AC 
=% CE= y, AG = ὄ, and 
EF =c; and becaufe of the 
Proportionals HF : EH :: AG: 
AF, we fhall have AF — 


n! 











Z Therefore CE or y 
Y urz 
bx ~~ ED ee A " 
— «θες —/ct—2z*, But whereas “cc — zz is the Ordinate 
co— z 


of a Circle defcribed with the Semidiameter c ; about the Center A 
let 
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let fuch a Circle PDQ_be defcribed, which ΟΕ, produced meets ia 


D; then it will be DE = T : By the help of which Equa- 


tion there remains the Area PDEP or DERQ to be determin'd. 
Suppofe therefore η---- 2, and 6==4, and it will be DE = ais = 


an Equation of the Ift Species of the 4th Order of Table 1. And 
the Terms being compared, it will be == d, cc =e, and — 1 =f; 
fo that —b/ cc — zz — — bR =£. 

98. Now as the value of ¢ is negative, and therefore the Area 
reprefented by ¢ lies beyond the Line DE ; that its initial Limit 
may be found, feek for that length of 2, at which ¢ becomes no- 
thing, and you will find it to be c. Therefore continue AC to Q , 
that it may be AQ==c, and erect the Ordinate QR; and DQRED 
will be the Area whofe value now found is —4/cc— zg. 

99. If you fhould defire to know the quantity of the Area 
PDE, pofited at the Abícifs AC, and co-extended with it, without 
knowing the Limit QR, you may thus determine it. 

100. From the Value which ¢ obtains at the length of the Ab- 
fcifs AC, fubtract its value at the beginning of the Abfcifs; that is, 


a 


from — bV ece gz fubtract — jc, and there will arife the defired 
quantity be — bv ee — zz, Therefore compleat the Parallelogram 
PAGK, and let fall DM perpendicular to AP, which meets GK 
n and the Parallelogram PKML will be equal to the Area 
PDE. 

101, Whenever the Equation defining the nature of the Curve 
cannot be found in the Tables, nor can be reduced to fimpler terms 
by divifion, nor by any other means; it muft be transform'd into 
other Equations of Curves related to it, in the manner fhewn in 
Prob. 8. till at laft one is produced, whofe Area may be known by 
the Tables. And when all endeavours are ufed, and yet no fuch 
can be found, it may be certainly concluded, that the Curve pro- 
pofed cannot be compared, either with re&ilinear Figures, or with 
the Conic Se&ions. 

102. In the fame manner when mechanical Curves are concern’d, 
they muft firft be transform’d into equal Geometrical Figures, as 1S 
fhewn in the fame Prcb. 8. and then the Areas of fuch Geometri- 
cal Curves are to be found from the Tables. Of this matter take 
the following Example. 








? 











103. 
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103. ἘΧΑΜΡΙΕ 6. Let it be propofed to determine the Area of 
the Figure of the Arches of any Conic Section, when they are 
made Ordinates on their Right Sines. As let A be the Center of 
the Conic Section, 
AQ and AR the 
Semiaxes, CD the 
Ordinate to the Axis 
AR, and PD a Per- e 
pendicular at the E 
point D. Alf let | E 
AE be the fid T 


k c 
P C ς AA 


S 
M) 


mechanical Curve 
meeting CD in E; 
and from its nature 
before defined, CE 
will be equal to the 
Arch QD. There- 
fore the Area AEC 
is fought, or com- í 

pleating the parallelogram ACEF, the excefs AEF is required. To 
which purpofe let a be the Latus rectum of the Conic Section, and 
b its Latus tranfverfum, or 2AQ. Alfo let ACZ—z, and CD— y; 


then it will be V 125 + Pez = y, an Equation to a Conic Section, 


asisknown. Alf PC— "2, and thence PD = V 1 4- T es. 


104. Now fince the fluxion of the Arch QD is to the fluxion of 
the Abícifs AC, as PD to CD; if the fluxion of the Abícifs be fup- 
posd 1, the Fluxion of the Arch QD, or of the Ordinate CE, 
: bb -}- ab 
45 + —. 88 
4^ -ᾱ- “22 
will arife z V —— for the fluxion of the Area ΑΕΕ. 

σού 2 m 2953 | 
If therefore in the Ordinate CD you take CG =z 





will be // Draw this into FE, or z, and there 








στ, the’ Area AGC, which is defcribed by CG 
i5 T pod 


moving upon AC, will be equal to the Area AEF, and the Curve 
Ω 2 | AG 
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AG will be a Geometrical Curve. Therefore the Area AGC is 
fought. To this purpofe let z» be fubftituted for z* in the laft 
hh ES ---- 


$ 

205 AR τρ 
tion of the 2d Species of the 11th Order of Table 2. And from a 
comparifon of terms it is d — 1, e == Hb =g, fo tte , and: 
b=: δ; fo that y bb -+ Taz =x, ν΄ --- E E ex v, and 


“samt. That is CD = x, DP =v, andjs==4, And this is 
the Conftru&iion of what is now found. 


105. At Q erect QK perpendicular and equal to QA, and thro’ 
the point D draw HI parallel. to it, but equal to DP. And the 
Line KI, at which HI is terminated, will be a Conic Section,. and 
the comprehended Area HIKQ will be to the Area fought AEF, 
as ὁ to a, or as PC to AC. 

106. Here obferve, that if you change the fign of 4, the Conic 
Section, to whofe Arch the right Line CE is equal, will become an 
Ellipfis; and befides, if you make b == — a; the Ellipfis: becomes: 
a Circle. And in this cafe the line KI becomes a right line parallel 
to ΑΟ. 

107. After the Area of any Curve has been thus found and con- 
ftructed, we fhould confider about the demonftration of the con- 
ftruction ; that laying afide all Algebraical calculation, as much as. 
may be, the Theorem may be adorn'd, and made elegant, fo as to: 
become fit for publick view. And there isa general method of de- 
monftrating, which I fhall endeavour to illuftrate by the follow-- 
ing Examples. 


Equation, and it becomes g~: // = CG, an Equa-- 


Denionflration of tbe Conftruction in Example g: 


108. In the Arch PQ take a point d indefinitely near to D,. 
(Figure p.113.) and draw de and dm parallel to DE and DM,. 
meeting DM and AP in p and /. Then wil DEed be the mo- 
ment of the Area PDEP, and LM» will be the moment of the 
Area LMKP. Draw the femidiameter AD, and conceive the inde- 
finitely {mall arch Dd to be as it were a right line, and the tri- 
angles.Dpd and ALD will be like, and therefore Dp :-pd:: AL : LD. 
But it is HF : EH :: AG: AF; thatis, AL: LD:: ML: DE; and 
therefore Dp : pd :: ML: DE. Wherefore Dp x-DE ==.pd x ipe | 

| | That 
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That is, the moment DEed is equal to the moment LM». And 
fince this is demonftrated indeterminately of any contemporaneous 
moments whatever, it is plain, that all the moments of the Area 
PDEP are equal to all the contemporaneous moments of the Area 
PLMK, and therefore the whole Areas compofed of thofe moments 
are equal to each other. Q, E. D. 


Demonftration of tbe Conflruction in Example 3. 


109. Let DEed be the momentum of the fuperficies AHDE, and. 
AdDA be the contemporary 
moment of theSegment ADH. 
Draw the femidiameter DK, 
and let de meet AK inc; and 
jt is Cc : Dd :: CD : DK. 
Befidesitis DC: QA (2DK) :: 
AC : DE. And therefore 
Cc : 2Dd:: DC: 2DK :: 
AC : DE, and Cc x ΡΕ = 
2Ddx AC. Now.to the mo- 
ment of the periphery D4 
produced, that is, to the tan- 
gent of the Circle, let fall the 
perpendicular AI, and AI will 
be equal to AC. So that 
2D4 x AC = 2Dd x AI = 4 
Triangles ADZ. So that: 4 Triangles ADd = Cre x DE == moment 
DEed. Therefore every moment of the fpace AHDE is quadruple 
of the contemporary: moment of the Segment ADH, and therefore 
that whole fpace is quadruple of the whole Segment. Ο.Ε. D. 





Demonftration 
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Demonfiration of tbe Conftruétion in Example 4. 


110. Draw ce parallel to CE, and at an indefinitely fmall diftance 
from it, and the tangent of the κ 
Hyperbola ck, and let fall KM M 
perpendicular to AP. Now í 
from the nature of the Hyper- 
bola it will be AC : AP :: 
AP: AM, and therefore AG? : 
Οἳἵ :: ACg: LEg (or APj):: 
APg: AMg; and divifim, AG]: 
AL4 (DEg) ::.APg: AMg— 
ΑΡΦ(ΜΚΟ) ; And invers, AG: 
AP :: DE : MK. But the 
little Area DEed is to the Tri- κ 
angle CKe, as the altitude DE is to half the altitude KM ; that is, 
as AG to «ΔΡ. Wherefore all the moments of the Space PDE 
are to all the contemporaneous moments of the, Space PKC, as AG 
to «ΑΡ. And therefore thofe whole Spaces are in the fame ratio. 


Q E. D. 
Demonftration of tbe Confiruction in Example 6. 


111. Draw cd parallel and infinitely near to CD, (Fig. in p. 115.) 
meeting the Curve AE in e, and draw bi and fe meeting DC in f 
and g. ‘Then by the Hypothefis Dd== Eg, and from the fimi- 
litude of the Triangles Dp and DCP, it will be Dp : (Dd) 
Eg :: ( P : (PD) HI, fo that Dp x HI — Eg xCP; and thence 
Dp x HI (the moment HIzb): Eg x AC (the moment EF/e) :: 
E;x CP: Egx AC :: CP: AC. Wherefore fince PC and AC 
are in the given ratio of the latus traniverfum to the latus rectum 
of the Conic Section QD, and {πος the moments HIzb and EFfe 
of the Areas HIKQ and AEF are in that ratio, the Areas them- 
felves will be in the fame ratio. Q. E. D. 

112. In this kind of demonitrations it is to be obferved, that I 
afíume fuch quantities for equal, whofe ratio is that of equality : 
And that is to be efteem’d a ratio of equality, which differs lefs 
from equality than by any unequal ratio that can be affign’d. Thus 
in the lat demonftration I fuppos'd the re&angle Eg x AC, or FEZf, 
to be equal to the fpace FEe/, becaufe (by reafon of the difference 
Ege infinitely lefs than them, or nothing in comparifon of them,) 

they 
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they have not a ratio of inequality. And for the fame reafon I 
made DP x HI == HL ; and fo in others. ` 

113. I have here made ufe of this method of proving the Areas 
of Curves to be equal, or to have a given ratio, by the equality, or 
by the given ratio, of their moments; becaufe it has an affinity to 
the ufual methods in thefe matters. But that feems more natural 
which depends upon the generation of Superficies, by Motion or 
Fluxion. Thus if the Conftre&ion in Example 2. was to be de- 
monftrated: From the nature of the Cirele, the fluxion of the right 
line ID (Fig. p.111.) is to the fluxion of the right line IP, as AI to 
ID; and it is AI : ID :: ID : CE, from the nature of the Curve 


AGE ; and therefore CE x ID — ID x1P. But CE x ID — to 
the fluxion of the Area PDI. And therefore thofe Areas, being ge- 
nerated by equal fluxion, muft be equal. Q. E. D. 

114. For the fake of farther illuftration, I fhall add the demon- 
{tration of the Conftru&ion, by which the Area of the Ciffoid is 
determin'd, in Example 3. Let the lines mark'd with points in the 
{cheme be expunged; draw the Chord DQ, and the Afymptote 
QR of the Ciffoid. Then, from the nature of the Circle, it is 
DQ 7 = ΔΩ x CQ. , and 
thence (by Prob. 1.) 2DQ x 
Fluxion of DQ == AQ x CQ. 
And therefore AQ, : DQ :: 


2DQ : CQ. Alío from the 
eu of the Ciffoid it is ED : 
ΑΡ :: AQL: DQ_ There- 
fore ED: AD :: 2DQ : CQ 
and ED xCQ==AD x2DQ_, 


or 4xtADxDQ._ Now fince 
DQ 1s perpendicular at the 


end of AD, revolving about 
A; and «ΑΡ xQD == to the fluxion generating the Area ΑΡΟΩ ; 


its quadruple alfo ED x CQ = fluxion generating the Ciffoidal Area 
QREDO. Wherefore that Area QREDO infinitely long, is gene- 


rated quadruple of the other ADOQ. Q.E.D. 
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SCHOLIUM. 


115. By the foregoing Tables not only the Areas of Curves, but 
quantities of any other kind, that are generated by an analogous 
way of flowing, may be derived from their Fluxions, and that by 
the affiftance of this Theorem: That a quantity of any kind is to an 
unit of the fame kind, as the Area of a Curve is to a fuperficial 
unity ; if fo be that the fluxion generating that quantity be to an 
unit of its kind, as the fluxion generating the Area is to an unit of 
its kind alfo ; that is, as the right Line moving perpendicularly upon 
the Abfcifs (or the Ordinate) by which the Area is defcribed, to a 
linear Unit. Wherefore if any fluxion whatever is expounded by 
fuch a moving Ordinate, the quantity generated by that fluxion will 
be expounded by the Area defcribed by fuch Ordinate; or if the 
Fluxion be expounded by the fame Algebraic terms as the Ordinate, 
the generated quantity will be expounded by the fame as the de- 
Ícribed Area. Therefore the Equation, which exhibits a Fluxion of 
any kind, is to be fought for in the firft Column of the Tables, and 
the value of ¢ in the laft Column will fhow the generated Quan- 
tity. 

116. As if 4/ 1 4- = exhibited a Fluxion of any kind, make it 
equal to y, and that it may be reduced to the form of the Equations 
in the Tables, fubftitute ο’ for z, and it will be z^ Vit can 
== y, an Equation of the firft Species of the 3d Order of Table 1. 
And comparing the terms, it will be d= 1, e= 1, f = 2» 
and thence LM ν 1 -- = = Re ==f. Therefore it is the 
quantity LT V1 -- m which is generated by the Fluxion 
V1 E. 


117. And thus if V 1 -- -£ reprefents a Fluxion, by. a due re- 


ai 
duction, (or by extracting οἳ out of the radical, and writing: g" 
aes | 6 À 
for z—3,) there will be had -5 ν΄ wap T == y, an Equation of 
% a 


the 2d Species of the 5th Order of Table 2. Then comparing the 
terms, 
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s 16 4 1 
terms, it is d= 1, „= and f==1. So that z? = == xX, 
gz 


ιόχχ — 2d R ; 
V/ I1-4- aa = v, and is; — = {. Which being found, the 
ga : 


quantity generated by the fluxion Vi- ÉZ will be known, by 
; ; gar ; 
making it to be to an Unit of its own kind, as the Area 3s is to 
fuperficial unity ; or which comes to the fame, by fuppofing the 
quantity 7 no longer to reprefent a Superficies, but a quantity of an- 
other kind, which is to an unit of its own kind, as that fuperficies 





is to fuperficial unity. uA 
118. Thus fuppofing V 1+ f=" to reprefent a linear Fluxion, I 
gas 


imagine ἕ no longer to fignify a Superficies, but a Line; that Line, 
for inftance, which is ‘to a linear unit, as the Area which. (accord- 
ing to the Tables) is reprefented by {, is to a fuperficial unit, or 
that which is produced by applying that Area to a linear unit. On 
which account, if that linear unit be made e, the length generated 


by the foregoing fluxion will be 2d And upon this foundation 
thofe Tables may be apply'd to the determining the. Lengths' of 
Curve-lines, the Contents of their: Solids, and any: other quantities 
whatever, as well as the Areas of Curves. 


Of Queftions that are related hereto. 


I. To approximate to the Areas of Curves mechanically. 


119. The method is this, that the values of two or more right- 
lined Figures may be fo compounded together, that they may very 
nearly conftitute the value of the Curvilinear Area required. 

120. Thus for the Circle AFD which is denoted by the. Equa- 
tion x — xx = zz, having found the value of | | 
the Area AFDB, viz. 2x* — ixt — yx? — 
ux, &c. the values of fome Rectangles are to 
be fought, fuch is the value xy x — xx, or x? 
— igi — ixi — qux, &c. of the rectangle 
BD x AB, and χα, or x*, thé value of AD x 
AB. Then thefe values are to be multiply'd by 
any different letters, that ftand for numbers indefinitely, and then 

to 
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to be added together, and the terms of the fum are to be compared 
with the correfponding terms of the value of the Area AFDB, that 
as far as is poffible they may become equal. As if thofe Parallelo- 
grams were multiply'd by e and f, the fum would be ex? — Zex? 

| | I 
-- τεκἲ, &c. the terms of which being compared’ with thefe terms 
$x*— qx txt, &c. there arifes e +- f 4, and — 1e ——— 1, 
or e==43, and [=4— e = So that 4BD x AB-+- AD x 
AB == Area AFDB very nearly. For 4BD x AB -+ ~AD xAB is 
equivalent to tx%—ix?— ..x5—— oX, &c. which being fub- 
άν, from the Area AFDB, leaves the error only 44i +- εκ", 

psa 

121. Thus if AB were bifected in E, the value of the rectangle 

AB xDE will be XS X — ΣΧΧ, Or x* IE ixi -t 2 
xt — cat &c. Andthiscompared with y 
the rectangle AD x AB, gives SDE 2AP into 
AB == Area AFDB, the error being only 


IM . . 
a -- ο x*, &c. which is always lefs than. 


Tres part ofthe whole Area, even tho’ AFDB 
were a quadrant of a.Circle. But this Theorem may be thus pro- 
pounded. As 3 to 2, fo is the re&angle AB into DE, added to a 
fifth part of the difference between AD and DE, to the Area AFDB, 
very nearly. . ` | | 

122. And thus by compounding two rectangles AB x ED and 
AB x BD, or all the three rectangles together, or by taking in ftill 
more rectangles, other Rules may be invented, which will be fo 
much the more exact, as there are more Rectangles made ufe of. 
And the fame is to be underftood of the Area of the Hyperbola, or 
of any other Curves. Nay, by one only rectangle the Area may 
often be very commodioufly exhibited, as in the foregoing Circle, 
by taking BE to AB as y 10 to 5, the rectangle AB x ED will be 
to the Area AFDB, as 3 to 2, the error being only t,x? -+ 
rif. &c. | 


II. The Area being given, to determine tbe Abfcifs and Ordinate. 


123. When the Area is exprefsd by a finite Equation, there can 
be no difficulty: But when it is exprefe'd by an infintte Series, the 
affected root is to be extracted, which denotes the Abfcifs. So for 

the 


D 
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the Hyperbola, defined by the Equation = after we have 


bx? bx3 bx4 z 
found g == bx ------- +. 34 77 Q4» OC. that from the given Area 


26 
the Abfcifs x may be known, extraét the affected Root, and there 


. . % x zi g^ z5 : 
will arife xc po τα GB ius δέοι; &c. And 


moreover, if the Ordinate 2 were required, divide ab by a -t x, 
9 x ze 723 9 9 s 
thatis, by 2 4- p 4 τι + gn &c. and there will arife z ==% — 


πα ο Sear A 
a 77 iab 6a 770 aho Ὃς, 
124. Thus as to the Ellipfis which is exprefs'd by the Equation 
Y 
E i4 
αχ — -ΧΧ — 22, after the Area is found z — ta*xt — 2" — 
5€ 

id Ἐξ . 

28c? 726 2a* 
ν” 3? " 

3 $195 1ος gé* ^ 48.87 
vt τω )171 ο) ae «4 2246 82249 
ix b ode &c. whofe fquare v? -+ gt ima qas 
&c. is equal to x. And this value being fubftituted inftead of x in 


the Equation ax — xx == zz, and the root being extracted, there 


A 
T 


and ¢ for x7, and it becomes 





&c. and extracting the root 7 —v-4- 





: . 1 Li Li Li 
arifes g == ay — ανν o 38474! Lou 4974^9' Bec. So that from 
τέ 175c* 225003 


z, the given Area, and thence v or 3; the Abfcifs x will be 


given, and the Ordinate z. All which things‘may be accommo- 


dated to the Hyperbola, if only the fign'of the quantity c be changed, 
wherever it is found of odd dimenfions. 


PROB. 
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PROB X. 
Jo fnd as many Curves as we pleafe, whofe Lengths 
may be expre/sd by finite Equations. 


1. The following pofitions prepare the way for the folution of 
this Problem. 

2. I. If the right Line DC, ftanding perpendicularly upon any. 
Curve AD, be conceived thus to move, | D A 
all its points G, g, r, &c. will defcribe 
other Curves, which are equidiftant, and 
perpendicular to that line: As GK, gk, 
rs, &c. | 

3. II. If that right Line is continued 
indefinitely each way, its extremities will 
move contrary ways, and therefore there 
will be a Point between, which will have 
no motion, but may therefore be call'd 
the Center of Motion. This Point will 
be the fame as the Center of Curvature, 
which the Curve AD hath at the point D, 
as is mention'd before. Let that point 
be C. 

4. ΠΠ. If we fuppofe the line AD not 
to be circular, but:unequably curved, fup- E 
pofe more curved .towards δ, and lefs toward A; that Center will 
continually change its place, approaching nearer to the parts more 
curved, as in K, and going farther off at the parts lefs curved, as in 
k, and by that means will defcribe fome line, as KC4. 

5. IV. The right Line DC will continually touch the line de- 
fcribed by the Center of Curvature. For if the Point D of this 
line moves towards 4, its point G, which in the mean time paffes 
to K, and is fituate on the fame fide of the Center C, will move 
the fame way, by pofition 2. Again, if the fame point D moves 
towards A, the point g, which in the mean time paffes to Å, and 
is fituate on the contrary fide of the Center C, will move the con- 
trary way, that is, the fame way that G moved in the former cafe, 
while it pafsd to K. Wherefore K and & lie on the fame fide of 
the right Line DC. But as K and 7 are taken indefinitely for any 


points, 
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points, it is plain that the whole Curve lies on the fame fide of the 
right line DC, and therefore is not cut, but only touch'd by it. 

6. Here it is fuppos’d, that the line SDA is continually more 
curved towards ὃ, and lefs towards A; for if its greateft or leaft 
Curvature is in D, then the right line DC will cut the Curve KC; 
but yet in an angle that is lefs than any right-lined angle, which is 
the fame thing as if it were faid to touch it. Nay, the point C in 
this cafe is the Limit, or Cufpid, at which the two parts of the 
Curve, finifhing in the moft oblique concourfe, touch each other ; 
and therefore may more juftly be faid to be touch'd, than to be cut, 
by the right line DC, which divides the Angle of contact. 

7. V. The right Line CG is equal to the Curve CK. For con- 
ceive all the points 7, 27, 3r, 4r, &c. of that right Line to defcribe 
the arches of Curves rs, 2725, 3735, &c. in the mean time that they 
approach to the Curve CK, by the motion of that right line; and 
fince thofe arches, (by pofition 1.) are perpendicular to the right 
lines that touch the Curve CK, (by pofition 4.) it follows that they 
will be alfo perpendicular to that Curve. Wherefore the parts of 
the line CK, intercepted between thofe arches, which by reafon of 
their infinite fmallnefs may be confider'd as right lines, are equal to 
the intervals of the fame arches ; that is, (by pofition 1.) are equal 
to fo many parts of the right line CG. And equals being added 
to equals, the whole Line CK will be equal to the whole Line 

G. 


9. The fame thing would appear by conceiving, that every part 
of the right Line CG, as it moves along, will apply itfelf fuccef- 
fively to every part of the Curve CK, and thereby will meafure 
them ; juft as the Circumference of a wheel, as it moves forward by 
revolving upon a Plain, will meafure the diftance that the point of 
Contact continuaily defcribes. 

9. And hence it appears, that the Problem may be refolved, by 
afluming any Curve at pleafure ASDA, and thence by deterinining 
the other Curve KCA4, in which the Center of Curvature of the 
affumed Curve is always found. Therefore letting fall the perpen- 
diculars DB and CL, to a right Line AB given in pofition, and in 
AB taking any point A, and calling AB — x and BD =y; to 
define the Curve AD let any relation. be affumed between x and y, 
and then by Prob 5. the point C may be found, by which may be 
determined both the Curve KC, and its Length GC. 
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το. ExAMPLE. Let ax == yy be the Equation to the Curve, 
which therefore will be the Apollontan Parabola. And, by Prob. 5. 
will be found AL ——42« -4- 3x, CL = 
2 and DC = zis ν΄ ida + ax. 
Which being obtain’d, the Curve KC 
is determin’d by AL and LC, andits 
Length by DC. For as we are at 
liberty to affume the points K and C 
any where in the Curve KC, let us 
fuppofe K to be the Center of Cur- 
vature of the Parabola at its Vertex; 
and putting therefore AB and BD, or 
x and y, to be nothing, it will be 
DC == 4a. And this is the Length 
AK, or DG, which being fubtracted 
from the former indefinite value of 


DC, leaves GC or KC == = e ν΄ taa +- ax — ia. 


11. Now if you defire to know what Curve this is, and what is 
its Length, without any relation to the Parabola; call KL = z, 
and LC =n, and it will be z— AL — 14 = 3x, or £z == x, and 
= == ax == yy. Therefore 4/— == 2 == CL==1, or — = 
4*; which fhews the Curve KC to be a Parabola of the fecond kind. 
And for its Length there arifes ere V 444 + 102 — ia, by 
writing £2 for x in the value of CG. 

12. The Problem alío may be refolved by taking an Equation, 
which íhall exprefs the relation be- 
tween AP and PD, fuppofing P to 
be the interfection of the Abfcifs and 
Perpendicular. For calling AP==x, 
and PD ==, conceive CPD to move 
an infinitely fmall fpace, fuppofe to 
the place Cpd, and in CD and C4 ta- 
king CA and C^ both of the fame 
given length, fuppofe =— τ, and to 
CL let fall the perpendiculars Ag and 
Sy, of which Ag, (which call = z) 
may meet Cd inf: Then compleat 
the Parallelogram 696, and making 
x,y, and g the fluxions of the quantities x, y, and z, as before 


lt 
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it will be Ae : Af :: Ae) : Asp: Ορ] : CAT :: T ICA. 
And Af: Pp:: CA: CP. Then ex «cquo, Δε: Pp τ: zi -: CP. 
But Pp is the moment of the Abíci(s AP, by the acceffion of which 
it becomes Ap; and Ae is the contemporaneous moment of the per- 
pendicular Ag, by the decreafe of which it becomes dy, There- 
fore Ae and Pp are as the fluxions of the lines Ag (z) and AP (x), 


that is, as z and x. Wherefore z : x :: zb : CP. And fince it 
is Cc = CAT* Δρ] = 1 — zz, and CA = 1; it will be 


x—x be 
CP == ——. Moreover fince we may affüme any one of the 








three x, y, and z for an uniform fluxion, to which the reft are to be 
referr'd, if x be that fluxion, and its value is unity, then CP == 


13. Befides it is CA (1) : Ag (z) :: CP: PL; alfo CA (1): Cg 
(V 1 — zz) :: CP: CL; therefore it is PL = *—* , and CL = 





15E A/I πα. Laftly, drawing pq parallel to the infinitely fmall 


Arch Dd, or perpendicular to DC, Pg will be the momentum of 
DP, by the acceffion of which it becomes dp, at the fame time that 
AP becomes ΑΡ. Therefore Pp and Pg are as the fluxions of AP 
(x) and PD (2), that is, as 1 and y. Therefore becaufe of fimilar 
triangles Ῥῤᾳ and CAg, fince CA and Ag, or 1 and g, are in the 
fame ratio, it will be y= gz. Whence we have this folution of 
the Problem. 

14. From the propofed Equation, which éxpreffes the relation 
between x and y, find the relation of the fluxions x and y, (by Prob. 1.) 
and putting x = 1, there will be had the value of y, to which z 
is equal. Then fubftituting z for y, by the help of the laft Equa- 
tion find the relation of the Fluxions x, y, and z, (by Prob. 1.) and 
again fubftituting 1 for x, there will be had the value of 5. Thefe 


being found make == CP, z x CP==PL, and CPx /1—yy 


== CL; and C will be a Point in the Curve, any part of which 
KC is equal to the right Line GG, which is the difference of the 
tangents, drawn perpendicularly to the Curve Dd from the points 
Cand K, 





10. 
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15. Ex, Let ax == yy be the Equation which expreffes the rela- 
tion between AP and PD; and (by 
Prob. 1.) it will be firt ax== 2yy, or 
a==2yz. Then 2yZ-+2y%==0, or 


— = 5. Thence it is CP = 


t --Σ Αγ3 


=s ο Ες οκοΕς-- 


2yy aa— 47 UNS ome DU S 
ia— 7 andCL—— 7 —— V 4yy—aa. 


And from CP and PL taking away y 


κ 3 
and x, there remains CD = — 5 , 


and AL==ja— 2 . Now I take 


away y and x, becaufe when CP and mx 
PL have affirmative values, they fall on the fide of the point P to- 
wards D and A, and they ought to be diminifhed, by taking away 
the affirmative quantities PD and AP. But when they have negative 
values, they will fall on the contrary fide of the point P, and then 
they muft be encreafed, which is alfo done by taking away the affir- 
mative quantities PD and AP. ; 

16. Now to know the Length of the Curve, in which the point 
C is found, between any two of its points K and C; we muft feek 
the length of the Tangent at the point K, and fübtra& it from CD. 
As if K were the point, at which the Tangent is terminated, when 
CA and Ag, or 1 and z, are made equal, which therefore is fituate 
in the Abfcifs itfelf AP; write 1 for 5 in’ the Equation a= 2y2, 
whence a==2y. ‘Therefore for y write 4æ in the value of CD, 
that is in — a , and it comes out — 4a. And this is the length 
of the Tangent at the point K, or of DG ; the difference between 
which and the foregoing indefinite value of CD, is gi — ia, that 


is GC, to which the part of the Curve KC is equal. 
17. Now that it may appear what Curve this is, from AL (hav- 
ing firft changed its fign, that it may become affirmative,) take AK, 


which will be £a, and there will remain KL == 2 — ia, which 
call £, and in the value of the line CL, which call v, write d for 
4yy — aa, and there will arife = V/ tat z— v; oF ct == vv, which 


ds an Equation to a Parabola of the fecond kind, as was found before. š 
18. 
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18. When the relation between £ and v cannot conveniently be 
reduced to an Equation, it may be fufficient only to find the lengths 
PC and PL. As if for the relation between AP and PD the Equa- 
tion 32*x-4- 343) — y? ==0 were aflumed; from hence (by Prob. 1.) 
firft there arifes a? -atz — j^zz—0, then aag —2yyz — j'z-—o, 
—— y And z= E : 





and therefore it is z == Whence are 


given PC— +=, and PL— z x PC, by which the point C is 


determined, which is in the Curve. And the length of the Curve, 
between two fuch points, will be known by the difference of the 
two correfponding Tangents, DC or PC — y. 

19. For Example, if we make a = 1, and in order to determine 
{ome point C of the Curve, we take y —2 ; then AP or x becomes 
T Ii zlii, Ζ------4, PC —-— 2, and PL==— +. 
Then to determine another point, if we take y == 3, it will be 
AP = 6, z=}, z= — γῆς, PC==— 84, and PL == — τος, 
Which being had, if y be taken from PC, there will remain — 4 
in the firft cafe, and — 87 in the fecond, for the lengths DC; the 
difference of which 83 is the length of the Curve, between the two 
points found C and c. 

20. Thefe are to be thus underftood, when the Curve is conti- 
nued between the two points C and c, or between K and C, with- 
out that Term or Limit, which we call'd its Cufpid. For when 
one or more fuch terms come between thofe points, (which terms 
are found by the determination of the greateft or leaft PC or DC,) 
the lengths of each of the parts of the Curve, between them and the 
points C or K, muft be feparately found, and then added together. 


PROB XI. 


To find as many Curves as you pleafe, whofe Lengths may 
be compared with the Length of any Curve propofed, 


or with its Area applied to a given Line, by the help of 
finite Equations. 


1. It is performed by involving the Length, or the Area of the 
propofed Curve, in the Equation which is affumed in the foregoing 
Problem, to determine the relation between AP and PD (Figure 
Art.12. pag. 126.) Put that gz and s may be thence derived, (by 

S Prob. 
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Prob. 1.) the fluxion of the Length, or of the Area, muft be firft 


difcover'd. 

2. The fluxion of the Length is determin’d by putting it equal to 
the fquare-root of the fum of the fquares of the fluxion of the Ab- 
{cifs and of the Ordinate. For let RN be the perpendicular Ordi- 
nate, moving upon the Abfcifs MN, and 
let QR be the propofed Curve, at which 
RN is terminated. Then calling MN 
Ἐπ NR =z, and QR =v, and their 
Fluxions s, ἕ, and v refpectively ; con- 
ceive the Line NR to move into the place 
nr infinitely near the former, and letting 
fall Rs perpendicular to zr, then Rs, sr, 
and Rr will be the contemporaneous moments of the lines MN, 
NR, and QR, by the acceffion of which they become Mz, zr, and. 
Qr. And as thefe are to each other as the fluxions of the fame 
lines, and becaufe of the right Angle ΒΕ», it will be ν΄ ΒΕ: -sr 
= Rs, or Vs ev. 

3. But to determine the fluxions s and ¢ there are two Equations. 
required ; one of which is to define the relation between MN and ΝΕ; 
or sand ¢, from whence the relation between the fluxions s and ¢ 
is to be derived; and another which may define the relation be- 
tween MN or NR in the given Figure, and of AP or x in that re- 
quired, from whence the relation of the fluxion s or ¢ to the fluxion 
x or 1 may be difcover’d. 

4. Then v being found, the fluxions y and x are to be fought 
by a third affumed Equation, by which the length PD or y may be 


defined. Then we are to take PC = —, PL — y x PC, and. 


DC == PC —y, as in the foregoing Problem. 
p. Ex. 1. Let as—ss==tt be an Equation to the given Curve 
R, which will be a Circle; xx==as. the relation between the 
lines AP and MN, and 2v — y, the relation between the length of 
the Curve given QR, and the right Line PD. By the firft it will 


a = 2 


j—f. And thence = =V 52 fmm yy, 





be as—255==2¢t, or 





2? 
By the fecond it is 2x == as, and therefore = =v, And by the 


1 2 . — | ` 2a Lese τα — ix ἡ : 1 
third αυ == y, that 15, ; == %, and hence y a2 Which 


being 
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being found, you muft take Po? , PL==yx PC, and DC 


== PC —y, or PC— QR. Where it appears, that the length of 
the given Curve QR cannot be found, but at the fame time ‘the 
length of the right Line DC muft be known, and from thence the 
length of the Curve, in which the point C is found; and {ο on the 
contrary. 


6. Ex.2. The Equation 4:— ss == tf remaining, make X m 5, 
and vu—4ax==4ay. And by the firft there will be found — = Ξ--σ, 
as above. But by the fecond 1 = s, and therefore ===. And 


by the third 200 — 4a — gay, or (eliminating Ὁ) " — I =z. 
Then from hence = — a --- 2. 
7. Ex. 3. Let there be fuppos’d three Equations, aa == st, a +- 


3s = x, and χ--υ--γ. Then by the firft, which denotes an 
Hyperbola, it is ο ---οέ --- fs, or — = ---!, and therefore “ν΄ 35-4- ft 
=V sti == v. By the fecond it is 35 = 1». and therefore 
vs fimm. And by the third it is 1-+ v= J, or 1+ 
τι V 55 -I- tt == z; then it is from hence w =z, that is, putting w 
for the Fluxion of the radical T / 55 + tt, which if it be made 


M r] tt eae ο . ake mee 
equal to w, Or $- y Ue there will arife from thence ^ 
24 


— == 2ww. And firít fubfticuting — * for ἡ then > for s, and 
9:3 4 ) 3 3 


dividing by 2w, there will arife — == w= z. Nowy and š 
being found, the reft is perform’d as in the firt Example. 

9. Now if from any point Q_of a Curve, a perpendicular QV is 
let fall on MN, and a Curve is to be found whofe length may be 
known from the length which arifes by applying the Area QRNV 


: l ; : RN 
to any given Line; let that given Line be call'd E, the length = M 


which is produced by fuch application he call'd v, and its fluxion «. 
And fince the fluxion of the Area QRNV is to the Fluxion, of the 
Area of a rectangular parallelogram made upon VN, with the hciolít 
E, as the Ordinate or moving line NR — 1, by which this is dé- 
{cribed, to the moving Line E, by which the other is defcribed in 


2 . tne 
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the fame time ; and the fluxions v and 5 of the lines v and MN, 
(or s,) or of the lengths which arife by applying thofe Areas to the 
given Line E, are in the fame ratio; it will be v== =. Therefore 
by this Rule the value of v is to be inquired, and the reft to be 
perform’d as in the Examples aforegoing. 

g. Ex. 4. Let QR be an Hyperbola which is defined by this 


Equation, ga -- = = {ή ; and thence arifes (by Prob. 1.) = —It, 


AIS 


or — = f. Then if for the other two Equations are affumed x==s 
st 


and y =v; the firt will give 1==s, whence v=: 


t 
=z ; and 


Ξ " 9 9 . 4 
the latter will give y = v, or z ==, then from- hence z = ç , 


E? 
and fubftituting = or = for 7, it becomes z == =. Now y and g 


being found, make — --- CP, and y.x CP == PL, as before, and 


thence the Point C will be determin'd, and the Curve in which all 
fuch points are fituated: ‘The length of which Curve will be known 
from the length DC, which is equivalent to CP — v, as is fuffi- 
ciently fhewn before. es 

10. There is alfo another method, by which the Problem may 
be refolved ; and that is by finding Curves whofe fluxions are either 
equal to the fluxion of the propofed Curve, or are compounded of 
the fluxion of that, and of other Lines. And this may fometimes 
be of ufe, in converting mechanical Curves into equable Geometri- 
cal Curves; of which thing there is a remarkable Example in fpiral 
lines. 

11. Let AB be a right Line given in pofition, BD an Arch move 
ing upon AB as an Abfcifs and yet re~ 
taining A as its Center, ADd a Spiral, at. 
which that arch is continually terminated, 
bd an arch indefinitely near it, or the place 
into which the arch BD by its motion next 
arrives, DC a perpendicular to the arch Z4, 
dG the difference of the arches, AH an- 
other Curve equal to the Spiral AD, BH a 
right Line moving perpendicularly upon | πρ 
AB, and terminated at the Curve AH, Zbthe A 8&8 δ 
next place into which that right Line moves, and HK perpendicular to 

bb. 
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6. And in the infinitely little triangles DCJ and HK, fince DC 
and HK are equal to the fame third Line Bå, and therefore equal 
to each other, and Dd and H> (by hypothefis) are correfpondent 
parts of equal Curves, and therefore equal, as alfo the angles at C 
and K are right angles; the third fides dC and 4K will be equal 


alfo. Moreover fince it is AB : BD :: Ab: bC :: Ab — ΑΒ (Β0).: 
$C — BD (CG); therefore ze AE B? CG. If this be taken away 


from dG, there will remain dG — lapel ee ese DK. Call 


therefore AB == z, BD =v, and BH==y, and their fluxions 
z,v, and y refpectively, fince BJ, dG, and bK are the contempora- 
neous moments of the fame, by the accefhon af which they become 
Ab, bd, and bb, and therefore are to each other as the fluxions. 
Therefore for the moments in the laft Equation let the fluxions be 


fubftituted, as alfo the letters for the Lines, and there will arife v— 
“=== y. Now of thefe fluxions, if z be fuppos’d equable, or the 








unit to which the reft are refer'd, the Equation will be υ----- y. 

12. Wherefore the relation between AB and BD, (or between 5 
and v,) being given by any Equation, by which the Spiral is defined, 
the fluxion v will be given, (by Prob. 1.) and thence alfo the fluxion 
j, by putting it equal to o — 7. And (by Prob: 2.) this will give 
the line y,. or BH, of which it is the fluxion.. 

13. Ex. 1. If the Equation C—— v were given, which is to the 
Spiral of Archimedes, thence (by Prob. L)- — v. From hence 
take Ξ , Or = , and there will remain <=}, and thence (by Prob. 2.) 


= y. Which fhews tlie Curve AH, to which the Spiral AD is 


equal, to be the Parabola of. Apollonius, whofe Latus rectum is 22; 
or whofe Ordinate BH is always. equal to half the Arch BD. 

14. Ex. 2. If the Spiral be propofed which is defined by the 
Equation 23 Ξ--αυ", or υ-----, there aries (by Prob. 1.) E =t, 
a* za? 


- 
8 t 
Po e 
ae 


from which if you take 7, or =, there will remain = — y, and 
^ E S τώ 


a 26* 
thence (by Prob. 2.) will be produced = y. That is ;BD = 
3a? 
BH, AH being a Parabola of the fecond kind. E 
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15. Ex. 3. If the Equation to the Spiral be Bf t= ==, thence 


€ 








(by Prob. 1.) rae == v; from whence if you take away Ξ or 





= , there will remain VIE y. Now fince the quantity 


generated by this fluxion y cannot be found by Prob. 2. unlefs it be 
refolved into an infinite Series; according to the tenor of the Scho- 
lium to Prob. ο. I reduce it to the form of the Equations in the firft 
column of the Tables, by fubftituting z" for g; then it becomes 

Ug 


— = » which Equation belongs to the 2d Species of the 4th 


2V ac exa 


Order of Table τ. And by comparing the terms, itis d== 4}, e==ae, 


and f==c, fo that — y ac + cz = t =y. Which Equation 
belongs to a Geometrical Curve AH, which is equal in length to the 
Spiral AD. | 








PROB ΧΗ. 
To determine the Lengths of Curves. 


1. In the foregoing Problem we have fhewn, that the Fluxion of 
a Curve-line is equal to the fquare-root of the fum of the fquares of 
the Fluxions of the Abfcifs and of the perpendicular Ordinate. 
Wherefore if we take the Fluxion of the Abfcifs for an uniform and 
determinate meafure, or for an Unit to which the other Fluxions 
are to be refer'd, and alfo if from the Equation which defines the 
Curve, we find the Fluxion of the Ordinate, we íhall have the 
Fluxion of the Curve-line, from whence (by Problem 2.) its Length 
inay be deduced. 

2. Ex. 1. Let the Curve FDH be propofed, which is defined by 


the Equation = — =y; making the Abfcifs AB =z, and the 


moving Ordinate DB = y. Then 
from the Equation will be had, 
(by Prob. 1.) = — —= Ly, the 
fluxion of z being 1, and y being 
the fluxion of y. Then adding the 
{quares of the fluxions, the fum 


| 
| 
| 








[ος ο tuc e tracti A Ea 
will be — 4 t + ma =t, and extracting the root, — ee 


== 7, 
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=== 7, and thence (by Prob. 2.) ZE —.;, Here ¢ ftands for the 


fluxion of the Curve, and ¢ for its Length. 

3. Therefore if the length 4D of any portion of this Curve were 
required, from the points d and D let fall the perpendiculars db and 
DB to AB, and in the value of ¢ fubftitute the quantities A and 
AB feverally for z, and the difference of the refults will be dD the 
Length required. As if Ab = σα, and AB =a, writing L2 for 2, 


it becomes 7 == — < ; then writing a for z, it becomes ¢== — 


2 


from whence if the firft value be taken away, there will remain 
a for the length dD. Or if only Ad be determiin’d to be £4, and 


aa a 


AB be look’d upon as indefinite, there will rémain ee 


aa 12% 24 

for the value of dD. 
4. If you would know the portion of the Curve which is repre- 
fented by z, fuppofe the value of ¢ to bé equal to nothing, and there 


3 


a 


e a 9 
arifes gt == Č , or zz -τ-- . Therefore if you take AB = — > 
1 


4 


2 y 12 yiz 
and erect the perpendicular 24, the length of the Arch dD will be 
7, Or = -e = . And the fame is to be underftood of all Curves 
in general. 


ç. After the fame manner by which. we have determin'd the 
length of this.Curve, if the Equation = bs == y be propofed, 
for defining the nature of another Curve; there will be deduced 
x 1 a3 i : 
a 4243 








Ly 


== 5 ος if this Equation. be. propofed, z — Latz? 


aè? 
3 x Ñ Ρ 2 
j s Ἕ Toni. : A : : 
there will arife = +jc?a*== 7. Or in general, if it is σα) -p 
a? 
xt ET ; r: 2E . 
moi Ξ-7» where 6: 1$ ufed for reprefenting any number, `either 
2—0 . 


«v 


Integer or Fraction, we fhall have cz* — dece 
6. Ex.2. Let the Curve be propofed which is defined by this 
Equation MEM V aa 3x == y; then (by Prob. 1.) will be had 
yee Sh heey ef ος 
3.4 í 


ς te PEE CU ers 
To the fquare of which add 1, and the fum will be 1 4- et D: et , 
a and 
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and its Root 1 -ἷ- E ---:. Hence (by Prob. 2.) will be ob- 
tain'd z- = = t. 


2s EX. 3. Let-a Parabola of the fecond kind be propofed, whofe 


Equation 15 2? — ay*, or a == y, and thence by Prob. 1. is derived 
a oy. Therefore ν 1 -- 35 = Vi -- 7} = t. Now fince the 
2a* 4a 

length of the Curve generated by the Fluxion ¢ cannot be found by 
Prob. 2. without a reduction to an infinite Series of fimple Terms, I 


confult the Tables in Prob. 9. and according to the Scholium belong- 


ing to it, I have z == cM Vi- τ . And thus you may find 
the lengths of thefe Parabolas Ὁ == αγ’, 27 == ay‘, 29 == αγ", 


Cc. 
8. Ex. 4. Let the Parabola be propofed, whofe Equation is æt 
z——ay, Or Z = y; and thence (by Prob. 1.) will arife des = }. 
a3 3a? 
Therefore Vr + É - V yy + r£ This being found, I 
3 


ga 
confult the Tables according to the aforefaid Scholium, and by com- 
paring with tbe 2d Theorem of the sth Order of Table 2, I have 


l6xx 


stm, Yb ——==, and 3s==7%. Where x denotes the Ab- 





fci, y the Ordinate, and s the Area of the Hyperbola, and ¢ the 
length which arifes by applying the Area $s to linear unity. 

ο. After the fame manner the lengths of the Parabolas α΄ == ay’, 
z* ==> ay’, ο” == ay’, &c. may alfo be reduced to the Area of the 
Hyperbola. 

1ο. Ex. 5. Let the Cifloid of the Ancients be propofed, whofe 
Equation is ΓΞ == J, and thence (by Prob, 1.) = 


a 


eU E 4 α- 3% 
vV az — zz == y, and therefore — 47 


zo = ν΄ yy + i= t; 
which by writing z" for : or g7, becomes = ν az" + 3 =f, 
an Equation of the ift Species of the 3d Order of Table 2 ; then 


comparing the Terms, it is t = d, 3 e, and a =f; fo that 





i | ———— - 3 : 3 
z= text, JO BK ev, and 6:— 29.44 into Lo. 
1 € 


"is x7 € 
And 
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And taking a for Unity, by the Multiplication or Divifion of 
which, thefe Quantities may be reduced to a jut number of Di- 


273 


i ------------ 6: 
menfions, it becomes az == Xx, V σα + 5xx == v, and ----- 


---!: Which are thus conftructed. 

11. The Ciffoid being VD, AV the Diameter of the Circle to 
which it is adapted, AF its Afymptote, and DB perpendicular to 
AV, cutting the Curve in D; with the 
Semiaxis AF == AV, and the Semipara- 
meter AG == ΣΑΝ, let the Hyperbola 
FAK be defcribed; and taking AC a mean 
Proportional between AB and AV, at C 
and V let C& and VK drawn perpendi- 
cular to AV, cut the Hyperbola in Z, 
and K, and let right Lines Z4£ and KT 
touch it in thofe points, and cut AV in 
£.and T ; and at AV let the Rectangle 
AVNM be defcribed, equal to the Space 
TKZt. Then the length of the Cifloid 
VD will be fextuple of the Altitude VN. É τ A BES i 

12. Ex. 6. Suppofing AZ to be an Ellipfis, which the Equation 
v/az — 222 =y reprefents ; let the mechani- P2 
cal Curve AD be propofed of fuch a nature, that n 
if Bd, or y, be produced till it meets this Curve th N 
at D, let BD be equal to the Elliptical Arch Ad, EN 
Now that the length of this may be deter- x 
min’d, the Equation /az—2zzz— y will give xoi ~o 
LL =y, to the fquare of which if 1 be added, there arifes 
aa — qaz -+- 8xz 

404z— 8zz 


. . ; . . a 
if 1 be added again, there will arife στις. » whofe íquare-root 





, the fquare of the fluxion of the arch Ad, To which 


—=“-=—= is the fluxion of the Curve-line AD. Where if z be ey- 

Zy az— 245 

tracted out of the radical, and for 2~* be written z", there will be 
a 


had ut a Fluxion of the- 1ft Species of the 4th Order of 
'Table2. Therefore the terms being collated, there will arife d== 44, 
l 





e ——— 2, and f= 4; fo that z— PE x, V «x. — BY eei). 
Xs 4χυ Bde . eee fv 
and Pre "; Into ο — ix "m f, 


T 13. 
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13. The Conftru&ion of which is thus; that the right line 4C 
being drawn to the center of the Ellipfis, a parallelogram may be 
made upon AC, equal to the fe&or ACd, and the double of its 
height will be the length of the Cutve AD. l 

14. Ex. 7. Making Ag — o, (Fig. 1.) and ad being an Hyper- 
bola, whofe Equation is /— a -+ 499 == Bd, and its tangent 4T 
being drawn; let the Curve 
VdD be propofed, whole 
Abícifs is —, and its per- 
pendicular Ordinate is the Ἢ 
length BD, which arifes by 
applying the Area αδΤα to 
linear unity. Now that the 
length of this Curve VD 
may be determin’d, I feek 
the fluxion of the Areaa4 T'a, 
when AB flows uniformly, 


and I find it to be = 





45z 
/b—az, putting AB—z, E x i K 
and its fluxion unity. For | 
ο a a . - ° a ; 
tis AT = by = τ ν ὤ, and its fluxion is σι» Whofe half drawn 


into the altitude Q4, or V —a +’ » is the fluxion of the Area 
aT, defcribed by the Tangent 2T. Therefore that fluxion -is 
zs /6—az, and this apply'd to unity becomes the fluxion of the 


Ordinate BD. To the (quare of this 20° — 8° add r, the fquare of 


165222 
the fluxion BD, and there arifes ο. » whofe root s 
γ΄ arb — a3 -- 165*z* is the fluxion of the Curve VD. But this 
is a fluxion of the τῇ Species of the 7th Order of Table 2 : and 


the terms being collated, there will be 47 d, aab =e, —a=f, 





165+ =g, and therefore z — x, and Varb — a*x + 166*x* ==, 
(an Equation to' one Conic Section, fuppofe HG, (Fig. 2.) whofe 
Area EFGH is s, where EF — x, and FG = v;) alfo :o—É, 
and «/ 1666 — αἲξ + αὐξ- —— Y, (an Equation to another Conic 

Section, 
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Section, fuppofe ML (Fig. 1.) whofe Area IKLM is σ, where IK 


—É, and KL= T;) Laftly Sete mate — sacle mel ot. 


b4—a4 
15. Wherefore that the length of any portion Dd of the Curve 
VD may be known, let fall db perpendicular to AB, and make A2 
== z; and thence, by what is now found, feek the value of z. 
Then make AB = z, and thence alfo feek for 7. And the diffe- 
rence of thefe two values of £ will be the length Dd required. 
16. Ex.8. Let the Hyperbola be propos'd, whofe Equation is 


ν΄ aa- bz — y, and thence, (by Prob. 1.) will be had y= = οι 
bz 
CET To the fquare of this add 1, and the root of the fum 


» b δὲ z z . ο » 
will be ν------- ==t, Nowasthis fluxion isnot to be found 


in the Tables, I reduce it to an infinite Series ; and firft by divifion 

9 : 42 ἐ3 b4 à. 1 

it becomes 7 ==vV 1 + VU: m Gt 2485 — 742* , &c. and extracting 
" 2 34-74 l * 

the root, ἐ---1-- τος — Mt 4 F πε ugs © &c. And 


2a* 8a4 16a 


hence (by Pop. 2.) may be had the length of the Hyperbolical Arch, 


s 463 4 44 854 -}- 415 416 : 
Orel aa Se ον &c. 


17. If the Ellipfis V aa — bzg == y were propofed, the Sign of 
ὁ ought to be every where changed, and there will be had z -1- 











b2 44$ — l4 84 — 43 AES n ] 
πλ lx ο ο πα ὅτο, for the length of its 


Arch. And likewife putting Unity for ὁ, it will be z + a + 
ο ως 5r". &c. for the length of the Circular Arch. Now the 


4044 11246? 6 . { | 
numeral coefficients of this feries may be found ad infinitum, by mul- 


iplvi 'e Dr Ix} 3X3 5*5 
tiplying continually the terms of this ΡιορτείΠοη — απ SS 





MC 
xg? 10x11? d 

18. Ex. ο. Laftly, let the Quadratrix VDE be propofed, whofe 
Vertex is V, A being the Center, and AV , δ T 

the femidiameter of the interior Circle, to 77777 
which it is adapted, and the Angle VAE 
being a right Angle. Now any right Line 
AKD being drawn through A, cutting the 
Circle in K, and the Quadratrix in D, and 
the perpendiculars KG, DB being let fall ξ 
to AE; call AV == a, AG==2, VK =x, and BD Eu and it 
T 2 will 
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f , 23 428 627 
will be as in the foregoing Example, x ——z -+ σεν + Fr a σον 
x3 x 


&c. "ila the root 5, and there will arife z= x — (7; + -zx 


&c. whofe Square fubtract from ae or ὦ", and the 


oT ery &c. will be GK. 


Now whereas by the nature of the Quadratrix ’tis AB == VR =x, 

and fince itis AG: GK: il ED O) divide AB x GK by AG, 

and there will arife y = a— = — A EE E , &c, And thence, 
χα 454 94548 


(by Prob. 1.) 2 = — A — L3 — E &c. to the fquare of 


which add 1, and the root of the fum will be rud v7 guod σαι 
6 

T , &c. == f, Whence (by Prob. 2.). ἕ may i obtain'd, 

or the Arch of the Quadratrix; viz, YD == x 4 «5 tfr 


6043 2745 282544 
04x 

EET &c; 

8930254 


5040.6 ? 


xe x4 
root of the remainder ἆ---- = 








14x4 











THE 





THE 


CoNTENTS of the following Comment. 


I. ANnotations on the Introduction ; or the Refolution of 
Equations by Infinite Series. —  pàg. 14.3 
Sect. I. Of the nature and conftruction of infinite or converg~ 
ing Series. ——— — p.143 
Sect. 11. The Refolution of fimple Equations, or of pure Powers, 
by infinite Series. ——— p.159 
Sect. III. The Refolution of Numeral Affected Equations. p.186 
Sect, IV. The Refolution of Specious Equations by infinite Se- 
ries; and firft for determining the forms of the Series, and 
their initial Approximations. p.191 
Set. V. The Refolution of Affected fpecious Equations profe- 
cuted by various Methods of Analysis. p.209 
Se&. VI. Tranfition to the Method of Fluxions. —— p.235 














IL Annotations on Prob. τ. or, the Relation of the flow- 
ing Quantities being given, to determine the Relation 
of their Fluxions. —— p.241 


Sect. I. Concerning Fluxions of the firft Order, and to find 
their Equations. —— p.241 
Sect. II. Concerning Fluxions of füperior Orders, and the 
method of deriving their Equations. p.257 
Sect. III. The Geometrical and Mechanical Elements of 
Fluxions, p.266 


[T] HI. 














L144] CONTENTS 


41]. Annotations on Prob. 2. or, the Relation of the Fluxions 
being given, to determine the Relation of the Fluents. 
P.277 


Set. 1. 4 particular Solution; with a preparation to tbe 
general Solution, by which it is diftributed into three 








Cafes. σος Ρ.277 
Se&. II. Solution of the firft Cafe of Equations, —— p.282 


Sect. IH. Solution of the fecond Café of Equations. ——p.286 
Sect. IV. Solution of tbe third Cafe of Equations, with fome 
necefary Demonftrations. p.300 
Sect. V. The Refolution of Equations, whether Algebraicat: 
or Fluxtonal, by the affflance of. fuperior Orders of 
Fluxions. — —- — p.308 
Sect. VI. An Analytical Appendix, explaining fome Terms 
and Exprefiions in the foregoing Work, ---- p.321 


Sed. VII. The Conclufion ; containing a fort recapitulation 
or review of the whole. — p.330 














SE Reader is defired to corre& the following Errors, which I hope will be thought 
i but few, and fuch as in works of this kind are hardly to be avoided. 'Tis here ne- 
ceffary to take notice of even literal Miftakes, which in fubjeéts of this nature are often very 
material. That the Errors are fo few, is owing to the. kind afüifance-of a fkilful Friend or 
two, who fupply;d my frequent abfence fromithe Prefs; as alfo to the care of a diligent Printer. 


ERRATA. 


In the Preface, pag. xiii, lim. 1. read? which | = 
is here fubjoin'd. Ibid. l. 5. for matter read) read Hyperbola. | P. 119. 1. 12. read CEx1D 
manner, | Pag. xxiii, l. uit. 6. Preface; , &e. f^ to the Fluxion: of the: Area, ACEG, ,and 
cad Conclufion of this Work. P.7. 1. 31. fgr rie . Pd 
fread =. P.15. lig. read y — F524 1y3 — IDxIP = to. P.157.1.8. read -}- 2t . Ibid. 


xj ὅς. P iy. T τγ, read — - P32) 





| IQ. read, I QOPeag3g.l.15. read Ab, P. 
"m 


: 9 d 
lzi.read Z. Poggi ls ἃν for roxy read 138; 119, read AbfoifsAB. P. τας. l.penult: 
E - bread ae, 3. Ε. 119. 11 29. read, which im; 
P.157. 1.13. read ax. P-168. Ι.ς. reed Sax, 
P171. 1.17. for Bread gst P1757 Lig. γελά 
"ΓΕ, P.i86.L.30. for the laf P— road Pas: 
P. 204. 1. 16. read to 211: «21436 l. 7. foi 
Species read Series. P. 229.1. 21, Sor 2/78 reag 
x—4. Ibid. 1.24. for x4 read x—s, Ρ 34. 
l. 2. for yy ready. P. 236. Ἱ. 26, tad genera- 
"πρ: P. 243. 1:29. reads— axtjy P.284. 
l. ult. read z oy. 289,.]. 17, fer tight read 


PE 
eft. P. 295. 1. 12:49 read — Ix Sang, 


tox4y. Ῥ. 62. 1.4. read αλα risa P.63.1.51. 


η e 
a 


fry ready, Ibtd:\. ult. for — ωστε, 
Y. v 





P. 64. l.g. for 2 read x. Ibid. 1, 30. read t. 
P. 82. 1. 17. read 233. P. 87. 1. 22. read 


-L2atx?. Ibid. 1.22,24. read AFDB. P.88. 

l. 27.eead.ze Ῥ.ο1.].6. read -]- rur Ihid. 
δε 

lar. for z read z. P.104. 1.8. read µε". 


P, 109. 1. 33. dele asofen. — P. 110.1. 29. read |P- 297. 1.19. for jx! read ya—t. p.29g.].14 

αἱ d — j. E νο |. 4 [I (o? 3 

πο με SE TICE | va A d e dl te δε. ΄δ.499. 
251 κα l.18. read a « P.317. l. ult. read azja. 


and ya? — x? =. P. 115. 1 17. far Parabola 
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ANNOTATIONS on the Introduction : 


OR, 


The Refolution of Equations by ΙΝΕΙΝΙΤΕ SERIES. 





Sect. 1. Of the Mature and Conftruttion of Infinite 


or Converging Series. 


ας it with a fhort Preface, in which he lays down 
I3. his main defign very concifely. He is not to be 
à here underítood, as if he would reproach the mo- 
jj dern Geometricians with deferting the Ancients, 

Z5 or with abandoning their Synthetical Method of 
Demonttration, much lefs that he intended to difparage the Analy- 
tical Art; for on the contrary he has very much improved both 
Methods, and particularly in this Treatife he wholly applies himfelf 
to cultivate Analyticks, in which he has fucceeded to univerfal ap- 
plaufe and admiration. Not but that we fhall find here fome ex- 
amples of the Synthetical Method likewife, which are very mafterly 
and elegant. Almoft all that remains of the ancient Geometry is 
indeed Synthetical, and proceeds by way of demonftrating truths 
already known, by fhewing their dependence upon the Axioms, ag 
other 


i. y= E great Author of the foregoing Work begins 
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other frit Principles, either mediately or immediately. But the 
bufinefs of Analyticks is to inveftigate fuch Mathematical Truths as 
really are, or may be fuppos'd. at leat to be unknown. It afiumes 
thofe Truths as granted, and argues from them in a general man- 
ner, til after a feries of argumentation, in which the feveral fteps 
have a. neceffary. connexion with each other, it arrives at the know- 
ledge of the propofition required, by comparing it with fomething 
really known or given. This therefore being the Art of Invention, 
it certainty deferves to be cultivated with the utmoft induftry. Many 
of our modern Geometricians have been perfuaded, by confidering 
the intricate and labour'd Demonítrations of the Ancients, that they 
were .Mafters of an Analyfis purely Geometrical, which they ftudi-, 
oufly conceal’d, and by the help of which they deduced, in a direct 
and fcientifical manner, thofe abftrufe Propofitions we fo much ad- 
mire in fome of their writings, and which they afterwards demon- 
{trated Synthetically. But however this may be, the lofs of that 
Analyfis, if any fuch there were, is amply compenfated, I think, 
by-our prefent Arithmetical or Algebraical Analyfis, efpecially as it 
is now improved, I might fay perfected, by our fagacious Author in 
the Method before us. It is not only render'd vaftly more univerfal, 
and extenfive than that other in all probability could ever be, but is 
likewife a moft compendious Analytis for the more abftrufe Geome- 
trical Speculations, and for deriving Conftructions and Synthetical 
Demonftrations from thence ; as may abundantly appear from the 
enfuing Treatife, 

42:41 he conformity. or correfpondence, which our Author takes 
notice of here, between his new-invented Doctrine of infinite Series, 
and the commonly received Decimal Arithmetick, is a matter of con- 
fiderable importance, and well deferves, I think, to be fet in a fuller 
Light, for the mutual illuftration of both ; which therefore I fhall 
here attempt to perform. "For Novices in this Doctrine; tho’ they 
may already be well acquainted with the Vulgar Arithmetick, and 
with the Rudiments of ‘the common Algebra, yet are apt to appre- 
hend fomething abftrufe and difficult in infinite Series ; whereas in- 
deed they have the fame general foundation as Decimal Arithmetick, 
efpecially Decimal Fractions, and tHe fame Notion or Notation is only 
carry d ftill farther, and render’d more univerfal. But to fhew this 
in fome kind of order, I muft inquire into thefe fcllowing particulars. 
Firft I muft fhew what is the true Nature, and what are the genuine 
Principles, of our common Scale of Decimal Arithmetick. Secondly 
what is the nature of other particular Scales, which have been, or 

may 
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may be, occafionally introduced, Thirdly, what is the nature of a 
general Scale, which lays the foundation for the Doctrine of infinite 
Series, Laftly, I fhall add a word or two concerning that Scale of 
Arithmetick in which the Root is unknown, and there‘ore propofed 
to be found; which gives occafion to the Doctrine of Affected Equa- 
tions. 

Firft then as to the common Scale of Decimal Arithmetick, it is 
that ingenious Artifice of expreffing, in a regular manner, all con- 
ceivable Numbers, whether Integers or Fractions, Rational or Surd, 
by the feveral Powers of the number 7e», and their Reciprocals ; 
with the affiftance of other fmall Integer Numbers, not exceeding 
Nine, which are the Coefficients of thofe Powers. So that Ten is 
here the Root of the Scale, which if we denote by che Caaracter X, 
as in the Roman Notation and its feveral Powers by the help of this 
Root and Numeral Indexes, (X' == ιο, X? = 1οο, X? == 1000, 
X* == 10000, &c.) as is ufual; then by afluming th: Coefficients 
O, 1, 2, 3, 4, 5, 6, 7, 8, 9, as occafion fhall require, we may form or 
εχρτείδ any Number in this Scale. Thus for inftance 5X *-4- 7X3 + 
ΑΧ" + 8X'  3X° will be a particular Number exprefs'd by this 
Scale, and is the fame as 57483 in the common way of Notation. 
Where we may obferve, that this laft differs from the other way of 
Notation only in this, that here the feveral Powers of X (or Ten) 
are fupprefsd, together with the Sign of Addition +-, and are left 
to be fupply’d by the Underftanding. For as thofe Powers afcend 
regularly from the place of Units, (in which is always X°, or 1, 
multiply'd by its Coefficient, which here is 5,) the feveral Powers 
will eafily be underftood, and may therefore be omitted, and the 
Coethcients only need to be fet down in their proper order. Thus 
the Number 7906538 will ftand for 7X* -9X5 + oX* +6X3 4- 
5X’ + 3X' + 8X°, when you fupply all that is underftood. And 
the Number 1736 (by fupprefling what may be eafily underftood,) 
will be equivalent to X? -|- 7X* + 5X + 6 ; and the like of all other 
Integer Numbers whatever, exprefs'd by this Scale, or with this 
Root X, or Ten. 

The fame Artifice is uniformly carry'd on, for the exprefling of 
all Decimal Fractions, by means of the Reciprocals of the feveral 


Powers of Ten, fuch as x —:0,1; c= 0,01 ; x: === 0,001; &c. 

which Reciprocals may be intimated by negative Indices. Thus the 

Decimal Fraction 0,3172 ftands for 3X7" 1X7-- 7X | -- 2X74; 

and the mixt Number 526,384 (by fupplying what is underftood) 
U 


becomes 
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becomes 5X? + 2X' -+ 6X° -}- 3X -+ 8X7 4+. 4X75 ; and the 
infinite or interminate Decimal Fraction 0,9999999, &c. ftands for 
QX^ 4- 9X7 -+ 9X3- 9X75-- g X75 -+ 9X5, &c. which infi- 
nite Series 1s equivalent to Unity. So that by this Decimal Scale, (or 
by the feveral Powers of Ten and their Reciprocals, together with 
their Coefficients, which are all the whole Numbers below Ten,) all 
conceivable Numbers may be exprefs’d, whether they are integer or 
fracted, rational or irrational; at leaft by admitting of a continual 
progrefs or approximation ad infinitum. 

And the like may be done by any other Scale, as well as the Deci- 
mal Scale, or by admitting any other Number, befides 'Ten, to be 
the Root of our Arithmetick. For the Root Ten was an arbitrary 
Number, and was at firit affumed by chance, without any previous 
confideration of the nature of the thing. Other Numbers perhaps 
may be affign'd, which would have been more convenient, and which 
have a better claim for being the Root of the Vulgar Scale of Arith- 
metick. But however this may prevall in common affairs, Mathe- 
maticians make frequent ufe of other Scales; and therefore in the 
fecond place I fhall mention fome other particular Scales, which 
have been occafionally introduced into Computations. 

The moft remarkable of thefe is theSexagenary or Sexagefimal Scale 
of Arithmetick, of frequent ufe among Aftronomers, which exprefies 
all poffible Numbers, Integers or Fractions, Rational or Surd, by the 
Powers of Sixty, and certain numeral Coefficients not exceeding fifty- 
nine, Thefe Coefficients, for want of peculiar Characters to repre- 
fent them, muft be exprefs'd in the ordinary Decimal Scale. Thus 
if é ftands for 60, as in the Greek Notation, then one of thefe Nuni- 
bers will be 532+ -+ οξ' -}- 34°, or in the Sexagenary Scale 53", ο) 
34°, which is equivalent to 191374° in the Decimal Scale. Again, 
the Sexagefimal Fraction. 53°, 9', 34", will be the fame as 53&° -+ 
9E" + 34£ ^, which in Decimal Numbers will be §3,159444, &c. 
ad infinitum, Whence it appears by the way, that fome Numbers 
may be exprefs’d by a finite number of Terms in one Scale, which 
in another cannot be exprefs’d but by approximation, or by a pro- 
greffion of Terms 77 infinitum. 

Another particular Scale that has been confider'd, and in fome 
meafure has been admitted into practice, is the Dcodecimal Scale, 
which expreffes all Numbers by the Powers of Twelve. So in com- 
mon affairs we fay a Dozen, a Dozen of Dozens or a Grofs, a Dozen 
of Groffes or a great Grofs, Cc. And this perhaps would have been 
the moft convenient Root of all others, by the Powers of which 

to 
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to conftru& the popular Scale of Arithmetick ; as not being fo Lig 
but that its Multiples, and all below it, might be eafily committed 
to memory ; and it admits of a greater variety of Divifors than any 
Number not much greater than itfelf. — Befides, it is not fo fmall, 
but that Numbers exprefsd hereby would fufficiently converge, or 
by a few figures would arrive near enough to the Number required; 
the contrary of which is an inconvenience, that muft neceflarily 
attend the taking too {mall a Number for the Root. And to admit 
this Scale into practice, only two fingle Characters would be wanting, 
to denote the Coefficients Ten and Eleven. 

Some have confider’d the Binary Arithmetick, or that Scale in 
which Two is the Root, and have pretended to make Computations 
by it, and to find confiderable advantages in it. But this can never 
be a convenient Scale to manage and exprefs large Numbers by, be- 
caufe the Root, and confequently its Powers, are fo very fmall, that 
they make no difpatch in Computations, or converge exceeding flowly. 
The only Coefficients that are here neceffary are o and 1. Thus 
1x2*:-- Ix2*--Oox2? -- 1 x2* + 1x2! 4+-0x2° is one of {πείς 
Numbers, (or compendioufly 110110,) which in the common No- 
tation is no more than c4. Mr. Leibnits imagin'd he had found 
great Myfteries in this Scale. Seethe Memoirs of the Royal Academy 
of Paris, Anno 1703. 

In common affairs we have frequent recourfe, though tacitly, to 
Millenary Arithmetick, and other Scales, whofe Roots are certain 
Powers of Ten. Aswhena large Number, for the convenience of read- 
ing, is diftinguith’d into Periods of three figures: As 382,73 5,628,490. 
Here 382, and 735, &c. may be confider'd as Coefficients, and the 
Root of the Scale is tooo. So when we reckon by Millions, Billions, 
Trillions, $c. a Million may be conceived as the Root of our Arith- 
metick. Alfo when we divide a Number into pairs of figures, for 
the Extraction of the Square-root ; into ternaries of figures for the 
Extraction of the Cube-root ; &c. we take new Scales in effect, whofe 
Roots arc 100, 1000, &e, 

Any Number whatever, whether Integer or FraGtion, may be made 
the Root of a particular Scale, and all conceivable Numbers may be 
exprefsd or computed by that Scale, admitting only of integral and 
afhrmative Coefficients, whofe number (including the Cypher ο) 
need not be greater than the Root. Thus in Quinary Arithmetick, 
in which the Scale is compofed of the Powers of the Root 5, the 
Coefficients need be only the five Numbers o, 1, 2, 3, 4, and vet all 
Numbers whatever are expreflible by this Scale, at leaft by approxi- 


4 


2 mation, 
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mation, to what accuracy we pleafe. Thus the common Number 
2827,92 in this Arithmetick would be 4x 54-2 x 53+ 3 x 52 -+ 
Ox$'-I-2x5?-- 4x 57! -- 3x 57, or if we may fupply the feveral 
Powers of 5 by the Imagination only, as we do thofe of Ten in the 
common Scale, this Number will be 42302,43 in Quinary Arithme- 
tick. 

All vulgar Fra&tions and mixt Numbers are, in fome meafure, the 
expreiling of Numbers by a particular Scale, or making the Deno- 
minator of the Fraction to be the Root of a new Scale. Thus + is 
in effect o x 3? -- 2 x 37 ; and 84 is the fame as 8 x 5^ + 3 x $715 
and 25$ reduced το this Notation will be 25 x 9» -- 4 χο”, or ra- 
ther 2x9! +-7x9°-+ 4x97. And fo of all other Fractions and 
mixt Numbers. 

A Number computed by any one of thefe Scales is eafily reduced 
to any other Scale affign’d, by fubftituting inftead of the Root in one 
Scale, what is equivalent to it exprefs'd by the Root of the other 
Scale. Thus to reduce Sexagenary Numbers to Decimals, becaufe 
60 == 6x το, or == 6X, and therefore £= 56X*, €#==216X3, 
Gr. by the fubftitution of thefe you will eafily find the equivalent 
Decimal Number. And the like in all other Scales. 

The Coefficients in thefe Scales are not neceflarily confin'd to be 
affirmative integer Numbers lefs than the Root, (tho' they fhould be 
fuch if we would have the Scale to be regular,) but as occafion may 
require they may be any Numbers whatever, affirmative or negative, 
integers or fractions. And indeed they generally come out promif- 
cuouily in the Solution of Problems. Nor is it neceflary that the 
Indices of the Powers fhould be always integral Numbers, but may 
be any regular Arithmetical Progreflion whatever, and the Powers 
themfelves either rational or irrational. And thus (thirdly) we are 
come by degrees to the Notion of what is cald an univerfal Series, 
or an indefinite or infinite Series. For fuppofing the Root of the 
Scale to be indefinite, or a general Number, which may therefore 
be reprefented by x, or y, &c. and affuming the general Coefficients 
a, b, c, d, δις. which are Integers or Fractions, affirmative or nega- 
tive, as it may happen; we may form fuch a Series as this, ΖΧ! -]- 
bx? -A- cx* +- dx? +-ex°, which will reprefent fome certain Number, 
exprefsd by the Scale whofe Root is x. If fuch a Number pro- 
ceeds ὦ; infinitum, then it is truly and properly call’d an Infinite 
Series, or a Converging Series, x being then fuppos’d greater than 
Unity. Such for example is x - $477 -Hix 4x73, &c. where 
the reft of the Terms are underftood ad infinitum, and are infinuated 


by, 
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by, &c. And it may have any defcending Arithmetical Progreflion 
for its Indices, as x" — zx" +. 3x": 4 x975, Gr. 

And thus we have been led by proper gradations, (that is, by 
arguing from what is well known and commonly received, to what 
before appear'd to be difficult and obfcure,) to the knowledge of 
infinite Series, of which the Learner will find frequent Examples 
in the fequel of this Treatife. And from hence it will be eafy to 
make the following general Inferences, and others of a like nature, 
which will be of good ufe in the farther knowledge and practice of 
thefe Series; wz. That the firt Term of every regular Series is al- 
ways the molt confiderable, or that which approaches nearer to the 
Number intended, (denoted by the Aggregate of the Series,) than 
any other fingle Term: That the fecond is next in value, and fo on: 
That therefore the Terms of the Series ought always to be difpofed 
in this regular defcending order, as is often inculcated by our Author : 
That when there is a Progreflion of fuch Terms-¿» infinitum, a few of 
the firft Terms, or thofe at the beginning of the Series, are or fhould 
be a fufficient Approximation to the whole; and that thefe may 
come as near to the truth as you pleafe, by taking in ftill more 
Terms: That the fame Number in which one Scale may be exprefs'd 
by a finite number of Terms, in another cannot be exprefs'd but by 
an infinite Series, or by approximation only, and vice versé : That 
the bigger the Root of the Scale is, by fo much the fafter, ceteris 
paribus, the Series will converge ; for then the Reciprocals of the 
Powers will be fo much the lefs, and therefore may the more fafely 
be neglected: That if a Series converges by increafing: Powers, fuch 
as ax —b ὀχ’ +- cx? + κα, &c. the Root x of the Scale muft be un- 
derftood to be a proper Fraction, the lefler the better. Yet when- 
ever a Series can be made to converge by the Reciprocals of Ten, 
or its Compounds, it will bé more convenient than: a Series that 
converges fafter; becaufe it will more eafily acquire. the form of the 
Decimal Scale, to which, in particular Cafes, all Series are to ‘be ul- 
timately reduced. — Laftly, from fuch general Series as thefe, which 
are commonly the refult in the higher Problems, we muft pafs (by 
fubf{titutton) to particular Scales οἱ Series, and thofe are finally to be 
reduced to the Decimal Scale. Aud the Art of finding fuch general 
Series, and then their Reduction το’ particular Scales, and laft of all 
_to the common Scale of Decimal Numbers, is almoft the whole of 
the abfliufer parts of Analyticks, as may be feen in a good meafure'by 
the prefent Treatife, 


I 
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I took notice in the fourth place, that this Do&rine of Scales, and 
Series, gives us an eafy notion of the nature of affected Equations, 
or fhews us how they ftand related to fuch Scales of Numbers. In 
the other Inftances of particular Scales, and even of general ones, 
the Root of the Scale, the Coefficients, and the Indices, are al! fup- 
pos'd to be given, or known, in order to find the Aggregate of the 
Series, which is here the thing required, Butin affected Equations, on 
the contrary, the Aggregate and the reft are known, and the Rcot of 
the Scale, by which the Number is computed, is unknown and re- 
quired. Thus in the affected Equation σα” + 3x3 4- ox* + 7x == 
$3070, the Aggregate of the Series is given, viz. the Number 
53070, to find x the Root of the Scale. This is cafily difcern’d to 
be 10, or to be a Number exprefs'd by the common Decimal Scale, 
efpecially if we fupply the feveral Powers of 10, where they are un- 
derftood in the Aggregate, thus 5X* + 3X? -- oX' 4-7X' + oX* 
== 53070. Whence by comparifon 'tis x — X == 10. But this 
will not be fo eafily perceived in other inftances. As if I had the 
Equation 4x* -4- 2x5 + 3x* -- ox! -|- 2x? + 4x7! -4- 3x  —2 2027,92 
I thould not fo eafily perceive that the Root x was 5, or that this is 
a Number exprefs'd by Quinary Arithmetick, except I could reduce 
it to this form, 4x5*-1- 2x5? 4- 3x 5* H- 0x5! -I- 2x 5? -- 4x 57 
+ 3 x 5722 2827,92, when by comparifon it would preíently ap- 
pear, that the Root fought muft be 5. So that finding the Root of 
an affected Equation is nothing elfe, but finding what Scale in Arith- 
metick that Number is computed by, whofe Refult or Aggregate is 
given in the common Scale; which is a Problem of great ufe and 
extent in all parts of the Mathematicks. How this is to be done, 
either in Numeral, Algebraical, or Fluxional Equations, our Author 
will inftruct us in its due place. 

Before I difmifs this copious and ufeful Subject of Arithmetical 
Scales, I fhall here make this farther Obfervation ; that as all con- 
ceivable Numbers whatever may be exprefsd by any one of thefe 
Scales, or by help of an Aggregate or Series of Powers derived frcm 
any Root; {ο likewife any Number whatever may be exprefs’d by 
fome fingle Power of the fame Root, by affuming a proper Index, 
integer or fracted, affirmative or negative, as occafion fhall require. 
Thus in the Decimal Scale, the Root of which is 10, or X, not 
only the Numbers 1, 10, 100, 1000, €. or 1, 0.1, 0.01, 0.001, Cic. 
that is, the feveral integral Powers of 10 and their Reciprocals, may 
be exprefs'd by the fingle Powers of X or ιο, viz. X°, X', Χ’, X*, 
Gc, or X°, X7', X5, X—3, Gc, refpectively, but alfo all the inter- 
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mediate Numbers, as 2, 3, 4, Gc. 11, 12, 13, Cc, may be exprefs'd 
by fuch fingle Powers of X or 10, if we affume proper Indices. 
Thus 2 = Χολοιος, &e. . 3 ---- X 47712, ὅτε. 4 = Χοκοιού, & Bo or 11 
= Ånon» 12 = X095:5&e 4 g6 = X:65955&. And the like of 
all other Numbers. 'Thefe Indices are ufually call'd the Logarithms of 
the Numbers (or Powers) to which they belong, and are fo many 
Ordinal Numbers, declaring what Power (in order or fucceflion) any 
given Number is, of any Root affign’d: And different Scales of Lo- 
garithms will be form'd, by afluming different Roots of thofe Scales. 
But how thefe Indices, Logarithms, or Ordinal Numbers may be 
conveniently found, our Author wil! likewife inform us hereafter. 
All that I intended here was to give a general Notion of them, and 
to fhew their dependance on, and connexion with, the feveral Arith- 
metical Scales before defcribed. 

It is eafy to obferve from the Arenarius of Archimedes, that he 
had fully confider'd and difcufs'd this Subje& of Arithmetical Scales, 
in a particular Treatife which he there quotes, by the name of his 
ἀρηαὶ, Οἵ Principles; in which (as it there appears) he had laid the 
foundation of an Arithmetick of a like nature, and of as large an 
extent, as any of the Scales now in ufe, even the moft univerfal. It 
appears likewife, that he had acquired a very general notion of the 
Doctrine and Ufe of Indices alfo. But how far he had accommo- 
dated an Algorithm, or Method of Operation, to thofe his Princi- 
ples, muft remain uncertain till that Book can be recover'd, which 
is a thing more to be wifh'd than expected. However it may be 
fairly concluded from his great Genius and Capacity, that fince he 
thought fit to treat on this Subject, the progrefs he had made in it 
was very confiderable. 

But before we proceed to explain our Author's methods of Ope- 
ration with infinite Series, it may be expedient to enlarge a little 
farther upon their nature and formation, and to make fome general 
Reflexions on their Convergency, and other circumftances, Now 
their formation will be beft explain'd by continual Multiplication 
after the following manner. 

Let the quantity a -1- x -+ οκ” + dx? + ex*, &c. be affumed ας 
a Multiplier, confifting either of a finite or an infinite number of 


Terms; and let alfo E 4- x= 0 be fuch a Multiplier, as will give 


the Root xu. . If thefe two are multiply'd together, they 
will produce T PES Es qs 4 Ts 4- Lt As, on 


L—O; 
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—o; and if inftead of x we here fubftitute its value — ?; the Series 


. b b 2 d 3 dq p4 
will become  — Deni x L4 TM xc noe x5 T y XU, 
? 4 q 4 4 4 1 ud on 1. 
΄ ο ο ο ο 7 a 
&c. == o ; or if we divide by and tranfpofe, it will be at 
b d 2 3 . e 
PRO gh 4 EEIE PEALE , &c. == a: which Series, 
thus derived, may give us a good infight into the nature of infinite 
Series in general, For it is plain that this Series, (even though it 
were continued to infinity,) muft always be equal to a, whatever 
may be fuppofed to be the values of p, q, a, b, c, d, &c. For 


7 , the firft part ofthe firft Term, will always be removed or deftroy’d 


by its equal with a contrary Sign, in the fecond part of the fecond 
Term. And “x4, the firn part of the fecond Term, will be re- 
moved by its equal with a contrary Sign, in the fecond part of the 
third Term, and fo on: So as finally to leave ~, or a, for the 


Aggregate of the whole Series, And here it islikewife to be obferv'd, 
that we may Πορ whenever we pleafe, and yet the Equation will be 
good, provided we take in the Supplement, or a due part of the next 
Term. And this will always obtain, whatever the nature of the 
Series may be, or whether it be converging or diverging. If the 
Series be diverging, or if the Terms continually increafe in value, 
then there is a neceflty of taking in that Supplement, to preferve 
the integrity of the Equation. But if the Series be converging, or 
if the Terms continually decreafe in any compound Ratio, and there- 
fore finally vanifh or approach to nothing; the Supplement may be 
fafely neglected, as vanifhing alfo, and any number of Terms may 
be taken, the more the better, as an Approximation to the Quan- 
tity a. And thus from a due confideration of this fictitious Series, 
the nature of all converging or diverging Series may eafily be appre- 
hended. Diverging Series indeed, unlefs when the afore-mention'd 
Ancreafing Supplement can be affign’d and taken in, will be of no 
fervice. And this Supplement, in Series that commonly occur, will 
‘be generally fo entangled and complicated with the Ccefficients of 
the Terms of the Series, that altho’ it is always to be underftood, 
neverthelefs, it is often impoffible to be extricated and afügn'd. 
But however, converging Series will always be of excellent ufe, ás 
affording a convenient Approximation to the quantity required, when 
3t cannot be otherwife exhibited, In thefe the Supplement aforefaid, 
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tho’ generally inextricable and unaffignable, yet continually decreafes 
along with the Terms of the Series, and finally becomes leis than any 
aflignable Quantity. 

The. fame Quantity may often be exhibited or exprefs'd by feveral 
converging Series; but that Series is to be moft cfteem'd that has the 
greateft Rate of Convergency. The foregoing Series will converge 
fo much the fafter, ceteris paribus, as p is lefs than q, or as the 


Fraction Ê is lefs than Unity. For if it be equal to, or greater than 


Unity, it may become a diverging Series, and will diverge fo much 
the fafter, as p is greater than g. The Coefficients will contribute 
little or nothing to this Convergency or Divergency, if they are 
fuppos'd to increafe or decreafe (as is generally the cafe) rather in a 
fimple and Arithmetical, tlan a compound and Geometrical Propor- 
tiou. Το make fome Eftimate of the Rate of Convergency in this 
Series, and by analogy in any other of this kind, let 4 and / re- 
prefent two Terms indefinitely, which immediately fucceed each 
other in the progreffion of the Coefficients of the Multiplier a -- 
bx + cx? +- dx3, &c. and let the number x reprefent the order or 
place of ᾱ. Then any Term of the Series indefinitely may be repre- 


fented by + iam »—1; where the Sign muft be ++ or —, accor- 
ding as z is an odd or an even Number. "Thus if n= 1, then 
k == a, l == b, and the firft Term will be + ας 


then $ == 4, / zc, and the fecond Term will be — 2h » And 
fo of the reft. Alfo if m be the next Term in the aforefaid pro- 
ereflion after /, then ~+ LEN ii + a ^ will be any two fuc- 


If A σον 


7 e . 
ceflive Terms in the fame Series. Now in order to a due Conver- 
gency, the former Term abfolutely confider'd, that is fetting afide 
the Signs, fhould be as much greater than the fucceeding Term, as 
Ip -+k ; 
conveniently may be. Let us fuppofe therefore that ani is 
q 


mp4-17 eege x E | D 
greater than i ^, or (dividing all by the common factor δ). ) 


g” 
; p+! T 
that PM is greater than ΕΕ. or (multiplying both by fg, ) 


that /ῥᾷ +- Aq is greater than m$? -i- ipg, or (taking away the com- 
mon /pg,) that ἄγ’ is greater than 7247, or (by a farther Divifion,) 
that - x £ is greater than unity ; and as much greater as may be. 
m f? 5 f 

X This 
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This will take effec on a double account ; firft, the greater & is in 
refpect of m, and fecondly, the greater ο’ is in refpe& of 2+. Now 
in the Multiplier a +-d% -+ cx? + dx*, &c. if the Coefficients a, ὁ, 
c, &c. are in any decreafing Progreffion, then ἆ will be greater than 
/, which is greater than m; fo that 2 fortior? k will be greater than 
m. Alfo if g be greater than p, and therefore (in a duplicate ratio) 
g* will be greater than £7. So that (ceteris paribus) the degree of 
Convergency is here to be eftimated, from the Rate according to 
which the Coefficients a, ὁ, c, &c. continually decreafe, compounded 
with the Ratio, (or rather its duplicate,) according to which g fhall 
be fuppos'd to be greater than ῥ. 


The fame things obtaining as before, the Term 37 will be 


what was call’d the Supplement of the Series. For if the Series be 
continued to a number of Terms denominated by », then inftead of 
all the reft of the Terms 7 infinitum, we may iu troduce this Sup- 
plement, and then we fhall have the accurate value of a, inftead of 
an approximation to that value. Here the firft Sign is to be taken 
17 is an odd number, and the other when it is even. Thus if 


b 
7 — 1, and confequently k= a, and /== ὁ, we fhall have hat 


b : b b 
— T. Or if n= 2, and /—cc, then eTa nls og TP 


4 
t 9 + d. 
pma. Or if 7 ---- η, [---- d, then PES Pe hy c 


x a τα. And fo on. Here the taking in of the Supple- 


ment always compleats the value of e, and makes it perfect, 
whether the Series be converging or diverging ; which will always 
be the beft way of proceeding, whien that Supplement can readily 
be known. But as this rarely happens, in fuch infinite Series as ge- 
nerally occur, we muft have recourfe to infinite converging Series, 
wherein this Supplement, as well as the Terms of the Series, arc 
infinitely diminith'd; and therefore after a competeut number of 
them are collected, the reft may be all neglected zz infinitum. 

From this general Series, thc better to affift the Imagination, we 
will defcend to a few particular Inftances of converging Series in 
pure Numbers. Let the Cocthcients a, ὁ, c, d, &c. be expounded by 


I; 4, 4, 4, XC. refpectively ; then επ. 51... 


2 7 7 
5 p+ 24 224-39 | P 21-42 13 4b4d-54 {3 & 
— uus [d aa oD» e cem pL Sea — —m -------- ser C C. 


27 
== 1I. That the Series hence arifing may converge, make p lefs 
than 
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than g in any given ratio, fuppofe ᾽ Lm, O f= I, g==2, then 
$—$x¢ebitxg—Aexy, Kc. 1. That is, this Series of 
Fractions, which is computed by Binary Arithmetick, or by the 
Reciprocals of the Powers of Two, if infinitely continued will 
finally be equal to Unity. Or if we defire to ftop at thefe four 
Terms, and inftead of the reft ad infinitum if we would introduce 
the Supplement which is equivalent to them, and which is herc 
known to be $* το OF το, We fhall have £ — z φξ-- τὸς + 
το = 1, as is eafy to prove. Or let the fame Coefficients be ex- 
pounded by 1, — 4, 4, — £, 4, &c. then it will be me b P 
θες 2 om 3 e ο e 
x ξ -+ a x B ET. x, δες. == 1. "ThisSeries may either 
» K 9 To 9 , 
be continued infinitely, or may be {ιπ1 4 after any number of Terms 


exprefs'd by z, by introducing the Supplement πως inftead of all 
uot 1x2" 
the reft. Or more particularly, if we make g 55, then ee 


13 i 21 25 HER. . T . 
= b aw o OO D z ο <a Y r 
T en eee oe &c I, Which is a Numbe: 


exprefsd by Quinary Arithmetick. And this is eafily reduced to the 
Decimal Scale, by writing + for +, and reducing the Coefficients ; 
for then it will become 0,99999, &c. — 1. Now if we take thefe 


five Terms, together with the Supplement, we fhall have exactly 


9 13 17 21 
2x5 aie 6x5* T 12x53 T 29x54 











23 1 5 . 
— —s — e oc 
cx; C ὅττι = 1 Again, if 


2. 200— 1 
we make here 34 == 100p, we fhall have the Series 2223 > -+ 
300 — 6 3 400 — 9 9 SCO 12 27 - 
2x3 ” rocoo 5*4 1000300 T 4*5 X 106002000 ? ὅσο. = 1, 


which converges very fat. And if we would reduce this to the rc- 
gular Decimal Scale of Arithmetick, (which is always fuppos'd to be 
done, before any particular Problem can be faid to be complcatly 
folved,) we mutt fet the Terms, when decimally reduced, orderly 
under one another, that thcir Amount or Aggregate may be difco- 
ver'd ; and then they will Παπά as in the Margin. Here the Ag- 
gregate of the firft five Terms is 099999999595, 0.985 
which is a near Approximation to the Amount of the 7 
Whole infinite Series, or to Unity. And if, for proof- be88 
15 15795 
sag 6,5 μή : 
== 0,C000000040 5, the whole will be Unity exactly. Τοζζοο-ο-οὐο 


X2 There 





fake, we add to this the Supplement 1? = 
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There are alfo other Methods of forming converging Series, whe- 
ther general or particular, which fhall approximate toa known quan- 
tity, and therefore will be very proper to explain the nature of Con- 
vergency, and to fhew how the Supplement is to be introduced, when 
it can be done, in order to make the Series finite ; which of late 
has been call'd the Summing of a Series. Let A, B, C, D, E, €. 
and a, b,c, d, e, &c. be any two Progreffions of Terms, of which 
A is to be exprefs’d by a Series, either finite or infinite, compos'd 
of itfelf and the other Terms. Suppofe therefore the firft Term of 
the Series to be a, and that p is the fupplement to the value of a. 


a 


Then is A = 4 +- f, or p = 2 —72. As this is the whole Supple- 


I 
ment, in order to form a Series, I fhall only take fuch a part of it 


as is denominated by the Fra&ion * , and put g for the fecond Sup- 


B 2 
plement. That is, I will affume --- ==) --- x -+ 0, OF 


A— ῤ A— B — b . y 
- -κι-- = = x ——. Again, as this is the whole 


value of the Supplement g, I fhall only aflume tuch a part of it as is de- 
nominated by the Fra@tion =, and for the next Supplement put 7. 














I= 





C? 
1 B—é A—a Ῥ--ῤ —2 
That is, Boe = (7 ==) ο Xoe T, or 7 = (>= x 
R—s ce A— B — b C— e 9 
— n =x ο ἃ — . Now asthis is the whole 


value of theSupplement;, Ionly affume fucha part of it asisdenominated 








» d 9 A— 
by theT'ra&ion 5 , and for the next Supplement put s. ‘That is, —— 
ᾱ--ἑ C—c A—a Β---ῥ ay A—a 
* 7c 7 == (r=) eo ΧΧΧ“ ES; Or τος B x 

B—5b Cc d A—a Be’ C—& D—d 


as we pleafe, So that at laft we have the value of A =a +f, 
Aa 
where the Supplement p == =b -- η, where the fecond Supple- 
A—a. B—b ; ] . A—a  B—b =, 
ment g = -g7 X -oe + r, where r — -y Xl SX 4-4: 
Aa B—À ς--- D—d ‘ . 
where s = -p x x= xX e+e. And fo on ad infinitum, 


. A—a A—a Bd A—a B= Ο--ε 
puce i eg Cale air algun ο one ER ar 
—a pee C—c D—d À 
Foa Κο x -p-6 &c. where A, B, C, D, E, Gc. and a, 
b, c, d, e, &c. may be any two Progreffions of Numbers whatever, 
whether regular or defultory, afcending or defcending. And when 


it 








3 
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it happens in thefe Progreffions, that either A —— a, or B =å, or 
C =c, &c. then the Series terminates of itíclf, and exhibits the 
value of A in a finite number of Terms: But in other cafes it ap- 
proximates indefinitely to the value of A. But in the cafe of an 
infinite Approximation, the faid Progreffions ought to procecd re- 
gularly, according to fome ftated Law. Here it will be eafy to ob- 
ferve, that if K and 4 are put to reprefent any two Terms indefi- 
nitely in the aforefaid Progreffions, whofe places are denoted by th 
number z, and if L and / are the Terms immediately following ; 
thea the Term in the Series denoted by z -- τ will be form'd from 


the preceding Term, by multiplying it by ae 4, As if n = 1, 
then K = A, =a, L =B, /— 4, and the fecond Term will 








A— Α--- 
be a- 5-7. If n== 2, then K==B, k =b, L=C, 
] zc, and the third Term will be bx cm pe ees 


and {fo of the reft. And whenever it fhall happen that L==/, then the 
Series will {top at this Term, and proceed no farther. And the 
Series approximates fo much the fafter, ceteris paribus, as the 
Numbers A, B, C, D, Cc. and a, b, c, d, &c. approach nearer to 
each other refpectively. 


{hall have 22 1 + 4 -H4 Hi τς, Ge. And fo always, when 
the given Progreffions are Ranks of equals, the Series will be a 
Gc^uetrical Progrefüon. If we would have this Progreffion ftop at 
the next Term, we may either fuppofe the firft given Progreffion 
to be 2,2,2,2,2, 1, or the fecond to be 1, 1, 1, 1, 1, 2, "5 all 
one which. For in either cafe we fhall have L — {, that is F =f, 


and therefore thelaft Term muft be multiply'dby = , or τας 





muri 


Then the Progreffion or Series becomes 2 = I -+ 4 -- 4 --  -- re 
-7e Again, if A, B, C, D, ὅθε. — 5, 5, 5, 5, Gc. and a, b, c, d, 
&c. = 4, 4, 4, 4, &c. then ε---4-|- 5--- πἲς -ἰ- τὰς H siz, Ke. 
Or =z = + TT --- TiT = Sis) &c. Or if A, B, C, D, &c. = 4, 
4, 4, 4, &c. and a, 4, c, d, &c. == 5, 5, 5, 5, &c. then 4 = 5 — 
$4. 3, — ες -ἰ- sis, ke. If A, B, C, D, &. — 5, 5, 5, 5, &c. 
and a, 4, c, d, &c. = 6, 7, 8, 9, &c. then 5 == 6—47 -+4 x 48 
— ixi xto tix exix gio, &e 1 we would have the Series 
{Πορ here, or if we would find one more Term, or Supplement, 
which fhould be cquivaicnt to all the reft ad infinitum, (which in- 


deed 
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deed might be defirable here, and in fuch cafes as this, becaufe of the 
flow Convergency, or rather Divergency of the Series,) fuppofe F=f; 


F—e g — 10 


and therefore — == — — ==— i muft be multiply’d by the hft 
1 Ma - er 4 

Term. So that the Series becomes 5 == 6 — 47 + Ex 48 — i x4 

xiQ-l-4x-x£xiíj0—cfxgRxixiíg If A, B, C, D, &c. = 3, 


3, 4, 5, &c. and c, b,c, d, &c, == 1, 2,3,4, &c. then 2---- ! -]- 
3? EXER HEXE KEG + EXE EX GS, Kc. 1 A,B,C, D, &c. 
== 1, 2, 3, 4, &c. and a, b, c, d, &c. == 2, 3,4, 5, &c. then 1 == 
2 — 73 -H X54 — i*3X*X35-d-3i xix X40, &c. And from 
this general Serres may infinite other particular Series be eafily de- 
rived, which fhall perpetually converge to given Quantities; the chief 
ufe of which Speculation, I think, will be, to fhew us the nature 
of Convergency in general, 

There are many other fuch like general Series that may be readily 
form'd, which fhall converge to a given Number. As if I would 
conftru& a Series that fhali converge to Unity, I fet down 1, toge- 
ther with a Rank of Fractions, both negative and affirmative, as 
here follows. 





a b ο d e 
p A= pe 2—5 — RE &e. 
a € d & 
+etptaotap te &. 
Ata Ab -— Ba B --- ὐ © --- De— Ed 





a ag Π- ες Ra ck pg oe. 


Then proceeding obliquely, I collect the Terms of each Series toge- 
ther, by adding the two firft, then the two fecond, and fo on. So 
that the whole Series thus conftructed muft neceffarily be equal to 
Unity ; which alfo is manifeft by a bare Infpection of the Series. 
From this Series it is eafy to defcend to any number of particular 
Cafes. As if we make A, B, C, D, &c. = 2, 3, 4, 5, &c. and a, b, 
c, d, δος. == 1, 1, 1, τ, &c. then 4 — AT wee = me Tu τ EY 
ὅσοζι, Orig Er Um iv. -- — &c. And fo in all 
other Cafes. The Series will Πορ at a finite number of Terms, 
whenfoever you omit to take in the firft part of the Numerator of 


any Term. As here La e CE RUPEE S 
2X3 3*4 4X5 Do d 
Laftly, to confüuct one more Series of this kind, which fhall 
converge to Unity; I fet down 1, with a Rank of Fractions along 


with 
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with it, both affirmative and negative, fitch as are feen here below ; 
which being added together obliquely as before, will produce the 
following Series, 


a ab abe abed abcde 
I -- x + as + ape + ABOD t ππκπε» ὃς. 
a ab abe abed abcde & 
— A 7 ABO ABC 77 ABD 7 ABCDE: WC 
A—a L—6 C—c 





D—d E—e 
a + ar 4 + ab + πε pte -- αρ pgh, &c, — 1. 


This Series may be made to ftop at any finite number of Terms, 
if you omit to take in the latter part of the Binomial in any Term. 
Or you may derive particular Series from it, which fhall have any 
Rate of Convergency. 

For an Example of this Series, make A, B, C, D, &c. — 3,3, 
4» 3, &c. and a,b, c, d, &c. — 1, 1, 1, 1, &c. then $+ 527 z3 H- s, 
ke. = 1, Ot 4-d- 5 -- rr tH yu, &. =. And whenever A,B, 
C, &c. and a,b,c, &c. are Ranks of Equals, the Series will be a 
Geometrical Progreffion. 

Again, make A, B, C, D, δες, ==2, 3, 4, 5, &c. and a, b,c, d, &c. 


: ; 2 3 LN νε NE 
—c1,1,1, I, &c. then 1 + 2: a zx3x4 l $«j3x4x3g 7 σκεκακοκὂ’ 


A ; i icu deg en 
&c. == 1i. Or in a finite number of Terms  -}- £-- "TS UT 








+ oo == 1. And the like may be obferved of others in an 
infinite variety. 

And thus having prepared the way for what follows, by explain- 
ing the nature of infinite Series in general, by difcovering their origin 
and manner of convergency, and by fhewing their connexion with 
our common Arithmetick ; I fhall now return to our Author's Mc- 
thods of Opcration, or to the Reduction of compound Quantities 
to fuch infinite Series. 


SrcT. Il. The Refolution of fimple Equations, or pure 
Powers, by Infinite Series. 


3,4. HE Author begins his Reduction of compound ‘Quan- 
A tits, to an equivalent infinite Series of fimple Ferms, 

firt by fhewi z how the Procefs may he peiform'd. in Divifion. 
Now in his Example the manner of the Operation is thus, in imi- 
tation 
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tation of the ufual praxis of Divifion in Numbers. In order to ob- 
tain the Quotient of za divided by b- x, or to refolve the com- 


pound Fraction ΣΈ; into a Series of fimple Terms, firft find the 
Quotient of aa divided by ὁ, the firft Term of the Divifor. This 
19 στ, which write in the Quote. Then multiply the Divifor by 


this Term, and fet the Product aa +- = under the Dividend, from 


whence it muft be fubtracted, and will leave the Remainder — = 


Then to find the next Term (or Figure) of the Quotient, divide 
the Remainder by the firft Term of the Divifor, or by 4, and put 


the Quotient — > for the fecond Term of the Quote. Multiply 


the Divifor by this fecond Term, and the Produ& — = — T 
fet orderly under the laft Remainder ; from whence it muft be fub- 
tracted, to find the new Remainder -+ T . Then to find the 
next Term of the Quotient, you are to proceed with this new 
Remainder as with the former; and fo on zz infinitum. The Quo- 
c ] f . a ars aix atx? & ( : a " t 

ent therefore is — — τα + το — o.c (or 5 into 1— 


x x2 x3 


joo δε) So that by this Operation the Number or 


9 





Quantity em ; (or a? xb-+x|~") is reduced from that Scale in 
Arithmetick whofe Root is ὁ -1- x, to an equivalent Number, the 
Root of whofe Scale, (or whofe converging quantity) is >. And 


this Number, or infinite Series thus found, will converge fo much 
the fafter to the truth, as ὁ is greater than x. 

Το. apply this, by way of illuftration, to an inftance or two in 
common Numbers. Suppofe we had the Fraction +, and would 
reduce it from the feptenary Scale, in which it now appears, to an 
equivalent Series, that fhall converge by the Powers of 6. Then 


d κ zh " ο . 
we fhall have + == σι and therefore in the foregoing general 
< 9 oaa 9 
Fraction DER make a 2— 1, b= 6, and x= 1, and the Series 


will become 4 — = + a τ , &c. which will be equivalent to 


1 


+, Or if we would reduce it to a Series converging by the Powers 


of 8, becaufe + = —— , make a= 1, à 8, and x = — 1, 
ὅ σκι 


then 
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then Pat -- τ ee = , &c. which Series will converge fafter 
than the former. Or if we would reduce it to the common Denary (or 


e i 
Decimal) Scale, becaufe + == Tp make a = 1, 5 == 10, and 


X3; then = -5 H τὸς + τοστ H- τοοστ -|- rossos, Ke. 
== 0,1428, &c. as may be eafily collected. And hence we may 
obferve, that this or any other Fraction may: be reduced a great va- 
riety of ways to infinite Series ; but that Series will converge fafteft 
to the truth, in which ὁ fhall be greateft in refpect of x. But that 
Series will be moft eafily reduced to the common Arithmetick, 
which converges by the Powers of 10, or its Multiples. If we 
fhould here refolve 7 into the parts 3 -+ 4, or 2+ 5, or 1 -1- 6, 
€. inftead of converging we fhould have diverging Series, or fuch 
as require a Supplement to be taken in. 

And we may here farther obferve, that as in Divifion.of com- 
mon Numbers, we may ftop the procefs of Divifion whenever we 
pleafe, and inftead of all the ret of the Figures (or Terms) ad in- 
finitum, we may write the Remainder as a Numerator, and the 
Divifor as the Denominator of a Fraction, which Fra&ion will be 
the Supplement to the Quotient: fo the fame will obtain in the 
Divifion of Species, Thus in the prefent Example, if we will ftop 





at the firft Ter e i fhall have ---- — 7 — ———. 
firft Term of the Quotient, we fhall hav ope — PE 
; x aa aa aax 
Or if we will Πορ at.the fecond Term, then dy 3 d- 
αλχ” Cc . 9 aa aa 

Bb. Or if we will ftop at the third Term, then Pix7.J;— 
9 8 GE 3 e 8 ᾳ e. 

> T — της . And fo in the fucceeding Terms, in which 


thefe Supplements may always be introduced, to make the Quotient 
compleat. This Obfervation will be found of good ufe in fome of 
the following Speculations, when a complicate Fraction is not to 
be intirely refolved, but only to be deprefsd, or to be reduced to a 
fimpler and more commodious form. 

Or we may hence change Divifion into Multiplication. For hav- 
ing found the firft Term of the Quotient, and its Supplement, or 


aa 


the Equation EF = 7 — er ; multiplying it by m we fhall 





aax aax a?x? , a ? 

have 5 Tur cT ie fie dO that fubftituting this value of 
ARM 9 ο ο e. aa aa aax 

Bid the firft Equation, it will become τετ F- E+ 


where the two firft Terms of the Quotient are now known. 


Y Multiply 


162 The Method of Fiuuxtoms, 


e e. 2 2 - Σχ 2x2 s 3 
u hi = Tir m στον --- τος 
ον, this by 7; , and it will become ΕΠΕ, = i 74 t 
«πλ 


ONE EU which being fubftituted in the laft Equation, it will become 





aa σα aax a2x* a*x3' a?x^- 
[em] X 


4 
ix 2 το a πο ο ea where the four firft 
Terms of the Quotient are now known. Again, multiply this 
μας by i ? and it will become, στ τς, = <= — TE- = 
-- TA + Di which being fubftituted in the laft Equation, 
κ : aa a? a? x a*x? a*x3 a*x4 arxs 
it will become it τν cec e 
atas a*x7 ax . 
ue C ELE where eight of the firft Terms are now 
known. And fo every fucceeding Operation will double the num- 
ber of Terms, that were before found in the Quotient. 

This method of Reduction may be thus very conveniently imi- 
tated in Numbers, or we may thus change Divifion into Multipli-- 
cation,  Suppofe (for inftance). I would find the Reciprocal of the: 
Prime Number 29, or the value of the Fraction 4', in Decimal: 
Numbers. I divide 1,0000, &c. by 29, in the common way,. fo 
far as to find twoor thres of the firft Figures, or till the Remainder be- 
comes a fingle Figure, and then Faffume the Supplement to compleat. 
the Quotient. Thus I thall have ~y == 0,034484, for the compleat 
Quotient, which Equation if I multiply by the Numerator 8, it will. 
give sy == 0,27 58444, or rather gy == 0,27 586- I fubftitute 
this initead of the Fraction in the firt Equation, and I fhall have 
3520,0344827586,5.. Again, I multiply this Equation by 6, 
and it will give τ. ==0,2068965 51745, and then by Subftitution 44, —— 
0,0344827 586206896551775- Again, I multiply this Equation by 7, 
and it becomes 4,,——0,24.1379310344827 5862025, and then bySubfti- 
tution 4!52—0,0344827 5862068965 5172413793 10344827 5862045, 
where every Operation will at leaft double the number of Figures 
found by the preceding Operation. And this will be an eafy Expe- 
dient for converting Divifion into Multiplication in all Cafes, For 
the Reciprocal of the Divifor being thus found, it may be multi- 
ply'd into the Dividend to produce the Quotient. s 

Now as it is here found, that ee — T — T + T — --, 
&c. which Series will converge when 4 is greater than v ; fo when 
it happens to be otherwife, or when x is greater than 4, that the 
Powers of x may be in the Denominators we muft have recourfe. to 


the 





and INFINITE SERIES. 





163 
‘the other Cafe of Divifion, in which we íhall find 4, == ^^ — 
ab a*h* a*b3 aie = 


a— 


x* + aay > ὅς. and where the Divifion is perform'd as 
before. 


5, 6. In thefe Examples of our Author, the Procefs of Divifion 
(for the exercife of the Learner) may be thus exhibited : 


1x2) 1 I c d Le 1]-x9—3x)2x* * rË (2x E aepo em t 336, Se. 
ιτ Γα 3 














: 1. 
EE NT 2x?-]-2x—6x* 
0— κ΄ --ο ————————i- 
— x? — x4 —2x-5x* 
a 
o atto —2x-——2x*-L6x* 
Hattas n 
> --κᾶ-- 6x* 
ο --ᾱ ο i 
Eno -472 °- xti 
ο x8 —13x*-4-215* 


Now in order to a due Convergency, in each of thefe Examples, 
we muft fuppofe x to be lefs than Unity; and if x be greater than 





Unity, we muft invert the Terms, and then we fhall have σας 
T 
1 1 1 1 — x -- 2x* a 
= am g t ο me Qao ὅς, and ei pe te 
~ 3x -- x* > 1 
pl Sa 
το ος 


7,8,9,10. This Notation of Powers and Roots by integral and 
fractional, affirmative and negative, general and particular Indices, 
was certainly a very happy Thought, and an admirable Improve- 
ment of Analyticks, by which the practice is render'd eafy, regular, 
and univeifal, It was chiefly owing to our Author, at leaft he car- 
ried on the Analogy, and made it more general. A Learner fhould 
be well acquainted with this Notation, and the Rules of its feveral 
Operations fhould be very familiar to him, or otherwife he will often 
find himfelf involved in difficulties. I fhall not enter into any far- 
ther difcuffion of it here, as not properly belonging to this place, 
or fubject, but rather to the vulgar Algebra. 

11. The Author proceeds to the Extraction of the Roots of pure 
Equations, which he thus performs, in imitation of the ufual Pro- 
cefs in Numbers. Το extract the Square-root of aa + xx; firft the 
Root of aa isa, which muft be put in the Quote. Then the Square 
of this, or aa, being fubtracted from the given Power, leaves +- xx 
for a Refolvend. Divide this by twice the Root, or 2a, ΠΕ 

N 2 the 
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the firft part of the Divifor, and the Quotient — muft be made the- 
fecond Term of the Root, as alfo the fecond Term of the.Divifor. 
Multiply the Divifor thus compleated, or 24 4-—, by the fecond 


Term of the Root, and the Produ& xx AS muft be fubtracted 


from the Refolvend. This will leave — = for a new Refolvend, 
which being divided by the firt Term of the double Root, or 24,- 


will give — I for the third Term of the Root.  'T'wice the Root 
before found, with this Term added to it, or 2¢-+ = — 2* , bee. 
ing multiply'd by this Term, the Produ& — = — = + ga moft 
be iubtra&ted.from the laft Refolvend, and the Remainder -+ Z. 
— = will be a new Refolvend, to be proceeded with as before, 
for finding the next Term of the Root; and fo on as far as you 


pleafe. So that we fhall have V aa -+- xo == a +- z = =< ΞΕ Ls 
5a® ] 
— 12847 ? &c. 

It is eafy to obferve from hence, that in the Operation every new 
Column will give a new Term in the Quote or Root; and therefore 
no more Columns need be form'd than it is intended there fhall be 
Terms in the Root. Or when any number of Terms are thus ex- 
traced, as many more may be found by Divifion only. Thus hav- 


ing found the three firt Terms of the Root a -+ - — z , by 

their.double 24 +- - — 5 , dividing the third Remainder or Re- 

lovene si Il — σι , the three firft Terms of the Quotient το 
ça 


4 A a 
— C + 2” will be the three fucceeding Terms of the Root. 
7 25649 


120« 
e- x? x4 x6 
The Se: 4 dL — zd i 
root of the irrational quantity σα -+ xx, is to be underftood in the 
following manner. In order to a due convergency a is to be fuppos’d 
greater than x, that the Root or converging quantity = may be lefs 
than Unity, and that a may be a near approximation to the fquare- 
root required. But as this is too little, it is enereafed by the fmall 
* 
quantity = , which now makes it too big. Then by the next 
2a : 
Operation 


&c. thus found for the fquare- 
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Operation it is diminifh’d by the ftill fmaller quantity z which 


diminution being too much, it is again encreas'd by the very {mall 
è 6 e ο e. e 
quantity — . Which makes it too great, in order to be farther di- 
- tbe 

minifh'd by the next Term. And thus it proceeds i infinitum, the 

Augmentations and Diminutions continually correcting one another, 

till at lait they become inconfiderable, and tiii the Series (fo far con- 

tinued) is a fufficiently near Approximation to the Root required. 
12. When a is lefs than x, the order of the Terms muft be in- 


verted, or the fquare-root of xx -+- aa muft be extracted as before; 


. ° ο » ot 9 e. 9 
in which cafe it will be x -+ -— — --» &c. And in this Series 


the converging quantity, or the Root of the Scale, will be =. Thefe 


two Series are by no means to be underftood as the two different Roots 
of the quantity aa -+ xx ; for each of the two Series will exhibit thofe 
two Roots, by only changing the Signs, But they are accommodated 
to the two Caf.s of Convergency, according as æ or x may happen to 
be the greater quantity. 

I fhall here refulve the forcgoing Quantity after another manner, 
the beiter to prepare the way for what is to follow. Suppofe then 
jy —caa-p xx, where we may find the value of the Root y by the 
following Procefa; yy == aa +- xx ΞΞΞ (1f y = a-+/) aat- azap +- pp; 


Or 2ap -+ pp = xx = (if p= = + 9) ΧΑ -+ 244 -1- P. +. a4 


a 
xq 24 3 x4 
+993 OF 24 + — "9 = ο (if ; ——— 7, +1)— 
a4 26 x'r x xr is xxr x4r 
ua quee er πέση a pimp con 2 or 2ar -+ a gat 
x6 8 è aA ^ ο. ; 
De B4 co Dg tem (if r = =, + 5) &c. which Procefs may 


be thus explain'd in words. 


In order to find V aa -- xx, or the Root y of this Equation 
yy == aa + Αχ, tuppofe y == 24 +- P. where a is to be undeiftood as 
a pretty near Approximation to the value of y, (the nearer the bet- 
ter,) and p is the tnl Supplement to that, or the quantity which 
makes it compleat. Then by Subftitution is derived the firft Sup- 
pler rental Equadon 24Ρ -+- ff — xx, whofe Root f is to be found, 
Now as 2«p is n.tich bigger than ff, (for 2a is bigger than the Sup- 
plement £,) we fhall have nearly p == = , or at leat we'fhall have 


; 1.’ 53:355 
exactly p == 5 + 4, fuppofing g to reprefent the fecoid Supple- 
; ' | ment 
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ment of the Root. Then by Subftitution 22g +- Zg -+ gg = — 


5 will be the fecond Supplemental Equation, whofe Root g is the 
fecond Supplement. Therefore 77 will be a little quantity, and gg 
much ‘lefs, fo-that we fhall have nearly g == — - or accurately 


Q—— z - 7, ifr be made the third Supplement to the Root. 
And therefore 227 4- = r ------ roe 3 cs 5 will be the 
third Supplemental Equation, whofe Root‘is 7, And thus we may 
go on as far as-we pleafe, to form Refidual or Supplemental Equa- 
tions, whofe Roots will continually grow leís and lefs, and there- 
fore will make nearer and nearer Approaches.to the Root y, to which 
they always converge. For y==a-t-p, where p is the Root of this 


Equation 245 =+ pp== xx. Or y= a+ = +g, where ϱ is the 
Root of this Equation 2ag -+ =g 4-9g—— = Or y == at 


44^" 
xx 4 : i j 
= — = +7 where r is the Root of this Equation 2ar 4- o> 


x6 x? 
Li r= gna Gas? And fo on. ‘The Refolution «οί any one 
of thefe Quadratick Equations, in the ordinary way, will give the 
refpective Supplement, which will compleat the value of y. 

I took notice before, -upon -the Article of Divifion, of what may 
be call'd a Comparifon of Quotients;.or that.one Quotient may be 
exhibited by the help-of another, together with a Series.of known 
ος fimple Terms. Here we have an Inftance of a like:Comparifon 
of Roots; .or that the Root of .one Equation may be exprefsd by 
the Root of another, together with a Series of known .or fimple 
Terms, which will hold good in all Equations whatever. And to 
carry on the Analogy, we fhall hereafter find a like Comparifon of 
Fluents; where one Fluent, (fuppofe, for inftance, a Curvilinear 
Area,) will be exprefsd by another Fluent, together with a Series 
of fimple Terms This I thought fit to infinuate here, by way of 
anticipation, that I might fhew the con(tant uniformity and har- 
mony of Nature, in thefe Speculations, when they are duly and re- 
gularly purfued. 

But 1 fhall here give, ex abundanti, another Method for this, and 
fuch kind of Extractions, tho’ perhaps it may more properly be- 
long to the Refolution of Affected Equations, which is foon to fol- 
low; however it may ferve as an Introduction to their Solution. 
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The firft Refidual or Supplemental Equation in the foregoing Pro- 
ceís was 2ap + pp == xx, which may be refolved in this manner, 





= XX 9 ° . ο ο... ** x*p xp 
B-caufe το, M will be by Divifion p === — ve Ly — 


κ} p ἘΡ &c. Divide all the Terms of this Series (except the 


10.4 4145) 
firit) by ~, and then multiply them by the whole Series, or by the 
value of P, and you will have p == Ž — = - πο = 


745, &c. where the two firft Terms are clear’d of p. Divide all the 


Terms of this Series, except the two firft, by ῥ, and multiply them 
by the value of p, or by the firft Series, and you will have a Series 
for ῥ in which the three firft Terms are cleard of p. And by re- 


peating the Operation, you may clear as many Terms of ῥ as you 
leafe. 8ο that at laft you will h T — £c £e— τς 
pieafe. So that at laft you will have p = = — τρ + iiae San 


nare 


+ a &c. which will give the fame value of y as before. 


13,14, 15, 16, 17, 18. The feveral Roots of thefe Examples, and 
of all other pure Powers, whether they are Binomials,. Trinomials, 
or any other Multinomials, may be extracted by purfuing the Me- 
thod of the foregoing Procefs, or by imitating the like Praxes in 
Numbers. But they may be perform’d much more readily by gene- 
ral Theorems computed for that purpofe. And as there will be fre- 
quent occafion, in the enfuing Treatife, for certain general Opera-. 
tions to be.perform'd with infinite Series, fach as Multiplication, 
Divifion, raifing of Powers, and extracting of Roots; I fhall here 
derive fome Theorems for thofe purpofes. 

I. Let À -- B -- C 4- D 4- E, δες, P+Q+4R+S-LT, &c. and 
a +- β-]- η ---δ-]- e, &c. reprefent the Terms of three feveral Series 
refpectively, and let A+B+C+D-4, &c. into P--O--R-4-S4- T, 
&c. = a+ ϐ-|- γ-|- A-t e &c. Then by the known Rules of 
Mulüp'ication, by which every Term of one Factor is to be multi- 
ply'd into every Term of the other, it will be α--- AP, 8 — AQ -+ 
BP, y= AR-- BQ -+ CP, ^—AS-L- BR -- CQ-- DP, e—AT-- 
BS + CR--DQ -- EP; and fo on. Then by Subftitution it will be 
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, And this will be a ready Theorem for the Multiplication of-any 
infinite Series into each other 5.as in the following Example. 





(A) (B) , (Cy. (D) (E) ; (P) (Q) ὦ. (S (T) 
aix Fo Fo i δες, i ο κ ce ec sil 
+ deeem &c. Into 2 1^ -+ σα 7a* --- στο δος. 
sa χάπι tyre 7 αν 2535. αλ κο σε ενα. 
να ux 11» x gis SOE. BENG aseo boot T 126045 ο. 
3 4 
— I K ανά NOE RA 
3 ex : 9a 1247 3 
1 P avr x3 x^ 
ved T 
-- 7? x4 
74 ελαν 
x4 


And {ο in all other cafes. 
11.” From the fame Equations above we ‘fhall have A = 5» 


eS 
oat 





B = pos C me 
«— DQ—CR — Bs — AT 
P 


— CQ — BR — AS 
D= Ἡ 


) 


NE eee pde Gr. 
,&c. Andthenby Subftitution PPLE RE CETUR. 
=n(A+B+C+DE, &c. ==) § EDER. Nn 
iei ta — AS = ε-- Ρο --- a -- BS— AT Pm 
will ferve commodioufly for.the Divifion of one infinite Series by 
another. Here:for.conveniency-fake the Capitals A, B, C, D, &c. 
are retained in the Theorem, to denote the firft, fecond, third; fourth, 


&c. Terms of the Series, refpectively. 





This Theorem 








τ 2o) — 8 
Thus, for Example, if we would divide the Series at -p Lax -F- 
«4, 9 e «o ὦ (9 (0 
νι, salary tci i quy. x8 , X4 
Tox EEF ixboa® » &C. by the Series ae s -- τ Ἢ gas at &c. 
; n gax — la inr x? : 
the Quotient will be e + ------- iix —A—ixB : 
4 


121x$ x3 
A 


2 
x : 
τας ects ENT qn —B — XC 
1 260a 4a ta : 


: &c. Or reftoring the Values of 
A, B, C, D; &c. which reprefent the feveral Terms as they ftand in 
order, the Quotient will become a — Íx-- z — id M e 
And after the fame manner in all other Examples. d 


943 ? 


ΠΠ. 
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HI. In the dar Theorem make A τ , tn FT d e men &e, 
ο ου 

- , &c. which Theorem will readily find the Recipro- 
cal of any infinite Series. Here A, B, C, D, &c. denote the feveral 


Terms of the Series in order, as before. 


: ο 0) (Q) 
Thus if we would know the Reciprocal of the Series a- ix-i- 
(R) (S) (T) 
x* x3 x4 πο. 1 ΣΧΑ 
33 μα» αν sa 5 Occ: s fhall have M Subftitution -_— --- 
zA-RiXBO ATSB + ixC TA +SB+=C+4+ txD 
-εατ-ε-ηηεποπεεοπποπε--µοοπεττοηομ. 





δις. And reftoring the Values of A, B, C, D, &c. it will be + — 


Eun x x3 7914 : 
bat 77 vas CU Ra — Soas ὅς. for the Reciprocal required. - 
E::2. 


DE ft — 5x, Se. = I+ TX -H $t- ix, &c. And 
Ío of others. : 

IV. In the firft Theorem if we máke P—A Ip REC 
S==D, &c. that is, if we make both ο ος τρ ην. 
TTR ETE ten oth to be the fame Series; we hall have 
A+B4-C-+-D-FE-+-F-+-G,&e. | = AM 2AB 4 2AC-+ 2AD +4 2AE -E 2AF 1. 2AG, fe. 

--B* -L2BC + 280 +. 28Ε -|- 2BF 
eC? ++ 2CD+4 2CE 
which will be a Theorem for fing; eer 
on nding the Square of any infinite 
x> x4 xó 5x8 7x10 
X.1.—— — oer ef a 4 6 9 
Exin iar ion iia agea = iat iis Ea ee 


x xto gx! 
Hogas 648 + 51 245 
+ κια 
x4 xs 5x8 axle 296419 
Γη < —— oe n pee εν 21x12 1 
44 944 6426 12848 --- ST zaro) &c. 
e e ae x ose E 
- a τα 8 B Tex ; &c.|* ix + tx + SX, &c. 
Ex, 3. κα e — x brx? bx? 
2a 2a 443 ? c. T es οκ ὦ sees aS 
TM bx? 43x3 4a* ae 4249 κ} &c. 
das 7T qoas E κα AL 
8a4 δω 
196 4x4 
x 1. 7x6 eae a “ἘΞ κ... 
pikes 65 τοχῖς 60444 
Ex.4. Fee deem ROSS 2 κό 2x9 4a 
3 945 © 8149 241411 =r 13x12 oxt§ 
a i — ελεος ου σος, nod Ge 
9a 274" 243a' md 1294! 3 


D 2 V. 
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V. In this lat Theorem, if we make A?==P, 2AB==Q, 2AC 
-- B: ==R, 2AD-+- 2BC =S, 2AE-+ 2BD -+ C>? E T &c. we 
fhall have A — P$, B2, Οξ- πι, DL gll 
——— , ἃς. Or P--Q--R4-S--'T--U, &c.|$ — pi 

Q_ R — B? S — 2BC T— 2BD —C* U — 2BE — 2CD 
T 24 ag 24 E 2A ae 2A + NEC aes 2 &c. 
By this Theorem the Square-root of any infinite Series may eafily be 
extracted. Here A, D, C, D, &c. will reprefent the feveral Terms of 
the Series as they are in fucceffion. 





2 ax «ων ες" [=x 2 a 
Ex.1.x^—22x-1-242*— Ξ κ d &c. 4 = k as ec. 
— r ee 1 
x4 x6 ο ΠΙΟ 2x! . (4 x? κα x6 çx? »χιο 
τσ στο We zaai 1623 712841 25625 d 
. " a, 
VI. Becaufe it is by the fourth Theorem α-|- 6+ y -i- 2 4- e, &c.|* 
---α" ---2αβ --- 2αγ + 2a4-41- 2αε, &c. in the third Theorem for 
“+ 6*  - 23 -1- 204^ 
2 








--- 
P, Q, R, S, T, &c. write at, 2αβ, 2αγ -+ (f^, 248 + 20y, 2ας. 


1-2 2 &c. refi Ε 1 f Eo eee ee ERROR 
-2βδ--γ", pectively. "Then atatytebe Oe a 

228A 2aßB --2a, -- 8^ x A 2aBC -+ 2ay +B* x B--2ad -I- 20 XA ας 
PER aes SL -- Spe ee YI DI E E ME LEE EI 2 š 


And this will be a Theorem for finding the Reciprocal of the Square. 


of any infinite Series, Here A, B, C, D, &c. ftill denote the Terms 
of the Series in their order, 


VII. If in the firt Theorem for P, Q, R, S, ὅσο. we write 
A+, 2AB, 2Ας -+ B+, 2AD -μ 2BC, δες. refpectively, (that is 
AX BtCTD,&c.[*, byTheor.4.) we fhall have A+B+C+D+EtF,&c,[*. 
== A? -- 3A°B + 3AB* -+ 3A*D + 1Ας» + 1Βς:, &c. 

+- 342C + 6ABC 4- 3B:C --- 3B:D 
+B: -- 6ABD-4- 6ACD 
-+ 3A^E + 6ABE. 





-- 3AF) 
which will readily give the Cube of any infinite Series. 
x3 x6 ex? lox!? 3 x9 ut? Ets yox'* ἔφ 
PL. cene m ete ee : -e á——— pee ee ——MÀ usquam Cac D € 
Ex.1 3a* gas 8108 ποπ “~~ 2788. 2745 © Bia? 129a - 
H sx! 5 τον" 
RTL 4 7294, 5 
= 729a" 
x9 ae 8.15 7x1? 
mE IE E ipaa m ggat > ὅσο, 
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Ex. 2. Terr rrer, EA] mm txt rigt’, δες. 
VIII In the lat Theorem, if we fale At P, 14:Β =Q, 
AB* +- 3A*C =R, B: + 6ABC-+ 5A*D — 8, &c, then A==Pi, 





R—3AB* S — GABC — B3 

BLA C τὰ: . D= ——_—_ , &c. that 15 

P--Qz-R--5--T, &c. | t= P3. 4 R35 SB — óABC 
T — 3AC* — 4B*C — GABD : . : 

+ —— —;4:——— , &c. And by this Theorem the Cube- 


root of any infinite Series may be extracted. Here alío A, B, C, D, 
&c. will reprefent the 'T'erms as they ftand in order. 


ατομα EMIT PI EN T rr ως d 

x9 ος Bx's xis = æ x6 x? rox'* 
2746 27a? * 243a' 243a' 5 3a* gas ' gia? 243a 
EE ee 


Ex. 2. $x* 4- gx? sty x®, cc. (3 — txt tt -- ---κ', Kc. 

IX. Becaufe it is by the feventh Theorem «-+- 6-- y -+ ὃ, &c. |? 

m— αὖ -H 3078 H 3αβ" -}- B, &c. in the third Theorem for P, 
--- 3a*y ++ θαβγ 


+ 4α”δ 
Qo R, S, T, δες, write α’, 4α”β, ᾖαβ" -I- 3a, Bib baBy- 1α1δ, 
32y*-1- 36^ y + bahd + 3«*e, &c. refpectively ; then 


&-1-34- rts ed 


- 31534 3a13B-3253-- 319, XA — 34*3C-I- 3487-32 *XB-I-B3--6v 12, ἜλαρκΑθε, 
E ek et ei M DECEM IDA ID D UEM E 
This Theorem will give the Reciprocal of the Cube of any infinite 
Series; where A, B, C, D, &c. ftand for the Terms in order. 

X. Laftly, in the firft Theorem if we make P——A:, Q==3A?B, 
R==3AB? + 3A*C, S—B:--6ABC-4-3A:D, &c. we fhall have 
A-+-B+-C-+-D, δες. | * —A*-4- 4Α’Β-- 6Α:Β:-}- } ABs, &c. which 

-I- 4A:C + 12A: BC 
+-4A:D 
will be a Theorem for finding the Biquadrate of any infinite Series, 

And thus we might proceed to find particular Theorems for any 
other Powers or Roots of any infinite Series, or for their Recipro- 
cals, or any fractional Powers compounded of thefe; all which will 
be found very convenient to have at hand, continued to a competent 
humber of Terms, in order to facilitate the following Operations. 
Or it may be fufficient to lay before you the elegant and general 
Theorem, contrived for this purpofe, by that fkilful Mathematician, 
and my good Friend, the ingenious Mr. 4. De Moivre, which was 
firft publifh'd in the Philofophical Tranfa€tions, Ne 230, and which 
will readily perform all thefe Operations. 


Z 2 Or 
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-Or we may have recourfe to a kind of Mechanical Artifice, by 
which all the foregoing Operations may be perform’d in a very eafy 
and general manner, as here follows. 

When two infinite Series are to be multiply’d together,.in order 
to find a third which is to be their Product, call one of them the 
Multiplicand, and the other the Multiplier. Write down upon your 
Paper the Terms of the Multiplicand, with their Signs, in a defcend- 
ing order, fo that the Terms may be at equal diftances, and juft 
under one another. This you may call your fixt or right-hand Paper. 
Prepare another Paper, at the right-hand Edge of which write down 
the Terms of the Multiplier, with their proper Signs, in'an afcend- 
ing Order, fo that the Terms may be at the fame equal diftances 
from each other as in the Multiplicand, and juft over one another. 
This you may call your moveable or left-hand Paper. Apply your 
moveable Paper to your fixt Paper, fo that the firft. Term of. your 
Multiplier may ftand over-againft the firft Term of your Multipli- 
cand. Multiply thefe together, and. write down the Product in its 
place, for the firft Term of the Produ& required. Move your move- 
abie Paper a Περ lower, fo that two of the firft:Terms of the Mul- 
tiplier may ftand over-againft two of the frt Terms of the Multi- 
plicand. Find the two Products, by multiplying each pair of the 
Terms together, that Παπά over-againft one another; abbreviate 
them if it may be done, and: fet down the Refult for the fecond 
Term of the Product required. Move your moveable Paper a ftep 
lower, fo that three of the fir& Terms of the Multiplier may ftand 
over-againft three of the firft Terms of the Multiplicand. Find the 
three Products, by multiplying each pair of the Terms together that 
ftand over-againft one another; abbreviate them, and fet down the 
Refult for the third Term of the Product. And proceed in the fame 
manner to find the fourth, and all the following Terms. 

I fhall illuftrate this Method by an Example of two Series, takcn 
from the common Scale of Denary οι Decimal Arithmetick ; which 
will equally explain the Procefs in all other infinite Series whatever. 

Let the Numbers to be mulüply'd be 37,528936, &c. and 
§28,73041, &c. which, by fupplying X or το where it is under- 
ftood, will become the Series 3X +- 7X* -+ X~ | 2X- -+ 8Χ-5 
--οΧτ4-}- 3X5 -44 6X— &c. and 5$X' -+ 2X -- 8X? 4+ 7X7 4- 
3X— -- 0X75-4- 4375-1- 1X78, Ecc. and call the ΠΗ} the Multipli- 
cand, and the fecond the Multiplier. Thefe being difpofed as is 
prefcribed, will ftand as follows. e 


Multiplier, 
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Multiplier, Multiplicand Product IX * 
Cic. 3X ΙΧ - --.----.-.- 0X? 
+ 1X75 -- 7X* + 41X* -------- 8X? 
--- 4Χτ + 5X7? |--+63X -------+-- 4X 
+ oX~3 +- 2X7? |~--+-97X° -------- 2X? 
-- 3X— -- 8Χ-: [---rLu42X-'!-----.- 6X— 
4-2 7X + 9X4 |----133X7* ------ 8X-: 
.4- 8X? + 3X75 ]|]-----1538X-5 ------ 8Χ-5 
+ 2X + 6Χ-5 |-----r201X-74 -- - - - 1X-4 
ως Gc. Gr. Gc. 








Now the firft Term of the moveable Paper, or Multiplier, being 
apply'd to the firt Term of the Multiplicand, will give 5X* x 3X 
== 15X3 for the firft Term of the Product. Then the two firft 
Terms of each being apply'd together, they will give s5X*x7Xe 
+ 2X x 3X = 41 X° for the fecond Term of the Product, Then 
the three firft Terms of each being apply'd together, they will give 
X° x KH 2X x 7X? + 8X* x 4X —63X for the third Term 
of the Product. And fo on. So that the Product required will be 
15X? -+ 41X* + 63X + 97X? + 142X 7 4- τ11Χ-’-- 138X-3 
--201X-*, &c, Now this will be a Number in the Decimal Scale 
of Arithmetick, becaufe X == ιο. But in that Scale, when it is re- 
gular, the Coctficients muft always be affirmative Integers, lefs than 
the Root 10; and therefore to reduce thefe to fuch, fet them orderly 
under one another, as is done here, and beginning at the loweft, col- 
le& them as they ftand, by adding up cach Column. ‘The reafon of 
which is this. Becaufe 201X—4——20X-73-L 1X-4, we muft fet 
down 1X-3, and add 20X-3 to thelineabove, Then becaufe 20X—3 
-+ 138 X73 — 158 X — 15 X7 4- 8X5, we muft fec down 8X—7, 
and add 15X—* to the line above. Then tecaufe 1ςΧ---- 133X—* 
= 148X—* == 14X—' -+ 8Χ-», we muft fet down 8X—:, and add 
14X-' to the line above. And fo we muft proceed through the 
whole Number. So that at laft we fhall find the Product to be 1X* 
ΠΧ} + 8X* 4+ AX 4+-2X° + OX ++ 8Χκ-: + 8X5, &e. Or 
by fupprefling X, or 10, and leaving it to be fupply’d by the Ima- 
gination, the Product required wil! be 19842,688, &c. 

When one infinite Series 15 to be cividea Ly another, wiite down 
the Terms of the Dividend, with their prorer Signs, in a defend- 
ing order, fo that the Terms may be at equal dittances, and jutt yon 

der 
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der one another. ‘This is your fixt or right-hand Paper. Prepare 
another Paper, at the right-hand Edge of which write down the 
Terms of the Divifor in an afcending order, with all their Signs 
changed except the firft, fo that the Terms may be at the fame equal 
diftances as before, and juft over one another. This will be your 
moveable or left-hand Paper. Apply your moveable Paper to your 
fixt Paper, {ο that the firít Term of the Divifor may be over-againft 
the firft Term of the Dividend. Divide the firft Term of the Di- 
vidend by the firft Term of the Divifor, and fet down the Quotient 
-over-againft them to the right-hand, for the firft Term of the Quo- 
tient required. Move your moveable Paper a Περ lower, fo that 
two of the firft Terms of the Divifor may be over-againft two of 
the firft Terms of the Dividend. Collect the fecond Term of the 
Dividend, together with the Product of the firft Term of the Quo- 
tient now found, multiply'd by the Terms over-againft it in the left- 
hand Paper ; thefe divided by the firft Term of the Divifor will be 
the fecond Term of the Quotient required. Move your moveable 
Paper a ftep lower, fo that three of the firft Terms of the Divifor 
may ftand over-againft three of the firt Terms of the Dividend. 
Collect the third Term.of the Dividend, together with the two Pro- 
-du&s of the two firt Terms of the Quotient now found, each be- 
ing multiply'd into the Term over-againft it, in the left-hand Paper. 
"LIhefe divided by the firft Term of the Divifor will be the third 
“Term of the Quotient required. Move your moveable Paper a ftep 
lower, fo that four of the firft Terms of the Divifor may ftand over- 
againft four of the firt Terms of the Dividend.  Colle& the fourth 
"Term of the Dividend, together with the three Products of the three 
firft Terms of the Quotient now found, each being multiply'd by 
the Term over-againft it in the left-hand Paper. Thefe divided by 
the firft Term of the Divifor will be the fourth Term of the Quo- 
tient required, And fo on to find the fifth, and the fucceeding 
"Terms. 


For an Example let it be propofed to divide the infinite Series 
at + iax -- lix? 4- m -+ e δες. by the Series a -1- ix 


12060α 12604? 2 
pa = S =. +. I , &c. Thefe being difpofed as is prefcribed, 
will ftand as here follows. 


Divifor, 
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yee LT 
Divifor,| |Dividend uotient 
Cc. a? ο ο ο ee 4 
i x4 ι 2 » 4, ᾿ E 
τα | |b ταν jax — tax == — jax--------4|— 4x 
-— x +. La A-.ilx* Fd Ll ye? — -L x i2 a x^ 
4a? ye 59 6” gu c 5 j κά σα 
x* ;21x3 12113 x3 x3 x3 x3 a3 
. 3a 126ca 1260a 10a 9a 4a 7a 7a 
ay | fe 281x4 κ a4 a4 x4 x4 a4 x4 
— A ην” ποσο πα „g À ae σος a a — =e 
4 1260a'| ^ 12602* Y 14a? TN 2 σα. tj gai 
a Ee. ESC. Gc. 
VENDESI pU LS mam ""-——————— —J"c'——————————————————-»-——————-"-—X———————— e ÓÀÀ 


Here if we apply the firt Term of the Divifor a, to the firft 
Term of the Dividend a+, by Divifion we fhall have a for the firft 
Term of the Quotient.. Then applying the two firft Terms of the: 
Divifor to the two firft Terms of the Dividend, we íhall have tax 
to be collected with the Product « x — Ἐκ, or — tax, which will 
make — $2»; and this divided by 4, the firt Term of the Divifor, | 
will give — 4x for the fecond Term of the Quotient. And fo of 
the other Terms; and in like manner for all other Examples. 

When an infinite Series is to be raifed to any Power,.or when: 
any Root of 1{ 15 to be extracted, it may be perform'd in all cafes 
by a like Artifice. Prepare your fixt or right-hand Paper, by wri- 
ting down the natural Numbers o, 1, 2, 3, 4, &c. juft under one an- 
other at equal diftances, referving places to the right-hand for the 
feveral Terms of the Power or Root, as they fhall be found. ‘The 
firft Term of which Series may be immediately known from the firft. 
Term of the given Series, and from the given Index of the Power 
or Root, whether that Index be an Integer or a Fraction, affirmative ` 
or negative ; and that Term therefore may be fet down in its place, , 
over-againft.the firt Number o. Prepare your moveable or left- 
hand Paper, by writing down, towards the edge of the Paper at the - 
right-hand, all the Terms of the given Series, except the firft, over 
one another in order, at the fame diftances as the Numbers in the 
other Paper. After which, nearer the edge of the Paper, write juft 
over one another, firft the Index of the Power or Root to be found, 
then its double, then its triple, and fo the reft of its multiples, 
with the negative Sign after each, as far as the Terms of the Series . 
extend. And alfo the firft Term of the given Series may be wrote 
below. Thus will the moveable Paper be prepared. Thefe multi- 
ples, together with the following negative Signs, and the . Numbers - 

Dy 
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ο, 1, 2, 3.4, &c, on the other Paper, when they meet together, will 
compleat the numeral Coefficients. Apply therefore the fecond Term 
of the moveable Paper to the uppermoft Term of the fixt Paper, 
and the Product made by the continual Mutiplication of the three 
Factors that. Rand in a line over-againft one another, [which are the 
econd Term of the given Series, the numeral Coefficient, (here the 
given Index,) and the firt Term of the Series already found,] di- 
vided by the firft Term of the given Series, will be the fecond Term 
of the Series required, which is to be tet down in its place over- 
Againft 1. Move the moveable Paper a Περ lower, and the two 
Products made by the multiplication of the Factors that Παπά over- 
againft one another, (in which, and elfewhere, care muft be had to 
take the numeral.Coefficients compleat,) divided by twice the firft 
Term of the given Series, will be the third Term of the Series re- 
quired, which is to be fet down in its place over-againft 2. Move 
the moveable,Paper a Περ lower, and the three Products made by 
the multiplication of the Fa&ors that ftand over-againft one another, 
divided by thrice the firt Term of the given Series, will be the 
fourth Term of the Series required. Aud fo you may proceed to 
find the next, and the fubfequent Terms. 

It may not be amifs to give one general Example of this Reduc- 
tion, which will comprehend all particular Cafes. If the Series az 
+ bz + οὐ) + da*, &c. be given, of which we are to find any 
Power, or to extract any Root; let the Index of this Power or Root 
be 27. ‘Then prepare the moveable or left-hand Paper as you fee 
below, where the Terms of the given Scries are fet over one another 
in order, at the edge of the Paper, and at equal diftances. Alfo 
after every Term is put a full point, asa Mark of Multiplication, 
and after every one, (except the firft or loweft) are put the feveral 
Multiples of the Index, as 72, 2m, 3m, 4m, &c. with the negative 
Sign — after them. Likewife a winculum may be underftood to 
be placed over them, to connect them with the other parts of the 
numeral Coefficients, which are on the other Paper, and which 
make them compleat. Alfo the firt Term of the given Series is 
feparated from the reft by a line, to denote its being a Divifor, or 
the Denominator of a Fraction. And thus is the moveable Paper 
prepared. 

To prepare the fixt or right-hand Paper, write down the natu- 
ral Numbers ο, 1, 2, 3, 4, &c. under one another, at the fame equal 
diftances as the Terms in the other Paper, with a Point after them 
as a Mark of Multiplication; and over-againft the firt Term ο 

write 
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write 2"2" for the firft Term οἵ the Series required, The reft of 
the Terms are to be wrote down orderly under this, as they fhall be 
found, which will be in this manner. To the firt Term o in the 
fixt Paper apply the fecond Term of the moveable Paper, and they 


will then exhibit this Fraction £t. »—9. 47^, which being reduced 
to this ma"—'b2"+'!, muft be fet down in its place, for the fecond 
Term of the Series required. Move the moveable Paper a ftep lower, 
and you will have this Fraction exhibited -4- c5. 277 — o. ο” απ 
+62". m — 1. ma- τα" Τι 
az.2 





which being reduced will become ma"™—'¢ -- m x —— απ. χο” 
to be put down for the third Term of the Series required. Bring 
down the moveable Paper a Περ lower, and you will have the 
Fraction -1- dz*. 3m — o. a"%” 

cot. 27) — 1. ma" bg 





m— i ; 3 
-g m — 2. ma"—c p m x —— anb x ants 





4. 3 
e ο m=i m M—— lt ο» wee rae 
which reduc'd willbe ma"7td mx — a"—*be-bix——x——a"— οὐ x2" 5, 


for the fourth Term of the Series required. And in the fame man- 
ner are all the reft of the Terms to be found. 





Moveable Fixt Paper 
Paper, &c. ο. ang" 
+-dzt.3m—| |i. πα” τόμ” Μ' 


amp ER E EA A aed 
J-cm3.2mn-—| |2. xX a=b? 4. na" το x 2s 


[ --———  ——À— ÀÓÀMáÁ: ———————— à —— nag áT€À À—Á€(ÓÀ IáÓÓ€— 
ea «αρ I 2 — 2 — f Η : A 
+g. m—| |3. mx a nx α”' bema” dyz" t: 


a2. Se, Cc. 











N. B. This Operation will produce Mr. De Morvre's Theorem 
mentioned before, the Inveftigation of which may be feen in the 
place there quoted, and fhall be exhibited here in due time and 
place. And this therefore will fufficiently prove the truth of the 
prefent Procefs. In particular Examples this Method will be found 
very eafy and practicable. 

Aa But 
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But now to fhew fomething of the ufe of thefe Theorems, and 
at the fame time to prepare the way for the Solution of Affected and 
Fluxional Equations; we will here make a kind of retrofpect, and 
refume our Authors Examples of fimple Extractions, beginning 


with Divifion itfelf, which we fhall perform after a different and an 
eafier manner. 


Thus to divide aa by b- x, or to refolve the Fraction v 


into a Series of fimple Terms ; make iue == y, or by -t xy aa. 
Now to find the quantity y difpofe the Terms of this Equation after 
this manner T == a*, and proceed in the Refolution as you fee 
is done here, 





x ατα» ar3 a*x4 
a — 2 ouem — 
by πάς ó 62 £3 (4 ? &c, 
atx a* xr a* x3 aox4 
doen esee qom à je > Wc 
, a? atx at x? a2x3 a*x4 & 
2 n TN 42 ἐ3 £4 5 ? C. 


Here by the difpofition of the Terms a* is made the firft Term 
of the Series belonging (or equivalent) to 4y, and therefore dividing 


by 2, - will be the firft Term of the Series equivalent to y, as is fet 


down below. Then will. += be the firt Term of the Series 
-+ xy, which is therefore fet down over-again{t it; as alfo it is fet 
down over-againft 4y, but with a contrary Sign, ιο be the fecond 


Term of that Series. Then will — = be the fecond Term of y, 


9 υ . ο 3 
to be fet down in its place, which will give --- for the fe- 
cond Term of -+ xy ; and this witha contrary Sign muft be fet down 


for the third Term of y. Then will + = be: the. third Term of 


y, and therefore + will be the third Term of -t- xy, which 
with a contrary Sign muft be made the fourth Term of dy, and there- 

fore ----- will be the fourth Term of y. And fo on for ever. 
Now the Rationale of this Procefs, and of all that will here fol- 
low of the fame kind, may be manifeft from thefe Confiderations. 
The unknown Terms of the Equation, or thofe wherein y is found, 
are (by the Hypothefis) equal to the known Term aa. And each of 
thofe 
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thofe unknown Terms is refolved into its equivalent Serics, the Ag- 
gregate of which muft ftill be equal to the fame known Term aa ; 
(or perhaps Terms.) Therefore all the fubfidiary and adventitious 
"Terms, which are introduced into the Equation to affift the Solution, 
(or the Supplemental Terms,) muft mutually deftroy onc another. 
Or we may refolve the fame Equation in the following manner : 





bar 4242 ἐ3α7 
by ~ æa ~ zd — τα ον 9 ὃς, 
bar bza? b32? 
-ay |== -------τ — ας. 
a? Èa? ba? b3a 
J= o => ar &c. 


e 2 
Here a? is made the firft Term of -+ xy, and therefore = muft 
- 3 x 


be put down for the firft Term of y. This will give EM for the 
firft Term of dy, which with a contrary Sign muft be the fecond 
Term of -[- xy, and therefore — 2 muft be put down for the fe- 


cond Term of y. Then wil — T be the fecond Term of dy, 


which with a contrary Sign will be the third Term of -+ xy, and 
therefore 4- = will be the third Term of Je And fo on. There- 
fore the Fraction propofed is refolved into the fame two Series as 
were found above. 


If the Fraction : ; were given to be refolved, make Saher) 

+x ατα 

x— y, Or y -- x*y== 1, the Refolution of which Equation is little 
more than writing down the Terms, in the manner following: 








7 d——1—xUrx*—x5-Mx,&c. y / ])----x——3àx--px—5—x-9&c. 
Xy y--o--px!—3x5-px$5, &c. κ a xen mt — x5, &c. 


Here in the firft Paradigm, as 1 is made the firft Term of y, fo 
will χ: be the firt Term of x*y, and therefore — χ: will be the 
fecond Term of y, and therefore — x* will be the fecond Term of 
x*y, and therefore -4- x+ will be third Term of y; &c. Alfo in the 
fecond Paradigm, as 1 is made the firt Term of xy, fo will -+ x~: 
be the firft Term of y, and therefore — x- will be the fecond 
Term of x*y, or —x74 will be the fecond Term of y; &c. 

Aa 2 To 
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Ντι 
e T 4 ο 
To refolve the compound Fraction ——7— into fimple Terms, 





1-]-x?— 3x 
zoo 1 1 ο 
make A τ-----γ, οἳ 213 — κ ---γ-- xy — 3xy; which E- 
1-F-x*-—3x 


quation may bc thus refolved : 


= ου” κ — X 


γ]--- 2x — 2x -- 7xi — I13x* --- 34x5 — 7328, &c. 
-4-xiyp----- -- 2x — 2xi-p 7x*— τηκε-|- 34x, &c. 
—3x)--------- — 6x 4. 6x* — 21x*-E 10.1, &c. 


Place the Terms of the Equation, in which the unknown quan- 
tity y is found, in a regular defcending order, and the known Terms 
above, as you fee is done here. Then bring down 2x? to be the firft 
Term of y, which will give +. 2x for the firft Term of the Series 
-+ xy, which muft be wrote with a contrary Sign for the fecond 
Term of y. Then will the fecond Term of -+ x*y be — 2x*, and 
the firft Term of the Series — 3xy will be — 6x*, which together 
make — 8x4, And this with a contrary Sign would have been wrote 
for the third Term of y, had not the Term — x* been above, which 
reduces it to -+ 7x* for the third Term of y. Then will + 7x* 
be the third Term of -+ xy, and -+ 6x? will be the fecond Term 
of — 343, which being collected with a contrary Sign, will make 
— 13x? for the fourth Term of y; and fo on, as in the Paradigm. 

If we would refolve this Fraction, or this Equation, fo as to ac- 
commodate it to the other cafe of convergency, we may invert the 
Terms, and proceed thus: 


4 1 
E w axt 
ee ————— '' M MMQÀ—ÁA( 


= — X 


2 1 
— 1.} ]---—x*— zx T 4, &c. 
κα Lo% 
+ aty ¢------ + BX box — ih ὅς. 
-+y Jj---------- + ox? +4, δες, 
y—1X*-y—i1$X 6—d4qix,&c 


Bring down — x* to bethe firít Term of — 3xy, whence -+ iy 
will be the Arft Term of y, to be fet down in its place. Then the 
firft 


and INFINITE SERIEs, 181 


firt Term of + xy will be + 2x, which with a contrary Sign 
will be the {fecond Term of — 3xy, and therefore +-+ will be the 
fecond Term of y. Then the fecond Term of -+ x*y will be -}- «κά, 
and the firft Term of y being + +x?, thefe two collected with a 
contrary Sign would have made — 2x5 for the third Term of — 1}, 
had not the Term -+ 2x! been prefent above. Therefore uniting 


thefe, we fhall have + at for the third Term of — 3xy, which 


will give — 1£x—* for the third Term of y. Then will the third 
Term of +- x?y be — it, and the fecond Term of y being -+ +, 
thefe two collected with a contrary Sign will make 411 for the 
fourth Term of — 3xy, and therefore — 44x—-* will be the fourth 
Term of y ; and fo on. 

And thus much for Divifion; now to go on to the Author's pure 
or fimple Extra&ions. 

To find the Square-root of aa + xx, or to extract the Root y of 
this Equation yy = aa -+ xx; make y = a -- f, then we fhall have 
by Subftitution 2p + pp == xx, of which affected Quadratick Equa- 
tion we may thus extract the Root p. Difpofe the Terms in this 
manner 2954 == xx, the unknown Terms in a defcending order on 

— | 


one fide, and the known Term or Terms on the other fide of the 
Equation, and proceed in the Extraction as is here directed, 


30 


x4 x6 6x8 7X 
-— — -- ---- 64a8 +- 12828 » &c. 





n ch 


x4 x6 5x8 ανν 
^2 a ος SS ας άπακος πας ώς a ων--.2 
+z \ qoe Gee isa OC 
rua a4 x6 5x8 2x1 
f za 7— Bat Γ ἴδω 7 28a? 5603? &c 





By this Difpofition of the Terms, x* is made the firft 'Term of 
the Series belonging to 2a; then we fhall have = for the fft 
Term of the Series p, as here fet down underneath. Therefore 
= will be the η Term of the Series ῥ’, to be put down in its 


place over-againft p>. Then, by what is obferved before, it muft 


be put down with a contrary Sign as the fecond Term of 2af, 


which will make the fecond Term of p tobe — n Having there- 


843 5 
tore 
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fore the two firft Terms of poe — =, we fhall have, (by any 


of the foregoing Methods for finding the Square of an infinite Se- 


. a4 6 . 
rie) the two firft Terms of p? — — — — ; which laft Term 


a? sat 2 


muft be wrote with a contrary Sign, as the third Term of 2ap, 
Therefore the third Term of p is +, and the third Term of ρ 


(by the aforefaid Methods) will be 4». which is to be wrote with 


i 6446? 
a contrary Sign, as the fourth Term of 24s. Then the fourth 
A Nd | 1.9 - ; 
Term of p will be — 3——, and therefore thé fourth Term of * is 


19 9 9 -- ο 2 
m 7 | , which is to be wrote with a contrary Sign for the fifth 


Term of zap. This will give I for the fifth Term of 5; and fo 
we may proceed in the Extraction as far as we pleafe. 
Or we may difpofe the Terms of the Supplemental Equation thus: 








a3 a 

2ap}-- -~- -- 24K — 24° -- ~ * νο &c, 
a3 ai 

bp? |) == X* — 20% 4- 207 — — & + x &c. 


a? at 
parm at - ἃ — gc 


Here x* is made the firft Term of the Series g*, and therefore x, 
(or elfe — x,) will be the firt Term of ~ Then 2ax will be the 
firft Terri of 2ap; and therefore — 2ax will be the fecond Term of 
f^. So that becaufe p»—— x= 2ax, &c. by extracting the Square-root 
of this Series by any of the foregoiug Methods, it will be found 
p= x — a, &c. or —a will be the fecond Term of the Root ῥ. 
‘Therefore the fecond Term of 2ap will be — 24», which muft be 
wrote with a contrary Sign for the third Term of ῥ", and thence (by 


Extraction) the third Term of p will be - . This will make the 
third Term of 2ap to be z , which makes the fourth Term of f* 
to be ---, and therefore (by Extraction) ο will be the fourth Term 
of p. This makes the fourth Term of 2ap to be o, as alfo of p°. 
Then -5 will be the fifth Term of ῥ. Then the fifth Term of 

1 2ap 
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x3 


2ap will be — , which will make the fixth Term of ῥ’ to be 


A and therefore ο will be the fixth Term of p, &c. 
Here the Terms will be alternately deficient ; fo that in the given 
Equation yy == aa +- xx, the Root will be y == a +- x — a + - > 


9 2 4 αὐ ν ο 
C. that 15 = = — £ —— A C as 
& J=x + = in τ» &c. which is the fam 


if we fhould change the order of the Terms, or if we fhould change 
4 into x, and x into a. 

If we would extract the Square-root of aa — xx, or find the 
Root y of the Equation yy = aa — xx ; make y == a + f, as be- 
fore; then 2ap + ῥ' == — x*, which may be refolved as in the fol- 
lowing Paradigm: 


v4 x$ ex8 myto 
2a ees n 3 καρ a m -- ο — À μρμμαθ 
P d 44* 844 6449 12845 ? &c 
x4 x6 5x8 mie 
ON ο ἂν ο σος See —— oa rem 
“rp gus 4a* a 8a4 τ 64α4 + 12869 ? &c. 
x? αλ x6 5x8 7x10 
P πα ο ϑαῦ 1645 12847 T αςθα9 


Here if we fhould attempt to make — x* the firft Term of -- 2+, 
we fhould have /— x*, or «,/—1, for the firt Term of p; which 


being impoffible, fhews no Series can be form'd from that Suppofi- 
tion. 


_ To find the Square-root of x — xx, or the Root y in this Equa- 
tion yy ==x— xx, make y = x? 4 p, then x -+ 2xi$ -+ f^ =x 


X . . 
~ XX, OF 2x*f -+ {7 == — κ”, which may be refolved after this 
manner : 


1 
Pi am XA — tes — $x*, Kc, 
Π-ῤγ----- T 1x3 - v*X*, &c. 

i Σ T 
f — 1Xx5— $x*— Qux, Sc. 


The Terms being rightly difpofed, make — x* the firft Term 
of 2x: P then will — 3x? be the firt Term of p. Therefore 
+ 7x3 will be the firft Term of χ», which is alfo to be wrote with 
a contrary Sign for the fecond Term of 2x:p, which will give —2x? 
for the fecond Term of p. Then (by fquaring) the fecond 'Term of 
£^ will be 4x4, which will give — &x* for the fecond Term of 


2x*p, 
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axtp, and therefore — ext for the third Term of f; and {ο on. 
Therefore in this Equation it will be yx — ux — 46 aat 
&c. EXIT 3 8 TO» 

So to extra& the Root 


of this Equation yy — eee 
make y==:a-t-p, then od us Equation yy — aa +- bx — xx, 


+ p’ = bx — xx, which may be thus 








refolved. 
——— 4 
4 d = bx —x* i ο OCC: 
PEN {219 
| Αα E '8a4 
^ b2x2 £x? 
2 -. = m p » ο. m ας ene T 
T£; ETT σπε» Uc. 
$3 x3 
Sat 
bx x? bx3 
p 2a 2a ΡΥ » «c 
bx P3x$ 
8a3 Iba’ 


Make x the firt Term of 2ap; then will = be the firft Term 
of p. Therefore the firt Term of f? will be -+ ne which is 
alfo to be wrote with a contrary Sign, fo that the fecond Term of 


2ap will be == x? — uà which will make the fecond Term of 
p to be — = — μας . "Then by íquaring, the fecond Term of p> 
will be — = — το » which muft be wrote with a contrary Sign 
for the third Term of 245. This will give the third Term of p 
as in the Example; and fo on, ‘Therefore the Square-root of the 





ο ο ἐκ at jx bx3 
2 — — seem ---- eee = htm 
Quantity ὁ’ + bx — xx will be e -+ Z — — or ^u d 
oe &c 
1645 ? í 
Alfo if we would extract the Square-root of ae , we may ex- 


tract the Roots of the Numerator, and likewife of the Denomi- 
nator, and then divide one Series by the other, as before ; but more 
diretly thus. Make Lhe = y OF 1- αν == yy — hay, 
Suppofe y = I-1- b then ax? = 2p ^T — DX? — 20x'p — bx^ ph, 
which Suppplemental Equation may be thus refolved. 





2p 
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2p  zmax*--iabx*-p-iabix$,&c. =a Meabxs-L 3 ab^ x5, $cc, 
VP Ri ad IAM al quib 
— —ivb τά path 
-$4* Hp 
—2bep|----—ab —— Bab, &c. 2 
ow} 3 3 
> E H 
| Π-ξα’ὂ 
--f* --- ---χα" ++2°d, &c. 
-łab +4gab* 
^P —ie 
| + 
μας. x*p* .-------- —Zta*b, &c, 
—2ab* 
—L 


Make ax? +- óx* the firft Term of 25, then will ὅσα" ~p thx“ 
be the firft Term of p. Therefore — abx+ — £*x* will be the firft 
Term of — 26x*p, and ta*x+ -- iabx* -- ióx* will be the γῇ 
Term of g*.  Thefe being collected, and their Signs changed, muft 
be made the fecond Term of 25, which will give tabx+ 4- i5:x* — 
$a*x* for the fecond Term of p. Then the fecond Term of —2£x*5 
will be — «οὐ αν — £5!x5 + a*óx5, and the fecond Term οἵ p? 
(by {quaring) will be found 4a2bx6 -p $a5*x $ — tains +. 155x5, and 
the firt Term of — xtp! will be — +arbxs — £ab^x5 — tbx5; 
Which being collected and the Signs changed, will make the third 
Term of 2p, half which will be the third Term of 5; and fo on as 
far as you pleafe. 

And thus if we were to extract the Cube-root of a3 -+ x*, or the 
Root y of this Equation 23 == a* -+ x? ; make y = 2 -- f, then by 
Subftitution a? -+ 3a*p + 32? -1- P == a --- x5, or 3a* p + 32f* 
-+ f) = x3; which fupplemental Equation may be thus refolved. 


6 x9 10123 
a? } — 39 I Ὅτ σε — 
3e piÉÍx τα D Sige » OC. 
x6 2x9 i2x'* 
^ 3 - e =» — ae — ar — 
+ 34$ ? Sp 343 gas δια 2 occ. 
; x9 x'* 
+? Παν ns cu s 27a6 27432 
x3 ad x9 10x!2 > ; 
P= te δες 
3a ga 891a 24341! 


The 
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The Terms being difposd in order, the firft Term of the Series: 
3a*p will be x3, which will make the firft Term ος} to be =. This: 


will make the firft Term of ῥ: to be Z, .. And this will make the 


firft Term of 34" to be = , which with a contrary Sign muft be 
the fecond Term of 3a*p, and therefore the fecond Term of p will 
be — = . Then (by fquaring) the fecond Term of zap? will be 


M = , and (by cubing) the firt Term of ῥ: will be T Thefe 
being collected make — = , which with a contrary Sign muft be 


the third Term of 3a*f, and therefore the third Term of f will be 
+ Επ. Then by fquaring, the third Term of 3ap* will be 13x12 


8149 ?' 
and by cubing, the fecond Term of 3 will be — mee, which being 


27 
colle&ed will make: ; and therefore the fourth Term of: 44” 
sox! 


$149 ? 
will be ———, and the fourth Term of 5 will be — E . And 


h 81a? 3 ta 
fo on, 


And thus may the Roots of all pure Equations. be extracted, but 
in a more direct and fimple manner by the foregoing Theorems, 
All that is here intended, is, to prepare the way for the Refolution 
of affected Equations, both in Numbers and Species, as alfo of 
Fluxional Equations, in which this: Method will be found to be of 
very extenfive ufe. And firft we fhall proceed with. our Author to 
the Solution of numerical affected Equations. 








Sect. III. The Refolution of Numeral Affected Equations. 


19. OW as to the Refolution of affected Equations, -and firft 

in Numbers; our Author very juftly complains, that be- 
fore his time the exegeffs numerofa,.or the Doétrine of the Solution 
of affected Equations in Numbers, was very intricate, defective, and 
inartificial. What had been done by Viera, Harriot, and Oughtred 
in this matter, tho’ very laudable Attempts for the time, yet how-- 
ever was extremely perplex’d and operofe. So that he had good rea- 
fon to reject their Methods, efpecially as he has fubftituted a much 
better in their room. They affected too great accuracy in purae 

exac 
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exact Roots, which led them into tedious perplexities ; but he knew 
very well, that legitimate Approximations would proceed much more 
regularly and expeditioufly, and would anfwer the fame intention 
much better. 

20, 21, 22. HisMethod may be eafily apprehended from this one 
Inftance, as it is contain'd in his Diagram, and the Explanation of 
it. Yet for farther Illuftration I.fhall venture to give a fhort rationale 
of it. When a Numeral Equation is proposd to be refolved, he 
takes as near an Approximation to the Root as can be readily and 
conveniently obtain'd. And this may always be had, either by the 
known Method of Limits, .or by a Linear or Mechanical Conftruc- 
tion, or by a few eafy trials and fuppofitions. If this be greater or 
lefs than the Root, the Excefs or Defect, indifferently call'd the Sup- 
plement, may be reprefented by p, and the aflumed Approximation, 
together with this Supplement, are to be fubftituted in the given 
Equation inftead of the Root. By this means, (expunging what will 
be fuperfluous,) a Supplemental Equation will be form’d, whofe Root 
45 now £, which will confift of the Powers of the affumed Approxima- 
tion orderly defcending, involved with the Powers of the Supplement 
regularly afcending, on both which accounts the Terms will be con- 
tinually decreafing, in a decuple ratio or fafter, if the affumed Ap- 
proximation be fupposd to be at leaft ten times greater than the 
Supplement. Therefore to find a new Approximation, which fhall 
nearly exhauft the Supplemerit p, it will be fufficient to retain only 
the two firft Terms of this Equation, and to feek the Value of p from 
the refulting fimple Equation. [Or fometimes the three firft Terms 
may be retain'd, and the Value of p may be more accurately found 
from the refulting.Quadratick Equation; &c.] This new Approxi- 
mation, together with a new Supplement g, muft be fubftituted in- 
ftead of ῥ in this laft fupplemental Equation, in order to form a 
fecond, whofe Root will be g. And the fame things may be obferved 
of this fecond fupplemental.Equation as of the firft; and its Root, or 
an Approximation to it, may be difcover'd after the fame manner. And 
thus the Root of the given Equation may be profecuted as far as 
we pleafe, by finding new fupplemental Equations, the Root of every 
one of which will be a correction to the preceding Supplement. 

So in the prefent Example y? — 2y — 5 = o, ’tis eafy to perceive, 
that y==2 feró; for 2x2x2—2x2==4, which fhould make ς. 
Therefore let p be the Supplement of the Root, and it will be y = 
2 -4- p, and therefore by fubftitution — 1+ 10p + 6f* + f? =Q. 
As p is here fuppos’d to be much lefs than the Approximation 2, 

Bb 2 by 
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by this fabftitution an Equation will be form'd, in which the.Terms- 
will gradually decreafe, and fo much the fafter, ceteris paribus, as 
2 is greater than ῥ. Sotaking the two firft Terms, — 1 -+ 10?——0, 
jerà, or p= τς τὸ» or afluming a fecond Supplement q, ’tis 

= 5 +g accurately. This being fubftituted for p in the laft 
Equation, it becomes 0,61 -|- 11,232 + 6,193 + g3 == 0, which is. 
a new Supplemental Equation, in which all the Terms are farther 
deprefs'd, and in which the Supplement g will be much lefs than the 
former Supplement p. Therefore it is 0,61 + 11,234 = 0, ferè,, 


,6 SE 
or g=— -- = fere, or g==— 0,0054 -- τ accurate, by afluming 


7 for the third Supplement. This being fubftituted will give 
0,00054155 -+ 11,1627, &c. ==0, and therefore 7 ==— τ P 


== — 0,000048 52, &c. So that at lat y ——2 -1- p = δες. or y = 
2,09455148, &c. 

And: thus cur Author's Method proceeds, for finding-the Roots of 
affected Equations in Numbers. Long after this was wrote, Mr. Raph- 
fox publifh'd his Analyfis ZEquationum. univerfalis, containing a Me- 
thod for the Solution of Numeral Equations, not very much diffe- 
rent from this of. our Author, as. may appear by the following Com-- 
parifon. 

To find the Root of the Equation y? — 2y = 5, Mi. Rapbfon 
would proceed thus.. His ΠΗ Approximation he calls g, which he 
takes as near the true Root as he can, and makes the Supplement x, fo 
that he has y——s--x. Then by Subftitution g*-4-39*x-- 32x*-1-x5—— 75,7 

— 27 — 2 
or if g == 2, ’tis 10x -+ 6x* -]- x* — 1, to determine the Supple- - 
ment x. This being fuppofed fmall, its Powers may be rejected, 
and therefore 10x == 1, or x ==0,1 nearly. This added to g or 2, 
makes a new g= 2,1, and x being fill the Supplement, ’tis y == 
2,1 +x, which being fubftituted in the original Equation y? — 2y 
== 5, produces 11,214 --- 6,3x* -1- x? == — 0,61, to determine the. 


new Supplement x. He rejects the Powers of x, and thence derives 
— 0,061 


Xm 9,0954, and confequently y == 2,0946, which 
not being exact, becaufe the Powers of x were rejected, he makes 
the Supplement again to be x, fo that y = 2,0946 -- x, which be- 
ing fubftituted in the Original Equation, gives. 11,162x -4- &c. = 
=—— 0,000 54155. Therefore to find the third Supplement x, he has 


--- 0,00054.156 


c= e mm—— 0,000048 52, fo that y ==.2,0940-+ x == 
2,09455148, &c, and fo on, 
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By this Procefs we may fee how nearly thefe two Methods agree, 
and wherein they differ. For the difference is only this, that our 
Author conftantly profecutes the Refidual or Supplemental Equations, . 
to find the firft, fecond, third, &c. Supplements to the Root: But 
Mr. plies continually corrects the Root itfelf from the fame fup- 
plemental Equations, which are formed by fubftituting the corrected 
Roots in the Original Equation. And the Rate of Convergency will: 
be the fame in both. 

In imitation of thefe Methods, we may thus profecute this In- 
quiry after a very general manner. Let the given Equation to be 
refolved be in this form ay" +- by"—"-- cy"—* -+ dy"-3, ὅσο, ==0, in 
which fuppofe P to be any near Approximation to the Root y, and 
the little Supplement to be 5. Then is y — P-+-p. Now from 
what is fhewn before, concerning the raifing of Powers and extrac-- 
ting Roots, it will follow that y” == P -+ p !" — P" -4+ zP"—' 5, δες. 
or that thefe will be the two ΠΗ Terms of y”; and all the reft,. 
being multiply'd into the Powers of ῥ, may be rejected. And for 
the fame reafon y"—:—— P"— 4- m— 1P"7:5, ὅσο. y" z Pn + 
2 —2P"—:5, &c. and fo of all the ret. Therefore thefe being fub-- 
ftituted into the Equation, it will be 

ap" -+ maP"-'p , &c. | 
-- bP". mn — 10P"— p, δες. 
-- cP7-* 4. m— 2c P759, δες. $—— 0 ; Or dividing by P", 
-- dP"—:-p in — 3dP7—*5, &c. | 

&c. &c. 
a-- bP --cP— 4-dP—3 , δες. -maP pt —1bP —ip-Eu—2c0P: 
-+ m— 34P-—*5, &c. 2— o. From whence taking the Value of p, 


we fhall have p — — αμ” ια ο Sis nog stai ρώσοι. and 
maP~* Aem = 1bP—? Lo = 2ceP—3 -- mn— 34P—3, Se. 
confequently y= (P--p- P— —— — EP +P ey 
maki pmi bt 4 m—2c0P75-]-mn—34P—4,t9«. 


m—41a--m—2b5pP—1 πο 73 τα) Ese, 
el 
mal? Apu ib P7245 cP 3--m— 34t —3,.G.. 

To reduce this to a more commodious form, make P— s ; whence 
P— == A-'B, P—= ΑΒ”, &c which being fubftituted, and 
alfo multiplying the Numerator and Denominator by A”, it will be 
Ym MIA" + mab An IB A myc AP *B2 + 44477385, 6 which will 

maA" 713-5, — 1bAM TBA n— 260A" 3B 3 mn —3 4A? —4B4, Cc. 


be a nearer Approach to the Root y, than =: or P, and fo much 
the. 





2 
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A ! 
the nearer as | is near the Root. And hence we may derive a very 


convenient and general Theorem for the Extraction of the Roots of 

Numeral Equations, whether pure or affected, which will be this. 
Let the general Equation ay” ὑγ'-: 4. Cy^— -- dy", ες. 

== Ὁ be propofed to be folved ; if the Fraction £ be affumed 


as near the Root y as conveniently may be, the Fra&ion 
m—1aA" -h mzb AT—1B b m-—3acA"758* LZ AM—BBS. Oc. . . 
ΕΕ ΕΓ cubo lxbecefhillica 


- 
Κα. 


maA" ΤΕΕ ΤΟ ΟΕ acA"—3E 5 1-m— 34A" — B4. 2. 
nearer Approximation to the Root. And this Fraction, when com- 


puted, may.be.ufed inftead of the Fra&ion s , by which means a 


aearcr Approximation may again be had; and fo on, till we ap- 
proach as near the true Root as we pleafe. 

This general Theorem may be conveniently refolved into as many 
particular Theorems as we pleafe. Thus in the Quadratick Equa- 
t f ; . A? -- cB? : να. 
tion y? -j- by — c, it will be yere mo fe A xs nea 
. κ . . 2A -+- bB x A? 3 
Equation J -- D cote T= it wa be I = 3A- 2645 + cB^ L 26AB E BOxB 9 
fere. In the Biquadratick Equation y+ -+ by? -|- ο): + dy = e, it 

195 - ΟΕ ΤτΕ x A* -- «Βα PONE 
will be y == Sap A ESA palis B ? ferè. And the like of higher 
Equations. 

For an Example of the Solution of a Quadratick Equation, let 
it. be propofed to extract the Square-root of 12, or let us find the 
value of y in this Equation y? «== 12. Then by comparing with 
the general formula, we fhall have b= o, and ¢ == i2, And 
taking 3 for the firft approach to the Root, or making τ — i, 
that 15, A-— 3 and Ἑσ-- 1, we fhall have by Subftitution y — 
oe == 1, fora nearer Approximation. Again, making A 
and B — 2, we fhall have y = are 


"T + for a nearer Approxi- 
mation. Again, making A = 97 and B — 28, we fhall have y — 


2 
a 


e ο 8 5 3 ? 
97|* -b12x281 o. 159177 for a nearer Approximation, Again, 
` 194x25 5432 

1 ea 8817[*-I-12xq432]*? 

sing Az18817 and B= ¢4 32, we fhall have y== + 
irs. d 2 2 37634 * 5432 


== πο for a nearer Approximation. And if we go on in the 
] 2 442 LÀ * 
fame method, we may find as near an Approximation to the Root as 


we pleafe. 
This 
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This Approximation will be exhibited in a vulgar Fraction, which, 
if it be always kept to its loweft Terms, will give the Root of the 
Equation in the fhorteft and fimpleft manner. That is, it will al- 
ways be nearer the true Root than any other Fraction whatever, 
whofe Numerator and Denominator are not much larger Numbers 
than its own. If by Divifion we reduce this laft Fraction to a De- 
cimal, we fhall have 3,46410161513775459 for the Square-root 
of 12, which exceeds the truth by lefs than an Unit in the laft place.. 

For an Example of a Cubick Equation, we will take that of our 
Author y? « — 2y == 5, and therefore by Comparifon ὁ == o, 


c= —2, and d= 5. And taking 2 for the firft Approach to the 
Root, or making τ--ᾱ that is; Α---2 and B==1, we fhall 
have by Subftitution y == {ΕΙ — 15 for a nearer Approach to 


the Root. Again, make A==2i and B == 10, and then we 


76 9 ο 
fhall have y == 9261 -F 2500 ___ UZ" for a nearer Approximation. 
i 6615 — 1000 561 
Again, make A == 11761 and B == 5615, and we. fhall have 
y i V oL SS for a neürer Ap: 
3X11761|? x 5615 — 2% 561513 1975957316495 


proximation, And fo we might proceed to find as near an Approxi- 
mation as we think fit. And when we have computed the Root 
near enough in a Vulgar Fraction, we may then (if we pleafe) re- 
duce it to a Decimal by Divifion. "Thus in the prefent Example we 
fhall have y = 2,094551481701, &c. And after the fame manner 
we may find the Roots of all other numeral affected Equations, of 
whatever degree they may be.. 


Sect. IV.. The Refolution of Specious Equations by infinite 
Series; and frf for determining the forms of the 


Series, and their initial Approximations. 


23, 24. ROM the Refolution of numeral affected Equations, 
our Author proceeds-to find the Roots of Literal, Spe- 

cious, or Algebraical Equations alfo, which Roots are to be exhibited 
by an infinite converging Series; confifting of fimple Terms, Or 
they are to be exprefs'd by Numbers belonging to a general Arithme- 
tical Scale, as has been explain'd before, of which the Root is de- 
noted by x or z. The affigning or chufing this Root is what he 
means here, by diftinguifhing one of the literal Coefficients from the 
reft, if there are feveral. And this is done by ordering or ΟΕ 
the 
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the Terms of the given Equation, according to the Dimenfions of 
that Letter or Coefficient. It is therefore convenient to chufe fuch a 
Root of the Scale, (when choice is allow'd,) as that the Series may 
converge as faft as may be. If it be the leaft, or a Fraction lefs 
than Unity, its afcending Powers muft be in the Numerators of the 
Terms. If it be the greateft quantity, then its afcending Powers 
muft be in the Denominators, to make the Series duly converge. 
If it be very near a given quantity, then that quantity may be con- 
veniently made the firft Approximation, and Κι fmall difference, 
or Supplement, may be made the Root of the Scale, or the con- 
verging quantity. The Examples will make this plain. 

ος, 26. The Equation to be refolved, for conveniency-fake, fhould 
always be reduced to the fimpleft form it can be, before its Refo- 
lution be attempted; for this will always give the leaft trouble. But 
all the Reductions mention'd by the Author, and of which he gives 
us Examples, are not always neceffary, tho' they may be often con- 
venient. Tlie Method is general, and will find the Roots of Equa- 
tions involving fractional or negative Powers, as well as cf other 
Equations, as will plainly appear hereafter. 

27,28. When a literal Equation is given to be refolved, in diftin- 
guifhing or affigning a proper quantity, by which its Root is to con- 
verge, the Author before has made three cafes or varieties ; all which, 
for the fake of uniformity, he here reduces to one. For becaufe 
the Series muft neceffarily converge, that quantity muft be as fmall 
:as poffible, in refpect of the other -quantities, that its afcending 
Powers may continually diminifh. If it be thought proper to chufe 
the greateft quantity, inftead of that its Reciprocal muft be intro- 
duced, which will bring it to the foregoing cafe. And if it approach 
near to a given quantity, then their fmall difference may be intro- 
duced into the Equation, which again will bring it to the firft cafe, 
So that we need only purfue that cafe, becaufe the Equation is al- 
ways fuppos'd to be reduced to it. 

But before we can conveniently explain our Author's Rule, for 
finding the firft Term of the Series in any Equation, we muft con- 
fider the nature of thofe Numbers, or Expreffions, to which thefe 
literal Equations are reduced, whofe Roots are required ; and in this 
Inquiry we fhall be much affifted by what has been already difcourfed 
of Arithmetical Scales, In affe&ed Equations that were purely nume- 
ral, the Solution of which was juft now taught, the feveral Powers 
of the Root were orderly difpofed, according to a fingle or fimple 
Arithmetical Scale, which proceeded only zs /ongum, and was there 

fufficient 
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fufficient for their Solution. But we muft enlarge our views in thefe 
literal affected Equations, in which are found, not only the Powers 
of the Root to be extracted, but alfo the Powers of the Root of the 
Scale, or of the converging quantity, by which the Series for the 
Root of the Equation is to be form'd; on account of each of which 
circumftances the Terms of the Equation are to be regularly difpofed, 
and therefore are to conftitute a double or combined Arithmetical 
Scale, which muft proceed both ways, {η latum as well as in longum, 
as it were in a Table. For the Powers of the Root to be extracted, 
fuppofe y, are to be difpofed in longum, fo as that their Indices may 
conftitute an Arithmetical Progreffion, and the vacancies, if any, 
may be fupply'd by the Mark «. Alfo the Indices of the Powers 
of the Root, by which the Series is to converge, fuppofe x, are to 
be difpofed in latum, fo as to conftitute an Arithmetical Progreffion, 
and the vacancies may likewife be fill’d up by the fame Mark «, 
when it fhall be thought neceffary. And both thefe together will 
make a combined or double Arithmetical Scale, Thus if the Equa- 


tion j5— ςχγ' -ἰ- Eys — 741X? y? + αἱ x3 -- b*x4==0, were given, 
to find the Root y, the Terms may be thus difpofed : 


ys J' 35 y 5? y' E d 
X? γ΄ * * * * * * Ἱ 
Σχ}. mmm ολ * * * * * 
x^] « a «πα xy ο * zo 
x? [s . 1-52. 9 * s óe 
ΧΗ}. * 8 e » æ -pbx 


Alfo the Equation ys — ὀγ' -4- οὐκ'--- x? ==0 fhould be thus dif- 
pofed, in order to its Solution: 


yo ee mm byt κ x 

+` ` 

-- χ'3 , 
And the Equation γ' -4- axy --- ο) — x3 — 243 ==0 thus: 

Jj! ef 4"γ — 243 
-fe axy . 
* 
q. x? 

And the Equatlon PYF am 365 xy* — c1x? -41- c == © thus: 


* 9 * 4 a -ᾱ- c? 
-. ; * D: » ome BCA xy? & 8 e ---- 0, 
x ay" κ € e « ma» CF x? 
And the like of all other Equations. di 
Cc When 
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When the Terms of the Equation are thus regularly difposd, it 
is then ready for Solution; to which the following Speculation will 
be a farther preparation, — Ss 

29. This ingenious contrivance of out Author, (which we: may 
call Tabulating the Equation,) for finding the firít Term of the 
Root, (which may indeed be extended to the finding all the 'Terms, 
or the form of the Series, or of all the Series that may be derived 
from the given Equation,) cannot be tóo much admired, or too care- 
fully inquired into: The reafon and foundation of which may be 


thus generally explain’d from the following Table, of which ihe 
Conftruction is thus. 
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In a PJare draw-any number of Lines, parallel and equidiftant, and 
others at:right Angles to them, fo as to divide the whole Space, as 
far as is neceffary; into little equal Parallelograms. Affume any one 
of thefe; in which write the Term o, and the Terms a, 24, 34, 42, 
&c. in-the fucceeding Parallelograms to- the right hand, as alfo the 
Terms 4-2; — 24, — Ίαν &c. to the left hand. Over the Term 
Q, in thé fame Calamn, write the Terms 4, 25, 45, 45, &c. fuc- 
ceffively and the Terms — 4, — 25, — 34, &c. underneath. And 
thefe we.may call primary Terms. Now to infert its proper. Term 
in any : other~ affign’d: Pazallelogram; add the-two- primary’ Terms 
together. that: tand over-againft it each way, and write the Sum 
in the given Parallelogram. And“ thus all the Parallelograms be- 


ing fill’d, asefar as there is occafion every way, the whole .Space 


will 
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will become a Table, which may be called @ combined Arithmetical 
Progrefion in plano, compofed of the two general Numbers ἆ and ὁ, 
of which thefe following will be the chief properties. 

Any Row of Terms, parallel to the primary Series o, g, 24, 14, 
&c. will be an Arithmetical Progreffion, whofe common Difference 
is a; and it may be any fuch Progreffion at pleafure. Any Row or 
Column parallel to the primary Series ο, ὁ, 26, 34, &c. will be an 
Arithmetical Progreffion, whofe common difference is ὁ; and it may 
be any fuch Progrefüon. If a ftrait Ruler be laid on the Table, 
the Edge of which fhall pafs thro’ the Centers of any two Parallelo- 
grams whatever ; all the Terns of the Parallelograms, whofe Cen- 
ters fhallat the fame time touch the Edge of the Ruler, will conftitute 
an Arithmetical Progreffion, whofe common difference will confit of 
two parts, the firft of which will be fome Multiple of a, and the other 
a Multiple of ὁ. If this Progreffion be fuppos'd to proceed zaferiora 
verfus, or from the upper Term or Parallelogram towards the lower ; 
each part of the common difference may be feparately found, by fub- 
tracting the primary Term belonging to the lower, from the primary 
Term belonging to the upper Parallelogram. If this common diffe- 
rence, when found, be made equal to nothing, and thereby the Re- 
lation of a and ὁ be determined ; the Progreffion degenerates into a 
Rank of Equals, or (if you pleafe) it becomes an Arithmetical Progref- 
fion, whofe common difference is infinitely little. In which cafe, if 
the Ruler be moved by a parallel motion, all the Terms of the Parallelo- 
grams, whofe Centers fhall at the fame time be found to touch the Edge 
of the Ruler, fhall be equal to each other. And if the motion of 
the Ruler be continued, fuch Terms.as at equal diftances from the 
firft fituation are fuccefhively found to touch the Ruler, fhall form 
an Arithmetical Progreffion. Laftly, to come nearer to the cafe in 
hand, if any number of thefe Parallelograms be mark'd out and di- 
ftinguifh’d from the reft, or aflign'd promifcuoufly and at pleafure, 
through whofe Centers, as before, the Edge of the Ruler fhall fuc- 
ceflively pafs in its parallel motion, beginning from any two (or more) 
initial or external Parallelograms, twhofe Terms are made equal; an 
Arithmetical Progreffhion may be found, which fhall comprehend and 
take in all thofe promifcuous Terms, without any regard had to the 
Terms that are to be omitted. Thefe are fome of the properties of 
this Table, or of a combined Arithmetical Progreffion in plano, by 
- which we may eafily underftand our Author's expedient, of Tabu- 

pei the given Equation, and may derive the neceffary Confequen- 
"es from it. 


Ος 2 For 
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For when the Root y is to be extracted out of a given Equation, 
confifting of the Powers of y and x any how combined together 
promifcuoufly, with other known quantities, of which x is to be 
the Root of the Scale, (or Series,) as explain’d before; fuch a value 
of y is to be found, as when fubftituted in the Equation inftead of 
y, the whole fhall be deftroy'd, and become equal to nothing. And 
firft the initial Term of the Series,‘or the firft Approximation, is to be 
found, which in all cafes may be Analytically reprefented by Ax"; 
or we may always put y == Ax", &c. So that we fhall have g^ = 
Α:Χ’”, &c. y: == Ass", Bcc. yt τί Α.Α”, &c. And fo of other 
Powers or Roots. 'Thefe when fubftituted in the Equation, and by 
that means compounded with the feveral Powers of x (or g) already 
found there, will form fuch a combined Arithmetical Progreifion ix 
plano as is above defcribed, or which may be reduced to fuch, by 
making a== m and == 1r. ‘Thefe Terms therefore, according to 
the nature of the Equation, will be promifcuoufly difperfed in the 
Table; but the vacancies may always be conceived to be fupply'd, 
and then it will have the properties before mention'd. That is, the 
Ruler being apply'd to two (or perhaps more) initial or external 
Terms, (for if they were not external, they could not be at the be- 
ginning of an Arithmetical Progreffion, as is neceffarily required;) 
and thofe 'T'erms being made equal, the general Index z will thereby 
be determined, and the general Coefficient A will alfo be known. 
If the external Ferms made choice of are the loweft in the Table, 
which is the cafe our Author purfues, the Powers of x will proceed 
by- increafing. But the higheft may be chofen, and then a Series 
will be found, in which the Powers of x will proceed by decreafing. 
And there may be other cafes of external Terms, each of which will 
commonly afford a Series. The initial Index being thus found, the 
other compound Indices belonging to the Equation will be known 
alfo, and an Arithmetical Progreffion may .be found, in: which they 
are all comprehended, and confequently the form of the Series will 
be known. 

Or inftead of Tabulating the Indices of the Equation, as above, 
it will be the fame thing in effect, if we reduce the Terms themfelves. 
to the form of a combined Arithmetical Progreffion, as was fhewn 
before. But then due care muft be taken, that the Terms may be 
rightly placed at equal diftances; otherwife the Ruler cannot be ac- 
‘tually apply'd, to difcover the Progreffions of the Indices, as may 
be done in the Parallelogram. | 


For 
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For the fake of greater perfpicuity 
Table, or combined Arithmetical Progre 
cular cafe, in which a == z 
thus ; 
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we will reduce our general 


pista η ereflion in plano, to the parti- 
= I; which will then appear 
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Now the chief properties of this Table, fubfervient to the prefent 
purpofe, will be thefe. If any Parallelogram be fclected, and an- 
other any how below it towards the right hand, and if their inclnded 
Numbers be made equal, by determining the general Number 21, 
which in this cafe will always be affirmative ; alfo if the Edge of the 
Ruler be apply'd to the Centers of thefe two Parallelograms ; all the 
Numbers of the other Parallelograms, whofe Centers at the fame time 
touch the Ruler, will likewife be equal to each other. Thus if the 
Parallelogram denoted by m --- 4 be fele&ed, as alfo the Parallelo- 
gram 3m -- 2; and if we make m -+ 4 — 3: 4- 2, we fhall have 
m===1. Alfo the Parallelograms — m 4-6, m-+-4, 3m -+ 2, 5n, 
7m — 2, &c. will at the fame time be found to touch the Edge of 
the Ruler, every one of which will make c, when z = 1. 

And the fame things will obtain if any Parallelogram be felected, 
and another any how below it towards the left-hand, if their in- 
cluded Numbers be made equal, by determining the general Number 
m, which in this cafe will be always negative. Thus if the Parallelo- 
gram denoted by 55 -1- 4. be felected, asalfo the Parallelogram 42-4 2; 
and if we make $m-1-4——47: -- 2, we fhall have == — 2. Alfo 
the Parallelograms 6m -1- 6, 5m -+ 4, 4m-+ 2, 3m, 28 — 2, n 

wi 
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will be found at the fame time to touch the Ruler, every one of 
which will make — 6, when 7 τ------ε 2. 

The fame things remaining as before, if from the firft fituation of 
the Ruler it fhall move towards the right-hand by a parallel motion, 
it will continually arrive at greater and greater Numbers, which at 
equal diftances will form an afcending Arithmetical Progeflion. Thus 
if the two firft felected Parallelograms be 23: — 1 = 5m— 3, whence 
=== +, the Numbers in all the correfponding Parallelograms will 
be 4. Then if the Ruler moves towards the right-hand, into the 
parallel fituation 377 -4- 1, 6m — 1, ὅσα, thefe Numbers will each be 
3. If it moves forwards to the fame diftance, it will arrive at 
4m -- 3, 77m -- 1, &c. which will each be 54. If it moves forward 
again to the fame diftance, it will arrive at 2; -|- 5, 8m + 3, &c. 
which will each be 84. And fo on. But the Numbers 4, 3, 53, 
8+, &c. are in an Arithmetical Progreffion whofe common diffe- 
rence is 22. And the like, mutatis mutandis, in other circum- 
ftances. 

And hence it will foliow é contra, that if from the firft fituation 
of the Ruler, it moves towards the left-hand by a parallel motion, 
it will continually arrive at leffer and leffer Numbers, which at equal 
diftances will form a decreafing Arithmetical Progreffion. 

But in the other fituation of the Ruler, in which it inclines down- 
wards towards the left-hand, if it be moved towards the right-hand 
by a parallel motion, it will continually arrive at greater and greater 
Numbers, which at equal diftances will form an increafing Arith- 
metical Progreffion. Thus if the two firft feleted Numbers or Pa- 
rallelograms be 8m- 1 == $54 — 1, whence m= — 2, and the 
Numbers in all the correfponding Parallelograms will be — 44. If 
the Ruler moves upwards into the parallel fituation 5-4-2, 2m, &c. 
thefe Numbers will each be — 14. If it moveon at the fame diftance, 
it will arrive at 277 4- 3, — m- 1, &c. which willeachbe 14. I£ it 
move forward again to the fame diftance, it will arrive at — m -4- 4, 
— 411 -i- 2, &c. which willeachbe 44. Andío on. But the Num- 
bers — 45, — 15, 13, 45, &c. or —+2, τι 4, 7, &c. are in an in- 
creafing Arithmetical Progreffion, whofe common difference is 2, or 3. 

And hence it will follow alfo, if in this laft fituation of the Ruler 
it moves the contrary way, or towards the left-hand, it will conti- 
nually arrive at leffer and leffer Numbers, which at equal diftances 
will form a decreafing Arithmetical Progreffion. 

Now if out of this Table we fhould take promifcuoufly any num- 
ber of Parallelograms, in their proper places, with their refpective 

Num- 
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Numbers included, neglecting all the reft; we fhould form fome cer- 
tain Figure, fuch as this, of which thefe would be the properties. 
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The Ruler being apply’d to any two (or perhaps more) of the 
Parallelograms which are in the Ambit or Perimeter of the Figure, 
that is, to two of the external Parallelograms, and their Numbers 
being made equal, by determining the general Number m; if the 
Ruler pafles over all the reft of the Parallelograms by a parallel mo- 
tion, thofe Numbers which at the fame time come to the Edge of the 
Ruler will be equal, and thofe that come to it facceffively will form 
an Arithmetical Progreflion, if the Terms fhould lie at equal diftan- 
ces ; or at leaft-they may be reduced to fuch, by fupplying any Terms 
that may happen to be wanting. 

Thus if the Ruler fhould be apply'd to the two uppermoft and 
external Parallelograms, which include the Numbers 3m- 5 and 
5m -t- 5, and if they be made equal, we fhall have m= ο, fo that 
each of thefe Numbers will be 5. The next Numbers that the Ruler 
will arrive at will be # +-3, 42+ 3, 69 -+ 3, of which each will 
be 1. The laft are 211 -+ 1, 5m—++-1, of which each is r. So that 
here m= ο, and the Numbers arifing are 5, 3, 1, which form a 
decreafing. Arithmetical Progreffion, the common difference: of which 
is 2. And if there had been more Parallelograms, any how difpofed, 
their Numbers would have been comprehended by: this Arithmetical 
Progreffion, or at leaft it might have been interpolated with other 
Térms, fo as to comprehend them all, however promifcuoufly and 
irregularly they might have been taken. 

Thus ftcondly, if the Ruler be apply'd: to the two external Pa- 
rallelograms: çm -+ 5 and 6m + 3, and’ if thefe Numbers be made 
equal, we fhall have == 2, and the Numbers themfelves will be 
each 15. The three next’ Numbers which the Ruler will arrive ^ 

wi 


200 The Method of Fuuxrons; 


will be each 11, and the two laft will be each 5, But the Num- 
bers 15, 11, 5, will be comprehended in the decreafing Arithmetical 
Progreffion 15, 13, 11, 9, 7, 5, whofe common difference is 2. 

Thirdly, if the Ruler beapply'd to the two external Parallelograms 

6m +- 3 and çm --- 1, and if thefe Numbers be made equal, we fhall 
have m==— 2, and the Numbers will be each —9. The two next 
Numbers that the Ruler will arrive at will be each — 5, the next 
will be — 3, the next — 1, and the laft4-1. All which will be 
comprehended in the afcending Arithmetical Progreffion — 9, — 7, 
— 5, — 3, — 1, -- 1, whofe common difference is 2. 
Fourthly, if the Ruler be apply'd to the two loweft and external 
Parallelograms 2-4-1 and 5-4-1, and if they be made equal, 
we fhall have again m== o, fo that each of thefe Numbers will be 1. 
The next three Numbers that the Ruler will approach to, will each 
be 3, and the laft 5. But the Numbers 1, 3, 5, will be compre- 
hended in an aícending Arithmetical Progreffion, whofe common 
difference is 2. 

Fifthly, if the Ruler be apply'd to the two externa! Parallelograms 
m--3 and 25 + 1, and if thefe Numbers be made equal, we fhall 
have m==2, and the Numbers themíelves will be each 5. The 
three next Numbers that the Ruler will approach to will each be 11, 
and the two next will be each τς. But the Numbers 5, 11, 15, will 
be comprehended in the afcending Arithmetical Progreffion 5, 7, 9, 
11, 13, 15, of which the common difference is 2. 

Laítly, if the Ruler be apply'd to the two external Parallelograms 
3m + 5 and m-t- 3, and if thefe Numbers be made equal, we fhall 
have z;2— — 1, and the Numbers themfelves will each be 2. The 
next Number to which the Ruler approaches will be o, the two next 
are each — 1, the next — 5, the laft — 4. All which Numbers 
wil be found in the defcending Arithmetical Progreffion 2, 1, o, 
— 1, — 2, — 3, —4, whofe common difference is 1. And thefe 
fix are all the poffible cafes of external Terms. 

Now to find the Arithmetical Progrefhon, in which all thefe re- 
fulting Terms fhall be comprehended ; find their differences, and the 
greateft common Divifor of thofe differences fhall be the common 
difference of the Progreffion. Thus in the fifth cafe before, the refulting 
Numbers were 5, 11,15, whofe differences are 6, 4, and their greateft 
common Divifor is 2. Therefore 2 will be the common difference of 
the Arithmetical Progreffion, which will include all the refulting 
Numbers 5,11, 15, without any fuperfluous Terms. But the ap- 
plication of all this will be beft apprehended from the Examples that 
are to follow. 30, 
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30. We have before given the form of this Equation, γ΄--- sa:ys 
-+ Eys — 74*Xx*y* -- bae + xt == 0, when the Terms are dif- 


pofed according to a double or combined Arithmetical Scale, in or- 
der to its Solution. Or obferving the fame difpofition of the Terms, 
they may be inferted in their refpe&ive Parallelograms, as the Table 
requires. Or rather, it may be fufficient to tabulate the feveral In- 
dices of x only, when they are derived as follows. Let Ax" repre- 
fent the firft Term of the Series to be form'd for y, as before, or let 
J = Ax", δος. Then by fubftituting this for y in the given Equa- 


tion, we fhall have Asx5" — cA*xs7t: 4 Aye — 743 Axim --- 


6a3x3 --- b*x+, &c, =o. Thefe Indices of x, when felected from 
the general Table, with their refpective Parallelograms, will {Παπά 
thus: 


— | ———MÀ | — — j—M | cower | — á—— | oe 
—— | —— | ανα ee [ο ———À—— | —— | — 
"—— | c———A9— | —————— | Crete) o —— ——— | ———— B— D co 
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Here if we would have an afcending Series for the Root y, we 
may apply the Ruler to the three external Terms 3, 27:-4- 2, 6m, 
which being made equal to each other, will give ;»; — +, and each 
of the Numbers will be 5. The Ruler in its parallel motion will 
next arrive at 57 --- 1, or 34; then at 4; then at 47}-|- 3, or 5; 
which Numbers will be comprehended in the Arithmetical Ῥτοστεί- 
fon 3, 3%, 4, 41, 5, whofe common difference is +, This there- 
fore will be the common difference of the Progreffion of the Indices, 
in the Series to be derived for y. So that now we intirely know the 
form of the Series, which will refult from this Cafe. For if A, B, 
C, D, &c. be put to reprefent the feveral Coefficients of the Series in 
order, and as the firft Index m is found to be +, and the common 
difference of the afcending Series is alfo +, we fhall have here y= 
Ax? -+ Bx 4- Cx? -+ Dx*, δες. 

As to the Value of the firft Coefficient A, this is found by putting 
the initial or external Terms of the Parallelogram equal to noue 
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This here will give the Equation A‘ — 7a4*A* + bat == o, which 
has thefe fix Roots, A= + ya, A =t 2a, Am=+ /—32, 
of which the two laft are impoffible, and to be rejected. Of the 
others any one may be taken for A, according as we would profecute 
this or that Root of the Equation. 

Now that this is a legitimate Method for finding the firft Ap- 
proximation Ax”, may appear from confidering, that when the 
Terms of the Equation are thus ranged, according toa double Arith- 
metical Scale, the initial or external Terms, (each Cafe in its turn,) 
become the moft confiderable of the Series, and the reft continually 
decreafe, or become of lefs and lefs value, according as they recede 
more and more from thofe initial Terms. Confequently they may 
be all rejected, as leaft confiderable, which will make thofe initial 
or external Terms to be (nearly) equal to nothing; which Suppofi- 
tion gives the Value of A, or of Ax", for the firft Approximation. 
And this Suppofition is afterwards regularly purfüed in the fubfe- 
quent Operations, and proper Supplements are found, by means of 
which the remaining Terms of the Root are extracted. 

We may try here likewife, if we can obtain a defcending Series 
for the Root y, by applying the Ruler to the two external Terms 
433 -- 3 and 6m; which being made equal to each other, will give 
m == i, and hence each of the Numbers will be ο. The Ruler in 
its motion will next arrive at 577-- 1, or 82. Then at 272 -4- 2, or 
5. Then at4. And laftly at 3. But thefe Numbers 9, 82, 5, 4, 
3, will be comprehended in an Arithmetical Progrefhon, of which 
the common difference is 4. So that the form of the Series here 


will be y==Ax* + Bx -4 Cx? 4- Dx°, &c. But if we put the two 
external Terms equal to nothing, in order to obtain the firft Ap- 
proximation, we fhall have A5 + > == 0, or A*+- == o, which 
will afford none but impoffible Roots. So that we can have no ini- 
tial Approximation from this fuppofition, and confequently no 
Series. 

But laftly, to try the third and laft cafe of external Parallelograms, 
we may apply the Ruler to 4 and 4m -4- 3, which being made equal,. 
will give m= 4, and each of the Numbers wil be 4, The next 
Number will be 5; the next 2m- 2, or 23; the next 55 +- 1, or 
2+; the laft will be 62, or 13. But the Numbers 4, ἃν αἱ, 2:5 
14, will αἱ] be found in a decreafing Arithmetical Progreflion, whofe 
common difference willbe +. So that Ax* -41- Bx? -4- Cx + Dx, 
&c. may reprefent the form of this Series, if the circumftances of 

| l the 
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the Coefficients will allow of an Approximation from hence. But 
: "s : A4 
if we make the initial Terms equal to nothing, we fhall have — 


-- 6+ == o, which will give none but impoflible Roots. So that 
we can have no initial Approximation from hence, and confequently 
no Series for the Root in this form. 

31. The Equation ys — by? + 9dx* — x3 =o, when the Terms 
are difpofed according to a double Arithmetical Scale, will have the 
form as was fhewn before; from whence it may be known, what 
cafes of external Terms there are to be try'd, and what will be the 
circumftances of the feveral Series for the Root y, which may be 
derived from hence. Or otherwife more explicitely thus. Putting 
Ax" for the firft Term of the Series y, this Equation will become 
by Subftitution Asxs* — bA*x*" + οὐχ" — x3, &c. z— 0. So that 
if we take thefe Indices of x out of the general Table, they will 
ftand as in the following Diagram. 

Now in order to have an afcending |; 

Series for y, we may apply the Ruler to |—|—|—|—|—|— 
the two external Parallelograms 2 and 
251, Which therefore being made equal, will 
give m == 1, and each of the Numbers |—7|——|--|—|—|— 

will be 2. The Ruler then in its parallel  — — —27- 37 

progrefs will firt come to 3, and then to 5, or 5. But the Num- 
bers 2, 3, 5, are all contain'd in an afcending Arithmetical Progreffion, 
whofe common difference is 1. Therefore the form of the Series 
will here be y == Ax -t- Βλ’ + Cx*, &c. And to determine the 
firft Coefficient A, we fhall have the Equation — 2A*x* -- οὐχ’ ---ο, 
or A*—— 9, that is A == + 1. So that either + 3x, or — 3x ma 

be the initial Approximation, according as we intend to extract the 
affirmative or the negative Root. 

We (hall have another cafe of external Terms, and perhaps an- 
other afcending Series for y, by applying the Ruler to the Parallelo- 
grams 2m and sm, which Numbers being made equal, will give 
η πο. (For by the way, when we put 2 == 5, we are not at 
liberty to argue by Divifion, that 2 — 5, becaufe this would bring 
us to an abfurdity. And the laws of Argumentation require, that no 
Abfurdities muft be admitted, but when they are inevitable, and 
when thcy are of ufe to fhew the falfity of fome Suppofition. We 
fhould therefore here argue by Subtraction, thus: Becaufe cji — 2m, 
then 57 — 277 == 0, or 411:--Ο, and therefore #==0. ‘This Cau- 
tion I thought the more neceffary, becaufe I have obferved fome, 
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who would lay the blame of their own Abfurdities upon the Analy- 
tical Art. But thefe Abfurdities are not to be imputed to the Art, 
but rather to the untkilfulneis of the Artift, who thus abfurdly ap- 
plies the Principles of his Art.) Waving therefore m == o, we fhall 
alfo have the Numbers 254 = 572—— 0. The Ruler in its parallel 
motion will next arrive at 2 ; and then at 3. But the Numbers ο, 
2, 3, will be comprehended in the Arithmetical Progreffion o, 1, 2, 3, 
whofe common difference is 1. Therefore y == A + Bx + Cx?, &c. 
will be the form of this Series. Now from the exterior Terms A‘ 
— A> =o, or A? == ὁ, or A — D, we fhall have the firt Term 
of the Series. 

There is another cafe of external Terms to be try'd, which pofi- 
bly may afford a defcending Series for y. For applying the Ruler to 
the Parallelograms 3 and £m, and making thefe equal, we fhall have 
wm == i, and each of thefe Numbers will be 3. Then the Ruler 
will come to 2; and laftly 2m, or $. But the Numbers 3, 2, 14, 
will be comprehended in a defcending Progreffion, whofe common 
difference is +. Therefore the form of the Series will be y == Ax! 
-- Bx: + Cxt--D, &c. And the external Terms Asx? — x3 — ο 
will give A==1 for the firft Coefficient. Now as the two former’ 
cafes will each give a converging Series for y in this Equation, when 
x is lefs than Unity; fo this cafe will afford us a Series when x is 
greater than Unity; which will converge fo much the fafter, the 
greater x 15 fuppofed to be. 

32. We have already feen the form of this Equation γ’ -+ axy +- 
day — x? — 245 == 0, when the Terms are difpofed according to a 
double Arithmetical Scale. And if we take the fictitious quantity 
Ax” to reprefent the firt Approximation to the Root y, we fhall 
have by fubftitution A:x*» p- 2A x" + a* Ax" — x? — 247, δες, 
o0. Thefe Terms, or at leaft thefe Indices of x, being felected 
out of the general Table, will appear thus. 

Now to obtain an afcending Series for the 





Root y, we may apply the Ruler to the three --|---- 
external Terms o, zz, 171, which being made | | | | 
equal, will give m==0. Therefore thefe mi 

Numbers are each o. In the next place the uM) ENG See 
Ruler will come to m=- 1, or 1; and laftly | 7 7 di 


to 3. But the Numbers o, 1, 3, are contain'd in the Arithmetical 
Progreffion o, 1, 2, 3, whofe common difference is 1. Therefore 
the form of the Root is y —— A + Bx + Cx? + Dx?, δυο. Now 
if the Equation A? -+- 2*A — 2a? ==0, (which is derived from is 

initia 
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initial Terms,) is divided by the factor A* -+ aA + 2a, it will give 
the Quotient A—«@==0, or Aca for the initial Term of the 
Root y. 

If we would alfo derive a defcending Series for this Equation, we 
may apply the Ruler to the external Parallelograms 3, 3m, which 
being made equal to each other, will give # = 1 ; alfo thefe Num- 
bers will each be 1. Then the Ruler will approach to m+ 1, or 2; 
then to 71,0 1; laftly too. But the Numbers 3, 2, 1, o, are a de- 
creafing Arithmetical Progreflion, of which the common difference 
is 1. So that the form of the Series will here be y = Ax + B -+ 
Cx—-FPDx-:, &c. And the Equation form’d by the external Terms 
will be A333 —— x: = ο, or À == 1, 

33. The form of the Equation x*y* — 3c*xy* — ctx? - c? == 0, 
as exprefs'd by a combined Arithmetical Scale, we have already feen, 
which will eafily fhew us all the varieties of external Terms, with 
their other Circumfítances. But for farther illuftration, putting Ax” for 
the firft Term of the Root y, we fhall have by fubftitution Ass: 
— $0 43x — sx? --- c, &c zo. Thefe Indices of x being 
tabulatcd, will Παπά thus. 

Now to have an afcending 


i 2 m+2 
Series, we muft apply the E S Dic ues sut 
Ruler to the two external Berek ; 
Terms o and £i --2, which εἰ 


being made equal, will give 

m= — 4, and the two Numbers arifing will be each ο. The next 
Number that the Ruler arrives at is 2/1 --- 1, or 4; and the laft is 2. 
But the Numbers o, $, 2, will be found in an atcending Arithmeti- 


* 
- 


cal Progreffion, whofe common difference is &. Therefore y — Ax 
+ Bx ? -H C- Dx’, &c. will be the form of the Root. Το deter- 
mine the firft Coefficient A, we fhall have from the exterior Terms 
At + c 0, which will give A — — ya = — c. Therefore 
the firft Term or Approximation to the Root will be y == — V τ 
&c. 

We may try if we can obtain a defcending Series, by applying 
the Ruler to. the two external Parallelograms, whofe Numbers are 2 
and 57-42, which being made equal, will give ;; ---- ο, and thefe 
Numbers will each be 2. The Ruler will next arrive at 2m- 1, or 
1; and laftly at ο. But the Numbers 2, r, o, form a deitending 
Progreffion, whofe common difference is 1. So that the form of the 
Series will here be y == A +. Ba—: -+ Ca, &c, And putting the 
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initial Terms equal to nothing, as they Παπά in the Equation, we 
fhall have A*x* —c'x* = 0, or A =c, for the firít Approximation 
tothe Root. And this Series will be accommodated to the cafe of Con- 
vergency, when x is greater than c; as the other Series is accommo- 
dated to the other cafe, when x is lefs than c. 

34. If the propofed Equation be 8z5y* + a25j* — 270» == 0, 
it may be thus refolved without any preparation. When reduced to 


our form, it will ftand thus, 8z°y3 -ἰ- οὐ)” κ * Lomo; and by 
* —2720? 
putting y=As™,&c.it will become $A322" t6 ΓΑ: gts y a a 
*— 274? um 


The firft cafe of external Terms will give 8A3 gs76 — 2709 == ο, 
whence 444-6 = 0, or m= — 2. Thefe Indices or Numbers 
therefore will be each ο; and the other 2/1 --- 6 will be 2. But 0,2, 
will be in an afcending Arithmetical Progreffion, of which the com- 
mon difference is 2. So that the form of the Series will be y==Az—= 
+ B + Cz? + Dat, &c. And becaufe 8A? == 279, or 2A ---- 142, 
it will be A==3a3, Therefore the firft Term or Approximation to 
the Root will be 37. 


^ 





But another cafe of external Terms will give 2A*2:7-$ — 274? 
== 0, whence 2m-+-6==0, or gz—— 3. Thefe Indices or Num- 
bers therefore will be each o; and the other 377 -~+ 6 will be — η. 
But o, — 5, will be found in a defcending Arithmetical P-ogreffion, 
whofe common difference is 3. So that the form of the Series will 
be y == Az? + Bz-5$-- C2~9, δε. And becaufe aA* == 2709, 
"tis A = + 34/3 x at, for the firft Coefficient. 

Laftly, there is another cafe of external Terms, which may poffi- 
bly afford us a defcending Series, by making 8A323"-+5 4. gA2z2™+6 
== 0 ; whence zz— ο. And the Numbers will be each equal to 6 ; 
the other Number, or Index of z, iso. But 6,0, will be in a 
defcending Arithmetical Progreffion, of which the common difference 
1s 6. Therefore the form of the Series will be yz— A + Bo-$ --- 
Cz-", Gc. Alfo becaufe 8A* + 4A? == ο, it is å = — 1a for the 
firft Coefficient. | 

I thall produce one Example more, in order το fhew what variet 
of Series may be derived from the Root in fome Equations; as alto 
to fhew all the cafes, and all the varieties that can be derived, in the 
prefent ftate of the Equation. Let us therefore affume this Equation, 











12x2 «342 «6 a1 có a3) 
»8 Cl 3 ley — —— ------- — == 3 —- e 
J= a -- Χ 23 1313 i x3 x2 +a O, οἱ 
rather y3— a™ j^ x* 4 x3 — d5y7* x? -- 65y—3 — a7 y7? x Hh a6x-7 a 


— 43y*x— -p 4* — ο. Which if we make y — An”, &c. and 
difpofe 
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difpofe the Terms according to a combined Arithmetical Ῥγορτεί- 
fion, will appear thus : 


-- 25 x3 1 
—43À*Xxin— y * x —— R A ms | 
* * * * * 
Atx” κ κ -e * κ. a A 3x73" &c, >= Oo. 
* * * * * | 
—a-7! A* xin, * + —a AT λα, 
+ x J 


Now here it is plain by the difpofition of the Terms, that the 
Ruler can be apply'd eight times, and no oftner, or that there are 
cight cafes of external Terms to be try'd, each of which may give 
a Series for the Root, if the Coefficients will allow it, of which four 
will be afcending, and four defcending. And firft for the four cafes 
of afcending Series, in which the Root will converge by the afcend- 
ing Powers of x ; and afterwards for the other four cafes, when the 
Series converges by the defcending Powers of x. 

I. Apply the Ruler, or, (which is the fame thing,) affume the 
Equation a6A—sy~3" — a A—x—:7— == 0, which will give — 3m 
= — 2m —2, or m= 2; alfo A==-. The Number refulting 
from thefe Indices is — 6. But the Ruler in its parallel motion will 


next come to thc Index — 3; then to —2722- 2, or —2 ; then 
to o; then to 2m— 2, or 2; then to 3; and laftly το 3m and 2m- 2, 
or 6. But the Numbers — 6, — 3, — 2, 0, 2, 3, 6, are in an af- 


cending Arithmetical Progreffion, of which the common difference 
is 1; and therefore the form of the Series will be y — Ax* +- Bx? 
-+ Cx*, δος. and its firft Term will be = 
II. Affume the Equation a6x—3 — 2? A—x—7—-* == o, which will 
give — 3 = — 2m — 2, or m ==}; alfo A kai. The Num- 
ber refulting hence is — 3; the next will be — 937, or — 12; the 
next 2m— 2, Or — 1; the next o; the next ---27)-|-2, or 1; 
the next 3m, or 14; the two laft 2m +- 2 and 3, are each 1. But 
the Numbers — 1, — 12, — 1, 0, 1, 12, 3, will be found in an 
afcending Arithmetical Progreffion, of which the common difference 
is +; and therefore the form of the Series will be y == Ax? + Bx + 
Cx? Dx*, &c. and its firt Term will be + ax. 
HI. 
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III. Aflume the Equation 46x73 —@3A*x2"-: == o, which will 
give — 3 = 201 — 2, or m==—+; alfo A= + aż. The Num- 
ber refulting is — 3 ; the next 3m, or — 12; the next — 2m — 2, 
or — 1 ; the next o; the next 27; -- 2, or 1; the next — 3m, or 
1t; the two laft 3 and — 2m 1-2, which are each 3. But the 
Numbers — 3, — 15, —1, O, 1, 14, 3, will be all comprehended 
m an afcending Arithmetical Progreflion, of which the common dif- 


ference is + ; and therefore the form of the Series will be y —Ax^: 
-+ B+ Cx? -+ Dx, &c. and the firt Term will be + atx 2, or 


ta i. 
IV. Affume the Equation A3x3" — g3À*3*"—: — 0, which will 
give 3m == 2m — 2, or  —— — 2; alfo A =a. The Number 


refulting is — 6; the next will be — 3; the next 2/1 -- 2, or —2; 
the next o; the next — 2m — 2, or 2; the next 3 ; the two laft 
— 3m and —2m-+- 2, each of which is 6. But the Numbers — 6, 
— 3, — 2, O, 2,3, 6, belong to an afcending Arithmetical Progref- 
fion, of which the common difference is 1. "Therefore the form of 
the Series will be y z— Αλ" 4- Βακτ' -41- C -+ Dx, &c. and its firft 


^ 3 
Term will be = ; 


The four defcending Series are thus derived. 
I. Affume the Equation Asx3" — a—'Atx*"-F? == o, which will 


» 1 
give 3m == 27m + 2, or m= 2; alfo Α---. The Number re- 


.fulting is 6 ; the next will be 3; the next 227 — 2, or 2; the next 
ο; the next —2m-+ 2, or — 2; the next — 3 ; the two laft 
— 3 and — 277 — 2, each of which is — 6. But the Numbers 
6,3, 2, 0, — 2, — 3, — 6, belong toa defcending Arithmetical Pro- 
ereffion, of which the common difference is 1. ‘Therefore the form 
of the Series will be y == Ax? -+ Bx -+ C-+ Dx, &c. and the firft 
Term will be = í 
II. Aflume the Equation x: — 47'AÀ*x:7t* — ο, which will give 
2m --- 2 Ξ-- 34, or m= +; alfo A = +a. The Number refulting 
is 3; the next will be 3m, or 14; the next — 2/11 -ἱ-2, or 1; the 
next o; the next {11 — 2, or — 1 ; the next —3m, or — 12; the 
two laft — 3 and — 2m—2 are each — 3. But the Numbers 3, 
iz, I, O, — I, — 1t, — 3, belong to a defcending Arithmetical 
Progreflion, of which the common difference is £. Therefore the 
form of the Series will be y = Ax?-+ Βαο- Cx—:-4- Dx-', δις. and 
the firft Term will be + yax. 
II. 
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Ni. Affume the Equation x? ---- 2A7*x— 7 —0, Which will 
give 3 = — 2m +2, or m= — £i alfo A tat. The ‘Num: 
ber refulting from hence is3; the next will be — 3, or 1+; the 
next 2m-+-2, or 1; the next o; the next — 25 —2, or —— 1; 
the next 37, or — 14; the two haft —3 ahd 2m — 2, each of 
whichare —3. But the Numbers 3, 14, 1, o, —1, — 14, —3, are 
comprehended in a defcending Arithmetical Progreffion, of which 
the common difference is +. Therefore the form of the Series will 
be y Ax" 3-4- Beet -- Cx 5 4+ Dam, δες, and the firt Term will 
be + atx, or tag. | M 
IV. Laftly, affume the Equation a5A7:x—:" — 45 A—t x7 "+ — 0, 
which will give — 35: == —2m + 2, or z z-—2'; alfo A —3'a. 
The Number refulting is 6; thenext will be 3; the next — 2m — 2, 
or 2; the next o; the next 2/11 ---- 2, or —2; the next — 5 ; the 
two next 377 and 277— 2, are each — 6. But the Numbers 6, 3, 
2, 0, — 2, — 3;— 6, belong to a defcending Arithmetical Ῥγοστεί- 
fion, of which thé common’ difference is r. Therefore the form of 
the Series will be yz Ακ. 4- Bx? 4-Cx™-- Das, &c.and the firft 
Term is = , ee 
And this may fuffice in all Equations of this kind, for» finding 
the fdrmis of the feveral Series, and their. firft Approximations. Now 
we' muft proceed to their farther Refolution, or to thé Method of 
finding all the reft of the Terms fucceffively. 


Sect. V. The Refolution of Affected Specious Equations, 
profecuted by various Methods of Analyfis. 


ας. [ το O it has been fhewn, when an Equation is 
propofed, in order to find its Root, how the Terms of the 

Equation are to. be difpofed in a two-fold regular fucceffian, fo as 
thereby to find the initial Approximations, and the feveral forms of 
the Series in: all, their various circumftances. Now the Author pro- 
ceeds in like manner to difcover the fubfequent Terms of the Series, 
which may be done with much eafe and certainty, when thé form 
of the Series is known. For this end he finds Refidual or Supple- 
mental Equations, in a regular fucceflion alfo, the Roots of which 
are a continued Series of Supplements to the Root required. In 
every one of which Supplemental Equations the Approximation is 
Ee ` found, 


210 The Method of Fuuxions, 


found, by rejecting the more remote or lefs confiderable Terms; and- 
fo reducing it to a fimple Equation, which will give a near Value 
of the Root. And thus the whole affair is reduced to a kind of 
Comparifon of the Roots of Equations, as has been hinted already. 
The Root of an Equation is nearly found, and its Supplement, which. 
fhculd make it compleat, is the Root of an inferior Equation, the Sup- 
plement of which isagain the Root of an inferior Equation ; and fo on 
for ever. Or retaining that Supplement, we may ftop where we pleafe. 

36. The Author's Diagram, or his Procefs of Refolution, is very 
eafy to be underftood yet however it may be thus farther explain’d. 
Having inferted the Terms of the given Equation. in the léft-hand 
Column, (which therefore are equal to nothing, as are alfo all the 
fubfequent Columns,) and having already found the firft Approxi- 
mation to the Root to be a; inftead of the Root y he fubftitutes its 
equivalent a- 5 in the feveral Terms of the Equation, and writes 
the Refult over-againft. them refpeGively, in the right-hand Margin. 
Thefe he collects and abbreviates, . writing the Refult below,.in the 
left-hand Column ; of ‘which reje@ing all the Terms of too high a 
compofition, he retains only the.two loweft Terms 4a*p-+-a?x==0, 
which give p == — ix for the fecond Term of the Root. Then 
afluming p = — tx -+ q, he fubftitutes this in the defcending Térms 
to the left-hand, andiwrites the.Refult in.the Column to the right- 
hand. .Thefe he colleéts and abbreviates, writing the’ Refult below 
in the left-hand: Column. Of which. rejecting again all the higher 
Terms, he retains only the.two loweft 4034 —--@x* 0; which 
give 9 = = for the third Term of the Root. And fo on. 


Or in imitation of, a'former Procefs, (which may be feen, pag? 
165.) the Refolution of this, and all. fuch like, Equations, may be 
thus perfonn'd. * 2 -. - : 
pay = 2.05 o (if ya- p) α’ epis colle&ing 


axy- x | -H a> --a*p and expunge 
-L-a*x-A-axp Ing... 
44* p-- 3ap* Epiat x (ife tx -9)—2a x ag | 
-Faxp --Χ3. ---ταχ -pLaxq 
ς Ax? — 3 ANG αφ”. | 
αν 


Or collé&ing and expunging, : 
4254 + 34f He m pam (fq T. + 7) &e 


6 à 
—i10xQ — 4X + eX 
X 


By which Procefs thie Root will be found yea 2x £.,. δές. 
Ors 
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Or in imitation of the Method before taught, (pag. 178, ὅσο.) we 
may thus refolve the firt Supplemental Equation of this Example ; 
viz. 44^ + axp -t 3ap* +- p? = — atx + x? ; where the Terms 
muft be difpos'd in the following manner. But to avoid a great deal 
of unneceflary prolixity, it may be here obferved, that y — a, &c. 
briefly denotes, that a is the firft Term of the Series, to be derived 
for the Value of y, Alfo y—«— tx, &c. infinuates, that — £x 


is the fecond Term of the fame Series y. Alfo y = + κ + t 


9 2 , e 9 V 
&c. infinuates, that +- 7— is the third Term of the Series y, with- 


out any regard to the other Terms. And fo for all the fucceeding 
Terms; and the like is to be underftood of all other Series what- 
ever, 








405) == — ax ε x? 
-- τς AX? -- A n » &c, 
axb \- --- ee oe z2% + στα = » &c. 
-Ώάῤ|-------- + τὶς αλ” — i EN "s » &c. 
4 T ος — dre , &c 
p= Eid BS + SE, δες. 


Το explain this Procefs, it may be obferved, that here — a*x is 
made the firft Term of the Series, into. which 4α2Ρ is to be re- 
folved ; or 44* 5 — — a*x,&c. and therefore ῥς--- — xx, &c. which 
is fet down below. Then is -+ axp ==— tax", &c.and (by fquaring) 
-- 34f* = + 74 αχ", &c. each of which are fet down in their pro- 
per Places. Thefe Terms being collected, will make — 2x*, 
which with a contrary Sign muft be fet down for the fecond Term 
of 44*5; Or 4a*p=o= -+ ygax*, ὅς, and therefore == κ + x, ? 
ὥς, Then axp==s ὃς , &c. and (by fquaring) 3a/> — s — ον ? 


δες. and (by cubing) 5: == — ,'zx?, &c.  Thefe being collected 


e 3 A A P. ` 
will make — τ to be wrote down with a contrary Sign; and 


this, together with x, one of the Terms of the given Equation, 
] z EEN 131 : ενα 13185. 
will make 4a*p == « κ + at &c. and therefore p = s « -+ aa! 


131x4 


&c. Then exp == « «+ rU &c. and (by fquaring) 3af* == + * 
Eez — 
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Lg Sce, and (by cübing) p? =— + + 35* . &c. all which: 


4οοόα 2 |^ 10234a ? 
being calle&ted with: a contrary Sign, will make 4a*p == s κ. + 
s ,, &c. and therefore .5 — + + « -4 ioi , &c. And by the 
fame Method: we may continue the "Extiaction as far.ás we pleafe. 

The Rationale of this Procefs has been already deliver’d, but às. 
it will be of frequent ufe, I (hal here mention it again, in fome-. 
what a different manner. The. Terms of the Equation being duly 
order'd, fo as that the Terms involving the Root, (which are to be 
refolvetl into their refpéGive Sériés;) -being all in a Column on. one 
fide, and tlie known Terms on. the other fide ;-any adventitious 
Terms, may be, introduced, fuch as. will be neceffary for formiig the 
feveral Series, provided they are made mutually to deftroy one an- 
other, that the integrity of the Equation may be thereby preferved. 
Thefe adventitious Terms Will bé fupply'd by a kind of Circulation, 
which-will make the work eafy-and pleafant enough ; and the ne- 
ceflary Terms of the fimple Powers or Roots, of fuch Series.as com- 
pofe the Equation, muft. be derived one by one, by any of the 
foregoing Theorems. Ἢ | ! 

Or if we are willing to avoid too many, and. tob high Powers 
in thefe Extraétioris, we may proceed in the follówing manner. 
The Example íhall be the fame Supplemental Equation as before, 
which may be reduced to this form, 4a* -+- ax +- 3ap + pp x p = 
— a*x » -+--x?, of which the Refolution may be thus : 

















40” d- ax 
He 34p ~ -= = — 0X P -ἰκκ' 4- E &c. 
zx deduc E usd: S 
qat + dax ae Vui -- EST, 
poe we ct Geek 
— *X * -H 1 * 


The Terms 42* -+ ax -+ 34p + pp I call the aggregate Factor, of 
which I place the known part or parts 44" -4- ax above, and the 
unknown. parts 32f + fp- in a Column to the left-hand, fo as that. 
their refpe&tive Series, as they come to be known, may be placed. 
regularly over-againft them. Under thefe a Line 18 drawa, ος 

2. the. 
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the aggregate Series beneath it, which is-form’d by the Terms of the 
aggregate Factor, as they become known. Under this aggregate Se- 
ries comes the fimple Factor p, or the fymbol of the Root to be 
extracted, as its Terms become known alfo. Laftly, under all are 
the known. Terms of the Equation in their proper places, Now as” 
thefe laft Terms (becaufe of the Equation) are equivalent to the Pro- - 
duct of the. two Species above them; from this confideration the 
Terms of the Series p are gradually derived, as follows. 

Firft, the initial ‘Term 4a* (of the aggregate Series) is brought 
down into its place, as having no other Term to be collectéd with 
it. Then becaufe this. Term, multiply'd. by: the firt Term of 5, 
fuppofe g,.is equal to the firft Term of the Product, that is, 407¢ 
== — a*x, it will be g == — Lx, cr p == — Lx, &c. to be put down 
in its place. Thence we fhall have 3ap == — iax, &c. which to- 
gether with -ax above, will make -~ 12x for the fecond Term: 
of the aggregate Series... Now if we fuppofe r to reprefent the fe-- 
cond Term of 5, and to be wrote in its place accordingly ; by crofs- 
multiplication we (hall. have 4a*7 — 4!-ax* = o, becaufe the fecond 
Term of the Produ& is abfent, orz—o. Therefore r= am ,-which 
may now be fet down in its-place. And hence 325 = « +- 447, 
&c. and p*== xt, δίς. which -being collected will make 4x7; 
for the third Term of the aggiegate Factor. Now if we fuppofe 
s to reprefent the third Term of f, then by crofs-multiplication, (or 
by our Theorem for Multiplication of infinite Series) 4a*s -ἷ-- 








Š; — Bg == αλ (for xè is the third Term of the Pródu&)  There-. 
^. 131x3 ο. 

fore «το» to be fet down in its place, Then 3ap == + s + 

CUN -3 R : 

3935 δες, and fo—— —, &c which together will make 

gt2a ? j 128a 


-- a for the fourth Term of the aggregate Series. Then putting 
£ to reprefent the fourth Term of ῥ, by multiplication we fhall have 





es 093144... 7x4 38qx4 — — 1: — $09x4- 
qat 2048a "t^ τοῦδ 20484 ^ o, whence. ¢ == 1655443 ? to be 


fet down in its place. If we would proceed any farther in the Ex- 
traction, we muft find in like manner the fourth Term of the Se-- 
ries 325, and the third Term of p*, in order to find the fifth Term 
of the aggregate Series. And thus we may eafily and furely carry 
on the Root to what: degree of accuracy. we pleafe, withcut any 
danger of computing any fuperfluous Terms; which will be no mean 
advantage of thefe Methods. 


Oc 
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Or we may proceed in the following manner, by which we fhali 
avoid the trouble of raifing any fubfidiary Powers at all. The Sup- 
plemental Equation of the fame Example, 4a*p +- axp -+ 3af* --- 
p: == — ax + x3, (and all others in imitation of this) may be 


reduced to this form, 42* -4- ax -4- 3a -1- p Xp x ps — ax -|- κὶ, 
which may be thus refolved. 








4a* --- ax 
+34 Ff ----- + 3a -- =, ὅτ 
Kp on =- mia Ee τση, ὅς, 


8ox5 
445 Lax gent $97 ὅς, 








512a 
κας] xi 12143 $09x* 
ues «* uus T σι243 κ 1638443? &c 
—— 2°X * -e x * 


"The Terms being difpofed as in this Paradigm, bring down 4a* 
for the firft ‘Term of the aggregate Series, as it may {till be cald, 
and fuppofe φ to reprefent the firt Term of the Series p. Then will 
46*q = — atx, or q = — 1x, which is to be wrote every where 
for the firft Term of p. Multiply +- 3a by — x for the firft Term 
of 3a-- P xf, with which produ& — ax colle the Term above, 
or + ax; the Refult ἕαχ will be the fecond Term of the aggregate 
Series, Then let z reprefent the fecond Term of 5, and we fhall 


e ot ο “3 
have by Multiplication 4457 — pax? = ο, or r— i to be 


wrote every where for the fecond Term of p. Then asabove, by crofs- 
multiplication we fhall have 3a x στ spe? = gz? for the third 
Term of the aggregate Series. Again, fuppofing s to reprefent the 
third Term of p, we fhall have by Multiplication, (fee the Theorem 


9 EX PET 7x3 TERME . -.12ιχ7 
for that purpofe,) 42 sie — i6 7495 that is, s==—— , to 


be wrote every where for the third Term of p. And by the fame 
way of Multiplication the fourth Term ofthe aggregate Series will be 
found to be τ , which will make the fourth Term of p to be 
vm . And fo on. 
Among all this variety of Methods for thefe Extractions, we 
muft not omit to fupply the Learner with one more, which is com-: 
mon 
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mon and obvious enough, but which fuppofes the form of the Se- 
ries required to be already known, and only the Coefficients to be 
unknown. This we may the better do here, becaufe we have al- 
ready fhewn how to determine the form and number of fuch Se- 
ries, in any cafe propofed. This Method confifts in the affumption 
of a general Series for the Root, fuch as may conveniently repre- 
fent it, by the fubftitution of which in the given Equation, the ge- 
neral Coefficients may be determined. Thus in the prefent Equa- 
tion y3 + axy +- aay — x? — 2a} = O, having already found (pag. 
204.) the form of the Root or Series to be y — A-+ Bx + Cx’, δες. 
by the help of any of the Methods for Cubing an infinite Series, 
we may eafily fubititute this- Series inftead of y in this Equation, . 
which will then become 


A? 4 3A*Bx -+ 3AB*x?--- Bix? + 3AC*x*, ὃς. 1 
-- 3A7°C -+ 6ABC -+ 1830 
-+- 34D -++ 6ABD 
+ 3A*E y = οἱ 
+ aAx-rTaBx^ -p aCx? 4- aDx*, &c. 
+aA-+ a*Be + aCx> ++ eD + α"Εχ’,ὃςς, 
—— J: 


— 24? * * x3 E 


Now becaufe x is an indeterminate quantity, and muft continue’ 
fo to be, every Term of this Equation may be feparately put equal to- 
nothing, by which the general Coefficients A, B, C, D, &c. will be de- 
termined to congruous Values; and by this means the Root y will be 
known. Thus, (1.) A? -+- aA — 24» = o, which will give A——z;: 


as before. (2.) 3A*B-- aA-+ a*B==o, or B= τας r 


στρ το τα. 
(3.) 3AB* + 3A*C -+ aB -+ aC — 0, or C2—— Iz Ru 
(4-) Bs + 6ABC -H 3A:D +- ας - eD — 1 = ο, or DL 
(ο) 3AC* 4- 3B*C + 6ABD + 3A: E + 2D + 2E =o, or E 
ICE And. fo on, to determine F, G, H, &c. Then by fubfti- 


tuting thefe Values of A, B, C, D, &c. in the affumed Root, we 


: ὑπο n Ελ 500914᾽ ο, 
fhall have the former Series y = a— 1x 4- z ws T teat 1658421? &c. 


Or laftly, we may conveniently enough refolve this Equation, or 
any other of the fame kind, by applying it to the general Theorem, 
pag. 190. for extracting the Roots of any affected Equations in Num- 
bers, For this Equation being reduced to this form 13 κ -- 45 -+ ax 

2: xp 
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X y — 203 + x? x y? == 0, we fhall have there m — 3. And inftead 
of the firft, fecond, third, fourth, fifth, &c, Coefficients of the Powers 
of y in the Theorem, if we write 1,0, aa -+ ax, — 243 — x3,0, 


&c. refpectively ; and if we make the firft Approximation £ = Í> 


aes 1 
3 x3 . 
or A==a and B — 1: we .fhall have olde ami for a nearer Approxi- 
4a? --- ax 


mation to the Root. Again, if we make A= Λα! -+--x3, and 
B == 4a? -- ax, by Subftitution we fhall have the Fraétion 
25649? + ο6αϑχ 4 24a7x* -} (14a6x3 + 48a5x4 -- 12045 4. 254316 æ a ax Iota 
256049 -- 16047x -- 6026x* -- 1004533 + 254424 « -I- 12a*x6 4 34x? 

nearer Approximation to the Root. And taking this Numerator 
for A, and the Denominator for B, we fhall approach nearer ftill. 
„But this laft Approximation is fo near, that if we only take the firft 
five Terms of the „Numerator, and divide them by the firít five 
T'erms of the Denominator, (which, if rightly managed, will be no 
troublefome Operation,) we fhall have the fame five Terms of the 
Series, fo often found already. 

And the Theorem will converge fo faft on this, and fuch like -oc- 
-cafions, that if we here take the firt Approximation A == a, (ma- 
king B == 1,) we fhall have yi te a tx, &c. 


i i mapa 500 ο 
And if again we make this the fecond Approximation, or A == a 


--- $x, (making B == 1,) we fhall have γ.--- γκο 3500€. exc 

jc 28 ον 11.3 x? x3 
LT e , δις. ——a—tx-- FF ae , &c. And 
if again we make this the third Approximation, or A = a — 4x4- 
Z -- HE, &c. (making "B 1,) we fhall have the Value of the 
true Root to eight Terms at this Operation. For every new 'Oper- 
ation will double the number of Terms, that were found true by the 
lat Operation. 

To proceed ftill with the fame Equation; we have found before, 
pag.205, that we might likewife have a defcending Series in this 
form, y —— Ax + B -~ Cx, δις, for the Root y, which we fhall 
extract two or three ways, for the more abundant exemplification of 
this Doctrine. It has been already found, that A —— 1, or that x 
is the firft Approximation to the Root. Make therefore y — x + p; 
and fubftitute this in the given Equation 73 ++ axy -+ aay — x* — 
245 ==0, which will then become 48” +- ax? + a*p +- 3xf* -4- 7% 
-- ax* + atx — 2485 == 0o, This may be reduced to this form 
3x* 4- ax -- a* + 3X EP? x p m —ax* — a^x -ἴ- 243, and may 
he. refolved as follows. 3x3 
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483 +b ax - as ΄ x 
E c μα αν z ο 
+ p a bap ὃς , &c. 
ont e dei T ERA σε 
aXe * -- tat + x ο, 
βτ---πα — 5E 55 , &c. 
— AN? — A? Ne 2413 x 


The Terms of the aggregate Factor, as alfo the known Terms of 
the Equation, being difpofed as in the Paradigm, bring down 3x* 
for the απ Term of the aggregate Series; and fuppofing 4 to repre- 
fent the firft Term of the Series p, it will be 3x*9 = — ax*, or 
q= — 44, for the firft Term of p. Therefore — ax will be the 
firft Term of 3xp, to be put down in its place. This will make the 
fecond Term of the aggregate Series to be nothing ; fo that if r re- 


prefent the fecond Term of p, we fhall have by multiplication 3x?7 
2 
L—-— 4x, Οἵ 1τ--- ---- — for the fecond Term of p, to be put down 


in its place. Then will —4* be the fecond Term of 35x, as alfo 
νά will be the firft Term of ?*, to be fet down each in their places. 
The Refult of this Column will be £a*, which is to be made the 
third Term of the aggregate Series. Then putting s for the third 


Term of p, we fhall have by Multiplication 3x*s — a3 == 245, 
243 . 
Or jc Tu . And thus by the next Operation we fhall have ¢ — 


6404 
24943) 
Or if we would refolve this refidual Equation by one of the fore- 
going Methods, by which the raifing of Powers was avoided, and 
wherein the whole was perform'd by Multiplication alone; we may 


reduce it to this form, 3x7 ++ ax -- a* + 3x H- P x f x $ = ax? 
— a*x -|- 243, the Refolution of which will be thus : 


and fo on. 





Lf NE 
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3x7 --- αχ -- a? * 
J4-3x4-P------F 3x— 1a — = , ὃς, 














3 3x 
1 a* 5543 
xp : "ks ist “+ 8ικ5 2 &e, 
ο. 3n 6155 $ 
3x . σαν + Lm, &c. 
TM RR STER LIGA UR. ων 
xp 32 3x νο. 243x3? &c. 





— AX? — A? Xeo 243 * 


The Terms being difpos'd as in the Example, bring down 3x* for 
the firft Term of the aggregate Series, and fuppofing g to reprefent 
the firft Term of the Series 7, it will be 1χ59 === — ax^, or q z—— 
44. Put down -+ 3x in its proper place, and under it (as alfo after 
it) put down the firft Term of p, or — 22, which being multiply'd, 
and collected with 4- ax above, will make o for the fecond Term 
of the aggregate Series. If the fecond Term of p is now reprefented 


by z, we fhall have 3x°7 κ == — a*x, or r==— Z , to be put 


down in its feveral places. Then by multiplying and colle&ting we 
fhall have + ža? for the third Term of the aggregate Series. And 
putting s for the third Term of p, we íhall have by Multiplication 


3 
2X Sata} == 243, or sae a . And fo on as far as we pleafe. 


_Laftly, inftead of the Supplemental Equation, we may refolve the 
given Equation itfelf in the following manner : 











95} oa * * -- 2a’ * 
| — AK? — τα --- πα --- » &c. 
-Hay ees — ο” me L4 x — τῷ 4 D , &c. 
--a* y | -------- -- qae m E » &c 
=x ---- ta — Oy Se ous 


3x" Six? Mt 243x3 ? &c. 


Here becaufe it is ys = x3, δες. it will be y == x, δες. and therefore 
-ἰ- axy = + ax*, &c. which muft be fet down in its place. Then 
it muft be wrote again with a contrary fign, that it may be ys —— » 


— ax*, &c. and therefore (extracting the cube-root,) y == « — +4, 
&c. Then --- ay zz -- «x, &c. and ep axy == + — iex, &c. 


which 
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which being collected with a contrary fign, will make ys == « + — 
$4*x, &c. and (by Extraction) y zz x «— Lo &c. Hence --2*y 


== κ — τρ), &c. and + anya « x — 243, &c. which being col- 

lected with a contrary fign, and united with --- 24} above, will 
. (Sa 

make y? == + x x $a?, &c. whence (by Extraction) y == « + «τπι» 
4 £44 

&c. Then -+ aty == + ο το &c. and ++ axy == κα ep 

δες. which being colleéted with a contrary fign, will make 5* == 


6404 


24313 


844 
Wok x — A , &c. and then (by Extraction) y —— κ κ. « a -t- 


&c. And fo on. 

37, 38. I think I need not trouble the Learner, or myfelf, with 
giving any particular Explication (or Application) of the Author's 
Rules, for continuing the Quote only to fuch a certain period as fhall 
be before determined, and for preventing the computation of fuper- 
fluous Terms; becaufe moft of the Methods of Analyfis here deli- 
ver'd require no Rules at all, nor is there the leaft danger of making 
any unneceffary Computations. 

39. When we are to find the Root y of fuch an Equation as 
this, y — ty? iy — tyt 4. tys, δες, == m, this is ufually call'd 
the Reverfion of a Series. For as here the Aggregate z is exprefs'd by 
the Powers of y; fo when the Series is reverted, the Aggregate y 
will be exprefs'd by the Powers of g. This Equation, as now it 
Παπάς, fuppofes 2 (or the Aggregate of the Series) to be unknown, 
and that we are to approximate to it indefinitely, by means of the 
known Number y and its Powers. Or otherwife; the unknown 
Number z is equivalent to an infinite Series of decreafing Terms, 
exprefs'd by an Arithmetical Scale, of which the known Number y 
is the Root. This Root therefore muft be fuppofed to be lefs than 
Unity, that the Series may duly converge. And thence it will fol- 
low, that s alfo will be much lefs than Unity. This is ufually cal- 
led a Logarithmick Series, becaufe in certain circumftances it ex- 
preffes the Relation between the Logarithms and their Numbers, as 
will appear hereafter. If we look upon 2 as known, and therefore 
3 as unknown, the Series muft be reverted; or the Value of y mutt 
be exprefs'd by a Series of Terms composd of the known Num- 
ber z and its Powers. The Author's Method for reverting this Se- 
ries will be very obvious from the confideration of his Diagram ; 
and we fhall meet with another Method hereafter, in another part of 
his Works. It will be fufficient therefore in this place, to perform it 
after the manner of fome of the foregoing Extractions. 


I f 2 » 


J 





4. 


yD mot 42^ --- τοῦ -- 349 -+ Tis? &c. 

— y | ------Σο'--Σρ--- et — Fs, Ke. 

J-i|S9.---------LES-- L55-L El, &c. 

— tye | aks Aire ers ------ ἐδ-- iz &e. 

μα πο... eue so sommer q- o ix ὅς, 
&c, 


In this Paradigm the unknown parts of the Equation are fet down 
in a defcending order to the left-hand, and the known Number = is 
fet down over-againft y to the right-hand. Then is yo z, &c. 
and therefore — ty? == — 42t, &c. which is to be fet down in its 
place, and alfo with a contrary fign, fo that y= κ + 2^, &c. 
And therefore (fquaring) — ty? == + — iz*, &c. and (cubing) 
-- ἐγ == -H 423, δις. which Terms collected with a contrary fign, 
make y= s +-+ Σοῦ, &c. And therefore ({quaring) — ἐγ == 
κ κ---πῖσσῖ, &c. and (cubing) + 43 = + -+ 424, &c. and — 1)* 
== — iz*, &c. which Terms collected with a contrary fign, make 
y == s x s + ot, Xc. Therefore — $y? == + * « — $2, δίς. 
and -ἰ- fy? == κα + τίς), &c. and — Eyt = & — iz, δες, and 
+ Lyr == + ἔς’, &c. which Terms colleéted with a contrary fizn, 
make y—— κ κ κ « + 415 S, &c. And fo of the reft. 

40. Thus if we were to revert the Series y +-4y3 4- Sy! +- EU 
+ ides? + eee, δε. m z, (where the Aggregate of the Se- 
ries, or the unknown Number g, will reprefent the Arch of a Circle, 
whofe Radius is r, if its right Sine is reprefented by the known 
Number y,) or if we were to find the value of y, confider'd as un- 
known, to be exprefsd by the Powers of z, now confider'd as known; 
we may proceed thus: 


y | SSB ES τες — ț gogod + σστττς5», RC. 

+ iy | wee tse προ RT aes, &c. 
νι πο) lH = See > + gst — τοῦ" e pseu, &c. 
ή. τ. 
T | ο ο ο. + ster’, Ke, 


The Terms being difpofed as you fee here, we fhall have y — z, 
&c. and therefore (cubing) ¢y3 == 223, δις, which makes τν 
3 ev $ 


— $23, &c. fo that (cubing) we fhall have oy? oL — το, 
ὅς, and alfo τς) == 53.25, Gc. and collecting with a contrary fign, 


y 
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y= a κ t+ ies’, &c Hence $55 m. s 27, &c and τὸ γ᾽ 
— s 7, Xe. and τετ) == 74557, Ke. und collecting with a 
contrary fign, y == * < * — τοτσς!, XC. And fo οι. 

If we fhould defire to perform this Extraction by another of the 
foregoing Methods, that is, by fuppofing the Equation to be reduced 
to this form 1 --- ἐν’ + Fot -- ray? + £455, Kc. x yos, it 
may be fufficient to fet down the Praxis, as here follows. 











I * * * * 
X. L — Dom t 
- ο) ore eS τες d^ rar — T7552, Ke. 
3 3 e 1 8 > 
+ -νή--------- + σοι — τοῦ + τόσα", &c. 
ς 8 
a ers) ο ο σα xe + τῇς ού — -ἴτο", Ke. 
35 8 νο, 35 « S 
ToT.) pee es + τἐξτα", Kc 
daw 7 ον 3 8 e347 8 
I -T- ο) + FET Cte d ἵ-σσαπτοσὃ , &c. 
e εν I ον t i 
y L-—: — «5 --- ere ti goyo% bt srrrrse?, XC. 
a * * » * 


41. The affected Cubick Equation, which the Author here affumes 
to be folved, has infinite Series for the Coefficients of the Powers of 
y ; and therefore its Terms being difpofed (as is taught before) accor- 
ding to a double Arithmetical Scale, the Roots of each of which are 
y and g, it will ftand as is reprefented here below. Or taking Ας” 
for the firft Approximation to the Root y, and fubftituting it in the 
firft Table, it will appear as is here fet down in the fecond Table. 


* a * 
z135-—z*,*-L z?y 


7} * à . — 8 7 

κ Asin S Att A ALES «3 | 

-6 (= ο. πο ds eA tM gos —424 = 
8 t A2, 3"! 1m--6 m-1l-6 

TjA3 —A*z $3Az T° 4925 

J Ctr. εν Ea e. e.) 


+I+! 
Ν 


Now the only cafe of external Terms, to be difcover’d by apply- 
ing the Ruler, will give the Equation A?z3"++ — 8 — o, whence 
3H -+ 2==0, ΟΙ /-—c--— 4, and the Coefficient A == 2. The 
next Number or Index, to which the Ruler in its parallel motion 
will apply itfelf, will be 254 + 2, or 2; the next will be m- 2, 
or 4; and fo on. Which afcending Arithmetical Progreffion a, 


4, &c. will have 4 for its common difference. Therefore pax As! 


+ B+Czi+ Dei -+ Ez, δες. will be the form of the Root in this 
Equation, It may be refolved by any of the foregoing Methods, 
but 
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but perhaps moft readily by fubftituting the Value of y now found 
in the given Equation, and thence determining the general Coeffi- 
cients as before, By which the Root will be found to be y — 


—2 2 i 4 8 12 
25 FG ea -- ττς' --- o4 - τ' περ, &c. 
42. 'Yo refolve this affected Quadratick Equation, in which one 
of the Coefficients is an infinite Series; if we fuppofe y == Ax", &c. 


we fhall have (by Subftitution) the Equation as it ftands here below. 


Then by applying the Ruler, we fhall have — aA" + = LO, 
whence m == 4, and A== = . The next Index, that the Ruler 
in its parallel motion will arrive at, is 21 -4- 1, or 5; the next is 
m-+-2, or 6; &c. fo that the common difference of the Progrei- 
fion is 1, and the Root may be reprefented by y == Αν + Ba? +- 
Cx‘, &c. which may be extracted as here follows. 


Ax" LL Αι Gr. 





] 
— ay = —— + — + a —— , E 
κ ΑΠ, ην | 4a ae - 646 
A 2 — m~m = æa m 
ko = zo * Xy fas gas * E 
A κακο x? x6 x? és 
A m--3 * == 0. Sr sey, ae e ο eos --- d-— x e 
Me = ca a 444 4.5 
n NECS x3 > D NT 
m — y | ------ -Q --- — -h — « 
κ παπι Ἐπ 25 | gar gan’ 
Se. J Fa μη ποτ ώμο τα ee Sage cr 
a 44 
Ee. 
x8 
poc aa atl Ἔτει © 
x4 x5 x8 
Jin ge ee 


9 ° x4 9 * x4 
Here becaufe it is — ay z—— T &c. it will be y= P &c. 


5 . 9 . 
Therefore — xy == — a , &c. which wrote with a contrary Sign 
e xs x5 
will make — ay == « + πρ and therefore y — « — Te &c. 


Then — xy =» + s &c. and — Tym— X , &c. which 
colle&ed will deftroy each other, and therefore — ay == κκ -+ O, 
&c. and confequently y == « « -+ o, &c. &c. 

But there is another cafe of external Terms, which will be dif- 
cover'd by the Ruler, and which will give Asx" — 4Ax" ==0, 
whence m 20, and A==a. Here the Progreflion of the Indices 
will be o, τ, 2, &c. fo that y == A -- Bx + Cx*, &c. will be the 
form of the Series, And if this Root be profecuted by any of the 

Methods 
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Methods taught before, it will be found y == a -+ x 4-7 + < -+ 
3x4 
ος 


qat’ 
Now in the given Equation, becaufe the infinite Series 2 -4- x +- 


x? x3 x4 ο 9 . 
> + a+» &c is a Geometrical Progreffion, and therefore is 


equal to — » as may be proved by Divifion ; if we fubftitute this, 
the Equation will become 5* ----- '-4- = ==o. And if we ex- 


trac the fquare-root in the ordinary way, it will give y == 
^Y. — L2 SN — 9 9 8 
LÁ for the exact Root. And if this Radical 
Z4" am ax 


be refolved, and then divided by this Denominator, the fame two 
Series will arife as before, for the two Roots of this Equation. And 
this fufficiently verifies the whole Procefs. 

43. In Series that are very remarkable, and of general ufe, the 
Law of Continuation (if not obvious) fhould be always affign’d, when 
that can be conveniently done; which renders a Series ftill more ufe- 
ful and elegant. This may commonly be diícover'd in the Compu- 
tation, by attending to the formation of the Coefficients, efpecially 
if we put Letters to reprefent them, and thereby keep them as general 
as may be, defcending to particulars by degrees. In the Logarithmic 
Series, for inftance, z==y— iy? -+ iyi — 414, &c. the Law of 
Confecution is very obvious, fo that any Term, tho’ ever fo remote, 
may eafily be aflign’d at pleafüre. For if we put T to reprefent any 
Term indefinitely, whofe order in the Serics is exprefsd by the na- 


tural Number m, then will T==+- 3", where the Sign muft be 


-- or — according as 77 15 an odd or an even Number. So that the 
hundredth Term is — 4545799, the next is +- 1,9, &c. In the 
Reverfe of this Series, or yz zi -+ iz* + tz5 + γρ” + τὰς”, 


&c. the Law of Continuation is thus. Let T reprefent any Term 
indefinitely, whofe order in the Series is exprefsd by m; then is 





m 
T —.———-—— , which Series in the Denominator muft be con- 
1X2X24X 4 X (t. 


tinued to as many Terms as there are Units in m. Or if c ftands 
for the Coefficient of the Term immediately preceding, then is 'T — 
€ 
LU . 

Again, in the Series y = z — $23 - rio! — yore?! + 
τοεττοῦ᾽» &c. (by which the Relation between the Circular Arch 
and its right Sine is exprefs'd,) the Law of Continuation will be ii 
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If T be any Term of the Series, whofe order is exprefs’'d by πη; and 





if ο be the Coefficient immediately before ; then Τ---.--Ξ-- 





2m—1*X2»m—2 
And ip the Reverfe of this Series, OF z — y H gy? bp ο)’ -᾽- τετ) 
++ 733599, &c. the Law of Confecution will be thus. If T repre- 
{ents any Term, the Index of whofe place in the Series is 77, and if 


. PSI 2m — 2m 2X 
c be the preceding Coefficient ; then T — Z ο ο y. And 
2 πι X 2m 72 
the like of others. | | 
44,45, 40. If we would perform thefe Extractions after a more 
indefinite and general manner, we may proceed thus. Let the given 
4 ati 53 ' m νο πας 3. — 9 — 
Equation be 4 Hay $e OXY — 202 — 3X0, γαρ 453 
the "Terms of which fhould be difpofed as -- ς 


* aX 4 8 
in the Margin. Suppofe y == b -+ 7» where + 8 8 8 


— 3 * s 2 


= Ον 


b is to be conceived as a near Approximation 


to the Root }, and f as its finall Supplement. When this is fubfti- 
tuted, the Equation will ftand as it 


does here. Now becaufe x and p — 243) + shh + 35p* +p?) 

ο both fmall quantities, tl xad to | 
are both fmall quantities, the moft + 7; 
confiderable quantities are at the be- + alx -+ axp ο. «(55 
ginning of the Equation, from _ ,3 " | 


whence they proceed gradually di- 
minifhing, both downwards and towards the right-hand; as ought 
always to be fuppos’d, when the Terms of an Equation are difpos’d 
according to a double Arithmetical Scale. And becaufe inftead of 
one unknown quantity y, we have here introduced two, ὁ and f, 
we may determine one of them ὁ, as the neceflity of the Refolution 
fhall require. To remove therefore the moft confiderable Quantities 
out of the Equation, and to leave only a Supplemental Equation, 
whofe Root is 5; we may put 25 -+ a*b — 203 == 0, which Equa- 
tion will determine 4, and which therefore henceforward we are to 
look upon as known. And for brevity fake, if we put a? + 352 
zc, we fhall have the Equation in the Margin. 

Now here, becaufe the two initial Terms M | 
-- cp + abx are the moft confiderable of paixfaxp ^. "T 
the Equation, which might beremoved,if —— ae uf 
for the firft Approximation to p we fhould ` ` 


affume — = , and the refulting Supplemental Equation would be de- 


abx 


prefs’d lower ; therefore make p == — — + 9» and by fubftitution we 


fhall have this Equation following. A 
r 
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Or in this Equation, if . σι stg open 
3a7b3 arb 6 ee 
we make —— — — ——d, cf em ια 
6ab* a3b3 5 t ax : a 
a — z—e6 and — 3α”03 
(rari aT παι 3a*5* 
+ 1 =f; itwillaffume — 4 - Dno . «Ρο 
this form. c3 | 
3 
ΝΕῸΣ 
Ed ° D j 
Here ος the Terms to be next removed are-p cg 4 dx* we may 
put jr -X* -- r, and by Sub- » +q ES He 414 
ftitution we fhall have another ία 9. κα] 
Supplemental Equation, which ο κας : > =0. 
will be farther deprefs’d, and {ο Ἔ B ete >| 
on as far as we pleafe. Therefore a : J 


we fhall have the Root γ---ὀ--- "x — et &c. where ὁ will be 


aq? £ 
6ab? αὐδῇ gä 3% ? 
c* ae olf eumd men προ == ον -+ I &c. 


Or by another Method of Solution, if in this Equation we affume 
(as before) y = A + Bx -+ Cx? -+ Dx’, &c. and fübftitute this in 
the Equation, to determine the general Coefficients, we fhall have 

aA 44λ εὉ -ἰ- 14235 — atA . í 
yc LX be v4 3" &c. wherein A is the 
Root of the Equation A: + atA — 2a? —— o, and c? —— 3A* tat. 

47. All Equations cannot be thus immediately refolved, or their 
Roots cannot always be exhibited by an Arithmetical Scale, whofe 
Root is one of the Quantities in the given Equation. But to per- 
form the Analyfis it is fometimes required, that a new Symbol or 
Quantity fhould be introduced into the Equation, by the Powers 
of which the Root to be extracted may be exprefs'd in a converg- 
ing Series. And the Relation between this new Symbol, and the 
Quantities of the Equation, muft be exhibited by another Equation. 
Thus if it were propofed to extra& the Root y of this Equation, 
Moat vay? + y — yt, &c. it would be in vain to expect, 
that it might be exprefsd by the fimple Powers of either x or a. 
For the Series itfelf fuppofes, in order to its converging, that y is 
fome fmall Number lefs than Unity; but x and æ are under no fuch 
limitations. And therefore a Series, compofed of the afcending 
Powers of x, may be a diverging Series. It is therefore neceffary to 
introduce a new Symbol, which fhall alfo be fmall, that a Series 

Gg ; form'd 








g. 
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form'd of its Powers may converge to y. Now it is plain, that x 
and a, tho’ ever fo great, muft always be near each other, becaufe 
their difference y — £y*, &c. is a fmall quantity. Affume therefore 
the Equation x — a = z, and 2 will bea finall quantity as required; 
and being introduced inftead of x — a, will give s == y — 4° ++ 
5)? — 4J*, &c. whofe Root being extracted will be y = s + is? 
-+ δ + 425, δες. as before. 

48. Thus if we had the Equation y3 4- y* 4- y — x: == ο, to find 
the Root y; we might have a Series for y compofed of the afcending 
Powers of x, which would converge if x were a fmall quantity, lets 
than Unity, but would diverge in contrary Circumftances. Suppo- 
fing then that x was known to be a large Quantity; in this cafe the 
Author's Expedient is this. Making æ the Reciprocal of x, or fup- 


pofing the Equation x —— -, inftead of x he introduces z into the 


Equation, by which means he obtains a converging Series, confifting 
of the Powers of z afcending in the Numerators, that is in reality, 
of the Powers of x afcending in the Denominators. This he does, 
to keep within the Cafe he propofed to himfelf; but in the Method 
here purfued, there is no occafion to have recourfe to this Expedient, 
it being an indifferent matter, whether the Powers of the converg- 
ing quantity afcend in the Numerators or the Denominators. 
Thus in the given Equation 23 -1- γ΄ ++ y at ο ας 
king yz— Ax”, &c) Alx” p ΑΔ)” e Ακ κ. Ser a 
| — x3 — V) 
by applying the Ruler we fhall have the exterior Terms A33" — a° 
== 0, Or m== 1, and A-— 1. Alfothe refulting Number or Index 
is 3. The next Term to which the Ruler approaches will give 27, 
ot 2; the laft z, or 1. But 3, 2, 1, make a defcending Progreffion, 
of which the common difference is 1. Therefore the form of the 


Root will be J= Ax + B -H Cx 4- Dx, &c. which we may 
thus extract, | 


4° — x? — x? η ΤΝ -- ze? --- rrX ', &c. 
-+ γ᾽ ------ X? — XX? -- FET, &c. 
7 


ττττττ- cb oXo— qx? -- A I gv, δις, 


Becaufe y?==x?, &c. it will be y=—x,&c.and therefore y*===x*, &c. 
which will make y3 — s — x*, &c. and (by Extraction) y= » —1, 
&c. Then (by fquaring) » == + — 2x, &c. which with x below, 
and changing the Sign, makes y? == » 4 — 2x, &c. and therefore 


y 
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j — κα ---- $475, &e. Then jm a το &c. and y= >+ — 5 
δές, which together, changing the Sign, make y» == + « * + i, 
&c. and y == «ee + vex, &c. Then y ee e H GENT, 
&c. and y == s + — $* ', &c. and therefore ys = «+ + x + -+ x7, 
&c. and jT eee iX, Ke. i 
Now as this Series is accommodated to the cafe of convergency 
when x is a large Quantity, fo we may derive another Series from 
hence, which will be accommodated to the cafe when x is a {mall 
quantity. For the Ruler will dire& us to the external Terms Ax” 
— x* 20, whence m == 3, and A==1; and the refulting Num- 
ber is 4. The next Term will give 2m, or 6 ; and the laft is 3m, 
Ot ο. But 3, 6, 9 will form an afcending Progreflion, of which the 
common difference is 3. Therefore y = ΑΧ’ +- Bx$ -+ Cx’, &c. 


will be the form of the Series in this cafe, which may be thus 
derived, 


2 2} = —x5-- ox? * “απ ΠΕ 14135, &c. 
+ oy NIME ---- 46 — 2x? --- 3«'* — 21157 — ZU &c. 
ο νο ο e -- ΑΧ) — 1.1» 4 6x! — 7339, &c. 


Here becaufe yz x3, &c. it will be y? == x$, &c. and therefore 
m — x5, &c. Then y? == 4 — 2x9, &c. and y: == κ», δις. 
and therefore y == κα -4- x9, &c. Then j^ == x s + 30, &c. and 
3 —— κ — 3X!*, &c. and therefore y == « « « -4- ο, &c. 

The Expedient of the Ruler will indicate a third cafe of external 
Terms, which may be try'd alfo. For we may put Asx:" p Asx?7 
-- Ax” — 0, whence 5 —20, and the Number refulting from the 
other Term is 3. Therefore 3 will be the common difference of 
the Progreffion, and the form of the Root will be y — A + Bx? + 
Cx, &c. But the Equation A? 4+ A* -+ A =o, will give A = o, 
which will reduce this to the former Series. And the other two 
Roots of the Equation will be impoffible. 

If the Equation of this Example y + γ' -+ y — x? — o be 
mulüply'd by the factor y — r, we fhall have the Equation y4 — y 
— X3 --- xX? =O, OOF y*54 4 — Jy * 

— Oy + x? 
*olved, will only afford the fame Series for the Root y as before. 

49. This Equation y+ — x*y* + αγ ++ 2y* — 2y + 1— 0, when 
rcduced to the form of a double Arithmetical Scale, will ftand as in 
the Margin. 





== 0, which when re- 


Gg 2 Now 
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Now the firit Cafe of external sta 1-2. --2γ--ι 
Terms, fhewn by the Ruler, in a ( aie 
order for an afcending Series, will 
make A*x4" + 2À* x1" — 2Ax” ^ τ n 
-- I == 0, Or 7; —c-0; where the Atat” «+ ο... —2Ax d 
refulting Number is alfo o. The + eee S M rri 
fecond is 2/3 -4- 1, 0r 1 ; the third E n 

2:5:1-- 2, or 2. Therefore the Arithmetical Progreffion will be ο, 
1, 2, whofe common difference is 1; and confequently it will be 
y = A+ Bx + Cx + Dx*, &c. But the Equation A* + 2A?’ 
— 2Å 4- 12— 0, which fhould give the Value of the firft Coeff- 
cient, will fupply us with none but impoffible Roots; fo that y, 
the Root of this Equation, cannot be exprefs'd by an Arithmetical 
Scale whofe Root is x, or by an afcending Series that converges by 
the Powers of x, when x isa fmall quantity. 

As for defcending Series, there are two cafes to be try’d; firft the 
Ruler will give us A+x4" — A*x?"++ —— o, whence 4 — 271 -4- 2, or 
gi —1,and Ati. The Number arifing is 4; the next will 
be 272 -4- 1, or 3; the next 277, or 2; the next zz, or 1; the laft ο. 
But the Arithmetical Progreflion 4, 3, 2, 1, 0, has 1 for its common 
difference, and therefore the form of the Series will be y — Ax -+ 
B --- Cx-:, &c. But to extract this Series by our ufual Method, it 
will be beft to reduce the Equation to this form, 5* — xt- x -+ ο 
--- 27! -- y =o, and then to proceed thus: 


Or making y = Ax, £s, 


J — x* ER x [s] 2 =f 2X7! =m ix^, &c. 

-- αγγ ---------- —— 2X7 -4 x 8c. 

-- P yd wm Fee FPF we wm C" a 9 - = « απ =f x &c. 
poro eie Em ME TE) 

Jes προ ος 16.2 128.37 &c. 





Becaufe y? == x? — x— 2, &c. tis therefore (by Extraction ) 
y == x — 4 — 4x, ὅς, Then (by Divifion) — 2/71 == — 2x71, 
&c. {ο that y? == x « « -ἰ- 2x77, &c. and (by Extraction) y = + x , 
esx, &c. Then — 2y7 == « -ἰ- 1x7, &c. and y^ == χτο 
&c. which being united with a contrary fign, make y? =+ « , , 
— 3x77, &c. and therefore by Extraction y == # « * « — ix, 
&c. 

In the other cafe ofa defcending Series we fhall have the Equation 
— A*xim y τ:--- ο, whence 25-2 = 0, or m == — 1, and 
A zt i, The Number hence arifing iso; the next will be 27 -- r, 

cr 
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or — 1; the next 2m, or — 2 ; and the laft 4m, or — 4. But 
the Numbers o, — r, — 2, — 4, will be found in a defcending Arith- 
metical Progreffion, the common difference of which is r. There- 
fore the form of the Root is y = Ax! + Bx— -+ Cx, δος. and 
the Terms of the Equation muft be thus difpofed for Refolution. 





ym: oe 2 — bt — tt, δοο. 
-- 22 --- I 
aD ος æ æ œ = ox — I + EXC --- ix. &c. 
+ j? 24--------------- + απ &c. 
pe ee σεις Le gti 
πο μα + 8x3 πια 128x5 ? &c. 
Here becaufe it is y7* == x*, &c. it will be by Extraction of the 


Square-root y~' == x, &c. and by finding the Reciprocal, y == x7, 
&c. Then becaufe — 2y—-' == — 2x, &c. this with a contrary Sign, 
and collected with — x above, will make y~ == « -ᾱ- x, &c. which 
(by Extraction) makes y7* == « +- 4, &c. and by taking the Reci- 
procal, y == κ — ix^, &c. Then becaufe — 2y77 == x — I, &c. 
this with a contrary fign, and collected with — 2 above, will make 
J— == x « — 1, &c. and therefore (by Extraction) γ-' == + « — 
x7, &c. and (by Divifion) y = « « -+ 2473, &c. Then becaufe 
—2y = + κ + £x, it will be y7 == + + « — $x, Ke. and 
3 --Ξ κα απ e &c. and σε ee &c. ‘Then 
becaufe — 2y—' = + κ + -H ᾧχ-', δις. and y? == x, &c. thefe 
colle&ted with a contrary fign will make y7*—— « κ «— "2x7; 
nien and y^ == «ane — 4x7, Gc. and y == ssaa -H T21X ^5; 

c. 

Thefe are the two defcending Series, which may be derived for 
the Root of this Equation, and which will converge by the Powers 
of x, when it is a large quantity. But if x fhould happen to be 
fmall, then in order to obtain a converging Series, we much change 
the Root of the Scale. As if it were known that x differs but little 
from 2, we may conveniently put z for that ímall difference, or 
we muy affume the Equation x — 2 ——.s. That is, inltead of x 
in this Equation fubftitute z -+ Ζ, and we fhall have a new Equa- 
tion. y* — 2*y* — 3zy' — 2y -+ I == 0, which will appear as in 
the Margin. 


Here 
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Here to have an afcending Se- dde πη, 
ries, we muft put A*24^ — 2A z^ ος =O 
-- 1==0, whence m==0, and o ,. Bd 
r mking p = Az” ἐς, 
A == 1. The Number hence ee ο J ie &c τς 
arifing is 0 ; the next is 2m 4-1, 7 A DE Ta 
. » - S 3 od Dd =o 
or1; and the laft 2m + 2, or 2. ORAE 6. 


But 6, 1, 2, are in an afcending 
Progreffion, whole common difference is τ. Therefore the form of 
the Series is y =— A -+ Bs + Cz? + Dz, &c. And if the Root y 
be extracted by any of the foregoing Mcthods, it will be found y — 
1--i2— 727, ὅσο, Alfo we may hence find two detcending Se- 
ries, which would converge by the Root of the Scale g, if it were 
a large quantity. 

50, 51. Our Author has here opened a large field for the Solution 
of thefe Equations, by fhewing, that the indeterminate quantity, or 
what we call the Root of the Scale, or the cónverging quantity, 
may be changed a great variety of ways, and thence new Series will 
be derived for the Root of the Equation, which in different circum- 
{tances will converge differently, fo that the moft commodious for 
the prefent occafion may always be chofe. And when one Series 
does not fufficiently converge, we may be able to change it for an- 
other that fhall converge fafter. But that we may not be left to 
uncertain interpretations of the indeterminate quantity, or be obliged 
to make Suppofitions at random; he gives us this Rule for finding 
initial Approximations, that may come at once pretty near the Root 
required, and therefore the Series will converge apace to it. Which 
Rule amounts to this: We are to find what quantities, when fub- 
ftituted for the indefinite Species in the propofed Equation, will 
make it divifible by the radical Species, increafed or diminifhed b 
another quantity, or by the radical Species alone. ‘The fmall diffe- 
rence that will be found between any one of thofe quantities, and 
the indeterminate quantity of the Equation, may be introduced 
inftead of that indeterminate quantity, as a convenient Root of the 
Scale, by which the Series is to converge. 

Thus 4 the Equation propofed be 53 -+- axy -4 e*y — X? — 24° 
——o, and if for x we here fubftitute a, we fhall have the Terms 
y! + 243) — 3a, which are divifible by y — 2, the Quotient be- 
ing γ᾽ -+ ay + 34^. Therefore we- may fuppofe, by the foregoing 
Rule, that a — x = z is but a fmall quantity, or inftead of x we 
may fubftitute a — z in the propofed Equation, which will then 
become j*-L- 245} — ADIY + 30^ 3; — 1453 -}- 2) — 243 = 7 A 

Cries 
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Series derived from hence, compofed of the afcending Powers of z, 
muft converge faft, ceteris paribus, becaute the Root of the Scale 
z isa fmall quantity. 

Or in the fame Equation, if for x we fubftitute — a, we fhall 
have the Terms y? — 43, which are divifible by y— 4, the Quo- 
tient being 1: --- ay 4+ aè. Therefore we may fuppofe the difte- 
rence between — a and x to be but little, or that — a — x =—= z is 
a {mall quantity, and therefore inftead of x we may fubftitute its. 
equal — a — z in the given Equation. ‘Fhis will then become 
J? — azy + 3a*z -- 142" — a3 =o, where the Root y will con- 
verge by the Powers of the finall quantity z. 

Or if for x we fubititute — 22, we {hall have the Terms y? — 
a*y + 6a3, which are divifible by γ-- 2a, the Quotient being γ» 
— 2ay+-3a*. Wherefore we may fuppofe there is but a fmall dif- 
ference between — 24 and x, or that — 24 — x =—= z is a fmall 
quantity; and therefore inftead of x we may introduce its equal 
— 28 — Z into the Equation, which will then become y? —a*y — 
Osy -ἰ- 6a? -+ 12a*z; + baz? + z5 — o. | 

Laftly, if for x we fubftitute — 21a, we fhall have the Terms 
13 --- 2103) +-a*y, which are divifible by y, the Radical Species alone. 
Wherefore we may fuppofe there is but a fimall difference between 
— 25a and x, or that — 25a — x = z is a {mall quantity; and 
therefore inftead of x we may fubftitute its equal — 23a — z, which 
will reduce the Equation to yet 1— %2 x a*y — azy +- 3y4 x a*z 
+ 3/2 xaz 5*—— ο, wherein the Series for the Root y may 
converge by the Powers of the fmall quantity z. 

But the reafon of this Operation ftill remains to be inquired into, 
which I fhall endeavour to explain from the prefent Example. In 
the Equation }3 -|- axy +- a*y — x? — 243 ==o, the indeterminate 
quantity x, of its own nature, muft be fufceptible of all poffible 
Values; at leaft, if it had any limitations, they would be fhew’d by 
impoffible Roots. Among other values, it will receive thefe, a, — 2, 


—24, — 27a, &c. in which cafes the Equation would become y? 
--24*y — 4a? Ξ--ο, y*— a5z—0, yi —aty+ 6a? =o, y — 
230*y -- a*y — ο, &c. refpectively. Now as thefe Equations admit 
of juit Roots, as appears by their being divifible by y- or — an- 
other quantity, and the laft by y alone; fo that in the Refolution, 
the whole Equation (in thofe cafes). would be immediately exhaufted : 
And in other cafes, when x does not much recede from one zi o 

alues, 
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Values, the Equation would be nearly exhaufted. Therefore the 
introducing of z, which is the fmall difference between x and any 
one of thofe Values, muft deprefs the Equation ; and z itfelf muft 
be a convenient quantity to be made the Root of the Scale, or the 
converging Quantity. 

I fhall give the Solution of one of the Equations of thefe Exam- 
ples, which fhall be this, ys — agy +- 3a*z ++ 4053 — a? ——0, or 


yx * — d 45) —a5—32*z—3a25. 
— AS) 434° Ze =O. -- a2—faz*—$23, Xe. 
+ 343% --αζγ)----- AS-+laz>4 533, Gc. 


EERS ας ος 21725 





Here becaufe ys == ο’, &c. it will be y == a, &c. Then — azy 
== — atz, &c. which muft be wrote again with a contrary fign, and 
united with — 145 above, to make ys —— κ — 2035, &c. and 
therefore y = κ — $2, &c. Then — agy = κ -+ +az*, &c. and 


$y 4&— tagt, &c. and y= — = &c Then — az 
—* * 3 ; e j= * * 3a ? . Ry 

= * -- $25, &c. and y? ---- κα z — £25, &c. and y == κ +a 

21728 

81a? 2 &c. 


The Author hints at many other ways of deriving a variety of 
Series from the fame Equation ; as when we fuppofe the afore-men- 
tion'd difference z to be indefinitely great, and from that Suppofition 
we find Series, in which the Powers of 5 fhall afcend in the Deno- 
minators. This Cafe we have all along purfued indifcriminately with 
the other Cafe, in which the Powers of the converging quantity 
afcend in the Numerators, and therefore we need add nothing here 
about it. Another Expedient is, to affume for the converging quantity 
fome other quantity of the Equation, which then may be confider'd 
as indeterminate. So here, for inftance, we may change « into x, 
and x into e. Or laftly, to affume any Relation at pleafure, (fup- 

a 


—— Sa ae ere i 
pofe x = az + z^, x—ppus4——o &c.) between the in- 


determinate quantity of the Equation x, and the quantity z we 
would introduce into its room, by which new equivalent Equations 
may be form'd, and then their Roots may be extraéted. And after- 
wards the value of z may be exprefs'd by x, by means of the af- 
fumed Equation. 


52. The 
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52. The Author here, in a fummary way, gives us a Rationale of 
his whole Mcthod of Extractions, proving 2 priori, that the Series 
thus form'd, and continued zz zufinitum, will then be the juft Roots 
of the propofed Equation, And if they are only continued to a 
competent number of Terms, (the more the better,) yet then wiil 
they be a very near Approximation to the juft and compleat Roots. 
For, when an Equation is propofed to be refolved, as near an Ap- 
proach is made to the Root, fuppofe y, as can be had in a fingle 
Term, compofed of the quantities given by the Equation ; and be- 
caufe there is a Remainder, a Refidual or Secondary Equation is 
thence form'd, whofe Root p is the Supplement to the Root of the 
given Equation, whatever that may be. Then as near an approach 
is made to ῥ, as can be done by a fingle Term, and a new Refidual 
Equation is form'd from the Remainder, whercin the Root 4 is the 
Supplement to ῥ. And by proceeding thus, the Refidual Equations 
are continually deprefs'd, and the Supplements grow perpetually lefs 
and lefs till the Terms at laft are lefs than any affignable quantities. 
We may illuftrate this by a familiar Example, taken from the ufual 
Method of Divifion of Decimal Fractions. At every Operation we 
put as large a Figure in the Quotient, as the Dividend and Divifor 
will permit, fo as to leave the leaft Remainder poflible. Then this 
Remainder fupplies the place of a new Dividend, which we are to 
exhauft as far as can be done by one Figure, and therefore we put 
the greateft number we can for the next Figure of the Quotient, 
and thereby leave the leaft Remainder we can. And fo we go on, 
either till the whole Dividend is exhaufted, if that can be done, or 
till we have obtain’d a fufficient Approximation in decimal places or 
figures. And the fame way of Argumentation, that proves our Au- 
thor's Method of Extraction, may eafily be apply'd to the other 
ways of Analyfis that are here found. 

53, 54. Here it is feafonably obíerved, that tho’ the indefinite 
Quantity fhould not be taken ío fmall, as to make the Series con- 
verge very faft, yet it would however converge to the true Root, 
tho’ by more íteps and flower degrees. And this would obtain in 
proportion, even if it were taken never fo large, provided we do 
not exceed the due Limits of the Roots, which may be difcover’d, 
either from the given Equation, or from the Root when exhibited 
by a Series, or may be farther deduced and illuftrated by fome 
Geometrical Figure, to which the Equation is accommodated. 

So if the given Equation were yy == ax — xx, it is eafy to ob- 
ferve, that neither y nor x can be infinite, but they are both liable to 

Hh fcveral 
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jeveral Limitations. For if x be fupposd infinite, the Term ax 

would vaniíh in refpect of — xx, which would give the Value of yy- 
impoffible on this Suppofition. Nor can x be negative; for then the. 
Value of yy would be negative, and therefore the Value of y would: 
again become impoffible. If x= ο, then is y =o alfo; which is. 
one Limitation of both quantities. As yy is the difference between 

ax and xx, when that difference is greateft, then will yy, and con- 

fequently y, be greateft alfo. But this happens when x= ża, as. 
allo y == ἔα, as may appear from the following Prob. 3. And in 

general, when y 15 expref$d by any number of Terms, whether 

finite or infinite, it will then come to its Limit when the difference 

is greateft between the affirmative and negative Terms; as may ap-- 
pear from the fame Problem. This laft will be a Limitation for y, | 
but not for x. Laftly, when x==a, then y==o; which will limit 

both x and y. For if we fuppofe x to be greater than a, the ne- 

gative Term will prevail over the affirmative, and. give the Value of. 
3 negative, which will make the Value of y impoffible. So that 

upon the whole, the Limitations of x in this Equation will be thefe, 

that it cannot be lefs than o, nor greater than 2, but may be of any 

intermediate magnitude between thofe Limits. 

Now if we refolve this Equation, and find the Value of y in an 
infinite Series, we may {till difcover the fame Limitations from 
thence, For from the Equation yy == ax — xx, by extraüing the 

3 5. 


r xt x* 
{quare-root, as before, we. fhall have y == a?x? — — — = —. 
24* δα” 
2 
xt hat i I rcs x xt x3 & H 
4 3 mamagp "ooo ο -- ae ce 
ο Cc. that 1$, yom a*x* into I 2 ym Tor » CC ere 


x cannot be negative; for then x? would bean impoffible quantity, 
Nor can x be greater than a; for then the converging quantity = > 


or the Root of the Scale by which the Series is exprefs'd, would be 
greater than Unity, and confequently the Series would diverge, and 
not converge as it ought to do. The Limit between converging and 
diverging will be found, by putting x——a, and therefore y = ο; 
in which cafe we fhall have the identical Numeral Series 1 == 2 


-ἰ- 4+ τὶς» &c. of the fame nature with fome of thofe, which we 
have elfewhere taken notice of. So that we may take x of any 
intermediate Value between o and a, in order to have a converging 
Series. But the nearer it is taken to the Limit o, fo much fafter 
the Series will converge to the true Root; and the nearer it is taken 
to the Limit æ, it will converge fo much the flower. But it will 

however 
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however converge, if x be taken never fo little lefs than a. And by 
Analogy, a like Judgment is to be made in all other cafes. 

The Limits and other affe&ions of y are likewife difcoverable from 
this Series, When x==0, then y — ο. When x is a nafcent quan- 
tity, or but juft beginning to be pofitive, all the 'Terms but the firft 
may be neglected, and y will be a mean proportional between 4 and x. 
Alfo y 20, when the affirmative Term is equal to all the negative 
Terms,or when 1— = -+ - + — , &c. that is, when x == a. 
For then 1 = 4- 4-44, &c. as above. Laftly, y will be a 
Maximum when the difference between the affirmative Term and all 
the negative Terms is greateft, which by Prob. 3. will be found 
when x zia. 

Now the Figure or Curve that may be adapted to this Equation, 
and to this Series, and which will have the fame Limitations that 
they have, is the Circle ACD, whofe Diameter is AD == a, its Ab- 
{είς AB ==, and its perpendicular Ordinate BC ==y. For as the 
Ordinate BC—— y is a mean proportional e c 
between the Segments of the Diameter 
AB =x and BD = a — x, it will be 
JY == ax — xx. And therefore the Ordi- 
nate BC == y will be exprefs'd by the fore- 
going Series. But it is plain from the na- ^ BS p 
ture of the Circle, that the Abfcifs AB cannot be extended back- 
wards, fo as to become negative ; neither can it be continued for- 
wards beyond the end of the Diameter D. And that at A and D, 
where the Diameter begins and ends, the Ordinate is nothing. And 
the greateft Ordinate is at the Center, or when AB = ΣΑΟ. 








Sect. VI. Zranfition to the Method of Fluxions. 


ες: HE learned and fagacious Author having thus accom- 
plifh'd one part of his defign, which was, to teach the 

Methou of converting all kinds of Algebraic Quantities into fimple 
Terms, by reducing them to infinite Series: He now goes on to 
fhew the ufe and application of this Reduétion, or of thefe Series, 
in the Method of Fluxions, which is indeed the principal defign of 
this Treatife. For this Method has fo near a connexion with, and 
dependence upon the foregoing, that it would be very lame and 
defective without it. He lays down the fundamental Principles τ 
Hh 2 this 
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this Method in a very general and fcientifick manner, deducirg 
them from the received and known laws of local Motion. Nor is 
this inverting the natural order of Science, as fome have pretended, 
by introducing the Doctrine of Motion into pure Geometrical Spc- 
culations. For Geometrical and. Analytical Quantities are beft con- 
ceived as generated by local Motion; and their properties may as 
well be derived from them while they are generating, as when their 
generation is fuppos'd to be already accomplifh'd, in any other way. 
A right line, or a curve line, is defcribed by the motion of a point, 
a furface by the motion of a line, a folid by the motion of a fur- 
face, an angle by the rotation of a radius; all which motions we 
may conceive to be perform'd according to any ftated law, as occa- 
fion fhall require. Thefe generations of quantities we daily fee to 
obtain {η rerum naturd, and is the manner the ancient Geometricians 
had often recourfe to, in confidering their production, and then dė- 
ducing their properties. from fuch actual defcriptions. And by ana- 
logy, all other quantities, as well as thefe continued geometrical 
quantities, may be conceived as generated by a kind of motion or 
progrefs of the Mind. 

The Method of Fluxions then fuppofes quantities to be generated 
by local Motion, or fomething analogous thereto, tho’ fuch gene- 
rations indeed may not be eflentially neceffary to the nature of the 
thing fo generated. They might have an exiftence independent of 
thefe motions, and may be conceived as produced many other ways, 
and yet will be endued with the fame properties, But this concep- 
tion, of their being now. generated by local Motion, is a very fertile 
notion, and an exceeding ufeful artifice for difcovering their pro- 
perties, and a great help to the Mind for a clear, diftinét, and me- 
thodical perception of them. For local Motion fuppofes a notion 
of time, and time implies a fucceffion of Ideas. We eafily diftin- 
guifh. it into what was, what is, and what will be, in thele ge- 
nerations of quantities; and fo we commodioufly confider thofe 
things by parts, which would be too much for our faculties, and ex- 
tream difficult for the Mind to take in the whole together, without 
fuch artificial partitions and diftributions. 

Our Author therefore makes this eafy fuppofition, that a Line 
may be conceived as now defcribing by a Point, which moves either 
equably or inequably, either with an uniform motion, or elfe accor- 
ding to any rate of continual Acceleration or Retardation. Velocity 
is a Mathematical Quantity, and like all fuch, it is fufceptible of 
infinite gradations, may be intended or remitted, may be increafed 

or 
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or diminifh'd in different parts of the fpace defcribed, according to 
an infinite variety of ftated Laws, Now it is plain, that the {pace 
thus defcribed, and the law of acceleration or rctardation, (that is, 
the velocity at every point of time,) muft have a mutual relation 
to each other, and muft mutually determine cach other; fo that 
one of them being affign'd, the other by neceflary inference may be 
derived from it. And therefore this is ftrily a Geometrical Pro- 
blem, and capable of a full Determination. And all Geometrical 
Propofitions once demonftrated; or duly inveftigated, may be fafely 
made ufe of, to derive other Propofitions from them. This will 
divide the prefent Problem into two Cafes, according as either the 
Space or Velocity is afüign'd, at any given time, in order to find the 
other. And this has given occafion to that diftinétion which has 
fince obtain'd, of the direct and inverfe Method of Fluxions, each of 
which we fhall now confider apart. 

£6. In the direct Method the Problem is thus abftractedly pro- 
poted. From the Space defcribed, being continually given, or affumed, 
or being known at any point of Time affgn'd ; to find the Velocity of the 
Motion at that Time. Now in equable Motions it is well known, 
that the Space defcribed is always as the Velocity and the Time of 
defcription conjunctly ; or the Velocity is directly as the Space de- 
fcribed, and reciprocally as the Time of defcription. And even in 
inequable Motions, or fuch as are continually accelerated or retarded, 
according to fome ftated Law, if we take the Spaces and Times very 
fmall, they will make a near approach to the nature of equable Mo- 
tions; and ftill the nearer, the finaller thofe are taken. But if we 
may fuppofe the Times and Spaces to be indefinitely fmall, or if 
they are nafcent or evanefcent quantities, then we fhall have the: Ve- 
locity in any infinitely little Space, as that Space directly, and as the 
tempufculum inver{ely, ‘This property therefore of all inequable Mo- 
tions being thus deduced, will afford us a medium for folving the 
prefent Problem, as will be fhewn afterwards. So that the Space 
defcribed being thus continually given, and the whole time of its 
defcription, the Velocity at the end of that time will be thence de- 
terminable. 

57. The general abftract Mechanical Problem, which amounts to 
the fame as what is call’d the inverfe Method of Fluxions, will be 
this. From tbe Velocity of the Motion being continually given, to. de- 
termine the Space defcribed, at any point of Time affgpyd. For the 
Solution of which we fhall have the affiftance of this Mechanical 
Theorem, that in inequable Motions, or when a Point defcribes a 

Line 
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Line according to any rate of acceleration or retardation, the indefi- 
nitely little Space defcribed in any indefinitely little Time, will be in 
a compound ratio of the Time and the Velocity ; or the /paticlum will 
be as the velocity and the ¢empuféulum conjun&ly. This being the 

aw of all equable Motions, when the Space and Time are any finite 
quantities, it will obtain alfo in all inequable Motions, when the 
Space and Time are dimini(h'd 77 infinitum. For by this means all 
inequable Motions are reduced, as it were, to equability. Hence the 
Time and the Velocity being continually known, the Space deicribed 
may be known alío; as will more fully appear from what follows. 
This Problem, in all its cafes, will be capable of a juft determina- 
tion; tho’ taking it in its full extent, we muft acknowledge it to 
be a very dithcult and operofe Problem. So that our Author had 
good reafon for calling it molefifimum C omnium diffcillimum pro- 
blema. 

58. To fix the Ideas of his Reader, our Author illuftrates his 
general Problems by a particular Example. If two Spaces x and y 
are defcribed by two points in fuch manner, that the Space x being 
uniformly increafed, in the nature of Time, and its equable velocity 
being reprefented by the Symbol x ; and if the Space y increafes in- 
-equably, but after fuch a rate, as that the Equation y == xx fhall 
always determine the relation. between thofe Spaces; (or x being 
continually given, y will be thence known ;) then the velocity of 
the increafe of y fhall always be reprefented by 2xx. ‘That is, if the 
fymbol y be put to reprefent the velocity of the increafe of y, then 
will the Equation y == 2xx always obtain, as will be thewn hereafter. 
Now from the given Equation y== xv, or from the relation of the 
Spaces y and æ, (that is, the Space and Time, or its reprefentative,) 
being continually given, the relation of the Velocities y —— 2xx is 
found, or the relation of the Velocity 7, by which the Space increafes, 
το the Velocity x, by which the reprefentative of the Time increafes. 
And this is an inftance of the Solution of the firft general Problem, 
or of a particular Queftion in the direct Method of Fluxions. But 
wice 9ersá, if the lait Equation y = 2xx were given, or if the Ve- 
locity 7, by which the Space y is defcribed, were continually known 
from the Time x being given, and its Velocity x; and if from thence. 
we fhould derive the Equation y = xx, or the relation of the Space 
and Time: This would be an inftance of the Solution of the fecond 
general Problem, or of a particular Queftion of the inverfe Method 
of Fluxions. And in analogy to this defcription of Spaces by mov- 
ing points, our Author confiders all other quantities whatever as ge- 

nerated 
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nerated and produced by continual augmentation, or by the perpe- 
tual acceffion and accretion of new particles of the fame kind. 

59. In fettling the Laws of his Calculus of Fluxions, our Author 
very fkilfully and. judicioufly difengages himfelf from all confidera- 
tion of Time, as being a thing of too Phyfical or Metaphyfical a 
nature to be admitted here, efpecially when there was no abfolute 
necefhty for it. For tho’ all Motions, and Velocities of Motion, 
when they come to be compared or meafured, may feem neceffarily 
to include a notion of Time; yet Time, like all other quantities, 
may be reprefented by Lines and. Symbols, as in the foregoing ex- 
ample, efpecially when we conceive them to increafe uniformly. 
And thefe reprefentatives or proxies of Time, which in fome mea- 
fure may be made the objects of Senfe, will anfwer the prefent pur- 
pofe as well as the thing itfelf. So that Time, in fome fenfe, may 
bc faid to be eliminated and excluded out of the inquiry. By this 
means the Problem is no longer Phyfical, but becomes much more 
fimple and Geometrical, as being wholly confined to the defcription 
of Lines and Spaces, with their comparative Velocities of increafe 
and decreafe. Now from the equable Flux of Time, which we 
conceive to be-generated by the continual acceffion of new particles, 
or Moments, our Author has thought fit to call his Calculus the 
Method of Fluxtons. 

60, 61. Here the Author premifes fome Definitions, and other: 
neceffry preliminaries to his Method. ‘Thus Q:intities, which in 
any Problem or Equation are fuppos'd to be fufceptible of continual. 
increafe or decreafe, he calls Flvents, or flowing Quantities; which 
are fometimes call'd varzable or indeterminate quantities, becaufe they 
are capable of receiving an infinite number of particular values, in 
a regular order of fucceihon. The Velocities of the increafe or de- 
creafe of fuch quantities are cald their F/wavons; and quantities in 
the fame Problem, not liable to increafe or decreafe, or whofe Fluxions 
are nothing, are call'd conflant, given, invariable, and determinate 
quantities. ‘This diftin&ion of quantities, when once made, is care- 
fully obferved through the whole Problem, and infinuated by proper 
Symbols. For the firft Letters of the Alphabet are generally appro- 
priated for denoting conítant quantities, and the laft Letters com- 
monly fignify variable quantities, and the fame Letters, being pointed, 
reprefent the Fluxions of thofe variable quantities or Fluents τείρες- 
tively. This diftin&ion between thefe quantities is not altogether 
arbitrary, but has fome foundation in the nature of the thing, at 
leaft during the Solution of the prefent Problem. For the flowing 

or 


240 The Method of Fuuxions. 


or variable quantities may be conceived as now gexerating by Motion, 
and the conftant or invariable quantities as fome how o other a/- 
ready generated. ‘Thus in any given Circle or Parabola, the Diame- 
ter or Parameter are conftant lines, or already generated ; but the 
Abfeifs, Ordinate, Area, Curve-line, Cc. are flowing and variable 
quantities, becaufe they are to be underftood as now defcribing by 
local Motion, while their properties are derived. Another diftinc- 
tion of thefe quantities may be this. A conftant or given line in any 
Problem is /inea quedam, but an indeterminate line is Zizea. quævis 
vel quecunque, becaufe it may admit of infinite values. Or laftiy, 
conftant quantities in a Problem are thofe, whofe ratio to a common 
Unit, of their own kind, is fuppos’d to be known; but in variable 
quantities that ratio cannot be known, becaufe it is varying perpe- 
tually. This diftinction of quantities however, into determinate and 
indeterminate, fubfifts no longer than the prefent Calculation requires; 
for as it is a diftin@ion form'd by the Imagination only, for its own 
conveniency, it has a power of abolifhing it, and of converting de- 
terminate quantities into indeterminate, and vice versé, as occafion 
may require ; of which we fhall fee Inftances in what follows. In 
a Problem, or Equation, theie may be any number of conftant quan- 
tities, but there muft be at leaft two that are flowing and indeter- 
minate ; for one cannot increafe or diminifh, while all the reft con- 
tinue the fame. If there are more than two variable quantities in 
a Problem, their relation ought to be exhibited by more than one 
Equation. 
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Therelation of the flowing Quantities being given, , 
to determine the relation of their Flüxions. 





Sect. I. Concerning Fluxions of the firft order, and. to` 
find their Equations. 





HE Author having thus propofed his fundamental Pre~ 
jn blems, in an abftract and general manner, and gradually: 
brought them down to the form moft convenient for: 

ΟΦ) his Method; he now proceeds to deliver the Precepts 
of Solution, which he illuftrates by a futficient variety of Examples, 
referving the Demonftration to be given afterwards, when his Rea- 
ders will be better prepared to apprehend the force of it, and when 
their notions will be better fettled and confirm'd. ‘Thefe Precepts 
of Solution, or the Rules for finding the Fluxions of any given’ 
Equation, are very fhort, elegant, and comprehenfive ; and appear 
to have but little affinity with the Rules ufually given for this pur- 
pofe: But that is owing to their great degree of univerfality. We 
are to form, as it were, {9 many different Tables for the Equation,” 
as there are flowing quantities in it, by difpofing the Terms accor- 
ding to the Powers of each quantity, fo as that their Indices may: 
form an Arithmetical Progreflion. Then the Termsare to be mul- 
tiply'd in each cafe, either by the Progreflion of the Indices, or by’ 
the Terms of any other Arithmetical Progreffion, (which yet fhould 
have the fame common difference with the Progreflion of the Indices;) ' 
Ti as 
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as alfo by the Fluxion of that Fluent, and then to be divided by 
the Fluent itfelf. Laft of all, thefe Terms are to be collected, accor- 
ding to their proper Signs, and to be made equal to nothing; which 
will be a new Equation, exhibiting the relation of the Fluxions. 
This procefs indeed is not fo fhort as the Method for taking Fluxions, 
(to be given prefently,) which he elfewhere delivers, and which is 
commonly follow'd ; but it makes fufficient amends by the univer- 
fality of it, and by the great variety of Solutions which it will afford. 
For we may derive as many different Fluxional Equations from the 
fame given Equation, as we fhall think fit to affume different Arith- 
metical Progreifions. Yet all thefe Equations will agree in the main, 
and tho’ differing in form, yet each will truly give the relation of 
the Fluxions, as will appear from the following Examples. 

2. In the firft Example we are to take the Fluxions of the Equa- 
tion x? — ax? 4- axy — y? = o, where the Terms are always 
brought over to one fide. ‘Thefe Terms being difpofed according 
to the powers of the Fluent x, or being confider'd as a Number ex- 
prefsd by the Scale whofe Root is x, will ftand thus x* — ax? 4- 
ayx! — yix? ==0 ; and affuming the Arithmetical Progreflion 3, 2, 
1, o, which is here that of the Indices of x, and multiplying each 
Term by each refpectively, we fhall have the Terms jx* — 2ax> 
ayx « ; which again multiply'd by =, or xx—', according to 
the Rule, will make 1247 — 2axx-4 ayx. Then in the fame Equa- 
tion making the other Fluent y the Root of the Scale, it will ftand 
thus, — 5* + 0y*-- axy! — ax*y? z— 0 ; and affuming the Arith- 

-- αἲ 
metical Progreffion 5, 2, 1, o, which alfo is the Progreffion of the 
Indices of y, and multiplying as before, we fhall have the Terms 
— 335 κ -+ axy», which multiply'd by n or yy-', will make 
— 55j* 4- axy. Then collecting the Terms, the Equation 3xx* — 
2axx ++ ayx — yy? + axý =o will give the required relation of the 
Fluxions. For if werefolve this Equation into an Analogy, we fhall 
have x: y :: 3)*— ax :3x*— 2ax -+ ay; which, in all the values that 
x and y can aflume, will give the ratio of their Fluxions, or the 
comparative velocity of their increafe or decreafe, when they flow 
according to the given Equation. 

Or to find this ratio of the Fluxions more immediately, or the 


value of the Fraction 2 by fewer fteps, we may proceed thus. Write 


down the Fraction = with the note of equality after it, and in the 
Numerator 
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Numerator of the equivalent Fraction write the Terms of the Equa- 
tion, difposd according to x, with their refpective figns; each be- 
ing multiply’d by the Index of x in that Term, (increafed or di- 
minifh’d, if you pleafe, by any common Number,) as alfo divided 
by x. In the Denominator do the fame by the Terms, when dif- 
pofed according to y, only changing the figns. Thus in the pre- 
fent Equation x! — ax? --- axy — y* == o, we fhall have at once 
ο 3x*—2ax--2y » 
X 7 3y a ax α 
Let us now apply the Solution another way. The Equation x? 
— ax? --- axy — 4% == o being order'd according to x as before, 
will be x: — ax? -- ayx! — y*x? == 0, and fuppofing the Indices | 
of x to be increas’d by an unit, or affuming the Arithmetical Pro- 
greffion Ξ, = : =, ~, and multiplying the Terms refpectively, 
we fhall have thefe Terms 4xx* — 3axx -+ 2ay€ — xx. Then 
ordering the Terms according to y, they will become — y5- ο)” 
axy -t x3y° == 0; and fuppofing the Indices of y to be diminith’d 
— 71X? . 





by an unit, or affuming the Arithmetical Progreffion 2,2, 2, => 
y 


y? ? 


and multiplying the Terms refpectively, we fhall have thefe "ere 
— 2yy* x « — ΑΙ + ax*yy—. So that colle@ing the Terms, 
we {hall have 4xx* — 3axx 4 2ayz — ysxx-! — ayy? — x5yy7 -ἰ- 
ax*yy—7 o, for the Fluxional Equation required. Or the ratio 


* . b. 2 — 24. + 2ay— y3a7 2 ` d 
of the Fluxions will be 2 = «1: 289—355, : 
p ea a which ratio 


may be found immediately by applying the foregoing Rule. 
Or contrary-wife, if we multiply the Equation in the firft form 


0 2X X οὗ mK . 
by the Progreffion =, =, =, =", we (hall have the Terms 28a? 


— axx κ -- ΑΛ, And if we multiply the Equation in the fe- 


4) 3 2 7 TA ; 
cond form by 5053353 ος fall have the Terms — 43)* x 
+ 2axy + asja ext Therefore colle&ing "tis 2xx* — asx 


SIXAT — Ay? pe 2axy -ἕ- Xyy7' — ax*yy7 == 0. Or the ratio 


lors wi ; 2X2 --- eX κ -- 33x71 
of theFluxiorswillbe 2 2— -...55---. * 0326 O UNI 
τα 415 » T dax — xài ος W hich might 
Lave been found at once by the foregoing Rule, ΄ 
And in general, if the Equation x* —ax> + ax — j? zo, in 


the form x5 —aa* + exy — jix? — o, be multiply’d by the Terms 
of this Arithmetical Progrefiion 


X — — ος 
x ) 
ntc 


m -4-28XX --- m -|- LENY —Jmy3xx7i; 
lia and 








A. ο x 
τη X, x; it will 


produce the Terms m- 3x4: — 
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and if the fame Equation, reduced to the form ---γ5-- os: ax 
+ x5y?-0, be multiply'd by the Terms of this Arithmetical Pro- 
— ax?’ 

9 3 . n ” D . e πο πο 
greflion TE», cy, zy, - Jy, it will produce the Terms ---7;-|- 3yy* 
* 4-7 -ἰ- 109) + nxiyy— — Μα. Then colle&ing the Terms, 
we fhall have m+ 34x? — m = 2axx 4- m; laxy — myixxct 
—H-- 1}γ᾽ κ -ἵ- 1 --- 1axy + ΠΑΡ) — nax*yy—* == ο, for the 
Fluxional Equation required. Or the ratio of the.Fluxions will be 
:— ας ερ ο οσο a ποπ PAN see eb MRR Me ; Which might have been 
X η --- 2}3 » -— eb Lax —nxdy—* + uaxty 3 
found immediately from the given Equation, by the foregoing Rule. 

Here the general Numbers z; and z may be determined pro lubitu, 
by which means we may obtain as many ,Fluxional Equations as we 
pleafe, which will all belong to the given Equation. And thus we 
may always find the fimpleft Expreffion, or that which is beft ac- 
commodated to the préfent exigence. Thus if we make #: = 0o, 








" 2 usa e 
and 2==0, we fhall have 2 = LT » as found before. Or if 
pax 
x*-—3ax-l-2a4y—)5x—1! 
we make m==1, and z——— 3, we fhall have = m clics o aso AERE 
x 2)2-]-x3y— — ax*y 1 
as before, Or if we make #==—1, and z — 1, we fhall have 
J 2x? — ax 43x75 . : 
i S στρ past 28 before. Or if we make m==—3, 


ν αχ — 2ay ἃς---ε 
Γι. x .. 28 -p 413 E — Barty t 





ax?y — 294x32,-]- 314 
zarty -}- αχ 4 — 3ax3 * 
will beget no ambiguity in the Conclufion, as poffibly might have 
been fufpected; for it is no other than what ought neceffarily to 
arife, from the different forms the given Equation may acquire, as 
will appear afterwards. If we confine ourfelves to the Progreffion of 
the Indices, it will bring the Solution to the common Method of 
taking Fluxions, which our Author has taught elfewhere, and which, 
becaufe it is eafy and expeditious, and requires no certain order of 
the Terms, I fhall here fub‘oin. 

For every Term of the given Equation, fo many Terms muft be 
form'd in the Fluxional Equation, as there are flowing Quantities in 
that Term. And this muft be done, (1.) by multiplying the Term 
by the Index of each flowing Quantity contain'd in it. (2.) By 
dividing it by the quantity itíelf; and, (3.) by multiplying by its 
Fluxion. Thus in the foregoing Equation x? — ax? -|- ayx — γ᾽ 


And fo of others. Now this variety of Solutions 


` . . 5 P 
== 0, the Fluxion belonging to the Term ΑἹ is --, ον AAA 


The 
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2ax?x 





The Fluxion belonging to —ax* is — , of — 2axx. The 


Fluxion belonging to ayx is a + = , or axy -+ ayx. And the 
° . ° 3y Ρ 
Fluxion belonging to — y3 is — 3, or — 31). So that the 


Fluxion of the whole Equation, or the whole Fluxional Equation, 
15 3X^x — 2axx 4 ajx -+ ayx — 1) το. Thus the Equation 
x^ —— y, will give mxx"-!==y; and the Equation xz" == y, will 
give mxx"—'2^ -L. px"zz"— == y for its Fluxional Equation. And 
the like of other Examples. 

If we take the Author's fimple Example, in pag. 19, or the Equa- 
tion y — xx, or rather ay — x* == ο, that is yx? — xy? == ο, 
in order to find its moft general Fluxional Equation; it may be per- 
form'd by the Rule before given, fuppofing the Index of x to be 
encreasd by m, and the Index of y by 7. For then we fhall have 





dire&ly 4 — 5-5: — For the firt Term of the given 
« NX YTI — 7 ta 


Equation being ayx°, this multiply'd by the Index of x increas'd by 
mi, that is by 71, and divided by x, will give »ayx— for the firit 
Term of the Numerator. Alfo the fecond Term being — x2y°, this 
multiply'd by the Index of x increas'd by m, that is by 21 -1- 2, and 
divided by x, will give — ;7 -+ 2x for the fecond Term of the Nu- 
merator. Again, the firft Term of the given Equation may be now 
— x*y?, which multiply'd by the Index of y increasd by ή, that 
is by z, and divided by y, will give (changing the fign) zx*y-7' for 
the ΠΗ Term of the Denominator. Alfo the fecond Term will 
then be ayx°, which multiply'd by the Index of y increas'd by 3, 
that is Ey z—- 1, and divided by y, will give (changing the Sign) 
— 7; + 1a for the fecond Term of the Denominator, as found above. 
Now from this general relation of the Fluxions, we may deduce as 
many particular ones as we pleafe. Thus if we make m==0, and 


== 0, we fhall have 7 — =, or ay == 2xx, agreeable to our 


x 
Author’s Solution in the place before cited. Or if we make w==—2, 


2ayaa! 203 . 
and #===— 1, we fhall have 2 — er, —: = . Orif we make 
X y 5 
) 2x 2y ° 
m== 0, and 7 = — 1, we fhall have 2 = —— = =. Or if 
1“) X 
᾽ 2a: πι ay 
we make 7; — 0, and m==—2, we fhall have * — ----- — =, 


a XN 
as before. All which, and innumerable other cafes, may be eafily 
proved by a fubftitution of equivalents. Or we may prove it gens- 

rally 
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rally thus. Becaufe by the given Equation it is y == κατ, in the 


' VAR mayx—t = mA 2x . . 
value of the ratio X —7 mary τος for y fubftitute Its value, and 
j mx — m Ae 2% 
we fhall have 2 — πῶς. 2* , as above. 
HA — n--1a a 


X 

3. The Equation of the fecond Example is 213 -}- x*y —acys 
+ 332^ — 25 ——o, in which there are three flowing quantities y, x, 
and 2, and therefore there muft be three operations, or three Tables 
muft be form'd. Firft difpofe the Terms according to y, thus ; 
273 --0y* + x*y — z: y°==0, and multiply by the Terms of the Pro- 

— 262 

ff wo ae j fpectively, (wh 
grelhon 2 x yy", Ixyy7',Oxyy7, — τχγ}τ', τεἰρεέζινεῖν, (where 
the Coefficients are form'd by diminifhing theIndices of y by the com- 
mon Number 1,) and the refulting Terms will be 4yy* x « -= ο". 
Secondly, difpofe the Terms according to x, thus; yx*--ox--23 x *——o, 





and multiply by the Terms of the Progreifion 2x Xx—', 1 x xx, 

Ox xx—7', (where the Coefficients are the fame as the Indices of x,) 

and the only refulting Term here is + 2yxx « «. Laftly, difpofe 

the Terms according to 5, thus ; — z5 -}- 3y2* —2cyz -.- x* ys* — 0, 

-- 2) 

and multiply by the Progreffion 3xZz—, 2x£z—', 1x£z-', oxz2z-', 
(where the Coefficients are alfo the fame as the Indices of z,) and 

the Terms wil! be —3z2* -|- 6yzz — 2cyz +. Then collecting all 

thefe Terms together, we fhall have the Fluxional Equation 4yy* 4-. 
αγ 4 2vxXx — 3zz* --- 6yzz — acyz — ο. 

Here we have a notable inftance of our Author's dexterity, at 
finding expedients for abbreviating. For in every one of thefe Ope- 
rations fuch a Progreflion is chofe, as by multiplication will make 
the grcateft deftruction of the Terms. By which means he arrives 
at the fhorteft Expreffion, that the nature of the Problem will allow. 
If we fhould feck the Fluxions of this Equation by the ufual me- 
thod, which is taught above, that is, if we always aflume the Pro- 
eretlions of the Indices, we fhall have 6yj* 4. 2xxy -1- x*y — 2cyz 
--- 2cyz --- 3s? --- 6yzz — 322^ = 0; which has two Terms 
more than the other form. And if the Progreffions of the Indices 
are increasd, in each cafe, by any common general Numbers, we 
may form the moft general Exprefion for the Fluxional Equation, 
that the Problem wiil admit of. 


3 4. 
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4. On occafion of the laft Example, in which are thrce Fluents 
and their Fluxions, our Author makes an ufeful Obfervation, for 
the Reduction and compleat Determination of fuch Equations, tho’ 
it be derived from the Rules of the vulgar Algebra ; which matter 
may be confider'd thus. Every Equation, confitting of two flowing 
or variable Quantities, is what correfponds to an indetermin'd Pro- 
blem, admitting of an infinite number of Anfwers. ‘Therefore one 
of thofe quantities being aflumed at pleafure, or a particular value 
being affign’d to it, the other will alfo be compleatly determined. 
And in the Fluxional Equation derived from thence, thofe particular 
values being fubftituted, the Ratio of the Fluxions will be given in 
Numbers, in any particular cafe. And one of the Fiuxions being 
taken for Unity, or of any determinate value, the value of the other 
may be exhibited by a Number, which will be a compleat Determi- 
nation. 

But if the given Equation involve three flowing or indeterminate 
Quantities, two of them muft be aflumed to determine the third ; 
or, Which is the fame thing, fome other Equation muft be either 
given or affumed, involving fome or all the Fluents, in order to a 
compleat Determination. For then, by means of the two Equa- 
tions, one of the Fluents may be eliminated, which will bring this 
to the former cafe. Alfo two Fluxional Equations may be derived, 
involving the three Fluxions, by means of which one of them may be 
eliminated. And fo if the given Equation fhould involve four Fluents, 
two other Equations fliould be either given or aflumed, in order to 
a compleat Determination. "This will be fufficiently explain'd by the 
two following Examples, which will alfo teach us how compli- 
cate Terms, fuch as compound Fractions and Surds, are to be ma- 
naged in this Method. 

5, 6. Let the given Equation be y? — a? — x4/ a? — x* == 0, 
of which we are to take the Fluxions. To tne two Fluents y aud 
x we may introduce a third z, if we affume another Equation. 
Let that be z = xV a? — x*, and we fhall have the two Equations 
23 — a — S==0, and ax — xt — z =o. Then by the fore- 
going Solution their Fluxional Equations (at leaft in one cafe) will 
be 2jy — ž == 0, and a*xx— 2Xx* — £z = ο. Thefe two Fluen- 
tial Equations, and their Fluxional Equations, may be reduced 
to one Fluential and one Fluxional Equation, by the ufual methods 
of Reduction : that is, we may eliminate z and = by fubftituting 


their values yy—2« and 2jy. Then we fhall have y>—a*—x/ a@@—x* 


ze, 
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---ο, and 2yy— foie ee ο. Or by taking away the furds, . 


"Us αλ — xt — 94 -|- 24*j* — at =o, and then atiy — 2x3 
— 2yJ* --- 2a*yy == O. 
. x P Ἢ A5 ee 
. Or if the given Equation be x3 — ay: — x. " 
7. Ὁ given Eq Of TE, ay x 





== 0, to find its correfponding Fluxional Equation ; to the two 


flowing quantities x and y we may introduce two others z and v; 
and thereby remove. the Fraction and the Radical, if we affume the 


two Equations e = 7; and x AVA-XX z— v. Then we (hall 
have the three Equations x? — ay? + z — v —o, az -4- yz — 
by3 == 0, and ayx*-- x6 — v? —c0, which will give the three 
Fluxional Equations 3xx* — 2ayy + z —U==0, a£ + yz -|- yz 
— 1ὀγγ' — o, and ayx* + 4ayxx* + 6xxs — 29v——0. Thele by; 
known Methods of the common Algebra may be reduced to one. 
Fluential and one Fluxiona! Equation, involving x and y, and their: 
Fluxions, as is required. 

8. And by the fame Method we may take the -Fluxions of Bino- 
mial or other Radicals, of any kind, any how involved or compli-.. 
cated with one another. As for inftance, if we were to find the 


Fluxion of Y ax 4- JS dd — ΧΑ, put it equal to y, or make ax -ἰ- 
V aa — xx = yy. Alfo make v aa — xx ο Then we thall 
have the two Fluential Equations ax -- z — y? ——0, and qM x?“ 
— z? —c:o, from whence we fhall have the two Fluxional Equations 
ax -+ Z— 2jyy —0, and — 2Xx — 2zz == 0, Or xx + £z = oO. 
This laft Equation, if for z and ὦ we fubftitute their values yy ——ax: 
and 2yy — ax, will become xx + 2/3 — 2axyy — axy* + axx 
== 0; whence ý = “+S == , And here if for y we fubfti-. 


tute its value Wax A da— xx, we {hall have the Fluxion re- 


ax /aa— xx — xx 











2)3 — 2axy 








uired | L— ———————————— E And man other E; TE 
q ΄ ΖΥ aa — xx x V ax -]- V aa— xx y xam- 


ples of a like kind will be found in the fequel of this Work. 

9, 10, 11, 12. In Examp. 5. the propofed Equation is gg -+-- 
axz — y+==0, in which there are three variable quantities x, y, and 
z, and therefore the relation of the Fluxions will be 232 + axz. 
+ ax% — 4yy* == 0. But as there wants another Fluential Equa- 
tion, and thence another Fluxional Equation, to make a compleat 
determination; if only another Fluxional Equation were given or: 
affumed, we fhould have the required relation of the Fluxions x and y. 

Suppofe - 
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Suppofe this Fluxional Equation were z ——xv/ax—xx; then by 
fubfticution we fhould have the Equation 2z -axx xy ax — xx 
+ axz — 49}? = ο, or the Analogy x : y : ay? : 28-4 ax x 
V ax — xx -- az, which can be reduced no farther, (or z cannot 
be eliminated,) till we have the Fluential Equation, from which the 


Fluxional Equation z2— xv/ax — xx is fuppos’d to be derived. 
And thus we may have the relation of the Fluxions, even in fuch 
cafes as we have not, or perhaps cannot have, the relation of the 

Fluents 
But tho’ this Reduction may not perhaps be conveniently per- 
form'd Analytically, or by Calculation, yet it may poffibly be per- 
form'd Geometrically, as it were, and by the Quadrature of Curves; 
as we may learn from our Author's preparatory Propofition, and 
from the following general Confiderations. Let the right Line AC, 
perpendicular to the right Line AB, be conceived to move always 
parallel to itfelf, fo as that its extremity A may defcribe the line AB. 
Let the point C be fixt, or always at the fame diftance from A, and 
let another point move from A towards C, with a velocity any how 
accelerated or retarded. The parallel motion of the line AC does 
not at all affe& the progreffive motion of the point moving from 
A towards .C, but from a combination of thefe two independent 
motions, it will defcribe the Curve ADH ; 
while at the fame time the fixt point C will 
defcribe the right line CE, parallel to AB. 
Let the line AC be conceived to move thus, 
till it comes into the place BE, or BD. "Then 
the line AC is conftant, and remains the fame, 
while the indefinite or flowing line becomes 
BD. Alfo the Areas deícribed at the fame time, ACEB and ADB, 
are likewife flowing quantities, and their velocities of defcription, 
or their Fluxions, muft neceffarly be as their refpective defcribing 
lines, or Ordinates, BE and BD. Let AC or BE be Linear Unity, 
or a conftant known right line, to which all the other lines are to 
be compared or refer'd ; juft as in Numbers, a!l other Numbers 
are tacitely refer'd to 1, or to Numeral Unity, as being the fim- 
pleft of all Numbers. And let the Area ADB be fupposd to be 
apply'd to BE, or Linear Unity, by which it will be reduced from 
the order of Surfaces to that of Lines; and let the refulting line 
be cald z. That is, make the Area ADB == z x BE; and if AB 
be call’d x, then.is the Area ACEB zzxx BE. ‘Therefore the 
K k Fluxions 
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Fluxions of thefe Areas will be 3x BE and xxBE, which are as z 
and x. But the Fluxions of the Areas were found before to be as 
BD to BE. So that itis : x :: BD : BE =<=1,.or z==x x BD. 
Confequently in any Curve, the Fluxion of the Area will be as the 
Ordinate of the Curve, drawn into the Fluxion of the Abfcifs. 

Now to apply this to the prefent cafe. In the Fluxional Equa- 
tion before affumed z—— šv ax — xx, if x reprefents the Abfcifs 
of a Curve, and “ax — xx be the Ordinate ; then will this Curve 
be a Circle, and z will reprefent the correfponding Area. So that 
we fee from hence, whether the Area of a Circle can be exhibited 
or no, or, in general Terms, tho' in the Equation propofed there 
fhould be quantities involved, which cannot be determined or ex- 
prefsd by any Geometrical Method, fuch as the Areas or Lengths 
of Curve-lines; yet the relation of their Fluxions may neverthelefs 
be found. ; 

13. We now come to the Author's Demonftiation of his Solution; 
or to the proof of the Principles of the Method of Fluxions, here laid 
down, which certainly deferves to engage our moft ferious attention. 
And more efpeciaily, becaufe thefe Principles have been lately drawn 
into debate, without being well confider'd or underftood ; potlibly be- 
caufe this Treatife of our Author's, exprefily.wrote on the fubject, had 
not yet feen the light. As thefe Principles therefore have been treated 
as precarious at leaft, if not wholly infuflcient to fupport the Doc- 
trine derived from them; I fhall endeavour to examine into every 
the moft minute circumftance of this Demonftration, and that with 
the utmoft circum{pection and impartiality. Ἢ 

We have here in the firft place a Definition and a Theorem toe 
gether. Moments are defined to be the indefinitely fnall parts of flow- 
ing quantities, by the acceffion of which, in indefinitely fmall portions 
of time, thofe quantities are continually increafed. The word Moment 
(momentum, movimentum, à moveo,) by analogy feems to have been 
borrow'd from Time. For as Time is conceived to be in continual 
flux, or motion, and as a greater and a greater Time is generated 
by the acceflion of more and more Moments, which are conceived 
as the fmalleft particles of Time: So all other flowing Quantitics 
may be underítóod, as perpetually. increafing, by the acceffion of 
their finalleft particles, which therefore may not improperly be call'd 
their Moments. But what are here call'd their /mallef particles, 
are not to be underítood as if they were Atoms, or of any definite 
and determinate magnitude, as in the Method. of Indivifibles; but 
to be indefinitely fmall; or continually decreafing, till they are s 

than 
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than any affignable quantities, and yet may then retain all poffible 
varieties of proportion to one another. ‘That thefe Moments are 
not chimerical, vifionary, or merely imaginary things, but have an 
exiftence fui generis, at leat Mathematically and in the Underftand- 
ing, isa neceflary confequence from the infinite Divifibility of Quan- 
tity, which I think hardly any body now contefts *. For all con- 
tinued quantity whatever, tho’ not indeed actually, yet mentally 
may be conceived to be divided 77 zufinitum. Perhaps this may be 
beft illuftrated by a comparative gradation or progrefs of Magnitudes. 
Every finite and limited Qyantity may be conceived as divided into 
any finite number of fmaller parts. This Divifion may proceed, 
aud thofe parts may be conceived to be farther divided in very lit- 
tle, but {till finite parts, or particks, which yet are not Moments. 
But when thefe particles are farther conceived to be divided, not 
actually but mentally, fo far as to become of a magnitude lefs than 
any aflignable, (and what can Πορ the progrefs of the Mind ?) then 
are they properly the Moments which are to be underftood here. As 
this gradation of diminution certainly includes no abfurdity or con- 
tradiction, the Mind has the privilege of forming a Conception of 
thefe Moments, a poffible Notion at leaft, though perhaps not an 
adequate one; and then Mathematicians have a right of applying 
them to ufe, and of making fuch Inferences from them, as by any 
ftrict way of reafoning may be derived. 

It 15 objeded, that we cannot form an intelligible and adequate 
Notion of thefe Moments, becaufe fo obfcure and incomprehenfible 
an Idea, as that of Infinity is, muft needs enter that Notion; and 
therefore they cught to be excluded from all Geometrical Difquifi- 
tions. It may indced be allowed, that we have not an adequate 
Notion of them on that account, fuch as exhaufts the whole nature 
of the thing, neither is it at all neceflary ; for a partial Notion, 
which is that of their Divifibility fine fine, without any regard to 
their magnitude, is fufficient in the prefent cafe. There are many 
other Speculations in the Mathematicks, in which a Notion of In- 
finity is a. neceffary ingredient, which however are admitted by all 
Geometricians, as ufeful and demonftrable Truths. The Doctiine 
of commenfurable and incommenfurable magnitudes includes a No- 
tion of Infinity, and yet is received as a very demonftrable Doctrine. 
We have a perfect Idea of a Square and its Diagonal, and vet we 

Kk 2 know 


* Perhaps the ingenious Author of the Difcourfe cali'd The Arai muft be excepted, 
who is plea/d to ask, in his fifth Qiery, Whether it le not wmecefiary, as well as aljurd, 
t. juppeje that finite Extenfion is infinitely divifidle ? Sez alfo Query 19, 20, 21, Sc. 
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know they will admit of no finite common meafure, or that their pro- 
portion cannot be exhibited in rational Numbers, tho’ ever fo fmall, 
but may by a feries of decimal or other parts continued ad infini- 
tum. In common Arithmetick we know, that the vulgar Fraction 
4, and the decimal Fraction 0,666666, &c. continued ad infinitum, 
are one and the fame thing; and therefore if we have a fcientifick 
notion of the one, we have likewife of the other. When I de- 
fcribe a right line with my Pen, fuppofe of an Inch long,. I defcribe 
firft one half of the line, then one half of the remainder, then one 
half of the next remainder, and fo on. That is, F actually run 
over all thofe infinite divifions and fubdivifions, before I have com- 
pleated the Line, tho' I do not attend to them, or cannot diftin-- 
guifh them. And by this Iam indubitably certain, that this Series 
of Fractions 1 -4 -H $ -+ jy, &c. continued ad infinitum, is pre-- 
cifely equal to Unity. Euclid has demonftrated in his Elements, , 
that the Circular Angle of Contact is lefs than any affignable. right- - 
lined Angle, or, which is the fame thing,. is an infinitely little Angle 
in comparifon with any finite Angle:- And our Author fhews: us» 
{11} greater Myfteries, about the infinite gradations-of Angles of. Con- 
tad. In Geometry we know, that Curves may continually approach 
towards their Afymptotes, and yet will not aàually meet with them; 
till both are continued to an infinite diftance. We know likewife, 
that many of their included Areas; or Solids, will be but of a finite . 
and determinable magnitude, even tho' their lengths fhould be actually 
continued ad infinitum. We know that fome Spirals make infinite 
Circumvolutions about a Pole, or Center, and yet the whole Line, 
thus infinitely involved, is but of a finite, determinable, and affign- 
able length. ‘The Methods of computing Logarithms fuppofe, that 
between any: two given Numbers, an infinite number of mean Pro- 
portionals may be interpofed; and without fome Notion of Infinity 
their nature and properties are hardly intelligible or difcoverable. 
And in general, many of the moft fublime and ufeful parts of 
knowledge muft be banifh'd out of the Mathematicks, if we are: 
fo fcrupulous as:to admit of no Speculations, in which a Notion 
of Infinity will be neceffarily included. We inay therefore as fafely. 
admit of Moments, and the Principles upon which the Method: 
of'Fluxions is here built, 46 any of the fore-mention'd Specula- 
f1Ons. 

The nature-and notion of Monients being thus eftablifh'd, we 
may pafs on to. the afore-mention'd "Theorem, which is this. 
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The (contemporary) Moments of flowing quantities are as the Veloctttes of 
flowing or increafing ; that is, as their Fluxions. Now if this be 
proved of Lines, it will equally obtain in all flowing quantities 
whatever, which may always be adequately reprefented and ex- 
pounded by Lines. But in equable Motions, the Times being given, 
the Spaces defcribed will be as the Velocities of Defcription, as is 
known in Mechanicks. And if this be true of any finite Spaces: 
whatever, or of all Spaces in general, it muft alfo obtain in infi- 
nitely little Spaces, which we call Moments. And even in Mo- 
tions continually accelerated or retarded, the Motions in infinite- 
ly little Spaces, or Moments, muft degenerate into equability. So 
that the Velocities of increafe or decreafe, or the Fluxions, will be - 
always as the contemporary Moments. Therefore the Ratio of 
the Fluxions of Quantities, and the Ratio of their contemporary 
Moments, will always be the fame, and may be ufed promifcu- 
oufly for each other. 

14. The next thing to be fettled is a convenient Notation for 
thefe Moments, by which they may be diftinguifh'd, reprefented, 
compared, and readily fuggefted to the Imagination. It has been 
appointed already, that when x, y, z v, &c. ftand for variable or 
flowing quantities, then their Velocities of increafe, or their Fluxions, 
fhall be reprefented by x, y, z, 3, &c. which therefore will be pro- 
portional te the contemporary Moments. But as thefe are only 
Velocities, or magnitudes of another Species, they cannot be the Mo- 
ments themfelves, which we conceive as indefinitely little Spaces, 
or other analogous quantities. We may therefore here aptly intro- 
duce the Symbol ο, not to ftand for abfolute nothing, as in Arith- 
metick, but a vanifhing Space or Quantity, which was juft now. 
finite, but by continually decreafing, in order prefently to terminate 
in mere nothing, .is now become lefs than any -affignable Quantity. 
And we have certainly a right fo to do. For if the notion is in- 
telligible, and implies no contradiction as was argued before, it may 
furely be infinuated by a Character appropriate to it. This is not 
afligning the quantity, which would be contrary to the bypothe/s, 
but is only appointing a mark to reprefent it. Then multiplying 
the'.luxions by the vanifhing quantity o, we fhall have the feve- 
ral quantities xo, yo, zo, το, &c. which are vanifhing likewife, 
and proportional to the Fluxions refpectively. Thefe therefore may 
now reprefent the contemporary Moments:of x, y, z, v, &c. And 
in general, whatever other flowing quantities, as well as Lines and 
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Spaces, are reprefented by x, y, 2, v, &c. as o may ftand for a 
vanifhing quantity of the fame kind, and as X, y, z, 9, &c. may 
ftand for their Velocities of increafe or decreafe, (or, if you pleafe, 
for Numbers proportional to thofe Velocities.) then may xo, yo, 
xo, vo, &c. always denote their refpe&ive fynchronal Moments, 
or Momentary acceflions, and may be admitted into Computations 
accordingly. And this we come now to apply. 

15. We muft now have recourfe to a very notable, ufeful, and 
extenfive property, belonging to all Equations that involve flowing 
Quantities. Which property is, that in the progrefs of flowing, 
the Fiuents will continually acquire new values, -by the acceffion of 
contemporary parts of thofe Fluents, and yet the Equation will be 
„equally true in all thefe.cafes. ‘This is a neceffary refult from the Na- 
ture and Definition of variable Quantities. Confequently thefe Fluents 
may be any .how increafed or diminifh’d by their contemporary 
Increments or Decrements ; which F:uents, fo increafed or dimi- 
nifhed, may be fubftituted for the others in the Equation. As if 
an Equation fhould involve the Fluents x and y, together with any 
given quantities, and X and Y are fuppofed to be any of their con- 
temporary Augments refpectively. Then in the given Equation we 
may fubftitute x -+ X for x, and y -+ Y for y, and yet the Equa- 
tion will be .good, :or the equality of the Terms will be preferved. 
So if X and Y were contemporary Decrements, inftead of x and 
y we might fubftitute x— X and y — Y refpectively. And as this 
muft hold good of all contemporary Increments or Decrements what- 
ever, whether finitely greet or infinitely little, it will be true like- 
wife of contemporary Moments, That is, inftead of x and y in 
any Equation, we may fubftitute x -+ xo and y -+ yo, and yet we 
fhall ftill have a good Equation. The tendency of this will appear 
from what immediately follows. 

16, The Author's fingle Example is a kind of Induction, and the 
proof of this may ferve for all cafes. Let the Equation x? — ax 
+ «xy — j? ==0 be given as before, including the variable quan- 
tities x and y, inftead of which we may fubftitute thefe quan- 
tities increas’d by their contemporary Moments, or x- xo and 


4 -- γο refpectively. Then we thall have the Equation x- «οὶ 
— à xx- A01* -Eaxx-]- X0 x yt jo—y+ 7ο] $5——o. Thele 
Terms being expanded, and reduced to three orders or columns, | 
according as the vanifhing quantity o is of nocne, one, or of more 
slimenfions, will ftand as in the Margin. 
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17, 18. Here the Terms of the firft mcr peter cok 
order, or column, remove or deftroy one ρε... Lu. T 2i | 
another, as being abfolutely equal to no~ +awytaiy aie? =o 
thing by the given Equation. They be- τω any 
ing therefore expunged, the remaining 2E LE Je J 
Terms may all be divided by the com- 
mon Multiplier o, whatever it is. This being done, all the Terms 
of the third order will ftill be affected by o, of one or more dimeu- 
fions, and may therefore be expunged, as infinitely lefs than the 
others. Laftly, there will only remain thofe of the fecond order or 
column, that is 34Xx* — 2aXx ++ axy + ajx — 4yy* =o, which 
will be the Fluxional Equation required. Q . E. D. 

The fame Conclufions may be thus derived, in fomething a dif- 
ferent manner, Let X and Y be any fynchronal Augments of the 
variable quantities a and y, as before, the relation of which quan- 
tities is exhibited by any Equation. Then may x-- X and y+ Y 
be fubftituted for x and y in that Equation. Suppofe for inftance 
that x? — axt 4 axy — 93 o; then by fubftitution we fhall 
have x4- X|: — ax x-- X|* axx t X xy-r- Y —y-r-Y4* 
==0 ; or in terminis expanfis x5 + 3x* X + 1ΧΧ’ + Xs — ax? — 
2axX — αλ" -- axy +. axY-4- aXy + aXY — 33 — 3z Y— 1: 
— Y: — o. But the Terms x? — ax? + axy — ys == 0 will va- 
nifh out of the Equation, and leave 3x*X + 3xX* - X: — 2axX 
— aX* --- axY + aXy + aXY — 45^ Y — 4yY* — Ys =o, for 
the relation of the contemporary Augments, let their magnitude be 


what it will. Or refolving this Equation into an Analogy, the ratio 
Y 4x? -]- 3xX 21. X? — 2ox — aX Lay 


of thefe Augments may be this, — — ——— ENSE IU πες 

Now to find the witimate ratio of thefe Augments, or their ratio 
when they become Moments, fuppofe X and Y to diminith till they 
become vanifhing quantities, and then they may be expunged out 


of this value of the ratio. Or in thof circumftances it will be 
Y T om SAX 9 ο 9 e 
= Em which is now the ratio of the Moments. And 
this is the fame ratio as that of the Fluxions, or it will be 
y BX tam 2ax -+- av . 4J — «ὃ Α- e ^ ^ “9 - evran 
m Re ρα > oF 3)* y — AXY — 3x — 24A XX -H 4), as was 
. found before. 

In this way of arguing there is no aflumption made, but what is 
juftifiable by the received Methods both of the ancient and medern 
Geometricians, We only deícend from a general Propofition, which 
is undeniable, to a particular cafe which is certainly included in it. 


That 








a 


256 The Method of Fuvxtons, 


That is, having the relation of the variable Quantities, we thence 
directly deduce the relation or ratio of their contemporary Aug- 
ments; and having this, we directly deduce the relation or ratio of 
thofc contemporary Augments when they are nafcent or evanefcent, 
juft beginning or juft ceafing to be; in a word, when they are Mo- 
ments, or vanifhing Quantities. To evade this reafoning, it ought 
to be proved, that no Quantities can be conceived lefs than aflign- 
able Quantities; that the Mind has not the privilege of conceiving 
Quantity as perpetually diminifhing Jine fine; that the Conception of 
a vanifhing Quantity, a Moment, an Infinitefimal, &c. includes a 
:€ontradi&tion : In fhort, that Quantity is not (even mentally) divifi- 
ble ad infinitum; for to that the Controverfy muft be reduced at 
lait. But I believe it will be a very difficult matter to extort this 
Principle from the Mathematicians of our days, who have been fo 
long in quiet poffeffion of it, who are indubitably convinced of the 
evidence and, certainty of it, who continually and fuccefsfully ap- 
ply it, and who are ready to acknowledge the extreme fertility and 
uiefulnefs of it, upon fo many important occafions. 

19. Nothing remains, I think, but to account for thefe two cir- 
cumfítances, belonging to the Method of Fluxions, which our Au- 
thor briefly mentions here. Firft that the given Equation, whofe 
Fluxional Equation is to be found, may involve any number of 
flowing quantities. ‘This has been fufficiently proved already, and 
we have feen feveral Examples of it. Secondly, that in taking 
Fluxions we need not always confine ourfelves to the progreffion of 
the Indices, but may aflume infinite other Arithmetical Progreflions, 
as conveniency may require. This will deferve a little farther illu- 
ftration, tho’ it is no other than what muft neceffarily refult from 
the different forms, which any given Equation may affume, in an 
infinite variety. ‘Thus the Equation x? — ax? -+ axy — y* == o, 
being multiply'd by the general quantity x"j*, will become α Έα 
-— ax" sy -- αλ” ΤΙ xy — 0, which is virtually the fame 
Equation as it was before, tho’ it may affume infinite forms, accor- 
ding as we pleafe to interpret 7; aud ή. And if we take the 
Fluxions of this Equation, in the ufual way, we fhall have 
m -ᾱ- ΛΑ" ΓΑΥ" Lp κ" δη mb ax diyn s nax tyy a 
m -- akant g n Ae 16x" tyy® — mia ayni — ne 3xnyyn? 
0. Now if we divide this again by x"j*, we fhall have zz -4- 3xx*. 
of nxryy—} — 7; -|- 2axx — naxryy—* -LFm-- laxy -|- 2-}- laxy — 
ΑΧ} — n -+ 3y¥* == 0, which is the fame general Equation as 
was derived before. And the like may be underftood of all other 
Examples. SECT. 
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Sect. IL Concerning Fluxions of fuperior orders, and 
the method of deriving their Equations. 


N this Treatife our Author confiders only firft Fluxions, and has 

not thought fit to extend his Method to fuperior orders, as not di- 
rectly falling within his prefent purpofe. For tho’ he here purfues 
Speculations which require the ufe of fecond Fluxions, or higher 
orders, yet he has very artfully contrived to reduce them to firft 
Fluxions, and to avoid the neceflity of introducing Fluxions of fu- 
perior orders. In his other excellent Works of this kind, which 
have been publifh'd by himfelf, he makes cxprefs mention of them, 
he di(covers their nature and properties, and gives Rules for deriving 
their Equations. "Therefore that this Work may be the more fer- 
viceable to Learners, and may fulfil the defign of being an Inftitu- 
tion, I fhall here make fome inquiry into the nature of fuperior 
Fluxions, and give fome Rules for finding their Equations. And 
afterwards, in its proper place, I fhall endeavour to thew fomething 
of their application and ufe. 

Now as the Fluxions of quantities which have been hitherto con- 
fider'd, or their comparative Velocities of increafe and decreafe, are 
themfelves, and of their own nature, variable and flowing quantities 
alfo, and as fuch are themfelves capable of perpetual increafe and de- 
creafe, or of perpetual acceleration and retardation; they may be 
treated as other flowing quantities, and the relation of their Fluxions 
may be inquired and difcover'd. In order to which we will adopt 
our Author's Notation already publifh’d, in which we are to con- 
ceive, that as x, y, 2, &c. have their Fluxions x, y, ὧν &c. fothefe 
likewife have their Fluxions x, y, z;,&c.which are the fecond Fluxions 
of x, y, Z, &c. And thefe again, being fill variable quantities, have 


their Fluxions denoted by x, 2, 2, &c. which are the third Fluxions 
of x, y, z, &c. And thefe again, being {till flowing quantities, 


have their Fluxions x, y, z, &c. which are the fourth Fluxions of 
x,y, Z, &c. And fo we may proceed to fuperior orders, as far as 
there fhall be occafion. Then, when any Equation is propofed, con- 
fifung of variable quantities, as the relation of its Fluxions may be 
found by what has been taught before; ío by repeating only the fame 
operation, and confidering the Fluxions as flowing Quantities, the 

L relation 


258 The Method of Fiuxions, 


relation of the fecond Fluxions may be found. And the like for all 
higher orders of Fluxions. 


` Thus if we have the Equation y* — ax == o, in which are the 
two Fluents y and x, we fhall have the firft Fluxional Equation 25y 
— ax zo. And here, as we have the three Fluents y, y, and x, 
if we take the Fluxions again, we fhall have the fecond Fluxional 
Equation 27) -+ 2j*—— axz—0. And here, as there are four Fluents 
7,9, 3, and x, if we take the Fluxions again, we íhall have the 


third Fluxional Equation ayy -- αγ) --4) — ax ==0, or ayy T 


6yj —ax==o. And here, as there are five Fluents 3, 2, 2, 3, and x, 
if we take the Fluxions again, we fhall have the fourth Fluxional 
Equation 2yy + 2yj -- 65j -- Oy? — ax == 0, or 2γγ-|- 8yy -t 67°; 
—ax==0. And here, as there are fix Fluents y, 9, 5, » y, and x, 
if we take the Fluxions again, we fhall have 2yy ++ ο) 4- 8yy -1- 
8yy -+ 12yy— ax== ο, OF 2yy -- 1ου) + 20yy — ax zo, for the 
fifth Fluxional Equation. And fo on to the fixth, feventh, &c. 
Now the Demonftration of this will proceed much after the man- 
ner as our Author's Demonftration of firft Fluxions, and is indeed 
virtually included in it. For in the given Equation y? — ex == o, 
if we fuppofe y and x to become at the fame time y -4- yo and x -1- xo, 
(that is, if we fuppofe jo and xo to denote the fynchronal Moments 
of the Fluents y and x,) then by fubftitution we fhall have y -1- yo|*, 
—— Q X X -j- X0 == 0, OF zn terminis expanfis, y* -4- 2yyo -4- 73ο" — ax 
— 4xoz-z0. Where expunging y? — ax == o, and y*o0*, and divi-- 
ding the reft by o, it will be 25y — ax = ο for the firft fluxional 
Equation Now in this Equation, if we fuppofe the fynchronal 
Moments of the Fluents y, y, and x, to be yo, yo, and xo refpectively ; 
for tho'e Fluents we may fubftitute y+ yo, ý -+ yo, and x-4- xo in 
the lat Equation, and it will become 2y-1- 2yo x y -t+ yo — a xx =- xo 
== O0, or expanding, 2yy -I- 2yyo -]- 2yyo + 2yy00 — ax — axo == ο. 
Here becaufe 2/7 — ax== o by the given Equation, and becaufe 
2yyoo vanifhes ; divide the reft by o, and we fhall have 2/3 + 2yy 
— ax =o for the fecond fluxional Equation. Again in this Equa- 
tion, if we fuppofe the Synchronal Moments of the Fluents y, y, 


7» and x, to be jo, 79, yo, and. xo refpectively ; for thofe Fluents 
we 
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we may fubftitute y- jo, ý + yo, ? 4-30, and XL x0 in the laft 


oS 
ο 


Equation, and it will become 2 x y 4- 5l j + 2y + 290 x y 4- 36 --- 
a X X -+ X0 0, Or expanding and collecting, 2/: +- 6yyo + 256 


I ayy -- 250 4- 2jyos — ax — axo = 0. But here becaufe 2y* 
+ 27y — ax —— o by the laft Equation; dividing the reft by ο, and 
expunging all the Terms in which o will ftill be found, we fhall 


have 6) -+ 27y — ax —— ο for the third fluxional Equation. And 
in like manner for all other orders of Fluxions, and for all other 
Examples. Q. E. D. 

To illuftrate the method of finding fuperior Fluxions by another 
Example, let us take our Author's Equation x* — ax? 4- ολ) — y? 
== 0, in which he has found the fimpleft relation of the Fluxions 
to be 3xx* — 2axx -4- axy -p- axy — 3yy* —50. Here we have the 
flowing quantities x, y, x, y; and by the fame Rules the Fluxion of 
this Equation, when contracted, will be 3xx* +- 6x*x — 2axx — 
24Χ» -4- axy -1- 2axy 4- axy — ayy? — 6j*y = 0. And in this Equa- 
tion we have the flowing quantities x, y, X, y, x, y, fo that taking 
the Fluxions again by the fame Rules, we fhall have the Equation, 


when contracted, 3xx* -}- 18xxx -- 633 —2axx — 6axx 4- axy --- 


Zax) -- 14.) 4- axy — ayy? — 18 yyy — 678 — 0. And as in this 
Equation there are found the flowing quantities x, y, X, y, x, y, 


δν J, we might proceed in like manner to find the relations of the 
fourth Fluxions belonging to this Equation, and all the following 
orders of Fluxions. 

And here it may not be amifs to obferve, that as the propofed 
Equation expreffes the conftant “elation of the variable quantities x 
and y; and as the firft fluxional Equation exprefles the conftant re- 
lation of the variable (but finite znd affignable) quantities x and 7, 
which denote the comparative Velocity of increafe or decreafe of x 
and y in the propofed Equation : So the fecond fluxiona! Equation 
will exprefs the conftant relation of the variable (but finite and afg- 
nable) quantities x and 2, which denote the comparative Velocity of 
the increafe or decreafe of X and yin the foregoing Equation. And in 
the third fluxional Equation we have the conftant relation of the variable 


(but finite and affignable) quantities x and 5, which will denote the 
Ex? conl- 
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comparative Velocity of the increafe or decreafe of x and y in the 
foregoing Equation, And fo on for ever. Here the Velocity of a 
Velocity, however uncouth it may found, will be no abfurd Idea 
when rightly conceived, but on the contrary will be a very rational 
and intelligible Notion. If there be fuch a thing as Motion any how 
continually accelerated, that continual Acceleration will be the Ve- 
locity of a Velocity ; and as that variation may be continually va- 
ried, that is, accelerated or retarded, there will be in nature, or at 
leaft in the Underftanding, the Velocity of a Velocity of a Velocity. 
Or in other words, the Notion of fecond, third, and higher Fluxions, 
muft be admitted as found and genuine. But to proceed : 

We may much abbreviate the Equations now derived, by the - 
known Laws of Analyticks. From the given Equation x? — ολ -+ 
axy — yï? == ο there is found a new Equation, wherein, becaufe of 
two new Symbols x and y introduced, we are at liberty to affume 
another Equation, befides this now found, in order to a juft De- 
termination, For fimplicity-fake we may make x Unity, or any 
other conftant quantity; that is, we may fuppofe x to flow equably, 
and therefore its Velocity is uniform. Make therefore x — 1, and 
the firft fluxional Equation will become 3x* — 24. + ay -+ axy — 
397? == ο. So in the Equation ZAN? ep OXX — 2axx — 2ax* -4- 
axy -4- 2axy -+ axy — 4)” — 6y:y ==0 there are four new Sym- 
bols introduced, x, 7, x, and », and therefore we may aflume two 
other congruous Equations, which together with the two now found, 
will amount to a compleat Determination. Thus if for the fake of 
fimplicity we make one to be x == t, the other will neceffarily be 
x =o ; and thefe being fubftituted, will reduce the fecond fluxiona} 
Equation to this, 6x — 2a -+ 2ay + axy — 3yy? — 6j>y = 0o. And 
thus in the next Equation, wherein there are fix new Symbols 


Ὃν η. x, » x, y; befides the three Equations now found, we may 
take x= r, and thence x—- o, x e o, which will reduce it 
to 6 + 14) + axy — 339^ — 185jy — 6j? =o. And the like of 
Equations of fucceeding orders. 

But al! thefe Reductions and Abbreviations will be beft made as 


the Equations are derived. ‘Thus the propofed Equation being x? 
— ax? +- axy — y? == 0, taking the Fluxions, and at the fame time 


making x= 1, (and confequently x, x, &c. ——0,) we fhall have 
3X? — 24x 4- ay -I- axy — 3yy? 0. And taking the Fluxions 
again, 
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again, it will be 6x — 24 +. 24) -+ axy — 3yy* — 6y*y — 0. 


And taking the Fluxions again, it will be 6 +. 3ay + axy —45* 
— 18yyy — 6j? == o. And taking the Fluxions again, it will be 


44} +- axy — 3»y* — 24yyy — 18y*y — 36772 == o. And foon, as 
far as there is occafion. 

But now for the clearer apprehenfion of thefe feveral orders of 
Fluxions, I fhall endeavour to illuftrate them by a Geometricat 
Figure, adapted to a fimple and a particular cafe. Let us affume 
the Equation y* — ax, or y==a*x?, which will therefore belong to 
the Parabola ABC, whole Parameter is AP==a@, Abfcifs AD = x, 
and Ordinate BD =y; where AP is a Tangent at the Vertex A. 
Then taking the Fluxions, we fhall have ý = laixx i. And fup- 
pofing the Parabola to be defcribed by the equable motion of the 
Ordinate upon the Abfcifs, that equable Velocity may be expounded 
by the given Line or Parameter a, that is, we may put x ——2. Then 





2 3 

ο ege ο --ἳ 2 2x7 a 9 9 9 

it wili be j= (ax fi 2 == — = = ) which will give us 
: z zx 2x 


2x 
this Conftrudion. Make x (AD) : y (BD) :: ia (4AP) : DG = 
Z= y, and the Line DG will therefore 


reprefent the Fluxion of y or BD. And if 
this be done every where upon AE, (or if 
the Ordinate DG be fuppos'd to move upon 
AE with a parallel motion,) a Curve GH 
will be conftiucted or defcribed, whofe Ordi- 
nates will every where expound the Fluxions 
of the correfponding Ordinates of the Pa- 
rabola ABC. This Curve will be one of 
the Hyperbola’s between the Afymptotes 


AE and ΑΡ for its Equation is ý == ae , 


2x* 





T a3 

or yy = ax 2 
. : : ` EN ay ‘ . 

Again, from the Equation ý == zo OF 2xy — ay, by taking 
the Fluxions again, and putting x ——a as before, we (hall have 

: .. 2 .. ay D 
2ay -ἰ- 2xjyzaj,0t—y = 2 ; where the negative fign. thews only, 
that y is to be confider'd rather as a retardation tban an acceleration, 
or an acceleration the contrary way. Now this will give us the 


following 
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following Conftrudion. Make x (AD) : y (DG) :: +a (4AP) : 
DI = γ, and the Line DI will therefore reprefent the Fluxion of 
DG, or of y, and therefore the fecond Fluxion of BD, or of y. 
And if this be done every where upon AE, a Curve IK will be 
conitructed, whofe Ordinates will always expound the fecond Fluxions 
of the correfponding Ordinates of the Parabola ABC. This Curve 
likewife will be one of the Hyperbola’s, for its Equation is —y == 
z mp > OF yy = 16x5 . 


Again, from the Equation — y == g 


, Or — 2xy e gn 
by taking the Fluxions we fhall have — 2ay — ony = ay, or 
—y —_ , which will give us this Conftru&ion. Make x (AD) : 
y (DI) :: 2a (3AP) : DL —), and the Line DL will therefore 
reprefent the Fluxion of DI, or of y, the fecond Fluxion of DG, 
or of y, and the third Fluxion of BD, or of y. And if this be 
done every where upon AE, a Curve LM will be conftructed, whofe 
‘Ordinates will always expound the third Fluxions of the correfpon- 
ding Ordinates of the Parabola ABC. This Curve will be an Hyper- 
ο 7 . a? 


a 2 ο" τ i DOS" 9 
bola, and its Equation will be — y=} ==, or y yz das ` 
T 


And {o we might proceed to conftru& Curves, the Ordinates of 
which (in the prefent Example) would expound or reprefent the 
fourth, fifth, and other orders of Fluxions. 


We might likewife proceed in a retrograde order, to find the 

Curves whofe Ordinates fhall reprefent the Fluents of any of thefe 
2 

Fluxions, when given. As if we had J = E c Laisi, or if 
2x? 

the Curve GH were given; by taking the Fluents, (as will be 


taught in the next Problem,) it would be y == (a?x? — = 
x 
, which will give us this Conftruction. Make ie (iAP): 
€ (AD) :: y (DG) : DB = , and the Line DB will reprefent 
the Fluent of DG, or of y. And if this be done every where upon 
the Line AE, a Curve AB will be conftruéted, whofe Ordinates 
will always expound the Fluents of the correfponding Ordinates of 
the Curve GH. This Curve will be the common Parabola, whofe 
I Parameter 
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Parameter is the Line AP==a. For its Equation is y == gix?, 
Or yy == ax. 

So if we had the Parabola ABC, we might conceive its Ordinates 
to reprefent Fluxions, of which the correfponding Ordinates DQ_ 
of {fome other Curve, fuppofe QR, would reprefent the Fluents. 

l o 


/ 
To find which Curve, put y for the Fluent of y, y for the Fluent 
f M U t 2 


! 

of y, &c. (That is, let, &c. y, y, y, 2, J, Y, Y, &c. be a Series of 
Terms proceeding both ways indefinitely, of which every fucceed- 
ing Term reprefents the Fluxion of the preceding, and vice versd ; 
according to a Notation of our Author's, deliver'd elfewhere.) Then 


: 8 9 1 Li t X exe ο ο 
becaufe it is y= (asa τα κ x= =) e , taking the Fluents it 
a 
/ 2 Y 3 
. Z 7 * ο 9 e 
will be y= ( em 2 ey 25. which will give us this Con- 


/ 
ftru&ion. Make ża (&AP): x (AD) :: y (BD) M =J= DQ, 
and the Line DQ will reprefent the Fluent of DB, or of y. And 
if the fame be done at every point of the Line AE, a Curve QR 
will be form’d, the Ordinates of which will always expound the 
Fluents of the correfponding Ordinates of the Parabola ABC. This 
Curve alfo will be a Parabola, but of a higher order, the Equation 

/ i 11 
f which is y= 2%, or yy = ©. 
of which is y i OF X) τν 


30° 


3 
3a? 44 Xa 


/ 2 E A . 2 
Again, becaufe y == ( aa eS =) zer. s taking the Flu- 


24" 





K 5 / 
9 ο 3 Σ * A ο ο 
15a? ga? 5^ 54 / / 


/ 2x 
Conftru&ion. Make zz (SAP) : x (AD) :: y (DQ_) : Lo 
4 


== DS, and the Line DS will reprefent the Fluent of DQ. Οἱ of y. 
And if the fame be done at every point of the Line AF, * Curve 
ST will thereby be form’d, the Ordinates of which will expound 
the Fluents of the correfponding Ordinates of the Curve Q , I his 


: n $ E 
Curve will be a Parabola, whofe Equation is y = %4: 9! 3 = 


15a” 
1615 2 ο 
zzsas* And fo we might go on as far as we pleafe. 





Laftly, 
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Laftly, if we conceive DB, the common Ordinate of all thefe 
Curves, to be any where thus conftructed upon AD, that is, to be 
thus divided in the points S, Q, B, G, I, L, &c. from whence to 
AP are drawn Ss, Qg, B, Gg, E, ΤΙ, δες. paraliel to AE; and 
if this Ordinate be farther conceived to move either backwards or 
forwards upon AE, with an equable Velocity, (reprefented by 
AP == a == x,) and as it defcribes thefe Curves, to carry the afore- 
faid Parallels along with it in its motion: Then the points s, 9, b,£, 
?, 1, &c. will likewife move in fucha manner, in the Line AP, as 
that the Velocity of each point will be reprefented by the diftance 
of the next from the point A. Thus the Velocity of s will be re- 
prefented by Ag, the Velocity of g by Ad, of b by Ag, of g by Aż, 
of 7 by A/, &c. Or in other words, Ag will be the Fluxion of As; 
Ab will be the Fluxion of Ag, or the fecond Fluxion of As; Ag 
will be the Fluxion of Ad, or the fecond Fluxion of Ag, or the third 
Fluxion of As; A; will be the Fluxion of Ag, or the fecond Fluxion 
of Ad, or the third Fluxion of Ag, or the fourth Fluxion of As; 
and fo on. Now in this inftance the feveral orders of Fluxions, or 
Velocities, are not only expounded by their Proxies and Reprefen- 
tatives, but alfo are themfelves actually exhibited, as far as may be 
done by Geometrical Figures. And the like obtains wherever elfe 
we make a beginning ; which fufficiently fhews the relative nature 
of all thefe orders of Fluxions and Fluents, and that they differ from 
each other by mere relation only, and in the manner of conceiving, 
And in general, what has been obferved from this Example, may 
be cafily accommodated to any other cafes whatfoever. 

Or thefe different orders of Fluents and Fluxions may be thus ex- 
plain'd abítractedly and Analytically, without the affiftance of Curve- 
lines, by the following general Example. Let any conftant and 
known quantity be denoted by a, and let a” be any given Power 
or Root of the fame. And let x" be the like Power or Root of 
the variable and indefinite quantity x. Make a": x":: a : y, or 


y == ax". Here y alfo wil be an indefinite quantity, 


m 


a 
which will become known as foon as the value of x is afügn'd. 
Then taking the Fluxions, it will be y == ma'—"xx"— ; and fup- 
pofing x to flow or increafe uniformly, and making its conftant 
Velocity or Fluxion x == a, it will be ý == μια κ. Here if 
m 


for a'-"x" we write its value y, it will be y — =, that is, x: 


pa iy 1}. So that 7 will be alfo a known and affignable SS 
ity, 
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tity, whenever x (and therefore y) is affign'd. Then taking the 
Fluxions again, we fhall have J Hx m Ig3—"xx"—* —— x 


m= ia57"x"— ; Or for ma'-"x"—: writing its value y, it will be 
ex m o—1ay 


y———TL— , that is, x: m— 12 5::y :y. So that y will be- 
come a known quantity, when x (and therefore A and y) is affign’d. 


Then taking the Fluxions again, we fhall have y= mxm — ix 





X:m—a24:5y: PA 








------- are 
93 — 249*7"X"—3, Or y= = - , that is, 


where alfo y will be known, when x is given. And taking the 








Fluxions again, we fhall have y= JH X WIT xmz X fi—3457"x"—4 
— L3, that is, x : m— 3a :: y : J. So that y will alfo be 
known, whenever x is given. And from this Induction we may 
conclude in general, that if the order of Fluxions be denoted by any 
integer number z, or if 2 be put for the number of points over the 
n n: 
Letter y, it will always be x : m — na :: y : y ; or from the 
Fluxion of any order being given, the Fluxion of the next imme- 
diate order may be hence found. 





a n 
Or we may thus invert the proportion m — za : x :: y : y, 


and then from the Fluxion given, we: fhall find. its next immedi- 





ate Fluent. As if x= 2, ‘tis Ó —22 : x sy :y. If πα, 
tism—Iarxiysy. If n==0, "tis me: x :: y : y. And 
obferving the fame analogy, if == — 1, “tis mia: Suy: 


9 959 9 


7 ; where 7 is put for the Fluent of y, or for J with a negative point. 


And here becaufe y —— a πα, it will be m- re : x :: amra” ; 
J / αἴ QUE: Malat 








J, or y = ———— == =—-: which alfo may thus appear, Be- 
m-r-1a meele 
caufe y == (ax = e ==) = E , taking the Fluents, (fee the 


"ul 
next Problem,) it will be y = ----- . Again, if we make 2 z——2, 
md c 
S / I] n / QU 
'uism--2a4:xX::y : y, OF γΞΞ:-5 








. For 
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i QU: x snper ο ο b 
becaufe y = κέ------π» taking the Fluents it will be 
mia” F mnt 1a Se 
4 UO pee 
m———— sua. Again, if we make xn == — 74, 15 a: 
xm nth gain, make 7 4, tsm- 3 
y 1) n i 
ee 5 or ra xy ond rs 
eis y ty, OF y m 9 I . And fo for 





m-4-3« m--ixm-pzxm43a" T? 
all other fuperior Sues of F lues ΠΕ 
And this may fuffice in general, to fhew the comparative nature 
and properties of thefe feveral orders of Fluxions and Fluents, and 
to teach the operations by which they are produced, or to find their 
refpective fluxional Equations. As to the ufes they may be apply'd 


to, when found, that will come more properly to be confiderd in 
another place, | 


Se cr. III. 72e Geometrical and Mechanical Elements 
of Fluxions.. | 


HE foregoing Principles of the Doctrine of Fluxions being 
chiefly abftra&ed and Analytical, I fhall here endeavour, af- 
ter a general manner, to fhew fomething analogous to them in Geo- 
metry and Mecharicks;.by which they may become, not only the 
object.of the Underftanding, and of the Imagination, (which will only 
prove their poffible exiftence,) but. even of Senfe too, by making 
them actually to exift in-a vifible-and fenfible form. For it is now 
become neceflary to exhibit them all manner of. ways, in order to 
give a fatisfactory proof, that.they have indeed any real exiftence at 
all. 

And firft, by way: of prepara- 
tion, it will be convenient-to. con- 
fider uniform and equable motions,. 
as'alfo fuch as are alike inequable. 
Let the right Line AB be defcribed 
by the equable motion of a point, 
which is now at E, and will pre- 
fently beat G. Alfo let the Line 
CD, parallel to the former, be de- 
fcribed by the equable motion of a point, ‘which 15 ἱη H and K, at 
the fame times as the former i$ in E end G. Then will EG and 
HK be contemporaneous Lines, and therefore will be proportional to 
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the Velocity of each moving point refpectively. Draw the indefi- 
nite Lines EH and GK, meeting in L; then becaufe of like Tria, 
angles ELG and HLK, the Velocities of the points E and H, which 
were before as EG and HK, will be now as EL and HL. Let 
the defcribing points G and K be conceived to move back again, 
with the fame Vclocities, towards A and C, and before they ap- 
proach to E and H let them be found in g and 4, at any {mall 
diftance from E and H, and draw gk, which will pafs through L; 
then ftill their Velocities will be in the ratio of Eg and HA, be thofe 
Lines ever fo little, that is, in the ratio of EL and, HL. Let 
the moving points g and & continue to move till they coincide with 
E and H ; in which cafe the decreafing Lines Eg and H4 will pafs 
through all poflible magnitudes that are lefs and lefs, and will finally 
become vanifhing Lines. For they muft intirely vanifh at the fame 
moment, when the points g and 4 fhall coincide with E and H. 
In all which ftates and circumftances they will {till retain the ratio 
of EL to HL, with which at laft they will finally vanifh. . Let 
thofe points ftill continue to move, after they have coincided with 
E and H, and let them be found again at the fame time in 4, and 
x, at any diftance beyond E and H. Still the Velocities, which are 
now as Ey and Hx, and may be efteemed negative, will be as EL 
and HL, whether thofe Lines Ey and Hx are of any finite magni- 
tude, or are only nafcent Lines; that is, if the Line yxL, by its 
angular motion, be but juft beginning to emerge and divaricate from 
EHL. And thus it will be when both thefe motions are equable 
motions, as alfo when they are alike inequable; in both which 
cafes the common interfection of all the Lines EHL, GKL, gZL, &c. 
will be the fixt point L. But when either or-both thefe motions 
are fuppos'd to be inequable motions, or to be any how continually 
accelerated or retarded, thefe Symptoms will be fomething different ; 
for then the point L, which will ftill be the common interfection 
of thofe Lines when they firft begin to coincide, or to divaricate, 
will no longer be a fixt but a moveable point, and an account muft 
be had of its motion. For this purpoie we may have recourfe to 
the following Lemma. i 
Let AB be an indefinite and fixt right Linc, along which another 
indefinite but moveable right Line DE may be conceived to move or 
roll in fuch a manner, as to have both a progreflive motion, as alfo an 
angular motion about a moveable Center C. That is, the common 
interfection C of the two Lines AB and DE may be fuppofed το 
move with any progreflive motion from A towards B, while at. the 
Mm2 ` fame 
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fame time the moveable Line DE revolves about 
the fame point C, with any angular motion. ‘Then 
as the Angle ACD continually decreafes, and at 
laft vanifhes when the two Lines ACB and DCE 
coincide; yet even then the point of interfection 
C, (as it may be ftill call’d,) will not be loft and 
annihilated, but will appear again, as foon as the 
Lines begin to divaricate, or to feparate from each 
other. That is, if C be the point of interfection 
before the coincidence, and c the point of interfec- 
tion after the coincidence, when the Line dce thall 
again emerge out of AB; there will be fome inter- 
mediate point L, in which C and c were united in 
the fame point, at the moment of coincidence, This 
point, for diftin&ion-fake; may be call’d the Node, 
or the point of no divarication, Now to apply this 
to inequable Motions : 
Let thé Line AB be defcribed by the continually accelerated mo- 
tion of a point, which is now in E, and will be prefently found in 
G. Alfolet the Line CD, parallel to the former, be defcribed by 
the equable mo- ` 
tion of a point, 
which is found 
in H and K, at 
the fame times as 
the otħer point 
is in E and G. 
Then willEG and 
HK be contem- 
poraneous Lines; 
and producing 
EH and GK till 
they meet in I, 
thofe contempo- 
raneous Lines will be as EI and HI refpectively. Let the defcribing 
points G and K be conceived to move back again towards A and C, 
each with the fame degrees of Velocity, in every point of their mo- 
tion, as they had before acquired ; and let them arrive at the fame 
time at g and 2, at fome fmall diftance from E and H, and draw 
gki meeting EH in 7. Then Eg and HZ, being contemporary Lines 
alfo, and very little by fuppofition, they will be nearly as ος Ve- 
ocities 
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locities at g and A, that is, at E and H; which contemporary 
Lines will be now as E? and Hz, Let the points g and & continue 
their motion till they coincide with E and H, or let the Line GKI 
or gki continue its progreffive and angular motion in this manner, 
till it coincides with EHL, and let L be the Node, or point of no 
divarication, as in the foregoing Lemma. Then will the laft ratio 
of the vanifhing Lines Eg and HZ, which is the ratio of the Velo- 
“cities at E and H, be as EL and HL refpectively. 

Hence we have this Corollary. If the point E (in the foregoing 
figure,) be fupposd to move from A towards B, with a Velocity 
any how accelerated, and at the fame time the point H moves from 
C towards D with an equable Velocity, (or inequable, if you pleafe 2). 
thofe Velocities in E and H will be refpectively as the Lines EL and 
HL, which point L is to be found, by fuppofing the contemporary 
Lines EG and HK continually to diminifh, and finally to vanifh. 
Or by fuppofing the moveable indefinite Line GKI to move with a 
progreffive and angular motion, in fuch manner, as that EG and 
HK fhall always be contemporary Lines, till at laft GKI fhall co- 
incide with the Line EHL, at which time it will determine the Node 
L, or the point of no divarication. So that if the Lines AE and 
CH reprefent two Fluents, any how related, their Velocities of de- 
fcription at E and H, or their refpective Fluxions, will be in the 
ratio of EL and HL. 

And hence it will fol- 
low alfo, that the Lo- 
cus of the moveable 
point or Node L, that 
is, of all the points of 
no divarication, will be 
fome Curve-line L/, to 
which the Lines EHL 
and GK/ will always be 
Tangents in L and |. 
And the nature of this 
Curve I/ may be deter- 
mined by the given re- 
lation of the Fluents or Lines AE and CH; and vice versé. Or 
however the relation of its intercepted Tangents EL and HL ma 
be determined in all cafes; that is, the ratio of the Fluxions of the 
given Fluents, 
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For illuftration-fake, let us apply this to an Example. Make the 
‘Fluents AE==y and-CH == x, and let the relation of thefe be always 
exprefs'd by this Equation y —— x*. ‘Make the contemporary. Lines 
EG =Y and HK == X; and becaufe AE and CH are contempo- 
rary by fuppofition, we -fhall have the whole Lines AG and CK 
contemporary alfo, and thence the Equation y -4- Y == x +X |". This 
by our Author’s Binomial Theorem will produce y -+ Y == x" -- 


ΦΑΤΙΧ + 1x xX, ὅτε. which (becaufe y =x") will be- 


come Y == ux'—X 4-7 x ---κ'--Χ», &c. or in an Analogy, X : 





2 


You ioi +x ---ᾱ”--Χ, &c. which will be the general re- 


lation of the contemporary Lines er Increments EG and HK. Now 
let us fuppofe the indefinite Line GKI, which limits thefe contem- 
porary Lines, to return back by a progreffive and angular motion, 
io as always to intercept contemporary Lines EG and HK, and 
finally to.coincide with EHL, and by that means to determine the 
Node L; that is, we may fuppofe EG == Y and HK == X, to di- 
minifh zz infinitum, and to become vanifhing Lines, in which cafe 
we fhall have X : Y :: 1 : Άλλα, But then it will be likewife X : 
Y : HK: EG: HL: EL :: x: y, or 1: zx"71:: x : y, or jnxxt7:, 
And hence we may have an expedient for exhibiting Fluxions 
and Fluents Geometrically and Mechanically, in all circumftances, 
fo as to make them the objects of Senfe and ocular Demonftration, 
Thus in the laft figure, let the two parallel lines AB and CD be de- 
{cribed by the motion of two points E and H, of which E moves 
any how inequably, and (if you pleafe) H may be fuppos'd to move 
equably and uniformly; and let the points H and K correfpond to 
E and G. Alfo let the relation of the Fluents AE == y and 
CH = x be defined by any Equation whatever. Suppofe now the 
defcribing points E and H to carry along with them the indefinite 
Line EHL, in all their motion, by which means the point or Node 
L will defcribe fome Curve L/, to which EL will always be a Tan- 
gent in L. Or fuppofe EHL to be the Edge of a Ruler, of an in- 
definite length, which moves with a progreílive and angular mo- 
tion thus combined together ; the moveable point or Node L in this 
Line, which will have the leaft angular motion, and which is always 
the point of no divarication, will defcribe the Curve, and the Line 
or Edge itfelf will be a Tangent to it in L. Then will the feg- 
ments EL and HL be proportional to the Velocity of the points 
E and H refpettively ; or will exhibit the ratio of the Fluxions y 
and x, belonging to the Fluents AE —— y and CF = κ. 
I Or 
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Or if we fuppofe the Curve L/ to be given, or already conftructed, 
we may conceive the indefinite Line EHIL to revolve or roll about 
it, and by continually applying itfelf to it, as a Tangent, to move 
from the fituation EHIL to ΟΚ. Then will AE and CH be the 
Fluents, the fenfible velocities of the defcribing points E and H will 
be their Fluxions, and the intercepted Tangents EL and HL will 
be the reétilinear meafures of thofe Fluxions or Velocities. Or ir 
may be reprefented thus: If L/ be any rigid obftacle in form of a 
Curve, about which a flexible Line, or Thread, is conceived to be 
wound, part of which is ftretch’d out into a right Line LE, which 
will therefore touch the Curve in L; if the Thread be conceived to 
be farther wound about the Curve, till it comes into the fituation 
L/KG ; by this motion it will exhibit, even to the Eye, the fame 
increafing Fluents as before, their Velocities of increafe, or their 
Fluxions, as alfo the Tangents or rectilinear reprefentatives of thofe 
Fluxions. And the fame may be done by unwinding the Thread, 
in the manner of an Evolute, Or inftead of the Thread we may 
make -ufe of a Ruler, by applying its Edge continually to the 
curved Obftacle L/, and making it any how revolve about the move- 
able point of Conta& L or / In all which manners the Fluents, 
Fluxions, and their rectilinear meafures, will be fenfibly and mecha- 
nically exhibited, and therefore they muft be allowed to have a place 
o rerum naturd. And if they are in nature, even tho’ they were but 
barely poílible and conceiveable, much more if they are fenfible 
and vifible, it is the province of the Mathematicks, by fome me- 
thod or other, to inveftigate and determine their properties and pro- 
portions. | 

Or as by one Thread EHL, perpetually winding about the curved 
obftacle L/, of a due figure, we fhall fee the Fluents AE and CH 
continually to increafe or decreafe, at any rate affign'd, by the mo- 
tion of the Thread EHL either backwards or forwards; and as wc 
fhall thereby íee the comparative Velocities of the points E and H, 
that is, the Fluxions of the Fluents AE and CH, and alfo the Lines 
EL and HL, whofe variable ratio is always the reétilinear meafure of 
thofe Fluxions: So by the help of another Thread GK/L, wind- 
ing about the obftacle in its part /L, and then ftretching out into a 
night Line or Tangent /KG, and made to move backwards or for- 
wards, as before; if the firft Thread be at reft in any given fitua- 
tion EHL, we may fee the fecond Thread defcribe the contempo- 
porary Lines or Increments EG and HK, by which the Fluents 
AE and CH are continually increafed; and if ΟΚ is made, to T 

proach 
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proach towards EHL, we may fee thofe contemporary Lines conti- 
nually to diminifh, and their ratio continually approaching towards 
the ratio of EL to HL; and continuing the motion, we may pre- 
fently fee thofe two Lines actually to coincide, or to unite as one 
Line, and then we may fce the contemporary Lines actually to va- 
nifh at the fame time, and their ultimate ratio actually to become 
that of EL to HL. And if the motion be ftill continued, we fhall 
fee the Line GK/ to emerge again out of EHL, and begin to de- 
fcribe other contemporary Lines, whofe nafcent proportion will be 
that of EL to HL. And fo we may go on till the Fluents are ex- 
haufted, All thefe particulars may be thus eafily made the objects 
of fight, or of Ocular Demonftration. 

This may ftill be added, that as we have here exhibited and re- 
prefented firft Fluxions geometrically and mechanically, we may do 
the fame thing, mutatis mutandis, by any higher orders of Fluxions. 
Thus if we conceive a fecond figure, in which the Fluential Lines fhall 
increafe after the rate of the ratio of the intercepted Tangents (or the 
Fluxions) of the firft figure; then its intercepted Tangents will ex- 
pound the ratio of the fecond Fluxions of the Fluents in the firft 
figure. Alfo if we conceive a third figure, in which the Fluential 
Lines fhall increafe after the rate of the intercepted Tangents of 
the fecond figure; then its intercepted Tangents will expound the 
third Fluxions of the Fluents in the firft figure. And fo on as far 
as we pleafe. This is a neceffary confequence from the relative na- 
ture of thefe feveral orders of Fluxions, which has been fhewn be- 
fore. 

And farther to fhew the univerfality of this Speculation, and how 
well it is accommodated to explain and reprefent all the circumftan- 
ces of Fluxions and Fluents; we may here take notice, that it may 
be alfo adapted to thofe cafes, in which there are more than two 
Fluents, which have a mutual relation to each other, exprefs'd by 
one or more Equations. For we need but introduce a third parallel 
Line, and fuppofe it to be defcribed by a third point any how mov- 
ing, and that any two of thefe defcribing points carry an indefinite 
Line along with them, which by revolving as a Tangent, defcribes 
the Curve whofe Tangents every where determine the Fluxions. As 
alfo that any other two of thofe three points are connected by an- 
other indefinite Line, which by revolving in like manner defcribes 
another fuch Curve. And fo there may be four of more parallel 
Lines. All but one of thefe Curves may be affumed at pleafure, 
when they are not given by the ftate of the Queftion, Or Analy- 

| tically, 
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tically, fo many Equations may be affumed, except one, (if not 

given by the Problem,) as is the number of the Fluents concern'd. 
But laftly, I believe it may not be difficult to give a pretty good 
notion of Flueuts and Fluxions, even to fuch Perfons as are not 
much verfed in Mathematical Speculations, if they are willing to be 
inform'd, and have but a tolerable readinefs of apprehenfion. This 
I fhal! here attempt to perform, in a familiar way, by the inftance 
of a Fowler, who is aiming to fhoot two Birds at once, as is re- 
prefented in the Frontifpiece. Let us fuppofe the right Line AB 
to be parallel to the Horizon, or level with the Ground, in which 
a Bird is now flying at G, which was lately at F, and a little be- 
fore at E. And let this Bird be conceived to fly, not with an equable 
or uniform fwiftnefs, but with a fwiftnefs that always increafes, (or 
with a Velocity that is continually accelerated,) according to fome 
known rate. Let there alfo be another right Line CD, parallel to 
the former, at the fame or any other convenient diftance from the 
Ground, in which another Bird is now flying at K, which was lately 
at I, and a little before at H ; juft at the fame points of time as the 
firft Bird was at G, F, E, refpectively. But to fix our Ideas, and 
to make our Conceptions the more fimple and eafy, let us imagine 
this fecond Bird to fly equably, or always to defcribe equal parts of 
the Line CD in equal times Then may the equable Velocity of 
this Bird be ufed as a known meafure, or ftandard, to which we 
may always compare the inequable Velocity of the firft Bird. Let 
us now fuppofe the right Line EH to be drawn, and continued to 
the point L, fo that the proportion (or ratio) of the two Lines EL 
and HL may be the fame as that of the Velocities of the two 
Birds, when they were at E and H refpectively. And let us far- 
ther fuppote, that the Eye of a Fowler was at the fame time at the 
point L, and that he directed his Gun, or Fowling-piece, according 
to the right Line LHE, in hopes to fhoot both the Birds at once. 
But not thinking himfelf then to be fufficiently near, he forbears 
to difcharge his Piece, but ftill pointing it at the two Birds, he 
continually advances towards them according to the direction of his 
Piece, till his Eye is prefently at M, and the Birds at the fame time in F 
and I, in the fame right Line FIM. And not being yet near enough, 
we may fuppofe him to advance farther in the fame manner, his 
Piece being always directed or level’d at the two Birds, while he 
himfelf walks forward according to the dire&ion of his Piece, till 
his Eye is now at N, and the Birds in the fame right Line with 
his Eye, at K and, G. The Path of his Eye, detcribed by this 
| Nn double 
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double motion, (or compounded of a progreffive and angular mo- 
tion,) will be fome Curve-line LMN, in the fame Plain as the reft 
of the figure, which will have this property, that tlhe proportion of 
the diftances of his Eye from each Bird, will be the fame every 
where as that of their refpective Velocities, That is, when his Eye 
was at L, and the Birds at E and H, their Velocities were then as 
EL and HL, by the Conftru&ion. And when his Eye was at M, 
and the Birds at F and J, their Velocities were in the fame propor- 
tion as the Lines FM and IM, by the nature of the Curve LMN. 
And when his Eye is at N, and the Birds at G and K, their Velo-. 
cities are in the proportion of GN to KN, by the nature of the 
fame Curve. And fo univerfally, of all other fituations. So that 
the Ratio of thofe two Lines will always be the fenfible meafure of 
the ratio of thofe two fenfible Velocities. Now if thefe Velocities, 
or the fwiftneffes of the flight of the two Birds in this inftance, are 
call’d Fluxions; then the Lines defcribed by the Birds in the fame 
time, may be call’d their contemporaneous Fluents; and all inftances 
whatever of Fluents and Fluxions, may be reduced to this Example, 
and may be illuftrated by it. 

And thus I would endeavour to give fome notion of Fluents and 
Fluxions, to Perfons not much converfant in the Mathematicks ;. 
but füch as had acquired fome fkill in thefe Sciences, I would thus 
proceed farther to inftruct, and to apply what has been now deliver'd. 
The contemporaneous Fluents being EF —- y, and HI — x, and. 
their rate of flowing or increafing being fupposd to be given or 
known ; their relation may always be exprefsd by an Equation, 
which will be compos'd of the variable quantities x and y, together 
with any known quantities. And that Equation will have this pro- 
perty, becaufe of thofe variable quantities, that as FG and IK, EG 
and HK, and infinite others, are alfo contemporaneous Fluents; it 
will indifferently exhibit the relation of thofe Lines alfo, as well as 
of EF and HI; or they may be fubítituted in the Equation, inftead 
of x and y. And hence we may derive a Method for determining 
the Velocities themfelves, or for finding Lines proportional to them. 
For making FG —Y,.and IK =X ; in the given Equation I may 
fubftitute y --- Y inftead of y, and x 4- X inftead of x, by which 
I fhall obtain an Equation, which in all circumftances will exhibit 
the relation of thofeQuantities or Increments. Now it may be plainly 
perceived, that if the Line MIF is conceived continually to approach 
nearer and nearer to the Line NKG, (as juft now, in the inftance 
ef the Fowler,) till it finally coincides with it; the Lines FG —Y,. 
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and IK == X, will continually decreafe, and by decreafing will ap- 
proach nearer and nearer to the Ratio of the Velocities at G and K, 
and will finally vanifh at the fame time, and in the proportion of 
thofe Velocities, that is, in the Ratio of GN to KN.  Confequently 
in the Equation now form'd, if we fuppofe Y and X to decreafe 
‘continually, and at laft to vanifh, that we may obtain their ultimate 
Ratio; we fhall thereby obtain the Ratio of GN to KN. But when 
Y and X vanifh, or when the point F coincides with G, and I with 
H, then it will be EG =y, and HK = x; fo that we fhall have 
J:x : GM: KN. And hence we fhall obtain a Fluxional Equa- 
tion, which will always exhibit the relation of the Fluxions, or Ve- 
locities, belonging to the given Algebraical or Fluential Equation. 

Thus, for Example, i£ EF zy, and HI— x, and the indefinite 
Lines y and x are fuppofed to increafe at fuch a rate, as that their 
relation may always be exprefsd by this Equation x* — ax* ~~ axy 
— y! = 0; then making FG =Y, and IK =X, by fubftituting 
JY for y, and x -+ X for x, and reducing the Equation that will 
arife, (fee before, pag. 255.) we fhall have 3x^X -4- 3xX* +. X: — 
20x X — aX? -}- axY --aXy + aXY — 37 Y — 3yY* — Y: —o, 
which may be thus exprefs'd in an Analogy, Y : X :: 3x*— 2ax 
ay --- 1ΧΧ-|- X? — aX : 39? — ax — aX -- 3)Y + Y^. This 
Analogy, when Y and X are vanifhing quantities, or their ultimate 
Ratio, will become Y : X :: 3x* — 2ax -+ ay : 35^ — ax. And 
becaufe it is then Y : X :: GN : KN :: y : x, it will bey : x :: 
3x* — 2ax +-ay : 4)" —ax. Which gives the proportion of the 
Fluxions. And the like in all other cafes. Q . E. I. 

We might alfo lay a foundation for thefe Speculations in the fol- 
lowing manner. Let  , » 
ABCDEF, &c. be the — E S 
Periphery of a Polygon, 
or any part of it, and 
let the Sides AB, BC, b 
CD, DE, &c. be of any 
magnitude whatever. 

In the fame Plane, and 

at any diftance, draw 

the two parallel Lines 

62, and bf, to which Β 

continue the right Lines A 

AB, BCcy, ΟΡ, 

DEce, δος. meeting the parallels as in the figure, Now if we fup- 
Nn 2 pofe 


2 
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pofe two moving points, or bodies, to be at β and 4, and to move 
in the fame time to y and c, with any equable Velocities; thofe 
Velocities will be to each other as By and dc, that is, becaufe of the 
parallels, as BB and 4B. Let them fet out again from y and c, 
and arrive at the fame time at ^ and d, with any equable Velocities ; 
thofe Velocities will be as y and cd, that is, as yC and cC. Let 
them depart again from 4 and d, and arrive in the fame time at e 
and e, with any equable Velocities ; thofe Velocities will be as δε 
and de, that is, as ^D and dD. And it will be the fame thing every 
where, how many foever, and how fmall foever, the Sides of the 
Polygon may be. Let their number be increafed, and their magni- 
tude be diminifh'd zz infinitum, and then the Periphery of the Poly- 
gon will continually approach towards a Curve-line, to which the 
Lines ΑΒύβ, BCcy, CDdd, ὅτε. will become Tangents; as alfo the 
Motions may be conceived to degenerate into fuch as are accelerated 
or retarded continually. Then in any two points, fuppofe & and d, 
where the defcribing points are found at the fame time, their Velo- 
cities (or Fluxions) will be as the Segments of the refpective Tan- 
gents SD and dD; and the Lines Bd and bd, intercepted by any 
two Tangents 4D and 8B, will be the contemporaneous Lines, or 
Fluents. Now from the nature of the Curve being given, or from 
the property of its T'angents, the contemporaneous Lines may be 
found, or the relation of the Fluents. And vice vers, from the 
Rate of flowing being given, the correfponding Curve may be found. 
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ANNOTATIONS on Prob.2. 


O R, 


The Relation of the Fluxions being given, to 
find the Relation of the Fluents. 





Sect. I. 4 particular Solution ; with a preparation for 
the general Solution, by which it is diftributed into 


three Cafes. 
I, 2 AG i$ E are now come to the Solution of the Author's fe- 
VARA Wg cond fundamental Problem, borrow'd from the Science 


DENN SE of Rational Mechanicks : Which is, from the Velo- 
cS cities of the Motion at all times given, to find the 
quantities of the Spaces defcribed ; or to find the Fluents from the 
given Fluxions. In difcuffing which important Problem, there will 
be occafion to expatiate fomething more at large. And firft it may 
not be amiis to take notice, that in the Science of Computation aH 
the Operations are of two kinds, either Compolitive or Refolutative. 
The Compofitive or Synthetic Operations proceed neceffarily and di- 
rectly, in computing their feveral guæfita, and not tentatively or by 
way of tryal. Such are Addition, Mulüpiication, Raiting of Powers, 
and taking of Fluxions. But the Refolutative or Analytical Opera- 
tions, as Subtraction, Divifion, Extraction of Roots, and finding of 
Fluents, are forced to proceed indiredly and tentatively, by long 
deductions, to arrive at their feveral guejita; and fuppofe or require 
the contrary Synthetic Operations, to prove and confirm every itep 
of the Procefs. The Compofitive Operations, always when the 


data are finite and terminated, and often when they are interminate 
I or 
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or infinite, will produce finite conclufions; whereas very often in 
the Refolutative Operations, tho’ the data are in finite Terms, yet 
the guefita cannot be obtain'd without an infinite Series of Terms. 
Of this we fhall fee frequent Inftances in the fubfequent Operation, 
of returning to the Fluents from the Fluxions given, 

The Author’s particular Solution of this Problem extends to fuch 
cafes only, wherein the Fluxional Equation propofed either has been, 
or at leaft might have been, derived from fome finite Algebraical 
Equation, which is now required. Here all the neceflary Terms 
being prefent, and no more than what are neceffary, it will not be 
difficult, by a Procefs juft contrary to the former, to return back 
again to the original Equation. But it will moft commonly happen, 
either if we aflume a Fluxional Equation at pleafure, or if we arrive 
at one as the refult of fome Calculation, that fuch an Equation is 
to be refolved, as could not be derived from any previous finite Al- 
gebraical Equation, but will have Terms either redundant or defi- 
«ient; and confequently the Algebraic Equation required, or its 
Root, muft be had by Approximation only, or by an infinite Series, 
In all which cafes we mutt have recourfe to the general Solution of 
this Problem, which we fhall find afterwards. 

The Precepts for this particular Solution are thefe. (1.) All fuch 
Terms of the given Equation as are multiply'd (fuppofe) by x, muft 
be difpofed according to the Powers of x, or muft be made a Num- 
ber belonging to the Arithmetical Scale whofe Root is x. (2.) Then 
they muft be divided by X, and multiply'd by x; or x muft be 
changed into x, by expunging the point. (3.) And laftly, the 
Terms muft be feverally divided by the Progreffion of the Indices 
of the Powers of x, or by fome other Arithmetical Progreffion, as 
need fhall require. And the fame things muft be repeated for every 
one of the flowing quantities in the given Equation. 

Thus in the Equation 411” — 2axx -+ axy — Ύγγ' -+ ayx——o, 
the Terms 3xx* — 2axx -axy by expunging the points become 
3x5 —2ax* -|- axy, which divided by the Progreffion of the Indi- 
ces 5, 2, I, refpectively, will give x5 — αχ’ -- axy. Alfo the Terms 
— 413 » -+ ayx by expunging the points become — 3j? κ -+ ayx, 
which divided by the Progreffion of the Indices 3, 2, 1, refpectively, 
wil give —5j* 4 -+ ayx. The aggregate of thefe, neglecting the 
redundant Term ayx, i$ x? — ax? + axy — y? = 0, the Equation 
required. Where it muft be noted, that every Term, which occurs 
more than once, muft be accounted a redundant Term. 

So 
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So if the propofed Equation were 5 + ZYX — M-p 2ayxx* +b 
miax — mytx — 7-|- 3xjy -- n- 1ax*yy -- "x*y — nax?y 
== o, whatever values the general Numbers 2) and 77 may acquire ; 
if thofe Terms in which x is found are reduced to the Seale whofe 
Root is x, they will ftand thus: a + 3yxx} — m 4- 2ayxa* 4- 
M+ iay ΧΑ — my*x; or expunging the points they will become 
m- 1} Χ’ — m-4-24yx? + mp ayt —mytx. Thefe being di- 
vided refpectively by the Arithmetical Progreflion m --- 3, m -+ 2,. 
7 -- 1, m, will give the Terms yx* — ayx? -+ ay x? — y+x. Alfo 
the Terms in which y is found ; being reduced to the Scale whofe 
Root is y, will Παπά thus: — z -+ 3xyy? « + 2 + 1ax*yy -+ nxt; 

— 143} 
or expunging the points they will become ----;;-}- 2xy* « n- 14x*)* 
-- "x*y. Thefe being divided refpectively by the Arithmetical Pro- 
— RAX? Y 
ereflion 2-3, 2+ 2, n+ 1, n, will give the Terms — xy* 4- 
ax*y*-- x*y — axy, But thefe Terms, being the fame as the former,. 
muit all be confider'd as redundant, and therefore are to be rejected. 
So that yx* — ayx? -+ ay*x* — y*xz—0, or dividing by yx, the 
Equation x* — ax* + ayx — y? == o will arife as before. 

Thus if we had this Fluxional Equation mayxx—' — m -4 2x% 
— "x*yy— + n ray —0, to find the Fluential Equation to which 
it belongs ; the Terms mayxx—' κ — m + 2xx, by expunging the 
points, and dividing by the Terms of theProgreffion s, m-+-1, 52-2, 
will give the Terms ay — x?. Alfo the Terms — zx*yy^* 4 n- 1ay, 
by expunging the points, and dividing by 2, z-1- 1, will give the 
Terms —x* + ay. Now as thefe are the fame as the former, they 
are to be efteein’d as redundant, and the Equation required will be 
ay—-x*==0. And when the given Fluxional Equation isa gene- 
ral one, and adapted to all the forms of the Fluential Equation, as 
is the cafe of the two laft Examples; then all the Terms arifing 
from the fecond Operation will be always redundant, fo that it will: 
be fufficient to make only one Operation. 

Thus if the given Equation were 4yy* -H 23yy"? +. 2yxx — 322% 
-+ 6y22—— 2¢ys = ο, in which there are found three flowing qunan- 
titles; the only Term in which x is found is 2yxw, in which ex- 
punging the point, and then dividing by the Index 2, it will be- 
come yx*. Then the Terms in which y is found are ayy? -+ 2:3yy—, 
which expunging the points become 4y3 + κ +23, and dividing. 

by. 
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by the Progreflion 2, 1, 0, — 1, give the Terms 255 — 23.  Laftly 
the Terms in which z is found are — 3z2* + 6yzz — 2cyz, which 
expunging the points become — 32° -- 6yz* — 2cyz, and dividing 
by the Progreffion 3, 2, 1, give the Terms — g? + 3y2* — 2cyz. 
Now if we collect thefe Terms, and omit the redundant Term — z?, 
we fhall have ya? +- 255 — ο) -+ 393? — 2cyz = ο for the Equa- 
tion required. 

3,4. But thefe deductions are not to be too much rely'd upon, 
till they are verfy'd by a proof; and we have here a fure method 
of proof, whether we have proceeded rightly or not, in returning 
from the relation of the Fluxions to the relation of the Fluents. For 
every refolutative Operation fhould be proved by its contrary com- 
pofitive Operation. So if the Fluxional Equation xx — xy — xj -+ 
(yj == ο were given, to return to the Equation involving the Fluents ; 
by the foregoing Rule we fhal! firft have the Terms xx — xy, which 
by expunging the points will become x* — xy, and dividing by the 
Progreffion 2, 1, will give the Terms }x*— xy. Alfo the Terms, or 
rather Term, —xy-+- ay, by expunging the points will become — xy. 
-+- ay, which are only to be divided by Unity. So that leaving out the 
redundant Term — xy, we fhal} have the Fluential Equation 1x*— xy 
-- ay == 0. Now if we take the Fluxions of this Equation, we 
fhall find by the foregoing Problem xx — xy — xy -1- ay =o, which 
being the fame as the Equation givcn, we are to conclude our work is 
true, But if either of the Fluxional Equations xx — xy +- ay ==0, 
Or XX — Xy -+ αὐ == ο had been propofed, tho' by purfuing the 
foregoing method we fhould arrive at the Equation £x* — xy -1- ay 
---ο, for the relation of the Fluents; yet as this conclufion would 
not ftand the teft of this proof, we muft reject it as erroneous, and 
have recourfe to the following genera! Method; which will give the 
value of y in either of thofe Equations by an infinite Series, and 
therefore for ufe and practice will be the moft commodious So- 
lution. 

5. As Velocities can be compared only with Velocities, and all 
other quantities with others of the fame Species only ; therefore in 
every Term of an Equation, the Fluxions muft always afcend to the 
fame number of Dimenfions, that the homogeneity may not be de- 
ftroy'd. Whenever it happens otherwife, 'tis becaufe fome Fluxion, 
taken for Unity, is there underftood, and therefore muft be fupply’d 
when occafion requires. The Equation xz -+ Xyx — az?x* == 0, by 
making z == 1, may become -x -+ ryx — ax* == 0, and likewite 
vice versdé. And as this Equation virtually involves three variable 

quantities, 
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quantities, it will require another Equation, either Fluential or 
Fluxional, for a compleat determination, as has been already ob- 
ferved, So as the Equation jx — xyy, by putting x == 1 becomes 
ium Jy; in like manner this Equation requires and fuppofes the 
other. 

6,7, 8,9, 10, 11. Here we are taught fome ufeful Reductions, in 
order to prepare the Equation for Solution. As when the Equation 
contains only two flowing Quantities with their Fluxions, the ratio 
of the Fluxions may always be reduced to fimple Algebraic Terms. 
The Antecedent of the Ratio, or its Fluent, will be the quantity to 
be extracted ; and the Confequent, for the greater fimplicity, may 
be made Unity. Thus the Equation 2x 4- 2xx — yx — y —— 0 is 


reduced to this, > —2 -+ 2x — y, or making x—— 1, 'tis y==2 
--2x—y. So the Equation ja — jx — xa +- Xx — xy = 0, ma- 
king x21, will become y == (—— = I -+ -- ==) 42 





+ = --- — -- x: , &c. by Divifion. But we may apply the par- 
ticular Solution to this Example, by which we íhall have ix* — xy 


— ax -+ ay ——0, and thence y = --- . Thus the Equation 


jy == xý -[- ΧΧΧ, making x= 1, becomes ýý =j -+ xx, and ex- 
tracting the fquare-root, 'tis ý == 4 + V 4 -+ xx == 4 t the Series 
i pH xt te ANS gX? e 1419, &c. that is, either y = 1 +4 
X* — x*-|- 26 — εχ) -- 14x'9, Gc. or y == x* + Xt — 2x8 
- 5x3 — 14x'*, &c. Again, the Equation 3 -+ axx*y -}- a*x*y — 
X*x* — 24343 ——0, putting x == 1, becomes y* -+ 2xy + atj — x? 
— 24*z—0. Now an affected Cubic Equation of this form has 
been refolved before, (pag.12.) by which we fhall have y == a — zx -t- 





xx 131x3 509x4 
64a ς1243 1018443 ? &c 


12. For the fake of perfpicuity, and to fix the Imagination, our 
Author here introduces a diftinétion of Fluents and Fluxions into 
Relate and Correlate. The Correlate is that flowing Quantity which 
he fuppofes to flow equably, which is given, or may be affumed, 
at any point of time, as the known meafure or ftandard, to which 
the Relate Quantity may be always compared. It may therefore 
very properly denote Time; and its Velocity or Fluxion, being an 
uniform and conftant quantity, may be made the Fluxional Unit, 
or the known meafure of the Fluxion (or of the rate of flowing) of 


the Relate Quantity. The Relate Quantity, (or Quantities if m 
O o r 
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ral are concern'd,) is that which is fuppos’d to flow inequably, with: 
any degrees of acceleration or retardation; and ts inequability may 
be measured, or rcduced as it were to equability, by conftantly com- 
paring it with its correfponding Correlate or equable Quantity. This 
therefore is the Quantity to be found by the Problem, or whofe 
Root is to be extracted from the given Equation. And it may be 
conceived as a Space defcribed by the inequable Velocity of a Body 
or Point in motion, while the equable Quantity, or the Correlate, 
reprefents or meafures the time of defcription. This may be illu- 
{trated by our common Mathematical. Tables, of Logarithms, Sines, 
Tangents, Secants, &c. In the Table of Logarithms, for inftance, 
the Numbers are the Correlate Quantity, as proceeding equably, or 
by equal differences, while their Logarithms, as a Relate Quantity, 
proceed inequably and by unequal differences. And this refemblance 
would more nearly obtain, if we fhould fuppofe infinite other Nuni- 
bers and their Logarithms to be interpolated, (if that infinite Num- 
ber be every where the fame,) fo as that in a manner they may be- 
come continuous. So the Arches or Angles may be confider'd as. 
the Correlate Quantity, becaufe they proceed by equal differences, 
while the Sines, Tangents, Secants, &c. are as fo many Relate Quan- 
tities, whofe rate of increafe is exhibited by the Tables. 

13, 144.15, 16, 17. This Diftribution of Equations into Orders,’ 
or Claffes, according to the number of the flowing Quantities and 
their Fluxions, tho' it be not of abfolute neceffity for the Solution, 
may yet ferve to make it more expedite and methodical, and may 
fupply us with convenient places to reit at. 


Sect. ll. Solution of tbe firft Cafe of Equations. 


18, 19, 20, 21, 22, 23. HE firft Cafe of Equations is, when: 
the Quantity 2, or what fupplies 


its place, can always te found in Terms compofed of the Powers 
of x, and known Quantities or Numbers. Thefe Terms are to be 
multiply’d by x, and to be divided by the Index of x in each Term, 
which will then exhibit the Value of y. Thus in the Equationj* — xy 


- x*x?, it has been found that 2 == 1 -xt — xt 2x8 — οκ --- 





1ο ἃς ] f ἜΣ — 8 11 
14x'*, &c. Therefore -- =x -4 x8 — x5-- 2x? — £x? -4 14x!!, 
&c. and confequently y x 4x3 — xS 4 ix? — SA of Salt, 


&c, as may eafily be proved by the direct Method, 
Dut. 
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But this, and the like Equations, may be refolved more readily 
by a Method form’d in imitation of fome of the foregoing Analyfes, 
after this manner. In the given Equation make x == 1; then it 
will be y» =y- x*, which is thus refolved : 


1 1 ma A 2x5 -- cx?, &c. 
— j$ ------ — X* -- 2x6 — εχ), δζο. 


Make --- x> the firt Term of ý; then will — x* be the firft Term 
of —y*, which is to be put with a contrary Sign for the fecond 
Term of y. Then by fquaring, +-2x* will be the fecond Term 
of —y*, and — zx* will be the third Term of y. Therefore 
— εχ) will be the third Term of — y*, and + εχ) will be the 
fourth Term of y; and fo on. Therefore taking the Fluents, y == 
— 4X Ext — 2x7 4 4», &c. which will be one Root of the 
Equation. And if we fubtra&t this from x, we fhall have y == x -+ 
qx — Rx CÓ —ie,&e. for the other Root. : 





o x du de πο I ugs ol 
3 131x4 x3 131x4 
ε 2 ee omamme f men ο] I 2 —Á N 
ay 644 51242? &c. then yzax—gx* -+ 1924 τες 2048” 7 
j I I a τ P ee i 
If t= 4—2 -ἰ- τι at p κ᾿, &c. or 7T mee et gt -- 
x? X 
" i 5 
ax? — x* p xt, &c. then yoo — 1x7* -- x7! 4- Dx s 2a 4 za, 
x 2b%¢ 115 πε xy MIR —t 3 
Å= RE ee UP -lL cy Οἵ => —— UY 3} 
2 ^ ---- ahte 3 5 i y 1 
+ JV b-c, then v — Va C aes -- αν ὁ + olf to Bs 
j 3 y a ab ap T ab 2 
or A =z, then yL— isi, If p = — = τα 5 or δ ——x5 
gZ cx3 * 6 


zab 2 

then yz zz 
lv, if 2a 4%, or Č = a = ax; dividing by τἬς 1 
Laftly, if ===>, or “> = a == ax° ; dividing by the In- 


dex o, it will be y = , or y is infinite, That this Expreffion, 
or value of y, muft be infinite, is very plain. For as o is a vanifh- 
ing quantity, or lefs than any affignable quantity, its Reciprocal = 
or = muft be bigger than any affignable quantity, that is, in- 


finite. 
Oo 2 Now 
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Now that this quantity ought to be infinite, may be thus proved. 
In the Equation + = < , let AB reprefent the conftant quantity a, 


and in CE let a point move equably from Ὁ towards E, and de- 
fcribe the Line CDE, of which let any indefinite part CD be x, 
and its equable Velocity in D, (and every where elfe,) is reprefented 





A a n 

᾽---τ-:---π--ππ-πππὓ--- 

ο F n F 

EERE E ee y 
c 3 d e 








by x. Alfo let a point move from a diftant point c along the Line 
cde, with an inequable Velocity, and let the Line defcribed-in the 
fame time, or the indefinite part of it cd, be cald y, and let the 
Velocity in d be call'd j. The Equation Z == = muft always ob- 
tain, whatever the contemporaneous values of x and y may be; or 
in the whole Motion the conftant Line AB (2) muft be to the variable 
Line CD (x), as the Velocity in d (5) is to the Velocity in D (x). 
But at the beginning of the Motion, or when CD (x) was indefi- 
nitely little, as the ratio of AB to CD was then greater than any 


aflignable ratio, fo alfo was the ratio 7 of the Velocities, or the 


Velocity ý was infinitely greater than the Velocity x. But an infi- 
nite Velocity muft defcribe an infinite Space in a finite time, or the 
point c is at an infinite diftance from the point æ, that is, y is an 
infinite quantity. 

24, 25. But to avoid fuch infinite Expreflions, from whence we 
can conclude nothing ; we are at liberty to change the initial points 
of the Fluents, by which their Rate of flowing, (the only thing to 
be here regarded,) will not at all be affected. Thus in the foregoing 
Figure, we fuppofed the points D and d to be fuch, as limited the 
contemporaneous Fluents, or in which the two defcribing points 
were found at the fame time. Let F and f be any other two fuch 
points, and then the finite Line CF = ὁ will be contemporaneous 
to, or will correfpond with, the infinite Line c/——c ; and FD, 
which may be made the new x, will correfpond to fd, which will 


be the new y. So that in the given Equation 7 — =, inftead of 


on 
as 
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X we may write 6-+ x, and we fhall have 7 == ~~, and then by 


b adex 
9 ο ο . à ο ο yx ax m ax ox? 
Multiplication and Divifion it is pem (as = ) ;—4x4 
ax3 ax4 ax ax? ax3 ax4 


Ξ ---π» &c. and therefore y == wo πε cb 3: a &c. 


26. So if Z= - -+ 3 — xx, becaufe of the Term = , which 
would give an infinite value for y, we may write 1+4-x inftead of 


x, and we fhall then have = = — + 2 — 2x — xx, or Ë — 
x Ud-x ) X e 


2x ατα y 
TUE -H 2x — 2x* — x°, or by Divifion e =S 4x — 4x? xt ---- 


2x4 4- 2x", &c. and therefore y = 4x — ο" -p 1x3 — ixt 4. 
wrt, &c. 





Or the Equation 2 == T + 2— 2x — x', that is y -+ xy 
== 4 — 3x? —x?, may be thus refolved : 


— 4X -p 4%? — X? -p 2x4, ὅςς, 

-----d-4X — 4 -p xt — αχ’. ἃς, 
y =4 — 4x + X* — 2X? --- 2x*, Ec. 
I == 4X — 2x7 --- πΧ’ — ΙΧ’ --- Ext, &c. 


2 «Bt xt 
+ Xy 


Make 4 the firft Term of y, then 4x will be the firft Term of 
xy, and confequently — 4x will be the fecond Term of y. Then 
— 4x* will be the fecond Term of xy, and therefore 4. 4x* — 3x*, 
or x*, will be the third Term of y; and fo on. 


27. So if 4 == x7? 4 a7" — xi, becaufe of the Term x~: 
y 


change x into 1— x, then — —V1-—x. But 


I I 
= τς + 
; . L3 I 
by the foregoing Methods of Reduction "tis — = I -+x + κ» 





τα 


+33, δε. and /1— x == I — ix — txt — κ &c. and 
1 


1 


. —— e ee VOG 1 34 $ 3 
Vi—x ^ Lm ae 4x5 — x3, ὅς. '- Pgh d τὰ” -- yv, &c. 





Therefore collecting thefe according to their Signs, "tis Ż = I+ 
E 1 yx * 2 
2x -- ἐκ" -p iX, Oe. that is = = x + ont + 3x3 p TEeX5, Gc, 
and therefore y = x -+ x? --- 5x* --- pixt, &c. 
28. So if the given Equation were 2 — des 
^ 


Lee c P NR -————— 
em C3 30x HI 13 — x8 x 


-— z; change the beginning of x, that is, inftead of x write 


CM X, 
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ν 3 a 2x Ps 18 -- Ἢ 
€ — x, then -- = SO tT, OOF JD a P a 
x a3 x 


CUTE and therefore '—— £0X7 Lx. 
Sect. III. Solution of the fecond Cafe of Equations. 


20, 30. Wee belonging to this fecond cafe are thofe, 
W 


erein the two Fluents and their Fluxtons, fuppofe 
x and y, x and y, or any Powers of them, are promifcuoufly in- 
volved. As our Author's Analyfes are very intelligible, and feem to 
want but little explication, I fhall endeavour to refolve his Examples 
in fomething an eafier and fimpler manner, than is done here; by 
applying to them his own artifice of the Parallelogram, when need- 
ful, or the properties of a combined Arithmetical Progreffion {η plano, 
as explain’d before: As alfo the Methods before made ufe of, in the 
Solution of affected Equations. 

31. The Equation yax — ΧΑ} — aax == o by a due Reduction 


y a 5 . 
becomes = = — + -, in which, becaufe of the Term - there 


is occafion for a Tranfmutation, or to change the beginning of the 
Correlate Quantity x.  Afluming therefore the conftant quantity 4, 


a ο . ο 
we may put + == Z 4. San» Whence by Divifion will be had 
3 αν ax? ax? 


Y a 9 ο e. 
-= «py — Bod-geoc—o «ο which Equation is then 
prepared for the Author's Method of Solution. 

But without this previous Reduction to an infinite Series, and the 
Refolution of an infinite Equation confequent thereon, we may 


perform the Solution thus, in a general manner. The given Equa- 


. . now κα ον. RA a a . AE ο P ‘ è 
tion 1s = = 3 της» OF putting x == 1, it is aby -+ axy 


= by + yx + a°, which may be thus refolved : 




















ay | = αἲ + -- “x +4424 — — "pee aee "x3, ὅτο, 

jag osei Sep πο. aA ke 

— by | ----— ax +. aoe ενα &c. 

ena των eee EM s Zx? + M, &c. 
— ont J- 13 — 5 5 

j = z EN - 2 ET Ll A ES ls- atah ode A 

y= τα +- s V MI -+ Ta, &c. 


2 Difpofing 
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Difpofing the ‘Terms as you fee is done here, make a? the firfl 


Term of αὐγ, then = will be the firt Term of y, and thence τὰ 


will be the firt Term of y. So that Tx will be the firft Term of 
axy, and — ax will be the P Term of — Ay. Thefe two to- 
gether, or X --- χτες - = x, with a contrary Sign, muft be put 
down for the fecond Term of aby. Therefore the fecond Term of 


y will be =", and the like Term of y will be aas. Then the 


x*, and the fecond Term of 








eb— a? 
b? 
— by will be 22, and the firft Term of — xy will be — τν. 

20 b 





fecond Term of axy will be 


E b — 2. $2 
‘Thefe three together make T 


Sign muft be made the third Term of aby. Therefore the third 


Term of y will be LU LZ, and the third Term of y will be 
2a* 4- δ’ --- αὖ 


eee T A And foon. Here ina particular cafe if we make 


a+, which with a contrary 





24b? 


b == a, we fhall have the fimple Series y 22 x + + τ — = , &c. 


Or if we would have a defcending Series for the Root y of this- 
Equation, we may proceed as follows: 


— xy] =a? — a + bx atx 4 2a? + 2ab +? x atx—*, &c.. 








et by | --- 4- arthx—! — A --- b x @bx-?, &c, - 
--axy| --- 4 dix"! — &--óx2a4-, &c. 
οι πο κκ -- a3bx—, &c. 


ous =e Se EE ISD 
JS OAK a bx atx7—24*-4-2ab-4-0* xa*x—, Ec. 
j— axa 46x 24343, &c. 





Difpofe the Terms as you fec, and make a? the firft Term of the 
Series —xy; then will — z be the firt Term of y, and a*x—: will 
be the firit Term of y. Then will -4- a*4x7' be the firt Term of 
— by, and ολα Σ will be the firt Term of axy, which together 
make a-1- b x à*x7' ; this therefore with a contrary Sign muft be 
the fecond Term of — xy. Then the fecond Term of y will 
be a-i-2x6*x7*, and the fecond Term of ý will be —a+ bx 2a*x73, 
Therefore the fecond Term of. — dy will be — a -+ ὁ xa*bx-, 

and 
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and the fecond Term of axy will be — a- 6x 2a%x*, and the 

firt Term of aby will be α:ὀχ-:: which three together make 

— 24* + 240 --- 6*xa*a~*. This with acontrarySign muftbethethird 

Term of — xy, which will give — 22* 225 4 6* x a*x for the 

third Tam of y; and fo on. Here if we make 6== a, then y= 
a? 2a 524 &c. 


x x? x3 ? 

_And thefe are all the Series, by which the value of y can be ex- 
bibited in this Equation, as may be proved by the Parallelogram. 
For that Method may be extended to thefe Fluxional Equations, as 
well as to Algebraical or Fluential Equations. To reduce thefe 
Equations within the Limits of that Rule, we are to confider, that 
as Ax" may reprefent the initial Term of the Root 2, in both thefe 
kinds of Equations, or becaufe it may be y = Αχ”, &c. fo in 
Fluxional Equations (making x——r, we fhall have alfo j==mAx"—, 
&c. or writing y for Ax”, &c. 'tis y = myx-*, &c. So that in 
every Term of the given Equation, in which y occurs, or the Fluxion 
of the Relate Quantity, we may conceive it to take away one Di- 
menfion from the Correlate Quantity, fuppofe x, and to add it to 
the Relate Quantity, fuppofe y; according to which Reduction we 
may iniert the Terms in the Parallelogram. And we are to make 
a like Reduction for all the Powers of the Fluxion of the Relate 
Quantity. This will bring all Fluxional Equations to the Cafe of 
Algebraic Equations, the Refolution of which has been fo amply 
treated of before. 

Thus in the prefent Equation aby +- axy == by + yx +- aa, the 
Terms muft be inferted in the Parallelogram, as if γα were fub- 
ftituted inftead of y ; fo that the Indices will ftand as in the Margin, 
and the Ruler will give only two Cafes of exter- ------- 
nal Terms. Or rather, if we would reduce this 
Equation to the form of a double Arithmetical 
Seale, as explain'd before, we fhould have it in this 
form. Herein the firft Column arecontain'd thofe Ἢ : 
Terms which have y of one Dimenfion, or what — qw ae 
is equivalent to it. In the fecond Column is — 4°, BEE es 
or y of no Dimenfions. Alfo in the firft Line is j 
— xy, or fuch Terms in which x is of one Dimenfion. In the 
fecond Line are the Terms — dy 

+ axy 

Gons of x, becaufe + axý is regarded as if it were ay. Laftly, 
in the third line is aby, or the Term in which x is of one negative 
Dimenfion, 








t_ a*, which have no Dimen- 
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Dimenfion, becaufe -+ αὐγ is confider'd as if it were + abx—'y. And 
thefe Terms being thus ditpos'd, it is plain there can be but two Cafes 
of external Terms, which we have already difcuts'd. 

32. If the propofed Equation be == sy — 2x 4 = — =, or 
making x= 1, "tis — y -+ 3y — 2x -+ 1) — yas =o; the 
Solution of which we íhall attempt without any preparation, or 
without any new interpretation of the Quantities.  Firft, the Terms 
are to be difposd according to a double Arithmetical Scale, the Roots 
of which are y and x, and then they will ftand as in the Margin. ‘The 
Method of doing this with certainty n 
in all cafes is as follows. I obferve in ——|- QUEM M 











: 2 iE αντ 
the Equation there are three powers of ae |-- » ο NN 
y, which are 7^ ye, and y-'; there- 27! πο, NE. 
«ο — 2x 
fore I place thefe in order at the top * x P: 


of the Table. I obferve likewife that there are four Powers of x, 
which are xt, x°, 4—!, and x—*, which I place in order in a Column 
at the right hand; or it will be enough to conceive this to be done. 
Then I infert every ‘Term of the Equation in its proper place, ac- 
cording to its Dimenfions of: y and x in that Term; filling up the 
vacancies with Afterifms, to denote the abfence of the Terms be- 
longing to them. The Term — y I infert as if it were — yx-', 
as is explain'd before. ‘Then we may perceive, that if we apply the 
Ruler to the exterior Terms, we fhall have three cafes that may pro- 
duce Series ; for the fourth cafe, which is that of direct aícent or 
defcent, is always to be omitted, as never affording any Series. To 
begin with the defcending Series, which will arife from the two 
external Terms — 2x and + xy^. The Termsare to be difpos'd, 
and the Analyfis to be perform'd, as here follows : 


Xy o) mmx—4-—1x——31165 ὅς 
4-3) ------- ἑ--ἑκτ' + be, Ke. 
2c MENO M LI nee ete * +t gx, ὃς 
---2γχγῆ}------------ --- ἀπ ὃς, 


ymmid-447 --- ee? Liens, Ke. 


Make xy— == ax, δις. then y-'==2, δες, and by Divifion 
y= 4, c. Therefore 3y == $, &c. and confequently xy~'== « 
— à, &c. or 11 = , — 3x7", &c. and by Divifion y == κ + 
$X7', &c. Therefore 3y —— « $£x—', &c. and confequently αντ 
— xx — gaT, &c. So that y7 == s æ — 2x, &c. and' by Divi- 
fion y == &«-xc&c . Then 3y == a s + F347, Xe. and 


Pp xx 
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— ý τς H 4x7, Ke. and — 25x == — x, ὅς, Thefe three 
together make + τα”, and therefore κ) == εκ *— EXC, 
&c. fo that y == x. κ κ -+ tisy, &c. And fo on. 

Another defcending Series will arife from the two external Terms 
-- 3y and — 2x, which may be thus extracted : 


Joe EE Ee — pac, ἅς 
sexy? ἐ------ἑ-- be — Lb, &e, 
=e s» æ œ 0 —u-— «ο. * E a &c. 
-n JAT? any es les AE cU en Ax? ot $* ^, &c. 


Make 3y== 2x, &c. then y==ix, &c. and (by Divifion) γ-τ 
== ix, δις, and xj— == 2, &c. and — j = — 4, &c. There- 
fore 3y = + — 3, &c. and y = « — 44, &c. and (by Divifion) 
xy m. Gx", Ke. and — j = s O, &c. and — 2yx7* = — 
$X 7, &c. Therefore 3y = κ κ + i1x-7', &c. and y za κ -ἷ- 
yry, &c. Ke. 

The afcending Series in this Equation will arife from the two ex- 
ternal Terms — 2yx7* and xy—'; or multiplying the whole Equa- 
tion by — y, (that one of the external Terms may be clear’d from 
19) we fhall have yy — 3y* + σα) — x -+ 2y*x—* — ο, of which 
the Refolution is ος : 


€ 2 4 2 x* 
2y*x | pa Ja * -- IX — — 472 -l- IX, &c. 








ν 4 

+y d----- - Lx ^ — £x, δες, 

--2.γ τ.-------- +7%* ., ὃς 

w-3)95 E — ix, &c. 
y ae at ae + ub ἃς 
gums ate oy bx", &c. 


Make 25*x—? — x, &c. then y? == 4x3, &c. and γ--- Zat, δες, 
Here becaufe of the fractional Indices, and that the firft Term of 
ate λλχγ, or -+ zu may be afterwards. admitted, we. muft, take o 
for the fecond Term of 21313, and therefore for-the fecond feum 

| 1 ο 
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of y. Then jy == ὧν", δος, and confequently 25*x7* == s 4 — 4x", 
δες. and y? = s « — φαν, &c. and by extracting the f{quare-root, 
y= --- S &c. Then yy == ν -+ o, &c. and 2xy = S^ 
2 δ. 
&c. and therefore 2y*x7* == « « « — T, &c. and yz «x ε 
— LX, &c. &c. 
33, 34. The Author's Procefs of Refolution, in this and the fol- 
lowing Examples, is very: natural, fimple, and intelligible; it pro- 
ο d AM , ; ΙΡ 
ceeds ferzatim & terminatim, by paífing from Series to Séries, and 
by gathering Term after Term, in a kind of circulating manner, of 
y gathering | ! «ο΄ circulating manner, o 
which Method we have had frequent inftances before. By this 
means he collects into a Series what he calls thé Sum, which Sum 


is the value of 2 or of the Ratio of the Fluxions of the Relate 


and Correlate in the given Equation ; and then by the former Pro- 
blem he obtains the value of y. When I firft obierved this Method 
of Solution, in this Tréatife of our Author's, I confefs I was nota 
little pleafed ; it being nearly the fame, and differing only in a few 
circumftances that are not material, from the Method I had hap- 
pen’d to fall into feveral years before, for the Solution of Algebraical 
and Fluxional Equations. This Method I have generally purfued in 
the courfe of this work, and fhall continue to explain it farther by 
the following Examples. 

The Equation of this Example 1— 3x + y-b x* + xy — y 
== 0 being reduced to the form of à double Arithmetical Scale, 
will Παπά as here in the Margin; and the 
Ruler will difcover two cafes to be try'd, of «τ 
which one may give us an afcending, and the *' 
other a defcending Series for the Root y. And jum 
firft for the afcending Series. 





y —1-——3x--x* — X -- x5 — qux, &c. 


A X * 
— «- a = mew 2 Φανή 1 
7 χ-- an ge? ep £ix*— σοκ, &c. 
—XyJ ------- — X x --- αχ -- ix ὅτο, 


y == I — 2K -p x? — TU ot xf — xt, &c. 
su - 9 Ld 3 ens 
7 = X x +=* zx trst" pae π.Χ, &c. 


The Terms being difpofed as you fee, make ji, &c. then 
yz, &c. "Therefore — 3 = — y, &c. the Sign of which Term 
being changed, it will be jy == + 4+ x = 3x, &c, == « — 2x, &c. 

Ppa and 
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and therefore y== « — x^, &c. Then — y = x + x°, &c. and 
— xy m — x7, &c, thefe deftroying each other, "tis y — κ « +x, 
&c. and therefore Ξε. κ + x, &c. Then — y = + x — ΣΧ}, 
&c. and — xy = 4 + Αα) , be. it will be Yee s — 4X) “Bcc. 
and therefore et ὃς, &c. 
The Analyfis in the fecondi m will be thus: 


— Xy] = X? --- 1. --- 
— X-4-5— 6X-—! * + 12x73, δες. 
— yf ----- x—4-46x- — 6x7 K 2 6 
MA Yd -------- zu κ -- OT? — 12x73, Ec, 
ymI—— MH A ONT -4- 6x7 κ — 12x75, &c. 


Make — xy == x*, &c. then j=, &c. Therefore — y 
— X, &c. and changing the Sign, 'tis — xy = + — x — 3x, &c. 
= κ — 4x, &c. and therefore y = κ + 4, &c. Then πλ 
— 4, &c. and ý = — 1, &c. and changing the Signs, ’tis — xy 
«et 5-- p ὃς, ο &c. and y == x x — 6x7, 
&c. &c. 


35, 36. If the given Equation were 2 — 1 += apu m 
se , &c. its Refolution may be thus perform’d: 


- 4} x 3x 2x3 9x4 
J x x2 x3 x4 
-——X -- - = = o m u O κ c β ο 
"s a 203 243 244 
zy x? x3 x4 č 
i sica a? 243 244 ? 
ay x3 x4 C 
“τ à a3 244 : 
a4 ττττ-τ---------πχο 
C. J 
A x3 x4 x5 
J= κ Έτ. — a &c 
24 2a* 23 204 2 


» 


— Make yz 1, &c, then y — x, ὅς, Therefore — 2 — — 


ajk 


&c. and ý = « +: , &c. and therefore = — « + = 2 'Then 
— —— ee Ec . EM and — E = — , Ke, 2d therefore 


yes + 5 , Wc. and yore « + τα Es And fo on. 
Now 
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Ψ 5 5 : J xy 2 
Now in this Example, becaufe the Series ig ee ee eh 
x3y i y : ; $ ; es 
=z» &c. is equal to —— , it will be yo= —— + 1, or aj — xy 


τς} + a — x, that is, yx + AX — XX — 4) -- xy == 03 which 
Equation, by the particular Solution before deliver'd, will give the 
relation of the Fluents yx — ay 4- ax — ¿x? =o. Hence = 

x3 "um 


ο 9 * 4 
, and by Divifion y= x -+ + τοι t+ I ; &c. as found 


2a* 


ακ---χχκ 





a pud 
above. 


37. The Equation , ? » j Ve. 
--ην.--ε-ην»--.--ττ-- 


of this Example being *; ᾽ i 
2 3 4, 

tabulated, or reduced x: |... 3x + οὖν i T ng oad 
to a double Arithmeti- αν |— 6» Pi A E | 

e" ο x — x x 
cal Scale, will ftandas 44 | 4 Luxe... 2 =o. 
here in the Margin, x5 j— txs izay + e » 
Where it may be ob- ἂν πμ Ue 

ES. Gt. E J 


ferved, that becaufe of 
the Series proceeding both ways ad infinitum, there can be but one 
cafe of exterior Terms, of which the Solution here follows: 


j | = 3x Ot BI dq0x*— τ2Χ'--- 14x6, &c. 
| — $X5—124x*1——20904x'—592X5, &c. 





christe mie H pe bi Tx x5, &c. 
--ὀχ'γ}-------------- -- gxt 12x'4- —-x*, &c. 
— i-e9— ix*— o 6x5 xs, δες, 
— xy | -------- ---------- -H 12x54 16x6, &c. 
+ wy? | ------------------- -- 2x54 κό δες. 
1 ο ο cee ee ee er ee tet ee ee tee + 15x, ὃς, 
— ybj---------------..-.---- - -- Ax, &c. 
&c. J 
J at Sat pant ett, Ke. 


Make y==— 3x, &c. then y==— ix^, &c. Then ý= s — 
6x*, &c. and y == « — 2x3, &c. Then — 3xy == + 2x3, δες. and 
therefore y = « κ — 2x? — 8x3, δες, == s + — ^7 κ”; &c. and y 
= κ x — ^ xt, &c. And fo of the reft. 

The Author here takes notice, that as the value of y is negative, 
and therefore contrary to that of x, it fhews that as x increafes, y 
muft decreafe, and on the contrary. For a negative Velocity is a 


Velocity backwarks, or whofe direction is contrary to that which 
Was 
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was fuppos'd to be an affirmative Velocity. This Remark mutt take 
place hereafter, as often as there is occafion for it, 

38. In this. Example the Author puts x to reprefent the Refate 
Quantity, or the Root to be extracted, and y to reprefent the Cor- 
relate. But to prevent the confufion of Ideas, we (hall here change 
a into y, and y into x; fo that y fall denote the Relate, and x the 
Correlate Quantity, as ufual. Let the given Equation therefore be 
2 == ix — 4x*--2xyi—1) + 7x*-+- 2x3, whofe Root y is to 
be extracted. Thefe Terms being difpofed in a Table, will ftand 
thus: And the Refolution will be as follows, taking — y and -|- ΣΧ 
for the two external Terms. | 


κ. T M s 
κκ ous J Πε. .4—Ax'! M Lia da 
23 7. 
M κκ». κα πιο ] -- x? —aáxe patient Ge, 
2 * * 4 » 2 E (8 
x ; 7x? — 2xy*' o* = + o m x? 2x3 mm4 xa 2.4, ES e. 
x? »* o9 κ * —A4xi 4.2 * | x4 Eg 
3 -- 37 - - -—» 9 $ 9 m D  «α ww 9 ο 5 - ^j - dux ) c 
x? x A c * * 2 2 
τ 3 = χ᾽ & —z 2x7 8 + $x* — ως ὃν Ge 
1 τα 1 
2 * ^ w -ΓσχΣ--ακ Smo 
x * κα & * * 
x? 4. 
i s κ k * * 
x à » * k * * 
awe! ' 
x κα. * * J 


Make j == ix, &c. then yz αχ”, &c. Now becaufe it is y == 
νο, &c. it will be alfo y = + o, &c. And whereas it is y*== 1x, 
&c. it will be — 2xy!— — x^, &c. and therefore yox 
— Αχ", ὅτο. == ee — 3x*, &c, then yo + « — x*, &c. Now be- 
caufe itis yz κ -+ ο, &c. it will be alfo yë =—= « -+ o, &c. and 
— 2Xy* == » -+ 0, &c. and confequently ý = + « + -+ 7x*, ὅσο, and 
therefore y == + + x -+ 2x*, &c. And fo on. 

There are two other cafes of external Terms, which will fupply 
us with two other Series for the Root y, but they will run too much 
into Surds. This may be fufficient to fhew the univerfality of the 
Method, and how we are to proceed in like cafes. 

39. The Author fhews here, that the fame Fluxional Equation 
may often afford a great variety of Series for the Root, according as 
we fhall introduce any conftant quantity at pleafure. Thus the 
Equation of Art. 34. or ý == I —3x-1- y -+ x* 4- xy, may be re- 
folved after the following general manner: 


J 
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yp) τις 4 κι Safe xe κἲ-- κ} --- fixa 
we: x -dzax* + $ox3, Ce. T ax dax? -|- σπορ 
ef- 24x — Πχ 
— y pm a .--- xX? =a αχ ορ 


ome XY -- 2; am X? wwe ax?, (9c. 


Here inftead of making 7 = 1, δες. we may make y==o, &c. 
and therefore y —— a, &c. becaufe then y — ο, &c. then —. y — 
— 4, &c. and confequently j — + +- 4 + 1, &c. and therefore. y 
m «-d-ax-x,&c. Then — y= + —ax — x, &c. and — xy 
== — ax, δίς. and therefore y == + + +- 2ax -p x — 3x, &c. == 
κ x -+ 20x — 2x, &c. and then y == + κ ++ ax*—x*, &c. There- 
fore — y == κ κ — ax* + x*, Gc. and — xy 4 — ax* — x3, 
&c. and coníequently y == s + « -+ 22x* +4 x*, &c. and I= 
wae H 0x? ++ 2x3, &c. &c. Here if we make a == o, we fhall 
have the fame value of y as was extracted before. And by what- 
ever Number æ is interpreted, fo many different Series we fhall 
obtain for y. 

40. The Author here enumerates three cafes, when an arbitrary 
Number fhould be affumed, if it can be done, for the firft Term of 
the Root. Firft, when in the given Equation the Root is affected 
with a Fractional Dimenfion, or when fome Root of it is to.be ex- 
tracted ; for then it is convenient to have Unity for the firft Term, 
ot. fome. other Number whofe Root may be extracted without a Surd, 
if fuch Number does not offer itfelf of its own accord. As in the. 
fourth Example 'tis x = j^, &c. and therefore wé may eafily have 
x*z—iy,&c.. Secondly, it muft be done, when by. reafon of the 
{quare-root of a negative Quantity, we fhould otherwife fall upon 
“impoffible Numbers.  Laftly, we muft affume fuch a Number, when. 
otherwife there would be no initial Quantity, from whence to begin 
the computation of the Root ; that- is, when the Relate Quantity, 
or its, Fluxion, affects all the Terms: of the Equation: 

41, 42, 43. The Author's Compendiums of Extraction-arc very 
curious, and fhew the univerfality of his Method. As his feveral 
Procetfes want no explanation, I fHall proceed to refolve his Exam- 
ples by the. foregoing general Method.. As. ifthe given Equation 


were j == > —— xô, OF j — y m—— κ”, thes Refolution might 
J 


be thus : 
J 
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y Ἱπτπο fe κ — X? — S073, Ec, 
-ἰ- 47! —— aci 4 $a75x* ἠ- facts 
— 1.2772 45 
2 x3 a ; 
x X? 


x 5x4 a 
ο ο μα d tl 
— 4X5 --- 


x4 


1243 


Make ý = 0, δες. then affuming any conftant quantity a, it may 
be y —a, ὅς, ‘Then by Divifion — y^! == — a~, &c. and 
therefore ý ==» ++ a7", &c. and confequently y = « + 47x, &c. 
Then by Divifion — j7' == « + α- 18, &c. and therefore y == 
x x — 43x, &c. and confequently y == « « — 4473x, &c. Then 
again by Divifion — y7? ==» 4 — £a75x*, &c. and therefore ἡ --- 
* x a+ i4 SX*—x*,&c.and confequently y = & s + 447543 — 4%}, 
&c. And fo of the reft. Here if we make a = 1, we íhall 
have yz 1-4- x — ix? -- ἐκ’ — iix*, &c. 

Or the fame Equation may be thus refolved : - 
ty ae κ. -- 2x73 --- 14x-* —- 216x773, δες, 

--- 7. -------- 23 — 14x75 — 216x133, δες. 
yo XT p 2.7 -4-18x-:5 + 280x777, &e, - 


Make — y —— x*, &c. or yx, &. ThenjzÉÍ — 2x73, 
&c.and therefore — yz, -}- 2x73, &c. andconfequently by Divifion 
jm -4-2x7?,&C Then yoy —14x-3,&c. and therefore — y~* 
== «-- 14x77, &c. and by Divifion y == « +» 18x7", ὅσο. -Then 
| == x a — 216x713, &c. and therefore —y—! == « « κ-ἰ- 216x775, 
&c. and by Divifion y == κκ « -+ 280x—7, &c. And fo on. 
Another afcending Series may be had from this Equation, vig. 
UM e kA Er 10x8 ὃς 
s d E RYE 17493 
then making 1 the firft Term of yy. 


44. The Equation j == 3 -+ 2y — κα) may be thus refolved : 


» &c. by multipying it by y, and 


J ee So p 
—2) 5----—Óx-L-3x*&c. χο * “αγ 
n inl oer at EN ως στο 


j——3Xx-—ix'*-- 2x3, Ke, 


Make 
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Make y == 3,&c. then y == 48, &c. Therefore — 2y = — 6x, &c. 
and x—y*===gx, &c. and confequently j == + — 3x, &c. Therefore 
ys κ — ix^, Ke, Then — 27 == κ + 3x7, &c. and απ τς — 
* —9X*, &c. Therefore y == x κ -- θα”, &c. and y — kx ob 2X5, 
&c. &c. 

Or the Refolution may be perform'd after thefe two following 
manners : 


E UE MS WM ee rea ον 
HT- xa e —3y7) — Exp ga eec. 
Ξ-----}--ῤχτ--- 147*,&c. j—2x-ri-—— 3445, &c. 


--2) pde Σχ Occ. νε ΣΝ 


Make —2y == 1, &c. or y = — i, &c then ý == o, &c. and 
xy? = -- $x7', &c. Therefore — 2y == 4 — 2x77, δες. or y 
== « 4 get, δύο. and y = κ — τα”, &c. and by fquaring ασ” 
— x — $3 X-^, &c. and therefore — 2y ——« « + 2x77, &c. and 

= κ κ — 3x7", &c. And fo on. 

Again, divide the whole Equation by y, and make x—1y — 2, &c. 
then y ——2x, &c. And becaufe «-- 2, &c. and y ——1x—!, &c. 
'tis yy? == x7, &c. and — 357! == — $x", &c. therefore yx 
= * -- αχ], &c. and y == «x -+ 4, &c. Then becaufe yy— == 
κ + 0, &c. and — 377 == « + 3x7, δες. 'tis yx τς x — 3x, 
δες, and y == κ κ — 3x77, &c. &c. 

45, 46. If the propofed Equation be y = — y +- x — x-*, its 
Solution may be thus : 





35. Si 
x} --χ-’ χο 
ώση --x^7! +y ---  — Y aa x7! 
= y m9 oa 


Ysera oy) eta 
Lu EB 
+y —y 4x7 e ο. 
x πλ 

Make y == — x~, &c. then y == x, &c. Confequently ý == 
+ o, &c. and therefore y = «ο, &c. that is, y = x7'. 

Again, make y == απ], &c. then y==—-x7*, δες, and confe- 
quently y == + -+ ο, &c. that is, y == am. 

That this fhould be fo, may appear by the dire& Method. For 
jf y = x-!,'tisy = — xa; alfo yx == xXx. Then adding thefe 
two Equations together, 'tis jx --- y == 4x! — xx—, or ý = — y} 
xT — xo, Thus may we form as many Fluxional Equations 


Qq as 
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as we pleafe, of which the Fluents may be exprefs’d in finite Terms; 
but to return to thefe again may fometimes require particular Expe- 
dients. Thus if we aflume the Equation y == 2x — $x? -p tx}, 
taking the Fluxions, and putting x== 1, we íhall have y == 2 — 
3X ++ ἔχ᾽, as alfo = == I — 4X + τσ". Subtract this laft from 
the foregoing Equation, and we fhall have i > ---1---2χ-|-1κ", 
the Solution of which here follows. 

47. Let the propos'd Equation be j ==> 4- 1 — 2x 4- ix, of 
Which the Solution may be thus: 


7 =t —2x dix J -—p —2x --- 1 y! 4? 
de fx tex? cete; Oe 
m roh age —fX —gx* D UN ctus —f/*x —g xt * —2X 
z 2x χο * --ι zo. 
uud ur MEME uo E 
J Ξ 24 hx 3x3 »Ξ:-Χ5-- αχ" -ἰ-2χ Fija! 


By tabulating the Terms of this Equation, as ufual, it may be 
obferved, that one of the external Terms — ý 4- 4yx— is a double 
Term, to which the other external Term 1 belongs in common. 


Therefore to feparate thefe, affume y == zex, &c. then — = 


x 
==—e, δις. and confequently y = 1 +e, &c. and therefore y 
==% -+ ex, &c. Thatis, becaufe 2ex — x +- ex, or 26---- 1 +e, 
“HS ez—]I, or y == 2x, &c. So if we make y= + + 2/8”, &c. 
then — > = « — fx, ὅτε, therefore ý= + + fx — 2x, &c. and 
Yow + Gfx? — x*,&c. that is, 2/—— if/— 1, or f==— 4. So 
that y = x — 4x7, ἃς, So if we make y — s «+ 2643, &c. then 
= > == κ + — gx*, ὅς. and therefore ý == = « -H gx? + πχ”, &c. 
and y == + κ + αρα” + 3x3, ὅς. or 26 —— ας -- h, Οἳ gl ra {ο 
that y = x « 4x, &c. So if we make y == «x s + 2bx4, &c. then 


samm = ee 


= = s a x — Dx*, ὅς. and therefore j = s κκ + bx, &c. 


and y= + κ æ -+ 42x4, &c. But becaufe here 2b== 44, this Egua- 
tion would be abfurd excepth==o0. And fo all the fubfequent Terms 
will vanifh zz infinitum, and this will be the exact value of y. And 
the fame may be done from the other cafe of external Terms, as 
will appear from the Paradigm. 

48. Nothing can be added to illuftrate this Inveftigation, unlefs 
we would demonftrate it fynthetically. Becaufe y == ex’, as is here 


found, 
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1. 
found, therefore ý = &ex*—!, or ý == 395 . Here inftead of εχ 


4x 
fubftitute y, and we fhall have ý = Ξ , as given at firft, 


49, 50. The given Equation ý == 5x7? -ἰ- xT? + 5 4- 2x — 4x7 
may be thus refolved after a general manner. 


y — 2x -ᾱ- 1 — 4x7! -- κ TS -- ἕχτε δες, 
-- 1 -- 4X7! pax? —ax3 + Lax t 

mee xy © =- ~ a seo I senza: αν =] T? -L- x73 — sox * 3 &c. 
--a4x75 — fax 

τς X -p 4x -- ᾱ-- TT -- ENT? —4x ,&c. 
— Ax! + 34x77 — tax 73, 


Make y = 2x, δες. then y = x?, &c. Therefore — x—:y = — 1, 
&c. confequently y = + + 1 -+ 3, &c. == κ 4, &c. and therefore 
‘oat 4x, &c. Then — x7*y = z — 4x^', &c. and confe- 
quently y — + x- o, &c. and therefore afluming any conftant 
quantity a, it may bey = « «+ 4, &c. Then — x-y =+ x 
— ον &c. and therefore, y == « + + -ἵ- 4x7 4 απ, δυο. and 
== x &o&— 4X7! — Xx! &c. And fo on. Here if we make 


a == O, 'tis PoE + yee ies, » &c. 

51, 62. The Equation of this Example is y== 3xy* + y, which 
we fhall refolve by our ufual Method, without any other prepara- 
tion than dividing the whole by y?, that one of the Terms may be 


clear'd from the Relate Quantity; which will reduce it yy73 — ji 
== 3x, of which the Refolution may be thus : 


y 2 a -- 3 
1 2 I P 1 
-m κῶν f 4 1 --- ὃς 


Make jy—? == 3x, ‘&c. or taking the Fluents, 3y! == àx*, δες, 
or j3 ἔχ», δες. or y = x5, &c. And becaufe — y? == — 22, 
&c. it will be yy? == » + Σχ’, &c. and therefore 3$ == + + 
x3, δες, and y! == κ -+ Vx, &c. and by cubing y = κ + x7, 
&c. Then becaufe — 33 == κ — yx, &c.'tis yy = κ ef τα, 
&c.and therefore 373 == κ + + 7;x*, &c. and 53 == x + 4 itet, 
δες. and by cubing } « « + zyr, &c. And fo on. 


Qq 2 53. 
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53. Laftly, in the Equation y == 23 -- xty?, or yy7ic 2% + 
Xx*, affuming c for a conftant quantity, whofe Fluxion therefore 
is o, and taking the Fluents, it will be 2)? — 2¢ + 2x +- ix* or 
y-—c--x--lxt Then by {quaring, y == c? -p 2cx 4- x? +. 
gex? -p £x* - Σχ’, Here the Root y may receive as many diffe- 
rent values, while x remains the fame, as c can be interpreted diffe- 
rent ways. Make c 20, then y == x* -4- xt op ix. 

The Author is pleas'd here to make an Excufe for his being fo 
minute and particular, in difcuffing matters which, as he fays, will 
but feldom come into practice ; but I think any Apology of this 
kind is needlefs, and we cannot be too minute, when the perfec- 
tion of a Method is concern’d. We are rather much obliged to him 
for giving us his whole Method, for applying it to all the cafes that 
may happen, and for obviating every difficulty that may arife. ‘The 
ufe of thefe Extractions is certainly very exteníive; for there are no 
Problems in the inverfe Method of Fluxions, and efpecially fuch 
as are to be anfwer'd by infinite Series, but what may be reduced to 
fuch Fluxional Equations, and may therefore receive their Solutions 
from hence. But this will appear more fully hereafter. 


Sect. IV. Solution of the third Cafe of Equations, with 
Jome neceffary Demonfirations. 


54. OR the more methodical Solution of what our Author 
calls a moft troublefome and dificult Problem, (and furely 

the Inverfe Method of Fluxions, in its full extent, deferves to be 
call’d fuch a Problem,) he has before diftributed it into three Cafes. 
The firft Cafe, in which two Fluxions and only one flowing Quan- 
tity occur in the given Equation, he has difpatch’d without much 
difficulty, by the affiftance of his Method of infinite Series. The 
fecond Cafe, in which two flowing Quantities and their Fluxions 
are any how involved in the given Equation, even with the fame 
. afliftance is ftill an operofe Problem, but yet is difcufsd in all its 
varieties, by a fufficient number of appofite Examples. "The third 
Cafe, in which occur more than two Fluxions with their Fluents, 
is here very artfully managed, and all the difficulties of it are re- 
duced to the other two Cafes. For if the Equation involves (for 
inftance) three Fluxions, with fome or all of their Fluents, another 
Equation ought to be given by the Queftion, in order to a full De- 
termination, 
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termination, as has beeu already argued in another place; or if not, 
the Queftion is left indetermined, and then another Equation may 
be affumed ad libitum, fuch as will afford a proper Solution to the 
Queftion. And the reft of the work will only require the two 
former Cafes, with fome common Algebraic Reductions, as we fhall 
fee in the Author's Example. 

5. Now to confider the Author's Example, belonging to this 
third Cafe of finding Fluents from their Fluxions given, or when 
there are more than two variable Quantities, and their Fluxions, ei- 
ther exprefs'd or underftood in the given Equation. This Example 
IS 2X — J - yx == o, in which becaufe there are three Fluxions x, 
J, and z, (and therefore virtually three Fluents x, y, and 2,) and 
but one Equation given; I may affume (for inftance) «== y, whence 
x==y, and by fubftitution 2y — ž + jy == o, and therefore 2» — 
Z- i) =o., Now as here are only two Equations x — y == ο 
and 2y — z -+ $y? ==0, the Quantities x, y, and gz are ftill variable 
Quantities, and fufceptible of infinite values, as they ought to be. 
Indeed a third Equation may be had, as 2x — z —--ix*==0; but 
as this is only derived from the other two, it brings no new limi- 
tation with it, but leaves the quantities {till flowing and indetermi- 
nate quantities, Thus if I fhould affume 2y == a + z for the fe- 
cond Equation, then αὖ----, and by fubftitution 2x — 2j -4- x ==0, 


or y= == X --- πΧ -- xx, &c. and therefore y = x +- qx 








2—X 
-H x3, &c. which two Equations are a compleat Determination. 
Again, if we affume with the Author x==y*, and thence x —— 2yy, 
we fhall have by fubftitution 4yy — z + yy* == 0, and thence 25* 
— z -+ ij? ==0, which two Equations are a fufficient Determina- 
tion. We may indeed have a third, 2x — z -- 1x*——0 ; but as 
this is included in the other two, and introduces no new limitation, 
the quantities will ftill remain fluent. And thus an infinite variety 
of fecond Equations may be affumed, tho’ it is always convenient, 
that the affumed Equation fhould be as fimple as may be. Yet fome 
caution muft be ufed in the choice, that it may not introduce fuch 
a limitation, as fhall be inconfiftent with the Solution. Thus if I 
fhould affume 2x — z == o for the fecond Equation, I fhould have 
2x —Z==0 to be fubftituted, which would make yx 2— o, and 
therefore would afford no Solution of the Equation. 

"Tis eafy to extend this reafoning to Equations, that involve four 
or more Fluxions, and their flowing Quantities; but it would be 
needlefs here to multiply Examples. And thus our Author has com- 
pleatly folved this Cafe alfo, which at firft view might πρ RR 
midable 
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midable enough, by reducing all its difficulties to the two former 
Cafes. 

56, 57. The Author's way of demonftrating the Inverfe Method 
of Fluxionsis fhort, but fatisfactory enough. We have argued elfe- 
where, that from the Fluents given to find the Fluxions, is a dire& 
and fynthetical Operation ; and on the contrary, from the Fluxions 
given to find the Fluents, is indire& and analytical. And in the 
order of nature Synthefis fhould always precede Analyfis, or Com- 
pofition fhould go before Refolution, But the Terms Synthefis and 
Analyfis are often ufed in a vague fenfe, and taken only relatively, 
as in this place. For the direct Method of Fluxions being already 
demonftrated fynthetically, the Author declines (for the reafons he 
gives) to demonítrate the Inverfe Method fynthetically alfo, that is, 
primarily, and independently of the diret Method. He contents 
himfelf to prove it analytically, that is, by fuppofing the direct Me- 
thod, as fufficiently demonftrated already, and fhewing the neceffary 
connexion between this and the inverfe Method. And this will al- 
ways be a full proof of the truth of the conclufions, as Multiplica- 
tion is a good proof of Divifion. ‘Thus in the firt Example we 
found, that if the given Equation is y -4- xy — y == 3x — x? — I, 
we {hall have the Root y == x — x? -4- 4x? — $x4 + a5 — 22x, 
&c. ο prove the truth of which conclufion, we may hence find, 
by the dire& Method, y == 1 — 2x -H x? — 3x3 -H $x* — 44,5, &c. 
and then fubftitute thefe two Series in the given Equation, as follows: 


y----- -H x — x* -- πΧ — EN GF — πτχ', &c. 
-Xy-------- ΑΧ’ — x*-poQjx*— ον hax’, Gc. 
— ý- If 2x — xt -- Ext Ext + πολ — φπχ΄, Ke. 


Now by collecting thefe Series, we fhall find the refult to pro- 
duce the given Equation, and therefore the preceding Operation will 
be fufhciently proved. 

58. In this and the fubfequent paragraphs, our Author comes to 
open and explain fome of the chief Myfteries of Fluxions and Fluents, 
and to give us a Key for the clearer apprehenfion of their nature 
and properties. "Therefore for the Learners better inftru€tion, I fhall 
not think much to inquire fomething more circumftantially into this 
matter. In order to which let us conceive any number of right 
Lines, AE, ae, ae, &c. indefinitely extended both ways, along which 
a Body, ora defcribing Point, may be fuppofed to move in each 

Line, 
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Line, from the left-hand towards the right, according to any Law 
or Rate of Acceleration or Retardation whatever. Now the Motion 
of every one of thefe Points, at all times, is to be eftimated by its 
diftance from fome fixt point in the fame Line; and any fuch Points 
may be chofen for this purpofe, in each Line, fuppofe B, 4, β, in 
which all the Bodies have been, are, or will be, in the fame Mo- 
ment of Time, from whence to compute their contemporaneous 
Augments, Differences, or flowing Quantities. Thefe Fluents may 
be conceived as negative before the Body arrives at that point, as 
nothing when in it, and as affirmative when they are got beyond it. 
In the firft Line AE, whofe Fluent we denominate by x, we imay 
(ιρροίε the Body to move uniformly, or with any equable Velocity ; 
then may the Fluent x, or the Line which is continually defcribed, 





nc A B C D E 
< a 7 c d e 
ος B v ο ε 


μη —————— M ÁÁÀ MÀ τς οι ο... 


reprefent Time, or ftand for the Correlate Quantity, to which the 
feveral Relate Quantities are to be conftantly refer'd and compared. 
For in the fecond Line ze, whofe Fluent we call y, if we fuppofe 
the Body to move with a Motion continually accelerated or retarded, 
according to any conftant Rate or Law, (which Law is exprefs'd by 
any Equation compos'd of x and y and known quantities;) then 
will there always be contemporaneous parts or augments, defcribed 
in the two Lines, which parts will make the whole Fluents to be 
contemporaneous alfo, and accommodate themfelves to the Equation 
in all its Circumftances. So that whatever value is affumed for the 
Correlate x, the correfponding or contemporaneous value of the Re- 
late y may be known from the Equation, and vice versd. Or from 
the Time being given, here reprefented by x, the Space reprefented 
by y may always be known. The Origin (as we may call it) of the 
Fluent x is mark'd by the point B, and the Origin of the Fluent y 
by the point ὁ. If the Bodies at the fame time are found in A and 
a, then will the contemporaneous Fluents be — BA and —ba. If 
at the fame time, as was fuppofed, they are found in their refpec- 
tive Origins B and 2, then will each Fluent be nothing. If at the 
fame time they are fonnd in C and c, then will their Fluents be 
-- BC and +e. And the like of all other points, in witch the 

I moving 
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moving Bodies either have been, or fhall be found, at the fame 
time. 

As to the Origins of thefe Fluents, or the points from whence we 
begin to compute them, (for tho’ they muft be conceived to be variable 
and indetermined in refpe& of one of their Limits, where the de- 
fcribing points are at prefent, yet they are fixt and determined as to 
their other Limit, which is their Origin,) tho' before we appointed 
the Origin of each Fluent to bein B and 4, yet it is not of abfolute 
neceflity that they fhould begin together, or at the fame Moment of 
Time. All that is neceffary is this, that the Motions may continue 
as before, or that they may obferve the fame rate of flowing, and 
have the fame contemporaneous Increments or Decrements, which 
will not be at all affected by changing the beginnings of the Fluents. 
The Origins of the Fluents are intirely arbitrary things, and we 
may remove them to what other points we pleafe. If we remove 
them from B and 4 to A and c, for inftance, the contemporaneous 
Lines will ftill be AB and ab, BC and dc, &c. tho’ they will change 
their names. Inftead of — AB we fhall have o, inftead of B or o 
we fhall have -+ AB, inftead of -- BC we fhall have +AC; ἃς, 
So inftead of — ab we fhall have — ac -+ dc, inftead of b or o we 
fhall have — dc, inftead of 4- bd we fhall have +- bc +-cd, &c. That 
is, in the Equation which determines the general Law of flowing 
or increafing, we may always increafe or diminifh x, or y, or both, 
by any given quantity, as occafion may require, and yet the Equa- 
tion that arifes will Rill exprefs the rate of flowing ; which is all that 
is neceffary here. Of the ufe and conveniency of which Redu&ion 
we have feen feveral inftances before. 

If there be a third Line ae, defcribed in like manner, whofe 
Fluent may be z, having its parts correfponding with the others, as 
aß, By, 4, &c. there muft be another Equation, either given or 
affumed, to afcertain the rate of flowing, or the relation of z to the 
Correlate x. Or it will be the fame thing, if in the two Equations 
the Fluents x, y, z, are any how promifcuonfly involved. For thefe 
two Equations will limit and determine the Law of flowing in each 
Line. And we may likewife remove the Origin of the Fluent z 
to what point we pleafe of the Line ae. And fo if there were more 
Lines, or more Fluents. 

£9. Το exemplify what has been faid by an eafy inftance. Thus 
inftead of the Equation y 2— xxy, we may allume ý == xy ++ xxy, 
where the Origin of x is changed, or x is diminifh’d by Unity ; for 
I -x is fubftituted inftead of x, The lawfulnefs of which Re- 

duction 
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duction may be thus proved from the Principles of Analyticks. Make 
x ==] -4 z, whence x= z, which fhews, that «and z flow or increafe 
alike. Subfítitute thefe inftead of x and x in the Equation ==xy, and 
it will become ý == žy + zy. This differs in nothing elfe froin 
the affumed Equation 7 == xy <- xxy, only that the Symbol x is 
changed into the Symbol 2, which can make no real change in the 
argumentation. So that we may as well retain the fame Symbols 
as were given at firft, and, becaufe z == x — i, we may as well 
fuppofe x to be diminifh'd by Unity. 

60, 61. 'The Equation expreffing the Relation of the Fluents will 
at all times give any of their contemporaneous parts ; for affuming 
different values of the Correlate Quantity, wc fhall thence have the 
correfponding different values of the Relate, and then by fubtraction 
we fhall obtain the contemporary differences of each. Thus if the 


e . 1 2 , 
given Equation were y == x -+ . , where x is fuppos'd to be a quan- 


tity equably increafing or decreafing ; make x == o, 1, 2, 3, 4, 5 
&c. fucceflively, then y == infinite, 2, 24, 34, 44, 54, &c. refpec- 
tively. And taking their differences, while x flows from o to 1, 
from 1 to 2, from 2 to 3, &c. y will flow from infinite to 2, from 
2 to 24, from 2} to 34, &c. that is, their contemporaneous parts 
will be 1, 1, 1, 1, &c. and infinite, 4, $, ri, &c. refpectively. 
Likewife, if we go backwards, or if we make x negative, we fhall 
have x = 0, — I, — 2, &c. which will make y == infinite, — 2, 
— 21, &c. fo that the contemporaneous differences will be as be- 
fore. 

Perhaps it may make a ftronger impreffion upon the Imagina- 
tion, to reprefent this by a Figure. To the redangular Afymptotes 
GOH and KOL let ABC and DEF . 
be oppofite Hyperbola's; bifect the An- 
gle GOK by the indefinite right Line 
vOR, perpendicular to which draw the 
Diameter BOE, meeting the Hyperbola's 
in B and E, from whence draw BQP 
and EST, as alfo CLR and DKU pa- 
rallel to GOH. Now if OL is made 
to reprefent the indefinite and equable 





à 1 
_ quantity x in the Equation y = x 4- 7’ 


I 


then CR may reprefent y. For CL = OL = +, (fuppofing ΒΩ. 


== OQ ==1,) and LR = OL — x; therefore CR =: LR + oe 
Rr ο 
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or ye x--z. Now the Origin of OL, or x, being in O; if 
x ==: 0, then CR, or y, will coincide with the Afymptote OG, and 
therefore will be infinite. If x= 1—— OQ, , then y = BP = 2. 
If x ——2 = OL, then y= CR == 25. And fo of the reft. Alfo 
proceeding the contrary way, if κ--- ο, then y may be fuppofed 
to coincide with the Afymptote OH, and therefore will be negative 
and infinite. If x= OS = — 1, then y = ET = — 2. If x 
— OK == — 2, then y == Dv == — 24, &c. And thus we may 
purfue, at leaft by Imagination, the correfpondent values of the fiow- 
ing quantities x and y, as alfo their contemporary differences, through 
all their poffible varieties ; according to their relation to each other, 


as exhibited by the Equation y =x -~+ Ξ 


The Tranfition from hence to Fluxions is fo very eafy, that it 
may be worth while to procced a little farther. As the Equation 
exprefüng the relation of the Fluents will give (as now obferved) 
any of their contemporary parts or diffzrences ; fo if thefe differences 
are taken very finall, they will be nearly as the Velocities of the 
moving Bodies, or points, by which they are deícribed. For Mo- 
tions continually accelerated or retarded, when perform'd in very 
{mall fpaces, become nearly equable Motions. But if thofe diffe- 
rences are conceived to be diminifhed 7; infinitum, {ο as from finite 
differences to become Moments, or vanifhing Quantities, the Mo- 
tions in them will be perfectly equable, and therefore the Velocities 
of their Defcription, or the Fluxions of the Fluents, will be accu- 
rately as thofe Moments. Suppofe then x, y, z, &c. to reprefent 
Fluents in any Equation, or Equations, and their Fluxions, or Ve- 
locities of increafe or decreafe, to be reprefented by x, y, 2, &c. 
and their refpective contemporary Moments to be of, og, or, &c. 
where 5, 2, r, &c. will be the Exponents of the Proportions of 
the Moments, and o denotes a vanifhing quantity, as the nature of 
Moments requires. Then x, y, z, &c. will be as of, og, or, &c. 
that is, as f, 9, 7, &c. So that x, y, z, &c. may be ufed inftead 
of p, 9, r, &c. in the defignation of the Moments. That is, the fyn- 
chronous Moments of x, y, 5, &c. may be reprefented by ox, οὗ, 
oz, &c. Therefore in any Equation the Fluent x may be fuppofed 
to be increafed by its Moment ox, and the Fluent y by its Moment 
oy, &c. or x -4- 0x, y -I- oy, &c. may be fubftituted in the Equation 
inftead of x, y, &c. and yet the Equation will fill be true, becaufe 
the Moments are fuppofed to be fynchronous. From which Ope- 
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ration an Equation will be form'd, which, by due Reduction, muft 
neceflarily exhibit the relation of the Fluxions. 

Thus, for example, if the Equation y — x -- z be given, by 
Subftitution we fhall have y + of = x -t- ox + z -+ οὔ, which, be- 
caufe y = x -+ 3, will become oy == ox +- ox, or y =x -+ z, which 
is the relation of the Fluxions. Here again, if we affume z— : > 


or zx == 1, by increafing the Fluents by their contemporary Mc- 
ments, we fhall have z -+ oz x x + 0x = 1, or zx -b οὐχ -+ oxz 
-H coz = 1. Here becaufe zx —= 1, ’tis oxx -+ ολ +L o0$x —— 0, 
or $x -p Xg -+ ozx ——0. But becaufe osx isa vanifhing Term in 


v> x 


refpect of the others, 'tis v-+- xz = 0, or ¿= — Ἱς = — = - 
E 


Now as the Fluxion of z comes out negative, 'tis an indication that 
as x increafes z will decreafe, and the contrary. ‘Therefore in the 


Equation y =x -- z, if z= +5 , or if the relation of the Fluents 


be y == x + + , then the relation of the Fluxions will be jy —x 

£o 

xh 

And as before, from the Equation }7τκ--σ we derived the 
contemporaneous parts, or differences of the Fluents; fo from the 
Fluxional Equation ý —x— E now found, we may obferve the 


rate of flowing, or the proportion of the Fluxions at different values 
of the Fluents, 
I 


For becaufe it is x : y : r: pee rd NES when 


x == 0, or when the Fluent is but beginning to flow, (confequently 
when y is infinite) it will be x : y :: o : — r. That is, the Ve- 
locity wherewith x is defcribed is infinitely little in comparifon of the 
velocity wherewith » is defcribed; and moreover it is infinuated, (becaufe 
of — 1,) that while x increafes by any finite quantity, tho’ never fo 
little, y will decreafe by an infinite quantity at the fame time. This 
will appear from the infpection of the foregoing Figure. When 
x= 1, (and confequently y = 2,) then x : y :: 1: o. Thatis, 
x will then flow infinitely fafter than y. The reafon of which is, 
that y is then at its Limit, or the leaft that it can potfibly be, and 
therefore in that place it is ftationary for a moment, or its Fluxion 
is nothing in comparifon of that of x. Soin the foregoing Figure, 
BP is the leaft of all fuch Lines as are reprefented by CR. When 
x= 2, (and therefore y == 24,) it will be x: y :: 4: 3. Or 
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the Velocity of x is there greater than that of y, in the ratio of 4 
to 1. When x= 3, then x : y :: g : 8. And foon. So that 
the Velocities or Fluxions conftantly tend towards equality, which 


they do not attain till : (or CL) finally vanifhing, x and y become 


dea And the like may be obferved of the negative values of 
x and y. 


Sect. V. The Refolution of Equations, whether Algebrai- 


cal or Fluxional, by the affflance of fuperior orders 
of Fluxions. 


A the foregoing Extractions (according to a hint of our Au- 
thor’s,) may be perform'd fomething more expeditioufly, and 
without the help of fübfidiary Operations, if we have recouríe to 
fuperior orders of Fluxions, ‘To fhew this firft by an eafy Inftance. 
Let it be required to extract the Cube-root of the Binomial 
aè -4- x*, or to find the Root y of this Equation y? == a? + x°; 
or rather, for fimplicity-fake, let it be y? = æ -+ z. Then y= a, 
&c. or the initial Term of y will be a. Taking the Fluxions of 
this Equation, we fhall have 39y? = £z == 1, or ý == 4y—. But 
as itis y ---α, &c. by fubftitution it will be y == κα, &c. and 
taking the Fluents, 'tis y= + -+ ta-*z, &c. Here a vacancy is 
left for the firft Term of y, which we already know to be a. For 
another Operation take the Fluxions of the Equation ý == iy^; 


whence y = — HN = — GT. Then becaufe y == a, &c. 
tis y = — ῥα-., δις, and taking the Fluents, ’tis y — » — 
$34 52, &c. and taking the-Fluents again, 'tis y == + « — 54752", 
&c. Here two vacancies are to be left for the two firft Terms of 
y, which are already known. For the next Operation take the 
Fluxions of the Equation y=— 5, that js, y — -+ ZS yy-6 = 


+ ΣΣ}. Orbecaufe y= a, &c.'tis y= 12475, &c. ‘Then taking 
the Fluents, ‘tis y = 4 j2a—*z, &c. y = ee χα 12, &c. and 
J == ae x στα ορ, &c. Again, for another Operation take the 
Fluxicns of the Equation y — 125-3; whence y — — 12yy-? 
= — $1) '. Or becaufe y — a, &c. 'tis y — — $2a-", δες, 
Then taking the Fluents, y == s — ὅσα, &c. y= κ κ--- 
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and INFINITE SERIES. 309 


4 - 2 9 % s 
Trag, &c. y moo. — uua οἱ, &c. and yz «»« — 


[| a 
74,4 "z*, &c. And fo we may go on as far as we pleafe. We 
z 23 23 
have therefore found at laft, that y = a + 355. bas aa 
9 
1or4 


-2f δις, or for z writing x*, 'tis yn 4e X? sea pee δ) 
gai, Gc. or for z βλ’, 'tis γα) +x mà B oS 


(x9 10x1% 
-l- — ----- ὅς, 


dias 243a! 7 
Or univerfally, if we would refolve @--x |" into an equivalent 


infinite Series, make yzma-r-x|^, and we fhall have a for the 
firft Term of the Series y, or it will be y — a", δες. Then be- 
caufe y" == a + x, taking the Fluxions we fhall have Ny = 


5 e I 9 9 ° ο 
x == 1, or ý == my ”. But becaufe it is y — a”, &c. it will be 
== ma", &c. and now taking the Fluents, 'tis y == αλλα” Γ!χ, 


ο 9 - 5 πο 9 ο ο ο 
ὅσο. Again, becaufe it is ý = my "', taking the Fluxions it will 


.. ——. — ἳ 

be I= 33 — 1} "= m xmn — Iy Su and becaufe Ja", &c. 

tis y= m x m— 18"—, &c. And taking the Fluents, ’tis y == « 

mx m — 1a"—*x, &c. and therefore y — + « m x O ary, δες. 
2 


2 


j—2 


Again, becaufe it is J == m x m — 12 ", taking the Fluxions it 








---- p—2 


will be y == m — 1xm—2y "—mxm-—ixm--2y " 








and becaufe y= a", &c. 'tis y — m x m — 1 x n— 24"7?, &c. 
And taking the Fluents, 'tis y == + m x n — 1 x m—2a"—ix, &c. 





? m— 1 za m—) 
y moo Hx —— x m — 20-33, &c. and y a4 5 «m x — 


mM a 2 





x a"—3x3, &c. And fo we might proceed as far as we pleafe, 


if the Law of Continuation had not already been fufficiently ma- 
nifeft. So that we fhall have here a -+ x |” == a" m ma'x -4- 


m-—I T 5 -——1 m — 2 — — 2 
Hox -——a" "xt + mx ——x cde DU cp m x x n X 


WE. 





am—4n4, &c. 


This is a famous Theorem of our Author's, tho’ difcover'd by 
him after a very different manner of Inveftigation, or rather by 
Induction. It is commonly known by the name of his Binomial 
Theorem, becaufe by its affiftance any Binomial, as a -4- x, may 
be raifed to any Power at pleafure, or any Root of it may be cx- 
tracted. And it is obvious, that when m is interpreted by any in- 
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teger affirmative Number, the Series will break off, and become 
finite, at a number of Terms denominated by #. But in all other 
cafes it will be an infinite Series, which will converge when x is 
lefs than a. 

Indeed it can hardly be faid, that this, or any other that is de- 
rived from the Method of Fluxions, is a ftri& Inveftigation of this 
Theorem. Becaufe that Method itfelf is originally derived from the 
Method of raifing Powers, at leaft integral Powers, and previoufly 
fuppofes the knowledge of the Unciæ, or the numeral Coefficients. 
However it may anfwer the intention, of being a proper Example 
of this Method of Extraction, which is all that is neceffary here. 

There is another Theorem for this purpofe, which I found many 
years ago, and then communicated it to my ingenious Friend Mr. 
4. de Moivre, who liked it fo well as to infert it in a Mathematical 
Treatife he was then publifhing. I fhall here give the Reader its 
Inveftigation, in the fame manner it was found. 

Let us fuppofe a -+ x | "== απ +- p, and that a -+ x — 5, and 


therefore == ἆ----τ. Now becaufe 2"==a"-+ p, it will be 
mn 


M mZ ο φ . 
p == mz" == —; where for s” writing its value a"-1- p, we 


. a” 7 3 ma” 5 
fliall have p == -- + 5 . Now if we make p == —— -- 4, it 


33 
ma x 


. . mp Y ` 3 
of p, we fhall have g = —- + Z2 ; where if for p we write its 








m m 
. " . ma x m*a x mg T 
value as above, it will beg = —- + τς d- z,org—mx 
m n» 
e ax ma "n 1 a x2 
Moet x= ΕΓ  ; make g= m x ΞΕ x => +r; therefore 
mn m 


. ree ax a x? ο 3 
(== MXMA IX uL —mxm+ 1 X = -- or. From which 





a χα "mg 


two values of g we fhall have zx == 11 x m-+ 1x T m + >. And 


9 ο. Fe A ο . =e m -2 
for q fubftituting its value, it will be 7 == m x m 4- 1x = -- 


m+ a ya mr ο 
μος. ORI 


x3 








Λι m2. Ayn mr 
X ο ^5 n^ zi RC 

a x3 
Make ;--- n x 





21 1 m z 
2 3 


-- s; then, &c, So that we 
fhall 


στ 
^v 
^9 
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—— y . m-t- | αχ 
fhall have a -+ x | "^ = a” +e mx A mx. mU M Χ 
m 
m +1 aT: a” x3 &c. 


2 *7.3 "apa 

Now this Series will ftop of its own accord, at a finite number 
of Terms, when is any integer and negative Number ; that is, 
when the Reciprocal of any Power of a Binomial is to be found. 
But in all other cafes we fhall have an infinite converging Series for 
the Power or Root required, which will always converge when a 
and x have the fame Sign; becaufe the Root of the Scale, or the 


ο 9 ο x 9 ο e 
converging quantity, is —— > which is always lefs than Unity. 
By comparing thefe two Series together, or by collecting from 





—— n m 
. a x| -2« 
each the common quantity xo asd rl , we {hall have the two 




















na x 
. . I m— l x 298 -—1 τσ x? 1 
equivalent Series ^ 4- —— x = +- ——*x τ τ, &c. = τα 
m 4-1 ; I x? 
m Ed LU cp M Ρα. , &c. from whence we 
3 atx |? 2 3 αΗ-κ}|3 


might derive an infinite number of Numeral Converging Series, not 
inelegant, which would be proper to explain and illuftrate the na- 
ture of Convergency in general, as has been attempted in the for- 
mer part of this work. For if we affüme fuch a value of m as 
will make either of the Series become finite, the other Series will 
exhibit the quantity that arifes by an Approximation ad infinitum. 
And then æ and x may be afterwards determined at pleafure. 

As another Example of this Method, we fhal! fhew (according 
to promife) how to derive Mr. de Morvre's elegant Theorem ; for 
raifing an Infinitinomial to any indeterminate Power, or for extract- 
ing any Root of the fame. The way how it was derived from the 
abítract confideration of the nature and genefis of Powers, (which 
indeed is the only legitimate method of Inveftigation in the prefent 
cafe) and the Law of Continuation, have been long ago communi- 
cated and demonttrated by the Author, in the Philofophical Tranf- 
actions, N° 230. Yet for the dignity of the Problem, and the bet- 
ter to illuftrate the prefent Method of Extraction of Roots, I fhall 
deduce it here as follows. 

Let us affume the Equation u + 62 -4- ez? + dz? + ez, &c. |” 
= y, where the value of y is to be found by an infinite Series, of 
which the firft Term is already known to be a”, or it is y == a”, 
&c. Make v= a 4- bz + cz? --- dz + ezt, &c. and putting 
% = 1, and taking the Fluxions, we fhall have o zm ὁ + 265 + 

3dz* 
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9455 + 4ez3, &c. Then becaufe y — «v, it is y == vu", where 
if we make v == a, &c. and 9 == 4, &c. we fhall have y == 


ma"—"h, δες, and taking the Fluents, it will be y —« ma "—"bz,, 
&c. 


For another Operation, becaufe ý == muv"—"', it is y =— me"? 
+m xm— iiu”, And becaufe v = ας -+ bdz -+ 12ez*, &c. for 
v, Ὁ, and v fubftituting their values a, &c. 2, &c. and 20, &c. refpec- 
tively, we fhall have } τ-- 2/16” - m x n — 15^a"—*, &c. and 
taking the Fluents ý == κ 272a" z 4- m x m — 16+a"-*2, &c. and 
taking the Fluents again, y == « « mca” z? 4- mx --- 
&c. 


For another Operation, becaufe y — nU"! be MAM — IVV", 














bran? g3 





"tis y —— MVV -- 4mx m — v" 9U--7HXH — ț LXM 2" 33, 
And becaufe v == 6d 4- 24ez, &c. for v, Ὁ, v, v, fubftituting a, 


&c. b, &c. 2c, &c. 6d, &c. we fhall have y= 6mda"-! +- 6m x 
m — ibca"— -- m κ m— 1x m— 2b3a"-3, &c. And taking the 


ALES 


Fluents it will be y = « 6mda"—"'z + 6m x m — 1δοα” τοι 4+- m x 


—»— - 


m — xn — 2054"77:z, το, ý= κ κ 39dan-i25-41- 3m xm — 15cg"— 2 





7 —1 NCC IAEA 
- f x —— X m — 2535732, δις. and y = s x « midav-i23 + m x 


m-——2 





22 —21 Nm | 
—— canas “++ "x — x 





b3aq"—3z5, &c. And fo on zz in- 
finitum. We fhall therefore have a- bz- cz +- dz -4- ez, &c. |------ 
( Jz—)an--ma?— bz x — Q7 —^ A y 29 χ---κ τα" x23 Fe, 
-]-- ma"—'¢ -- 71 x anb 
-ma'd 
And if the whole be multiply’d by z”, and continued to a due 
length, it will have the form of Mr. de Motvre’s Theorem. 

The Roots of all Algebraical or Fluential Equations may be ex- 
tracted by this Method. For an Example let us take the Cubick 
Equation 93 + axy --a*y — x3 — 24ΞΞ--ο, fo often before refolved, 
in which y == a, &c. Then taking the Fluxions, and making 
x == I, we fhall have 3yy* + ay + αλ) + a*y— 3x* =o. Here 
if for y we fubftitute a, &c. we fhall have 4425 -+ a* + axy — 3x*, 


|o a? A 5x2, Ee, — a2 i 
&c. == 0, Or y == A Dm = Ye? &c. =F) &c. And 


taking the Fluents, y == + — +x, &c. Then taking the Fluxions 
1 again 
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again of the lat Equation, we fhall have 3yy* + 6/3) -1- caa axy 


-Hat 3 — 6x = ο. Where if we make y — a, &c. and y == — 4, 
&c, we fhall have y= ΠΗ E ος z , &c. and therefore 


J= Έτ, &c. and y= * « + ὃς, ,&c. Again, ayy" -- 185 
το ie oe E Make y= a, δις. y= 








, &c. and y— — , &c. then y = BEES Α &c. == 

ae , &c. and cheretore y= * is , &c. j =x Ta , &c. 
ες " s vot 

and ionem * κα TUE &c. Again, 337^ -I- 245 4- 183*y + 36) i 


+ 44) --- αχ) -- a*y zm ο. Make y z— a, δες. ἡ == — 1, Ky = 











= Bh, 2arvy-b 18y*v -- 361^ A Δαν 
T , &c. and y — - &c. then y = — oe = 
1527X ERR 1527x* 
iu &c. and ye; 204843? τ * * 409623? &c y = me 
ο 4 
D &c.and yz. « «x Tm »&c. And fo on as far as we pleafe. 
131x3 509x4 
Therefore the Root is y =a —4x + — — um D ibas be. 


The Series for the Root, when found by this Method, muft al- 
ways have its Powers afcending ; but if we defire likewife to find 
a Series with defcending Powers, it may be done by this eafy arti- 
fice. Asin the prefent Equation 25 H οκ) + a* y — x5 — 243 ο, 
we may conceive x to be a conftant quantity, and a to be a flowing 
quantity ; or rather, to prevent a confufion of Ideas, we may change 
a into x, and x into a, and then the Equation will be γ’ --- axy +- 
xiy — ai — 2x3 == 0. In this we fhall have y==a, δίς, and ta- 
king the Fluxions, 'tis 35y* -+ ay -+ axy ++ 2xy --- x*y — 6x* == 0, 


oj put But becaufe y =a, &c. "tis j= , &c. 
z— 4, &c.and therefore y——4 — 1x,&c. Again taking the Fluxions 
tis 3) --- Oy*y -+ 2ay + axy -+ 2) -- 4xy -- x*y — 12x == 0, Or 
j= DO posuer. OF ges Or ma- 
king y == a, &c. and j = — +, &c. "tis y == E , &c. 
=F, > δες. and ý = — xo &c. and y= s s — το) &c. 


Again it is 27 -- 18yjy 4- 6 x 34 -- axy 4- 6y + Oxy + xiy 
Sf — i2 
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5. es νοκ Spt fee tes ο. d ` 
we 12 = 0, Or y = ος Be, == (by making 


y == a, &c. y = — > &c. and y = — z gcc.) tte tet, 


E 110 " e 11ος = 
&c, = 24 , &c. Then taking the τ ος ym* Im ἃς, 





y CT ox* &c. and y == = * ok * -- » XC. And (ο on. There- 


2s 2 


fore we fhall have y = a — ix — = ssx° | &c. Or now we 
3 3a δια” 


may again change x into a, and a into x; then it will be y == x 
2 3 
5 2. , &c. for the Root of the given Equation, as 


d ta σπα 3x Six? 9 
was found before, pag. 216, &c. 

Alfo in the Solution of Fluxional Equations, we may proceed in 
the fame manner. As if the given Equation were a*y — a*x + x*y 
= o, (in which, if the Radius of a Circle be reprefented by a, and 
if y be any Arch of the fame, the correfponding Tangent will be 
reprefented by χα) let it be required to extract the Root y out of 
this Equation, or to exprefs it by a Series compofed of the Powers 
of aand x. Make x — 1, then the Equation will be a*y — a? 4- 
x*j—c-0. Here becaufe ý = LA == 1, &c. taking the Fluents 
it wil be y = « x, &c. Then taking the Fluxions of this Equa- 
tion, we fhall have aty + 2xj -- x1y — 0, or y= — pc . But 


becaufe we are to have a conftant quantity for the firt Term of y, 
we may fuppofe y === are = 0, &c, Then taking the Fluents 
tis ý = κο, ἃς, and y == « + o, &c. Then taking the Fluxions 


again, 'tis a*y -+ 2j +- 4X) + x*y = O, OF y == =o . Here 
if for y and 7 we write their values 1, &c. and o, &c. we fhall have 
oe 2 x? 

Uer &c. whence y= — =, δές, ym y— = &c. 


x3 
and y == s * *— mo Gc Taking the Fluxions again, ᾿Ὦ5 . 
" m ος» ; s A 55 —6—6 
ary -- by + bxy --x*y ΞΟ, or y == πάπας ==, κο, There- 


fore y — , ο, &c. πε. Doer πας py me 


ο, δὺς, Again, a^y -- 12) -p Bay + x*j o, or j = sen 


utem 
mage 
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me 24 oe 24. A e 12%? o 
= 4+- 5, &e Then y == * + Z , ο, y= a et σε» Ὡς, 
E 4x3 Ld * x4 Re ( an . 
a OR Ke Sa KC y se ox ox κ -ἷ- =» ke. and y— se 


as 


6 4 5 6 
-I- τα 9 &c. Again, a*y -i- 20y -- IOXy -- xw = 0, whence τς 


NS. A. 7 
* ee ox ox x O, KC. Again, aty --- 30) --- 121) -+ aty πο, Or 7 


5 6 6 
--3ού — 12. — —6 & σας 245399 οκ. 
pU = — go x 24475 Ke. Then j s — 4, &e. 
5 4 EN 
- 12 X 30x% ; 4 X 30x3 


6x5 x6 


jor ς 3 στι. xé 

πο σον KC y mao xo xo ROG ἃς, θε κκ κ ντα» 
x? 

&c. and y = + + « « x æ — To, ἃς, And fo on. So that we 


have here ντ κ x -+ ολ" — = -I- ox* -1- - , &c. that is, y =m 
fx3 xs x? 
X — 3a -l- σα 7 Sa6 5 &c. 
This Example is only to fhew the univerfality of this Method, 
and how we are to proceed in other like cafes ; for as to the Equa- 


tion itfelf, it might have been refolved much more fimply and ex- 
peditioufly, in the following manner. Becaufe ==>"; > by 


TM τ ‘ : x? x4 x6 x8 

Divifion it will be 7 == 1 — 2 77 πε m» &c. And ta- 
š x8 x5 x1 x? 

king the Fluents, y — x — nci ry a ταέ --- gas » &c. 


In the fame Equation a*j — o*x + x*y == o, if it were requir'd 
to exprefs x by », (the Tangent by the Arch,) or if x were made 
the Relate, and y the Correlate, we might proceed thus. Make 
y == 1, then a? — ax x* == 0, or X m— 1 -- τς I, &c. 

2x» 


Then x — « y, ὅτε. And taking the Fluxions, 'tis x= 4 = 


2 2x . 
=, &. ---ο-- =, &c whence X == ο, &c, and x= + « O, 


.&c. So that the Terms of this Series will be alternately deficient, 
and therefore we need not compute them. Taking the Fluxions 


E iie 2x* 2xx 2 s 2y 
again, “tis x == => -+ — == ,&c. Therefore x == κ =, &c. 
. y? 5 y go Ἐξ 6:χ 2xx 
Xm. κ τι, &c.andxom x « « Li ὅς, Again, xz —7 -- zr" 


Sf2 and 
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ς m : Kore 54 
5 η 6x* - δες 2xx TEL 
and again, x — —= +a + =. Subfütuting 1, δες, and ^ - 
&c for E d p d f & ο RN . 3 
: x, and alfo ο, &c. for x and x, it will be x — 
16 


6 δες Lo. ας tee RI 

d whence x — + στο &c xc, xoa. 
Y ο 4 

μαίας &c. x ----- ae ——— . | 213 


6 eo ee $3 5 ee 95 
9 : ; a : 7 2 σας 25 6 
Again, xz SEE CUIU US and again, a= mee eee es 
a 


WS 5 an ; 2 16 
Here for x, x, and x writing 1, &c. =, &c. and — , &c. re- 


5 ὁ 2 7 3 
fpeüively, 'tis x = 576 δες. == Z, &e CThenxcs 








ας 26 : 
272y 5 I 36,2 4 1 3653 i 
"a6? &c. XE ae o &c. «παει ae P &c. XOT κ «και 
307 : 3417 , 176 
346 2 &c. Komen eee πεν RC Kee κακο» Ic. and 
2 1757 e. ET 53 217 
CSE eee RR dero &c. That is, ο A ag πο εν 
17)” 
31 sa$ ? &c. 


For another Example, let us take the Equation aty? — x22 — 
a*x* == ο, (in which, if the Radius of a Circle be denoted by a, 
and if y be any Arch of the fame, then the correfponding right Sine 
will be denoted by x;) from which we are to extract the Root y. 
Make ž==1, then it will be σού». xt} = a*, or j^ == ------- 


T 1, &c. or 21, &c. and therefore y= + x, &c. Taking 
the Fluxions we fhall have 2403) — 2xy* — 2x*jy—0, OF a*y— 


Xj — x*y == 0, OF y — = = = ==0, &c. And taking the Fluxions 





5 ο 
S. ee oe 


ο ο . A J- x, 3 . - 
again, 15 αφ. — y — 3Xy — x* y. — O, or 7 = = 7 &c. 


a — %2 


ps x Ξ : x2 x? 
Therefore }Ξ « 7, &c. j == + + — , &c. and y e s ee cz» 


5 ag oe 55 5 9e 
êc. Then ey — 4y — sxy — x*y = o, and again a*y — 9y — 


ea 


" ς ς ee 55 
7X) ---α3Ξξ-ο, OF 7 == LEII --- 3; &e --- 2 , &c. There- 


a? — x? a? 3. 


2 9x »9 a. 3x3 SNR 
fore y s ὃς, δις, yum. 27, Kc, ymmo e D, δίς, 7 


^9» p. 
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1.4 3x5 : 
eae LA &c. and y — eee TOD &c. Taking the 


6 tt 5 κ 7 
lluxions again, 'tis 4*y — 16y — 9xy — x*y = 9, and again, a*y 
5 





5 6 7 7 265Υ -|- ray : 

x n em. s Lee UP ο ο ; 
— 24y — IIxy — x*y == O, Opec as es &c, == 
429 &e Therefore jae Dude Oe. jmm.. BAR & 
2659 . ererore y == +t TA rdc ορ ως. XC. 
4 ο» a 
qum 25X3.. 257.3 τ 
ος) &c. yon οσο X5 &c. γ---ν να... 
eet’, Ke. y == ee we * τρ; &c. and y == «vexed 
ex? x? 3x5 gx? 
11246 ? &c. Or JS Nr 6a? + 4044 11246? &c. 


Arch,) put y = 1, then a? — x? — ati? == O, or Αν — 1 — 

x? ; - . 

-.» and therefore x==1, ἃς. and x == «y, ἃς, Taking the 
e 7° 9 en τρ x 

Fluxions 'tis — 2Xx — 2a*xx== 0, orx-—— = =o, &c. 

Therefore x == x 0, ἃς. x = κο, &c. Taking the Fluxions 


EE ae = t sae X 
again, "tis x = — — Lm—— = ,&c. Thence x == x — =, &c. 


ον x S g DNE Zs 
Xm «ao, Ke. and x= a x &— 55 &c. Again, a pr 











5 τ 1 = e?» 
and x —— Ž = + — , &c. Therefore x = « 2 |, &c. χ-- 
a? “4? a4 ? mm 
a2 i 33 ; Jt 
* 4 — C — ate, " : y 
Lo ὅς, x cee δι» ὅς. X tres σας ο UC and x 
P , 6 E 7 i 
IZ ess skk ayy» xe. Again, x z—— 7, and Χ πο -- pri 
1 h ΄ 6 y 5 y* 
= — 2, €c Therefore x = s — αι, x LÍ. nibo. 


&c. Xm te ε --- 





5.» 4 ee 
XC x = te.. fom za oj. κ eae ED 





646 
5 . € 
12046 ? δις. Homes ese S, &c. and L= een eens 
LS bid 27 y! 
1 . C xm — 
ποπ &c. And therefore x =y — ἐπ + τς a? 
&c. 


If it were required to extract the Root y out of this Equation, 
Dy? ——xty* fe 213)" mem m^a* === O, (where x Ξξ 1,) we might pro- 
ce g 
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ma? — 21393 


ceed thus. Becaufe γ'--- ——— == gm, δες, ’tis yo=m, δες, 


and y= « mx, &c, Taking the Fluxions, we fhall have 2atyy — 
2xj* — 2x*yy ---2m*yy == 0, or a*y — Xy — x*y +- 103} z— 0, OF 


y = ar =o, ὃς, Therefore taking the Fluxions again, 'tis - 





ary = 3X) = xy -++ m*y—== o, that is, aty -L- m —1i1xy— 


Xy — X*y == 0, or y LLLI and making ý == 7m, &c. 


a“ x* 


ERE E 
NX i — m~ 


$ τ ne eo 5 x p— m* : A mcm 
tis yc ———— , Gc. and therefore y == « σταρ δν &c. y = 


KY am z ER : 1 
κ κ ------α', &c. and πα κα X5 &c. Taking the 


2X 3a* 


Fluxions again, 'tis aty 4- m? — 4 x y — sxy — x*y ==0; and again, 


5 — —M——m ruo $e 5 5 ed 59 se 
2 4j b -- m aA) cu 22 A) ms πας — m’ x + Ίαν 
ary -}-- 1} 9 XJ — 7X) — Y= OO, OF Yan PLS --- 


e 
ον 


3 mu REY 
» &c. Therefore yz » TL Óx, &c y 


Ld e 
mxi—m*'xog— m^ 
honc — — €——— À—:. 


at at 
— m* ΧΟ — m? & : mx i — m? x o— m? 
» X I 23 
ου 42 i 3 
ν Φ pr— EE OLED | 
Se eo eg ον 9 C —— k ck ok ΣΕΤ X 3 &c. 


* 27 1 — 27 πας τ X1——z(t'^*X0-—» 
στ κ κε E À——À X4, &c. and J4 xxx : 








eee’ $ 
2X3X 4a4 2X5X4X5a4 χ᾽, 
&c. And fo on. Therefore we fhall have y == mx + mx 
Im, 1 — m? Q— mn? 1— m? 9—»n* 2ç— m?’ 
2 72 racc dE $ ppc p, UO HT — m—— 49} 
fui -4 mx "m Ν peas -H mx 2x3 axe Soron 
.&c. 


This Series is equivalent to a Theorem of our Author's, which (in 
another place) he gives us for Angular Sections, For if x be the 
Sine of any given Arch, to Radius æ; then will y be the Sine of an- 
„other Arch, which is to the firft Arch in the given Ratio of » to 
1, Here if m be any odd Number, the Series will become finite ; 
and in other cafes it will be a .converging Series. 

And thefe Examples may be fufficient to explain this Method of 
Extraction of Roots; which, tho’ it carries its own Demonftration 
along with it, yet for greater evidence may be thus farther illuftrated. 
In Equations whofe Roots (for example) may be reprefented by the 
general Series y = A -+ Bx + Cx* + Dos, &c. (which by due Re- 
duction may be all Equations whatever,) the firft Term A of the 
Root will be a given quantity, or perhaps == o, which is to be 
known from the circumftances of the Queftion, or from the given 

Equation, 
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Equation, by Methods that have been abi dantly explain'd already. 
Then making x= 1, we fhall have have y == B + 2Cx + 3D», 
&c. where B likewife is a conftant quantity, or perhaps == ο, and 
reprefents the firft Term of the Series y. This therefore is to be 
derived from the firft Fluxional Equation, either given or elfe to 
be found ; and then, becaufe it is y — B, ὅτε, by taking the Fluents 
it will be y = « Bx, &c. whence the fecond Term of the Root 
will be known. Then becaufe it is y = 2C + 6D», &c. or becaufe 
the conítant quantity 2C will reprefent the firft Term of y; this is 
to be derived from the fecond Fluxional Equation, either given or 
to be found. And then, becaufe it is y = 2C, δες, by taking the 
Cluents it will be y — + 2Cx, &c. and again y — æ « Cx*, δες. by 
which the third Term of the Root will be known. Then becauíc 


it is y —.6D, &c. or becaufe the conftant quantity 6D wiil repre- 
fent the firft Term of the Series y ; this is to be derived from the 


third Fluxional Equation. And then, becaufe it is y = 6D, δες, 
by taking the Fluents it will be y — 6Dx, &c. ý = + κ 3Dx*}- 
&c. and y == κ κ Dx*, &c. by which the fourth Term of the 
Root will be known. And fo for all the fubfequent Terms. And ` 
hence it will not be difficult to obferve the compofition of the Co-- 
efficients in moft cafes, and thereby difcover the Law of Continua- - 
tion, in fuch Series as are notable and of general ufe. 

If you fhould defire to know how the foregoing Trigonometri- - 
cal Equations are derived from the Circle, it may be fhewn thus : on 
the Center A, with Radius AB == a, let the Quadrantal Arch BC be 
defcribed, and draw the Radius AC. Draw the Tangent BK, and 
through any point of the Circum- 
ference D, draw the Secant ADK, CF 
meeting the Tangentin K. Atany 
other point d of the Circumference, , 
but as near to D as may be, draw 
the Secant Adk, meeting BK in ά ; on 
Center A, with Radius AK, defcribe 
the Arch Κ/ meeting Ak in A 
Then fuppofing the point 4 con- 
tinually to approach towards D, till AW 
it finally ccincides with it, the Tri- ^ 
lincum Kė will continually approach to a right-lined. Triangle, 
and to fimilitude with the Triangle ABK : So that when Dd is a 

Moment 





e 5 
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: : . K4 Ke K? AK 
Moment of the Circumference, it will be 57 — g x g == ap 
K 


x A Make AB == a, the Tangent BK — x, and the Arch 
BD — y; and inftead of the Moments Kk and Dd, fubftitute the 
proportional Fluxions x and y, and it will be = E +z , Or ary 
-- ty as atx == O. 

From D to AB and 4e let fall the Perpendiculars DE and Deg, 
which Dg meets de, parallel to DE, in g. Then the ultimate form 
of the Trilineum Dag will be that of a right-lined Triangle fimi- 
lar to DAE. Whence Dd: dg :: AD : AE = V AD4 — Dt. 
Make AD = a, BD ==y, and DE == x; and for the Moments 
Dd, dg, fubftitute their proportional Fluxions y and x, and it will 
bey: xt: a: atx Or yt : x* τι a* 1 ai x^, Or a*y* 
ma XY? — AIX? —— O, 

Hence the Fluxion of an Arch, whofe right Sine is x, being 


ax 


exprefs'd by vem and likewife the Fluxion of an Arch, whofe 

right Sine is y, being exprefs'd by TES if thefe Arches are to 

each other as 1 tom, their Fluxions will be in the fame proportion, 
ay mx 


» 4 ax e A 
and vice verså. ‘Therefore 7——— : Tea liom, Οἱ Fae 











= C= E os =a , OF putting x == I, 'tis a*y* — 
x29? — m*a* -4- m*y* == 0 ; the fame Equation as before refolved. 

We might derive other Fluxional Equations, of a like nature with 
thefe, which would be accommodated to Trigonometrical ufes. As 
if y were the Circular Arch, and x its verfed Sine, we fhould have 
the Equation 2axy* — x*y^ — a*x* — 0. Or if y were the Arch, 
and x the correfponding Secant, it would be x+y? — a*x*y* — atăt 
Ξ-Ξο. Or inftead of the natural, we might derive Equations for 
the artificial Sines, Tangents, Secants, &c. But I hall leave thefe 
Difquifitions, and many fuch others that might be propofed, to ex- 
ercife the Induftry and Sagacity of the Learner. 


SECT, 
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‘Seer. VI. An Analytical Appendix, explaining fome 
Terms and Expreffions in the foregoing work. 


Ecaufe mention has been frequently made of given Equations, 
B and others a/fuzied ad libitum, and the like; 1 fhall take oc- 
cation from hence, by way of Appendix, to attempt fome kind of 
explanation of this Mathematical Language, or of the Terms given, 
affign'd, affumed, and required Quantities or Equations, which may 
give light to fome things that may otherwife feem obfcure, and 
may remove fome doubts and fcruples, which are apt to arife in 
the Mind of a Learner. Now the origin of fuch kind of Expreflions 
in all prcbability feems to be this. The whole affair of purfuing 
Mathematical Inquiries, or of refolving Problems, is fuppofed (tho' 
tacitely) to be tranfacted between two Perfons, or Parties, the Pro- 
pofer and the Refolver of tke Problem, or (if you pleafe) between the 
Mafter (or Inftructor) and his Scholar. Hence this, and fuch like 
Phrafes, datam recfam, vel datum angulum, in imperatd ratione fè- 
„care. As Examples inftruct better than Precepts, or perhaps when 
both are join'd together they inftru& beft, the Mafter is fuppos’d to. 
propofe a Queftion or Problem to his Scholar, and to chufe fuch 
'T'erms and Conditions as he thinks fit; and the Scholar is obliged. 
to folve the Problem with thofe limitations and reftrictions, with 
thofe Terms and Conditions, and no other. Indeed it is required 
on the part of the Mafter, that the Conditions he propofes may be 
confiftent with one another; for if they involve any inconfiftency 
or contradiction, the Problem will be unfair, or will become ab- 
furd and impoffible, as the Solution will afterwards difcover. Now 
thefe Conditions, thefe Points, Lines, Angles, Numbers, Equations, 
Cc, that at firft enter the ftate of the Queftion, or are fuppofed to 
be chofen or given by the Mafter, are the data of the Problem, and 
the Anfwers he expects to receive are the quz/ita. As it may fometimes 
happen, that the data may be more than are neceffary for determining 
the Queftion, and fo perhaps may interfere with one another, and the 
Problem (as now propofed) may become impoffible ; fo they may be 
fewer than are neceffary, and the Problem thence will be indetermin'd, 
and may require other Conditions to be given, in order to a compleat De- 
termination, or perfectly to fulfil the guæfita. In this cafe the Scholar is 
to fupply what is wanting, and at his difcretion may afume fuch and fo 
many other Terms and Conditions, Equationsand Limitations, as he e 

Tt Wi 
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will be neceffary to his purpofe, and will beft conduce to the fim- 
pleft, the eafieft, and neateft Solution that may be had, and yet in 
the moft general manner. For it is convenient the Problem fhouid 
be propafed as particular as may be, the better to fix the Imagina- 
tion; and. yet the Solution fhould be made as general as poffible, 
that it may be the more inftructive, and extend to all cafes of a 
like nature. 

Indeed the word datum is often ufed in a fenfe which is fome- 
thing different from this, but which ultimately centers in it. As 
that is call'd a datum, when one quantity is not immediately given, 
but however is neceff.rily infer'd from another, which other perhaps 
is neceffarily infer'd from a third, and fo on in a continued Series, 
till it is neceffarily infer'd from a quantity, which is known or given 
in the fenfe before explain'd. This is the Notion of Euclid’s data,, 
and other Analytical Argumentations of that kind. Again, that is 
often call'd a given quantity, which always remains conftant and in- 
variable, while other quantities or circumítances vary ;. becaufe fuch 
as thefe only can be the given quantities in a Problem, when taken 
in the foregoing fenfe. 

To make all this the more fénfible and intelligible, I fhall have. 
recourfe to a few practical inftances, by way of Dialogue, (which. 
was the old didactic method,) between Mafter and Scholar; and. 
this only in the common Algebra or Analyticks, in which I fhall 
borrow my Examples from our Author's admirable Treatife of 
Univerfal Arithmetick. The chief artifice of this manner of Solu- 
tion will confift in this, that as faft as the Mafter propofes. the Con- 
ditions of his Queftion, the Scholar applies thofe Conditions to. 
ufe, argues from them Analytically, makes all the neceffary deduc- 
tions, and derives fuch confequences from them, in the fame order 
they are propofed, as he apprehends will be moft fubfervient to the 
Solution. And he that can do this.in all cafes, after the fureft, fim-. 
plet, and readieft manner, will be the beft ex-tempore Mathemati- 
cian. But this method will be beft explain'd from the following 
Examples. 

I. M. A Gentleman being willing to diftribute Alms--- S. Let 
the Sum he intended to diftribute be reprefented by x. M. Among 


Jime poor people. S. Let the number of poor be y, then 5 would 
have been the fhareof cach. M. He wanted 3 fhillings--- S. Make 
3 == a, for the fake of univerfality, and let the pecuniary Unit be 


one Shilling ; then the Sum to be diftributed would have been x -+ 4, 
and 
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and the fiare of each would have been zte, M. So that each 


might receive 5 fbillings. S. Make 5==4, then zte 4, whence 


x == by— a. M. Therefore be gave every one 4 fillings. S. Make 
4 =c, then the Money diftributed will be cy. M. And he bas 10 
Shillings remaining. 5. Make 1o==d, then cy -I- d was the Money 
he intended at firt to diftribute; or cy -p d == (x ==) ^y — a, or 


ct! M. What was the number of poor people? S. The 


b= * 
number was y — ote ως e 3. M. And bow much Alms 





J =E 


II. M. 4 young Merchant, at bis firft entrance npon bufinefi, began 
the World with a certain Sum of Money. S. Let that Sum be x, the 
pecuniary Unit being one Pound. M. Out of which, to maintain 
himfelf the firft year, he expended 100 pounds. S. Make the given 
number 100o == ώς then he had to trade with x — a. M. He 
traded with the ref, and at the end of the year bad improved it by a 
third part. 5. For univerfality-fake I will affume the general num- 
ber z, and will make 4 == # — 1, (or z = 4 ;) then the Improve- 
ment was 2 — I X X — 4 == nx — ra —x -+ a, and the Trading- 
{tock and Improvement together, at the end of the firft year, was 
nx— na. M. He did the fame thing the fecond year. S. That is, 
his whole.Stock being now nx — na, deducting 2, his Expences for 
this year, he would have zx — na — a for a Trading-ftock, and 
H— I X3x — Nd — A, Οἵ 1x — na — nx a for this year's Im- 
provement, which together make z*x — nta — na for his Eftate at 
the end of the fecond year. M. As alf tbe third year. S. His 
whole Stock being now 4*x — n*a — na, taking out his Expences 
for the third year, his Trading-ftock will be n*x — n*a— na — a, 
and the Improvement this year will be 2 — 1 x zx — ma — na— a, 
or 7x — ma ---- Π.Χ + a, and the Stock and Improvement together, 
or his whole Eftate at the end of the third year will be mx — ma 


e y? — ο 
— ŻA -—mna, or ina better form nix -4- — na. In like manner 
ges cod 


T 2 if 
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if he proceeded thus the fourth year, his Eftate being now sx —. 
ma — mà — na, taking out this year’s Expence, his Trading-ftock 
will be zx — λα — a — na — a, and this year's Improvement is. 
H —Ixnx-—ia-—.ma-—-.ni—d, OF Nx-—n*a — mx --- ὦ, 
which added to his Trading-ítock will be mix — nta — ma — ma 
— Πάν Or nix -4- na, for his Eftate at the end of the fourth 


year. And fo, by Indu&ion, his Eftate will be found zx -+ ana 
at the end of the fifth year. And univerfally, if I affume the ge- 


neral Number m, his Eftate will be ;”χ +. ne at the end of 
any number of years denoted by 1. M. But be made bis Eftate - 


double to what it was at firf. S. Make 2 zm, then n™% -+ 


m 
% wm I 





amm ] 








A s 
na == bx, or x = = -——n&. M. At the end of 3 years. 


nn — 1 Xz [sl 


5. Then m==3, ¢== 100, 6==2, 1 —— $, and therefore. x ==.. 





1 --- 








8 3 


400 == 1480. M. What was bis Eflate at firft? S. It was-1480 
ounds. 
j HI. M. Two Bodies A and B are at a given diflance from. each 
other. 5. As their diftance is faid to be given, though it is not fo. 
actually, I may therefore affume it. Let the initial diftance of the 
Bodies be 59 ==e, and let the Linear Unit be one Mile. M. And. 
move equably towards one another.. S. Let x reprefent the whole 
fpace defcribed by 4 before they meet ; then will e — x. be the 
whole fpace defcribed by B. M. With given Velocities. S. I will 
affume the Velocity of 4 to be fuch, that it will move 7 == c Miles 
in 2 == f Hours, the Unit of Time being one Hour.. Then be- 


caufe it isc: fii: x D , 44 will move his whole fpace x in the. 


time = . Alfo I will affume the Velocity of B to be fuch, that it. 


will move 8 — d Miles in 3 ==g Hours. Then becaufe it is d : 


Siem x: g, B will move his whole fpace e— x in the time 


τς. Μ. But A moves a given time --- S. Let that time be 


1== b Hour. M. Before B begins to move. S. Then 45 time is 
equal to B’s time added to the time 4, or E = >, -. ὁ. 


M, » 


“ 
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M. Where will they meet, or what will be the fpace that each will 


bave defcribed? S. From this Equation we fhall have «== Ἐς ο 
ες GI a x 7 = ES <7 = 6x7 == E Miles, which will 
be the whole fpace defcribed by 4. Then e—x = 59 — 35 = 
24 Miles will be the whole fpace defcribed by B. 

: IV. M. 11ο Oxen can be maintained by the Pafure of 33 Acres 
of Meadow-ground for 4 weeks, S. Make 12 =a, 35 = b, 4c; 
then afluming the general Numbers e, f, 5, to be determin’d after-- 
wards as occafion fhall require, we fhall have by analogy | 


Oxen Pafture Time 

If my) 4 f à) fc 
Thent e ae be c 
Alo |5 | e c 
And E 7 a require4 p $during¢ | 

S 

O | ace 
Alfo | Βν | e f 

Q ace 


MI, Aid if, becaufe of the continual growth of the Graf after: the 
four weeks, it be found that 21 Oxen can be maintain’d by the 
pafiure of ιο fuch Acres for 9 weeks, S. Make 21 =d, e==10, 
f= 9; then becaufe on this fuppofition, the Oxen 4 require the 


ace 


pafture e during the time f; and in the former cafe the Oxen 77. 


required the fame pafture during the fame time: Therefore the 
growth of the Grafs of the quantity of pafture e, (commencing 
after 4 or c weeks, and continuing to the end of the Time f, or 
during the whole time f—c,) is fuch, as alone was fufficient {ο΄ 


maintain the difference of the Oxen, or the number d — 5 , for 
the whole time f. Then reciprocally that growth would be futti- 


a 


cient to maintain the number of Oxen d/— ^7 for the time 1, 
af ace 


or the number of Oxen z στ for the time 4. And becaufe 


this growth will be proportional to the time, and will maintain a 
greater number of Oxen in proportion as the time is greater; we 
fhall. have 


Time 
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Time Oxen Time Oxen 
df ace b—c. df ace 
f-—t. Στ Ῥὂ--ε. "πος --ᾱ, 


which will be the number of Oxen that may be maintain'd by the 
growth only of the pafture e, during the whole time b But it 
was found before, that without this growth of the Grafs, the Oxen 


«ace 


zg might be maintain’d by the pafture e for the time $ There- 


fore thefe two together, or 77 -+ = x T , will be the num- 


ber of Oxen that may be maintain'd by the pafture e, and its growth 
together, during the time 4. M. How many Oxen may be main- 
tain'd by 24 Acres of fuch pafture for 18 weeks? S. Suppofe x to 


be that number of Oxen, and make 24 = g, and b== 18. Then 
by analogy 














Oxen Pafture 
If x Cg 
Then eX e require 4 “6 è during the time 4. 
And |- e 
& 
ex ace b—c bdf — ace eg b—e 
And.confequently zc RR πο ES = 
d/g ag ac he df ac « g 12 X4 18 — 4 
"as bh ag πο πο dio 27 ^78 gm A 
—í ση ps into σε = 36. 
κ a 
© V. M. ΙΙ have an Anmity--- S. Let x be the prefent value 


of 1 pound to be received 1 year hence, then (by analogy) x* will 
be the prefent value of 1 pound to be received 2 years hence, &c. 
and in general, x^ will be the prefent value of x pound to be re- 
ceived m years hence. "Therefore, in the cafe of an Annuity, the 
Series x -h x* +4 x3 + x*, &c. to be continued to fo many Terms 
as there are Units in m, will be the prefent value of the whole 


Annuity of 1 pound, to be continued for m years. But becaufe 
"E n 


--τ-- ---.-|- Χ' --- αὶ + art, ὅτο, continued to fo many "Terms 
as there are Units in 77, (as may appear by Divifion ;) therefore 


x— t) 


------ will reprefent the Amount of an Annuity of 1 pound, 
to be continued for m years. M. Of Pounds. S. Make 


— (2) 
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== a, then the Amount of this Annuity for m years will be 


xu" 





a. M. To be continued for ç years fucceffively. 5. Then 


is 5. M. Which I fell for pounds in ready Money. S. Make 
F--i ee 
— ο, then — 4 == C, or απ--- --.1xx-- - = ος 





In any particular cafe the value of x may be found by the Refolu- 
tion of this affected Equation. M. /Vbat Intereft am I allow d per 
centum per annum? S. Make 100 ==4; then becaufe x is the 
prefent value of 1 pound to be received 1 year hence, or (which 
is the fame thing) becaufe the prefent Money x, if put out to ufe, 
in 1 year will produce 1 pound; the Intereft alone of 1 pound 
for 1 year will be 1 — x, and therefore the Intereft of 100 (or 7) 
pounds for 1 year will be 4 — £x, which will be known when x 
is known. 

And this might be fufficient to fhew the conveniency of this Me- 
thod ; but I fhall farther illuftrate it by one Geometrical Problem; 
which fhall be our Author's rvir. 

VI. M. In the right Line AB I give you the two points A and Β. 
S. Then their diftance AB = m is given alfo. M. As likewife the 
two points C and D out of tbe Line ΑΒ. S. Then confequently the 
figure ACBD is xg. : 
given in mag- g 
nitude and fpe- 
cie; and pro- 
ducing CA and 
CB towards d 
and J, I can 
take AZ—AD, 
and Bå ==BD. 
M. Alf I give 
you tbe indefi- 
nite right Line 
EF ὦ; fofitien, 
paffing thro the G 
given point Ὁ. S. Then the Angles ADE and BDF are given, to which 
(producing AB both ways, if need be, to e and f) Y can make the 
Angles Ade and B4/ equal refpectively, and that will determine the 
points e and f; or the Lines Ae == a, and Bf— c. And becaufe 
de and df are thereby known, I can continue de to G, fo that dG. 
== df, and make the given line eG == ὁ, Likewife I can draw CH 

and. 


. 
Ον 
., * 
oe 
«Se, 
MO GC 
- ae e 
k M 
5 
5 
* 
* 
* 
* 
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and CK parallel to ed and /# refpectively, .meeting AB in H and 
K; and becaufe the Triangle CHK will be given in magnitude and 
fpecie, I will make CK = d, CH =e, and HK == f. M. Now 
let the given Angles CAD and CBD be conceived to revolve about tbe 
given points or Poles A and B. S. Then the Lines AD and CAd 
will move into another fituation AL and cA/, fo as that the Angles 
DAL, dA/, and CAc will beequal. Alfo the Lines BD and CBs will 
obtain a new fituation BL and «Βλ, fo as that the Angles DBL, Baand 
CBe will be equal. M; Znd jet D, the Interfecfion of tbe Lines AD and 
‘BD, ahoays move inthe right Line ΕΕ. S. Then the new point of In- 
terfe&tion L isin EF; then the Triangles DAL and 4A), as alfo DBL 
and 4 Bà, are equal and fimilar ; then d —— DLE = 4», and therefore 
Gl == fa. M. What will be tbe nature of tbe Curve defcribed by tle 
other point of Interfection C? 5. From the new point of Interfection c 
to AB, I will draw the Lines ch and c£, parallel to CH and CK τείρες- 
tively. Then will the Triangle cbk be given in fpecie, though not 
in magnitude, for it will be fimilar to CHK. Alfo the Triangle 
Bek will be fimilar to Baf. And the indefinite Line B&z— x may 
be aflumed for an Abfcifs, and ck== y may be the correfponding 
‘Ordinate to the Curve Ce. Then becaufe it is BA (x) : ck (y) 


: BF (e) : Jà = Z= ΟΙ Subtrad this from Ge= b, and there 
will remain X= ġ— 7. Then becaufe of the fimilar Triangles cbk 


and CHK, it will be CK (4) : CH (e) :: ck (y): ch= 5. And 


CK (d): HK (f) :: ck (y): bk =Ë. Therefore Ab = AB — 


B4 — bk == m— X = A . But it is AJ (m — x — Ê) : ch G es 
70 + dc — ae — bf x xy — demy — bdx* 4-bdnx == ο. In which 
Equation, becaufe the indeterminate quantities x and y arife only 
to two Dimenfions, it fhews that the Curve defcribed by the point 
C is a Conic Section. 

M. You have therefore folved tbe Problem in general, but you fkould 
now apply your Solution to the feveral fpecies of Conic Sections in par- 
ticular, S. That may eafily be done in the following manner : 
Make ne els == 2p, and then the foregoing Equation will be- 
come fey? == 2pcxy — demy --- bdx* -- bdmx == o, and by ex- 

ie tracting 


Ae (a) : de (b — 2) . Therefore mm x— ^P! xb --- = = ο, or 
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trading the Square - root it will be y = bx -+ T + 
ν΄ p ba jdm δά... AX n? $25 Ue e 
pug" τα. XX +p: Now here i is plain, 
that if a Term F ate A x x* were abfent, or if 7 -+ z == 0, or 
I = 7 i that is, if the quantity 7 (changing its fign) fhould 


be equal to Z^, then the Curve would be a Parabola. But if the 
fame Term were prefent, and equal to fome affirmative quantity, 
that is, if E: --ξ be affirmative, (which will always be when 
z is affirmative, or if it be negative and lefs than ff.) the Curve 
will be an Hyperbola. Laftly, if the fame Term were prefent and 
negative, (which can only be when Fi is negative, and greater than 


ca the Curve will be an Ellipfis or a Circle. 


I fhould make an apology to the Reader, for this Digrefiion 
from the Method of Fluxions, if I did not hope it might contribute 
to his entertainment at leaft, if not to his improvement. And I am 
fully convinced by experience, that whoever fhall go through the 
reft of our Author's curious Problems, in the fame manner, (whicre- 
in, according to his ufual brevity, he has left many things to be 
fupply'd by the fagacity of his Reader,) or fuch other Queftions 
and Mathematical Difquifitions, whether Arithmetical, Algebraical, 
Geometrical, &c. as may eafily be collected from Books treating 
on thefe Subjects; I fay, whoever fhall do this after the foregoing 
manner, will find it a very agreeable as well as profitable exercife : 
As being the proper means to acquire a habit of Inveftigation, or 
of arguing furely, methodically, and Analytically, even in other 
Sciences as well as fuch as are purely Mathematical ; which is the 
great end to be aim'd at by theíe Studies. 


uo 
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Secr. ΥΠ. The Conclufion ; containing a fhort recapitu- 
lation or review of the whole. 


E are now arrived at a period, which may properly enough 

be call'd ze conclufion of tbe Method of Fluxions and Infinite 
Series ; for the defign of this Method is to teach the nature of Series 
in general, and of Fluxions and Fluents, what they are, how they 
are derived, and what Operations they may undergo; which defign 
(I think) may now be faid to be accomplifl’d. As to the applica- 
tion of this Method, and the ufes of theíe Operations, which is all 
that now remains, we fhall find them infifted on at large by the 
Author in the curious Geometrical Problems that follow. For the 
whole that can be done, either by Series or by Fluxions, may eafily 
be reduced to the Refolution of Equations, either Algebraical or 
Fluxional, as it has been already deliver'd, and will be farther ap- 
ply'd and purfued in the fequel. I have continued my Annotations 
in a like manner upon that part of the Work, and intended to have 
added them here; but finding the matter to grow fo fait under my 
hands, and feeing how impoffible it was to do it juftice within 
fach narrow limits, and alfo perceiving this work was already grown 
to a competent fize; Irefolved to lay it before the Mathematical 
Reader unfinifh'd as it is, referving the completion of it to a future 
opportunity, if I fhall find my prefent attempts to prove acceptable. 
Therefore all that remains to be done here is this, to make a kind 
of review of what has been hitherto deliver'd, and to give a fum- 
mary account of it, in order to acquit myfelf of a Promife I made 
in the Preface. And having there done this already, asto the Au- 
thor's part of the work, I fhall now only make a fhort recapitula- 
tion of what is contain'd in my own Comment upon it. 

And firft in my Annotations upon what I call the Introduction, 
or the Refolution of Equations by infinite Series, I have amply pur- 
fued a ufeful hint given ns by the Author, that Arithmetick and 
Algebra are but one and the fame Science, and bear a ftri& analogy 
to each other, both in their Notation and Operations; the firft com- 
puting after a. definite and particular manner, the latter after a ge- 
neral and indefinite manner: So that both together compofe but 
one uniform Science of Computation. For as in common Arith- 
metick we reckon by the Root Ten, and the feveral Powers of that 
Root; fo in Algebra, or Analyticks, when the Terms are orderly 

difpos'd 
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difposd as is prefcribed, we reckon by any other Root and its 
Powers, or we may take any general Number for the Root of our 
Arithmetical Scale, by which to exprefs and compute any Numbers 
required. Andasin common Arithmetick we approximate continually 
to the truth, by admitting Decimal Parts zu infinitum, or by the 
ufe of Decimal Fra&ions, which are compofed of the reciprocal 
Powers of the Root Ten ; fo in our Author's improved Algebra, or in 
the Method of infinite converging Series, we may continually ap- 
proximate to the Number or Quantity required, by an orderly fuc- 
ceflion of Fractions, which are compofed of the reciprocal Powers 
of any Root in general. And the known Operations in common’ 
Arithmetick, having a due regard to Analogy, will generally afford 
us proper patterns and fpecimens, for performing the like Operations 
in this Univerfal Arithmetick. 

Hence I proceed to make fome Inquiries into the nature and 
formation of infinite Series in general, and particularly into their 
two principal circumftances of Convergency and Divergency ; where- 
in I attempt to fhew, that in all fuch Series, whether converging 
or diverging, there is always a Supplement, which if not exprefs'd is 
however to be underftood ; which Supplement, when it can be af- 
certained and admitted, will render the Series finite, perfect, and 
accurate. hat in diverging Series this Supplement muft indifpen- 
fably be admitted and exhibited, or otherwife the Conclufion will be 
imperfect and erroneous. But in converging Series this Supplement 
may be neglected, becaufe it continually diminifhes with the Terms 
of the Series, and finally becomes lefs than any affignable quantity. 
And hence arifes the benefit and. conveniency of infinite converging 
Series ; that whereas that Supplement is commonly fo implicated and 
entangled with the Terms of the Series, as often to be impoffible to 
be extricated and exhibited ; in converging Series it may fafely be neg- 
lected, and yet we fhall continually approximate to the quantity re- 
quired. And of this I produce a variety of Inftances, in numerical 
and other Series. 

I then go on to fhew the Operations, by which infinite Series are 
either produced, or which, when produced, they may occafionally 
undergo. As firft when fimple fpccicus Equations, or pure Powers, 
are to be refolved into fuch Series, whether by Divifion, or by Ex- 
traction of Roots; where I take notice of the ufe of the afore-inen- 
tion'd Supplement, by which Series may be render'd finite, that is, 
may be compared with other quantities, which are confider’d as 
given, J then deduce feveral ufeful Theorems, or other Artifices, 
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for the more expeditious Multiplication, Divifion, Involution, and 
Evolution of infinite Series, by which they may be eafily and rea- 
dily managed in all cafes. Then I thew the ufe of thefe in pure 
Equations, or Extractions; from whence I take occafion to intro- 
duce a new praxis of Refolution, which 1 believe will be found 
to be very eafy, natural, and general, and which is afterwards ap- 
ply'd to all fpecies of Equations. 

Then I go on with our Author to the Exegefis numerofa, or to 
the Solution of affe&ed Equations in Numbers ; where we fhall find 
his Method to be the fame that has been publifh'd more than once in 
other of his pieces, to be very fhort, neat, and elegant, and wasa great . 
Improvement at the time of its firft publication. This Method is 
here farther explain’d, and upon the fame Principles a general Theo- 
rem is form'd, and diftributed into feveral fubordinate Cafes, by 
which the Root of any Numerical Equation, whether pure or af- 
fected, may be computed with great exactnefs and facility. 

From Numeral we pafs on to the Refolution of Literal or Speci- 
ous affected Equations by infinite Series; in which the firft and chief 
difficulty to be overcome, confifts in determining the forms of the 
feveral Series that will arife, and in finding their initial Approxima- 
tions, Thefe circumítances will depend upon fuch Powers of the 
Relate and Correlate Quantities, with their Coefficients, as may hap- 
pen to be found promifcuoufly in the given Equation. Therefore 
the Terms of this Equation are to be difpofed zz longum & in latum, 
or at leaft the Indices of thofe Powers, according to a combined 
Arithmetical Progreffion 41 plano, as is there explain’d ; or according 
to our Author’s ingenious Artifice of the Parallelogram and Ruler, 
the reafon and foundation of which are here fully laid open. This 
will determine all the cafes of exterior Terms, together with the 
Progreffions of the Indices; and therefore all the forms of the fe- 
veral Series that may be derived for the Root, as alfo their initial 
Coetiicients, Terms, or Approximations. 

We then farther profecute the Refolution of Specious Equations, 
by diverfe Methods of Analyfis; or we give a great variety of Pro- 
ccffes, by which the Series for the Roots are eafily produced to any 
number of Terms required. 'T'hefe Proceffes are generally very fim- 
ple, and depend chiefly upon the Theorems before deliver’d, for 
finding the Terms of any Power or Root of an infinite Series. Aud 
the whole is illuftrated and exemplify'd by a great variety of In- 
ftances, which are chiefly thofe of our Author. 
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The Method of infinite Series being thus fufficiently difcufs'd, 
we make a 'Tranfition to the Method of Fluxions, wherein the na- 
ture and foundation of that Method is explain'd at large. And fome 
general Obfervations are made, chiefly from the Science of Rational 
Mechanicks, by which the whole Method is divided and diftinguifh'd 
into its two grand Branches or Problems, which are the Direct 
and Inverfe Methods of Fluxions. And fome preparatory Nota- 
tions are deliver'd and explain’d, which equally concern both thefe Me- 
thods. 

I then proceed with my Annotations upon the Author's firft Pro- 
blem, or the Relation of the flowing Quantities being given, to de- 
termine the Relation of their Fluxions. I treat here concerning 
Fluxions of the firft order, and the method of deducing their Equa- 
tions in all cafes. I explain our Author's way of taking the Fluxions 
of any given Equation, which is much more general and fcientifick 
than that which is ufually follow'd, and extends to all the varieties 
of Solutions. This is alfo apply'd to Equations involving feveral 
flowing Quantities, by which means it likewife comprehends thofe 
cafes, in which either compound, irrational, or mechanical Quan- 
tities may be included. But the Demonftration of Fluxions, and 
of the Method of taking them, is the chief thing to be confider'd 
here; which I have endeavour'd to make as clear, explicite, and fa- 
tisfactory asI was able, and to remove the difficulties and objections 
that have becn raifed againft it: But with what fuccefs I muft leave 
to the judgment of others. 

I then treat concerning Fluxions of fuperior orders, and eive the 
Method of deriving their Equations, with its Demonftration. For 
tho’ our Author, in this Treatife, does not expreffly mention thefe 
orders of Fluxions, yet he has fometimes recourfe to tlem, tho’ ta- 
citely and indire&ly. I have here fhewn, that they are a neceffary 
refult from the nature and notion of firt Fluxions; and that 
al thefe feveral orders differ from cach other, not abfolutely 
and effentially, but only relatively and by way of comparifon. 
And this I prove as well from Geometry as from Analyticks ; 
and I actually exhibit and make fenfible thefe feveral orders of 
Fluxions. 

But more efpecially in what I call the Geometrical and Mechani- 
cal Elements of Fluxions, I lay opena general Method, by thie help 
, of Curve-lines and their Tangents, to reprefent and exhibit Fluxions 
and Fluents in all cafes, with all their concomitant Symptoms and 
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Affections, after a plain and familiar manner, and that even to ocular 
view and infpection. And thus I make them the Objects of δεπίς, 
by which not only their exiítence is proved beyond all poflible con- , 
tradiction, but alfo the Method of deriving them is at the fame time 
fully cvinced, verified, and illuftrated. 

Then follow my Annotations upon our Author's fecond Problem, 
or the Relation of the Fluxions being given, to determine the Re- 
lation of the flowing Quantities or Fluents; which is the fame thing 
as the Inverfe Method of Fluxions. And firft I explain (what our 
Author calls) a particular Solution of this Problem, becaufe it cannot 
be generally apply'd, but takes place only in fuch Fluxional Equa- 
tions as have been, or at leaft might have been, previoufly derived 
from fome finite Algebraical or Fluential Equations. Whereas the 
Fluxional Equations that ufually occur, and whofe Fluents or Roots 
ure required, are commonly fuch as, by reafon of Terms either re- 
dundant or deficient, cannot be refolved by this particular Solution ; 
but muft be refer'd to the following general Solution, which is here 
diftributed into thefe three Cafes of Equations. 

The firft Cafe of Equations is, when the Ratio of the Fluxions 
of the Relate and Correlate Quantities, (which Terms are here ex- 
plain’d,) can be exprefs'd by the Terms of the Correlate Quantity 
alone; in which Cafe the Root will be obtain’d by an eafy pro- 
cefs: In finite Terms, when it may be done, or at leaft by an 
infinite Series. And here a ufeful Rule is explain'dj by which 
an infinite Expreíffion may be always avoided in the Conclufion, 
which otherwife would often occur, and render the Solution inexpli- 
cable. 

The fecond Cafe of Equations comprehends fuch Fluxional Equa- 
tions, wherein the Powers of the Relate and Correlate Quantities, 
with their Fluxions, are any how involved. Tho’ this Cafe is much 
more operofe than the former, yet it is folved by a variety of eafy 
and fimple Analyfes, (more fimple and expeditious, I think, than 
thofe of our Author,) and 15 illuftrated by a numerous collection of 
Examples. 

The third and laft Cafe of Fluxional Equations is, when there are 
more than two Fluents and their Fluxions involved ; which Cafe, 
without much trouble, is reduced to the two former. But here are 
alfo explain'd fome other matters, farther to illuftrate this DoGrine; 
as the Author's Demonftration of the Inverfe Method of Fluxions, 
the Rationale of the Tranfmutation of the Origin of Fluents to other 
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places at pleafure, the way of finding the contemporaneous Incre- 
ments of Fluents, and fuch like. 

Then to conclude the Method of Fluxions, a very convenient and 
general Method is propofed and explain’d, for the Refoluiion of all 
kinds of Equations, Algebraical or Fluxional, by having recourfe 
to fuperior orders of Fluxions. This Method indeed is not con- 
taind in our Author's prefent Work, but is contrived in puríu- 
ance of a notable hint he gives us, in another part of his Writings. 
And this Method is exemplify'd by feveral curious and ufeful Pro- 
blems. 

Laftly, by way of Supplement or Appendix, fome Terms in the 
Mathematical Language are farther explain'd, which frequently oc- 
cur in the foregoing work, and which it is very neceffary to appre- 
hend rightly. And a fort of Analytical Praxis is adjoin'd to this 
Explanation, to make it the more plain and intelligible; in which is 
exhibited a more direc& and methodical way of refolving fuch Alge- 
braical or Geometrical Problems as are ufually propofed ; or an at- 
tempt is made, to teach us to argue more clofely, diftin&ly, and Ana- 
lytically. 

And this is chiefly the fubftance of my Comment upon this part 
of our Author’s work, in which my conduét has always been, to 
endeavour to digeft and explain every thing in the moft direct and 
natural order, and to derive it from the moft immediate and genuine 
Principles. I have always put myfelf in the place of a Learner, and 
have endeavour'd to make fuch Explanations, or to form this into fuch 
an Inftitution of Fluxions and infinite Series, as I imagined would 
have been ufeful and acceptable to myfelf, at the time when I firft 
enter'd upon thefe Speculations. Matters of a trite and eafy nature 
I have pafs'd over with a flight animadverfion : But in things of more 
novelty, or greater difficulty, I have always thought myfelf obliged 
to be more copious and explicite; and am confcious to myfclf, that 
I have every where proceeded cum fincero animo docendi. Wherever 
I have fallen fhort of this defign, it fhould not be imputed to any 
want of care or good intentions, but rather to the want of fkill, or 
to the abftrufe nature of the fubject. I hall be glad to fec my de- 
fects fupply d by abler hands, and fhall always be willing and thank- 
ful to be better inftructed. 

What perhaps will give the greateft difficulty, and may furnifh 
moft matter of objection, as I apprehend, will be the Explanations 
before given, of Moments, vanifhing quantities, infinitely little quan- 
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tities, and the like, which our Author makes ufe of in this Treatife, 
and elfewhiere, for deducing and demonftrating his Method of Fluxions. 
I fhall therefore here add a word or two to my foregoing Explana- 
tions, in hopes farther to clear up this matter. And this feems to 
be the more neceffary, becaufe many difficulties have been already. 
ftarted about the abftra& nature of thefe quantities, and by what 
name they ought to be call’d. It has even been pretended, that they 
are utterly impoflible, inconceiveable, and unintelligible, and it may 
therefore be thought to follow, that the Conclufions derived by their 
means muft be precarious at leaft, if not erroneous and impoffible. 
Now to remove this difhculty it fhould be obferved, that the only 
Symbol made ufe of by our Author to denote thefe quantities, is the 
letter ο, either by itfelf, or affected by fome Coefficient. But this 
Symbol o at firft reprefents a finite and ordinary quantity, which 
muft be underftood to diminifh continually, and as it were by local 
Motion; till after fome certain time it is quite exbaufted, and termi- 
nates in mere nothing. This is furely a very intelligible Notion. 
But to go on. In its approach towards nothing, and juft before it 
becomes abfolute nothing, or is quite exhaufted, it muft neceffarily 
pafs through vanifhing quantities of all proportions. For it cannot 
pafs from being an aflignable quantity to nothing at once; that were 
to proceed per /altum, and not continually, which is contrary to the 
Suppofition. While it is an affignable quantity, tho’ ever fo little, 
it is not yet the exact truth, in geometrical rigor, but only an Ap- 
proximation to it; and to be accurately true, it muft be lefs than 
any aflignable quantity whatfoever, that is, it muft be a vanifhing 
quantity. Therefore the Conception of a Moment, or vanifhing 
quantity, muft be admitted as a rational Notion. | 
But it has been pretended, that the Mind cannot conceive quan- 
tity to be fo far diminifh'd, and fuch quantities as thefe are repre- 
fented as impoffible. Now I cannot perceive, even if this impofii- 
bility were granted, that the Argumentation would be at all affected 
by it, or that the Conclufions would be the lefs certain. The im- 
poffibility of Conception may arife from the narrownefs and imper- 
fection of our Faculties, and not from any inconfiftency in the na- 
ture of the thing. So that we need not be very folicitious about 
the pofitive nature of thefe quantities, which are fo volatile, fub- 
tile, and fugitive, as to efcape our Imagination; nor need we be 
much in pain, by what name they are to be call'd; but we may 
confine ourfelves wholly to the ufe of them, and to difcover their 
properties. 
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properties. They are not introduced for their own fakes, but only 
as {o many intermediate fteps, to bring us to the knowledge of other 
quantities, which are real, intelligible, and required to be known. 
It is fufficient that we arrive at them by a regular progrefs of di- 
minution, and by a juft and neceflary way of reafoning ; and that 
they are afterwards duly eliminated, and leave us intelligible and 
indubitable Conclufions. For this will always be the confequence, 
let the media of ratiocination be what they will, when we argue 
according to the ftri&t Rules of Art. ‘And it is a very common 
thing in Geometry, to make impoflibie and abfurd Suppofitions, . 
which is the fame thing as to introduce impoffible quantities, . and 
by their means to difcover truth. 

We have an inftance fimilar to this, in another fpecies of Quan- 
tities, which, though as- inconceiveable and as impoffible as thefe 
can be, yet when they arife in Computations, they do not affect 
the Conclufion with their impoffibility, except when they ought 
fo to do; but when they are duly eliminated, by juft Methods of. 
Reduction, the Conclufion always remains found and good. Thefe.- 
Quantities are thofe Quadratick Surds, which are diftinguifh'd by 
the name of impoffible and imaginary Quantities ; fuch as ,/— 1, 
«M72, Y — 3, M/—4, &c. For they import, that a quantity or 
number is.to be found,. which multiply'd by itfelf fhall produce a. 
negative quantity ; which is manifeftly impoffible. And yet thefe. 
quantities have all varieties of proportion to one another, as thofe : 
aforegoing are proportional to the poffible and intelligible numbers 
I, 4/2, V3, 2, &c. refpectively ;.and when they arife in Compu- 
tations, and are regularly eliminated and excluded, they always leave 
a juft and good Conclution. 

Thus, for Example, if we had the Cubick Equation x? — 12x* 
et 41X — 42 Ξ-- ο, from whence we were to extract the Root x; 
by proceeding according to Rule, we íhould have this furd Ex- 
preffion for the Root, x==4-++ /3 + V ούλων — 333, 
in which the impoffible quantity ν΄ — 4543 is involved; and 
yet this Expreffion ought not to be rejected as abfurd and ufelefs, 
becaufe, by a due Reduction, we may derive. the true Roots of 
the Equation from it, For when the Cubick Root of the frft vin- 
culum is rightly extracted, it will be found to be the impoffible 
Number — 1 -- /— +, as may appear by cubing; and when the 
Cubick Root of the fecond vinculum is extracted, it will be found 
to be — 1 —4./— 4. Then by collecting thefe Numbers, the 
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impoflibie Number ./— 4 will be eliminated, and the Root of 
the Equation will be found x == 4 — 1 — 1 == 2. 

Or the Cubick Root of the firft v/zcu/usi will alfo be ἃ 4+- /— +s, 
as may likewife appear by Involution; and of the fecond vincy- 
lum it will be 2 — Y— 4. So that another of the Roots of 
the given Equation will be x = 4 +- £ + ¿4 = 7. Or the Cu- 
bick Root of the fame firft vinculum wil be — 1 — /— 44 


5 
τ 2 


and of the fecond will be — £ + ,/— £5. So that the third 


Root of the given Equation will be x = 4 — į — į = 3. And 
in like manner in all other Cubick Equations, when the {urd vin- 
cula include an impofüble quantity, by extracting the Cubick 
Roots, and then by collecting, the impoffible parts will be exclu- 
ded, and the three Roots of the Equation will be found, which 
will always be poffible. But when the aforefaid furd vincula do not 
include an impoffible quantity, then by Extracion one poffible 
Root only will be found, and an impoffibility will affe& the other 
two Roots, .or will remain (as it ought) in the Conclufion. 
And a like judgment may be made of higher degrees of Equa- 
tions. 

So that thefe impoffible quantities, in all thefe and many other 
inftances that might be produced, are fo far from infeting or de- 
ftroying the truth of thefe Conclufions, that they are the neceflary 
means and helps of difcovering it. And why may we not conclude 
the fame of that other fpecies of impoffible quantities, if they muft 
needs be thought and call'd fo? Surely it may be allow'd, that 
if thefe Moments and infinitely little Quantities are to be efteem'd 
a kind of impoffible Quantities, yet neverthelefs they may be made 
ufeful, they may affift us, by a juft way of Argumentation, in find- 
ing the Relations of Velocities, or Fluxions, or other poffible Quan- 
tities required. And finally, being themfelves duly eliminated and 
excluded, they may leave us finite, poffible, and intelligible Equa- 
tions, or Relations of Quantities. 

Therefore the admitting and retaining thefe Quantities, how- 
ever impoffible they may feem to be, the inveftigating their Pro- 
perties with our utmoft induftry, and applying thofe Properties to 
ufe whenever occafion offers, is only keeping within the Rules of 
Reafon and Analogy; and is alfo following the Example of our 
fagacious aud illuftrious Author, who of all others has tke greateft 
right to be our Precedent in thefe matters. "Tis enlarging the num- 
ber of general Principles and Methods, which will always greatly 
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contribute to the Advancement of true Science. In fhort, it will 
enable us to make a much greater progrefs and proficience, than 
we otherwife can do, in cultivating and improving what I have elfe- 


where call’d The Philofaphy of Quantity. 
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PREFACE. 


ema 


In this small volume the reader will find no 
fantastical modes of applying Algebra to 
Geometry. The old Cartesian or co-ordinate 
system is the basis of the whole method — 
and notwithstanding this, the author is satis- 
fied that the reader will find much originality 
in his performance, and flatters himself that 
he has done something to amuse, if not to 


instruct, Mathematicians. 


Though the work is not intended as an 
elementary one, but rather as supplementary 


to existing treatises on conic sections, any 
B 


vi 
intelligent student who has digested Euclid, 
and the usual mode of applying Algebra to 


Geometry, will meet but little difficulty in the 
following pages. | 


Sandhurst, 
30th June, 1846. 


INTRODUCTORY DISCOURSE 


CONCERNING 


GEOMETRY. 


—d 


THE ancient Geometry of which the Elements of 
Euclid may be considered the basis, is undoubtedly 
a splendid model of severe and accurate reasoning. 
As a logical system of Geometry, it is perfectly 
faultless, and has accordingly, since the restoration 
of letters, been pursued with much avidity by many 
distinguished mathematicians. Le Pére Grandi, 
Huyghens, the unfortunate Lorenzini, and many 
Italian authors, were almost exclusively attached 
to it,—and amongst our English authors we may 
particularly instance Newton and Halley. Con- 
temporary with these last was the immortal Des 
Cartes, to whom the analytical or modern system 
is mainly attributable. That the complete change 
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and simplicity of Euclidian demonstration, such 
has been the progress and so great the achieve- 
ments of the modern system since the time of 
Newton, that there seems to be but one reason why 
we may consider it fortunate that the great “ Prin- 
cipia " had previously to seeing the light been trans- 
lated into the style of the ancients, and that is, that 
such a style of geometry was the only one then 
well known. The Cartesian system had at that 
time to undergo its ordeal, and had the sublime 
truths taught in the “ Principia " been propounded 
and demonstrated in an almost unknown aud cer- 
tainly unrecognised language, they might have lain 
dormant for another half century. Newton cer- 
tainly was attached to the ancient geometry (as who 
that admires syllogistic reasoning is not?) but he 
was much too sagacious not to perceive what an 
instrument of almost unlimited power is to be found 
in the Cartesian analysis if in the hands of a 
skilful operator. 

The ancient system continued to be cultivated in 
this country until within very recent years, when 
the Continental works were introduced by Wood- 


house into Cambridge, and it was then soon seen 


11 


that in order to keep pace with the age it was abso- 
lutely necessary to adopt analysis, without, how- 
ever, totally discarding Euclid and Newton. 

We will now advert to an idea prevalent even 
amongst analysts, that analytical reasoning applied 
to geometry is less rigorous or less instructive than 
geometrical reasoning. Thus, we read in Montucla : 
* La géométrie ancienne a des avantages qui 
feroient desirer qu'on ne l'eut pas autant aban- 
donnée. Le passage d'une vérité à l'autre y est 
toujours clair, et quoique souvent long et laborieux, 
il laisse dans l'esprit une satisfaction que ne donne 
point le calcul algébrique qui convainct sans 
éclairer." 

This appears to us to be a great error. That a 
young student can be sooner taught to comprehend 
geometrical reasoning than analytical seems natural 
enough. The former is less abstract, and deals 
with tangible quantities, presented not merely to 
the mind, but also to the eye of the student. Every 
step concerns some line, angle, or circle, visibly 
exhibited, and the proposition is made to depend on 
Some one or more propositions previously esta- 


blished, and these again on the axioms, postulates, 
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and definitions; the first being self-evident truths, 
which cannot be called in question; the second 
simple mechanical operations, the possibility of 
which must be taken for granted; and the third 
concise and accurate descriptions, which no one can 
misunderstand. All this is very well so far as it 
goes, and is unquestionably a wholesome and ex- 
cellent exercise for the mind, more especially that 
of a beginner. But when we ascend into the 
higher geometry, or even extend our researches in 
the lower, it is soon found that the number of pro- 
positions previously demonstrated, and on which 
any proposed problem or theorem can be made to 
depend, becomes extremely great, and that demon- 
stration of the proposed is always the best which 
combining the requisites of conciseness and ele- 
gance, is at the same time the most elementary, or 
refers to the fewest previously demonstrated or 
known propositions, and those of the simplest kind. 
It does not require any very great effort of the mind 
to remember all the propositions of Euclid, and how 
each depends on all or many preceding it; but 
when we come to add the works of Apollonius, Pap- 


pus, Archimedes, Huyghens, Halley, Newton, &c., 
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that mind which can store away all this know- 
ledge and render it available on the spur of the 
moment is surely of no common order. Again, the 
moderns, Euler, Lagrange, D’Alembert, Laplace, 
Poisson, &c., have so far, by means of analysis, 
transcended all that the ancients ever did or thought 
about, that with one who wisbes to make himself 
acquainted with their marvellous achievements it is 
a matter of imperative necessity that he should 
abandon the ancient for the modern geometry, or at 
least consider the former subordinate to the latter. 
And that at this stage of his proceeding he should 
by no means form the very false idea that the modern 
analysis is less rigorous, or less convincing, or less 
instructive than the ancient syllogistic process. In 


, 


fact, ' more" or “less rigorous " are modes of ex- 
pression inadmissible in Geometry. If anything is 
* less rigorous " than “ absolutely rigorous " it 18 
no demonstration at all. We will not disguise the 
fact that it requires considerable patience, zeal, and 
energy to acquire, thoroughly understand, and re- 
tain a system of analytical geometry, and very fre- 
quently persons deceive themselves by thinking that 


they fully comprehend an analytical demonstration 
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when in fact they know very little about it. Nay 
it is not unfrequent that people write upon the sub- 
ject who are far from understanding it. The cause 
of this seems to be, that such persons, when once 
they have got their proposition translated into 
equations, think that all they have then to do is to 
go to work eliminating as fast as possible, without 
ever attempting any geometrical interpretation of any 
of the steps until they arrive at the final result. 
Far different is the proceeding of those who fully 
comprehend the matter. To them every step has a 
geometrical interpretation; the reasoning is complete 
in all its parts, and it is not the least recommendation 
of the admirable structure, that it is composed of 
only a few elementary truths easily remembered, or 


rather impossible to be forgotten. 


CHAPTER I. 


Ir is intended in this chapter to apply analysis to 
some problems, which at first view do not seem to 
be susceptible of concise analytical solutions, and 
which possess considerable historical interest. The 
first of these is one proposed by M. Cramer to M. 
de Castillon, and which may be enunciated thus: 
* Given three points and a circle, to inscribe in the 
circle a triangle whose sides shall respectively pass 
through the given points." 

Concerning this curious problem Montucla re- 
marks that M. de Castillon having mentioned it to 
Lagrange, then resident at Berlin, this geometer 
gave him a purely analytical solution of it, and 
that it isto be found in the Memoirs of the Academy 
of Berlin (1776), and Montucla then adds, “ Elle 
prouve à la fois la sagacité de son auteur et les res- 
sources de notre analyse, maniée par d'aussi habiles 


mains." Not having the means of consulting the 
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Memoir referred to, | have not seen Lagrange's so- 
lution, nor indeed any other, and as it has been con- 
sidered a difficult problem I have considered it a fit 
subject to introduce into this work as an illustration 
of the justness of the remarks made in the intro- 


ductory discourse. 


The plan I have adopted is the following :— 





Let A B C be the given points. Draw a pair of 
tangents from A, and let P Q H be the line of con- 
tact. Similarly pairs of tangents from B and C, 
SRK, V T L being lines of contact. Then if a 
triangle K L H can be described about the circle, 
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and such that its angular points may be in the given 
lines P Q H, S R K, V T L respectively, then the 
points of contact, X, Y, Z being joined will pass re- 
spectively through A, B, C. For H being the pole 
of Z X, tangents drawn where any line H Q P in- 
tersects the circle will intersect in Z X produced, 
but those tangents intersect in A, and therefore 
ZX passes through A. Similarly of the rest. 

When any of the points A, B, C falls within the 
circle as at a, join o a. Makea p — o a m, and 
draw tangent p m, then A m H + om will hold the 
place of P Q H in the above. 

We have therefore reduced the problem to the 
following. 

Let there be three given straight lines and a given 
circle, it is required to find a triangle circumscribed 
about the circle, which shall have its angular points 
each in one of the three lines. 

Let a be the radius of the circle, and let the 
equations to the required tangents be 

lrctmy-a) 
hov-?7y-—al(l) 
lrctmy-a 


18 


Also the equations to the three given lines 


Ax + By =p, 
A,x + Bay = p: (9) 
A,r + By = p: 


Py Py P, being: perpendiculars upon them from the 
centre of the circle, and ᾖ, m, Αι, B,, &c., direction 
cosines. 

Suppose the intersection of the two first lines of 
(1) to be in the third line of (2), we have by elimina- 
ting v and y between 

hz-my-a 
bx + My =a 
and A, z + By = p, 
the condition 
Asa (m, — m) + B,a (L — L) = p, (lí m, --- m) 
and similarly 
A, a (m, — ms) + B,a (5 — 4) = Py (5m, — l ms) 
A, a (my — m) + Bia (4 — 4) = py (lz m, — ls m) 
Now let /, = cos 4, .'. m, = sin 9, &c. 
Also A, = cos a, .'. B, = sin a, &c. 
Then the first of the above conditions is 
a{cos a, (sin 0, — sin 8) + sin α, (cos 9, — cos 6,)} 


= ps sin (@, — θι) 
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This equation is easily reducible by ordinary trigo- 


nometry to 
tan 3 — 91 tan 5 — 6 Q;5—-)7ao 
2 Ps + @ 
Similarly 
— 0 . ϐ = 
tan 2— ? tan 22 τσ 
Ps + a 
tan Su tan πε PL-—4_ 9g 
> 2 pita 
; 0 
If now for brevity we put z = tan 7 ,y —tan d 
Z = tan 55 also k E κα m a 811 ^, 
2. ps + a cosa, Ps — 4 008 a, 


&c. the above equations become 
| ky — h (x +y)+1=0 
k,za—h,(z+2)+1=0 
kyz—h(y*2)4120 
from which we can immediately deduce a quadratic 
for x. 
On eliminating z between the second and third 
equations, we shall have another equation in v and y 


similar in form to the first. 


We may, moreover, so assume the axis from which 
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a, ἄν a, are measured, so that h, = O and the 
equations are then, | 
kry-120 
and (h, kı — h, k) ry + (hih — k) y — 
(hy hy — k) v + δν — h = 0. 

These are, considering x and y as co-ordinates, 
the equations to two hyperbolas having parallel 
asymptotes, and which we may assume to be rect- 
angular. To show that their intersections may be 
easily determined geometrically, assume the equa- 


tions under the form 
ry =C 


sy - Cere 1) = o 


Then by subtraction, 


EAM MEE E 
A + B 1=0 
ds the common secant. 
2 y _ 
Let B + am 120 


be another secant. 
Multiply these together and we have 

e+ <A? + ΒΡ A+B 

AB + MB! XB 





(r*y)-*120 


2] 


This equation represents the two secants. But at 
the points of their intersection with the hyperbola 
vy = C, this last equation reduces to 

A? B? 
a^ -y—(A-B)(2-y)-*AB-«C iu =0 
A+ BV A + BX 
or (x — 2 ) *(s- 9 ) 
| 
2AB 


which represents a circle, co-ordinates of the centre 











= (A? + B?) | 





and radius (A? + B^ Zo 


Hence it is evident that A and B, being once 
geometrically assigned, the rest of the construction 


is merely to draw this circle, which will intersect 
A p On the required points. 


The analytical values of A, B, and C? are 


EEEN (Ay — fy) ks + hy hy — hy ky 
(hi hy — ὧν) ke C .. d 
(hy — hy) ky + hy hy — hi he NE S 
(A h, τ ky) ks | 


These being rational functions of known geo- 


B = 





C 
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metrical magnitudes, are of course assignable 
geometrically, so that every difficulty is removed, 
and the mere labour of the work remains. 

In the next place, I propose to derive a general 
mode of construction for the various cases of the 
* tangencies" of Apollonius from analysis. The 
general problem may be stated thus: of three 
points, three lines and three circles, any three 
whatever being given, to describe another circle 
touching the given lines and circles and passing 
through the given points. 

It is very evident that all the particular cases 
are included in this, “(ο describe a circle touching 
three given circles," because when the centre of a 
circle is removed to an infinite distance, and its 
radius is also infinite, that. circle becomes at all 
finite distances from the origin a straight line. 
Also, when the radius of a circle is zero it is reduced 
to a point. 

We will therefore proceed at once to the consi- 
deration of this problem, and it is hoped that the 
construction here given will be found more simple 
than any hitherto devised. 

The method consists in the application of the 


two following propositions. 
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If two conic sections have the same focus, lines 
may be drawn through the point of intersection of 
their citerior directrices,* and through two of the 
points of intersection of the curves. 

Let u and v be linear functions of z and y, so 
that the equations κ = ο, v = ο may represent the 
citerior directrices, then if r = J a? + y^, and πι 
and z be constants, we have for the equations of 


the two curves 


n i u 


| 


r=nv 
and by eliminating r, m u — n v — 0; but this is 
the equation to a straight line through the intersec- 
tion of u = 0, v = 0, since it is satisfied by these 
simultaneous equations. 

When the curves are both ellipses they can inter- 
sect only in two points, and the above investigation 
is fully sufficient. But when one or both the curves 
are hyperbolic, we must recollect that only one 
branch of each curve is represented by each of the 
above equations. The other branches are, 

=—mu 
r—-—nvu 


* By the term “citerior” I mean those directrices nearest to 
the common focus. 


c 2 
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We have, therefore, in this instance m u + nv = 0 
as well as m u — nv = 0, for a line of intersec- 
tion. | 

The second proposition is, having given the 
focus, citerior directrix, and eccentricity of a conic 
section, to find by geometrical construction the two 
points in which the conic section intersects a given 
straight line. | 

In either of the diagrams, the first of which is for 
an ellipse, the second for a hyperbola, let M X be 
the given straight line, F the focus, A the vertex, 
and D R the citerior directrix. Let 


FM+MX=p)p,MFD =a, 


r the distance of any point in M X from F, 9 the 
angle it makes with F D, and F D = a. 


FA 
Also let n = AD 


Then n, r cos (0 — a) =p. 


a—rcos9 


Eliminate r 


a l 
— cos (0 — a) — cos g = — 
p n 


or (a cos a — p) cos @ + a sin a sin 9 = Ê 











à COS a — 
Let πο CODI ο (1) 
a sin a 
a sin 
Then στ cos (8 — ε) — 4- 
Sin € n 
psine -p 
or cos (0 ~ €) = —=— .... (2 
( ) nasina nd (2) 
a sin 
where d = —— 
sin € 


From the formule (1) and (2) we derive the fol- 
lowing construction. Join D M, then DM H is 
the angle ε, because D M projected on F H is 
acosa — p. Also a perpendicular from D on F H 


a Cos a — p 
à Sin a 


=cots,.. ΜΗ =: 








= cot D M H,.:.cot D ΜΗ 


is @ sin a, .'. 


(2) 


{6 σε 
SSN 


Acai snDMF DF sine a- h 
gan, in DFM DM "sna DM "ence 


D M =d. Find M L a third proportional to 
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A D, F A, and D M, so that ML — 5d. With 
centre M and radius M L describe a circle. Make 
M H equal to F M, and draw K H L at right angles 
to F H, and jon M Κ, Μ L. Then by (2) LMH 
or KMH =6—«. 

Taking the value ε — 6, we have therefore L M D 
—DMH-LMH-:-(c—68)- 4. 

And taking 0 — «, wehaveK MD =KMH + 
HM D=e+o--=8. 

Hence, make QF X=LMD,PFD=KMD, 
and P and Q are the two points required. 

We now proceed to show how, by combining 
these two propositions, the circles capable of simul- 
taneously touching three given circles may be found. 

Let A, B, C, be the centres of the three circles, 
and let the sides of the triangle A B C be as usual 
denoted by a, b, c; the radii of the circles being 
a, B, Y. 

We will suppose that the circle required envelopes 
À and touches B and C externally, and the same 
process, mutatis mutandis, wil give the other 
circles. Ν 

Taking A B for axis of z, and A for origin, we 


easily find in the usual way the equation to the 


* 
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hyperbola, which is the locus of the centres of the 
circles touching A and B. 


à-—(«-8g?*-—2cz 





r= $( B 





From which, D F being the citerior directrix, we 


have A D = cate Hence, with radius 
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B K =a + β describe an arc. Bisect A B, and 
from its middle point as centre and rad. 4 A B 
describe an arc, intersecting the former in K. Draw 
K N + A B, and bisect A N in D, then D F 
+ A B is the citerior directrix. Again, make A V 
to A Das c to a+ β 4 c, 1. e. as A B to rad. 
A + rad. B + A B, and V will be the citerior 
vertex. 

Assign the citerior directrix E F of the hyper- 
bola, which is the locus of the circles touching 
A and C. Make D G to E H in .the ratio 
compounded of the ratios of b to c, and a + β 
toa + y. Draw GS and H S + to B A and 
C A, and through S and F draw SP F Q; this 
will be the line of centres, and by applying the 
second proposition, two points, P and Q, will be 
found. Join P A, and produce it to meet the 
circle A in L, and with radius P L describe a circle, 
and this will envelope A and touch B and C exter- 
nally. Also, if Q A be joined, cutting circle A in 
L', and a circle radius Q L! be described, it will 
envelope B and C, and touch A externally. 

Similarly the three other pairs of circles may be 


found. 
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As it would too much increase the extent of this 
work to go seriatim through the several cases of the 
tangencies—that is, to apply the foregoing proposi- 
tions to each case, the reader is supposed to apply 
them himself. 

I have in the “ Mathematician,” vol. 1, p. 228, 
proposed and proved a curious relation amongst 
the radii of the eight tangent circles. The follow- 
ing is another curious property. 

With reference to the last figure, suppose we 
denote the hyperbolic branch of the locus of the 
centres of circles envelopmg A and touching B 
externally by A, B,, A, B, the former meaning 
“ branch citerior to A and ulterior to B,” the latter 
“ citerior to B and ulterior to A.” The six hyper- 
bolic branches will then be thus denoted : 

A, Bo A, Be; B, Cu B, Ca; C, Ay, C, A, 
and suppose the corresponding directrices denoted 
thus : 

A. Bu A, Βε; B, Ο,, B. C,; C, A, C, A, 
Then the point P is the mutual intersection of 

Α.Ο. A. Ba B. C, 
and Q is the mutual intersection of 
A, Ca A, B, B, C, 
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P Q passes through intersection of A, B,, A, C, 
because it passes through intersections of A, B,, 
A, C,, and of A, C,, A, B.. 

Also P Q through B, A,, B, Cu, because through 
B, A,, B, C, and B, A,, B, Cu 

Also P Q through C, A,, C, B,, because through 


C, A,, C. B, and C, A,, C, B, and hence the inter- 
sections | 


—À α΄... ο Ts oo DCO 800 m. 


A, B,, A, C,; B, A,, B, C, ; C, A, C. B, are all in 
the same straight line P Q. 

That is, the intersections of pairs of directrices 
citerior respectively to A, B, C are in the same 
straight line, namely, the line of centres of the pair 
of tangent circles to which they belong. 


CHAPTER II. 


On curves of the second order passing through 
given points and touching given straight lines. 

Let u = 0, v = 0, w=0, be the equations to three 
given straight lines. 


The equation 
Av: + put? vuv 0... (1) 


being of the second order represents a conic section, 
and since this equation is satisfied by any two of 
the three equations u = 0, v = 0, w = 0, (1) will pass 
through the three points formed by the mutual 
intersections of those lines. 
To assign values of 5, μ, v, in terms of the co-ordi- 
nates of the centre of (1), 
We have 
u=a,r+by +1 
v=a,r+ byt 1 
w=arthyt i 
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Hence (1) differentiated relatively to z and y will 
give 
À (a.v a, w) Tu(a,wta,u) +v{a,ut+a,v}=0 
λ (b, v bs W} + p( bo w+ b 1] v (bs ub, v}=0 i 
and these are the equations for finding the co-ordi- 
nates of the centre. 

Let now L, M, and N be three such quantities that 

Lu+Mv+Nw. 

may be identically equal to 2 K, then by finding 
the ratios " - from (a) it will be found that the 


following values may be assigned to ^, μ, v, 
A-u(Lu—-K),py-v(Mv —K),,—w(Nw- Κ) 
Hence when any relation exists amongst À, py v, We 
can, by the substitution of these values, immediately 
determine the locus of the centres of (1). 

1° Let (1) pass through a fourth point, then à, μ, v, 
are connected by the relation 

Adx+Brt+Cr=0 . . . (a) 


where A, B, C are the values of v w, uw, uv, for 


.. the fourth point. 


Hence the locus of the centres of all conic sec- 
tions drawn through the four points will be 
Au(Lu— K)+Bo(Mv—K)+Cw(N'w—K)=0... (b) 


which 1s itself a curve of the second order. 
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2° When the fourth point coincides with one of 
the other points, the values of A, B, C vanish. But 
suppose the fourth point infinitely near to the inter- 
section of u = 0, v = 0, and that it lies in the straight 
line u +n v ο. Then since on putting r+h,y+k 

for z and y, we have 
(vw)! = (vw) + (a.v + aw) h + (bv + bw)k 
and .*. A = w (αι h + b, k) 
B = w (a h + b, Κὴ 


Where w is the value of w, for the values of z and y 


C=0 


determined by u = 0 v = 0 
Moreover from the equation u + n v = 0 
a,h+bk+n(azh+b,k) =0 


Hence B+nA=0 
and Αλ εμῦ-0 
and... A—nyp=zO 


u (Lu —K)}— nv (Mv —K)=0 
is the ultimate state of equation (ὁ). This latter is 
therefore the locus of the centres of all conic sec- 
tions which can be drawn through two given points 
u w, v w, and touching a given straight line 
u + nv = Q in a given point u v. 

3° Let X. a, » be connected by the equation 
(A X9 + (Bet (6-0... (β) 
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and in conformity with this condition let us seek 
the envelope of (1): 
Diff. (1) and (6) relatively to ^, µ, », we have 


vwd\ +uwdpnptuvdy=0 


] ] l 
or —dr+ --ᾱμ -----άνΞξ 0 
u v w 
At B? Οἱ 
ΕΝ ΩΣ, 


Hence λὲΞ hk Abu, »p=k Biv, vie k Bw, 
putting which in (8) we have 
Au+Bv+Cw=0 
for the envelope required. We may therefore 
consider (8) as the condition that the curve (1) 
passing through three given points may also touch 
a given straight line ¢ = O, for we have only to de- 
termine A, B, and C, so that 
Au+Bv+Cw=t 
identically. Substituting the values of, p, v, in (8) we 
have for the locus of the centres of a system of 
conic sections passing through three given points 
and touching a given straight line, 


(Ava s - 1x) + {Bo ate - x)* + {ου(νω-κ)]-ο jefe) 
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which being rationalized will be found to be of the 
fourth order. 
4° Let u = 0, v = 0, t» = 0 be the equations to 


three given straight lines, 
(A u)? T (p v) F (yw)? = aris (2) 


will be the equation necessary to a conic section 
touchiug each of those lines. 

For the equation in a rational form is 
X+ μυ Εν uw —2( uui +rAvuwt ere} 
Make w = 0 and it reduces to 

(À u — μυ) - 0 

and hence the points common to (2) and w = 0 
will be determined by the simultaneous equations 
w=OandA\u—pv=0. But these being linear, 
determine only one point. Hence w = 0 is a tan- 
gent to (5). Similarly u = 0, v = 0 are tangents. 


5° Let à, #, », be connected by the equation 


À 


A +@=0...0) 


στ 


where A, B, C are fixed constants, and consistently 
with this condition let us seek the envelope of (2). 
Differentiating (2) and (v) with respect to λ, y, », 
Achab dA + Piede triuw ivr=0. 
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Ge bo s 


k 
Hence — = \ tw or RP= A? μ 


A 
k being an arbitrary factor. 
Also k p = Bv kP y= Cw 
putting which in (2) we have 
Au+Bv+Cw=0 
for the envelope required, and which being linear 
represents a straight line. i 
Hence, df ἐς 0 be the equation to a fourth 
straight line, and A, B, C be determined by 
making 
A u + Bv + Cw identical with f 
equation (2) subject to the condition (y) will repre- 
sent all conic sections capable of simultaneously 
touching four given straight lines, 
t=0, 4-0, v=0, ο - 0. 
Expanding the equation (2) into its rational in- 
tegral form, and differentiating with respect to 
x and y, and putting the differential co-efficients 
d(2) d(2) 


22? αν. separately = 0, we get two equations 





D 
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for the co-ordinates of the centre. Those equa- 
tions may be exhibited thus: 


x (gba — a. bs) + p (αι ὃν — aby) 
w 


a? (αι b — a4 ba) + X (a4 bq — a; ba) 
v 


as a (as by — ᾱ1 bs) + v (dy by — αι ὃν) 


u 
λ Μ -- μ], »L4-AN {ΝΜ 
ο E πη 


where L, M, N are fetermined as before by making 
Lu+Mv+Nw= 2K identically. 
The preceding equations give 
a = L (L u—K) »= Μ(Μυ -- Ε) 
»ΞΝ(Νν.- K) 
and putting these in the condition (7) we have 
L(Lu—K) M(Mv—K) Ν(Νυ- K) 
QUIS σε pe αρ 


for the locus of centres which being linear in 


0 


u, v, w, will be linear in v and y, and therefore 
represenis a straight line. 

6°. Resuming again the equation (2), and making 
As ws », Subject to the condition 


(A a) + (Ba) + (Cv)! = 0, 
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which will restrict the curve (2) to pass through a 
given point, A, B, C being the values of ει, v, and w, 
for that point. Putting in the values of A, p, », de- 
termined above, we have 

{A L(Lu—K)}¢ + {BM (M o— K))* + {CN (Nw —K)}} «9 
for the locus of centres. 

Hence the locus of the centres of all conic sec- 
tions which touch three given straight lines and 
pass through a given point is also a conic section. 

Cor. From the form of the equation this locus 


K 


Í K κ .. 
touches the lines ε = τ»5-ῃ Y=) which are 


parallel to the given lines and at the same distances 
from them respectively wherever the given point 
may be situated, L, M, N, K, being independent 
of A, B, C. In fact, it is easy to demonstrate that 
they are the three straight lines joining the points 
of bisection of the sides of the triangle formed by 
u, v, w, and hence the following theorem. | 

If a system of conic sections be described to 
pass through a given point and to touch the sides 
of a given triangle, the locus of their centres will 
be another conic section touching the sides of the 
co-polar triangle which is formed by the lines join- 

D2 
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ing the points of bisection of the sides of the 
former. 

7°. We now proceed to the case ofa conic section 
touching two given straight lines, and passing 
through two given points. Let u 0, v = 0, be 
the equations of the two lines touched, and w = 0 
the equation of the line passing through the two 


given points. Then taking the equation 

(A ut + (pv) + (» w + 19 =0 
we know by the preceding that this represents a 
conic section touching u = 0, v = 0, and w + - = 0. 


Let a, a be the values of εἰ at the given points, and 
B, β’ those of v, the values of w being zero for each, 
then the equations for finding A and μ will be 

(aa) + (0-120 

Aa) + (9! 120; 
Let A and B be the values of à and » deduced from 
these, and we have for the equation of the conic 
section 

(A uy + (Bo) + (pw + 1} =0, 

in which » is the only arbitrary constant. 


Differentiating this equation when expanded into 


4] 


its rational form with respect to 2 and y, we have 


two equations respectively equivalent to 





å u — Bv 
ποτ, Me 
AM+BL 


ν10 + l= zp BELA“ BY 


determining L, M, N, as before, by making 
L u+ Mv + N w= 2K identically. 
Hence eliminating », there arises 
2{BL(Lu—K)~ ΑΜ(Μυ — K) (Au — Bv) 
= (AM —BL)(Lu—- Mv) 
for the locus of the centres. ° 
This is also a curve of the second order, and the 
values of A and B are 
Ba. p^ 
A- loo 
alt — at 3 
m xy (s 5i 
This demonstration assumes that it is possible to 
draw a tangent to each of the system of curves 
parallel to Ὁ — 0. But in case the given points are 
in opposite vertical angles of the given straight 
lines, and the curves therefore hyperbolas, this will 


not be possible, and accordingly in such case the 
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values of A and B become imaginary, for in this 
case a, a, as also β, β' have different signs. The 
following method is free from this and every objec- 
tion, and is perfectly general. 

8’, Let u = 0, and v = 0, as before, be the equa- 
tions to the tangents, w = 0 the straight line joining 
the two given points, and w — a', z + byy, αἱ. 


and 6’, being determined as follows: 


i 
wg d. a b, B = (uv). ϱ 


w , a = 4^ a + b. B' = (u 9) β 

aß; α β΄ being co-ordinates of the given points. 
Then (w + mwF =muv 

is the equation to the system in which m is arbi- 
trary. For u = 0, or v = 0, each give w + m w — 0, 
and therefore u and v each touch the curve, and 
w + mw = 0 is the equation to the line joining 
their points of contact. Again, by the preceding 
determination of w, we have for z = a, y = β, 


w = 0, and m? w? = m (uv) 


αβ aß 
and similar for α’ β’, and hence m remains arbitrary. 
Differentiating the equation 


(w + mw)? = M uv 
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with respect to v and y, 
m uv = (w +m wY 
m (a, Ὁ + αὐ") = 2 (w + mw’) (a, + πια |) 
m? (b, v t byu) = 2 (w + m w^) (b, + mb) 
m? {Lu—M v) = 2 m (w + m w) (a', b, — a, b) 
m{Lu—Mv} =2Q(w+muw) 
m^ iL'u— Μ΄ vj = — 2 Q (w + mw’) 


__Lu—Mv 
NE l/u —M'o 
Lu—Mv 
w+ mw =w — i Mo 





Duc Mot? e-r N 
or, | 
(Lu — Mvy4.2 Q((L'u— M'»)w—(L u — M v) w') —0, 
which is an equation of the second order. 

Now let u P "ag be both positive, and u , Bi uw gr 


both negative, and therefore the given points in op- 
posite vertical angles of the straight lines «u = 0 and 
v —0. Then a’, and δ΄, will both be real quantities, 
and .'. also Q, L', M’, and w. Also if vu, β 


vag have different signs, as also u β» Ὁ «' g then 
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u'n ba Q, L’, M’, and w will be of the form A y=, 
and the above equation equally real. 

9°. We have now discussed the several cases of 
the general problem, whose enunciation is as follows: 

Of four straight lines and four points let any four 
be given, and draw a system of conic sections 
passing through the given points, and touching the 
given lines, to investigate the locus of the centres. 

We have shown that in every case except two 
the locus is a conic section. The two excep- 
tions are, first, wlien there are three given 
points and a given straight line, 1n which case the 
locus is 

{Au (Lu — K) (Bv (Mo — K)'* 
+ {C w (Nw —K)j!'— 0, 

which, being rationalized, is of the fourth order. 

But some doubt may exist as to whether such 
equation may not be decomposable into two quad- 
ratic factors, and thus represent two conic sections. 
That such cannot hold generally will best appear 
from the discussion of a particular case. 

The other case of exception is when the data are 
four straight lines, the locus then being a straight 


line; but since a straight line may be included 
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amongst the conic sections, we may say that there 
is but one case of exception. 
The particular case we propose to investigate is 


the following. 
Through one of the angular points of a rhombus 


draw a straight line parallel to a diagonal, and 
let a system of conic sections be drawn, each touch- 
ing the parallel to the diagonal, and also passing 
through the three remaining angular points of the 


rhombus, to investigate the locus of centres. 


Let AO = OD = l, tan BA O 2 tanCAO =m. 
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Taking the origin at O the equations are 
u=y—m(c+1)=0forAB 
v=ytm(et 1) =O0for AC 


w=2=0 for B C 
Au+Bv+Cw=2-—1=0forKD. 
To determine A, B, C, we have therefore 
A (y — m (+ 1) +Blytm(e+1))+Cz 
. =r -- 1 
identically ; ΙΑ ΕΒΡΞΟ 
—mA+mB+C=1 
—mA+mB=-1 
: ] 1 
“. C = 2, ΑΞ. b= 
Also for finding L, M, N 
L(y — m(z*1)*M(y*m(rtD)*Nz-2K 
L+M=0 
—-mL+mM+N=0 
—mL+mM=2K 
Rus dl ο ene 


m 


by the substitution of which in (c) we have for the 
locus of the centres, 
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(su + mé * (t —)* + (amo (20 + 1} -ο, 
or 
j {y—m(s+1)} {y-ma} f+ TOLLER) TERT 
tin[zaz40)i-0 
and this equation rationalized and reduced gives 
(2z -- 1) (2 ο - l)y? = 4 πή 2 (22+ 1) 
which resolves into the two 


2zr+1=0 
4m 2 
aag y —8z-1 


the first of these, since 
| v = w (N w — K) = —K r (2 z 1) 
requires » = 0, which would reduce the equa- 
tion of the system to \vw + puw = 0, or 
w = 0, Xv + pu = 0, representing only two straight 
lines. Hence 2 z + 1 — 0 must be rejected, and 
4m’ α 
ως] 
Now this curve is essentially one of the third 





therefore ;? = is the required locus. 


order, and generated from the hyperbola in the same 
manner ds the cissoid of Diocles is from the circle. 
This we proceed to demonstrate. 

If z be measured in the contrary direction O A, 


the equation may be written 





Let a hyperbola be described of which the semi 


y 





axes are, real — 1, imag. did il 3 and through the ver- 


tex A draw any line N A P. Draw N Q and make 
C M = C Q. Also draw the ordinate R M, cutting 
N A P in P, then P will be a point in the curve. 
For let y = a z be equation to NA P, A being 
origin, equation to hyperbola y* = m x + 2 m? 2’, 


.*. for intersection N, a? z =m + 2m? zr 


2 3 

m m 
1 = — a ° SA OS] 
2m — ᾧ᾽ 9 mÈ — a 


2 
Alo BQ =AP=2,-—",-2=AB=} 


2 m? 


ae νο 








Hence the locus of P is the curve in question. 
To find the asymptotes. 
Taking the equation 


4m a? 
| ο ρα 


so that for z infinite we have 


y= t+ νο (r+ 3 


Moreover since z — à makes y and zi infinite, 
T 


the equation 22—1=0 
gives another asymptote. 

These asymptotes being drawn, the curve will be 
found to consist of three distinct branches, as in the 


figure. 
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10°, What we have hitherto exhibited seems to 
be far from being the full extent of applicability 
of this method of investigation, as the following 
will show. 


Le Avw+ Buw+Cuv=0...(3) 
be a fized conic section passing through the inter- 
sections of u = 0, v = 0, w=0. [tis required to find 
a system of conic sections, each of which shall touch 
the lines x = 0, v = 0, w = 0, and also the curve (3). 

Let (Mu) + (μυ 1- (ν ω)ὲ-- 0... (Α) 
be the equation to any curve of the system. 

This already touches u, v, w, and if we assume 

(A xy t (B zt +(C»}=0... (3) 
and investigate the envelope of (4) we find it to be 
no other than the equation (8). 

Hence the equation (4), in which a, p, ν, are sub- 
ject to the condition (3), represents the required 
system. 

. Hence the locus of the centres of the system is 
(A L (Lu — K)! + {BM (Me — K)}} 
+ {CN(N w— K) = 0. 
11°. Now let (A ujt + (Br c (Cw) =0... (δ) 


be a fixed conic section touching u = 0, v = 0, w= 0, 
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and let it be required to find a system of conic sec- 
tions, each passing through the mutual intersections 
of u = 0, v = 0, w = 0, and also touching (5). 

Let AXvwepuwtvuv=—O0... (6) 


be the equation to each curve of the system, and 


suppose A, μ, » connected by (δ) as before. 


On investigating the envelope of (6) we find it 
to be no other than (5). Hence (6), subject to 
condition (2), represents the system required. 


The locus of the centres in this case will be 
{Au (Lu — K)} + {B v (M v — K)]* 
+ {C wiN w — K)! = 0. 


This curve is double the dimensions of that in 
the preceding case, and each result assures us that 
were we to find the solution of the following, 
“To find the locus of the centres of systems of 
conic sections, each of which touches four given 
conic sections," we should have an algebraical 
curve of very high dimensions, and not in general 
resolvable into factors, each representing a curve of 
the second order. 


I will conclude this chapter by applying my 
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method to solve a theorem proposed by Mr. Coombe 
in his Smith’s Prize Paper of the present year. 

The theorem 1s, “If a conic section be inscribed 
in a quadrilateral, the lines joining the points of 
contact of opposite sides, each pass through the 
intersection of the diagonals." 

Let u = 0, v = 0, w = 0, t = 0, be the equa- 
tions to the sides of the quadrilateral ; 

Then determining A, B, C, by making 

Au+Bv+Cw — t, identically . . . (1) 
And subjecting λ, μ, y, to the condition 
itb*c- 0.9 
we have (A u)? + (y v} + (» w) —0...(3) 
for the inscribed conic section. 
But equation (3) may be put in the form 
4pvvw =(Au—pv— vw) 
so that hu’—pv—vw= 0 
is the equation to the line joining the points of 
contact of » and w. 
From (1) we have 
A u + B v identical with t — C w, 
so that either of these equated to zero will repre- 


sent the diagonal D B, and similarly 


o3 


Au + Cw = 0, ort — Bv = 0 will represent the 


diagonal A C. 
But from Au+Bvo=0 
Au+Cw=0 
"ποτε. 
and itg to~. 


Eliminating A, B, C, we obtain 
`u — pv — rw =0 

Hence this line passes through the intersection of 
the two diagonals. But this has been shown to be 
the line joining the points of contact of the opposite 
sides v, w; such line of contact therefore passes 
through the intersection of diagonals. Similarly, the 
other line of contact also passes through the inter- 


section of diagonals. 


CHAPTER III. 


I nave applied analysis after the method fol- 
lowed in the last Chapter to the solution of a vast 
number of very general theorems, and always with 
complete success. I have also extended it to three 
dimensions, and have discovered many remarkable 
properties and relations hitherto unknown, and 
have also obtained very concise and elegant de- 
monstrations of known theorems. It is intended 
in this Chapter to instance a few of them. 

Let wu, v, w, t be linear functions of x, y, z, and 
let the planes | 

ο, v=0, ω0, 
be supposed to touch a surface of the second order 
in points situated in the plane t=0; then the 
equation to that surface will be as follows: 
Ata? + B' o! + C'u! — 2ABue —2ACuw — 9BCow x P= 0. 
For suppose u = 0, the equation becomes 
(By -Ουωὐ +? =0. 
Taking the upper sign this requires 
Bv —Cw = 0, andt=0; 
and taking the lower sign 
Bv Cw + t=0, and Bv- οω - 10. 


δῦ 


In either case the point determined by 
ο, Do — Cw - 0, and t = 0, 
will be a point in the surface to which the plane 
u = 0 is tangential. In the former case it will 
touch the surface in this point only, in the latter it 
will touch in this point and cut in the straight 
lines 

Bu—Cw+t=0, and Βυ-- Ου -- ἐ- 0.3 

In the same way v = 0, and w = 0 are also tan- 
gent planes. 

Now Bv — Cw = 0 represents a plane through 
the common intersection of the planes v = O, 
w Ξ 0. Similarly Aw— B» = 0 represents a 
plane through the common intersection of u = 0, 
v = 0; and Cw — A u = 0 one through the inter- 
section of t» = 0, u = 0. 

Whence, since C w — A u = 0 is a consequence 
of Au — Bv = 0, and Bv — C w= 0, we may 
assert the following theorem: 

If a surface of the second order be tangential 


to three planes, the planes passing through the 


* This is the case of the hyperboloid of one sheet. If t be 
obliterated there is but one line, and the surface becomes a cone 
whose vertex is the common intersection of u, v, w. 


E2 
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mutual intersections of every two of them and the 
point of contact of the third tangent plane, will 
intersect in the same straight line. 

Again, let straight lines be drawn from the point 
of mutual intersection of u = 0, v = 0, w = 0, one 
in each plane, and let two surfaces of the second 
order touch the three planes u = 0, v 0, w = 0, 
in points respectively situated in those straight 
lines, then the equations to the two surfaces dif- 
fering only in the value of £, we have at their 


points of intersection 
( — t’ -- 0, 
ort —t£—0, t+¢=0. 

Hence if two surfaces of the second order touch 
three planes in such a manner that the lines joining 
points of contact on each plane all pass through 
the point of common intersection of the three 
planes, the surfaces (if they intersect at all) inter- 
sect in one plane, or else in two planes. 

In M. Chasles’ Memoirs on Cones and Sphe- 
rical Conics, translated by the Rev. Charles 
Graves, F.T.C. D., I find the following remark: 

“These theorems might also be demonstrated 
by algebraic analysis; but this method, which in 


general offers so great advantages, loses them all 
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in this case, since it often requires very tedious 
calculations, and exhibits no connexion between 
the different propositions; so that it is only useful 
in verifying those which are already known, or 
whose truth has been otherwise suggested us pro- 
bable.” 


All who have read M. Chasles’ Memoirs must 
greatly admire the exquisite ingenuity and gene- 
ralization displayed in them; but I think no one 
who well understands the use of analysis, and is 
capable of applying it to the utmost advantage, 
would readily subscribe to the preceding remark. 


I would unhesitatingly engage to furnish good 
analytical demonstrations of all M. Chasles' the- 
orems, and as the matter is allied to the subject 
of this volume, and would furnish perhaps a 
happy illustration to this part of it, I have 
adopted the suggestion of a scientific friend to 
devote this Chapter to the analytical iuvestiga- 
tion of some of Chasles’ properties. 

Let u = 0, v = 0 be two planes through the 
origin, w = 0 another plane, 7? = 2° + y* + z. 


Then D =muv t nw... (2), 
represents a surface of the second order, of which 
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= 0, v = 0, are cyclic planes, and w = 0 may 
be called the metacyclic plane. 

For u = const. reduces equation (1) to that 
of a sphere. The plane w = const. necessarily 
intersects this sphere in a circle. But the surface 
and plane intersect in the same curve as the sphere 
and plane; therefore « = const. intersects the 
surface in a circle. That is, all planes parallel 
to u = 0 ifitersect the surface in circles, or in 
other words u = 0 is a cyclic plane. 

Similarly » = O is a cyclic plane. 

If the origin be a point on the surface t» is homo- 
geneous in z, y, Z, and is a tangent plane to the 
surface in the origin. 

For w = 0 reduces (1) to 7? = muv, from 
which, on eliminating z, we obtain evidently a 
homogeneous linear equation in z and y, which will 
represent either the origin or two straight lines 
through the origin. In either case w — 0 Is a 


tangent plane.* 


* This is also evident from the consideration, that when 
the constant term in the general equation of the second or 
any higher order is zero, the linear part of the equation repre- 
senis a plane touching the surface represented by the whiole 
equation, in the origin. 


e 
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Moreover u, v, and w are proportional to the 
perpendiculars from a point z, y, z, upon those 
planes respectively, and may be taken equal to 
such perpendiculars by the introduction of proper 
multipliers. Hence if ¢, $9, 9 are the angles which 
r makes with x, v, w, we have 

u υ E 
απ sing ~= sing, - = sind, 
by the substitution of which in (1) we obtain the 
condition 
r{l — msing sing} = n sino. 

Hence the following theorem. 

If in any surface of the second order a point 
be taken at which a tangent plane is drawn, and 
if, moreover, a chord whose length is r be drawn 
from the assumed point, and ϐ be the angle it 
makes with the tangent plane, ¢ and 9', the angles 
with the cyclic planes, then 

r{l — msin¢ sing} = n sino, 
where m and z are constant. i 

When » = 0, the surface becomes a cone, origin 
at vertex, and sing sing = const., which is one of 
Chasles’ theorems. 

When the chord is in either cyclic plane, 


r = n sin 6, 
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Whence if 3 be the diameter of one of the circu- 
lar sections through the origin, and » the angle 
of inclination of its plane to the tangent plane, 

ἕ é 
ò= asinn conu 

This therefore determines z, which will in general 
be different for different points on the surface. 
Also m will be the same for all points on the 
surface, because if the origin be changed, the axes 
remaining parallel to themselves, the terms of 
the second order remain the same. 

In order therefore to determine m, suppose the 
origin changed to the extremity of one of the 
principal axes of the solid, the greatest or least 
(not the mean). Let A be the length of such 
axis, ε the angle it makes with either cyclic plane, 
D the diameter of a circular section through the 


extremity of such axis, then since 


sin 8 = |, for e = 90°, and » = —— 


cos e’ 
we have 
D A — Dsece 
= ει ee e N ea 
A {1 — msin’ e} - ™ Á sin", 
The equation of the surface therefore becomes 
3 Α- D Sec e P 
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From this the reader will be able to deduce 
many singularly beautiful properties of great 
generality. 

I will here instance one or two of them: 

If two intersecting concentric surfaces of the 
second order have the same cyclic planes, they 
will intersect in a spherical conic or curve such 
that the product of the perpendiculars from any 
point in it on the cyclic planes is constant. 

Let τὸ = muv + B, 

1? = m uvt b*, 
be the two surfaces. 
Eliminating «u v, we have 
(m —m)yr =m δ) -- mt’, 
the equation to a sphere. 
Also (b? — δ) r = (mb? — m b) uv, 


the equation to a cone vertex at origin. 


Also (m — m) uv = b? — b; 
bf aan Pp 

<. Uo = — = const, 
m — m 


but v, v are the perpendiculars from a poiut z, y, 2 
on the cyclic planes; this product is therefore 
constant for αἰ] points on the common intersection 


of the two surfaces. 
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Again let 4 be the diameter of a sphere touch- 
ing a surface of the second order in two points, 


and intersecting that surface in circular sections, 

ὃ ; : 

then 4 = a) and the equation of the surface is 
η 


r = aD en uv + Aw 
A sin’ i 
the origin being in the surface, and w = 0 a tan- 
gent plane through the origin. 

Let w = z, and make z = 0, then 

, Å — Dsece 
ο ας 
r, u, v being the values of r, u, v when z = 0. 

This is a homogeneous equation of the second 
order in 2 and y, and will therefore represent either 
the point of contact, or one or two straight lines. 
When it represents one straight line the surface 
is conical; when two it is the hyperboloid of one 
sheet, the two straight lines being generatrices. 
Hence the product of the sines of the angles made 
by either generatrix with the cyclic planes is con- 

A sin’ ε 
A ~ Dsece- 

We now proceed to a few of the properties 
of Cones. 








u v 
stant and equal to t l =) = 
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Generation of Cones of the second degree, and 
their Supplementary Cones. 

General principle. 

Let 


T 


Ax + By+Cz=0, 7 Β ο; 


be a moveable plane and straight line perpendicular 
thereto. If the condition to which the motion of 
the plane or line be subjected be such that 
combined or not with the equation 
A+B+C] 
it leads to a homogeneous equation of the second 
order in A, B, C, then the plane will envelope 
a cone of the second degree, and the line will 
generate another cone of the second degree sup- 
plementary to the former. 
For let f (A, B, C) = 0, 
be the homogeneous relation above supposed. 
Then since z, y, z, in the equations to the straight 
line are proportional to A, B, C, we can replace 
the latter by the former in the homogeneous equa- 
tion, and thus have f(r, y, z) = 0, for the 


surface described by the moveable straight line. 
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| P Pp z κ 
Now let | ptp a= 
be the equation of the cone so described by the 
ieht li MEE MER 
straight line -β-ο 
| A? BP ο 
Then a+ Ra =O. 


To find the surface enveloped by 
Az+ By+Cz=0, 

we have aaa + dB - 4C =0, 
zdÀ +ydB+zdC 20; 

τ 
E 


2 = λα, p -^9 DAE AM 
or Α-λὠα, Bz3P)y Ο---λὠσ. 
Putting these in 
Ar+By+Cz=0, 
r+ hy -- ὅ 2 - 0, 
the equation to the other cone. 

This, therefore, establishes the general prin- 
ciple, and consequently when any property is pre- 
dicated of such cones, the only thing necessary 
to be done to demonstrate it is to find whether 


combined or not with the condition 
A? + B+ C? = 1, 
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it leads to a homogeneous result of the second 
order in A, B, C. 

For example. ‘‘The sum or the difference of 
the angles which each focal line makes with a 
side of the cone of the second degree is constant ;” 
or in other words, if a straight line drawn from the 
point of intersection of two given straight lines 
makes angles with them whose sum or difference 
is constant, the moveable line traces the surface 
of a cone. 


Let the equations of the given lines be 


r y 2 
a b c 
v y z 
a b c! 


a and @ the two angles ; 
0 + & —2a const. ; 
cos (0 + 0) = cos 2a, 
or cos? 0 + 90976 — 9 cos 2a 0080 cosg = sin’ 2a; 
but cos9 = Aa + Bb + Cc, 
cosd =A d + Bb + Cc. 
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Putting these in the above, and multiplying 
sin? 2a by A? + B? + C?( = 1), we have 

(Aa * Bb * Ccy * (Ad + Bb + Coy- 
— 2cos2a(Aa + B+ Cc) (ka + Βδ + Ce) 

= sin? 2a (A? + B? + C^, 
a homogeneous relation of the second order, and 
therefore the proposition is true. 

But besides establishing the truth of the propo- 
sition, we are enabled immediately to find the 
equation of the cone so traced, thus: 

T, y, z, being written for A, B, C in the above 
relation, making 

ε--αα + by + C2, 
u =d T+ b y+ cz, 
Poet γ᾽ t 2, 
we have for the equation in question 
r' sin 24 = αἱ + u* —29uw cos2 a. 
The lines perpendicular to the planes y = 0, u’= 0, 
are called focal lines for the following reason. 
Consider u’ const. and = p’, then p’ is the perpen- 


dicular from the origin on the plane μ΄ 


/ 
— p = 0, 
and ¥7* — p" is therefore the distance from a 


point z, y, z, in the section of the cone made by 
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uf — p' = 0 and the point in which z” intersects 
that plane. 

The above equation gives 

(7? — p°) sin? 2a = (u — p’cos2a)’; 
vM p yt — linear function of z, y, z. 

This is a property of the focus and the focus 
only. Hence p/ passes through the foci of all sec- 
tions perpendicular to it. Similarly, a line per- 
pendicular to 4 — O passes through foci of all 
sections parallel to this plane. 

Again, if the moveable line makes angles with 
the fixed line, such that the product of their 
cosines is constant, it wil] trace a cone of the 
second order. The notation being as before, we have 

cos 0 cos θ΄ = const. = n, 
or (ka + Bé 4 Cc) (Αα +BY + Cc?) 
=n (å? + B? + C5, 
a homogeneous equation of the second order. 

This establishes the proposition and gives for 
the equation of the cone z r? = uz’, wherein u = 0, 
ue = 0, are called cyclic planes for the following 


= 


reason. 
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Consider μ΄ constant and = p^, then 
l / 
p η Pu 


which being the equation to a sphere, the sections 
parallel to w = 0, will be circular. 

Similarly, sections parallel to u = O are cir- 
cular. 

If two cones be supplementary to each other, 
the cyclic planes of the one will be perpendicular 
to the focal lines of the other. 

Let the two supplementary cones be denoted 


by 


2+ δ Υ' -- ο ὔ -- 0, 
~in which a is supposed greater than b. 
Eliminate 2^ from the first by means of the 
equation ?* = α + y? + 2), and it becomes 


"-e((*2)*- (87 2)v]- 


Hence the two cyclic planes are 


ΣΣ 
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ΕΗ μαι 0 
or “u= |F ë z+ Feat y= 


µ. [8 * eM, σώμα, 
sri στα ν" 
Also eliminating 2? from the other cone, 


P= a(t ο) εἲ  (ἆ -Py, 


: --ο .. 
but if cos 2a = pag itis easily found that 


this last equation may be put in the form 
7° sin2« = u^ + u? —2uw cos 2a. 

But we have shown that this is the form when 
the perpendiculars to u = 0, «w = 0, are focal 
lines. Hence the cyclic planes u = 0, u = 0, of 
the first cone are at right angles to the focal 
lines of the second or supplementary cone. 

Now, incidentally, we have also proved that 2 a 
the sum or difference of angles which any side 
of the second cone makes with its focal lines is 
independent of a. Hence, if a system of cones 
has the same vertex and axis, and be such that 
sections made by a plane perpendicular to the 
axis, all have the same major axis, the sum or 
difference of the angles which any side of one 


F 
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of the cones of the system makes with its focal 
lines will be constant, not merely for the same 


cone, but also for all the cones of the system, 
. . c 
this sum or difference being = 2 tan~';. 


No one will fail to notice here the striking 
analogy between spherical and plane conics. 

Again, let the plane of z y be parallel to one 
system of circular sections, and let the vertex of 
the cone be the origin, and the line through the 
centres of the circles be the axis of z, which line 
will in general be inclined to plane z y. 

Take the axes of x, y perpendicular to each other. 

The equation of the cone will be 

et yt 7 27, 

Now taking z constant and #2 = a, suppose 
we have 2? + y’= a’, and whatever property be 
proved in plano respecting this circle, there will 
necessarily be a corresponding one of the cone. 
There will therefore be no greater analytical dif- 
fieulty in proving the conical property than that 
in plano. 

For example. “ If two tangent planes be drawn 


to a cone of the second order such that their traces 
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angle, the intersection of such planes will trace 
out another cone of the second order having a 
cyclic plane in common with the first cone.” 

The analytical proof will be as follows. 

The equations to the two tangent planes are 

reos (04+) + ysin (0 + a) = zz, 
x cos (0 — a) + yBin (8 — a) = nz. 
Adding and dividing by 2 cos a, 
zcosé + ysmnd = nz sec a. 

Subtracting  zsin8 — y cose = 0. 

Taking sum of squares z? + y? = n’ z’ sec’ a, 
which is another cone having z y for a cyclic plane. 

As another illustration take the following. 

Let there be two given straight lines which in- 
tersect, and let a plane perpendicular to the line 
bisecting the angle between them be drawn, then 
if two planes revolve about the given lines such 
that their traces on the transversal plane include 
a constant angle, the intersections of such planes 
will trace out a cone of the second order which 
shall have one of its cyclic planes parallel to 
the transversal plane. 

This proposition is in fact tantamount to proving 

F 2 
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that if the base and vertical angle of a triangle 
be constant, the locus of the vertex is a circle, 
and it is from this plane proposition that Chasles 
infers the conical one. 

The following is the analysis. 

The equations to the revolving planes have the 
form 

(2 n m z) cos (0 + a) + y sin (0 + α) = 0, 
(z — mz)cos(0 — α) + ysin (8 — a) = 0. 

The elimination of 9 immediately gives 

(z? + 1) sin2a = m'z'sin2a — 2mzycos2a, 
which is a cone of the second order having circu- 
lar sections parallel to zx y. 

It surely cannot be said that analysis loses any 
of its usual advantages in the cases here adduced. 
For my own part I always conclude that when 
analysis does seem to lose any of its usual advan- 
tages, the fault is not in the analysis, but in the 
want of dexterity and clearness of analytical con- 
ception in the analyst. 

I am now about to make ἡ remark to which 
I think considerable importance is to be attached. 

Whatever a plane problem may be, we may 


always consider it as the result of one or more 
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relations between two variables or unknown quan- 


tities x and y. 


x 
Put = forz and 2 for y, and we are sure 
2 z 


to have the corresponding conical problem. 


Thus in the several investigations of Chapter II. 
: T 
if we conceive throughout Ξ and : to be put for 


x and y, and moreover consider z constant until 
the final result is obtained, we shall have conical 
properties corresponding to each of the plane pro- 
perties. 

It will be sufficient to enunciate one or two, 
as the reader will easily supply the rest. 

If a system of cones touch the four planes of 
a tetrahedral angle, the diameters of the several 
individuals of that system conjugate to a given 
fixed plane, will all lie in the same plane. 

If a system of cones pass through the four 
edges of a tetrahedral angle, the diameters of the 
several individuals of that system conjugate to a 
given fixed plane, will trace out another cone of 
the second order. 

If a system of cones pass through two of the 


edges of a pentaledral angle and touch the two 
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opposite sides, the diameters of the several indi- 
viduals of that system conjugate to a given fixed 
plane will trace out another cone of the second 
order. 

| have shown, therefore, how from any plane 
problem a conical one may be deduced, and to 
this class of conical problems I would propose 
the name of plano-conical problems. There is 
an equally extensive class arising from the inter- 
section of cones and concentric spheres, to which 
the term sphero-conical problems might with pro- 
priety be applied. These requiring a different 
management the following illustrations are sup- 
plied. 

“If through two fixed intersecting right lines 
two rectangular planes be made to revolve, their 
intersection will trace out a cone of the second 
order passing through the fixed right lines and 
having its cyclic planes at right angles to them. 

This is another of Chasles’ theorems. 

Let i = s = : be the equations of the gene- 
rating line. 


Let the fixed lines be in the plane z z inclined 
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ut an angle a to axis of z. By the property of 
right-angled spherical triangles, we have cos 2 α 
equal product of cosines of generating line with 
fixed lines, 
or (C cosa + Asina)(Ceosa — Α sina) = 005 2a, 
where ΑΣ + ΒΡ} C? = I. 

This equation is therefore 

A’ cos? a + B' cos 24 — C? sin'a = 0, 
or z'coB'a + y'cos 2a — z^ sinta = 0. 

This is the equation to a cone, and on making 

y = 0, it reduces to 
T cova — 2’ sin?a = 0, 

or zC0Sa—Zz8iNna = 0, FCOSa  2δίπΠα = 0, 
and, therefore, the surface passes through the two 
fixed lines of which these are the equations. 

Eliminating y by the equation 7? = z^ + φῇ} 2, 

2? costa + (r? — x? — y?) cos2a — z? sina --0, 

or r'cos24a = 2’ cos’ a — 2 sin’ a, 
and therefore the cyclic planes are 
zcoSa + Sina =Q, 
Z COS a — £ Sina = 0, 

which are perpendicular to the given lines. 

2. Let a system of cones of the second order 


pass through the four edges of a tetrahedral angle, 
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to find the surface traced by the axes of each 
individual of the system, or in other words, re- 
quired the locus of the spherical centres of a 
system of spherical conics each passing through 
four fixed points on the sphere. 

Let u and v be two homogeneous functions of 
x, y, z of second order, so that u = 0, v = 0 may 
represent two cones of that order. Suppose them 
to intersect in four lines, then u + àv = O will 
for different values of à represent all the cones 
having the same vertex, and passing through the 
same lines, for any point in any of the lines makes 
u = 0, v = 0 separately, and therefore satisfies 
the above equation. 

Now in order to find the equations for the direc- 
tions of the axes we have, first considering z as 


a function of z and y, 


ἐν dn da, [de do dr] rg 
dac αν de dz dz dr] ^? 
du du dz E dv =} --ο 


dy * dz‘ dy dy * dz'dy 
. dz r dz y zs : 
Putting 7 ——25: "rm € conditions which 


insure the perpendicularity of the straight line 
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represented by the preceding with its conjugate 
plane, and thus making it peculiar to the axes, 
and then eliminating λ, the resulting equation is 


H dv du dv ΕΞ dv du E 
dy' dz n5 dz dx du dz 
[7 dv du at 
να = 


da'dy dy dz 
Now t, v being homogeneous and of the second 


order, &c. will be homogeneous and of the 


first order. The preceding will therefore be homo- 
geneous and in general of the third order. Hence, 
classifying the curves described on a spherical sur- 
face by the orders of the equations of the con- 
centric cones by whose intersection with the 
spherical surface they are produced, it will follow 
that the locus of the centres of a system of spherical 
conics of the second order passing through four 
given points will be a spherical conie in general 
of the third order. 


POSTSCRIPT. 


— dilema. 


Ir has seemed necessary to the Author, though he 
is not a Member of the Senate of the Cambridge Uni- 
versity, to say a few words with reference to a work 
which has lately appeared by Dr. Whewell, entitled 
* Of a liberal Education in general, and with particular 
reference to the leading Studies of the University of 
Cambridge.” 

What has been advanced in the preceding pages is 
addressed chiefly to professed mathematicians, and is 
intended to express the humble opinion of the Author 
as to the supremacy of Analytical Mathematics. It is 
by no means questioned or denied that appropriate ideas 
both in Geometry, and other subjects, which are most 
successfully carried on analytically, ought in the first 
instance to be attained, and this by the study of such 
works as Dr. Whewell classifies under the title of “ per- 
manent studies.” If the ideas appropriate to each par- 
ticular branch be not first distinctly engraved on the 
mind, it is to little purpose that we have recourse to 
the aid of analysis; but having once possessed ourselves 
of those ideas, analysis becomes a powerful instrument 
for combining and generalizing to an extent which may 
well be called infinite. The mode, however, of applying 
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it is a great matter. In the hands of a person of little 
skill it often leads to a labyrinth of perplexities and 
false conclusions. Dr. Whewell, after asserting at p. 43 
that “Analytical reasoning is no sufficient discipline of 
the reason, on account of the way in which it puts out 
of sight the subject matter of the reasoning,” further 
adds, that ‘‘ The analyst does not retain in his mind, in 
virtue of his peculiar processes, any apprehension of the 
differences of the things about which he is supposed to 
be reasoning.” 

In answer to the first statement, it seems sufficient 
to say that “analytical reasoning” cannot be charged 
with putting out of sight the subject matter of the 
reasoning on which it is employed, any more than the 
pen, ink, and paper of the Author can be charged with 
this concealment, for the former is just as much an in- 
strument as the latter. If Boevius strikes the lyre from 
which Horace drew such sweet and lively strains, is the 
lyre in fault because it does not reproduce them? And 
in reference to the other remark, if an analyst ‘does 
not retain in his mind any apprehension of the differ- 
ences of the things about which he is supposed to be 
reasoning," he is plainly a person who does not know 
what he is about, and can only be supposed to be rea- 
soning by those who know not how he ought to reason. 

So strange does the whole of Dr. Whewell's reason- 
ing, in order to prove that ** Analysis is of little value 
as a discipline of the reason for general purposes," ap- 
pear to us that we strongly suspect he has not had in 
view that which mathematicians understand by the term 
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"analysis," but that his object has been to “counteract, 
correct, and eradicate” a vicious system of mathemati- 
cal education in the University, and which he ascribes 
to the use of symbols. The Doctor is perfectly right as 
to the existence of this vicious system, and very right, 
as one of the guardians of education, to endeavour to 
correct it, but most decidedly do we deny that analysis 
is to be blamed for it. The fact is, that for several 
years past it has been the custom for incipient graduates, 
after having passed the Senate House Examination with 
more or less credit, to take pupils. Now those tutors 
(many of them highly estimable men, and men of ster- 
ling talent,) are often very inexperienced, probably most 
of them thoroughly ignorant of mathematics only three 
years previous to entering on their tutorial occupations. 
But education, like every thing else, requires study, 
thought, and experience. A young tutor may be a 
highly talented individual, and yet a very bad teacher. 
He has forgotten the difficulties experienced by himself, 
and perhaps never known those experienced by others. 
He cannot believe it possible that any being born with 
reasoning faculties can stumble in going over the Pons 
Asinorum, or fail to understand the Binomial Theorem, 
and a thousand other minutim. He therefore takes too 
much for granted as to the state of knowledge of his 
pupil, and all pupils are anxious to conceal rather than 
display ignorance. : 
The tutor, therefore, taking it for granted that his 
pupil is already possessed of the appropriate preliminary 
ideas, ushers him too rapidly into the domains of ana- 
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lysis. The pupil appears to progress rapidly, feels per- 
fectly satisfied both with himself and his tutor, and 
soon begins to faney that he may be Senior Wrangler. 
He ean solve any quadratie, separate roots, draw tan- 
gents and asymptotes, differentiate and integrate like 
harlequin, and all this after having read only three 
terms. But he cannot do the simplest deduction from 
Euclid, has no idea of a geometrical limit, makes sad 
bungling of a statieal problem, and does not understand 
Taylor's Theorem. 

This state of things continuing, he is ushered into 
Dynamics, Lunar and Planetary Theories, &e. &c. and 
becomes ready for the Tripos, from which he emerges 
last of the Senior Ops, retires from Cambridge, and is 
puzzled all his life long to find out what is the use of 
& University education. 

Had such a youth been in the hands of an expe- 
rienced person and distinguished mathematician, who 
would have taken care to educate him properly, who 
would have carefully completed the links connecting geo- 
metrical and algebraical reasoning, who would in every 
analytical investigation have kept the ideas appropriate 
to the subject of investigation constantly before the mind 
of the pupil, who would have shown him in many cases 
the identity of analytical and geometrical reasoning, and 
that in all cases the former is as it were the sublima- 
tion of the latter; then indeed it would not have been 

* Parturiunt montes, nascitur ridiculus mus.” 

The preceding pages are intended to show to the 

mathematicians of this country what may be done even 
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on a very common subject in the way of further de- 
velopement and generalization, by one, who while he is 
employing analysis with all the skill of which he is 
capable, never loses sight of appropriate ideas, but has 
throughout the whole investigation those ideas vividly . 
in his mind. Had the work been principally intended 
for learners, explanation would of course have been more 
copious. 


R. M. Corr. Sanonurst, 
23rd Oct. 1846. 


William Stevens, Printer, Bell Yard, Temp!e Bar. 
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PREFACE. 


THIS work contains elementary proofs of the principal 
properties of Conic Sections, together with Chapters on 
Projection and Anharmonie Ratio. The term Conic, else- 
where frequently employed as an abbreviation, is here 
formally adopted, with reference to the fact that it is no 
longer usual to define the curves in. question as sections 
of a surface. ‘The term Conic Section is introduced in 
Chapter XI. 

In Chapter Il., some fundamental propositions are proved 
by methods applicable to all Conies, a Conic being con- 
sidered as the locus of a point whose distance from a 
fixed point bears a constant ratio to its perpendicular dis- 
tance from a fixed straight line. The propositions of this 
Chapter have been selected as either important i them- 
selves or useful in their application. To the latter class 
belong Props. VIL, VIII. which are useful in proving the 
Anharmonic Properties of Conics. Prop. XII., in which 
the fundamental property of diameters is established, leads 
to important simplifications. Prop. XIII., which follows 
immediately from it, has been applied to prove that, in 
the ellipse, CV. CT — CP", (p. 81). The Lemma is shown, 
in the Appendix, to be closely connected with some im- 
portant properties of central Conics. 
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It is also shown that Props. IX., X. are geometrically 
equivalent to the ordinary polar equation of a Conic; whilst 
Props. rrr, rv. lead to those of the tangent and chord re- 
spectively. The first of these results was pointed out by 
Professor Adams, to whom I am indebted for notes that 
have formed the basis of several proofs in the Chapter now 
under consideration. The above propositions are also useful 
in establishing theorems not usually proved by elementary 
geometrical processes (see Ex. 25, p. 22), whilst the inter- 
pretation of results is a manifest advantage to the student 
on his first introduction to analytical methods. 

The proposition QV*=4SP.PV, in the parabola, has 
been proved by assuming that PV — PT, and that the ex- 
ternal angle between any two tangents is equal to that 
which either of them subtends at the focus; the latter 
being perhaps one of the most obvious deductions from the 
fundamental properties of tangents. Another proof has 
been given (p. 171), which depends upon the definition 
only. 

Prop. 11., Chapter IV., viz. that the sum of the focal 
distances of a point on the ellipse is constant, has been 
proved without assuming the no less difficult proposition 
that every ellipse has two directrices. The Lemma being 
assumed, these results follow as in Chapter Il. It is 
proved conversely, in the Appendix, that an ellipse, de- 
fined by the constant sum of its focal distances, may be 
generated in two ways by means of a focus and directrix. 
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Prop. xi, Chapter IV., is'new, whilst Prop. vir. 
has been introduced as an important result admitting of 
a simple geometrical proof. 

Prop. 11., in the second Chapter upon the hyperbola, is 
also new, and has been applied to prove, amongst other 
theorems, that the portion of any tangent intercepted be- 
tween the asymptotes is bisected at the point of contact. 

I have in general made it an object to prove analogous 
properties by similar methods, the tendency of this arrange- 
ment being to diminish the labour of the student. Com- 
pare Props. XV., XVI., Chapter IV.; Props. XIIL, XlV., 
Chapter VI. 

In the Chapter on Corresponding Points, the results of 
Orthogonal Projection are obtained by a method not in- 
volving solid geometry. The connection between these 
methods is shown at the end of Chapter XV. 

In Chapter XIIL, the fundamental Anharmonic Pro- 
perties of Conics are proved by general methods which 
were first exhibited, in the Quarterly Journal of Pure 
and Applied Mathematics, by Mr. B. W. Horne, Fellow 
of St. John’s College. 

The principal properties of Poles and Polars are proved, 
in Chapter XIV., by methods applicable to all Conics. 
They are also proved for the parabola in Chapter III., 
and for central Conics in Chapter V. 

In the last Chapter, the method of Conical Projection 
has been explained and illustrated with the help of figures. 
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The treatment of the subject is elementary and geome- 
trical, no allusion being made to the analytical conception 
of imaginary points. | 

The definitions are in a majority of instances placed at 
the beginnings of the various Chapters; some of the most 
general are given at the commencement of the work, whilst 
another class, in which especial explanation is required, 
may be found by referring to the Table of Contents. 

In references, the number of the page has usually been 
given, except when the proposition referred to occurs in 
the same Chapter as the reference. 

The symbol of equality has been used in stating pro- 
portions, as well adapted to express that equality or simi- 
larity of ratios by which proportion is defined, and as 
superior in distinctness to the symbol (::) more commonly 
employed. The term eccentricity has been defined, and 
used as a convenient abbreviation throughout the work. 


Cambridge, November, 1863. 
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GEOMETRICAL CONICS. 


DEFINITIONS. 


A CONIC is the curve traced out by a point which moves 
in such a way that its distance from a fixed point, called 
the Focus, bears always the same ratio to its perpendicular 
distance from a fixed straight line, called the Directrix. 


Note. Let S be the focus, MX the directrix, P and P' 
any two points on a given conic. 


Draw SX, PM, P'M' perpendi- mM 


E 
cular to the directrix, and through 
P, P' draw any two parallel ^" p 
straight lines meeting the direc- p v 
trix in E, W. Then by similar τ LA 


triangles PME, P'M'R, X S 

PM: PR=PM': PR. 
But SP: PM= SP':PM, [.Def. 
Therefore SP: PR= SP : PR’. [Euc. v., 22. 


Now P' may be any point on the conic, but, whatever be 
the position of P', the ratio SP’: P'E' is always equal to 
the ratio SP: PR. Hence a conic might have been defined 
as the curve traced out by a point which moves in such a 
way that its distance from the focus bears always the same 
ratio to its distance from the directrix, measured parallel 
to any fixed straight line which meets the directrix. The 
B 


2 DEFINITIONS. 


ordinary definition results from supposing this straight line 
perpendicular to the directrix. 

Lhe Eccentricity of a conic is the ratio which the distance 
from the focus, of any point on the curve, bears to its perpen- 
dicular distance from the directrix. 

A conic is called a Parabola, Ellipse, or Hyperbola, accord- 
ing as its eccentricity is equal to, less or greater than unity. 

The Ααι5 is a straight line drawn from the focus perpen- 
dicular to the directrix, and the point in which it intersects 
the conic is called the Vertex. 

The straight line joining any two points on a conic is said 
to be a Chord of the conic. 

The Latus Rectum is the chord drawn through the focus 
at right angles to the axis. 

Let P, Q be adjacent points on a conic, as in Prop. 1., 
p. 6, and let Q move along the curve towards P, whilst P 
remains stationary. Then the chord PQ, in its limiting posi- 
tion, when Q coincides with P, becomes the Tangent at P. 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point of the 
curve is said to be the Ordinate of the point. 

The portion of the axis intercepted between the tangent 
and ordinate at any point on the curve is called the Sub- 
tangent. 

The portion of the axis intercepted between the normal 
and ordinate at any point on the curve is called the Sub- 
normal. 


( 3 ) 


CHAPTER I. 


TRACING THE CURVE. 


1. When the focus, directrix, and eccentricity of a conic are 
gwen, any number of points on the curve may be determined. 

For, let S be the focus, MM' the directrix. 

Draw SX meeting the directrix at right angles in .X, and 
in SX take a point A such 
that the ratio of SA to 
AX may be equal to the 
eccentricity. Then A is 
the vertex of the curve. 

In AS, or AS produced, 
take any point N, and with 
centre S, radius SP, such 
that 

SP: NX= SA: AX 
describe a circle cutting in 
P, P', the straight line 
drawn through N parallel to the directrix. 

Let PM, P'W be the perpendiculars from P, P' on the 
directrix. ‘Then PM is equal to NX. 

Therefore SP: PM= SA: AX, 
or P is a point on the curve. 

Similarly SP’: PM'= SA: AX, 
or P" is a point on the curve. 

Thus any number of points on the curve may be deter- 
mined corresponding to the various positions of N. 
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2. The axis divides the curve into two equal and similar 
parts. For, corresponding to any point P at a perpendicular 
distance PN from the axis, there is a point P’ on the other 
side of the axis and at an equal distance .P'N from it. 


3. If the point .N be taken so as to coincide with A, then 
SP becomes equal to SN and the points P, P' coincide. In 
this case the chord PP’ is a tangent to the conic. Hence 
the tangent at the vertex is perpendicular to the axis. 


4. If the position of N be such that SP is less than SN, 
the straight line and circle, in the above construction, will 
not intersect. For such positions of N no points on the curve 
can be determined. 

Let the curve be a parabola and let N lie to the right 
of A. Then SP, or NX, is greater than SN, and the con- 
struction is possible. Similarly, the cases of the ellipse and 
hyperbola may be discussed. 


5. Again, let PM be the perpendicular on the direc- 
trix from any point P 
on the curve, and at 
the point S in SM 
make the angle MSR 
equal to MSP. Then 
the angle POR is bi- 
sected by SM, and 
if RS, MP meet 


in Q, 





SQ: SP=QM: PM. [Euc. vI., A. 3. 
Alternando SQ:QM- SP : PM, 


or Q is à point on the curve. [ Def. 
Now the angle MSP is greater or less than SMP, accord- 
ing as SP is less or greater than PM (Euc. 1., 18). Hence 
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MSR is greater or less than SMP, or than the alternate 
angle MSX, according as the eccentricity is less or greater 
than unity. 

In the former case the straight line AS falls without the 
angle MS X, and the points #, Q lie on the same side of the 
directrix. Hence the curve consists of one oval branch as in 
the figure. When the eccentricity is greater than unity, the 
straight line 59 falls within the angle MSX, and P, Q he 
on opposite sides of the directrix. In this case the curve 
has two infinite branches with their convexities opposed. 
Compare the figures in the chapters upon the hyperbola. 

If the eccentricity be equal to unity, the angles MSR, 
MSX wil be equal. Hence EO coinciding with the axis 
wil not meet MP, or a straight line MP, drawn parallel to 
the axis of a parabola, meets the curve in one point only. 
Hence the parabola consists of one infinite branch. 


6. Let MP be any straight line which meets the directrix 
in M and the curve in P. Make the angle MSR equal to 
MSP and let RS, MP intersect in Q. 


Then SQ : QM= SP: PM as above. 


Hence Q is a point on the curve. [Def., Note. 
It follows that a straight line, which meets a conic, will, 
in general, meet it in two points. Conversely, it may be 
shown that no straight line can meet a conic in more points 
than two. 
From this property conics are termed curves of the second 
order. 
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CHAPTER II. 


CONICS. 


Prop. I. The tangent to a conic, measured from the point 
of contact to the directrix, subtends a right angle at the 
focus. 

Let PQR be a straight line which meets the curve in 
P, Q, and the directrix in R. 

Produce PS-to Ο. M P 

Then, since P, Q are points 
on the same conic, 
SP: PR=8Q:QR. [Def., Note. *® 
Hence SH bisects the angle QSO 
(Bue. vr, A), or QSR is half the X S 
sum of the angles QSR, OSR. » 

Let the point Q move up to P. 
Then the chord PQ in its limiting 
position, when Q coincides with lt 
P, is the tangent at P. But, when Q coincides with P, the 
angles QSR, OSE are together equal to two right angles 
(Euc. L, 14). Therefore QSR, being half their sum, is 
a right angle, and it is equal to PSR, since Q coincides 
with P. 

Hence the tangent PE subtends a right angle at 9. 

Cor. To draw the tangent at a given point P on the 


curve. Let SR, drawn at right angles to SP, meet the 
directrix in R. Then PR is the tangent at P. 
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Prop. 11. Tangents at the extremities of a focal chord in- 
tersect upon the directrix, and the straight line joining their 
point of intersection to the focus 16 at right angles to the chord. 

Let OSP be any focal chord, SZ a straight line at right 
angles to it, which meets the directrix in R; join R, P. 

Then AP is the tangent at 7. [ Prop. 1., Cor. 

Similarly, £O is the tangent at O. 

Hence the tangents at P, O, the extremities of a focal 
chord meet in a point R which lies upon the directrix, and 
the straight line FS is at right angles to OP. 


Prop. IIT. From any point T on the tangent at P, TL, TN 
are drawn meeting SP and the directrix at right angles in 
L, N. To prove that 

SL: TN=S8A: AX. 
Let M be the foot of the perpendicular from P on the 





(XA C8 
directrix, E the point in which the tangent at P meets the 
directrix. 


Then ΤΊ, is parallel to RS. [Prop. 1. 
Therefore SL: SP=RT: RP [Euc. vI., 2. 
= TN : PM, 
by similar triangles RTN, EPM. 
Alternando SL: TN= SP: PM 
| — 94: AX. 
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Cor. Conversely, if TL, TN be perpendiculars, from any 
point 7, on SP and the directrix, and if 
SL:TN=SA: AX, 
then TP will be the tangent at P. 
Note. If PSE be a right angle, then, without assuming 
that PE touches the curve, we obtain, as above, 
SL:TN=SA: AX. 
But the hypotenuse ST is greater than SL. Hence, if T be 
taken anywhere on TR or TR produced, the ratio ST: ΤΝ 
will be greater than SA : AX, except when L coincides with 
P. It follows that all points on PR, with the exception of P, 


lie on the convex side of the curve (Ex. 1, p. 19). Hence 
PR is the tangent at P. 


Prop. IV. Jf from any point T of a chord, which meets the 
curve in P and the directrix in R, a straight line be drawn 
parallel to RS and meeting SP in L, then 

SL:TN=SA: AX, 
where ΤΝ is the perpendicular from T on the directrix. 
Draw PM perpendicular to the directrix and meeting it 


in M. Then 
SL: SP=TR: PR [Euc. vI., 2. 


—TN : PM, 

by similar triangles ΤΝ, RPM. 
Alternando SL:TN-SP:PM 
= JA : AX. 


Pror. V. To draw tangents to a conic from an external 
point T. 

Let N be the foot of the perpendicular from 7 on the 
directrix: with centre ὅ, radius SZ, such that 


SL: TN=SA: AX 
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describe a circle. Draw TZ touching the circle, and let SZ 





meet the conic in P. Then, SLT being a right angle, TP 
touches the conic. [Prop. 111., Cor. 

Similarly, if TM be the other tangent from T to the 
circle, and SM meet the conic in Q, then TQ will be the 
tangent at Q. 


Prop. V]. The tangentsqut P, Q intersect in T. To prove 
that TP, TQ subtend equal angles ot 8. 

Let TL, TM, TN be the perpendiculars from T on 
SP, SQ, and the directrix. 


Then SL: TN= SA : AX [Prop. III. 
since T lies on the tangent at P. 
So SM:TN=SA: AX 


since T lies on the tangent at Q. 
Hence, in the right-angled triangles SLT, SMT, the sides 
SL, SM are equal. But the hypotenuse ST is common. 
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Therefore the angles TSL, TSM are equal, or TP, TQ sub- 
tend equal angles at δ. 


Note. If the points of contact P, Q lie on opposite 
branches of a hyperbola, so that SL produced backwards 





passes through P, then T'SL is the supplement of the angle 
which ΤΡ subtends at S. In this case the tangents TP, TQ 
subtend supplementary angles at δ. 


Prop. VIL The chords PR, QR meet the directrix in p, q, 
and the tangents at P, Q meet the tangent at R in p,q. To 
prove that 

Lp8g —- 4P8Q— p Sq. 

Since P, R are points on the same conic, 


SP: Pp — Sh: Πρ. [.Def., Note. 
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Therefore Sp bisects the angle between PS produced and 


RS, or 
Lp SE — supplement of ASP. 


Similarly Z qSE — 4 supplement of ESQ. 
By subtraction Z pSq =4PSQ. 
Again, pF, p P subtend equal angles at δ. [ Prop. v1. 
Therefore Lp SR - 4PSR. 
Similarly LqSR-LQSH. 
By subtraction Z p'Sg' 2 4PSQ — p5q from above. 


Prop. VIII. The chord of contact of tangents through T 
meets the directrix in R. To prove that TSR 4s a right 
angle. 

Since P, Q, the points of contact, lie on the same conic, 


SP: PR=S8@Q: QR. [.Def., Note. 





Therefore SF bisects the angle between PS produced and 
QS, or | 

L QSR = 1 supplement of PSQ. 
Also LQST 2 1P8Q. [Prop. VI. 
By addition Z TSR =a right angle. 

Cor. If a chord PQ, being produced, pass through a 
fixed point # on the directrix, the tangents at P, Q will 
meet on the fixed straight line ST, drawn at right angles 
to BS. 
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Prop. LX. To prove that SGP, SPM are similar tri 

angles, and that 
SG: SP=SA; AX, 

PG being normal at P, and PM perpendicular to the directrix, 

Let the tangent at P meet the directrix in E. Then 
the circle described on PR as 
diameter passes through S, 
since POR is a right angle; 
and also through M, where 
PM is the perpendicular from 
P on the directrix. But PG, 
being at right angles to PR, 
touches the circle (Euc. III, 
16, Cor.). Therefore 





L SPG = SMP. [Euc. 111., 32. 
Also L PSG = SPM, [ Euc. 1., 29. 


since SG, MP are parallel. 
Hence the triangles SPG, SMP are similar, and 


SG: SP= SP: PM 

= SA: AX, 
. Prov. X. If ΟΚ be the perpendicular upon SP from the 
foot of the normal at P, then PK will be equal to half the 


latus rectum. 


Let PN meet the axis at right angles in Ν. Then the 


P 
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right-angled triangles SKG, SNP have the angle at S 


common and are similar. 


Therefore Sk: SN=SG: SP 


=SA: AX, [Prop. Ix. 
Alternando SK: SA=SN: AX, 
also SP: SA=NX: AX. [Def.andalternando. 
Therefore PK: SA=8X: AX. [Euc. v., 24, Cor. 1. 
But SEs, SA = SX: AX, [Def.andalternando, 


where SE is the ordinate through £. 
Therefore PK=SEH=} latus rectum. 


Prop. ΧΙ. If PQ be any focal chord, then 
2S8P.SQ = SE.PQ, 
SE being half the latus rectum. 
Let the normals at P, Q meet the axis in the points G, F, 





and let K, M be the feet of the perpendiculars drawn from 
those points to PQ. Then FMis parallel to GK. 


Therefore SK: SG. — SM : SF. [ Euc. VI., 2. 
Also SG: SP=SA:AX [Prop. Ix. 
= SF: SQ similarly. 
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Therefore SK: SP= 8M: SQ, [Euc. Y., 22. 
or SK.SQ= SM. SP. 
But SK = SP — PK = SP- SE [Prop. x. 


Similarly SM=QM- SQ- SE- 8Q. 
Therefore (SP— SE) S@=(SE— SQ) SP from above, 
or 28P.SQ- SE (SP+ 8Q) = SE. PQ. 

Lemma. If S be the vertex of a triangle, O the middle point of the 
base PQ, and R a point in the base, such that SP: PR = SQ: QE, then 
OY:OR- SP: PE, 

Y being the foot of the perpendicular from S upon PQ. 


On SQ as diameter describe a circle, and let it cut SE in £M. This 
circle passes through Y, since SYQ is a right angle. 





R 7 LLL Q 

First, let R lie in PQ produced. Take any point T.in PS produced. 
Then SÈ bisects the angle QST. [Euc. vi, A. 
Therefore L RST = RSQ = SHC, [ Euc. 1., 5. 


where C'is the centre of the circle. 

Hence MC is parallel to SP, and since it bisects SQ it also passes 
through O, the middle point of PQ. [ Euc. vI., 2. 

Let MO meet the circle in N. 

Then the angle CSM is equal to CMS (Euc. 1., 5), or to CQN, in 
the same segment. Hence QN, RS are parallel. 

But ON.OM = 0OQ.OY. [Euc. 111., 6, Cor. 
Hence OY:OM:- ON :0Q 


= OM :OR. [ Euc. vI., 2. 
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Therefore OY : OR = OM” : OR [Euc, vI., 20, Cor. 2. 
= SP : PR by similar triangles. 


The proof is similar when È lies between P and Q. 
Prop. XII. The middle points of all parallel chords lie on 


a straight line, called a DIAMETER. 
Let O be the middle point of a chord PQ, which meets 





the directrix in δ. Draw SY, meeting the chord at right 
angles in Y, and let V be the point in which SY meets the 
directrix. 

Then SP: ΡΕΞ SQ: QR. [Def., Note. 
Therefore OY: Oh= SP’: PR’. [ Lemma. 

Let any chord parallel to PQ meet SY and the directrix 
in Y', R'. Let O' be its middle point. Then, since SP: PR 
is a constant ratio for all parallel chords (Def., Note); there- 
fore OY : OR is a constant ratio. 

Hence OY:OR-OY':0'R. 

Therefore O' liés on the straight line VO, or the middle 
points of all chords parallel.to PQ. lie on the fixed straight 
line VO. EET 

Cor. 1. Let PQ move parallel to itself until its middle 
point lies on the curve. Then OP, OQ, being always equal, 
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vanish together, and the chord becomes a tangent. Hence 
the tangent at a point in which any diameter VO meets the 
curve is parallel to the chords which that diameter bisects. 


Cor. 2. The following is a construction for the diameter 
bisecting a given chord. Join the middle point of the chord 
to the point in which the focal perpendicular upon the chord 
meets the directrix. | 


Note. If the tangent at o be parallel to PQ, and meet SY 
in y and the directrix in v, it follows from the above propo- 
sition that oy: or — So: or. Hence oy: oS=o8: or and 
oSr is a right angle as was proved independently in Prop. 1. 


Prop. XIII. Tongents at the extremities of any chord in- 
tersect on the diameter which bisects the chord. 

Let O, ο be the middle points of a given chord PQ and 
any adjacent chord pq parallel to 
PQ. Then Oo is the diameter 
bisecting PQ. [Prop. XII. 

Let Pp meet Oo in T. Then, 
since PQ, pq are bisected in O, ο; 
therefore 


OQ : og 2 OP: op 
— OT: of, 


by similar triangles. 

Therefore Tg Q is a straight line, and, if the chord pg 
move parallel to itself up to PQ, the chords TP, TQ will. 
become tangents at P, Q. Also T lies on the diameter which 
bisects PQ. 

Conversely, if the tangents at P, Q intersect in 7, the 
diameter through 7' bisects PQ. 

Students reading this subject for the first time are recom- 
mended to omit the next two propositions. The results there 
obtained are investigated independently in subsequent articles. 
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Pror. XIV. The middle points of all chords parallel to the 
axis of a conic, which is not a parabola, lie on a straight line 
perpendicular to the axis. 

Let O be the middle point of a chord PQ, which is Mor 


Fig. 1. Fig. 2. 





to the axis and meets the directrix in M. Draw SY perpen- 
dicular to PQ, and therefore parallel to the directrix. Then, 
“in the triangle PSQ, 

SP: PM= 80: QM. [Def 
Therefore OY: OM= SP’: PM’. [Lemma, 
Or the ratio OY : OM is constant for all chords parallel to 
the axis. Hence OY : YM is constant; but MY is always 
equal to SX; hence OY is constant, and O lies on a fixed 
straight line perpendicular to the axis. 


Note. Let this fixed straight line meet the axis in ο; 
then, corresponding to any point Q, on the curve, at a per- 
pendicular distance QO from CO, there is another point 
situated upon the opposite side of CO and at an equal dis- 
tance PO from it. Hence CO divides the curve into two 
equal and similar parts. So too does the axis. [S IL, p. 4. 


Hence, from the symmetry of the curve it is evident that: 

I. Any chord drawn through C is bisected at that point, 
and hence that all diameters pass through C, a diameter being 
defined as the straight line which bisects a system of parallel 


chords. 
C 
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The point C is termed the centre, and conics which have a 
centre are called central conics. 


II. Tangents drawn to a central conic from a point on 
either of the azes CX, CO, are equal and equally inclined to 
either axis. Conversely, tangents equally inclined to either 
axis meet upon one of the axes and are equal. 


III. Equal diameters are equally inclined to either axis, 
and conversely. | 


IV. In the axis take CH, CW equal respectively to CS, 
CX, and draw WN at right angles to CW. Then HP= SQ 
and PN= QM, where PN is perpendicular to NW. 


Hence HP: PN=8Q:QM 
=§A: ΑΧ, 


Or every central conic can be generated by means of a second 


focus (H) and directrix ( WN). 


V. All theorems which have been proved for one focus 
and directrix are true for the other. Thus, if Pr be the 
tangent at P (fig. 1), meeting the directrix WN in R, then, 
since it has been proved that Pr, produced to meet X M, sub- 
tends a right angle at ὃ, it follows that PR subtends a right 
angle at H. 

Again, PHR being a right angle, a circle goes round ` 
PHEN, and the angles HPR, HN W, in the same segment, 
are equal. ‘This theorem, being true for one focus and direc- 
trix, is true for the other. Hence, the angles SPr, SM X are 
equal; which proves af once, since the triangles SUX, HNW 
are equal in all respects, that the angles SPr, HPR are equal, 
or the tangent at P makes equal angles with PS, PH. 

So, in the hyperbola, the tangent at P bisects the angle 
SPH. [fig. 2. 

In the ellipse, the tangent at the point 5, in which CO 
meets the curve, is parallel to the chords which CO bisects, 
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and therefore to the axis. In the hyperbola, CO does not 
meet the curve. 


Prop. XV. Ina central conic the sum or difference of the 
focal distances of any point P is constant. 


For, SP: PM= SA : AX, in figs., Prop. xtv. 
Alternando SP: SA=PM: AX. 
Similarly HP: SA=PN: AX. [8 Iv., p. 18. 
Therefore SP+ HP: SA=MP+ PN: AX [Επο, v., 24. 
= MN : AX, [fig. 1, 
and HP- SP: 8A — NP— PM: AX [Euoc.v.,24,Cor. 
MN :AX. [fig. 2. 


In the first case SP+ PH, in the second SP ~ PH, is constant. 


Several properties of central conics may now be proved, 
as in the Appendix, by means of the construction used in 
the Lemma. 
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1. Any point, whose distance from the focus of a given 
conic bears to its perpendicular distance from the directrix 
a ratio greater than the eccentricity, lies on the convex side 
of the curve. 


2. The ordinate NP meets a conic in P, and the tan- 
gent at an extremity of the latus rectum in Q. Prove that 
SP-QN. 


3. Given the focus of a conie, the length of the latus 
rectum, a tangent, and its point of contact; show how to 
construct the curve. 

C2 
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4. A focal chord PSQ of a conic section is produced to 
meet the directrix in K, and KM, KN are drawn through the 
feet of the ordinates PM, QN. If KN produced meet PM 
produced in Æ, prove that PR = PM. 


5. Straight lines drawn through the extremities of a focal 
chord pass through the vertex and intersect the directrix in 
M, N. Prove that MN subtends a right angle at the focus. 


6. The opposite sides of a quadrilateral, described upon 
any two focal chords as diagonals, intersect on the directrix. 


= 7. If the focus of a conic and two points on the curve be 
given, the directrix will pass through a fixed point. 


8. Two points on a conic being given, and also the angle 
, which the straight line joining them subtends at the focus; 
prove that the straight line drawn from the focus to the 
point of intersection of the tangents at the given points 
passes through a fixed point. 


9. Given the directrix of a conic and two points on the 
curve; the locus of the focus is a circle. 


10. Given the focus of a conic inscribed in a bain E 
determine the points of contact. 


11. The tangents at P, Q intersect in R. Prove that if 
PR be parallel to SQ, then SP= PR. 


12. Tangents at the extremities of a focal chord meet the 
tangents parallel to the chord in the points R, E. If SY be 
the focal perpendicular on 1919, then SY* = YR. YE. 


13. The portion of the directrix intercepted by any two 
chords, and the straight line joming the points in which pairs 
of tangents at the extremities of those chords intersect, sub- 
tend equal angles at the focus. 


14. Pairs of tangents intercept on a fixed tangent a 
straight line which subtends a right angle at the focus. 
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Determine the locus of the point in which the variable tan- 
gents intersect. 


15. If PG be the normal at P to a conic, the ordinate of 
P varies as the perpendicular from G upon SP. 


16. PSQ is any focal chord of a conic; the normals at 
P and Q intersect in K, and KN is drawn perpendicular to 
PQ; prove that PN is equal to SQ. 


17. If the tangents and normals at P, Q intersect in 
T, .N respectively, then 
PN: QN=PT: QT. 
18. If SY be the focal perpendicular on the tangent, and 


6 the foot of the normal at P; prove that PG. SY= SP. SE, 
where SZ is the semi-latus rectum. 


6 

19. A circle has its centre on the axis of a conic which it 
touches. Prove that the chord of the circle drawn through 
the focus and either point of contact is of constant length. 


20. If the circle pass through the focus determine the 
focal radii to the pomts of contact. 


21. If SE be the semi-latus rectum, QSQ' any focal 

chord, and PG the normal to which it is perpendiculas, then 
PŒ = KQ. SQ 2QO.SE, 
O being the middle point of the chord. 

For, if SY, the focal perpendicular upon the tangent at P, 
meet the directrix in V, and the tangent at P meet the tan- 
gents at Q, Q' in R, Κι, then 

Ως: SQ. SQ-— RP : YR. YE 
= SP*; SY" [Ex. 11, 12. 
= PG: SE. [Ex. 18. 
The — result readily follows by Prop. ΧΙ. 
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22. In the last example; if GU, drawn at right angles to 
PG, meet PS in U, then PU= QO. 


23. Any two chords of a conic and the diameters which 
bisect them meet the directrix in L, L'; M, M' respectively ; 
show that LL’, MM’ subtend equal angles at the focus. 


24, The directrix of a conic meets in V the diameter 
through an external point 7. A point 7) is taken in the 
directrix such that TSÈ is aright angle. From Z a straight 
line is drawn perpendicular to SV and meeting the conic in 
P, Q. Prove that TP, TQ are tangents to the conic. 


25. If a chord of a conic subtend a constant angle at the 
focus, the tangents at its extremities will intersect upon a 
conic having the same focus and directrix. 

For, if the angle TSP be given (Prop. vi.), ST bears a 
constant ratio to SL, and therefore to T'N. | Prop. III. 


26. If a chord subtend a constant angle at the focus, its 
envelope will be a conic having the same focus and directrix. 


27. If the base of a triangle described about a conic sub- 
lend a constant angle at the focus, its vertex will he on a 
fixed conic. 


28. If two sides of a triangle be given in position and 
the third subtend a constant angle at a fixed point, its en- 
velope will be a conic touching the other two sides and 
having the fixed point for focus. 


29. If O, P, Q, Β be points on a conic, such that OP, QR 
subtend equal angles at S, the chords OP, RQ will intersect 
upon the straight line which bisects the angle PSQ. 


30. If OP, PQ, QE subtend constant angles at δ, the 
angles OSP, QSE being equal, then OP, RQ intersect upon 


a fixed conic. 


31. In the parabola all diameters are parallel to the axis. 
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32. SY, the focal perpendicular upon the tangent at P 
to a conic, meets the directrix in V, and G is the foot of the 
normal at G. Prove that 


PG: SY=SV: VY. 
This result may be deduced from Ex. 21. 


33. If the diameter bisecting a focal chord in O meet the 
directrix, the curve, and the axis in V, P, C, then 


ες ο ος. PV. 


94. What do the results of the last two examples become 
in the case of the parabola ? 


80. If SY be the perpendicular from the focus upon the 
tangent at any point P of a conic, the circle described on 
SP as diameter touches the locus of Y. 


36. The normal at Y to the locus of Y bisects SP. 


37. If a diameter of a conic meet the curve in two points, 
the tangents at those points are parallel. 


38. Given a conic; determine the position of its axis. 
39. Every diameter of a conic bisects the curve. 


40. Parallel diameters of similar and similarly situated 
conics bisect the same systems of parallel chords. 


( 24 ) 


CHAPTER III. 


THE PARABOLA. 


Def. A PARABOLA is the curve traced out by a point 
which moves in such a way that its distance from a fixed 
point, called the Focus, is always equal to its perpendicular 
distance from a fixed straight line, called the Directria. 

In Prop. X11., p. 15, a Diameter of a conic has been defined 
as the straight line which bisects a system of parallel chords. 

In the parabola all diameters are parallel to the axis 
(Prop. 1.), and therefore to one another. 

A diameter of a parabola is sometimes defined as a straight 
line parallel to the axis. In this case it may be shown, 
conversely, that every diameter bisects a system of parallel 
chords. 

The focal chord parallel to the tangent at any point is 
said to be the Parameter of the diameter passing through 
that point.. 

The term ordinate is not confined to straight lines measured 
perpendieular to the axis of the parabola; but, if QV be 
drawn from any point Q on the curve, parallel to the tangent 
at P and meeting the diameter through P in V, then QV is 
said to be the Ordinate of the point Q, with reference to the 
diameter through P. 

Also PV is called the Abscissa of Q. 


Note. The terms ordinate and abscissa usually have re- 
ference to the axis. The context will determine when they 
are to be understood in their more general sense. 
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Several propositions that have been proved generally for 
conics assume simpler forms in the case of the parabola. 


Thus, in Prop. 11., p. 7, since SA=X, therefore SL=TN. 


Similarly SG = SP. [Prop. 1x., p. 12. 
Also PK, or the semi-latus rectum, is equal to SX or 
294. [ Prop. X., p. 12. 


Prop. I. The middle points of all parallel chords le on 
a straight line parallel to the amis. 
Let a straight line through the focus S meet the directrix 





in M. Draw any chord Qg perpendicular to MS and meet- 
ing itin y. Let QN, qn be perpendiculars on the directrix. 
Then Mr = Mg — qw? [ Euc. 1., 47. 
= Mg — δη". [ Def. 

But Mg’ is equal to My’+qy’, and g^ to Sy’-+qy". [Euc. 1., 47. 

By subtraction My’ — Sy’ = Mg — Sg = Μπ". 

Similarly it may be shown that MN? is equal to My’ — Sy’, 
and therefore to Mn’. 

Hence is the middle point of Nn. 

Draw MO, parallel to the axis, to meet Qg in O. 
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Then Ο isthe middle point of any chord Qg drawn perpen- 
dicular to SM. Therefore MO bisects all chords parallel to Qg. 


Prop. IT. The tangent at P makes equal angles with SP, 
PM, where PM is perpendicular to the directrix. Also, if the 
tangent meet the axis in T, then 


LSTP- SPT. 
Let the tangent at P meet the directrix in Æ. Then PSR 
is a right angle. [Prop. 1., p. 6. 


Also, in the right-angled tnangles 
SPR, MPR, the sides SP, PM are 
equal, and PE is common. 

Hence the remaining angles are 
equal, each to each, so that 

L SPR = MPR. 

Hence alsothesupplementary angles, 
which RP produced makes with SP, 
PM, are equal. 


Produce PR to meet the axis in T. 
Then Z4 SPT- MPT'—alternate angle STP. 


Cor. The exterior angle PSO (fig., Prop. 111.) is there- 
fore equal to 2578, [ Euc. r., 32. 


Note. Conversely, if the straight line YPE be drawn 
(fig., Prop. 1.) making equal angles with SP, PM, this straight 
line will be the tangent at P. 

For, if & be any point on the straight line, then, since 
SP, PER — MP, PR, each to each, and the included angles 
are equal, by construction; therefore SP is equal to PR, and 
consequently -greater than the perpendicular distance of E 
from the directrix. 

Hence it may be shown that all points on the straight 
line PR, except P, lie on the convex side of the curve, or 
that PR is the tangent at P, 
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Prop. III. The external angle between any two tangents is 
equal to the angle which either of them subtends at the focus. 
Let the tangents at P, Q, intersect in R, and meet 





the axis in T, U, respectively. Take any point Ο in AS 
produced. | 


Then L PSO=2S8TP. [Ῥτορ. 11., Cor. 
Similarly LQSO =28UQ. 
By subtraction LPSQ=2TRU. [Euc. 1. 32. 


Hence, the angles PSR, QSE being equal (Prop. Vi., p. 9), 
either of them is equal to TRU. 


Prop. IV. The subnormal is equal to 2AS or half the 
laius rectum. 

Let the tangent and normal at P meet the axis in T, G, 
respectively. Let PM be perpendicular to the directrix, and 
PN the ordinate of P. [fig., Prop. v. 


Then LSPT= STP. [Prop. 11. 
Hence the complements SPG, SGP are equal. 

Therefore SG= SP = PM = NX, 
or SN+NG= SN + SX. 


Hence NG is equal to SX, that is, {ο 284, or to the 
ordinate through δ. 
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Prop. V. The subtangent is equal to twice the abscissa. 
Let the tangent at P meet the axis in T. 


T X A. S N G 


Draw PM perpendicular to the directrix and let PN be 
the ordinate of P. 


Then LSPT- STP. [Prop. 11. 
Therefore ST'= SP = PM=NX, 
or SA+AT=NA+ AX. 


But SA=AX (Def.). Therefore 4 Τ-- AN, or NT-2AN. 
Pror. VI. Jf PN be the ordinate of P, then 


PN*=4A8.AN. 
Draw the normal PG. Then TPG, PNG are right angles. 
Therefore PN*=NG.NT [Euc. vI., 8, Cor. 
—248.24N. [ Props. IV., v. 

Therefore PN*-4AS.AN. 


Or thus: since S divides 4N so that AN + AS = XN, therefore 
SN*+4AS,.AN = XN*. 


[ Euc. II, 8. 
Also ΘΝ: PN? «SP [ Euc. 1., 47. 
and SP? = XN”. [ Def. 
Therefore PN? =4AS.AN. 


Prop. VIL. The diameter through any point P, on the 
curve, meets the ordinate of Q in V, and the tangent at Q 
in T. To prove that 


PV = PT. 
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Let the tangent at P meet QT in R.. Then RU, drawn 





to the middle point of PQ, is a diameter (Prop. ΧΙΠΙ., p. 16), 
and therefore parallel to TP. 


But the ordinate QV is parallel to PR. [.Def., p. 24. 
Hence PV: PT-RQ: kT [Euc. vI., 2. 
= UQ : UP similarly. 
But UQ = UP, by construction. Therefore PV= PT. 
Cor. Since VT 22PT, therefore QV 2 211, 


Prop. VIII. 7ο determine the length of any focal chord PEQ. 

Draw PM, QN perpendicular to the directrix, and SE, 
perpendicular to PQ, to meet the directrix. [fig., Prop. 11. 

Then, since SP= PM and PR is common to the right- 
angled triangles SPR, MPR, therefore 


EM=RS 
= RN similarly. 


Draw £O parallel to the axis and meeting PQ in B. 
Then ΡΟΞ0ᾳ. 


Hence PM+QN=2R0. | 
But SP=PM and SQ QN. [Def. 
Therefore PQ=PM+  QN=220. 
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Again, if RO meet the curve in P’, then the circle de- 
scribed with centre P' and radius P'E or P'S has RO for a 
diameter, since ROO is aright angle. Therefore £O —28P.. 
Hence PQ=2£0, from above, 

—ASP'. 


The result of Prop. Ix. being assumed, Prop, virt. follows thus: 
Let the tangent at P meet the axis in 7. Draw QR, the focal chord 
parallel to P7, and PV the diameter bisecting it. 





Then PV =ST= SP, since the angles SP T, STP are equal. [Prop. 11. 


Therefore QV* -ASP.PV [Prop. Ix. 
Ξ 4SP*. 
Hence QR=2QV =48P. 
Note. Hence the parameter of the diameter through P is equal 
to 4SP. [Def., p. 24, 


Prop. IX. Jf QV be the ordinate and PV the abscissa 
of a point Q on the parabola, measured along the diameter 
through any point P, then 


QV? =4SP.PYV. 
Let the tangents at P, Q intersect in R, and let PY, 
drawn perpendicular to the directrix, meet QF in T. 


Then, in the triangles MPR, SPR, the side MP is equal 
to SP, and PE is common. Also Z MPR = SPR. [Ῥτορ. τι. 
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Therefore the remaining angles are equal, each to each, 
so that 
4L RMP= RP= PRT. [ Prop. III. 





Hence the triangles PET, PRM, having the angles PRT, 
RPT equal to RMP, RPT, each to each, are similar. 


Therefore PT: ΡΕΞ ΕΝ: ΡΜ. 
Hence PR’ = PM. PT = SP.PYV. [Prop. ΥΠ. and Def. 


It follows that QV’, being equal to 4PE^ (Prop. VIL, 
Cor.), is equal to 4SP. PY. 


| Prop. X. The foot of the focal perpendicular upon the 
` tangent at any point lies on the tangent at the vertex. 

From any point P on the curve (fig., Prop. 1.) draw PM 
perpendicular to the directrix, and let PY meet SM at right 
angles in Y. 

Then, in the triangles SPY, MPY, the side SP is equal 
to PM, and PY is common. Also the right angles at Y are 
equal. "Therefore the remaining sides and angles are equal, 
each to each. 


Hence SY=MY, and 2SPY=MPY. 


Now PY is the tangent at P, since it is equally inclined 
to SP, PM. 
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Also, since SY= MY and SA = AX, therefore A Y, being 
parallel to MX (Euc. vI., 2), or perpendicular to the axis, is 
the tangent at the vertex. 

Note. The following proof depends upon Prop. I. only: 

Draw SM to meet the directrix in M, and let the diameter 
through M meet the curve in P. 

This diameter bisects chords perpendicular to SM (Prop. 1.), 
and therefore passes through the point of contact of the tan- 
gent perpendicular to SM. 

Hence the tangent PY is perpendicular to SM (fig., 
Prop.r). But SP, ΡΥΞ PM, PY, each to each. [Def 

Therefore SY= MY (Euc. 1., 47), as in the first proof, &c. 


Prop. XI. If SY be the focal perpendicular on the 


tangent at P, then 
SY*=SA.SP. 


Since Y (fig., Prop. 1.) lies on the tangent at 4 (Prop. XI), 


and 
YSA — alternate angle YMP 


= Y SP, 
in the isosceles triangle PSM; therefore SAY, SPY are 
similar right-angled triangles. 
Therefore SY: SA SP: SY, 
or SY! =8A.SP. 


Prop. XII. Tangents drawn from any point on the directrix 
are at right angles to one another. 

The tangent RF, drawn from a point È on the directrix, 
subtends a right angle at S. [ Prop. 1., p. 6. 

Draw PM perpendicular to the directrix. - | 

Then, in the right-angled triangled triangles SPR, MPR, 
the angles SPR, MPR are equal (Prop. 11.. Hence 


L RP= MRP. 
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Draw the tangent ΠΟ, and let 
QN be perpendicular to the directrix. 
Then it may be shown, similarly, that 


LSRQ=NRYQ. 
Hence | Z SEP —4SRM, 
and L SEQ =48EN. 
By addition 


L PRQ =4 SRM + 4 SRN 
=a right angle. [Euc. 1., 14. 





Pror. XIII. Jf o pair of tangents intersect in R, the angle 
which either of them makes with SR is equal to that which the 
other makes with the axis. 

Let the tangents at P, Q intersect in Æ and meet the 
axis in 7, U respectively. 





Then 4 SRU=RS8SQ+ RQS. [Euc. 1., 32. 
Also LURT= RSQ. [ Prop. ΠΙ. 
By subtraction Z SRP=RQS 

= SUE. [| Prop. II. 
Similarly L SR Q- STR. 

Cor. Since Z ESQ RESP, [ Prop. VI., p. 9, 

and L RQS- SEP from above, 


the triangles RQS, RPS are similar. 
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Prop. XIV. Jf a parabola be inscribed in a triangle, the 
focus will lie on the circle which circumseribes the triangle. 

Let the tangents which. form the triangle intersect in 
P, Q, E, and let PR meet the axis in T. Let S be the focus. 





Then LSRQ-STP [Prop. ΧΙΙ. 
— SPQ similarly. 
Therefore the circle round SPQ passes through A. [Euc.111., 21. 
Prop. XV. The rectangles contained by the segments of any 
two intersecting chords are to one another as the parameters of 
the diameters which bisect the chords. 


Let the diameters through O, the intersection of any two 
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chords QR, Q'E', and through V, the middle point of QR, 
meet the curve in M, P respectively. Draw MU parallel to 
QR and meeting PV in U. Join SP, S being the focus. 


Then QO.OR—-QV*—Oy?* [Euc. 11., 5, Cor. 
=QV*— MU" 
—ASP.PV-—ASP.PU  |Prop. 1x. 
But PV — PU is equal to UV or MO. 
Therefore QO.OR —ASP.OM. 
Similarly Q'O.OR' —- 4SP'.OM, if P' be the point in which 
the diameter bisecting QA’ meets the curve. 
Hence QO.OR : Q'0.0R' =4SP: 48P, 
which proves the proposition. [ Note, p. 30. 


The proof is similar when O lies without the curve. 
Let QR move parallel to itself until it becomes the tangent at P. 


Then OP’: 90.ΟΙ =48P : 48P. 
Again, let Q'E become the tangent at 7". 
Then . OP':0P"-4SP:4SP'. 


It is also evident that the ratio of 4SP to 4SP is the same for any 
pair of chords parallel to QR, Ω 1, and does not depend on the posi- 
tion of O. 

Hence the proposition may be stated in either of the following forms: 

The rectangles contained by the segments of any two intersecting 
chords are to one another (1) as the parameters of the diameters which 
bisect the chords, that is, as the focal chords to which they.are parallel; 
or (ii) as the squares of the tangents to which they are parallel; or (iii) 
as the rectangles contained by the segments of any other two chords 
parallel to the former. 


Prop. XVI. Jf a circle intersect a parabola, the common 
chords will be equally inclined, to the axis of the parabola. 

Let QE, YF’, common chords of a circle and parabola, 
intersect in Q. 

Then QO.OR and @'O.OR' are to one another as the 
focal chords parallel to QR, QR. [Prop. Xv. 

But QO.OR= ϱ 0.015 in the circle. [Euc. 111., 35. 

D2 


36 THE PARABOLA. 


Hence, the focal chords parallel to QE, Q'E' are equal, 
and therefore equally inclined to the axis, since the curve is 
symmetrical with respect to its axis. 

Hence QR, Q'E' are equally inclined to the axis. 

Similarly, the pairs of chords QQ’, E'R, and ΟΙ, Q'E 
are equally inclined to the axis. 


Prop. XVII. Jf a chord of a parabola pass through a 

fixed point, the tangents at its extremities will intersect on a 
fixed straight line. 
.. Let ο be the middle point of a chord which passes through 
a fixed point O; op, OP, the dia- 
meters through ο, O, meeting the 
curve in p, P. Draw the tangent 
at p and let it meet OP in V. Let 
the tangents at the extremities of 
the chord through Ὁ intersect in ὁ, 
Through ¢, p draw straight lines 
parallel to the tangent at P and 
meeting OP in T, U respectively. 

Then ¢U is a parallelogram, since 
all diameters are parallel. 

Also Vo is a parallelogram. [Prop. x11., Cor. 1, p. 16. 


Hence TU, OV=tp, po, each to each. 





But tp = po. [ Prop. VII. 
Therefore TU- OV. 

Also UP= VP. [Prop. ΤΠ. 
By subtraction TP = PO, which is constant. 


Hence Tis a fixed point and tT a fixed straight line. 

Conversely, if ż¿ lie on a fixed straight line, the chord of 
contact of tangents through £ will pass through a fixed point. 

Def. The fixed point O is said to be the Pole of the fixed 
straight line Tt, and 7* is called the Polar of O. 
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Prop. XVIII. Jf Oo be the chord of contact of tangents to 
a parabola through any point t, and pop any chord passing 
through t, then tpop' will be cut harmonically. 

Let tO be the diameter through ¢ meeting the curve in P 
and QT, the tangent parallel to £p, in 7. 





Draw QV, an ordinate of the diameter through P, and let 
Qc be the diameter through Q, bisecting pp’ in c. 
Then, it may be shown, as in Prop. ΧΥ., that tp.tp' 18 
equal to 4SQ.¢P, that is to 259.10. [Prop. vir. 
Similarly ΤΩ is equal to 258Q.7'V. 
Hence TQ : tp.tp = TV :tO 
= TQ : to, by similar triangles, 
= TQ’: TQ. Ito. 
Therefore tp.tp' = TQ.to = te. to, 
or 2tp.tp' = to (tp + tp’), 
since c is the middle point of pp’. 
Note. The above proposition may be thus enunciated 
(Def., p. 36): 
A straight line, drawn through any point to meet a para- 
bola, is cut harmonically by the point, the curve, and the polar 
of the point. 
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Prop. XIX. Any ordinate, QV, and abscissa, PV, contain 
with the parabola an area equal to two-thirds of the parallelo- 
gram which has PV, QV for adjacent sides. 

Draw the adjacent ordinate RU; let RQ meet UP in T; 
complete the parallelogram AUT'L ; 
let AL and QO, which is drawn 
parallel to VP, meet the tangent at 
P in M, O respectively. 

Let & move up to Q. Then, 
when Q7' becomes the tangent at 
Q, PV=PT (Prop. vir.. Hence 
PM bisects the parallelogram QL. 
(Euc. 1., 36). 

Therefore 20M — QL = comple- 
ment QU. [Euc. 1., 43. 

Divide the parabolic are PQ by 
any number of points, through which draw straight lines 
parallel to OP, VP, so as to form two series of parallelo- 
grams having their bases on VP and OP. 

Let the number of the parallelograms be increased and 
their breadths diminished indefinitely. 

Then, as above, each parallelogram in the first series is 
double of the corresponding one in the second. Hence the 
sum of the first series, which ultimately becomes the para- 
bolic area QVP, is twice the sum of the second series, or of 
the area QOP. 

Hence the area QVP is two-thirds of QVP + QOP, that 
is, of the parallelogram VO. 





Cor. Let RU produced meet the curve in K, Complete 
the parallelogram ΠΠ ΜΜ". 


Then area PUR = 2 parallelogram MU, 
and area PUR = 2 parallelogram M" U, 
U being the middle point of ZZ. 
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Hence the whole area cut off by the chord RE is two- 
thirds of the parallelogram ME. 


EXAMPLES. 


1. Any point whose distance from the focus of a given 
parabola is greater than its perpendicular distance from the 
directrix, lies on the convex side of the curve, 


2. Prove that the perpendicular drawn, from the foot of 
the normal, to the focal distance of any point on the curve, 
is equal to the ordinate of the point. 


3. If PG be the normal at P, and ŒK perpendicular to 
SP, prove that Pk =2SA, and hence show that the sub- 
normal is constant. 


4. In Prop. 1. prove that the tangent .PY 1s perpendicular 
to SM, and hence that it bisects the angle SPM. 


5. If the tangents at P, Q, intersect in R, then the circle 
through P, which touches Q in E, passes through the focus. 


6. If PG be any normal, and the triangle SPG be equi- 
lateral, then SP=latus rectum. 


7. If PP’ be a chord meeting the axis at right angles in 
N, the diameter of the circle through P, P’, and the vertex A, 
is equal to 449+ AN. 

If PP' be the latus rectum, the diameter is equal to 5.4 S. 


8. The tangent at any point of a parabola meets the 
directrix and the latus rectum produced in points equidistant 
from the focus. 


9. The tangent at a point P, whose ordinate is PN, meets 
the axis in 7, and the tangent at the vertex in Y. Prove 
that VY - TY, and that TP.TY=TS.TN. 
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10. If QSQ' be a focal chord and QM, Q'M' perpendiculars 
on the directrix, then will 5Η’ be a right angle. 


11. If QSQ' be any focal chord and PG the normal to 
which it is perpendicular, then PG? = SQ. SQ’. 
12. A circle has its centre at the vertex A of a parabola 


whose focus is S, and the diameter of the circle is 348; show 
that the common chord bisects AS. 


13. A point moves so that its shortest distance from a 
given circle is equal to its distance from a given fixed dia- 
meter of that circle; find the locus of the point. 


14. If a circle touch a given circle and a given straight 
line, the locus of its centre will be a parabola. 


15. PM is the ordinate of a point P in a parabola; a line 
is drawn parallel to the axis, bisecting PM and cutting the 
curve in Q; MQ cuts the tangent at the vertex in 7; show 
that 4 7'— 2 PM. 


16. If PY be produced to meet the directrix in Z, then 
PY.PZ- SP", and PY. YZ— AS. SP. 


17. The circle described on any focal chord touches the 
directrix. 


18. The tangent from the vertex to the circle round SPN 
is equal to 1 PN, where PN is the ordinate of P., 


19. Normals at the extremities of a focal chord intersect 
on the diameter which bisects the chord. 


20. If PK, drawn at right angles to AP, meet the axis 
in K, then 2KG — 44S — NK, where PN is the ordinate of P. 

21. If PQ be a common tangent to a parabola and the 
circle described on the latus rectum as diameter, then SP, SQ 
are equally inclined to the latus rectum. 


22. If the ordinate of a point P bisect the subnormal of 
P', the ordinate of P is equal to the normal of P'. 
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23. The focus and a tangent being given, the locus of the 
vertex will be a circle. 


24.. The circle described on any focal radius as diameter 
touches the tangent at the vertex. 


25. Given the focus and two points on the curve; show 
how to determine the tangent at the vertex. 


26. Given the focus and one point on the curve; deter- 
mine the envelope of the directrix. 


27. Given the focus; describe a parabola passing through 
two given points. 


28. Prove that two tangents can be drawn to a parabola 
from any external point. 


29. Tangents and normals at the extremities of a focal 
chord intersect in 7, N respectively. Prove that ΤΝ is 
parallel to the axis. 


30. Given, in a parabola, two tangents and one of their 
points of contact. Prove that the locus of the focus is a 
circle, 


31. Two tangents and their points of contact being given, 
determine the focus and directrix. 


32. The locus of the centre of a circle, passing through 
a fixed point and touching a fixed straight line, is a para- 
bola of which the given point is a focus. 


33. If, from a fixed point O, OP be drawn to a given 
right line, and the angle TPO be constant, the envelope of 
TP is a parabola, having O for its focus. 


84, If, from the vertex of a parabola, a pair of chords be 
drawn at right angles to each other, and on them a rect- 
angle be completed, prove that the locus of the farther angle 
is another parabola. 


42 EXAMPLES, 


35. PG, pg are normals at the extremities of a focal 
chord. Prove that SG'.Sq=AS.Pp. 


36. If three parabolas be inscribed in a triangle, when 
will the area of the triangle formed by joining their foci be 
greatest ? 


37. From the focus S of a parabola, SK is drawn making 
a given angle with the tangent at P. Determine the locus 
of K. 


38. If a parabola roll upon another equal parabola, the 
focus traces out the directrix. What limitation is necessary ? 


39. To two parabolas, which have a common focus and 
axis, two tangents are drawn at right angles. Prove that 
the locus of their intersection is a straight lime, and that this 
straight line is parallel to the directrices. 


40. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is de- 
scribed; prove that the distance between the middle points 
of this chord and of the chord joining the other two points 
of intersection of the circle and parabola will be of constant 
length. 


Al. A circle, which passes through S, touches the para- 
bola in the points P, Q. Prove that 


SP=4AS= SQ. 
42. Two circles, which have their centres on the axis of 


a parabola, touch the parabola and one another, Prove that 
the difference of their radii is equal to the latus rectum. 


43. The squares of the normals at the extremities of a 
focal chord are together equal to the square of twice the 
normal perpendicular to the chord. 


44, All chords which subtend right angles at A pass 
through a fixed point in the axis. 
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45. If a diameter meet a focal chord (which it also bisects) 
in V, and the directrix in H, then 
KH’ = HS.HYV. 


46. Iftwo equal parabolas have a common axis, a straight 
line touching the interior and terminated by the exterior, will 
be bisected by the point of contact. 


47. If QD be drawn at right angles to the diameter PV, 
then QD’ =4A48.PV, where V is the foot of the ordinate of Q. 


48. PSp is a focal chord, and upon PS, ps as diameters 
eircles are described; prove that the length of either of their 
common tangents 1s a mean proportional between AS and Py. 


49. From the foot of the directrix a chord is drawn to a 
parabola. Prove that the ordinates of the points in which 
the chord meets the parabola contain a rectangle equal to the 
square of the latus rectum. 

50. If from the middle point of a focal chord of a para- 
bola two straight lines be drawn, one perpendicular to the 
chord and meeting the axis in 6, the other perpendicular to 
the axis and meeting it in N; show that NG is constant. 

51. .P5p is a focal chord of a parabola; Π.Ι)» the direc- 
trix, meeting the axis in D; Q any point on the curve. 
Prove that, if QP, Qp be produced to meet the directrix in 
19 r, half the latus rectum is a mean proportional between 
DR, Dr. 

52. Describe a parabola touching four given straight lines. 


53. If the diameter PV meet the directrix in O, and the 
focal chord, parallel to the tangent at P, in V, prove that 
PV PO. 

54. In the last example, prove that the locus of V is 
a parabola. 

55. The locus of the foot of the focal perpendicular upon 
the normal is a parabola, whose latus rectum is equal to AS. 
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56. AK, BL are two parallel straight lines such that AB 
is perpendicular to both of them; take any point Q in BL 
and join 4; in AQ, produced if necessary, take a point P, 
such that, if PN be drawn perpendicular to AK, PN= BQ. 
Prove that the locus of Pis a parabola. 


57. If, from the point of contact of a tangent to a para- 
bola, a line be drawn parallel to the axis and meeting the 
chord, tangent, and curve, this line will be divided by them 
in the same ratio as it divides the curve. 


58. If AQ be a chord of a parabola through the vertex 
A, and QR be drawn perpendicular to 44) to meet the axis 
in Æ, prove that AFR will be equal to the chord through the 
focus parallel to AQ. 


59. Chords of a parabola are tangents to an equal para- 
bola, having the same axis and vertex, but turned in the 
opposite direction. Show that the locus of the middle points 
of the chords is a parabola whose latus rectum is one-third 
of that of the given parabolas. 


60. Two equal parabolas, having the same focus and their 
axes in contrary directions, intersect at right angles. 


61. Two parabolas, with a common axis and vertex, have 
their concavities in opposite directions; the latus rectum of 
one is eight times that of the other; prove that the portion 
of a tangent to the former intercepted between the common 
tangent and axis is bisected by the latter. 


62. If APC be a sector of a circle of which the radius 
CA is fixed, and a circle be described touching the radii 
CA, CP and the arc AP, the locus of the centre of this 
circle is a parabola. | 


63. From the points where normals to a parabola meet 
the axis, lines are drawn perpendicular to the normals; show 
that these lines will be tangents to an equal parabola. 
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64. If a circle and parabola, having a common tangent 
at P, intersect in Q, R, and if QV, UE be drawn parallel 
to the axis of the parabola and meeting the circle in V, U, 
respectively, then VU is parallel to the tangent at P. 


65. A parabola touches the sides 4B, AC, of the triangle 
ABC, at the points B, C. Prove that the angle OSA isa 
right angle, where O is the centre of the circle described 
about the triangle. 


66. If, from any point P of a parabola, two straight lines 
PF, PH, be drawn, making equal angles with the normal 
at P, then SG^ 2 SF. SH. 


67. If, from a point P of a circle, PC be drawn to the 
centre, and Æ be the middle point of the chord PQ, drawn 
parallel to a fixed diameter ACB, then the locus of the inter- 
section of CP, AR is a parabola. 


68. TP, TQ are two tangents to a parabola, and, on TQ 
produced, 7'Q’ is taken equal to TQ. 
Prove that TS. PQ'— TP.TQ. 


69. If, through any point O on the axis of a parabola, 
a chord POQ be drawn, and PM, QN be the ordinates of 
P, Q, prove that AM. AN = 40’. 


70. If PAQ be a right angle, then 40 —4A5. 
71. The normal at P is a mean proportional between SP 


and the latus rectum. 


72. The tangents at P, Q meet in T and are intersected 
by any other tangent in O, R. 


Prove that the triangles STP, STQ, OSE are similar and 
that SP. SQ = ST”. 


73. If two tangents to a parabola be cut by a third, the 
alternate segments will be proportional. 
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74, If two equal tangents be cut by a third tangent, their 
alternate segments are equal. 


75. PSp is any focal chord of a parabola. Prove that 
AP, Ap will meet the latus rectum in two points Q, ο, whose 
distances from the focus are equal to the ordinates of P and p. 


76. If SY, SZ be perpendiculars on the tangent and 
normal at any point, then YZ is parallel to the diameter 
through that point. 

77. OP, OQ touch a parabola at the points P, Q; another 
straight line touches the parabola in Æ and meets OP, OQ 
in S, T respectively; if V be the intersection of PT, SQ, 
then ORV is a straight line. 


78. If BV be the diameter through any point B, PV a 
semi-ordinate, Q any other point on the curve; and if QB cut 
PV in E, then VE.VE' —VP', Β' being the point in which 
the diameter through Q meets PV. 

49. QSQ is a focal chord parallel to AP; PN, QM, Q'M' 
are the ordinates of P, Q, Q'. Prove that SM’=AM.AN, 
and that MM'— AP. 

80. If the tangents at P, Q intersect in T and PQ be 
perpendicular {ο PT, then PT is bisected by the directrix. 


81. PQ is a chord of a parabola, PT the tangent at P. 
A line parallel to the axis of the parabola cuts the tangent 
in T, the arc PQ in #, and the chord PQ in F. Show that 
TE: EF= PF: FQ. 
82. A system of parallel chords is drawn in a parabola; 
prove that the locus of the point which divides each chord 
into segments containing a constant rectangle is a parabola. 


83. If aline be drawn from the foot of the directrix to 
cut the parabola, the rectangle of the intercepts made by the 
curve is equal to the rectangle of the parts into which the 
parallel focal chord is divided by the focus. 


EXAMPLES. 47 


84, In a given parabola inscribe a triangle having its 
sides parallel to three given straight lines, none of which is 
parallel to the axis of the parabola. 


85. The area of the triangle formed by three tangents to 
a parabola is equal to half the area of the triangle formed by 
joining the points of contact. 

86. PQ is any chord of a parabola cutting the axis in L; 
19, & are the two points in the parabola at which this chord 
blend a right angle. If AE be joined, meeting the axis 
in Z/, then LL’ will be equal to the latus rectum. 

87. The area included between any two focal radii SP, 
SQ 1s equal to one-half of that included between the curve, 
the directrix, and the perpendiculars upon it from P, Q. 

88. If PQ be a chord of a parabola, normal at P, and T 
the point in which the tangents at P, Q intersect, then 

PQ: PT- PN: AN, 
where PN is the ordinate of P. 
89. Prove also that PQ.AN = ASP. SY. 


90. If PQ, PK be chords of a parabola, PQ being normal 
at P, and PK equally inclined to the axis with PQ, the angle 
PK Q will be a right angle. 

91. A parabola touches one side of a triangle in its middle 
point, and the other two sides produced. Prove that the per- 
pendiculars drawn from the angles of the triangle upon any 
tangent to the parabola are in harmonical progression. 


92. The triangle ABC circumscribes a parabola whose 
focus is S. Through A, B, C lines are drawn perpendicular 
respectively to SA, SB, SC. Show that these lines pass 
through one point. 

93. If PQE be a triangle circumscribing a parabola, PB, 
QM perpendiculars on QF and the directrix respectively, then 

QM : QB=SQ: ΡΟ. 
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Draw QL perpendicular to the focal distance of the point 
of contact of RQ (fig., Prop. ΧΙΥ.); then SLQ and PBQ are 
similar triangles (Prop. 111.), and SL = QM. [Prop. 111, p. 7. 


94. In the last example, if QO, drawn perpendicular to 
PR, intersect the directrix in O, then 
QM: QO=8Q: D, 
D being the diameter of the circle PQR. 
The angle SPQ is equal to that which PR makes with 
the axis (Prop. ΧΙΠ.), or QO with the directrix. Draw SY 


perpendicular to PQ; the required result follows by similar 
triangles QOM, SPY and (Euc. vr., C). 


95. If a parabola be inscribed in a triangle the directrix 
passes through the point of intersection of the perpendiculars 
drawn from the angular points of the triangle to the opposite 
sides.* 

By examples 93, 94, 

QO: D=QB: PQ, 
whence it is readily shown (Euc. vI., C) that O is the point 


in which QO is intersected by the perpendicular from either 
of the vertices P, E upon the opposite side. 


96. Apply properties of the parabola to prove that— 

(i) In any triangle, the feet of the three perpendiculars 
from any point of the circumscribing circle to the sides of 
the triangle, lie on the same straight line, 

(1) If four intersecting straight lines be taken three 
together so as to form four triangles, the perpendiculars 
of these triangles intersect in four points which lie on a 
straight line. 


* For another proof see The Lady’s and Gentleman's Diary for the 
year 1863. 
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97. If two parabolas be described, each touching two 
sides of a given equilateral triangle at the points in which 
it meets the third side, prove that they have a common focus 
and that the tangent to either of them at their point of 
intersection is parallel to the axis of the other. 


98. Two parabolas are described, each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side; determine the area common to the two curves. 


99. Three parabolas being described, as in the last ex- 
ample, determine the common area. 


100. Tangents drawn to a pair of similarly situated 
parabolas at the extremities of any common diameter inter- 
sect upon the common chord. 


( 90 ) 


CHAPTER IV. 


THE ELLIPSE. 


The definition on p.1 applies to the ellipse, the ratio 
spoken of being in this case a ratio of less inequality. 

Let the curve cut the axis in A, 4’. Bisect AA’ in C. 
Take a point H in the axis, such that CH= CS, where S is 
the given focus. Then, for a reason which will appear 
(Prop. rr), H is called a focus. 

Thus S, H are the Foci. Also C is the Centre, and A, 4’ 
are the Vertices. 

Let BCB' be the central chord perpendicular to 44’. 

Then AA’ is the Major and BB' the Minor Axis. 

44’ is sometimes called the Transverse and BB’ the 
Conjugate axis. Also, when THE axis is spoken οἵ, 4.4’ is 
always signified. 

The Auxiliary Circle is the circle on AA’ as diameter. 

Note. An ellipse is sometimes defined as the locus of a point (P) 
the sum of whose distances from two fixed points (S, H), called foci, 
is constant. The property in question follows, as in Prop. IL, from 
the definition employed in the present Chapter. The converse propo- 
sition is proved in the Appendix. 

It is shown in the Appendix that all diameters pass 
through the centre. 

A diameter is sometimes defined as a straight line drawn 
through the centre. In this case it may be shown, conversely, 
that every diameter bisects a system of parallel chords. 

The term Ordinate being defined as for the parabola 
(p. 24), CV is the Abscissa of Q. 
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Divide any straight lme SX externally and internally in 
the same ratio by the points A’, A, so that 


SA’: SA= AX: AX. 
Bisect AA’ in C and take the point H in CA’ such that 
CH -— CS. Produce CH to W and let CW= CX. 
LEMMA I. By construction, SA’= HA. Hence, from 
above, alternando, 


HA: SA=A'X: AX. 


Dividendo H8: SA=A'A: AX, | 
or SA: AX- HS : AA’ 


= US : CA. [Construction. 
Lemma ll. By construction A'X 2 WA. 


Hence ΘΑ’: SA=WA: AX. [Construction. 
Componendo 44: SA=WX: AX, 
or SA: AX=AA':. WX 


= CA : CX. (Construction. 


LEMMA III. By Lemmas r., 11. 
CS: CA = CA : CX: 


Therefore CS: CX=C8": CA’, [Euc. vi., 20, Cor.2, 
and CS.CX = CA’. (uc. vI., 17. 

The proofs are similar when the points A, A’ lie between 
S and H. [fig., Prop. 11., Chap. τι. 


Note. Let P be any point on an ellipse which has S for 
focus and MX for directrix. Let A be one vertex and PM 


perpendicular to MX. Ἢ 
Then SP: PM=SA: AX, [.Def. 
and SP: PM=CS : CA. [Lemma 1. 


E2 
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Prop. I. Jf PM be the. perpendicular upon the directrix 
MX from any point P on an ellipse, then MS, drawn through 
the focus S, meets the normal at P on the minor axis. 

Let MS meet the minor axis Cg in g, and draw Pg -- 
the major axis in G. 





Then, by similar triangles SG, MPs, the ratio SG : PM 
is equal to Sg: Mg, which is equal, in like manner, to 
CS:nM. Also nM=CX. 


Therefore ΘΩ͂: PM=CS8: CX. 


But PM: SP=CA:CS. [Νο p. 48. 
Therefore SG: SP=CA:CX [ Euc. v., 22, 

= S4: AX, [Lemma ILI. 
which proves that PG is normal at P. [ Prop. Ix., p. 12. 


Prop. II. The sum of the focal distances of any point on 
the ellipse is equal to the major axis. 

Let A, A’ be the vertices: S, H the foci; C the centre. 

From any point P on the curve draw PM perpendicular 
to the directrix MX, and let MS meet the minor axis in g. 
Draw PGg cutting the major axis in G. 
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Then ΘΩ͂: P= SA : AX, as in Prop. 1, 
= SP: PM. [.Def. 
Hence the triangles SPG, SPM are similar, since the 


angles PSG, SPM are equal (Euc. 1., 29), and the sides 
about them proportional. 


Therefore LSPG = SMP [Euc. VL, 6, 
—956H [ Ec. I., 29, 
—9HS, [| Euc. I., 4, 


since CH — CS and gC is common to the right-angled tri- 
angles g CH, g CS, which are therefore equal in all respects. 


Hence a circle goes round gSPH. [Euc. 111., 21. 
Also the angles gPS, gPH stand upon equal circum- 
ferences and are equal. [Euc. ΤΠ., 27, 28. 


Therefore the ratio HG: HP is equal to SG: SP 
(Euc. vr, 8), that is, from above, to SA: AX, or to 


CS: CA. [Lemma 1. 
Alternando HG: CS- HP: CA, 
and SG: CS= SP: CA. 


Therefore SG+HG:CS=SP+HP:CA. [Euc. Υ. 24. 
But SG+ GH is equal to SH or 2308. 
Therefore SP+ HP is equal to 2CA or the major axis. 


Prop. III. Every ellipse has two directrices. 
The same construction bemg made as in the last propo- 
sition, it may be shown that 


SG : SP=8A: AX, 
and that a circle goes round g SPH. | 
Therefore | Z2gPH-gSH-9HS. [Euc. 111., 21, and 1., δ. 


Let MP meet the minor axis in n and gH in N. Draw 
NW to meet the major axis at right angles in W. 
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Then, since CH= C$, therefore (Euc. V1.,3) nN=nM=CX. 
Hence NW ts a fixed straight line. 

But £gPH=9HS, from above, 


= gNP. ^ [Euc. 1., 29. 


Also, the alternate angles GHP, HPG are equal. 
Hence the triangles HPN, HPG are similar, and 


HP: PN= HG : HP 


= SG: SP, [Euc. vI., 3, 
since the angles gPS, gPH stand upon equal circumferences 
and are equal. [ uc. 111., 27, 28. 


Therefore, from above, HP bears to PN the constant ratio 
of SA to AX. 


Hence NW has the same properties as the directrix MX. 
Note. Ἡ the result of this proposition be assumed, it may 
be proved, as in Prop. XV., p. 19, that SP+ PH is constant. 


. Prop. IV. The normal at any point bisects the angle 
between the focal distances of the point. 
Let the normal at P meet the axis in G. 


Then SG: SP= SA: AX. [Prop. IX., p. 12. 
Similarly HG: HP= SA: AX. [§ V., p. 18. ' 
Therefore SG: SP=HG: HP, [Euc. v., 22, 
or PG bisects the angle SPH. [Euc. VI., 3. 


Prop. V. The tangent at any point is equally inclined to 
the focal distances of the point. 

Let the tangent at P meet the directrix MX in R, PM 
being perpendicular to MX. Then the circle on PR as 
diameter passes through the focus δ, since PSR is a right 
angle. [Prop. I., p. 6. 

It also passes through M for a like reason. Hence the 
angles SPR, SMR, in the same segment, are equal, and, if 
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t be any point in &P produced, it may be shown, similarly, 
that the angles HPt, HNW are equal. 


t 
M T N 
| 
ae A C H A Ww 
J 
But SX 2 HW; MX=NW;; and X, S are right angles. 
"Therefore ¿ SMX = HNW. 
Hence L SPR = ΗΡΙ. 
Also, if SP be produced to V, 
L HPt= KPR = V Pt. [Euc. 1., 15. 


Note. The method of Prop. v1., Chap. v1. may be here used. 


Pror. VI. The circle which passes through the foci and 
any point P on the ellipse passes also through the points in 
which the tangent and normal at P meet the minor axis. 

Describe the circle SPH, cutting the minor axis in g, ἔ, 
Then the equal straight lines gS, gH cut off circumferences 
which subtend equal angles gPS, ΦΡΗ. [Euc. 111., 27, 28. 

Hence Fy bisects the angle SPH, and is therefore the 
normal at P. - [Prop. 1v. 

Again, gt bisects SH at right angles and is a diameter 
of the circle. Hence the angle ¢Py is a right angle, and Pt, 
being at right angles to the normal, is the tangent at P. 
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Prop. VIL. The tangents at P, Q intersect in T. To 


prove that 
L STQ = HTP, 


Let SP, HQ intersect in O. Produce HP to any point V. 





Then TP bisects the angle OPT. [Prop. v. 


Also TH bisects the angle OHT. [Prop. vI., p. 9. 
Hence 4 HTP= TPV — THP [Euc. 1., 32, 
=40PV—10HP, from above, 
—iPOH. [ Euc. 1., 32. 
Similarly — LS8TQ-1Q908. 
But the vertical angles at O are equal.. [ Euc. 1., 15. 
Therefore L ATQ = HTP, 


Pror. VIII. To prove that 
CA’? — CS’ = CR = AS. SA’, 


where CB 4s the semi-minor axis and S either focus. 


Since CS — CH, therefore 
Cs + CB’ = CH’? + OB’. 
Therefore SB*= HB" (Euc. τ. 41), or SB= HB. 
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Hence SB—$ (SB+ HB) = CA. [Prop. 11. 
Therefore CB? = SB* — Og? = OA? — OS*. | 


M B N 


x A 8 C H A w 


Again, the sum of CS, CA is equal to SA’, and their diffe- 
rence to AS. Hence C.4* - CS" — AS. SA'. [Euc. 11., 5, Cor. 


Therefore | CA —CS* -CB'— 49.94’. 


Note. BC bisects the angle SBH and is normal at B. ( Prop. Iv. 

Also MBN, drawn parallel to the axis to meet the directrices in M, N, 
is at right angles to the normal BC and touches the curve at B. 

Hence BSM is a right angle (Prop. I., p. 6); and since the angles 
SBC, SMB are equal, each of them being complementary to SBM, 
‘therefore the right-angled triangles SBC, SMB are similar. - 


Hence CS: SB = SB: BM. 

Now SB=CA. Also (i) B isa point on the curve; and (ii) BM-CX. 
Therefore Αρ SA ρα (i), 
and CS CA S OA OX ο knees: (ii), 


compare the Lemmas, p. 48. 


Prop. IX. The foot of the perpendicular drawn from 
either focus to the tangent at any point lies on ue auxiliary 
circle. 

Let CY, drawn parallel to HP, meet the tangent PY in 
Y and SPin O. Produce YP to Z. . 

Then, because CY is parallel to HP, and CS— 1458, 
therefore CO — 4HP (Euc. 1V., 2), and O82 $8P- OP. ^ 


Again LOPY=HPZ . . LProp. v. 
| | SOFE | [ Euc. 1., 29. 
„Hence OY=OP= OS, from above. . 
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Therefore O is the centre of the circle round SPY and the 
angle SYP, in a semi-circle, is a right angle. 





Also CO+ OY=14HP+4SP, from above, 
or CY-CA. [ Prop. 11. 
Therefore Y lies on the auxiliary circle; and it has been 
shewn that SYP is a right angle. 
Similarly, if HZ be drawn to meet the tangent YPZ at 

right angles, then Z lies on the auxiliary circle. 

. Cor. Complete the parallelogram PY Ck by drawing the 
diameter parallel to the tangent at P or perpendicular to 
the normal PF. 


Then Pk=CY=CA. 


Prop. X. To prove that 
SY.HZ= CB", 

where SY, HZ are the focal perpendiculars upon the tangent 
at any point P. 

Describe the auxiliary circle, passing through Y, Z 
(Prop. Ix.), and let ZH meet YC in V. 

Then YV is a diameter of the circle, since YZV is a 
right angle. [ Construction. 
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Hence CY=CV and CS=CG8, in the triangles SCY, 
HCV. Also the vertical angles at C are equal. 


Therefore Y= HV. [Euc. 1. 4. 
Hence SY.HZ- HV. HZ 
= AH.HA' [Euc. 111., 36, Cor. 
= CB’. 


Since, in Prop. ΥΠΙ., S may be either focus. 


Prop. XI. Jf the normal at P meet the major and minor 
axes in G, g, respectively, then | ΠΠ 
PG: Pg=CB’: CA’. 

Draw PM perpendicular to the directrix (fig., Prop. 1.) 
and let MS meet the minor axis in g. Then, as in Prop. L, 
Pg is the normal at P. Let it meet the major axis in G. 

Then Fy is to Gg as Mg to Sg (Euc. vI., ὃ), or as nM 
to CS, by similar triangles PMg, GSg. Also nM=CX. 

Therefore Py: Gg = CX: CS 


= CA? : ΟΦ". [Lemma 11. 
Hence Pg: PG = CA : CA - C8? 
| = CA’: CB’. [ Prop. VII. 


Prop. XII. 7f PN be the ordinate of P and PG the 


normal, then 
Να: CN= CB? : CA’. 
Let the normal meet the minor axis in g, and draw Pn 
perpendicular to CB. 


P 


TA 
ΕΙ 
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Then, by similar triangles ΡΩΝ, Pn, 
NG: Pn = PG: Pg 
: = 0B? CA. [Prop. XI. 
Therefore NG :CN=CB?’: CA’. 
Note. Similarly it may be shown that 
ng: On = CA’ : CB’. 
Prop. XIII. The normal at P meets the minor axis in g, 
and gk meets SP at right angles in k. To prove that 
Pk= 04. 
Let gl meet HP at right angles in l. 





Then the right-angled triangles gPk, gPl, having the 
angles gPS, gPH equal (Prop. v.) and the side gP common, 
are equal in all respects. 

Hence Pk= Pl and gk=gl. 

Again, in the right-angled triangles g Hl, gSk, 

Z gHi= supplement of 9HP— g SD, [ Euc. 111., 22. 
and gH -—g$. 

Hence the remaining sides are equal, each to each, so 


that HI — Sk. 
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To each of these equals add &£P+ PH. 

Then kP+ Pl= SP+ PH-2CA. [ Prop. I. 

But £P, Pl are equal, from above. Hence either of them 
is equal to C.A. 

Con. 1. By similar triangles PKG, Pkg, PK is to Pk as 
PG to Pg, or as CB’: 64”, [Prop. xr. 

But Pk is equal to CA. Hence 

PK: CA=CB’: 04", 

Therefore PK: CB= CB : CA. 
Hence PK. Pk, that is PK.CA, is equal to CB’. 

Cor. 2. Also, CBis a mean proportional between CA and 
the semi-latus rectum, since the semi-latus rectum is equal 


to PK. [Prop. X., p. 12. 
Prop. XIV. To prove that 
PF. PG = CP’, 
and PF. Pg =CA’, 


F being the point in which the normal meets the diameter 
parallel to the tangent at P, and G, g the points in which dt 
meets the minor and major axes respectively. 

Draw GK, gk perpendicular to SP. 

Then FC meets SP in a point whose distance from P 
is. equal to CA (Prop. Ix., Cor), and therefore passes 
through &. [Prop. XIII. 

Hence, by similar right-angled triangles PFk, PKG, 


PF: Pk= PK: PG, 


or PF.PG = PK. Pk 
= CB’. [Prop. x1., Cor. 1. 
_ Again, DIC Po PES Io: 
by similar right-angled triangles PFk, Pkg. 
"Therefore PF. Pg = Pk’ 


= CA’. [Prop. xir. 
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Prop. XV. To prove that 
CN.CT=CA’," 
T being the point in which the tangent at any point P meets 
the major axis, and PN the ordinate of P. 
Let the normal at P meet the minor axis in g, and the 
diameter parallel to the tangent at Pin F. 





Draw Pn perpendicular to the minor axis and produce it 


to meet FC in m. 
Then, the angles at n, F, being right angles, the circle 


on mg passes through n, F. [ Exuc. ΠΙ., 31. 
Therefore Pn.Pm=PF.Pg  [Euc. 111., 36, Cor. 
= CA’. [Prop. XIV. 
But P» — CN and Pm=CT., 
Therefore CN.CT=CA?’. 
Prop. XVI. To prove that 
Cn. Ct = CB’, 


t being the point in which the tangent at any point P meets the 
minor axis, and Pn the perpendicular upon that axis. 

Let the normal at P meet the major axis in G and the 
diameter parallel to the tangent at P in F. 
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. Draw PN perpendicular to the major axis and pet it 
to meet Cf in M. 


Then, the angles at N, F, being right angles, the circle on 


MG passes through N, F | [Euc. 111., 31. 
Therefore PN.PM=PF.PG [Επο. 111., 36, Cor. 
= CB’. [Prop. XIv. 
But PN 2 Cn and PM= Ct. 
Therefore Cn. Ct = CB*, 


Prop. XVII. Tangents to an ellipse which include a right 
angle intersect on a fixed circle. 
Let SY, HZ, and SY', HZ’, be the focal perpendiculars 





upon two tangents which intersect at. right angles in 7. 
Then the figures TH, TS are rectangles and their opposite 

sides are equal. 
Hence TY.TZ- SY'. HZ' = CB’, [Prop. x. 
Let TO be drawn touching the auxiliary circle in Ο. 
Then since Y, Z are points on the circle (Prop. 1x.), therefore 
TY .TZ=TO. [Euc. 111., 86. 


But it has been shown that TY.TZ= CB'. Hence 
TO' —OB'. Also the radii CO, CA, are equal. 

Therefore CT” = CO’ + TO = CA? + CB”; which proves 
that T lies on a fixed circle, whose centre is C. 
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Pror. XVIII. Ordinates drawn from the same point in 
the axis to the ellipse and auxiliary circle are to one another 
as CB to CA. 

Let the ordinate NP, of the ellipse, be produced to any 





point p. Draw Pn perpendicular to the minor axis, and let 
Cp, Pn intersect in q. 

Join q, p to the points ¢, T in which the tangent at P inter- 
sects the minor and major axes respectively. Then, by 
similar triangles Cng, CNp, qn is to CN as Cn to pN. 


But CN=nP and Cn= PN. 
Therefore ng: nP= PN: pN. 
‘Also nP: nt Ξ NT : PN, by similar triangles. 


Therefore nq : nt =NT: pN. [Euc. v., 22. 
Hence tg, p T are parallel and 2 Cp T = Cqt. 
Let these equal angles be right angles. Then 
Co —CN.CT- 64", [Prop. xv. 
and Cg = Cn.Ct = ΟΡ”. [Prop. xvi. 
Hence p, q are points on the circles described upon the 
major and minor axes respectively. 
Also PN: pN 2 Cq : Cp [Euc. vI., 2. 
— CB : CA, from above, 
which proves the proposition. 
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Note. By the help of this property of the circle upon the 
major axis many propositions concerning the ellipse may be 
proved, as in the chapter on corresponding points. Hence 
the name Auxiliary Circle. 


Since the circle on the minor axis possesses the analogous 


property 
Pn: qn=CA : CB, 


it may sometimes be convenient to speak of it as the Minor 
. Auxiliary Circle. 


Prop. XIX. If PN be any ordinate, 
PN*: AN.NA'=CB? : CA’. 

Produce NP to meet the auxiliary circle in p. 

Then PN?’ : pN*= CP’ : CA’. [Prop. xvii. 
But pN*=AN.NA', [Euc. vi., 8, Cor. 
since the angle ApJ’, in a semi-circle, is a right angle. - 

Therefore PN’: AN.NA'=CB’: CA’. 

Note. Similarly it may be proved that 

Pr? : Bn.nB' = CA? : CB’. 

Also, since the radii CA, Cp are equal, 

pN* = Cp? ~ ON’ = CA? — CN’, 
Therefore PN”: CA?—CN*=CB’: GA’; 


a form of the proposition which is sometimes useful. 


Prop. XX. Tangents drawn to an ellipse and its auxiliary 
circle from extremities of a common ordinate intersect upon 
the axis. 

Let the tangent to the ellipse at P meet the axis in 7. 
Produce the ordinate NP to meet the auxiliary circle in p. 


Then Cp = CA’ =CN.CT. [ Prop. xv. 
Hence CpT is a right angle, and Zp’ touches the 
circle. [ Euc. 111., 16, Cor. 


F 
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EXAMPLES. 


1. If 8, H be the foci of an ellipse, P any external point, 
SP+ PH is greater than 204. 


2. The major axis is the longest straight line that can 
be drawn in an ellipse. 


8. The tangent at B meets the latus rectum on the cir- 
cumference of the circle described upon the major axis as 
diameter, and the tangent to the circle at the point where 
it meets the latus rectum passes through the foot of the 
directrix. 


4. - Hence prove that CS. SX = CP" and deduce that CB is 
a mean proportional between CA and the semi-latus rectum. 


5. For what position of P, on the ellipse, is the angle 
SPH greatest? 


6. If P be any point on the ellipse, 7’ any point on the 
straight line which bisects the angle between SP produced 
and HP, then ST HT is greater than the major axis. 
Hence show that PT is the tangent at P. 


7. Prove that 
CG: CN= 00 : CA’, | 
where CN is the abscissa of any point on the ellipse and G 


the point in which the normal meets the major axis. 


8. A circle touches an ellipse in two points. Prove that 
the chord of the circle drawn through either focus and point 
contact has one of two constant values. 


EXAMPLES. 67 


9. The middle point of Gg lies on a fixed circle; G, g 
being the points in which any normal meets the axes. 


10. The minor axis is the least diameter in an ellipse. 
11. If SY be perpendicular to the tangent at P, then 
SY’: CB’ =SP:2CA— SP. 


12. If the tangent and normal at P meet the axis in 7, 
G respectively, CG.CT'= CS”. 


13. If the tangent and normal at P meet the minor axis 
in t, g respectively, Cg.Ct= CS". i 


14. The circle inscribed in the triangle SPH touches SP 
in M, and SH in N; prove that PM=AS and that AM= SP. 


15. PG is the normal at P, and a circle passing through 
P, 6 meets SP, HP in Q, R. Prove that PQ + SE is equal 
to the latus rectum. 


16. From g, the point in which the normal at P meets 
the minor axis, straight lines are drawn meeting SP, HP 
in M, N so that the angles gMP, gNP are supplementary 
Mo that .PM -- PN is constant. 


17. Straight lines drawn from the centre parallel to the 
tangent and normal at P, cut off from SP a straight line 
equal to AP. 


18. SL is the semi-latus rectum, A the vertex; LA pro- 
duced meets the directrix. in Q, and QS intersects the tangani 
at the vertex in E; prove that AÈ = AS. 


19. If the centre of an ellipse, a tangent, and the trans- 
verse axis, be given; prove that the directrices pass each 


through a fixed point. 


20. In an ellipse, the tangent at any point makes a 
greater angle with the focal distance than with the perpen- 
dicular upon the directrix. 


F2 


68 EXAMPLES. 


21. The circle PTG cuts the circle on SH at right 
angles, where PT, PG are the tangent and normal at P. 


22. ‘The greatest value of SY? + HZ” is 2CB*. 


28. The circle on CG cuts at right angles the circle de- 
scribed with centre P and radius equal to CB. 


24. Prove that the normal and the focal perpendiculars 
on the tangent at any point are in harmonical progression. 


25. If SY, SZ be perpendiculars on the tangent at P, the 
circle round YNZ will pass through C. 


26. Prove that 2YAZ=4SPH. 


27. Prove that CB is a mean proportional between PY 
and the normal at P. 


28. The circle on the normal PG cuts SP, HP in K, L. 
Prove that PG bisects KL at right angles. 


29. The circle described on any focal radius as diameter 
touches the auxiliary circle. 


30. Two tangents can be drawn to an ellipse from any 
external point. 


81. With a given focus describe an ellipse passing through 
three given points. 


92. Circles are escribed to the triangle SPH, opposite to 
BS, H respectively. Determine the rectangle contained by 
their radii. 


38. The locus of the centre of the circle inscribed in the 
triangle SPH is an ellipse. 

The centre of the circle which touches SP produced, HP, 
and the major axis, lies on the tangent at the vertex. 

The locus of the centre of the circle which touches the 
major axis and PS, PH, both produced, is an ellipse. 
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34. The subnormal is a third proportional to OT and CB, 
where CB is the semi-minor axis and 7' the point in which 
the tangent intersects the major axis. 


35. Given a focus and the length of the major axis; 
describe an ellipse touching two given straight lines. 


36. Given a focus, a tangent, and the length of the major 
axis; prove that the loci of the centre and the other focus 
are circles. 


37. Given a focus, a tangent, and the length of the minor 
axis; the locus of the centre is a straight line. 


38. If the angle SBH be a right angle, then CA*=2CB". 


39. If SY, HZ be the focal perpendiculars on the tangent 
at P, then SZ, HY intersect on the normal at P. 


40. Construct on the major axis as base, a rectangle 
which shall be to the triangle SLE (where SL is the semi- 
latus rectum) in the duplicate ratio of the major to the minor 
axis. 

41. If a circle touch one fixed circle externally and 
another internally, the locus of its centre will be an ellipse, 
one of the fixed circles being within the other. 


42. If a series of ellipses be described having the same 
major axes, the tangents at the ends of their latera recta 
will pass through one or other of two fixed points. 


43. SY, HZ are perpendiculars on the tangent at P, and 
PN is the ordinate of P; prove that 


PY.PZ: PN’ =CS’ : CB’. 


44, Prove also that 
NY: NZ= PY : PZ. 
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45. In an ellipse, if a line be drawn through the focus 
making a constant angle with the tangent; prove that the 
locus of its point of intersection with the tangent is a circle. 


46. A tangent to an ellipse at a point P intersects a fixed 
tangent in Τ if through S a straight line be drawn, making 
a constant angle with ST and meeting the tangent at P 
in Q, show that the locus of Q is a straight line touching 
the ellipse. | 


47. The external and internal bisectors of the angles 
between pairs of tangents to an ellipse, drawn from points 
on any circle through the foci, intercept a constant length 
on the minor axis. 


48. Tangents to an ellipse, whose foci are S, H, inter- 
sect in T, and from T straight lines are drawn equally. in- 
clined to ST, HT. Prove that these straight lines are 
tangents to an ellipse which has ©, H for foci. 


49. The external and internal bisectors of the angle be- 
tween the tangents, in the last example, are the tangent and 
normal, at T, to a confocal ellipse. 


50. The external and internal bisectors of the angles 
‘between pairs of tangents to a given ellipse meet the axis 
in M, N. Prove that CM.CN is constant. 


5l. Given one focus of an ellipse, the length of the minor 


axis, and a point on the curve; the locus of the other focus 
18 à parabola. 


52. If the ordinate at P meet the auxiliary circle in Q, 
the perpendicular from S on the tangent at Q is equal to SP. 


53. Lines from Y, Z, perpendicular to the major axis, cut 
the circles on SP, HP as diameters in Z and J. Prove that 
IS, JH, CB meet in a point. 
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54, From any point P on an ellipse PK is drawn,-to the 
major axis, at right angles to AP. Prove that 2 GK is equal 
to the latus rectum, PG being the normal at P. 


55. An ellipse described on the longer side of a rectangle 
as major axis passes through the intersection of the diagonals, 
1f lines be drawn from any point of the ellipse exteriór to the 
rectangle to the ends of the remote side, they will divide 
the major axis into segments, which are in geometrical pro- 
gression. | 

56. An ellipse slides between two straight lines at right 
angles to each other; find the locus of its centre. _ 


57. Two ellipses have their foci coincident; a tangent to 
one of them intersects, at right angles, a tangent to the other: 
show that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 


58. A circle described with the centre C, radius CS, cuts 
the minor axis in F, F"; prove that the sum of the squares 
of the perpendiculars from F, F' upon any tangent to the 
ellipse is equal to the square on the semi-minor axis. 


59. The sum of the squares of two straight lines which 
are inversely proportional to diameters at right angles, in the 
ellipse, 1s constant. 

60. CP, CD are at right angles, and CK perpendicular 
to PD. Prove that CK is constant, PD being any chord. 

61. Ifa circle passing through Y, Z touch the major axis 
in Q, and that diameter of the circle which passes through Q 
meet the tangent in P, show that PQ = CB. 

62. TP, TQ are tangents drawn to the ellipse and 
auxiliary circle respectively from a point 7' on the axis. 
Prove that 

| PN: QN=CB: CA, 
where CN is the abscissa of P. 
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63. Ifa quadrilateral circumscribes an ellipse, its opposite 
sides subtend supplementary angles at either focus. 


64, From the focus of an ellipse a straight line is drawn 
inclined at a constant angle to the tangent at any point of 
the curve. Prove that the locus of the point in which it 
meets the tangent is a circle. 


65. The locus of the foot of the perpendicular drawn 
from either focus of an ellipse to a chord which subtends a 
constant angle at that focus, is a circle. 


66. An ellipse is inscribed in a triangle. If one focus be 
at the intersection of the perpendiculars drawn from the 
angular points upon the opposite sides, the other will coincide 
with the centre of the circle which circumscribes the triangle. 


67. Prove also that the axis of the ellipse is equal to the 
radius of the circle which circumscribes the triangle. 


68. With the intersection of the perpendiculars from the 
angles of a triangle upon the opposite sides, as focus, two 
ellipses are described touching a side of the triangle and 
having the other two sides as directrices respectively; prove 
that their minor axes are equal. 


69. Show that the conic section which touches the sides 
of a triangle and has its centre at the centre of the circle 
passing through the middle points of the sides, has one focus 
at the intersection of the perpendiculars from the angles on 
the opposite sides, and the other at the centre of the circle 
circumscribing the triangle. 


70. If a focus of an ellipse inscribed in a triangle be the 
centre of the inscribed circle, the ellipse will be a circle. 


71. An ellipse is described so as to touch the three sides 
of a triangle; prove that if one of its foei move along the 
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circumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum- 
ference of another circle, passing through the same two 
angular points. 


72. If one of these circles pass through the centre of the 
circle inscribed in the triangle, the two circles will coincide. 


73. Given, in an ellipse, a focus and two tangents; prove 
that the locus of the other focus is a straight line. 


74. Tangents and normals, at the extremities of a chord 
through the focus S, intersect in T, N; prove that TN passes 
through A. 


75. The external angle between any two tangents is half 
the sum of the angles which the chord of contact subtends 
at the foci. 

It may be shown, in Prop. ΥἹΠ., that the angle between 
QT produced, and PT is equal to the supplement of 

(POH+ STH). 
Again, £TSP+ STH= supplement of (POH + QHT). 
Hence external angle = QHT 4 PST 
= 4PHQ + 4PSQ. 
76. Prove also that 
LSPT+ HQT + STH = two right angles. 


77. The angle between the tangents at the extremities 
of a chord which passes through either focus is half the sup- 
plement of the angle which the chord subtends at the other 
focus. 


78. The acute angles, which the focal radii to any two 
points on an ellipse make with the tangents at those points, 
are complementary. What is the least value of the eccen- 
tricity for which this is possible ? 
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79. A', B' are fixed points in a straight line whose ex- 
tremity is P. If A’, B' move along two fixed straight lines 
which intersect at right angles in C, then P will trace out 
an ellipse. 

Draw PA'B’, parallel to pC, to meet the axes (fig., 
Prop. XVIII.) 

Then PA’, PB' are equal to CA, CB respectively. 


80. Prove also that the normal at P passes through an 
angular point of the rectangle which has CA, CB for ad- 
jacent sides. 


( 75 ) 


CHAPTER V. 


THE ELLIPSE CONTINUED. 


One diameter is said to be the conjugate to another when 
the first bisects chords parallel to the second. 

This definition is evidently consistent (Prop. XII., Cor., 
p. 15) with the following, which is sometimes used. 

One diameter is said to be conjugate to another when 
the first is parallel to the tangent at an extremity of the 
second. 

Supplemental Chords meet on the curve and pass through 
opposite extremities of the same diameter. 


Prop. I. Jf one diameter be conjugate to a second, the 
second will be conjugate to the first. 

Draw the supplemental chords OP, OP’, and bisect them 
by the diameters CR, CQ. ! 
—— "Then CQ, which bisects 
P'P, and OP is parallel to 
OP. [Euc. ΥἹ., 2. 

Hence CR bisectschords 
parallel to C Q and is there- 
‘fore conjugate to CQ. 

Also CQ will be con- 
jugate to CR. 

For, since CE bisects chords PP’ and OP’, it is TEM 
to PO.. Hence, CQ bisects chords porade. to CR, and is 
therefore conjugate to CR. 
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Cor. OP, ΟΡ’ are parallel to CR, CQ, which are con- 


jugate. Hence, supplemental chords are parallel to conjugate 
diameters. 


Prop. II. 7f the semi-diameters CP, CD be conjugate, and 
the ordinates NP, RD be produced to meet the auxiliary circle 
in p, d respectively, then pCd 4s a right angle. 

The tangent at P is parallel to CD, since CD is con- 
jugate to CP, 





Let this tangent meet the axis in 7. Draw Tp. Then 
by similar triangles PNT, DEC, 
PN: DR=NT: RC. 
But pN: PN=CA: CB [Prop. xvit., p. 64, 
= dh : DR, similarly. 
Alternando pN:dkh=PN: DE 
= NT : LC, from above. 

Hence Cd, Tp are parallel. But ZpC is a right angle 
since Tp touches the circle. [Prop. XX., p. 66. 

Therefore the alternate angle p Cd is a right angle. 

Cor. The condition that CD should be parallel to the 
tangent at P'is that p Cd should be aright angle. This is 
also the condition that CP should be parallel to the tangent 
at D, which proves Prop. 1. 
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Pror. ITI. 7f CN, CE be the abscisse of P, D, the ex- 


tremities of conjugate semi-diameters, then 
PN: Ch=CB: CA, 
and DR: CN=CB: CA. 
Let the ordinates of P, D meet the auxiliary circle in 
P, d respectively. Then pCd is a right angle. [Prop. ir. 
Hence LpCN=complement of dOR = CdR, 


and the triangles p CN, Cd E are similar, 
They are also equal, since C» = Cd. 


Therefore pN - CE and dE — CN. 


Dut PN : pN — ΟΡ: CA. [Prop. xvin., p. 64. 
Therefore PN: CE — CB : CA. 
Similarly DE: CN=CB: CA, 


Cor. By Euc. 1., 47, Cd’ = dR’ + CR’. 
But dR = CN, from above; and Cd=CA. Therefore 
CA = CN’ + CR’, 
Similarly, by means of the circle on the minor axis, it may 


be proved that 
CB’ = ΡΝ" + DE. 


Prop. IV. Zo prove that 
PG: CD=CB: CA, 

and Py : CD=CA: CA, 
where CD 4s the semi-diameter conjugate to CP, and PGq the 
normal, meeting the axes in G, g. 

Since CD, being conjugate to CP, is parallel to the tan- 
gent at P, it is therefore perpendicular to PG. 

Draw the ordinates PN, DR. 


Then the angles PGN, DCE are complementary and 
PGN, DCR are similar triangles. 
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Therefore PG : CD- PN : CR 
= OB: 04. [Prop. III. 
Similarly it may be proved, by means of the minor 
auxiliary circle, that 
Pg: CD=CA: CB. 
Cor. Hence PG. Pg = CD’. 


Prop. V. The parallelogram formed by drawing tangents 
at the extremities of a pair of conjugate diameters PP’, DD' is 
of constant area. 

Let the normal at P meet DD' in F'and the major axisin G. 





Then PG: CD=CB: CA. [Prop. Iv. 
Alternando PG: CB=CD: CA. 
But ' APP. PG = OB’. [Prop. xiv., p. 61; 
Therefore CB: PF= ρα: ον | 
— CD : CA, from above, 
or PF.CD-CA.CB. 


It is evident from the figure that the area of the cir- 


cumscribing parallelogram is equal to 457.00, that is to 
4CA.CB or AA’. BB’. 
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Prop. VI. Tangents.drawn to an ellipse from the same 
point are to one another as the parallel semi-drameters. 

In fig., p. 9, let the diameter parallel to the tangent at 
P meet SP in k and the normal in F. Then TPL, PEF are 
similar right-angled triangles. 

Thérefore TP: TEsPESPE 

— CA : PF. [Prop. XII., p. 60. 
Let CD be the semi-diameter parallel to TL. 


Then PF.CD=CA.CB. [Prop. v. 
Therefore CD: CB=CA: PF | 
| = TP: TL, from above. 

Similarly CD' : CB=TQ: TM, 
where CD’ is the semi-diameter parallel to TQ. 
Hence TP:TQ=CD:CD, 


TM, TL being equal, as in Prop. VI., p. 9. 
Prop. VII. To prove that 
SP.HP-CD', 


where CP, CD are conjugate semi-diameters. 
Draw the normal at P, meeting the major and minor 





axes in Gg respectively. Then, since a circle goes round 


SPHg (Prop. vi., p. 55), the angles PSg, PyH, in the same 
segment, are equal. | 
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Also 2 SP; = APG. [Prop. IV., p. 54. 
Hence SP, HPG are similar triangles, so that 
| SP: PG= TY : PH. 
Therefore SP.HP= PG. Pg 
= COD". [Prop. tv., Cor. 
Note. Let the tangent at P meet the axes in T, t. Then 
by similar right-angled triangles PG T, Pot, 
PT: PG. — P, : Ft. 
Therefore PT.Pi=PG.Py 
= CD". [ Prop. IV., Cor. 


Pror. VIII. Το prove that 
CP? + CD’ = CA’ + CB’, 
where CP, CD are conjugate semi-diameters. 
Since C is the middle point of SH (fig., Prop. V11.), therefore 
SP? + PH” =2 CP’ +2C8".* 
Also 2SP.PH=2CD’. | [Prop. vir. 
But the square on SP+PH, or on 2304, is equal to 
the squares on SP, PH together with twice the rectangle 
SP. PH. | Euc. ΤΠ. 4. 
Therefore, from above, by addition, 
4CA*=2CP* + 2CD* +200. 
Hence | CP'4-CD' CA? + CA* — CS? 
= CA’+ CB’, [Prop. ΥἹΠΙ., p. 57. 
Or thus: 


Let CN, CE be the abscisse of P, D, respectively. 
Then it may be shown, as in Prop. 111., Cor., that 


CN? + CR = CA’, 
and PN? + DR = OB. 


* Todhunter’s Euclid, Appendix. 
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By addition, since | 

CN? + PN*=CP* and CR’ + DR = CD, 
therefore CP + CD = CA? + CB. 


Pror. IX. To prove that 
CV.CT-CP', 


. where CV 4s the abscissa of any point Q on the ellipse, measured 
along a diameter which meets the curve in P, and T the point 
n which the tangent at Q meets CP. 

Let the tangent at P, which is parallel to QV, meet QT 
in R. Complete the parallelogram QRPO. 





Then the diagonal RO bisects PQ and is therefore a 
diameter. [Prop. XIII., p. 16. 

Let it be produced to the centre C. 

Then, since QV, EP are parallel, and also QT, OP, by 
construction, therefore 


CV: CP=00: CR [Euc. vI., 2, 
= CP : OT, similarly, 
or ος. σΤ-- CP. 


82 THE ELLIPSE CONTINUED. 


Prop. X. Jf TPP' be any diameter and TQ the tangent 
at a point Q, whose abscissa is CV, then 
TO.TV-TP.TP'. 
Let the tangents at P, Q meet in R. Draw PQ. 
Then CE is parallel to P'Q, since it bisects PP’ and 


also PQ. [Prop. XII., p. 16. 
Also QV, E.P are parallel. 
Therefore TC:TP'—TR:TQ [Euc. ΥΤ., 2, 
— TP: TV, similarly. 
Therefore TO.TV - TP.TP'. 


Prov. XI. The tangent and ordinate at Q meet the diameter 
POP' in T, V respectively. To prove that 

αι τς Ισ... 

Let the tangents at P, P', which are parallel to QV, meet 
the tangent at Q in k, F' respectively. 

Then the tangents RP, RQ are as the parallel semi- 
diameters, and therefore as the tangents P", R'Q. [Prop. vi. 

Alternando EP: RP'=RQ: ΒΟ. 

But RQ: RQ=PV: PY, [Euc. vI., 10, 
and REP:EP-TP:TP,by similar triangles. 
Therefore ITP: TP =V: Fy.: 

Cor. The lines TP, TV, TP' are in harmonical pro- 
gression, since the first is to the third as the difference be- 
tween the first and second to the difference between the 
second and third. | 

Note. Any one of the last three propositions being as- 
sumed, the others follow by Euc. 11. 

For example, let Prop. x. be assumed. 

Then TC -—-TC.CV=TC -- CP’, 
or CV. οτΞ ΟΡ", 
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Prop. XII. Jf CV, QV be the abscissa and ordinate of 
«ny point Q on the ellipse, then 
QV*: CP — 0V’ = 0D : CP’, 
where CP 4s the semi-diameter on which CV is measured and 
CD that parallel to QV. 
Draw Qv, an ordinate of CD, and let the tangent at Q 
meet CD, CP produced in t, T respectively. 





Then QV: VT= Ct : CT, by similar triangles, 
and QV: CV=: ΟΥ, 
since QV, C» are equal. 

Therefore QV? : OV.VT 2 Cv.Ct : CV.CT 

= 0D : σρ3 [Prop. 1x. 

But CV.VT-CV.CT- CV? « CP' — CV*. [Prop. tx. 
Therefore QV": CP®—CV?=CD': ΟΡ», 

Note. Let PC meet the curve again in P". 


Then CP'—OV*-PV.VP'.  [Euc. 11., 5, Cor. 
Therefore OV PVP SOD ΟΕ Iss (i). 
Again, Qv is an ordinate of the diameter CP, therefore 
ου”: CD’ — Cy’ = CP’: CD’, [Prop. XII. 
or CVS CP Οἱ ΞΟ ου ος... (it), 


(i) and (ii) are different forms of Prop. xit. 
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Prop. XIII. The rectangle contained by the segments of 
a chord PQ which passes through a fixed point O bears a con- 
stant ratio to the square on the parallel semi-diameter CD. 

Also the rectangles contained by the segments of any two 
intersecting chords are to one another as the squares of the 
parallel semi-diameters. 

Let the semi-diameter CP bisect the chord in V and let 
qv be the ordinate of the point in which CO produced meets 


the curve. 
Then, since QV, CV are the ordinate and abscissa of Q, 





therefore CD*—QV*: CV*?=CD’: CP [Prop. x11., Note, 
= CD*- go" : Cv’, similarly. 
Also ΟΥ”: CV*=qv": Ov’, [ Euc. vI., 2, 
since the ordinates Q V, qv are parallel. 
Therefore CD'— QV* + OV*: OV*- OD : Cv’. [ Euc. V., 24. 


But CV: Cv is equal to CO: Cg, which is a constant ratio 
since O, q are fixed points. 
Hence CD* — QV*-- OV? - OD? is a constant ratio. 
Therefore ΘΟ. OR, being equal to QV? — ΟΥ” (Euc. 11., 5, 


Cor.), bears a constant ratio to CD’. 


Again, take any other chord Q'E', passing through O, 
and let CD' be the parallel semi-diameter. 
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Then, since QO.OR: CD? is constant for all chords 
through O, therefore 


Q0.08 : CD’ =Q 0.0F : CD". 

Con. 1. Let the chords move parallel to themselves until 
they become tangents. ‘Then the rectangles bécome the 
squares of tangents drawn from an external point. Hence 
tangents drawn from the same point are as the parallel 
semi-diameters. 

Cor. 2. The ratio CD: CD' is constant for all pairs of 
chords parallel to QF and @'R’. Hence the rectangles con- 
tained by the segments of any two intersecting chords are as 
the rectangles contained by the segments of any other two 
chords parallel to the former. 


One or more of these chords may be supposed to become 
tangents as in Cor. 1. 


Cor. 3. In Cor. 2 let one pair of chords pass through the 
focus. Then, by Prop. xr, p. 13, the rectangles contained 
by the segments of any two intersecting chords are to one 
another as the lengths of the parallel focal chords. 


Prop. XIV. If a circle and an ellipse intersect in four 
points their common chords will be equally inclined to the axis 


of the ellipse. 

Let Q, È, Q', A’ be the points of intersection and let QR 
cut 6 ἐν in Ο. 

Then the rectangles QO.OR, ϱ 0.01’ are as the squares 


on parallel semi-diameters of the ellipse. : [ Prop. XIII. 
Dut these rectangles are equal by a property of the 
circle. [ nue. 111., 35. 


Hence the diameters parallel to QR, Q'E' are equal and 
therefore equally inclined to the axis. 

It follows that QE, Q'E' are equally inclined to the axis. 

Similarly QE, Q'E and QQ’, RA are equally inclined 


to the axis. 
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Pror. XV. The tangent at P meets any diameter in T and 
the conjugate diameter in t. To prove that 
PT. P= CD", 
where CD is the semi-diameter parallel to Pt. 


Draw PV, Dv, ordinates of the diameter CT, and PM an 
ordinate of Ct. 





Let the tangent at D, which is parallel to CP, since CP, 
CD are conjugate, meet ΤΟ produced in ż. 

Then the rectangles CV.CT' and Cv.Ct are equal to one 
another, since they are both equal to the square on the same 
semi-diameter. [Prop. 1x. 


Therefore CV: Coz C? : CT. 


But the ratio CV: Cv, that is PM: Cv, is equal to Pt: CD, 
by similar triangles ΖΗΛ, CDv. 


Therefore Pt: CD — Οἵ: CT, from above, 
— CD: PT, 
by similar triangles CDi’, CPT. 
Therefore PT.Ptz 0)’, 
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Pror. XVI. Jf a chord pass through a fixed point, the 
tangents at its extremities will intersect on a fixed straight line. 
Draw CO, through the fixed point O, to meet the curve 
in P, and let 7' be the point of intersection of tangents at 
the extremity of the chord which is bisected in Ο. 





Draw Cop, bisecting in ο any chord through O, and meet- 
ing the curve in p. 

Draw pU an ordinate of the diameter through O, and let 
Tt, drawn through 7' parallel to Up, (and therefore fixed); 
meet Cp in t. Let CO produced meet the tangent at p in V. 

Then CO.CT-CP'-CU.CY. [ Prop. 1x. 
Therefore CO :CV=0U: CT. 

But, by similar triangles, CO is to CV as Co to Cp, and 
CU to CT as Cp to Ct. 


Therefore Co: Cp — Cp : Ct. 
Hence Co. Ct ΟΥ”, 
and the tangents at the extremities of the chord Oo intersect 
in £. [ Prop. ΙΧ. 
Also Tt is a fixed straight line. [ Construction. 


Note. Asin the case of the parabola, O is called the pole 
of Tt, and Tt the polar of O. 
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Prop. XVII. Lf from any point t, tpp' be drawn to meet the 
ellipse in p, p, and the chord of contact of tangents through t 
an 0, then tpop' will be cut harmonically. 

Draw Cc to the middle point of pp’ and produce it to 
meet the curve in Q. 


Q 


Let the diameter PP’ bisect in O the chord of contact of 
tangents through f. 

Draw QV, an ordinate of this diameter, and let the tan- 
gent at Q meet the diameter in T. 


Then TQ: tcs TC : tC, 
by similar triangles 7'QC, tcC ; 
and TQ : to—- TV : tO, 


by similar triangles 7'Q V, toO. 

Therefore ΤΟ”: te.to= TC.TV : tC.tO 
ΤΡ. ΤΡ’ : tP.tP’ [Prop. x. 
= TQ :tp.tp. [Prop.xir.,Cor2. 


Hence fc.to=tp.tp', or 2tp.tp' —to(tp-- tp), since c is the 
middle point of pp'. 


Prop. XVIII. The areas of the ellipse and auxiliary circle 
are as CB to CA. 

Let P, Q be the adjacent points on the ellipse. 

Produce the ordinates NP, MQ to meet the auxiliary 
circle in p, q respectively, and draw PQ, pq. 
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Then since PN and QM are to pN and qM respectively 





as CB to CA (Prop. xvin., p. 64), therefore the rectilinear 
areas PQMN, pĮMN are as CB to CA. | 

Let a series of rectilinear figures CQ, MP, ... be inscribed, 
as above, in the elliptic quadrant ACB. Produce the ordi- 
nates of the points Q, P, ... to meet the auxiliary circle in 
P, q, ... respectively, and complete the figures Cg, Mp, .... 

Then since each of the figures CQ, MP,... is to the 
corresponding figure in the circle as CB to CA, the sum of 
the first series of figures is to that of the second in the same 
ratio. [Euc. V., 12. 

This is true whatever be the number of the figures. 

Let the number of the figures CQ, MP, ... be increased 
and the breadth of each diminished indefinitely, so that the 
sum of their areas becomes equal to the elliptic area ACB. 

Then the sum of the rectilinear areas Cg, Mp, ... becomes 
equal to the circular area A Cb. 

Hence the areas ACB, A Cb, and therefore those of the 
ellipse and circle, are as CB to CA. 
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EXAMPLES. 


1. If PQP' be a chord of the circle described on the major 
axis of an ellipse, and a circle be described on the minor axis 


cutting the chord in Q, Q', then PQ.P'Q— CS". 


2. Given, the length of the axis of an ellipse, and the 
positions of one focus and a point on the curve; give a 
geometrical construction for finding the centre. 


3. On the normal at P, PQ is taken equal to the semi- 
conjugate diameter CD. Prove that the locus of Q is a circle 
whose radius is equal to half the difference of the axes. 


4. A circle can be described passing through the foci 
and the points in which any tangent meets the tangents at 
the vertices. ^: 


5. The sum of the squares of normals at the extremities 
of conjugate diameters is constant. 


6. The tangent and normal at P and a perpendicular 
from that point meet the minor axis in £, g, n. Prove that 
Pn.gt = CD’. 

7. The tangent at P meets any two conjugate diameters 


in T, t, and TS, tH intersect in Q. Prove that SPT, ΠΡΙ 
T Qt are similar triangles. 


8. If CP be conjugate to the normal at Q, CQ will be 


conjugate to the normal at P. 


9. Given two conjugate diameters; determine the direc- 
tions of the axes. 


10. Tangents are drawn to confocal ellipses from a given 
point in the axis; prove that the normals at the points of 
contact pass through a fixed point. 
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11. CP, CD are conjugate semi-diameters, and the tan- 
gents at P, D meet in T. Prove that ST, HT meet CP, CD 
in four points which lie on a circle. 


12. If AQ be drawn from one of the vertices perpen- 
dicular to the tangent at any point P, the locus of the pom 
of intersection of PS, QA will be a dle: | 


13. If the tangent and normal at P meet the axis in 
T, G, and TQ touch the circle on AA’ in Q, then — 


TQ: TP= CB: PG. 


14. TP, TQ are tangents to an ellipse and PQ meets the 
directrices in E, .E' ; prove that 


RP.RP: RO.RQ= TP : TQ. 


15. The points in which the tangents at the extremities 
of the transverse axis of an ellipse are cut by the tangent 
at any point of the curve, are joined one with each focus; 
prove that the point of intersection of the joining lines lies 
in the normal at the point. 


16. Two conjugate diameters of an ellipse are cut by 
the tangent at any point P in M, N; prove that the area 
of the triangle CPM varies inversely as that of the tri- 
angle CPN. 


17. P is any point on the ellipse. To any point Q on 
the curve AQ, A’Q are drawn meeting NP in E, 8; prove 
that N.NS= NP’. 


18. When is the sum of two conjugate diameters least ? 


19. The tangent at the vertex cuts any two conjugate 
diameters in 7, 7"; prove that AT.AT' =CB’. 


20. If any two chords AB, CD, which are not parallel, 
make equal angles with the axis, the lines AC, BD will 
make equal angles with the axis. 
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21. If PT be a tangent to an ellipse, meeting the axis 
in 7, and AP, A'P produced meet the straight line drawn 
through T, perpendicular to the major axis, in Q, R, then 
QT= RT. 


22. Show that in every ellipse there are two equal con- 
jugate diameters, coinciding in direction with the diagonals 
of the rectangle which touches the ellipse at the extremities 
of the axes. 


23. The normal at P cuts the axes in G, g; prove that 
the length of the tangent from P to any circle which passes 
through the points Οἱ and g is equal to CD. 


24. Prove that CD = PŒ + SG.G.H. 
25. Prove that (SP— CAF --(SD— CA’) 2 Οδ". 


26. If PQ be the focal chord which is parallel to CD, 
then PQ.CA —2CD*. 


27. If from the extremities of any diameter chords be 
drawn to any point in the ellipse, the diameter parallel to 
these chords will be conjugate. 


28. Normals are drawn to an ellipse at the extremities 
of a chord parallel to one of the equi-conjugate diameters. 
Show that the locus of their intersection is a line through the 
centre perpendicular to the other equi-conjugate diameter. 


29. The tangents ΤΕ, TQ meet the diameters QC, PC 
in P, Q'; prove that the triangles ΤΩΡ’, TPQ' are equal. 


30. If PSp be a focal chord of an ellipse, and along SP 
there be set off SQ a mean proportional between SP and Sp, 
the locus of Q will be an ellipse having the same eccentricity 
as the original ellipse. 


31. A tangent to an ellipse, whose foci are S, H, meets 
two given conjugate diameters in T, t; T'S, tH meet in P, 
show that the locus of P is a circle. 
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32. From any point P of an ellipse PQ is drawn at right 
angles to SP meeting the diameter conjugate to CP in Q; 
prove that PQ varies inversely as the perpendicular from P 
on the major axis. 


33. The loci of the middle points of PG, Pg are ellipses, 
where PG? is normal at P. 


94. A series of ellipses have their equal conjugate dia- 
meters of the same magnitude, one of them being fixed 
and common, while the other varies. The tangents drawn 
from any point in the fixed diameter produced will touch 
the ellipses in points situated on a circle. 


35. If two ellipsés having the same major axes be in- 
scribed in a parallelogram, the foci will be on the corners 
of an equiangular parallelogram. 


36. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in 7. Prove that as CT ap- 
proaches and ultimately coincides with the semi-major axis, 
PT and QT are ultimately in the duplicate ratio of the axes. 


37. Tangents to an ellipse are drawn from any point on 
a circle through the foci; prove that the lines bisecting the 
angles between the tangents all pass through a fixed point. 


38. P, Q are points on two confocal ellipses at which 
the line joining the common foci subtends equal angles; 
prove that the tangents at P, @ contain an angle equal to 
that subtended by PQ at either focus. 


39. If QQ' be any chord parallel to the tangent at a 
given point P of an ellipse, the circle round QPQ' will meet 
the curve in a fixed point. 

40. If the tangents at P, Q, R intersect in R’, Q', P, then 

PR.P'Q: PQ. RQ=PR: QR. 
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41. An ellipse is inscribed in a triangle A, B, C; prove 
that if a, 6, ο be the points of contact, the straight lines Aa, 
‘Bb, Cc will pass through the same point. 


42. Two ellipses, whose major axes are equal, have a 
common focus; prove that they intersect in two points only. 


43. In an ellipse Pp, Dd are conjugate diameters; Æ is 
taken in Pp so that PE: Ep = CD': CP’; EF is drawn 
parallel to Dd, meeting the normal PF; GFH being any 
chord of the ellipse, prove that GPH is a right angle. 


44. A parallelogram is inscribed in an ellipse, and from 
any point on the ellipse two straight lines are drawn parallel to 
the sides of the parallelogram; prove that the rectangles under 
the segments of these straight lines, made by the sides of the 
parallelogram, will be to one another in a constant ratio. 


45. Normals at P and D, the extremities of semi-conjugate 
diameters meet in K; show that KC is perpendicular to PD. 


46. The tangent at a point P of an ellipse meets the 
auxiliary circle in a point Q', to which corresponds Q on the 
ellipse. Prove that the tangent at @ cuts the auxiliary circle 
in the point corresponding to P. 


47. The locus of a point which cuts parallel chords of a 
circle in a given ratio, is an ellipse having double contact 
with the circle. 


48. YSZ is drawn through a fixed point S, meeting two 
fixed straight lines in Y, Z. Prove that the envelope of the 
circle on YZ is an ellipse having S for focus. 


49. If a chord parallel to the axis meet the ellipse in 
D, P', and if P'Q, P'Q' be chords equally inclined to the axis, 
then QQ is parallel to the tangent at P. 
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50. PSp, 964 are any two parallel chords through the 
focus and centre of an ellipse, prove that 


SP. Sp : CQ.Cq = CB": CA. 


51. If the diameter conjugate to CP meet SP, HP in 
E, F; then SH= HF and the circles described about SCE, 
HCF are equal. 


52. The common diameters of two equal, similar, and 
concentric ellipses are at right angles to one another. 


53. If CM, MP be the abscissa and ordinate of any point 
P on a circle whose centre is C, and if MQ be taken equal 
to MP and inclined to it at a constant angle, the locus of 
Q is an ellipse. 


54. The tangent at a point P of an ellipse meets the 
tangents at the vertices in V, V'; on VV' as diameter a circle 
is described, which intersects the ellipse in Q, Q'; show that 
the ordinate of Q is to the ordinate of P as CB to CB--CD. 


55. From the extremity P of the diameter PQ, in an 
ellipse, the tangent TPT" is drawn meeting two conjugate 
diameters in. 7, 7". From P, Q the lines PE, QE are drawn 
parallel] to the same conjugate diameters. Prove that the 
triangle PQE is to CA.CB as CA.CB to the triangle CTT". 


56. PCP’ is any diameter of an ellipse. The tangents 
at any two points D and # intersect in F. PE, P'D intersect 
in G. Show that FG is parallel to the diameter conjugate 
to PCP’. | 


57. SQ, HQ are drawn perpendicular to a pair of con- 
jugate diameters. The locus of Q is a concentric ellipse. 


58. A parabola of given latus rectum is described touching 
symmetrically two conjugate diameters of an ellipse; find 
the locus of the focus. 
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59. If.4@ be drawn from one of the vertices of an ellipse 
perpendicular to the tangent at any point P, prove that the 
locus of the intersection of PS, QA will be a circle. 


60. T'P, TQ are tangents to an ellipse at the points P, Q. 
Prove that SP, HP, SQ, HQ are tangents to a circle de- 
scribed with T as centre. 


61. Supplemental chords PZ, PL’ are equally inclined to 
a chord PQ, normal at P. Prove that LL’ bisects PQ. 


62. A, B, C are three points in a straight line; with 4, B 
as foci an ellipse is, described passing through C, and with B 
and C as foci another ellipse is described passing through 4 
and intersecting the former in P. If PN be drawn perpen- 
dicular to CA, prove that AP+ CP= PN 4 CA. 


63. If the normal at P in an ellipse meet the axis minor 
in G, and if the tangent at P meet the tangent at the vertex 
A in V; show that 

SG: SC=PV: VA. 

64. ABC is an isosceles triangle of which the side 4B 
is equal to the side AC. BD, BE, drawn on opposite sides 
of BC and equally inclined to it, meet CA in D, E. If an 
ellipse is described round BDE having its axis minor parallel 
to CB, then AB will be a tangent to the ellipse. 


65. Show that, if the distance between the foci of an 
ellipse be greater than the length of its axis minor, there will 
be four positions of the tangent for which the area of the 
triangle included between it and the straight lines drawn 
from the centre of the curve to the feet of the focal perpen- 
diculars upon the tangent, will be the greatest possible. 


66. Prove that the distance between the two points on 
the circumference of an ellipse at which a given chord, not 
passing through the centre, subtends the greatest and least 
angles, 1s equal to the diameter which bisects the chord. 
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67. In Ex. 61, prove that ZP+ PL/ is constant, 


68. The rectangle contained by the radii of the inscribed 
and circumscribing circles of the triangle SPH varies as the 
square of the conjugate diameter. 


69. The ordinates of all points on an ellipse being produced 
in the same ratio, determine the locus of their extremities. 


70. The central radii of an ellipse being produced in a 
constant ratio, the locus of their extremities 1s an ellipse. 
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CHAPTER VI. 


THE HYPERBOLA. 

The definition on p. 1 applies to the hyperbola, the ratio 
spoken of being in this case a ratio of greater inequality. 

Let the curve cut the axis in A, A’. Bisect AA’ in C. 
Take a point H in the axis such that CH= OK, where S is 
the given focus. Then, for a reason which will appear 
(Prop. 1v.), H is called a focus. 

Thus S, H are the Foci. Also C is the Centre, and A, A’ 
are the Vertices. 

It has been shown, on p. 5, that a straight line drawn 
parallel to the axis of a hyperbola meets the curve in two 
points which are situated on opposite sides of the directrix, 
so that the hyperbola consists of two branches having their 
convexities in opposite directions. 

Compare the first figure on p. 10. 

It is hence evident that no straight line drawn perpen- 
dicular to the axis and intersecting it between the vertices 
will meet the curve. 

It will however appear that, in the case of the hyperbola, 
the points B, B', determined as follows, correspond to the 
extremities of the minor axis in the ellipse. 

Through C draw a straight line perpendicular to the axis, 
and on it take points B, B', equidistant from C, such that 
CB’ = CS' — CA’. 

Then .44' is called the Major and BB’ the Minor 


Axis.. 
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These terms are employed as being analogous to those 
used in the case of the ellipse. In the case of the hyper- 
bola 4 4’ is not necessarily greater than BB’. 

4.4’ is sometimes called the Transverse and BB' the Con- 
jugate axis. Also, when THE axis is spoken of, AA’ is 


always signified. 


Note. A hyperbola is sometimes defined as the locus of a point (P), 
the difference of whose distances from two fixed points (S, H), called 
foci, is constant. The property in question follows, as in Prop. IIL, 
from the definition employed in the present Chapter. The converse 
proposition is proved in the Appendix. 


It is shown in the Appendix that all diameters pass 
through the centre. 

A diameter is sometimes defined as a straight line drawn 
through the centre. In this case it may be shown, conversely, 
that every diameter bisects a system of parallel chords. 

The term Ordinate being defined as for the parabola 
(p. 24), CV is the Abscissa of Q. 


Note. Let P be any point on a hyperbola which has S 
for focus and MX for directrix. Let A be one vertex and 
PM perpendicular to MX. 


Then SP: PM= SA: AX, [ Def. 
and SP: PM=CS: CA. [Lemma 1., p. 51. 


Prop. I. Jf PM be the perpendicular upon the directrix 
MX from any point P on a hyperbola, then SM, drawn from 
the focus K, meets the normal at P on the minor axis. 

Let SM meet the minor axis Cg in g, and produce gP to 
meet the major axis in G. [fig., p. 101. 

Then, by similar triangles SGg, MP, the ratio SG : PM 
is equal to Sg : Mg, which is equal, in like manner to CS: nM. 
Also nM=CX. τ. | 

H2 
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Therefore SG: PM=CS: CX. 


But PM: SP=CA: CS. [ Note, p. 99. 
‘Therefore SG: SP=CA: CX [Eue, V., 29, 
| = SA : AX, [Lemma 11., p. 51. 
which proves that PG is normal at P. [ Prop. IX., p. 12. 


Prop. II. 7f the normal at P meet the major and minor 
‘axis in G, g respectively, then 
PG : Pg = CB’: CA’. 
_ Draw PM perpendicular to the directrix MX, and let SM 
meet the minor axis in g. ‘Then, as in Prop. 1., Fg is the 
normal at P. Let it meet the major axis in G. 
_ Then Gg is to Py as Sg to Mg (Euc. γι. 3), or as CS to 
nM, by similar triangles (90, PMg. Also nM=CX. 
Therefore Gg: Pg= CS : CX 
= US’: 64”. [Lemma 111., p. 51. 
Dividendo Ρα: Pg = C8  — CA: CA’ 
= CB’: CA’. 


Prop. III. The difference of the focal distances of any 
point on the hyperbola 4s equal to the major axis. 

Let A, A’ be the vertices; S, H the foci; C the centre. 

From any point P on the curve draw PM perpendicular 
to the directrix MX, and let MS meet the minor axis in g. 
Draw gPG cutting the major axis in G. 


Then SG: SP2 SA : AX, as in Prop. 1., 
= SP: PM. [ Def. 


Hence the triangles SPG, SPM are similar, since the 
angles PSG, SPM are equal (Euc. 1. 29), and the sides about 
them proportional. 
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Therefore L SPG = SMP [Euc. VI., 6. 
= 9 SH (Hue. 1., 29. 
= gHS, [ Euc. I., 4. 


since CH= CS and gC is common to the right-angled tri- 
angles g CH, 9g CS, which are therefore equal in all respects. 

Therefore ^ 9 HS + SPg = SPG + $Pg — two right angles. 
Hence, a circle goes round gPSH. [ Euc. 111., 22. 






X / 





Produce HP to V. Then Z VPG =gPH. [ Euc. 1., 15. 

Also Z SPG =g SH, trom above, and gSH=gPH, in the 
same segment. 

Therefore L SPG = VPG. 

Therefore the ratio ZG: HP is equal to SG: SP 
(Euc. vr, A), that is, from above, to SA: AX, or to 


OS: CA. [Lemma I., p. 51. 
Alternando HG: CS=HP: CA, 
and SG: CS=SP : CA. 


Therefore HG — SG : C8— HP— SP: CA. [Euc. v., 24, Cor. 


But HG — SG is equal to SH or 305. 
Therefore HP ~ SP is equal to 2CA or the major axis, 
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Prov. IV. Every hyperbola has two directrices. 
The same construction being made as in the last propo- 
sition, it may be shown that 
SG: SP=SA: AX, 
and that a circle goes round gSPH. 





Therefore  ZgPH-gSH-gHS. [Euc. 111., 21, and I., 5. 

Let PM meet the minor axis in n and gH in N. Draw 
NW to meet the major axis at right angles in W. 

Then, since CH— C$, therefore (Euc. v1., 3) nN=nM=CX. 
Hence NW 4s a fixed straight line. 

But 4 gPH = g HS, from above, 

=gNP. [Euc. 1., 29. 
Also, the alternate angles: GHP, HPN are equal. 
Hence the triangles HPN, HPG are similar, and 
HP: PN=HG@: ΠΡ 
= SG : SP, as in Prop. 111. 


Therefore, from above, HP bears to PN the constant ratio 
of SA to AX. 


Hence NW has the same properties as the directrix MX. 
Note. If the result of this proposition be assumed, it may 
be proved, as in Prop. xv., p. 19, that SP ~ PH is constant. 
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Prop. V. The normal at. any: point is equally iata to 
the focal distances of the point. 
Let the normal meet the axis in G. 


Then .. ' SG: &8P=8A: AX, ' [Prop 1x.,p. 12. 
Similarly HG: HP= SA: AX. [8 v., p. 18. 
Therefore SG: SP- HG: HP. [ Euc. v., 22. 


Hence PG bisects SPV, the exterior angle at P. [fig., p.101. 
Hence also 2 SPG = GPV = ΗΡΙ. 


Prop. VI. The tangent at P bisects the- angle SPH. 
Draw Pt bisecting the angle SPH, and let the normal at 
P meet the axes in G, ο. 


: Then LSPG.— ue, as in Prop. v. 
Also 4 SPt = ΗΡΙ, Construction. 
By addition L GPt=gFt=a right angle. 


Therefore Pt, being at right angles to the normal is the 
tangent at P. 


Note. The method of Prop. v., p. 54 is here applicable. 


Prop, VII. The circle which passes ον the foct and 
‘any point P on the hyperbola passes also through the points : in 
which the tangent and normal at P meet the minor axis. 
Describe the circle SPH, cutting the minor axis in g, t. 
Then the equal straight TN tS, tH cut off circumferences 
which subtend equal angles gPS, PH. [ Euc. I1., 27, 28. 
" — Hence P bisects the angle SPH, and is therefore the tan- 
gent at P. Prop. V1. 
"Again, gt bisects SH at right angles and is a diameter 
„ of the circle. Hence the angle έλη is a right angle, and Fg, 
being at.right angles to the tangent, is the normal at P, 
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Pror. VIII. If TP, TQ be tangents to opposite branches 
of the same hyperbola, then 

Let SQ, HP intersect in O. Produce PS to V. 





Then 2 TSV —supplement of TSP=TSQ, [Note, p. 10. 
therefore £ TSY-1QSV. Also Z TPS-4HPS. [Prop. vr. 


Therefore LSTP- TSV — TPV [Euc. 1., 32. 
—i1QSV—iHPS 
| —1FOS. [Euc. 1., 32. 
Similarly LHTQ-19Q0H-4POS. 
Therefore STP=2 ΗΤΟ. 


Prop. IX. The foot of the perpendicular drawn from either 


focus to the tangent at any point lies on the circumference of the 
circle described upon the major axis as diameter. 


Let CY, drawn parallel to HP, meet the tangent PY 
in Y and SP in O. a 


Then, because CO is parallel to HP, and CS214H$, 
therefore CO-iHP (Euc. VI., 2), and OS = 1S8P- OP, 


Again LOPY-HPY [Prop. VI. 


= OYP, [ Éuc. 1., 29. 
Hence OY -—OP- 0S, from above. 
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Therefore O is the centre of the circle round SPY, and the 
angle SYP, in a semi-circle, is a right angle. 





Z 
Alo | CO-OY-iHP- SP, from above, 
or CY=CA. [Prop. 111. 


Therefore Y lies on the circle described upon .4.4’, and it has 
been shown that SYP is a right angle. 

Similarly, if HZ be drawn to meet the tangent YP pro- 
duced at right angles, then Z lies on the circle described 
upon AJA’. 

Cor. Complete the parallelogram PY Ck by drawing the 
diameter parallel to the tangent at P or perpendicular to 
the normal PF. Then Pk=CY=CA. 


Prop. X. To prove that 
SY.HZ- CB’, 
where SY, HZ are the focal perpendiculars upon the tangent 
at any point P. 

Describe the circle on AA’, passing through Y, Z (Prop. 
IX.), and let ZH meet YC in V. Then YV is a diameter of 
the circle, since YZV is a right angle. (Construction. 

Hence CY=CV, and CS= CH, in the triangles SCY, 
HCV. Also the vertical angles at C are equal. 
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Therefore ` ' SY = Hy. ,  « [REue.., 4. 
Hence SY.HZ-« HV.HZ=.AH.HA' (Euc.111., 36, Cor, 
Therefore SY.HZ- CS? — CA? (Euc. 11., 5, Cor.) = CB". 


Prop. XI. The normal at P meets the minor axis in g, 
and gk meets SP at right angles in k. To prove that 
Pk=CA, 
Let gl meet HP at right angles in J. 





Then the right-angled triangles gPk, gPl, having the 
‘angles g Pk, gPl equal (Prop. v.) and the side gP pn 
‘are equal in all respects. 

Hence Pk — Pl and gk gl. 


Again, in the right-angled triangles g Ht, gSk, the sides 
gH, gS are equal and L gHl=g8k, in the same segment, 
since a circle goes round 9 SP. Prop. vir. 

Hence the remaining sides are equal, each to each; so 
that Πἰ-- Sk. 

Therefore SP+ Pk= HP- Pl. i 
Therefore Pk4 Pl=HP—SP=2CA. [ Prop. ΙΙ. 


. But Pk, PL are equal, from Boves Hence either.of them 
is equal to CA. 
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Cor. 1. By similar triangles PKG, Pkg (fig:, Prop. XII), 
PK is to Pk as PG to Py, or as CB" to CA’ (Prop. 11). 
But Pk is equal to CA. 


Hence PK : CA =CB’: CA’. 
Therefore PK: CB = QB : CA. 
Hence PK. Pk, that is PK.CA, is equal to CB’. 


Cor. 2. Also CB ts a mean proportional between CA and 
the semi-latus rectum, since the semi-latus rectum is equal 


to PK. {Prop. X., p. 12. 
Prop. XII. To prove that 
PF.PG = CB}, 
and -~ PF.Pg =CA’, 


F being the point in which the normal meets the diameter 
parallel to the tangent at P, and G, g the points in which it 
meets the minor and major axes respectively. 


Draw ΟΚ, gk perpendicular to SP. 





Then CF meets SP in a point whose distance from P 
“is equal to CA (Prop: IX., Cor.) and thérefore passes 
+ through &. ο, XI. 
Hence, by similar ο. triangles, PFk, PKG, 


PF: Pk= PE; PG, 
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or PF.PG = PK. Pk 
= CB’. [Prop. x1., Cor. 1. 
Again, PF: Pk = Pk : Pg, by similar triangles. 
Therefore PF. Pg = Pie 
= 04”. [Prop. ΧΙ. 
Prop. XIII. To prove that 
CN.CT= CA’, 


T being the point in which the tangent at any point P meets 
the major axis, and PN the ordinate of P. 

Let the normal at P meet the minor axis in g, and the 
diameter parallel to the tangent at P in F. 





Draw Pn perpendicular to the minor axis and produce; 
let it cut FC in m. 


Then, the angles at n, F, being right angles, the circle 


on mg passes through n, F. [Euc. 111., 31. 
Therefore Pn.Pmz-PF.Pg [Επο. 111., 36, Cor. 
= CA’. [ Prop. XII. 

But Pn — CN and Pm=CT. 


Therefore CN.CT= 643. 
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Prop. XIV. To prove that 
Cn.Ct= CB", 

t being the point in which the tangent at any point P meets the 
minor axis, and Pn the perpendicular from P upon that axis. 

Let the normal at P meet the major axis in G and the 
diameter parallel to the tangent at Pin F. 

Draw PN perpendicular to the major axis and produce 
NP to meet CF in M. 

Then, the angles at .N, F, being right angles, the circle 


on MG passes through N, F. [Euc. 111, 31. 
Therefore PN.PM-PF.PG  [Euc. rr, 36, Cor. 
= CB". [Prop. xir. 
But PN — Cn and PM - Ct. 
Therefore Cn. Ct = CB". 


Prop. XVI. Jf CN be the abscissa of any point P on the 
hyperbola, then 


PN’: CON*—CA’=CB’: CA’, 
and PN’: AN.NA' =CB*: CA’, 
where A, A’ are the vertices. 
Let the tangent at P meet the axes in 7, t. Draw Pn 
perpendicular to the minor axis. 
Then, by similar triangles PNT, tCT, 
PN: NT= Ci: CT. 
Also PN: CN=Cn: CN, 
since PN= Cn. 
Therefore PN”: CN.NT=Cn.Ct: CN.CT 
= CB* :CA’.{Props.xill., X1v. 
But CN.NT=CN*—CN.CT= CN? — CA’, [Prop. xim. 
Therefore ΕΝΑ: CN’? CA! ZCB* : CA’. 
Therefore ΕΝ": AN.NA'=CB'; CA’, 
since ᾿Ξ CN?—CA'=AN.NA'. [Euc. 11., 5, Cor. 
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Prop. XVII. Tangents to a hyperbola which include a 
right angle intersect on a fixed circle. 
Let any tangent intersect the circle upon AA’ in the 





points Y, Z, and let a second tangent intersect the first at 
right angles in 7. 


Let MTM", a chord of the circle, cut the axis in N. 
Then MN*—TN*=TM.TM' (ue. 11., 5, Cor. 
= TY. TZ. [Euc. ΠΙ., 35. 


But it may be shown, as in Prop. XVII. p. 68, that 


TY.TZ- CB’. 
Hence MN? = TN? + CB. 
To each of these equals add CN”. 
Then CM? = CT? + CB’. [Euc. 1.) 47. 
Therefore : OT? =CM?— CB’, 
= CA: — CB’, 


whick proves that T lies on a fixed circle whose centre is C. 
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Prop. XVIII. If PN be the ordinate of P and PG the 
normal, then 


NG : CN=CB’: CA’. 


Let the normal meet the minor axis in g, and draw Pn 
perpendicular to CB. 


J 





ς Ν 


Then, by similar triangles PGN, Pon, 
NG: Pn= PG: Py | 
= CB": σα». | [ Prop. II. 
Therefore’ ; NG:CN=CB’: CA’. 
Note. Similarly it may be shown that 
ng: COn = 643: OB? 


112 EXAMPLES, 


EXAMPLES. 


1. The difference of the distances of any point from the 
foci of a hyperbola will be greater or less than the major 
axis according as the point lies on the concave or convex 
side of the curve. 

2. If P be any point on the curve, 7' any point on the 
straight line which bisects the angle SPH, then HT ~ ST is 
lesser than AA’, Hence show that the bisector of the 
angle between the focal distances of any point in the hyper- 
bola is the tangent at that point. 


3. PN is the ordinate of a point P on the curve, NQ a 
tangent to the circle on 4A’; prove that 
PN: CB=QN: CQ. 
4. Hence show that 
ΕΝ": CN’ —CA’= CB ; CA’, 
5. If SY be perpendicular to the tangent at P, 
SY’: CB’ = SP; 204 + SP, 
6. The tangent from the foot of the normal at any point 
to the circle on 4A’ varies as the normal. 
7. Prove that CS. S.X — CB" and deduce the length of 
the latus rectum. 


8. Circles described through any point P of the curve 
and the point in which the normal at P meets either axis 
intersect the focal radii of P in H, K. Prove that PH 4. PK 
is constant. 


9. A circle touches SP, SH produced in L, M, and alse 
touches HP; prove that HM = AS and 8M — A'S, 
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10. The locus of the centre of a circle touching two fixed 
circles is an ellipse or a hyperbola. 


11. If the ordinate MP of a hyperbola be produced to Q, 
so that MQ = SP, find the locus of Q. 


12. If an ellipse and a hyperbola have the same foci 
they will cut one another at right angles. 


13. If on the portion of any tangent intercepted between 
the tangents at the vertices a circle be described it will pass 
through the vertices. 


14. If PM be an ordinate drawn from a point P on the 
hyperbola, MQ a tangent to the circle on the major axis, 
and PN parallel to QC, then MN= CB. | 


15. If any chord AP, through the vertex of a hyperbola, 
be divided in Q so that 4Q: QP= CA’ : CB’, and QM be 
drawn to the foot of the ordinate MP, show that'QO, drawn 
at right angles to QM, cuts the transverse axis in the.same 
ratio. 

16. If the tangent and normal at any point of the hyper- 
bola meet the transverse axis in 7, G' respectively, then 
CG.CT-CS.. 

17. Hence prove that CN.CT'— CA", where CN is the 
abscissa. of the point of contact. 


18. The circle on any focal radius touches the circle on 
the axis. | 

19. Given, in an ellipse, a focus and two pomts; the 
locus of the other focus is a hyperbola. 


20. Describe a hyperbola passing through three given 


points and having a given focus. 


21. A parabola passes through two given points and has 
its axis parallel to a given line. Prove that the locus of the 
focus is a hyperbola. 
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22. If a circle be inscribed in the triangle formed by 
joining any point on a hyperbola to the foci, the locus of its 
centre is the tangent at the vertex. 


23. If P be any point on a hyperbola whose foci are S, H, 
and a circle be described touching HP produced, SP, and the 
transverse axis, the locus of its centre will be a hyperbola. 


24. CN being the abscissa of a point P, NQ is drawn 
parallel to AP and meeting CP in Q. Prove that AQ 1s 
parallel to the tangent at P. 

25. If tangents at P, Q cut off AR, ΑΕ, AL, ΑΙ from 
the tangents at the vertices 4, A’, then 45.4 E'—- AL. A'L. 

26. The curve which trisects the arcs of all segments of 
a circle described on a given base is a hyperbola whose 
eccentricity is 2. 


27. A chord which subtends a right angle at the vertex 
meets the axis in a fixed point. 


28. Draw a normal to a conic from a given point on 
the axis minor, 


29. P is a fixed point on a conic, and from Q, any point 
in the ordinate of P produced, Q YG is drawn, cutting the polar 
of Q at right angles in Y and meeting the axis in G. Prove 
that G is a fixed point, and that QG.G'Y is equal to the 
square of the normal at P. 


90. The chord of contact of tangents to a central conic 
through an external point P meets the axis in 7; PXG is 
drawn meeting the axis in Οἱ and cutting the chord at right 
angles in X. Prove that CG.G T'—- ST. HT. 

91. Prove also that, if CM, SY, HZ be perpendiculars 
upon the chord, then CM. PG =CB’ and SY.HZ- CM.YG. 
What do these theorems become when the point P lies on 
the curve? 
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32. If a pair of the chords of intersection of a circle and 
a conic be produced to meet a similarly situated conic, the 
four points of intersection will lie on another circle; and, if 
the two conics be similar and concentric, the circles will be 
concentric, 


33. The normals to the circle on AA’, in a central conic, 


at the points where the tangent at P meets it, bisect the 
focal radii to P. 


94. If a circle be described through any point P of a 
given hyperbola and the extremities of the transverse axis, 
then the ordinate of P, being produced, meets the circle again 
on a fixed hyperbola. Also the axes of the first hyperbola 
and the conjugate axis of the second are proportionals. 


35. An ellipse and a hyperbola are described so that 
the foci of each are at the extremities of the transverse axis 
of the other; prove that the tangents at their points of 
intersection meet the conjugate axis in points equidistant 
from the centre. 


36. 'The points of trisection of a series of conterminous 
circular arcs lie on branches οἵ two hyperbolas; determine 
the distance between their centres. 


37. Given a focus, a tangent, and one point on a hyper- 
bola; determine the locus of the other focus. 


38. If, from a fixed point O, OP be drawn to a given 
circle, and the angle 750 be constant, the envelope of ΤΡ 
is a conic having O for focus. 


39. If from the focus of a conic a line be drawn making 
a given angle with any tangent, find the locus of the point 
in which it intersects the tangent. 


40. Tangents from any point to a system of confocal 
conics make equal angles with two fixed lines. 


I2 
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41. The locus of the intersection of tangents to a para- 
bola which cut at a given angle, is a hyperbola, 


42. A straight line drawn from the focus of a conic so 
as to make a constant angle with a chord subtending a 
constant angle at the focus, meets the chord, in general, 
upon the circumference of a fixed circle. 


43. If an ellipse and hyperbola have the same foci and 
tangents be drawn to the one to intersect at right angles 
those drawn to the other, the locus of the points of inter- 
section is a circle. 


44. P, P' are points on a hyperbola and its conjugate, 
8, δ' the interior foci of the branches on which P, Ρ' lie. 
Pun that the difference of SP, δ’ B 16 equal to diference 
of CA, CB. 


45. A, P and B, Q are points taken respectively in two 
parallel straight lines, A, B being fixed and P, Q variable. 
Prove that if the rectangle AP.BQ be constant, the line: PQ 
will always touch a fixed ellipse or a fixed hyperbola according 
as P, Q are on the same or opposite sides of AB. 


46. Through a fixed point S a straight line SY Y' is drawn 
to meet fixed parallel straight lines in Y, Y'. Prove that the 
envelope of the circle on YY’ is a Ryge boli, S being a focus 
and the fixed lines directrices. 


. 47, PQ is a chord of an ellipse at right angles to the. 
major axis 44’: PA, Q.A' are produced to meet in £; show 
that the locus of δ is a hyperbola having the same axes as 
the ellipse, 


48. Ifa boperbals be described touching the four sides 
of a quadrilateral inscribed in a circle and one focus lie on 
the circle, the other focus will also lie on the circle, 
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49. If TP, TQ be tangents to an ellipse or hyperbola, 
S, H being the foci; then 


ST’: HT*=SP.8SQ: HP. HQ. 


50. A point D is taken on the axis of a hyperbola, whose 
eccentricity is 2, such that its distance from the focus S 18 
equal to the distance of S from the further vertex 4’; 
P being any point on the curve, A’P meets the latus rectum 
in K. «Prove that DK and SP intersect on a certain fixed 
circle. 
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Take any point Z (fig., Prop. 11.,) on a fixed straight line 
drawn through the centre C, and let EN meet the axis at 
right angles in N. Then the ratio of HN to CN is the same 
whatever be the position of Æ on the fixed straight line. 

If the ratio of ÆN to CN be equal to the ratio of the 
semi-axes CD, CA, the straight line CE is called an Asymp- 
tote, for a reason which will appear in Prop. I., Cor. 2. 

Make the angle NCM equal to NCE. ‘Then CM is the 
other asymptote. 

It follows from the definition given above that, when N 
coincides with the vertex 4, EN becomes equal to the semi- 
minor axis CB. 

In this case CH” = CB’ + CA = CS", 

Two hyperbolas are said to be conjugate when the trans- 
verse axis of each is the conjugate axis of the other. 

Thus, in fig., Prop. ΥΠΙ1., the hyperbola which has CB, CA 
for semi-axes is conjugate to that which has CA, CB for 
semi-axes. 

It is evident that any two conjugate hyperbolas have the 
same asymptotes. 

Conjugate Diameters and Supplemental Chords may be de- 
fined as on p. 75. 

Let PP’ (fig., Prop. vixx.) be any diameter of a hyperbola, 
terminated by the curve. ‘Then the conjugate diameter will 
not meet the curve, but its extremities are defined as the points 
D, D', in which it meets the conjugate hyperbola. 
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Prop. I. 7f CN be the abscissa of any point P on the hyper- 
bola, and NP produced meet one of the asymptotes in Q, then 
ΩΝ; — PN* = CB’, [fig., p. 123. 
Since PN’: CB’=CN*— CA’: CA’, [Prop. x V1., p. 109. 
componendo PN*+CB’: CB ON? i CA’. 


But, since Q is a point on an asymptote, QN is to CN as 
CB to CA. 


Therefore. QN’ : CB? = 0N’ : CA’. 
Hence PN*+ CB = QN”, 
or QN’ — PN? = CB’, 
Cor. 1. Hence PQ(QN+ ΡΝ)-- 08”. [Euc. 11., 5, Cor. 


"Therefore PQ. ΡΩ' = CB’, if QN produced meet the other 
asymptote in Q'. 

Con. 2. Let CN, and consequently QN + PN, be increased 
indefinitely. Then, since PQ(QN 4 PN) is always equal to 
CB*, PQ is diminished indefinitely, but can never actually 
vanish. Hence the curve continually approaches the asymp- 
tote, but never meets it. 


Note. ‘The above’ proposition is a particular case of 
Prop. xvi, which is proved similarly. 


Prop. II. The tangent and normal at any point of a hyper- 
bola meet the asymptotes and axes respectively in four points 
lying upon a circle which also passes through the centre of the 
hyperbola. 
^. The circle described on Gg, the portion of any normal 
intercepted by the axes, passes through the centre C, since 
-g 0G. is a right angle. 

Let this circle meet the asymptotes in Z, M, and let LM, 
Gg intersect in P. From any point E in CZ draw EN per- 
pendicular to CG and therefore parallel to gC. 
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Then LECN=GCM=GLP, in the same segment. 
Also 4 CEN= ECg =LGP, in the same segment. 





Hence, the triangles HCN, LPG being similar, the angle 
LPG is a right angle, and 
PG: PL=EN:CN 

— CB : CA. [ Def., p. 119. 
Similarly PL: Pg =CB:CA. 
. Hence PG: P; =CB*: CA’, 
or P is the point at which Gg is normal to the curve. 


(Prop. IL, p. 100). | 
Also, LPG being a right angle, LM is the tangent at P. 


Prop. III. The portion of any tangent intercepted between 
the asymptotes is bisected at the point of contact. 

Let the tangent and normal at P meet the asymptotes 
and axes respectively in the points L, M; G, ο. 

Then a circle goes round Lg CM G. [ Prop. II. 

But Gg passes through the centre of the circle, since gCG 
is a right angle, and also cuts LM at right angles. ` 

Hence LM is bisected in P. [ Euc. II, 8. 
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Cor. Any straight line Zr (fig., p. 128) terminated by the 
asymptotes, is bisected by the diameter CV to whose orci; 
nates it is parallel. 


Pror. IV. If the tangent at P meet the asymptotes in 
L, M, then 


A LCM=CA.CB. 


Let the diameter parallel to the tangent at P meet the 
normal in F. Then PF is equal to the perpendicular from 
C to the base of the triangle LCM. 


Therefore A LCM =4PF.LM= PF.PL. [Prop. IIL 
But PF. PG = CB*. [Prop. XII., p. 107. 
Therefore PF: CB=CB: PG 

= CA: PL, as in Prop. 1t. 
"Therefore CA.CB=PF.PL=aA LCM. 


Pror. V. If tangents be drawn to a hyperbola and tts 
conjugate from a point on either asymptote, the points of 
contact will lie at the extremities of conjugate diameters. 

From the point L on the asymptote CL (fig., Prop. v1.) 
draw LP, LD, touching the hyperbola and its conjugate re- 
spectively in P, D. Produce LP, LD to meet the other 
asymptote in M, Μ΄. 


Then ^ LCM=CA.CB [Prop. Iv. 
= A LCM’, similarly. 


Therefore CM=CM’' (Kuc.1., 38). But PM- PL. [Prop.1. 

Therefore, by Euc. vi. 2, CP is parallel to M'L, the tan- 
gent at D. Similarly, CD is parallel to ML, 

Hence CP, CD are conjugate. 
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Cor. Conversely, if CP, CD be conjugate, the tangents 
at P, D intersect in a point Z which lies on one of the 
asymptotes. 

Also, CPLD being a parallelogram, 


CD = PL ΡΜ. [ Prop. II. 


Prop. VI. Jf the normal at P meet the major and minor 
axes in G, g, respectively, then 


| Ρα. ΕΞ ΟΡ" 
where CD is the semi-diameter conjugate to CP. 


Let the tangent at P meet the asymptotes in L, M. Then 
‘a circle goes round L GMg. [ Prop. ΤΙ. 


Therefore ρα. ΕΞ PL.PM 
= 0D. [ Prop. v., Cor. 


Prop. VIE. Jf the normal at P meet the major and minor 
axes in G, g respectively, and CD be the semi-diameter con- 
jugate to CP, then 

PG: CD=CB: CA, 


, and Py : CD=CA: CB. 
It may be shown, as in Prop. I1., that 
Ρα: PL=CB: CA, 

‘where PL is the tangent, terminated by the asymptote CL. 


But PL is equal to CD. [Prop. v., Cor. 
Therefore PG : CD- CB: CA. 
Similarly Pg :CD=CA: CB. 


Prop. VIII. The parallelogram formed by drawing tan- 
.gents at the extremities of a pair of conjugate diameters PP’, 
- DD' is of constant area. 

Let the normal at P meet DD' in F and the major 

axis in G, 
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Then PG : CD=CB: CA. [Prop. VII. 





Alternando PG: CB=CD: CA. 
But PF.PG-zCB'. [Prop. X11., p. 107. 
Therefore CB: PF=PG:CB | 
| = CD : CA, from above, 
or PF.CD=CA.CB. 


It is evident from the figure that the area of the cir- 
cumscribing parallelogram is equal to 487.060, that is to 
1CA.CB or AA’. BB’. 

Note. This proposition is another form of Prop. IV., since 


he parallelogram MM' is equal to four times the triangle 
LCM. 


Prop. IX. The straight line which joins the extremities of 
conjugate semi-diameters is parallel to one asymptote and 
bisected by the other. 

From the point L on the asymptote CL draw LP touch- 
ing the hyperbola in P, and LD touching the conjugate hyper- 
bola in D. Then the semi-diameters CP, CD are conjugate 
(Prop. v.,) and CPLD is a parallelogram. [Prop. v., Cor. 
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Let PD, CL intersect in O. Then OP=OD, since the 
diagonals of parallelograms bisect one another. 

Again, let LP, LD produced meet the other asymptote 
in M, M' respectively. Then PD, since it bisects both LM 
and LM’ (Prop. 111.), is parallel to ΜΗ’. 


Prop. X. Jf the ordinate NP produced meet the asymptote 
CQ in Q, then will QD be perpendicular to CB, where CP, 
CD are conjugate semi-diameters. 

Let PD, CQ intersect in O. Then, since the asymptotes 
are equally. inclined to QN, and OQ, OP are parallel to the 
asymptotes (Prop. 1x.), therefore Z OPQ = OQP. 

Therefore 0Q—OP-OD. | Prop. 1x. 


Hence, O is the centre of the circle round D QP and the 
angle PQD in a semi-circle is a right angle. Therefore QD 
is perpendicular to CB. — 


Prop. ΧΙ. Jf the tangent at any point meet the asymptotes 
in L, M, then CL.CM is constant and equal to Οδ". 

Let any other tangent meet the asymptotes in ᾖ m, as 
in the figure. 
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Then the triangles LOM, /Cm are equal (Prop. 1v.) and 
have the angle at C common. 


Therefore CL: Cl=Cm: CM, [Euc. vI., 15. 
or CL.CM - Cl. Cm. 
Let /m coincide with the tangent at the vertex, so that 
Cl=CS= Cn. 
Therefore CL.CM = C8’, which is constant. 


Cor. From L, M, l, m draw straight lines parallel to PC, 
and let them meet the conjugate diameter in D, D', N, E 
respectively. 


Then CD: CN «CL : Cl [Euc. VI., 2. 
= Cmn : CM, from above, 
-CHR:CD'. [Euc. VI., 2. 
Therefore CN.CR=CD.CD' = CD... 


Pror. XII. If from any point P on the curve PO be 


drawn, parallel to one of the asymptotes and meeting the other 
an O, then E 
PO.CO —10C8. 


Let the tangent at P meet the asymptotes in L, M, (fig., 
Prop. VIII), and let PO be parallel to ΟΜ. 

Then, since P is.the middle point of LM (Prop. 111.), 
PO —10M and CO - 1CL. [Euc. vI., 2. 


Therefore PO.CO=4CL.CM=4CS". [Prop. XII. 


Cor. Straight lines drawn from any point on the curve 
parallel to and terminated by the asymptotes contain a con- 
stant rectangle. . 

. It may also be deduced (Euc. v1., 14) that they form with 
the asymptotes a parallelogram of constant area. 
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Prop. XIII. Jf the tangent and ordinate at Q meet any 
diameter in T, V respectively, then 
CV.CT= CD", 
where D 5 an extremity of the diameter. 
Let the tangent at Q meet the asymptotes in 7, m. 





Draw IN, mE parallel to QV and meeting the diameter 
of which QV is an ordinate in N, R. Produce LN, QV to 
meet the asymptote mC in n, v. Join Nr. 

Now ln, being parallel to the ordinates of CN, is bisected 
in N (Prop. 111., Cor.) Also, Qr bisects dm (Prop. Tir.) and’ 


is parallel to In. (Construction. 
Therefore Nr, which bisects both dn and mn, is parallel 
to lm. [Euc: ΥἹ., 2. 
Hence CT: CN — Cm : Cr [Euc. VI., 2, 

Ξ CE : CV, similarly. 
Therefore CV.CT=CN.CR=CD*. | [Prop. X1., Cor. 


Prop. XIV. If CP, CD be conjugate semi-diameters, then 
SP.PH= CD’. 


Let the normal at P meet the: major and minor axes in G, g 
respectively. Then a circle goes round $7741, [Prop.V1t., p.103. 
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Then 4fgH=supplement of PSH — [Eue. 111., 22, 
= PSG. 
J 
EM 
mA | r 7 
H á 
/ 
P - Ne 
Also LgPH- SPG. [Prop. v., p.£103. 


Therefore the triangles HPg, SPG are similar, so that 
SP: PG = Fy : PH, 
Therefore SP. PH = PẸ. Py = CD. [ Prop. VI. 


Pror. XV. Jf CP, CD be conjugate semi-diameters, then 
] CP ~ CD = C£ ~ CB’. 
In fig., Prop. X111., since HP=2 CA + SP (Prop.111., p.100), 


the squares of the whole HP and the part SP are equal to 
2HP. SP together with the square of 204, [Euc. 11., 7. 


Therefore .HP'-- SP* 2HP. SP-- AC. A*. 
But HP'-SP-2CP  -4208** 
since C is the middle part of SH. 

Therefore ZP.SP4-204*- ΟΡ 4 CS”, 
or CD? + 2CA* = CP* + CA + CB’. 
Therefore CP’ ~ CD? = CA? ~ CB’, 


* Todhunter's Euclid, Appendix. 
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 Orthus: | i 
` Let the ordinates ΝΡ, RD (fig., Prop. vri.) be produced to meet 
in Q. Then CQ is an asymptote. [ Prop. x. 
Hence CQ’ - CP* = QN? - PN’ [ Euc. 1., 47. 
= CB’. [Prop. 1. 
Therefore CP? + CB’ = CQ? 
= CD + CA?, similarly. 
"Therefore CP' ~ CD? = CA ~ CB’. 


Prop. XVI. Ifthe chord Qq meet the asymptotes in R, v, then 


QE = qr. 
Let CV, the diameter bisecting Qg, cut the curve in P. 
Then the tangent at P is parallel to Qg. [Prop.x11., Cor.1, p.16. 
T 


D 


Let the tangent meet the asymptotes in Z, M. Then 





PL-PM. [ Prop. 111., Cor. 
Hence, also RV=rV. 

But QV=qV. [Construction. 

By subtraction — QR = qr. | 


Cor. Let Qg meet the conjugate hyperbola in Q', q’. 
Then, since QR=gr and Q'R = q'r similarly, therefore 


QQ -οφ. 
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Prop. XVII. 7f CV be the abscissa of any point Q on the 
hyperbola, measured along the diameter PP’, then 

QV'1CV^ CP zx 0D : CP’, 

and QV*: PV.VP =CD*: ΟΡ’, 
where CD is the conjugate semi-diameter. 

The proof of Prop. ΧΥΙ., p. 109, is applicable, The Zetters 
only require to be changed. 


Cor. Let VQ meet the conjugate hyperbola in Q'. Then 
Q'V is equal to the abscissa and CV to the ordinate of Q', 
the corresponding semi-diameters being CD and CP. 

Hence CV? :iQV*'—CD' ο iQ. 
Therefore  QV'—CD':;: CD = ο :CP. 
Componendo ΩΡ; : ο  =0V°+ 0P: OP’. 


Prop. XVIII. FF Q be one extremity and V the middle point 
„of a chord, which meets the asymptotes in R,v and is me to 
the .-- CD, then 


CD'—RV'—-QV'-RQ.Qr. 

By the last proposition, alternando, 
| QV':CD'-CV' -CP' : CP". 
Componendo QV*?--CD' : CD' 2 CY* «ος. 
SRV: : PL’, 
by similar triangles CVR, CPL. | 
But PL’ = 6)”, since, by Prop. v., Cor., PL = CD. 
Therefore RV’ =Q’ + CD’. 
Hence OD? = RV*—QV'- RQ.Qr. [Euc. 11. 5, Cor. 

Similarly it may be shown, by means of Prop. XVIL, 
Cor., that 

CD'-QV'-RV'zRQ.Q', 


Q' being the point in which VQ meets the conjugate hyperbola. 
K 
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Prop. XIX. Jf TPP’ be any diameter and TQ the tan- 
gent at a point Q, whose abscissa 4s CV, then 
| TC.TV-TP.TP'. 
When the diameter meets the hyperbola, the method of 
Prop. X., p. 48, is applicable. 
Otherwise, if Prop. x111., (the proof of which is general) 
'be assumed, then 


TC?=TC.TV+TC.CV [Euc. 11., 3, 


=TC.TV+ ΟΡ". 
‘Therefore — TC. TV- TC —CP' 
| ZTE. [Euc. 11., 5, Cor. 
The following propositions may be proved by the methods 
applied to the ellipse. [p. 84—88. 


: Prop. XX. The rectangle contained by the segments of a 
chord QR which passes through a fixed point O bears a con- 
stant ratio to the square on the parallel semi-diameter CD. 

Also the rectangles contained by the segments of any two 
intersecting chords are to one another as the squares of the 
parallel semi-diameters. 


Prop, XXI. Ff a circle and a hyperbola intersect in four 
points their common chords will be equally inclined to the axis 


of the hyperbola, 


Prop. XXII. Jf the tangent at P meet any diameter in T 
and the conjugate diameter in t, then. 
PT. ΕΞ ΟΡ’, 


where CD ds the conjugate semi-diameter. 


Prop. XXIII. Jf a chord pass through a fixed point the 


‘tangents at its extremities will intersect on a fixed straight line. 


Prop. XXIV. Lf from any point t, tpp' be drawn to meet 
the hyperbola in p;p and the chord of contact of tangents 
through t in ο) then tpop' will be cut harmonically. 
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EXAMPLES. 


1. If a directrix and an asymptote of a hyperbola inter- 
sect in E, then CE- CA. 


2. If the tangent at P meet the directrices in A, Κ΄, then 
PK.PK' = CD, where CD, CP are conjugate semi-diameters. 


3. Any two straight lines drawn parallel to conjugate 
diameters meet the asymptotes in four points which lie on 
a circle. 


4. If the tangent at P cut an asymptote in 7, and SP 
cut the same asymptote in Q, then SQ = 


5. Perpendiculars from the foci upon the asymptotes meet 
the asymptotes on the circumference of the circle described 
upon the axis. 


6. The tangents at A, A’ meet the circle upon SH in pi 
asymptotes. 


4. If from the point P in a hyperbola PK be drawn 
parallel to the transverse axis cutting the asymptotes in 


I, K, then PK.PI- CA. 


8. If from a point P in the hyperbola PN be drawn 
parallel to an asymptote to meet the directrix in N, then 
PN= SP. 


9. If from a point P, in the hyperbola, PR be drawn 
parallel to an asymptote to meet the tangent at the vertex 
in R, then the difference of SP, PE is equal to half the 


latus rectum. 


10. Prove by means of Examples 2, 8, that the rectangle 
contained by the focal distances of any point on the hyper- 
bola is equal to the square on the parallel semi-diameter. 

K 2 
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11. A hyperbola being defined as the locus of a point 
whose distance from a fixed point equal to its distance from 
a fixed straight line, measured parallel to any other given 
straight line, prove that the second line is parallel to an 
asymptote of the hyperbola. 


12. If PQ be any chord, R the point of contact of the 
parallel tangent, and PD, RE, QH be drawn parallel to one 
asymptote to meet the other, then CD.CH= CE”. 


13. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are described. Prove 
that, if one hyperbola touch the ellipse, the other will do so 
likewise, and that the diameters through the points of contact 
are conjugate. 


_ 14. If any two tangents be drawn to a hyperbola, and 
their intersections with the asymptotes be joined, the joining 
lines will be parallel. 


15. The tangent to a hyperbola, terminated by the asymp- 
totes, is bisected where it meets the curve. Assuming this, 
prove that the tangent forms, with the asymptotes, a triangle 
of constant area. 


16. The tangent at P meets one asymptote in 7, and T'Q, 
drawn parallel to the other, meets the curve in Q. Prove 
that, if PQ meet the asymptotes in R, A’, then AL’ will be 
trisected in the points P, Q. 


17. If CP, CD be conjugate semi-diameters, and through 
C a line be drawn parallel to either focal distance of P, the 
perpendicular from D upon this line is equal to half the 
minor axis. 

18. PM, PN are drawn parallel to the asymptotes CM, 
CN, and an ellipse is constructed having CN, CM for semi- 
conjugate diameters. If CP cut the ellipse in Q, the tangents 
at Q, P to the ellipse and hyperbola are parallel. 
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19. Any focal chord of a conic is a third proportional to 
the transverse axis and the diameter parallel to the chord. Ἢ 


20. The difference of two focal chords, which are parallel 
to the conjugate diameters of a hyperbola, is constant. 


21. If straight lines be taken inversely proportional to 
focal chords of a conic, which include a right angle, the sum 
or difference of these lines is constant. 


22. A chord of a hyperbola which subtends at the 
focus an angle equal to that between the asymptotes, always 
touches a fixed parabola. 


23. Given two conjugate diameters of a hyperbola; deter- 
mine the directions of the axes. 


24. The radius of a circle which touches a hyperbola 
and its asymptotes is equal to the part of the latus rectum 
intercepted between the curve and the asymptote. 


25. A line drawn through one vertex of a hyperbola and 
terminated by two lines drawn through the other, parallel to 
the asymptotes, will be bisected where it cuts the curve again. 


26. If P be a fixed point on a hyperbola and QQ an 
ordinate to CP, the circle QPQ' will meet the hyperbola 
in a fixed point. 


27. Tangents are drawn to a hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in 
a constant ratio; prove that the locus of the point of section 
is a hyperbola. 


28. Given the asymptotes and one point on the curve; 
find the foci and construct the curve. 


29. If a line through the centre of a hyperbola meet 
in A, T, lines drawn parallel to the asymptotes from any 
point on the curve, then, the parallelogram PQET dins 
completed, Q is a point on the hyperbola, 
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80. If PQ, P'Q', straight lines terminated by the asymp- 
totes, intersect in O, then 


PO.0Q: CD  P'O.0Q' : CD", 
where CD, ΟΡ’ are the semi-diameters parallel to PQ, P' ὢ' 
respectively. 


This follows from Prop. ΧΥΤΙ., by similar triangles. 
Prop. xx. may be deduced from the above result. 


81. Straight lines are drawn through a fixed point; show 
that the locus of the middle points of the portions of them 
intercepted between two fixed straight lines is a hyperbola, 
whose asymptotes are parallel to those fixed lines. 


32. TP, TQ are tangents to an ellipse at P, Q, and 
asymptotes of a hyperbola. Show that a pair of their 
common chords are parallel to PQ. One of these chords 
being AS, prove that if PR touches the hyperbola at P, 
then QS touches it at δ. 


88. Prove also that the straight line drawn from T to 
the intersection of PS, QR, bisects PQ. 


34, A hyperbola, of given eccentricity, always passes 
through two given points; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, the locus of the centre of the hyperbola will be 
a circle. 


35. If, from any point P in the hyperbola, RPQS be 
drawn meeting the hyperbola in P, Q, and the asymptotes 
in E, δ, then PK, QL being drawn parallel to one asymptote 
to meet the other, LS= PK. 


36. If a chord PQ intersect the asymptotes in R, δ, and 
a tangent RE be drawn to the hyperbola; then, PM, QN, EL 
being drawn parallel to one asymptote and meeting the other, 
2EL is equal to PM + QN. 
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37. Tangents through V cut one asymptote in S, 7' and 
the other in δ΄, 7"; prove that 


VS:VS'VT : VT. 


38. The area of the sector of a hyperbola made by join- 
ing any two points of it to the centre is equal to the area 


of the segment made by drawing parallels from those points 
to the asymptotes. 


39. Lines drawn parallel to an asymptote from the points 
P, Q, R, S, on the curve, meet the other asymptote in K, L, 
M, N. Prove that the areas PQKL, RSUN, will be equal, if 


PR: QL=RM: SN. 


40. The lines PK, QL, RM, drawn parallel to one asymp- 
tote, meet the. other in K, £, M; P, Q, E are points on the 
curve. Prove that, if QZ bisect the area PKMR, it will be 
a mean proportional between PK and £M. 
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CHAPTER VIII. 


THE RECTANGULAR HYPERBOLA. 


In the Rectangular or Equilateral Hyperbola the asymp- 
totes are at right angles and the axes equal. 

In the second proposition of the preceding chapter, if 
CB=CA, then P will be the centre of the circle. 


Hence CP=PL=CD, [Prop. v., p. 122, 


or conjugate diameters of a rectangular hyperbola are equal 
to one another. 


Also PG-CD-FPg. [Prop.vir, p. 122. 


Prop. I. Conjugate diameters of a rectangular hyperbola 
are equally inclined to either asymptote. 


Let CP, CD be conjugate semi-diameters (fig., p. 123) 
and let PD cut the asymptote CO in O. 
Then OP= OD. | Prop. 1x., p. 123. 


But CP=CD. Hence CO, since it bisects the base 


of the isosceles triangle PCD, bisects also the vertical 
angle PCD. 


Cor. Since CP’, ΟΡ’, any other two conjugate semi- 
diameters are also equally inclined to CO, therefore 
LPCP'=DCD. 


Hence the angle between any two diameters is equal to that 
between their conjugates. 
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Prop. II. In the rectangular hyperbola, diameters at right 
angles to one another are equal. 

In fig., p. 123, suppose a semi-diameter CP’ to be drawn, 
equally inclined to the axis with CP. Then, since the asymp- 
totes CM’, CO are equally inclined to the axis, 


LP'CM'- PCO =DCO. [ Prop. 1. 
Therefore LP CM’ + DCM =DC0+ DCM, 
or LDCP’ =LCM' =a right angle. 
Also CP=CP =CD. 


Cor. The rectangles contained by the segments of chords 
which intersect at right angles are equal. [Prop. ΣΣ., p. 180. 


Prop. III. Jf a conic, described about a triangle, pass 
through the point of intersection of the perpendiculars drawn 
from the angular points upon the opposite sides, it will be a 
rectangular hyperbola. 

Let ABC be the triangle; AD, BE, CF the perpen- 
diculars, intersecting in O. 





B | D C 
Then, by similar triangles ADC, BDO, 
AD : CD BD : OD. 
Therefore 4D.0D = BD.CD. Similarly BE.OE = AE.EC. 
. Hence, the conic has more than one pair of equal diameters 
at right angles, viz. those parallel to AD, BC and BE, AC 
(Prop. xx., p. 130); and, since it cannot be a circle, it must 


be a rectangular hyperbola. [Prop. 11., Cor. 
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Prop. IV. Jf the tangent at any point Q intersect. any two 
conjugate diameters in T, t, then 
QT. Qt — CD*, 
where CD tis the semi-diameter conjugate to CQ. 


The angle between any two diameters is equal to that 
between their conjugates. [ Prop. 1., Cor. 





But Ct is conjugate to C7, and QT' is parallel to the 
diameter conjugate to CQ. 


Therefore LOCT= QC. 


Also, the angle CQT is common to the triangles QCT, 
Φις. Hence, the triangles are similar, so that 


QT: CQ=CQ: Ct. 
Therefore QOT.Qt=CQY’ = CD’. 


Prop. V. Tf the tangent at a point Q, whose abscissa is CV, 
meet the axis in T, the triangles CVQ, QVT will be similar. 

The angle between the diameters CP, CQ is equal to that 
between their conjugates (Prop. 1., Cor.) and therefore to that 
between QV, QT, which are parallel to their conjugates. 

Hence the triangles CVQ, QVT are similar, since the 
angles QCV, VQT are equal and the angle CVQ is common. 
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EXAMPLES. 


1. The locus of the centre of an equilateral hyperbola 
described about a given equilateral triangle is the circle in- 
scribed in the triangle. 


2. PG is the normal at P; GE a perpendicular on CP; 
prove that PH = ΡΕ, F being the point in which the normal 
meets the diameter parallel to the tangent at P. 


3. The tangent from G to the circle on the axis is equal 
to PG. 


4. In a rectangular hyperbola no pair of tangents can be 
drawn at right angles to each other. 


5. An asymptote of a rectangular hyperbola meets the 
perpendicular upon it from either focus at a distance from 
the centre equal to half the axis. 


6. The distance of any point from the centre is a geo- 
metric mean between its distances from the foci. 


7. Straight lines drawn from any point on the curve to 
the extremities of a diameter are equally inclined to the 
asymptotes. 


8. @ is a point on the conjugate axis of a rectangular 
hyperbola and QP, drawn parallel to the transverse axis, 
meets the curve in P; prove that PY=AQ. 


9. The locus of the middle point of a line which cuts off 


a constant area from the corner of a square is a rectangular 
hyperbola. 


10. Ina rectangular hyperbola CY is drawn perpendicular 
to the tangent at P; prove that the triangles PCA, CAY 
are similar, 
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11. The foci of an ellipse are situated at the ends of a 
diameter of a rectangular hyperbola; show that the tangent 
and normal to the ellipse, at any point where it meets the 
hyperbola, are parallel to the axes of the latter. 


12. If a right-angled triangle be inscribed in a rect- 
angular hyperbola, prove that the hypotenuse is parallel to 
the normal to the hyperbola at the right’ angle. 


13. If two rectangular hyperbolas touch one another, 
their common chords through the point of contact will in- 
clude a right angle and the remaining common chord will be 
parallel to the common tangent. 


14. If a rectangular hyperbola circumscribe a right- 
angled triangle, the locus of its centre will be a circle passing 
through one of the angular points. 


15. If AA’ be any diameter of'a circle, PQ any ordinate 
to it, then the locus of the intersection of AP, A’Q is a 
rectangular hyperbola. 


16. In a rectangular hyperbola, focal chords parallel to 
conjugate diameters are equal. 


17. LL is any diameter of a rectangular hyperbola, P 
any point on the curve; prove that the external and internal 
bisectors of the angle LPL’ are parallel to fixed straight lines. 


18. Straight lines parallel to conjugate diameters meet 
the asymptotes in four points which lie on a circle. 


19. Assuming Prop. XVIII., p. 129, show how to deduce 
from Prop. v. that in the rectangular hyperbola 


CV.CT= CP’. 


20. Ellipses are inscribed in a given parallelogram ; show 
that their foci lie on a rectangular hyperbola. 
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21. If two concentric rectangular hyperbolas be described, 
the axes of one being asymptotes of the other, they will 
intersect at right angles. 


22. The portion of the tangent intercepted by the asymp- 
totes subtends a right angle at the foot of the normal. 


23. If, between a rectangular hyperbola and its asymp- 
totes, any number of concentric elliptic quadrants be inscribed 
the rectangle contained by their axes will be constant. 


24. The base of a triangle ABC remaining fixed, the 
vertex C moves along an equilateral hyperbola which passes 
through A and B. If P, Q be the points in which AC, BC 
meet the circle on AB as diameter, the intersection of AQ, 
BP is always situated on the hyperbola. 


25. Any conic which passes through the four points of 
intersection of two rectangular hyperbolas, must be itself a 
rectangular hyperbola. 


26. If two concentric rectangular hyperbolas have a 
common tangent, the lines joining their points of intersection 
to their respective points of contact with the common tangent, 
will subtend equal angles at their common centre. 


27. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a given diameter, the dif- 
ference between the angles which they make with the diameter 
will be equal to fhe angle which it makes with its conjugate. 


28. From fixed points A, B straight lines are drawn 
intersecting in C, such that the difference of the angles CBA, 
CAB is constant; find the locus of C. 


29. Prove that in a rectangular hyperbola the triangle 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and semi- 
ordinate of the point. 
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30. On opposite sides of any chord of a rectangular 
hyperbola are described equal segments of circles; show that 
the four points, in which the circles to which the segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 


9l. If a conic be described through the centres of the 
inscribed and exscribed circles of any triangle, its centre 
will lie on the circle which circumscribes the triangle. 


32. The locus of the centre of a rectangular hyperbola 
described about a triangle is the circle passing through the 
middle points of the sides of the triangle. 


33. If PQR be a triangle inscribed in a rectangular 
hyperbola, the intersections of pairs of tangents at P, Q, E 
le on the lines joining the feet of the perpendiculars from 
the angular points of the triangle upon the opposite sides. 


94. Given a triangle such that any vertex is the pole of 
the opposite side with respect to an equilateral hyperbola; 
the circle circumscribing the triangle passes through the 
centre of the curve. 


95. A circle, described through the centre οἵ a rect- 
angular hyperbola and any two points, will also pass through 
the intersection of lines drawn through each of these points 
parallel to the polar of the other. 
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CHAPTER IX. 


CORRESPONDING POINTS. 


Any fixed straight line being taken as axis, if the ordinate 
NP of a variable point P to be produced, in a constant ratio, 
to p, then the points p, P correspond, and the locus of either 
point corresponds to the locus of the other. ^ [fig., Prop. ΙΙ. 

Hence, if any other ordinate M Q be produced to q, so that 


MQ: ΜΟΞ NP: Np, 
then the points Q, g correspond. 


Prope. I. Straight lines correspond to straight lines. 

Let P, p be corresponding points and let the locus of P 
be a straight line which meets the axis in 7. Join Tp and 
draw any ordinate MQg, meeting the straight lines TP, Tp 
in Q, q respectively. 

Then MQ: Mq» NP : Np, 


or the points Q, ¢ correspond. 
Hence, to any point Q on TP corresponds a point q on Tp. 
In other words, the straight line Zp corresponds to TP. 


Cor. Corresponding straight lines intersect on the axis. 


Prop. ΤΙ. Zangents correspond to tangents. 

Let P, Q be adjacent. points on any curve and p, q the 
corresponding points, Then the straight line pg corresponds 
to PQ. 
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Let Q move up to P. Then g, which always lies on the 
same ordinate as Q, moves up to p, and when PQ becomes 
the tangent at P to the locus of P, pg becomes the tangent 
at p to the locus of p. 


Prop. III. Parallel straight lines correspond to parallel 
straight lines. 
Let P, P' be points on any two parallel straight lines 





N M T N M’ T^ 


which meet the axis in T, 7". Produce NP, N'P', the ordi- 
nates of P, P’, to meet the corresponding vindi lines in 
Pp, p respectively. 

Then, since p corresponds to P and »' to P', the PE 


lines NP», N'Py are cut in the same ratio, [ Def: 
Hence Np: N'p'=NP: NP, 
=NT: NT, 


by similar triangles NPT, ΝΕΤ’. 
Therefore pT, p'T' are parallel,. which proves the pro- 
position. 


Pror. IV. Parallel straight lines are to one another as the 
parallel straight lines to which they correspond. 

In the last proposition let Q, Q' be any two points on 
TP, T'P', and let q, g' be the corresponding points.. 
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Then, since TP, T'P' and also Tp, T'»' are parallel, there- 

fore by similar ticum TPp, T Py; ^ 

TP: Tp-TP':T'y. | 

But TP.is to Tp as PQ to pq. | [Euc. VI., 9. 

Similarly 7"P' is to 7"p' as P'Q' to Ρα" 
Therefore PQ: 24”- =P Q: pg 


' Hence the parallel straight lines PO, P'Q'are as the 
parallel straight lines pg, p'g' to which they correspond. 


Cor. Let CD, QOP (hg. p. 146) be parallel straight 
lines, and let the points d, g, o, p correspond respectively 
to D, Q, O, P. 


Then 0OQ:CD = oq :C0d, 
and OP: CD = op :Cd. 
Therefore OP.0Q : CD' - op.oq : Cd". 


j 


Prop. V. Points of intersection correspond to points of 
intersection. 

Let the straight lines PQ, P' Q intersect in O and. the 
corresponding straight lines pg, p'q' in ο. 

Then since O lies on PQ, the point which corresponds to 
O must lie on pg. For a like reason it must lie also on p'g', 
and therefore coincides with o, the point of intersection of 
Ph pqs 

This method is applicable when PQ, P'Q' are curved lines. 

Cor. Hehce, if any number of lines meet in a point, the 
‘corresponding lines will meet in the corresponding point. 


Prop. VI. Corresponding areas are to one another in a 
constant ratio. 
The method of Prop. ΧΥΠΙ., p. 88, is applicable to any two 
curves whose ordinates are to one another in a constant ratio. 
L 
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(1) It has been proved (Prop. ΧΥΙΙ1., p. 64) that the 
common ordinates of an ellipse and its auxiliary circle are 
to one another in a constant ratio. Hence the ellipse and its 
auxiliary circle correspond. 

. In:consequence of this. correspondence many properties 
of the ellipse may be deduced from properties of the circle, 
as in the following articles. 

(2) In an ellipse, the rectangle contained by the segments 
of a chord which passes through a fixed point varies as the 
square of the parallel semi-diameter. 

Let PQ be the chord; O the fixed point, and CD the 
parallel semi-diameter. 





Take corresponding points p, φ, ο, d in the auxiliary 


circle. [ Prop. XVII., p. 64. 
Then OP.0Q : CD = op.og : 0”. [Prop. 1v., Cor. 
But O is a fixed point. Hence the corresponding point o 

is fixed and op.oq is constant. [ Euc. ΤΙΙ., 35. 


Also, the radius Cd is constant. 

Hence OP.O@ bears to CD" a constant ratio. 

(3) The middle points of all parallel chords. of a an ellipse 
lie on the same straight line. 

In. the last. figure, let O be the middle point of PQ. Then 
ο is the middle point of pq. [ Prop. 1v. 

‘Let pq move parallel to itself. Then PQ moves parallel 
to itself. [ Prop. ΙΙ. 
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But. Co is a fixed straight line, since in the circle the same 
diameter bisects all parallel chords. Hence, the locus of o 
being a straight line, that of O is also a straight line. ( Prop. 1. 


(4) Tangents to an ellipse at the extremities of any chord 
intersect on the diameter which bisects the chord. 

If ο, O be middle points of pg, PQ, as above, then the 
diameter CO corresponds to Co. Also, the tangents at P, Q 
correspond to those at p, q. [ Prop. ΤΙ. 

But, in the circle, the diameter Co and the tangents at 
p, q meet in a point. 

Hence, in the ellipse, the diameter CO and the tangents 
at P, Q meet in a point. [ Prop. v., Cor. 


(5) Conjugate diameters in the ellipse correspond to dia- 
meters at right angles in the circle. [Prop. IL, p. 16. 


(6) The method of corresponding points may also be ap- 
plied to deduce properties of the hyperbola from those of the 
rectangular hyperbola. For, it has been shown, Prop. XVII., 
p. 129, that if Q, Q' be points on a hyperbola and its con- 
jugate, which have a common abscissa C V, then 


ΩΡ»: CV'—-COP'—-CD' : ΟΡ 
and QV :ο ος ος. 
Now, on the ordinate common to Q, Q', take points q, q’, 


such that 
QV:qV=CD: CP, 


and QV:q V=CD: CP. 
Then g corresponds to Q and g' to Q'. 
Also gV?=CV?—CP* and q'V*=CV? - CP", 
Hence the loci of q, 4 are conjugate rectangular hyperbolas. 


(7) The following are examples of corresponding theorems. 
The left-hand column contains theorems which are true either 
for the circle or else for the rectangular hyperbola, while to 

L2 
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the right of each theorem is placed the corresponding theorem 


in the ellipse or hyperbola. 


THE CIRCLE. 


The area of the circumscrib-. 


ing square is constant. 


If a diameter meet the tangent 
at Q in 7, the circle in P, and the 
ordinate of Q in V, then 


CV.CT = CP, 
QV*zCP'-CY*, 

If the tangent at P meet any 
two diameters at right angles to one 
‘another in 7, 7", then 

PT.PT'-CD*, 


where CD is the radius parallel to 
PT. 


end 


THE RECTANGULAR HYPERBOLA. 


The area of the circumscrib- 
ing parallelogram whose sides are 
parallel to conjugate diameters is 
constant. mE 

If a diameter meet the tangent 
at Q in T, the curve in P, and the 
ordinate of Qin V, then 
CV.CT- CP, 

QY’ =C- ΟΡ". 

If the tangent at P meet any 


two conjugate diameters in 7, 7", 
then 


and 


PPT ICD: 


where CD is the semi-diameter 
conjugate to CP. 


THE ELLIPSE. 

The area of the circumscrib- 
ing parallelogram whose sides are 
parallel to conjugate diameters is 
constant. 

If a diameter meet the tangent 
at Q in T, the ellipse in P, and the 
ordinate of Q in V, then 


CF.CTS CP, 
and QV*: CV*- CP*- CD': CP. 
If the tangent at P meet any 
two conjugate diameters in T, 7", 
then 
PT. PT’ =CD, 


where CP, CD are conjugate semi- 
diameters. 


THE HYPERBOLA. 


The area of the circumscrib- 
ing parallelogram whose sides are 
parallel to conjugate diameters is 
constant. 

If a diameter meet the tangent 
at Q in T, the curve in 2; and the 
ordinate of Q in V, then 

CV.CT = ΟΡ» 
and QV*: CV? - CP CD : CP. 

If the tangent at P meet any 

two conjugate diameters in T, 7", 


then 
DPT DI CD, 


where CD is the semi-diameter 
conjugate to CP. 
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EXAMPLES. 


. l. If CP be a semi-diameter of an ellipse, and 4090’ be 
drawn parallel to CP, meeting the curve and CB in Q, Ω 
then 2CP* — AQ'. AQ. 


2. What parallelogram circumscribing an ellipse has the 
least area ? 


9. If straight lines drawn through any point of an ellipse. 
to the extremities of a diameter meet the conjugate CD in 
M, N, then CM.CN=CD", 


4. If two tangents to an ellipse and the chord of contact 
include a constant area, the area included between the chord 
of contact and the ellipse is constant. 


5. Prove also that the chord of contact always touches 
a concentric similar ellipse, and that the intersection of the 
tangents lies on another concentric similar ellipse. 


6. If CP, CD be conjugate and AD, A’P meet in O, then 
BD OP is a parallelogram. When is its area greatest? 


7. From the ends, P, D, of conjugate diameters in an 
ellipse draw lines parallel to any tangent line, and from the 
centre O draw any line cutting these limes and the tangent 
in points p, d, t; then will Cp*+ OF = Cf. 

8. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 


9. If an ellipse be inscribed in a given parallelogram its 
area will be greatest when the sides are bisected at the Ee 
of contact. 


10. A polygon of a given number of sides is described 
about an ellipse and has its sides bisected at the points of 
contact. Prove that its area is constant. 


150 EXAMPLES. 


11. Prove also that if the adjacent points of contact be 
joined the area of polygon thus formed will be constant. 


12. If a triangle be inscribed in an ellipse, the straight 
lines drawn through the angular points parallel to the dia- 
meters bisecting the opposite side meet in a point. 


13. The greatest triangle which can be inscribed in an 
ellipse has one of its sides bisected by a diameter of the 
ellipse and the others cut in points of bisection by the con- 
jugate diameter. 


14. The tangent and ordinate, at any point of an ellipse, 
meet the axis in 7, N. Prove that 
| AN.A'N: AT. AT- CN: CT. 


15. Circles correspond to similar and similarly situated 
ellipses. 


16. Parallel straight lines which pass through the ex- 
tremities of conjugate diameters meet the ellipse again at 
the extremities of conjugate diameters. 


t 17. Two ellipses of equal eccentricity and whose major 
axes are equal can only have two points in common. Prove 
this, and show that if three such ellipses intersect, two and 
two, in the points P, P'; Q', Q'; E, 19, the lines PP’, QQ, 
LE meet in a point, 

18. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 


19. The locus of the middle points of all chords of an 
ellipse which pass through a fixed point is a similar ellipse. 


. 20. The greatest triangle that can be inscribed in an ellipse 
has its sides parallel to the tangents at the opposite. vertices. 


21. P, Q, & are any three points on an ellipse: the dia- 
meter ACA’ bisects PQ and meets RP, EQ in N, T. Prove 
that CN.CT'= CA”. 
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22. From an external point two tangents are drawn to 
an ellipse; show that an ellipse, similar and similarly situated, 
will pass through the external point, the points of contact, 
and the centre of the given ellipse. 


23. A and B are two similar, similarly situated, and con- 
centric ellipses; C is a third ellipse similar to A and J, its 
centre being on the circumference of B, and its axes parallel 
to those of 4 or B. Show that the common chord of 4 and C 
is parallel to the tangent to B at the centre of C. 


24. Any chord of a conie which touches a similar, similarly 
situated and concentric conic is bisected at the point of contact. 


25. 'The two portions of any straight line intercepted be- 
tween two similar, similarly situated, and concentric conics, 
are equal. 


26. A tangent to the interior of two similar, similarly 
situated, and concentrie ellipses, cuts off a constant area 
from the exterior. 


27. Through a given point draw a straight line cutting 
off a minimum area from a given ellipse. 


28. If a chord of an ellipse pass through a fixed point, 
pairs of tangents at its extremities will intersect on a fixed 
straight line. 


29. A chord of an ellipse, drawn through any point, is 
cut harmonically by the point, the curve, and the polar of 
the point. 


30. If a tangent drawn at V the vertex of the inner of 
two concentric, similar, and similarly situated ellipses, meet 
the outer in the points 7, 7", then any chord of the inner, 
drawn through V, is half the sum, or half the difference of 
the parallel chords of the outer through 7, 7". 
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CHAPTER X. 


CURVATURE. 


Let a circle be described touching a conic at P and cutting 
it in an adjacent point Q. Then, when Q moves up and 
ultimately coincides with P, the circle becomes the Circle of 
Curvature at the point P, 

The chord of this circle drawn in any direction from P, is 
said to be the Chord of Curvature at P in that direction. 

The radius, diameter, and centre of the circle of curvature 
are called respectively the Radius, Diameter and Centre of 
Curvature. 


` Pror. I. The focal chord of curvature at any point of a 
conic is equal to the focal chord of the conic parallel to the 
tangent at that point. 

Let PSP’ be any focal chord of the conic; and RA’ the 
focal chord parallel to the tangent PT. 
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Let a circle be described touching the conic at P and 
cutting it in Q. Also let QH, a chord of this circle, parallel 
to PP’, meet PT in T. 

Then, if TQ meet the conic again in Q', 

TP':TQ.TQ' 2 RR : PP’. [Cor. 3, p. 85. 
But TP'—TQ.TH.  [Euc. 111., 36. 
Hence TH: TQ = RER : PP’. 


Let Q move up to P. Then T'Q' becomes equal to PP, 
and the circle becomes the circle of curvature at P. 

Hence the focal chord of curvature PU, to which TH be- 
comes equal, is equal to RA’. 


Cor. 1. Hence PU.SE-2PG^, [Ex. 21, p. 21. 
where PG is the normal at P, SH the semi-latus rectum, and 
PU the focal chord of curvature as in the proposition. 

Cor. 2. In a central conic 

PU.CA -20D*. [Ex. 26, p. 92. 


Prop. II. To determine the length of the chord of curvature 
of a parabola drawn in any direction. 

Let PSU be the focal chord of curvature at P, and PV a 
chord of curvature drawn in any other direction. [fig., Prop. 111. 

Join UV, and draw SY parallel to VP to meet the tan- 
gent at Pin Y. Then the triangles UPV, PSY are similar, 
since the alternate angles UPV, PSY are equal and SPY 
is equal to PVU in the alternate segment. 


Therefore PV: Ρ0- SP ; SY. 


But PU is equal to the focal chord of the parabola parallel 
to the tangent at P (Prop. 1.) that is, to 490, [Prop. vII1., p.29. 


Hence | PV ;:4SP=SP: SY, 
or PV. SY ASP*, 
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Cor. 1. Let PV be the diameter of curvature. 
Then PV.SY -ASP", 
where SY is the focal perpendicular upon the tangent at P. 

. Cor. 2. The chord of curvature parallel to the axis of 
the parabola is equal to 4SP, since, in this case, SY is 
measured along the. axis and is equal to ST (fig., p. 27), that 
18, to SP. [See Appendix, § 12. 


Prov. III. Zo determine the length of the chord of cur- 
vature of a central conic drawn in any direction. 
Let PSU be the focal chord of curvature. at P, and PV 
a chord of curvature drawn in any other direction. | 


pt 

oo vV 

Let the diameter parallel to the tangent at P meet PV 
and PU in Fand K. Then, PY being the tangent at P, 

L PVU=SPY=alternate angle FKP. 

Hence the triangles PVU, FKP, having the angle at P 
common, are similar, so that | 
| PV: PU=PK: PF 
| =CA : PF. [Cor., p. 58. 
Hence PV.PF- PU.CA 
= 2CD?, [ Prop. 1., Cor. 2. 


P 
P d 
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, Cor. 1. Let PV be the diameter of curvature. Then 
PV.PF-2CD' 
F' being the point in which the normal meets the diameter 
conjugate to CP. 
Cor. 9. Let PW be the central chord of curvature. 
Then F coincides with C the centre of the conic and 
PW.CP=2CD’. | 

The following is a direct investigation of a general ex- 
pression for the chord of curvature. 

The figure is drawn to suit the case of the ellipse, and a 
knowledge of Newton is assumed. If however TH Το 
parallel to PP’, the central chord may be determined without 
this Maud dn, the proof being word for word the same as 
in Prop. B. 


Prop. A. To determine an expression for the chord of 
curvature of an ellipse drawn in any direction. 
Describe a circle touching the ellipse at P and cutting it 





in Q. Let C be the centre of the ellipse and CV the abscissa 
of Q measured along the diameter PP’. 

Draw QH, PU, any two parallel chords of the circle, and 
let the former meet the tangent at P in T. 
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Produce. QV to meet PU in E, and draw CE, parallel to 
QV or TP, to meet PU in £. 
Then QV*:PV.VP'—CD':CP'. [Note, p. 83. 
Let Q move up to P. "Then the circle becomes the circle 


of curvature at P. Also QV” is ultimately equal to QE* or 
T'P*, that is (Euc. 111., 36) to TQ. TH or PR.TH. 


Therefore PR.TH: PV.VP' = 0D : CP’. 


Now TH is ultimately equal to the chord of curvature 
PU, and VP" to PP’ or 208, 


Hence PU:2CP=TH: VF’. 
Also PE: CP =PR: PY. [ Éuc. VI. 2. 
By compounding, 


PU.PE:2CP'—- PR.TH : VPJPV' 
—CD' :CP", from above. 
Therefore PU.PE-2CL*. | 
Prop. B. To determine an expression for the central chord 


of curvature at any point of a hyperbola. 
Describe a circle touching the hyperbola at P and cutting 
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it in the adjacent point Q. Let C be the centre of the 
hyperbola and CV the abscissa of Q, measured along the 
diameter PP’. 

. Draw QH parallel to CP, and let it meet the circle in H 
and the tangent at P in 7. 


Then ΩΡ: PV.VP'2CD': CP’. [Prop. xvit., p. 129. 


But QV” is equal to 77", and therefore to T'Q. TH 
(Euc. 111., 36), or PV.TH. 


Hence TH : VP' = CD : QP. 


Let Q move up to P. Then the circle becomes the circle 
of curvature at P. 
Also VP' becomes equal to PP’ or 2CP, and TH to PU, 


the central chord of curvature. 
Therefore PU:2CP=CD’ : ΟΡ», 
Hence PU.CP=2CD". 


EXAMPLES. 


_ 1l. The radius of curvature at any point of a conic is to 
the normal at that point in the duplicate ratio of the normal 
to the semi-latus rectum. 

For, with the notation of Prop. x., p. 12, the diameter of 
curvature at P is to the focal chord of curvature as PG to 
PK. The required result follows by Prop. 1., Cor. 1. 


2. Hence deduce the following construction for deter- 
mining the centre of curvature at any point of a conic. 
From the foot of the normal at P draw GZ perpendicular 
to the normal to meet SP, and draw LO perpendicular to 
SP to meet the normal in O. "Then O is the oentre of 
curvature at P. 
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3. The radius of curvature at the extremity of the latus 
rectum of a parabola is equal to twice the normal. 


4. The circle of curvature at P, in a parabola, cuts off 
from the diameter through P a portion equal to the para- 
meter of that diameter. 

5. If SY be perpendicular to the tangent at P in a para- 
bola, then 2PY is a mean proportional between the distance 
of any point on the curve from the vertex, and the chord of 
curvature, at that point, through the vertex. 


6. In the parabola, 2SP is a mean proportional between 
SA and the portion of the axis cut off by the circle of cur- 
vature at P. 

7. The circle of curvature at P, in any conic, meets the 
curve again in V; prove that PV and the tangent at P are 
equally inclined to the axis of the conic. 

Let a circle be described intersecting any conic in the 


points Q, Q, k, F. [fig., Prop. XV., p. 34. 
Then QR, Q'E are equally inclined to the axis of the 
conic. [Props. XV., p. 34, and XIV., p. 85. 


Let Q' move up to and coincide with Q, then the circle 
touches the conic at Q. 

Again, let £ move up to coincidence with Q. Then the. 
circle becomes the circle of curvature at Q, and the tangent 
QE is equally inclined with Qf’ to the axis of the conic. 


8. Assuming this result, show how to deduce the chord 
of curvature through the bua of a parabola. 


. 9. The circles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the curve again in 


Q, R respectively ;. show that PR is parallel to DQ. 


10. Find the points at which the radius of curvature of 
a central conie is a. mean proportional between the major 
and minor axes. 
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11. The circle of curvature at an extremity of one of 
the equi-conjugate diameters passes through the other ex- 
tremity of that diameter. 

12. The circle of curvature at a point P of an ellipse 
meets the curve again in U; the ordinates of P, U meet the 
auxiliary circle in p, u; prove that pu and the tangent at 
p are equally inclined to the axis of the ellipse. 

13. There are three points P, Q, Æ, on an ellipse, whose 
osculating circles? pass through a given point on the curve; 
these lie on a circle passing through the point, and form a 
triangle of which the centre of the ellipse is the intersection 
of the bisectors of the sides. 

14, If the ordinates of the points P, Q, R meet the 
auxiliary circle in p, g, 7, the triangle pgr is equilateral, 


15. Prove also that the normals. at P, Q, R meet in 
a point. 

16. The sum of the focal chord of curvature, at any point 
of an ellipse, and the focal chord of the ellipse parallel to the 
diameter through the point is constant. 


17. The circle round SBH, in an ellipse, cuts the. minor 
axis in the centre of curvature at B. 


18. The tangent at P, in an ellipse, meets the axes in 
T, t; CP is produced to meet in Z the circle described about 
the triangle 7'Ct. Prove that PZ is half the central chord 
of curvature at P, and that CL.CP is constant. 

19. With conjugate diameters of an ellipse as asymptotes 
a hyperbola is described touching the ellipse. Prove that 
the curvatures of the two curves at the point of contact are 
equal. 

Curvature 18 measured by the reciprocal of the radius 
of curvature. 


* That is, Circles of Curvature. 
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20. The tangent at any point P, in an ellipse of. which 
S, H are foci, meets the axis in T; TQR bisects HP in Q, 
and meets SP in R. Prove that PR is one-fourth of the 
chord of curvature at P through δ. 


21. In an ellipse the circle of curvature cannot pass 
through the focus if CA is greater than SH. 


22. If a straight line CN be drawn from the centre of 
an ellipse to bisect that chord of the circle of curvature at P 
which is common to the ellipse and circle, and if, being pro- 
duced, it cut the ellipse in Q and tbe tangent in 7, then 
CP, CQ are equal, and each of them is à mean proportional 
between CN and CT. 
.. 98. Normals to a conic at P, P' meet in O; prove that 
when P' moves up to and ultimately coincides with P, the 
point O becomes the centre of curvature at P. 


24. The central chord of curvature at any point of a 
rectangular hyperbola is equal to that diameter of the curve 
which passes through the point. 


25. The radius of curvature at any point P of a rect- 
angular hyperbola is to CP in the duplicate ratio of CP to CA. 
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CHAPTER XI. 


CONES. 


From the centre of ‘a circle draw a straight line at right 
angles to the plane of the circle, and in this line take a fixed 
point Ο. Then the surface generated by an indefinite straight 
“line OP (fig., Props. V., VIII.), which moves so as always to 
pass through the fixed point and through some point P on 
the circumference of the circle, is said to be a Right Circular 
- Cone, or simply a Cone. The point O is called the Vertez, 
and the line in which it is taken is called the Asis. 

 .Any straight line passing through the vertex and lying 
upon the surface of the cone is said to be a Generating Lene. 

If .N (fig., p. 166) be the centre of the circle, so that ON is 
the axis, the right-angled triangle ONP will have its sides and 
angles constant. All generating lines being therefore inclined 
at the same angle to the axis, it follows that a plane through 
the axis intersects the cone in two straight lines which include 
a constant angle. This angle is termed the Vertical Angle. 

It is evident that any section of a cone by a plane drawn 
perpendicular to the axis is a circle. 

Also: 

I. If a generating line cut two sections, which are per- 
pendicular to the axis, in the points Q, R (fig., Props. VII., 
VIII), then since OQ and OF are constant for all positions 
of the generating line, therefore OQ X OR is constant. 
: Hence, in either case, QR is constant. 


II. Let the plane of the paper, in fig., Prop. V., contain 
the.axis of the cone and the generating lines OL, OM. 
M 
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Draw any plane .4PA'P', perpendicular to the plane of the 
paper (A A’ being the axis of the section), and any plane 
LPMP' perpendicular to the axis of the cone. 

Let these planes intersect in the straight line PP’, and let 
LM, which is a diameter of the circular section, cut PP’ in N. 
Then PP’ is perpendicular to the plane of the paper, and 
therefore to LM, which is a diameter of the circle. Also 

P'N= PN. 
Hence PN’ = LN. NM, [Euc. ΤΠ., 35. 


Also PN is perpendicular to the axis AA’. Hence, the 
ordinate of any point P on the section APA’, 4s a mean pro- 
portional between LN and NM. 

A CONIC SECTION is the curve of intersection of a plane 
with a cone, and will, im general, be a Parabola, an Ellipse, 
or a Hyperbola. l | 

In the following figure one-half only of the section is 
represented. 


Prop. I. Zo determine the nature of any given section of 
a right circular cone. 

Let ΟΕ] OEAR be two generating lines lying in the 
plane of the paper, which is perpendicular to ANP the plane 
of the section. 

In the cone inscribe a sphere touching the plane of the 
section in δ, and let the plane of contact EL’ cut the plane 
of section in the line MX. 

Let LPR be a circular section, and PN perpendicular to 
LR. Draw PM perpendicular to MX, and let OP touch the 
sphere in Q. 

Then, since PS, PQ are tangents to the same sphere, 

PS=PQ=RE. [S r., p. 161. 
Therefore SP: NX2 RE: NX 
—AE:AX. [Euc. vr., 2. 


CONES. 163 


Also AH, AS, being tangents to the same sphere, are 
equals and NX = PM. 





Therefore SP: PM=SA: AX. 
Hence the locus of P is a conic, having S for focus and 
MX for directrix. 


(i) Let the plane of section be parallel to a generating 
line, as OL. "Then the section will consist of one infinite 
branch, and will therefore be a Parabola. [S 5, p. 4. 


(ii) Let the plane of section cut all generating lines on the 
same side of the vertex (fig., Prop. v.). Then the curve 
consists of one oval branch, and is an Ellipse, 


(iii) Let the plane of section cut the cone on both sides 
of the vertex (fig., Prop. VIIL). Then the curve consists of 
two infinite branches, and is a Hyperbola. i 

The last part of the proposition may be thus proved: 


(i) If XN, OL te parallel, the triangle 4EX will be isosceles. 
Therefore SP = NX = PM, or the curve is a parabola. 


(ii) Let the angle #.AS diminish, so that XN, OL meet if produced. 
Then the angle EX A, and therefore the ratio AE : 4X, diminishes, &c. 
M 2 
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Prop. Il. 7f PN be the ordinate of any point on a section 
whose plane is parallel to a generating line OL, then PN* 
varies as the abscissa AN. 

For, in the last figure, PN” is equal to LN. ΝΒ. 

But LN is constant, since NX, LO are parallel. 

Also NE bears to AN a constant ratio. 

Therefore PN? varies as AN. 

It may be shown, by drawing the ordinate through S, that 


PN*=4AS.AN. 


Prop. III. To determine the length of the latus rectum of 
any section. 

Let an inscribed sphere touch the plane of section in the 
focus S. Through S draw a straight line meeting the cone 
in D, D', the sphere in Θ΄, and the axis of the cone, at right 


angles, in L. [fig., Prop. Iv. 
Draw DO to the vertex O and let it touch the sphere in Y. 
Then |. DY'- DS.DS' [ Éuc. 111., 36, 

—-DS.SD'. 


Hence the ordinate through δ, that is the semi-latus rectum, 
is equal to DY, since it is a mean proportional between DS 
and SD", 


= Pror. IV. The perpendicular from the vertex of the cone 
upon the plane of section varies as the parameter* of the section. 
. Let C be the centre of the sphere, in Prop. ΠΙ., and let 
YC meet DD' in E. Draw OM perpendicular to the plane 
of section, and CN perpendicular to OM. Join CS. | 
Then the angle NCS is a right angle, and 


Z4 LCS = complement of OCN = CON. 


* The latus rectum is sometimes called the Parameter of a section. 
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Hence, by similar right-angled triangles CLS, CNO, 
CL: CS- ON : 00, 
or ON.CS=CL.CO 
=CE.CY, [Euc. 111., 35, 


O 





since a circle goes round OYLE, the angles at Y, L being 
right angles. 


|. But CS-0Y : therefore ON — CE. 
By addition, ON-- C8 CE 4- CY, 
or OM=EY. 


But HY varies as DY, since the angle at D is constant: 
Therefore OM varies as DY, or as the parameter of the 
section. | [ Prop. III. 


Prov. V. The semi-minor axis of any section, whose plane 
as not parallel to a generating line, is a mean proportional 
between the perpendiculars drawn from the vertices of the 
section upon the axis of the cone. 

Let A, A’ be the vertices of the section; AH, A'K, 
straight lines, perpendicular to the axis of the cone and meet- 
ing the generating lines through A’, A in H, K respectively. 
Through N, the middle point of AA, draw LNM parallel to 
A'K and μμ] by 04’, OK, aad let PN be the semi- 
minor axis or ordinate rough N. 
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Then, since AN=4AA' and NM is parallel to A'K, 
therefore NM=4A'K. 


0 





Similarly LN=44H. 
Therefore PN'—LN.NM-1A'K.AH, 
or the semi-minor axis is a mean proportional between 14'K 


and 14H, that is, between the perpendiculars from A’, A 
upon the axis of the cone. 


Prop. VI. To prove that 
ΕΝ": AN.NA'= CB’: CA’, 
where PN 4s the ordinate of any point P on the section, and 
CA, CB are the’ semi-axes. 
In the last figure, let N be any point upon AA’. 
Then, by similar triangles, 
| NM: AN=A'K: AA’, 
and IN: NA' = AH : A'A’. 
By compounding, since PN? = LN.NM, 
therefore PN’: AN. NAÀ' — A'K. AH : AA" 
= CB? ;CHA. [Prop. v, 
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Prop. VII. Zf two spheres be inscribed in the cone, so as 
to touch the plane of section upon opposite sides, in the points 
δ, H, then will SP+ PH be constant, where P is any point on 
the curve. 

Let O be the vertex of the cone, and let the generating 
line through P touch the spheres in Q, Z. 





Then PS, PQ, being tangents to the same sphere, are 
equal. Similarly PH, PR are equal. 

By addition, SP+ PH- QE, 
which is constant for all positions of P on the curve. 

Lines are drawn through .X and W, in the figure, to re- 
present the directrices of the section. The directrices being 


the lines in which the planes of contact ΚΟΕ, KE cut the 
plane of section. See Prop. 1. 
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Prop. VIII. Jf two spheres be inscribed in the cone, so as 
to touch the plane of section upon the same side, in the points 
S, H, then will HP ~ SP be constant, where P is any dim 
on the curve. 


As in Prop. vri, SP=PQ and HP= PR. 





By subtraction, HP ~ SP-QR, 
.. which is constant for all positions of P on the curve, 
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EXAMPLES. 


1. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
. the parabola. 


2. The foci of all parabolic sections, which can be cut 
from a given right cone, lie upon a right. cone. 


3. The distance between the foci of an elliptic section 18 
equal to the difference of the distances of its vertices from 
the vertex of the cone. 


4. The foci of all elliptical sections of the same eccen- 
tricity lie on two cones. 


5. ‘The eccentricity of any section 1s a ratio of greater or 
less inequality according as the acute angle between the axes 
of the cone and of the section is less or greater than the 
semi-vertical angle of the cone. 


6. If two plane sections have the same directrix the 
corresponding foci lie on a straight line which passes through 
the vertex. 


7. The extremities of the minor axes of the elliptical 
sections of a right cone made by parallel planes, lie on two 
generating lines. 


8. Show how to cut a right cone so that the section may 
be an ellipse whose axes are of given lengths. 


9. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given 
eccentricity. 
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10. Given a right cone and a point within it, there are 
but two sections which have this point for focus; and the 
planes of these sections make equal angles with the straight 
line joining the given point and the vertex of the cone. 


11. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the focus of the curve of projection will lie 
on the axis of the cone. 


12. Show how to cut from a cone a section of given 
latus rectum. 


13. The latus rectum being constant, the envelope of the 
_ plane of section is a sphere. 


14. The vertical angle of a cone being a right angle, 
prove that the perpendicular from the vertex upon any plane 
is equal to the semi-latus rectum of its curve of intersection 
with the cone. 


15. In any section, the latus rectum is a mean propor- 
tional between the axes. 


16. Show how to cut from a given cone a hyperbola 
whose asymptotes shall contain the greatest possible angle. 


17. Under what conditions is it possible to cut a rect- 
angular hyperbola from a given right cone? 


18. 'The angle between the asymptotes of a section being 
given, determine the locus of either focus. 


19. Prove that the plane of the hyperbola of greatest 
eccentricity, which can be cut from a given cone, is parallel 
to the axis of the cone. 


20. A plane through the vertex, parallel to the plane 
of a hyperbolic section, intersects the cone in generating 
lines which are parallel to the asymptotes of the section. 
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CHAPTER XII. 


MISCELLANEOUS PROPOSITIONS. 


1. To prove, Prop. IX., p. 30, the definition only being 
. assumed. 
Having made the same construction as in Prop. I., p. 25, 





draw QD perpendicular to MO. Also draw PY perpen- 
dicular to yM and therefore parallel to Qg. 

Then, by similar triangles, QD is to QO as MY to PM, 
and therefore as Yy to PO. [ Euc. ΥἹ., 2. 

By compounding, 

OD’: QO? =MY.Yy: PM.PO. 

But the triangle SPM is isosceles and PY is the perpen- 
dicular upon the base. Therefore MY= SY. 

Hence 5 divides Yy so that Yy + SY= My. 
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Therefore My’ = Sy? + AS Y. Yy, [Euc. II., 8. 
or My’ — Sy’ AM Y. Yy. 
Also DM is equal to QN, or to SQ. [Def 
Therefore — QD'—-QM*— DM” [Euc. 1., 47. 
—-QM'— SQ. 


But QM" is equal to Qy” + My, and SQ to Qy' + Sy 
(Euc. 1., 47). 
Therefore QD’, being equal to QM? — SQ’, is equal to 
My’ — Sy’, or to 4M Y. Yy. | 
Hence QO’ 2 4PM.PO, from above, 
=ASP.PO. 


Similarly it may be PER that gO” is equal to 458P. PO. 
Hence O is the middle point of Qg. 

Hence also the tangent at P is parallel to Qg (Cor., p. 15) 
or perpendicular to SM. | 


2. In the parabola, since SY’ = SA. SP (Prop. X1., p. 32), 
therefore, as SP increases indefinitely, SY also increases in- 
definitely. In other words, when the point of contact P is 
removed to an infinite distance, the perpendicular distance 
of the tangent from the focus becomes infinite, and the tan- 
gent is altogether removed to an infinite distance. 

Hence the parabola is said to have a tangent at infinity. 
Conversely, it may be shown that a conic which has a 
tangent at infinity is a parabola. 


3. Let the tangents to a cur ve at the adjacent points P, Q 
intersect in R. [fig., p- 21. 

Let the point Q move up to P, the latter point remaining 
stationary. Then 2 moves up to P, and ultimately coincides 
with it when Q coincides with P. Hence the point P may bé 
regarded as the point of intersection of two tangents whose points 
of contact are indefinitely near to one another. 
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-ᾱ, The asymptotes of a hyperbola may be regarded as tan- 
gents whose points of contact are at an infinite distance. | 

For, in Prop. x111., p. 108, if CN be indefinitely increased, 
CT vanishes and the tangent passes through the centre. 

Also, in Prop. ΧΥΙ., p. 109, NT becomes equal to CN, so that 


PN*: NT'—-CB*^:iCA*. 
Hence, the tangent becomes parallel to an asymptote 


and therefore coincides with it, since both pass through the 
centre. 


.. ὅδ. The points of contact of the asymptotes being at an 
infinite distance, their chord of contact lies altogether at 
infinity. 

Conversely, it may be shown that if the chord of contact 
of any pair of tangents to a conic lies at infinity, the conic is 


‘a hyperbola. 


6. The asymptotes of a hyperbola are themselves a conic 
of the same eccentricity. 

For the distances of all points upon them from the centre 
are in the ratio CS: CA to their perpendicular distances from 
the minor axis. 

The asymptotes of a hyperbola are the limiting form which 
the curve assumes when the axes are indefinitely diminished, 
their ratio remaining unaltered. 


7. The parabola is the limiting form of the ellipse or 
hyperbola when the centre is removed to an infinite distance. 

For, let CS be increased indefinitely (fig., p. 55), the latus 
rectum remaining constant and the point © being fixed. 
"Then the ratio CS: CA, that is, the eccentricity, becomes a 
ratio of equality. 

- In this case, the focus H is removed to an infinite distance 
and TH (fig., p. 56) becomes parallel to the axis. 

Compare Prop. XII., p. 33. 
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8. The circle is the limiting form of the ellipse when the 
distance between the foct is indefinitely diminished. 
For, in this case, © and H coincide with C. 


Therefore CP=}4(SP+ HP)=CA. 
9. If a chord of a circle pass through a fixed point, the 


tangents at its extremities will intersect on a fixed straight line. 

In fig., p. 87, supposing the curve a circle, let 7' be the 
intersection of tangents at the extremities of that chord which 
is bisected in the fixed point O. 

Let o be the middle point of any other chord through O, 
and £ the intersection of tangents at its extremities. 

Then CO.CT= (radius)! = Co. Ct. 

Hence a circle goes round Oot T. [ Euc. 111., 36, Cor. 

Therefore Z OTt+ Oot=two right angles. [Euc. I11., 22. 
But Z Oot =a right angle. [Euc. IIL, 8. 


Therefore OTt is a right angle, and Tt a fixed straight 
line, since T is by construction a fixed point. 


10. A chord of a circle, drawn from any point, ts cut har- 
monically by the point, the curve, and the polar of the point. 
Using the construction of Prop. XVII., p. 88, and re- 
membering that chords of a circle are perpendicular to the 
diameters which bisect them, we have 
ip.tp' = (tangent from ¢)*  [Euc. IIL, 36. 
=t0.tC, 
by similar right-angled triangles. 
Also, since the angles at O and c are right angles, a circle 
goes round Ó Cco. 
Therefore tc.to — tO.tC [ Euc. 111., 36. 
— tp.tp', from above, 
Hence 2tp.tp = to (tp + tp). 
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11. To construct an equilateral triangle corresponding to 
a given triangle. 

In the definition on p. 143, the ordinates may be parallel 
to any fixed straight line and the ratio may be any given ratio. 

Let SPH be the given triangle. [fig., p. 102. 

Describe the equilateral triangle SgH and let gP meet 
HS iG. . : 

Let the ordinates be parallel to PG, and let PG: gG be 
the constant ratio. 

Then the straight line gH corresponds to PH. [Prop.t.,p.143. 

Similarly, gS corresponds to PS. 

Hence the equilateral triangle gHS corresponds to the 
given triangle. 


12.. To construct a square corresponding to a given 
parallelogram. 

Let ABCD be the given parallelogram. . 

Describe the square ABC'D’ and let D'D meet AB in N. 
Then, if the ordinates be parallel to D'D and the constant 
ratio be that of ND to ND’, the square ABC'D' will corre- 
spond fo the given parallelogram, for AD’ corresponds- to 
AD and BC’ to BC. [ Prop. I., p. 143. 


13. Corresponding Points applied to circles of curvature. 

It has been shown that parallel straight lines correspond 
to parallel straight lines. [ Prop. IIL, p. 144. 

By a very similar process it may be proved that, if two 
straight lines PV, PT be equally inclined to the axis in 
opposite directions, the corresponding lines will be equally 
inclined to the axis in opposite directions. 

Let the circle of curvature at P, in an ellipse, cut the 
ellipse in V, and let the tangent at P meet the axis in T. 
Take points p, v (on the auxiliary circle), corresponding to 
P,V. Then pv and the tangent pT are equally inclined 


176 MISCELLANEOUS PKOPOSITIONS.: 


to the axis of the ellipse, since they correspond to lines which 
are equally inclined to the axis. [Ex. 7, p. 158. 


Ex. 1. If the circles of curvature at the extremities P, D 
of two conjugate diameters of an ellipse meet the curve again 
in Q, E respectively, then PE is parallel to DQ. 

This theorem may be reduced to the following: 

lf from the extremities p, d of two diameters at right 
angles, in a circle, the chords pq, dr be drawn equally in- 
clined with the tangents at p, d respectively to a fixed dia- 
meter, then pr is parallel to dq. 

Ex. 9. Any point O on a circle being given, it may be 
shown that there are three points P, Q, E on the circum- 
ference, situated at the vertices of an equilateral triangle, 
such that OP, OQ, OF are equally inclined with the tan- 
gents at P, Q, R to a given diameter. 

It follows that there are three points P, Q, E on an 
ellipse, the circles of curvature at which pass through a given 
point on the curve, &c. [Ex.:13, p. 159. 

Def. If the opposite sides of any quadrilateral (ABCD) 
be produced to meet (in O, P) the figure thus formed is called 


a Complete Quadrilateral. | 
The straight lines 4C, BD, OP are the Diagonals of the 
complete quadrilateral. 


14. The middle points of the diagonals of a complete quad- 
‘rilateral lie on the same straight line. 

Complete the quadrilateral ABCD and let OP be the 
exterior diagonal. | 

Complete the parallelograms BODR, AOCQ, and let BR 
A Q cut PD in V, T respectively. 

Then, since A Q is parallel to OC, 

PC: CT=PB: BA [Euc. vi., 2. 
= PV: VD, similarly. 


MISCELLANEOUS PROPOSITIONS. 177 
Alternando PC: PV=CT: VD 
=CQ: VR, 
by similar triangles CTQ, VDR. 





Hence, PQE is a straight line and the middle points of OP, 
OQ, OR lie upon a straight line parallel to PQR. [Euc. v1., 2. 

But the middle point of OQ is also the middle point of 
AC, since the diagonals of parallelograms bisect one another. 
Similarly, the middle point óf OR is also the middle point 
of BD. ' 

Therefore the middle points of 40, BD, and OP lie on 
a straight line parallel to PQA. 


( 178 ) 


CHAPTER XIII. 


ANHARMONIC RATIO. 


Let A, B, C, D be four points on a straight line. Then 
the ratio A4B,CD: AD. BC is ealled the Anharmonic Ratio 
of the range A, B, C, D, and is denoted by {ABCD}. 

In the expression for the anharmonic ratio of a range the letters 
which constitute the range might have been taken in a different order. 
Thus 4D.BC: AB.CD might have been defined as the anharmonic 


ratio of the above range. It is of course necessary to retain throughout 
any investigation the parue order ος at its commencement, 


1.. Jf four fixed straight lines which meet in 0 be cut » 
any- transversal in the: points A, B, €, D, then will 1ABCD) 
be constant. 

. . Draw the straight line Bb, parallel to OD, and meeting: 
OA, OB ina, b 





Then AB: AD=aB: DO, 
by similar triangles ADO, A Ba. 
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Similarly, OD: BCz DO : Bb. 
Therefore .AB.CD: AD.BC=aB: Bb, - | 
which is a constant ratio for all positions of ab parallel to OD. 
Thus {ABCD} is constant. 


Def. The Anharmonic Ratio of a Pencil is the anharmonic 
ratio of the range in which its rays are intersected by any 
transversal. | 

Pencils and ranges are said to be egual when their anhar- 
monic ratios are equal. 

Let P be the vertex (fig., p. 184) and PA, PB, PC, PD 
the rays of any pencil. Then the anharmonic ratio of the 


pencil P is denoted by P{ABCD}. 


2. The transversal may cut the rays of the pencil on 
either: side of the vertex. ud m 

For if, in the preceding article a transversal had been 
drawn through B, cutting OA, OB, OC, OD’, where D' lies 
in DO produced, then it would have appeared, by a pre- 
cisely similar proof that O( ABCD') is equal to the same 
constant ratio aB: Db. 


Ex. Consider the pencil O (fig., p. 183), one of whose 
ranges 18 [DMA QJ. ‘The rays of the pencil are here taken: 
in the order OD, OM, OA, OQ. These rays, taken in the. 
same order, meet the straight line CQ in the range B, R, C, Q. 
Hence {DMA Q} = (BROQ]. . 


A pencil whose rays ‘are produced through the vertex may be dis- 
tinguished as a-Complete: Pencil. 


3. Equiangular pencils are equal to one another. 
This is proved in Arts. 1, 2, where it is shown that, the 
angles of a pencil being fixed, its ranges are all equal. 
Ex. 1. Let the variable straight line TR (fig., p. 11) sub- 
tend a right angle, or any constant angle, at the fixed point. 
N2 
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S, and let Τ Z, To T, denote any four positions of the 
variable point 7. Also let R, R, Bay E, denote the corre- 
sponding positions of È. 

Then ΔΤΤΤ’1}-- S(B,B,R,R), 
since these pencils are equiangular. 

Ex. 2. Let TP, TQ (fig., p. 56) be fixed straight lines, 
and TS, TH variable lines such that 2 STQ = ATP. 

Then, if suffixes be employed as in Ex. 1, 

T($,$,5,8) = T {HHHH}, 


since these pencils are also equiangular. 


4. Condition that a variable straight line may pass through 


a fixed point. 
. Take any two fixed straight lines intersecting in A, and 





let the variable line, in any three of its positions, intersect 
one of the fixed lines in B, C, D, and the other in B’, C', D'. 

Let BB’, CC" intersect in O. Join AO, DO, and let 

LAB'C'D'I ={ABCD}. 

Then will DO cut AD’ in a point which forms with 
A, Β’, C' a range equal to {ABCD}, that is, in the point D’. 

Hence, if {AB'C'D'} ={ABCD}, the straight lines BB’, 
CC', DD' meet in a point. 

Now let BB’, CC’ be fixed positions of the variable line. 
Then, the above condition being satisfied, DD’ passes through 
the fixed point Ο. 
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5. Condition that a variable point may lie on a fixed 
straight line. 

Let Ο, O' be fixed points and B, C, D any three positions 
of the variable point. 


AJ 





Join CB; produce it to meet O'O in A; construct the 

pencils O, O', as in the figure; and let 
O{ABCD}=0' {ABCD}. 

Then the pencils O, Ο' being equal, the rays OD, O'D will 
meet the straight line ABC in points which form with A, B, C 
equal ranges. This is to say, they will both meet it in the 
same point. Therefore D lies on the straight line ABC. 

Now let B, C be fixed positions of the variable point. 
Then D lies on the fixed straight line BC. 

Hence, also ¿f two pencils have one ray (0 0’) in common 
their remaining rays will intersect two and two in three points 
which lie on a straight line. 

The notation (4 A’, BB") will be used to express the point 
of intersection of the straight lines 44’, BB'.* 


HARMONIC PENCILS AND RANGES. 
6. Pencils and ranges are said to be harmonic when their 
anharmonic ratios are ratios of equality. 


Let {ABCD} be a ratio of equality. 


Then AB.CD=AD.BC. 
Therefore AB: AD=BC: CD, 


or AB, AC, AD are in harmonical progression. 


* Smith’s Prize Examination, 1852. 
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7. Condition that a range {ABCD} may be harmonic. 

If the ratio AB.CD : AD. BC be equal to its reciprocal 
:AD.CB : AB.DC it- must be a ratio of equality. This 
follows by a reductio ad absurdum. 

But the former of these ratios is equal to {ABCD}, and 


the latter to {ADCB}. [.Def. 
Therefore, if n (AB CD} = {ADCB}, 
or if . {ABCD} ={CBAD, similarly, 


the range will be harmonic. 


Hence, a range will be harmonic if in the expression for 
ats anharmonic ratio, the second and fourth, or- the first and 
third, letters of the range can be interchanged without altering 
the value of the expression. | 

Conversely, both of these changes will be possible if the 
range be harmonic. 


8. Conditions that a pencil may be harmonic. 


(i) Let OB, OD (fig., p. 178) be the internal and external 
bisectors of the angle AOC. Then will the pencil O be 
harmonic. 


For, if ABCD .be any transversal, then 


AB: BC=40: C0 [Euc. VI., 2, 
=AD: CD. 
Therefore AB.CD=AD.BC, 


or O {ABCD} is a ratio of equality. 

(1) A pencil will also be harmonic when a transversal 
aBb, drawn parallel to one of its rays OD, is divided into 
equal segments aB, Bb, by the points in which it intersects 
the other three rays, [fig., S 1. 

For O{ABCD} being equal, as in the first article, to 
aD : Bb, becomes in this case a ratio of equality. 
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9. Harmonic properties of a complete quadrilateral. 
Let the opposite sides of the quadrilateral 4 BCD inter- 
sect in P, Q, as in the figure. 





Let AC, BD intersect in O, through which draw PMOR, 
cutting AD, BC m M, E respectively. Draw QO. 


Then {DMA Q} ={BRCQ, [Ex., p. 179, 
since all ranges of the pencil O are equal. | 

Similarly — (DMAQ] - (CRBQ), in the pencil P. 
Therefore {CRBQ} = (BROQ), | 


or the pencils O, P are harmonic. E [S 7. 
So too is the Noni Q. | 


ANHARMONIC PROPERTIES OF CONICS. 


10. The range in which Sour tangents to a conic are inter- 
sected by any fifth tangent is equal to the pencil formed by 
Joining the points of contact of the four tangents to the point 
of contact of the fifth. 

Let the chord. PQ (fig., p. 11) meet the directrix in R, and 
let the tangents at its extremities- intersect in T. Then TR 
subtends a right angle at the focus S. 

"Take any four positions of the points R, T, abd let Q 
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remain fixed. Then, the same letters being used, with 
suffixes as in Ex. 1, p. 180, 


S(7, 7,7, T.) = S {RBRB}. 


1 2 3 4 


Hence (T, 7,7, T.) =Q (R,E,R,R) 


= Q HRGL: 
which is the required result. 
11. 7f A, B, O, D be fixed points on a conic and P any 
other point on the same conic, then will P{ ABCD} be constant. 
Let the rays of the pencil P meet the directrix in the 





points a, b, c,d. Then the angle aSb is constant, since it 
is equal to half the angle ASB. κ [Prop. VII., p. 10, 

Similarly it may be shown that each of the angles ῥϑο, 
cd is constant. 


Hence {abcd} = S {abcd} =a constant. 
Therefore P{ ABCD}, being equal to {abcd}, is constant. 
Conversely, if P{ ABCD} be constant, the points A, B, C, D 
being fixed, then the locus of P is a conic passing through the 
four fixed points. 


12. If the tangents to a conic at four fixed points A, B, C, D 
intersect the tangent at P in the points a, b, c, d respectively, 
then will {abcd} be constant. 

For, if S be the focus, the angle aSd is constant, since it 

equal to half the angle ASB, [Prop. VIL, p. 10. 
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Similarly it may be shown that the angles bSc, cSd are 
constant. 





Hence S {abcd}, and therefore {abcd}, is constant. 

Conversely, if a variable straight line be intersected by four 
fixed straight lines in a range of constant anharmonic ratio, 
the envelope of the variable line will be a conic touching the 


four fixed lines. 


BRIANCHON’S THEOREM. 


13. Tf ABCA'B'OC' be a hexagon circumscribing a conic, 
then will the straight lines 44’. BB', CC' meet in a point. 
Let AB, AC" meet A'C in the points £, F. 


"Then A (BCA' C'] - (ECA'F). 
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Again, let BA, ΒΟ meet‘B'C’ in the points G, K. ` 

Then B{ACB'C"| - (GKB' C. 

But (ECA'F|, ( GKB' Ο' are equal (Art. 12), since they are 
the anharmonic ratios of the ranges of the same four tangents 
AB, BC, B' A', ΑΟ" on the tangents CA’, B’C’ respectively. 

Therefore A {BCA'C'}=B{ACB'C, 
and, the ray AB being common to these equal pencils, the 
three points (AC, BC), (AA', BB’), (40, BC’) lie on a 
straight line, or the straight lines 4A’, BB’, 66 meet in 
à point. 


PASCAL'S THEOREM. 

14. If ABCDEF be a hexagon inscribed in a conic, then 
will the points of intersection of the three pairs of opposite sides 
AB, ED; BC, FE; CD, AF lie in a straight line. 

Let O, P, Q be the three points of intersection, and let 
PB, PF cut OE, QC respectively in the points K, L. 

T | 





Therefore B{EDCA = F(EDCA), 
or {EDKO}= {LDCQ}. 
But the point D is common to these equal ranges. Hence 


EL, KC, OQ pass through the same point. 
Therefore OPQ is a straight line. 
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15. Let D coincide with C. Then the straight line which 
joins’ the ‘points: (4, EC), (BC, FE) passes through the 
point in which the tangent at C meets AF. 

Conversely, when five points on a conic are given, the 
tangents at those points may be drawn. 


INVOLUTION. 

Def. Let A, A’; B, B'; ... be any number of pairs of 
points lying in a straight line, and let 

OA.0A' — OB.OB' = 

where Ó is a point in the same straight line. 

Then the points A, 4', ... are said to form a system in 
Involution of which O is the Centre. 

Two points as A, A' are said to be conjugate, and a point 
at which two conjugate points coincide is said to be a Focus. 

When conjugate points lie on opposite sides of the centre, 
it follows from this definition that the system has no foci. 

When conjugate points as A, B (fig., p. 189) lie on the 
same side of the centre, then the point F, whose distance 
from Q is a mean proportional between OA and OB, is 
a focus. There will also be a second focus (at an equal dis- 


tance from 0) in FO produced. 


16. Any two points which form with two fixed points a 
harmonic range belong to a system in involution, of which the 
fixed points are foci. 

The construction of the Lemma, p. 14, being used, let S.N 
produced meet PQ in R’. - Then SR, SK’, being the external 
.and internal bisectors of the angle PS ϱ, the range PR’ = 
18 harmonic. 


Now, since VQ, SE are parallel, 
OQ:OR-ON:0M [Euc. vI., 2, 
= OR' : OQ, similarly. 
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Therefore OR.OR' -- 0”, 


which proves that R, E' are involution with the foci P, Q. 
Any two conjugate points, as R, R', are hence said to be 
Harmonic Conjugates with respect to the foci. 
Conversely, any two conjugate points of a system im 
involution form with the foci a harmonic range. 


17. The range formed by any four points of a system in 
involution 4s equal to the range formed by their four conjugates. 
Let A, B, C, D be four points of a system in involution, 
and A', B', C', D' their conjugates. Then O4.0A4'—OB.OPD', 


where Ο is the centre of the system. [ Def. 
Therefore OA’: OB'= OB: OA. 

Dividendo A'B': ΟΡ =AB: OA. 

Similarly, C'D': OD'=CD : 0C. 


Hence, by compounding, the rectangle .4'B'.C'D' is to 
OB'.OD' as AB.CD to OA.OC'; also, if the letters B, D be 
interchanged throughout, the antecedents of this proportion 
become .A' D'.B'C' and 4). BC, the consequents remaining 
unaltered. 

Therefore A'B'.C'D' : A'D.B'C' = AB.CD : AD.BOC, 
or (A'B'C'D'| ={ABCD}. 


18. A system «n involution is determinate when, any point 
being given, tts conjugate may be found. 

This is evidently the case when the centre is given, and 
also the rectangle contained by its distances from any two 
conjugate points. 

Hence a system is determinate: 

(i) If the foci be given. For, in this case, the centre is 
the middle point of the line joining them, and the rectangle 
is equal to the square on half the line. 


(1) If two pairs of conjugate points be given. For, 
through the points A, A’ draw parallel straight lines AP, 
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AQ; and through the conjugate points B, B' draw parallel 
Q 
KL A 
0 A B'F A B 


straight lines ‘meeting the former in P, ϱ respectively. 
Then, if QP, A'A meet in O, 


OA: OA'= OP :0Q [Euc. VI., 2, 
= OB' : OB, similarly. 
Therefore OA.OB=OA'.OB". 


Hence the centre O and the rectangle are determined. 


19. The following are examples of two general methods by 
which it may be proved that a system of points is in involution. 


Ex.1. Let any number of circles be described passing 
through the same two points A, A’, and let any straight line 
cut these circles in the pairs of points P, P’; Q, Q'; .... 

Let the two straight lines intersect in O. 


Then, OP.0P'2 00.09... 
since each of these rectangles is equal to 04.0 4’. [Euc. 111.,36. 


Hence P, P'; Q, Q'; ... are conjugate points of a system 
in involution, O being the centre. 


Ex. 2. Through O, the intersection of the interior dia- 
gonals of the complete quadrilateral in fig., p. 183, draw any 
straight line, cutting the third diagonal in O'. Let this 
straight line also cut the sides DA, CB in M, ΜΜ, and the 
sides AB, DC in N, N’. Then will M, M'; N, N' be 
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conjugate points in a system in involution which has O, O' 
for foci. | 

For, since the pencil Q is harmonic, Art. 9, the range 
ο’, M, O, M' is harmonic. Similarly the range O', N, O, N' 
is harmonic; which proves the proposition. 


EXAMPLES. 


1. If a pencil cut two transversals, neither of which is 
parallel to one of its rays, in the points A, B, C, D; 
A', B', C', D', prove by a direct method that 

(A'B'C'D ={ABCD}. 


2. If a straight line passing through à fixed point cut two 
fixed straight lines, the straight lines which join the points of 
section to two fixed points intersect on a fixed conic. 


3. A straight line having one extremity on a fixed 
straight line moves so as to subtend constant angles at two. 
fixed points. Prove that its other extremity traces out a 
conic ‘section. 

4, The sides of a triangle pass through fixed points and 
two of its vertices move on fixed straight lines: determine 
the locus of the third. 


5. Given three points of a harmonic range, show how to. 
determine the fourth by a geometrical construction. 


6.. If an ellipse be inscribed in a triangle and one focus 
move along a fixed straight line, the locus of the other focus 
will be a conic passing through the angular points of the 
triangle. i 
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. 7. If the sides of a triangle pass through fixed points 
lying in a straight line, and if two of its vertices lie on 
given straight lines, the locus of the third will be a. pair of 


straight lines passing through the intersection of the given 
straight lines. 


8. If two triangles eircumscribe a conic their angular 
points will lie on another conic. 


9. Two triangles are constructed, such that two sides of 
each are tangents to a conic, the chords of contact being the. 
mud sides, prove that the six angular points. lie on a conic. 


. 10. Assuming that the pencil which j joins four fixed points 
on a conic to a variable point on the curve is eonstant, prove 
that, if from any point on a conie pairs of perpendiculars be 


--- - σ υολ- 


the rectangle contained by one pair varies at that contained 
by the other. 


11. The square of the perpendicular from a point on a 
conic upon any chord varies as the rectangle contained by 
the perpendiculars from that point upon the tangents at the 
extremities of the chord. 


12. Hence prove that a chord of a conic is divided 
harmonically by any point in its length and the point in 
which it intersects the chord of contact of tangents through 
that point. 


13. If normals be drawn to a parabola from any point 
on the curve, the chord joining their extremities will meet 
the axis in a fixed point. 


14. PG is a chord of an ellipse normal at P, and QE 
any chord which subtends a right angle at P. Prove that 
the opposite sides of the quadrilateral PQGE intersect on 
a fixed straight line. 
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15. If A, B,C; A’, B', C' be fixed points on two straight 
lines, and (4'B'C'D' = (ABCD], determine the envelope 
of DD’. 

16. Find the envelope of the base of a triangle inscribed 
in a conic, two of its sides passing through fixed points. 

17. Three pairs of conjugate diameters of a conic form 
a pencil in involution. 

18. A straight line is cut in involution by the sides and 
diagonals of a quadrilateral. 

19. Straight lines drawn from any point to the extre- 
mities of the diagonals of a complete quadrilateral form a 
pencil in involution. 

20. A straight line is cut in involution by any conic and 
the sides of an inscribed quadrilateral. 
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CHAPTER XIV. 


POLES AND POLARS. 


"The Polar of a fixed point with respect.to a conic is the 
straight line which is the locus of intersection of tangents 
at the extremities of a chord which passes through the 
fixed point. Seep.87. Ἢ | 

Conversely, if pairs of tangents be drawn to a conic from 
points on a fixed straight line,. the fixed point through which 
their chords of contact pass is said to be the Pole of the fixed 
straight line. — ES B 

| A triangle is said to be self-conjugate with respect to'a 
conic when each vertex is the pole of the opposite side. 


1. If a chord of a conic pass through a fixed point, the 
tangents at its extremities will intersect on a fixed straight line. 
Let. ZN be the chord of contact of tangents drawn from 
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the fixed point P, and MR any chord through P, cutting LN 
in O. Let the tangents at M, R intersect in Q, and form 
with those at L, N the quadrilateral ABCD, as in the figure. 
Then P, A, N, B is the range in which the tangents at 
L, M, N, E cut the tangent at N. [S 8, p. 173. 


Therefore (PANB| = N (LMNR) [S 10, p. 183, 
—LÍLMNR|, [S 11, p. 183, 

or {PANB}= {PMOR}. 

Since these equal ranges have the point P common, the 
straight lines MA, ON, RB meet in a point. [8 4, p. 180. 

Hence the tangents at M, R intersect on the fixed straight 
line LN. 

The fixed point may lie within the curve, as on p. 87, 
or without it, as in the present article. 


2. A chord of a conie, drawn through any point, is cut 
harmonically by the point, the curve and the polar of the point. 

In the last figure QZ is the polar of P, | 

Also L(LMNR|-N(LMNE) [§ 11, p..183, 
or {PMOR}= {OMPR}. 


Hence MR is divided harmonically in Ο, P. IS 7, p. 182. 

The polar of any fixed point P, through which a chord 
RM passes, is sometimes defined as the straight line which is 
the locus of a point O, so taken as to form with P, M, & 
a harmonic range. 


3. The intersection of any two " lines is the pole of 
the line which joins their poles. 

Let RM, LN be chords which intersect in O. Let P be 
the polar of OQ and Q the polar of OP. 

Then, since MZ is divided harmonically in O, P, therefore 
P lies on the polar of O. Similarly, Q lies on the polar of O. 

Therefore PQ is the polar of O. 
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4. If a quadrilateral circumscribe a conic the intersections 
of its opposite sides and of its diagonals will be the vertices 
of a self-conjugate triangle. 

Let BA, CD and DA, CB, opposite sides of the circum- 
scribing quadrilateral, intersect in P, Q respectively. Also let 
the polars of P, Q intersect in O. Then O is the pole of 
PQ, and the triangle OPQ is self-conjugate. Join PQ. 

Then the pencil P is harmonic, since PA is the polar of 
Q. Hence, by the harmonic properties of a complete quad- 
rilateral the intersection of AC, BD must lie upon PR. 

For a like reason it lies E upon QL, and therefore coim- 
cides with O; which proves the proposition. 


5. [f a quadrilateral be inscribed in a conic the intersec- 
tions of its opposite sides and of its diagonals will be the 
vertices of a self-conjugate triangle. 


Let BA, CD and DA, CB, opposite sides of the inscribed 





quadrilateral, intersect in P, Q respectively. Let AC, BD 
intersect in O, and draw PM OR cutting AD, BC in M, R. 
Join PQ. Then, by the harmonic properties of a com- 
plete quadrilateral, the pencil P is harmonic. 
Hence, AD being cut harmonically in M and Q, the point 
M lies on the polar of Q. Ño too does R. 


02 


{196 POLES AND POLARS. 


Therefore OP is the polar of Q, and similarly OQ is the 
polar of P. It follows that O is the polar of PQ and that 
the triangle OPQ is self-conjugate. 


. 6. If a quadrilateral be described about a conic and an in- 
scribed quadrilateral be formed by joining the points of contact, 
then will the diagonals of the two intersect in the same point. 

Also, if the quadrilaterals be completed, they will have a 
common third diagonal. 

The first part of the proposition was proved m Art. 4, 
where it was shown that the diagonals of the quadrilaterals 
ABCD, LMNE intersect in Ο, 

Also, by Arts. 4, 5, the third diagonal is in each case the 
polar of O, and is therefore common. 


7. The range formed by four points which he in a straight 
line 4s equal to the pencil formed by their polars. 

Let T be the intersection of tangents to a conie (fig., p. 11) 
at the extremities = a chord which meets the directrix 
in τ Let Z, Z,, T, T, be any four positions of T, and 
Εν E Ry R, the corresponding positions of R. 

Thea 8(7,7,7, T) = S(R,R,R,R), 
for these pencils are equiangular, the angle TSR being con- 
stant. [Prop. VIIL., p. 11. 

Now let T lie on a fixed straight line. Then will its 
polar pass through some fixed point O. 


Therefore (7,7, 7,7,} = O (E, R, E, E], from above, 


which proves the proposition. 


RECIPROCAL THEOREMS. 


8. In consequence of the properties of polars already 
proved, many theorems are reciprocally related in such a 
manner that, when one is given, another may be imme- 


diately deduced. 
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Ex. 1. The theorems of Arts. 4, p. 180 and 5, p. 181 are reciprocal. 

In the figure of the former article, to avoid confusion, suppose the 
letters 4, B, ... changed into a, b, .... 

In fig. p. 181, let O, O' be any two pencils which have the ray 
OO' common, and B, C, D the intersections of their remaining rays, 
taken two together in the same order. 

Let a, b, c, d be the poles of the rays of the pencil O, and a, b’, ο, ἆ 
the poles of the rays of the pencil Ο'. 


Then {abcd} = O[ABCD). 
Similarly {ab‘c'd’} = O'{A BCD}. 
Also bb’, cc’, dd’ are the polars of B, C, D respectively. [6 3. 


Now if B, C, D lie on a straight line, then will their polars bb', ec’, dd’ 
pass through the same point. 
The condition for the former is 
O{ABCD} = O (ABCD). 
Therefore the condition for the latter 1s 
| {abed} = (ab'e'd'). 


Conversely, the latter condition being assumed, the former may be 
deduced. 


. Ex.2. If four chords be drawn from a point P on a conic (fig., 
p. 184) to meet the curve again in 4, B, C, D, and, if the tangents at 
these four points meet the tangent at P in a, b, ο, d οσα, then 
will a, 6, ο, ἆ be the poles of the four chords. 


Therefore {abed} = P{ ABCD}. [8 7. 
Now, if it be assumed that {abcd} is constant, it follows that 


P {ABCD} is constant, and conversely. 
Hence the theorems in question are reciprocal. 


9. If the locus of a point be a conic the envelope of tts 
polar will be a conte. 

Let 4, B, C, D be fixed points and P any variable point. 
Let the polars of the fixed points, with respect to any given 
conic, cut the polar of P in the points a, b, c, d, which are 
therefore the poles of PA, PB, PC, PD. [§ 3. 


Then {abcd} = P{ ABCD}. [9 7. 
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Now let the locus of P-be a conic passing through 


A, B,C, D. Then P{ABCD} is constant. 


[§ 10, p. 183. 


Hence, {abcd} being constant, the polar of P touches a 


fixed conic. 


[5 11, p. 183. 


Ex. The theorems of Pascal and Brianchon are reciprocal. 
For, if ABCDEF (fig., p. 186) be a hexagon inscribed in a conie, 
the polars of its angular points will form a hexagon αὖφα ὅ' enveloping 
a conic, and the vertices of the latter hexagon will be the poles of the 


sides of the former. 


Hence, if 4B, ED intersect in P, then will P be the pole of one 
of the lines, as aa’, which join opposite vertices of the enveloping hex- 


agon. 


Similarly P, Q will be the poles of bb’, ee’. 


It follows that, if O, P, Q lie in a straight line, aa’, 0’, ce’ will meet 


in a point; and conversely. 


It will be found that the proofs of these theorems already given in 
Chapter XII. are reciprocal throughout. 


10. General method of reciprocation. 
It has been proved that, if any number of points lie on 


a conic, their polars will envelop another conic. 


Hence, in 


reciprocating theorems which relate to conics, the words locus 
and envelope must be interchanged. 

Similarly, point must be written for line ; point on a conic 
for tangent to a conic; inscribed for circumscribed ; &c. and 


conversely. 


The method by which theorems are deduced from their 
reciprocals is called the method of Reciprocal Polars. 
The following are examples of reciprocal theorems: 


If a conic be inscribed in a tri- 
angle, the straight lines joining 
the points of contact to the op- 
posite vertices meet in a point. 

If a quadrilateral circumscribe 
a conic, the intersections of its op- 
posite sides and of its diagonals 
will be the vertices of a self-con- 
jugate triangle. 


If a conic be circumscribed to 
a triangle, the tangents at the ver- 
tices meet the opposite sides in three 
points lying on a straight line. 

If « quadrilateral be inscribed 
in a conic, the intersections of its 
opposite sides and of its diagonals 
will be the vertices of a self-con- 


jugate triangle. 


EXAMPLES. 


The pole of a fixed straight line, 
with respect to a conie inscribed 
in a given quadrilateral, lies on a 
fixed right line. 

If two triangles be polar reci- 
procals with respect to any conic, 
the intersections of their corre- 
sponding sides lie on a straight 
line. 
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The polar of a fixed point, with 
respect to a comic circumscribing a 
given quadrilateral, passes through 
a fixed point. 

If two triangles be polar reci- 
procals with respect to any conic, 
the straight, lines which join their 
corresponding vertices meet in a, 
point. 


EXAMPLES. 


1. OA, OB are tangents to.a conic and CD a chord. 
which subtends. a right angle at A. Prove that, if AC 
bisect the angle OAB, then CD passes. through Ο. 


2. Apply the method of the present chapter to draw 
tangents from a given point to a conic with the help of the 


ruler only. 
Compare Ex. 24, p.. 22. 


3. Four straight lines, drawn from the same point, meet 


a conic in A, B, €, D; 4.5.6, D. 


P(ABCD|- 


Prove that 


P(A'B'C'D^, 


where Pis any point on the curve. 


4. AB, CD are parallel chords. of a conic, and DE. a 
chord which bisects AB. Prove that the tangents at C, E 


intersect on ΑΡ. 


5, If the tangents to a parabola and their chords of 
contact be produced, two and two, show’ that each tangon! 


is cut harmonically. 
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6. A quadrilateral being inscribed in a circle, a triangle 
is formed by joining the points of intersection of its diagonals 
and opposite sides. Prove that the perpendiculars from the 
angular points of this triangle upon the opposite sides pass 
through the centre of the circle.. 


7. A chord of a conic which subtends a right isl at 
a fixed point on the curve passes tlitoügh a fixed point on 
the normal. 


8. The anharmonic ratio of the pencil formed by any four 
diameters of a conic is equal to that of the pencil formed by 
the conjugate diameters. 


9. Hence deduce that the anharmonic ratio of any range 
is equal to that of the pencil formed by the pose of the 
points which: constitute {πρ range. | 


10. Any number of: points which lie on a straight line are 
in involution with the points in which théir polars cut the 
straight Jine, Hence deduce the result of the last example. 


11. The sum οἵ 4. pair of supplemental chords equally 
inclined to the normal at their point of intersection i8 equal 
to the diameter of the circle which is the locus of intersec- 
tion of tangents at right angles. 


19, PQ. 194 chord of a circle whose pole lies on RS. The 
chord QT being parallel to RS, prove that PT bisects ΒΔ. 


13. The envelope of the polar of a point on the circum- 
ference of a circle, with respect to a circle whose centre is S, 
is a conic having S for focus. 


14. Prove that the eccentricity of the conic varies directly 
as the distance between the centres of the circles, and in- 
versely as the radius of the former. Hence determine in 
what cases the conic will be an ellipse, a hyperbola, or a 
parabola respectively. 
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15. OA, OB are tangents to a conics C any point on the 
curve. Prove that if P, Q be points in AC, BC, such that 
OPQ is a straight line, then BP, 4 Q intersect on the curve. 


16. A conic is inscribed in a triangle ABC, the points of 
contact being 4’, B’, O'. If P be any point on B'C', the 
straight line joining the points in which BP, CP meet AC, 
AB respectively touches the conic. 


17. If two triangles be so related that the sides of each 
are the polars of the vertices of the other, their six angular 
points will lie on a conic. 


18. If two triangles be self-conjugate with respect to the 
same conic, their angular points will lie on a conic. 


19. If two triangles be polar reciprocals with respect to 
a conic, the straight lines joining their corresponding vertices 
meet in a point, and the intersections of corresponding sides 
lie in a straight line. 


20. Pp, Yq are chords of a conic parallel to the tangents 
QT, PT respectively. Prove that the tangents at p, q inter- 
sect on the diameter through 7. 
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PROJECTION. 


If all points of a plane figure be joined to a point not in 
the same plane, the joining lines form a Cone of which the 
fixed point is vertex, and the figure in which this cone is cut 
by any plane is said to be the Conical Projection, or simply 
the Projection, of the original figure. 

The plane of the original figure will be called the Primi- 
tive Plane, and the cutting plane the Plane of Projection. 


l. Inthe figure, let the large curve represent the projection 
of the small curve, V being the vertex. Then the two curves 
are so related that a straight line drawn from V to any point 
on the latter curve will pass through some point on the former. 
The second of these points is the projection of the first. 


2. The projection of a straight. line, as BO, is determined 
by the intersection of the plane BOV, drawn through that 
line and the vertex, with the plane of projection. Thus the 
projection of BO is the straight line BO’. 

It is evident that if a straight line pass through a fixed 
point, its projection will pass through a fixed point, and if the 
locus of a point be a straight line, that of its projection will 
be a straight line. 

In what follows, the primitive plane and the plane of pro- 
jection are supposed to be fixed. The vertex has, in each 
case, to be determined. 


ὃ. To project an angle into any given angle. 
Let AOB be any angle in the primitive plane; a, 5 points 
in AO, BO respectively. On ab describe a segment of a circle 
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(in a plane parallel to the plane of projection) containing an 
angle equal to that into which it is required to project 4 OB, 
and let V be any point on the segment. 





B 


Take V for vertex and let the plane of projection intersect 
the primitive plane in the straight line AB. Let O' be the 
projection of O. Then VaO'À is a plane. [Euc. XI., 2. 

Now, since the parallel planes Vab, AO'B are intersected 
by the plane Va O'A in the straight lines Va, A O' respectively, 
therefore Va and 40’ are parallel (Euc. x1., 16). Similarly 

Vb, BO' are parallel. Hence 2AO'B=aVb.  [Euc. Χι., 10. 

But 40’ is the projection of 40, and BO’ that of BO. 

Hence 40 Β is the projection of 403, and it is equal to 
a Vb or to the given angle. 
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4. Let a plane through the vertex, parallel to the plane 
of projection, cut the primitive plane in the line ab. Then 
a straight line drawn through the vertex atid any point on 
ab will not meet the plane of projection, since it lies wholly 
in a plane parallel to the plane of projection. In other words, 
all points on the line ab are unprojected. 

For this reason, αὖ is called the Unprojected line. It is also 
said to be projected to infinity, since the plane of projection 
and the parallel plane Vab may be regarded as intersecting 
at an infinite distance. | 


5. ANY STRAIGHT LINE BEING UNPROJECTED, ANY TWO 
ANGLES MAY, IN GENERAL, BE PROJECTED INTO GIVEN ANGLES. 

Take any straight line in the primitive plane, and let it 
be intersected in a and b by the straight lines which contain 
any angle A OB, in the primitive plane. 

Through ab draw any plane, in which take a point V for 
vertex. Then ab will be unprojected if the plane Vad be 
taken parallel to the plane of projection. 

Also, as was shown in Art. 3, the angle a Vb is equal to 
the projection of .40B. Hence V may lie any where ona 
segment of a circle described upon ab and containing an 
angle equal to that into which AOB is to be projected. 

Let the straight lines containing the second of the angles 
Which are to be projected meet the unprojected line in the 
points a, b, Then, as in the former case, V may lie any 
where on a fixed segment of a circle, described upon αμ b, 
1n the same plane with the former. 

Hence, if the intersection of the two segments be taken as 
vertex, the original figure will be projected as required. 

The segments will not always intersect. In such cases 
the conditions cannot be all satisfied. 

The straight line in which the plane of projection cuts, the 
primitive plane is sometimes called the Intersection. 
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The plane through the vertex parallel to the plane of pro- 
jection may be called the Vertex Plane. 


6. To project any quadrilateral into a square. 
Complete the quadrilateral and let the exterior diagonal 
be unprojected. Then the projection is a parallelogram, since 


the points of intersection of its opposite sides are removed to 
an infinite distance. 


Project an angle of the quadrilateral into a right angle. 
The projection is then a rectangle. 


Project the angle between the interior diagonals into a 
right angle. ‘Thus the projection becomes a square. 


7. The anharmonic ratios of ranges and pencils are equal 
to those of their projections. 


Let O be any point and Ο' its projection; A, B, C, D 


τ; 


ο’ 


Α’ B’ σ΄ D' 


any range of a pencil whose vertex 1s-O, and A’, B’, C’, D' its 
projection; V the vertex. 
Then, since all ranges.of the pencil V are equal, 


{ABCD} 2 (A'B'C'D'; 
which proves the first part of the proposition. 
Hence also O(ABCD] — 0' 48091; 
which proves the second part. 
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8. Conics project into conics. | 

Let A, B, C, D be four fixed points on a conic; 
Αν B', C', D' their projections: P any other point on the 
conic; P'its projection. 

Then P{ABCD| = P'|A'B'C'D'. [S 7. 

But P{ABCD} is constant. [S 11, p. 184. 

Therefore, P'(A'B' C' 9} being constant, the locus of P' is a 
conic, passing through the fixed points A’, B', C', D'. [§11,p.184. 


9. To project a conic into a circle having the projection of 
a given point for centre. | 

Take any point C and let its polar be unprojected. Then 
the projection of C will be the centre of the projection, the 
centre being that point in a conic whose polar is at infinity, 
since tangents at the extremities of any diameter are parallel. 

Draw any chord ACA’, take any two points P, Q on the 
conic, as in the figure, and project the angles 44’. AQA’ 
into right angles. | 

Now suppose the figure to represent the projection, so 
that C is the centre. Then, since 
CA-OA', and P, Q are right Ἢ Q 
angles, therefore CA=OP=Cqg. F 
Hence the projection is a circle, 
since it 18 à conic in which three A 
real diameters are equal. 

It follows that à conic may be 
projected into a circle, any arbi- 
trary straight line in its plane being unprojected. 


- 


10. Zangents project into tangents. 

For, let P, Q be adjacent points on any curve, and 
P', Q' their projections. Then, when Q moves up to coin- 
cidence with P, Q' moves up to coincidence with P'; and, 
when PQ becomes the tangent at P to the locus of P, 
P'Q' becomes the tangent at P' to the locus of P'. 
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11. The relations of pole and polar are unaltered by 
projection. 

For, if a chord pass through a fixed point, its projection will 
pass through a fixed point; and if the tangents at the ex- 
tremities of the chord meet on a fixed straight line, the pro- 
jections of these tangents will be tangents which intersect 
on a fixed straight line. 


‘12. To project a given conic into a parabola. 
Let any tangent be unprojected. Then the projection 
is a parabola, since it is a conic which has a tangent at in- 


finity. [B 2, p. 172. 


13. Zo project a conic into a conic having the projections 
of given points for Jocus and centre. 

Let C, S be the given points, and let the polar of C be 
ο. Then the projection of C is the centre of the 
projection. 
^ Let CS meet LX, the polar of S, in X. Project the 
angle SXR into a right angle. Then the projection of S 
lies on an axis of the projection. 

Draw any tangent RP and project the angle PSR into 
a right angle. ‘Thus the projection of S becomes a focus 
(Prop. I., p. 6), its polar being the corresponding directrix. 
See Prop. 11., p. 7. 


14. To project a conic into a hyperbola, of given eccentricity, 
and having a given point for centre. 

Let PQ, the chord of contact of tangents through any 
point C, be unprojected. Then, the projection of C is the 
centre md CP, CQ project into tangents whose chord of 
contact is at infinity, that 1s, into the asymptotes of a 
hyperbola. [S p- 173. 

Again, if the eccentricity of the projection be given, the 
angle between its asymptotes is given. Hence, if the angle 
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PC@ be projected into the given angle, the thing required 
is done. 


15. Straight lines which intersect in a point may be pro- 
jected into parallel straight lines. 

Conversely, parallel straight lines project into straight lines 
which intersect in a point. 

A system of intersecting straight lines being given, let 
any straight line through their point of intersection be un- 
projected. The point of intersection being therefore pro- 
jected to infinity, the projected lines will be parallel. 

Conversely, if a system of straight lines in the plane 
of projection be parallel, the straight lines in the primitive 
plane to which they correspond will meet upon the unpro- 
jected line, | 


16. If three pairs of lines, in the plane of projection, 
be parallel, the corresponding pairs of lines in the primi- 
tive plane will, by the last article, intersect upon the un- 
projected line. | 

Hence in order to prove that the intersections of three 
pairs of lines lie in a straight line, it will be sufficient 
to show that the three pairs of lines may be projected into 
parallels. 

The same is true of any number of systems of inter- 
secting lines. 


17. PROJECTIVE PROPERTIES are those which, if true for 
any figure, are true for any other figure into which it can be 
projected. The use of projection, in such cases, is to simplify 
the figure without diminishing the generality of the proof. 

It follows from Art. 7 that anharmonic and harmonic pro- 
perties are, in géneral, projective. Properties which relate 
to poles and polars are also included in this class. - [S 11. 
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Ex, 1. Tb prove the harmonic properties of a complete 
quadrilateral. [S 9, p. 183. 
Project the quadrilateral into a square. Then the dia- 
gonals form a harmonic pencil with the straight lines drawn 
through their intersection parallel to the sides. — [S 8, p. 182. 
Hence the peneil O is harmonie, &c; [fig., p. 183. 


Ex. 2. To prove Pascal’s Theorem. [p. 186. 

Let the conic be projected into a circle, the straight line 
which joins the intersections of two pairs of opposite sides of 
the inscribed hexagon being unprojected. Then the pro- 
position is reduced (8 16) to the following, which is easily 
proved. 

A hexagon inscribed in a circle has two pairs of opposite 
sides parallel; prove that the remaining sides are parallel. 


Ex. 3. Two sides of a triangle inscribed in a éonic pass 
through fixed points ; prove that the envelopé of the third ts 
& conic. 

Let the conic bé projected into a circle, the line which 
joins the fixed points being unprojected. Then two sides of 
the projected triangle are parallel to fixed lines. 

Hence the third side, s#bteridinig à constant anglé at the 
circumference and therefore at the centre, envelops a con- 
centric circle. 


ORTHOGONAL PROJECTION, 


18. If from all points of any plane figure perpendiculars 
be drawn to a given plane, the feet of the perpendiculars 
trace out what 16 called the Orthogonal Projection of the 
original figure. 

Orthogonal projection is a particular case of conical pro- 
jection, since, when the vertex of the cone is removed to 
infinity, the generating lines become parallel. 

E 
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19. Parallel straight lines project orthogonally into parallel 
straight lines. 

For planes drawn through the lines perpendicular to the 
plane of projection are parallel, and therefore cut the plane 
of projection in parallel lines. 


20. Parallel straight lines are to their projections in a 
constant ratio. 

For if PQ be any straight line (fig., p. 144) and NM its 
orthogonal projection, then, the inclination of PQ, MN being 
constant, their ratio is also constant. | 


21. In general, all theorems which are true of Corre- 
sponding Points hold also in Orthogonal Projection. The 
connection between the methods may be exhibited as follows: 

Let a circle be supposed to be orthogonally projected into 
an ellipse. Let the planes of the curves first move parallel 
to themselves until the axis of the ellipse coincides with a 
diameter of the circle, and then revolve about that diameter 
until they coincide. The distance of any point on the ellipse 
from the axis will then bear a constant ratio to the distance 
from the axis of the point of which it is the projection. Hence 
_. points and their projections are thus made to Correspond. 
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1, The projection of a conic will be a hyperbola or an 
ellipse according as the unprojected line cuts or does not cut 
the conic. 


2. Project two conics into concentric conics, 


3. Project a quadrilateral inscribed in a conic into a 
rectangle inscribed in a circle. 


4. Hence prove that the intersection of the diagonals of 
a quadrilateral inscribed in a conic is.the pole of the line 
joining the intersections of its opposite sides; and that, if 
a second quadrilateral be formed by drawing tangents at the 
vertices of the first, the diagonals of the two will meet in 
a point. 

5. Project a conic inscribed in a quadrilateral into a 
parabola inscribed in an equilateral triangle. 


6. Project a conic circumscribmg a triangle into a para- 
bola circumscribing an equilateral triangle. 


7. Project any conic into a parabola having a given focus, 


8. If two triangles be such that the intersections of their 
corresponding sides lie on a straight line, the straight lines 
which join their corresponding vertices meet in a point. 


9. Ifa quadrilateral be divided by any straight line, the 
diagonals of the original and the component quadrilaterals 
intersect in three points which lie on a straight line. 


10. If a triangle be inscribed in a conic, the tangents at 
the vertices will intersect the opposite sides m three points 
which lie on a straight line. 


P2 
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11. Show how to project two conics into similar conics. 


12. Under what circumstances is it possible to project 
any number of conics into similar and concentric conics? 


13. Project any two conics into conics whose axes are 


parallel. 
14. In a given conic inscribe a triangle whose sides shall 
pass through fixed points. 


15. If through a fixed point Q a line be drawn meeting 
a conic in P, Q, and if {OPQR} be constant, the locus of R 
will be a conic having double contact with the former. 

Project the fixed point to infinity and the conie into 
a circle. What is the result when {OPQR} =1? 

16. If a tangent to a conic meet two fixed tangents in 
D, Q, and a fixed straight line in R, the locus of a point δ, 
so taken that {PQRS} is constant, will be a conic passing 
through the intersections of the fixed tangents with the fixed 
straight line. What does this theorem become when the 
fixed line is projected to infinity ? 

17. POP, QOQ, ROR, SOS" being chords of a conic, 
the conics which pass through O, P, Q, B, δ; O, P, Q', ΕΕ) 5' 
respectively have a common tangent at O. 

18. If Pp, Qq, Rr be intersecting chords of a conic, 
another. conic can be described touching the six lines. PQ, 
QE, Bp, p9, qr, rP. 

19. Show that there are two solutions of the problem of 
projecting a conic into a circle having a given centre. 


20. Given a cone described upon a conic as base; deter- 
mine the planes of circular section, and show that they are 
parallel to one of two fixed planes. 


_ Many of the examples of previous chapters will serve also 
as examples on projection. 


( 918 Ὁ 
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In the following articles an Ellipse 18 considered to be 
defined as the locus of a point, the sum of whose distances 
from two fixed points is constant; and a Hyperbola as the 
locus of a point the difference of whose distances from two 
fixed points is constant. In either case it is easily seen that 
the constant length is equal to AA’ or 2604, with the usual 
notation. 

The fixed points are called Foci, and will be denoted 
by 6, H. 

I. The straight line which bisects the exterior angle between 


the focal distances of any point P on the ellipse is the tangent 
at that point. 

Draw YPZ (fig., p. 58) bisecting the angle between HP 
produced and SP, and let SY, drawn perpendicular to PY, 
meet HP in R. Then PR = SP. 


Therefore HR = HP+ SP= 44’. 
Also, if Z be any point on the line PY, then SZ- RZ. 
Therefore HZ4 SZ= HZ + RZ. 


Therefore HZ+ SZ is greater than HR or AA’, except 
when Z coincides with P. Hence the line PY meets the 
ellipse in one point only, and therefore touches it. 


II. It follows that the bisector of the angle SPH, being at 
right angles to PY, is the normal at P. 
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III. If the normal at P, in the ellipse, meet the axis 
in Gi, then 
SG: SP=CS8: CA. 
Since PG bisects the angle SPH, 
SG: HG=SP: HP. [Euc. III., 2. 
Therefore SG: SG+ HG — SP: SP+ HP. 
But SG+HG=2CS and SP+ HP=2CA. 
Hence SG: SP=CS: CA. 


IV. The circle which passes through the foci of a central 
conic and any point P on the curve may be called the Focal 
Circle of the point P, so that Props. VI., p. 55 and VIL, p. 108 
may be thus μα. 

The focal circle meets the tangent and normal in the 
minor axis. 


V. The distance of a point on the ellipse from etther focus 
bears a constant ratio to its perpendicular distance from α 
fixed straight line. 

Let the normal at P meet the axes in G, g. Describe 
the circle SPH. 
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Through P draw a straight line parallel to the axis, and 
let it meet gS, gC, gH in M, n, N respectively. Draw MX, 
NW perpendicular to the axis. 

. Then, since angles in the same segment are equal, and 
the triangle gSH is isosceles, 


LSPG -gH8- gH. 


Hence L SMP=g 8SH [Euc. 1. 29, 
= SPG, from above. 
Also Z SPM = PSG. [Euc. 1., 29. 


Hence, the triangles SMP, SPG being similar, SP is to PM 
as SG to SP. 


But  . SG: SP=CS: CA. [S III. 
Therefore SP: PM=CS: CA, 
or SP bears to PM the constant ratio of CS to CA ...... (1). 
Also SG: ΡΗΞ ΟΡ’: CA’. 


But, by similar triangles, the ratio SG: PM is equal 
to gS: gM, which is equal, similarly, to CS: nM. Also 
nM = CX. 

Therefore CS: CX=CS" : CA’, 
which proves that .X is a fixed point, and therefore MX 
tb fied straight lune... ee eeee ee vae shevcsnsesaaeecess (1). 

Similarly, NW is a fixed straight line, and 


HP: PN=CS8S: CA. 


VI. The straight line which bisects the angle between the 
focal distances of any point P on the hyperbola is the tangent 
at that point. 

Draw SY (fig., p. 105) perpendicular to the bisector of the 
angle SPH and meeting HP in k. Then Pk= SP. 

Therefore Hk= HP—SP=AA', 

Let Z be any point on PY. Then SZ= kZ: 

Therefore HZ ~ SZ= HZ ~ Zk. 
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Therefore, HZ ~ SZ being less than Hk or 4A’, the peint 
Z lies on the convex side of the curve, except when it coin- 
cides with P. Hence PY is the tangent at P. 


VII. Hence the straight line which bisects’ the angle between 
HP produced and SP, being at right angles to FA is the 


normal at Ὁ, 


VIII. Tf the normal at P meet the axis in Οἱ, then 
SG: SP=C8: CA. 
Since PG bisects the angle between HP produced and SP, 
SG: HG=SP: HP. [Eue. VI., A. 
Therefore SG: HG — 8G — SP: HP— SP. 
But HG — S0 2208 and HP— SP=2CA. 
Therefore SG: SP=CS8S: CA. 


IX. The distance of a point on the hyperbola from either 
focus bears a constant ratio to tts perpendicular distance from 
a fixed straight line. 

Let the normal at P meet the axes in 6,σ. Deseribe the 





circle SFgH. Through P draw a straight line parallel to the 
axis, and let it meet g0, gi in M, n, N respectively. 
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Then 4 SPG —supplement of SPy = SHg. (Bue. 111., 22. 
Also 4 SMP'— alternate angle Πα = ΘΗ. 


Hence, the angles SMP, SPG being equal and also the 
alternate ‘angles SPM, PSG, the triangles SMP, SPG are 


similar and SP is to PM as S G to SP. ‘Ene. VI., 7. 
But SG: SP=CS8S: CA. [S VIH. 

Therefore SP; PM=CS: CA, 

or SP bears to PM a οοπ6ἰαπίταξῖο......................... (1). 
Also δα: PM= CS? : CA. 


But, by similar triangles, the ratio SG: PM is equal 
to gS: gM, which is equal, similarly, to OS: nM. Also 
nM = CX. 


Therefore G8 OX — OS? 1 CA’, 
which proves that X is a fixed point, and therefore MX a 
Pred Straight: missio ο ο eee ο e ea auae (ii). 


Similarly, NW is a fixed straight line and 
HP: PN— C08: CA. 


X. All diameters of an ellipse or a hyperbola pass through 
the centre. 

(i) Let a straight line drawn parallel to the major axis 
of an ellipse meet the curve in P and the minor axis 


in O. [fig. 1, p. 17. 
In PO produced take a point Q such that OQ = OP. 
Then HQ=SP and 8Q= HP, 

. Therefore. SQ + HQ = P+ HP, 


which proves that Q lies on the curve. 

Hence the minor axis divides the curve into equal and 
similar parts, for, corresponding to any point P on the curve, 
there 16 a point Q, lying on the curve, equidistant with P 
from the minor axis. 
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But the major axis also divides the curve into equal and 
similar parts. Hence AA’ and BB’ (fig., p. 64) divide the 
curve into four equal and similar parts. 

It follows that all chords through C are bisected in that 
point, and hence that all diameters pass through Ο, a dia- 
meter being a straight line which bisects a system of 
parallel chords. [Prop. XII., p. 15. 


(ii) In the case of the hyperbola it may be shown 
(fig. 2, p. 17) that 
HP- SP-2 SQ— HQ, 
where P, Q are equidistant from the minor axis. 
Hence it may be shown, as in the case of the ellipse, that 
all diameters pass through C. 


XI. With? the construction of the Lemma, p. 14, OC is 
equal to 4SP, and the radius of the circle to 18Q. 





- 
a 
a 
^. 
` 


R Y~ Q 0 Ῥ 
Therefore OM=00+ CM=4(SP+ SQ) ......... (i), 
and ΟΝ-ΟΟ-ΟΝ =4(SP— SQ)......... (ii). 
Again, ON.OM=0Q.0Y. [Euc. 111., 36, Cor. 
Therefore OY: OM=ON :0Q 
=0M: OR, [Euc. VI., 2, 
or OY ORE OME ee: (iii). 


Similarly O Y. OR ON .....csccoscsvssssecencescens . (iv), 
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E' being the point in which SN, the internal bisector of the 


angle PSQ, meets PQ. 
It has also been shown (p. 188) that 
OTOL = OQ τν ο... (v), 
and (p. 14) OY ΟΞΕΟΣ ος... (vi). 


Let an ellipse and a hyperbola be described, having 
P, Q for foci and passing through S. Then SÈ touches the 
former, and S the latter. Also QM, QN are perpendicular 
to SR, SE. 

Hence the results (i)—(iv) correspond respectively to 
Props. IX., p. 57; IX., p. 104; XV., p. 62; XIIT., p. 108. 

Also (v) and (vi) may be written, with the more usual 
notation, 

CG.CT- CS, 
and CN: CG= SP’: SG" 
= CA’: CS’. [Prop. IX., p. 12. 


XII. The chord of curvature of a parabola, drawn parallel 
to the axis through any point P, is equal to 48P. 

In fig. p. 152 suppose PU to be drawn parallel to the axis, 
instead of through the focus, and let PV be the abscissa of Q. 
The rest of the construction being the same as before, denote 
the focus by S'. 


Then QV* —4S'P.PV, [Prop. ΙΧ., p. 30, 
and PT'—TQ.TH. [Euc. ur, 36, Cor. 

But QV, PT are equal. 

Hence TQ.TH —AS'P. PY. 

Also TH — PU ultimately; and TQ = ΡΥ. 

Therefore PU zA4S'F. 


XIII. The notation S{R} may be used to express the 
anharmonic ratio of the pencil formed by joining any four 
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positions of a variable point R to the vertex S. If T bea 
second variable point connected with the former, then S (T! 
expresses the anharmonic ratio of the pencil formed by join- 
ing to © the four corresponding positions of T. These ex- 
pressions may be regarded as abbreviations of S{h ALAR}, 
S(T.T,T.). 

The following article will exemplify the use of the above 
notation. 


XIV. If a chord of a conic pass through a fixed point, the. 
tangents at tts extremities will intersect on a fixed straight line. 
Let a chord drawn through a fixed point O meet the 


ος 
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R 
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directrix in R, and let the tangents at its extremities inter- 
sect in 7. Draw CT, from the centre, to meet the directrix: 
in V. Join SV, ST. 


Then TSR is a right angle. [Prop. ΥἹΙ., p. 11. 
Therefore S(T| S 8 {Rk} OR]. 
But SV is perpendicular to OR. [Cor. 2, p. 16. 
Therefore O{R} = S(V] 3C(V]. | 
Hence l S{T\=C{V}=C{T, 


or 8(T.T,T T) =O{L,7,7,T}. 
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Let T, lie on the axis. Then the equal pencils S, C have 
the axis for a common ray. 
Hence the locus of T is a straight line. [5 5, p. 181. 


XV. Any two conjugate points of a system in involution 
form with the foci a harmonic range. 

The two ranges formed by any four points and their 
conjugates are equal, and either focus is, by definition, its 
own conjugate. Hence, if A, A’ be conjugate points and 
F, F' the foci, 

(AFA'F') = {A FAF}, 


‘which proves the proposition. [S 7, 182. 


XVI. The anharmonic ratio of the pencil formed by 
joining four fixed points on a circle to a variable point on 
the curve is constant, for its angles are constant since they 
stand upon fixed arcs. 

XVII. Props. ΙΠ., IV., ΥΠΙ.--Σ., Chapter rr are the 
geometrical equivalents of the following analytical results: 

(i) Polar equation of a conte. 

Let e denote the eccentricity and 0 the angle PSX. [fig., p. 12. 


Then PK = SP - SG cos(z - 0) 
= SP + e. SP cosO, [ Prop. IX., p. 12. 
Let PK =l and SP =r. 
Therefore l=r+e.r 9086, 
or P 1 4 e cos. 
| r 


(ii) Polar equation of the tangent to a conic. 


Let L TSX =0 and 2 PSX =a. [fig., p. 7. 
Then SX = TN + ST cos. 
Therefore e. SX = SL t e. ST cos0 [ Prop. 111., p. 7, 


= SV cos(¢ - 0) t e. ST 0056. 
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But e.SX =l. Hence, if ST =r, 
l =r οοβ(α — 0) + e.r 00906, 


or Lze cosÓ + cos (e - 0). 


(iii) Polar equation of the chord of a conic. 
From any point 7" on QR (fig., p. 12) draw ΤΝ perpendicular to the 
directrix, and 7" parallel to RS or perpendicular to ST. | Prop.VIIL., p.11. 


Let LT'SX-20; LTSP=B; LTSX =a. 
Then, if ST, 11 intersect in O, 
S.L cosB = SO = ST’ cos(« -- 0). 


Also SX = ST’ cos0 + T"N. 
Therefore e. SX =e. ST' cos + SL [Prop. IV., p. 8, 
- e. ST" cos0 + ST’ secß cos(a — θ). 
But - e. S.X =}. Hence, if ST" =r, 
ne l — e.r 9086 + r sec cos(a - 6). 
Therefore : Ξ 6 00860 + sec cos(a - 8), 
THE END. 


W, Metcalfe, Printer, Green Street, Cambridge. 
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PREFACE. 


IN preparing the present treatise on Analytic Geometry, I have 
had in view two principal objects: to furnish an adequate intro- 
duction to the writings of the great masters; and to produce a 
book from which the topics of first importance may readily be 
selected by those who can not spare the time required for reading 
the whole work. I have therefore presented a somewhat ex- 
tended account of the science in its latest form, as applied to 
Loci of the First and Second Orders; and have endeavored to 
perfect in the subject-matter that natural and scientific arrange- 
ment which alone can facilitate a judicious selection. 

Accordingly, not only have the equations to the Right Line, 
the Conics, the Plane, and the Quadrics been given in a greater 
variety of forms than usual, but the properties of Conics have 
been discussed with fullness; and the Abridged Notation has 
been introduced, with its cognate systems of Trilinear and Tan- 
gential Co-ordinates. On the other hand, to facilitate selection, 
these modern methods have been treated in separate chapters; 
and, in the discussion of properties, distinct statement, as well as 
natural grouping, has been constantly kept in view. 

It is to be hoped, however, that omissions will be avoided 
rather than sought, and that the modern methods, which are 
here for the first time presented to the American student, may 
awaken a fresh interest in the subject, and lead to a wider study 
of it, in the remarkable properties and elegant forms with which 
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it has been enriched in the last fifty years. The labors of Pox- 
CELET, STEINER, MOBIUs, and PLUCKER have well-nigh wrought 
a revolution in the science; and though the new properties which 
they and their followers have brought to light, have not yet re- 
ceived any sufficient application, nevertheless, in connection with 
the elegant and powerful methods of notation belonging to them, 
they constitute the chief beauties of the subject, and have very 
much heightened its value as an instrument of liberal culture. 

To render the book useful as a work of reference, has also been 
an object. In the Table of Contents, a very full synopsis of 
properties and constructions will be found, which it is hoped 
will meet the wants, not only of the student in reviewing, but 
of the practical workman as well. 

In the demonstrations, convenience and elegance have been 
aimed at, rather than novelty. When it has seemed preferable 
to do so, I have followed the lines of proof already indicated by 
the leading writers, instead of striking out upon fresh ones. My 
chief indebtedness in this respect, is to the admirable works of 
Dr. GEORGE SALMON. The treatise of Mr. Todhunter has fur- 
nished some important hints; while those of O’Brien and Hymers 
have been often referred to. For examples, I have drawn upon 
the collections of Walton, Todhunter, and Salmon, Of American 
works, those of Peirce and Church have been consulted with 
advantage. 

To Professor William Chauvenet, Chancellor of Washington 
University, formerly Head of the Department of Mathematics 


in the United States Naval Academy, I am indebted for many 
valuable suggestions. 


H. 


WASHINGTON cx] 
ST. Louis, Sept., 1869. 


NOTE TO SECOND EDITION. 


At the suggestion of several instructors, I place here an OUTLINE 
OF THE CoURsES oF STUDY which seem to me most judicious in 
using the present treatise. 


MINIMUM COURSE. 


Book I, Parr I. Arts. 1—6; 13—28; 46—64; 74— 
85; 95, 96,.98, 99; 101—103; 106; 133— 
138; 145—152; 165—172; 179—184. 

Book II, Part I. Arts. 293—305; 310—317; 351—397; 
359—372; 376; 379—985; 389—392; 402—406; 
111—415; 416—418 ; 421, 422; 427—429; 442— 
444; 446— 454; 456—409 ; 473; 476—481; 485— 
488; 497—501; 506, 507, 510, 511, 514, 515; 
520—522; 535—543; 546—550; 558—551; 559— 
576; 579—586; 594—609; 622—634. 

Boox II. Arts. 674—690, includine the general doctrine 
of Space- coórdinates and of the Plane. 


To these articles there should be added such a selection from the 
Examples as the Course implies. The Course will thus include 
about 210 pages. 


INTERMEDIATE COURSE. 


This Course is what I suppose the leading Colleges will be most 
likely to pursue, and should therefore include 


Tue INTRODUCTION. Arts. 1—6; 13—45. 

Book First, Parr I. Chapter I. 
Part II, Chapter I to Art. 274. Chapter II to 
Art. 332, omitting, however, Arts. 307, 524—- 
327. Chapters III—V, omitting Articles in fine 
type. Chapter VI to Art. 670. 

Book 3ΞΕΟΟΝΡ. Chapter I. Chapter II, Arts. 713, 714; 
131—741. 


THE FULL COURSE 
Is intended for such students as desire to make Mathematies a 


specialty; and students in Schools of Technology will naturally 
read the whole of Book Second, even when they omit large (ore 


tions of Book First. 
THE AUTHOR. 


Page 68, line 20: 


108, 


ERRATA. 


for sin — w read sinw. 


21: for + read —. 


: dele the period at the close. 

: for k"— 4A : sin C read k"— sin A : sin C. 
: put the ? outside of the brace. 

: for of read to, and dele the period. 
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NOTE. 


The references in the present treatise are to Ray's New Higher 
Algebra, and Ray's Geometry and Trigonometry. 


INTRODUCTION: 
THE NATURE, DIVISIONS, AND METHOD OF 


ANALYTIC GEOMETRY. 


ANALYTIC GEOMETRY: 


ITS NATURE, DIVISIONS, AND METHOD. 


I. By Analytic Geometry is meant, speaking gen- 
erally, Geometry treated by means of algebra. That is to 
say, in this branch of mathematics, the properties of 
Figures, instead of being established by the aid of dia- 
grams, are investigated by means of the symbols and 
processes of algebra. In short, analyte is taken as 
equivalent to algebraic. 

2. Accordingly, and within recent years especially, 
the science has sometimes been called Algebraic Geom- 
etry. It is preferable, however, for reasons which will 
appear farther on, to retain the older and more usual 
name. Why algebraic treatment should be considered 
analytic, —in what precise sense geometry is called 
analytic if treated by algebra, when it is not called so 
if treated by the ordinary method, — will appear as we 
proceed. But, for the present, the attention needs to be 
fixed upon the simple fact, that, in connection with 
geometry, analytic means algebraic. 

3. The properties of Figures are of two principal 
classes: they either refer to magnitude, or else to position 
and form. Thus, The areas of circles are to each other as 
the squares upon ther radi, is a property of the first 


(3) 
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kind; of the second is, Through «ny three points, not in 
the same right line, one cirele, and but one, can be passed. 


4. Accordingly, geometric problems are either Prob- 
lems of Dimension or Problems of Form. 


5. Corresponding to these two classes of problems, 
there are, in Analytic Geometry, two main divisions ; 
namely, DETERMINATE GEOMETRY and INDETERMINATE 
GEOMETRY. 

The methods of these two divisions we now proceed to 
sketch. 


I. DETERMINATE GEOMETRY. 


6. The geometry of Dimension is called DETERMINATE, 
because the conditions given in any problem in which a 
dimension is sought must be sufficient to determine the 
values of the required magnitudes; or, to speak from the 
algebraic point of view, these conditions are always such 
as give rise to a group of independent equations, equal 
in number to the unknown quantities involved, and there- 
fore determinate.* 


7. In completing a problem of Determinate Geometry, 
there are two distinct operations: the SOLUTION and the 
CONSTRUCTION. 


5. The Solution for the required parts, consists in 
representing the known and unknown parts of the figure 
in question by proper algebraic symbols, and finding the 
roots of the equations which express the given relations 
of those parts. 

The Construction of the parts when found, consists 
in drawing, according to geometric principles, the geo- 
metric equivalents of the determined roots. 


* Algebra, Art. 159, compared with 168. 
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The principles underlying each of these operations 
will now be developed. 


PRINCIPLES OF NOTATION. 


9. These are all derived from the algebraic convention 
that a single letter, unaffected with exponent or index, 
shall stand for a single dimension; or, as it is commonly 
put, that each of the literal factors in a term is called a 
dimension of the term. From this, it follows that the 
degree of a term is fixed by the number of its dimen- 
sions. Our principles therefore are: 


lst. Any term of the first degree denotes a LINE, of de- 
terminate length. For, by the convention just stated, it 
denotes a quantity of one dimension. When applied to 
geometry, therefore, it must denote a magnitude of one 
dimension. But this is the definition of a line of fixed 
length. Accordingly, a, x denote lines whose lengths 
have the same ratio to their unit of measure that a and x 
respectively have to 1. 


2d. Any term of the second degree denotes a SURFACE, 
of determinate area. For it denotes a magnitude of two 
dimensions, that is, a surface; and since each of its 
dimensions denotes a line of fixed length, the term, as 
their product, must denote a surface of equal area with 
the rectangle under those lines. In fact, it is usually 
cited as their rectangle. Thus, ab denotes the rectangle 
under the lines whose lengths are a and 6. Similarly, 2? 
denotes the square upon a side whose length is z. 


9d. Any term of the third degree denotes a SOLID, of 
determinate volume. For it is the product of the lengths 
of three lines, and hence denotes a volume equal to that 
of the right parallelopiped between those lines, and is so 
cited. Thus, adc is the right parallelopiped whose edges 
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have severally the lengths a, b, e; and 2? denotes the cube 
on the edge whose length is x. 


4th. An abstract number, or any other term of the zero 
degree, denotes some TRIGONOMETRIC FUNCTION, to the 
radius 1. The general symbol for a term of the zero 


gs ; 
degree may be written z> since the number of dimen- 


sions in a quotient equals the number in the dividend 
less that in the divisor. If, now, 

we lay off any right line AB =b, B 
describe a semicircle upon it, and, i 
taking the chord BC — a, join AC: | 
we shall have (Geom., Art. 225) AG — — je 
the triangle ABC right-angled at C. bo .... ρὲ 
Hence, (Trig., Art. 818,) 


ee ate al 
7 — SIN ,1, 
b 


If the base, instead of the hypotenuse, were taken == b, 
we should have 


nel 
5 — tan : 


If the hypotenuse were taken = a, and the base == 6, 
we sliould have 

a 

j = see A; 


and so on. 


oth. 4l polynomial, in geometrie use, is always ΠΟΜΟ- 
GENEOUs, and denotes (according to us degree) a length, 
«n aret, or à volume, equal lo THE ALGEBRAIC SUM of 
the magniludes denoled by ils terms. By the ordinary 
convention of signs, it must denote the sum mentioned; 
it is therefore necessarily homogeneous, since the sum- 
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mation of magnitudes of unlike orders is impossible. 
We can not add a length to an area, nor an area to a 
volume. 

Corollary.— Hence, if a given polynomial be apparently 
not homogeneous, it is because one or more of the linear 
dimensions in certain of its terms are equal to the unit 
of measure, and consequently represented by the im- 
plicit factor 1. When, therefore, such a polynomial occurs, 
before constructing it, render its homogeneity apparent by 


supplying the suppressed factors. Thus, 
a? + a?b — e — fg = a+ db —ex1x1—/fg X1. 


Similarly, for 

ey 
we may write 

x31 
and so on. 


6th. Terms of higher degrees than the third have no 
geometric equivalents. For no magnitude can have more 
than three dimensions. 


Corollary.—lf expressions apparently of such higher 
degrees occur, they are to be explained by assuming 1 as a 
suppressed divisor, and constructed accordingly. Thus, 


71x1 1x1x1’ 


q’ 


and so on. 


e 


Remark.—These six principles enable us to represent by 
proper symbols the several parts of any geometric problem, and 
to interpret the result of its solution, as indicating a line, a 
rectangle, a parallelopiped, etc. We then construct the magni- 
tude thus indicated, according to the principles to be explained 
in the next article. 
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EXAMPLES. 


1. Render homogeneous a*b + c — a’. 


2. In what different ways may the degree of 2a be reckoned? 
Of dry? Of y 5(z* 4- y?)? State their geometric meaning for each 
wüy. 

3. Interpret geometrically V/2ab; V3; Va; and V δα. 


4. Adapt ab to represent a line; also, V abc. 
9. What does V a? + 6? represent? What V m? -E n? — [ — 7?? 


6. γ΄.1 being given as denoting a surface, render its form con- 
sistent with its meaning. 
a d- d? --rÀ 
[? -+ m? 
abe + d+ € 
Bender = oe 


T. Render homogeneous of the second degree. 


homogeneous of the first degree. 


αἲῤ + c — d? 
fg 
10. Adapt a9? to represent a solid; —a surface; —a line. What 

is the geometric meaning of α ὁ 3} of aà5b 71? of a7?? 


9. Render homogeneous of the zero degree. 


PRINCIPLES OF CONSTRUCTION. 


10. In these, we shall confine ourselves to construct- 
ing the roots of Simple Equations and Quadratics. 





I. The Root of the Simple Equation.—This may 
assume certain forms, the construction of which can be 
generalized. The following are the most important: 


Ist. Let z— a = b. Here, (Art. 9, 5) x denotes a 
line whose length is the algebraic sum of those denoted 
by a and b. Therefore, on any right line, take a point A 
as the starting-point, or Origin, and lay off (say to the 
right) the unit of measure till 
AB —a. Then, if bis pos- B-r p 
iive, by laying off, in the 
same direction and on the same line as before, BC = b, 
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we obtain AC as the required line; for it is evidently 
the sum of the given lengths. But, if b is negative, its 
effect will be to diminish the departure from A; hence, 
in that case, it must be laid off as BD — BO =b. We 
thus obtain AD for the required line; and it is obviously 
equal to the difference of the given lengths. 

If 6 >a and negative, then z is wholly negative. Our 
construction answers to this condition. For then the 
extremity of b will fall to the left of the origin Α, say at 
E, and the line z will therefore be represented by AE, 
and measured wholly to the left of A. 

This brings into view the important principle that the 
signs + and — are the symbols of measurement in opposite 
directions. Hence, if we have a linear polynomial, its 
negative terms are to be constructed by retracing such a 
portion of the distance made from the origin, correspond- 
ing to its positive terms, as their length requires. If we 
have two monomials with contrary signs, they must be 
laid off in opposite directions from the origin. 


b 
ο Leca = — In 


this case, x denotes a line 
whose length is a fourth 
proportional to c, a, and b. 
Therefore, draw two right 
lines, AC and AZ, making any angle with each other. 
On the one, lay off AB =e, and AC =a; on the other, 
AD =b. Join BD, and draw CE parallel to BD; then 
wil AE be the line required. For, (Geom., 307) the 
triangles ABD, ACE being similar, we have 


AB VIC Dc ARS or. ea 3:207: AL. 





b 
Ag = a. 


C 
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abe ab 
9d. Let x = —-. Putting — = k, this may be 
JI a ` 
written 
ke 
2 ——. 

g 
b 


a ; ; 
Therefore, construct k = T? as in the preceding case, 


and, with the line thus found, apply the same construc- 
tion to 2. 


abed kd "MT abe ke 
τοι = τν by putting k ———-—-—. 
fgh h? ty 9 

And, in the same way, we may construct any quotient 
of the first degree. 


In like manner, 


II. The Roots of the Pure Quadratic.—Three or 
four cases deserve attention: 


Ist. Let z = 1/ab. Here we have a line whose length 
is the geometric mean of a and b. There are several 
constructions, but the following is as elegant as any. 
On any right line, lay off AB =a, 
and BC =b. Upon AC =a + b, 
describe a semicircle. At B erect a 
perpendicular meeting the curve in 
D: BD is the line sought. For 
(Geom., 325) 


BD=VAB XBU =V ab — a. 


Strictly speaking, since the radical γ΄ αὖ has a double 
sign, there are two lines answering to z, equal in length, 
but measured in opposite directions. And for this, in 
fact, the construction provides: since there is a semi- 
circle below, as well as above AC, to which the per- 
pendicular dropped from B has the same length as BD, 
but is drawn in a direction exactly opposite. 
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2d. Let z =Va?+ ac. Writing this in the form 
a=Vala+ ο), 

we perceive that we have to construct the geometric 
mean ofaanda-+e. On any right 
line lay off AB —a, and BC=c: then 
AC —a--e. Describe a semicircle 
about AC, erect the perpendicular 
BD, and join AD: AD is the line 
required. (Geom., 924, 2.) In this 
case, to satisfy the negative value of z, we must lay off 
a and e from A to the left, and throw our semicircle 
below the — (a + c) thus formed. The geometric equiv- 
alent of x is the chord joining A and the point where 
the perpendicular from the extremity of — a meets this 
downward semicircle. And this chord is obviously drawn 
from A in exactly the opposite direction to AD. 

dd. Let r= Vv a*-- 0. This gives us 
the side of a square whose area equals 
the sum of two given squares. Ac- 





C 
cordingly, lay off AB =a; at B erect 
a perpendicular, and upon it take 
BC =b; join AC: then (Geom., 408) f | 


AC is the line required. 


4th. Let z = V¥c*— 6". In this case, we are to con- 
struct the side of a square whose area equals the differ- 
ence of two given squares. Lay off 
AB = e, and erect upon it a semi- 
circle. From A as a center, with a 
radius AC’ — 6,describe an arc cut- 
ting the semicircle in C. Join CB, 
and (Geom., 409) BC will be the required line. 


We leave the discussion of the negative values of z, in 
the last two cases, to the student. 
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III. Roots of the Complete Quadratic. — Let 
us consider the Four Forms separately. (See Alg., 
231.) 


Ist. The First Form of the complete Quadratic is 
aOT2pre 
Its roots are given in the formula 
e a Ρ̓ ΕΦ 
To construct these: Lay off AB =q. At B erect the 
perpendicular BC =p. From 
Č as center, with the radius BC eM. τ 
describe a circle. Joinul(, and 1 
produce the line to meet the cir- 


cle in #: AD and EA are the 
required roots. For,by the con- 





construction, AC = Vp? + q’; 
and, the first of the above roots having the radical positive, 
we must lay it off to the right, from Æ to C. The neg- 
ative p must now be laid off to the left, from C to D. 
Hence, 

AD-—-—p-FV-tq-—z (1). 
In the second of the above roots, the radical is negative. 
Both that and p must therefore be measured to the left 
from their origin. We begin, then, at Æ and lay off 
EC = — p; continuing in the same direction, CA = 
στι ρα Whence 

EAS pV PHE" (2). 

2d. The Second Form is written 


7? — 2px = q. 


* Dy writing the absolute term as of the 2d degree, since (Art. 9, 5) the 
equation is homogeneous. 
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Solving for x, we obtain 
t= pV pt ο) 
The construction is the same as in the First Forn, ex- 
cept that the roots are laid off differently. In the first 
root, p and the radical are both positive; accordingly, 
we begin at A, and take Yp?+q?=AC; p must be 
taken in the same direction = CH: hence we obtain 
AE —p- Vp ga (3). 
In the second root, p being positive and the radical neg- 
ative, we begin at D, and take p = DC; we then retrace 
our steps, taking —V p? += CA. Whence 


DA — p —YV p! +F a (4). 
9d. The Third Form is 
t? + 2px — — gq’: 


whence 

p——p-«Vvp-g. 
We construct these roots as follows: On any right line, 
lay off AB = p; erect at B a perpendicular, and take 
upon it B C =q; from C as a center, 
with a radius equal to p, describe an 
arc intersecting AF in D and Æ: 
DA and ΚΑ are the roots required. , « ra 
For, by the construction, DB = M7 
BE=Vp'—¢. From D as origin, 
take DB = Vp! — q^; from B, measure backwards 
BA = — p: and we obtain 


DA — — p+ V yp — ë =r (5). 
If from Æ as origin we measure to the left, EB = 
— y/ p! — g, and BA — — p. Whence we have 

EA — — p — yy? — g? =r" (6). 
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4th. The Fourth Form is 


1 — 2 pr—— Us 
Its roots are 
t= p E | E: 


Using the same general construction as in the Third 
Form, we find the lincar equivalent of the first of these 
by assuming -Å as origin, taking AB = p to the right, 
and, in the same direction, BE —1 p?—y*. Whence, 


AE=p +r pP — 5r (7). 


For the second root, still making A the origin, we have 
A.B — p, and BD — —1 p! —4*. Therefore, 


AD — p — V pi f za (8). 


Remarks.—The constructions just explained furnish 
a good example of the clearness and completeness with 
which algebraic and geomctric properties reflect each 


other, when the necessary conventions are established. 
Thus, 


First: The construction in the First Form reflects the 
algebraic property (Alg. 234, Prop. 4th) that the absolute 
term of a complete quadratic is equal to the product of 
its roots.* For, by the construction, AB = q is tangent 
to the circle DBE at B. Hence (Geom., 333) AB? = 
AD X AE. That is, g ir. 

On the other hand, we may see that the algebraic con- 
dition, g* — z'/z", gives us the geometric property that 
the square on the tangent to a circle, from any point with- 
out the curve, 18 equal to the rectangle under the segments 


* We assume here, as we shall generally throughout the book, that 
the absolute term is written in the first member of the equation, 
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of the corresponding secant. For, multiplying together 
equations (1) and (2), we have, 


χα) — ADK HA. 


But our condition gives us z'z" — gq’; and, by the con- 
struction, j^ = ΑΒ’, Hence, 


AB? — AD x EA. 


Now, AB and A are respectively the tangent and 
secant from A to the circle DBE. 


Second: If we compare equations (1) and (4), (2) and 
(3), we observe that the linear equivalents of z' in (1) 
and x” in (4), of x” in (2) and z' in (8), are identical 
lengths, measured in opposite directions. In other words, 
the positive root of the First Form 1s the negative root 
of the Second, and vice versá. This is as it should be: 
for, obviously, the First Form becomes the Second, if 
we put —z for +2. 

Third: If, in equations (5), (6), (7), (8), we suppose 
p >q, the roots are real and unequal. The construc- 
tion also indicates this. For, so long as the hypotenuse 
CD = p is greater than the perpendicular CB =q, it will 
intersect AF’ in two real points. 

If we suppose p = q, the roots are real, but equal. 
This, too, is involved in the construction. For, when the 
radius CD = p becomes equal to CB =q, the circle touches 
AF; that is, its two points of section with AF become 
coincident in D, and AD = AB = AH. 

Fourth: If, in (5), (6), (7), (8), we suppose g > p, the 
roots become imaginary. With this, again, the construc- 
tion perfectly agrees. For, if q > p, the radius CD is 
less than the perpendicular CB, and the circle cuts AF 
in imaginary points. The supposition, moreover, re- 
quires us to construct a right triangle whose hypotenuse 

An. Ge. 5. 
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shall be less than its perpendicular — a geometric impos- 
sibility. This agrees with the well-known algebraic 
principle, that imaginary roots arise out of some incon- 
griily in the conditions upon which the equation is 
founded. 

EXAMPLES. 

]. Construct x = V 0 + m?— rè, first, by placing m? — n? = k’; 
secondly, by placing L? + m = k’; n by placing /*— n? = Κ᾽, 
Show that the three constructions give the same line. 
imn + kA i 

ng 
3. Construct v 5, V 3abc, and V a? + 0? — c + de. 


lmn — EA » 


2. Construct z = 


4, Construct «= 


9. Construct EN z Mes (2? — mn). 


DETERMINATE PROBLEMS. 


Il. The mode of applying the foregoing principles to 
the solution of these problems, may be best exhibited in 
a few examples. 


EXAMPLES. 


l. Zn a given triangle, to inscribe a square.—A triangle is given 
when its base and altitude are given; we are therefore here re- 
quired to find the side of the inscribed square 
in terms of the base and altitude of the given ` 
triangle. If we draw the annexed diagram, 
representing the problem as if solved, and 
designate the base of the triangle by 5, its 
altitude by ἦ, and the side of the inscribed 
square by 2: then, since the triangles CA B, 
CEF are similar, we have (Geom., 310) 





* The student should pay strict attention to the geometric meaning 
of the signs + and —, as explained above. He should also see that the 
given algebraic expressions are put into the most convenient forma, before 
constructing. 
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AB: EF::CD:CH; or, b:z:: h. h—a. 

_ bh 

ek ras 

That is, the side of the inscribed square is a fourth proportional to 
the base, the altitude, and their sum. We therefore construct it as 
in Art. 10, I. 2d. Or it may be more conveniently done as follows: 
Produce the base of the given tri- 
angle until BL = A; through L 
draw LM, parallel and equal to 
BC; joia MA, and from N, the 
point where MA cuts BC, drop u 
perpendicular upon AB: then is 
NO the side required. For, letting 
fall MP perpendicular to AL, we have, by the similar triangles 
MAL, NAB, 


AL: AB:: MP: NO; thatis, 6+A4:6::h NO. 
bh 
b+h 
Note.—The student should consider what several positions the 
side of the square may assume according asthe triangle is acute- 
angled, right-angled, or obtuse-angled. 


Pu d 





u NO = 


ΗΔΗ 


2. In a given triangle, to inscribe a rectangle whose sides are in a 
given ratio.—Let x and y represent the two sides, and r their con- 
stant ratio. Then we shall have 

y 

2 
And, as in the previous example, (the other 
symbols remaining the same,) we obtain the 
proportion ὁ y::h:h—z. 


Ep c cau (1). 





hy = bh — bz (2). 
Eliminating y between (1) and (2), 
_ oh 
ας; + rh’ 


This value we construct in the same manner as the side of the 
inscribed square. In fact, as is obvious, the first problem is merely 
a particular case of the present one; for a square is a rectangle, the 
ratio between the sides of which is equal to 1. The solution, too, 
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shows this; for the value of x in the present example becomes that 
obtained in the former, when r= I. 

Produce, then, the base of the given triangle until BL equals 
rh; and complete the 








drawing exactly as in | -— 1 
the case of the inscribed m S 
; ; Er did 
square: the point JV, in Ν΄ 
which the diagonal 4:7 
cuts the side of the tri- | eee νο] 
A Q, O B P L 


angle, is a vertex of the 
required rectangle. Let the student prove this. 


3. To draw a common tangent to two given circles.—Ilere our data 
are the radii of the circles, and the distance between their centers. 
Let r denote the radius of the circle on the left, and r that of the 
other. Let d = the distance between the centers. 

The problem may be otherwise stated: Required a point, from 
which, if a tangent be drawn to one of two given circles, it will also 
touch the other. From the method of constructing a tangent, (sce 
Geom., 230,) it follows 
that this point is some- 
where on the line join- 
ing the centers. Hence, 
drawing the diagram as 
annexed, it 15 evident 
that our unknown quan- 
taty is the intercept made 
by the tangent on this line; that is, we let 


arene May 





Now we have (Geom., 533) 

MT?*=z NT XLT; or, MT?-—(xv--r)(xz—r) (1). 
In like manner, 

M'T? — ΔΤΧ ΙΤ; or, WT? —(z—d-Fr)(x—4d-—r) (9). 
Expanding, and dividing (1) by (2), 


MT* En x? — r’ 
AT: (z—dy—r^* (3). 
But, by similar triangles, 
2 2 
MIS MI ο ο ο στα 
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Substituting in (3), and reducing, 
(r! — r?) z? — 2r!dz + rd?—0: 
.- ra 
pepe 

Before constructing this result, let us interpret it. We observe 
that our problem involves the solution of a quadratic, and that we 
thus obtain a double value for x = CT. The required tangent, 
therefore, cuts the line of the centers in two points; that is, there 
are two points from which a common tangent to the two circles 
may be drawn.* 

Let us now consider the two values of z more minutely. We 
shall find all the geometric facts of the problem perfectly repre- 
sented in them. 

First take the value numerically the greater, namely, 

rd 
poc 
Since this must be numerically greater than d, and since the 
definition of a tangent renders it impossible that the point sought 
should fall within either of the circles, the point determined by this 
value of x is beyond both. If r 7» 1^, x is positive, and the point T 
falls to the rigAt of both circles, as in the diagram; if r« 7, z is 
negative, and the point then falls to the left of both. ¢ 
Secondly, the value numerically the less, 


να 
T = TEF 
This is numerically less than d, and, in connection with the defi- 
nition of the tangent, indicates that the corresponding point lies 
between the two circles — a fact with which the sign of x agrees: 
for the present value being necessarily positive places the point to 
the right of C. 

We learn, then, from this analysis, that (1) there are two points 
which satisfy the conditions of the problem; that (2) one lies 
beyond both circles, and the other between the two; that (3) the 
former falls to the right of both circles, or to the left of both, ac- 
cording as the circle whose center is taken as the origin has a 





T = 


* Of course, there are four common tangents — two tangents from 
any given point to a circle being always possible. But as these exist in 
pairs, all the analytic conditions will be cxhausted in two. Hence, we 
havo a quadratic to solve, rather than an equation of the fourth degree. 
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greater or less radius than the other. How perfectly all this agrees 
with the geometric conditions, is manifest. By merely inspecting 
the diagram, we can see that two common tangents can be drawn, 
one passing without both circles, and intersecting the line of the 
centers beyond the smaller circle; the other passing between 
the two. 
Resuming now the general expression, 
rd 


r= —_: 
yr “Ε΄ 


: : d : 
if we suppose r— 7 we obtain x = oo and z= 5; from which we 


a 


learn that, in the case of two equal circles, the external tangent 1s 
parallel to the line of the centers, while the internal tangent bisects 
the distance between the centers. This, again, obviously accords 
with the geometric conditions. 

If r = 0, x vanishes for both its forms: hence, in this case, 
the two tangents are drawn from the center which was assumed as 
origin, and are coincident. This should be so, since, if r = O, the 
corresponding circle is reduced to a point, and we have the ordinary 
problem of the tangent to a circle from a given point without. 

If r^ = 0, the two values of x avain coincide, and z = d. In 
this case, therefore, the problem is reduced, as before, to that of the 
tangent from a given point; but the point is now the vanished sec- 
ond circle. | 

If r — 0 — wo have xz — 2; that is, the required tangent 
may be drawn from any point in the line of the centers. This, too, 
is as it should be; for, when both circles are reduced to points, 
the two tangents coincide with each other and with the line of the 
centers; and a line coincident with a given line may always be 
drawn from any point in the latter. 


Passing now to the construction of the intercept represented 
= rd e 
by z= Lp We see that we are to find a fourth proportional to 


r d- 7^, r, and 4. We shall 
obtain this most simply as 
follows: Draw any set of 
parallel radii, as CH, C" R7, 
producing the latter to mect 
its circle in Æ”. Through 
(K, A") and (A, A’) draw 
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right lines: the points T and 7", in which these intersect the line 
of the centers, are the extremities of the required intercepts. For, 
drawing A’ H and K” G parallel to CT, we have, by similar tri- 





angles, ; 
καὶ oK.. σα: ο πο. ie 
K DOR ο, CT? 9h jx gen OT 
Whence, 
T RES LONE 
uc cr MR dune 


Therefore, draw through T, or 7", a tangent to either of the 
given circles, and the construction is complete. * 


4. To construct a rectangle, given its area and the difference between 
tts sides.—This problem is of.importance, as illustrating the fact 
that we are not always to interpret the presence of a quadratic in 
our investigations as indicating a double solution of the problem 
in hand. On the contrary, a quadratic not unfrequently arises 
when but one solution is possible. One of its most important 
interpretations in that case, wil appear in solving the present 
example. 

Let (Art. 9, 2) a? = the given area of the rectangle, and d= 
the difference between its sides. Let x = the less side; then will 
2 + d = the greater. 

By the data (Geom., 379) we have 


α(ᾳ-- α) Ξ- αἲ; or, x*Jd- dx — a. 


DEEP T. 
2 = — 5 EL NE +2 = the less side. 


"ace" o 
cm els a Ta e+e = the greater side. 


* This construction, so well adapted for analytic discussion, some- 
times fails in practice, as the extremity of the outer intercept may not 
fall upon the paper. The following elegant construction is practicable in 
all cases: 

From the center of the larger circle, with a radius equal to the 
difference between the given radii, describe a circle, to which draw a 
tangent from the center of the smaller circle. A tangent to either given 
circle, parallel to this, is tangent to both. 
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This is a case of the roots of a geet N 
bs e .. 1 ΄ Ν - 
quadratic in the First Form. We d A 
therefore construct 2 as in Art. 10, C | 


UI, 1. We then have, taking the 
upper sign in the values of both 


sides, 





ο πο. 
AD = — id d J^ 4- τ — a, the less side; 
εἰ -— αν | e 
AE => FACT peri 4+- d, the greater. 


lt we take the lower sign in the values of the two sides, we obtain: 


d ý d? a | » d? 
z+ d= -qltel να TT] 
Di e " ση | ΠΝ 1 
Comparing with the former values, we sce that the present less side 
is the negative of the former greater ; and the present greater, the 
negative of the former ss. Hence, in this case, 


— 16 = the less side. 
— A.D = the greater. 


It is obvious that the expressions less and greater are here 
used in their «/gchruic sense; for AE is still numerically greater 
than AD. 

Now, by the construction, (Gcom., 333) the rectangle of the 
parts gives us 


AD CAR == NE SS ADS AB? =a. 


Hence, in both cases, the rectangle is positive, and absolutely the 
same. The quadratic, therefore, does not here indicate two solu- 
tions. It merely signifies that the required rectangle may be 
obtained either by representing its sides by z and «+d, or by 
— t and — (r+ d) That is, it points not to two rectangles an- 
swering the given conditions, but merely to two correlated modes 
of expressing the conditions of one and the siune rectangle. 

We learn. then, that the algebraic discussion of a problem not 
only possesses the greatest generality — indicating by the eyua- 
tions to which the problem gives rise every possible solution; but 
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that, if there are various modes of expressing conditions, which 
still lead to the same equation, the equation formed on the basis 
of any one of these modes will include all of them in the form of 
its roots. 


ο 


132. From the foregoing examples, we gather the fol- 
lowing rule for solving Determinate Problems: 


Draw a diagram representing the problem as if solved, 
inserting any auxiliary lines needed to develop the rela- 
lions between the known and unknown parts. By means 
of the geometric properties which the diagram involves, 
form equations between these parts, taking care that they 
be independent and equal in number to the unknown 


quantities. Construct upon a single figure the roots of 
these equations. 


A few exercises are added, which the beginner should 
carefully perform. In each, let the problem be dis- 
cussed, as to the number of its solutions, their various 
meanings, etc. In the construction, select that method 
which is neatest and most convenient. 


EXAMPLES. 


1. To construct a square of equal area with a given rectangle. 
2. In a given triangle, to inscribe a rectangle of a given area. 
3. In a given semicircle, to inscribe a square. 


4, To draw, parallel to the base of a triangle, a line which shall 
divide it into two parts equal in area. 


5. Through a given point without a circle to draw a secant 
whose internal segment shall be equal to a given line. 


6. To describe a circle equal in area to two given ones. 
7. To draw, from a given line to a given circle, a tangent of a 
given length. 


8. To draw, from a given line to a given circle, the tangent of the 
least length. 
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9. Through two given points, to describe a circle touching a 
given right line. 


10. In a given circle, to inscribe three equal circles touching 
each other externally. 


Π. INDETERMINATE GEOMETRY. 


13. The geometry of Form is called INDETERMINATE, 
because all Forms are conceived to arise out of the rela- 
tive positions of points; that is, out of a point’s being 
so far indeterminate as to be capable of assuming any one 
of a series of positions which define a Form: or, from 
the algebraic point of view, because the equations which 
express the conditions under which a point may vary its 
position, are always found to be less in number than the 
unknown quantities they contain, and hence, admitting 
of an infinite number of values for these, are indeter- 
minate. 


14. It is in this second main division of the subject, 
that we come upon the proper province of Analytic 
Geometry. In fact, as the student has doubtless already 
noticed, the method of Determinate Geometry is rather 
that of ordinary geometry than of algebra: the reason- 
ing 15 based mainly on the diagram, and the only use 
of the algebraic symbol is to abbreviate the terms of 
ordinary language. But, in the geometry of Form, as 
we shall soon discover, the method is really analytic: 
the reasoning is strictly algebraic, while the symbol 
has assumed a meaning and power entirely new. In 
the articles immediately following, we will endeavor, 
first, to show and establish the fundamental principle of 
this Geometry of Form, or of Analytic Geometry strictly 
so called; secondly, to explain in outline its method and 


* Alg., 168. 
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the reasons for calling it analytic; and thirdly, to un- 
fold its several subdivisions, especially those discussed 
in the body of the present work. 


I. DEVELOPMENT OF THE FUNDAMENTAL PRINCIPLE. 


45. The principle upon which the whole method of 
Indeterminate Geometry is founded is this: The alge- 
braic symbol of geometric form is the Equation. 


16. The figure of any magnitude is obviously deter- 
mined by that of its boundaries. Hence, all Forms are 
either surfaces or lines. If, then, we can show that an 
equation, geometrically interpreted, represents either 
some line, or else some surface, the fundamental prin- 
ciple will be established. 

A7. There is, of course, no necessary connection be- 
tween the symbols of algebra and the conceptions of 
geometry: the former are merely conventional marks, 
denoting magnitudes and operations; while the latter are 
forms, which can be imagined and pictured, and which 
are necessarily the same to every mind. 


AS. The truth of the proposition in Art. 15 is ac- 
cordingly not necessary, but must depend upon certain 
arbitrary assumptions. In other words, if the symbols 
of algebra are to be applied to represent lines and 
surfaces —if symbols of magnitude are to be converted 
into symbols of form — we must introduce some conven- 
tion as to their meaning in the new connection. This 
convention, summarily stated, consists in making the 
algebraic symbols of magnitude denote the distances, linear 
or angular, of a point from certain assumed limits. One 
form of it, the most important and characteristic, we will 
now illustrate, confining ourselves, for the sake of sim- 

7plicity, to points in a given plane. 
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19. The Convention of Co-ordinates.—Let VN, 
PY, be any two intersecting right lines, having any 
extent we please. From P, any 
point in their plane, draw ZV 
parallel to the first, and V par- 
allel to the second. If, now, we 
assnme X’ X and 3^ Y as the fixed 
limits to which all positions in 
their plane shall be referred, it is 





obvious that we know the position 

of P, so soon as we know the distances VP (or its equal 
OM) and MP. Hence, if we know the distances of any 
point from the two fixed limits, and the directions in 
which they are measured from these, we know the 
position of the point. Accordingly, if we can repre- 
sent those distances and directions algebraically, we can 
represent the point. 

This simple apparatus therefore enables us at once to 
convert the algebraic symbols of magnitude and direction 
into symbols of position. For we have only to represent 
the lengths corresponding to OZ and MP by letters, 
and their direclions, upward or downward from XX, 
to the right or to the left from 1' Y, by the signs + 
and —. The letters are applied according to the con- 
ventions for notation given in Art. 9; and the signs, 
according to the usage, familiar in trigonometry, that + 
shall denote measurement upward from XX or to the 
right from 147)’, and — measurement downward from 
AX or to the left from Y' Y. Thus, 


J- az O0 M, with 4-6 — MP, represents P; 

— a: ODF, with +0 =- WP, represents 2; 
—a zz OM", with —b = W P", represents P”; 
+a= OM, with — b = M P", represents. P, 
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The lines ΑΧ, Y'Y are called azes; their intersec- 
tion O is called the origin; OM, MP, etc., are called 


co-ordinates. 


If, now, instead of the particular lines OM, MP, ete., 
we take x and y as general symbols for the co-ordinates 
of a point, and denote by a and b the values they as- 
sume for any particular point, we obtain the algebraic 
expression for a determinate point in a given plane, 


namely, 
C= 
y=) 


in which a and b may have any value from 0 to oo, and 
be either positive or negative. 


As already hinted, the foregoing is only one form of the 
convention upon which rests the whole structure of the 
geometry of Form. Several others are used, differing 
from the present in the nature of the assumed limits 
and of the means by which the point is referred to 
them: in some, as in the present one, the co-ordinates 
are linear; in others, one of them is angular. The 
present form, moreover, applies only to points 1n a given 
plane; forms suitable for representing a point any- 
where in space, are obtained by assuming for Fixed 
Limits planes instead of lines. But whether the forms 
of the convention apply to points in space or to points 
in a given plane, and however they may differ in their 
details, they all agree in this: that a point shall be de- 
termined by referring it to certain Fixed Limits by 
means of certain Elements of Reference, called Co- 
ordinates. 


Definition.—The Co-ordimates of a point are its 
linear or angular distances from certain assumed limits. 
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Corollary.— By the Convention of Co-ordinates 
we therefore mean, The agreement that the algebraic 
symbols of magnitude shall denote the co-ordinates of a 
point. 

20. This convention once established, the connection 
between an equation and a geometric form will readily 
become apparent. The discovery of this connection, in 
its universal bearing, and the first exhaustive applica- 
tion of it to the discussion of curves, was the work of 
the French philosopher Descartes. His method was 
first published in.1637, in his treatise De la Géométrie. 
We shall now show that the connection alluded to really 
exists; but must first define certain conceptions on 
which it depends. 


21. Variabies and Constants.—lIn analytic inves- 
tigations, the quantities considered are of two classes: 
variables and constants. 


Definition. —À Variable is a quantity susceptible, in 
a given connection, of an infinite number of values. 

Definition.—4A. Constant is a quantity susceptible of 
but one value in any given connection. 

Remark.—In problems of analysis, constants impose the con- 
ditions; variables arc subject to them. Constants are represented 
by the first letters of the alphabet; variables by the lasi. At 


times, both are designated by such Greek letters as may be con- 
venient. 


22. Functions.—In the investigations belonging to 


Indeterminate Geometry, the variables are so connected 
by the conditions of the problem in hand, that any 
change in the value of one. produces a corresponding 
change in that of the others. 


Definition. —À Function is a variable so connected 
with others,that its value, in every phase of its changes, 
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is derived from theirs in a uniform manner. Thus, in 
y — az + b, y is a function of 2; in 2 =m + ny? +1, 
z is a function of x and y. 


Remark.—Functions are classed, according to the number of 
the variables on which they depend, as functions of one variable, 
Junctions of two variables, etc. 


23. With these definitions in view, we may state our 
Fundamental Principle with greater exactness, thus: 
Every equation between variables that denote the co-ordi- 
nates of a point, represents, in general, a geometric form. 
The proof of this now follows. 


24. Equations between Co-ordinates: their 
Geometric Meaning.—EHEvery equation is the expres- 
sion of a constant relation between the variables which 
enter it. Further, if we solve any equation for one 
of its variables in terms of the others, it becomes ap- 
parent that such variable is a function of the rest. 
Accordingly, by varying either, we may cause all of 
them to vary together, by differences as great or as 
small as we please; but, so long as the constants that 
express the manner in which each is derived from the 
others remain unchanged, all the changes must comply 
with one uniform law. That is, whatever be the absolute 
value of either variable, its relative value, as compared 
with the others, is always the same. If either changes 
by infinitely small differences, the others must change 
by corresponding infinitesimals. 

If, then, we assume that the variables in an equation 
denote co-ordinates, the equation itself must represent a 
number of points, as many as we please, all of which 
have co-ordinates of the same relative values. Now, 
since these co-ordinates vary by differences as small 
as we please, the equation really represents an infinite 
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number of points, lying infinitely near to each other, 
and thus forming « continuous series. This continuous 
series of positions, moreover, has a definable form, of 
the same nature in all its parts; since, from the 
definition of an equation, every point in the infinite 
succession must comply with a daw of position, the same 
for all: —a law expressed by the constants in the equa- 
tion, which subject the variable co-ordinates to an inflex- 
ible relation in value. Every equation between variables 
that denote co-ordinates must therefore, in general, 
represent à geometric form. 





Remark.—[t will represent a line or a surface, according as 
the cv-ordinates are taken in a plane or in space. 


23. A few illustrations will render the principle just 
proved still more apparent. For the sake of varicty, we 
will take these from the converse point of view, from 
which it will appear that every attempt to state a law of 
form in algebraic symbols results in an equation between 
co-ordinates. To simplify, let us confine ourselves to 
rectilinear co-ordinates in a given plane, and (since the 
axes of reference may be any two intersecting right 
lines) suppose .V.V, Y'Y to intersect at right angles: 
the co-ordinates’ OMU, MP will then be at right angles 
to cach other. 


First: Let it be required to 
represent in algebraic symbols 
a right line parallel to the axis 
1}. The law of this form 
plainly permits the variable 
point P of the line to be at any 
distance above or below .Y X, v 
but restricts it to being at a 
constant distance from Y’J’: a condition imposed by 





-————-——---|i-- 


τ 
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assuming that y — MP varies without limit, while, at 
the same time, z = O/M remains unchanged. Thus we 
see that, in a right line parallel to the axis Y'Y, the 
co-ordinate y has no determinate value, but the co- 
ordinate 2 has a fixed and unchangeable value. Hence 
the algebraic expression for such a line is the equation 


z = constant. 


Similarly, a right line parallel to the axis X’X is rep- 
resented by the equation 


y = constant. 


Second: Let it be required to represent algebraically 
.& circle whose center is at the origin O. The law of 
this form is, that the variable 
point P shall maintain a con- 
stant distance from O. But it 
is obvious, upon inspecting the 
diagram, that the distance of any 
point from the origin is equal 
to V z? +y”. Hence, the con- 
dition that the point shall be 
upon a circle whose center is 





at O, gives us 1/2? -- y? = constant; and, squaring, we 
represent the circle by the equation 


2" + γ΄ = constant = 7”. 


26. Let us now return to a more exact consideration 
of the Fundamental Principle. The student will have 
noticed, that, in both forms of stating it hitherto, — the 
forms used in Arts. 23 and 24,— we have been careful 
to say that it is true in general. This restriction is nec- 
essary, and of great importance; for there are certain 

An. Ge. 6. 
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equations which no real values of the variables will sat- 
isfy: and such, of course, can denote only imaginary, or 
impossible, forms. Others can only be satisfied by in- 
finite values of the variables, and consequently denote a 
series of points situated at infinity: a conception as im- 
possible, geometrically, as that corresponding to the 
previous class of equations. Others, again, can be sat- 
ished by only one set of real values for the variables, 
and therefore represent a single point; while others, 
which can be satisfied by a fixed, finite number of 
values, but by no others, represent a finite number of 
separate points. Others, still, are satisfied by distinct 
sets of values, each set being capable of an infinite 
number of values within itself, and having a distinct 
relation among the variables which belong to it; and 
such equations represent a group of distinct, though 
related forms. 


All this makes it clear that, to hold universally, our 
Fundamental Principle must be stated in more abstract 
terms. We should be obliged to say, mercly, that every 
equation between co-ordinates represents some conception 
reluting to form or position, were it not that the happy 
expedient of a technical term saves us from this cum- 
brous circumlocution. It being established that every 
equation between co-ordinates has some equivalent in the 
province of geometry, it only remains to assign a name 
to that equivalent — a name generic enough to include 
not only surfaces and lines, but all the exceptional 
cases, real, imaginary, or at infinity, that have been 
mentioned above. 


27. Loci.—To include all the cases that may arise 
under the conception that an equation has geometric 
meaning, the term locus is used. 
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Definition—A Locus is the series of positions, real or 
imaginary, to which a point is restricted by given con- 
ditions of form. 

Corollary.—Since the locus is the geometric equiva- 
lent of the equation, we may state the Fundamental 
Principle of Indeterminate Geometry universally as fol- 
lows: Every equation between variables which denote the 
co-ordinates of a point, represents a locus. 


28. The locus being the fundamental conception of 
purely analytic geometry, it is of the utmost importance 
that correct views of it be secured at the outset. The 
beginner is liable to conceive of it loosely, or else too 
narrowly. Το guard against these errors, let us illus- 
trate what has been said or implied above somewhat 
more at length. 





E. Classification.—Loci are either Geometric or 
merely Analytic: the former, when they can be repre- 
sented in a diagram; the latter, when they can not. 

Geometric Loci include real surfaces, lines, points, and 
related groups of cither. 

Merely Analytic Loci include imaginary loci and 
loci at infinity, and loci to be explained hereafter under 
the conception of a locus in general. The first have no 
existence whatever, except in the equations which sym- 
bolize them; the last two exist to abstract thought, but 
can neither be drawn nor imagined. The value of con- 
sidering these merely analytic loci, lies in. their important 
bearings upon some of the higher problems of the science. 

XJ. Conformity to Law.—lIt is essential to the con- 
ception of a locus, that it shall conform to some definite 
law. No form that comes within the scope of analytic 
geometry can be generated at hazard; no locus is the 
least capricious. For it is always the counterpart of an 
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equation; and every equation, by means of its constants, 
maintains among its variables, throughout their infinite 
changes, a uniform relation in value. We must there- 
fore avoid the error of supposing that a broken, irregular, 
mixed figure, such as the line in the annexed diagram, 
or such as we dash off with the 

hand at a scribble, is a locus. x 

On the contrary, a locus is, in à 

certain important sense, homo- 

gencous. Thatis, throughout its 

whole extent, it 1s so far alike x 5 x 
as to be represented by one 
equation, and but one. No 
point in it can be found whose 
co-ordinates do not satisfy this 
one equation. 

XII. Variety of Meaning.—Thc idea of the locus 
should be conceived broadly enough to include, in addi- 
tion to surfaces and lines, the various exceptional species 
enumerated in Art. 26. The attention has, perhaps, been 
sufficiently called to cases where it is a point, or a series 
of separate points, and where it is imaginary, or at infinity. 
But it is worth while to repeat that a locus is not neces- 
sarily a single figure. For example, the equation 

Sy = 0 

represents, as will be proved 
in the treatise which is to fol- 
low, to. right lines, such as 
ALA’, BB’, bisecting the sup- 
plemental angles between the 
axes. Again, as will also be- 
come evident upon a further 
acquaintance with the subject, 
the equation 
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yr) (+ y 79) Gn n =0 


; Y 
represents three circles, such 
as M, M', and M", having 
a common center at the € 
origin. 
x! 5 κ 


Examples of this kind 
might be greatly multi- 
plied, but these are perhaps 
enough to render the prin- Y' 
ciple clear, and to fix it in the memory. 


II. THE METHOD OUTLINED; IN WHAT SENSE IT IS 
ANALYTIC. 


29. The following is a very simple example of the 
method by which Analytic Geometry investigates the 
properties of figures. The 


beginner, of course, must Y 

accept upon authority the EN P 
meaning of the equations ΜΝ 
employed. = X 


To prove that the tangent 
to a circle is perpendicular to 
the radius drawn to the point Y 
of contact.—Let the axes be 
rectangular, and the center of the circle at the origin. 
The equation to the circle is, in that case, 


r ty? = 7. 


The equation to the tangent at any point P, whose co- 
ordinates are 2’, y’, 18 


z'z + yy =r (1). 
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The equation to the radius OP, referred to the same 
axes, 18 


ay — y'x = 0 (2). 


Now, it is known that when two equations of the first 
degree, referred to rectangular axes, interchange the 
co-efficicnts of xr and y, at the same time changing the 
sign of one of them, they represent two right lines 
mutually perpendicular. Inspecting (1) and (2), we sce 
that they answer to this condition. Hence, the lines 
which they represent are mutually perpendicular. 


30. Generalizing from the foregoing illustration, we 
may sum up the method of our science as follows: 

I. Any locus, the subject of investigation, is repre- 
sented by its equation. 


II. This equation is then subjected to such trans- 
formations, or such combinations with the equations 
to other loci, as the conditions of the problem may 
require. 

III. The geometric meaning of these transformations 
and combinations, as derived from the convention of 
co-ordinates, is duly noted. In the same way, the form 
of the final result is interpreted. "Thus the properties 
of the locus are deduced from the mere form of its equa- 
tion. 


31. We have now reached a point from which to 
obtain a clear view of the reasons why geometry, when 
treated by means of algebra, should be called analytic. 
We must, in the first place, warn the beginner that the 
reason most obviously suggested by the method just 
described, is not among them. It is true, certainly, that 
this method assumes the equation to any locus to be the 
synthesis, or expression in a single formula, of all its 
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properties. It is true that these properties are drawn 
out from the equation by a process of real analysis — 
namely, by solving or transforming the equation, thus 
causing 1t to give out the several conditions which its 
original form unites in one symbol. 

But this obvious fact, that we proceed from a com- 
plex unity to the elements that have vanished into it, 
by directly taking apart the unity itself, is not the dis- 
tinctive reason for calling the Geometry of the Equation 
analytic; for it is a fact which does not distinguish it 
from the Geometry of the Diagram. In this last-named 
form of the science, the whole scheme of demonstration 
consists merely in developing what certain definitions 
and axioms imply: that is, the basis of the reasoning — 
all that gives it force and validity —is analytic. And, 
in fact, the same is true in every department of math- 
ematics. 


$2. In short, the term analytic is applied to the 
Geometry of the Equation, not so much by way of con- 
trast, as of emphasis. It should not be taken as imply- 
ing that the Geometry of the Diagram is wholly synthetic, 
and the Geometry of the Equation wholly analytic, each 
to the exclusion of the other. Both are analytic, both 
synthetic; and in both, the vital principle of the proofs 
is analysis. But to the Geometry of the Equation, the 
character of analysis belongs in a special sense, and 18 a 
higher degree; just as that of synthesis belongs, in a 
special sense and higher degree, to the Geometry of the 
Diagram. It involves, moreover, certain phases of an- 
alysis, of a higher and more subtle kind than ordinary 
geometry attains. 


33. Now, this special analytic character, it owes to 
its use of the algebraie symbol. The question therefore 
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naturally arises: How does the use of this symbol bring 
with it this special character? The answer is — In two 
ways: first, by giving scope to the analytic tendency 
inseparable from algebraic investigation; secondly, by 
introducing the convention of co-ordinates, with its 
added elements of analysis. We will illustrate both of 
these ways somewhat in detail. 


31. Special Analytic Character of the Alge- 
braic Caleulus.—This is due to two facts: the first, 
that operations with symbols necessarily thrust into prom- 
inence the analytic phase of the thinking they imply, 
while they obscure the synthetic; the second, that the 
Theory of Equations—the essence of the science of 
algebra, and the ground upon which all its investiga- 
tions are based—is an application of analysis, pecu- 
larly complex and subtle. That these are facts, will 
best be seen by considering them separately. 


I. To exhibit the first, let it be borne in mind that 
every demonstration involves both analysis and syn- 
thesis— analysis, in thinking out the steps connecting 
the premise with the conclusion; synthesis, in arrang- 
ing those steps in their due order, and constructing the 
conclusion as their unity. Now, if we use ordinary 
language in making this array, clearness can not be 
secured without stating these steps one by one; thus we 
seem to begin with parts, and to construct the conclusion 
as the whole which they compose. 

But if we employ algebraic language, our premise 18 
written down in a formula, and, at the outset, our atten- 
tion is fixed upon it as a whole. The formula is the 
permanent object of our thought; the operations, the 
transformations it undergoes, seem transient and subor- 
dinate, and their results but dependent phases of its 
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original form. Derived from the formula by a partic- 
ular series of transformations, while a number of others 
are equally possible, the conclusion stands in the mind, 
not as a whole but rather as a part. It appears to us 
as but one of many elements involved in the original 
formula — elements that may be made to show them- 
selves, if we apply other transformations. Thus the 
synthetie phase, though as real here as in using ordi- 
nary language, is lost to view, and we are only con- 
scious of the analytic. 


II. That the Theory of Equations involves a subtle 
and peculiar form of analysis, is obvious, and need not 
be enlarged upon. It is sufficient merely to recall its 
topics and their accessories, such as the Doctrine of 
Co-effieients, the Theory of Roots—their Number, 
Form, Situation, and Limits, the Discussion of Series, 
and the Binomial Theorem. But it is important to 
mention, that, so controlling a part does this Theory 
play in the whole science of algebra, and so emphat- 
ically does it embody a method peculiarly analytic, the 
science itself, from its earliest years, has been known by 
the name of Analysis. And it was mainly in allusion to 
the fact that the Geometry of the Equation brings the 
discussion of Form within the scope of this Theory, that 
the title analytic was originally applied to it. 


S9. Elements of Analysis added by the Con- 
vention of Co-ordinates.—This convention has a 
twofold analytic meaning: 


I. First, it asserts that the conceptions of Position 
and Form are merely relative ones, always implying 
certain fixed limits to which they are referred — the 
positions of points are their distances from these limits ; 
the forms of loci are the relative positions of their con- 

An. Ge. T. 
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stituent points. This assertion reaches the real essence 
of Position and Form, and gives to the science based 
upon it an element of analysis not attained in the Ge- 
ometry of the Diagram. 


II. Secondly, in referring the form of every locus to 
fixed limits by means of the co-ordinates of every point, 
the convention really determines that form by decom- 
posing it into infinitely small elements. It thus brings 
the form under the highest analytic conception known 
to mathematics, and prepares for its discussion by the 
various branches of the Infinitesimal Calculus. 


36. To recapitulate: The Geometry of the Equation 
is called Analytic, fist, because its use of algebraic 
processes puts forward the analytic, and retires the 
synthetic phase of every demonstration, thus rendering 
us conscious of investigation rather than of proof; 
secondly, because its method consists in applying those 
special modes of analysis which mark the Theory of 
Equations; thirdly, because its convention of co-ordi- 
nates penetrates to the real nature of Position and 
Form, resolving them into their essential constituents — 
Fixed Limits and Distance; finally and most signifi- 
cantly, because it resolves all Forms into elements 
infinitely small, and thus brings the discussion of loci 
within the sphere of the Infinitesimal Calculus — the 
highest expression of mathematical analysis. 


37. These facts constitute a sufficient reason for pre- 
ferring to call the science Analytic Geometry, rather 
than Algebraic. The former title, more forcibly than 
the latter, calls up the characteristics of its method, as 
they have been detailed above. Moreover, the term 
algebrat: is ambiguous; for it is generally used, in con- 
trust to transcendental, to characterize operations which 
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involve only addition, subtraction, multiplication, di- 
vision, or involution and evolution with constant indices. 
But Analytic Geometry considers all loci whatsoever, 
not only Algebraic but Transcendental, whether the 
latter be Exponential, Logarithmic, or Trigonometric. 


38. The superiority of the Geometry of the Equation 
to that of the Diagram consists partly in its greater 
brevity and elegance, but mainly in its greater power 
of generalization. For since the equation to any locus 
is the complete synthesis of all its properties, our power 
of investigating and discovering these is limited only by 
our ability to transform the equation and to determine 
the form, limits, number, and situation of its roots. And 
since every equation denotes some locus, the equations 
of the several degrees may be discussed in_their most 
general forms. Loci may thus be grouped into Orders, 
according to the degree of their equations, and proper- 
ties common to an entire Order may be discovered by 
absolute deduction—properties which, if they could be 
established at all by ordinary geometry, would in- 
volve the most tedious processes of comparison and 
induction. 


III. THE SUBDIVISIONS OF THE SCIENCE. 


$9. The subdivisions of Indeterminate Geometry refer 
to the nature of the loci discussed in each; and these are 
classified, primarily, according to the form of their equa- 
tions; secondarily, according to their situation in a plane, 
or in space. 


40. Hence, the first division of Indeterminate Geom- 
etry is into TRANSCENDENTAL and ALGEBRAIC. 


Transcendental Geometry discusses those loci 
whose equations involve transcendental functions; that is, 
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functions which depend on either a variable exponent, a 
logarithm, or one of the expressions sin, cos, fan, ete. 


Algebraic Geometry, those whose equations in- 
volve none but algebraic functions; that is, functions 
which imply only the operations of addition, subtraction, 
multiplication, division, or involution and evolution with 
constant indices. 


41. Algebraic loci are classed into Orders, according 
to the degree of their equations referred to rectilinear 
axes. Thus, the locus whose equation is of the first 
degree, 15 called the locus of the First order; those 
whose equations are of the second degree are called loci 
of the Second order; and so on. 

The loci of the First and Second orders, on account 
of their simplicity, symmetry, and lmited number, are 
considered to form a class by themselves; and those of 
all higher orders are grouped together as a second class. 


42. Accordingly, the second division of our subject 
is that of Algebraic Geometry into ELEMENTARY and 
HIGHER. 


Elementary Geometry is the doctrine of loci of 
the First and Second orders. 


Wigher Geometry is the doctrine of loci of higher 
orders than the Second. 


43. Each of these divisions based upon the form of 
the equations considered, falls into the province of 
Plane or of Solid Geometry, according as the equa- 
tions are between plane co-ordinates, or co-ordinates in 
space; that is, according as the system of reference 
is (wo intersecting lines, giving rise to two co-ordinates 
for every point; or three intersecting planes, giving rise 
to three co-ordinates. 
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Hence, we have GEOMETRY oF Two DIMENSIONS, and 
GEOMETRY OF THREE DIMENSIONS. 


44. The relations which the various divisions of An- 
alytic Geometry sustain to each other, will be best 
understood from the following 


SYNOPTICAL TABLE OF DIVISIONS. 


DETERMINATE. 
9 
q 'O DIMENSIONS, 
ANALYTIC OF TWO MENS 
TRANSCENDENTAL 
GEOMETRY 
OF TIIREE DIMENSIONS. 
INDETERMINATE OF TWO 
DIMENSIONS. 
HIGHER ... 
OF THREE 
DIMENSIONS. 
ALGEBRAIC 
OF TWO 
DIMENSIONS. 
ELEMENTARY 
OF THREE 


DIMENSIONS. 


45. In the present treatise, we do not purpose more 
than an introduction into the wide domain which the 
foregoing scheme presents. We shall confine ourselves 
to Elementary Geometry, not entering upon the other 
departments any further than may prove necessary in 
order to present the subject in its true bearings. And, 
restricting ourselves to the discussion of loci of the First 
and Second orders, we can not within that compass 
give more than a sketch of the doctrine, methods, 
and resources of the science, in its present advanced 
condition. We shall, however, consider the loci of the 
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first two orders, both in a plane and in space.  Ac- 
cordingly, our treatise falls naturally into two Books: 
the first, upon Plane Co-ordinates; the second, upon 
Co-ordinates in Space. 


NOTE. 


As Greek characters are extensively used in all analytic investi- 
vations, and as we shall very frequently employ them in the following 
pages, we subjoin a list for the benefit of readers unacquainted with 


Greek. 


alpha. 
beta. 


gamma. 


de!ta. 


epsilon. 


zeta. 
eta. 
theta. 


tota. 
kappa. 
lambda. 
mu. 

nu. 

rt. 


omicron. 


pi. 


Pp 
Σσ 
T= 
Y ο 
p ϕ 
Ax 
Y y 
Q o 


rho. 
sigma. 
tau. 
upsilon. 
phi. 
chi. 

psi. 
omega. 


BOOK FIRST: 


PLANE CO-ORDINATES. 


PLANE CO-ORDINATES. 


a yen ne ee + 


PART I. 


THE REPRESENTATION OF FORM BY 
ANALYTIC SYMBOLS. 


46. In applying to plane curves of the First and 
Second orders the method sketched in the foregoing 
pages, our work will naturally divide itself into two 
portions: we shall first have to determine the equations 
which represent the several lines to be discussed; and 
then deduce from these equations the various properties 
of the corresponding lines. Accordingly, our First Book 
falls into two parts: 


Part I.—OwN ΤΗΕ REPRESENTATION OF FORM BY ÅN- 
ALYTIC SYMBOLS. 
Part II.—Ow THE PROPERTIES OF CONICS. 


47. We say Properties of Conics, because, as will be 
shown hereafter, all the lines of the First and Second 
orders may be formed by passing a plane through a 
right cone on a circular base. By varying the position 


of the cutting plane, its sections with the conic surface 
(47) 
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wil assume the forms of the several lines; and these 
may therefore be conveniently grouped under the gen- 
eral name of Conic Sections, or Conics. 

It must be added, however, that this use of the term Con?es is 
wider than ordinary. For, speaking strictly, we mean by the 
Conies the curves of the Second order alone; namely, the Ellipse, 
the Hyperbola, and the Parabola; and ordinarily the line of the 
First order is not included in the term. 

48. We shall therefore proceed to develop the modes 
of representing in algebraic language the Right Line, 
the Circle, the Ellipse, the Hyperbola, and the Parabola. 
And as these modes of representation are all derived 
from the conventions adopted for representing a point, 
we shall begin by explaining in full the principal forms 
of those conventions, which were merely sketched in 
the Introduction. 

We shall obtain, first, the formule in ordinary use, or 
those which may be said to constitute the Older Geom- 
etry; and, afterward, those belonging to the Modern 
Geometry, based on what is called the Abridged No- 
tation. 


CHAPTER FIRST. 


. THE OLDER GEOMETRY: BILINEAR AND POLAR 
CO-ORDINATES, 


SECTION I.— Tur POINT. 


BILINEAR OR CARTESIAN SYSTEM OF CO-ORDINATES. 


49. Resuming the topic and diagram of Art. 19, 
let us examine the Cartesian * system of co-ordinates 


% Cartesian, from (‘artestus, the latinized form of Descartes’ name. 
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more minutely, and develop its elements in complete 
detail. 

P being any point on a given 
plane, two right lines ΑΧ and 
Y’Y are drawn in that plane, 
intersecting each other in O. 
From P, a line PM is drawn 
parallel to Y" Y. 

The distances OM, MP being 
known, the position of P is de- 
termined. These distances are called the bilinear co- 
ordinates of the point P. They are also termed recti- 
linear, and sometimes parallel, co-ordinates. They are 
frequently cited as the Cartesian co-ordinates of the 





point. 

The co-ordinate MP, drawn parallel to Y' Y, is called 
the ordinate of the point P. The co-ordinate OM, 
which the former cuts off from Χ’ X, is called the abscissa 
of the point. The abscissa of a point is represented by 
the symbol z; its ordinate, by the symbol y. 

The two lines X’ X and Y'Y are called the azes of 
reference, or simply the «ves. XX, on which the ab- 
scissas are measured, is called the axis of abscissas; or, 
more briefly, the «vis of x. YY, parallel to which the 
ordinates are drawn, is called the axis of ordinates; or, 
for brevity, the axis of y. 

The point O, in which the axis of x cuts the axis of y, 
is called the origin. 

The angle YOX is called the inclination of the axes. 
It is designated by the Greek letter w, and may have 
any value from 0 to 1807. If «w= 90°, the axes and 
co-ordinates are said to be rectangular; if w has any 
other value, they are said to be oblique. 

The two axes, being of infinite length, divide the 
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whole planar space about O into four angles. These 
are numbered to the left, beginning at the line OX. 
XOY is the first angle; YOX’ is the second; ΝΟΥ", 
the hird; and YOX, the fourth. 

The signs + and are used in connection with the 
co-ordinates, and are taken to signify measurement in 
opposite directions. Positive abscissas are measured to 
the right from O, as OM; negative ones, to the left; as 
OJP. Positive ordinates are measured upward from VN, 
as WP; neyative ones, downward; as M P". 

By attributing proper values to the co-ordinates 2 and 
y, and taking account of their signs, we may represent 
any point in either of the four angles. Thus, 





r= el denotes a point in the first angle. 
y— τὸ) 

i « e * — second “ 
4 =< + b 

: NN | E * third “ 
Used 

t= tal a 7 “fourth “ 
y=—bf | 


Corollary 1.—For any point on the axis of z, we shall 
evidently have 
y = 9, 
while z, being susceptible of any value whatever, is in- 
determinate. Hence, the equation just written is the 
equation to the axis of x. 


Corollary 2.—For any point on the axis of y, we shall 
have 
qu 


while y is indeterminate. Hence, the equation last writ- 


ten is the equation to the axis of y. 
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Corollary 3.—F'or the origin, we shall obviously have 
=, 
y = 0; 
and these expressions are therefore the symbol of the origin. 


Remark 1—For the sake of brevity, any point 
designated by Cartesian co-ordinates is written and 
cited as the point x y, the point a b, the point (8, 5), etc. 
These expressions are not to be confounded with alge- 
braic products. 


Remark 2.—The symbols x and y are used for co- 
ordinates of a variable point, and are therefore general in 
their signification. But it is often convenient to repre- 
sent particular, or fixed, points by the variable symbols; 
especially when their positions, though fixed, are arbi- 
trary. In such cases accents, or else inferiors, are used 
with the z and y. Thus a’ y’, x" y", αι γι, v, Yo, all rep- 
resent points which are to be considered as fired, but 
fixed in positions chosen at pleasure. This distinction 
between the point x y as general, and points such as 
a’ 1’, X,Y, as particular, should be carefully remembered. 


Remark 3.—A ροῖηρ is said to be given by its co- 
ordinates, when their values and that of the angle w are 
known. And when so given, the point may always be 
represented in position to the eye. For we have only to 
draw a pair of axes with the given inclination, and lay 
off by any scale of equal parts we please the given ab- 
scissa and ordinate. In practice, it is most convenient 
to lay off the co-ordinates on the azes, and draw through 
the points thus determined, lines parallel to the axes; 
the intersection of the latter will be the point required. 
The truth of this will be apparent on inspecting the dia- 
gram at the head of this article. 
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EXAMPLES: 


1. Represent the point (— 5, 3) in rectangular co-ordinates. 
2. Represent the point (— 3, — 7), axes oblique and o = 60°. 
3. With the same axes as in Ex. 2, represent the points (1, 2), 
(--- 3, 4), (— 5, — 6), (7, — 8). 
4. Represent the points corresponding to the co-ordinates given 
in Ex. 3, axes being rectangular. 
9. Given o == 135°, to represent the points (— 4, — 1), (8, 2). 
(2, 5). 
6. Given o = 90°, represent the points (3, 4), (2, — +), (— ὃ, 4), 
(— 9, — 4). 
7. With same axes, represent (6, 8) and (8, 0); also (6, — 8) and 
(— ἃ, 6). 
8. With o still = 90°, represent the distance between (2, 3) 
and (4, 5). 
9. With same axes, represent the distance between (4, 5) and 
(— 3, 2). 
10. Axes rectangular, represent the distance between (0, 6) and 
(— 5, — 5);—the distanee between (0, 0) and (6, 0). Does the 
latter distance depend on the value of o, or not? 


POLAR SYSTEM OF CO-ORDINATES. 


30. A second method of representing the position 
of a point on a given plane, is founded on the fact that 
we naturally determine the position of any object by 
finding its direction and distance from our own. 

Hence, if we are given a 
fixed point O and a fixed right P 
line OX passing through it, we 
shall evidently know the posi- i Me 
tion of any point DP, so soon as ~ 
we have determined the angle u - ΟΣ; 
XOP and the distance OP. 

This method of representing a 
point is known as the method of Polar Co-ordinates. 





POLAR CO-ORDINATES. 58 


The fixed point O is called the pole; the fixed line OX, 
the enitial line. 

The distance OP is termed the radius vector; the angle 
XOP, the vectorial angle. It is customary to represent 
the former by the letter p, and the latter by 0. In this 
system, accordingly, a point is cited as the point p 0. 
the point o’ 6’, etc. 

By attributing proper values to ϱ and 0, we may repre- 
sent any point whatever in the plane P.XO. Thus, 


Ἢ n Exo? jie denotes the point P. 

p' E T T 

0’ a i 
o" m O.P" ec e 

p — VOPR" E P". 


HT. ft} 
pP 2 OP | εί ές ές pu 


0" — XOP" 
The student will observe that all the angles 0, 6’, 0", 
0"' are estimated from XO toward the left. 


Corollary 1l.—For the pole, we evidently have 
p=: 
which may therefore be considered as the equation to that 
point. 
Corollary 2.—For any point on the initial line to the 
right of the pole, we have 
ο a. 
For any point on the same line to the left of the pole, 
we have 


θ--(πη-1)π. 


* We shall frequently employ the symbol m — the semi-circumference 
to radius 1, to denote the angle 180°; on the principle that angles are 
measured by the ares whieh subtend them. 
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In these expressions, n may have any integral value 
from 0 upward. 


Note.—It is customary to measure the angle 0 from XO toward 
the deft; and the radius vector p, from Ο in such a direction as to 
bound the angle. When any distinctions of sign are admitted in 
polar co-ordinates, the directions just named are considered positive ; 
while an angle measured from OX toward the right, and a radius 
vector measured from O in the direction opposite to that which 
bounds its angle, are considered negative. ‘Thus, the point P is 
commonly denoted by the positive angle 0 = XOP and the positive 
vector p = OP; but it may also be represented by the negative angle 
XO P" = — (x — 0) and the then negative vector p — OP. And, 
again, the same point may be represented by the positive angle 
0^ —20 +r = XOP” and the negative vector p = OP. 

The student will not fail to note that the signs + and —, as 
applied to a line revolving about a fixed point, have a signification 
quite different from that in connection with bilinear co-ordinates. 
They diseriminate between radii vectores, not necessarily as measured 
in opposite directions, but in directions having opposite relations to the 
bounding of the vectorial angle. We may therefore define the positive 
direction of a radius vector to be that which extends from the pole 
along the front of the vectorial angle; and the negative, to be that ex- 
tending opposite. 

In practice, negative values of p and @ are excluded from the 
ordinary formulae; but the distinction of sign just explained has an 
important bearing on the principles of the Modern Geometry. For 
this reason, it should be mastered at the outset. 


Remark.—To represent any point given in polar co- 
ordinates, we have only to draw the initial line, and lay 
off at any point taken for the pole, an angle equal to 
the given angle 0: then the distance p being measured 
from the pole, the required point 1s obtained. 


EXAMPLES. 
l. Represent in polar co-ordinates the point (p = 8; 0— m). 


2. Represent (p = — 8; 0— 0) and (p= — 8; 0r). 
F 3 
3. Represent (^ Slo 9 =<} and (^ em gs z) 


DISTANCE BETWEEN TWO POINTS. Dd: 


5m 
4. Represent (^ S00 cq es 2 (^ == 60> => η and 
Tr 
(^ os 6 ) 
5. Represent the distance between (^ --8; @= 7) and 


DISTANCE BETWEEN ANY TWO POINTS. 


51. Any two points being given by their co-ordinates, 
the distance ὃ between them is given. For, 

First: let the two points be 
z'y' and x” y”. Taking P and 
P' to represent the points, we 
have 

DUE, 
OM=7, MP =y: 
OM =a MP E y.. 
By Trig., 865, ! 
P' Pe = PÆ + Ρ’05---9 PQ. P'Q cos POP’ 

= PÆ + P'Q* +2 PQ.P'Qcos YOX. (Trig., 825). 
That is, 

62 — (a! — a) 2 +- (y”— y") 2 d 6) (a! — a) (y — y^) COS w. 

Corollary 1—If w = 90°, then (Trig., 834) the last. 
term in the foregoing expression vanishes, and we have, 
for the distance between two points in rectangular co- 
ordinates, 





6? — (x! — al)? + (y"—y')*. 
Corollary 2.—For the distance of any point x y from 
the origin, we have (Art. 49, Cor. 3) 
0? = 25 + y? + 2 xy cos w: 
which, in rectangular co-ordinates, becomes 
0?— r? + y. 
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Second: let the two points be p’ θ’ and o" 0". In the 
diagram, for this case, 


Ρ' T 
OP= p, XOP = 0’: 
ο ο κο μα ο, 
Then, as before, O X 


PP = ο 1. P'O?—2 OP. P'O cos POP; 
that is, 
0? — p? + p — 2 o'o" cos (0" — 0^). 
Corollary.—For the distance of any point p 0 from 
the pole, we have (Art. 50, Cor. 1) 
ο --- *; or ὁΞξρ: 
which agrees with our definition of the radius vector. 


Note.—In using the formule of this article, be careful to observe 
the signs of x’ y^, ue ce 


POINT DIVIDING IN A GIVEN RATIO THE DISTANCE 
BETWEEN TWO GIVEN POINTS. 

52. Let the given points be 2, y,, T, y; ; and the given 
ratio, m : n. Denote the co-ordinates of the required 
point by z and y. 

By Geom., 919, we have in the 
diagram annexed, where OM — z, 
MP ys OU ο ΜΗ s 
OM" — Lo , M! P" = yp, 

Ἔν ΠΟ Εμ. PP", 


or, Cire Ue cru πι 





MX, F- NX, 


m+n 


By like reasoning, we find 
— my, ny 


= m+n 
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If the distance between two points 2, Yı, £z y, were 
cut externally in the given ratio, we should have 


LTH, > UTM :: MIN. 


_ Mt παπι, 

= & —n 
and, similarly, 

LA 

αμ. —n 
And this we should expect: for, if the point P fell 
beyond P”, the segment PP” would be measured in the 
direction opposite to P’P, and n would have the negative 
sign. 

Se. As the student may have surmised from what he 
has already noticed, formule referred to rectangular axes 
are generally simpler than those referred to oblique. For 
this reason, it is preferable to use rectangular axes when- 
ever it is practicable. Hereafter, then, the attention 
should be fixed chiefly upon those formule which corre- 
spond to rectangular axes. In some cases, formule are 
true for any value of w. Such are those deduced in the 
last article. In the examples given hereafter, the axes 
are supposed to be rectangular, unless the contrary is men- 


tioned. 
T EXAMPLES. 
1. Draw the triangle whose vertices are (2, 5), (— 4, 1), 
(= να 6). 


2. Find the lengths of the three sides of the same triangle. 


3. Express algebraically the condition that x y is equidistant 
from (2, 9) and (4, 5). Ans. s+ y =T. 


4. Find the distance between (— 3, 0) and (2, — 5). 


5. Determine the co-ordinates of the point equidistant from the 
three points (1, 2), (0, 0), and (— 5, — 6). 
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T 
d 

7. Find the co-ordinates of the point bisecting the distance 
between x, y; and ο ys 


x 9 e τ 
6. Solve Ex. 2, supposing o successively 3 and 


8. The point x y is midway between (3, 4) and (—5, — 8): 
find its distance from the origin. 

9. x y divides externally the distance between (2, — 8) and 
(— 5, — 3) in the ratio 6: 7. What is its distance from the point 
midway between (3, 4) and (6, 8)? 

10. Given the points (p = 5; 0— 30°) and (p =ô; 0 = 225?) to 
find the distance between them, and the polar co-ordinates of its 
middle point. 


TRANSFORMATION OF CO-ORDINATES. 

of. A point being given by its co-ordinates, we can 
at pleasure change either the axes or the system to 
which they refer it. The process is called Transforma- 
tion of Co-ordinates. 

The position of the point is of course not affected by 
sucha change. Its co-ordinates merely assume new values 
corresponding to the new axes or new system. 

The transformation is effected by substituting for the 
given co-ordinates their values in terms of the elements be- 
longing to the new limits. General formule for these substi- 
tutions are easily obtained. In investigating them, it is 
convenient to consider the subject in four cases; namely, 


I. To change the Origin, the direction of the axes 
remaining the same. 


II. To change the Inclination of the Axes, the origin 
remaining the same. 


III. To change System—from Dilinears to Polars, and 
conversely. 


IV. To change the Origin, at the same time trans- 
forming by 11 or 111. 
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55. Case First: 7o transform to parallel axes through. 
a new origin. 

Let x and y be the co-ordinates of the point for the 
primitive axes; and X and Y its co-ordinates for the 
proposed parallel axes. Let 
m,n be the co-ordinates of 
the new origin. Then, if OY, 
OX represent the primitive 
axes, and O'Y', O'X' the 
new: we Shall have z — OM, 
y — MP; X—0'M', Y= 
MP; and m — OS, n = S0’. 
Now, from the diagram, 

OM = OS -- O'M’ and MP-—SO'--M'P; 
that 1s, z—m-xX, 
y=n +Y: 


which are the required formulæ of transformation. 





96. Case Second: To transform to new axes through 
the primitive origin, the inclination being changed. 

Let w represent the inclination of the primitive axes. 
Let a = the angle made by the new axis of x with the 
primitive; and f = that made by the new axis of y. 

Drawing the annexed dia- 
gram, we have z — OM, y 
ΗΕ, COMI 
M'P; a= xX'OX = MOR, 
and B = VOX = PM'S: 
Then, letting fall PQ and 
M'R perpendicular to OX, 
and M'S perpendicular to 
PQ, we obtain (Trig., 858) 


MP sin PMQ = QP = RM + SP. 
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But RM + SP = OM sin WOR + MP sin PM'S. 
|. MP sin PAMQ = OJI sn AP OR + M'P sin PM'S; 
or, y sin w =X sin a ol Y sin £. 
By dropping perpendiculars from P and J'upon OF, 
and completing the diagram, we should obtain by the 
same principles 


T sin w = NX sin (w — a) + Y sin (w — ῥ). 
The details of the proof are left to the student. 


We have, then, as the required formule of transforma- 
tion, 
2 sin w = X sin(w — a) + Y sin (w — f), 
y sin w = X sin a + Y sin f: 


which include all cases of bilinear transformation. The 
particular transformations which may arise under this 
general case, are various; those of most importance 
are as follows: 


Corollary 1.— To transform from rectangular axes to 
oblique, the origin remaining the same. Making w = 90° 
in our general formulæ, we obtain (Trig., 884, 841) 


x = X cosa + Y cos f, 
y = X sina + Y sin β. 


Or we may obtain the formulæ geometrically, as follows : 
Supposing the angle FOX to be a right angle, OM will 
obviously coincide with OQ, and MP with QP, and we 
shall have | 


OM = OR + M'S = OM eos WOR + M'P cos PM'S 
.£2£=Xcosa-+ Y cos 3; 


MP = ΠΛ’ + SP = 0M sin MOR + MP sin PM'S 
s. y =X sin a + Y sin f. 
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Corollary 2.— To transform from oblique axes to rectan- 
gular, the origin and the axis of x remaining the same. 
Here a = 0, and 8 = 90°: hence, (Trig., 829, 834,) 

x Sin w = X sin w — Y cos a, 
TM y Sin w = Y. 
Geometrically as follows: OX, OY being the primitive 
axes, and OX, OY’ the new: z— 0M, y= MP; X—0M' 
Y=M'P. By Trig., 859, 
OM = 0M' —M'M 
= Ο/Η’ — MP cot PMM'; 

or, xr =X — Y cot w. 

'. zsin w =X sin w— Y cos e. 
Again, by Trig., 858, 
MP sin PMM = ΜΕ: 


or, y sin w = Υ. 





/ 
΄ Corollary 3.— To revolve the rectangular axes through 
any angle 0. Here a = 0, B = 90° + 0, and w = 90°. 


Substituting in the general formule, we obtain 


x = X cos 6+ Y cos (90° + 0), 
y = X sn 0+ Y sin (90° + 0): 


expressions which, by Trig., 849, become 


2 =X cos 0 — Y sin 0; 
y — X sin 0 + Y cos 0. 


η DTE 
Or we may deduce the formule 


independently, from the diagram . 
annexed. Here z = 0M,y — MP;' 
X—0M', Y —M'P; 6=MOS 
— ROM — M'PQ. Drawing M'S 
and M'Q perpendicular respect- 
ively to OS and PQ, we shall have 
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OM = 0S— M'Q=O0M cos M'OS — M'P sin M'PQ, 
MP=SM + QP=OM sin ΛΙ’ OS + M'P cos M'PQ. 
That is, 
r = X cos Ü — Y sin 90, 
y =X sin 0 + Y cos 0. 


07. Case Third: Το transform from a bilinear to a 
polar system of co-ordinates, or conversely. 


Let OX, OY be the primitive rectangular axes, and 
OX’ the initial line of the proposed 
polar system. Let a = the angle 
which the initial line makes with the 
axis of x: it will be positive or neg- 
ative according as OX’ lies above or 
below OX. It is obvious from the 
diagram that we shall have 


x = p cos (0 + a), 

y = p sin (6 + a): 
formule by which we can either find 2 y in terms of p 0, 
or p Ü in terms of z y. In applying them, strict atten- 


tion must be paid to the sign of a, according to the con- 
vention named above. 





Note.—We have confined the diseussion of this case to the 
change from rectangular axes, as this alone is of very frequent 
occurrence in practice. It may be well, however, to give the 
formule of the general case, in which w is supposed to have any 
value whatever. Assuming, in the above diagram, the angle YOX 
to be oblique, we should have in the triangle OMP, (Trig., 867,) 
„ — Psin fo—(0-+2)} 

sin ω 

. sin (0 + a) 

I= rna t 


p: £ :: Sino: sin (o — (0 -- a)] 


p:y :: sin o: sin (0 + a) 


These formula evidently become those obtained above, when o — 
90°. 
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Corollary.—If the axis of x is taken as the initial line, 
— 0; and we have 


= p cos 0, 


y = p sin l: 
a set of formule in very extensive use. 


58. Case Fourth: 7o combine a change of origin 
wilh any other transformation. 


To effect this, we first apply the formule of Art. 55, 
and thus pass to the new origin with a system of axes 
parallel to the primitive. That is, in effect, we remove 
the original system to the new position which the proposed 
origin requires. The formule for the special transforma- 
tion in hand are then applied, and the whole change is 
accomplished. 

From the nature of the formule in Art. 55, it is obvious 
that the present case is solved analytically by merely 
adding to the expressions for x and y, the co-ordinates 
m and of the new origin. Thus, in general, by Art. 56, 
X sin (w — a) + Y sin (w — P) 

sin — ω 
X sin a + Y sin 
Vies sin ω s, 2 
To pass from bilinears to polars when the pole is a dif- 
ferent point from the origin, we have 


x =m + p cos (0 + 4), 
y =n + p sin (0 + α).᾿ 


2 = m + ---- 


59. It should be observed that in applying these 
various formule, great care is to be exercised in respect 
to the signs of the constants involved. And in the ex- 
amples which follow, where given points are to be trans- 
formed, the same care should be taken with respect to all 
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the known co-ordinates. It is recommended that the 
student reduce every problem to drawing, at least in the 
carlier stages of his studies. In no other way will he 
readily acquire the habit of bringing every analytic 
process to the test of geometric interpretation. 


EXAMPLES. 


1, Given the point (5, 6): what are its co-ordinates for parallel 
axes through the origin (2, 3)? 

2. Transform (— 3, 0) to parallel axes through (— 4, — 5) ;— 
to parallel axes through (5, — 3); — through (— 3, 5); — through 

3. Given in rectangular co-ordinates the points (1, 1), ( — 1, 1), 
(2, — 1), and (—3, — 3): find their polar co-ordinates, the origin 
being the pole, and the axis of z the initial line. 


4. Transform the points in Ex. 2, supposing the pole to be at 


(— 4, 5), and the initial line to make with the axis of x an angle 
C= 30* 
5. Solve Ex. 4, on the supposition that a = 45°. 


6. Find the rectangular co-ordinates of (0 = 3; 0 = 60°) and 


(p = — 3; 0 — — 605), the origin and axis of x coinciding respect- 
ively with the pole and the initial line. Find the same, supposing 
the origin at (— 2, — 1), and the angle a = 30°. 


T. The co-ordinates of a point for a set of axes in which o = 
60°, satisfy the equation 3x + 4y — 8 —0: what will the equation 
become when transformed to o^ = 45°, a = 15°? What, when in 
addition the origin is moved to (— 3, 2)? 

8. Transform z? + y? = 7? to parallel axes through (— a, — b). 

9. Itis evident that when we change from one set of rectangular 
axes to another having the same origin, 27 + y? must be equal to 
z^ + y^, since both express the square of the distance of the point 
from the origin. Verify this by squaring the expressions for x and 
y given in Art. 56, Cor. 3, and adding the results. 

10. Transform to rectangular co-ordinates the following equations 
in polar; origin same as pole, and axis of 2 as initial line: 


psin20—2c; pÓcosb0- οὔ; pP = e cos 20. 
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' GENERAL PRINCIPLES OF INTERPRETATION. 


GO. In an important sense, the whole science of 
Analytic Geometry may be said to consist in knowing 
how to translate algebraic symbols into geometric facts. 
Supposing that we have solved any geometric problem 
by analytic methods, our result must be some algebraic 
expression. Hence, in the end the question is, How 
shall we interpret that expression into the geometric 
property which we are seeking ? 

The principles governing such an interpretation are to 
be mastered in their fullness, only through an exhaustive 
study of the whole field of Analytic Geometry. But 
there are a few of them, which, lying at the root of all 
the others, are of universal application, and must be de- 
termined at the outset. In the following articles, we 
will state and establish them. The student may notice 
that the illustrations and, in some cases, the phraseology 
refer to Cartesian co-ordinates; but this does not affect 
the generality of the principles, since we can convert any 
geometric expression into one relating to the Cartesian 
system by transformation of co-ordinates. 


G1. A single equation between plane co-ordinates repre- 
sents a plane locus. 

This theorem follows directly from the corollary of 
Art. 27. It may be well, however, to add here some 
illustrations of the principle. 

It is plain that if we have any equation between two 
variables, as 

az? + bey + ex? + dy? + f=), 
we may assign to x any value we please, and obtain a 
corresponding value for y. The unknown quantities in 
such an equation are therefore not determinate. On the 
contrary, there is a series of values, infinite in number, 
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any of which will satisfy the cquation. Taking these 
values as denoting the co-ordinates of a point, the equa- 
tion must represent an infinite number of points. But, 
though infinite in number, these points can not be taken 
al random; for the equation can not be satisfied by 
values arbitrary for y as well as zx, but only by such 
values of y as its own conditions require in answer to 
the assigned values of z. Hence, the infinite series 
of points which the equation represents, conforms in all 
its members to the same law of position: a law ex- 
pressed in the uniform relation which the equation 
establishes between the values of its variables. Such a 
series of poinfs must constitute a line. 
To illustrate by a diagram, 
we may suppose that in a 
given equation between two va- 
riables, 2 has the value Ox. 
Corresponding to this there will J, 
be, let us say, three values of y, / (Tir 
represented by mp, mg, mr. We | ,9 M mw i 
thus determine three points, p, 
q, T. Again, supposing x = Om’, we determine three 
other points, p’, q', τ’. And again, making x = Om", 
we obtain the points p", q”, 7". We may continue this 
process as long as we please, and determine any number 
of points, by assigning successive values to ». By taking 
these sufficiently near each other, and drawing a line 
through the points thus found, we may determine the 
figure of the locus which the equation represents. 


Remark.— We must here carefully recall the proposition, stated 
in the Introduction, that to render the principle of this article uni- 
versaly true we must take into account imaginary loci, loci at 
infinity, and cases where a locus degenerates into disconnected points 
or a single point. For example, the equation 


gray -+1l=0 
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can not be satisfied by any real values of x and y: consequently, in 
order to bring it within the terms of our principle, we must say that 
it denotes an émaginary locus. It should be borne in mind that 
this amounts to saving that it has no geometric locus. 
Again, the equation 
Qr + Oy +¢=0 
can be satisfied by none but infinite values of x and v. All the 
points on its locus are therefore at an infinite distance from the 
origin, and it can be brought within the terms of our prineiple only 
by saving that it denotes a locus at infinity. This, too, is only another 
way of saving that it has xo geometrie locus, 
Again, the equation 
(v —a)*+y=0 
obviously can not be satisfied unless we have, at the same time, 
(r— a)? =U and y = 0; 
that is, 16 admits of no values except 
xr =a and y — 0. 


Accordingly, if we would bring it within our principle, we must say 
that it denotes a locus which has degenerated into a point situated on 
the axis of x, at a distance a from the origin. We shall learn here- 
after that this point is an infinitely small cirele, having (a, 0) for 
its center. 


62. Any fico simultaneous equations between plane co- 
ordinates represent determinate points in a given plane. 

For, given fio equations between two variables, we 
can determine the values of x and y by elimination. 

Moreover, the points which such a pair of simultaneous 
equations determines, are the points of intersection common 
to the two lines which the equations respectively repre- 
sent. For it is obvious that the values of x and y found 
by elimination, must satisfy both of the equations: hence, 
the points which these values represent must lie on both 
of the lines represented by them: that is, they are the 
points common to those lines. 
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Corollary l.—llence, To find the points of intersection 
of two lines given by their equations, solve the equations 
forx and y. i 


Remark.—The geometric 
meaning of simultaneity and 
climination may be made clearer 
hy the accompanying diagram. 
Let the curve A be represented 
by the equation 


κ 





y =f (x) (1), 


and the curve B by a second equation 


y = e (x)* (2): 

then, supposing A to intersect B in the points p’ and p”, 
and in these points only, it is obvious that the x and y 
of equation (1) will become identical with the x and y 
of equation (2) when we substitute in both equations the 
co-ordinates of p' and p"; for we shall then have, in both 
equations, 

x = Om! or Om", 

y = mp! or mp", 
And it is equally plain that the z and y of the two equa- 
tions will γιοί be the same, but different, so long as they 
represent the co-ordinates of any other point. Thus, if 
in (2) we make z = OM, we shall have y= MP: values 
which, it is manifest from the figure, the x and y of (1) 
can not have. 

Since, then, the variables in the equations to different 
curves will in general have «different values; and since, 
even in curves that intersect, the variables in their re- 
spective equations will become identical in value only at 


* Equations (1) and (2) are read **y = any function of x" and “y = 
any other function of +.” 
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the points of intersection : we learn the important principle, 
that to suppose two geometric equations simultaneous is 
to suppose that their loci intersect. In short, semultaneity 
means intersection ; and elimination determines the intersect- 
ing pornts. 


Corollary 2.— Two equations, of the m and n" degree 
respectively, represent mn points. 

For (Alg., 246), elimination between them involves 
the solution of an equation of the mn degree; and such 
an equation (Alg., 396, 397) will have mn roots. 

Two lines, therefore, of the m*^ and n^" order respect- 
ively, intersect in mn points. Two lines of the first order, 
for example, have but one point of intersection; two of 
the second, have four; a line of the first order intersects 
one of the second, in two points; a line of the second 
order cuts one of the third, in six; and so on. 

It should be observed that any number of these mn 
points may become coincident: a fact which will be indi- 
cated, of course, by the existence of a corresponding 
number of equal roots in the equation obtained by elimi- 
nation. Or, any number of them may become imaginary ; 
or, in certain cases, be situated at infinity : facts respect- 
ively indicated by the presence of imaginary and infinite 
roots. 


G3. An equation lacking the absolute term represents a 
line passing through the origin. 

For every such equation will be satisfied by the values 
x = 0, y — 0; and these (Art. 49, Cor. 3) are the co- 
ordinates of the origin. 


64. Transformation of co-ordinates does mot alter the 
degree of an equation, nor affect the form of the locus which 
1! represents. 
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For, supposing the equation to be originally of the 
n" degree, the term which tests that degree may be 
written αγ, in which r --s— n. Now the most gen- 
cral case of transformation (compare Arts. 56, 58) will 
require us to substitute for this an expression of the 
form 


M(aX 4 0Y-Foy (XHY eY: 


which when expanded will certainly contain terms of the 
form ΛΙ’ X” Y”, where p + q= r + s =n, but can contain 
none in which the sum of the exponents of X and Y is 
greater than n. Hence the degree of the equation, and 
therefore the order of its locus, will remain unchanged 
through any number of transformations. 

Nor will transformation atfect the form of the locus at 
all. For, obviously, the figure of a curve does not depend 
upon limits to which we arbitrarily refer its points. 





EXAMPLES. 


1. What point is represented by the equations 3z + 5y = 13 
and 4c — y = 2? 


2. Given the two curves 27 + y? = 5 and zy = 2, in how many 
points will they intersect? Kind the points of intersection. 


3. Find the points in which z — y = 1 intersects x? + y? = 25 


4. Of what order is the curve y? = 4px? Show, by actual trans- 
formation, that it continues of the same order when passed from its 
original rectangular axes to oblique ones through a, 2V pu: the 
new axis of x being parallel to the old, and the inclination of the 
new axes being the angle whose tan? =p : u. 


9. Decide whether the following curves pass through the origin: 


y—mzrzdb; z—y-—0;z*—34:9—]1; γξ-άρα; 


94? — ory + 142 --- By = 0. 
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SPECIAL INTERPRETATION OF PARTICULAR EQUATIONS, 


65. The foregoing principles illustrate the doctrine 
that there is a general connection between an equation 
and the locus of a point. But every curve * has its own 
particular equation, and we may appropriately close our 
diseussion of the Theory of Points by explaining briefly 
how to discover the form and situation of a curve from 
its equation. 


66. The Special Interpretation of an Equation 
consists in tracing, by means of determined points, the 
curve which it represents. 


G7. In order to trace any curve from its equation, we 
solve the equation for either of its variables, say for y. 
We then assign to x various values at pleasure, and com- 
pute the corresponding values of y. Then, drawing the 
axes, we lay down the points corresponding to the co- 
ordinates thus found. X curve traced through these 
points wil approximately represent the locus of the 
equation. Could we take the points infimtely near each 
other, we should obtain the exact curve. 


65. Attention to certain characteristics of the given 
equation and of the values of the variable for which it is 
solved, will enable us to deeide certain questions con- 
cerning the peculiar form of the corresponding curve. 
These algebraic characteristics, and their geometric 
meaning, we will now specity. 


69. If the given equation is of a degree higher than 
the first, for every value assigned to x there will arise 





S It is customary to call any plane locus a curve, even though this in- 
volves the apparent harshness of saying that the right line or an isolated 


point is a curve. 
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two or more values of jy. The several points correspond- 
ing to the common abscissa are 


said to lie on different PonTIONS a X. » 
of the curve. Thus, in the figure, 7 i / 
the points p, p', p" lie on one P4 Jal 
portion of the curve represented; y / P = 


the points q, q’, q” on another; ο. 

and the points r, ?', r" on a third. μα ο 

The Limits of a portion — that 

is, the points where it merges into another portion — 
are the points whose abscissas cause two values of the 
ordinate to become equal. 


Corollary.— Hence, To test whether a curve consists of 
several portions, note whether its equation is of a degree 
higher than the first. To find the limits of the portions, 
observe what values of . give rise to equal roots for y. 


760. If all the values assigned to x within the limits 
separating two portions of a curve, make the y's of the 
two portions numerically equal but of opposite sign, the 
corresponding points of these portions will be equally 
distant from the axis of x. Similar conditions with 
respect to the axis of y will determine points equally 
distant from that axis. 

Two portions of a curve, whose points are thus situated 
with reference to either axis, are said to be SYMMETRICAL 
to that axis. A curve is symmetrical, when all its por- 
tions taken two and two are symmetrical. 


Corollary.—MHence, To tes! for symmetry, note whether the 
values of either variable, corresponding to all values of the 
other between the limits of two portions of u curve, appear 


in pairs, numerically equal with contrary signs. 


7i. If any value assigned to x gives rise to imaginary 
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values for y, the corresponding point or points will be 
imaginary. That is, the curve is interrupted at such 
points. And if, between any two values of either vari- 
able, the corresponding values of the other are all 
imaginary, the curve does not exist between the corre- 
sponding limits. Thus, in the curve 


by solving for y we obtain 
Y= aem d | 
a 


so that y is real for every value of x which lies beyond 
the limits z = a and x — — a, but is imaginary for every 
value of z lying between them; and the curve is interrupted 
in the latter region. 

When the extent of a curve 1s nowhere interrupted, 
and it suffers no abrupt changes in curvature, * it is said 
to be CONTINUOUS. A curve may be either continuous 
throughout or composed of continuous parts. 


Corollary.— To test for continuity in extent, note whether 
the equation to a curve gives rise to limiting values of either 
variable, beyond or between which the values of the other 
are imaginary. 


Remark.—To test for continuity in curvature, we 
employ the Differential Calculus. 


72. The continuous parts of a curve are called its 
BRANCHES. A branch should be distinguished from a 
portion of a curve: a branch may consist of several 
portions; or a portion, of several branches. 


* Curvature i. e. the rate at which a curve deviates from a right line. 
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A branch of a curve may degenerate into isolated 
points, or a single point: such points are called conJu- 
GATE POINTS. 


Corollary.—The number and extent of the branches 
belonging to a curve may often be determined by exam- 
ining the limils beyond or between which its equation gives 
rise to unaginary values of the variables. Thus, if 


mp pe ed 
4/ e bou T5 


y will be real for all values of x lying between the limits 
r= — a and r= a, but imaginary for all lying beyond. 
The curve therefore consists of a single branch, surround- 
ing a portion of the axis of 2 whose length = 2«. If 


y ----Ξ--- 5—gq 
J α' ? 


y is real for all values of x lying beyond the limits 
x= — a and x — a, but imaginary for all lying between. 
Hence, the curve consists of two branches, separated by 
a portion of the axis of x whose length = 2a. If 


y =2 V pr, 


y is imaginary for all negative values of x, but real for 
all positive values. Hence, the curve consists of a single 
infinite branch, extending from the origin toward the 


right. 


Remark.—Conjugate points belong to a class, known 
as SINGULAR POINTS, whose existence can not in general 
be tested without the aid of the Differential Calculus. 
If, however, a given equation is obviously satisfied by 
none but isolated values between certain limits, its locus 
between those limits will consist of conjugate points. 
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7:3. We add a few examples, merely premising that 
it is often convenient first to find the situation of the 
axes to which the given equation is referred. This is 
done by making the x and y of the equation suc- 
cessively equal to zero: the resulting values of y and x 
(Art. 62, Cor. 1) are the intercepts made by the curve 
on the axis of y and of x respectively. 

We have given, for the sake of widening a little the 
student's view of the subject, a few equations to Higher 
Plane Curves, both Algebraic and Transcendental. These 
curves, of course, are beyond the province of the present 
work; and the reader who desires full information in 
regard to them is referred to ΘΑΙΜΟΝ 5 Higher Plane 
Curves or to the writings of PLUcKER, PoNcELET, and 
CHASLES. 

It will be most convenient, in tracing the curves of the 
following examples, to use paper ruled in small squares, 
whose constant side may be taken for the linear unit. 
Let the limits of the imaginary values, if such exist in 
any equation, be first found: then, within the sphere of 
real values, let the abscissas be taken near enough 
together to determine the figure of the curve. 

The axes are rectangular: as we shall always suppose 
them in examples, unless the contrary 1s indicated. 


EXAMPLES. 


1. Represent the curve denoted by y = 2x + 3. 


Making, successively, x = 0 and y = 0, we obtain 


y ^ 3 and α-----. 


The curve therefore cuts the axis of y at a distance 3 above the origin, 


€ 


and the axis of a at a distance 2 to the left of the origin. Draw the axes 


and lay down the corresponding points. 
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The equation being of the first degree, the curve consists of but one 
portion. y is obviously real for all real values of x: tho curve is there- 
fore of infinite extent. Making x successively — 3, — 2, — 1, 1, 2, 3, the 
corresponding values of y are — 3, — 1, 1, 5, 7, 9. Laying down the 
points 

(— 3, — 3), ίσο, ο 1), (= 1, 1), (1, 5), (2, 7), (3, 9), 


we find that thoy all come upon the right lino drawn through (0, 3) and 


3 : ; 
(- ng ο) , Which is therefore the curve represented by the given equation. 


r? 1 2 
2. Interpret η + T = 1 


Making x = 0, we obtain 


y=: 


or the curve cuts the axis of y in two points: one at the distance 2 above 
the origin, and the other at tho same distance below it. 


Making y — 0, we obtain 
x= t3: 


whence the curve cuts the axis of x in two points equally distant from 
the origin, and on opposite sides of it. 

Since the equation is of the second degree, the curve consists of two 
portions; and as the values of y coincide and = 0 when x= + 3, these 
portions are scparated by the axis of æ. Solving for y, we find 


hence, y will become imaginary when c > 3 or x < — 3. The curve 
therefore has no point beyond its intersections with the axis of x. But 
for every value of x between tho limits — 2 and 3, y is real; that is, the 
curve consists of a single continuous branch. 

Making, now, x successively equal to — 2, — 2.5, — 2, — 1, 0, 1, 2, 2.5, 3, 
the corresponding values of y are 0, + 1.2, Y 
-1.5 £1.9, £2, 1.9, $1.5, £1.2, 0. From 
these values, we see that the curve is sym- 
metrical to both axes; and, laying down the Χ' x 
sixteen points thus found, we determine the 
figure of the curve as annexed. It is an 
ellipse. b di 


3. Interpret the equation y = mz. 


qx. «Ἡ 
4. Interpret g — TN l. This curve is an hyperbola. 


δ. Interpret y? = dx. This curve is a parabola. 
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6. Interpret y = a? and jy? = a?. The first of these curves is 
a cubic parabola; and the second, a semi-cubic parabola. 

T. Interpret οὖ — (a — x) y? = 0. This is known as the Cissoid 
of Dioeles. 

S. Interpret αὐγὴ = (a? — y) (b + y). This is the Conchoid 
of Nicomedes. 

9. Interpret z = versin — y * — V2 ry — y. This is the Com- 
mon Cycloid. 

10. Interpret y = sin x, the Curve of Sines; y = cos x, the Curve 
of Cosines; and y = log x, the Logarithmic Curve. 


{ 
! 


Section II.—Tue Rieut LINE. 


THE RIGHT LINE UNDER GENERAL CONDITIONS. 


74. In discussing the mode of representing the Right 
Line by analytic symbols, we shall in the first place have 
to determine the various forms of the equation which rep- 
resents any right line: that is, our problem will be to 
represent the Right Line under general conditions only. 
This accomplished, we shall then pass to the more partic- 
ular forms of the equation — those which represent the 
Right Line under such specia! conditions as passing 
through two given points, passing in a given. direction 
through one given point, ete. 


79. In showing that a certain curve is represented by 
a certain equation, we may proceed in either of two ways. 


S This is the notation for an inverse trigonometric function, and is in this 
case read ‘tho aro whose versed-sine is y." Similar expressions oceur in 
terms of the other trigonometric functions: às, c = sin! y: c — tan`? y; 
ete., read '* x= the are whose sine is y," “x= the are whose tangent is y," 


and so on. 
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First, we may begin by assuming some fundamental 
property of the curve, define the curve by means of it, 
and, with the help of a diagram which brings it into rela- 
tion with elementary geometric theorems, embody it 
in an equation between the co-ordinates of any point 
on the curve—an equation from which all other prop- 
erties may be deduced by suitable transformations. 
Or, secondly, we may begin without any geometric 
assumptions except those on which the convention of 
co-ordinates is founded; may take an equation of any 
degree, in its most general form; and, by the purely 
analytic processes of algebraic, trigonometric, or co- 
ordinate transformation, reduce the equation to such 
simpler forms as will show us the species, figure, and 
properties of the corresponding curve. The latter 
method is the purely analytic one; the former mingles 
the processes of geometry and analysis. 


7G. In the present Book, both of these methods will 
be applied in succession. It will be natural to set out 
from the geometric point of view: for in this way we 
shall secure simplicity and clearness, by constantly 
bringing the analytic formulae and operations to the 
test of interpretation by a diagram. After the char- 
acteristic forms of the equation to any locus have been 
obtained by the aid of geometry, and the beginner 
has become familiar with their geometric meaning, 
he may safely ascend to the higher analytic stand- 
point, and will be able to descend from it with some 
real appreciation of the scientific beauty which it brings 
to light. 

We proceed to apply to the Right Line the two 


methods mentioned, and shall follow the order which 
has just been indicated. 
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I. GEOMETRIC POINT OF VIEW :— THE EQUATION TO THE 
RIGHT LINE IS ALWAYS OF THE FIRST DEGREE. 


77. There are three principal forms of the equation 
to the Right Line, arising out of the three sets of data 
by which the position of the line is supposed to be deter- 
mined. Each of these will prove to be of the first 
degree. 


78. Equation to the Right Line in terms of its 
angle with the axis of r and its intercept on the 
axis of y.—1t is obvious, on inspecting the diagram, that 
the position of the line DT is given 
when the angle DTX* and the 
intercept OD are given. 

Let x and y denote the co-ordi- 
nates OM. MP of anv point P on 
the line. Let the angle DTX = a, 
and let OD = b. Then, drawing 
UP parallel to DT, we shall have 
(Trig., 867) 


OR: OM :: sin OUR: sin ORM. 


That is, b—y:x::smna: sin(a— c). 


sin α 
Mp uU aD 


sin (w — a) 





sin a 
sin (ω — a) i 


y= mr -[- ὃ; 


which is the equation in the terms required. 


or, putting m = 


* The student will not fail to notice that the angle which a line makes 
with the axis of z is always measured, positirely, from that axis toward 
the left; an angle measured from the axis toward the right, is negatire. 
This principle holds true of the angle between any two lines. 

An. Ge. 10.. 
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Corollary 1.—In the equation just obtained, the axes 
are supposed to have any inclination whatever. If the 
axes are rectangular, œ = 90° and m = tanu. Hence, in 


y= mr + ὃ, 
when referred to rectangular axes, m denotes the tangent 
of the angle which the line makes with the axis of r; 
but when the equation is referred to oblique axes, m de- 
notes the ratio of the sines of the angles which the line 
makes with the two axes respectively. 


Remark.—In interpreting an equation of the form 
y = me + b, and tracing the line corresponding to the 
values m and b have in it, account must be taken of the 
signs of those constants. * The constant m will be posi- 
tive or negative according as the angle a is less or grealer 


sin a 


than ω. For m = : which is positive or neg- 


sin (w — a) 
ative upon the condition named, according to Trig., 829; 
since & is supposed not to creeed 180°. The constant b 
(Art. 49) will be positive or negative according as the 
intercept on the axis of y falls above or below the origin. 
Thus, in the case of the line in the diagram, m is 
negative, and b positive. 
If the axes are rectangular, the sign of m will be + or 
— according as « is acute or obluse. For, in that case, 
m = tan a; and the variation of sign is determined by 


Trig., 825. 


Corollary 2.—We can thus determine the position of a 
right line with respect to the angles about the axes, by 
merely inspecting the signs of iis equation. 


* The quantitics m and L are constants, since they can have but one 
value for any particular right linc. But the equation is true for any right 
line, because we can assign to πι and ὃ any values we please. They are 
hence called arbitrary constants. 
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If m is negative, and 5 positive, the line crosses the 
axis of y above the origin, and makes with the axis of v 
an angle greater than w: it therefore crosses the latter 
at some point to the right of the origin, and so lies across 
the first angle. 

If m and b are both positive, the line lies across the 
second angle. 

If m and 6 are both negative, the line lies across the 
third angle. 

If m is positive, and b negative, the line lies across the 
fourth angle. 


[The student may draw a diagram and verify the last. 
three statements. | 


Corollary 3.—If m — 0, we shall have sna—0 
.". @=0, and the line will be parallel to the axis 
of zr. 

Corollary 4.—1f m = x.sn(w—a)=0 .:. a=a, 
and the line will be parallel to the axis of y. 

If m — oo when the axes are rectangular, we shall 
have tan a = oo .^. a = 90°, and the line will be per- 
pendieular to the axis of x: which is essentially the same 
result as before. 


Corollary 5.—1f 6 — 0, the line must pass through the 
origin. But, in that case, the equation becomes 


y e EQ 


which is therefore the equation to a right line passing 
through the origin. 


79. Equation to the Right Line in terms of its 
intercepts on the two axes.—The diagram shows that 
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the position of DT is given 
when UT and OD are given. 
Let OT =a, and OD — b; rep- 
resent by x and y, as before, 
the co-ordinates OM, MP 
of any point P on the line. 
Dy similar triangles, we have 





OT : OD :: MT: MP; thatis,a:b::a — x : y. 
τ quud spa 
ο Ὅμίω 


which is the symmetrical form of the required equation. 


Remark 1—When interpreting an equation of this 
form, the signs of the arbitrary constants a and 6 must 
be observed. By doing this, we can fix the position 
of the line with respect to the four angles, as in the 
preceding article. 

When a and b are both positive, the line lies in the 
first angle, as in the diagram. 

When a is negative, and 6 positive, the line lies in the 
second. angle. 


When a and 6 are both negative, the line lies in the 
third angle. 

When « is positive, and b negative, the line lies in the 
fourth angle. 


Remark 2.— his form of the equation to the Right 
Line is much used on account of its symmetry. It also 
deserves to be noticed on account of its resemblance to 
the analogous equations to the Conies, which we shall de- 
velop in due time. It is applicable, as is manifest from 
the investigation, to rectangular and oblique axes alike. 


So 
oJ 
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SO. Equation to the Right Line in terms of its 
perpendicular from the origin and the angle 
made by the perpendicular with the axis of .χ.-- 
By examining the diagram, it 
becomes evident that the po- 
sition and direction of DT are 
given, if the length of OF per- 
pendicular to DT, and the angle 
TOR which it makes with OX, 
are given. Let OR — p: and let 
the angle TOR — a, whence the 
angle DOR = w — α. Then, a and 6 representing the 
intereepts O7 and OD as before, we have (Trig., 859) 





a= ;b— P 


cosa ΄ cos (w — a) 





Substituting these values of a and 5 in the equation of 
Art. 79, we obtain 
7 ^08 — 
Eo UOS (ω α 1 
P P 
Clearing of fractions, 
v eosa + y cos (o— a) = p: 


which is the equation sought. 


Remark.—The co-efficients of τ and y in the foregoing 
equation are called the direetion-cosines of the line which 
the equation represents. In using this form of the 
equation, it is most convenient to suppose that the 
angle a may have any value from 0 to 360°, and that 
the perpendicular p is always positive — that is, (Art. 50, 
Note,) measured from O in such a direction as to bound 
the angle. This convention can not be too carefully 
remembered. 
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Corollary.—If the axes are rectangular, we shall have 
(Trig., 841) 
x cos a + y sin æ = p: 


a form of the equation having the greatest importance, 
on account of its relations to the Abridged Notation. 


51. The three forms of the equation to the Right 
Line are therefore as follows: 


y = πια + b (1), 

ces -- 

ρα (2), 
2 cos a + y cos (w — a) = p (3). 


They are all of the first degree. Either of them may 
be derived from any other, by merely substituting for 
the constants in the latter their values in terms of those 
involved in the form sought. For (see diagram, Art. 80) 
we have 


2 2 
απο E ο ο 
a 605 « cos (w — 4) 





In the case of rectangular axes, we shall have 6 = — Dex 
sin a 


82. Polar Equation to the Right Line.—Let p 
und 0 be the co-ordinates OP, XOP of any point P 
on the line PT. Let OR, the perpen- 
dicular from the pole to the line, = p; 
and let X OR, the angle which the per- 
pendicular makes with the initial line, 


== a. Then (Trig., 858) we have 
OP cos ROP — OR; 





that 1s, 
p cos (Ü — a) — p: 


which is the equation required. 
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Corollary.—1f the initial line were perpendicular to the 
right line, we should have a = 0, and the equation 
would become 

p cos 0 = p: 


the equation to a vight line perpendicular to the initial linc. 


Remark.—In applying the equation of the present 
article, it will be convenient to regard the sign of the 
angle a. This will be + if the perpendicular OZ falls 
above the initial line: but —, if it falls below. 


S3. To trace a Right Line—The most direct 
method of solving this problem, consists in finding the 
intereepts made by the line on the axes, and laying them 
off according to any chosen scale of equal parts. 

Hence, to trace a right line given by its equation: 
Wake the y and x of the equation suceessively = 0: the 
resulting values of x and x will be the intercepts on the 
aris of x and of y respectively. Lay off on the axes 
these intercepts, and the line drawn through their extremi- 
lies will be the line required. 


Remark.—lf the line is given by its polar equation, 
we find its intercept on the initial line by making 0 — 0. 
When this and the perpendicular from the pole are laid 
off, we draw the line through their extremities. 


Note.—This method fails when the line passes through the origin 
or the pole, or is parallel to either axis. In the former case, in the 
Cartesian equation, make x = 1, construct the corresponding ordi- 
nate, and join its extremity to the origin; in the polar system, lay 
off the constant veetorial angle of the line. A parallel to either 
axis must be drawn as such, at the distance its equation requires. 


$4. We add a few miscellaneous exercises on the 


foregoing artieles. 
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EXAMPLES. 


1. Aeross which of the four angles does the line y = ὅσ + 5 
lie? —the line y = — 6x + 2?—the line y = — 2x — 4? — the 
liney — σ-- 1? 


9. What is the situation and direction of the line y = x? 

3. Axes being oblique, what angle does the line y — x make 
with the axis of x? —the line y = v + 2? 

4. What is the direction of the line y = 4? 

5. What is the direction of the line y =F +6? What are the 


intercepts made by the preceding lines on the axis of y? 


6. Trace the line y = 5z + 3;— the line y — z = 0. 


ee are eee TS EE ee 
7. Trace the line J + m 1; —the line σε l. 


8. Trace the line : α và +5 y= 


9. What is the value of the angle a in the line of the previous 
example? — of the angle »?—of the perpendicular p? [Here 


l ,—- ] 
cos a= 4, V3; COS (ω---α) = l 


* 
- 


IQ; ἃ ‘y= 3 is in the form x eos a + y cos (o—a) = p: 


determine the values of p, a, and o, and trace the line. 
] τ. 1 
11. 5 3 V3 + S ds 9 being referred to rectangular axes, find 


the values of α and p, and lay off the line by means of them. 


VA run. qi τος 
ical Qo τν 


z 
€) 


12. In which of the angles lie the lines 7 


?.pZ-—. ] and? --α--1} 
3 2 J 


13. In which angle docs the line : 2 γ'8-- ; y = 2 he? 
14. Trace the lines p cos (0 — 45°) = 8 and p sin 0 = — 6. What 
is the value of a in the second line, and on which side of the initial 


line is it measured ? 


15. Find the intercepts of the line 5z + Ty — 9 = 0, and trace 
the line. 


RIGHT LINE IN STRICT ANALYSIS. 87 


If, ANALYTIC POINT OF VIEW: — EVERY EQUATION OF THE 
FIRST DEGREE REPRESENTS A RIGHT LINE. 


55. The most general form of the equation of the 

first degree in two variables, 1s 
Ar+ By 4- € —0, 

in which d, B and C are arbitrary constants, and may 
have any value whatever. We propose to prove that 
this equation, no matter what the values of 4, B and C. 
always represents a right line. 

Solving the equation for y, we obtain 


at C 

y= Bee 
That is, y is always equal to 2 multiplied by an arbitrary 
constant, plus an arbitrary constant. In other words, 


the equation is always reducible to the form 
y = mr +b, 
and therefore (Art. 78) always represents a right linc. 
56. A second proof of the same proposition, by means 
of the tregonometrie function which the equation implies, 
is as follows: 
Write the equation in the form (to which we have just 
shown that it is always reducible) 
y — mz 4-6: 


in which m and 6 are merely abbreviations for the arbitrary 


A C ! | 
constants — = ind --π.. Now the equation, being true 


B B 


for every point of its locus, must be true for any three 


points 2y’, ay" "y". Hence, 
y =m’ +6 (1), 
y = mx" +6 (2. 
y"! = mz" +6 (8). 


An. Ge. 11. 


88 ANALYTIC GEOMETRY. 


Supposing, then, that the abscissas are taken in the 
order of magnitude, the equation y = n. + b shows that 
the ordinates will also be in the order of magnitude; that 
is, if we take z” greater than 2’, and z"' greater than x”, 
we shall either have y" greater than y’, and y” greater 
than y", or else y" less than y', and y” less than y”. 
Accordingly, we subtract (1) from (2), and (2) from (8), 
and by comparison obtain 

ιν της HE ME 
y ER yY (4). 


1’ --- χ’ dlc 


Since the form of the locus we are seeking, whatever 
it be, is (Art. 64) independent of the axes, let us for 
convenience refer the equation to 
rectangular axes, OX and OY. 
Draw the indefinite curve AB, to 
represent for the time being the 
unknown locus. Take P’, P", P'" 
as the three points αγ’, y”, sy; 
let fall the corresponding ordinates 
P'W' ΡΜ”, PYM"; draw the 
chords P'P”, P"P"- and make P'R, P" parallel to 
OX. Then, from (4), we have 


FP"R P's 
PR = Pry’ 


that is, (Trig., 818,) 





tan P"P'R = tan P''P'S .-. P"PR=P"P'S. 


Hence, the three points P’, P", P" lie on one right 
line. 

But P', P", P"' are any three points of the locus. P” 
may therefore be anywhere on it between P’ and P, and 
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is independent * of them. Hence, as we may take the 
points as near each other as we please, all the points of 
the locus lie on one right line; that is, the locus itself is 
a right line. 


$7. A third proof of the same proposition is furnished 
by transformation of co-ordinates. 


Ar 4r By+C=0 


being given for geometric interpretation, is of course 
referred to some bilinear system of co-ordinates. Sup- 
pose the original axes to be rectangular, and let us 
transform the equation to a new rectangular system 
having the origin at the point vy’. 

To effect this, write (Art. 56, Cor. 3, cf. Art. 58) for 
x and y in the given equation α΄ -|- x cos O — y sin 0 
and γ΄ + vsin 0 + y cos0. This gives us 


(4 cos 8 + B sin 0) x — (A sin — B eos Ay + Av + BY + C—0 


as the equation to the unknown locus, referred to the 
new axes. 

Since 2’, y' and @ are arbitrary constants, we may 
subject them to any conditions we please. Let us then 
suppose that 27 and y' satisfy the relation 


Ar + By +C=0, 
and that the value of @ is such that 


A eos 0 + B àn 0 —0 i.e. tan ERIS 





B5 


> This is essential to the argument. For threo 
points of a curre may lie on one right line, if the 
third is determined by the other two. Thus, in the 
annexed diagram, 7". P’, P'" ave three points on 
the curve .1B; yet they all lie on the right line 
P'P''. The reason is, that 7" is determined by 
joining P and P”. 
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The first of these suppositions means that the new origin 
is taken somewhere on the unknown locus, since its co- 
ordinates satisfy the given equation; the second, that 
the new axis of x makes with the old, an angle whose 
A 

tangent 1s — B 

Applying these suppositions to the transformed equa- 
tion, we obtain, after reductions, 


y =Q. 


Hence (Art. 49, Cor. 1) the locus coincides with the new 
axis of x. 

And, in general, since the equation Az + By + C=0 
can, upon the suppositions above made, always be reduced 
to the form y — 0, we conclude that it represents a right 
line, which passes through the arbitrary point 2'y', and 
makes with the primitive axis of z an angle whose tangent 
is found by taking the negative of the ratio between the 
co-efficients of z and y. That is to say, since these co- 
efficients are also arbitrary, Az + By + C — 0 is the 
Equation to any Right Line. 


55. We have thus shown, by three independent demon- 
strations, that we can take the empty form of the General 
Equation of the First Degree, and, merely granting that 
it is to be interpreted according to the convention of co- 
ordinates, evoke from it the figure which it represents. 
It must not be supposed, however, that we were ignorant 
of the figure of the Right Line when we set out upon the 
foregoing transformations. On the contrary, each of the 
three demonstrations just given presupposes the figure 
of the Right Line, and certain of its properties. What 
we did not know is, that the equation Ax + By + C=0 
represents, and always represents, that figure. 
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It is important to call attention to this, because the 
significance of the result just obtained is sometimes over- 
estimated; and because the case of the Right Line is 
different in this respect from that of any higher locus. 
In the strictly analytic investigation of loci of higher 
orders than the First, not even the figure of the curves 
is presupposed, but 15 conceived as being learned for the 
first time from their equations. But the whole scheme 
of Analytic Geometry takes the figure and elementary 
properties of the Right Line for granted; as is obvious 
from the nature of the convention of co-ordinates and 
of the theorems for transformation. 


S9. Starting, then, from Ar + By + C = 0 as the 
equation to the Right Line in its most general form, our 
next step will naturally be to determine the meaning 
of the constants 1, B, and ο. This meaning will be 
found to vary aecording to the data by which we may 
suppose the position of a right line to be fixed. In dis- 
cussing the Right Line from the geometric point of view, 
we found that its equation assumed three forms, de- 
pending upon the three sets into which the data for its 
position naturally fall. We shall now see that the gen- 
eral equation 


Ar 4- By + C—0 


will assume one or another of those forms, according as 
the constants in it are interpreted bv one or another of 
the sets of data. 


90. The first step toward a correct interpretation of 
these, is to observe that the arbitrary constants in our 
equation are but two:—a proposition which we might 
infer from the fact that in an equation we are concerned 
only with the mutual ratios of the co-efficients. But 
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its truth will be obvious, if we consider that an equa- 
tion may be divided by any constant without affecting 
the relation between its variables, and therefore without 
affecting the locus which it represents. Accordingly, if 
we divide Ax + By + C= 0 by either of its constants, 
for example C, we obtain 


A B 
g*tgydTl1-9: 


a form in which there are only two arbitrary con- 
stants. 

Corollary.—Hence, Two conditions determine a right 
line. Conversely, A right line may be made to satisfy any 
two conditions. This agrees with the fact that the data 
upon which the three forms of the equation to the Right 
Line were developed geometrically, are taken by twos. 


(See Arts. 78, 79, 80.) 


91. We now proceed to the analytic deduction of those 
forms. In this process, the meaning of the ratios among 
the constants A, B, and C will duly appear. 

I. Let the data be the angle which the line makes with 
the axis of x, and its intercept on the axis of y. We use 
the symbols a, w, m, b to denote the same quantities as 
in Art. 19. Ζ΄ 

If in Az + By + C — 0 we make y = 0, we obtain 


C 
z—-—--(Ar83)O0T (1. 


If we make z = 0, we obtain 
Y 


C 
y — — R= (Art. 88) OD — b (2). 


OD A 
OT B 





Dividing (2) by (1) 
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cas al sin 
Hence, (see Trig., 867,) er cers ——m (8). 


| C 
From (2), we have B =— 5; and from (3), A — — m B = 
mC 
t 


Substituting these values in the original equation, 


we obtain 
mC C 
Zu τι C— 0. 


y — mr + b. 


o d C 
Corollary 1.—By (3), m = — Bi and by (2), 5 —— B: 


Hence, in the equation to a given right line the ratio 
between the co-efficients of x and jy, taken with a con- 
trary sign, denotes the ratio between the sines of the angles 
which the line makes with the two ares: or, when the axes 
are rectangular, it denotes the tangent of the angle made 
with the axis of x; and the ratio of the absolute term to 
the co-efficient of y, taken with a contrary sign, denotes 
the intercept of the line on the axis of y. 


Corollary 2—Hence, to reduce an equation in the 
form ir + By + C = 0 to the form y = mr + 6, we 
merely solve the equation for y. 

II. Let the data be the intercepts of the line on the two 
ares. Here a and ὁ have their usual signification. 

Making y = 0 in de + By + C = 0, we find as 
before 

£ 


r=—ņ3=0T=a (1. 


Making x = 0, we obtain 


ο 
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C C 
From (1), 4 — — 7; and from (2, B—— 5.  Substi- 


tuting for A and B in the equation, and reducing, 


Corollary 1—From (1) and (2), we see that the ratios 
of the absolute term to the co-efficients of x and y re- 
spectively, taken with contrary signs, denote the intercepts 
of the line on the axis of x and the axis of y. 


Corollary 2.—To reduce Av + By + C= 0 to the 
form = + — 1, we divide it by its absolute term, and, 
if necessary, change its signs. 

III. Let the data be the perpendicular from the origin 
on the line, and the angle of that perpendicular with the axis 
of x. We use p and a in the same sense as in Art. 80. 


Making y and z successively equal to 0 in the general 
cquation, we obtain, as before, 





Y l p 
r=—] = OT = (Trig., 859) (1), 


COS «4 


C 
y = — 5 — 0D — (Trig., 859) 


p 
cos (m — aj ^ 


Poni a 
P 
{ 
From (2, B=— LT 


Substituting for A and B in 
the general equation, we have 





C cos a C cos (w — a) 
EC id e NEN άμα «ας, 


C= 
p p y 


z cos o +- y cos (w — a) = p. 
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Corollary.— From (1) and (2) we learn that 


A cos α 
B~ cos (ω — a)’ 
or, the ratio between the co-efficients of z and y, denotes 
the ratio between the direction-cosines. 
Remark.—The reduction of Ax + By + C= 0 to the 
form z cosa + y cos (w — a) = p is of such importance 
that we shall discuss its method in a separate article. 


92. Reduction of Ax + By + C — 0 io the form 
x COS à +- y COS (w — a) = p.—The problem may be more 
precisely stated: To find the values of cos a, cos (w — a), 
and p, in terms of A, B, and C. 

If, in the preceding article, we divide (1) by (2), we 
B cos (m — a) 








find 4 xm That is, (Trig., 845, 1v; 839,) 
A = cos € + sin w tan a. 
B— A cos w 
πας 
- 1 - A sin w 
osa = VAF tana) y (A 4-B:—2 AB cos w) ` 
, B cosa B sin w 
Cono  4— - a e e 
l C cosa C sin w 
d EF — VH TB: —2 AB cos o) 
Therefore, to make the required reduction, Multiply the 


sin w 


equation throughout by VOR B—3ABoos a) 2: 


* The following elegant solution of this problem is by SALMON: Conic 
Sections, p. 20: 

** Suppose that the given equation when multiplied by a certain factor 
R is reduced to the required form, then RA = cos a, RB = cos B. But it 
can easily be proved that, if a and β be any two angles whose sum is o, 
we shall have 
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Remark.—Since we have agreed always to consider p 
a positive quantity, it may be necessary to change the signs 
of the given equation, before multiplying, so that its abso- 
lute term when transposed to the second member may be 
positive. 

Corollary 1.—1f the axes are rectangular, we shall 
have 


4 | B 
ΕΗ Sn VU ΒΑ) 
C 
Pee y CA + B) : 
Accordingly, Az + By + C = 0 is reduced to the form 
z cos a+ y sina = p, by dividing all its terms by V A?+ Β 
after the necessary changes of sign. 

Great importance pertains to the transformation ex- 
plained in this corollary. The general reduction to 
z cosa -]-ycos(w —«)- p is of comparatively infre- 
quent use. 

Corollary 2.—F'rom the values of p above obtained, we 
learn that the length of thc perpendicular from the origin 


upon the line Az + By + C—0 is 


cos? a + cos? 3 — 2 cos a cos f) cos w= sin* o. 


Hence, R?(A4?- B?—2 ABcos o) =sin?w; and the equation reduced to 
the required form is 


—_ Asno — |. Bsino  , 
V(A? + 51-12 AB cosa) * * WA? + BÍ-3 AB cos w)” = 
C sin w UT 


+ (AT B?—2 ABcos v) 
And we learn that 
Asino DB sin o 
V(A?- B*—2ABcoso)?  y(A? - B! 2 AB cos o) 
are respectively the cosines of the angles that the perpendicular from the 
origin on the line Az +By + C—0 makes with the axes of x and y; and 


Csino 
that VA B2—2 AB cos o is the length of that perpendicular." 
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C sin w 


— 1 (P+ B—2 AB cos o)? 
and that this length becomes 


C 
1 (de + B)? 
when the axes are rectangular. 


93. Polar Equation to the Right Line, deduced 
analytically.—The polar equation may be obtained 
from the Cartesian as follows: Let dr + By + C — 06, 
referred to rectangular axes, be reduced to the form 


rcosa--ysmac p. 


Transforming to polar co-ordinates, we have (Art. 957, 
Cor.) x= p cos 0, and y —psin 0: and the equation 
becomes 

p (cos ϐ cos a + sin Ü sin a) =p; 
that is, p cos (0 — a) — p, 
the equation of Art. 82. 


Corollary.— Transforming the original equation to 
polars, we have 


p (LÀ cos 0 + B sin 0) + C — 0. 


Hence, an equation in the form p (.1cos0 + Bsin 0) —C 
may be reduced to the form p cos (8 — a) = p by dividing 
each term by / αἱ + BA. 

94. Before advancing to the more particular forms 
of the equation to the Right Line, the student should 
make sure of having mastered the general ones which 
precede, and the principles which have been developed in 
the course of the discussions just closed. To this end, 
let the following exereises be performed. 
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EXAMPLES. 
l. Transform 3x — 5y +6 =Q to y —0. What is the angle 
made by the new axis of z with the old? 


2. What angle does the line 8z + 12y + 2— 0 make with the 
axis of x? What is the length of its intercept on the axis of y? 
In which of the four angles does it lie? 


3. Find the intercepts of the line z + 3y — 3 =Q. 


4. Find the ratio between the direction-cosines of the right line 
2x + δη + 4Ξ-θ,ω being = 60°. 

5. What is the tangent of the angle made with the axis of x 
by the perpendicular from the origin on 3x — 2y —6=0? 


6. Reduce all the equations in the previous examples to the 
form x cos a + y sin a = p, and determine a and p for each line. 


7. Reduce δα + 4y = 12 to the form z cosa + y cos (o — a) =p. 
What are the values of a and (» — a), supposing w successively 
equal to 30°, 45°, 60°, and sin 37 


8 Find the length of the perpendicular from the origin on 
ὃς + 4y + 12 = 0, under the several values of o last supposed. 


9. Find the length of the perpendicular from the origin on 
δα — 4y — 12 =Q, axes being rectangular. 


10. Reduce 2 p cos 0 — 3 p sinf = 5 to the form p cos (0 — a) = p. 
What are the values of a and p? 
THE RIGHT LINE UNDER SPECIAL CONDITIONS. 


95. Equation to the right line passing through 
Two Fixed Points.—Let the two points be z'y', z^. 
Since they are points on a right line, their co-ordinates 
must satisfy the equation 


Az + By + C=0 (1), 

and we therefore have 
Axr! + By’ + C=0 (2), 
Az" + By" + C=0 (3). 
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Subtracting (2) from (1) and (8) successively, we obtain 


A(z —r') + By —y') =0, | 
A (a!’— a") + B (y''— y^) = 0, 

and thence 

y— y' uy"! — yf 

ro aes . ? (4) : 

yor α--ᾱ 
which is the equation required. For it is the equation 
to some right line, since it is of the first degree; and it 
is the equation to the line passing through the two given 
points, because it vanishes when either 2’ and y’ or x” 
and y” are substituted in it for x and y. 


Corollary 1.—Equation (4) may evidently be written 
(y! a y") eee (ο΄ T x!) y+ yy" — y'a" =Q: 


a form often useful, though the form (4) is more easily 
remembered. 


Corollary 2.—If in the last equation we suppose z"—0 
and y"— 0, we obtain 


y'r— ry =0: 


the equation to the right line passing through a fixed point 
and the origin. 


Remark.—The same equation, (+), might have been obtained 
geometrically. For, since the triangles PRP’, P’SP” are similar, 
we hare 

Pie 5, 
RPE Sre 


that is, after changing the signs of the 
equation, 
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It is worth while to place the analytic and geometric proofs thus 
side by side, in order to make sure that the geometric meaning of 
all the symbols in the equations developed, ghall be clearly under- 
stood. 


96. Angle between two right lines given by 
their equations.—4All formule for angles are greatly 
simplified by the use of rectangular axes. We therefore 
present the subject of this article first in the form which 
those axes determine. 

Let the two lines be y — mz + ὅ 
and y — m/z + δ’; and let o = the 
angle between them. From the dia- 
gram, g =a’ — a; and we have 
(Trig., 845, vr) 

tan α΄ — tan a 
— l-tanatan c 





tan 9 


m —- n 
|. 1-4-mm' 


Corollary 1.—1f the equations were given in the form 
Ax + By + C —0, A’x + Bly + C = 0, we should have 
/ 


A A 
(Art. 91, I, Cor. 1) m = — B and 70 = — HB Hence, 


(Art. 78, Cor. 1), 


in that case, 
AB’ — A'B 
tan p =TAA + BR n BB 
Corollary 2.—If o = 0 or z, tan y = 0; and we have 
m —m —0 or AB' — A/B=0: 
the condition that two right lines shall be parallel. 
Corollary 3.—1f o = 90°, tan gy =œ; and we have 
1+ mm =Q or AA’+ BB! —90: 


the condition that two right lines shall be mutually perpen- 
dicular. 
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97. Angle between two lines, axes beinz oblique.—From 
A sin o 


E πρ ο a E N OAT and COS a = 
y (4?°+ B — 2A B cos o)' 


Art. 92 we shall have cos a = 


wi’ sin w 


(APE BP AE vov) Hence (Trig., 838) 


B’ — ^ cos o 
V (G7 + B? —2 Α’ Β’ cos o) ' 


sin a’ = 


B — Acoso 
| C4 -rB'—24Bcoso) 


sina = 


Therefore (Trig., 845, 11 and iv) 
(4 B’ — A’B) sino 





in (G/— a) = —— > SSS 
στ V CA*H-B*— 2 4 Beoso) 1 (4 B^7— 2 4’ B'cos o) 
4.1” fens ΄ N / 
cos (α΄--- a) = AA + BB’ —(AB' + A^ B) cow 


1 (4B 2 ABeose) y C424 B2— 92 4^ Bosu) | 


Whence (Trig., 559) 
(AB’ — 4΄ B) sino 


2n? = T47 3 BE— (AE F A'B)cosa 


a formula which evidently becomes that of Art. 96, Cor. 1, if o — 905. 


Corollary 1.—The condition that the two lines shall be parallel, 
ls 


A D^ — A^ B — 0: 


from the identity of which with the condition of Art. 96, Cor. 2, 
we learn that the condition of parallelism is independent of the value 
of e. The same follows from the fact that the condition itself is 
not à function of o. 


Corollary 2.—"'The condition that the lines shall be perpendicular 
to each other, is 


AA’ + BB’ —(AB’ + A^ B) cos o — 0. 
9S. Equation to a right line paraliel to a given 


one.—Let the given line be y — nir d- 6. The required 
equation will be of the form 


y — m'r + δ". 
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But in this, the condition of parallelism (Art. 96, Cor. 2; 
Art. 97, Cor. 1) gives us m' — m. The required equation 
is therefore 

y — mz -|- δ'. 


Corollary.—1f the given line were Az + By+ C — 0, 
the equation would be of the form A’x-+ B'y + C' — 0. 


A C" 
In that case, m = — 5; , and 6’ =— zp. The required 
BC' 
equation would therefore be, after writing C” for Rr 


Αα + By + C"=0. 


From this we infer that the equations to parallel right lines 
differ only in their constant terms. 


99. Rectangular equation to a right line per- 
pendicular to a given one.—The equation will be of 
the form y= m'x + 6’, in which m’ is determined by the 
condition (Art. 96, Cor. 3) 


1 + mm’ — 0. 


1 
Hence, ην = — m > and the equation is 


1 
ο m 2 + b. 
Corollary.— When the given line is Az + By + C= 0, 
the equation to its perpendicular is (Art. 91, I, Cor. 1) 
Ay — Br + € =Q. 


Hence, ¿if two right lines are perpendicular to each other, 
their rectangular equations interchange the co-efficients of 
x and y, and change the sign of one of them. 
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100. Equation to a right line perpendicular to a given 
one, axes being oblique.—l'rom the condition of perpendicularity, 
(Art. 97, Cor. 2.) 

A^ (4 — B eos o) + δ’ (B — A eos e) —0 


T t^ m DB — Acosw 
En ας d~ peas 


and the required equation (Art. 91, I, Cor. 1) is 
(-4 — B eos o) y —(.B — A cos o) x + C» — 0. 


101. Equation to a rizht line paraile! to a 
given one, passing through a Fixed Point.—By 
Art. 98 we have the form of the equation, 


y = mr 6 (1). 
Calling the fixed point x’y’, we therefore obtain 
y =m! 4+ ὁ’: 


bf = y! — ime’. 





Substituting for 6’ in (1), the equation sought is 
y—y — m (x — x). 

Corollary 1—If in this equation we suppose m indeter- 
minate, the direction of the line is indeterminate; and we 
have the equation to any right line passing through a fixed 
point. 

Corollary 2.—Let sin a : sin w = k, and sin (v — 4): 
sin «e =}. Then $- A+ sin a: sin (o — a) =m; and 
the equation may be written. 

yy πα 


| c WS 





or. if we denote either of these equal ratios by ἰ. 


/ / 
y — y r—-r 
: -- = = 


nl 


ko Ah 





An Ge. 12. 
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a formula often convenient, and known as the Symmetrical 
Equation to the Right Line. 

Corollary 3—If the axes are reclangular, we have 
k:h=sina:cos a; and the equation may be more 
conveniently written 

y—y  x—c 


--- --------- --- ᾖ: 


S 6 


———— 


where s and c are abbreviations for the sine and cosine 
of the angle which the line makes with the axis of 2. 


102. Geometric meaning of the ratio /.—If, in 
the annexed diagram, P’ denote the fixed point z'y', and 
P any point of a right line 
passing through it, 7" /ὺ being 
parallel to ΟΝ, 








xe ME "πα 
k ~ sn PPR? 
x-— 2! - P" R sin w 
h ^ sin PPR ` 
But (Trig., 871) 
PR sinw Pp PR 511 w 
sinPPR — sin P'PR' 
Hence, 


snp Ea 
k h 
denotes the distance from a fixed point x'y' to any point 
xy of a right line passing through it. 





=l 





Remark 1.—So long as the point ry is variable, ἶ 18 
of course indeterminate. But the formula enables us to 
find the distance from z^y' to any given point on the line, 
by merely substituting for x or y the abscissa or ordinate 
of such given point. 
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Thus, supposing the given point of the line to be y”, 
we should have (assuming the axes for eonvenience to be 
rectangular) 


Squaring both sides of these equations, adding, and 
remembering (Trig., 838) that -+ e? = 1, we obtain 


νο ο πας ae 


which agrees with the formula (Art. 51. I, Cor. 1) for 
the distance between two given points. 


Remark 2.—The signs + and — in connection with ? 
denote distanees measured along the line in opposite di- 
rections from αγ’. Thus, if + | were measured in the 
direction 7! D, — | would be measured in the direction 
P'T:and vice versé. Speaking with entire generality, 
+? must be laid off from ο in the positive direction 
of the line (Art. 50, Note), and — 7 in the negative. 


103. Rectangular equation to a right line 
passing through a Fixed Point, and cutting a 
given line at a Given Augle.—Let the given line be 
y — mr b. and let 0 = the given angle. The equation 
sought (Art. 101. Cor. 1) is of the form 





yc edm ou, 


in which i! is to be determined from the conditions of the 
problem. 


The line in question obviously makes with the axis of w 
an angle u' =at+é. Hence, (Trig.. 845. v.) 


m 4 tan ϐ 


m! = r 9 
1—mtan?d 
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Substituting this value for m’, the required equation 1s 


m + tan 0 
ἵν ---π.ηρι ο 


Corollary 1.—Dividing both terms of m' by tan 0, this 
cquation may be written 


m cot 0 +1 
rare ρα (r — 27). 


Accordingly, if 6 = 90°, it becomes 


1 
y— y =— z ατα): 
the equation to a right line passing through a fixed point, 
and perpendicular to a given line. 


Corollary 2.—By substituting for — m its value A: B, 
we obtain 


A (y — 3) — B (z—2)-—0 


as the equation to the perpendicular of Az + By 4- C —0, 
passing through 2'y': the co-efficients of which evidently 
satisfy the criterion of the corollary to Art. 99. 


104. Equation to a right line passing through a Fixed 
Point and cutting a given line at a Given Angle, axes being 
oblique.—Let the given line be Ax +By+C=0. Since o^—a 4-6, 
0 — o^ — a. 

By putting for m^ its value, the required equation assumes the 
form 


A^ 
y—y =— p (2 — 2’). 
From Art. 97, we have 
ye (A B’ — A’B) sin o i 
AA’ + BB’ --(AB’ + A’B) cosw’ 
therefore 


A’ __ Asin» —(B — A cos o) tan 0 
Β΄ Bsino + (4 — B cos o) tan 0? 
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and the required equation is 
{1 sin o — (B — .1 cos o) tan 0] (x — 27) . 
+ {B sin e + (A — B eos o) tan θὲ (y — v^) Hes 


Corollary 1.—W'hen the given line is y — mz + b, the equation 
assumes the form 


ye or 


m sin u + (1 + m cos w) tan 8 
sin w — (m + cos w) tan ϐ 


(s — a^). 
This evidently becomes the equation of Art. 103 when o = 90°. 


Corollary 2.—Dividing the equation by tan 68, and supposing 
p = 90°, we obtain 


(B — A eos e) (e — 2’) —- (A — B eoso) (y — y) = 0: 
the general equation to the perpendicular of a given linc, passing through 
α "red point. 

This might have been obtained directly from the equation of 
Art. 100. 

105. Lensth of the perpendicular from any 
point to a given right line.—Let the given point be 
ry, and the given line rcosa+ y eos (o — a) — p — 0. 

Represent the given point at P, 
and the given line by DT. Let 
PQ be the required perpendicular. 
Draw PU parallel to OD, OS par- 
allel to PQ. and Ps, -N parallel 
to DT. Then, 


ON = OM eos MON = r cosa, 
VS = PM cos UPL = y cos (w — a): 


PQ=ON+NS— OR=rcosat y cos (v — a) — p. 








In the foregoing discussion, the point P and the origin 
were assumed to be on opposite sides of the given line; 
had they been supposed on the same side, OA would have 
been greater than OS, and we should have had 


PQ=OR—(ON+ NS) = p — reos a — y cos (w — a). 


108 ANALYTIC GEOMETRY. 


IIence, if a perpendicular be let fall from any point ry to 
the line 

x cos a+ ycos(w—a)—p=—), 
its length will be 

+ (x eos a + y cos (w — a) — p) 
according as the point and the origin lie on opposite sides 
of the line, or on the same side. 


Remark.—The student will observe that we here use the same 
symbols zy to denote the co-ordinates of the point from which the 
perpendicular is dropped, and those of any point on the wiven line. 
But it must not be supposed that the zy of the point and the αγ 
of the line have necessarily the same values, Generally, of course, 
they have not; for the point from which the perpendicular falls, 
is zenerally supposed not to be a point on the line. It may be; and 
when it is, the length of the perpendicular vanishes. Hence, sup- 
posing the quantity x cos a + y cos (o — a) — p to denote the length 
of the perpendicular from zy on a given line, the equation 


2 cosa + y e0s (o — a) — p =0 


signifies that the point lies somewhere on the line in. question. 

The double use of 7y may cause some confusion at first, but its 
advantizes more than compensate for the attention requirod to 
overcome this. 

Corollary 1.—1f the axes are rectangular, the length 
of the perpendicular is 


=+ (x cos o + y sina — p) 


according as the point and the origin lie on opposite sides 
of the line, or on the same side. 


Corollary 2.—The length of the perpendicular from vy 
on the line Az + By + C — 0 (Art. 92 cf. Cor. 1) is 


BD + By το) sin w Ax 4- By 4- C 


ue IV πα ο ο a κ αν ο τα 
VCE + 5? — 2 AB cos ω) LC y CA*-E- 2) 


according as the axes are oblique or rectangular. 
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Corollary 3.—The perpendicular from a point on the 
same side of a line as the origin must have the same 
sign as p. But we have agreed (Art. 80, Rem.) that p 
shall always be positive: and we have seen that the per- 
pendicular changes sign in passing from one side of the 
line to the other. Hence, Perpendiculars falling on the 
side of a line next the origin are positive; and those falling 
on the side remote, are negative. 


106. To find the point of intersection of two 
right lines given by their equations.— Eliminate 
between the equations to the two lines: the resulting 
values of x and y (Art. 62) are the co-ordinates of the 
required point. ^ —— / | 

Thus, in general, ilie lines being Ax + By T (i 0 
and 1/0 + B'y + C = 0, we hare 


um Be BC C ere 
UAB — AB? δ ΑΒ AB 


as the co-ordinates of the common point. 


107. Equation to a right line passing through 
the intersection of two given ones.—lf we multiply 
the equations to two given lines each by an arbitrary 
eonstant, and add the results, thus: 


l (dr + By+ C)+ m (A'v + By + C) — 6, 


the new equation will represent a right line passing 
through the intersection of the lines „ix + By + C—0 
and EU + B'y 4- C= 0. 

For it manifestly denotes some right line, since it is 
of the first degree. Moreover, it is satisfied by any 
values of x and y that satisfy ir -F- By 4- C— 0 and 
i^v + B'y + C'—0 simultaneously ; for its left member 
must vanish whenever the quantities Ax + By + C and 
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A'z + Bly + C' are both equal to zero. That is, it 
passes through a point whose co-ordinates satisfy the 
equations of both the given lines. But such a point 
(Arts. 62, 106) is the intersection of the two lines. 


Corollary.— By varying the values of the constants l 
and m, we can cause the above equation to represent 
as many different lines as we please, all passing through 
the intersection of the two given ones. 


Remark.— The truth of the above equation is inde- 
pendent of w, and of the form of the equations to the 
given lines. This is manifest from the method by which 
it was obtained. It may therefore, when convenience 
requires, be written 


ο... = 
+ m iz cos ῇ + y cos (w — βὴ — γ') 

or 
l (x cosa + y sin a — p) +m (x cos 3 + y sin R — p^) — 0. 


108. Meaning of the equation L + kr’ = 0.—If 
we put k — m : l, and represent by L and L’ the 
quantities which are equated to zero in the equations 
of the two given limes, the equation of the preceding 
article becomes 


L -- kL! — 0. 


We shall now prove that this is the equation to any right 
line passing through the intersection of two given ones. * 


* The beginner may suppose that this has been done already, in the 
preceding article. But we merely proved there, that the equation may 
represent an infinite number of lines answering to the given condition. 
Now, that an infinite number of lines is not the same as all the lines 
passing through the intersection of two others, is evident. For between 
two intersecting right lines there are two angles, supplemental to each 
other, in each of which there may be an infinite number of lines passing 
through the common point. 
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Let 0 = the angle made with the axis of x by the line 
which the equation represents. Then (Art. 91, I, Cor. 1) 


sin 0 A+ kA’ 
πο ο a eRe 
Therefore 
(A + kA’) sin w 
tan 0 = (A eos (9 — B) — k(A' cos w — δ’) | 


Hence, as k may have any value from 0 to ος, and 
be either positive or negative, tan@ may have any 
value, either positive or negative, from 0 to oc. That 
is, the equation is consistent with any value of @ what- 
ever. 

Therefore, if L = 0 and Z'— 0 are the equations to 
two right lines, 


L+hkL'=0 


is the equation to any right line passing through the 
intersection of the two. 


Corollary 1—The equation to a particular line inter- 
secting two others in their common point, is formed 
from the above by assigning to ἆ such a value, in terms 
of the conditions which the line must satisfy. as the 
relation L + kL’ = 0 implies. 

Thus, if the condition were that the intersecting line 
make with the axis of x a given angle = 0, we should 
have, from.the value of tan @ above, 


" A sin w — (d eos » — B) tan. 


— A'sin e — (A' eos w — Β tan θ᾽ 
or, in ease the axes were rectangular, 
A EAE B tan Ü 
A' — B'tan 0 
An. Ge. 13. 
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If the condition were that the intersecting line pass 
through a fixed point 2'y', we should have 
(Ax! + By! + C)+ k (Az! + By’ + 0) 20: 
pe μαι 8 E 
a Aly E Bly! + (i 
Corollary 2.—The sign of k has a most important 
geometric meaning. Obviously, in order to change its 


sign, a quantity must pass through the value 0 or œ. 
Now if k = 0, we have by Cor. 1 


c= 


A 
A+ B tan == s. tan Ü — — ge. 
And if k = 2ο, 
A! 
A' + B' tan 0 == 0 s. tan Ü = — ge. 


That is, (Art. 91, I, Cor. 1,) at the instant when k changes 
sign, the line which passes through the tntersection of two 
given ones coincides with one of them. Hence, of the lines 
L+ kL/ =0 and L — EL! = 0, one lies in the angle be- 
tween L —0 and L’=0 supplemental to that in which 
the other lies. 

It now remains to determine which of these supple- 
mental angles corresponds to -|- k, and which to — k. 
If the two lines are «cosa + y cos (w — a) — p =Q and 
rcos β + y cos (w— B) — p' = 0, we shall have 

£ cos 4+ y cos (w — a) — p 

ο REUS ES CE es 
x cos d +- y cos (w — 1) — p’? 
that is, (Art. 105,) one of the geometric meanings of k is, 
the negative of the ratio between the perpendiculars let fall 
on two given lines from any point of a line passing through 
their intersection. Fence, when k is positive, those per- 
pendiculars have unlike signs; and when k is negative, 
their signs are like. That is, (Art. 105, Cor. 3,) the per- 
pendiculars corresponding to + k fall one on the side of 
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one line reat the origin, and the E 
other on the remote side of the other: y 
line; while those corresponding to 
— k fall both on the side of the lines 
nert the origin or both on the side 3 
remote from it. In other words, the oe 
line corresponding to + & lies in the 
angle remote from the origin, e. g. 7" L': and the line corre- 
sponding to — & lies in the same angle as the origin, e. g. PL. 
For convenience, we shall call the angle A" SNQ', remote 
from the origin, the external angle between the given 
lines; and the angle ASQ, in which the origin lies, the 





UON, I" 


internal angle. 
Hence, if L — 0 and L’ = 0 are the equations to any 
two right lines, 
L 4 kL'—9 
denotes a line passing through their intersection and 
Iving m the erternal angle between them: and 


hie 0 
denotes one lying in the infernal angle. 

109. Equation to a right line bisecting the 
angle between two given ones.—Any point on the 
bisector being equally distant from the two given lines. 
we have (Art. 105 ef. Cor. 2) 


Art By --C τ A'r -- B'y 3. C" x 
] (-1*4-.82— 2.1 Boos w) 2s ] |-1^—.57—24 D'eosq) 
or 


reosa— UCEOS(O— @)— p= {reos 3+ uieos(e—,3) —p' ;* (2). 


The student may at first think that both members of (1) and (5) 
should have the double sign. But since an equation always implies the 
possibility of changing its signs, it is evident that we should write the 


expressions as above. 
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according as the given lines are Az + By + C — 0 and 
A'r + B'y + C' —0 or rcosa-- y cos (wv — a) — p —0 
and zr eos 8 + y cos (w — fj) — p' — 0. | Expressions (1) 
and (2) are the principal forms of the required equation. 


Corollary 1—When the axes are rectangular, the 
equation becomes 


Art By +C _ AT By +e 3 
"Ur By = T VS 53 ( ) 

or 
x cos a + ysin a — p = + (x cos 8 + ysin p—p') (4). 


Corollary 2.—Expressions (1), (2), (3), (4) are evidently 
in the form L + kL’ = 0. Hence (Art. 108, Cor. 2) 
there are ‘wo bisectors: one lying in the external angle 
of the given lines, and the other in the internal. For 
the sake of brevity, we shall call the former the external 
bisector ; and the latter, the internal bisector. 


Corollary 3.—If we put, as we conveniently may, 
& — T COS a + y cos (w — a) —p, 
B = z cos f + y cos (w — B) — p’, 


expressions (2) and (4) will be included in the brief and 
striking form 
quu ge. 


Hence, if «= 0, 2— 0 are the equations to any two right 
lines, the line 


α--ῇ-0 
bisects the external angle between them; and the line 
gg 


bisects their internal angle. 
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Caution.—F rom the proposition just reached, the stu- 
dent is apt to rush to the conclusion that 


Le) 


is the equation to the bisector of the angle between the 
lines L = 0 and 0, -- 0, without regard to the values of 
L and L'. This is a grave error. It assumes that the 
value of k, in the ease of a bisector, is always + 1. 
When the equations to two lines are in terms of the 
perpendieular from the origin and its angle with the 
axis of x; that is, when L = v cosa + y cos (o— 2) — p 
and L' = r cos 3 + y cos (c — 3) — p', k= 1. But 
from equation (1) we have 





μα (A* 4- 5b?—2. δ cose) 


ka BE— 2 AB cosa) 


which is obviously not in general equal to + 1. The 
condition that it shall have that value is 


4+ BHP AB cos e — A" 4- B^ — 2 A B'eos v 
or, when the axes are reetangular, 
dg ο ο να. 


Corollary 4.—]f we denote by r the particular value 
which £ assumes in the ease of a bisector, then 


L4 rL -- 
represents the external, and 
L-—rL =A 


the infernal bisector of the angle between the lines L-0 
and Z'-— 0. 
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In these expressions, r 18 to be determined from the 
relation 


i y (4?-+ D? —2 4 B cos w) 
yu 


)^ (A^ - δ” — 9 A'B’ cos w) ᾿ 


which, in case the axes are rectangular, becomes 





FIO. Equation to a right line situated at in- 
finity.—To assume that a right line is at an infinite 
distance from the origin is to assume that its intercepts 
on the axes are infinite. Hence, we have 


That is, supposing C to be finite, 
A — 0 and D — OQ. 
The required equation 1s therefore 
Or + 0y + C=—0: 


in which C is finite. We shall cite it in the somewhat 
inaccurate but very convenient form 


C= 0. 


Remark.—The student will of course remember that a line αἱ 
infinity 18 not a geometric conception at all — in fact does not exis/, 
in any sense known to pure geometry. As an analytic conception, 
however, it has important bearings; and the equation just obtained 
is useful in some of the hisher investisations of curves. 


111. Equations of Condition.—When clements of 
position and form sustain certain geometric relations to 
each other, the constants which enter their analytic equiv- 
alents must sustain corresponding relations. In other 
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words, if the geometric relations exist, the constants satisfy 
certain cquations. Such equations are called Equations 
of Condition. 

Thus we saw (Art. 97, Cor. 1) that if two right lines 
Ax -H By + C=0 and A'r 4- Bly + C' — 0 are parallel, 
the constants A, B, 1’, B’ must satisfy the equation 


AB =A B=; 


and that if they are mutually perpendicular, the constants 
must satisfy the equation 


41A" + BB’ — (AB'+ 4’ B) cos e = 0. 


112. Condition that Three Points shall lie on 
One Right Line.—1lf x7, Xan ry; lie on one right line, 
Ty Must satisfy the equation to the line which passes 
through xy, and ο. Hence, (Art. 95,) the equation 
of condition is 


(Ji — Yo) s — Qn t) ys + tus — its = 0: 
which may for the sake of symmetry be written 
3/4 Gr — a8) F Ys (αντ) + Y (tı — x) = 0. 


Remark.—It is worth while to notice the order of the elements 
which enter into the latter form of this equation. In writing sym- 
metrical forms, the analogous. symbols must be taken in a fixed order, 
whieh will be best understood by conceiving of the 
successive symbols as forming a circuit, about which ται 
we move according to the annexed diagram. Thus, E 
as in the last equation, we pass from wi to ta from c, RX A 
to ca and from ἂν to x: and so round again: alcans 
going back to the First element when the list has been completed, and 
then proeceding as before tr numerical succession. The advantaze 
of symmetrical forms is very decided, especially when we have to 
compare or combine analogous equations. But unless this order is 
observed, the methods of reasoning based upon it will of course 
fail; and, in some eases, false conclusions may he drawn by com 
bining equations according to rules which presuppose it. 


) 


> 
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Lis. Condition that Three Right Lines shall 
meet in One Point.—If three lines Ax + By+C=0, 
A'x + By + C' — 0, A”x + B" y 6”.--θ pass through 
the same point, the co-ordinates of intersection for the 
first two must satisfy the equation to the third. Hence, 
(Art. 106,) the required condition is 
A” (BC'—B' C) +B" (CA'—C' A) -|- Q" (AB'—A' B) = 0, 

R14. A condition often more convenient in practice, 
is derived from the principle of Arts. 107, 108. For 
if three right lines meet in one point, the equation to 
the third must be in the form of the equation to a right 
line passing through the intersection of the first and 
second. Therefore, supposing the three lines to be 
L=0, L/ —0, L” =0, we can always find some three 
constants, l, m, and — n, such that 


— nL" =L ἠ-πι],, 


where — n may be either a positive or a negative quan- 
tity. Hence, the condition is 


LL -- mL! + nL" — 0. 


That is, three right lines meet in one point when their 
equations, upon being multiplied respectively by any 
three constants and added, vanish identically. 


Remark.—fFor brevity, we shall often refer to three 
right lines passing through one point by the name of 
convergents. 


115. Condition that a Movable Right Line shall 
pass through a Fixed Point.—Comparing Art. 101, 
Cor. 1 with Art. 91, I, Cor. 1, it is evident that the 
equation to a right line passing through a fixed point 
whose co-ordinates are ἶ : n and m : n, may be written 


A (nz —l) + B (ny — m) = 0. 
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And comparing this with the general equation to a right 
line, we have 

— (LA + mB) — nC. 
The required condition is therefore 


lå + mB +nrC= Q. 


Hence, a movable right line passes through a fixed point, so 
long as the co-cfhictents in its equation suffer no change in- 
consistent with their vanishing when multiplied each by a 
fired constant and added together. 


Corollary.—The criterion of this article may be other- 
Wise taken as the condition that any number of Lines 
Shall pass through one point. For every line whose 
co-efficients satisfy the equation lA + mB or nC = 0, 
must pass through the point / : n, m:n. 


116. In this connection also. Art. 105 furnishes us 
with a second condition. For, since we may always 
regard a fixed point as the intersection of two given 
right lines, the most general expression for a right line 
passing through a fixed point is 


L -- kL' -- 0. 


By writing L and 1, in full. and collecting the terms, 
this becomes 


(A 2E RA!) x t+ (B+ KB?) y + (CHEC) — 0. 


Now the condition that the line shall be movable is that 
k be indeterminate. Hence, 4 movable right line passes 
through a fixed point ichenever. is equation involves an 
indeterminate quantity in the nret degree. 

Corollary.— The co-ordinates of the fixed point may 


be found by throwing the given equation into the form 
L+hkL’ — 0. and solving L — 0 and Z’. = 0 for c and y. 
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REY. A third condition may be obtained as follows: 
Suppose that we have an equation of the form 


(Ax + By! + C) x 4- (A' à! 4+ B! y + C')y ; 

-+ (471 + By! -+ C") =e 
in which 2’, y’ are the co-ordinates of any point on the line 
Mz! + Ny + P= 0. 

By means of the latter relation, we can eliminate 4’ from 
the given equation, which will then contain the indeter- 
minate x’ in the first degree. Therefore, a movable right 
line passes through a fixed point whenever its equation 
involves in the first degree the co-ordinates of a point 
which moves along a given right line. 


118. If in any equation Ar + By 4- C—0, C: A or 
C: B is constant, the corresponding line (Art. 91, TI, 
Cor. 1) makes a constant intercept on one of the axes. 

Hence, as a fourth condition, a movable right line 
passes through a fixed point whenever its equation satisfies 
the relation C : A == constant or C : B = constant. 


Corollary.—A_ particular case of this is, that the line 
passes through a fixed point when C — 0. And, in fact, 
(Art. 63) every such line does pass through the origin. 

Remark.—lt has seemed worth while to present the condition 


of this article separately, as it is often convenient in practice. It 
is obviously, however, only a particular case of Art. 116. 


EXAMPLES ON THE RIGHT LINE. 
I. NOTATION AND CONDITIONS. 


419. In some of the exercises which follow, the 
student must use his judgment as to the selection of the 
axes. The labor of solving will be much lessened by 
a judicious choice. A few hints have been given where 
they seemed necessary. 


EXAMPLES ON THE RIGHT LINE. jek 


l. Form the equations to the sides of a triangle, the co-ordi- 
nates of whose vertices are (2, 1), (8, — 2), (— 4, — 1). 


2. The equations to the sides of a triangle are v» + y = 2, 
v—3dy=t and 3c + öy + 7 — 0. find the co-ordinates of its 


vertices. 
5. Form the equations to the lines joining the vertices of the 
triangle in Ex. 1 to the middle points of the opposite sides. 


4. Form the equation to the line joining αγ to the point mid- 


ye APO POP, 


way between 2777" and ο γης or, show that, in general, the 
equations to the lines from the vertices of a triangle to the middle 


points of the opposite sides are 


(y! η τη jae"! yl! —Iy! wyt” γ' —y" r' )* x"! y! --ψ'''.ο' y^0, 


, [3] 


(y"— —3y'"' ye (x —a αν ue (al ty mule gy) y —y' x')=0, 


(y' Ty" —2y'' Yv— (2 gott — 22" yr γ'''--γ' awt yar y ayy" =. 
5. In the triangle of Ex. 1, form the equations to the perpen- 


diculars from each vertex to the opposite side. What inference as 
to the shape of the triangle ? 


6. Prove that, in general, the equations to such perpendiculars 
are 
(x are 4 (y! Hy Vy a (rot ty y'')—- (oe coy" )— 9. 
(χ'''--α' )r(y'""—y Vote a ta 0-4 ety! yl )=0, 


Do—rUÜ rlw --γ'' ly πα... Epro )- yy! Sy! )= Q. 
l 9 - . . ` 


7. Prove that the general equations to the perpendiculars through 
the middle points of the sides are 


pe 


(ο e 1 + (y τι η pes 1. (vf 9 T A + 1, (y"' = στ 1 : 

(α΄ --α' λα + (y" y= la (773 zt 2) + 1, (pry: Ey: 

(esequi eye ssp eura yen 

- . = a 

& Find the angle between the lines x+y — 1 and y—t=-, 
and determine their point of intersection. 

Q. Write the equation to any parallel of x eos a + y sin a— p= 0. 

‘ E . L—— a4 y 
Decide whether x sina — y cosa = p° or rsinad-yceosa —p may 
be parallel to it; and. if so. on what condition. 
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10. Taking for axes the sides a and 6 of any triangle, form the 
equation to the line which cuts off the m" part of each, and show 
that it is parallel to the base. What condition follows from this? 


11. Prove that y= constant is the equation to any parallel of the 
axis of z, and x — constant the equation to any parallel of the axis 
of y, whether the axes are rectangular or oblique. 


12. Two lines 415, CD intersect in O; the lines 40, BD join 
their extremities and meet in Æ; the lines AD, BC join their 
extremities and mect in F: required the condition that EF may 
be parallel to AB. 


13. Form the equation to the line which passes through (2, 3) 
and makes with the line y = 3x an angle 0 = 60°. 


14. Form the equation to the line which passes through (2, — 3) 
and makes with the line 3x — 4y = 0 an angle 0 = — 45°. 


15. We have shown that, in rectangular axes, — 4: B= tan a; 
but that, in oblique axes, — 4: B —sina:sin (v — a). Prove that, 
in all cases, tana = A sino: (A coso — B). 


16. Axes being oblique, show that two lines will make with the 
axis of x angles equal but estimated in opposite directions (one 
above, the other below) upon the condition 

Db B 


— —, = 92 cosg o, 


Ay A 


17. Find the length of the perpendicular from (8, — 4) on the 
line 4x + 2y — 1 = 0, when o = 60°. On which side of the line 
is the given point? 

18. Find the length of the perpendicular from the origin on the 
line a (x — a) + 6 (y — b) — 0. 


19. Given the equations to two parallel lines: to find the distance 
between them. 


20. What points on the axis of x are at the distance a from the 
line? +2=1? 
a b 
21. Form the equation to the bisectors of the angles between 


3x + 4y —9 =Ù and ]?x + 5y — 3 = 0; — the equation to any 
right line passing through their intersection. 
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22. Prove that whether the axes be rectangular or oblique the 
lines x + y = 0, x — y = Q are at right angles to each other, and 
biseet the supplemental angles between the axes. Show analytically 
that all bisectors of supplemental angles are mutually perpendicular. 


3 


23. Find the equation to the line passing through the intersec- 
tion of 3x — oy + 6 =0 and 2x + y — 8 = 0, and striking the point 
(5, 6). 

24. Find the equation to the line joining the origin to the inter- 
section of Ax + By + C-- 0 and A's + By + C" — 0. 


25. Show that the equation to the line passing through the inter- 
section of Ax + By + C — 0 and A^z + B’y + C — 0, and parallel 
to the axis of x, is (4B — .1/B) y+ (AC7" — A^C) —0. Does this 
agree with the theorem of Ex. 11? 


20. Find the equation to the line passing through the intersec- 


tion of 
x cos a + ysina = p, x cos $ + y sin ) = p 


and cutting at right angles the line 
xeos y + ysin) =p”. 


27. Given any three parallel right lines of different lengths; join 
the adjacent extremities of the first and second, and produce the 
two lines thus formed until they meet; do the same with respect 
to the second and third, and the third and first: the three points 
of intersection lie on one right line. 

28. Given the frustum of a triangle, with parallel bases: the 
intersection of its diagonals, the middle points of the bases, and 
the vertex of the triangle are on one right line. [Take vertex 
of triangle as origin, and sides for axes. ] 


29. On the sides of a right triangle squares are constructed ; 
from the acute angles diagonals are drawn, crossing the triangle to 
the vertices of these squares; and from the right angle a perpen- 
dicular is let fall upon the hypotenuse: to prove that the diagonals 
and the perpendicular meet in one point. [Let the lengths of the 
sides be a and 4, and take them for axes | 


30. Prove that the three lines which join the vertices of a tri- 
angle to the middle points of the opposite sides are convergents, 
taking for axes any two sides. [See also their equations above, 
Es. 4.] 
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31. The three perpendiculars from the vertices on the sides, and 
the three that rise from the middle points of the sides, are each 
convergents. [See their equations, Exs. 6 and 7.] 

32, The three bisectors of the angles in any triangle are con- 
vergents: for their equations are 

(x cosa + y sin a — p ) — (x cos B + y sin B — p/ ) —0, 

(x cos B + y sin B — p/ ) — (x cos y + y sin y — p^) —0, 

(x cosy + y sin y — p") -— (x cos a + y sin a — p }0, 
if we suppose the origin to be within the triangle. 

33. Through what point do all the lines y = mz, Ax + By — 0, 
2x = dy, x cosa + y sin a =Q, p cos 0 — Q pass? 

94. Decide whether the lines 2x — 3y + 6 = 0, 4x + 3y — 6 = 0, 
dx — dy + 10 =U, Tx +?2y— +=0, x —y + 2= 0 pass through a 
fixed point. 

35. Given the line 3x — 5y + 6 =0: form the equations to five 
lines passing through a fixed point, and determine the point. 

36. Given three constants 2, 3, 5: form the equations to five lines 
passing through a fixed point, and determine the point 


37, Given the vertical angle of a triangle, and the sum or differ- 
ence of the reciprocals of its sides: the base will move about a fixed 
point. 


38. If a line be such that the sum of the perpendiculars, each 
multiplied by a constant, let fall upon it from n fixed points, is = 0, it 
will pass through a fixed point known as the Center of Mean Position 
to the viven points. 


The conditions of the problem (Art. 105, Cor. 1) give us 


m (x' cos a - y' sina — p) τη (x'' cosa t y'' sina— p) 
+m" (e cosa + y" sina—p)+ &e.) — x 


or, putting Z(m.')as an arbitrary abbreviation for the sum of the mz's, 
E(my')for the sum of the my’s, and X(m) for the sum of the m's, 


E(mz')ceosa + X(my')sina — X(m) p — 0. 


Solving for p, and substituting its value in x cosa + y sina — p= 0, the 
equation to the movable line becomes 


Z(m)r— X(mz')ttana[z(m)y— z(my)] =0: 


which (Art. 116) proves the proposition. [Solution by Salmon.] 
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99. If the three vertices of a triangle move each on one of three 
convergents, and two of its sides pass through fixed points ΣΎ’, xy”. 
the third will also pass through a fixed point. [Take the two exterior 
convergents for axes | 

40. If the vertex in which the two sides mentioned in Ex. 39 
meet, does nof move on a line convergent with the two on which 
the other vertices move, to find the condition that the third side 
may still pass through a fixed point. 


DI RECIIEINESXR LOCI. 


120. The following examples illustrate the method 
of solving problems in which the path of a moving point 
is sought. When a point moves under given conditions. 
we have only to discover what relation between its co-ordinates 
is implied in those conditions: then by writing this relation 
in algebraie symbols we at once obtain the equation to its 
locus. 

As the investigation of loci is one of the prineipal uses 
of Analytic Geometry. it is important that the student 
should early acquire skill in thus writing down any 
geometric condition. The relation between the co-ordi- 
nates is sometimes so patent as to require no investiga- 
tion: for instance, if we were required to determine the 
locus of a point the sum of the squares on whose co-ordi- 
nates is constant, we should at once write the equation 


r+tysr 

and discover (Art. 25. II) that the locus is a circle. 
But as a general thing the relation must be developed 
from the conditions by means of the geometric or trigo- 
nometric properties which they imply. The process may 
be much simplified by a proper choice of axes. As a rule. 
the equations are rendered much shorter and easier to 
interpret bx taking for axes two prominent lines of the 
figure to whieh the conditions give rise. Still, by taking 
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axes distinct from the figure, we sometimes obtain equa- 
tions whose symmetry more than compensates for their 
loss of simplicity. For instance, in the equations of Exs. 
4, 6, and 7, when the first is obtained, the second and 
third can be written out at once by analogy. 


1. Given the base of a triangle and the difference between the 
squares on its sides: to find the locus of its vertex. 


Let us take for axes the base and a perpendicular at its middle point. 
Let the base = 2m, and the difference between the 
squares on the sides = »?. Then, the co-ordinates 
of the vertex being x and y, we shall have k7” = 
y? (πι xy and PQ?=y?+ (m— xy. That is, 
y! +(m+ x)? — fy? +(m— x) }=n?; or the equa- 
tion to the required locus is 





4mx=n?, 


Hence (Art. 25, I) the vertex moves upon a right line perpendicular to the 
base. 


2. Find the locus of the vertex of a triangle, given the base and 
the sum of the cotangents of the base angles. 


Using the same axes as in Ex. 1, and putting cot R + cot Q= n, we 





: m ἵ 2 m— 2 
have from the diagram cot R = and cot Q = aa . Hence, the 


equation to the required locus is 
ny = 2m; 


and (Art. 25, I) the vertex moves along a line parallel to the base at a 
distance from it = 2m: n. 


3. Given the base and that rcot R scotQ =p = q, find the 
locus of the vertex. 


4. Given the base and the sum of the sides, let the perpendicular 
to the base through the vertex be produced upward until its length 
equals that of one side: to find the locus of its extremity. 


9. Given two fixed lines OM, ON; if any 
line MN parallel to a third fixed line OL in- 
tersect them: to find the locus of P where 
MN is cut in a given ratio, so that MP = 
nM N. 





RECTILINEAR LOCI I27 


Here it will bo most convenient to take for axes the two fixed lines 
OM, OL. Then, since V is u point on the line ON, wo shall have 
MN — m OM; and, substituting in the given equation, we find tho equa- 
tion to the required locus, namely, 


y = MNT. 


Hence (Art. 78, Cor. 5) the point of proportional section moves on a right 
line passing through the intersection of the two given lines. 


6. Find the locus of a point P, the sum of whose distances from 
OM, OL is constant. 


1. A series of triangles whose bases are given in magnitude and 
position, and whose areas have a constant sum, have a common 
vertex : to find its locus. 


S. Given the vertical angle of a triangle, and 
the sum of its sides: to find the locus of the 
point P where the base is cut in a given ratio, 
so that mPX Ξ ΕΙ. 





9. Determine the locus of P in the annexed diagram under the 
following successive conditions: PQ being 
perpendicular to OQ, and PR to OR: R/ 





RU 
1. OQ + OR = constant. το 
It. QR parallel to y = mr. 
ur. QA cut in a given ratio by y = mr — ù. O M Q 


121. Hitherto we have found the equations to required 
loci by expressing the given conditions directly in terms 
of the variable co-ordinates. But it is often more con- 
venient to express them at first in terms of other lines, and 
then tind some relation between these auxiliaries by which 
to eliminate the latter: the result of eliminating will be 
an equation between the co-ordinates of the point whose 
locus is sought. 

This process of forming an equation by eliminating an 
indeterminate auxiliary is extensively used, and is of 
especial advantage when investigating the intersections 
of movable lines. 

An. Ge. 14. 
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10. Given the fixed point A on the axis of z, and the fixed point 
D on the axis of y; on the axis of x take any point A’, and on the 
axis of y any point B’, such that O.4^ + OB/' — OA + OB: to find 
the locus of the intersection of AB’ and A’B. 

If OA — «, and OD —b .:. OA' =a + (k indeterminate), and 
OB’ =b—k. Hence, (Art. 79,) by clearing of fractions and collecting 
the terms, the equations to AB’ and A'B may be written 


br + ay —ab t k(a — x)= 0, 
bx + αγ — ab + k(y — 5) — 0. 


Subtracting, we eliminate the indeterminate k; and the equation to the 
required locus is 
xcty=atb.* 


11. In a given triangle, to find the locus of the middle point of the 
inscribed rectangle. 


12. In a given parallelogram, whose adjacent sides are a and b, 
to find the locus of the intersec- 
tion of 4 Β΄ and A’B: the lines 
AA’, BB’ bheing any two paral- 
lels to the respective sides. 


[The statement of this problem 
will apparently involve two indeter- 
minate quantities; but both can be 
climinated at one operation.] 





13. A line is drawn parallel to the base of a triangle, and the 
points where it meets the two sides are joined transversely to the 
extremities of the base: to find the locus of the intersection of the 
joining lines. 

14. Through any point in the base of a triangle is drawn a line 
of given length in a given direction: supposing it to be cut by the 
base in a given ratio, find the locus of the intersection of the lines 
joining its extremities to those of the base. 


15. Given a point and two fixed right lines; through the point 
draw any two right lines, and join transversely the points where 
they meet the fixed ones: to find the locus of the intersection of the 
joining lines. 


* See Salmon's Conic Sections, p. 46. 
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122. When we have to determine the locus of the 
extremity of a line drawn through a fixed point under 
given conditions, it is generally convenient to employ 
polar co-ordinates. We make the fixed point the pole, 
and then the distance from it to the extremity of the 
moving line becomes the radius vector. 


16. Through a fixed point O is drawn a line OP, perpendicular 
to a line QR which passes through the fixed 
point Q: to find the locus of its extremity P, _ ve 
if OP.OR = constant. BR 

Let the distance OQ =a, and let OP. OR = πι". ae 
From the diagram, OR=OQcos ROQ. Hence, the 
equation to the locus of P is 

pacos0— m?; 


and (Art. 82, Cor.) P moves on a right line perpendicular to OQ. 


17. One vertex of an equilateral triangle is fixed, and the second 
mores along a fixed right line: to find the locus of the third. 

18. In a right triangle whose two sides are in a constant ratio, 
one acute angle has a fixed vertex, and the vertex of the right angle 
moves on a given right line: to find the locus of the remaining 
vertex. 

19. Given the angles of any triangle: if one vertex is fixed, and 
the second moves on a given right line, to find the locus of the third. 


[The student will readily perceive that Exs.17 and 18 are particular 
cases of Ex. 19. He should trace this relation through the equations to 


the corresponding loci.] 


20. Given the base of a triangle, and the sum of the sides; 
through either extremity of the base. a perpendicular to the adjacent 
side is drawn: to find the locus of its intersection with the bisector 
of the vertical angle. 


Section IIJ.—Pairs or RIGET LINES. 


123. Since the equation of the first degree always 
represents a right line, there is but oxe locus whose equa- 
tion is of the first degree. But there are several loci 
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whose equations are of the second degree ; and, in accord- 
ance with the principle of Art. 76, we shall consider these 
separately before discussing their relations to the locus 
of the Second order in general. In the case of each, 
we shall first obtain its equation, and then find the con- 
dition on which the general equation of the second degree 
will represent it. When this has been done for all of 
them, we can pass to the purely analytic ground, and 
show that the equation of the second degree always 
represents one of these lines. 

We begin with the cases in which it represents a pair 
of right lines. These have a special interest, as furnish- 
ing the title by which the Right Line takes its place in 
the order of Conics. 


I. GEOMETRIC POINT OF VIEW : — THE EQUATION TO A PAIR 
OF RIGHT LINES IS OF THE SECOND DEGREE. 


1324. Any equation in the type of ZMN...=0 will 
obviously be satisfied by supposing either of the factors 
L, M, N, etc., equal to zero. If, then, L= 0, M = 0, 
N = 0, etc., are the equations to » different lines, their 
product will be satisfied by any values of 2 and y that 
satisfy eher of them. That is, LMN ...==0 will be 
satisfied by the co-ordinates of any point on either of the 
n lines: its locus is therefore the group of lines severally 
denoted by the separate factors. Hence, we form the 
equation to a group of lines by multiplying together the 
equations to us constituents. 

125. Equation to a Pair of Right Lines.—By 
the principle just established, the required equation is 


LL =) : 


or, by writing the abbreviations in full, expanding, and 
collecting the terms, 
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e+ Ρο 
+B” C” 


A7 A" EHA B^ | xy4- B B HA ο” 
+d pe +4 dd id 


— 
——— 


y+ AM Aul | 








which is manifestly a particular case of the general equa- 
tion of the second degree in two variables, 

Av? + 2Ary + By + 2Gr4 2Fy + C=0,* 
in which 4. B, C, F,G@, H are any six constants. 

126. Equation to a Pair of Right Lines passing 
through a Fixed Point.—The equations to two right 
lines passing through the point z'y' (Art. 101, Cor. 1) 
are 
A'(r σα) +B (y — 9") —0, A" (z— 2^) + B"(y—y') = 0. 
Hence, (Art. 124.) the required equation is 
A^ A" ra’ Y CA" B'^4- A A BS (x—x^) (y—) + B’ B" (y—y y--0; 
or, since .i' 1", 4'5"-J- A" B', B'B" are independent 
of each other, 

A(r — VF + 2H — y — y’) + BY — yy = 0. 

Corollary 1.— The equation to a pair of right lines 
passing through the origin (Art. 49. Cor. 3) will be 

Ac 2Ary + By = 0. 


Corollary 2.—Of the two equations last obtained, the 
former is evidently homogeneous with respect to (2 — 2^) 
and (y — y^): and the latter, with respect to x and y. 
Hence, Ervery homogeneous quadratic. in (x — x) and 


® The equation of the second degree in two variables is usually written 
AT + Bry +O Drea E; + F-0. 


I have followed Salmon in departing from this familiar expression. The 
sequel will show, however, that the new form imparts to the equations 
derived from it a simplicity and symmetry which far outweigh any incon- 
venience that may arise from its unfamiliar appearance. 
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(y — y^) represents two right lines passing through the fixed 
point x’y’; and, Every homogeneous quadratic in x and y 
represents two right lines passing through the origin. 


127. The equation 4327 + 2/Iry -- By? — 0 deserves 
a fuller interpretation, as it leads to conditions which 
have a most important bearing on the relations of the 
Right Line to the Conics. 

If we divide it by α΄, it assumes the form of a complete 
quadratic in y : 2, 


B(Z) + en (2) A—o (1). 


But (Arts. 124; 18, Cor. 5) it may also be written 
[Z—»)(Z—w)—o (2). 


Hence, (Alg., 234, Prop. 2d,) its roots are the tangents of 
the angles made with the axis of x by the two lines which 
it represents. Now if we solve (1) for y : z, we obtain 

y HEV H ED 

oo es 
that is, the roots are real and unequal when H? > AB; 
real and equal when H? = AB; and imaginary when 
H? < AD. Therefore, if H? — AB — 0, the equation 
denotes two real right lines passing through the origin; 
if H?— AB —0, two coincident ones; but in case 
H*— AB < 0, two imaginary ones. 


Corollary.— The reasoning here employed is obviously 
applicable to the equation of Art. 126. The meaning 
of any homogeneous quadratic may therefore be deter- 
mined according to the following table of corresponding 
analytic and geometric conditions : 
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H*— AB 0 .:. Two real right lines passing through 
a fixed point. 


H? — A B -0 .:. Two coincident right lines passing 
through a fixed point. 


H?—AB<0.:. Two imaginary vight lines passing 
through a fixed point. 


Note.— By thus admitting the conception of coincident and im- 
aginary lines as well as of real ones, we are enabled to assert that 
every quadratic which satisfies certain conditions represents two 
right lines. In fact, the result just obtained permits us to say that 
every equation between plane co-ordinates denotes a dine (or lines), 
and to include in this statement such apparently exceptional equa- 
tions as 

(x — a} +y — 0. 

Of this equation, we saw (Art. 61, Rem.) that the only geometric 
locus is the fixed point (a, 0). But it is evidently homogeneous in 
(ᾳ ---α), (y —0) and fulfills the condition H?— AB «0. We 
may therefore with greater analytic accuracy say that it denotes 
two imaginary right lines passing through the point (a, 0); or, as we 
shall see hereafter, two imaginary right lines whose intersection is the 
center (a, 0) of an infinitely small circle. 

Such statements may seem to be mere fictions of terminology; 
but the farther we advance into our subject, the greater will appear 
the advantage of thus making the language of geometry correspond 
exactly to that of algebra. If we neglect to do so, we shall overlook 
many remarkable analogies among the various loci which we in- 
vestigate. 


128. Angle of a Pair of Right Lines.—From 
Art. 96 we have, as the expression for determining this, 


nu’ — m 


tan ς = 1 --- mm! 1 


But we saw (Art. 127) that m and m' are the roots of the 
equation Az’ + 2 Hry + By?=0. Hence, 


2)/(H? — AB) | 


a 
Dc E δι ; mm =z 
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2y (H?— AB) 
A+B 
Corollary.—The condition that a pair of right lines shall 
cut each other at right angles is 
A+ B=0. 


Remark.—'The student can readily convince himself that when 
the axes are oblique 


Therefore tan o = 


2sinw V (H? — AB) 


inier σσ Cua 


129. Equation to the Bisectors of the angles 


between the Pair Az’ + 2H xy. -- By! —0.—The equa- 
tion (compare Arts. 124; 109, Cor 1) will be 


(411 + B'yy (A + Bl) ES (A" x zn By) (A^ + B?) — 0. 


Expanding, collecting the terms, and dividing through by 
A' B" — A" B', this becomes 
(Β΄ -- A" B^) a?— 2(A' A" — B' B") xy —(A' B” + A" B^) y= 0. 
Comparing the co-efficients with those in the original 
form of the equation to the two given lines (Art. 126) 
we obtain 

Hx’ —(A — B) xy — Hy’ = 0. 

Corollary 1.— The co-efficients of this equation satisfy 
the condition (Art. 128, Cor.) A + B= 0, and show that 
the two bisectors are at right angles: which agrees with 
the result of Ex. 22, p. 123. 

Corollary 2.—The equation to the bisectors is evidently 
a quadratic in y : x of the first or second form: its roots 
are therefore always real, whether those of the equation 
to the given pair are real or not. Hence we have the 
singular result, that a pair of imaginary lines may have 
areal pair bisecting the angles between them. And it 18 a 
noticeable inference from the discussion in Art. 127, that 
two imaginary lines may have a real point of intersection. 
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Remark.—These two equations, Ax? + 2Hxy + By?=0 and 
H'— (A — B) xy — Hy? = 0, merit the student's special attention. 
They will reappear, in a somewhat unexpected quarter. 


I. ANALYTIC POINT OF VIEW: — THE EQUATION OF THE 
SECOND DEGREE ON A DETERMINATE CONDITION 
REPRESENTS TWO RIGHT LINES. 


130. This theorem is an immediate consequence of 
the method by which we form the equation to a pair of 
right lines. For, as that equation always originates in 
the expression 

LL'= 0, 
so, conversely, it must always be reducible to this form. 
Hence, An equation of the seeond degree will represent two 
right lines whenever it ean be resolved into two factors of 
the first degree. 

Corollary.—The same reasoning manifestly applies to 
LMN...—0. Hence, an equation of any degree, which 
can be separated into faetors of lower degrees, represents 
the assemblage of lines separately denoted by the several 
factors. In particular, ¿f an equation of the n™ degree 
is separable into n factors of the first degree, it represents 
n right lines. 





4333. We may express the condition just determined, 
in the form of a constant relation among the eo-efheients 
in the general equation of the second degree. 

The equation to any pair of right lines may be written 

Sy — (mr + bN y — (ny + ^1 = 0. 
Hence, (.Alg.. 234. Prop. 2d.) in order that the equation 
of the second degree may represent two right lines, its 
roots must assume the form y — mrb. Now if we 
solve A- 2Hry + By -c—3Gr- 2Fy + C=0 as 3 
complete quadratic in y, we obtain 
An. Ge. l5. 
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By=—(Hx+F)+y ((H?—A Bo? --2( HF— BG ) x -(F*—BC)]: 
and in order that this may assume the form y — mz + b, 
the expression under the radical must be a perfect square. 
But the condition for this (or, in other words, the condi- 
tion that the general equation of the second degree may 
represent two right lines) is 


(H? — AB) (FP? — BC) = (HF — BG) (1). 
Expanding and reducing, we may write this in the striking 
symmetrical form 

ABC-E-2FGH — AF’ — BG? — CH’ = (2). 


Corollary.—It is evident from (1), that H? — AB and 
F?— BC will be positive together or negative together, 
but will not necessarily vanish together. 


X32. In the light of these results, it will be interesting 
to test the conditions H?— AB>0, H? — AB —0, 
H? — AB « 0 in the general equation to a pair of right 
lines. 

From (1), it follows that the roots of this equation may 
be written 


_ (Hr t F)EV((H?- AB) zt -2zY( H?I- AB) (F?- BC) + (F?-BC)| 
CM EDGE CL EU 1x p CCCII M D C MEEMEL 


hence (taking account of the preceding corollary) they 
will be real and unequal, when H? > AB; will differ by 
a constant, when H? = AB; and will be imaginary, when 
H?« AB. But these roots are the ordinates of the two 
lines represented by the equation of Art. 125: hence, in 
any equation of the second degree whose co-efiicients 
satisfy the condition (2), we shall have the following 
criteria: 

H?—A B 0 -. Two real, intersecting right lines. 

H?— A B — 0 -. Two parallel right lines. 

H?—A B <0 .. Two imaginary, intersecting right lines. 
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Corollary. —If H^— AB=0, and F?— BC=0 at 
the same time, the two lines are coincident. Hence, 4 
right line. formed by the coincidence of two others is the 
limit of two parallels. 


EXAMPLES. 
1. Form the equation to the two lines passing through (2, 3). 
(4. 5) and (1, 6). (5. 5). 


2. What locus is represented by zy — 0) By re —y=0? 
By απ. --ὅσν + Oy =0? By g? — ry tan 8 — y! —07? 


3. What lines are represented by 23 — 6z?y + 11/7 — 63 — 0? 


4. Show what loei are represented by the equations 27 + y! — 0, 
etry — 0, 8+ V+ —90, ry — az — 0. 

3. Interpret. (z—a) (y — 5) —0, (z— a)! -- (y — 5) —0, and 
(x—y +a} +r +ty— a=. 

6. Show that (y— ὃς +38) By +2—9)=0 represents two 
right lines cutting each other at right angles. 


7. Find the angles between the lines in Ex. 2. 
S. What is the angle between the lines x? + zy — ôy  —0? 


9. Write the equation to the biseetors of the angles between 
the pair r? — àry + ôy =Ù. 





10. Write the equations to the bisectors of the angles between 
the pairs z!— y =0 and £z — ry + y — 0. 

11. Show that the pair 62°? + ru — è? — 0. intersect at right 
angles. 

12. Show that 627+ dry — by? = 0 hisect the angles between the 
pair 22° + l2ry + tv = 0. 

13. Verify that zx! — dry + 4y? + x + 25 — 2 = Q represents two 
right lines, and find the lines. 

14 Show that 9zx!— 12x; + 4y? — 27 + y — 3 — 0 does not rep- 
resent right lines, and find what value must be assigned to the co- 
efficient of z in order that it may. 

15. Show that 427 — 12zy — Yu? — $x — by — 12 = 0 represents 
two parallel right lines, and find the lines. 
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16. Show that 4x? -- 12η + 9y* — 4x + ôy + 1 — 0 denotes two 
coincident right lines, and find the line which is their limit. 


17. Show that 52? — 12zy + 9y* — 2x + ôy + 10 = 0 represents 
two imaginary right lines, and find them. 
18. Show that if A, B,C, L, N are any five constants, the equation 
to any pair of right lines may be written 
(Ax + By+ C)=(Le4+ ΑΝ); 


that the lines are real, when (Le + N} is positive; imaginary, 
when (Lz + NP is negative; parallel, when L = 0; and coinci- 
dent, when L and N are both = 0. mes 


19. Form an equation in the type of Ax? + 2Hxy + By? + 2Gx 
+ 2Fy+C=0 with numerical co-efficients, which shall represent 
two real right lines. 


20. Form a similar equation representing two parallel lines, and 
one representing two coincident ones; also, one representing two 
imaginary lines. 


SECTION IV.—Tuzx CIRCLE. 


I. GEOMETRIC POINT OF VIEW: — THE EQUATION TO THE 
CIRCLE IS OF THE SECOND DEGREE. 


133. The Circle is distinguished by the following 
remarkable property: The variable point of the curve is 
at a constant distance from a fixed point, called the center. 


134. Rectangular equation to the Circle.—If 
xy represent any point on the curve, and 7 its constant 
distance from the center gf, the required equation 


(Art. 51, I, Cor. 1) will be 
e= (y —fy =r. 
After expansion and reduction, this assumes the form 


gy! — 2ga — fy + (g + fP—7) —9 
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which is evidently a particular case of the general equa- 
tion 


A + 2Ary + By? + 2G4e4 2hy + C= 0. 


Remark.—The annexed diagram will ren- 
der clearer the geometrie meaning of the 
equation just obtained. In this, we have 
οὐ αι MP-y; OM'-—g, M'C—r; 
and CP=r. Now, drawing PQ parallel 
to OX, we obtain by the Pythagorean theo- 
rem PQ? + QC?— CP? That is, 


Goog) a at κ Naa 


135. Equation to the Circle, axes being oblique.—T'o 
obtain this, we have simply to express, in terms proper for oblique 
axes, the fact that the distance from ay to σ is constant. Hence, 
(Art. 51, I,) the equation is 


(z — ο) + (yr P+ 2 (z — 9) (y —f) cos o= τὶ; 





or, in the expanded form, 
22+ 2ry cos w + y*-2(g + feos e) x—2 (fo gcoso) yt (g^ 2gf cosod f ?—r2)—0. 


196. Equation to the Circle, referred to rec- 
tangular axes with the Center as Origin.—Since 
the equation of Art. 154 is true for any origin, we have 
only to suppose in it g = 0 and f= 0, and the equation 
now sought is 

repr. 

Remark.—The student will recognize this as the equation of Art. 
25, TL Its great simplicity commends it to constant use. It may 
also be written 


a form analogous to that of the equation to a right line, 


Sq ues 
-+5 πι 


140 ANALYTIC GEOMETRY. 


137. Equation to the Circle, referred to any 
Diameter and the Tangent at its Vertex.—Since 
the diameter of a circle is perpendicular to its vertical 
tangent, in order to obtain the present equation we have 
merely to transform the last one to parallel axes through 
(—r, 0). Writing, then, x — r for x in z? + y? — 7°, and 
reducing, we find 


zr + y*— 2ra = 0; 
or, 
yb ανω ον 


Remark.—In the equation just obtained, we suppose the origin 
to be at the left-hand vertex of the diameter. lt 18 customary to 
adopt this convention. If the origin were at the right-hand vertex, 
we should have to replace the x of x* + y* = ^ by 
x +r, and the equation would be 


z'-q3y'-2r:-0;05n3y'— —(2m-Faz 
The equation of this article is verified by the ϱ 
diagram. For (Geom, 325) MP*-—OM.MV; 


that 1s, 





y! = x (2r — 2) = 2ra— r’, 


The form of this equation (Art. 63) shows that the origin is on the 
curve: which agrees with our hypothesis. 


138. Polar Equation to the Circle.—The property 
that the distance from the center (d, α) to the variable 
point of the curve is constant, when expressed in polars, 


(Art. 51, II) gives us 
p^ + d? — 2od cos ( — a) = r. 


Hence, the equation now sought is 





[^ — 2ad cos (6 — a) = r — d. 


Corollary 1—Making a = 0 in the foregoing expres- 
gion, we obtain 


(? — 2pd cos 6 =r’? — d? : 
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the polar equation to a cirele whose center is on the initial 
line. 


Corollary 2.—Making d = 0, we obtain o? — r?; or, 
p = constant: 


the polar equation to a circle whose center is the pole. 


Remark.— We may verify these equations 
geometrically as follows: Let OX be the 
initial line, and Ο the center of the circle. 
Then OP =p, XOP= 4; OC=d, XOC=a; 
and CP—r. But by Trig, 865, OP? + OC? 
—20P OCceos COP=CP? Hence, 2 


p! — Dod eas (0 — a) = τὶ--- & 


If the point C fell on OX, COP would become XOP; and we 
should have 





p! — 2pd cos 6 = r? — æ. 
If C coincided with O, OP would become CP; and we should have 
p*=r*; or. p = constant. 


These equations all imply that for every value of @ 
there will be two values of o: which is as it should be, 
since it is obvious from the diagram that the radius 
vector OP, corresponding to any angle XOP, cuts the 
curve in two points, P and P. 


EXAMPLES. 


1, Form the equation to the circle whose center is (δ, 4), and 
whose radius — 2. 

2. Lax down the center of the circle (z — 2Y + (y —6)! = 25, 
and determine the length of its radius. 

3. Do the same in the case of the circle (z + 2Y — (y —5)!—1; 
— in the case of the circle z! — y'— 3. 

4. Form the equation to the cirele whose center is (5, — 3) and 
whose radius =1°7, when o = 60°. 
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9. Form the equation to the circle whose radius = 3, and whose 
center is (3, 0). Transform the equation to the opposite vertex of 
the diameter. 

6. Form the equation to the circle whose radius = 6, and whose 
center lies, at a distance from the pole = 5, on a line which makes 
with the initial line an angle = 60°. 

7. Form the equation to the circle whose center is on the initial 
line at a distance of 16 inches from the pole, and whose radius — 
l foot. 

8. Transform the equation of Ex. 6 to rectangular axes, the origin 
being coincident with the pole. 


9. Form the equation to the circle whose center is at the pole, 
and whose radius = 3. Transform it to rectangular axes, origin 
same as pole. 

10. Form the equation to an infinitely small circle whose center 
is (a, 0). [Compare the result with the Remark, Art. 61, and the 
Note, Art. 127.] 


II. ANALYTIC POINT OF VIEW: — TIIE EQUATION OF THE 
SECOND DEGREE ON A DETERMINATE CONDITION 
REPRESENTS A CIRCLE. 


159. The theorem is implied in the fact established 
in Arts. 194, 135, that the equation to the Circle is a 
partieular ease of the general equation of the second 
degree. To determine the condition on which the gen- 
eral equation will represent a circle, we have therefore 
merely to compare its co-cfficients with those of the 
equation to the Circle written in its most general form. 


140. Wesaw (Art. 134) that the rectangular equation 
to the Circle 1s 
ος AGE an ας ών. ο, 
Since g and f may be either positive or negative, and r 
is not a function of either f or g, this may be written in 
the still more general form 


A (a? + 3?) -- 26x + 2Fy + C= 0. 
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If, then, the equation 
Ac 2Hvy + By? + 2Gr 4+ 2Fy + C=0 


represent a circle, it must assume the form just obtained. 
But in order to this, we must have 


H —90 with .1— B: 


Which therefore constitutes the condition that the general 
equation of the second degree shall represent a circle. 
Corollary.—It is obvious from the condition just deter- 


mined, that when the equation of the second degree 
represents a circle, it also fulfills the condition 


H* — AB « 0. 
141. From the result of Art. 135, it follows that 
H = 4 cos o with A = B 
is the condition in oblique axes that the equation of the second dearce 


Shall represent à cirele. And it is evident that in this case, too, we 
have the condition 
H:— AB« 0 

142. If we are given an equation in the general 

form 
AQ? + an) - 26r 2Fy + C — 0, 

we can at once defermine the position and magnitude of 
the corresponding circle. 


^Y 3 ] 


"Eoi d 
For, by transposing C, adding — 1 - to both mem- 
bers, and dividing through by A, the given equation may 
be thrown into the form 
EI | J G^ +F AC 
d y + =) = =r. 
( Topo νη d 
Comparing this with the equation of Art. 134, namely, 


α-- ϱ) t+y—-fy=r, 
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we obtain, for determining the co-ordinates of the center, 


σα F. 
ο os == A 


and for determining the radius, 


1 (G2 4- F2 — AC) 
poc eh 


Corollary 1—From the expressions for g and f, which 
are independent of C, we learn the important principle, 
that the equations to concentric circles differ only in their 
constant terms. 


) 


Corollary 2.—From the expression for r, we derive the 
following conclusions : 


I. G?--F*— AC 0 v. the circle is real. 
Il. G+ F* — AC —0 -. the circle is infinitely small. 
III. @ + F* — AC « 0 ~. the circle is imaginary. 


143. We may also determine the position and magni- 
tude of the circle by finding its intercepts on the two 
axes. 

Thus, if we make the y and 2 of the given equation 
successively — 0, we obtain the two equations 


A +2Gr+0=0, Ay +2Fy+C=0. 


Since each of these is a quadratic, the circle cuts each 
axis in two points; and as a circle is completely deter- 
mined by three points, its center and radius are a fortiori 
fixed by the four points thus found. We have therefore 
only to find the co-ordinates of the point equidistant from 
either three of the four, and we obtain the center: the 
distance between this and any one of the four, 1s the ra- 
dius. Or we may proceed with greater brevity as follows: 
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Let the intercepts on the axis of x be x’, z"; and those 
on the axis of y be y’, y”: then (Alg., 254, Props. δὰ 
and 4th) 2G. : 4=— Qa’ +2", 2F: A —-—(y 4x y^, 
and C: ο — 2^2" τιν’. Hence, (Art. 142,) for deter- 
mining the center, 





r^ +t ο’ y p u". 
g La Eve ge 4 Ses πήρε 9 
A) 4m) 


and for determining the radius, 


— — —— —— 


ry—i) (etal) + (y? + oy"). 
Corollary.—Hence, the equation to any circle whose 
intercepts on the axis of v are given, 18 


aep ο ee a ty a 0; 





the equation to any circle whose intercepts on the axis 
of y are given, is 
i7 4 a? ayr (y! ty) y ει 9: 

and the equation to the circle whose intercepts on both 
axes are given, 18 

2 (024-45) — 2 (r2) — 32 (y oy") yr (i Hy y^) = 0. 

144. Of the two equations 
A+ 2Gr4 C—0. duy) 2Fy + C=0, 

the first (Alg., 237. 1) wil have equal roots when 
G? = AC; and the second, when 7?^— AC. Hence, 


is the condition that a eirele shall touch the axis of x; 
f-—AC=0 


pmo 
ΓΡ, 


the condition that it shall touch the aris of y: and 
Sf AC 
is the condition that tt shall touch both axes. 


^ 
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EXAMPLES. 


I. NOTATION AND CONDITIONS. 
1. Decide whether the following equations represent circles: 
Bt + Sry — Ty? + 2e—dy-+ 5 =0; 
De — by? + ὃς — Py + 1—0; 
δα + 5y? — 10x — 30y + 15 = 0. 
2. Determine the center and radius of each of the circles 
a? -+ y+ 4y — 4x — 1-0, 
x? ty? + 62 — dy —1 = 0. 
3. Form the equation to the circle which passes through the 


origin, and makes on the two axes respectively the intercepts -+ A 
and + k. 


4. Find the points in which the circle x“ + y? = 9 intersects 
the lines z +y + l= 0, x+y—1=0, and 2x +y V5 —9. 


9. What must be the inclination of the axes in order that each 
of the equations 
xz? — xy + y? — hx — hy = 0, 
x? + xy + y’ — he — hy = 0, 
may represent a circle? Determine the magnitude and position 
of each circle. 


6. Write the equations to any three circles concentric with 
2 (x? +3?) + 6x — dy — 12 =0. 


7. Form the equation to the circle which makes on the axis 
of x the intercepts (5, — 12), and on the axis of y the intercepts 
(4, — 15). Determine the center and radius of the same. 


8. What is the equation to the circle which touches the axes 
at distances from the origin, each = a? — at distances = 5 and 6 
respectively ? 

9. ABC is an equilateral triangle: taking A as pole, and AB 
as initial line, form the polar equation to the circumscribed circle. 
‘Transform it to rectangular axes, origin same as pole, and axis of x 
as initial line. 


10. If ,/S = 0 and δ΄ = 0 are the equations to any two circles, 
what does the equation S— 47,8’ = 0 represent, & being arbitrary ? 
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IY. CIRCULAR LOCI. 


1. Given the base of a triangle and the sum of the squares on 
its sides: to find the locus of its vertex. 

Taking the base and a perpendicular through 
its middle point for axes, putting 2:8 -— the given 
sum of squares, and in other respects using the 
notation of Ex. 1l, p. 126, we have 





PR = yy {mtp PO sy tim ree. 
Hence, the equation to the required locus is 
ets st— a 


and the vertex mores upon a circle whose center is the middle point of the 





hase, and whose radius = V — n7. 

2. Given the base and the vertieal angle of a triangle: to find 
the loeus of the vertex. 

3. Given the base and the vertical angle of a triangle: to find 
the locus of the center of the inseribed cirele. 

i. Find the locus of the middle points of chords drawn from 
the vertex of any diameter in a cirele. 

o. Given the base and the ratio of the sides of a triangle: to 
find the loeus of the vertex. 

6. Given the base and vertieal angle: to find the locus of the 
intersection of the perpendiculars from the extremities of the base 
to the opposite sides. 

*. When will the locus of a point be a eirele, if the square 
of its distance from the base of a triangle bears a constant ratio 
to the product of its distances from the sides? 


l3 


ἃς When will the locus of a point be a eirele, if the sum of the 
squares of its distances from the three sides of a triangle is con- 
stant? 
9 ABC is an equilateral triangle. and P is a point such that 
PAS PBA ος 
find the locus of P. 


10. AC B is the segment of a eirele. and any chord AC is pro- 
duced to a point P such that 1 C— » CP: to find the locus of P. 
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11. To find the locus of the middle point of any chord of a circle, 
when the chord passes through any fixed point. 

12. On any circular radius vector OQ, OP is taken in a constant 
ratio to OQ: find the locus of P. 

13. Find the locus of P, the square of whose distance from a 
fixed point O is proportional to its distance from a given right line. 


14. O is a fixed point, and AB a fixed right line; a line is drawn 
from O to meet AB in Q, and on OQ a point P is taken so that 
OQ.OP =k’: to find the locus of P. 


15. A right line is drawn from a fixed point O to meet a fixed 
circle in Q, and on OQ the point P is so taken that OQ. OP = k: 
to find the locus of P. 


SECTION V.—THE ELLIPSE. 


I. GEOMETRIC POINT OF VIEW:—THE EQUATION TO THE 
ELLIPSE IS OF THE SECOND DEGREE. 


145. The Ellipse may be defined by the following 
property: The sum of the distances from the variable 
point of the curve to two fixed points is constant. 

We may therefore trace the curve and discover its 
figure by the following process: — Take any two points 
£F" and F, and fasten in them the 
extremities of a thread whose length 
is greater than 7}; Place the 
point of a pencil P against the 
thread, and slide it so as to keep 
the thread constantly stretched: P 
in its motion will describe an ellipse. For, in every 
position of P, we shall have 


F'P + FP = constant, 


as the sum of these distances will always be equal to the 
fixed length of the thread. 


P 
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146. The two fixed points, F’ and F, are called the 
foci; and the distances with a constant sum, ΚΡ and 
FP, the focal radii of the curve. 

The right line drawn through the B 


foci to meet the curve in A’ and A, κ. κ 
is called the transverse axis. The y 
point O, taken midway between F” V 1 
and F, we may for the present call 
the focal center. 

The line B'B, drawn through O at right angles to 


A'A, and terminated by the curve, is called the conjugate 
AXIS. 


147. Equation to the Ellipse, referred to its 
Axes.—Let 2c — the constant distance between the foci, 
and 2a = the constant sum of the focal radii. 

Then, from the diagram above, F" P? = (x + ο) + y? 
and FP? = (x — e) + y'. Hence, the fundamental prop- 
erty of the Ellipse, expressed in algebraic symbols, 
will be 


V {(2 -|- ey +y} -vi(z—ey-4 y?) = 2a. 


Freeing this expression from radicals, we obtain the 
required equation, 


(a? — e?) σὲ + a*y? — a? (a? — c?) (1). 
To abbreviate, put a? — c? = b’, and this becomes 
ba? + ahy = ai (2) : 


which may be more symmetrically written 


ey? 
^p^ 


Remark.—The student will observe the analogy between the last 
form and the equation to the Right Line in terms of its intercepts. 
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145. It is important that we should get a clear con- 
ception of the general form of the equation just obtained. 
Let us for a moment return to the form (1), 

(a? — e?) αὖ + ai? = a? (a* — c?). 

In this, the definition of the Ellipse requires that a? — c? 
shall have the same sign as «*; for the sum of the dis- 
tances of a point from two fixed points can not be less 
than the distance between them: that is, a can not be 
numerically less than 6, and consequently a? not less than 
c”. Therefore, in the equation to the Ellipse, the οο-εΠΙ- 
cients of z* and y? must have like signs. 

Advancing now to the form (2), 


by? + ay? = a2, 
it is obvious that the constant term að? will have but one 
sign, whether the co-efficients of 2? and y? be both positive 


or both negative. Supposing, then, that a? and 0? are both 
positive, the equation after transposition would be 


bx? +. ay — ab? = 0 (3). 
Supposing them both negative, it would become, after 
transposition and the changing of its signs, 

bx + ey + al? = 0 (4). 

Now, what is the meaning of the supposition that a’ 

(and thence 4”) is negative? Plainly (since in that case 
we shall have, instead of a, ay — 1) it signifies that the 
corresponding ellipse is imaginary.* Hence, admitting 
into our conception of this curve the imaginary locus 
of (4), we learn that the equation to the Ellipse is of the 
general form 


A'e + Bly? + €! =0: 


* This interpretation is put beyond question by the form of equation 
(4) itself, which denotes an impossible relation. 
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in which .1’ and B’ are positive, and C” is either positive 
or negative according as the curve is imaginary or real. 


149. We may at this point derive from the equation 
to the Ellipse a single property of the curve, as we 
shall need it in discussing the general equation of the 
second degree. 

Definition—A Center of a Curve is a point which 
bisects every right line drawn through it to meet the 
curve. 

Theorem.—Jn any ellipse, the focal center is the center 
of the curve. The equation to any right line drawn 
through the focal center (Art. 78, Cor. 5) 18 


ym. 


Comparing this with the equation to any ellipse, namely, 


act s 
"8 + b` m 1, 


we see that if x’, y’ satisfy both equations, — 2’, — y’ 
wil also satisfy both. In other words, the points in 
which the ellipse is cut by any right line drawn through 
the focal center may be represented by 2’, γ' and — 2", 
— 4’. But these symbols (Art. 51, I. Cor. 2) necessarily 
denote two points cquidis(ant. from the focal center: 
which proves the proposition. 

150. Polar Equation to the Ellipse, the Center 
being the Pole.—Replacing (Art. 57, Cor.) the x and 


y of ay! + PD — ab? by ocos and osin 0, we find 
τ ab 
(Pr di a qu EM EN οπως EL 
i α sin“ + 6° eos 
that is, (Trig., 838.) 
ab 
o? εεττ. 
: Απ σος b^) cos? 


An. Ge. 16. 
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Divide both terms of the second member of this expres- 
sion by a?, and, to abbreviate, put 


a’? — b? ; 
EM rid 





a 


the result will be the form in which the required equation 
is usually written, namely, 
02 
2 — —_____________ « 
P 77 1—e cosh 


Remark.—The equation indicates that for any value of 0 there 
will be two radii vectores, numerically 
equal with contrary signs. The accom- 
panying diagram verifies this result; for 
the two points of the ellipse, P and P^, 
evidently correspond to the same angle 0, 
and the point P^ has the radius vector 
OP’ =—OP. 





151. Special attention should be given to the two 
abbreviations used above, 


2 9 
a’? — b 
a? — c* =b? and τον EE e, 





We shall find hereafter that they represent elements of 
great significance in the Conics. For the present, how- 
ever, they are to be regarded as abbreviations merely. 
It is evident that by combining them we obtain the 
relation 


c = ae. 
Corollary.—Hence, the central polar equation to the 
Ellipse may be written 
NELLO κο 
OT — e cos? 
a form which will frequently prove more convenient than 
that of Art. 150. 
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153. Polar Equation to the Ellipse, the Focus 
being the Pole.—From the annexed diagram, we have 
f’P=p, and FP =1/ (0° + 4c?— 40ο cos 0). Hence, 
expressing the fundamental property 
of the Ellipse, 


o 3-1 (ph 4-48 — toc cos 0) = 2a: 





? ^ 
A — e 


P — à — e cos O 


* 


Replacing c by its equal ae, we obtain the usual form 
of the equation, 
a (1 e`) 


OS ee ee 3:2 
i 1 — e cos 0 





Remark.—The student should carefully discriminate between 
this equation and that of the corollary to Art. 151. From their 
striking similarity, the two are liable to be confounded. 

In using this equation, it is to be remembered that in it the /c/?- 
hand focus is taken for the pole. In practice, this assumption is 
generally found to be the more convenient. The student may show, 
however, that when the rigAt-hand focus is the pole the equation to 
the Ellipse is 


ο a(1— e) 
ay + e cos 0 
EXAMPLES. 


l. Given the two points (— 3, 0) and (3, 0); the extremities 
of a thread whose length — 10 are fastened in them: form the 
equation to the ellipse generated by pushing a pencil along the 
thread so as to keep it stretched. 

2. In a given ellipse, half the sum of the focal radii = 3. and 
half the distanee between the foci = 2: write its equation. 

3. Form the equation to the ellipse whose focus is 3 inches 
from its center. and whose focal radii have lengths whose constant 
sum = | foot. 

4. In a given ellipse, the sum of the focal radii = 3. and the 
difference between the squares of half that sum and half the dis- 
tance between the foci = 9: write ita equation. 
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9. Show that in each of the ellipses hitherto given, the focal 
center bisects the lines y — 2v, y=3x, y = 5x, and any others 
whose equations are in the form y= mz. 


6. Write the central polar equation to the ellipse in which the 
difference between the squares of half the sum of the focal radii 
and half the distance between the foci — 9, and the ratio of the 
distance between the foci to the sum of the focal radii = 1. 2. 


T. Write the central polar equation to the ellipse of Ex. 2. 


8. Find, in the same ellipse, the ratio of the sum of the focal 
radii to the distance between the foci, and write the equation in 
the form corresponding to that in the corollary to Art. 151. 


9. In a given ellipse, the sum of the focal radii = 12, and the 
ratio between that sum and the distance from the left-hand focus 
to the right-hand one — 3: write its polar equation, the focus being 
the pole. 


10. The focus being the pole, form the polar equation to the 
ellipse of Ex. 3. What would the equation be, if the right-hand 
focus were the pole? 


II. ANALYTIC POINT OF VIEW: — THE EQUATION OF THE 
SECOND DEGREE ON A DETERMINATE CONDITION 
REPRESENTS AN ELLIPSE. 


155. We have seen (Art. 148) that the equation to 
the Ellipse may always be written in the form 


A'a? + B? + 6’ — 0, 


in which A’ and Ρ’ are positive, and C” is indeterminate 
in sign. If, then, we can show that the general equation 
of the second degree is reducible to this form, and can 
find real conditions upon which the reduction may always 
be effected, we shall have established the theorem at the 
head of this article. 
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351. In order that the general equation of the 
second degree, 


Ar + 2Hry + By + 2Gr + 2Fy + C=0, 
may assume the form 
A sD ip aC =O, 


the co-efficients of its z, y, and ry must all vanish. 
The question therefore is: Can we transform thc equation 
to axes such as will cause these co-efficients {ο disappear ? 


155. As we have seen, the equation 1’r°— 5'y?4- C'—0 
is referred to the center of the Ellipse. and to its aves, 
which by definition cut each other at right angles. As- 
suming, then, as we may, that the general equation of 
the second degree as above written is referred to rectan- 
gular axes, our first step will naturally be to determine, 
if possible, the center of the locus which it represents, and 
to reduce it to that center as origin. 

Let x’, y' be the co-ordinates of the center sought, 
and let us transform 


Av? + 9Hry + By? -E2Gx + 2Fy + C=0 (1) 
to parallel axes passing through xy’. Replacing (Art. 55) 
the x and y of (1) by (x + 2) and (y' +x), we obtain, 
after reductions, 
Ao? + 2Hry + By 

+2 (Az + Ay’ + G) x --2(By!' 4- Av’ +P) y > =0. 

+ Ax? Hry + By”? 31’ 4+ 2fy' + C 
Now. since this equation is referred to the center as 


origin, it must (Art. 149) be satisfied equally by 1, y 
and — xv, — y. But in order to this, we must have 


Ar + Hy 4G —0, By + Hz + F=0. 
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Eliminating between these simultaneous equations, we 
find the co-ordinates of the center, 


| BG—HF , AF—HG 
v— Hi—AB'?7 "HicaB 


It is obvious that these values of x’ and y’ will be finite so 
long, and only so long, as H? — AB is not equal to zero. 
Hence we conclude that the locus of (1) has a center, 
which is situated at a fomite distance from the origin or 
at infinity, according as (1) does mot or does fulfill the 
condition H? — AB =Q. 

If, then, in the result of our first transformation above, 
we substitute these values of x’ and y’, we shall obtain. 
an equation to the locus of (1), referred to its center. 
Now the only elements of that result which depend on 
z' and y’, are the co-efficients of 2 and y, and the abso- 
lute term. Of these, the first two vanish, when the finite 
co-ordinates of the center are substituted in them ; the 
third may be thrown into the form 


(Az -- Hy'+ 0) a+ (By! + Hz! +F) y (Ga! +Fy'+C): 


and if in this we substitute the finite co-ordinates of the 
center, it becomes 


AF? — 2FGH + BG 
I?-— AB TC (a); 
or 
| ABC-2FGH—AF.—BG—CH? 
ν "nca c X 


Hence, putting C" to represent either (a) or (b), the 
equation of the second degree, reduced to the geometric 
center of its locus, is 


Aa? + 2Hzy + By? + €! —0 (2). 
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156. The transformation from (1) to (2) has destroyed 
the co-efficients of x and x, but the co-efficient of ry still 
remains. Reduction to the center as origin is therefore 
not sufficient to bring (1) into the form 


Ae + By + C= 0. 


And, in fact, we might have anticipated as much; for 
the equation to the Ellipse. of which the required form 
is the type, is referred not to the center merely, but to 
the ares of the curve. To destroy the co-efficient of ry, 
then, we must resort to additional transformation: and 
eur next step will naturally be fo determine, if possible, 
the axes of the locus represented by (2). and to revolve the 
reference-ares until they coincide with them. 

Let @ = the angle made with the reference-axes of 
(2) by the possible axes of the locus. Replacing (Art. 
90, Cor. ὃ) the x and y of (2) by rcos — y sin Ü and 
vsin 0 -+ y cos 0. we obtain, after reductions, 


(-1eos* d+ 2H sin 0 cos 0 + Bain’) x | 
— 21C4— B) sin θεος 9—H (cos? 0—sin?0)j xy. Τσο: 
+ (A sin? 0 — 2 H sin 0 eos 0 -- B cos? 0) y? 


that is. (Trig.. S47: 1, ΤΙ. IV.) 


4: (4-B)— (4--Β) cos 20—2H sin20} 2" 
—‘( A—B) sin 20—2H cos20 ry. > += 0. 
+} A+B) (A—B) cos 20-2 A sin20 a£ 


If. in this expression. we equate to zero the co-efficient 
of ry, we shall have 
(-1— B) sin 20 — 2H cos 20 — 0: 


η 


2H 
.. tan 20 = A—B (c). 
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That is, since a tangent may have any value positive or 
negative from 0 to oo, 20 (and therefore 0) is a real angle; 
in other words, there do exist two real lines, at right angles 
to each other, which in virtue of their destroying the co- 
efficient of xy we may call axes of the curve to the locus 
of (2. Accordingly, if in the equation last obtained we 
substitute for the functions of 20 their values as implied 
in (c),* the resulting equation will represent the locus, 
referred to these so-called axes. 


2 H , 

V A(A—By + RHF} ’ 
A-— B 

V ((A—By + HP} 


From (c), sin 20 — 
cos 20 — 


Substituting these values in our last equation, we find 


dbi Rid de oA (SU ET E 
-3((44-B) —V(A— By CHP) 


whence, by writing 
—£2((4-cTB)-V(A—BY-(QHy) (ὦ, 
B-M(A-B-VA-BPEFQHy) 0, 


the equation of the second degree, reduced to the axes of 
ats locus, 18 


A'a? + B + 0! —0 (8). 


i : a b 
* Dy Trig., 836, sin A--j cos A — —. But since c represents the 
hypotenuse, and a and b tho sides, of a right triangle: e=Va? + δὲ, 
e. . a 
Hence, when the tangent is given, ο. g. tan A= p» We at once derive tho 


sine and cosine by writing 


: α b 
sin A= Gt 3 85! oos A Gre B 
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157. From (3) it appears, that, setting aside the 
question of signs, the general equation of the second 
degree can be reduced to the required form; provided it 
is not subject to the condition Z7? — AB=0. 


| A58. It remains, then, only to inquire what condition 
the general equation must fulfill in order that its reduced 
form (3) may have that combination of signs which (Art. 
148) is characteristic of the Ellipse. 

If A’ and δ’ are both positive, we shall have 


15’ = positive ; 
or, by substituting for A’ and Ρ’ from (d) and (ο) above, 
and reducing, 
AB — H7? = positive ; 
that is, changing the signs of both sides of the expression, 
H-— AB= negative. 


Hence, The equation of the second degree represents an 
ellipse whenever its co-efficients fulfill the condition 


H*— AB « 0. 


159. At the close of Art. 148 we saw that the sign 
of C’ is plus or minus according as the ellipse is imag- 
inary or real. Let us then seek the conditions which the 
general equation must fulfill in order to distinguish between 
these two states of the curve. 

Applying the condition H?— AB< 0 to the value 
of C' as given in (b) of Art. 155, we see that, for €" to 
be negative, we must have 


ABC — 2FGH — AF? — Bt? — CH* <0; 
and, for C" to be positive, 


ABC-L2FGH — AF? — BG — CH? >O. 


An Ge. Hi. 
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1η other words, we find that the same quantity which 
(Art. 131) by vanishing indicates a pair of right lines as 
the locus of the general equation, by changing sign indi- 
cates the transition from the real to the imaginary ellipse. 
This quantity is called, in modern algebra, the Diserimi- 
nant of the general equation; and we may appropriately 
represent it by the Greek letter J. Adopting this nota- 
tion, we have 


IH?— AB « 0 with J< 0 


as the condition that the equation of the second degree shall 
represent α real ellipse; and 


H?— AB «0 with > 0 
as the condition that it shall represent an imaginary one.* 


LGD. We can now see, at least in part, the real bearing 
of the conditions in terms of /7? — AB which we some 
time ago developed respecting Pairs of Right Lines. 

Comparing the results of Arts. 131, 132, we infer that 


H* — AB «, 0 with J=0 (Ὁ 
is the condition that the equation of the second degree 


shall represent two wnrayinary intersecting lines. But this 
condition evidently hes between the two criteria 
H? — AB <0 with J<0 (k), 
H? — AB « 0 with J>0 (m); 
so that we can not pass from (4) to (m) without passing 
through (D. We thus learn that two imaginary right 
lines intersecting each other, form the limit between the 
real and the imaginary ellipse. 
If we now revert to the equation (Art. 182) denoting 


* In testing any given equation by these criteria, we must see that its 
signs are so arranged that A (the co-efficient of x?) may be positive. Tho 
conditions with respect to A, are derived on this assumption. 
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two right lines, and take its two roots separately, we see 
that the two lines are 


(71+) H:— AB) x 4- By+(F+1 F—BC)=0, 
(H—1 H*—4AB)r-4- By - (F—1 FBC) = 0. 


Eliminating between these equations, and recollecting 
[Art. 131, P that 


, (BF — BGY 
a BCS ΠΕ mE xe 2 
we find, as the co-ordinates of intersection for the two lines, 
BG — HF AF— AG 


"= EAB’ 7 ΒΒ 

That is, (Art. 1069) the lines intersect in the center of the 
locus of the general equation. But we have seen that this 
center is real, irrespective of the state of Z7?— AB: and 
is finite, so long as H? — AB is not zero. Hence, when- 
ever the equation of the second degree represents two 
intersecting lines, their intersection i$ a finite real point, 
whether they be real or imaginary. 

Uniting the two conclusions thus reached, we obtain 
the following important theorem: Zhe Point, as the inter- 
section of two imaginary right lincs, is the Limiting ease 
of the Ellipse. 

Remark.—This result is corroborated by the equation (Art. 143) 
to the Ellipse itself. For if, in the expression 

At By + 0c’ =0, 
we suppose 3 — 0. then C^— 0, and the equation becomes 
451. By: 
which (Art. 126, Cor. 2 ο Art 127) denotes two imaginary lines 
passing through the origin; that is. in this ease, through the center. 

161. The Point and the Pair of Imaginary Intersecting 
Lines have thus been brought within the order of Conies. 
We shall now show that che Cirele likewise belongs there. 
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The condition that the equation of the second degree 
shall represent a circle (Art. 140) is 
H — 0 with A = B. 


But, as we noticed in the corollary to Art. 140, this is 
merely a special form of the condition 


H?— AB « 0. 

Hence, the Circle is a particular case of the Ellipse. 
Resuming, then, the equation to the Ellipse, namely, 
(a? PEN c?) a + ay? = a? (a? T c?) 
we notice that it already fulfills the condition H = 0. 


Adding the condition A = B, necessary to make it rep- 
resent a circle, we obtain, as characteristic of the Circle, 
C=C τα, ς--θ 
We hence learn that the Circle is an ellipse whose two 

foci have become coincident at the center. 

Moreover, the Circle is real, vanishes, or 1s imaginary, 
on the same conditions as the Ellipse. For we saw 
(Art. 142, Cor. 2) that it assumes these several phases 
according as the quantity 

Gt FL— AC 


is positive, zero, or negative. Now, if we apply to the 
Discriminant J the conditions H = 0, A = B, we find, 
as true for the Circle, 


— 4 -— Α (65 + F* — AC). 
And since we are always to suppose A positive, we have 
d «0 .. a real circle. 
ha went. 
J 0 .. an imaginary circle. 


Remark.—][n allusion to the fact that its foci do not in general 
vanish in the center, the Ellipse may be called eccentric. 
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162. The following table exhibits the analytic con- 
ditions thus far imposed upon the equation of the second 
degree, with their geometric consequences: 

eee! tite D. 
Η5-. «0 { ”-, 1- B=+.:. Eecentrie Curve . Point :.* 4-0. 
; Imag. = A>0. 

(ren vt ass 
* 4 Point *. A=0. 

Imag.-:. A>0. 


Ellipse l 
H=0, 4—B=0 n. Cirdo. 


163. Theorems of Transformation.— Before ad- 
vancing further, it will be well to collect from the 
foregoing discussion the theorems it implies respecting 
transformation of co-ordinates. They are often conve- 
nient in performing the reductions to which they relate. 


Theorem I.— 7n transforming any equation of the second degree to 
parallel axes. through a new origin: 

l. The variable terms of the second degree retain their original 
co-eMictents, 

2. The variable terms of the first degree obtain. new | co-cficients, 
which are lincar functions of the new origin. 

ὃ. The constant term is replaced by a new one, which is the result 
of substituting the co-ordinates of the new origin tn the original 
cgtatiean, 

For, in applying this transformation to equation (1) of Art. 155, 
the co-eflicients of 27, xy, and ¥ continued to be 4, 2H, and B; 
the co-efficients of x and y respectively replaced G and F by 

Aa + Hy +G. Bu’ + Ae’ + Ε; 
and, for the new constant term, we obtained 
Ar^ + 2H y + By? + 2Gx' + 2FyY + ¢ 

Theorem II.— 7n transforming any cquation or the second dearce 
From one set of rectangular axes to another, the quantities A + B, 
IP — AB remain unaltered. 

For the equation near the middle of p. 157 is the result of this 
transformation; and if we add together the co-efficients of ο and 
y! in it, after representing them by 1° and £^, we obtain 


«α΄ +E [= 4 -- B 


164 ANALYTIC GEOMETRY. 


In like manner, representing the co-efficient of xy by 277^, and 
performing the necessary operations, we find 


H^ — A^ B' = H* — AB. 


Theorem III.— 77, in the process of transforming an equation of the 
second degree, the co-efficients of X and y vanish, the new origin is the 
center of the locus. 

For, in that event, the new equation will be satisfied equally by 
x, y and — z, — y; that is, all right lines drawn through the new 
origin to meet the curve will be bisected by that origin. 


Corollary.— f only one of these co-efficients vanish, the new origin 
will lie on a right line passing through the center. For we must then 
have either 


Ax’ + Hy + G —0 or By’ + Ha + F=0: 


that is, the co-ordinates of the new origin must satisfy one of the 
equations (Art. 155) by eliminating between which we determined 
the center. 


Theorem IV.— ]} the co-efficient of xy vanish, the new rcference-axes, 
if rectangular, will be parallel to the axes of the locus. 

For when in Art. 156 * this co-efficient vanished, with the center 
as origin, the new reference-axes coincided with the axes of the 
locus; hence, if the origin is at any other point, they must be 
parallel to them. 


* As the beginner is liable to misapprehend the argument of Art. 1506, 
it may be well to restate it, in the form which the present connection 


suggests: — When we revolved the reference-axes through the anglo 
2IT 
Werden ρε; 


(which was found by equating the co-efficient of xy to zero) we produced an 
equation (3) identical in form with that previously obtained for the 
Ellipse by referring it to its axes. So far then as concerned the Ellipse, 
the new reference-axes werc identical with the two lines which (Art. 146) 
we had described as the axes of that curve. But on account of their 
power to reduce the general equation to a fixed form, these two lines were 
properly assumed to have a fixed rclation to its locus, analogous to that 
which they bore to the Ellipse ; and hence were called the “axes ” of that 
focus. 


EXAMPLES ON THE ELLIPSE. 165 


164. These theorems not only furnish criteria for 
selecting such transformations as will represent required 
geometrie conditions, but they enable us to shorten the 
process of transformation. 

Thus, knowing Theorem I, we can henceforth write 
the result of transforming to parallel axes, without going 
through with the ordinary substitutions. 

Knowing Theorem II, we can immediately write the 
central equation of a second order curve from its general 
equation, by merely setting down the first three given 
terms and adding a new constant term found as in 
Theorem I. 3. 

By uniting Theorems II and IV, we max shorten the 
proeess of reduction to the axes. For, if such a reduc- 
tion is required, we shall have H’ — 0; and, therefore, 
A' EF B'— 4 -- B with A'B => AB — HU: two equa- 
tions from which we can easily find 4’ and BY. Ο' is 
found as in Theorem I, 3. It is preferable, however, to 
write the reduced equation at once: for its form is 
αἱ ΓΡ = (5-0: in which A’, δ’ αντε found br 
formule (d) and (e) Art. 150. and C” is obtained as 
before. When the given equation is already central, 
this reduction becomes very brief: since we do not then 
have to calculate C’. 


EXAMPLES. 


I. NOTATION AND CONDITIONS. 


l. Determine by inspection the locus of each of the equations 


24 δι ξ- 12 
spy 


2 Transform 34€ + fry + y? — ox — by — 3 = 0 to parallel ases 
through (2. 3). Is the curve an ellipse? 
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3. Reduce z? + 2xy — y? + δα + dy —8=0 to the center. Does 
this represent an ellipse ? 


4. If in a given equation of the second degree JJ = 0, what 
condition must be fulfilled in order that the equation may represent 
an ellipse? What, if A or B equals zero? 


9. Transform l4z?— tay + 117? = 60 to the axes of the curve, 
by all three methods. What is the origin in the given equation? 
What is the locus, and is the same locus indicated by the reduced 
equation ? 


6. Find the center of δα + 4ry + y? — 5x —2y — 19, and 
reduce the equation to it. Show that the curve is a real ellipse, 
both by the original equation and the reduced one. 


7. Show that 14x? -— 4xy + 1135? = 0 denotes an infinitely small 
ellipse; that is, an ellipse in the limiting case. 


8. Show that 5x? + 4xy + y? — 5x — 2y + 19 = 0 represents an 
imaginary ellipse, and verify by writing the equation as referred to 
the axes. 


9. Find the equation to the Ellipse, the origin zy’ being on the 
curve, and the reference-axes parallel to the axes of the curve. 


10. Find the equation to an ellipse whose conjugate axis 1s equal 
to the distance between its foci, taking for axes the two lines that 
join the extremities of the conjugate to the left-hand focus. 


JI. ELLIPTIC LOCI. 


1. Find the locus of the vertex of a triangle, given the base 
and the product of the tangents of the base angles. 

Taking the base and a perpendicular through 
its middle point for axes, calling the given product 


l? : n?, and in other respects retaining the notation 
of Ex. 1, p. 126, we shall have 


Y 
m+ 2 


7 


tan R= -” 
m— x 





^ tang= 








1/2 


T y p 
Hence, by the conditions of the problem, VIDES ptr and the equation 
to the required locus is 

Pert + ny = Cm? 
Therefore, (Art. 147) the vertex moves on an ellipse whose center is the 
middle point of the hase, and whose foci are on the base at a distance from 


the center = myn? ~ 1? : n. 
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9 Find the locus of the vertex, when the base and the sum 
of the sides are given. 


9D 


3 Find the locus of the vertex, given the base and the ratio 
of the sides. 


4. Given the base, and the produet of the tangents of the halves 
of the base angles: to find the locus of the vertex. 

5. Two vertices of a given triangle move along two fixed lines 
whieh are at right angles: to find the locus of the third. 

6. A right line of given length moves so that its extremities 
always lie one on each of two fixed lines at right angles to each 
other: to find the locus of a point which divides it in a given 
ratio. 

7. In a triangle of constant base, the two lines drawn through 
the vertex at right angles to the sides make a constant intercept 
on the line of the base: find the locus of the vertex. 

S. The ordinate of any circle a? -+ 5 — r^ is moved about its 
foot so as to make an oblique angle with the corresponding diam- 
eter: find the locus of its extremity in its new position. 

9. The ordinate of any circle οἱ +- ip — n is augmented by a 
line equal in length to the corresponding abscissa: find the locus 
of the point thus reached. 


10. To the ordinate of any circle there is drawn a line, from 
the vertex of the corresponding diameter, equal in length to the 
ordinate: find the locus of the point of meeting. 


11. In any ellipse, find the locus of the middle point of a focal 
radius, 


12. Find the locus of the extremity of an elliptic radius vector 
prolonged in a eonstant ratio. 


13. A right line is drawn through a fixed point to meet an ellipse: 
find the locus of the middle point of the portion intercepted by the 
curve. 

14. Through the focus of an ellipse, a line is drawn, bisecting 
the vectorial angle, and its length is a geometric mean of the radius 
vector and the distance from the focus to the center: find the locus 
of its extremity. 


15. Through any point Q of an ellipse, a line is drawn parallel 
to the transverse axis, and upon it QP is taken equal to the corre 
sponding focal radius: find the locus of P. 
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SEcTIoN VI.—Tue JIYPERBOLA. 


I. GEOMETRIC POINT OF VIEW:—TIIE EQUATION TO THE 
IVPERBOLA IS OF THE SECOND DEGREE. 


163. The Hyperbola is characterized by the following 
property: The difference of the distances from the variable 
paint of the curve to lwo fixed points is constant, 

Hence, we may trace the curve, and determine its figure, 
as follows: — Take any two points, as F’ and F. At F', 
pivot the corner of a ruler 
F'HR; at F, fasten one end 
of a thread, whose length is 
less than that of the ruler. 
Then, having attached the 
other end to the ruler at Ñ, 
stretch the thread close against the edge of the ruler 
with the point of a pencil P. Move the ruler on its 
pivot, and slide the pencil along its edge so as to keep 
the thread continually stretched : the path of the pencil- 
point will be an hyperbola. For, in every position of P, 
we shall have 


Ευ η Ub II ΓΕ Ep 
That is, the difference of the distances from the variable 
point P to the two fixed points F’ and P will always be 


equal to the difference between the fixed lengths of the 
ruler and the thread ; or, we shall have 


tI" P— FP = constant. 


By pivoting the ruler at F, and fastening the thread 
at F’, we shall obtain a second figure similar in all 
respects to the former, except that it will face in the 
opposite direction. Tlie complete curve therefore con- 
sists of two branches, as represented in the diagram. 
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366. The two fixed points, F’ and F, are called the 
foci of the curve; and the variable distanees with a con- 
stant difference, £’P and FP, are termed its focal radi. 

The portion .14 of the right 
line drawn through the foci, is 
called the franseerse avis. The 
point O, taken midway between 
the foci, we shall for the present 
ceall the foveal eenter. 

It is apparent from the diagram, that the right line 
Y'Y, drawn through the focal eenter at right angles to 
the transverse axis, does not meet the curve. We shall 
find, however, that a eertain portion of it has a very 
significant relation to the Hyperbola, and is convention- 
ally known as the conjugate awis. For the present, we 
shall speak of the whole line under that name. 

167. Equation to the Hyperbola. referred to its 





Axes.—Putting 2e = the distance between the foci, 
and 2«4 == the constant difference of the focal radu, we 


shall have from the diagram above, 7" P^ — (rF 4r y? 
and FÀ” == (e — ef +a The defining property of the 
Uvperbola will therefore be expressed by 
κι AS Sy du aee) ru 
yo rcge) 

Clearing of radicals, we obtain 

(^ — a?) à? — ay = a (€ —a7) (1): 
and, by writing 0° for ^ — a? in order to abbreviate, the 
required equation becomes 

Pe ey = α ὃ- (e 

which, on the analogy of the equations to the Right Line 
and the Ellipse, may be written 
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Corollary—Hence we may regard the b? of the 
Hyperbola as the negative * of the b? of the Ellipse, and 
we infer the following principle: Any function of b that 
expresses a property of the Ellipse, will be converted into 
one expressing a corresponding property of the Hyperbola 
by merely replacing its b by by —1. 

Remark.—The relation thus suggested between these two curves 
will display itself completely when we come to discuss their prop- 
erties. Results will continually occur, which give color to the 
fancy that an hyperbola is a reversed cl/ipse. 


168. We must next, as in the case of the Ellipse, 
investigate the general form of the equation we have 
obtained. 

Taking it up in the form (2), namely, 

or — a*y* — a, 

we speedily discover that a? and δ’ must have like signs; 
for if their signs were unlike, the equation would assume 
one or the other of the forms 

ba? + ay? — at? — 0, 

ή” + αγ” + a?b? = 0, 
and thus would denote (Art. 148) not an hyperbola, but 
an ellipse. Hence, in the equation to the Hyperbola 
referred to its axes, the co-efficients of αὖ and y? must 
have unlike signs. 

This condition may be fulfilled either by supposing 
a^ and b? both positive or both negative. On the former 
supposition, the equation will be 


LS MERE oU a ee x . 
ο ey Wess 


* [t must be remembered that U? is only an abbreviation. All that is 
meant, then, by the expression in the text is, that the operation for 
which b? stands in the Hyperbola is the reverse of the corresponding one 
in the Ellipse. 
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and on the latter, after changing its signs, it will 
become 
ba — αν + ach? = 0. 

What, now, is the geometric meaning of the variation 
in the sign of a°@, which is thus brought into view? In 
the case of the Ellipse it indicated (Art. 148) the transi- 
tion from the real to the imaginary state of the curve; 
and (as the transition to + «ab? was made by replacing 
a and b by a1 /—1 and 61 —1) we might suppose that 
it indicated the same thing here, were it not that a dif- 
ferent conclusion is rendered certain by the following 
considerations. 

Let us conceive of an hyperbola whose foci F’ and F 
are at the same distance from their center O as those of 
the curve already considered, but lie upon the conjugate 
axis instead of the transverse. 
Then, retaining the same axes of 
referenee as before, we shall evi- 
dently have, for the new positions 
of δ’ and F. I 


F'P-— 1 + (e + y). EP — γ + (ο =). 
Supposing now that, in addition, the constant difference 


of the focal radii in the new curve is 25 instead of 2a, 
its equation will be 
Vin EM} τι GP e στρ; 
or, after clearing of radicals, 
(οἱ — 9) ~— Pr = (er — 6). 


DJ 


By substituting for c^ — ῥ᾽ its value a”. this becomes 





CF — Fr = ab’. 
and, by changing the signs and transposing, 


bar =ar + ab =: 
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which is precisely the expression we obtained above by 
supposing, in the equation to the original hyperbola, both 
a? and b? to be negative. 

An hyperbola which thus has its foci on the conjugate 
axis of another, yet at the same distance apart, and 
whose a is the other's b, is sail to be conjugate to the 
given one. We learn, therefore, that the equation to the 
ILyperbola conforms to the general type 


Ale? + By? += 0, 


in which A’ is positive, Β’ is negative, and C" is negative 
or positive according as the curve is primary or con- 
jugate. 


169. Theorem.—Iln any hyperbola, the focal center is 
the center of the curve. 

For the equation obtained by taking the focal center 
as origin contains no variable terms except such as are 
of the second degree. But (Art. 163, Th. ITI) the origin 
for such an equation is the center of the curve. 


170. Polar Equation to the Wyperbola, the 
Center being the Pole.—Changing 07 — a’y’? = a?b^ to 
polar co-ordinates, we find (Art. 57, Cor.) 

a ab? : 

b? cos? 6 — a? sin? 0 
or, (Trig., 888) 
; a?b* 

P — (E B) οοὐ δ — a 
Dividing both terms of the second member by a’, and 
putting 

ate bs 


— e 
a? : 
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πο obtain the usual form of the required equation, 
namely, 


2 
ρἲξ- > κ et 
e eos 0 — 1 


Remark.— Here, as well as in the case of the Ellipse, the equa- 
tion implies that for any value of @ there are two radii vectores. 
numerically equal, with contrary signs. 
Here, too, the equation is verified by the 
diagram; for the two points, P and P^ 
obviously correspond to the same angle 6, 
if we fix the position of P” by the radius 
veetor OP’ = — OP. 

It is also worthy of notice, that this equation may be derived 
from the central polar equation to the Ellipse (Art. 150) by sub- 
stituting — òè for ò? in the latter. 





171. The two abbreviations employed above, namely, 


, 1" + b 
οἳ — a =? and NE EL 


may evidentlx be derived from the two used in connection 
with the Ellipse (Art. 151), by substituting — b for &. 
By combining them, however, we still obtain the relation 





σ dp ac. 


Corollary.—Hence, the central polar equation to the 
Hxperbola may be written 


a q^ (1 — e) 

~ 1-- οἷοος- ϐ 

a formula which we leave the student to distinguish 
from that given for the Ellipse in the corollary to 
Art. 151. 
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172. Polar Equation to the Wyperbola, the 
Focus being the Pole.—From the annexed diagram, 
we have #’P=p, and PP = (p? + 4c? — 4ρο cos 0). 
Hence, expressing the defining prop- 
erty of the Hyperbola, 


p— 1 (p + 1ο — 40e cos 0) = 2a: 








e? ERN Q^ 
P= .c00—a. 

Replacing e by its equal ae, we obtain the usual form 
of the equation, 


αι -- ο] 
|» 1—ecosd 


Remark.—The apparent identity of this equation with that of 
Art. 152, we leave the student to explain; and he may show that 
when the right-hand focus is the pole, the equation will be 


sue by 
~ 1—ecosd@ 


EXAMPLES. 


1. Given the two points (—3, 0) and (3, 0); on the first 18 
pivoted a ruler whose length = 20, and in the second is fastened 
a thread whose length = 16: form the equation to the hyperbola 
generated by means of this ruler and thread as in Art. 165. 


2. In a given hyperbola, half the difference of the focal radii 
= 2, and half the distance between the foci = 3: write its equa- 
tion. Why can not this example be derived from Ex. 2, p. 153, by 
merely substituting "difference" for "sum"? 


3. Form the equation to the hyperbola whose focus is 1 foot from 
its center, and whose focal radii have the constant difference of 3 
inches. 


4. In a given hyperbola, the difference of the focal radii — 8, 
and the difference between the squares of half that difference and 
half the distance between the foci = — 9: write its equation. 
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5. Write the equations to the hyperbolas which are the conju- 
cates of those preceding. 


6. Write the central polar equation to the hyperbola in which 
the squares of half the difference of the focal radii and half the 
distanee between the foci differ by — 9, and the ratio of the dis- 
tance between the foci to the difference of the focal radii —2 : 1. 


7. Write the eentral polar equation to the hyperbola of Es. 2. 


S. Find, in the same hyperbola, the ratio which the difference 
of the foeal radii bears to the distance between the foci, and write 
the equation in the form given in the corollary to Art. 171. 


9. In a given hyperbola, the difference of the focal radii = 12, 
and the ratio of that differenee to the distance between the foci 
= 1:3. Write its polar equation, the focus being the pole. 


10. The focus being the pole, form the equation to the hyperbola 
of Ex, 3. What would this be, if the right-hand focus were the 
pole? 


II. ANALYTIC POINT OF VIEW: — THE EQUATION OF THE 
SECOND DEGREE ON 4 DETERMINATE CONDITION 
REPRESENTS AN HYPERBOLA. 


1:5. To establish this theorem, we must show (Art. 
168) that the general equation of the second degree is 
reducible to the form 


αι By C! —0, 


in which 4’ is positive. and B’ negative: and we must 
be able to find real conditions upon which the reduction 
can always be effected. 

From (3) of Art. 150, we already know that, apart 
from the question of signs, the general equation is re- 
ducible to the required form. It only remains, then, to 
determine the condition which must be fulfilled in order 
that the signs of A’ and δ’ may be such as characterize 


the Hyperbola. 
An. Ge. IS. 
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174. If A’ is positive, and B’ negative, the product 
Α’ Β’ must be negative. Therefore (see Art. 158) for 
the Hyperbola we shall have 


AB — H? = negative ; 
or, after changing the signs throughout, 
H?’ — AB = positive. 


Hence, The equation of the second degree represents an 
hyperbola whenever its co-efficients fulfill the condition 


H* —AB> 0. 


175. Let us now inquire what additional criteria the 
equation must satisfy, in order to distinguish between a 
primary hyperbola and its conjugate. 

For the reduced form of the equation, (Art. 168,) the 
curve is primary or conjugate according as 6’ is nega- 


tive or positive. But [Art. 155, (5)] we have 


A 


et 
OS asp 


in the case of the Hyperbola therefore, since H? — AB 
is positive, C^ will be negative when 4 is positive, and 
positive when 4 is negative. Hence, 


H?’ — AB >Q with 430 


is the condition that the equation of the second degree 
shall represent a primary hyperbola; and 


H? — AB >Q with 4«0 


is the condition that it shall represent a conjugate one. 
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176. The limit separating the two conditions just 
determined, is evidently 


H= AB 0 uh. 


But (Arts. 131. 195: cf. 160) this is the condition that 
the equation of the second degree shall represent two 
real right lines intersecting in the center of its locus. 

Hence, Two real right lines, intersecting in its eenter, 
form the limiting case of the Hyperbola. 

Remark.—The student may verify this by applying the condition 
A — 0 to the equation ο ο — By + C^ — 0. 

177. In Art. 161, we found the Circle to be a partic- 
ular ease of the Ellipse. We shall now see that the 
Hyperbola has an analogous ease. 

One way of satisfying the criterion of the Hyperbola 
is, to have in the general equation the condition 

A+ B. 
For then 2? — AB will become H? 4+ A°: which 15 
neeessarily positive. But if 4+ B= 0, then (Art. 163, 
Th. II) A’ + B'= 0; and, after dividing through by A’, 
the equation referred to the axes will become 
i^ — y= constant: 


an expression denoting an hyperbola, by the condition 
just established, and strongly resembling the equation to 
the Circle. 





a --- yf = constant. 


Corollary.—Suppose now we push this hyperbola to its 
limiting ease. Its equation will of course continue to 
fulfill the condition .1 + 5 — 0. and the corresponding 
pair of right lines will therefore (Art. 123. Cor.) intersect 
at right angles. Accordingly. this curve is known as the 


Rectangular Hyperbola. 
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1'78. The following table presents, in their proper 
subordination, the several conditions by which we may 
distinguish the varieties of the Hyperbola in the equation 
of the second degree: 

Primary :.* A>0. 


A+B=+ .. Oblique .. [Two Intersect. Lines ”.' A=0. 


H'—AD»0 Conjugate *.* A« 0. 


Primary ..' A 50. 
A+ B=0 .. Rectangular | Two Perpendiculars *.* A — 0. 
Conjugate ..' A« 0. 


Hyperbola 


By comparing this table with that of Art. 162, the 
student will see the truth of the Remark under Art. 107. 


EXAMPLES. 
I. NOTATION AND CONDITIONS. 


1. Determine whether the following equations represent hyper- 
bolas: 
ox!— Bry + 5y? — ôx + 4y— 2-20, 
e+ 2xy — y+ α-- ὃγ--τ0, 
ox” — l2xy — Ty? + 8x — 10y+3=0. 
2. Show that 2z* — 12xy + dy? — 6x + 8y — 9 — 0 represents an 
oblique primary hyperbola. 
3. Show that δα + 8ry — 3y? -+ ôx — 10y + 5 = 0 represents a 
rectangular conjugate hyperbola. 


4. Show that 3z? + 8xy — 3y* -+ 6a + 10y — 5 =Q represents a 
rectangular primary hyperbola. 


9. Verify the proposition of Ex. 2 by reducing the equation to 
the axes of the curve. 


6. Verify the propositions of Ex. 3 and 4 in the same manner. 


T. Given the hyperbola 5x? — 65? = 30: form the equation to its 
conjugate, and find the quantities a, b, c, and e. 


8. Show that 227 + xy — 15y? — x + 19y — 6 — 00 denotes an 
oblique hyperbola in its limiting case, and find the corresponding 
center. 
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9. Show that 32x7— Sry — 3y? + x + τη — 10 =0 denotes a 
rectangular hyperbola in its limiting case, and find the center. 


10. Transform the two equations last given, to the centers of their 


respective curves. 


II. HYPERBOLIC LOCI. 


1. Given the base of a triangle, and the difference of the angles 
at the base: to find the locus of the vertex. 
Sinco the difference of tho base angles is 


given, the tangent of their difference is given. 


a 
Let us call it = 7. Then, using the axes and 





notation of Ex. 1, p. 126, we shall have 5 


a 2xy a 
=>; ΟΥ, -----------:-τ' 
h? 77 mi-x+y? ἡ 








m? — οἳ 
Hence, the equation to the required locus is 
ax? + 2hry — ay? = am?; 
and the vertex moves (Art. 177) on a rectangular hyperbola whose center 
[Art. 155, (21] ts the middle point of the base, and whose transverse axis 
h 

[Art. 156, (ε)] ts inclined to the base at an angle 0 = ! stan" ~: that is. at an 
angle = half the complement of the given difference between the base angles. 


2. Given the base of a triangle, and the difference between the 
tangents of the base angles: to find the locus of the vertex. 


9. Find the loeus of the vertex, given the base of a triangle, 
and that one base angle is double the other. 


+. Find the locus of the vertex in an isosceles triangle, when 
the extremity of one equal side is fixed, and the other equal side 
passes through a fixed point. 


9. Given the vertical angle of a triangle, and also its area: 
find the locus of the point where the base is cut in a given ratio. 


6. Find the locus of a point so situated in a given angle, that, 
if perpendiculars be dropped from it upon the sides of the angle, 
the quadrilateral thus formed will be of constant area. 
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T. Given a fixed point and τι fixed right line: to find the locus 
of P, from which if there be drawn a right line to the fixed point 
and a perpendicular to the fixed line, they will make a constant 
intercept on the latter. 


8. In the annexed diagram, QP is perpen- 
dicular to OQ, and RP to OR: find the locus 
of P, on the supposition that Q. is constant. 


9. Supposing that QF in the same diagram 
passes through a fixed point, find the locus of 
the intersection of two lines drawn throuch Q 
and J? parallel respectively to OR and OQ. 





10. QF is a line of variable length, revolving upon the fixed 
point a8: find the locus of the center of the circle described about 
the triangle ORQ. 


11. QF moves between OQ and OZ so that the area of the 
triangle ORQ is constant: find the locus of the center of the 
circumscribed circle. 


12. A circle cuts a constant chord from each of two intersecting 
right lines: find the locus of its center. 


13. Find the locus of the middle point of any hyperbolic focal 
radius. 


14. From the extremity of any hyperbolic focal radius a line is 
drawn, parallel to the transverse axis and equal in length to the 
radius: find the locus of its extremity. 


15. The ordinate of an hyperbola is prolonged so as to equal the 
corresponding focal radius: find the locus of the extremity of the 
prolongation. 


SEgcTION VII.—Tuzr PARABOLA. 


I. GEOMETRIC POINT OF VIEW: — THE EQUATION TO THE 
PARADOLA IS OF THE SECOND DEGREE. 


179. The Parabola may be defined by the following 
property: Te distance of the variable point of the curve 
from a fixed point is equal to its distance from a fixed 
right line. 
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We may therefore trace the curve and find its figure 
as follows: — Take any point F, and draw any right line 
D'D. Along the latter, fix the edge of a ruler; and in 
the former, fasten one end of a thread whose length is 
equal to that of a second ruler AD, which is right-angled 
at D. Then, having attached the other 
end to this ruler at Æ, keep the thread 
stretched against the edge AD with the 
point P of a pencil, while the ruler is 
slid on its edge QD along Ὁ’ D toward Δ; 
the path of P will be à parabola. For, 
in every position of P, we shall have 

η, 
as these distances will in all cases be formed by subtract- 
ing the same length RP from the equal lengths of the 
thread and ruler. 


ASO. The fixed point F is called the focus of the par- 
abola, and the fixed line DD its dircetrir. 

The hne OF. drawn through the 
focus at right angles to the directrix, 
and extending to infinity, is called the 
aris of the curve. The point .1, 
where the axis cuts the curve, 1s 
termed the verter. 

We shall refer to the distance FP under the name 
of the focal radius. 

1S1. Equation to the Parabola, referred to its 
Axis and Directrix.—By putting 2p = the constant 
distance of the focus from the directrix, we shall have, 
in the above diagram, FP =y {(x— 2p)? + 77} and 
PD=vx. The algebraic expression for the defining 
property of the Parabola will therefore be 


y iG 2p) + yn =e. 
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Clearing of radicals, and reducing, we find the required 
equation, 
y = 4p (»— p). 
182. Let us now investigate the general type to which 
this equation conforms. It may evidently be written 


y — Apr 4p? = 0 (1), 
and is therefore a particular case of the general equation 
Ῥ + 2G'2s + C' =0 (2), 


in which δ’, G’, C" are any three constants whatever. 
Accordingly our real object is, to determine whether 
every equation in the type of (2) represents a parabola. 
We may settle this point as follows: 

Let us transform (1) to parallel axes whose origin is 
somewhere on the primitive axis of x, say at the distance 
t' from the given origin. To effect this, we merely re- 
place the x of (1) by x’ + a, and thus obtain 


y! — Apz + Ap (p — 2') =0 (9). 


Now, since (1) represents a parabola, (3) also does. 
But in (8), since 2’ is arbitrary, the absolute term may 
have any ratio whatever to the co-efficient of z. More- 
over, by taking 2’ of the proper value, we can render the 
absolute term positive or negative at pleasure; and, by 
supposing 2p susceptible of the double sign, we shall 
accomplish the same with respect to the co-efficient of 2. 
By carrying out these suppositions, and then multiplying 
the whole equation by some arbitrary constant, we can 
give it three co-efficients which will be entirely arbitrary, 
and may therefore write it 


By? + 80» + 0! — 9. 
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To show, then, that crery equation in the type of (2) 
represents a parabola, we have only to prove that 2p 
may be either positive or negative, without affecting the 
form of the curve represented by (1). 

Now this supposition is clearly correct; for (see dia- 
gram, Art. 179) a negative value of 2» merely indicates 
that the focus is taken on the left of .D' D, instead of on 
the right: while, by using the thread and ruler on the 
left of the directrix, we can certainly describe à curve 
similar in all respects to PAZ, except that it will face 
in the opposite direction. 

Hence we conclude that the equation to the Parabola 
may always be written in the form 


Bye + 2474+ C", 


B’, G^, C’ being any three constants whatever: and, con- 
versely, that every equation of this form represents a 
parabola. 


ISS. Polar Equation to the Parabola, the 
Focus being the Pole.—From the annexed diagram, 
we have FP = o and OM — OF + FM —2p + p cos 0. 
Accordingly, the polar expression for the 
fundamental property of the Parabola Ῥ 
will be 








p — 3p + p cos 0. 9 
The required equation is therefore M 
-.. 5} 
f= cose 


Remark.—This expression implies that the angle 0 is measured 
from FX toward the left. The student may show that. supposing ϐ 
to be estimated from FO toward the right, the equation to the 
Parabola will be 

ERN. 
ΕΙ 
An. Ge. 19. 
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184. To exhibit in part the analogy of the equation 
just obtained to those of the Ellipse and Hyperbola in 
Arts. 152, 172, let us agree to write 


p= 


as an abbreviation characteristic of the Parabola, and 
analogous to those adopted in Arts. 150, 170 for the 
other two curves. We may then write (see also Art. 627) 


2p 
P = Ie cosh ` 
Corollary.—Adopting the convention last suggested, 


we may arrange the abbreviations referred to, according 
to their numerical order, thus : 


Ellipse πο Gren O Te 
Paraboa . . . . e=1. 
Hyperbola . . . . 47]. 


EXAMPLES. 


1. Given the points (4, 0), (1, 0), (δ, 0): write the rectangular 
equations to the three parabolas of which they are the foci. 


2. Write the rectangular equation to the parabola whose focus is 
the point ( — 3, 0). 


9. Transform the equations just found to parallel axes passing 
through the foci of their respective curves. 


4. What are the positions of the foci with respect to the direc- 
trices, in the parabolas y? —4(x—4), 4y? = —3 (4x + ὃ), and 
oy? — ôx +9=0? 


9. Write the focal polar equation to the parabola whose focus is 
2 feet distant from the directrix, and find the length of its radius 
vector when 0 = 90°. Also, find the polar equation to any parabola, 
the pole being at the intersection of the axis and directrix. 
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II. ANALYTIC POINT OF VIEW : — THE EQUATION OF THE 
SECOND DEGREE ON A DETERMINATE CONDITION 
REPRESENTS A PARABOLA. 


185. To establish this theorem, we must show that 
there are real conditions upon which the general equation 
of the second degree may always be reduced to the form 
(Art. 182) 


Buy + 90» 4- C! — 0. 


186. In the investigation on which we are about to 
enter, we must confine our atlention to those equations of 
the second degree whose co-efficients fulfill the condition 


H* — AB =0. 


For we have already proved (Arts. 158, 174) that 
every equation of the second degree in which H?— AB 
is not equal to zero, represents either an ellipse or an 
hyperbola. 


187. Further: The restriction just established carries 
with it the additional one, that, in the equations we are 
permitted to consider, the condition 


4» 0 
ean not occur. 


For, reverting to the general value of the Discrimi- 
nant (Art. 159), we have 


A= ABC + 2FGH — AFP? — BG? — CH’. 
Whence, multiplying the second member by 8: Β, 
adding H?F?— H?fF? to the numerator of the result, 
and factoring, we may write 


3: UP ABD BO- UERBO 
=E ADE eee 
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But, by the preceding article, we must assume 


H?—AB=0; 
hence, for the purposes of the present inquiry, 
LLL HP Bay 
— M sp 


Now the condition H?— AB=0 obviously requires 
that A and B shall have like signs; and we have 
agreed (see foot-note, p. 160) to write all our equations 
so that A shall be positive: therefore B, in the present 
inquiry, is positive. Whence it follows, that the fore- 
going expression for 4 is essentially negative; unless 
HF — BG =0, when it will vanish. Our proposition is 
therefore established. 


ASS. The restrictions of the two preceding articles 
being accepted, our actual problem is, to determine 
whether the equation 


Axr + 2Hay + By + 2Ge+ 2fy+C=0 (1) 


in which we suppose H’ — AB — 0, can be reduced to 
the form 

by ομως ο 0s 
that is, whether it can be subjected to such a transforma- 
tion of co-ordinates as will destroy the co-efficients of 
27) zy, and y. 


189. In the first place, then, we can certainly destroy 
the co-efficient of xy. For, to effect this, we need only 
revolve the axes through an angle 0, such that | Art. 156, 


(c)| we may have 
2H 


tan ο θε τα. 


A—B 


a condition compatible with any values of A, H, and B. 


PERO 
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Making this transformation, therefore, we shall get an 
equation of the form 
Vert BaP hele + Fy t+ C= 0: 
in which (see the third equation in Art. 156) 
A' = $ (CA + B) + CA — B) cos 20 + 2H sin 20), 
Y= J i (A + B)— (A — B) cos 20 — 2H gn 201, 
and (Art. 50, Cor. 3) 
G' = (ἴ οὓς O + Fsind, F' = F cos 0 — G sin 0. 


Now, from the value of tan 30 above, (see foot-note, 
p. 193.) we know that 


᾽ν... ο... νε 
sine πια BOTH) » e08- zr VA — BY (1) 


or, by applying the condition H°? = AB, and taking the 
radical as negative, that 


meme τα "m 
SIn ο.) = AB COS ZU — A+ B’ 


and therefore, by Trig., S47. rv, and by again applying 
the condition ZZ? = AAS, that 
in à τ os ϐ 2 
Sin SSS ey τσ OCOS c M  F EUG STU 
ι (Ht δὴ 1 UT MF.) 
Substituting these values in the expressions for .1’. D’, 
G’. and F’. we obtain 
BG—HF He~- BF 
τι}: ’— 1 Ῥ a ; — Saas UE err d = μποτ της 
ο ο ο EIE) το 
so that the proposed transformation has destroyed the 
co-efficient of α as well as that of xy, and (1) becomes 


Bp t+ 2G@'74+2F"y+C=0 (23. 
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190. In the second place, we can certainly destroy 
the co-efficient of y. For our ability to do so depends 
on finding some new origin, to which if we transform 
(2) in parallel axes, the new co-efficient of y shall be 
zero; and that we can find such an origin is easily 
proved. for, if the new origin be z^y', the new equation 
(Art. 165, Th. D) will assume the form 


Bry + 2G'x -- 2 (B'y! + F^) y 4- €' —0: 
in which the co-efficient of y will vanish, if 


| 1 B (HG + BF). 


— 


YB Vans | 


and y' being thus necessarily finite and real, while 2’ is 
indeterminate, there is an infinite number of points, 
lying on one right line, to any of which if we reduce 
(2) by parallel transformation, the co-efficient of y will 
disappear, and (2) will become 


Bly? + 2G'z 4-.0' —0 (8). 


191. We see, then, that we can reduce (1) to the 
required form; and that, too, without imposing any 
condition upon it other than the original one, that 
H?’ — AB shall be equal to zero. 

Hence, The equation of the second degree will represent 
a parabola whenever iis co-efficients fulfill the condition 


H= AB =Q. 


Corollary.—It follows from this, that whenever the 
equation of the second degree denotes a parabola, its first 
three terms form a perfect square. 
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A93. From the restriction established in Art. 187, 
we conclude that the Parabola presents only two varieties 
of the condition just determined. They are, 


I H?*— 1B-0 with J< 0. 
τι. H°— AB=0 with {-- 0. 


By referring to Arts. 131, 132, it will be seen that the 
second of these is identical with the condition upon 
which the equation of the second degree represents two 
parallels. 

Hence, Two parallels constitute a partieular ease of the 
Parabola. 


193. If we apply the criterion of the Parabola to the 
two lines 


Ar Hy +G —0, Hr 4- By+ F=0, 


at whose intersection (Art. 155) the center of the second 
order curve is found, we shall have 4 equal to the quotient 
of H? by B: and the two lines will become 


Ba 


Hr + By + -y =0, Hr+By+F'=0 (n): 





which (Art. 98, Cor.) are evidently parallel. Hence, 
since we may always suppose that parallels intersect at 
infinity, the center of a parabola is in general situated at 
Μι]. 


194. Το this general law, however, the case brought 
out in Art. 193 presents a striking exception. For. 
when the Parabola passes into two parallels, J vanishes: 
and we obtain (Art. 187) 


HP pe 0 


H =f: 
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so that, in this case, the lines in (n) become coincident, 
and the center is any point on the line 


Πα + By + F=0. 
We thus arrive at the conception of the [tight Line as 
the Center of Two Parallels. 


Remark.—The result of this article is fully corroborated by the 
equations to the two parallels themselves. l'or (Art. 160) these 
are 


Hz + By 4- F--V F* — BC —0, 
Hz + By + F—V F*— BU=0: 
which obviously represent two lines equally distant from 
Hx + By + F=0. 


195. Two parallels, considered as a variety of the 
Parabola, present three subordinate cases, each of which 
has its proper criterion. 

For, since the equations to the parallels are 

Hzr + By + Γεν -μ6--θ, 
Hz+ By + F—v F? — BU = 0, 
we shall evidently have the following series of conditions : 
1. F"— BC 7 0 -. Two parallels, separate and real. 
II. £°—BC=0.-. Two coincident parallels. 
II. #’—BC<0.:. Two parallels, separate but imaginary. 


Corollary.— Hence, The Right Line, as the limit of two 
parallels, is the limiting case of the Parabola. 


Remark.—It is noticeable that the limit into which 
the two parallels vanish when P? — BC-— 0, is the line 


He + By -- F=0, 
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which we have just shown to be the center of the rec- 


tilinear case of the Parabola. 
A 4 A 


t 


4.196. The results of the foregoing articles, as fixing 
the varieties of the Parabola and their corresponding 
analytic conditions, may be summed up in the following 
table: 


H:-ABzO os . : Center at Infinity. 
Two Real Parallels :.: F— B C0. 
A=0.-.Centera R't Lie | single Right Line *. F?—BC-0. 
Two Imag.Parallels:.: £7— B C« 0. 


Parabola. | 


EXAMPLES. 


I. NOTATION AND CONDITIONS, 


]. Show why the following equations represent parabolas: 


tr? 02xy + Oy? + br —10y 4-520, 
(2r — 52° = 3x + dy — 5, 
oy? — θα — 2, —7T =O. 


9) 


2. Show that the preceding equations represent true parabolas, 
having their centers at infinity; but that 


dat — Tory + y7 = 25 


denotes two parallels, whose center is the line 


[3] 


2r = oy. 


3. Show that 407 — 122; — 9 - 3:7 — 12y — 5=0 denotes two 
imaginary parallels, whose center is the real line 2x — 3y — 2 — 0: 
and that dz?— 12x, 9 — Sr 5-12y — 1— 0 denotes the limit 
of these parallela. 

4. Reduce 9i — 24ry — ly? + 4c — S; —1— 0 to the form 
B'r +267 + C= 0. 

5. Show that when a parabola breaks up into two parallels, the 
line Hx — By + F=0 becomes the axis of the curve. 
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II. PARABOLIC LOCI. 


1. Given the base of a triangle, and the sum of the tangents 
of the base angles: to find the locus of the vertex. 


Let us take the base for the axis of y, and a per- 
pendieular through its middle point for tho axis of x. 
Then, in the annexed diagram, O. will be the ordi- 
nate, and MP the abscissa of the variable vertex P. X' 
Therefore, supposing the length of the baso = 2m, 
and the given sum of tangents = n, we shall have 





— C + — r 
m +y m — 3 





=n; 


and the equation to the locus sought will be ny?— 2mx — nm? = 0. 


Hence, (see close of Art. 182,) the vertex moves on a parabola whose axis 
is the perpendicular through the middle of the base. 


By comparing this equation with (3) of Art. 182, it will bo seen that 
the distances of the directrix and focus from the base are respectively 


ms i m,. i 
2, U τ); oz es a 


2. Given the base and altitude of a triangle: to find the locus 
of the intersection of perpendiculars drawn from the extremities 
of the base to the opposite sides. 


3. Given a fixed line parallel to the axis of x, and a movable 
line passing through the origin: to find the locus of a point on 
the latter, so taken that its ordinate is always equal to the portion 
of the former included between the axis of y and the moving line. 


4. Lines are drawn, through the point where the axis of a par- 
abola meets the directrix, so as to intersect the curve in two points: 
to find the locus of the points midway between the intersections. 


9. Through any point Q of a circle, OQ is drawn from the 
center O, and QR made a chord parallel to the diameter HOT and 
bisected in S: to find the locus of P, where OQ and ES intersect. 


6 Find the locus of the center of a circle, which passes through 
a given point and touches a given right line. [Take given line for 
axis of y, and its perpendicular through given point for axis of z.] 
T. Given a right line and a circle: to find the locus of the center 


of a circle which touches both. [Take perpendicular to given line, 
through center of given circle, for axis of zx. ] 
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S, OA isa fixed right line, whose length =a; about O, a second 
line POP’ revolves in such a manner that the product of the areas 
PAO, PAO = at, and their quotient = cot? ΡΟ. to find the 
locus of P or P. [Polars.] 


9. Given the base of a triangle, and that the tangent of one base 
angle is double the cotangent of half the other: to find the locus 
of the vertex. 





10. Find the locus of the center of a circle inscribed in a sector 
of a given eirele, one of the bounding radii of the sector being fixed. 


Sectiox VIII.— Tug Locus or THE SECOND 
ORDER IN GENERAL. 


197. We have now seen that the equations to the 
Pair of Right Lines, the Circle, the Ellipse, the Hyper- 
bola, and the Parabola, are all of the second degree. 
We have proved, too, that the general equation of the 
second degree may be made to represent either of these 
loci, by giving it co-effcients which fulfill the proper con- 
ditions : and, in the course of the argument, it has come 
to light that the Point. the Pair of Lines in their various 
states of intersection, parallelism, and coincidence, and the 
Cirele, are phases of the three curves mentioned last. 

The latter result suggests the question, Ls not the gen- 
cral equation, considered without reference to any of these 
conditions. the symbol of some loeus still more generic than 
either the Ellipse, the Huperbola, or the Parabola, of which 
these three curves are themselves successive phases? 155 
the object of the present section, to show that this ques- 
tion, in a certain important sense. is to be answered in 
the affirmative: and to aid the student in forming an 
exact conception of what is meant by the phrase Locus 
of the Second Order in General. 


194 ANALYTIC GEOMETRY. 


19S. We proceed, then, to show that such a locus 
exists ; and to explain the peculiar nature of the existence 
which belongs to it. 

In the first place, a moment’s reflection upon the dis- 
cussions in the preceding pages will convince us that 
hitherto we have not regarded the equation 


Ar +2Hvy + By -- 2Gc +2Fy+ C—0 (1) 


in the strictly general aspect at all. For we have sup- 
posed its co-cflicients to be subject to some one of the 
three conditions 


W?—AB<0, H?—AB=0, H— AB - 0, 


and therefore to be actual numbers, since it is only in 
actual numbers that the existence of such conditions can 
be tested. But, obviously, we can conceive of equation 
(1) as not yet subjected to any such conditions, the 
constants A, B,C, LG, not being actual numbers, but 
symbols of possible ones; and, in fact, we must so con- 
ceive of it, if we would take it up in pure generality. 

In the second place, not only does the equation await 
this purely general consideration, but when so considered 
it still has geometric meaning. For, though its co-efficients 
are indeterminate, its exponents are numerical and fixed: 
it therefore still holds its variables under a constant law, 
not so explicit as before, but certainly as real. It is still 
impossible to satisfy it by the co-ordinates of points taken 
at random; it will accept only such as will combine to 
form an equation of the second degree. 

Since, then, we must consider (1) in its purely general 
aspect as well as under special conditions; since, even in 
this aspect, it still expresses a luw of form; and since 
this law, consisting as it does in the mere fact that the 
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equation is of the second degree, must pervade all the 
curves of the Second order: it follows that this law 
may be regarded as a generie locus, whose properties 
are shared alike by the Ellipse, the Hyperbola, and 
the Parabola. ` 


199. By the phrase Locus of the Second Order in 
General we therefore mean not a figure but an abstract 
law of form. It exists to abstract thought, but can not 
be drawn or imagined. To illustrate the nature of its 
existence by a more familiar case, we may compare it to 
that of the generic conception of a parallelogram. We 
can define a parallelogram ; but if we attempt to imagine 
or draw one, we invariably produce some particular phase 
of the conception — either a rhomboid, a rhombus, a rect- 
angle, or a square. In the same way, the Locus of the 
Second Order exists so as to be defined; but not other- 
Wise, except in its special phases. In short, when 
speaking of it, we are dealing with a purely analytic 
conception; and the beginner should avoid supposing 
that it is any thing else. 


200. Further: This common law of form not only 
manifests itself in all the three curves we have been 
considering, but they may be regarded as successive 
phases of it, whose order is predetermined. For, as we 
have seen, they may be supposed to arise out of the 
general locus whenever the condition characteristic of 
each is imposed on the general equation. Now these 
conditions may be summed up as follows: 


HW?—AB<0, H?—AB=0. H?—-ASB>. 
dox de 4 0. 
F?—BC<0, F'—BC-—0, I"— 56320. 
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Hence, since 0 lies between — and +, while the condi- 
tions in J actually entered our investigations as subordi- 
nates of those in H? — AB, and the conditions in 
I? — BC as subordinates of 4—0, it follows that the 
three curves have a natural order corresponding to the 
analytic order of their criteria, and that their several 
varieties have a similar order corresponding to theirs. 
Accordingly, we should expect the curves to occur thus: 
Ellipse; Parabola; Hyperbola. In due time hereafter, 
this order will be verified geometrically. 


201. Our three curves and their several varieties are 
thus shown to be species of the Locus of the Second 
Order: are there any others? We shall now show that 
there are not, by proving that every cquation of the 
second degree must represent one of the three curves 
already considered. 

We have just seen that all the conditions hitherto 
imposed on the general equation are subordinate to the 
three, 


H?—AB<0, H'—AB—0, H?—AB>0; 


and we have proved that any equation of the second 
degree fulfilling either of these must represent one of the 
three curves. But no equation of the second degree can 
exist without being subject to one of these conditions; 
for, whatever be the numerical values of A, H, and B, 
we can always form the function /1?— AB, which can 
not but be less than, equal to, or greater than zero. 
Hence, the series of conditions already imposed on the 
general equation exhaust the possible varieties of its 
locus, and we have the proposition at the head of this 
article. 


202. We mentioned in Art. 47, that the term Conic 
Section or Conie is used to describe a curve of the 


THE CONIC IN GENERAL. 197 


Second order. From what has now been shown, we may 
define the Conic in General as the embodiment of that 
general law of form which is expressed by the uncondi- 
tioned equation of the second degree. 

It also follows that there are three species of the Conic, 
corresponding to the three leading conditions which have 
become so familiar. 


205. Let us now recapitulate the argument by which 
we have thus gradually established the theorem : — Every 
equation of the second degree represents a conte. 

I. We proved ( Arts. 153—162) that every equation of the second 
degree whose co-efficients fulfill the condition Æ? — AB « 0, repre- 
sents an ellipse, and showed that the Point, the Pair of Imaginary 
Lines, and the Circle, are particular cases of that curve. 

If. We proved (Arts. 173—173) that every equation of the second 
degree whose co-efficients fulfill the condition H* — 1B > 0, repre- 
sents an hyperbola, and showed that the Pair of Real Intersecting 
Lines are a case of that curve. 

III. We proved (Arts. 155—196) that every equation of the second 
degree whose co-efücients fulfill the condition H? — -A.B = 0, repre- 
sents à parabola, and showed that Two Parallels, whether separate, 
coincident, or imaginary, are a case of that curve. 

IV. We combined (Art. 200) the results of the three preceding 
steps, and inferred that, of the conditions previously imposed, the three 
H—AB«0, H^—AB-—0, H'—AÀib»0 
were all that we needed to consider in testing the leading signifi- 
cation of the equation of the second degree, since all the others 

had proved to be subordinates of these. 

V. We showed ( Art. 201) that these three conditions are of such 


a nature that ceery equation of the second degree must be subject 
to one of them; and thence inferred the theorem. 


204. The existence of three conditions by which the 
signification of the general equation may be varied, indi- 
cates, as we have already noticed, three species of the 
Conic. But we must not overlook a previous subdivision 
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of the locus. The three conditions are themselves subject 
to classification: two of them are finite, while the third 
is enfinilely small. This classification, too, has its geco- 
metric counterpart: for the Ellipse and llyperbola, in 
which JH? — A B is finite, have each a finite point as their 
center; while the Parabola, in which 77? — AB is infi- 
nitely small, has no such center. In order, then, to 
include all the facts, we must say that the Conic consists 
of two families of curves, one central and the other non- 
central; and that these two families break up into the 
three species which we have already described. 


205. The entire Locus of the Second Order, with its 
subdivisions arranged according to their ‘mutual relation- 
ships as fixed by their analytic conditions, may be pre- 
sented as follows: 


ORDER. FAMILY. SPECIES. VARIETY. CASE. LIMIT. 
Real. 

Point. 

Imaginary. 


Eccentric 


Ellipse... 


Real. 
Point. 
Imaginary. 


| 
a 

| 
x 


Circlo. 


Central 


Obliquo Intersect. Lines. 


Conjugate. 
Hyperbola 


Primary. 
Perpendiculars. 
Conjugate. 


CONIC 
Rectang’r 


Center at Infinity. 


ο | Real Parallels. 


Right Line 


Non- 
Central } Parabola. . .. 


Single Lino. 
Imag. Parallels. 
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CHAPTER SECOND. 


THE MODERN GEOMETRY: TRILINEAR AND 
TANGENTIAL CO-ORDINATES. 


Section J.—TRILINEAR CO-ORDINATES. 


206. Modern geometers frequently employ the fol- 
lowing method of representing a point: 
Any three right lines that form a 

triangle, as AB, BC, CA, are assumed 
as the Fixed Limits to which all posi- 
tions shall be referred. The position 
of any point P in the plane of the 
triangle is then determined by finding the lengths PZ, 
PM, PN of three perpendiculars dropped from it upon 
the three fixed lines. 

The triangle whose sides are thus employed as limits, 
is called the triangle of reference. The three perpendic- 
ulars let fall upon its sides from any point, are termed 
the trilinear co-ordinates of the point, and are designated 
by the Greek letters a, 3. 7. 





207. On a first glance, this system of co-ordinates 
seems redundant; for, in the Cartesian system, we have 
seen that zwo co-ordinates are sufficient to determine a 
point: and it is obvious from the diagram that P is de- 
terminable by any fto of the perpendiculars PL, PM. 
TN. 

The reader will therefore not be surprised to learn that 
the new method eame into use as an unexpected con- 
sequence of abridging Cartesian equations. The process 

An. Ge. 20. 
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by which the trilinear system thus grows out of the 
bilinear, will now be explained. 


208. In Art. 108, we have already hinted at the 
Abridged Notation, which gives rise to the system of 
which we are speaking. We will now present the subject 
in detail. 

If the equation to any right line is written in terms of 
the direction-cosines of the line, namely, in the form 


x cos a -+ y sin a — p = 0, 


we may use « as a convenient abbreviation for the whole 
member equated to zero; for it naturally recalls the ex- 
pression into which it enters as so prominent a constant. 
Similarly, in the equations 


z cos hp +H y sin f — p! — 0, 
z cos y ]- y Sin y — p" — 6, 


we may represent the first members by £8 and y. Thus 
the equations to any three right lines may be written 


a=0, β--0, ry-0. 


The brevity of these expressions is advantageous, even 
when they are taken separately ; but it is not until we 
combine them, that the chief value of the abridgment 
appears. We then find that 2 enables us to express, by 
simple and manageable symbols, any line of a given 
figure in terms of three. others. 


209. It is this last named fact, which constitutes the 
fundamental principle of trilinear co-ordinates. That we 
can so express a line, follows from our being able (sce 
Art. 108) to write, in terms of the equations to two given 
right lines, the equation to any line passing through their 
intersection. 
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210. We may convince ourselves of this, bv a few 
simple examples. If a— 0, 3— 0 represent anv two 
right lines, then (Art. 108) 


a+tk3=0 


is the equation to any right line passing through their 
intersection, provided £ is indeterminate. Now ἆ, in 
this equation, (Art. 108, Cor. 2) is the negative of the 
ratio of the perpendiculars dropped from any point in 
the line a + 43=0 upon the two lines a = 0 and 20. 
Therefore, writing X so as to display its ?ntrinsie sign, 
α-- Κ2--0 
denotes a right line passing through the intersection of 
α-- 0 and 3—0, and lying in that angle of the two 
lines which is external to the origin: but 
gU 
denotes one lving in the same angle as the origin. 
Moreover, when the perpendiculars mentioned are equal, 
the value of k= + 1; and we have (Art. 109, Cor. ὃ) 
a+ 3=0 


the equation to the bisector of the external angle between 
two given hnes, and 
α-- 2Ξ0 
the equation to the bisector of the infernal angle. 
Suppose, then, that we have a given triangle, whose 
sides are the three lines 


a=, οτε ο. 


Granting, as we may, that the origin is within the triangle, 
the equations to the three bisectors of the angles will be 


a—3=0, »—r=90, r—a-—90. 
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The equations to the three lines which bisect the three 
external angles of the triangle, will be 


a+p=0, Bry=0, y+a=0. 


Thus, these six lines of the triangle are all expressed in 
terms of its three sides. 


211. We can of course extend this system of abbre- 
viations to the case of lines whose equations are in the 
general form 


Az - By + C — 06, 


by representing the member equated to zero by a single 
English letter, such as L or v. Thus, 


L -- kL/ =Q or v+ kv’ —0 


denotes a line passing through the intersection of the 
lines 


Az+ By+C=0, A'r + B'--C'-0. 


It must be borne in mind, however, that in these equa- 
tions Æ does not denote the negative of the ratio of the 
perpendiculars mentioned above, and in consequence 
does not become + 1 when those perpendiculars become 
equal. Hence, in these cases, the equations to the ex- 
ternal and internal bisectors of the angle between two 
given lines, are respectively (see Art. 109, Cor. 4) 


L -- rL/ —9 or lv 4- mv! —60, 
L — rL/ =0 or lv — mv —0, 
in which 7, or m : l, is to be determined by the formula on 


p. 116. 
In this notation, if the three sides of a triangle are 


u = 0, v — 0, w — 0, 
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the three bisectors of its interior angles may be repre- 
sented by 


hu—mvi—0, mv—nw=0, nw — lu —90; 
and the three bisectors of its exterior angles, by 
lu + mv-0, mep ne =0, nw-rlu-0. 


Here, too, the six lines are all expressed in terms of the 
three sides. 


212. Having thus learned how to interpret the equa- 
tions 
ees N Buy. i-a 


when a= 0, β--0, γ--0 are given as forming a tri- 
angle, we next advance to the interpretation of 


la+tm3+ny=0: 


an equation of which the preceding six are evidently 
particular cases, and in which 7, m, » are any three 
constants whatever. 

On the surface, this looks like the condition (Art. 114) 
that the three lines a = 0, 3— 0, y= 0 shall meet in 
one point. But the terms of that condition are, that 
three lines will meet in one point whenever three con- 
stants can be found such that, if the equations to the lines 
be each multiplied by one of them, the sum of the products 
will be zero. Hence, the 7, m, and n of that condition are 
not absolutely arbitrary, but only arbitrary within the 
limits consistent with causing the function la + m3 + ny 
to vanish identically. On the contrary, the 7, m, and n 
of the present equation are absolutely arbitrary. 

With this fact premised, let us now investigate the 
meaning of the equation. 
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213. If we replace a, f, and 7 by the functions for 
which they stand, and reduce the equation on the sup- 
position that x and y have but one signification in all 
its three branches, we obtain 


(lcos α + m cos B + n cos p) 2 
+ (lsin a + m sin B +z sin y) y =): 
T lp + mp! + np" 


which is evidently the equation to some right line, since 
it conforms to the type 


Ax + By+ C — 0. 


Its full significance, however, will not appear until we 
discuss it under each of three hypotheses concerning the 
relative position of the three lines whose equations enter 
it. To this discussion, we devote the next three articles. 


214. Let the three lines « — 0, 8 = 0, y — 0 meet in 
one point. 
When this is the case, the equation 


la + mB + ny = 0 


denotes a right line passing through the point of triple 
intersection. For the co-ordinates of this point will 
render «, B, and y equal to zero simultaneously, and 
will therefore satisfy the equation just written. 





215. Let the three given lines be parallel. 
In this case, their equations (Art. 98, Cor.) may be 
written 
a=0, ate’=0, adc" —0, 


and the equation we are discussing will thus become 
(L4- m 4 n) α -F (me! + nce") = 0; 
that is, it will assume the form 


ate=), 
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and will therefore denote a right line parallel to the three 
given ones. 


216. Let the three given lines form a triangle. 
In this case the preceding results are avoided; hence, 
the equation of Art. 213 assumes the form 


wl + By + (e 


without imposing any restriction upon the values of A, 
D, and C. In this case, therefore, it denotes any right 
line whatever. 

This result is simply the extension of that obtained in 
Arts. 210, 211; and shows that we can (as was stated 
in Art. 208) express any line of a figure in terms of three 
given ones. 


217. From the results of the last three articles, we 
conclude that 
la + m3 ray —0 
is the equation to any right line; provided, however, 


that the lines 
= 0, dieu jy wu) 


are so situated as to form a triangle. This proviso, we 
can not too carefully remember. 


218. The examination of an example somewhat more 
complex than any vet presented, will convince us that 
this abridged method of writing equations is in effect a 
new system of co-ordinates, applicable to lines of any order. 
Before commencing this example, it may be necessary 
to remind the student that the use of a Greek letter for 
an abbreviation, always implies that the equation to the 
line so represented is in the form 


rcosa + y sin a — p = 0, 


and the like; and that, when the fundamental equations 


206 ANALYTIC GEOMETRY. 


are in any other form, they will be abridged by means of 
English characters. 

For the sake of still greater brevity, the line a = 0 is 
often cited as the line a, the line f — 0 as the line f, etc. 
The point of intersection of two lines is frequently spoken 
of as the point af, etc. The last notation should be care- 
fully distinguished from that of the co-ordinates of the same 
point. 


219. Example.— Any line of a quadrilateral tn terms 
of any three. 


Let ABEF be any quadrilateral, and 


let 
a —(, p — 9, y= 


CA, AB. We can now represent any 
other line in the figure, in terms of a, f, 
and y. 

Suppose the origin of bilinear co-ordinates to be within the tri- 
angle ABC, and, in fact, within the triangle HOB. The equation 
to AE, which passes through the intersection of β and y, and lies 
in their internal angle, will be of the form 


mp — ny = 0 (A E). 


The equation to BF, which passes through the intersection of y 
and u, and lies in their internal angle, will be of the form 


ny — la — 0 (BF). 
The equation to HF, which joins the intersections of (a, AE) and 
(B, BF), and lies in the external angle of the first two lines, but in the 
internal angle of the second pair, must be formed (Art. 108, Cor. 2) 


so as to equal cither the sum of da and m8 —ny or the difference 
of mB and ny — la. It is therefore 


la + mB — ny —0 (EF). 
The equation to CD, which joins αβ to the intersection of (y, EF), 
and lies in the external angle of both pairs of lines, must be the 


sum of either la and mf, or ny and la + m8 — ny. Consequently, 
it 18 





F 
be the equations to its three sides BC, β 
A 


la + mB = 0 (CD). 
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The equation to OC. which joins α)} to the intersection of (AE, BF), 
and lies in the internal angle of aJ, but in the external angle of the 
other two lines, must be equal either to the difference of /a and m3 
or the sum of m3 — ny and »; — la Accordingly, it is 


la —m3=0 (OC). 


Finally, the equation to OD, which joins the intersection of (y, EF) 
to that of (ΗΕ, BF), and lies in the internal angle of both pairs 
of lines, must be formed so as to equal the difference of either 
la + m8 — ny and ny, or m3 — ny and n} — la. Therefore, it is 


la + m3 — 2n; =0 (OD). 





We have thus expressed all the lines of the quadrilateral in 
terms of the three lines u, 3, and >. We can do more: we can 
solve problems involving the properties of the figure, by means 
of these equations, and test the relative positions of its lines 
without any direct reference to the x and y which the symbols α, 
3. y conceal Thus, the form of the equations 


la — m3 =0. m3— n; —0, m—/la—0 


shows (Art. 114) that the three lines OC. AE. BF meet in one 
point, and the same relation between OD, AE. BF is shown in 
the form of their equations. 

220. We see, then, that by introducing this abridged 
notation we can replace the Cartesian equations in zr and 
y by a set of equations in a, 3,7. Moreover, it is notice- 
able that all these abridged equations to right lines are 
of the first degree with respect to a, 3. and y. Since, 
therefore, we operate upon these symbols (as the last 
example shows) just as if they were variables. and since 
they combine in equations which satisfy the condition 
that an equation to a right line must be of the first 
degree. it appears that we may use a, 3,7 as co-ordinates. 
Thus. we may say that the equation 


la + m3 — ny =Q 


is the equation to any right line. and that a, 3. y are the 
co-ordinates of any point in the line. 
An. Ge, 21. 
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What now is the system of reference to which these 
co-ordinates belong? We have seen that, in order to the 
interpretation we have given of the last-named equation, 
the lines a, R, y must form a lriangle. We know, too, 
(Art. 105) that a is the length of a perpendicular let 
fall from any point to the line a; that β is the length 
of a perpendicular from the same point to the line f; 
and that y is the length of a perpendicular from the 
same point to the line y. Hence, we see that if a, B, y 
are taken as co-ordinates, they are referred to the tri- 
angle formed by 


a=0, β--0, y=0, 


and that they signify the three perpendiculars dropped 
from any point in its plane upon its three sides. In 
short, we have come out upon the system of trilinear 
co-ordinates described in Art. 200. 


PECULIAR NATURE OF TRILINEAR CO-ORDINATES. 


2:221. Before making any further application of the 
new system, it is important to notice that trilinear co- 
ordinates are in one respect essentially different from 
bilinear. In the Cartesian system, the x and y are 
independent of each other, unless connected by the 
equation to some locus. In the trilinear system, on the 
contrary, the a, β, and 7 are each of them determined 
by the other two; that is, there is a certain equation 
between them, which holds true in all cases, whether the 
point which they represent be restricted to a locus or not. 
In the language of analysis, we express this peculiarity 
by saying that cach of these co-ordinates is a determined 
function of the other two. 

That trilinear co-ordinates are subject to such a con- 
dition, is proved by the fact, that ¿wo co-ordinates com- 
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pletely fix a point, and must therefore determine the 
value of any third. The equation expressing the exact 
limits of the condition, we now proceed to develop. 


222. Let ABC be the triangle of reference, a = 0 
being the equation to the side BC, 
g =Ù the equation to CA, and y = 
the equation to 1B. Then, if P be 
any point in the plane of the triangle, 
the three perpendiculars PL, P.M, 
PN will be represented by a, 5, y. 
Supposing now that a, 6, and ¢ denote the lengths of the 
three sides δ CA, AB, we shall have 








aa = twice the area of BPC, 
bg --- οὐ ve CPA, 
ey = dg p APB. 


But the sum of these areas is constant, being equal to 
the area of the triangle of reference: therefore, repre- 
senting the double area of this triangle by M., we obtain 


aa + b3 + ey = M: 


which is the constant relation connecting the trilinear 
co-ordinates of any point. 


Remark.—When we say that the sum of the areas of APB, 
BPC, CPA is equal to the area of ALC. we of course mean their 
algebraic sum. For, if we take a point outside of the triangle of 
reference, such as P. we shall evidently have 


ABC Bs Br eH] CP et: 


that is, in such a ease, one of the three areas becomes negative. 
And this is as it should be: for, as we have agreed to suppose the 
Cartesian origin to be WITHIN the triangle of reference, the perpen- 
dicular PM is negative, according to the third corollary of Art. 105. 
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223. This peculiarity of trilinear co-ordinates may 
be made to promote the advantages of the system. 

In the first place, it gives rise to a very symmetrical 
expression for an arbitrary constant. For if k be arbi- 
trary, kM will also be; ànd we shall have, for the 
symbol alluded to, 


k (aa + bB + ey) (1). 
We can also modify this symbol, and render it still 
more useful. Let 1:7 = the ratio of the side a, in 


the triangle of reference, to the sine of the opposite 
angle A. Then, by Trig., 867, we shall have 


sn 4. sinB sind 





Now, by the principle of Art. 222, 
r (aa + bR + cr) — constant; 


hence, substituting for ra, rb, re from the equal ratios 


above, 
asin Α + f sin B + y sin C= constant; 


or, the symbol for an arbitrary constant may be written 
k (asin A + Bsin B + ysin C) (2). 


224. In the second place, the peculiarity of trilinears 
enables us to use homogeneous equations in all cases. 
For, if a given trilinear equation is not homogeneous, 
we can at once render it so by means of the relation in 
Art. 222. Thus, if the given equation were {}-- p, we 
might write 


MB — p (aa + bB + cy). 


223. In the third place, instead of the actual trilinear 
co-ordinates of a point, we may employ any three quan- 
tities that are in the same ratio, without affecting the 
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equation to the locus of the point. For, since all tri- 
linear equations are homogeneous, the effect of replacing 
a, 3,7 by ea, og. oy will only be to multiply the given 
equation bv the constant o: which of course leaves it 
essentially unchanged. 

This principle will often prove of great convenience. 

Remark.—In case it becomes desirable to find the actual tri- 
linear co-ordinates when they have been displaced in the manner 
described, we may proceed as follows: — Let ἰ. m, n be the three 
quantities in a eonstant ratio to a, 2, y: then, supposing the ratio 
to be 1: r, 


csi) SSM ST 


Hence, (Art. 222, 


(ία 4- mb + ne) = M: 


from which r is readily found. 


226. Finally, the property in question enables us to 
pass from trilinear co-ordinates to Cartesian. For, by 
means of the relation aa 4-633 — cr —.M, we can convert 
any trilinear equation into one which shall contain only 
and ;. Then, supposing the side y of the triangle of 
reference to be the axis of x, and the side 3 the axis of y, 
we shall have 





J-—rsn.i. ;7--ysm «1. 


Coroliary.—1f the triangle of reference should be right- 
angled at .4. the reduction-formule will become 


J ts. στη, 


But, in general, to pass from trilinears to rectangulars 
when the side y is taken for the axis of x, we must use 


jc rsim.i-—ycosd, you. 


The student may draw a diagram. and verify the last 
formule. 
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227. The advantage of the trilinear system consists 
in this: Its equations may all be referred to three of 
the most prominent lines in the figure to which they 
belong, and hence become shorter and more expressive 
than those of the Cartesian system, which can go no 
farther in the process of simplification than the use of 
iwo prominent lines. The student will see a good illus- 
tration of this in the equations to the bisectors of the 
internal angles of a triangle. The trilinear equations 
are 


α--β--0, B—r=90, y—a-—0 


which are much simpler than the Cartesian ones given 
in Ex. 92, p. 124. 


TRILINEAR EQUATIONS IN DETAIL. 


228. Equation to any Right Line.—'This we have 


already (Arts. 212—217) found to be 
la + πι + ny — 0. 


229. Equation toaright line parallel to a given 
one.—It is obvious geometrically, that the a, f, y of the 
parallel line will each differ from the a, β, y of the given 
one by some constant. Hence, the given line being 
la + mB + ny = 0, the required equation [ Art. 228, (2)] 
will be 


la+ mf + ny + k (asin A + Bsin B+ y sin C) — 0. 





200. Equation to a right line situated at in- 
finity.—The Cartesian equation to this is C — 0, in 
which (Art. 110) C is a finite constant. Therefore 
(Art. 223) the trilinear equation is 





asin A + ff sin B + y sin C= 0, 
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231. Condition that two right lines shall be 
mutually perpendicular.—Let the two lines be 





la + m3 + ny =0, Vap mR + n'y =0. 


By writing a, 3.7 in full, collecting the terms, and apply- 
ing (Art. 96, Cor. 3) the criterion A4’ + BB’ = 0, we 
obtain, as the required condition, 


(m + m'n) cos (3 — 7) 
WU’ + mnm! + nj! 4-4 (QU + n'l)cos(r— a) pF = 0. 
(Im’ + lm) cos (a — ϱ) 


Now, in this expression, a, 3. y are the angles made with 
the axis of x by perpendiculars 
from the origin on the lines a, 3, y. 
"upposing the latter to form the 
triangle of reference, and to inclose 
the origin. it is evident from the 
diagram, that 3 — y is the angle 
between the perpendieulars 3 and 
7: that ; — a is the angle between 
the perpendiculars y and a: and that a — j is the angle 
between the perpendiculars a and 3. From the proper- 
ties of a quadrilateral it then follows, that 3 — y ìs the 
supplement of .1, 7 — a of B, and a — 3 of C. Hence, 
the required condition may be otherwise written 








(mn' + mn) cos A 
{17 -ἰ- mm! -- nn! —4 (1 + Neo B > =0. 
(n^. + Um) cos C | 


Corollary.—The condition that la + m3 -+ ny — 0 shall 
be perpendicular to y — 0, is 


n = m cos d + !cos B. 
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232 Length of a perpendicular from any 
point to a given right line.—Let the point be ay, 
and the line la + m+ ny=0. Write the latter equa- 
tion in full, collect its terms, and apply the formula of 
Art. 105, Cor. 2. We thus find 


la + πιβ + ny 


P= J (E+ ti—Inm cos A—2nl oa B— Dim cos) | 


233. Equation to a right line passing through 
Two Fixed Points.—The form of this will of course 
be 

la + mR + ny —90; 


and our problem is, to determine the ratios |: m:n so 
that the line shall pass through the two points afir, 
Offa» 

Since the two points are to be on the line, we shall 
have 


la, + mp, + ny, = 0, 
la, + mf), + ny, = 0. 


Solving for l:n and m:n between these conditions, we 


find 
lim: n = (Pra nha) : M — ar) : (αιβ;--- Pia). 
The required equation is therefore 
& (hys — ro) +B nts — ys) + 7 (4192 — ba) = 0. 


Corollary.—Hence, in trilinears, the condition that 
three points shall lie on one right line is 


να (ys HN Yu?) ic Ps (yu Oy») ος (αιβ; Xs 3,42) Ξ0. 


Expanding, and re-collecting the terms, we may write 
this more symmetrically (see Art. 112), 


σι (Pers E γη.) -F Gy (Bari — raf) + αι (fira — rP) = 0. 


TRILINEAR EQUATIONS. 215 


234. Theorem.— Every trilinear equation of the second 
degree represents a conic. 

For, since a, J, y are linear functions of vr and y, 
every such equation is reducible to an equation of the 
second degree in x and y. But the latter (Art. 203) 
will represent a conic. 


Remark.—In passing now to the trilinear expressions 
for curves of the Second order, we shall at first suppose 
the triangle of reference to have a special position, such 
as will tend to simplify the resulting equations. The more 
general equations, corresponding to any position of the 
triangle, will be investigated afterward. 


250. Equation to the Conic, referred to the 
Inscribed Triangle.—To obtain this, we must form 
an equation of the second degree in a, 2, y. such as the 
co-ordinates of the vertices of the reference-triangle will 
satisty. 

Now, at the vertex A. we have 
p= 0, ;7= 0; at the vertex B. y= 0. 
a=: and, at the vertex C. a=0. 
J-—90. Hence, the required equation 
mav be written 








l3y + mya + nad — 0; 


for this expression is obviously satisfied by either of the 
three suppositions 


B0. 7=0: p—0.a—0; a=0. 3--0. 


Corollary.—Dividing through by asy. we may write 
the equation just found in the more symmetrical form 


l m aan 
Bg ee 
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256. Equation to the Cirele, referred to the 
Inscribed Triangle.—Our problem here is, to deter- 
mine J: 22: so that 


i m n 
αν, -- (1) 


shall represent a circle. 

Write a, f, y each in full, expand the equation, collect 
the terms with reference to z and y, and apply the cri- 
terion (Art. 140) H — 0, A —.5 — 0. The conditions 
in order that (1) may represent a circle will thus be 
found to be 


l cos (8 + y) + m cos (y + a) + n cos (a + B) — 0, 
lsin (P -+ y) + m sin (y + a) + n sin (a + B) = 0. 
Solving these for l:n and m:n, and applying Trig., 845, 

III, we obtain 
l: m:n = sin (P — y) : sin (y — a) : sin (a— f). 


But (see Art. 231) B — y —180? —A, y — a —180* — 5, 
& — P = 180°— C. Hence, the equation sought is 


sin A sin B sin L 


re ge 





Corollary.— The equation to any circle concentric with 
the one circumscribed about the triangle of reference, will 
only differ from the foregoing (Art. 142, Cor. 1) by some 


constant. Hence, it may be written 


sin sin B sin€ 
ά B 








= k (a sin Á + B sin B +y sin C). 


237. General equation to the Circie.— The 
equation of the preceding article applies only to the 
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cirele described about the triangle of reference. We 
are now to seek an equation which will represent any 
circle. 

The rectangular equation to a circle (Art. 140) may 
be put into the form 


ο πι ArH By + C=O. 


In this, the only arbitrary constants are 4, B, C. 
Hence, rectangular equations to different circles will 
vary only in the linear part, and the equation to any 
circle may be formed from that of a given one by merely 
adding to the latter an arbitrary linear function. Now 
this property is as true of trilinear as of rectangular 
equations, since a trilinear equation is only a rectangu- 
lar one written in a peculiar way. We can therefore 
form the equation to any circle from that of the circle 
described about the triangle of reference, by adding to 
the latter. terms in the type of la — m3 -- ny. 

By clearing of fractions, and replacing sin 4. sin 2. 
sin C by a, 5, e. which are in the same ratio, the equation 
to the circumscribed circle becomes 


dr + bra + caz=0. 
Hence, the required equation is 
a3y + bra + ead — M (la + m3 + np) = 0: 


in which M is the fixed constant aa 4- b3 + ey. and is 
multiplied into the linear function in order to render the 
equation homogeneous. 





Remark.—When convenience requires it, we can replace If 
(Art. 223) by the constant a sin A+ ẹsin B+} sin C. and write 


the equation 


3ysin.1 -asin B+a3sinC--( lam 34- n; Mesin d + Asin B— sin Ci. 
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238. Trilinear equation to the Conic in Gen- 
eral.—From Arts. 224, 234, it follows that this is simply 
the general homogeneous cquation of the second degree 
in a, B, y. We therefore write it 


A+ B+ C? --2Ffy + 2Gyo + 2Ha? = 0. 


Remark.—It is worthy of notice, that, if we suppose y = 1, this 
expression becomes 


Aa? + 2Haf + BB’ + 2Ga+ 28 + C — 0, 
and is, in form, identical with 
Az? + 2Hxy + By? +2Gx + 2Fy 4- C—0, 


the Cartesian equation to the Conic in General. This fact has led 
Salmon to the opinion that Cartesian co-ordinates are a case of 
trilinear.* 

239. Problem.— To determine the condition in order 
that the general trilinear equation of the second degree 
may represent a circle. 

From the equation of Art. 222, it is evident that we have the 
following relations : 

aa? = Ma — bap — cya, 
bR? = ΜΒ = cBy P aap, 
cy? = My — aya — ὑβγ. 


Substituting from these for a’, 8?, y? in the equation of Art, 238, we 
find that it may be written 


Be C 
daa 
Ca Ac A B, € 
or. 4 — = 
+ (24 2-4) ya p ο 0427) =0. 
Ab Ba’ 
+ (297-4) 


* See his Conic Sections, p. 67, 4th edition; but compare the principles 
of Arts. 221, 222. 
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Comparing this with the equation to the circle, 
a3) + ὄγα + ca3 + M (la+ m3 + y) —0, 
we see that it will represent a eirele, provided 


D. mo ο c TU 


b c c a a b 


al b C 

















Henee, the required condition is 
2 Foe — Be — CU? = 2 Gea — Ca? — Act = 2Hab— Al? — Ba’. 


21410. Equations to the Chord and the Tangent 
of any Conie.—For the sake of simplicity, we shall 
suppose the inscribed triangle to be the triangle of 
reference. 

I. The equation to the chord is the equation to the 
right line which joins any two points on the curve, as 
a’ 3’y', a" 3 7". Now since these points are on the conic, 
we shall have (Art. 255, Cor.) 

2454» ΤΙ 


ο Jj r 


We ean now easily see that the equation to the chord 
may be written 


For this is the equation to a right line, since it is of the 
first degree: and to the line that passes through ασ. 
αμ γ΄. since it is satisfied by the co-ordinates of either 
point. inasmuch as they convert it into one of the con- 


ditions just found above. 

II. The point α΄ αγ max be supposed to approach 
the point a’3’7’ as closely as we please. At the moment 
of coincidence, the chord becomes the tangent at a7, 
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and we also have α΄--α', f" — f', γ'--γ'. By making 
the corresponding substitutions in the equation to the 
chord, we shall therefore obtain the equation to the 
tangent. It is 

la mp ny 


E. 


241. There are many other equations, more or less 
symmetrical, representing the Conie or the Circle, but 
our limits forbid their presentation. Those already 
developed have the widest application, and are sufficient 
to illustrate the trilinear method. The student who 
wishes further information on the subject, may consult 
SALMON's Conie Sections. 


EXAMPLES. 


1. When will the locus of a point be a circle, if the product 
of its perpendiculars upon two sides of a triangle is in a constant 
ratio to the square of its perpendicular on the third? 


Take the triangle mentioned, as tho triangle of reference; and ropre- 
sent the constant ratio spoken of, by k. The conditions then give us 


aß = ky?; 


so that the locus is, in general, u conic of some form. In order that it 
may be a circle, the equation just found must satisfy the condition of 
Art. 239. Applying this, and observing the fact that in the present 
equation C— — k, 2H - 1, and A,B,F,G cach = 0, we find that the locus 
will be a circle if 

kb? = ka? = ab. 


From the first of these conditions, we obtain a — b; from the second and 
third, E — 1. The required condition then is, that the triangle shall be 
isosceles, and the constant ratio unity. 

It is interesting to notice how clearly the equation above written 
expresses the position of the locus with respect to the triangle. To find 
where the side a cuts the conie, wo simply make (Art. 62, Cor. 1) a— 0 


in the equation 
aß = ky?. 


The result is y? = 0; that is, the equation whose roots are the co-ordinates 
of the points of intersection is a quadratic with equal roots. Hence, 
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(Art. 62, 3d paragraph of Cor. 2,) the line a meets the curve in two coin- 
cident points ; in other words, it touches tho conic. Moreover, since tho 
quadratic of intersection is 5? — 0, the two points coincide on the line 4. 
We thus learn that tho conic touches the side a of tho triangle at the 
point ya. 

If we make p= 0 in the equation, we again obtain y?— 0. Hence, the 
eonie touches the side @ of the triangle at the point ϱ)'. If wo make 
y = 0, wo get cither a — 9 or 9— 0; the side y therefore cuts the conie in 
two points: ono on the side «a, the other on 8; or, one the point γα, the 
other, the point By. 

We may sum up the whole result by saying that aĝ = ky? denotes a 
conic, to which two of the sides of the triangle of rcfercnce are tangents, while 
the third is a chord uniting their points of contact. 

2. Form the trilinear equations to the right lines joining the 
vertices of a triangle to the middle points of the opposite sides. 

Tako the triangle itself as the triangle of reference, and suppose the 
Cartesian origin within it. The required equations ( Art. 108, Cor. 2) will 
be of tho form 

a—ky=0, p—-kh’'y=0, γ-Ίἑ'α--0: 


in which we are to determino /, X’, E" so that the lines shall bisect the 
sides of the triangle. 

We know that & is = the ratio of the perpendiculars dropped from 
the middle of ; on a and 2 respectively. But this ratio is evidently 
= sin B : sin .Ι. Similarly, &’ = sin C: sin B; and k” =A: sin 0, 
Henee, the equations sought are 

asin d—osin B=0, Jsin B-—ysin C=0, ysin C—asin d — 0. 


3. Form the trilinear equations to the three perpendiculars 
which fall from the vertices of a triangle upon the opposite sides. 

We begin, as before, with the forms of the equations, namely, 
a—k320, 8— k'y =0, 5 —k"a—0. Now the condition that the first 
line shall bo perpendicular to ν (Art. 231, Cor.) gives us 

cos B—keos A= 0. 

Henee, k= eos B: cos A: and, similarly, k= cos C: eos B, b= cosC:cos 4. 
The required equations are therefore 

acos.f— eos B — 0, Seos B— 53008 C— 0, 3 cos C— acos 4ΞΞ0. 

4. Form the trilinear equations to the three perpendiculars 
through the middle points of the sides of a triangle. 


The middle points of the sides may be regarded as the intersections 
of y, «, and J with the lines of Ex. 2. Hence, the form of the equations 
will be 


asin d—JsinBtny=0, @sin B—j sin C+la=0, y sinC—asin i4 mo — 0. 
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But the condilion of Art. 221, Cor., gives us n= sin( A— 0), /=sin( B— C), 
m=sin(C— 4). Therefore, the equations sought are 
a sin Á — sin B+ysin(A— B)=0, 
B sin B — ysin C + asin (B— C)=0, 
y sin C— a sin Á + B sin (C — A)=0. 
If the student will now compare the equations of the last threo ox- 


amples with those of Exs. 4, 6, 7 on page 121, ho will at once sec how 
much simpler the trilincar expressions are than the Cartesian. 


5. Show that the equation representing a perpendicular to the 
base of a triangle at its extremity, is a+ ycos B= 0. 

6. Show that the lines a — £8—0, B—ka=O are equally 
inclined to the bisector of the angle between a and β. 


7. Prove that the equation to the line joining the feet of two 
perpendiculars from the vertices of a triangle on the opposite sides is 


a cos 4 + B cos B — y cos C=0. 


Also, that the equation to a line passing through the middle points 
of two sides is 
asin Á + f sin B — y sin C — Q. 

8. Show that the equation to a line through the vertex of a 
triangle, parallel to the base, is a sin A + B sin B — 0. 

9. Find the equation to the line which joins the centers of the 
inscribed and circumscribed circles belonging to any triangle. 

By the principle of Art. 225, we may take for the co-ordinates of the 


first point 1, 1, 1; and, of the second, cos A, cos D, cos C. Hence, 
(Art. 233,) the equation is 


a (cos B —cos C) + 8 (cos C— cos A) + y (cos A — cos B) — 0. 
10. What is the locus of a point, the sum of the squares of the 


perpendiculars from which on the sides of a triangle is constant? 
Show that when the locus is u circle, tlie triangle is equilateral. 


1l. Find, by a method similar to that of Art. 231, the tangent 

of the angle contained by the lines 
la+mB+ny=0, Vatm B+n’y=0. 

12. Write the equation to the circle circumscribing the triangle 
whose sides are 3, 4, 5. 

13. A conic section is described about a triangle ABC; lines 
bisecting the angles A, B, and C meet the conic in the points A’, 
Β΄, and C": form the equations to A/B, A’ A'B’ 
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14. Find an equation to the conic which touches the three sides 
of a triangle. 


If the equations to the three sides of the triangle are a— 0, 8 =0, 
y= 9. the required equation may be written 


V la c) nj + ny 0. 


Verify this, by clearing of radicals, and showing that y, u, and £ are all 
tangents to the curve. (See Art. 240.) 

Note.—The preceding equation is of great importance in some investi- 
gations, and it will be found upon expansion to involve four varieties of sign, 
in the terms containing vy, ya, aJ. This agrees with the fact that there 
are sour conics which touch the sides of a triangle, namely, one tnseribed, 
and threo escribed — that is, tangent to one side externally, and to the 
prolengations of the other two internally. If we suppose a, J, y all pos- 
(fice, therefore, the equation will represent the inscribed conic; thus, 


Via + ms στὸ —0. 

The equations to the eseribed conics will be 
Jota πιο t+ ny=0, Τα -} πιο -ΊηγΞΞ0, Vat Vins +) —ny — 0, 
since, in each, one set of perpendiculars must fall on the triangle exter- 
nally. 

15 Find the equation to the circle inscribed in any triangle. 

We may derive this from } la +} i» — ny =O, by clearing of radicals 
on the assumption that a, ος y are positive, and then taking l, m, so as 
to satisfy the condition of Art. 239. Or, we may develop the equation 
from that of the circumscribed circle, as follows *:— Let the sides of the 


triangle formed by joining the points of contact of the inscribed circle be 
a’, J', y’. Its equation (Art. 236) will then be 


sin 4’ | sin D' | sin Č 





5 


But, with respect to the triangles 1 D C'. εἰς.. we have (Ex. 1) a? =3y, 


J'-ya, y—aJ; and 4'— 909 — !, 4. B' —909 — !4 B, C'—90? — ILC. 
Substituting these values, and multiplying the resulting expression 


throughout by }a3). the required equation is found to be 
cos !4 4 Τα t cos 4 BYR t cos 34 C9 ; — 0. 


The student may now investigate the equations to the three 
escribed eireles. Ry the principle developed in Ex. 14, Note. these 
may be written down at once, from the equation just found. 





* Hart's solution, quoted bx Salmon. 


An. Ge. 22. 
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Section IL —TANGaENTIAL CO-ORDINATES. 


242. We now come to a method of representing lines 
and points, which, in connection with the trilinear, plays 
a very important part in the Modern Geometry. It is 
known as the method of Tangential Co-ordinates, and was 
first employed by Mónrus, in his Barycentrische Calcul, 
which appeared in 1827. 

We can here give only an outline of the system. For 
a full exhibition of it in its most important applications, 
the student is referred to the work just cited, to Plücker's 
System der analytischen Geometrie, and to Salmon’s Conte 
Sections. 


243. The following considerations will bring into 
view the relations of the new system to the Cartesian 
and the trilinear. 

Let Ax + uy + v = 0 be the equation to a right line. 
Since the position of the line is determined by fixing the 
values of A, p, v, it is evident that we may regard these 
co-efficients as the co-ordinates of a right line. 

Suppose then we take A, μ, v as variables, and connect 
them by any equation of the first degree, a44-bp-4-cv—0. 
Such an equation (Art. 115, Cor.) is the condition that 
the whole system of lines denoted by Az + py + v =0 
shall pass through a fixed point, whose co-ordinates are 
a:c, b:c. Since, then, the point becomes known 
whenever aù -+ bp 4-cv— 0 has known co-efficients, we 
must regard the condition just written as the equation 
to a point. 

Accepting this result, and putting a, P, etc., as abbre- 
viations for the expressions equated to zero in the equa- 
tions to different points, we shall have, by the analogy 
of Art. 108, la + mfg — 0 as the equation to a point 
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dividing in a given ratio the distance between the points 
α--0, 3=0. Similarly, 


la — m3 = 0, mi—nr=—0, ηγ--ἰα--0 
denote three points which lie on one right line. 


244. From what has just been said, we can see that 
we may have a system of notation in which co-ordinates 
represent right lincs, while points are represented by equa- 
tions of the first degree between the co-ordinates. This is 
what we mean by a system of tangential co-ordinates. 

The tangential method is in a certain sense the recip- 
rocal of the Cartesian. It begins with the Right Line, 
and, by means of an infinite number of right lines all 
passing through the same point, determines the Point; 
the Cartesian method, on the contrary, begins with the 
Point, and determines the Right Line as the assemblage 
of an infinite number of points. In the tangential sys- 
tem, accordingly, the Right Line fulfills the office assigned 
to the Point in the Cartesian: it is the determinant of all 
forms, which are conceived to be obtained by causing an 
infinite number of right lines to intersect each other in 
points infinitely close together. 


245. Article 245 has shown us that Cartesian co- 
eMictents are tangential co-ordinates, and that the tan- 
gentlal eguation of the first degree is a Cartesian equation 
of condition. We shall presently see that tangential 
equations are always Cartesian conditions. and in fact 
signify that a right line passes through two consecutive 
points on a given curve: that is, through two points 
infinitely near to each other: and so. 1s a tangent to the 
curve. 


216. The truth of this will appear from the following 
geometric interpretation of tangentials, which will bring 
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the system into relation to curves of all orders, and show 
that we can represent any curve in this notation. 

Let AB, CD, EF be any three 
lines, each passing through two 
consecutive points of the curve 
LM, and therefore touching it, 
say at P,Q, R. It is plain from 
the diagram, that the perimeter 
of the polygon formed by such 
tangents will approach the curve more and more closcly 
as the number of the tangents is increased. Hence, 
when the number becomes infinite, the perimeter will 
coincide with the curve. 

Suppose then that 2, x, v being continuous variables we 
connect them by an equation expressing the condition 
that every line represented by Ax + py + v= 0 shall 
touch LM. We shall then have an infinite system of 
tangents to LM; that is, we shall have the curve itself. 
Hence, the equation of condition in A, p, v may be taken 
as the symbol of the curve, and is called its tangential 
equation for obvious reasons. 





247. lo form the tangential equation to any curve, 
we therefore have only to find the condition in 4, p, v 
which must be fulfilled in order that the line 


Ax + uy +v=0, or 2a + pf 4- vy — 0, 


may touch the curve. This may be done by elimi- 
nating one variable between the equation to the line and 
that of the curve, and then forming the condition that 
the resulting equation may have equal roots. For the 
roots of the resulting equation are the co-ordinates 
of the points in which the line cuts the curve (Art. 62, 
Cor. 1); and, if these roots are equal, the points of 
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section become coincident (that is, consecutive), and the 
line is a tangent. 

Instead of this method, it is often preferable to employ 
another, which will be illustrated a little farther on. 


24S. The Right Line in Tangentials.—This is 
represented not by an equation, but by co-ordinates. The 
symbol of a fired right line is therefore 


Ομ 
a"À + but ο νΞ0 


For, by solving between these simultaneous equations to 
two points, we can fully determine the ratios 4: uw: v; 
that is, we can determine the line which joins the points 
represented by the given equations. 

This result is in harmony with the fact already no- 
ticed, that the Right Line plays in the tangential system 
the same part that the Point does in the Cartesian. 
In the abridged notation, the simultaneous equations 
a= 0, 3 — 0 are the tangential symbol of a right line. 
For the sake of brevity, we shall generally speak of the 
line joining the points a and j (that is. the points whose 
equations are a = 0, 3— 0) as the line αρ: just as, in 
the trilinear system, we call the point in which the lines 
a and ϱ intersect, the point aj. 


ENVELOPES. 


249. We have called the geometric equivalent of a 
Cartesian or trilinear equation the locus of a point. 
Similarly, the geometric equivalent of a tangential 
equation is called the envelope. of a right line. This 
term needs explanation. 

Every tangential equation takes the co-efficients of 
λα + ug + vy =0 as variables. It therefore implies the 
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existence of an infinite series of right lines, the successive 
members of which have directions differing by less than 
any assignable quantity, and intersections lying infinitely 
near to each other. Such a series of consecutive direc- 
tions, blending at consecutive points, will of course form 
a curve, whose figure will depend on the equation con- 
necting the variable co-efficients A, 4, v. A curve thus 
defined by a right line whose co-ordinates vary continu- 
ously, is what we mean by an envelope. From the rca- 
soning of Art. 246, it is evident that a right line always 
touches its envelope. 


Definition.—The Emvelope of a right line is the 
series of consecutive directions to which it is restricted 
by given conditions of form. 

Or, The envelope of a right line is the curve which 
it always touches. 

Remark.— We thus come upon an essential distinction between 
the tangential system and the Cartesian. In the latter, a curve is 
conceived to be the aggregate of an infinite number of positions ; 
in the former, it is regarded as the complex of an infinite number 
of directions. It appears from this article, that, instead of calling 
the condition that a right line shall touch a curve the tangential 
equation to the curve, we may say it is the equation to the envelope 
of the line. 


250. Tangential equation to the Conic cir- 
cumscribed about a Triangle.—We might form this 
by the method of Art. 247, but can proceed more rapidly 


as follows: — The trilinear equation to the tangent of a 
conic, referred to the inscribed triangle, (Art. 240, IT) is 
la m n 
wit gn + ri 0 (1), 


the equation to the conic itsclf being 


l m n 
— — — o 0 2 ο 
ας - (2) 


a 
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Hence, in order that the line λα + u3 -F»y — 0 may 
touch the curve, we must have 4a"— ol, uj3^-— pm, 
η) on; that is, 





But a’, 3’. ;' are the co-ordinates of the point of contact, 
and must satisfy the equation to the curve. Therefore, 
after substituting in (2) the values just found, 


|) +I mutiny =0 


is the condition that λα + u3 + vy — 0 shall touch the 
conic. In other words, it is the tangential equation to 
the conic. 

Remark.—Dy clearing this equation of radicals, we shall find 
that it is of the second degree in 2, g, v. 


251. The further investigation of tangentials requires 
that we now turn aside from our direct path, to examine 
the method of finding the envelope of a right line when 
the constants which enter its equation are subject to 
given conditions. 

By the terms of this problem, the equation to the line 
may be written so as to involve a single indeterminate 
quantity: for instance, in the form 


ma — 2kmy + k3 — 0, 


where m is indeterminate, and k is fixed. For. by means 
of the given conditions, we can eliminate one of the arbi- 
trary constants which enter the original equation, and 
thus leave but one. 
Now, by the definition of an envelope (Art. 249), the 
right line 
ma — 2kmy + k3 = Q0 (1), 
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is tangent to its envelope. In this particular instance, 
then, the envelope is such a curve that only two tangents 
can be drawn to it from a given point. For if we suppose 
the line (1) to pass through the given point o'f7', we 
shall have 

a! n? — Qky'.m + kp’ = 0 (2), 


from which to find m, the indeterminate in virtue of 
which (1) represents a system of tangents to the envelope; 
and, since (2) is a quadratic in m, only two lines of the 
system can pass through a'f’;’. This property of the 
envelope is designated by calling it a curve of the Second 
class: the class of a curve being determined by the 
number of tangents that can be drawn to it from any 
one point. We learn, then, that ?f the equation to a right 
line involves an indeterminate quantily in the η degree, 
the envelope is a curve of the n‘" class. * 

The question still remains, How shall we obtain the 
equation to this envelope? ‘The definition of Art. 249 
answers this; for since the envelope is the series of 
consecutive directions of the tangent, we have only to 
form the condition that the n values of the indeterminate 
m may be consecutive, and the required equation is found. 
Now this condition is of course the same as that which 
requires the equation in m to have equal roots. For 
example, the equation to the envelope of (1) is af = ky’. 

Hence, To find the envelope of a right line, throw its 
equation, by means of the given conditions, into a form 
involving a single indeterminate quantity in the n™ degree: 
the condition that this equation in m shall have equal roots, 
18 the equation to the envelope. 


* The student must not confound the class of a curve with its order. 
A conic belongs to the Second order, and also to the Second class; but 
other curves do not in general show this agreement. 
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Example.—Given the vertical angle and the sum of the sides of 
& triangle: to find the envelope of tho base. 


Tako tho sides for axes; then the cquation to tho base is 


v 4 
T+% =], 


a 


in which a and b are subject to the condition a - b-— e, The equation 
to tho base may thorefore bo written 


e -4-(y—r—c)a-c ev 0. 
Hence. the equation to the envelope is 
(y—x—c-—4er; 
or, vt — ry $y? — 2exr — 2ey + A= 0. 

The required envelope is therefore (Art. 191) a parabola; which 
touches the sides x =0 and y — 0, since the equations for deter- 
mining its intercepts on the axes are 

x—Per + F=0, η" -τοη--ε--- 0. 

We may now resume the direct course of our investi- 
gation, and finish this part of it by establishing, in their 
proper order, the theorems necessary for interpreting 
tangential equations of the first and second degrees. 

252. Tangential equation to any Conic.—We 
shall here follow the method of Art. 247, and find the 
condition that àa + u3 4- »; — 0 may touch the conic 

Ae sis pgs OE σσ 2 Had = 0: 


Eliminating 7 between the equation to the line and that 
of the come, and collecting the terms of the result with 
reference to a: 3, we obtain 


(Az— 202A 4+ CX) à + 2 (Ην σαν —FLi+ Cin) a3 

— (By —2 Fu + Cuv F=0. 
Forming the condition that this complete quadratic in 
a:,3 may have equal roots, we get the required tangential 
equation, namely, 


(Hvi— σεν — Frà + uy = CA w—OGrA +7") (.By*— 2 Fur 4- C *) 
An. Ge. 20 
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which, after expansion and division by ν᾽, becomes 


(BC—F*)#2+(A C—G@?)\w24 (A B—H?)v? EE 
+2(HG—AF juv4 2(HF—BG)A+2(GF-~CH yu) i 


Now it is remarkable that the co-efficients of (1) 
are the derived polynomials (see Alg., 411) of the 
Discriminant 4, obtained by supposing the variable to 
be successively A, B, C, F, G, H. They may there- 
fore be aptly denoted by a, b, c, 2f, 2g, 2h, so that (1) 
shall be written 


aA + by? + e + 2fuv + 20νλ-- 2hàp — 0 (3). 


Corollary.—If we represent the Discriminant of (2), 
namely, 


abe + 2fgh — af? — bg? — ch? 


by ὃ, and substitute for a, b,c, etc., their values from (1), 
we shall obtain the relation 


OA 
a property which has some important bearings. 


253. Theorem. The envelope of a right line whose 
co-ordinates are connected by any relation of the first 
degree, is a point. 

For (Art. 243) every such relation is the tangential 
equation to a point through which the line always passes 
(that is, to which it is always tangent); and (Art. 249, 
Rem.) the tangential equation is the equation to the 
envelope. 


Corollary.—By means of the relation aà + by + ev — 0, 
we can eliminate either A:» or μιν from the equation 
λα + pp + vy — 0, and so cause it to involve only a 
single indeterminate, of the first degree. Hence, Lf the 
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equation to a right line involves a single indeterminate 
quantify in the first degree, the envelope of the line is 
a point. [Compare Art. 116.] 

This corollary only carries out the principle of Art. 
251. For a point may of course be regarded as a 
curve of the First class. 


234. Theorem.— The envelope of a right line whose 
co-ordinates are connected by any relation of the second 
degree, i8 a conte. 

We are here required to prove that any tangential 
equation of the form 


αλ” + bu? + ον” + fuv + 20νλ + 2hdu = 0, 


in which a, b, e, f.g, A are any six constants whatever, 
represents a conic. Eliminating » between the given 


equation and 4a + u8 + vy — 0, we find 
(ay — 2gra + ea?) M+ 2 (hy —gBy — frat eau 
+ (br? —2f3y +e) w=. 
Hence, the equation to the envelope of the line 18 
(η) δή 
that is, after expanding and dividing through by 7^, 


(be — f?) à? + (ae — g5)3? + (ab — M) r^ l 
F2(hg—af )\3r+2(hf—bg\ya+2(af-ceh)a3 





tya— ea 3 —(aj —2gya--ea) (b?—2f3y-4- ei) ; 





=0 ΠΠ 


or, since the co-efficients are the derived polynomials 
of ὃ, supposing the variable to be successively a, b, v. 
etc., and may therefore be represented by A, B, C, ete., 


Aa B6 Cr+ 2F 37 4+ 2Gra+ 2Hag=0 (5: 


which is the trilinear equation to a conic. Our propo- 
sition is therefore established. 
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Corollary.—By means of the relation given in the 
hypothesis of the theorem above, we can cause the 
equation 2a + u3 -+ »y =Q to involve but a single inde- 
terminate, say A: v», in the second degree. Hence, Jf 
the equation to a right line involves an indeterminate quan- 
tity in the second degree, the envelope of the line is a conie. 

This conclusion might have been deduced at once 
from the equation of Art. 251, namely, 


ma — 2mky + kB = 0. 
For this is à general type for all equations answering 


the description of the corollary, and the equation to the 
envelope of the corresponding line is 


aß = ky’, 
which, as we have seen in Ex. 1, p. 221, is the equation 


to a conic, referred to two tangents and their chord of 
contact. 


255. Interchange of the Trilinear and Tan- 
gential equations to a Conic.—If we compare 
equation (1) of the preceding article with equation (1) 
of Art. 252, it becomes apparent that the former 18 
derived from ` 


αλ” + by? + ev? + 2fuv + 29ν} + 2hÀp = 0 
by exactly the same series of operations by which the 
latter is derived from 
Ag? + BR + C? + 2h By + 2Gya + 2Hof — 0. 

Hence, Zo form the tangential equation to a conic when 
ats trilinear equation is given, replace a, β, y by A, p, v, 
and the co-efficients A, B, Ο, ete., by the corresponding 
derived polynomials of 4; and to form the trilinear 
equation from the tangential, replace A, p, v by a, f, y, 
and the co-efficients a, b, ο, ete., by the derived polynomials 


of ὃ. 
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256. It is obvious that the application of the fore- 
going principles will often facilitate the investigation of 
envelopes. We may make the following summary of 
results : 


I. Every tangential equation of the first degree 
represents a point. 


II. Every tangential equation of the second degree 
represents a conic. 


III. A tangential equation of the 21} degree represents 
a curve of the x'™ class. 


RECIPROCAL POLARS. 


257. Reciprocal relation between Points and 
Lines.—We have already noticed the reciprocity of Car- 
tesian and tangential equations, as suggested by the fact 
that the Point and the Right Line interchange their offices 
in passing from one system to the other. This remarkable 
property, however, does not appear in its full significance 
until we apply to tangentials the same system of abridged 
notation that converts a Cartesian into a trilinear equa- 
tion. When this notation zs applied, it is found that an 
equation in a, J. y or ἐς ὃς w is susceptible of two inter- 
pretations, according as it is read in trilinears or in tan- 
sentials: and gives rise to two distinct theorems (one 
relating to points, the other to lines), which in view of 
their derivation may not inaptly be styled reciprocal 
theorems. 

This capability of double interpretation is known 
among mathematicians as the Principle of Duality, and 
has led to many of the most striking results of the 
Modern Geometry. A few illustrations will enable the 
student to conceive of the principle clearly. 
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Suppose, for brevity, we write S=0, S’=0 as the equations 
to two conics, either Cartesian or tangential. ‘Then the equation 
© + kS’=0, being satisfied either by the co-ordinates of points 
which render δ and δ΄ simultaneously equal to zero, or by the 
co-ordinates of dines which effect the same result, denotes in tri- 
linears a conic which passes through the four points in which the 
conie S cuts the conie δ΄, and in tangentials a conic which touches 
the four dines that touch S and δ΄ in common. 

Similarly ay = £90, being the equation to a conic since it is of 
the second degree, may be read either in trilinears or tangentials. 
lt is obviously satisfied by either of the four conditions 


(αΞ-θ, 8=0), (5-0, γ--0), (ΞΞ0, ὁΞ- 0), (6=0,a=0). 


Hence, in trilinears it denotes u conic passing through the four 
points af, By, y, δα; that is, circumscribed about the quadrilateral 
whose sides are the four lines a, B, y, 6: while in tangentials it 
represents a conic touching the four lines afl, By, yd, δα, that is, 
inscribed in the quadrilateral whose vertices are the four points 


t; B, ^ ὁ, 


Again, S+ Καβ — 0 is a conic passing through the four points 
in which the fines a and β cut the conie δ, or touching the four 
lines drawn from the points a and f to touch the conie © If, then, 
we have three conics S, S- ka, S+ k'a, we may either say that 
all three pass through the two points in which the line a cuts J, or 
that all three touch the two lines drawn from the point a to touch ὁ 


We can now exemplify the method of obtaining reciprocal thco- 
rems. The three conics S, S+ Καβ, S+ May, us we have just 
shown, all pass through the two points in which the line α cuts 
them. Moreover, the line 8 evidently joins the two remaining 
points in which S cuts S+ haf; the line y joins the two remaining 
points in which Δ cuts S + k'ay; while, for the line joining the two 
remaining points in which S + kaf cuts S+ k'ay, we get, by elim- 
inating between these equations, E — ky —0. Now (Art. 103) 
this last line must pass through the point By. IIence, we have the 
following theorem: 


L Jf three conics have two points common to all, the three lines 
Joining the remaining points common to each two, meet in one point. 


Let us now take the same equations in tangentials. The two 
tangents from a are common to the three conics, the pair from f is 
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common to the first and second, the pair frem y is common to the 
first and third, while the pair common to the second and third 
intersect in the point £3 — k^). But, on the analogy of Art. 105, 
the latter point is on the line 3}. Hence the reciprocal theorem: 


IL. Zr three contes have two tangents common to all, the three points 
in which the remaining tangents common to cach two intersect, lie on 
one right line. 


By comparing the phraseology of I and 11, we see 
that either may be derived from the other by simply 
interchanging the words point and tangent, and point 
and line. In faet, if the reader chooses to push his 
inquiries by consulting other authors upon this subject, 
he will find that the entire process of reetprocation, as 
it is called, may be reduced to the operation of inter- 
changing the terms point and line, chord and tangent, 
cireumseribed and inseribed, locus and envelope, ete. 


258. Geometric meaning of the Reciprocal Re- 
lation.—The process of reciprocation being so mechan- 
ical, the student may very naturally ask how we can be 
certain that reciprocal theorems are any thing more 
than fanciful trifling with words. As a sufficient 
answer to this question, we shall now show that if a 
given theorem is proved of a certain curve, we can 
alwavs generate a second curve from the first, to which 
the reciprocal of the given theorem will surely apply. 
In short, we shall show that the reciprocity which we 
have illustrated is not merely a property of trñinear and 
tangential equations identical in form, but that the curves 
to which such equations belong are reciprocal. 

The truth of this statement will appear in two steps: 
we shall first explain the meaning and establish the 
existence of reciprocal curves: and then prove that the 
tangential equation to a curve fs the trilinear equation 
to its reciprocal. 
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259. Generation of Reciprocal Curves.— Το 
explain this, and establish its possibility, we shall have 
to anticipate a single property of conics. The theorem 
will be proved in its proper place in Part II, but for the 
present the student must take it upon trust. 

Every conic, then, is characterized by the following 
twofold property : 


I. If different chords to a conic be drawn through the 
same point, and tangents to the curve be formed at the 
extremities of cach chord, the intersections of all these pairs 
of tangents will he on the same right linc. 


II. 7f different pairs of tangents be drawn to a conic 
from points lying on the same right line, and chords be 
formed joining the points of contact belonging to each pair, 
all these chords of contact will intersect in the same point. 


From this it appears, that, in relation to any conic, 
there is a certain right line determined by, and there- 
fore corresponding to, any assumed point; and a certain 
point determined by, and therefore corresponding to, 
any assumed right line. This interdependence of points 
and lines is expressed by calling the point the pole of 
the line, and the line the polar of the point. 

If the student will now draw diagrams, forming the 
polar of a point according to I, and the pole of a line 
according to II, he will find that when a point is within 
the conic (a circle will be most convenient for illustration), 
its polar is without; that when the point is without the 
conic, its polar is within, and in fact is the chord of 
contact of the two tangents drawn from the point; that 
when the point is on the conic, its polar is also on -the 
curve — in fact, is the tangent at the point. Conversely, 
if a right line is without a conic, its pole is within; if the 
line is within (that is, if it forms a chord), its pole is 


RECIPROCAL CURVES. 239 


without, and is the intersection of the two tangents 
drawn at the extremities of the chord; if the line is o 
the curve, the pole is the point of contact. Thus, in the 
diagram, P is the pole of LV, 
and LU the polar of P; L is 
the pole of 1’ 7, and 7'7 the 
polar of Z; M is the pole of 
I” T, and T” T the polar of U; 
T is the pole of LT, and LT 
the polar of T: and so on. 
The pole is said to correspond 
to its polar, and reciprocally. 

It is obvious that as the polar changes its position, 
the position of the pole is changed; so that, if the polar 
determine a curve as its envelope, the pole will deter- 
mine another as its locus. Suppose, then, we have any 
curve S, and relate it to the conic + by taking the pole 
with respect to + of any tangent to S: the locus of the 
pole will be a second curve s, which may be called the 
polar curve of S. It is evident that every point of 8 
will correspond to (that is, be the pole of) some tangent 
to S. Therefore, if we take any two points on s. they 
wil at the same time determine a chord of s, and the 
intersection of two tangents to S: that is, every chord 
of s is the polar of the intersection of the two tangents 
to S which are the polars of the extremities of that 
chord. Hence. supposing the points of s to be consecu- 
tive, and the corresponding tangents to Son that account 
to intersect on the curve, we have: Every point of S is 
the pole with respect to S or some tangent to s. That is, 
as s is the locus of the pole of any tangent to S. 50 S is 
the locus of the pole of any tangent to s. Or, in other 
words, a eurve and ils polar with respect to a fixed conie 
Y may be generated cach from the other in exactly the 
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same manner. A curve and its polar are thus seen to 
be reciprocal forms. 

Given, then, any curve whatever, by means of a fixed 
conic δ we can always gencrate a second curve, which 
may properly be called the reciprocal polar of the first. 


260. The tangential equation to a Curve, the 
trilinear equation to its Reciproeal.—This theo- 
rem is clearly true; for the co-ordinates of any tangent 
to S may of course be taken as the co-ordinates of its 
pole, that is, as the co-ordinates of any point on s: 
hence, the equation to the envelope S may be regarded 
as the equation to the locus s. 


261. Since it thus appears that every curve has its 
reciprocal, whose equation is identical with the tangential 
equation to the curve, it follows that all the results obtain- 
able either by mechanical reciprocation or by the double 
interpretation of equations, are real properties of real 
curves. Given, then, any equation in «, f, y, we are not 
only justified in reading it both in trilinears and in tan- 
gentials, but must so read it, if we wish to exhaust its 
geometric meaning. 


Note.—F'rom the relation now established between the curves 
corresponding to the two interpretations of an equation in a, fj, y, 
the method of deriving reciprocal theorems is sometimes called 
the Method of Reciprocal Polars, instead of the Principle of Duality. 
It should be stated, however, that both these terms, as now applied 
to processes purely analytical, are borrowed from the cognate branch 
of pure geometry. ‘They both entered the history of Gcometry as 
titles of purely geometrie processes, and the larger part of their 
remarkable results were established by the aid of the diagram 
alone. From the very process of generating a reciprocal polar, it 
is evident that the Method of Reciprocals contains in itself the 
evidence for the truth of all theorems based upon it, and need not 
invite the aid of analysis. 
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The Principle of Duality, as a purely geometric method, is due 
to the French mathematician GERGONNE; its first presentation in 
the analytic form of an equation with double meaning, was made 
by PrvekEn, in his System der analytischen Geometric, 1885. The 
geometric Method of Reciprocal Polars was the invention of Pox- 
cELET, who presented an account of its elements in Gergonne's 
Annales de Mathématiques, tom. VIII, 1318; and, afterward, an 
extended development of its general theory in Crelle's Journal für 
dic reine und angewandte Mathematik, Bd. 1V, 1529. The latter, 
however, was previously read in 1324 to the Royal Academy of 
Seienees at Paris, and led to a dispute between Poncelet and Ger- 
gonne as to the prior claims of the Principle of Duality. For the 
discussion which ensued, the reader is referred to the Annales, 
tom. XVIII. 

The conie +, upon which the Principle of Duality and 
the Method of Reciprocal Polars as analytic processes 
are based, is called the auviliary conic. It may be any 
fixed conie whatever, but is in practice usually a errele; 
because that curve enjoys certain properties by means 
of which we can reciprocate theorems concerning magni- 
tude as well as those concerning position. The use of a 
parabola for δ has been introduced by CHASLEs, but the 
applications of which his method is capable are compara- 
tively few. 

We shall now demonstrate two or three of the leading 
properties of reciprocals. 


262. Theorem.— Zhe reciprocal of a right line with 
respect to Y is a point; and converselu. 

For the tangential equation of the first degree denotes 
a point. 


263. Theorem.— The reciprocal of a conic with respect 
lo δ is a conie, 

For the trilinear equation to a conic is of the second 
degree, and every equation of the second degree, when 
interpreted in tangentials, denotes a conic. 
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261. Theorem.— The reciprocal of a curve of the n 
order, is a curve of the n' class. 

For the trilinear equation of the m!" degree, when 
interpreted in tangentials, denotes a curve to which n 
tangents can be drawn from a given point. 


265. We add a few exercises upon various subjects 
treated in this Section, premising that the student must 
not suppose them to be adequate illustrations of the scope 
of the tangential method: they are in fact only useful for 
fixing the leading points of the preceding sketch. The 
reader who wishes to see the very remarkable results 
of the principles of Duality and Reciprocal Polars may 
consult, in addition to the works already mentioned, 
Chasles's Trailé de Géométrie Supérieure, Steiner’s 
Entwickelung der  Abhüngigkeit geometrischen Gestalten, 
ele., Booth’s treatise On the Application of a New 
Analytic Method. to the Theory of Curves and Curved 
Surfaces, Salmon's Higher Plane Curves and Geometry 
of Three Dimensions, and Poncelet's Traite des Propriétés 
Projectives. 


EXAMPLES. 


1. Interpret in tangentials the several equations of the example 
in Art. 219. 


2. Write the equations to the points (5, 6), (— 3, 2), (7, 8, — 9). 

3. What is the tangential symbol of the right line passing through 
(2, 3) and (4, 5)? 

4. Form the tangential equation to the circle represented by 


sind , sin B , sind 
5. Interpret the equation aß = ky? both in trilinears and tan- 
gentials. 








6. Show that m?a — 2mky + kB = 0 is the tangential equation to 
any point on the curve αβ = ky’. | 


EXAMPLES IN TANGENTIALS. 248 


7. Find the equation to the reciprocal of the conic represented 
by ΕΕ 
ν΄ {α -- Y m3 +I ny=0. 


S. Find the equation to the envelope of the right line whose 
co-efficients fulfill the condition 


ἑ m n 
ΡΝ μ πρὶ επ 0, 


and the equation to the envelope of one whose co-efficients satisfy 
V/D.-- Y mu 4- Vn» — 0. 
What is the meaning of the results? 
9. Prove that the envelope of the conic represented by 
l m n 
πλ 
in which ὦ m, n are subject to the condition 
Vert 3 um + rn = 0, 
is the right line Aa + u3 + 1) = 0. 


10. Prove that the envelope of the conie 1 (e+ m3 -4- 1/ny — 0, 
whose co-efficients satisfy the relation 


l mMm n 
i Db; 


is the right line λα + 43 3- 1y =Q. 


11. Find the envelope of a right line, the perpendiculars to which 
from two given points contain a constant rectangle. 


15. The vertex of a given angle moves along a fixed right line 
while one side passes through a fixed point: to find the envelope 
of the other aide. 


13. A triangle is inscribed in a conic, and its two sides pass 
through fixed points: to find the envelope of its base. 
14. Prove that if three conics have two points common to all, 


their three reeiproeals will have two tangents eommon to all; and 
conversely. 
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15. Establish the following reciprocal theorems, and determine 
the conditions for the cases noticed under them: 


If two vertices of a triangle 
move along fixed right lines while 
the three sides pass each through 
a fixed point, the locus of tho 
third vertex is a conic. 

But if the points through which 
the sides pass lio on one right line, 
the locus will bo a right line. 


In what other case will the 
locus be a right line? 


If two sides of a trianglo pass 
through fixed points while tho tliree 
vertices move each along a fixed 
right line, the envelope of tho 
third sido is n conic. 

But if the lines on which tho 
vertices move meet in one point, 
the envelope will be a point. 
[Compare Ex. 39, p. 125.] 

In what other case will the 
envelope be a point? [Compare 
Ex. 40, p. 125.] 


PLANE CO-ORDINATES. 


PART II. 
THE PROPERTIES OF CONICS. 


266. The investigations of Part I, have taught us 
the methods of representing geometric forms by analytic 
symbols; and furnished us, in the resulting equations to 
curves of the First and Second orders, with the necessary 
instruments for discussing those curves. We now proceed 
to apply our instruments to the determination of the 
properties of the several conics. We shall adhere to 
the order of Part I, considering first the several vari- 
eties in succession, and then, by way of illustrating the 
method of investigating the common properties of a 
whole order of curves. determining those of the Conic 
in General. 


CHAPTER FIRST. 
THE RIGHT LINE. 


267. Under this head, we only purpose developing 
a few properties, noticeable either on account of their 
usefulness or their relations to the new or to the higher 


geometry. 
(240) 
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268. Area of a Triangle in terms of its Ver- 
tices. —Ihet the vertices be 
LY yy Loy XY, represented in 
the diagram by A, B, C. It 
is obvious that for the re- 
quired area we have 





ABC=ALMB+ BMNC—CALN; 
that is, 


T—3$ (22) (Yr Ys) ας ών Γή) — (025) (sd-3)]) 3 


or, 
2 T = y, (£12) + Y: (02) + Ys (Tz). 


Remark.—This expression for the double area of the 
triangle is identical with that which in Art. 112 is 
equated to zero as the condition that three points may 
lie on one right line. We thus discover the latter con- 
dition to be simply the algebraic statement, that, when 
three points lie on one right line, the triangle which they 


determine vanishes: which obviously accords with the 
fact. 


269. Area of a Triangle in terms of its inclos- 
ing Lines.—Let the three lines be Ar + By + C— 0, 
Απ. ΡΒ + C' —0, Avv+ Bly + C" — 0. Their in- 
tersections will [τοι the vertices of the triangle; hence, 
substituting for z,yi, 2,35, Tz, in the preceding formula, 
according to Art. 106, we obtain 





9T.— CA eH = ("^ BHY B’Cc —B C”) 
Γη ee A’ B 1’ B" — A” B’ ^. A" B | B" | 
τ, - 
A' D" — A" ΑΒ SA B" A BÀ = AB 
qued UU nona ag T 
4A"B —A BIAR —A’B A BY’ -- AUB 
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Now if we reduce each of the sets of fractions inside the 
braces to a common denominator, the three new numera- 
tors will be respectively 


Bs P (UES ecc C^ d no) +B ο aa ο a) + B’’( rs A—C A^)1, 

B ΙΙ (Án απο ία : l^) +B (Ud sx 4) --Β’(Ο” A—C A^)! 

B’ { B( Baka jq A’) = B'i (d Cur A) + BY C^ A—CA’)}. 
Hence, the final expression for the required area may be 
written 


| B(C" A^— C/A) -B/(CA"—C" A) + BCA CY, 


οΤ-- a 
(LB — A' B) (A^ B".— A" B^) (AB/—A" B) 





Remark.— The numerator of this expression may be 
otherwise written 


! A" BC! B'C) + B'(CA'—C' A) + C"(AB'—A' BV 


so that (Art. 113), if the three lines pass through the 
same point, 27' vanishes. On the other hand, the 
expression for 27' becomes infinite (Art. 96, Cor. 2) 
whenever any two of the lines are parallel. In both 
respects, then, the formula accords with the facts. 


270. Ratio in which the Distance between 
Two Points is divided by a Given Line.— Let 
m:n be the ratio sought, and tpa. ry, the given points. 
The co-ordinates of division (Art. 52) will then be 


Mey nmn my. + ny 
pears xam t AU E 4 SS Sets Riche ae ee ee υ 
m--n : m --- λὶ 
But these must of course satisfy the equation to the given 
line; hence, 
A (mna, + αι) + B (my, + ny) + C (m 4 πὴ — 0. 


m Ar, + By + E 
n - Aa, + By. + C 
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Corollary.—If the given line passed through two fixed 
points x,y; and xy, we should have (Art. 95, Cor. 1) 


es (Ys χι) quc Ls) YT 339. — Yuh 
". (Ys — Yi) Bp — (35 — αι) Yo F 2. — Yoh,’ 


as the ratio in which the distance between two fixed poinis 
is divided by the line joining two others. 


TRANSVERSALS. 


241. Definition. A Transversal of any P of 
limes 1s à line which crosses all 
the members of the system. 

Thus, LMN is a transversal 
of the three sides AB, BC, CA 
in the triangle ABC. 





272. Theorem.—4n any triangle, the compound ratio 
of the segments cut off upon the three sides by any trans- 
versal is equal to — 1. 

In the above diagram, let the vertices A, B, C be 
represented by σι, ο, z4/;, and the transversal LN 
by Az + By +C=0. Then (Art. 270) 


AL LB οτε (Az 4- By,+ C') : (Ax.+ Bys4- C), 
Baf ; MC ERES (Axr Byt C) ; (Axs+ Bys+ C), 
εν I ipe By ο. 


Multiplying these equations member by member, we 
obtain the proposition. 


273. Theorem.—In any triangle, the compound ratio 
of the segments cut off upon the three sides by any three 
convergents that pass through the vertices is equal to + 1. 

For, if the point of convergency be O, represented 
by x,y, while the vertices are denoted as in the preceding 


THREE CONVERGENTS. 2416 


article, we shall have (Art. 270, Cor.), after merely re- 
arranging the terms, 


AP a ο h Haly) Htl Any) 
BR Ayy Hayen) H rly.) 
QC α(ι--μ)Ε-ο{γι--γι)ἠ-α(υι--ψι)᾽ 
CR x (Y TARAN AA A a, A . 
Rå x “a Ya—Y) Hara Yer =y) H z(—3:) ' 





and the product of these equations is the algebraic 
expression of the theorem. 

We shall next give some illustrations of the uses of 
abridged notation, as applied to rectilinear figures and 
to right lines in general. 


TRIPLE CONVERGENTS IN A TRIANGLE. 
274. Theorem.— The three bisectors of the internal 


angles of a triangle meet in one point. 

For their equations are a—s=0, 3—y=0, y—a=0; 
and (Art. 114) these vanish ον when added 
together. 


275. Theorem.— The bisectors of any two external 
angles of a triangl, and the bisector of the remaining 
internal angle, meet in one point. 

For their equations are a—3=0, 3-Ἴ-γ--0, y—a=0, 
ete. But (Art. 108) ;—a is a line passing through the 
intersection of a+ and 5--γ. 





276. Theorem.— The three lines which join the vertices 
of a triangle to the middle points of the opposite sides meet 
in one point. 

For (Ex. 2, p. 221) their equations are respectively 
asin.1—jsnb=0, 3sinB—y sin C—0, ysin C—a sin.4—0, 
and therefore vanish identically when added together. 
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2/747. Theorem.— The three perpendiculars let fall from 
the verlices of a triangle upon the opposite sides meet in 
one point. 

For (Ex. 9, p. 221) the corresponding equations are 


acosA—jcosB=0, B cos.B—7 cos C—90, y cos C—a cos A—0. 


278. Theorem.— The three perpendiculars erected at the 
middle points of the sides of a triangle meet in one point. 
For (Ex. 4, p. 221) we have found their equations 


to be 
asin A — B sin B+ y sin(.A— B) — 0, 
B sin B — ysin C+ asin (B— C) —0, 
y sin C —asin A + B sin( C—4À) —0; 


and, if we multiply these by sin?C; sin? A, sin?D respect- 
ively, we shall cause them to vanish identically. (See 


Trig., 850, Ex. 2.) 


HOMOLOGOUS TRIANGLES. 


279. Definitions.—T wo triangles, the intersections of 
whose sides taken two and two lie on one right line, are 
said to be homologous. 

The line on which the 
three intersections lie is 
called the axis of homology. 
Any two sides that form 
one of the three intersec- 
tions are termed corre- 
sponding sides; and the 
angles opposite to them, 
corresponding angles. 

Thus, in the diagram, the triangles ABC, A'B'C" are 
homologous with respect to the axis LMN. AB, A'D’; 
BC, B'C'; CA, 6’ A' are the corresponding sides; and 
A, A’; B, B'; C, C', the corresponding angles. 
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280. Theorem.—4n any two homologous triangles, the 
right lines joining the corresponding vertices meet in one 
point. 

Let a, B, y be the sides of «{ BC, and take the latter 
for the triangle of reference; the equation to the axis 
LN may then be written la+mP-+ny=0. Suppose 
the Cartesian origin to be somewhere between the tri- 
angles, and (Art. 108, Cor. 2) the equations to A’B’, 
B'C’, C'A’, which pass through the intersections of 
a, β, y with the axis, will be 


(C—)a+ms+ny=0, la+(m—m’)3+ny=0, lat+tm3+(n—n’)y=0. 


Subtracting the second of these from the first, the third 
from the second, and the first from the third, we get 


l'ü — m'3—0, m8 --ΥΞ0, wy —Va=0. 
But these equations (Art. 107) evidently denote the lines 
BB’, CC", AA’; and they vanish identically, when added 
together. 
Remark.—The point in which the lines joining the 


corresponding vertices meet, is called the center of 
homology. 


2581. Theorem.—4f the lines joining the corresponding 
vertices of two triangles meet in one point, the intersections 
of the corresponding sides lie on one right line. 

This theorem, the converse of the preceding, is ob- 
tained at once bv merely interpreting the equations of 
the foregoing article in tangentials. We leave the student 
to carry out the details. 


COMPLETE QUADRILATERALS. 


282. Definitions—A Complete Quadrilateral is 
the ficure formed by any four right lines intersecting in 
six points. 
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The three remaining right lines by 
which the six points of intersection 
can be joined two and two, are called 
the diagonals of the quadrilateral. 

Thus, ABCDEF is the complete 
quadrilateral of the four lines AB, 
BE, EF, FA, which meet in the six 
points B, E, F, A, C, D. AE, BF are 
the two inner diagonals, and CD is the outer one, some- 
times called the third. 





283. Theorem.—ln any complete quadrilateral, the 
middle points of the three diagonals lie on one right line. 
Let o, D, y, 6 be the equations to the four sides of the 
quadrilateral, and let the respective lengths of BE, EF, 
FA, AB equal a,b,c,d. Then L, M, N being the middle 
points of the three diagonals, we have the following equa- 
tions to the lines drawn from the vertices to the middle 
points of the bases of the triangles ABH, EFA, ABF, 
LEB: 
ἆδ-- ααΞ-θ (BL), bg —ey—0 (FL); 
cy —dd=0 (AM), au — bh —0 (EM). 


Hence, L and M both lie upon the line 
aa — bf) + cy — dà —0 (1), 


as this obviously passes through the intersection of 
(BL, FL), and of (AM, EM). If we now put Q = the 
double area of AB EF, we shall have 


aa + bf + ey + dô = Q, 
and thence 
au — bh +cey— dò = 2 (aa + cr) — ὦ, 
aa — bf + ey — dà — — 2 (bR + do) + Q. 


ANHARMONIGCS. 253 


Therefore (Art. 229) the line (1) is parallel to the two 
lines aa + ey and b3 + dd, and midway between them. 
It accordingly bisects the distance between γα (which is 
a point on the first) and 30 (which is a point on the 
second). That is, .V lies on (1): which proves our 
proposition. * 


THE ANHARMONIC RATIO. 


281. Definition. —À Linear Pencil is a group of 
four right lines radiating from one 
point. 


Thus, OA, OQ, OD, OP constitute 


a linear pencil. 





285. Theorem.—/f a linear pencil 
is cut by any transversal in four points 
A. Q, B, P, the ratio AP.QB: AQ.PB is constant. 

For, putting p = the perpendicular from O upon the 
transversal, we have p..1P = OA.OP sin AOP: p.QB = 
OB.OQsinQO B; p. AQ —0OA.0Q sin 4009: and p.PB = 
OB.OPsin POB: whence | 

`F. QB= 0A.0B.OP.OQsin AOPsin QOB, 

p.dAQPB = 04.0B.OP.OQ sin 40Qsin POB. 
AP.QB  sin4OPsin QOB 
AQPB sin 1OQsin POB ` 


a value which is independent of the position of the 
transversal. 


Remark.—The constant ratio just established is called 
the anharmonic ratio of the pencil. By reasoning sim- 


ilr to that just used, it may be shown that the ratios 
AP.QB : AB.QP and AB.QP : AQ. BP are also con- 


— 


* See Salmon's Conte Sections, Ex. ὃ, p. 64. 
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stant. To these, accordingly, the term anharmonic is at 
times applied; but it is generally reserved for the par- 
ticular ratio to which we have assigned it, and we shall 
always intend that ratio when we use it hereafter. 

Note.—The Anharmonic Ratio has an important place in the 
Modern Geometry, especially in connection with the doctrine of the 
Conic. Its existence, however, has been known since the time of 
the Alexandrian geometer Parpus, who gives the property in his 
Mathematice Collectiones, Book VII, 129, and who probably belongs 
to the fourth century. The name anharmonic was given by Cuastes, 
But the bearing of the ratio upon the new geometry had been pre- 
viously investigated by Monius, who called it the Ratio of Double 
Section (Doppelschnittsverhültniss). 


286. Definition—An Warmoniec Proportion sub- 
sists between three quantities, when the first 18 to the 
third as the difference between the first and second is to 
the difference between the second and third. 

Thus, if the pencil in the above diagram cut the trans- 
versal so as to make AP: AQ :: AP—AB: AB— AQ, 
the whole line AP would be in harmonic proportion with 
its segments AB and AQ. 


Corollary.—A line is divided harmonically, when it is 
cut into three segments such that the whole is to either 
extreme as the other extreme is to the mean. For the 
proportion given above may obviously be written 


AP: AQ:: BP: BY. 


287. Definitions—An Harmonie Pencil is one 
which cuts its transversals harmonically. 

I. From the final equation of Art. 285, it is evident 
that when the anharmonic ratio of a pencil is numerically 
equal to 1, the pencil is harmonic. 

II. The four points in which a line is cut by an har- 
monic pencil, are called harmonie points. 
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III. Linear pencils are in general termed anharmonic, 
because they do not in general cut off harmonic segments 
from their transversals. 

2SS. Theorem.— The anharmonie of the pencil formed 
by the four lines a, d, a + k3. a + K'B is equal to k: K. 

Let OL be the position of a, 
OB of 3, OP of a+ k3. and OQ of 
a+ k'3. Then, k being the ratio of 
the perpendiculars from OP upon 
Od. OB, and k’ the ratio of those 
from OQ on the same lines, we shall 
have k=sin 1OP: sin POB, and k’=sin AOQ : sinQOB. 


Hence, k - sin AOP sin QOB | 
E sin AOQ sin POB ` 


which (Art. 285) proves the proposition. 





Corollary.—If k’ = — k,the anharmonic of the pencil 
becomes numerically equal to 1. Hence (Art. 237, I) 
the important property: Zhe four lines a, 3. a+ kj, 
a — kj form an harmonie pencil. 

Also, by the analogy of tangentials: Zhe four points 
α. d, a + Αρ. a — k3 are harmonic. 


289. Theorem.— The anharmonic of any four lines 
a+ k3, a+ l3, a+ m3 a+ n3 is equal to 

(n — k) (m —1) 

(2 — m) (tl — k) 

Let O4, OB represent the lines 

a and 2. and OA. OL, OM, ON the 

four lines a-- 13. a+l 3, u—m 3, a nj. 

Then, if rs be anv transversal, the 

anharmonic of the four given lines 

wil be au.eo: ae.ou; or, what 


amounts to the same thing, it vill be 
An. Ge "n 
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(ru—ra) (ro —re) : (re—ra) (ru—ro). Now, taking the 
lengths of the perpendiculars from a, e, o, wù upon a, both 
trigonometrically and from the equations to the given 
lines, we obtain 


ru = — np cosec Ors, ra — — kh cosec Ors, 


ro —=—m3 cosec Ors, re — — lp cosec Ors. 


Substituting these values in the ratio last written, and 
recollecting that, since the anharmonic is independent 
of the position of the transversal, we may take rs parallel 
to the line β, and thus render the perpendicular f a 
constant, we find after reductions 


gc (n — k) (m — 1) 
= (n — m) (L— k) 

Remark.—The student can easily convince himself 
that the harmonic and anharmonic properties above 
obtained are true for lines whose equations are of the 


more general form L =0, M = 0, L + kM =Q, ete. 


290. Theorem.— If there be two systems of right lines, 
each radiating from a fixed point, and 1f the several mem- 
bers of the one be similarly situated with those of the other 
in regard to any two lines of the respective groups, then 
will the anharmonic of any pencil in the first system be 
equal to that of the pencil formed by the four correspond- 
ing lines of the second. 


For, in such a case, the two reference-lines of the 
first group being L — 0, L/ = 0, and those of the second 
Ἴ---θ, M'—0, the corresponding pencils will be (L-+-kL’, 
LIL’, L --- mL, L -4- nl’) and (M 1-7’, M 4-UM', 
M+mM’', M--nM^. Hence, the theorem follows 
directly from the result of Art. 289. 
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291. Definition —Systems of lines whose correspond- 
ing pencils have equal anharmonics are called homographic 
systems. 

Thus, in the diagram of Art. 289, the two systems 
(O4, OR, OL, OM, ON, OB) and (O'A, O'K', ΟἽ, 
O' M', O'.N'. O' B) are intended to represent a particular 
case of homographies. 


292. In the examples which follow, some are best 
adapted for solution by the old notation, and others by 
the abridged. We have room for only a few of the 
manifold properties of the Right Line. 


EXAMPLES. 


1. If from the vertices of any triangle any three convergents be 
drawn, and the points in which these meet the opposite sides be 
joined two and two by three right lines, the points in which the 
latter eut the sides again will lie on one right line. 


2. Any side of a triangle is divided harmonically by one of the 
three convergents mentioned in Ex. 1, and the line joining the feet 
of the other two. 


9. In the figure drawn for the two preceding examples, deter- 
mine by tangentials all the points that are harmonie. 


4. In any triangle, the two sides, the line drawn from the vertex 
to the middle of the base, and the parallel to the base through the 
vertex, form an harmonie pencil. 


9. The intersection of the three perpendiculars to the sides of a 
triangle, the intersection of the three lines drawn from the vertiees 
to the middle points of the sides. and the center of the circum- 
scribed circle, lie on one right line. 

6. APB, CQD are two parallels, and 1P: PB:: DQ: QC: to 
prove that the three right lines 4D. PQ, BC are convergent. 


1. From three points .1, B, D. in a right line ABCD. three con- 
vergents are drawn to a point P; and through C is drawn a right 
line parallel to AF. meeting PB in E and PD in F: to prove that 


ADBC: AB.CD:: EC: CF 
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8. The six bisectors of the angles of any triangle intersect in 
only four points besides the vertices. 

9. If through the vertices of any triangle lines be drawn parallel 
to the opposite sides, the right lines which join their intersections 
to the three given vertices will meet in one point. [Use both notations 
in succession. | 


10. If through the vertices of any triangle there be drawn any 
three convergents whatever, to prove that these three lines and the 
three sides of the triangle may be respectively represented by the 
equations 

yv—w=0, w—u=0, u—v-—0, 
vtw=dA wtu=A utv=aA, 


11. IFOAA" A", OBB’B” are two right lines harmonically 
divided, the former in A and A’, the latter in B and Β΄’, the lines 
AB, A" B^, A" B" either meet in one point or are parallel. 


12. If on the three sides of a triangle, taken in turn as diagonals, 
there be constructed parallelograms whose sides are parallel to two 
fixed right lines, the three remaining diagonals of the parallelograms 
will meet in one point. 

13. The three external bisectors of the angles of any triangle 
meet the opposite sides in three points which lie on one right line, 


14. If three right lines drawn from the vertices of any triangle 
meet in one point, their respective parallels drawn through the 
middle of the opposite sides also mect in one point. 


15. In every quadrilateral, the three lines which join the middle 
points of the opposite sides and the middle points of the diagonals, 
meet in one point. 


16. If the four inner angles A,B, ΕΙ) of a complete quadrilateral 
(see diagram, Art. 219) are bisected by four right lines, the diago- 
nals of the quadrilateral formed by these bisectors will pass through 
the two outer vertices of the complete one, namely, one through C 
and the other through D. 

17. Let the two inner diagonals of any complete quadrilateral 
(same diagram) intersect in O: the diagonals of the two quadri- 
laterals into which either CO or DO divides ABEF, intersect in 
two points which lie on one right line with O. 


18. In any complete quadrilateral, any two opposite sides form 


an harmonie pencil with the outer diagonal and the line joining 
their intersection to that of the two inner diagonals. 
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19. Also, the two inner diagonals are harmonically conjugate to 
the two lines which join their intersection to the two outer vertices. 


20. Also, two adjacent sides are harmonically conjugate to their 
inner diagonal and the line joining their intersection to that of the 
outer diagonal and the remaining inner one; etc. 


CHAPTER SECOND. 


THE CIRCLE. 


295. Before attempting the discussion of the three 
Conics strictly so called, it will be advantageous to 
illustrate the analytic method by applying it to that 
case of the Elhpse with whose properties the reader 
is already familiar from his studies in pure geometry: 
we mean, of course, the Circle. As we proceed in this 
application, we shall be enabled to define those elements 
of curves in general. which constitute at once the leading 
objects and principal aids of geometric analysis. 


THE AXIS OF X. 


2941. The rectangular equation to the Circle referred 
to its center (Art. 136) is 


rt far. 


If we solve this for y. we obtain 
y=V (r+r) ir—2).. But, from x 
the diagram, r + t = 4. and 
r— r= MB: and we have the 
well-known property of Geom., ly: 
925, 

The ordinate to any diameter of a circle is a mean 
proportional between the corresponding segments. 
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295. If we eliminate between the equation to a circle 
27 + y =r" and that of any right line y — mr + b by 
substituting for y in the former from the latter, we 
shall obtain, as determining the abscissas of intersection 
between a right line and a circle, the quadratic 


(l-F n?)2? + 2mb.z + 0 — r* = 0. 


Now the roots of this quadratic are real and unequal, 
equal, or imaginary, according as (1 + m?)r? is greater 
than, equal to, or less than ò. Hence, when the first of 
these conditions occurs, the right line will meet the circle 
in two real and different points; when the second, in two 
coincident points ; when the third, in two imaginary points. 
Adhering, then, to the distinction between these three 
classes of points, we may assert, with full generality, 

Every right line meets a circle in two points, real, coin- 
cident, or imaginary. 


296. It is so important that the distinction just 
alluded to shall be exactly understood in our future 
investigations, that we consider it worth while to 
illustrate it somewhat more at length. 


I. The conception of two real points, situated at a 
finite distance from each other, is of course already clear 
to the student. We therefore merely add, that such points 
are sometimes called discrete, or discontinuous points. 


II. The conception of coincident, or, as they are more 
significantly called, consecutive points, is peculiar to the 
analytic method. The most general definition of con- 
secutive points is, that they are points whose distance from 
each other is infinitely small. It may aid in rendering this 
definition clear, to think of two points which are drawing 
closer and closer together, which tend to meet but not 
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fo pass each other, and whose mutual approach is never 
for an instant interrupted. The distance between two 
such points is evidently less than any assignable quantity ; 
for however small a distance we may assign as the true 
one, the points will have drawn nearer together in the 
very instant in which we assign it: so that their distance 
eludes all attempts at finite statement, and can only be 
represented by the phrase infinitely small. 

The geometric meaning of this analytic conception 
varies with its different applications. Thus, it may sig- 
nify exactly the same thing as the single point which, in 
the language of pure geometry, is common to a curve 
and its tangent. For since the distance between con- 
secutive points is infinitely small; that is, so small that 
we can not assign a value too small for it; we may 
assign the value 0, and take the points as absolutely 
coincident. It is in this aspect, mainly, that we shall 
use the conception in our future inquiries. Hence, as 
from the infinite series of continuous values which the 
distance between two consecutive points must have, we 
thus select the one corresponding to the moment of 
coincidence, we have preferred to designate the concep- 
tion by the equivalent and for us more pertinent phrase 
coincident points. 

The student should be sure that he always thinks of 
the distance between coincident points as a true infinit- 
esimal. The error into which the beginner almost always 
falls is, to think of a very small, instead of an infinitely 
small, distance. He thus confounds with two consecutive 
points, two discrete ones extremely close together, between 
which there is of course a finife distance. "The conse- 
quence is, that he finds in such a distance, however small, 
an infinite number of points lying between his supposed 
consecutives, and fancies that all the arguments based 


202 ANALYTIC GEOMETRY. 


on the conception of consecutiveness are fallacious. 
Whereas, if he excludes from his thoughts, as he should, 
all points separated by any finite distance however small, 
he will have points absolutely conseculive, in the only 
sense that mature reflection attaches to that term. 


ILI. The phrase imaginary points is also peculiar to 
analytic investigation. It really means, when translated 
into the language of pure geometry, that the correspond- 
ing points not only do not exist, bul are impossible. But, as 
we have mentioned once before, the expression, together 
with the accessories which serve to carry out its use, is 
found to be of real value in developing certain remote 
analogies in the properties of curves. We shall therefore 
retain it, only cautioning the student not to be misled 
by a false interpretation of it. 


297. Definition. — A Chord of any curve is any right 
line that meets it in two points. 


298. Equation to a Circular Chord.—Let the 
equation to the given circle be 2° -+ y? =r’. Since 
the chord passes through two points of the curve, its 
equation (Art. 95) will be of the form 


eer 
σ 


r— zx! 





Hum a” 


mer 


in which 2^y', x”y”, since they both lie upon the circle, 


are subject to the condition 
27 + y =r r yf”, 
Hence, z'^ — x”? = y^? — y”; and we obtain 


ψ''-- y! x! ae all 
z'"— x pe yl ΞΕ y" 3 
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Therefore the required equation to a chord is 


y — y DT 
PPM 1' — y Ty" 


in which ο), xy” are the points in which the chord 
euts the cirele. 


Corollary.— Dv a course of analysis exactly similar to 
that just used, we find the equation to any chord of the 
cirele (e — gF + (y — TY = ^, namely, 


yy w+ Ὁ — 2g 
r— v Τι — oF 


n n 


in which z'y', ου” are the intersections of the circle 
with its chord, and gf is its center. 


DIAMETERS. 


299. Definition—A Diameter of any curve is the 
locus of the middle points of parallel chords. 


300. Equation to a Circular Diameter.—To 
find this, we must form the equation to the locus of 
the middle points of parallel chords in a circle. Let 
ἂν y be the co-ordinates of any middle point: the 
formula for the length of the chord from zy to the 
point ay’ of the curve (Art. 102) gives us either 


p Ξξαο-- el or y! — y 4- sl. 


But since zy’ is a point on the circle 2” — jy —». we 
have 
(r + elY + qr sy = 7°: 


or. remembering that à — c == 1, we get. for determining 
the distance 7 of the point zy from the circle, the quadratic 


P+ 2 ert sy)U Q8 £670) -— 0. 
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Now, as zy is the middle point of a chord, the two values 
of l in this quadratic must be numerically equal with 
contrary signs. Hence, (Alg., 234, Prop. 3d,) the co- 
efficient of | must vanish, and we get 


ex + sy = 0. 


But, in the present inquiry, s and ο are the sine and 
cosine of the angle which a chord through zy makes 
with the axis of x; and as this angle is the same for 
all parallel chords, the equation 


ez--sy-—0 


is a constant relation between the co-ordinates of the 
middle points of a series of parallel chords. That is, 
it is the required equation to any diameter of the 
circle. 


$01. If Ρο the inclination of a series of parallel 
chords to the axis of r, the equation just obtained may 
be written y — —zcot0. Hence, (Arts. 63; 96, Cor. 3,) 
we have the familiar property, 

Every diameter of a circle passes through the center, 
and 1s perpendicular to the chords which it bisects. 


Corollary.—F'rom this we immediately obtain the im- 
portant principle: Jf a diameter bisects chords parallel to 
a second, the second bisects those parallel to the first. 


202. Definition.—Dy Conjugate Diameters of a 
curve, we mean two diameters so related that each bisects 
chords parallel to the other. 


303. We have seen (Art. 301) that the equation to 
any diameter of a circle may be written y = — 2 cot 0, 
in which expression @ is the inclination of the chords 
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which the diameter bisects. Hence, by the preceding 
definition, the equation to its conjugate will be 


y = x tan ϐ (1). 


But, putting @’ = the inclination of the chords bisected 
by this conjugate, its equation will take the form 


y — — reot 0' ο 


Therefore, as the condition that two diameters of a circle 
may be conjugate. we have, since (1) and (2) are only 
different forms of the same equation, 


tan ϱ tan 0' =— 1 (9): 


in which @ and 0' max be taken as the inclinations of the 
two diameters (since these are each perpendicular to the 
chords which they biseet), and we learn (Art. 96, Cor. ὃ 
that 

The conjugate diameters of any circle are all at right 
angles to each other. 


THE TANGENT. 


304. Definition—A Tangent of any curve is a chord 
which meets it in two coincident 
points. 

In applying this definition, the 
student must keep in mind the 
principles of Art. 296. II. The 
annexed diagram will aid him in 
apprehending the definition cor- 
rectly, Let P'P" be any chord 
passing through the two distinet points P’ and P”, 
and let PT be a tangent parallel to P'P". Suppose 
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P P” to move parallel to itself until it coincides with 
PT. It is evident that as P'P" advances toward PT, 
the points P’ and P” will move along the curve toward 
each other, and that when P’P” at length coincides with 
PT, they will become coincident in P, which is called the 
point of contact. We shall often allude to the position 
of the two coincident points through which a tangent 
passes, by the term contact alone. 


305. Equation to a Tangent of a Circle.—Let 
the given circle be represented by αὖ + y? = 7°. Then, 
to obtain the required equation, we have only to suppose, 
in the equation to any chord (Art. 298), that the co-ordi- 
nates 2’ and x”, y' and y”, become identical. Making this 
supposition, reducing, and recollecting that z? + y” =1, 
we obtain 

ον ey ET 


in which z'y' is the point of contact. 


Corollary.— To obtain the equation to a tangent of 
the circle (x — ο)" -+ (y —fY =r”, which differs from 
α΄ -+ 1 Ξ- 2 only in having the origin removed to the 
point (— g, — f), we simply transform the expression 
just found to parallel axes passing through the last- 
named point, by replacing x and y, 2’ and y', by s — g, 
y — f, z' — g, y' — f. We thus get 


egy rco fest 


We may also obtain this less directly, by applying the 
condition for coincidence to the equation in the corollary 


to Art. 298. 


206. Condition that a right line shall touch a 
Circle.—ln order that the line y = mz + b may touch 
the circle z?-+ j^ — r?, it must intersect the latter in two 
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coincident points; that is, the co-ordinates of its two in- 
tersections with the circle must become identical. Hence, 
the required condition will be found by eliminating between 
y — mz +b and 2+ y? — r^, and forming the condition 
that the resulting equation may have equal roots. 

The resultant of this elimination is the quadratic 


(1 -- ην x? + 2mb.r-- (b — 17) —9; 


and (see third equation of Art. 127, ef seg.) the condition 
that this may have equal roots is 


mb? = (14+ n?) (B —57) ». b—vrY 1 e në. 


Corollary.— Hence, every line whose equation is of the 
form 
y =mi --- Υ 1: itn’, 


touches the circle x? -+ y7 = 1°. This equation belongs to 
a group of analogous expressions for the tangents of the 
several Conies; and, on account of its great usefulness, 
especially in problems where the point of contact is not 
involved, is called the -Magieal Equation to the Tangent. 


S07. Auxiliary Angle.—In problems that concern the in- 
tersection of lines with a cirele, it is often advantageous to express 
the co-ordinates of the point on the curve in terms of the angle which 
the radius drawn to such point makes with the axisofz. By so doing, 
we obtain formule involving only one variable. 

Thus, if &^ = the angle POM, it is evi- 
dent that we shall have, for the co-ordi- 
nates of any point 7", 


r'—rceos(^,  y/—rsin. 





In this notation, the equation to any 
chord P P” becomes (see Art. 293) 


z cos $ (0^ 1-0’) + y sin ἐ (67+) = reos 4 (7—0): 
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in which θ΄ = the angle POM, and 6" = the angle P”OM’. 
Hence, the corresponding equation to any tangent is 


2 cos 0^ + y sinë =r. 


This may also be obtained by substituting directly in the equation 
of Art. 305; and it expresses (Art. 80, Cor.) the well-known property, 
that the tangent to a circle is perpendicular to the radius at contact. 


208. To draw a Tangent to a Circle from a 
Fixed Point.—This problem, so far as it belongs to 
analytic investigation, requires us to find the point of 
contact corresponding to the tangent which passes 
through the arbitrary point ση’. 

Let z"y" be the unknown point of contact. The 
equation to the tangent is then (Art. 305) 


gla + yy Ld 
But, since this tangent is drawn through z'y', we have 
v" x! + yy! --- y? (1). 
Moreover, since z”y” is upon the circle, 
gP py my (2). 


Solving for z” and y” between (1) and (2), we get the 
co-ordinates of the point of contact, namely, 


wet "i TAYA "T TLy)—r M ry cra! V " +y?—r 


3 9 2 4 F 
12 -+ y" 172 + y^ 


Corollary.— Hence, through any fixed point there can 
be drawn two tangents to a given circle, real, coincident, 
or imaginary. eal, when x°? + y"? >r”; that is, when 
zy is outside the circle. Imaginary, when z^ + y? <r’; 
that is, when z'y' is wilhin the circle. Coincident, when 
2 + y? =r; that is, when z'y' is on the circle. 
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309. Length of the Tangent from any point 
to a Cirele.—Let xy be any point in the plane of a 
circle whose center is the point gf. Then (Art. 51, 
I, Cor. 1) for the square of the distance between zy 
and gf, we have 

= (r—g) + (—7Y. 
Putting ¢ — the required length of the tangent, we get 


(since the tangent is perpendicular to the radius at 
contact) £ = ò — r^. That is, 

ο το κατ 
From this we learn that if the co-ordinates x and τ of 
any point be substituted in the equation to any cirele, the 


result will be the square of the length of the tangent drawn 
from that point to the circle. 


Remark.—We have shown (Art. 142) that the general 

equation 
A (28 ry) T 2Gr4+2Fy +C=0 

is equivalent to (x — gY + (y —f£y —r. provided we 
take out 4 as a common factor. Hence, the property 
just proved applies to every equation denoting a circle, 
provided it be reduced to the form in question by the 
proper division. If, then, we write S as a convenient 
abbreviation for the left member of the equation to a 
circle, in which the common co-efficient of 2° and y? is 
unity. we get 


Corollary.— The square of the length. of the tangent 
from the origin of the circle. 


A (8 y + 2Gr 2Fy + C=0, 


is equal to C: 14: that is. to the quotient of the absolute 
term by the common co-efficient of 2° and y. 
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$10. Definition.—The Subtangent of a curve, with 
respect to any axis of x, is the portion of that axis inter- 
cepted between the foot * of the tangent and that of the 
ordinate of contact. 

Thus, if OT is consid- πο Ῥ 
ered the axis of 2, MT is A PR. 
the subtangent correspond- me, 
ing to PT of the inner V —9| 6M] ^ 
curve, and to P'T of the 
outer. 


Sll. Subtangent of the Cirele.—To obtain the 
length of this, we find the intercept OT, cut off from the 
axis of x by the tangent, and subtract from it the abscissa 
of contact OM. The equation to the tangent being 


22: -+ yy — 1^, 
to find the intercept on the axis of x, we make y = 0, and 
take the corresponding value of z. Thus, 





«2 


a! 
Hence, for the subtangent MT, we have 


«2... l2 
subtan — : = 
2 
That is, Any subtangent of a circle is a fourth proportional 
to the abscissa of contact and the two segments into which 


the ordinate of contact divides the corresponding diameter. 


THE NORMAL. 


$12. Definition.—The Normal of a curve is the 
right line perpendicular to a tangent at the point of 
contact. 

* The point in which a line meets the axis of x is termed the foot of the 


line. Similarly, the point where a line meets any other is sometimes 
called its foot. 
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O13. Equation to a Normal of a Cirecle.—Since 
the normal is perpendicular to the line z'z + 3y —*?, and 
passes through the point of contact αγ’, its equation (Art. 
108, Cor. 1) is 
y—y =f (r — 27); 
or, after reduction, 

y'z — aly = 0. 

The form of this expression (Art. 95, Cor. 2) shows 
that every normal of a circle passes through the center : — 
a property which we might have gathered at once from 


the definition. 


$14. Definition.— The portion of the normal included 
between the point of contact and the axis on which the cor- 
responding subtangent is measured, is called the length of 
the normal. For example, P'O in the diagram of Art. 310. 
From the result of Art. 318, it follows that the length of 
the normal in any circle is constant, and equal to the radius. 


315. Definition.—The Subnormal of a curve, with 
respect to any axis of x, is the portion of that axis inter- 
cepted between the foot of the normal and that of the 
corresponding ordinate of contact. 

Thus, in the diagram of Art. 310, OM is the subnormal 
corresponding to the point P. 

Hence, for the Circle, we have 

subnor = 2’. 


That is, Any subnormal of a circle is equal to the corre- 
sponding abscissa of contact. 


SUPPLEMENTAL CHORDS. 


316. Definition—By Supplemental Chords of a 
circle, we mean two chords passing respectively through 
the extremities of a diameter, and intersecting on the curve. 

An. Ge. 26. 
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Thus, AP, BP are supplemental 


chords of the circle whose center is O — 7 

and whose radius is OA. f TA 
317. Condition that Chords of a 

Circle be Supplemental.—Take for 

the axis of z the diameter through whose 

extremities the chords pass, and for the axis of y a 

second diameter perpendicular to the first. Let 9 = 

the inclination of one chord, say of AP, and φ’ = that 

of the other, say of BP. "Then, as the two chords pass 

through the opposite extremities of the same diameter, 

their equations (Art. 101, Cor. 1) will be 


y —(r—r)tang, y-(x--r)tang'. 
Hence, at their point of intersection (Art. 62, Rem.) we 
shall have the condition 
y? = (a? — r°) tan o tan g’ ; 
or, since they intersect upon the circle 2? + y= γ᾽, 
tan o tan 9! = — 1. 


Corollary.—From the form of this condition (Art. 96, 
Cor. 3) we infer the property: Any two supplemental chords 
of a circle are at right angles to each other. 

This is only another way of stating the familiar prin- 
ciple, that every angle inscribed in a semicircle is a right 
angle. 


POLE AND POLAR. 


318. The terms pole and polar are used, as already 
mentioned (p. 238), to call up a very remarkable relation 
between points and right limes, which depends upon a 
property common to the whole order of Conics. We 
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shall now endeavor to develop the conception of the 
pole and polar with respect to the Circle, in the order 
according to which they naturallv appear in analysis. 


319. Chord of Contact belonging to Two Tan- 
gents which pass through a Fixed Point.—Dy 
the chord of contact here mentioned, we mean the right 
line joining the two points of contact corresponding to 
the pair of tangents which (Art. 508, Cor.) we have seen 
can be drawn to a circle from any external point. Let 
vy’ be the fixed external point, and xy, 2.» the two 
corresponding points of contact. The equations to the 
two tangents (Art. 305) will then be 


αν Hy =, wtb yey =r. 


Now, since both the tangents pass through zy’. we have 
the two conditions 


ae FYS, tet! + yoy! Ξ 127. 


Hence, the co-ordinates of both points of contact satisfy 
the equation 


trp y y=: 
which is therefore the eguation to the chord of contact. 


320. Locus of the intersection of Tangents at 
the extremities of a Chord passing through a 
Fixed Point.—Let xy’ be the fixed point through 


which the chord passes, and x,y, the point in which the 
two tangents drawn at its extremities intersect. The 
equation to the chord (Art. 319) will be rz + yy =: 
and, as ογ΄ is a point on the chord, we shall have the 
condition 


nv tyy =r, 
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no matter what be the direction of the chord. Hence, 
supposing the chord to be movable, and the intersection 
of the two corresponding tangents to be a variable point, 
the co-ordinates of the latter will always satisfy the 
equation 
z'x + yy-vr: 

which is therefore the equation to the locus required, 
and shows (Art. 85) that this locus is a right line. 


20921. Relation of the Tangent to this Locus 
and to the Chord of Contact.—The equation to the 
chord of contact of the two tangents drawn from any 
point outside of a circle, is 





Jetyy=r (1), 


in which 2Υ/ is the point from which the tangents are 
drawn. The equation to the locus of the intersection 
of two tangents drawn at the extremities of any chord 
passing through a fixed point, is 


ver yy=r (2), 
in which z'y' is the point through which the movable chord 


18 drawn. The equation to any tangent of the same circle 
to which the chord (1) and the locus (2) refer, is 


Jot yy (3), 


in which z'y' is the point of contact. What, then, is the 
significance of this remarkable identity in the equations 
to these three lines? It certainly means that there is 
some law of form common to the tangent, the chord of 
contact, and the locus mentioned. For (1), (2), (3) assert 
that the chord of contact is connected with the point 
from which the two corresponding tangents are drawn, 
and that the right line forming the locus of the inter- 
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section of two tangents at the extremities of a chord 
passing through a fixed point is connected with that 
point, in exactly the same way that the tangent is con- 
nected with its point of contact. Now a right line in 
the plane of a circle must be either a tangent, a chord 
of contact, or a locus corresponding to (2): hence we 
learn that the Circle possesses the remarkable property 
of imparting to any right line in its plane the power 
of determining a point: and reciprocally. 

This property is known as the principle of polar rc- 
eiprocily ; or, as it is sometimes called, the principle or 
reciprocal polarity. Itis fully expressed in the following 
twofold theorem : 

I. Jf from a fixed point chords be drawn to any circle, 
and tangents to the curve be formed at the extremities of 
each chord, the intersections of the several pairs of tangents 
will lie on one right line. 

II. Jf from different points lying on one right line pairs 
of tangents be drawn to any circle, their several chords of 
contact will meet 1n one point. 

The truth of (I) is evident from the equation of Art. 520: 
that of (II) appears as follows: — Let 1+ By-- C—0 be 
any right line. The chord of contaet corresponding to 
any point 2’y’ of this line (Art. 919) is xx yy—r. 
Now the co-efficients of this equation are connected by 
the linear relation 


Az + By + CSA. 


and the chord passes through a fixed point by Art. 117. 

We shall find, as we go on, that the property just 
proved of the Cirele is common to all conies. The 
reciprocal relation between a point and a right line js 
expressed by calling the point the pole of the line, and 
the line the polar of the point. 
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322. Definitions.—The Polar of any point, with 
respect to a circle, is the right line which forms the locus 
of the intersection of the two tangents drawn at the ex- 
tremities of any chord passing through the point. Thus,” 
LL'L' is the polar of P. 

The Pole of any right line, with respect to a circle, 
is the point in which all the chords of contact corre- 
sponding to different points on the line intersect each 
other. Thus, P is the pole of LL'L”. 

These definitions 
enable us to con- 
struct the polar when 
the point is given, 
or the pole when we 
have the line. Thus, 
if P be the point, we 
draw any two chords 
through it, as MPN, 
OPQ, and the corre- 
sponding pairs of tan- 
gents, ML, NL; OL", 
OL". The line which 
joins the points Land S 
L”, in which the re- 
spective pairs of tangents intersect, is the polar of P. 
On the other hand, if LL” be the given line, we draw 
from any two of its points, as L and L”, two pairs of 
tangents, LM, LN; L” O, L" Q, and the two correspond- 
ing chords of contact, MN, OQ: the point P in which 
the latter meet, is the required pole. 

We have given the construction in the form above be- 
cause it answers in all cases. It is evident, however, from 
the results of Art. 321, that when P is without the circle, 
its polar is the corresponding chord of contact QKR; and 
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that when it is on the curve, its polar is the corresponding 
tangent TS. In these cases, then, our drawing may be 
modified in accordance with these facts. 


323. From all that has now been shown, it follows 
that the equation to the polar of any point z'y', with 
respect to the circle z? + y? =7”, is 


va rg e. 


Now the equation to the line which joins z’y’ to the center 
of the same circle (Art. 95, Cor. 2) is 


y'z — z'y =). 


Hence, (Art. 99,) The polar of any point is perpendicular 
to the line which joins that point to the center of the corre- 
sponding circle. 


Corollary.— This property affords a method of con- 
structing the polar, simpler than that explained in the 
preceding article. For (Art. 92, Cor. 2) the distance 
of the polar from the center of its circle is 


y? 


ντι) 


in which (Art. 51, I, Cor. 2) Vz? +- y" is the distance 
of the pole from the center; hence, To construct the polar, 
join the pole to the center of the circle, and from the latter 
as origin lay off upon the resulting line a distance forming 
a third proportional to its whole length and the radius: 
the perpendicular to the first line, drawn through the point 
thus reached, will be the polar required. 

In the next four articles, we will present a few striking 
properties of polars. 
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ob 24. The condition that a point xy” shall lie upon the polar 


of x’y’ is of course 
αγγ” — rt 
Now, obviously, this is also the condition that z/y/ shall lie upon 
the polar of xy”. Therefore, Jf a point lie upon the polar of*a 
second, the second will lie upon the polar of the first. 
Corollary.— Hence, The intersection of two right lines is the pole 
of the line which joins their poles. 


Remark.—We shall find hereafter that these properties are com- 
mon to all conics. 


32. The distance of z/y/ from the polar of α΄” (Art. 105, 
Cor. 2) is 
ga ty y mm 7? 


and the distance of x’’y’” from the polar of xy’ is 


PF = 


Lyf a y^ j^ — r 
0. 
Hence, The distances of two points from each other's polars are pro- 
p P P 
portional to their distances from the center of the corresponding circle. 


P” = 


B26. Dofinitions.—Two triangles so situated with respect to 
any conic that the sides of the one are polars to the vertices of the 
other, are called conjugate triangles. 

Thus, in the diagram, 4 B C and 
abc are conjugate triangles with 
respect to the circle RQS. 

The corresponding sides of two 
conjugate triangles are those sides 
of the second which are opposite to 
the poles of the sides of the first, and ^^ 
reciprocally, The corresponding an- 
gles lie opposite to the polars of the 
several vertices. Thus, A B and ab are corresponding sides; A and a, 
corresponding angles; etc. 

A triangle whose sides are the polars of its own vertices is called 
self-conjugate. Το draw a self-conjugate triangle, take any point P, 
and form its polar; on the latter, take any point 7, and form its 
polar: this new polar (Art. 324) will pass through P, and will of 
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course intersect the polar of P in some point Z; join PT, and 
PTZ will be the required triangle. For TZ is the polar of P, and 
ZP of T, by construction; while PT' is the polar of Z by the cor- 
ollary to Art. 524. 


Bgo Theorem. Te three lines which join the corresponding 
vertices of two conjugate triangles meet in one point. ! 
Let the vertices of one triangle be xy’, xy”, x/" y" ; the sides 


of the other will then be 
rr A y/y TE r?, α΄’ ae yy = γ᾽ x" x NE y’ y = 72 


For brevity, write these equations P/— 0, P= 0, P= 0; and let 
P’, P” denote the results of substituting αγ’ in P" and P”; 
P”, Pf, the results of substituting z”y” in P// and P’; and 
Py, P’, the results of substituting z/"y/" in P’ and P". For the 
three lines joining the corresponding vertices (see diagram, Art. 326) 
we shall then have (Art. 108, Cor. 1) 


Pi’ P" —P” .P"—0 ( A a), 
PL PY —PY PF = (Bo), 
P? P --Ρ/ P” =0 (Ce). 


Now, writing the abbreviations in full, we get P,"—P/; P =P; 
P” =P. Hence, the three equations just written vanish iden- 
tically when added, and the proposition is proved. 


Corollary.—By Art. 281, it follows that the intersections of the 
corresponding sides of two conjugate triangles lie on one right line. 
That is, conjugate triangles are homologous. 


SYSTEMS OF CIRCLES. 
I. SYSTEM WITH COMMON RADICAL AXIS. 


328. Any two circles lying in the same plane give 
rise to a very remarkable line, which is called their 
radical axis. Its existence and its fundamental property 
will appear from the following analysis: 

An. Ge. 27. 
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Let S=0, S’=0 be the equations to two circles, so 
written that in each the common co-efficient of 2^ and 4? 
is unity. Then will the equation S+ kS’=0 in general 
denote a circle passing through the points in which S and 
ο’ intersect; for in it 2? and y? will have the common 
co-efficient (1 + k), and obviously it will vanish when δ' 
and 5’ vanish simultaneously. To this theorem, how- 


ever, there is one exception, namely, when ἧ-----1. 
The resulting equation is then 
DEN eer 


and, being necessarily of the first degree, denotes a right 
line. 

Moreover, this equation is satisfied by an infinite 
series of continuous values, whether any can be found 
to satisfy S and ©’ simultaneously or not. That is, Zhe 
line S — 5’ is real even when the two common points of the 
circles, through which it passes, are imaginary. When the 
circles intersect in real points, the line is of course their 
common chord; and it might still be called by that name 
even when the points of intersection are imaginary, if we 
chose to extend the usage in regard to imaginary points 
and lines which has been so frequently employed. To 
avoid this apparent straining of language, however, the 
name radical aris has been generally adopted. 

The equation S= S" asserts (Art. 309, Rem.) that the 
tangents to S and S", drawn from any point in its locus, 
are equal. Hence, The radical axis of two circles is a 
right line, from any point of which if tangents be drawn 
to both of them, the two tangents will be of equal length. 


329. Writing /$— S" in full, and reducing, the equa- 
tion to the radical axis becomes (Art. 194) 


ου. 


RADICAL AXIS. 281 


Now the equation to the line joining the centers of the 
two circles (Art. 95, Cor. 1) may be written 


F =e —99-—f'9—9. 
Therefore, (Art. 99, Cor.,) The radical axis of two circles 
is perpendicular to the line which joins their centers. 


Corollary.— Hence, To construct the radical axis of two 
circles, find its intercept on the axis of x by making y —0 
in the equation S— S'= 0, and through the extremity of the 
intercept draw a perpendicular to the line of the centers. 

Remark.—This construction is applicable in all cases; 
but, when the circles intersect in real points, the axis is 
obtained at once by drawing the common chord. 


S20. If S, S", S” be any three circles, the equations 
to the three radical axes to which the group gives rise 
will be 


S—S'=0, S'—S"=0, S"—S=0: 


which evidently vanish identically when added. Hence, 
The three radical axes belonging to any three circles meet 
in one point, called the RADICAL CENTER. 


Corollaary.— We may therefore construct the radical 
axis as follows: Find the 
radical center of the two 
given circles with respect to 
any third, and through 4 
draw a perpendicular to the 
line of their centers. The 
annexed diagram will illus- 
trate the details of the pro- 
cess. In it, c and ο’ are the 
centers of the two given cir- 
cles, C the radical center, and CQC” the radical axis. 
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dəl. Two special cases of the radical axis deserve 
notice. First: We have seen that a point may be re- 
garded as an infinitely small circle. Hence, a point 
and a circle have a radical axis; that is, given any 
point and any circle, we can always fnd a right line, 
from any point of which if we draw a tangent to the 
circle and a line to the given point, the two will be of 
equal length. The axis is of course perpendicular to 
the line drawn from the given point to the center of the 
circle. It lies without the circle, whether the point be 
within or without; for, as the radical axis always passes 
through the points common to its two circles, if it cut the 
given circle, the given point would form two consecutive 
points of that curve. From this it appears, that, when 
the given point is on the given circle, the axis is the 
tangent at the point. 

Second: If both circles to which a radical axis belongs 
become points, we have a line every point of which is 
equally distant from two given ones. Hence, the radical 
axis of two points is the perpendicular bisecting the dis- 
tance between them. 

We now proceed to the properties of the entire system 
of circles formed about a common radical axis. 

«ερ». Definition.—By a System of Circles with a Common 
Radical Axis, we R 
mean à system so sit- 
uated with respect to 
a fixed right line, 
that, if a tangent be 
drawn to each circle 
from any point in 
the line, all these 
tangents will be of 
equal length. 

The simplest case of such a system is that of the infinite series 
of circles which can be passed through two given points. The 





R’ 
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diagram illustrates this case. Another is that of a series of circles 
touching each other at à common point. The appearance of the 
system when the two common points are imaginary, will be pre- 
sented farther on, in connection with the method of constructing 
the system. 

lt follows directly from Art. 329, that all the centers of the system 
lie on one right line at right angles to their radical axis. 


Bedd. Equation to any member of the System.— The equa- 
tion to any circle whose center lies on the axis of x, at a distance g 
from the origin, may be written (Art. 134) 

α’ y? — 29x = 1? — οὔ; 

so that the circle will cut the axis of y in real or imaginary points 
according as r*— g? is positive or negative, the quantity Vr?—g’ 
representing half the intercept on the axis of y. Hence, if in the 
system of circles with a common radical axis, the common line of 
centers be taken for the axis of z, and the common radical axis for 
the axis of y: by putting ἆ = the arbitrary distance of the center 
from the origin, and 6?= constant = r? — &?, we may write the equa- 
tion to any member of the system 


2 + y? — 2kx = &; 
and the corresponding system will cut the radical axis in real or 
in imaginary points according as ὁ) is positive or negative. 
Corollary.—Hence, 7o trace the system from the equation, assume 
different centers corresponding to arbitrary values of k, and from them, 
with radii in each case equal to V k? + δὲ, describe circles. 


334. The Orthogonal Circle.—I'rom the definition of the 
system (Art. 332), it follows that the locus of the point of contact 
of the tangent drawn from any point in the common radical axis 
to any member of the system, is a circle. Since, then, the corre- 
sponding tangents of the system are all radii of this circle, tangents 
to this circle at the points where it cuts the several members of the 
system will be perpendicular to the respective tangents of the system. 
In other words, the circle in question cuts every member of the 
system at right angles,* and may therefore be called the orthogonal 
circle of the system. 


* The angle between two curves is the angle contained by their re- 
spective tangents at the point of intersection. 
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Since the center of such a circle is any point on the radical axis, 
there is an infinite series of orthogonal circles for every system with 
a common axis. But for the special purpose to which we are about 
to apply it, any one of these may be selected, of which we shall 
speak as the orthogonal circle. 


D: De Construction of the System.—We can now construct 
the system geometrically, in all cases. The only case that needs 
illustration, however, is that of the system passing through two 
imaginary common points. Since (Art. 334) the tangents of the 
orthogonal circle are all radii of the circles forming the system, we 
may draw any number of these circles as follows: —Lay down any 
right line JMN, and any perpendicular to it RQ. On the latter, 





Q 


take any point (' as a center, and, with any radius CQ, describe a 
circle cutting MAN in the points m and n. At any points a, 6, ο, d, € 
of this circle, draw tangents to meet AMN in 1, 2, 3, 4, 5; and from 
these points as centers, with radii in each case equal to the corre- 
sponding tangent, describe circles. It is evident that the radii Ca, 
Cb, Ce, ete., of the fundamental circle, will all be tangents to the 
respective circles last drawn. Hence NQ is the common radical 
axis of all these circles, and the circle (-Qmn is orthogonal to 
them. 


336. Properties of the System: Limiting Points.—I*rom 
the nature of the forevoing construction and the resulting diagram, 
we obtain the following properties : 
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I. The circles of a system having two imaginary common points, 
in which the orthogonal circle cuts the line of centers in two real 
points m and m, exist in pairs: to every circle on the right of the 
radical axis, corresponds an equal one on the left, with an equally 
distant center. 

II. In a system of this character, the center of no circle can lie 
nearer to the radical axis than m or n. For the radius of the vari- 
able member of the system continually diminishes as the tangent 
of the orthogonal circle advances from Q toward m and x, and at 
m and n it vanishes. 

III. But the center of a member of the system may be as remote 
from the radical axis as we please. For the tangents of the orthog- 
onal circle at @ meet the line of centers at infinity. 

IV. Hence, the points m and n, and the axis RQ form the inferior 
and superior limits of the system; in short, are the corresponding 
limiting members of it: m and » being equal infinitesimal circles at 
equal distances from the axis, and the axis itself being the resultant 
of two coincident circles having equal infinite radii. 

V. The circle C- Qmn is drawn in the diagram to cut MN in real 
points; butif the student will draw a new diagram, in which C-Qmn 
fails to cut MN, he will find that the circles of the resulting system 
all cut each other in two real points on the line RQ. Hence, a 
system of circles with a common radical axis intersect each other 
in two real or imaginary points, according as the limiting points m 
and n are imaginary or real. 

VI. The limiting points m and n are by construction equally 
distant from every point in RQ. Moreover, every orthogonal circle 
is described from some point in ΠΩ, and cuts every member of the 
system at right angles. Hence every orthogonal circle passes through 
the limiting points. That is, The orthogonals of any system of circles 
with a common radical axis, form a complemental system, whose radical 
axis is the line joining the centers of the conjugate system. 

VII. Hence, if a system of circles intersect in two real points, 
the conjugate system of orthogonal cireles will intersect in two 
imaginary ones; and reciprocally. 





eof. The Limiting Points by Analysis.—If a system of 
circles cut its radical axis in two imaginary points, the equation to 
any member of the system (Art. 333) is 


a? + y! — 2ha — — δν (1), 
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in which 6? is constant for the whole system, while + varies for each 
different member. Now —®=r'—k? o. r= V k*— o” : therefore 
r vanishes when k= + ὃ, and becomes imaginary when A< ὃ or 
Ὅ---δ, Hence, the two points (y =0, x —ó) and (y =0, x =— δ) 
are the infinitesimal circles which we have called the limiting points 
of the svstem; for we have just shown that they have the property 
of Art. 336, II, and they are represented (Art. 61, Rem.) by tho 
equation 


(ας 9)’ y!'—0; that is, £ + y! -F20z = — δὴ 


which conforms to the type of (1). 

‘To exhibit the singular nature of these limiting points, we will 
now develop one more property of the system to which they belong. 
The equation to any of its members may be thrown into the form 


(α-- ky +y =r 


Hence, (Art. 305, Cor.,*) the polar of any point αν”, with respect 
to any member of the system, will be represented by 


xx y/y 4-0 —k(z-a)-0 (2). 


Now (Art. 108) the line denoted by (2) passes through the inter- 
section of the two lines zz + y/y + 0’? — 0 and «+ z/—0, whatever 
be the value of k. Therefore, Jf the polars of a given point be taken 
with respect to the whole system of circles having a common radical axis, 
they will all meet in one point. 

Suppose, then, that α΄ψ΄ be either of the limiting points. The 
polar will then become 





r= +0 (3). 


Hence, The polar of either limiting point is a line drawn through the 
other at right angles to the line of centers, and is therefore absolutely 
fixed for the whole system. 


II. TWO CIRCLES WITH A COMMON TANGENT. 
338. The problem of constructing a common tangent 


to two given circles (which properly belongs to Deter- 


* The student will remember that the equations to the tangent and polar 
of the Circle are identical in form. 


CIRCLES WITH COMMON TANGENTS. 287 


minate Geometry, and which we solved under that head 
on pp. 18—21) leads to some important results when 
treated by the methods of Indeterminate Geometry. <A 
few of these, we shall now present. 


339. The problem, as coming within the sphere of pure 
analysis, consists in finding co-ordinates of contact such that the 


corresponding tangent may touch both circles. Suppose, then, that 
the equations to the two circles are 


υπ" (5, 
οι κών ο (5%). 
The equation to a tangent of S will then be (Art. 305, Cor.) 
(œ — g) (z auem 


and our problem is, so to determine x’y’ that this line may also 
touch δ΄. 

In settling what condition z/y/ must satisfy in order that this 
result may take place, it will be convenient to employ the auxiliary 
angle mentioned in Art. 307. Let 0 = the inclination of the radius 
through 2’y’: then will x’ — g = r cos 0, and γ΄ —f= rsin 0. The 
equation to the tangent of S may therefore be written 


x cos b + y sin 0 = g cos 0 +f sinf + r (1), 
and, similarly, the equation to a tangent of S", 
x cos 0^ + y sin θ΄ =g cos Y +f’ βία θ' +r (2). 


Now (1) will represent the same line as (2), if the mutual ratios 
of its co-efficients are the same as those of (2); that is, if simul- 


taneously ο... 
an 0 = tan θ΄, 


(g cos d+ f sin + r) cos θ΄ = (g/ cos 6^ + f sin ϐ’ + r^) cos 6. 


The first of these conditions is satisfied either by 0/—0, or 0--π-]-0. 
Combining the two, then, on both suppositions, we obtain 


(g/—9) cos 6+ (f/—f) sin —r— 7, 
(9/—9) cos 0 + (f^ —/)sin0 =r +7; 
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or, after replacing cos? and sin by their values, and 





s ie ot iu 
(SQ) ποπ YF Fe) (A), 
(9 vOv) ror Xm 


and we learn that if x’y’ satisfies either (a) or (5), the tangent of 19 
will touch δ΄ Since (4) arose from the supposition 6/— 6, that is, 
from the supposition that the radii of contact in the two cireles were 
parallel, and lay 
in the same direc- 
tion, a moments 
inspection of the 
diagram will show 
that, when (4) is 
satisfied, the com- 
mon tangent is 
direct, as MN; 
while as (5) arose 
from Y = m + 0, 
that is, from sup- 
posing the radii of contact parallel, but lying in opposite directions, 
the corresponding common tangent must be transverse, as mn. 

To find, then, the required points on δ, at which if a tangent be 
drawn, it will also touch δ΄, we merely eliminate between (5) and 
either (A) or (B). Now the result of this elimination will be a quad- 
ratic; hence, there are in all four tangents common to S and S°: 
two direct, and two transverse. 





BAO. The Chords of Contact.—Since the points of contact, 
M ani M’, as we have just seen, both satisfy the condition (A), it 
follows that 


fgg) eU Aa re) τ 
is the equation to the chord of contact for the direct tangents. Similarly, 

FE) πώ =) SE eS), 
is the equation to mm’, the chord of contact for the transverse tangents. 


Corollary.—If the origin be transferred to the center of S, g and f 
will vanish, and the chords of contact will be represented by 


gut fysr(r=r’). 


If the axes be now revolved until the line of centers becomes the 
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axis of x, f^ will vanish, and the equation assume the form x = 
constunt. Hence, The chords of contact corresponding to common 
tangents of two circles are perpendicular to the line of their centers. 


11. Segments formed on the Line of Centers.—The 
points O and O’, in which the two direct and two transverse 
common tangents have their respective intersections, are the poles 
of (1) and (2) in Art. 340. In these, if we multiply by r, and then 
divide by r —7” and r-+2” respectively, the co-efficients of x and y 
(Art. 305, Cor.) will be the co-ordinates of O and O’, diminished 
by the co-ordinates of the center of S. We thus get 





rr ror 
ger) . yi nf 
= ror’ Ix ila Tr p 


Now (Art. 95) these values satisfy the equation to the line of centers, 
and show (Art. 52) that «’y’ divides the distance between gf and 
gf’ in the ratio of r and σ᾽. Hence, Common tangents of two circles 
intersect on the line of their centers, and divide the distance between 
those centers in the ratio of the radii. 


342. centers of Similitude.—If the common tangent be made 
the initial line, and either O or O’ be taken for the pole, the polar 
equation to the circle © (Art. 138) may be written 
_ oT 005 (0 — a) r?’ cos’ a 


αν eq 


sin? a 


2 
P sin a 


by merely substituting for d its value r : sina. Hence, for the circle κ), 


__r {cos (0 — a) + V cos? (0 — a) — cos! αἱ 
m sin 4 
Similarly, for the circle S’, we get 


_ T/ {cos (0 — a) + γ΄ cos? (4 — a) — costa] 
ο sin α 


Therefore, Dis Ps TT 


Now these vectors of Δ΄ and |$ are the segments formed by the two 
circles on any right line drawn through O or O’. Hence, AU right 
lines drawn through the intersection of the common tangents of two circles 
are cut similarly by the circles, namely, in the ratio of the radii. 


Remark.—On account of this property, the points in which the 
common tangents intersect are called centers of similitude. 
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SÅS. Axis of Similitude.—This name is given to a certain 
right line whose relation to three circles we will now develop. 

Let of. Vt’, gT” be the centers of any three circles, and r, 1”, 
1/7 their radii. The co-ordinates of the external center of similitude 
for the first and second (Art. 341) will then be 


e—a f’ ef 


οι ντο (1); 


x 
BEE pou 
those of the corresponding center for the second and third, 


// ^y 
P aes UNE e 


crc M or cc αν 


and those of the corresponding center for the third and first, 


EIS ο NAM 
Tu UM ar AG 


πι αν 


J^ 77 
r g rg 
gli — et Lae f 


7 y 


η —r ? 


(3). 


LSI 


Now, if we make the necessary sub- 
stitutions and reductions, we shall find 
that (1), (2), (3) satisfy the condition 
of Art. 112. Hence, Any three homolo- 
gous centers af similitude belonging to 
three circles lie on one right line, called 
the AXIS OF SIMILITUDE. 


Corollary.-—If two circles touch each 
other, one of their centers of similitude 
becomes the point of contact. Hence, 
If in a group of three circles the third 
touches the other two, the line joining 
the points of contact passes through a 
center of similitude of the two. 


Remark.—The homologous centers of 
similitude are either all three external, 
as in the diagram, or else two internal 
and the third external. Corresponding 
to the latter case, there will of course be three different axes of 
similitude; making in all four such axes for every group of three 
cireles. 





TIIE CIRCLE IN THE ABRIDGED NOTATION. 


344. We have room for only a few examples of the 
uses to which this notation can be advantageously applied 
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in the case of the Circle. The illustrations given will 
afford the beginner some further insight into the method, 
and the reader who desires fuller information must con- 
sult the larger works to which we have already referred 
in connection with this subject. 


345. Since a, fj, y are the perpendiculars dropped from any 
point P to the three sides of a triangle, it is evident that the 
function 


By sin A+ ya sin B+ afl sin C 


denotes (Trig, 874) the double area of the triangle formed by 
joining the feet of those perpendieulars; for the angle A, included 
between the sides B and y, will be either the supplement of the 
angle between the perpendiculars B and y, or else equal to it: and 
so, also, of the angles Band C. Now (Art. 236) if the point P be 
on the circumference of the circumscribed circle, 
we have 


Bysin A + ya sin B + aß sin C—0; 


that is, the triangle contained between the feet 
of the perpendiculars from P vanishes, and we 
obtain the following theorem: The feet of the 
perpendiculars dropped from any point in a circle 
upon the sides of an inscribed triangle lie on one 
right line. 





$46. The equation to the circle circumscribed about a triangle 
may, by factoring, be written 


y (a sin B+ B sin A) + aß sin C—0: 


which shows that the line a sin B+ 8 sin A meets the circle on the 
line a, and also on the line f; since, if a sin B+ B sin.4 —O in 
the above equation, we get aß =Q, a condition satisfied by either 
a—0 or f. —0. But the only point in which either a or 8 meets 
the circle is their intersection: hence asin B+ f sin A is the tangent 
of the circle at aß. Now (Ες. δ, p. 222) asin A--B sin B is the parallel 
to the base of the triangle, passing through its vertex; and (Ex. 6, 
p. 222) this parallel, and therefore the base, has the same inclina- 
tion to a or f as the tangent a sin B + B sin A has to Bora. Hence, 
the tangent of the circumscribed circle, at the vertex of a triangle, 
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makes the same angle with either side as the base does with the 
other; or we have the well-known theorem: The angle contained hy 
a tangent and chord of any circle is equal to that inscribed under the 


intercepted arc. 


317. The equation obtained in the preceding article denotes 
the tangent at the vertex C of a triangle inscribed in a circle; and 
analogous equations may at once be written for the tangents at the 
other two vertices A and B. The equation to the tangent at any 
point of a circle circumscribed about a given triangle (compare 
Arts, 236 ; 240, 11) is 


asin A B sin B ysinC ϱ 


7i iunc y! 


α 


348. The equations to the tangents at 
the vertices of an inscribed triangle (Art. 
346) may be written 

a ο... 
sind  sinB — X (1); 
β E 
sinB o © (2), 
y MUT 
ποτ ag : (5) 
Now (Art. 108) the line 


De Dearie Dees eee 
sin A sin B 5110 








passes through the intersection of (1) with 
y, of (2) with a, and of (3) with 8. Hence, 
The tangents at the vertices of an inscribed 





triangle cut the opposite sides in points which 
lie on one right line. 


349. Subtracting (2) from (3) above, (3) from (1), and (1) 
from (2), we get 


α 








a β 0 E MI) Y 


sind  sinB | sinB sind ! απο sind 





which (Art. 108) are the equations to the three lines which join 
the intersections of the tangents at the vertices to the intersections 


CIRCLE IN ABRIDGED NOTATION. 293 


of the sides. Hence, (Art. 114,) The lines which join the vertices 
of a triangle to those of the triangle formed by drawing to its circum- 
scribed circle tangents at its vertices, meet in one point. 


Remark.—The theorems of the last two articles, which are illus- 
trated in the diagram, are evidently a particular case of homology 
(Art. 327) due to a pair of conjugate triangles. 

300. Radical Axis in Trilinears.—The equations 
to any two circles, in the abridged notation, (Arts. 236, 
237) are 


ο eu “= 3: x + M (la + mB + ny) — 0, 


sin A sin B sn 


a B η 


Hence, their radical axis, S— S’, is denoted by 
la + mf + ny =l'a + mh + wr. 

















+ M (l'a + m'P+ n'y) — 0. 


Corollary.— The radical axis of any circle and the 
circle circumscribed about the triangle of reference, is 


represented by 
la + mB + ny — 0. 


EXAMPLES ON THE CIRCLE. 


1. Find the intersections of the line 4c + 3y = ὃδο with the 
circle 


(z— ο) + (y— 2c)? = 2505. 
Also, the tangents from the origin to the circle 2’+-7’—62—2y+8=0. 


2. Show that the equation to any chord of a circle may be 
written 


(z— 2^) (e—a) + (y γω) —z ry —r7, 
the origin being at the center, and z^y', xy” being the extremities 
of the chord. 


3. Find the polar of (4, 5) with respect to z?-- y’— δα — 4y = 8, 
and the pole of 2x + 3y =ô with respect to (z—1)?-- (y—2)? — 12. 
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4. Prove that the condition upon which Ax + By + C= 0 will 
touch the circle (x —g)* + (y—f ) = 1* is 


duy se Dr EC 
VE +B) T 
5. Find the length of the chord common to the two circles 
--αγ-(ῳ--βγ-», (@— B+ yaar 
Also, the equations to the right lines which touch <? + y? —? at 
the two points whose common abscissa is 1. 


6. Find the equation to the circle of which y=?2x +3 is a 
tangent, the center being taken for the origin. 


7. Prove that the biseetors of all angles inscribed in the same 
sezment of a circle pass through a fixed point on the curve. 


8. Given the hypotenuse of a right triangle: the locus of the 
center of the inscribed circle is the quadrant of which the given 
hypotenuse 15 the chord. 


9. Given two sides and the included angle of a triangle: to 
find the equation to the circumscribed circle. 


10. The locus of a point from which if lines be drawn to the 
vertices of a triangle, their perpendiculars through the vertices will 
mect in one point, is the circle circumscribed about the triangle. 


11. If any chord be drawn through a fixed point on the diameter 
of a circle, and its extremities joined to either end of the diameter, 
the joining lines will cut from the tangent at the other end, portions 
whose rectangle is constant. [See Art. 137.] 


12. The locus of the intersection of tangents drawn to any circle 
at the extremities of a constant chord is a concentric circle. [See 
Art, 307. ] 

13. If a chord of constant length be inscribed in a given circle, 
it will always touch a concentric circle. 


14. If through a fixed point O any chord of a circle be drawn, 
and OP be taken an harmonic mean between its segments OQ, 
O Q^, the locus of P will be the polar of O. 


15. If through any point O of a circle, any three chords be 
drawn, and on each, as a diameter, a circle be described, the three 
circles which thus meet in O will meet in three other points, lying 
on one right line. 
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16. If several circles pass through two fixed points, their radical 
axes with a fixed circle will pass through a fixed point. 


[This example may be best solved by means of the Abridged Notation, 
but can be done very neatly without it.] 


l7. Form the equation to the syatem of circles which cuts at 
right angles any system with a common radical axis, and prove, 
by means of it, that every member of the former system passes 
through the limiting points of the latter. 


13. If PQ be the diameter of a circle, the polar of P with respect 
to any circle that cuts the first at right angles, will pass through Q. 


19. The square of the tangent drawn to any circle from any point 
on another is in à constant ratio to the perpendieular drawn from 
that point to their radical axis. 


20. If a movable circle cut two fixed ones at constant angles, it 
will eut at constant angles all cireles having the same radical axis 
as these two. 


[First prove that the angle $ at which two circles cut each other, is 
determined by the formula 


D?= R? + v:— 21ftrcos 9, 


in which A, τ are the radii of the circles, and D the distance between 
their centers. | 


2]. Find the equations to the common tangents of the two 
circles 


e+ y — 4r — 2y H450, αἠ-γ-ἠ|-4α--0γ--4--0 


What is the equation to their radical axis? 


22. If a movable circle cut three fixed ones, the intersections of 
the three radical axes will move along three fixed right lines which 
meet in one point. 


23. The radical axis of any two circles that do not intersect, 
bisects the distances between the two points of contact correspond- 
ing to each of the four common tangents. 


24. If through a center of similitude belonging to any two circles, 
we draw any two right lines meeting the first circle in the points 
R and R’, S and δ΄ respectively, and the second in r and 1”, s and 
s’: then will the chords RS and rs, R/S” And r’s’, be parallel; while 
RS and 73%, R/S" and rs, will each intersect on the radical axis. 

An. Ge. 28. 
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25. Find the trilinear equation to the circle passing through the 
middle points of the sides of any triangle, and prove that this circle 
passes through the feet of the three perpendiculars of the triangle, 
and bisects the distances from the vertices to the point in which 
the three perpendiculars meet. [This circle is celebrated in the 
history of geometry, and, on account of passing through the points 
just mentioned, is called the Nine Points Circle. | 

Find, also, the radical axis of this and the circumscribed cirele. 


CHAPTER THIRD. 
THE ELLIPSE. 
I. THE CURVE REFERRED TO ITS AXES. 


ool. We may most conveniently begin the discussion 
of the Ellipse by means of the equation which we obtained 
in Art. 147, namely, 


At a later point in our investigations, we shall refer the 
curve to lines which have a relation to it more generic 
than that of the two known as the axes (Art. 146), which 
give rise to the equation just written. 


THE AXES. 


X2. If in the above equation we make y —0, we 
shall obtain, as the intercept of the curve upon the 
transverse axis, 

r—-a (1); 
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and, making x= 0, we get, for the intercept upon the 
conjugate axis, 


y=+b (2). 


Comparing (1) and (2), we see that the curve cuts both 
axes in two points, and that in each case these two points 
are equally distant from the focal center, which (Art. 147) 
was taken for the origin. Hence we have 


Theorem I.— The focal center of any ellipse bisects the 
transverse axis, and also the conjugate. 


Corollary.—We must therefore from this time forward 
interpret the constants a and b in the equation 


as respectively denoting half the transverse axis and 
half the conjugate axis. 

Remark.—This theorem follows, of course, directly from that of 
Art. 149. We have purposely developed it by a separate analysis, 


however, in order that the student may see the consistency of the 
analytic method. 


woe. If in the equation of Art. 147, which may be 
written 


we suppose zr >a or « — d, the corresponding values 
of y are imaginary; so that no point of the curve is 
farther from the origin, either to the right or to the left, 
than the extremities of the transverse axis. Now (Art. 
147), for the distance from the origin to either focus, 
we have 

e? = αἳ ---ὐλ. 
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Henee, e can not he greater than a, though it may 
approach infinitely near to the value of a, as b dimin- 
ishes toward zero. Therefore, 


Theorem II.—The foci of any ellipse fall within the 


Crue. 


$34. Moreover, t — e measures the distance of either 
focus from the adjacent vertex; while the distance of 
either from the remote vertex = a + e. We accord- 
ingly get 


Theorem IIL— The vertices of the curve are equally 
distant. from the foci. 


533. Krom Art. 952, the length of the transverse 
axis = 2«. But (Art. 147) 2a = the constant sum of 
the focal radii of any point on the curve. That is, 


Theorem IV.— The sum of the focal radii of any point 
on an ellipse is equal to the length of tts transverse axis. 


Corollary.— This property gives rise to the following 
construetion of the curve by points: 
Divide the transverse axis at any 
point M between the foci 7" and F. 
From £ as a center, with a radius 
equal to the segment MA’, strike 
two small ares, one above the axis, 
and the other below it. "Then from Q^ Qin 
ΙΡ, with the remaining segment MA 
as radius, strike two more arcs, intersecting the two 
former in P and FP’: these points will be upon the 
required ellipse; for Z'P + FP— AA' = F'P'+ FP’. 
By using the radius JMA’ from F, and MA from £”, two 
more points, P" and P"', may be found; so that every 
division of the transverse axis will determine four points 
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of the curve. Thus, the point of division JV will give rise 
to the four points Q, Q', Q", Q". When enough points 
have been found to mark the outline of the curve dis- 
tinctly, it may be drawn through them; if necessary, 
with the help of a curve-ruler. It is evident that this 
construction implies that the transverse axis and the foci 
are given. 


336. The abbreviation b*—2a?— c adopted (Art. 147) 
for the Ellipse, gives us 


b — γ΄ (a + c) (a — e). 


Hence, attributing to a, b, c the meanings now known to 
belong to them, we have 


Theorem V.— The conjugate semi-axis of any ellipse is 
a geometric mean between the segments formed upon the 
transverse axis by either focus. 


Corollary.—Transposing in the 
abbreviation above, we have b? + c? 
=a’, But, from the diagram, ò? + c 
=f" B? =F B’. Therefore, The dis- 
tance from either focus of an ellipse 
to the vertex of the conjugate axis 
transverse. We have, then, the fol- 
lowing construction for the foci, 
when the two axes are given :— Ate 
From B, the vertex of the conju- TU 
gate axis, with a radius equal to 
the semi-transverse, describe an arc 
cutting the transverse axis A'A in Æ” and F: the two 
points of intersection will be the foci sought. 





S907. Let z'y', zy" be any two points of an ellipse. 
Then, from the equation of Art. 147, 
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pe ον. | ν : 
yY = — (αἱ — ve), y"- " (α πο)» (1); 


(q^ 
> E Το o T α” η s 
Vas (Poy), seq —y^ Q. 


Dividing the first equation of (1) by the second, we get 
y^ y (ata!) (a —2) : (a+ a") (0—2). 
Dy a like operation in (2), we obtain 
Tusc κο πι τ, aeq. 


Now a+ 2’, « —z' are evidently the segments formed 
by y' upon the transverse axis, and a + 2", a— x" are 
those formed by y". Similarly, 6+ γ΄, b — y’ are the 
segments formed by 2’ upon the conjugate axis, and 
b+ y", b — y" those formed by x”. Hence, 


Theorem VI.—The squares on the ordinates drawn to 
either axis of an ellipse are proportional to the rectangles 
under the corresponding segments of that axis. 

Corollary.—If in the first expression of (1) we make 
z’—=+ ¢, we get 

02 
[2 —— 2 2 
1 ESPERA a EO. C ο 
νεο 
But «&^—c?-—0U. Hence, after re- 
ductions, 





y — FP or pP. 


Now, either of the double ordinates that pass through 
the foci, PQ or P'Q', is called the latus rectum of the 
ellipse to which it belongs. Hence, 


2b (26) 
latus rectum = — = ~—~-. 
Ja 
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That is, The latus rectum of any ellipse is a third propor- 
tional to the transverse axis and the conjugate. 


555. The equation to the Ellipse (Art. 147) may be 
thrown into either of the forms 


y? p? y? a 


(a + 3) (« — zx) ὦ’ (b + y) (b — y) ΠΩ͂ 
Hence, since a ratio is not altered when both its terms 
are multiplied by the same number, 


Theorem VII.—The squares on the axes of any ellipse 
are to each other as the rectangle under any two segmenis 
of either ıs to the square on the ordinate which forms the 
segments. 

Note.—It may be worth while to observe, in passing, that, in this 
theorem and the one of Art. 357, the word ordinate has been used 
in a wider sense than we originally assigned to it. We shall fre- 
quently have occasion to employ it in this larger meaning, of a line 
drawn to either axis of co-ordinates parallel to the other. 


$59. The equation to the Ellipse being put into the 
form 


y^-— —(a—zc) (1), 


the equation to the circle described on the transverse 
axis as a diameter (Art. 161) will be 


gue ae (2). 


Hence, supposing the z of (1) and (2) to become iden- 
tical, we get 
ορ. ee 
That is to say, 
Theorem VIIL— The ordinate of any ellipse 15 to the 
corresponding ordinate of the circumscribed circle, as the 
conjugate semi-axis 15 to the semi-transverse. 
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Corollary 1—By similar reasoning, we should find 
that the abscissa of an ellipse is to the corresponding 
abscissa of the inscribed circle, as the transverse semt-azis 
is to the semi-conjugate. When the axes are given, we 
may therefore construct the curve by either of the 
following methods: 


First: Describe circles upon the 
given axes A'A, BB. At any point 
JM of the transverse axis, erect a per- 
pendicular, and join the point Q in 
which it meets the outer circle, with 
the common center ©. Through Ae, 
in which QC cuts the inner circle, 
draw Zt P at right angles to the con- 
jugate axis: the point P, in which RP cuts MQ, will 
be upon the required ellipse. For, by similar triangles, 
MP:MOoO::Ch:CQ 5:4. 

Second: Suppose PS to be a ruler whose length = CA. 
From the end P, lay off upon it PV — CB. Set the end 
S against the conjugate axis, say at some point below C, 
and rest the point J’ upon the transverse axis, say to the 
right of C. Move the ruler so that S and J” may slide 
along the axes: the extremity P will describe an ellipse. 
For, if MPQ be drawn through P perpendicular to CA, 
and (QC be joined, the latter will be equal and thence 
parallel to the ruler PS, and we shall have the proportion 


ΠΠ MOSS RUE SES e bcd 


The second of these methods constitutes the principle 
of the so-called elliptie compasses —an instrument used 
for describing ellipses, and consisting of two bars, A’A, 
D'D, fixed at right angles to each other, along which 
a third, PS, slides freely upon two points, S and V, 
whose distance apart is constant. [See Ex. 6, p. 167.] 
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Corollary 2.—We are now enabled to interpret the 
abbreviation 





adopted in Art. 150. In the first place, since à? — }?=c’, 
we learn that e is the ratio which the distance from the 
center to either focus of an ellipse beqys to its transverse 
semi-axis. But (Art. 161) a circle is an ellipse in which 
c = Q, or in which, therefore, a — b. In any circle, then, 
the ratio eis equal to zero. Hence, if we compare ellipses 
having a common transverse axis = 2a with their common 
circumscribed circle, it is evident (since e will increase as 
the conjugate semi-axis b diminishes from the maximum 
value a toward zero) that e may be taken to measure 
the deviation of any of these ellipses from the circum- 
scribed circle. For this reason, the ratio e is called the 
eccentricity of the ellipse to which it belongs. 

The eccentricity of any ellipse evidently lies between 
the limits 0 and 1. In fact the name ellipse (derived from 
the Greek ἐλλείπειν, to fall short) may be taken as signi- 
fying, that, in this curve, the eccentricity is less than unity. 

Since e increases as 6 diminishes, it is evident that the 
greater the eccentricity, the flatter will be the correspond- 
ing ellipse. 


4 
QUU Q4 


. $60. The distance of any point on an ellipse from 
either focus, may be expressed in terms of the abscissa 
of the point. For, putting p to denote any such focal 
distance, we have (Art. 147) E 


prox ty ^ 
But, from the equation to the Ellipse, « 


Os, 
An. Ge. 29. 
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Substituting and reducing, and remembering (Art. 151) 
that 6°-++ c? =a’, a? — b? — αἲ ο, and c — ae, we get 


p =a + ex, 


in which the upper sign corresponds to the left-hand 
focus, and the lower sign to the right-hand one. Hence, 
since o and 2 are of the first degree, 


Theorem IX.— The focal radius of any point on am 
ellipse is a linear function of the corresponding abscissa. 


Remark.—The expression just obtained is accordingly 
known as the Linear Equation to the Ellipse. 


361. The form of the Ellipse is already familiar to 
the student, from the method of generating it given in 
Art. 145. Its appearance shows, or at least suggests, 
that it is an oblong, closed curve, continuous in extent, 
and symmetric to both of its axes. But it may be inter- 
esting, at this point, to show how we might have discovered 
each of these peculiarities of form from the equation itself, 
without the aid of any drawing. 


I. The curve is oblong. For, no matter where we take it between 
its two limiting cases, the Point and the Circle, in its equation 
p 
ya (a) 
b (since it is equal to V/4* — c?) must be less than a; that is, the 
conjugate axis must be less than the transverse. 

II. It is closed, 1. e., limited in the directions of both axes. For, 
if we suppose x >a or < — a, the corresponding values of y are 
imaginary; and, if we suppose y > ὁ or <— 5, the corresponding 
values of 2 are imaginary. 

III. It is continuous in extent. For, between the limits x = —a 
and z =a, all the values of y are real. 

IV. It is symmetric to both axes. For, corresponding to every 
value of x between the limits —a and a, the two values of y are 


numerically equal with opposite signs; and the same is true of the 
values of x corresponding to any value of y between — b and b. 
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DIAMETERS. 





362. Equation to any Diameter.—We are re- 
quired to find the equation to the locus of the middle 
points of any system of parallel chords in an ellipse. 
Let xy be the variable point of this locus, θ’ the common 
inclination of the bisected chords, and z'y' the point in 


which any chord of the system cuts the curve. Then 
(Art. 101, Cor. 3) 


z'—z-—-iecos0', yi’ =y—lsin 0. 
But z’y’ is a point on the curve; hence (Art. 147) 


2 — l cos θ’)7 y — l sin 0”)? 
( 2 ) LY z =a 


That is, to determine the distance { between zy and 2γ/, 
we get 


(a? sin? θ’ + b? cos* 0") ? — 2 (a?y sin 0' + Pr cos θη] 
+ (br + a^y* — a?b?) — 0. 


Now, zy being the middle point of any chord, the two 
values of 7 must be numerically equal with opposite 
signs. Therefore (Alg., 234, Prop. 3d) the co-efficient 
of | vanishes, and we obtain, as the required equation, 


b? 
y = — z * cot O. 


Corollary.—Let 0 = the inclination of any diameter 
to the transverse axis. The co-efficient of x in the 
equation Just found is equal (Art. 78, Cor. 1) to tan 0. 
Henee, as the condition connecting the inclination of any 
diameter with that of the chords which 1t bisects, 

b? 


tan 0 tan 0' — — —. 
a 
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363. The equation to any diameter conforms to the 
type y — mz. Therefore (Art. 78, Cor. 5) we have 


Theorem X.—. Every diameter of an ellipse is a right 
line passing through the center. 


Corollary.—Since 0’ in the foregoing condition is ar- 
bitrary, 0 is also arbitrary. Hence, the converse of this 
theorem is true; that is, Every right line that passes through 
the center of an ellipse is a diameter. 


$61. If we eliminate between the equation to the 

Ellipse and that of any diameter, the roots of the result- 

ing equation will be | | 
E a* sin 0’ 


T= E ~aj 2 DAN * 
| (a^sin*0' + b cos"0") 


which, it is evident, are necessarily real. Hence, 


Theorem XI.— very diameter of an ellipse cuts the 
curve in two real points. 


365. Length of any Diameter.—This is of course 
double the radius vector given by the central polar equa- 
tion (Art. 150), namely, 

b? 
= 1— ὥσος ὃ᾽ 


Hence, given the inclination 0, the length of the corre- 
sponding diameter can at once be found. 


366. From the preceding formula, it is evident that 
the diameter is longest when 0 — 0, and shortest when 
0 = 905. That is, 


Theorem XII.— n every ellipse, the transverse axis ts the 
maximum, and the conjugate axis the minimum diameter. 


Remark.—F or this reason, the transverse axis is called 
the azis major, and the conjugate, the axis minor. 
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367. Moreover, since Ü enters the foregoing formula 
by the square of its cosine, the value of p is the same for 
Üandz— 0. Hence, 


Theorem XIII.— Diameters which make supplemental 
angles with the axis major of an ellipse are equal. 


Corollary.— The converse of this is also given by the 
formula; so that, having the curve, 
we can always construct the axes as 
follows: — Draw any two pairs of / 
parallel chords, and, by means of ^ ; 
them, two diameters DO, D'C: their 
intersection C (Art. 363) will be the 
center. From C describe any circle cutting the curve 
in four points P, Q, P', Q'. The diameters PP’, QQ’ 
will then be equal, and, by the converse of the theorem 
above, the two bisectors of the angles between them 
will be the axes. These bisectors may be drawn most 
readily by forming the chords PQ, QP’ which subtend 
the angles: they will be perpendicular to each other 
(Art. 317, Cor.), and their parallels through C will be 


the bisecting axes required. 





368. Let 0 and @ be the inclinations of any two 
diameters to the axis major. Then the condition that 
the first shall bisect chords parallel to the second (Art. 
862, Cor.) is 

b? 
tan θ tan’ = — 5. 
Dut this is also the condition upon which the second 
would bisect chords parallel to the first. Hence, 


Theorem XIV.—Jf one diameter of an ellipse bisects 
chords parallel to a second, the second bisects chords 
parallel to the first. 
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369. Two diameters of an ellipse which are thus 
related, are called conjugate diameters, as in the case 
of the Circle. The re-appearance of this relation in 
connection with the Ellipse, gives occasion to define 
what is meant by ordinates to a diameter. 


Definition.—The Ordinates to a Diameter are the 
right lines drawn from the curve to such diameter, parallel 
to its conjugate; or, they are the halves of the chords 
which the diameter bisects. 


Corollary.— Hence, To construct a pair of conjugate 
diameters, draw any diameter D’D, 


and any two chords MN, PQ par- A [τ 
allel to it. Join the middle points Ji- a 
of the latter by the line SS, which À PM 





will betherequired conjugate. When 
the center C is not given, the con- 
struction is effected by drawing S’S' through the middle 
of D'D, parallel to the two chords (double ordinates to 
D'D) by the aid of which this first diameter must in 
such a case be determined. 


-° 


M 5 < Sy 


$70. Equation of Condition for Conjugate Di- 





ameters.— This, as we have already seen (Art. 368), is 
p? 
tan ϐ tan 0' — — -. 
a 


373. This condition, since it shows that the tangents 
of inclination belonging to any two conjugate diameters 
have opposite signs, indicates that one of two conjugates 
makes an acute angle with the axis major, and the other 
an obtuse. Now the axis minor makes a right angle with 
the axis major; hence, 

Theorem XV.— Conjugate diameters of an ellipse he on 
opposite sides of the axis minor. 
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τς Equation to a Diameter conjugate to a 
ity, we shall say that a diam- 
eter 1s conjugate to a fixed point, when it is conjugate to 
the diameter drawn through such point. If, now, zy 
be any fixed point, the diameter drawn through it (Art. 
95, Cor. 2) will be 





y'r — z'y = 0 (1). 
The equation to the conjugate will be of the form 

y = x tan 0' (2), 
in which (Art. 370) tan 0' is determined by the condition 


2 
tan 0 tang’ — — Ë. 


But (1), tan = y':z'. Hence, the equation sought is 


ο ed 


Corollary.—The ΡΩΝ to the diameter conjugate to 
that which passes through -the point (a, 0) is evidently 
z—0. But the diameter through (a, 0) is the axis major, 
while z= 0 denotes the axis minor. Hence, The axes of 
an ellipse constitute a case of conjugate diameters. 

It is from this fact, that the axis minor derives its 
name of the conjugale axis. 


379. Problem.— Given the co-ordinates of the extremity 
of a diameter, to find those of the extremity of tts conjugate. 

Let αγ’ be the extremity of the given diameter. The 
required co-ordinates, found by eliminating between the 
equation of Art. 372 and that of the Ellipse, are 


374. The expressions just obtained, transformed into the pro- 
portions 
22 y Muro p ucc qu 


give ug 
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Theorem XVI.— The abscissa of the extremity of any diameter is to 
the ordinate of the extrcmity of its conjugate, as the axis major is to 


the axis minor. 


3790. Squaring the second expression of Art. 378, 
adding y", and remembering that z'y' satishes the equa- 
tion to the Ellipse, we find 


n ως 
yY T Ye = 6" 
Hence, in ordinary language, we have 


Theorem XVII.— The sum of the squares on the ordinates 
of the extremities of conjugate diameters is constant, and 
equal to the square on the semi-axis minor. 


Remark.— The student may prove the analogous prop- 
erty :— The sum of the squares on the abscissas of the 
extremities of conjugate diameters is constant, and equal 
lo the square on the semt-axis major. 


$76. Problem.— To find the length of a diameter in 
terms of the abscissa of the extremity of its conjugate. 

Let a’ be half the length required. Then, z'y' being the 
extremity of a’, we have (Art. 51, 1, Cor. 2) a? =x? + y”. 
Substituting for 2’ and y’ from Art. 373, we get 


But x, and y, satisfy the equation to the Ellipse; hence, 


fo 9 2 2 2 a? — | 2 
ο” es fe a ---------- 2,'. 


Therefore (Art. 151), for determining the required length, 
we have 


a"? — a? — er ?, 


By a precisely similar analysis, we should find 


6? — αἳ — ey, 
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3'77- Comparing the expressions last found with the 
formula of Art. 360, we obtain 

Theorem XVIII.— The square on any semi-diamcter of 
an ellipse is equal to the rectangle under the focal radi 
drawn to the extremity of its conjugate. 

«5. The result of Art. 376 leads to a noticeable property of 
the Ellipse, which we may as well develop in passing. 


Let xy’ be the extremity D of any diameter DD’. The equation 
to the conjugate diameter 5΄5' (Art. 372) will be 


xa ye 


μυ (1 : D 
.. . (Νο 
The equation to DF, which joins D to the 


focus, (Arts. 95, 151) may be written CIN 
y (x — ae) = γ΄ (x — ae) (2). D 


Eliminating y between (1) and (2), we obtain 
(ay? + ba”? — b ae z^) x = ae y’?,; 
or, since x’ and y^ satisfy the equation to the Ellipse, 
(al? — b ae z^) x = b ae (a? — x^). 
Hence, for the co-ordinates of M, we have 
mem cicero) το. 
a—ex/ ' : a — ex’ 
The length of Dif (Art. 51, I, Cor. 1) will therefore be found from 
e(a? — x^? 2 d t 2 
Ber terr] or] 
Reducing the last expression, we obtain 
m α(αε--- 2ae x+ x^-- y^). 
(a — ex’)? 
Now 27+ y^? = at= (Art. 316) 4 — ez? = (Art. 375, Rem.) 
a? — e* (à — x^). Hence, 
ol——DM 


a relation which may be expressed by 





Theorem XIX.— The distance from the extremity of any diameter to 
ils conjugate, measured upon the corresponding focal radius, is constant, 
and equal to the semi-axis major. 
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373- Let L’ denote the length of the semi-diameter 
conjugate to that whose extremity is z’y’. Then (Art. 
91, I, Cor. 2) we shall have 


D? = 22+ ye = (Art. 147) z? + a (d^ ο, 


Reducing, and applying the abbreviation of Art. 150, 
we get 

prise 0 en. 
Now (Art. 916) a? —a?— επ. Adding this expression 
to the preceding, we find 


a? 4- b2 =a? 4+ BY, 
giving us the following important property : 


Theorem XX.— The sum of the squares on any two con- 
jugate diameters of an ellipse is constant, and equal to the 
sum of the squares on the azes. 


388. Angle between two Conjugates.—Let o de- 
note the angle required. We shall then have 9 —0' — 0; 
whence (Trig., 845, 111) 


sin 9 = sin 6’ cos 0 — cos 0' sin 8. 


But, putting a’, b’ for the lengths of the semi-diameters, 
and z'j', x.y, for their extremities, we have 

sini =y, :0/, cos 0'— x, : b; 

cosÜ — ατα, sind=y':a’. 


. ^y, Y d. , 
Hence, ορ EIL ὸ 
or, substituting for r, and y, from Art. 373, and reducing, 
2 472 2,,!2 
TM CA un A 


ab.a/ b! 
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Now z'y' being on the curve, (Art. 147) Px” + a*y? — ab. 


Therefore, 
ab 
sin Q = I . 
381. The expression just found, by a single trans- 
formation gives the relation 


a'b’ sin 9 == ab. Um 


New it is evident from the 3 S 
diagram, in which CD — &, ς | 
and CS=0’, that the first mem- > ] >< 
ber of this equation denotes the E ο E 
parallelogram C DES; and the 

second, the rectangle CAQ B. Hence, 






N 


|». Theorem XXI.— The parallelogram under any two con- 
jugate diameters is constant, and equal to the rectangle 
under the axes. 

Remark.—We have drawn the parallelogram and rectangle in 
question as circumscribed. Future investigations will justify the 
figure. The property last obtained may be otherwise stated: The 
triangle formed by joining the extremities of any two conjugate diameters 
is constant, and equal to that included between the semi-axes. 

Corollary 1—If we suppose y = 90°, then sing —1; 
and we obtain 

a/b! — ab. 
But (Art. 379), 
a? +b? =a? +82, 
Combining these equations, we get, after the proper 
reductions, š 
a+b’=a+b, α —b' =a — b. 
That is, 
aa 0 06. 
In other words, Zn any ellipse there is but one pair of conju- 
gate diameters at right angles to each other, namely, the axes. 
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Corollary 2.—From the formula (Art. 880), o is obvi- 
ously greatest ™ when «'U/ is greatest. But since a^ + 0^ 
is constant, the rectangle a/b’ has a constant diagonal, 
and is therefore greatest when a’= 0’. Hence, The 
inclination of two conjugate diameters is greatest when 
the diameters are of equal lengths. 


382. The diameters corresponding to the condition 
a’ =b' may be appropriately termed the equi-comjugate 
diameters of the ellipse to which they belong. Now 
(Art. 367, Cor.) for the case of equi-conjugates, 


tan 0' = — tanl; 


hence (Art. 370), for the inclinations of the equi-conju- 
gates to the axis major, | 


b 


tan 0 = —. 
a 


If we form the rectangle of the 
axes, LMN R, it is evident that the 
first of the two values just found, 
corresponds to the angle A CL; and the second, to the 
angle ACM. Hence, 


Theorem XXII.— The equi-conjugates of an ellipse are 
the diagonals of the rectangle contained under its axes. 
Corollary.—It follows directly from this, that an ellipse 
can have but one pair of equi-conjugates. In this case, 
(Art. 379,) 2a” = a? + b^; so that (Art. 380) 
sin 9 m P 
ai -r b 


383. We shall find hereafter that the two lines just 
brought to our notice have a striking significance with 





* The angle $ is supposed to be that angle between two conjugates 
which is not acute. 
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respect to the andlogy between the Ellipse and the 
Hyperbola. They in fact foreshadow the two remarka- 
ble lines known as the asymptotes of the latter curve, 
which, though still the diagonals of the rectangle formed 
upon its axes, meet it only at infinity. 


| THE TANGENT. 
3S4. Equation to any Chord.—Let z'y', αν” be 
the extremities of any chord in an ellipse: then (Art. 147) 
21/2 -+ ay’? = D?" + ay. 

Hence, after transposing and factoring, 

y"— y' b? z'!-4- alt 1 

xy py (1). 
Now the equation to the chord (Art. 95) must be of the 
form 














Substituting from (1) for the second member, the required 
equation is 


eel 
—— επ o e 


385. Equation to the Tangent.— Suppose the 
two points in which the chord cuts the curve to become 
coincident: then, in the preceding expression, «” = 7’, 
y" = y'; and the required equation to the tangent, in 
terms of the point of contact z'y', 18 

y — y' = Db? γ' 


a ome, a a. 
g — 7! q? y’ 





or, by clearing of fractions and remembering that z' and 
y' satisfy the equation to the curve, 
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386. Condition that a Right Line shall touch 
an Ellipse.—Eliminating y between the line y —mz--n 
and the ellipse pi 


y — p (a =r); 


we obtain, as the equation determining the intersections 
of the line and the curve, the quadratic 


(mæ + ὁ) x? + 2ma’nz + æ (n? — b?) — 0. 
The condition that this may have equal roots is 
(mæn? = a? (n? — b?) (ma + b’). 


Hence, after the necessary reductions, the required con- 
dition of tangency is 
n = V m'a + b, 


Corollary.—Every right line, therefore, whose equation 


is of the form 
y — mz +V mia? + b 


is a tangent to the ellipse whose semi-axes are a and b. 
This expression, like the corresponding one belonging to 
the Circle (Art. 306, Cor.), affords singularly rapid solu- 
tions of problems which do not involve the point of contact ; 
and for this reason is called the Magical Equation to the 
Tangent. 


387. The Eccentric Angle.—If the ordinate of any point P 
on an ellipse be produccd to meet the cir- 
cumscribed circle in Q, and Q be joined to 
the center C, the angle QC/ is called the 
eccentric angle of the point P. We intro- 
duce it here, because it serves the impor- 
tant purpose of expressing the position of 
any point on an ellipse in terms of a single 
variable: a purpose sometimes especially 
useful in connection with the equation to a chord or a tangent. 
The eccentric angle is usually denoted by φ. 
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It is evident from the diagram that CM = CQ cosQCM, and 
MP = PR sin PRM = CQ (MP : MQ) sin QCM = (Art. 359) 
CB sin QCM. That is, if a^y/ be any point P of an ellipse, 


z'—acosó, y =b sne. 


By means of this relation, we can always express a point on an 
ellipse in terms of the single variable ¢. Thus, the equation to the 
tangent at x’y’ becomes 


x Voca d 
z COs et 5 Sin $ = 1. 


38S. Problem.—/f a tangent to an ellipse passes through 
a fixed point, to find the co-ordinates of contact. 

Let z'y' be the required point of contact, and z'^j" the 
given point. ‘Then, since z”y” must satisfy the equation 


to the tangent, and z'y' the equation to the curve, we 
shall have the two conditions 





JJ! laht 2 12 
2/2 nr EX 27 y Soa 


et pe “ΤῈ 
Solving these for z' and γ΄, we find 


᾿ aba!" + æy" V UE + qi!" ΕΘ ab? 
=O ee 


D? + ay? ? 


5: ρω. το Ὁ 02393  — Jr 
aby” ee Dv 22113 + a'y” E b? 


RI b" -+ ay!” 


Corollary.—From these values it appears, that from 
any given point two tangents can be drawn to an ellipse: 
real when bx"? + ay’? > ab, that is, when the point 18 
without the curve; coincident when ὁ» + a’y'® = at, 
that is, when the point is on the curve; imaginary when 
Ba!” + αγ} αἲδ', that is, when the point is within the 
curve. 
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389. The equation to the tangent at x’y’ (Art. 385) is 





z'x yy p: 
aD rm i d) 
and the equation to the diameter conjugate to that whose 
extremity is z/; (Art. 912) is 

c Doe : 2 
Now (Art. 98, Cor.) the lines (1) and (2) are parallel. 
That is, 


Theorem XXIII.— The tangent at the extremity of any 
diameter of an ellipse is parallel to the conjugale diameter. 

Corollary.—If we replace 2’ and y’ by — 2’ and — y’, 
equations (1) and (2) still satisfy the condition of paral- 
lelism. Hence, Tangents at the extremities of a diameter 
are parallel to each other. 


Remark.—If the student will form the equation to the 
parallel of (2) passing through 
z'y', he will find that it is (1). 
In other words, the converse of 
our theorem is also true, and we 
can always construct a tangent 
at any point P, by drawing the 
diameter PD and its conjugate, 
and making LPM parallel to the 
latter. In this way we can form 
the circumscribed parallelogram 
corresponding to any two diameters PD, QD’; and we 
here find the promised justification of the statement 
(Art. 381, Rem.), that the parallelogram under two 
conjugates is circumscribed, since its sides must be 
parallel to the conjugates, and therefore be tangents 
to the curve at their extremities. 
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390. Let PT be a tangent to an ellipse at any point 
P, and let FP, Π’Ρ be the focal radii of contact. The 
equations to these lines may be 
written (Arts. 385, 95) 


brr + eyy =b (PT), 
y'(x—c)—(2'—c) y= 0 (FP), 
y (x-re)— (2 re) y= 0 (FP). 
Applying the formula for the angle between two lines 
(Art. 96, Cor. 1), we get 
, = ay" + Dr (x! — c) τ. b? (a? — cx’) p 
In S pay due) — ey 22) = ef’ 
tan F' ΡΤ... ay” + Ox (x! +o) M (dex) e 
bx y — avy! (z'4- c) ey'(a?- ex) ΠΠ cy! . 
Hence, FPT — 180° — F'PT = QPT; and we obtain 

Theorem XXIV.— The tangent of an ellipse bisects the 
external angle between the focal radii drawn to the point 
of contact. 

Corollary 1—We therefore have the following solution 
of the problem: Το construct a tangent to an ellipse at a 
given point. "Through the given point P, draw the focal 
radii FP, 7" P, and produce the latter until PR = FP. 
Join QF, and draw SPT perpendicular to it: SPT will 
be the required tangent. For the construction gives us 
FPT — QPT, according to the theorem that the perpen- 
dicular from the vertex to the base of an isosceles triangle 
bisects the vertical angle. 





Corollary 2.—Since in Optics the angle of reflection 
is equal to the angle of incidence, while FPT = QPT= 
SPF’, all rays emanating from F and striking the curve 
will be reflected to F’; and reciprocally. Hence it is, 
that the two points F, F’ are called the foct, or burning 
points, of the curve. 

An. Ge. 30. 
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391. If we make y =Q in the equation to the tangent, 
namely, in 
ὑπ + eyy = ab, 


we shall obtain, as the intercept of the tangent on the 
axis major, 


This intercept being thus a third 
proportional to the abscissa of 
contact and the semi-axis major, 
we have the following construc- 
tions: 





I. To draw a tangent at any point P of the curve. 
On the axis major, take CT a third proportional (Art. 
10, I, 2d) to the abscissa of contact CM and the semi- 
axis CA. Join PT, which will be the tangent required. 


II. To draw a tangent from any point T of the axis 
major. Take CM a third proportional to CT and CA, 
and at M draw the ordinate MP: its extremity P will 
be the point of contact. Join TP, which will be the 
tangent sought. 





392. The Subtangent.—The portion MT of the 
axis major, included between the foot of the tangent 
and the foot of the ordinate of contact, is called the 
sublangent of the curve, to distinguish it from the sub- 
tangent formed on any other diameter. For its length, 


we have MT — CT — CM; that is (Art. 991), 


2 — pple / ΕΕ 
pata ο οι eit) 
x 


2 


Now a+ x =A'M, and a—2! — MA; so that we get 
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Theorem XXV.— The subtangent of an ellipse is a fourth 
proportional to the abscissa of contact and the two segments 
into which the ordinate of contact divides the axis major. 


Corollary.—It appears from the formula just found, 
that the subtangent is independent of 6. Hence, All 
ellipses described upon a common axis major will have a 
common subtangent for any 
given abscissa of contact. We D πο 
thus get a construction of j um 
the tangent by means of 
the circumscribed circle. 
For, circumscribe the circle 
AQ À'; and at Q, where the 
prolonged ordinate of any point P of the ellipse meets 
the circle, draw the tangent QT: then, by what has just 
been shown, 7 will be the foot of the tangent at P, 
which may be drawn by joining PT. 

If T, the foot of the tangent, were given instead of the 
point of contact P, we should draw 7'Q tangent to the 
circumscribed circle, and, from the point of contact Q, 
let fall the ordinate Q.V. The point P in which the 
latter would cut the ellipse, would be the required point 
of contact; and, on joining this with the given point 7, 
we should have the tangent sought. 





A! 


$93. Perpendicular from the Center to any 
Tangent.—The length of this is of course the length 
of the perpendicular from the origin upon the line 


Otr Hayy =at. 


Hence, (Art. 92, Cor. 2,) to determine it we have 


P= VF Ey VEZE 


322 ANALYTIC GEOMETRY. 


But (Art. 376) a’ —ez^ =b". Hence, finally, 


Expressing this relation in ordinary language, and ob- 
serving the principle of Art. 389, we obtain 


Theorem XXVI.— The central perpendicular upon any 
tangent of an ellipse is a fourth proportional to the parallel 
semi-diameter and the semi-azes. 


921. Central Perpendicular in terms of its inclination 
to the Axis Major.—For the length of the perpendicular from the 
origin upon the tangent whose equation (Art. 386, Cor.) is 


y — mz + V mia? + δ) 


we have (Art. 92, Cor. 2) 
V (met) 
y (L+ m^) 


Now let 9 = the inclination of the perpendicular: then will 
m == — cot 0, and we get 


p — V acos + b'sin?6. 


393. The following investigation will illustrate the usefulness 
of the expression last obtained, and of the equation to the tangent 
from which it is derived. 

Let it be required to find the locus of the intersection of tangents 
to an ellipse which cut at right angles. The inclinations of the two 
tangents will be 0 and 90° + 6; and we shall have, for their central 
perpendiculars, 


p^ = a'cos?0 + D"sin?0, p”? = a?sin?0 + b?c08%. 
σα p! + p-a-Ó. 
Now, if zy be the intersection of the tangents, the square of its dis- 
tance from the center will be z? + y? = p? + p”. Hence, from what 


has just been proved, the co-ordinates of intersection are connected 
by the constant relation 


att y= αἱ + 8: 
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which is the equation to a circle concentric with the ellipse, and 
circumscribed about the rectangle of the axes.* That is, 


Theorem XXVII.— The locus of the intersection of tangents which 
cut each other at right angles, is the circle circumscribed about the 
rectangle formed on the axes. 

396. Perpendiculars from the Foci to any 
Tangent.—The co-ordinates of the right-hand focus 
are r= ae, y — 0: hence, for the length of the perpen- 
dicular from F upon the tangent 0'z + a^y'y = a^, we 


have (Art. 105, Cor. 2) 


_ Uzr'ae— ab  ab(ex—a) _ b(ex'—a) 
Now (Art. 360) a — ez' = p, the right-hand focal radius 
of contact; and (Art. 376) a? — ex” = b^, the square of 
the semi-diameter conjugate to the point of contact. 
Hence, for the right-hand focus, 


bo 
πρ 
Similarly, for the left-hand focus, we should find 
ο 
P b à 


Corollary.—By Art. 377, 5? — pp': hence, after squar- 
ing the expressions just obtained, 
6° 0 p 5p. 
puc 
formule which, in certain cases, are more useful than 
the preceding. 


"9 
P 


* This locus may be obtained even more readily, as follows: — The 
equations to the two tangents (Arts. 386, Cor. ; 99, Cor.) may be written 


y—mz-— Vma? +b, my +2=V mb? Fa. 
Squaring and adding these expressions, we eliminate m, and get 


a? + y?= a2 + 02, 
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397. Comparing the two results of Art. 396, we get 


Die Dia ο. 
a relation expressed in ordinary terms by 
Theorem XXVIII.— The focal perpendiculars upon any 


tangent of an ellipse are proportional to the adjacent focal 
radi of contact. 


398. Multiplying together the values of p and p’, 
and observing Art. 377, we obtain 


pp = ©, 
which is the algebraic expression of 
Theorem XXIX.— The rectangle under the focal perpen- 


diculars upon any tangent is constant, and equal to the 
square on the semi-axis minor. 


399. The equation to any tangent of an ellipse 
(Art. 386, Cor.) being 


y — mr = V ma" + ὁ”, 


that of the focal perpendicular, which passes through 
(V/a* — 05,0), may be written (Art. 103, Cor. 2) 
ΠΠ οι “i D, 
Squaring these equations, and adding them together, 
we obtain 
L HY αἳ 

as the equation to the locus of the point in which the focal 
perpendicular meets the tangent. Hence, (Art. 136,) 

Theorem XXX.— The locus of the foot of the focal per- 
pendicular upon any tangent of an ellipse, is the circle 
circumscribed about the curve. 


Corollary.—F'rom this property, we obtain the follow- 
ing method of constructing a tangent to any ellipse, — 
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a method which deserves special attention, because it is 
applicable alike to all the Conics, and holds good whether 
the point through which the tangent is drawn be without 
the curve or upon it. 


To draw a iangent to am ellipse through any given 
potnt.—Join the given point P with either focus F, and 
upon PF as a diameter describe 
a semicircle. Then through Q, 
where this semicircle cuts the 
circumscribed circle, draw PQ: 
it will touch the ellipse at some 
point 7. For the angle FQP is 
inscribed in a semicircle, and Q is therefore the foot of 
the focal perpendicular upon PQ. 

In case, as in the second dia- 
gram annexed, the point P is on 
the ellipse, the circle described 
on PF will be found to touch 
the circumscribed circle at Q 
(see Ex. 8, p. 359). The con- 
struction still holds, however; for the point of contact Q 
must lie on the line joining the centers of the auxiliary 
and circumscribed circles, and may therefore be found 
at once by joining C with the middle point of PF, and 
producing the line thus formed until it meets the cir- 
cumscribed circle. 








Remark.—lt is obvious that the ordinary method of drawing a 
tangent to a circle through a given point (Geom., 230), is only a 
partieular case of the method here described: the case, namely, 
where the two foci of the ellipse become coincident at C, when of 
course the ellipse becomes identical with the circumscribed circle. 
We have seen (Art. 388, Cor.) that two tangents can, in general, 
be drawn to an ellipse from a given point P; and the construction 
evidently corroborates this, since the auxiliary circle PQF must in 
general cut the circumscribed circle in two points. 
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400. From what has been shown in the preceding 
article, it follows that every chord drawn through the 
focus of an ellipse to meet the circumscribed circle is a 
focal perpendicular to some tangent of the ellipse. Now 
it is evident, that, a circle being given, any point within it 
may be considered as the focus of an inscribed ellipse. 
We have, then, 


Theorem XXXI.—/f from any point within a circle a 
chord be drawn, and a perpendicular to tt at its extremity, 
the perpendicular will be tangent to the inscribed ellipse of 
which the point is a focus. 


Corollary.—This is of course equivalent to saying that the inscribed 
ellipse is the envelope of the perpendicular. 
Advantage may be taken of this principle, 
to construct an ellipse approximately by 
means of right lines; for it is evident that 
by taking the perpendiculars sufficiently 
near together, we can approach the line 
of the curve as closely as we please. The 
diagram presents an example of this method. 





401. If the student will now form, by the method of 
Art. 108, Cor. 1, the equation 
to the diameter CQ, that is, 
the equation to the line join- 
ing the origin to the inter- 
section of the tangent 





δ΄’ + a?y'y = ab? 
with its focal perpendicular (Art. 103, Cor. 2) 
ay'x— ba! y = acy’, 
he will find that it may easily be reduced to the form 


y*— (z +e)y=0 (CQ). 
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Now the equation to the focal radius of contact F” T, 
which passes through the foeus (— c, 0) and the point 
of contact αγ’, (Art. 95) may be written 


1/2 — (2^ 4- e) y+ ey! —:0 (y. 


But (Art. 98, Cor.) these equations show that CQ and 
ΔΤ are parallel; and, by like reasoning, the same may 
be proved of CQ’ and FT. Hence, 


Theorem XXXII.— The diameters which pass through 
the feet of the focal perpendiculars upon any tangent of 
an ellipse, are parallel to the alternate focal radii of 
contact. 

Corollary.— The equations to CQ and F’T evidently 
involve the converse theorem, Diameters parallel to the 
focal radii of contact meet the tangent at the feet of its 
focal perpendiculars. Hence, if in drawing a tangent 
through a given point P it becomes desirable, after 
obtaining (Art. 399, Cor.) the foot Q of the focal per- 
pendicular, to find the point of contact, we can do so 
by merely drawing #’7' parallel to CQ. 

By combining this property with Arts. 389, 399, we 
learn that the distance between the foot of the perpen- 
dicular drawn from either focus to a tangent, and the foot 
of the perpendicular drawn from the remaining foeus to 
the parallel tangent, is constant, and equal to the length 
of the axis major. 


THE NORMAL. 


402. Equation to the Normal.—The expression 
for the perpendicular drawn through the point of contact 
x'y’ to the tangent 


27:0 y' y 
ur t 
An. Ge. 31. 
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according to Art. 109, Cor. 2, is 


Z (@—2') = Zy- y"). 


Clearing of fractions, dividing through by 2’y’, and 
putting (Art. 151) ο for a?— b, we may write the 
equation sought 


403. If we seek the angle v made by the normal 
with the left-hand focal radius of contact ΡΤ, whose 
equation is y'z— (z' + c) y + cy’ = 0, we get (Art. 96, 
Cor. 1) 


p a’ (z' + ο) 
: = 
ΠΑΕΙ; nm 
y T Y 


Similarly, for the angle φ’ made with the normal by the 
right-hand focal radius of contact FT, wo get 


a? (zx! — ο) _ 
x ey 
Ην 
E | y' : 
Hence 9' — 9; or, the normal makes equal angles with 


the two focal radii drawn to the point of contact, and 
ve have 


tan 9! = 


Theorem XXXIII.— The normal of an ellipse biseets the 
internal angle between the focal radii of contact. 


Corollary 1.— This property enables us to construct a 
normal at a given point on the curve. For let P be the 
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given point, and draw the corresponding focal radii FP, 
ΣΕ. On F'P lay off PQ equal to FP, join QF, and 
draw PN perpendicular to the 
latter: PN (Geom., 271) will bisect 
the angle P" PF, and will therefore 
be the normal required. 


Corollary 2.—We can also draw 
a normal through any point on the 
axis minor. Let A be such a point. Pass a circle 
through the given point and the foci: it will cut the 
ellipse in P and P’. Join R with either of these points, 
as P: then will AP be a normal. For the arc Z" REF 
will be bisected in Z, and the inscribed angles "PR, 
FPR will therefore be equal; that is, RP will bisect the 
angle LPF. 





404. Intercept of the Normal.—If in the equation 
to the normal (Art. 402) we make y — 0, we find, as the 
length of the intercept on the axis major, 


9 
C^ 

x =0N =< x! --- er. 
Q^ 


Corollary.—By means of 
this value, we can construct 
a normal either through a 
given point on the axis major or at a given point on the 
curve. For, in the former case, we have CN given, to 
find z’ — CM ; and, in the latter, CM is given, to find 
z= CN. 





405. By Art. 151, we have F'C — ae = CF. From 
the preceding article, therefore, 


F'N-—e(a-J-ez), FN = e (a — ez’). 
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Hence (Art. 360), ΖΝ: FN = ΒΡ: FP; that is, 

Theorem XXXIV.— The normal of an ellipse cuts the 
distance between the foci in segments proportional to the 
adjacent focal radu of contact. 


406. Length of the Subnormal.—tThe portion 
NM of the axis major, in- 
cluded between the foot of 
the normal and that of the 
ordinate of contact, is called 
the subnormal of the curve, 
to distinguish it from that 
formed on any other diameter. For its length, we have 


NM=CM—CN= 2'— e’x'= (1—e’*)x’. That is (Art. 151), 





9 


as 


b 
subnor — — 2. 
a” 


407. Comparing the results of Arts. 404 and 406, 
CN : NM=c’: 0b’. Hence, as c? = a? — δὲ, we get 

Theorem XXXV.—The normal of an ellipse cuts the 
abscissa of contact in the constant ratio (a? — b?) : b?. 


408. Length of the Normal.—By this is meant 
the portion of the normal intercepted between the point 
of contact and either axis. We have, then, 


4 2 
PN? = PM’ + NM? =y” + A (a? — ex’). 


Hence, since (Art. 376) a? — ea’? = b”, 


Av 


a 


PN 


By similar reasoning, the details of which are left for 
the student to supply, 
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409. From the foregoing, it follows immediately that 
PN.PR= b". In other words, we have obtained 


Theorem XXXVI.—The rectangle under the segments 
formed by the two axes upon the normal is equal to the 
square on the semi-diameter conjugate to the point of 
contact. 


Corollary.—We have proved (Art. 877) that b? — po’. 
Hence, PV.PR= pp’; and we get the additional property : 
The rectangle under the segments of the normal is equal to 
the rectangle under the focal radii of contact. 


410. It has been shown (Art. 393) that, for the length 
of the central perpendicular upon any tangent, we have 


a 


b 
0Q— 5. 


Therefore, CQ. P. =a’, and CQ.PN =d. That is, 


Theorem XXXVII.—The rectangle under the normal 
and the central perpendicular upon the corresponding 
tangent is constant, and equal (ο the square on the 
semi-aris other than the one to which the normal 18 
measured. 


SUPPLEMENTAL AND FOCAL CHORDS. 


411. Definition. By Supplemental Chords of an 
ellipse, are meant two chords passing 
through the opposite extremities of 
any diameter, and intersecting. on 
the curve. 

Thus, DP, D'P are supplemental 
with respect to the diameter D'D; 
and AQ, A'Q, with respect to the axis major. 
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412. Condition that Chords of an Elipse be 
Supplemental.—Let ¢ be the inclination of any chord 
DP, and c' that of the supplemental chord D’P. Then, 
since (Art. 149) every diameter is bisected by the center C, 
if the co-ordinates of D be 2’, y', those of D' will be —z, 
— i; and the equations to DP, D'P (Art. 101, Cor. 1) 
may be written 


y— y —(rz—z)tang, y-Fy' -—(x-4 r) tang’. 
Hence, at the intersection P, we shall have the condition 
y? — y" = (a? — x’) tang tang’, 


in which zy, σ΄’, being both upon the curve, are so con- 
nected (Art. 147) that 





The supplemental chords are therefore subject to the 
constant condition 
b2 
tan ¢ tan 9! — — —. 
y. ΒΡ 
413. If and 0' are the respective inclinations of two 
diameters drawn parallel to a pair of supplemental chords, 
then 0 — and 0'— 9’; and, from the preceding condition, 
we have 
b2 
tan ϐ tan θ' — — —. 


3 


“ 


But this (Art. 370) is the condition that the diameters 
corresponding to 0 and 0' shall be conjugate. Hence, 


Theorem XXXVIII.— Diameters of an ellipse which are 
parallel to supplemental chords are conjugate. 
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Remark.—This theorem may be otherwise stated: 
If a diameter be parallel to one of two supplemental 
chords, its conjugate will be parallel to the other. It 
therefore gives rise to the following constructions. 


Corollary 1.— To construct a pair of conjugate diameters 
ata given inclination. On any diameter, describe (Geom., 
231) an arc containing the given angle, and join either 
of the remaining points in which the circle cuts the ellipse 
with the extremities of the diameter: the diameters drawn 
parallel to the supplemental chords thus formed will be 
the conjugates required. 

Caution.—It should be borne in mind, in connection with this 
problem, that the inclination of: two conjugates in an ellipse is 
subject to a restriction, and is not any angle we please, but only 
(Arts. 381, Cor. 1; 382, Cor. 2) any angle between the limits 90° and 
sin-! 2ab : (a? + b?). 

Corollary 2.— To construct a tangent parallel to a given 
right line. Let LM represent the given line. The point 
of contact of the required tan- 
gent (Art. 389) is the extrem- 
ity of the diameter conjugate 
to that drawn parallel to LM. 
Draw, then, the chord AQ par- 
allel to LM from the extremity 
of the axis major, and the di- 
ameter DP parallel to the supplemental chord QA’: 
the line PT drawn through the extremity P of this 
diameter, parallel to the given line LM, will be the 
tangent sought. 





B’ 


Corollary 3.— To construct the axes in the empty curve. 
Draw any two parallel chords, bisect them, and form the 
corresponding diameter, say DP. On the latter, describe 
a semicircle cutting the ellipse in R. Join DR, RP: 
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they will be supplemental chords of the circle, and there- 
fore (Art. 317, Cor.) at right angles. "They will also be 
supplemental chords of the ellipse: hence A'A, B'S, 
drawn parallel to them through 6, will be the rectangular 
conjugates of the curve; that is, its axes. 


414. Defnition.—4A Focal Chord of an ellipse, and in 
fact of any conie, 1s simply a chord drawn through a focus. 

The focal chords possess some special properties, 
several of which, in the form corresponding to the 
Ellipse, will be given in the examples at the close of 
this Chapter. One of them, however, has an important 
bearing upon the properties of a certain element of the 
curve, and we shall therefore develop it here. 


415. The equation to any focal chord, having the 
inclination 0 to the axis major, may be written (Art. 
101, Cor. 5) 





Y 0—a6 | 
snÜ  eos0ü X ^ 

l being the distance from the focus to any point on the 

chord. At the intersections of the chord with the curve, 


we shall therefore have (Art. 147) 
(a? sinf 0 + Ü cos’ 0) P. + 20^ ae cos 0.[ — b*. 
The roots of this quadratic are readily found to be 


2H i? (1 + cos 0) m b (1 — e cos () 


— « (1 — e'cos?ü) |. 4 (1— e'eos't) ` 
But these roots are the values of the two opposite seg- 
ments into which the focus divides the chord. Neglecting, 
then, the sign of /", we have, for the length of the whole 
chord, 


cho — MOIS C KS Oa ν 
a 1—e*cos?@ 
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Now (Art. 865) the second factor in this expression is 
the square on the semi-diameter whose inclination is 0. 
Hence, if we put a’ — the semi-diameter parallel to the 
chord, we get 





9 4/2 2 
hip (24) 
a 2a 





a property which we may express by 


Theorem XXXIX.— Any focal chord of an ellipse is a 
third proportional to the axis major and the diameter 
parallel to the chord. 


Remark.— This result is exemplified in the value found 
(Art. 357, Cor.) for the latus rectum, which is the focal 
chord parallel to the axis minor. 


II. THE CURVE REFERRED TO ANY TWO CONJUGATES. 
DIAMETRAL PROPERTIES. 


416. We are now ready to consider the Ellipse from 
a point of view somewhat higher than the one we have 
hitherto occupied, and shall presently discover that many 
of the properties we have developed are only particular 
cases of theorems more generic. Heretofore, we have 
referred the curve to its axes: let us now refer it to any 
two conjugate diameters. 


417. Equation to the Ellipse, referred to any 
two Conjugate Diameters.—To obtain this, we must 
transform the equation of Art. 147, 


530 ANALYTIC GEOMETRY. 


from rectangular axes to oblique ones having the respective 
inclinations 0 and 0' to the axis major. Replacing (Art. 
56, Cor. 1) z and y by zcos 0 + y cos 0' and xsin Ü + y sin 4. 
we obtain, after obvious reductions, 


(a? sin? 0 + b? cos? 8) 27 + (a? sin? 0' 4- b? cos? 6^) y? 
+ 2 (a? sin 0 sin 6’ + b? cos 0 cos 0^) ry = a*D?. 


But, as the new reference-axes are conjugate diameters, 
we have, by a single transformation of the condition in 
Art. 310, 

à? sin @ sin 0' + ὁ’ cos 0 cos 0' = 0. 


The transformed equation is therefore in fact 
(a^ sin? ϐθ + ὃ) cos’ ϐ) οὗ + (a? sin? 0' + b? cos? 0") y? = ah. 


In this, the co-efficients are still functions of the semi- 
axes; but if we seek the values of the semi-conjugates 
a’ and ὁ’ by finding (Art. 73) the intercepts of the curve 
upon the new axes of reference, we readily obtain 

ab? a*b? 


—., αβιη΄θ’ -᾽- beos h = —. 


laine 2 2/) |... 
a?sin?0 + b?cos?0 — B ji 





Hence, the required equation, in its final form, is 


p y? 
pt peal 
419. Comparing this equation with that of Art. 147, 
and remembering (Art. 372, Cor.) that the axes are a 


case of conjugates, it becomes evident that the equation 
hitherto used, namely, 
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is only the particular form assumed by the general one 
we have now obtained, when the reference-conjugates 
have the specific lengths 2a, 20, and are at right angles 
to each other. Moreover, from the identity of form in 
the two equations, we see at once that the transforma- 
tions applied to 


are equally applicable to 


2 . 
rl 


9 
A os 
a"? 


and that the theorems derived from the former may 
therefore be immediately extended to any conjugate 
diameters, provided they do: not involve the inclination 
of the reference-axes. Thus, we learn that the theorems 
of Arts. 357, 958 are particular cases of the following: 


Theorem XL.— The squares on the ordinates to any 
diameter of an ellipse are proportional to the rectangles 
under the corresponding segments of the diameter. 


Theorem XLI.—The square om any diameter of an 
ellipse is to the square on its conjugate, as the rectangle 
under any two segments of the diameter is to the square 
on the corresponding ordinate. 


* 419. The equation of Art. 417 may of course be 
written 


= (ae). 


The equation to a circle described upon the diameter 
2a’ is 
y! =a? — r. 
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Supposing, then, that we consider those ordinates of the 
two curves that correspond to a common abscissa, we 
get 

qur σθυ τα; 
and therefore have the following extension of the rela- 
tion (Art. 359) between the Ellipse and the circumscribed 
circle: 


Theorem XLII..— The ordinate to any diameter of an 
ellipse is to the corresponding ordinate of the circle de- 
scribed on that diameter, as the conjugate of the diameter 
is to the diameter itself. 


Corollary 1.—Hence, given two 
conjugate diameters in position and 
magnitude, we may construct the 
curve by points, as follows: — On 
each of the given diameters DL, 
D'L', describe a circle. At M, 
any point on the diameter selected 
for the axis of r, set up a rectangular ordinate of the 
corresponding circle, meeting the curve in Q, and draw 
MP parallel to the conjugate diameter D'L'. Join Q, 
the extremity of the cireular ordinate, to the center C, 
and through O, where QC cuts the inner circle, draw OR 
parallel to DL: then will RM measure the distance of O 
from DL. From M as a center, with the radius MR, 
describe an are cuttmg MP in P: then will P be a 
point of the required ellipse. For MP — ME = the 
perpendicular from O upon CD. Hence, MP: MQ = 
COCO =U" sa. 

Corollary 2.— The use of the equation α΄ + 3j? = a” in 
the preceding investigation, to denote a circle described 
upon a diameter of an ellipse, suggests a point of con- 
siderable importance. The equation denotes such a 
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circle, only on the supposition that the axes of refer- 
ence are rectangular; and, in the construction just 
explained, the ordinate MQ was drawn in accordance 
with this principle. 

The equation, however, is susceptible of a more gen- 
eral interpretation. It evidently arises from the general 
equation 

r? y? 
ai t aS h 
whenever a' =b’. In other words, the equation 
gt y! — a, 


when the reference-axes are oblique, denotes an ellipse 
referred to its equi-conjugate diameters. 


420. By throwing the equation of Art. 417 into the 
form 


and subjecting it to an analysis precisely like that of 
Art. 361, we can determine the figure of the Ellipse 
with respect to any two conjugates. It will thus appear 
that the curve is oblong, closed, continuous in extent, 
and symmetric not only to the axis major and axis minor, 
but to any diameter whatever. 


CONJUGATE PROPERTIES OF THE TANGENT. 


421. Equation to the Tangent, referred to any 
two Conjugate Diameters.—From the relation estab- 
lished (Art. 418) between the equations 

p 2 


2 2 2 
—=+ eal and - + a= 1, 


/ 
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it follows that the application to the latter of the method 
used in Arts. 384, 385 must result in 


Re I, 
ο ad = 1. 


a" 





492. intercept of the Tangent on any Diam- 
eter.—Making y — 0 in the 
equation just found, we get, 


for the intercept in question, 
α': 
a! 


ας Ge 








We have, then, as the extension of Art. 391, 


Theorem XLIII.—The intercept cut off by a tangent 
upon any diameter of an ellipse is a third proportional 
to the abscissa of contact and the semi-diameter. 


Corollary.— To construct a tangent from any given point. 
From the given point 7", draw the diameter 7"C, and 
form its conjugate CD’. On CT" take CM a third pro- 
portional to the intercept CT” and the semi-diameter CD, 
and draw MP parallel to CD’: then will MP be the ordi- 
nate of contact. Join 7"P, which will be the tangent 
required. 


423. We may conveniently group at this point a few 
properties of tangents and their intercepts, which will 
serve to illustrate the advantages of using conjugate 
diameters as axes of reference. 

I. Let DT, L/T be any 
two fixed parallel tangents of 
an ellipse, intersected by any 
variable tangent P/T. DI’ 
joining the points of contact 


of the parallel tangents, and 
DL drawn parallel to them, 
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(Art. 389) will be conjugate diameters. Taking these for reference- 
axes, the equation to the variable tangent T/T 15 


aes. t 
d | 


In this, making y successively equal to + 4’ and — ὁ’, we obtain 


a’? v a’? γ΄ 
z=0T=5 (1-9), err-204) 
Hence, multiplying together the two values of x, and substituting 
for y^ its value from the equation to the Ellipse, we get 


j YT. YT’ = a”. 
Interpreting this relation in ordinary language, we have 
Theorem XLIV.— The rectangle under the intercepts cut off upon 
two fixed parallel tangents by any variable tangent of an ellipse is 


constant, and equal to the square on the semi-diameter parallel to the 
two tangents. 


II. If we take for axes of reference the diameter CP drawn to 
the point of contact of any variable tangent, and the conjugate 


diameter SS’, the equations to any two fixed parallel tangents 
DT, LIT’ will be 


αν vy zr, yy 
Y = Qt πε 
α 


a’? ο. É UU 


Making x =a’ in each of these, and remembering (Art. 389) that 
the axis of y (SS) is parallel to the variable tangent T/T, we get 


/2 7 72 / 
προ (i- £) ye PP-— (1 +5). 


/ a’ / 

Hence, after substituting for y^ from the equation to the curve, 
ΕΞ“ 

the sign of the second factor being disregarded, as we are only 


concerned with the area of the rectangle. We have, then, 


Theorem XLV.—The rectangle under the intercepts cut off upon 
any variable tangent of an ellipse by two fixed parallel tangents is 
variable, being equal to the square on the semi-diameter parallel to the 
tangent. 
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III. Using the same axes of reference as in IJ, the equations to 
any two conjugate diameters, for instance CT and CT", (Arts. 372, 
418) may be written 











a ^1 
Ro (s ne 
Making x =a’ in each, we obtain 
a'y’ D^? 
y—PT——-.; y= PT’ = πα 
Hence, neglecting the sign of the second intercept, 
PT. PT’ =", 


and we thus arrive at 


Theorem XLVI.—The rectangle under the intercepts cut off upon 
any variable tangent of an ellipse by two conjugate diameters is equal 
to the square on the semi-diameter parallel to the tangent. 

Remark.—It is evident that, by a single change in the interpre- 
tation of the symbols, we might have stated the theorem thus: 
The rectangle under the interccpts cut off upon a fixed tangent by any 
two conjugates is constant, and equal to the square on the parallel 
semi-diameter. 


Corollary 1.—1t is obvious from the equations, that none but 
conjugate diameters will cut off such intercepts as will form the 
rectangle mentioned. Hence, the converse of the theorem is also 
true; and, combining it with the result of II, we get: Diameters 
drawn through the intersections of any tangent with two parallel tan- 
gents are conjugate. 

Corollary 2.-—The theorem of III also furnishes us with the fol- 
lowing neat solution of the problem, 

Given two conjugate diameters of an ellipse in position and magni- 
tude, to construct the axes. Let CD, CD’ be the given conjugate 
semi-diameters. Through the extremity of 


either, as D, draw AB parallel to the other: Lee 

it will be a tangent of the corresponding d 

ellipse (Art. 389). Produce CD to P,so , A : 
that CD.DP — CD”. Bisect CP by the ™ UE 


perpendicular 1Ο, and from O, where MO 
meets 4B, describe a circle through C and 
P. Join the points A and B, in which this 
circle cuts AB, with the center C of the ellipse: CA, CB will be 
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the axes sought. For (Geom., 331) AD. DB= CD. DP= CD", and 
therefore (Th. xtv1) CA, CB are conjugate diameters. Moreover, 
since AC'B is inscribed in a semicircle, they are the rectangular 
conjugates of the curve; or, in other words, the axes. 


424. Subtangent to any Diameter.—This being 
the portion of any diameter intercepted between the 
foot 7" of a tangent, and the foot M of the ordinate 
of contact, we have, for its 
length, MZ’ = CT’ — CM. 
Hence, (Art. 422,) 


ως 


/2 
α 
subtan’ = — 








That is, since a’ + 2' — LM, 

and a’ — z' = MD, The subtangent to any diameter of an 
ellipse 1s a fourth proportional to the abscissa of contact 
and the corresponding segments of the diameter. 


Corollary.—This value is independent of the length 
of the conjugate semi-diameter δ’; and, if we compare 
it with that of the subtangent in the circle 2? + y? = a^ 
described upon the diameter which serves as the axis 
of x, we find (Art. 311) that the two are equal. Hence 
the following construction: 


To draw a tangent to an ellipse from any given point. 
Let 7" be the given point. Through it draw the diameter 
T'DL; upon DL describe a circle, and form its tangent 
TQ passing through the given point. Let fall QM per- 
pendicular to DL, and through its foot M draw PP’ a 
double ordinate to the diameter. DL: the points P, P" 
in which this meets the curve will be the points of con- 
tact of the two possible tangents from 7", either of which 
may be obtained by joining 7" to the proper point of 
contact. 

An. Ge. 32. 
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Remark.—It is obvious that the same principle may 
be used to construct a tangent at any point P of the 
curve, by simply drawing any diameter and its conjugate, 
forming the corresponding ordinate of the ellipse from P, 
and erecting at its foot the ordinate MQ of the circle 
described on the diameter first drawn: the tangent to 
this circle at Q will determine the foot 7" of the required 
tangent to the ellipse. This method is very convenient 
when the curve only, or an arc of it, 15 given; but, when 
the axes are known, the construction described in the 
corollary to Art. 392 is preferable. 


425. If we multiply the value of the subtangent by 
the abscissa of contact z', we get 2’ subtan' = a^? — g”. 
Comparing this with the square on the ordinate of 


contact, as given by the equation to the curve, namely, 


we obtain 2’ subtan' : y? = a” : 6”, a relation expressed 
by 

Theorem XLVII.—-The rectangle under the subtangent 
and the abscissa of contact is to the square on the ordinate 


of contact, as the square on the corresponding diameter is 
to the square on its conjugate. 


426. The equations to the tangents at the extrem- 
ities of any chord of an ellipse, by taking for axes the 
diameter parallel to the chord, and its conjugate, may 
be written 


yy M 3 4 1 
a” GERE =I, a? — e$ = 
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Eliminating between these, we find that the co-ordinates 
of the point in which the tangents intersect are 





Hence, comparing Arts. 369; 49, Cor. 1, we have 


Theorem XLVIII.— 7'angents at the extremities of any 
chord of an ellipse meet on the diameter which bisects that 
chord. 


PARAMETERS. 


427. Definitions—The Parameter of an ellipse, 
with respect to any diameter, is a third proportional to 
the diameter and its conjugate. Thus, if a’, 6’ denote 
the lengths of any two conjugate semi-diameters, we 
shall have, for the value of the corresponding parameter, 





rameter — uU P 
pe EE Bc age 

The parameter with respect to the axis major, is called 
the principal parameter; or, the parameter of the curve. 
We shall represent its length by the symbol 4p. 


42$. From the definition above, we have, for the value 
of the parameter of the Ellipse, 


2b 


4p — 5 


Hence, (Art. 357, Cor.,) the principal parameter is iden- 
tical with the line which we named the latus rectum; 
that is, it is the double ordinate drawn through the 


focus to the axis major. 
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429. In Art. 415, we proved that the focal chord 
(or double ordinate) parallel to any diameter is a third 
proportional to the axis major and the diameter. Now 
(Art. 366) the axis major is greater than any other 
diameter — greater, therefore, than the diameter conju- 
gate to that of which the focal chord is a parallel, 
unless the chord is the latus rectum. Hence, 


Theorem XLIX.—.JNVo parameter of an ellipse, except 
the principal, is equal in value to the corresponding 
focal double ordinate. 


POLE AND POLAR. 


430. We can now show that the reciprocal relation 
of points and right lines which we established (Arts. 
918 — 321) in the case of the Circle, is a property of 
the generic curve of which the Circle is only a particu- 
lar case. We shall develop the conception of the polar 
line in the Ellipse by the same steps as in the former 
investigation. 


431. Chord of Contact in the Ellipse.—Let 1 
be the fixed point from which the two tangents that 
determine the chord are drawn, and zy, x.y, their 
respective points of contact. Their equations (Art. 
421) will be 


XX Lot 
sat —L Lu -l 


But z'y' being upon both tangents, we have 


al? b" 2 a"? 
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That is, the co-ordinates of both points of contact satisfy 
the equation 
yy 1 


al? 6/2 ao 


This is therefore the equation to the chord of contact. 


432. Locus of the Intersection of Tangents to 
the Ellipse.—Let z'y' be the fixed point through 
which the chord of contact belonging to two inter- 
secting tangents is drawn, and zy, the intersection of 
the tangents. The equation to the chord (Art. 491) 
will be 





Ao or = 1, 


and, as z'y' is on the Mes we shall have the condition 


VW 
n Eg d" es 
irrespective of the direction of the chord. The co-ordi- 
nates of intersection for the two tangents drawn at its 
extremities must therefore always satisfy the equation 


BUDE i 


which is for that reason the equation to the required 
locus. 


433. Tangent and Chord of Contact included 
in the wider conception of the Polar.—The equa- 
tions to the tangent, to the chord of contact, and to the 
locus of the intersection of tangents drawn at the ex- 
tremities of chords that pass through a fixed point, are 
thus seen to be identical in form. These three lines are 
therefore only different expressions of a common formal 
law; and, inasmuch as the fixed point z'y', in the case 
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of the chord of contact, is restricted to being without 
the curve; and, in that of the tangent, to being on the 
curve; while, in the case of the locus in question, it is 
not restricted at all: it follows that the tangent and 
chord of contact are cases of the locus, due to bringing 
the point 2’y’ upon the curve or outside of it. Maore- 
over, the relation between the locus which thus absorbs 
the tangent and chord of contact, and the fixed point 
wy’, is that of polar reciprocity. For, by precisely the 
same argument as that used (Art. 921) in the case of 
the Circle, we have the twofold theorem: 


I. If from a fixed point chords be drawn to any ellipse, 
and tangents to the curve be formed at the extremities of each 
chord, the intersections of the several pairs of tangents will 
lie on one right line. 

Il. Lf from different points lying on one right line pairs 
of tangents be drawn to any ellipse, their several chords 
of contact will meet in one point. 


It thus appears that the Ellipse imparts to every point 
in its plane the power of determining a right line; and 
reciprocally. 


454. Equation to the Polar with respect to an 
Ellipse.—From what has been shown in the preceding 
articles, it is evident that this equation, referred to any 
pair of conjugate diameters, is 





A pt et 
2’ being the point to which the polar corresponds. 
Consequently, the equation referred to the axes of the 
curve will be 
/ / 
η 


a b? 
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435. Definitions.—The Polar of any point, with 
respect to an ellipse, is the right line which forms 
the locus of the intersection of the two tangents 
drawn at the extremities of any chord passing through 
the point. 

The Pole of any right line, with respect to an ellipse, 
is the point in which all the chords of contact corre- 
sponding to different points on the line intersect each 
other. 

From these definitions, we 
obtain the following  con- 
structions :—When the pole 
P is given, draw through it 
any two chords 7"T, S'S, 
and form the corresponding 
pairs of tangents, 7"L and 
TL, S' M and SM. Join the 
intersection of the first pair 
to that of the second, forming the line LM : this will be 
the polar of P. When the polar is given, take any two 
points upon it, as L and M, and from each draw a pair 
of tangents to the curve: the point P, in which the cor- 
responding chords of contact T" T, S'S intersect, will be 
the pole of LM. 

In case the pole is without the curve, as at L, the polar 
is the chord of contact of the two tangents from L; and, 
when the pole is o» the curve, as at T, the polar is the 
tangent at 7. In either case, then, the construction may 
be made in the way these facts require. 





436. Direction of the Polar.—The equation to 
the polar of any point z'y', namely (Art. 434), 


ο -ᾱ 
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when compared with that of the diameter conjugate to 
the same point, namely (Arts. 972, 418), 
yl 


/ 
z'r yy 
ae προς ο) 
α b^ 





shows (Art. 98, Cor.) that the polar and the diameter 
are parallel. We have, then, the following extension 
of the property reached in Art. 589: 


Theorem L.— The polar of any point, with respect to 
an ellipse, is parallel to the diameter conjugate to that 
which passes through the point. 


437. Polars of Special Points.—It is easy to see, 
by comparing the equations to the polar in the Ellipse 
and in the Circle (Arts. 454, 323), that the general 
properties of polars proved in Art. 324 are true in the 
case of the Ellipse. We leave the student to convince 
himself of this, and will here present certain special 
properties of polars, which depend on taking the pole 
at particular points. 

If we substitute for z'y', in the equation of Art. 484, 
the co-ordinates of the center, we shall get 1— 0: an 
expression conforming to the type (Art. 110) 


C= 0. 


Hence, The polar of the center is a right line at infinity. 
If in the same equation we make y'—0, we shall get 


Hence, The polar of any point on a diameter is a right 
line parallel to the conjugate diameter, and us distance from 
the center is a third proportional to the distance of the point 
and the length of the semi-diameter. 
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Similary, Zhe polar of any point on the axis major is 
the perpendicular whose distance from the center is a third 
proportional to the distance of the point and the length 
of the semi-axis. 

Corollary.— The second of these properties obviously 
leads to the following construction of the polar:— Join 
the given point with the center of the curve, and, from 
the latter as origin, lay off upon the resulting diameter 
a third proportional to the distance of the point and the 
length of the semi-diameter. Through the point thus 
reached, draw a parallel to the conjugate diameter, 
which will be the polar required. 


438. Polar of the Focus.—The equation to the 
polar of either focus, by substituting (+ ae, 0) for αγ’ 
in the second equation of Art. 434, is found to be 


a 
CaS πο ος 


6 

Hence, The polar of either focus in an ellipse is the 
perpendicular which cuts the axis major at a distance 
from the center equal to a: e, measured on the same 
side as the focus. 


439. The distance of any point P of the curve from 
either focal polar, say DR, 
is evidently equal to the , 
distance of that polar from 
the center, diminished by the o 
abscissa of the point. Thus, 








P= 2.2 t. 
e e 
Now (Art. 360) a — ez — FP. Therefore, 
EP Áo ; 
PD ~° 


An. Ge. 33. 
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and we have the remarkable property, which will here- 
after be found to characterize all the Conies, 


Theorem LI.— The distance of any point on an ellipse 
from the focus is in a constant ratio to its distance from 
the polar of the focus, the ratio being equal to the eecen- 
tricity of the curve. 

Corollary 1—Upon this theorem is founded the follow- 
ing method for constructing any are of an ellipse. The 
process is not simple enough for extensive use, but is 
interesting as exhibiting the analogy between the Ellipse 
and the other two Conics in regard to the important 
property just established. 


Take any point F, and any fixed 
right line Dit. Draw FR perpendic- 
ular to DE, and, at any convenient 
point of the latter, as .D, make DP 
parallel to FR and greater than FP, 
to express the property that the eccen- 
tricity of the Ellipse (which, by the 
theorem above, equals FP: PD) is less 
than unity. On PD describe a semi- 
circle, and from P as center, with a 
radius FP, form an arc cutting the semicircle in O. Join DO, PO, 
producing the latter to meet DR in M: the triangle DOP will.be 
right-angled at O, being inscribed in a semicircle. Now divide FR 
in the ratio FP: PD, suppose at A: then will A be the vertex of 
the ellipse of which P is a point, F the focus, and DRK the polar 
of the focus. At any point on the line AF to the right of A, as 
at B, erect a perpendicular, meeting PM in C Draw CE parallel 
to PD, and EG parallel to DO. Next, from F as center, with a 
radius equal to CG, describe an are cutting BC in the point a: 
then will a be a point on the curve. For the triangle CEG is by 
construction similar to PDO, so that CG : CE = PO: PD; or, 
Fa:CE-FP: PD. Thus the focal distance of the point is to its 
distance from the line which may now be considered the focal polar, 
in a constant ratio less than unity. By repeating the process just 
deseribed, other points of the curve may be found in sufficient 





ELLIPSE DEFINED BY POLE AND POLAR. 9998 


numbers to determine its outline, and it can then be drawn 
through them. 


Corollary 2—The fact has been brought to light 
(Arts. 431—433), that the positions of the pole and 
polar may be as near to or as remote from each other 
as we please. It is therefore not only true that an 
ellipse imparts to every point in its plane the power 
of determining a right line, but any given right line 
is the polar of any given point, with respect to some 
ellipse. Now the construction just explained rests upon 
this principle, and the given line DÈ is therefore con- 
stantly taken as the boundary against which, as the 
polar of the given point F, the horizontal distances 
of the points on the curve are measured. From this 
constant relation to the figure of the resulting ellipse, 
the polar of the focus is called the drectrir of the 
curve. 


Corollary 3.—The theorem of this article invests the 
term ellipse with a new meaning. We now see that the 
name of the curve may be interpreted as signifying the 
conic in which the constant ratio between the focal and 
polar distances falls short of unity. 


a 


κο. 440. Focal Angie subtended by any Tangent.—By this 
is meant the angle PFT included between two focal radii FT, 
FP: one drawn to the point of contact 
of the tangent passing through any 
fixed point P; and the other, to such 
fixed point itself. The determination 
of this angle involves a remarkable 
relation, which, although not depend- 
ing upon the properties of conjugate 
diameters, we shall nevertheless present 
here, because the proper statement of it implies that the reader is 
acquainted with the definition of the pole and the polar. 
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Let xy be the arbitrary point P through which a tangent PT is 
drawn, and z^y/ the corresponding point of contact T. Also, let 
ο ο s CRT. 
pz EP. and p= FT. 
We shall then have 


— x 7 
cos 0 = -— , sind =% 
p p 


ae " 
σος p ΠΝ ΩΝ j sin 0/— 





Therefore, putting ϕ-- PFT, we shall 
get (Trig., 845, 1v) 
(ae — x) (ae — 2) + y'y 
cos ¢ = ------------------ 

pp 


Now, from the equation to the tangent, y’y = 6? — “a's. Hence, 
pp’ cos $ = a? — aexr — ae x + ex x= (a— ex^) (a — ex). 

But (Art. 360) o^ = a— σα’. Hence, finally, 
a — ex 
` P | 

441. This expression, being independent of the point of contact 
z/y/, must be true for either of the tangents drawn from P. Hence 
9—PFT-PFT" Therefore, with respect to the whole angle TFT’, 
we have 


Theorem LII.— The right line that joins the focus of an ellipse to 
the pole of any chord, bisects the focal angle which the chord subtends. 





cos ϕ = 


Corollary.—since the angle subtended by any focal chord is 180°, 
we obtain the further special property: Zhe line that joins the focus 
to the pole of any focal chord is perpendicular to the chord. 


II. Tus CURVE REFERRED TO ITS FOCI. 


442. We are now prepared to attach the proper 
meanings to the constants which enter the equations of 
Art. 152 and the subjoined Remark; and it may deserve 
to be mentioned in passing, that the phrases polar equa- 
tion, polar co-ordinates, etc., have no reference to the polar 
relation lately developed as a property of the Ellipse. 
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443. From the preceding discussions, then, we are 
henceforth to understand that in the polar equations 


| α (1 -- ε >t) 
P = iT ecost’” | ~ J+ecosd’ 


the constant a is the semi-axis major of the given ellipse, 
and the constant e its eccentricity. 
Further: If we replace 1 — é by its value (Art. 151) 


b?: a°, we may write these equations 


O 1 "E b? 1 
P= a 1—ecos0? "^ a Τγεςοβθ᾽ 
Now (Art. 428) b: a is half the parameter of the curve. 


2p 
(PTT Yxecos8" 
the upper or lower sign being used according as the 
right-hand or left-hand focus is taken for the pole. 


444. Polar Equation to the Tangent.—We shall 
obtain this most readily by transforming the equation 


ve gy y 

a? be 
from rectangular to polar co-ordinates, at the same time 
removing the pole to the left-hand focus, whose co-ordi- 
nates are — ae, 0. We have (Art. 58) z' — o' cos 0' — ae, 
x= p cosh — ae, y'= p! sin 6’, y = p sin 0. Hence, the 
transformed equation is 


(ο’ cos 0' — ae) (p cos 0 — ae) E (^p cosh cosh? κ 1 


a? ῥ᾽ 
But ϱ’θ’ is on the curve: therefore, (Art. 448,) 
p! τ... ...; 


~ I—ecos? αἷ--εοοὐθη᾽ 
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Substituting these values in the first and second terms 
of the last equation respectively, and reducing, 


(cos0'—e) (0 cosd—ae)-+p sinf sin 0'—a (1—ecos0^) (1). 
Therefore, (Trig., 815, Iv,) the required equation is 


m a (1 — e) 
P = cos (0 — 0") — e cos θ᾽ 


Corollary.—Since the equation to the diameter conju- 
gate to z'y' (Art. 372), differs from that of the tangent 
at z'y' only in having 0 for its. constant term, we have, 
by putting 0 instead of a (1—e cos 0") in (1), and reducing, 


= ae (cos 6’ — e) 
P= cos (0 — 0^) — e cos 0’ 


as the polar equation to the diameter conjugate to that 
which passes through '0'. 


445. These polar equations afford a proof of Theorem XIX 
so much simpler than the one given in Art. 378, that we present 
it here expressly to invite comparison. 

Let p/0 be the extremity D of any 
diameter DD’. The equation to its 
conjugate SiS” 18 


PN. (cos 0 — e) l 
-cos (0—0) — e cos 0 





In this, making 0 — 0^, we obtain 


ae (cos θ΄ — e) 
SP M cel 
i 1—ecos¥ 
Now, from the polar equation to the curve, as given in Art. 152, 


^p _ α (1 -- e) 

H μετ. 
ΘΠΟΘ 

| DM = Ε΄} — F” M =a. 
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Remark.—The geometric proof of this theorem is perhaps still 
simpler. Thus:—‘The normal DN bisects the angle ΣΡΙ (Art. 
403), and is perpendicular to SiS’ (Art. 389). Hence, the triangle 
MD Lis isosceles, and DM=DL. But, by drawing a parallel to LM 
through F, it becomes apparent, since CF’=CF, that F/M = FL. 
Therefore, DM + DL = F'D—F'M-4-FD--FL-—rF'D + FD. 
That is, (Art. 355), 

2DM--A/'A4. DM=a. 


We have given these three proofs of the same proposition for thc 
purpose of illustrating the importance of a proper selection of methods, 
even in the elementary work of the beginner. In attempting to es- 
tablish theorems, several methods are often available to the student, 
and he should select that which will combine rigor, simplicity, and 
elegance, in the highest degree. While analytic processes are gen- 
erally able to satisfy this condition the best, it nevertheless sometimes 
happens, that the proof from pure geometry is superior. In such a 
case, of course, the latter 1s to be preferred. 


IV. AREA OF THE ELLIPSE. 


446. The area of any ellipse whose axes are given, 
may be determined by the following application of the 
geometric method of wnfmesimals. 

A’A being the axis major of the - 
curve, describe a circle upon it, and 
divide it into any number of equal 
parts at L, M, N, etc. Erect the 
ordinates LP, MQ, NR, etc., cutting the ellipse in p, q, 7, 
etc. Join PQ, pq: then, since Lp: LP= Mq: MQ =b: a 
(Art. 359), the trapezoids Lq, LQ are in the ratio ὗτα. 
Now the same must be true of any two corresponding 
trapezoids: therefore, the area of the polygon inscribed 
in the ellipse is to the area of the corresponding polygon 
inscribed in the circle as b is to a. Hence, as this pro- 
portion holds true, no matter how many sides the inscribed 





L M N 
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polygons may have, and as we can make the number of 
sides as great as we please by continually subdividing 
the axis major, in the limiting case where the polygons 
vanish into their respective curves, we shall have «rea 
of ellipse : area of circumscribed circle =b : a. Now 
(Geom., 500) the area of the circle = πα. Therefore, 
putting .1 = the required area, 


A = τς ab. 
That is, 


Theorem LIII.— The area of an ellipse is equal to x times 
the rectangle under ils scini-axes. 


Corollary.—Since zab = y πα”. πύ”, we have the addi- 
tional property: The area of an ellipse is a geometric 
mean between the areas of ils circumscribed and inscribed 
circles. 


EXAMPLES ON TIE ELLIPSE. 


l. Find the equations to the tangent and normal at the extremity 
of the latus rectum, and determine the eccentricity of the ellipse in 
which the normal mentioned passes through the extremity of the 
axis minor. 


2. Find the equations to the diameter passing through the cx- 
tremity of the latus rectuin, and the chord joining the extremities 
of the axes; and determine the eccentricity of the ellipse in which 
these lines are parallel. 


3. A point P is so taken on the normal of an ellipse, that its 
distance from the foot of the normal is in a constant ratio to the 
length of the normal: find the locus of P, and prove that when P 
is the middle point of the normal, its locus is an ellipse whose eccen- 
tricity e^ is connected with that of the given one by the condition 


(1—22)(14- e= e. 


4. Prove that two ellipses of equal eccentricity and parallel axes 
can have only two points in common. Also, show that if three such 
ellipses intersect, their three common chords will meet in one point. 
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9. If two parallels be drawn, one from an extremity A of the 
axis major, and the other from the adjacent focus, meeting the axis 
minor in JM and N, the circle described from N as a center, with a 
radius equal to JMA, will either zouch the ellipse or fall entirely 
outside of it. 

6. A circle is inscribed in the triangle formed by the axis major 
and any two focal radii: find the locus of its center. 


1. l'ind a point on an ellipse, such that the tangent there may 
be equally inclined to both axes. Also, a point such that the tangent 
may form upon the axes intercepts proportional to them. 


8. Prove that the circle described on any focal radius of an ellipse 
touches the circumscribked circle. 


9. From the vertex of an cllipse a chord is drawn to any point 
on the curve, and the parallel diameter is also drawn: the locus 
of the intersection of this diameter and the tangent at the extrem- 
ity of the chord, is the tangent at the opposite vertex. 


10. From the center of an ellipse, two radii vectores are drawn 
at right angles to each other, and tangents to the curve are formed 
at their extremities: the tangents intersect on the ellipse 


x? y? - 
a* ὑ 
11. Two ellipses have a common center, and axes coincident in 


direction, while the sum of the squares on the axes is the same in 
both: find the equation to a common tangent. 


] 1 
αμ 


12. The ordinate of any point P on an ellipse is produced to 
meet the circumscribed circle in Q: the focal perpendicular upon 
the tangent at Q is equal to the focal distance of P. 


13. The lines which join transversely the foci and the feet of the 
focal perpendiculars on any tangent, intersect on the corresponding 
normal, and bisect it. 


14. If a right line drawn from the focus of an ellipse meets the 
tangent at a constant angle 6, the locus of its foot 1s a circle, which 
touches the curve or falls entirely outside of it according as cos is 
less or greater than e. 

15. When the angle between a tangent and its focal radius of 
contact is least, the radius = a; and when the angle between a 
tangent and its central radius of contact is least, the radius = 


y aq? +h 
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16. The locus of the foot of the central perpendicular upon any 
tansent to an ellipse, is the curve 


p^ = a? eos? 0 + ὁ sin’ 0. 


17. The locus of the variable intersection of two circles described 
on two conjugate semi-diamcters of an ellipse, is the curve 


20? = qa? cos? 0 + è sin? 0, 


18. If lines drawn through any point of an ellipse to the extrem- 
ities of any diameter meet the conjugate CD in M and N, prove 
that C.M. CV = ΟΡ" 

19. In an ellipse, the rectangle under the central perpendicular 
upon any tangent and the part of the corresponding normal inter- 
cepted between the axes, is constant, and equal to a?— 0”, 


20. The condition that two diameters of an ellipse may be conju- 

gate, referred to a pair of conjugates as axes of co-ordinates, is 
672 
tan 0 tan θ = — 5; . 

2]. Normals at P and D, the extremities of conjugate diameters, 
meet in Q: prove that the diameter CQ is perpendicular to PD, 
and find the loeus of its intersection with the latter. 

22. Given any two semi-diameters, if from the extremity of each 
an ordinate be drawn to the other, the triangles so formed will be 
equal in area. Also, if tangents be drawn at the extremity of each, 
the triangles so formed will be equal in area. 


23. Find the locus of the intersection of the focal perpendicular 
upon any tangent with the radius vector from the center to the point 
of eontaet. Also, the locus of the intersection of the central perpen- 
dieular with the radius vector from the focus to the point of contact. 


24. The equi-conjugates being taken for axes, find the equation 
to the normal at P, and prove that the normal bisects the line 
joining the feet of the perpendiculars dropped from P upon the 
equi-conjugates. 


25. Find the locus of the intersection of tangents drawn through 
the extremities of conjugate diameters. 

26. Putting p, ρ΄ to denote the focal radii of any point on an 
ellipse, and $ fur its eccentric angle, prove that 


p=a(l—ecos¢), p’=a(l+ecos¢). 
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27. Express the lengths of two conjugate semi-diameters in terms 
of the eccentric angle, namely, by 


a”? = a’ cos? ¢ 4- L?sin?¢, 67 = a? sin? o -H 0? cos? ὁ. 


28. The ordinate MP of an ellipse being produced to meet the 
circumscribed circle in Q, find the locus of the intersection of the 
radius CQ with the focal radius F'P. 


29. Normals to the ellipse and circumscribed circle pass through 
the points P and Q just mentioned, and intersect in R: find the 
locus of R. 

[First show that the equation to the normal of the ellipse is 


ar by 


—— e 
cosó sing 








$ being the eccentric angle of the point of contact.] 


90. Prove that the area of any parallelogram circumscribed 
about an ellipse may be expressed by 


area = aa 
~~ sin (φ ---ϕ/) ) 

where o, ¢ are the eccentric angles corresponding to the points of 
contact of the adjacent sides. Show that this area is least when 
the points of contact are the extremities of conjugates. 


31. Upon the axis major of an ellipse, two supplemental chords 
are erected, and perpendiculars are drawn to them from the vertices: 
show that the locus of the intersection of these perpendiculars is 
another ellipse, and find its axes. 


32. Let CP, CD be any two conjugate semi-diameters: the 
supplemental chords from P to the extremitics of any diameter are 
parallel to those from D to the extremities of the conjugate. 


33. The rectangle under the segments of any focal chord is to 
the whole chord in a constant ratio. 


34. The sum of two focal chords drawn parallel to two conjugate 
diameters 15 constant. 


35. The sum of the reciprocals of two focal chords at right angles 
to each other is constant. 


36. To a series of confocal ellipses, tangents are drawn from a 
fixed point on the axis major: find the locus of the points of contact. 
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9i. Tangents to two confocal ellipses are drawn to cut cach other 
at right angles: the locus of their intersection is a circle concentric 
with the ellipses. 

98. lind the sum of the focal perpendiculars upon the polar 
ef x^). 

39. The intercept formed on any variable tangent by two fixed 
tangents, subtends a constant angle at the focus. Also, the lino 
which joins the focus to the point in which any chord cuts the 
directrix, is the external bisector of the focal angle subtended by 
the chord. 

40. One vertex of a circumscribed parallelogram moves along 
one directrix of an ellipse: prove that the opposite vertex moves 
along the other, and that the two remaining vertices move upon the 
circumscribed circle. 


CHAPTER FOURTH. 


THE HYPERBOLA. 
I. THE CURVE REFERRED TO ITS AXES. 


44". In discussing the Hyperbola by means of its 
equation (Art. 167) 


we shall avoid the repetition of much that has already 
been said in connection with the Ellipse, by considering 
that the similarity of the equations to these two curves 
makes most of the arguments used in the foregoing pages 
at once applicable to the Hyperbola. We shall therefore 
avail ourselves of the principle developed in the corollary 
to Art. 167, and, for details, shall refer the student to 
the proper article in the preceding Chapter. 

For the sake of bringing out the antithesis between 
the Ellipse and Hyperbola, alluded to in the Remark 
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under Art. 167, the theorems of this Chapter are num- 
bered like the corresponding ones of the preceding. 


THE AXES. 
448. Making y and x successively equal to zero in 


the equation of Art. 167, we get, for the intercepts of 
the Hyperbola upon the lines termed its azes, 


eta y= rbVv—i. 


Hence, the curve cuts the transverse axis in two real 
poihts equally distant from the focal center, and the 
conjugate axis in two imaginary points situated on 
opposite sides of that center at the distance ὁ y/— 1. 
Assuming, then, the conjugate axis to be measured by 
the imaginary unit V/— 1, we may infer 

Theorem I.— The focal center of any hyperbola bisects 
the transverse axis, and also the conjugate. 


Corollary.—In the light of the analysis leading to this 
theorem, we should therefore interpret the constants a 
and 6 in the equation 

T? y 

B ERR ME ra 1 
α ὁ 
as respectively denoting half the transverse axis and 
half the modulus of the imaginary conjugate axis. 


449. At the outset (see Art. 166), we arbitrarily 
used the phrase conjugate axis to 
denote the whole line drawn through 
the center C at right angles to the 
transverse axis A’A. We now see 
that the phrase in strictness means 
an imaginary portion of that line, 
of the length = 26/—1. 

But, as was promised in Art. 166, we shall now show 
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that a certain real portion of this line has a most signifi- 
cant relation to the Hyperbola, on account of which it is 
by universal consent taken for the conjugate axis. This 
relation depends on the companion-curve called the conju- 
gate hyperbola, whose equation we developed in Art. 168. 

Dy referring to the close of Art. 168, it will be seen 
that the equations to two conjugate hyperbolas, when 
referred to their common center and axes, differ only in 
the sign of the constant term. The equation to the curve 
whose branches lie one above and the other below the 
line A'A in the diagram, may therefore be written - 
ES 


— $7 —1. 


5] R, 


Now, if in this we make z — 0, we get 
y — x b. 


Hence, the conjugate hyperbola has a real axis, identical 
in direction with the imaginary axis of the primary curve, 
whose length is the same multiple of 1 that the length 
of the imaginary is of V —1. Moreover, it is found that 
this real axis of the conjugate hyperbola, when used in- 
stead of the imaginary one of the primary curve, enables 
us to state the properties of the latter in complete analogy 
to those of the Ellipse. It is customary, therefore, to lay 
off CB, CB’ each equal to b, and to treat the resulting 
line B’B as the conjugate axis of the original hyperbola, 
though in fact it is only the transverse axis of the conju- 
gate curve. 

Adopting this convention, the statement in Theorem I 
IS to be taken without reference to imaginary quantities, 
and the constants a and 6 in the equations 


2 y? 
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are henceforth to be interpreted as denoting the semi-axes 
of the curve. 


450. If in the equation of Art. 167, which may be 
written 


b = 
y—-Va— a’, 


we suppose r< a or — — a, the corresponding values 
of y are imaginary; so that no point of the curve is 
nearer to the origin, either on the right or on the left, 
than the extremities of the transverse axis. But (Art. 
171), for the distance from the origin to either focus, 
we have 


== a7 Eb": 
Hence, ὁ can not be less than a, though it may approach 
infinitely near to the value of a, as 6 diminishes toward 
zero. Therefore, 


Theorem IL— The foci of any hyperbola fall without 
the curve. 


451. Moreover, c — a measures the distance of either 
focus from the adjacent vertex; while the distance of 
either from the remote vertex = c +a. Hence, 

Theorem IIL— The vertices of the curve are equally 
distant from the foci. 


452, From Art. 448, the length of the transverse 
axis — 2a. But (Art. 167) 2a = the constant difference 
of the focal radii of any point on the curve. That is, 

Theorem IV.— The difference of the focal radii of any 
point on an hyperbola is equal to the length of its trans- 
verse ATUS. 

Corollary.— We may therefore construct the curve by 
points as follows:— From either focus, as F”, lay off 
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ΙΛ] equal to the transverse axis. Then from F’ as a 
center, with any radius /" A greater than ᾖ 1, describe 
two small ares, one above the 
axis, and the other below it. 
From the remaining focus F 
as a center, with a radius Mie, 
describe two other arcs, inter- 
secting the former in P and gp E 
P’: these points will be upon 

the required hyperbola; for /"P— FP= F'k — MR = 
A'A = P" P' — FP'. By using the radius Z'7 from F, 
and Jf from F’, two points, P" and P"", may be found 
upon the second branch of the curve. The operation must 
be repeated until the outline of the two branches is dis- 
tinctly marked, when the curve may be drawn through 
the points determined. The conjugate curve may be 
formed in the same way, at the same time, if desired. 





453. The abbreviation 0? — e?— a? adopted (Art. 167) 
for the Hyperbola, gives us 


b — V'(e + a) (e — a). 


Hence, attributing to a, b, e the meanings now known to 
belong to them, we have 


Theorem V.— The conjugate semi-axis of any hyperbola 
18 a geometric mean between the segments formed upon the 
transverse axis by either focus. 

Corollary.—Transposing in the 
abbreviation above, we get = 
a+b’. But, from the diagram, 
a+ b= ΑΡ’. Therefore, The 
distance from the center to either 
focus of an hyperbola is equal to the distance between the 
extremities of its axes. Hence, when the axes are given, 





LATUS RECTUM OF HYPERBOLA. 367 


we may construct the foci as follows: — From the center C, 
with a radius equal to the diagonal of the rectangle under 
the semi-axes, describe an arc cutting the transverse axis 
produced in /' and 7": the two points of intersection will 
be the foci sought. 


454. Dy an analysis similar to that of Art. 357, the 
details of which the student must supply,* we obtain 

Theorem VI.— The squares on the ordinates drawn to 
either axis of an hyperbola are proportional to the rect- 
angles under the corresponding segments of that axis. 

Corollary. F or the ordinate passing through either 
focus, we shall therefore have 


y^ -n z (c M a’). 





But c’>—a’=0*. Hence, doubling 
EP or ἘΠΕ 





26? 
a 


σα 


latus rectum — 


~ 9a 
That is, Zhe latus rectum of any hyperbola is a third 
proportional to the transverse axis and the conjugate. 


455. Throwing the equations to the Hyperbola and 

its conjugate into the forms 
y? = b? 15 m a? 
GTrQe-g- 9' (359-5 9 

we at once obtain 

Theorem VII.— The squares on the axes of any hyperbola 
are to each other as the rectangle under any two segments 
of either is to the square on the ordinate which forms the 
segmenis. 


* When seeking properties of the conjugate axis, we must of course use 
the equation to the conjugate hyperbola. 
An. Ge. 34. 


368 ANALYTIC GEOMETRY. 


456. If we put the equation to the Hyperbola into 
the form 


2 


pee OR ane ; 
y= gd (a^ — a”) (1), 


and compare it with that of the circle described upon 
the transverse axis, namely, with 


ώς a 


we see that the ordinates of the two curves, correspond- 
ing to a common abscissa, have only an imaginary ratio. 
The analogy between the Hyperbola and the Ellipse, so 
far as concerns the circle mentioned, is therefore defective. 
If, however, we suppose b = a in (1), we get 
yoda O» 
and, if we now divide (1) by (2), we obtain 
PE OA. 

Now equation (2) evidently represents the curve which 
in Art. 177 we named a rectangular hyperbola, but 
which we may henceforth call an equilateral hyperbola, 
since its equation is obtained from that of the ordinary 
curve by supposing the axes equal. We have therefore 
proved 

Theorem VIII.— The ordinate of any hyperbola is to the 
corresponding ordinate of its equilateral, as the conjugate 
semi-axis is lo the semi-transverse. 

Remark.—The peculiarity in the figure 
of the Equilateral Hyperbola is, that the 
curve is identical in form with its conjugate. 


l'or the equation to its conjugate (Art. 449) 
18 


αἳ — y? = --- ξ; 


) 


and if we transform this to the conjugate 
axis as the axis of x, by revolving the 
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refercnce-axes through 90°, and therefore (Art. 56, Cor. 3) replacing 
2 by — y, and y by 2, we obtain 

ο) --- yY =a’: 
so that the conjugate curve, when referred to its own transverse 
axis, is represented by the same equation as its primary, and is 
therefore the same curve. The diagram presents a pair of conjugate 
equilaterals. 

Corollary. Notwithstanding the defective analogy be- 
tween the Ellipse and the Hyperbola with respect to the 
circle formed upon the transverse axis, this curve still 
aids us in fixing the meaning of the abbreviation 


a+ ὃ’ 


2 
; = 6 
a? 





adopted in Art. 170, and warrants us in calling e the 
eccentricity of the Hyperbola. For, as in the case of the 
Ellipse, since a? + b? = c, we learn that e is the ratio 
which the distance from the center to either focus of an 
hyperbola bears to its transverse semi-aris. Let us, then, 
suppose a series of ellipses and hyperbolas to be described 
upon a common transverse 


axis: we saw (Art. 359, 

Cor. 2) that, as the vary- LN 

ing ellipse of such a series f+ 7 
deviates more and more LF 

from the circle formed 

upon the same axis, and 

approaches nearer and nearer to coincidence with the 
axis A’A, the eccentricity ὁ advances nearer and nearer 
to the limit 1. Assuming, then, that e actually reaches 
this limit, the corresponding ellipse must vanish into the 
line A'A, which forms the common axis. Now, from the 
abbreviation above, the e of the Hyperbola lies between 
the limits 1 and oo: hence the series of hyperbolas may 
be said to arise out of the common axis A’A at the 
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instant when the series of ellipses vanishes into it, and 
to recede farther and farther from the axis as e advances 
from 1 toward oo. But since ο, with respect to the ellipses 
and the hyperbolas both, is at all times the ratio between 
the same elements of the curves; and since, taking the circle 
described upon the common axis as the starting-point, this 
ratio steadily advances from 0 through 1 toward oo; we 
may regard the recession of the hyperbolas from the axis 
A'A as a farther deviation from the curvature of the circle 
mentioned, and consequently call e, which measures this 
deviation, the eccentricity. 

We may therefore interpret the name hyperbola (derived 
from the Greek ὑπερβάλλειν, to exceed) as signifying, that, 
in this curve, the eccentricity is greater than unity. 

Since e increases as b increases, it follows that the 
greater the eccentricity, the more obtuse will be the 
branches of the corresponding hyperbola. In case the 
curve 18 equilateral, or 6 =a, we shall have 


== 2. 

- 457. The distance of any point on an hyperbola from 
either focus, may be expressed in terms of the abscissa 
of the point. For, putting p to denote any such focal 
distance, we have (Art. 167) 

p — (obo) + y. 

Substituting for y? from the equation to the curve, and 
reducing by means of the relations in Art. 171, we get 
p=er +a, 
where the upper sign corresponds to the left-hand focus, 

and the lower to the right-hand one. Hence, 


Theorem IX.— The focal radius of any point on an 
hyperbola is a linear function of the corresponding abscissa. 
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Remark.—The expression obtained in this article, like 
that found for the Ellipse in Art. 360, is accordingly 
known as the Linear Equation to the Hyperbola. 


458. By reasoning similar to that employed in Art. 
361, we may verify the figure of the Hyperbola, as drawn 
in Art. 165. We leave the student to show, by interpret- 
ing the equation 


ER 2 
J = z 4 


that the curve consists of two infinite branches, separated 
by the transverse axis = 2a, facing in opposite directions, 
and symmetric to both axes. 


DIAMETERS. 


459. Equation to any Diameter.—To obtain an 
expression for the locus of the middle points of chords 
in an hyperbola which have a common inclination θ’ to 
the transverse axis, we write (Art. 167, Cor.) — 6? for b? 
in the final equation of Art. 362. Hence, the required 
equation 1s 

b? 
πο cot 6’. 


Corollary.— Putting 0 = the inclination of the diameter 
itself, we obtain (Art. 78, Cor. 1), as the condition con- 
necting the inclination of any diameter with that of the 


chords which it bisects, 

2 
tan 0 tan 0' — di : 
a 


460. Since the equation to a diameter conforms to 
the type y = mz, we at once infer 


Theorem X.— Every diameter of an hyperbola is a right 
line passing through the center. 
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Corollary.—The angle 6’ being arbitrary, it follows 
from the above condition, that 0' is also arbitrary. 
Hence the converse theorem: very right line that 
passes through the center of an hyperbola is a diameter. 


461. Eliminating, then, between the equation 
y = v tan 0 


and the equation to the Hyperbola, we get, for the 
abscissas of intersection between the curve and any 


diameter, 
ab 


r= + TA 
V(P— «tan! ϐ) 


Now these abscissas evidently become imaginary when 


a’ tan? 0 > 0. Hence, 


Theorem XI.— The proposition that every diameter cuts 
the curve in two real points, is not true of the Hyperbola. 


Corollary 1.—It is obvious, however, that the intersec- 
tions will be real, and at a finite distance from the center, 
so long as α tan’? < b. Hence, the diameters corre- 
sponding to « tan? 0 = b^, that is, the two diameters 
whose tangents of inclination are respectively 


b 


b 
tang——, tanÓ0/—.——, 
a a 


form the limits between those diameters which have real 
intersections with the curve and those which have not. 
Dut, from the values of their tangents of inclination, 
these two diameters are the diagonals of the rectangle 
contained by the axes. We learn, then, that diameters 
which cut the Hyperbola in real points must either 
make with the transverse axis an angle less than is made 
by the first of these diagonals, or greater than is made by 
the second. 
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It deserves notice, that the condition a? tan? 0 — P? 
renders the abscissas of intersection, as expressed above, 
infinite. The two limiting diameters therefore meet the 
curve at infinity: and we have come upon the analogue 
of the equi-conjugates in the Ellipse. We shall soon 
find that these lines are the most remarkable elements 
of the Hyperbola, giving it a series of properties in 
which the other Conies do not share. 

Corollary 2.— Eliminating between y = z tan 0 and the 
equation to the conjugate hyperbola, we get 

ο πα εν 
ο y (a? tan? 6 — b?) 
Here, then, the condition of real intersection is a?tan?0 > ἐλ, 
Hence, Every diameter that cuts an hyperbola in two imag- 
nary points, cuts its conjugate in two real ones. 


462. Length of any Diameter.— This being double 
the central radius vector of the curve, may be determined 
(Art. 170) by 42 

2 


P e cos? 0 — 1 


or, if the diameter meets the conjugate curve instead of 
the primary, by 42 


oe een 


an expression readily obtained by transforming to polar 
co-ordinates (Art. 57, Cor.) the equation to the conjugate 
hyperbola, found in Art. 449. 


463. The first of the above expressions is least when 
6 — 0; and the second, when 0 = 90°. Hence, 

Theorem XII.— Each axis is the minimum diameter of 
is own curve. 

Remark.—We see, then, that the terms major and minor 
are not applicable to the axes of an hyperbola. 


374 ANALYTIC GEOMETRY. 


464. By the same argument as in Art. 367, we obtain 


Theorem XIII.— Diameters which make supplemental 
angles with the transverse axis of an hyperbola are equal. 

Corollary.—It also follows, as in the corollary to Art. 
367, that we can construct 
the axes when the curve is ue * 
given. The diagram illustrates : . 
the process in the case of the 
Hyperbola, and the student 
may transfer the statements 
of Art. 367, Cor., to this figure, 
letter by letter. We deem it unnecessary to repeat them. 





465. The inclinations of two diameters being repre- 
sented by 0 and 6’, the argument of Art. 368 obviously 
applies to the Hyperbola, with respect to the condition 
(Art. 459, Cor.) 


02 
tan 0 tan — Seg 
a 
Hence, 


Theorem XIV.—/f one diameter of an hyperbola bisects 
chords parallel to a second, the second bisects chords par- 
allel to the first. 


466. Two diameters of an hyperbola which are thus 
related, are called conjugate diameters, as in the case of 
the Ellipse. The phrase ordinates to any diameter is 
also used in connection with the Hyperbola, to signify 
the halves of the chords which the diameter bisects; or, 
the right lines drawn from the diameter, parallel to its 
conjugate, to meet the curve. 

Corollary.—The construction 
of a pair of conjugates in an 
hyperbola, may therefore be 
effected exactly in the manner 
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described in the corollary to Art. 369. The details may 
be gathered by applying to the parts of the annexed 
diagram, the statements of that corollary. 


467. Equation of Condition for Conjugates in 
the Ifyperbola.—The conjugate of any diameter being 
parallel to the chords which the diameter bisects, the in- 
clinations of two conjugates must be connected in the 
same way as those of a diameter and its ordinates. 
Hence, if 0 and @ represent the inclinations, the re- 
quired condition (Art. 459, Cor.) is 





p? 
tan ϐ tan 0' = —, - 
a 


Corollary.—Hence, if tan 0 <b: a, tan@’>6:a; and 
if tan 0 — — b :a, tané’<—b:a. Therefore (Art. 461, 
Cors. 1, 2), If one of two conjugates meets an hyperbola, 
the other meets the conjugate curve. 


Remark.—The condition of this article might have been obtained 
from that of Art. 370, by merely changing ὁ into — ὁ). 


468. The preceding condition shows that the tangents 
of inclination have like signs. Hence, the angles made 
with the transverse axis by two conjugates are either 
both acute, or else both obtuse. That is, 


Theorem XV.— Conjugate diameters of an hyperbola lie 
on the same side of the conjugate axis. 


469. Equation to a Diameter conjugate to a 
Fixed Point.— Making the requisite change of sign 
(Art. 167, Cor.) in the equation of Art. 372, we get the 
one now sought, namely, 


An. Go. 35. 


376 ANALYTIC GEOMETRY. 


Corollary—The diameter conjugate to that which 
passes through (a, 0) is therefore x = 0, that is, the 
conjugate axis. Hence, The axes of an hyperbola con- 
stitute a case of conjugate diameters. 


470. Problem.—Given the co-ordinates of the extrem- 
ity of a diameter, to find those of the extremity of ts 
conjugate. 

By the extremities of the conjugate diameter, are 
meant the points in which the conjugate cuts the conju- 
gate hyperbola. The required co-ordinates are therefore 
found by eliminating between the equation of Art. 469 
and 





They are 


Remark.—By comparing these expressions with those 
of Art. 373, we notice that the abscissa and ordinate of 
the conjugate diameter in the Ellipse have opposite signs, 
but in the Hyperbola like signs. This agrees with the 
properties developed in Arts. 371, 468. 


471. The equations of Art. 470, like those of Art. 373, give 


rise to 


Theorem XVI.—The abscissa of the extremity of any diameter is 
to the ordinate of the extremity of its conjugate, as the transverse axis 
is to the conjugate axis. 


472. By following, with respect to the second ex- 
pression of Art. 470, the steps indicated in Art. 375, 
excepting that we subtract the y”, we arrive at 

Theorem XVII.—The difference of the squares on the 
ordinates of the extremities of conjugate diameters is con- 
stant, and equal to the square on the conjugate semi-axis. 


- 
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Remark.—We leave the student to prove the analogous 
property: The difference of the squares on the abscissas 
of ihe extremities of conjugate diameters is constant, and 
equal to the square on the transverse semi-axis. 


4°73. Problem.— To find the length of a diameter in 
terms of the abscissa of the extremity of its conjugate. 


Let z'y' be the extremity of any diameter, a’ half its 
length, and 6’ half the length of its conjugate. Then 
a? = x” + y^, and we get (Art. 470) 

2 


a? b b? 
αἲ--- b Yor T ai = (z^ + a’) F di v 


since z, and y, must satisfy the equation to the conjugate 
hyperbola. Hence, (Art. 171,) 


a? — ez? 1. a. 


By performing similar operations with respect to δ’, we 
should get — 
p? = ez — a’. 

474. Between these results and those of Art. 376, 
there is a striking difference ; and, as only the value of 
b? equals (Art. 457) the rectangle of the focal radii 
drawn to z'y' it appears as if the property proved of 
the Ellipse in Art. 877 were only true of the H yperbola 
with respect to those diameters which meet the conju- 
gate curve instead of the primary. But when we reflect 
that it is entirely arbitrary which of two conjugate hyper- 
bolas we consider the primary, it becomes evident that 
the property of Art. 377 is also true of the diameters 
which meet the curve hitherto called the primary, pro- 
vided we suppose the focal radii in question to be drawn 
from the foci of the conjugate curve. With this under- 
standing, then, we may state 
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Theorem XVIII.— The square on any semi-diameter of 
an hyperbola is equal to the rectangle under the focal radii 
drawn to the extremity of its conjugate. 


Α5. It is evident on inspection, that the fourth formula in 
Art. 378 will not be altered by changing δ) into —é*. Hence, in 
the Hyperbola as well as in the Ellipse, we have 


a*(a?e? — Qaex’ + x? + y^?) 


C= De - 
Á (a — ex’)? 


) 


in which z^y' is the extremity D of 
any diameter ΟΡ. But x^? + y^? — 
a? = (Art. 473) ex? + a = (Art. 
472, Rem.) e(z?— α) +a. Hence, 
after substituting and reducing, 


ὃ-- DM =a; 





or, in the Hyperbola as well as in the Ellipse, we have 


Theorem XIX.— The distance from the extremity of any diameter 
to its conjugate, measured upon the corresponding focal radius, is 
constant, and equal to the transverse semi-axis. 


476. Let a’, b' denote the lengths of any two conju- 
gate semi-diameters in an hyperbola. Then (Art. 473) 
a^ — erf t a? (1). 


Also, b? — r? + yè = v? + (0* (xt a’): a°}, since xand 
y, satisfy the equation to the conjugate hyperbola. 
Hence, (Art. 171,) 

p — er? + ὃ” (2). 


Subtracting (2) from (1), member by member, 
qa oo an se Dd: 
IIence, as the antithesis of Art. 379, 


Theorem XX.— The difference of the squares om any 
two conjugate diameters of an hyperbola is constant, and 
equal to the difference of the squares on the axes. 
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477. Angle between two Conjugates.— Using the 
same symbols as in Art. 380, it is plain that, in the 
Hyperbola also, we shall have 


/ ο αμ 
T Ye Y Le 


sin © = FI 


Substituting for x, and y, from Art. 470, reducing, and 
remembering that bv" — a'y? = αὐ”, we get 
ab 
sın o = P . 
478. Clearing this expression of fractions, we have 
α’ δ’ sin e = ab. 


The first member of this equa- 
tion obviously expresses the area 
of the parallelogram CDRS; and 
the second, that of the rectangle 
CAQB. Therefore, 


Theorem XXI.— The parallelogram under any two con- 
jugate diameters is constant, and equal to the rectangle 
under the axes. 





Remark.—The diagram represents the parallelogram and rectangle 
as inscribed in the pair of conjugate hyperbolas. The figure will in 
due time be justified. Also, as in the case of the Ellipse, the the- 
orem might have been stated thus: The triangle formed by joining 
the extremities of any two conjugate diameters is constant, and equal to 
that included between the semi-azes. 


Corollary 1.—If we suppose o = 90°, then sing = 1; 
and we get 
a/b' = ab. 
Now (Art. 476), 


qiio aas 
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Solving these equations for a’ and 0’, we find, as the only 
real values, 


Therefore, In any hyperbola there is but one pair of con- 
jugate diameters at right angles to each other, namely, the 
axes. 


Corollary 2.—We saw (Arts. 381, Cor. 1; 382, Cor.) 
that, in the Ellipse, sin ọ lies between the limits 1 and 
2ab:(a?+ 3. But (Art. 476), a^ =b” + constant, in the 
Hyperbola: whence a’ and 0’ must increase or diminish 
together. Therefore, as any diameter (Art. 461, Cor. 1) 
tends toward an infinite length the nearer its inclination 
approaches the limit 0 = tan ! b: a, the semi-conjugates 
a’ and b must advance together toward the value oo, and 
the product a'b’ tends toward oo for its maximum. That 
is, sin 9 tends toward the limit 0; or, The angle between 
two conjugates in an hyperbola diminishes without limit. 

But though the conjugates thus tend to final coinci- 
dence as each tends to an infinite length, the relation 
a’? — b? = constant renders it impossible that the condi- 
tion a’ = ὦ’ shall ever arise in the Hyperbola, unless 
the curve is equilateral. The infinite diameters that 
form the limit of the ever-approaching conjugates are 
therefore not equal infinites, and the conception of 
equi-conjugates is not in general present in the curve. 
However, from the equation of condition for conjugate 
diameters, namely, 


η 
- 


tanl tan 0" — ο 
a 


it is plain that when the conjugates finally coincide, 
each makes with the transverse axis an angle whose 
tangent is either 6: a or else —b: a. Hence, the two 
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right lines which pass through the center with the 
respective inclinations 


b 
EE (=t ue. 
a a 


may each be regarded as the limiting case of a pair of 
conjugate diameters; or, each may be called a diameter 
conjugate to itself. The curve, then, replaces the con- 
ception of equi-conjugates by that of self-conjugates. 


479. From what has just been shown, it follows that 
the inelinations of the self-conjugate diameters to the 
transverse axis are determined by the formula 


b 


tan 0 = + -- 
a 





By drawing the rectangle of the ne Wo 
axes, LMNR, it becomes evi- 277 BOUM 
dent that the first of the values ΄ 

here expressed corresponds to the angle ACL; and the 
second, to the angle ACM. Hence, 


Theorem XXII.. The self-conjugates of an hyperbola 
are the diagonals of the rectangle contained under its axes. 


Corollary.—1IHence, further, An hyperbola has two, and 
only two, self-conjugates. Their mutual inclination LCM, 
or LCR, as we readily find, is determined by 

T 2ab 
ee BE 

480. We have thus found the two lines of the Hyper- 
bola which, in Art. 383, we said were foreshadowed by 
the equi-conjugates of the Ellipse. That the two self- 
conjugates are in reality the analogue of the equi- 
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conjugates, we can easily show: for though it is true, 
as we saw in the second corollary to Art. 478, that the 
two infinitely long conjugates which unite in either of 
the self-conjugates are not equal infinites, still the two 
self-conjugates, when compared with each other, are 
equal infinites. For, since they make equal angles 
ACL, ACR with the transverse axis, they are the 
limiting case to which two equal diameters DP, D'Q 
necessarily tend as their extremities D and D' move 
along the curve in opposite directions from the vertex 4. 

Dut the chief interest of the self-conjugates is due to 
a property in which the equi-conjugates of the Ellipse 
have no share, and in virtue of which they are called 
the asymptotes of the Ilyperbola. From this property 
are derived several others, peculiar to the latter curve, 
which will receive a separate consideration in the proper 
place. 


THE TANGENT. 


» 481. Equation to the Tangent.—T'o obtain this 
for the Hyperbola, we simply change δ) into — 0? in the 
equation of Art. 885. We thus get 


2». yy 1 


Ta b? 





482. Condition that a Right Line shall touch 
am ZEyperbola.—Making the characteristic change of 
sign in the condition of Art. 580, we have 





n =. p one — ζ 


as the condition that the line y — mz 4- » may touch 
the curve 
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Corollary. Hence, every line whose equation is of the 
form 


y — mz + V nva: — b! 


is a tangent to the hyperbola whose semi-axes are a and 
b. Like the similar expressions found in treating the 
Circle and the Ellipse, an equation of this form is called 
the Magical Equation to the Tangent. 


455. The Eccentric Angle.—The expression of any point on 
an hyperbola in terms of a single variable, is effected by employing 
an angle analogous to that whose 
use in connection with the Ellipse 
was explained in Art. 387. If from 
the foot of the ordinate correspond- 
ing to any point P of an hyperbola, 
we draw {9 tangent to the inscribed 
circle at Q, and join Q to the center C, QCM is called the eccentric 
angle of P. 

Now (Trig, 860) CM —CQ sec QCAM. Also, from the equation 
to the IH yperbola, combined with this value of CM, 





2 
MP’ = a (CM? — a?) = ὁ’ tan?’ Q CM. 


Hence, if we represent the arbitrary point P by a^, 
x =asech, y =—btang. 


Substituting for x’ and γ΄ in Art. 481, we may write the equation 
to the tangent, in this notation, 


Z sec ó — 2- tan 9 — I. 
a b 


The analogy of the angle QC, as formed in the case of the 
Hyperbola, to the similarly named angle in the Ellipse, may perhaps 
be obscure to the beginner; but it will become apparent when we 
reach the conception of a hyperbolie subtangent. 
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484. Problem.—Jf a tangent to an hyperbola passes 
through a fixed point, to find the co-ordinates of contact. 

Let z"j" be the fixed point, and z'y' the required 
point of contact. Then, changing the sign of 6? in the 
results of Art. 388, we get 


x aby!" ne ay" V ay"? — b? ΒΞ ab? 
aa 2212. — ay! ? 


Q0 αἴξ)” ac bx" V ay? — pul + ap 
x mo m ay!” 3 


Corollary 1.—The form of these values indicates that 
from any given point two tangents can be drawn to an 
hyperbola: real when a?y'? — br” + ab > 0, that is, 
when the point is inside of the curve; coincident when 
a?y!!? — ὂ»γ'2 + œb? — 0, that is, when the point is on the 
curve; emaginary when a3y" — bz"? + a?b? — 0, that is, 
when the point is outside of the curve. 


Corollary 2.— With regard to any two real tangents 
drawn from a given point, it is evident that their ab- 
scissas of contact will have like signs, if they both touch 
the same branch of the curve, and unlike signs, if the 
two touch different branches. But, if the two values of 
z' above have like signs, then, merely numerical relations 
being considered, 


a? b?! > ay!" V ahy? — bia! + ab"; 
that is, after squaring, transposing, and reducing, 
b 
y" < Lg". 
a 


Hence, as y = (b : a) x is the equation to the diagonal 
of the rectangle formed upon the axes (Art. 461, Cor. 1), 
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the ordinate of the point from which two tangents can 
be drawn to the same branch of an hyperbola must be 
less than the corresponding ordinate of the diagonal; 
that is, the point itself must lie 
somewhere within the space in- M 
cluded between the self-conjugates 
CL, CR (or C.M, CN) and the 
adjacent branch of the curve. 
Hence, generally, The two tan- 
gents which can be drawn to an hyperbola from any 
point inside of the curve, will touch the same branch or 
different branches, according as the point is taken within 
or without the angle of the self-conjugates which incloses 
the two branches. 





485. The argument of Art. 389 will be seen, on a 
moments inspection, to hold good when hyperbolic 
equations are substituted for the elliptic. Therefore, 


Theorem XXIII.— The tangent at the extremity of any 
diameter of an hyperbola is parallel to the conjugate 
diameter. 


Corollary.— Tangents at the extremities of a diameter 
are parallel to each other. 


Remark.— Dy drawing any diameter and its conjugate, 
and passing a parallel to the latter through the extremity 
of the former, we can readily form a tangent to a given 
hyperbola. If we construct tangents at the extremities 
of both diameters, we shall have an inscribed parallelo- 
gram. Thus the diagram of Art. 478 is verified; for, 
as only one parallel to à given line can be drawn 
through a given point, lines drawn through the extremi- 
ties of conjugate diameters so as to form their parallelo- 
gram must be tangents to the curve. 
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486. Let PT be a tangent to an hyperbola at any 
point P, and FP, F'P its focal radii of contact. From 
the equations 


Ur-—ayy-awb (PT) - 
y'(z—e)—(7—6)y—0 (FP), 
y (rre) — Q^ +ey=0 (FP), 





we readily find, by the same steps as in Art. 390, 


2 2 
tn FPT=2, tan F'PT=~.. 
cy cy 


Hence, FPT = Ff" PT; or, we have 


Theorem XXIV.—The tangent of an hyperbola bisects 
the internal angle between the focal radi? drawn to the 
point of contact. 


Corollary 1—We therefore obtain the following solu- 
tion of the problem: Το construct a tangent to an hyper- 
bola at a given point. Draw the focal radii FP, F"P to 
the given point P. On the longer, say Z"P, lay off 
PQ=FP, and join QF. Through P draw SPT at 
right angles to QE: then will SPT be the tangent 
sought. For QPF is by construction an isosceles tri- 
angle; and SPT, the perpendicular from its vertex to 
its base, must therefore bisect the angle Z"PF. 


Corollary 2.—Hence, all rays emanating from F, and 
striking the curve, will be reflected in lines which, if 
traced backward, converge in £’; and reciprocally. 
Accordingly, to suggest the resemblance between these 
points and the corresponding ones of the Ellipse, they 
are called the foc/, or burning points, of the Hyperbola. 
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487. Let us suppose y = 0 in the equation 
δ) α — a’y'y = a. 


We shall thus find, as the value of the intercept which 
the tangent makes upon the 
transverse axis, 





In the Hyperbola, then, as 
well as in the Ellipse, this 
intercept is a third proportional to the abscissa of 
contact and the transverse semi-axis, and we have the 
same constructions for the tangent at any point P of 
the curve, or from any point 7' of the transverse axis, 
as are described in Art. 391. 


48S. The Subtangent.—For the length of the 
subtangent of the curve in the Hyperbola, we have 
MT — CM — CT; or, by the preceding article, 
qr (2 + α) (z' — a) 

zoo v l 
But ο’ + a= A'M, and z' —a = MA. Hence, 

Theorem XXV.— The subtangent of an hyperbola is a 
fourth proportional to the abscissa of contact and the two 


segments formed upon the transverse axis by the ordinate 
of contact. 


subtan == 


Corollary 1.—Let x,’ be the abscissa of contact for any 
tangent to the circle described on the transverse axis of 
an hyperbola, and z;/ that of any tangent to the hyperbola 
itself. Then (Art. 311), 


2 12 

! a?— rt 

subtan circ. — ---. 
Le 
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Suppose, now, that z/ =a? : x, ; that is (Art. 487), that 
the abscissa of contact in the circle is the intercept of a 
tangent to the hyperbola. We at once get 


12 


) geo. ο} 
subtan circ. = ——__— = subtan hyp. 


Ly, 


We see, then, that if from the foot 7' of any tangent to 
an hyperbola an ordinate 
TQ be drawn to the in- 
scribed circle, the tangent 
to this circle at Q will pass 
through M, the foot of the 
ordinate of contact in the 
hyperbola; or, Lf tangents 
be drawn to an hyperbola and its inscribed circle from the 
head and foot of any ordinate to eather, the resulting sub- 
tangents will be identical. 

We thus learn that the corresponding points of an 
hyperbola and its inscribed circle are those which have a 
common sublangent. And, in fact, by turning to the dia- 
gram of Art. 392, it will be seen that the corresponding 
points of an ellipse and its circumscribed circle may be 
defined in the same way. Hence, the defect in the anal- 
ogy between the two curves with respect to those circles, 
which came to light in Art. 456, can now be supplied. 





Corollary 2.—Accordingly, we can construct the tan- 
gent by means of the inscribed circle as follows: —When 
the point of contact P is given, draw the ordinate PM, 
and from its foot M make MQ tangent to the inscribed 
circle at Q. Let fall the circular ordinate QT, and join 
its foot T with the given point P. PT will be the 
required tangent, by the property established. 

When T the foot of the tangent is given, erect the 
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circular ordinate 7'Q, and draw the corresponding tan- 
gent QM. From M, the foot of this, erect the hyperbolic 
ordinate MP, and join its extremity P with the given 
point 7. 

^^ Remark.—By comparing the diagrams of Arts. 387, 483 with 
those of Art. 392 and the present article, the complete analogy of 
the eccentric angles in the two curves will, as we stated in Art, 483, 
become apparent. The eccentric angle of any point on either curve, 
may be defined as the central angle determined by the corresponding 
point of the circle described upon the transverse axis, it being under- 


stood that the “corresponding” points are those which have a 
common subtangent. 


489. Perpendicular from the Center to any 
Tangent.—The length of the perpendicular from the 
origin upon the line 


bx! — a’y'y = at, 
(Art. 92, Cor. 2) must be 
- α 0) m ab 
POPE T vena 
Now (Art. 478) ez? —a?— b". Therefore, 
ab . 

= αι 9 

or, as in the Ellipse, we have 


Theorem XXVI.— The central perpendicular upon any 
tangent of an hyperbola is a fourth proportional to the 
parallel semi-diameter and the semi-azes. 


490. central Perpendicular in terms of its inclination 
to the Transverse Axis.—Changing the sign of 4? in the formula 
of Art. 394, we get 


N 


p = V a*cos*0 — b*sin?6. 
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491. Making the same change in the final equation of Art. 395, 
we obtain, as the equation to the locus of the intersection of tangents 
to an hyperbola which cut at right angles, 


a? + y! = a? — δὲ, 
From this (.\rt. 186) we at once get 


Theorem XXVII.—The locus of the intersection of tangents to an 
hyperbola which cut each other at right angles, is the cirele described 
from the center of the hyperbola, with a radius = Va? — bè, 


492. Perpendiculars from the Foci to any 
Tangent.—For the length of the perpendicular from 
the right-hand focus (ae, 0) upon D"z'z — α΄. = ab, 
we have (Art. 105, Cor. 2) 


ος 0x'ae — a? — b(ex' — a) 
Pp was y (b'r" + a'y") E 1 (Ex — a?) » 


or, since (Arts. 457, 473) ez'— a — p, and ex”— a? — V^, 


And, in like manner, for the perpendicular from the 
left-hand focus, 
,. bp! 


ο η 


Corollary.—Since b? = po’ (Art. 474), we may also 
write 
ΕΝ bo I2 boul 
z p? — ο 
493. Upon dividing the value of p by that of p’, we 
obtain 
Theorem XXVIII.— The focal perpendiculars upon any 


tangent of an hyperbola are proportional to the adjacent 
focal radit of contact. 
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And if we multiply these values together, pp’ = 6°; 
or, we have 


Theorem XXIX.— The rectangle under the focal perpen- 
diculars upon any tangent is constant, and equal to the 
square on the conjugate semi-axis. 


494. Changing the sign of b? in the first two equa- 
tions of Art. 999, we get 


y — mz = V m'a? — b, 
my -- z — γ΄α” + v, 


as the equations to any hyperbolic tangent and its focal 
perpendicular. Adding the squares of these together, 
we eliminate m, and obtain 


L HY =a? 


as the constant relation between the co-ordinates of 
intersection belonging to these lines. Hence, (Art. 


136,) 


Tkeorem XXX.— The locus of the foot of the focal per- 


pendicular upon any tangent of an hyperbola, is the circle 
inscribed within the curve. 


Corollary—We may therefore apply in the case of 
the Hyperbola, the construction given in the corollary 
to Art. 399, as follows: 


To draw a tangent to an 
hyperbola through any given 
point: — Join the given 
point P with either focus 
F, and upon PF describe a 
circle cutting the inscribed 
circle in Q and Q’. The 


line which joins P to either of these points, for example 
An. Ge. 36. 
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the line PQ, will touch the hyperbola at some point T; 
for the angles PQF, PQ'F being inscribed in a semi- 
circle, Q and Q are the feet of focal perpendiculars. 

When P is on the curve, and ΑΗ consequently a 
focal radius, we can prove, as in Ex. 8, p. 359, that 
the circle described on PF will touch the inscribed 
circle. The foot of the focal perpendicular must then 
be found by joining the middle point of PF with the 
center C, and noting the point in which the resulting 
line cuts the inscribed circle. 


495. We see, then, that if an hyperbola is given, every 
chord drawn from the focus to meet the inscribed circle 
must be a focal perpendicular to some tangent of the 
hyperbola. On the other hand, it is obvious that any 
point outside of a given circle, may be considered the 
focus of some circumscribed hyperbola. Hence, 


Theorem XXXI.— Jf from any point without a circle a 
chord be drawn, and a perpendicular to it at its extremity, 
the perpendicular will be tangent to the circumscribed hyper- 
bola of which the point rs a focus. 


Corollary.—Since this is equivalent to saying that the hyperbola 
is the envelope of the perpendicular, 
we may approximate the outline of 
an hyperbola, as is done in the an- 
nexed figure, by drawing chords to 
a circle from a fixed point P outside 
of it, and forming perpendiculars at 
their extremities. It should be no- 
ticed, that only the parts of these 
perpendiculars which lie on opposite 
sides of the chord that determines 
them, enter into the formation of the 
curve; in the Ellipse, on the contrary, 
the perpendiculars lie on the same 
side of the determining chords. When the chords assume the 
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limiting positions P.L, PR, so as to touch the circle at L and R, 
the corresponding perpendiculars LN, MR are the two lines which 
we have named the self-conjugates. 


496. A little inspection of the equations in Art. 401, 
after the sign of 5b? has been changed in the first and 
second, will show that the reasoning of that article is 
entirely applicable to the Hyperbola. Hence, 


Theorem XXXII.. The diameters which pass through 
the feet of the focal perpendiculars upon any tangent of 
an hyperbola, are parallel to the corresponding focal radii 
of contact. 


Corollary.—Hence, also, as in the case of the Ellipse, 
we have the converse theorem, Diameters parallel to the 
focal radi of contact meet 
the tangent at the feet of its 
focal perpendiculars. Con- 
sequently, after finding the 
foot Q of the focal perpen- 
dicular, we can determine 
the point of contact T, if 
we wish to do so, by sim- 
ply drawing /"7' parallel to CQ. 

It follows, also, that the distance between the foot of the 
perpendicular drawn from either focus to a tangent, and 
the foot of the perpendicular drawn from the remaining 
focus to the parallel tangent, is constant, and equal to the 
length of the transverse axis. 





THE NORMAL. 


497. Equation to the Normal.—From the equa- 


tion of Art. 402, by changing the sign of b, we have 
a by — ¢?, 


y 
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498. Let PN be the normal to an hyperbola at 
any point P; and FP, 
ΖΡ the corresponding 
focal radi. The equa- 
tions to the latter (Art. 
95) are 


y'(x—c)—(x'—c) y=0 ( FP), 
y'(z4-c)—(x^4-c) y=0 (FP). 
Combining the equation 


to the normal with each 
of these in succession, we get (Art. 96) 





`~ 


4 
tan FPN — T , tan F'PN — — 3- 





Hence, FPN = 180? — I" PN — QPN ; and we have 


Theorem XXXIII.— The normal of an hyperbola bisects 
the external angle between the focal radit of contact. 


Corollary 1—Comparing Theorems XXIV, XXXIII 
of the Hyperbola with the same of the Ellipse, we at 
once infer: Jf an ellipse and an hyperbola are confocal, 
the normal of the one is the tangent of the other at their 
intersection. 


Corollary 2.—To construct a normal at any point P 
of the curve, we draw the focal radii FP, F'P, produce 
one of them, as Z"P, until PQ— FP, and join QF: then 
will PN, drawn through P at right angles to QF, be the 
required normal. For it will bisect the angle FPQ, accord- 
ing to the well-known properties of the isosceles triangle. 


Corollary 3.—To draw a normal through any point KR 
on the conjugate axis, we pass a circle RE’ R'F through 
the given point and the foci, and join the point where 
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this circle cuts the hyperbola with the given point by 
the line RPN: this line will bisect the angle F'PQ, 
because Jis the middle point of the are Ff’ EF. 

It is important to notice, however, that the auxiliary 
circle cuts each branch of the curve in two points, as P 
and P’, and that only one of these (P, in the diagram) 
answers the conditions of the present construction. For 
the line joining Æ to the other, as RP’, will bisect the 
internal angle between the focal radii, instead of the 
external. We thus see that we can use this method for 
drawing a tangent from any point in the conjugate axis: 
à statement which applies to the Ellipse also, provided 
the point Δ) is outside of the curve. 


499. Intercept of 
the Normal.—Making 
y =Q in the equation of 
Art. 497, we obtain 


————— 





z—0N—CULa-—g. 000 N τ 
m cc EE Nuus 

We can therefore, as 

in the case of the Ellipse 

(Art. 404), construct a 

normal at any point P of the curve, or one from any 


point JV of the transverse axis. 


500. By an argument in all respects similar to that 
of Art. 405, we have ΡΝ: F.N — F'P : FP; that is, 


Theorem XXXIV.— The normal of an hyperbola cuts the 
distance between the foci in segments proportional to the 
adjacent focal radi of contact. 


^ SOL. Length of the Subnormal.—For the portion 
of the transverse axis included between the foot of the 
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normal and that of the ordinate of contact, we have 


MUN = CN — CM — ex — x -—(e-—1)z. Hence, 


2 
subnor — — z'. 
a 


302. Comparing the results of Arts. 499 and 501, 
ΟΝ: MN = e: b. Or, since c= α΄ + 6°, we have 


Theorem XXXV.— The normal of an hyperbola cuts the 
abscissa of contact in the constant ratio (a? + b?) : b?. 


303. Length of the Normal.—Changing the sign 
of ὁ’ in the first formula 


of Art. 408, and then N 
applying the formula of . 
Art. 478, we get | Ν 
| 
Pie ee. 
a 
ab’ 





504. Hence, PN. PR =b; and we have 


Theorem XXXVI.—The rectangle under the segments 
formed by the two axes upon the normal is equal to the 
square on the semi-diameter conjugale to the point of 
contact. 


Corollary.—Hence, too, (Art. 474) PV.PR= po’; or, 
The rectangle under the segments of the normal 1s equal 
to the rectangle under the focal radit of contact. 


505. Also (Art. 489), putting Q for the foot of the 
central perpendicular on the tangent at P, CQ. PR = a’, 
and CQ. PN =. That is, 
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Theorem XXXVII.— The rectangle under the normal 
and the central perpendicular upon the corresponding 
tangent is constant, and equal to the square on the 
semi-axis other than the one to which the normal is 
measured. 


SUPPLEMENTAL AND FOCAL CHORDS. 


$06. Condition that Chords of an Hyperbola 
be Supplemental.—Let 
φ, φ’ denote the inclina- 
tions of any two supple- 
mental chords DP, D'P. 
Then, from Art. 412, by 
the characteristic change 
of sign, the required condition will be 





b? 
tan 9 tan g’ = zi 
307. Hence, the argument of Art. 413 applies directly 
to the Hyperbola, and we have 


Theorem XXXVIII.— Diameters of an hyperbola which 
are parallel to supplemental chords are conjugate. 


Corollary 1.—To construct a pair of conjugate diam- 
eters at a given inclination. The method of solving 
this problem in the Hyperbola being identical with 
that given for the Ellipse in the first corollary to Art. 
413, we do not consider it necessary to repeat the 
details here. 


Corollary 2.— To construct a tangent parallel to a given 
right line. Let LM be the given line. Draw any diameter 
QR, and through its extremity Q pass the chord QS 
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parallel to LM. Form the supplemental chord SR 
and its parallel di- 
ameter DP: the lat- 
ter, by the present 
theorem, will be con- 
jugate to that drawn 
parallel to LM; and 
(Art. 485) the line 
PT, drawn through 
its extremity P, and 
parallel to LM, will be the tangent required. 





Corollary 3.— To construct the axes in the empty curve. 
Draw any two parallel chords, bisect them, and form the 
corresponding diameter, say Q/t. On the latter, describe 
a semicircle cutting the hyperbola in N. Join RN, ΝΟ, 
and through the middle point of QE draw A'A, B'B par- 
allel to them : the latter will be the axes, by the same 
reasoning as that used in Art. 413, Cor. 3. 


90S. Focal Chords.—The properties of these chords 
presented in Exs. 88—35, p. 361, are as true for the Hy- 
perbola as for the Ellipse. The reader can easily con- 
vince himself of this by looking over his solutions of 
those examples, and making such changes in the formule 
as the equation to the Hyperbola requires. We shall 
here consider only that single property, proved for the 
Ellipse in Art. 415, which serves to characterize the 
parameter of the curve. 


209. For the length of any focal chord in an hyper- 
bola, we have, by changing the sign of 6? in the formula 


at the foot of p. 334, 
cho — 2 2 
a 


` ecos ϐ —1" 
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in which 0 = the inclination of the chord. Hence 
(Art. 462), putting a’ = the semi-diameter parallel to 
the chord, 

2a" = (2a’)* 

la. a 


That is, s 


Theorem XXXIX.—Any focal chord of an hyperbola 
is a third proportional to the transverse axis and the 
diameter parallel to the chord. 


cho == 


Remark.—The latus rectum is the focal chord parallel 
to the conjugate axis, and its value (Art. 454, Cor.) 
exemplifies this theorem. 


II. THE CURVE REFERRED TO ANY TWO CONJUGATES. 


DIAMETRAL PROPERTIES. 


«0. Equation to the Hyperbola, referred to 
any two Conjugate Diameters.—The equation to 
the primary curve, transformed to two conjugates whose 
respective inclinations are @ and 6’, is found by simply 
changing the sign of 02 in the equation at the middle 
of p. 336. It is 


(a?sin?0 — b’cos?0) 2? + (a*sin?0' — b?cos?0^) y = — ab’. 


Hence, by changing the sign of the constant term, the 
equation to the conjugate hyperbola, referred to the same 
pair of diameters, 1s 


(asin? — b?cos*0) x? + (a?sin*0! — b’co0s?0") y? = ab". 


Now let a’, 6’ denote the lengths of the semi-diameters 
An. Ge. 3T. 
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of reference: we shall get, by making y = 0 in the first 
of these equations, and r — 0 in the second, 


α b? . f ; α203 
a?sin?0' — b?cos?0! — 


2ς1γι2 —— 4? 24) .— 
a?sin?0 — b?cos?0 = — mu yr 








Substituting in the first equation above, we obtain 


Corollary 1—The transformed equation to the conju- 
gate curve is therefore 


g2 y? 
qucm -- 
Moreover (since a?— D? —a?— 6°), in the Equilateral 
Hyperbola we have b =a’: hence, the equations to 


that curve and its conjugate, referred to any two conju- 
gate diameters, are 


quee 


Corollary 2.—The new equation to the Hyperbola 
differs from the analogous equation to the Ellipse (Art. 
417), only in the sign of δ. Hence, Any function of Ὁ’ 
that expresses a property of the Ellipse, will be converted 
into one expressing a corresponding property of the Hyper- 
bola by merely replacing its b by b! Y —1. 


511. The remarks of Art. 418 evidently apply to the 
equations 


«2 2 2 2 
X 2 

° J xu ποτ 1. / X CR J — E 1, 
a? b? a”? b? 


Hence, we have the following extensions of Theorems 


VI, VII: 


DIAMETRAL PROPERTIES. 401 


Theorem XL.— The squares on the ordinates to any 
diameter of an hyperbola are proportional to the rectangles 
under the corresponding segments of the diameter. 


Theorem XLI.—The square on any diameter of an hy- 
perbola is to the square on its conjugate, as the rectangle 
under any two segments of the diameter is to the square 
on the corresponding ordinate. 


912. Writing the equation of Art. 510 in the form 





and comparing it with that of the Equilateral Hyperbola, 
namely, with 
y’ IL 12 == a", 


we get y,:y,—0': a'. That is, as the extension of 


Theorem VIII, 


Theorem XLII.. The ordinate to any diameter of an 
hyperbola is to the corresponding ordinate of τί equi- 
lateral, as the conjugate semi-diamcter is to the semi- 
diameter. 


Remark._ We may take the corresponding ordinate of the equi- 
lateral as signifying either the oblique ordinate of the equilateral 
described upon the same transverse axis as the given hyperbola, or 
the rectangular ordinate of the equilateral described upon the diam- 
eter selected for the axis of x. For the equation 2? — y* = a” will 
denote either of these equilaterals, according as it is supposed to 
refer to oblique or rectangular axes. Only we must understand 
that, in either interpretation, the corresponding ordinates are those 
which have a common abscissa. 

It is evident, also, that the ratio between the corresponding 
ordinates of the hyperbola and the circle x? + y? = a^, described 
on any diameter of the curve, is imaginary. Hence, with respect 
to this circle, there is a defect in the analogy between the Ellipse 
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and the Hyperbola: a defect that will be supplied, however, as 
soon as we develop the conception of the subtangent to any diameter. 


513. We leave the student to show, by interpreting 
the equation 


2 Ue /9 
Y=" (ia), 


that, with reference to any diameter, the Hyperbola 
consists of two infinite branches, extending in opposite 
directions, and both symmetric to the diameter. 


CONJUGATE PROPERTIES OF THE TANGENT. 


O14. Equation to the Tangent, referred to any 
two Conjugate Diameters.—By changing the sign 
of b? (Art. 510, Cor. 2) in the equation of Art. 421, 
the equation now sought is seen to be 


Ələ. Intercept of the Tangent on any Diam- 
eter.—Making y — 0 in 
the equation just found, we 
get, for the intercept in 
question, 


12 
rea 


2 





Hence, as the extension of Art. 487, 


Theorem XLIIL— The intercept cut off by a tangent 
upon any diameter of an hyperbola is a third propor- 
tional to the abscissa of contact and the semi-diameter. 


Corollary.— To construct a tangent from any given 
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point. The method of the corollary to Art. 422 applies 
directly to the Hyperbola, and the student may interpret 
the statements there made, as referring to the present 
diagram letter by letter. 


$16. The properties of tangential intercepts, proved 
in Art. 423 with respect to the Ellipse, are also true of 
the Hyperbola. We shall 
merely restate them here, - L 
leaving the reader to make a 
such simple modifications of 
the analyses in 1, II, III 
of the article mentioned, as 
may be necessary to establish 
them. To aid him in this, the parts of the annexed dia- 
gram are lettered identically with the corresponding parts 
of that in Art. 429. 


I. Theorem XLIV.— The rectangle under the intercepts cut off 
upon two fixed parallel tangents by any variable tangent of an hyper- 
bola is constant, and equal to the semi-diameter parallel to the two 
tangents. 





Y 


II. Theorem XLV.—The rectangle under the intercepts cut off 
upon any variable tangent of an hyperbola by two fixed parallel 
tangents is variable, being equal to the square on the semi-diameter 
parallel to the tangent. 


III. Theorem XLVI.— The rectangle under the intercepts cut off 
upon any variable tangent of an hyperbola by two conjugate diameters 
is equal to the square on the semi-diameter parallel to the tangent. 


Corollary 1.—Dy the same reasoning as in the first corollary to 
III of Art. 423, we have: Diameters drawn through the intersections 
of any tangent with two parallel tangents are conjugate. 


Corollary 2.-—The problem, Given two conjugate diameters of an 
huperbola in position and magnitude, to construct the axes, is solved 
by the same process as the corresponding one on p. 342; excepting 
that the point P must be taken on the side of D next to C, instead 
of on the side remote from it. 
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517. Subtangent to any Diameter.— For the 
length of this, we have MT7T’=CM— CT’. Hence, 
putting xv’ = CM, and sub- 
stituting the value of CT" 
from Art. 515, 


r^ eed a"? 


subtan' — 





That is, since z' + a! = LM, 
and 2’ — a’ = MD, The sub- 
tangent to any diameter of an hyperbola is a fourth pro- 
portional to the abscissa of contact and the corresponding 
segments of the drameter. 

Corollary.—If we compare this value of the general 
subtangent with that of the subtangent of the curve 
(Art. 488), we see at once that the argument used in 
Art, 488, Cor. 1, with respect to the Hyperbola and its 
inscribed circle, applies to the curve and the circle de- 
scribed upon any of its diameters. Hence, If through 
the head and foot of an ordinate to any diameter of an 
hyperbola tangents be drawn to the curve and to the circle 
described upon the diameter, they will have a common 
subtangent. 

In other words, if Q is the point in which a rectangular 
ordinate drawn through the foot of a tangent to the hy- 
perbola pierces the circle mentioned, the tangent to this 
circle at Q passes through M, the foot of the ordinate of 
contact for the tangent to the hyperbola. The defect 
noticed in the Remark under Art. 512, is therefore 
supplied; and we may employ the circle in question, to 
solve the following problem : 

To draw a tangent to an hyperbola from any given point. 
Let T" be the given point. Draw the diameter DT'L, 
and form the corresponding circle C- DQL. At the given 
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point, set up T’'Q a rectangular ordinate to this circle, 
and through its extremity Q draw the tangent QAM. 
Then, through the foot AZ of this tangent, pass MP 
parallel to the diameter conjugate to DL: the point P 
in which this parallel cuts the hyperbola, will be the 
point of contact of the required tangent, which may be 
obtained by joining 7’ P. 

Remark.—To form a tangent at any point P of the 
curve, we draw the ordinate PM, and, through its foot, 
the circular tangent MQ. Then, if QT’ be drawn at 
right angles to the diameter DL, T’ will be the foot 
of the required tangent. 


918. Dy the same reasoning as in Art. 425, we get 


Theorem XLVII.— The rectangle under the subtangent 
and the abscissa of contact is to the square on the ordinate 
of contact, as the square on the corresponding diameter 18 
to the square on its conjugate. 


919. Changing the sign of b”? in the equations of Art. 
426, and then taking the steps indicated there, we obtain 


Theorem XLVIII.. T'angenís at the extremities of any 
chord of an hyperbola meet on the diameter which bisects 
that chord. 


PARAMETERS. 


920. Definitions—The Parameter of an hyperbola, 
with respect to any diameter, like the parameter of an 
ellipse, is a third proportional to the diameter and its 
conjugate. Thus, 

2b ΩΦ; 
parameter — C Ie aus 


Da! EAS a! 
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The parameter with respect to the transverse axis, is 
called the principal parameter; or, the parameter of the 
curve. We shall denote its length by 4p. 


9234. For the value of the parameter of the Hyper- 
bola, we accordingly have 


τ 


( 





Thus (Art. 454, Cor.) the principal parameter is identical 
with the latus rectum, and may therefore be described as 
the double ordinate to the transverse axis, drawn through 
the focus. 


$22. In Art. 509, we proved that the focal double 
ordinate parallel to any diameter is a third proportional 
to the transverse axis and the diameter. Now (Art. 463) 
the transverse axis is less than any other diameter — less, 
therefore, than the diameter conjugate to that of which 
the focal chord is a parallel, unless the chord is the latus 
rectum. Hence, 


Theorem XLIX.—WNo parameter of an hyperbola, except 
the principal, is equal in value to the corresponding focal 
double ordinate. 


POLE AND POLAR. 


92:5, We now proceed to develop the polar relation 
as 3 property of the Hyperbola; and shall follow the 
steps already twice taken, in connection with the Circle 
and the Ellipse. 


974. Chord of Contact in the Hyperbola.—Let 
x'y’ be the fixed point from which the two tangents that 
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determine the chord are drawn. Then, by merely chang- 
ing the sign of 6” in the equation of Art. 431, the equation 
to the hyperbolic chord of contact will be 


a. 
ig c D 

325. Locus of the Intersection of Tangents to the 
Hyperbola.—Let z'j' denote the fixed point through 
which the chord of contact belonging to any two of the 
intersecting tangents is drawn, and change the sign of 
b” in the equation of Art. 432: the equation to the locus 
now considered will then be 


E al ap, 


al? b"? a 


026. Tangent and Chord of Contact taken up 
into the wider conception of the Polar.—From the 
identity in the form of the last two equations with the 
form of the equation to the tangent, we see that, in the 
Hyperbola also, the law which connects the tangent with 
its point of contact, and the chord of contact with the 
point from which its determining tangents are drawn, is 
the same that connects the locus of the intersection of 
tangents drawn at the extremities of chords passing 
through a fixed point, with that point. 

In short, the three right lines represented by these 
equations are only different expressions of the same formal 
law: a law, moreover, of which the locus mentioned is the 
generic expression. For, in the case of the tangent, the 
point 2'j is restricted to being on the curve; and, in that 
of the chord of contact, to being within ; while, in that of 
the locus, it is unrestricted: so that the tangent and the 
chord of contact are cases of the locus, due to bringing 
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the point z’y’ upon the curve or within it. Moreover, the 
formal law which connects the locus with the fixed point 
is the law of polar reciprocity. For, by its equation, the 
locus is a right line; and, if we suppose the point z^y' to 
be any point on a given right line, the co-efficients of the 
equation in Art. 524 will be connected by the relation 
Ax’ + By' 4- C=0; whence (Art. 117) we have the 
twofold theorem: 

I. If from a fixed point chords be drawn to any 
hyperbola, and tangents to the curve be formed αἱ the 
extremilies of each chord, the intersections of the several 
pairs of tangents will lie on one right line. 

Il. Lf from different points lying on one right line 
pairs of tangents be drawn to any hyperbola, their several 
chords of contact will mect in one point. 

The Hyperbola, then, imparts to every point in its 
plane the power of determining a right line; and recip- 
rocally. 


927. Equation to the Polar with respect to an 
ilyperbola.—From the conclusions now reached, this 
equation, referred to any two conjugate diameters, must 
be | 

aum y’ 
di NN ER | 


a"? b" PER ) 





or, referred to the axes of the curve, 


z'y' being the point to which the polar corresponds. 
y g p p p 


928. Definitions.—The Polar of any point, with re- 
spect to an hyperbola, is the right line which forms the 
locus of the intersection of the two tangents drawn at the 
extremities of any chord passing through the point. 


POLAR IN THE HYPERBOLA. 409 


The Pole of any right line, with respect to an hyper- 
bola, is the point in which all the chords of contact corre- 
sponding to different points on the line intersect. 

Hence the following 
constructions : — When 
the pole P is given, 
draw through it any two 
chords 7"T, S'S, and 
form the corresponding 
pairs of tangents, 7" 
and TL, S'M and SM: 
the line LJ, which joins 
the intersection of the first pair to that of the second, 
will be the polar of P. When the polar is given, take 
upon it any two points, as L and M, and draw from 
each a pair of tangents, LT and LT", MS and AS’: 
the point P, in which the corresponding chords of 
contact 7" T, S’S intersect, will be the pole of LM. 

This construction is applicable in all cases; and, when 
the pole is without the curve, as at Q, it must be used. 
Dut if the pole is within the curve, as at P, the polar 
LAL may be obtained by drawing the chord of contact 
of the two tangents from P; and if it is on the curve, 
as at T, the polar is the corresponding tangent LT. 





929. Direction of the Polar.—By changing the 
sign of b” in the equations of Art. 496, and then using 
the principle of inference employed there, we obtain 





Theorem L.—The polar of any point, with respect to 
an hyperbola, is parallel to the diameter conjugate to that 
which passes through the point. 


930. Polars of Special Points.—2A comparison of 
the equation to the polar in an hyperbola with its equa- 
tion as related to the Circle (Art. 323), will show that 
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the general properties proved of polars in Art. 324 are 
true for the Ilyperbola. We therefore pass at once to 
those special properties which characterize the polars of 
certain particular points. 
Applying the processes of Art. 437 to the equation of 
Art. 027, we get 
I. The polar of the center 15 a right line at infinity. 


II. The polar of any point on a diameter 18 a right 
line parallel to the conjugate diameter, and its distance 
from the center is a third proportional to the distance of 
the point and the length of the semi-diameter. 


Ill. The polar of any point on the transverse axis is 
the perpendicular whose distance from the center is a 
third proportional to the distance of the point and the 
length of the semi-azts. 


Corollary.—From II it follows, that the construction 
for the polar, given under Art. 437 with respect to the 
Ellipse, is entirely applicable to the Hyperbola. 





ooh. Polar of the Focus.—The equation to this is 
found by putting (+ ae, 0) for z'y' in the second equa- 
tion of Art. 527, and is therefore 


gq cr 


Hence, The polar of cither focus in an hyperbola is the 
perpendicular which cuts the transverse aris at a distance 
from the center equal lo a: e, measured on the same side 
as the focus. 


Remark.—since the e of the Hyperbola is greater than 
unity, the distance of the focal polar from the center is 
in that curve less than a. In the Ellipse, on the contrary, 
this distance is greater than a, because the e of that curve 
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is less than unity. Hence, in the Ellipse, the polar of the 
focus is without the curve; but, in the Hyperbola, it is 
situated within. 


932. The distance of any point P of an hyperbola 
from either focal polar, for instance 
from DR, is obviously equal to the 
abscissa of the point, diminished by 
the distance of the polar from the 
center. That is, 








pps, 2$ «ᾱ--α 
uM ο e ` 
But (Art. 457) ec—a=FP. Therefore, 
FP — 
PD ^ 


In other words, the property of Art. 439 re-appears, 
and we have 


Theorem LI.— The distance of any point on an hyper- 
bola from the focus is in a constant ratio to its distance 
from the polar of the focus, the ratio being equal to the 
eccentricity of the curve. 

Corollary 1.— We may therefore describe an hyperbola 
by a continuous motion, as follows: 

Take any point F, and any fixed right line DR. Against the 


) 

latter, fasten a ruler DD’, and place a second 
ruler NQL (right-angled at L) so that its 
edge LN may move freely along DD’. At 
F fasten one end of a thread equal in length 
to the edge NVQ of this last ruler, to whose 
extremity Q the other end must be attached. 
Then, with the point P of a pencil, stretch 
this thread against the edge NQ, and move 
the pencil so that the thread shall be kept py 
stretched while the ruler VQJZ slides along 

DIY: the path of P will be an hyperbola. For, by the conditions 
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named, FP must equal PN in every position of the pencil: whence 
FP: PD— NQ: QL. That is, since DR must be the polar of 
F with respect to some hyperbola, the focal distance of P is in a 
constant ratio to its distance from the focal polar. 

This construction derives interest from a comparison 
with that of the Ellipse in Art. 439, Cor. 1l. It will be 
seen that the essential principle is the same in both, 
namely, the use of the parts of a right triangle to de- 
termine a constant ratio between the distances of points 
from a fixed point and a fixed right line. It is notice- 
able, that, in the Ellipse, this constant ratio is that of 
the base to the hypotenuse; while, in the Hyperbola, it 
is that of the hypotenuse to the base; thus illustrating 
the inverse relation existing between the two curves. 


Corollary 2.—In the construction just explained, the 
polar of the focus is used as the directing line of the 
motion which generates the curve. For this reason, it 
is called the directrix of the corresponding hyperbola. 


Corollary 3.—In the light of the present theorem, we 
may interpret the name hyperbola as denoting the conic 
in which the constant ratio between the focal and polar 
distances exceeds unity. 


Ode. Focal Angle subtended by any Tangent.—By exam- 
ining the investigation conducted in Art. 440, the student will see 
that it is applicable to the Hyperbola, with the single exception of 
a change in the sign of the final result. Hence, if » = the focal 
distance of any given point from which a tangent is drawn to an 
hyperbola, and x = the abscissa of the point, the angle 9 which the 
portion of the tangent intercepted between the given point and the 
point of contact subtends at the focus, will be determined by the 
formula 
3 ---ᾱ 

P | 


5 
cos ġ = 





O4. This expression, being independent of the point of con- 
tact αγ”, would seem to indicate that both of the tangents that can 
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be drawn from a given point to the curve subtend the same focal 
angle. It is found, however, as in the case presented in the dia- 
gram, that when the viven point P is taken under such conditions 
(Art. 484, Cor. 2) as fix the two 
points of contact T and T’ on 
opposite branches of the curve, 
the angles PFT, PFT’ are not 
equal, but supplemental. But, 
whether they be the one or the 
other, the line FP must bisect 
the whole angle 7" FT subtended 
by the chord of contact, either internally or externally. Hence, 





Theorem LII.— The right line that joins the focus to the pole of any 
chord, bisects the focal angle which the chord subtends. 


Corollary.—The angle subtended by a focal chord being 180°, 
we have, as a special case of the preceding: The line that joins 
the focus to the pole of any focal chord is perpendicular to the chord. 


II. THE CURVE REFERRED TO ITS Foci. 


535. In the polar equations of Art. 172 and the 
subjoined Remark, namely, in 


a (he?) a (e? — 1) 


F—1-2e050? " ~ 1T—ecos θ᾿ 
we now know that the constant @ is the transverse semi- 
axis of the corresponding hyperbola, and the constant e 
its eccentricity. 
Replacing, then, e?— 1 by its value (Art. 171) δὲ: a?, 
we may write these equations 
b 1 O δ 1 
Ρα Ἱ--εοοςθ) '" a l—ecosé 
But (Art. 521) b? : a is half the parameter of the curve. 


dior 
ne d NR 
id iocum 
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the upper sign corresponding to the right-hand focus, 
and the lower to the left-hand. 





O20. Polar Equation to the Tangemt.—By an 
analysis exactly similar to that in Art. 444, we find this 
to be 

a (1 — e) 
P — eos (0 — 0) — e cos θ᾽ 


Corollary.— The equation to the diameter conjugate to 
z'y' (Art. 469) differs from that of the tangent at 2γ' 
only in having 0 for its constant term. Hence, as in 
the corollary to Art. 444, 


PERI ae (cos 0 — e) — 
τ. eos (6 — 0") — e cos 0 


is the polar equation to the diameter conjugate to that 
which passes through p'0'. 


IV. Tug CURVE REFERRED TO ITS ÁSYMPTOTES. 


37. Hitherto, the properties established for the 
Hyperbola have had a fixed relation, either of identity 
or of antithesis, to those of the Ellipse. We now come, 
however, to a series of properties peculiar to the Hyper- 
bola, arising from the presence of the two lines which 
we have named the self-conjugate diameters. We might 
proceed at once to transform the equation of Art. 167 
to these diameters as axes of reference; but, before 
doing so, let us subject the self-conjugates themselves 
to a more minute examination. 


O38. Definition—An Asymptote of any curve is a 
line which continually approaches the curve, but meets 
it only at infinity. 
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Asymptotes are either curvilinear or rectilinear. The 
term asymptote is derived from the Greek a privative, 
and συμπίπτει», lo coincide, and may be taken as signi- 
fying that the line to which it is applied never meets the 
curve which it forever approaches. 


959. We have already once or twice spoken of the 
self-conjugates of the Hyperbola as its asymptotes. We 
now proceed to show that they are such. We have 
proved (Arts. 461, Cor. 1; 480) that they meet the 
curve only at infinity: it remains to show that they 
draw nearer and nearer to the curve the farther they 
recede from the center. 

Let CM be any common abscissa of an hyperbola and 
its self-conjugate diameter CL. The equations to CL 
and the curve being respectively 


Pa" 


tm 
occ VU ΕΕ ^ 





we get, for the difference between LESS 

any two corresponding ordinates, F R 
αὖ 

2 +V È --- a 


Hence, as 2 increases, PQ diminishes; so that, if we 
suppose x to be increased without limit, or the point P 
of the curve to recede to an infinite distance from the 
origin, PQ wil converge to the limit 0. Now the 
distance of any point P of the curve from the self- 
conjugate CL is equal to PQsin PQC: therefore, as 
the angle PQC is the same for every position of P, 
this distance diminishes continually as P recedes from 


the center; or, we have 
An. Ge. 38. 
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Theorem LIII.— The self-conjugate diameters of an 
hyperbola are asymptotes of the curve. 

Remark.— We have inferred this theorem with respect to L/R 
as well as LR’, although the preceding investigation is conducted 
in terms of LA’ only. But it is manifest that a similar analysis 
applies to L/R; and it can be shown, in like manner, that DL’ 
and L/R are asymptotes of the conjugate hyperbola. We leave the 
proof of this, however, as an exercise for the student. 


910. Angle between the Asymptotes.—From Art. 
479, we have tan LCM =b : a, and tan ΙΟ} ——b:a; 
hence LCM = 180° — L/'CM = RCM. If, then, we put 
φ = the required angle LCR, and 0 = LCM, we shall 
get o — 20; or, since tan O = b : a, and therefore cos 0 = 
d : ο, 

o = 2 sec"! e. 


Hence, if the eccentricity of an hyperbola is given, 
the inclination of its asymptotes is also given; for it is 
double the angle whose secant is the eccentricity. Con- 
versely, when the inclination of the asymptotes is known, 
the eccentricity is found by taking the secant of half the 
inclination. 

Thus, in the case of an equilateral hyperbola, whose 
eccentricity (Art. 456, Cor.) = V2, we have 


Q — 9 sec! V9 = 90°: 


which agrees with the property by which (Art. 177, Cor.) 
we originally distinguished this curve. 


O41. Equations to the Asymptotes. — These are 
respectively (Art. 479) y = (b:a) z, y — — (b:a) x. 
Or we may write them 
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Hence, (Art. 124,) the equation to both asymptotes is 


942. Let CD, ΟΡ’ be any two conjugate semi-diam- 
eters. Then, from the fact that 
the equation to the Hyperbola, ,,. 
when referred to these, is identical ὋΝ, = 
in form with its equation as referred 
to the axes, we may at once infer ep 
that RU : 





are the equations to the asymptotes, referred to any pair 
of conjugates. 

Now the first of these lines (Art. 95, Cor. 2) passes 
through the point a'b’, that is, through the vertex of the 
parallelogram formed on CD and CD’; while the second 
(Art. 98, Cor.) is parallel to the line 


/ 


{4 


vT |y 
"RP iam 


that is, to the diagonal D’D of the same parallelogram. 
Hence, the asymptotes have the same direction as the 
diagonals of this parallelogram ; or, extending the prop- 
erty to the figure of which this parallelogram is the 
fourth part, we get 

Theorem LIV.— The asymptotes are the diagonals of 
every parallelogram formed on a pair of conjugate diam- 
eters. 

Corollary.—1f, then, we have any two conjugate diam- 
eters given, we can find the asymptotes ; and, conversely, 
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given the asymptotes and any diameter CD, we can find 
its conjugate by drawing DO parallel to CR, and pro- 
ducing it till OD’ = OD, when D’ will be the extremity 
of the conjugate sought. 


543. From the equation to the tangent (Art. 481) 
we get 
PLANES 
S ay! is y i 
or, after substituting for y' from 
the equation to the curve, and 
factoring, 





b, 1 
an 1 αἱ 
un 


Supposing, then, that z' and y' are increased without 
limit, or that the point of contact P recedes to an infinite 
distance from the origin, the limiting form to which this 
equation tends 15 


But this (Art. 541) is the equation to CZ; and a like 
result can be readily obtained with respect to the other 
asymptote. Ilence, 


Theorem LV.— The asymptotes are the limits to which 
the tangents of an hyperbola converge as the point of 
contact recedes toward infinity. 


Remark.—We micht therefore define the asymptotes as the right 
lines which meet the hyperbola in two consecutive points at infinity. 


5914. Accordingly, by Theorem XXIX (Art. 493), the 
product of the focal perpendiculars upon an asymptote 
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must be equal to ὦ’, But, since the asymptote passes 
through the center, these focal perpendiculars must be 
equal to each other, and therefore each equal to bð. 


That is, 


Theorem LVI.— The perpendicular from either focus to 
an asymptote is equal to the conjugate semi-axis. 


545. Let FP be the focal dis- 
tance of any point on an hyperbola, 
and PD its distance from the direc- 
trix DR. By Art. 582, FP— e.PD. 
But (Art. 540), e=sec LOF. Hence, 
FP-PDsec LCF = PDeosec PRD, 
if PR be drawn parallel to the asymp- 
tote CL. That is (Trig., 859), FP = 
PR; or, we have 





Theorem LVII.— The focal distance of any point on an 
hyperbola is equal to its distance from the adjacent direc- 
trix, measured on a parallel to either asymptote. 


Corollary.—We here find a new reason 
for the method of generating an hyperbola, 
given in the first corollary to Art. 532. 
For, by the requirements of the method, 
FP= PR=e.PD. Now, by the diagram, 
PR = PD sec RPD. Hence, the method 
makes sec RPD =e; that is (Art. 540), it 
makes the angle RPD equal to the inclina- 
tion of the asymptote, and PÈ therefore par- 
allel to that line. 





£6. Equation to the Hyperbola, referred to its 
Asymptotes.—The equation to the Hyperbola, trans- 
formed to a pair of oblique axes whose inclinations to 
the transverse axis are respectively 0 and 0’, is found 
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by changing the sign of b? in the first equation of p. 906, 
and is 


(a? sin? 8 — 0? cos? 0) 2? + (a? sin? 0' — b? cos? 0^) y? 
+ 2 (a? sin 0 sin 0' — b? cos O cos 0^) xy = — ah. 


If, then, the new axes are the asymptotes, and there- 
fore (Art. 479) tan? 0 = b^ : a? = tan’ 6’, we shall have 
a? sin? 6 — b? cos? 0 = 0 = a? sin? 0' — b? cos? θ’; and the 
equation will become 


2 (a? sin 0 sin 0' — D? cos 0 cos 0) zy = — a. 


In this, again, since * sin 0 — — b : V/a? + 0? — — sin 0), 
and cos 0 = a : V a? + 0? = cos O’, it is evident that we 
have a? sin 0 sin 0' — b? cos 0 cos 0' = — 2 dt? : (a? + 03. 
Hence, the required equation is 


e 2-|- 6? 

ry = —— ; 

πα 

and putting k? to represent the constant in the second 
member, we may write it in the form in which it is 


usually quoted, namely, 
Cy 


Corollary.—Hence, the equation to the conjugate hy- 
perbola will be 


pps 


and, in the case of an equilateral hyperbola, we shall 
have 


* It must be remembered that 0 — the inclination of the new axis of x 


and, in our investigation, the axis of x is that asymptote which corre- 
sponds to 0 = tan’ — b: a. 
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947. Ify = the angle LCR, the parallelogram CMPN, 
contained by the asymptotic co- 
ordinates of any point P, will be 
expressed by zy sin v. There- 
fore, from the equation of the 
preceding article, this parallelo. 27 
gram is equal to 4 (a? + 6’) sing. 

But (Art. 479, Cor.) sin gy = 2ab : (a? + ὁ). Hence, 
the parallelogram is in fact equal to $ ab; and we have, 
as the geometric interpretation of the equation xy = k?, 





Theorem LVIII.— The parallelogram under the asymp- 
totic co-ordinates of an hyperbola is constant, and equal to 
half the rectangle under the semi-axes. 


54S. Equation to any Chord, referred to the 
Asymptotes.—Let α΄’, ογ΄’ be the extremities of the 
chord. Then (Art. 95), the equation will be of the form 
Ue a ee 
i MEN pl 
Now, since the extremities of the chord are in the curve, 
z'— :y', and z” = k : y”. Substituting these values, 
and reducing, we get for the required equation 


yc + zy E zy! + [52 (1); 
or, after dividing through by k? = αγ’ = g"'y”, the more 
symmetric form 





V. puc 

Qo ed (2). 
O49. Let Q (x/y/) and S (x/y/) be any two fixed points on 

an hyperbola, and P (aß) a variable 

point. Then (Art. 548) the equa- 

tions to PQ and PS will be 


y/z + ay = ay” + k, 
{ο + ay = ay + X. 
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Making y = 0 in cach of these, we get CM — a + 2’, CT=a-+ x”. 
IIenee, MT = x” — x’, which being independent of ap, we have 


Theorem LIX.— The right lines which join two fixed points of an 
hyperbola to any variable point on the curve, include a constant portion 
of the asymptote. 


550. Equation to the Tangent, referred to the 
Asymptotes.— Assuming that the point zy" in the final 
equation of Art. 548 becomes coincident with z'y', we 
get, for the equation now sought, 





ry 
> EA 
at 


951. Equations to Diameters, referred to the 
Asympiotes.—The diameter which passes through a 
fixed point z'y' (Art. 95, Cor. 2), is represented by 
y'r— z'-—0; and this equation, when z’y’ is on the 
curve, may be written (Art. 546) 





ο ccr (1). 


The equation to the diameter conjugate to z'y' must 
have 0 for its absolute term (Art. 63); and, as the 
diameter is parallel to the tangent at z'y', the variable 
part of its equation (Art. 98, Cor.) must be identical 
with that of the tangent. Hence, the equation is 


ER 
ΤΡ y = 0 (2). 

The transverse axis bisects the angle between the 
asymptotes, and therefore, at its extremity, 2 = y. 
Hence, the equations to the axes, referred to the 
asymptotes, are 


z—y-—0, s+y=0 (3). 
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552. Eliminating between (2) of the preceding article, 
and the equation to the conjugate hyperbola, we get, for 
the co-ordinates of the extremity of the diameter conju- 
gate to z'y', 


κ — γι! z / 
LS cp X, YK my. 


OS. From the equation 
to the tangent (Art. 550), 
we get, by making y and z 
suecessively equal to zero, 
CT = 35’, and CS = 21. 
Hence, P is the middle point 
of ST; and we have 





Theorem LX.— The portion of the tangent included 
between the asymptotes, is bisected at the point of 
contact. 


Corollary.—Since (Art. 542) S is a vertex of the par- 
allelogram formed on the conjugate semi-diameters CP 
and CD, we have PS— CD. Hence, S7'—2PS =DD. 
That is, The segment cut from the tangent by the asymp- 
totes is equal to the diameter conjugate to the point of 
contact. 


Remark.—Theorem LX might have been obtained geometrically, 
as a corollary to Theorem LIV. 


554. From the preceding article, we at once obtain 
OI. OS = Ary =a + ὁ), 


since 4 z'y' = 4k. That is, 


Theorem LXI.— The rectangle under the intercepts cut 
off upon the asymptotes by any tangent is constant, and 
equal to the sum of the squares on the semi-azes. 

An. Ge. 39 
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ped. For the area of the triangle SCT, we have 
T = 22'y' sing = ab, 
since 2 z'y' = 2k’, and sing = 2ab : (a?+ δ). Hence, 
Theorem LXII.—TZhe triangle included between any 


tungent and the asymptotes is constant, and equal to the 
rectangle under the semi-axes. 


556. The equations to the tangents at the extremi- 
ties of two conjugate diameters (Arts. 550, 552) are 


ινε. C IU E 

y 2 y' = 2, " y' απ 2. 
Adding these together, we get 2: = 0, the equation to 
the line CL. Hence, 


Theorem LXIII —Tangents at the extremities of conju- 
gate diameters meet on the asymptotes. 


907. The equation to QQ, an ordinate to any diam- 
eter FVD, will only differ 
from that of the conjugate 
diameter l/' D' by some con- 
stant, which we may call 2c. 
The equation will therefore 
| Art. 551, (2)] be 





d edt 
z + y! --- 2e 
Now this, when combined with the equation to VD, 
2; Ί 
ο. 


gives x — ez', y = cy’ as the co-ordinates of M, the point 
in which Q’Q cuts VD. But the intercepts of Q'Q upon 
the asymptotes are obviously OQ — 2ez', CQ = 2ey’. 
Hence, M is the middle point of Q'Q; or, we have 
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Theorem LXIV.— The segments formed by the asymptotes 
upon an ordinate to any diameter are equal. 


Corollary 1.—By the definition of a diameter, M is the 
middle point of P'P; so that PY = P'Q', and we get 
the property: The portions of any chord that are inter- 
cepted between the curve and the asymptotes, are equal. 


Corollary 2.—We can now readily solve the problem, 
Given the asymptotes and one point, to form the curve. 
Let CL, CE be the given asymptotes, 
and P the given point. Through P 
draw any right line Q'Q, cutting the 
asymptotes in Q' and Q. On its longer 
segment, lay off Q1 equal to the shorter 
segment PY’: then will (1) be a point 
on the curve, by Cor. 1 above. In the 
same manner, other points, (2), (9), 
etc, may be obtained; and, when 
enough are found, the curve can be 
drawn through them. The given point P may be any 
point of the curve; but in practice it is usually the 
vertex, and is so represented in the diagram. 





«5. The equation to any chord Q’Q, in terms of the extremity 
z/y/ of its bisecting diameter V.D, being (Art. 557) 


zx 


E dro oen 
r'r 2c, 


the abscissas of P" and P, the 
points in which it cuts the curve. 
will be found by eliminating be- 
tween this equation and xy = A? 
But, as D is on the curve, z^y' = 
k?: whence, by combining with ry = k?, 
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Substituting this value in the equation to the chord, we get 


7 
E Z =e c α)--θρᾳρα----φ 
2 z 
as the quadratic determining the required abscissas. Hence, 
(P^) α-Ἑ-α'(οἠ-γο--1), (P) z-—z'(c—vYc-—1). 


Now, $ being the angle between the asymptotes, and @ the in- 
clination of Q’Q, the distance from Q to any other point on Q’Q 
is determined (Arts. 101, Cor. 2; 102) by the formula 


a om (x — πι) sin ó 

|. hA gin (6 — 8) 
Now the x, of Q = 0; and (Art. 553, Cor.) sin¢: sin (9 — 0) =b: 2’, 
where α’ is the abscissa of D, and δ΄ the semi-diameter conjugate 
to D. Hence, 


P'/Q—U(c--Ve?à—ly) QP-—b(c—ycd-—1) 
Therefore, P’Q. QP =U”; and we have 


Theorem LXV.— The rectangle under the segments formed upon 
parallel chords by either asymptote is constant, and equal to the square 
on the semi-diameter parallel to the chords. 


v. AREA OF THE HYPERBOLA. 


999. The area of the segment ALMP, included 
between the curve, the asymptote, the ordi- i 
nate of the vertex, and the ordinate of any 
given point P, is by general consent called 
the area of the hyperbola. Its value may 
be determined as follows: * 

Let z' = the abscissa CM of the point P 
to which the area is to be computed. Since 
the co-ordinates of the vertex are equal to 
each other, we shall have (from the equa- 
tion zy =k’) CL — f. 





* See Hymers' Conic Sections, p. 121, 3d edition. 
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It is customary to take the quantity œ as the unit in 
this computation. Adopting this convention, let the 
distance LM be so subdivided at n points δύ, S,..., M, 
that the abscissas CL, CR, CS,..., CM may increase 
by geometric progression. Then, if CR =z, we shall have 


CL Cha. ντα aot 


Thus cert ος Ὁ--- x^: 80 that, as n increases, 2 
diminishes, and converges toward 1 as n converges to 
infinity. Now, at R, S,..., M, erect n ordinates, and 
form n corresponding parallelograms RA, Sa,..., Mo, 
situated as in the figure. Then 


area RA = RL. LA sing —(CR — CL) LA sin $ = (x — 1) sin 4, 
“. Sa=SRH. Ra sin $ = (z* — 2) — sin $— (z — 1) sing, 


vo Wee case sin $— (αἱ —*) Τη sing = (z — 1) sing, 


and so on for the whole series of n parallelograms. 
1 

Hence, replacing 2 by its value α΄», and putting 2 = 

the sum of the n parallelograms, we get 


ὁ -—n (ο — 1) sin Q. 


But an inspection of the diagram shows that the 
greater the number of the parallelograms, the more 
nearly does the sum of their areas approach the area 
ALMP. And since z, the ratio of the successive 
abscissas, tends to 1 as n tends to oo, we can make the 
number of the equal parallelograms as great as we 
please; in other words, the true value of the area 
ALM?P is the limit toward which δ converges as n 
converges to œ. Hence, 


| | 
area AL MP = n (z/» —1)sin$—mn[11 + (z/—1)]» — 1]sino 
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area 44 L/P = | (x’—1)+ s — 1) (z/— 1)? 


us τ ί--ηἠ{-- πμ. 


- je prm Aiea | Aue 


η T 3 ΠΣ; 





Now [Alg., 373, (5)] the series in the braces denotes the 
Naperian logarithm of z'. Therefore, calling this loga- 
rithm lx’, and the hyperbolic area A, we obtain 


A = sin (ος να 


But (Alg., 876) sinc .La^ = the logarithm of z' in a 
system whose modulus = sing. Ilence, 


Theorem LXVI.— The area of any hyperbotc segment 
is equal to the logarithm of the abscissa of tts extreme point, 
taken in a system whose modulus is equal to the sine of the 
angle between the asymptotes. 


Corollary.—In an equilateral hyperbola, since o = 90°, 
sin o —1; and we get A — lx’. That is, The area of an 
equilateral hyperbola is equal to the Naperian logarithm 
of the abscissa of the extreme point. 

For this reason, Naperian logarithms are called Ayper- 
bolic. But, as we have just seen, the title belongs with 
equal propriety to logarithms with any modulus. 


EXAMPLES ON TIE IIYPERDBOLA. 


l. Prove that the middle points of a series of parallels inter- 
cepted between an hyperbola and its conjugate, lie on the curve 
r^ y. ΙΛ; 
quje 
2 Find the several loci of the centers of the circles inscribed 
and escribed to the triangle F^ PF, F^ and F being the foci of any 
hyperbola, and P any point on the curve. 
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3. An ellipse and a pair of conjugate hyperbolas are described 
upon the same axes, and, at the points where any line through the 
center meets the ellipse and one of the hyperbolas, tangents are 
drawn: find the locus of their intersection. 

4. In any triangle inscribed in an equilateral hyperbola, the 
three perpendiculars from the vertices to the sides, converge in a 
point upon the curve. 

5. To determine the hyperbola which has two given lines for 
asymptotes, and passes through w given point. 

6. Between the sides of a given angle, a right line moves so as 
to inclose a triangle of constant area: the locus of the center of 
gravity in the triangle is the hyperbola represented by 


9 xy sin 9$ = 243, 


where ὁ = the given angle, and 7? = the constant area. 


7. QQ’ is a double ordinate to the axis major A’A of an ellipse; 
QA, A’Q’ are produced to meet in P: find the locus of P. 

8. To a series of confocal ellipses, tangents are drawn having a 
constant inclination to the axes: the locus of the points of contact 
is an hyperbola concentric with the ellipses. 

9. The radius of the circle which touches an hyperbola and its 
asymptotes, is equal to that part of the latus rectum produced 
which is intercepted between the asymptote and the curve. 

10. About the focus of an hyperbola, a circle is described with 
a radius equal to the conjugate semi-axis, and tangents are drawn 
to it from any point on the curve: their chord of contact is tangent 
to the inscribed circle. 

11. Tangents to an hyperbola are drawn from any point on either 
branch of the conjugate curve: their chord of contact touches the 
opposite branch. 

12. In any equilateral hyperbola, let ¢ = the inclination of a 
diameter passing through any point P, and $^ = that of the polar 
of P, the transverse axis being the axis of x: then will 


tan ó tan 9^ = 1. 


13. The circle which passes through the center of an equilateral 
hyperbola and any two points A and B, passes also through the 
intersection of two lines drawn the one through A parallel to the 
polar of B, and the other through B parallel to the polar of A. 
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14. The locus of a point such that the rectangle under the focal 
perpendiculars upon its polar with respect to a given ellipse shall 
be constant, is an ellipse or an hyperbola according as the foci are 
on the same side or on opposite sides of the polar. 

15. A line is drawn at right angles to the transverse axis of ais 
hyperbola, meeting the curve and its conjugate in P and Q: show 
that the normals at P and @ intersect upon the transverse axis. 
Also, that the tangents at P and Q intersect on the curve 
y? i = . bix? 


αἱ α a” 
16. Given two unequal circles: the locus of the center of the 
circle which touches them both externally, is an hyperbola whose 
foci are the centers of the given circles. 


17. Every chord of an hyperbola bisects the portion of cither 
asymptote included between the tangents at its extremities. 


18. If a pair of conjugate diameters of an ellipse be the asymp- 
totes of an hyperbola, to prove that the points of the hyperbola at 
which its tangents will also touch the ellipse, lic on an ellipse con- 
centric and of tne same eccentricity with the given one. 


19. A tangent 15 drawn at a point P of an hyperbola, cutting 
the asymptote CY in E; from Æ is drawn any right line LAH 
cutting one branch of the curve in W, M; and Kk, PM, Hh are 
drawn parallel to CY cutting the asymptote CK in k, M, hk: to 
prove that 

Hh -- κ». 

20. Three hyperbolas have parallel asymptotes: show that the 
three right lines which join two and two the intersections of the 
hyperbolas, meet in one point. 


CHAPTER FIFTH. 
THE PARABOLA. 
1. THE CURVE REFERRED το ITS AXIS AND VERTEX. 


960. In discussing the Parabola, we shall find it 
most convenient to transform its equation, as found in 
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Art. 181, to a new set of reference-axes. Before doing 
so, however, we may deduce an important property, 
which will enable us to give the constant p, involved in 
that equation, a more significant interpretation. 


THE AXIS. 


961. Making y = 0 in the equation 
mentioned, namely, in D}--- 


j^ = Ap (x — p), 9 


we obtain z— OA — p. Now (Art. 181) 
2p = Of: hence, OA — $ OF; or, we D 


have 





Av Theorem I.—4/n any parabola, the vertex of the curve 
bisects the distance between the focus and the directriz. 


Corollary.— Whenever, therefore, the constant p pre- 
sents itself in a parabolic formula, we may interpret it 
as denoting the distance from the focus to the vertex of 
the curve. | 


Remark.— We might also infer the theorem of this article directly 
from the definition of the curve in Art. 179. 


962. Since ÁF is thus equal to p, the distance of 
the focus from the vertex will converge to 0 whenever 
2p — OF converges to that limit, but will remain finite 
as long as 2p remains so. In other words (since we may 
take the focus F as close to the directrix D'D as we 
please), the focus may approach infinitely near to the 
vertex, but can not pass beyond it. Hence, 


Theorem II.—TZhe focus of a parabola falls within the 


curvc. 


963. Let us now transform the equation y*— 4p (z—p), 
by moving the axis of y parallel to itself along OF to 
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the vertex A. This we accomplish (Art. 55) by putting 
x+ p for τ, and thus get 


y? = pz. 


9664. This equation asserts that the ordinate of the 
Parabola is a geometric mean of the abscissa and four 
times the focal distance of the vertex. 
It therefore leads directly to the fol- 
lowing construction of the curve by 
points, when the focus and the vertex 
are given :—Through the focus F draw 
the axis J'A, and produce it until 
AB —4AF. Through the vertex A 
draw AD’ perpendicular to the axis. At any convenient 
points on the axis, erect perpendiculars of indefinite 
lengths, as MP, M'P'; and upon the distances BM, 
D.M', etc., as diameters, describe circles BDM, BD' MM’, 
etc. From D, D',..., where these circles cut the per- 
pendieular AD’, draw parallels to the axis: the points 
P, P',..., in which these meet the perpendiculars MP, 
M'P',..., will be points of the parabola required. For 
we shall have PM = AD = v AB.AM = vV4AF.AM, 
and a similar relation for P'M' and all other ordinates 
formed in the same way. 





960. The property asserted by the equation y? = 4pz, 
and involved in the foregoing construction, may be other- 
wise stated as 


Theorem IIL — The square on any ordinate of a para- 
bola is equal to four times the rectangle under the cor- 
responding abscissa and the focal distance of the vertex. 


Corollary.—Since p is constant for any given parabola, 
y? will increase or diminish directly as x does. That is, 
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The squares on the ordinates of any parabola vary as the 
corresponding abscissas. 


366. The double ordinate Z/L passing 
through the focus, in the Parabola also, is 
called the latus rectum. Making x — pin A 
the equation to the curve, we obtain the 


value of FL, namely, jy — 2p. Hence, 





latus rectum — ip. 


Corollary.—This result would lead us to state Theorem 
III as follows: Zhe square on any ordinate is equal to 
the rectangle under the corresponding abscissa and the 
latus rectum. 


567. It is now important to show that a certain 
relation in form exists between the Parabola and the 
Ellipse, such that we may consider a parabola as the 
limiting shape to which an ellipse approaches when we 
conceive its axis major to increase continually, while its 
focus and the adjacent vertex remain fixed. Dy estab- 
lishing this, we shall be enabled to bring the symbol e, 
arbitrarily written — 1 in Art. 184, under the conception 
which gives it meaning in the other two conics. 

The equation we are now using for the Parabola being 
referred to the vertex, we must refer 


the Ellipse to its vertex, if we desire "uy 

to exhibit the relation mentioned. A 
See ee 

Transforming, then, the equation of — ^-—— ——— 


Art. 147 by putting z— a for v, we 
get, as the equation to the Ellipse referred to its vertex V, 


2 
y? — 7 (2ax — x”). 
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Putting p as an arbitrary symbol for the distance VF 
between the vertex and the adjacent focus,.we have 
(Art. 151) p =a — γα’ — b: whence 


ος pop 


— 2 
a a a? 


and the above equation becomes 
RE ον t p " 


Suppose, now, that the distance VF remains fixed, 
while the whole axis major VA increases to infinity: 
in the limit, where a = oo, we get 


y^ =Apz, 


the equation to the Parabola: which proves our propo- 
sition. 


Corollary 1—Since we may thus regard a parabola as 
an ellipse with an infinitely long axis, that is, with a 
center infinitely distant froin its vertex and its focus, it 
deserves to be considered whether the Parabola has any 
clement analogous to the so-called circumscribed circle 
of the Ellipse. To settle this point, we only need to 
consider, that, if a tangent be drawn to a circle, and the 
radius of the circle be then continually increased without 
changing the point of contact, the circle will tend more 
and more nearly to coincidence with its tangent the 
greater the radius becomes; so that, if we were to 
suppose the radius infinitely great, the circle would 
become straight by actually coinciding with the tangent. 
If, then, we draw at the vertex of an ellipse a common 
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tangent to the curve and its circumscribed circle, and 
subject the axis major to continual increase under the 
conditions which will cause the curve to assume the form 
of a parabola in the limit where a = oo, the circumscribed 
circle will continually approach the common tangent as 
its center recedes from the vertex, and, in the limit where 
the ellipse vanishes into a parabola, will coincide with the 
tangent. We learn, then, that the Parabola has an ana- 
logue of the circumscribed circle; that this analogue is 
in fact the tangent of the curve at its vertex ; and that 
it is also the line used as the axis of y in the equation 
y? = 4px, since this line and the tangent are both per- 
pendicular to the axis of the curve at its vertex, and 
must therefore coincide. All these results will soon be 
confirmed by analysis. 


Corollary 2.—But, as a point of greater importance, 
the relation established above enables us to assert that 
the symbol e = 1 denotes the eccentricity of the corre- 
sponding parabola. For, in the Ellipse, we have 


zd ee 6? 


€ == 
a* a 





and if in this we make a = oo, or suppose the curve to 
become a parabola, we get e— 1. That is, we may con- 
sider a parabola to be an ellipse in which the eccentricity 
has reached the limit 1. Moreover, in the view taken 
of this subject in the corollaries to Arts. 359, 456, the 
condition e — 1 corresponds to that ellipse which has so 
far deviated from the curvature of its circumscribed circle 
as to vanish into the right line that forms its axis major. 
Now, when we recollect (Art. 195, Cor.) that a right line 
is a particular case of the Parabola, and that, in reaching 
the limit 1, e has assumed a value fixed and the same 
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for all parabolas, it becomes evident that we may con- 
sider the condition e — 1 as marking that stage of devi- 
ation from circularity which characterizes the Parabola, 
and therefore, in connection with this curve also, appro- 
priately call e the eccentricity. 

Hence, the name parabola (derived from the Greek 
παραβάλλειν, to place side by side, to make equal) may be 
taken as signifying, that, in the curve which it denotes, 
the eccentricity is equal to unity. 

In closing this article, we would again direct the 
student's attention to the fact, that all parabolas have 
the same eccentricity. 


063. Let o = FP, the focal distance of any point on 
a parabola. Then, by the definition 
of the curve (LD being the directrix), 
FP = PD. Also, from the diagram, 
PD=BM=BA+AM. Now, AM 
--ᾱ, and (Art. 561) BA =p. Hence, 





p—p t. 
That is, 
Theorem IV.— The focal radius of any point on a par- 
abola is a linear function of the corresponding abscissa. 
Remark.—This expression for o is similar to those 
found in the case of the Ellipse and of the Hyperbola 
(Arts. 360, 457), and is called the Linear Equation to 


the Parabola. 


$92. The methods of drawing the curve, given in 
Arts. 179, 564, have already familiarized the reader 
with the figure of the Parabola, and suggested a {ο]- 
erably clear conception of its details. Let us now see 


how the equation 
y? = 4px 
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verifies and completes the impressions made by the 
diagrams : 

I. No point of the curve lies on the deft of the perpendicular 
to the axis, drawn through the vertex. For this line is the axis 
of y; and, if we make x negative in the equation, the resulting 
values of y are imaginary. 


II. But the curve extends to infinity on the right of the per- 
pendicular mentioned, both above and below the axis. For y is 
real for every possible positive value of z. 


III. The curve is symmetric to the axis. For there are two 
values of y, numerically equal but opposite in sign, corresponding 
to every value of x. 


370. The Parabola, then, differs from the Ellipse, 
and resembles the Hyperbola, in having infinite con- 
tinuity of extent. There is, however, a marked dis- 
tinction between its infinite branch and the infinite 
branches of the Hyperbola, which calls for a more 
minute examination. 

In the first place, the limiting forms to which the two 
curves tend are essentially different: that of the Hyper- 
bola (Art. 176) being two iniersecting right lines, which 
pass through its center; while that of the Parabola 
(Arts. 192; 195, Cor.) is two parallel right lines, or, in 
the extreme case, a single right line. This, of itself, 
indicates a difference in the nature of the curvature in 
these two conics. 

Secondly, the branches of the Hyperbola, in receding 
from the origin, tend to meet the two lines called the 
asymptotes in two coincident points at infinity (Arts. 
539, 543). Now, if we seek the intersections of any 
right line with a parabola, by eliminating between the 
equations y — mz + 6 and y* — 4px, we find that their 
abscissas are 

p — p — mb) + Vip — mb - " 
m? 
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In order, then, that these intersections may be coinci- 
dent, we must have mb — p: in which case, for the 
abscissas, we get 


Tt = P (1), 


m? 


and, for the equation to the given line, 
y= me + Ps or, m?r—my+p=0 (2) 
n 


If, now, the- coincidence takes place at infinity, we shall 
have, from (1), m — 0; and (2) will assume the form 
(Art. 110) 

C= 0. 


That is, any right line that tends to meet a parabola in 
two coincident points at infinity, is situated altogether at 
infinity ; or, what 1s the same thing, no parabola bas any 
tendency to approach a finite right line in the manner 
characteristic of the Hyperbola. 


DIAMETERS. 


971. Equation to any Diameter.—In a system of 
parallel chords in a parabola, let 0 be the common in- 
clination to the axis, zy the middle point of any member 


of the system, and z'y' the point in which the chord cuts 
the curve. We have (Ari. 101, Cor. 3) 


x' =x — leos,  j'—y-— sin. 
Hence, as z'' is on the parabola mentioned, 
(y — t sin 0)? = 4p (x — l cos 0). 
That is, for determining ᾖ, we get the quadratic 


Psin? 0 — 2 (y sin 0 — 2p cos 0) l = χα — 4f. 
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But as zy is the middle point of a chord, the co-efficient 
of ἶ vanishes (Alg., 234, Prop. 3d), and the locus of the 
middle point is therefore represented by the equation 


y sin 6 — 2p cos 0 = 0. 
Hence, the required equation to any diameter is 
y = 2p cot 0. 


942. Since p is fixed for any given parabola, and 0 
for any given system of parallel chords, this equation 
is of the form 

y = constant. 


Now such an equation (Art. 25) denotes a parallel to the 
axis of 2. Hence, 


. Theorem V.— Every diameter of a parabola is a right 
line parallel to its axis. 


Corollary 1—From this, we at once infer: All the 
diameters of a parabola are parallel to each other. 


Corollary 2.—The constant value of y 
in the above equation, being dependent 
on the arbitrary angle 0, is itself arbi- 
trary. The converse of our theorem is 
therefore true, and we have: Every right 
line drawn parallel to the axis of a par- 
abola is a diameter. 





Remark.— The directrix being perpendicular to the axis, we 
might define a diameter of a parabola as any right line drawn 
perpendicular to the directrix. The diagram illustrates diameters 
from either point of view. 


" 


573. If we write (as we may) the equation y = constant 
in the form 

y = 02 + b, 
Απ. Ge. 40. 
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and then eliminate y between it and y? = 4pr, we get, 
for determining the intersections of a parabola with its 
diameter, the relation 02? + Ov + 6? = 4px; or, 


027 — tpr + 05 — 0. 
Now (Alg., 238) the roots of this quadratic are 


; b? 
2 -- 





whence, observing the form of these roots, we have 


Theorem VI.— Every diameter of a parabola meets the 
curve in two poinls, one finite, the other at infinity. 

Remark.—The meaning of this theorem, in ordinary geometric 
language, is, of course, that a diameter only meets the curve in the 
one finite point whose abscissa = b: 4p. The argument and the 
phraseology adopted here are only used for the purpose of com- 
pleting analogies, and will seem less forced when we approach the 
subject from u more generic point of view. 


74. From the last theorem, it follows that no chord 
of a parabola can be parallel to the axis, and, therefore, 
that no diameter can bisect a system of chords parallel 
to a second diameter. We thus learn, that, in the Par- 
abola, the conception of conjugate diameters vanishes in 
the parallelism of all diameters. 


THE TANGENT. 


σσ. Equation to any Chord. xy” be the 
extremities of any chord in a ipti we shall have 
y? — 4pz' and y” = 4px". Hence, y? — y? = 4p (x — zq", 
and we get 





Us - 4p 
Jy y" 
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Substituting this value for the second member of the 
equation in Art. 95, we obtain the equation now re- 
quired, namely, 

τος τι 


2 — 7’! [E yay! 


576. Equation to the Tangent.—Making y" = γ' 
in the preceding equation, reducing, and recollecting 
that y? = 4pz', we get 


y'y = 2p (e+ 2’). 


57%. Condition that a Right Line shall touch a 
Parabola.—We have seen, in the second part of Art. 
570, that y = mr + b will meet the parabola j? = 4pz in 
two coincident points, whenever mó — p. The condition 
now required is therefore 


Corollary.—Every right line, then, whose equation is 
of the form 


— Pp 
Y i mM 


is a tangent to the parabola y? = 4px. We have here 
another instance of the so-called Magical Equation to the 
Tangent. 


5758. Problem.—7/f a tangent to a parabola passes 
through a fixed point, to find the co-ordinates of contact. 

Putting αν’ for the required point of contact, and 
vy" for the fixed point through which the tangent 
passes, we have (Arts. 563, 576) 


y^-—Apz', yy" = 2p (x + 2"). 
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Solving these conditions for α΄ and 1’, we get 


μι (y? — 2px!) + y" 1 A y — 4) — 4px" 
2p 
y= Ye γ΄ γ/ 3 — Spx", 


Corollary.—These values indicate that from any given 
point two tangents can be drawn to a parabola: real 
when y/? — 4px” > 0, that is, when the point is without 
the curve; coincident when y'?— 4px" — 0, that is, when 
the point is on the curve; imaginary when y? — 4pz'! — 0, 
that is, when the point is within the curve. 


279. Definition —The halves of the chords which any 
diameter of a parabola bisects, are called the ordinates 
of the diameter. The term is also applied at times to 
the entire chords, or to the right lines formed by pro- 
longing them indefinitely. 


$80. Let αν’ be the extremity of any parabolic di- 
ameter. Then, from Art. 571, y' —2pcot0 ; and we get, 
for determining the angle 0 which the ordinates of the 
diameter make with the axis, 

tan J = a ; 
Now the equation to the tangent at z'y^ (Art. 576) may 
be written 


y=% ez) 


Hence, by the principle of Art. 78, Cor. 1, 


Theorem VII.— The tangent at the extremily of any 
diameter of a parabola is parallel to the corresponding 
ordinates. 
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Corollary.— Hence, further, the tangent at the vertex 
of the curve is perpendicular to the axis; and we confirm 
by analysis the result of Art. 567, Cor. 1, namely, The 
vertical tangent and the axis of y are identical. 


9581. The equations to any tangent of a parabola and 
its focal radius of contact (Arts. 576, 95) may be written 


yy=2p(e+e2') (PT) 
yr-c(p—a)y-—py (FP). 
For the angle FPT between these 


lines, we therefore have (Art. 96, 


Cor. 1) 


ΕΣ «κα 12 .) 
ιν. ορ μια ο 
2py —y (p—cz) y 





But, by Art. 580, this is also the value of tan QPT. 
Hence FPT = QPT; and we get 


ι.. Theorem VIII.. The tangent of a parabola bisects the 
internal angle between the diameter and focal radius drawn 
to the point of contact. 


Corollary 1.—To draw, then, a tangent to a parabola 
at any point P, we form the focal radius PF, and the 
diameter RP. We next prolong RP until PQ equals 
PF, join QF, and draw PT perpendicular to QF: it 
will be the tangent required, by virtue of the theorem 
just proved, and the isosceles triangle FPQ. 


Corollary 2.—Since SPR=QPT = FPT, all rays that 
strike the concave of the curve in lines parallel to the 
axis will be reflected to F, which is therefore called the 
focus, as in the Ellipse and the Hyperbola. 


444 ANALYTIC GEOMETRY. 


382. Making y= 0 in the equation y'y = 2p (x + ^), 
we obtain, as the value of the intercept 
formed by the tangent upon thc axis of 
à parabola, 


t = AT = — x. 





The length of the intercept is therefore 
equal to that of the abscissa of contact, 
the sign minus denoting that it is measured to the 
left of the vertex. If, then, we add AF = p to this 
length, we get 


ICD -— a. 


But (Art. 568) p-Fz'— FP. Hence, FT-— FP; and 


we have 


Theorem IX.—4n any parabola, the foot of the tangent 
and the point of contact are equally distant from the 
focus. 


Corollary.— This property obviously leads to the fol- 
lowing constructions : 


I. To draw a tangent at any point P of a parabola. 
Join the given point P with the focus F, and from the 
latter as a center, with a radius equal to PF, describe 
an are cutting the axis in T: the required tangent may 
then be formed by joining PT. 


II. To draw a tangent to a parabola from any point T 
on the axis. From the focus F as a center, with the 
radius FT, describe an arc, and note the point P in 
which this cuts the curve: P will be the point of 
contact, and the corresponding tangent may be formed 
by joining TP. 
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955. The Sudtangent.—For the length of the sub- 
tangent of the curve in the Parabola, 
or of that portion of the axis which is 
included between the foot of the tan- 
gent and that of the ordinate of con- 
tact, we have TM = TA + AM; or, 





subtan = z/ + 2’ = 24). 


$94. Thus TA = AM = $ TM, and we get the im- 
portant property, 


.» Theorem X.— The subtangent of a parabola is bisected 
tn the vertex. 


Corollary 1.—We can now construct the tangent at 
any point of the curve or from any point on the axis, as 
follows:—When the point of contact P is given, draw 
the ordinate PM, and on the prolonged axis lay off 
AT= AM: then, by the theorem just proved, 7 will 
be the foot of the tangent at P, which is found by 
joining P7. 

When the foot 7' of the tangent is given, lay off upon 
the axis AM — A T, and erect the ordinate MP. The 
point P in which this meets the curve, will be the point 
of contact sought; and the tangent is obtained by join- 
ing TP. 

Corollary 2.—As the value of the subtangent is depend- 
ent upon the peculiar form of the equation to the Para- 
bola, the present theorem is peculiar to this curve, and 
hence leads to the following mode of constructing it, 
which is often used by mechanics and draughtsmen. 

Lay down two equal right lines AB, AC making any convenient 
angle with each other. Bisect them in Æ and F, join EF, BC, and 


draw AX perpendicular to the latter: it will bisect EF’ in V, and 
BC in X, by the well-known properties of the isosceles triangle. 
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Now divide -1E and its equal EB into the same number of equal 
parts, and the equals AF, FC in the 
same manner: the whole lines 4 B, AC 
will thus be subdivided into equal parts 

at the points 1, 2, 3, E, 4, 5, 6 and 6, δ, 

4, F, 3, 2, 1. Having numbered these 
points in reverse order upon the two A 
lines, as in the diagram, join those which 
have the same numeral: the resulting 
lines will envelope a parabola, which 
we can approximate as closely as we 
please, by continually diminishing the 
distances A 1, 1...2, ete. For, by the construction, V is the middle 
point of AX; and the curve touches all the lines ΑΡ, AC, 1... 1, 
6...6, etc.: hence, with respect to the lines 4B, AC, which may 
be regarded as limiting cases of all the others, it is a curve that 
bisects its subtangent in the vertex; that is, a parabola. 

From another point of view, the curve here formed 1s the envel- 
ope of a line LF, which moves within the fixed lines 4B, AC in 
such a manner that the sum of the remaining sides of the triangle 
EAF is constant, being equal to AB. It is therefore a parabola, 
by the result of the Example solved in Art. 251. 





985. Perpendicular from the Focus to any Tan- 
gent.—F or the length of the perpendicular from the focus 
(p, 9) upon the line y'y = 2p (x + 2’), we have (Art. 105, 
Cor. 2) 


p ρώτα _ _2p(p+r’) 
vVup-Ty» Visp(pt+z’y} 


But (Art. 568) p + z' —p, the focal distance of the point 
of contact. Hence, 





— vp(pTz). 


P’ = pp. 


5856. In this expression, p being constant, it is evident 
that P? will change its value as o changes its value; or, 
P will change with the square root of p: a property 
usually expressed by 


FOCAL PERPENDICULAR ON TANGENT. +447 


Theorem XI.— The focal perpendicular upon the tangent 
of a parabola varies in the subduplicate ratio of the focal 
radius of contact. 


O87. Focal Perpendieular in terms of its inclination to 
the Axis.—The perpendicular from (p, 0) upon the line whose 
equation (Art. 577, Cor.) is 


mz — my + p —0, 


will be, according to Art. 105, Cor. 2, 


__mptp _p LLL 
P= Tm my m VT 


Put 6 = the inclination of P, measured from the axis toward the 
right: then m = cot θ, and we get 


P = p sec 0. 


— &SS. The equation to the tangent being written (Art. 
577, Cor.) 


my — mx = p, 


that of its focal perpendicular, which passes through 
(p, 0), will be 
my + © = p. 


Combining these so as to eliminate m, we get 
y= Q 


as the equation to the locus of the point in which the 
focal perpendicular meets the tangent. Hence, (Art. 
580, Cor.,) 
., Theorem XII.— The locus of the foot of the focal per- 
pendicular upon any tangent of a parabola, is the tangent 
at the vertex of the curve. 

Corollary 1.—By means of this property, we can solve 


in its most general form the problem, 
An. Ge. 4]. 
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To draw a tangent to a parabola through any given 
point.— Let P be the given 
point, and join it with the focus 
F. On PF as a diameter, de- 
scribe a circle cutting the ver- 
tical tangent in Q and Q: these 
points will be the feet of focal 
perpendieulars, as the angles 
PQF, PQ'F are inscribed in 
semicircles. Hence, a line join- 
ing { to either of them, for instance the line PQ, will 
touch the parabola in some point T. 

If the point of contact 1s required, produce the axis to 
meet PQ in R, and then apply the method of Art. 582, 
Cor. When the given point is on the curve, as at T, the 
auxiliary circle will touch the vertical tangent; but the 
point Q can still be found, by dropping a perpendicular 
from the middle point of FT upon AY. 





Corollary 2.—The present theorem, and the resulting 
construction, completely justify the view, taken in Art. 
967, Cor. 1, that the vertical tangent of the Parabola is 
the analogue of the circle cireumscribed about the Ellipse. 
We thus arrive at the conclusion, often serviceable in anal- 
ysis, that the Right Line may be defined as the circle whose 
radius is infinite. 


59. Since the vertical tangent is the locus of the foot 
of the focal perpendicular on any other tangent, that is, 
the line in which the foot of every such perpendicular is 
found, it follows that every right line drawn from the 
focus to the vertical tangent is a focal perpendicular to 
some other tangent of the curve. Besides, it is obvious 
that any given point and right line may be regarded as 
the focus and vertical tangent of some parabola. Hence, 
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Theorem XIII.—Jf from any point a line be drawn to 
a fixed right line, and a perpendicular to it be formed at 
the intersection, the perpendicular will be tangent to the 
parabola of which the point and fixed line are the focus 
and vertical tangent. 


Corollary.—Thus we see that a parabola is 
the envelope of such a perpendicular, and we 
may therefore approximate the outline of one, 
by drawing oblique lines to a given right line 
from a fixed point P, and erecting perpendicu- 
lars at their extremities. If formed close enough 
together, these perpendiculars will define the 
curve with considerable distinctness, as the 
diagram shows. 





ie 4,999. Let us now ascend from the theorem of Art. 588 
to the general one, in which a line from the focus meets 
the tangent at any fixed angle. 

Calling this angle 6, and writing the equation to the tangent 


( Art. 577, Cor.) 
= P 
ym. (1), 


we obtain, for the equation to the intersecting line from the focus 


(Art. 103), 
m -+ tan 6 


- T—m tan 6 


y (x — p) (2). 


From (2), by clearing of fractions, expanding, and collecting terms, 
y — mz = (1 + m?) x tan 0 — mp. 


Subtraeting this result from (1) member by member, and then 
transposing, 


(1 + m?) z tan 6 — + mp. 
Dividing through by (1 + m’), 


z tan 9 =È A ο RIS alee 
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Substituting this value of m in (1), we get the equation to the locus 
of the intersection of the tangent and the focal line, namely, 


y = x tan 9+ p cot 6. 


But (Art, 577, Cor.) this denotes a tangent of the same parabola, 
inclined to the axis at the angle 0. Hence, 


Theorem XIV.— The locus of the intersection of a tangent with the 
focal line which meets it ata fixed angle, is the tangent which meets 
the axis at the same angle. 


5091. Angle between any two Tangents.—Let x’y’, x/^y 
denote the two points of contact Q, Q. 
The equations to the corresponding tan- 


gents (Art. 576) will then be 


y'y—2p(zd a), yy —?p(z-rz"). 


Hence, applying the formula of Art. 96, 
Cor. 1, we get 





2p (v — y^) 
f mm . e- " 
tan OPE ly p dp? 

592. This expression leads to a noticeable property of the 
Parabola, as follows:— P Q, PQ’ being any two intersecting tangents, 
the equations to their focal radii of contact FQ, FQ’ (Art. 95) 
will be 

7 77 


ον y y y 











zx—p x-—p £ — p a —p 


Substituting for z/ and 2/ their values from the equation to the 
Parabola, and clearing of fractions, we may write these equations, 


(y^ —4p*) y = 4py’ (x — p) (FQ), 
(y^ — 4p*) y = 4py" (x — p) (FQ). 
From them, by Art. 96, Cor. 1, we get 
Spy’ (y^^? — 43) — 4py” (y^ — 4p") 
óp'y'y" Fy — 4p) yp) 


... Aly’ —y) yy" t+ 4p) 6 
(yy + Αρ") — 4p? (y! — y/Y 


tan ϱ FQ’ = 
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Now, if we apply the formula for the tangent of a double angle 
(Trig., 847, 11) to the angle QPQ’, whose tangent we found in the 
preceding article, we shall get, for the tangent of 2QPQ/, the ex- 
pression just obtained. Hence QF'Q’=2QPQ’; and we have 


Theorem XV.— The ‘angle between any two tangents of a parabola 
is equal to half the focal angle subtended by their chord of contact. 


293. The equations to any two tangents of a parabola that cut 
each other at right angles (Arts. 577, Cor.; 96, Cor. 3) will be 


Subtracting the second of these from the first, we obtain 
x = -— p 


as the equation to the locus of the intersection. But this equation 
denotes a right line perpendicular to the axis at the distance p on 
the left of the vertex; in other words, the line called the directrix 
in our primary definitions. Hence, 


Theorem XVI.— The locus of the intersection of tangents which cut 


each other at right angles, is the directrix of the curve. 


Corollary.—Since this locus, in the case of the Ellipse, is a circle 
concentric with the curve (Art. 395), this theorem again shows us 
that the Circle converges to the form of the Right Line as its radius 
tends to infinity, and that we may therefore correctly regard the 
Right Line as a circle with an infinite radius. 


THE NORMAL. 


594. Equation to the Normal.—The equation to 
the perpendicular drawn through the point of contact 
z'y' to the tangent 





yy = 2p (x + 2^), 
is found by Art. 108, Cor. 2, and 1s therefore 


2p (y — y) = y (£ — 2). 
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995. Let P be any point z'j' on a parabola, PN the 
corresponding normal, DP a diameter 
through P, and FP the focal radius 
of its vertex. The equation to FP 
(Art. 95) is 


yz — (x! — p) y = py’. 


Comparing this with the equation to 
the normal, we get (Art. 96, Cor. 1) 





/ 


tan FPN = 2s Hast M iul A A : 
y? — 2p (x —p) 3 
But, since every diameter is parallel to the axis, DPN = 
PNX, and we have, from the equation to the normal, 
tan DPN =— 58 ; 
2p 
Hence, FPN = 180? — DPN = QPN ; and we obtain 

Theorem XVII.. The normal of a parabola bisects the 
external angle between the corresponding diameter and 
focal radius. 

Corollary.—To construct a normal at any point P of 
the curve, we therefore draw the focal radius PF, and 
the diameter DPQ, laying off upon the latter PQ = PF, 
and joining QF: then will PN, drawn perpendicular to 
QF, bisect the angle F'PQ, and for that reason be the 
normal required. 


396. Intercept of the Normal.—Making y — 0 in 
the equation of Art. 594, we obtain 


zr = AN = 2p + r. 


Corollary.— This result enables us to 
construct a normal at any point of the 
curve, or from any point on the axis. D 
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For, if the point P is given, we draw the corresponding 
ordinate PM, and lay off MN to the right of its foot, 
equal to 2.4.8’: we thus find J, the foot of the required 
normal. When Ν is given, we lay off VM = 2AF to its 
left, erect the ordinate MP, and join NP. 


997. Since F'V— AN— AF —(2p 4-2") —p—p-4 x, 
we have (Arts. 568, 582) 
4 Theorem XVIII.— The foot of the normal is at the same 
distance from the focus as the foot and the point of contact 
of the corresponding tangent. 


Corollary.— l'his is the same as 
saying that the three points men- 
tioned are on the same circle, de- 
scribed from the focus as center. 
Hence, to construct either the tan- 
gent or the normal, or both, pass a 
circle from the center F through 
either of the three points P, 7, N, as one or another is 
given, and join the points in which it cuts the axis with 
the point in which it cuts the parabola. 





395. Length of the Subnormal.—For this (see 
diagram, Art. 596), we have MN = AN — AM. That 


is (Art. 596), 
subnor — 2p. 


In other words (Art. 561, Cor.), we have obtained 


: ~ Theorem XIX.— The subnormal of a parabola is constant, 
and equal to twice the distance from the focus to the vertex. 


999. Length of the Normal.—FTor the distance 
between z'y' and (2p + 2’, 0), we have (Art. 51, I, 


Cor. 1) 
PN? = Ay! + y^ = 4p (p + 2). 
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Now (Art. 568) p + x' = p. Hence, 
PN? =p. 
But (Art. 585) po = the square of the focal perpendicu- 
lar on the tangent at P. Therefore, 
Theorem XX.— The normal of a parabola is double the 
focal perpendicular oy the corresponding tangent. 


II. THE CURVE IN TERMS OF ANY DIAMETER. 


609. The equation which we have thus far employed 
is only a special form of a more general one, and many 
of the properties proved by means of it are but particu- 
lar cases of generic theorems which relate, not to the 
axis, but to any diameter whatever. The truth of this 
wil appear as soon as we transform 
y? = 4px, which is referred to the axis vi κ 
A.X and the vertical tangent AY, to : Ἔθος 
any diameter ΑΧ’ and ils vertical aM 
tangent A'Y’. This transformation 
we can effect by means of the formulz 
in Art. 56, Cor. 1, observing that the 
new axis of z is parallel to the primitive, and the a of the 
formule therefore equal to zero. If in addition we call 
the angle Y’7-X not β but 0, and put z'y' to denote the 
new origin A’, these formulas of transformation will 
become (Art. 58) 


2 --- 2' --- Ὁ -[- 1 608 0, 
y — 3! --- y sin {]. 


Y 









ο... 


GOI. Equation to the Parabola, referred to any 
Diameter and its Vertical Tangent.—lieplacing the y 
and x of y? = 4px by their values as given in the pre- 
ceding formulze, and collecting the terms, we get 





y^ sin? 0 + 2 (y' sin 0 —2p cos 0) y + y? — Apz! = Apz. 
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But, as the new origin x’y’ is on the curve, y?— 4pz'— 0. 
Also, since the new axis of y is a tangent, tan 0 —2p : γή; 
so that y' sinÜ — 2p cos 0 — 0. Hence, the transformed 
equation is in reality 


y’ sin? 0 = 4px (1). 


Putting p : sin? 0 = p', we may write the equation 


y! — Apz (3). 


This at once shows that y? = 4px is the form which (1) 
assumes when the diameter chosen for the axis of x is 
that whose vertical tangent is perpendicular to it, so 
that sin? 0 — 1. 
Ά. A m c “5 
t 602. Before employing our new equation itself, we 
may extend the property of Theo- 
rem I by means of relations derived 
from y* = 4pz: this will better pre- 
pare the way for the use of y? = 4p'z. 
Let DA’ be any diameter, and A’ T 
its vertical tangent. Parallel to the 
latter, draw £7" through the focus. 
Then, in the parallelogram 7'7, we 
shall have A'7" = FT = (Art. 582) FA’. But, from 
the definition of the curve, supposing D’D to be the 
directrix, FA’ = A'D. Hence, A'D = ΛΑ’ /'; or, 


as 





Theorem XXI.— The vertex of any diameter bisects the 
distance from the directrix to the point in which the 
diameter is cut by its focal ordinate. 


605. The factor p' — p :sin? which enters the second 
member of equation (2), Art. 601, may be expressed in 
terms of p and z', by the following process: 
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According to Art. 576, tan 0 = 2p : y'. Hence, 


2p = Vp l 
VGp ty) 3} 


sin 0 = 


We have, then, 


p 


sin’ 4 


=p + r. 





Now (Art. 568) p+ z' = ΙΑ’, the focal distance of the 


vertex of any diameter. Hence, 


Theorem XXII.. The focal distance of the vertex of any 
diameter is equal to the focal distance of the principal 
vertex, divided by the square of the sine of the angle between 
the diameter and its vertical tangent. 


604. The expression just obtained aids us to interpret 
the new equation y? = 4p'z. For, from what precedes, 
the equation may be written 


y =4(p +2’) z, 


and we learn that the symbol p’ signifies the focal 
distance of the vertex taken for the new origin. We 
therefore read from the equation at once, the following 
extension of Theorem III: 


Theorem XXIIL— The square on an ordinate to any 
diameter is equal to four times the rectangle under the 
corresponding abscissa and the focal distance of the 
vertex. 


Corollary.— Hence, the squares on the ordinates to 
any diameter vary as the corresponding abscissas. 
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605. In Art. 602, we found A'E” = FA! — p + a’. 
Hence, making x= p + 2’ in the equa- 
tion of Art. 604, we get 


Y, D 





y—F'P-—2(p--z)-—2FA'. 





Now, since every diameter bisects the 
chords parallel to its vertical tangent, 
PQ —2F'P-—AFA'; and we have 

Theorem XXIV.— The focal double ordinate to any 
diameter is equal to four times the focal distance of its 
vertex. 

Remark.—The value of the latus rectum (Art. 566), 
furnishes a particular case of this theorem; and, as 4p 
signifies the length of the focal double ordinate to the 
axis, so 4p’, by what precedes, represents that of the 
focal double ordinate to any diameter. From Arts. 429, 
9022, we see that this uniform analogy among the focal 
double ordinates to all diameters, is peculiar to the 
Parabola. 


606. The reader may now interpret the equation 
y = + 2V p's, 


and show by means of it, that, with reference to any 
diameter, the Parabola consists of a single infinite 
branch, tending to two parallel right lines as its limiting 
form, and symmetric to the diameter. 


DIAMETRAL PROPERTIES OF THE TANGENT. 


607. Equation to the Tangent, referred to any 
Diameter.—From the identity of form in the equations 
y? = Apr, y? = Ap'z, we at once infer that this must be 





y'y = 2p' (x +2’). 
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GOS. Making y = 0 in this equation, we get, for the 
intercept of the tangent on any diameter, 


TtT = T. 


This shows that the tangent cuts any diameter on the 
left of its vertex, at a distance equal to the abscissa of 
contact. Thus the vertex of any diameter is situated 
midway between the foot of the tangent and that of its 
ordinate of contact, and we have, as the extension of 
Theorem X, 


Theorem XXV.— The subtangent to any diameter of a 
parabola is bisected in the corresponding vertex. 


Corollary 1—This property enables us to construct a 
tangent to a parabola from any p 
external point whatever. For, if 
T” be such point, we have only 
to draw the diameter 7" M', form 
the tangent A'T at its vertex 
(by dropping a perpendicular 
from <A’ upon the axis, and 
setting off AT = the abscissa thus determined), take 
Α’ ΔΙ’ = A'T", draw M'P parallel to the tangent A'T, 
and join PT", 

Corollary 2.—Dy the same property, we can construct 
an ordinale to any diameter. This is either done in the 
way M'P was formed above, or as follows: — Take any 
point T” on the axis, make AM = AT", erect the per- 
pendicular MP, and join PT". Then, 7" being the 
point where this tangent cuts the given diameter, take 
ΑΓ) = A'T", and join MP. 





609. Let PQ be any chord of a parabola. Then 
(Art. 607) the equations to the tangents at its opposite 
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extremities P and Q, by referring them to its bisecting 
diameter, will be 


2p! (z +x) —3'y 0, 2p'(z4- 2) 4 y'y — 0. 
Subtracting the first of these from the second, we get 
Ue 


as the equation to the locus of the intersection. Hence, 
Theorem XXVI.—Tangents at the extremities of any 
chord of a parabola meet on the diameter which bisects 
that chord. 
POLE AND POLAR. 


616. We shall now prove that the polar relation is a 
property of the Parabola, following the same steps as in 
the Ellipse and the Hyperbola. 


611. Chord of Contact in the Parabola.—Let ο’ 
denote the point from which the two tangents that deter- 
mine the chord are drawn, and 2y,, £y, the extremities 
of the chord. Since z’y’ is upon both tangents, we have 





yy =2p' (L + x), yy = 2p’ (x + x). 


That is, the two extremities of the chord are on the line 
whose equation is 


yy —?p (zt 7). 
And this is therefore the equation to the chord itself. 


612. Locus of the Intersection of Tangents to the 
Parabola.— Let α΄’ be the fixed point through which 
the chord of contact of the intersecting tangents is drawn. 
Then, if x,y, be the intersection of the two tangents, since 
z^ is always on their chord of contact, we shall have 


(Art. 611) 
γι = 2p (2! + αὐ. 
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And this being true, however x,y, may change its position 
as the chord of contact revolves about 2’y’, the co-ordi- 
nates of intersection must always satisfy the equation 


y'y = 2p' (x +x’). 
This, therefore, is the equation to the locus sought. 


613. Tangent and Chord of Contact taken up 
into the wider conception of the Polar.—Here, too, 
as well as in the Ellipse and the Hyperbola, the two 
equations just found are identical in form with that of 
the tangent. By the same reasoning, then, as in Arts. 
433, 526, we learn that the tangent and chord of contact 
in the Parabola are particular cases of the locus just dis- 
cussed. Now, too, by its equation, this locus is a right 
line; and, if we suppose 2'y' to be any point on a given 
right line, the co-efficients of the equation in Art. 611 
will fulfill the condition Az! + By’ + C— 0, and thus 
(Art. 117) the chord of contact will pass through a fixed 
point. In the curve now before us, therefore, we have 
the twofold theorem: 


I. Lf from a fixed point chords be drawn to any para- 
bola, and tangents to the curve be formed at the extremities 
of each chord, the intersections of the several pairs of tan- 
gents will lie on one right line. 


Il. Lf from different points lying on one right line pairs 
of tangents be drawn to any parabola, their several chords 
of contact will meet in one point. 


Thus the law that renders the locus of Art. 612 the 
generic form of which the tangent and chord of contact 
are special phases, is the law of polar reciprocity: whence 
the Parabola, in common with the other two Conics, im- 
parts to every point in its plane the power of determining 
a right line; and reciprocally. 
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614. Equation to the Polar with respect to a 
Parabola.—This, as we gather immediately from the 
preceding results, is 





yy = 2p' (x + x’), 
if referred to any diameter; or, if referred to the azis, 
yy = 2p (x + 2). 


615. Definitions—The Polar of any point, with re- 
spect to a parabola, is the right line which forms the 
locus of the intersection of the two tangents drawn at 
the extremities of any chord passing through the point. 

The Pole of any right line, with respect to the same 
curve, is the point in which all the chords of contact 
corresponding to different points on the line intersect. 

We have, then, the following constructions: —W hen 
the pole P is given, draw through it 
any two chords 7" T, S" S, and form 
the corresponding pairs of tangents, 
T'L and TL, S'M and SM: the line 
LM which joins the intersection of 
the first pair to that of the second, 
wil be the polar of P. When the 
polar is given, take any two of its 
points, as L and M, draw a pair of tangents from each, 
and form the corresponding chords of contact, 7" T, S’S: 
the point P in which these intersect, will be the pole of 
LM. 

When the pole is without the curve, as at M, the polar 
is the corresponding chord of contact S'S; and when it 
is on the curve, as at 7, the polar is the tangent at 7. 
In these cases, the drawing may be made in accordance 
with the facts. 
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G16. Direction of the Polar.—By referring the 
polar of any point to the diameter drawn through the 
point, the y’ of its equation will become = 0, and the 
equation itself (Art. 614) will assume the form 


r= — r. 


This denotes a parallel to the axis of y. Hence, 


Theorem XXVII.— The polar of any point, with respect 
to a parabola, is parallel to the ordinates of the diameter 
which passes through the point. 


Corollary l.— The equation x = — z', more exactly 
interpreted, gives us: The polar of any point on a 
diameter is parallel to the ordinates of the diameter, and 
its distance from the vertex of the diameter is equal, in an 
opposite direction, to the distance of the point. And, in 
particular, The polar of any point on the axis is the per- 
pendicular which cuts the axis at the same distance from 
the vertex as lhe point itself, but on the opposite side. 


Corollary 2.—To construct the polar, therefore, draw 
a diameter through the pole, take on the opposite side 
of its vertex a point equidistant with the pole, and draw 
through this a parallel to the corresponding ordinates. 


ΟΕ. Polar of the Focus.—The equation to this 18 
obtained by putting ( p, 0) for z'y' in the second equation 
of Art. 614, and 1s 


r-—-—— p 


The focal polar of the Parabola is therefore identical 
with the line which in Art. 180 we named the directriz, 
and we shall presently see that our ability to generate 
the curve by the means employed in Art. 179, is due to 
the polar relation of that line to the focus. 
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GIS. Let D'D represent the polar of the focus F. 
Then, obviously, PD = RA + AM; 
or, the distance of any point on the bp 
curve from the polar is equal to the 
distance of the polar from the vertex, E 
increased by the abscissa of the point. 
That is, 


P 


4 
r 
Ld 









PD -— p- z. 


Now (Art. 568) p + x= FP: whence, FP = PD; or, 


since e — 1 in the Parabola, 


Here, then, the property of Arts. 439, 532 again appears, 
and we have 


Theorem XXVIII.— The distance of any point on a 
parabola from the focus is in a constant ratio to its 
distance from the polar of the focus, the ratio being 
equal to the eccentricity of the curve. 


Remark 1.—We thus complete the circuit of our anal- 
ysis, and, as stated above, return upon the property from 
which we set forth in Art. 179. The significance of our 
present result consists in the fact, that we have translated 
the apparently arbitrary definition of Art. 179 into the 
generic law of polarity. And we may say that we have 
vindicated our method of generating the curve; because 
we can now see that it is the mechanical expression of 
the power to determine a conic, which the Point and the 
Right Line together possess: a power reciprocally in- 
volved, of course, in that of the Conic to bring these two 
Forms into the polar relation. 

An. Ge. 42. 
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It may deserve mention, that the construction of Art. 
179, like those of the corollaries to Arts. 439, 532, em- 
ploys the parts of a right triangle in order to embody 
the constant ratio of the focal and polar distances, the 
constant in the case of the Parabola being the ratio of 
the base to itself. 


Remark 2.—The name parabola thus acquires a new 
meaning. We may henceforth regard it as signifying 
the conic in which the constant ratio between the focal and 
polar distances cquals unity. 


O19. Focal Angle subtended by any Tangent.— By an 
analysis similar to that of Art. 440, x being 
the abscissa of the point P from which the 
tangent is drawn, p its radius vector FP, 
and ọ the angle PFT, we can show that 


cos o =P" 





620. This expression, like those of Arts. 440, 533, is inde- 
pendent of the point of contact. Hence, the angle PFT = the 
angle PFT’; and, with respect to the whole angle TFT’, we get 


Theorem XXIX.— The right line that joins the focus to the pole of 
any chord, bisects the focal angle which the chord subtends. 


Corollary.—In particular, The line that joins the focus to the pole 
of any focal chord is perpendicular to the chord. 


Remark.—By comparing this corollary with the theorem of Art. 
593, and bearing in mind that the directrix, as the polar of the 
focus, is the line in which the pair of tangents drawn at the ex- 
tremities of any focal chord will intersect, we may state the follow- 
ing noticeable group of related properties: 

Lf tangents be drawn at the extremities of any focal chord of a 
parabola, 

l. The tangents will intersect on the directriz. 

2. The tangents will meet each other at right angles. 

3. The line that joins their intersection to the focus will be perpen- 
dicular to the focal chord. 
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621. We shall in this article solve two examples, 
which will show the beginner how to take advantage of 


such results as we have lately obtained. 

I. Given two points P, Q, and their polars T/T, δ΄: to deter- 
mine the relation between the intercept mn, cut off on the axis by 
the polars, and the intercept MN, cut off by perpendiculars from 
the points. 

Let z'y', x''y'"' denote P and Q. Then 


MN — zx" — x. 
But the equations to the polars T’ T, S'S are 
y'y= pate’), y"y= plete"); 


and if we make y= 0 in these, and take the 
difference of the results, 





mn = av’ — r. 


Hence, The intercept on the axis between any two polars is equal to that 
between the perpendiculars from their poles. 

II. To prove that the circle which circumscribes the triangle 
formed by any three tangents, passes through the focus. 


Let L, Q, R be the intersections of the tangents, and F the focus. 
By Art. 592, the angle LQR is half the focal angle subtended by S'S. 
Also, by Art. 620, the angle LFR = LFT + TFR-180? minus half this 


same focal angle. Hence, LQR+LFR=180°, and the quadrilateral 
LQRF is an inscribed quadrilateral. That is, F is on the circle which 


circumscribes the triangle L QR. 


PARAMETERS. 


G22. Definition—The Parameter of a parabola, 
with respect to any diameter, is a third proportional to 
any abscissa formed on the diameter, and the corre- 
sponding ordinate. Thus, 


ζῶ 


y' 
parameter = —. 
2 


G23. From the equation to the Parabola, y”? : z' —4yp'. 
Also, from Art. 604, p' — the distance of the vertex of 
a diameter from the focus. Hence, 
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Theorem XXX.—The parameter of any diameter in a 
parabola is equal to four times the focal distance of its 
verter. 


Corollary.—The parameter of the axis, or, as it is 
usually called, the principal parameter, is therefore 
equal to four times the distance from the focus to the 
vertex of the curve; that is, its value is 4p. 


Remark.—In the equations y! = 4p'r, y? = pr, we 
are henceforward to understand that p’ is one-fourth 
the parameter of the reference-diameter, and p one- 
fourth the parameter of the axis. Or, with greater 
generality, in any equation of the form 


Y E, 


P, the constant co-efficient of x, is to be interpreted 
as the parameter of the corresponding parabola, taken 
with respect to the diameter to which the equation is 
referred. 


624. In Art. 605, we proved that the focal double 
ordinale to any diameter is equal to four times the focal 
distance of its vertex. Hence, 


Theorem XXXI.—The parameter of any diameter in 
a parabola is equal to the focal double ordinate of that 
diameter. 


Corollary.— Accordingly, the parameter of the axis is 
equal to the latus rectum: as we might also infer from 
the fact that both are equal to 4p. 


Remark.—From Arts. 429, 522, as already noticed in 
another connection, we see that the Parabola is the only 
conic in which the parameter of every diameter is equal 
to the corresponding focal double ordinate. 
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625. It is sometimes useful to express the parameter 
of any diameter in terms that refer to the axis of the 
curve as the axis of x. To effect this, we either use the 
relation 


ντ ρα (1), 


where 2’ is the abscissa of the vertex of the diameter 
whose parameter is sought, measured on the axis; or 
else 


|, P 9 
P = sin? 0 2 


where @ is the angle made with the axis by the tangent 
at the vertex of the diameter. 


6:26. The latter of the foregoing relations may be 
interpreted as 


Theorem XXXII.. The parameter of any diameter 
varies inversely as the square of the sine of the angle 
which the corresponding vertical tangent makes with the 
απῖδ. 


II. THE CURVE REFERRED TO ITs Focus. 


627. The polar equations to the Parabola (Art. 188 
cf. Rem.) being 
HER 
PSIE cos 0’ 


our present knowledge leads us to assign to p its proper 
meaning, and to describe the numerator in the value of p 
as half the parameter of the curve. 

Moreover, since e — 1 in the Parabola, we may write 


_ 2% 
ea cos d. 
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thus completely exhibiting the analogy of these ex- 
pressions to the corresponding elliptic equations of Art. 
443: an analogy which we partially established in .Vrt. 
184, and which verifies the proposition of Art. 567, that 
a parabola may be regarded as an ellipse in which the 
eccentricity has passed to the limiting value = 1. 





628. Polar Equation to the Tangent.—In seeking 
this, we shall avail ourselves of the property just men- 
tioned. 

If in the equation of Art. 444 we replace a (1 — ο) 
by its value 2p, as found in Art. 443, we may write the 
polar equation to an elliptic tangent 


ome 2p 
! — eos (4 — 0^) — ὁ cos O` 


Making e = 1 in this, we get the equation to a parabolic 
tangent, namely, 
2p 
P? LL LO NEU ep ο μοι ο 
οο5δ(/--6')--εοξδύ 


Iv. AREA OF THE PARABOLA. 


G29. The area of any parabolic segment, included 
between the curve and any double ordinate to the axis, 
may be computed as follows: 

Supposing A - PHQ to be the segment 
whose area 1s sought, divide its abscissa 
AM into any number of equal parts at 
B, C, D,..., erect ordinates BL, CN, 
DR,... at the points of division, and 
through their extremities L, N, &,... 
draw parallels to the axis, producing both 
the ordinates and the parallels until they meet as in the 
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figure. The curve divides the circumscribed rectangle 
UM into two segments: and, by the process just de- 
scribed, there will be formed in both of these a number 
of smaller rectangles, corresponding two and two; as 
UR to RM, ON to ND, EL to LC, etc. 

Let z'y', xy” be any two successive points thus formed 
upon the curve; for instance, L, N. Then 


/ 2 f2 
area LC — y' (a! a) — 2 (y T y ) 


oed {ή "E (y" — y) 
area EL — 2’ (y τω. ; 


To express, then, the ratio of any interior rectangle to 
its corresponding exterior one, we shall have an equation 
of the form 


LC == y' +y’ zc + y” : 

EL y! y! 
Hence, the limiting value to which this ratio tends as y” 
converges to y', is evidently — 2: and therefore the 
ratio borne by the sum of the interior rectangles to the 
sum of the exterior, also tends to the limit 2 as y" con- 
verges to y'. Now the condition that y" may converge 
to y’ is, that the subdivision of AM shall be continued 
ad infinitum: and if this takes place, the sum of the ?n- 
terior rectangles will converge to the area of the interior 
segment APM; and the sum of the exterior, to the area 
of the exterior segment APU. Therefore, APM = 
2APU; or, putting z = AM, y= MP, and A = the 
area of the interior segment, 

2 


A= g TY: 
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Similarly, the segment 40 — I zy: whence, 


Theorem XXXIII.— The area of a parabolic segment 
cut off by any double ordinate to the axis, is equal to 
two-thirds of the circumscribing rectangle. 


Corollary.—Since the same reasoning is obviously 
applicable to the equation y“ = 4p'rv, we may at once 
state the generic theorem: The area of a parabolic seg- 
ment cut off by a double ordinate to any diameter, is equal 
to two-thirds of the circumscribing parallelogram. 


EXAMPLES ON THE PARABOLA. 


1. The extremities of any chord of a parabola being a’y’, xy”, 
and the abscissa of its intersection with the axis being x, to prove 
that 

rx” = x yy = -- 4ρα. 


2. Two tangents of a parabola meot the curve in 2’y’ and xy”: 
their point of intersection being xy, show that 


τη / ΄7 
=y α΄.” πο τν 

3. The area of the triangle formed by three tangents of a para- 
bola is half that of the triangle formed by joining their points of 


contact. 


4. To prove that the area of the triangle included between the 
tangents to the parabolas 


y -mrz, Y nr 
at points whose common abscissa = a, and the portion of the cor- 
responding ordinate intercepted between the two curves, is equal to 


1 3 
(m? — n?) a? 


9 


amd 


9. To prove that the three altitudes of any triangle circum- 
scribed about a parabola, meet in onc point on the directrix. 
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6. ‘The cotangents of the inclinations of three parabolic tangents 
are in arithmetical progression, the common difference being = ὁ: 
prove that, in the triangle inclosed by these tangents, we shall have 


area = p?d3, 


7. Given the outline of a parabola: to construct the axis and 
the focus. 


8. Find the equation to the normal of a parabola, in terms of 
its inclination to the axis; and prove that the locus of the foot of 
the focal perpendicular upon the normal is a second parabola, whose 
vertex is the focus of the given one, and whose parameter is one- 
fourth as great as that of the given one. 


9. Show that the locus of the intersection of parabolic normals 
which cut at right angles, is a parabola whose parameter is one- 
fourth that of the given one, and whose vertex is at a distance = 3p 
from the given vertex. 


10. The centers of a series of circles which pass through the 
focus of a parabola, are situated on the curve: prove that each 
circle touches the directrix. 


11. To find the area of the rectangle included by the tangent 
and normal at any point P of a parabola, and their respective focal 
perpendieulars; and to determine the position of P when the rect- 
angle is a square. 

12. If two parabolic tangents are intersected by a third, parallel 
to their chord of contact, the distances from their point of intersec- 
tion to their respective points of contact are bisected by the third 
tangent. 

13. Show that the locus of the vertex of a parabola which has 
a given focus, and touches a given right line, is a circle, of which 
the perpendicular from the given focus to the given line is a diameter. 

14. Show that, if a parabola have a given vertex, and touch a 
given right line, its focus will move along another parabola, whose 
axis passes through the given vertex at right angles to the given 
line, and whose parameter = the distance from the given vertex 
to the given line. 

15. TP and ΤΩ are tangent to a given parabola at P and Q, 
and TP joins their intersection to the focus: prove that 


FP. FQ = ΕἼ» 
An. Ge. 43. 
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16. A right angle moves in such a manner that its sides are 
respectively tangent to two confocal parabolas whose axes are 
coincident: to find the locus of its vertex. 


17. Prove that the pole of the normal which passes through one 
extremity of the latus rectum of a parabola, is situated on the diam- 
eter which passes through the other extremity, and find its exact 
position on that line. 


18. The triangle included by two parabolic tangents and their 
chord of contact being of a given area = a’, prove that the locus 
of the pole is a parabola whose equation is 

wo t) 572 3 
y’ = 4pz + (2pa^) 

19. Prove that, if two parabolas whose axes are mutually per- 

pendicular intersect in four points, the four points lie on a circle. 


20. If two parabolas, having a common vertex, and axes at right 
angles to cach other, intersect in the point z/y/: then, / denoting 
the latus rectum of the one, and / that of the other, 

Je qp πο ue 

[This property has a special interest, on aecount of its connection with 
the ancient problem of the Duplication of the Cube. It affords, as the 
reader will observe, a method of determining graphically two geometric 
means between two given lines; and was proposed for this purpose by 
MENEcIIMUs, a geomoter of the school of Plato, in connection with his 
attempt to solve the problem just mentioned. The graphic problem of 
‘two means "' received a variety of solutions at the hands of the Greek 
geometers, two of the most celebrated being discovered by DriocLEs and 


NicoMEDES. ‘They are effected, respectively, with the help of the curves 
called the Cissoid and the Conchoid.] 


CHAPTER SIXTH. 
THE CONIC IN GENERAL. 


630. llaving in the previous Chapters become familiar 
with the properties of the several conies considered as 
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separate curves, let us now ascend to the wholly generic 
point of view, from which we may comprehend them not 
as isolated Forms, but as members of a united System, 
and, in fact, as successive phases of a generic locus which 
may be called the Conic, whose idea we sketched in the 
eighth Section of Part I. 

We may begin by showing in what sense this name is 
descriptive of the system; or, how the curves may be 
grouped together as sections of a cone. 


THE THREE CURVES AS SECTIONS OF THE CONE. 


631. Definitions—A Cone is a surface generated by 
moving a right line which is pivoted upon a fixed point, 
along the outline of any given curve whose plane does 
not contain the fixed point. 

The fixed point is called the vertex of the cone; the 
given curve, its directrix; and the moving right line, its 
generatrix. 

Since the generatrix extends indefinitely on both sides 
of the vertex, the cone will consist of two exactly similar 
portions, extending from the vertex in opposite directions 
to infinity. Of these, one is called the upper nappe of the 
cone; and the other, the lower nappe. 

Any single position of the generatrix is called an ele- 
ment of the cone. 

When the directrix is a circle, the cone is called cir- 
eular; and the right line drawn through the vertex and 
the center of the directrix, is termed the axis of the cone. 


G32. Definitions—A Right circular Cone is a cone 
whose directrix is a circle, and whose axis is perpendic- 
ular to the plane of its directrix. 

The section formed with any cone by a plane, is 
termed a base of the cone; consequently, the directrix 
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of a right circular cone may be called its base. For 
this reason, such a cone is often named a right cone on 
a cireular base. The diagram of the next article presents 
an example of one. 


633. We shall prove, in the proper place in Book 
Second, the following propositions, which we ask the 
student to take upon trust for the present, in order that 
we may use them in grouping the three curves according 
to their geometrie order: 


I. Every section formed by passing a plane through 
a right circular cone is a curve of the Second order. 


II. If the angle which the secant plane makes with 
the base is less than that made by the generatrix, the 
section is an ellipse. 


III. If the angle which the secant plane makes with 
the base is equal to that made by the generatrix, the 
section is a parabola. 


IV. If the angle which the secant plane makes with 
the base is greater than that made by the generatrix, 
the section is an hyperbola. 


These three cases are represented 
in the diagram: that of the Ellipse, 
at AE; that of the Parabola, at 
LPR; and that of the Hyperbola, 
at HA- A'H'. It is manifest, how- 
ever, from the fact that the secant 
plane makes with the base an angle 
successively less than, equal to, and 
greater than the angle made by the 
generatrix (whose angle must have 
a fixed value for any given cone), 
that the three sections may be formed by a single 
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plane, by simply revolving it on the line in which it 
cuts the base. Beginning with it in such a position 
that its inclination to the base is less than that of the 
generatrix (whose inclination is often called the incli- 
nation of the side of the cone), and revolving it upward 
toward the position of parallelism to the side, we shall 
cut out a series of ellipses of greater and greater 
eccentricity. When the secant plane becomes parallel 
to the side, the section will be a parabola. When it is 
pushed still farther upward, so that its angle with the 
base becomes greater than that of the side, it will reach 
across the space between the two nappes of the cone, 
and. pierce the upper as well as the lower one, and the 
section will be an hyperbola, whose two branches will 
lie in the two nappes respectively. 

From this it appears, that, granting the proposition 
that the sections are the curves mentioned, the natural 
geometric order in which they occur is: Ellipse, Para- 
bola, Hyperbola. This is the same as their analytic 
order, as we found it in Art. 200. We shall be able to 
give a more explicit account of their appearance as suc- 
cessive phases of the Conic, so soon as we have presented 
a fuller view of the modes in which we can represent 
that generic locus by analytic symbols. 


VARIOUS FORMS OF THE EQUATION TO THE CONIC. 


634. Equation in Rectangular Co-ordinates at 
the Vertex.—We have not as yet referred the three 
Conics to the same axes and origin: let us now do so, 
by transforming the central equations of the Ellipse and 
the Hyperbola to such a vertex of each curve as will 
correspond to the vertex of the Parabola. 
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This will require us to transform the equation 


pee πα 
προ ο z’) 


(1) 
to the left-hand vertex of the Ellipse; and the equation 


y — 9 (st — a) (2) 
a 

to the right-hand vertex of the Hyperbola. Accordingly, 

putting «—a for x in (1), and x+ a for x in (2), and 

expanding, we get 


S οὰ 
πο. 


Hence, (Arts. 428, 521,) the equations to the Ellipse, 
the Hyperbola, and the Parabola may be written 
2 b 9 9 b* 9 9 
y! — 4px σος E Apz + 2 MU Apr. 
Remembering, now, that 0? : à? = + (1 — e), and that its 
value in the case of the Parabola must therefore be — 0, 
we learn that the equation to the Conic in General is 


y = Pr + Re, 


in which P is the parameter of the curve, and R the ratio 
between the squares of the semi-axes; and we have the 
specific conditions 


k <0 .:. Ellipse, 
R =Q .'. Parabola, 
19350 .:. Hyperbola. 


Corollary.—By the three equations from which y? = 
Px-+ Rr’ was generalized, we see that in the Ellipse, 
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the square on the ordinate is Jess than the rectangle 
under the abscissa and parameter; that in the Parabola, 
the square is egual to the rectangle; and that in the 
Hyperbola, the square is greater than the rectangle. 


Remark.—According to Pappus (Math. Coll., VII: ο. 4. n. 350), 
the names of the three curves were originally given to designate 
this property. But Euroctus (a. p. 560) says that the names were 
derived from the fact, that, according to the ancient Greek geome- 
ters, the three sections were cut respectively from an acute-angled, 
a right-angled, and an obtuse-angled cone, by means of a plane 
always passing at right angles to the side. Thus, if the angle 
under the vertex of the cone were acute, the sum of that and the 
right angle made by the secant plane with the side would be Jess 
than two right angles, and the name edlipse was given, either to 
indicate this deficiency, or to show that the curve would then fall 
short of the upper nappe of the cone. But if the angle under the 
vertex were righi, the mentioned sum of angles would be equal to 
two right angles, and the plane of the curve consequently be par- 
allel to the side of the cone: to denote which facts, the name para- 
bola was given. Finally, if the angle under the vertex were obtuse, 
the mentioned sum of angles would be greater than two right angles, 
and the name hyperbola was given, either to suggest this excess, or 
to indicate that the curve would then reach over to the upper nappe 
of the cone. 

It is noticeable here, that the early geometers supposed the three 
sections to be peculiar respectively to an acute-angled, a right-angled, 
and an obtuse-angled cone. The improvement of forming them all 
from the same cone by merely changing the inclination of the secant 
plane, was introduced by APOLLONIUS or PERGA, B. c. 250. 

Which of these etymologies should have the preference, is à 
question among critics of mathematical history. It is remarkable, 
however, that the names represent equally well aZ the distinguish- 
ing properties of the curves, whether geometric or analytic: as tlic 
reader may perhaps have already observed for himself. 

The name parameter, which simply means corresponding measure, 
or co-efficient, is given to the quantities 2l?: a and y”: a’, on account 
of the position they occupy in the equation 


y! — Ρα -- Re’, 


one or the other of them being the first co-efficient in the second 
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member, according as the couie is central or non-central More- 
over, as the dimensions of the curve depend mainly upon the value 
of P, the ratios which it symbolizes are naturally termed par cxcel- 
lence the measures of the Conic. On the other hand, the namo 
parameter may be defined in each conic by the value which it 
denotes for each, as in the preceding Chapters. 


635. Equation in terms of the Focus and its 
Polar.—We have seen (Arts. 489, 532, 618) that in 
every conic the distance of any point on the curve from 
the focus is in a constant ratio to its distance from the 
polar of the focus, the ratio being equal to the eccen- 
tricity. Hence, calling the focal distance p, and the 
distance from the polar (or directrix) ὃ, we may write, 
as the equation to the Conic, 





p = e: 


which will denote an ellipse, a parabola, or an hyperbola, 
according as 6 is less than, equal to, or greater than unity. 


636. It follows from the property mentioned above, 
that the Conic may be defined as the locus of a point 
whose distance from a fixed point is in a constant ratio 
to us distance from a fixed right line. In fact, this 
definition has been made the basis of several treatises 
upon the Conics. 

Calling the fixed point ο, the fixed right line 
Ac+ By + C — 0, and the variable point of the curve 
ry, the equation to the Conic is 


[εσενα o. 


If we suppose the arbitrary axes of this equation to be 
changed so that the given line shall become the axis of y, 
and a perpendicular to it through the given point the 
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axis of v, we shall have B = C = 0, y’=0, and a new 
value of z' which may be called 2p :e. We then get 


Pa — 2 
a Ed = (9). 


6 


This represents an ellipse when e « 1, a parabola when 
ε--], an hyperbola when e>1; and, as it can be 
written 


ey — 4p (ex — p) — (1 — ο) er (3), 


is evidently the generic relation of which the equation 
in Art. 181 is a particular case. 


Remark.—The formulas of this article are only modi- 
fied expressions of the relation p = e.0; and it is obvious, 
on comparing this with (1) above, that the focal distance 
of any point om a conic can always be expressed as a 
rational function of the co-ordinates of the point, in the 
first. degree. 

We leave the student to prove the converse theorem, 
that a curve must be a conie, if the distance of every point 
on it from a fixed point can be expressed as such a rational 
linear function. 


637. Linear Equation to the Conie.—It is evident 
from what has just been said, that this title would cor- 
rectly describe either the expression of Art. 635 or the 
modified form of it given in (1) of Art. 636. But the 
phrase is in fact reserved to designate a still further 
modification of the same expression, which we will now 
obtain. 

Suppose the origin of abscissas to be at the focus, and 
the axis of x to be the perpendicular drawn through the 
focus to its polar: the distance from this polar (or direc- 
trix) to the point on the curve, will then be equal to the 
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distance between the directrix and the focus, increased 
by the abscissa of the point; or, we shall have 


oP 
ο = ----- +- T, 
e 
and the equation p == e. will become 


p =2p + ex. 


Remark.—The so-called Linear Equations to the Ellipse, tna 
Parabola, and the Hyperbola, namely (Arts. 360, 457, 568), 
pater, p-ex—a p=pre, 


will all assume the furm just found, if we shift their respective 
oririns to the focus, by putting x — ae for x in the first, x + ae for 
x in the second, and «+p for x in the third. We leave the actual 
transformation to the student, only reminding him, that, in the first 
two curves, +a(l — e?) = 2p; and that, in the third, e — 1. 


G38. A form of the preceding equation with which 
the reader may sometimes meet, 18 


r — mz 4n, 


and any equation of this form, in which m and n are any 
two constants whatever, will denote a conic, whose eccen- 
tricity will — m, while its semi-latus rectum will =n. 


CIP. Equation referred to Two Tangents.—A useful ex- 
pression for the Conie may be developed as follows: 
Let the equation to the curve, referred to any axes whatever, be 


Az? + 2Hzy + By? + 2Gze2+2Fy+C=0 (1). 


To determine the intercepts of the curve on the axes, we get, by 
making y and x successively = 0, 


Ae+2Grt+C=0, By + 2fy+C=0. 


But if the axes are tangents, the two intercepts on each will be 
equal, these quadratics will have equal roots, and we shall have 


G!—AC, F-BC 
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Putting into (1) the values of A and B which these conditions 


give 
0 Gui + 2CHay + Fy? +26 Ce + 2FCy + C?=0. 


Whence, by adding 2./Gxy — 2 F'Gxy, and re-arranging the terms, 
(Ga + Fy + CY =2 (FG — CH) xy. 
This is the equation we are seeking; and, as the co-efficient of xy 
in it is arbitrary with respect to 6,106 we may write it 
(Ga + Fy + CY = Μεγ (2), 
where G, F, Ο M are any four constants whatever. 


Corollary 1.—Making y and x successively = 0 in this equation, 
we get the distances of the two points of contact from the origin, 


namely, 
C C 


G ) 


Calling the first of these distances a, and the second x, we have 


and may write the equation in the more convenient form 


x 2 
| 5 9 —1 | pay (3). 


Corollary 2.—The special modification of this which represents 
a parabola, deserves a separate notice. In order that (3) may 
denote a parabola, we must have (Art. 191) 


E 4 4 
ax > ^ aub 


a condition satisfied by either µ--0 or μµ--ά:ακ. If u — 0, the 
equation becomes 


2 1 R 
Pale ree 


and denotes the chord of contact of the tangent axes. If u—4: ax, 
we get, by taking the square root of both members of (3), 


1 
-+4%—1=2| 2}? 
α κ ακ 
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or, after transposing and again taking the square root, 


Beer 


an equation which is sometimes written 
a eV Ae 


640. Polar Equation to the Conic.—By compar- 
ing Arts. 443, 535, 627, it becomes evident that the 
Conic may be represented by the general equation 


ae d 
P= Te cos 0 i 

In this, as the reader will see by referring to the original 
investigations (Arts. 152, 172, 188), the pole is at the 
focus, and the vectorial angle ϐ is reckoned from the 
remote vertex. 

A more useful expression, however, and the only one 
universally applicable in Astronomy, is 


l 


a IGT Vy, c 


Here, 0 is reckoned from the vertex nearest the focus 
selected for the pole, and / denotes the semi-latus rectum. 
The conic represented is an ellipse, a parabola, or an 
hyperbola, according as e « 1, e — 1, or e 1. 

GLA. The Conic as the Locus of the Second Order 
in General.— All the Cartesian equations that precede, 
are only reduced forms of the general and unconditioned 
equation 


Ax? + 2Hxy + By? + 2Gzr + 21η + C=0, 





which may be converted into any one of them by a 
proper transformation of co-ordinates, and to whose 
type they all conform. 
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THE CONICS IN SYSTEM, AS SUCCESSIVE PHASES OF 
ONE FORMAL LAW. 


G42. That the Conics are successive phases of some 
uniform law, we have already seen in Section VII of 
Part I. Of the nature of that law, however, we were 
there unable to give any better account than this: that 
it expressed itself in the unconditioned equation of the 
second degree, and became visible in a threefold series 
of curves, determined by the successive appearance, in 
that equation, of the three conditions 


H?—AB<0, H?—AB=0, Π- AB-0. 


But we have now reached a position which will enable 
us to state the law in geometric language, to- exhibit the 
elements of form which it embodies, and to trace the 
steps by which those elements cause the three curves to 
appear in an unbroken series. And it deserves especial 
mention, that this geometric statement of the law is fur- 
nished by the polar relation, as expressed in the definition 
of Art. 636. 


643. The generic law of form which is designated by 
the name of The Conic, may therefore be stated as follows: 
The distance of a variable point from a fixed point shall 
be in a constant ratio to rts dislance from a given right line. 

Expressing this law in the equation (Art. 637) 


rs 2p T ex (1), 
let us observe the development of the system of the three 
curves, member after member, as the given line advances 
nearer and nearer to the fixed point. 

We have (Art. 637), for the distance of the given line 
from the fixed point, 
men (3). 


€ 
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Also, supposing a perpendicular to the given line to be 
drawn through the fixed point, the perpendicular to be 
called the axis, and the point in which it cuts the curve 
to be called the verter, we get, for the distance of this 
vertex from the fixed point, by making x = — p in equa- 
tion (1), 

9 


p == E (8). 


Let the generation of the system begin with the given 
line at an infinite distance from the fixed point. In that 
case, from (2), we shall have e = 0. Under this suppo- 
sition, equation (1) becomes 


which (Art. 138, Cor. 2) denotes a circle, described from 
the fixed point as a center, with a radius = the semi-latus 
rectum of the Conic: a result confirmed by the fact, that, 
under the same supposition, equation (3) becomes p’= 2p; 
or, the distance of the vertex from the focus becomes equal 
to the radius. 

Now let the given line move parallel to itself along the 
axis, assuming successive finite distances from the fixed 
point, but with the condition that every distance shall be 
greater than 2p. Then, from (2), e< 1; and, from (3), 
pe’ « 2p and > p: so that a continuous series of ellipses 
wil appear, of ever-increasing eccentricity, but with a 
constant latus rectum, their vertices all lying within a 
segment of the axis — p, contained between the points 
reached by measuring from the fixed point distances — p 
and 2p. 

Next, let the given line have attained the distance = 2p 
from the fixed point. We shall then have, from (2), e=1; 
and, from (8), p' =p. That is, we shall have a parabola, 
described upon the constant latus rectum. 
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Finally, let the given line advance from its last posi- 
tion, and approach the fixed point indefinitely. Then, d 
being less than 2p, we shall have, from (3), e7» 1; and, 
from (3), p «C p: so that there will arise a continuous 
series of hyperbolas, with a constant latus rectum, but 
with an ever-increasing eccentricity; with their vertices 
all lying within a segment of ihe axis = p, measured from 
the fixed point, and with their branches tending to coin- 
cide with the given line as that line tends toward the fixed 
point. When the given line attains the particular distance 
— p V 2 from the fixed point, we shall have e=V 2; or, 
the hyperbola (Art. 456, Cor.) will be rectangular. 

Thus, the order of the curves, as foreshadowed by 
their analytic criteria, is verified by a systematic gen- 
eration. 


644. The results of the preceding article may be 
tabulated as follows: 


e=0.°. Circle. 
Semi-latus rectum < Distance of Focal Polar 
+. ELLIPSE. e«]1.:. Eccentric. 
THE Semi-latus rectum = Distance of Focal Polar 
CONIC | e=]. 
.. PaArABOLA. 


e 1.. Oblique. 


Semi-latus rectum > Distance of Focal om 
^. ΠΥΡΕΕΒΟΙΑ. 


e- V9 .:. Rect'r. 


PROPERTIES OF THE CONIC IN GENERAL. 


G45. The views thus far taken of the Conic in the 
present Chapter, although generic, have nevertheless 
been obtained from a standpoint not strictly analytic. 
For our results have been derived from a comparison 
of the properties in which the three curves, after sepa- 
rate treatment by means of equations based upon certain 
assumed properties, have been found to agree. But we 
shall now, for a few pages, ascend to the strictly analytic 
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point of view, and, beginning with the unconditioned 
equation 


Ax’? + 2Hry + By? + 261 + 2Fy + C — 0, 


shall show how the properties common to the System 
of the Conics, or peculiar to its several members, may 
be developed from this abstract symbol, without assum- 
ing a single one of them. 


THE POLAR RELATION. 


G46. Intersection of the Conic with the Right 
Line.—If we eliminate between 


Az? + 2Hzry + By? + 2G2 4 27y + C= 0 (1) 


and y = mz + b, we shall obviously get a quadratic in 
x to determine the abscissa of the point in which the 
Conic cuts any right line. Hence, Every right line 
meets the Conic in two points, real, coincident, or imag- 
mary. 

In particular, for the points in which the curve meets 
the axes of reference, we get, by making y and 2 in (1) 
successively — 0, the determining quadraties 


Axi +2Gx+C=0, Bp+2Fy+0=0 (2). 


G47. Whe Chord of the Conic.—If a right line 
meets the Conic in two real points, z'y' and z"y", we 
may write its equation 


A (x—2) (x—2'^) + 2H (z—2") (y—y") + B (y—9^) yy") 
= Az? --2Hxy + By? --2Gx 4- 2 Ey +C. 


For this is the equation to some right line, since, upon 
expansion, its terms of the second degree destroy each 
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other; and to a line that passes through the points αγ’. 


z"y" of the curve, because if a’ and y’ or z” and y" be 


substituted for 2 and y in it, we either get 
Az" + 2 Hz'y' + By? + 2Ga' + 211) + C=0 
or else 


ΑΣ + 9 Haz! y! ge By!” + 2G! + 9 py! + 0-0, 


which are simply the conditions that z'y', xy” may be 
on the curve. 


648. The Tangent of the Conic.—Making z" =x, 
and y” = y’, in the preceding equation to the chord, we 
get the equation to the tangent, 


Αα ο)" + 2H (x—2') (y—y') + B(y—yy 
= Ax? + 2 Hzy + By? + 2Gz + 2Fy + C, 


which, after expansion, assumes the form 


2 Az'x + 2.H (z'y + y'r) + 2By'y 4- 26x + 2Fy 1-0 
= Az" + 2 Hz'y' + By". 


Adding 2G! + 2Fy' + C to both members of this, and 
remembering that the point of contact z'y' must satisfy 
the equation to the Conic, we get the usual form of the 
equation to the tangent, namely, 


Az'!z + H (zy + yz) + By'y 
HEHHE y+ E= (D. 


By expanding, and re-collecting the terms, this may be 
otherwise written 


(Az! + Hy! + G) x + (Hz! + By' + F)y 
+ Gz! + Fy'+ C=0 (2). 
An. Ge. 44. 
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These equations express the law which always con- 
nects the co-ordinates of amy point on the tangent with 
those of the point of contact. Hence, if a point through 
which to draw a tangent were given, and the point of 
contact were required, equation (1) would still express 
the relation between the co-ordinates of these points, 
only 2’y’ would then denote the given point through 
which the tangent would pass, and ay the required point 
of contact. That is, the equation which when 2’y’ is on 
the curve represents the tangent at z'y', when z'y' is sit- 
uated elsewhere denotes a right line on which will be 
found the point of contact of the tangent drawn through 
z^. Now this line, in common with every other, meets 
the Conic in two points: hence, From any given point, 
there can be drawn to the Conte two tangents, real, coin- 
cident, or imaginary. 

We thus learn that our curve is of the Second class as 
well as of the Second order. 


649. Chord of Contact in the Conie.—From what 
has just been stated, it follows that 


Azle + H (y + yv) + By'y 

TG (ere) τες) του, 
or its equivalent form (2) above, is the equation to the 
chord of contact of the two tangents drawn through zy. 


650. Locus of the Intersection of Tangents whose 
Chord of Contact revolves about a Fixed Point.—Let 
z'y'be the fixed point, and my, the intersection of the 
two tangents corresponding to the chord. Then, as z^ 
is by supposition always on the revolving chord of con- 
tact, we shall have the condition 


Axx! + H (xy! + yz’) + By’ 
+G(a4+2)+Fy+y')+C=0, 
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irrespective of the direction of the chord. In other 
words, the intersection of the tangents will always be 
found upon a right line whose equation is 


Az'z + H (x'y + y'x) + By'y 
+@G(e+te)+F(yt+ty)+dc=0. 


651. The Point and the Right Line, Reciproeals 
with respect to the Conie.— The result of the preceding 
article may be stated as follows: Jf through a fixed point 
chords be drawn to the Conic, and tangents be formed at 
the extremities of each chord, the intersections of the sev- 
eral pairs of tangents will lie on one right line. 

Also, we may write the equation to the chord of con- 
tact of two tangents drawn through 2’y’ (Art. 649) 


(Ax + .Hy' 4- G) x + (Hx! + By'+ F)y 
+ Gs + Μπ + C=0: 


so that (Art. 117), if we suppose z'y' to move along a 
given right line, the chord of contact will revolve about 
a fixed point. In other words: Jf from different points 
lying on one right line pairs of tangents be drawn to the 
Conic, their several chords of contact will meet in one 
point. 

Combining these two properties, we see that our curve 
imparts to every point in its plane, the power of deter- 
mining a right line; and to every right line, the power 
of determining a point. That is, it renders the Point 
and the Right Line reciprocal forms. 





652. The Polar and its Equation.—We perceive, 
then, that the relation between a tangent and its point 
of contact, and the relation between the chord of contact 
and the intersection of the corresponding tangents, are 
only particular cases of a general law which, with respect 


“~ 
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to the Conic, connects any fixed point with a correspond- 
ing right line. From the result of the last article, more- 
over, it appears that we shall fitly express this law by 
calling the line which corresponds to any point, the polar 
(i. e. the reciprocal) of the point, and the point itself the 
pole of the line. 

We are henceforth, then, to consider the equation 


Aa'z + H (x'y + 1) + By'y 
t G(z4-2) + Fy +y)+C=0 


as in general denoting the polar of z'y'; and must regard 
the tangent at z'j' as the position assumed by the polar 
when z'j' 1s on the Conic. 


653. The Conic referred to its Axis and Ver- 
tex.— Before taking out any additional properties of the 
curve, it will be best to reduce the general equation 


Aa? + 2Hry + By! + 9Gz + 2Fy + 0—0 


to a simpler form. Supposing the axes of reference to 
be rectangular, let us revolve them through an angle 0, 
such that 

AH 
A—B' 





tan 20 = 


We shall thus (Art. 156) destroy the co-efficient of zy, 
and the equation will assume the form 


A'2? + BYP + 2G!a + 9P'y 4- 0—0. 


If in addition we remove the origin to a point z'y’, we 
shall get (Art. 163, Th. I) 


Als? + ΒΡΕ 2 (Ala! + 6) e+ 2 (By! Ey 
T (A27 + Bly? + 28's! + 2F'y' + C) —0. 
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In order, then, that the constant term and the co-efficient 
of y may vanish together, we must have simultaneously 


Ale? + Bly? + 2G'z' +28’ +C=0, B'y' + P—9; 


that is, we must take the new origin z'y' at the inter- 
section of the curve with the right line By + P — 0. 
Making this change of origin, our equation becomes 


A'a? + Bly + 2G! — 0, 


which, by putting 2G" : B' = — P, and A’: 5b' —— R, 


and transposing, may be written 
y? = Pr + Rx. 


Here, for every value of z, there will be two values 
of y, numerically equal with opposite signs: the curve 
is therefore symmetric to the new axis of z, which for 
that reason shall be called an axis of the curve. If we 
seek the intersections of the curve with the new axis of 
y, by making z= 0 in the equation, we get y= + 0; so 
that the new axis of y meets the curve in two coincident 
points at the origin; or, in other words, is tangent to the 
curve at the origin. Besides, the new axes are rectan- 
gular: hence, combining this fact with those just estab- 
lished, the new origin is the extreme point, or vertex, of 
the curve; and we learn that our axes of reference are 
the principal axis of the curve and the tangent at its 
vertex. And, in fact, our new equation is identical with 


that obtained in Art. 634. 





654. Focus of the Conic, and its Polar. 
up our equation in its new form 


Taking 


y? = Px + Re (1), 
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let e be such a quantity that 





e—1-4E (2), 
and let that point whose co-ordinates are 
P i, 
D --- --ῃ (3), 
ra = 


be called the focus of the Conic. 

The equation to the polar of any point, referred to our 
present axes, is at once found from the general equation 
of Art. 652, by putting for A, H, B, G, F, C their values 
as given by (1). It is therefore 


2 (y'y — Ra'z) = P (x + a (4). 


Hence, substituting for 2’ and y’ the values given in 
(8), we get, for the polar of the focus, 


21 --ο-- R)r-P-—0 (9). 
or, after replacing & by its value e — 1 from (2), 
P 
T 3 6). 
κο Y 2 


Equation (6) shows that the polar of the focus is per- 
pendicular to the axis of the Conic, and cuts it on the 
opposite side of the vertex from the focus, at a distance 
= an eth part of the distance of the focus. And we 
shall see, in a moment, that the ratio thus found between 
the distances of the vertex from the foeus and from its 
polar, subsists between the distances of any point on the 
curve from those two limits. 

From (3) we have (Art. 51, I, Cor. 1), for the distance p 
of any point zy from the focus, 


iens nn = Tn] rene 
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since zy is on the Conic. Replacing & by its value e?— 1, 
and reducing, we get 
ουσ eerste de 
spec TG RE (7). 


Also, for the distance from zy to the polar of the focus, 
we have, from (6) by Art. 105, Cor. 2, 


2 (1 +e) ez + P 
2(1+e)e ©): 


Hence, dividing (7) by (8), we get 


S 
ο = 


T 9 
=~ = € . 
^ 9) 
That is, The distance of any point on the Conic from the 
focus, is in a constant ratio to rts distance from the polar 
of the focus. 

The ratio e, we will call the eccentricity of the Conic. 


633. The Species of the Conic, and their Fig- 
ures.—The preceding investigation leads directly to the 
resolution of the vague and general Conic into three 
specific curves, and the generic property just developed 
will enable us at once to determine the figures of these. 

For since e?= | + R, we shall evidently have 


Cee eol 


according as Fè is negative, equal to zero, or positive. 
Therefore, by embodying the property of (9) in the 
mechanical contrivances described in the corollaries to 
Arts. 489, 532, 618, we can generate three distinct 
curves, depending on the value of e; as follows: 

In the first, e will fall short of 1: whence the curve 
may be called an ellipse. 
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In the second, e will equal 1: whence the curve may 
be called a parabola. 

In the third, e will exceed 1: whence the curve may 
be called an Ayperbola. 

The figures of these curves are therefore such as the 
methods of generation give, and need not be drawn here, 
as they are already familiar. 

If we put z — P :2 (1 + e) in equation (1) of the pre- 
ceding article, we get, for the ordinate erected at the 
focus, 


y= 


whence, calling the double ordinate through the focus 
the latus rectum, 


latus rectum — P (1). 


We thus obtain a significant interpretation for the par- 
ameter P of our equation; but we do more. For, by 
the generic property of the preceding article, the distance 
of the focus from its polar must equal an eth part of its 
distance from the extremity of the latus rectum, and 
therefore can now be expressed by 


2. od 
δ' = 5; (2). 
Hence, when e < 1, the semi-latus rectum will be less 
than the distance of the focus from its polar; when 
e = 1, it will be equal to that distance; and when 6351, 
it wil be greater than that distance. In other words, 
the classification reached above, is identical with that 
of Art. 644: as may be further shown by the fact, that, 
if R=— 1, e=0; and if R= +1, ε--γ΄9. 
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Also, when e=0, equation (7) of the preceding article 
gives 


pr 


That is, when e = Q, the curve is such that all its points 
are equally distant from the focus, or its figure is that 
of the Circle. Hence, as e increases from 0 toward oo, 
the figure of the curve may be supposed to deviate more 
and more from the circular form, and we see the pro- 
priety of calling e the eccentricity. 
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656. A very significant question in regard to any 
curve is, What is the form of its diameters, that is, of the 
lines that bisect systems of parallel chords init? Let us, 
then, settle this question for the Conic. 





G57. Equation to any Diameter.—If we suppose 0' 
to be the common inclination of any system of parallel 
chords, z'y' the intersection of any member of the system 
with the Conic, and zy its middle point, we shall have 
(Art. 102) 


z'—z-—-lcosÓ',  y'— —lsin b, 


where ἶ is the distance from zy to z/y'. But since ογ' 
is on the Conic, we get, by equation (1) of Art. 646, 


A(x — Leos Y+ 2H (x — ἴσος 6^) (y — [sin ^) + B(y — lsin” Y} 
+ 2G (x — leos 6^) + 2F (y — (sin 9^) + C— 0. 


Expanding, collecting terms, and putting S for the first 
member of the general equation of the second degree, 
we get 
(A cos? θ΄ + 2H cos / sin θ΄ + B sin? 0^) P? 
—2[(Ax + Hy 4- G) cos 9^ 4- (Hz + By + F)sin#]l+ S=0. 
An. Ge. 45. 
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Now zy being the middle point of a chord, the two 
values of 2 given by this quadratic must be numerically 
equal with opposite signs. Hence, (Alg., 234, Prop. 9d) 
the co-efficient of l vanishes, and we obtain, as the equa- 
tion to any diameter, 


(do+ Hy + G) + (Hx + By + 4) tan 0’ — 0, 


in which @’ is the inclination of the chords which the 
diameter bisects. 


658. Form amd Position of Dinmeters.—Com- 
paring the equation just obtained with that of Art. 108, 
we learn that every diameter of the Conic is a right 
line, and passes through the intersection of the two 
lines 


Ar+ Hy+G=0, Hr+ By+F=0; 


that is, through the point whose co-ordinates (Art. 106) 
are 


BG — HF AF—HG 
L ποστ} (ME a ee EE: (1). 
=A H? — AB 


Moreover, putting 6 = the inclination of any diameter, 
we have (Art. 108) 

A + H tan 0 (2) : 
H + B tan 0) 

so that, as 0' is arbitrary, a diameter may have any in- 
clination whatever to the axis of x; or, every right. line 
that passes through the point (1) is a diameter. Hence, 
as (1) is in turn upon every diameter, it is the middle 
point of every chord drawn through it, and may there- 
fore be called the center of the Conic. 

For the form and position of conic diameters in gen- 
eral, we therefore have the two theorems: Every diam- 
eter is a right line passing through the senter; and, Every 
right line that passes through the center 1s a diameter. 


tan ϐ = — 
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Hence, the lines Az + Hy --G —0, Hr + By + F=0 
are both diameters; and, by making 6’ = 0 in the final 
equation of Art. 657, we learn that the former bisects 
chords parallel to the axis of x; while, by making 6’= 90°, 
we see that the latter bisects chords parallel to the axis 
of y. 

From (1) we see that the center of the Conic will be 
at a finite distance from the origin, so long as H?— AB 
is not equal to zero; but will recede to infinity, if H? =A B. 
Now, by putting for A, B, F, G, H the values they have 
when the equation to the Conic takes the form 


y= Pr + Rx, 


we get the co-ordinates of the center, referred to the prin- 
cipal axis. and us vertical tangent, namely, 
P 
Uie por ορ (3), 
which show that the center is situated on the principal 
axis, at a distance from the vertex — — P:2R. This 
distance, then, will be finite if ἐν is either positive or 
negative, but infinite if /; — 0. Hence, (Art. 655,) the 
diameters of the two curves which we have named the 
Ellipse and the Hyperbola, meet in a finite point, and 
are inclined to each other; but the diameters of the 
curve called the Parabola meet only at infinity, or, in 
other words, are all parallel: a result corroborated by 
the fact, that, if in (2) we replace A by the value 12: B, 
which it will have if H? = AB, we get 
H 
tan ϐ = — Ἔ (4), 
showing that all the diameters of any given parabola are 
equally inclined to the axis of z. 
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659. Farther Classification of the Conic.—It thus 
appears that the Ellipse and the Hyperbola may be 
classed together as central conics, while the Parabola 
may be styled the non-central conic. Adding this prior 
subdivision, the table of Art. 644 will appear thus: 





Semi-latus Rectum < Dist. of Foc. Pol. 


e=0.°. Circle. 
κ. ELLIPSE. 


e<1.-. Eeeent. 


CENTRAL 
| Semi-latus Rectum > Dist. of Foc. Pol. { ^ > 1... Oblique. 
.. IIvPERBOLA. eM BOUE 


CONIC 


| NON- l Semi-latus Rectum = Dist. of Foc. Pol. | TEE 
CENTRAL .. PARABOLA. 


CONJUGATE DIAMETERS AND THE AXES. 


660. Relative inclination of Diameters and their 
Ordinates.— The halves of the chords which a diameter 
bisects may be called its ordinates. lf, then, 0 = the 
inclination of any diameter, and 6’ = that of its ordi- 
nates, we have, from (2) of Art. 658, 


D tan 0 tan 6’ + H (tan 0 -+ tan 0") + Α--0 


as the relation always connecting the inclinations of a 
diameter and its ordinates. 

Now this may either be read as the condition that the 
diameter having the inclination 0 may bisect chords 
having the inclination 0’, or vice versá. Hence, Jf a 
diameter bisect chords parallel to a second, the second 
will bisect chords parallel to the first. 

This property is however restricted to the central 
conics; for it is impossible that the ordinates of any 
parabolic diameter should be parallel to a second, since 
all parabolic diameters are parallel to each other. 
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668. Condition that two Diameters be Conju- 
gate.— We indicate that two diameters of a central conic 
are in the relation above-mentioned, by calling them 
conjugate diameters. Since, then, the conjugate of any 
diameter is parallel to its ordinates, by interpreting 0 
and @’ as the inclinations of two diameters, 





B tan Ü tan 6’ + H (tan 0 + tan 6’) + A=0 


becomes the condition that the two diameters may be 
conjugate. 


662. The Axes, and their Equatien.—The condi- 
tion just established may be referred to the principal 
axis and vertex of the Conic by putting for A,B, H the 
values they have in the equation y? = Pr + Hx It 
thus becomes 

tan 7 tan 0' = E (1). 


In this, if we suppose 0 = Q, but not otherwise, we 
get 
tan 0! = oo, 


and learn that the conjugate of the principal axis is 
perpendicular to it. Hence, In a central conie there is 
one, and but one, pair of rectangular conjugates.* 

We will call these rectangular conjugates the axes of 
the conic. The one hitherto named the principal, shall 
now be termed the íransverse axis; and the other, the 
conjugate axis. Their respective equations, referred to 
the same system as the conic y? = Pr + diz’, will be 


y=0, 2Rr+P=0 (2). 


* Unless the conic is a circle: when R will =— 1, and the condition 
(1) will become 1 + tan ô tan 0' —0; so that (Art. 96, Cor. 1) ad? the con- 
jugates will be at right angles. 
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For the first equation represents the axis of v; and the 
second, a perpendicular to it passing through the center. 
Hence, 

Re+ P)y— 0 (3) 
is the equation to both axes, in the same system of 
reference. | 


663. Equation to the Conic, in its Simplest 
Forms.—lf in the equation 


y= Ρχ -- hr (1), 


we suppose R= 0 .:. e= 1, the quantity P: 2 (1 4- e), 
which by (3) of Art. 654 denotes the distance of the 
focus from the vertex, will become = £ P: showing that 
in the Parabola the latus rectum P is equal to four times 
the focal distance of the vertex. Putting this latter dis- 
tance = p, and giving to A in (1) its corresponding 
value — 0, the equation to the Parabola will be 
y = 4px (2). 

But if & be positive or negative, or (1) denote the 

Ellipse or the Hyperbola, this simplification 16 impossi- 


ble. If, however, we transform (1) to the center and 
axes, by putting [c — (P : 219) for α, we get 


πμ. / Er 
Ίπ. t2 tEÉj*—ag[f! 
or, after obvious reductions, 
A? —ARy = P: 


Here, making y and 2 successively = 0, we obtain, for 
the lengths of the semi-azes, 
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Putting a to denote the first of these lengths, and ὁ to 
denote the second, we get 





2 2 
τν: 4R=— E (a), 
a 6? 
and the central equation becomes 
2 3 
+27] (3), 


a? b? 


the upper sign corresponding to — Fè, and the lower to 
+R. 

Equations (2) and (3) are the simplest forms of the 
equation to the Conic. In them, we have reached the 
same forms with which we set out upon the separate in- 
vestigation of the Parabola, the Ellipse, and the Hyper- 
bola. Of course, then, we can now develop all the prop- 
erties derived from them in the preceding Chapters, and 
the reader will be convinced of the adequacy of the purely 
analytic method without proceeding farther. We will 
therefore present but a single topic more, whose treat- 
ment from the generic point of view has an especial 
interest. 


THE ASYMPTOTES. 


G64. We have shown (Art. 646) that every right line 
meets the Conic in two points, real, coincident, or imag- 
inary. A particular case of the real intersections deserves 
notice. 

The quadratic by which we determine the intersections 
of a right line with the Conic, may sometimes take the 
form of a simple equation, by reason of the absence of 
the co-efficient A or B in the equation to the Conic. 


Thus 
- Hry + By + 2Gz + 2Fy + C—0 (1) 
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gives, on making y = 0, only the simple equation 
26Gz-- 0-0 (2) 


to determine the intersections of the curve with the axis 
of r, apparently indicating but a single intersection. In 
fact, it does indicate a single finite intersection; but it 
i3 a settled principle of analysis (Alg., 238) that an 
equation arising in the manner (2) does, shall be re- 
garded as a quadratic of the form 


0x? + 2 Hz + B — 0, 


one of whose roots is finite, and the other infinite. 
Hence, the consistent interpretation of such an equation 
as (2), will be that the corresponding line meets the 
Conic in one finite point and in one point infinitely 
distant from the origin. 


665. Transforming the general equation to polar 
co-ordinates, we obtain 


(A cos? 0 + 2H cos 0 sin 6+ B sin? 0) p? 
4-2(Gcos0-r- Fsin0)p--C-—0 (D. 


The condition, then, that the radius vector may meet the 
Conic at infinity is 


A co? 0 + 2H cos 0 sin 0 + B sin? f —0 (2): 


a quadratic in 0, and therefore satisfied by two values 
of the vectorial angle, which evidently will be real, equal, 
or imaginary, according as H? — AB is greater than, 
equal to, or less than zero. Hence, as the origin may 
be taken at any point, Through any given point there can 
be drawn two real, coincident, or imaginary lines which 
will meet the Conic at infinity. 
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Moreover, since a change of origin (Art. 163, Th. I) 
does not affect the co-efficients A, H, B, the directions 
of these lines for any given conic will in all cases be 
determined by the same quadratic (2). That is, AU lines 
that meet the Conic at infinity are parallel. 

It is to be noted, that in general each of the radii 
vectores determined by (2) also meets the curve in one 
finite point, whose position is given by the finite terms 
of (1), namely, by 


2 (G cos 0 + Fsin 0) o +C=0 (3). 


A convenient method of finding the equation to the 
two lines which pass through the origin and meet the 
curve at infinity, will be to multiply (2) throughout by 
9^, and then put z for pcos@, and y for ρ8ἱπθ. We 
thus obtain 


Az? + 2Hzy + by? —0 (4), 


the equation of Art. 127. "The two lines, then, in case 
the conic is an ellipse, wil be imaginary; in case it is 
a parabola, they will be coincident; and in case it is an 
hyperbola, they will be real. 


666. If we now suppose the general equation to be 
transformed to the center, the co-efficients G and PF 
(Art. 163, Th. ITI) wil vanish. For that origin, then, 
the condition (2) of the preceding article will occur 
simultaneously with the disappearance of the co-efficient 
of p in (1), and the roots of the latter equation will 
therefore be simultaneously infinite and equal. Hence, 
Through the center there can be drawn two lines, each 
of which will meet the Conte in two coincident points at 
infinity. 

These tangents at infinity may appropriately be called 
asymplotes; since the curve must converge to them as it 
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recedes to infinity, but can not merge into them except 
atinfinity. Since, then, all the lines that meet the curve 
at infinity are parallel, equation (4) of the preceding 
article will in general denote a pair of parallels to the 
asymptotes, passing through the origin. Hence, sup- 
posing the center to be the origin, we have, for the 
equation to the asymptotes, 


Az? + 2Hxy + By’? =Q (1), 


since the co-efficients A, H, B remain the same for every 
origin. This is the same as saying, that, given any 
central equation to a conic, the asymptotes are found by 
equating to zero ws terms of the second degree. ‘The form 
of (1) shows that these lines are real in the Hyperbola, 
coincident in the Parabola, and imaginary in the Ellipse. 
If now, in the condition of Art. 661, we make tan 0' = 
— cot @, the corresponding conjugates will be at right 
angles; that is, they will be the aves. But then 


H tan? 0 + (A — B) tan 0 — H — 0. 
Multiply this by p°, put x for p cos 0, and y for psin 0: then 
Ha? — (A — B) zy — Hy’ = 0 (2), 


the equation to the axes, if the center is origin. 

Now (2) is the equation of Art. 129, and therefore 
denotes two right lines bisecting the angles between the 
lines represented by (1). Hence, The axes bisect the 
angles between the asymptotes, and are real whether the 
asymptoles are real or imaginary. 


CONDITIONS DETERMINING A CONIC. 


667. The general equation of the second degree, 


Aa? + 2H ry + By! + 26z + 2fy + C — 0, 
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may of course be divided through by any one of its co- 
eficients, and therefore contains five, and only five, 
arbitrary constants. Hence, Five conditions are neces- 
sary and sufficient to determine a conic. 

Thus, a conic may be made to pass through five given 
points ; or, to pass through four points and touch a given 
line ; or, to pass through three points and touch two given 
lines; etc. And in case the equation to a conic contains 
less than five constants, we must understand that the 
curve has already been subjected to a series of condi- 
tions, equal in number to the difference between five 
and the number of constants in its equation. Thus, the 
conic 


y? = Pr + fi? 


has already been subjected to three conditions; namely, 
passing through a given point (the vertex), touching a 
given line (the axis of y), and having the focus on a 
given line (the axis of 2). 


G68. The solution of two general problems which are 
often of use in connection with conics, may conveniently 
be presented here. 


I. To determine the relation between the parameters P 
and R in the vertical equation to the Conic.—From the 
first of the equations at (A) in Art. 663, we have 


Pe= 4ο R5. ο -- ραῖν (1). 


Also, by combining both of the equations at (a), 
4a? I? — — AUR... Π------ (2). 


II. To determine the axes and eccentricity of a conie 
given by the general equation.—Comparing (9) of Art. 


506 ANALYTIC GEOMETRY. 


663 with (9), (d), and (e) of Art. 156, and taking the 
radicals in (d) and (e) as negative, we get 


1 4 A-4B—Q 1 B ALIBIO 


η τ΄. NE E CT π 


where Q?— (4A — BP + (ZH, and C" [Art. 155, (0)] 
= — d: (H?— AB). Hence, 





24 
“=— (PAB (A+ B—@) 
T 94 (3). 


ο GP — AB) (A+ B+ Q) 


These equations give the semi-axes in terms of the 
general co-efficients. For the eccentricity, we have, by 
putting e?— 1 for F in (2) above, 


p? E a? — D? 


a a? 





Substituting for a? and 0? from (3), we therefore get 


ano 224 
Aga Ba 


669. Two conics that have the same eccentricity, 
are said to be similar. It follows, then, that all circles, 
all parabolas, and (Art. 540) all hyperbolas included 
within equally inclined asymptotes, are similar. 

Moreover, since e (Art. 668) is a function of A, B, H, 
these co-efficients must be the same for all similar conics. 


THE CONIC IN THE ABRIDGED NOTATION. 


670. The Anharmonic Ratio.—With respect to 
this ratio, we shall only develop the fundamental prop- 
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erty of the Conic. The reader who desires to follow 
this property through its manifold consequences, may 
consult the writings of Salmon and Chasles. 

Let A, B, C, D be four fixed points on any conic, 
and O the variable point of the curve. Then, if a, 8, y,0 
be the equations to the four chords which connect the 
fixed points, the equation to the curve, referred to this 
inscribed quadrilateral (see paragraph 2d, p. 236) will 


be 
ay = kBo (1). 


Now, if a, b, ο, d denote the lengths of the four chords, 
we have, for the lengths of the perpendiculars let fall 
upon the chords from Ο, 


4 —CAOB sin AOB ϱ __ OB.OC sin BOC 
C—O ΕΚ. το cS 


a 
pe OC.OD sin COD Σ OD.OAsin DOA 
ο EE ye aa, å 


Substituting in (1), and reducing, 


sin AOB sin COD 


προς προ τς (2). 


a.c 
b.d 

But (Art. 285) the first member of (2) is the anharmonic 
of the pencil O- ABCD, and the second is constant. 
Hence, The anharmonic of a pencil radiating from any 
point of a conic to four fixed points of the curve is 
constant. 


671. Definitions.—In any hexagon, two vertices are 
said to be opposite, when they are separated by two 
others. Thus, if A, 5, C, D, E, F are the six successive 
vertices, A and D, B and FE, C and F are opposite. 

Two sides are also called opposite when separated by 
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two others. Thus, AB and DE, BC and EF, CD and 
FA are opposite sides. 

Opposite diagonals are those which join opposite ver- 
tices, and are therefore three in number; namely, AD, 


BE, CF. 





G72. Pascals Theorem.—Let a, B, y, A, p, v be the 
successive sides of a hexagon inscribed in any conic. 
Then, if ὃ be the diagonal joining the opposite vertices 
νά and r4, the equations 


ay —kfd=-0, λν--ἰμὸ = 0 (1) 


will each represent the conic. We may therefore sup- 
pose the constants k and Z to be so taken that ay — Κβὸ 
is identically equal to Av — l0 ; that is, in such a manner 
that 

ay — hv = (kB — lp) ὃ (2). 


Hence, all the conditions that will cause «y — Αν to vanish 
identically, are included in 


ὃ--θ, ἆβ--]μ--0 (8). 


Now the points va, yA evidently satisfy ay — Av = 0, and 
these by hypothesis are on the line à = 0: so that the 
points αλ, yv, which also satisfy ey — Av = 0, but which 
by hypothesis are not on the line 0 — 0, must lie upon 
the line ki — ip — 0. But, by the form of its equation, 
this line contains the point Py. In short, αλ, By, yv, 
which are the intersections of the opposite sides of the 
hexagon, are all on the same line. Hence, The opposite 
sides of any hexagon inscribed in a conic intersect «n three 
points which lie on one right line. 

This is known as Pascal's Theorem. From this single 
property, its discoverer BLAISE PASCAL is said to have 
developed the entire doctrine of the Conic, in a system 
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of four hundred theorems, when he was but sixteen years 
old; but his treatise was never published, and has un- 
fortunately been lost. Leibnitz, however, has given a 
sketch of it, in a letter written in 1676 to Pascal’s 
nephew Périer. 

By joining six points on a conic in every possible way, 
we can form sixty different figures, each of which may be 
called an inscribed hexagon, and in each of which the 
intersections of the opposite sides will lie on one right 
line. Consequently there are sixty such lines for every 
six points on the curve, which are called the Pascal lines, 
or simply the Pascals, of the corresponding conic. 


673. Brianchon’s Theorem.—If we take the sym- 
bols of the preceding article as tangentials, a, P, y, 4, p, v 
will be the vertices of a hexagon circumseribed about a 
conic, and ὃ will denote the zntersection of the opposite 
sides va, yA. The equations at (1) will then be tangen- 
tial equations to the conic, and the relation (2) will show 
that the three lines αλ, Pu, yv intersect in the same point 
k8—lu=0. That is, The three opposite diagonals of any 
hexagon circumscribed about a conic meet in one point. 

This is known as Brianchon’s Theorem, having been 
discovered in the early part of the present century by 
BRIANCHON, a pupil of the Polytechnic School of Paris. 
It was one of the fruits of Poncelet’s Method of Rectp- 
rocal Polars. 

Dy producing six tangents to a conic till they meet 
in every possible way, we can form sixty different figures, 
each of which may be called a circumscribed hexagon. 
Consequently, for every six points of a conic, there are 
sixty different brianchon points, determined by the 
system of six tangents; just as there are sixty different 
Pascal lines, determined by the system of six chords. 
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EXAMPLES ON THE CONIC IN GENERAL. 


1. If two chords at right angles to each other be drawn through 
a fixed point to meet any conic, to prove that 


] 


ve 7 —— constant, 


] 
s HAE: 


where δ, s are the segments of one chord, and δ΄, s^ the segments 
of the other. 


2. If through a fixed point O there be drawn two chords to any 
conie, and if their extremities be joined both directly and trans- 
versely, to prove that the line PQ which joins the intersection of 
the direct lines of union to the intersection of the transverse ones 
is the polar of O. 


3. Prove that any right line drawn through 4 given point to 
meet a conic, is cut harmonically by the point, the curve, and the 
polar of the point; also, that the chord through any given point, 
and the line which joins that point to the pole of the chord, are 
harmonically conjugate to the two tangents drawn from the point. 


4. A conic touches two given richt lines: to prove that the locus 
of its center 1s the right line which joins the intersection of the 
tangents with the middle point of their chord of contact. 


9. Prove that in.any quadrilateral inscribed in a conie, as 
ABCD, either of the three points Æ, F, O E 
is the pole of the line which joins the 
other two. By means of this property, 


show how to draw a tangent to any conie D 
| C 


from a given point outside, with the help 
of the ruler only. ‘ee 


[This graphic problem is only onc of a ^ B 3 
series resulting from the method of transversals and anharmonics, all of 
which are solvablo with the ruler alone: for which reason, the doctrine 
of the solutions is sometimes called Lineal Geometry.] 


6. Prove that in any quadrilateral circumscribed about a conie, 
each diagonal is the polar of the intersection of the other two. 


BOOK SECOND: 
CO-ORDINATES IN SPACE. 


An. Ge. 46. (511) 


CO-ORDINATES IN SPACE. 


ΝΕ 


674. In removing, at this point in our investigations, 
the restriction which has confined loci to a given plane, 
we Shall only enter upon the consideration of the most 
elementary parts of the Geometry of Three Dimensions. 
That is, we shall only undertake to give the student a 
clear general outline of the principles by which we rep- 
resent and discuss the surfaces of the First and Second 
orders. In order to accomplish this, we must begin, as 
in the case of the Geometry of Two Dimensions, by 
explaining the conventions for representing a point in 
space. 


CHAPTER FIRST. 
THE POINT. 


675. About a century after the publication of Des- 
cartes’ method of representing and discussing plane 
curves, CLAIRAUT extended the method to lines and 
surfaces in space, by the following contrivance for 
representing the position of any conceivable point in 


space. 
(513) 
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Let XY, 12, ZX be three planes of indefinite extent, 
intersecting each other 
two and two in the lines 
AA τας, zz Ihe 
point Y’ is supposed to 
be concealed behind the 
plane ZX in the dia- 
gram.] Then, if P be 
any point whatever in 
the surrounding space, 
its position will be known 
with reference to the three 
planes so soon as we find 
the length of P.U drawn parallel to OZ, and of ML, MN 
drawn parallel respectively to OY and OX ; or, which is 
obviously the same thing, so soon as we find the lengths 
of OL, LM, MP. In the diagram, the three planes are 
represented at right angles to each other: a restriction 
which has the advantage of simplifying the whole subject, 
and which can always be secured by a proper transfor- 
mation, if the planes are in fact inclined at any other 
angle. We shall therefore suppose, in our investigations, 
that these reference-planes are always rectangular, unless 
the contrary is stated. 

The distances OL, LM, MP, or their equals OL, ON, 
OS, are called the rectangular co-ordinates of P, and are 
respectively represented by x, y, 2. The lines OX, OY, 
OZ, of indefinite extent, are termed the axes: OX is the 
axis of r, OY the axis of y, and OZ the axis of z. The 
point O, in which the three axes intersect, and which is 
therefore common to the three reference-planes, is named 
the origin. 

The reference-planes evidently divide the surrounding 
space into eight solid angles, which are numbered as 
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follows: Z-.XOY is the first angle; Z- YOX', the 
second; Z- X'OY', the third; and Z -Y'OX, the fourth. 
Similarly, Z’- XOY is the fifth angle; Z'- YOX', the 
sixih; Z'- X'OY', the seventh; and Z'-Y'OX, the 
eig hth. 

By affecting the co-ordinates x, y, z with the proper 
sign, we represent a point in either of the eight angles. 
Thus, 


First angle: z = +a, y=+6, 2z=+ 6; 
Second « ------ᾱ, y=stsb 2-- --σ; 
Third “ α----α, y=—b, β---- ο; 
Fourth “ α---Ἴ-α, ἠ----ὖ, α---- ο; 
ΠΗ “ α----α, /Ξ -Γ-ὐ, β----6; 
sixth “ α----ᾱ, y=+tb εξ--σ; 
Seventh *  zz—a, y=—b, 2——c6j 
Eighth * we=+a, y——5,2-——ec 


The student will observe that the positive x lies to the 
right of the first vertical plane YZ, and the negative x 
to the left of that plane; the positive y, in front of the 
second vertical plane ZX, and the negative y in the rear 
of that plane; the positive z, above the horizontal plane 
X Y, and the negative z below that plane. 


Corollary 1.—F'or any point in the plane YZ, we shall 


evidently have 
z= 0 (1), 


while y and z are indeterminate. Equation (1) is there- 
fore the equation to the first vertical reference-plane. 
For any point in the plane ΖΧ, we shall have 


Y= (2), 


while 2 and z are indeterminate. Hence, (2) is the 
equation to the second vertical reference-plane. 
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Finally, for any point in the plane XY, we shall 
have 


z= 0 (3), 


while zr and y are indeterminate. Hence, (3) is the 
equation to the horizontal reference-planc. 


Corollary 2.—If a point is on the axis XX, we shall 
have y = 0, 2 = 0 simultaneously, while v is indetermi- 
nate. If the point is on the axis Y'1, 2—0, z—0 
simultaneously, while y is indeterminate. If the point 
is on the axis Z'/Z, x = 0, y = 0 simultaneously, while 
zis indeterminate. Hence, the pairs 


y= 2; on 3 T= | 

pop p y—0)J' 
are respectively the equations to the axis of x, the axis 
of y, and the axis of z. 


Corollary 3.—At the point O, where the axes intersect 
each other, we shall evidently have, simultaneously, 


t =yŅy =z =Q, 


and these three equations are the symbol of the origin. 


POLAR CO-ORDINATES. IN SPACE. 


676. If MN be a fixed plane, OX a fixed line in it, 
and O a fixed point in that 
line, then, if any point P in 
the surrounding space be 
joined with O, and a plane 
be passed through OP per- 
pendicular to MN, so as to 
intersect the latter in the 


line OR, the distance OP, and the angles POR, ROX, 
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are called the polar co-ordinates of the point P. The 
distance OP is called the radius vector, and is repre- 
sented by the letter o; the angles POR, ROX are 
termed the vectorial angles, and are designated respect- 
ively by φ and 0, as in the diagram. 

MN is called the initial plane, OX the initial line, 
and O the pole. Instead of the angle o, its complement 
is sometimes used, designated by 7. 

By inspecting the diagram, it will be evident that we 
may use 


(Ξε (1) 
as the equation to the initial plane, 
φ--θ--0 (2) 
as the equations to the initial line, and 
p =0 (3) 


as the equation to the pole. 


THE DOCTRINE OF PROJECTIONS. 


677. Definitions.—The point in which a line in space 
pierces a given plane, is called the trace of the line upon 
the plane. Similarly, the line in which a surface cuts a 
given plane, is termed the /race of the surface upon the 
plane. In particular, the trace of one plane upon an- 
other, is the right line in which the former intersects the 
latter. 

If a perpendicular be let fall from any point to a 
given plane, the trace of the perpendicular upon the 
plane is called the orthogonal projection of the point on 
the plane. When we use the term projection in what 
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follows, we shall always intend an orthogonal projection. 
Thus, in particular, the 
projections of a point P 
on the three reference- 
planes, are respectively 
M, R, S, the traces of its 
three co-ordinates. 

The projection of any 
curve upon a given plane, 
is the curve formed by 
projecting all of its points. 
The perpendiculars let 
fall in forming such a 
projection will of course form a surface, which is called 
the projecting cylinder of the curve. 

When the curve projected is a right line, it is obvious 
that the projecting cylinder will become a plane. Hence, 
the projection of any right line upon a given plane is 
the right line in which 
the projecting plane cuts 
the given plane. For 
example, the projection 
of the radius vector OP 
upon the initial plane MN, 
is the line OR. 

The projection of a point upon a given line, is the 
trace of that line upon the plane which passes through 
the given point and is perpendicular to the given line. 
Thus, L, N, Q are the projections of a point P upon the 
three co-ordinate axes. 

The projection of a right line upon a given one, is the 
portion of the latter included between the projections of 
the extremities of the former. For example, OL is the 
projection of RP on the axis of x. 
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The angle which any right line makes with a given 
plane, is the angle included between the line and its 
projection on the plane; the angle which it makes with 
a given line, is the angle included between it and an 
intersecting parallel to that line. 


G78. Theorem.— The projection of a finite right line 
upon any plane is equal in length to the length of the line 
multiplied by the cosine of the angle between the line and 
the plane. 

Let XY be the given plane, 
and PQ the given line. Then, 
if M and Ν be the projections 
of P and Q, the projection of 
PQ will be MN. Now, drawing 
PR paralel to MN, we get 
(Trig., 858) 





MN = PR = PR cos QPR: 
which proves our proposition. 


G79. Theorem.— The projection of one finite right line 
upon another is equal in length to the length of the first 
multiplied by the cosine of the angle between the two. 

Let the first line be PQ, and the second OX. Then, 
if we pass through P and Q the planes PTL, QIF, per- 
pendicular to OX, the projection of PQ upon OX will 
be IL. Let PF now be drawn parallel to OX: it will 
be perpendicular to the plane QIF at F. Then, in the 
right-angled triangle QPF, PF = PQ cos QPF. But, 
by the construction, PF — IL. Hence, 


IL = PQ cos QPF: 


which proves the proposition. 
An. Ge. 47. 
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650. Theorem.—4» any series of points, the projection 
(on a given line) of the line which joins the first and last, 
2s equal to the sum of the projections of the lines which join 
the points two and two. 

The points may be so situated that their projections on 
the given line advance successively from the first to the 
last : in which case the theorem is an obvious consequence 
of the sixth definition in Art. 677. Or they may be so 
placed that the projections of some fall on the given line 
behind those of the next preceding points: in which case 
we still obtain the theorem, if we consider the line which 
joins such a point to its predecessor as forming a negative 
projection, and understand the sum mentioned above as 
algebraic. 


Corollary.— The projection of the radius vector of any 
point, is equal to the sum of the projections of the co- 
ordinates of the point. 

For the points Ο, L, M, P (see diagram, Art. 675) 
may of course be considered as a series coming under 
the above theorem. 


DISTANCE BETWEEN TWO POINTS IN SPACE. 


681. Let P and Q be the two points, projected re- 
spectively at M, R, S and 
N, T, V. Through P, pass a 
plane RPF, parallel to the ref- 
erence-plane X Y; and let PML 
be the projecting plane of MP, 
and QNH of NQ. Then, in the 
right-angled triangle QPF’, we 
shall have 
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But, by the construction of the figure, PF = MN; hence, 
from the right-angled triangle MGN, 


PF? = NÆ 4+ μα (2). 
Substituting in (1), we obtain 
PU=NG4+ Μα + OF? 


Hence, if the co-ordinates of P be 2, y', 2’, and those 
of Q be 2”, y", 2”, while ὃ represents the distance PQ, 
we have 


es (a = z")? + (y” — yy -+ a οι) 


Corollary.—F or the distance from the origin to any 
point xy in space, we therefore have (Art. 675, Cor. 3) 


δ᾽ --- et yt 2. 


6S2. The last result may be interpreted thus: The 
square on the radius vector of any point is equal to the 
sum of the squares on the co-ordinates of the point. 

This theorem leads to a remarkable relation among the 
so-called direction-cosines of a right line, that is, the co- 
sines of the three angles which the line makes with the 
three co-ordinate axes. Let the angle made with the 
axis of x be a, that made with the axis of y be f, and 
that made with the axis of 2 be y. "Then, supposing a 
parallel to the given line to be drawn through the origin, 
the co-ordinates of any point xyz on this parallel will be 
the projections of its radius vector on the axes, and we 
shall have (Art. 679) 


x= p cosa, y=pcosp, ε--ροοβγ. 


Squaring and adding these equations, and observing that 
p? — a? 4- 3? + 2’, we get, for the relation mentioned, 


cos? a + cos? β + cos? y = 1. 
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POINT DIVIDING THE DISTANCE BETWEEN TWO OTHERS 
IN A GIVEN RATIO. 


6835. By an investigation analogous to that of Art. 52, 
the details of which the student can easily supply, the co- 
ordinates of such a point are found to be 


Mey + na, ; MY» F NY ELT + 2121 
e S EE κ ο 
mtn’ mpn 7 m+n 


TRANSFORMATION OF CO-ORDINATES. 


654. To transform to parallel reference-planes passing 
through a new origin. 

Let z', y', 2’ be the co-or- 
dinates of the new origin, 2, 
y, 2 the primitive co-ordinates 
of any point P, and X, Y, Z 
its co-ordinates in the new 
system. Then, as is evident 
upon inspecting the diagram, 
the formulze of transformation 
will be 





2-2 +X, y=ytY, z2=24+Z. 


685. To transform from a given rectangular system to 
a system having its planes 
at any inclination. 

Let the direction-angles 
of the new axis of x be a, f, 
y; those of the new axis of 
y, α΄. B’,7'; and those of the 
NeW axis of o cuo gu ο. 
Then, if we suppose each of 
the new co-ordinates JV'P, 


M'P, Q'P to be projected 
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on one of the old axes, the sum of the three projections 
(Art. 680, Cor.) will in each case be equal to the projec- 
tion of the radius vector OP. But the projection of OP 
on OX will be equal to the old z of P; its projection on 
OY, to the old y; and its projection on OZ, to the old z. 
Hence, (Art. 679,) 


t — X cos a + Y cos o' + Z cos a”, 
y = X cos f+ Y cos β’ + Z cos p", 
g — X cos y + Y cos y! + Z cos y", 


are the required formule of transformation. 


Remark.—It must be borne in mind, in using these 
formule, that the direction-cosines of the new axes are 
subject to the conditions (Art. 682) 


cossa + co? p + cosy =1, 
cos’ a’ + cos? β’ + cosy = 1, 
cos? a” + cos? B" + cos? y" = 1. 


686. To transform from a planar to a polar system 
in space. 

Let the planar system be rectangular. Then, the co- 
ordinates of any point P in the 
two systems being related as in 
the diagram, it is evident that 
we shall have 


z = p cos cos Ô, 
y = p cos o sin 0, 


g —p sin P. 





From these equations we can evidently also find p, 9,0 
in terms of z, y, 2. 
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Remark.—To combine a change of origin with this 
transformation or that of the preceding article, we have 
merely to add the co-ordinates v', y', 2’ of the new origin 
to the values found for 2, y, and z. 


GENERAL PRINCIPLES OF INTERPRETATION. 


687. These follow from the convention of co-ordinates 
in space in much the same manner as the principles of 
Plane Analytic Geometry followed from the convention 
of plane co-ordinates. We may therefore state them 
without further argument, as follows: 


I. Any single equation in space-coordinates represents 
a surface. 

To hold with full generality, this statement must be 
understood to include (in addition to surfaces in the 
ordinary sense) imaginary surfaces, surfaces at infinity, 
surfaces that have degenerated into lines or points, and 
surfaces combined in groups. 


II. Two simultaneous equations in space-codrdinates 
represent a line of section between two surfaces. 

This principle is also to be taken with restrictions 
corresponding to those above stated. 


III. Three simultaneous equations in space-codrdinates 
represent mnp determinate points. 

These are the points of intersection of three surfaces, 
supposed to be of the m'", nt", and γ'' order respectively. 


IV. An equation which lacks the absolute term, repre- 
sents a surface passing through the origin. 


V. Transformation of co-ordinates in space does not 
alter the degree of a given equation, nor affect, the form 
of its locus in any way. 
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CHAPTER SECOND. 
LOCUS OF THE FIRST ORDER IN SPACE. 


. 688. Form of the Locus.—The general equation of 
the first degree in three variables, may be written 


Ar +By + Cz 4- D —0 (1), 


where A, B, C, D are any four constants whatever. 
Transforming (1) to parallel axes passing through a 
new origin z’y’, we get (Art. 684) 


Az + By + C2 4- (Az! + By! + Cg! + D) —90. 


Hence, if we suppose the new origin to be any fixed 
point in the locus of (1), the new absolute term will 
vanish, and our equation will take the form 


Ax + By + C2—0 (2). 


If we now change the directions of the reference- 
planes (Art. 685), we shall get, after expanding and 
collecting terms, 


(Acosa + Ρο05 +Cceosy )z 
+ (A eos à! + B eos fp’ +Ccos7’)y r=0. 
+ (A eos a" +- Boos D" + C cos 7") 2 


Hence, if we can take the new reference-planes so as to 
give the new axis of z and the new axis of y such 
directions that 


A cos a + B cos B + C cos y = 0 
= Å cos a' + B cos β’ + C cos y’ (Q), 


we shall reduce our equation to the simple form 


z= 0 (3). 
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Now, obviously, the transformation from (1) to (2) is 
always possible; and that we can always effect the 
transformation from (2) to (8) will readily appear. 
For we can leave the primitive vertical reference-planes 
unchanged, obtaining our new system by merely revolv- 
ing the primitive horizontal plane about the origin: in 
which case, we shall have 


C= 8 = ο aa ος ο. το ο 


and the conditions at (Q), upon which the transformation 
we are now considering depends, will become 


9 


A siny +Ccosy - 0 e. tany = --- 


B siny + Ccos7’=9 1.6. tany = — 


το a HS 


suppositions compatible with any real values of A, D, C. 

We conclude, then, that by a proper transformation 
of co-ordinates we can always reduce the general equa- 
tion of the first degree to the form 


2 == Q; 


But this [Art. 675, Cor. 1, (8)] denotes the new refer- 
ence-plane X Y. Hence, (Art. 687, V,) The locus of the 
First order in space is the Plane; or, as we may otherwise 
state our result, Every equation of the first degree in space 
represents a plane. 


THE PLANE UNDER GENERAL CONDITIONS. 


G39. General Form of the Equation to the 
Plane.—From what has just been shown, we learn 
that 





Ax + By+@+D=0 


is the Equation to any Plane. 
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6960. The Plane in terms of its Intercepts on 
the Axes.—Let the plane ABC, making upon the co- 
ordinate axes the intercepts OA =a, OB =b, OC —c, 
represent any plane 


Az + By + C2 + D — 0. 


Making y and z, z and x, x and y 
simultaneously — 0 in succession, 
weobtain from this equation (Art. 
615, Cor. 2) 





D D 
utu D TES D 9 
yeso Brest (2), 
ENORMES 
C c 


Substituting these values of A, B, C in the general 
equation, we obtain the equation to the Plane in terms 
of its intercepts, namely, 


EDI. The Plane in terms of the Direction-cosines 
of its Perpendicular.—Let the perpendicular from the 
origin upon any plane be — p, and let its direction-angles 
be a, 8,7. Then, a, b, c being the intercepts of the plane, 
we shall have 
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Substituting these values in the equation of the preced- 
ing article, we obtain 


x cos a +y cos P + zcosy—p, 
the equation to the Plane in the terms now required. 


$22. Reduction of the General Equation to the 
form last found.—We may suppose the reduction to be 
effected by dividing the general equation 





Ar+ By 4- @+D=0 


throughout by some quantity Q. If so, we shall have 
A =Q cosa, B= cosi, C= cosy: whence 


ο” (cos? a + cos? 2 + cos? y) = A? + B + €?. 


Now (Art. 682), cos’ a + cos’? + cos? y = 1. Hence, 
= γ΄ A?+ 5’ -|- C^; and we learn that 


A 
B 
C 


QOS 9g. = 
cos -- 
COS fy — 


and that, for the perpendicular from the origin upon a 
plane given by the general equation, we have 


P = — — EPEY 
V (A? + B 4- C9) 


By always taking the radical Q with that sign which 
will render p positive, the resulting signs of cos a, cos β, 
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cos 7 will indicate whether the direction-angles of the 
perpendicular are acute or obtuse. 


THE PLANE UNDER SPECIAL CONDITIONS. 


693. Equation to a Plane passing through Three 
Fixed Points.—By a process exactly analogous to that 
of Art. 95, this is found to be 

[y (2! =a") oni Gat! —g' ) - y" (2 —2')] xr { (ν'' g!!! — Uo E ) z' 
F [2' (ο'--ο"'"Ὶ ME + (ν''' 2’ --γ' gill) al 
+ [c (y —9"") Tz''(y'"—y')o x" '(y'—'! )] 2 + (γ΄ ‘gi! — y" g ete 
in which z'y'z', z"y"z"., xyz" are the three points 
which determine the plane. 





^694. Angle between two Planes.— This is evidently 
equal, or else supplemental, to the angle between the 
perpendieulars thrown upon the planes from the origin. 
Now, if p, p' be the lengths of these perpendiculars, 
a, D, y and a’, β’, γ᾽ their direction-angles, and ὃ the 
distance between the points rye, x'y'z in which they 
pierce their respective planes, we shall have (Art. 681) 


p+ p^ — 2pp' cos o = 0 = (z—2^ η) (σε), 


where o — the angle between the planes or their per- 
pendiculars. But (Art. 681, Cor) pP=2?+ γ᾽ + 2’, 
and p? = x? + y? + 2", Hence, after obvious reduc- 
tions, ` 
pp’ cos o = zz! + yy! + 22; 

or, since z— p cosa, y= p cos f, z =p cosy; x'— p' cosa’, 
y! = p! cos β΄, z! = p! cos y, 

cos y = cosa cos a’+ cos f cos f’+ cosy cosy! (A). 


Here it becomes evident, upon a moment’s reflection, 
that the direction-angles 7 and 7’ are respectively equal 
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to the angles which the two planes make with the Aort- 
zontal reference-plane; that a and a’ are respectively 
equal to those made with the first vertical plane; and 
that 2 and 7? are respectively equal to those made with 
the second vertical plane. Calling these new angles 
é and ¢’, v and v’, ἕ and ζ’, we have, then, as the cx- 
pression for the angle between two planes in terms of thew 
inclinations to the reference-planes, 


cos c == cos £ cos £' + cos v cos v' + cosfcosé’ (1). 


Replacing the cosines in (1) by their values from Art. 
692, namely, 


τ. G R C 
E a cos δ΄ = V (A? 3 BA 3 OUS)! 
τ. A A’ 
v B Sm B’ 
cS = TCO)? 8 = TEBE’ 


we obtain, as the expression for the angle between two 
planes in terms of the co-efficients of their equations, 


τῇ 
γ΄ (AME B C?) (.A74- B? 4- C) ° 


cos Q = 


Corollary 1—The two planes will be parallel if φ--θ; 
that is, if cos p = 1. As the condition of parallelism, 
then, the terms of the second member of (2) must be 
equal; or, after squaring and transposing, 


(AB'— A'B? + (BC! — B'O} + (CA'— C Ay —0: 


a condition which can only be satisfied by having simul- 
taneously 
ADA BB ο, 5ς 


ni cm τ. one 
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Corollary 2.—If the two planes are perpendicular to 
each other, we shall have cos ø =Q: whence, as the 
condition of perpendicularity, 


AA'+ BB' + CC’ =Q. 


695. Equation to a Plane parallel to a given 
one.—From the condition reached in the first corollary 
to the preceding article, it is evident that this can finally 
be written in the form 


Az + By + C2 + D' — 0, 


A, D, C being the co-efficients of x, y, 2 in the equation 
to the given plane. We learn, then, that the equations 
to parallel planes differ only in their constant terms. 


Corollary.— The equations to planes parallel respect- 
ively to the three reference-planes, will be 


2 = constant, x = constant, y= constant. 


696. Equation to a Plane perpendicular to a 
given one.—If A'r + B’y + C'z + D' =Q be the given 
plane, we may write the required equation in either of 
the forms 





Pr — By — Cz — D —0 (1), 
Az — Qy + Cz + D=0 (2), 
Ax + By — Rz+ 90 (3), 
by merely making, in accordance with Art. 694, Cor. 2, 
| BE CC! CO'+ A A' | AA’+ BB 
ών ο x M QM, a 


Corollary.—In particular, the equations to planes per- 
pendicular to the reference-planes will assume the forms 


Az+Byt+D=0, BytCz2+D=0, %+Azc+D=0. 
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For (Art. 675, Cor. 1) Zi must vanish for the horizontal 
reference-plane, P for the first vertical, and Q for the 
second. 


697. Length of the Perpendicular from a Fixed 
Point to a Given Plane.—Let the fixed point be zyz, 
and the given plane x cosa + y cos 3 + z cos y — p — 0. 
If we produce the perpendicular p, and then project upon 
it the radius vector of xyz, it is evident that the required 
perpendicular will be equal to the difference between this 
projection and p. Hence, (Art. 680, Cor.,) wo have 


P= + (xcosa+ y cos β + 2 cos y — p), 


the upper or lower sign being used according as the 
given point and the origin lie on opposite sides of the 
given plane, or on the same side. 


Corollary 1l.—For the perpendicular from xyz to the 
plane Az + By + Cz + D = 0, we have (Art. 692) 


p. Att By+ G+D 
πο γω’ B+ CY) | 


Corollary 2.—Since we have agreed to consider the 
perpendicular from the origin upon any plane as positive 
in all cases, consistency requires that perpendiculars 
dropped upon a plane from any point on the same side 
of it as the origin, shall be reckoned positive; and those 
dropped from the opposite side, negative. 


GOS. Equation to a Plane passing through the 
Common Section of two given ones.—By reasoning 
similar to that of Arts. 107, 108, it is evident that this 
may be written 


(Ax+ By + Cz 4- D) 4- k (A'z 4- Bly + O'%+ D) =0; 
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or, by adopting abridgments similar to those used in 
Plane Geometry, 
PARP Ξεθ, 


Corollary.—Analogy leads at once to the conclusion, 
that an equation of the form 


IE m P' FnP"=0, 


in which l, m, n are arbitrary constants, denotes a plane 
passing through the point in which the three planes P, 
P’, P" intersect. 


699. Equation to the Plane bisecting the angle 
between two given ones.—The reasoning of Art. 109 
applies here, and the required equation (Art. 692) is 


ΟΡ -- QP'=0 (1), 


or, if the equations to the given planes are already re- 
duced to terms of their direction-cosines, 


a+ —0 (2), 


the upper sign denoting the ezternal bisector, and the 
lower the internal one. 


700. Condition that Four Points shall lie on 
one Plane.—The fourth point must of course satisfy the 
equation to the plane of the other three, and the required 
condition is therefore obtained by putting xyz" instead 
of xyz in the equation of Art. 693. 


701. Condition that Three Planes shall pass 
through one Right Line.—The equation to the third 
plane must take the form (Art. 698) of the equation to 
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2 plane passing through the common section of the other 
two. There must, then, be some constant — n, such that 


—n P" =1P mP'. 
Hence, the required condition is 
LP -|- πι) + nP" --- 0. 


In other words, Three planes pass through one right line 
whenever their equations, upon being multiplied by three 
suitable constants and added together, vanish identically. 


702, Condition that Four Planes shall meet in 
One Point.—By applying the reasoning of the preceding 
article to the result of the corollary to Art. 698, we learn 
that this condition may be written 





IP H mP' --nP" -4PU =; 


or, if the equations to the planes be in terms of their 
direction-cosines, 


la + πιβ + ny -- r0 — 0. 


Hence, four planes pass through one point whenever their 
equations, upon beng multiplied by four suitable constants 
and added together, vanish identically. 


QUADRIPLANAR CO-ORDINATES. 


403. The condition of the preceding article subjects 
its constants /, m, n, r to certain restrictions, consistent 
with the zdenfical vanishing of the function 


la + mf + ny -|- τὸ. 


But if we now free these constants from this condition 
for the converging of four planes, making them abso- 
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lutely arbitrary, we learn, by reasoning entirely analo- 
gous to that of Arts. 208—217, that if a = 0, B= 0, 
y —0, à — 0 be the equations to any four planes forming 
a tetrahedron, the equation 


la + mB + ny + 70 —0 


is a general symbol for any plane in space. 

We thus arrive at what may be called a system of 
quadriplanar co-ordinates, analogous to the trilinear 
system of Plane Geometry. 


LINEAR LOCI IN SPACE. 


“ΘΑ. By II of Art. 687, it appears that all lines in 
space, whether right or curved, are to be solved as the 
common sections of two surfaces, and hence must be rep- 
resented by two simultaneous equations in three variables. 
In particular, the Right Line in Space, which is the only 
line we shall have room to consider, must be treated as 
the common section of two planes. 


700. Equations to the Right Line in Space.—We 
might represent this line by the two general equations 


Ag+ By+ Cz+ D-0, A'z-F B'y+ C'z + 9:--0, 


but it is far more convenient to denote it by the simul- 
taneous equations of its two projecting planes (Art. 677), 
in accordance with the method by which all curves in 
space are usually represented by means of their “ pro- 
jecting cylinders.” 

In pursuance of this method, then, the equations to 
the Right Line projected upon the two vertical reference- 
planes, will be of the form (Art. 696, Cor.) 


By + C; + D — 0, Nz + Mz + ἴ,-- 0. 
An. Ge. 48. 
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Now it is noticeable, that, while these equations taken 
together involve three variables, each of them taken sep- 
arately involves but two. The first, interpreted as an 
equation in two variables, denotes a right line in the 
first vertical plane; the second, similarly interpreted, 
denotes a right line in the second vertical plane. But 
these lines, by the principle of the corollary to Art. 696, 
must also lie in the two planes which the equations denote 
when interpreted in space: hence, they are the common 
sections of these planes and the vertical planes of refer- 
ence; or, in other words, they are the projections of the 
right line represented by the simultaneous equations 
By 4- Cz + D —0, Nz + Mr -- Ξ- 0, upon the two 
vertical reference-planes. 

We see, then, that we may either regard the two 
determining equations of the Right Line as the space- 
equations to its two projecting planes, or as the plane- 
equations to its two projections. It is customary to 
interpret them in the latter way, and as each involves 
two, and only two, arbitrary constants, to write them 


r=mz +a, y=nz +b. 


Thus the axis of z is made their common axis of abscissas, 
and the constants m, a, n, b take meaning as follows: 


m = the tangent of the angle which the projection 
on the second vertical plane makes with the 
axis of z. 

a — the intercept which the same projection forms 
on the axis of x. 

n = the tangent of the angle which the projection 
on the first vertical plane makes with the 
axis of z. 

b — the intercept which this projection forms on 
the axis of y. 
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We learn, then, that the position and direction of a right 
line in space, depend upon the magnitudes and signs of 
four arbitrary constants. 


706. Symmetrical Equations to the Right Line 
in Space.—Let the line pass through an arbitrary point 
x'y'z’, and let its direction-angles be a, β, y. 

Then, if / = the distance from z'4'z' to any point xyz 
of the line, the projections of 2 upon the three co-ordi- 
nate axes (Art. 679) will be / cosa, (cos B, lcosy. But 
by definition (Art. 677) these projections are respectively 
equal to z — x’, y —3', 2 —2z'. Hence, 





lcosa — z—z', leosB=y—y’, leosy=z— xz": 
whence, solving for / and equating the three results, 


πι iuam ER Dum 
cosa X cos X cosy 











which are the symmetrical equations sought. 


707. To find the Direction-cosines of a Right 
Line given by its Projections.— The direction-cosines 
of any right line are of course the same as those of its 
parallel through the origin. Let the projections of such 
a parallel be 


Then, if p be the radius vector of any point xyz on the 
parallel, we shall have (Art. 681, Cor.) 


ρ---- αὖ ay + e, 


and, from the above equations of projection, 
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Solving the last three equations for z, y, 2, we obtain 


E lo - mo 
03 (E+ nm) + n) E zs y + mi- n) 1 
no 


es — C > 
p ona 
But, by the doctrine of projections, 
xv = p COS 4, Y= p cos, z= p cosy. 


Substituting, and dividing through by ;. 


l AR ae 
ΡΕ mF wj ολ OE m+ wy? 
cos y = oo 
y (PA me w) 


Corollary.—To find the direction-cosines of a line 
whose projections are given in any form whatever, 
throw its equations into the form 


ae 
ey, —— — . 


when the required functions will be J, m, n, each divided 
by VE + m+ r. 


708. Angle between two Lines in Space.—The 
angle 0 between two right lines in space is obviously 
equal to that between their respective parallels through 
the origin. Hence, by formula (4) of Art. 694, 


cos Ü — cosa cos a' + cos cos β' + cos y cosy (1): 


which expresses the angle between two right lines in terms 
of their direction-cosines. 
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Substituting for cos a, cos a’, etc., from the preceding 
article, we get 
dl’ + mm! + nw 


cos 0 = 


(2): 


which expresses the angle between two right lines in terms 
of their projections. 

Corollary 1—The condition that two right lines in 
space shall be parallel, derived from (1), is 


cos a 008 α΄ + cos B cos B' + cosy cosy! —1 (1), 


or, derived from (2) by steps analogous to those in the 
first corollary of Art. 694, 
i ἰ m m. W n 
ο πι ee λα 2). 
m' n n’ V l c) 
Corollary 2.—The condition that two right lines in 
space shall be perpendicular to each other, derived from 
(1), is 
cos a cos a’ + cos cos f’ + cosycosy’=0 (7), 


or, derived from (2), 
ll’ + mm!’ + nn’ = 0 (2). 


709. Equation to a Right Line perpendicular 
to a given Plame.—If Ax -+ By 4- Cz + D= 0 be the 
given plane, the required equation may be written 








n ULL eae 
Αν Be = 
For we may suppose the perpendicular to pass through 
any fixed point abe; and, by Art. 692, its direction- 
cosines must be proportional to A, B, C. ? ^^ οὐ 


va "710. Angle contained between a Right Line 
and a Plane.—This being the complement of the angle 
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contained between the given line and a perpendicular 
to the plane, if the given line be 


r—zz' y—wy ε--εί 








— 
—— 





l m n 
we have, by comparing Arts. 708, 709, 


Al+ Bm + Cn 
V CA? + BB+ 07) (P H n? n) 


sin 0 = 


Corollary.— The condition that a right line shall be 
parallel to à given plane, is 


Al + Bm +Cn = 0. 


711. Condition that a Right Line shall lie 
wholly in a given Plane.—lIf a right line lies wholly 
in à given plane, the 2 co-ordinate resulting from an 
elimination between the equation to the plane and those 
of the line must of course be indeterminate. Hence, if 
the plane be Az + By + Cz + D — 0, and the line 
(x = mz + a, y = nz + b), so that we have by elimi- 
nation A (mz + a) + B (nz + b) + Cz + D — 0, or 


Aa + Bb+ D 
= Amt BrO 


id xe 


we must have, as the condition required, the simultaneous 
relations 


Am + Bn + C= Aa + Bb + D — 0. 


Remark.—- This result is corroborated by the fact, that 
the vanishing of the numerator of z indicates that the 
point (a, 6, 0), in which the line pierces the horizontal 
reterence-plane, is in the given plane; while the vanish- 
ing of the denominator shows, by the corollary to the 
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previous article, that the line is parallel to the given 
plane: two conditions which obviously place the line 
wholly in that plane. 


712. Condition that two Right Lines in Space 
shall intersect.—Two right lines in space will not in 
general intersect, because the four equations 


2 = me + a, y = nz + b, 


z = mz + a, y =n'z+ b, 


being in general independent, are not compatible with 
simultaneous values of the three variables x, y, z. If, 
then, the two lines represented by these four equations 
do intersect, one of the equations must be derivable from 
the other three, and the condition of such a derivation 
will be the required condition of intersection. 

We form this condition, of course, by eliminating z, y,2 
from the four equations. To do this, solve the first and 
third, and also the second and fourth, for z, and equate 
the two values thus found. The result is 








EXAMPLES INVOLVING EQUATIONS OF THE FIRST DEGREE. 


1. Show that, if L, M and N, R be the equations to two inter- 
secting right lines, they will be connected by some identical rela- 
tion 

LL 4- mM 4 n N 4 r E -— 0, 
and that the plane of the twa intersecting lines may be represented 
by either of the equations 


[IL--mM-—0, nN+rR=0. 


2. Find the equation to the plane which passes through the 


lines 
ω--α y—b α--α &t—aà ν--ὁὦ z-—c 


ζ m n ? Ü m^ n^ 
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3. Find the equations to the traces of any given plane upon 
the three reference-planes, and prove that if a right line be perpen- 
dicular to a given plane, its projections will be perpendicular to the 
traces of the plane. 


4. Find the equations to the three planes which pass through 
the traces of à given plane upon the reference-planes, and are each 
perpendicular to the plane. 

9. Find the equation to the plane which passes through a 
given right line and makes a given angle with à given plane. 


6. If (a^, D^, Y'), (a, B^, y") be the direction-angles of two 
right lines, prove that the direction-cosines of the external bisector 
of the angle between them, are proportional to 

cos α΄ + cosa", | cos β΄ + cos 0", — eos γ΄ + cosy”, 
and that those of the internal bisector are proportional to 
cos a^ — cos a^, — cos f" — cos B", cosy’ — cos Y^. 


7. Three planes meet in one point, and through the common 
section of each pair a plane is drawn perpendicular to the third: 
prove that in general the planes thus drawn pass through one right 
line. 


8. Find the equation to à plane parallel to two given right lines, 
and thence determine the shortest distance between the lines. 


9. A plane passes through the origin: find the bisector of the 
angle between its traces on two of the reference-planes. 


10. Prove that the locus of the middle points of all right lines 
parallel to a given plane, and terminated by two fixed right lines 
which do not intersect, is a right line. 


CHAPTER THIRD. 
LOCUS OF THE SECOND ORDER IN SPACE. 


@1%. The general equation of the second degree in 
three variables, which is the symbol of the space-locus 
of the Second order, may be written 
Az? + 2Hxy + By? + 2Kye + Ez + 2Lzx 

+ 2G24+ 2Fy+2Dz2+0=0 (1), 
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where A, B, E; H, K, L; C, D, F, G are any ten con- 
stants whatever. 

Since we can divide this equation throughout by C, it 
appears that the number of independent constants is nine. 
Hence, nine conditions are necessary and sufficient to 
determine the locus. Thus we learn that, for example, 
the space-locus of the Second order is a surface of such 
a form that one, and but one, such surface can be passed 
through any nine points which do not lie in the same plane. 


714. The most general and complete criterion of the 
form of any surface, is afforded by its curves of section 
with different planes. Let us apply this criterion to test 
the figure of the surface denoted by (1). 

If in (1) we make 2 = 0, that is, if we combine (1) 
with the equation to the horizontal reference-plane, we 
get 

Az? + 2Hry + By -2Gzr-rF2ZFy-FC-—9, 


the general equation to the Conic. Hence, as we can 
transform the reference-plane of XY to any plane that 
we please, and as such a transformation will not affect 
the degree of the equation of section just found, Every 
plane section of a surface of the Second order is a conte. 

Moreover, if we combine (1) with 2 — k, that is (Art. 
695, Cor.), if we intersect our locus by any plane parallel 
to the plane of X Y, we get 


Ax? 4- 9 Hzy + By? 4- 9G'z 4-2F'y 4-C! —0, 


where G'—G + kL, F'=F + kK, C' —-C--2kD-J- k* E. 
Hence, (Art. 669,) since the co-efficients A, H, B remain 
unchanged whatever be the value of k, The sections of a 
surface of the Second order by parallel planes are similar 
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To denote, then, that the surface of the Second order 
is represented by an equation of the second degree in 
space, and that all its plane sections are curves of the 
Second order, we shall henceforth call it the Quadric. 


THE QUADRIC IN GENERAL. 


Νε. To increase the clearness of our conception of 
the quadric figure, we must now reduce the general 
equation (1) to its simplest forms. We can effect this 
reduction most rapidly, however, by taking out a few 
leading properties of the surface, partly from the general 
equation itself, and partly from the results of its first 
transformations. 


ZAG. Let us transform (1) to parallel axes through a 
new origin σ΄. Since we merely have to write 2 + 2 
for x, y + y’ for y, and z +z’ for z, it is easily seen that 
the new equation will be 


Az? + 2Hxy + By? -+ 2Kyz + Ez + Lex 
T 2G'r-F2F'y-E- 2D's--€'—0 (2) 


where C", the new absolute term, is the result of substi- 


tuting 2/2’ in (1), and in the new co-efficients of x, y, 2 


we have 
αι — Az! + Hy' + Le + Οἱ, 
I’ = He' + By + K2 + F, 
D = La! + Ky + Es! + D, 
these quantities heing planar functions of the new origin. 


It deserves cxpecial notice, that G^ (Alg., 411) is the 


* For the discussion of Quadrics in complete detail, the reader is referred 
to SALMON'S Geometry of Three Dimensions, from which the investigations 
of the following pages have in the main been reduced. 
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derived polynomial (or derivative, as we shall call it for 
brevity) of C" with respect to z; that /’’ is the derivative 
of C' with respect to y; and D’, the derivative of C" with 
respect to z. Hence, if we write the original equation 
(1) in the abbreviated form U = 0, we may use for the 
four co-efficients C’, G^, F', D' the convenient symbols 
νυ, Uy, U7. 

717. As we shall also find it convenient to employ 
the so-called discriminant of the equation U =Q, and 
several of its derivatives, we will determine their values 
before advancing farther. 

The discriminant of any function may be defined as 
the result obtained by solving its several derivatives for 
its variables, and then substituting the values of these 
in the function itself. Accordingly, solving for x, y, 2 in 


U, = Ax + Hy + Le + 6G — 0, 

U, = Hz + By +4 K+ F=0, 

U, = Lz + Ky + Ez + D= 0, 
and then substituting in U, we get 


ABCE + 2ADFK + 2BDGL +2CHKL + 2EFGH 

— ABI* — ACK? — A EF? — BCL — BEG’? — CEH? 
+ KG? -LDPFaAA HtDIe——2DFHL—2DGHK—2FGKL. 
This, then, is the discriminant of the given quadric U = 0, 
and may be appropriately represented by J. 

If we now denote the several derivatives of J, taken 
with reference to G, F, D, C in succession, by 2g, 2f, 2d, ο, 
we shall have 
g = BDL + EFH — BEG + GK? — DHK — FKL, 
f=ADK+ EGH — AEF + FP? — DHL — GKL, 
d=AFK+ BGL — ABD + DH? — FHL —GHK, 
ec = ABE + 92HKL — AK? — BI? — EH’. 
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718. It wil be convenient next to determine the 
condition upon which the radius vector of the Quadric 
will be bisected in the origin. To find this, throw the 
general equation into the vectorial form, by writing 
pcosa for z, p cos 3 for y, and p cos y for z, which we 
may evidently do if a, β, 7 are the direction-angles of 
the radius vector. Equation (1) then becomes 


(A cos?a+2H cos a cos 8 + B cos? 3 
+ 24€ cos B cos y + E cos* 7 — 2L cos y cos a) ρ’ 
+2(Geosa+ Fcos3-- Dcos; , — C— O0. 


If the origin bisects the radius vector, this equazion will 
have its roots numerically equal with opposite signs. 
Hence, the required condition of bisection is 


G cosa + fcos 3+ Dcos =); 


or, after multiplying through by p, and replacing the 
corresponding 2, y, z, we learn that all radu vectores 
bisected in the origin must lie in the plane 


σσ + Fy + Dz= 0. 


719. If, then, in the equation to the Quadric we had 
G, F, D all = 0, the condition of bisection would be 
satisfied for all possible values of a, 2,7; or, in other 
words, every right line drawn through the origin to meet 
the quadric would be bisected in the origin, and the origin 
would be a center of the quadric. 


“20. Resuming now our transformations of equation 
(1), let us suppose the new origin z'j'/z' to which (2) is 
referred, to be a center. The new G, F, D will then 
vanish, and we learn (Art. 716) that the center lies at 
the intersection of the three planes 


U, = 0, U = 0, U, — 0. 
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Solving these three equations, we obtain, as the co-ordi- 
nates of the center, 


pe y, e 


6 


/ 


| 


where g, f, d, ο have the values given in the table of 
Art. 717. 

The center, then, is a single determinate point, and 
will be a finite real one if ¢ is not zero, but not other- 
wise. Hence, Quadries are either central or non-central, 
and central quadrics have only one center. 


421. By taking, then, the center for origin, the equa- 
tion to any central quadric may be written 


Aa?4- 2Hzy + By?+ 2Kyz+E2+ 2Lex 4- 0'— 0. (8), 


where (Art. 716) by substituting the co-ordinates of the 
center in U’, we readily find 


ο. Got tft Dd Y Oe 4 


I— 9 


C C 


where G, F, D, C are the co-efficients of the planar 
terms of (1), and g, f, d, ο, J have the meanings assigned 


in Art. 717. 


4222. Let us next inquire into the form of the diame- 
tral surfaces of the Quadric. 

A diametral surface of a given surface may be defined 
as the locus of the middle points of chords drawn par- 
allel to a given right line. Suppose, then, that a, B, y 
are the direction-angles common to a system of chords 
in a quadric, and let us remove the origin of equation 
(1) to any point on the locus of the middle points of the 
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system. By Art. 718, the new co-efficients G”, F’, D' 
must then fulfill the condition 


G” cos a + F” cos β + .D' cos y = 0, 


and the equation to the diametral surface of the Quadric 
will therefore be (Art. 716) 


U, cos o + U, cos B + U, cos y — 0. 


This (Art. 698, Cor.) denotes a plane passing through 
the intersection of the three planes U,, U,, U., namely 
(Art. 120), through the center; and, as the direction- 
angles a, f, y are arbitrary, we have the theorem: 
Every surface diametral to a quadric is a plane passing 
through the center, and every plane passing through the 
center of a quadrie is a diametral plane. 

It should be observed, of course, that this theorem 
applies to the non-central quadries only by regarding a 
point infinitely distant from the origin as their center. 
Such, indeed, is the fact indicated by the central co- 
ordinates (Art. 720) g:e, f:e, ἆτο, in which e = 0 for 
the non-central quadries. But if the diametral planes 
pass through a common point at infinity, their several 
common sections will meet in a point at infinity; in 
other words, will be parallel. Hence, The diametral 
planes of a non-central conic are ‘parallel to a fixed 
right line. 


a22. The diametral planes which bisect chords 
parallel to the axis of a, the axis of y, and the axis 
of z respectively, are found by successively supposing 
B = y = 90, y = a = 90°, a= 9 = 90? in the equation 
of the preceding article. They are therefore respectively 
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U, — 0, U,— 0, U,=0; or, writing the abbreviations 
in full, 
Az + Hy + Lz + 6G -—90, 


Hx + By + Ke+ F-— 0, 
Lx + Ky + ke + D=0. 


For brevity, a diametral plane is said to be conjugate 
to the direction of the chords which it bisects. Now the 
condition that the plane U,, which is conjugate to the 
axis of x, may be parallel to the axis of y, according to 
the corollary of Art. 696 is H — 0. But, obviously, 
this is also the condition that the plane U,, which is 
conjugate to the axis of y, may be parallel to the axis 
of x. Hence, as the co-ordinate axes may have any 
direction, Jf a diametral plane conjugate to a given 
direction be parallel to a given right line, the plane con- 
jugate to thes line will be parallel to the first direction. 


T24. If in our general equation (1) we had 1, K, L 
all — 0, the equations of the preceding article would be 
reduced to 


Ar + G=0, By+ F=0, #£z+D=0. 


The diametral planes conjugate to the three axes would 
thus (Art. 695, Cor.) become parallel to the reference- 
planes; and, by the theorem last proved, each would be 
conjugate to the common section of the other two. 

Three diametral planes thus related are called conju- 
gate planes, and the three right lines in which they cut 
each other two and two are called conjugate diameters. 
Three diameters are therefore conjugate, when each is 
conjugate to the plane of the other two. 

We thus reach the important result, that whenever the 
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equation to a quadric lacks the co-efficients H, K, L, the 
co-ordinate axes to which it is referred are parallel to a 
set of conjugate diameters; and, conversely, that by em- 
ploying axes parallel to a set of conjugates, we can always 
cause these co-efficients to vanish from the equation to a 
central quadric. 


72:0. As the foregoing argument evidently does not 
conflict with the supposition all along made, that the co- 
ordinate axes are rectangular, it follows that every central 
quadrie has one set of conjugate planes and diameters which 
are at right angles to each other. 

In fact, diametral planes perpendicular to the chords 
which they bisect, or principal planes, as they are called, 
exist in all quadrics whether central or not; though the 
triconjugate groups, of course, are peculiar to central 
quadrics. For if we seek the condition that the plane 
(Arte το 


U, cos a + U, cos? + U,cosy — 0 


may be perpendicular to its conjugate chords, the prin- 
ciple (Art. 709) that the direction-cosines of the chords 
must be proportional to the co-efficieuts of the plane, 
gives us, if we put k = the constant ratio between these 
quantities, 


A cos a + H cos R + L cos y = k cos α, 


H eos « + B cos β + K cos y = k cos β, 


L cosu 4- K cos f1 + E cos y = k cos y. 


Eliminating cos æ, cos 3, cos y from these equations, the 
required condition is 
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j— (A+ B+E) k 
+(AB+ BE+ EA— H? — K? — L2) k—e= 0, 


where e has the same value as in Art. 717. Having 
thus a cubic for determining the ratio ᾖ we learn that 
a quadrie has in general three, and only three, principal 
planes. 

In the non-central quadries however, since in them 
(Art. 721) we have c = 0, one of the roots of this cubic 
must be 0, and the equation to one of the principal planes 
will therefore assume the form 


Oz + Oy + 02 + constant — 0. 


In the non-central quadrics, therefore, by the analogy 
of Art. 110, the third principal plane is situated at 
infinity. 


726. We are now prepared to put our general equa- 
tion into its simplest forms. 

First, let us suppose that the derivative ¢ is not zero. 
From equation (8) in Art. 721, which is already referred 
to the center as origin, we can at once proceed by taking 
for new axes a set of conjugate diameters; and, as we 
still adhere to rectangular co-ordinates, let these new 
axes be conjugate to the principal planes. Then (Art. 
724) the co-efficients H, K, L vanish from (3), and the 
equation to any central quadric takes the form 


4/12 + By? -|- E'z + Cl -€— 0 (4). 


Secondly, suppose that c is equal to zero. We can 
not then arrive at the form (8); but, going back to (1), 
we may first change the direction of the rectangular 
axes, and then remove the origin. Now it can readily 
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be shown, that, in passing from one set of rectangular 
axes to another, the new co-efficients of 2°, y^, 2° (or .1’, 
D', E") are the three roots of the cubic* 


w — Cl BHE) w 
T (A5 --BE--EA—H?'—K*—L^)u—c-90. 


* We append Salmon's proof of this, as it is remarkable for its brev- 
ity. Seo his Geometry of Three Dimensions, p. 50. 


** Let us suppose that by using the most general transformation, which 
is of the form 


c= rt py +yz, yS=Natyly Ένα, z= xav 


that Ax? + 2Ilxy + Dy? +2Kyz+ Ez + 2Lzx 
becomes A'z! + 2H vy + D'y? + 2K "yz 4 E'zi + 2L'zz, 


which we write for shortness U=U. If both systems of co-ordinates be 
rectangular, we must have 


r? +y + ibm ax ya, 


which we write for shortness S= S. Then if k be any constant, we must 
have U+kS=U+kS. And if the first side be resolvable into factors, 
so must also the second. The discriminants of U+ LS and U+kS must 
therefore vanish for the same values of k. But the first discriminant is 


A3—(A - B+ E)! (ΑΠ BE-+ EA— I" R?—L?)k—e ~ 


Equating then the co-efficients of the different powers of & to the corre- 
sponding co-efficients in the second, we learn that if the equation be 
transformed from one set of rectangular axes to another, wo must have 


A+B+ E=A £DBD' 4 E, 
AB+BE+ EA— H? —K?— L= AD +B E+ EA —Hn—gn-ps, 
ABE +2UKL—AK?— BL- Ell? = 
A'D' E' + 2Η) K'L' — A'K'? — B'L'hn —E Hr." 


By solving these three equations for either A’, D', or E', we obtain 
the cubic in the text above, where u is merely a symbol for the unknown 
co efficient. 
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Hence, as we now have c — 0, one of the roots of this 
cubic, and therefore one of the new co-efficients A’, 
ΡΒ’, E', must vanish whatever be the directions of the 
new rectangular axes. By taking these axes parallel to 
the principal planes, thus causing the new H’, Κ΄, L’ to 
disappear, we can therefore reduce the original equation 
to the form 


Bly + E'z + 9G'z + 2F'y + 2D'2 + C— 0, 


as this transformation (Art. 685) does not affect the 
absolute term. And now we can remove the origin to 
the point in which, the line #’=—0, D’=0 pierces the 
Quadric, thus destroying the absolute term as well as 
the co-efficients of y and z. The equation to a non- 
central quadric will then take the form 


By? + E'z?-- 202 = 0; 
or, as it may be more symmetrically written, 
y? + Oz? = Px (5). 


Equations (4) and (5) are the simplest forms of the 
space-equation of the second degree. 


CLASSIFICATION OF QUADRICS. 


424. By means of equations (4) and (5), we can now 
ascertain the several varieties of quadric surfaces, and 
the peculiar figure of each. 


T28. We begin with the CENTRAL QUADRICS, repre- 
sented by the equation 


A'L + By? + E'z? + C' — 0. 
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I. Let uf’, BY, E' all be positive. Then, if C" is neg- 


ative, the equation can at once be put into the form 


ts 


r 


yo 9 
NE + 9 + 9 = 1. 
a b ( 





where a, b, e are the lengths of the intercepts cut off 
upon the axes of r, y, and z respectively. The sections 
of the surface with any planes of the form z = k, x =l, 
y — m, are the cllipses 

οὗ γῇ 12 
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These are real for every positive or negative value of k, 
l, m that is not greater respectively than a, 5, v, but are 
imaginary for all greater values. The quadric, therefore, 
lies wholly inside the rectangular parallelopiped formed 
by the six planes z = + e, x= + a, y — =+ b, but is 
continuous within those limits, and, having elliptic sec- 
tions with the reference-planes and all planes parallel 
to them, is properly called the Allcpsord. 

Its semi-axes are of course respectively equal to a, b, 
c, and we suppose that the reference-planes are so taken 
that « is in general greater than 6, and 5 greater than 
c. But the following particular cases must be considered: 


1. If b — e, the section with any plane z = / becomes 
i? + Z= constant, and is therefore a circle. The surface 
may then be generated by revolving an ellipse upon its 
axis major, and is called an ellipsoid of major revolution; 
or, with greater exactness, the Prolate Sphero:d. 


2, If b =a, the section with any plane z = k becomes 
a circle, the surface may be generated by revolving an 
ellipse upon its minor axis, and is therefore called an 
ellipsoid of minor revolution; or, the Oblate Spherord. 
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9. If ab —c—r, all the plane sections of the surface 
are circles, and the equation becomes 


which is therefore the equation to the Sphere. 
Next, if C” is zero, our general central equation, taking 
the form 


Ale? + By + E'g -— 0, 
can only be satished by the simultaneous values 
pe. οσο 9 


and thus denotes the Point, which may therefore be 
regarded as an infinitely small ellipsoid. 
Finally, if C" is positive, the general equation becomes 


2? 4 3 g? 
ae? Bt ea” 


which having the ellipsoidal form in its first member, 
but involving an impossible relation, may be said to 
denote an imaginary ellipsoid. 


II. Let A’ and P’ be positive, but E' be negative. 
Then, if C’ be also negative, we can write the equation, 
in terms of the intercepts, 


Here, the sections formed by the planes z =l, y — m, 
are the hyperbolas 


y? 22 P T2 22 1 m? 
Τα πε. κα ο. 
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which are real for all values of { and m, but whose branches 
cease to lie on the right and left of the center, and are 
found above and below it, when l >œ>«u andm>06. The 
section by any plane z = k is an ellipse 


ke 


c 


p y! 
a^ T ns T 


which being real for every value of k, the surface is 
continuous to infinity. This being so, and the sections 
by the vertical reference-planes and all their parallels 
being hyperbolas, the surface is called the Hyperboloid 
of One Nappe. 

The quantities a, b, e are called its semi-axes, though 
it is evident, by making z = y = 0 in the equation, that 
the axis of z does not meet the surface. The real mean- 
ing of e will soon appear. In general, a is supposed 
greater than 6. In case we have a — 5, the sections 
parallel to the plane XY become circles, the surface 
may be generated by revolving an hyperbola upon its 
conjugate axis, and is called an Ayperboloid of revolution 


of one nappe. 


Next, when ©’ = 0, the equation assumes the form 
Ale’ + Bu? — E'g = 0. 


The section made by the reference-plane 2-0, is the 
point 42 + B’y? == 0, while that by any parallel plane 
z = k, is the ellipse A’x?+ By’? = E'kke. The sections 
formed by the planes x —0, y =Q, are pairs of inter- 
secting right lines, B’y?— E'z? —0 and A'z?— E'z22—0; 
as also the section by «ny vertical plane y = mz, is the 
pair of lines (A’ + m? B^) à? — E'z — 0. The surface is 
therefore a Cone, whose vertex is the origin. If we have 
A' = l 1Η’ z a παω a 


mx rd Z= : 
a’ Dp? 
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the conc is said to be asymptotic to the preceding hyper- 
boloid. If a=- 6, or A'— B’, the section by the plane 
z = k is the circle z? + 3? = constant, and the cone is a 
circular one. 

Finally, when Ὁ’ is positive, by changing the signs 
throughout we may write the equation 


The plane 2 = k now evidently cuts the surface in imag- 
inary ellipses so long as k< e, but in real ones when £ 
passes the limit e whether positively or negatively. The 
surface therefore consists of two portions, separated by 
a distance — 2c, and extending to infinity in opposite 
directions. The sections by the planes r—l, y =m, 
are hyperbolas. The surface is therefore called the 
Hyperboloid of Two Nappes. 

By making x= y = 0, we find that the intercept of 
this surface on the axis of 2 is = c; while the intercepts 
upon the axes of 2 and y, found by putting y =z = 0 and 
2— y—0, are the imaginary quantities a V/ —1, bV/ — 1. 
Moreover, the sections by the planes x= 0, y =Q, being 

2? y? 22 
og cC ο 


are hyperbolas conjugate to those in which the same 
planes cut the Hyperboloid of One Nappe. We there- 
fore perceive that the present hyperboloid is conjugate 
to the former, and that the real meaning of c in the 
equation to the former is, the semi-axis of its conjugate 
surface. 

When α--ὖ, this hyperboloid also becomes one of 
revolution, and is called an Ayperboloid of revolution of 
two nappes. 


æ w 
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III. Let «{’ be positive, and 5’ and Æ’ both negative. 
The general equation may then be written 


μα NE 

---- — n — --- = Tq: 

({ ὁ’ C^ 
when C" is negative; or 

ME EE 

A FUE e 0, 

b- 6^ «7 
when C" is equal to zero; or 

y^ 2" ae 

ο οσο ο 1, 

boo gg @ 


when C" is positive. The present hypothesis therefore 
presents no new forms, but merely puts those of the pre- 
ceding supposition into a different order. It is usual, 
however, to write the equation to the Hyperboloid of Two 
Nappes in the form 


rather than in that obtained by the final supposition of II. 
The advantage of doing so appears in connection with the 
hyperboloids of revolution; for, if we make b = c in the 
above equation, we learn that an hyperboloid of revolution 
of (wo nappes may be generated by revolving an hyper- 
bola upon its transverse axis. Under the present hypoth- 
esis, therefore, the hyperboloids of two nappes and of onc 
may be generated by revolving the same hyperbola, first 
upon its transverse, and then upon its conjugate axis. 
Under the hypothesis of II, on the contrary, the two 
surfaces would be generated by a pair of conjugate 
hyperbolas revolving upon the same axis. 
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429. Let us, secondly, consider the NON-CENTRAL 
QUADRICS, represented by the equation 


y! + Q2 == Pr. 


I. Suppose Q to be positive. Any plane x=1 cuts 
the surface in an ellipse y? + Qe = Pl, which, if P is 
positive, will be real only on condition that J is not 
negative; or, if P is negative, only on condition that 1 
is not positive. The surface, then, consists of a single 
shell, extending to infinity on one side of the plane YZ, 
and in fact touched by that plane in the point y?4- Q2? — 0, 
that is, in the origin. The sections of this shell by the 
planes y = 0, 2 = 0, are the parabolas 2 = (P : Q)z, 
y? = Pr. Hence, all sections by planes parallel to these 
are also parabolas, and the surface is the Elliptic Para- 
bolord. 


1. If @=1, the section by the plane x=1 is the circle 
y? + 2? — Pl, and the surface may be generated by revolv- 
ing a parabola upon its principal axis. It is then called 
a paraboloid of revolution. 


2. We have thus far not made P = 0, because the 
transformation to y? + Qz? = Prz in general excludes that 
supposition, being made upon the assumption that we 
can not, in the equation (Art. 726) 


Bry + E'z? + 2G'z + 2F'y + 2D'z + C —0, 


destroy all the three co-efficients G’, F’, D' together. 

But if G' were itself = 0, then any point on the line 

F” — 0, D' = 0 would be a center of the quadric; and 

as this line would thus pierce the surface only at infinity, 

we could not, by placing the origin at the piercing-point, 

cause the absolute term to disappear. However, by taking 
An. Ge. 50. 
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the origin upon the line #” = 0, D' — 0, the equation 
would be reduced to the form 


y! + ESER. 


This equation, at first sight, appears to represent an 
ellipse in the plane YZ. But, obviously, it is true not 
only for points whose x = 0, but for points answering to 
any value of x that corresponds to a given y and z. 
It denotes, then, a cylinder whose base is the ellipse 
yY? + Q7 == It, and whose axis is the axis of x. Hence 
we learn that a particular case of an elliptic paraboloid 
is the Elliptic Cylinder. 

When Zi = 0, this cylinder breaks up into two imag- 
inary planes, whose common section, however, being 
projected in the real point s? + Q= = 0, is a real right 
line, perpendicular to the plane YZ. 





II. Suppose Q— 0. The equation j?4- Qz? — Pr then 
becomes 
y^ = Pr, 
and therefore denotes the Parabolie Cylinder. 
By shifting the origin along the axis of r, the equation 
to this cylinder takes the more general form 


y? = Pe + N. 


When, therefore, P = 0, this cylinder breaks up into the 
two parallel planes 
ΣΥΝ, 


which are real, coincident, or imaginary, according as 
N is positive, equal to zero, or negative. 


III. Suppose Q to be negative. Then the surface 
y* + Qz S 
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will meet all planes parallel to y — 0 and 2 — 0 in par- 
abolas; but, being met by any plane z =} in the real 
hyperbola γ΄ + Q2 = Pl, is called the Hyperbolie Par- 
aboloid. 

It evidently meets the plane z = 0 in the two inter- 
secting lines y? + Qz — 0, and extends to infinity on both 
sides of that plane. As a particular case, 


1. Corresponding to the negative Q, we have the 
cylinder 
y+ Qz — R. 


As this meets the plane z = 0 in the hyperbola y + Qz 
= f, it is called the Hyperbolic Cylinder. 

When R = 0, this evidently breaks up into two inter- 
secting planes. 


7:30. The foregoing include all the varieties of the 
Quadric. By means of the several equations contained 
in the two preceding articles, we could now proceed to 
develop all the known properties of these surfaces. The 
student, however, can hardly have failed to observe the 
remarkable analogy, not only in respect to the preceding 
classification and its corresponding equations but in re- 
spect to such properties as have already been developed, 
whieh subsists between these surfaces and the several 
varieties of the Conic. He will therefore anticipate that 
by applying to the equations we have just obtained, the 
methods with which the discussion of conies has now 
thoroughly familiarized him, he can obtain the analogous 
properties of quadrics for himself. Accordingly, several 
of the more important ones have been presented in the 
examples at the close of this Chapter. 

It may deserve mention, however, that in these quadric 
analogies to conies, lines generally take the place of 
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points, and surfaces the place of lines; also, that where 
conic elements go by twos, the quadric elements gene- 
rally go by threes. Thus, the conception of two conju- 
gate diameters is replaced by that of three conjugate 
planes. 

Often, in connection with this principle of substitution, 
the result of the analogy is altogether unexpected. For 
instance, the quadric analogue of the conic focus, is itself 
a conic, known as the focal conic, which hes in either 
of the principal planes ; so that, in general, every quadrie 
has three infinitudes of foci. | 

In fact, the subject of Foci and Confocal Surfaces is 
one of the most recent as well as the most intricate in 
connection with quadrics. It was originally investigated 
by CuasLES and MacCurLaAaHn independently ; of whose 
discoveries Salmon has given a brilliant account in the 
Abridged Notation.* 


SURFACES OF REVOLUTION OF THE SECOND ORDER. 


731. Any surface that can be generated by revolving 
any curve about a fixed right line is called a surface of 
revolution. The revolving curve is named the generatriz, 
and the fixed line around which it moves is termed the 
aris. 

We came upon the Quadrics of Revolution and their 
equations, in the preceding investigations. But we shall 
here give some account of them from another point of 
view, for the sake of putting the student in possession 
of the general method of revolutions. 


T22. Let the shaded surface in the diagram represent 


eee es eS — 


*See his Geometry of Three Dimensions, p. 101. 
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the surface generated by any curve, revolving about an 
axis OC. Let the equa- 
tions to the “projecting 
cylinders” of the gener- 
atrix be 


=f (e) Y=ş (2). 
Then, from the definition 
of a surface of revolution, 
the co-ordinates of any 
point P on the surface 
must at once satisfy the 
conditions for being in the 
generatrix and in a circle perpendicular to the axis. 
Hence, if r = the distance PR of any point on the 
surface from the axis Z'Z, we shall have simultaneously 





2 2 
αγ fQte()-r. 
Eliminating the indeterminate r from these equations, 
we get 2 2 
w+ y =f (2) +¢ (2), 
which expresses the uniform relation among the variable 
co-ordinates of the surface, and is therefore the general 
equation to any surface of revolution. p 
This becomes the equation to the surface generated by 
a given curve, when we expand f (z) and φ (2) in accord- 
ance with the equations to the generatrix. Were we to 
suppose the generatrix in one of the reference-planes, 
say the plane ZX, which we may always do when the 
generatrix intersects its axis, we should have y = o (2) — 0, 
and the general equation would assume the simpler form 


et y f. 
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In this, we suppose the axis of z to be the axis of 
revolution; but, obviously, analogous equations of revo- 
lution about the axis of 2 or of y are 


9 
- 


yte=f@, sce) 





733. Equation to the Right Circular Cone.—Let 
the axis of the cone be the axis of z, and 1ts base the 
plane XY. ‘Then, if the co-ordinates of the vertex be 
x’ = 0, z = e, the equation to the generatrix (Art. 101, 
Cor. 1) will be z —  (z— c), where (Art. 705) m= coto, 
if o = the inclination of the side to the base of the cone. 
Hence 


and, substituting in the equation of revolution, we get 
(a? + 4?) tan? p = (g — ο) 
as the required equation to a right circular cone. 


veh. Section of a Right Circular Cone by amy 
Plane.—Since the sections formed by parallel planes 
are similar (Art. 714), it will be 
sufficient to consider the section ps 
formed by any plane VBL passing 
through the axis of y. As this 
plane is projected upon the plane 
ZX in the line OL, its equation 
may be written XC MERETUR. 


Ξ wa to 

Esty a er ΝΑ 
ν NON N "nM 1 ΑΝ 
€ SWR NL ZA: 













η ^ 
e = tan 0, d A ANY 

where z= OQ, the abscissa of 
any point P in the plane; z -— QAI, the corresponding 
ordinate; and 0 = the angle A'OL, which measures the 
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inclination of the plane to the plane XY. Substituting 
for z in the above equation to the cone, we obtain 


(2? + y?) tan? φ = (x tan 0 — ο)», 


the equation to the curve of section NBL. Transform- 
ing this to its own plane, we shall have, in the formule 
of Art. 685, a= 0, 9 — 90”: a’ —90?, β' — 0; a’ =90°, 
p" —90?. We therefore replace x by xz cos 0, and leave 
y unchanged, thus obtaining, as the equation to any 
plane section of a right circular cone, 


2? (tan? p — tan? ϐ) cos? 0 + ytan? o + 2cr sin 0 = οὗ, 
in which 9 = the angle OAC, and 0 = the angle A'OL. 


490. The Curves of the Second Order are Con- 
ics.—The proof of this theorem, promised in Art. 633, 
is furnished by the equation just obtained. For this 
evidently conforms to the type 


Az? + 2 Hxy + By? + 2Gz + 2Fy + C — 0, 
giving to the general co-efficients the particular values 


A = (tan? o — tan? 0) co? 0, .H — 0, B= tan? g, 
G — c sin 0, F—0, C= e. 


It therefore denotes a curve of the Second order, whose 
Species, depending on the sign of H? — ΑΡ, in fact here 
depends on the sign of A; since H — 0, and B is neces- 
sarily positive. 

I. Let A be positive. The function H? — AB will 
then be negative, and (Art. 158) the section will be an 
ellipse. But if 4 is positive, tan? 0 must be less than 
tan? φ; or, we shall have 


0< g. 
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That is, 7} the inclination of the secant plane be less tha: 
that of the side of the cone, the section will be an ELLIPSE 
1. One form of the condition 0 « o is 0 —0. Bu 
under this supposition, the equation to the sectior 
assumes the form 
27 + y? — ο cot? g, 
and we obtain a circle, as a particular case of the Ellipse. 
2. If under the condition 0 < e, we suppose c = 0. 


or that the secant plane passes through the vertex of 
the cone, the section becomes 


2? (tan? o — tan? 0) cos? 0 + y? tan? o = 0, 
and we have a poin!, as the limiting case of the Ellipse. 


IL. Let 4=0. The function 7? — AB will then also 
equal 0, and (Art. 191) the section will be a parabola. 
When A = 0, however, tan? 0 = tan? o; or, 


Ü = φ. 


That is, Zf the secant plane be parallel to the side of the 
cone, the section will be a PARABOLA. 

1. If we suppose 0 = o = 90°, and ec =o, the equa- 
tion to the section can readily be put into the form 
y? = constant; and we learn that when the vertex of the 
cone recedes to infinity, the Parabola breaks up into twi 
parallels. 


2. If 0 = o, and e — 0, the equation to the sectior 
becomes y? = 0, showing that the limiting case of th 
Parabola is a right line. 


III. Let A be negative. The function H? — AB wil 
then also be negative, and (Art. 174) the section will be 
an hyperbola. But if A is negative, tan? 0 > tan’; or 


0 — φ. 
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That is, Zf the inclination of the secant plane be greater 
than that of ihe side of the cone, the section will be an 
HYPERBOLA. 

1. If 0 > φ, and be at the same time of such a value 
that (tan? o — tan? 0) cos? 0 + tan? o = 0, the equation to 
the section will satisfy the condition A + B= 0, and 
the section (Art. 177) will be a rectangular hyperbola. 

2. If 0 — v, and c — 0, so that the secant plane passes 
through the vertex, the section becomes 


x? (tan? o — tan? 0) cos? O — 4? tan? o = 0, 


and the limiting case of the Hyperbola appears as a 
pair of intersecting right lines. 

We have thus shown that every real variety of the 
curve of the Second order can be cut from a right cir- 
cular cone by a plane. The imaginary varieties, of 
course, can not be obtained by.any geometric process. 


736. Equation to the Cireular Cylinder.—The 
generatrix of this surface is a right line parallel to the 
axis: hence, if we take the latter for the axis of 2, the 
generatrix will be represented by z — a. We have, then, 
f (2) — constant =a; and the required equation (Art. 732) 


15 





ety=a?, 
in which a is the radius of the base. 


754. Equation to the Sphere.—Taking the plane 
of the generating circle for the plane ZX, the equation 
to the generatrix is z? +2? =r”. Hence, 


2 
F@="-4 
which substituted in the equation of Art. 732 gives 
et yt gar 


as the equation now required. 
An. Ge. 51. 
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7S8. Equations to the Ellipsoids of Revolu- 
tion.—Let the plane of the generating ellipse be the 
plane AY. The equation to the generatrix will be 
b + «wy? = ah: whence 





Supposing then the axis major to be the axis of revo- 
lution, and therefore substituting in the equation for 
revolution about the axis of z, we get 


2 


L P-E 1 
a? b ex hens 
the equation to the Prolate Spheroid. 

If the generatrix lie in the plane ZX, its equation 
may be written cx? + az? — a?*?, and we have 





Then, taking the axis minor for the axis of revolution, 
we substitute in the equation for revolution about the 
axis of z, and obtain 


the equation to the Oblate Spheroid. 


799. Equations to the Hyperboloids of Revolu- 
tion.—Changing the signs of bẹ? and c? in the expressions 





qu ἐν’ ee a? 
αγ ο αν (x ss-(Q +c). 


a^ C 
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Supposing the hyperbola to revolve about its trans- 
verse axis, we substitute in the equation for revolution 
about the axis of x, and obtain 


2 22 
ES e 





12 
-- — 
a 


the equation to the Hyperboloid of Revolution of Two 
Nappes. 

Substituting in the equation for revolution about the 
axis of z, which here implies that the hyperbola revolves 
about its conjugate axis, we get 


gi + y? 22 1 
τέως δω Emm 9 


a? ce? 





the equation to the Hyperboloid of Revolution of One 
Nappe. 


740. The Ellipse of the Gorge.—This name is 
given to the curve cut from the narrowest part of the 
throat of an hyperboloid of one nappe by a plane per- 
pendicular to its axis. Its equation, found by putting 
z= 0 in the equation to the hyperboloid (Art. 728, IT), is 


9 


g? y" 
a ge 


In the Hyperboloid of Revolution, this curve becomes 
the circle 2? + y? =a’, which is called the Circle of the 
Gorge. 


741. Equation to the Paraboloid of Revolu- 
tion.—Beginning with the generatrix in the plane XY, 
its equation is y? — 4pv: whence 





f (2) = 4px, 
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which, substituted in the equation for revolution about 
the axis of z, gives 


yY + 2 = gpr, 


the required equation to the generated surface. 


TANGENT AND NORMAL PLANES TO THE QUADRICS. 


742. General equation to the Tangent Plane.— By 
reverting to the vectorial equation near the beginning of 
Art. 718, it will be seen that the radius vector will meet 
the Quadric in two consecutive points at the origin, if 
when C — 0 we also have 


G. cos a + £cos 8+ D cos y — 0. 


That is to say, multiplying through by p, and then sub- 
stituting the corresponding z, y, z, every right line in the 
plane 


Gx + Ly + Dz =0 


is a tangent to the surface at the origin. Hence, the 
equation just written is the equation to the tangent plane 
at the origin. 

Supposing the origin not to be on the surface, by 
transforming to any point z'y'z/ of the surface, the 
equation to the tangent plane at such point would be, 


after putting for the new G, F, D their values as given 
in Art. 716, 


tUs HyU; -- 2U/ — 0, 
which, by re-transformation to the original axes, gives 


(x — x) U + (y — y) ο eee E = 0, 
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as the general equation to the tangent plane at any point 
x’ Υπ’. 


Remark.—The generic interpretation of this equation, 
as of its analogue in the Conics, is to regard it as the 
symbol of the polar plane of the point z'y'z', which in 
this view is not restricted to being a point upon the 
surface. 


743. Tangent Planes to the different Quad- 
rics.—The equations to these, in their simplest: forms, 
are found by deriving U,’, U/, U; in the equations 
of Arts. 728, 729, and substituting the results in the 
general equation last obtained. In this way, we get 

ον yy , ale 
τ. 
which represents, in terms of the semi-axes, the tangent 
plane to any ellipsoid ; 


zr o yy 26 
ατα, 

which represents the tangent plane to any hyperboloid of 

one nappe ; 


which represents the tangent plane to any hyperboloid of 
two nappes; 


2 (y'y +Q) =P (a +2"), 
which represents the tangent plane to any paraboloid. 


744. Normal of a Quadric.—The right line per- 
pendicular to any tangent plane at its point of contact 
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with a quadric, is called the normal of the surface at 
that point. Hence, by comparing Arts. 709, 742, we 


learn that 
/ 





e e 
EX rg κ περ Ee 
U, Br U, 





are the general equations to the normal at any point x! y' z'. 

Dy deriving U,', CU, U/ in the equations of Art. 725, 
we obtain the equations to the normals of the central 
quadrics, namely, 


a (x — zr") 


ER Um A eneo) 


/ 9 





27 Eras y' 2 
in which we must use the upper or lower signs in ac- 
cordance with the variety of the surface. If we derive 


U’, U/, U/ in the equation of Art. 729, we obtain 


/ ml 


Urs Ut Tee oe 


το: UA 
as the equations to the normal of a paraboloid. These 
can of course be thrown into other forms when con- 


venient. 


745. Normal Plames.— Any plane that passes 
through the normal of a quadrie at any point, is called 
a normal plane to the quadric. Comparing Arts. 698 
and 744, we learn that the general equation to a normal 
plane will be of the form 


ἰ(υ--ᾳ) | m(y—wy) | (+m) (—2) 


2 





where the arbitrary Æ of Art. 698 is for the sake of 
symmetry replaced by the ratio m :(. 

By deriving U,’, U/, U/ from any specific equation 
to either of the quadrics, and substituting the results in 
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the preceding formula, we can obtain the equation to a 
normal plane for any given quadric in any given system 
of reference. 

It is noticeable that the above equation involves the 
indeterminate ratio m:l. This is as it should be; for 
there is obviously an infinite number of normal planes 
corresponding to any point on a quadric. When the 
normal plane, however, satisfies such conditions as de- 
termine it, we can readily find the corresponding value 
of m:. 


EXAMPLES ON THE QUADRICS. 


1. Determine, by means of their discriminating cubics (see Art. 
726), whether the quadrics 


τα + by? + 52? — 4yz — 4xy = ô, 
12’ — 13y? + 627 + 24 + 12yz — 12zx = + 84, 
2z? + 3y? + 457 + bry + 4yz + 822 = 8, 


are ellipsoids, hyperboloids, or paraboloids. 


2. In any central quadric, the sum of the squares on three conju- 
gate semi-diameters is constant. 


3. The parallelopiped whose edges are three conjugate semi- 
diameters, is of constant volume. 


4. Tangent planes at the extremities of a diameter, are parallel. 


9. The length of the central perpendicular upon a tangent plane 
is given by the equation 
] a’? ie 272 
put ges 
6. The length of the same perpendicular, in terms of its direction- 


cosines, is 
p? =a’ cos! a 4- b? cos? B + e cos? y. 


7. The sum of the squares on the perpendiculars to any three 
tangent planes is constant. 
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8. The locus of the intersection of three tangent planes which 
are mutually perpendicular, is the sphere 
ra aTa οὓ-- αἱ --- δ) ἠ- οἳ 


9. Find the equation to a diametral plane conjugate to a fixed 
point z/y/z/; and prove that if two diameters are conjugate, their 
direction-cosives fulfill the condition 


cos acasa” , cas cos β΄, cos) eos ^ 
E Da ce 


οἱ 


10 The locus of the intersection of three tangent planes at the 
extremities of three conjugate diameters is the central quadric 
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PREFACE TO THE SECOND EDITION. 


Tae first edition of this treatise has been for 
several years out of print, and I had for sometime 
given up the idea of reprinting it. The work, having 
been written at a time when the Modern Higher 
Algebra was still in its infancy, required extensive 
alterations in order to bring it up to the present 
state of the science; and, as I had failed to bring out 
a new edition before my appointment to the office 
which I now hold, I judged it impossible to do so, 
now that other engagements left me no leisure to 
make acquaintance with recent mathematical dis- 
coveries, or even to keep up my memory of what 
I had previously known. When, however, years 
passed and mine still remained the only work in 
English professing to give a systematic account of 
the modern theory of curves, I began to consider 
whether republication might not be possible, if I 


could obtain the assistance of some younger mathe- 
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matician competent to contribute additional sections 
representing the later progress of the science. 
Consulting Professor Cayley on this subject I was 
much and agreeably surprised by his offering himself 
to give me the help I required. It is needless to 
say how gladly I embraced a proposal calculated 
to add so much to the value of my book; and the 
only scruple I have felt in profiting by it is lest 
the time and labour which Professor Cayley has 
devoted to the work of another may, for a time 
at least, have deprived the mathematical world 
of a better work on the same subject by himself. 
My original plan for the division of the labour was 
that Professor Cayley should contribute certain new 
sections or chapters, of which he should take the 
entire responsibility, while I should content myself 
with revising the older part of the book; and 
accordingly the first chapter is entirely Professor 
Cayley’s. But I found it would be impossible in 
this method to give the book the unity it ought to 
possess; and actually our work has been combined 
in a manner that makes it not easy to separate 
our respective shares. Professor Cayley has carefully 
gone over the whole, and there is scarcely a page 
that has not in some way been influenced by his 
suggestions; on the other hand, I have completely 


re-written many of his contributions either for the 
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purpose of making them fit in better with the rest 
of the book, or if I thought I could make some 
simplifieation in his process or some addition to 
his results. I have in fact dealt in the same 
manner with some of the manuscript materials which 
he was so good as to place at my disposal, as I 
have done with published memoirs of his, the results 
of which I have incorporated in the work. On 
looking through the pages the parts which I re- 
cognize as taken from Professor Cayley, with but 
slight or with no alteration, are Chap. I.; the account 
of the forms of triple points, Art. 40; Art. 47, 
the view taken in which I have not myself in 
other places fully accepted; Ex. 6, p. 43; and Arts. 
56—58, 87—89, 138, 139, 151, 198, 243, 270, 
289—291, 407, 408. Besides these I have worked 
into Chap. III. a manuscript of his on envelopes, 
including the theory of evolutes and quasi-evolutes 
and of parallel curves; from another manuscript 
of his I obtained my knowledge of Sylvester’s 
theory of residuation; and I have used one on 
the classification of quartics and one on the bi- 
tangents of quartics. The additions made to the 
chapter in the former edition on the transformation 
of curves are almost entirely derived from a manu- 
script of Professor Cayley’s, from which Arts. 370 
to the end are taken nearly without alteration ; 
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Arts. 401—406 are founded on a manuscript of his 
on Steiner’s theory of polar curves. 

The first edition of this work contained a chapter 
on the application of the Integral Calculus to the 
theory of curves; this I have now omitted principally 
on account of the extension which this subject has 
since received. Such a chapter now, in order 
to have any pretensions to completeness, ought to 
contain an account of the applications which the 
lamented Clebsch, in continuation cf Riemann’s 
researches, made of elliptic and Abelian integrals 
to the theory of curves. But it seems impossible 
that those subjects could be done justice to, except 
in a work having the Integral Calculus as its main 
object; and as such works ordinarily contain chapters 
on the theory of curves, I have thought that this 
branch of the theory might safely be omitted from 


the present treatise. 


The causes which delayed the publication of 
the Second Edition have also retarded the issue 
of this Third, and have prevented me from doing 
all that might be desired in the way of including 
recent investigations. My friend Mr. Cathcart, to 
whose help in correcting the press on this as on 


former occasions I am greatly indebted, had called 
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my attention while the printing was in progress 
to various points which needed fuller treatment. 
These I had hoped to deal with in an Appendix 
at the end, but all I have found time to do has 
reduced itself to the addition of a few references. 
Professor Cayley, it will be observed, has kindly 
given me one or two new contributions. 


TRINITY COLLEGE, DUBLIN, 
July, 1879, 
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HIGHER PLANE CURVES. 


CHAPTER I.* 


COORDINATES. 


POINT-COORDINATES. 


1. WE have in the plane a special line, the line infinity ; 
and on this line two special (imaginary) points, the circular 
points at infinity. A geometrical theorem has either no re- 
lation to the special line and points, and it is then descriptive ; 
or it has a relation to them, and it is then metrical. 


2. The coordinates used for determining the position of 
a point in the plane are Cartesian (rectangular or oblique) 
or else trilinear; the latter, however, including as a particular 
case the former. Speaking generally we may say that the 
Cartesian (rectangular) coordinates are best adapted for the 
discussion of metrical properties; trilinear coordinates for that 
of descriptive properties; but for metrical properties there is 
often great convenience in using the notation of trilinear 
coordinates, the equation of a curve being presented as a 
homogeneous equation in (x, y, 2), where x, y are ordinary 
rectangular coordinates, and z is — 1. ; 

It is proper to consider in some detail the theory of the 
foregoing kinds of coordinates. 


3. As defined Conics, Art. 62, the trilinear coordinates of a 
point are its perpendicular distances (p, g, r) from three given 
lines: it is assumed that the lines form a triangle (viz. that 

* This chapter is by Professor Cayley. 
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no two of them are parallel), and then if (a, b, c) are the sides 
of this triangle, and A its area, and if, moreover, the co- 
ordinates (p, g, r) are taken to be positive for a point within 
the triangle, the coordinates p, q, 7 satisfy the relation ( Conics, 
Art. 63) 

ap+bq+cr=2A. 


By means of this relation, an equation, not originally homo- 
geneous, can be made homogeneous; and it is always assumed 
that this has been done, and, in fact, the equations made use of 
are always homogeneous. 


4. But a more general definition of trilinear coordinates 
is advantageous; viz., without in anywise fixing the absolute 
magnitudes of the coordinates (a, y, z), we may take them to 
be proportional to given multiples (ap, 84, yr) of the original 
trilinear coordinates (p, q, 7). 

Observing that the distance measured in a given direction 
is à given multiple of the perpendicular distance of a point from 
a line, the definition may be stated with equivalent generality 
in several forms as follows: the trilinear coordinates (x, y, 2) 
of a point in the plane are proportional to 


given multiples of the perpendicular distances— 

given multiples of the distances measured in given direc- 
tions— 

given multiples of the distances measured in one and the 
same given direction— 

the distances measured in given directions— 
_ of the point from three given lines. 


The three given lines, say the lines 2—0, y —0, 20, are 
said to be the axes of coordinates, or simply the axes; and the 
triangle formed by them, the fundamental triangle, or simply the 
triangle. 

Observe that while the quantities (Œ, y, z) remain indeter- 
minate as regards absolute magnitude, there can be no identical 
relation connecting them; and the equations which we use, 
being necessarily homogeneous, express relations between the 
mutual ratios of the coordinates. 
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5. It is not in gencral desirable to do so, but we may, 
if we please, fix the absolute magnitudes of the coordinates, 
and say (z, y, 2) are equal to (ap, 8q, yr) respectively; the 
coordinates are in this case connected by the relation 

ax by οὐ 

apoy 
which relation serves to determine the absolute magnitudes of 
the coordinates (x, y, 2) of any particular point when their 
ratios are known. 

It is scarcely necessary to remark that the distance of a 
point from a line is considered to change its sign as the point 
passes from one to the other side of the line. The selection 
of the positive and negative sides might be made at pleasure 
for each of the three lines, but it is in general convenient to 
fix them in suchwise that for a point within the triangle 
the ratios (x: y : 2), or (when these are determinate in absolute 
magnitude) the coordinates (x, y, z), shall be positive. 


= 2A, 


6. Taking the lines x =0, y =0, 20 to be given lines, the 
values of the ratios æ : y : z depend upon those of the implicit 
constants a, 8, y, and are thus not as yet completely defined ; 
but we can fix them so that for a given point the ratios (ως y : z) 
shall have given values. Thus, if for the given point whose 
perpendicular distances are p, g, 7, the ratios are to have the 
given values 2,:9,:2,, this completes the determination of 
the coordinates, viz., we have 


ο ο τών. 
επ. 


Again, what is nearly the same thing, we can choose our co- 
ordinates so that a given linear equation Ax + By+Cz=0 
shall represent a given line. In fact, if the equation of the 
given line in terms of the coordinates (p, ῃ, 7) is ap + bg +cr — 0, 
. then we have thus the determination 


MM 
eY: ων epee g” 


It is not in general desirable to make any use of the equations 
just written down; the convenient course is to consider the 
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coordinates to have been fixed in suchwise that the point 
(1:1: 1) shall be a given point of the figure, or that the line 
x+y 2-0 shall be a given line of the figure. 


7. It is to be observed that we may properly speak of the 
point (a, 8, y), meaning thereby the point, the coordinates of 
which have the mutual ratios 7: y : z equal toa: 8:y. And 
when we speak of the coordinates of a point as being (a, B, y), 
or of (x, y, z) as being equal to (a, 8, y), we mean the same 
thing; that is to say, we only assert the equality of ratios, for 
the very reason that the absolute magnitudes are indeterminate. 
Thus, in the last paragraph, instead of the point (1:1: 1), 
we might have spoken of the point (1, 1, 1). 


8. The point (1, 1, 1) and line z--y - 2-0 (or generally 
the point (a, 8, y) and line zt 5 t 70 stand in a well- 
known geometrical relation to the fundamental triangle, viz. 
if the point be O, the line 
will be LMN which joins 
the intersections with the 
sides of the fundamental 
triangle ABC of the cor- 
responding sides of the 
triangle DEF formed by 
the points where the lines N A F B 
joining O to the vertices of the fundamental triangle meet the 
opposite sides; or, conversely, if the line LMN is given, we 
geometrically construct the point O by joining the points L, 
M, N where the line intersects the sides of the fundamental 
triangle to the opposite vertices of that triangle; the joining 
lines form a new triangle, and the lines joining its vertices to 
the corresponding vertices of the fundamental triangle meet in | 
the point O. The line and point are in fact “ harmonics,” or, 
as will be hereafter explained, they are “pole and polar" in 
regard to the triangle considered as a cubic curve, or we may 
say simply in regard to the triangle. "Thus, if either the point 
or the line be given, the other is known, and it is the same 
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thing whether we assume the point (1, 1, 1) to be a given point, 
or the line z 4- y¥+2=0 to be a given line. 

Considering the line x+y+2=0 as a given line, we 
have in all four given lines, and writing for convenience 
x+y+2+w=0 (that is, considering w as standing for —-x— y- z), 
the determination of the coordinates is such that 220, y — 0, 
z — 0, w — 0 are given lines. 


9. The coordinates may be such that the point (1, 1, 1) 
shall be the centre of gravity of the triangle; or, what is the 
same thing, that the line «+ y +z —0 shall be the line infinity. 
Reverting to the equation ap+bq+cr=2A, this comes to 
assuming 2:9:2-ap:bq:cr;j viz. if we join the point to 
the three vertices, so dividing the fundamental triangle into 
three triangles, then the coordinates x, y, 2 are proportional to 
the three component triangles (or, what is the same thing, each 
coordinate is proportional to the perpendicular distance from 
a side, divided by the perpendicular distance of the opposite 
vertex from the same side), And it may be noticed that if, 
fixing the absolute magnitudes of the coordinates, we assume 


ap bg ο 
2,3 2 ος T 2A! 
that is, take x, y, 2 to be equal to the component triangles, each 
divided by the fundamental triangle; then the relation satisfied 
by the coordinates will be z-- y 2-1. 


10. A particular case is when the fundamental triangle is 
equilateral; bere if x, y, z be proportional to the perpendicular 
distances from the sides, (1, 1, 1) 1s the centre of the figure, 
and «+y+z=0 is the line infinity; if, fixing the absolute 
magnitudes, we take (a, y, z) to be equal to the perpendicular 
distances, and moreover take as unity the perpendicular distance 
of a vertex from the opposite side, then the coordinates of the 
centre of the figure are (4, 4, 4), and the relation between the 
coordinates is c +y -- 2 — 1. 

In this case, where the fundamental triangle is equilateral 
and z-Fy--z-0 the line infinity, the coordinates of the cir- 
cular points at infinity are x: y:221:0:o and 1: w": o, 
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where w is an imaginary cube root of unity; in fact, taking 
X, Y as Cartesian (rectangular) coordinates, the origin being 
at the vertex (z—0, y —0) of the triangle, and the coordinate 
X being along the side x= 0, we have 


X43-Y 2-X/3-Y 
2 : 2 
But for the circular points at infinity X and Y are infinite and 
X x £Y 20 (where -Ξξ J/(— 1), as usual) ; wherefore 
—1*243 —147/3 
2 ` 2 


v, Y, 2 =Y, respectively. 


v: y:z=l1: 


—l +43 


-] --ὲνὸ 
E NE a 


2 
thisisz:y:2—1:o:o'or-1:0' : o. 


or taking ω to be = , and therefore w= 


11. Let one of the axes, say that of z, be the line infinity : 
the distance r has here the value oo, which must be regarded 
as an infinite constant; yr is therefore a constant, which may 
be made finite, and without loss of generality put =1; we 
have therefore x: y : z =ap : Bq : 1, where the coefficients a, 8 
may be so determined that ap, Bq shall represent the dis- 
tances from the line x=0 and from the line y 20, each 
measured in the direction parallel to the other of these lines; 
that is, if .X, Y are the Cartesian coordinates of the point, 
then 2:9y:22Y : X:1;5 or, what is the same thing, fixing 
the absolute magnitudes of the coordinates, z, y and z=1, will 
be the Cartesian coordinates of the point referred to any two 
axes of coordinates. 


12. In what just precedes we have used only the line 
infinity, not the circular points at infinity ; and the resulting 
Cartesian coordinates are in general oblique, but they may 
be rectangular; viz. taking the lines z 20, y=0 as any two 
lines harmonically related to the circular points at infinity; or, 
what is the same thing, at right angles to each other, then the 
coordinates will be rectangular. The harmonic relation re- 
ferred to is that the two lines meet the line infinity in a pair 
of points forming with the circular points at infinity a range 
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of four harmonic points; or, what is the same thing, the two 
lines and the lines from their intersection to the circular points 
at infinity form a harmonic pencil. (See Conécs, Art. 356). 


13. It is in some cases convenient to use the imaginary 
coordinates ἕξαω-- iy, n=x— iy, and z=1: these may be 
called circular coordinates. 


CIRCULAR POINTS AT INFINITY. 


14. Fora given system of trilinear coordinates, the coordi- 
nates of the circular points at infinity may be obtained as 
follows. Suppose, first, that the coordinates α, y, z denote the 
perpendicular distances from the sides of the fundamental 
triangle; then taking an arbitrary origin O and system of 
rectangular axes OX, OY, if p,q,r are the perpendicular dis- 
tances of O from the sides of the triangle, and A, p, v the 
inclinations of these distances to the axis OX, the relations 
between the two sets of coordinates (x, y, z) and (X, Y), are 


x= X cosà + Y sind— p, 

y= X cosy +Y sinp — 4, 

z = X cosy + Y sinv =r. 
Write for shortness cosà +7 sind, cosy? sing, cosy + ? siny 
(or €^, εἰμ, civ) DL, M, N respectively; then taking X and Y 
infinite, and X+7Y=0, we have for the two circular points 
respectively 
1 9 1 ο 1 
1, 9 M' N e 
Writing A, D, C for the angles of the fundamental triangle, we 
have between A, B, C and à, μ. v a set of relations such as 


2:y:2-L: MiNand z:y:2— 


A= π--μ-ν 

B=-aw+v—-n2, 

C= mtX—p, 
and hence writing cos A 1-1 sin A, cosB+7 sin D, cosC+ 7 sinC 
(or οἷά, 2, $C) =a, B, y respectively, we find 


M N L 
a=— x) B=- Τι Υπ qp 08y—- 1, 
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and the coordinates of the circular points at infinity are thus 


; 1 1 
ο ον ie and λα i$, 
-yi-lic, = piel a, 
1 1 
ο NT moon cda 
the three expressions for each set of coordinates being of course 
identical in virtue of the relation ay =- 1. 


The same formule obviously apply to the case where the 
coordinates x, y, z, instead of being equal, are only proportional 
to the perpendicular distances from the sides of the triangle; 
and they are thus the formule belonging to the system of 
coordinates for which the equation to the line infinity is 


x sin Á + y sin B+ z cosC = 0. 


15. It may be added, that the original system of relations 
between x, y, z and X, Y, gives 


(y +q) (2 1 τὴ sin A+ (z +r) (x+ p) sin B+ (x+ p) (y +q) sinC 
=sin 4 sin B sin C (X*+ Y 5, 
or, what is the same thing, we have 
yz sin 4 + zæ sin B + zy sin C = sin 4 sin B sin C (X° + Y?) 
+ linear function of X, Y, 1, 


viz. the equation yz sin Á + zz sin B + zy sinC=0 is the equa- 
tion of a circle, and thia being so, it is obviously the equation 
of the circle circumscribed about the fundamental triangle; 
and the formula holds good in the case where z, y, z are 
proportional to the perpendicular distances; the circular points 
at infinity are therefore the intersections of the circle 


yz sin 4 + zz sin B 4 zy sinC = 0, 
by the line infinity 
x sin 4 + y sinB 4 z sinC — 0, 


(compare Conzcs, Art. 359), and it is easy to verify that the fore- 
going expressions of the coordinates of the circular points at 
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infinity in fact satisfy these two equations. It is to be re- 
marked also, that the general equation of a circle is 


(yz sin A + Ζω sin B + zy sinC) 
+ (Px +Qy + Rz) (x sins +y sin B+ z sinC) — 0, 


where P, Q, R are arbitrary coefficients. 


16. In the system of coordinates wherein x, y, 2 are pro- 
portional to the perpendicular distances, each multiplied by the 
corresponding side, or where the equation of the line infinity is 
æ+y+z=0, we have only in place of the foregoing 2, y, z 

; x y 2 
to write smot? snp? πρ 


points are therefore given by 


; the coordinates of the circular 


oe 55 ο ee 
sin Á’ sin B’ sind — τ... 
1 
= y :-1 FÉ 

1 
bs & :—1, 


x y z 


J 
A—:-—:-————l: ο -ᾱ 
and sin 4 ` sin B` sind T BY 


and the general equation of a circle is 


(yz sin’ A + zz sin’ B+ xy sin C) + (Px + Qy + Rz)(a+y+ 2) =0. 


LINE-COORDINATES. 


17. The coordinates above considered are coordinates for 
determining the position of a point; say they are point- 
coordinates. We have also line-coordinates (tangential co- 
ordinates, see Conics, Art. 70) for determining the position of 
a line; viz. if with any given system of trilinear coordinates 
(x, y, 2), the equation of the line is Ex+ny+z=0, then 
we have a corresponding system of line-coordinates, wherein 

C 
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(ἕν n, ἕ) are said to be the coordinates (line-coordinates) of 
the line in question. Observe that according to this definition 
(E, n, £) are given as to their ratios only, their absolute magni- 
tudes are indeterminate; herein resembling point-coordinates 
according to their mgst general definition. 


18. The coordinates (£, η, £) belong to a line; a linear 
equation ač -- δη-- οξΞθ between these coordinates refers to 
the whole series of lines, the coordinates of any one of which 
satisfy this equation; but all these lines pass through a point, 
viz. the point whose coordinates in the corresponding system 
of point-coordinates (x, y, z) are (a, b, c); the linear equation 
a£ t δη }- c£— 0 in fact expresses that the equation in point- 
coordinates £x + ny + £z = 0 issatisfied on writing therein (a, b, c) 
for (z, y, 2). The conclusion is, that in the line-coordinates 
(E, η, £), the equation αξ + by -- c£— 0 represents a point, viz. 
the point whose trilinear coordinates in the corresponding 
system are (a, b, c). And, generally, any homogeneous equa- 
tion in the line-coordinates (E, η, £) represents the curve which 
is the envelope of all the lines £x + ην + £2 —0, which are such 
that the coefficients (£, 7, £) satisfy the relation in question; 
and this relation is said to be the line- or tangential equation 
of this envelope; in other words, the line-equation of a curve 
is the equation between (E, η, ἕ), which expresses that the line 
Ex+ny+ 62 —0 is a tangent to the curve. 


19. In what precedes the line-coordinates (E, η, ἕ) are 
defined by means of a corresponding system of trilinear co- 
ordinates (x, y, z), the signification of the ratios £ : η: £ being 
thereby in effect completely determined. This is the most con- 
venient course; but, not so much for any application thereof, 
as in order to more fully establish the analogy between the 
two kinds of coordinates, it is proper to give an independent 
quantitative definition of line-coordinates. We may say that 
the trilinear coordinates (£, η, ἕξ) of a line are proportional 
to given multiples of the distances measured in given directions 
of the line from three given points. Suppose, to fix the ideas, 
we take them proportional to the perpendicular distances of 
the line from the three given points. If referring the figure 
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to Cartesian coordinates, the coordinates of the points are 
(a, 8), (a’, 8’), (αν 8"), and the equation of the line is 


AX -BY4 C20, 
then we have 

E:m:£— Aa 4 BB 4C : 4α + BB' +C: Aa" + B8" 0) 
or, what is the same thing, the equation of the line is 

xX, 2.110; 
£, a, 8,1 
7, a, B,1 
6, α΄; i^ 1 
the coefficients of ἕξι η, € are here given linear functions of 
(X, Y, 1), and denoting these coefficients by (a, y, 2) we shall 
have (a, y, 2) a system of trilinear coordinates, and the equation 
will be £z + ny + £2 — 0; the definition thus agrees with the one 
given above. 

We may in like manner, as in Art. 6, determine the line- 
coordinates (£, η, £), so that the line (1: 1: 1) shall be a given 
line of the figure, or that the point §+7+¢€=0 shall be a 
given point of the figure. 


20. Some particular systems may be mentioned. Let a, B, y 
denote respectively the distances C 
in a given direction of the vari- 
able line from the points A, B, - 
C, viz. (a= Aa, B= Bb, y Co); 
then the coordinates £, η, £ may 
be taken proportional to these 
distances, ἕ:τη:ζζα:β:η. æ δ c 
Imagine the point C to move off to infinity in the given 
direction; y has an infinite value which must be regarded as 


a constant; and writing E:n: : Ξα:βτ 1, we may, instead 


of the original coordinates, ἕξ, η, £, take as coordinates £, η, : ; 


that is, a, 8, 1. We have here a system of two coordinates 
a, B, which are respectively equal to the distances in a given 
direction of the line from two fixed points. 
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21. Again, in the annexed figure we have 
a Ap ϱ Bq, Β 


γ᾽ 6p $7 οι) | 
or, what is the same thing, 
a p 1 1 

-τ--:π-:γ---:-τ:]. 

Ap: Bq Cp Cq 
Imagine A, B to go off to infinity 
in the given directions pC, qC re- 
spectively; Ap, Bg have infinite Φ 2 
values which must be regarded as constants; and instead of 
coordinates proportional to a, 8, y, we may take coordinates 


proportional to ec that is, we may take as co- 


μα 
Ap’ Bq’ Y3 


: 1 : 
ordinates --- 1; we have thus a system of two coordinates, 


1 
Cp’ σᾳ' 
which are respectively the reciprocals of the distances in two 
given directions of the line from a fixed point. 


22. There is little occasion for any explicit use of line- 
coordinates, but the theory is very important; it serves in 
fact to show that in demonstrating by point-coordinates any 
descriptive theorem whatever, we demonstrate the correlative 
theorem deducible from it by the theory of reciprocal polars 
(or that of geometrical duality), viz. we do not demonstrate 
the first theorem and deduce from it the other, but we do 
at one and the same time demonstrate the two theorems; 
our (x, y, 2) instead of meaning point-coordinates may mean 
line-coordinates, and the demonstration is in every step thereof 
a demonstration of the correlative theorem. 


23. And in like manner when any theorem is demonstrated 
by line-coordinates, this is also a demonstration of the corre- 
lative theorem ; the only difference is that we here pass from the 
somewhat less familiar theory of line-coordinates to the more 
familiar one of point-coordinates; the transition is rendered 
clearer if we consider the original line-coordinates (E, y, £) as 
being the point-coordinates of the point which is the pole of 
the line in regard to the conic 2? + y 4 2° — 0. 


( 13 ) 


CHAPTER II. 


ON THE GENERAL PROPERTIES OF CURVES OF THE nth DEGREE. 


SECT. I.—ON THE NUMBER OF TERMS IN THE GENERAL EQUATION. 


24. The first step towards obtaining a knowledge of the 
general properties of curves of the n™ degree is the ascertaining 
the number of terms in the general equation. We should thereby 
be enabled, on being given any equation of the n™ degree, 
by simply counting the number of independent constants in the 
equation, to know whether or not the given form were one to 
which all equations of the 4" degree could be reduced. For 
example, the general equation of the second degree contains 
five independent constants.: If, then, we were given any other 
equation of the second degree, containing five constants, for 
instance, 

(z— α)' + (y — BY = (ax + by + 9)”, 

or ((z— a + (y -BYP + (aa) + Y—-BY =e, 
we could expand, and comparing the equation (as at Con:es, 
Art. 77) with the general equation of the second degree, should 
obtain a sufficient number of equations to determine a, β, &c., 
in terms of the coefficients of the general equation. We see, 
then, that any equation of the second degree may, in general, 
be reduced to either of the above forms, and we might thus 
obtain a proof of the properties of the foci and of the directrix. 
The equation 

(ax + by + c! 2 (az + 21 + ο) (α΄α ἠ- b"y +c’) 
contains seven independent constants. The problem, therefore, 
to express these in terms of the coefficients in the general 
equation is indeterminate, as is also geometrically evident, 
since the equation may be thrown into this form by taking 


ας 4 by 4 ο, ax + b"y 4 c" 
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to represent any two tangents, and ax+by+c their chord of 
contact. The equations 
(ax + by)! 2 ex + dy +e, 
(ax + by +1) (α 2 b'y+ 1) 2 0, 
contain each but four independent constants, and must, therefore, 
implicitly involve one other condition; or, in other words, the 
general equation cannot be thrown into either of these forms, 
unless one other condition be fulfilled. This is geometrically 
evident, since the first equation denotes a parabola and the 
second two right lines. The general equation of a circle, 
(a—a)'+(y—B) =r", 
containing but three expressed constants, must implicity involve 
two conditions, or the general equation cannot be thrown into 
this form unless two conditions be fulfilled. And so, again, 
the equation 
S—kS'=0, 
(where S, S' are given quadric functions of the coordinates) 
containing but one expressed constant must imply four con- 
ditions; as we otherwise know, since the conic expressed by 
this equation passes through four fixed points. 


25. Some caution must be used in the application of these 

principles. "Thus, the equation 
(x— α)' + (y — 8)” =ax+by+c 
appears to contain five constants, and, therefore, to be a form to 
which every equation of the second degree is reducible. But 
if we expand, we shall see that the constants do not enter into 
the highest terms of the equation, and that there are but three 
equations available to determine a, 8, &c. The equation can, 
therefore, not be thrown into this form unless two other con- 
ditions be fulfilled. In like manner, the equation 
aS, + 68,+cS,+dS8,+ ο. 4- fS, — 0, 

where S, &c., are six conics, is a form to which the equation 
of any conic may be reduced; but suppose three of the equations 
of these conics to be connected by the relation $,— kS, + US, ; 
substituting this value, the equation would be found to contain 
but four independent constants, and the general equation could 
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not be reduced to this form unless some one condition were 
fulfilled. 


26. Having thus endeavoured to give the reader an idea of 
the nature of the advantage to be gained by a knowledge of 
the number of terms in the general equation of the nt degree, 
we proceed to an investigation of this problem. The general 
equation of the nt degree between two variables may be written, 


A 
+ Bx +Cy 
+ Da’ + Exy + Fy’ 


+ Pa" + Qa" y +...4 Ray” + Sy" = 0. 
And the number of terms in this equation is plainly the sum 
of the series 1+2+3+...4+(n+ 1), and is therefore equal to 
4 (n+ 1) (n+ 2), as has been already proved (Con?cs, Art. 78). 

We shall sometimes write the general equation in the 

abbreviated form, 

Utu,tu,t+...+u,=0, 
where v, denotes the absolute term, and w,, u,, v,, &c., denote 
the terms of the first, second, n, &c., degrees in ὦ and y. 

We shall also sometimes employ the equation in trilinear 
coordinates, which only differs from that just written in having 
a third variable z introduced, so as to make the equation homo- 
geneous, viz., 


WE Anz HU I HHUH uU =O. 
The number of terms is evidently the same as in the preceding 


case ( Conics, Art. 289). 


27. The: number of conditions necessary to determine a 
curve of the n'è degree is one less than the number of terms 
in the general equation, or is equal to 4n(n+3). For the 
equation represents the same curve if it be multiplied or divided 
by any constant; we may therefore divide by .4, and the curve 
is completely determined if we can determine the 4n (n+3) 


&c. 


uc ο Ὁ 
quantities A 2: 
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Thus a curve of the n degree is in general determined when 
we are given $n (n+ 8) points on it; for the coordinates of each 
point through which the curve passes, substituted in the general 
equation, give a linear relation between the coefficients. We 
have, therefore, 4n(n+3) equations of the first degree to 
determine the same number of unknown quantities, a problem 
which admits in general of but one solution. We learn, then, 
that a curve of the third degree can be described through nine 
points, one of the fourth degree through fourteen points, and 
in general through 4n(n+3) points can be described one, and 
but one, curve of the n™ degree. 


28. When we say that $n (n+ 3) points determine a curve 
of the n degree, we would not be understood to mean that 
they always determine a proper curve of that degree. All 
that we have proved is, that there exists an equation of the ntt 
degree satisfied forthe given points, but this equation may be 
the product of two or more others of lower dimensions. Thus, 
five points in general determine a conic, but if three of them 
lie on a right line, the conic is the improper quadric curve 
formed by this right line and the line joining the other two 
points. And, in general, it is evident that, if of the $n (n + 3) 
points more than np lie on a curve of the p™ degree (p being 
less than n), a proper curve of the nt degree cannot be described 
through the points, for we should then have the absurdity of 
two curves of the n and p degrees intersecting in more than 
np points (Conics, Art. 238). The system of the n“ degree through 
such a set of points is the curve of the pè degree, together with 
a curve of the (n — p)'^ degree through the remaining points. 

We may even fix a lower limit to the number of points 
determining a proper curve of the nt degree which can lie on 
a curve of the p'è degree, and can show that this number 
cannot be greater than np —1(p—1)(p—2). For if we suppose 
that one more of the points (viz. np—3(p—1)(p —2)+1) lie 
on a curve of the p* degree, subtracting this number from 
in(n-c-3), it will be found that the number of remaining 
points is 4 (n — p) (n — p + 3), and that, therefore, a curve of the 
(n — py* degree can be described through them. This with the 
curve of the pt? degree forms a system of the n™ degree through 
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the points; and it follows from the last Article that it is in 
general impossible to describe through them any other. 


29. There are cases, however, in which the solution of 
Art. 27 fails: a very simple instance will show that this is so. 
The number of points required for the determination of a cubic 
curve is nine; but nine points do not in every case determine 
a single cubic, for any two cubics intersect in nine points; and 
through these nine points there pass the two cubics; as will 
presently appear, there are in fact through the nine points an 
infinity of cubics. The explanation is that although m linear 
equations are in general sufficient to determine m unknown 
quantities, the equations may be not all of them independent, 
and they will in this case be insufficient for the determination 
of the unknown quantities. The given points are then in- 
sufficient to determine the curve, and through them can be 
described an infinity of curves of the n degree. The geo- 
metrical reason why such cases occur requires to be further 
explained. 

Let us, for simplicity, commence with the example of curves 
of the third degree. Let U=0, V=0, be the equations of two 
such curves, both passing through eight given points; then the 
equation of any curve of the third degree passing through these 
points must be of the form U—kV=0. For this equation, 
from its form, denotes a curve of the third degree passing 
through the eight given points, and it contains an arbitrary 
constant & which can be so determined that the curve shall pass 

U' 
y" 
where U’, V' are the results of substituting the coordinates of the 
ninth point in U and V. This gives a determinate value for k 
in every case but one, viz. when the ninth point lies on both U 
and V; for since two curves of the m'è and n'è degrees intersect 
in mn points, U and V intersect not only in the eight given 
points, but also in-one other. For the coordinates of this point 


through any ninth point. We should, in fact, have k= 


0 : : 
k takes the value "E and indeed the form of the equation suffi- 


ciently shows that every curve represented by the equation 
U-kV=0 passes through all the intersections of U and V. 
D 
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Hence we have the important theorem, All curves of the third 
‘degree which pass through eight fixed points pass also through 
a ninth. And we perceive that nine points are not always 
sufficient to determine a curve of the third degree; for we can 
describe a curve of the third degree through the intersections of 
two such curves, and through any tenth point. 


30. The same reasoning applies to curves of any degree. If 
there be given a number of points one less than that which will 
determine the curve (1n (n + 8) — 1), then U—kV=0 (where U 
and V are any two particular curves of the system) is the most - 
general equation of a curve of the κὶὶ degree passing through 
these points. For the equation contains one arbitrary constant, 
to which we can assign such a value that the curve shall pass 
through any remaining point, and be therefore completely de- 
termined. But the form of the equation shows that the curve 
must pass through all the n* points common to U and JV, and 
therefore not only through the 4n(n+3)—1 given points, but 
also through as many more as will make up the entire number 
to n°. Hence, All curves of the n™ degree which pass through 
$n (n + 3)— 1 fixed points pass also through ἃ (n—1)(n- 9) 
other fixed points. 


31. The following is a useful deduction from the preceding 
theorem: Jf of the n? points of intersection of two curves of the 
n'^ degree, np lie on a curve of the p*^ degree ( p being less than n), 
the remaining n(n— p) will le on a curve of the (n—p)™ 
degree. For describe a curve of the (n — p) degree through 
3 (n — p) (n — p -- 3) of these remaining points, and this, together 
with the curve of the p degree, form a curve of the n™ degree 
passing through 4 (n — p) (n — p + 3) + np points; and since this 
number {being equal to 4n (n+ 3) — 1-- 3 (p— 1) (p —2)] cannot 
be less than $n (n-- 3) — 1, this curve will pass through all the 
remaining points; but, obviously, the remaining points do not any 
of them lie on the curve of the p^ degree, and therefore they 
lie all of them on the curve of the (η — p)™ degree. 

It is to be understood in these theorems concerning the 
intersections of curves of the »" degree, that the curves need not 
be proper curves of that degree, for the demonstration in Art. 30 
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holds equally even though U or V be resolvable into factors. 
As an illustration of the theorem of this Article, we add the 
following: Zf a polygon of 2n sides be inscribed in a conic, the 
n (n — 2) points, where each odd side intersects the non-adjacent even 
sides, will lie on a curve of the (n — 2)" degree. For the product 
of all the odd sides forms one system of the n™ degree, and the 
product of all the even sides another; these systems intersect 
in n? points, viz. since each odd side has two adjacent and n —2 
non-adjacent even sides, in the 2n vertices of the polygon, and 
the n(n—2) points, which are the subject of the present theorem. 
But since, by hypothesis, the 2 vertices lie on a conic, the 
remaining n (n— 2) points, by this Article, lie on a curve of 
the (n — 2)" degree. 


32. Pascal's theorem is a particular case of the theorem just 
given, but on account of the importance that the learner should 
clearly understand the principle of the foregoing demonstrations, 
we think it advisable to repeat in other words the proof already 
given. 

Denote the aides of the hexagon by the first six letters of 
the alphabet A 2 0, &c.; then ACH-—ABDF=0 is the equa- 
tion of a system of curves of the third degree passing through 
AB, BC, CD, DE, EF, FA, and also through AD, BE, CF. 
If the first six points lie on a conic S, then the curve of the 
system determined by the condition that it shall pass through 
any seventh point of the conic S must give ACE- k'BDF= SL. 
For it cannot be a proper curve of the third degree, since no 
such curve can have more than six points common with δ. 
The right line Z will therefore contain the three points AD, 
BE, CF. 

We may add, that it is this proof of Pascal's theorem which 
leads most readily to Steiner’s and Kirkman's theorems (Conics, 
p.361). Thus, let 


12.34.56 — 45.61.23 = SL, 


where 12 denotes the line joining the vertices 1, 2, &c.; and 

where Z consequently denotes the line through the intersections 

of the opposite sides, 12, 45; 34, 61; 56, 23; and let 
12.31.56 — 36.25.14 = SM; 
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then, obviously, 
45.61.23 — 36.25.14 = S(M - Lj; 


or the Pascal line indicated by the latter equation passes 
through the intersection of the other two. 

It may, however, be remarked that the theorem of Art. 31, 
in the case in question n = 3, is a particular case of the theorem 
of Art. 30; viz., the system of the three odd sides is one of the 
cubies, and the system of the three even sides the other of the 
cubics U— 0, V=0 of Art. 30. And we may deduce Pascal's 
theorem directly from that theorem; viz., considering the conic 
through the six vertices, and the line joining two of the three 
points of intersection of the opposite sides, the conic and line 
form a cubic through eight of these nine points, and therefore 
through the ninth point; that is, the line passes through the 
remaining one of the three points of intersection of the opposite 
sides; viz., these three points lie in a line. 


33. It has been proved that, although two curves of the 
n" degree intersect in n” points, yet n” points, taken arbitrarily, 
will not be the intersections of two such curves; but that 
n' —$ (n — 1) (n — 2) of them being given, the rest will be deter- 
mined. A similar theorem holds with regard to the np points 
of intersection of two curves of the »'^ and p degrees. ‘Thus, 
though a curve of the third degree intersects one of the fourth 
in twelve points, yet through twelve points taken arbitrarily 
on a curve of the third degree, it will, in general, be impossible 
to describe a proper curve of the fourth degree. For the 
system of the fourth degree through these twelve and any 
other two points will, in general, be no other than the curve 
of the third degree and the line joining the two points. And, 
generally, Every curve of the n!" degree which is drawn through 
np —4(p—1)(p—2) points on a curve of the p® degree ( p being 
less than n) meets this curve in $ (p — 1) (p — 2) other fixed points. 
For we had occasion in Art. 31 to see that 


np-i(p-1)(p-2)*&(n-p)(n- p+3)=an(n+3)—1; 
therefore, by Art. 30, every system of the n degree described 


through the given points, and 4 (n— p) (n — p + 3) others, passes 
through ὁ (n — 1) (n - 2) other fixed points. But one system of 
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the ntt degree which can be described through the points is 
the given curve of the p'^ degree and one of the (»— p)! 
through the additional assumed points. The 4 (»—1)(n- 9) 
new points must therefore lie, some on one, some on the other 
of these two curves. And it is evident that these points must 
be so distributed between them as to make up the total number 
of points, in the first case, to np, in the second to n (n— p). 
Hence the truth of the theorem enunciated is manifest. 


94. A further extension of this theorem has been given by 
Prof. Cayley: “ Any curve of the v** degree (r being greater than 
m or n, but not greater than m+n — 3), which passes through all 
but 4 (m En —r — 1) (m -- n — r —2) of the mn intersections of two 
curves of the m® and n™ degree, will pass also through the 
remaining intersections.” 

The reader will more easily understand the spirit of the 
general proof we are about to give by applying it first to a 
particular example. ‘Any curve of the fifth degree which 
passes through fifteen of the intersections of two curves of the 
fourth degree will also pass through the remaining intersection." 
For take two arbitrary points on each of the curves of the 
fourth degree. These four, with the fifteen given points, make 
nineteen points, through which, if several curves of the fifth 
degree pass, they will (by Art. 30) pass through six other fixed 
points. But each curve of the fourth degree, together with 
the line joining the two arbitrary points on the other curve, 
forms a system of the fifth degree through the nineteen points. 
Hence all the intersections of the given curves of the fourth 
degree lie on every curve of the fifth degree through the 
points. Q.E.D. 

So, in general, take 4 (r — πι) (r — m + 3) arbitrary points on 
the curve of the nè degree, and through them draw a curve of 
the (r—m)^ degree; and take 4(r—n)(r—n+3) points on 
the curve of the m degree, and through them draw a curve of 
the (r—n)™ degree; take as many of the mn points of inter- 
section as with the arbitrary points make up dr (r--3) —1; then, 
since the curves of the (r — m)'^ and mt? degree make one system 
of the r degree through the points, and the curves of the 
(r-n) and ntt make another, the intersection of these two 
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systems will be common to every curve of the rtt degree through 
the points. But 


gr (r+3)-—-1—3 (r—m) (r-— m 3) —4(r—n) (ν-- 3 4-3) 
=mn—-4(mt+n—r—1)(m+n—r—2), 


as the reader may verify without difficulty. Hence the truth 
of the theorem appears. To make the proof applicable 7 must 
be at least equal to the greater of m or n; and also r— m 
must be less than n, since otherwise it would not be possible 
to describe, through the assumed points on the curve of the 
ntù degree, a curve of the (r — m) degree, distinct from or not 
including as part of itself the curve of the n degree; and, since 
the theorem is nugatory for r=m+n—1 or m+n—2, the 
condition is r not greater than m +n — 3.* 


SECT. II.—ON THE NATURE OF THE MULTIPLE POINTS AND 
TANGENTS OF CURVES. 


85. The simplest method of introducing to the reader the 
subject of the singular points and lines connected with curves 
seems to be, first, to illustrate by particular examples the nature 
of these points and lines, and afterwards to lay down rules by 
which their existence may be detected in general. 

We shall employ the Cartesian equation given in Art. 26. 


* Euler appears first to have noticed the paradox, that two curves of the n'è degree 
may intersect in a greater number of points than are sufficient to determine such a 
curve (see a Memoir in the Berlin Transactions for 1748, “On an apparent Contra- 
diction in the Theory of Curves") The same difficulty is pointed out by Cramer, 
in his * Introduction à l'Analyse des Lignes courbes algébriques," published in the 
year 1750. It was only comparatively recently, however, that the important geo- 
metrical theorems were observed, which are derived from this principle. In the year 
1827 M. Gergonne gave the theorem of Art. 31 (Annales, vol. XVII., p. 220). The 
general theorem of Art. 30 was given about the same time by M. Plücker (Entwicke- 
lungen, vol. 1., p. 228; and Gergonne's Annales, vol. XIX., pp. 97, 129). It was some 
years afterwards that the cases were discussed of the relation which exists between 
the points of intersection of curves and surfaces of different degrees (as in Art. 33), 
These cases were discussed in two papers sent at the same time for publication in 
Crelle’s Journal, one by M. Jacobi (vol. Xv., p. 285), the other by M. Plücker 
(vol. XVI., p. 47). Besides the papers just mentioned, the reader may also consult 
a Memoir by Prof. Cayley (Cambridge Math. Journal, vol. 111., p. 211). The historical 
sketch given in the present note is taken from Plücker's Theorie der Algebraischen 
Curven, p. 13. 
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If we transform this equation to polar coordinates, by sub- 
stituting p cosÜ, p sin@ for z and y (or if the axes be not 
rectangular, mp, np, as at Conics, Art. 136), we get an equation 
of the n degree in p, whose roots are the distances from the 
origin of the n points, where the curve is met by a line drawn 
through the origin, making an angle @ with the axis of x. 


36. If in the general equation the absolute term .4 — 0, 
then the origin is a point on the curve; for the equation is 
evidently satisfied by the values z—0, y=0, that is, by the 
coordinates of the origin. 

The same thing appears from the equation expressed in polar 
coordinates, 


(B cos 0 -- C sin@) p+ (D cos’ + E cos@ sind + F'sin0O)p"- &c.—0; 


for this equation being divisible by p, one of its roots must be 
p=, whatever be the value of 0, and therefore one of the 
n points, in which every line drawn through the origin meets 
the curve, will, in this case, coineide with the origin itself. 

The other (η — 1) points will in general be distinct from the 
origin; there is, however, one value of 0, for which a second 
point will coincide with the origin, viz., if @ be such that 


B cos + C sin0 2 0. 


The equation then becoming 
(D cos'0 + E sin ϐ cos + F sin’6) p* + &c. = 0, 


is divisible by p”, and has, therefore, for two of its roots, p = 0. 
The line, therefore, answering to this value of 0, meets the 
curve in two coincident points, or 18 the fangent at the origin. 

Since we have a simple equation to determine ἰαηθ, we see 
that at a given point on a curve there can, in general, be drawn 
but one tangent. Its equation is evidently 


p(B cos0 4- C sin80) 20, or Be + Cy=0. 


Ilence if the equation of a curve be u,+u,+&c.=0 (the origin 
being a point on the curve), then u,=0 15 the equation of the 
tangent. 


If B=0, the axis of x isa tangent; if C=0, the axis of y. 
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37. Let us now, however, suppose that A, B, C are all =0; 
the coefficients of p will then =0, whatever be the value of 0; 
in this case, therefore, every right line drawn through the origin 
meets the curve in two points which coincide with the origin. 
The origin is then said to be a double point. 

We may see now, exactly as in the last Article, that it is in 
this case possible to draw through the origin lines which meet the 
curve in three coincident points. For let ϐ be such as to render 
the coefficient of p* 0, or D οο5:θ + E sin@ cos0 + F sin*0 — 0, 
then the equation becomes divisible by p°, and three values of p 
are —0. Since we have a quadratic to determine tan6, it 
follows that there can be drawn through a double point two right 
‘lines, each of which meets the curve in three coincident points; 
their equation is 


p (D cos*0 + E sin cos0 + F'sin'0) 2 0, or Dx’ + Hay + Fy’ = 0. 


We learn hence that although every line through a double 
point meets the curve in two coincident points, yet there are 
two of these lines which have besides contact (viz., a conse- 
cutive point common) with the curve at that point; so that it 
is usual to say that at a double point on a curve there can be 
drawn two tangents. If the equation of the curve (the origin 
being a double point) be written u, + u, + &c. — 0, then v, — 0 
is the equation of the pair of tangents at the origin. 

ἣν 

38. It is necessary to distinguish three species of double 
points, according as the lines represented by u,=0 are real, 
imaginary, or coincident. 

I. In the first case the tangents are both real; the double 
point or node is such as that represented in the second figure 
(Art. 39) ; an inspection of the curve shows that there are at the 
‘node two branches each with its own proper tangent; and the 
foregoing quadratic equation in fact determines the directions of 
these two tangents: such a point is termed a crunode. 

A simple illustration of such double points occurs when the 
given equation is the product of two equations of lower dimen- 
sions, or U= PQ. The equation U— 0 then represents the two 
curves denoted by P=0 aud Q=0. But if these two be con- 
sidered as making up a complex curve of the x” degree, this 
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curve must be said to have pg double points (the points, namely, 
where P intersects Q); and at each of these points there are 
evidently two tangents (viz., the tangents to P and Q). 


II. The equation v, 2 0 may have both its roots imaginary. 

In this case no real point is consecutive to the origin, which 
is then called a conjugate point or acnode. Its coordinates satisfy 
the equation of the curve, but it does not appear to lie on the 
curve, and, in fact, the existence of such points can only be 
made manifest geometrically by showing that there are points, 
no line through which can meet the curve in more than n- 2 
points. 


III. The equation v, may be a perfect square; in this case 
the tangents at the double point eoincide, and the curve takes 
the form represented in the fourth figure (Art. 39). Such 
points are called cusps or spinodes. They are also sometimes 
called stationary points; for if we imagine the curve to be 
generated by the motion of a point, at every such cusp the 
motion in one direction is brought to a stop, and is exchanged 
for a motion in the opposite direction. 

The reader might suppose that we could illustrate these 
points, as in the last paragraph, by supposing the curve U to 
break up into two, P and Q, which touch; for ; 
every point of contact will be a double point, the >< 
tangents at which coincide. But such a point 
must be classed among singularities of a higher 
order than those which we are now considering ; QO Z^ 
for the tangent has at it four points along 
the complex curve, viz., two on each of the simple curves, 
while at the cusps we are considering we have seen that the 
tangent generally meets the curve in only three consecutive 
points. In order that the tangent at a cusp should meet the 
curve in four consecutive points, it is necessary not merely that 
u, should be a perfect square, but further, that its square root 
should be a factor in w,; that is to say, that the equation should 
be of the form 

v, + vv, +u + &c. = 0. 

Such points arise from the union of two double points, as 

the reader will readily perceive from the example which we 
E 
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have already given, for when the curves P and Q touch, the 
point of contact takes the place of two points of intersection. 

It is proper to remark that the crunode and the acnode are 
varieties of the node, and varieties of the same generality, the 
difference being that of real and imaginary. The cusp has in 
the investigation presented itself as a particular case of the 
node, but it is really a distinct singularity; the force of this 
remark will appear in the sequel. 


39. As the learner may probably find some difficulty in 
conceiving the relation of conjugate points to the curve, we 
shall illustrate the subject by the following example. Let us 


take the curve 
y” = (w—a) (a— ὦ) (x - e), 

where a is less, and c greater than b. ‘This curve is evidently 
symmetrical on both sides of the axis of x, since every value of x 
gives equal and opposite values to y. The curve meets the axis 
of x at the three points =a, z—5,x-c. When = is less than 
a, y’ is negative, and therefore y imaginary; y" becomes positive 
for values of x between a and b; negative again for values 
between b and c; and, finally, positive for all values of x 
exceeding c. The curve therefore consists of an oval lying 
between A and B, and a branch 
commencing at C, and extending 
indefinitely beyond it. 

Let us now suppose b=c and 
the equation will become 


y' = (x — a) (x — by, 

where 6 is greater than a. The point B has now closed up to C? 
as D approaches to C, the oval and infinite branch sharpen out 
towards each other, and when ulti- 
mately the two points are united 
together the oval has joined the in- B 
finite branch, and the point B has 
become a double point, with branches N 
cutting at an angle. 

But, on the other hand, let b=a, then the equation 
becomes 

y = (x-a) (x- b), 
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where a is less than b; the oval has shrunk into the point 4, 
and the curve is of the annexed form. 
This example sufficiently shows the 
analogy between conjugate points and A € 
double points, the tangents at whicli are 
real. If we suppose a=b=c, the equation becomes y" — (x—a) 


the point A becomes a cusp, as in III. of P 4 


last Article, and the tangent at the cusp À 
meets the curve in three coincident points 


A, B, C, 


8 
3 


40. If in the general equation A, B, C, D, E, F were all =0, 
then the origin would be a triple point, every line through the 
origin meeting the curve in three coincident points; and it is easy 
to see, as before, that at a triple point there are three tangents, 
which are the three lines represented by the equation v, = 0. 

We may also, as before, distinguish four species of triple 
points, according as the three tangents are (a) all three real 
and (1) all three distinct, (2) two coincident, (3) all three co- 
incident, or (b) one real and two imaginary. A triple point 
may be regarded as arising from the union of three double 
points: viz. in the cases (a) these are (1) three crunodes, (2) two 
crunodes and a cusp, (3) à crunode and two cusps; as illustrated 
in the annexed figures, which exhibit the three double points 
as they are about to unite 
into a triple point. The ® (9) 
case (3) scarcely differs 
visibly from an ordinary 
point on the curve, but 
when the figure is drawn accurately there is a certain sharpness 
of bend at the singular point. In the case (b), there is in like 
manner a real branch which comes to pass through an acnode: 
to the eye the singular point does not appear to differ from any 
other point on the curve. 

We may, in like manner, investigate the conditions that the 
origin should be a multiple point of any higher degree (k). 
The coefficients of all terms of 4 degree below & will vanish, 
and the equation will be of the form 


uU, + u,,, + ke. — 0. 


(3) 
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At the multiple point there can be drawn ὦ tangents, represented 
by the equation u,=0; and the nature of the multiple point 
varies according as the roots of this equation are all real and 
unequal, or two or more of them equal or imaginary. 

A multiple point of the order k may be considered as 
resulting from the union of 4£(k — 1) double points. This may 
be illustrated by the case of ὦ right lines, which must be 
regarded as a system having iE (k— 1) double points, namely, 
the mutual intersections of the lines. But if all the lines pass 
through the same point, this is in the system a multiple point 
of the order k, and takes the place of all the double points. 
And the principle is the same whether the lines which intersect 
be straight or curved. A curve by the mutual crossing of 
k branches may have 4k (£—]1) double points, but if all the 
branches pass through the same point, these double points are 
replaced by a multiple point of the order k, 


41. To be given that a particular point is a double point 
of a curve is equivalent to three conditions. For if we take it 
for the origin, three terms of the equation vanish (Art. 37), 
and the constants at our disposal are three less than in the 
general case. If we are further given the tangents at the 
double point, this is equivalent to two conditions more; for in 
addition to 4 —0, B=0, C=0, we are now also given the ratios 
D: E,D; F. 

Being given a triple point is equivalent to six conditions 5 
for, making it the origin, the six lowest terms of the equation 
vanish; and so in geperal if it is given that a certain point 18 
a multiple point of the order k, this is equivalent to $k (k + 1) 
conditions, 


42. There is a limit to the number of double points which 
a curve of the π'' degree can possess, when it does not break 
up into others of lower dimensions. 

For example, a curve of the third degree cannot have two 
double points; for if it had, the line joining them must be con- - 
sidered as meeting the curve in four points ; but more than three 
points of a curve of the third degree cannot lie on a right line, 
unless the curve consist of this right line and a conic, 
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Again, a curve of the fourth degree cannot have four double 
points; for if it had, the conic determined by these and any 
fifth point of the curve must be considered as meeting the curve 
in nine* points; whereas no conic, distinct from the curve, can 
meet it in more than 2 x 4 points. And, in general, a curve of 
the nt degree cannot have more than ἆ (n — 1) (n—2) double 
points; for if it had one more, through these 4 (n — 1) (n —2) - 1 
and η —3 other points of the curve, we could describe a curve 
of the degree n—2 (Art. 27), which must be considered as 
mecting the given curve in 2 {4 (n — 1) (n — 2) - 1] - n — 3 points, 
or in n(n—2)+1 points, which is impossible if the given curve 
be a proper curve. Of course, the demonstration given only 
shows that curves cannot have more than a certain number of 
double points, and does not show (what in fact is the case) 
that they can always have so many. 


43. If the curve have multiple points of higher order, the 
same criterion applies, each multiple point of order & being 
counted as equivalent to 44(k—1) double points. But there 
are limitations to the possibility of substituting for a certain 
number of double points a multiple point of higher order. 
Thus a curve of the fifth degree may have six double points, 
and three of these may be replaced by a triple point; but 
in this case the other three cannot be replaced by a second 


* If a point of intersection of two curves be a double point on one of them, that 
intersection must be reckoned as two, and the curves can only intersect in np — 2 other 
points. If it be a double point on both, the intersection must be reckoned as four, 
And in general if it be on the one curve a multiple point of the degree k, and on the 
other of the degree /, that intersection must be counted as l. Thus, for example, a 
system of & right lines meets a system of / right lines in AJ points; but if all the lines 
of the first system pass through a point on a line of the second system, that point 
clearly counts as & intersections, and the lines intersect only in Æ (J — 1) other points, 
And if every line of both systems pass through the same point, that point counts as 
kl intersections, and the lines meet nowhere else. 

If two curves touch at their point of intersection, the point of contact will, of 
course, count as two intersections, since they have two coincident points common. 
If the point of intersection be a multiple point on one or both curves, and if one 
of the tangents at the multiple point be common to both curves, we must add one 
to the number of intersections to which it has been already shown that the multiple 
point is equivalent; for, besides the points just proved to be common, they have a 
consecutive point in common on one of the branches through the multiple point. 

The reader will have no difficulty in seeing the effect of any combination of 
tangents and multiple points. 
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triple point, since the line joining the two would meet the 
curve in more points than five. Or, generally, if a curve have 
a multiple point of the order n —2, it can have no other higher 
than a double point, and of these according to the criterion not 
more than n — 2. 


44. We call the deficiency of a curve the number D, by 
which its number of double points is short of the maximum j 
this number playing a very important part in the theory of curves. 
If D=0, that is, ¿f a curve have its maximum number of double 
points, the coordinates of any point on the curve can be expressed 
as rational algebraic functions of a variable parameter. For 
the 4 (n — 1) (n — 2) double points, and » — ὃ other assumed points 
on the curve, making together 4 (n + 1) (n — 2) — 1 points, or one 
less than enough to determine a curve of degree 7 — 2, we can 
describe through these points a system of such curves included 
in the equation UZ XV. Now if we eliminate either variable 
between this equation and that of the given curve, we get 
to determine the other coordinate for their points of intersection, 
an equation of the n (n—2) degree in which X enters in the 
n'è degree. But of this equation all the roots but one are 
known; for the intersections of the curves consist of the double 
points counted twice, of the n—3 assumed points, and only of 
one other point, since 

(n—1) (n—2) ἠ- (3-8) 3-12 n (n — 2). 
Dividing out, then, the known factors of the equation, the only 
unknown root remains determined as an algebraic function of 
the n degree in 2. 

It is true, conversely, that if the coordinates can be expressed 
as rational functions of a parameter, the curve has the maximum 
number of double points. Curves of this sort are called unicursal 
curves, When we are given z, y, z respectively proportional to 
αλ’ + &c., a'r" + &c., αλ’ + ἆο., the actual elimination of X is 
easily performed dialytically. Writing down the three equations 


6x=anr"+&e., Oy=a'r"+ &e., 022 a"N 4 &c., 
and multiplying each successively by A, X?,...A"^, we shall have 


9n equations, exactly enough to eliminate linearly all the 
quantities 0, 0X, &c., X, λ &e. The equation of the curve, 
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then, appears in the form of a determinant of the order 3n, 
but only n rows will contain the variables; the curve therefore 
will be of the nt order, and its equation will involve the co- 
efficients a, b, &c., in the 2n* degree. All this will be more 
clearly understood if we actually write down the result for the 
case n —2. We have, then, the three equations 


θα — aX DX e, 0y — 0 N E UXA4 ον 02-0" N DX 4 ο". 
Multiplying each by A, and then eliminating linearly from the 


six equations the quantities 0, 0X, X", X, A, the result appears 
as the determinant 


2, a,b,c 
, r , 
2, a,b,c 
"m "n ui 
2, a, b,c |=0. 


This is the same as the final equation, Higher Algebra, Art. 193. 


45. It appears from Art. 41, that any three points taken 
arbitrarily may be double points on a curve of the fourth 
degree; for the three are equivalent to but nine conditions. 
But the tangents at all these double points cannot also be 
assumed arbitrarily ; for being given the three double points 
and these three pairs of tangents is equivalent to fifteen con- 
ditions, one more than enough to determine the curve. There 
must then be some relation connecting these tangents; and in 
fact, we shall prove afterwards that these six tangents all touch the 
same conic section, so that, given five, the sixth is determined. 

Twenty conditions determine a curve of the fifth degree. 
We may then assume arbitrarily its six double points, and also 
the pair of tangents at any one of them; but the curve is then 
completely determined, and therefore also the pairs of tangents 
at the other five. 

Twenty-seven conditions determine a curve of the sixth 
degree. It would therefore, at first sight, appear that such . 
a curve might be described, having for double points nine points 
assumed arbitrarily. But this is not so, for there is through 
the nine points a determinate cubic curve U=0; and then 
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a curve of the sixth order having the nine points for double 
points, and in general the only such curve is U* — 0, viz. the cubic 
twice repeated. 

And so in like manner for curves of higher degrees, when 
they have their maximum, or even some number less than their 
maximum, number of double points there must be relations 
connecting them. Except in the case of curves of the fourth 
degree, we are not aware that any attempt has been made to 
express these relations geometrically, but there must remain an 
extensive class of theorems of this nature still to be discovered. 


46. What has been said is sufficient to enable the reader to 
form a conception of the nature of multiple points on curves. 
We shall now proceed to show that a curve may in like manner 
have multiple tangents; or, in other words, that there may be 
lines which touch the curve in two or more points, or which 
have with the curve a contact of the second or higher order. 
What are commonly called the “ singular points” of curves may 
be reduced to the two classes, either of multiple points, or of 
points of contact of multiple tangents. As we introduced 
multiple points to the reader by an examination of the particular 
case where the origin was a multiple point, so it will be more 
simple to commence our discussion of multiple tangents by 
examining the condition that the axis (y=0) should be a 
multiple tangent. : 

We find in general the points where this line meets the curve 
by making y — 0 in the general equation, whence we get 

A+ Ba+ Dr’ + σα --... Ρα Ξ0, 
an equation which can be reduced to the form 
P (z — a) (x -- ὃ) (x -- ο) (x— d) &c. =0, 
where a, b, &c., are the values of z for the points where the 
axis meets the curve. 

The axis will be a tangent when two of these points coincide, 
that is, when there is between the roots a single equality a = ù. 
The equation here is 

P (x — ay (x — ο) ὅτε. = 0. 
The axis then touches the curve at the point y— 0, {x=a. If 
4-0, B=0, the axis touches the curve at the origin. We 
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consider only the case α real, because the equation being real, an 
equality α-- ὃ between two imaginary roots would imply another 
equality c=d between two other imaginary roots. 

The axis is a double tangent if we have between the roots 
two equalities c=a, d=b; the equation is then 


P (x — αγ' (x — by (x — e) &e. = 0. 
We have here the two cases 


I. a and b each of them real, when the axis is a tangent 
at the two real points, z—a, %=b. It is evident that such a 
tangent, meeting the curve in two pairs 
of coincident points, cannot occur in any 
curve of a degree lower than the fourth. 


II. a and b imaginary, viz., the equation is here 
P(x! + px + 9) (x—e) &c. — 0, 
and we have a double tangent with two imaginary points of 
contact. 


Again, we may have between the roots an equality a =b =c. 
Here the equation is of the form, a being supposed real, 


P (x — ay (x — d) &c. = 0. 


The axis then meets the curve in three consecutive points. 
In general, taking three consecutive points on a curve, the line 
joining the first and second of these is a tangent, and the line 
joining the second and third is the consecutive tangent. In 
the present case, therefore, two consecutive tangents coincide. 
Hence too, in such a case, the axis may be called a stationary 
tangent; for if we consider the curve as the envelope of a move- 
able line, in this case two consecutive positions of the moveable 
line coincide. The point of contact of a stationary tangent is 
called a point of inflexion. 

If 420, B=0, D=0, the origin is a 
point of inflexion, and y= 0 the tangent at it, 
since then the equation is of the form 


Pè (x — c) &c. = 0. 


47. The crunode and acnode (Art. 38) correspond precisely 
to the double tangent with real contacts and the double tangent 
F 
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with imaginary contacts; the cusp or stationary point also 
corresponds precisely with the stationary tangent. But there 
is no correspondence in the analytical theories; for the cusp we 
have an equality a =b, which is a particular case of the unequal 
values (a, 6), which belong to the crunode and to the acnode; 
for the inflexion we have a double equality a 2 5— c, which 18 
a relation distinct in kind from the equalities a = b, c= d, which 
belong to the double tangent with real or imaginary contacts. 
The double point was discussed with point-coordinates; to make 
the analytical theories agree, the double tangent should have 
been discussed with line-coordinates—the stationary tangent 
would then have presented itself as a particular case of the 
double tangent. But in what precedes the stationary tangent 
presents itself as a distinct singularity from the double tangent: 
so with line-coordinates the cusp would have presented itself as a 
distinct singularity from the double point; and in reference 
hereto the remark was made, Art 38, that the cusp was really 
a distinct singularity. The singularities then mutually corre- 
spond as follows: 


To a double point or node A double tangent (contacts, 
(crunode or acnode), real or imaginary), 

To a cusp, spinode, or sta- A stationary tangent, or tan- 
tionary point, gent at inflexion $ 


and it is only in a certain point of view that the cusp is a 
particular case of the double point, and in a different point of 
view (the reciprocal one) that the stationary tangent is a parti- 
cular case of the double tangent. 

Considering the curve as described by a point which moves 
along a line at the same time that the line revolves round the 
point: there is at the cusp a real peculiarity in the motion, the 
point first becomes stationary, and then reverses the sense of 
its motion; and so at the inflexion, the line first becomes 
stationary and then reverses the sense of its motion. At a 
double point there is no peculiarity in the motion, all that 
happens is that the point in its course comes twice into the 
same position; and so, for the double tangent, there is no 
peculiarity in the motion; all that happens is, that the line in 
its course comes twice into the same position. The cusp and 
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stationary tangent are singularities in a more precise sense than 
are the double point and the double tangent. 


48. In ordinary cases the curve lies altogether at the same 
side of the tangent, but at a point of inflexion the curve crosses 
the tangent, and lies part on one side and part on the other. 

This is a particular case of the following more general 
theorem: Two curves which have common an even number of 
consecutive potnts touch without cutting ; those which have common 
an odd number of consecutive points cross one another at their 
point of meeting. 

Let the equations of the two curves be y=¢2, y= We; let 
them intersect at the point z — a5 then, by Taylor's theorem, 
the values of the ordinates of the two curves, for the point 
c=a+h, are 

E- : 129 Po de Ww 
SU * de τα" d 1.2.3 
n ᾿ ἂψ ht ëp αὶ 
Ju Sag ae 1.2 ' dà? 1.2.3 


— — + &c. 


— — + &c. 


where $, ψ, 2 &c., are the values of dx, Wa, oe &c., 
when «=a. Now, by hypothesis, $ = y, since the curves inter- 
sect at the point =a; therefore 
dp d ap Pyk (dd d 

με”, zh [ας - m rar. 2) raat 9 
Now, by the principles of the differential calculus, when ἦ is in- 
definitely small, the sign of the sum of this series is the same as 
the sign of its first term, but the sign of this term is changed 
when the sign of A is changed; therefore, if at the infinitely 
near point (c=a+h), the ordinate of the curve $ be greater 
than that of the curve ψ, it will be less at the point (æ =a — h). 
Hence if two curves have one point common, in general, that 
which is uppermost at one side of the point will be undermost 
at the other. | 








But now suppose that E: = 2 the first term of the series 
EN | dé dq» 
wil then: be s de a) 1 E which does not change sign 


when % changes sign. The same curve, therefore, which is 
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uppermost on one side of the given point, will be uppermost also 


dp d 
on the other. But when i = x, the curves are manifestly 
closer to each other than in the previous case, since the difference 
of the ordinates no longer involves the first power of A; which 
is equivalent to what is expressed geometrically, by saying that 
the curves have two consecutive points common. Or the same 


” ἡ 


thing may be shown thus: c'y', x'"y" being the coordinates to 


"n 





, 
9 M — e e 
rectangular axes of any two points on a curve, : j A is plainly 


the tangent of the angle which the chord joining them makes 
with the axis of a; but if the points coincide, we learn that 


the value of 2y for the given point expresses the tangent of the 


angle which the line joining it to the consecutive point (i.e. the 
tangent) makes with the axis of x; consequently, if two curves 
have a point common, and x for that point the same for both 


d. 


curves, it follows that the consecutive point is also common. 


49. When the curves have three consecutive points common, 





ap d ; 
we shall have i87 T ; the first term of the series for y, — y, 
. (db d 17 T 
18 ( “πα τα ) 1.3.8? which does change its sign with A, and 


therefore, as before, the curves cross at the given point. And 
so, in general, if the expansion οἵ y,— y, commence with an 
even power of A, it will not change sign with A, and therefore 
the curves touch without crossing; but if it commence with an 
odd power of A, the sign will change with A, and therefore the 
curves cross at the given point. 

The reader has already had an illustration of this, in the case 
of the circle which osculates a conic at any point, and which, in 
general, having three points common with the curve, touches 
and crosses the curve .(Con?cs, Art. 239); but at the extremities 
of the axes the osculating circle passes through four consecutive 
points, and touches without crossing. 

‘he same investigation applies when one of the curves 
becomes a right line. A tangent, therefore, at a point of in- 
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flexion, or any line meeting the curve in an odd number of 
consecutive points, is crossed by the curve; but a tangent which 
meets the curve in an even number of consecutive points has 
the neighbouring part of the curve all at the same side of it. 


50. The axis y=0 will be a triple tangent when the equa- 
tion which determines the points where it meets the curve is 
of the form 

P(x- α)' (z — bF (a -- ο) (z — d) &c. = 0. 
It is evident such a tangent cannot occur in a curve of any 
degree lower than the sixth. We may, as in Art. 40, dis- 
tinguish four species of triple tangents according as the points 
of contact are real and distinct, one real and two imaginary, 
one real and two coincident, or all three coincident. The last 
will be the case when the equation is of the form 
. P(x—a)* (x — b) &c. =0; 

and the axis meets the curve in four coincident points: the point 
of contact of such a tangent is called a point of undulation. In 
like manner there may be multiple tangents of still higher 
orders, or again, points of undulation of higher orders, arising 
when a line meets the curve in more than four coincident points. 
Cramer calls those points at which the tangent meets the curve 
in an odd number of consecutive points, points of visible inflexion, 
to distinguish them from those points de serpentement, or points 
of undulation, which do not, to the eye, differ from ordinary 
points on the curve. 


51. We have hitherto only illustrated the case where the 
erigin is a multiple point, or one of the axes a multiple tangent ; 
it is evident, however, that the form of the equation might, in 
like manner, show the existence of multiple points and tangents 
situated anywhere. 


I. For instance, if the equation be of the form 
αφ + B — 0, 
where a, B are linear functions of the coordinates, and 4, ψ 


are any functions of the coordinates, then αβ is one point on the 
curve. The equation of the tangent at this point is 


αφ + By — 0, 
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where $', ψ’ are the values which $ and ψ' assume when we 
introduce the conditions a=0, @=0. For if we seek the n— 1 
points, in which any line through af, (a — kf) meets the curve, 
we get an equation of the form 


ϐ {k ($' -- MB 4 NB’ + &e.) + (ψ' + M'B + N'8* + &e)] = 


and in order that a second root of this should be 9 = 0, we must 


have kd'+ +’ =0; whence, substituting for k its value —, we 


a 
B 
get for the equation of the tangent 
αφ 4 By — 0. 
II. In general the curve represented by 
αβγὃ &c. = a, y, &c. 


passes through the points 
aa, aB,, ay, &c., Ba, BR, By, &c., γαρ 98, γι &e. 


III. If the equation be of the form 
αφ t β᾽ψ — 0, 

we see (as at Conics, Art. 252), that a is the tangent at the point 
a8, for two of the points in Which this line meets the curve 
coincide. 

Or again, if the curve be 

AARTE C, go- 0, 

t, &c. are the tangents at the n points, where ϐ meets the curve. 

The form of the equation shows that if the points of contact of 


n tangents lie on a right line B, the remaining points where these 
tangents meet the curve lie on the curve of the (n —2)™ degree φ. 


IV. If the equation be of the form 
αφ t aBy + β᾽χ = 
and if we seek the points where any line . 10) through a8 meets 
the curve, we find that two of these always coincide with af, 
and therefore that this is a double point. It appears precisely as 
in I., and in Art. 37, that the tangents at E double point are 


ap + aByy + BX’ = 
where $', 4", x' are the values which AE functions take for 
the coordinates of the point a 20, 8 — 0. 
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V. So again, if the equation be of the form 
o^ -- a! B -- αβ᾽χ 4 Po — 0, 
the point αβ is a triple point; the three tangents being given by 
the equation 
ap + d By + αθ'χ' + ho! = 0. 
VI. If the equation be of the form | 
αφ + By dr = 0, 
a is a double tangent at the points a, αγ. 


VII. Ifthe equation be of the form 
αφ -βνΞ0 


αβ is a point of inflexion, and a the tangent at it. 


52. We shall first illustrate the last Article by showing how 
the equation enables us to discern the nature of the points of 
the curve at an infinite distance. ‘The trilinear equation is 
(Art. 26) 

ιν, τα, ο + Ke. =0. 
Writing herein z= 0, the directions of the n points at infinity 
are found from the equation v, — 0, which, solved for y : æ, is of 
the form 
(y — mo) (y — me) (y — mæ) (&e.) (y — m,x) = 0. 
A curve of the n'è degree has, in general, n asymptotes, namely, 
the tangents at the n points, where z, the line at infinity, meets 
the curve. We can find their equations readily as follows, when 
the equation v, — 0 has been solved for y : æ. It appears, from 
ITI. of the last Article, that if the equation were reduced to 
the form 
ttet, [αφ 0, 
t, &c. would be the πι asymptotes. But the given equation 


(y — max) (y — m,x) &c. + Zupa H zu, , 4 ἆτο. =0 


n=l 


may always be reduced to the form 

(y—m æ + 2,2) (y — me + gz) Ke. -- zh; . 
for the terms of the n degree in x and y are obviously the same 
for both equations, and the n arbitraries, X,, &c., in the second, 


can be so determined as to make the n terms of the (n- 1)' 
degree the same for both equations. 
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The reader will have no difficulty in understanding this method, 
if he tries to apply it to a particular example; for instance, 
(x +y) (2a + y) (8x + y) + 172^ + 11η + 2y* + 12x + 10y +36 — 0, 
which it is desired to throw into the form 
(α 1- y 4-X) (22 ἠ- y 1- X) (8z 4 y +) + dx t By+C=0. 
To determine X,, X,, A, we should then have the three equations 
EA, + 3A, + 24, 17, 5A, 4,4 34,211, A, +A, +4, =23 
and the equation may be reduced to the form 
(x+y 1-4) (29 +y —3) (δα -- y - 1) - 49z 21y +48 =0. 


rj 
Observe that the values X,, X,, A, are such that we have 
identically 
Ha*rlley42y' OO X, T OENE" 
(x + 4) (2x +y) (Baty) w+ty 204 Bety’ 
and so in general the values λ., X,, ... are determined by decom- 
posing vw, , +, into its simple fractions. 








53. If two roots of the equation u, — 0 be equal (m, — m,), 
the general equation takes the form (y -m x} $+ 23r —0; two 
of the points where z meets the curve coincide, and the line at 
infinity is therefore a tangent to the curve. But if the factor 
y — πια is also a factor in u, then the curve has a double 


1-1) 
point at infinity; for the equation is of the form 


(y — max) $-z(y-— ma) T 2xX-0. 

Should three roots of the equation u,=0 be equal, the line 
at infinity meets the curve in three coincident points, and there- 
fore touches at a point of inflexion. 

If in the general equation the coefficient of γ᾽ be = 0, the axis 
of y passes through a point at infinity, and we have evidently 
only an equation of the (n--1)" degree to determine the re- 
maining points where it meets the curve. 

Should the coefficient of y" also vanish, the axis of y will be 
an asymptote. 


54. We shall in a future section show how the singular 
points of a curve may, in general, be found. But the application 
of the general methods being usually a work of some difficulty, 
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the examples given in works on the differential calculus are, for 
the most part, cases where the existence of the singular points 
more readily appears from mere inspection of the equations; a 
selection, including all the most difficult of these examples, 
will therefore serve to illustrate the preceding Articles. (See 
Gregory’s Examples, p. 170, &c.) 

Ex. 1. z* — az?y + by? = 0. 

Ex. 2. a4 — 2ax?y + 233 + ays + y* — 0. 

In both cases the origin is a triple point. The tangents of the first are given by 
the equation az?y = by’; and of the second by the equation 2xty = y*. By Art. 48 
neither curve can have any other multiple point. 

Ex. 9. ay! — z + ba? = 0. 

The origin is a double point, whose tangents are given by the equation ay? + bz?=0. 

If the sign be given positive, the origin is a conjugate point. 

Ex. 4. (x? — a)? = ay? (2y + δα), or (x — a)? (x + a = ay? (2y + δα). 

Here evidently (x —a, y) and (x + a, y) are double points. To get the tangents 


at the first, we are to make x=a, y=0 in the parts which multiply (x — a)?, y?, 


and we get 
4 (x — a)? = δεῖ, 


In like manner for the tangents at the other double point, 

4 (x + a)? = 8y?. 
The curve has a third double point, whose existence can be shown by throwing the 
equation into the form 

x? (x? — 2a?) =a (2y — a) (y + ay. 

Hence, (z, y 4- a) is a double point, and the tangents at it are 

22? = ὃ (y + a)?. 
Having found these three, we know, by Art. 42, that the curve can have no other 
multiple point. 

Ex. 5. (by — cz)? = (x — a)*. 

The point (by — ez, x — a) is a cusp of such a nature that the tangent at it meets 
the curve in five consecutive points, 

Ex. 6. z* (x + b) = a3y*. 

The origin is & double point, the tangent at which meets the curve in four 
consecutive points. There is a triple point at infinity, to which the line at infinity is 
the only tangent. The line x +b touches the curve where it meets the axis of x, 
and also at a point of inflexion at infinity. 

Ex. 7. me πα So. 

This equation, cleared of radicals, becomes 

(x? + y? + 22) = 272232? ; 
and in this form the existence of six cusps is manifest, for each of the points where 
x meets y?+ 2? is a double point, and x the only tangent at it. Similarly for 
(y, x? + 23) and (z, x? + y?). But the cusps are all imaginary. 
The curve has also four double points, viz. (x + y = 0, x + z = 0). 
This can be proved by putting y F x =u, z F x — v; and therefore 
y=utzr, z=vV tT. 
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Substituting these values in the given equation, it is of the form 
wp + υυψ + v?x. 

The tangents at any of the double points will be found to be given by the equation 
w+uv+v?=0, 

and therefore the double points in question are conjugate points; and, in fact, these 

are the only real points of the curve. 

Or again, the equation may be written 
92? [z* — x? (y? +22) + γή — oz? + 25] — (22? — x? — 275 = 0, 

which is one of three like forms, viz. writing E, η, ( = y? — 2?, 2? — à?, 2? — y?, the 

form is 92? (n? + nC + Q) — (n — Q9 = 0; putting in evidence the double points η = 0, 

¢ —0; or, what is the same thing, £ = 0, n = 0, $ = 0, that is, x? = y? = 22. 


SECT. III.—TKACING OF CURVES. 


55. It is proper to give some examples of the method of 
tracing the figure of a curve from its equation. If we give any 
value (a) to either of the variables a, the resulting numerical 
equation can be solved (at least approximately) for y, and will 
determine the points in which the line z—a meets the curve, 
By repeating this process for different values of x, as at Conics, 
Art. 16, we can obtain a number of points on the curve; and, 
by drawing a line freely through them, can obtain a good idea 
of its figure. By taking notice what values of x render any 
of the values of y imaginary, we can perceive the existence of 
ovals, or can observe whether the curve is limited in any 
direction; and we have already shown (Art. 52) how to find 
whether the curve has infinite branches, and how to determine 
its asymptotes. It will be shewn in the next section how to find 
its multiple points and points of inflexion. The value of ον 
at any point gives the direction of the tangent at that point 
(Art. 48); and if we examine for what points Yo, Or —00, 
we shall have the points at which the course of the curve is 
parallel or perpendicular to the axis of x. 

In practice we must, of course, take advantage of any 
simplifications which the equation of the curve suggests. Thus, 
if we consider a series of lines parallel to one of the asymptotes 
(or a series of lines passing through a point on the curve), the 
equation which determines the other points in which each of 
them meets the curve is of a degree one lower than the degree 
of the curve. If the equation shows that the curve has a double 
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or other multiple point, it is advantageous to consider a series 
of lines drawn through this point, since then the equation in 
question will lose two or more dimensions. 

There is scarcely any exercise more instructive for a student 
than the tracing of curves, and more particularly those in which 
the equation contains one or more parameters which assume a 
succession of different values. In the case of a single parameter, 
this may be conceived of as an ordinate z in the third dimension 
of space, and the problem thus, in effect, is to find the form of 
the several parallel sections of a surface. 

It will suffice to add a few examples to those which will 
incidentally occur in the course of these pages. We refer 
the reader who may wish for further illustration, to Gregory's 
. Examples, Chap. ΧΙ.; or, if still unsatisfied, to the source 
whence all later writers on the subject have drawn largely. 
Cramer’s Introduction to the Analysis of Curves. 


Ex. 1. a4 — az?y + by? = 0 (see Ex. 1, p. 41). 

Here, the origin being a triple point, it is advan- 
tageous to consider a series of lines drawn through it. 
Substituting y= mz, we find z= m (a — bm?), a func- 
tion which, as m passes from 0 to + oo, increases from 0, 
when m = 0, to a maximum value when a — 3m)? = 0; - 
then decreases, and vanishes when a — bm? — 0, and has 
an indefinitely increasing negative value as m increases 
further. The curve is manifestly symmetrical in re- 
gard to the axis of y. Hence the figure is that here 
represented. 


Ex. 2. (a? — a?)? = ay? (δα + 24), (see Ex. 4, p. 41). 


Hence a? = a? + J{ay? (3a + 2y). The curve is plainly symmetrical in regard to 
the axis of y. It has on each side two branches, corresponding to the two signs 
which may be given to the radical. The two branches intersect when y= 0, and ac- 
cordingly we have seen that there are on the axis of z two double points at the distance 
æ=+a. Asyincreases positively, the radical increases indefinitely ; hence the value 
of x, corresponding to the one branch, increases 
indefinitely ; that corresponding to the other de- 
creases, until we come to the value of y corre- \ 
sponding to the single positive root of the equation 
2ajy3 + 3a7y? = at, (2y =a), beyond which this 
branch can extend no higher. For negative values 
of y, the radical increases to a maximum value 
when y+a=0; the one pair of branches then 
intersect in a double point on the axis of y, and 
the other pairis at its furthest distance from that 
axis. Evidently neither branch can proceed lower 
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than the value 3a+2y=0, Hence the shape of the curve is that represented in 
the figure. 


Ex. 3. Given base of a triangle 26 and rectangle under sides m?, the locus of vertex 
is Cassini’s oval, whose equation is, the origin 
being the middle point of base, 


(a? + y? — 62)? — 4c2x? = mf, | 
The accompanying diagram represents the 
figure for different values of m. The dark | / 


curve represents the figure for m — c, the curve 
being then known as the lemniscate of Ber- 
nouili. When m is less than c, Cassini’s curve 
consists of two conjugate ovals within the parts of this figure: when m is greater 
than c, of one continuous oval outside it. 


— 


Ex, 4. On the radius vector from a fixed point O to a fixed line MN a portion 
RP of given length is taken on either side of the right line. The locus of P is a 
curve called the conchoid of Nicomedes, invented by that geometer for the solution 
of the problem of finding two mean proportionals, 

If OA = p, RP = m, the polar equation is (o + πι) cosw =p, and the rectangular 
equation | 

m'y! = (p — y)? (2? + ψῆ, 


The line MN (p — y) touches at a singular point at infinity, and there meets the 
curve in four consecutive points. 
The point 0 is also a double point, the tangents at which are given by the equations 


pa? + (p? — m?) y? = 0. 





It will therefore be a node, conjugate point, or cusp, according as m is greater, less 
than, or equal to p. The continuous line represents the case when m is greater than 
p; the dotted line that when m is less than p. 


Ex, 5. In like manner on the radius vector to a fixed circle from a fixed point on it 
a portion of fixed length is taken on either side of the circle. The curve is called 
Pascal's limaçon. The polar eqnation is p=pcosw+m; and the rectangular 
(x? + y? — px)? = m? (x? + y?). The origin is evidently a double point and is a node 
or conjugate point according as p is greater or less than m. When p — m, the origin 
is a cusp, and the curve is of the form of a heart, and is called the cardioide. This 
is represented by the dark curve in the figure, the inner and outer curves repre- 
senting the forms with a node and with a conjugate point respectively. 
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Ex.6. (x? — a2)? + (y? — b)? = οἱ, where b is supposed less than a. When e — 0, 
the curve consists of the four conjugate points +a, +b. The figures represent the 
cases, (1) c less than b, (2) c=), (3) c intermediate between b and a, (4) c — a, 
(5) ο» a, < *l(a* + bt), (6) c — ἠ(α! + b$). When ο has a greater value, the curve 
is of similar form, but without the conjugate point at the origin. When c= a = ð, 
the double points of (2) and (4) present themselves simultaneously, and the curve in 


fact breaks up into two ellipses as in (7). 
1 
O () | | 
5 (4) 
(3) 


BTO 
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6 
(5) 


(7) 


56. If a curve pass through the origin, then if this be an 
ordinary point on the curve, y may be developed in the form 
y=Az+ Bx'+...; when the origin is a singular point, the form is 
y= Az*+ Bx? + &c., where a is positive and £ and all the indices 
which follow are greater than a; it is for determining the nature 
of the singular point, and the form of the curve in its neighbour- 
hood, very convenient to find even the first term of this develop- 
ment; in fact, in the neighbourhood of the origin the figure 
resembles that of the curve y= Ax", which can easily be con- 
structed. In order to effect such a development, we can employ 
the process given by Newton,* which is most conveniently 
used in the following form. Write in the equation y = Az’, and 
determine the positive quantity a by.the condition that the 
indices of two or more terms shall be equal, and less than the 
index of any other of the terms. This can always be done 
by trial, by equating the indices of each pair of terms, and 
observing whether the resulting value of α is positive, and 
the equal indices not greater than the indices of some other 
term. Having thus found a, we determine A by equating to 
zero the quantity multiplying the terms with equal index. 


* See Methodus Fluxionum et Serierum infinitarum, $c., under the heading 
De reductione affectarum equationum (Opusc. ed. Castillon, vol. I, p.37). See also 
a paper by Professor De Morgan, Quarterly Journal, vol. 1., p. 1, and Transactions 
of the Cambridge Philosophical Society, vol. IX., p. 608. Newton gives the rule 
by means of a diagram of squares, in a form different from that given above. 
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We can then carry on the expansion by substituting y=Ax*+ Brg, 
where A and a have the values already found; and 8 and B are 
determined, if need be, by a similar process; but it usually 
happens that after the first term or terms the indices will 
proceed in a regular order, and the coefficients will be each of 
them linearly determined. Thus, for example, let the curve be 
αὖ + y* — 3axy =0, where the origin is a double point having the 
two axes for tangents; then, writing y=.x* the equation becomes 
αὖ + A®a®* — 3aAx*" = 0. 

We are now to make two indices equal. Trying first 3 = 3a, 
or a=1, we reject this value because it makes the equal indices 
greater than the index a+1 of the other term. ‘Trying next 
ὃ--α-- 1, ora=2, we find that this value will make the equal 
indices less than that of the third term. The equation will 
become (1 — 3a4) αὖ -- 4*2* 2 0, and determining A so as to 
make the coefficient of a? vanish, we see that the equation may 


be expressed in the form y - 5; 4 &e, where the indices of 


the remaining terms are greater than 2; and we learn that the 
form of one branch of the curve at the origin resembles that 
of the parabola 3ay — x". And in the third place equating 
the indices δα, a+1, we find a—3. Here again, the equal 
indices are the lowest and the coefficients of the two terms are 
A’, — 3a A, whence A =y (3a), and the branch is y 2 A/(3ajz*4- &c., 
wherefore near the origin the form approaches to that of the 
parabola y*=3az. It is not necessary for our present purpose, 
but if we desire to continue the expansion we should substitute 


md x + Bx?. The lowest terms would then be 
Y 3a 


l e, P «p 

τα. ee — 8a Bx £8" = 0. 

2145 7 * ga cdm: 
We can then make the indices of two terms equal, and lower 

AUR. : 1 

than the remaining one, by making 8=5, whence B= aa: 
We have shown, then, that if we trace in the 
neighbourhood of the origin the two parabolas 
3ay = x°, y -- 3ar, we have approximately the 
figure in that neighbourhood of the curve we wish 
to construct. 
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57. The same process will lead to a determination of the 
infinite branches of the curve. We must then expand y in 
descending powers of x, and the only dif- 
ference in the process is that we now make 
the equal indices greater than that of any 
other term. Thus, in the example already 
given, equating the indices 3, 3a, we have 
a= 1, and their coefficient 4-1. Attending 
only to the real value for A (= — 1) we sub- 
stitute y =— x + Bx’, and find in like manner 820, B—- a. 
We thus get the expression y 2 —2z —20 + &c., and we see that 
the line v+y+a=0 is an asymptote. The figure is as in the 
diagram. 


58. In the case of the simple cusp of which we have had an 
example, see Art. 39, the two branches which meet at the cusp 
lie on opposite sides of the common tangent, and have their 
convexities opposed to each other; but there is a cusp (which 
is a singularity of higher order) in which the branches lie on 
the same side of the tangent. Thus, in the curve m(ay—2")’=2", 
it is plain that any positive values of a give real values for y; 


: 3 EAR xt 
and if we write the equation in the form ay = 2" ty) then since 


the last term is less than the preceding when œ is small, we see 
that, whether we use the upper 

or lower sign, the value of y will 

be positive for small values of z. 

The axis of x, then, is a tangent 

and both branches lie on the | 

upper side of it. The figure is | 
as here represented. These two kinds of cusps have been 
called keratoid and ramphoid from a fancied resemblance to the 
forms of a horn and a beak. We have seen (p. 27) that 
ordinary multiple points of higher order may be regarded as 
resulting from the union of a number of double points. Professor 
Cayley has shewn (Quarterly Journal, vol. vit. p. 212) that 
any higher singularity whatever may be considered as 
equivalent to a certain number of the simple singularities, the 
node, the ordinary cusp, the double tangent, and the in- 
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flexion. Thus, a cusp of the kind described in this article is 
equivalent to one node, 
one cusp, one double 
tangent, and one inflex- 
ion, as will appear from 
the annexed figure which 
exhibits the node and 
cusp on the point of uniting themselves into the higher sin- 
gularity in question. 
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59. The method that we shall presently use in investigating 
the conditions that a curve should have multiple points or 
tangents, and in ascertaining their position, is the same as that 
already employed in the case of the origin. We shall consider 
a series of radius vectors drawn through a given point; we 
shall form the equation which determines the coordinates of 
the n points where any such radius vector meets the curve, and 
we shall examine the conditions that one or more of these 
points may coincide with the given point itself. In order to 
determine the coordinates of these n points we shall use 
Joachimsthal’s method explained Conics, Art. 290. Since the 
trilinear coordinates of any point on the line joining two points 
12 a'y"z" are of the form λα + px", Ay’ + my", A2 + uz", 
the points where the joining line meets any curve are found 
by substituting these values for a, y, z, and then determining the 
ratio X : u by the resulting equation. And it will be a necessary 
preliminary to the following investigation to discuss carefully 
the functions which present themselves in this substitution. 

If then in U, which is a homogeneous function of the n™ order 
in x, y, 2, we substitute Az + uz', Ay + my’, AZ + uz. for α, y, 2, 
it is evident by Taylor’s theorem that the coefficient of A” will 
be U, and that of Au will be 


,QU αυ αυ , r , , ’ , 
ο στ ty u 4 or xU -y'U,--z Up or αἴ, t+ y M zN, 


using the abbreviations U, U,, U, or L, M, N (as the case may 
be) for the differential coefficients. We shall use the symbol A 
H 
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d du ud ie 
t y ape 7? and the coefficient 
of A", may thus be written AU. In like manner the coeff- 


cient of λ ?4? will be half 


to denote the operation 2’ 








nU μασ μα U: ασ E ΠΕΠ ο 
di? Ct qa 679? godes 77 dade? "I dady’ 
which may be written 
d d d . 
(a arty αρ τ’) Vor vu 


The second differential coefficients are often written with double 
suffixes U, Up Ug Ὁ Un U, but we find it more con- 
venient to use aie lettere, a, e c, f, 9, h, and so to write A*U 
in the form we have used in E the general equation 
of à conic 

ax" + by’ + cz” + 2fyz 4 2gza + Σα. 





In like manner the coefficient of A**y* in the expansion is 
C ; NOS 
193 2 U, and so on; the last coefficient being θα”... ζ. 


It is evident however from the symmetry of the substitution 
that this coefficient will be U', and in general, that the co- 
efficients of any two corresponding terms A“u’, Au^, only differ 
by an interchange of accented and unaccented letters. We 
see thus that A'"'U only differs by a numerical factor from 
xU'.+yU',+2U',, and generally that 
d d ,d μάν, d d dS 

(2 αἱ Y 3,*" a) Κ da: rptu») U5 
only differ by a numerical factor. We may write the last 
function Δ΄ U’, the accent on the U serving to mark the inter- 
change of accented and unaccented letters. 


60. The curve of the (n— 1) degree AU=0 is called the 
first polar of the point z'y'z, with respect to U. In like 
manner A'U-0 is called the second polar, and so on, the 
degrees of the successive polar curves regularly diminishing by 
one, the (n — 2)" polar being a conic, and the (n — 1)" a right 
line. And, from the remark just made, it is plain that the 
equations of the polar line and conic are respectively 


d d dv d d do 
(zag truy tag) στο (ας tray tep) T= 
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Since A*U is obtained by performing the operation A upon 
AU, it is plain that the second polar of z'y'z', with respect to U, 
is the first polar of the same point with respect to AU; and 
generally that the polar curve of any rank is also a polar of the 
same point with respect to all polar curves of a rank lower than 
its own; as is evident from the equation A* (A'U) = A""U. 

For the origin, for which z' and y' vanish, the operation 
A reduces to differentiating with respect to z. If the ordinary 
Cartesian equation be made homogeneous by the introduction 
of the linear unit z (Conics, Art. 69), it may be written 


um + uz" +u” + ἅτο.--0, 
and we find without difficulty, by differentiating with respect to 2, 
that the equations of the polar line, conic, &c. of the origin are 


nuz +u, 0, ġn(n—1) uz +(n— 1) uz 4 u= 0, &c. 


61. The locus of all the points whose polar lines pass through 
a given point is the first polar of that point. 

The equation. zU/ - yU, -zU, —0 expresses a relation 
. between xyz the coordinates of.any point on the polar line, 
and z'y'z those of the pole. And, as in Contes, Art. 89, we 
indicate that the former coordinates are known and the latter 
variable, by accentuating the former and removing the accent 
from the latter coordinates, when the equation becomes 
x'U +y'U,+z'U,=0. There are (n— 1)* points, whose polar 
lines with respect to U will coincide with any given line, or, 
more briefly, every right line has (n — 1)” poles. For take any 
two points on it, the poles of the right line must lie on the 
first polar of each of these points; therefore they are the 
intersections of these curves. Also the first polars of all the 
points of a right line have (n — 1)" common points, viz. the (n — 1)" 
poles of the right line. 

In like manner, the locus of points whose polar conics 
pass through a given point is the second polar of the point; 
and so on. 

If the polar line (or any other polar) of a point pass through 
the point, that point will be on the curve. For if we substi- 
tute cx'y'z for xyz in the equation of the polar, it becomes 
identical with the equation of the curve, since the operation 
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d d : 
hu Vy Tm performed on a homogeneous function only 


affects it with a numerical factor. 


62. Ifa curve have a multiple point of the order k, that point 
will be a multiple point of the order k —1 on every first polar, 
of the order k — 2 on every second polar, and so on. For if the 
origin be at the multiple point, the lowest terms in x and y 
will be of the degree k; in the first polar, which involves only 
first differentials of U, the lowest terms in z and y will be of 
the degree k- 1, and therefore the origin will be a multiple 
point of that order; the equation of the second polar, involving 
second differentials of U, will contain z and y at lowest in the 
degree k — 2, and so on. 

If two tangents at the multiple point in the curve coincide, 
the coincident tangent will be a tangent to the first polar. 
For the lowest term vw, is of the form a'bcd..., where a, 5, ... 
represent linear functions of the coordinates, and hence its 
differentials wil contain a as a factor, and therefore the 
lowest terms in the equation of the polar contain a as a factor. 
And, in general, if l tangents to the multiple point on the 
curve coincide, /—1 of them will be coincident tangents at 
the multiple point on the first polar, 7—2 at the multiple point 
on the second polar, and so on. For if u, have any factor 
in the 7 degree, that factor will be one of the (/— 1)™ degree 
in all the first differentials of u,; of the (/—2)' in all the 
second differentials, &c. 


SECT. V.—GENERAL THEORY OF MULTIPLE POINTS AND 
TANGENTS. 


63. We proceed now to apply the method indicated in 
Art. 59 to the investigation of the multiple points and tangents 
of curves. In order to find where the line joining the points 
αγ, ασ’ meets the curve, we substitute in the equation 
λα΄ + μα" for x, &c., and we get in order to determine the ratio 
X: p, an equation which we may refer to as A —0, and which 
may be written | 


A U +A" pA U' + 3A !42A*U' + &e. = 0, 
it being supposed that in AU’, &c., as previously written, α΄ γα” 
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have been substituted for zyz. In order that one of the points 
λα μα, Ay + μγ΄, Az' + pz” should coincide with z'y'z, it is 
obviously necessary that one of the roots of the equation A=0 
should be 4,20. But this clearly will not be the case unless 
U'—0; and it is otherwise evident that the condition that 


xy'z should be on the curve is, that its coordinates substituted 
in the equation of the curve should satisfy it. 


64. Two of the points in which the line meets the curve 
will coincide with z'y'z', if the above equation be divisible by 
μ᾽» that is, if not only U' 20 but also AU'—0: now it is plain 


), P Ι "n" nor 


that if the line joining 1/2 a point on the curve to ασ’ meet 
the curve in two points which coincide with z'y'z', then z"y"z" 
must lie on the tangent (or tangents if more than one) which can 
be drawn to the curve at x'y'z': but we have now proved that in 
this case xyz” must satisfy the equation xU; + yU; -- zU, — 0. 
Hence, in general, at a given point on the curve there is but 
one tangent, whose equation is that just written. It appears 
thus that the polar line of a point on the curve 15 the tangent. 

All the other polar curves of the point α΄ will touch the 
curve at that point. For it was proved (Art. 60) that the polar 
line with respect to the curve U will also be the polar line 
with respect to each of the polar curves; and (Art. 61) the 
coordinates z'y'z satisfy the equation of each of the polar 
curves; and therefore, by what has been just proved, the polar 


line with respect to any of them will coincide with the tangent. 


65. The points of contact of tangents drawn to a curve from 
any point lie on the first polar of that point. This is a particular 
case of what was proved in Art. 61, or it may be established 
directly in the same way. The equation of the tangent at the 
point z'y'z' having been shewn to be zU, + y U, +2U,' =0, then 
by an interchange of accented and unaccented letters we in- 
dicate that the coordinates of a point on the tangent are sup- 
posed to be known, and those of the point of contact unknown; 
and we see that the latter coordinates must satisfy the equation 
x'U + y'U,+2'U,=0. The curve and its first polar clearly 
intersect in 2 (n — 1) points, and since at each of these inter- 
sections U 0, AU=0 will be satisfied, we see that from a 
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given point there can be drawn n(n—1) tangents to a curve of 
the nt degree, Or, again, (Conécs, Art. 305) the degree of the 
reciprocal of a curve of the n™ degree is in general n (n — 1). 


66. If, however, the curve have a double point, it was 
proved (Art. 62) that the first polar of any given point must 
pass through that double point. The double point, therefore 
(see note, p. 29), counts for two among the intersections of the 
curve with its first polar. But the line joining the point ασ” 
to the double point is not a tangent in the ordinary sense of 
the word, though it is indeed included among the solutions to 
the problem we have been discussing (viz., to draw a line 
through αγγ so as to meet the curve in two coincident 
points); for we have shewn that every line through the double 
point must be considered as there meeting the curve in two 
coincident points. Now the entire number of solutions to this 
problem being always n (n — 1)(viz., the intersections of U and 
AU), the number of tangents, properly so called, which can be 
drawn to the curve is diminished by two for every double point 
on the curve; or the degree of the reciprocal of a curve of the 
nè degree having ὃ double points is n (n — 1) — 20. 


67. If the curve have a cusp, we have proved (Art. 62) that 
the first polar not only passes through the cusp, but also has its 
tangent the same with the tangent at the cusp. Hence (see 
note, p. 29) this cusp counts as three among the intersections 
of the curve with its first polar, and the remaining intersections 
are consequently diminished by three for every cusp on the 
curve. Hence the degree of the reciprocal of a curve having ὃ 
ordinary double points and κ cusps, 15 


n (n — 1) — 28 — 3«.* 


* According to Poncelet, Waring was the first who investigated the problem 
of the number of tangents which can be drawn from a given point to a curve of the 
n'd degree. (Miscellanea Analytica, p. 100). This number he fixed as at most πᾶ, 
Poncelet shewed (Gergonne's Annales, vol. VIII. p. 213) that this limit was fixed 
too high; that the points of contact lie on a curve of the (η — 1)th degree, and that 
their number cannot exceed n (n — 1) Finally, Plücker established the formula 
in the text, and thereby fully explained (as we shall do further on) why it is that 
only n tangents can be drawn to the reciprocal of a curve of the nth degree, though 
that reciprocal is, in general, ef the degree n (n — 1). 
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68. The same principles would shew the effect of any higher 
multiple point on the degree of the reciprocal. A multiple point 
of the order & would (Art. 62) be a multiple point of the order 
k —1 on the first polar, and therefore the number of remaining 
intersections, and consequently the degree of the reciprocal, 
would be diminished bv &(k-— 1). 

We have shewn (p. 28) that a multiple point of the order 
k is equivalent to $k (k — 1) double points, each of which would 
diminish the degree of the reciprocal by two. And the result 
we have now obtained may be stated: the effect of a multiple 
point on the degree of the reciprocal is the same as that of the 
equivalent number of double points. And so generally (see 
Art. 58) for a multiple point equivalent to δ’ double points, «' 
cusps, τ᾽ double tangents, and ι΄ inflexions, the effect on the 
degree of the reciprocal is =20 + 3«'. 


69. We have already seen that the line joining z'y'7 and 
x yz will meet the curve in two points which coincide with 
αγ if U'=0, and if z'y'z" be so taken as to satisfy the 
equation x” U’ + y"U,+2"U;=0. But if it should happen 
that the coordinates z'y'z satisfy the three equations U, — 0, 
U, — 0, U,— 0, then the second condition a” U; 4 y” U; -ρ U,=0 
is satisfied, no matter what z"y"z" may be. The point a'y'z' is 
then a double point, and every line drawn through it meets the 
curve in two coincident points. 

We see then that the curve expressed by the general equa- 
tion in Cartesian or trilinear coordinates will not have any 
double point unless the coefficients be connected by a certain 
relation. For the three curves U, 2 0, U, 20, U, —0 will not in 
general have any point common to all three, and therefore the 
functions U,, U,, U, cannot all be made to vanish together. If 
between these three equations we eliminate x: y : z, we shall have 
a relation between the coefficients, which will be the condition 
that these three polars should intersect, or that the curve U 
should have a double point. This condition is called the dis- 
criminant of the equation of the curve. Thus (Conics, Art. 292) 
we found the discriminant of a conic by eliminating a: ¥: 2 


between the three equations 
axthy+gz=0, hx byt+fe=0, gu+fy+cz=0, 
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each of which must be satisfied by the coordinates of the double 
point if the curve have one, and we found 
abc + 2fgh — af” — bg’ — ch? =0. 

In general the discriminant will be of the degree 3 (n— 1)’ 
in the coefficients of the given equation; for (see Higher 
Algebra, Art. 76) since the three derived equations are each of 
the degree n—1, their resultant contains the coefficients of each 
in the degree (n — 1)”, but the coefficients of the derived equa- 
tions are each of the first degree in the coefficients of the original 
equation. See also Higher Algebra, Art. 105. 


70. We may apply these principles to examine the con- 
ditions which must be satisfied when the first polar of any point 
A, «γα, has a double point. Differentiating the equation 
z' U, - y U, - z U, 2 0, and using for the second differentials the 
notation of Art. 59, we see that if there be a double point B, 
its coordinates must satisfy the three equations 

ax'+hy'+g2'=0, hz by +fz' 20, ga' --fy -- cz  — 0. 
These are three relations connecting x'y'z', the coordinates of 
the point A with αγα, the coordinates of the double point B, 
of which coordinates a, b, &c. are functions each of the (n — 2) 
degree. But on comparing these equations with those cited 
in the last article, we see that if we write the polar conic of 
the point B 

ax’ + by. + cz! + 2fyz + 2gzx + 2hxy = 0, 
the three relations are exactly the conditions that must be 
fulfilled when A or x'y'z' is a double point on the polar conic. 
Hence we infer, ¢f the first polar of any point A has a double 
point B, then the polar conic of B has a double point A; and 
vice versa. 

Between the three equations we can eliminate a'y’z’, and 
obtain as a relation which must be satisfied by xyz, 


abc + 2fgh — af” — bg* — ch? = 0. 
This equation then is the equation of the locus of points B, and 
it appears from what has been said, that it may be described 
either as the locus of points which are double points on first 
polar curves, or as the locus of points whose polar conics break 
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up into two right lines. Since the second differentials a, b, &c. 
are each of the order n — 2 in xyz, the equation just written is 
of the order 3 (n—2). The curve which it represents has im- 
portant relations to the given curve, of which it is a covariant 
(Higher Algebra, p. 124). On account of its having been first 
studied by Hesse, it is called the Hessian of U. 

If between the three equations we eliminated xyz, the re- 
sulting equation in z'y7 would give the locus of points A, 
which may be described either as the locus of points whose 
first polar has a double point, or of points which are double 
points on polar conics. This locus we shall call after the 
geometer Steiner, the Steinerian of U. In order actually to 
perform the elimination in any case, it would be necessary to 
write out a, b, &c., explicitly ; but we can easily see that the 
degree of the resulting equation is 3 (n— 2)η since it is the 
resultant of three equations each of the degree n — 2, and each 
containing z, y, z in the first degree. 


71. Returning now to the equation A — 0, we see that it will 
have three roots u —0, or that the line in question will meet 
the curve in three points coincident with αγ, if the three 
conditions are satisfied U' 20, AU' 20, A*U' -0. Let us con- 
sider first the case when ασ’ is a double point ; then, as we have 
seen, U' and AU" vanish independently of z"y"z", and the third 


oo "n Hg 


condition expresses that ασ must be on the polar conic of 
45. But clearly the point z"y"z" may be any point on either 
of the two tangents at the double point, since each of these 
meets the curve in three coincident points. Hence the polar 
conic of z'y'z must be identical with these two lines; or, in 
other words, the equation of the pair of tangents at the double 
point is A!U' — 0, or 
aa + δ γ᾽ + cz. + 2f'yz + 29'2x + 2h'xy = 0. 
The double point, being one whose polar conic has thus been 
proved to break up into two right lines, is a point in the 
Hessian; and we shew directly that it satisfies its equation. 
For, by the theorem of homogeneous functions, the three 
equations U'— 0, U/—0, U/—0, which are satisfied for the 
double point, may be written 
az + h'y' + 'z' =0, kx + By’ + fiz =0, gx + f'y'+ cz’ =0, 
I 
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whence eliminating 2z'y’z’ we see that the equation of the 
Hessian is satisfied for the double point. 


72. The double point will be a cusp if tlie equation which 
represents the two tangents be a perfect square; that is, if 
bc = f”, ca =g", ab =h". These three are only equivalent to 
one new condition, for if any one of these be satisfied, and the 
coordinates z'y'z of the double point have any finite magnitude, 
the others must also be satisfied. For, solving for the ratios 
αι. 2, 312, successively from each pair of the equations at 
the end of the last article, we have 


r^ Mf-bg be-f' fy-ch 





h’ hf-bg  gh—af! 
y gh—af fg—ch_ οᾱ- ο) 


— — 
— ————— OO" 


z ab 
’ 





Hence if ab — À', and neither of the ratios is infinite, both 
numerator and denominator of every one of these fractions 
must vanish. 


73. The origin will be a triple point if all the second dif- 
ferential coefficients a, b, &c., vanish; for then AU’ vanishes 
independently of x'y"z", and if the second differential coefficients 
vanish, the theorem of homogeneous functions shews that the 
first differential coefficients vanish likewise, and therefore A U’ 
also vanishes. Hence every line through z'y'z' meets the curve 
in three coincident points; and it is obvious that the three 
tangents at that point are given by the equation A*U' — 0. 

There is no difficulty in extending the same considerations 
to higher multiple points. The point 2’ is a multiple point 
of the order ἆ, if all the differential coefficients of the order 
k—1 vanish for that point, and the tangents at the multiple 
point are given by the equation A*U'=0. 

74. Let us now examine in what case a line can be drawn 
through a point æ'y'z' on the curve (but which is not a double 
point) so as to meet the curve in three points coincident with 
«γα: to fix the ideas we may in the first instance assume 
that the curve has no multiple points. We have seen, Art. 71, 
that every point on such a line must fulfl the conditions 
AU'z0, A'U'— 0. 
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The first condition expresses that the line must coincide with 
the tangent at 2'y’z’, as is geometrically evident; the second 
condition expresses that every point on it satisfies the equation 
of the polar conic. The polar conic Α΄ must therefore, in 
this case, contain the line AU’ as a factor; and therefore the 
point z'y'z' must be one of the points whose polar conics break 
up into factors; that is to say, it must be a point on the 
Hessian (Art. 70) And, conversely, every point where the 
Ilessian meets U is a point at which a line can be drawn to 
meet the curve in three coincident points; in other words, is 
a point of inflexion. For (Art. 64) the polar conic of every 
point on U touches U at that point; and if the point be also 
on the Hessian H, and the polar conic consequently break up 
into factors, one of these factors must be the tangent at αγ. 
Any point on that tangent will then satisfy both the conditions 
AU'=0, A*'U'—-0. It follows, then, that every one of the in- 
tersections of the curves U, H will be a point of inflexion on 
U, and since H is of the degree 3 (n —2), that a curve of the 
nè degree has in general δη (n — 2) points of inflexion. 


75. If the curve, however, have multiple points, the number 
of points of inflexion will be reduced. We have already shewn 
(Art. 71) that every double point on the curve is a point on 
the Hessian, but we shall now shew that it is a double point 
on that curve, and more generally that every multiple point 
on the curve of the order & is a multiple point of the order 
3k—4 on the Hessian. The easiest way to shew this is to 
suppose that the multiple point has been taken for the origin, 
and consequently that the equation contains no terms in a and 
y below the degree k. Let us examine, then, the degree of the 
lowest terms in z and y in the second differential coefficients ; 
then evidently where there have been two differentiations with 
respect to x or y, the order of the lowest terms will be £— 2; 
where there has been one differentiation with respect to x or y 
and one with respect to z, the order will be £&— 1, and where 
both have been with respect to z, the order will be &; that is 
to say, the order of the lowest terms will be 

k—2, k—2, k, k—1, k- 1, k-2 
in a, b,c f, g , h^ respectively. 


60 THEORY OF MULTIPLE POINTS AND TANGENTS. 


And combining these, we see that the order of the lowest 

terms in x and y, in every term of 
abc + 2fgh — αγ — bg! — ch’, 
will be 3£ — 4. 

But further, we say that every tangent at a multiple point 
on U will be also a tangent at the multiple point on H. For 
suppose the line z to be a tangent at the origin, and therefore 
(Art. 40), that the lowest terms in a and y all contain 2 as a 
factor, then evidently æ will also be a factor in the lowest 
terms of each of the second differential coefficients in which 
there has been no differentiation with respect to x; that is to 
say, it will be a factor in b, c, and f. But, on inspection, it 
appears that every term of 

abc + 2fgh — αγ" — bg? — ch’ 


contains either b, c, or f. 


76. We are now in a position to calculate the amount of 
reduction in the number of points of inflexion which occurs 
when U has multiple points. If U has a double point, this 
will also be a double point on H, and the two tangents will 
be common to both curves; but (see note, p. 29) when two 
curves have a common double point and the tangents at it also 
common, this point counts for six in the number of their inter- 
sections. The number of intersections therefore of U and H 
distinct from the double point will be reduced by 6, and we 
infer that if a curve have 6 double points, the number of its 
points of inflexion will be δη (n — 2) — 66. 

Similarly, if U have a multiple point of order k, we have 
seen that it is a multiple of the order 3k—4 on H, and that 
there are & tangents common to the two curves. The multiple 
point therefore counts among the intersections as 


k (8k — 4) - ke 6 x 4k (k — 1). 


But we have seen (Art. 40) that the multiple point is equi- 
valent to 44 (ἆ — 1) double points; hence our present result may 
be stated, the multiple point has exactly the same effect in re- 


* It is a useful exercise on the method of Art. 56 to show that at a double point 
o and the curve touch the tangents on opposite sides (Clebsch, Vorlesungen, 
P. . 
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ducing the number of points of inflexion as the equivalent number 
of double points. 


77. The case of a cusp on U requires special consideration. 
Let it be taken for origin and let x=0 be the tangent at it, so 
that the equation is of the form αρ * + u,z"°+ &c. — 05 then it 
will be seen that the orders of the lowest terms in the second 
differential coefficients are 0, 1, 2, 2, 1, 1 respectively ; the terms 


in fact being 
2 


a=22"", b= Ts z", οξ(π.-- 9) (n — 3) a2", 
2 
f=(n-3) ση 2°“, g=2 (n— 2) x2", h= zd gu 
It will be found then that the order of the lowest terms in 
abc + 2fgh — αγ" — bg’ — ον" 
is three, and that only in the terms abc and bg” is the order so 
low, but each of these terms contains 2" as a factor. The point 
on H is thus a triple point arising from a cuspidal point with 
a simple branch passing through it; and the two coincident 
tangents (or cuspidal tangent) coincide with the cuspidal 
tangent of U. Now when two curves have a common point 
which is double on one and triple on the other, that point counts 
for six intersections; and if, moreover, two tangents at the 
double point are also tangents at the triple point, the curves 
have two more consecutive points common, and therefore this 
point counts for eight intersections. Hence if a curve have 6 
double points and « cusps, the number of its inflexions will 
be =3 (n — 2) — 68 — 8«. 








78. We shall hereafter shew how to use the equation A = 0 
to discuss the conditions for double tangents; but the investi- 
gation being a little difficult, we postpone it for the present. 
We shall shew presently that the results already obtained, 
combined with the theory of reciprocal curves, are sufficient 
to determine indirectly the number of double tangents of a 
curve of the nt^ order. 

The equation of the system of tangents which can be drawn 


to the curve from any point z'y'z, may be derived from the 
equation A=0 by the method used (Conics, Arts, 92, 294). Any 
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point on one of these tangents is obviously such that the line 
joining it to z'y'z meets the curve in two consecutive points, 
and in such a case the equation A = 0 will have two equal roots. 
We obtain then the equation of the system of tangents, by 
equating to zero the discriminant of A considered as a binary 
quantic in A, μ. 
Thus, for example, let U be of the third order. Then A is 
λ 0 «λ'μδ XA + wU=0, 
where, for brevity, we have written A’ and A for AU’ and AU. 
The discriminant of A equated to zero is 
(27 UU" + ἐδ’ 2 18AA'U') U= (δ᾽ -44  δ'. 
Now U, A, A’ are respectively of the third, second, and first 
degrees in xyz; the preceding equation then, being of the sixth 
degree, shews that six tangents can be drawn from z'y'z to U, 
as we know already. 

The form of the equation shews that it represents a locus 
touching U in the points where Umeets A. The other points 
where U meets the locus lie on the curve A^ —4AU"' — Q. 
Hence, if from any point six tangents be drawn to a curve of the 
third order, their six points of contact lie on a conic A — 0, and 
the six remaining points, where these tangents meet the curve, lie 
on another conic A" — 4AAU' —0, which two conics have evidently 
double contact with each other in the points A = 0, A' — 0. 

If z'y'z be on the curve U'=0, then A reduces itself to 
λΔ Γλμδ + uU: equating the discriminant to zero, we have 
A’=4A'U, an equation of the fourth degree in xyz. Hence 
through a point on a curve of the third order can be drawn 
in general only four tangents. The tangent at the point in 
fact counts for two. 


79. And so in like manner in general. The discriminant of 
A or of p U+ μ᾽ "XA + uw nA? + &c. is of the degree n (n — 1) 
in xyz, and (Higher Algebra, Art. 111) is of the form U+ (Δ)᾽φ, 
where $ is the discriminant of A deprived of the first term. 
Hence the locus touches U at its points of intersection with A, 
as it plainly ought to do. 

Each of the n (n — 1) tangents meets the curve again in 
n —2 points, and the form of the discriminant shews that these 
n (n —1) (n—2) points lie on a curve ¢ of the order (η —1) (n - 2). 
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Moreover, φ is itself of the form ἆ Δ + (Δ3)"ψ. Hence the two 
curves $ and yf touch each other at the points where the first 
and second polars of x'y'2' intersect. 

Writing A, A" U' 4 A LA' + &c. we see that the discrimi- 
nant may also be written in the form kU’ -(A')! $5 hence if 
x'y'z' is on the curve, and therefore U' 20, the discriminant 
contains the double factor A", or the system of tangents con- 
sists of the tangent at z'y'z' counted twice, and nè —» — 2 other 
tangents represented by p —0. In the same way 6 is itself of 
the form AA'--(A")'y. If then z'y'z be a double point, and 
therefore not only U' but A'—0, $, which was already of 
the degree »' —5 — 2, contains the double factor (Δ); that 18 
to say, among the n*—n—2 tangents are included the two tan- 
gents at the double point, each counted twice, and therefore only 
n' — n — 6 other tangents represented by y — 0. And so, in like 
manner, we can prove that the number of tangents which can 
be drawn from a multiple point of the order & is n” — n — k (k +1). 

The theory already given of the effect of multiple points 
upon the number of tangents which can be drawn from any 
point to a curve shews that the discriminant of A, which in 
general represents the n (n — 1) tangents, will include as factors 
the square of the line joining z'y'z' to every double point of the 
curve, the cube of the line joining it to every cusp, the sixth 


power of the line joining it to every triple point, and so on. 


SECT. VI.—RECIPROCAL CURVES. 


80. We have seen (Conics, Art. 303) that the degree of the 
reciprocal curve is always the same as the class of the given 
curve, and vice versá. It is evident also, that to a double point, 
on either curve will correspond a double tangent on the other ; 
that to a stationary point on one curve corresponds a stationary 
tangent on the other; and, in general, that to a multiple point 
of the Æ? order corresponds a multiple tangent of the same 
order; that the & points of contact of the multiple tangent 
correspond to the & tangents at the multiple point ; and that if 
two or more of these last coincide, so will the corresponding 
points of contact. 


81. We have seen that the general equation in Cartesian 
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or trilinear coordinates represents a curve which has no double 
or other multiple point, unless certain conditions be fulfilled. 
But the general equation represents a curve which ordinarily 
must have double and stationary tangents. For the abscisse 
of the points, where the curve is met by any line y — az + b, are 
found by substituting the value for y in the equation of the 
curve; and since we have two arbitrary constants a and 5 at 
our disposal, we can determine them so that the resulting equa- 
tion shall fulhl any two conditions we please. With one 
constant at our disposal, we could make the equation fulfil any 
one condition; for instance, have a pair of equal roots. The 
problem * given a to determine 5, so that the resulting equation 
should have a pair of equal roots," is no other than the problem 
to draw a tangent parallel to y 2 az. With the two constants 
at our disposal, we can either cause the resulting equation to 
have two distinct pairs of equal roots, or three roots all equal to 
each other. The first is the problem of double tangents, the 
second that of stationary tangents and points of inflexion. 
Thus the double and stationary tangents may be counted as the 
ordinary singularities of a curve whose equation is expressed in 
point coordinates; all higher multiple tangents and all multiple 
points being extraordinary singularities which a curve will not 
possess except for special values of the coefficients of its equa- 
tion. But this is reversed if the equation be expressed in tan- 
gential coordinates. Then the curve represented by the general 
equation ordinarily has double and stationary points and cusps, 
but no singular tangents. Hence double and stationary points 
on the one hand, and double and stationary tangents on the 
other hand, are equally entitled to be ranked among the ordinary 
singularities of curves; they are such, that if any curve possess 
the one its reciprocal will possess the other. 


82. We shall now denote 


the degree of a curve by m, 
its class 3535 
the number of its double points 31.26, 
ον ος double tangents » T) 
ος. ETT τος stationary points κ, 


69090020060000000000009 stationary tangents 4} 6 
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and the corresponding numbers for the reciprocal curve are 
found by interchanging m and n, ὃ and 7, ; and κ. We have 
already obtained (Arts. 67, 77) the values of n and υ in terms 
of m, 6, x; hence, from the reciprocal curve we have the 
values of m and κ in terms of n, τ 6; and from these four 
equations (equivalent, as will presently be seen, to three equa- 
tions only) we can obtain the value of + in terms of m, ὃ, κι 
and that of à in terms of n, 7, +. We have thus Plücker's six 
equations, viz. these are 


(1) n2m'—m-28- ὃκ. 
(2) ιξδπι -- 6m —68 — 8x. 
(3) 27 — m (m — 2) (m? — 9) — 2 (m? — m — 6) (26 + 3x) 


+ 46 (8 — 1) +128« + 9« (x — 1). 
(4) m-2n'—n-—2T—3.. 


(5) x&23n'—6n- 6T —8.. 
(6) 282n(n—2)(»n'—9) —2( —n— 6) (27 + 31) 
4 4T (T — 1) - 127i + 91 (e— 1). 


If from (1) and (2) we eliminate 8, or from (3) and (4) we 
eliminate τ, the result is in each case 


(7) v.—&23(n—m), 
shewing that the four equations are equivalent to three only. 
This may also be written in the forms 

9m — rk 2 9n — ,, and 3m 4 (— 3n t x. 
By taking the difference of the equations (1) and (4), we obtain 
πι — 26 — 9k = w — 2T — δι. 

Whence, replacing υ-- κ by its value from (7), we obtain 

(8) 2(r— ὃ) 2 (n — m) (n+ m — 9). 
The last preceding equation, substituting therein for n and 4, 


or for m and « their values, gives the foregoing equations (3) 
and (6). From (7) and (8) we obtain also 


(9) ἐπι (πι 1-83) --ὃ- 2«2àn(n 3) — 7T — 2x. 
(10) 3(m-1)(n-2)-8—*«-3(n— 1)(n-2) - T - 
(11) πιὶ-- 28 --ὃκξπ' —2r— δις m4 n. 


The entire system of equations is, of course, equivalent to 
K 
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three equations only, and by means of it given any three of 
the six quantities m, n, δι x, T, t, we can determine the remain- 
ing three; thus m, 6, κ being given, η is given by (1), « by (2), 
or more easily by (7), and 7 by (3), or more easily by (8). 


Ex. Suppose we were given m= 6, ô= 4, x = 6; then, by (1), n—4; therefore 
m—-n=2,n-m=-—2, 
Hence (5) e—x=6, or: =0; 


n+m—9=1; therefore r — ò= — 1; therefore 7 = 3. 


83. Since when a curve is given its reciprocal is determined, 
it is evident that the same number of conditions must suffice 
to determine each. Now to be given that a curve has 6 double 
points is equivalent to ὃ conditions. ‘Thus, for example, a conic 
is determined by five conditions; but if it have a double point, 
that is, if it reduce to a system of two right lines, it is deter- 
mined by four conditions; by two points for instance on each 
of the right lines. So, again, to be given that a curve has a 
cusp is equivalent to two conditions. Hence (and Art. 27) 
a curve of the m degree with ὃ double points and x cusps is 
determined by 4m (m+ 8) — ὃ — 2« conditions, and its reciprocal 
by 4n(n-3)— 7—2« conditions. And the foregoing equation 
(9) shews that these two numbers are in fact equal. 

The foregoing equation (10) shews that the deficiency (Art. 44) 
is the same for a curve and its reciprocal. In a subsequent 
chapter it will be proved that this is true for all curves derived 
one from the other in such a way that to any point of one 
answers a single point or tangent of the other. 

If (with Prof. Cayley) we write 3m +1, = 3n + κ. =a, then 
everything may be expressed in terms of (m, n, a), viz. we have 


K=a—3n, 
ια -- 3m, 
20 =m" — m + 8n — 3a, 
27=n' — n+ 8m-— δα. 


The meaning of equation (11) will appear in the following 
chapter. 


CHAPTER III. 


ENVELOPES. 


84, IF a curve depend in any manner upon a single variable 
parameter, so that giving to the parameter a series of values, 
we have a series of curves; these all touch a certain curve, 
which is called the envelope of the system. Each curve is 
intersected by the consecutive curve in a set of points depend- 
ing on the parameter, and the locus of these points is the 
envelope. See Conics, Arts. 283, &c., where the problem of 
envelopes is considered in the case where the variable curve 
is a right line. 

Analytically, the equation of the curve may contain a single 
variable parameter, or it may contain two or more variable 
parameters connected by an equation or equations, so as to 
represent a single variable parameter. The two cases are 
essentially equivalent, but it is often convenient to treat the 
second in a different manner, by a method of indeterminate 
multipliers, which we shall presently explain. The form of the 
second case, which is of most frequent occurrence, is when 
the equation of a curve contains the coordinates of a variable 
point, limited however to a fixed curve; or, as we may say, 
when the variable curve depends on a parametric point moving 
on a given parametric curve. For example, it was shewn 
(Conics, Art. 321) that the problem to find the reciprocal, with 
respect to ο” -- y" -- z^, of a given curve, is the same as to find 
the envelope of ax + By + yz, where a, 8, y satisfy the equation 
of the given curve. Here the equation of the variable line 
contains the two variable parameters a: y, 98: y, these two 
ratios being connected by the equation of the given curve. 


85. Suppose, first, that the equation of the curve, say T'— 0, 
contains a single variable parameter 4 The curves belonging 
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to the consecutive values ¢, ¢+dt, may be represented by the 
equations 7—0, T =0. These equations, or the equivalent 
equations 7— 0, Τ' --Τ΄--0, determine therefore the coordinates 
of the points of intersection of the two consecutive curves. We 
have T — T d,T.dt 4- &c., or T, — T=d,T.dt+ &e., where dt 
being infinitesimal, the terms after the first are to be neglected. 
The equations become therefore T= 0, d, T'2 0, which equations 
determine a set of points depending on the parameter t£; and 
eliminating ¢ from these equations we get the equation of the 
locus of all points of intersection of consecutive curves of the 
system; that is to say, the equation of the envelope. 

An important case is where the equation contains ¢ rationally ; 
we may then, without loss of generality, take 7'to be an integral 
as well as rational function of ¢, and the process described for 
finding the equation of the envelope is equivalent to forming 
the discriminant of T considered as a function of ¢, and equating 
it to zero. Thus, if a, b, c, &c. be any functions of the 
coordinates, and if T be 


at^ + τί" + 3n (n — 1) c^? + &c., 
the equations of the envelope for the cases of most common 


occurrence, viz. n —2, 3, and 4, are respectively (see Higher 
Algebra, Arts. 193, 195, 207), 


(2) ac- b’ = 0, 
(3) a’d’ + 4ac' + 4b°d — 6abcd — 3b” = 0, 
(4) (ae—4bd + 5ο) — 27 (ace 4 2bcd — ad’ — b'e — ο  --0, 


and in using the last of these equations, when we desire to infer 
its order in the coordinates from knowing the order in which 
they enter into a, b, &c., it is useful to remember that when 
the equation is developed, the terms containing οὗ and c'bd 
respectively cancel each other, so that the order of the envelope 
may happen to be lower than that of either of the two members 
of which the equation, as written above, consists. 

If we substitute in T the coordinates of any point, and solve 
for ¢ the resulting equation a't" + n5't^* 4 &c.=0, there will 
evidently be n solutions; that is to say, the system of curves 
represented by 7'is such, that » of them can be drawn to pass 
through any fixed point; and, from what has been just said, it 


ENVELOPES. 69 


appears that if the fixed point be on the envelope two of these n 
curves will coincide. 

The case where T' depends on a parametric point may be 
reduced to that just considered if the parametric curve be a line, 
conic, or any other unicursal curve; for then (Art. 44) the 
coordinates of the parametric point can be expressed as rational 
functions of a parameter. 

Ex. 1. To find the envelope of at” + bt? + c= 0, where, as well as in the other 


examples a, b, &c. are supposed to be any functions of the coordinates. Combining 
the given equation with its differential with respect to t, we have 
nat^-P + pb - 0, (n — p) bt? -- ne 0, 
whence, eliminating t£, we have 
n^aPcn-P + pP (n — py-P b» = 0, 
where the sign + is to be used when n is odd and — when it is even. 


Ex. 2. To find the envelope of a cos"0 + ὁ sin"0 = c, where 0 is the parameter, 


We have - dT = — a cos™10 sin 0 + ὁ gin"-!0 cos0 = 0; 
--- at E: 
whence tan 0 --, cos0 = —— z~, Sinb = a ar 
à"-? Aat? + b*-?) A(a7-? + b?) 
Substituting these values, and reducing, we find the equation of the envelope 
2 2 2 


at" 4. G2" = ctn, 

In particular (as we saw, Conics, Art. 283), the envelope of acos@ + b sin0 = ο is 
a? + 0? —c?, Conversely, any tangent to the curve x™ + y” = c™ may be expressed by 
ο(πι- 1) 2(m-1) 
zcos Ὁ @+ysin ™ 0—c, 





2 2 
the coordinates of the point of contact being x = c cos"0, y = c sin"0. 

This example might have been stated as an example of an envelope depending 
on a parametric point lying on a unicursal curve. For if we write cos0 = a, 
sin = 8, then a, (3 are the coordinates of a point lying on the circle a? + (7? — 1, 
and the circle being a unicursal curve, these coordinates can be expressed rationally 
in terms of a parameter. Thus if ¢ be 9080 + ? sin0, we may write for α or cos0, 
Σ ( + 1) , and for β or sin 0, E ( — ;) , and the equation, for example, aa + bR — ο, 
becomes 

(a — bi) t* — 2ct + (a + bi) = 0, 
whose envelope, as before, is 
(a + bi) (a — bi) οἵ, or a? + δ; = οἳ, 
If we desired to avoid the introduction of imaginaries we might write tan 40 — t, 
and (as at Conics, Art. 283) express cos 0, sin 0 rationally in terms of t. 


Ex.3. Let the curve be 
a cos20 + b sin20 + c cos 0 + d sinb + e — 0. 
Putting t = cos0 + i sin 0, this becomes 


1 : 1 1 : 1 E 
a (+5) -- δὲ (e- 3) +e(t+;)—di(t-,)+2¢=0, 
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or (a — δὲ) t + (c — di) t + 2et? + (c + di) t + (a + bi) = 0. 
And applying to this the form already given for the discriminant of a quartic written 
with binomial coefficients, we have 


(a? + 0? — 1 (c? + d?) + Je7}$ = 27 (3 (a? + b?) e + z (e? + a?) e— Ja (c? — d?) — Med — 3463}; 
or, clearing of fractions, 
(12 (a? + b2) — 8(c? + d?) + 463}3 = (72 (a?+ b?) e+ 9 (c? 4- d?)e — 27a (e? — d?) — 54bcd —8e3)? ; 
and, again, it is useful to remark that the expanded result will contain neither of 
the terms εὖ, (c? + d?) e*. 


Ex. 4. To find the envelope of the chords of curvature of the points of a conic. 
The equation of the chord is (Conics, Art. 244, Ex. 1) 


z ; 
— coBa — y sina = cos 2a. 
a 6 


2 


2 3 2 Ὧν 2 
The envelope is therefore (= +5 4) + 27 (S — 5) = 0. 


Ex. 5. To find the equation of the curve parallel to a conic; that is to say, the 
curve obtained by measuring from the conic on each normal a distance equal to 7. 
This problem has been already solved (Conics, Art. 872, Ex. 2) by considering the 
parallel curve as the locus of the centre of a circle of constant radius touching the 
given conic. But it is easy to see that the parallel curve may also be considered as 
the envelope of a circle of constant radius whose centre is on the given conic; that is 
to say, we are to seek the envelope of (x — a)? + (y — 8)? — r?, where the parametric 
point αβ lies on the conic; and the conic being a unicursal curve, this may be reduced 

2 2 
to the case already discussed, Thus, let the conic be = +% = 1, and write for a, 
a co80, for β, b sin6, when 
a? + βΊ — 2ax — 2By + 2? + y? — γᾶ 
becomes (a? — δῦ) cos20 — 4az cos — 4by sin θ + 2 (x? + y?) + a? + ὁδ.-- 553, 


a form included under the last example, by the help of which we should obtain a 
result which, when expanded, is identical with that given, Conics, Art. 372. 


86. A little further notice may fitly be given to the case 
where T is algebraic in ¢, and of the first degree in the 
coordinates, so as to denote a right line; that is to say, to the 
envelope of at" + nbt™ + &c. where a, b, &c. are all linear in 
the coordinates. In this case the envelope is clearly a curve 
of the n® class, being such that n tangents can be drawn 
through any assumed point (Art. 85); and since the discriminant 
of at” + &c. is of the order 2 (n — 1) in the coefficients a, b, Ke. 
(Higher Algebra, Art. 105), which each contain the coordinates 
in the first degree, the order of the envelope is 2(n — 1). Two 
other characteristics of the envelope can easily be obtained. 
It has ordinarily no points of inflexion. At a point of inflexion 
two consecutive tangents coincide; and therefore T and d,T' 
represent the same right line; but in order that two linear 
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equations should represent the same right line, two conditions 
must be fulfilled, and it will generally not be possible to de- 
termine the single parameter ¢ at our disposal, so as to satisfy 
both conditions. 

The number of cusps on the envelope is 3(n—2). As the 
tangent at a point of inflexion on a curve contains three con- 
secutive points, so reciprocally a cusp is the point of intersection 
of three consecutive tangents. At a cusp, therefore, on the 
envelope the three equations will be satisfied, 7'20, d,7'— 0, 
d, T 20, which may easily be reduced to 


Τι = at^? + (n — 2) bt"* 4$ (n — 2) (n — 3) ct^* + &c. — 0, 

T,, = bt + (n —2) ct” * + 4 (n—2) (n — 3) dt”* + &c. — 0, 

To= οἵ" + (n— 2) dt” +4 (n —2) (n 8) et”*+ &c. — 0, 
T» Tas Τι being the three second differential coefficients if 7, 
considered as a binary quantic, had been made homogeneous by 
the introduction of a second variable. Now, if from these 
equations we eliminate z and y, which enter in the first degree 
into each, the resulting equation in ¢ will be of the degree 
3(n—2). If in fact we write T, zU--y V zW, where U, V, W 
contain only ¢ and constants, we have obviously the determinant 


U» V W, 
Un Vo W2 
Un Vo Wo En 0, 


which gives the values of f corresponding to the 3 (n — 2) cusps. 

The problem of finding the number of double points on the 
envelope is the same as that of finding the order of the system 
of conditions that 7 should have two distinct pairs of equal 
roots (Higher Algebra, Art. 264), and the problem of finding the 
number of double tangents is the same as that of finding the 
order of the system of conditions that 7' should represent the 
same line for different values of ¢; or, in other words, the 
number of ways in which it is possible to find a pair of values 
t', t", for which we shall have the equality of ratios 


Up ο 
It is not necessary for us, however, to deal with these problems 


directly, since we have already more than enough of conditions 
to determine ὃ and 7, by Plücker's equations, Art. 82. Sub- 
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stituting in these equations n — 1) and n for the order and 
class of the curve, and putting «= 0, we find 


«-8(n—2), 5=2(n—2)(n—3), 7-3 (η -- 1) (n —2). 


87. Let us now consider the case where the equation contains 
k parameters connected by ἆ-- 1 equations. To fix the ideas, 
suppose that we have the equation U=0 containing the three 
parameters a, 8, y connected by the two equations V —0, 
W=0. We may, if we please, regard £, y, as functions of a, 
determined by the two equations V=0, W=0. The process, - 
in its original form, would then consist in the elimination of α 
from the given equation, and 


aU | dUd8 | dU dy_, 
da * dB da* dy da” 
dB ἆ 
Here 55 ; A are functions of a determined by 


dV dV d8 AV d 
wn ue 

aw τ dW d8 dWdy . 

da ' dB dat dy da ^? 
and from these three equations we have y = 0, where 


-| 4U dU dU 
da? 48i dy 
dV dV av 
da? dB? dy 
dW dW dw 


‘da? dB ! dy = 0, 
and the final result is got by 
U=0, V=0, W=0, 0. 

But y =0 is obviously the resul 
the equations 


eliminating a, 8, y between 


t of eliminating A, u between 
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so that the result may be got by eliminating a, B, y, X, μ 
between the last three equations and those originally given. 
This is the method of indeterminate multipliers referred to 
(Art. 84). 


88. An important case is where U is homogeneous in k+1 
parameters connected by 4—1 other homogeneous equations. 
This is really equivalent to the foregoing, since the £+1 
parameters may be replaced by the ratios which any & of them 
bear to the remaining one. But it is more symmetrical to retain 
all the &£+1 equations given by the method of indeterminate 
multipliers, which equations in virtue of the theorem of homo- 
geneous equations'are connected by a relation making them really 
equivalent to only ὦ equations. Thus, let U contain homo- 
geneously a, 8, y the coordinates of a parametric point moving on 
the parametric curve V=0; the method of indeterminate multi- 
pliers gives us, in addition to the two original equations, 

dU αγ dU .dV dU .dV 
But these three are really equivalent to two, since if we multiply 
them by a, B, y respectively, we get mU+An V=0, which 
is included in the equations U=0, V=0. We have then four 
equations from which on account of the homogeneity we can 

eliminate the four quantities a, 8, y, A, and so obtain the equa- 
tion of the envelope. | 
Ex. To find the envelope of U = (Aa)™ + (3β)” + (Cy)" —0, where a, β, y are 


connected by the relation V = (aa) + (b8)" + (cy)" = 0. 
The method of indeterminate multipliers gives us 


mAma™ + Anaran- = 0, MBBM- + Anbign-t = 0, mCmyn- 4 Angsyst = 0; 


E An 
whence, writing for shortness mi5 u"-^, we have 


LM te on 
(Nm b \ m-n c\m-n 
4a=1(5) , Bà - n (5) , Cy - (5 ; 
and substituting these values in U, we have the envelope required, viz. 


mn mn mn 


Ωμ e 
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89. Prof. Cayley has considered the case of a curve U= 0 
the equation of which contains two or more independent para- 
meters. If, for instance, there are the two parameters a, £, 
then from the equations 


dU αὐ 
ζ--0 ΠΗ 


eliminating α, 8, we have the equation of an envelope. But 
observe that we can from these same equations eliminate the 
coordinates (x, y), and that the equations thus imply a relation 
$ (a, 8) =0 between the parameters. This gives in the double 
system of curves U=0, a single system wherein the parameters 
satisfy this relation. Taking any curve of the double system 
and the consecutive curve belonging to the values a +da, 
8+d8 of the parameters, the two curves intersect in a set of 
points depending in general on the value of the ratio dB : da of 
the increments. But if the curve belong to the single system, 
then the set of points will be independent of the ratio in 
question ; the coordinates of the points of intersection satisfy 


: - dU 
the equations U=0, P =0, dB 


equation U + A da 4 ^ πη. 0, whatever be the value of the 


= 0, 


—0, and consequently the 


7 
ratio ea “And we thus see that a curve of the single 
series is intersected by every consecutive curve of the double 
series in one and the same set of points, and that the locus of 
these points is the envelope. In the case of a single parameter, 
the envelope is the locus of a set of points on every curve of 
the system, and it may be termed a “ general envelope "5 in the 
case of the two parameters, the envelope is the locus of a set of 
points not on every curve of the system, but only on the curves 
of the single system wherein the parameters satisfy ‘the equation 
ϕ (a, 8) — 0, and it may be termed a “special envelope." And 
the like theory applies to the case of any number whatever of 
parameters: there is always a resulting single system of curves. 


89 (a). A difficulty in the theory of envelopes as given in 
Art. 84 has been explained by Prof. Cayley. In that article we 
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have considered an envelope as the locus of the intersections of a 
variable curve with consecutive curves of the system. But each 
curve has with the consecutive a number of common tangents 
depending on its parameter, and the envelope of these lines is 
also the envelope; viz., each common tangent of the curve and 
its consecutive curve is at a common point of the same two 
curves a tangent of the envelope. Bat if the variable curve be of 
the order m and the class n, the number of common points is = γη", 
and the number of common tangents = »*; and yet the common 
points and common tangents have to correspond to each other 
in pairs. The explanation depends on the singularities of the 
variable curve. Suppose this has in general 6 double points, 
κ cusps T double tangents and υ inflexions; then, as is easily 
seen, the curve meets the consecutive curve in 2 points contiguous 
to each double point and in 3 points contiguous to each cusp 
(viz. there are thus 26+ ὃκ intersections), and besides in 
γι —26— 3x points, and reciprocally the curve has with the 
consecutive curve 2 common tangents contiguous to each double 
tangent and 3 common tangents contiguous to each stationary 
tangent (viz., there are thus 27 + ὃν common tangents), and there 
are besides n? — 2r — 3v common tangents: we have, see Art. 82, 
m'—260—3k-—n'—2r—3v— m--n; each of the m’—25—3« 
points is (not a point of contact but) an ordinary intersection of 
the two curves, but it has contiguous to it one of the 
n’—2r—3+ common tangents of the two curves; and the 
envelope is thus cotemporaneously the locus of the πι’ — 20 — 3« 
(=m +n) points, and the envelope of the në —27 — δι (2 m 4 n) 
tangents. 

It may be added that the complete envelope of the variable 
curve consists of the proper envelope as just explained together 
with (1) the locus of the double points twice, (2) the locus of 
the cusps three times, (3) the envelope of the double tangents 
twice, and (4) the envelope of the stationary tangents three 
times. 

In what precedes, the numbers m, n, ὃ, «, T, υ apply to the 
curve corresponding to the general value of the variable para- 
meter; for particular values of the parameter, the variable curve 
may acquire or lose point- or line- singularities, and the several 
numbers be thus altered. 
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RECIPROCAL CURVES. 


90. Let it be required to find the envelope of a lme 
ax + By + yz, being given that a, 8, y are connected by a re- 
lation E20. In other words, let there be given Σ--0 the 
tangential equation of a curve, or its equation in line coor- 
dinates, and let it be required to pass to the equation in point- 
coordinates. Here then we have the two equations Σ--0, 
ax + By+yz=0, and the method of Art. 88 shews that the 
result is to be obtained by eliminating a, B, y, X from the two 
given equations combined with 


dz d3 dz 
di "9 gg 599 uy deas ve 
The solution of the reciprocal problem, given the point-equation 
S= 0, to pass to the tangential equation, depends on a precisely 
similar elimination; namely, to eliminate z, y, z, X between 
8 — 0, az + By + yz = 0, and 
dS dS dS 
PEN `a = 0, aT D de στο 
a system of equations which would also present itself naturally 
from the consideration that if ax + By + yz be identical with 
the tangent at the point zyz, then the well-known form of 
the equation of the tangent (Art. 64) shews that a, 8, y must 
be respectively proportional to S ae ce 
esp y prop dz! dy? dz’ 

It has been mentioned (Art. 84, and Conics, Art. 321) that the 
problem of passing from the point equation of a curve to its 
tangential equation is the same as that of finding its polar 
reciprocal with regard to c" + ¥’+2’=0. 

Ex. To find the tangential equation of (ax)™ + (by) + (cz)* = 0, We have here 


Y — 0, 


À A λ 
(azn 4 πο πο... 


b 
whence immediately 


m m m 


OO 


91. The method just indicated, however, is not always the 
most convenient one for finding the equation of the reciprocal. 
Let the equation of the curve be u, + u,_.%+u,_,2 + &c. = 0, 
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then we eliminate 2 by the equation ax+ By + yz — 0, and get 
fu, — (αβγών ΕΥ (a By) n, 7 Ke. —0, 

which is now homogeneous in z and y; and the discriminant 

of this considered as a binary quantic, equated to zero 

gives the equation of the reciprocal curve, multiplied however 

by the irrelevant factor y" "7 

Thus, for example, if it were required to find the reciprocal of 


L +Y? +z + 6mxyz=0, 
eliminating z, it becomes 
(ax + By) + 6mzyy' (ax + By) -- γ᾽ (è t y) =0, 

or (œ — y, aB +2may*, αβ’ + 2mBy', 8 -— FAx, y) =0,* 
the discriminant of which is divisible by γ΄, the quotient being 
a + B° + 9° — (2 + 32m") (BY + γα + 2/8) 

— 24m*aBy (à? + B° + 4°) -- (24m + 48m") a? B"y* = 0. 
In precisely the same way may be found the reciprocals of the 


cubic or quartic given by the general equation, the results of 
which are given at full length in subsequent chapters. 


92. One chief advantage of the foregoing method of 
obtaining the equation of the reciprocal is that it enables us 
immediately to write down the equation of the reciprocal in 
the symbolical form explained, Higher Algebra, chap. xiv. 
If a ternary quantic be reduced to a binary by eliminating 
z by the help of the equation az + By + yz, we have imme- 
diately the following rules for the differentials of the binary 
quantic with respect to z and y, 


d d ad d d gd 


LI] —x 
[zd — ο — 
— — = —_ -- 


— — - “πι ——— 





* We use the notation (a, 5, c, Mom y)* for the binary quantic written with 
binomial coéfficients az”? + nbz"-ly + ἐπ (n — 1) cx"7?y? + &c. ; using the notation 
(a, 5, ο, Mea, y)" when the quantic is written without binomial coefficients (see 
Higher Algebra, Art. 104). 


78 RECIPROCAL CURVES. 


it becomes 


1 ο) +a (ze ἆ d d 
Y U\dy, dz, dy, de, dz, dx, dz, BJ 


(23.24 
TY \ de dy, dx à) ! 


or, in other words, the symbol applied to the binary quantic 
differs only by the factor y from the contravariant symbol (a12) 
applied to the ternary. Hence, if a line az 4 8y + yz cut a 
curve so that the points of section satisfy any invariant relation 
whose symbolical form is known, we can at once write down 
in the same form the tangential equation of its envelope. For 
instance, the symbolical form of the discriminant of a binary 
cubic is known to be (12)'(834)' (13) (24); hence, if a line 
ax + By yz cut a cubic curve in three points whose discrimi- 
nant vanishes, that is to say, if it touch the curve, we must 
have (a12) (a34)* (a13) (a24) 20. In like manner the discrimi- 
nant of a binary quartic is known to be of the form ©’ —27 T", 
where S and 7 are two invariants, whose symbolical form is 
(12)*, and (12)? (23)? (31)? respectively. It follows that the 
equation of the reciprocal of a quartic is of the form S* = 277”, 
where S is (α]2)', and T is (a12)* (a23) (a31)', where S=0 de- 
notes the curve of the fourth class which is the envelope of lines 
cutting the quartic in four points for which the invariant S 
vanishes, and 7'— 0 denotes the curve of the sixth class which 18 
the envelope of lines cut harmonically by the curve, and for 
which therefore the invariant 7' vanishes. 


93. We have already (Art. 78) given one method of forming 
the equation of tangents drawn from any point 32’ to the 
curve, but the problem is in effect solved when we are in 
possession of the equation of the reciprocal, or, in other words, 
of the condition that ax + By + yz should touch the curve. For 
- we have only to substitute in that condition for a, 8, y respec- 
tively yz —zy', zx —cz, xy —9yx, when we shall have the 
condition that the line joining the points xyz, x'y'z' shall touch 
the curve, a condition which obviously must be satisfied when 
xyz is a point on any tangent through αγ (see Conics, 
Art. 294). 
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Conversely, the equation of the system of tangents as found 
by the process explained (Art. 63), is readily obtained in the 
form, homogeneous function of (yz' — 'z, zz' — 2'x, xy’ —a'y)= 
and then, substituting for these quantities a, 8, y, we have the 
equation of the reciprocal curve. 


94. We have then immediately a theorem corresponding 
to that of Art. 92, that when we are in possession of the tan- 
gential equation of a curve, we can at once write down 
symbolically the equation of the locus of a point, such that the 
system of tangents from it to the curve shall satisfy any given 
invariant relation. If we make z=0 in the equation of the system 
of tangents, we have the equation of a system of lines parallel 
to the tangents through the point zy, which will satisfy the 
same invariant relation. But from the method just given for 
forming the equation of the system of tangents we have . 

dq. od. wu Ὦ T MT. 
qud dy dB' dy” dy da? 
whence, as | 
x ud)" "(eae 
Yo dB, dy, dB, dy, 
*Y a τα x) ER η 
dy, da, dy, da, da, dB, da, ἆβι) ) 
so that we have at once the rule, for every factor (12) in the 
invariant symbol required to be satisfied by the system of 


tangents to substitute (#12) and operate on the equation of the 
reciprocal curve. 


95. When the equation of a curve is given in polar co- 
ordinates, that of its reciprocal with regard to a circle whose 
centre is the pole may be found directly. If on any radius 
vector OP there be taken a portion OP' equal to the con- 
secutive radius vector OQ, then obviously PP’ = dp, P'Q = pdo, 


d : . 
tan0PQ- 77 ; and psinOPQ is the perpendicular on the 


tangent. ‘Thus let the curve be p” = a" cosmo ; take the loga- 
rihmic differential, and we have 


cm - tanmado ; pae =--cotma, 


dp 
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and if θ be the acute angle made by the radius vector with the 
tangent 0 —90' — mo, and the perpendicular on the tangent 
=p sin = p cosmo. The angle between the perpendicular and 
the radius vector = mw, and between the perpendicular and the 
line from which ὦ is measured is (m+1). But the radius 
vector of the reciprocal curve is the reciprocal of the perpen- 
dicular on the tangent; hence it is easy to see that the equation 
of the reciprocal curve is also of the form p" =a” cosmo, the 


new m being equal to car] This family of curves in- 


cludes several important species; for instance, the circle (m — 1), 
the right line (πας -- 1), the common lemniscate (m —2), the 
equilateral hyperbola (m = — 2), the cardioide (m = 3), the para- 
bola (m 2 — 1) &c. 
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96. It was remarked (Art. 90) that the problem of finding 
the equation of the reciprocal curve is the same as that of find- 
ing the condition that a right line should touch the given curve, 
both being solved by finding the envelope of azx-4-8y-yz, 
where a, 8, y are parameters satisfying the equation of the 
curve. More generally, the problem of finding the condition 
that two curves U, V should: touch (which condition is called 
their tact-invariant) is the same as that of finding the envelope 
of either, the coordinates being regarded as variable parameters 
satisfying also the equation of the other. For if the two curves 
touch, the coordinates of the point of contact a@y satisfy the 
equation of both; and also since the tangents are the same, we 
must have at that point the differential coefficients of U, 
respectively proportional to those of V. The condition of 
contact is then found by eliminating a, B, y, X, between 
U=0, V=0, and 


aU_ aY αὐ αν dU ἂν 
da da’dB dB? dy “dy? 


but these are the equations given (Art. 88) for solving the 
problem of the envelope. 
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97. Let the degrees of U and V be m, m' respectively, and 
let it be required to determine the order in which the coeffi- 
cients of either curve, say V, enter into the condition of contact. 
Let the coefficients in V be a’, 0’, ο, &c., and let us take another 
curve W of the same order whose coefficients are a”, b”, c", &c. 
Then if in the condition of contact we substitute for each coeffi- 
cient a’, α΄ + Λα”, &c., we shall have the condition that V + k W 
should touch U, which will plainly contain Æ in the same degree 
as the order in which the coefficients of V enter into the 
condition of contact. This latter order, therefore, is the same 
as the number of curves of the form V+kW, which can be 
drawn so as to touch U. But, as before, the point of contact 
must satisfy the equations 


V, +W, =U, V, +W, XU, V,4 EW, XU, 


whence eliminating £, A, 


and the intersections of y with U determine the points on U 
which can be points of contact with curves of the form V + kW. 
Since the orders of U, V, W,, &c., are respectively m — 1, m'- 1, 
πι —1, the order of v is m -- 2m' —3, and the number of inter- 
sections is m (m + 2m' — 3). "This then is the order in which the 
coefficients of V enter into the tact-invariant, and in like 
manner the coefficients of U enter in the order m' (2m + m' — 3). 
By making m’=1 we have the result already obtained that the 
condition that az + By + yz should touch a curve contains a, 6, Y, 
in the degree m (m — 1), and the coefficients of the curve in the 
degree 2(m — 1). See also Conics, Art. 372. 

If U have a double point, then since we have already seen 
that U, U,, U, pass through that point, and that if that point be 
a cusp they have there the same tangent, the same things are 
true for v ; and we see that the order of the condition of contact 
in the coefficients of V must be diminished by two for every 
double point, and by three for eyery cusp on U. The order is 
therefore m (m + 9πι' — 3) - 28 — 3x or n+ 2m (m' — 1). 

M 
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98. These results might have been otherwise obtained thus: 
Take any arbitrary line aw+by+cz, and equate to zero the 
determinant 


Vio Vay Vale 

This equation represents the locus of a point, such that its polars 
with respect to U and V intersect on the assumed line. Now 
at a point common to U and V, the polars are the two tangents 
intersecting in the common point; there are, therefore, plainly 
only two cases in which a point common to U and V can 
lie also on v; viz. either the assumed line passes through an 
intersection of U, V, or at that point the two curves have a 
common tangent. If then we eliminate between v, U, V, the 
resultant will contain as factors the condition that az + by + cz 
should pass through an intersection of U, V, and the condition 
that U and V should touch. But since in the resultant of three 
equations, the order in which the coefficients of each enter is 
the product of the orders of the other two equations, and since 
the orders of v, U, V are respectively m + m' —2, m, m', the 
order of a, b, c in the resultant is mm’, of the coefficients of U, 
is mm’ + m' (m+ πι — 2) Ξ- πι (2m + m' — 2), and of the coefficients 
of V, m (2m' - m —2). Similarly the orders of the resultant of 
ax+by+cz, U, V, in the several coefficients are respectively 
mm’, m, πι. Subtracting these numbers from the preceding, 
we find, as before, that the orders of the condition of contact 
are πι (2m +m -- 3), and m (2m' +m —3) in the coefficients of 
U aud V. 
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99. We have hitherto only dealt with descriptive theorems, 
and have postponed the consideration of any questions belonging 
to the class described as metrical (Art. 1). The relation of 
perpendicularity belongs to the latter class, since, as explained 
(Conics, Art. 356), two perpendicular lines may be considered 
as lines which cut harmonically the line joining the two imaginary 
circular points at infinity. It is convenient not to exclude from 
this chapter the discussion of some important cases of envelopes 
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which involve the relation of perpendicularity, and the theorems 
may be made descriptive if we substitute for the two circular 
points at infinity any assumed points J, J, and wherever, in our 
theorems lines at right angles occur, substitute lines cutting J, J 
harmonically. 

One of the most important and the earliest investigated class 
of envelopes is that of the evolutes of curves. We have defined 
the evolute of a curve (Conics, Art. 248) as the locus of the 
centres of curvature of the curve; but the evolute may also be 
defined as the envelope of all the normals of the curve. For the 
circle of curvature is that which passes through three consecutive 
points of the curve, and its centre is the intersection of perpen- 
diculars at the middle points of the sides of the triangle formed 
by the points. But the lines joining the first and second, and the 
second and third points, are two consecutive tangents to the curve ; 
and the perpendiculars to them just mentioned are two consecutive 
normals; the centre of curvature is therefore the intersection 
of two consecutive normals; and the locus of all the centres of 
curvature must be the same as the envelope of all the normals. 


2 2 
Ex, 1. To find the evoluteof Z+% — 1, 
a? ὁξ 


The normal is (Conics, Art. 180) PE eset 


or, writing z'—a cos¢, y =b sin $, 





an equation of the class considered Art. 85, Ex, 2, whose envelope is therefore 
α αλ + λε =á. 
Ex. 2, The normal to a parabola is (Conics, Art. 213). 
p(y—y) *?y' (x-2) =0, 
or 2y* + (p?— 23) y' — p*y=0, 


an equation of the class considered Art. 85, Ex. 1, whose envelope, y’ being the 


parameter, is 
2 (p—2x)3 + 27py?=0, 


Ex. 3. To find the evolute of the semicubical parabola py? = 2°. 
The equation of the normal is 
9z" (y — y') + 2py’ (x —2") 2 0, 
Substitute for y' in terms of z' from the equation of the curve, divide by x", and 
(putting οἷ = t), the equation becomes 
Btt + 2pt? — 8plyt — 2px = 0, 


whose envelope is 
! P (p — 182)! = (54px + Ye y! + p! 
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Ex. 4. To find the evolute of the cubical parabola p?y = αὖ, 


The equation of the normal is 
92" (y—y') +p? (α--α)-0, 
or 925 — 8p^yz? + p!z' — ptz — 0. 
Now the envelope of 


ats + 10dt? + δεί - f£ —0 
is (af? — 12de)? + 128 (2€? — 3df) (ae* — adef — 944) — 0. 
Therefore the envelope in the present case is 
Bp? (z?— $57? - 138 (3p? — Bay) (3p* — ἔραν — 36y) = 0. 
Ex. δ. To find the evolute of the cissoid (z?-- 5?) z = αγ. 
This is a unicursal curve, and writing the equation in the form (a—z)y¥’?=2", 


a a 
it is at once seen that this is satisfied by the values απ το y 7-646) . 





equation of the tangent at the point in question is easily seen to be 
203y — 30*z -- a —2: — 0, 
equation of the normal is therefore 
a (14-20? 
20: (14-30) y =D, 
or | 20*z + 302y — 207a + 0y — a — 0. 
Forming the discriminant of this it will be found to contain as a factor (x + 3a)? -- y; 
the remaining factor giving the equation of the evolute proper, viz. 
y! + ary’ + Satz —0. 


Ex. 6. To find the evolute of αὖ + γᾷ =a. For any point of this curve we may 
write (see Art. 85, Ex. 2) a'—acos*$, y’=asin'd. The tangent at that point 
will be 


xz 
UT πας =a, 
and the normal x cos — y sind = a οοβ2φ, 
or (z + y) (coso — sin p) + (x — y) (cos p + sin p) = 2a (cos? — sin? g), 
or zry ime -- οἷα, 


sin(p + 4r) | ὁοβ(φ im) - 
whose envelope is (Art. 85, Ex. 2) 


(£ +y)? + (z — y)? = 28d. 


100. The following investigation leads to the expressions for 
the coordinates of the centre of curvature, and for the radius 
of curvature ordinarily given in books on the Differential 
Calculus. In this and the next article we use Cartesian rect- 
angular coordinates. If a, 8 be the coordinates of any point 
on the tangent, z and y those of its point of contact, the 


dy (a— x); where - , which 


equation of the tangent is 8- y= 7 d 
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we shall call for shortness p, is to be found from the equation of 
the curve. For the tangent passes through the point zy, and 
makes with the axis of z an angle whose tangent is p (Art. 38). 
The normal then being a perpendicular to this at the point zy, 
has for its equation 


(a2 3 p σον e tette (1). 
We have now to find the envelope of this line which contains 
the parameters x and y, which is given in terms of z by the 


equation of the curve. Differentiating then with respect to z, 
2 


and writing z — q, we see that the point of contact of the line 


with its envelope is found by combining the equation with its 
differential 
-l1-p'r(8—-y)g20.................. (2). 


Solving for a — x and 8—y from these equations, we have 


-p(tp) +p 
ᾱ----------. 8-y= ------ 
q : y "EL 
and the radius of curvature is given by the equation 


14g 
R- J((a-2y 4 (6-9)] = SE 

The values which have been obtained for the intersection of 
two consecutive normals might have been found for the same 
point considered as the centre of curvature. 

Take the equation of any circle 

(x — a)! + (y - BF =f, 

and differentiate it twice, when we have 


æ- a)+ (y -8) 13 =o, 


1+ (2 + (y — 8) 5,5 = 0. 


But if the circle osculate a curve at any point, then (Art. 48) 


at that point dy : se have the same values for both. We 
may therefore in these equations write for the differential coeffi- 
cients, the values p and g obtained from the equation of the 
curve, when they become identical with equations (1) and (2) 


already obtained from other considerations. 
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101. Since in practice y is not given explicitly in terms of 2, 
but both are connected by an equation U=0, it is convenient 
to substitute for these expressions in terms of p and q, expres- 
sions in terms of the differential coefficients of U. Let us write 
as before 

2 2 2 
ατα tu Nata 
Y dæ dy dxdy 
then, since the coefficients of x and y in the equation of the 
tangent are L and M respectively, the equation of the normal is 


M (a - 20 — L(B— y) - 0.................. (1), 


whence differentiating 


(1:24) (a— 2) (a+r Z) (8- y) -M4 L5 - 0. 


dx 
But from the equation of the curve, L + M E =0, whence sub- 
stituting for d we have 


(Lb — Mh) (α--α) — (LÀ — Ma) (8 - y) + L?+ M*=0...(2). 


Solving, then, between equations (1) and (2), we have 


ο LE aaa eee 

απ ῶπι M —2hLM+bL? VTIS oM?—-2hLM+oL"? 
g ^i 
whence R= t (E+ M) 


aM* —-2h LM + bL": 


102. This expression can be made to assume a more symme- 
trical form by introducing the linear unit z, so as to give 
the equation the trilinear form. For, by the theorem of homo- 
geneous functions, 


(n—1) L=ax+hy+gz, (n—1) M=hx + by + fz, 
(n — 1) N=gx +fy + cz, 
whence (n—1)(bL—AM) =(ab—h’) x + (bg —fh) z, 

(n — 1) (aM — AL) = (ab — h’) y + (af—gh) z. 
Multiplying the first equation by L, the second by M, and adding 
(n — 1) (21) —2hLM + aM") = (ab — h) (αἴ, + yM) 

+2 (5g — f£) L + (af - gh) M), 
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or since, by the equation of the curve sL +yM+zN=0, 

=—2{(fh—bg) L + (gh — af) M+ (αὖ -- 33) N}. 
Substitute for L, M, N their values given above, and we have 
(n—1)*(0L'— 21 LM + aM") =—2"(abe—af?—bg’—ch? -2fgh) - —Hz*, 
and the expression for the radius of curvature becomes 


_ mI (+ any 


m ZH 


For any point whose coordinates satisfy the equation H=0, 
the radius of curvature becomes infinite, and the centre of 
curvature at an infinite distance. This will take place when 
three consecutive points of the curve are on a right line, for 
then the circle through them becomes a right line, and its 
centre becomes at an infinite distance. We might then, from 
this value of the radius of curvature, arrive, independently of 
Art. 74, at the conclusion that the intersections of U and H are 
points of inflexion. The above equation gives us as conditions 
that two curves should osculate, that we should have in addition 
to the condition for ordinary contact L= 0L', M= 0M’, also 
H ΕΗ 
1-1) (q-1)" 

The double sign in the value of the radius of curvature is 
analogous to that in the value of the perpendicular on a right 
line ( Conécs, Art. 34) ; and, of course, if we agree to use the sign + 
when the radius of curvature, and therefore the concavity of the 
curve, is turned in one direction, we must use the sign — when 
it is turned in the opposite direction. Since every algebraic 
function changes sign in passing through zero, we see that at a 
point of inflexion the radius of curvature changes sign, and 
that as we pass such a point the concavity of the curve changes 
to convexity, and vice versá (see fig. Art. 45). At a double point 
the radius of curvature assumes the form > , and its value must 
be determined by the ordinary rules in such cases. In fact, 
each branch of the curve has its own curvature at the point. 
At a cusp it will be found that the radius of curvature vanishes. 
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103. The length of any arc of the evolute 4s equal to the difference 
of the radii of curvature at its extremities, 

For, draw any three consecutive nor- Ἡ 
mals to the original curve: let C be the 
point of intersection of the first and 
second, C' of the second and third; then 
since, ultimately, CR = CS, C'S = C'T; 
CC’, which is the increment of the arc 
of the evolute, is also the increment of 
the radius of curvature. 

Hence, if a flexible thread be supposed rolled round the 
evolute, and wound off, any point of it will describe an znvolute 
of the curve CC’; that is, a curve of which CC” is the evolute. 
It was from this point of view that Huyghens, the inventor of 
evolutes, first considered them, and it was hence that the name 
evolute was given. 


g T 





aa 
- 
- 
- 


104. We add here a formula which is sometimes useful 
for finding the radius of curvature of a curve given by polar 
coordinates. The polar equation p=f(w), can be transformed 
into one of the form p=f(p), where p is the perpendicular 
from the pole on the tangent, and is given by the equations 
(Art. 95), 





; dw 
pp sind, iu p : 


Let the distance from the pole to the centre of curvature be p, 
and the radius of curvature F, then (Euclid ΙΙ. 13) 

py =p tH -2Hhp. 
If we pass to the consecutive point of the given curve, p, and R 


remain constant, and differentiating, we have R= 24 which 


is the required expression for the radius of curvature. 
When 7; has been thus expressed in terms of p, p, if we 
eliminate p, p between the equations 


p=f(p), p, 7 p'* -- 31, p'-p'— p, 
the last of which is obviously true, we shall have the relation 
which subsists between the p, and p, of the evolute; but it is 
not always easy to pass hence to the relation between the p, 
and the w, of the evolute. 
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As an example take the ο. p" =a" cos mo, we find here 
p —p cos mo, and hence p"" — a"p, for the relation between p 


a” 
: Ἔκ... 
and p. And we then have R= πο na S ; 


the radius of curvature. 
The equations 


p, =p' + 1 -- 21μ. 


pè = p” =p 
give at once p,", p," each as a function of p, and thus virtually 
the equation of the evolute in the form p,— $ (p,), but the 
elimination cannot be actually performed. 

It is however easy to find the equation of the reciprocal of 
the evolute in regard to a circle described about the pole as its 
centre. Taking for convenience the radius of the circle to be 
=a; then if p, is the radius vector for the reciprocal curve, and. 
c, the inclination to a line at right angles to that from which 
w is measured, we have p, =p sin mo, and then 


a? a 


Ce SS DI 
* Pi’ cos*mw sin me 
Moreover (Art. 95), @,=(m+1)@3 wherefore the relation 


between p, œ, or equation of the reciprocal of the evolute is 


MO, . m "Qo, 
p, cos ——* Sin" ——* 


m+1 m4l =a". 


It will readily appear that the locus of the extremity of the 
polar subtangent (see Conics, Art. 192) of any curve is the 
reciprocal of the evolute of the reciprocal curve. Thus this 
locus is a right line for the focal conics, since the evolute of the 
reciprocal then reduces to a point. 


105. When we are given the tangential equation of a curve 
u=0, we can obtain directly the line coordinates of the normal 
and the tangential equation of the evolute. με if αγ be the 
du 
η. ΞΞ 01 AS 


dy 
the equation of the point of contact ; and if js 0 be i μεσα 


line coordinates of any tangent, then « + β 2s 7 18 ty 


dv' 
T Bs Y dy 
N 


equation of any pair of points ZJ, then a ,=0 
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is the equation of the pole of the given tangent with respect to 
IJ; or, in other words, of the harmonic conjugate in respect to 
these points of the point where ZJ is met by the given tangent. 
When ZJ are the circular points at infinity, the second equation 
represents the point at infinity on the normal; the two together 
determine the line coordinates of the normal; and if between 
then? and the equation of the curve we eliminate α΄ β'γ' we shall 
have the equation of the evolute. In the system of tangential 
coordinates which answers to ordinary rectangular coordinates, 
the equation which represents the circular points LJ is a° + 8' — 0, 
(see Conics, Art. 385), and the second equation a ud +p τν Ty E 
is the well-known condition of perpendicularity aa’ + ββ' = 0. 


Ex. To find the equation of the evolute of a central conic given by its tangential 
equation (see Conics, Art. 169, Ex. 1) a?a? + ?(3? = 1. Here the two equations which 
determine the coordinates of the normal are a?aa' + ὀ2ββ’ = 1, aa’ + BB’ = 0, whence 


aa’ = — (p^ = ᾱ- Substituting for a’ and β’ in a?a^ + P?" = 1, we get the tangential 
: a? Pp 

equation of the evolute — + — = c*. 

a 


g 


106. We give next some examples of the more general 
problem in which that of evolutes is included, viz. (see Art, 99) 
to find the envelope of the harmonic conjugate of the tangent to 
a curve with respect to the lines joining its point of contact to 
two fixed points J, J. This line may be called the quasi-normal 
and its envelope the quasi-evolute. 


Ex. 1. Let the curve be a conic. Take the line JJ as the base of the triangle of 
reference, and let its vertex be the pole of this line with respect to the conic, then 
the equation of the conic will be of the form (az + y) (x + by) = 2?, and that of any 
tangent will be 


6? (az + y) — 20z + (x + by) = 0. 

The equation then of any line which together with this and the lines x, y, divides 

2 harmonically will be of the form 
6? (ax — y) + (x — by) = Mz. 

We determine M from the consideration that the line is to pass through the point 

of contact, for which we have 0 (ax + y) = z, 0z = x + by. whence 
_ 2(b— 6) αί(αθὲ--1). 
= 6(a6—1)'? — 8 (ab — 1)? 
M- 2 (b — af) 


and we find = τό 1) 6 . 
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If we write then az — y = Y, x — by = X, 8z = (ab — 1) Z, the equation of the quasi- 
normal becomes 
a0*Z + 463Υ + 40X — 5Z —0, 
and the envelope is a curve of the fourth class whose equation is 
(abZ? + 4XY) + 27Z? (aX? — bY?y? = 0, 
which represents a curve of the sixth degree having the points XZ, YZ for cusps, Z 


being their common tangent, and besides four other cusps at the intersections of 
abZ? + AXY, aX? — bY?, 


Ex. 2. Let the conic pass through one of the points J, J; or, as we may say, 
let it be semicircular. Then we have say b= 0, and zz is on the curve, æ being the 
tangent, The equation of the quasi-normal then becomes 


a03Z + 40? Y - 4X — 0, 


and the envelope is only of the third class, its equation being 64Y? + 27a?XZ? = 0, 
which represents a cubic having YZ for a cusp and XY for a point of inflexion. 

If the curve pass through both J and J; making a and b both = 0, we see that the 
equation of the quasi-normal reduces to 627 + X, and that the line therefore passes 
through a fixed point ; namely, the intersection of X, Y, the tangents at J, J. 


Ex. 3. Let the conic touch the line JJ. The most convenient lines of reference 
then to choose are this line together with the two other tangents through J, J, and the 
equation of the conic is 

x? + y? + 2? —2yz — 22x — 24 = 0, 
or z (2x + 2y — 2) = (x — y)? 
The equation of the tangent then is 
2x + 2y — 2 — 20 (x — y) + 616 = 0, 
and we have for the point of contact 
æ — y = 02, 2z + 2y — z = 072. 
The equation of the quasi-normal then is 
z— y — 0 (z+ y) = z {0 — 30 (L + 631, 
or 035; — 0 (2x + 2y + 2) + 2 (x — y) =), 
and the envelope is also of the third class, viz. the cuspidal cubic whose equation is 
272 (x — y)? = (2x + 2y + zy. 

Ex. 4. The three preceding examples might also have been investigated by 
supposing the conic to have been given by its general equation. The tangent then 
at any point αθγ being 

ο (aa + hB + gy) x+ (ha + 08 fy) y + (ga +B + cy) 2 — 0, 
the quasi-normal is 
y {(αα + hB + gy) æ — (ha + b 4- fy) y) = (aa? — bf? + gay — fBy) ε. 
We have then to find the envelops of 
aza? — bz? + (fy — gx) Y? + (by — fz — hx) By + (hy + gz — ax) ya, 
where a, β, y, are parameters, also satisfying the condition 
aa? + bE + cy? + 2fBy + 2gya + 2Λαβ = 0. 


And (Art. 96) the envelope is formed by the process given (Conics, Art. 872) for 
finding the condition of contact of two conics. We must form then the invariants 
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of this system of quadratic functions, and the discriminant of the first is 224, 
where S is 


(ab — h?) (ax? — by?) + (bg? — af?) 22 + 2b (gh — αγ) yz — 2a (hf — bg) az. 

We have 
| O9 = — (ab — k?) (ax? — 2hzy + by?) + (Baf? + 35g? — 4abc — 2fgh) 53 

+ (4bgh — 2abf — 2fh?) yz + (4abf — 2abg — 2gh?) zz. 
Θ’ vanishes and the envelope is therefore 27 A2?? = 63, which, as before, is of the 
sixth degree having six cusps, two of which lie on z. But first let z touch the 
conic, then ab — À? — 0, and S and © take the form Lz, Mz where L and M are 
. linear and the envelope takes the form zL? = 15, and is a cuspidal cubic having z 
as a stationary tangent. Secondly, let the conic pass, say through J or yz, then 
a=0, S becomes b (hy + σα)’, and © takes the form (hy -- σα) M. The equation 
then becomes divisible by (hy + gz)’, and the envelope is of the form 2? (hy + gz) = M3. 


It will be observed that hy + gz is the tangent to the conic at the point J, and that 
it is an inflexional tangent of the envelope. 


107. In general, as Professor Cayley has remarked, if 
1 -- My+ Nz be the tangent at any point x'y'z', and αβγ, 
a P'y' the coordinates of J, J, the equation of the quasi-normal is 


ο as Ue 
(La + M8 + Ny)iz, y, 27 1 (La M84 Δη) 1, y, z| =o. 
a, By Y | a’, By 
For the two determinants, which we shall call for the moment 
A, 4’, severally represent the lines joining x'y'z' to 7 and J, and 
since the tangent passes through their intersection we must 
have an identity of the form Lx + My + Nz= 4A- Bd’. 
Substitute successively in this identity α ϐγ΄ and αβγ for xyz, 
and we determine 4 and B as proportional to La’ + ΛΒ’ + Ny’ 
and La + MB + Ny, and therefore the equation of the harmonic 
conjugate of the tangent with respect to A, A’ is of the form 
written above. 


108. Let us examine more particularly the case where one 
of the points ay is in the curve, and, for simplicity, we take 
its coordinates 1, 0, 05 that is to say, we suppose the point to 
be yz; and we take the line z to be the tangent at it; and we 
shall prove that the envelope contains z as a factor. We 
may also without loss of generality take the second point 
as 0,0, 1 or zy. Making £ and y, α and β' =0 in the preceding 
equation, it becomes 


N (yz — zy) + L(zy — yz) = 0. 
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Let us suppose now that α΄) y', 2 are expressed in terms of a 
parameter £, the point a, B, y answering to the value t=0, and 
we must have ¢ as a factor in the expression for y', and ¢ in 
that for z', in order that the equation of the tangent may 
reduce to 2 2 0. In general, since the tangent is the line joining 
the point z'y'z' to the consecutive z' +d’, y + dy’, 2'+ dz’, its 
equation is 
x (y dz —zdy)- y(zdx — σας) + z (a'dy' -- y'dz') = 

L, M, N are the coefficients of x, y, 6 in this equation, and ¢ is 
a factor in M, and ¿in L. If then the equation of the quasi- 
normal be arranged according to the powers of ¢, it will be 
found that there is no term independent of ¢, and that z is 
a factor in the coefficients both of ¢ and of ¢. Now the 
discriminant of a function A+ Bt 4- Οὔ }- &c. is of the form 
Ag+ Bp (Higher Algebra, Art. 107), and therefore a factor 
which enters into both A and B will be a factor in the 
discriminant. Also if in the discriminant we make B= 0, the 
remainder will be of the form 4(4φ-- Cy): thus it appears 
that the envelope will have 2 for an inflexional tangent (compare 


Art. 99, Ex. 4). 


109. It has been remarked (Conics, Art. 385) that the 
relation of perpendicularity may be further extended by 
substituting for the points J, J, a fixed conic, and by regarding 
two lines as perpendicular if each pass through the pole of the 
other with regard to that conic. In this extension then, what 
answers to the normal, is the line joining any point on a curve 
to the pole of its tangent with respect to the fixed conic; or, in 
other words, the line joining the point to the corresponding 
point on the reciprocal curve with regard to the fixed conic. 
Thus the curve and its reciprocal have the same normals. For 
example, taking the fixed conic as αὖ + 3^ + 2”, the coordinates of 
the pole of any tangent to a curve are L, M, N, and the 
equation of the line answering to the normal is 


a (15 -- Ny’) + y (Να — L2') + 2(Ly' — Mx’) =0 
If the curve were a conic, this equation would be of the second 


degree in z'y'z, and the envelope would be found as in Ex. 4, 
Art. 106. 
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110. The following remarks are a useful preliminary to the 
investigation of the characteristics of the evolute of any curve. 
The normal at any point of a curve at infinity coincides with the 
line at infinity itself. It has been already remarked (Art. 105) 
that we may generalize the conception of a normal by substi- 
tuting for the two circular points at infinity two finite points 
I, J, and that then if the tangent at any point P meet IJ in M, 
and if M' be the harmonic conjugate of M with respect to J, J, 
the line ΡΜ may be regarded as the normal. From this 
construction it appears at once, that if the point P be on the line 
LJ, then PM’ will coincide with that line. An exception occurs 
where the point P coincides with either 7 or J; then the points 
M, M' coincide, and the normal coincides with the tangent (see 
Conics, Art. 382, note). Thus, then, ¿f the curve pass through 
either of the circular points at infinity, the normal at that point 
will coincide with the tangent. 


111. We proceed now to determine the class of the evolute 
of a given curve; or in other words, the number of normals to 
the curve (tangents to the evolute) which cai be drawn through 
any point. By the law of continuity, the number of normals 
is the same, whatever be the point through which they pass. It 
is enough, therefore, to examine the case when the point is at 
infinity. But the number of normals, distinct from the line at 
infinity itself, which can be drawn parallel to a given line, is 
equal to the number of tangents which can be drawn parallel to 
a given line, that is, to the class of the curve. And we have 
seen in the last article that the m normals, corresponding to 
the m points of the curve at infinity, coincide with the line 
at infinity, and therefore also pass through the assumed point. 
Thus then the number of normals which can be drawn to the curve 
from any point, is equal to the sum of the order and class of 
the curve—or, what is the same thing, the sum of the orders of the 
curve and its reciprocal. If the line at infinity be a tangent to 
the curve, then the number of finite tangents which can be 
drawn through a point at infinity, is plainly one less than in the 
general case, and therefore the number of normals is also one 
less. Thus four normals can be drawn from a given point to a 
conic in general, but only three to a parabola. 
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Again, if the curve pass through either circular point, we 
saw (Art. 110) that the normal at that point does not coincide 
with the line at infinity, and therefore, that for every passage 
through a circular point, the number of normals is one less 
than in general. Thus in the case of the circle which passes 
through the two points J, J, the number of normals through 
a point is reduced by two, and is two instead of four. Thus 
then if m and n be the degree and class of a curve which passes 
f times through a circular point, and touches the line at infinity 
g times, the class of the evolute is 

n —m-4nc-f-g. 

These results might equally have been obtained from the con- 
sideration that if in the equation of the normal M (α--α)-- .L(8—y) 
we suppose a, 8 given and x, y variable, we shall have the 
equation of a curve of the m degree, whose intersection with 
the given curve determines the points the normals at which 
pass through a, 8. If the curve have no multiple points, the 
number of intersections will be evidently m? or m + n: and there 
is no difficulty in showing, that in the general case of ὃ double 
points and « cusps, the order is m” — 26 — ὃκ, that is m +n. 


112. We next examine the degree of the evolute, and again 
it suffices to examine the number of points in which the line at 
infinity meets the evolute. Now if two consecutive normals 
to the original curve be parallel, the corresponding tangents will 
coincide; the points at infinity therefore on the evolute arise 
in general from the points of inflexion on the given curve. 
But to these must be added those arising from points at infinity 
on the given curve, which points (Art. 111) also give rise to 
points at infinity on the evolute. But we say, moreover, that 
these will be cusps on the evolute having the line at infinity for 
their tangent. Let M be any point on the line 77, and M' its 
harmonic conjugate, then we saw that the line answering to the 
normal at M is the line ZJ: but if the consecutive points of the 
curve, antecedent and subsequent to M be L and N, their 
normals are LM', NM'. Hence M' is a point through which 
three consecutive tangents to the evolute pass, and is therefore 
a cusp having JJ for its tangent. Since then the tangent at 5 
cusp meets the curve in three consecutive points, the m pointe 
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at infinity of the given curve, give rise to the same number 
of cusps on the evolute which are met by the line at infinity in 
3m points. If we add these to those already obtained, we find 
the degree of the evolute =4+3m, or the number which we 
have called a (Art. 83). 

If the curve pass through either point 7, J, we have seen 
that these give rise to no points at infinity on the evolute, and 
therefore the degree will be less by three. 

If the line JJ touch the curve, the normals for the two 
consecutive points in which it meets the curve coincide with JJ; 
we have therefore two consecutive tangents to the evolute 
coincident, or a point of inflexion on the evolute having JJ for 
its tangent. As this takes the place of two cusps which we 
have when JJ meets the curve in distinct points, the degree of 
the evolute is reduced by three; and if we use f and g in the 
same sense as in the last article, we have for the degree of the 
evolute 

m =a—3(f+g9).* 
The values given show that the degree and class are the same 
of the evolute of a curve and of its reciprocal as Art. 109 might 
lead us to expect. 


113. There will in general be no points of inflexion on the 
evolute. For if there be such a point, two consecutive tangents 
to the evolute (normals to the curve) coincide; but it is plain, 
on considering the figure, that two consecutive normals cannot 
coincide unless the corresponding tangents coincide with their 
normals and with each other, which could only happen in the 
exceptional case where the original curve had an inflexional 
tangent passing through 7 or J. 

If, however, the curve touch Ιω, we have seen (Art. 112) 
that there is a point of inflexion at infinity, and if the curve 
pass through J or J (Art. 108), that the evolute has an 
inflexional tangent passing through the same point. We have 
thus conditions enough to determine all the characteristics of 


the evolute, viz. 
m' —a-3(ftg,n2mctn—(ftg,vc—(ft9) 


* Some particular examples show that these formulz must be modified when J or 
J 15 a multiple point at which two or more tangents coincide. Thus if either be a 
cusp, the diminution of degree is 4 not 6, 
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whence by Pliicker’s formula κ'--δα-- ὃ (m+n)— 5 (f+), 
a = 3a—8(f+ η); and we can in like manner write down the 
number of double points of the evolute, and of its double 
tangents; these double tangents are, it is clear, double normals 
of the original curve. 

The “deficiency ” (Art 44) of the evolute is the same as 
that of the original curve, as may be verified by using the 
expression for the deficiency 4 (a — 2 (m + n)} + 1.5 


114. The number of cusps on the evolute may also be 
investigated directly. We shall have a cusp on the evolute, 
when three of its consecutive tangents (normals to the curve) 
meet in a point; or, in other words, when four consecutive 
points of the curve lie on a circle. If this be the case the 
radius of curvature remains constant when we pass to a con- 
secutive point. Differentiating then the expression given 
(Art. 102) we have 


(L'+ IM?) (5 det dy) =3H ((aL+hM) de+ (iL + bM)dy), 
and eliminating dx: dy by the equation Ldx+Mdy=0, we 
have 


(L*4 M) (a AE s) = 3H ((a — b) LM + h (M? — L^). 
2 dy 

Since H is of the order 3 (m — 2), L and M of the order m - 1, 
and a, b, h of order m — 2, this equation represents a curve of 
the order 6m — 10, whose intersections with the given curve are 
the points where the osculating circle has contact of the third 
order.t If the curve have no multiple points, these m (6m — 10) 
points together with m points at infinity give rise to m (6m — 9) 
cusps on the evolute, a number in accordance with the 
preceding formulz. 

We might, in like manner, investigate the characteristics of 


* In general the deficiency of two curves is the same, if one is derived from the 
other by such a process that to one point on either curve answers one point on the 
other. 

t In a subsequent part of the work the question of conics having with the curve 
contact of a higher order than the second is more fully considered, and a formula 
given for the aberrancy of curvature or deviation of the curve from the circular 
form. 


ο 
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the evolute in the more general sense of the word indicated 
Art. 109, and we should find that the formule we have already 
obtained will apply, f being now the number of contacts of 
the curve with the fixed conic, and there being no singularity 
answering to g. 


CAUSTICS. 


115. As a further illustration of envelopes, we add some 
mention of caustics, the investigation of which, though suggested 
to mathematicians by the science of optics, belongs purely to 
the theory of curves. The subject has some historical interest, 
caustics being among the earliest questions, involving the 
problem of envelopes, actually discussed.* 

If light be incident on a curve from any point, the reflected 
ray is found by drawing a line, making with the normal the 
same angle which is made with it by the incident ray; the 
envelope of all these reflected rays is the caustic by reflection. 

It is easy to form the general equation of the reflected ray. 
Let the equations of the tangent and normal at the point of 
incidence be 7-0, N—0; then the equation of the incident 
ray is T'N— TN'=0, where 7"N' are the results of substituting 
the coordinates of the radiant point in T and N; the 
reflected ray then, which is the fourth harmonic to these three 
lines, will have for its equation 

T'N+ TN' = 
and the envelope can then be found by the preceding rules. 


Ex. To find the caustic by reflexion of a circle. 

The reflected ray is, by the preceding (aß being the coordinates of the radiant 
point, and the tangent and normal being x 9080 + y sin 0 —r, and x sin 0 — y cos), 
(a cos0 + β sin 0 — r) (x sin 0 — y cos0) + (x cos 0 + y sin 0 — r) (a sin0 — 8 cos 0) = 
or (ay + Bx) cos20 + (By — az) sin20 + r (x + a) sin0 — r (y + B) cos0 — 0, 
whose envelope is (Ex. 3, Art. 85) 
[4 (a? + 8") (z? + 9°) — τ’ ((x + α)” + (y + B) = 27 (Bx — ay)? (2? + y? — a? — y. 

116. Instead of finding directly the envelope of the reflected 

ray, M. Quetelet has given a method, which is more convenient | 
in practice, of reducing the problem to that of evolutes; since 
the caustic would be sufficiently determined if we knew the curve 
of which it was the evolute. 


* The subject of caustics was introduced by Tschirnhausen, Acta Eruditorum 
1682, referred to by Gregory, Examples, p. 224. 
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“Tf with each point successively of the reflecting curve as 
centre, and its distance from the radiant point as radius, we 
describe a series of circles, the envelope of all these circles will 
be a curve, the evolute of which will be the caustic required.” 
The following (due to M. Dandelin) is a more convenient form 
of stating the same theorem: Jf we let fall from the radiant 
point O the perpendicular OP on the tangent, and produce it 
so that PR = OP, then the caustic is the evolute of the locus of R. 

For ΕΤ is evidently the di- 
rection of the reflected ray, and 
if we draw the consecutive ray, 
then, since OT, TV; O71", T V, 
make equal angles with T7", 
OT+ TV- 01” + T'V (Conics, 
Art. 392); therefore VR = VE, 
and therefore VE is normal to the locus of R. 

The locus of P, the foot of the perpendicular on the tangent, 
we call the pedal of the given curve. The locus of R is plainly 
a similar curve, and its equation can always be written down 
when the equation of the reciprocal of the given curve with 





regard to O is known, by substituting = for p in the polar 


equation of that reciprocal. Thus the caustic by reflexion, of a 
circle, is the evolute of the limaçon, (see Ex. 5, Art. 55), since its 
equation (the radiant point being pole) as found by the rule 
just given is of the form 


p =p (1-4 ecosc). 


117. If light be incident from any point on a curve, the 
refracted ray is found by drawing a line, making with the normal 
an angle whose sine is in a constant ratio to that of the angle 
made with the normal by the incident ray, and the envelope of 
all these rays is the caustic by refraction. 

M. Quetelet has reduced in like manner these caustics to 
 evolutes by the following theorem, the truth of which it is easy 
to see. "If with each point successively of the refracting curve 
as centre, and a length in a constant ratio to its distance from 
the radiant point as radius, we describe a series of circles, the 
envelope of all these circles will be a curve whose evolute is the 
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caustic by refraction.” In fact, the method of infinitesimals 
readily shows that, in consequence of the law of refraction, the 
increments of the incident and refracted rays are connected by 
the relation mdp + dp'=0, it follows then that if, on the 
refracted ray produced, TR be taken =mOT, T'R'=mOT'’, 
then VR= VR', and therefore the refracted ray is normal to 
the locus of R. 

We add geometrical investigations in relation to two 
interesting cases of caustics by refraction. 

(1) Zo find the caustic by refraction of a right line. 

Let fall a perpendicular on the line, and produce it so that 
AP= PB; and let a circle be described 
through A, B, and the point of incidence 
k; let LR be the refracted ray; then 
obviously the angle ALB is bisected, and 
AL+LB: AB:: AL: AO 

: sin AOL: sin ALO; 
but AOL is the angle which the re- 
fracted ray makes with the perpendicular to the line, and 
ALO=BLO=BAR is the angle which the incident ray makes 
with the perpendicular; the ratio of AL 4- LB to AB is there- 
fore given; the locus of Z is an ellipse, of which A and B are 
the foci, to which LE is normal, and of which, therefore, the 
caustic is the evolute. 

(2) Zo find the caustic by refraction of a circle. 

Let a circle be described through A, the radiant point, and 
R, the point of incidence, to touch OZ; then 
the point B is given, since OA. OB= OR’. 
The ratio RA: RB is by similar triangles 
equal to the given ratio OA : OR. The ratio 
RA: RM is equal to sin RBA: sin RBM; 
but RBA = PRA, the angle which the in- 
cident ray makes with the normal to the 
curve, and RBM — PRM, the angle which 
the refracted ray makes with the same 
normal; hence the ratio RA: RM 15 also 
given. Now since 


AM. 71 MD. AR — RM. AB, 
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if we denote the distances of M from A and B by, p, p', these 
distances are connected by the relation 


2x p + — p =AB. 

Now, a Cartesian is defined as the locus of a point whose 
distances from two given foci are connected by the relation 
mp + np'— ο) and it is proved precisely as at Conics, Art. 392, that 
the normal to such a curve divides the angle between the focal 
radii into parts whose sines are in the ratio m:n. Hence the 
locus of M is a Cartesian, of which A and B are foci, and 
it is obvious that ME is normal to the locus, and therefore the 
caustic is the evolute of this curve.* 

The ellipse in (1) and the Cartesian in (2) are curves cutting 
at right angles the refracted rays; the curve cutting at right 
angles the reflected or refracted rays is termed the secondary 
caustic. 


PARALLEL CURVES AND NEGATIVE PEDALS. 


117 (a). It remains briefly to notice one or two other classes 
of envelopes. We have already mentioned the problem of 
finding the curve parallel to a given one. This may either 
be treated as that of finding the envelope of a tangent parallel 
to each tangent of the given curve, and at a fixed distance 
from it, and so of finding the envelope of 


Lac + My + Nz = kz J (L7 + M7), 


or else, as we have already seen, it may be regarded as 
that of finding the envelope of the circle of given radius 
(z — α)' + (y - 8) 2 k", whose centre αβ satisfies the equation of 
the curve, or, what is the same thing, of finding the condition 
that this circle should touch the given curve. The result will 
evidently be a function of &*. In some exceptional cases to be 
mentioned presently, the result can be resolved into factors, as 
for instance, the parallel at a distance & to a circle of radius a 
consists of a pair of circles of radii a+ k. But, ordinarily, such a 
resolution is not possible, and the two tangents at the distance 


* This proof was communicated to me by Dr. Atkins, 
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+k from any tangent will touch the same parallel curve. 
Hence, the number of tangents which can be drawn parallel 
to any given line is double that which can be so drawn to the 
original curve, or »' 2 2n. In like manner, to each inflexional 
tangent on the original correspond two on the parallel curve, 
or {Ξ9ι. To find the order of the parallel it suffices to make 
k =0 in its equation, which will not affect the terms of highest 
dimensions in the equation; but what was proved for the conic 
(Conics, Art. 372, Ex. 2) is true in general, that the result of 
writing £ — 0 in the equation of the parallel is the original curve 
counted twice, together with the two sets of n tangents drawn 
from the points J, J to the curve. ‘The order then is 2 (m +n). 
There is no difficulty in seeing how these numbers are modified 
if the original curve touch the line at infinity or pass through 
the points J, J. We arrive in this way at Professor Cayley's 
formule 


m =2(m+n)—2(f4+g), n =2n, 4 22í2 — 6m + 2a, 


Kc —2a— 6 (f g) fi =2 (n—g), g = 29. 
The parallel curve and the original have the same normals and 
the same evolute, but every normal to the parallel curve is so 
generally in two places, answering to the values + k. 


Ex. 1. To find the parallel to the ellipse or parabola. See Conics, Art, 372. 


Ex. 2. To find the parallel to αὖ + ye = αὖ, The equation of any tangent is 
{see Art. 99, Ex. 6) 
2 cose + y sing = a sin $ coso. 

Hence, that of a parallel at the distance £ is 
x coso + y sing = k + a sin ọ coso, 
whose envelope is (see Art. 85, Ex. 3) 
(8 (a? + y? — a?) — Αλ2}5 + {27axy — 9k (a? + y?) — 18a?k + 843)? = 0, 
This is one of the cases where the parallels answering to the values + & are different 
curves and not different branches of the same curve. 

The curve whose equation has been just obtained is the envelope of a line on 
which a constant intercept is made by two fixed lines. If the lines are at right 
angles, taking them for axes it is seen immediately that the equation of a line whose 
length is a inclined at an angle Φ to the axis of zis x sin p + y cos = a cos $ sinjo, 

$$$ 


whose envelope is z" + y? — a*. But consider for a moment a diameter and a parallel 
chord of a circle, and it is evident that if a line whose length is a subtend a right 
angle at any point, a parallel line at a distance ła cos» will make an intercept 
a sin on a pair of lines including an angle φ, and equally inclined to the rectangular 
lines. Hence, obviously the envelope of a line whose length is a sing intercepted 
between the oblique lines is a parallel (answering to the value k = ġa cos») to the 


3 3 


2 
envelope for the rectangular lines, ο + y? =a’, 
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118. If αα 1 βψ -- y be a tangent to a curve (the equation 
being expressed in ordinary rectangular coordinates), then 
evidently ax + 8y + y+ kJ (a + 8") is a tangent to the parallel 
curve; and it follows at once, that if we have the tangential 
equation of the given curve, we obtain that of the parallel by 
writing in it for y, y -- kp where p is /(a’+ 9). Hence the 
tangential equation of the parallel to a curve whose tangential 
equation is V=0 is 


V+ kp T 13 E ps A 


The equation is cleared of radicals by transposing to one side 
the terms containing the odd powers of p and squaring, when 
we obtain an equation the order of which is double that of the 
original tangential equation, in conformity with what was proved 
in the last article. 


+ &c. = 





Ex. 1. To find the tangential equation of the parallel to = z+! a =1, The 


tangential equation of the ellipse is (see Conics, Art. 169, Ex. 1) ae? + ae y?, whence 
that of the parallel is 


ara? + OR = (y + kp)’, 
or {(a? — &?) a? + (6? — E?) B — YPY = 44? (a? + B?) y^ 


Ex. 2. To find the tangential equation of the parallel to the parabola y? = px. 
The corresponding tangential equation is p(3? = 4ay; hence that of the parallel is 


(p? — 4ay)? = 1647 a? (a? + βθ). 


Ex. 3. To find the tangential equation of the parallel to a circle. The tangential 
equation to the circle whose centre is the point a, b, and radius c, is (Conics, Art, 86) 
(aa + bB + y)? = c? (a? + 8?) ; therefore that of the parallel is 


(aa + ὅβ + y + kp)? = ορ”, 
which breaks up into factors, and gives 
aatbB+ytkp=+cp; 
whence, clearing of radicals, 
(aa + bB + y)? = (e + E? (a? + B°, 


representing a pair of concentric circles whose radii are ο + k, as is geometrically 
evident. 


119. In precisely the same manner, as in the last example, 
it is proved that if the tangential equation of a curve be of the 
form u’ (αἱ + 8) 2 v*, the parallel will break up into two factors 
of like form with the original, the parallels answering to the 
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values +% being distinct curves, and not different branches of 
the same curve. For suppose that by the substitution of y + kp 
for y, u becomes u + ukp+u'k'p’+ ὅτο., and similarly for v; 
then ^p? = v? becomes 


(u 4- w kp zs wu kp + &c.)" p= (v + v'kp at υ΄ kp $ &c.)*, 
which is at once resolvable into factors which can be rationalized 
separately, giving the result 


fu + v" Ep! + ἆο. x (vk -- v" Ep" + &e.)}%p° 
= [v +v" p + &e. x (w' kp! Fw" E pf + &c.)]*. 


Thus the equation given for the parallel of a conic is of the 
form considered in this article, and it can be now easily verified 
that the parallel to that parallel at the distance &' consists of 
the two parallels to the conic at the distances ᾖ +k’, as manifestly 
ought to be the case. Take again the curve already mentioned, 
αἲ 4 y —a*, whose tangential equation is (a+ p’) y = a'a* 8", 
which being of the form here considered, shows that the parallel 
breaks up into factors. The tangential equation of the parallel 
is in fact (a^ + 9") y^ = (aa x k (a’+ β᾽)]. 

If we take for u and v respectively the most general functions 
of the first and second degrees in a, 8, y, vp? — v" denotes a 
curve of the fourth class having two double tangents, and 
which is therefore of the eighth order. But these functions may 
be so taken that the double tangents shall become stationary 
tangents, and that the curve may have another double or 
stationary tangent, and in this way we can form the equation 
of a curve of the third or fourth order whose parallels break 
up into factors, Of this kind is the reciprocal of a Cartesian, as 
will afterwards be shown. 


120. If we had been using trilinear instead of rectangular 
equations, it follows, from Conécs, Art. 61, that the equation of a 
parallel to ax + y+ yz, at a constant distance from it, is of 
the form 

ax + By t yz 4 m [xsin A + ysin B + zsin C) /(S) =0, 
where 9 is 
α’ + B? +y- 28y cos A — 2γα cos B — 2a cos C, 
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and we see that if in the tangential equation of a curve we 
write for a, B, y, 


a m sin.A (9), 8 --msin B (S), y+msin Ο (9), 


we shall have the tangential equation of a parallel curve. We 
saw, Conics, Art. 382, that S= 0 is the tangential equation of the 
points JJ; and it is at once suggested, that if S=0 be the 
tangential equation of any two points, and ax+by+cz=0 
the line joining them, then considering the circular points at 
infinity as replaced by the two points in question, the envelope 
of ax + By +yz, and of ax 4 By yz - (ax + by t ez) 4 (S) are 
quasi-parallel curves. 


121. We called (Art. 116) the locus of the foot of the 
perpendicular on the tangent from a given pole or centre, the 
pedal of the given curve. Having found the pedal we may 
find its pedal again, &c., and so have a series of second, third, &c., 
pedals of the given curve. Or we may continue the series 
the other way, the curve of which the given curve is the pedal 
being the first negative pedal, and so on. The problem of 
finding the negative pedal is that of finding the envelope of a 
line drawn perpendicular to the radius vector through its 
extremity ; or, in other words, it is that of finding the envelope of 


ax+ By = a + β' 
where a, 8 satisfy the equation of the curve. We have just 


seen that the problem of finding the parallel curve is that of 
finding the envelope of 
2ax + 2By + k -r - y = + B, 
subject to the same conditions; and accordingly Mr. Roberts 
has remarked that the two geometrical problems are both 
reducible to the same analytical problem, viz. that of finding 
an envelope of the form 
Aa + BB+ C=a'+P’, 

and that if we had the equation of the parallel curve we could 
deduce that of the negative pedal, by writing in it $= a^ + y", 
and then writing 42, $y for x and y. Ordinarily, indeed, the 
problem of finding the parallel curve is the more difficult of the 


two; but this method gives immediately the negative pedal of 
Ρ 
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the right line or circle. For the parallel to a right line is a 
pair of equidistant parallel lines, and the parallel to a circle 
of radius a is two concentric circles of radii a+k. In either of 
these cases, then, the equation of the parallel curve can be 
written down without calculation, and the negative pedal thence 
derived by the process just indicated. 


122. If for any curve there is taken on each radius vector 
OP from an arbitrary origin or centre of inversion a portion 
ΟΡ’ equal to the reciprocal of OP, the locus of P' is said 
to be the inverse of the given curve. From this definition it 
is easily inferred that the pedal of a curve is the inverse of 
its polar reciprocal, and that the first negative pedal is the 
polar reciprocal of its inverse; the reciprocation being per- 
formed in regard to a circle described about the origin or centre 
of inversion as its centre. 

There is no difficulty in deducing, by reasoning similar to 
that used in other similar cases, the characteristics of the curve 
inverse to a given one, and hence those of the pedal and of the 
negative pedal respectively, and it is sufficient to give the 
results. We use f and g in the same sense as before to denote 
the number of times that the curve passes through a point J or 
J, or that it touches the line ZJ; f' and ο’ denote the reciprocal 
singularities, viz. the number of times the curve touches a line 
OI or OJ, or that it passes through the origin; p and q denote 
the number of coincidences of tangents when the origin or when 
a point J or J is a multiple point [for example, we should have 
p — 1, if the origin were a cusp], and ρ΄, φ’ denote the reciprocal 
singularities; then for the inverse curve we have 


M-2m-f-9g,N-nt2m-2(f*g)—-(f£ 3-9) | (p 9), 
F=2m- f- 2g', G=p, F =q, G »m- f, Pag, Q— f. 
Hence we must have for the pedal 
Mz=2n- f'-g, N m4 2n—2(g- f") — (g - £)- p 44, 
F-2n-99— f, G- p, F'- 4, G =n- f, P-g, Q=f, 
and for the negative pedal 
M=n+2m—2(f+g)—-(fitg)+p+q, N-2m —f—g, 
F-q,G-2m-f,F-22m-f-99,G 2p,P-9, Q =f". 
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Ex. 1. To find the negative pedal of the parabola, the pole being at the focus.* 
Let the equation be y? = 4 (mz + m?). We may then express any point on the 
curve by x + m = Am, y = 2Xm, and the equation az + By = a? + (3? becomes 


(X? — 1) z + 22y = (X? + 1? m. 
The invariants of this quartic in À are 
S = ὃ (x +4m)*, T= (x + 4m)3 — 54m (x? + y?). 
The discriminant therefore S*— 27 T" becomes divisible by x? + y! and gives the 


equation 

(5 + 4m)? = 27m (a? + ?). 
This is equivalent to the polar equation p cos }w = m3, which might have been other- 
wise obtained, since it immediately follows, from Art. 95, that if the equation of any 
curve can be expressed in the form p* = a^ cosmw, the equations of its pedal and 


negative pedal are of the same form, the new m being ΓΕ; and i respectively. 

It may be remarked that the equation of the tangent to a parallel to this curve is 
(A? — 1) α + 24y = (A? + 1)? m + (A? + 1) k, 

the envelope of which is of the fifth order, the curves answering to the values + k 


being distinet. And so in general the parallels will be unicursal of curves, the 
equation of whose tangent is | 


(A? — 1) z + 2Ay= $ (A). 


If we take p (A) = mÀ* we get a curve of the third class and fourth order touched 
by the line at infinity and passing through the points J, J. 


2 2 
Ex. 2. To find the negative pedal of - +5 = 1, the pole being at the centre, 


Writing as usual for the coordinates of any point a cos and ὁ sing, we have to 
find the envelope of 


ax COS p + by sin p = a? οοβ2φ + b? sin’ = à (a? + 0?) + à (a? — 5?) cos 2o. 


Hence, writing for the moment } (a? + b?) = m, 4 (a? — b?) = n, the envelope is (see 
Art. 85, Ex. 3). 


{3 (a?x? + b74?) — 4 (m? + 3r?) } + (9 (m — 3n) a?2? +9 (m -- δη) b2y? — 8m (m? —9n?)}?= 0. 
For Professor Cayley’s solution of the same problem, see Geometry of Three Dimen- 
sions, (Art. 481). 


Ex. 3. To find the negative pedal of the ellipse, the pole being at the focus. 
The z measured from the focus is c + a cos@ and the focal radius vector a + c cos $. 
We have therefore to find the envelope of 


x (c + a cos p) + yb sing = (a + e cos ¢)?, | 
or of €? cos 29 + a (4c — 2x) cos p — 25y sin φ + (2a? + ο; — 22) = 0 
and the envelope is 
(95? (a? + y?) — (25? + ex?)* + 9b? (a? — cz + 2c?) (x? + y?) — (26? + cz)** = 0, 


which, when expanded, will plainly be divisible by z? + y? and will represent a curve 
of the fourth degree, having the lines z? + y? as stationary tangents. 





* It may easily be seen that this is the same problem as to find the caustic by 
reflexion, the rays being perpendicular to the axis. 
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CHAPTER IV. 


METRICAL PROPERTIES OF CURVES. 


123. IN this chapter we shall give some of the more 
important of the metrical properties of curves. In the investi- 
gation of such properties Cartesian rectangular coordinates are 
most advantageously employed; then, as we saw in Art. 35, by 
substituting p cos and p sin for x and y, we obtain the lengths 
of the segments made by the curve on any line through the 
origin; and so on any line whatever, since by transformation 
of coordinates any point may be taken for origin. 

The theorem given (Conics, Art. 148) may be relied as 
follows: Zf through any point O two chords be drawn, meeting 
a curve of the n™ degree in the points k R.R, 8,8,... S, then 
the ratio of the products E ORDR DE OR, will be constant, what- 
ever be the position of the point O, provided that the directions of 
the lines OR, OS be constant.* 

And the AE is the same as that already given in the case 
of conic sections. From the polar equation of the curve, Art. 26, 
we see that the product of all the values of the radius vector on a 
line through the origin making an angle @ with the axis of x is 


A 
~ P cos"Ü + Q cos" 10 sinô + &c.? 
and the same product for any other line is 
2 A 
— cos" 0, + Q cos" 70, sind, + &c. ` 
The ratio is therefore 


P cos"0 + Q cos" 0 sin? + &c. 
P cos" 0, + Q cos"! 0, sinb, + &c. ' 


* This theorem was first given by Newton, in his Enumeratio Linearum Tertia 
Ordinis. 
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But we have seen (Conics, Art. 194) that, by a transformation to 
any parallel axes, the coefficients of the highest powers of the 
variables, and therefore this ratio, will be unaltered. 

We may (as at Conics, Art. 148) express the same theorem 

thus: If through two fixed points, O and o, any two parallel lines 
be drawn, then the ratio of the products OR,.OR,.OR,...d&c. 
: or,.0r,.0r,, dec. will be constant, whatever be the common direction 
of these lines. 
PE απ 
P cos'ü 3 &c.? TOOS 
A’ is the absolute term when ο is made the origin; and the ratio 
of the products is A : A’, and independent of 0. We have seen 
(Conics, Art. 134) that the new absolute term will be the result of 
substituting the coordinates of o in the given equation. We see, 
therefore, that the result of such a substitution is always propor- 
tional to the product of the segments intercepted between o and 
the curve on a line whose direction is given (Con?cs, Art. 262). 


For the value of the second product is 


124. From the preceding theorem is deduced at once 
Carnot's theorem, of which we have given a particular case 
(Conics, Art. 313). Let each of the sides of a polygon ABC, &c., 
meet a curve of the n degree in n real points. We shall 
denote by (B)' the continued product of the n segments made on 
the side BC between B and the curve; by '(B) the product of 
the segments made on the side BA. Then 


(4) (B) (Oy (DY &e. = (4) '(B) (C) CD) &e. 
For through any point draw radii vectores parallel to the sides 
of the polygon, and denote the continued product of the seg- 


ments on each of these lines by (a), (b), (c), &c., then, disregarding 
signs, 


(B) : (B) τε (a) : (b), 

(C) : (OY s: (0): (9) 

(D) : (DY :: (9) : (d), 
&c., 


and, compounding all these ratios, the truth of the theorem is 
evident. 
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125. Some ambiguity will be avoided by attention to the 
sign +. Considering the segments on the line AB, we have 
(A) the product of n segments measured from A to B; and 
'(B) the product of n segments measured from B to A, and 
therefore according to the rule of signs (Conics, Art. 7), each term 
in the latter product is to be regarded as of an opposite' sign 
from each term in the former, so that if we give to (A) 
the sign +, we must give to '(B) the sign (—)"; that is to 
say, + when n is even and — when it is odd. And if & be the 
number of sides of the polygon, then since each side of the 
equation of the last article consists of ὦ factors such as (4), that 
equation must be written 

(4) (B) (C) &e. = (—)" (A) (B) (€) &e. 5 
that is to say, the right-hand side will have the sign + when 
either the degree of the curve or the number of sides of the 
polygon is even; but when both are odd, the sign — is to be 
used.* 


Ex. 1. Let a right line meet the sides of a triangle AB, BC, CA, in the points 
c, a, b. Then 
Ac. Ba. Cb = — Ab. Bc. Ca (Conics, Art. 42), 


and the sign shows that, if it cut two sides internally, it must cut the third externally. 
The equation 

4c,. Ba . Cb = + Ab. Bc,. Ca (Conics, Art. 43) 
will be fulfilled if the three lines Aa, Bb, Cc, meet in a point; and the line AB is 
cut harmonically in the points c and c,. 


Ex. 2. Let each side of the triangle touch a conic in the points a, b,c. Carnot's 
theorem gives us 
Ac’, Ba?, Cb? = + Ab?, Be?. Co? ; 
and, therefore, Ac. Βα. Cb = + Ab. Be. Ca. 


The lower sign cannot be used, since no line can meet a conic in three points: we 
learn then that if a conic be inscribed in a triangle, the lines joining each vertex to 
the opposite point of contact meet in a point, 


Ex. 3. Let a, b, c be points of inflexion on a curve of the third degree, at which 
BC, CA, AB, are tangents; then by Carnot’s theorem, 
Ac3, Ba’, Cb? = — Ab. Be. Ca’, 
the only real root of which is 
Ac, Ba. Ch = — Ab. Bc. Ca. 


Hence, if a curve of the third degree have three real points of inflexion, they must lie 
on one right line. Hence, too, a curve of the third degree can have only three 


* See Pliicker’s System der Analytischen Geometrie, p. 44. 
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real points of inflexion; for this argument would show that all the real points of 
inflexion must lie on a right line; and aright line can only meet the curve in three 
points. | 

The same reasoning proves that if any curve of an odd degree n have three real 
points, at each of which the tangent meets the curve in n points, these three points 
must lie on one right line. 


Ex. 4. Let a curve of the fourth degree have three double tangents; we have 
Ac? , Ac? . Βα’, Ba?. 002. Cb? = Ab?. 462. Be. Be? . Ca? . Ca?, 
whence Ac . Ac,. Ba. Ba,. Cb. Cb, = + Ab. Ab, . Bc. Be,. Ca. Ca,; 


but on account of the double sign we can only infer that *if a curve of the fourth 
degree have three double tangents, the conic through five of the points of contact 
will either pass through the sixth, or through the point which, with the sixth, divides 
harmonically the side of the triangle on which the sixth lies.” There are thus two 
distinct kinds of triads of double tangents, according as one or the other of these 
geometrical relations holds good. 


126. There are some particular cases for which Carnot’s 
theorem requires to be modified. First, if one of the angles 
(A) of the polygon were at infinity, that is to say, if two 
adjacent sides be parallel, then (4) ultimately = '(.4), and we 
still have the equation 


(BY (ΟΥ &e. = '(B) '(C) &e. 


Secondly, if one of the angles (A) were on the curve; then 


one of the n terms vanishes in each of the products (.4)' and '(4) ; 
but now, since the ratio of any two lines ες WAA Lla we 

: AH sin E RA? 
may substitute for the ratio of these two vanishing sides the 
ratio of the sines of the angles which the sides of the polygon at 
4’ make with the tangent at A, and the theorem becomes 


(AY (BY (Cy δε. 4) (Β) (C) &e. 


sina sin a ! 


where (4)’. (4) have each but n — 1 factors, and where a, α΄ are 
the angles which the sides on which (A)’, (44) are measured 
make with the tangent at A. In this manner we can deduce 
that, “if any polygon be inscribed in a conic the continued 
product of the sines of the angles, which each side makes with 
the tangent at its right-hand extremity, is equal to the similar 
product of the sines of the angles made with the tangent at the 
other extremity.” 
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127. If there ben points in a right line, a point on the line 
such that the algebraic sum of its distances from these point 
shall vanish, is called the centre of mean distances of the give 
points. Let the distance of the centre from any assumed poin 
on the line be y, let that of the other points be y,, Y, Yay &c 
then the distances of the centre from the given points are y — y. 
Y — 9, &c., and the condition given by the definition is 


= (y —y,)=0, or ny — Z(y)-90; 


whence we learn that the distance of any assumed point from th 
centre is equal to the sum of the distances of the assumed poin 
from the given points, divided by the number of these points 
or is equal to the mean distance of the assumed point from th 
given points. Thus, if there be only two given points, th 
centre of mean distances is the middle point of the line joinin; 
them, and the distance of any point on the line from th 
middle point is half the sum of its distances from the tw 
given points. 

The well-known properties of the diameters of conics hav 
been generalized by Newton into the following theorem, true fo 
all algebraic curves: Jf on each of a system of parallel chora 
of a curve of the n degree there be taken the centre of mea 
distances of the n points where the chord meets the curve, the locu 
of this centre is a right line, which may be called the diamete 
corresponding to the given system of parallel chords. 

To prove this theorem, we adopt the same method of inves 
tigation as in the case of conic sections (Conics, Art. 141). Th 
origin would be the centre of mean distances for a chord makin; 
an angle 0 with the axis of a, if, when we transform to pola 
coordinates by substituting p cos 0, p sin (or in case of obliqu 
axes, mp, np), for x and y, 0 be such aa to cause the coefficien 
of ρ''' to vanish. If we seek then the condition that any othe 
point x'y' should be the centre of mean distances for a paralle 
chord, we must examine what relation should exist betwee 
x', y', in order that when we transform the axes to this poin 
the new coefficient of p" should vanish for the same valu 
of 6. But when the given equation U=0 is transformed t 
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parallel axes by substituting γα, y+y', for x and y, it 
becomes 
,QU „dU io μα Ὁ aU -ᾱ- 
= + 


only the oo first terms can contain powers of the variables as 
high as the (n — 1)", and since these involve α'γ' only in the first 
degree, the required locus must be a right line. Its equation is, 
in fact, 


U 
qs + 2a'y' 2,5 ay Gr) + &e, =0; 


du, du, 

v ty dy Το =O; 

where, in v,, v, ,, 6086 and sin@ (or, if the axes be oblique, m 
and 7) have heen substituted for x and y. 


128. Newton has also remarked, that if any chord cut the 
curve and its asymptotes, the same point will be the centre of 
mean distances for both, and that therefore the algebraic sum of 
the intercepts between the curve and its asymptotes =0. This 
is the extension of the well-known theorem ( Con?cs, Art. 197). 
The truth of it follows at once from the equation of a diameter 
given in the last Article, and from what was proved (Art. 52) 
that the terms v,, v, ,, are the same in the equation of the curve 
and in that of its n asymptotes. 


129. We may in like manner seek the locus of a point such 
that the sum of the products in pairs of the intercepts, measured 
in a given direction between it and the curve, shall vanish. 
The origin would be such a point if the coefficient of p"* 
vanished for the given value of 0, and the locus is found, as in 
Art. 127, by examining what relation must exist between α΄ and 
y in order that the coefficient of p"* in the transformed equa- 
tion should vanish. But since the terms of the (n — 2)" degree 
in 2) and y involve no powers higher than the second of z' and γ', 
the locus will be a conic section, which we shall call the 
diametral conic. 


Its equation is readily seen to be 
2 


{σα n+1 2 αυ, 3 Un 2 a 2453 
5 TE tI y (e de” + day dxdy ty dy” =e) 
&c., cos? and sin@ have been substituted for 
Q 








where, in v, ,, 
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c and y. The distance of any point from either point on the 
diametral conic being y, and from the curve y,, Y, &c., we have, 
by the definition, 
=(y—y,) (Y-Y) =0. 

The number of terms in this sum is the same as the number 
of combinations in pairs of n things, and is therefore = n (n — 1). 
This, therefore, will be the coefficient of y? when we multiply out 
each of these products and add them together. In the same 
case the coefficient of y will consist of 4» (n — 1) terms, each of 
the form — (y, + y,), and since it must involve the n quantities 
3, Yay &c., symmetrically, it must be - (n—1) E (y). Hence 


2(y-9)(y—-9)—$n(n-1)y — (n — 1) y2 (yj + Z (y,9) =0. 
This quadratic gives the distances of any point from the diame- 
tral conic when we know its distances from the curve. 4n (n — 1) 
times the product of these two distances = Σ (y,y,), or the product 
of the distances from the diametral conic is equal to the mean 
product in pairs of the distances from the curve, since there 
are 4n(n — 1) such products. The sum of the distances from 


; ; 2 . : 
the diametral conic = = Z(y) The mean distance is then the 


same for both curves, since there are two such distances in 
the one case, and n in the other; and the two curves have 
the same diameter. 


130. There is no difficulty in seeing that a curve of the n™ 
degree may have other curvilinear diameters of any degree up 
to the (n — 1)*. Thus the locus of a point such that the sum 
of the products in threes of its distances from the curve should 
vanish, is found by putting the coefficient of p"? in the trans- 
formed equation — 0; and since this coefficient involves no 
higher than the third powers of the variables, the locus will 
be of the third degree. We may see too, in like manner, that 


Z(y-3)(y-9)(9 - Ys) = $n (n — 1) (n — 2) 3" 

= 4 (n ES L) (n z 2) ΥΣ (y,) + (n zt 2)yZ (YY) - ἃ (YYY) 
and we can readily infer hence that the curve and its cubical 
diameter will have the same mean distance, mean product in 


pairs, and mean product in threes of the distances; so in like 
manner for diameters of higher dimensions. More light will 
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be thrown on the subject of these curvilinear diameters by con- 
siderations which we shall explain presently. 


131. To the mention we have made of diameters we may 
add some notice of centres. If all the terms of the degree n—1 
were wanting in the equation, then the algebraic sum of all the 
radii vectores through the origin would vanish, and the origin 
might in one sense be called a centre. 

The name centre, however, is ordinarily only applied to the 
case where every value of the radius vector is accompanied by 
an equal and opposite one. In this case, if the equation be 
transformed to polar coordinates, it must be a function of ρ” 
only. Ifthe curve then be of an even degree, its equation in 
x and y, referred to the centre, can contain none of the odd 
powers of the variables, and must be of the form 


u, tutu, T &c. — 0. 
If the curve be of an odd degree, its polar equation must be 
reducible to a function of p' by dividing by p ; and the x and y 


equation can contain none of the even powers of the variables, 
but must be of the form 


u, +u, +u, |- &c. — 0. 


This form shows that if a curve of an odd degree have a 
centre, that centre must be a point of inflexion. It is also 
evident that it is only in exceptional cases that a curve of any 
degree above the second will have a centre; since it is not 
generally possible, by transformation of coordinates, to remove 
so many terms from the equation as to bring it to either of 
the forms given above. 
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132. We pass now to an important theorem, first given by 
Cotes in his Harmonia Mensurarum : If on each radius vector, 


through a fixed point O, there be taken a point R, such that 
ατα 1 l + l & 
OR OR, * OR,* OR, τσ 


then the locus of R will be a right line. 


116 POLES AND POLARS. 


For, making O the origin, the equation which determines 
OR, &c., is of the form 


A | 4 (B cos 0+ C sin ϐ) -ᾱ-, 
ρ ρ 
+ (2 cos*0 + E cos ϐ sin 6+ F εἶπ'θ) m Eo. 


n __ (Bcos0+ C sin 0) 
OR A : 
or, returning to z and y coordinates, 

Bu + Cy 4 nA — 0. 

This is the equation found (Art. 60) for the polar line of the 
origin, and the property just proved is the extension of the 
well-known harmonie property of poles and polars of conic 
sections (see Conzcs, Art. 146). 


Hence 


133. The preceding property may also be established with- 
out taking the point O as the origin, by a method corresponding 


to that used, Conics, Art. 92. We have seen (Art. 63) that 
given two points Ο, αγ, and R, xyz, then the equation 
A =0, or 
MU’ +r" AU" + 3A 74! ATU'! + &c. — 0, 

determines the ratios RR, : OR, &c., in which the line joining 
these two points is cut by the curve. It follows then from 
the theory of equations, that AU'—0 expresses the condition 
that the sum of the roots of the equation A — 0 should vanish : 
that is to say, Δ΄ --0 is the locus of a point R, such that 


RR, ΒΒ, , 
OR, OR, + &c. == 0; 


But writing for RR, OR, — OR, &c., this equation is at once 
seen to be 
n 1 1 & 
OR" 0 R + OR, + ἆο. 
194. It can be seen in like manner that the polar conic 
A'U' -- 0 15 the locus of a point, such that 


RR, ΠΕΝ. 1 1 1 1... 
Í (oR | GR) Ser [σε- σε) (on - on) τ 
and similarly for polar curves of higher order. The polar curve 
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of the & order possesses the properties (if OR denote a radius 
vector to the curve, and Or to the polar curve) 


1 1 1 l 


n7 OR k Or 
1.2. 1 1.2 1 
n(n—1i) OR OR ΠΕΠ O Or? 
1.2.3 1 1.2.3 1 


n(n-1)(n-2) ^ OR OR, OR, πε Π53) ^ Or,.Or,.Or,’ 
135. If the point O be at infinity, then the distances OF, 


OR, &c., may be regarded as having to each other the ratio of 


equality, and the denominators in all the fractions OR : i : 


&c., may be considered as equal. The property then of the 


polar line X ——* Ies 0, reduces, when O is at infinity, to 2 (RR) =0; 


OR, 
or the sum van kes of the intercepts between the polar and the 
curve on the parallel chords which meet at O. Thus then the 
polar line of a point at an infinite distance is the diameter of the 
system of parallel chords which are directed to that infinitely 
distant point. 

RR, RR, 

OR,' JE) : 
reduces when Ο is infinitely distant to Σ (RR, .BR,) = 0, or 
Z(OR—OR,) (OR—OR,)-0, the equation (Art. 129) which 
determines the diametral conic. And so in general, the curvilinear 
diameter of any order 4s identical with the polar curve of the 
same order of the infinitely distant point on the system of parallel 
chords to which the given diametral curve corresponds. 


So again for the polar conic. The equation E e 


136. Mac Laurin has given a theorem, which is the extension 
of Newton’s theorem (Art. 128): “Jf through any point O a 
line be drawn meeting the curve inn points, and at these points 
tangents be drawn, and 4f any other line through O cut the curve 
nh, By vx and the system of n tangents 4n r, T, Æc., then 

1 

? oR= = s 

It is evident that two points determine the polar line; that, 
therefore, if two lines through O meet two curves in the same 


118 POLES AND POLARS. 


points, E, ZZ, &c., S, S, &c., the polar of O, with regard 
to both curves, must be the same, since two points of it, 
f and δ, are the same for both. This will be equally true 
if the two lines OR, OS coincide, that is to say: “If two 
curves of the n degree touch each other at n points in a right 
line, then the polar of any point on that right line will be the 
same for both curves; and therefore if any radius vector through 
such a point meet both curves, we must have Σ oR == 5. ον 

197. We know that the centre of a conic may be regarded 
as the pole of the line at infinity with respect to the curve. 
With respect to curves of higher order, however, every right 
line has (n—1)’ poles (Art. 61), and there is therefore no 
unique point for a curve of higher order answering to the centre 
of a conic section. But it is different if we consider curves of 
higher class. ‘The preceding investigations are evidently appli- 
cable also to tangential coordinates; and thus every right line 
has a pole, a polar curve of the second, third, &c. class, and, 
finally, a polar curve of the (n—1)" class, touched by the n 
tangents at the points where the right line meets the curve. 
And if we thus by tangential coordinates seek the pole of the 
line at infinity we find a unique point. 

Let us examine what metrical property is possessed by the 
pole of a line expressed in tangential coordinates, and, in par- 
ticular, by the pole of the line at infinity. We take the system 
of Art. 19, in which the coordinates of a line are proportional 
to the perpendiculars let fall on it from three fixed points; and 
then it may be seen, without difficulty, that / : m denotes the 
ratio of the sines of the angles, into which the angle between 
two lines ay, α Θ΄ is divided by the line la + ma’, lB + mB’, 
ly+my'. The equation then which answers to A = 0 determines 
the ratio of the sines of the parts into which the angle 
between any two lines is divided by each of the tangents which 
can be drawn through their intersection to a curve of the ^'^ 
class. And, as in Art. 133, the pole & of any line possesses the 
property Z (erro) = 0, where P is a variable point on the 


given line; R, R, &c., the points of contact of tangents from 
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the point P, O any fixed point on the given line. Thus for a 
curve of the second class the relation is 


sin RPR, |, sin RPR, 

sin ,PO * sin ΠΡΟ 
that is to say, “if from any point J, on a fixed line OP, we 
draw tangents PE, PE, to a conic, and draw PR so that 
(P. OR, RR} shall be a harmonic pencil, then OZ passes through 
a fixed point." This is the fundamental definition of pole and 
polar with regard to a conic considered as a curve of the second 
class. 

We may write the relation 
(ss EP. 3) = 0 in the form Σ (5ο) = 0, 

where M, is the foot of the perpendicular from K, on the line 
RP, and O, the foot of the perpendicular from the same point 
on the line OP. Now let the line OP go off to infinity, then 
all the denominators in this latter sum tend to equality, and we 
have simply = (M,E,) 20; or the sum vanishes of the perpen- 
diculars let fall from the points of contact of any system of 
parallel tangents on a parallel line through R. In other words 
then, the centre of mean distances of the points of contact of any 
system of parallel tangents to a given curve 4s a fixed point, which 
may be regarded asa centre of the curve. ‘Thus in a conic the 
middle point of the line joining the points of contact of parallel 
tangents is a fixed point; in a curve of the third class, the 
centre of gravity of the triangle formed by them, &c. This, 
theorem is due to M. Chasles ( Quetelet, VI. 8). 


= 0, 
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138. It was shown (Conics, p. 228) that the foci of conics 
possess the property that the lines joining them to the circular 
points at infinity touch the curve. Hence we are led to the 
following definition of foci in general: A point F is said to 
be a focus of a curve, if the lines F7, FJ both touch the curve, 
or,as we may say, when it is the intersection of an J-tangent 
with a J-tangent.* A curve of the n™ class has in general n? 


* This conception is Plückers, Crelle, vol. X. p. 84. 
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foci, namely the points of intersection of the n I-tangents with 
the n J-tangents. But the curve being real, n and only n of 
these foci are real; in fact the equation of one of the [tangents 
being 4+7B=0 (where A and Bare linear functions of the 
coordinates), that of one of the J-tangents will be A — 4B — 0, and 
these intersect in the real point .4 = 0, B= 0, and there is not on 
either of these tangents any other real point. Thus a conic 
(n 2 2) has 4 foci, two of them real. 

In what precedes it 1s assumed that the points 7, J have no 
special position with respect to the curve. Let us now suppose 
that the line ZJ is an ordinary, or singular, tangent at one or 
more points A, B, &c., which for the present we suppose to be 
distinct from the points J, J; say that JJ reckons g times 
among the tangents from J or J to the curve; then the 
l-tangents are made up of the line ZJ counting g times, and 
of n—g other tangents; and similarly for the J-tangents. 
Then the only foci which do not lie at infinity evidently consist 
of the intersections of the n—g l-tangents with the n—g 
J-tangents, and there are (n — g)' finite foci, of which, as before, 
only n — g are real. The total number of n? foci is made up of 
these (n— g)" foci, together with the point Z counting g (n — g) 
times (namely, as the intersection of each of the n—g J-tangents 
with each of the g J-tangents which coincide with ZJ); similarly, 
of the point J counting g (n—g) times, and lastly of the ο” 
intersections of the g J-tangents coincident with JJ with the 
g J-tangents coincident with ZJ. In this last case any /-tangent 
14 must be regarded as intersecting the corresponding J-tangent 
JA at the point of contact A, but its intersection with any 
other J tangent JB will be indeterminate. ‘Thus, if the line at 
infinity touch the curve in g real points, there will still be n 
real foci, viz. n — g finite foci, and the g points of contact of IJ 
with the curve.* For instance, the parabola (n= 2, g= 1) has 
one finite focus, the other real focus being infinitely distant in 
the direction of the axis. 

Again, let the point 7 be on the curve; then assuming the 
curve to be real, the point J is also on the curve, and if 7 


* Prof. Cayley thinks that the preferable view is that the only foci are the (n — g); 
foci, and consequently that the only real foci are the ( » — g) foci, 
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be a singular point, J will have the same kind of singularity. 
Confining our attention for the moment to the case where both 
are ordinary points, the n —g J-tangents consist of the tangent 
at Z counted twice, together with n —g — 2 other tangents; and 
similarly for the J-tangents. Then the (n—g)’ foci are made 
up as follows: the real intersection of the tangents at J and J 
counting as four; the n—g— 2 imaginary intersections of the 
tangent at J with the n—g—2 J-tangents, each counting for 
two; then —g —2 imaginary intersections of the tangent at J 
with the n — g — 2 I-tangents, each counting for two; and lastly, 
the (n — g — 2)* intersections of the two sets of n — g — 2 tangents. 
Of these last, as before, n—g—2 and only n- 9 —2 are real, 
and the intersection of the tangents at J and J takes the place of 
two of the n—g real foci. Paying attention then only to real 
foci, this point is commonly called a double focus; and we find 
it convenient to use this language, though, as we have just seen, 
if we considered imaginary as well as real foci, it ought to 
be called a quadruple focus. Thus, in the case of the circle, 
the only focus is the centre, which must be regarded as a 
quadruple focus, if we consider that it takes the place of the four 
foci which conics in general possess, but which may be spoken 
of as a double focus if we only pay attention to the two real foci. 

Similarly, if each of the points J, J is an f-tuple point on the 
curve, it is seen in the same way that there are f” foci, which 
each count for four and of which f are real; 2f(n— 9 — 2f) 
imaginary foci which each count as two, and (n — 9 — 2)” single 
foci of which n-— g- 2f are real. Considering then both real 
and imaginary foci, we should say that there are f? quadruple, 
2f(n-g—2f) double, and (n—9g- 2f} single foci; but con- 
sidering real foci only, we may say that there are f double, 
n — g — 2f single foci, and g foci at infinity. | 

If J and J be each of them an inflexion, or each a cusp, then 
the tangent at J or J counts three times among the J or J-tan- 
gents; ard there are from each point n» — 9g — 3 other tangents. 
The (n — g} foci are then as before seen to be made up of one 
which counts as nine, of (n—9 —3)4-(n—9 — 3) which each 
count as three, and (n—g-— δ) single foci. Of these last 
n — g — 3 are real, and the only other real focus is the intersec- 
tion of tlie tangents at Z and J, which is commonly called a 

R 
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triple focus as counting for three among the real foci, though 
if we took into account imaginary as well as real foci, it ought 
to be regarded as a 9-tuple focus. There is no difficulty in 
extending the theory to the cases where J and J are multiple 
points of higher order at which several tangents coincide, or 
where they are points at which the tangent has contact with the 
curve of a higher order than the second, or where they are 
ordinary or singular points having ZJ for their common tangent. 


139. Given any two real foci A, A’ of a curve, the lines 
AI, AJ; A'I, A'J, meet in two imaginary points B, B’ which 
are also foci of the curve; and the relation between the two 
pairs of points is, that the lines 44, BB’ bisect each other at 
right angles in a point O, such that OA (= 043 is equal to 
105 (=i0B'). The points A, A’ and B, B’ have been termed 
“anti-points.” The relation is one of frequent occurrence in 
plane geometry; thus a conic has two pairs of foci, which 
are anti-points of each other; any circle through A, A’ cuts 
at right angles any circle through B, D', &c. It is to be added, 
that being given the n real foci, we form with these in (n—1) 
pairs, each giving rise to a pair of anti-points, and thus obtain 
the remaining x" -- n foci. 


140. The coordinates of the foci of a curve are obtained by 
forming the equation of the tangents which can be drawn from 
the point J to the curve. This will be of the form P+7Q=0, 
the corresponding equation for the point J will be P—7Q=0, 
and the intersection of the two systems of tangents are given by 
the equations P=0, 60. Thus denoting the first differential 
coefficients with respect to 2 and y by U, U,; the second by 
Uu Ua Uns &e.; then, by Art. 78, the equation of the system 
of tangents from 1, 2, 0 is got by forming the discriminant of 
A U+ (U 1-10) + 3X? (U, + 2¢U,,- U,) +&e.=0. Thus, 
if the curve be a conic, the discriminant is 

{ο -Ὁ, - 2U(U, —U,)] + 2; (U, U, -2UU,), 
and the foci are got by equating the real and imaginary parts 
separately to zero. By combining these equations, we get the 
equation of the two right lines, the axes, on which the foci 
lie, viz. 


U, (U? -U?) - (U, - U,) U,U, - 0. 
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The very same equations determine the foci of a cubic passing 
through the points J, J; of a quartic having these points for 
double points, &c. ; for in any of these cases it is easy to see that 
all the terms but those written above vanish of the equation 
whose discriminant is to be found. 


141. We can also determine the foci, as at Conics, Art. 258, 
Ex., by expressing the condition that v—g'+i(y—y') should touch 
the curve; or, in other words, by substituting in the tangential 
equation, 1, ἡ — (α΄ + 2y') for a, 8, y. The real and imaginary 
parts of the equation then separately equated to zero determine 
the coordinates of the foci. It is not difficult to find a real 
geometric interpretation of each of these equations. Let the 
condition that z — z'4 p (y — y) should touch the curve be written 


ap" + bp ep ^ + ἕο. = 0, 
where a, b, &c. are functions of α΄, y'; then by the theory of 
equations 25 =, &c. are the sum, sum of products in pairs, 


&c. of the tangents of the angles, which the tangents to the 
curve through z'y' make with the axis of a If now we write 
p=t, and equate to zero the real and imaginary parts of the 
equation, we get the two equations 


a—c+e—&.=0, 6—d+f—&.=0; 


the second of which, by the well-known formula for the tangent 
of the sum of several angles, expresses that the sum of the 
angles made with the axis of α by the tangents through z'y 
is either zero or is some multiple of m; and the first of 
the equations expresses that the sum of the angles is some odd 
multiple of ἐπ. Hence the locus of a point such that the sum 
of the angles made with a fixed line by the tangents through it 
to a curve of the »" class shall be given is a curve of the 
n" degree, whose equation, the fixed line being taken for axis 
of x, is easily seen to be 


(a — ο--ε-- &c.) tanl =b- d 4 f- ὅτε. 


Whatever be the fixed line or the angle, the locus will pass 
through the foci of the curve. This may appear paradoxical, 
since it follows hence, that the sum of the angles made with 
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any line by the tangents from a focus may be equal to any 
given quantity. The reason of this is that the tangents of two 
of these angles are + 7, and the tangent of their difference assumes 
= and may be any assignable quantity. In fact, if 
tanó —2, ᾧ may be regarded as an infinite angle, since it pos- 
sesses the properties sind=cosp=oo and tan(ó --a)- tan, 
and the difference of two infinites is indeterminate. 

We have seen (Art. 110) that a tangent through one of the 
points J, J coincides with the normal; and hence every focus of 
a curve is also a focus of its involutes and evolute. 


the form 


142. An important property of the perpendiculars let fall 
from the foci on any tangent is at once derived from the 
equation expressed in that system of line-coordinates (Art. 19 
and Conics, p. 364) in which the variables are the perpendi- 
culars let fall from three fixed points on any line. Let a, £, y, 8, 
&c. be the n foci: let ωω΄ denote the points 1, J; then, since 
the lines aw, aw’, &c. are to be tangents to the curve, the 
tangential equation must be of the form αβγὸ ἆο.Ξξωωφ] 
where ¢ is a function of the order » — 2 in the line-coordinates. 
For curves of the second class, this at once gives the property 
that the product of the perpendiculars from the two foci on any 
tangent is constant, since it was proved (Conics, p. 363) that 
for oc' we may substitute a constant. 

Similarly, replacing ww’ by a constant, the general equation 
of curves of the third class is α(θη = kò, where a, 8, y denote the 
three foci, and ὃ a certain fourth point: viz, we may from 
each focus draw to the curve (besides the two tangents through 
I, J respectively) a single tangent; and the form of the 
equation shows that the three tangents from the points a, Ø, y 
respectively meet in a point 6.* We learn, then, that the 
product of the three focal perpendiculars on any tangent to 
a curve of the third class is in a constant ratio to the per- 
pendicular on the same tangent from the point 6. If the 
curve pass through the points J, J, there is a double focus, 


* The reciprocal theorem for curves of the third order cut by any two lines 
is given post, Art. 148, 
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and the equation takes the form 4*8 = kò, the interpretation of 
which is obvious. If a focus A is at infinity, we can see how 
the formula is to be modified, by first using for the coordinate « 
the perpendicular distance of A from any tangent divided by 
AB; and then, when A goes to infinity in the direction AB, 
it is easy to see that a will be cos@ where @ is the angle made 
by AB with the direction of the perpendiculars on the tangent. 
Thus the formula for a conic, a8 =’, becomes in the case of 
the parabola where A passes to infinity, 9 cos0 =k, showing 
that the locus of the foot of the perpendicular from the focus 8 
in a tangent is a right line. In like manner for a curve of the 
third class the formula a@y=45 becomes By cos0 = kë, which 
may be written y= &ó', if we understand by ò the intercept 
made by the variable tangent on a line drawn through D 
parallel to AB. 

For curves of the fourth class the equation is a/9y8 = kọ 
where $ is the conic section which, as the equation shows, is 
touched by the eight focal tangents which do not pass through 
l,J. But if the foci of this conic be e, £, the equation may be 
put into the form αβγδὸΞ- E'e£ -- l’, the geometrical interpreta- 
tion of which is obvious. This equation includes the form 
αβγὃ =Ù or — cw", which represents a curve on which the 
foci a, 8, y, ὃ are double foci; the form a'f = ow" in which 
I, J are points of inflexion, &c. 

And so in general the tangential equation of a curve of the 

class gives a relation of the first degree connecting the 
product of the n focal perpendiculars, of n—2 other perpen- 
diculars, of n — 4 other perpendiculars, &c., and so on until we 
come either to a single perpendicular or a constant term. 


n” 


143. From relations connecting the focal perpendiculars on 
the tangent can be deduced relations connecting the angles 
between the focal radii and the tangent. For if AP be the 
perpendicular α on the tangent at any point A of the curve, 
and if d$ be the angle between two consecutive tangents, 
we have da=RPdd. Similarly d8 = EP'd$,&c. So that 
if we differentiate the relation connecting the perpendi- 
culars, we may substitute for each da, RP the corresponding 
intercept on the tangent between the foot of the focal per- 
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pendicular and the point of contact. Thus from αβγς k*è 
we deduce 


da dB dy dB - 
a By δ’ 

RP RP RP" RP" 

Ap* BP +t ορ - pp? ^^ 

or cot + cot @ + cot 0" — cot 0" = 0, 

where 0 is ARP, the angle of inclination of the tangent to the 


focal radius vector AR, &c. 


whence . 


144. The example of conics would lead us to expect to find 
simple relations connecting the distances of any point on the 
curve from the foci. There does not appear to be any general 
theory of such relations, but we can without difficulty find 
particular curves for which they exist, for we have only to 
write down any relation connecting the distances of a variable 
point from fixed points, and find the locus for which it is 
satisfied. Each distance, if expressed in terms of the coor- 
dinates, involves a square root; and if, as will commonly 
happen, the equation when cleared of radicals is of the form 
up = wv, the two imaginary lines denoted by p*=0 are tan. 
gents to the curve, and the fixed point F is a focus. In 
this way we might study the relations p+ mp'—d, for which 
the locus is an ellipse or hyperbola when m=+1, a circle 
when d=0, and in other cases a Cartesian: /p+mp'+ np" =0 
for which the locus is in general a quartic having the points JJ 
for double points, or, as we may say, a bicircular quartic; but 
when /+m+n=0, the curve is a cubic passing through the 
points LJ, or, as we may say, a circular cubic: pp'—d", for which 
the locus is a Cassinian (see Art. 55, Ex. 3); or, more generally, 
ap? + bpp' ep" — d^, which is in general a quartic, but is a 
cubic if a+b+c=0, that is to say, if the left-hand side of the 
equation is divisible by pip’, ἆο. We postpone the further 
discussion of this subject until we come to treat of the curves 
referred to. 

From a relation connecting the focal distances we can infer 
a relation connecting the angles which the focal radii make 
with the tangent; for it. is proved, as in Art. 95, that each 
dp =cos@ds, where ϐ is the angle between the focal radius and 
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the tangent. Thus from p+ mp' =d we infer cos0+m cos6’=0, 
&c. From the value given in the last article for da, &c. we 
may infer Rda=pdp, &c., where E is the radius of curvature. 
Thus, for example, if we are given that la+ mf + &c. is con- 
stant, we can infer that lp” + mp" + &c. is constant. 


145. Denoting by N the number of conditions (Art. 27) 
necessary to determine a curve of the n™ order, then if we 
are given that such a curve is circular, that is to say, that it 
passes through the points J, J; and if we are given N—3 other 
points on the curve, the locus of the double focus (or inter- 
section of the tangents at Z, J) is a circle. For since but one 
curve of the nt order can be described to pass though N 
points, if in addition to the above conditions we are given 
a consecutive point at J, that is to say, if we are given FI 
the tangent at J, the curve will be completely determined, 
and therefore FJ the tangent at J is determined. The point 
F'is then the intersection of corresponding lines of two homo- 
graphic pencils (Con?cs, Art. 331), that is to say, two pencils 
such that to any line of one answers one and only one line of 
the other. The locus of F is therefore a conic passing through 
the vertices of the pencils J, J, that is to say, it is a circle. 
This conic breaks up into the line ZJ and another line, when to 
the line ZJ of one pencil answers the line JJ of the other. This 
will be the case in the present example when » —2, since LJ 
cannot be a tangent to a conic passing through the points J, J, 
unless the conic break up into two right lines, and the theorem 
then is that for the circles which pass through two fixed points, 
the locus of the centres is a line; but when n is greater than 2, 
the locus will in general be a circle. 


146. In like manner if we are given .N— 1 tangents to a 
curve of the n*^ class, the curve is completely determined if one 
more tangent FIZ be given. The reasoning of the last article 
will apply, and the locus of the focus will be a circle, if the con- 
ditions are such that when the curve is determined, only one 
tangent can be drawn to it from the point J. This will be the 
case, if among the given conditions is, that the line ZJ is a 
tangent of the multiplicity n — 1, since then but one more tangent 
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can be drawn to the curve from any point on that line. We 
have seen, Art. 41, that to be given that a point is a multiple point 
of the order b, is the same as if Jk (E-- 1) points were given 
Similarly to be given that IJ is an (n—1)-tuple tangent, is 
equivalent to being given 3n(n —1) tangents. Observing then 
that N— in(n—1)— 2n, we infer that if we are given 2n— 1 
tangents of a curve of the n™ class, and also that the line at - 
infinity is an (n — 1)-tuple tangent, the locus of the focus (in 
this case there being but one focus) is a circle. "Thus being 
given three tangents to a parabola, the locus of the focus 
is a circle. Again, the locus of the focus is a circle if we 
are given five tangents to a curve of the third class, among 
whose tangents the line at infinity counts for two. A particular 
curve of this system is the complex made up of the point at 
infinity on any of the five tangents, and the parabola touching 
the other four; the focus of the parabola being the focus of the 
complex. Hence we have Miquel’s theorem (Conics, Art. 268, 
Note) that the foei of the five parabolas which touch any four 
of five given lines lie on a circle.* 


* This proof of Miquel’s theorem is Mr. Clifford's, for whose other inferences from 
the same principle, see Messenger of Mathematics, Vol, v., p. 197. 


( 129 ) 


CHAPTER V. 


CURVES OF THE THIRD ORDER. 


147. IT has been proved (Art. 42) that a curve of the third 
order, or, as we shall for shortness call it, a cubic, may have one 
double point, but cannot have any other multiple point. Hence 
is suggested the fundamental division of cubics into non-singular, 
having no double point; nodal, having a double point at which 
the tangents are distinct, and cuspidal, having a double point 
at which the tangents coincide. Pliicker’s numbers (Art. 82) 
for the three cases respectively are: 


m Ò Kk n T 6 
3 0 0 60 9 
3 1 0 4 0 8 
ο ο ON. ο «Ὃν ST; 


It thus appears that the curves are of the sixth, fourth, and 
third class respectively, or are such that six, four, or three 
tangents respectively can be drawn to the curve from an 
arbitrary point. If the point be on the curve, the tangent at 
the point counts for two among these tangénts (Art. 79), and 
the number of tangents distinct from the tangent at the point 
is four, two, or one. If the point bea point of inflexion, the 
stationary tangent counts for three, and the number of other 
tangents which can be drawn through the point of inflexion 
is further reduced by one. 

Nodal cubics may obviously be subdivided (Art. 38) into 
erunodal and acnodal, according as the tangents at the double 
point are real or imaginary. We shall hereafter see that there 
is a parallel subdivision of non-singular cubics. But for the 
present we postpone the further discussion of the classification 
of cubics, as the reader will be able to follow it with more 
intelligence when he has first been put in possession of some of 
the general properties of these curves. We likewise postpone 
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the discussion of the general equation and the examination 
of its invariants, and we commence by applying to the case 
of cubics theorems we have already obtained for curves of any 
degree, beginning with the theorems on the intersection of 
curves established in the first Section of Chapter II. 


SECT. I. —INTERSECTION OF A GIVEN CUBIC WITH OTHER CURVES. 


148. It has been proved (Art. 29) that all cubics which pass 
through eight fixed points on a given cubic also pass through 
a ninth fixed point on the curve. This is a fundamental 
theorem leading to the greater part of the properties of cubic 
curves. In particular we infer that if two right lines whose 
equations are 44 —0, B=0, meet a cubic in points a, a’, a’, 
b, b', b" respectively, and if the lines ab, ad’, a'b” (whose 
equations we write D=0, H=0, F=0), meet the cubic in 
points ο, ο, c”, then the line οὐ (ς--0) joining two of those 
points will pass through the third. For the lines D, E, F 
make up a cubic passing through the nine points; the lines 
A, B, C make up a cubic passing through eight of these points, 
therefore it will pass through the ninth c", and since this point 
cannot lie on either of the lines A, B which already meet the 
curve each in three points, it must lie on C. Since the given cubic 
passes through the intersection of the cubics ABC —0, DEF=0, 
its equation must be capable of being written in the form 
DEF-kABC=0. 


149. Let us suppose that the lines A, B coincide, then we 
deduce as a particular case of the preceding theorem, that if a 
right line, 4 =0, meet the curve in three points a, a’, a", the 
tangents at these points, D=0, H=0, F=0, meet the curve in 
points c, ο, c" respectively, which lie on a right line C=0, 
and the equation of the curve may in that case be written 
DEF-—EkA*C-0. The point ο, in which the tangent at any 
point a meets the curve again is called the tangential of the point 
a; and the line C on which lie the tangentials of the three 
points a is called the satellite of the line A. We shall hereafter 
show how when the equation of A is given, ax + y -- yz — 0, 
the equation of C can be formed. ‘The line A will have a real 
satellite, even though instead of meeting the curve in three real 
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points it meets it in one real and two imaginary points. The 
equations of the tangents at the imaginary points will be of the 
form P+?Q=0; their product will be real; and the equation of 
the curve can be written in the form D (P? 4- Q')  £A*C. 

Two cases of the theorem of this article deserve to be 
noticed. First, let the line A be at infinity, then the tangents 
D, E, F at the points where it meets the curve are the three 
asymptotes; each asymptote meets the curve in one finite point, 
and we learn that these three points lie on a right line C, 
the satellite of the line at infinity. In this case the equation of 
the curve is reducible to the form DEF'= 20, and we have the 
theorem that the product of the perpendiculars from any point 
of the curve on the three asymptotes is in a constant ratio 
to the perpendicular from the same point on the line C. 

Secondly, let the points a, α be points of inflexion; then 
evidently the tangentials of these points coincide with the 
points themselves; the satellite line C therefore coincides with 
A, and consequently the third point a" in which it meets the 
curve is also a point of inflexion (see Art. 125, Ex. 3). ‘The equa- 
tion of the curve is thus reducible to the form DEF — kA’, where 
A — 0 is the equation of the line through the three inflexions, 
and D=0, 4220, F=0 are the equations of the tangents at 
these three points respectively. 


150. The theorem of Art. 149 may be otherwise stated, 
starting with the line C instead of with A; viz. given three 
collinear points c, c', c” of a cubic, the line joining α the point 
of contact of any of the tangents from c, to a’ the point of 
contact of any of the tangents from c' will pass through the 
point of contact of one of the tangents from c”. Only one 
tangent can be drawn a£ a point of a curve, and therefore to 
any position of A corresponds but one position of C; but in 
the case of a non-singular cubic four tangents can be drawn 
jfrom any point on the curve, and therefore to any position of 
C correspond sixteen positions of A. The twelve points of' 
contact lie on the sixteen lines A, viz. each line A contains 
three points of contact, and through each point of contact there 
pass four lines Á. | 

Let us.consider more particularly the case where C touches 
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the curve, and let us suppose the points c, 6 to coincide. 
Then we see that the line joining a,”, one of the points of 
contact of tangents drawn from ο΄, to a, one of the points 
of contact of tangents from c, must pass through one of the 
other points of contact from c, say a, In like manner, the line 
joining αι αι passes through a, We have then the following 
theorem: The four points a,a,a,a, which are the points of 
contact of tangents from any point c of the curve are the vertices 
of a quadrangle, the three centres of which are also points on 
the curve, and are such that the tangents at these points and 
the tangent at ο all meet the curve in the same point. 


151. Returning to the case where C does not touch the 
curve, we have the tangents from ο touching at the points 
Aa Gy αμ αμ and the tangents from c touching at the points 
4,,0,,0,,0,. Attending only to two points, say a, a, of the 
first tetrad, it appears that separating the points of the second 
tetrad into pairs in a definite manner, say these are a,', a, and 
a, , αι) then combining the pair a,, a, first with the pair αι, a,, 
the lines aa’, aa, meet in a point on the curve, and also the 
lines a,a,', a,a, meet in a point on the curve; and secondly with 


1°23 


| ξ αἱ 9 ' ' F : 
the pair a,a,', the lines a,a,', a,2, meet in a point on the curve, 


and also the lines a,a,', a,a, meet in a point on the curve: viz. 
the four new points are the points of contact of the tangents 
from c" to the curve. Any two points such that the tangents 
at these points respectively meet on the curve may be said to be 
* corresponding points;" thus any two of the points a,, αμ αμα, 
are corresponding points; and so any two of the points a,', a, ; 
a, a, are corresponding points. But starting with the two 
points a,, αμ the points αι) a, (as also the points α,, αι) may be 
said to be corresponding points of the same kind with a, a,: viz. 
the property is that, given two pairs of the same kind, if w 
form a quadrilateral by joining each point of the one pair with 
each point of the other pair, the two new vertices of the quadri- 
lateral are points on the curve (they are in fact corresponding 
points of the same kind with the original two pairs). lt is 
obvious that there are three kinds of corresponding points, 
viz. those of the kind aa, or a,a,, the kind a, or aa 


34) 2 4) 
and the kind a,«, or aa, And, moreover, starting with the 
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two points ὃ, δ΄, where it meets a pair of chords joining the 
points of contact of tangents from A. Let the line meet the 
tangent C in the point e, then, since it meets A, and B, at A, 
by Art. 136, 

1 1 1 2 1 
64° 88 By BA δι; 

1 1 1 1 

88 + m = $4 F Be" 
But, by the last Article, δδ is a harmonic mean between 8.4 
and de, therefore also between 68 and ôy. Q.E.D. 

When the curve has a double point, only two tangents can 
be drawn to the curve; but the theorem of this Article will be 
still true, if for the chord D' we substitute the line joining the 
double point to the point where the chord D meets the curve 
again. 


or 


154. We add one more application of the theorem, that 
all cubics which pass through eight fixed points on a cubic 
pass also through a ninth fixed point. Jf any conic be described 
through four fixed points on a cubic, the chord joining the two 
remaining intersections of the conic with the cubic will pass 
through a fixed point on the cubic. Consider any conic through 
the four points (a) and meeting the curve in two other points 
(8), and a second conic through the points (a) and two other 
points (8, then the conic through a, 8 and the right line 
joining the two points 8’ make up a cubic system through the 
eight points a, 8, 8’; the conic through a, 8' and the right 
line joining 8 make up a second system through the same 
eight points; hence the ninth point of intersection with the 
curve must be common to both systems; that is to say, the 
lines joining the points 8, 8’ meet the curve in the same point, 
Q.E.D. This point was in the first edition called the opposite 
of the system of four given points; but now, in conformity 
with the nomenclature of Prof. Sylvester’s remarkable theory 
of residuation, which will be presently explained, is called the 
coresidual of the system of four points. This point is easily 
constructed by taking for the conic through the four points 
a pair of lines Let the line joining the points 1, 2 and 
the line joining the points 3, 4 meet the cubic in points 5 and 6 
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respectively, then the line joining 5, 6 meets the curve in the 
coresidual required. And since the grouping of the four points 
is arbitrary, the construction can, it is clear, be performed in 
three different ways. 

Hence, for example, we infer that through four points on 
a cubic four conics can be drawn to touch the curve elsewhere, 
viz. the conics passing through the points of contact of the four 
tangents which can be drawn from the coresidual. 


155. Let us apply the rule just given to construct the point 
coresidual to four consecutive points on the curve. The line 
joining the points 1, 2 is then a tangent, and the point 5 in 
which it meets the curve is the tangential of the point 1; 
similarly, the line 34 meets the curve in a point 6, which is 
consecutive to the point 5; it follows that the coresidual re- 
quired is the point where the tangent at the tangential point 5 
meets the curve again; that is to say, it is the tangential of 
the tangential, or, as we shall say, the second tangential. 

If then, for example, it be required to draw a conic passing 
through the four consecutive points, or, as we may say, having 
a four-point contact with the curve, and elsewhere touching 
the curve, the point of contact is, as we have seen, a point 
of contact of tangents from the second tangential to the curve. 
One of these is the tangential of the point (1), and the corre- 
sponding conic degenerates into two right lines; the remaining 
three give solutions of the problem. 

Again, if it be required to describe a conic passing through 
five consecutive points of the curve (or having a five-point 
contact with the curve), this is done by constructing the sixth 
point in which the conic meets the cubic, viz. this is the point 
where the line joining the point (1) to its second tangential 
meets the curve again. In order that this point should coincide 
with the point (1) it is necessary that the line last named should 
touch the curve at (1); or, what is the same thing, it is 
necessary that the first and second tangential should coincide. 
Now a point which coincides with its tangential is a point of 
inflexion; - hence, on a non-singular cubic there are twenty-seven 
points at each of which a conic can be drawn, having a six- 
point contact with the curve; viz. these are the points of contact 
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of the three tangents which can be drawn from the nine pots of 
inflexion. 

156. The theorem (Art. 29) as to the intersection of two 
cubics was generalized in Art. 33. The theorem there given 
is applied {ο the case of the cubic by writing p = 3, and it then 
becomes every curve of the n™ degree which passes through 3n — 1 
fixed points on a cubic passes through one other fixed point on 
the cubic. It is to be observed, that for n=1, or n=2, one and 
only one curve of the αἴ degree can be described passing 
through 3n—1 points on a cubic, and the theorem asserts 
nothing; when n is greater than 2, more than one such 
curve can be described, and the curves all pass through one 
other fixed point on the curve, as has been just stated. And, 
as was explained in Art. 33, if it were attempted to describe a 
curve of the nt order through 3n points taken arbitrarily on 
a cubic, n being greater than 2, the curve so described would 
in general not be a proper curve, but would be a complex 
consisting of the cubic itself, and a curve of the order n- 3. 


157. If of the ὃ (m + n) intersections of a curve of the (m + n)® 
order with a cubic, 3m lie on a curve of the m order U the 
remaining 3n lie on a curve of the n“ order. For, as has been 
just remarked, through 32 —1 of these 3n points, a curve of 
the nt order U, can always be described; and this, together 
with U, makes up a system of the order m +n which (Art. 156) 
passes through the remaining point, and since this point cannot 
lie on U,, which already meets the cubic in 3m points, it must 


lie on U, 


158. We shall now explain the nomenclature introduced by 
Prof. Sylvester, and in conformity with it re-state and extend 
some of the preceding propositions. If two systems of points 
a, 8, together make up the complete intersection with the cubic 
of a curve of any order, one of these systems 15 said to be 
the residual of the other. Since the total number of intersec- 
tions of a cubic with any curve must be a multiple of three, 
it is evident that if the number of points in the system a be 
of the form 3p -- 1, that in the system 8 must be of the form 
3g — 1, and vice versa. We may call these positive and negative 
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systems respectively, and say that the residual of a positive 
system is a negative system, and vice versa. The simplest 
positive system consists of a single point, answering to p=03; 
the simplest negative system of a pair of points, answering to 
g=1. In this case, evidently the one is the residual of the 
other when the three points are on a right line. Since through 
a given system of points a, an infinity of curves of different 
orders may be described, it is evident that a given system of 
points a has an infinity of residuals 8, β’ 9", &c. Two 
systems of points 8, β΄ are said to be coresidual if both are 
residuals of the same system a. For example, in Art. 154 
through four points α on a cubic we supposed conics to be 
described meeting the curve again in pairs of points 8, 8’, Kc. ; 
then any one of these pairs is a residual of a, and any two of 
them are coresidual. Again, if the line joining the pair 8 
meet the curve again in a point a’, this point, as well as the 
four original points, is a residual of the group £, and this point 
a’ is therefore, as we already called it, coresidual with the four 
points a. It is obvious that two coresidual systems of points 
must either be both positive or both negative. 

The theorem of Art. 156 may be stated thus: two points 
which are coresidual must coincide. In fact, we there saw that 
if through 3p- 1 points α we describe a curve U, meeting the 
cubic in the residual point β, and if through the same points 
a we describe a second curve of the p" order meeting the 
cubic again in a point β΄, the coresidual points 8, β’ arrived 
at by the two processes, are one and the same point. 


159. If two systems 8, 8' be coresidual, any system a’ which 
is a residual of one will be a residual of the other. Say that 
through any system a two curves U,, U, are described meeting 
the cubic again in systems 8, §’, then these two systems are 
by definition coresidual; and what is now asserted is that if 
through ϱ’ be drawn any curve U, meeting the cubic again in 
a system of points a’, then the points @ and a’ also make up 
the complete intersection of a curve with the cubic. For since 
the systems a and β together make up the intersection of a 
curve U, with the cubic, and a’ and β’ make up its intersection 


with a curve U, the four together make up the intersection 
T 
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with the.cubic of a curve whose order is p +7: but the systems 
a and §’ together make up the intersection with the curve U, 
of the order q, therefore (Art. 157) the systems a’ and 6 together 
make up the complete intersection of the cubic with a curve 
whose order is p -- 7 — q. 

Hence also two systems which are coresidual to the same are 
coresidual to each other. If 8 and β’ are coresidual as having 
a common residual a, and if 8’ and 8” have a common residual 
a’, then by what has been just proved a is a residual also of 
P", and a’ of β: that is, if 9, 9" are each of them coresidual 
with 6’, then 8, 8" are coresidual with each other, for a, α are 
each of thera a common residual of 0, 8". 


160. We can now give for the theorem of Art. 154 a proof 
which will at once suggest Prof. Sylvester's generalization of 
that theorem. The conic through four points a on a cubic 
meets the curve in two points Æ, which are a residual of the 
system a. The line through the two points 8 meets the curve 
in a point a’ which is residual to 8, and therefore coresidual 
toa. Ifthe same process were repeated with a different conic 
we should arrive at a point a”, also coresidual to the system 
a, and therefore to the point a’; and the two points a’, a” being 
coresidual must coincide (Art. 158). 

Now, in the first place, it is evident that the same proof 
would hold good, if instead of four points we started with any 
positive system of 3n+1 points P. A curve through them of 
order p + 1 meets the cubic again in two other points, and the 
line joining these meets the curve in a point coresidual to P, 
and which is the same point whatever be the curve of order p^. 
But, in the second place, instead of proceeding from the group 
P to the coresidual point by two stages, we might employ any 
even number of stages. Thus through the 3p-r 1 points P de- 
scribe a curve U,,, and the residual is the negative system N 
of 3r — 1 points. Through N describe a curve U,,,, and we get 
a residual P' of 3s- 1 points. In like manner, from Ρ’ we 
can derive a residual of 3¢—1 points, and so on. And at 
this or any subsequent stage where we have a negative 
system of 34 — 1 points, by describing through them a curve 
U, we can obtain a residual of a single point. Prof. Sylvester's 


WITH OTHER CURVES. 139 


theorem is, that this point is in all cases the same, no matter 
what the process of residuation by which it is arrived at. 
In fact, the system N is a residual of P; P’ is a residual 
of N, and is coresidual of P; N’ is a residual of P', coresidual 
therefore with N, and therefore residual also to P, and so on. 
Any positive system in the series is residual to every negative 
system, and coresidual to every positive system. The point 
therefore at which we ultimately arrive, is coresidual to the 
original positive system, and must be identical with the point 
coresidual of the same system obtained by any other process. 
For example, if through four points we describe a cubic meeting 
the curve in five other points; through these five another cubic 
giving a residual of four other points, through these four a 
quartic giving a residual of eight points; finally, through these 
eight a cubic meeting the curve in one other point, this point is 
the same as that obtained from the original four by the process 
of Art. 154. And similarly, starting with any negative system 
of 34 — 1 points N, we may after any odd number of stages 
arrive at a single point, which will be the residual of the original 
system, and as such, independent of the particular process of 
residuation, 


161. The principles just established, enable us to find by 
linear constructions, the point residual or coresidual to a given 
negative or positive system. For example, if it were required 
to find the point residual to eight given points, join them any 
way in pairs, and the joining lines form a quartic system meet- 
ing the curve in four new points residual to the given eight: 
join these again in pairs, and we obtain a system of two points 
coresidual to the given eight; the point where the line joining 
these meets the curve is the residual point required. Or, 
again, we may replace any four of the given points by their 
coresidual point, constructed as in Art. 154, and the problem 
is reduced to finding the residual of a system of five points; 
and similarly, replacing any four of these by their coresidual, 
reduce the problem to finding the residual of a system of two. 
It is in any of these ways easily seen, that the residual of a 
system of eight consecutive points at a given point of the cubic 
is the third tangential of the given point. 
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In this method of finding by linear construction the ninth 
point common to all cubics which pass through eight given 
points, it is assumed that one cubic through the eight points 
18 given; and thus the question is not the same as that of 
finding the ninth point when only the eight points are given. 
Dr. Hart has shown, that in the latter question the ninth point 
can also be found by linear construction, though by a more 
difficult process.* 


162. We conclude this section with a few remarks as to 
systems of cubics having several points common. If we are given 
eight points on a cubic, or eight linear relations between the 
coefficients in the general equation, we can eliminate all the 
coefficients but one, so as to bring the equation to the form 
U+kV=0. Similarly, if we are given seven points, or seven 
linear relations, the general form of the equation can be reduced 
to U+kV+lW=0, U, V, W being three cubics fulfilling the 
seven given conditions, and the two constants k, l still at our 
disposal, enabling us to fulfil any two other conditions. And so 
again if we are given six points, the general form of the equa- 
tion is U--EV--UW 4-mSz0. We may take for U, V, &c. 
systems of three lines passing each through two of the given 
points. Thus, the six points being a, b,c, d, e, f, and ab=0 
denoting the equation of the line joining a, b, one form of the 
equation of the required cubic is 


ab .cd.ef + k.ac.be.df + l.ad.bf.ce + m.ae.bd.cf — 0. 


Since this equation contains three indeterminates, every other 
cubic through the six points (for example, af.bc.de) must be 
capable of being expressed in the above form, and the pre- 
ceding equation would gain no generality if we were to add to 
it a term n.af.bc.de, since this itself must be the sum of the 
preceding four terms multiplied each by some factor. 

In precisely the same manner as (Conics, Art. 259) we derived 
the anharmonic property of the points of a conic from the equa- 
tion ab.cd = k.ac.bd, we can derive from the equation just 
written the following, which is the extension of the anharmonic 
theorem to curves of the third degree: “If six given points on 


* Cambridge and Dublin Mathematical Journal, vol. v1. p. 181. 
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such a curve be joined to any seventh, and if any transversal 
meet this pencil in points a, b, c, d, e, f, then the relation holds 


ab .cd .ef 4- k.ac.be.df 4- l.ad .bf.ce + m.ae.bd .cf — 0, 


where &, 7, m are constants, whose value is the same for each 
particular curve through the six points." The reader can easily 
conceive the number of particular theorems which may be 
derived from this (as in Conics, Art. 326), by examining the 
cases where some of the points are at an infinite distance. 


163. We saw (Art. 41) that to be given a double point was 
equivalent to three conditions. If then we have a double point 
and five other points, one more condition will determine the 
curve, which may, therefore, be expressed by an equation of 
the form S—kS'=0, where S, S' are two particular curves of 
the system. We may write it in the form 


(oabcd) oe — k (oabce) od = 0, 
where {oabcd) denotes the conic through the double point ο and 
the four points abcd. 


In like manner we may write the equation of the cubic 
through the double point and four other points 


oa.ob.cd + k.ob.oc.ad + l.oc.oa.bd =03 


and, as in the last Article, the same relation holds between the 
intercepts on any transversal by the line joining these points to 
any point of the curve. 


164. By the help of the same method (Conics, Art. 259) of 
expressing the anharmonic ratio of a pencil in terms of the perpen- 
diculars let fall from its vertex on the sides of any quadrilateral 
whose vertices lie each on a leg of the pencil, we can find the 
locus of the common vertex of two pencils, whose anharmonic 
ratio is the same, and whose legs pass through fixed points, 
two of the fixed points being common to both pencils. For if 
ab — 0 denote the equation of the line joining the points ab, we 
get an equation of the form 


ao.bp — co.dp 
ab.po  cd.op? 
or ao .bp cd = ab.co.dp. 
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When o, p are the two circular points at infinity, this gives us 
( Conics, Art. 358) the locus of the common vertex of two triangles 
whose bases are given and vertical angles are equal, and we 
see that it is a curve of the third degree passing through those 
circular points. 

If the difference of the vertical angles were given, this would 
be equivalent (Conics, Art. 358) to the ratio of two anharmonic 
functions, and we should be led to an equation of the form 


ao.bp 5, co.dp 
ap.bo ^ cp.do? 








which represents à curve of the fourth degree, having the two 
circular points for double points. 


SECT. II.— POLES AND POLARS. 


165. We next recapitulate and apply to the cubic the 
theorems about poles and polars which we have already 
obtained. Every point O (z', y', 2) has, with respect to a cubic, 
a polar line and a polar conic, whose equations respectively are 

ασε. qo νας et yt iU αὐ dU ο 
dz I dy dz  ? dz dy de ` 
The equation of the polar conic may also be arranged according 
to the powers of z, y, 2, and will then be 
aa + by + cz 2f yz + 2g'zx + 2l zy =0, 
where a’, b', &c. represent the second differential coefficients 
written with the accented letters. 

The polar conic is the locus of the poles of all right lines 
which can be drawn through O, and thus every right line has, 
with respect to a non-singular cubic, four poles, namely the 
intersections of the polar conics of any two points on the line. 
The polar conic passes through the points of contact of the six 
tangents which can in general be drawn from O. In the case 
of a nodal cubic, the polar conic passes through the double 
point and meets the curve elsewhere only in four points; and 
every line has but three poles; since the two polar conics (each 
passing through the double point) intersect in only three other 
points. In the case of a cuspidal cubic, the polar conic passes 
through the cusp, touches the cuspidal tangent and meets the 


tJ 
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curve elsewhere only in three points; and every line has but 
two poles. Ifthe cubic break up into a conic and a right line, 
the polar conic of a point O passes through their intersections, 
and every line has but two poles. The polar conic also passes 
through the intersection of the conic with the polar of O with 
respect to it; for it is easily seen that if we perform on LS, 


d 
If the cubic reduce to three right lines, xyz=0, every polar 
conic passes through the vertices of the triangle formed by 
them, and every right line has but one pole. In this case the 
equations of the polar line and polar conic are respectively 


τα, αμ --- 
the operation A or x i; m bs T the result is 7, δ- LAS. 


LYZ ρα +2x'y'=0, wyzt+y'zxrt+ zry = O, 


or A N A E 

zx y z xz y z 

The equation just given affords at once a geometrical con- 
struction for the polar line, 
since it appears from Conies, 
Art. 60,that if thepoint O in 
the figure be a'y'z', the line 
LMN wil be that whose 
equation has been just 
written. The tangent to 


thepolarconic at any vertex N A F B 





xy is (Conics, Art. 127) - LE 0, and is therefore constructed 


by joining the vertex xy to the point where the polar line meets 
the opposite side z. 


166. If any line through O meet the cubic in points A, B, C, 

the point Pin which it meets the polar line is determined, since 
ο που. 

OP^ σα” OB" OC' 
through O meet the cubic in points A’, B’, C', the point Ρ’ in 
which the polar meets this line is also determined, and therefore 
the polar line itself, which must be the same for all cubics pass- 
ing through the six points 4, B, C, 4’, B', C'. Thus then we 
can by the ruler alone construct the polar line of O with respect 
to the cubic; for we have only to draw two radii through O, 


(Art. 132) we have If a second Jine 
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and construct, by Art. 165, the polar of O with respect to the 
triangle formed by AA’, BB, CC'. 

The metrical relations, given Art. 134, shew also that when 
the points A, B, C are given the two points in which the line 
OA meets the polar conic are likewise given. We see then, 
as before, that if we draw three radii through the origin meet- 
ing the curve in A, B, C, 4’, B', C', A", B", C", the polar 
conic of O is the same with regard to all cubics passing through 
these nine points. The points A, A’, A” may be taken as 
the points in which any transversal meets the curve, and the 
problem of constructing the polar conic of O with respect to 
a cubic may be reduced to constructing it with regard to the 
system made up of the line 4.4 A", and the conic through the 
six remaining points. 

We consider now in more detail the cases (1) where O is a 
point on the curve, (2) where it is a point on the Hessian. 


167. If from two consecutive points Ο, O' of the curve we 
draw the two sets of tangents OA, OB, OC, OD; O'A, ΟΡ, 
O'C, O'D, any tangent OA intersects the consecutive tangent 
O'A in its point of contact. Now the four points of contact 
A, B, C, D lie on the polar conic of O, which also touches the 
cubic at the point O (Art. 64); hence the six points OO'ABCD 
lie on the same conic, and therefore the anharmonic ratio of 
the pencil {O. ABCD} is the same as that of the pencil 
{0'. ABCD}. Since then this ratio remains the same when we 
pass from one point of the curve to the consecutive one, we learn 
that the anharmonic ratio is constant of the pencil formed by the 
four tangents which can be drawn from any point of the curve. 

We shall afterwards give an algebraical proof of this 
theorem, by shewing that the anharmonic ratio of four lines 
given by a homogeneous biquadratic in a and y, can be ex- 
pressed in terms of the ratio of the invariants S* and 7" of the 
biquadratic, and that when the four lines are tangents drawn 
from a point on a cubic, this absolute invariant of the pencil can 
be expressed in terms of an absolute invariant of the cubic, so 
as to be the same, no matter where the point be taken. This 
invariant is a numerical characteristic of the cubic unaltered by 
projection or any other linear transformation. It was shown 


POLES AND POLARS. 145 


(JIigher Algebra, Art. 213) that by the value of this invariant of 
& biquadratic, we can discriminate those whose roots are two 
real and two imaginary, from those whose roots are either 
all real or all imaginary. Consequently, if from any point of a 
cubic the four tangents which can be drawn to the curve are 
two real and two imaginary, the same will be the case from 
every point of the curve; and, in like manner, if the tangents 
from any point are either all real or all imaginary, the tangents 
from every point are either all real or all imaginary. On this 
is founded a fundamental division of non-singular cubics into 
two classes, those to which from each of their points can be drawn 
two and only two real tangents, and those to which the tangents 
may be either all real or all imaginary. This remark will 
be further developed in the section on the classification of cubics, 
and it will there be shewn that, in the second case the cubic 
consists of two distinct portions, from every point on one of 
which portions the tangents are all real, and on the other 
portion are all imaginary. 


168. It follows, from Art. 167, that, if O, Pbeany two poin's 
of the curve, through these points can be drawn a conic passing 
through the four points where each of the tangents from the 
first point meets the corresponding tangent from the second. 
The anharmonic ratio of four points abcd is unaltered by writing 
them in the order bade or cdab or deba ; hence, by taking the 
legs of the second pencil successively in each of these four 
orders, we see that the sixteen points of intersection of the 
first set of tangents with the second, lie on four conics, each 
passing through the points OP. 

Let the cubic be circular, that is to say, let it pass through 
the imaginary points Z, J at infinity; then by taking these 
for the points O, P we see that the sixteen foci of a circular 
cubic lie on four circles, four on each circle.* 


169. When O is a point on the curve, every chord through tt 
as cut harmonically by the curve and by the polar conic of O. 


* This theorem was first otherwise obtained by Dr. Hart, and thence was 
suggested to me the theorem of Art, 167, 


U 
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We saw (Art. 78) that the intersections with the curve of the line 
joining any two points are determined by the equation 
AU’ + AI A! + AWA + PU — 0. 

When z'y'z' is on the curve, U’ = 0, and the preceding equation 
becomes divisible by u, and if further, the points xyz, x'y'z' are 
connected by the relation A = 0, the remaining quadratic is of 
the form 7 A'+ u? U— 0, the roots of which being equal and 
opposite, we see, as at Conics, Art. 91, that the line joining the 
two points is cut harmonically by the curve. The same thing 
may also be proved by taking the point O for the origin, and 
finding the locus of harmonic means of all radii vectores through 
Ο. We proceed exactly as in Art. 132, making first A — 0, 
and we find immediately 

2 (Bx + Cy) + Dæ + Exy + Fy’ — 0, 
which is the equation of the polar.conic of the origin. 

It is proved (as in Art. 136) that the tangent to the polar 
conic at the point where any chord meets it passes through 
the intersection of the tangents to the cubic at the points where 
it is met by the same chord, and is the harmonic conjugate to 
the line joining their intersection to the point O. 


170. Let us now consider more particularly the case where 
O is a point of inflexion. It was shewn (Art. 74) that the 
polar conic of a point of inflexion breaks up into two right 
lines, one of them being the tangent at the point. And the 
same thing would appear from the equation of the polar conic 
of the origin just given. For, in order that the origin should 
be a point of inflexion and the axis of y the tangent at it, we 
must have (see Art. 46) 4-0, B=0, D=0, when the equation 
of the polar conic (Art. 169) reduces to 


2Cy + Hay + Fy’ =0. 
The factor y is evidently irrelevant to the problem of the locus 
of harmonic means; we learn therefore that if radii vectores be 


drawn through a point of inflexion, the locus of harmonic means 
will be a right line.* And, conversely, if the locus of harmonic 


* This theorem is Maclaurin’s; De Linearum Geometricarum Proprietatibus 
Generalibus, Sec. 111. Prop. 9. 
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means be a right line, the point O is a point of inflexion. For, 
Art. 74, the only other case in which the polar conic can break 
up into two right lines is when O is a double point, and that 
case does not apply to the present problem, since a line 
through the double point must meet the curve only in one 
other point. 

We shall call the line just found the harmonic polar of the 
point O, to distinguish it from the ordinary polar line which 
is the tangent at O. 


171. The point O possesses, with regard to the harmonic 
polar, properties precisely analogous to those of poles and polars 
in the conic sections. Thus if two lines be drawn through O, 
and their extremities be joined directly and transversely, the 
joining lines must intersect on the harmonic polar. This is an 
immediate consequence of the harmonic properties of a quad- 
rilateral. : 

Hence again, as a particular case of the last, tangents at the 
extremities of any radius vector through O must meet on the 
harmonic polar. | 

The harmonic polar must pass through the points of contact 
of tangents which can be drawn through Ο, for, since OE RR" 
is cut harmonically, if δ’ coincide with E", it must coincide 
with δ. Hence through a point of inflexion but three tan- 
gents can be drawn, and their points of contact lie on a 
right line. 

If the curve have a double point, it is proved, in precisely 
the same way, that it must lie on the harmonic polar. 

The first theorem of this Article may be otherwise stated 
thus: if three points A’B’C’ lie on a right line, and the lines 
joining O to them meet the curve again in A" B" C", these will 
also lie on a right line, and the two lines will meet the harmonic 
polar in the same point. Ifnow we suppose 4’,B’,C’ to coincide, 
we arrive again at the theorems that the line joining two points 
of inflexion must pass through a third, and that the tangents at 
any two meet on the harmonic polar of the remaining one. 


172. If through any point of inflexion O there be drawn 
three right lines meeting the curve in A, A,5 B, B,; ο, 6, 
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then every curve of the third degree through the seven points 
οα 4 858.66, will have O for a point of inflexion. For let 
the three lines meet the harmonic polar in A, B, C, then these 
points are also common to the loci of harmonic means of the 
point O, with regard to all curves through the seven points. 
This locus, then, which would in general be a conic, must, 
since these three points of it are in a right line, be for all these 
curves this same right line; and therefore (Art. 170) the point 
O must be a point of inflexion. 


173. We have seen (Art. 74) that the points of inflexion of a 
curve of the third degree are the intersections of the curve U 
with the curve H, which is also a curve of the third degree. 
Every curve of the third degree has therefore, in general, nine 
points of inflexion, only three of which, however, are real (see 
Art. 125, Ex. 3). Since, also, we have proved that the line 
joining two points of inflexion must pass through a third, 
through each point of inflexion can be drawn four lines, which 
will contain the other eight points. It follows then, as a par- 
ticular case of the last Article, that any curve of the third degree, 
described through the nine points of inflexion, will have these 
points for points of inflexion.” 

174. Of the lines which each contain three points of inflexion, 
since four pass through each point of inflexion, there must be in 
all 4 (4 x 9)=12.T 

If we attempt to form a scheme of these lines, it will be found 
that it can only differ in notation from the following: 

123, 456, 789; 147, 258, 369 st 
159, 267, 348; 168, 249, 357. 
Hence it will follow that any cubic passing through any seven 


* This theorem is due to Hesse, who showed that if U be a cubic, Ἡ its 
Hessian, aU + bH — 0 the equation of any cubic through their intersections, then 
the equation of tts Hessian is of the same form. The method of proof here 
adopted is Dr. Hart's. 

T It is easy to see that we may have nine real points lying by threes in ten 
lines, but not in a greater number of lines: thus the nine points of inflexion cannot 
be all real, which agrees with the remark, Art. 173. 

1 Clebsch has remarked that if we arrange the nine elements 1, 2, 3 the systems 

4, 5, 6 

7, 8, 9 
of lines are the three rows, the three columns, those forming positive, and those 
forming negative, elements of the determinants, 
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of the points of inflexion will have one of these for a point of 
inflexion; for, take any seven (say the first seven), and it will 
appear from the above table that they lie on three right lines 
(147, 267, 357), intersecting in a common point on the curve, 
and therefore, by Art. 172, that common point (7) is a 
point of inflexion on them all. 

From the manner in which these lines have been written, it 
appears that they may be divided into four sets of three lines, 
each set passing through all the nine points; or that, if we form 
the equation U-- XH — 0, there are four values of A, for which 
the equation reduces itself to a system of three right lines. 
For a direct proof of this, see the last section of this Chapter. 


175. Let us now consider the case (2) where z'y'z' is on the 
Hessian, and where its polar conic therefore breaks up into two 
right lines. It was proved in general (Art. 70) that if the first 
polar of any point 4 has a double point B, the polar conic of B 
has a double point 4. But in the case of cubics, the first polar 
is the polar conic, and this theorem becomes, Jf the polar conic 
of A breaks up into two lines interseeting in B, the polar conic of 
B breaks up into two right lines intersecting in A. In fact, if the 
polar conic of z'y'z breaks up into two right lines, the coor- 
dinates of their intersection xyz satisfy the three equations 
got by differentiating the equation of the polar conic. But 
(Art. 165) this last equation may be written in either of the 
equivalent forms 

Us! + Uy' + Ug =0, 

or ax’ + b^ + σα" + 2f'yz + 29'2x + 2h'xy =0, 
and the differentials may therefore be written in either of the 
equivalent forms 

ax' + hy' + 95-90, hz + by'+fe'=90, gu +fy'+cz'=0, 

a'x+hy+gz=0, kæ+by+fz=0, go f'y 4 0220, 
whence we see that these equations are symmetrical between 
xyz and z'y'z, and therefore that the relation between those 
points is reciprocal. Both A and B are evidently points on the 
Hessian, on which they are said to be corresponding points, 
and it will presently be shewn that they are so also in the 
sense explained, Art. 151, that is, the tangents to the Hessian 
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at the points A, B respectively meet in a point of the Hessian.* 
In the case of the cubic, therefore, the curve called the Steinerian 
(Art. 70) is identical with the Hessian. 


176. The equation of the polar conic of any point what- 
ever ξηξ being EU, + nU, +¢U,=0, the whole system of polar 
conics form a system of conics such as that discussed, Conics; 
Art. 388, viz. the equation of which involves linearly two in- 
determinates. The equation of the polar of the point A with 
regard to any conic of the system is 

E (ax' + hy'+92') + (λα + by +fe')+ (σα + fy + ου) =0, 
which is satisfied by the coordinates of B, whence we see that 
the polar of either point A, B passes through the other, and 
that therefore the Hessian of the cubic is the Jacobian (Conics, 
Art. 388) of the system of polar conics. Since A and B are 
conjugate with regard to any conic of the system, the line 
joining them is cut harmonically by every one of these conics, 
and the points in which the conics meet that line form a system 
in involution of which A and B are the foci. The two points 
in which any of these conics meets the line AB can only coin- 
cide at either of the points 4, B; and, consequently, if any of 
the conics break up into two right lines intersecting on AB, 
the point of intersection must be either A or B, unless AB 
be itself one of the lines. Now since the Hessian of a cubic 
is itself a cubic, AB meets it in three points; that is to say, 
in a third point C besides the points A, B. Every point on 
the Hessian is, as we have seen, the intersection of the two 
lines into which some polar conic of the system breaks up, and 
it follows from what has been just proved, that of the two 
lines which intersect in C one must be AB. Thus, then, from 
the system of points whose locus is the Hessian we may derive 
a system of lines, viz. by taking the pairs of lines which are 
the polar conies of each point on the Hessian. Each line of 
the system meets the Hessian in three points; two of them 


* It will subsequently be shown that there are three cubic curves having each 
of them the same Hessian: the correspondence of the points A, B on the Hessian is 
of one or another of the three kinds of correspondence according as the cubic curve 
is one or another of the three cubics, 
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A, B are corresponding points on the Hessian, and the third, C, 
which we may call the complementary point, is the point in 
which the line meets the conjugate line. 


177. The curve which is the envelope of the system of 
lines just mentioned has been studied by Prof. Cayley, and 
has on that account been called by Cremona the Cayleyan of 
the cubic.* It is of the third class, as we see by examining 
how many of these lines can pass through an arbitrary point P. 
Any point M whose polar conic passes through P must lie 
on the polar line of P (Art. 61), and in order that the polar 
conic should break up into lines, M must be on the Hessian. 
There are then evidently three points M, whose polar conic 
reduces to a pair of lines, one of which passes through P. There 
is not any double or stationary tangent, and the curve is there- 
fore of the sixth order. 

Every line of the system joins corresponding points on the 
Hessian (Art. 176); therefore the Cayleyan may at pleasure 
be considered as the envelope of the lines into which the polar 
conics of the points of the Hessian break up, or as the envelope 
of the lines joining corresponding points on the Hessian. In 
the case, however, of curves of higher degree, the envelope of 
the lines joining the corresponding points A, B (Art. 70) is 
distinct from the envelope of the lines into which polar conics 
may break up. 

The Cayleyan may also be regarded (Art. 176) as the 
envelope of lines which are cut in involution by the system of 
polar conics. It was shewn, Con?cs (Art. 388a), how the equation 
of the envelope regarded from this point of view may be written 
down, and that the curve is of the third class. 


178. Let us now examine what are the four poles with 
respect to the cubic of the tangent to the Hessian at any point A. 
The four poles in question are the intersections of the polar conic 
of A with the polar conic of the consecutive point A’ on the 
Hessian. The polar conic of A is the pair of lines BL, BN (see 
fig. p. 153), and the polar conic of A’ is a pair of lines consecutive 





* It was denoted by Prof. Cayley himself by the letter P, and called by him 
the Pippian. 
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to these. Now BL meets the line consecutive to BN in the 
point B; BN meets the line consecutive to BL in the same 
point; and BL, BN meet the lines respectively consecutive 
to them in their points of contact with their envelope. The 
four poles in question are thus the point B counted twice, and 
the points of contact with the Cayleyan of the lines BL, BN. 
Thus, in particular, the polar line with respect to the cubic of 
any point on the Hessian 4s the tangent to the Hessian at the 
corresponding point. It may be directly inferred from what 
has been said, that the Cayleyan is, as stated above, of the 
sixth order. For the equation of the locus of the poles with 
respect to the cubic of the tangents to the Hessian, is found 
by expressing the condition that xU, +y U, 4- zU, should touch 
the Hessian. This condition involves the quantities ο, U,, U, 
in the sixth degree, and the locus is therefore of the twelfth 
order. But, from what has been proved, the Hessian must 
enter doubly as a factor into this equation; the remaining 
factor therefore, which is the Cayleyan, is of the sixth order. 


179. The locus of points whose polar lines with regard to 
one curve U touch another curve V, evidently meets U at its 
points of contact with the common tangents to U and V; for 
the polar of any point on U is the tangent to U at the point, 
and if it is also a point on the locus, the polar by hypothesis 
touches V. We have just seen that when JU is a cubic and 
V its Hessian, the locus consists of the Cayleyan together with 
the Hessian itself counted twice. The cubic and the Hessian 
being each of the sixth class have thirty-six common tangents. 
And we now see that these common tangents consist of the 
tangents to U at the 18 points where it is met by the Cayleyan, 
and of the tangents to Uat the points where it is met by the 
Hessian; (that is to say, of the nine stationary tangents) these 
last tangents each counting for two; and in fact it was remarked 
(Art. 46, p. 33), that each stationary tangent to a curve 
may be regarded as a double tangent, as joining both the first 
to the second, and the second to the third of three eonsecutive 
points.* 


* Reasons were given (Art. 47) for treating the cusp and the node, the stationary 
and double tangent, as distinct singularities; but in counting the intersections of 
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The polar conic of a point of inflexion A consists (Art. 170) 
of the inflexional tangent itself, together with the harmonic polar 
of A; and the point B corresponding to A is therefore the point 
in which the inflexional tangent meets the harmonic polar. 
And the tangent to the Hessian at B is the polar of A with- 
respect to the cubic; that is to say, is the inflexional tangent 
itself. Hence, then, the nine points where the stationary tan- 
gents touch the Hessian are the points where each stationary 
tangent meets the corresponding harmonic polar. 

It may be inferred from what has been just proved, and it 
will afterwards be shewn independently (see note p. 150), that 
the problem to find a cubic, of which a given cubic shall be the 
Hessian, admits of three solutions. For the points of inflexion 
being common to both curves (Art. 173), we are given nine points 
(equivalent to eight conditions) through which the required cubic 
is to pass, and if we were given the tangent at any of these 
points A, the cubic would be completely determined. But what 
has been just proved shews that this tangent may be any one of the 
three tangents (Art. 171) which can be drawn from A to the curve. 


180. The tangents to the Hessian at corresponding points 
A, B, meet on the 
Hessian. Let the στ 
polar conic of A 
be BL, BN, and 
of Bhe AR, AN; 
then L, M, N, E 
are the four poles 
of the line AB, 
and the polar conic 
of every point of 
AB passes through 
these four points. 
If, therefore, this 
polar conic breaks 
up into two right lines, these lines must be LR, MN; and 





two curves, a cusp or node on one of them alike counts for two; and a stationary 
or double tangent to one of them alike counts for two among their common 
tangents. 

X 
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we see that D is a point on the Hessian, and that it cor- 
responds to the point C in which AB meets the Hessian again. 
But the tangent at B to the Hessian is the polar of A with 
respect to the cubic, which must also be its polar (Art. 60) with 
respect to the polar conic of A (BL, BN); therefore, by the 
harmonic properties of a quadrilateral, this tangent is the line 
BD; and in like manner the tangent at A is the line AD. 

If we are given the Hessian and a point on it .4, the 
problem to find the corresponding point B admits of three 
solutions (see Art. 151). For if we draw the tangent at A 
meeting the curve again in D, B may be the point of contact of 
any of the three other tangents besides 4D, which can be drawn 
from D to the curve. These three solutions answer to the 
three different cubics, of which the given curve may be the 
Hessian. 


181. The points of contact with the Cayleyan of the four lines 
BL, BN, AR, AN lie on a right line. The poles of AD with 
respect to the cubic are the intersections of the polar conics 
of A and D; the former is the pair of lines BL, BN; the latter 
consists of the line 4B and a conjugate line passing through C. 
The four poles are therefore the point B counted twice, and the 
two points where Ca meets BL, BN. But AD being a tangent 
to the Hessian, it appears, from Art. 178, that the latter two 
poles are the points of contact of the lines BL, BN, with their 
envelopes. In like manner the points of contact of AR, AN 
with their envelope lie on the same right line. This right line 
is itself a tangent to the Cayleyan, therefore the six points 
where it meets the Cayleyan are completely accounted for. In 
other words, any tangent to the Cayleyan is one of a pair of 
lines into which some polar conic breaks up; the other line 
of the pair joins two corresponding points on the Hessian ; 
the four lines which make up the polar conics of these two 
points pass respectively through the four points where the 
given tangent meets the Cayleyan again. 

Again, to find the point of contact of any given tangent 
with the Cayleyan, the rule we have arrived at is to take what 
we have called the complementary point on the given tangent, 
and join it to the corresponding point on the Hessian; the line 
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conjugate to this meets the given tangent in the point required. 
But we may hence deduce a simpler rule: for since the two 
lines last mentioned make up a polar conic, and since every 
polar conic divides harmonically the line joining two corre- 
sponding points, the rule is to take the three points in which 
the given tangent meets the Hessian, consisting of two corre- 
sponding points and one complementary, and to take the har- 
monic conjugate of the complementary point with respect to 
the two corresponding points, 


182. Let us apply the preceding rules to the case where 
A is a point of inflexion, and B, the corresponding point, is the 
point in which the inflexional tangent meets the harmonic polar. 
The polar conic of B is then a pair of lines through A, and the 
polar conic of A is the inflexional tangent together with the 
harmonic polar. In order to find the points in which these 
four lines touch the Cayleyan, we take the point in which the 
line AB meets the Hessian again; but this is the point B, since 
AB touches the Hessian; and the line through B conjugate to 
AB, on which the four points of contact lie, is the harmonic 
polar. Thus, then, the point of contact of the inflexional tangent 
with the Cayleyan is the point where it meets the harmonic 
polar; or (Art. 179) the Cayleyan and the Hessian touch each 
other, having the nine inflexional tangents for their common 
tangents. The Cayleyan, as a non-singular curve of the third 
class, has nine cusps, and the construction just given shews 
that the harmonic polars are the nine cuspidal tangents. 


.. 183. It has been shown that the tangent to the Hessian at 
any point A meets the Hessian again in the point D, where it 
meets the polar of A with respect to the cubic. It follows that 
the tangent to a cubic at any point A meets the cubic again 
in the point where it meets the polar of A with respect to a 
cubic having the given cubic for its Hessian. Now sucha cubic 
passes through the inflexions of the given cubic, and therefore 
its equation will be of the form aU 4 21-- 0, and the equation 
of the polar of any point with respect to it will be of the form 
dU = dU dv» | dH | dH αμ 
a ( ) +b (a ) z 0. 


Pd) 9 gy tty d) οὐ gy tt 
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It follows, then, that the point where any tangent meets the 
cubic again is found by combining the equations 
,TU , dU, αμ μας 
da dy tdg η aa αγ” αν 
In other words, the tangential of a point z'y'z' on the cubic is 
the intersection of the tangent to the cubie at that point with 
the polar of the same point with regard to the Hessian; and 
hence may immediately be derived expressions for the coor- 
dinates a, y, z of the tangential in terms of α΄, y', 2’, viz. they 
are proportional to U,H,—U,H,, U,H, — σα, U,H,— U,H, 
functions of the fourth degree in z', y', z'. 


184. The polar lines of the points on a given line ax--85y4-yz 
envelope a conic, which we call the polar conic of the given line. 
The equation of the polar of any point 2/2 may be written 


az" + by" + ca? 4 2fy'z' + 9020 + 2ha'y' = 0, 
and the problem of finding the envelope of this, subject to the 
condition ax' + βγ' + yz'=0, is the same (Art. 96) as that of 


finding the condition that a line should touch a conic. The 
equation of the envelope required is therefore 


Aa’ + BB’ -Cy' + 2191 +2 Gya + 2 Ha — 0, 


where A, B, &c. have the same meaning as in the Contes, 
viz. bc—f*, ca— g^, &c. They are therefore functions of the 
second degree in the coordinates z, y, z. It is obvious that the 
polar conic of a line might have also been defined as the locus 
of points whose polar conics touch the given line. 

If the method of Art. 88 had been applied to find this 
envelope, the solution would be found to depend on the 
equations 


az + hy' + gz λα, Λα + by --fz =B, ga'+ fy’ t ez! = Ny. 


But these are the equations by which (Conics, Art. 293) we 
should determine the pole of the given line with regard to 
οὐ +y'U,+z'U, Hence, as might also be seen from geo- 
metrical considerations, the polar conic of a line is also the locus 
of the poles of the line with respect to the polar conics of all 
the points of the line. 
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185. Since the polar line of any point on a line is the same 
as if taken with regard to the three tangents at the points 
where that line meets the curve, the polar conic of a line is 
the same as if taken with regard to those three tangents. Let 
their equation be zyz=0. Then to find the polar conic of a 
line is (Art. 165) to find the envelope of ay'z’ + Ίσα + zx'y --0, 
subject to the condition ax'+ βγ' 1-γ2' --0; and this is (see 
Conics, Art. 127) 


(ax) + /(By) + (2) -- 0. 


It follows that if the given line meet the cubic in the points 
P, Q, R, the tangents at | 
these points forming the 
triangle ABC, then the 
polar conic of the line 
touches the sides of this 
triangle in the points D, 
E, F, which are the har- 
monics of the points P, 
Q, R in respect to the 
point-pairs ΒΟ, CA, AB Ὁ 
respectively. It is evident a prior? that the polar conic is 
touched by the tangents to the cubic at P, Q, R, these being 
particular positions of the line whose envelope is sought. 








186. It follows from the definition that the tangents which 
can be drawn from any point to the polar conic of a right line 
are the polars of the two points where the polar conic of the 
point meets the right line. Hence the polar conic of a point 
meets a right line in real or imaginary points according as the 
point is outside or inside the polar conic of the line; a point 
being said to be outside a conic when from it real tangents can 
be drawn to the conic. It has been already remarked, that if 
a point lie on the polar conic of a line, its polar conic touches 
the line; 

In particular, since the polar conie of a double point is the 
pair of tangents at that double point, the polar conic of every 
line with regard to a crunodal cubic has the node outside the 
conic, and with regard to an acnodal cubic has the conjugate 
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point within it. If the cubic be cuspidal, the polar conic of 
every line passes through the cusp. 


187. It follows from the foregoing definitions, and from 
Art. 135, that if the given line be at infinity, its polar conic 
may be defined either as the envelope of the diameters of the 
cubic, or as the locus of the centres of the diametral conics 
of the cubic, or as the locus of points whose polar conic is a 
parabola. Its equation is found by making a and B=0 in 
the formula of Art. 184, and is C=0, or ab — k —0; that is 
to say, 

dU dU (dUw 

xoa tw 
And it appears, from Art. 185, that this is the equation of the 
ellipse touching at their middle points the three sides of the 
triangle formed by the asymptotes. 


188. If the given line touch the cubic, then since the polar 
of the point of contact is the line itself, that line coincides 
with one of the positions of the enveloped line of Art. 184, 
and therefore touches the polar conic; and in no other case 
can a line be touched by its polar conic with regard to a non- 
singular cubic. Accordingly this principle has been used to 
form the tangential equation of a cubic. Since A, D, &c. are 
functions in the coordinates of the second degree, the equa- 
tion of the polar conic, Az’+&c.=0, may be written in 
the form 

A’? + By? + C2 + 2F'yz o 2G'2z + 2H'xy =0, 
where A’, &c. are functions of the second degree in a, £, y, and 
then the condition that this should touch the given line is 
(B'C'—-.F^)a + &e.=0, which is of the sixth degree in a, 
8, y, and is the required condition that the given line should 
touch the cubic. 

If the given line touch the Cayleyan, then since it, together 
with another line makes up the polar conic of a certain point, 
the polar line of every point on the line passes through that 
point, and the envelope of Art. 184 accordingly reduces to a 
point. 
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189. We next consider two cubics U, V, and investigate the 
problem to find a point whose polar with respect to each shall 
be the same; or, what is the same thing, whose polar with 
regard to any cubic U+AV=0 shall be the same. In order 
that «U,+yU,+2U, and «V,+yV,+2V, may represent the 
same line, we must have 


τν. LE 
you Ww 


or U,V- U,V =0, U,V,- U,V,—0, U,V,- U V=. 
From the first form in which the equations were written, it is 
plain that the three equations are equivalent to two; and that 
the curves of the fourth degree represented by the equations 
written in the second form have common points. But all their 
points of intersection are not common, for any values which make 
the numerator and denominator of any of the three fractions to 
vanish, satisfy two of the resulting equations but not the third. 
Subtracting then from the sixteen points common to the quartics 
represented by the first two equations the four points common to 
U,, V, there remain twelve points common to all three quartics,* 
and these are the points required. 


190. Since the discriminant of a cubic is of the twelfth degree 
in the coefficients (Art. 69), there are in general twelve values 
of A, for which the discriminant of U--XAV will vanish; for 
if in the general expression for the discriminant we substitute 
for each coefficient a, a+ λα we have evidently an equation of 
the twelfth degree to determine X (see Conics, Art. 250). The 
coordinates of the double point on any of these cubics satisfy 
the three equations (Art. 69) 


U,-XV, 20, U,+AV,=0, U,+AV,=0. 
And the system of equations obtained by eliminating λ, between 
each pair of these equations is the same as that considered 





* So generally if U,, U,, U, be functions of the mth degree in the coordinates, and 
V,, V4, V, functions of the nth degree, the system of equations 


—— Z em ο. ame 


represents three curves of the order m + n, having m? + mn + n? common points 
(see Higher Algebra, Art. 257). 
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in the last article. Hence, through the intersections of two cubics 
U, V there can be drawn twelve nodal cubics, and the polar of 
any of the twelve double points will be the same with regard to 
all cubics of the system U- XV. These points have been called 
the critic centres of the system of cubics. 


191. If we are given three cubics U, V, W, then the 
coordinates of the double point of any cubic of the system, 
AU-r wV+vW=0), satisfy the equations 


AU, + WV + vW,—0, XU, + WV, + vW,—0, NU, + pV vW,-0; 
therefore eliminating X, u, v we see that the locus of the double 
points is the Jacobian 
U, (V,W,— VW) + U, (V,W,— VW) + U,(V,W,— V,W) =0. 
If the three cubics have à common point, this is a double point 
on the Jacobian; for if the lowest terms in z and y be in 
U, V, W respectively ax + by, a'z }- Uy, a"x + b"y, the terms in 
the Jacobian below the second degree in w and y are easily 
seen to be 

a,b,ax+by 

a,U,aax+dy 

a", b", ax + b'y 
which vanishes identically. Thus, then, the locus of double 
points on all nodal cubics passing through seven fixed points 
ìs a sextic having these seven points for double points, since 
U, V, W may be taken for any three cubics through the seven 
given points. So likewise the double points on the nodal cubics, 
which can be drawn through eight points, are determined as the 
intersections of the two sextic loci, which we get by leaving out 
first one and then another of the eight given points. And since 
these sextics have six double points common, the number of 
their other intersections is 36 — 24 or 12, which agrees with the 
result of the last article. 


192. Of some of the twelve critic centres, the position can 
in some cases be at once perceived. Thus, in the system 
Axyz + uvw = 0, where u, v, w represent right lines, it is obvious 
that xyz is one cubic of the system, having for double points 
xy, yz, zx; in like manner uv, vw, wu are double points; there 
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are therefore but six other critic centres. We shall more par- 
ticularly study the system Aryz+u°v=0, and will presently 
show that this system has but three critic centres, exclusive of 
the points zy, yz, zz, uv.  Plücker's classification of cubics was 
derived from the study of this equation for the case where vw 
is the line at infinity, and consequently v its satellite, and 
2, y, 2 the three asymptotes. We may then for any position 
of the lines z, y, z, v, study the forms which the curve assumes 
as we give different values to the parameter A; and it will be 
readily understood, that each nodal curve in the series corre- 
sponds to a change from one form of the curve to another. 
Thus we have seen (Art. 39) that an acnodal cubic is the limiting 
form of a cubic including an oval as part of the curve; and 
again, if for one value of the constant, a cubic has two real 
branches intersecting in a node, the example of conics makes 
it easily understood, that for a small increase in the value of the 
constant, the cubic will have separated portions in two of the 
vertically opposite angles formed by the intersecting branches, 
while for a small decrease in the constant it will have portions 
in the other pair of vertically opposite angles. Hence the 
importance of the critie centres in this mode of studying the 
form of the cubic. 


193. Since the polar of any point with regard to w'v passes 
through the point uv, any point which has the same polar with 
regard to xyz must lie on the polar conic of uv with regard 
to xyz, and it is therefore evident a priori, that this is a locus on 
which the critic centres lie. In order completely to determine 
them, let us suppose that we have u=a+y+2, v=ax + by + cz; 
and we get our result in a more convenient form, if before 
differentiating Axyz+u7v we first divide all by w. We then 
have, differentiating successively with respect to z, y, 2, 


ayz (æ-y-z2)__ Mm(y-2-2) , day (2—e—y) _ 
@+yt C^ yt) ’ (æ+y+2) 


ax b οὔ 
whence εν E ; 
zy—y-z y—z-oc z—c-—y 


Cy 





and the form of the equations shows that the problem has been 


reduced to that of finding the critic centres of a system of two 
Y 
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conics, and that the three points required are the vertices of 
the common self-conjugate triangle of the conics 
αχ" + by! + c2  — 0, and z^ +y” 2" — 2yz — 220-- 2410, 

where it will be observed that the latter conic is the polar 
conic of u with respect to xyz; that is to say, when v is at 
infinity, it is the conic touching at their middle points the 
sides of the triangle formed by the asymptotes. Two critic 
centres will coincide in the point of contact when az? + by? + c2 = 0 
touches this conic; hence, if v be regarded as variable, the locus 
of double critic centres is the polar conic of u with respect to xyz. 


The condition of contact of these two conics is easily seen, by 
the ordinary rule, to be 


(bc + ca + ab)’ = 27 α" D ο", or à 3 +b -- σὲ --0, 
which is the tangential equation of the envelope of the satellite 


of u when two critic centres coincide. ‘This answers (Ex. Art. 90) 
to the equation in point coordinates αἱ + y! + 21 = 0.3 


194. Any point on Azyz--Fw'v may be determined as the 
intersection of z = 0v with OrAry+u*=0. When v is at infinity, 
the latter equation denotes a system of hyperbolas having z, y 
for their asymptotes, and by the property of the hyperbola, the 
chords intercepted by these hyperbolas on any line z = 8v have 
a common middle point; namely, the point of contact of this 
line with one of the hyperbolas of the system. Evidently, if z= 0v 
either touch the cubic or pass through a double point on it, it 
must touch the hyperbola, the critic centre being in the latter 
case the point of contact. Hence, if any of the critic centres 
be joined to the finite points where the asymptotes meet the 
curve, the critic centres are the middle points of the chords 
intercepted by the cubic on the joining lines. 


SECT. III.—CLASSIFICATION OF CUBICS. 


195. We shall shew in the first place that the equation of 
every cubic may be brought to the form 


zy! = ax + ὃδα”2 + δοχα' + dz". 
* For a fuller discussion of this theory, see papers by Prof. Cayley, “On a case 


of the involution of cubic curves,” and “On the classification of cubic curves.” 
Transactions of Cambridge Philosophical Society, vol, ΧΙ., 1864. 
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Every real cubic has at least one real point of inflexion, for 
imaginaries enter by pairs, and the total number of points of 
inflexion is odd, viz. either nine, three, or one (Art. 147). If 
we take for the line z the tangent at the point of inflexion, and 
for x any other line through that point, the equation of the 
curve (Art. 51, VII.) will be of the form 2¢ =aa*, where ¢ is 
a function of the second degree, say 
y" + 2lyz + 29myz + px! + 2qxz + να". 

But now if we transform the lines of reference so as to take 
y +lz+ mz for the new y, the terms in ¢ containing y only in 
the first degree are made to disappear, and the equation takes 
the form first written in this article. The geometric meaning 
of the transformation we have made is that we take for z as 
above stated the tangent at a real point of inflexion zz, and 
for y, the harmonic polar (Art. 170) of that point: for if we 
examine where any line through the point of inflexion meets the 
curve represented by the above equation, we find, on making 
the substitution z = àx, that we obtain for y values of the form 
+ pæ, shewing that the points where the line meets the curve 
are harmonically conjugate with respect to the point where it 
meets the line y, and to the point of inflexion. 


196. In classifying curves those distinctions may be 
regarded as fundamental which are unaffected by projection; 
or, in other words, which separate not only curves, but cones, 
of the same order. Among curves of the second order there 
is no such distinction, for there is but one species of cone. 
In order to ascertain whether such distinctions exist among 
cubics, it suffices to take the form to which, as shown in the 
last article, the equation of every cubic may be reduced, and to 
examine whether any and what varieties, unaffected by projec- 
tion, exist among the curves capable of being represented by 
it. And since we are now only concerned with varieties 
unaffected by projection, we may suppose the line z to be at 
infinity, and discuss the form 


y’ = ax’ + 3ba* + ὅσα + d, 
as one capable of representing a projection of any given cubic. 
It will be observed that when a point of inflexion is at infinity, 
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a system of lines through it becomes a system of parallel ordi- 
nates, and the harmonic polar becomes a diameter bisecting 
them; and, in fact, for every value of x, the above equation 
gives equal and opposite values of y. 

The preceding equation has already been partially discussed 
(Art. 39), and from what was there said, it appears that the 
curves represented by it may be divided into the five following 
principal classes: 

The right-hand side of the equation may be resolvable into 
three unequal factors, and (L.) these factors are all real. The 
curve then consists (Art. 39) of an oval and an infinite 
branch. Or (IL) the factors are one real and two ima- 
ginary. ‘The oval then disappears and the infinite branch 
alone remains. 

The right-hand side of the equation may be resolvable 
into two equal and one unequal factors, being of the form 
(x— a) (x— £8). Then we have the cases (III.), α less than 8 
when the curve is acnodal (Art. 39), the oval being reduced to 
a conjugate point; or (IV.), α greater than 8, when the curve is 
crunodal, the oval and the infinite branch being each sharpened 
out so as to form a continuous self-intersecting curve; (V.) the 
factors of the right-hand side may be all equal, and the curve 
1s cuspidal (Art. 39). 

Newton has given the name “divergent parabolas" to the 
curves considered in this article; and his theorem, which we 
have just established, is that every cubic may be projected 
into one of the five divergent parabolas. 


197. Instead of, as in the last article, supposing the 
stationary tangent to be projected to infinity, we may suppose 
the harmonic polar to be so projected. The point of inflexion 
will then become a centre, and every chord through it will be 
bisected. Interchanging 2 and y in the equation of Art. 195, 
and then putting z = 1, the equation for this case becomes 

y — ad + 3bx*y + δα + dy’, 
which is the equation of a central curve (Art. 131). As in 
Art. 196, there are five kinds of central curves according to 
the nature of the factors of the right-hand side of the equation, 
and in this way is established Chasles’s supplement of Newton’s 
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theorem, viz. that every cubic may be projected into one of the 
five central cubics. 


198. Corresponding to these five kinds of cubic, there are 
five essentially distinct species of cubic cones. A cone of any 
order may comprise two forms of sheet, viz. (1) a twin- 
pair sheet, or sheet which meets a concentric sphere in a pair 
of closed curves, such that each point of the one curve is 
opposite to a point of the other curve (a cone of the second 
order affords an example of such a sheet); and (2) a single 
sheet, viz. one which meets a concentric sphere in a closed 
curve, such that each point of the curve is opposite to another 
point of the curve (the plane affords an example of such a 
cone). Now corresponding to the parabola I. of Art. 196, we 
have a cone consisting of a twin-pair sheet and a single sheet, 
and corresponding to IL, we have a cone consisting of a single 
sheet only. It is evident that the crunodal, acnodal, and cus- 
pidal singularities are reproduced in the corresponding cones. 

The classification of cubic cones just made might, if we pleased, 
be carried further. Not only is there but one species of cone of 
the second order, but, with some limitations, any two curves of 
that order may be regarded as sections of one and the same 
cone. This is not so as regards cubics; for it has been proved 
(Art. 167) that every cubic curve has a certain numerical cha- 
racteristic, expressing the anharmonic ratio of the four tangents 
which can be drawn from any point on the curve, and represented 
by the ratio of the invariants δ΄: T" of the biquadratic, which 
determines those tangents. "This characteristic being unaltered 
by projection, two curves, for which it is different, cannot be 
cut from the same cone; and the parameter in question may 
be regarded as a characteristic, not only of a cubic curve, but 
also of every cone from which it can be cut. The five 
kinds of cone we have enumerated might, therefore, be further 
subdivided at pleasure, according to the values of this parameter, 
Such subdivisions have in fact been made, but it is not thought 
necessary to notice them here. In the last section of this 
chapter, however, the cases S 20, T=0 will be discussed; and 
itis now pointed out that these represent families not only of 
curves but of cones. 
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199. Let us now examine, more minutely than in Art. 39, 
the figure of the cubic represented by the equation considered 
in Art. 196, and it will be convenient to take the origin at 
the middle point of the diameter of the oval, so that the 
equation may be written 


ay" (ἳ -- m’) (2 -- n), 
where n is greater than m. Differentiating, we find that the 
values of z which correspond to maximum values of y, or to 
points where the tangent is parallel to the axis of x, are given 
by the equation 
δα" - 2nz — m” 20; whence x=} {n+ y(n” + 8πι)]. 
If we give the negative value to the radical, we get the value 
of z corresponding to the highest point of the oval, and since 
this is negative, we see that the highest point on the oval 
is on the side remote from the infinite branch, and that the 
ovalis therefore not, like the ellipse, symmetrical with regard 
to two axes. This oval is symmetrical with regard to the axis 
of z, and not with regard to the axis of y, but rises more 
steeply on the one side and slopes more gradually on the other. 
The greater n is for any given value of m, that is to say, the 
greater in proportion the distance between the oval and the 
infinte part the more nearly does the oval approach to the 
elliptic form; while on the other hand, the difference is greatest 
when the oval closes up to the infinite part, that is to say, 
when the curve is crunodal. In this case the highest point 
of the loop corresponds to the point of trisection of its axis. 
If we give the positive value to the radical, the corre- 
sponding value of æ is intermediate between m and n, and the 
corresponding value of y is imaginary. The form of the 
equation shews that the point of contact with the curve of 
the line at infinity is on the line x=0, unlike the common 
parabola y'- pr, which is touched by the line at infinity on 
.y=0. The infinite branches of the cubic, therefore, tend to 
become parallel to the axis of y and not to the axis of 2; 
and there must be a finite point of inflexion on each side of 
the diameter where the curve changes from being concave 
to being convex towards the axis of x. Hence the name 
* divergent parabola." 
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The form of the curve is then represented by the oval and 
the right-hand infinite branch on the 
figure. If, however, we have in the 
equation + m* instead of — m’, then there 
will be no real oval, and the infinite 
branch will be either of the left-hand 
or right-hand form, that is to say, there 
will or will not be points for which y is 
a maximum, and at which the tangent is parallel to the axis, 
according as 3m" is less or greater than n*; and there is of 
course the intermediate case 3m*=n", where there is on each 
side of the axis of x a point of inflexion, the tangent at which 
is parallel to this axis. 

The figures of the crunodal, acnodal, and cuspidal forms do 
not seem to require further discussion than was given in Art. 39. 





200. Returning to the case where the curve has an oval, 
it is plain that in general every right line must meet any 
closed figure in an even number of real points, and therefore 
that every line which meets the oval part of the cubic once, 
must meet it once again and not oftener; since when a line 
crosses to the inside of the oval, it must cross it again to come 
out, and cannot meet the oval in four points. Every line, 
therefore, must meet the infinite part of the curve once. It 
follows that no tangent to the curve can meet the oval again, 
and therefore that none of the points of inflexion can lie on 
the oval. It is easy to see, on inspection of the figure, that from 
any point outside the oval two tangents can be drawn to it. 

Thus, then, the oval is a continuous series of points, from 
none of which can any real tangent, distinct from the tangent 
at the point, be drawn to the curve. The cubic then, which 
includes an oval, is of the class (Art. 167), the four tangents 
from every point of which are either all real or all imaginary. 
The tangents from every point on the oval are all imaginary, 
and from every point on the infinite branch are all real; viz. 
two can be drawn to the oval and two to the infinite branch 
itself. In fact, the tangent a£ any point on the infinite branch 
must meet that branch again, since the third point in which 
it meets the curve cannot be on the oval. 
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201. What has been just said, may be used to illustrate 
the essential property of unicursal curves (Art. 44). The co- 
ordinates of any point on such a curve can be expressed 
rationally as functions of a parameter, so that by giving to 
this parameter values continuously increasing from negative 
to positive infinity, we obtain all the points of the curve in 
a continuous series, the coordinates being always real. In 
the present example, on the contrary, it is geometrically 
evident that if we commence with any point on the oval and 
proceed on continuously, we return to the point whence 
we set out, without passing through any point on the in- 
finite branch; and it is algebraically impossible to express 
the coordinates of any point in terms of a parameter without 
including a radical in the expression. For instance, we might 
take z=1, 2—60, y =y (að -- 3b0* + 3c0+d). We shall then 
call the curve we have been considering a bipartite curve, as 
consisting of two distinct continuous series of points. 

A curve of the second kind considered, Art. 196, has no 
oval, and is undpartite, all the real points of the curve being 
included in one continuous series; but the curve is not on 
that account unicursal, for the coordinates of any point cannot 
be rationally expressed in terms of a parameter, and a unipartite 
curve is not necessarily unicursal, just as an equation having 
only one real root is not necessarily a simple equation. A cru- 
nodal cubic, on the other hand, is unicursal and unipartite; all 
the points of the curve succeed each other in a definite order 
forming a single series. The curve may, however, be regarded 
as comprising a loop and an infinite branch consisting of two 
parts separated by the loop. The argument used, Art. 200, 
shews that no point of inflexion can lie on the loop, neither can 
any tangent meet the loop. "The loop, therefore, includes a series 
of points from none of which can any real tangent be drawn to 
the curve, while from every other point on the curve, two real 
tangents to it can be drawn, one of them to the loop, the other 
to the infinite branch. So also an acnodal cubic and a cuspidal 
cubic are each of them unicursal and unipartite. 


202. Having thus divided cubics into five genera, we proceed 
to subdivide these genera into species, according to the nature 
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of their infinite branches. And, obviously, we must have 
at least four species under each genus, according as the line 
infinity meets the curve, (a) in three real and distinct points, 
(b) in one real and two imaginary points, (c) in one real and 
two coincident points, (d) in three coincident points. But in 
the case of crunodal, acnodal, and cuspidal cubics, we must 
distinguish under (c) whether the line infinity be properly a 
tangent, or whether it pass through a double point; and in 
the case of crunodal and cuspidal cubics we must distinguish 
under (d) whether the line infinity be a tangent at a point of 
inflexion or at the node or cusp. Further, in the case of 
a bipartite or a crunodal cubic it is important to distinguish 
under (a) and (c) whether the three points in which infinity 
meets the curve all belong to the infinite branch or whether 
two of them belong to the oval or loop and only the re- 
maining one to the infinite branch. The differences thence 
resulting in the figures of the curves are so great that the two 
cases may properly be classed as distinct species. ‘These are the 
only differences which are made in what follows, grounds of 
distinction of species. The only other differences which would 
seem to have equal claims to be put on the same level are that 
the points of the curve at infinity may either all be ordinary 
points, or else one or three of them may be points of inflexion. 
But as the changes thus made in the figure of the curves are 
slighter, and as it is desirable not to have more species than can 
be easily remembered, I have preferred to class curves differing 
only in the respect last mentioned, not as distinct species, but as 
different varieties of the same species. It is obviously a good 
deal arbitrary how many varieties of cubics may be counted, 
and much depends on the point of view from which these 
curves are discussed. 


203. The figures for the case where the line infinity is a 
stationary tangent have already been discussed, and the figure 
for any other case may be regarded as a projection of one of 
the figures for this case. Let us commence with bipartite cubics, 
and consider first the projection of the oval. And it will be 
readily understood that if the line projected to infinity do not 
meet the oval, the projection of the oval will remain a closed 

Z 
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curve, while if the line touch the oval, or if it meet it in two 
real points, the projection will have the same kind of rough 
resemblance to a parabola or a hyperbola respectively that the 
oval itself has to an ellipse; that is to say, while the figures 
have not the symmetry of the conic sections, the projection is in 
the former case, like the parabola, a single curve whose branches 
proceed to infinity in a common direction without approaching 
to contact with any finite asymptote, and in the latter case 
consists of a pair of curves having two common asymptotes, and 
lying in two of the vertically opposite angles formed by them. 
Such a pair we shall briefly refer to as a hyperbolic pair, 
It will be observed that an ordinary asymptote to a curve has a 
positive and negative branch at opposite sides of it. The 
theory of projection teaches us to regard the extremities of a 
line at positive and negative infinity as projections of the same 
point, and similarly to regard the branches of a curve which 
touch an asymptote at positive and negative infinity as con- 
tinuous with each other. Thus, then, as when the oval is a closed 
curve, its points form a continuous series, such that commencing 
with any point we can proceed continuously round the curve till 
we return to the point whence we set out; so this is equally true 
of all projections of the oval, and the twin hyperbolic branches are 
to be regarded as forming one continuous curve, the part where 
one branch touches an asymptote at its positive extremity being 
regarded as continuous with the part where the other branch 
touches the same asymptote at its negative extremity. 


204. Let us next consider the projection of the infinite part 
of the curve (Art. 196) which must be met by every line either 
in one or three real points. First, let the 
line projected to infinity meet it only in one, 
and then the branches of the projected curve, 
instead of spreading out indefinitely, will 
approach to contact with a finite asymp- 
tote, as in the left-hand curve on the figure. 
The curve, which will hereafter be briefly 
referred to as the serpentine, must obviously 
have three points of inflexion; for it is 
convex towards the asymptote at positive infinity (since every 


9 
νου. 
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curve is convex towards its tangent on both sides of the point of 
contact); it must change this convexity into concavity in order 
to cut the asymptote once again: having cut it, it must bend 
again, else it would continually recede from the asymptote; 
and it must bend once more in order to become convex towards 
the asymptote at negative infinity. The points in the curve 
represented in the figure form a continuous series, since it ap- 
pears, from what was said in the last article, that the branches 
of the curve in contact with the asymptote at its opposite 
extremities are to be regarded as continuous with each other. 

In the above it was assumed that the point at infinity on 
the serpentine is an ordinary point on the curve. If, however, 
it be a point of inflexion, the difference is that instead of the 
positive and negative infinite branches lying as usual on opposite 
sides of the asymptote, they lie on the same side, as in the right- 
hand curve on the figure. It is obvious that the curve has 
then but two finite points of inflexion. We refer to this 
as the conchoidal form. 


205. Next, let the line projected to infinity meet the infinite 
branch in three ordinary points. It may be seen that it will 
always divide the curve into three parts, one of which has no 
points of inflexion, another 
one, and the other two. 

The projection will consist 


of three infinite branches; Ces 


one, which we shall call a 

simple hyperbola, having | 
no point of inflexion, and [SC 
not intersecting its asymp- 1 

totes; the second, which " di 

we shall call an inflected hy- 

perbola, crossing one asymp- 

tote, and consequently hav- 

ing one point of inflexion ; and the last, which we shall call 


a doubly inflected hyperbola crossing both asymptotes, and 
having therefore two inflexions.* No two of these parts form 





* Newton calls the first of these an inscribed, the third a circumscribed, and the 
second an ambigenous hyperbola. 
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a hyperbolic pair, but the three together form a continuous 
series. ‘Thus, in the figure, if we commence by descending 
the vertical branch of the doubly inflected hyperbola, the path, 
after passing through negative infinity on the vertical asymptote, 
is continued from positive infinity on the same asymptote along 
the singly inflected branch, until having passed to infinity on 
the other asymptote it returns along the simple hyperbola, and 
so back to the doubly inflected hyperbola. 

If one of the points at infinity be a point of inflexion, either 
the singly inflected hyperbola becomes simple or the doubly 
inflected becomes singly inflected. If all three inflexions be at 
infinity, the curve consists of three simple hyperbolas. 

Cubics having three hyperbolic branches are called by 
Newton redundant hyperbolas, as having one more than the 
conic sections; those having but one infinite branch, as in 
the last article, are called by him defective hyperbolas; and 
those touched by the line at infinity, and having besides one 
finite asymptote, are called parabolic hyperbolas. 


206. We now enumerate the following species of bipartite 
cubics. (1) The line projected 
to infinity meets the oval twice 
and the other part of the curve 
once. If the last point of meet- 
ing be (a) an ordinary point, : 
the curve consists of a serpen- 
tine and a hyperbolic pair, as in 
the figure. If it be (b) an in- 
flexion, the only difference is, 
that the serpentine is exchanged for the conchoidal form. 

(2) The line infinity meets the curve in three real points, 
none of which belong to the oval. If the points be (a) all 
ordinary points, the figure is that of Art. 205. If one of the 
points be an inflexion, the curve consists either (b) of an oval 
with two simple and one doubly inflected hyperbolas, or else 
(c) of an oval with one simple and two singly inflected hyper- 
bolas. (d) If the three inflexions be at infinity, the curve 
consists of an oval with three simple hyperbolas. In all these 
cases the oval lies within the triangle formed by the asymptotes, 
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and the curves may be further distinguished according as the 

hyperbolas lie in the angles which contain the asymptotic 

triangle, or, as in the figure, in the vertically opposite angles. 
(3) Infinity meets the curve in two imaginary points; and 

we have an oval (a) with a serpentine, or (6) with 

a conchoidal branch (see Art. 204). 


(4) Infinity touches the oval, which then as- 
sumes the parabolic form, and is accompanied (a) ^ 
with a serpentine, (5) with a conchoidal branch. 


(5) Infinity touches the other part of the curve, 
The oval then remains a closed figure, while the 
other part of the curve spreads into a parabolic 
form. If (a) the remaining point at infinity be ordinary, one 
branch crosses the asymptote and has two 
inflexions, while the other branch has only 
one. If (ὁ) it be a point of inflexion, the 
branches are both at the same side of the 
asymptote, and each has only one in- j^ 
flexion. s 
(6) Infinity meets the curve in three E 
coincident points. ‘This is the case with 
which we set out (Art. 199). 


207. We come next to the division of non-singular unipartite 
cubics, and it is evident that we have now nothing corresponding 
to the species 1 and 4 of the last article. We have, therefore, 
only four species of such unipartite cubics, viz. redundant, 
defective, and parabolic hyperbolas, and the divergent parabola 5 
according as the points of the curve at infinity are all real and 
distinct, two imaginary, two coincident, or all three coincident. 
The same varieties of each may be counted as in the last article, 
and the figures of the last article will serve by omission of 
the oval; but for further illustration we give a figure for a 
case where the satellite cuts the sides of the asymptotic triangle, 
and where two critic centres (Art. 192) lie within that 
triangle. We have, then, a portion of the doubly inflected 
hyperbola in a purse-shaped form within that triangle; 
and it is easy to conceive that by a change in the value of 
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the constant the mouth of the purse closes, and we have a 
double point at one of the critic centres, while, by a further 
change, we have a separate oval, at last shrinking into a 
conjugate point at the other critic centre. 
In like manner 
we have the same 
four species of ac- 
nodal cubics, to- 
gether with a 
fifth, for which the 
acnode is at in- 
finity. The figures 
for bipartite cubics 
suffice to illustrate 
this class if we 
suppose the oval 
to shrink into a 
conjugate point. 
The figures for the case where the acnode is at infinity do not 
strikingly differ from those where infinity meets the curve in 
one real and two imaginary points. 


208. Of crunodal cubics we have the following species: 
(1) Infinity cuts the loop in two real points. We have, then, 
two simple and one inflected hyperbola as in the left-hand 
figure. It will be observed by tracing the curve in its 
passages through infinity that the curve is unicarsal. There 





are two varieties according, as the remaining point is ordinary 
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or an inflexion. In the latter case, all the hyperbolas are 
simple. 

(2) There are three real points at infinity, none of which 
are on the loop. There are an inscribed, ambigenous, and 
circumscribing hyperbola, the last forming a loop within 
the asymptotic triangle. "There are two varieties, according 
as there is, or is not, an inflexion at infinity. 

(3) Infinity meets the curve in two imaginary 
points. ‘There are, as before, two varieties. 

(4) Infinity touches the loop, and (5) infinity t. 
touches the spreading part of the curve. The 
figures explain themselves, and in the former case 
there are two varieties, the curve lying all on 
the same side of the asymptote when there is 
an inflexion at infinity. 


h μα 


There is a double point at infinity, and consequently two 
parallel asymptotes; and the remaining point at infinity is 
(6) on the spreading part, (7) on the loop. In the former 
case, the point of inflexion is outside the parallel asymptotes, 
in the latter, between them. If the inflexion were also at 
infinity, the two branches in the former case would lie on 


the same side of the asymptote. 
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(8) Infinity touches at an inflexion, and we have the diver- - 
gent parabola of Art. 199. 

(9) Infinity is a tangent at a double 
point, and we have a curve called the 


trident, whose figure is here given. CAN 


209. Of cuspidal cubics there are 
evidently no species answering to 1, 4, 
7 of the last article. The species, then, 
are (1) Three real points at infinity; two varieties. (2) One 
real and two imaginary points at infinity; two varieties. (3) 
Infinity an ordinary tangent; two varieties. (4) The cusp at 
infinity; two varieties. (5) Infinity, a stationary tangent. (6) 
Infinity, a cuspidal tangent. The figures for the cases 1, 2, 3 
can easily be conceived with the help of the figures of the last 
article, by supposing the loop removed which is dotted in those 
figures, and the double point replaced by a cusp. The figure for 
case 4 is obtained from the left-hand figure (Art. 208) for 
the case of two parallel asymptotes, by imagining those asymp- 
totes united and the branch between them suppressed. We 
have then a single asymptote with two infinite branches on 
opposite sides, but at the same end of it. 
The figure for case 5, the sem?-cubical para- 
bola, my'— z^,is given, Art. 39. Finally, 
the figure for case 6, the cubical parabola, 
m'y =x’, is here represented. 


210. Though we have here counted as many as thirty 
species of cubics, it is not difficult to remember the classification, 
if it is borne in mind that nothing has been done, but combine 
the five-fold division of Art. 196 with the division of Art. 202, 
depending on the nature of the points at infinity. It remains 
to say something as to previous classifications of cubics. The 
first was made by Newton, Enumeratio Linearum tertii ordinis, 
whose classification is substantially the same as that here given, 
except that what we have counted as varieties are made by 
him distinct species; and that whereas in the case of a hyper- 
bolic branch, touched by two asymptotes, we do not regard in 
which of the vertically opposite angles formed by them the 
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branch lies, Newton discriminates the cases where it lies in the 
angle crossed by the third asymptote, or in the opposite angle. 
The cases where three real asymptotes meet in a point are 
treated as distinct species. By attending to these distinctions 
the number of species is made up to seventy-eight. Also, 
whereas we have made the five-fold division primary, and that 
depending on the infinite branches secondary, Newton’s course 
of proceeding 18 the reverse. 

Newton’s method of reducing the general equation is as 
follows: one of the axes being taken parallel to the real 
asymptote, the coefficient say of y? vanishes, and the equation 
of the curve is of the form 


y^ (az +b) +y (fa? + go +h) + ρα) + qx* M rx 45-0. 
Now the locus of middle points of chords parallel to the asymp- 
tote is obviously 
2axy + Zby + f + gx t h 20; 
and if we suppose the axes transformed to the asymptotes of 
this hyperbola, the terms b, f, g evidently vanish, shewing that 
the same transformation will bring the equation of the cubic to 
the form 
2 3 2 
cy. + hy — px qx + γα 1-5, 
or with Newton's letters 
cy” + ey — ax + bz’ + cx 4- d. 
This is Newton's most general form. If, however, in the 
equation, as we have written it a and 5 vanish, the locus is not 
a hyperbola but a right line, and according as this is. (1) 
the line x=0, (2) an arbitrary line which may be taken 
for y = 0, or (3) the line at infinity, the equation of the cubic is 
similarly brought to the forms 
xy — αα + bx + cx +d, 
y'— ac + bz + cr4 d, 
y — ax’ + δα" 4 ex 4- d. 
The only apparently different case is when in the equation, as 
we have written it, a — 0, and the locus a parabola; but in this 
case there is another real asymptote, the locus of middle points 
of chords parallel to which is a hyperbola, and the reduction 
AA 
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proceeds as in the first case, only that the coefficient of <° vanishes 
in the transformed equation. Newton’s results are obtained 
from a discussion of these four forms. If y= $ (x) be the 
equation of any curve, Newton calls the curve xy - $ (x) a 
hyperbolism of that curve. Thus then he calls cubics which 
have a double point at infinity, and whose equation can therefore 
be brought to the form 
αγ' + ey = σα + d, 

hyperbolisms of the ellipse, hyperbola, or parabola, since the 
equation just written is brought to that of a conic by writing 
y for ay. 


211. We have already noticed Plücker's discussion of cubic 
curves, contained in his System der Analytischen Geometrie. In 
this discussion the nature of the points at infinity is the primary 
ground of classification. Commencing with the case of three 
real asymptotes, when the equation is of the form xyz = ku'v, 
the cases when the asymptotes meet in a point, or form a 
triangle, are first distinguished; then all possible positions of 
the satellite line v are examined; whether for instance it cross 
the triangle, pass through a vertex, or meet all the sides 
produced, whether two critic centres (Art. 192) coincide, and so 
forth. All tHe curves capable of being represented by the 
above equation for any given position of the lines a, y, z, v, are 
said to form a group, and by giving all possible values to £, 
the different species included under the same group are dis- 
tinguished. This will be more readily understood from the 
figure of Plücker's first group, which we reproduce on the next 
page, and which answers to the case where the satellite line meets 
the sides produced of the asymptotic triangle, and where we have 
three real critic centres, one inside, two outside the triangle. 
Fig. 1 represents a bipartite curve of the species in this volume 
numbered I., 2. By a change in the value of ὦ the oval shrinks 
into a point, and we have (2) the acnodal curve III., 1. As 
k is further changed, the curve becomes (3) unipartite II., 1; and 
the branches recede further from their asymptotes. In (4) the 
branches cross to the other asymptotes, and the curve becomes 
crunodal, IV., 2. Fig. 5is bipartite, I, 1. Fig. 6 is in our 
enumeration of the same species as 5, 7 as 4, and 8 as 3, but the 
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position of the branches with regard to the asymptotic triangle 





is different. Plücker's division into groups has been carefully 
re-examined by Prof. Cayley, Transactions of the Cambridge 
Philosophical Society, 1864, who also gives a comparison of 
Newton's species with those of Plücker, of which there are 
two hundred and nineteen. It does not enter into the plan of 
this treatise to give a more minute account of this classifica- 
tion. It will suffice to mention, that in the case of the 
parabolic curves an important part is played by the osculating 
asymptotic parabola, or parabola which passes through five 
consecutive points of the curve where it touches the line infinity. 
The equation of the curve may be brought to the form 


x (y^ + 222 4- 2") = 2° (ay + bz), 
where obviously the parabola y’+ 220 }- 2’ meets the curve in 
the point yz reckoned five times. ‘The groups are then deter- 


mined by the position of the osculating parabola with respect 
to the linear asymptote æ, and to the satellite line ay + bz. 


SECT. IV.—UNICURSAL CUBICS. 


212. We have seen (Conics, Art. 270) that computation is 
facilitated when the coordinates of a point on a curve can be 
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expressed in terms of a single parameter, and it has been 
proved (Art. 44) that this is always possible in the case of 
a unicursal curve. Ofthe application of this principle to cubics 
we now give some examples. The equation of a cuspidal 
cubic can always be reduced to the form αὖ2Ξ y^, where xy is 
the cusp, z the cuspidal tangent, and z the stationary tangent. 
Any point on the curve may then be expressed as the inter- 
section of 0x — y, 0'y —z;* or, in other words, the coordinates 
of any point on the curve may be taken as 1, 0, 6°, where @ is 
a variable parameter. The line joining any two points on the 
curve will then have for its equation, as may be easily verified, 
60' (0+ 0') x — (* + 00' -- 07) y 2 — 0. 
Let 0 and 0' coincide, and we have the equation of the tangent 
20r —30*y +2=0. 
If we seek the points where any line az + by + cz =0 meets the 
curve, substituting 1, 0, θ᾽ for x, y, 2. we have the equation 
a+60+c@#*=0, and as this equation in @ wants the second 
term, the sum of its roots vanishes, and we learn that the para- 
meters of three points on a right line are connected by the 
relation 0+ 6'+6"=0. Hence, in particular, the tangential 
of the point 0 1s — 20, and the point of contact of the tangent 
from ϐ is — 10. 

In like manner, if we make the substitution 1, 0, θ᾽ for 
x, Y, 2,in the equation of a curve of the p™ order, the term 
6'^* will be wanting in the equation, and the relation connecting 
the parameters of the 3p points of intersection of the curve 
with the cubic is that their sum vanishes. Thus, then, the 0 
of the residual of a system of points is the negative sum, and 
of the coresidual is the sum of the 6's of the several points; 
and generally the theorems concerning residuation, Art. 158, &c., 
are thus intuitively evident for cuspidal cubics. For instance, 
denoting the parameters of the points by a, b, &c., the condition 
that six points shall lie on a conic is 

at+b+c+d+e4+f=0, 


* These equations considered as belonging to tangential coordinates give the 

theorem “If J be the inflexion, C the cusp, and T the intersection of tangents at 
: 143 TB 

these points, any tangent AB cuts the sides of the triangle ICT, so that ΑΤ17 k Be’ 


and when the line at infinity is a tangent 4= 1.” Compare Conics, Art, 327, 
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which at once gives the theorem (Art. 154), that given four 
points on a cubic, the line joining the points e, f, where any 
conic through them meets the curve again, passes through the 
fixed point (a+ b+c+ d); and that this point may be con- 
structed by joining ab, cd, and joining the points where these 
lines meet the curve again, since 


— (a+b) — (ο-- d) t (a+b+c+4+d)=0. 
So, again, various constructions for the ninth point where the 


cubic through eight points meets the curve again are obtained 
by inspection of the equation 


(at+b+e+d)+(e+ftgth)+7=0 


213. The parameters of the points whose tangents pass 
through a given point are found by substituting the coordi- 
nates of that point in 20:7 —36'y--2 —0; and since in the 
resulting cubic the coefficient of @ vanishes, the sum of the 
reciprocals of the roots vanishes; or, three points MS tangents 
meet in a point are connected by the relation 5 + 5 gt P: 0. 
In like manner, since the condition that 205» —30*y 4 2—0 
should touch a curve of the p™ class is a relation of the p™ 
order between the coefficients 26°, 80’, 1, and since such a 
relation obviously does not contain the term 0, it follows that 
the 3p points where tangents touch a curve of the p'è class 


are connected by the relation = (5) =0. We give some illus- 


trations of this application of the method to examples. 


Ex. 1. To find the locus of the intersection of tangents whose chord of contact 
passes through a fixed point on a cuspidal cubic. 
This is to eliminate « and β between the three equations 


2a*r — 3a?y +2 0, 283z — 88?y --2 — 0, a - 8 --y — 0, 
where y is known. We easily find y (2γα + 8y)? + 2zz = 0, the equation of a conic, 
Ex. 2. If a polygon of an even number of sides be inscribed in a cubic, and all 
ihe sides but one pass through fixed points on the curve, the last side will also pass 
through a fixed point on the curve. 
Denote the parameters of the vertices by αι, αφ &c., and of the fixed points by 


b, b, &c. We take the case of the quadrilateral for simplicity, but the proof 
is general, We have then the equations 


a,+6,+a,=0, a,+5,+a;=0, 
az; + b; +a, — 0, a, 1-6, +a =0., 
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Adding, we have b, + b, = b, + ὃν shewing that the lines joining δι, δα; ὄρ, δι meet on 
the curve, and that, when three of the points are known, the fourth is known also- 
The theorem is true for all cubics, for the proof here given may easily be translated 
into the language of the theory of residuation, shewing that the pairs of points 4,, 5,; 
ὄρ, b, are coresidual, a common residual being the system of vertices αι, αν a5, αμ. 

It follows, as a particular case of this theorem, that if the sides of a polygon of an 
odd number of sides pass through fixed points on the curve, the tangent at any 
vertex passes through a fixed point on the curve; and hence, that the problem to 
construct such a polygon whose sides pass through fixed points on a non-singular 
cubic admits of four solutions. 


Ex. 3. To find the quasi-evolute, the two fixed points being on the curve (see also 
Ex. 5, Art. 99). The equation of the quasi-normal (Art. 107) is 3 
(83 + (388 — 2031) [θα (0 + a) x — (02 + θα + a?) y + 2] 
+ (a? + αθ — 267) (08 (0 + 8) x — (0? + 08 + 8?) y+ 2] =0. 
α-- βλ 
1—A 


Art. 108, a biquadratic in A, in which the two extreme terms at each end respectively 
differ only by a constant factor, and the discriminant, having as factors the equations 





If we transform this by writing 0 — » we get then. in conformity with 


of the tangents at a and β, represents besides a curve only of the 4th degree. 


214. It remains to mention a few of the more remarkable 
examples of cubics of the third class. We have already noticed 
the semi-cubical parabola, which is the evolute of the parabola 
of the second degree. In its equation, py' — z", the cusp is at 
the origin, and the point of inflexion at infinity. In the cubical 
parabola, on the other hand, p'y = <°, the point of inflexion - 
is at the origin and the cusp at infinity. In the cubical para- 
bola the origin is a centre, and all the diameters of the curve 
coincide with the axis of y; for if we draw any line y 2 mz +n, 
the sum of the values of x is — 0. 

To the cusped class also belongs the Cissoid of Diocles, a 
curve imagined by that geometer for the solu- 
tion of the problem of finding two mean pro- 
portionals. It may be defined as the locus of 
a point M', where the radius vector to the 
circle AM is cut by an ordinate, such that 4 
AP'— BP. We must have 

AM' = RM, and therefore p= AR — AM, 
or p=2r seco —2r cosw=2r tano sino; 
or, in rectangular coordinates, 





æ (x° + y") =2ry’, or (2r = 2) y! = z. 
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The origin is therefore a cusp, and 2r — α an asymptote meeting 
the curve at an infinitely distant point of inflexion. 

Newton has given the following elegant construction for the 
description of this curve by continuous 
motion: A right angle has the side GF 
of fixed length, the point / moves along 
the fixed line CJ, while the side GH 
passes through the fixed point Æ; a 
pencil at the middle point of GF will 
describe the cissoid. The proof we leave 
to the reader. (Lardner's Algebraic Geometry, pp. 196, 472). 

The cissoid is also the locus which we should find if we take 
on each of the radii vectores from the vertex of a parabola a 
portion equal to the reciprocal of its length. It is consequently 
also the locus of the foot of a perpendicular let fall from the 
vertex of a parabola on the tangent; or, in other words, if a 
parabola roll on an equal one, the locus of the vertex of the 
moving parabola will be the cissoid. 





215. We can in like manner express in terms of a single 
parameter the coordinates of any point on a crunodal or acnodal 
cubic. The double point being the origin, the equation is of 
the form 


ač + δαν + Sexy" + dy’ + 3fx* + σαν + 3hy’ — 0, 


and if we put y = 0x, we have immediately rational expressions 
for x and y in terms of 6. The discussion will, however, be 
simpler if we suppose the equation transformed, as it always 
may be, to the form (z’+y¥’)z=2a". Here z is the tangent at 
the one real point of inflexion which the curve must have: 
x is the line joining the point of inflexion to the double point, 
and x” x y" are the tangents at the double point, the upper sign 
belonging to the case of the acnodal, and the lower to that of 
the crunodal cubic. "The coordinates then of any point on the 
curve may be taken proportional to (1-63, 0 (1+6), 1. If 
we substitute these values in the equation of an arbitrary 
line Ax+py+vz=0, we get, in order to determine the para- 
meters of the points where this line meets the cubic, 


(X 4 v) + μθ4λθ + wh — 0, 
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and these parameters are connected by the relation 

0'0" + OO" + OVA =+1. 
If the line touch at a point of inflexion 0' 2 0" — 0", and there- 
fore 0" =+4. Hence, an acnodal cubic has three real points of 
inflexion, and a crunodal cubic one real and two imaginary. 


The equation of the line joining two points will be found 

to be 
(P+ 00' + 0^ £1) z — (0-0) y 2 £ (1x 0) (La 07) z, 
and therefore the equation of a tangent is 
(30°41) a— 20y =+ (1 4 θα, 

whence we see that if four tangents meet in a point, the sum of 
the corresponding parameters vanishes, and if two of the points 
be given, we can at once form the πο. which determines 
the parameters of the other two. There is no difficulty in 
applying this method to examples. 

At Art. 122, Ex. 1 we have noticed the crunodal cubic, whose 
polar equation is p* οοβέω =m*, and whose rectangular equation 
is 27 (z'- y )m-(4Am- zx); a curve having three points of 
inflexion at infinity, one real and the others being the two 
circular points. The node is on the axis of z at the point x = —8m. 


216. When a nodal cubic has three real points of inflexion, the 
conjugate point is the pole of the line joining these three points, 
with regard to the triangle formed by the three tangents. Let 
the equation of a cubic be 


(z +y +z) = mzryz; 
then, if this has a double. point, its coordinates must satisfy the 
equations got by differentiation, viz. 
3 (£x +y +2)? = myz = mzz = may. 
From these equations we get x= y =z, which (Art. 165) proves 
the theorem enunciated, and we then have for the nodal cubic 
m = 27, and the equation of the curve may be written in the form 
m γ᾽ -αἷ--0. 
In this case the coordinates of any point on the curve may be 
taken proportional to 6°, (1 — 0)", — 1, and the equation of the . 
corresponding tangent is (1 — O)'z + Oy + @ (1 — 0yz — 0. 
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216 (a). The subject of unicursal cubics may be otherwise 
treated.* We may start with the most general expression for 
the coordinates in terms of a parameter X : u, viz. 


α--α X 48b Np 4 8c Ap 4 d μὴ 

y =a M 3b Np + 3c λμ' 4- ἆ μὲ, 

ρα NX -93b"N'u 3c Nu! + du^ 
and we can at once (as in Art. 44) write down in the form ofa 
determinant the equation of the resulting cubic. But again, 


there are in general three linear functions of z, y, z, whose 
expressions in A, u are perfect cubes. For if in the equation 


Lao + My + Nz=(ar+ Buy, 

we substitute for a, y, z their expressions in X:p, equate 
coefficients of λ΄, λ᾽μ, &c. and linearly eliminate L, M, N from 
the resulting equations, we get 

a, a, a, a" 

aB, b, b', b" 

ag, ο. c, ο 

8", d, ἆ, ἆ ΙΞ0; 
that is to say, we have a cubic for the determination of a: 8, 
which we may write 


Aa’ + 3Ba’B + 3 CaB* + DB’ — 0, 

A, 3B, 3C, D being the determinants of the system 

a,b,c,d 

a’ A 2’ ; ο j d' 

a", b, ο d" E 

Corresponding to the three values of a: 8, there are three. 
values of Lr+ My+ Nz; and if, writing down the three 
equations | 
Ια M'y+ N2=(ar+ Buy, &e., 

we take the cube roots of both sides, and linearly eliminate X: u, 
we get the equation of the curve in the form of a linear relation 


* For further developments of the method here explained see Igel, Math. 
Annal., v1, 692; Haase, Math, Annal. 11. 526. 
BB 
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between the cube roots of three linear functions. This is 
expressed in the simplest form by writing 


X=(a N+P uy (a 8"—a"g"y, 

Y - (a Buy ("B --ᾱ B^, 

Z=(a"n+ Buy (a B" - a B Y, 
when we have the equation of the curve in the form (Art. 216) 
X44 Yi 1-0, which denotes a nodal cubic, X, Y, Z being 


the three inflexional tangents, X+ Y-rZ the line joining the 
three inflexions, and X= Y — Z the node. 


216 (b). We-might arrive by another process at a cubic 
identical with the Canonizant cubic of the last article. The 
general condition that three points should be on a right line 
being got by equating to zero the determinant formed with 
the constituents z', y', 6’, &c., if we substitute for a’, adr°+ &c., 
we get the condition that three points of the curve should be 
on aright line. This is easily seen to be resolvable into partial 
determinants, each of which is divisible by 


Ap” eS rp’) Ow E A” μ) Ow τ. Ap”) : 
and the condition in question may be written 
Ap’ pp + B ae + λ μμ + λ μμ”) 

+ σ A'N” Ww + A'N p” + λλ'μ') | Dx" = 0, 
where A, B, &c., have the same meaning as in the last article. 
In other words, if the X: µ of three points be determined by the 
cubic 

A'N + 3B’ + 3C'Ap? + D'p? = 0, 
then the condition that these three points should be on a right 
line is | 
(AD'— A'D) —3(BC'- B'C)20. 
The 2: µ of a point of inflexion we get by writing \’=A"=X", 
p =p" = p" in the preceding equation, and we thus fall back 
on the cubic 
Ap? + 3BrAp’ --3CX'p + Dr? — 0. 
We might arrive at the same cubic in a somewhat different 
form. From the general determinant form of the equation of 
the line joining two points, it follows that for a unicursal cubic, 
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in which we are given expressions for z, y, z in terms of a 
parameter, the equation of the tangent at any point is 


να ος 
V3 Yy 2 
Tar Fur Žu | = 0, 
where the suffixes denote differentiation with regard to X or μ 
of the expressions for z, y, or z; and, in like manner, that the 
condition that three consecutive points shall lie on a right 
line is 
rn Jy ὅλλ 
Ciu? Sru? "ry 
Tu? Jup Fuu | =0. 


Thus, then, for the case of the cubic which we are con- 
sidering, the X : µ of the inflexions is given by the equation 


arx+bp, brA+cp, cA+d pw 
αλ--όμ, UN cp, CrN+d' pw 
a"X + bp, δ'λ. + c'u, ολ. 4 d"g - 0, 


which may be seen (as Higher Algebra, Art. 169) to be identical 
with the cubic already mentioned. 

216 (c). A node on the curve will arise when the same 
point answers to two different values of the ratio X: p. If 
A':p, λ : p” be two values answering to the same point, then, 
no matter what other point A" : w” we take on the curve, the 
condition of the last article (that it shall be on a right line with 
the two coincident points of the node) must be fulfilled. Thus, 
equating separately to zero the parts in that condition multiplied 
by X", p” respectively, we have 


Αμμ’ 4 B(Np" Ελ μ $ CON" =0, 
Ῥμ'μ' + σ(λμ’ :b λ'μ) + DNX' =0, 
and since, from the theory of equations, if the two values of 


A : u, corresponding to the node be given by a quadratic 
equation, that equation must be 


Npp" m Ap (N p” + λμ) + WANN” € 0 ; 
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eliminating u'u”, &c., we get the quadratic, which determines 
the values of the nodal parameter 

M, ex h, μὲ 

A, B,C 

B, ¢C,D\=0. 
In other words (see Higher Algebra, Art. 195), the quadratic 
which determines the two values of the nodal parameter is 
the Hessian of the canonizant cubic. 

If in the condition of the last article we write A" : μ΄ =N τμ, 
we get the relations connecting the parameter of any point with 
that of its tangential, and it will be observed that the factors 
multiplying X", μ΄ are the differentials of the cubic with 
regard to A, p. 


.. 216(d) In the preceding it has been assumed that the roots 
of the canonizant cubic are unequal. To consider in the 
simplest form the case where there are two equal roots let 
x and y be two of the linear functions, which, expressed in terms 
of the parameter, are perfect cubes; that is to say, let us 
take x=, y= p", and if z=a"d’ + 3b"N u + 8c" Xu + ἀμ. the 
canonizant cubic becomes a8 (b"8 —c"a) 0, which will have 
two equal roots only, on the supposition that b” or c" 20. In 
this case we can, by linear transformation, bring the third 
equation to the form z = X4, and the cubic will be 2 —2^*y; or, 
in other words, it will have a cusp.  Clebsch has shown 
(Crelle, Lx1v. 43), that in general the equation of the 3 (n—2) 
degree, which determines the parameters of the points of in- 
flexion, will have a pair of equal roots for every double point 
which becomes a cusp. 

If the canonizant have three equal roots, the curve breaks 
up into a right line and a conic. 
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217. The equation of a non-singular cubic can always be 
reduced to the canonical form | 


αὖ y rz + 6mxyz -- 0. 
In this form z, y, 2 contain each implicitly three constants; 
and these, together with the one expressed constant, make up 
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ten, the number of constants, which, according to the test of 
Art. 24, a form must contain if it be general enough to represent 
any cubic. We shall presently shew how the equation of any 
cubic can be reduced to the form just given. We may write it 
(coy —2mz) (wx + ^y — 2mz) (wx + wy — 2mz)+(1+ 8m?) 2-0, 
where ω is an imaginary cube root of unity. In this form it 
is apparent that the line z joins three points of inflexion, and 
the same thing is proved in like manner for the lines æ and y. 
Hence these three lines constitute one of the four systems of 
three lines which we saw (Art. 174) can be drawn through 
the nine points of inflexion; and we can foresee that the 
problem to reduce the equation of any cubic to the canonical 
form admits of four solutions. 

The form here given is that which we shall generally use 
in our investigation concerning cubics; but it is necessary 
first to obtain the invariants for the equation in its general 
form, which we write 
ὅσα + by + cz + 3a y + 3a 'z + 3b y x + 3b,"z 

| + S9eg + 3¢,2°y + 6mzys = 0. 


218. We form now first the equation of the Hessian. The 
second differential coefficients of the cubic, omitting the factor 
6 common to all, are 

a=ax+aytaz; f =mxz+by+ cz; 
b=bx+ by +b2; g—axtmycres; 
c=c 2+ cy + cz; h=a x+ by + ms. 





* In Prof. Cayley’s Memoirs the coefficients of the terms yz, 22x, z?y, yz?, za?, £y? 
are written respectively f, g, h, i, 7, k. In German Memoirs the variables are 
usually denoted by σι, x2, £z, and the coefficients in question are written a,,5, ἄχη, ἅγιο 
a233) «πι O12? The first notation has greatly the advantage in compactness; the 
advantage of the second is that each coefficient shews on the face of it to which 
term it belongs. In formule which we have much occasion to work with, the use 
of suffixes is less convenient than a notation in which each coefficient is denoted by 
8 single character; but since the general equation of the cubic is only used in the 
articles immediately following, and there chiefly for purposes of reference, I have 
thought the second advantage to be that which in this instance it was most important 
to secure. The notation used in the text agrees with the German, replacing a, a4, 
az, by a, b, ὁ, respectively. On the same principle the coefficients of 2°, y3, 23, might 
be written αι, bz cz, and were so written in the first edition. I now omit 
suffixes in the case of these three coefficients, not only for brevity but also to 
diminish the risk of confounding any of them with one of the group of six coefficients, 
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Forming then H=abe+ 2fgh — af’ — δη" — ch’, 
H is the cubic, the coefficients of which are respectively 


PE 2 Tum 2 2 
a — abc, — am" + 2ma,a, — ba; — cas, 


b = ba,c, A bm? T 2mbjb, s a,b," Ex cb,’ 


=o pas 2 ER 2 2 
ο =ca,b, — cm" + 2me,c, — a.c, — be, 


9a, = abc, — 2amb, + ab,c, — ba,’ + ma, — b ca, + 2a a,b, — ca, 


3a, = acb, — 2απιο, + ab,c, — ca,’ + m'a, — b,c a, + 2a,a,c, — 5,4,', 
3b, = bac, — 2bma, + ba,c, — ab, + mb, — c,a,b, + 2b,5,a, — c.b., 
3b, = bea, — 2δηιο, + ba,c, — οὐ" + m*b, — ca b, + 2b,b,c, — a,0,"; 
9c, = cab, — 2cma, + ca,b, — ac," + mc, — a,b,c, + 2¢,c,a, — b,¢,", 
3c, = cba, — 2emb, + cab, — be,” + πιο, — a,b,c, + 2¢,0,b, — ae, 


6m = abc — (ab,c, + bca, + ca,b,) + 2m? — 2m (b,c, +¢,a, + a,0,) 
+ 3 (a,b,c, + a,b,c;). 
As a particular case of the preceding, the Hessian of 
c ry +2 + 6mayz=0 18 — m” (æ + y’ +2) + (1+ 2m’) xyz — 0. 


219. We are also able {ο form the equation of the Cay- 
leyan. This contravariant expresses the condition that the line 


ax + By + yz shall be cut in involution by the system of conics 
U,, Un U,, where 


U, 2a æ +b y" +02" + 2myz 4 2a zx + 2a,2y, 
U, =a + b y" +0,27 + 2b,y2 + 2mzz + Wry, 
U, = aq! + b^ +. α΄ + 2612 4-2 2x + 2mzy. 
The method of forming this contravariant is given, Contcs, 


Art. 388a; and the result is there found in terms of the coeffi- 
cients of the three conics. Applying the formule to the present 


example, we find 
P= Ad + BE + Cy? 84,08 + 94 αγ + 3D, Ba + ὃ 849 


h +30, +3 CYP + 6MaBwy, 
where 


A = bem — bec, — cb b, — mb,c, + b,c? - cb," 
B = cam — caa, — ac,c, — ma, c, 4- a.c + ¢,0,', 


C=abm — abb, — ba a, — mb a, + ba! cab - 


INVARIANTS AND COVARIANTS OF CUBICS. 191 


3A — — bca, -cmb 4 be, +2ca,b,+2m*c,—3mb,c, 4 c a,b bic e, —20,¢,", 


5.4 ,— — bca,—bme,+cb,"+2ba,c,+2m'b,—3mc,b, b,a, o, b.c b, —2a,b.", 
3B, —— cab,—cma, ac, 4 2ca,b,+2m'c, — 8ma,c 4 c ab, +a ce, —2 b c", 


3.B,=—cab,—amce,+ca,'+2ab,c,+2m'a,—3mce,a,+a,b,c,+4,c,4,—20,a,", 
3 ο — abc,—bma,+ab,'+2ba,c,+2m'b,—3ma,b,+b,a,c,+a,b,b,—2¢,b,”, 
3 C= —abc,—amb,+-ba,'+2ab,c,+2m*a,—3ma,b,+4,b,¢,+4,0,0,—20,0,"5 
6M= abc — (ab,c, + be,a, + ca,b,) — 4m* + 4m (b,c, +¢,a, + a,b.) 

— 3 (a,b,c, + a,0,¢,). 
In particular, the Cayleyan of αὖ + y + 2° + 6mxyz is 


m (a! + B+") + (1— ἀπὸ) ay =0. 


220. If in the contravariant just found we substitute for 
a, B, y, symbols of differentiation with respect to x, y, 2 respec- 
tively, and then operate on the given cubic U, the result will 
be an invariant (Higher Algebra, Art. 139). 

This invariant, which we denote by S, is of the fourth degree 
in the coefficients, and is 


S = αὖσην — (bca,a, + cab,b, + abc,c,) — m (abc, + bea, + ca,b,) 
+(ad,c,"+ac,b,'+ba,c,"-+-bc,a,'+cb,a,'+ca,b,")—m'+2m(b,c,+c,a,+4,),) 
—3m/(a,b,c,+a,b,c,)—(0,"c,"+¢,"a,'+a,'b,') +(c,a,0,0,+0,0,0,¢,+5,c,c,a,). 


2 2 838 88311 119 9 
It amounts to the same thing to say that the equation of the 
Cayleyan may be written 


d 


3 d sd 3. 2 d 2 d 2 d 
OG ILE th AT A + By 


τη 
+ Bar ενας. +85, + aBy +) S=0. 
We have explained, Higher Algebra, Art. 162, the symbolical 
method by which Aronhold originally obtained this invariant 
S; its symbolical notation being (123) (234) (341) (412), that of 
its evectant, the Cayleyan, being (123) (a23) (a 81) (a12). For 
the canonical form S is m — m*, and since S vanishes when 
m=0; that is to say, when the equation is of the form 
a+ y°+ 2 — 0, it follows that S vanishes when the cubic function 
equated to zero can be reduced to the sum of three cubes. 
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221. When we have a quantic U — az" + by" + cz" + &c., and 
a covariant V of the same degree az" + by" + cz” + &c., then if 
we have any invariant of U, and if we form the corresponding 
invariant of U-- XV, the coefficients of the several powers of 
A will obviously be invariants. We learn hence that, in the 
case supposed, from any invariant of U we can form a new in- 
variant by performing on it the operation a - +b Ta ο 
Applying this principle to the cubic and its Hessian we can 
from the invariant © derive a new invariant T of the sixth order 
in the coefficients; or, what amounts to the same thing, we can 
obtain T by writing differential symbols for a, 8, y in the 
Cayleyan, and then operating on the Hessian. We thus find 
for T the value 


d 
at &c. 


a^ Lc — babe (ab e, + be,a,+ ca,b,) —20abem*+ 12abem (b c+ ¢,4,+4,),) 
+ 6abc (a,b,c, -- a,b.) +4 (abc "-- a*cb }- b"ca + bac t+ c'ab t eba’) 
+ 36m" (bca,a, + cab,b, + abc,c,) 

— 24m (bch a; + bcc a, + cacb? + caa,b,’ + aba c? + abbe’) 

— 3 (a b, e, + b"c a, + ca, b) + 18 (bcb, ca at cac,a,b,b,-+ aba,b,c,c,) 


117278 22831 8/8 1^9 
— 12 (dcc,a,a,* + bcb a a; + cac, b,b + caa, bb." + aba, c.c, + abb cc?) 
— 12m’ (ab,c, + bea, + cab.) 
+ 12m’ (ab c; + ac,b,” + bac” + bea? + cb, a + cab?) 
— 60m (ab,b,c,c, + bc,c,a,a, + ca,a,b,b,) 


1228 2 318 


+ 12m (aa,b,c,’ + aac b, + bb,c,a,' + bb ac? + ce a,b? + ceba?) 


1 81 1 2 1 21 2 


+ 6 (ab,c, + bc a, + ca,b,) (a,b,c, + a,b,c,) 


2 81 
+24 (abb c," + ace] b? + be eta’ + ba ac + ca atb? + cb ba?) 


- 12 (aa,b,c,’ + aa,e b, + bbc. a + bba c? + co a, b? + ceba’) 


1581 2/8 9 


— 8m + 24m" (b,c, + ca, + a,b.) — 36m? (a,b,c, + ab c) 


2:81 8 12 
— 12m* (b,¢,0,0, + c.a, ab, + a,bb,6,) -- 24m? (bc? + ca? + ab?) 


+ 36m (a,b,c, + 4,),¢,) (b,c, + c, a, + a,b.) + 8 (bc + cfa? + a 55 


33) 
27 2,2 27 2,2 
- 27 (a, ὃν οι + aj bc?) — 60,c,0,0,0,0, 


— 12 (b"c eat bc abt C, a; ab, + C, a, bc t a,b; bo, + a, ὃς ¢,a,). 
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For the canonical form this invariant reduces to 1 — 20? — 8πιδ. 
Its symbolical form is (123) (124) (235) (316) (456). We can 


derive from the invariant T an evectant αἲ E 148 - + &c. — 0, 


the coefficients of which it is needless to write at length. For 
the canonical form, this contravariant, which we denote by Q, is 
(1 — 10m^) (a + β' + y") — (30m? + 24m) aBy — 0. 

' Every invariant of the cubic can be expressed as a rational 
function of Sand 7. This can be proved in the same way as 
the corresponding theorem is proved (Higher Algebra, Art. 215) 
for a binary quartic, there being much resemblance between 
the theory of the binary quartic and that of the ternary cubic. 


222. The method of finding the equation of the reciprocal of 
a cubic has been explained (Arts. 91, 188). We give the result 
for the general equation, only writing at length, however, those 
terms the form of which is really distinct. "The other coefficients 
may be obtained from those we give by symmetrical inter- 
change of letters. 


αἱ (bc! — 6bcb,c, + 4bc,* + deb, — 99ο], 
θα”β [—bc'b, + 2beme, + beb,c, — Απιοῦς + 8co, b b, — 2bc c 


281 


t 2mb,c,* + bcc, — 20ο), 


3a!" (2bc'a, — 4mbce, + 3c°b,* — 2bcc,a, + 16m*cb, i 12meb e, 
+ 4bc,'c, + 4ca,b,° — 6ca, b.c, — 6b. b.c, — πιο” — 8mb,c,c, 
— brc" — 2a,b,c,' + 4a,c,° + 12b,c,¢,"}, 
θα” Bry [be (— 4m" + 5b,c, — 2a,b, — 2c,a,) + b (2mc,c, + 44,0," — 3b,c;) 
+ ο (2mb b, + 4a,b," — 3¢,5,") — 8mb c, + 10m (bc, --- οδ]) 
— 2a,c,b,' — 2a b.c? — 116,4,c,c,}, 


3⁄2 3 2/82 18179 
205° {— abc! — 9c'a,b, + 3bcc,a, + 3ach,c, = 2ac,° = Qe! — 16en? 
+ em (18b,c, + 18¢,a, —24a,5.) + 9c (a,b,c, + a,b,c,) - 12m*c,c, 


317 


t 6m (2,6, t by.) o 6a,0,¢,¢, TE 180 C 20 — 18a.c.c an 


1'1 2 21 
Ga By ἰαὖοο, + 6bema, — 4bca,c, — 2acb; + ab c * + 2mbe,? — 5bc, 0,0, 


+ 4em'b, — 10cma,b, + 2cb,a,b, — 6cb žc, + 9ca,c,b, + 8m'c, 


221 


— l6m'b,c, + 12ma,b,c, — 8ma,c,* — 2mb,c,c, — 4a,b"c, 


+ 106,6,c,’ + 13a,b,c,c — 11aj5.c.? 


1/31 2/3172 320) 


CC 
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θα’ θη" [— 4abem + (bcaa, + cab,b,+abe,c,) —8m(ab,c, + bc,a,+ca,),) 
+ 5 (abc; + ac,b,” + be,a,? + ba e, + cba? + cab?) 
— 8πι' + 4m’ (b,c, + ca, + a,b.) + 18m (a,b,c, + a,b,c) 


+4 (bey +e a; + a,7b,") — 19 (b,¢,c,a,+ c,2,2,5, + 2,0,0,¢,)}- 
The contravariant just formed is the second evectant of T; that 


is to say, the equation of the reciprocal may be written 


d d .d ,d ,d ,d 
(s ath Πρ ΤΥ ο Te PE 


0 us, d , αρ a ΩΝ πι. 
ΠΤ 78 7, +487 ση) T- 0. 


It has been mentioned, Art. 91, that the equation for the 
canonical form is 


af + βῦ 4-5 — (2 4 32m?) (By + ya + e^ 83) 
— 24m*aBy (a^ + B + y^) — (24m + 4871") a’ 8's* = 0. 


223. The invariants of a cubic may also be calculated by 
means of the differential equations which invariants must satisfy 
(Higher Algebra, Art. 143). For this purpose it is convenient 
to arrange the equation according to one of the variables, and 
to write it 


rz +3 (aatay) 2 4 3 (b + 2b xy + 5,9*)e 
+ (æ + 8ο, αν + 3c,ry" + ο.) = 0. 
If we desire then to form an invariant of any given order and 


weight, the literal part may be written down without calculation. 
For instance, we can foresee that S is of the form 


r (ο) + (ca?) + (cb^a) + (δ΄), 

where by (οὗ) we mean a function of the second degree in the 
c, and of the first in the 6 coefficients; and we know also that 
it must be an invariant of that order of b,7°+ &c., ορ + &c., 
considered as a binary quadratic and cubic. The theory, there- 
fore, of binary quantics enables us to foresee the form of this 
term. Similarly for the others. And the invariant must 
further satisfy the differential equation 


d d d d d d 
rri (22, 77 +a, i) T (90, J +20, de, +b, 4. ο 
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In this way we find S to be 
— r (b) + (c'a*) + (cba) — (b°), 
where (c’b) = (ce, — ο) b, — (c,c, — ¢,¢,) b, + (¢,¢, — ο) 5, 
(ca^) = (cc, — ο) a," — (ο.ο. — οι) αια, + (οιο, — ο) αρ); 
(cba) = a cb; — (ca, + 3¢,a,) b,b, + (a,c, + a,c,) (2013 + 202) 
— (a,c, + 8a,c,) b,b, +.4,¢,5,", 
(D) 2 5, — b, 
In like manner T is | 
r° (c*) —6r (c'ba) +4 (ca^) + 4r (C05) - 3 (cb*a*) — 12 (5^) (cb*a) 4- 8(b^)*, 
where (c*) -- ee, + 4e,0, + 4οιος — 3e, 6, — 6c,¢,¢,¢ 


01 9 8) 
(cba) = a,b, (οιο, + 2c, — 3¢,c,¢,) 


+ (a,b, + 2a,5,) (2,0, — ¢,c,” — c.c.) 
+ (a b, + 2a,6,) (26ο — c,¢," — οι) 
+ a,b, (Ce, + 26 — 3¢,¢,¢,), 

(ca) =a," (ο.ο; + 2c, — 3¢,¢,¢,) 


2 2 2 
T 3a, a, (2c,c, — 60€, τόσ. 


+ 8a,a," (26,07 — ¢,¢," — c,6,0) 
+ a, (ο + 20] — 3¢,¢,¢,), 
(Et) —8 (b*) (Cb) = cb, — 6c,c bb; + 6c,c,b, (25, — bb.) 
+ cc, (6b,b,5, — 805) + 9c b b * — 18¢,¢,5,5,0 


1 02 120132 


+ 6c cb, (25, — bb.) + 9¢,"B,"b, — 6c, c b b res D, 


2 28910 8 


(c'b*a*) — cb αι -- 20.6, (b "a,a, + 2b,b,a,") 


ο 2 2 10 


— 90.0, (b,,4," + 26,7a,’ — 105,5. a.a, + Abra, 


2 1 1 2 0 1 


+ 20,0, (4b,b,a? + 45,50," — 6b a a, — 3b,b:0,0,) 
0^3 V" 0"2" 0 


01 1 1 2 0 1 01 


+ c” (85a; + 957a! — 195 ba a, + 4b,5,2,") 


12701 02] 
+ 2c,0, (b, b,a, 0, + 25,*a.a, — 6b,5,a,7 — 6b,b,a,") 
— 90.0, (bb, a + 25a? — 10b,b,a,0, + 45a) 
+ οὗ (85a + 9b*a* — 12b,5,4,a, + 40,0,2,') 
- ΚΙ 20,6. (by aa, + 255a) t C, Oy ἄς 
or, we may write, ; 
(Ολα) = (cba)? + 4 (ca?) (P^) --θ (c'b) (ad), 
where (cba) = c,a,b, — c, (a,b, + 2a,0,) + c, (a,b, + 24,0,) — cab, 


(ab) = b,a? — 2b,a,4, + ὄγαι". 
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224. If the curve have a double point, this point may be made 
the origin; when we shall have r, a,, a, all 20; S reduces to 
— (3) and Tto 8 (2335 or, in the notation of Art. 217, S reduces to 
— (a,b, — πα) and Tto 8 (a,b, — m". Wesee then that 7” + 648 
vanishes when the curve has a double point. This, therefore, is 
the discriminant, as will afterwards be proved in other ways. 
If the curve have a cusp (δ᾽) vanishes, and therefore so do 
both © and T. For the canonical form, the discriminant 
T" + 648° = (1+ 8m y. 


225. In the articles next following we use the canonical 
form. It has been proved, Art. 218, that the equation of the 
Hessian of αὖ +y°+2°+6maxyz=0 is of the same form with 
a different value of m, and hence that the system of three lines 
xyz passes through the intersection of the curve and its Hessian, 
as was otherwise shown, Art. 217. It appears also that the 
equation of the Hessian of the Hessian is of the same form, 
and hence that the points of inflexion of a cubic are in- 
flexions also on its Hessian, as was otherwise proved, Art. 173. 
Any equation of the form a (αἱ }- y^ -- 2) + Bxyz=0 can obvi- 
ously be reduced to the form XU+ wH=0. In fact we have 
αἱ +y? +z + 6mary2z = U, —m (à + y + 2°) + (14 2m’) xyz = H. 
Solving, (1+ 8m*) (z' + y? 2) = (14 2m) U—6mH, 

(1 +8m*) zyz =m U+ H; 
whence (1 + 85") X =a (1 + 2m*) + Bm’, (1+ 8m") y — — 6ma + β. 

Let us now form the equation of the Hessian of AU + 6u H; 

that is to say, of 
(A — 64m) (αἵ + y° + 2°) +6 (Xm + u (1 +2m°)} zyz =0, 
and the result is 
— (X — 6m”) [Am + μ (1 + 2m?) (αἲ + y* + 2°) 
+[{(A— 60m? +2 {Am + u (1 +2m*)} eyz =0; 

and, by what has been just proved, this is of the form 
λ' U+ p'H=0, whence 
(1 + 8m?) N 2 — (1+ 2m") (A — 65m?) (Xm + p (1 + 2m)? 

+m [(X — bum?) + 2 {Am + u (1+ 2m°)}], 
(1 + 8m) w = 6m (X — bum") {Am + u (1 + 2m’)}? 

+ [(X —6ym*)* + 2 (Xm 4 u (1+ 2m) 1. 
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Expanding, and remembering that we have 
S-m-m, T=1— 20m - 8m, 
these values may be written 
N =— 28N p — Tap -8S*u, p =A LN 4+ 2 Ty’. 

The values of A'and μ΄ being expressed in terms of the in- 
variants, the expressions just given will hold good, no matter 
how the equation be transformed, and therefore the Hessian 
of AU+6uH, where U and H have the general values of 
Arts. 217,218 is AU 4- p'H, X and p’ having the values just given.* 

Thus when 2’: µ’ is given, we have a cubic to determine 
the ratio X: μ; that is to say, there are, as has been already 
stated, three cubics which have a given cubic as their Hessian. 

Since, as a particular case of the foregoing, the second 
Hessian 

H(HU)=8 S°U+ 2TH, 

it follows that T=0 expresses the condition that the second 
Hessian shall be the original curve. If S=0; that is to say, 
(Art. 220) if the equation is reducible to the sum of three 
cubes, the Hessian coincides with its own Hessian, and there- 
fore consists of three right lines, as the next article will show. 


226. The Hessian meets a curve in the points of inflexion; 
that is to say, in the places where three consecutive points of 
the curve are on a right line. If, then, the curve be not a 
proper curve, but a complex, including a right line as part of 
it, every point on that line is a point on the Hessian; and 
therefore when the curve consists of three right lines, these lines 
constitute the Hessian. ‘This may be verified by forming the 
Hessian of xyz=0. Thus, then, the system of conditions that 
the general equation shall represent three right lines is written 
down by expressing that the coefficients in the equation of 
the Hessian (Art. 218) are proportional to the corresponding 
coefficients in the equation of the cubic, viz. 


a b ο a a b, b e c 


— 
— ee OO œ ž A 


a b c a, a b 


a system of forty-five equations, on the face of them equivalent 








* This was proved by direct calculation in the first edition, and it was thus 
that the values of S and T were there obtained. 
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to nine, but which can be really equivalent only to three in- 
dependent equations. For (Conics, Art. 78) only three con- 
ditions are necessary in order that an equation of the third 
degree, containing nine independent constants, should represent 
a system of three lines involving only six constants. It may 
be verified, by means of the values (Art. 218) of a, b, &c., that 
the forty-five equations actually are equivalent to three, as has 
been stated. 


227. The Hessian of X\U+ 6uH being A'U + p' H, the former 
will represent three right lines if - =o; which, introducing 
the values (Art. 225) for X, u', gives us the equation 

M+ 2457 u + 8 Trp’ — 48S"u* = 0. 
This being a biquadratic, we see that, as has been already more 
than once stated, four systems of three right lines can be drawn 
through the intersections of Uand H. This biquadratic, solved 


by the ordinary methods (see Todhunter’s Theory of ug 
Chap. XIII.), gives 


> EE (t) t A (ἐς) + N (t); 
where ἐ ¢,, t, are the roots of the equation 
Ë +128 +486t—-T'=0, or (t+48) = T +646. 
Thus, then, the reduction of the equation of any non-singular 
cubic to the canonical form cam be effected. We first form 
the equation of its Hessian (Art. 218), and calculate the values 
of the invariants S and T (Arts. 220, 221). The present article 
then shows how we can form an equation AU + 64H — 0, which 
shall be resolvable into three linear factors. By solving a 
cubic equation we can find these factors X, Y, Z. And then 
comparing the given equation with the form 
aX*+bY*+ cZ°+6mXYZ=0, 
we can determine a, 5, c, m, by equations of the first degree. 
Ex. 1. Calculate the invariants of the cubic 
ax (y? — 2?) + by (2? — a?) + cz (a? — y?) = 0, 
228. Of the four tangents which can be drawn from any 
point of a cubic to the curve, two can coincide only when the 
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curve has a double point, since a cubic has no double tangents. 
The equation of the four tangents is (Art. 78) A? = 4A'U, where 
if U zz + y’ + 2° + 6mzyz, 

A =3 {a' (x + 2mye)- y (y + 2mzx) c2 (2? + 2mxy)), 
A'=3 {x (x"-F2my') +y (y" 4-2mz'z) +2 (2*--2mz'y)). 
Making z= 0 in A* 2 4Δ΄ ζ; we get the quartic, which determines 

the four points in which the tangents meet the line z, viz. 
8 (aa + y'y? + 2mz' zy)" —4 (x+y) {x (x "-E2my'z)) + y(y"--2mz'a^)], 
or (x^ + 8my'z') xt + 4 (y" — mz'z')o?y 

— 6 (x'y' + 2m'z^) wy? + 4 (x — my'z') xy + (y^ + 8mz'z') y* = 0. 
From what has been said it appears that the discriminant of 
this quartic must contain as a factor the discriminant of the 
cubic. Now remembering that z^ + y? +2" + 6mz'y'z'=0, we 
find for the invariants s and ¢ of the quartic 


s = 12 (m* — m) z* = — 1228, 
(—— (1 — 20m? — 8m^) 2° = —z"T. 
Hence the discriminant of the quartic, 9145 — $, is 272? ( T”+ 646°); 


and it is easy thence to see that the discriminant of the cubic is 
7? + 64S", 


229. The anharmonic function of the four points determined 
by the quartic of the last article evidently is the same as the 
anharmonic function of the pencil of four tangents. Now if the 
roots be a, 8, y, 6, the anharmonic function of these roots is 
any one of the mutual ratios of the quantities (a — 8) (y — 6), 
(α-- y) (8 -- ὃ), (α-- ὃ) (8 — 1). We can form by the method 
of symmetric functions the equation which determines these 
quantities; and if the coefficients of the quartic be a, 4b, 6c, 
4d, e, we find αγ —12asy + 16 /(s°— 270) 20. The mutual 
ratios of the roots are not altered if we increase them all in the 
same proportion, by substituting, say ay =2zs?, when we see 
that the anharmonic ratios are the mutual ratios of the roots of 


2115 T 
gr -- = 3 — τν Y 98 
2 e 2 ,/(1 s) 0, or z 55-2 A/ (1 gis) 0 


Thus, then, the anharmonic function depends solely on the ratio 
T" ; S", and is independent of the point whence the tangents 
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are drawn (Art. 167). If 7'—0, the equation just given reduces 
to 2° — 3z + 2 — 0, of which two roots are equal; one, therefore, of 
the ratios becomes unity, and the anharmonic becomes an 
ordinary harmonic ratio. If S=0, the equation in y wants 
its second term and becomes of the form 5? = m*, whose roots are 
of the form m, mw, mw’, where ὦ is an imaginary cube root of 
unity; and the common ratio of the roots is œw. This has been 
called equi-anharmonic section. 


230. By the help of the canonical form can be calculated, as 
in Art. 225, the invariants S and T of XU 4- 64H, or of 


(X — Gum’) (αἱ + y^ + 2°) + 6 {mA + p (1 + 2m*)} xyz, 
and we find, without difficulty, 
S (XU + 6,H)- SX'4- Τλμ- 248° y? — ASTA) — (T? -488?)u^, 
T(XU + 64H) = Tr — 96 8'A*u — 609 Τλ'μ' — 20 TN p” 
4 2408" TrA2u* — 48 (S T" + 965") Awe — 8 (722 T+ T°) pê. 


And if, by the help of these, we form the discriminant A or 
T" + 645", we find 


R(AU + 64H) = 8 (V +24 Su! + 8TAp? — A88 u^), 


where the factor multiplying È is the cube of the quartic function 
of A, μ. in Art 227 ; as might have been foreseen, since if the 
cubic U have not a double point, the only cubics with double 
points which can be drawn through the points of inflexion are 
the four systems of right lines. The values just given for the 
Sand T of XU-- 64, H are covariants of this quartic function 
of A, μ; differing only by the numerical factors 4 and 2 respec- 
tively from the Hessian, and the covariant called J, (Higher 
Algebra, Art. 209); and the coefficients of U and H in the value 
of H(XU--6,,H) differ only by numerical factors from the 
differentials of the same quartic with respect to X and y. 

All covariant cubics can be expressed in the form AU 4- pH, 
as is illustrated by the following examples: 


Ex. 1. If a, δ, ο, &c. denote the second differential coefficients, and A, B, &c 
denote bc — f?, &c., as Art. 184, and if a’, b’, A’, B’, ἅς, denote the corresponding 
quantities for the Ilessian then 


Aa! + BV + Ce! + 2Ef' + 2Gg' + 2Hh' = 0 
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is a covariant cubic. We use the values 
a=2, f=mz; A= yz — ma, F= myz — πια, 
b =y, g = my; B= zz — my, G = mx — my’, 
εξ, k= mz; C= zy — mz, H = mary — m2?, 
a TON ζ΄ (1 - 2m9)xz ; A’ 286mtyz — (1--2m3yz2, F'— (1--2m3)?yz--6m?(1--2m*)?, 
bz — 6m?y, g'— (1--2m*)y; B'—36m'zz — (1 + 2m3)2y?, G' = (1--2m3)2z2--6m*(14-2m3)y?, 
e'z—6m?z, M—(1--2m*);; C'c86m'zy —(1+2m3)222, A’ = (1--9m*)?zy4-6m?(14-2m?)2?. 
Hence the covariant in question is found to be —2SU. It might have been 
foreseen that it could only differ by a numerical factor from SJ, for it is a covariant 
of the fifth degree in the coefficients; and, therefore, if it be of the form aU + bH, 


a must be of the fourth, and ὁ of the second degree in the coefficients ; but there is 
no invariant of the second degree, and S is the only one of the fourth. 


Ex. 2. Calculate in like manner the covariant 
Aa + B'b -- C'c -- 2F'f -- 2G'g --2H'h, Ans, — TU + 128H. 


231. The order in the variables of any covariant of a cubic 
is a multiple of three ; and, generally, if the order of any ternary 
quantic is a multiple of three, so is that of every covariant. 
This appears at once from the symbolical method explained, 
Higher Algebra, Chap. ΧΙΥ͂., for every symbol (123) diminishes 
by three the order of the function on which it operates, and 
in the symbolical method the order of the function operated on 
is a multiple of that of the given quantic. 

]t is easy to see that the equation of every cubic covariant 
to αἱ + 3^ 4-2 + 6mzyz = 0 is of the form a (αἱ + ¥°+2°)+Bayz=0, 
which, as we have seen, is reducible to the form XU 4 44H — 0. 
In order, however, to express covariants of higher order, it is 
necessary to have a third fundamental covariant. ‘That which 
we select may be defined as follows: consider the polar conic of 
a point az? + &c., and the polar conic of the same point with 
regard to the Hessian a'z? + &c., then there is (Conics, Art. 378) 
a conic covariant to these two, viz. 

(BC' + B'C-2FF)z 1 &.=0;3 
and the condition that this conic passes through the original 
point gives a covariant of the cubic. Since B, C, &c. contain 
the variables each in the second degree, this covariant is of the 
sixth degree in these variables; and since B, C are of the 
second, and ΒΑ, C' of the sixth dgio in the coefficients: it is 
of the cchi order in the coefficients. The actual value of this 


covariant for the general equation has not been calculated, but 
DD 
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using the values for A, B, &c. given in the last article, we 
find that for the canonical form the covariant is 48 where © is 


Bm? (1 -- 2m) (à? + y^ + 2°)? — m (1 — 20m? — 8m*) (a? + y? + 2°) xyz 
- 8m" (1 — 20m* — 8n?) z^ yz: — (1 + 8m’)? (y? + ex + αγ, 

or m (9 + m^) U* — m (1+ 2m?) UH 
+ 39m H* — (1 + 8m") (ye + zx + αὐ). 


There are two other covariants of the same order in the variables 
and in the coefficients as O, which had equal claims to be 
selected as the fundamental covariant of the sixth order. "The 
first represents the locus of a point whose polar line with regard 
to the Hessian touches the polar conic of the same point with 
regard to the cubic, or 


AL" + DM" + CN" -2FM'N' -2GN'L' + 2HL'M, 


where L/, M' N', are the differential coefficients of the Hessian. 
This covariant is expressed at once in terms of © by the help 
of the formula (Conics, Art. 381, Ex. 1) OS'— F. We are 
here to write for ©, —2SU; for S', 6H; for F, ΔΘ; and thus the 
covariant is found to be — 4 (© + 3SUH). In like manner there 
15 a covariant which represents the locus of a point, whose 
polar with respect to the cubic touches the polar conic of the 


same point with regard to the Hessian, or 
A'L + B'M* + CN? -2F'MN + 2G'NL + 2H'IM=0. 


Calculating this by the formula ©'S — F ( Contes, Art. 381), and 
writing for ©',— T'U--19SH; for δ, U; and for F, 40, the 
covariant in question becomes 


- (TU* —12SUH + 40). 


232. Every covariant of a? + 3^ + 2° + 6mayz will plainly be 
a symmetric function of z, y, z, and therefore capable of being 
expressed in terms of αὖ +y? + 2°, xyz, yz + ο αἱ «ay; and 
therefore in terms of U, H, ©, together with the invariants. 
But a covariant is not necessarily a rational function of U, 
H, ©. In fact, we can, as at Higher Algebra, Art. 223, form 
a covariant of which the square, but not the covariant itself, 
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is a rational function of these quantities. Let the coefficients 
of the cubic 
p! — (1 + 8m") (αἱ y +2") p° 

+ (1 ES 8m^y (yz? JE. z + ay) p DE. (1 + Bm Fyz = 0, 
be p, q, *; then, by the theory of cubic equations, if J be 
(1 + 8m?) (y? — 2°) (2° — x°) (αἳ — y^), we have 

J” = γη" + 18pqr — 21r! — 49° — Arp". 
But p, q, r are each immediately expressible in terms of 
U, H, ©, and substituting their values in the equation just 
written, it becomes 
J” = 40° + 7039" 
+ O (— 4S U* + 28TU*H -72 8° U” - 18 TUH’ + 108 8H') 
—16S*U*H -11S' ΤΟ H* - 4T WH + 548S TUH 
— 432 S” UH’ — 27 1Η". 
The identity just given may be written in the form 
40 (O +AU") (O + pU’) zJ* + Ho, 

from which it appears that the system © (O +AU”) (Θ + pU’) is 
touched by H; that is to say, H either touches each of the curves 
represented by the three factors, or passes through the inter- 
sections of every two. But ©, U and H have no point common 
to all three, therefore © must be touched by H. The curve J 
which passes through the points of contact consists of the 
harmonic polars of the nine points of inflexion. We add an 
example or two to illustrate the possibility of expressing all 
other covariants in terms of U, H, ©. 


Ex. 1. To obtain the equation of the nine inflexional tangents. It was shewn 
(Art. 217) that the inflexional tangents are U — (1 + 8m?) 23, U — (1+ 8m3)?, 
U— (1 + 8m?) x3. Multiplying together these three factors, we have 


U3 — (1 + 8m?) (23 + y? + 23) U2 + (1 + 8m)? (y?25 + 2323 + 27395) U — (1 + 8m3)3239223 = 0, 
Substituting for (1 + 8m?) (a3 + y? + 23), (1+ 8m?)? (y323 + 2323 + a3y3) and (1+ 8m?) zyz 
their values previously given, we find, for the required equation of the nine tangents, 
5SU*H — H* — UO = 0, 

the form of the equation showing that H and O, which have been proved to touch 
each other, have the nine tangents for their common tangents. 

Ex. 2. To find the equation of the Cayleyan in point coordinates. We have to 
form the reciprocal of £he tangential equation of the Cayleyan, viz. (Art. 219) 

m (αὖ + RB? + y?) (1 — 4m?) aBy — 0. 
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The reciprocal of this is formed by Art. 222, and the quantities x? + y’ + 28, &c. 
then expressed in terms of U, H, O. The resulting equation of the Cayleyan is 
4S0 — TH? — 168?U H = 0. 


233. In like manner every contravariant of the cubic can be 
expressed in terms of three fundamental contravariants ; and for 
these three we may employ the three already mentioned, viz. 
the evectants of S and T (Arts. 219, 221), which we have called 
P and Q, in terms of which every contravariant cubic can be 
expressed, and the reciprocal ῥ᾽ (Art. 222). We can, as in 
Art. 230, form the invariants of AP 4- uQ, which for the canonical 
form is 
Im - (1 —10m?) u} (a+ 84 3^) + ((1 —4m?) Ἀ.-- 6m*p (5-- 4m?)] aby, 
and we find 
S (XP-- pQ) = (1928* — T?) N - 168" Τλὶμ 

+ 216 (38 T* — 648*) X'u* + 216 ( T? — 64 TS*) yw 
— 1296 (58? T” + 648°) u*, 
T (XP + wQ) 2 (T? + 5765? T) M + 288 (5.827? — 19995) Xp 
+ 540 (8.8 T*— 3208* T) A*u*4- 540 (T*— 448* T?) Np? 
— 19440 (7 $* T* — 648* T) λ'μ' 
- 11664 (38 T* — 32 8* T" + 20488") Ap! 
— 5832 (T^ + 408* T* + 2560,8* T) u^, . 
R(AP+ μῷ)-{8λ' + Tp + 12889? + 1088 TA? 
+ 27 (T°? — 168") p} E, 
and, as in Art. 230, the quartic and sextic functions of A, p 
which occur in the values of S and T are the covariants of the 
quartic function whose cube occurs in the value of R. 
. Again, H(AP+ uQ) | 
— [TN {-1446᾽λ᾽μ 43248 TX + 108 (Τ”-- 1653) μὴ P 
— (48X --3 TX'p + 1446᾽λ᾽μ 4-108 S T») Q, 
the quantities multiplying P and Q respectively being the differ- 
entials with respect to and X of the same quartic function. 


234, In like manner we can form the P and Q of \U+6yH, 
and we find 
P(\U + 6uH) = PX + Qì'p— 128P? + 4(SQ- TP) pè, 
Q (XU 4 6uH) = QV + 60SPA‘w — 30TPA pu? — 10 Γ0λ’μ’ 
+ 120 (28*Q — STP) Xu* +24 {STQ — (119493) P] pë. 
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Now if we denote by s and ¢ the S and T of AU + 64H, 
as given Art. 230, these values differ only by the factors 
3 (T* 6457) and (Τ᾽ + 648°) respectively from 


" ds ds 
(488'P- TQ) — + (3TP— 459) di 


" dt . dt 
(48,S* P 4- TQ) + (3TP- 4SQ) Tn 


So again, forming the P and Q of XP 4- uQ, the results are 
P(AP+ pQ) 2X (8S°U— ΤΗ) + 18V, (STU+ 8S*H) 
+ 9rp"{(T?—328°) U+ 128 TH | - 5A |(4S' TU — (T? + 328°) H ); 
Q(AP+ AQ) =r (168? TU -- (T" + 192,5?) H} 

4.30A'4 (S(T* —648*) U-- 16S" ΤΗ} 

+ 15°? (T(T*^ —3208") U+ 48ST"^H] 

— 270? (168"* TU — T(T*^ — 646°) H} 

— 1620Ap* {STU + 4S" (T — 648°) H} 

— 824u"(( T* + 247°S* + 5128°) U— 6ST (T" + 1288?) H}, 
and if we now write s and ¢ for the S and T of AP+ pQ, as 
given Art. 233, these values differ only by factors from 


- ds ds 
(485 U+ 18TH) 7 TACUT RLGH) 73 


and (485 U-- 18TH) 3. + (TU—248H) d 
To these formule may be added the reciprocal of XU 4- 64H, 
which is 
(A* + 248 Nu, + 8 TA —488"u^) F— 24μ (N + 2 Tu) P? 
— 24" (V — 489^) PQ— 8λμ' Q’, 
and of AP+ pQ, which is 
4 {SA+ TX 12 8*9? + 10897 Ap? 4- 27 (T* — 168°) μ) Θ 
— {TM + 2168 T A*j? + 108 (T? — 648*) Ap? — 3888 TS") H? 
— [168?A* + 328 T Xy + 18 TN 4? + 2168 (T? + 328°) ^! UH 
+ (646°N p + 1448 TX 1088 T"A 427 T(T?4- 1687) μὴ U”. 


235. We next mention a useful identical equation. If in a 
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cubic U we substitute x +Ax', y+Ay’, ϐ 1 λα' for x, y, 2, let 
the result be written 


U--3X84 8V-P+2°U'; 


that is to say, let S and P denote the polar conic and polar line 
of x'y'z' with respect to U; or, for the canonical form, let 


S — (z^ +2myz ) « + (y -2mzz )y'+ (2 --2mzy )z, 

P= (a --2my'z) α + (y* --9mz'a') y + (2° + 2mz'y)z. 
Similarly, let the result of a similar substitution in H be written 
H4 3X 4 3; Π 4: 3T, 


that is to say, let Σ and II denote the polar conic and polar line 
ofz'yz with regard to the Hessian; then, by the help of the 
canonical form, we can verify the following identical equation 


3(SII-P)—-H'U- HU. 
It follows hence, that when z'y'z is on the curve, and therefore 
U' = 0, the equation U — 0 may be written in the form 


SII — ZP- 0. à 


From this form the following consequences immediately 
follow : 


(a) The lines P, II intersect on the cubic; that is to say, 
the tangential of the point z'y'z', or the point where the tangent 
P meets the cubic again, is the intersection of P with TI, the 


polar of x'y'z' with respect to the Hessian (see Art. 183). 


(b) The points of contact of tangents from z'y'z to the 
cubic, which are known to be the intersections of S with 7, are 
also the intersections of S with Z, the polar conic of αγ’ with 
respect to the Hessian. 


(c) The equation SIT— ZP-0 is that which would be 
obtained by eliminating an indeterminate 0 between S+ 0X — 0, 
P--0II—0. The first denotes a conic through the intersections 
of S, =; the second denotes the polar of x'y'z' with regard to 
the same conic. Hence the given cubic may be generated as 


the locus of the points of contact of tangents from a point z'y'z 
to a system of conics passing through four fixed points. 


(d) If S--0X denote two right lines, P+ 611 obviously 
passes through the intersection of these lines; this intersection 


INVARIANTS AND COVARIANTS OF CUBICS. 207 


is therefore a point on the cubic, and P+ ΘΠ the tangent at it. 
Hence the four points of contact of tangents to the cubic from 
αγ form a quadrangle, the three centres of which are 
on the cubic, and are the points cotangential with x'y'z' 
(see Art. 150). 


(ο) If we consider the intersections of the curve and its 
Hessian by any line, for instance, z=0, the identity of this 
article gives us 

ab — ba — 3 (a,b, — b,a,), 
that is to say, the invariant P of the two binary cubics vanishes. 
Hence, again appears that the Hessian meets the curve in its 
inflexions. For since P=0, the eliminant of the two binaries 
is Q—0 (Higher Algebra, Art. 200); therefore at points of 
intersection u + λυ includes a perfect cube. 


236. I have used this identical equation (Phil. Trans., 1858, 
p. 535) to form the equation of the conic through five con- 
secutive points on the cubic. Since S touches the cubic, and 
P is the common tangent, the general equation of a conic 
touching U at x'y'z' is S-LP=0, where L=ax+ By+ yz is 
an arbitrary right line. Now by means of the identity estab- 
lished, the equation of the cubic may be written in the form 


I (S— LP) -- P(x — LM). 


Hence, the four points where ©- LP meets the cubic again are 
its intersections with Z— LII; and if the latter conic pass 
through ο’, the former will pass through three consecutive 
points on the cubic. But on substituting αγ for syz, we 
have X'= Π΄ = H', and the condition that B — LII should pass 
through aye is L >L 

Next, in order that S— LP may pass through four consecutive 
points, x- LU must have P for a tangent at the point z'y'z' 
Now the tangent to Z — LII (being the polar of z'y'7 with 
respect to this function) is 


ΟΠ — Z/T1 — Li’, 
or (since Z/ —1, and II' = H^) is I1— ; 'L, and since this is to be 


proportional to P, we have L = OP + gH 
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The general equation, therefore, of a conic through four 
consecutive points is 


8- 0P*— 7, PII -0, 
and z-6PI- j,n'-o 


passes through the two points where the former conic meets the 
cubic again, the equation of the cubic being reducible to the 
form 
1 1 
ES gums A M ο Πλ. 
H (s OP- 7 Pn) p(z 6Pn - 77 m) 

237. Since these two conics have P for a common tangent, 
it will be possible, by adding the equations multiplied by suitable 
constants, to obtain a result divisible by P, and the quotient 
will represent the line joining the points where the conic meets 
the cubic again. It is necessary then to determine p, so that 

1 
H' 
to nothing the discriminant of this quantity. Now this discrimi- 


μδ1- Σ — t, I may be divisible by P, which we do by equating 


nant when calculated will be found to be L^ Η΄ + 4,’ m . This 


40' 
~ 
and since one of the factors is P, if we denote the other by M, 
we have 


quantity, therefore, will be divisible into factors if w= 


pm 
By the help of this equation, the equation of the cubic given at 
the end of the last article is transformed to 
jl pn) Psy "n. 
(1+ uP) (S-&P- z, Pl) =P μι Lu (+ uP) 
The form of the equation shews that [I+ uP is the tangent at 


the tangential of the given point on the cubic, and that M -—m II 
passes through the second tangential of the given point (see 
Art. 155). 
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238. In order that the conic may pass through five con- 

secutive points, the coordinates α΄, y', 2’ must satisfy the equation 

p 

—L 1-6 (1+pP)=0. 

πια - (+P) 
The only difficulty is to determine the result of substituting the 
coordinates α΄, y', zin M. Now if we differentiate with regard 
to x, y, or z, the equation 

1 

and substitute 2’, y', z' for x, y, z in the result, observing that 
dS’  ,dP' ασ „di | 
75-15» dg 7? Πρ» We have M'—2yq, and hence the 
result of substituting z'y'z for xyz in 


ad - 
M- πιΠ- (M+pP)=0 


: i : 40’ 
is μ- 0H' —0, and since p has been found to be =— $r; 


/ 





we have 02 — in and the problem is completely solved. 


Ἠ5) 


239. We next mention another general form to which the 
equation of a cubic may be brought, viz. 
ax’ + by + cz°+du’=0, where e+ y¥+2+u=0. 


P»? og; 


The polar conic of any point z'y'zw being 
απ’ + by y" + οὔ 2 + duww — 0, 

the polar conic of the point for which z' —0, y' 20, is a pair of 
lines passing through the point 40, z=0, &c.; and hence it 
appears that the points zy, zu; c2, yu 5 xu, yz are pairs of cor- 
responding points on the Hessian. ‘The form just written 
contains implicitly eleven constants, and is one to which the 
general equation of a cubic may be reduced in an infinity of 
ways. ‘The values of the invariants for this form are S=— abcd, 


T=b'c'd’ + c'd’a*+d*a°b’ abc —2abed (ab+ac+ ad 4 be+cd+ db). 
The discriminant is formed from the three equations got by 
differentiating with respect to x, y, 2 respectively, viz. 


ax dw, by’ =du", c2z*=du’, 
EE 
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whence we have æ, y, 2, u respectively proportional to the 
reciprocals of /(a), V(b), (ο). /(d). Substituting these values 


inx+y+2+u=0, we have the discriminant in the form 
A/ (bed) + (eda) + y (dab) + y (abe) = 0, 
which cleared of radicals is, as before, R = T” + 648° = 0.3 


240. We conclude this chapter with a few remarks on the 
case where the cubic breaks up into a conic and a right line. 
If a curve have either two double points, or a cusp, not only 
does its discriminant vanish, but also the functions obtained by 
differentiating, with respect to any of the coefficients of the 
original equation, the general expression for the discriminant 
in terms of these coefficients. See Higher Algebra, Arts. 103, 113. 
Now the expression for the discriminant of a cubic being of 
the form T” + 64S*=0, its differentials are of the form 


dT dS dT AT 

(0 Tut a ATG + 1928", 

If the curve have a cusp, we have S=0, T=0 (Art. 224), and 
all these differentials vanish in conformity with the theory. If 
the curve have two double points, that is to say, if the cubic 
break up into a conic and right line, we have the equality 


of ratios 


&e. 


dT dS dT dS _ dT dS 

da' da db'db dc’ de’ 
These equations if written at length would form a system of 
equations, each of the eighth order in the coefficients, which are 
the system of conditions that the general equation of the 
third degree should be resolvable into factors. 


&c. 


241. There is another form in which the foregoing conditions 
may be written. In the first place we remark, that since a double 
point on a curve is also a double point on its Hessian, the 
coordinates of such a point satisfy the equations got by differen- 
tiating with respect to x, y, 2, the equations both of the 


* For the other covariants and contravariants when the equation is written in this 
form, see Phil. Trans. 1860, p. 252 ; and for some remarks on the method of forming 
invariants, &c., when the equation has been written with an additional variable con- 
nected by a linear relation with the original variables, see Geometry of Three 
Dimensions, Art. 538, 
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curve and of the Hessian. In the case of the cubic, these six 
differential equations are all of the second degree, and we 
can linearly eliminate from them the six quantities z^, y", 2’, 
yz, Zæ, ty, 30 as to obtain the discriminant in the form of 
the determinant 


2) b ) Cai ba m b, 
αμ b. c 3 Co) C m 
ay ο, ορ m, a) a, 


a4, Pay ©, Cy Cy τα |=90. 


We have seen also (Art. 226) that the conditions that the curve 
should have three double points are expressed by taking any 
of the first three rows, and the corresponding one of the second 
three rows, and then equating to zero the determinant 
formed with any two columns from these rows. So now in 
like manner the conditions that the curve should have two 
double points are expressed by taking any two of the first 
three rows, and the two corresponding rows of the second 
set, and equating to zero the’ determinant formed with any 
four columns from these rows. In order to prove this it is 
enough to observe that, as we shall show in the next article, if 
U=PV, where V represents a conic, and P is ax+ By+ yz, 
then the Hessian of U'is of the form XU 4 uP. Consequently 
we have 


dH .dU dH ἀπ 


Th Mj 3ua P", ο ag 9uB P", 
dH dH . dU .dU 
whence πη Us 


shewing that the differentials of H and U, with respect to α 
and y, are connected by a linear identical relation, and there- 
fore that the determinant formed with the coefficients of four 
corresponding terms in these equations vanishes. 


242. The Hessian of PU, where P denotes the right line 
ax + By + yz, and U isa function of any degree, may be found 
in various ways. ‘The second differential coefficients of PU are 
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Pa+2aL, Pb--28M, Pe+2yN, Pf-- BN+yM, Pg yL t aN, 
Ph -- aM 4- BL, where L, M, N, as before, denote the first, and 
a, b, &c. the second differential coefficients of U. Using these 
values in forming the equation of the Hessian, and reducing by 
means of the equations of homogeneous functions 


(n — 1) L=ax+hy+gz, &c., 
we get, for the Hessian of PU, 
τη P'H-— -- — — FPU, 
where 7' denotes the quantity (bc — d a + &c., Art. 184, which 


geometrically represents the locus of points whose polar conics 
touch the given line. 


More generally the Hessian of UV is found by the same 
process to be 


(3 4-9 -- 1) srr , (n+n'-1) ps 

τη U^ H'4 eene V*'H 

x (n+ n' —1) 2 2 , (n +n'— 1) (n+ n'—2) 
ΗΓ, μμ ΤῊ 


where ©, O', as at Conics, Art. 370, denote (2ο-- f°) a’ + &c., 
(b'c' — f^) a+ &c., and W denotes the covariant 

(bc + bic —2ff') LL' + &c. 
The form just written shews that the intersections of U, V are 


double points on the Hessian, the tangents at any such point 
being the tangents to U and V respectively.* 


* On the general theory of ternary cubic forms, see Aronhold’s Memoirs, Crelle, 
vol XXXIX. p. 140, 1850, and vol. LV., p. 97, 1858; Professor Cayley’s “Third 
and Seventh Memoirs on Quantics,” in the Philosophical Transactions, 1856 and. 
1861, and Clebsch and Gordan’s Memoirs in the Mathematische Annalen, vol. 1. 
p. 56, 1869, and vol, VI., p. 436, 1873; also Gundelfinger, vol. 1V., p. 144, 1871. 
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CHAPTER VI. 


CURVES OF THE FOURTH ORDER. 


243. IT will be remembered that we have classified curves 
of the third order by combining a division founded on 
characteristics unaltered by projection, with a division founded 
on the nature of their infinite branches. The same principles 
of classification are applicable to curves of the fourth order, 
or, as we shall call them, quartics; but the number of 
Species is so great, and the labour of discussing their figures 
so enormous, that it seems useless to undertake the task of 
an enumeration. It will be sufficient here generally to direct 
attention to the principal points that must be taken into 
account in a complete enumeration. A quartic may be non- 
singular having no multiple point; or it may have one, 
two, or three double points, any or all of which may be 
cusps. In this way we have ten genera, of which the 
Plückerian characteristics and the deficiency (Arts. 44, 82) are 


m Ò κ T v, D 

I. 4 0 012 28 24 3 
II. 4 1 0 10 16 18 2 
III. 4 0 1 9 10 16 2 
IV. 4 2 0 8 8 12 1 
V. 4 1 1 7 4 10 1 
VI. 4 0 2 6 1 8 1 
ΥΠ. 4 8 0 6 4 6 ο 
VIII. 4 2 1 5 23 4 OQ 
IX. 4 1 2 4 1 2 0 
X. 4 0 3 3 1 0 0 


viz. in each of the last four cases the curve is unicursal. 
Every quartic curve whatever may be considered as coming 
under one or other of these genera. But there are special forms, 
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arising from the coincidence of nodes and cusps, which have to 
be considered. 


1°. Two nodes may coincide, giving rise to the singularity 
called a tacnode; this is, in fact, an ordinary (two-pointic) 
contact of two branches of the curve (see p. 23). It is to be 
noticed that the common tangent counts twice as a double 
tangent of the curve; thus, supposing that there is not (besides 
the tacnode) any node or cusp, the curve belongs to the 
genus IV., and its characteristics are as stated above; but 6=2 
means the tacnode, and 7 —8 means that the double tangents 
are the tangent at the tacnode counting twice, and 6 other 
double tangents. 


2". A node and cusp may coincide, giving rise to the sin- 
gularity on that account called node cusp, and called ramphoid- 
cusp, Art. 58. It is to be noticed that the tangent counts once as 
a double tangent, and once as a stationary tangent; thus, sup- 
posing that there is not any other node or cusp, the curve 
belongs to the genus V., and the characteristics are as above; but 
ó—1, «=1 means the node-cusp; r=4 means the tangent 
at the cusp and 3 other double tangents; «10 the tangent 
at the cusp and 9 other stationary tangents. 


3°. Three nodes may coincide as consecutive points of a 
curve of finite curvature, giving rise, not to a triple point, but 
to the singularity called an oscnode ; this is, in fact, an osculation 
or three-pointic contact of two branches of the curve. The 
tangent at the oscnode counts 3 times as a double tangent 
of the curve; the genus is VIL, and the characteristics are 
as above, but 6=3 means here the oscnode; and 7—4 means 
the tangent at the oscnode counting 3 times, and 1 other 
double tangent. 


4°, Two nodes and a cusp, or a tacnode and a cusp, may 
coincide as consecutive points of a curve of finite curvature 
giving rise, not to a triple point, but to the singularity called 
a tacnode-cusp; this is, in fact, an osculation or four-pointic 
intersection of the two quasi-branches at a cusp. The genus is 
VIII., and the characteristics are as above, 0—2, «=1 mean- 
ing the cusp; r—2 the tangent at the cusp counting twice 
as a double tangent; «=4 the tangent at the cusp, counting 
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once as a stationary tangent, and three other stationary 
tangents. 


5°. Three nodes may coincide, as vertices of an infinitesimal 
triangle, giving rise to a triple point (ordinary triple point with 
three distinct tangents). The curve belongs to the genus VII., 
and the characteristics are as above, 5=3 meaning the triple 
point. 


6. Two nodes and a cusp may coincide, giving rise to a 
special triple point, at which an ordinary branch of the curve 
passes through a cusp. The curve belongs to the genus VIII., 
and the characteristics are as above, 6=2, «=1 here meaning 
the special triple point. 


7°. A node and two cusps may coincide, giving rise to a 
special triple point not visibly different from an ordinary point 
of the eurve. The curve belongs to the genus IX., and the 
characteristics are as above, 6=1, «=2, here meaning the 
special triple point. 


244. In order to illustrate the distinction between the 
different kinds of double points which we have enumerated, 
let us suppose the origin to be a double point at which the 
two tangents coincide with the line y —0, then the equa- 
tion of the quartic will be of the form y*+u,+u,=0, where 
u, — az" + bx’y + cay’ + dy, u, — ex" + fary + &c. 

We proceed now as in Art. 56: In order to determine the 
form of the curve in the neighbourhood of the origin, we sub- 
stitute y= mxf, we determine 8, so that two or more of the 
indices of z shall be equal and less than the index of any other 
term; and we attend only to the terms of lowest dimension 
in x. Then let a be not 20. We find 8=8; the form of the 
curve near the origin is the same as that of the curve y’+ ax^— 0, 
and the origin is an ordinary cusp. 


(1) Let a=0. We then have 8 22, and m is determined 
by the quadratic πι” -- bm +e=0. There are then two branches 
whose forms near the origin are respectively the same as those 
of the curves y =m x, y 2 m,v', where m, πι, are the roots of 
the above equation. The branches touch each other, and the 
origin is a tacnode. | 
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(2) Let this quadratic have equal roots, the form of the 
equation then is 
(y — πια)” + ση’ + dy’ + Γον + Ke. — 0, 
and to the degree of approximation to which we have as yet 
proceeded the two branches in the neighbourhood of the 
origin coincide. In order to discriminate them we substitute 


y = mz" + na’, and determine n and y as before. We find then 
y= and n’=—(cm*+jfm). The form then of the curve near 


the origin approaches to that of the curve y= ma^ + πα, which 
has been considered, Art. 58. The origin is then a ramphoid- 
cusp or node-cusp. 


(3) If, however, in addition to the preceding conditions we 
have f= -— cm, the equation of the curve is of the form 


(y — ma^ + cxy (y — πια") + dy’ + φαγ' + &c. = 0, 


and on substituting y = ma? }- πα΄ we find y —3, and n is de- 
termined by the quadratic 


n! -- emn + m^ (dm - 2) 20; 


and if n, n, be the roots of the quadratic, the curve in the 
neighbourhood of the origin consists of two osculating branches, 
whose forms are represented by the equations y — ια" + πια), 
y=mx'+n,x*. Since the difference of these values of y com- 
mences with an odd power of α, the branches cross as well as 
touch at the origin.: The origin is now an oscnode. 


(4) If, however, in addition to the former conditions we 
have the roots of the last-mentioned quadratic equal, or 
dm + g = 1c', the equation of the curve is of the form 


(y — max" — cxy — dy) = Axy" + By’, 
and, as before, we find that its form near the origin is given by 


the equation y= ma^ + οπια + pat, The origin is then a tac- 
node-cusp. The node can have no higher singularity in a 
proper quartic, for the next step would be to suppose A to 
vanish, in which case the equation would break up into two 
of the second degree. The case where the origin is a triple 
point does not seem to require illustration. 
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245. We have thus far not attended to the distinction of 
real and imaginary. Assuming that the quartic curve is real, 
then imaginary nodes or cusps can present themselves only in 
pairs, and we may distinguish the cases accordingly; thus we 
may have one real node, two real or two imaginary nodes, 
three real or one real and two imaginary nodes; and the like 
for cusps. Again, any real node may be a crunode or an 
acnode. The distinctions as to real and imaginary scarcely 
present themselves in regard to the special singularities above 
referred to (the condition that imaginaries must present them- 
selves in pairs, implying for the most part that these singu- 
larities are real); the only distinction seems to be in regard 
to the ordinary triple point, which may be a point with three 
real tangents, or with one real and two imaginary tangents, 
viz. in the former case the point is the common intersection of 
three real branches of the ‘curve, in the latter case it is the 
common intersection of one real and two imaginary branches 
of the curve; or, what is the same thing, we have a real 
branch passing through an acnode. ‘The point does not visibly 
differ from an ordinary point of the curve, resembling in this 
respect the special triple point 7° above referred to. The dif- 
ference is, that in the case of an ordinary branch through an 
acnode the tangents are one real and two imaginary; in the 
case of the special triple point they are all real and coincident. 


246. There are yet other specialties which may be taken 
account of. A node may be in regard to one of the branches 
through it a point of inflexion; that is, the tangent to the 
branch at the node may meet the branch in three consecutive 
points (or the curve in four coincident points); or, again, the 
node may be in regard to each of the branches through it a 
point of inflexion. Such a node may be considered as the 
union of an ordinary node with (in the first case) a point of 
inflexion, and with (in the second case) two points of inflexion ; 
and the node may be termed a flecnode or a biflecnode in the 
two cases respectively. The point or points of inflexion thus 
coinciding with the node must be reckoned among the inflexions 
of the curve, and the number of the remaining inflexions 
diminished accordingly. A biflecnode has properties analogous 

FI 
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to those established (Art. 170, εἰ seg.) for the inflexions of cubics. 
In general, if we look for the locus of harmonic means on 
radii-vectores drawn through the origin, which is supposed 
to be a double point on the quartic u,+u,+u,=0, we find 
u,+2u,=0. When, therefore, v, is a factor in 1 the locus 
becomes a right line, and the double point, having a harmonic 
polar, has the properties established (Art. 170). The points 
of contact of tangents from it lie on a right line, and the 
curve may be projected so that this point shall become a 
centre, or else so that all chords parallel to a given line 
shall be bisected by a fixed diameter. In the latter case, 
the form of the equation is in general 


y (x — a) (x — b) =+ A (x -- ο) (α-- d) (z - e) (z f). 
There is no difficulty in discussing, as in Arts. 39, 199, the 
different possible forms of curves included in this equation, 
according to the reality, and to the relative magnitude of 
a, b, &c.; and in deriving thence the different possible forms of 
the projections of these curves. 


247. Once more, a quartic may have another kind of 
singular point, of which account might be taken in the 
classification, viz. a point of undulation, that is to say, one in 
which the tangent meets the curve in four consecutive 
points. The tangent at such a point replaces two stationary 
tangents and one ordinary double tangent. A quartic may 
have four real points of undulation, as we can see by writing 
down the equation wxyz = S', where S is any conic touching 
the four lines w, z, y, 2. 


248. We have not yet exhausted the list of characteristics 
unaltered by projection which would, have to be taken into 
account in a complete classification of quartics. It will be 
remembered that we divided non-singular cubics into unipartite 
and bipartite according as all the real points of the curve are or 
are not included in one continuous series; and it is natural to sup- 
pose that similar distinctions exist in regard to quartic curves. 

The possible forms of non-singular quartics have been studied 
in detail by Zeuthen (Math. Annalen, ΥΠ. 411). He remarks 
that the branches of a curve may be divided into those of odd 
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order met by any line in an odd number of points, and those of 
even order. The latter are what we have called ovals (Art. 200), 
using the word to include not only ovals in the ordinary sense 
but also their projections. In this sense, for instance, all the 
forms of conics would be described as ovals. Zeuthen shows 
that a non-singular curve cannot have more than one branch of 
odd order, and therefore that a curve of even degree cannot have 
any. <A quartic, therefore, can only have ovals. It is at once 
apparent that if a quartic have two ovals, one wholly inside the 
other, it can have no other real point. For if it had, the line 
joining this to a point inside the interior oval must cut the curve 
in five points. For the same reason the interior oval cannot 
have bitangents or inflexions. A quartic of this kind having 
two ovals, one inside the other, is called an annular quartic. 
This reasoning does not exclude the case of ovals exterior to 
each other, but the quartic can at most have four such ovals; for 
if it had any other real point the conic passing through this and 
through points inside the four ovals respectively would meet the 
curve in nine points. That a quartic may actually have four 
such ovals appears as well from the curve (α΄ — a*)\*+ (y^ — ὂ---ο', 
(c « b) considered p. 43, as from the following illustration which 
Plücker gives in order to show that the 28 tangents which a 
non-singular quartic can have may be all real Consider 
the curve Q = + k, where 


Q= (y — 2è) (x — 1) (x — §) - 2 fy +a (x — 2). 
Now the equation Q = 0 represents a 
quartic having three double points as 
shown in the dark curve in the annexed 
figure ; and the equation Q = ὦ denotes 
a curve not meeting Q in any finite 
point, which deviates less from the 
form of the curve Q the less we 
suppose A, and which according to 
the sign we give k is either altogether 
within or altogether without the curve 
Q. When it is altogether without, 
the curve is unipartite; when it is 
altogether within, the curve in the first instance consists of four 
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meniscus-shaped ovals, one in each of the compartments into 
which the curve Q is divided. Each meniscus has one tangent 
touching it doubly; and, besides, it will be seen that any two 
ovals have four common tangents, and that there are six pairs of 
ovals. It will readily be conceived that, as the value of the 
constant is supposed to change, first one, then another of these 
ovals becomes imaginary, so that non-singular quartics may be 
either unipartite, bipartite, tripartite, or quadripartite. We can 
in like manner conclude that a quartic having one double point 
may be either unipartite, bipartite, or tripartite; and one having 
two double points, either unipartite or bipartite.* 


248 (a). Zeuthen takes as the basis of his classification of 
quartics the real bitangents of the curve, which he divides into 
two classes. When a quartic has a pair of ovals exterior to each 
other, it is easy to see that (just as if they were two conics) 
these ovals have four common tangents and cannot have more. 
These common tangents are Zeuthen’s bitangents of the second 
kind. Ifthe quartic have two ovals exterior to each other the 
number of such bitangents is 4; if it have three such ovals the 
number of such bitangents is 12; if it have four, the number 
is 24. Zeuthen’s bitangents of the first kind may be either 
(a) lines doubly touching a single branch of the curve; or 
(b) bitangents, both of whose points of contact are imaginary. 

Zeuthen has proved that every quartic has four real 
bitangents of one or other of these two species, which four we 
shall call the Zeuthen bitangents. The total number then of 
real bitangents to a quartic is got by adding to these four 
the 0, 4, 12, or 24 bitangents of the second kind ; and accordingly 
is either 4, 8, 16 or 28. Zeuthen’s method of proof is to consider 
the series of quartics, S+2S’, where © and δ΄ are any two 
non-singular quartics. The number of real bitangents of a 
curve of the series will only alter when X is such that the curve 
has some singularity. Zeuthen shows that as X passes through 
. the value for which the curve has a double point, only real 
bitangents of the second kind are lost or come into existence; 
aud that for no ordinary singularity do bitangents of the first 


* In general the maximum number of “ parts" of a curve is one more than the 
“ deficiency.” 
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kind change into those of the second, or vice versó. But 
consider a bitangent of the first kind touched by a branch in 
two real points. As a parameter in the equation alters, these 
points may approach each other and the intervening arc of the 
curve become smaller. At last the points coincide and the curve 
has a point of undulation ; after that the bitangent has imaginary 
points of contact. Thus we see that at the value of X, for 
which the curve has a point of undulation, Zeuthen bitangents 
of the form (a) may change into the form (b), or vice versá. 
The only change then that affects bitangents of the first kind 
being an interchange of these two forms, the total number of such 
bitangents is the same for the whole series of quartics included in 
the form $-r XS', and therefore is the same for every quartic; 
and Plücker's example shows that the number is four. 

248 (b). When a branch has a tangent touching it in two 
real points, it is obvious that the arc at each of these points 
turns its convexity towards the tangent, and that there is an 
intermediate part of the arc which turns its concavity towards 
it, this concave part being separated by a point of inflexion at 
each end from the convex parts. Every such bitangent then 
implies two real points of inflexion; and it is not difficult to see 
that the converse of this is also true. Since there can be at 
most four such tangents, a quartic can have at most eight real 
inflexions. Zeuthen confines the name oval to a branch, having 
no real bitangent or inflexions: one with a single real bitangent 
he calls à unifolium; one with 2, 3, or 4 such bitangents, a 
bifolium, trifolium or quadrifolium. Thus the external curve in 
Plücker's figure is a quadrifolium; the four internal curves are 
unifolia. The figure, p. 45 (3), represents two bifolia; p. 46 (5), 
represents an annular quartic, quadrifolium with internal oval. 


248 (ο). Zeuthen further shows by the method of Art. 125, 
Ex. 4, that the points of contact of any three of his bitangents 
lie on a conic; and further, that it is the same conic which 
passes through the contacts of all four bitangents. If then 
w, 2, Y, Z, represent four lines, and V a conic, the equation of the 
quartic must be of the form wxyz = V. Zeuthen’s analysis of 
the possible forms of quartics is made by discussing the different 
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positions which the intersections of the four lines with the conic 
can have with respect to the quadrilateral found by them. Thus 
when V meets all the lines in real points, he enumerates the 
following cases: (1), annular quartic, quadrifolium and internal 
oval; (2), quadrifolium and 2 ovals; (3), 4 unifolia; (4), trifolium, 
unifolium and oval; (5), bifolium, 2 unifolia and oval; (6), 2 
bifolia and oval; (7), 2 bifolia and 2 ovals; (8), bifolium and 
2 unifolia; (9), trifolium, unifolium and 2 ovals. He enumerates 
thus 36 cases in all, but the figures which he gives for the nine 
cases just mentioned sufficiently illustrate the rest, a very slight 
modification being enough to turn a unifolium into an oval, &c. 
It will be observed that. the classification just made rests solely 
on projective properties and has no reference to the line infinity. 
In Art. 249 we state the principles on which these classes may 
be subdivided into species when the nature of the infinite branches 
is taken account of. | 


248 (d). Zeuthen also applies his method of classification to 
nodal quartics considered as limiting cases of non-singular quartics. 
He enumerates and discusses the following cases: (a), conjugate 
points considered as limiting cases of ovals; (b), nodes which 
arise when in limiting cases of annular quartics the inner branch 
comes to meet the outer;—in neither of these cases are the 
Zeuthen bitangents affected; (c), nodes which arise when two 
mutually external branches come to meet; (d), which arise when 
a branch of even order breaks up into the intersection of two of 
odd order; (e), the case of two imaginary double points. In the 
cases where the Zeuthen bitangents are affected, the investigation 
is carried on by considering the forms represented by the equa- 
tion wzyz = V?, when V passes through the intersection of two 
of the lines, or when two of the lines coincide with each other. 


249. In order to see how quartics might be classified in 
respect of their infinite. branches, we observe that the line 
infinity may meet a quartic, (a) in four real points, (b) in two 
real and two imaginary, (c) in four imaginary points, (d) in 
two coincident and two real points, (e) in two coincident and 
two imaginary points, ( f) twice in two coincident points, these 
points being real, or (g) these points being imaginary, (A) in 
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three coincident and one real point, (¢) in four coincident 
points. Again, the cases (d), (e), (f), (g) would have to be 
further distinguished according as the line infinity when meeting 
the curve in two coincident points is simply a tangent or a line 
passing through a double point, which double point may be 
either crunode or acnode, cusp, or one of the special kinds above 
mentioned. Similarly in the case (A), the line infinity may be 
either an ordinary stationary tangent, or a tangent at a double 
point or cusp, or it may pass through a triple point, and in 
the case (2) it may be either a tangent at a point of undulation, 
a tangent at a double point of the special kind, or a tangent 
at a triple point. Lastly, any of the points which count only as 
single intersections of the line infinity with the curve may be 
on the curve a point of inflexion or undulation, and where this 
happens a difference in the figure will result which would have 
to be taken into account in a complete classification of quartics. 


250. We have already shown (Art. 70) how to form the 
equation of the Hessian of a quartic, which is a curve of the 
sixth degree, intersecting the quartic in the twenty-four points 
of inflexion. We have also seen (Art. 92) that the equation of 
the reciprocal of a quartic is of the form S*= T", where S 
represents a curve of the fourth and T of the sixth class, 
and the form of the equation shows that both are touched by 
the twenty-four stationary tangents. We have postponed to 
another chapter the solution of the problem to form the equation 
of a curve passing through the points of contact of double 
tangents of a given curve. It will there be shown that, 
in the case of the quartic, the equation of such a bitangential 
curve may be written in the form © 23Hó, where © is the 
covariant AL” + &c., as in Art. 231; that is to say, L' &c. 
represent the first differential coefficients of the Hessian, and A 
denotes Jc—f?, where a, b, &c. are the second differential 
coefficients of U. In like manner denotes Aa’ +&c., as in 
Ex. 1, Art. 230. 


THE BITANGENTS. 


251. It is convenient to commence by studying a more 
general theory in which that of the bitangent is included. 
Let us then consider first the form UW = V*, where U, V, W 
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represent conics; a form containing implicitly sixteen constants, 
and therefore one to which the equation of any quartic 
may be reduced in a variety of ways, as we shall after- 
wards more fully see. The form of the equation shows that 
U and W each touch the quartic in four points, namely, the 
points where they respectively meet V. Now we have already 
discussed (see Conics, Art. 270, &c.) the equation UW = V*, when 
U, V, W represent right lines, and the results hold good with 
the proper alterations when they represent conics. It is merely 
necessary to remember, that two conics represented by equations 
of the form 71U+yV+vW=0, instead of intersecting in a 
single point, intersect in four points; and that if we are given 
one point on a conic whose equation is to be of this form, 
three other points are necessarily given; for if we have 
AU' + nV’ -yW' 2-0, the conic AU+ypV+vW=0 will, it is 
clear, pass through the four points determined by the equations 


το E τας It follows then from the discussion in the 


Conics just cited, that the quartic UW — V* may be considered 
as the envelope of the variable conic \°U+2\V+ W=0 
where λ, is variable, and which touches the given quartic in the 
four points determined by XU V=0, AV+ W=0. The two 
sets of four points in which any two of the enveloping conics 
touch the quartic lie on another conic, as appears by writing 
the given equation in the form 

(WU + 2XV + W) (WU 4+ 2uV+ W) {λμζ᾽1- (A+ 9) Vt Wy. 
In like manner, the properties of poles and polars may be 
extended to the curve under consideration. Through any point 
(or, if we please, we may say through any set of four points) 
may be drawn two conics of the system A*U 4 2XV + W, the two 
sets of four points of contact lying on a conic UW’+ WU'-2VV', 
which may be called the polar of the given point or set of 
points, and the symmetry of the equation shows that the polar, 
in this sense of the word, of any point on the latter conic 
will pass through the given point. Conversely, any conic 
aU+bV+cW meets the quartic in two sets of four points, 
through each of which sets a quadruply tangent conic may be 
drawn, the two intersecting in a set of points which constitute 
in this sense the pole of aU+ LV 4 cll. 
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252. It is useful now to recall the properties established 
(Conics, Art. 388, &c.) for a system of conics included in the 
equation aU+ 8V+yW=0. In the first place, if this equation 
represents a pair of right lines, their intersection lies on a 
fixed cubic, the Jacobian of U, V, W; a curve which may 
also be defined as the locus of a point, whose polars with 
respect to all conics of the system aU+8V+yW meet in 
a point. If we consider two conics included in this system, 
the equation of any conic through their intersections must 
be of similar form; and hence, the intersection of each of 
the three pairs of lines joining the four intersections of 
the two conics must lie on the Jacobian. If the two conics 
touch, two of these three intersections coincide with the 
point of contact; and, therefore, if two conics of the system 
aU+8V+W touch each other, the point of contact lies on 
the Jacobian. 

Secondly, the system a U-- 8V 4- y W may be regarded as 
a system of polar conics of the variable point ay with regard 
to a certain fixed cubic, which has for its Hessian the Jacobian 
of the system, and the equation of which can be formed when 
those of the three conics are given. 

Thirdly, if aU -- 8V -- y W represents a pair of right lines, 
all such right lines touch a curve of the third class, the Cayleyan 
of the cubic last mentioned. 


253. Hence then, in particular, since any enveloping 
conic A^U 4-2XV 4- W, and the conic through the four points 
of contact are each included in the form aU+8V+ yW, 
if we draw the three pairs of lines connecting the points of 
contact of any conic enveloping UW — V*, the intersections 
of each pair lie on a certain fixed cubic, viz. the Jacobian; 
and the lines themselves are all touched by a fixed curve of 
the third class, viz. the Cayleyan. 

Again, if the two conics XU 4- V, XV -- W touch each other, 
then the conic A^ U--2XV + W, instead of touching the quartic 
in four distinct points, has ordinary contact with it twice and 
meets it.once in four consecutive points. And from what we 
have just seen, this point of contact of higher order lies on the 
Jacobian. We infer then, that twelve conics of the system 

GG 
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A U+2AV+ W have this higher contact with the quartic, 
namely, the twelve passing each through one of the intersections 
of the Jacobian with the quartic. 


254. Six conics of the system \7U+2XV+ W reduce to a 
pair of right lines; for the discriminant of this form being a 
function of the third degree in its coefficients will be one of 
the sixth degree in X, and therefore six values of X can be found 
for which it vanishes. When an enveloping conic reduces to 
a pair of right lines, the four points of. contact lie two on each 
line, and each line is therefore a double tangent to the quartic. 
It appears from Art. 249, that if ab, cd be any two of these 
six pairs of bitangents, the equation of the quartic may be 
transformed to abcd = V*, the eight points of contact lying on a 
conic V. Thus we see that the form A'U +2A V+ W includes 
six pairs of the bitangents of the quartic, these twelve bitangents 
all touching a curve of the third class, viz. the Cayleyan of 
the system, and the intersections of each pair lying on the 
Jacobian. So again, if the points of contact of any of these 
pairs of bitangents be joined directly or transversely, the joining 
lines also touch the Cayleyan, and the intersection of each pair 
lies on the Jacobian. This may be stated in a slightly 
different form by considering the cubic S, of which U, V, W 
are polar conics. ‘Then if the equation of a quartic is a function 
of the second degree in U, V, W, since the vanishing of such a 
function expresses the condition that the line cU+yV+2W=0 
should touch a fixed conic, it is easy to see that the quartic 
may be defined as the locus of a point whose polar with 
respect to S touches a fixed conic, or, in other words, the locus 
of the poles with respect to S of the tangents of that fixed 
conic; or, it will come to the same thing if it be defined 
as the envelope of the polar conics of the points of that conic. 
The double tangents of the quartic correspond to the points 
where the conic meets the Hessian of ὅ. 


255. Let us now consider any two of the bitangents of a 
quartic, which we take for the lines z, y; then if we make 
2-0, the equation of the quartic is to reduce to a perfect 
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square, say (2° + ayz + by"), and if we make y — 0, the equation 
is to reduce to, say (z'-Fexz--dx'). Hence, evidently the 
equation of the quartic must be of the form 


gy U= (2° + ayz + by’ + exz + da y; 
that is to say, of the form zy U= V^, which we have just discussed ; 
an equation which may also be written 

zy (U+ 2XV 4 zy) = (zy +A VY. 
There are, as we have seen, beside the value X = 0, corresponding 
to the pair of lines zy, five other values of X for which 
VU+2AV+axy wil represent a pair of lines; and thus in 
five different ways the equation can be reduced to the form 
wayz=V". Hence, through the four points of contact of any 
two bitangents we can describe five conics, each of which passes 
through the four points of contact of two other bitangents. 

A non-singular quartic has 28 bitangents; and there are 
therefore 4 (28.27), or 378 pairs of bitangents; each of these 
pairs gives rise to five different conics, but each conic may arise 
from any one of the six different pairs formed by the four 
bitangents which correspond to that conic, hence there are in 
all & (378) or 315 conics, each of which passes through the points 
of contact of four bitangents of a quartic.* 


256. We have seen that each pair of bitangents combines 
with five other pairs to form a group of six pairs, the points of 
contact of any two of which pairs lie on a conic. It follows 
that the 378 pairs may be distributed into 63 such groups of six. 
The twelve bitangents of each group touch the same curve of 
the third class; and this is touched also by the lines joining 
directly and transversely the points of contact of each pair. 
The intersections of each pair of bitangents, and also those of 
each pair of joining lines, lie on a cubic. Corresponding to each 
group there are twelve conics, each of which touches the quartic 
twice with ordinary contact, and once so as to meet it in four 


* Pliicker first noticed the possibility of bringing the equation of any quartic to 
the form wxyz = V?, but he hastily inferred that the six points of contact of any 
three bitangents lie on a conic, and thence drew an erroneous conclusion as to the 
total number of conics passing through eight points of contact of bitangents (see 
the Theorie der Algebraischen Curven, p. 246). 
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consecutive points, the twelve points of higher contact lying 
on the cubic last mentioned. There being 63 groups, 756 such 
conics may in all be drawn. 


257. We shall show how to form a scheme of the 815 
conics, and for that purpose we denote provisionally the first 
26 bitangents by the letters of the alphabet, adding the symbols 
$ and «^ to denote the other two. We denote by abcd the 
conic passing through the eight points of contact of the 
bitangents a, b, c, d. If now abcd, abef, be two of the 315 
conics, the pairs ab, cd, ef belong to the same group, and from 
what we have seen, cdef will be another of the conics. This 
may also be shown directly as follows. Let the equation of 
the quartic be abcd = V^, or 


ab (cd + 2XV + X'ab) = (V+ Aad)’, 


and we can determine A so that cd+2’V + Ἄ᾽αδ — ef. Solve 
for V from this equation, and substitute in the equation of the 
quartic, when it becomes 


Nab + c'd- + ef* — 2λ᾽αδοά — 2X abef — 2cdef = 0, 
or 4cdef = (cd + ef — Nab’, 


a form which proves the theorem stated. It appears thus, that 
given three pairs of lines which are to be pairs of bitangents 
of the same group of a quartic, the equation of the quartic will 
be of the form ἠγ(αὸ) ἠ-πι γ(οὐ) |-πγ(ε[}--0, so that if 
two points were given in addition, a single quartic could be 
found satisfying the prescribed conditions. Corresponding to 
any group there are 15 conics, passing respectively through 
the points of contact of each two of the six pairs of which 
the group consists. ‘There would thus seem to be 63 x 15 = 945 
conics; but then every conic abcd is counted three times over, 
as belonging to the three groups αὖ, cd, &c., ac, bd, &c., 
ad, bc, &c.; the total number is therefore 315 as before. 


258. Consider any conic abcd, then the group a5, cd, &c., 
and the group ac, bd, &c., can have no other bitangent common, 
the quartic being supposed to be non-singular. For example, 
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if abef be a conic of the first group, aceg cannot be a conic of 
the second. For (Art. 257) the equation of the conic through 
the points of contact of a, b, c, d may be written in the form 


rab 4 È (ed - ef) =0, 
and if aceg be another conic, this must be identical with the form 
pac 4- Ζ (bd — eg) — 0. 


From this identity we at once infer 


(X5 — po) [-- 5; 4) = πο): 
It follows that e, being identical with one of the factors into 
which the left-hand side breaks up, passes through the inter- 
section either of b and c or of a and d. But in either case the 
point through which e is thus proved to pass will be a double 
point on 


ἀλλαδοά = (Mab + cd — ef y, 


and therefore the quartic could not be non-singular. 
In precisely the same way we see that if abef, acmn be two 
conics, there is an identity 


1 1 1 


and hence the diagonals of the quadrilateral efmn pass one 
through ad, the other through 5c; or, in other words, the inter- 
sections of each pair of bitangents lie, according to a certain 
rule, three by three on right lines. When once a scheme of 
the 315 conics has been made, there is no difficulty in discri- 
minating which diagonal passes through ad and which through 
bc. For example, if it appears that aemu, afnv, aduv are conics 
of the system, we infer in like manner that the diagonals of 
the quadrilateral emfn pass through ad and uv; and thence we 
infer that ad lies on the line joining en, fm. Thus then consider 
any conic abcd, this belongs to the three groups ab, cd, &c., 
ac, bd, &c., and ad, bc, &c., and it appears now that each of 
the sixteen quadrilaterals formed by combining one of the four 
other pairs belonging to the group ac, bd with a pair from 
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the group ad, bc, will have a diagonal passing through ab. 
Now the pair ab belongs to five different conics, and therefore 
there are eighty quadrilaterals having a diagonal passing 
through ab. But it will be found, as we have intimated, that 
these quadrilaterals may be distributed into pairs having a 
common diagonal; hence, through each of the 378 points ab 
can be drawn 40 lines, each passing through two others of 
these points, and there are in all 5040 such lines. 


259. We are now in a position to form a scheme of the 
315 tangents, in which nothing but the notation shall be 
arbitrary. Commence by writing down the group ab, cd, ef, gh, 
Ὁ, kl; then since the groups ac, bd; ad, bc can have no 
bitangent common with the preceding nor with each other, 
these groups may be written, ac, bd, mn, op, qr, st; ad, bc, uv, 
wax, yz, py. Proceed now to write down the group ae, bf; 
this must include no bitangent from the group ab; but in each 
term one of the bitangents from the group ac will be combined 
with one from the group ad. Now since it was free to us 
to write down the pairs of each group in any order we pleased, 
itis a mere matter of notation, and does not introduce any 
geometrical condition, if we take this group to be ae, bf, mu, 
ow, gy, sp. In like manner, it is a mere matter of notation to 
suppose that the bitangents have been so lettered, that ag and 
mz, at and mz, ak and my shall respectively belong to the 
same group. ‘This being assumed, it will be found that the 
group af, be is necessarily nv, pz, rz, ty, and we can thus 
proceed, step by step, to write out the whole system. A table 
of the 315 conics was accordingly given in the first edition, 
but I do not occupy space with it now, because an algorithm 
has been given by Hesse (Crelle, 1855, XLIX, 243), and more 
minutely discussed by Professor Cayley (Crelle, 1868, LXVIII, 
176), which exhibits in an easily recognizable form the mutual 
relations of the 28 tangents. Hesse’s method introduces 
considerations from the geometry of three dimensions. He 
equates to zero the discriminant of aU+@V+yW where 
U, V, W denote quadric surfaces. This discriminant being a 
function of the fourth degree in a, 8, y, if these quantities 
be regarded as variables, the equation denotes a plane quartic. 
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But for any value of a, 8, γ for which the discriminant vanishes, 
aU+ BV+yW denotes a cone, so that to every point on the 
plane quartic corresponds a point in space, namely, the vertex 
of this cone; and Hesse’s method connects the double tangents 
of the plane quartic with the lines connecting each pair of 8 
points in space which are the intersections of three quadric 
surfaces. We make no use here of any principles of solid 
geometry, but merely borrow the notation which  Hesse's 
method suggests.* 


260. Take then eight symbols 1, 2, 3, 4, 5,6, 7, 8. Their 
combination in pairs gives us 28 symbols 12, 13...78, which 
we use to denote the 28 bitangents. ‘This notation, the symbols 
being properly applied to the 28 bitangents, enables us correctly 
to represent their geometrical relations, though it fails com- 
pletely to exhibit the symmetry of the system. In fact, the 
notation might suggest that the bitangent 12 was related in a 
different manner to the bitangents 13, 14, &c., and to the 
bitangents 34, 56, &c., whereas actually there is no geometric 
difference between the relations of any pair of bitangents. 
So again we suppose the symbols so applied, that 12, 34, 56, 78 
shall denote bitangents whose 8 points of contact lie on a 
conic. The same property will then belong to every tetrad 
of bitangents represented by a like set of duads; that is, 
by any four duads containing all the eight symbols. But 
if we count, we shall find that we can only make 105 arrange- 
ments of the 8 symbols into sets, such as 12, 34, 56, 78. 
The remaining 210 conics correspond to four bitangents, 
whose symbols are such as 12, 23, 34, 41; that is to say, 
the duads are formed cyclically from any arrangement of 
four of the eight symbols, and it will be found that we 


* Another mode of connecting the theory of 28 bitangents with Solid Geometry 
is used by Geiser, Mathematische Annalen 1. 129, as follows: From any point on a 
cubic surface can be drawn a quartic cone touching the surface. This will be non- 
singular, its bitangent planes being the tangent plane to the cubic at the vertex, and 
the planes joining the vertex to the 27 lines on the surface. Zeuthen shows that his 
classification of quartics with regard to the reality of their bitangents leads by a 
different process to the results obtained by Schläfli in classifying cubic surfaces with 
respect to the reality of their right lines, 
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can have 210 such tetrads. Thus then the group belonging 
to the pair 12, 34, consists of 56, 78; 57, 68; 58, 67; 18,24; 
14, 23; and the group belonging to a pair such as 12, 13, is 
24, 34; 25, 35; 26, 36; 27, 37; 28, 38. Thus the notation 
shows completely how the bitangents are to be combined 
in groups. It suggests, however, that the 105 conics of the 
form 12, 34, 56, 78 differ in their properties from the 210 
of the form 12, 23, 34, 41. This is not the case, the whole 
315 tetrads forming an indissoluble system. 


261. Professor Cayley remarks that Hesse’s researches 
establish the following general rule: A bifid substitution 
makes no alteration in the geometrical relations of the bitangents 
denoted by any set of symbols. What is meant by a bifid 
substitution is, that writing down such a symbol of substitution 
as 1234:5678, we interchange everywhere the duads 12, 34; 13, 
24; 14, 28; and again, 56, 78; 57, 68; 58, 67; but leave 
unchanged such duads as 15, 36, where one of the first set 
of symbols is combined with one of the second. The number 
of possible bifid substitutions is 35, or, if we add unity (viz. 
no alteration of any duad) the number is 36. 

For example, now if we apply the bifid substitution 
1234:5678 to the pair 12, 34, we get the same pair in opposite 
order; if we apply it to 12, 18, we get 34, 24, a pair of 
the same type as 12, 13; if we apply it to 12, 15, we 
get 34, 15, a pair of apparently a different type, but not 
different in geometrical relations. Thus, then, if we apply 
the same bifid substitution as before to the tetrad 15, 67, 
28, 34, which is one of the set of 105 already referred to, 
we get 15, 58, 82, 21, which is one of the set of 210, 
and which, according to the rule, possesses the same geometrical 
properties. 


262. Professor Cayley has exhibited in the following table 
the geometrical relations of the bitangents, taken singly in 
twos, threes, or fours, and the number of terms belonging to 
each type of arrangement of the symbols. 
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Representattive 
term. No. of terms. Geometrical character. 

| [13 28 28 | Bitangents. 

V | 121 : 

mee S ol 378 | Pairs of bitangents. 
U |12.23.34 420) 1960 Triads of bitangents such that 
I| | 12.34.56 E 6 points of contact are on conic. 
A | 12.93.31 56 | 

VI | 12.23.45 16801 901 Triads such that 6 points of con- 
V | 12.13.14 pent Gore contact are not on conic. 

I] | 12.34.56.78 | 105 915 | Letradsof bitangentssuch that the 
Π | 12.23.34.41 aio! 8 points of contact are on conic. 
IIV | 12.34.56.67 | 2520 | 

12.34.45.56 [19040 | 

E 1 τ 5 2 Fa SET Tetrads such that 6 out of the 
N δια ae 8 points of contact are on conic. 
ΝΑ. | 12.13.14.45 | 3360 

[A | 12.34.45.53 | 960 l 

V^ | 12.13.14.15 | 280 ET Tetrads such that no 6 points of 
IV | 12.34.35.36 1680 contact are on conic. 

VV | 12.13.45.46 | 2520 | 20475 


In the above, for greater clearness, a geometrical symbol 
has been attached to each term, viz. the symbols 1, 2, 3, 4, 
5, 6, 7, 8 being regarded as points, when any two of these 
are combined into a duad, this is indicated by a line being 
drawn to join the two points; thus A is the symbol of the term 
12.23.31. This is very convenient; we can for instance, by 
mere inspection, see that the symbol of any partial set in the 
set of 15120 terms, contains as part of itself one of the 
symbols ||, ||, viz. that there are among the 8 bitangents 
six such that their points of contact lie in à conic; whereas, 
contrariwise in the symbols of the partial sets belonging to the 
set of 5040, no one of these symbols contains as part of itself 
either of the symbols |||, U. 


HH 


234 THE BITANGENTS. 


To the foregoing may be joined the following two groups 
of hexads of bitangents: | 
Representative term No. of terms 
AA | 12.23.31.45.56.64 280 
Ψν | | 12.34.35.36.37.38 us 
V Y |12.13.14.56.57.58 550 


A | 12.23.31.14.45.51 140 
<> | 12.23.34.45.56.61 ο] 5040 
VV I | 19 3435 36 67.68 2520 


These 1008 and 5040 hexads have been studied by Hesse 
and Steiner as bitangents whose twelve points of contact lie 
on a proper cubic, the former set having no six contacts 
on a conic, but the twelve points of contact in the latter 
case being divisible into two sets of six lying each on a 
conic. It may be added, that the six tangents of each of 
the 1008 hexads all touch the same conic, as will appear 
from Aronhold’s investigations, which will be presently given. 
The six tangents of each of the 5040 hexads may be dis- 
tributed into three pairs, whose points of intersection lie on 
a right line (see Art. 258). 


263. We conclude this discussion of the bitangents with 
an account of the method by which Aronhold has shewn 
(see Berlin Manatsberichte, 1864, p. 499), that when seven 
arbitrary lines are given, a quartic can be found having these 
lines as bitangents, and of which the other bitangents can be 
found by linear constructions. The method depends on pro- 
perties of a system of curves of the third class having seven 
common tangents, but it seems convenient to state them first 
in the reciprocal form with which the reader is more familiar, 
viz. as properties of a system of cubics passing through seven 
given points. (1) Consider any one cubic of the system, then 
if the eighth and ninth points in which it is intersected by any 
other cubic of the system be joined, the joining line passes 
through a fixed point on the assumed cubic, viz. the coresidual 
of the seven given points (Art. 160). (2) Through any assumed 
point 8 can be described one and but one cubic on which 
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this point shall be the coresidual of the seven given points. 
For all cubics of the system through the point 8 pass through 
another fixed point 9, and, by definition, the coresidual is the 
point where the line joining these points meets the curve again. 
If, therefore, the coresidual is to coincide with the point 8, 
the cubic must be that one which is determined by having the 
line 89 as its tangent at the point 8. (3) Four cubics of the 
system can be described to touch a given cubic of the system, 
the points of contact being obviously the points of contact of 
tangents drawn to the given cubic from the coresidual point 
on it. (4) If the points 8, 9 coincide, that is to say, if cubics 
of the system touch, the envelope of the common tangent 89 
is a curve of the fourth class. For consider how many such 
lines can pass through any assumed point P. Suppose a cubic 
described through P, and through the points 8, 9, then, by 
definition, P is the coresidual point on that cubic, and by (2) 
this cubic having P for the coresidual is a determinate known 
cubic. We see then, from (3), that the envelope in question 
is of the fourth class, the four tangents from any point P being 
constructed by finding the cubic which has P for its coresidual, 
and drawing the four tangents from Pto that cubic. (5) The 
point P will be a point on the envelope curve, if two of the 
tangents drawn from it coincide; but from the construction 
just given, it appears that this can only happen when the 
curve having P for its coresidual has a node; for in this case 
two tangents coincide with the line joining P to the node. 
Hence the envelope we are considering may also be defined as 
the locus of the coresidual of the given system of points on all 
the nodal cubics of the system. (6) If the cubic through the 
seven points break up into a conic through five of them, and a 
line joining the other two, it has two nodes, namely, the inter- 
section of the line and conic. Any other cubic of the system 
meets this complex cubic in two other points, one on the line, 
one on the conic, and the coresidual is the point P where the 
lne joining these two meets the conic again. In this case, 
then, Pis a double point, the two tangents at it being the lines 
joining it to the intersections of line and conic. Now seven 
points can be divided in 21 different ways into a system of 
two and of five. The curve we are considering has, therefore, 
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21 double points, one on each of the 21 conics determined 
by any five of the given points. (7) In addition, the seven 
given points themselves are double points on the same curve. 
For a cubic can be described through six of the given points 
and having the remaining point for a double point, and it is 
easy to see that the double point is the coresidual for that 
cubic. The four tangents from it to the cubic reduce to two 
pairs of coincident tangents, namely, the tangents to the cubic 
at the double point. The envelope curve, therefore, has 28 
double points, 7 of them being the seven given points, and 
the pair of tangents at each of these seven points being the 
same as those of the cubic of the system having that point 
for a double point. 


264. Reciprocally, then, if we have a system of curves of 
the third class touching seven given lines, and consider any 
one curve of the system, the eighth and ninth tangents common 
to it with any other curve of the system, intersect on a fixed 
tangent of the selected curve, which may be called the core- 
sidual, for that curve, of the seven given tangents. (2) Cor- 
responding to any arbitrary line, there is a curve of the system 
having that line as the coresidual for it of the given tangents. 
(3) Any fixed curve of the system is touched by four others, 
the points of contact being the points where the coresidual 
tangent again meets the curve, which, being a general curve 
of the third class, is of the sixth degree. (4) The locus of 
points where two curves of the system touch is a curve of 
the fourth degree, the points where any line meets that locus 
being the four points where it meets the curve for which it is 
a coresidual tangent. (5) If the curve of the third class have 
a bitangent, the coresidual for that curve touches the locus, 
the point of contact being the intersection of the coresidual with 
the bitangent. (6) If the curve consists of a conic touching 
five of the given tangents together with a point, the intersec- 
tion of the other two tangents; the coresidual for that system 
will then be a bitangent to the locus. ‘There will be 21 such 
bitangents. (7) In addition, the seven given lines themselves 
are bitangents, the points of contact being the same as those 
in which any of them is touched by the curve of the third 
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class having that line for a bitangent and the six other given 
lines as ordinary tangents.* 


265. We can now, as has been stated, from the seven 
given bitangents find the rest by linear constructions. We 
have in fact to construct the coresidual tangents for the several 
systems 12345, 67, &c., where 12345 denotes the conic touching the 
first 5 lines, and 67 is the point of intersection of the other two. 
Now the two systems 12345, 67 and 12346, 57 have obviously 
seven common tangents, and the remaining common tangents 
are the tangents to 12345 from the point 57, and to 12346 from 
67. But Brianchon’s theorem enables us, when one point on a 
tangent to a conic is given, to find by linear constructions 
the remaining tangent. These two tangents, then, having 
been constructed, and their intersection found, the remaining 
tangents drawn from it to each of the two conics in ques- 
tion will be the two required coresiduals, and therefore two 
of the bitangents. Or otherwise, if we consider the three 
systems 12345, 67; 12346, 57; 12347, 56, and determine 
in the manner just described the remaining eighth and ninth 
tangent common to each pair of systems, the three intersec- 
tions of these pairs of tangents will, when joined, give three 
of the required bitangents. The bitangent which is the core- 
sidual for the system 12315, 67 may be called the bitangent 
(67); and thus the twenty-one bitangents may be denoted by 
combinations of the symbols 1, 2, 3, 4, 5, 6, 7. In addition we 
have the seven given lines; and if introducing for symmetry 
a new symbol 8, we denote these (18), (28), (38), (48), (58), (68), 
(18), We are led by Aronhold's method to an algorithm identical 
with that of Hesse. 


266. The intersection of the eighth and ninth tangents 
common to any two curves of the system is a point through 


* The point of contact of each of the seven given lines with the locus being thus 
given, we have fourteen points on the quartic, which is thus completely determined, 
and there is but one quartic satisfying the prescribed conditions. There may, however, 
be several quartics having the seven given lines as bitangents; but the one deter- 
mined by Aronhold's method has them as unrelated bitangents, viz, such that no 
three of them belong to the same group. 
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which passes the coresidual tangent for each of these curves. 
Consider, then, the complex cubic systems 12, 34567 ; 34, 12567, 
and one of the common tangents is the line joining the points 
12, 34; that is to say, in the algorithm just referred to, the line 
joining the intersections of the lines (18), (28) ; (38), (48) ; and 
we now see that this line passes through the intersection of the 
coresiduals of the two systems under consideration, that is to say, 
through the point (12), (34). In this way we get the theorem 
already proved (Art. 258), that the intersections of the lines 
(18), (28); (38), (48); (12), (34), are in a right line; and 
Art. 262 shows that by an ordinary or bifid substitution we 
can find 5040 lines possessing the same property. 


267. We conclude with Aronhold's algebraic investigation 
of the equation of the quartic generated according to his method. 
Let us use tangential coordinates a, 8, y; and let u, v, w be 
any linear functions of them, aa + b + cy, &c., then the equations 


Bv — yu 20, yw- au 20, au — 8v —0, 
denote three conics having four tangents common, and of which 
each touches one of the sides of the triangle of reference. And 


a (Bv — γιο) =0, β (γω —au) 20, y (au — 8v) 20, 
denote three curves of the third class having seven common 
tangents, viz. the four common to the two conics, and the sides 


of the triangle of reference. Any other cubic having the same 
7 common tangents will be of the form 
wa (v — γιο) 4- vB (qw — au) + wy (au — Bv) — 0, 

where w, v, w are arbitrary constants, which are supposed 
to be of the form aa’ + ὑβ’ + cy’, &c., where a’, β΄) y are the 
coordinates of an arbitrary line. Writing the above equation 
in the form 

u, w, By 

v, v, ya |=0, 

w, w, aß 
it is evidently satisfied by the coordinates a'8’y’, which therefore 
are those of a tangent to this curve. And further, this tangent 
is the coresidual for that curve ; for we shall find the other two 
tangents through any point in that line, by substituting in the 
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above Aa^4- μα” for a, &c. The equation then is divisible by p, 
and after division becomes 


Wu, u", ’ y u', u", , y" 1-69 , U', u”, p"y n 
4 d 
AIV, yn of TÀ v, ya "γα |-- μυ. ο. =0, 
Pa αβ' ου, ap rag w, w”, a” 


and the symmetry of the equation shows that the pairs of 
tangents are the un which can be drawn from the intersection 


of the lines «S'y, α By” to the curves 
u, w, By u, u”, By 
v, v, ya |20, |v, v^, ya |=0. 
w, w, αβ w, w”, aß 


Thus then the tangents αβΎ, a’B”y” being respectively 
the third tangents drawn to each curve from the intersection 
of the eighth and ninth tangents common to both, are, by 
definition, the coresidual tangents. The two curves will 
touch provided that the quadratic equation in A, μ, has 
equal roots; or if we write the coefficients of that quad- 
ταῖς P, Q, E, provided we have Q'—4PHR. If we denote by 


Hg oD? 74 ”. 


X, Y, Z the minor determinants vw" —v"w', ww'—w"w, 


Lu Hg 


uv’ —w'v, we have 


P= By κ. y'a Y+ a’ BZ, 
Q= ( βΎ ” + By X ty a" te y 4 Y + ( α΄ p" 4 a" B Z, 
R= Poy " κ. y" a" Y a" B" Z. 


Now for y" — "y, y'a" —y"a,a s — a" — a" P’ we may write 
2, y, 2, these being the point-coordinates of the point of inter- 
section of the two lines α΄βγ a” p”y”. ‘The equation Q* 2 4PR 
is then equivalent to 


LX’ Ly Y? 422 —2yz2YZ—22xZX — 2ayX Y =0, 
or γ(αΧ) + (y Y) 4 (eZ) =0 


It will be remembered that X stands for vw" — v"^w', and if we 
put for these their values 


v —oa «UV p 4 ey, w =a" 4 2’Α’ 4 ση’, 
it 


v" — ala" 4 V p" + cy", w” =a" a" + b" 8” +e y", 
we have X= (b'c ” — bc) a+ (σα , —c"a’)y+(a m” — ab’) z. 
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Similarly Y=(b’c— be") w+ (ο΄α-- ca") y + (ab — ab”) z, 
Z=(be —Uc)z-- (cd —ca)y- (ab —ab)s. 
Thus X, Y, Z represent known lines. They are in fact the 
sides of the triangle whose vertices are represented by u, v, w. 
It will be observed that the coefficients in .X, Y, Z are the 
constituents of the determinant reciprocal to that formed by 
the coefficients of u, v, w; so that if X, Y, Z had been originally 
given, vu, v, w would be found by similar formule. 


268. The same investigation would hold if the equations 
of the three conics had been lau=mBv=nyw. The values 
of X, Y, Z would remain as before, but we should have 

| P — mnf9'e X + πίγα Y + ἴπια 8' Z, &c., 
and the equation would be 
Ν' (mnz X) +A (nly Y) + V (ImzZ) — 0. 

This is the most general equation of a quartic having three 
given pairs of lines x, X, &c., as pairs of bitangents of the same 
group. If we were given a seventh bitangent, then ᾖ m, n 
would be completely determined by the equations supposed 
to be satisfied by the coordinates of that bitangent, viz., 
la'u — mf'v' =ny'w’, whence mn, nl, lm are respectively pro- 
portional to «w, B'v', yw. Thus, then, if we are required 
to describe a quartic having seven given lines as bitangents, 
besides the one quartic determined (Art. 265) on the supposition 
that no two of the tangents belong to the same group, we 
can describe (7 x 15 =) 105 others according to the method of 
this article, by leaving out any one of the seven and dividing 
the six remaining into three pairs, which can be done in fifteen 
different ways. 


BINODAL AND BICIRCULAR QUARTICS. 


269. Except in connection with the bitangents, the theory 
of non-singular quartics has been little studied, and what else 
we have to state on this subject will be given in the concluding 
section of this chapter, that on the Invariants and Covariants. 
In order to complete the theory of the bitangents, we ought 
to consider the modifications which that theory receives when 
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the curve has one or more double points. The case, however, 
where the quartic has but one node has received no attention, 
and will not be here discussed. Quartics with two nodes, in 
the case where these are the circular points at infinity, have 
been extensively studied under the name of bicircular quartics,* 
and some of the principal results obtained will be here given. 
. All the projective properties obtained for bicircular quartics may 
of course be stated and proved as properties of binodal quartics, 
but we shall find it convenient to give several of them in their 
original form, as the reader will have no difficulty in making 
the proper generalization. Quartics having the two circular 
points as cusps have also been much studied under the name of 
Cartesians,] the properties of which may similarly be gene- 
ralized and stated as properties of bicuspidal quartics. If a 
quartic have one of the circular points as a cusp and the other 
as à node, it cannot be real; consequently this case has been 
little studied, and therefore we have little to state as to the 
properties of quartics having one node and one cusp. 


270. From each of the two nodes of a binodal quartic may 
be drawn four tangents to the curve (Art. 79), and we shall 
now prove that the anharmonic ratios of these two pencils are 
equal. The general equation of a quartic having for nodes 
the intersections of the line z with the lines x and y is 


ay 2xyz (læ - my) + 2° (ax byt c2°+ 2fyz + 2922 + 2 hay) — 0. 

The pairs of tangents at the nodes are given by the equations 
z^ + 2mxz+ bz! — 0, y^ + 2lyz + az — 0, 

and we lose nothing in generality by supposing / and m to be 

both 20, which is equivalent to assuming that for the lines x 

and y have been taken the harmonic conjugate, with respect to 


the pair of tangents at each node, of the line z which joins the 
nodes. Arranging now the equation of the quartic 


y? (a + bz") + 2412) ( fe + hz) + 2? (az? + 292 + cz") =0, 


* See, in particular, Dr. Casey’s paper, Transactions of the Royal Irish Academy, 
vol. XXIV. p. 457, 1869. 

T See Chasles’ Aperçu Historique, p. 350; Quetelet, Nouveaux Mémoires de 
Bruxelles, tom, V.; Cayley, Liouville, vol. Xv. p. 304. 


11 
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we see immediately that the four tangents from the node zz are 
given by the equation 


(x? + δα") (az + 2922 + ο”) = 2" (fe + Λα)” 
or az*-- 2ga?z +(c+ab— k) 4 2 (bg — hf) ex + (be -/^)2 --0. 
'The invariants of this quartic are 
I= abc — af? — bg’ + fgh + τὶς (c+ ab — y, 
6J = (abc — af* — bg* — $ fgh) (c + ab — K’) — 8h (af? + bg’) 
+ 3abfgh + ἃ Ρο" — τὶς (c αὖ — 12)". 
Now these values are symmetrical between a and b, f and g, and 
we see therefore that they are the same as the invariants of the 


quartic which corresponds to the pencil of tangents from the 
node yz, and that therefore the two pencils are homographic. 


271. It follows at once, as in Art. 168, that a conic can be 
drawn passing through the two nodes, and through the four 
points where each of the tangents from one node meets the 
corresponding tangent from the other; and further, since there 
are four orders in which the legs of the second pencil can be 
taken without altering the anharmonic ratio, that the sixteen 
points of intersection of the first set of tangents with the second 
lie on four conics, each passing through the two nodes. When 
the quartic is bicircular, that is to say, when the two nodes 
are the circular points at infinity, the theorem becomes that the 
sixteen foci of a bicircular quartic lie on four circles, four on each 
circle.* It is to be noted that any one of the conics through 
the two nodes may degenerate into a right line together with 
the line joining the nodes, so that four of the foci of a bicir- 
cular quartic may lie on a right line. 


272. We have already stated that the equation of any 
quartic may, in an infinity of ways, be thrown into the form 
aU*+bV*+cW*+2fVW + 2gWU+ 2hUV=0, 


where U, V, W represent three conics. If the quartic is non- 
singular, the three conics cannot have a common point, since it 





* In point of fact, this theorem, which is due to Dr. Hart, was first obtained, and 
the theorem of Art. 270 thence inferred. The proof given in Art. 270 is in substance 
the same as Professor Cayley’s, See his Memoir on Polyzomal Curves, Edinburgh 
Trans., 1869. 
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is obvious that any point common to U, V, W must be a double 
point on the quartic whose equation we have written. In the 
case of binodal quartics, U, V, W may be taken as three conics 
passing each through the two nodes, and when these nodes are 
the circular points at infinity, U, V, W are three circles. We 
lose nothing in generality by confining our attention to the 
equation UW — V°, to which, as in the theory of conics, the 
preceding equation may in a variety of ways be reduced. It 
may, for instance, be written 
(aU-- gW 4- AVy = (f — ab) V* +2 (gh — af) VW + (g^ -- ac) W”, 
where the right-hand side of the equation breaks up into factors. 
Bicircular, therefore, and binodal quartics may be discussed 
by considering the form UW — V*, and by regarding the quartic 
as the envelope of A*U--2XV--W —0, where U, V, W are in 
the former case circles, and in the latter case conics passing 
through the two nodes; and it is only necessary to examine 
how this limitation modifies the results already obtained, 
Arts. 251, &c. 


273. When three conics have two points common, their 
Jacobian breaks up into the line joining them, together with a 
conic passing through the two points; and when the three 
conics are circles, the Jacobian conic is the circle which cuts 
them at right angles (Conics, Art. 388, Ex. 3). The Jacobian 
being a determinant, the Jacobian of three conics whose equations 
are of the form aU 4- BV -- yW — 0 is the same as that of U, V, 
W; and when U, V, W are circles, all circles included in this 
form have a common orthogonal circle. 

If U, V, W are circles, the coordinates of whose centres 
are 27, X7, «δω the coordinates of the centre of 
A"U-4 2λ.Ρ}- W will be proportional to 

Ng, T 2λα, T Ly Ny, t ary, + Jo X2, t 2X2, t gs) 
and the locus of the centre, as X varies, is evidently a conic. 
Hence the quartic UW = V^ may be regarded as the envelope 
of a circle whose centre moves on a fixed conic* F, and which 





* Dr. Casey has shown that the foci of this fixed conic are the same as the double 
foci of the quartic. In fact, if a tangent from a point J meets the conic F in two 
consecutive points P, P’, the line JP will be a common normal to the two circles whose 
centres are P, P’, and which pass through J, If then J be one of the circular points at 
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cuts a fixed circle J orthogonally. And in the more general 
case of the binodal quartic, where U, V, W are conics through 
the fixed points, UW — V? is the envelope of the variable conic 
WU+2XV+ W, passing through the fixed points; all the 
variable conics having a common Jacobian conic, and the pole, 
with regard to any, of the line Joining the fixed points moving 
on a fixed conic F. 


274. The nature of the quartic will be modified if any 
special relations exist between the conic F' and the Jacobian. 
Thus, if F touch the Jacobian, the point of contact will be an 
additional node on the quartic, and if PF touches the Jacobian 
twice, then each point of contact will be a node; that is, the 
quartic will break up into two conics, each passing through the 
fixed points. So if F pass through one of the fixed points, that 
point instead of being a node of the quartic will be a cusp, and if 
F pass through both of the points both will be cusps, and we 
have a bicuspidal quartic. Thus, in the case of bicircular quartics, 
if the conic Z' which is the locus of centres be a circle, the quartic,- 
having the points at infinity as cusps, will be a Cartesian. 

If the conic F touch the line joining the points, that line 
becomes part of the quartic. Thus, in the case of bicircular 
quartics, if the conic F be a parabola, the quartic will degenerate 
into a circular cubic, together with the line at infinity. 

If the centres of U, V, W he on a right line, the Jacobian 
reduces to the line joining the centres. 


275. Let us now return to the equation UW — V”. We 
have seen that there are in general six values of A, for which 
A^U--2XV--W breaks up into factors, and that the right lines 
represented by the several factors are bitangents to the quartic 
UW=V*. Now when U, V, W all pass through fixed points, 
A U+2AV+W, which denotes a curve passing through the 
same points, must, if it denote right lines, denote two lines 
passing one through each of the points, or else the line joining the 
points together with another line. In the former case the two 


infinity, it follows that the tangents from J to F are normals, and therefore tangents 
to the quartic at 7. The same argument holds, whatever be the curve F, or whatever 
the law according to which the circles are described. Thus, the single foci of any 
curve are double foci of any parallel curve, 
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lines are not proper bitangents to the quartic UW = V?, but 
ordinary tangents passing through a node (any line passing 
through a node being improperly a tangent) ; in the latter case 
one of the two lines is a proper bitangent, the other is the line 
joining the nodes. Of the six values of A, only two correspond 
to the case of proper bitangents; for if L be the chord common 
to U, V, W, then V and W will be of the forms respectively 
aU4 LM, bU LN; and X'U42XV-- W will have L for a 
factor if X be one of the roots of A*+ 2a +b=0. Thus, in the 
case of bicircular quartics, when U, V, W all represent circles, 
there are evidently two values of X for which the coefficient of 
x+y" vanishes in AU -2XV 4- W=0, and for each of these 
values the equation denotes a right line bitangent to the quartic 
UW-V*. Or we may see the same thing geometrically 
from the construction in Art. 273. If the circle A^U--2XAV --W 
becomes a right line, its centre passes to infinity, and must there- 
fore be the point at infinity on one of the two asymptotes of the 
conic F'; and the two bitangents are therefore the perpendiculars 
let fall from the centre of the Jacobian on these asymptotes. 

In each of the four other cases where the discriminant of 
A'U--2XV-- W=0 vanishes, the equation denotes a pair of 
tangents to the quartic, passing each through one of the circular 
points at infinity, and whose intersection therefore is a focus of 
the quartic; or, what comes to the same thing, A U--2A V+ W is 
an infinitely small circle whose centre is the focus, and which 
has double contact with the quartic. If one of two orthogonal 
circles reduce to a point, that point must lie on the other circle; 
hence if A U--2XV -- W reduce to a point, that point must be 
on the Jacobian circle of U, V, W. We have, therefore, obvi- 
ously four foci, viz. the intersections of this Jacobian circle with 
the conic F, which is the locus of centres of circles included in 
the equation A^ U+2A V+ W —0, and which may, therefore, be 
called a focal conic. 

The four points in which the Jacobian circle meets the quartic 
will be points in which circles of the system A*U--2XV 4- W 
meet the quartic in four consecutive points (Art. 251). 

There are four ways in which the equation of a given 
bicircular quartic can be reduced to the form UW — V*; cor- 
responding to each there are four foci, two bitangents and four 
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cyclic points, or points on the eurve where four consecutive 
points lie on a circle (see Art. 114); the quartic having in all 
16 foci, 8 bitangents, and 16 cyclic points. 


276. If one of the foci of the quartic be taken as origin, 
the equation of the quartic must be of the form (2*+y’)W=V*, 
where V and W represent circles; and the quartic is the 
envelope of α +y” +2AV+a°W=0. Besides the value A = 0, 
there are three other values of A, for which this variable circle 
reduces to a point; and one of these values must be real. We 
can then write the equation 

(αἳ y") (α" ry 4-2XV-XW)2 (c ry rAVYy, 

or, in other words, when we have a focus we can at once bring 
the equation of the quartic to the form AB — V*, where A and 
B are point-circles. — Dicircular quartics may be divided into 
two classes, according as the other two values of X, for which 
A -- 2X V 4- XB reduces to a point-circle, are real or imaginary, 
or, in other words, according as the four real foci do or do not 
lie on a circle. In the former case let C denote one of the two 
point-circles, and, as in Art. 257, eliminate V between the 
equations 4B— V°, 4 --9λΤ--λΕ- C, and we see that 
the equation of the quartic may be written in the form 
LA (A) πο V(B) 4 « /(C) =0, that is to say, that the quartic is 
the locus of a point whose distances from three fixed points 
are connected by the relation lp + mp’ + np" — 0. 

The condition that // (A) 4 m / (B) 4- το ; a shall be touched 


by XA 4 44D 4- vC is (Conics, Art. 130) d ut m=O; and 


when A, B, C are point-circles, and a, n ο τος lengths of 
the πο joining the points, it is easy to verify ο the dis- 
criminant of AA + uB + vC vanishes if © A Zas +—=0. The 
two equations just given determine A, μ, v, and Πες the 
fourth focus. 

We have seen (Conies, Art. 94) that if A, B, C, D be four point- 
circles, we have identically bcd. A + cda. B + dab.C + abc. D — 0, 
where abc is the area of the triangle whose vertices are a, b, c, ee 
Hence, A, w, v are proportional to the areas of the triangles formed 
by the Bund focus and each pair of the other three foci. In the 
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case where the three points a, b, c are in a right line, it can 
easily be proved that the squares of the distances from any point 
of four points on a right line are connected by the equation 
A B C D 
ab.ac.ad * ba. bc.Ud ^ ca.cb.cd ^ da.db.do ~ 
Hence we see that the reciprocals of A, µ, v are proportional 
to ab.ac.ad, ba.bc.bd, ca.cb.cd, and that we have the equation 
l'ab . ac . ad 4- mba. bc . bd -- ea . cb . οἆ — 0. 
If we had lab . ac + m? ba . bc + n'ca. cd — 0, 


the fourth focus would be at infinity, and the curve would be a 
Cartesian. 


0. 


277. When we are given four concyclic foci of a bicircular 
quartic, two such quartics can be described through any point, and 
these cut each other at right angles. If we are given the fourth 
focus, we are given the values of X, p, v, for which AA+pB+vC 
reduces to a point; and evidently two systems of values of 

2 2 2 
l, m, n can be found to satisfy the equations - t ο + Ξ Ξ0, 
lp +mp’ + np" =0, where p, p’, p" or γί 4), /(B), (C) denote 
the distances from the three foci of a point on the curve sup- 
posed to be given. 

Two quartics 


L/(A) +m f(B)+n f(C)=0, UC (A) +m’ J(B)4 v y(0)=0 
will be confocal if 

a (mn” rA γί” ην) + b? (nt? e n^[) + c (m^? -- lm’) = 0, 
as appears immediately on eliminating ^, p, v from the three 
equations 

C m x o m” n” α boc 

πο η "Ed v χη ντο XE +> =0. 

In order next to find the condition that the quartics should 
cut at right angles, we first premise, and the reader can verify 
without difficulty, that if A, B, C be point-circles, and a, b, c have 
the same meaning as before, the condition that AA + uB + vO, 
XA 4- JB 4 ν C should cut each other at right angles is 


a’ (py + μ'ν) +B (νλ +A) + C (λμ΄ Nu) 0. 
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We observe further that, as at Conics, Art. 130, the quartic 
LACA) 9 m (B) +n y (0) will be touched at any point for 
which the values of /(A), /(B), (C) are p, ρ΄, p", by the circle 
l 
245 yB + E C=0. The condition that this circle should cut 
orthogonally the tangent circle to V JA) +m /(B) 4- n' J(C) is 
mn 4- m/n ο τπὶ, ο lm’ ἠ- ἶ ην 
Ga TO tc ux 
p'p pp pp 
But, solving between the two equations 








lp + mp' 4 np" —0, Up 4 mp +n'p”=0, 

we find p, p', p" respectively proportional to mn’ — m'n, πῖ — n'l, 
[η΄ — Um. Substituting in the preceding equation, we find that 
the condition that the quartics should be mutually orthogonal is 
a (mn 12 E m? n”) + 23 (η s s ax πι") + ce (P ^ v lm) = 0, 
the same as the condition already found that the quartics should 
be confocal; and the theorem stated is therefore proved. It 
does not appear to be necessary to the validity of this proof 
that C should be real, and hence the theorem is true that con- 
focal quartics cut at right angles, even though the four real 
foci should not lie in a circle. 


278. The theorem of Art. 277 was originally obtained from 
geometrical considerations by Dr. Hart for the case of the 
circular cubic. If we seek the locus of a point whose dis- 
tances from three fixed points are connected by the relation 
lp + mp’ + np" = 0, the coefficient of (α΄ + y^)" will be found to be 

(+ m+n) (m+n—l) (n+l—m) (Lm — n). 
Consequently, the locus, which is ordinarily a bicircular quartic, 
reduces to a circular cubic if /+m+in=0, and the theorems 
already here proved are true for circular cubics, which have also 
sixteen foci lying in general in four circles. Dr. Hart’s proof, 
which was given at length in the first edition, shews that if 
O, P, Q be the centres of the quadrangle formed by the four foci 
A, D, C, D, the cubic must pass through these points, the tan- 
gents at any of these points O being one of the bisectors of 
the angle made by the intersecting lines AC, BD, and being 
parallel to the real asymptote of the cubic; and that the cubic 
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also passes through E the centre of the focal circle, the tangent 
at being parallel to 
the same asymptote.* 
Since then O, P, Q, E 
are points of contact 
of tangents from the 
same point of the 
curve, the point where 


OP meets QE (or the 





foot of the perpendi- ? 
cular from O on QR) 

is also a point on the PN 

curve (Art. 150), and ME 

similarly the points * ν 


where O@ meets PR, 
and Of, PQ; and it 
can be shewn that the 
tangents at each of 
these points to the 
two cubics which pass 
through them cut at right angles. Thus the seven points common 
to the two cubics having A, B, C, D for their foci, are determined 
by simple constructions, and we may arrive by projection at 
theorems, some of which have been already stated; for instance 
(see Art. 152), if corresponding tangents, taken in any order, 
from two points Z, J mutually intersect in points A, D, C, D, 
the centres of the quadrangle formed by these points will be 
also points on the cubic, having for a common tangential point 
the point where ZJ meets the curve again; and the point of 
contact of the fourth tangent from this point will be the pole of 
LJ with respect to the conic through the points 4, B, C, D, 1, J. 


279. The method by which Dr. Hart proved these theorems 
was by shewing that when the foci are given, the relations 
established Art. 276, combined with the condition l+ n=m, 
suffice to determine ᾖ m, n, and that actually, denoting the 


* Thus the centres of the four focal circles of a circular cubic are the points of 
contact of tangents parallel to the real asymptote, 


κκ 
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distances of O from the four foci by a, b, c, d, the curve must 
either have the property 

(b-- c) px (a — ὁ) p"— x (a-- ο) p, or (c— ὃ) p+ (a+b) p"— x (a4-c) p". 
Each coefficient is given a double sign, because, when the equa- 
tion Jp +mp’+np” —0 is cleared of radicals, it only contains 
the squares of l, m, n. The two equations answer to two dif- 
ferent cubics having the given points as foci; the different signs 
answer to different branches of the same cubic. The upper 
signs belong to a branch extending to infinity; for then the 
equation is satisfied by the values o — p/ =p”, which are true 
for an infinitely distant point. The centre of the focal circle 
obviously lies on this branch. ‘The lower signs belong to an 
oval, the equations then not being satisfied by ρξρ =p”. 
The equations being satisfied by the values a, b, c for p, P’, p^, 
we see that O is a point on the cubic. 


In like manner we have the relations 
14 d d 


(c—d)p (a+d)p”=+ (α--ο)ρ”” or (+d) ps(a— d)p =+ (ac) g^ 
whence, combining the equations, 


Ld d 


ptp' pp". 

ate — bcd? 
or the two cubics make up the locus of the intersection of two 
similar conics whose foci are respectively A and Ο B and D. 
The similar conics which intersect at O have evidently as a 
common tangent one of the bisectors of the angles at O; 
these therefore are, as has been stated, the tangents to the 
two cubics which constitute the locus, and which therefore cut 
at right angles. 








280. Bicuspidal quartics may be considered as a limiting case 
of binodal quartics. In the case where the two cusps are the 
circular points J, J at infinity, the curve is called a Cartesian. 
Des Cartes studied this curve (thence known as the oval of 
Des Cartes), as the locus of a point O, whose distances from 
two fixed points A, B are connected by the relation lp + mp’ = c. 
Chasles shewed, and it can be verified without difficulty, that 
whenever this relation holds good, a third point C can be 
found on the line AS, whose distance from O satisfies a 
relation of the form /ptnp"-c; in other words, that the 
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oval possesses, besides the two foci considered by Des Cartes, a 
third possessing the same property. We use the word Cartesian 
here in a somewhat wider sense. We shall shew that when 
a quartic has the two points Z, J for cusps, it has three foci 
lying on a right line. When these foci are real, the curve 
is the same as that studied by Des Cartes; when two are 
imaginary we still call the curve a Cartesian, though Des Cartes’ 
mode of generation is no longer applicable. 

The equation of the Cartesian may generally be brought 
to the form S' =k L, where S represents a circle and L a right 
line, Æ being a constant (or, what is the same thing, ζ-0 
being the right line at infinity), from which form it is evident 
that the intersections of S and & are cusps, the cuspidal 
tangents meeting in the centre of S, which is therefore the 
triple focus of the Cartesian, while L is evidently a bitangent 
of the curve.* The curve is then obviously the envelope 
of the variable circle A^EL--2XS-rAÀ —0, the centre of 
which obviously moves along a right line perpendicular to 
L; and equating the discriminant to zero, there are easily 
seen to be three values of A, for which the circle reduces 
to a point, and therefore three foci. From the theory already 
given, if A, B, C be any three of the variable circles, 
the equation of the envelope may be written in the form 
L/(A)+m y(B)+n γί ΟἿ-Ξ0 ; and therefore we have the property 
lp + mp’ + np" — 0, where p, p’, p" denote the distances from the 
three foci; or, again, since ᾖ is a circle of the system 
answering to the value X —0, we have lp + mp' — nk. 

A Cartesian may also be generated as the locus of the 
vertex of a triangle, whose base angles move on two fixed 
circles, while the two sides pass through the centres of the 
circles, and the base passes through a fixed point on the line 
joining them. 

If any chord meet a Cartesian in four points, the sum of their 
distances from any focus is constant; for the polar equation, 
the focus being pole, is easily seen to be of the form 


p. —2 (a+b coso) p +e — 0, 


* This equation has been studied by Prof. Cayley under the form 
(x? + y? — a”)? + 164 (x — m) = 0. 
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and if we eliminate w between this and the equation of an 
arbitrary line, we get for p a biquadratic of which — 4a is the 
coefficient of the second term. | 

When, in the preceding c=0, the equation becomes 
p=a+6 cos, and in addition to the two cusps J, J, the curve 
has the origin for a node. It is then called Pascal’s limaçon, 
and may evidently be generated by taking a constant length on 
the radii vectores to a circle from a point on it. If, further, 
a= b, the curve becomes tricuspidal, and is called the cardioide, 
acurve generated by adding or subtracting a portion equal to 
the diameter, on the radii vectores to a circle from a point on it. 
The equation may be written in the form pè = mè cos 4m. 


281. The focal properties we have been discussing may 
be investigated by the method of inversion (Art. 122). It 
is easy to shew, that to a focus of any curve corresponds 
& focus of the inverse curve, and that the origin or centre 
of inversion will be a focus if the points 7, J at infinity 
are cusps. Thus, for the Cartesian which has three col- 
lincar foci, the inverse with regard to any point is a bi- 
circular quartic having three foci on a circle passing through 
the origin, which is also a focus. In inverting, if O be the 
origin, A, B any two points, a, b the inverse points, then for 


the distance 4B we are to substitute σσ . To any relation 


then of the form XAP+ ,BP— c will correspond one of the form 
A'ap 4- p’bp=c' Op, and thus by considering the bicircular quartic 
as the inverse of a Cartesian we arrive at the fundamental property 
of bicircular quartics; and, in like manner, from any relation of 
the form X.4P- pBP+vCP=0 may be deduced a relation 
A'ap 4- μ΄ύρ 4- vcp 20. The inverse of a bicircular quartic from 
any point on the curve is a circular cubic which, therefore, 
possesses the same focal properties. A circular cubic or bi- 
circular quartic is its own inverse with respect to any of the 
points O, P, Q, R (p. 249). The angle at which two curves cut 
is not altered by inversion, and therefore the theorem as to 
confocal curves cutting at right angles, if proved for cubics, is 
proved also for quartics. The inverse of a conic is a bicircular 
quartic having the origin for an additional node, and from 
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the focal property of conics may be inferred that such quartics 
have the property 


ap bp _ 
Oa + Ob Ξ c. Op, 


where a and b are two foci and O the node. In like manner, 
by inverting the focus and directrix property of conics, we 
arrive at another method, given by Dr. Hart, for generating 
this kind of quartic. If the radius vector from a fixed point 
C to P meet a fixed circle passing through C in £, and if 
A be another fixed point, the quartic is the locus of the point 
P, for which PA — PE. 


282. There exists for the binodal quartic* a theory of the 
inscription of polygons, analogous to Poncelet’s theory in 
regard to conics. Let A, B be the nodes: starting from a point 
P of the curve, if we join this with A, the line AP meets the 
curve in one other point, say Q; joining this with D, the line 
BQ meets the curve in one other point, say A; joining this 
again with A, the line AZ meets the curve in one other point, 
say S; and so on. We have thus, in general, an unclosed 
polygon PQRS..., of which the alternate sides PQ, RS, ... 
pass through A, and the other alternate sides (QJ, ... pass 
through B. For a binodal quartic taken at random, it is not 
possible to find the point P, such that there shall be a closed 
polygon of a given even number of sides; for instance, a 
quadrilateral PQASP, of which the sides PQ, ES pass through 
A and the sides QA, SP pass through P. But the quartic 
may be such that there exists a polygon of the kind in question 
(as regards the quadrilateral this is obviously the case, since 
considering a quadrilateral PQESP drawn at pleasure and 
taking A for the intersection of PQ, RS, and B for that of 
QR, SP, we can describe a quartic passing through the points 
P, Q, R, S, and having the points A, B for nodes), and when 
this is so, that 1s, when there is one polygon, there are an 
infinity of polygons; viz. any point P whatever of the curve may 
be taken as the first summit, and the polygon, constructed as 
above, will close of itself. 


* Steiner, Geometrische Lehrsátze, Crelle, vol. XXXII, p. 186 (1846). 
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288, Taking the nodes to be at the angular points of the 
triangle of reference, the equation of the curve must be of 
the form 

ασ + bz'a + ο)” + 2f ya + 2gy x + 2hz xy = 0, 
which may be written 
2 2 2 
(D αρ τα 
a y z yz ga xy 
Thus we see that the quartic may be generated from a conic by 
writing, in the equation of the latter, for each coordinate its 
reciprocal; a process which may be called “inversion,” using 
the word in a wider sense than that in which we have already 
employed it. It is easy to express this transformation by a 
geometrical construction. Let the coordinates be proportional 
to the perpendicular distances from the sides of the triangle of 
reference, and let P, P’ be two points, whose coordinates are 
connected by the reciprocal relations 
miyiz-yz:izmimxXys; m:yiz-—-ysizmicy; 

then we have seen, Conzcs, Art. 55, that the lines joining P, P’ to 
the vertices of the triangle make equal angles with the sides; or 
otherwise, Conics, p. 263, that if P be one focus of a conic touch- 
ing x, y, 2, then P’ will be the other focus. In general, in this 
method to any position of P corresponds a single definite posi- 
tion of P'. If, however, we have x —0,or P’ anywhere on 
the line BC, we have y and z both =0, and P coincides with 4) 
and reciprocally to A corresponds any point on ΒΟ, It is to be 
remarked, however, that when α΄ —0, the corresponding values 
of y and z, being respectively σα, x’y’, though evanescent, have 
to each other the definite ratio σ΄: y’; and therefore to any 
point P^ on BC corresponds a definite element of direction 
through A. We have, in fact, P indefinitely near to A, but in 
a given definite direction, viz. such that (as in the general case) 
AP, AP’ make equal angles with the sides. If now P describe 
any locus, the other point P’ will describe a corresponding 
locus; thus if the locus described by P be the right line 
ax+by+cz=0, that described by P" wil be the conic 
αγ 2΄Ἴ- bz a + οα΄ ψ' — 0, and vice versá (compare Conics, Art. 297, 
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Ex. 13); if a=0, that isto say, if the line pass through A, the conic 
reduces to α΄ (bz’ -- cy") — 0, and leaving out the line α΄ or BC, 
we may say that to the line by + cz corresponds the line bz’ + cy’; 
and, as already mentioned, if the one locus be any conic, the 
other will be a trinodal quartic. 


284. The correspondence of the conic and quartic may be 
examined in detail; the conic meets each side of the triangle, 
say BC in two points; corresponding hereto we have through 
A two elements of direction, viz. these are the tangents of the 
quartic at its node A. Hence, according as the conic meets 
BC in two imaginary points, touches it, or meets it in two 
real points, the quartic has at A an acnode, cusp, or crunode, 
and the like for the other sides. Thus, if the conic be an 
ellipse or, say, a circle, situate wholly within the triangle, the 
quartic is a triacnodal curve composed of a trigonoid figure 
within the triangle and of the three vertices as acnodes (fig. 1) 5 
if the ellipse is inscribed in the triangle, the quartic is tricus- 
pidal (fig. 2); if the ellipse cuts each side in two real points, 
then the quartic is tricrunodal ; viz. if on each side the inter- 
sections are internal we have the fig. 3, whereas if the inter- 
sections are external we have the fig. 4. It is to be observed, 


Fig. (1). Fig. (2). 


Fig. (3). 
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that in the transition from the one form to the other the 
ellipse must pass successively through the vertices of the tri- 
angle; and that when the ellipse passes through a vertex 
the corresponding quartic breaks up into a right line and a 
cubic; the transition cannot be made (as at first sight it would 
appear it might) through a quartic having a triple point. 

The complete discussion of the different forms would be 
interesting and not difficult, but it would occupy a good deal 
of space; it would be necessary (in the present case of plane 
curves) to consider the conics which in each figure correspond 
to the line at infinity of the other figure. For the like theory, 
as regards spherical figures, there are no such conics, and the 
theory is considerably simplified. 


285. The foregoing mode of generation of the trinodal 
quartic leads at once to various properties of the curve. It 
is well known that if a conic cuts the sides BC, CA, AB of 
a triangle, and from each vertex we draw lines to the inter- 
sections on the opposite sides, these six lines touch a conic; 
and it is easy to shew further, that if instead of the two lines 
through each vertex we consider the two inverse lines, these 
meet the oppsite sides in six points lying on a conic; and 
consequently that the six inverse lines also touch a conic. 
In fact, if the lines (w=ay, x=a’y), (y=Bz, y-f'2), 
(g=yx, z=yx) meet the sides x=0, y=0, 2-0 respec- 
tively in six points lying on a conic, it is easily seen that 
aa’ BB’ yy’ — 1, a relation which remains unaltered when a, £, η, 
a’, B’, y are changed into their reciprocals. Now, if a conic 
is transformed into a binodal quartic, then by what precedes 
the tangents at a node A of the quartic are the inverses of 
the lines from A to the intersections of BC with the conic; 
hence, the tangents at the nodes A, B, C, touch one and the same 
conic; a theorem which may also be derived directly from 
the equation of the quartic. 


286. Similarly, if from the points 4, B, C we draw tangents 
to a conic, then it may be shewn that the six inverse lines are 
also tangents to a conic. But transforming the conic into a 
trinodal quartic, the tangents from A to the conic are trans- 
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formed into the tangents from the node A to the quartic (for a 
curve of class n, the number of tangents from a node is =n —4, 
and therefore for a trinodal quartic it is =2); and we have thus 
the theorem, that the six tangents from the three nodes to the 
quartic touch one and the same conic. 


287. To the bitangents of the quartic correspond conics 
through A, B, C, having double contact with the conic; and 
to the stationary tangents of the quartic correspond conics 
through A, B, C, having stationary contact with the conic. 
It can be shewn, that the numbers of such conics are 4 and 6 
respectively, agreeing with 7—4, (—6. But the result as to 
the bitangents can immediately be obtained from the equation. 
of the curve, which may be written in the form 


{yz V (a) + zæ f(b) + xy Ν(9}}᾽ 
--2αγο [{ν(δο) —] æ+ (V (02) — g} y + (V (ab) -- Bye], 
where the factor multiplying 2212 evidently denotes a bitangent, 
and by changing the signs of the radicals, we have in all four 
bitangents. Write for a moment /r+gy+hz=s, v A (bc) 2, 
y N (ca) 2 m, zA/(ab) 2 n, and if O —0 denote the equation of 
the four bitangents, we have 
© = (s—l—m—n) (s-lim+n)(s+l—m+n)(s+l+m—n) 
= (3? — 0? — m — n*y* —4 (mn + P + Pm? + 2lmns) 
= (sg — l’ — m’ —n'y — 4abc U, 
In other words, the equation of the curve may be written 
{( fæ + gy + hz)? — bez? — cay’ — αὐε']" -- O=0, 

shewing that the eight points of contact of the bitangents lie on 
a conic. 

If the four bitangents be denoted by ¢, u, v, w, the equation 
of the quartic may be written 

t+ uà vt+ wi- 0, 
or (È+ wt vt w'-2tu — 2tv —2tw — 2vw — 2wu — 2υυ)'᾽ = 64tuvw. 
In this form it is evident that t, v, v, w are bitangents whose 
points of contact lie on a conic, and it can be verified without. 
much difficulty, that (t— u, v —w), (t- v, u— w), (t—w, u— v) 
are nodes. 
LL 
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288. We have just shewn how in one way the equation 
of the quartic can be reduced to the form UW= V”; and 
generally if u, w, and v denote any two tangents to the conic 
and their chord of contact, since the equation of the conic can 
be written in the form ww-—v', that of the quartic is thence 
immediately given in the form U W= γ᾽ where U, V, W are 
linear functions of yz, zz, cy. 

In connecting the trinodal quartic as above with a conic, 
we have also verified that the curve is unicursal. Since the 
coordinates x’, y’, 2 of a point on the conic can be expressed 
as quadratic functions of a parameter 0, the coordinates y'z', 
βαν ο΄ of the corresponding point on the quartic are imme- 
diately given as biquadratic functions of the same parameter. 

The preceding theory of trinodal quartics extends to the 
case when any or all of the singular points are cusps. If all 
are cusps the equation of the curve is reducible to the form 
ο 34-y *-21—0, and the tangents at the cusps are xv=y=z, which 
meet in à point; as we may also see by reciprocation, the re- 
ciprocal being a cubic whose equation may be written in the form 
αἱ + yt+zt=0. When the curve has two cusps and a node, 
the line joining the two points of inflexion, the line joining 
the two cusps, and the bitangent all pass through the same 
point. The cases of the higher singularities, described Art. 243, 
require to be separately treated. 


289. The equation of a quartic having a tacnode, as given 
Art. 244, 18 


yz? + bayz + cay + dyz + eat + fay + ga + hay? + dy — 0. 
Let it also have a node, and since, in Art. 244, it was only 
assumed that the point zy was the tacnode and the line y the 
tangent at it, we may take the point zx as the other node, 


In order that this point should be a node we must have d, h, 
and ¿= 0, and the equation becomes 


(yz)? + θα”. yz + exy «115 +e + fa. vy + gay" — 0. 


We have written the equation so as to exhibit that it is a 
quadratic function of zy, 2°, yz. Hence, if in the general 
equation of a conic we write xy, x’, yz for x, y, z respectively, 
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we shall have the equation of a quartic with node and tacnode. 
It will be seen that the relations 

στ ies wy i a: 419 
imply reciprocally æ: y: 2=ay : x”: yz, 
so that we have a like theory to that which exists for a quartic 
with three distinct nodes. The constants may be determined 
so that the node shall become a cusp, or the tacnode a node- 
cusp, or that both these changes should take place, and the 
theory thus extends to quartics having two distinct singular 
points, one of them a node or cusp, the other a tacnode or 
node-cusp. 


290. The equation of a quartic having an oscnode has been 
given, Art. 244, as 


(yz — πια") + cxy (yz — ma?) + dy'z 4 gay + hoa + iyt =0. 

It is obviously a quadratic function of yz — mz, zy, y. Now 
the relations 

X Y Z = xy : y? yz ma? 
will be found to imply 

Yi z= y ry": yz + me”, 
so that there is for the present case a theory analogous to that 
established for trinodal quartics. The constants may be parti- 
cularized, so that the oscnode becomes a tacnode-cusp, and the 
theory thus extends to the case of quartics having a tacnode 
cusp. In all these foregoing cases we have expressed the 
coordinates x, y, z of any point on the quartic, as quadratic 
functions of x’, y’, 2’, a variable point on a conic; and since 
the latter coordinates can be expressed as quadratic functions 
of a parameter 0, the former coordinates are expressed as 
quartic functions of the same parameter. 


291. In the remaining case of a quartic curve having a 
triple point (general or of any special form), the mode of 
treatment used in the last articles is not applicable, but we can 
otherwise immediately express the coordinates as rational func- 
tions of a parameter. Taking the point xy as the triple point, 
the equation of the curve is of the form zu, =u, where u, v, 
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are homogeneous functions of the third and fourth degrees 
respectively in z, y. If we now substitute y — zr, we get 
20,— z0, where ©,, ©, denote cubic and quartic functions of 
0; and we have x, y, z respectively proportional to O,, 668, ©, 

The method here employed is exactly that suggested in 
Art. 44, A variable line y = θα drawn through the triple point 
meets the curve in but one other point, the coordinates of which 
are therefore rationally expressible in terms of 0. And we should 
be led to substantially the same results if we employed the 
same method in the cases previously considered; for example, 
if in the case of a trinodal quartic we determine each point 
of the quartic as the intersection of the curve with a variable 
conic passing through the three nodes, and through another 
fixed point on the curve. 

The special case of a quartic with a triple point αμ 2 2* may 
be particularly noticed, as it can be treated by exactly the same 
method as was used (Art. 212). The curve has, beside the 
triple point, no singular point but a point of undulation, and 
its reciprocal is a curve of like nature. 


291(a). Unicursal quartics may also be treated by the 
method of Art. 216 (a). We may express the coordinates 


zwar +4bN u d 6cX p^ -FAdAw 4+ ep", 

y aX -AUX' p -Γθολ’μ’  Ad'Ap + eu, 

z — a" N + AD^ N w+ 6c" Ny? + Ad" Ap? + e" u*, 
and can (Art. 44) write down the equation of the corresponding 
quartic. ‘The equation determining the parameters of the points 
of inflexion, and the relation between the parameters of three 
points which lie in a right line, may be found as in the articles 
referred to, or else as follows. Substituting the above written 
values for the coordinates in dx + my -F nz 20, we get a quartic 


determining the parameters of the points in which that line 
meets the curve.* The theory of equations then enables us 





* It is evident that by forming the discriminant of that quartic we get the 
equation of the reciprocal, or tangential equation, in the form S? = Τ3, 
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to write down 


PHP 


la -- πια «πα = pppu”, 


=e 4 (lb + mb’ + nb”) ee Au u” p + UN μμ + m p X" Hn + H μ΄ wen”, 
6 ( le +m c +n c") = AX u” ma: 4 pu AN" + λλ’μ’ ul" 4 u p NAI" 
+ λλ wp” 4 μμ NAT S 
ee 4 (ld a md’ 4 n d^) = UNAN” £ Au A" AU" + AX WN” + AANA” μ 
le tme +ne” =ANN'N”. 
From these equations, if we linearly eliminate ᾖ m, n, A", μ΄, 
we get the relation connecting the parameters of three points on 
a right line, viz. 
@ αυ <a 424, 
—4b, —4b', - 4b”, B, A 
6c, 6c, 6c’, ο δ 
— 4d, —4d’, —4d”, D, C 
e, €, €, ,D|-0, 
where we have written 
A E μμμ”, B > λμμ + x ma m + Ρ νά n W, 
C= px X" + p XX + WON, D = ANN.. 
If we make X: p=N: p =X": u^, we find that the para- 
meters of the points of inflexion are determined by 
a, @, αν MW , 
— 4b, — AV, — 4b”, 9μλ, μ' 
6c, 6c, 6c’, 3uN', 3u'r 
—4d, —4d’, — 4d", X , 9μλ᾽ 
Orn του ον A? |Ξ0. 
The first determinant expanded may be written 
24 (ab'c") D? + 16 (ab’d”) CD + 4 (ab/e") (C* — BD) 
+ 24 (ac’d”) BD + 6 (ac’e”) (BC — AD) + 96 (bc'd") AD 
1-4 (ad’e’”) (B* — AC) + 24 (bc'e") AC + 16 (bd’e”) AB 


+24 (οὔ ε΄) A? 20; 
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and the second determinant expanded and divided by 24 gives, 
for determining the inflexions, the sextic 
(ab'c") X" + 2 (abd) X + ((ab'e") + 8 (ac'd")] Mg 

+ (2 (ac'e"^) + 4 (bed J) Xu? + ((ad'e") + 8 (be’e’)} λ'μ' 

4- 2 (bd'e") Ny? + (σε) u5 = 0. 

If in the preceding relation two of the parameters be madè 
equal, we get the relation connecting the parameter of any point 
A with that of one of the points B where the tangent at A 
meets the curve again, viz. writing for D, C, B, A respectively 
WA, 2λμλ’ + X5 p^, μ)λ’ 1-2λμμ΄, up, we have 

X" [24 (ab'c") X* + 32 (ab/d") Nu + (12 (ab'e”) + 24 (ac'd")] Np” 

+ 12 (ac'e") λμ' + 4 (ad’e”) u*] 
4 9λ’μ' [8 (ab’d”) λ' 

+ (4 (abe) + 24 (acd) Nu + (12 (ac’e”) + 18 (bc'd")) Np” 

+ (4'ad'e" + 24 (bc'e")) Xu? + 8 (bd'e") μ') 
+ W^ (4 (ab'e") X' 

+ 12 (ac'e") Np + (12ad’e* + 24 (bc'e^)] Np” + 32 (bd'e") λμ' 

+ 24 (cd'e") μὴ} 2 0, 
from which equation we can determine the parameters, either of 
the two points B answering to any point on the curve A, or of 
the 4 points A answering to any point B. If we form the 
condition that the equation in λ΄ : μ΄ should have equal roots, 
we get an octavic in X: μ, determining the’ parameters of the 
8 points of contact of the 4 bitangents of the quartic. 

When it has been proved that it is possible to find four 
linear functions £, u, v, w of x, y, z, which expressed in terms of 
A, µ are perfect squares, it is evident by extraction of roots and 
linear elimination of λ΄, Aw, mw’, that the equation of the curve 
can be written in the form 48 + But + Cvi + Duż -- 0. 


291 (b). Conditions to be satisfied by the parameters of a 
node are obtained as in Art. 216 (c), from the consideration that 
the relation connecting the parameters of three collinear points 
must be satished when two of these parameters correspond to the 
same node, and the third to any point whatever on the curve, 


κ... 


Write μμ =a, Ne’ + Ap’ =B, NA” =y, then we have A = ua 
) ) ? ) 
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Όξ-λα--μβ, C - XB + wy, D=rAy. Substituting these values in 
the determinant of the last article, and equating separately to 
zero the coefficients of X^, Xu, u? we have the three conditions 





| ON AMET NET a,a, a’ 
| — 4b, — AU, — 4b”, B, a — 4b, - 4b’, — 4b”, a 
| 6c, 6c, 6c',y,B 6c, 6c, 6c,08,a 
— 4d, — 4d, — 4d", Y — 4d, —4d’, — Ad", y, B 
e, €, ει =0, ον, όν, & , ¥ |=0, 


Gans! dus. c0 ..Ὢᾱ 
— 4b, — 40’, — AD", B, 
6c, 6c, 60’, ηγα 
—4d, —4d’, —4Ad", @ 
εν Oo an ses. -ο-θ 
Conditions which expanded are 
24 (ab'c") ^ + 16 (ab/d") By + 4 (ab’e’”) (8* — ay) + 24 (ac'd") αγ 
+6 (ac'e") a8 + 4 (ad'e") a? =0, 
4 (ab'e") f +6 (ac'e") By +4 (ade) (B® — αγ) +24 (be'e”) ay ν᾽ 
+ 16 (bd'e”) a8 + 24 (ed'e") a’ — 0, 
16 (ab'd") γ᾽ + 4 (ab'e") By + 24 (ac'd") By + 6 (ac'e") β' 

4- 96 (bc'd") αγ + 4 (αἄ ο”) aB + 24 (bc'e") αβ + 16 (δ4 6”) a’ — 0. 
With these equations we combine the three obtained by mul- 
tiplying the equation A'a — 4X8 + uy —0 by a, B, y respec- 
tively, and linearly eliminating a’, θ᾽ y^, By, γα, a8 we get a 
sextic for determining the parameters of the three nodes. 

There is no difficulty in analysing, as in Art. 216 (d), the 
different cases where the sextic of the last article can have equal 


roots, and so arriving at the different special cases of unicursal 
quartics already enunciated. 
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292. When we have occasion to write the equation of a 
quartic at length, we shall write it 


axt + by* + cz^ + 61/2’ + 692a + 6ha*y’ 
19015 + 1214/50 + 12nz^zy 
+ Aa ay + Aa az + Ab, y'a + 40.92 + Ac zx ἠ-4ο y = 0. 
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The concomitant of lowest order in the coefficients is the con- 
travariant (Art. 92) of the second order in the coefficients, 
whose symbolical expression is (a12)', and whose vanishing 
expresses that the line ax + y+ yz cuts the quartic in four 
points, for which the invariant S vanishes. We shall call this 
contravariant c; it is of the fourth order in the variables 
a, B, y, and its coefficients are 

4 =bce+3f’?—4b.c,, B=ca+ 3g — 4c a, C=ab+ 3I. — tab, 
F =af+gh+20 — 2an — 2am, 

G =bg +hf +2m*— 20l — 2b, 

H =ch+fg 42» — 2cm- 2c, 

L =2fl —mn-—gb,— hc, + b,c 

M =2gm —nl —ho, — fa, + cay 

N =2hn --ἶπι — fa, — gb, + a,b, 
A, --8πιο, — 3nf — cb, +b., A,=3nb, —3mf— be, 4 be, 
D, =3na, — 3lg — ac, +a, B, —3le, -- 3ng — ca, + ca, 


C, — 8lb, — 3mh — ba, + ba, C, — 8ma, - 3lh — αὖ, + ab, 


3^9) 


293. The contravariant just mentioned is the evectant of 
the simplest invariant A, which is of the third order in the 
coefficients, and has for its symbolical expression (123)'; that 
is to say, σ is found by performing on A the operation 

FM ο ᾱ-, 
α dat’ ρα Fe t ΘῪ g ὅθ; 
and conversely from the values already given for the coefficients 
of σ the value of A can be inferred. This is 


A=abe +3 (af? + bg” + οἷν) — 4 (ab,c, + ὅσια, + ca,b,) 

+12 (fl + gm’ + hn’) + 6fgh —12lmn 

— 12 (anf + a mf + bing + b,lg + cmh + clh) 

+ 12 (lb c, + πιο,α, + na,b,) + 4 (a,b,c, + a,b,,). 
If we use the same notation as in Art. 223, the value of 

A may be written 


v (d?) + 4 (dea) + 3 (ἀδ') — 12 (c’), 
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where 

(d*) = dd, — Ad,d, + 3d;, | 
(σα) = a, (d,c, — 3d,c, + 3d,e, — d,c,] + a, {d,c, — 3d,c, + 8d e, — d c], 
(db*) =d b} — Ad b b, - Ad b? - 2d b b, — Ad b b, + db’, 


(οὐ) = b, (ο, d e) = b, (c,c, as C,C,) + b, (ο, aa AP 


the invariants (d^, (dca), &c., being all known in the theory 
of the binary quantics. 


294. The next simplest invariant B is of the sixth order 
in the coefficients. It may be formed by taking the six 
equations obtained by twice differentiating the given equation 
with respect to 2, y or 2, and from these six equations elimi- 
nating dialytically 2°, γ᾽, ο), yz, zx, ay. We thus have B in 
the form of a determinant 


a, h, 9, [, αμ C, 


My, ἐ Ny 6 l 
αμ b, n, m, o ὦ 


We shall presently give the developed expression for B. 
Meanwhile, we remark that Clebsch has used this invariant 
to shew that the form 

pq tir ts4.Uü-0, 
where p, q, 7, s, t are linear functions of the coordinates, is not 
one to which the equation of every quartic can be reduced. 
Since p, q, &c., each implicitly contain three constants, the 
form just written involves fourteen independent constants, and 
therefore, at first sight, seems capable of being used as a 
canonical form sufficiently general to represent any quartic. 
But on forming for the above equation the invariant B, it will 


be found to vanish, and therefore this form will only represent 
quartics for which B=0.* 





* This class of quartics has been studied by Lüroth, Mathematische Annalen, 
vol. 1. p. 87 (1870). 


MM 
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295. In calculating the value of B, it is convenient to use 

the following value for a symmetrical determinant of six rows 
and columns, the constituents of which are denoted by a’, ab, ac, 
&c., ba, D^, be, &c. 
a bc d'ef* — abed" (ef)? + 2za'b'c. de. ef. fd + aD? (ed y (ef 
— 2Za'b'. cd .de.ef . fe + 22a". be . οὗ .de. ef. fb — 23a’ (bc) de.ef. fd 
+223 (ab)' ο. de . ef . fc — Σ (ab. (cd)? (ef)? — 2 €ab.bc.cd.de.ef. fa 
4 2Zab .bc.ca.de.ef . fd. 

The expanded value of B is as follows: 

abc ( fgh — f? — gm* — hr? + 2lmn) 
+ be {Ú — Pgh + 2 (gm — nl) a,l + 2 (hn — ml) al -- (n* — fg) a? 
T (m^ — fh) a,’ + 2 (fl— mn) aa} 
+ ca {m* — mfh + 2 ( fl— mn) bm + 2 (hn — ml) bm + (n* — fg) b, 
+ (P — gh) b? + 2 (gm — nl) bb} 
ab {n* — nifg + 2 (fl— mn) en + 2 (gm — ln) en + (m? — fh) c? 
+ (F — gh) ο + 2 (hn — Im) ο)ο) 
— (af + bg" + ch?) (fgh — f P — gm? — hn + 4lmn) 
+ 3 (afm"n* + bgn"? + chm") 
+ 2af* (b gn + chm) + 229” (c, AL + a, fn) + 2ch* (a, fm + b,gl) 
— 2af (b rè + ο") — 25g (c, + a n?) — 2ch (am? + b,D) 
+ 2afl (b,n* + ο πι") + 2bgm (cU + an”) + 2chn (a m? 4- δ] 
— 2afmn (b,9 + c,h) — 2bgln (c,h +a, f) — 2chlm (a, f+ b,g) 
— 2a (η) + cmn) — 2b (ο + a, In^) — 2c (alm? + bml’) 
+a (b,'gn* + ο hn?) + b (e AU + ag fn^) + c (a P fm? + ὁ} φῦ) 
+ 2afl (mb,c, + nb,c,) + 2bgm (nc,a, + ἴοια,) + 2chn (lab, + ma,b,) 
+ 2amn (mb,c, + nb,c,) + 2bnl (ποια, + lea.) + 2clm (a,b, + ma b,) 
— 2af (hnb c, + gmb,c,)—2bg ( flc,a,+ hne,a,) — 2ch (gma b, + fla,b,) 
+2 ( fgh+lmn)(ab,c,+ bc,a,+ cab.) — 2afTb,c,— 2bgm*c,a, —2chn"a,b, 
— 2 (af*lb,c, + bg’mc,a, + ch’na,b,) 
— 2ab.c, (bign + c,hm) — Ώδοια, (cM + a, fn) — 2ca,b, (a, fm + b,g1) 
+ 2ab c, (cm? + bn”) + 2bc,a, (an^ + οι”) + 2ca,b, (5,0 + a m") 
— 2al (mb,c," + nc,b,”) — 2bm (nc a + la,¢,”) — 2en (apb, + ba") 
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+ a (99ο + 9b,’c,") +b (feas + heal) + ¢(ga,"b,* + hab, 

+ af be," + bgc,*a," + cha,’b,'+ 2alb,c,b,c, + 2bmc,a,c,a, + 2cna,b,a,), 
— 2ab,c, (me b, + nb,c,) — 2bc,a, (na,c, + le,a,) — 2ca,b, (ἴδια, + ma,b,) 
4 2/79 — fgh (fU + gm? + hr?) + 10fghlmn — (fT + gm? + hn’)? 
+ 2lan (fU + gm? + hr’) —Pm'n® 

+2 (b gn + chm) (gm? + hn! — 2 f? — fgh — Imn) 

+2 (a, fn + c,AT) (hn* + fU- 29m? — fgh — lmn) 

+2 (a, fm + b, gl) (fl + gm? — 2hn* — fgh — lmn) 

+ (gh - Pg — e] (f — m (eh — a, + (fg - (n f — 59? 
t 2a,a, f" (2mn — 11) + 25,5, g* (2nl — gm) + 2c,c,À* (20m — hn) 

+ 2lb,c, (Jgh + lmn + fË — gm? — hr’) 

+ 2mc,a, (fgh + lmn + gm? — hn? — fT") 

+ 2na b, (Jgh + lmn + hn* — f — gm") 

— 2ghmnb,c, — 2hfnic,a, — 2fglma b, 

+ 9 (bc, gm + b,c hn) (gh +20) +2 (c,a,hn + ea, fT) (hf + 2m") 

+ 2 (a,b, fl + b,a gm) (10 + 2n") 

— 2 (a,'c, f "m + bfa g'n + ο δελ] + ab, fnt b egl + cerah m) 

+ 2fmn (αρ, + a,"b,) + 2gln (bic, + ὃν ας) + 2hlm (c*b, + ¢,'a,) 

— 2 (a,6,c, + ab,c,) (JE + gm? + hn” + lmn) 

— 2fa,a, (c m? + byn?) — 2gb b, (c l + an") — 2he,c, (b,U + am^) 

+ 2 (fl—mn) (gb ca, + he,a,b,) + 2 (gm — nl) (he,a b, +fa,b,¢,) 

+2 (hn — lm) (fa,b,c, + gb,c,a,) 

— (Po/'e + mota? + nagbi) 


+ 2 (b,c,4, —c,a,b,) (b, gl + c fim + a, fn —c,hl — a, fm —b,gn) 


231 
t 2 (διοιαια, f : t ¢,0,0,b,9 : + a,b,¢,c,h’) 
— 2gh (b,'a,¢, +¢,'a,b,) — 2hf (c,2b,a, + a bc.) — 24] (a, c,b, + b/'e,a,) 


(41 — 2mn) c,a,a,b, + (4gm — 2nl) a,b,b,¢, + (4hn — 2lm) ὄιοιοια, 
+ 2 (a,b,c, + a,b,c.) (b,c, + mca, + παιδι) — (4.2.0, + αἰζιοι)'. 


8.19 


296. In the notation of Arts. 223, 293, the value of B is 
r (27) (°) -- r (Peb) + r (de) — (d*) (δα”) + (ἆ σα") + 2 (d*cb'a) 
— (53) (d*b") — 2 (de'ba) + (db) — (c5), 
where = (d*) =d.d.d, + 2d,dd,—d,'— 4,4; -- ὧν 
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(Thb) = b, [οἱ (dd, — ἄν) + 2c,c, (dd, — d, d,) + 2c,c, (dd. ἄν) 

+c, (dud, — d?) + 2e,c, (d, d, — did.) + οὗ (dd, — d.) 
+ b, {ος (dd, —d 7) + 2c,¢, (dd, — did) + 2c,c, (d,d, — d") 

+c,’ (dd, — αν) + 2e,c, (d,d, — d d.) + ο (d,d, — dj) 
— 26, {οιοι (d, d, — d) + cc, (d, d, — d,d,) ἠ- οιο, (d,d, — d.) 

t ο” (d, d, — d d,) + cc, (d, d, + d,d,— 26/3) 

+ ec, (dd, — d d.) + ο” (did, — d d.) + ec, (d d, —d,)], 
(d'c'a*) is formed from (d'b) by writing a^, αι) aqa,, for b ba 4, 
(dct) = d, (cc, — οὐ) — 2d, (c,c, — c,c,) (οιο, — ο) 
+d, {(¢,c, — ¢,¢,)"+ 2 (ec, — e, )(e,6, — c, )] — 2d, (ee, — e, ) (6,657 0,0.) 
+ d, (ec, — οἱ)” 
(ba^) = b,a," — 20a a, + ba." 


0 0 1? 
(d οὐ a) zx (5,2,6, z b, (a,c, "E a,0,) t ὄ,αγο) £ 
t (5,2,6, d b, (a,c, T aC.) T b,a,¢,} Q 


+ {b,a,c, — b, (a,c, + a,¢,) + 5,a,¢,) B, 
where P=6, (dd, — ἄν) — b, (dd,—d,d,) +b, (did, — d), 
Q =b, (d,d, — d,d,) — b, (d — d,d,) +b, (d.d, — d d.), 
R=b, (dd,—d,) — b, (did, — dd.) + b, (d, d, — ἄν). 
(αὐ) = (d. d, — ἆ b? + (dd, — d?) b” + (dd, — dj) bj 
+ 26.5, (d.d, — d,d,)+ 26,5, (d,d, — ἄν) + 20/0: (d, d, — d.d, 
(dèba) = a, (P (c.c, — ο”) + Q (e,c, — c6) + E (ee, — e,)] 
+a, (P' (ec, — ο”) + Q' (ee —¢,¢,) + E. (c,¢, — 67) 
where P=), (c,d, — cd.) + b, (c,d, — cd.) + b, (c,d, —¢,4,), 
(c,d, — c,d,) + b, (c,d, — ¢,d,) + b, (c,d, — c,d.), 
& = b, (c,d, — c,d) + b, (c,d, — c,d,) + b, (c,d, — ¢,d,), 
P' = b, (c,d, — cd.) + b, (c,d, — ¢,d,) + b, (ed, — ο, ὦ.) 
Q' = b, (c,d, — cd.) + b, (c,d, — c,d.) + 5, (c,d, —¢,d,), 
Fi =b (c,d, — ¢,d,) + b, (c,d, — ¢,d,) + b, (ed, — ¢,4,), 
(de*b") = d, (cb, b? — 2c,¢, (b b,b, + 5,°) + 2¢,¢,5,"8, 


+ e (b,b? + 35,5?) — 4¢,0,b,b,? + bic?) 


0121 


— 2d, {ος b! b, — ec, (by b, + 9b, 57) + ec bib, + 20b b b, + cc bb 


$8701 ο 2-012 211 ο 


— 2¢,¢,b,b," — ο b b) + ¢,¢,b,"} 


ρ΄. 19 1 ιο 


Q-— 5, 
R=b 
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+ d, (e, b, — 2c,c, (b,°b, + 25,5") + 2¢,¢, (δι᾽ + bbb.) 
— e, (bb, + 26,0,") + 26,6, (δ) + 55,5,8,) 
— 26,6, (b,b,” + 20093) — οὗ (bb + 22,91”) + ¢,7b,7} 
— 2d, (ej b, b, — cc, (bb, + 20,5,) + ee bib) + 2c b bib, + cio b b) 
— 2c cb b, — ο bb, + ¢,¢,), } 
+ d, (ej b, b; — 2c,c, (bbb, + ὁ") + 2¢,¢,5,°b, + οἳ (b,°b, + 35,0,”) 
| — 40ο, + δα] 
(eb) = b, (οιο, -- οἱ) — b, (ο.ο, — ¢,¢,) + 5, (¢,¢, — ο). 


297. We have seen (Art. 221) that if we had a covariant 
quartic, we could, from the invariants already obtained, derive 
a series of others. One such covariant can be at once obtained 
by forming the equation of the locus of a point whose first 
polar is a cubic for which the invariant S vanishes; in other 
words, by equating to nothing the S of the polar cubic. The 
symbolical expression for this covariant is (123) (234) (314) (124). 
The covariant S of the quartic 

ax‘ + by* + cz* + du‘ + evt=0 
is of the form Bie ee κ 
zy 2 wv v 

Hence, as we have already seen, that the first form, though 
apparently containing a sufficient number of constants, is a 
special one to which the equation of a quartic cannot in general 
be reduced; so is the second form also one to which the equa- 
tion of a quartic cannot be brought unless a certain relation 
between its invariants be satisfied. 

There are other covariant quartics, but that just described is 
of the lowest order in the coefficients. Any other covariant 
quartic of the fourth order in the coefficients must be of the form 
S+kAU, where k is a numerical constant and A the first 
invariant. This may easily be verified with respect to the 
covariant obtained by forming the contravariant of the contra- 
variant of Art. 292. 


298. The general values of the coefficients of S have not 
been calculated, nor have any of the higher invariants. I have 
thought it worth while, however, to examine the special case 


ac’ + by* + ez! + 6fy'z* + 05 x + 6hx y, = 0. 
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This form only implicitly contains eleven constants, and there- 
fore is a very particular case of the general equation of the 
quartic; but it lends itself easily to calculation, because the 
covariant S is of the same form 

aa* + by* + cz* + 6fy'z! + 6g27a" + 6hz*y* =03 
and, therefore (Art. 221), from any invariant can be derived 


another by performing on it the operation a i +b g + &c., an 


d db 
operation which we shall denote by the symbol ¢. Although 
invariants which exist in general may vanish for the special case 
here considered, yet invariants, which in this case are distinct, 
will be distinct in general. By calculating the invariants for 
the special case, we obtain all the terms of the general in- 
variants which contain only the coefficients a, b, c, ἢ g, h. 

The values of the coefficients of S, for the form in question, 


are 
a — 663313, b -- 623/*, ο-- ϐ/143, 


f — bogh — f (bg' + cht) — f%gh, 
g — cahf —g (ch + af^) -f'h, 
h — abfg — ^ (af* + bg’) — Jgh. 
It is convenient to remember, that for the same form the 
values of the coefficients of the contravariant ø, Art. 292, are 


45.ο-- 3/7, B=ca+t+ 3g’, C=ab+3f’, 
F=af+gh, G=bgthf, H=ch+ fg. 


299. We find it convenient to use the abbreviations 
abc — L, af’+ bg ch’ = P, beg ^ + calf? + abf’g?=Q, fgh= R; 
then the values of the invariants previously found are, for the 
special case we are considering, 


A=L4+3P+6h, B=LR+2-— PR; or B= AR—4PR—4R’. 

The results of the operation $ on these several quantities are 
$(D)29 ος, $(P)=6LR-2PR-4Q4+18R’, 
$(Q)-—2PQ—A4RQ-—6LE' + 12PR? + ALPE, 
φα- ϱ - 211 -- 3h’, 

whence $ (A) = 187. 
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We can then obtain a new invariant of the ninth order in 
the coefficients by performing on B the operation $. The 
result is 


$ (B)=C.=Q(L— P+14R)— LR(2P+ 9R) + R(2P*— 3PR-30R). 


The invariant just found is not, however, the only independent 
invariant of the ninth order in the coefficients. If we write the 
general equation of a quartic u, + w,z uz" + u,2°+ οὐ = 0, then 
generally the highest power of ο which occurs in an invariant 
of the ninth order will be the third, and ο will be multiplied by 
an invariant of the sixth order in the coefficients of the binary 
quartic u, This latter invariant must be of the form s° + kt’; 
and any assumed invariant of the ninth order can be resolved 
into two parts, in one of which οἳ will be multiplied by s°, and 
in the other by δ. The former part can be expressed in the 
form 1A*+mAB+nC, where A, B, C, are the invariants 
already calculated; for the expression of the latter a new in- 
variant is necessary, and we proceed to give one of several ways 
in which it may be obtained. It will first, however, be neces- 
sary to mention some other covariants and contravariants, 


300. The value of the Hessian for thia case is 
aghx*+ bhfy’+ ofgz°+ (abg + ahf— 3gh*)x*y’+ (ach + afg —3g*h) αἱ ο” 
+ (ahft bgh—3fh*) y'a (bch + bfg — 3f" 1) y‘2’+ (caf+ chg —8f9")eta? 
+ (bcg + cf — 8/0) zy? + (abc — 3af” — 8bg" -- 3ch” + 18fgh) a^ νε”. 
Again, it has been stated (Art. 92) that a quartic has also a 


contravariant sextic, the symbol for which is (a12)* (a23)* (αδ1)”. 
The value of this, for the case we are considering, is 


(bof — f^) a + (cag — 9") β' + (abh — K) y 

+(beg+ 6f h—3f"*g)a* 8*4 (bch+ 65fg—3/ "hav" - (acf - 6cgh— 3g" f )8*a* 
+ (ach + 6afg — 3g*h) B*y" + (abf + 6bgh — 3fh*) yta? 

+ (abg + baf h — 3g") y*B’+ fabe — 8(af "-- bg"-- ch?) + 48/01) a^ B vy". 
If, introducing differential symbols in either of these, we operate 
on the other, the result is .4* -- 576B. If we operate on the 
Hessian with the contravariant c, we get a covariant quadratic 


of the fifth order in the coefficients ; and if we operate on the 
contravariant sextic with the quartic itself, we get a contra- 
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variant quadratic of the fourth order in the coefficients. The 
values of these quadratics are respectively 
(afa + bgy? + οἷ) (L 4- 3P 4- 80) 
+ (ghz 4- hfy’+ fgz') (105 — 6P— 12 R) — 4 (f ^x bgy’ ολ ο) 
(fæ + g^ + hy’) (8L 1- 5P+ 910) — 8 (af "o? + bg P + cy") 
+4 (begha* + caf B" + abfgy’). 
If we introduce differential symbols into either of these two 
concomitants and operate on the other, the result is a new 
invariant 
C, = (80L — 32P + 448R) Q + 3P* —6P*L — 134P*R 
+ 3PL? + 128 PL R — 60PR’ + 102^ E + 408 LE’ — 72K". 
There appears to be for the quartic we are considering no 
other independent invariant of the ninth order. If, for ex- 
ample, we operate with the contravariant conic on the quartic 
itself, the result is expressible in terms of the invariants 
already found, being 3C, — 80C, — 1804B. We might perhaps 
more simply have taken for the second independent invariant 
1(€,— 320), or 
C,=16QL+ P*-2P°L —66P*R + PL’ + 64PLR + 12PR 
4 34L' li + 2320 R* + 296.87. 


301. We proceed next to form invariants of the twelfth 
order in the coefficients. We can form the cubic invariant of 
the quartic S by help of the formule 
1 =216 Rt, 

P'=6 {Q -2PQR-4R'Q+2P' '-29PLIP, APR -6LIP 344, 
R= @-2LRkQ-PR -2P + DR 44155 BR, 
whence L'+ 3P' + 6h'=6D,, where 
D, =4@ + Q(- 6PR — 2LE -- 1219’) 
+5P*R’- 6PLR’ -10PP? + DR + 220K + ALB. 

Again, by performing the operation ¢ on C,, we get 
D, = 24Q* + Q(4P* —4PL -- 84PR — 201.19 — 24810) 

—AP'E —14P* P g-APL'R + MAPLE + 444PR® 

—18L7 R — 84L 4-216, 
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and, by combining these, we have D, — 6D, = 4D,, where 
D,= Q(P'- PL -12PR—-2LKR - 41h’) - P'h— AP" ER! 

+ PL*R+45PLR -96PIP -6 L'R — 54LR — 12 R. 
In terms of these and of the other invariants: already given 


can be expressed the other invariants of the twelfth order, such 
as $ (C,), and the discriminant of the contravariant conic, 


So, again, we can express in terms of the preceding the 
invariants of the contravariant quartic; we have 
L'= 1? + 3PL+9Q + 27R’, 
f= LR+ Q+ PR+ F’, 
P'=3P*—5Q+6PR+ PL+6L2R + 919, 
ϱ =30'+ Q(3P?+4PL+24PR+ D -- 81,1 45002) 
T-12P*'LE418P"*E*  APD'R +10PLR’ + 36PR’ —36 LR + 27h", 
whence A’= 4*4 12B, B' - AD, - AC, - A'B — 128". 


302. It is to be noted, that though there is only one con- 
travariant conic of the fourth order in the coefficients, there 
are two covariant conics of the fifth, viz., in addition to that 
already given, that obtained by operating with the contravariant 
conic on the quartic itself, the result being 
(81, -- 9P -- 1019) (af! + bgy” + chz") 

+ (10L +2P+ AR) (gh. + Afy - Jg) — 12 (à fer bg y }- cz), 
and if this be combined with that previously given, we can write 
it in the simple form 

AR (af + bgy” + chz") + (L—P—2R) (gh? + hfy’ + fg"). 
The discriminant of this last conic gives the simplest invariant 
of the fifteenth order, viz., writing L -P—2k=M, 

E 216MB'Q-- AM" IP 4 M' E? + 64 LR; 
or, at length, 
E 216(L—P—-2R)QE + È {3P — 5P'L410P*E 

+ PL - APLE {ΑΡΤ -L'—6LD'R-16LI, -- 85]. 
The other three invariants of the system of conics are, of course, 


also invariants of the quartic of the same order, besides which 
NN 
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we might also calculate $.D,, $D, &c. All these are expressible 
in terms of E, and £,,* where 

E,-16(L—- P- ον) @ + (3P —5P"L-6P'R 

+ PL?—228PLR — 2112 PR-- Ι}}- 99876 + 2636 LR'—4296 E’) Q 
+ R (- 12P* 4 44P'L — 52P* T? + 20 PL’) 

+ δ’ (318.P* — 852 P* L + 308 PL? + 82412) 

+ δ (1320P? — 416 PL + 21617) + 720PR* + 119761 — 864 P. 


There are also two independent invariants of the eighteenth 
order, the first being the C, of the contravariant quartic, viz. 


F,— 128 Q4 Q'(- 48P"+ 80PL + 368PR + 327— 528LR — 1601) 
+ Q(9P* — 12P*L — 108P*R — 2P*I? + 824P*LR | 940Ρ»Β5 
-HAPDP? --60PD RE - 288PL E" + 528P + L*—20L°R — 400119 
— 2512 LR — 1445) + 18P* R - 24P*LR 4 91P*I -APT^R 
--180P* LE -60P* IP --SP* I^ E 4 114P ELR + 716P LIP 

+ 288P* R* - 2 PI^ R — 44 PLR + 52PL' R —592PLR* κ 
-288PE* - 21L'R’ — 607 I7 —120L7 R^ — 907611 + 9405. 


F = 128 @ + Q" (C 8P* — 240 PL — 5312 PR + 812L7 + 9536 LR 

+ 1168077) +Q (-18P* + 54P°L+1146P°R -54P" L'— 1908P" LR 
+ 7548P* E? + 18PD? 4-262 PL' E — A432PL? + 49272PR 

+ 5701°R + 162077 E? + 6648 LR° +77808R*) + 24P°R 
—76P*LR —1224P*R’ -84P'L' E 4-2622P LE? — 1380832 P° E? 

— 36 P' I'R — 946P" I E" + 8268 P'LE — 30192 P^ δ’ + APIAR 

— 822 PL’ I? — 868PL P — 73784 PLE — 5472 PR? + MALAE? 

— 1524? P? — 141127 R* — 113904L E? + 2592070. 


It does not appear that, even in the special case we are 
considering, the invariants of higher order that we have given - 
are linearly expressible in terms of those of lower order; nor 
have I been able to find that, even in this case, the discriminant 
is expressible in terms of lower invariants. 


* The values of these and of the next two following invariants were calculated 
for me by Mr. J. J. Walker. 


CHAPTER VII. 


TRANSCENDENTAL CURVES. 


303. We have hitherto exclusively discussed equations re- 
ducible to a finite number of terms involving positive integer 
powers of z and y; it remains to mention something of the pro- 
perties of curves represented by transcendental equations. Since 
these involve functions only expressible by an infinite series of 
algebraical terms, all transcendental curves may be considered 
as curves of infinite degree; they may be cut by any right line 
in an infinity of points, and must have an infinity of multiple 
points and multiple tangents. "There is, then, no room for a 
general theory of the singularities of these curves, and it is 
only necessary to mention the names and principal properties of 
some of the most remarkable of them. "We may notice, in 
passing, a class of equations, called by Leibnitz znterscendental, 
or which involve the variables with exponents not commen- 
surable with any rational number; for example, y =æ”. Here, 
as we successively substitute for 42 the series of rational 
fractions which approximately express the value of the radical, 
we shall find a series of algebraic curves of constantly increasing 
degree, more and more nearly resembling the figure of the 
required curve, but not accurately expressing it as long as the 
degree of the curve is finite. We pass on to the cycloid, 
which holds the first place among transcendental curves, both 
for historical interest and for the variety of its physical applica- 
tions. This curve is generated by the motion of a point on 
the circumference of a circle which rolls along a right [line. 
Let A be the point where the motion commences; then (see fig. 
next page), in any position of the generating circle, if p be the 
generating point, we must have the are pm = Am, and denoting 
the angle pcm by $, and cm, the radius of the circle, by a, we 
shall have 


y-a(1-cosó) z—a($ sing); 
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whence, eliminating, we shall have the equation of the curve, 


E + (2ay — D 


a 


à — 3 — a cos 





A B 


It is, however, generally more convenient to retain ¢, and to 
consider the curve as represented by the two equations given 
above. It is easily seen that the form of the curve is that 
represented in the figure; and since the cirele may roll on 
indefinitely in either direction, that the curve consists of an 
infinity of similar portions, and that there is a cusp at the point 
of union of any two such portions. 

Let MPN be the position of the generating dida correspond- 
ing to the highest point of the cycloid, then, since Am = arc pm, 
AM — MPN, we have Mm- pP -— arc PN; or the curve is genc- 
rated by producing the ordinates of a circle until the produced 
part be equal to the corresponding arc, measured from the extre- 
mity of the diameter. Denoting the angle PCN by 6, the curve 
referred to the axes AM, MN is represented by the equations 


y=a(l + cos), x=a(6+sin6). 


204. We can readily see how to draw a tangent to the curve, 
for at any instant of the motion of the generating circle m (its 
lowest point) is at rest, and the motion of every point of the 
circle is for the moment the same as if it described a circle 
aout m; hence the normal to the locus of p must pass through 
m, and its tangent must always be parallel to NP. The same 


thing appears analytically for 7 = T, =cotéd; the tan- 
gent therefore makes with the axis of z an angle the comple- 
ment of CNP, which is ἐφ. 

It is so easy to give geometrical proofs of some of the principal 


propertics of the cycloid that we add them here. Zhe area of the 
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curve is three times the area of the generating circle. For the 
element of the external area ( pp’rr’=pp’tt’= PP’ QQ’) is equal to 
the element of the area of the circle; the whole external area 
therefore, A ENFB, is equal to the area of the circle; and therefore 
the internal area ANB is three times the area of the circle. 


The arc Np of the cycloid is double NP the chord of the circle. 

For it is easy to see that the triangle PP'L is isosceles, and 
therefore that if a perpendicular, MK, be let fall on the base, 
PL, the increment of the arc of the cycloid, is double PK, the 
increment of the chord of the circle. 

Hence, if s denote the arc of the cycloid, b the diameter of the 
generating circle, x the abscissa NQ from the vertex, then the 
equation of the curve is s* = 4bz, a form useful in Mechanics. 


The radius of curvature is double the normal. 

For the triangle formed by two consecutive normals has its 
sides parallel to those of the triangle MPK”, but the base of the 
first triangle is equal to PL, and, as we have just proved, is 
double PK, the base of the second; hence the radius of cur- 
vature is double MP. 

The evolute of the cycloid is an equal cycloid. 

For if we suppose a circle touching the base at m, and passing 
through Z the centre of curvature, it is equal to the generating 
circle, and the arc πι) is equal to NP=nD; hence the locus of £ 
is the cycloid described by the circle m rolling on the base EZ.* 





F. 


* The properties of the cycloid were much studied by the most eminent mathe- 
maticians of Europe during the first half of the seventeenth century. Their attention 
was first called to these problems by Mersenne; but Galileo claims to have inde- 
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We might also seek the locus of any point in the plane of the 
generating circle carried round with it; when the point is inside 
the circle, the locus is called the prolate cycloid; when it is out- 
side it is called the curtate cycloid; these loci are by some called 
trochoids. There is no difficulty in calculating their equations or 
in ascertaining their figures, but it does not seem worth while to 
devote any space to them here. The method of drawing tangents 
given for the cycloid applies equally to these curves. These 
curves may (as the reader can easily see) be generated by a point 
on the circumference of a circle, rolling so that the arc pm shall 
be £n a constant ratio to the line Am. 


305. When the properties of the cycloid had been investi- 
gated, it was a natural extension to discuss the curve traced by 
8 point connected with a circle rolling on the circumference of 
another. When the point is on the circumference of the rolling 
circle, the curve generated is called an epicycloid or hypocycloid, 
according as the circle rolls on the exterior or interior of the 
fixed circle; if the generating point be not on the circumference, 
the curve is called an epitrochoid or hypotrochoid. 

Let us take for the axis of α that position of the common 
diameter of the two circles which passes through the generating 
point; let CO be any other position of it, @ the generating 
point; let CN=a, ON=), NCB=4, PON= ψ, OMe: d; 
then since BN = NP, we havo 
αφ--ὄψι OQM=180- (+); 
and the coordinates of Q are 
y= (a+8) sing—d sin(6- Y), 
x= (a+b) cos —d cos($ + y); 
or if a + b = mb, 

y — mb sing — d sinmó, 





x= mb cosh — d cosmq. 


pendently imagined the description of this curve. Galileo, having failed in obtaining 
the quadrature of the curve by geometrical methods, attempted to solve the problem 
by weighing the area of the curve against that of the generating circle, and arrived 
at the conclusion that the former area was nearly, but not exactly, three times the 
latter. The problem of the quadrature was correctly solved by Roberval in 1634; 
the method of drawing tangents was discovered by Des Cartes, the rectification by 
Wren, the evolute by Huyghens; several other important properties by Pascal. 
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Eliminating ¢ from these equations we obtain the equation 
of the curve, which is not necessarily transcendental. In fact, 
when the circumferences of the circles are commensurable, after 
a certain number of revolutions, the generating point returns to 
a former position, the curve is closed, and of finite algebraic 
dimensions; but if they be not commensurable, the generating 
point will not in any finite number of revolutions return to the 
same position, and the curve will be transcendental. 

To obtain the equations of the epicycloid we have only to 
make d = + b, and we have 


y=b(m sing + sinm®@), 
x= b (m cos + cosm®) ; 
the lower sign answers to the case when the axis of æ passes 


through the generating point when it is on the fixed circle; the 
upper sign, when it is at its greatest distance from it. 


306. The coordinates for the case of the hypotrochoid and 
hypocycloid are found, as the reader can easily verify, by 
changing the sign of b in the equations given above. These will 
be included in the equations which we shall use, by giving nega- 
α-- b 

"E 
The equations given above, if we alter b into mb, and m 


tive values to m, or by supposing m =— n, where n= 





; 1 
into — , become 
m 
= (7 sin $ 4- sin T) 
Y = mP Nan m 'J? 


1 I 
x = mb (= cos + e$ — $) 


and making ¢ =m, we see that these equations belong to the 
same locus as the preceding. We can thus prove that the same 
hypocycloid is generated whether we take b=4(c+a). (Euler 
de duplici genesi Epicycloidum, Acta Petrop. 1784, referred 
to by Peacock, Examples, p. 194). The hypocycloid, when 
the radius of the moving circle is greater than that of the 
fixed circle, may also be generated as an epicycloid, for then 


ᾱ--ὂΝ . nE 
m (= - 7) 18 positive. 
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307. Tangents can easily be drawn to these curves, for by 
the same reasoning as that used in Art. 304 the line NVQ is 
normal to the curve. We can thus see also that when a curve is 
generated by a point on the circumference of one figure rolling 
on another, there must be a cusp at every point where the 
generating point meets the fixed curve. For by this construction, 
at such a point the generating point approaches the fixed curve 
in the direction of its normal, and recedes from it in the same 
direction; hence it is a stationary point. An epicycloid then 
consists of a number of similar portions, each united to the next 
by a cusp; and the extreme radii, from the centre of the fixed 

; € 2bT 
circle to any such portion, are inclined at an angle = 
When the radii of the circles are commensurable and the curve 
therefore algebraic, the number of cusps is finite, but when the 
curve is transcendental, the number of cusps is infinite. Every 
point of the base is in its turn a cusp, and therefore the base 
may be said to be the locus of the cusps of the curve; but, 
obviously, consecutive points of the base are not consecutive 
points of the locus. 


308. These curves have besides, as have epitrochoids in 
general, a number of double points crunodal or acnodal, the 
number being finite for algebraic curves and infinite for 
transcendental, and all the nodal points being ranged in 
circular loci. Consider the equations (Art. 305) 


y= mb sing — d sinmó, x= mb cos $ — d cosmo, 


where ¢=0, corresponds to what we may regard as the initial 
position of the generating point, viz. that where it is in a line 
with the two centres, this line being taken as the axis of z, and 
the initial distance of the origin from the generating point 
being mó —d. But there are other positions of the moving 
circle for which the generating point lies on the axis, the 
values of $ corresponding to these positions being found by 
solving the equation mb sin =d sinmé. And setting aside the 
root $ — 0, the other roots of this equation are obviously dis- 
tributable into pairs equal with opposite signs, and for each pair 
the value of x, mb cos — d cosmó, is the same. The corre- 
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sponding points are therefore double points on the locus. The 
value mb cos $ —d cosmo may, by means of the condition 
mb sin $ —d sinm, be written in the form x sing=d sin (πι-- 1) $. 
Every time that the generating point returns to a similar 
position with regard to the two centres we have a line on 
which double points lie, the number of such lines being, as 
has been stated, finite for algebraic curves and infinite for 
transcendental. 


309. The equations of the tangents to the epi- or hypo- 
cycloids admit of being written in a very simple form. For 





dy | cospt+cosmp _ —cosd(m41)ó Meno sind (m4-1)$ 
dz —(sind+sinm®@) sin$ (m+ lio’ πο ο cos4(m+1)¢ ` 


And, attending to the condition that the tangent must pass 
through the point whose coordinates have been given in Art. 305, 
the equation of the tangent becomes 
x cos4(m+1)¢+y sing (m+1)p=(m+1)b cos (m — 1) $, 
when the axis passes through the generating point at its greatest 
distance from the centre of the fixed circle; and 
x sin d (m+1) $ — y cos (m+ 1) $ 2 (m 4- 1) 5 sind (m—1) ϕ, 
when the axis of x passes through the generating point at its 
least distance from the centre of the fixed circle. 
The equation of the normal in the latter case is in the same 
manner seen to be 
z cos d (m 4-1) $ - y sin 4 (m+ 1) $ — (m — 1) b cos 5 (m — 1) $. 
Comparing this with the first form of the equation of the 
tangent, it follows that the evolute of an epicycloid ts a similar 
epicycloid, the radii of the circles being altered in the ratio 
m-—1 
+1 
greatest distance from the centre of the fixed circle when on the 
same diameter on which the generating point of the original 
curve is at its least distance. 
The same remarks, of course, apply to the hypocycloid. 
The equation of the tangent to an epitrochoid is in like manner 


(b cos ϕ — d cos mẹ) æ + (b sin $ — d sin πιφ) y 


= {mb* + d! — (m + 1) bd cos (m -- 1) 4]. 
00 





, and the generating point of the evolute being at its 
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310. We give examples of some of the simplest cases where 
the equations of these curves are algebraic, and can be easily 


formed. ‘These cases are (a) when the equation of the tangent 
is included in the form 


a cos 20 +b sin 20 +c cos 0 +d sin 0 4-e— 0, 


the envelope of which is given, Ex. 3, p. 69; (b) when the equa- 
tion of the tangent is included in the form 


a cos 30 + b sin 30 + 3c cos 0 + 3d sin 0 — 0, 


an envelope, which when treated by the same method as that 
just mentioned, is solved by forming the discriminant of a 
cubic equation, the result being 


(a+ P*y4- 8(ac — bd) - 24cd (ad — bc) =3 (c d** +6 (a? +8) (+ d?) 


(c) when m is a fraction whose numerator and denominator 
differ by one. If we square and add the equations 


x= mb cos nó — d cos (n -- 1) $, y 2 mb sinnd — d sin (n + 1) 4, 
we have x + y? = mb. + d’ — 2mbd cos $, 


and by solving for cos $ from this equation, and substituting in 
the value for z, the elimination is performed. 


Ex. 1. To find the epitrochoid in general when d = mb. The equations are then 
reducible to the form 

x= 2d sin $ (m — 1) $ sin} (m + 1) $, y= 2d sin } (m — 1) $ cos} (m+ 1) Φ, 
whence obviously à (m 4-1) @ is the angle w made by the radius vector with the 

c A . m—l 
axis of y; and the polar equation is p = 2d sin ma 

Ex. 2. To find the equations of the epitrochoid and epicycloid when the radii 
of the circles are equal, and therefore m — 2. Dealing, as in (c), with the equations 

x = 2b cos p — d cos 2p, y = 2b sin p — d sin 29, 

we find (z? + y? — 26? — d?)? = 4b? (D? + 2d? — 2dz), 
the equation of a Cartesian, having, as may be easily verified, y = 0, z — d, as a double 
point; the curve is therefore a limaçon., We see from the theory already explained 


that this point corresponds to the value cos φ = Ξ . When therefore d is greater than 


b; that is to say, when the generating point is outside the moving circle, the node 
corresponds to two real positions of the moving circle and is a crunode; but if the 
generating point be inside the moving circle, the node corresponds to no real position 
of that circle, and the curve is acnodal. 
The case of the epicycloid is obtained by putting d = 6, when we have 
(x? + y? — 3b”)? = 463 (8b — 2α). 

The double point now becomes a cusp, and the curve is a cardioide. It is plain from 
what has been said that the evolute of a cardioide is a cardioide. 
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Ex. 3. To find the equation of the epicycloid when the radius of the rolling circle 
is half that of the fixed circle. The eqnation of the tangent is 


x cos 20 + y sin 20 = 46 cos 0, 
an equation included in the form p. 69, the envelope of which is 
(a? + y? — 4035 = 108422, 
Ex. 4. To find the hypotrochoid and hypocycloid when the radius of the rolling 
circle is half that of the fixed circle. We have m =— 1; the equations are 
zx=bcosp+dcosd, y=bsing —dsin 4, 
and the hypotrochoid is the ellipse 
x2 2 
αμα. 
which reduces to the diameter y in the case of the hypocycloid where ὁ = d. 
Ex. 5. To find the hypocycloid when the radius of the fixed circle is three times 


that of the moving circle. Here m = -- 2, and the equation of the tangent is of 


the form 
x cos p — y sing = 5 cos3q, 
and the envelope is, by the form (ὁ) given above, 
(x? + y?)? + 80z3 — 24bxy? + 180? (x? + y?) = 2708, 
the equation of a tricuspidal quartic, the tangents at the cusps meeting at the centre 
of the fixed circle. 

This curve has been studied by Steiner as the envelope of the line joining the 
feet of the three perpendiculars on the sides of a triangle from any point on the 
circumscribing circle. In fact, taking the centre of the circle as origin, and the 
coordinates of the vertices r cos 2a, r sin 2a, &c., if the point from which the perpen- 
diculars are let fall is r cos 29, r sin 29, the equation of the line joining the feet is 


z sin (a +B + y — $) — y cos(a +B - y — Φ) 
= şr (sin (a - B - y — 8) t- sin(8 -- y —a— $) -sin(y - a —8 — Φ) - sin(a 1- B— y — φ)) 
a form easily reducible to that considered in this example. 


Ex. 6. To find the hypocycloid when the radius of the fixed circle is four times 
that of the moving circle. We have here m =— 3; the equation of the tangent is 


x Sin p + y cos p = 25 sin 2$, and that of the envelope zi + yi = (45), 
311. The equation of the reciprocal of an epicycloid is 
readily obtained, for the tangent being 
x cos d (m+ 1) + y sing (m+ 1) $ — (m -- 1) ὃ cos} (m — 1) φ, 
it is plain that the perpendicular on the tangent makes an 
angle 4(m+1)¢ with the axis of 2, and that its length is 


(m -- 1) 6 cos (m — 1) ġ; the locus, therefore, of the foot of this 
perpendicular is 


p (m1) ὁ cos (2 o), 


m1 
and the reciprocal curve is 


m-—1 
p cos 2 o - (m4 1) ὂ. 





284 TRANSCENDENTAL CURVES. 


The radius of curvature is found by the formula R = oe : 
In the original curve we have 


p! — αν + y! =b" (m+ 1-- 2m cos (m — 1) $), 


or p. = δὲ (m — 1)' 1- 4mb? cos’ $ (m — 1) φ, 
or =a + LUN. 
Jos (m+ 1} 7᾽ 
Lm o 
Hence k= (m + T p. 


812. Another general expression for the radius of curvature 
in roulettes (or curves generated by a point on a rolling curve) 
may be found as follows: Let P, P’ be two consecutive points of 
the curve, M the point of contact of the rolling with the fixed 
curve, and È the centre of curvature; then PP’, the element of 
the arc of the roulette, is = ΜΡ. PAP’; but, by considering the 
curves as polygons of an infinite number of sides, we can see that 
PMP’, the angle through which PM turns, is equal to the sum 
(or difference) of the angles between two consecutive tangents to 
the fixed and to the rolling curve. Hence, if do be the element 
of the arc of the roulette, ds the common element of the arcs of 
the fixed and generating curves, p and p’ the radius of curvature 
of each, we have 


ds =MP(= +), 
p Pp 


but this element, dc, is also equal to PF, the radius of curvature, 
multiplied by the angle between two consecutive normals; and 
if we call $ the angle OMP, between the normals to the roulette 
and to the fixed curve, then the angle between two consecutive 
normals to the roulette is 


cos dds 

MR ` 
MP+ MR κ At 1 
MP.MH  cos¢ No ) 





Hence +> 
ρ P 


* The invention of epicycloids is attributed to the Danish astronomer, Roemer, 
who, in the year 1674, was led to consider these curves in examining the best form 
for the teeth of wheels. The rectification of these curves was given by Newton, 
Principia, Book I., Prop. 49. 
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and ΡΕ----..----------- 
ας + 7) — cosh 


(See Liouville, vol. x, p. 150.) 


313. A large class of transcendental curves is obtained by 
taking the ordinate some trigonometrical function of the abscissa. 
There is no difficulty in deriving the shape of such curves from 
their equation. For example, y=sinz has positive and constantly 
increasing ordinates until <=47; the ordinates then decrease in 
like manner until x =r, when the curve crosses the axis at an 
angle of 45°, and has a similar portion on the negative side of the 
axis between ως π and x-—2-. The curve, therefore, consists 
of an infinity of similar portions on alternate sides of the axis. 

So again, y — tana represents a curve, of which the ordinates 
increase regularly from x=0 to x=47, when y is infinite, and the 
line x= ἐπ an asymptote. For greater values of a, y alters from 
negative infinity to 0 when z—'. ‘The curve then consists of 
an infinity of infinite branches, having an infinity of asymptotes, 
αξ ἐπ, x= 37, &c, and, as may be readily seen, points of 
inflexion at x —0, x = 7, x —27, &c. 

In like manner the reader may discuss the figure of y = secx, 
which also consists of a number of infinite branches, only that 
each branch, instead of crossing the axis, as in the last case, lies 
altogether at the same side of it. The branches lie alternately on 
the positive and negative sides of the axis of x. To the same 
family belongs a curve called the companion to the cycloid. It is 
generated by producing the ordinates of a circle, not as in the 
case of the cycloid, until the produced part be equal to the arc, 
but until the entire be equal to the arc. If, then, the centre be 
the origin, the curve is represented by the equations 
y 


x =a cos, y —a0, x=a cos“; 


a curve of the same family as the curve of sines. 


314. Next, after curves depending on trigonometrical, we may 
mention those depending on exponential functions. The loga- 
rithmic curve is characterized by the property that the abscissa is 
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proportional to the logarithm of the ordinate, and its equation 
therefore is - 
x=m logy, or γα. 


The curve then has the axis of x for an asymptote, since, if 
ω-- --οο5 y —0, it cuts the axis of y at a distance equal to the 
unit of length, and α and y then increase together to positive 
infinity. The subtangent of the logarithmic curve is constant ; 
yda 
dy 

Some controversy has arisen as to the proper interpretation 
of the equation of this curve y=e”. Attention was at first only 
paid to the branch of the curve on the positive side of the axis 
of x, arising from taking the single real positive value of ε΄, which 
corresponds to every value of x. Ealer, in his Analysis Infini- 
torum, 11. p. 290, contended for the necessity of attendin to the 
multiplicity of values which the function admits of; and the 
same subject has been more fully developed by M. Vincent 
(Gergonne's Annales, vol. XV. p. 1). Thus, if x be any fraction 
with an {even denominator, 6” has a real negative as well as a 
positive value, and therefore there must be a point corresponding 
to this value of z on the negative side of the axis, but there is 
no continuous branch on that side of the axis, since, when x 18 
a fraction with an odd denominator, 6” can have only a real 
positive value. The general expression, including all values of 
the ordinate, is found by multiplying the numerical expression 
for ο", by the imaginary roots of unity, whose general expression 
is cos 2mz + αὶ sin 2mzr, where m must be made to receive in 
succession every integer value, and 2, as usual, denotes γ/(-- 1), 
This is equivalent to saying that the equation y =e" must be 
considered as representing not only one real branch, but also an 
infinity of imaginary branches included in the formula y= ο πο, 
Any one of these imaginary branches contains a number of real 
points where it meets the branch y — e"), and which must 
be considered as conjugate points on the curve. "There are an 
infinity of such points, all lying either on the real branch of the 
curve, or on the similar branch on the negative side of the axis 
of x. The latter branch is curious, since, though every point of 
it may be considered as belonging to the logarithmic curve, no 
two points of it are consecutive to each other, for two consecu- 


for its value, being in general , becomes for this curve = m. 
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tive points will belong to different branches. There is thus 
formed what M. Vincent calls a * courbe pointillée.” In one 
point, however, M. Vincent appears to me to have fallen into a 
grave error. He says that the points of this branch are to be 
carefully distinguished from conjugate points; for that at a con- 
jugate point the differential coefficients have imaginary values, 
but that at one of these points, on the negative side of the axis, 
the differential coefficients, being all equal to ε΄, are all real, and 
only differ in sign from those of the corresponding points on the 
positive side of the axis. It is truly astonishing that M. Vincent 
should have failed to observe that if the differential coefficients 
were all real, it would follow from Taylor's theorem that the 
next consecutive point must be a real point on the curve, and so 
that the negative branch would be an ordinary branch of the 
curve. But, in fact, any one of these negative points must be 
considered as belonging to a branch whose equation is of the 
form y-6 7") and the corresponding differential coeffi- 
cient will be y(1+2mz). Considering, then, an acnode in 
general as the intersection of imaginary branches, in the same 
manner as a crunode is the intersection of real branches, the 
points here in question being points of intersection of imaginary 
branches seem properly regarded as acnodal. We have already 
seen that a transcendental curve may have an infinity of nodes 
or acnodes, and, in the case of epitrochoids, that such points may 
be ranged in a discontinuous manner on certain loci.* 


315. The catenary is the form assumed by an inelastic chain 
of uniform density when left at rest. Very simple mechanical 
considerations lead to the property, which we shall take as the 
mathematical definition of the curve, viz. that the arc, measured 
from the lowest point, is proportional to the tangent of the 
angle made with the horizontal tangent by the tangent at 
the upper extremity. If, then, the axes be a vertical and a hori- 
zontal line through the lowest point, we have sco . Now, 


* 'The illustration here used is Dr. Hart's. Some objections to M. Vincent's views, 
which are worth being considered, will be found in a paper by Mr. Gregory, Cambridge 
Mathematical Journal, vol. 1. pp. 231, 264. Prof. Cayley considers that e” (which he 
writes by preference exp.x) is a true one-valued function of α, and that there is 
nothing else than the real branch, the values being those of the function 

1+ = + 2 + ea + &c, 


102 
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to rectangular axes the element of the arc is the base of a 
right-angled triangle, of which dx and dy are the sides, or 
ds? = dx" + dy’. By the equation of the curve we shall have, 
therefore, 


ds’ cds 
2 [SPA ANGE TN 
s+ eae αυ ποσο. 
co 8 4 /(s° -- ο) 
7 =log FHEA ; 


the constant being taken so that s and æ shall vanish together. 
Hence 


z -- ἀ2(6 {σὴ * = 28 


Ete: = —— 5; εἷ--ε-ς--. 
c c 
But in like manner the equation of the curve gives 
ο dë sds 


ay ET 
Hence y’=s’+ ο, provided we suppose the axes so taken that 
when s or 2—0, y shall be =c. This value of y gives at once 
the equation of the curve, viz. : 
c ,* =r 
y=5 (eten). 


A very convenient notation is 
4(&+e")=cosha, $ (č —e”)=sinh α; 


(read hyperbolic cosine and sine); we have then for the catenary 


5 Pm 
y=c cosh, s=csinh-. 
ο 


316. We get from the equation of the curve 
dy = s w(y-c) 


PU μα ih ip 
Hence we are led to the follow- 
ing construction. From the foot 
of the ordinate M draw the tan- 
gent MT to the circle described 
with the centre C and radius c; 
then MC=y, CT=c, MT= 
A (y" — c); tan MCT = tan MTL 


Vy —c). 
ο ? 





hence the tangent 
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PS is parallel to MT. The same values prove also that 
PS=MT=the arc from P to the lowest point. The locus of 
the point S is therefore the involute of the catenary, and SN 
parallel to TỌ is its tangent, since PS must be normal to the 
locus of S, being tangent to its evolute. The involute of the 
catenary is therefore a curve such that the intercept SN, on 
its tangent between the point of contact and a fixed right line, 
is constant.* Such a curve is called the tractriz. 


917. The equation of the tractrix can be obtained without 
much difficulty. For the length between the foot of the ordinate 
from S and the point N is /(c—3") ; it also is, by making y= 0 
in the equation of the tangent, — e Hence the differential 


equation of the curve is 


da " 
-I ce» 
which at once is made rational by putting 2! — c! — 4°, and gives 
da = E — dz. 
ο) --ᾱ 
We have then 
α--οϱο log ο = y (c — 4). 


It will be readily seen that the curve consists of four similar por- 
tions, as in the dotted curve on the figure; and the construction 
of the last Article shows at once geometrically how to draw a 
tangent to the curve. 

The syntractriz is the locus of a point Q on the tangent to 
the tractrix, which divides into portions of given length the 
constant line SN. Let the coordinates of the point on the 
tractrix be αγ’, of those on the required locus æy; let the length 
QN =d, then we shall have y'2 — yc; and 


N(ec-3)-V(d-3y)-2-2 


* 'The form of equilibrium of a flexible chain was first investigated by Galileo, who 
pronounced the curve to be a parabola. His error was detected experimentally in 1669 
by Joachim Jungius, a German geometer; but the true form of the catenary was only 
obtained by James Bernoulli in 1691. Gregory (in his Examples, p. 234) refers to 
what would seem to be an interesting memoir by Professor Wallace on this curve 
(Edinburgh Transactions, vol, X1v. p. 625). 


PP 
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and since, by the equation of the tractrix, 

ο΄ Εκ - y”)=c log EN 2 NAE — D) , 
that of the syntractrix will be i 


$ d d-—y 
2 Ἴ- (d —y )2c log [E 5) Ρ 

The tractrix is a particular case of the general problem of 
equi-tangential curves, where it is required to find a curve such 
that the intercept on the tangent between the curve and a fixed 
directrix shall be constant. 


318. The problem of curves of pursuit was first presented 
in the form-—To find the path described by a dog which runs 
to overtake its master. It may be stated mathematically as 
follows: The point A describes a known curve, and it is re- 
quired to find the curve described by the point B, the motion 
of which is always directed toward A. We suppose both 
points to move with uniform velocities, and A to move along 
a right line which we take for axis of y.* The intercept made 
by the tangent on this axis of y is y — ο , and by hypothesis 


the increment of this is to be proportional to the increment of 
>. d 
the arc, or putting = =D, 


- adp =h /(14+ 23) dz, 
log 2^ + log { p - / (14 3} log A=0, 
2p = Ata" — Αα} 
— A +1 απ —h+1 


This curve will then be algebraic, except in the case when ἦ — 1, 
-h+1 


h—1' 





when we have to substitute log x for — 


319. The cnvolute of the circle is another transcendental curve 
whose equation can be obtained without much difficulty. This 


* See Bouguer, Mémoires de Ρ Académie, 1732, Correspondance sur 0 école polytech- 
nique, II. 275, St. Laurent, Gergonne’s Annales, XIII, 145, 
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is equivalent to the following problem: “If on the tangent at 
any point P of a circle there be taken a portion PQ, such that 
it shall be equal to the arc AP measured from any fixed point 
A; to find the locus of Q.” Let the radius of the circle = a, 
the centre being C and the radius vector 
CQ=p; let PCA=¢, QCA-—0. Then 
PQ — J(p' —a^); and it also --αφ by hy- 
pothesis; but 


-- ϱ -- cogi =: 
? p 


Hence the polar equation of the locus is 


y (p* — a’) 
a 





= 0-r-cos'! e. 
p 


The involute of the circle is the locus of the intersection of tan- 
gents drawn at the points where any ordinate to CA meets the 
circle and the corresponding cycloid having its vertex at A. 


320. We shall conclude this Chapter with some account of 
spirals. In these curves referred to polar coordinates, the radius 
vector is not a periodic function of the angle, but one which 
gives an infinity of different values when we substitute œ = 0, 
c —2 +0, e — 4m 0, &c. The same right line then meets 
the curve in an infinity of points, and the curve is transcendental. 
Let us first take the spiral of Archimedes, which is the path 
described by a point receding uniformly from the origin, while 
the radius vector on which it travels moves also uniformly round 
the origin. The polar equation of the curve is then 

p =a. 
This spiral is the locus of the foot of the perpendicular on the 
tangent to the involute discussed in the last Article. For, from 
the nature of evolutes, the tangent to the locus of Q is per- 
pendicular to PQ; and the length of the perpendicular on 
that tangent from C will = PQ=a¢, and ¢ is the angle this 
perpendicular makes with a fixed line. Hence, too, the reci- 
procal of the involute is the hyperbolic spiral po =a, which we 
shall discuss in the next Article. The spiral of Archimedes is 
one of a family included in the general equation p — ac", in all 
which the tangent approaches more nearly to being perpendicular 
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to the radius vector the further the point recedes from the origin. 
d 

For -- = = ; therefore (Art. 95) the tangent of the angle made 

by the radius vector with the tangent increases as c increases, 

but does not actually become infinite until is infinite. 


321. We have just mentioned the equation of the hyperbolic 
spiral po — a. ‘This spiral has an asymptote parallel to the 
line from which w is measured ; for the perpendicular from any 
in w 





point of the spiral on this line is p sine = aa » which, when 


ω vanishes, and p becomes infinite, has the finite value a. Or, 
again, we might calculate the length of the perpendicular from 
the origin on the tangent. ‘The tangent of the angle made by 


the radius vector with the tangent is 2» =— w; hence the 
perpendicular is Vier ; which, when p becomes infinite, is 
=a. The form of the curve is 

then as here given. The polar A 


subtangent of the hyperbolic spiral 
is constant. The arc AB of the 
circle described with the radius 
OA to any point of the curve is Ó B 
obviously constant. 
Another spiral worth mentioning is the luus p’w=a'; 
this also has an asymptote, viz., the line from which ω is 


measured; for the distance of any point of it from this line, 
αν 


a? sino — ; 
p Sino = , decreases indefinitely as p increases, and ω 





consequently diminishes. 


322. We shall mention in the last place the logarithmic 
spiral, p=a*. In this curve p increases indefinitely with œ; when 
w is 0 it =1, and diminishes further for negative values of c, 
but it does not vanish until w becomes negative infinity ; hence 
the curve has an infinity of convolutions before reaching the 
pole. One of the fundamental properties of this curve is, that 


it cuts all the radii vectores at a constant angle, for becomes 
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the modulus of the system of logarithms which has a for its 
base; the angle, therefore, made by the radius vector with the 
tangent always has this modulus for its tangent. From this 
property we at once obtain the rectification of the curve; for if 
we consider the elementary triangle which has the element of 
the arc for its hypothenuse, and the increment of the radius 
vector for one side, we see that the element of the arc is equal 
to the increment of the radius vector multiplied by the secant 
of this constant angle, and hence that any are is equal to the 
difference of the extreme radii vectores multiplied by the secant 
of the same angle. The entire length, measured from any point 
P to the pole being p sec@, is constructed by erecting at the 
pole OQ perpendicular to OP to meet the tangent at P; 
PQ will then be the required length. The locus of Q will 
evidently be an involute of the curve, but the angles of the 
triangle OPQ being constant, OQ is proportional to OP, 
and it makes with OP a right angle; the locus of Q is 
therefore also a logarithmic spiral, constructed by turning round 
the radii vectores of the given curve through a right angle, 
and altering them in a fixed ratio. Conversely, the evolute 
of a logarithmic spiral is a logarithmic spiral. The locus 
of the foot of the perpendicular on the tangent is likewise a 
logarithmic spiral, for it also bears a fixed ratio to the radius 
vector, and makes with it a constaut angle. The caustics by 
reflexion and refraction, the light being incident from the pole, 
are likewise logarithmic spirals.* 


* The logarithmic spiral was imagined by Des Cartes, and some of its properties 
discovered by him. The properties of its reproducing itself in various ways, as stated 
above, were discovered by James Bernoulli, and excited his warm admiration. 
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CHAPTER VIII. 


TRANSFORMATION OF CURVES. 


323. HAVING in former parts of this work explained par- 
ticular methods by which the properties of one curve may be 
derived from those of another, such as the methods of Projection, 
of Reciprocal Polars, of Inversion, &c., we purpose in this 
chapter to consider the general theory of such methods. In 
such methods we have in general to consider the correspondence 
of two points P, P" which may be either in the same plane or in 
different planes. In the latter case the two planes may be 
regarded as existing in a common space, and the two points 
P, P' may be connected by geometrical relations in such space. 
For example, in the method of Projection the line joining the 
points P, P is subject to the condition of always passing through 
a fixed point. O. Similarly, we should have another system of 
transformation if the line PP" were subject to the condition of 
always meeting two fixed lines; and so forth. The development 
of such theories belongs to solid geometry ; here we consider the 
two planes as existing ?rrespectively of any common space. To 
take the simplest example, suppose that we have a pair of axes 
in one plane, and another pair of axes in the other plane; and 
that the coordinates of Preferred to the first pair of axes are to 
be always respectively equal to the corresponding coordinates of 
P referred to the second pair of axes, we have evidently a system 
in which to any point P in the first plane corresponds a point P’ 
in the second, and vice versá. 

The two planes may be regarded as superimposed one on the 
other, and so as forming a single plane. Supposing this done, 
there will be theorems dependent on the superimposition of the 
two planes; besides these there remain the theorems which 
existed when the two planes were distinct, and the theory is not 
really altered. Or, to express this otherwise, instead of two 


LINEAR TRANSFORMATION. 295 


figures in different planes, we have two figures in the same 
plane, where by the word figure is meant any system of points, 
lines, or curves; or, it may be, all the points of the plane. The 
kind of transformation chiefly studied has been the rational 
transformation ; viz., where to a given position of P corresponds 
in general a single position of P", and to a single position of P’ 
a single position of P. ‘he most simple instance of this is the 
linear or homographic transformation, which we proceed to 
consider in detail. 


LINEAR TRANSFORMATION. 


824. Let the coordinates of P referred to any system of 
axes in the first plane be x, y, z; and let those of P’ referred 
to any system of axes in the other plane be z’, y, 2’; then 
the correspondence of the two points is said to be linear if 
the latter coordinates are proportional to linear functions of the 
former 


easy :Z =ax + by toe: aho Dy M cz: amt by 4 cz, 

by solving which equations we have evidently also linear 
expressions for x, y, z in terms of α΄, y, 2’, 

x: y:z= Ax + Dy C2 : Ax + By e Cz : A" + By Cg. 
It is easy to see that, properly assuming as well the funda- 
mental triangles as the rat.os of the implicit constants, these 
equations may, without loss cf generality, be written in the form 
q:3:2-—75:9:2. Thus then to any position of either point cor- 
responds a single position of the other. If P describes any curve 
Q (x, y, 2) — 0, by substituting ir: this equation the values of x, y, z 
just written, we obtain the equation of the curve described by 
P’. This latter equation is evidently of the same order as the 
former ; therefore, to any curve ;n one plane corresponds a curve 
of the same order in the other;. in particular, to a right line 
in one plane corresponds a right line on the other. It is 
also obvious, that to a node or csp on one curve will answer a 
node or cusp on the other, so that two curves corresponding in 
this method will have the same Plückerian characteristics. Since 
a’, Y, 2’ expressed in terms of x, y, z contain each three con- 
stants, there are nine constants employed in this method of 
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transformation; but since we are only concerned with the 
mutual ratios of x’, y’, 2’, one constant may be divided out, and 
the method of homographic transformation is to be regarded as 
involving eight arbitrary constants. 


925. To a pencil of four lines meeting in a point corresponds 
a pencil whose anharmonic ratio is the same. For it was shewn 
(Conics, Art. 59) that the anharmonic ratio of four lines a — £f, 
a—i8, a—mB, α--πβι is a function only of k, l, πι, n, and 
therefore is the same as the anharmonic ratio of a — kf’, &c. 
Similarly to four points on a right line correspond four points 
whose anharmonic function is the same. And it hence appears 
how given any four points of the first figure and the correspend- 
ing points A’, Β΄, C’, D' of the second figure, we can construct 
the point P’ which corresponds to any other point P of the first 
figure. For the anharmonic ratio of the pencil A’ (B’, ο’, D', P) 
18 equal to that of the pencil A (5, C, D, P), and we can hence 
construct the line A’P’; similarly we can construct B’P’, C'P', 
D' P", and the four lines will of course meet in a point which is 
the point P’. The construction is applicable whether the two 
planes are distinct or superimposed. 


826. Let us now suppose the planes superimposed, and in- 
vestigate another geometrical construction to express the relation 
between corresponding lines and points. Let A, B, C be the ver- 
tices of the triangle formed by the ,lines x, y, 2; and A’, BY, C’ 
those of the triangle formed by the corresponding lines α΄, y’, 2’; 
then since all lines through A form a system homographic with the 
corresponding lines through 4’, the locus of the intersection of 
corresponding lines is a conic. : Or, analytically, since the line 
y + kz corresponds to y’ + kz’, eliminating k, the locus of inter- 
section is yz/— y'z. In like njanner all lines through B and 
through C meet the corresponding lines on the fixed conics 
za’ — xz’, wy — yx. The construction thus assumes that in 
addition to three pairs of corresponding points A, A’; B, Β΄; 
C, C', we are given three fixed conics each passing through a 
pair of corresponding points; and the form of the equations 
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common points. In order then to construct the point of the 
second system corresponding to any point P of the first, let 
the line PA meet the curve yz’ —27’ in the point F, then A'F 
is the line corresponding to PA; similarly, let PB, PC meet 
respectively the conics 2a’ — xz’, xy — yx in points G, H; and 
D'G, C'H wil be the respectively corresponding lines. The 
three lines 4’; B’G, C'H will have a common point P’, which 
will be the required point corresponding to P. The line cor- 
responding to any given one is constructed by constructing for 
the points corresponding to any two points on it. 


327. In the foregoing method the relation between two 
points is in general not reciprocal; that is to say, if to P in the 
first system corresponds P” in the second, it will not be true that 
to P" considered as a point in the first will correspond P in the 
second. In fact, if we consider P as belonging to the second 
system, we construct the corresponding point, as in the last 
article, by joining P to A’, δ, C’: let the joining lines meet 
the respective conics in 7", G^, Η΄; then to PA’, PB’, PC’ will 
correspond lines in the first system 4”, BG’, CH’ meeting in 
a point P” which will ordinarily not be identical with P’. 

Consider, however, the three points L, M, N which are 
common to the three conics y/2—2'y, z'z —a'z, ο — yx, then 
the construction shews that to the lines LA, LB, LC, answer 
respectively the lines L.A’, LB’, LC’. It follows that the two 
systems have common the three points L, M, N; each of these 
points, considered as belonging to one system, having itself as 
the corresponding point in the other system. In like manner 
the lines joining these points are evidently the same for both 
systems. And starting with the points L, M, N as given, then 
if we have a single pair of corresponding points we can at once, 
in virtue of the theorem, Art. 325, construct the point in either 
system corresponding to any point whatever of the other system. 

If we express the equations in trilinear coordinates, assuming 
these three lines LM, MN, NZ as lines of reference, then since the 
equations in the second system, answering to z—0, y—0; z=0 in 
the first, are still to represent the same lines, they can only differ 
from these by constant multipliers, and must be of the form 
lx —0,my —0, nz 20. Thus, then, by a suitable choice of lines 

QQ 
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of reference, homographic correspondence may always be 
expressed in the form that to any point α΄, y', 2’ in the first 
system corresponds the point lx’, my’, nz’ in the second; and 
homographic transformation 18 then effected by writing in the 
equation of any curve le, my, nz instead of x, y, z respectively. 
We cannot here, as in Art. 324, write 2^: y : z’ =% : y : z, for 
the two figures would then be identical. 


328. The method of Projection is a case of this homo- 
graphie transformation. In this method the line joining any 
two corresponding points passes through a fixed point, viz., 
the vertex of the projecting cone; and any two corresponding 
lines intersect on a certain fixed line, viz., the intersection of 
the two planes of section. If one of the planes were turned 
about this line so as to be brought to coincide with the other, 
the figures would still have the property that the line joining 
two corresponding points would pass through a fixed point; 
for consider the triangles formed by three pairs of corresponding 
lines ; and since the corresponding sides intersect in a right line, 
the lines joining corresponding vertices meet in a point. It is 
easy to form the most general equations of such a system. Let 
az 4- by -- c2 — 0 be the equation of the line on which the cor- 
responding lines intersect, then it is evident that the equations 


L 2P 


of α΄ α΄ (the lines corresponding to xyz) will be οἵ the form 

α΄ =a x +by +cz =0, 

y =ax +b y+cz =0, 

g=ax +by tcz-0, 
a system involving three constants less than in the general case, 
and therefore only five in all. 

We shall call the point at which the lines joining corre- 
sponding points meet, the pole of the system, and the line on 
which corresponding lines intersect, the axis of the system. By 
subtracting one from the other successively each pair of the 
equations just written, it will be seen that the pole of the system 
whose equations we have written is given by the equations 


(a— a) x2 (b —56)y-(c— c)s. 
The simplest forms of the equations of projective trans- 
formation are derived as follows: Any line passing through the 
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pole is the same for the new figure; for any two points of 
it have corresponding to them two points on the same line. 
Hence if the pole be taken at the point xy, the two lines x 
and y are unaltered by transformation; and any other line, 
Az + By+ Cz=0, has corresponding to it, Az + By+ Ct — 0, 
the two lines intersecting on the fixed axis, 2— £— 0. Any 
line Ax+ By=0 passing through the pole evidently remains 
unchanged. 


329. Conversely, if two homographic figures in the same > 
plane have the property that any corresponding lines intersect 
on a fixed axis, one of the figures may be considered as a 
projection of the other. For let the plane of one of the figures 
be turned round this axis, and consider any three pairs of 
corresponding points ABC, abc, the corresponding sides of these 
triangles intersecting in L, M, N. Then, when the plane is 
turned round, Aa, Bb must still intersect (since the lines AD, 
ab intersect in .N, and are therefore in the same plane); and by 
the theory of transversals 4a when produced is cut by Bb in the 
same ratio as before the figures were turned round. But in 
like manner Cc, and the line joining any other pair of cor- 
responding points, meets Aa in the very same point. 


330. The general homographic method of transformation, 
containing three constants more than the projective method, 
appears at first sight a more powerful instrument of research, 
and we should expect to arrive, by its means, at extensions of 
known theorems more general than those with which the method 
of Projection had furnished us. It is obvious, however, that 
if a figure were transferred bodily to some other position, we 
should have a linear transformation, in which to every line of 
the first figure would correspond a line of the second figure, but 
yet which would give us no new geometrical information. Now 
we owe to M. Magnus the remark, that the most general trans- 
formation may be reduced to a projective transformation by 
turning the figure round a given angle, and then moving it 
for a given length along a given direction; these three latter 
constants being just the number by which the transformation 
appears to be more general than the projective. 
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To see this, we must first observe, that if a^figure be moved 
in any direction without twisting, since all lines remain parallel 
to their first position, the position of every point at infinity 
remains unaffected by the operation. 

Next, let the whole figure be made to turn round any fixed 
point, and any system of parallel lines will still remain a system 
of parallel lines, although no longer paralle] to its former direc- 
tion; hence, any point at infinity will still remain at infinity, and 
therefore the line at infinity is the same for the figure in both its 
positions. Moreover, since any circle will remain a circle, how- 
ever it be moved, we see that the two circular points at infinity 
will not be disturbed, no matter how the figure be moved. 

If then it be required to move a figure so as to have a projec- 
tive position with a given homographic figure, let the two circular 
points be w, o, the two corresponding points of the second figure 
0, 0', since no motion of the first figure can alter the position of 
w and w, the only possible position of the required pole of the 
two figures is the point A, where the lines ow, o’w’ intersect. Let 
then the first figure be moved so as to bring the point /, which 
corresponds to A, to coincide with it. Moreover, let the first 
figure be turned about / so as to bring m, p (any other pair of 
corresponding points) into a line with /; then we say that the 
two figures will have a projective position, and the line joining 
any other two corresponding points, n, v, must also pass through ἰ. 
For the anharmonic ratio of {l.ww uv} = {l.0o’mn} (Art. 325), 
and since three lines of the system are the same for both, the 
fourth must also be the same for both. M. Magnus’s theorem 
has then been proved. 


831. There is no difficulty in expressing analytically the 
geometrical theory of the last article. Thus if it be required 
to find the coordinates of the point / in the case of the general 
transformation, we are, first, by the theory just laid down, to 
find the line ow joining the point (x + ?y, z) to 

[fax +by 4 cz 1- (am -- δι) 1- οι) ae+6,y+¢,2], 
this will be 


(b, — $a.) {(ax + by + ez) + i (ax -- 6,9 + c,2)] 
e ία, +b+ t (ὦ, τ a)} (a, + by + e,z) = 0, 
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or (ab,— a,b) x t (a,b, — a,b.) y + ((cb, — cb) + (c,a,—¢,2,)} 2 
t t (a5, m b,a,) c (ab, x a,b) yt (cb, EX b,c.) z+ (ac, — ca,) z} =0. 

The line joining o'o' will only differ from this in the sign of 
the quantity multiplying 4. The point required is therefore the 
intersection of the two lines found by putting the real and 
imaginary parts of the equation separately = 0. 

It is not necessary to dwell on particular species of linear 
relation, such, for example, as similarity. We only mention 
one kind of homographic relation, in which the area of any 
space on the one figure is equal to that of the corresponding 
space on the other figure. It is easy to see that such a transfor- 
mation is possible. For let the triangle formed by xyz be equal 
to that formed by a’y’z’, then, if we take any point O on the first 
figure, it will be easy to determine a corresponding point ο on the 
second, such that Oxy=oza’y’ and Oxz=oz2'z’; and therefore that 
Oyz=oy'z’; and the triangle formed by any three points OPQ 
will be equal to that formed by opg, the corresponding points 
80 determined. 

This species of homographic relation differs from orthogonal 
projection just as the general collinear relation differs from 
projection in general. 


INTERCHANGE OF LINE AND POINT COORDINATES. : 


392. In the method of transformation just described and in 
the others to be considered in this chapter, point corresponds to 
point, and line to line; but there are transformations where a 
point in the one figure corresponds to a curve in the other 
figure. We have such a transformation in the method of 
Reciprocal Polars, in which point corresponds to line and vice 
versá. And the like is the case in the more general homo- 
graphic transformation, or say in the theory of skew re- 
ciprocals, which is as follows: Let there be any system of 
point-coordinates xyz, and a system of line coordinates αγ, 
in the same or in a different plane; then a point in the 
first system corresponds to a line in the second, if the co- 
ordinates x, y, z of the point are respectively proportional to 
a, B, y, the coordinates of the line. In the same case to 
any line læ + my + nz in the first system corresponds the point 
la+mB+mny in the second. Plainly, then, to four points in 
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a line will correspond a pencil of four lines having the same 
anharmonic ratio; for the anharmonic ratio of y- lx, y — mz, 
y — nz, y — px, is the same function of l, m, n, p, whether x and 
y denote point- or line-coordinates. The method now described 
may be combined with any of the other transformations described 
in this chapter; that is to say, in any of them, one of the 
systems of coordinates may be supposed to be changed from 
point- to line-coordinates; and in this way we can get all 
possible transformations in which point answers to line and 
line to point. 


* 


333. Let us now suppose the two systems to be in the same 
plane, and let us endeavour to express the transformation 
altogether in point-coordinates. To any point 2’y’z’ is to corre- 
spond a line whose coordinates referred to a certain system of 
line-coordinates αβγ are α΄, y’, z. But this is equivalent to 
saying that its equation is to be z'X-ry'Y-FzZ-0, where 
X20, Y=0, Z=0 denote the lines joining the points repre- 
sented by «20, 8-0, y=0. And these being known lines, 
the equation of the line answering to the point 2/7 must be 
of the form 
α΄ (αμο -- bytez)+y (ας t ὃ, η -- eg) ἠ- 2 (a,x + b,y +¢,2) — 0. 
This is an equation involving eight constants, and would 
coincide with the equation of the polar of a point with regard 
to a conic section, only if b =a, c,=a,, 6,=c,; the equation 
in this case involving but five constants. 


334, In the general case every point has a different line cor- 
responding to it according as the point is considered as belonging 
to the first or to the second system. ‘Thus the equation just 
written expresses the relation between any point 2 of the 
first system and any point xyz on a corresponding line of the 
second system. If now the latter point be fixed, and the former 
variable, we have, for the equation of the line of the first 
system corresponding to any point of the second, 


(ax + by’ ἠ- eg) m (a,x + b, t ο) y + (agg + by’ + ος) 2 =0. 
In the case of reciprocals with regard to a conic, the same 


line corresponds to a point, whether that point be considered as 
belonging to the first or to the second system. 
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335. In order to give, in the general case, a geometric con- 
struction for the line corresponding to any point, we shall first 
seek for the locus of the points which lie on their corresponding 
lines. This is obviously 


a,x" + (a, + δι) αγ + by? + (b + ¢,) yz + (a, + c) £z 4 C2" = U=0, 
and is the same conic whether the point be considered as belong- 
ing to the first or to the second system. We shall call this the 
pole conic. 

Next let us seek the envelope of lines which pass through 
their corresponding points. The line λα΄ + py + vz (where 2’y/2’ 


is a point on the conic just written) touches (see Conics, 
Art. 151) 


(bj + ο) + 2b,c, — 4δ,ο)) A” 

+ (4a,b, + 4a,c, — 2a,a, — 2a,c, — 2b,a, — 22,6) uv 
t (aj + e + 2a,c, — 4a,¢,) p^ 

+ (45,a, + 4b,c, — 2a, b, — 2a,c, — 2b,b, — 26,c,) vr 
+ (αρ + b; + 2a,b, — 4a.) ? 

+ (4a,c, + 4b,c, — 20/0, — 2a, b, — 2c,b, — 2c,a,) Au = 0. 
The envelope is therefore a conic, which we shall call the polar 
conic, and which is also the same whether the lines in question 
belong to the first or to the second system. 

Using now the words pole and polar to express the kind of 
correspondence we are here considering, we have at once the 
polar of any point on the pole conic. For from that point draw 
two tangents to the polar conic: one of these is the polar 
when the given point is considered to belong to the first system ; 
the other, when it is considered to belong to the second system. 

Or, conversely, to find the pole of any tangent to the polar 
conic. We have only to take the two points where this line 
meets the pole conic; one of these points is its pole in the first, 
and the other in the second system. 

Let it be required now to find the polar of any point Ο. 
Draw from it two tangents, OT, OT, to the polar conic. Let 
OT, meet the pole conic in the points A,A,, and let OT, meet 
it in the points BB. Then if A, be the point in the first 
system which corresponds {ο O T;, and B, that which corresponds 
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to OT,, plainly A,B, is the line in the first system which 
corresponds to O, considered as belonging to the second 
system; that is, A,B, is one of the polars of O. Similarly, 
A,B, is the other polar of O. 

Or, to find the pole of a given line meeting the pole conic in 
the points AB, from these draw tangents AP, AP, BQ, BQ, 
to the polar conic; and if AP, BQ, be the lines in the first 
system, which are the polars of A, B, their intersection gives the 
point in the first system, which is the pole of AB. And, in 
like manner, the intersection of 4P „ BQ, gives the point in 
the second system, which is the pole of AB. 

The reader will readily see how these constructions reduce 
to the ordinary polar reciprocals if a, 2 5, b,=c,, c =a, The 
pole and polar conic will then coincide; the polar of any point 
on that conic is the tangent at that point, and the polar 
of any other point is the same for both systems, and is the 
line joining the points of contact of tangents from the point 
to the conic. 


336. It follows at once from these principles that in the 
general case the pole conic and the polar conic have double 
contact with each other. For, take any point of intersection, 
its two polars coincide with the tangent at that point to the 
polar conic; the two poles of this line must therefore coincide, 
and therefore the two points where it meets the pole conic must 
coincide, therefore the tangent to the polar conic at their inter- 
section must touch the pole conic also. The same thing is 
proved for their other point of intersection. Prof. Cayley has 
proved the same thing analytically, by shewing that if U— 0 
be the equation of the pole conic, that of the polar conic (found 
by putting for A, u, v their values, in the equation of the last 
Article) may be thrown into the form 


{x (a,b, "E ab, + a0 — a,C,) +y (ὄνοι = b,c, t δια, = b.a,) 
+2 (οια, — 60, + cb; z e,5.)]- 
AU. ία, (οὖ. EE be.) ta, (2,6, πα be) ta, (5,6, τ διοι)) =0, 


a form which shews at once that it has double contact with U. 
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337. There are, in the general case, three points whose polars 
are the same with regard to both systems. For let the equations 
of the polars in each system be 


Ax + uy * v2 —0, and Va+ uy 4 v2 2-0, 


then the system of equations 


is manifestly satisfied for three points; and the theory laid 
down in the last Article shews at once what the three points are. 
For the two points of contact of the pole and polar conics have 
each the same polar in both systems, viz., the common tangents 
at these points ; and the point at which these tangents intersect 
has also the same polar in both systems, viz., the chord of 
contact of the conics. 

There are then three points which have the same polar in 
both systems; and two of these points lie on their polars, but 
the third does not. 


338. It is desirable to shew that in the constructions which 
we have given no ambiguity occurs, and that we need be at no 
loss to know, of the two poles of a given line, which belongs to 
the first, and which to the second system. 

Since two conics having double contact may always be pro- 
jected into two similar concentric conics, we use these in the 
figure for greater simplicity. 

Let A, B be the two poles of any 
tangent to the polar conic, then of the 
two poles of any other tangent 4’, B’, 
4’ will belong to the first system, since 
if AB were moved round to coincide 
with A'B', A would coincide with A’, and B with B’. The dis- 
tinction between the points may be readily made by the help of 
the following theorem: *.4'B and ΑΡ’ are parallel in the case 
of two concentric conics; and by the method of projections, in 
the general case, intersect on the chord of contact of the conics.” 

Reciprocally, if we draw tangents to the polar conic from two 
points on the pole conic, we must so number them, σα, oa,, pb, 

RR 
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pb, that the line joining the intersection of oa, pb, to that of 
oa,, pb, may pass through the pole of the chord of contact of 
the conics. 


339. The number of constants in the case of skew recipro- 
cals only exceeding by three the number of constants in the case 
of reciprocals with regard to a conic, it is natural to inquire 
whether the latter does not only differ from the former by 
displacement of the figure. It is evident, at any rate, that the 
skew reciprocal here considered is only a homographic trans- 
formation of the reciprocal with regard to a conic, and that 
therefore the use of skew reciprocals can lead to no geometric 
theorem which we might not obtain by combining the use of 
ordinary reciprocals with the method of projections. 

It is very easy to see what must be the first step if it be 
required to move the two figures into such a position that the - 
polar of every point may be the same, no matter to which system 
that point be considered to belong. For, since the position of the 
line at infinity is unaffected by any displacement of the figure, Ἢ 
we must begin by taking its pole in each system, and then 
moving the systems so that these points shall be brought to 
coincide. ‘The pole and polar conics will then become concentric 
and similar, this point being their common centre. 


340. Now we say, that if by turning the figures round their 
common centre O, they can be given such a position that the 
polar of any point A at infinity shall be the same line OB for 
both systems; then if the polar of any other point C at infinity 
be the line OD for the first system, it must be also so for the 
second system. For the anharmonic ratio of the four points of 
the first system ABCD is equal to the corresponding pencil 
of the second system, viz., OB.OA.OD.OX; and since three 
legs are the same in two pencils, OX must coincide with OC, 
or the polar of the point D must be the same whether it belong 
to the first or second system; so also must then the polar of C. 

Since now the circular points at infinity are unmoved by any 
turning of the figure, we have only to take the two polars of 
either of these points, which in general will not pass through 
the point, and turn either figure round, so as to bring these 
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polars to coincide; and then, from what has been just proved, 
the polars of every other point will coincide. 


341. We can readily obtain an expression for the ang e 
through which the figure is to be turned. The two figures 
being in a concentric position, and the origin being the centre, 
it is readily seen that the most general equations of the two 
polars of any point are 

(αμ b) w+ (ag + by) y t e, 70, 
and (a,x ἠ- aqu) c + (ζγα΄ +b,y') y + 6, 0. 
The two polars of the point at infinity, for which y’ = &x', are 
(a, +ib) e+ (a, + τὸ.) y — 0, 
and (a, + ται) x + (b, - 405) y 50; 
and the angle through which one of these lines must be turned 


to coincide with the other is the difference of the angles whose 
tangents are 








a, +, αι 4- 4a, 
— 2— 7 and - E 
a, + b, . b 4 db, 
e ο e a, — b 
but this is the real angle whose tangent is —'. 
1 2 


342. Or the same result may more simply be obtained as 
follows: If in general the line of the second system corre- 
sponding to the point ay’ in the first be 


(a,x F by) 2 + (a,x + buy) y + Cs zu 0 } 
then, when the second system is turned round an angle @, the 
equation of this line will become 


(a,x’+b,y’)(x cos0 — y sinb) + (a.a + b,y’) (x sin + y cos) -- ο, = 0, 
or {(a, cosÓ +a, sin@) α΄ + (b, cos0 + b, sin 8) y] x 

+ {(a, cos 0 — a, sin@) α΄ + (b, cos8 — b, sin0) y'] y+ c, — 0. 

But the locus of points of the first system whose polars pass 


through αγ, that is to say, the line corresponding to ay, 
considered as belonging to the transformed system, will be 


{(a, cos@ +a, sin0) α΄ + (a, cos0 — a, sinb) y] x 
+ (b, cos0 + b, sin 0) α΄ + (b, cos — b, sin 0) y] y - e, 0. 
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This line will always coincide with the other, if we have 
b, cosÜ + b, sin 0 — a, cosÓ — a, sin 0; 

a, — b 

b +a 


1 


or, as before, tan 0 = 





1 


QUADRIC TRANSFORMATION. 


343. Before proceeding to the general theory, it will be in- 
structive to consider in detail one other special method, viz. when 
the coordinates of the point P’ are functions of the second degree 
of the coordinates of P, or say in which a: y :z'=U: V: W. 
Thus to the lines x=0, y=0, 2=0 will answer three conics 
U=0, V=0, W=0; and, in general, to a curve of the n” 
order wil answer one of the 2n, whose equation is found 
by substituting U, V, W respectively for x, y, z in the given 
equation. We have already used this method, Arts. 252, 272. 
A simple example is when the relation between P’ and P is 
expressed by the equations α΄ : y’ : z =x : y”: 2°; then to any 
right line lx+my-+nz wil answer a conic (x? + my?+nzt 
touching the sides of the triangle zyz, while to a right line in 
the second figure answers also a conic in the first. To a 
conic in the first figure (a, b, c, f, g, hio, y, 2). answers the 
quartic 


ax + by + ca + 2fyiat + 292333 + Qhaty? = 0. 


And, as the general equation of a conic may be written in the 
form 


UE quasque Is zu) * μη) (ασ) et 
Pg F NG Fgh]? T NP gj 
it follows that the equation of the corresponding quartic may be 


written in the form az?+ by? + cz? + dwł=0. It is therefore 
trinodal and has the lines a, y, z, w for bitangents. 


344. The method of transformation just described, wherein 
xy iz -—U:V:W is in general not rational. For, given 
2, y, z we have x’, y', g rationally, s when z^, y’, 2’ are given, 


then to find x, y, z we have = D r ; equations which 


represent conics having four common intersections, and therefore 
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to anv position of the point z'y'z answer four positions of 
the point xyz. If the conics U, V, W had a common point, 
this point being independent of the position of the variable 
point a’y’2’ might be set aside; and to any position of the 
one point would answer three of the other. Similarly, if U, 
V, W had two common points; and finally, if they have three 
common points, the conics = = y = ds have, besides the three 
fixed points, only one other common point. The transformation 
is therefore in this case rational, and to any position of either 
point answers a single position of the other. It would be a 
mere change of coordinates, if instead of the conics U, V, W 
we took three conics of the form /U -- mV -- π W, making the 
corresponding lines læ + my+nz our new lines of reference. 
There is therefore no loss of generality if we take for U, V, W 
the three line-pairs got by joining each of the fixed points to 
the two others. The most general rational quadric transfor- 
mation is therefore that which we have already used, Art. 283, 
where two corresponding points are connected by the reciprocal 
relations 


LY 12/2: 2α τή and x: y: zZ = yz : zgr: zy. 


345. It was stated, Art. 283, that to the point xy will cor- 
respond any point on the line z/—0, ἅς, If we transform 
any curve, to each of the n points where it meets the line 2’ 
will correspond the point xy, which will accordingly be a n-fold 
point, or, more strictly, to each of the n points corresponds 
the direction of a tangent at the n-fold point. There will be 
a coincidence among these tangents should the original curve 
touch the line α΄. To a curve therefore of the n™® degree, which 
does not pass through any of the three fixed points yz’, z/2^, a y^, 
will correspond a curve of the 2n" degree having the three 
points yz, zz, xy as n-fold points. Let us suppose, however, 
that the curve passes through the point y'/z", then the line x 
must be part of the corresponding figure, and setting this aside 
the order of the corresponding curve is reduced by unity. Also 
since the line z passes once through each of the points zz, xy, 
the corresponding curve will only pass through each of these 
points (n — 1) times instead of n. And, in like manner, we 
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see in general that to a curve of the n degree which passes 
through the three principal points, as we shall call them, 
f, g, and h times respectively, will correspond a curve whose 
order n’ is 2n —/—9g — h, and which passes through the three 
principal points on the other figure /", g, and A’ times re- 
spectively, where f =n—g—h, dg 2n—h-— f, k 2n—f- g. 


346. It is easy to verify that the numbers thus assigned 
satisfy the reciprocal relation which exists between the corre- 
sponding curves; that is to say, that we have also 


n=2n’ -/-σ-- k, f= n! —g ας k, g= n — k —f, hn -f —g. 
We shall shew also that the two corresponding curves have the 
same deficiency. For if a curve pass f times through a point, 


this is equivalent to 4f ( f- 1) double points, (Art. 43). Hence 
the deficiency of the first curve is 


Σία 1) (n—2)-f(f—-1)-g(g- 1) -&(h — 1], 
and using the values just obtained for w', f, 9^, k, it is easy 
to verify that the number just written is equal to 


ἐπ —1)(0-72) -F (P-1) - g'(g -1)- & (Y — 1). 


947. A particular case of quadric transformation is the 
method of inversion, or transformation by reciprocal radius 
vectors, described Art. 122, and Conics, Art. 121 (c). In this 
method we have a fixed point O; and corresponding points P, 
P' lie on a line through O, at distances whose product is con- 
stant; say OP.OP'—1. Taking O as origin, it is easy to see 
that the relations between the rectangular coordinates of P 
and P’ are 


/ / 
/ 
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But these equations give 








Λι) 1 1 
x +y = -y = ; 
E æ — iy’ oY g + ty 
Hence, writing 
X, Y,Z-a—4, οὖν 1; X’, Y', Z =£ tty, £- ty’, 1, 
we have XA Dy = YZ EIR EXY, 
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or the transformation is of the kind considered in this section. 
The point O is called the centre of inversion; and the circle 
whose radius is the square root of the given value of OP.OP’ is 
called the circle of inversion, and if P describe any curve, the 
curve described by P is called the inverse curve. 

In particular, the inverse of a right line is a circle passing 
through O; viz. if OA is the perpendicular on the line, and 
A’ the point corresponding to A, the circle is that which has 
OA’ for its diameter. The point O corresponds to the point at 
infinity on the line. Again, the inverse of any circle is a circle 
(Conics, Art. 121(c)), and in particular, the inverse of a circle C 
which cuts at right angles the circle of inversion is this same 
circle C; that is to say, the point P’ corresponding to P lies on the 
same circle, which is therefore its own inverse. We give this ex- 
ample to illustrate a theory which will be more fully considered 
in a separate section, where the general theory of transforma- 
tion presents itself as a theory of correspondence of points on 
a given curve. Here confining our attention to the circle C, 
the points P, P' on it correspond to each other; and in order 
to find the point corresponding to a given one P, we have 
only to join it to a fixed point O, and take the point where 
OP meets the circle again. 


948. To return to the general theory of inversion, it is 
obvious that two pairs of corresponding points A, A’; B, B, 
lie on a circle which cuts orthogonally the circle of inversion ; 
and by the property of a quadrilateral inscribed in a circle, 
the line joining two points A, B makes the same angle with 
the radius vector OA that the line joining the corresponding 
points A’, δ’ makes with the radius vector OB’. In the 
limit, if 4B be the tangent at any point A, the corresponding 
tangent to the inverse curve makes the same angle with the 
radius vector. It follows immediately that the angle which 
two curves make with each other at any point is equal to the 
angle which the inverse curves makes with each other at the 
corresponding point. 

The inverse is immediately formed of curves included in 
the equation p"=a" cosnw. Thus n=2, the lemniscate is the 
inverse of the equilateral hyperbola; n=4, the cardioide is the 
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inverse of a parabola having the origin for its focus, &c. 
The inverse of a conic in general is a trinodal quartic, the 
nodes being the origin and the circular points at infinity. If 
the origin be the focus of the conic, the inverse is the limaçon ; 
if the origin be on the curve, the inverse is a nodal circular 
cubic, the origin being the node. Evidently in general to a 
circle osculating one curve will correspond a circle osculating 
the inverse curve; but if the circle passes through the origin 
the inverse will be an inflexional tangent. 


Ex.1. The three points of inflexion of a nodal circular cubic lie on a right line. 
Hence, through any point on a conic can be drawn three circles elsewhere osculating 
the curve, and their points of contact lie on a circle passing through the given point. 
The three points will be all real when the curve is an ellipse, but if it be a hyperbola, 
two will be imaginary.* 


Ex. 2. In like manner, through any point on a circular cubic or bicircular quartic 
can be described nine circles elsewhere osculating the curve, and of these circles three 
will be real and their points of contact will lie on a circle passing through the given 
point. 


Ex. 3. “The feet of the perpendiculars on the sides of a triangle from any point 
on the circumscribing circle lie in one right line." Inversely, if on three chords of a 
circle, AB, AC, AD as diameters, circles be described, the points of intersection of 
these circles with each other lie on a right line. 


Ex. 4. * The circle circumscribing a triangle whose sides touch a parabola passes 
through the focus.” Inversely, if three circles be described through the cusp to touch 
a cardioide, their points of intersection with each other lie on a right line. 


Ex. 5. “Ifa right line meet a limaçon in four points, the sum of their distances 
from the node is constant." Inversely, if a circle through the focus meet a conic 
in four points the sum of the reciprocals of their distances from the focus is constant. 


Ex. 6. To find the envelope of circles passing through a fixed point and whose 
centres lie on a given curve. Take the fixed point for centre of inversion, and the 
locus of the other extremity of the diameters passing through that point is evidently 
a curve similar to the given one. It is easy then to see that the negative pedal 
(Art. 121) of the inverse of this last curve is the inverse of the required envelope, 


and, therefore (Art. 122), that the envelope is the inverse of the polar reciprocal 
of that curve. 


949. It remains to mention the cases of rational quadric 
transformation which cannot be reduced to the substitution 
giyiz-gyz:zaixy. Of the three points common to the 
conics U, V, W, two may coincide: let the line y be supposed 





* This theorem is Steiner's, see Conics, Art. 244, Ex. 3. The proof here given is 
Dr. Ingram's. 


f This example is taken from Dr. Stubbs's paper on this method, PAil. Mag. 
vol. XXIII. 18, 
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to be the common tangent to the conics at the point yz, and 
let xz be the third point common to the three conics, then 
the equation of each must be of the form az" + 2fyz + 2hxy =0; 
we may take z^, yz, zy as the three conics, and the substitution 
is that used Art. 289, a: y : z =ay: æ? : yz, equations which 
imply reciprocally z:3:2-—2y τα τσ. In this substitution, 
as in the other, to the point 2’z’ corresponds the line y; and 
to any curve meeting this line in n points will correspond a 
curve having the point as a n-fold point. To the point ογ΄ 
corresponds the line æ, but whatever be the point on this line, 
the corresponding direction of tangency will be y’=0. Toa 
curve therefore meeting the line z in n points will correspond 
a curve having the point ay’ as a n-fold point, at which all 
the tangents coincide. The theory, in short, is substantially 
the same as before, only modified by the coincidence of two 
of the principal points. Again, let all three points coincide, then 
(Conics, Art. 239) the equations of the three conics must be of 
the form by? + 2hxy + 2f (yz — ma?) 20, and we are led t the 
substitution used in Art. 290, viz. α΄: y : Z —zy:3^: yz — mx’, 
implying reciprocally æ : y:z=a'y' : y”: y'Z πια. 


350. Before discussing the general theory of rational trans- 
formation, it is convenient to mention, in extension of what was 
stated, Art. 347, that the general substitution of X", Y^, Z^ 
for .X, Y, Z assumes a simple form when the line Z is at 
infinity, and .X, Y pass through the two circular points. For, 
transforming to polar coordinates, the equations of X and Y 


become 
p (cos? +2 sin0) 20; 
and it is obvious that substituting for these functions their ntt 
powers is equivalent to substituting o" for p, and nô for 6. 
This transformation is not rational, but it may conveniently 
be applied to curves of the form p"-a" cosmw, which are 
always thus transformed to curves of the same family. For 
1-2 a circle becomes a Cassinian, and for n — 3 a limaçon. 
Mr. Roberts has also noticed (Liouville, ΧΙΙΙ. 209) that the 
angle at which two curves intersect is not altered by this 
transformation. For the tangent of the angle which the tan- 
gent to a curve makes with the radius vector is (Art. 95) 
SS 
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Es and this is unaltered when we substitute nde for dw 
and nap for ap Thus the theorems given as examples of 


inversion lead each to as many theorems as we choose to give 
different values to n. Theorems also concerning the angles at 
which curves cut are easily transformed by this method, as, for 
instance, the theorems that a circle is the locus of intersection 
of two right lines cutting at a fixed angle which each pass 
through a fixed point; that a series of concentric circles are 
cut orthogonally by lines through the common centre, &c. 


THE GENERAL THEORY OF RATIONAL TRANSFORMATION. 


351. We come now to the general theory of the rational 
transformation, in which to any system of values of sayz 
corresponds a single system of values of z'y/7'; for example, 
xL: y: z =U: V: W, where U, V, W are known functions of 
2, Y, 2, which we suppose to be of the n'è order; and, recipro- 
cally, to any system of values for a’y’z’ corresponds a single 
system of values ο: :22U': V’: W'. When such mutual 
expression is possible, U’, V^, W” must be also of the nt order 
in αγ. For to the n intersections of an arbitrary line 
le+my+nz with any curve aU+6V+cW will correspond, 
in the other system, the intersections of (U’+mV’+nW’ with 


the line aa’ + by’ + cz’, which must also be in number n. 


352. Let us now examine the conditions that such mutual 
expression may be possible. In general, if we are given the 
coordinates of a point in one system α΄ : y : z’ =a : b : c, there 
wil correspond in the other system the intersections of the 
curves U: V: W—a:b:c; and these will be & in number 
if U, V, W are general curves of their order. If, how- 
ever, U, V, W have p points common to all three, the curves 
-- - = B will always pass through these points, and there 
will be only »* — p variable points of intersection, which will be 
the points in the other system corresponding to the given point. 
Finally, if p 2»* —1, there is but a single variable point of 


GENERAL THEORY OF RATIONAL TRANSFORMATION. 315 


intersection; or, in other words, all but one of the intersections 
of the curves U: V: W=a: b : ο being known, the coordinates 
of the remaining intersection are uniquely determinate, and will 
thus be rational functions of a, b, c; that is to say, of z^, y/, 2’, 
and we have expressions of the form x: y: z= U: V: W. 


353. Thus, then, one condition for rational transformation is, 
that the curves U, V, W shall have n’—1 common intersec- 
tions; but there is a further condition. The system of curves 
aU+bV+cW must be as general as the system of right lines 
ax’ + by’ + ο’ to which they correspond ; that is to say, a curve 
of the system must not be determinate unless two conditions are 
given to determine the two expressed constants a : 5b : c. ‘The 
number of conditions, therefore, which U, V, W can be made to 
satisfy must be at least two less than the number of conditions 
necessary to determine a curve of the n“ order. For example, 
if U, V, W be cubics, and if we subject them to the condition 
of having eight distinct common points, they must also have 
a ninth (Art. 29); there would be no variable point of inter- 
section, and the construction of Art. 352 would fail. But we 
can still satisfy the conditions of the problem by supposing 
the cubics U, V, W to have common one point, which is a node 
on all, and four ordinary points. These are equivalent to but 
seven conditions, since to be given a double point is only 
equivalent to three conditions (Art. 41), and therefore two more 
conditions are necessary to determine any curve aU+6bV+cW. 
But the common points amount to eight intersections, since 
a point which is a double point on two curves counts for four 
intersections. And so, in general, we cannot take V, V, W as 
curves of the n order, having «'— 1 distinct common points, 
because then (n being greater than two) they would have another 
common point, and no variable point of intersection; but we 
can satisfy the conditions of the problem by taking for U, V, W 
curves having common a, ordinary points, a, double, a, triple, 
&c., in such way that these are equivalent to n*—1 intersec- 
tions, and that the number of conditions implied shall be less 
by 2 than the number necessary to determine a curve of the n™ 
order. Remembering, then, that to be given a multiple point of 
the order r is equivalent to ἐν (r+ 1) conditions, and that such 
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a point when common to two curves counts as 7° intersections, 
we have the two equations 

a, + 4a, + 9a, 4... ra, —-n-1l sie 

a, 4- δα, 4 θα, +... 3r (r - 1) o, — 3n (n + 8) — 2 .... (2). 
Doubling the second equation and subtracting from it the first, - 
we get an equation which may conveniently be substituted 
for (2) 

a, + 2a,+ 9a, +... ra, — ὃ (n — 1) ............ (3). 

We have then as many modes of transformation by curves of the. 
^" order as there are solutions of these equations by positive 
integer values of a,, a,, &c., provided always that the number. 
of higher multiple points which the curves are supposed to 
possess is subject to the limitations assigned, Art. 43.* 


364. The argument of Art. 353, strictly, only shews that in 
equation (2) the left-hand side cannot be greater than the 
value there written. But we can also shew that it cannot be 
less, for add a term —¢ and subtracting equation (2) from (1). 
we get 

a, + δα, +... 3r (r— 1)a,— $ (n — 1) (n - 2) |-1.... (4). 
Recollecting that a triple point is equivalent to three double 
points, and an 7-fold multiple point to 4r(r— 1) double points, we 
see that the left-hand side of the equation represents the number 
of double points to which all the multiple points of any curve 
aU+bV+cW are equivalent. And since it was shewn (Art. 42) 
that this number cannot exceed 4(n—1)(n—2), we must have 
t=0, then equation (4) asserts that the curves of the system 
aU+bV+cW have each the maximum number of double 
points, or, in other words, that they are unicursal. And it is 
otherwise evident that this must be so, since these curves 
answer to the right lines of the other system; and not only a 
right line, but every unicursal curve will be transformed into a 
unicursal curve; for if the coordinates of a point are rational 
functions of a parameter, the coordinates of the corresponding 


* This theory is due to Cremona, see his memoirs Sulle trasformazione geometriche 
delle figure piane, Mem. di Bologna, t. 11. 1868, and t. v. 1865; see also Prof. Cayley's 
paper, Proceedings of the London Mathematical Society, vol. 111. 1870, pp. 127—180. 
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point being rational functions of these, must also be rational 
functions of the same parameter. 


355. We have seen that when n is greater than 2, the 
equations (1) and (3) cannot be satisfied if the points common 
to U, V, W are only simple intersections. We shall now shew, 
in like manner, that if n is greater than 5, there must be 
a multiple point of order higher than the second; and so on 
generally. Let r be the highest index; multiply equation (3) 
by r, and subtract from it equation (1), and we have 
(r—1)a, -2(r—2) α.ἠ- 3(r — 3) a, -...(r- 1)a, Ξ(π-- 1)(8r — ^ — 1). 
Every term on the left-hand side is positive, therefore r cannot 
be less than 4(n+1). We may take r equal to this number 
in the case where 4 (n + 1) is an integer, that is to say, if n be 
of the form 3p — 1, we may take r=p; but if so all the numbers 
αμ αι... 0, | must vanish, and the curves can have no common 
points but the p-fold points; and we have pa,=3 (3p —2), 
which cannot be satisfied by an integer value of a, if p exceed 3, 
unless p=6. Except, then, when n=2, 5, 8, or 17, r must 
be greater than 3 (n -- 1); thus always for n greater than 5 there 
must be a multiple point of higher than second order. 


356. In the same manner is established a theorem from 
which we shall presently draw an important inference, viz. that 
if we take the three highest in order of the multiple points, the 
sum of their orders must exceed n. Let the orders of the 
three highest be r, 5, t, where s is supposed not greater than r 
and ¢ not greater than s, then transferring the terms contributed 
by the two former to the opposite sides of equations (1) and (3), 
these equations become 

a, Aa, T...ÜCa, π' --1--γ---9 
αρα, -... αι Ξθπ- 89— r —8, 
and, as before, we have a limit to the lowest admissible value 
of ¢ from the consideration that if we multiply the second 
equation by ¢ and subtract the first, the remainder is essentially 
positive. -Our business now is to shew that n—r—s is too low 
a value for t, or that, in this case, 


n—1-r-—s-t(80n—3-—r- s). 
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Substituting r + s =n — t, this becomes 
2rs — 1 +2nt — € 2 t(2n — 3 +t). 
But since, by hypothesis, r and s are not less than ¢, the least 


value the first quantity can have is found by putting r and s 
both — £, when the inequality becomes 


t + 2nt — 12 0 + 2nt — δὲ 
which is obviously true. 


357. Cremona has tabulated as far as n —10 all the ad- 
missible solutions of the system of equations we have been 
considering. Some of his results will be given presently; but 
enough has been said to shew that we can always take U, V, W 
functions of the nt? order in xyz, such that the equations 


ο ο sepu 
shall represent three curves having common certain fixed points, 
equivalent to n*— 1 intersections (which we call the principal 


points), and one variable point, the coordinates of which ex- 
pressed in terms of a^y'2' give the converse system of equations 
g:y:z= U: V: W. 

We have already seen that U’, V’, W’ are functions of the 
nt? order in a’y’2’, and it is plain that these also must represent 
curves having common a number of fixed points satisfying the 
conditions (1) and (2) already explained. It does not follow, 
however, nor is it always true, that the same solution of the 
system of equations is applicable in both cases; in other words, 
the system of curves aU-- b V --cW which answer to the right 
lines of one system, and the system of curves aU” -bV' +c W” 
which answer to the right lines of the other system, have not 
in general the same distribution of multiple points. 


358. We have seen that, in the quadric transformation, to one 
of the three principal points eorresponds in the other figure 
not a poiut but a line; and we shall now extend this theorem 
by shewing that in general to any of the a, points corresponds 
a unicursal curve of the r™ order. It is evident that the system 
of equations 


ο ος. 


GENERAL THEORY OF RATIONAL TRANSFORMATION. 419 


becomes illusory if we seek the point a’y’z’ corresponding to 
any point ryz common to the curves U, V, W. Now, first let 
this be a point of simple intersection; and, by proceeding to a 
consecutive point, we have a’y’z’ respectively proportional to 

Uda + δη + U,82, V,8x --V,8y 4 V,6z, W eat W,8y + W èz, 
where ζ᾽, &c., denote differential coefficients. We have thus 
a different point 2’y’z’ corresponding to each element of direc- 
tion at the assumed point zyz. But £f three curves have a 
common point their Jacobian passes through that point; as is 
evident by writing the equations U — 0, &c. in the form 

Us4Uj4Ug-0, VerVyt+Ve=0, Wæ+Wy+Wg=0, 
and eliminating xyz. We thus see that if we eliminate δα, dy 
from the values just found for αγ΄2΄ δὲ will also disappear, and 
all the points corresponding to xyz will lie on the right line 


a (V,W, -V,W,)--y (W,U,- W,U) + Z (UV, - U,V) =0. 


359. We proceed in like manner if the point common to 
UVW be a multiple point. Let it, for example, be a double 
point, then the values given, Art. 358, for αγ vanish; but 
denoting the second differential coefficients as before by a, J, c, 
&c., we have 2’y’z’ respectively proportional to 
a0z by -c6z 4.2f6y024-2g020x--2h0.:0y : a δια} Ke. : α 6x7 4 &c. 
But the relation of the point zyz to UV W is such as to allow of 
the simultaneous elimination from these equations of dx, dy, dz. 
In fact, the above forms in òx, dy, dz are only in appearance 
ternary, but are really binary. For az" 4- by^ 4 cz’ + &c. equated 
to zero denotes the pair of tangents to the curve U at the 
double point, and is reducible to the torm 


a (x — mz)" + 2h (x — mz) (y — nz) +b (y — nz). 
There are, therefore, but two quantities ôx — móz, 6y — δρ to be 
eliminated between the equations, and it will practically come 
to the same thing if we write óz — 0, and eliminate δα, dy. 
And so for any multiple point we have z^, y’, 2’ proportional to 


(a, ... X92, δυ); (a, ... Lda, δη)”: (a^, ...ἴδα, dy)"; 
and óz, dy are eliminated in the manner explained, Art. 44, 


and α΄, y’, 2 being rational functions of a parameter, are the 
coordinates of a point on a unicursal curve of the r order. 


320 GENERAL THEORY OF RATIONAL TRANSFORMATION, 


360. The curves in one system which answer to the prin- 
cipal points in the other may be called the principal curves, 
and these curves together make up the Jacobian of the system 
of curves aU 4 bV -cW. For the Jacobian is the locus of the 
new double point on such of the curves of that system as have 
a double point in addition to the multiple principal points common 
to all. But since each of these curves has already the maximum 
number of double points, it can only acquire a new one by break- 
ing up into inferior curves, and this will happen only when the 
corresponding right line in the other system passes through one 
of the principal points. In that case the curve aU+bV+cW 
breaks up into the fixed ri^ curve corresponding to the principal 
point, together with a residual curve variable with the line 
through a. Now, in general, if we have two unicursal curves, the 
sum of whose orders r and 7’ is n, the aggregate multiplicity 
arising from the singularities of the two curves and their in- 
tersections is equivalent to 4 (r — 1) (r—2) + 4 (7^—1)(7—2) +77’, 
that is, to (n — 1) (n — 2) 4- 1 double points. Thus we see that 
in the curve we are considering, the complex curve has besides 
the principal points one new double point, which will be a point 
of intersection of the fixed curve answering to a,, with the 
residual variable curve; and the locus of such points is therefore 
the fixed curve. That the sum of the orders of all these prin- 
cipal curves makes up the order of the Jacobian of the system 
QU -- ὁ V --cW is expressed in equation (3), viz. 


a, + 2a, + δα, 4... ra, — 3 (n — 1). 


From the general theory of Jacobians, which will be more fully 
entered into in the next chapter, it appears that the system 
of principal curves passes through each of the points a, twice, 
through each point a, five times, and through each point a, 
3r— 1 times. There are other theorems which it is sufficient 
to indicate as to the disposition of the principal curves with 
respect to the principal points. For instance, take a right 
line in one system which does not pass through a principal point 
&,, then the corresponding curve aU 4-bV --cW can have no 
ordinary point in common with the principal curve α, and the 
intersections of the two curves would be exclusively principal 
points, In this way we can see that every principal right line 
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passes through two principal points, the sum of whose orders is 
m, and every principal conic through five principal points, the 
sum of whose orders is 2n. 


361. We are now in a position to determine the charac- 
teristics of the curve corresponding to a curve of the order &, 
which we suppose not to pass through any of the principal 
points. Evidently, if we write U, V, W for x’, y, 2’ in a 
function of the £ order, we obtain one of the order nk; and if 
the curves U, V, W have a point a in common, the line in the 
other figure corresponding to a will meet the curve S in & points, 
which will all correspond to a; this will, therefore, be a k-fold 
point, and similarly, every one of the principal points a, will be 
a rk-fold multiple point. If the original curve have no multiple 
points, the transformed curve will have no multiple points other 
than the principal points. Thus it appears that the transformed 
curve wil be of the order nk, the corresponding maximum 
number of double points being αὶ (nk— 1)(nk —2); and the 
principal points will be multiple points, and the number of 
double points to which they are equivalent will be 

jak (k — 1) + 40,24 (2k — 1) +...40,rk (rk — 1), 
or ` 3h? (a, + Δα, +...7°0,) —$4.(a, +20, +... rar), 
or, in virtue of equations (1) and (3), 

i (nm -- 1) κ -3 (n-— 1) k. 

Substituting, the deficiency of the transformed curve is 
$ (nk—1) (nk —2)— [4 (à — 1) ?— 3 (n—1)k}, 24 (k—1)(k—2), the 
same as the deficiency of the original curve. Ifthe original curve 
has multiple points other than the principle points, to these will 
correspond in the transformed curves multiple points of the 
same order, and the deficiencies of the two curves remain equal. 

If the original curve pass through any of the principal points 
a’, then for each time of passage the corresponding curve a, 
is part of the transformed curve, and the degree of the trans- 
formed curve proper will be reduced accordingly. There will 
be also a corresponding reduction in the number of passages 
of the transformed curve through the principal points through 
which a, passes. The effect of this will still be to preserve 
the equality of the deficiencies of the two curves. Thus, for 

3 TT 
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example, if the original curve passes through one of the points αι» 
the transformed curve will include as part of itself a right line, 
and the degree of the residual curve will be reduced from nk 
to nk- 1, and there will be a consequent diminution of n —2 
in the maximum number of double points; so if the right 
line pass through two points a,, a, the number of passages 
of the residual curve through these will be each reduced by 1, 
and the number of equivalent double points will be reduced 
by sk— 1 and ἐξ-- 1, er by n£—2, since s+t=n. It is unne- 
eessary to enter into more detail, because we shall presently 
arrive at the same results by another method. 


362. Every Cremona-transformation may be reduced to α 
succession of quadric transformations. Consider the most general 
transformation in which to the right lines of one figure 
answer in the other figure curves of the n order having 
in common a, ordinary points, a, double points, &c. We have 
seen (Art. 356) that there are three of those points, the sum of 
whose orders exceeds n. ‘Take these as principal points 
and effect a quadric transformation, the degree of the trans- 
formed curve, being 2n—7—5-— t, is less than n. In like 
manner, by a new quadric transformation, we can reduce the 
degree of that curve; and so on until we have at length right 
lines corresponding to the curves of the nt order. Since it was 
proved (Art. 346) that the deficiency is not altered by any 
quadric transformation, the theorem of this article shews that 
it is not altered by any Cremona-transformation. The following 
particular example will illustrate the method, and will shew how 
we can trace the disposition of the principal curves. Consider the 
transformation in which right lines are transformed into quintics 
having three ordinary points a,a,a,, three double points b,b b, 
and one triple point c. Take cb,b, as principal points, and by a 
quadric transformation the quintics become cubics, having 5/ as 
a double point, and a,’a,a,c’ as ordinary points. Again, take 
a,b,c’ as principal points, and apply a new quadrie transfor- 
mation when the cubics become conics passing through a,”a,’b,”, 
and finally, a new transformation with these for principal points 
brings them to right lines. In like manner we can see how 
are transformed the right lines of the first system, or, more 
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generally, how are transformed curves of the Á** order passing 
a, times through the point αμ &c. After the first transformation 
we have 

k -2k-c—b,— b, 

c =k-b — by 

6’ -k—c—b, b -k—c-b, b, = b, 


, / / 
Gye yy 0, = Oy, 0 —4, 
After the second transformation, in which αι δ.σ are the principal 


points, we have 
k” =3k— 2c —a,— b, — b, — ba 
c” =2k— c-a, — b — b, — by 


b” —k—ce—b, b =k-c—a b k—ce- b, 


a, =k-c- by a Ξαμα, =a, 
Lastly, after the third transformation, the principal points being 
α-α,ὀ,) we have 
k” = 5k — 3c — 2b, — 2b, — 2b, — a, - a, — αρ 
ο z2k—-c—-b,-b,—b,—- e, 
αι z2k—c— b, —b,— b,—a,, αι =2k-c—b - b, — b, — αμ αι -k—c— b, 
b mk—e—b, b" k—c—b,, b/"—3k—2c—b,— b, —b,—- a, - a,—a,. 


And if we put k — 1, and the other letters 20, we see that right 
lines are transformed into quintics having common one triple, 
three double, and three single points. Again, in order to trace 
the correspondence of the principal points, we see that in the 
first transformation to the point c corresponds the line 5,', b7; 
to this in the second transformation corresponds a conic through 
σας b, b, b, ; and finally, to this a cubic having b,” as a double 
point, and the remaining six points as ordinary points. ‘The 
following tables give the effects of the different kinds of 
Cremona-transformation as far as n=6. The values also in- 
dicate the curves answering to the principal points. Thus, in 
Ex. 3, the value c’ = 3k — 2c — X (a) indicates that to c' corre- 
sponds a cubic having c as a double point, and passing through 
the points a. 


Ex. 1. (II) n=2, «,—8. 


K&'—-3kb—a,—a,—a, a'—2k—a,-ag, a; —k—a,-ay a, =k~a,—dy 
4 
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Ex.2. (III) n=3, a = 4, a,— 1. 
k' = 3k — 2b — a, —a,—a;—%, bl 2k —b—a,—a,—a,—a, az k—b-a,&c 
Ex. 3, (IV.1) n=4, a, =6, a, = 0, a, =1. 
k’ = 4k — 8e — Σ (a), ο΄ = 8k — 26-- Σ (a), a, = k —c— αμ &c. 
Ex. 4. (IV. 2) n=4, a =3, a, =3. 
k' = 4k — 2Σ (b) — Σ (a), 6’ = 2k — Σ (b) — a, — αι ὀρ = ὧο. a/ = k — 5, — δι a, = ke. 
Ex. 5. (V.1) n=5, αι δι a. =0, ag =0, a, = I. 
k' = 5k — 4d — È (a), d'= 4k -- 3d — È (a), αι 2k —d—a,. 
Ex. 6. (V: 2) 2n=5, a, =3, a, ὃ, ag=1. 
k'25k—c—2Z (b) — (a), b= 3k —2c—Z (b) — Σ (a), ὃι-- 2ᾷ--ο--αι-- X (b), a'=k—e— b. 
Ex, 7. (V. 8) n=5, αι Ξ0, ag ΞΘ... 
k' = 5k — 2 (b), δι = 2k — b; — b; — b, — ὃς — bg, &c. 
Ex. 8. (VI.1) n=6, a, =10, a, =1. 
k’ = 6k — 5e — È (a), 6’ = bk — 4e — È (a), a,’ niae" 
Ex.9. (VI. 2) n=6, a,=1, a, =4, a4 2. 
k’ = 6k — 82 (c) — 22 (b) — a, οἱ = 3k — 2c, — οι-- Σ (b) — a, 
ὃν --2ἑ-- Σ (e) — b, — b; — by α = k — E (c). 
Ex. 10. (VI. 3) n=6, a, = 4, ag =1, a, 8. 
k’ = 6k — 32 (c) - 2b - È (ao), d= 4k — 22 (ο) -- ὁ — € (o), 
ὃν Z2k — E (c) - b — a,', br &c., b; — &c., ὃν = &c., αι. Ξζ--οι--ομ αγ &c., αι &c. 
Ex. 11. (VL 4) n=6, a, = 3, ag = 4, 0,-0, a, = 1. 
k’ = 6k — 4d — 2Z (b) — Σ (a), e, = 8k — 2d — E (b) — a, — a4, c,' = &c., οἱ = &c., 
b = 2k — d — È (b), αὐ = k -- d — b, αγ = ke, a,’ = ἃς. a, = &c. 
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363. The conditions assigned in the last section are neces- 
sary for the general rational transformation between two planes, 
so that to any point in either plane shall correspond a unique 
point in the other. But they are not necessary to rational 
transformation, if we consider only the transformation of a 
given curve S=0. Let us apply to the curve S a transforma- 
tion g : y :2 — U: V: W, where U, V, W are functions of the 
n" degree in x, y, z, not necessarily satisfying Cremona's 
conditions; then, obviously, to any point in the first plane will 
correspond a single point of the second, since a", y', 2 are given 
as rational functions of x, y, z But according to the pre- 
ceding theory, if U, V, W have common a, ordinary points, 
a, double points, &c., then to any point in the second plane will 
correspond n*— a, — 4a, — &c. points in the first plane; and this 
number, which we shall call 0, will ordinarily be different from 
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unity. The locus of points in the second plane corresponding 
to the points of the curve S will be a curve S’ corresponding 
to S, and to any point P of the first curve will correspond a de- 
finite point P" of the second. Now, from what we have just said, 
it appears that to P’ will correspond in the first figure, besides 
the point P, 0 —1 other points; but these points will ordinarily 
not lie on S, and the curve in the first figure corresponding 
to S' will consist of S together with a residuary curve, the 
locus of the 0 — 1 points. And if we attend only to the points 
on the curve S, we see that while to any point P of S cor- 
responds a single point P on δ’, so also to any point P’ on S’ 
corresponds a single definite point P on 8. 

Thus then, though the equations α΄: y :zg' — U:V:W do 
not by themselves suffice to give rational expressions for x, y, z 
. in terms of 2’, y’, 2’, it is otherwise when with these we combine 
the equation S=0. If from all the equations we eliminate 
xyz, we obtain an equation S’=0, which is the condition for 
the co-existence of the system of equations. And when this 
condition is satisfied, it was shewn (Higher Algebra, Lesson x.) 
that we can in general rationally determine the values for 
2, Y, 2, which will satisfy all the equations of the system. We 
see, then, that when a given curve S is transformed by the 
substitution of a: y : 2°= U: V: W, we can in general obtain 
a rational converse expression g : y :z = U’: V’: W. 

Ex. Suppose that we are given x’ :y':2’ syz+2?:yz+ay:yz+az. Here to 
right lines in the second plane answer conics in the first, having common only two 
points γα, zx; and therefore to a point in the second plane will generally answer two 
points in the first plane. The general expressions for z, y, z in terms of 2’, y', 2’ 
are easily found by observing that z — y,z —2 are respectively proportional to 
z'— y, α’ —2'; the geometrical meaning of which is, that the points zyz, z'y'z', 
considered as belonging to the same plane, are collinear with the point 1, 1, 1. 


In other words, the equations are satisfied by writing 2 —2z'--À, y=y +), 
£ —2'4-À, where λ is determined by the quadratic 

2A? + (α΄ +y -- 2) X 4 y'z' — 0, 
and plainly to any system of values for z/y'z' answer two systems of values for zyz. 
But it is otherwise if we consider the transformation of a given curve. Thus, take 
a right line in the first plane az + By + yz; then the relation between any point on 
this line and the corresponding point in the second plane is given by the equations 
x= z' +À, &c., where (a + B + y) X =— (az! + By’ + yz). 

In like manner, if we have any conic S on the first plane, and. if by the sub- 
stitution x =x’ + À, &c, S becomes A? + ΡᾺ + δ΄, then the curve corresponding 
to S is the quartic whose equation is obtained by eliminating between 

A? + Ρλ 1- δ’ 20, 22? - (z ty 4-2) λ y2 20; 


2 
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and the expression for x in terms of x’ is obtained by taking for λ the common root 
of these equations given by the equation {2P — (z' + y' + 2’)}A + 2S’ — y'z' = 0. 


364. The deficiency of a curve is unaltered, not only by 
Cremona’s transformation, as already proved, but by any trans- 
formation where to a point on either curve corresponds a 
single point on the other.* This may be shewn as follows: 

In the first place, it is to be observed that in the rational 
transformation between two planes, where to a point A corre- 
sponds a single point A’, if any curve pass twice through A the 
corresponding curve must pass twice through Α΄, or to a double 
point on one curve must correspond a double point on the 
other. But if to A correspond more points than one, A’, B’, &c., 
then if the second curve pass through both A’ and B’, the 
first curve will pass twice through A; that is to say, a double 
point on one curve may correspond to a double point, but it 
may also correspond to a pair of distinct points on the other. 
In like manner, if the points A’, B’ coincide, we may have a 
cusp on one curve corresponding either to a cusp or to a pair 
of coincident points on the other. 

Let us now consider two fixed corresponding points A, Α΄, 
one on each of two corresponding curves S, S’, whose orders 
we suppose to be m and m’, and which we suppose to be in 
the same plane; let us consider also two variable corresponding 
points M, M^; and let us examine the degree of the locus of 
the intersection of the lines AM, A’M’. Now take any fixed 
position of the line AM, since it meets the first curve in m— 1 
points distinct from A, there are s — 1 corresponding positions 
of the line 4' M', and therefore AM meets the locus ia m—1 
points distinct from A. But if we consider the line 4-4” it 
is easy to see in like manner that it meets the locus in no 
other points than the point A counted m’—1 times, and A’ 
counted m—1 times. Thus we see that the locus is of the 


* This theorem was first derived by Riemann from the theory of Abelian 
functions ; see Crelle, L1v. 188. The proof here given is substantially the same as that 
given by Zeuthen, Mathematische Annalen, 111. 150 ; but Iam informed by Dr. Fiedler 
that it had been previously given by Bertini, Battaglini Giornale, vir. 105 (1869). 
See also a direct proof in Clebsch and Gordan’s Theorie der Abelschen Functionen, 
p. 54, for the case where the curves in one system answering to right lines in the 
other have common no multiple points higher than the second. 
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degree m 4 m'—2, the points A, A’ being multiple points of 
the orders respectively πι — 1, m — 1. 
Let us next consider in what cases AM touches the locus. 
This will be the case when two of the lines A’M’ corresponding 
to AM coincide, without our having at the same time a coin- 
cidence between two of the lines AM corresponding to A’M’; 
for in the latter case the intersection of AM, A’M’ would be 
a double point on the locus, and AM would not be an ordinary 
tangent. Now (1) if AM touch the curve S, AM will evidently 
also touch the locus. (2) If AM pass through a double point 
on S, then according as to that double point there corresponds 
on S' a double point or a pair of distinct points, we have 
corresponding on the locus a double point or a pair of distinct 
points, but in neither case is AM an ordinary tangent. (3) If 
AM pass through a cusp on 6, then according as to that cusp cor- 
responds a cusp on 5’, or a pair of coincident points, AM passes 
through a cusp on the locus, or else is an ordinary tangent. 
It appears from (1) and (3) that the number of ordinary 
tangents from 4, together with the number of cusps, is the 
same for the locus and for the curve S. It is by expressing 
this equality that we obtain the relation connecting the two 
curves ©, 8’. It was shewn (Art. 79) that the number of 
tangents which can be drawn to a curve of the m degree from 
a multiple point of the order r is m’—m-—r(r+1); or is 
less than the class of the curve by 2r. Hence, if .N be the 
class of the locus curve, the number of tangents which can 
be drawn from 4, which is a multiple point of order m' — 1, i$ 
AN — 2 (m —1); and if we denote the number of cusps on the 
locus curve by K, and the class of © by m, the equality we 
desire to express is 
N-—2 (mw -1) 4 K2n-—2- «. 

In like manner, considering the tangents from Α΄, 
Δ-9(πι--1)1- Κ--π'--3-κ΄, 

and we have therefore n—2m+x=n'-2m'+«, 

or, writing for n its value m^ — m — 26 — 3x, 

4 (m— 1) (πι-- 9) --ὃ--κΞ3(πί -- 1) (πι’ -- 9) -- δ' — κ’. QE.D.* 


* Zeuthen proves in like manner, that if, instead of the correspondence of the 
curves being rational, α points on S correspond to any point on S’, and α’ points on 
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365. It is proved, as in Art. 361, that if we transform a curve 
S of the mt^ order by the transformation 2: y' : z^ —- U: V: W, 
where U, V, W are functions of the p'è order, then since the 
points where an arbitrary line meets the transformed curve 
correspond to the points where aU 4 8V -- y W: meets δ, the 
order of the transformed curve is mp — a, — 2a,, &c., where αμ 
a,, &c. denote the number of single, double, &c. points common 
to U, V, W, and which also lie on S. Let us now examine 
how, by this transformation, we can reduce the order of the 
transformed curve as low as possible. As in Art. 353, we 
see that U, V, W may be made to satisfy two conditions less 
than the number sufficient to determine a curve of the p'è 
order, that is to say, 4p(p+3)—2; and we evidently apply 
these conditions so as most to reduce the order of the transformed 
curve, if we make U, V, W pass through as many as possible 
of the double points of δ. Let the deficiency of S be D, and 
the number of its double points accordingly 4 (m* — 3m) — D 1; 
and let us in the first place take pm — 1, in which case 
we may make U, V, W pass through 4(m’+m)—3 points. 
We may, therefore, make the curves pass through all the 
double points and through 2m--.D—4 other points on $. 
Writing, therefore, a, 22m 4- D— 4, a, — 4 (m" — 8m) — 7-1, 
p=m—1, we find for the order of S’, mp— a, — 2a, — D + 3. 

Let us next take p —m —2, which of course implies that m 
is greater than 2. Proceeding precisely as before, we see that 
we may take a, — 1 (m* — 3m) — D 4 1, a, m + D —4, and that 
the order of the transformed curve will still be D 4-2. Once 
more let us take p = m —3, we may take a, = $(m*—3m) — D +1, 
a,=D-3, provided always that D is greater than 2; and 
we now find for the order of the transformed curve D+ 1. 
The transformed curve has, as we have proved, the same 
deficiency as the original, so that our result is, that a curve 
of order m with deficiency D, or with 4 (m? — 8m) - D + 1 double 
points, may be transformed into a curve of order D -- 2 with de- 
ficiency D, that is, with 4 (D* — D) double points; or, when D is 


S' to any point on S; and if ¢ and ¢’ denote the number of cases in which two of 
these a or α’ points coincide, then 


t — t' = 2a’ (D — 1) — 2a (D’ — 1). 
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greater than two, into a curve of order D+1 with 4 (D' — 3D) 


double points. | 
Thus then, in particular, a curve may be transformed as 


follows: 


if D =0 into a conic,* 


„ a cubic, 


„ a quartic with one node, 


„ ἃ quartic, 


„ a quintic with two nodes, &c., 


a sextic with five nodes, 
7 with 9, 
8 with 14 or 6 with 3. 


SSS ο ο SiS 
IP YN a 


366. The case of unicursal curves need not detain us. 
Here D — 0, and the transformed curve a conic; the coordinates 
x’, y, 2 are, as we know, expressible as quadric functions of 
a parameter 0; therefore the coordinates x, y, z, which are 
expressible as rational functions of a, y', 2’, can be expressed as 
rational functions of 6. 

Let us then consider the case D —1. Here the transformed 
curve is a cubic, and it is to be noted that, however the trans- 
formation is effected, the resulting cubic will have always the 
same absolute invariant; that is to say, the anharmonic ratio 
of the four tangents from any point on the curve will be the 
same (Art. 229). When D=1, the coordinates of any point 
on the curve can be expressed as rational functions of a para- 
meter 0, and of /(©) where © is a quartic function of 0. It 
is sufficient to shew this for the case of a cubic, since a, y, 2 
can be expressed as rational functions of 2’, y, 2’; and for 
the case of the cubic, it appears at once by taking the cubic 
to pass through the point zy, and then writing in the equation 





* Although by the method just described the case D = 0 is only transformed into 
a conic, yet by the Cremona transformation the conic can be further transformed 
into a right line. 
| For some further developments see Jung and Armenante in Battaglini’s Giornale 
VII, 235; and Brill and Noether, Math, Annal., VII. 298. 
£ UU 
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of the curve y= θα, when the ratios a: y : 2 are immediately 
obtained in the form in question. It is, moreover, clear that 
the values of 0 for which ©=0 are precisely those answering 
to the four tangents from zy to the cubic. 

We have thus seen that the coordinates of a point on the curve 
for which D=1 can be expressed as rational functions of 0 and 
(©); and by a linear transformation of 0 (that is to say, re- 
placing 0 by a properly determined function a6 + ὁ -- c0 -- d) we 
can bring /(©) to the form J(1— 0) (1— 46"). If we write 
0 —sinamu, this is cosamw Aamu, and we may say that the 
coordinates of a curve, whose deficiency is 1, can be expressed 
as elliptic functions of a parameter v. 


867. There is a like theory where the deficiency is 2, and 
where the curve is therefore reducible to a nodal quartic. 
Taking the node of the quartic for the point ay and writing 
y=0x, we can immediately express the ratios w:y:2 as 
rational functions of @ and 4(O), where © is now a sextic 
function of 0; and this is equivalent to saying that the coor- 
dinates are expressible as hyper-elliptic functions of the first 
kind of a parameter v. For higher values of D the coordinates 
are irrational functions of a parameter, and it is onlv 13 special 
cases that they can be expressed by radicals. 


368. Before quitting this part of the subject, another method 
may be mentioned by which the same problem may be studied. 
We may start with the equations connecting the coordinates 
xyz, c2; let these be A=0, B=0, C=0, each equation 
being homogeneous both in xyz and zz; and being in 
those variables of the orders a, b, c; a’, 0’, ο΄ respectively. If 
between the three equations we eliminate 2 we obtain an 
equation 940 of the order ab’c’ + be'a’+ca’b’ in xyz, and if 
we eliminate xyz, we obtain an equation S’=0 of the order 
abc 4 Uca -- c'ab in a’y’2z’. The conditions S=0, S’=0 must 
be satisfied in order that the equations 4 —0, B=0, C=0 may 
co-exist; but for any system of values of xyz satisfying the 
equation S=0, we can find a corresponding system of values 
of ασ’ satisfying equations 4-0, B=0, C=0, and therefore 
also $20. "The number of double points on the curve S may 
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be investigated by the methods explained in Higher Algebra, 
Lesson XVIII., and the result I have obtained is 


306 (δ’ο΄ — 1) αἲ + &c'a' (οα΄ — 1) P + ἁα’δ’ (α΄ -- 1) ο 
+ ((a^ b^ — 1) (c'a' — 1) — 4 (a' — 1) (α΄ — 2) bc 
+ f('c' — 1) («V - 1) -- $ (V — 1) (V -2)] ca 
+ ((cà' — 1) (jc — 1) - à (c —1) (c —2)] αὖ, 
and there is of course a similar expression with interchange of 
accented and unaccented letters for the number of double points 


on ©. In either case we find the deficiency to be 4(2+2), 
where 


Q, — a*b/c + θ'σα + cab 4- a^ be + b^ca + cab 
+ 2aa’ (bc' + δ' ο) + 907’ (σα + σα) + 266 (ab + ab) 
— ὃ (ab’c + bc'a' + cal’ + abe + δ΄οα + c'ab); 
so that again we have the theorem that the two curves have 
the same deficiency. 


CORRESPONDENCE OF POINTS ON A GIVEN CURVE. 


369. What has been said may sufficiently illustrate the 
theory of rational correspondence; in what follows we consider 
the general correspondence of two points P, P' on the same 
curve, such that either determines the other. Suppose that to 
a given position of P there correspond a’ positions of P’, and 
to a given position of P’, a positions of P, the correspondence 
is said to be an (a, a’) correspondence. When a=a’=1, 
the correspondence is rational. 

As a simple instance of correspondence on a given curve 
of the m™ order, suppose the points P, P" to be collinear with 
a fixed point O (that is to say, that the line PP’ passes through 
O), then if P be given there are m— 1 positions of P’, and 
if P be given there are  —1 positions of P; or this is an 
(m—1, m —1) correspondence. We have already noticed this 
particular kind of correspondence in the case of the circle (see 
Art. 347). This correspondence is evidently rational in the 
case of the conic, or where m — 2. 

If the point O is on the given curve, then to a given 
position of either point there correspond m -— 2 positions of the 
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other point; or more generally, if O is an a-ple point of 
the curve, then to a given position of either point there corre- 
spond πι--α-- 1 positions of the other point, viz. the corre- 
spondence is a (m—a—1, πι--α-- 1) correspondence. Observe 
that we have in this way a (1, 1) correspondence of points 
on a cubic (by taking O at pleasure on the curve), or on a 
nodal quartic (by taking O at the node), but that we cannot 
thus obtain a (1, 1) correspondence of points on a general 
quartic. 


370. In the foregoing instance the correspondence has been 
a symmetrical one; viz. starting from either point the other 
is obtained by the same construction, and of course a=. 
But as an instance of a non-symmetric correspondence, suppose 
that P' is given as a tangential of P; here P being given, 7" 
is any one of the intersections of the tangent at P with the 
curve (and thus to a given position of .P there correspond m — 2 
positions of P^); but P’ being given, P is any one of the points 
of contact of the tangents írom F” to the curve (and thus to 
a given position of P" there correspond n — 2 positions of P, if n 
be the class of the curve); and we have thus a (n —2, m — 2) 
correspondence. It is hardly necessary to remark, that we 
may have a — α΄ without the correspondence being symmetrical. 


971. In the case of a unicursal curve, to a given point on 
the curve corresponds a single value of the parameter 0; and 
to a given value of 0, a single point on the curve (or extending 
the notion of correspondence we might say that a point on the 
curve and the parameter of such point have a (1, 1) corre- 
spondence). It at once follows that if the point P has a positions, 
its parameter Ô must be given by an equation of the order a; 
whence also, if as above, the points P, P' have an (a, a’) corre- 
spondence, the relation between their parameters 0, & must be 
given by an equation of the form (0, 1)« (θ΄, 1)« — 0, viz. 0 being 
given the equation will be of the order a’ in 6’, but 0' being 
given it will be of the order a in 6. 


372. A point may correspond to itself, and it is then said 
to be a united point; thus where the points P, P’ are collinear 
with a fixed point O, it is clear that the point of contact of any 
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tangent from O to the curve is a united point; and if these are 
the only united points, their number is =n. 

The only other points which it might at first sight appear can 
be united points are the nodes and cusps of the curve; in fact, 
taking P at a node or a cusp the line OP meets the curve in the 
point P, in the same point counting as one of the (m- 1) inter- 
sections, and in (m — 2) other points; or, what is the same thing, 
the line from O to the node or cusp meets the curve in the node 
or cusp counting twice, and in (m —2) other points. But in the 
case of the node, the two intersections at the node belong to 
different branches of the curve, or we may say they are coinci- 
dent, but non-consecutive points; in the case of the cusp they 
are consecutive points: the distinction is well seen in the case of 
a unicursal curve—here for a node we have two distinct values of 
0, for each of which the coordinates have the same values; for 
the cusp these two values of 0 have become identical; or, what 
is the same thing, the line from O to a cusp (although not a 
proper tangent of the curve) is a tangent in a sense in which 
the line from Ο to a node is noé a tangent to the curve. The 
conclusion is, that a node is not a united point; in a special 
sense a cusp is a united point; and we have, besides, the proper 
united points, which are the points of contact from O to the 
curve. | 

Reverting to the unicursal curve and to the equation 
(0, 1)4(0', 1)" 20, at a united point we have 6-- 6’, and for 
finding these points we have an equation (0, 1)e*« —0; that is, 
when the points P, P’ have an (a, a’) correspondence, the number 
of united points is =a+a’, 

Applying the theorem to the case where P, P’ are collinear 
with the fixed point O, the correspondence is (m— 1, m —1), or the 
number of united points should be =2 (m— 1). The number of 
points of contact, or proper united points is =n, that of the 
cusps or special united points is =x; or we ought to have 


n- &—2 (m —1), 


which is in fact the case for a unicursal curve with « cusps. 

In the case where P’ is a tangential of P, it has been seen 
that the correspondence was (n —2, m — 2) ; and the number of 
united points should be =m+n-—4. We have here as proper 
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united points the inflexions, and as special united points 
the cusps; total number =4+«3; and the theorem thus is 
t+x=m+n-—A, or what is the same thing ε-- ὃ (πι-- 9) —2« ; 
which is in fact the case for a unicursal curve with « cusps. 


373. Consider the point P as given; the geometrical con- 
struction for the determination of P" comes in general to this, 
that we have depending on P a certain curve © which, by its 
intersections with the given curve, determines the points P". 
In some cases P" is any one of the intersections in question; 
but in others a certain number of them will in general coincide 
with the given point P, and are to be excluded. Thus, in the 
case where P, P’ are collinear with O, the curve © is the line 
OP meeting the given curve in the point P counting once (to 
be excluded) and in (m —1) other points. So when P' is the 
tangential of P, the curve O is the tangent at P meeting the 
given curve in the point P, counting twice (to be excluded) and 
in (m — 2) other points. 

But further; the curve O may meet the given curve in 
points forming two or more distinct classes, in such wise that 
only the points of the one class are positions of the point 
P'. Thus, in the last preceding instance, interchanging the 
points P, P^, or now considering P’ as the point of contact of 
a tangent from P to the curve, the curve O is the system of 
n—2 tangents from P to the curve; each of these tangents 
meets the curve in the point P counting once, in the point of 
contact say P’ counting twice, and in m —3 other points say 
P" (which are cotangentials of P, that is PP" touches the curve 
at a point P" distinct from P or P"). Or, what is the same 
thing, the curve © of the order n—2 cuts the given curve in 
the point P counting 2 —2 times, in n —2 points / counting 
each twice, and in (n — 2) (m — 3) points P" counting each once. 
The correspondence P, P’, as was seen, is (m —2, n —2); the 


correspondence (P, P") is clearly (n —2 m — 3, n - 2 m — 8). 


374, The theorem in regard to a unicursal curve suggests 
the theorem that for a curve in general the number of united 
points should be =a+a’+ multiple of the deficiency, or say 
Ξα--α 4 K.2D; but admitting that the curve © presents itself 
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in the problem, the last instance shews that there is a necessity 
for considering the case where the curve © has with the given 
curve distinct classes of intersection. The general theorem 
is, that if for a given curve of deficiency D, the corresponding 
points of Pare P’, Ρ”, ..., and if P, P’ have an (a, a’) corre- 
spondence, and the number of the united points is =a: P, P” 
a (8, 8’) correspondence, and the number of their united points 
is b : &c.; and if the curve ©, which, by its intersections with 
the given curve, determines the points P’, P”, ..., intersects the 
given curve in the point P counting & times; in each of the 
points P’ counting p times, each of the points P” counting 
q times, and so on, then we have 
p(a—a-a)-T-q(b—-8—98)4...— k.2D, 

where of course in each of the different correspondences the 
special united points (if any) must be taken into account. 

Thus, in the instances above considered for a unicursal 
curve; first, if P, P" are collinear with O, we have 


n- &-2(m-—1)4 2D ......... ο ολες, (1). 
Next, if P’ is a tangential of P, 
Ute mcn—4A-TAD «εν «ο νεο νεο νο ος (2); 


and in the case where P is a tangential of P’, and where 
b, 8, β’ refer to the correspondence P, P” cotangentials, 

b —2 (m — 3) (n— 2) + 2 (a — a — d') = (n — 2) 2D, 
where, by the example immediately preceding, 

a—a— a =t+K—(m+n—4)=4D. 
and therefore b —2(m —3) (n—2) 2 (n— 6) 2D. 
The proper united points b are here the points of contact of 
the double tangents, the number of which is 27; but we have 
also as special united points the cusps each counted n — 3 times 
(it must be assumed that this is so), and the result 1s 
2T —2 (m —3) (n — 2) + (n — 6) 2D — (n — 3) « .... (3). 

The several equations (1), (2), (3) giving respectively the 
class, the number of inflexions and the number of bitangents 
of a curve of the order m with 6 nodes and « cusps agree with 
the Plückerian equations; they are most easily verified by 
means of the expressions given, Art. 83, for the several quan- 
tities in terms of m, n, and a = 3n + κ. 
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375. If on any curve the points P, P’ have a (1, 1) cor- 
respondence, the points (P’, P") a (1, 1) correspondence...and 
so on up to the points ΡΟ, P™; then it is clear that the 
points P, P have a (1, 1) correspondence. And, conversely, 
the points P, P™ which have a (1, 1) correspondence may be 
regarded as connected with each other through the series of 
intermediate points P^, P”...P°™, 

In the case of a unicursal curve, the (1, 1) correspondence 
of the points P, P' implies a like correspondence of the para- 
meters 0, &; viz. this is of the form (6, 1) (θ΄, 1) 20, or what 
is the same thing, a00' 4- b0-- c0 --d —05 that is, the para- 
meters 0, & are homographically connected. The transfor- 
mation depends upon three arbitrary parameters. 

Taking the curve to be a conic, then if the points P, P" 
have a (1, 1) correspondence, it is known that the line PP’ 
envelopes a conic having double contact with the given conic; 
such enveloped conic, as satisfying the condition of double 
contact, depends on three parameters. But if taking the points 
A, B at pleasure, we take on the conic P, Q collinear with 
A, and P’ collinear with B, Q, then the points P, P" will have 
a (1, 1) correspondence; this apparently depends upon four 
parameters, and it follows that the points A, D can without 
loss of generality be subjected to vo 
a single condition. Thus let the — /1- 
correspondence P, P’ be given by 
means of the conic enveloped by 
the line PP'; if on the chord of 
contact we take at pleasure the point 
A, draw PA to meet the conic in 6 
Q and QP’ to meet the chord in B, then (1, 1) correspondence 
is also given by means of the points A, D; but here A may 
be regarded as a determinate point on the chord of contact 
(say its intersection with a fixed line), B is then found as 
above, and we have the correspondence by means of these two 
points, just as well as if A had been assumed at pleasure on 
the chord of contact. 

A case really included in the foregoing is when the corre- 
spondence of P, P’ is such that the line PP’ passes through a 
fixed point C ; viz. the enveloped conic regarded as a line-curve 
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is here the point C taken twice, regarded as a point-curve 
it is the pair of tangents from C to the given conic; that 
is, the chord of contact is the polar of C, and the construc- 
tion is the sahe as before, the points A, B, C forming, as 
it is easy to see, a set of 
conjugate points in regard 
to the conic; the original 
correspondence of P, P" as 
collinear with the given 
point ( is here replaced by 
a correspondence by means 
of the two points 4 and B 
forming with C a system of 
conjugate points. 

The foregoing properties have reference to the problem of 
the inscription in a conic of a polygon the sides of which either 
pass through given points or touch conics having each of them 
double contact with the given conic. 





976. On a cubic curve (D—1) we have a (1, 1) corre- 
spondence; this depends on a single parameter, but there are 
two kinds of such correspondence, viz. (1) the points P, P’ are 
collinear with a point A of the cubic. (2) The points P, P' 
are such that P, Q are collinear with 
a point A of the cubic and Q, P ϐ B P 
collinear with a point B of the cubic; 
this apparently depends on two para- 


meters, but really on a single one; 2 d 
for taking C a determinate point on 
the cubic, join AC to meet the cubic αμ 

D R 


in O and BO to meet the cubic in 
D; then the same corresponding point P” will be obtained by 
taking P, E collinear with D, and RP’ collinear with C, that 
is, by means of the single point D. It is, in fact, evident that 
starting with P and constructing P’ as the intersection of the 
lines QB, RC, then the cubic passing through A, B, C, D, 
O, P, Q, E will also ‘pass through P’, so that the points 4, B 
and the points D, C lead to the same polit F5 

The theorem ntes ed in the foregoing construction may be 

XX 
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stated as follows: If on a cubic the points A, B, C, D are such 
that the lines 4C, BD meet in a point O of the cubic, then we 
have inscribed in the cubic an infinity of quadrilaterals POP’ LR, 
the sides of which pass through A, B, C, D respectively; viz. 
any point P whatever of the cubic may be taken as a vertex of 
such quadrilateral. 


377. More generally imagine inscribed in the cubic an 
unclosed polygon ΡΩ...Χ of 2n— 1 sides, the sides of which 
pass through fixed points on the cubic, then the points P, X will 
have a (1, 1) correspondence of the first kind, that is, the closing 
side XP will meet the cubic in a fixed point; that is, we have 
inscribed in the cubic an infinity of 2n-gons, the sides of which 
pass respectively through fixed points of the cubic. And of the 
fixed points all but one are arbitrary, this one being determined 
by constructing one such polygon. 


878. This theory may be illustrated by the expression of 
two points in a cubic by means of parameters, Art. 366. A (1, 1) 
correspondence between two points on a cubic implies a rational 
expression for the parameters sinamw', cosamu’, Aamu’, in 
terms of sinamu, cosamu, Aamu; and this again implies an 
equation of one or other of the forms u+ v/-— constant, 
u— uw =constant. Now when three points P, P’, A, are col- 
linear, we have in general a relation u+wu’+a=A where A is 
a constant depending on the absolute invariant of the cubic. 
A relation, then, of the form u+ w = constant, implies that P 
and P are collinear with a fixed point A. If the relation 
be of the form u- w = constant, say =b—a, we may write 
utv+ta=A, v+b+w=A; and the geometrical meaning is, 
that P, Q are collinear with a fixed point A and Q, P' with 
a fixed point B. We may evidently substitute for the points 
A, B, two others D, C, provided we have b—a=c—d, or 
a+c=6b+d, that is to say, provided the lines AC, BD in- 
tersect on the cubic. We have thus the results already 
obtained. 


379. For a binodal quartic (.D — 1) there is a like theory of 
the (1, 1) correspondence; for a nodal quartic (D —2) there is a 
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(1, 1) correspondence not depending on any arbitrary parameter, 
viz. the corresponding points P, P’ are collinear with the node. 

There is an interesting theory of the (2, 2) correspondence 
on a unicursal curve, and in particular on a conic. The para- 
meters which determine the position of the two points P, P" are 
here connected by an equation (0, 1)* (0^, 1* 20. As regards 
the conic we have Poncelet’s theorems as to the in-and-cir- 
cumscribed polygons. 


( 340 ) 


CHAPTER IX. 


GENERAL THEORY OF CURVES. 


380. In this Chapter we resume the general theory of curves 
in continuation of Chap. II., and commence with the theory of 
bitangents of a curve of the »" order postponed from Art. 78. 
We shall explain two methods by which we can form the 
equation of a curve whose intersections with a given curve shall 
determine the points of contact of its bitangents. 

The theory of the tangents of a curve was studied (Art. 64) 
by means of the equation A — 0, or 

χ᾽ U' + AULA U IN uA? U' + &e. - 0, 
which determines the coordinates of the points in which the 
line joining two given points meets the curve. We there saw 
that if the point αγ’ be on the curve, and xyz anywhere on 
the tangent, we must have U’=0, AU’=0, and if the tan- 
gent meet in three consecutive points we must have besides 
A' U' — 0, if in four consecutive points we must have likewise 
A'U" --0, and so on. If the tangent at α΄ touch the curve 
elsewhere, then making U’=0, AU' —0, in the equation A — 0, 
the reduced equation of the (n— 2)" degree must have equal 
roots, and therefore, if the discriminant of that equation be Y, 
the relation Y=0 must be satisfied by the coordinates αγ’ 
xyz. In the case of points of inflexion where we have the two 
conditions AU’ =0, A*U' =0, the one being of the first degree 
and the other of the second in αγά, and both satisfied for any 
point on the tangent, it is evident, as was stated (Art. 74), 
that AU’ =0 is the equation of the tangent, and that A°U’=0 
must contain AU’ =0 as a factor. In like manner, in the case 
of a bitangent, Y=0 must contain AU’=0 as a factor, and 
by finding the condition that this shall be the case, we find the 
condition that 2’y’z’ shall be a point of contact of a bitangent. 
The special method used, Art. 74, not being applicable to 
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the general case, we employ the following method due to 
Prof. Cayley, and it is convenient to begin with the follow- 
ing lemma. 


381. Let the equations of two curves contain the variables 
xyz in the degrees a, b respectively, and α/σ' in the degrees 
a’, b; and let the ab points of intersection of the two curves 
all coincide with ασ it is required to find the order of the 
further condition that must be fulfilled in order that they may 
have-other common points, which can only happen when there 
is a factor common to U and V. When this is the case any 
arbitrary line az + By 4- yz=0 must be sure to have a point 
common to U and V; namely, the point or points where the 
arbitrary line meets the curve represented by the common 
factor. It follows that the result of elimination between U=0, 
V —0, and the equation of the arbitrary line must, in this case, 
vanish. This result contains αϐγ in the degree ab, ασ’ in 
the degree ab'-ra'/b, and the coefficients of U, V in the de- 
grees b, a respectively. But since the result of elimination 
is obtained by multiplying together the results of substituting 
in az + £y + yz the coordinates of each of the intersections of 
U, V, and since by hypothesis these interesections all coincide 
with ασ’, the resultant must be of the form II (ax’+ By’ +yz)”. 
The condition az’ + By’ + yz’ =0 merely indicates that the arbi- 
trary line passes through αγ’, in which case it passes through 
a point common to U and V, whether they have a common 
factor or not. Rejecting this factor, the remaining condition 
TI=0 is the sought condition that U and V may have a 
common factor, and we see that it does not involve aw, that 
it is of the order ad’ + o'b — ab in a^y/z', and of the orders b, a 
respectively in the coefficients of U and V. 


382. When the method just described is applied to the inves- 
tigation of the points of inflexion, that is, to the determination 
of the condition that AU’, Δ΄ may have a common factor, 
we have a=1, a =n—1, 2-2, δ' 2n—2, and the formula just 
obtained gives 3 (n — 2) for the order of II in 2’y’z’, which is the 
order of the Hessian as already found. It appears also that II 
is of the second degree in the coefficients of AU’, and of the 
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first in those of A*U"; and since each of these is of the first 
degree in the coefficients of the original equation, Π involves 
these coefficients in the third degree, which also agrees with 
previous results. 

Το proceed then to the case of the double tangents, since the 
equation A — 0 is reduced to the form $A°U’A"” +...4 σμ” *=0, 
a specimen term of its discriminant is (A’U’)"*U”*, whence we 
see that Y is of the order (n +2)(n— 3) in xyz, of the order 
(n—2)(n—3) in z'y'z', and of the order 2 (n — 3) in the coeffi- 
cients of the original equation. In the next place we can 
show that all the intersections of Y and AU" coincide with 
αφ» for the equation of the system of 5 —n—2 tangents 
through the point αγ found by the method of Art. 78 is of 
the form 4AU’ + Y(A*U") 20, and this system can evidently 
be intersected by AU" in no other point than a’y’z’; therefore 
making AU’=0 in the equation last written, we see that 
AU’ can meet neither Y nor A'U"' in any other point than 
ασ. We may then apply the method of Art. 381, writing 
a=1, d =n—1, b= (n +2)(n-3), b'—(n—2)(n—3), whence 
ab’ + αὖ = (n + 2n — 4) (n— 3). We have then for the order of 
Π in a’y’2’, (n +3) (n—2) (n—3). It is of the order (n+ 2) (n—3) 
in the coefficients of AU’, and of the first order in the coeffi- 
cients of Y, and therefore of the order (n 4) (η--8) in the 
coefficients of the original equation. The bitangential curve 
II=0 meets the original curve U=0 in n (n +3) (n — 2) (n — 3) 
points, and since there are two of those points on each bitangent, 
the number of bitangents is $n (n — 2) (n^ —9) as found other- 
wise, Art. 82. 


383. The method of Art. 381 not only enables us to de- 
termine the order of the required condition I= 0, but by the 
actual performance of the operations indicated, to find the con- 
dition itself. Thus z^, y’, 2’ being, as before, the coordinates of 
the point on the curve, in the case of points of inflexion we 
have to eliminate between ax + 8y +y2=0, AU’=0, A*U'—0, 
and the last equations written at length are 


Lo 4 My+ Nz=0, 
az + by" + cg!  9fyz + 2gzæ + 2hay — 0. 
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It will be convenient, in order to avoid numerical multipliers, if 
we suppose the original equation to have been written with 
binomial coefficients, and the common multipliers to be removed 
after differentiation, so that L, M, N denote the first differentials 
of U’ divided by n; a, b, &c., the second differentials of U” 
divided by n(m—1); and the ordinary equations of homo- 
geneous functions will be La’+ My'4- Nz’ =U’, ax’+ hy'4- gz — L, 
&c. | 

Now the condition that two lines shall intersect in a point 
on a conic may be written in the form of a determinant 


a, β y, — V 


for it may be verified, that this determinant expanded is the 
same as the result of substituting in the equation of the conic, the 
coordinates of the intersection of the two lines, viz. My- NB, 
Na— Ly, LB — Ma. Now, in virtue of the equations of homo- 
geneous functions, the above determinant may be reduced by 
multiplying successively the first three lines and columns re- 
spectively by 2’, y', 2, and subtracting from the fourth. It 
then becomes, if we denote az’ + By’ + yz by R, 


a, h, g, O, a 
h bfi 9, B8 


Ih, % 0, y 
0, 0, 0, — U', -R 


a, By Y, —h, 0 , 
a, h,9g,4 








a, h, g 
or —U' idee -| h, bf 
6) ^ ο) y 9, fie 

a, B, Y 


After Clebsch we use the abbreviation 5 for the determinant 


multiplying U’, in which the matrix of the Hessian is bordered 
vertically and horizontally by a, 9, y. In like manner the de- 
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terminant with which we started, in which the same matrix is 
twice bordered, by a, 8, y, and by the differential coefficients of 


U, would be written & J and the equation we have 
established is | 


ὦ 9--σ{9-κα 


When z'y'z make U’=0, the equation ER Ὁ = 0 reduces to 
H — 0, as it ought. 


384. In order to proceed by the same method to find the 
equation of the bitangential curve, we have to find the result of 
substituting Ἠγ-- NB, Na — Ly, L8 — Ma for x, y, z respectively 
in the discriminant of the equation A— 0 (Art. 380), and our 
course will be first to find the result of that substitution in the 
several coefficients of that equation, viz. A"U', A°U’, &c., or as 
we shall more briefly write them A’, Δ᾽, &c. The result of sub- 
stitution in A* has been calculated, (Art. 383), and Hesse has 
shewn by the following process, that the result of substitution 
in Δ’ is of the form .P,U' + Q, (ax + By + yz), which when 
z'yz7 is on the curve reduces to Q,(ax'--8y'-Fyz). His 
method shews that if this be true for two consecutive ΔΙ’, A‘, 
it will be true for A*', and enables us to express P,,,, Qu, in 
terms of the corresponding previous coefficients. It will be 
remembered, that by definition we have ΔΙ = A (Δί), where 
A denotes the operation x 4 +y 3 +2 T but in this it was 
assumed that «yz, αγ are independent quantities. In the 
case now under consideration, where « is supposed to have 
the value My — ΝΘ, and therefore to be implicitly a function 
of α΄’, it must therefore be understood, that in the operation 
A the differentiation only affects α΄ as far as they appear 
explicitly, and not as they are implicitly contained in zyz. 


d d d . 
Let us denote by v the operation x ist) i tac, without 


this restriction, then according to the general rule for deriving 
differentials with regard to x’y’z’ on the supposition that ayz 
are variable from the differentials on the supposition that they 
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are constant, we have in operating on any function $, 


dS dS dS 
το Dg VI NT σα. 


385. The next step is to calculate the values of yz, vy, Yz. 
The result of operating with y on any function S is easily 
S, Sy 8, 

L, M, N |, and therefore when the function is 
a, R, Y 
x or My — NB the result is 


seen to be 





hy — 98, by —fB, fy — cB 
0-0! L 2M N 
a, B, Yy ’ 








where the coefficient (n — 1) arises from the condition we have 
introduced, according to which the differentials of L, &c. are 
(n—1)a, &c. "The determinant just written is then reduced by 
the following process: | 


1, 0; Fh 6 y g3 f, ο 
0, hy — 68, by — 78, fy — c8 m 8; h, b, JS 
0, L, M, N | 0,L, M, N 
0, a, B, Yy 0, a, B, Y 
Y, ohe 10 — ax’, -- ax’, — hx, —ga’ 
B, h b, 7 -5 6, h, b, S 
- (By + ye), ax, ha’, ga’ th 0) ^ 6 
0, a, By y 0, a, — B y 
ΣΤΗΝ 
=f) g,f,¢|+a ( ) 
« 
αι B, Y 








If we denote () by Z, and the halves of its several differ- 


entials with regard to a, B, y, by Σι, Σιν Σιν these last differ 
only in sign from the determinants multiplying Z in the values 


of Va, vy, vz, and we have 
dS dS dS 
v (S - A(8- (n-1) (s Get agg tu) 


+ (a—1) (7) (z Ey T S. 


Y Y 
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In particular let S— A*(V), where V is any function of the 


order n’ in 2’y/’z’, then since B =k Li A" (V), we have 
v (AV )-A" (V) - (n1) R (3 Επ 2») AM (V) 
2 Vda’ "dy ασ 


4 E (η -- 1) (*) (2 ty γ᾽ Ὦ) ΔΡ, 


Since A*!V is a homogeneous function in 2’y’z’ of the degree 
η΄ — k 4- 1, the last term reduces to 


k (n - 1) (n — k 4-1) (7) An (V). 


386. It will be convenient to use the abbreviation y for 


the operation Z, a Li Σ, S and it will be observed 


also that 
a, h, g, V, 
h, b, f, V. V 
V = ae ον) 3 or = è 
Y) σι f, 6 V, (a) 
a, B, y i 


The result of operating with ψ' on z vanishes, as may easily be 
seen by substituting in the last column of this determinant for 
V, Va Va 0 the values hy — 98, by — f3, fy — c8, By — Y8, when 
it at once resolves itself into two, each of which vanishes in con- 
sequence of having two columns the same. The result then, of 
operating, with y on any function containing æ, y, 2, is the 
same, whether or not these be regarded as constants. ‘The 
equation of the last article then, as applied to the quantities 
Δ᾽ &c. which we desire to calculate, is 


A"! 2 v (A) +h (1-1) Ry (^) - k(n- 1) (n—k +1) ZA. 


887. From the expression just found, we can shew that if 
we have A"! 2 P, ,U+ Q, W, A - P,U- Ωμ”, then A* must 
be of like form. For we have only to substitute these values 
for A**, Δ΄ in the equation of the last article; and we must 
observe that v (U) and v (F) both vanish, as at once appears 
by substituting either Z, M, N, or a, B, y for S, S, S, in 


3 
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Hence vy (A*)= Uy (P,)+ E'v(Q). We 








S, 8, S 
L, M, N 

B, Y 
ive by substituting nL, nM, nN, and a, B, y respectively 
for S, 8,8. in (7 ), + (U) =- nHR, ψ (R)=(%) , and therefore 


ap AY? = Uy (DL) + EE (Qia) — nP, ,HR 4 2RZQ, ,. 


Collecting then the terms in the expression given for A™ 
(Art. 386), we have A"' = UP,,, + R’Q,,,, where 


Σιν (fh) - k (n — 1) (n- k+ 1) ΣΕ, Fk (n- 1) Ey ( Ρε), 
Qin =V (Qi) -k(n—1) (n- &—1) ZQ,, 
k (n — 1) Ry (Qui) — ^ (n - 1) £P, H. 


388. From these formule we are able to form a table of the 
values of P, Q,, &c. Thus to commence, it is obvious that 
P.=0, Q,=0, and (Art. 383) δ----Σ, Q,-— H. Hence 
ἐι--Δ(Σ), Q=— 4 (A). 

When the curve is a cubic A? is no other than the cubic func- 
tion itself, and the value just given for Q, may be geometrically 
interpreted as follows: If any line az + y+ yz meet a cubic, 
and from each of the points of meeting four tangents be drawn 
to the curve, the twelve points of contact lie on the quartic 


a (H,N - HM)  B(H,L- HN) y HE - HL) = 


for this condition must, as we have seen, be fulfilled by any 

point of the curve whose tangent intersects ax + By +yz on 

the curve. This result also immediately follows from Art. 183. 
Proceeding now to Q, we have (Art. 387) 


= — y (AH)43 (n-1) (n—4) ZH-8 (n-1) Ry (H)43n(n-1)ZH 
=— v (AH) +6 (n—1) (n-2) ZH-3 (n-1) Ry (B). 


But in conformity with the result at the end of Art. 385, writing 
k= 1, and denoting by n’ the degree of the Hessian, or 3 (n — 2), 


v (AH) = A!H— (a — 1) Ry (H) + (n - 1) X H. 
Hence Q, =- A'H* (n-1) Ww ZH —2 (n — 1) Ry (H). 
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389. We have now the materials for forming the equation 
of the bitangential curve of a quartic. According to the 
method explained D 384) we are first to form the discrimi- 

1 4,2 | 

13.8 rag. o eno 

then having “να My — NS, &c. for z, &c. we must, by 

the help of the equation of the curve, remove a, 8, y. By 

making the substitution before forming the discriminant, the 
equation becomes 


1 gee 1 2 
ig ον + ag M+ 1234 (^ 79 


whose discriminant differs only by a numerical factor from 
Q,—30Q,Q,, a function still containing a, 8, y in the second 
degree, and therefore requiring further reduction. For this 
purpose the following formula is useful. 


1 
nant of A=0, or of = — 5 AN + — — Δμ 


390. If we border the matrix of the Hessian both hori- 
zontally and vertically with three rows and columns, the 
resulting determinant is clearly the product, with sign changed, 
of the two determinants added horizontally and vertically. 
Thus in particular if V, W be functions of the orders n’, n” 
we have — Δ dide W)= | 


a, h, g, % Vy, L a, h g, a V, 0 

h b, f, : Vi M h b f, B, Vy 0 

9 f ο AS N τ. A ὁ n Vy 0 

a B, N a PB, ¥, 0, 0, -R 
W, Wy Wa | Wo Wa Wy 9, 09, -w"W 
L M, N 0, 0, 0, -RH,—wV, -U 


or A(V)A(W) 

27, 7 a ’ W 7 V 2 V a V 
ann’ VW (Y) νι) Ες) (s) v( 5), 
and when αγ satisfy the equation U=0, the last term 
vanishes. Thus in particular 

2_ pay |ἀλ or V 2 V 
(AVy o aV o mYR( )4R (s 
or in the notation we have before used 


Q} 2 (AHy =n" H'z -w HRy (H) + e E ijs 
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the last term denoting the result of writing in 3, instead of 
a, 8, y, the differential coefficients of H. 
In precisely the same way we get a formula of reduction 
for A’V by writing in the preceding determinant 
d d d 
dz? dy! de 
and supposing the operation to be performed on V. In the 
reduction, then, we have instead of n’ V, and of n" W, 
a d + ,d + ο d 
dx’ I dy dz’ 
and the formula becomes 


A?V =n’ (n — 1) y (*) -2(w-1)R (;) +E (7) y, 


for V, Va V, and for W, Way Wa 


where the last symbol denotes the result of substituting in Σ 
. symbols of differentiation instead of a, 8, y, and operating on V. 

Introducing the value thus found for A'Z into the value 
given for Q, (Art. 388), we have 


(son! (i — n) EH 4 2 (w — n) By (H) — R Fi H. 


Thus, then, since Q, 2 — H we have in general 


(n/—-n) Q-Q Q =F ie —n) i —nH (7) uh j 


and in the case of the quartic, for which n = 4, n = 6, 


Qj-3Q,Q =F a 3 s (7) uh 


and accordingly the equation of the bitangential curve is 


ο --α(ϐ) ^ 


z 


that is to say, if = written at full length is 
Aa? + BB? + Cy’? + 2119} +2 Gya -- 2 Ha, 
this equation is 








dH? di? dH? dH dH | dHdH ,,,, 4HdH 
Aaa ο κ mU qe 
TH p@H ΣῊ opt yg FH uy TH 
=3A Í dix” dy? PE gi Lr τη wuts 


a curve of the fourteenth order. 
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391. The equation just obtained may be transformed by 
the help of the expression given (Conics, Art. 381, Ex. 1), for 
the condition that the polar line of a point, with regard to one 
conic, may touch another. e We there saw that if απ -Γ &c., 
α 2^ + &c. be the two conics, we have 


(bc — f°) (α΄α + k'y + g/z)- &e.— {α’ (bc — /")2-&e.] (a^ c - &e.]- F, 


where F denotes a conic covariant to the two conics. And, in 
like manner, that 


(bc — f^) (ax + hy + 92) -- &c.— (a (bc — f ^) + &e.} (ax^ -&c.] -F. 


Now if a, b, c, &c. have the same meaning as before, and if 
a’, &c. denote the second differential coefficients of the Hessian, 
then, its degree being 7’, (α΄α + h’y+ g'z) &c. are (n’— 1) times the 
first differential coefficients, and (bc —/f”) (α΄α + ky + g'zy. + &c. 
18 (n' — 1)* times the covariant we have called © (Art. 231). We 
may give the name O' to the corresponding covariant in which 
the differential coefficients of the curve and of the Hessian 
are interchanged, and whose vanishing expresses the condition 
that the polar line of a point with respect to the curve should 
touch the polar conic of the same point with regard to the 
Hessian. In like manner, a’ (bc — f") 4- &c. 15 ® and d'z? + &c. 
is n’ (n — 1) H. We have then the identities 


(π΄ —1ye6zn'(»"—1)Hb-F, Θ’-- ζΦ’--Ἑ, 
(π΄ -- 1 Θ -- π’ (n’ --1) ΗΦ--Θ’- Ud, 
and in the particular case of the quartic where π΄ = 6, 
250 — 30H% = Θ’ — Ud, 


Thus, then, the points of contact of bitangents are the inter- 
sections with the curve, not only of © -- 3776 as already obtained, 
but also of 150 — O' or of Θ΄ — 45Hó; or, again, bitangential 
curves might be expressed in terms of the covariant F. 


392. Let us now proceed to the fifth order. We have 
(Art. 387) 


Q, =V (Q) =a (n-1) (n-5) I Qi (n-1) By ( Q,) —4n (3-1) HP, 
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and using the value of Q, last obtained, and employing the 


7) and ® for (5 H, we have 


Q,=—1 (n'—n) HA(S)—n’(n’—n)SA(H)+2(n’—n) RA qr (H) I? A (45) 
+ 4n(n—1) HA (Z) -4(n—1) (n 5) SAH—4(n—1) Ry (AH) 
= — 2 (n° — 13n + 18) HAZ - 2 (n? — δη + 8) ZA (H) 
+4(n—3) RA (YH) —4 (n —1) Ry (AH) -- FA (9). 
In particular when n = 5, we have 
Q, =44HA (3) -86ΣΔ (H) + 8RA (WH)—-16RW(AH )—R’A(®). 
In this case we have also 
Q,=— 3621+ 854 (H)— ΕΦ, 
Q,=-AH, Q,-—H. 
In order to form the bitangential curve of a quintic, the quantity 
to be calculated is 
(27 Q,Q, — 50,0.) = 5 (49, -90,Φ) (50, — 12 9, 9,), 
a quantity containing ay in the sixth order, and which it is 
necessary, by the help of the equation of the curve, to shew to 
be divisible by #°. Now, in virtue of a formula already ob- 
tained, we have 
40-91 (40 — Hò). 
It is also easy to shew that 27 Q,Q, —5Q,Q, and δῷ — 120.40, 
are each divisible by Æ; but I have not been able to carry the 
reduction further. 
We shew elsewhere (Higher Algebra, Art. 2953 how all these 
calculations may be made by symbolical methods. 


abbreviations O for ( 


393. Another method* of solving the problem of double 
tangents is suggested, by what was proved (Arts. 183, 235) that 
the point where the tangent to a cubic meets it again is 
determined by the intersection of the tangent with the line 
xH +yH,+2H,=0. It occurs to attempt to form in like 
manner the equation of a curve of the order n — 2, which shall 
pass through the (n—2) points where the tangent to a curve 





* I gave this method in the PAilosophical Magazine, Oct. 1858, and Quarterly 
Journal of Mathematics, vol. 111. p. 817. See also Memoirs by Prof. Cayley, 
Phil, Trans. (1859), p. 193, and (1861), p. 857. 
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of the n" order meets it again. If the equation of this tan- 
gential curve were once formed, then, by forming the condi- 
tion that the given tangent should touch this curve, we 
should immediately have the equation of the bitangential. 
Now, what has been proved already as to the order of the 
bitangential will enable us to see what must be the order of 
the tangential curve in 2’9/z’ and in the coefficients. The con- 
dition that the line Lx+My+ Nz shall touch a curve of 
the (n — 2)" order is of the order (n—2) (n—3) in L, M, N, 
and of the order 2 (n — 3) in the coefficients of that curve. 
Consequently, if the coefficients of the tangential curve con- 
tain z'4'z in the order p, and the coefficients of the ori- 
ginal in the order ο, the bitangential must be of the order 
(n—1)(n—2)(n- 3) -2p (n —3) in ασ and of the order 
(n — 2) (n—3)+2q(n—3) in the coefficients of the original. 
But actually the bitangential is of the order (n — 2)(n — 3)(n + 3) 
in ο, and of the order (n-4-4) (n — 3) in the coefficients of 
the original (Art. 382). It follows then that p 22(n—2), q —3; 
that is to say, that the tangential must be of the order 2 (n — 2) 
in 2Ἴ/ 2, and of the third order in the coefficients of the original. 
Further, we know that if z'y'z be on the Hessian, the tan- 
gential must pass through 2’y’2’, and therefore the substitution 
of αγ’ for xyz must reduce the tangential to H. This con- 
sideration and the known form of the tangential in the case 
of the cubic suggests that the tangential in general is the 
(n—2)" polar of ασ’ with regard to Hor A"?H, for this is 
a curve ofthe right order in xyz, in 2’y’z', and in the coeffi- 
cients, and it will pass through 2’y’e’ when this point is on the 
Hessian. Accordingly, in the next article we examine whether 
the curve A"*(H) does pass through the points where the 
tangent meets the curve again, and though the answer is found 
to be in the negative, the process of examination leads to the 
true form of the tangential. 


394. Take then the origin on the curve, and the axis of 
y as the tangent, and let the equation of the curve be 


nby +4n (n — 1) (ο) + 229 + cy") 


1 ; 
+ ggn(n- 1) (n 2) (d+ 3day + 3d ie ἀρ) + Ke. = 0. 
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It is to be observed, and the remark will be useful in the 
sequel, that the several polars of the origin, with regard to 
the curve, are got by writing n—1, n—2, &c., for n in this 
equation. Now, in order that a curve may pass through the 
tangential points, its equation must be such that when we 
inake y — 0 it will reduce to 
dn (n- 1) zn (n— 1) (- 2) dg - &c. — 0. 

Let us form then the equation of the Hessian, and since we 
are about to form its polar curves with regard to the origin, 
and then to make y —0, we need only concern ourselves with 
those terms of the Hessian which do not contain y. The 
second differential coefficients of the given curve are 


a=c,+(n—2)d,x+4 (n—2)(n—3) ε.α" + &c., 
b --ο, + (5-2) dx + ἃ (n—2) (n — 3) ec! + &c., 


ο $ (n — 2) (n — 3) qx" + &c., 
f=b +(n—2)c,0 + $(n—2)(n- 3) da? t &c., 
g=  (n—2)c x+ 4 (n—2)(n—3)d a + &c., 


h=c, + (n—2) dæ + ἆ (n -— 9) (n —3) ea? + &c. 
The equation then of the Hessian is readily found to be 
οὐ” + (η — 2) d,b’x + {4 (n — 2) (n— 3) eb + (n — 1) (η -- 2) P} c 
+ [k (2-2) (n-3) (n—4) P (n—1) n- 2} Q 
+ {n — 1) (n — 9) (n — 3) E} a + ἅτο. = 0, 
where for brevity we have written 
2P=c,¢,—¢,¢, + 2be,d,—2bed,, 2Q= de? —2¢,c,d, 4 ¢,d,, 


o 10 

3h — cc d, — dic, + 2e,be, — 2e be, 
but the actual values of these quantities are not material to 
our purpose. What is important is to notice that the equation 
divides itself into groups of terms each having the same function 
of n as a numerical coefficient,.so that if we want to form 
the equation of the Hessian of the first, second, &c., polar of 
the given curve with regard to the origin we have only to 
substitute n — 1, n — 2, &c., for n in the above equation. 

Now the line polar, with regard to the origin of a curve 
of the n” degree u,-4 u,4 &c.— 0 being nu,+u,=0, the line 

2 2 
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polar of the origin, with regard to the Hessian, which is a 
curve of the order 3(n—2) 15, from the preceding equation, 
9c, +d x= 0, together with a term in y irrelevant to the present 
question; and since this equation does not contain n, we see 
that the polar of a point on a curve with respect to the Hessian 
of either the curve itself or of its polar curves all meet the 
tangent in the same point. In fact, the polar is in every 
case the same line. When n=3, 3c,+d,x is the result of 
making y — 0 in the equation of the curve; that is to say, 
the polar with regard to the Hessian is the tangential, as we 
have seen already. 

The equation of the polar conic of the origin with regard 
to a curve of the n™ order is 3n(n— 1) v, - (n — 1) v, - v, 2-0; 
and therefore the polar conic with regard to the Hessian is 


3 (η — 2) (3n — 7) ej + (n — 2) (9n —7) d δα 
ΚΕ (2-2) (α--δ) e (n- 1) (n—2) P] * =0, 


and it is evident, on inspection, that in the case of the quartic 
this polar conie cannot be the tangential, because it contains 
the group of terms P which do not similarly occur in the 
equation of the curve. But we can readily form an equation 
not containing these terms. Let A*H — 0 denote the equation 
we have just obtained, and let A'H, denote the polar conic 
with respect to the Hessian of the first polar of the origin, 
and as we have already seen, A*H, is derived from A'H by 
writing n — 1 for n. Then it is easily verified that 


(n — 8) A*H — (n — 1) AH, = (n — 8) δ’ (6c, + Ad. a + ea]. 


But when the given curve is of the fourth degree, the right- 
hand side is what the equation of the given curve becomes when 
we make y=0. It follows then that A'H—34A'H, is the 
required tangential of a quartic. 

In precisely the same way the polar cubic of the origin, 
with regard to the Hessian, is found to be 


4 (8n — 6) (Bn — 1) (Bn — 8) ο” + 4 (n — 2) (8n — τ) (δη — 8) dx 
4 $ (n — 2) (n — 3) (8n - 8) ez + (n — 1) (a — 2) (3n - 8) Px” 
+4(n—2)(n—8)(n—4) f bx -(n—-1)(n-2)* θα} (n- 1)(a- 2) (n-3) Ra", 
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and ΔΖ, A' H,, &c. are found by substituting (n — 1), (n — 2), &c. 
fora. And we can verify that 


(n —8) (n — 4) AH — 2 (η -- 1) (η -- 4) A'H, + (n — 1) (n 2) APA, 
= 2 (n — 4) (106, + 10d, ac + 5e a" + fax’). 


And when 425 the right-hand side of the equation is what 
the original equation becomes when we make in it y — 0, and 
therefore it follows, as before, that the tangential is 


A'H — 4A°H + 6A H, = 0. 
When n — 6 the tangential is in like manner 
A*H — 5A*H, 4- 10A*H, — 0. 
I was hence led, by induction, to the conclusion which 


Professor Cayley has verified independently, that the tangential 
is in general 


ΔΙ H — (n 21) AH, + 3 (n — 1) (η -- 2) A'* H, — &e. — 0. 


395. It is easy to establish what has been stated above, 
that the polar lines of the origin are the same with regard to 
its Hessian, and to the Hessian of any of the polar curves. 
We have o a oF do, or employing the usual abbrevia- 
tions A for bc — f^, &c., we have 


dH a d d* d 
AT dil quus hos 


NE d “at Ui 


dy dz j ME 5 ασ 
with similar expressious for the differentials with regard to 
y and z It is to be noted that these may be written in 
dH d (d ; 
the abbreviated form —- = — — ( 2 Now the differential 
dz dx M, 
coefficients of the first polar a’U,+y'U,+2'U, are got from 
the corresponding coefficients of the original curve by per- 
forming on them the operation α΄ Eyy D+” rA which 
when we substitute xyz’ for xyz is equivalent to multiplying 
each by the factors n — 1, n—2, &c. But the same numerical 
factor being common to every term in the expression for H, 
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it is plain that xH, +yH,+zĦH, represents the same line 
whether the polar be taken with regard to the Hessian of the 
original, or to that of its first polar. And the same argument 
applies to the other polar curves. 

Let us proceed to the polar conic. If we differentiate the 
expressions just given for H, &c., the differential will consist 
of two groups of terms, viz. the differential on the supposition 
that A, B, &c. are constant, together with the terms got by 
differentiating these quantities. If we write, for shortness, 
ἕ η, £to denote the symbols of differentiation with regard to 
2, y, zı we have 


E'H = P AEBn + &e.} U+ EE {alnn E+ ὃ (EE-E E) + &e.} U, 
it being understood that the accents in the last group of terms 
may be dropped after the expansion, the term £&£’an’¢”, for 
ee The last equation ma 
dzd? dode’ “4 y 
be written in the abbreviated form 

t= (E) +48 (E) 

1 + EE (cp): 

Thus then the equation of the polar conic of any point, with 
regard to the Hessian, may be written V+ W=0, where V 
denotes a group of terms in each of which a fourth differential 
is multiplied by the product of two second differentials, and W 
a group in each of which a second differential is multiplied by 
the product of two third differentials. Now if we take the 
Hessian of the first polar, then, as has been stated above, the 


second, third, and fourth differentials become multiplied by 
n—2,n—3, n— 4 respectively, and the result is 

A*H, = (n —2) (n — 4) V+ (n-—3/W=0, 
which when n —4 reduces to the latter group of terms. The 
equation of the tangential of a quartic is then evidently of the 


form V+kW=0, and may be transformed accordingly, Thus 
it may be written in the form 


d d αλ 
ο truy κα) Ἡ 


3 (2.2 
P3 (αρ 


instance, standing for a 


a. dy[,d i 
iy * ae) (Agate) =o 
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The equation of the bitangential curve is got by expressing 
the condition that the tangent Lx + My + Nz should touch the 
conic just written; and it will evidently consist of three groups 
of terms, since the condition that a line should touch S+ 4S’ is 
of the form Z+ kb 4. ὤΣ-0. What answers here to Σ is the 
covariant called ©’; and I have verified that the other two 
groups of terms are also expressible in the form © + £H«.* 
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396. It will be convenient to collect here some properties 
of the Jacobian of a system of three curves, stated Higher 
Algebra, Arts. 88 and 176, and elsewhere in this volume. The 
Jacobian is the locus of points whose polar lines with regard 
to three curves meet in a point, its equation being 


Us) Uy Us 
J= vi 9 V7, » Ὁ). --0, 
Wi Wy Ws 


* I attempted in like manner to obtain the bitangential curve of a quintic 
by writing down for the curve whose equation is given Art. 394, a covariant 
of the right order, and such that the absolute term vanishes if the axis of x 
touches the given curve a second time. For instance, if ~=40-—9H®, then 


4 (E) + &c. and y (4 a oy + &c. ) are covariants of the right order. Although I 


have not been successful, it may be useful for purposes of reference to give the 
values I obtained for the covariants in this case. It will be seen that, without loss 
of generality, we may suppose c, and c, to vanish. We have then 
H = bc + 90? (dax + diy) + 8 (δ76ρ — Abcd,) x? + 3 (20e, — 5bcd,) xy + 8 (D?e4— bedz) y? 
+ (1/0 — 16bce, + 18674) x$ + (80?f, — 89δοε, — 9bd,d, + 9bdy? + 186241) αι 
+ (— 6bef, — 12bd,e, + 12be,d, + 18c?e, + 24cd,d, — 18cd,?) α' + &c., 
O = 96? {(U4d,? + 603c?d,) + (404406 + 120*c?e, — 6b3cd d, — 5707634.) x 
+ (401d,e, + 120362ε, — 285°cd d, + 31b%cd,? — 39b?c3d4) y 
+ (20d, f, + 40163 + 6b%c2f, + 6b3cd,e, — 4853cd,e, — 1055?c*e, — 29307c7d a, 
+ 26967c7d,? + 364c!d;) a? + &c.], 
ᾧ = 66 [(03e5+-462cd,) +x (D3 f, —85?ce,—38bc*d;) +y (b3f,— 267ce,+27b? (d,?— dod.) —41bc7d,} 
+ 2? (— 120?cf, — 120?d,e, + 12be,d, + θὗσῖει — 162bcd,d,+ 168bcd,?— 6c*d,) + &c.]. 
Of the quantities A, B, &c. the only ones which contain terms independent of x and 
y are ΑΞ 02, F= bc; so that if any quantity wy of the form O + 4H® written at 
ful length be A + Bæ + Biy + Cox? + &c. then the degree of W being 22, the 


absolute term in the covariant 4 (= EY + &c. is 02 By? + 44bc AB, and in A ia oy + &c. 
is 2026, + 42bcB,. 
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We have seen, Art. 191, that the Jacobian is the locus of the 
double points of curves of the system 


Au + μυ + yw =0. 


If the three curves have a common point, that point is on 
the Jacobian. For, from the equations 


=m.. ή 
LU + Yu t Zu, — mu, cv, + Jv, T 2v, — MV, aw, + yw,t 210, EM W, 


(where m, m', m" are the degrees of the three curves respec- 
tively), we have 


Jæ = mu (vw, — VW) + MV (W,U, — W) + m^ (u,v, — ut), 
which we may write 
Jz=mAu+m Bv + m" Cw, 


whence evidently J vanishes for any values which make u, v, w 
to vanish. 

If the three curves be of the same degree, this common point 
is a double point on the Jacobian. For differentiating with 
respect to x, we have 


A B 
J 4 s% = mu - + mvs + m" τ mAu, + πι Bo, 4- m^ Cw,; 


but since Aw, + Bv, + Cw, =J, we see that when m = m =m", 
will vanish for any values which make u,v, w and con- 


sequently J to vanish. So, again, 


x -- mu d 4- m'o d + m^w x T máu, + πι Bo, + m" Cw,, 
which, since Au, + Bv, 4- Cw, — 0, vanishes for any values that 
make v, v, w, J to vanish, when m — πι =m”. In like manner 
the other differential coefficient of J vanishes for the same point. 

If only two of the curves be of the same degree, the 
Jacobian touches the third curve at the common point. For 
the equation written above, when we make m = m’, becomes 


dA dB dC 


dJ "n ” 
Jac Tg tm τ. tm us + md + (πι —m) Cw, 


dz = 
and for the common point, this reduces to αυ = (m" —m) Cw; 
and we have, in like manner, 


ad, — ("^ — m) Cw, aJ, (πι — m) Cw, ; 


8) 


mu 
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so that αυ), ἠ- yJ, }- 2J, — 0, xw, + yw, - 2w, — 0, 


represent the same right line. 

If in this case the common point be a double point on w, 
it will also be a double point on J, having the same tangents 
as those for the curve w.* 

The values just obtained for J,, J, J, evidently vanish when 
τὸ W, w, vanish. Differentiating again, and omitting the 
terms which vanish as containing v, v, w, J, Ji, OF W, €, Wy 
we have 


x 


PV ( ως νου 
do πι Ὥς τν ze) i 


But from the values previously found for A and B, we have 
dA dB 


(ὦ dz το, σα =U, (VWs d V Wa) t, (20,.%, — Ws) 
and by eliminating xyz from the equations 


gu, + yu, + Zu, — 0, cv, + YV, c 20,— 0, zw, + yw, + ZW, — 0, 


we have | 
U, (0,20,5 — VW) + v, (W,U — 10,u,) = — W, (1,9, — uw) m — (Ἴδη 
or xJ), (πι — 2m) Cw, 


and similarly the other second differential coefficients of J are 
proportional to those of w; or the two curves have the same 
tangents at their common double point. 


397. It 1s proved, as in Art. 190, that there are 

(m — 1)" + (m — 1) (πι — 1) + (πι — 1)* 
points, whose polar lines, with respect to two curves u, v, are 
the same, and through these points must pass the Jacobian of 
u, v, and any third curve. It was shewn (Art. 97) that the 
Jacobian intersects w in the points which can be points of 
contact of u with curves of the system v- Xw. Hence, it 
immediately follows that the locus of points, which can be 
points of contact of curves of the system u+ λα with curves 
of the system v + pv’, where u and w are of the degree m, and 
v and v' of the degree πι’ is a curve of the order 2m 4 2m — 3, 


* Clebsch and Gordan, Abelsche Functionen, p. 62. 
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whose equation may be written in either of the equivalent 
forms :* 


πρ Uy Ὁ. Uyy Uy Uy 

v w^ Wa v. =v w^ Ww a w, =0, 
Va Us v, vu Vy v, 
[ZO Vas Vs v? Va) Us 

u v Va v. τα v Vs v, = Q. 
Uy Uy Us w^ Va U's 


Again, it appears from the preceding that the points in 
which curves of the systems u+Au’, v+ μυ, w -- vw', can all 
three touch, are among the intersections of two curves of the 
degrees respectively 2m + 2πι -- 8. 2m+2m”’—3. But among 
these intersections are included the m* points u, μ΄; and the 
8 (m — 1)* points common to the Jacobian of all curves of the 
system u *- Au. Deducting these numbers, we obtain for the 
number of points in which the three curves can touch 


4 (mm! + m^m" + m" m) — 6 (m +m’ +m”) + 6. 


398. We have seen (Art. 97) that the order of the condition 
of contact of two curves u, v, or, as we shall call it, of their 
tact-invariant, 18 in the coefficients of v, m (m + 2m’— 3) — 26 -- 3x 
or n4-2m (m'—1) ; and, in like manner, of the order »'4-2m'(m—1) 
in the coefficients of w. The tact-invariant, in the case of 
two conics, was found (Conics, Art. 372) by forming the dis- 
criminant of w--Av, and then the discriminant of this con- 
sidered as a function of X. By similar reasoning to that 
used in the case of conics, it may be shewn that if the same 
process be employed in the case of two curves of the m" 
order, the tact-invariant is a factor in the result. In fact 
if A be the tact-invariant, B=0 the condition that it may 
be possible to determine X so that w+Av may have two 
double points, and C —0 the condition that it may be possible 
to determine X so that u+ìv may have a cusp, then the 
discriminant, with respect to A, of the discriminant of u+ Xv, 


* Steiner has remarked that the number of curves of the system u + Aw’, which 
osculate curves of the system v + μυ’ is 3 ((m + m") (m + πι — 6) + 2mm’ + 5}, Crelle, 
vol. XLVII. p, 6. It will be remembered that we have seen, Art. 102, that the con- 
dition for two curves osculating is, in addition to the conditions of ordinary contact, 
that the ratio of H to L? shall be the same for both. 
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is 45:60’. That Band C are factors appears by taking u as 
a curve which has either two double points or a cusp. In 
this case, not only the discriminant of u vanishes, but its 
differentials, with respect to each of the coefficients of u (Higher 
Algebra, Art. 116); therefore, in the discriminant of u + λυ, 
the term not containing X and the term containing its first 
power both vanish, or λ is a factor in the discriminant; therefore 
its discriminant considered as a function of X vanishes. 

Thus, if v and v be cubics, the discriminant of each contains 
its coefficients in the twelfth degree, and these coefficients enter 
in the one hundred and thirty-second degree into the dis- 
criminant with respect to A. But the tact-invariant contains 
the coefficients of each in the degree eighteen ; and the invariants 
which vanish when v +w can have a cusp, or a pair of double 
points, contain the coefficients of each curve in the degrees 
twenty-four and twenty-one respectively. For the degree in 
the coefficients is the same as the number of curves of the form 
u+Av+ uw which have the singularities in question. In the 
case of the cusp, this number is found by putting the inva- 
riants S=0, 7—0; giving thus an equation of the fourth and 
one of the sixth degree to determine A, u, and we have 
twenty-four solutions. In the case of the two double points, 
we may suppose u, v, w to have seven points common, and 
through these points we can have twenty-one systems of a 
line and a conic. We have then 132 = 18 + 2 (21) + ὃ (24). 


399. In general the discriminant being of the degree 
3(m --- 1)”, the discriminant with respect to X contains the co- 
efficients of each curve in the degree 3 (m — 1} (3m' — 6m + 2). 
Now the tact-invariant contains the coefficients of each in the 
degree 3m (m —1), and from considerations afterwards to bo 
explained, it appears that the order of the condition that 
u+ Xv may have a pair of double points, (or, what is the same 
thing, the number of curves of the system u+ λυ 1 ww, which 
have two double points) is ἃ (m — 1) (8m — 9m*' — 5m + 22), 
and the corresponding number for the case of the cusp is 
12 (m —1) (m— 2) ; and it may at once be verified that 


3 (m — 1)! (m* — 6m + 2) 


=3m(m — 1) +3 (m — 1) (8m?—9m*— 5m + 22) + 36 (m — 1)(m — 3) 
AAA 


362 POLES AND POLARS. 


In like manner, having formed the discriminant of Xu + pu + vw, 
where u, v, w are curves of the same degree, we may form 
the discriminant of this considered as a function of A, μ. v; 
and this discriminant will contain as factors the resultant of 
u, v, w, and the conditions that it may be possible that a curve 
Au + μυ +vw may have three nodes, or may have a node and 
cusp, or may have a tacnode; the order of any of these 
conditions in the coefficients of any of the curves being the 
same as the number of curves of the form Au + pv+ vw+t=0, 
which have the singularity in question. When the curves 
are all conics, the discriminant, considered as a function of 
A, µ V, of the discriminant of Au + uv + vw, is AB’, where A 
is the resultant of u, v, w, and B=0 is the condition that. 
Au + μυ -4- vi —0 may be capable of representing two coin- 
cident right lines, but I am not in possession of the general 
theory. 


400. In connection with this subject it may be observed 
that, the tact-invariant of a curve and its Hessian being of the 
order 3(m —2)/5m —9) in the coefficients of the former, and 
of the order m (Tm — 15) in the coefficients of the latter, is of 
the order 6 (6:&" — 17m +9) in the coefficients of the original. 
When m — 3, this tact-invariant is the sixth power of the dis- 
criminant; and assuming, therefore, that the sixth power of the 
discriminant is always a factor, there remains a factor of the 
order 6 (m — 3) (3m — 2), whose vanishing expresses the condition 
that the curve has a point of undulation. 

Again, take the condition that the curve, its Hessian and 
bitangential have a common point; this condition being of 
the orders respectively 3 (m — 2)? (m* — 9), m (m — 2) (m^ — 9), 
3m (m —2) in the coefficients of these curves is of the order 
3 (m — 2) (m — 8) (8115 + 8m — 6) in the coefficients of the original. 
When m=4, this invariant seems only capable of being ac- 
counted for as the twelfth power of the discriminant multiplied 
by the square of the invariant last considered. And assuming 
that the same factors are to be found in general, there remains 
an invariant of the order 3 (m — 4) (8m? + 5m^ — 32m + 18), 
which will vanish whenever the curve has an inflexional tangent 
which elsewhere touches the curve. 


POLES AND POLARS. 363 


401. As the Jacobian is the locus of points whose polar lines 
with respect to three curves meet in a point, so we might 
consider the locus of the points in which these polar lines 
meet; or, what is the same thing, the locus of points whose 
first polars with respect to the three curves have a common 
point. We shall confine ourselves to the consideration of the 
case when the three curves are the three first polars of a 
given curve, in which case the Jacobian is the Hessian of that 
curve, and the other locus now mentioned is its Steinerian (see 
Art. 70), the theory now to be explained being the generalization 
of that given for the cubic* (Art. 175, &c.). | 

Το any point P, then, on the Steinerian corresponds a point 
Q on the Hessian; the first polar of P has Q for a double 
point, and the polar conic of Q consists of two right lines 
intersecting in P. Consider two consecutive points P, P' on 
the Steinerian; then, as in Art. 178, the intersection of their 
first polars will be the point Q counted twice, together with 
the points of contact of the first polar with its envelope. Thus, 
then, the polar, with regard to the curve, of any point Q on 
the Hessian, is the tangent to the Steinerian at the corre- 
sponding point P. In particular, if Q is a point of inflexion 
on the curve, its polar will be the tangent at that point; thus 
we see that the Steinerian is touched by the 3m(m — 2) sta- 
tionary tangents of the curve. 


402. We have seen, Art. 70, that the orders of the Hessian 
and Steinerian respectively are 3(m —2) and 3(m-— 2)’; the 
Hessian ordinarily has no double point, and therefore its 
Plückerian characteristics are 


p 3(m—2) 86-0, «20, v=3(m—2) (3m—7), 
τς *4 (m — 1) (m — 2) (m — 3) (3m — 8), (29 (m — 2) (3m — 8). 
Since there is a (1, 1) correspondence between the llessian 
and Steinerian, the deficiencies of the two curves will be the 


* The principal theorems of this section were given by Steiner in a paper read 
before the Berlin Academy, 1848, and afterwards reprinted in Crelle, 1854, vol. XLVII. 
The theory, as regards the cubic, was given by me in the former edition of this 
work (1852) in ignorance of what Steiner had done, with which I only became 
acquainted through Crelle. 
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same. We have also the class of the Steinerian; for any tan- 
gent thereof which passes through a fixed point M, must have 
its pole lying on the first polar of M, and since it must also 
lie on the Hessian, it must be one of the 3(m—1)(m—2) 
intersections of the two curves. The charaeteristics, therefore, 
of the Steinerian are 


fp = 3 (m—2)", v=3(m—1) (m— 2), 
5 = 3 (m—2) (m — 3) (8m? —9n —5), κΞ 12 (m—2) (m—8), 
τς ἃ (m -- 2) (m—3) (3m? —3n —8), εξ ὃ (πι -- 9) (4m — 9). 


A point is a double point or cusp on the Steinerian, if it is a 
point whose first polar has two double points or a cusp. The 
numbers therefore 6 and « just obtained are the number of 
first polars of points of the given curve which have the singu- 
larities in question (see Art. 399). 


403. If the first polars of any two points A, B touch at 
a point Q, having QP for their tangent, then two of the poles 
of the line .4B coincide with Q; and the first polar of any 
point on AB (other than the intersection of AB with PQ) 
will also touch QP at Q. The first polar of the excepted 
point or intersection of AB with PQ, will have Q for a double 
point; Q will be a point on the Hessian, and P the corre- 
sponding point on the Steinerian. Thus the Steinerian is the 
envelope of lines, two of whose poles coincide; and the Hessian 
is the locus of such coincident poles. Steiner has investigated 
the envelope of the line PQ, which joins two corresponding 
points P, Q, or which is the common tangent of two first polars 
which touch each other. This curve we shall call, as in the 
case of cubics (Art. 177), the Cayleyan.* It has evidently 
a (1, 1) correspondence with the Hessian, and with the Steinerian, 
and has therefore the same deficiency. 

In order to determine its class we use the principle estab- 
lished, Art. 372, and Conics, Appendix, that if two points on a 
line (or two lines through a point) have a (m, m’) correspon- 
dence, there will be m+ m" cases of coincidence of these points. 


* Professor Cayley himself calls it the Steiner-Hessian. 
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Consider, then, the lines joining any assumed point M to 
two corresponding points P, Q. "Then, since the Steinerian is 
a curve of the order 3 (m —2)*, if the line MP be fixed there 
will be 3 (m — 2)” positions of P and as many positions of MQ. 
In like manner, to any position of MQ correspond 3 (m —2) 
positions of P. There are, therefore, ὃ (m — 9)' +3 (m —2) or 
8 (m — 1) (m — 2) lines which can be drawn through M contain- 
ing two corresponding points P, Q, and this is therefore the 
class of the Cayleyan. It obviously touches the inflexional 
tangents of the given curve. It has no inflexions, and its 
characteristics therefore are 


| =3(m—2) (ὅπι-- 11), v23(m- 1) (m— 2), 
δ = 9 (m — 2) (5m — 13) (5m* — 19m + 16), & 218 (m — 2) (2m — 5), 
7 —$(m—2)(m'—2m-—1) υ--0. 


404. The definitions already given may be further extended, 
by considering the double points not only on first polars, but on 
any of the system of polar curves. The locus of a point, such 
that its @-polar has a double point, is a curve of the order 
30 (m — 0 — 1)", which is the 0-Steinerian; and the locus of the 
double point is then a curve of the order 96” (m — 0 — 1), which 
is the 0-Hessian. We know that if the @-polar of a point P 
passes through a point Q, then the (m — 0) polar of Q passes 
through P; and it is easy to see also that if the 6-polar of a 
point P has a double point Q, then the (m— 0— 1) polar of 
Q has a double point P. Hence the 0-Steinerian is the same 
curve as the (m — 0 —1) Hessian, and the 0-Hessian the same 
as the (m — 0 — 1) Steinerian. In like manner we might con- 
sider the @-Cayleyan or envelope of the line joining corre- 
sponding points on the @-Steinerian and 0-Hessian, the three 
curves having the same deficiency. Except in the case of 
0—1 these curves have not been much studied. 


405. We have studied (Art. 184) the envelope of the polar 
lines, with regard to a cubic, of the points on a right line, 
which we have called the polar of that right line. So, in 
general, if a point P moves along any directing curve S of the 
order s, the envelope of its 6-polar, with regard to a given 
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curve U of the order m, will be a curve which may 
be called the 6-polar of S, with regard to U. We saw 
(Art. 96) that the envelope of a curve, whose equation con- 
tains as parameters the coordinates of a point which moves 
along a curve S, may be found by considering the parameters 
as coordinates, and then expressing the condition that the 
moving curve should touch ©. Hence, the 0-polar of S is 
also the locus of points whose (m — 0) polars touch S. Using 
then the expression (Art. 97) for the order of a tact-invariant, 
we see that the 6@-polar of S is a curve of the order 
8 (s + 20 — 3) (m — 0), this number to be diminished by 2 (m — 6) 
for every double point, and by 3 (m- 0) for every cusp 
on $; or, if the class of S be ο΄ then the @-polar will be 
of the order 
(m — 0) {s’ + 2s (0 — 1)]. 
It will be of the order 0(2s-- 0 — 3) in the coefficients of S. 
Thus, in particular, if 0 —1, the envelope of the first polars 
of the points of a curve S is the same as the locus of the poles 
of the tangents of δ) its order being s’(m—1). If in this 
case s=1, this order reduces to 0, as it ought, since the 
envelope then reduces to the (m- 1) poles of the line δ. 
In general, it is obvious that each double tangent of S will, 
by its (m — 1) poles, give rise to (m —1)' double points on 
the envelope, and that each stationary tangent of S will give 
rise to (m — 1)” cusps on the envelope. We have, therefore, 
for the class of the envelope 
(πι —1)s— (m —1)s —2(m—1) τ-- ὃ (πι -- 1) v5 
or, since s” — 8’ -- 27 — 31 =s, the class of the 1-polar is 
(m — 1) (m — 2) s’+(m—1)’s. 

If 0— m —1, the envelope of the polar lines of the points 
of a curve S, or locus of points whose first polars touch δ, 
is of the order s(s+2m—5) or s’+2s(m—2). And since 
the number of these polar lines which pass through an 
arbitrary point M is the same as the number of intersections 
with S of the first polar of M, the class of the envelope 18 
(m — 1) s. 

In general the number of double points on the 6-polar of 
S is (n — 0)* times the number of (m —1) polars of a point 
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which touch the curve twice, and the number of cusps is 
(η -- @)* times the number of such polars which osculate the 
given curve. 


406. If the @-polar of a curve S be a curve R, then the 
(m — 0) polar of R must include, as part of itself, the curve δ. 
Thus, for example, if 0 — — 1, R is the envelope of the polar 
line of a point P which moves on δ; but since the pole of 
this polar line may not only be the point P, but (m— 1)—1 
other points besides, it follows that if we seek the locus of 
the poles of the tangents of & (or, what is the same thing, 
the envelope of the first polars of the points of R), we shall 
get the curve S, together with another curve, which is the locus 
of points copolar with the points of O; that is to say, having 
the same polar lines. In this case, where 0— m — 1, we have 
seen that the class of & is s(m — 1); therefore, Art. 405, the 
envelope of the first polars of the points of R is of the order 
S(m-—1)y; or, in addition to the curve S, there will be a 
companion curve of the order sm (m —2). We have seen that 
every point on the Hessian is a point at which coincide two 
poles of a tangent to the Steinerian; consequently, the points 
in which S meets the Hessian will be points on this companion 
curve, which will, besides, meet S in às (m —2) (m —3) pairs of 
copolar pointa. 

If 0 — 1, E is the locus of the poles of the tangents of 5$, 
and since a given point has one polar, if we seek the envelope 
of the polar lines of the points of R, we must fall back on the 
curve S, and it would appear that there can be no companion 
curve. It is to be noted, however, that the common tangents 
of S, and of the Steinerian, form part of the envelope. In fact, 
we have seen that to each of these common tangents there 
correspond two coincident points on R, and therefore when 
we employ the converse process, to these two points answer 
two coincident lines, every point on either of which has a 
right to be counted in the envelope. Further, the curve δ 
must be reckoned in that envelope (m — 1) times, because to 
every tangent of S there answer (m — 1)” poles lying on È, and, 
therefore, when we take conversely the polars of the points of 
Ii, each tangent of S is counted (m — 1)* times. Now we have 
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seen that if the order and class of R ber and 7’, the order of 
its (m — 1) polar is γ΄ + 2 (m — 2) r, but 
γ΄ =(m—1)(m—2) 6’ +(m—1)*s, r-s' (m- 1); 

hence, the order of the polar is 3 (m — 1) (m — 2) s' -- (m — 1)" s, 
which agrees with what we have established, since, as the 
Steinerian is of the class 3(m — 1) (m —92), the number of its 
common tangents with S is 3(m— 1) (m —2)s'. There must 
be a like general theory of the reciprocity when È is the 
6-polar of S, and S the (m -- ϐ) polar of R, but this has not 
yet been investigated. 
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407. The form of a curve in the neighbourhood of a point 
P thereof is defined by the circle of curvature, but it admits 
of a further definition. In fact, drawing parallel to the tangent 
at P an infinitesimal chord QA, then if the normal at P meets 
this at N, the arcs PQ, PE, and the lines NQ, NE, regarded as 
quantities of the first order, are equal to each other, but they 
differ by quantities of the second order; in particular, NQ, NE 
differ by a quantity of the second order; or, what is the same 
thing, if L be the middle point of QR, then the distance NL is 
of the second order. But observe that PN is also of the 
second order; hence the angle LPN, Ξίαη LN--PN is in 
general a finite angle; that is, joining P with the middle point 
of the chord QE (parallel to the tangent at P), we have a 
line PZ inclined at a finite angle to the normal. In the case 
of the circle, PZ coincides with the normal; hence the angle in 
question is a measure of the deviation from the circular form, 
or we may call it the “aberrancy,” and the line PL the axis 
of aberrancy.* 

In the case of a conic, the axis of aberrancy is the diameter 
through P, and the aberrancy is the inclination of this diameter 
to the normal. And for a given curve, drawing any conic 
having therewith a 4-pointic intersection at P, the curve and 


* See Transon, * Recherches sur la courbure des lignes et des surfaces,” Liouv., 
t. VI. (1841); his term ‘déviation’ is in the text replaced by the more specific one 
* aberrancy.” 
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conic have the same axis of aberrancy; that is, the centres 
of all the conics of 4-pointic intersection with the curve at P 
lie on the axis of aberrancy at this point. Whence also the 
axis of aberrancy at P and the axis of aberrancy at the con- 
secutive point of the curve, intersect in a point, say the “centre 
of aberrancy," which is the centre of the conic of 5-pointic 
intersection with the curve at P; this conic is completely de- 
termined by the conditions that its centre is this point, that 
it touches the curve at P, and that it has there a curvature 
equal to that of the curve. 

It is easy to show that the aberrancy at the point P is given 
by the formula 

2 
tanó-p- E ; 

where p, q,r are the first, second, and third differential coeffi- 
cients of y in regard to a. 


408. Observe that the axis of aberrancy is a line having 
reference to the line infinity, but independent of the circular 
points at infinity; viz. if instead of these we had any two 
points J, J, then the line in question is constructed by means 
of the line JJ without any use of the points 7, J themselves; 
the chord QÈ is taken so as to pass through the intersection 
O of the tangent at P with the line JJ, and we have then 
L the harmonic of O in regard to the points Q, 19. 

The theorem that the centres of the conics of 4-pointic 
intersection lie in a line may be presented in a more general 
form; the conics have, of course, a 4-pointic intersection with 
each other; or, what is the same thing, they are conics having 
all of them four common tangents (viz. the tangent at P 
taken four times); the general theorem is, that for the 
system of conics touching four given lines, the poles of any 
line in regard to the several conics of the system lie in a line; 
a theorem which is better known under the reciprocal form, 
that for the conics passing through four given points, the polars 
of any point in regard to the several conics pass all through 
one and the same point., 

In the case where the circular points at infinity are replaced 
by a conic, there is not any analogous theory of aberrancy. 

BBB 
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409. The investigation, Art. 236, of the equation of the 
conic of 5-pointic contact at any point on a cubic may be ex- 
tended to curves of any degree. Let S represent the polar 
conic and T the tangent at the point, then the equation of 
any conic touching at the same point will be S— PT'—0, 
where P is lx+my+nz; l, m, n being still undetermined. 
Then the equation of the lines joining to the point 2’y’z’, the 
intersections of the conic and the curve is obtained by sub- 
stituting in the equation of each curve α΄ -- Az for x, &c., and 
eliminating X between the two equations. "The result of the sub- 
stitution in the first equation is T-- 3A + ἑλ᾽ Δ᾽ + A A* + &c.; 
and the result of the substitution in the equation of the conic 
is2(n—1) T— P'T--X(S—PT); and if this last be written 
OT -- XV, the result of eliminating X between the two equations 
becomes divisible by 7, the quotient being 

V"'—-40V"*S--10"V" ^ TN — ἕο. — 0, 

which represents the 2(»—1) lines joining the point z'y'z' to 
the 2 (n — 1) other points common to the conic and curve. In 
order that the conic should have a 3-pointic contact with the 
curve, one of these lines must coincide with 7, or the equation 
just written must be divisible by T; and since every term, 
except the two first, is so divisible, this condition is plainly 
equivalent to 0—2, which, since 022 (n—1)— P', implies 
P'—-2(n—2)* Introducing this value of 0, and performing 
the division by 7, the equation reduces to 

— PV"? + % VN —AV""TA* + &e. — 0, 
which represents the 2n — 3 lines joining the point «15 to the 
other points of intersection of the curve and conic. 

The contact will be 4-pointic if this equation be again 
divisible by T, or if 24'— PS be divisible by 7. The con- 
dition that this shall be the case is found, asin Art. 382, by 
substituting in this quantity the coordinates of an arbitrary point 
on T, viz. My- NB, Na— Ly, LB — Ma when it ought iden- 
tically to vanish, and in this way we find immediately that P 


2 dH dH dH 
must be of the form wD + oa (a Ie TY zn +2 =) where μ 


* The problem of finding the circle of curvature at any point on a curve is 
evidently that of describing a 3-pointic conic passing through two fixed points, 
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is still indeterminate. Thus the chord of intersection with the 
polar conic of every 4-pointic conic meets the tangent in the 
fixed point, noticed Art. 394, where the tangent meets both 
the polar cubic, and also the polar line of z'y'z', with regard 
to the Hessian either of the curve itself or of any of the 
polar curves. 

dH dH dH 
dz "I dy meu ) 
and allowing that we have the identical equation A* — IIS — JT, 
then, introducing the value for P, $II-- uT, the equation be- 
comes divisible by 7, and gives for the equation of the 2n — 4 
lines, joining to z'y'7 the other intersections of the curve and 
conic 


Let us denote by II the line z (e 


(37+ P - uS) V" ^ αγ A' + &c. — 0. 
The condition for 5-pointic contact is, that this equation should 
be divisible by 7, and we determine the value of u correspond- 
ing to such contact, by substituting in the terms above written 
My -- NB, Na- Ly, LE- Ma for x,y,z. From the identical 
equation of Art. 235, we can infer what J is, and I have 
found that, by the substitution just mentioned, J becomes 


-3(n-1)(n-2) 242€ Rý (H), where Σ, E, and yH 
have the same meaning as in ο 386. The results of substitution 
in S, P, and in Δ΄ are Q, 5 a Q, and Q, respectively. Using 
then the values of Arts. 390, 391, we have 

pH” = 8 {3 (n— 1) (n- 2) ZH —2 (n— 1) Rp (H)] 


-4 fa- 2} Hz — 6 (n—2) Ry (H) +4 grol 


| agers 
-4 |-6 (n-2) ea XH44(n -3) y (H) - η 2ο], 
whence reducing, p = — 3m (40 — 3H®), and the 5-pointic conic 
is determined. 


410. Prof. Cayley has pursued the enquiry so as to ascertain 
what condition must be fulfilled by the coordinates 3/5 in order 
that the contact may be 6-pointic (see Phil, Trans., 1865, p. 545). 


372 SYSTEMS OF CURVES. 


The investigation is too long to give here; his result is that 
x'y'z' must satisfy the equation 


(m — 2) (12m — 27) HJ (U, H, Φ) - 3 (m—1)HJ'(U, H, à) κ 

+ 40 (n —2)J (U, H, ©) 2 0, 
where by J(U, H, 4) is meant the Jacobian of these three 
functions, and by J' is meant that, in taking the Jacobian, 
is to be differentiated on the supposition that the second 
differential coefficients of H, which enter into the expression 
for o, are constant. The equation here written represents a 


curve of the order 12m — 27 whose intersection with U deter- 
mines m (129m — 27) sextactic points. 
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411. The problem to find how many conics can have a 
6-pointic contact with a given curve belongs to the class of 
questions on which some remarks were made, Conics, Ap- 
pendix on systems of conics satisfying four conditions. We 
shall here somewhat develope the theory there indicated. 
De Jonquières, Liouville, t. vI. (1861), considered the properties 
of a series of curves of the mtt order satisfying 3m (m -- 3) —1 
conditions, that is to say, one less than the number sufficient 
to determine the curve, the series being characterized by its 
index N, where N is the number of curves of the series which 
ean pass through an arbitrary point. Thus, if the equation 
of the curve algebraically contains a parameter, N will be 
the degree in which that parameter enters.* Chasles, in papers 
in the Comptes Rendus, 1864—1867, on the number of conics 
which satisfy four conditions, used, instead of De Jonquières’ 
single index, two characteristics, viz. µ the number of curves 
of the series which pass through an arbitrary point, and ν the 
number of them which touch an arbitrary line. This method 


* Prof. Cayley has remarked that itis not true conversely that the equation of 
a curve belonging to a series whose index is JV, can be always expressed in this 
form. For instance, the index will be plainly N if the equation contain linearly 
the coordinates of a parametric point limited to move on a plane curve of the order 
N, and unless the curve be unicursal, the equation cannot, without elevation of 
order, be made an algebraic function of a single parameter. Or, more generally, the 
equation may contain linearly the coordinates of a point limited to move on a curve 
in space of & dimensions. ; 
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is especially convenient as giving symmetrical results in the 
case of conics which are curves of the same order and class. 
A sketch of this method is given in Conics, l. c., and we 
shall here repeat a few of the theorems, stating them for a 
series of curves of any order. 


412. The locus of the poles of a given line, with respect 
to curves of the series, is a curve of the degree ν. For this 
is obviously the number of points in which the line itself can 
meet the locus. The envelope of the polars of a given point, 
with respect to curves of the system, is, in like manner, a 
curve of the class μ. 

The locus of a point whose polar, with regard to a fixed 
curve (whose order and class are m’, n), coincides with its polar, 
with respect to some curve of the system, i3 a curve of the order 
v+p(m'—1). For, in order to determine how many points of 
the locus lie on a given line, consider two points A, A’ on that 
line, such that the polar of A, with regard to the fixed curve, 
coincides with the polar of .4' with regard to some curve of 
the system, and the problem is to know in how many cases 
A and A’ can coincide. Now, first, if A be fixed, its polar, 
with respect to the given curve, is also fixed, and the locus 
of poles of this last line, with respect to curves of the system 
being by the first theorem of the order v, we see that to any 
position of A answer v positions of A’. Secondly, let A’ be 
fixed, and since its polars, with respect to curves of the system, 
envelope a curve of the class yw, and since the polars, with 
respect to the given curve of the points of the given line, 
envelope a curve of the class m'— 1, Art. 405, there are u (m'—1) 
common tangents to the two envelopes, and therefore as many 
positions of A answering to A’. The number then of coin- 
cidences of the points A and A’ is v + p (m'— 1), or this is the 
degree of the locus in question. It is obvious that this locus 
meets the fixed curve in the points where it is touched by curves 
ofthe system, and therefore that the number of these curves, 
which touch the fixed curve, is πι (v + u (m'— 1)}, or is m'y 4- πμ. 


413. In general, the number of curves of the system which 
satisfy any other condition will be of the form µα - v8, and 
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the numbers a, 8 may be taken as the characteristics of this 
condition. Ifa curve be determined by a sufficient number of 
conditions of any kind, and if these characteristics be given for 
each condition, we can determine the number of curves satisfying 
the prescribed conditions. We exemplify this in the case of 
conics. The number of conics determined by five points, by 
four points and a tangent, by three points and two tangents, 
ος 1, 2, 4, 4, 2, 1, 
and, consequently, the characteristics of the systems determined 
by four points, three points and a tangent, &c. are 
(1, 2), (2, 4), (4, 4), (4, 2), (2, 1). 
The number then of conics satisfying the condition whose 
characteristics are a, 8, and also passing through four points, 
or through three points and touching a line, &c. are 
a-t 28, 2a -- A8, 4a -- 48, 4α-- 2B, 2a 4- β. 
If we call these numbers μ΄, v", p", o^, T” 
we see that they are not independent, but we have 
V" =2p", o" 2T ,p =F (v" +4 o"). 
The characteristics of the systems formed with the condition 


a, B together with three points, or together with two points 
and a line, &c. are plainly 


(μ΄; y"), (v^, P^) (ρ΄, c") (c^, T) 
And therefore the number of conics of these systems respec- 


tively which satisfy a new condition a’, β' is ua 4- "8, 
να Fo 9, &. Or, writing at full length, if we have two 
conditions whose characteristics are (a, 8), (αι 6’), and if we 
denote by p”, vy", p", c" the number of conics which satisfy 
these two conditions, and also pass through three points, or 
pass through two points and touch a line, &c. we have 


μ΄ -- αα +2 (βα --aB') - 488', v" —2aa +4 (Ba + aB') - 488", 
p" = 4αα + 4 (8a' + a9") 4 288', c" —4aa' + 2(Ba'+a8')+ BB, 
and it is to be noted that these numbers are connected by 
the identical relation 

p —ivtip-c =0. 
In like manner the characteristics of the system of conics 
satisfying the two conditions (a, 8), (a’, 9'), and also passing 


respectively, 


"n 
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through two points, or through a point and touching a line, 
or touching two lines, are (μ΄, v"), (v", p"), (p", a"), and there- 
fore the number of such conics which satisfy a third condition 
a’, 8" are p'a” --y"8", ἅς. Or, writing at full length, if we 
denote by μ', v, p' the number of conics which satisfy three 
conditions (a, 8), (a’, 8'), («", 8"), and also pass through two 
points, or through a point and touch a line, &c. we have 


p --ααα΄ --9Σααβ’ + AXaB'8" + 488'8", 
ν΄ —2aa'a" + AXaa' B" + Aa'B" + 288' 8", 
p —4aa'a" + AZaa' B" + 2a 8" + 8898". 
It is evident that the characteristics of the system formed by 


adding to these three conditions a fourth, a”, 8", are u'a"-- vB", 
v'a” + p", or, at full length, | 


H Eu aaa «x EM 2Xaa'a B" + 4Xaa'B" B" -- 4ZaB'B"B""--288'8" 8", 
y — 9aa'a a" + 4Σααα B" + 4Zaa'B" B" 4 2Xa' g" R" + pee" g". 


And so finally, if we add a fifth condition, the number of conics 
satisfying all five is pa”” + v9", or 

αααα α  Έ9δΣαααα DB. «Γ4Σααα D" B" + 42a B" β΄ B 

1 υΣαβ΄β'β"β'"': Ββ'β'β"Β" 

Thus this formula gives the number of conics which touch five 
given curves, by writing for a, 8, &c. the class and order 
of each curve. And in like manner we could find the number 
of curves of any order determined by the condition of touching 
given curves if we knew the number in each case where the 
conditions were only those of passing through points or touch- 
ing lines. 


414, In the preceding article, the conditions we considered 
were each independent of the others, but we may have a con- 
dition equivalent to two or more conditions, as for example, 
the condition that a conic shall touch a given curve twice 
or oftener, the condition that a curve shall osculate a curve 
or have with it contact of higher order. A condition equi- 
valent to two may be called two inseparable conditions. It 
is found that the formule obtained in the last article for in- 
dependent conditions are applicable with the necessary modi- 
fications to inseparable conditions. Thus, if we have two 
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inseparable conditions, the characteristics w”, v", p", c", are 
the number of conics determined when we combine with the 
given two-fold condition three points, or two points and a 
line, &c., and these numbers will be always connected by the 
relation u” — ἂν" + 8p" — c" 20. We proceed precisely as in 
the last article to find the number of conics determined, when 
with the two-fold condition are combined any three others. 
In this way we obtain the following formule. If m", n", "^, s" 
are the characteristics of a second two-fold condition, then 
the characteristics of the system of conics determined by the 
pair of two-fold conditions are 


"n n "noH "Mov 


m p -- ἢ (un 4 m^ y") + (μ΄ + pm") + In'y' MS i (r y + n p h 
g's" um i (σ’ + 8' p) + (v"s" + n'o") + Ip" -ᾱ (ρ + ry"). 
And if 4’, v', p' be the characteristics of a three-fold condition, 


the number of conics determined by the two-fold and three- 
fold condition 18 


iw (2σ" e p") + tp’ (αμ e y") + τον {5 (p^ + p") - 6 (u^ + σ’)). 


415. Returning to the two characteristics u, v of a series 
of curves of the mte order, satisfying one condition less than 
the number sufficient to determine each curve, we may in- 
vestigate as follows the relation between these two charac- 
teristics. Consider the points A, A’, &c., in which a curve 
of the series meets a given line; then, since u curves of the 
series pass through A, each meeting the line in $ — 1 other 
points, it is evident that to each point A corresponds p (m — 1) 
points A’, and in like manner to each point A’, μ (m — 1) points 
A. And the number of united points of the correspond- 
ence is therefore 2,4, (m — 1). This number will be v if the 
united points can only arise when a curve of the series touches 
the line AA’, but it may happen that a curve of the series 
will be a complex containing a portion which counts twice, 
and such a curve would give rise to united points which must 
be deducted from 2μ (m —1) in order to give v the number 
of proper tangencies. "Thus, in the case of conics which we 
shall specially consider, let X be the number of conics of the 
series which reduce to two coincident right lines, and we 
have v —2y — X. 
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416. A conic considered as a curve of the second order 
may degenerate into a pair of lines, or line-pair; in this case 
the tangential equation found by the ordinary rule becomes 
a perfect square; or, geometrically, every line through the 
common point of the line-pair is to be considered as doubly 
a tangent to the curve. Similarly, a conic considered as a 
curve of the second class may degenerate into a pair of points, 
or point-pair; and every point of the common line of the 
point-pair may be considered as in a sense doubly belonging 
to the curve. In the latter case, the point-pair may be con- 
sidered as the limit of a conic whose tranverse axis is fixed, 
and which flattens by the gradual diminution of its conjugate 
axis, so as to tend to a terminated right line, the tangents of 
the conie becoming more nearly lines through two fixed points, 
viz. the terminating points of the line. 

Thus then, if X be the number of point-pairs in the system, 
and « the number of line-pairs, we have 


p-2v—9, v-2u —M 3U=2A4+ a, ὂν--λτ +A. 


In Zeuthen's researches, concerning systems of conics, the 
numbers A, « are substituted for Chasles’ characteristics p, v, 
it being in most cases easier to ascertain the number of conics 
of a given system which reduce to line-pairs or point-pairs, 
than the number which pass through an arbitrary point or 
touch an arbitrary line. 

A. special case presents itself when the two points of a point- 
pair coincide, the line of the pair continuing to exist as a definite 
line; or, the two lines of a line-pair may coincide without 
their common point ceasing to exist as a definite point. This 
may be called a line-pair-point. 


417. In a system of conics satisfying four conditions of 
contact, it is comparatively easy to see what are the point- 
pairs and line-pairs of the system; but in order to find the 
values of X and a, each of these pairs has to be counted, not 
once, but a proper number of times, and it is in the deter- 
mination of these multiplicities that the difficulty of the problem 
consists. For this purpose Zeuthen uses the following con- 
siderations: Take the elementary system of a conic determined 

CCC 
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by four points, then evidently the number of line-pairs is 
three, and of point-pairs is 0, but since μ--1, νΞ2, we have 
λ--0, w=3; whence it is inferred that a pair of lines 
joining, two by two, four given points counts once among the 
number of line-pairs. But take a system of conics determined 
by three points and a tangent, here we may have three line- 
pairs, viz. the line joining any two of the points, and the 
line joining to the third point the intersection of the fixed 
tangent with the line joining the first two points. There 
are in this case no point-pairs. We have also w=2, v=4, 
hence X—0, a =6; and it is inferred that a line-pair counts 
for two if it consists of the line joining two given points, 
together with the line joining to a third given point the in- 
tersection of the first line with a given line. 

Lastly, take the system of conics determined by two points 
and two tangents, and there can be but a single line-pair, viz. 
the pair joining the two points to the intersection of the two 
tangents; but since in this case w=4, v=4, λα, it is 
inferred that a line-pair counts for four if it joins to two 
given points the intersection of two given lines. It is needless 
to dwell on the reciprocal singularities. | 

The movement of a conic which touches a given curve may 
be considered either a rotation round the point of contact or a 
slipping along the tangent at that point; and hence it 18 in- 
ferred in the case of a conic determined by touching four 
given curves, that we are to count among the line-pairs, once, 
(A’) a pair consisting of two lines, each being a common 
tangent to the curves; that we count twice, (02) a pair con- 
sisting of a common tangent to two curves, and a tangent 
drawn to a third curve from a point where this common tangent 
meets the fourth curve, and that we count four times, (C’) a 
pair consisting of tangents drawn to two curves from the in- 
tersection of other two. Reciprocally, we count among the point- 
pairs once (A) a line each of whose determinations is the inter- 
section of two curves, twice (5) a tangent to a curve terminated 
by another curve, and by the intersection of two other curves; 
and four times (C) a double tangent to two curves terminated 
on two other curves. In these cases for the intersection of 
two curves, may be substituted the intersection of a curve with 


SYSTEMS OF CURVES. 379 


itself or a node, and for a common tangent to two curves 
may be substituted a double tangent to a single curve. 


418. Thus, for example, to find the number of line-pairs in 
the system of conics which touch four given curves. We have 
nn'nn'" line-pairs consisting of one of the nn’ common tangents 
to the first two, combined with one of the πη common 
tangents to the other two; and, since we can in three ways 


form two pairs out of the four curves, the number £’ is ὃπη πα. 


Again, there are nn'/n"m"" pairs consisting of a common tangent 
to the first two curves, and a tangent to the third from one 
of the points where it meets the fourth; and, since we get 
the same number if we take a common tangent to the second 
and third, or to the first and third, we have 5'—3Znnw"m". 
Lastly, there are plainly Zu" πι πι pairs of tangents of the 
kind C'. We have therefore 


PLLA pP Lu PPP pP 77} 


v = 33nn n” n” + 6Xnn' nm" + ΑΣ” mm”, 
and, in like manner, 
X — 4AXnn'm"m" + 6Enm'm" m” + 3Óynmm" m”, 


and from these numbers are deduced the same values for p, 
and v, as we have found already. 


419. We proceed in the same way if the conditions of the 
problem are, that the conic shall touch the same curve more 
than once, or shall have with it contact of higher order. Prof. 
Cayley uses the following convenient notation. Let (1) denote 
single contact, (1, 1) single contact with the same curve in 
two places, (2) contact of the second order or 3-point contact; 
and so on. Thus the system we have considered of conics 
having single contact with four curves is denoted by (1), (1), 
(1), (1). Let us now consider the system (1, 1), (1), (1), that 
is to say, when the conics have double contact with a single 
curve and touch two others. Then it is seen, precisely as 
before, that A’ — Tnn” -- nn'.nn". We have also 


B' 2 7 (n'm" }- n"m^) + πτ (m — 2) n" + nn” (m —2) n 
+ nnm" (n — 1) + nn^m' (n — 1) + nn"m (n — 2), 


Ο΄ = Snn” + mm! (n — 9) n" + mm" (n — 9) n' + m^m"3n (n — 1). 
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Lastly, we must count separately (D’) the «n’n” line-pairs, 
consisting of a pair of tangents drawn from a cusp of the 
first curve to the other two. Zeuthen shews that these last 
count each for three, by writing in the formule in the first 
instance an unknown multiplier 2, and determining x by an 
examination of the elementary cases where the second and third 
curves, reduce to points or lines. Collecting then the numbers 
A’ +2B’ + 46’, and reducing, we find 
v — n'n" (n* + 6mn — 8n — 4m + 7+ 46 + 3x) 

+ 2 (m'n" + mn’) (n + 2mn — n — 4m -- 7) 1- 2m'm"n (n — 1), 
and there is a corresponding expression for X. From these 
we find expressions for p, v, viz. 


p Me? Pana έ ὁ 


pi m wm’ mM” + μ΄ (mn + mn’) + unm, 


40h 099 44 pP L4 29 4 ” OE d A 


yaw mm" 4- v^ (m^ + m^n) + vnn”, 

where W = 2m (m+n—3) 4 7, 

p^ my z2m(m-2n-—5)-427, 

p” zy" =2n (2m - n — 5)- 28, 

v” Ξ 2n (m+n — ὃ) + ô. 

And these numbers denote the number of conics determined by 
the conditions of touching one curve twice, together with three 
points, two points and a tangent, a point and two tangents, and 
three tangents, respectively. 

It is unnecessary to consider separately the case (1, 1), (1, 1), 
see Art. 413, and the same principles are applicable to the cases 
(3) (1), (4). 

Referring for further details to Zeuthen’s memoir, which 
may be most conveniently consulted, Nouvelles Annales, 1866, 
and to Prof. Cayley’s memoirs, Phil. Trans., 1867, we give 
the following table, in which Prof. Cayley has summed up the 
simpler results expressed in terms of m, n, and a (see Art. 83). 


(1,1, 1) w = $m? -- 2m^n + më + dn — 22i —3mn — $n’ 
— Pn — Pn +a (— 3m — $n + 13), 
y — im? + 2m"n + 2mm? + 198! — m — Amn — n 
— 48m — *8n + a (— 3m — 3n + 20), 
p' -- ἐπι + mn + 2mn + 22? — 4m? — 38mn — 2n* 
— 49m — Pn +a (— $m — 9n + 18), 


(1, 1, 1, 1) 


(2) 
(2, 1) 


(4) 


SYSTEMS OF CURVES. 381 


= Fyne‘ + gmn + mn" + 3mm? + gym 
— ἐπι) — 3m'n — 2mn' - i" 
— im — 21mn — Pn -- 1915 + $927 
a (— $m*— 3mn — $n* -48m 4-59 — 247) + δα”, 
v= εἶχπι" +4m'n + m'n + gmi + απ - fm’ -- 2m'n 
— 3mn*— {n° — 229 m —21mn — 1gin'ríjim 
+1910 + a (—23m?— 3mn —8n?+ δρπι incip 
Ἔ δα; 
μ΄ — a, Y" —2a, p" --2α, o” =a; 
μ΄ — 12m ἠ- 12n 1- a (2m --. n — 14), 
ν΄ — 24m + 24n +a (2m + 2n — 24), 
p =12m+12n+a( πι-- 2n — 14), 
p = 24m? + 36mn + 12n* — 168m — 168n 
p à (m? + Όπιη 4- 4n?— 25m — 29 + 138) - δα 
y — 12m! + 36mn + 24n* — 168m — 168n 
+a (3m? + 2mn + n” — 22m — 25n + 138) — 307, 
[s = 21m + 24n — 20a + $0”, 
y = 24m + 27n — 20a + $a’, 
μ΄ =— 4m — 3n + δα, v 2 — 8m — 8n + θα; 
p =— 3m—4n+ δα. 
p = — 8m- 12mn — 8n*4- 56m+53n + a(6m + 9n—39), 
y =— 3m- 12mn — 8n4- 53m+ 56n + a(3m + 6n—39). 
fe = — 10m — 8n 4 θα, v=— 8m — 10n + 6a. 


420. It still remains to give formule for the number of 
conics satisfying five inseparable conditions, as for example (5) 
the number of conics having contact of the fifth order with a 
given curve. These numbers are found from an examination 
of the case where a curve touched by the conics is a complex 
of two other curves. ‘hus the conics having contact of the 
fifth order with a complex of two curves, are made up of the 
conics having like contact with the separate curves, and there- 
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fore the expression for (5) must be such a function of m, n, a, 
that 

$ (m 4- m', n t m', αἼ-α) — $ (m, n, a) t (m,n, a), 
whence (5) is plainly of the form am+n+ca. From sym- 
metry we must have a=b, and knowing the number of 
sextactic conics when m =3, we determine a and c, and find 
(5) 2 — 15m -- 15n + θα. 
— So, in like manner, the conics (4, 1) are made up of the 
conies having this contact with each of the separate curves, 
and of the conics having the contact 4 with one curve and the 
contact 1 with the other. The number of these last conics 
is found by the formule of the last article, so that we have 
$ (m -- m', n+’, a α΄) — (m, n, α) — φ (m', n, a’) a known 
function of m, n, a. By the process here indicated, Prof. Cayley 
establishes the table: 


(4, 1) = — 8m- 20mn — 8n^4 104 (m+n) + θα (m+n — 11), 
(3, 2) = 120(m+n)+a(—4m—4n— 18) + δα", 
(3, 2, 1) = — im — l0m'n — Omn? — $n^ +492m* 


+116mn + 19237 — 484m — 434n 
+ a($m"+ 6n + $n? — 89m — $?n + 291) — 207, 
(2, 2, 1) = 24m? + 54mn + 24n” — 468 (m + n) 
+ a (— 8m — 8n + 821) + à! ($m + 3n — 12), 
(2,1,1,1) —6m'-30m"n430mn t6n*— 17n (m+n)*+ 1320 (m+n) 
T α (km mn + πι’ ἐπ-- X15m'—26mn— 15η} 
+ 358m -F288n — 960) + a’ (- $m — $n + 28), 
(1; 1, 1, 1, 1}- τὴς (m^ E m) + γσπυι (m^ + n°) + 5n (m+n) 
— zy (m + nê) — Émn {πι} +n”) — πι) πὶ 
- A (m4 n°) — 289mm (men) 142 (nw 
+ 583mn — 3359 (m+n) + a(— 1m'—3m'n—-8$mn 
— tn*+ 29 m*+ 29mn 4 2? π'-- 327,4 — 32 + 486) 
+ a” ( (m+n) — 15]. 
Zeuthen and Cayley have also investigated formule for the 


cases where the conditions include contact with a curve at a 
given point; and Cayley's memoir contains investigations of 
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a formula of De Jonquières, giving the number of curves of 
the order r having with a given curve of the order m, t con- 
tacts of the order a, b, c, &c., and besides passing through p 
points on the curve. But the subject is too extensive to be 
here further treated of. 


NOTE BY PROFESSOR CAYLEY ON ART. 416. 


Some remarks may be added as to the analytical theory 
of the degenerate forms of curves. As regards conics, a line- 
pair can be represented in point-coordinates by an equation 
of the form zy —0; and reciprocally a point-pair can be re- 
presented in line-coordinates by an equation £50, but we 
have to consider how the point-pair can be represented in 
point-coordinates: an equation αὖ--0 is no adequate repre- 
sentation of the point-pair, but merely represents (as a two- 
fold or twice repeated line) the line joining the two points 
of the point-pair, all traces of the points themselves being 
lost in this representation: and it is to be noticed, that the 
conic, or two-fold line α’--0, or say (ας + By + yz} =0 is a 
conic which, analytically, and (in an improper sense) geome- 
trically, satisfies the condition of touching any line whatever ; 
whereas the only proper tangents of a point-pair are the lines 
which pass through one or other of the two points of the 
point-pair. 

The solution arises out of the notion of a point-pair, con- 
sidered as the limit of a conic, or say as an indefinitely flat 
conic; we have to consider conics certain of the coefficients 
whereof are infinitesimals, and which when the infinitesimal 
coefficients actually vanish reduce themselves to two-fold lines; 
and it is, moreover, necessary to consider the evanescent co- 
efficients as infinitesimals of different orders. Thus consider 
the conies which pass through two given points, and touch two 
given lines (four conditions); take y —0, 2-0 for the given 
lines, x =0 for the line joining the given points, and (æ= 0, 
y — az — 0), (x — 0, y — Bz = 0) for the given points; the equation 
of a conic satisfying the required conditions and containing one 
arbitrary parameter 6, is 


x + 20xy +20 γ(αβ) xz + θ᾽ (y — az) (y — 82) 30; 
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or, what is the same thing, 

tz + Oy 6 v (ap) 2}? — € (a+ B) yz=0; 
and this equation, considering therein Ó as an infinitesimal, say 
of the first order, represents the flat conic or point-pair composed 
of the two given points. Comparing with the general equation 


(a, b, ο, f, 9, h Yo, y, 2) — 0, 
we have 


a=1, 26”, οΞ-θ'αβ, f-— 10 (a+ 8), 9-0 (a8), h=8, 
viz. a being taken to be finite, we have g and A infinitesimals 
of the first order; b, c, f infinitesimals of the second order; and 
the four ratios (b) : (c) : /(f):g: À are so determined as to 
satisfy the prescribed conditions. 

Observe that the flat conic, considered as a conic passing 
through the two given points and touching the two given 
lines, is represented by a determinate equation, viz. consider- 
ing the condition imposed upon 0 (0 = infinitesimal) as a de- 
termination of 0, the equation is a completely determinate 
one; but considering the flat conic merely as a conic passing 
through the two given points, the equation would contain 
two arbitrary parameters, determinable if the flat conic was 
subjected to the condition of touching two given lines, or to 
any other two conditions. 

Generally we may consider the equation of a curve of 
the order n; such equation containing certain infinitesimal 
coefficients, and when these vanish, reducing itself to a composite 
equation P^ Q£...— 0; the equation in its original form represents 
a curve which may be called the penultimate curve. Consider 
the tangents from an arbitrary point to the penultimate curve; 
when this breaks up, the system of tangents reduces itself to 
(1) the tangents from the fixed point to the several component 
curves P=0, Q=0, &c. respectively ; (2) the lines through 
the singular points of these same curves respectively; (3) the 
lines through the points of intersection P— 0, Q—0, &c. of each 
two of the component curves; these points, each reckoned a 
proper number of times, are called “fixed summits;" (4) the 
lines from the fixed point to certain determinate points 
called “free summits” on the several component curves P=0, 
Q=0, &c. respectively. We have thus a degenerate form 
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of the n-thic curve, which may be regarded as consisting of 
the component curves, each its proper number of times, and 
of the foregoing points called summits, and is consequently 
only inadequately represented by the ultimate equation 
P*(9...2 0; the number and distribution of the summits 
is not arbitrary, but is regulated by laws arising from the 
consideration. of the penultimate curve, and there are of 
course for any given value of n various forma of degenerate 
curve, according to the different ultimate forms P*QP...— 0, 
and to the number and distribution of .the summits on the 
different component curves. The case of a quartic curve 
having the ultimate form αγ΄--0 has been considered by 
Cayley, Comptes Rendus, t. LXXIv., p. 708 (March, 1872), 
who states his conclusion as follows: "there exists a quartic 
curve the penultimate of αγ =0, with nine free summits, three 
of them on one of the lines (say the line y=0), and which are 
three of the intersections of the quartic by this line (the fourth 
intersection being indefinitely near to the point z 20, y — 0), 
six situate at pleasure on the other line x=0; and three fixed 
summits at the intersection of the two lines.". Other forms 
have been considered by Dr. Zeuthen, Comptes Rendus, t. LXXV. 
pp. 703 and 950 (September and October, 1872), and some 
other forms by Zeuthen; the whole question of the degenerate 
forms of curves is one well deserving further investigation. 

The question of the number of cubic curves satisfying given 
elementary conditions (depending as it does on the consideration 
of the degenerate forms of these curves) has been solved by 
Maillard and Zeuthen; that of the number of quartic curves 
has been solved by Dr. Zeuthen. 


DDD 


NOTES. 


Art. 58, p. 48. On the equivalence of higher singularitier of curves to ordinary 
singularities, see Professor H. J. 8. Smith, “On the higher singularities of plane 
curves, Proceedings London Math. Soc, v1, 153; Zeuthen, Math, Ann., X. 212, 


Art. 151, p. 182, In connection with this theory see Cremona (Nouvelles Annales, 
1864, p. 23); also Schröter “on a mode of generating cubics”; Math, Ann, v. 50, 
Durége “on a cubic considered as the locus of the foci of a system of conics,” 
Math. Ann, v. 83; and Clebsch “on two methods of generating cubics," Math. Ann. 
v, 422. Grassmann (Crelle, LII. 254) has generated a cubic as the locus of a point 
such that the lines joining it to three fixed points meet three fixed lines in points 
which lie on a right line, 


Art. 161, p. 199. Investigations of a nature kindred to those of Sylvester on 
residuation were made about the same time by Brill and Noether, Göttinger 
Nachr., 1873, p. 116, An abstract is given by Fiedler in the notes to his translation 
of this work. 


p. 185. Add to the note “See also a dissertation by Rosenow Breslau, 1873,” 
Art. 220, p. 191. The form in which S is written by Aronhold is as follows : 
- S= (be — m? + (ea — a?) (be, — ὄρ) + (ab, — a£?) (bc — οὔ) 
+ (aa; — ma) (be — 5,c;) + (asm — αι) (bsc, + cb, — 2c,m) 
+ (ma, — azc) (5,0, + οιὖ — 2mb;). 


p.212. Add to the note, “In the paper last mentioned Gundelfinger writes down 
the 84 forms which constitute the system of concomitants to a ternary cubic, in 
conformity with Gordan’s theory, Math. Ann. 1. 90. See also Gundelfinger’s paper 
Math. Ann., VIII. 136. On the subject of cubic curves Clebsch ought also to be 
consulted, Vorlesungen uber Geometrie, p. 497," 


ON THE BITANGENTS OF A QuARTIO, BY PROFESSOR CAYLEY. 


THE equations of the 28 bitangents of a quartic curve were obtained in a very 
elegant form by Riemann in the paper “ Zur Theorie der Abelschen Functionen für 
den Fall p = 3,” Werke, Leipzig, 1876, pp. 456—472; and see also Weber's “Theorie 
der Abelschen Functionen vom Geschlecht 3,” Berlin, 1876. Riemann connects the 
several bitangents with the characteristics of the 28 odd functions, thus obtaining for 
them an algorithm which it is worth while to explain, but they will be given also 
with the algorithm employed p. 231 e£ seq. of the present work, which is in fact the 
more simple one, The characteristic of a triple 0-function is a symbol of the form 

apy, 

: , a’ B’y’', 
where each of the letters is = 0 or 1; there are thus in all 64 such symbols, but they 
are considered as odd or even according as the sum aa’ + ββ’ + yy’ is odd or even; 
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and the numbers of the odd and even characteristics are 28 and 36 respectively ; and, 
as already mentioned, the 28 odd characteristics correspond to the 28 bitangents 


respectively. 


We have z, y, z trilinear coordinates, a, B, y, a’, A’, γ' constants chosen at 
pleasure, and then a’’, β΄, y" determinate constants, such that the equations 


zt yt zt Eta +f =, 


aztüÜytyitt T 


azte yty e+ Š + 


ar yy $9 


p" 


are equivalent to three independent equations; this being so, they determine E, η, X 
each of them as a linear function of (x, y, z) ; and the equations of the bitangentg 
of the curve /(αξ) + J(yu) + «(2Ὁ = 0 (see Weber, p. 100) are 
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z=, 


z+y+2=0, 

E*yt2-0, 

az + By + yz = 0, 
ε 2 
2 + By + yz — 0, 
a'z + Py t+ *y'z — 0, 
t '»-0 
a’ T Bytyzs- 3 
α"α + [y + y"z — 0, 
ξ ” "=Q 
a” TB'uytys-0 


z+n+2=0, 


ctyt+¢=9, 
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2 | ifo ar + yz 0, 

v9 TT ax By + s Ξ0, 

26 | oor | «x go ty2=0, 

36 m ES = 0, 

ος. 5 ΕΥ" -- 0, 

a7 | VL | ate + By + t= 

67 | 100 KO AN 

57 | on ο... 

δ6 | τς i yet ice i = 

8 | zd5) * απο" is =o 
46 | 10 | σᾳ ΓΓΕΤ ΤΝ Fü-75 * Fae = 


111 ἐν ο πα ο --- 
47 010 a" 4 Ee B" y") T B” (1 E. y'a") + y" (1 = a"g") =0 
The whole number of ways in which the equation of the curve can be expressed 
in a form such as J(z£) + J(yn) + A(zX) = 0 is 1260; viz. the three pairs of bitangents- 
entering into the equation of the curve are of one of the types 


12.94, 13.24, 14.23 69  No.is 70 


1934, 13.24, 56.78 OV ΙΙ ,, 630 
19.99, 1494, 15.25 «Ὁ » 560 
1260 


and it may be remarked that selecting at pleasure any two pairs out of a system 
of three pairs the type is always O or ΙΙΙ, viz. (see p. 233) the four bitangenta are 
such that their points of contact are situate on a conic. 


Art, 269, p. 241. In saying that the case of quartics with a single node had 
received no attention I overlooked Brioschi’s paper, Math, Ann, 1v. 95, followed by 
Cremona, p. 99, and Brill, Math. Ann. v1. 66 and Crelle, vol. 65. 


Art. 276, p. 246. The method here employed had been indicated by Burnside, 
Educational Times reprint VII. 70, 


Art. 287, p. 257. On this subject see a paper by Mr, Malet, Trans. Royal Irish 
Academy, XXVI, 431 (1878). 
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Aberrancy of curvature, 97, 868. 
Absolute invariant of a cubic, 144, 165. 
Acnode, 25, 129. 
of cubic constructed when stationary 
tangents are given, 184. 
Angle made by tangents with axis, 86. 
with radius vector, 80. 
sum of, given which tangents from a 
point make with fixed line, 123. 
between focal radii and tangent, 125. 


Cardioide, 44, 252, 282. 
Carnot, theorem of transversals, 109. 
Cartesians, 101, 104, 126, 241, 244, 250. 
Cartesian coordinates, how related to 
trilinear, 6. ^ 

Casey, on bicircular quartics, 241. 
Cassini’s ovals, 44, 126, 
Catenary, 287. 
Caustics, 98, &c. 

of parabola, 107. 


Angle at which curves cut, unaltered by | Cayley on intersections of two curves, 


certain transformations, 314. 
Anharmonic, theorems of conics, their 
analogues in cubics, 140. 
ratio constant of pencil of tangents 
« from point on cubic, 144. 
this ratio expressed in terms of fun- 
damental invariants, 199. 
ratio unaltered by linear transforma- 
tion, 296. 
ratios equal of tangents from two nodes 
of quartic, 241. 
Antipoints, 122. 
Arc of evolute, length of, 88. 
Archimedes, spiral of, 291. 
Aronhold’s invariants of cubics, 191. 
ee of bitangents of quartics, 
Asymptotes, their equation how found, 40. 
how cut by any transversal, 113. 
of cubic, 170. 
Atkins on caustics, 101. 


Bernoulli, on lemniscate, catenary and 
logarithmic spiral, 44, 289, 293. 
Bertini on rational transformation, 326. 
Bicircular quartics, 126, 142, 241. 
Bifid substitution, 232. 
Biflecnodes, 217. 
Bipartite cubics, 168. 
Bitangents, general theory of, 342, &c. 
of quartics, 111, 220, 223. 
ρα curve, of quartic, 223, 349, 
57. 


Brill, on transformation of curves, 329. 
on residuation, 387, 389. 
Brioschi, on nodal quartics, 389. 


on equivalence of higher singularities 
to a union of simpler, 48. 
modification of Pliicker’s equations, 


on envelope of equation containing 
independent parameters, 74, 

on quasi-evolutes, 92. 

i εν of parallel curves, 


. on problem of negative pedals, 107. 
on foci, 120. 
on involution, and classification of 
cubics, 162, 179. 
tus ος for equation of cubic, 
E for bitangents of quartics, 
, 282. 
on tangents from nodes of binodal 
quartic, 241. 
on cartesians, 251. 
on logarithmic curve, 287. 
on skew reciprocals, 304. 
on transformation of curves, 316. 
solution of problem of bitangents, 
341, 351, 355. 
on sextactic points, 371. 
on systems of curves, 372, 379. 
on degenerate forms of curves, 383. 
note on bitangents of quartic, 387. 
vey even ot cubic, different definitions of, 
1 


its equation, 190. 

in point coordinates, 203. 
of a system of conics, 225, 
of a curve in general, 364. 


Canonical form, of equation of cubic, | Centres, 115. 


188, 196. 


Central cubics, 164. 


general equation of cubic how reduced | Centre of mean distances, 112. 


to, 198, 


of contacts of parallel tangents, 119. 
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Characteristics of reciprocal, 65, 
of evolute, 94. 
of parallel, 102. 
of inverse curve and pedals, 106. 
of system of conics, 372. f 
Chasles on contact of parallel tangents, 119. 
on projection of cubics into central 
cubics, 164, 
on Cartesians, 241, 250. 
on systems of curves, 372. ; 
Circular points at infinity, 1, 83, 90, 119,124. 
their coordinates, 7. 
normal at, 94. 
circular cubic, 126, 142, 248. 
Circular coordinates, 7. 
Cissoid, 84, 182. 
Class of a curve how connected with its 
order, 54. 
Clebsch, on unicursal cubics, 188. 
on canonical form of a quartic, 265. 
on Jacobians, 359. 
on generation of cubics, 387. 
on symbolical notation, 343. 
Clifford, on Miquel's theorem, 128, 
Conchoid of Nicomedes, 44. 
Condition that curve should have a double 
point, 55. 
@ cusp, 58. 
8 point of undulation, 962. 
that two curves should touch, 80. 
that four consecutive points on curve 
should lie in a circle, 97. 
that cubic should be sum of three 
cubes, 197. i 
should represent three lines, 197, 
8 conic and a line, 210. 
that quartic should be sum of five 
fourth powers, 265. 
Contact of conics with cubics, 135, 207. 
with curves in general, 368. 
Contravariants of cubic, 190, 204, 
of quartic, 264, 271, 273. 
Coresiduals, 134. 
Correspondence of two points on a cubic, 


on Hessian, 149. 
general theory of, 255, 324, 331. 
Cotes, theorem of harmonic means, 116, 
Covariants of cubics, 189, 200. 
of quartics, 264, 269, 273. 
Cramer on intersections of two curves, 22. 
on points of visible inflexion, 37. 
on tracing of curves, 43. 
Cremona, on Cayleyans, 151. 
on transformation of curves, 316. 
on nodal quartics, 3. 
Critic centres of system of cubics, 160, 
174, 178. 
of cubic and Hessian, 200. 
Crunodes, 24, 129. 
Curvature, centre and radius of, 84, 86. 
of roulettes, 284. 
aberrancy of, 308. 
Cusps, 25, 48, 58. 
curvature at, 87. 
Cuspidal cubics, 180. 
Cycioid, 275. 
Dandelin on caustics, 99. 


INDEX. 


Deficiency of a curve defined, 30. 
same for curve and its reciprocal, 66. 
or for any curve connected with it by 
linear correspondence, 97. 
unaltered by Cremona transforma- 
tion, 321. 
or any rational transformation,326,331. 
Degenerate forms of curves, 377, 383. 


‘De Jonquières on systems of curves,37 2,383. 


De Morgan on Newton’s process for finding 
figure of curve at multiple point, 46. 

Des Cartes (see Cartesians), on the cycloid, 
278 


on the logarithmic spiral, 298, 
Descriptive properties, 1, 82, 
Diameters, 112. 
Diocles, the cissoid, 182. 
Discriminant of a curve defined, 55. 
of a cubic expressed in terms of 
fundamental invariants, 159, 196, 
199, 210. 
expressed as a determinant, 211. 
of discriminant, 360. | 
Divergent parabolas, 164, 166, 173, 176. 
Double points, their species, 24. 
equivalent to how many conditions, 28. 
limit to their number, 28. 
Duality, geometrical, 12. 
Durege, on cubic considered as locus of 
foci, 387. 


Envelopes, general theory of, 67. 
of line whose equation is algebraic 
function of parameter, 70, 
of line whose intercept between two 
lines is constant, 102, (see also 69, 
84), 283. 
of line joining feet of perpendiculars 
from point on circle on sides of 
inscribed triangle, 283. 
of line joining corresponding points 
on cubic, 133. 
Equitangential curve, 290. 
Epicycloids, 278. 
Euler, on intersections of two curves, 22, 
on epicycloids, 279. 
on logarithmic curve, 286. 
Evectants of invariants S and T, 191, 194. 
Evolutes of conics, 41, 83. 
of curves generally, 82. 
tangential equation of, 89. 
characteristics of, 94. 
confocal with curve, 124, 


Flecnodes, 217. 
Foci, general theory of, 119. 
locus of foci under certain couditions, 
127. 
of circular cubic lie on circles, 248. 
of bicircular quartic, 242, 


Galileo, on the cycloid, 277. 

on the catenary, 289. 
Geiser, on bitangents of quartics, 251. 
Gergonne, on intersections of two curves, 


Gordan, on number of concomitants to a 
cubic, 387, 


INDEX. 


Grassman, on generation of cubics, 387. 
Gregory, on tracing of curves, 48. 

on logarithmic curve, 287. 
Groups, of cubics, Pliicker’s, 178. 
Guldenfinger, on concomitants of cubics, 


Haase, on unicursal cubics, 185. 
Harmonic mean of radii, 115. 
pencil by chords of cubic, 133. 
polar of point of inflexion of cubic, 
146, 203. 
Hart, construction for ninth point common 
d cubics passing through eight, 
1 


theorem that foci of a circular cubic 
lie on circles, 145. 

proof of Hesse's theorem on inflexions 
of cubics, 148. 

on foci of bicircular quartic, 242. 

theorem that confocals cut at right 
angles, 248. 

on logarithmic curve, 287. 

Hesse, his theorem that inflexions of cubic 
are also inflexions of Hessian, 148. 
algorithm for bitangents of a quartic, 

230, 234. 
reduction of bitangential of quartic, 


844. 
Hessian, defined, 57. 
passes through points of inflexion, 
59, 87. 
of cubic, its equation, 190. 
of quartic, 223. 
of Hessian of cubic, 196. 
of UV, 212. 
Homographic, tangents from nodes of a 
binodal quartic are, 241. 
transformation, 295. 
Huyghens, on evolutes, 88. 
on the cycloid, 278. 
Hyperbolas, cubical, 170, &c. 
Hyperbolism of any curve, 178. 
Hyperelliptic integrals, 330. 


Identical equation for cubic, 205. 
Igel, on unicursal cubics, 185. 
Independent parameters, envelope with, 74. 
Infinity, pole of, 117. 

normal at, 94. 

gatellite of, 131. 

polar conic of, with respect to cubic, 

158. 


Inflexion, points of, 33. 
tangent at it double, 34. 
curve there crosses tangent, 35. 
number of, 59. 
three inflexions of cubics lie on a 
right line, 110, 131. 
inverse of this theorem, 312. 
real for acnodal cubics, imaginary 
for crunodal, 184. 
of quartics, how many real, 221. 
Inflexional tangents of cubic touch Hes- 
sian, 152. 
equation of system of, 203. 
Ingram, on inversion, 312. 
Interscendental curves, 275. 
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Intersections of curves, 16. 

Inversion, 106 
characteristics of inverse curves, 106. 
of parabola, 183. 
applied to obtain focal properties, 


in wider sense of word, 254. 

a case of quadric transformation, 810. 

applications of the method, 311. 
Involute of circle, 290. 


Jacobi, on intersection of two carves, 29, 
Jacobian of three curves, 150. 
of a system of conics, 225. 
common point of three curves of same 
degree is double point on, 160, 358. 
properties of, 357. 
Joachimsthal, his method of determining 
point where line meets curve, 49. 
Jungius, on catenary, 289. 


Keratoid cusps, 48. 
Kirkman, on Pascal's hexagon, 19. 


Leibnitz, on interscendental curves, 275. 

Lemniscate, 44. 

Limagon, 44, 99, 252, 282. 

Line coordinates, 9. 

Linear transformation, 295. 

Lituus, 292. 

Locus, of common vertex of two triangles, 
whose bases are given, and vertical 
angles have given difference, 142. 

of point whence tangents to a curve 
have given invariant relation, 79. 

whence tangents make with fixed 
line angles whose sum is given, 


123. 
of nodes of all nodal cubics through 
seven fixed points, 160. 
Logarithmic curve, 286. 
i 2 


spiral, 292. 

Lüroth, on special class of quartics, 265. 

Mac Laurin's, general theorem on curves, 
117 


theory of correspondence of points on 
a cubic, 133. 
on harmonic polars of inflexions of 
cubic, 146. 
Magnus, on reduction of homographic 
transformation to projection, 299. 
Maillard, on number of cubics satisfying 
elementary conditions, 385. 
Mersenne, on cycloid, 277. 
Metrical theorems defined, 1, 108, 
Miquel’s theorem, 128. 
Multiple points, equivalent to how many 
nodes, 28 
how related to polar curves, 52. 
how affect points of inflexion, 60. 
number of tangents from, 63. 
Multiple tangents, 32, 52. 


Newton's process for finding figure of 
curve at multiple point, 46. 
theorem of ratio of rectangles, 108. 
on diameters, 112. 
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Newton, on intercept between curve and 
asymptotes, 118, 
theorem that a cubic may be projected 
into one of the five parabolas, 164. 
classification of cubics, 176. 
description of cissoid by continuous 
motion, 183. 
Newton's rectification of epicycloids, 284. . 
Nicomedes, conchoid of, 44. 
Node cusps, 214. 
Normal, 89. 
of point at infinity, 94. , 
Number of terms in general equation, 


of conditions which determine a 
curve, 15. 

of tangents to a curve from a given 
point, 54. 

of conies which touch five given 
curves, 375. 

satisfying any five conditions of con- 
tact, 382. 


Oscnodes, 216. 
Osculating conics, 368, ἆο, 
Oval, no real tangents can be drawn to 
cubic from, 167. 
8 quartic may have four, 219. 


Parabola, cubical and semicubical, 83, 176. 
divergent of the third degree, 164. 
Parallel curve to a conic, equation of, 70. 
tangential equation of, 103. 
characteristics in general, 102, 
Parallel tangents, have fixed point as 
centre of mean distance of their 
contacts, 119. 
Parametric expression of point on unicursal 
cubic, 186. 
on cubic in general, 329, 338, 
on unicursal quartic, 260, 
on nodal quartic, 330. 
Partitivity of cubics, 168, 
of quartics, 219. 
limit in general, 220. 
Pascal, theorem of hexagon derived from 
theory of cubics, 19. 
limagon, 44, 99. 
on cycloid. 278. 
Pedal, of a curve, 99, 105. 
negative, 105, 106. 
Τσου των extension of relation, 
9 


, 93. 
Pippian of cubic, 151. 
Pliicker, on intersection of curves, 22. 
on degree of reciprocal, 54. 
his equations connecting reciprocal 
singularities, 65. 
on theorem of transversals, 110. 
on foci, 119. 
classification of cubics, 161, 178, 
on forms of quartics, 219. 
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PREFACE, 


Lone experience has proved to me that it would be a great 
practical advantage for the general class of students to 
acquire a knowledge of even the elementary Geometrical 
properties of the Parabola, Ellipse, and Hyperbola—a 
knowledge which may be attained, in a very short time, 
by any one acquainted with the six Books of Euclid, 
though many have neither the ability nor the perseverance 
necessary for the Analytical investigation. 

In the following Treatise I have endeavoured to demon- 
strate, on strictly geometrical principles, the most useful 
properties of these curves. In the definition of a tan- 
gent I have avoided the notion of a limit, adopting, in 
preference, Euclid’s definition; and the demonstrations 
depending thereon will, I think, be found somewhat new 
and interesting. 

The similar properties of the three curves will be found 
to be treated in such a manner as to need scarcely any 


change of either words or notation. 


vi Preface. 


In Chap. III. Proposition XIX. et seg. and Corollaries, 
I have traced the analogy between the properties of con- 
jugate diameters of the Hyperbola, and those of the El- 
lipse, further than has been done in any other Treatise. 

To the Board of Trinity College I owe my grateful 
thanks, for extending to me that liberal support with 
which they have ever shown themselves ready to assist 
the humblest efforts. 


ROBERT WM. GRIFFIN. 


19, TaiNITY CoLLEGE, 
September, 1879. 
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CHAPTER I. 


THE PARABOLA. 


DEFINITIONS. 


A PaRaABOLA is the curve traced out by a point, which 
moves in such a way that its distance from a fixed point 
is always equal to its perpendieular distance from a fixed 
right line. | 

The fixed point is called the Focus, and the fixed right 
line the Directriz. 

Any right line perpendicular to the Directrix is called 
a Diameter. 

The right line drawn through the Focus perpendicular 
to the directrix is called the Azis, and the point at which 
it meets the curve the Vertez. 

A right line which meets the curve, and, being produced, 
does not cut it, is called a Tangent. 

A right line drawn through any point on the curve 
perpendicular to the tangent at that point is called a 
Normal. 

If a right line be drawn parallel to any tangent, the 
part intercepted on it, between the curve and a diameter 
passing through the point of contact of the tangent, is 
called an Ordinate to that diameter. 

The part intercepted on any diameter between the ordi- 


nate and the curve is called the Abscissa. 
B 
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The right line joining any two points on the curve is 
called a Chord. 

The chord drawn through the Focus parallel to the 
ordinates to any diameter is called the Parameter of that 
diameter. 

The chord drawn through the focus at right angles to 
the axis is called the Latus rectum. 


- Proposition I. 


The focus and directrix of a parabola being given, to : 
determine any number of points on the curve. 


y 

n 

ο 
Q 

7 
Fig. 1. 


Let F be the focus, and Oy the directrix. 

Draw FO the directrix ; bisect FO at A. 

Then OF'is the axis, and A the vertex of the curve. 

On the directrix take any point p; join Fp; draw 
AH 1 FO; through H draw HP 1 Fp, to meet pP 
drawn | the directrix; join PF. 

Then δὲ FHP and pHP are equal ; (4 I. Euclid.) 

PF- Pp. Hence P is a point on the curve. 
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In like manner, by joining the focus with other points 
on the directrix, any number of points on the curve may 
-be determined. 

Cor. 1.---Ἡ Oq be taken = Op, another point Q may be 
found in a similar manner to P, which will be at the same 
distance both from the axis and the directrix; hence the 
curve is symmetrical with regard to the axis. 

Cor. 2.—Since Pp = Qq; 


FP = FQ, also 2 OFP = z OF Q; 


. right lines drawn from the focus to the curve, making 
equal angles with the axis, are equal. 

Cor. 3.—The Latus rectum is equal to four times the 
distance of the focus from the vertex. 





Fig. 2. 


Draw PP’ through the focus | the axis; and Pp L 
the directrix. 


Then PP =2PF (Cor. 2.) 
= 2Pp 


=2FO=4FA. 
B 2 
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Cor. 4.—If any parallel qR be drawn to the axis be- 
tween the vertex .4 and any point P on the curve, the 
segment qQ intercepted on this line between the curve 
and the directrix is less than the segment qR intercepted 
on it between the line AP and the directrix ; and, there- 
fore, the curve 1s convex towards the directrix. 





Fig. 3. 


Since 4 FHP is aright 2; .. 2 AHF + 2 CHP = 90°. 
Hence ^ AHF is similar to ^ CPH; 
^. FA: AH = HC: CP; 
^. FA x CP = AH x HC. 
But FA=A0;.. FH = Hp; .. AH = HC; 
e FA x CP = AH’ =1AC’. 
Similarly, FA x DQ=1AD'; 


<. CP : DR = AČ ; AD 
= 0P: DR’; (Similar A*.) 


<“ CP: CP x DQ = 0P: DR’; 

“ CPx DR = RI"; 

^ DQ: kD=KD:CP= AD: AC. (Similar a*.) 
But by hyp, AD< AC; .. DQ< DR; .. qQ «qR. 
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Cor. 5.—Also if a perpendicular QN be drawn to the 
axis between the vertex A and any point P on the curve, 
the segment QN intercepted on this line between the 
curve and the axis is greater than the segment SN inter- 
cepted on it between the line AP and the axis; and, 
therefore, the curve is concave towards the axis. 





For CP: DRQ = AC: AD’; (Cor. 4.) 
. AM: AN= PM’: QN’; 
. PM: SN = PM’: QN’; (Similar A.) 
. PM: PM x SN = PM’: QN’; 
. PM x SN = QN’; 
;. PM: QN=QN: SN; 


but it was proved above that 


PM’: ΩΝ’ = AM: AN, 
and by hyp., 


AN<AM;.. QN < PM, and .. SN < QN. 
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Proposirion [I. 


The distance of any point from the focus is greater or 
less than its distance from the directrix according as the 
point is on the convex or concave side of the curve. 





Fig. 5. 


First let the point Q be on the convex side; join QF, 
and let the perpendicular Qp on the directrix be produced 
to meet the curve in P; join PF. 


Then QF+ QP > PF; (20 I. Euclid.) 
ο. QF + QP > Pp; 
QF > Qp. 
Next let Q' be on the concave side; join Q'F. 
Then QF«QP-«PF; (20 I. Euclid.) 
^ QF < QP + Pp; 
^. QF < Qp. 
Cor.—Conversely a point will be on the concave or 
convex side of a parabola according as its distance from 


the focus is less or greater than its perpendicular distance 
from the directrix. 
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Proposition III. 


1°. The line which bisects the angle between that drawn 
from any point on a parabola to the focus, and that drawn 
perpendicular to the directrix, falls wholly without the 
curve. 

2°. Any other line drawn through the point will cut 
the curve. 





Fig. 6. 


1°. Let PH bisect the angle between PF and Pp, the 
perpendicular on the directrix. Take any point Q on PH; 
join QF, and draw Qq | the directrix. 


Then the ^* QPF and QPp are equal; (4I. Euclid.) 
ove QF = Qp, 

but Qp > Ως; (19 I. Euclid.) 
S QF> Qg; 

. Qis a point without the curve. (Cor. Prop. τι.) 
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2°. Let PK be any line other than the bisector of the 
L FP». 





Fig. 7. 


Draw PL, making the 2 KPL = , KPF; cut off 
PL=PF. Through L draw QLq L the directrix ; join 
QF. 


Then the δ' FPQ and LPQ are equal; (4 I. Euclid.) 
^ QL = QF; 
^ QF< Qq; 


.. the point Q is on the concave side of the curve. 
(Cor. Prop. 11.) 


Cor. 1.—Hence the line which bisects the angle be- 
tween that drawn from any point on the curve to the 
focus, and that drawn perpendicular to the directrix, is a 
Tangent to the curve. 

Cor. 2.—The tangent at the vertex is perpendicular to 
the axis, and .'. ordinates to the axis are also perpendi- 
cular to it. 

Cor. 3.—The normal to a parabola at any point bisects 
the external angle between the line drawn from that point 
to the focus, and the perpendicular let fall on the directrix. 
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Proposition IV. 


The locus of the foot of the perpendicular let fall from 
the focus on any tangent to a parabola is the tangent at 
the vertex. 





Fig. 8. 


Let PT be any tangent, and FT the perpendicular let 
fall from the focus. Draw Pp | the directrix ; join pT. 


Then the Δ’ FPT and pPT are equal; (4 I. Euclid.) 
LPTP =L FIP = 90; 

. Tp and TF are in directum. (14 I. Euclid.) 

Also  Tp- TF; .. TA is || Op. (2 VI. Euclid). 


Hence TA is a tangent at the vertex. 
(Cor. 2, Prop. 111.) 


Cor. 1.—If the vertex of a right z FTP move along a 
fixed right line, while one leg passes through a fixed point 
F,the other leg will always touch a parabola, of which 
the fixed point is the focus, and the fixed right line the 
tangent at the vertex. 

Cor. 2.—If a perpendicular Pp be let fall on the directrix 
from any point P on a parabola, the line Fp joining the 
foot of this perpendicular with the focus is L the tangent 
at the point P. 
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Cor. 3.—By the aid of this Prop. we can draw a pair 
of tangents to a parabola from any point Q without it. 


ΜΙ ο 
4 27 
“| 
5 
| ο 
i A l 
Αἱ F 
\ 


Fig. 9. 

On the line joining Q with the focus as diameter 
describe a circle; the line joining the given point Q with 
the points of intersection of this circle with the tangent at 
the vertex will be the required tangents. 


Norr.— The circle described on QF as diameter will 
always intersect the tangent at the vertex. 


For, bisect QF in O' and draw ON | AWM. 

Then Ως = QM + Mq = QM + AO = QM + AF=20N, 
but ΩΡ» Qg (Prop. 11.); .. QF >20'N or OF > ON. 
That is, the radius of the circle is always greater than the 


perpendicular let fall from its centre on the tangent at the 
vertex. 
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Proposition V. 


Any line drawn through the focus is cut harmonically 
by the curve, the focus, and the directrix. 





{ Ἂ 


Di ; 
Fig. 10. 
For PD: DR = Pp: Q¢q (Similar δ”. 
= PF: FQ. 


Hence DP, DF, and DQ are in harmonic proportion. 


Cor. 1. Pp: FO: Qq- DP : DF: DQ. 
(Similar Δ”. 


Hence Pp, FO, and Q4, are in harmonic proportion. 


1 1 1 

πηι rE | h. P 
Pp FO and Qr are in Arith. Progression 
5; + à; = rm and .'. constant. 


1 
+ — 1s constant. 


1 
Cor. 2.—Hence, also, FP * FQ 


12 The Parabola. [ CHAP. I. 
Proposition VI. 


The locus of the intersection of tangents to a parabola 
which cut at right angles is the directrix. 





Fig. 11. 


Let QP, QP’, be tangents which cut at right angles. 
From the focus draw the perpendiculars FT, FT", on 
the tangents. 

Then T and T’ are points on the tangents at the vertex. 

| (Prop. ιν.) 
+, TT’ is 1 the axis. (Cor. 2, Prop. 111.) 


Also since FTQT' is a rectangle, its diagonal QF is 
bisected at R. 


Draw QO || TT’. 
Then FA = AO; (2 VI. Euclid.) 
and QO being || 77’, 16... 1 the axis. 


Hence ων QO is the directrix. 
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Proposirion VII. 


If PN be a normal to a parabola at any point P, and 
PM the ordinate to the axis, the subnormal MN is of a 
constant length and equal to half the latus rectum. 





Fig. 12. 


Draw Pp | the directrix. 


Then Fp will be 1 the tangent at P ; and .. || PN. 
(Cor. 2, Prop. 1v.) 


Hence A FpO = A NPM; (26 I. Euclid.) 


^. MN = FO = 2FA - Y Latus rectum. 
(Cor. 3, Prop. 1.) 


Def.—The portion of the axis intercepted between the 
normal at any point on the curve, and the ordinate to 
the axis drawn through the same point, is called the Sub- 
normal. 

The portion of the axis intercepted between the tangent 
at any point on the curve, and the ordinate to the axis 
drawn through the same point, is called the Subtangent. 
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Proposition VIII. 


If a tangent at any point P on a parabola meet the 
axis produced in 7, and the ordinate PM be drawn, then 
the subtangent MT will be bisected at the vertex. 





Draw Pp L the directrix; join FP. 


Then L FPT =: TPp=2 PTF; 
fT νο P < MO; 
but AF= 40; 
<. AT = AM. 


Cor. 1.—If PN be a normal, then FT = FN. 


For FT = MO = MF + FO = MF + MN = FN. 


(Prop. ντι.) 
Cor. 2. L PFN 22.PTF. 
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Proposition LX. 


The rectangle under the Latus rectum and the abscissa 
is equal to the square of the ordinate. 





Fig. 14. 
Draw PT the tangent and PN the normal at the point P. 
Then PM? =TMx MN; (8 VI. Euclid.) 
but TM - 2A4M ; and MN =2AF; 


(Props. vri. and vin.) 


"^. PM? =2AM x 2AF- AAFx AM. 


Cor. l.—The squares of the ordinatesto the axis are 


proportional to the abscissas. 
Cor. 2.—'l'he square of the tangent - 4FP x AM. 


For TP: = TN x TM (8 VI. Euclid.) 
= ITF x 2AM 
- AEP x AM. 
Cor. 3.—The square of the normal = 4A4F x FN. 
For PN? = TN x NM =2FN x 2AF = 4AF x FN. 
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PROPOSITION X. 


The locus of the intersection of any tangent to a para- 
bola with the line drawn through the focus perpendicular 
to the radius vector drawn from the focus to the point of 
contact of the tangent is the directrix. 


E 2. 4 





| Fig. 18. 
Let PT be the tangent and FT the |. the radius vector 
FP 


Draw TO L the axis, and Pp | TO produced. 
Then ATFP = ATpP; (26 I. Euclid.) 
tp = Ph 
hence OT is the directrix. 
Cor. 1.—Conversely, if from any point on the directrix 
a tangent be drawn to a parabola, the line joining that 
point to the focus is perpendicular to the radius vector 


drawn from the focus to the point of contact of the 
tangent. 


Cor. 2.—Tangents at the extremities of a focal chord 
intersect at right angles on the directrix. 


For L FTP = 4 pTP and 4 FTR = {Τ0; 
^ QTP = 4(4 FTp + 4 FTq) 
=a right 7. 
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PROPOSITION XI. 


If any chord PP’ of a parabola cut the directrix in D, 
then FD is the external bisector of the angle PFP. 





Fig. 16 
Draw Pp, P’p’ | the directrix. 
Then PF: PF= Pp: Pp 


= PD: DP; (Similar A*.) 


^. FD is the bisector of the 2 PFQ. 
(3 VI. Euclid.) 

Cor. 1.—Hence, being given the focus Fand two points 
P, P', on a parabola, we can find the directrix and axis. 

For, draw FD bisecting the 2 between FP and FP 
produced; the point D where this line meets PP’ produced 
is a point on the directrix. The tangent drawn from D to 
the circle described with the centre P and the radius PF, 
will be the directrix, and the perpendicular let fall on it 
from the focus, the axis. 

If a tangent to a curve be defined as the line joining two 
indefinitely near points on the curve, it will follow imme- 
diately from this Prop. that the right line drawn from the 
focus to the point of intersection of any tangent with the 

ο 
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directrix is perpendicular to the radius vector drawn from 
the focus to the point of contact of the tangent ; also, that 
the tangent makes equal angles with the lines drawn from 
the point of contact to the focus and the perpendicular to 
the directrix. .— 

For when P is indefinitely near to P', PD becomes a 
tangent at the point P, and the 2 PFP’ is indefinitely 
small, and .. PFQ = 180°; but 2 PFD = 1 ε PFQ, 
. 2 PFD = 90°. 

Also, APFD = APpD; 

^L DPF - ZL DPp. 


Ῥποροδιτιον XII. 


If two fixed points PP on a parabola be joined with a 
third variable point O on the parabola, the segment pp' 
intercepted on the directrix by the produced chords sub- 
tends a constant angle at the focus. 





Fig. 17. 
Since (Prop. χι.) Fp is the bisector of the 2 between 
FO and FP produced ; 
“LOK +42 OFP = 90°; 
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also, since (Prop. x1.) Fp’ is the bisector of -2 between 
FO and FP" produced ; 

^£ OFp’ +12 OFP = 90°; | 

οι 4 OFp ++ OFP =72 OFp +12 OFP; 

Z. L OFp - 4 OFp’=4 L OFP - 32 OFP; 

ερ - 1.4 PFP and .'. constant. 


Cor.—Hence the anharmonic ratio of the pencil formed 
by joining four fixed points on a parabola to any fifth 
variable point is constant. 


For O. PP'P"P" = O.pp'p'p" = F.ppp'p'. 


Proposirion XIII. 


The line joining the focus to the point of intersection of 
any two tangents to a parabola bisects the angle between 
the radii vectores drawn from the focus to the points of 
contact of the tangents. 


d di P 
+ 
/ ais A 
5 » 
΄ 





Fig. 18. 
Let QP, QP’ be tangents. Join PF, ΡΕ, QF. 
Draw P’, Pp | the directrix. Join Qp, Qv. 
c 2 
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Then  A*QFP'and Qp'P are equal; (4 I. Euclid.) 

<. QF = Qy’, also z QFP = ε ΩΡ. 

Again,  A'QFP and QpP are equal; (41. Euclid.) 

^. QF = Qp, and , QFP - L QvP. 

Hence, Qp =Q’, `. LQ =L Rpp, ^. LQpP=LQpP’; 

“ LQFP = 2 QFP. 

Cor. 1.—If Qg be drawn || the axis and produced it will 
bisect the chord PP. 

For Δ’ Qpq and Ωρ are equal. (26 I. Euclid.) 

^. pq Ξ qp; but Pp, Qq, and P’p’ are parallel; 
. PM = MP’. 

Cor. 2.—Since QF = Qp = Qy’; .'. the circle described 
will centre Q, and radius QF will pass through p and p’. 

Cor. 3.—By the aid of Cor. 2 we can draw a pair of 
tangents to a parabola from a point Q without it. 

For, with centre Q, and radius QF, describe a circle 
from the points where this circle cuts the directrix; draw 
perpendiculars meeting the curve in P and P'; the lines 

joining Q with P and P' will be the required tangents. — 

Cor. 4.— A! P'QF and QPF are similar, and QF is 
mean proportional between FP and FP. 

For 2 FQP =z: Ρον, 4 FQP =2 PQ), 
and LpQq =L pP RI; 

. L FQP + ρου = 1805; 
but czpPQorz FPQ+2PQq=180°; (29 I. Euclid.) 


. L FQP = L FPR, 
also L QFP = 1 QFP. 
Hence A PQF is similar to A QPF; 


. PF: FQ :: FQ: FP. 
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Proposition XIV. 


The chord of contact of any two tangents to a parabola 
is an ordinate to the diameter passing through their point 
of intersection. | 





Fig. 19. 


Let QP, QP', be two tangents, QJ a parallel to the 
axis passing through their intersection, meeting the curve 
in V. At V draw a tangent meeting QP in R, and QP’ 
in Æ; join VP, VP; through R and K draw parallels 
to the axis. 


Then VP will be bisected in S, and VP’ in S. 
(Cor. 1, Prop. xiii.) 


Hence QP will be bisected at R, and QP’ at Ε΄; 
(2 VI. Euclid.) 


. RR is | PP". (2 VI. Euclid.) 


Hence PJ” is an ordinate to diameter QM. (Def) 
Cor. QV = VM. 
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Proposition XV. 


The angle at the focus, subtended by the segment in- 
tercepted on a variable tangent to a parabola by two fixed 
tangents, is equal to half the angle which the chord of 
contact of the fixed tangents subtend at the focus, and 
therefore constant. 





Fig. 20. 
Let QP, QP’, be the fixed tangents, RS the variable ; 
join F with P', S, T, R, and P. 
Then 2 SFT = 1L TFP'; also TFR = 14 TFP; 
(Prop. x111.) 


. 4 RFS = 1L PFP, which is constant. 


Cor.—The anharmonic ratio of the four points in 
which a variable tangent to a parabola is cut by four fixed 
tangents is constant. 

For the segments intercepted on the variable tangents 
subtend constant angles at the focus. 


Proposition XVI. 


The circle circumscribing the triangle formed by any 
three tangents to a parabola passes through the focus. 
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For LPFM-2.PBF, (Cor. 2, Prop. viu.) 
and LPFM-2.PDF; (Cor. 2, Prop. viii.) 
.LPFM-24PFM=22PDF-22 PBF, 

or LPFP=22BQD; 
. L FR = 4 BQD. (Prop. xv.) 


Hence a circle will pass through SQRF. 


Proposition XVII. 


If a tangent at any point P on a parabola meet the axis 
in 7 and P, be joined with the vertex, the area of the 
triangle PAT thus formed will be equal to the area of the 
triangle P.Ap, formed by drawing Pp parallel to the axis, 
to meet the tangent at the vertex. 





P 


Fig. 21. 
Draw the ordinate PM. 
Then, since TA = 4Η: (Prop. vin.) 


^. A TAP = A MAP = A PAp. 
(38 I. Euclid.) 


Cor. ^ TMP = parallelogram PM Ay. 
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| CPRORÓSUHION XVIII. 


If QG be an ordinate drawn to any diameter Pp, from 
any point Q on a parabola cutting the axis in L, and QS 
be an ordinate drawn to the axis from the same point, 4H 
a tangent at the vertex, then the triangle QLS = parallel- 
ogram KSAH. 





Fig. 22. 
Draw PT the tangent at P. 
Then A' QLS and PTH are similar; 

. AQIS: a PTM= QS’: PM’ (19 VI. Euclid.) 
= AS : AM (Cor. 1, Prop. 1x.) 
= 0 ASKH: o AMPH; 

but δΡΤΗ- = AMPH; (Cor. Prop. xvii.) 
. ^QLS- à KSAH. 
Cor. 1.—In like manner it may be proved that 
^QSL-muASK'H. 
Cor. 2.—The chord QQ' 1s bisected by the diameter Py. 
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Since a QLS = = KSAH; .. a QGK=trap. HALG; 

also a QLS'-oG K'SAH;-. ^QGK' =trap. HALG; 
. δ QGK = a UGK’; they are also similar; 


^. QG = Q'G. 
Cor. 3. A QGK =. GLTP. 
For A TPM = o AMPH; (Cor. Prop. xvi.) 


. à TPGL -trap. HALG = a QGK. (Cor. 2.) 


Cor. 4.—Chords drawn parallel to the tangent at any 
point will be bisected by the diameter passing through that 
point. 

This follows immediately from Cor. 2. 


Ῥβοροβδιτιον XIX. 


If a line be drawn parallel to the chord of contact of two 
tangents, the parts intercepted on it between the curve and 
the tangents are equal, 


T 





Fig. 23. 
Draw the diameter through Q. 
Then P7" is an ordinate to QM; (Prop. xiv.) 
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^. SS’, which is || PP’, is also an ordinate ; 


ο, PP and SS’ are bisected by QUN; 
(Cor. 4, Prop. xvu.) 
SMTISNIT. 


Hence TS = T'S’. 


PROPOSITION XX. 


The squares of the ordinates to any diameter are pro- 
portional to the abscissas. 


R 





Fig. 24. 


Let T'S be the axis, PN any diameter, QG, RH ordi- 
nates || the tangent at P. 


Then ^ QGK = o PGLT, 
(Cor. 3, Prop. xvin.) 
and A RHN = o PHOT; 
'" AQGR: ^ RHN=0 PGLT: o PHOT. 
Hence OG : RH’? = PG: PH. 


(19 & 1 VI. Euclid.) 


CHAP. I. | The Parabola. 27 


Proposition XXI. 


The parameter of any diameter is four times the line 
joining the focus with the point where that diameter 
meets the curve. 





Fig. 25. 


Let QH be the focal ordinate to the diameter PH. 
Draw AG | QH. | 


Then QH’ : AG'- PH: PG= TF: TA; 
= 4TFx TF:4TFx TA; 
but AG’ = PT’ - ATF x TA; 
(Cor. 2, Prop. 1x.) 
^ QH =4TF x TF; 
^. QH =2TF 
| = 2FP. (Prop. viri.) 
Hence, parameter = 4FP. (Cor. 4, Prop. xvii.) 


Cor.—The abscissa intercepted on any diameter by a 
double focal ordinate = } of the parameter of that dia- 
meter. 

For PH = TF = FP = 1 parameter. 
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Proposition XXII. 


The square of the ordinate to any diameter is equal to 
the rectangle under the parameter of that diameter and 
the abscissa. 





Fig. 26. 


Let RS be any ordinate to the diameter P8, and QH 
the focal ir 


Then +: QH - PS: PH; (Prop. xx.) 
but. QH = 2FP (Prop. xxi.) 
= 2FT (Prop. vu.) 

= 2PH; 


. RS?:4PH’ = PS: PH 
= 4PH x PS:4PH x PH; 
ο. RS - APH x PS 
= 4FT x PS 
= 4FP x PS 


— Parameter x Abscissa. 
(Prop. xxi.) 
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Proposition XXIII. 


If from any point on a parabola a perpendicular be let 
fall on any diameter, the square of this perpendieular will 
be equal to the rectangle under the Latus rectum and the 
abscissa. 


Q — 
Zi 


7 





Fig. 27. 
Draw AC the tangent at the vertex ; join CF. 
Then δ’ QHG and CAT are similar ; 


. QH : QŒ = CL : CT’; 
. QH : 4FP x PG= FAx AT: FT x TA 
(Props. xxix. and rtv.) 
= FA: FT or FP 
= AFA x PG:4FP x PG; 
'. QH?  4AFA x PG = Latus rectum x Abscissa. 
Νοτε.. The parameter of any diameter is proportional to the square of 
the cosecant of the angle which its ordinates make with the axis, 


QG3 4FPx PG 4FP 
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Provosirion XXIV. 


If a tangent be drawn at any point P ona parabola, and 
ἆ]βο an ordinate PM from same point to any diameter Q' M, 
the portion intercepted on that diameter between the tan- 
gent and the ordinated will be bisected by the curve. 





Ἂ Fig. 28. 


Let QQ be the chord [| the tangent at P. 
Draw QH 1 the diameter passing through P, 
and PS 1 Q'M produced. 


Then GQ= GQ’; (Cor. 4, Prop. xvni.) 
^. QH-Q'H'- PS; 
but QH’ = Latus rectum x PG, (Prop. xxi.) 
and PS? = Latus rectum x Q'M ; 


ο, QU = PG = TQ. 


Cor.—The tangents at the extremities of a double ordi- 
nate intersect on the diameter. 
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Proposition XXV. 


If any diameter intersect two parallel chords, the rect- 
angles under the segments of these chords are proportional 
to the segments of the diameter intercepted between the 
chords and the curve. 





Fig. 29. Fig. 30. 


Draw the diameter SM, bisecting the parallel chords 
PP’, ΩΩ. 


Then PM’ = ASF x SM, (Prop. xxu.) 
and VD'-ASFx SD; 
. PM? ~ VD? - ASF x DM, 
or PB x BP = 4SF x VB. 


Similarly QB x BQ =4S8SF x VB’; 
ο. PB x BP: QB x BQ = VB: VB. 


Cor.—If a chord be drawn through any point, the rect- 
angle under the segments is equal to the rectangle under 
the parameter of the diameter bisecting the chord, and the 
part intercepted on a diameter passing through the point 
between the curve and the point. 
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PROPOSITION XX VI. 


If two chords of a parabola intersect, the rectangles 
under the segments are proportional to the parameters of 
the diameters bisecting the chords. 
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Fig. 31. Fig. 32. 


Let CM, DN, be the diameters bisecting the chords 
ΩΩ, PP. Draw the diameter BV through the inter- 
section of the chords. 


Then | PBx BP -AFDx VB,  (Cor., Prop. xxv.) 
and QB x BR =4FC x VB; (Ον. Prop. xxv.) 
ο. PB x BP : QB x BR : : AFD : AFC. 


Cor. 1.—The rectangles under the segments of any two 
intersecting chords are proportional to the lengths of the 
parallel focal chords. | 

Cor. 2.—1f two intersecting chords be parallel to two 
others, the rectangles under the segments of the one pair 
are proportional to the rectangles under the segments of 
the other pair. 
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Cor. 3.—If the points P and P coincide, the line BP 
becomes a tangent. Hence, if from any point two tan- 
gents be drawn to a parabola, and from any other point 
two parallel chords, the rectangles under the segments of 
the chords are proportional to the squares of the tangents. 


Proposition XX VII. 


If ΤΡ and TQ be two tangents to a parabola, OC a line 
drawn parallel to either, cutting the other in O, the curve 
in A and C, and the chord of contact of the tangents in B, 
then OA, OB, and OC are in geometric proportion. 





For OA x OC: OŒ = TP’: TQ’ 
= OB: OQ’; 
(Cor. 3, Prop. xxvi.) 
οι OA x OC = OB’; 


. OA: OB= OB: OC. 
1) 
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Proposition XXVIII. 


If a circle intersect a parabola in four points, the common 
chords will be equally inclined to the axis. 


P 


- 
- 
- 





Fig. 84. 


Let PP’, ΩΩ’ be the common chords intersecting in O. 


Then OP x ΟΡ’: OQ x OQ = the ratio of the parallel 
focal chords, (Cor. 1, Prop. xxvi.) 


but OP x OPF = OQ x ος”; 
(35 ITI. Euclid.) 
.. the focal chords drawn parallel to QQ and PP are 
equal. 
Hence the focal chords, and .'. the chords QQ’ and PP’ 
are equally inclined to the axis. (Cor. 2, Prop. 1.) 


Cor. 1.—In like manner it can be shown that PQ and 
P'Q', also PQ and P'Q are equally inclined to the axis. 
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PRoposiTION XXIX. 


Any hne OB drawn through the intersection of two 
tangents to a parabola is cut harmonically by the curve, 
the point, and the chord of contact of the tangents. 





Fig. 35. 


Through B and B draw TS and T'O || PQ, the chord 
of contact of the tangents. 


Then BO: OB = BT: BT’ =BS: ΒΔ; 
(Similar 4°.) 
ο. BO: OB? = BT x BS: BT’: BS, 
= BT x TA: BT: TA, 
(Prop. xix.). 
STP PrF, 
= BO”: OB"; 
ο BO: OB =BO: OB. 
D2 
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Cor.—I£f through any point O without a parabola a line 
be drawn cutting the curvein Band Β΄; and OO be taken 
equal to the harmonie mean between OB and OP', the 
locus of O' is a straight line, namely, the chord of contact 
of the tangents drawn from O. 


PROPOSITION XXX. 


If PM, QN be any diameters, BE a line drawn parallel 
to the ordinates to either, meeting the curve in D and QP 
in C, then BC, BD, and BE are in geometric proportion. 








B G M 
Fig. 96. 


Draw the ordinate QG. 
Then BE’: BD = GŒ : BD», 


= PG : PB, (Prop. xx.) 
= PQ: PO, (2 VI. Euclid.) 
= BE: BC, 


= ΡΕ’: BE x BC: 
^. BD? = BE x BC. 
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PROPOSITION XXXI. 


If through any point P on a parabola lines POO’, Q PQ, 
be drawn parallel to any two adjacent sides DA, DC, of an 
inscribed quadrilateral, meeting opposite sides in O, O’, and 
Q, Q', then PO x PO’: PQ x PQ’ m a constant ratio. 


Al. f 





Fig.37. D 
Through B and C draw BE and CG || to AD; join AG, 
and produce it to meet EB produced in H. 
OL: BH=LA: AH 
= UD: DK. (Parallel lines.) 
Alternation OL: OD - BH: DK. 
Also SC or PO: SQ = BK: KC. (Similar A*.) 
^ OL x PO:0Dx SQ- BH x BK: DK x KC; 
^ OL x PO: PQ x SQ- EK x BK: DK x KC* 
- OV x 0UP:0'C x OD 
-PLxO0P:PSxPQ';* 
* The diameter which bisects the parallel chords GC and AD will bisect 


the chords B.E and PV (Cor. 4, Prop. xviii.), also the parallel lines HK and 
10’. Hence BH = EK, and ΟΥ = PL. 
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^ OLx PO « PLx OP: PQ x SQ« PS x PQ 
- EK x BK: DK x KC; 
^ POx PO : PQx PQ- EK x BK: DK x KC. 


Now it is evident that the points A, B, C, D being fixed, 
E is also fixed, and .. EK x BK: DK x KC in a constant 
ratio, and .. PO x ΡΟ’: PQ x PQR 1 a constant ratio. 


Proposirion XXXII. 


If from any point on a parabola lines PR, PR’, PS, 
PS’ be drawn to the sides of an inscribed quadrilateral, 
making with them any constant angles, then the rect- 
angles under the lines drawn to the opposite sides will be 
in a constant ratio. 


Co 





Q 
Fig. 38. 
Take any other point p on the curve. 
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Through the points P, p, draw QPQ and 294 || DC and 
POO, opo || AD, also pr, pr’, ps, ps, || PR, PR’, PS, 
PS’, respectively. 


Then PR: pr= PQ: pq, (Similar δ”). 
and PR: pr = PQ: pd ; 
^ PR x PR’: prx pr = PQR x PQ : pq x pg. 
Similarly it may be proved that 
PS x PS’: ps x ps = PO x PO’: po x po’; 
but PQx PQ: PO x PO =pq x pd : po x po; 
^. PR x PR’: PS x PS’ = pr x pr’: ps x ps. 


Cor. 1.—The rectangle under the perpendiculars let fall 
from any point of a parabola, on two opposite sides of an 
inscribed quadrilateral, is a constant ratio to the rectangle 
under the perpendiculars let fall on the other two sides. 

Cor. 2.—If the points A and B coincide, also the points 
C and D, then the sides 4B and CD become tangents, and 
the sides BC and AD coincide and become the chord of 
contact. Then the rectangle under the perpendiculars let 
fall from any point on a parabola on two fixed tangents 
is in & constant ratio to the square of the perpendicular 
let fall on their chord of contact. 


Def.—Two curves are said to be similar and similarly 
situated, when a radius vector drawn from a fixed point in 
any direction to the first curve bears a constant ratio to the 
radius vector drawn from a fixed point in a parallel direc- 
tion to the second curve. 

Def.—Two curves are similar, when a radius vector 
drawn from a fixed point to the first curve bears a 
constant ratio to the radius vector drawn from a fixed 
point to the second curve, in a direction inclined at a con- 
stant angle to the former. 

The two fixed points are called centres of similarity. 
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Proposition X XXIII. 


All parabolas are similar figures. 





Fig. 39. 


Let F, f, be the foci, 4, a, the vertices. Draw any two 
lines FP, fp, making equal 2’ with the axes. Draw tan- 
gents to the curves at P and p; let fall perpendiculars 
FT, ft, on the tangents from the foci; join TA, ία. 


Then ΤΑ, ία, will be tangents at the vertices. 


(Prop. 1v.) 
Hence also z PFT = 17, PFA, and 4 pft- 17 pfa; 
(Prop. χιπ.) 
. LPFT = Z pft. 
Hence A PFT is similar to pft. 
Also A TFA is similar to A tfa; 


^. PF: FT = pf: ft, and ΤΡ: FA = tf: fa; 
^. PF: FAs: pf: fa. 
Al. PF: pf:: FA: fa; 


'. The curves are similar. 
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Proposirion XXXIV. 


The area included between any ordinate P M, the ab- 
scissa £M, and the curve, is two-thirds of the parallelogram 
which has the ordinate and abscissa for its adjacent sides. 





T A M 
Fig. 40. 


Draw tangents at 4 and P; join AP. 
Since TA = AM, and .. TH = HP, (Prop. xxiv.) 
. A FAH =} a TAP- 1^ APM. 


Similarly, if through H we draw a diameter, and at the 
point Q where it meets the curve draw a tangent, we can 
prove that A HQh = 4 a QGP, and A HRK = Y A QG A. 
Continuing in this way to form new Δ’ by drawing 
diameters through ὦ and /’, we can prove that the areas 
of the exterior A* formed by the tangents are the halves 
of the areas of the interior A’, formed by joining the 
points of contact with the extremities of the chords. The 
same will hold good though the number of A* be increased 
indefinitely ; 
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v. the Sum of all the exterior Δ’ = half the sum of the 
interior ΔΖ, 
Hence the area included between the curve and the lines 


yr P - $ area of A TPM - $ parallelogram 


Otherwise thus — 





Fig. 41. 


_ Draw the adjacent ordinate QV; join PQ and produce 
' A b id the tangent at A; draw TC || AB, and QD 


Then, since PM is || AB, the à QM = QC. 


Now when Q is indefinitely near P, PT becomes the 
tangent at P, and (Prop. χιν., Cor.) AM = AT. 


.ocoBQ-oBD; 
. OQM=20 BQ. 


If the parabolic are AP be divided into an indefinite 
number of small parts, it can be similarly shown that each 
internal parallelogram is double the external, and hence 
the total internal area 4 PM is double of the external area 
APB, and ... =2 of à AMPB. 
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Def.—lf a right-angled triangle be made to revolve 
round one of the sides containing the right angle, the sur- 
face generated by the hypothenuse is called a right cone, 
and the hypothenuse the generating line. 


Proposition XXXV. 


The section of a right cone by a plane parallel to the 
generating line 18 a parabola. 





Fig. 42. 


Let the plane B V E, drawn through the axis of the cone, 
perpendieular to the plane of the section, coincide with the 
plane of the paper, then both the section P'AP and the 
base BPE will be perpendicular to the plane of the paper ; 
therefore the line MP in which the section cuts the base is 
perpendieular to the plane of the paper, and, therefore, 
perpendicular to BE, the diameter of the base. 


Hence BM x ME = MP’. (35 III. Euclid.) 


44 The Parabola. [ CHAP. I. 


If now any other plane dpe be drawn parallel to the 
base, meeting the section in pm, it can similarly be shown 
that mp is perpendicular to be, and p: bm x me = mp? ; 

Be 9 


. MP’ : mp’ = BM ME : bm x me 
= ME : me 
= MA:mA. (Similar A’.) 
Hence the section P' AP is a parabola. 


Cor. l.—The latus rectum is a third proportional to 
VD and DA. 


For VD: DA = AM: ME 
= AM x MB: ME x MB 
= AM x MB : MP 


= AM x DA : Latus rectum x AM ; 


(Prop. 1x.) 
. VD: DA = DA : Latus rectum. 


Cor. 2.—1f from O a perpendicular be let fall on the 
section, the foot of this perpendicular will be the focus. 


For ^* VDO and OAF are equiangular ; 

- VD :2D0 -20A:4AF; 

- VD: DA = DA:4AF; 

ο, 44F = 4 Latus rectum. (Cor. 1.) 
Hence F is the focus. (Cor. 2, Prop. 1.) 


CHAP. I. | The Parabola. 45 


PROBLEMS ON THE PARABOLA. 


1. If from any point on a tangent to a parabola, a per- 
pendicular be let fall on the radius vector drawn from the 
focus to the point of contact of the tangent, the segment 
intercepted on the radius vector, between the foot of the 
perpendicular and the focus, is equal to the perpendicular 
let fall from the point on the directrix. 

2. The focus and a tangent being given, the locus of 
the vertex is a circle. 

3. Find the locus of the point of intersection of any 
tangent to a parabola, with the line drawn from the focus, 
making a constant angle with the tangent. 

If the vertex of a triangle of given species be fixed, while one base angle 
moves along a fixed right line, the locus of the other base angle will be a 
right line. (See also Cor. 1, Prop. τν.) 

4. Given four tangents to a parabola, determine the 
focus and directrix. (See Prop. xvi.) 

5. Normals at the extremities of a focal chord intersect 
on the diameter which bisects the chord. (See Prop. x.) 

6. The circle described on any focal chord as diameter 
touches the directrix. 

7. Ifa triangle 4 BC circumscribe a parabola whose focus 
is F, the lines drawn through 4, B, C, perpendicular to 
FA, FB, and FC respectively, will pass through a point. 

8. If a circle intersect a parabola in four points, the 
sums of the ordinates of the points of intersection on oppo- 
site sides of the axis are equal to each other. 

9. Show how to cut from a cone a parabola having a 
given Latus rectum. 

10. Prove that the lines joining the middle points of the 
sides of a triangle self-conjugate to a parabola are tangents 
to the curve. (See Props. xxix. and xxiv.) 


CHAPTER ΤΙ. 


Tur ELLIPSE. 
DEFINITIONS. 


Αν Ellipse isthe curve traced out by a point, which moves 
in such a way that its distance from a fixed point is to its 
perpendicular distance from a fixed mght line in a con- 
stant ratio ε: 1 (ε being less than unity). 

The fixed point is called the Focus, and the fixed right 
line the Directriz. | 

The right line drawn through the Focus perpendicular 
to the directrix is called the Axis. 

The points at which the axis meets the curve are called 
the Vertices. 

The middle point of the portion of the axis intercepted 
between the vertices is called the Centre. 

Any line drawn through the centre is called a Diameter. 

A right line which meets the curve, and being produced, 
does not cut it, is called a Tangent. 

A right line drawn through any point on the curve 
perpendicular to the tangent at that point is called a 
Normal. 

The right line joining any two points on the curve is 
called a Chord. 

For Definitions of Ordinate and Abscissa see Definitions, 
Chapter I. 
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LEMMA. 


If a right line 4B be divided internally at O in any ratio, and externally 
at O' in the same ratio, and a circle be described on OO’ as diameter, the 


right lines joining any point P on this circle with the extremities of the 
line 4B will have the same ratio. 





inen =) 
B C | 
/ 
EY ^ 
p 
Fig. 1. 
Bisect 00' in C; join CP, PO. 
Then AO’: 0C B— A0:0B; 


.. A0 + 40: 40 — 40-0 B OB:0'B— OB; 
. 240: 200 = 200: 2BC; 
| AC: CP=CP: CB; 


. A ACP is similar to A PCB; (6 VI. Euclid.) 
. LCPB = 1 CAP; 
but L CPO = 1 COP (5 I. Euclid.) 
= L OAP + | OPA (32 I. Euclid.) 
= ¿ CPB + L OPA; 
-~ 4 BPO = ¿ OPA; 


. AP: PB = 40: OB. (3 VI. Euclid.) 
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Proposition I. 


The focus, directrix, and eccentricity of an ellipse being 
given, to determine any number of points on the curve. 





Fig. 2. 


Let F be the focus, and Oy the directrix. Draw FO | 
the directrix ; divide FO internally at 4, and externally 
at A’, so that FA : 40 : : FA’: A'O in the given ratio, 
ε: 1; then A and 4’ are the vertices of the curve, and 
AA’ the axis. (Def) 

On the directrix take any point p; join Fp; draw AH 
and A'H' | AA’, meeting pF in H and H' ; on HH’ as 
diameter describe a circle; through p draw pPP’ || the 
axis cutting the circle in P, P'; join PF, P'F. 


Then since AH is || Op; .. HF: Hp:: AF: A0; 
also since A'H'is|| Op; ^. HF: H'p:: AF: 40; 
^. HF: Hp :: HF: Hp. 


Hence PF: Pp = ΕΗ: Hp (Lemma.) 
=FA:AO=e:1. 

(2 VI. Euclid. 

Also PF: P'p = FH: Hp (Lemma.) 
= FA: AO =e:1, 


(2 VI. Euclid.) 


ο, P and P are points on the curve. 
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In like manner, by taking other points on the directrix, 
any number of points on the curve may be determined. 

Cor. 1.—If Op’ be taken equal to Op, and another point 
Q found in a similar manner to P, it is obvious that Qp’ 
will be equal to Pp ; therefore corresponding to any point 
P, at a perpendicular distance from the axis = Op, there 
is another point Q on the other side of the axis at a dis- 
tance from it = Op, and also at the same distance as P from 
the directrix ; hence the curve is symmetrical with regard 
to the axis. 

Cor. 2.—Bisect 4.4" in C; through C draw LCS i 
AA’ and PP’, meeting HH" in S, and PP’ in L. 

Then since 4H, CS, and A’H’ are parallel ; 


^ SH = SH’. 
Hence S 18 the centre of the circle HW P’PH ; 
and SEP =r". (3 III. Euclid.) 


Therefore corresponding to any point P on the curve 
there is another point P’ on the other side CL, situated in 
precisely the same manner with regard to it as P; hence 
the curve is symmetrical also with regard to CL. 

If, therefore, CO’ be measured off = CO, and CF’ = CF, 
and ΟΥ be drawn | O'C, the curve could be equally well 
described with F” as focus, and O^ directrix. 

Cor. 3. PF: Ρ- AF: AO- A'F : AO; 

^. PF: Pp2 ΑΡ: ΑΕ: AO 40 
= 20A : 200; 
^. PF: Pp=CA: CO, 
that is, the distance of any point on the curve from the 
focus is to its distance from the directrix as CA : CO. 
Cor. 4. ΑΕ: A O= AF: AO; 
o. AF + AF: £F- AF - A’'0+ 40: £0- AO; 
2CA:2CF-2CO:2CA ; 
^ CFx CO = CA’. 


E 
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Cor. 5.—From the symmetry of the curve it is evident 
that any chord drawn through C 18 bisected at that point. 
From this property the point C is called the centre of the 
curve. 

Def.—The chord drawn through the centre at right- 
angles to the Axis, or Avis major, as that portion of the 
axis intercepted between the vertices is frequently termed, 
is called the Axis minor. 


Proposition Il. 


The sum of the distances of any point P on an ellipse 
from the foci is constant and equal to the axis-major. 





Fig. 3. 


PF: Pp = CA : CO. 
(Cor. 3, Prop. 1.) 


Also PF’: Pp = CA: CO; 
^. PF PF’: Pp + Pp = CA: CO. 
But Pp + Pp =200; .. PF+ PF’ =2CA = AS. 


Cor. 1.—By the help of the preceding theorem we can 
describe an ellipse mechanically. 

If the extremities of a thread, equal in length to 4/4’, 
be fastened to the fixed points F, F", it is obvious that a 
pencil, moved about so as to keep the thread always 
stretched, will describe an ellipse whose foci are F and F”. 
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Cor. 2.—The distance of the extremity of the axis 
minor from either focus is equal to the semiaxis major. 
Let CB be the semiaxis minor; join BF, BF’. 


Then the A* BCF and BOF” are equal ; 
(4 I. Euclid.) 


- BF= BF - A(BF « BF) =} A4 - CA. . 
Cor. 3.—BC? = BF? - FC? 
- CA: - CF! = A'Fx FA. 


Cor. 4.—The sum ofthe distances of any point from the 
foci of an ellipse is greater or less than the axis major, 
according as the point is without or within the ellipse. 





A F F A 
Fig. 4. 


First let the point Q be without the ellipse; join QF, 
QF’, and let QF” meet the ellipse in P; join PF. 


Then QF + QP > PF; 
<. QF 1 QF > PF+ PF’ 
> 44’. 
Next, let Q be within the ellipse; join Q'F, ΩΡ, and 
let Σ΄ produced meet the ellipse in P; join PF. 
Then YF < QP + PF; 
ο QF+ QE’ < PF’ + PF 


< 44’. 
E 2 
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Cor. 5.— Conversely, a point will be within or without 
an ellipse according as the sum of its distances from the 
foci is less than or greater than the axis major. 


Proposition III. 


1°. The line which bisects the external angle formed by 
drawing lines from any point on an ellipse to the foci 
falls wholly without the curve. 

2°. Any other line drawn through the point will cut 


the curve. 





ΕΕ. F 
Fig. 5. 
1°. Let PH bisect the angle between PF and PF" pro- 
duced. 


Let Q be any point on PH. 

Cut off PR = PF. 

Join QF, QF’, QR. 

Then the A* QFP and QRP are equal; (4 I. Euclid.) 


^. QR = QF; 
but F'Q-QR2FB; (20 I. Euclid.) 
. F°Q+QF>FP+PF 
> axis major ; (Prop. 11.) 


'. Q is a point without the curve. 
(Cor. 5, Prop. τι.) 
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2°. Let PK be any line other than the bisector of the 
angle FPR. 

Draw PL, making the z KPL = 4 KPF; cut off 
PL = PF; join F'L, and where it cuts PX join with F. 





A Ε' F A 
Fig. 6. 
Then the 4° FPQ and LPQ are equal; (41. Euclid.) 
^. QF=QL; 
but F’P+PL>F'L; (20 I. Euclid ) 


S FP + PF > ΙΟ QF; 
AA’ > F’Q + QF; 


ος the point ϱ is within the ellipse. (Cor. 5, Prop. 11.) 
Therefore the line PK will cut the curve. 


Cor. 1.—Hence the line which bisects the external angle 
between lines drawn from any point on an ellipse to the 
foci is a tangent to the curve. 

Cor. 2.—The tangent at the vertex is perpendicular to 
the axis, and hence ordinates to the axis are also perpen- 
dicular to the axis. 

Cor. 3.—The normal to an ellipse at any point bisects 
the angle between the focal radii vectores drawn to the 
point. 
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Proposition IV. 


The locus of the foot of the perpendicular let fall from 
either focus on any tangent to an ellipse is a circle de- 
scribed on the axis major as diameter. 


/ Án 


A F C F A 
Fig. 7. 
Let PH be any tangent, and FT a perpendicular let 


fall on it from the focus. 
Produce F'P to meet FT produced in R; join TC. 


Then the A* PFT and PRT are equal; 
(26 I. Euchd.) 





^. FT = TR. 
Now in A F'FR, F'F'is bisected in C, and FR in T. 
ο, CT is || F' R, (2 VI. Euclid.) 
and CT-1iF'h (Similar Δ’”'.) 
=4(F’P + FP) 
-ᾱ AA’ 
= CA. 


Hence the locus of T is a circle described with the 
centre C, and radius CA. | 
This circle is called the Auxiliary circle of the ellipse. 
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Cor. 1.—Conversely the right line drawn from either 
focus to the adjacent point of intersection of any tangent 
with the auxiliary circle is perpendicular to the tangent. 

Cor. 9.--Ἡ the vertex of a right angle FTP move 
along a fixed circle, while one leg passes through a fixed 
point F within that circle, the other leg will always touch 
an ellipse. 

Cor. 3.—By the aid of this Prop. we can draw a pair 
of tangents to an ellipse from any point Q without it. 

On the line joining the given point Q, with either focus 
as diameter, describe a circle; the lines joining Q with the 
points of intersection of this circle with the auxiliary circle 
will be the required tangents. 

Norr.—The circle described on QF as diameter will 
always cut the auxiliary circle. 


-— = 





A F C F A 
Fig. 8. 
For, bisect QF'in O; join OC, QF’. 
Then, since QF + QF’ > AA’; (Cor. 4, Prop. 11.) 
ο. OF + OC > CA; 
^. OC > CA - OF. 


That is, the distance between the centres of the circles 
is greater than the difference of their radii; .'. they will 
intersect. 

Cor. 4.—The right line drawn from the centre parallel 
to either focal radius vector, to meet the tangent, is equal 
to the semiaxis major. 
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Cor. 5.—The circle described on any focal radius vector 
as diameter will touch the auxiliary circle. 


PRoPosrrioN V. 


The rectangle under the focal perpendiculars on any 
tangent to an ellipse is equal to the square of the semi- 
axis minor. 





Fig. 9. 


Let FT, F'T', be perpendieulars let fall from the foci 
on the tangent at any point P. 
Join TC, and produce it to meet 7" Ε΄ produced in S. 
Then the Δ’ F’CS and FCT are equal; (26 I. Euclid.) 
. F'S = FT, and C8 - CT- CA; (Prop. 1v.) 


'. S 18 a point on the auxiliary circle; 


yv AI, x F'A-SSEF FT (35 III Euclid.) 
= FT x FT’; 
; AC - CF? = FT x F'T', (5 II. Euclid.) 


or BC = FT x FT’. (Cor. 3, Prop. τι.) 
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Proposition VI. 


The locus of the intersection of the tangents to an 
ellipse which cut at right angles is a circle. 





Fig. 10. 


Let QP, QP’, be tangents, which cut at right angles. 
Describe the auxiliary circle cutting the tangent QP in 
T and T", and the tangent QP’ in H and H'; join FH, 
FT, F'H', F'T'; draw QK touching the auxiliary circle ; 
join CK, CQ. 

Then FT and F'T' are both L QP, and ... | QP. 

| (Cor. 1, Prop. ιν.) 
Similarly, F'H' and FH are both L QP’, and .'. | QP; 
(Cor. 1, Prop. ιν.) 

hence QT = FH, and QT’ = ΓΗ’. 

Now CQ = CK’ + QK’ 

= CA? + QT x QT’ (36 III. Euclid.) 
= QÁ + FH x FH 
= CA + CP. (Prop. v.) 
= AP’; 
^. CQ= AB. 
Hence the locus of Q is a circle described with the centre 


C, and radius = AB. 
This circle is called the Director Circle of the ellipse. 
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Proposition VII. 


If PN be a normal to an ellipse at any point P, and 
PM an ordinate to the axis, then 
CM : CN = CA’: CF’. 


B 


, P 

£F Pp 

Ο᾿ A F' C N ΜΕ A Q 
Fig. 11. 


Join PF, PF’; draw p'Pp || the axis major, meeting 


the directrices in p’, p. 
Since (Cor. 3, Prop. 111.) PN bisects the 2 F'PF; 


— NF’: NF= PF’: PF (8 VI. Euclid.) 
= Pp’: Pp. 
Comp. and div. 
NF’ + NF: NF’ - NF= Py + Pp: Pp - Pp, 
2CF:2CN-2CO:2CM ; 
<. CM: CN = 00 : CF 
= CO x CF: CF’. 


CM: CN = C£ : CF’. 
(Cor. 4, Prop. 1.) 


or 


Hence 

Cor. 1.——CM: MN = C£ : CP. 

For CM: CM - CN = C£ : CL - CF, 
or Cl: MN = C£ : CP. 
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Cor. 2. FP:PF-F'N:NF 
. EP + PF: PF=F'N+ NF: NF, 
or CA: CF - PF: NF. 
Similarly, CA:CF-PF':NF'; 
ο, C£ : CP^ : PF x PF’: NFx NF 
n CA ACA - CP :: PFx PF’: PFx PF’ - NPx NF! 
CA? CB :: PF x PF’: PN’. 


Proposition VIII. 


If a tangent at any point P of an ellipse be produced to 
meet the axis in T, and the ordinate PM be drawn, then 
CA will be a mean proportional between CM and CT. 





ο 0X C N MF A ο T 
Fig. 12. 
Through P draw p’Pp || the axis; join PF, PF’. 
Then since PT is the bisector of the ^ FPH ; 
FT: TF- F'P:PF (Cor. 3, VI. Euclid.) 


- pP: Pp. 
Comp. and div. 
F'T« TF: F'T - TF= Py + Pp: Pp — Pp, 
or 2CT:2CF-2C0:2CM ; 


. CT x CH = CFx CO 
= CA. (Cor. 4, Prop. 1.) 
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Cor. 1.—If the auxiliary circle be described, and PM 
produced to meet it in Q, then QT will be a tangent {ο 
the circle. 


For CT:CA=CA: ΟΝ; 
. CT: CQ- CQ: CM; 


'. the a CQT and CMQ are similar ; 
(6 VI. Euclid.) 


. L CQT = 2 CMQ = 90°; 
. QT is a tangent to the circle. 


Cor. 2.—Tangents to the ellipse and auxiliary circle, re- 
spectively, at the points where they are cut by any ordinate 
to the axis, will meet the axis produced in the same 
point. 

Cor. 3.—Corresponding ordinates PM, QM, of the 
ellipse and auxiliary circle are in a constant ratio. 

Since the A NPT is right-angled, and PM L NT; 

^. NM x MT = PM’. 

Also, since A CQT is right-angled, and QM L CT; 

^. CM x MT = QM’. 

Hence PM’: QM’? = NM : CM 


= CB’: CA’. 
(Cor. 1, Prop. vu.) 


^. PM: QM = CB: CA. 


Notr.—The angle QCA is called the eacentric angle of 
the point P. 
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Cor. 4.—The ellipse is concave towards the axis major. 





Fig. 13. 
QM: PM = AC: BO=qm: pm. (Cor. δ.) 
But QM:PM-sm:rm; | (Similar as.) 


S. qm : pm = sm : rm. 
But gm is > sm by property of the circle; 
S. pm 18 > rm. 


That is, if a perpendicular be drawn to the axis major, 
between the vertex 4 and any point P on the curve, the 
segment intercepted on it between the curve and the axis 
major is greater than the segment intercepted on it be- 
tween the line 4P and the axis major ; and, therefore, the 
curve 1s concave towards the axis major. 


Proposition IX. 


The rectangle under the segments of the axis made by 
any ordinate is to the square of the ordinate in a constant 
ratio. (See Fig. 12.) 


PM’: QM’ = CB’: CA’, (Prop. vu.) 
but QM? = A'M x MA; (35 III. Euclid.) 
. PM? : A Mx MA =CB: CA’. 
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Cor. 1.—The Latus rectum is a third proportional to the 
axis major and axis minor. (See Fig. 12.) 


For (s) > AF x FA’ = CB: CA’ 
/ LN. 
(5) : CB’ = CB’: CA; (Cor. 3, Prop. τι.) 
| LE 
hence CA:CBs CB: "E 


Cor. 2.—1f from the foot of any ordinate a line be 
drawn parallel to the line Joining the extremities of the 
axes, the square of the ordinate will be equal to the rect- 
angle under the segments of the axis minor. 


P P 


B 
Fig. 14. 
CA’: CM’ = CB’: CQ’; (Parallel lines.) 
. C4! : CA? - CM = CB’: CB - CQ’; 
OCA: AM x MA’ = CB’: BQx QB; 
. CB’: PM’ = CB’: BQ x QB; 
PM? = BQ x QB. 
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Cor. 3.—If PN be a normal at point P, meeting the 
axis major in N, and NWH a perpendicular let fall on the 
focal radius vector, then PH is equal to half the Latus 
rectum. ; 





Fig. 15. 
For FY: P= PH PN: (Similar Δ'.) 
Also PT ες. ΕΝ: (Similar A’.) 


ART XE PP ke Peer PN” 
CB’: FP x FP-2PH?:PN?; (Prop. v.) 
but C£: FP x F'P- CP: ΡΝ’; (Cor. 2, Prop. vit.) 
^ CA: CB- CB: PH; 
ος PH = } Latus rectum. (Cor. 1, Prop. rx.) 


Cor. 4.— The normal and the focal perpendiculars on 
the tangent at any point are in Harmonie proportion. 
Let the tangent 7" T, when produced, meet the axis in Q. 


Then TQ:QT=F'T’ : FT. (Similar A.) 
Also FT- Fr-TP. Επ. (Similar A*.) 
" TQ:QT- TP:PT; 


ον T'Q, PQ, and TQ; and... F'T", NP, and FT, are in 
Harmonie proportion. | 5 


64 The Ellipse. [ CHAP. 1I. 


PROPOSITION X. 


The locus of the intersection of any tangent to an ellipse, 
with the line drawn through the focus perpendicular to the 
radius vector drawn from the focus to the point of contact 
of the tangent, is the directrix. 





Fig. 16. 


Let PT be any tangent, FT 1 FP. 
Draw TH | F'P produced, and TO 1 F'F produced ; 
join ΤΕ”. 
The Δ’ TFP and THP are equal; (26 I.E uclid.) 
ο. FT = TH and PF- PH; 
FH = F'P + PF = 44’ 
Now F’H? = ΕΤ’ - ΤΗΣ = FT - TF” 


= FOU - ΟΕ 
= 200 x 2CF; 
^. AA" = 4C0 x CF, or CA? = CO x CF. 
Hence OT is the directrix. (Cor. 4, Prop. 1.) 


Cor. 1.—Conversely, if from any point on the directrix 

a tangent be drawn to an ellipse, the line joming that 

point to the focus is perpendicular to the radius vector 

drawn from the focus to the point of contact of the tan- 

ent. 

Cor. 2.—Tangents at the extremities of a focal chord 
intersect on the directrix. 
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PnorosrrioN XI. 


If any chord PP of an ellipse cut the directrix in D, 
and if F be the focus corresponding to the directrix on 
which D is situated, then FD is the external bisector of the 
angle PFP'. 





Produce P'F to Q; draw Pp, P’p’ | the directrix. 
Then ΡΕ: PF-P'y : Pp 
-P'D:PD; (Similar Δ᾽) 
ο. FD bisects the 2 PFG. (Prop. B., VI. Euclid.) 


Cor. 1.—Hence, being given one focus F, and three 
points P, P', P", on an ellipse, we can find the directrix 
and the axes. 

For, draw FD bisecting the 7 between PF and P’F pro- 
duced : the point where this line meets P'P produced will 
be one point on the directrix. Similarly, by bisecting 
the external 2 between PF and P’F, another point on 
the directrix may be found, and hence the directrix itself. 

Also, since the eccentricity is the ratio of PF to the 
perpendicular distance of P from the directrix, the axes 
may be found by Prop. 1., and Cor. 

F 
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If a tangent to a curve be defined as The line joining two 
indefinitely near points on the curve, it will follow imme- 
diately from this Prop. that the right line drawn from the 
Jocus to the point of intersection of any tangent with the di- 
rectrix is perpendicular to the radius vector drawn form the 
focus to the point of contact of the tangent; also that the 
tangent makes equal £* with the radii vectores drawn from the 
foci to the point of contact. 

See Fig. 17. 

For, when P is indefinitely near to P’, PD becomes a 
tangent at the point P; and the 2 PFP’ is indefinitely 
small ; 

ο. PFQ = 1805; 


but LPFD-1.PFQ; 
ο. 4 PFD = 90°. 





Fig. 18. 


Again, PF: PF’ = Pp: Pg = PD: PD, 
(2, VI. Euclid.) 


and L PFD = ΡΕ’ D’, each being 90°. 
Hence A PFD is similar to ^ PF'D'; (7, VI. Euclid.) 
"C£ FPD-LF'PD. 
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Proposition XII. 


If two fixed points P, P’, on an ellipse be joined with 
a third variable point O, the segment pp’, intercepted on 
either directrix by the produced chords, subtends a con- 
stant angle at the focus corresponding to that directrix. 





Fig. 19. 


Since (by Prop. xr.) Fp is the bisector of the external 
L between FO and FP; 


`- L OFp +42 OFP = 90°. 


Also Fy’ is the bisector of the external Z between FO 
and FP’; 


{ο +42 ΟΕΡ' = 90°; 
ντος +432 OFP = 2 OF) +142 OFP’; 
. LOFp - 4 OF’ =1 (2 OFP - 2 OFP), 
or LpFp’ =}: PFP, and .'. constant. 


Cor. 1.—Hence the anharmonic ratio of the pencil 
formed by joining four fixed points on an ellipse to any 
fifth variable point 18 constant. 


For O: PPP"P"-0 `- pp'p p" - Ff pp pp". 
F 2 
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Proposition XIII. 


The line joining the focus to the intersection of two 
tangents to an ellipse bisect the angle which the points of 


contact subtend at the focus. 
R 


Qj 
Yn NP 


RZ 
P' 
μα -ν 
A F Ε 
Fig. 20. 


Let QP, QP’, be tangents; join PF, PF’, P' F’, ΡΕ. 
Produce FP till PR = PF", and FP’ till P’R’ = P'F'; 


join QR, QR. 
The Δ’ QF'P' and QE'P' are equal; .'. QE = QF". 
(4, I. Euclid.) 
(4, I. Euclid.) 


The A: QPF’ and QPR are equal; .. QR = QF’; 


hence QR = QR. 
But FR = FP PF’ =FP+ PF' = FR 
Δ’ FQR and FQR’ are equal; (8, I. Euclid.) 


<. L QFR = L QFR'. 


hence the 
Cor. 1.— It is obvious from the above demonstration that 


L QF'P' = LQR'P’ = LQRP = L QF'P. 
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Νοτε.---1{ the ordinate at any point P on an ellipse be produced to meet 
the Auxiliary circle in Q, then 


VERS TF 
tan } PF'C = J τ . tan } QCF; and tan} PFA =| — tan 3 QCF. 


T 





Draw the tangent at the vertex meeting the tangents at P and Qin Ἡ 


and K respectively; join KC, HF’, HF. Let CA — a. 
Then L HF'C =} 4 PF'C and ¿[HFA =$ 4 PFA. (Prop. xii.) 
Also L KCA =} L RCF: 
Now tan 4 PF'C = tan HF'C = Zs, 
HA 
tan; PFA = tan HFA = —, 
; » AF 
KA 
tan $QUF = tan KCA = — 
2 Q an CA AC , 


tan 3 PF'C HAxAC PM AC CB AC 


" ian} QOF  KAXAP ^ Qu 4p Tga ap (Wer: Prop vn) 


CB dE med 
- AF’ CA+CF' NCA+CF Nas ae’ 


: ]-έ 
«'. tan 4 PFC = a| E . tan à QOF. 


. tang PFA HAxAC PM AC CB AC 
Again, —— — — 


κάραν — “ο 
D — ας — 


tan $ QOF KAx AF QM AF” CA Ap (CrS Prop vi) 


0B yè- ë Em 


AF a-ae | N1-—e.e' 
l 
.^ tan} PFA EN ET. . tan 4 QCF. 
TE tan 3 PF'C l-e |: 


tan} PFA lv 
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Cor. 2.—Ifa quadrilateral be circumscribed to an ellipse, 

τα opposite sides subtend supplementary angles at either 
ocus. 

Cor. 3.—By the aid of this Prop., also, we can draw a 
pair of tangents to an ellipse from any point without it. 

With Q as centre and QF’ as radius, describe a circle; 
with F as centre and a radius = the axis major, describe a 
circle; the lines joining the points of intersection of these 
circles with F will determine the points of contact of the 
tangents. 


Proposition XIV. 


The angle at either focus, subtended by the segment 
intercepted on a variable tangent to an ellipse by two 
fixed tangents, is constant. 


Q 


Fig. 22. 
Let QP, QP’, be the fixed tangents, RS the variable 
tangent ; jon FP’, Fk, FT, FS, FP. 


Then z TFS = 4} 4 TFP, also ΤΕΕ = 1, TFP’; 
(Prop. xiii.) 


. 4 RFS- 14 PFP, and .'. constant. 


Cor. l.— The anharmonic ratio of the four points in 
which a variable tangent to an ellipse is cut by four fixed 
tangents is constant. 

For the segments intercepted on the variable tangent 
subtend constant angles at the focus. 


CHAP. II. | The Ellipse. 71 


Propositiox XV. 


If a tangent at the extremity of any diameter CP meet 
the axis produced in 7, then the area of the A CPT thus 
formed will be equal to the area of the a CAH, formed 
by producing the diameter CP to meet the tangent at the 
vertex A. 





Fig. 23. 
Draw the ordinate PM; join AP, HT. 


Then TC : CA = CA: CM (Prop. vin.) 
= CH: CP; (Parallel lines.) 
PA is || 1 T; (2, VI. Euclid.) 
. OPHA= a PTA; (57,1. Euclid.) 
. ^CHA- ^4 CPT. 


Cor. 1.— ^ PMT = trap. PMAH. 


Def.—The chords which join the extremities of any 
diameter to any point on the curve are called supplemental 
chords. 

The axis major is sometimes called the Transverse axis, 
and the axis minor the Conjugate axis. 

Notre.—Throughout the following Props. CA denotes 
the semi-axis major, and CB the semi-axis minor. 
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Proposition XVI. 


If an ordinate, drawn to the axis from any point P on 
an ellipse, be produced to meet the auxiliary circle in Q, 
and CQ be drawn perpendicular to CQ, the perpendicular 
drawn from Q’ to the axis will meet the ellipse in a point 
P’, through which, if a diameter be drawn, it will be 
parallel to the tangent at P. 





Fig. 24. 
The tangent to the circle at Q will intersect the tangent 
to the ellipse at P on the axis. (Cor. 2, Prop. vii.) 


Then, since QT and Q'C are both L CQ; .'. they are 
parallel. 


Hence A*QMT and Q'TM' are similar; 
<. MT: M'C-QM:Q'M' (Similar 4*.) 
= PM:P'M'. (Cor. 3, Prop. viu.) 
Hence Δ’ PMT and P'M'"C are similar ; 
ο P'C is || PT. 


Def.—The diameter which is parallel to the tangent at 
any point is said to be conjugate to the diameter which 
passes through that point. 

Cor. 1.—If we draw tangents at P' and Q’, it can be 
similarly shown that CP 1s parallel to the tangent at P’: 
hence, if the diameter which passes through P' be conju- 
gate to that through P; conversely, the diameter which 
passes through P will be conjugate to that through P. 
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Cor. 2. CM = Q'M', and CM’ = QM. 
Since L M'QU«.M'CQ = 90°, 
and also L WOR + MOQ = 90°; 
".2M'QC-.MCQ. 
Hence the ^* M'Q'C and MOQ are similar; 
but CQ = CQ; .. CM = QM’, and CM’ = QM. 


Cor. 3. CM? + CM” = CA?. 
For CA’ = CŒ = CIF + QM’? = CHM + CM”. (Cor. 2.) 
Cor. 4. PA + PM” = CB. 


Since QM: QM’ = PM: PM’; (Cor. 3, Prop. vu.) 
^ QU + QUM” : QW’? = PHR + PU": PM’. 
Alt. «. CA! : PW + PM^- QM’: PM (Cors. 2 & 8.) 
= C4? : CB’; 
(Cor. 3, Prop. vii.) 
<. PW + PM" = CB’. 


Cor. 5.—The sum of the squares of any pair of semi- 
conjugate diameters is equal to the sum of the squares of 
the semi-axes. 


For CM? + CM” = CA’, (Cor. 2.) 
and PM’ + PM” = CB; (Cor. 3.) 
^ CP? + CP? = CA’ + CB. 

Cor.6. PM :CM’=CB:CA::PM': CM. 
For PM : QM = CB: CA; but QM = ΟΜ’; 
.. PM: CM’ = CB: CA. 
Again PM’: YM’ = OB: CA; but UM = CM; 
. PM':CM=CB:CA. . 
Cor. 7.—The δὲ CPM and CP'WM' are equal in area. 
For PM: PM= QM: QM =CM’: CM; (Cor. 2.) 
^ PM x CM = P'M' x CM’. 
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Proposition XVII. 


If QG be an ordinate drawn to any diameter Pp from 
any point Q on an ellipse, cutting the transverse axis in L, 
QS an ordinate drawn to the axis from the same point, 
and produced, if necessary, to meet the diameter Pp in K; 
AH a tangent at the vertex: then a QLS =trap. KS AH. 
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Fig. 25. 


Drew the ordinate PM to the axis. 


Then CA: CS: CM- AH: SK: MP; 
(Similar A*.) 


. CA « CS: CA « CM- AH + SK: AH + MP, 
A'S: ΑΜ AH SK: AH + MP; 


or 
. AS x AS: A'M x AM=(AH+ SK) AS: 
(AH + MP) AM; 
. SQ’: PM? = trap. KSAH : trap. PMAH; 
(Prop. 1x.) 


` AQSL: ^ PMT = trap. KSAH: trap. PMAH ; 
(19, VI. Euclid.) 


but A PMT = trap. PMAH ; (Cor. 1, Prop. xv.) 
"- A QSL = trap. KSAH. 
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Cor. 1l.— a QG K = trap. TPGL. 
For A QSL = trap. KSAH; 
^ QGK = irap. GLAH = trap. TPGL. 

Cor. 2.—In like manner it can be shown that 

^ GQ'K' = trap. TPGL; 

ο. AGQK= AGQ'K ; 
but they are also similar ; 
. GQ= GQR. 


Hence any diameter bisects all chords parallel to the 
tangents at its extremities. 


Proposition XVIII. 


If CP’ be the semi-diameter conjugate to CP, E any 
ordinate to CP; then QG? : PG x Gp = CP”: CP. 


For A CPT: a CGL= CF’: CG. 
Division. a CPT: trap. TPGL = CP’: CP - σα, 
or A CPV: SQGK = CP : PG x Gp; 


(Cor. 1, Prop. xviii.) 


P" : GQR = CP: PG x Gy, 
(19, VI. Euclid.) 


or QG?: PG x Gp = CP”: CP. 


Cor. 1.—Ordinates to any diameter at equal distances 
from the centre are equal. 

For the rectangles are the same for equal distances from 
the centre. 

Cor. 2.—The squares of the ordinates to any diameter 
are proportional to the rectangles under the segments of 
the diameter. 
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PnRoprosrrioN XIX. 


If a normal at any point P of an ellipse meet the axis 
major in Ñ, and the axis minor in NV’; then 


PN:OCP':: CB:CA:: CP’: PN’, 
CP being the semi-diameter conjugate to ΟΡ. 





Fig. 26. 
Since CP’ is || TP, the A ΡΟΗ’ is similar to the 
A PMT, and .'. similar to AN PM. (8, VI. Euclid.) 


^ PC: NP = CM: PM 
= QM : PM (Cor. 2, Prop. xv1.) 
= CA: CB. (Cor. 2, Prop. vim.) 


Also PN’: PN = CM : MN (Similar 4+.) 
= CA: CB; (Prop. vit.) 
. PN’ x PN: PN’ =CA’?: CB 
=P OC: PN’; 


^ PN’ x PN = PO?; 
<. PN’: PC PC:PN 
= CA : CB. 
Cor. PNx PN =PO. 
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PRoposITION XX. 


The rectangle under the distances of the foci, from any 
point P on an ellipse, is equal to the square of the semi- 
diameter CP’, conjugate to that passing through the 


point. L 
C 











“IN 
Fig. 27. 
Circumscribe ‘the A F’PF by a circle cutting the axis 
minor 11 WV’ and L; join PN’ and N’F. 
Since CL bisects FF’, and is also L it; .'. ΤΝ’ is the 
diameter of the circle, and are Ε΄ Ν΄ = are FN’; 
c. LE PN =: FPN’. (26, III. Euclid.) 
Also LPF’N =LPN’F; 
hence the δ F'P.N and Ν΄’ ΡΕ are similar; 
EP OPN ANGE PF: 
YEP PE= PN x NP 
= CP”. (Cor. 1, Prop. xix.) 
Cor. 1 —PN? = PN’ x PN - N'N x NP 


(3, II. Euclid.) 
= OP? - FNx ΝΕ 
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Otherwise thus :— 
2CA=PF+ PF’; 
ο 40L = PE? + PF? + 2PFx PF’ (4, IT. Euclid.) 


= 90P -2CFP' «2PFx PF’; 

^ PEx PF = 2CA’ - CF’ - CP’ 
= CA? + CP: - CP (Cor. 3, Prop. n.): 
= CP + CP” - CP (Cor. 3, Prop. xvi.) 
- CP". 


Cor. 2.—Since ΡΝ’ bisects the 2 FPF” it is a normal, 
and .. PL, whichis L PN’,isatangent. Hence the circle 
which passes through the foci, and any point P on the 
ellipse, passes also through the points in which the tangent 
and normal at P intersect the axis minor. 

Cor. 3.—If K be the foot of the perpendicular let fall 
from Ν΄ on either PF" or PF produced, 


then PK =} (PF + PF’) = semi-axis major. 
This follows immediately from the well-known properties 
of the triangle FPF”, and its circumscribing circle. (See 
Geometrical Gymnasium, Exercise 179, Galbraith and 
Haughton’s Manual of Euclid, books i., i., iii.) 
Cor. 4.—1f K' be the foot of the perpendicular let fall 

from /, on PF", 
then FK’ = }(PF + PF’) = semi-axis major. 

Also if K” be the foot of the perpendicular let fall from 
L on FP produced, 
then FK” = 4 (PF + PF’) = semi-axis major. 

(See as in Cor. 3.) 


Cor. 5. σα. : CE = PE x PF: PN’ 
| (Cor. 2, Prop. vit.) 


= CP? PN: 
SCA = CB =-CP = PN. 
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Proposition XXI. 


If CK be a perpendicular let fall from the centre on a 
tangent to an ellipse at any point P, and CP’ the semi- 
diameter conjugate to CP, then CK : CA :: CB: OP. 





Fig. 28. 
Draw FT, F'T' 1 the tangent at P. 
Since the Δ’ ΕΡΤ and Ε΄ ΡΤ’ are similar; 
VEE ΕΤ. Fr; 
= FP+ ΕΡ: ΕΤ! FT 


= CA : CK; 
VFPx F'P:IFTx F'T'- C45: CR’; 
but EP eh PII (Prop. xx.) 
and FTxF'T-BC'; (Prop. v.) 


OP? Bo! = CA οκ”, 
. OP’: BO = CA : CK. 


Cor.—The area of the triangle formed by joining the 


extremities of any pair of conjugate semi-diameters is 
constant. 


For CP’ x CK =CBx CA; 
'. area of A P'CP = area of a BCA, and -. constant. 
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Proposition XXII. 


If two chords of an ellipse intersect one another, the 
rectangles under the segments are proportional to the 
squares of the parallel semi-diameters. 





N CM L MATZ 
Fig. 29. 

Let PP’ be any chord drawn through O, and CR the 
parallel semi-diameter. Draw the ordinates PM, P’M’, 
RN to the axis, and produce them to meet the auxiliary 
circle in Q, Q’, S. 

Then PM: PM’ = QM: QM’; (Cor. 2, Prop. vin.) 
ο, PP’ and QQ, if produced, will meet the axis produced 
in the same point T. 


Through O draw O'OL L the axis. 
Again NC: MT- RN: PM" (Similar A.) 
= SN: QM’; 
(Cor. 3, Prop. viii.) 
<. SC is || ΩΤ; hence 4 SCR is similar to ^ Q' TP. 


Now OP :0Q -PT:QT, (Parallel lines.) 
and OP :0Q=PT: QT; 
^. OPx OP :0Qx OQR =PT: QT 
ZRO CS*. 


Alt. OP x OP : CR = OQ x OQR: CS’. 
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Similarly, if any other chord pp’ be drawn through O, 
and the ordinates pm, p'm' produced to meet the auxiliary 
circle in q, φ΄: then, since 

OL: OL=CB:CA 
=pm:qm=pm: qm ; 
(Cor. 3, Prop. vin.) 

.. the chord gq’ will pass through 0’; 
and if Cr be the semi-diameter parallel to py’, 
then Op x Op’: C? = Oq x Og : CA’. 

But OQ x OR = 0q x Og; (35, III. Euclid.) 
hence OP x OP : Op x Op = CR’: Cr’. 

(See Note, page 83.) 

Otherwise thus :— 





Fig. 30. Fig. 31. 

Let PP’ be any chord drawn through the point O, and 
CR the parallel semi-diameter, CR’ the semi-diameter 
conjugate to CR; draw the diameter through O, meeting 
the curve in S; draw SM an ordinate to CR’, and SM’, 
PN’ ordinates to CR. 

Then RC?- CN”: ΚΟ’ - CM” = ΡΝ’: SM”; 

(Cor. 2, Prop. xvin.) 
. RC! - ΡΝ’ : ΒΟ" - SM CN? : CM? 
= ON’: SI’. 
Alt. RO - PN’: ON’ = RC’ - SM’: SM’. 
Comp. RC? - PN + ON’ : ON’? = RC’: SM’. 


G 
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Alt. RC? - PO x OP’: RC? = ON? : SM’ 


= OC? ον. 
Div. PO x OF : RC? = CS? - OC*: CS? 
= SO x OS’ : Οδ”. 


If pp’ be any other chord drawn through O, and Cr the 
parallel semi-diameter ; then | 


pO x Op’: Cr = SO x OS’ : Οδ”, 
Hence PO x OP’: pO x Op = CI?) : Cr’. 


Cor. 1.—The rectangle under the segments of any 
diameter made by an ordinate is to the square of the 
ordinate as the square ofthe semi-diameter is to the square 
of its semi-conjugate. 

This follows by supposing one of the chords to pass 
through the centre, and the other parallel to the tangent 
at its extremity. 

Cor. 2.—If O be without the ellipse, and P, P' coincide, 
also p, p ; then the tangents to an ellipse from any point 
without it are proportional to the parallel semi-diameters. 

Cor. 3.—If two parallel tangents OP, ΟΡ’, be met by 
any third tangent, OO’; then ΟΡ: O'P = 0Q: 09. 





.. Fig. 32. 
For OP: OQ = Ch : Cr - VP’: 0Q. (Cor. 2.) 
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Cor. 4.—If from a point without an ellipse a secant and 
also a tangent be drawn, the rectangle under the whole 
secant and its external segment is to the square of the 
tangent as the squares of the parallel semi-diameters. 

Nort.—If for O, O', L, we read ο, ο΄, l, the demonstration, 
page 80, will apply to the case when the point in which the 
chords intersect lies without the ellipse. 


Proposition XXIII. 


If from a point without an ellipse two tangents OP, 
OR be drawn, any line 40’ drawn parallel to either will 
be cut by the curve and chord of contact of the tangents 
in Geometric proportion. 





Fig. 33. 
Draw the semi-diameters CE and CD || OP and OR 
respectively. 

Then AQ x AQ’: AP = CD : CE? 

(Cor. 4, Prop. xxir.) 
= OR’: OP’ 

(Cor. 2, Prop. xx11.) 

- AB’: AP’; 
(Parallel lines.) 

^. AQ x AQ’ = AB. 
G2 
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Cor.—If AQ be a tangent: then AQ = AB. 
. That is, if two parallel tangents to an ellipse be cut by 
any third tangent, the segment intercepted on either of 
the parallel tangents, between the chord of contact of the 


other two and the curve, is bisected by the non-parallel 
tangent. 


PROPOSITION XXIV. 


If a circle intersect an ellipse in four points, the common 
chords will be equally inclined to the axis. 


aec em ΙΙ v 


`~ 


MON 
R : τ 
i ΧΡ 
! ὶ 
! l i 
C 
Q 
E ΄ 
S X Q 
E v 
~ ' td 
Fig. 34. 


Let PP', QQ' be the common chords intersecting in O. 
Draw the semi-diameters CR, CS || PP’, QQ’ respec- 
tively. 
' Then OP x OP : OQ x OQ = CR: CS*; 
(Prop. ΧΧΙΙ.) 
but OP x OP = OQ x OQ'; (35, III Euclid.) 
-. OR = CS. 


Hence CR and CS, and -. ΟΡ and 00’, are equally 
inclined to the axis. (Cor. 1, Prop. 1.) 

Cor. 1.—In like manner it can be shown that PQ and 
P’Y, also PY and P'Q are equally inclined to the axis. 
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PROPOSITION XXV. 


If a tangent to an ellipse at any point P meet any 
diameter AA’ produced in T, and the ordinate PM be 
drawn; then CA is a mean proportional between CM and 


CT. 





Fig. 35. 


Draw tangents at A and A’, meeting the tangent at P 
in G and H. 


Then A'T: TA- ΑΗ: AG; (Parallel lines.) 
and A'M: MA = HP: ρα; 
but A'H: AG- HP: PG; 


(Cor. ὃ, Prop. xxr.) 
~. AT: TA- ΑΗ: MA; 
hence CM x CT = CA’. 


Cor. 1.—Conversely, if PM be an ordinate to any 
diameter 4A’, and CT be taken a third proportional to 
CM and CA; then PT will be a tangent to the ellipse. 

Cor. 2.—The tangents at the extremities of any double 
ordinate intersect on the diameter corresponding to that 
ordinate. 

Cor. 3.—If a diameter be drawn through the inter- 
section of two tangents to an ellipse, it will bisect the 
chord of contact. 
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Proposition X XVI. 


If a variable tangent to an ellipse meet two fixed 
parallel tangents, it will intercept segments on them whose 


rectangle is constant, and equal to the square of the 
parallel semi-diameter. 


(See Fig. 35.) 


Let GPH be the variable tangent meeting the fixed 
tangents AG, A’H in the points G, H. 


Draw PE an ordinate to BC. 


Then CT: CA = CA: CH. (Prop. xxv.) 
Division CT TA = CA: AM. 
Alt. CT: CA = TA: AM. 
Comp. CT: TA = TA: TM; 


<. CD: AH - AG: PM; (Similar δ.) 
^. A'Hx AG- CDx PM 
= CD x CE= CB. (Prop. xxv.) 
Cor. 1.—The rectangle under the segments of the 
variable tangent is equal to the square of the semi- 


diameter CQ drawn parallel to it. 


For AH: HP = CD: CQ- AG: PG ; 
(Cor. 3, Prop. xxn.) 
^. A'H x AG: HP x PG= CB’: CQ. 


But A'H x AG = 0B; 
^. HP x PG = CQ. 
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Cor. 2.—Any tangent to an ellipse will be cut harmoni- 
cally by two parallel tangents and the diameter passing 
through their points of contact. 


For HT: TG=AH:AG (Similar δ᾽) 
= HP : PG. 
(Cor. 3, Prop. xxr.) 


Cor. 3.—If two parallel tangents AC, BF, be cut by 
any two other tangents EF, CD; then 


AE: BD = EO: OF=CO: OD. 





Fig. 36. 
For CA x BD = AE x BF; (Prop. Xxv1.) 
ων AE: AC= BD: BF; 
. AE: AC- AE = BD: BF- BD. 
Alt. AE: BD- EC: DF 
= EO : OF, or = CO: OD. 
Cor. 4.—The lines joining F with C, and D with E, 


would, if produced, intersect on the diameter BA pro- 
duced. 
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Proposition XXVII. 


The triangles CP T and CAK, formed by drawing tan- 
gents at the extremities of any two semi-diameters of an 
ellipse, are equal in area. 





Fig. 37. 
Draw the ordinate PM. 
Then TC : CA = CA : CM. (Prop. xxv.) 
= CK: CP; (Parallel lines.) 
^. KT is || PA; 


APTA = A PKA;  (37,I. Euclid.) 
A CPT = a CAK. 
Cor. 1.—If the ordinate AN be drawn from A to the 


semi-diameter CP, then the area of the A CMP = area of 
^ CAN. 


For AN is || PT; 
SUTU:CAÁSPO:IOCN:; 
hence CA: CM = PC: CN; 
^ MN is || PA; 


". A NPM= a NAM;  (37,I. Euclid.) 
. ^ CMP = a CAN. 
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PnoPosirrioN XXVIII. 


If from the extremities of any two conjugate diameters 
CP, CQ, the ordinates PM, QN be drawn to any other 
diameter CA; then 


ON? = AM x MA’, and CM? = AN x NA’. 
B | 





Fig. 38. 
MT : CN” = MP’: QN’ (Similar A*.) 
= MA x MA’: NA x NA’. 
(Cor. 2, Prop. xvii.) 


But MA x MA = AC - CM’ (5, II. Euclid.) 
- TC x CM - CM* (Prop. xxv.) 
= CM x MT; 


<. MT?: CN’ = CM x MT: AN x NA’. 
Alt. MT: CM x MT = CN’: CA? - CN’; 
(5, II. Euclid.) 
<. MT: CM = CN’: CA? - CN’. 
Comp. MT: CT = CN’: CA’; 
^. CM x MT: CM x CT = CN’: CA’. 
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But CM x στ. = CA’; (Prop. xxv.) 
. OCN’ = CM x MT = AM x MA’. 
In like manner it can be proved that CM? = AN x ΝΑ’. 
Cor. 1.— CH + CN? = CA’. 
For CM’ + CN? = AN x NA + AM x MA’ 


= C£ - ON’? + CA’?- CM’; 


I. Euclid. 
^. 20M? + 20N? = 204°; ' 


ΟΥ, CM? + CN? = CA? 


Cor. 2.—PM’* ΩΝ’ = BC’, BC being the semi- 
diameter conjugate to 64. 


For CB’: CA? = ΡΜ’: AM x MA’ or CN; 
(Prop. xvin.) 
also, CB’: CA = QN? : AN x NA’ or CH’; 


CB: CA? = PM? + QN? : CN? + CM. 
But CA? = CN’ + CH’, ... CB’ = PH? + QN”. 
Cor.3.—CA:CB=CM:QN=CN: PM. 
For CA): CB’ = AM x MA’, or ΟΝ’: PM? 
= AN x NA’, or CM? : QN’; 
^. CA: CB- CN: PM- CM: QN. 
Cor. 4.—The a CMP is = ^ CNQ in area. 
Produce QN to Q. Then QN = ΩΝ; 
CN: CM = PM: QN; (Cor. 3.) 


` ACMP = ACNR = ^CNQ. 
(15, VI. Euclid.) 
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Proposition XXIX. 


If any tangent to an ellipse meet any two conjugate 
diameters CP, CQ, the rectangle under its segments 18 
equal to the square of the parallel semi-diameter. 





Fig. 39. 


Draw the ordinates, PM, QN, to the diameter passing 
through the point of contact of the tangent. 


Then CM: PH = CA: AT’: (Similar A*.) 
<. CM x AT' = PM x CA 
- CBx CN; 


(Cor. 3, Prop. xxvi.) 
'. CM : CN = CB : AT". 


Again, CN: NR = CA: AT; (Similar A*.) 
CN x AT- CA x NQ 
= CB x CM; 


(Cor. 3, Prop. xxvi.) 
CM : CN = AT: CB; 
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hence CB: AT’ = AT: CB; 
“AT x AT’ = OF. 


Otherwise thus :— 





Fig. 40. 


pin PM, QM’ ordinates to CA, and PN an ordinate 
ο Ξ 


Then CS x CW’ = CA? = CM x CT; (Prop. xxv.) 
;: CS: CT = CM : Cl’. 


But CS: OT = CQ: PT; (Similar A*.) 
~ CQ: PT = CM: CW 
= PN : CW 
EPF CO. (Similar 4°.) 
— PTx PT’ = CQ. 


Cor.—Conversely, if on any tangent segments AT, 
AT’ be measured from the point of contact whose rect- 
angle is equal to the square of the parallel semi-diameter, 
then the diameters drawn through T and T’ will be con- 
jugate. 
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Proposirion XXX. 


Given in magnitude and position any two conjugate 
semi-diameters 64’, 6’, of an ellipse, to find the axes. 





Fig. 41. 


On CB’ produced take BD a third proportional to CB’ 
and CA’; bisect CD in H; draw HO L CD to meet 
BO drawn || CA’; with the centre O and radius OC 
describe a circle cutting B’O produced in 7 and 7"; join 
CT, CT’. Draw BM and BN || CT and CT respec- 
tively. Take CA a mean proportional between CT and 
CM; also CB a mean proportional between CT’ and 
CN. Then CA and CB are the semi-axes. 


For CA’? =CB x BD (Const.) 
= TB'x BT’; (35, III. Euclid.) 


. CA and CB are conjugate diameters; 
(Cor., Prop. xxix.) 


but Z TCT’ = 90? ; hence CA and CB are the semi-axes. 
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PROPOSITION XXXI. 


If a straight line cut two tangents TP, TQ to an 
ellipse in the points A, A’, the curve in B, P’, and the 


chord of contact in O ; then 


40’: A'O = AB x AB: AB x A' B. 





Fig. 42. 


Fig. 43. 


Draw AM || TQ; also the semi-diameters CH, CK, and 
CL || TP, TQ and AA’, respectively. 





Then Α0:: 4’? - AM’: A'Q? (Parallel lines.) 

AM? : AP’ 

AP : pus 
(TQ. : TP’) —À 
= ore : 40! (Similar A’.) 
" bes : CH? 
|» (AP? : 4.0: | 

(Cor. 2, Prop. xxn.) 

CK? : CI? 
αυ ozr | 

AP! : AQ; 
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| AQ: A'B x AB 
= | AB x AB I AP: 
| AP’: AQ; | | 
(Cor. 4, Prop. xxi.) 
. 40’: AO = AB x AB: ALB x AP. 


Proposition XXXII. 


If any line TS be drawn parallel to the chord of contact 
of the tangents to an ellipse, the segments AT, BS inter- 
cepted between the curve and the tangents will be equal. 





Fig. 44. 


Draw the diameter bisecting the parallel chords PQ, 
AB. This diameter will pass through Ο. | 


(Cor. 2, Prop. xxv.) 


Then, since PM = MQ; | 
. TN = NS; 
but — AN- NB; 


. AT = BS. 
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Proposition XXXIII. 


Any line OB, drawn through the intersection of two 
tangents to an ellipse, is cut harmonically by the curve 
and the chord of contact of the tangents. 
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Fig. 45. 


Through Band B draw TS and T'O || PQ, the chord 


of contact of the tangents. 


Then ZTP':T'"-TBx TA: TR κ T'A; 
(Cor. 4, Prop. xx11.) 


but TB = AS, and Τ'Ρ’ = Α΄ δ’; (Prop. ΧΧΧΙΙ.) 
ον TP: TPF =TBx BS: ΤΗΕ x BS' 

= OB’: ΟΡ”; (Similar A*.) 

but TP: ΤΡΞΟΣ: ΟΡ’; (Parallel lines.) 


hence OB : OB = OB: OB. 


Cor.—lf through any point O without an ellipse a 
line be drawn cutting the curve in B, B’, and OO’ be taken 
equal to the harmonic mean between OB and OB, the 
locus of Ο’ is a straight line; namely, the chord of contact 
of the tangents drawn from 0. 
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PROPOSITION XXXIV. 


Any line drawn through the middle point of the chord 
of contact of two tangents to an ellipse, will be cut har- 
monically by the curve, and the line drawn through the 
intersection of the tangents parallel to their chord of 
contact. 





Fig. 46. 


Let TP, TQ be tangents, BB’ any chord drawn through 
Ο’, the middle point of PQ, and meeting the line drawn 
through T || PQ in O. Through B" draw BB" || PQ; 
join TC. 

Then TC will pass through O’. — (Cor. 3, Prop. xxv.) 

"ar. py _\ FM: OT | 
BM : BB = IOT : BB | 
ΕΦ: TT | 
A | BT’: BB’ | 

>B TBT: IFT BB 

But TT x BB” =2B’T x BT’; 

ο. BB’ =2B”M; .. B'Misan ordinate, and Ρ’ a point 
on the curve. 

Now BT: TB” = BT’: ΤΡ”; (Prop. xxx.) 


ο, BO: OB = BO: OB. (Parallel lines.) 
H 


(Similar A*.) 
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Otherwise thus :— 

Let TP, TQ be tangents, BB’ any chord drawn through 
O', the middle point of PQ, and produced to meet the 
line drawn through 7 || PQ in O; join OC, TC; then 
(Cor. 3, Prop. xxv.) TC will pass through O’. Draw RN 
a tangent at R, RM || QP, and .-. an ordinate to CT"; 
through Ο’ draw DE || RN. 





Fig. 47. 


Then  CTx CO-CA'-CNxCM; (Prop. xxv.) 
SOT: CM = CN: CO: 
<. CO: CR = CR: CH; (Parallel lines.) 


. the tangents at D and £ will intersect at O ; 
(Prop. xxv.) 
and hence BO: OP' = BO: OB. 
(Prop. xxxi.) 


Cor. 1.—If through any point O' within an ellipse any 
line be drawn cutting the curve in B, B’, and O be taken 
the harmonic conjugate to O with regard to B and B, 
the locus of O is a straight line. 

Cor. 2.—If from O tangents be drawn to the ellipse, 
the chord of contact will pass through Ο’. 

For (Prop. xxx.) the chord of contact must divide the 
line OB harmonically. 


CHAP. II. | The Ellipse. 99 


ProposiTrion XXXV. 


If through any point P on an ellipse lines POO’, Q'PQ 
be drawn parallel to any two adjacent sides DA, DC of 
an inscribed quadrilateral, meeting the opposite sides in 
O, O', and Q, Q'; then PO x ΡΟ’: PQ x PY in a con- 


stant ratio. 





Through B and C draw BE and CG || AD; join AG, 
and produce it to meet EB produced in H; draw the 
diameter NMR bisecting the parallel chords AD, GC, BE. 


Then : HR = RK; ( Parallel lines.) 
hence BH = EK 
Now OL: HB- LA: AH 
- OD: Dk. 
Alt. OL: OD= HB: DK. 
Also P'Oor SC: QS = BK: KC. (Similar A*.) 
Compounding, 


OL x PO : OD x QS = HB x BK: DK x KC; 
H 2 
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S OL x PO: PQ x QS = EK x BK: DK x KC 

=OVxOP:0Cx OD 

| = PLx OP:P8x PQ; 
^ OL x PO + PLx PO:PR x QS+ PS x PRY 

= EK x BK : DK x KC, 

or PO x PO: PQx PQ - EK x BK: DK x KC. 


Now it is evident that the points A, B, C, D, being 
fixed, E is also fixed, and 
<. EK x BK: DK x KC in a constant ratio ; 


ο, PO x PO: PQ x PQ in a constant ratio. 


Proposition XXXVI. 


If from any point P on an ellipse, lines PR, PR’, PS, PS’, 
be drawn to the sides of an inscribed quadrilateral, making 
with them any constant angles, then the rectangles under 
the lines drawn to the opposite sides will be in a constant 
ratio. m 





Fig. 49. 


Take any other point p on the curve. 
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Through the points P and p draw QPQ' and gpg || DC, 
and POO, poo’ || AD, also pr, pr’, ps, ps | PR, PR’, PS, 
PS’, respectively. 


Then PR: pr = PQ: pq, (Similar A*.) 
and ΡΕ pr = PQ’: pg; ( Do. ) 
^. PR x PER : pr x pr = PR x PQ : pq x pg. | 
Similarly it may be proved that 
PS x PS’: ps x ps = PO x ΡΟ’: po x po’; 


but | PQx PQY: PO x PO = pq x pq : pox po; 
rop. XXXV.) 
PR x PR: PS x PS = pr x pr : ps x ps’. 


Cor. 1.—The rectangle under the perpendiculars let 
fall from any point of an ellipse on two opposite sides of 
an inscribed quadrilateral is in a constant ratio to the 
rectangle under the perpendiculars let fall on the other 
two sides. 

Cor. 2.—If the points 4 and B coincide, also the points 
C and D, then the sides 4B and CD become tangents, 
and the sides BC and AD coincide, and become the chord 
of contact. Then the rectangle under the perpendiculars 
let fall from any point of an ellipse on two fixed tangents 
is in a constant ratio to the square of the perpendicular 
let fall on their chord of contact. 

Cor. 3.—If we suppose AB, CD to intersect in X and 
AC, BD in Y; also that PR, PR’, PS, PS’, pr, pr’, 
ps, ps’ lie in the line XY; then, regarding ACBD as the 
quadrilateral, the above proportion becomes 


PX ITY -pA py. 


^. XY is cut harmonically by the curve. 
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Proposition XXXVII. 


If two fixed tangents AD, DB, to an ellipse be cut by 
a diameter AB, parallel to their chord of contact, and by 
a third variable tangent EF, the rectangle under the seg- 
ments of the two fixed tangents, intercepted between the 
diameter and the variable tangent, is constant. 





Fig. 50. 


Join PC; produce it to meet the curve in R; join BR. 
Since CA = CB; (Prop. xxx11.) 
ον the a’ ACP and BCR are equal; (4, I. Euclid.) 
^. BR is = and || AP; 
^ BR is a tangent. 
Then RB: PE=BF:FD; (Cor. 2, Prop. xxvi.) 
~“ AP: PE=BF:FD; 
- AP: AP+ ΡΕ- BF: ΒΕ: FD; 
- AP: AE- BF: BD; 
- dE x BF- BD x AP, and .. constant. 
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LEMMA. 


If on any right line we have segments AB, BC, &c., 
and on any other right line inclined to the former at any 
angle segments A’B’, ΡΟ, &c., such that AB: ΑΡ’ 
= ΑΟ: BC’, &.=m:n; then the locus of the middle 
points of 44’, BB’, CC’, &o., will be a right line. 


0 





Measure off C'O' and AO", such that 
CO: C'O' = AO" : 10-11: n. 
Bisect OO" in M and OO in M' ; join MM’. 


This line will pass through the middle points of 44’, 
BB, and CC’. 


For AB: £B = BC: BC’ = 00: CO = 40: A'O; 
~. 4 (4B + BC+ CO+ 403 : 1 (AB + B'C' 1 C'O' 1 ΑΟ) 

-m:n; 

or OM : OM’ =m: n. 
Again, AB + AQ" : A'B + A'0-2 min HO’: M'O; 
^. AB + AO" - MO" : A'B + A'O- μοι n; 

or MB: MB =m:n. 
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Now consider the ^ OBB’, the sides of which are cut 
by the transversal WW’ ; 


ΒΕ BM OM 


Τρ πο NB OU 

BF BM OM ,. 
i FR’ MB ` MO ^" 

Ἐκ. ππ' 

“ORB ys a 

. BF = FB’. 


In like manner it can be shown that AA’ and CC’ are 
bisected by MI’. 


Proposition XXXVIII. 


The right line joining the middle points of the dia- 
gonals of a quadrilateral circumscribing an ellipse will 
pass through the centre. 





Fig. 52. 


Let ABA’B be the quadrilateral. Through the centre 
C draw DD’ || PQ, the chord of contact of the opposite 
sides AB, 4’ Β΄. 
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Then AD x BD = BD x AD; 
(Prop. xxxvit.) 
AD: A' DI :: BD: BI. 


Hence M, N, and C, the middle points of 4.4', BB’, and 
DL, lie on a right line. 
(Prop. ΧΧΧΙΙ., and Lemma, page 103.) 


ProposiTiIon XXXIX. 


If a quadrilateral be circumscribed to an ellipse, the dia- 
gonals will intersect on the chords of contact of the sides. 





Fig. 53. 


For AC will be cut by PQ, the chord of contact of the 
tangents DA, BC, so that 


4A0?*:0C?^- AH x AG: CG x CH; 

(Prop. xxxi.) 
but it will also be cut by the chord of contact of the 
tangents 4 B, CD in the same ratio ; 

ο. PQ and RS will intersect AC in the same point. 


In like manner it may be shown that the diagonal DB 
will pass through the intersection of PQ and RS. 
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PROPOSITION XL. 


The areas of the ellipse and auxiliary circle are in the 
ratio CB : CA. 

Let the ellipse and auxiliary circle be divided by any 
number of lines drawn parallel to the axis minor. 





Fig. 54. 


Then, since 


PM:PM-QN:QN-CB:CA; 
(Cor. 3, Prop. vin.) 
ο, quadrl. ΡΗΝΟ : quadrl. PMNQ' = CB: CA. 


The same will be true of all the figures similarly 
described in the ellipse and auxiliary circle. 

Hence the sum of all the quadrilateral figures inscribed 
in the ellipse: the sum of all the corresponding quadri- 
lateral figures inscribed in the circle = BC : CA. 

Now this will be true whatever be the number of the 
figures. 

Let the number of the figures be increased, and the 
breadth of each indefinitely diminished. Then the sum of 
the areas of the figures inscribed in the ellipse will be 
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equal to the area of the ellipse, and the sum of the areas 
of those inscribed in the circle equal to the area of the 
circle ; 

.'. area of ellipse : area of circle = CB: CA. 


Proposirion XLI. 


The section of a right cone by a plane, which intersects 
all the generating lines on the same side of the vertex, 
will be an ellipse. 





Let the plane BV E, drawn through the axis of the cone 
perpendieular to the plane of the section, coincide with the 
plane of the paper; then both the section APA’ and the 
base BPE will be perpendicular to the plane of the paper; 
therefore the line MP, in which the section cuts the base, 
is perpendieular to the plane of the paper, and therefore 
perpendicular to BE, the diameter of the base; hence 


BM x ME=MP*. (35, III. Euclid.) 


If, now, any other plane dpe be drawn parallel to the 
base, meeting the section in pm, it can similarly be shown 
that mp is perpendicular to be; .'. bm x me = mp’. 
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But BM : bm = AM: Am; (Similar A*.) 
also ME: me = MA : mA; 
BM x ME: bm x me = A'M x MA: Am x mA, 
or MP"? : my? = AM x MA: A'm x mA. 
Hence the section APA’ is an ellipse. (Prop. 1x.) 





Fig. 56. 


Cor. 1.—The axis minor is a mean proportional between 
the diameters of the frustrum of the cone which just 
includes the section. 


Draw the section EBG parallel to the base, bisecting 
A A' in C. 


Then CE =} AD and CG-1 £D; (Similar δ'.) 
^. CE x CG or CBP =} AD x AD; 
hence 4613 or the square of the axis minor = AD x A'D'. 


Cor. 2.—The Latus-rectum is a fourth proportional to 
AA’, AD and A’D’. 


Since ABA’ is an ellipse, 
Lx AA’ = ABC? (Cor. 1, Prop. 1x.) 
=ADx A'D'; 
SAAT ADEA D 1. 
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Cor. 3.—If CF and CF’ be measured off = AG or 
5 47’, then F and Ε΄ are the foci. 


Draw AH 1 £D. 
Then AA" — AD” = A'H* - ΠΠ’ 
= Á'D'x AD 
(Cor., 5, II. Euclid.) 
-4BC*; (Cor. 1.) 
CA’? - AG? = BC’; 
hence CA? - BC? = AG? = CF’ = OF”: 
.. Fand F” are the foci. (Cor. 3, Prop. 11.) 


Cor. 4.—The spheres inscribed in a cone, to touch the 
plane of the section, will determine the foci. 


For AF- AC - CF 
- AC - AG (Cor. 3.) 


= 3 (A44' + AV - VD - A'D) 
-$(44 + AV - VA); 


.. Fis the point of contact of the circle inscribed in the 
triangle 4.4 V. (See Galbraith and Haughton's Manual 
of Euclid, Appendix, Book rv.) 

In like manner it may be shown that F" is the point of 
contact of the circle exscribed to the triangle 44’ V. 
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PROBLEMS ON THE ELLIPSE. 


1. The axis major is the longest straight line that can 
be drawn in an Ellipse. 

Join the two foci with the extremities of the chord; then 
twice the chord will be less than the sum of the four focal 
radii vectores, and therefore less than twice the axis major. 

2. The minor axis is the least diameter of an Ellipse. 
Connect Problem 1 with Cor. 5, Prop. xvi. 

3. Given the foci of an Ellipse, describe it so as to touch 
a given line. 

See Prop. iv. 

4. Find the locus of the point of intersection of any 
tangent to an Ellipse, with the line drawn from the focus 
making a constant angle with the tangent. 

If the vertex of a triangle of a given species be fixed, 
while one base angle moves along a fixed circle, the locus 
of the other base angle will be a circle. See also Prop. vı. 

9. The angle between the tangents at the extremities of 
a chord which passes through either focus is half the sup- 
plement of the angle which the chord subtends at the 
other focus. 

Draw the normals at the extremities of the focal chord, 
and see Cor. ὃ, Prop. 111. 

6. Diameters parallel to supplemental chords are 
conjugate. 

See Def., page 71, and Cor. 2, Prop. xvn. 

7. If a rectangle be circumscribed to an Ellipse, its 
diagonals determine the equi-conjugate diameters. 

8. Show that Prop. xxxii. follows from Prop. xxxvi. 

9. The line drawn parallel to the axis major through 
the intersection of normals at the extremities of a focal 
chord will bisect the chord. 

See Prop. xir. ; also note properties of circles inscribed, 
exscribed, and circumscribed to a triangle. 

10. When is the sum of two conjugate diameters a mini- 
mum ; and when is it a maximum ? 

See Cor. 5, Prop. Χνι.; Cor., Prop. ΧΧΙ., and Prop. xxix. 


CHAPTER ITI. 
THe HYPERBOLA. 
DEFINITIONS. 


A ΗΥΡΕΗΒΟΙΑ is the curve traced out by a point which 
moves in such a way that its distance from a fixed point 
is to its distance from a fixed right line in a constant ratio 
ε: 1 (e being greater than unity). 

The fixed point is called the Focus, and the fixed right 
line the Directrizx. 

For Definitions of Avis, Vertex, Centre, Diameter, Tan- 
gent, Normal, Chord, Ordinate, Abscissa, Latus rectum, &c., 
see Definitions, Chapters I. and IT. 

Conjugate Diameters may be defined, as on page 72. 
Supplemental Chords, Transverse Axis, Conjugate Axis, as 
on page 71. 

Two hyperbolas are said to be conjugate when the 
transverse axis of each is the conjugate axis of the other. 

If the axes be equal the hyperbola is said to be Reet- 
angular or Equilateral. 

Tangents to the curve whose points of contact are at 


infinity are called Asymptotes. 
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Proposition I. 


The focus, directrix, and eccentricity of a hyperbola 
being given, to determine any number of points on the 
curve. 





Fig. 1. 


Let F be the focus, and Oy the directrix. 

Draw FO | the directrix. Divide FO internally at 4, 
and externally at A’, sothat FA : AO = FA’: A'O in the 
given ratioe: 1; then A and Α΄ are the vertices of the 
curve, and AA’ the axis. 

On the directrix take any point p; join FP, and pro- 
duce it; draw AH, A'H' perpendicularsto 4A’, meeting 
Fp in H, H’. On ΠΗ’ as diameter describe a circle; 
through p draw PpP || to the axis, cutting the circle in 
P, P'; join PF, PF. 


Then, since AH is || Op; .. ΠΕ: Hp- AF: AO. 
Also, since A H’ is | Op; .. ΗΕ: Hp = ΑΡ: 40: 
~. HF: H'p- ΗΕ: Hy. 
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Hence  PF:Pp- FH: Hp (Lemma, page 47.) 
= FA:A40-::1. (2, VI. Euclid.) 
Also ΡΕ: P'p- FH: Hp (Lemma, page 47.) 
= FA: A0-::1. (2, VI. Euclid.) 
.. P and P are points on the curve. 


In like manner, by taking other points on the directrix, 
any number of points on the curve may be determined. 

Cor. 1.—If Op’ betaken equal to Op, and another point 
Q found in a similar manner to P, it is obvious that Qp’ 
wil be equal to Pp. Therefore, corresponding to any 
point P on the curve, at a perpendicular distance from the 
axis = Op, there is another point Q on the other side of 
the axis, at a distance from it = Op, and also at the same 
distance as P from the directrix; hence the curve is sym- 
metrical with regard to the axis. 

Cor. 2.—Bisect 4A’ in C; through C draw CLS L AA’, 
and .. L PP’, meeting HH’ in δ, and PP’ in L. 


Then, since 4H, CS and AH’ are parallel, .'. SH = SH’; 
ο S is the centre of the circle H’P’HP ; 
S LP = LP. (3, 111. Euclid.) 


Therefore, corresponding to any point P on the curve, 
there is another point P'on the other side of CL, situated 
in precisely the same manner with regard to itas P; hence 
the curve is symmetrical also with regard to CL. 

If therefore CO’ be measured off = CO, and CF’ = CF, 
and O'Y’ be drawn 1 66, the curve could be equally 
well described with F’ as focus, and O'Y’ as directrix. 


Cor. 3.—Since PF: Pp = AF: AO=A'F: ΑΟ: 
^ PF: Pp=A'F- AF: 40- AO 
=2CA:2C0; 
2 PES Py = CACO: 


I 
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That is, the distance of any point on the curve from the 
focus is to its distance from the directrix as CA : CO. 


Cor. 4.—Since A'F : 40- AF: AO; 
SOA'F - AF: AF- AF - AMO AO : 40- 40: 
or 2CF:2CA =2CA:2C0; 
^ CF x CO = CA’. 


Cor. 5.—From the symmetry of the curve it is evident 
that any line drawn through C to meet the curve will be 
bisected at that point; hence C is the centre of the curve. 


Proposition Il. 


The difference of the distances of the foci from any 
point on a hyperbola is equal to the transverse axis. 
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Fig. 2. 
PF’: Py’ =CA:CO; (Cor. 3, Prop. 1.) 
also PF: Pp=CA:CO; 
z. PF’ - PF: Pp - Pp=CA: CO; 
but Pp - Pp = 00 =2C0; 


^ PF’ ΡΕ =2CA = AA. 
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Cor. 1.—By the help of the preceding theorem we can 
construct a hyperbola mechanically. 

If two of the extremities of two threads, the difference 
of whose lengths is equal to 44’, be fastened to the two 
fixed points 4, 4’, and the other extremities, having been 
passed through the eye of a needle, be joined, it is 
obvious that the eye of the needle, moved about so as to 
keep the threads always stretched, will describe a hyber- 
bola whose foci are F and F”. 

Cor. 2.—The difference of the distances of any point 
from the focii of a hyperbola is greater or less than the 
transverse axis, according as the point is on the concave 
or convex side of the curve. 





First let Q be any point on the concave side of the 
curve. 


Join QF, QF’, and let QF’ meet the curve in P; 
join PF. 


Then QF’ = QP + PF’, 
and QF <QP+ PF; (20, I. Euclid.) 
<. QF’ - QF > PF’ - PF; 


but PF’ -PF=4AA’; ..QF'-QF» AA’. 
I2 
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Next, let Q' be on the convex side. 


Join Q'F, QF’; produce Ω Ε΄ to meet the curve in P; 
join PF. 


Then F’Q = F’P - PQ, 
and QF> PF- PQ; (Cor., 20, I. Euclid.) 
. QF'-QF-PF'- PF; 
but PF'-PF-AA4'; . QF'-QF«AA.. 


Cor. 3.—Conversely, a point will be on the concave or 
convex side of a hyperbola, according as the difference of 
its distances from the foci is greater or less than the 
transverse axis. 


Proposition III. 


1°. The line which bisects the angle formed by drawing 
lines from any point P on a hyperbola to the foci lies 
altogether without the curve. 

2°. Any other line drawn through the point P will cut 
the curve. 





Fig. 4. 


1°. Let PH bisect the Z between PF and PF". 
Cut off ΡΕ = PF; join F, Ε΄ and R with any point Q 
on the line PH. 
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Then the δ’ QFR and QRP are equal; (4, I. Euclid.) 


<. QR = QF; 
but F’Q-QR<F’R; (Cor., 20, I. Euclid.) 
~. F’Q- QE < ΕΙ 
< F'P - PER 
< F'P-PF (Const.) 
< AA’; (Prop. 11.) 
.". Q is a point without the curve. (Cor. 3, Prop. 11.) 


2°. Let PK be any line other than the bisector of 
the 2 FPF’. 


"X 





FT ; F j 
Fig. 5. 


Draw PL, making the 4 KPL = ε KPF; cut oft 
PL - PF. 

Join F’L; produce F'L to meet PK in Q; join QF. 

Then the a’ FPQ and LPQ are equal; (4, I. Euclid.) 


..ΩΡ--ΩΙ,; 
but : F'L»F'P-PL 
(Cor., 20, I. Euclid.) 
> F’P-PF 
> AA’; (Prop. 11.) 


^ F'Q-QLor F'Q- QF > 44’: 
ον ϱ is a point on the concave side of the curve. 


(Cor. 3, Prop. τι.) 
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Cor. 1.—Hence the line which bisects the angle between 
lines drawn from any point on a hyperbola to the foci 1s 
a tangent. 

Cor. 2.—The tangent at the vertex is perpendicular to 
the axis. 

Cor. 3.—The normal to a hyperbola at any point bisects 
the external angle between the focal radii vectores drawn 
to the point. 


Proposition IV. 


The locus of the foot of the perpendicular let fall from 
either focus on any tangent to a hyperbola is a circle 
described on the transverse axis as diameter. 
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Fig. 6. 


Let PT be any tangent, and FT a perpendicular let fall 
from the focus. 


Produce FT to meet F’P in R; join TC. 
Then the δ’ FTP and RTP are equal; (26, I. Euclid.) 


z. FT = TR. 
Now, in A F'FR, F’F is bisected in C, and FR in T; 
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CT =} FR =43 (F’P -PR) 
= 4 (F'P - PF) 
-5 44 | (Prop. 11.) 
= CA. 

Hence the locus of T is a circle described with the 
centre C and radius CA. 

Cor. 1.—If the vertex of a right angle FTL move along 
a fixed circle, while one leg passes through a fixed point F 
without that circle, the other leg will always touch a 
hyperbola. 

Draw the diameter of the circle passing through 75; cut 
off CF’ = CF; produce FT till TR = TF; join F’R, and 
produce it to meet T'L in P ; then P is the point at which 
TL will touch the hyperbola. 

Join FP, CT. 


Then the A* FTP and RTP are equal; (4,I. Euclid.) 
ΜΕ Εκ. 
Also, since FT = TR and FC = CF’; 
^. CT || ΕΕ and = d F'R; 
^. PF'-PF-PF' - PR 
= ΕΕ 
= 20T 
= 2CA; 


hence P is a point on the hyperbola of which F and F” are 
the foci, and 4A’ the transverse axis. 
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Cor. 2.—If FT become a tangent to the circle, then CT 
will be | ΕΤ, and .'. in directum with TL; and.:. F’R, 
which is || CT, will meet TL at infinity; hence CZ is an 
asymptote to the curve. 





f Fig. 7. 


If FT’ be the other tangent to the circle drawn from F, 
then CT" will also be an asymptote. 


Cor. 3.—lf TO be drawn | the axis, then TO is the 
directrix. 

For CF x CO = CA^; (8, VI. Euclid.) 
ο O 18 a point on the directrix. (Cor. 4, Prop. 1.) 


Cor. 4.—1f AH be drawn L CF, meeting CL in H, and 
HB be drawn || CF, meeting CB drawn | CF in B, then 
C B is the semi-conjugate axis. 


Forthe δ’ CFT and CH A are equal; (26, I. Euclid.) 
STF-AHSCB; 


. OB = FT? = FA x FA. 
(36, 111. Euclid.) 
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Hence the point B, together with the corresponding 
point B’, obviously correspond to the extremities of the 
axis minor inthe Ellipse. (See Cor. 3, Prop. 11., page 51.) 


Cor. 9. CF’? = CA? + CB’. 


For CF? = CH? = CA’? + AR?’ = CA? + CB’. 


Cor. 6.—If we cut off Cf and Cf’ each = CF or CH, 
and consider f, f’ the foci, and BB’ the transverse axis of a 
hyperbola, then .4.4" will be its conjugate axis. 

For the square of its semi-conjugate axis 


-QgP-cm c (Cor. 5.) 
= CH? - AH? 
= CA. 


The hyperbola described with BB as the transverse 
axis, and f, f" as foci, is called the hyperbola conjugate to 
the original hyperbola. 

Cor. 7.—The lines joining the extremities of the axes 
are bisected by one asymptote and parallel to the other. 

For CAHB is a rectangle; .'. 4B is bisected by CH. 


Also, CB = AH = AH’ and CB | AH"; 


<. AB || CH’. 
(33, I. Euclid.) 


Cor. 8.—The perpendicular from the focus on either 
asymptote is equal to the semi-conjugate axis. 


For A CAH = A CTF; (26, I. Euclid.) 
S FT = AH = CB. 


NorE.— When the axis only is mentioned it is always 
understood to be the transverse axis. 
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Proposition V. 


The distance of any point P on the curve from the focus 
Fis equal to the length of the line Pg drawn from the 
point parallel to an asymptote to meet the directrix. 





P. /--π- 
j A 
/ ΄ 
/ Z | ή 
κο ener d 
A C 0 





---. l ^ Fig. 8. 


On the transverse axis as diameter describe a circle. 
Draw the tangent FT ; join CT, and draw TO | CF. 
Then OT is the directrix, and CT an asymptote. 

(Cors. 2 & 3, Prop. 1v.) 


Also Pq: Pp = CT: CO (Similar A*.) 
= CA: CO 
= PF: Pp. (Cor. ὃ, Prop. 1.) 
Hence, PF= P4. 


Cor.—Hence, being given the eccentricity of a hy- 
perbola, we can find the angle between the asymptotes. 
For CT: CO = Pq: Pp (Similar A*.) 
= PF: Pp 
xx ee Im 
Now in the A CTO we know 7 at O = 90°; also the ratio 
of the sides (CT : CO) ; hence the 7 TCO, or half the 
Z between the asymptotes, is known. 
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Proposition VI. 


The rectangle under the focal perpendiculars on any 
tangent to a hyperbola is equal to the square of the semi- 
conjugate axis. 





Let FT, F'T', be perpendieulars from the foci on the 
tangent at any point P. 


Join TC, and produce it to meet F" T" in δ. 


Then the a* FCT aud F’CS are equal; 
(26, I. Euclid.) 


 F'S« FT, and CS=CT=CA; (Prop. tv.) 
'. S is a point on the auxiliary circle ; 
. ΑΕ’ x F'A- F'T'x FS (35, III. Euclid.) 
= F'T'x FT; 
. F'C-0CA"^- F'T' x FT, (5, Il. Euclid.) 
or BC? = F’T’x FT. |. (Cor. 5, Prop. tv.) 
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Proposition VII. 


The locus of the intersection of tangents to a hyperbola 
which cut at right angles is a circle. 





Fig. 10. 


Describe the auxiliary circle cutting the tangent QP in 
T and T’, and the tangent QP’ in H and H’. Join FH, 
FT, FH’, F'T', QC; produce QC to meet the auxiliary 
circle in A and L. 


Then ΕΤ, F’T’, are L QP, and ... || QP’; 


(Prop. 1v.) 
and FH, F’H’ 1 ΩΡ; (Prop. ιν.) 
hence F'T'- QH, and FT-QH. (84, I. Euclid.) 
NOW CQ -CD-KQxQL (5, II. Euclid.) 


= CL’? - QH’x QH (35,III. Euclid.) 
= CA* - FT x FT 
= CA’ - BC’. (Prop. v.) 


Hence the locus of Q is a circle described with the centre 
C, and is called the director circle of the hyperbola. 
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Proposition VIII. 


]f PN be a normal at any point P on a hyperbola, and 
PM an ordinate to the transverse axis ; then 


CA : CP :: CM: CN. 





Fig. 11. 


Jon PF, PF’; draw Ppp || the axis, meeting the 

directrices in p, p'. 
Since PN bisects the external Ζ between PF and PF"; 
(Cor. 3, Prop. 111.) 


“, LYN: NF= PF: PF 
(Prop. B., VI. Euclid.) 
= Py : Pp. 
Comp. F'N« NF: F'N- NF = Py + Pp: Py - Pp; 
^. 2CN :2CF - 2CM : 2C0. 


Alt. CN:CM = QF: CO 
= CF*:CFPx CO 
= CF’: CA’. 
(Cor. 4, Prop. 1.) 
Cor. CM: MN =CA’: CB’. 
For CM: CN - CM = CA’: CF? - CA’; 
or CM: MN = CA’: CB’. 


(Cor. 4, Prop. 1v.) 
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Proposition IX. 


If a tangent at any point P of a hyperbola be produced 
to meet the axis in T, and the ordinate PM be drawn ; then 
CA will be a mean proportional between CM and CT. 


4 








| 
- J 
Ε΄ ΑΟ ς ΤΟ A FM N 
Fig. 12. 
Through P draw Ppp’ || to the axis; join PF, ΡΕ’. 


Then, since PT is the bisector of the 2 F’PF; 
(Cor. 1, Prop. ται.) 
(GV F'T:TF-F'P:PF (8, VI. Euclid.) 


= Pp’: Pp. 
Comp. and div. 
F'T«TF:F'T- TF = Py + Pp: Pp - Pp; 
Or 2CF:2CT = 2CM:2CO; 
^ CT x CM = CF x CO 
= CA*. (Cor. 4, Prop. 1.) 


Cor. 1.—If the auxiliary circle be described, and TQ 
drawn | the axis; then QM is a tangent to the circle. 
Join CQ. 
^. Since CT: CA = CA: CM; 

^. CT: CQ- CQ: CM; 
^. the A* CQT and CMQ are similar ; 
(6, VI. Euclid.) 
.£CQM-.CTQ; .. QU is a tangent. 
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Cor. 2.—If from the foot of any ordinate of a hyper- 
bola a tangent be drawn to the auxiliary circle, this tangent 
is to the ordinate in a constant ratio. 

Draw the normal PN. 


Then, since the a TPN 1s right-angled, and PM | TN; 
<. TM x MN = PM”. (8, VI. Euclid.) 
Also, since ^ CQM is right-angled, and QT 1 CM; 
<. CM x TM = QM’. 
Hence QM?: PM” = CM: MN 
= CA’: CB’; 
(Cor., Prop. viii.) 
~. QM: PM=CA: CB. 


Cor. 3.—If QA be drawn and produced to meet PM 
produced in A, then 


MK = MQ, and PM: MK =CB: CA. 
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For L MQA = 4 QAL'A (32, III. Euclid.) 
=4 AQT (13, VI. Euclid.) 
= 4 AKM; 

. MK = MQ; 

Also PM : QM = CB:CA; 


. PM: MK- CB.: CA. 


Cor. 4.—The curve is concave towards the transverse 
axis. 

(See Fig. 13.) 

Draw any line perpendicular to the axis between the 
vertex A and the point P ; let it meet the curve in p, AP in 
S, the axis in m, and QA produced in r. From m draw the 
tangent mq to the auxiliary circle; draw gn 1 to the 
axis; join mp; produce gA to meet pr produced in k. 


Then PM: MK =CB:CA=pm:mk; (Cor. 2.) 
but PM: MK = sm : rm; (Similar 4°.) 
' pm: mk = sm: rm. 
Alt. pm : sm = mk : rm 
-qn:tmn; 


but gn is > vn by property of the circle; 
' pm 18 > sm. 


That is, if a perpendicular be drawn to the transverse 
axis produced, between the vertex 4 and any point P on 
the branch of the curve of which A is the vertex, the 
segment intercepted on it between the curve and the 
transverse axis is greater than the segment intercepted on 
it between the line AP and the transverse axis; and, 
therefore, the curve is concave towards the transverse axis. 
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PROPOSITION X. 


The rectangle under the segments of the axis made by 


any ordinate is to the square of the ordinate in a constant 
ratio. 


See Fig. 12. 
For PM?: QM’ = CB’: CA; (Cor. 2, Prop. ix.) 
but QM’ = MA x MA’; (86, III. Euclid.) 


^. PM? : MA x MA’ = CB’: CA’. 
Cor. 1.—The Latus rectum is a third proportional to 
the transverse and conjugate axes. | 


(5) : AF x FA’ = CB’: CA’; 


= (5) : CB’ = CB’: CA’. 
L 


Hence CA:CB=CB: 2 (Cor. 4, Prop. ιν.) 


Cor. 2. CB = CM’ x CT’. 


2s | C ee T 





Fig. 14. 
For CM’ :C4 =CM: CT; (Prop. 1x.) 
. CM* - C4: CA = CM - CT: CT. 
PM’ : CB = TM: OT (Prop. x.) 
= PM: QT (Similar A.) 


= PM? : PM x OT’; 
. CB = CM’ x CT’. 
| K 
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Ῥποροβιτιον XI. 


The locus of the intersection of any tangent to a hyper- 
bola, with the line drawn through the focus perpendieular 
to the radius vector drawn from the focus to the point of 
contact of the tangent, is the directrix. 





H 
| f 
um ! 
: E odd | 4 / 
\ nm rd 4 / 
Ε΄ C OA F 


Fig. 15. 

Let PT be any tangent, and FT | FP. 

Draw TH | PF',and TO j| the axis. 

The a* PFT and PHT are equal. (26, I. Euclid.) 
. FT = TH, and PH = PF; 
hear? = PHS PH Pra AA 


(Prop. 11.) 
Now F°H? = ΡΤ’ - ΤΗ” (17, I. Euclid.) 
= ΕΤ" - ΤΕ" 
= F'O - OF’; 
. AA” = ACF x CO; (Cor. 5, II. Euclid.) 
. CA? = CFx CO. 
Hence OT is the directrix. (Cor. 4, Prop. 1.) 


Cor.—Conversely, if from any point on the directrix 
a tangent be drawn to a hyperbola, the line joining that 
point to the focus is perpendicular to the radius vector 
drawn from the focus to the point of contact of the tangent. 
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Proposition XII. 


If any chord PP of a hyperbola cut the directrix in D, 
and if F be the focus corresponding to the directrix, on 
which D is situated; then FD is the external bisector of 
the ^ PFP. 





Fig. 16. 


Draw Pp, P’p’ 1 the directrix; produce P'F. 
Then PF: Pp = PF: Py. 
Alt. PF: PF= Pp: Py 
= PD: PD; (Similar A*.) 
.'. FD bisects the 2PFQ. (Prop. B., VI. Euclid.) 


Cor. 1—Hence, being given one focus F, and three 
points P, P', P", on a hyperbola, we can find the direc- 
trix and axes. 

For, draw FD bisecting the angle between PF and PF 
produced ; the point where this line meets P’P produced 
will be one point on the directrix. Similarly, by bisecting 
the angle between PF and P”F produced, another point 
on the directrix may be found; and hence the directrix 


and axes. 
K 2 
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If a tangent be defined as the line joining two indefi- 
nitely near points on the curve, it will follow immediately ᾿ 
from the proposition that the right line drawn from the 
focus to the point of intersection of any tangent with the 
directrix is perpendicular to the radius vector drawn from 
the focus to the point of contact of the tangent; also, that 
the tangent bisects the angle between the radii vectores 
drawn from the foci to the point of contact. 

For when P is indefinitely near to P’, PD becomes a 
tangent at the point P, and the 2 PFP is indefinitely 
small (see Fig. 16) ; 


νε PFQ = 180°, 
but LPFD-X.PFQ; 
^. 4 PFD =90°. 


Also (see Fig. 17), 





Fig. 17. 


PF:PF'- Pp: Pp 
- PD: PV, (Similar a’.) 
and : L PFD = ΡΕ’, each being 90°; 
. à PFD is similar to A PF’D’: 
hence L FPD =: FPD. 
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Proposirion XIII. 


If two fixed points, P, P', on a hyperbola be joined 
with a third variable point O, the segment pp' intercepted 
on either directrix by the produced chords subtend a con- 
stant angle at the focus corresponding to that directrix. 





Fig. 18. 


Since Fp is the external bisector of the z PFO; 
(Prop. x11.) 


. 4 OFp +42 OFP = 90°. 


Also Fp’ is the external bisector of the 2 OFP’; 
(Prop. xii.) 
. L OFpg +120FP = 90°; 


^ LOFp + 44L OFP =2 OFyý + 31 OFP; 
. 4 OFp - L OFy = } (L OFP - ¿ OFP) 
or L pFp =12 PFP, and .'. constant. 


Cor.—The anharmonic ratio of the pencil formed 
by joining four fixed points on a hyperbola to any fifth 
variable point is constant. 


Fo  0.PP'P'"P" =0.pp'p"p” = F.pypy". 
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Proposition XIV. 


The line joining the focus to the intersection of two 
tangents to a hyperbola bisects the angle which the points 
of contact subtend at the focus. 





Fig. 19. 


Let QP, QP’ be tangents; join PF, PF’, PF, PF’. 
Cut off PR = PF, and PER = PF; join Q with R, F, 
F, F’. 
Then the | A*QFP and QRP are equal ; 
(4, I. Euclid.) 
^—. QR = OF. 
Again, the A‘ QFP and QR’P’ are equal; 
(4, I. Euclid.) 
ο. QR = QF; 
hence QR = QR’; 
but F'R-F'P-PR 
= F’P - PF 
= PF' ΡΕ (Prop. χι.) 
= PF -PR 
—-F'R. 
Hence the ^* RF’Q and R'F'Q are equal; 


(8, I. Euclid.) 
. LRF'Q- L ΒΡΌ. 
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Cor.—It is obvious from the above demonstration, also, 
that 
LPFQ-,PRQ-.QR'P' 


= L QFP. 


PROPOSITION XV 


The angle subtended at either focus by the segment in- 
tercepted on a variable tangent to a hyperbola by two 
fixed tangents is constant. 





Fig. 20. 


Let QP, QP’ be the two fixed tangents, and RS the 


variable tangent. 
Join FP, FS, FT, FR, FP’. 


Then ^ TFS=4z TFP; also TFR --ἑ , TFP’; 
(Prop. xii.) 


' L TFS +4 TFR=4}:/ TFP +42 TFP, 
or { RFS = a constant. 


Cor.—The anharmonic ratio of the four points in 
which a variable tangent to a hyperbola is cut by four fixed 
tangents is constant. 

For the segments intercepted on the variable tangent 
subtend constant angles at the focus. 
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Proposition XVI. 


If a tangent at the extremity of any diameter meet the 
axis in 7, the area of the triangle CPT thus formed will 
be equal to the area of the triangle CAH, formed by draw- 
ing a tangent at the vertex. 





Fig. 21. 


Draw the ordinate PM; join PA, TH. 


Then TC: CA=CA:CM (Prop. ΙΧ.) 
= CH: CP; (Parallel lines.) 
^. PA is || HT; (2, VI. Euclid.) 
. APHT= a ATA; (87, I. Euclid.) 
hence A CPT = a CAH. 
Cor. A PMT = trap. PMAH. 


If we take the equal A* CPT and CAH, in succession 
from the A CPM; | 


then A PMT = trap. PMAH. 
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PRoprosmioN XVII. 


If an ordinate to the axis drawn from any point P on 
a hyperbola be produced to meet the asymptotes in D and 
D', then PD x PD’ = square of semi-conjugate axis. 





Fig. 22. 


For MD: MC? = AH? or BC’: AC’; 
(Similar A*.) 
but PM’ : UC? = CA’? = BC’: CA; (Prop. x.) 

ο, MD'- PM! : CA’? = ΒΟ’: CA’; 

hence UD? - PM? = BC’, 

or PD x PD = BC’. | (5, II. Euclid.) 
Norr.—In the figures connected with some of the fol- 
lowing Propositions, in order to avoid confusion, occasion- 
ally lines are not actually drawn: when a letter is omitted, 


reference to any preceding figure, where the same letter 
has been used, will at once indicate the point. 
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Proposition XVIII. 


The segments PQ, P'Q' intercepted on any line between 
the curve and its asymptotes are equal. 





Fig. 23. * 


Through P and Ρ’ draw | * to the axis. 

Then QP: PR = QP : PS, (Similar A*.) 
and PQ: Pr= QP: PS’; 

“ QP x PQ: PRx Pr= QP x QP': PSx PS’: 


but PR x Pr = BC? = P'S x P'S’ (Prop. xvi.) 


en QP x PO = QP’ x QP, 


or QP x PP + QPx UP -QP x PP + QP x QP: 
(1, II. Euclid.) 
QP x PP OP PP, 


or QP = QP. 
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Cor. 1.—If a line drawn from C through the middle 
point of QQ meet the curve in D, then the line drawn 
through D parallel to QQ will be a tangent. 

For, suppose it meet the curve again in D’, and let it 
meet the asymptotes in E and Κ΄. 

Then, by this Proposition, DE = D'E'. 

But in the A QOQ, since QQ’ is bisected in G, and 
EE’ || QQ; 

-. DE = DE’. 

Hence DE’ = D'E', which is impossible; .'. ἅο. 

Cor. 2.—Any line PP is an ordinate to the diameter 
passing through its middle point, and the portion of any 
tangent intercepted between the asymptotes is bisected at 
its point of contact. 

Cor. 3.—If any line be drawn parallel to PP’ or EE’, 
it is obvious that the portion intercepted between the 
asymptotes will be bisected by the diameter CD; but the 
segments intercepted between the curve and the asymp- 
totes are also equal, and hence any diameter bisects all tts 
ordinates. 


Cor. 4. PQ x PY = DE’. 


For, if through D a perpendicular be drawn to the axis, 
meeting the asymptotes in K, K”. 


Then DK: DE=PR: PQ; (Similar δ''.) 
also DK':DE'-Pr: PQ’; ( Do.) 
^ DKx DK’: DEx DE’ = PRx Pr: PQx PQ; 
but DK x DK’ = BC?’ =PRx Pr; (Prop. xvii.) 

^ PQx PR =DE x DE’ 
= DE’. (See Cor. 1.) 


Cor. 5.—If through any point on a hyperbola a line be 
drawn in a constant direction, the rectangle under the 
segments intercepted between the point and the asymptotes 
is constant. 
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Proposirion XIX. 


If CP’ be the semi-diameter conjugate to CP, and tan- 
gents be drawn at P, P’, meeting the transverse and con- 
jugate axes in T, T’ respectively ; TQ, 7"Q' perpendicu- 
lars to the axes meeting the circles described on the axes as 
diameters in Q, Q’; then QCA =2 QCB. 





| Fig. 24. 


Join QM, Qw. 


Then QM, Q'm' are tangents to the circles at Q, Q, 
respectively. (Cor. 1, Prop. 1x.) 


PM: MQ-CB:CA, (Cor. 2, Prop. ΙΧ.) 
and | Pmn':mQ-CA:CBD; | | 
. Pn x PM = ϱ x QM. 
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But since ΟΡ 1s || PT; 
-~ PM: MT» Cm : wP; 
. PM xm P= Ow x MT; 
. Qm x QM = Cm' x MT; 
-~ Om: m'Q-2QM : MT 
= CM : MQ; 
(8, VI. Euclid.) 


hence the afm OQR and MOQ are similar ; 
(7, VI. Euclid.) 


and ^ LQCA=LQCB. 
Cor. 1.—CP is parallel to the tangent at 7". 
For P»"-:mT' E ad - 
Ini QD: πι Τ 
|. 4,CA: CB | (Cor. 2, Prop. 1x.) 
υπ μα (8, VI. Euclid.) 
| (QM : MP (Cor. 2, Prop. 1x.) 
~ (CM: QM (Prop. xix.) 


= CM: MP = Pu:C€m; 


'. A* P'm'T' and CPm are similar, and .'. CP || P’7’. 

Hence, if one diameter CP’ of an hyperbola be con- 
Jugate to another CP, then, conversely, CP will be con- 
Jugate to ΟΡ’. 


Cor. 2. PM = Q'w' = Om; and Pw = QM = CM’. 
epee the δ’ Cm’Q and CMQ are similar, 
m Q': MQ = CQ’: CQ 


= CB: CA. 
But PM: MQ- CB:CA; (Cor. 2, Prop. ix.) 
. m: MQ = PM: MQ; 
co mQ = PM. 
Also P'm' : m'Q'- CA: CB 


=QM:Qm'; (Similar A*.) 
. P'm' = QM. g 


142 The Hyperbola. | CHAP. IIT. 


Cor. 3. CM? - CM” = CA’. 
For CA? = CQ'- CM*- QM* -CM* — OM". (Cor. 2.) 
Cor. 4. PM” - PM: = CB’. 


For CB’ = CQ” = Cm” -w R° = PM” -PM’. (Cor.2. ) 


Cor. 5.—The difference of the squares of any pair of 
conjugate semi-diameters is equal to the difference of the 
squares of the semiaxes. 


For CA’ - CB’ = CM’ - CM” - (P'M" - PM") 
(Cors. 3 and 4.) 
= CM? + PM? (ΟΜ; - ΡΜ”) 
=OP = 0r 
Cor. 6. PM: 6Η =CB:CA=PM : ΟΙ. 
For PM: QM =CB:CA; (Cor. 2, Prop. 1x.) 


but QM =w P = CM’; 
ο. PM : CM = CB: CA. 
Again, Cm : CM = CQ': CQ; (Similar Δ΄.) 


<. P'M':CM- CB: CA. 
Cor. 7.—The A* CPM and CP'M' are equal in area. 


For PM x CM = P'M' x CM’. (Cor. 6.) 

Cor. 8. Mm is parallel to an asymptote. 

For Cm’: Om = CQ’: CQ (Similar A*.) 
= QB: QA; 


'. Mw is || AB, and .*. || an asymptote. 
(Cor. 7, Prop. 1v.) 
Cor. 9.—1f MP, mP be produced to meet in O, then 
CO will be an asymptote. 
Since CMOm' is a parallelogram, CO will bisect Mw, 
and .'. it will bisect AB, which is || Mw. 
Hence CO is an asymptote. (Cor. 7, Prop. tv.) 
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PROPOSITION XX. 


If CP, CP’ be conjugate semi-diameters, PM, PM’ 
ordinates to the axis, PT a tangent at P ; then 


A CVM = a PTM, and a CPV = a CPT. 





For ^ CPM: a CHA: a CVM’ = CM’: CA: CM”; 
(19, VI. Euclid.) 


. ACPM- OCHA: ^ CVM'-CM*- CA? : CU”; 


but CM’ -CA* = CM”; (Cor. ὃ, Prop. xix.) 
. ACPM-ACHA- á CVM’, 
Or trap. PUAH = ^CVM'; 


S A PTM = A CVM’. 
(Cor., Prop. xv1.) 


Again, ACPM-ACPM'; 
(Cor. 7, Prop. xix.) 


. ACPM-APTM-^CPM'-ACVM'; 
" ACPV=ACPY. 
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Ῥποροβιτιον XXI. 


If QG be an ordinate drawn to any diameter Pp, from 
any point Q on a hyperbola, cutting the transverse axis in 
L; QS an ordinate drawn to the axis from the same point 
and produced, if necessary, to meet the diameter Pp in K; 
AH a tangent at the vertex; then A QLS = trap. KSAH. 





Fig. 26. 


Let CP’ be the diameter conjugate to CP; draw the 
ordinates PM, P'M' to the axis. 


Then CA:CS:CM= AH: SK: ΜΡ; 


(Similar ΔΑ.) 
^. C4+C8:CA+CM= AH + SK: AH + MP, 
or A'S: A’ M= AH + SK: AH + MP; 


<. A'Sx SA: A'Mx MA-(AH* SK) SA:(AH + MP) MA; 


^. QS’: PAP? = trap. KSAH : trap. PMAH ; 
(Prop. x.) 
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CO A QSL: A PMT = trap. KSAH : trap. PMA, 
(19, VI. Euclid.) 


but A PMT = trap. PUAH; (Cor. Prop. xvt.) 
ο AQSL = trap. KSAH. 
Cor. 1. A QGK = trap. TPGL. 
For A QSL - trap. KSAH. 
. AQGK = trap. GLAH = irap. TPGL. NT 
(Prop. xvi.) 
Cor. 2.—In like manner it can be shown that 
A GQ'K' =trap. TPGL; 
<. A GQK =AGQK’; 
but they are also similar; .'. GQ = GQ. 


Hence, any diameter bisects all chords parallel to the 
tangents at its extremities. (See also Cor. 3, Prop. xvii.) 


Proposition XXII. 


If CP' be the semi-diameter conjugate to CP, QG any 
ordinate to CP; then QG? : PG x Gp = CP”: OP. 
(See Fig. 26.) 


For A CPT: A CGL=CP’: CG. 
(19, VI. Euclid.) 


Division, A CPT: trap. TPGL = CP’: CG - ΟΡ», 


or ACPV: A QGK = CP : PG x Gp; 
(Prop. xx.) 
^ CP” : QG = CP : PG x Gp; 
(19, VI. Euclid.) 
hence QG? : PG x Gp = CP”: CP. 


L 
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Cor. l.—Ordinates to any diameter at equal distances 


from the centre are equal. 
For the rectangles are the same for equal distances 


from the centre. 
Cor. 2.— QE: σα - CP = CP” : CP’. 
For PG x Gp = σα - CP’. 


Cor. 3.—If the ordinate GQ be produced to meet the 
conjugate hyperbola in Q’; then 


ΩΩ”: CG? + CP = CP”: ΟΡ, 





Fig. 27. 
Draw Q'G' an ordinate to CP’. 
Then QG”: CG”? - CP? = CP’: CP’. (Cor. 2.) 
Alt. CG? : CP’ = CG? - CP”: CP’; 
“. σα + CP : CP? = CG”: CP”; 
. OG: CG + CP? = CP”: ΟΡ’ 


Cor. 4.—The squares of the ordinates to any diameter 
are proportional to the rectangles under the segments of 
that diameter. 
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Proposition XXIII. 
If a normal at any point P of a hyperbola meet the 
transverse axis in NV, and the conjugate axis in NV’; then 
PN: CP’=CB:CA=CP: PN’, 
CP’ being the semi-diameter conjugate to CP. 


N 


NS 


AKS 


Fig. 28. 


Since CP is || PT, the A P'Cnm' 1s similar to A PMT, 
and .'. similar to A NPM; 
“2 PEOC: NP=Pm : PM 
= MQ: PM (Cor. 2, Prop. xix.) 
= CA: CB. (Cor. 2, Prop. 1x.) 
Also PN’: PN = CM: MN (Parallel lines.) 
= CÁ? : CB*;  (Cor., Prop. viir.) 
2 PN’xPN: PN? = C£ : CB = PO: PN’; 
hence PN x PN’ = PO’, 
PN’:PC=PC:PN=CA: CB. 
PNxPN = PO. 


L 


or 
Cor.— 
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Proposition XXIV. 


The rectangle under the distances of the foci, from any 
point P on a hyperbola, is equal to the square of the semi- 
diameter CP’ conjugate to that passing through the point. 





Fig. 29. 


Circumscribe the A FPF’ by a circle, cutting the con- 
jugate axis in L and Ν΄; join PN’, FN’; produce PN’ 
to meet the transverse axis in JN. 

Then, since LN’ bisects FF", and is also perpendicular 
toit; .. LN’ is the diameter of the circle, and are. FEN” 
= are FN’; 


hence. 2 FPL = FPL; .. PL 18 8 tangent. (Prop. πι.) » 
Also 2 LPN’ = 90° ; .'. PN is a normal. 


Νου, FPN =2F’PN’, andi PFN =: PN'F; 
(26, III. Euclid.) 


.. the Δ’ FPN and Ε΄ ΡΝ’ are similar ; 
FPP: PN sPN:PE: 


ο. PRS PF’ = PN «x PN’ = CP”. 
' Cor., Prop. xx111.) 


CHAP. III. | The Hyperbola. 149 


Otherwise thus— 
2CA = PF’ - PF; 
S. 44” = PF? + PF’ -2PF'x PF 
(4, II. Euclid.) 
= 2CP? + 2CF’ -2PF’ x PF; 
(Cor., 19, II. Euclid.) 
^. PF x PF = CF’ + CP -2C4* 
= CF’ - CA? + CP? - CA’ 
= CB’ + CP? — CA? (Cor. 5, Prop. ιν.) 
= CP? - CP? + CP” (Cor. 5, Prop. xix.) 
= CP”. | 
Cor. 1.—Since PL bisects the 2 FPF’, it is a tangent, 
and .. PN, which is | PL, is a normal. Hence the 
circle which passes through the foci and any point P on a 
hyperbola, passes also through the points in which the 
tangent and normal at P intersect the conjugate axis. 
Cor. 2.—1f K be the foot of the perpendicular let fall 
from Α΄ on either PF’ or PF produced ; then 


PK =3(PF’ - PF) = sem-transverse axis. 
Cor. 3.—1f Κ΄ be the foot of the perpendicular let fall 
from L on PF’; then 
F'K'-i(PF'- PF) = semi-transverse axis. 
Cor. 4.—— | CA: CB- CP': PN. 
(See Fig. 11.) | 
For | FP:PF-F'N:NF. (Prop. B., VI. Euclid.) 
Div. F'P- PF: PF- F'N- NF: NF. 
Alt. 2CA :2CF = PF: NF. 
Similarly, 2CA : 2CF = PF’: NF’; 
^ CA?: CP? = PF x PF’: NF x NF’. 
OCA CF? - CA! PF x PF’: NF x NF'- PF x PF’ 
“ως ορ SCOP PN. 
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Proposition XXV. 


If CK be a perpendicular let fall from the centre on the 
tangent to a hyperbola at any point P, and CP the semi- 
diameter conjugate to CP; then CE : CA = CB : CP. 





Fig. 30. 


Draw FT, F'T' 1 the tangent at P. 
Since the δ’ FP T and Ε΄ ΡΤ’ are similar; 


: FPR Pa EP eT ar Pare. FT- Fr 


= CA: CK; 
RI VP P: FTE Po CALC he, 
but PP xP SCP. (Prop. xxiv.) 
and FT x F'T'-CB'; (Prop. v1.) 


OP CB = OI Ch 
ΟΡ: BC CA ος 


Cor.—The area of the triangle formed by joining the 


extremities of any pair of conjugate semi-diameters is 
constant. 


For | CP x CK - CBx CA; 
.'. area of ΔΡ ΟΡ = area of A BCA, and therefore constant. 
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Proposition XXVI. 


If a chord PP’ of a hyperbola pass through a fixed 
point O, the rectangle under its segments is to the square 
of the parallel semi-diameter CE in a constant ratio. 


OME 


Fig. 31. 


Draw the diameter passing through O, meeting the curve - 
in S; draw the ordinates SM, SI’. 


Then PN’: CR’ = CN’ - CR”: CR”. (Prop. xxu.) 
Comp. PN’ + CR: CR’? = CN’: CR” 
Alt. PN’ + CR: CN? = CR’: CR”. 
Similarly, SA + CR: Cl’ = CE : CR’; 
o. PN? + CR: SM? 1 CR -= CN? : CH’ 
= ON’: SM’; 
(Similar δι) 
. PN? + CE - ON’ : ON? = SW + CR? - SM : SM’; 
. CE + PO x OP’: ON’? = CÈ : SH. 
Alt. CR + PO x OP: CÈ = ON? : ΔΙ’ 
= CO’: Οδ’. 
Division, PO x OP’ : CR? = CO? - CS? : OD. 
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Case 2.—(The importance of this proposition renders it 
advisable to give a separate demonstration of each case). 

As before, draw the diameter passing through O; also 
PN’ and SM ordinates to the diameters CR and CR’ 


respectively. 





4 Fig. 32. 


SM’: CM’ - CR” = CE : CR”; (Prop. xxu.) 
S κος CM = Ch CR. 
But CN" - CR’: PN” = CR’? : CR”; (Prop. xxi.) 
oO SH? + CR’: CN? = CR = CM? : PN”, 
Or SM’ + CR’: PN’ - CR? = CM’ : CN’ 


- SA: ON’; 
(Similar 4+.) 


^ SM? + CR - SW : SM* = PN? -ON* - CR : ΟΝ’. 
E CR : PO x OP - CE! = Sj : ON? 
- OS? : CO; 
<. PO x OP : CÈ = CS? + CO 08 
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CasE 38.—Same construction. 





Fig. 33. 


PN”: CN” - CR’ = CR” : ΟΠ. (Prop. xxi.) 
Also SM”: CM? - CR’ = CR” : CR’; (Prop. xxi.) 
-. CM? - CR: CN^ - CR = SM”: PN”, 


Or SM - CR: ΡΝ’ - CR’? = CM’: CN’ 
= SM’: ON’; 
ον SW? + CR’ - SW : ΟΝΣ- PN? + CR? = SM’: ON’, 
or ών OP x OP + CR? = CS?: CO’; 


(Similar ^+.) 
^ OP x OPF : CR’ = CO - Οδ’: CS’. 
Cor. 1.—If two chords PP’, pp’ of a hyperbola inter- 


sect, the rectangles under the segments are proportional to 
the squares of the parallel semi-diameters. 


Let Cr be the semi-diameter || pp’. 
Then OP x OP’: CR? = CO - Οδ’: CS? = Op x Op’: Οὐ; 
^ OP x OP’: Op x Op’ = CR ; Cr’. 
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Cor. 2.—If from any point two tangents be drawn to 
a hyperbola, the tangents will be proportional to the 
parallel semi-diameters. 


Proposition XXVII. 


If from a point without a hyperbola two tangents OP, 
OR be drawn, any line AQ' drawn parallel to either will 
be cut by the curve and chord of contact of the tangents in 
geometric proportion. 





Fig. 34. 


Draw the semi-diameters CE and CD || OP and OR 
respectively. 


Then AQ x AQ: AP = CD: CE? 
(Cor. 1, Prop. xxvi.) 
= OR’: OP? 
(Cor. 2, Prop. xxvi.) 
= AB: AP; (Similar Δ'.) 
^. AQ x AR = AB’. 
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Proposition XXVIII. 


If a circle intersect a hyperbola in four points, the 
common chords will be equally inclined to the axis. 





Fig. 35. 


Let PP’, QQ be the common chords intersecting in Ο. 


Draw the semi-diameters CR, CS || PP’, QQ’ respec- 
tively. 


Then OP x OP’ : OQR x OQ = CR’: CS’; 
(Cor. 1, Prop. xxvi.) 


but OP x OP’ = OQ x OQ’; (35, ILI. Euclid.) 
ον CR = CS. 
Hence CR and CS, and .. PP’ and QQ’, are equally 
inclined to the axis. (Cor. 1, Prop. 1.) 


Cor.—In like manner it can be shown that the common 
chords PQ and PQR, also PQ’ and P'Q, are equally in- 


clined to the axis. 
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PROPOSITION XXIX. 


If a tangent to a hyperbola at any point P meet any 
diameter 4 A' in T, and the ordinate PM be drawn ; then 
CA is a mean proportional between CM and CF. 





Fig. 36. 


Draw tangents at A and .4', meeting the tangent at P 
in G and H. 


Then A'T: TA- A'H: AG, (Similar δ") 
and A'M:MA- HP : PG; (Parallel lines.) 
but A'H:AG- HP : PG; 


(Cor. 2, Prop. xxvi.) 
^. AT: TA- ΑΗ: MA; 
^. A'T « TA: A'T- TA - A'M & MA: AM - MA, 
or 2CA : 2CT = 2CM : 264. 
hence CM x CT = CA’. 


Cor. l.—Conversely, if PM be an ordinate to any 
diameter 4/4’, and CT be taken a third proportional to 
CM and CA; then PT will be a tangent to the hyperbola. 


ry 
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Cor. 2.—The tangents at the extremities of any double 
ordinate intersect on the diameter corresponding to that 
ordinate. 

Cor. 3.—If a diameter be drawn through the intersec- 
tion of two tangents toa hyperbola, it will bisect the chord 


of contact. 
Cor. 4.—If the tangent at P meet a diameter of the 


conjugate hyperbola in D, and the ordinate PE be drawn; 
then CB is a mean proportional between CD and CE. 


For CT:CM- TD: DP (Parallel lines.) 
= DC: DE; (Similar A’.) 
^. CT x CM : CM? = DC: DE 
Or CA?: CM? = DC: DE; 
"^. CA: CM* - CA? - DC: DE - DC; 


^ CB: PM or CE?*- DC : CE 
(Cor. 2, Prop. xx11.) 


= DC x CE: CE’; 
hence | CB? = DC x CE. 


Cor. 5.—Any diameter is cut harmonically by a tangent 
and the ordinate to the diameter drawn from the point of 
contact of the tangent. 


Since CU: CA=CA: CT. 
Comp. and Div. 
CM + CA : CM - CA = CA + CT: CA - CT, 
or A M:MA=AT: TA. 
Cor. 6.—Any tangent to a hyperbola will be cut har- 


monically by two parallel tangents and the diameter pass- 
ing through their points of contact. 


For MA’ : MT: MA- PH: PT: PG. 
(2, VI. Euclid.) 
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PROPOSITION XXX. 


If a variable tangent to a hyperbola meet two fixed 
parallel tangents, it will intercept segments on them whose 
rectangle is constant, and equal to the square of the 
parallel semi-diameter. 

See Fig. 36. 

Let PGH be the variable tangent meeting the fixed 
tangents 46, A’H in the points G, H. 

Draw the semi-diameter CB || AG or A’H; also draw 
PE an ordinate to BC. 


Then CT: CA = CA: CM. (Prop. xxix.) 
Division, CT: TA = CA: AM. 
Alt. CT: CA = TA: AM. 
Comp. CT: TA’ = TA: TM; 


. CD: AH- AG: ΡΜ; (Similar A*.) 
. AH x AG- CD x PM 

= CDx CE 

= CB’. (Cor. 4, Prop. xxix.) 


Cor.—The rectangle under the segments of the variable 
tangent is equal to the square of the semi-diameter CQ 
drawn parallel to it. 


For AH: HP- CB: CQ- AG: PG; 
(Cor. 2, Prop. xxv1.) 


<. £H x AG: HP x PG = CP! : CQ. 
But A Hx AG=CB; .. HP x PG= CQ. 
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PROPOSITION XXXI. 


The triangles CPT and CAK, formed by drawing tan- 
gents at the extremities of any two semi-diameters of a 
hyperbola, are equal in area. P 





Draw the ordinate PAM. 
Then TC : CA = CA: CM; (Prop. xxix.) 
SCK CP. (Similar A*.) 
^. KT is || PA; (2, VI. Euclid.) 
C APTA=APKA; — (87, I. Euclid.) 
hence ACPT-A^CAK. 


Cor.—lf the ordinate AN be drawn from A to the 
semi-diameter CP produced; then 


Area of A CMP = area’ of A CAN. 
For  ANis| PT; .. TC: CA- PC:CN; 
hence CA:CM=PC: CN; 
"^. MN is || PA; (2, VI. Euclid.) 
. APAM-APAN; (31,1. Euclid.) 
hence A CMP = A CAN. 
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Proposition XXXII. 


If from the extremities of any two conjugate diameters 
CP, CQ, the ordinates PM, QN be drawn to any other 
diameter CA; then 


OCN? = AM x MA’; and OM = AM x MA’ + CA’. 





4 Fig. 38. 
Fo PM’:CM’-CA=CP: CA’ 
(Cor. 2, Prop. xx11.) 


and QN’ : ON + CL = CPE : CA’; 
(Cor. 3, Prop. xx11.) 


<. PM’: QN* = CMP - C£ : CN’? + CA’; 
but PM : QN = TM: CN; (Similar ^*.) 
— TM^: CN’ = CM’ - C£: ΟΝ’! CA? 
= CM’? — CT x CM: CN? + CA’ 
(Prop. xxix.) 
= CM x TM : CN? + CA’; 
(2, II. Euclid.) 
. TM’: CM x TM = CN’: ON’ + CA’; 
<. TM : CM = CN’ : CN’? + CA’; 
Div. TM : CT =CN’: CA’; 
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“. TM x CM: CT x CM = CN’: CA’; 


but CT x CM = CA’; (Prop. xxix.) 
^ TM x CN = CN’; 
hence CN*-CM?-CMxCT (2, II. Euclid.) 
= CM’ - CA? 
= AM x MA’. 
Also CM’ = CN?’ + CA? 
(00 -AMx MA's OA. 
Cor. 1— COH- CN* = CA’. 


Cor. 2.— QN’ - PM’ = CB’. 
For QN’: (CN? + CA’) or CM? = CB’: CA’, 


and PM’: CM - CA’? = CB: CA’; 
(Cor. 2, Prop. xxi.) 


. QN - PM’: CA? = CPB’: CA’; 
hence QN*- PM? = CB’. 
Cor. 3.— CN: PM=CA:CB=CM: QN. 
For C£: OB? = OM? - CA: PH - ON 1 CA: QN", 
or CA’: CP- CN? : PM’=CM’:QN*; = (Cor. 1.) 
^. CA: CB- CN : PM = CM : QN. 
Cor. 4.—The ^ CMP = a CNQ in area. 
For CN: PM - CM : QN, (Cor. 3.) 
and LCMP-L.CNQ; 
. ^CMP- a CNR. (15, VI. Euclid.) 


M 
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Proposition XXXIII. 


If any tangent to a hyperbola meet any two conjugate 
diameters CP, CQ, the rectangle under its segments is 
equal to the square of the parallel semi-diameter CB. 





Fig. 39. NS 


Draw the ordinates PM, QN, to the diameter passing 
through the point of contact. 


Then CM : PM = 64: AT’; (Similar A*.) 
^ CM x AT'- PM x CA 
= CBx CN; 


(Cor. 3, Prop. xxxn.) 
. CM: CN = CB: AT". 


Again, CN : NR = CA : AT. (Similar A.) 
xs CN x AT « CA x Νο 
= CB x CM; 


(Cor. 3, Prop. ΧΧΧΙΙ.) 
. CM: CN = AT - CB; 


hence CB: AT’ = AT: CB; 
ας AT x AT’ = CB. 
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PROPOSITION XXXIV. 


Given in magnitude and position any two conjugate 
semi-diameters 64’, CP’, of a hyperbola, to find the axes. 





Take A’D a third proportional to CA’ and CB. 


Bisect CD in H. Draw HO 1 CD, meeting A’O 
drawn || CB’ in O. With the centre O, and radius OC, 
describe a circle cutting OA’ in T, 7" ; join CT, CT’ ; draw 
ΑΜ, A'N 1 CT, CT’, produced respectively. Take CA 
a mean proportional between CT and CM; also CB a mean 
proportional between CT’ and CN. Then 64, CB arethe 
axes. 


For CB” = CA’ x A'D (Const.) 

= TA’ x A’T’; (36, III. Euclid.) 

.. CA and CB are conjugate diameters; (Prop. ΧΧΧΙΤΙ.) 

but z TCT’ =90°; .. CA and CB are the axes in position. 
Also CA? = CT x CM, and CB’ = CT’ x CN; 


.. CA and CB represent the semiaxes in magnitude. 
n (Prop. 1x.) 
M 
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PROPOSITION XXXV. 


If any line 7S be drawn parallel to the chord of contact 
of two tangents to a hyperbola, the segments AT, BS, in- 
tercepted between the curve and the tangents will be 
equal. 


JSP 
3 / 
T 
n | 
«Κ΄ ς ! B 
| fie μμ 
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f N 
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) 
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Fig. 41. 


Draw the diameter of the parallel chords B.A, PQ. 
This diameter will pass through O. 
(Cor. 2, Prop. xxix.) 


Then, since PM = MQ; (Cor. 2, Prop. xxi.) 
" TN = NS; 

but AN = NB; (Cor. 2, Prop. xx1.) 
hence AT = BS. 


Cor. 1.—The tangent drawn parallel to the chord of 
contact of two other tangents is bisected at its point of 
contact. 

Cor. 2.—If a line be drawn parallel to the chord of 
contact of two tangents, the segment intercepted between 
the tangents 1s bisected by the diameter passing through 
their intersection. 


CHAP. IIL. | The Hyperbola. 165 


Proposition XXX VI. 


Any line OA drawn through the intersection of two 
tangents to a hyperbola is cut harmonically by the curve 
and the chord of contact of the tangents. 





Through A and 4’ draw TS, T'S' || PQ, the chord of 
contact of the tangents. Then 


TP:TP-TIAxTB:T'A'x TB; 
(Cor., Prop. xxvi.) 


but TB = AS, and T'B' = A'S'; (Prop. xxxv.) 
V TP: T P^ - TA x AS: TA x A'S’: 
but TA: T'4'-OA:04'- AS: AS’: 


(Similar 4.) 
Dp TP = OA 04 


. ΤΡ: TP =0A:0A'; 
hence AQ’: A40 =0A: 04’. (Parallel lines.) 
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Proposition XXX VII. 


Any line drawn through the middle point of the chord 
of contact of two tangents to a hyperbola will be cut har- 
monically by the curve and the line drawn through the 
intersection of the tangents parallel to their chord of con- 
tact. 


P 









s iT 
C. T E M -" ey 
5 IN 
| 


Q 
Fig. 43. Y 


Let TP, TQ, be tangents, BB’ any chord drawn through 
O', the middle point of PQ, and meeting the line drawn 
through ΤΙ PQ in O. Through B” draw B"B' || to PQ; 
join TC. 

Then ΤΟ produced will pass through Ο΄. 

(Cor. 3, Prop. xxix.) 


n" , (PM: 0T 
BU: BB 7 VOT’: BR’ 
S (PT: re "T R 
= iBT’ |. ΒΒ’ (Similar a‘.) 
= D'Tx BT’: BB” x TT". 
But TT’ x BB’ -2B"T x BT; 


. BB 2B"M; 
^. B'M is an ordinate, and B’ a point on the curve. 
Now TB: BI’ = ΒΤ: B’T’; (Prop. xxxvi.) 
^. OB: BO = ΟΡ: BO. (Parallel lines.) 
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Proposition XXX VIII. 


If any line eut the asymptotes of a hyperbola in Q, Q', 
and the curve in P, then the rectangle under PQ and PQ', 
is equal to the square of the semi-diameter CB’ drawn 


parallel to QQ’. 





Fig. 44. 


Draw the semi-conjugate axis CB. Through Q draw 
QRE || CB. 


Then QP x QP’: QR x QR = CB’: CB’; 
(Cor. 1, Prop. xxvi.) 


but QP = PQ, and QR'- RQR”; (Prop. xvin.) 
. QPx PQ’: QR x RQ’ = CB” : CB’: 
but QR x RQ” = CB’; (Prop. XVII.) 


. QP x PY = CB”. 


Cor.—The portion of any tangent intercepted between 
the asymptotes is = the parallel diameter. 

For CB’ = QP x PQ'- DE’. (See Cor. 4, Prop. xvut., 
and Fig. 23.) | τ 
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Proposition XXXIX. 


The parallelograms inscribed between the curve and its 
asymptotes are equal. 





Fig. 45. 


Let ΟΜΡΝ, CM'P'N' be the parallelograms. 
Join PP’, and produce it to meet the asymptotes in 


Q, Q. 
; , (PM: PM’ 
Then o CMPN : o C'P'N' - py. PA! 
(23, VI. Euclid.) 
7 PQ: ΟΡ’ l 
PR: τα 
(Similar A*.) 
But PQR = PR, and PQ = QP’; (Prop. xvi.) 


hence o CMPN = o CMP N’. 
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Cor. 1.—The area of the sector of ahyperbola, made by 
joining any two points on the curve with the centre, is 
equal to the area included between the curve, one asymp- 
tote, and the lines drawn through the points parallel to the 
other asymptote. 

For the δ’ CP'N' and CPN are equal in area, being 
halves of equal parallelograms ; take them successively 
from the figure CPP’ Ν΄, and sector CPP’ = figure NPP' N’. 


Cor. 2.—The hyperbola continually approaches its 
asymptotes, but can never meet either at any finite dis- 
tance. | 

For, the area of the à CMP.N being constant ; 


.. PM varies inversely as PN or CH; 
hence, as CM increases, PM will diminish. 


And .'. when CM becomes infinitely great, PM will be 
infinitely small. 


Cor. 3.—The area of the a formed by any tangent to 
a hyperbola with the asymptotes is constant. 
For the portion of a tangent at any point P intercepted 
between the asymptotes will be bisected at its point of 
contact (Prop. xvin.) ; 


'. area of A RCS = 2 area of à CMPN, and .. constant. 


Cor. 4.—If two hyperbolas have the same asymptotes, 
the segments of any line, drawn parallel to either asymp- 
tote, intercepted between the curves and the other asymp- 
tote, are in a constant ratio. 

If the second hyperbola be supposed to cut PN in p, and 
PN inp’; 
then poOP:oCp-oCP':uaC€y; 


^ PN:pN-PN':pN.. 
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PROPOSITION XL. 


If through any point P on a hyperbola lines OPO, 
QPQ be drawn parallel to any two adjacent sides AD, DC, 
of an inscribed quadrilateral, meeting the opposite sides in 


O, O', and Q, Q: then 
PO x PO' : PQ x PQ' m a constant ratio. 


A 
| 





Fig. 46. 


Through B and C draw BE and CG || AD; join AG, 
and produce it to meet EB in H. 

The diameter which bisects GC and BE will also bisect 
AD, and will .'. bisect HK and ZO’. Hence BH = EK, 
and O V = PL. 


Now , OL : BH = LA : AH 
= 0D: DK. (Parallel lines.) 
Alt. OL: OD = BH: DK. 


Also PO or SC: SQ- BK: KC; (Similar A‘.) 
. OLx PO: ODx SQ- BH x BK: DK x KC; 
<. OL x PO: PR x SQ2 EK x BK: DK x KC 
| =OVx OP: O0Cx OD 
=PLx OP οκ το 
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^ OLx PO+PLx OP: PY x SQ- PSx PR 
= EK x BK: DK x CK ; 
or POx PO': PQ x PR - EK x BK: DK x KC; 


Now it is evident that the points A, B, C, D being fixed, 
E is also fixed, and ... EK x BK : DK x KC ina constant 
ratio, and ... PO x PO’: PQ x PQ in a constant ratio. 


Proposition XLI. 


If from any point P on a hyperbola lines PR, PE, 
PS, PS’ be drawn to the sides of an inscribed quadri- 
lateral, making with them any constant angles; then the 
rectangles under the lines drawn to the opposite sides will 
be in a constant ratio. 





Fig. 47. 


Take any other point p on the curve. 
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Through the points P and p draw QPQ and qp || DC, 
and OPO’, poo’ || AD; also pr, pr’, ps, ps | PR, PR’, PS, 
PS' respectively. 


Then PR: pr = PR: pq, (Similar Δ.) 
and PR’: pr = PQR : pd; 
^ PR x PR : pr x pr =PQx« PQ : pq x pq. 
Similarly it may be proved that 
PS x PS’: ps x ps = PO x PO : po x po’; 
but Ροκ PQ: PO x PO - pq x pd : po x po’; 
ο. PR x PR : PS x PS’ = pr x pr’: ps x ps. 


Cor. 1.—The rectangle under the perpendiculars let 
fall from any point of a hyperbola on two opposite sides of 
an inscribed quadrilateral is in a constant ratio to the rect- 
angle under the perpendiculars let fall on the other two 
sides. 


Cor. 2.—If the points 4 and D coincide, also the points 
B and C, then the sides 4D and BC become tangents, and 
the sides AB and CD coincide and become the chord of 
contact. Then the rectangle under the perpendiculars let 
fall from any point of an hyperbola on two fixed tangents 
is in a constant ratio to the square of the perpendicular let 
fall on their chord of contact. 

Cor. 3.—If we suppose 4B, CD to intersect in X, and 
AC, BD in Y; also that PR, PR’, PS, PS’, pr, pr’, ps, 
ps le in the lines XY; then, regarding ACBD as the 
quadrilateral, the above proportion becomes 


PX? PY =pX* 2 pY; 


.. XY is cut harmonically by the curve. 
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Proposition XLII. 


If two fixed tangents DP, DQ, to a hyperbola be cut 
by a diameter AB parallel to their chord of contact, and 
by a third variable tangent HF, the rectangle under the 
segments of the two fixed tangents intercepted between the 
diameter and the variable tangent is constant. 


\ 
κ 





Fig. 48. 


Join PC; produce it to meet the curve in R; join BR. 
Since CA= CB; (Cor. 2, Prop. xxxv.) 
- O* ACP and BCR are equal; (4, I. Euclid.) 
. BR is = and || AP, and .'. a tangent. 
7 . BR be supposed to be produced to meet FE produced 
thn — RB:PE- RZ:PD (Prop. xxx.) 
= RZ- RB:PD- PE = BZ: ED; 
^ AP: PE = BF: FD; 
“AP: ΑΡ. PE = BF: BF- FD; 
<. AP: AE- BF: BD; 
. AE x BF= BD x AP, and .'. constant. 
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Proposition XLIII. 


To describe a conic section to pass through five given 
points. 





Fig. 49. Fig. 50. 


Join BD and CE. Through A draw AQ BD, and AS 
|| CE; in AQ find a point P, and in AS a point 7, such 
that 

BR x RD: CR x RE- AQ x QP: CQ x QE, 


and DR x RD: CR x RE = BS x SD: AS x ST. 


The points P and T will (Prop. χχτι. Chap. 11., and 
Cor. 1, Prop. xxvi. Chap. 111.) be points on the curve. 

If .. we bisect AT in N, and CE in M, and join MN, 
this line will evidently pass through the centre. Likewise 
bisect AP in K, and BD in H, and join KH; this line 
will also pass through the centre. Should MN and KH 
happen to be parallel the curve will be a parabola ; if not, 
their point of intersection will determine the centre of the 
curve. 


Now determine OV, such that 
Pk’: DH’ = OV’? ~ OR’: OV’ ~ OF’; 
then (Cor. 2, Prop. xxr.) OV will be a semi-diameter to 
which PK and DH are ordinates; hence any number of 


ordinates and points on the curve may be found. Also the 
axes (by Prop. xxx. Chap. 11., and Prop. xxxiv. Chap. 111.). 
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Proposition XLIV. 


To describe a conic section to touch five given right 
lines. 





First, consider the quadrilateral BFGH formed by any 
four of the five tangents; draw the diagonals; let them in- 
tersect in K. Next consider the quadrilateral AGHL 
formed by leaving out another tangent; draw the 
diagonals ; let them intersect in M. 

In this way go round the figure, leaving out in succession 
each of the tangents, and three other points JV, O, P, may 
be similarly found. The line joining K, M, produced will 
intersect the tangents in a, B; and the line joining AP 
produced will intersect the tangents in y, 6, points on the 
curve. 
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For the intersection K of the diagonals of the quadri- 
lateral BFGH is (by Prop. xr.) a point on the chord of 
contact of the required conic with the lines FG, LH; also 
the intersection M of diagonals of the quadrilateral 
AGH LL is, by same Prop., a point on the chord of contact 
with the same lines; .'. a, B, are the points of contact of 
the required conic with these lines. Similarly it may be 
shown that y, ὃ, and s, are the points of contact with the 
other right lines. 


Ῥποροβιτιον XLV. 


If a right cone becut by a plane which, when produced, 
euts the opposite cone, the section will be a hyperbola. 





Fig. 62. 


Let the plane BVE drawn through the axis of the cone 
perpendicular to the plane of the section coincide with the 
plane of the paper, then both the section APM and the 
base BPE will be 1 the plane of the paper; .'. the line 
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MP in which the section cuts the base is { the plane of 
the paper, and... L BE. 


Hence BM x ME = MP. (85, III. Euclid.) 


If now any other plane dpe be drawn || the base, meet- 
ing the section in pm, it can similarly be shown that mp 
is | be, and .. bm x me = mp’. 


But BM :bm- 4Η: Am; - (Similar ^*) 
also ME : me = MA : mA; 
^. BM x ME: bm x me = A'M x MA: Am x mA, 
or MP" : mp? = AM x MA: A'M x mA. 
Hence the section is a hyperbola. (Prop. x.) 


Cor. 1.—The conjugate axis is a mean proportional 
between the diameters of the sections drawn through 4 and 
A’ parallel to the base. 

This follows, as in Chap. 11., page 108. 


Cor. 2.—The spheres inscribed in the cone, to touch the 
plane of the circle, will determine the foci. 
This follows, as in Chap. 11., page 109. 


4 


APPENDIX. 


Maxy solutions having been given of Problem 9, page 110, 
I consider it advisable to add the following :— 

Let PP’ be the focal chord. 

Draw the tangents, and also the normals at P and P. 
Suppose the former to intersect in 7, and the latter in N. 
Let the line drawn through Ν || to the axis intersect PP’ 
in O, and FT in G. 

Draw NH 1 PP. 

Then 7 is the centre exscribed to the ^ PF'P', and N 
16 the centre of the inscribed circle ; |. 


ον F, N, F, are in directum ; 
also TFis | PP’; (Prop. x11.) 
vq τ.μ. 
(G. & H.’s Euclid, Appendix, Book IV.) 
Now P'.F'NPT is a harmonie pencil ; 
^ F.F'NPT is a harmonic pencil. 
ον NG, which is || FF is bisected at O ; 
hence FO = OH; (26, I. Euclid.) 
POS OP. 


In Cors. 2 and 3, Prop. XI., Chap. III., in order to 
describe the position of the point, it 1s assumed that the 
curve is concave towards the transverse axis. This pro- 
perty is fully demonstrated in Cor. 4, Prop. IX. It 1s to 
be noted that the essential property of the tangent, proved 
in Prop. III., does not depend on the assumption. 


THE END. 
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PREFACE. 


Geometry, at once ancient and modern, is the 
science of Euclid, Archimedes and Apollonius, of 
Kepler, Desargues, Newton and Poncelet. Geome- 
trical processes have indeed been simplified and 
their applications greatly extended in recent times, 
but the modern methods may be traced to the 
ancient as their germ and source, and thus it 
remains in a sense stil true that there is but 
one road for all, ἐν τῇ γεωμετρίᾳ πᾶσίν ἐστιν ὁδὸς μία. 
The modern infinitesimal calculus is an adaptation 
of the ancient method of exhaustions, the method of 
Descartes differs only in the manner of its appli- 
cation from that of Apollonius, the idea of perspective 
was already formulated by Serenus, and the principle 
of anharmonic section with the leading properties 
of transversals are found in the lemmas of Pappus 
to the lost three books of Porisms of Euclid. There 


is not however in the works of the Greek geometers 
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any distinct foreshadowing of Kepler’s doctrine of 
the infinite, of his principles of analogy and con- 
tinuity, or of the theory of ideal chords and points, 
at length completed by Poncelet's discovery of the 
so-called circular points at infinity in any plane. 

In the present as in & former work (1863) I 
have commenced with an elementary treatment 
of the general conie im plano, following out a 
suggestion made by Professor Adams in a course 
of lectures on the Lunar Theory delivered in 1861. 
This department of the subject has now been made 
more complete with the help of the Eccentric 
Circle, the characteristic feature of a masterly 
though neglected work of Boscovich. In the chapter 
on the Cone the focal spheres are more fully 
discussed, and the angle-properties of the sections 
as well as their metric properties are deduced. 
The chapter on Orthogonal Projection contains 
proofs of Lambert’s theorem* in elliptic motion. 
To the chapter on Conical Projection is appended 
some account of the homographic method of Rever- 
sion, which springs out of the above mentioned con- 


struction of Boscovich. 


* It has been remarked that, so far as relates to the parabola, Lambert's theorem 
is implicitly contained in Newton's Principia lib. 111, lemma 10. See Lagrange 
Mécanique Analytique tome 11. p. 28, ed. 3 (1853—5); Brougham and Routh dn 
analytical view of Str Isaac Newton's Principia p. 436 (Lond. 1855). 
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Abundant references will be found to the works 
of authors to whom I am indebted. Suffice it here 
to add that my warmest thanks are due to the 
Reverend Professor Richard Townsend, F.R.S., 
Fellow of Trinity College, Dublin, who has been 
at all times ready, in the midst of pressing 
engagements, to aid me with his criticism and 
advice, and has from first to last shewn as great 
an interest in the work now brought to a close 
as if it had been his own. 


C. TAYLOR. 
St. John's College, 
December 81, 1880. 
ERRATA. 

Page 42, Ex.73 for 18 read varies as. 
Page82,line25 — , 1657 » 1710. 

Page 136, ποιον’ ,, Le Sueur » Le Seur. 

Page 194, Scholium ,, Erastosthenes ,, Eratosthenes. 
Page 206, Ex. 645 , two or more  J, two. 


Page 257, line 29 » Dynamics » Dynamic. 
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PROLEGOMEN A. 


SECTION LI. 


GEOMETRY BEFORE EUCLID. 


N.B. References within square brackets [ ] occurring in the 
Prolegomena are to the pages of the present work. 


§1. The science of Geometry, as its name suggests, was 
developed from the art of land surveying, to which ancient 
testimony likewise refers us for its origin. The practice of 
systematic land measurement is said to have been forced upon 
the Egyptians by the annual rise and fall of the river Nile, 
which from time to time left portions of land that had been 
high and dry submerged, or vice versa, so that the owners 
were unable to distinguish what belonged to each. Thus 
writes Hero* the elder, of Alexandria, and to the same effect 
‘Herodotus (t1. 109), Diodorus Siculus and Strabo, as cited by 
Bretschneider in his excellent monograph on the history of 
geometry before Euclid.t Whether the Nile altogether played 
the part attributed to it in the advancement of science is matter 
of question, but it may be conceded to the concurrent testimony 
of ancient writers that the Egyptians had laid the foundation 
of concrete fact upon which the superstructure of Greek abstract 
geometry was to be reared. 


* Heronis Alexandrini Geometricorum εἰ Stereometricorum reliquie, p. 138 ed. 
Hultech (Berlin 1864). He flourished within the period B.o. 285—222, or later. 

+ Die Geometrie und die Geometer vor Euklides (Leipzig 1870). See also 
Dr. Allman’s paper on Greek Geometry from Thales to Euclid, in Hermathena 
vol 411, 160—207 (Dublin 1877). 
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§ 2. Eudemus of Rhodes (a disciple of Aristotle and an 
immediate predecessor of Euclid) was the primary authority 
on the early history of mathematics;* but his writings on the 
history of geometry and astronomy, which appear to have 
been composed in a philosophical spirit, now no longer survive, 
except so far as they are embodied in the still extant works 
of his successors. The important list of early geometers given 
by Proclus Diadochust (A.D. 412—485) in his commentary on 
the first book of Euclid's elements is not unreasonably thought 
to have been derived from Eudemus. The following is the 
substance of the passage, of which the original Greek with a 
German rendering may be found in the above mentioned work 
of Bretschneider, pp. 27—31. It is taken from lib. ΙΙ. eap 4 
of the commentary, which was written in four books :— 

“Geometry is said by many to have taken its rise from the 
measurements rendered necessary by the obliteration of land- 
marks by the Nile. And it is nothing strange that this and 
other sciences should have arisen from practical needs, since 
there is a general tendency in things from imperfection to 
perfection, in accordance with which law we pass naturally 
from perception to reflection and thence to intellectual insight. 
As then the Pheenicians were led on from trade and barter to 
systematic arithmetic, so the Egyptians discovered geometry in 
the manner aforesaid. 

First Thales went to Egypt and brought over this science 
to Greece. He made many discoveries himself and suggested 
the beginnings of many to his successors, apprehending some 
things more in the abstract but others in a limited and percep- 
tional way. Next Ameristus, brother of the poet Stesichorus, 
became famed in geometry, as Hippias of Elis relates. Pytha- 
goras, who succeeded them, transformed it into a liberal science, 
investigating its first principles and regarding theorems from 
the immaterial and intellectual standpoint. He it was who 


* His contemporary Theophrastus also wrote something about mathematics, 
amongst a multitude of other subjects, according to the statement of Diogenes 
Laertius (lib. Υ. cap. 2). 

t Notice the editions mentioned on p. [82], and the Latin edition of Barocius 
(Patavii 1560). 
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discovered the theory of irrational quantities and the construction 
of the regular solids. After him came Anaxagoras of Clazo- 
mene and Oenopides of Chios, who are mentioned by Plato 
as famed in mathematics. After them Hippocrates of Chios, 
who quadrated the lunule and was the earliest writer on the 
Elements, and Theodorus of Cyrene became eminent in 
geometry. Plato, who succeeded Hippocrates, greatly encour- 
aged the study of mathematics and geometry by the frequent 
use of mathematical considerations in his philosophical writings. 
To this age also belong Leodamas of Thasos, Archytas of 
Tarentum and Theztetus of Athens. Younger than Leodamas 
were Neocleides and his disciple Leo, who added much to 
the work of their predecessors. Leo also composed a work 
on the Elements characterised by the greater number and 
importance of its propositions, and he assigned the limits within 
which a construction was possible. Eudoxus of Cnidus, an 
associate of the school of Plato and somewhat junior to Leo, 
increased the number of general theorems, added three new 
proportions to the three already known, and developed Plato’s 


doctrine of the section (of a line), making use in his investi- 
gations of the method of geometrical analysis. Amyclas of Ansiysis. 
Heraclea, Menzchmus (a pupil of Eudoxus and contemporary 

with Plato) and his brother Dinostratus made geometry as a 
whole still more complete. Theudius of Magnesia, a writer 

on the Elements, and Atheneus of Cyzicus were greatly 
distinguished especially in geometry. These lived and worked 
together in the Academy. Hermotimus of Colophon carried 

on the discoveries of Eudoxus and Thestetus, and also wrote 

some things upon loci. Philip of Mende was led by Plato Loci. 
to study mathematics in relation to the Platonic philosophy. 
Thus far do the writers on the history of geometry bring the 
science.* 


Not much junior to the above was Euclid, who compiled 
the Elements, putting in order many discoveries of Eudoxus, 


* If the history of Eudemus breaks off before Aristaeus, whose writings preceded 
Euclid’s, we may conjecture that it was completed before 320 B.c. It is impossible 
to determine the precise dates of the early geometers. 
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completing many of Theztetus, and replacing the former lax 
demonstrations by incontrovertible proofs. He lived in the 
reign of the first Ptolemy, in answer to whom he is reported 
to have said that there was no royal road to geometry.* He 
was therefore younger than the disciples of Plato, but elder 
than the contemporaries Eratosthenes and Archimedes. Being 
a Platonist, he made the construction of the Platonic bodies 
(or regular solids) the goal of his work upon the Elements.” 


§3. Of the above mentioned early geometers ‘[hales, 
Pythagoras, Hippocrates, Menzchmus and some others deserve 
to be noticed more particularly. Thales of Miletus, of Phe- 
nician ancestry and the founder of the Ionian school of philo- 
sophy, was the first to naturalise the study of geometry amongst 
the Greeks, Visiting Egyptt as a trader, he brought back 
thence late in life to his native place such knowledge of 
geometry and astronomy as he had been able to pick up from 
the priests. He was born about the commencement of the 
35th Olympiad, and died (according to one account) at the 
great age of 90 years, or upwards. His reputation was made 
once for all by the prediction—to what degree of accuracy we 
know not—of an eclipse of the sun, which duly came to pass 
(28th May, 585 B.c.)f; and this well attested fact corroborates 
the statement of Diogenes Laertius (lib, 1. cap. 1) that he 
first came to be styled σοφός in the archonship of Damasias. 
Although he is said by Proclus in general terms to have made 
many discoveries in geometry, the following alone are ex- 
pressly attributed to him.| (1) The circle is bisected by its 


* The saying referred to (Bretschneider p. 163) is also attributed to Menzchmus, 
who is said to have replied to Alexander: “In the country, O king, there are roads 
ἰδιωτικαὶ καὶ βασιλικαί, but in geometry there is one road for all.” 

t The foreign travels of the early Greek philosophers are however sometimes 
thought to be attested by insufficient evidence. Cf. Renouf’s Hibbert Lectures Lect. VI. 
p. 246 (London 1880), 

1 The Egyptians had doubtless supplied him with the facts on which his cal- 
culation was bused. Diogenes Laertius states that they had observed more than 
1200 eclipses of the sun or moon. See Bretachneider pp. 89, 52. 

|| See Proelus on Euclid r. def. 17 and props. 5, 15, 26 (Thos. Taylors Proclus 
vol. 1. 100; 11. 24, 96, 143) ; Diogenes Laertius lib. 1. cap. 1. 88 3, 6. 
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diameter. (2) The angles at the base of an isosceles triangle 
are equal to one another. (3) When two straight lines cut one 
another the vertical angles are equal. (4) A method of de- 
termining the distance of a ship at sea from the land, implying 
the knowledge of a theorem equivalent to Euclid r. 26. (5) 
The angle in a semicircle ia a right angle.* And (6) a method 
for determining the heights of the pyramids from the lengths of 
their shadows, viz. at the moment when the sun is at an eleva- 
tion of 45" above the horizon.t 

The fact that a theorem was attributed to Thales by his suc- 
cessors does not altogether exclude the supposition that he had 
himself received it from the Egyptians; and accordingly it has 
been thought that the second only of the above theorems was 
in reality discovered by him. The theorem (5) may have been 
arrived at by the Egyptian geometers by supposing first a 
square and then any rectangle inscribed in a circle to be turned 
about within it; and it is impossible to lay much stress on (1) or 
(3). The method (4) if actually known to Thales was probably 
discovered by him, but if (as has been conjectured) he was 
acquainted only with the case of the right-angled triangle, his 
knowledge of this, as also of (6), may very well have been 
derived from the Egyptians. On the whole we may conclude 
that he probably made some advance towards that abstraction 
by which the Greek geometry, in contrast with the Egyptian, 
was to be characterised; but more than this cannot safely be 
affirmed until we are better informed as to the “many things” 
which he is said to have discovered for himself. Thales was 
acquainted with the globular form of the earth, which was held 
by his school to be at the centre of the world. 





* 'This is of course the meaning of the statement that he was the first to inscribe a 
right angled triangle in a circle, 

f Plutarch in his Symposium states the method in a form requiring a knowledge 
of similar triangles and applicable at any time of the day. The most trustworthy 
part of the story is that the method in its simpler form was used in Egypt. It would 
serve for an obelisk, but scarcely for a pyramid. 

1 This view is taken by Bretschneider (p. 43), who attributes (2) only to Thales 
himself. For a more appreciative estimate of his contributions to geometry see 
Hermathena vol. 111. 173. 
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$4. The name of Pythagoras of Samos next arrests our 
attention. Although the date of his birth and his age at his 
death are variously given, he was doubtless a young man when 
Thales, of whom he was regarded as the successor, died. At 
the instigation of Thales he visited Egypt, where he resided 
many years, learned the Egyptian language and received in- 
struction from the priests. After this he is said to have visited 
or been carried captive to Babylon. Returning to Samos at a 
time when Ionia had lost her independence, he migrated thence 
to Crotona in Magna Grecia, where he gathered round him his 
exclusive brotherhood and became the founder of the famed 
Italian school; but in course of time he was banished by the 
democratic party, and died shortly afterwards at Metapontum. 
We proceed to notice some of the chief discoveries in mathe- 
matics attributed to him, remarking however that it is impossible 
to distinguish with certainty between the discoveries of the 
master and his scholars, since the doctrines of the sect were in 
the first instance communicated only to its members, and when 
they came at length to be divulged it was the practice to 
attribute everything to Pythagoras himself. Hippasus, who 
offended against this rule, was lost at sea for his impiety 
(Iamblichus Vit. Pythag. cap. 18). He had taken credit to him- 
Belf for the construction of the sphere circumscribed to a regular 
dodecahedron (τὴν ἐκ τῶν δώδεκα πενταγώνων), whereas every- 
thing belonged to Him (εἶναι δὲ πάντα ’Exeivov), “ for so they 
call Pythagoras, and not by his name.” 


a. The square on the hypotenuse of a right angled triangle 
ts equal to the sum of the squares on the sides containing the 
right angle. 

In honour of this great discovery, as also on some other 
occasions, Pythagoras is related to have offered a sacrifice. 
There is no evidence to support the conjecture that the theorem 
was known in its generality to the Egyptians, although it must 
be allowed to partake of an Egyptian character,* and may have 


* The Egyptian geometry had very little that was of an abstract or general 
character, but consisted mainly in the computation of areas or volumes, and in such 
special constructions as are required for geometrical drawing. Of. Eisenlohr's edition 
of the Rhind papyrus, published under the title Ein mathematisches Handbuch der 
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been first proved by an application of the Egyptian method. 
The Egyptians were acquainted with the fact that the triangle 
whose sides contain 3, 4, and 5 units of length respectively is 
right angled (Plutarch De Iside et Osiride cap. 56), which 
is a special case of the theorem of Pythagoras; and they must 
also have been familiar with the still simpler case in which 
the right angled triangle is isosceles. To prove it for this 
case, let one square be supposed to be inscribed symmetrically 
in another. Then it is easily seen that the four triangles at 
the corners may be fitted together so as to form two squares, 
the sum of which is equal to the area of the inscribed square; 
whence the theorem at once follows for the case in question. 

By some such method of dissection of figures the general 
theorem also was perhaps arrived at; and that it was not in 
the first instance proved by the method of Euclid might have 
been taken for granted, even without the express statement of 
Proclus in his comments upon Euclid 1. 47. To prove the 
theorem generally,* let one square inscribed in another divide 
each side of the latter into segments equal to a and b respec- 
tively, and let the side of the inscribed square be equal to À. 
Then the whole figure, being made up of A and the four 
triangles, is evidently equal to 4*+ 2ab. Next, by considering 
the figure of Euclid ΙΙ. 4 (omitting the diagonal), we see that 
the outer square may also be cut up into two rectangles, each 
equal to ab, and two squares equal to α΄ and 6° respectively. 
Hence it follows that 

k? + 2ab =a" + b, + 2ab, 
and therefore À' is equal to a*+ ὁ", or the square on the hypote- 
nuse of one of the triangles is equal to the sum of the squares 
upon its sides. Thus the theorem is shewn to be true for 
any right angled triangle. Pythagoras added a rule for finding 
triads of integers a, b, k satisfying the relation a* -- 2 — 4". The 
problem of the three squares would naturally suggest an analo- 
gous problem relating to cubes; and to a special case of the 


alten. Aegypter (Leipzig 1877), and accompanied with a German translation in a 
separate volume. 
* The proof here given is taken from Bretschneider's Die Geometrie gc. pp. 81—2. 
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latter, the Duplication of the Cube, we shall see that the 
further progress of mathematics was indirectly to a very great 
extent due. 


b. The three angles of a triangle are together equal to two 
right angles. 

Eudemus, according to a statement of Proclus on Euclid I. 32, 
ascribes the discovery of this theorem to the Pythagoreans, 
together with a general proof of it not unlike that given by 
Euclid. But since Eutocius,* on the authority of Geminus, 
asserts that the ancients were accustomed to prove it separately 
for the equilateral, isosceles and scalene triangles, whilst only 
the later geometers proved it generally once for all, it has been 
conjectured that its truth may have been known even to the 
Egyptians, the general proof only being Pythagorean. Although 
the fact that the area about a point can be filled up by equi- 
lateral triangles, squares or regular hexagons, and by no other 
regular figures, is said by Proclus (on Euclid r. 15, Cor.) to 
be a Pythagorean discovery, the positive part of it must have 
been observed by the Egyptians, who must therefore have 
known that the three angles of an equilateral triangle are 
together equal to two right angles. They may also have 
inferred the same for any right angled triangle’regarded as 
the half of a rectangle; and it would then remain only to 
observe that an isosceles or scalene triangle may be divided 
into two right angled triangles. By some such process the 
theorem (by whomsoever discovered) may have been first 
arrived at; or it may have been shewn experimentally that 
the six angles of any two triangles exactly fit into the area 
about a point. 


c. The regular polyhedra. 

We have seen that the construction of the regular solids 
was attributed to Pythagoras by Proclus, doubtless upon the 
authority of Eudemus. Of these five figures the tetrahedron, 
the cube and the octahedron were known to the Egyptians 
and occur in their architecture; but it does not appear that 


* Halley's Apollonius p, 9; Bretechneider’s Die Geometrie dc. p. 14. 
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they were acquainted with the icosahedron or the dodecahedron. 
In the construction of the last mentioned solid the regular 
pentagon is required; and with this the Pythagoreans were 
familiar, since they used the starred pentagram,* formed by 
producing its alternate sides to meet, as a secret token of 
recognition symbolical of ὑγίεια, the letters v, y, 4, 0 (= et), 
a being written at the five angles of the figure. Moreover 
we have seen [p. xxii] that the knowledge of the dodecahedron 
was said to have been possessed and divulged by the Pytha- 
gerean Hippasus. The regular solids were also called the 
“cosmic figures,” the dodecahedron being taken to represent 
the material world, and the remaining four its elements of 
earth, air, fire, and water. 


d. The application of areas. 

The παραβολή or application of areas is attributed in general 
terms to the Pythagoreans (Proclus on Euclid 1. 44), and also 
to Pythagoras in particular, who is said to have sacrificed 
an ox, ἐπὶ τῷ διαγράμματι,] where the reference is either to 
this discovery or to that of the theorem of the three squares 


(Euclid 1. 47). An area, according to Proclus, was said to 
be applied to a right line when an equal area was described 
upon the line as base; but the term was also used more 
generally to include the cases in which the base of an area 
placed upon a given line was in excess (ὑπερβολή) or defect 
(ἔλλειψις) of the line to which it was “applied.” Although 
it has not been made out wherein consisted the importance 
of the discovery in the hands of the Pythagoreans, we shall 
see that it played a great part in the system of Apollonius, 
and that he was led to designate the three conic sections by 
the Pythagorean terms Parabola, Hyperbola, Ellipse. It is 
not however to be thought that Pythagoras or his school had any 
acquaintance with these curves, although, through a misunder- 
etanding and consequent misreading of the term παραβολή of 


5 On the Polygones étoilés see Chasles Aperçu historique pp. 476—87 (1875). 

t See Boeck’s Platonica corporis mundani fabrica gc. (Heidelberg 1809). 

1 Plutarch on Epicureanism, cap. 11. See Plut. Op. 1v. 1338, ed. Dübner (Paris 
1841), where the misreading περὶ τοῦ χωρίου τῆς παραβολῆς occurs, 
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areas, he has been supposed to have anticipated Archimedes 
(whose name, as it happens, follows in the immediate context) 
in his discovery of the quadrature of the parabola. 


e. Incommensurability and proportion.* 

To Pythagoras, as we have seen [p. xix], was attributed the 
theory of incommensurable magnitudes, which may be regarded 
as a corollary from his theorem of the three squares (Euclid 1. 47). 
He was also acquainted with the doctrine of proportion, and 
is related by Plutarch to have solved the problem, to describe 
a rectilinear figure equal to one and similar to another given 
figure (Euclid v1. 25), and on this occasion also to have offered 
a sacrifice; but whether he completed the theory of proportion 
by extending it to the case of incommensurable magnitudes 
we are unable to say. lamblichus states that in the time of 
Pythagoras three kinds of proportion only were known, viz. 
*the arithmetic, the geometric, and in the third place the 
Bubcontrary, as it was then called, but which was afterwards 
called the harmonic by the associates of Archytas and Hippias.” 
Further on he remarks of the so called “most perfect” or 
* musical" proportion, 


which combines in itself the three former, that it was said to 
be a discovery of the Babylonians and to have been brought 
by Pythagoras to Greece. To him belongs the credit of com- 
bining the Eastern science of arithmetic, which he esteemed 
so highly, with the Egyptian science of geometry. 


Sf. The circle. 

Iamblichus,[ giving however no details, says that although 
Aristotle may not have squared the circle the problem was 
at any rate solved by the Pythagoreans. This problem, as 
we learn from the Rhind papyrus (ed. Eisenlohr vol. 1. 98, 117), 
had already engaged the attention of the Egyptians, who 
estimated the circle on a diameter of nine units to be equal 


* See Bretschneider pp. 75, 83. 
t See the extract from Simplicius on Aristotle given by Bretschneider, p. 108. 
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to the square on a line containing eight, thus making π equal 
to 343. Having regard to the perfect symmetry of the sphere 
and the circle, Pythagoras speaks of the one as the most 
beautiful of solids and the other of plane figures (Diogenes 
Laertius lib. VIII. cap. 1); but there is no ground for the 
Statement sometimes made that he speaks of the circle as the 
maximum plane figure having a given perimeter and of the 
sphere as the maximum solid having a given surface.* 


$5. The further development of geometry was due in great Loci. 

measure to repeated attempts to square the circle, to trigect 
an angle and to duplicate the cube, which led to the discovery 
of various geometrical loci. Thus PappusT ascribes to Dinos- 
tratus and Nicomedes the use of the quadratrix for squaring 
the circle; and Proclus (on Euclid 1. 9) relates that Nicomedes 
trisected a given angle by means of the conchoid (of which 
he had himself discovered the genesis and investigated the 
properties), others used the quadratrix of Hippias or Nicomedes 
for the same purpose, whilst others by means of the spiral of 
Archimedes divided a given angle in any given ratio. The 
problem of the duplication of the cube, as we shall see, was 
solved by the intersections of parabolas or other conics, and 
perhaps actually led to the discovery of the sections of the 
cone. It is to be noticed that the construction of such a curve 
as, for example, the quadratrix implies the conception of the 
idea of a Locus, of which before the time of the above mentioned 
Hippias of Elis, a contemporary of Socrates, there is no trace, 
although the idea must have presented itself in a rudimentary 
form in the construction of a circle by the most obvious method. 
The earliest writer on loci was Hermotimus of Colophon, one 
of the successors of Eudoxus [p. xix]. 


$6. Hippocrates of Chios is referred to by Aristotle (Ethica Hippocrates 
Eudem. ΥἹ. 14) in illustration of the fact that there are persons 450—430. 
who are wanting in intelligence in some respects although not 


* For an actual mention of these theorems see Pappus Collectio lib. v. (vol. I. 
pp. 316, 350 ed. Hultsch). 
t Collectio lib. 1v. prop. 25 (vol. t. 251, ed. Hultsch). 


The Delian 
problem. 
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in others, The geometer shewed his simplicity by allowing 
himself to be defrauded by the douaniers of Byzantium; or, 
according to Johannes Philoponus, he was robbed by pirates, 
went to Athens to obtain redress, there frequented the schools 
of the philosophers and made such progress in geometry that 
he ventured to attack the problem of the quadrature of the 
circle. It is related by Iamblichus that Hippocrates was 
expelled from the school of the Pythagoreans for having taught 
for hire. 

Hippocrates is celebrated as having reduced the problem 
of the duplication of the cube to the simpler form in which 
it was thenceforth attempted by geometers. By the duplication 
of the cube was signified the construction of a cube of twice 
the volume of a given cube: a problem which may possibly 
have first presented itself in architecture, or may have arisen 
speculatively in the course of an attempt to find an analogue 
in space to the Pythagorean property of squares (Euclid t. 47). 
Eutokius, commenting upon the second book of Archimedes 
De Sphera et Cylindro, adduces a series of solutions of the 
problem, including the solution of Eratosthenes given in his 
letter to king Ptolemy 11. together with a twofold tradition as 
to the origin of the problem (Archimedis Op. p. 144, ed. 
Torelli). Minos of Crete, according to one of the ancient 
tragedians, ordered a sepulchre for his son Glaucus, and then, 
deeming the proposed dimensions of the (cubical) structure 
inadequate, directed the architect to make it exactly twice as 
large. At a later period—so the story runs—the people of 
Delos, in time of pestilence, were commanded to construct a 
new cubical altar twice as large as one already existing, and 
accordingly at their request the philosophers of the Academy 
set to work to solve this “solid problem" [p. xxxii], which 
was found to transcend the power of the known geometry of 
the straight line and circle. It involved in effect the extraction 
of a cube root, or the solution of the cubic equation αὖ = 2a*. 
Hippocrates reduced it to the problem of finding a pair of mean 
proportionals to two given magnitudes a and b, that is to say, 
of determining æ and y so as to satisfy the relations, 

a:iz-2ziy-y:b, 
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which evidently imply also the relation a* —a'b. It does not 
appear that he himself carried the solution any further, but the 
problem was afterwards attacked in this form by geometers, 
and in particular it was solved by Menzchmus in two ways with 
the help of the cenic sections, of which he was the discoverer. 
The problem of the duplication of the cube went by the name of 
the Delian Problem owing to the above mentioned tradition con- 
necting it with one of the altars at Delos. 

Hippocrates is also celebrated as having, in his attempts to 
square the circle, quadrated the lunule contained by the cir- 
cumscribed semicircle of an isosceles right angled triangle and 
the semicircle described outwards on one of its shorter sides as 
diameter. By an extension of his method it may be shewn 
that the circumscribed semicircle of a scalene right angled 
triangle contains with the semicircles described in like manner 
on its two shorter sides two lunules which are together equal 
to the area of the triangle; but it does not clearly appear that 
the theorem in this more general form is rightly ascribed to him. 
In his further attempts to square the circle, he succeeded only in 
shewing that the problem could be solved if the lunule bounded 
by an arc equal to a sixth part of the circumference and the 
semicircle described outwards upon the chord of the arc as 
diameter could first be squared. All this is fully discussed in a 
passage of Simplicius,* a commentator on Aristotle, which is 
given at length by Bretschneider, pp. 100—121. Simplicius 
gives a long extract from Eudemus, interspersed with references 
of his own to Euclid, from which it appears that Hippocrates 
made use of the following propositions in his researches. (1) 
Circles are to one another as the squares of their diameters. 
(2) Similar segments (defined as those which are the same 
fractional part of the cireumference) contain equal angles. And 
(3) similar segments are to one another as the squares of their 
bases. It is possible, as has been suggested, that by the angle 
in a segment he means the angle subtended by the chord of the 
segment at the middle point of its arc, not knowing that the 
angle subtended at any point of the arc is constant and equal to 


* Simplicius, on Aristotle De physica auscultatione, fol. 12a (Venetiis 1526). 
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half the angle at the centre; although prima facie it would 
appear that, knowing already so much, he must have been 
acquainted with this also. 


67. The same passage of Simplicius contains an account 
of the method by which Antipho, perhaps the well known 
opponent of Socrates, attempted the quadrature of the circle. 
He first inscribed say a square in the circle, then (bisecting 
each quadrant) an octagon, then a 16-gon, and so on continually, 
till at length he supposed a regular inscribed polygon to be 
arrived at, having an infinity of infinitesimal sides, which was 
to be regarded as coincident with the circle. Although his 
principles were regarded as unsound by the ancient critics, he 
had in fact introduced the fundamental idea of infinitesimals 
into the geometry of curves, and had virtually proved (1) that 
the areas of circles are as the squares of their diameters—as 
his contemporary Hippocrates had also somehow arrived at; 
and (2) that their circumferences are proportional to their 
diameters. On the quadrature by Bryso, a contemporary 
sophist, who regarded the circle as intermediate to an inscribed 
and a circumscribed n-gon, and then applied the method of 
Antipho, see Bretschneider’s Die Geom. vor Eukl. pp. 126 ff. 


§8. Plato, although not greatly distinguished for his own 
discoveries in geometry, became the founder of a school which 
was soon to carry the science to unknown heights. He indeed 
devised an organic solution of the problem of the two mean 
proportionals, depending upon a double application of a pro- 
perty of the right angled triangle, and gave a rule of his own 
for constructing right angled triangles having their sides com- 
mensurable (Proclus on Euclid 1. 47); but he rendered far 
greater service to geometry by his systematic treatment of its 
definitions and primary ideas, and by the impulse which he gave 
to the study amongst his disciples by insisting upon a knowledge 
of it as a prerequisite for metaphysical speculation, writing up 
(as it is said) before his vestibule, μηδεὶς ἀγεωμέτρητος εἰσίτω 
μοῦ τὴν στέγην. To Plato are attributed the propositions 
Euclid VIII. 11, 12. One of his disciples Theztetus, who had 
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been led by him to the study of incommensurable quantities 
in connexion with proportion, became the author of the propo- 
sitions Euclid x. 9, 10. Another, Menzchmus, developed the 
germs of stereometry received from him and was led, in what 
way we can only conjecture, to the discovery of the conic 
sections, which is sometimes erroneously attributed to Plato 
himself, owing to a misunderstanding of the term τὴν τομήν, 
the section, in a passage quoted above from Proclus [p. xix], 
where it refers not to the cone but to the right line. Archytas 
of Tarentum, a contemporary of Plato, propounded a solution of 
the Delian problem, and is said to have been the first to apply 
the method of organic description to geometrical figures; a 
method which Plato (notwithstanding his own application of it 
as above mentioned) condemned, as tending to materialise 
geometry and bring it down from the region of eternal and 
incorporeal ideas. It was one of his sayings, τὸν θεὸν del 
γεωμετρεῖν, which Plutarch discusses in his Quest. Conviv. 
lib. VIII. q. 2. Plato is said (Diogenes Laert. lib. ΙΙΙ, cap. 1) 
to have introduced the method of geometrical analysis, and to analysis. 
have communicated it to Leodamas of Thasos. 


$9. Menzchmus,* a hearer of Eudoxus and contemporary menechmus 
with Plato, is expressly said by Proclus (on Euclid 1. def. 4), 350-390. 
upon the authority of Geminus, to have been the discoverer 
of the conic sections, which were accordingly at first named 
after him the “ Menzchmian triads” [p. 194]. He also applied 
them in two ways to the solution of the problem of the two 
mean proportionals [pp. 45, 189], to which the Delian problem 
had been reduced by Hippocrates of Chios. It remains to 
consider whether he in the first instance regarded the curves 
in question as plane loci or as sections of a cone. In favour 
of the former view it may be urged that, as geometers before 
and after him were led to the discovery of the quadratrix, 
the conchoid and other plane loci in their attempts to square 
the circle or trisect the angle, so Menzchmus may have dis- 


* The anecdote which brings Mentgchmus into relation with Alexander the Great 
[p. xx] is consistent with the supposition that he was a younger contemporary of 
Plato. 
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covered his triad of curves in considering by means of what 
loci* the construction of a pair of mean proportionals to two 
given magnitudes might be effected. This implies the use of 
the method of geometrical analysis, which was said to have 
been discovered by Plato [p. xxxi]; and accordingly we find that 
Eutokius, who gives in detail the two solutions by Menzchmus 
of the problem of the two means (Archimed. Op. pp. 141--2, 
ed. Torelli), represents him as having employed the method 
in both cases. But it is more important to notice that it was 
used by Eudoxus, of whom Menschmus was a hearer [p. xix]. 


(1) The problem being to find the two magnitudes x and y 
which with two given magnitudes a and b eonstitute the con- 
tinued proportion 

a:y2-—c:y-—y:b, 

it was seen that the relations z^ — ay and y'-— bz were to be 
satisfied. Being then, as we have seen reason to conclude, 
already familiar with the idea of a locus, Menachmus had 
virtually discovered the parabola regarded as the plane locus 
determined by the relation z*=ay, and it was evident that 
by the intersection of two suclr curves the required construction 
could be effected [p. 45]. 


(2) In his second solution ef the problem he makes use of 
a parabola and a rectangular hyperbola [p. 189], the latter curve 
being regarded as possessing the property that the product 
of the distances of any point on it from the asymptotes is 
constant; whence it is inferred by Bretschneider (Die Geom. 
vor Eukl. p. 162) that the asymptotes of the hyperbola must 
have been discovered very soon after the curve itself became 
known. But when we consider that the assumed relations, 

a:z-mc:iy-y:b, 

are evidently equivalent to zy —ab and 2*=ay, it commends 
itself as a not less simple hypothesis that, having already formed 
the conception of the curve z'—ay, Menzchmus was further 
led by the conditions of the problem to attempt the construction 


* We have seen, from his acquaintance with the quadratriz, that Dinostratus, the 
brother of Mensechmus—not to mention Hippias of Elis in the preceding century— 
must have been familiar with the idea of a locus [p. xxvii]. 
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of the curve satisfying the relation zy —ab. This at any rate 
seems to be the only property of the hyperbola with which he 
can be safely assumed to have been acquainted. The ellipse 
does not occur in either of his solutions. To construct his loci 
he may now have had recourse in the first instance to the 
organic methods reprehended by Plato,* not at first perceiving 
that they could be more simply constructed by cutting the right 
cone by planes. It is less natural to supposef that after the 
discovery of their genesis from the cone Menschmus, or his 
followers, should have thought it necessary to trace them by 
mechanical appliances, of such a nature as to be almost immedi- 
ately rejected and forgotten. But even if he never so traced 
them, he may still have discovered them as plane loci. Their 
actual description] was felt to be a difficulty many centuries 
later. 


$10. The conic sections, in whatsoever way first discovered, 
soon came to be regarded as “solid loci," and problems which 
required them for their solution were called “ solid problems." 
The first writer on the subject was Aristeus the Elder, who 
distinguished the three conics as the sections of the acute-angled, 
right-angled and obtuse-angled right cones respectively by 
planes drawn at right angles to their sides [p. 195]. He is 
said by Pappus|| to have written five books of Conic Elements, 
and five (in continuation ?) upon Solid Loci,§ thus preparing the 
way for the work of Euclid on Conics. He also instituted a 
comparison of the regular polyhedra, to which Euclid may 
have been indebted in the thirteenth and last book of his Elements. 
We assign to Aristeus the date B.C. 320, to indicate that he 
was intermediate to Euclid and Menzchmus. 


* Plutarch Quest, Conviv. lib. VIIL q. 2; Vita Marcelli, cap. 14. 

t Bretachneider Die Geom. vor Eukl, p. 143. 

f Eutocius (on Apollonii Conica 1. 20, 21) remarks that it was often necessary, 
διὰ τὴν ἀπορίαν τών ὀργάνων, to describe a conic by points, and that this might be 
done by means of the relations y? = pz, &c. 

l| Collectio lib. vir. ὃ 29 ἅς. (vol. 11. 672—6, ed. Haltech), 

§ Viviani [p. 221], in a Secunda divinatio Φο. (Florent. 1701), attempted to restore 
the Loca Solida of Aristseus. 

4 See prop. 2 of the so-called 14th book of Euclid's Elements. 


Aristseus 


Euclid 
B.C. 
900. 


( xxxiv ) 
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FROM EUCLID TO SERENUS. 


$1. The birthplace of the geometer Euclid, sometimes 
confounded with his namesake of Megara, is unknown. He 
lived under the first Ptolemy (B.C. 323—284), about two centuries 
after the death of Pythagoras; and we find him established at 
Alexandria, “ etwa im Jahre 308, als den ersten Mathematiker 
seiner Zeit."* Of the various lost works attributed to him we 
may mention (1) his treatise on Conics, which formed the 
nucleus of the great work of Apollonius, and (2) the three 
books of Porisms, to which we shall again refer in speaking of 
Pappus. His Στοιχεῖα or Elements was written in thirteen 
books, to which a fourteenth and a fifteenth (by Hypsicles of 
Alexandria) are sometimes appended. The books 1—6 are too 
well known to need description. Books 7—9 are on the pro- 
perties of numbers; book 10 on incommensurable magnitudes; 
and books 11—13 on stereometry. Book 10 commences with 
the proposition, that Jf from the major of two given magnitudes 
more than its half be taken away, and from the remainder more 
than its half, and so on continually ; a remainder will at length 
be arrived at which is less than the minor given magnitude. 
Since the minor given magnitude may be assumed to be as 
small as we please, the proposition is seen to embody the idea 
of convergent series and the principle of the “method of ex- 
haustions.” The book ends with the proposition that the 
diagonal and the side of a square are incommensurable. The 
12th book contains applications of the method of exhaustions 
to plane and solid figures, and it is shewn that the areas of 


* See Moritz Cantors Euclid und sein Jahrhundert p. 2 (Zeitschrift. f. Math. u. 
Physik. Suppl 1, 1867). 
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circles are as the squares of their diameters (prop. 2), every cone 
is the third part of a cylinder having the same base and altitude* 
(prop. 10), and the volumes of spheres are as the cubes of their 
diameters (prop. 18). In the 13th book, which is a sequel to 
the 4th, it is shewn that there are but five regular polyhedra, 
such as can be inscribed or circumscribed to a sphere. The 
editio princeps of the Στοιχεῖα was published at Basel in 1533 
[p. 82]: the Arabic version at Rome in 1594. The Oxford 
Greco-latin edition, by David Gregory, of the extant works of 
Euclid was issued in 1703: it contains the Elements, Data, 
Introductio Harmonica, Sectio Canonis, Phenomena, Optica, 
Catoptrica, De Divisionibus Liber, De Levi et Ponderoso 
fragmentum. Notice also Peyrard’s Les Œuvres d' Euclide, en 
grec, en latin et en français (Paris 1814—18). 

To what extent Euclid was himself a discoverer we are 
unable to say, but in his Elements he is to be regarded mainly 
as a compiler. His system as a whole must however have been 
more or less original in its conception; and the best testimony 
to its superior method and completeness is the subsequent 


neglect and disappearance of the cognate works of his pre- 
decessors. But his work, although the most ancient on the 
Στοιχεῖα still surviving, must not be supposed always to 
preserve the most ancient methods of proof. Thus the theorem 
of Thales (Euclid 1. 5) cannot have been first proved in the 
manner of Euclid;f whilst Proclus expressly states that the 
theorem of Pythagoras was not originaly proved as in 
Euclid 1. ΔΊ. It was also perhaps first shewn more briefly than 
by Euclid that circles are as the squares and spheres as the 
cubes of their diameters. 


$2. Archimedes of Syracuse was born in the year 287 B.C.| Archimedes 
According to Plutarch (Vita Marcelli cap. 14) he was related 287—212. 


* This theorem, as we shall see, was discovered by Eudoxus [p. xxxviii]. 

¢ The more direct way of deducing it from prop. 4 is mentioned by Proclus, in 
connexion with the name of Pappus. 

1 Notices of the life and works of Archimedes (and of Apollonius) are contained 
in Cantor's Euclid u. s. Jahrhundert. See also Heilberg's article on his knowledge 
of the Kegelschntitte in the Zeitschr. f. Math. u. Physik (April 1880). 


ο. 
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to king Hiero, whilst Cicero on the other hand speaks of him 
as *humilem homunculum" (Tusc. Disp. lib. v. cap. 23). He 
was a master not only of geometry, but also of theoretical and 
applied mechanics. By his scientific conduct of the defence of 
Syracuse against the Romans the siege was protracted for two 
years, till at length the city was carried by a surprise from the 
land side, and Archimedes fell by the hand of a soldier (212 Β.Ο.). 
His grave was marked by the figure of a sphere inscribed in a 
cylinder, in commemoration of his most cherished discoveries, 
and by that sign it was recognised by Cicero in the course of 
his questorship in Sicily. His works, according to the Grzco- 
latin edition of Torelli (Oxon. 1792), are as follows: 


(1) De Planorum ZEquilibriis.* Two books, with the tract 
Quadratura Paraboles placed between them (pp. 1—60). 

(2) De Sphaera et Cylindro. Two books (pp. 61—201). 

(3) Circuli Dimensio (pp. 203—216). 

(4) De Helicibus (pp. 211—255). 

(5) De Conoidibus et Spharoidibus (pp. 251—318). 

(6) Arenarius (pp. 319—332). 

(7) De ws que in Humido vehuntur. Two books, in Latin 
only (pp. 333—354). 

(8) Lemmata, translated from the Arabic (pp. 355—361). 

(9) Opera mechanica, ut cujusque mentio ab antiquis scrip- . 
toribus facta est (pp. 363—370). 

We learn also from one of the scattered notices of Archimedes 
in the Collectio of Pappus (lib. v. § 34 vol. 1. p. 352, ed. Hultsch) 
that he discovered thirteen semi-regular polyhedra, bounded by 
regular but not similar polygons—one of them, for example, 
by 20 triangles and 12 pentagons, another by 30 squares, 20 
hexagons and 12 decagons. But his greatest achievements in 
geometry were his approximate quadrature and rectification of 
the circle, his quadrature of the parabola, and his applications of 
the method of exhaustions to the quadrics of revolution. 


* To this treatise and to (2) and (8) are appended the commentaries of Eutocius 
of Ascalon (540 A.D.). 
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$3. In the introduction to his treatise Τετραγωνισμὸς 


Παραβολῆς, as later scribes have entitled it, Archimedes " 


remarks that none before him, so far as he knows, has attempted 
to quadrate the segment cut off by a right line from the “ section 
of a right-angled cone," for so he calls the parabola [p. 195]. 
His theorem, which was first arrived at by mechanical con- 
siderations and afterwards proved by pure geometry, is stated 
as follows: 


The segment contained by any right line and the section of a 
right-angled cone is equal to four-thirds of the triangle which has 
the same base and altitude as the segment. 

a. In the mechanical proof he shews first that a triangle 
CDE suspended from a lever of equal arms AB and BC, so as 
to have its side DE vertical and in a line with the fulcrum B, 
is balanced by an area equal to one-third of its own suspended 
from A (prop. 7); and that the parallel sided trapezium cut off 
from the triangle CDE by two vertical lines drawn at horizontal 
distances & and & from B is balanced by an area suspended at 4 


intermediate to EA and E of the trapezium (prop. 13). 


BC BC 

Lastly, supposing a parabolic segment on BD as base to be 
suspended with its vertex downwards, he arrives at the required 
quadrature by successive applications of the foregoing theorems 
after the manner of the method of exhaustions. 

b. The following is a summary of his second and purely 
geometrical proof of the same theorem (props. 20—24) If P 
be the vertex [fig. p. 58] and QQ' the base of a segment of a 


parabola, the triangle QPQ’ is greater than half the segment.. 


Take away this triangle from the segment, and from the 
remaining segments PQ and PQ’ take away their corresponding 
triangles, and from the four remaining segments their corre- 
sponding triangles, and so on continually. Thus at length 
(Euclid x. 1) we arrive at a remainder less than any assignable 
magnitude.* Now the sum of all the above mentioned triangles 


* By this continual subtraction the area of the segment is at length erkausted. 
Hence the term * method of exhaustions,” 


Parabola 
uadrated. 


The sphere. 
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is (1+; + — 5) APQQ', and the limit of this when n 
is infinite is $APQQ', which is accordingly the area of the 
segment. Notice that at the end of prop. 3 he alludes to an 
existing treatise on Conics: “These things are proved ἐν τοῖς 
Κωνικοῖς Στοιχείοις as he does again in De Cono. et 
Spheroid. props. 3, 4. There is no reason to think, as some 
have done, that he is referring to a treatise of his own.* 


§ 4. In the introductions to some of his treatises, Archimedes 
refers to what had been done by earlier geometers. Thus in 
the introduction to the Quadratura Paraboles (p. 18), having 
stated as his primary lemma,f that the excess of one magnitude 
over another may be continually added to itself till the sum exceeds 
any assigned magnitude, he remarks that it had been applied by 
those before him, viz. to prove that circles and spheres are as 
the squares and the cubes respectively of their diameters, and 
that any pyramid or cone (Euclid ΧΙΙ. 7, 10) is the third part of 
the prism or cylinder having the same base and altitude. In the 
introduction to De Sphaera et Cylindro lib. τ. (p. 64), he gives 
the important information that the cubatures of the pyramid and 
the cone (Euclid xir. 7, 10) were discovered by Eudoxus.f 
These properties preexisted in the figures, but (though many 
notable geometers lived before Eudoxus) no one had discovered 
them. In like manner, none before Archimedes had discovered 
that the surface of a sphere is equal to four times the area of 
one of its great circles (prop. 35) ; the volume of a sphere to two 
thirds of the circumscribed cylinder having the same altitude, 
and its surface to two thirds of that of the cylinder (prop. 37); 
the surface of any segment of a sphere to the area of the circle 
whose radius is the line from the vertex of the segment to any 
point on its base (props. 48—9); and the volume of the solid 
sector determined by any segment to the cone whose base and 





* Compare the introductory remarks of Eutocius on: Apollonii Conica (p. 8, ed 
Halley). 

+ Bee also De Helicibus (p. 220). 

1 Eudoxus of Cnidus flourished in the 103rd Olympiad, and died about 357 B.C., 
according to Bretschneider Die Geom. vor Eukl, p. 163, 


SECTION II. XXXIX 


altitude are severally equal to the surface of the segment and 
the radius of the sphere (prop. 50). 

In lib. 11. it is proved that the volume of any segment of a 
sphere is equal to that of a cone of certain altitude described 
upon its base (prop. 3); and the theorems now established are 
applied to solve the problems: to find a plane area equal to the 
surface of a given sphere (prop. 1), to describe a sphere equal 
to a given cone or cylinder (prop. 2),* and to divide a given 
sphere into segments whose surfaces or volumes shall be in a 
given ratio (props. 4, 5). 


§5. In the Circuli Dimensio it is shewn, that any circle is 
equal to the right angled triangle whose sides about the right 
angle are equal to the radius and the circumference of the circle 
(prop. 1); a circle is to the square on its diameter as 11 to 14, 
approximately (prop. 2); and that the circumference exceeds 
thrice the diameter by a fraction of it less than 4 and greater 
than 42 (prop. 3). "These last results are obtained by regarding 
the circumference of a circle as intermediate in length to those 
of its circumscribed and inscribed 96-gons. Thus we see that 
Archimedes treated the problem both as a quadrature and a 
rectification of the circle; and he shewed, not only that 7 is 
nearly equal to 3}, but that it is less than 3} and greater 342. 
We may therefore fairly say that his approximation was exact 
to three places of decimals, since the mean of his two limits 
gives m equal to 3.1418 &c. The approximation in the Rhind 
papyrus makes it greater than 3.16 [p. xxvi]. 


$6. In the treatise De Helicibus he defines his helix or, 


spiral (r =a) as generated by the double motion of a point, 
which moves uniformly outwards from a fixed origin, in the 
direction of a radius vector which itself rotates uniformly about 
that origin. Supposing the generating point to start from the 





* A solution of the problem of the two mean proportionals being here pre- 
supposed, Eutocius (pp. 135—149) gives the methods of Plato, Hero, Philo of 
Byzantium, Apollonius, Diocles, Pappus, Sporus, Meneechmus, Archytas, Eratosthenes 
and Nicomedes, rejecting that of Eudoxus (pp. 133, 149), perhaps for insufficient 
reason (Bretschneider Die Geom. vor Euki. p. 166). 
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origin O and to arrive at the point A after n complete revo- 
lutions of the radius vector, he shews that the intercept made 
by the tangent at A upon the radius vector at right angles to 
OA is equal to n times the circumference of the circle described 
with O.A as radius (prop. 19), thus effecting the rectification and 
quadrature of the circle with the help of his spiral; and in 
prop. 20 he proves the corresponding theorem for any other 
position OR of the radius vector.* The quadrature of the 
spiral is determined in props 24-28. From the introduction to 
this trestise we learn that there were other able geometers in 
the time of Archimedes, with whom he was in correspondence; 
and that there were also pretenders addicted to claiming more 
than their due, for whose discomfiture he propounded false 
theorems, of which examples are given (p. 218). 

His spiral affords the simplest illustration of the generation 
of curves by an angular compounded with a linear motion, 
according to the idea of Plato, who "establishing two most 


simple and principal species of lines, the right and the circular, 
composes all the rest from the mixture of these" (Proclus on 
Euclid t. def. ὁ). Desargues (1639 A.D:) threw out the sug- 
gestion that a conic might be thus described, but assigned no 
law of movement.t On Roberval’s rule for drawing the 
tangent to & curve at any point, regarded as the line of the 
resultant of all the movements of the point, see Chasles’ Aperçu 


historique p. 58 (1875). 


Theconolis. — 87. The book De Conoidibus et Spheroidibus contains 
various theorems on the cubature of the quadrics of revolution, 
the sphere having been already dealt with in a separate work. 
The figure generated by the rotation of a “section of the right 
angled cone” about its axis, that is to say, the paraboloid of 
revolution, is called the right angled conoid; the hyperboloid 
of revolution is called the obtuse angled conoid; but the “acute 
angle conoid,” as it should be called, is more briefly termed the 


* Thus in effect he determines the trigonometrical tangent of the angle between 
OR and the tangent to the curve at R. 


t Poudra Œuvres de Desargues vol 1, 227, 298, 
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Spheroid. It is shewn that the areas of ellipses are as the 
products of their axes (prop. 7); that an infinity of right cones 
or cylinders can be drawn so as to contain a given ellipse 
(props. 8-10); and that the plane sections of the conoids and 
and spheroids are conics (props. 12—15). The book concludes 
with a series of propositions on their cubature (props. 21—34), 
which are proved by a process closely related to the method 
of integration. 


$8. The method of exhaustions employed by Euclid and Metheiof 
Archimedes involved a tedious reductio ad absurdum, and was 
perhaps first elaborated as a means of verification rather than of 
discovery. The idea of regarding a curve as a limiting form of 
polygon was propounded, for the case of the circle, by Antipho 
[p. xxx], in the fifth century B.C.; and the fact that circles are 
as the squares of their diameters was thus rendered intuitive, 
presupposing only a well known relation between the areas of 
similar rectilinear figures. As regards this property of circles 
and the analogous property of spheres, the proofs given by 
Euclid may be supposed merely to have established more rigidly 
what had been already divined by a summary process; but the 
use of the method of exhaustions was more apparent in the 
actual evaluation of volumes and areas. Granted, for example, 
that a curvilinear plane area might be regarded as divided into 
rectilinear elements by an infinity of consecutive ordinates, the 
summation of its elements could not well have been effected 
directly before the invention of some form of algebraical calculus. 
Instead of regarding the small elements of a curve as ulti- 
mately rectilinear, the aneients would (in the case supposed) have 
proceeded somewhat as follows. Project every ordinate upon 
the next before and the next after it by parallels to the axis of 
abscisse: thus two sets of parallelograms are constructed, to 
which the area of the curve is intermediate: suppose the difference 
between the two sets to be indefinitely diminished by increasing 
the number of ordinates, and then apply the method of reductio 
ad absurdum, as above mentioned. For actual cases of the 
subdivision of surfaces by parallel planes, and their cubature 
by this method, see De Conotd. et Sphæroid. props. 21-24. The 
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B.C. 
247—205. 
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stereometrical work of Archimedes was revived and continued 
by Kepler, whose Nova Stereometria prepared the way for the 
modern forms of the infinitesimal calculus. 


$9. Apollonius of Perga was born in the reign of Ptolemy 
Euergetes (247—222 B.C.), studied at Alexandria under the 
successors of Euclid, and flourished in the reign of Ptolemy 
Philopator (222—205 s.c.). Of his various works* the most 
famous was the Κωνικά, which gained for him (according to 
Geminus)f the title of the Great Geometer. In the account of 
this work given by Pappus,] it is divided into two tetrads of 
books, the former founded on Euclid's four books of Con?cs, and 
the latter supplementary to them. Apollonius in like manner, 
in his introductory letter to Eudemus, draws a distinction 
between books 1—4, which he describes as elementary, and the 
remainder, which were περιουσιαστικώτερα, at the same time 
pointing out that the former also contained very much that was 
new. The Oxford edition by Halley (1710) contains books 
1-4 with the commentary of Eutocius, in Greek and Latin 
(pp. 1-250); and in a second part, books 5—7 translated from 
the Arabic and lib. VIII. restitutus" (pp. 1—171). The volume 
concludes with the two books of Serenus on the Cylinder and 
the Cone, in Greek and Latin (pp. 1—88). The contents of the 
several books of the Conics of Apollonius are specified below. 
The most striking evidence of his geometrical power is afforded 
by the fifth book, in which he solves the problem of drawing 
normals to a conic from an arbitrary point in its plane, and 
evaluates the coordinates of what we call the Centre of 
Curvature at any point of a conic. To have worked out such 
results with the means at his disposal is an achievement not 
unworthy of the greatest of geometers in any age. 


(a) Book 1. A conical superficies is defined as the surface 
generated by an infinite right line, which passes through a 
fixed vertex and moves round the circumference of a given 


* See the notices in the Collectio of Pappus; and cf, Cantors Euclid u. s. 
Jahrhundert pp. 44—64. 

t Halley's Apollonii Conica p. 9. Geminus lived about 150 B.c. (Cantor p. 52). 

t Colleetio lib, vil. δ 30 (vol 11. p. 672, ed. Hultsch). 
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circle: the term Cone is used specially of the finite portion of 
the superfices between the vertex and the circle or base. The 
Axis is the line from the vertex to the centre of the base. The 
plane through the axis at right angles? to the base cuts the 
cone and its base in a triangle, which is called “the triangle 
through the axis;” and every chord of the cone at right angles 
to the plane of this triangle is bisected by it (prop. 5). Any 
plahe at right angles to the plane of the triangle through the 
axis meets the conical surface in general in one of the three 
curves formerly distinguished as the sections of the right, obtuse 
and acute angled cones respectively. These names being thus 
found to be inappropriate, others have to be suggested in their 
place. The new names may be briefly explained as follows 
[p. 82]. The Parabola is so called because at every point of it, 
if p be the parameter, y* is egual to px; the Hyperbola because 
y is greater than px; and the Ellipsef because y* is less than 
px (props. 11-13). He is now practically independent of the 
cone, and starts afresh from the relation between the ordinate 
and the abscissa. See also props. 20-21. It is shewn later in 
the book, that the tangent to a conic at any point and the 
ordinate of the point to any diameter divide the diameter 
harmonically (props. 34—38); and lastly a construction is given 
for describing two conjugate hyperbolas with a given pair of 
conjugate diameters (prop. 56). 

In the use of coordinates} by the ancients,—as for example Application 
by Apollonius in this book, and in a more striking way in his 
fifth book—the form of procedure was strictly geometrical 
throughout. Hence we see more clearly the importance of the 


* After prop. 5 this plane is called briefly “a plane through the axis.” There is 
the same laxity of statement in def. 10, where the right line bisecting a system of 
parallel chords of any curve line (πάσης καμπύλης γραμμῆς) in one plane is defined 
as a diameter ; whereupon Eutocius remarks that he rightly adds in plano, to exclude 
the cylindrical helix and the sphere. 

t If the three conics were first discovered in the order in which Apollonius 
(perhaps following Euclid and Aristzeus) here introduces them, this tends rather to 
support the conjecture that they were discovered in plano [p. xxxii], since the 
contemplation of the cone, which was regarded as a finite figure (Euclid χι. def, 18), 
would have revealed the ellipse first instead of last. Geminus (Proclus on Euclid 1, 
det. 4) called the ellipse θυρεός, from its shape. Cf. cissoid, conchoid, cardioid. 

1 The term ordinate was derived by translation from the Greek. 
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παραβολή of areas [p. xxv.] In its simplest form this 
amounted to finding the line which in conjunction with a given 
line determines a rectangle, or other parallelogram (Euclid 1. 44), 
of given area, which corresponds to the algebraical division of a 
given product by one of its factors. A further use of the term 
occurs in the determination of the foci of a central conic which 
Apollonius calls * the points arising ἐκ τῆς παραβολῆς,” puncta 
ex applicatione facta. Here the problem is to divide the axis 
into segments whose product is equal to the fourth part of * the 
figure” [p. 82], or to determine x and y from the relations 
æ +y=2a and zy —P'. The application to a given line of a 
parallelogram deficient or exceeding by a parallelogram similar 
to a given one is the subject of the propositions Euclid vr. 
27-29. For an extension of the method to an indefinite series 
of magnitudes, see Archimedes De Conoid. et Spharoid. prop. 3. 
Thus the “ application” of areas, so far as it went, was to the 
ancient geometry what algebra, which deals with products and 
factors, is to the geometry of Descartes. 


(6) Book 11. The asymptotes are thus defined: on the 
tangent to a hyperbola at any point P take PT and PZ", each 
equal to the parallel semi-diameter; then the lines CT and CT", 
and these alone, being produced to infinity, do not meet but 
approach indefinitely near to the curve (props. 1, 2, 14). 
Through a given point a hyperbola can be drawn so as to have 
a given pair of lines for asymptotes (prop. 4). The opposite 
intercepts made on any straight line by the curve and its 
asymptotes are equal to one another, and the product of two 
adjacent intercepts is equal to the square of the parallel semi- 
diameter (props. 8—11). The product of the distances of any 
point on the hyperbola from its asymptotes is constant (prop. 12). 
A line parallel to an asymptote meets the curve in one point 
only (prop. 13). The tangents to conjugate hyperbolas at the 
extremities of any two conjugate semi-diameters meet on one 
or other of the asymptotes (prop. 21). The diameter through 
the point of concourse of any two tangents to a conic bisects 
their chord of contact (props. 29—30). Supplemental chords of 
a hyperbola are parallel to conjugate diameters (prop. 37). 
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Given a central conic, to find its centre and axes (props. 45-8); 
and to draw a tangent making a given angle with the axis 
(prop. 50), or with the diameter through its point of contact 
(props. 51-3). 

(c) Book 111. The diameters through any two points of a 
conic contain equal triangles with the tangents at those points 
(prop. 1). The rectangles contained by the segments of any 
two intersecting chords of a conic are as the squares of the 
parallel tangents (props. 16—23). Any chord through the inter- 
section of two tangents to a conic is cut harmonically* by their 
point of concourse and their chord of contact (props. 37—40): the 
special case of any chord through the intersection of a tangent 
and an asymptote is treated separately in props. 34—36. Thus 
a substantial contribution is made to the theory of polars, 
afterwards completed by Desargues. Any three tangents to a 
parabola cut one another proportionally (prop. 41). Two 
tangents being drawn at the extremities of any diameter, the 
product of their segments by any third tangent is equal to the 
square of half the conjugate diameter (prop. 42). The tangent 
to a hyperbola cuts off a constant area from the space between 
the asymptotes (prop. 43). The foci of a central conic, or 
* puncta ex applicatione facta," are determined and their 
principal properties proved in props. 45—52 [p. 111]; but 
since the process of “application” fails when the axes become 
infinite, he does not detect the existence of the focus of the parabola. 

"This third book is said by Apollonius, in his preface to the 
entire work (p. 8), to contain many wonderful theorems, for 
the most part new; and he adds that Euclid was not able to 
construct the Locus ad tres et quatuor lineas generally,T but only 
some special case of it, and that indifferently; for in fact it was 
not possible to complete the construction “ without our further 
discoveries," where the allusion is doubtless to props. 16-23 
[p. 266]. From the extant works of Apollonius we learn 
nothing about the nature of this Locus, and even the com- 


* The expression “harmonically” is however not used by Apollonius. On polars 
with respect to a circle see § 18 (f). 
f The proof for the case of the circle presenta no difficulty [p. 235]. 
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mentator Eutocius cannot explain the allusion (p. 12). Pappus 
however informs us what the problem really was, and states 
clearly that the locus in question is a conic. He then speaks 
of the locus analogously related to more than four given lines 
(Collectio p. 680, ed. Hultsch). Considering the distances of a 
point from sir given lines, we may say that the solid contained 
by three of the distances varies as that contained by the re- 
maining three; but we cannot go on to more than six given 
lines, and say: "if the ratio of the content of four of the 
distances to the content of the remainder be given,—since there 
is not anything that is contained by more than three dimensions. 
Nevertheless, men a little before our time have allowed them- 
selves to interpret such things, signifying nothing at all 
comprehensible, speaking of the product of the content of such 
and such lines by the square of thia or the content of those. These 
things might however be stated and shewn generally by means 
of compounded proportions &c.” These predecessors of Pappus, 
who were not to be confined to three dimensions, were evidently 
algebraic geometers, who considered lines not directly as such, 
but only in their numerical relations to a unit of length. 

(d) Book 1v. No two conics can have more than four 
points of concourse (props. 25, 36, 40—4, 53), or two of concourse 
and one of contact (props. 26, 45—8, 51), or two of contact 
(props. 27, 38, 49—51, 55). Two parabolas can only touch one 
another in one point (prop. 28). 

If the earliest writers on conics had not dealt with the 
subject of this book (p. 217), and if the principal part of book 3 
was also new, we may conclude that the Conics of Euclid 
contained little or nothing that is not to be found in books 1 
and 2 of Apollonius and that the earlier Elements of Aristaeus 
were meagre, or “ somewhat concisely written." Their treatises 
would have contained elementary propositions on the right cone, 
the relation of the ordinate to the abscissa in each section, the 
property of a diameter, some construction of a tangent with the 
determination of its intercept on any diameter, and the leading 
properties of the asymptotes; but nothing about foci, or normals, 
or the metric relations of conjugate diameters, or of intersecting 
chords of the general conic drawn arbitrarily. 
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(e) Book v. Under the title De Maximis et Minimis, this 
book treats of the four Normals (regarded as greatest or least 
lines) that can be drawn to a conic from a given point in its 
plane, and establishes the complete analogue of Euclid 111. 7, 8 
for the general conic. If P be any point on a conic, N its 
projection upon the axis, A the nearer vertex, AZ parallel to 
NP and equal to half the latus rectum, and Q the point in which 
the diameter CL meets PN, then 


PN" =2 trapezium ANQL. 


From this relation between the coordinates PN and AN the 
following results are elaborated. 

If the abscissa AN be less than AJ, the least right line from 
N to the curve is NA, and the greatest is NA’ the remainder 
of the axis (props. 4—6); but if AN be greater than AL, the 
least line from .N to the curve is such that its projection upon 
the axis is equal to AZ in the case of the parabola, and in other 


cases to A ON (props. 8—10), which is the property of the 


subnormal, The greatest lines from given points on the minor 
axis of an ellipse to the curve are then considered (props. 16—22), 
and it is shewn that the intercepts upon them between the 
curve and the points in which they meet the major axis are 
the least lines that could be drawn from those points to the 
curve (prop. 23). All such greatest and least lines meet the 
conic at right angles (props. 27—33); and if O be any point on 
one of them and N be the point at which it meets the curve 
normally, then ON is also a greatest or least line from O to 
the curve (props. 12, 21, 34). Four normals (as we shall now 
call them) to a semi-ellipse, or three normals to an elliptic 
quadrant, cannot meet in one point (props. 47—8). If O be any 
point in the plane of a conic whose abscissa AN is not greater 
than AZ, no normal can be drawn to the conic from O so as to 
fall within the angle AON (props. 49, 50); but if AN be 
greater than AZ, then according as ON is greater than, equal 
to, or less than a certain length X no normal, or one, or two can 
be drawn to the conic from O so as to fall within the angle 
AON (props. 51—2). 
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To determine the length A, divide the semi-axis CA in H 
80 that 
CH: NH=CA: AL; 


between CH and CA find two mean proportionals* CL and 
CK, 80 that 


CH: CL=CL: CK=CK: CA; 


and lastly, supposing CK to be an abscissa measured towards 
A, and P the point on the curve (on the opposite side of the 
axis to O) having CK for its abscissa, take X to PX in the 
compound ratio of CN to CH and HK to CK, so that 


^: PK=CN.HK: NH.CK. 


Hence, writing a and b for the semi-axes, we find that 








ON - =" cH=2—" og; 
a a 
"EB ELI NC 
PK BF CK) V ~ 0243]? 
or aet p; 





and therefore C.N and X are equal to the coordinates of the 
centre of curvature at P, which is here virtually regarded as 
the point of the ultimate intersection of consecutive normals, since 
if the ordinate of O be diminished however slightly, O at once 
becomes a point from which two normals can be drawn. The 
locus of O is the evolute of the conic [p. 221]. 

When ON is less than A, he determines a certain point Σ 
having CH for its abscissa and a certain point Z on PK, and 
through 7 he describes one branch of a rectangular hyperbola 
(pp. 39, 40), having for asymptotes the parallels through Z to the 
axes of the given conic. This semi-hyperbola intersects the 
conic in two points X and Y, the normals at which are OX 


* The Arab interpreter gives a construction (p. 40) for two mean proportionals 
identical with that of Ex. 530 [p. 189]. 
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and OY [p. 265].* To determine the positions of Σ and J, 
produce ON to a point M such that 
OM: MNz-a' : b; 

through M draw a parallel to the transverse axis, meeting the 
ordinate through in 3, and PX in G; and upon PG take 
the point J, such that GI. GE- M.MO. The rectangular 
hyperbola may then be described. Afterwards he considers 
other positions of the point O from which the normals are to be 
drawn, making use of the same hyperbola of construction 
(props. 55, 58—63). In prop. 75 (the last but two) it is shewn, 
that if the normals at three points PQR on the same side of the 
axis of an ellipse cointersect in O, the normal OP nearest to 
the vertex remote from O is the longest line from O to the 
semi-ellipse, and the normal OZ nearest to the vertex A 
adjacent to O is the longest line that can be drawn from O to 
the arc AQ. 

(f) Book vr. Similar conics being those in which corre- 
sponding ordinates and abscisse are proportional, it is shewn 
that all parabolas are similar (prop. 11); as also are central 
conics the figures upon whose axes are similar (props. 12, 13). 
At the end of the book it is shewn how to cut a section of 
given form and magnitude from a given right cone (props. 28—30), 
and conversely, how to draw a right cone similar to a given 
one through a given conic (props. 31-3). 

(g) Book vir. In props. 6, 7 use is made of supplemental 
chords drawn from the vertices. Cf. lib. 1. 37. The sum or 
difference of the squares of conjugate diameters is constant 
(props. 12, 13); and in the equilateral hyperbola conjugate 
diameters are equal (prop. 23). The conjugate parallelogram 
is equal to the rectangle contained by the axes (prop. 31). The 
relative magnitudes of conjugate diameters in various special 
cases are then discussed. 

(4) Book vri. Of this book there is only a conjectural 
restitution. Thirty-three propositions are given, containing 

* HALLEY, in a Scholion on Serenus De Sect. Coni prop. 39 (p. 69), gives a 


construction for the three normals to a parabola from a given point, by means of a 
certain circle through the vertex [p. 224]. 
d 
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various special constructions, such as: given the axis and the 
latus rectum of a central conic, to draw a pair of conjugate 
diameters whose ratio, or sum, or difference is given 
(props. 7—12). 


810. In continuation of the account of the most brilliant 
period of ancient geometry, the century of Euclid, Archimedes 
and Apollonius, recourse must again be had to the Collectio of 
the much later writer Pappus, for information about the lost 
three books of Porisms of Euclid. But two other names 
meanwhile demand at least a passing allusion. In the Spherica 


of Menelaus, a geometer and astronomer of the first century A.D., 


is found the theorem (lib. 111. lemma 1 p. 83, Oxon. 1758): 
If the sides ag, gd, da of a plane triangle be met by any 
transversal in the points erb respectively, then 


ge: ea — gr. db : rd.ba, 


or the product of three mon-adjacent segments of the sides 
of the triangle by any transversal is equal to the product of 
the remaining three. This was also extended to spherical 
triangles, and served as a basis for the spherical trigonometry 
of the ancients. But the property of the six segments in plano 
is here noticed on account of the great results to which it led 
long after, especially in the hands of Desargues. See also 
Chasles Aperçu historique Note VI. p. 291, 1875; Les Porismes 
Ῥ. 107. Menelaus is mentioned in the fourth and sixth books 
of the Collectio of Pappus (pp. 270, 476, 600—2 ed. Hultsch). 


$11. Claudius Ptolemæus was “Je plus célèbre, sans con- 
tredit, mais non le plus véritablement grand astronome de toute 
lantiquité." "Thus writes Delambre in the Biographie Uni- 
verselle (vol. 36. Paris 1823). In a work on the three dimensions 
of bodies, Ptolemy introduced the idea of determining the 
position of a point in space by referring it to three rectangular 
axes of coordinates (ibid. p. 272). His chief work, which he 
called a mathematical Σύνταξις, was further described by his 
admirers as ἡ µεγάλη, and by the Arabs as Almagest (ἡ μεγίστη). 
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In it* (Dictio Prima, cap. 12. fol. 9b. Venet. 1515) he repro- 
duces the theorem of the six segments (810), which has ac- 
cordingly been ascribed to Ptolemy—and founds upon it a 
system of trigonometry, plane and spherical. Fora full account 
of his works see tome ΙΙ of Delambre’s Hist. de ÜAstronomie 
ancienne (Paris 1817), comparing the Prefatio to the third 
volume of Hultsch's Pappus. 


$12. The Συναγωγή of Pappus was formerly best known 
in the Latin version of Commandinus, but a complete Greek 
text of its Religuiæ (with a Latin rendering) has at length been 
edited by Hultsch.[ It is a miscellany of mathematics and 
mathematical history, to which we here refer chiefly to supple- 
ment our account of Euclid by some notice of his great work, 
the lost three books of Porisms. It is customary to place 
Pappus near the end of the fourth century of our era; but 
Hultsch, following Usener (Rheinisches Museum vol. XXVIII. 403), 
considers him to have flourished under Diocletian, 284—305 A.D. 
A general account of the Porisms is given in lib. ΥΠ (pp. 636, 
648—60), where it is said, that the three books were an ex- 
ceedingly skilful compilation, serving for the solution of the 
more difficult problems: the doctrine of porisms was subtle 
and general, and very delightful to persons of insight and 
resource: nothing had been added to what Euclid wrote upon 
them, except that some dull persona had given their second 
redactions of a few of his propositions. Twenty-nine genera 
of porisms are specified, and it is stated that the three books 
contained 38 lemmas and 171 theorems. "The 38 lemmas con- 
stitute props. 127—164 of lib. vir of the Collectio (vol. 11. pp. 
866—918). Their enunciations are curt and unfinished, being 
like private memoranda of the writer rather than complete 
statements, and the whole doctrine of porisms long remained an 
impenetrable secret. The first great step towards their inter- 


* For his property of a trapezium abgd inscribed in a circle, viz. ag.bd = ab.gd + ad.bg, 
see cap. 9, fol. 55. 

t Pappi Alexandrini Collectionis que supersunt, e libris MSS. edidit dc. Frid. 
Hultsch (Berol. 1876—8). Lib. I. is lost, but portions of 1L.—v1II. remain. The 
edition is in three volumes, in which the text has one pagination throughout. On 
earlier editions see Pref. to vol. I, 
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pretation was made by Simson (Phil. Trans. May 1723), and 
the most complete work upon the subject is Chasles’ Les trots 
livres de Porismes d’ Euclide rétablis...conformément au sentiment 
de R. Simson sur la forme des énoncés (Paris 1860), which 
contains a historical résumé, an analysis (pp. 73-84) and enunci- 
ation (pp. 87—98) of the lemmas, and a conjectural restitution of 
the Porisms. 


619. Passing by the lemmas 18, 20, 21, 29-33, 36-38, we 
may group the remainder as below, adhering (except in one 
particular) to the classification of Chasles. 


(a). Four fixed radiants cut any transversal in a constant 
cross ratio. 

Lemmas 3, 10, 11, 14, 16, 19. Props. 129, 136, 137, 140, 
142, 145. 

Lemma 3 (p. 870) affirms, that ¢f any two straight lines 
ABCD and AB'C'D' be drawn across three straight lines OB, 


OC, OD [ p. 253], then 
AB.DC : AD.BC- AB'.I'C' : AD'.D'C'. 


Here we have, not quite directly stated, the theorem (a). In 
lemmas 10 and 16 it is shewn conversely, that if {ABCD} 
= [LAB'C'D'), the line DD’ passes through O the intersection 
of BB and CC’. Lemma 19 is simply, that if {ABCD} 21, 
then {AB’C’D’}=1. Lemmas 11 and 14 follow from 3 and 10 
respectively by taking one of the two transversals, as aBb in 
Art. 103 [p. 251], parallel to one of the three radiants. 

These Lemmas are used in the proof of lemmas 12, 13, 15, 17. 


(b). The opposite sides and the two diagonals of any quadri- 
lateral meet any transversal in three pairs of points in involution. 

Lemmas 1, 2, 4-1. Props. 127, 128, 130—3. 

Lemma 4 (p. 872) will serve as an example of the obscure 
enunciations of Pappus. The statement is as follows: 

The figure ABCDEFGHKL, and as AF.BC to AB.CF 
so let ΑΡ. ΠΕ be to AD. EF. (I say) that the line through the 
points HGF is straight. 

This is in reality a converse of (b) [p. 261]. In lemmas 1 
and 2 the tranaversal is parallel to a side of the quadrilateral. 
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In lemma 5 it is drawn through the points of concourse A and 
C of the opposite sides of the quadrilateral, and the line 4C 
is divided harmonically by the two diagonals, or if parallel to 
one of them (lemma 6), is bisected by the other. 


(c). Theorem reciprocal to the above. 

Lemma 9. Prop. 135. 

Lemma 9 (p. 878) is that, if AD and ΑΕ be drawn from 
the vertex 4 to the base BC of a triangle, FG a parallel to 
the base meeting AB in F and AC in G, and H a point on 
DE such that 

BH: HC2 DH : HE, 


the lines FH, GH meet AB and AC respectively in points 
K and L us on a parallel to BC. 

This is the converse of a special case of the theorem, that 
the three pairs of summits of a quadrilateral FG KL subtend a 
pencil in involution at any point A in its plane ; the point H in 
the case supposed being the centre of the involution in which 


BE and CD are segments. 


(d). Ifa hexagon be inscribed in a line-pair, tts three pairs of 
opposite sides meet in three points lying in a straight line. 

Lemmas 8, 12, 13, 15, 17. Props. 134, 138, 139, 141, 143. 

Lemma 13 eu 886) is to the effect, that if AEB and CFD 
be triads of points on a straight line, the three intersections 

(AF, CE), (FB, ED), (BO, DA), 
are in a straight line. The figure AFBCED may be regarded 
as a hexagon inscribed in a line-pair. Lemma 12 is the case 
in which AB and CD are parallel. Lemmas 15 and 17 are 
converse forms of 12 and 13. 

Lemma 8* (p. 878) is thus enunciated : 

Let ABCDEFG be a βωμίσκος, and let DE be parallel to 
BC, and EG to BF. Then DF is parallel to CG. 

That is to say, if BC be the base of a triangle, DE (termin- 
ated by the sides through B and Ο) a line parallel to BC, and 
EG, BF a pair of parallels terminated by BD and CE 
respectively or their complements, then DF, CG are parallel. 





* This lemma is isolated in Chasles’ classification (p. 78). 


Serenus. 


liv PROLEGOMENA. 


In other words, if FBCGED be a hexagon inscribed in a line- 
pair BDG, CEF, the intersections (FB, GE), (BC, ED), 
(CG, DF) are in the case supposed at infinity, and in general 
tn one straight line. 

(e). Harmonic section of a right line. 

Lemmas 22-27, 34. Props. 148—158, 160. 

These Lemmas are on the metric relations of the segments 
of a harmonic range; but the term harmonic, although coined 
long before [p. xxvi], is not employed. 

(f). Property of polars with respect to a circle. 

Lemmas 28, 35. Props. 154, 161. 

These Lemmas (pp. 904, 914) are to the effect, that any 
chord of a circle drawn through a fixed point without or within 
it is divided harmonically by the point and a certain fixed 
straight line. Of this proposition, which in its entirety is the 
foundation of the theory of polars with respect to a circle, the 
former part only was extended by Apollonius to the conics 
(lib. 111. 37). 


$14. To Pappus we are further indebted for the earliest 
trace of a focus of the parabola, and of a directrix of any conic. 
In the Collectio lib. VII. prop. 238 (p. 1013) is the theorem, that 
the locus of a point tn plano, whose distance from a fixed point 
varies as its perpendicular distance from a fixed straight line, 
is a conic. "Thus one focus of the parabola is at length found; ` 
but it was reserved for Kepler to complete the theory of the 
real “ foci” of conics, and to give them their name. 


§15. The two books of Serenus of Antissa De Sect. Cylindri 
and De Sect. Coni respectively form a sequel to the Conics of 
Apollonius in Halley’s edition. Serenus was also a com- 
mentator on Apollonius, and he lived before Marinus, a disciple 
of Proclus* Many geometers in his day imagining that the 
sections of the cylinder were not identical with the elliptic 
sections of the cone, he sets to work to remove this mis- 
apprehension. (De Sect. Cyl. props. 16--18). He then shews 

5 The date 450 A.D. for Serenus may serve as a conjectural lower limit. Baldi, 


Cronica de Matematici p. 59 (Urbino 1707), boldly assigns to him the precise date 462. 
Suter Gesch, der math, Wissenschaften 1. p. 92 (Zürich 1873) prefers the date 200—100 Β.ο. 
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how to construct a cylinder and a cone on coplanar bases, so as 
to be cut by one plane in the same ellipse or in similar ellipses 
(props. 19—23); and further, given a cylinder and a plane 
cutting it, he describes a cone having the same base and 
altitude, which is cut by the given plane in a section similar 
to that of the cylinder (prop. 25). Props. 26—30 shew how 
to cut a cylinder or cone in subcontrary pairs of similar 
ellipses. The remaining propositions De Sect. Cylindri, although 
of still greater interest and importance, are sometimes overlooked. 
The property of a harmonic pencil, indirectly stated, is applied 
tn space to prove that all the tangents to a cone from one point 
have their points of contact on two generating lines (props. 
33, 34), and the idea of projection by rays emitted from a 
luminous point is suggested and illustrated by a simple case 
(prop. 35). In the book De Sect. Coni he breaks (as he tells us) 
new ground, in thoroughly discussing the triangular section 
determined by an arbitrary plane through the vertex. Thus 
he makes a step towards the generalisation of Desargues, who 
drew his planes of section without reference to the fixed 


" triangle through the axis.” 


516. The writings of Serenus suggest an answer to the rccspective. 
question (Chasles Aperçu historique p. 74, 1875), Was the 
method of perspective* known and used by the ancients? 
Certainly not by those who doubted whether the sections of a 
cylinder were also sections of a cone. But Serenus now shews 
that the property of 2 harmonic range may be transferred by 
central projection from plane to plane, and hence that any 
tangent to a conic section and its point of contact project into 
a tangent and its point of contact on any plane. The principle 
of perspective had thus been laid down, as the modern reader 
clearly sees; but if the ancients had still (as in the time of 
Apollonius) no complete theory of polars with respect to a 
conic, and if they had not learned to look upon parallel straight 
lines as concurrent (Chasles Les Portsmes p. 104), the method 
could not have been applied by them to much effect, had it 
been even more distinctly formulated than by Serenus. 


* For some information about perspective see Poudra’s Histoire de la Perspective 
ancienne et moderne (Paris 1864). 


Kepler 
1671: 1690. 
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KEPLER. DESARGUES. NEWTON. 


$1. In the interval between the decadence of the Greek 
school of mathematics and the revival of learning in Europe, 
the Arabs preserved and commented upon the works of the old 
masters in geometry, and also applied themselves with effect 
to the new science of Algebra,* which was so greatly to enlarge 
the domain of geometry itself in the hands of the followers 
of Descartes. Referring for supplementary information from 
this point onward to Montucla's Histoire des Mathématiquest 
and Chasles’ Aperçu historique des Méthodes en Géométrie, we 
pass at once to the astronomer Kepler, who by his contributions 
to the doctrine of the infinite and the infinitesimal and his firm 
grasp of the principle of continuity is entitled to the foremost 
rank amengst the founders of the modern geometry. 


§2. Kepler was born at Weil in the duchy of Wiirtemberg 
(whither his parents had migrated from Niirnberg) on the 27th 
of December 1571, and died at Ratisbon in the sixtieth year 
of his age in 1630. A full account of his life is appended to 
Frisch’s edition of his collected works] (vol. virt. 669—1028). 
A famous contemporary’s description makes him a man of varied 
ability but superficial and never incubating long over one 
discovery, “ingenii optimi, nec uni tantum rei dediti, sed 
universim plura complectentis, ut et pluribus sese tradidit. 
Neque diu et constanter, plures ob causas, tanquam ovis gallina 


* For the literature of this subject see Elementary Algebra with brief notices of its 
history (Lond. 1879) by Mr. R. Potts, the editor of Euclid’s Elements. 

t A work in two volumes 4to (Paris 1758), afterwards expanded by De la Lande 
into four (Paris 1799—1802). 

1 Joannis Kepleri astronomi Opera Omnia (Francof. a. M, 1858—70). 
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uni invento incubare ipsi licuit; inde fieri potuit id quod in 
proverbio dicitur, pluribus intentus, minor ad singula sensus; et 
sic quedam, presertim autem Archimedearum demonstrationum 
vim minus accurato judicio perpendisse videri possit" (Kepleri 
Op. Iv. 647). It is interesting to pass from this to the evidence 
of his profound insight into the abstract principles of geometry, 
and the indomitable perseverance with which he established the 
laws of planetary motion that have immortalised his name. 
Though his work might not be recognised in his lifetime, it 
could afford to wait * centum annos" for an interpreter.* 


58. The principle of Analogy. 

The work of Kepler entitled Ad Vitellionem] paralipomena 
quibus Astronomie pars Optica traditur (Francofurti 1604) 
contains a short discussion De Con: sectionibus (cap. 1v. $4 pp. 
92— 6) from the point of view of analogy or continuity. The 
section of a cone by a plane “aut est Recta, aut Circulus, 
aut Parabole aut Hyperbole aut Ellipsis.” Of all hyper- 
bolas “obtusissima est linea recta, acutissima parabole; " 
and of all ellipses “acutissima est parabole, obtusissima circulus." 
The parabola is thus intermediate in its nature to the hyperbola 
and * recta" (or line-pair) on the one hand, and the closed curves 
the ellipse and the circle on the other; “ infinita enim & ipsa est, 
sed finitionem ex altera parte affectat." He then goes on to 
speak of certain points related to the sections, “ quz definitionem 
certam habent, nomen nullum, nisi pro nomine definitionem aut 
proprietatem aliquam usurpes.” The lines from these points to any 
point on the curve make equal angles with the tangent thereat: 
“Nos lucis causa & oculis in Mechanicam intentis ea puncta 
Focos appellabimus.” He would have called them centres if 
that term had not been already appropriated. In the circle there 
is one focus, coincident with the centre; in the ellipse or hyper- 
bola two, equidistant from the centre: in the parabola one 
within the section, “alter vel extra vel intra sectionem in axe 


* See lib. v. Zarmonices Mundi, with Chasles’ account of the work (Aperçu his- 
torique p. 482). À 

1 Optica Thesaurus. ALHAZENI Arabis libri VII. item VITELLIONIS libri X 
(Basil. 1572). 


The foci 
named. 
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Jingendus est infinito intervallo a priore remotus, adeo ut educta 
HG vel IG* ex illo cæco foco in quodcunque punctum sectionis G 
sit axi DK parallelos.” 

In the circle the focus recedes as far as possible from the 
nearest part of the circumference, in the ellipse somewhat less, 
in the parabola much less; whilst in the line-pair the “ focus,” 
as he still calls it to complete the analogy, falls upon the line 
itself. Thus in the two extreme cases of the circle and the 
line-pair the two foci coincide. He then goes on to compare 
the latus rectum and its intercept on the axis, or as he calla 
them the chorda and sagitta, in the several sections, concluding 
with the case of the line-pair, in which the chord coincides with 
ats arc, “abusive sic dicto, cum recta linea sit.” But our 
geometrical expressions must be subject to analogy, * plurimum 
namque amo analogias, fidelissimos meos magistros, omnium 
naturæ arcanorum conscios.” And especial regard is to be had 
to these analogies in geometry, since they comprise, in however 
paradoxical terms, an infinity of cases lying between opposite 
extremes, “totamque rei alicujus essentiam luculenter ponunt 
ob oculos.” Lastly he shews how to describe an ellipse by 
means of a string fixed at the foci, without the use of the 
clumsy compasses [p. 178], “quibus aliqui cudendis admira- 
tionem hominum venantur,” and gives the corresponding con- 
structions for the hyperbola and the parabola. 


Continuity. (1) Hereupon be it remarked, that the principle of Analogy 
on which he insists so fervently is the archetype of the principle 
of Continuity. The one term expresses the inner resemblance 
of contrasted figures A and B, which are connected by innu- 
merable intermediate forms; whilst the other expresses the 
possibility of passing through those intermediate forms from 
A to B, without any change per saltum. Geometry was not 
indebted to Algebra for the suggestion of the law of continuity. 


Second focus (2) Having traced the transition from the line-pair to the 
circle through the three standard forms of conics, he completes 


* The figure indicates that the line from the further focus may be considered to 
lie either within or without the parabola. 
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the theory of the points henceforth named Foci by the discovery 
of the “czcus focus” of the parabola, which is to be taken 
at infinity on the axis either without or within the curve. The 
parabola may therefore be regarded indifferently as a hyperbola, 
having (relatively to either of its branches) one external and 
one internal focus, or as an ellipse, having both foci within 
the curve. 


(3) The further focus of the parabola being taken at infinity Opposite 
on the axis in either direction, the two opposite extremities adjacent. 
of every infinite straight line are thus regarded as coincident 
or consecutive points—a conception which has been shewn to 
conduct logically to the idea of imaginary points [p. 311}. 


(4) Every straight line from the “cecus focus” of the | Parallels 
parabola to a point on the curve being said to be parallel 
to the axis, the idea of the concurrence of parallel lines at 
@ point at infinity has at length been formed and announced.* 
It is to be noticed that the new doctrine of parallels is here 
presented in relation to one plane, and not as springing out of 
the consideration of figures in perspective in space. 


Such were Kepler’s most original contributions to pure 
geometry, although he is better known by his continuation of 
the work of Archimedes in stereometry. 


S4. Nova Stereometria doliorum vinariorum. 

Of this work (anno 1615, Lincii. Op. 1v. 545—646 ed. Frisch) 
we notice chiefly the former part, which contains a new and 
abbreviated redaction of the work of Archimedes on the circle 
and in stereometry, followed by Supplementum ad Archimedem 
(p. 574). The circuitous method of exhaustions is here trans- 
formed into the method of infinitesimals. Thus in theor. 1, on 
the approximation to 7, he treats an infinitesimal arc as a 
straight line: * Licet autem argumentari de EP ut de recta, 





* It was in the course of an attempt to trace the origin of the term Focus of a 
conic that I came upon the passage quoted from the Paralipomena. Chasles (Les 
Porismes p. 104) attributes the discovery of the concurrence of parallels to Desargues ; 
and when he says (Aperçu p. 56. Cf. pp. 15, 16, 61) that Kepler first introduced 
“usage de ζ infini" into geometry, he is referring “ aux méthodes infinitésimales.” 


Desargues 


1593—1662. 


lx PROLEGOMENA. 


quia vis demonstrationis secat circulum in arcus minimos qui 
equiparantur rectis.” In theor. 2 in like manner he regards 
the circle as an aggregation of triangular elements, having a 
common vertex at the centre, and their bases coincident with 
successive small arcs of the circumference. So the sphere is 
considered in theor. 11 to be made up of small cones, having 
their vertices at the centre and their bases, “quarum vicem 
sustinent puncta,” on the surface of the sphere. He then passes 
on to the conoids &c., and thence to the solids generated in 
a certain way by conics, the generating curve being attached 
at right angles to a plane, which turns about one of its own 
points without change of place. He gives a slight résumé of 
his doctrine of the foci, mentioning the further focus and 
likewise the centre of the parabola, but not in such a way 
as bring out the idea of the concurrence of parallels (p. 577). 


$5. Guldinus, quoted by Frisch (Kepleri Op. 1v. 647), 
stoutly opposed Kepler's equiparatio of an arc to a chord, as 
not permissible “per ullam ullius demonstrationis geometricz 
vim"; precisely as it was objected to Antipho [p. xxx], who 
had made bold to do likewise some 2000 years earlier, that 
“he did not start from geometrical principles." It could not 
however be denied that Kepler's method was of service in 
discovering theorems, although by no means to be recommended 
as a method of proof—at least, if any better could be found, 
“si alia suppetant geometris jam probata media" (p.653). Kepler 
had in reality grasped the idea of the infinitesimal, although a 
calculus remained still to be discovered. "The law of continuity 
eis now applied by him not only to the infinitely great but to the 
infinitely small. He has formed the conception of the continuous 
change of a variable: “crescit a quantita nulla continue &c," 
and discovered the law of its variation in the passage through a 
maximum value (Pt. 11. theor. 16—22); thus laying a firm founda- 
tion for the fluxional calculus of Newton, better kuown by the 
name and with the notation proposed by Leibnitz. 


86. The name of Girard Desargues of Lyons (1593—1662) 
had fallen into oblivion, when early in the present century his 
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genius was recognised by Brianchon (1817) and Poncelet (1822). 
A furtber appreciative notice in the Aperçu historique of his 
apparently lost works was followed by Chasles’ own discovery 
of the chief of them, Brouillon Proiect etc., which with others 
afterwards discovered was published by Poudra in his Œuvres 
de Desargues (Paris 1864). This edition contains a biographical 
notice of Desargues, his recovered works with an analysis of each, 
and an analysis of those of his pupil Abraham Bosse, themselves 
founded upon the ideas of the master. He proclaims himself not 
in the first instance a pure mathematician, avowing that he had 
never a taste for study or research except with a view to some 
practical application, “au bien et commodité de la vie." He 
was an architect and engineer, and in the latter capacity served 
under Cardinal Richelieu at the siege of La Rochelle (1628). 
After the war he retired to Paris, where he devoted himself to 
geometry and its applications, frequenting a weekly gathering of 
savants for the discussion of mathematical topics, which preceded 
the foundation of the Académie des Sciences ( Œuvres 1.14). He 
was esteemed by the ableat of his contemporaries as a geometer 
second to none, but virulently attacked by some important per- 
sons* of smaller calibre, who were confounded by the novelty 
and abstraction of his ideas. The subsequent neglect of his works 
was due partly to the form in which they were written, but in 
far greater measure to the counter-attraction of the algebraic 
geometry of his contemporary and friend Descartes. For full 
information about his works, which include Perspective, Coupe 
des Pierres, Gnomonique, a fragment on gravitation (1. 239) &c., 
we can only refer to Poudra's excellent edition ; but it will be 
seen from the following slight account of some portions of them 
that the Géométrie Projective of the present day is in fact the 
geometry of Desargues. 


§7. In his earliest work, Méthode Universelle de mettre en 
Perspective dc. (1636), he notices the cases in which concurrent 
lines are seen as parallels on the tableau (tome I. pp. 83, 94), 


* The hostile critique of M. de Beaugrand, secrétaire du Roi, “est le premier écrit 
qui a servi au général Poncelet à reconnaitre le mérite de Desargues” ((Euvres 11. 353). 
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and concludes with the problem, to find the lines in a conic 
which correspond to the axes of its projection. Purposing to 
return to this work shortly, we pass on to the BROUILLON 
PROIECT etc. [p. 261], or rough sketch of a theory of the inter- 
section of a cone by a plane (pp. 97—242, and 243—302). He 
commences with the new doctrine of infinity.* The opposite 
points at infinity on a right line are coincident, parallel lines 
meet at a point at infinity, and parallel planes on a line at 
infinity (pp. 103—6, 229, 245-6). A straight line may be 
regarded as a circle whose centre is at infinity (pp. 108, 224), 
The theorem of the six segments found in the Almagest and 
elsewhere is stated in a converse form (p. 256). The theory 
of Involution de six points, with its special cases, is fully laid 
down, and the projective property of pencils in involution is 
establishedt (pp. 246-61). The theory of polar lines is ex- 
pounded, and its analogue in space suggested (pp. 263—6, 271—7, 
214, 291). A tangent is a limiting case of a secant (pp. 262, 
274, 277), and an asymptote is a tangent at infinity (pp. 197, 
210) The joins of four points in a plane determine three 
couples in involution on any transversal (p. 266), and any conic: 
through the four points determines a couple in involution with 
any two of the former (p. 267). The points of concourse of 
the diagonals and the two pairs of opposite sides of any quadri- 
lateral inscribed in a conic are a conjugate triad with respect 
to the conie, and when one of the three points is at infinity 
its polar is a diameter (pp. 188—9); but he does not explain 
the case in which the quadrilateral is a parallelogram, although 
he had formed the conception of a straight line wholly at 
infinity (p. 265). 

* Mais voicy dans une proposition comme un assemblage 
abregé de tout ce qui precede" (pp. 195, 277). Thus he intro- 
duces the general theory of projection, which is the main subject 
of the Brouillon. Given any conic O and a cone through it, 
let O' be any section of the cone. Through the vertex V 


* He must have been acquainted with Kepler's theory of the foci, Notice his use 
of Kepler's term “ foyers" (pp. 210, 222). 
t Notice his form of expression (p. 104), * Rangée de points alignez" [p. 249]. 
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[p. 314] draw a plane parallel to that of O' meeting the plane 
of O in ab, and let P be the pole of ab with respect to O. 
Then the system of planes through VP determine the diameters 
of O', the centre being considered, as we should say, to be the 
pole of the line at infinity; and any two such planes drawn 
through points on ab conjugate with respect to O determine 
conjugate diameters of O', the tangents at the extremities of 
which, * à distance ou finie ou infinie ” are also known (p. 197). 
Since a point at which O meets ab coincides with its own 
conjugate, an asymptote of O' (besides being a tangent at 
infinity) is a double or self-conjugate diameter. He concludes: 
* Comme entr' autre, que sur la queleonque de ces coupes de 
rouleau peut estre construit un rouleau qui sera coupé selon 
quelconque espéce de coupe donnée" (p. 198). The ancients 
had always taken a circle for the base of their cone, and had 
drawn all planes of section at right angles to one and the same 
fixed plane. 

The Foci of a conic are determined in plano as the inter- 
sections of the axis with a certain circle, which may have for 
diameter the intercept on any tangent (or on an asymptote, 
p. 288) by the tangents at the vertices, in accordance with 
Apollonii Con?ca 111. 45 [p. 111]. He determines the axes and 
foci of a conic in the cone by a process (pp. 215—23, 293) which 
Chasles summarises as follows :* 

The line ab being drawn as above, take any point ¢ upon it, 
and let the chord of contact of the tangents from ¢ to O meet ab 
int’. Also let rr’ be any segment of ab which subtends a right 
angle at V. The two sets of points tt and rr’ constitute 
two involutions, having one segment οὐ in common. The polars 
X, X' of the points c, c correspond to the Axes of 0. 
The tangents to O from the points r and the lines from r 
to their several points of contact determine upon X an involution, 
whose double points correspond to the Foci of Ο’, since every 
tangent and its normal are harmonic conjugates to the focal 
distances of the point of contact. 


* Rapport sur les progrès de la Gcomeétrte p. 500, 


School of 
Desargues. 


Newton 
1642—1727. 
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§8. A sequel to Desargues’ Perspective of 1636, found in the 
Perspective of Bosse (1648), contains some explanations of the 
principles of the former work. 


a. Proposition fondamentale de la pratique de la Perspective. 

The statement and proof by Desargues ( Euvres 1. 408—7) 
are analysed by the editor, who reduces his fundamental propo- 
sition to the anharmonic property of a pencil of four rays (p. 426). 
which cut any transversal in a constant cross ratio. 


b. Figures in homology. 

Three other geometrical propositions are given, which embody 
the principle of perspective in one plane (pp. 413—22, 490---δ). 
The first is on triangles in homology [p. 307, 321], the second 
and third on quadrilaterals in homology. On the second he 
remarks generally that a like reduction of the figure to one plane 
may be used “en semblable cas” (p. 417); and in the third 
he gives a metrical relation between a system of corresponding 
segments (p. 435). Notice that he passes from solid to plane 
figures in the manner afterwards used by the school of Monge 
(Chasles’ Aperçu historique p. 87). 


$9. Although the roughly sketched essays of Desargues 
themselves fell into neglect, his ideas were preserved by an 
illustrious school of disciples, numbering amongst its members 
Bosse, Pascal and De la Hire. The writings of the engraver 
Abraham Bosse (1643—1667) are analysed by Poudra in vol. 11. 
of the Œuvres de Desargues. The famous Hexagrammum 
Mysticum of Pascal was a corollary from what he had learned 
from Desargues. The theory of polars was brought into 
prominence by De la Hire (1685), and forthwith supposed 
to have been discovered by him. The reader of Brianchon’s 
Mémotre sur les Lignes du Second Ordre (Paris 1817), and 
Poncelet’s Traité des Propriétés Projectives will not need to 
be reminded how great a part of modern geometry is actually 
and confessedly founded on the work of Desargues. 


$10. Newton was born at Woolsthorpe near Grantham in 
1642, the year of the death of Galileo, and died in the eighty- 
fifth year of his age in 1727. The first edition of his Philosophie 
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naturalis Principia mathematica was published 1687, the second, 
edited by Roger Cotes, in 1713, and the third, by Henry 
Pemberton in 1726. His Opticks was published in English 
in 1704 and in Latin in 1706, in each case with an Appendix in 
Latin containing the Enumeratio Linearum Tertii Ordinis and 
a tract De Quadratura Curvarum. For an account of his life 
and writings see Brewster’s Memoirs of the Life etc. of Sir Isaac 
Newton (Edinburgh 1855), and Edleston’s Correspondence of 
Sir Isaac Newton and Professor Cotes (London 1850); and for 
the works themselves see Horsley’s five volumes, 1779—85 
[p. 264], and the Newton? Opuscula (3 vols.) of Joh. Castillioneus 
(Laus. et Geneve 1744). Presupposing a general acquaintance 
with his geometrical discoveries, we shall confine our attention 
to a few particulars. 


$11. In the fourth and fifth sections of the first book of the 
Principia he solves various forms of the problem, to describe 
a conic subject to the equivalent of five conditions, (1) when 
a focus is given, and (2) when neither focus is given. It will 
suffice to allude briefly in passing to the former case. The title 
of lib. 1. sect. 4 is De inventione orbium ellipticorum, parabolicorum 
d hyperbolicorum ex umbilico dato. In it he makes much 
use of the simple property (lemma 15), that the perpendicular 
from one focus of a conic to any tangent intercepts a length 
equal to the axis on the further focal distance of the point 
of contact. The section concludes with the construction of 
an orbit of which one focus and three points are given, a problem 
which had been solved, * Methodo haud multum dissimili 
by de la Hire, Sect. Conic. lib. VIII. prop. 25. In this construction 
and in prop. 20 Newton assumes that the focal distance of a 
point on a fixed conic varies as its distance from the directrix, 
a theorem proved in the Arithmetica Universalis prob. 24 (Cantab. 
1707), and sometimes attributed to Newton as its first discoverer, 
although in reality known to Pappus. 


812. Inventio orbium ubi umbilicus neuter datur. 
A. 
The 5th section of the first book of the Principia, under 
the above title, treats with the utmost generality of the point- 
6 
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properties and the tangent-properties of conics. It commences 
with the problem of the Locus ad quatuor lineas (lemmas 17— 
19), of which no geometrical solution was extant [p. 266]. Then 
follows a theorem (lemma 20) which may be thus stated: If AB 
PC be four fixed points on a given conic, the chords from B and 
C to a variable point on the curve meet the parallels through P 
to AB and AC respectively in points T and R, such that PT 
varies as PR, and conversely. From a limiting case of this 
lemma he deduces his organic description of a conic by means 
of two rotating angles* (lemma 21), giving somewhat later (prop. 
27 Scholium) his construction for the centre and asymptotes 
of the conic thus generated. By means of the above mentioned 
lemmas he shews how to describe a conie when five points 
on it are given,t or four points and a tangent, or three points 
and two tangents (props. 22—4). Next follows lemma 22, 
Figuras in alias ejusdem generis mutare, in which it is shewn 
that any curve may be transformed into another of the same 


order by substitutions of the form X πω and Y=% [p. 330], 
x x 
and two applications of the lemma follow. (1) In order to 
describe a conic passing through two given points and touching 
three given lines, he transforms two of the given. lines into 
parallels, and the third given line and the join of the given points 
into parallels (prop. 25); and (2) to describe a conic passing 
through a given point and touching four given lines, he transforms 


the four lines into the sides of a parallelogram (prop. 26). 
B. 


The lemmas next following lead up to some important 
properties of the tangents to conics, the discovery of which 
by Newton is commonly overlooked. First it is shewn that 
if AC and BD be lines given in position, terminated at A and B, 
and having a given ratio to one another, the locus of the point 
which divides CD in a given ratio is a straight line} (lemma 23). 


* Cf. Ex. 853 [p. 358]. The equation to the locus in lemma 21 is given in the 
Arithmetica, Universalis prob. 53 (Cantab. 1707). 

T A solution of this case is found in Pappi Collectio (p. 1077 ed. Hultsch). 

1 It also divides AB in the same ratio, since AC and BD vanish together. 
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Next, if two given parallel tangents viz. at A and B to a conic 
be cut by any third tangent in M and J respectively, the semi- 
diameter parallel to the two tangents is a mean proportional to 
AM and BI (lemma 24). From this, which is identical with lib. 
III. prop. 42 of the Conics of Apollonius, he deduces two corol- 
laries: (1) if any fourth tangent meet AM, BI, MI in F, Q, E 
respectively, then 
AM: BQ— AF: BI- MF:IQ- ME: ΕΙ; 

from the first of which proportions it follows (2) that F7 and MQ 
intersect upon AB.* The next lemma and its corollaries are of 
peculiar importance in relation to the modern geometry. 


LEMMA XXV. 


If ML, LK, KI, IM be the aides of a parallelogram touching 
a conic in 4, C, B, D respectively, and if any fifth tangent cut 
them in F, H, Q, E respectively, then by lemma 24 cor. 1, 


ME: EI- AM: BQ=BK: BQ; 
or ME: MI-BK: BK 4 BQ- BK: KQ. 


F M A. 





In like manner 
KH: HLz ΒΚ: AF- AM: AF, 
or ΚΗ: KL=AM: AF~AM= AM: MF. 





* It is easy to generalise this result by transforming the parallel tangents into 
non-parallels by Newton’s method. Cf. Art. 121 Cor, [p. 276]. 


e2 
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Corollary 1. 


If the parallelogram and the conic be fixed and the fifth 
tangent variable, then 


KQ.ME= MI. BK = a constant, 


and KH.MF has the sume constant value. The result may 
be expressed in words as follows: given two tangents toa fixed 
conic, the product of the intercepts upon them between the diameter 
parallel to their chord of contact and any third tangent is constant. 
The relation between the intercepts ZE and JQ is of the form 
(IM — IE ) (IK — 10) = a constant, or 


a.IE.1Q4 b. IE 4 c.IQ4 d=0, 


which is the * tangential equation " to any conic referred to any 
two fixed tangents, and also expresses that any two given tangents 
are cut homographically by a variable third tangent. 


Corollary 2. 


If eg be any other position of the tangent Æ, it follows that 
KQ: Με- Kq: ME- Qq : Ee. 
Corollary 3. 

Since QK is to eM as Qg to eE, it follows by lemma 23 that 
the middle points of KM and gE are in a straight line with the 
middle point of Qe. Hence, the middle point of KM being the 
centre of the conic, if a conic be inscribed in a quadrilateral, its 
centre lies on the straight line bisecting any pair of the diagonals 
of the quadrilateral.* This theorem suggested to Brianchon and 
Poncelet the investigation of the centre-locus of a conic passing 
through four given points [p. 282], and prepared the way for 
the general consideration of systems of conics subject to four 
conditions. 


C. 


In prop. 27 the conic touching five given lines is described, 


* It may or may not have occurred to Newton that this theorem might be 
generalised by projection ; but in any case he would not have turned aside to notice 
results so distantly related to his Inventio orbium. It may be shewn that he must 
have been acquainted with the theory of Polars. 
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its centre being first determined as the point of concourse of 
the diameters of any two of the five quadrilaterals formed by the 
given tangents. In a Scholium he remarks that an asymptote 
is a tangent at infinity, and also shews how to determine the axes 
and foci of a conic described by the organic method of lemma 21. 
There are also other lemmas which he might have used for the 
construction of conics, such as that the locus of the middle point 
of a chord drawn through a fixed point to a conic is a parallel 
conic: “sed propero ad magis utilia." In lemma 26 and a 
corollary it is shewn how to describe a triangle of given species 
and magnitude having its vertices severally on three given lines, 
and how to draw a transversal the intercepts upon which by 
three given lines shall be of given lengths. "This lemma is used 
in prop. 28. In lemma 27 and a corollary it is shewn how to 
describe a trapezium of given species having its vertices 
severally on four given lines, and how to draw a transversal 
which shall be cut in given ratios by four given lines, which is 
a special case of section in a constant cross ratio [p. 296]. 
An application follows in prop. 29, and the section concludes: 
* Hactenus de orbibus inveniendi. Superest ut motus corporum 
in orbibus inventis determinemns.” 


§ 13. Curvarum Descriptio Organica. 

A well known generalisation of Newton's description of a conic 
by angles would certainly have been passed by in the Principia 
with a * propero ad magis utilia," since it merely shews how to 
describe a conic by assuming that a conic is already described. 
When however he is treating of pure mathematics, he extends 
his method to the utmost, applying it not merely to cubics, as in 
Ex. 760, but to curves of all orders having “double” points. In 
the case of a cubic, of which a double point A and six other 
points BCDEFG are given, let the angle CAB turn about A 
and the angle ABC about B; then as the intersection C of 
the arms AC, BC assumes the new positions DEF, the inter- 
section J of the other arms determines four other points, say 
PQRS. Draw the conic APQES, and let Z move round its 
circumference: then C traces the cubic as required (Opticks, 
11. 160, 1704). 
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If instead of the point C a tangent BC be given, the angle 
CAB vanishes, and the curve is described by means of one 
finite angle and a straight line, which latter moves parallel 
to itself when the fixed point through which it passes is at 
infinity.* How was Newton led to his organic description of 
conics and other curves? Possibly he took a suggestion from 
Euclid ΙΙ. 21 [p. 172], and first described a circle by means 
of an angle and a line parallel to one of its arms, or by 
two angles having one pair of their arms constantly parallel. 


§14. Proof and extension of Newton’s Descriptio Organica. 

Let two angles AOB and 4ωβ of given magnitudes turn 
about O and œw respectively, and let the intersection A trace a 
curve of the nth order. For a given position of the arm OB 
there are n positions of A and therefore n of B. When OB is in 
the position Ow the n B's coincide with ω, which is therefore 
an n-fold point on the locus of D, as is also the point O; and 
since any line through O (or ω) meets the locus of B in n other 
points, the locus is of the order 2n. Its order is the same when 
AwB is a zero-angle or straight line. 

Let a given trihedral angle O (ABC)—or a plane OBC and 
a line OA rigidly attached to it—turn about O, and let a 
variable plane through a fixed point w meet OA in 4 and the 
plane OBC in BC; then if the line BC describes a ruled surface 
of the order 2 the point A describes a surface of the order 4n.t 
For a given position of the line BC the locus of A is a conic, 
and when the director surface is a cone of the nth order every 
plane through ω and its vertex meets the surface which is the 
locus of A in n conics. 

When the director is a plane, BC must be made to pass 
through a fixed point or touch some curve in it, except in the 
case in which O.A is normal to the plane OBC. In the last 
case the locus of A is a quadric, which becomes a sphere when 
the director is at infinity. 


* For some earlier essays at Descriptio Organica see Chasles' Aperçu p. 100. 
1 For the determination of the order of the surface described by the point 4 
I am indebted to Professor Cayley. 
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§ 15. Colin Mac Laurin developed Newton's theory of curves Maclaurin 

in his Geometrica Organica, sive descriptio curvarum universalis 
(p. 345]. He also wrote a treatise on Fluxions* (Edinb. 1742). 
The work Algebra with an Appendix etc [p. 128] was first 
published, after the death of the author, in 1748, and in the same 
year An Account of Sir Isaac Newton's Philosophical Discoveries. 
The Appendix to the Algebra (pref. p. xi) was founded on 
Cotes’ theorem of harmonic means, of which further use has 
been made by Poncelet and other modern geometers (Salmon’s 
Higher Plane Curves § 132 1879). 


$16. The property of the focus, directrix and determining atei ns. 


ratio remaining buried in the Collectio of Pappus, modern 
writers looked to later works for the first notice of the focus of 
the parabola and the directrix of the general conic. Thus 
Robertson in his Sect. Conéc. pp. 340, 363 (Oxon. 1792) refers 
for the focus of the parabola to an anonymous work De Speculo 
Ustorio—known to Roger Bacon, and perhaps translated from 
the Arabic— which was published at Louvain in 1548. Gregory 
St. Vincent knew the property of the directrix for the case 


of the parabola, and virtually arrived at it for the ellipse (Opus 
Geomet. lib. IV. prop. 139, p. 317, 1647), in the form of Ex. 16 
[p. 35]; as did De la Hire for the hyperbola, measuring dis- 
tances from the directrix parallel to an asymptote [p. 155 
Ex. 397], in his Sect. Conic lib. virt. prop. 18 (1685). In 
prop. 25 De la Hire introduces tbe directrix as the polar of the 
focus: in props. 28—4 he had proved that the tangents at the 
extremities of any focal or other chord subtend equal angles 
at the focus. It remained for Newton to bring the property of 
the determining ratio fully to light, and for Boscovich, with 


* On the rival claim of Leibnitz to the first discovery of the differential calculus 
see Montucla Hist. des Math. vol. 11. 330—343 (1758); Gerbardt’s Hist. et Origo Calc. 
Diff. (Hannover 1846) and other publications; Brewster's Life of Newton 11. 23—47 
(1855); Weissenborn Die Principien der hoherem Analysis (Halle 1859); Sloman 
The claim of Leibnitz to the invention of the Differential Calculus, translated 
Jrom the German (Cambridge 1860). It is disputed to what extent Leibnitz 
was indebted to the letters and MSS. of Newton. Leibnitz several times discovered 
things already in print (Biographie Unierselle xx111. 627—8, 634); and it is a 
striking fact that the leading propositions of the PRINCIPIA reappeared under the 
name of G. G. L, in the Acta Eruditorum pp. 82—96 (cf. p. 36), 1689. 
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the help of it, to compose the first really complete Sectionum 
Conicarum Elementa. The term Directrix, formerly used in the 
case of the parabola, is now used of the general conic (p. viii.) 5 
as in the following year also (1758) by Hugh Hamilton, who 
added a construction for the focus and directrix in the Cone 
[p. 204]; but the term was still used only for the parabola by 
Le Seur and Jacquier (1760) in their edit. 2 of the Principia 
(1. 134, 179), and the characteristic property of the line itself 
in the general conic was not familiarly known even some years 
later, to judge from Lexell's elaborate discovery of the simplest 
of corollaries from it in the Nova Acta Petropol. 1. (147), 1787. 

Later works founded upon the properties of the determining 
ratio and the eccentric circle [p. 3] were those of Thos. Newton 
(Camb. 1794), G. Walker of Nottingham (Lond. 1794), and 
John Leslie (Edinb. 1821), who describes Thos. Newton’s work 
as “clear, neat, and, concise,” whilst Walker’s “ though in- 
genious and strictly geometrical, is unfortunately so prolix and 
ponderous as to damp the ardour of the most resolute student.” 
Walker was under the impression that he was the first dis- 
coverer of what he called the Generating Circle,* but Thos. 
Newton rightly referred it to Boscovich.  Leslie's account of 
the work of BoscovichT is that it consisted “of only a few 
propositions, but drawn out into a string of corollaries.” It is 
nevertheless a clear and compact treatise, which for simplicity, 
depth and suggestiveness will not readily be surpassed. 


* Compare Mr. S. A. Renshaw’s The Cone and its Sections pp. 26—8 (Lond. 1875); 
Messenger of Mathematics vol, 11. 97 (1873). Walker's complete treatise was to be in 
five books, but one only appeared. 

1 From the preface to vol. ΙΙ, of the Elementa Univ. Math. (1757) we gather 
that Boscovich's scheme of Conics was first published *in Romano litteratorum diario 
ad annum 1746,” in the form of a short article, '' schediasma brevissimum"; and that 
several years elapsed before the complete work, after repeated delays, was given to 
the world. Leslie says that it was published in 1744, and Walker's in 1795. Walker 
had discovered the generating circle “near thirty years" before publication. An 
edition of Boscovich's Elementa seems to have been published at Rome in his name 
in 1752—3 ; but I have only seen the “editio prima Veneta." 
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SECTION IV. 


MODERN GEOMETRY. 


§1. ALTHOUGH the law of Continuity, the vital principle of Continuity. 


the modern geometry, had been decisively laid down by Kepler, 
it was not until the great discovery by Poncelet of the circular 
points at infinity in any plane that it came to be universally 
acknowledged. The principle as enunciated by Kepler was 
wholly independent of algebraical considerations, but its later 
developments were suggested by the occurrence of negative 
and imaginary roots in equations applied to geometry, whilst 
the discovery of the differential calculus gave a new zest to 
speculations De infinito and De nihilo. The earliest thorough 
and geometrical treatment of the subject with which we are 
acquainted is found in Boscovich’s appendix* to his Sectionum 
Conicurum Elementa [p. 311], of which a slight account is given 
below. The complete dissertation occupies more than two- 
thirds as much space as is devoted to the entire subject of 
conics in plano. The writer cautiously abstains from the too 
bold assertion of novelty in his speculations, but remarks that 
the essay contains many things which “ego quidem nusquam 
alibi offendi," and many which, although found elsewhere, 
"nusquam ego quidem ad certos reperi redacta canones, et 
geometrica methodo pertractata.”’ 


$2. His first principle is, that every member of a geome- 
trically defined locus must have the same nature and properties,t 


* Elementa Univ. Math. tom. 111. 228—356 (Venet. 1757). 
t See Chasles’ Aperçu historique p. 197 on Monge's use of the principle of contingent 
relations. 


Boscovich 
1711—1787. 
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which are wrapped up in the definition itself, so that whatsoever 
is demonstrable of one part of the locus should be demonstrable 
in like manner of every other. On this principle we conclude 
a priort from the nature of the problem, to trisect a given 
circular arc, that any construction must give a series of solutions, 
three of them geometrically distinct [p. 141]. In geometrical 
demonstrations a determinate configuration is present to the 
senses, but the reasoning applies to an infinity of cases. This 
is clearly seen when, for example, we bisect a given finite 
straight line; but it is true none the less in cases in which 
a new configuration seems to render the proof nugatory, 
although some artifice may be required, “ad servandam 
analogiam, et retinendam solutionis ac demonstrationis vim” 
(ρ. 229). Notice his use of the term Analogy, by which the 
idea of geometrical continuity was first expressed. 

The correspondence of change of sign with change of direc- 
tion in lines carries with it the idea of negative rectangles and 
squares, and thus of imaginary magnitudes (pp. 234, 308). 
Change of sign implies a transition through zero or infinity, 
and never takes place per saltum (p. 250). To illustrate this, 
take an indefinite line AB and a point C without it, draw 
CH perpendicular to AB, and let a line turning continuously 
about C meet AB in P. As CP passes through H, the sign of 
HP changes, say from positive to negative: when CP becomes 
parallel to AB, the point P is at infinity on the negative side 
of H, and the next instant it is at infinity on the positive 
side of H. "Thus the passage through infinity carries with it a 
change of sign and,like the passage through zero, is effected 
by the continuous rotation of CP, and not per saltum. The 
opposite extremities of an infinite straight line are thus in 
a manner joined, as if the line were an infinite circle (p. 254), 
whose centre may be considered to be at infinity on either 
side of the line. In illustration of the principle that opposite 
infinities are thus adjacent, take the case of an infinite double 
ordinate to the axis or any diameter of the parabola, regarded 
as a closed curve (pp. 265, 343). 

The consideration of a circle of infinite radius leads to the 
idea of a “veluti plus quam infinita extensio" (pp. xv, 281). 
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Through fixed points AC on an indefinite straight line MACN 
draw a circle, and bisect its minor segment AJC in J and its 
major segment in J’. If now the centre be removed to infinity, 
the arc AJC becomes the line AC, whilst of the arc AZ'C 
part coalesces with the infinite segments AM and CN, and 
the rest recedes to infinity with the point J’, “ut nusquam jam 
sit 2 or as we may say, the circle degenerates into the endless 
line MA CN together with the line at infinity* [p. 344]. Hence 
it is deduced that whilst the line AC is bisected in a point J, 
its complement AM NC is bisected at a point /’ at infinity 
(p. 274) ; which might also have been arrived at by dividing AC 
harmonically, and making one point of section coalesce with 
the middle point of AC (pp. 6, 344). 

If AC be a segment of an infinite right line, the remainder 
AwC may be regarded as its “ complementum ad quendam 
veluti infinitum circulum” (pp. 276, 280, 292, 297 &c.). The 
hyperbola, regarded as a quasi-ellipse, has for its axis Ao A’ 
the complement of AA’ (pp. 264, 276, 289, 292). The further 
developments of this idea already given [pp. 18, 22, 102, 153, 
311] are in accordance with the views of Boscovich; but 
the note on Art. 13 was written, and a Scholium in continua- 
tion planned [p. 102], before his dissertation on continuity 
had been consulted.T 

The change from the real to the imaginary state is con- 
tingent upon the transition of some element of' a figure through 
zero or infinity, and never takes place per saltum (p. 271). 
Examples of imaginaries are the exterior diameters of a 
hyperbola, whose squares are negative; for the so-called 
“secondary” axis and diameters have no real analogy to the 
minor axis and conjugate diameters in the ellipse, although 
the unwary geometer may be imposed upon by the conjugate 





* Although the arc 4760 seems to lie wholly on one side of the line AB, it is to be 
remembered that opposite infinities are adjacent, Thus every line-circle passes through 
all points at infinity in its plane. 

t Without reference to the idea of an infinite line-circle, I had used the term 
COMPLEMENT of a straight line several years before I was acquainted with any work 
of Boscovich. See Ozf. Camb, Dubl. Messenger of Mathematics 1v. 140 (1867). 
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hyperbola, and persuaded to think that there can be a curve 
of the second order which a straight line meets in four points 
(pp. 311-317). In comparing properties related to diameters 
in the ellipse and in the hyperbola, we should endeavour to 
bring in the squares of the diameters, the signs of certain 
of which will merely have to be changed in passing from the 
one curve to the other (p. 320) The general method of 
procedure in dealing with a geometrical figure one or more 
of whose elements is evanescent, infinite or imaginary is 
summed up in eleven CANONS, formally stated and fully illus- 
trated (pp. 284—339). The 5th relates to negative angles, 
and the llth to the ratios of infinite magnitudes. He might 
have added a Canon 12 on the ratios of the Newtonian nascent 
or evanescent quantities, but promises another volume when 
time permits (p. 348); whilst on p. 353 he refers to his 
former dissertation De Natura et usu infinitorum et infinite 
parvorum (1741). In the course of the essay now under con- 
sideration he treats of curves of all orders, their infinite branches 
and asymptotes, their curvature, cusps, points of inflexion, 
and the tangents thereat (pp. 245, 267, 270—3, 325). 


88. The general solution of the problem, given the focus 
directrix amd determining ratio, to find the intersections of an 
arbitrary line with the conic, completely determines by im- 
plication the nature and properties of the curve (p. 286). His 
construction is as follows. Take a point w exterior to the 
given line, instead of a point O upon it [p. 10]; draw wZ 
parallel to PQ meeting the directrix in Z, and let the parallel 
through Z to SE meet the eccentric circle of w in p' and q’. 
Then the focal radii parallel to wp’ and ωφ meet the given 
line at its intersections with the conic (p. 99). This construc- 
tion failing (1) when PQ is parallel to the directrix, in which 
case the line Zp'q' is indeterminate, and (2) when PQ passes 
through S, in which case the parallels through S to wp’ and 
cq coalesce with PQ, instead of cutting it each in one point; 
he shews how to meet tbe difficulties thus arising. The former 
case however leads only to a simplification when the centre 
of the circle is taken upon PQ, as in the present work. Con- 
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sidering the second case in relation to Art. 16 Cor. 1 [p. 29], 
let a fixed chord drawn through the focus S be intersected in X 
by a variable chord containing a given angle with the axis. 
Then the products of the segments of the two chords are as 
the squares of the parallel tangents, however near X be taken 
to S, and therefore in the limit the products of the segments 
of any two focal chords are as the squares of the parallel 
tangents. 

A line still meets a conic in two points, even though, for 
example, one of them should disappear at infinity. In the 
parabola, any two chords as they become infinite are in a ratio 
of equality. In the hyperbola, if from any two points LL’ 
parallels be drawn meeting the curve in PP’ and its adjacent 
asymptote in hh’ respectively, then as the latter points recede 
to infinity the intercepts Ph and P'A' remain finite [p. 146], 
and the ratios of LP to Lh and L'P' to L'À' tend to equality 
as their limit. ‘The infinite segments LP and L'P’ are as the 
distances of L and L’ respectively from the asymptote Ah’ (p. 347). 


§4. It is remarkable that Boscovich enters upon these 
abstruse speculations in an elementary treatise for beginners, 
and even several times touches upon the subject of the appendix 
in the text itself, as for example when he notices that the 
properties of chords of a conic may be transferred to one of 
its limiting forms, the line-pair (p. 100). The preface to the 
volume contains an earnest plea for the introduction of the 
modern ideas into the schools. He had taught the appendix 
viva voce to his own tyros with the happiest results. The 
mind of the tyro is commonly overwhelmed with a multitude 
of details not reduced to any system; demonstrations are put 
before him in an unsuggestive form which gives no play to 
his inventive faculty; and thus it comes to pass that of the 
many students so few turn out genuine geometers. Let the 
learner be furnished with principles, and not alone with fully 
explained facts, and be continually stimulated to exertion by 
the intense pleasure of finding something left to discover for 
himself. 


Brianchon. 
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§5. The newly founded Ecole Polytechnique led the way 
in the geometrical revival of the nineteenth century. From this 
source issued first the works of Carnot and Monge, which 
further illustrated the principles of continuity above described. 
The leading conception of Carnot’s Géométrie de position (Paris 
1803) is the doctrine of quantities “ dites positives et negatives” 
(p. ii), to which he recurs in his Essa? sur la théorie des Trans- 
versales &c. p. (96), Paris 1806. This essay is in great measure 
based upon the ancient theorem of the six segments [p. 1. |. 

Referring to the Aperçu historique for a good description 
of the works of Monge, we pass from the master to one of his 
most illustrious scholars, whose short incisive essays in pur- 
suance of the ideas of Desargues, Pascal and Newton were the 
prelude to their fuller development by Poncelet, Steiner and 
Chasles. 


86. Second in importance only to the principle of Continuity 
is the principle of Duality, of which Brianchon’s hexagram 
(1806) occasioned the discovery [p. 290]. Noticing again the 
important article of Brianchon and Poncelet on the Equilateral 
Hyperbola [pp. 175, 282], we next come to the separate 
publications :* 

(1) Mémoire sur les lignes du Second Ordre, faisant suite aux 
recherches publiées dans les journaux de l Ecole royale polytech- 
nique. Par C. J. Brianchon, capitaine d’artillerie, ancien éléve 
de l’ Ecole Polytechnique. Paris 1817. 


(2) Application de la théorie des Transversales (Brianchon. 
Paris 1818). 

The latter memoir consisted of Lecons données à l'école 
d'artillerie de la garde royale en mars 1818. The former, which 
is of greater interest, must be described in detail. A line of 
the Second Order is defined as the section of any circular cone 
by an arbitrary plane: the term projection is introduced in 
relation to perspective: poles and polars are defined: as also is 
the expression Géométrie de la régle. The term polar had 
been introduced by Gergonne as correlative to “ pole,” an old 


* It would be worth while to republish Brianchon's articles and memoirs in 
one volume. 
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expression for a fixed point, which was beginning to be used 
in its restricted modern sense (Gergonne's Annales 1. 337; 
III. 297). 

Pp. 7-10. The property (afterwards called anharmonic) of 
four radiants is enunciated, the case of the harmonic pencil 
specially noticed—the term faisceau harmonique being intro- 
duced apparently as new—and it is noticed that the harmonic 
property holds “pour toutes les projections de la figure," a 
reference being given to Gregory St. Vincent's Opus Geome- 
tricum p. 6, prop. 10 (1647). A fourth harmonic to three given 
points in a straight line is found “avec la règle seule" by the 
property of the complete quadrilateral, and a reference for this 
is given to De la Hire’s Sectiones Conice p. 9, prop. 20 (1685). 

Pp. 10-16. Any transversal is cut in involution (1) by the 
aides and diagonals of a quadrilateral, regarded as the projection 
of a parallelogram : and (2) by these and any circumscribed 
conic regarded as the projection of a circle. The latter theorem 
(§ XI) was due to Desargues and had been preserved by Pascal. 
The case in which a conic degenerates into a line-pair is noticed. 
In a note (p. 14) he refers, on the theory of transversals, to 
the works of the ancients—the Almagest for example; to Fr. 
Maurolycus Opuscula Mathematica p. 281, 1575; and to Schubert 
in the Nova Acta Petropol. tome ΧΙΙ. ann. 1794. 

Pp. 17—28.  Pascal's theorem is proved by considering the 
six points of concourse of a conic with any triangle, and in a 
note is added the property of triangles in homology. The 
extension of the theory of polars to quadrics is ascribed to 
Monge (p. 19), although in reality due to Desargues [p. 329], 
who would however have thought definitely only of the quadrics 
of revolution. The theorem that the joins of four points on a 
conic determine a self-polar triangle with respect to it [p. lx] 
is proved, and the reciprocal property of four tangents deduced. 
Hence follows “une propriété bien remarquable des lignes du 
second ordre," viz. that the intercepts on any two fixed tangents 
by the diameter MN parallel to their chord of contact and a 
variable tangent EI have their product EM. NI constant (& XXVIII). 
He does not seem to be aware that this is one of Newton's 
theorems [p. lxviii] although he refers to Newton more than 
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once (pp. 38, 45), has a general acquaintance with lib. 1. sect 5 
of the Principia from which it is taken, and knows the third 
corollary of the lemma to which it is the first corollary. 

Pp.28—53. He draws conics passing through n points (one 
or more of which may be at infinity) and touching ὅ--η lines 
(where n is 0, 1, 2, 3, 4 or 5), referring also to Newton’s 
methods, and in one case to Maclaurin’s Algebra. He makes 
use in these constructions of his own property of the hexagram, 
the reciprocal of Pascal’s; and from the two together deduces 
(p. 35), that the six summits of two triangles touching a conic 
lie on a conic, and conversely. 

Pp. 53—60. The theorem of Desargues (§x1) “va nous 
découvrir de nouvelles propriétés des coniques 4 branches 
infinies.” Take four points UX YZ on a conic, of which XY 
are at infinity and U variable, then any fixed chord AB is met 
by = τ UY in points C and F, such that the cross ratio 
AC. 
AF’ B 
parabola or hyperbola, of which Z only is at infinity, and U a 
variable point on the curve, the lines UX and UY meet AZ 
at distances from A which are in a constant ratio. By making 
U coincide with each of the points X Y, he deduces Ex. 429 
[p. 159] and its analogue for the parabola; as also Ex. 427, 
that the arms of any angle in a fixed segment of a hyperbola 
intercept a constant length on either asymptote. By means of 
these results he shews how to describe a hyperbola, having 
given an asymptote, and in addition three points or a point 
and two tangents or two points and one tangent. All that 
remained to bring the anharmonic point-property of conics fully 
to light was a simple application of the method of projection, 
which the writer had already used with such effect. Knowing 
so well the importance of the projective property of the an- 
harmonic pencil, it is remarkable that he should have left it 
for others to take the final step. 

“Toutes les proportions contenues dans ce Mémoire se 
rattachent au théorème xı” (p. 61). Thus the name of 
Desargues is brought effectually into notice. He also refers 
to Lambert (Perspective ed. 2, 1774}, Blondel, Muller &c. 


oar constant (p. 54). If AX YZ be fixed points on a 
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Pp. 61—65. He deduces from Pascal’s hexagon the pro- 
perties of similar central conics, and concludes with some new 
properties of the tangent cones to quadrics. If a conic passes 
through two fixed points AB and touches two given lines, the 
chord of contact passes through a fixed point on the line AB 
(p. 20). Hence, if a quadric passes through two fixed points 
AB and has a given enveloping cone, the plane of contact 
passes through a fixed point on the line AB. A construction 
is deduced for a quadric passing through four given points and 
having a given enveloping cone. 


$7. To Poncelet as a geometer belongs the double honour M t 
of supplying what was lacking in the theory of Continuity by 
his discovery of the focoids [p. 311],* and bringing to light the 
principle of Duality by his method of reciprocal polars [p. 346]; 
whilst, like Desargues and Archimedes before him, he was no 
less a master of the principles and practice of mechanics. Born 
at Metz on the first of July 1788, he was allowed to grow up 
almost without instruction at St. Avold, until in his seventeenth 
year, at the end of 1804, he entered the Lycée imperial de 
Metz. "Three years later he gained his admission to the Ecole 
Polytechnique, was employed in 1811 upon the fortifications of 
Rammekens in the island of Walcheren, marched in 1812 with 
Napoleon to Moscow, and was taken prisoner and interned at 
Saratov on the Volga until the general peace of 1814. In his 
captivity he set to work, in spite of all hindrances, to reconstruct 
for himself a course of mathematics, and entered upon those 
bold speculations which are the characteristic of his famous works 
on geometry. For a full list of his scientific publications see 
Didion's Notice sur la Vie et les Ouvrages du Gen. J. V. Poncelet 
(Paris 1869). The appearance of his Cours de Mécanique 
appliquée, dating in part from 1826, ia described as having 
* fait sensation dans le monde de la science et de l'industrie" 
(p. 33). The dominating idea of his geometrical works was to 
increase the resources of pure geometry, to generalise its con- 


* Poncelet, before Plücker, spoke of a conic as having four foci (Propriétés 
Projectives p. 271, 1822). 
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ceptions and language, and thus to raise it to the level of 
analysis. See the Introduction to his Traité des Propriétés 
‘Projectives des Figures edit. 1 p. xxxii. (1822); edit. 2 tome I 
p. xxii (1865—6). At the end of the year following he died 
(Dec. 23 1867), with his thoughts turned again to mechanics: 
“ Ma tête est bonne, et j'espere bien pouvoir cet hiver publier 
ma Mécanique (p. 45)." 


Steiner. 88. One of the leading contributors to the further syste- 
matisation and development of geometry was Jacob Steiner, 
the author of numerous mathematical articles and of the works: 


(a) Systematische Entwickelung etc. 1832 [p. 262 ]. 


(b) Die geometrischen Konstructionen, ausgeführt mittelst der 
geraden Linie und eines festen Kreises (Berlin 1833). 


The work (a) was a first instalment of a treatise in five 
parts, of which no further part appeared iu the author's life- 
time; but his Vorlesungen über synthetische Geometrie were 
edited posthumously by Geiser and Schröter (Leipzig 1867, 
1876). Of the second part of the Vorlesungen, containing the 
projective geometry of conics, the third section is on Kegel- 
schnittbüschel and Kegelschnittschaar. 


gnats, 89. Michel Chasles, the most famous of living* geometers, 
is perhaps best known as the author of the Aperçu historique 
sur l'origine et le développement des Méthodes en Géométrie etc. 
(Paris 1837, 1875), which contains an invaluable series of notes 
on the history of geometry from the earliest times, followed 
by a Mémoire de Géométrie (pp. 573—848) devoted to the ex- 
position of the two general principles of Duality and Homo- 
graphy. Supplementary to the Aperçu was his Rapport sur les 
progrès de la Géométrie (1870), forming one of a series of 
official reports on the various branches of literature and science. 
He is also author of treatises on the Géométrie Supérieure (1852, 
1880), Porismes d’ Euclide (1860), Sections Coniques, premiere 
partie (1865), and of a multitude of separate articles, several of 
which relate to Maclaurin’s theorem in attractions (Comptes 


* These pages were already in type when the death of Chasles took place, on the 
18th December, 1880, 
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Rendus v. 842. vi. 808—812, 902—915. 1837—8, &c.). At this 
point we may fitly offer some remarks upon the history of 
the *anharmonic" properties of conics and the general principle 
of “homography,” with which the name of Chasles is so 
intimately associated. 

(a) The anharmonic point-property of conics. 

From the Collectio of Pappus we are led to infer that 
Euclid was acquainted with a form of the theorem (1) that the 
cross ratios of four fixed radiants are constant, and Apollonius 
with the theorem (2) that the locus ay = £./96 is a conic. From 
the union of these two at once arises the well-known “ Pro- 
priété anharmonique des points d'une conique," which never- 
theless remained unnoticed for upwards of 2000 years longer. 
Although the theorem (1) was rediscovered by Desargues and 
taken as his fundamental property in Perspective, whilst (2) 
was brought into notice by Descartes and afterwards proved 
synthetically by Newton, the combination of the two was not 
yet thought of.* "The third and last stage in their history was 
inaugurated by Brianchon, who proved that, { AB be a fixed 
chord of a conic and XY its points at infinity, the chords from a 
variable point on the curve to ABXY cut AB in constant cross 
ratios. Chasles shewed, in course of an account of his “ Trans- 
formation Parabolique,” that the same is true when X and Y 
are any two fixed points on the conic; and he deduced that 
the locus of the point at which four given points subtend a 
harmonic pencil is a conic through the four points. See 
Quetelet’s Correspondance Math. et Physique tome v. 293-4, 
301 (1829): Chasles Rapport etc. p. 268. All that was still 
wanting was a familiarity with the “théorie compléte des 
rapports anharmoniques,"T which might have been found in the 
Barycentrische Calcul of Móbius (1827). The property of 
conics now under consideration is fully stated, and its impor- 


* Although it is convenient to deduce Newton's description of a conic by angles 
from the four-point property [p. 264], we ought, historically speaking, rather to 
reverse the process, and say that the anharmonic property is evidently contained in 
his Descriptio Organica. 

f See the Preface to Cremona's Géométrie Projective p. Xv (Paris 1875). In this 
work, originally written in Italian, the reader will find references to many of the 
leading treatises and historical facts of geometry. 
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tance pointed out in the Aperçu historique (pp. 80, 334—341), 
which was presented to the Brussels Academy in a rudimentary 
form in 1829, and ultimately published in 1837: it is also 
found in Steiner’s Systematische Entwickelung, published in 
1832 [p. 262]. 

(b). The anharmonic tangent-property of conics. 

It was shewn by Newton that, if JM and JK be certain fixed 
segments of two given tangents to a conic, any third tangent 
cuts them in points Æ and Q respectively such that the 
rectangle (1M — IE) (IK — IQ) is of constant magnitude; and 
the same theorem was reproduced by  Brianchon in 1817 
[p.lxxix]. Poncelet, who refers to Brianchon's Mémoire, proves* 
that, if the opposite sides 4B and CD of a fixed quadrilateral 
circumscribed to a given conic be met by any fifth tangent in 
L and N respectively, and if BC, DA be met by any sixth 
tangent in M and P, then 

DP BM BL DN. 

AP’ CM AL'ON! 
and by fixing the tangent MP he deduces that the cross-ratio 
LT 2 of the segments of AB and CD by any fifth tangent 
as constant.| In the case of the parabola this cross ratio is equal 
to unity [p. 295|—a theorem which he believes to be due to 
Halley (p. 118). Chasles gave a second proof of Poncelet’s 
generalisation, regarding the tangents to a conic as projections 
of the generators of a ruled hyperboloid, and shewed how to 
pass from it to Newton's theorem, which however he ascribed 
only to Brianchon (Quetelet's Correspondance 1v. 364—70. Cf. 
Chasles Rapport p. 239). He afterwards proved it again in 
the form, that the ratio of the products of the distances of the 
fifth tangent from A, C and B, D respectively is constant 
(ibid. v. 289, 1829); and also shewed that the envelope of a 





* Propriétés projectives p. 115 (1822) ; vol. 1. p. 111 (1865). 

t This is obvious from Newton's figure p. [lxvii] for the case of two pairs of 
parallel tangents: it then follows by projection for any two pairs of tangents, the 
* crogs-ratio" having different but constant values for different planes. See Art. 138 
(ii) [p. 312]. 

f Apollonii Pergei De Sectione Rationis dc. lib. I. pp. 64—0, ed. Halley 
(Oxon. 1706). : 
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line cut harmonically by four fixed lines is a conic touching 
them (p. 294). The property of which this last is a special 
case was at length completely stated, simultaneously with its 
reciprocal (a), by Steiner and Chasles. It might have been 
deduced at once by projection from Lambert's solution of 
Sir Christopher Wren's problem [p. 296]. 


(c). A conic regarded as the projection of a circle. 

Chasles, in his Sections Coniques (at the suggestion of 
Μ. J. Delbalat), defines a conic as the projection of a circle 
(p. 7), deduces its anharmonic properties, and founds his treatise 
upon them. The effectiveness of this method and the ability 
with which he applies it are knowu to all. Nevertheless, 
however excellent in a supplementary course of geometry, 
it is less suited for beginners, owing to the difficulty of proving 
conversely that every conic—secondarily defined by the an- 
harmonic properties—can be placed in perspective with a circle. 
The problem is indeed solved concisely on p. 5, but not without 
references to a later paragraph and a separate work for further 
reasoning in justification of the construction. It naturally 
presents some difficulty to the tyro, being in fact a form of a 
problem which no geometer was able to solve generally before 
Desargues. 


(d) Homographic figures in two and tn three dimensions. 

The general principle of * homographie"—as it was named 
by Chasles—is somewhat obscurely set forth in the works of 
Desargues, who regarded figures in homology as special cases 
of figures in perspective in space, at the same time taking for 
his Proposition Fondamentale de la pratique de la Perspective 
a form of the property of the anharmonic pencil.* The idea of 
transforming solid figures also is briefly hinted at by Desargues 
[p.329]. Poncelet studied the relations of figures in “homology” 
(to use his own expression), and devoted a supplement of his 
Traité des Propr. Projectives pp. 369—416 (1822) to the pro- 
jective properties of figures in space. Not the least valuable 
part of the Aperçu historique is the full exposition of the 


5 Poudra Œuvres de Desargues 1. 425. 
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principle of Homographie, as applied to plane and to solid 
figures, with which it concludes. 


$10. The following works may be mentioned as having 
advanced the knowledge of the new geometry in this country. 
The essay on Zransversals in the 12th edition of Hutton’s 
Course of Mathematics, by T. S. Davies, also an editor of the 
journal the Mathematician; Salmon's compendious works on 
the various geometrical and other methods, to which we have 
so often referred; Gaskin’s Geometrical Construction of a Conic 
Section; Mulcahy’s Principles of Modern: Geometry; and 
Townsend’s two volumes on the Modern Geometry of the 
Point, Line and Circle, which within their prescribed limits are 
as complete an exposition of the principles of the subject as 
could be desired. We must not omit to notice also Prof. 
H. J. S. Smith's article on the Focal Properties of Homographic 
Figures in vol. II. 196—248 of the Proceedings of the London 
Mathematical Society, some of the results of which are given 
below, with especial reference to the case of reverse figures. 


Properties — 911. If MPN be any angle which is EQUAL to its reverse 
Chew’ mpn, it must be equal to MON [ρ. 323). Hence (1) for a 
given position of P there are an infinity of angles MPN, each 
of which reverses into an equal (or supplementary) angle; and 
the arms of such a system of angles constitute a pencil in 
involution, since the points MN always lie on a circle of the 
coaxal system through O and P. (2) If O' and a’ be the 
points such that the base-line bisects OO' and ww’ orthogonally, 
every angle subtended at O or O' reverses into an equal 
angle subtended at ω or w'. (3) Every conic which has O or 
Ο’ for a focus reverses into a conic having ω or ω for a focus 
[p. 317 (i)]. (4) An ellipse (or hyperbola) having O and O' for 
foci reverses into a hyperbola (or ellipse) having w and o' for 
foci; their normals at reverse points Pp correspond—being 
fourth harmonics to the focal distances and tangents at P and 
p respectively ; and therefore their centres of curvature and their 
evolutes correspond. (5) The coaxal circles of which OO' are 
the limiting points reverse into those of which ww’ are the 
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limiting points. (6) The parallels through w and ω΄ to the 
base-line are such that every segment of either reverses into 
an equal segment. And (7) on any two reverse lines MP and 
mp there are two sets of equal corresponding segments, which 
determine two pairs of involutions having their centres on the 
base-line—as may readily be deduced from the constancy of 
the product MP.mp [p. 328] for given positions of the two 
lines. These results apply mutatis mutandis to homographic 
plane figures in general, however placed. 


§12. The organic description of curves has within the last 
few years received developments of the greatest theoretical 
interest and practical importance, consequent upon the dis- 
covery (1864) by Peaucellier, an officer of engineers in the 
French army, of an apparatus for the Inversion of circular 
into rectilinear motion. Let AOB be an angle of equal arms, 
and ACBP a rhombus whose sides are less than the arms 
of the angle. Then OCP is a straight line, and the product 
OC.OP, being equal to OA4* — 40”, will be constant if the 
sides of the rhombus and of the angle be constant. Let these 
be now replaced by bars or “links” jointed at the five points 
OABCP, then the whole linkage is called a Peaucellier cell. 

If this linkage be moved about a fixed pivot at O in any 
possible manner in one plane, then whatever be the locus 
of 6 the point P will trace its inverse with respect to O, on 
account of the constancy of the product OC.OP. To make 
P describe a straight line we must make C describe a circle 
through O; which is at once effected by joining C to an 
“ extra link” CQ, whose end Q works about a fixed point 
at a distance equal to its own length from Ο. This apparatus 
may evidently be applied also to produce Parallel Motion; and 
we may make P describe an arc of a circle of as great a radius 
as we please by making the distance OQ sufficiently nearly 
equal to the length of the “extra link.” The principle of 
linkages is well explained by Mr. A. B. Kempe in his concise 
work How to draw a Straight Line, a lecture on Linkages 
(London 1877), and references are given in it to the chief 
articles that had been written upon the subject. To conclude, 


Linkages. 
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in the words of Sylvester,* to whom Peaucellier’s method of 
linkages owes so. much of its further development: “It 18 
possible, by means of an apparatus consisting exclusively of rigid 
rods, compass joints, and pivots, to convert circular into linear, 
hyperbolic, elliptic, and parabolic motion ; and, 4n general, to 
describe any curve of the form x (2°, γ') + (αν y") =0, where 
$, Yy are homogeneous forms of functions of any degree respec- 
tively in a, y*.” 


* Educational Times Reprint vol. XXI. 58 (1874). Later information is to be 
sought in the same and other scientific periodicals, 


NOTE. 


In continuation of Note 1 p. lax. 


The order of the surface is thus determined by Professor 
Townsend. For a given position of O.4, the plane OBC envelopes 
a quadric cone, 2» of whose tangent planes pass each through 
a generator of the director scroll. These generators give 2n 
positions of the plane wBC and 2n of the point 4; and when OA 
coincides with Ow all the 49 coalesce at w, which is therefore 
a 2n-fold point on the locus. Again, every line through w meets 
the scroll in » points, through each of which passes a generator; 
and these generators severally determine » conics, cutting the 
line through w in 2» points, all of which, when the line is wO, 
coalesce αἱ O. Thus O also is a 2»-fold point; and every line 
through O or w passes through 2n other points on the locus, which 
is accordingly of the order 4n. 


THE GEOMETRY OF CONICS, 


DEFINITIONS. 


A Conic SECTION, or, briefly, a Conic, is a curve traced by 
& point which moves in a plane containing a fixed point and 
a fixed straight line in such a way that its distance from the 
fixed point is in a constant ratio to its perpendicular distance 
from the fixed straight line. The Conic Sections were so named 
from the circumstance that they are, and were originally defined 
as, the plane sections of a cone. 

The fixed point is called the Focus; the fixed straight line 
the Directrix; and the constant ratio the Eccentricity, or the 
Determining Ratio. 

A Conic is called an Ellipse, a Parabola, or a Hyperbola, 
according as its eccentricity is less than, equal to, or greater 
than unity. 

Similar Conics are such as have the same eceentricity. 

The Axis is the straight line through the focus at right 
angles to the directrix, and the point between the focus and 
the directrix in which it cuts the conic is called the Vertex. 

When the eccentricity is either greater or less than unity, 
the conic cuts its axis in a second point, which is also called 
a vertex. In such cases the term Axis may denote the finite 
straight line which joins the vertices. Its middle point is called 
the Centre of the conic, and the conic is called a Central Conic. 

The Latus Rectum, or, as it is sometimes called, the Para- 
meter, is the chord through the focus at right angles to the axis 
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Other uses of these terms will be noticed in the course of the 
work. 

A Diameter is the locus of the middle points of a system of 
parallel chords. It will be shewn that the diameters of conics 
are straight lines. The points in which diameters and chords 
meet the curve are called their ends or Extremities. The 
extremities of diameters which do not meet the curve will be 
defined in the chapter on Central Conics. The diameter at 
right angles to the axis of a central conic is called the Minor, 
or Conjugate, Axis. 

Two diameters are said to be Conjugate when each bisects 
the chords parallel to the other; and two chords are said to 
be conjugate when they are parallel to conjugate diameters. 

Supplemental Chords are such as join the extremities of a 
diameter to a point on the curve. 

A Tangent to a conic is the limiting position of a secant, 
whose two points of intersection with the curve have become 
coincident. Thus, if P, Q be adjacent points on the curve, 
and if the chord joining them be turned about P until its 
further extremity Q coincides with P, the chord in its limiting 
position will have become the tangent at P. Hence a tangent 
is said to be a straight line which passes through two consecutive 
or coincident pointa on the curve. 

If the point of contact of a tangent to a hyperbola be 
removed to infinity the tangent will coalesce with one of two 
straight lines through the centre, which are called Asymptotes. 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The, perpendicular upon the axis from any point is called 
absolutely the Ordinate of that point; but the ordinates of a 
specified diameter are the segments of the chords which that 
diameter bisects. The term Abscissa will be defined later. 

The portion of the axis intercepted between the tangent at 
any point of the curve and the ordinate of that point is called 
the Subtangent. 

The portion of the axis intercepted between the normal at 
any point of the curve and the ordinate of that point is called 
the Subnormal. 


DEFINITIONS. 3. 


A straight line is said to be divided harmonically at four. 
points P, S, Q, E, when PQ, and PQ produced, are cut in the. 
same ratio by S and R, so that — ' 


EP: RQ=SP: SQ- RP— RS: RS— ΒΩ), 
since, when this is the case, the lengths RP, RS, RQ are in 


harmonical progression, the extremes being to one another as 
their differences from the mean. In the case in which S is the 
middle point of PQ, the point E is at infinity, or PSQ œ is 
divided harmonically. 

The locus of interséction of the tangents at the extremities 
of a chord which passes through a fixed point, or Pole, is called 
the Polar of the point. It will be shewn that the pola of any 
point with respect to a conic is a straight line; and that the 
polar of an external point coincides with the chord of contact 
of the tangents to the conic from that point. 

If about any point in the plane of a conic, other than the 
centre of the conic, a circle be described, such that the ratio 
of its radius to the perpendicular distance of its centre from 
the directrix is equal to the Eccentricity, the circle may be 


called the Eccentric Circle of the Conic with respect to that 
point, or, briefly, the Eccentric Circle* of the point. It is evident 
that the circle will cut, touch, or fall short of the directrix, 
according as the conic is a hyperbola, a parabola, or an ellipse. 

The circle which is described according to the same law 
of magnitude about the centre of an ellipse or hyperbola is called 
the Auxiliary Circle of the curve. This latter is commonly 
defined as the circle described upon the axis as diameter, but 
it will be seen that the two definitions are coincident. The 
circle described upon the Minor Axis as diameter is called the 
Minor Auxiliary Circle. 

In a central conic, the locus of intersection of tangents at 
right angles to one another is a circle, which is called the 


* The properties of this circle form the groundwork of the treatise of Boscovich, 
Sectionum Conicarum Elementa nova quadam methodo concinnata, contained in his 
Elementa Universe Matheseos, V ENETIIS, 1757. Boscovich gave no name to his circle, 
but some later writers have called it the Generating Circle, aince it affords a ready 
means of tracing a conic whose elementa are given. 
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Director Circle. The corresponding locus in the parabola is 
the directrix. 

The Order, or Degree, of & curve is determined by the 
number of points in which it can be met by a straight line; . 
and the Class of a curve by the number of tangents which can 
be drawn to it from a point. Thus, a curve of the second 
order, or degree, is one which a straight line meets generally 
in two, and never in more than two, points; and a curve of 
the second class is one to which generally two, and never more 
than two, tangents can be drawn from a point. 


( 5 ) 


CHAPTER I. 


DESORIPTION OF THE OURVE. 


1. To trace a conic whose focus, directrix, and eccentricity 
are given. 

Let S be the focus,* ΜΗ’ the directrix, and X the pomt 
in which the axis meets the directrix. In SX take a point 4 





such that the ratio of SA to 4X may be equal to the eccen- 
tricity. Then A is the vertex. 
Let a straight line cut the axis at right angles in N. About 
ὃ as centre, with radius SP, such that 
SP: NX=SA: AX, 
describe a circle cutting the straight line in P, P'. From these 
points draw perpendiculars PM, P'M' to the directrix. Then 


me SP: PM=SA:AX 
: PM= 8A: AX, 





* The planets describe approximately ellipses about the sun in one focus. For 
this reason the first letter of Sou is here used, as by Newton, to denote the Focus, or 
as he called it, the Umbilicus. 
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or P is a point on the curve. And in like manner P" is a 
point on the curve. 

If now we suppose the straight line PNP' to move parallel 
to itself, the points P, P' upon it will trace out the entire curve. 
From this construction it is evident that the curye is symme- 
trical with respect to its axis, since its points are always 
determined in pairs, as P, P', which are symmetrically situated 
with respect to the axis. Tt appears also that the tangent 
at the vertex is at right angles to the axis, since when the point 
AN coincides with the vertex, SP=SA= SP’; that is to say, 
the points P, P' coalesce at A, and the chord joining them, 
which is always at right angles to the axis, becomes the tangent 
at A. 

In order that pairs of real points may be determined by 
the above construction, it is necessary and sufficient that SN 
should be less than SP, and therefore 


SN: NX< 8A: AX, 


a condition which enables us to discriminate between the three 
species of conics as follows: 


(i) Zhe Parabola. 

If the eccentricity be equal to unity, we must have SN< NX, 
a condition which is satisfied by taking N anywhere in XA 
produced. The point N therefore may be supposed to start 
from A, and to move in the direction AS to infinity, so that 
the extremities of the chord PP’ trace out a single infinite 
branch. 


(1) The Ellipse. 

If the eccentricity be less than unity, the curve will have 
a second vertex A’ in XA produced, and in order that the 
condition 

SN: NX<SA: AX 

may be satisfied, it may be shewn that the point N“must be 
taken between A, A’. Hence the ellipse consists of one oval 
branch, as in the figure of Art. 3. 


(ii) Zhe Hyperbola. 
If the eccentricity be greater than unity, the curve will 
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have a second vertex A’ lying in AX produced beyond the 
directrix; and the point N may lie anywhere in AA’ produced 
either way, but not between A, A’. Hence, the hyperbola 
consists of two infinite branches situated on opposite sides of 
the directrix. 

A point is said to lie WITHIN a conic when it lies between 
the extremities of a chord perpendicular to the axis; and all 
other points in the plane of the conic, with the exception of 
those which are upon the curve itself, are said to lie WITHOUT 
the conic. 

Let ON be the ordinate of an internal point O, and let NO 
be produced to meet the conic in P, then evidently 


SO: NX<SP: NX, 
« SA: AX. | 
Next let O be an external point. Then if N, the foot of 
its ordinate, fall within the curve, it may be shewn in like 
manner that | 
SO: NX» 8A: AX. 
But if Ν fall without the curve, then 
SN: NX» 8A: AX, 
and a fortiori SO: NX» 8A: AX. 


Hence, in every case, a point will lie within or without a 
conic according as the ratio of its focal distance to its per- 
pendicular distance from the directrix is less or greater than 
‘the eccentricity. 


SCHOLIUM. 


Tue CrROLE is the limiting form of an ellipse whose eccentricity 
is indefinitely diminished, and whose directrix is removed to an 
infinite distance from the focus. For if, in the next figure, 
PM, P'M' be perpendiculars on the directrix from any two points 
P, P' on a conic, and if the distance of the directrix from S be 
“increased indefinitely whilst SP, SP’ remain finite, then (i) the ratio 
SP : PM is diminished indefinitely; and (ii) the ratio PM : P'M' 
tends to equality. But 


SP: SP'-PM: PM. | 
Therefore ultimately SP: SP’ is a ratio of equality, and the conic 
becomes a circle about S as centre, 
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2. The focal distances of all points on a conic are to one 
another as their parallel distances from the directrix. 
Let S be the focus; P, P' any two points on the curve; 





M, M' their projections upon the directrix. Then from the 
definition 
SP: PM= SP : PM. 
From P, P’ draw a pair of parallels meeting the directrix 
in R, E. Then by similar triangles, 


PM: PR=PM': PR. 
Therefore SP: PR= SP’ : PR. 


Hence the focal radii SP, SP’ are to one another as the 
parallels PR, ΡΒ’; and, whatever be the position of the point 
P on the curve, the ratio of SP to PR will be constant if 
-PR be drawn to meet the directrix at a constant angle. 


3. A conic is a curve of the second order. 

For if P, Q be any two points on a conic, as in the figure 
of Art. 4, and if the straight line joining them meet the directrix 
in E, then, drawing perpendiculars PM, QN to the directrix, 
we have 

SP: SQ- PM: QN 
= PH: QR. 


Hence SR makes equal angles with SP, SQ; and, con- 
versely, if P be a point on the curve, and SQ be drawn 
meeting RP, and equally inclined with SP to SR, then Q will 
be a point on the curve. 

It is evident from this construction that no third point can 
be found on the conie in the same straight line with P, Q. 


‘DESCRIPTION OF THE CURYE. 9 


Hence a straight line which meets a conic will in general meet 
it in two points, and no straight line can meet a conic in more 
points than two. It is for this reason that conics are called 
curves of the second order, or of the second degree. 

Let a straight line parallel to the axis meet the directrix 
in M and the curve in P. Make the angle MSR equal to 
MSP, and let RS meet MP in Q; then, from above, the 
point Q lies on the curve. In the case of the ellipse the 





points P, Q will lie on the same side of the directrix; for, 
since SP is less than PM, the angle SMP is less than MSP, 
and therefore the alternate angle MSX is less than MSP or 
MSR. Hence the straight line SE falls without the angle 
MSX, and meets MP on the same side of the directrix with P. 
By similar reasoning it may be shewn that a straight line 
parallel to the axis of a hyperbola intersects the curve in two 
points on opposite sides of the directrix. In the case of the 
parabola, 51 coincides with the axis, to which MP is parallel. 
Hence a straight line parallel to the axis of a parabola meets 
the curve in one point only. 


4. To describe a conic of given focus, directrix, and eccen- 
tricity by means of the eccentric circle of any given point. 

Describe the eccentric circle of any point O in the plane 
of the conic, and let a straight line through S meet the circle 
in p and the directrix in R. Let RO meet the focal radius 
parallel to pO in P, and let OD, PM be the perpendiculars from 
O, P to the directrix. 
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Then by parallels, 
SP: Op =PR: OR 
= PM: OD, 
or SP:.PM= Op : OD 


=the eccentricity. 
Hence, as p moves round the circle, P traces the conic which 
was to be described. 
In the case of the hyperbola* it may be seen that the 
directrix divides the circle into two parts, each of which cor- 
responds to one branch of the curve. 


5. To determine the points in which a given straight line 
intersects a conic of given focus, directrix, and eccentricity. 

Let the given straight line meet the directrix in R. Describe 
the eccentric circle of any point O on the straight line, and 
let it cut SR in p, q. Let the focal radii parallel to pO, gO 


* Since the locus of p is a continuous curve, the conic, which is the locus of P, 
is also to be regarded as in all cases a continuous curve. In the case of the hyperbola, 
as the point p crosses the directrix, the point P passes from infinity on one aide of the 
axis to infinity on the other side of the axis. Hence the two branches of the 
hyperbola may be coneeived of as connected diagonally at infinity. 
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meet the straight line in P, Q. Then, as above, if OD, PM 
be perpendiculars on the directrix, | 
SP: PM= Op: OD 
= the eccentricity, 


or P is a point on the conic. 
Similarly it may be shewn that Q is a point on the conic. 
From this construction it follows that a conic is a curve 
of the same order as the circle; that is to say, it is a curve 
of the second order, as was shewn in Art. 3. 


6. A conic is a curve of the second class. 

If the points p, g become coincident, the points P, Q likewise 
become coincident, since Op, Og are always parallel to SP, SQ 
respectively; that is to say, if SR touches the circle, RO 
touches the conic. 





Hence the problem of drawing tangents to a conic from 
a point O is reduced to that of drawing tangents from S to 
the eccentric circle of O; for if the tangents from S to the 
circle meet the directrix in E, E", then RO, ΒΟ will be the 
required tangents to the conic. 
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Since the same number of tangents can be drawn from O 
to the conic as from S to the circle, it follows that a conic 
ia a curve of the same class as the circle; that is to say, it 
is a curve of the second class. 

In order that two real tangents to the conic may be deter- 
mined by the above construction, it is necessary and sufficient 
that S should lie without the circle. The point O must therefore 
be so situated that SO may be greater than the radius of the 
circle, and therefore 


SO: OD> Op: OD 
> the eccentricity, 


where D is the projection of O upon the directrix. 

When Ο is on the curve the circle passes through S, and 
the two tangents coalesce. 

No tangent can be drawn to a conic from any point between 
the curve and its axis, since at every such point 


SO: OD <the eccentricity. 


Hence no tangent can pass between the curve and its axis,* 
and the curve is therefore concave at all points to its axis. 


EXAMPLES. 


1. If an ellipse, a parabola, and a hyperbola have the 
same focus and directrix, the ellipse will lie wholly within the 
parabola, and the parabola wholly within the hyperbola; and 
no two conics which have the same focus and directrix can 
intersect one another. 


2. If parallels from the focus and any point P on a conic 
meet the directrix in D, E, and if Z be equal to half the 
latus rectum, then 


SP: PR=L: SD. 





» In particular it is to be noticed that no tangent can be drawn to either branch 
of a hyperbola from any point within the other branch, 
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3. If the focus and two points of a conic be given, the 
directrix will pass through one of two fixed points. 


4. If PN be the ordinate of any point P on a conic, then 
SP € L: SN 2 the eccentricity. 
Hence shew that if PSP’ be any focal chord, then 
I 1 2 
SP* BP Τ΄ 
5. Determine the condition that the chord of a conic may 


be greater than, equal to, or less than the diameter of the 
eccentric circle of its middle point. 


6. In the figure of Art. 4, if OpSP be a quadrilateral formed 
by drawing through O, S a pair of parallels, and a pair of 
straight lines which intersect on the directrix, then p will lie 
without or within the eccentric circle of O, according as the 
ratio of SP to PM is greater or less than the eccentricity. 
Prove also by means of this construction that a tangent at 
any point to a conic cannot meet the curve in any other point. 


7. If p be made to describe a series of circles about O as 
centre, P will describe a series of conics having a common focus 
and directrix; and the eccentricities of the conics will be to one 
another as the radii of the circles. 


8. If p be made to describe a curve of any degree, P will 
describe a curve of the same degree; and the corresponding 
arcs of the two curves will subtend equal angles at the points 
O, S respectively. 

9. If pm be the perpendicular from p to the directrix, then 
PM .pm=OD.SX. Hence shew that the sum of the reciprocals 
of the segments of a focal chord of a conic is constant, and any 
focal chord is divided harmonically by the focus and the direc- 
trix. Shew also that if OP=OQ, then RgSp is divided 
harmonically. 


10. Shew from the construction of Art. 6 that the tangents 
OP, ΟΡ’ subtend equal angles, and that RP, RP’ subtend right 
angles, at the focus. 


( 14 ) 


CHAPTER II. 


THE GENERAL CONIO. 


In this chapter we shall prove some of the principal 
properties which are common to the Parabola, the Ellipse, 
and the Hyperbola, reserving for future consideration the 
properties which are distinctive of the three species of conics. 


PROPERTIES OF TANGENTS. 


PROPOSITION I. 


T. The tangents to a conic from any point on the directrix 
subtend right angles at the focus. 

Let P, Q be adjacent points on the curve, and let PQ 
produced meet the directrix in R. Then, as in Art. 3, 


BP: SQ— PR : QR, 





and SZ bisects the angle which SQ makes with PS produced. 
Let PS produced meet the conic in O. Then since the 

angles RSQ, ESO are always equal, therefore in the limit, 

when SQ coincides with SP, each of these angles becomes a 
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right angle,.and RP, which becomes the tangent at P, subtends 
a right angle at 8. 

Hence, (i) to draw the tangent to a conic at a given point 
P on the curve, make PSE a right angle, and draw PE to 
the point in which SH meets the directrix; and (ii) to draw 
tangents to a conic from a given point È on the directrix, draw 
the focal chord OSP at right angles to SE, and join EP, ΒΟ, 


Corollary. 


Hence it appears that the tangents at the extremities of 
any focal chord PO meet at a point E on the directrix; and 
conversely, if tangents be drawn from any point R on the 
directrix their chord of contact PO will pass through the focus. 

The Directrix is therefore the Polar of the Focus. 


PROPOSITION II. 


8. If from any point T on the tangent at P perpendiculars 
TL, TN be drawn to SP and the directrix respectively, then 
BL: TN = the eccentricity.* 


(i) For if the tangent at P meet the directrix in R, and 


x A 5 


if PM be a perpendicular to the directrix, then, since SR is 
at right angles to SP, and is therefore parallel to TZ, we have 
SL: SP=TR: PR 
= TN: ΡΜ. 


2, 





* It will be shewn at the end of the chapter that this theorem, which, with its 
applications as in the text, was discovered by Prof. Adams, is the geometrical 
analogue of the polar equation between S7 and ita inclination to the axis, 
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Therefore SL: TN=SP : PM 
= SA : AX, 
where A is the vertex, and X the foot of the directrix. 


(ii) It appears from the above proof, that this proposition 
may be regarded as a corollary from the preceding; but the 
two may be proved at once, as follows, if we consider the 
tangent to be defined mutatis mutandis after the manner of 
EUCLID. 

Let P be a point on the curve, and Z a point on the directrix, 
such that PE subtends at right angle at S. Take any point T 
in the same straight line with P, R, and let fall the perpen- 
diculars PM, TN on the directrix, and the perpendicular TL 
on SP. "Then, as before, 


SL: TN= 8A: AX. 
Hence ST: TN> SA: AX, 


and the point 7 lies without the curve in every case except that 
in which it coincides with P. The straight line PR is therefore 
the tangent at P. 


Corollary. 


It is evident that if Z, N be the projections of a point 7' 

upon a fixed focal chord and the directrix respectively, and if 
SL: TN=S8A: AX, 

the point 7 will lie on the tangent at one or other οἱ the 

extremities of the fixed focal chord. 

Hence, a second construction analogous to that of Art. 6, 
for drawing tangents to a conic from a given point 7. About 
S describe a circle equal to the eccentric circle of 7, and 
draw TL, TM touching the circle at L, M; then SL, SM 
will pass through the points of contact of the two tangents 
which can be drawn to the conic from 7. There is an apparent 
ambiguity in this construction, since each of the focal chords 
through L, M meets the conic in two points; but to determine 
the actual tangents, draw SR at right angles to SZ to meet 
the directrix, and join RT; and draw SR’ at right angles 
to SM to meet the directrix, and join R' 1. 
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PROPOSITION III. 


9. The two tangents which can be drawn to a conic from 
any external point subtend equal or supplementary angles at 
the focus. 





For if TP, TQ be the two tangents, and TL, TM, TN be 
perpendiculars upon SP, SQ, and the directrix respectively, 
then since 7 lies on the tangent at P, 

SL: TN=SA: AX. 
In like manner 

5M: TN=SA: AX, 
since Τ lies on the tangent at Q. Therefore in the right-angled 
triangles STL, STM, the sides SL, SM are equal; and the 
hypotenuse ST'is common to the two triangles; therefore 


L TSL = TSM. 


Now (1) if TP, TQ touch the same branch of the conic, the 
angles which they subtend at S will be either equal to T'SL 
and TSM, as in the above figure, or supplementary to TSL 
and TSM. In either case TP, TQ will subtend EQUAL angles 
at S. 

But (ii) if TP, TQ touch opposite branches of a hyper- 
bola, so that one, and one only, of the radii SZ, SM has 

C 


^ 
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T 





to be produced backwards to P or Q, then the angles TSZ, 
TSM being equal as before, the tangents TP, TQ will subtend 
SUPPLEMENTARY angles at S.* 


Corollary 1. 


If the chord of contact PQ of a pair of tangents TP, TQ meet 
the directrix in E, then ST, SR bisect supplementary angles 


P 


X A S 


at S, and are therefore at right angles to one another. And 
the chord of contact PQ is divided internally and externally in 
the same ratio SP: SQ, that is to say, it is divided harmonically, 
at the points at which it meets ST and the directrix. Since 
the straight line S7 is evidently the polar of R, it follows 
that the chord PQ is cut harmonically by the point R, and 
the polar of R. 





* But in this case also, we may say that they subtend EQUAL angles, if, in 
accordance with the principle of the Note on Prop. vit, we regard TQ as subtending 
at S, not the angle TSQ, but its supplement. 
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Corollary 2. 


If O be any point on PQ, or PQ produced, and M the 
projection of O upon the directrix, and if the perpendicular 
from Oto ST meet SP, or SQ, in L; then, since this perpen- 
dicular is parallel to SR, it follows, precisely as in Prop. IL, 


that 
SL : OM= the eccentricity. 


THE NORMAL. 


PROPOSITION IV. 


10. Jf the normal at P meet the axis in G, then SG : SP — the 
eccentricity. 

For if the tangent at P meet the directrix in E, the circle on 
PR as diameter will pass through S, since the angle PSR is 
a right angle; and likewise through M, the projection of P 
upon the directrix; and PG, which is at right angles to PE, 
will touch the circle. 





Therefore 2 SPG = SMP, in the alternate segment. 

Also ε PSG = SPM, by parallels. 

Hence the triangles SGP, PSM are similar, and 

SG: SP- SP: ΡΗΞ SA: AX. 
Conversely, if in AS produced a point 6 be taken such that 
SG: SP=SA: AX, 

then will PG be the normal at P. 

This suggests an obvious method of drawing a normal to a 
conic at a given point on the curve, or from a given point 


on the axis. 
c2 
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11. The perpendicular let fall upon the focal radius to any 
point of a conic from the foot of the normal at that point meets 
the focal radius at a distance equal to half the latus rectum from 
ats extremity. 

Let G be the foot of the normal at a point P whose ordinate 
is PN, and let a perpendicular GA be drawn to SP. Then 


po 


X A S N G 


by similar right-angled triangles 
SK: SG=SN: SP. 
Therefore by the preceding proposition 
SK: SA=SN: AX. 
But, from the definition of the curve, 
SP: SA=NX: AX. 
Therefore SP~ SK: SA=SX: AX. 
Therefore SP~ SH, or PK, is constant, and equal to half 
the latus rectum. 


ANGLE PROPERTIES OF SEGMENTS. 


PROPOSITION VI. 


12. The chords containing the angles in a focal segment of 
a conic intercept on the directrix lengths which subtend right 
angles at the focus. 

Let PSp be a focal chord, and PQp an angle which it 
subtends at the circumference. Let PQ, Qp meet the directrix 
in E, r respectively. Produce QS to q. 

Then since SP: SQ=PR: QR, 
and Sp : SQ= pr: Qr, 
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therefore OR and Sr bisect the supplementary angles which Sp 
makes with Qg, and consequently the angle RSr is a right 
angle, or Fr subtends a right angle at δ. 


Corollary. 


The opposite sides of a quadrilateral whose vertices are at 
the ends of a pair of focal chords PSp, QSq intersect upon the 
directrix, and the portion of the directrix which they intercept 
subtends a right angle at the focus. For, proceeding as above, 
we see that each of the straight lines PQ, gp meets the directrix 
on the bisector of the angle pSQ; and each of the straight 
lines Pg, Qp meets the directrix on the bisector of the sup- 
plementary angle pSq; that is to say, the two pairs of opposite 
sides of the quadrilateral intersect upon the directrix at points 
R, r, such that Zr subtends a right angle at δ. 


PROPOSITION VII. 


13. The chords containing the angles in a fixed segment of a 
conic intercept on the directrix lengths which subtend constant 
angles at the focus, the constant angles being equal or supple- 
mentary to half the angle which the chord of the segment subtends 
at the focus. 

Let PQ be a fixed arc of a conic, and PRQ a variable angle 
at the circumference. Let PE, QR meet the directrix in p, q 


respectively. 
Then since SP: Sk=Pp: Rp, 
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the straight line Sp bisects the angle RSP, and likewise the 
straight line Sq bisects the angle RSQ, externally or internally. 





A ὃ 

Hence, by addition or subtraction, as the case may be, the 
angle p&g is equal or supplementary” to4PSQ. For example, 
in the figure drawn, 


{ RSq =} supplement of RSQ, 


and { RSp =} supplement of RSP; 
whence, by subtraction, 
Corollary. 


In like manner it may be shewn, by successive applications 
of Prop. 111., that if the tangents at P, Q meet the tangent 
at R in p' and 4', the angle p'Sg' will be equal or supplemen- 


tary to pSg, or 4} PSQ. 
BCHOLIUM A. 


THE ANGLE PROPERTIES of conics comprise some simple gene- 
ralisations of fundamental theorems in the geometry of the circle, 
as may be seen by removing the directrix to infinity, when, as has 
been already shewn, the conie becomes a circle about S as centre. 


(i) Removing the directrix to infinity, we have, referring to the 
figure of Art. 8, the tangent PE parallel to SR, and therefore at 
right angles to SP. That is to say, at any point 2 on a circle the 
tangent is at right angles to the radius. 


* The theorem appears to fail when P, Q are on opposite branches of a hyperbola, 
in which case / pSq- complement of 4PSQ. But in this case the chord of 
the segment is not the finite straight line PQ, which lies without the conic, but the 
portion of the unlimited straight line through P, Q which falls within the conic. The 
angle subtended at S by the chord of the segment is therefore not PSQ, but the 
supplement of P SQ. 
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(ii) Removing the directrix to infinity in Art. 12, we have PQ 
parallel to SR, since R is at infinity; and Qp parallel to Sr, since 
r is at infinity. Therefore PQ, Qp contain an angle equal to (δε, 
or the angle in a semicircle is a right angle. 

(iii) Proceeding similarly with reference to Art. 13, we have 
PR parallel to Sp, since p is at infinity; and QR parallal to Sq, 
since g is at infinity. Therefore the angle PRQ, or its supplement, 
is equal to PSQ. Hence, by varying the positions of the points 
upon the circumference, we come to the properties of the circle, 
that the angle at the centre is double of the angle subtended by 
the same arc at the circumference; that angles in the same segment 
are equal to one another; and that the opposite angles of an 
inscribed quadrilateral are together equal to two right angles. 
Lastly, by making δ coalesce with P, we deduce that the tangent 
at P makes with a chord PQ an angle equal to PRQ in the alter- 
nate segment. 


DIAMETERS. 


PROPOSITION VIII. 

14. The locus of the middle points of any system of parallel 
chords of a conic is a straight, line which meets the directrix 
on the straight line through the focus at right angles to the chords. 

Let PQ be any one of a system of parallel chords, and V the 
point in which the focal perpendicular upon them meets the 
directrix. Let PQ meet SV in Y, and the directrix in R. 


V 





X AS 
Then since SP: PER SQ: QER; 
therefore SP?~ SQ: Ph’ ~ QR = SP’: PR’, 
or, subtracting SY? from each of the magnitudes SP* and SQ’, 
ΡΥ ΦΥ": PR~ QR =SP’: FR’. 
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But, if O be the middle point of PQ, the sum of PY and QY 
will be equal to 20 Y, and their difference to PQ, or vice versa. 


Therefore PY’~ QY*=20Y.PQ, 
and in like manner PH*~QR* =20R.PQ. 
Therefore OY:OR-SP': PR’, 


which, by Art. 2, is a constant ratio for all parallel chords. 
Hence the locus of O isa straight line through V.* 


Corollary 1. 


The tangents at the extremities of diameters are parallel to the 
ordinates of those diameters, since a bisected chord as PY may 
be supposed to move parallel to itself until its segments vanish 
together, and its extremities coalesce, viz. at the end of 
its diameter. Hence the diameter through the point of contact 
of any tangent meets the directrix at a point V such that SV is 
perpendicular to the tangent. Ifa diameter meets the curve in 
two points, the tangents at those points are parallel to one 
another, and to the ordinates of that diameter. Conversely, 
the chord of contact of any two parallel tangents is a diameter. 


Corollary 2. 


If POQ, pog be double ordinates of a given diameter Oo, 
then since PQ, pg are both bisected by the same diameter, 





* This may also be proved by means of the eccentric circle of O. For in Art. 16, 
if OP be made equal to OQ, then Sp : Sq = pR : qR, or RpSq is divided harmonically ; 
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the directions of Pp, Qg will intersect at some point T'on that 
diameter. Hence, making pq coalesce with PQ, so that PT, 
QT become the tangents at P, Q, we see that the tangents at 
the extremities of any chord meet upon the diameter which bisects 
the chord ; and conversely, that the diameter through an external 
point bisects the chord of contact of the tangents from that 
point. 


Corollary 3. 


If the chord PQ be parallel to the axis, so that SY the 
focal perpendicular upon it is parallel to the directrix, then, 
proceeding as before, and supposing PQ to meet the directrix 
in M, we have 


OY: OM=SP’: PM’; 
and, the ratio of OY to OM being thus constant, the locus of 





Ο is a straight line perpendicular to the axis. Let it meet the 
axis in Ο, which (Def. p. 1) is the Centre of the conic. Then, 
evidently, CO divides the curve symmetrically, since it bisects 
every chord PQ to which it is at right angles; and the conic 
has therefore a second focus H, and directrix NW, which are 
the exact counterparts of the original focus and directrix with 
reference to which the curve was considered to be described. 
From the symmetry of the curve, it is manifest that every 
chord through the centre is bisected at that point, and hence 
that all diameters pass through the centre.* Other immediate 


and therefore the focal perpendicular SY is the polar of R with respect to the circle, 
and OY.OR, being equal to the square of the radius, is in a constant ratio to OR", 
if the inclination of PQ to the directrix be invariable. Therefore OY : OR is a 
constant ratio, and the locus of Ó is a straight line through V. 

* A diameter is sometimes defined as a straight line through the centre, 
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consequences of the twofold symmetry of Bifocal Conics will 
be assumed as self-evident in the course of the work. 

In the case of the parabola, since SP": ΡΜ" is a ratio 
of equality, OY : OM and CS: CX are likewise ratios of 
equality. Hence the parabola may be regarded as a conic 
whose centre 4s at infinity. Its diameters are straight lines 
parallel to the axis, since they all co-intersect at the infinitely 
distant point C on the axis; and conversely, every straight 
line parallel to the axis is a diameter. 


Corollary 4. 


In a central conic, if one diameter bisect chords parallel to a 
second, the second will bisect chords parallel to the former. 
For if the two diameters meet the directrix in V, V', and if 
SV be perpendicular to CY'; then, CS being perpendicular to 
VV’, the focus is the orthocentre of the triangle CVV’, or SV’ 
is perpendicular to CV. That is to say, if CV bisects chords 
parallel to CV’, then CV’ bisects chords parallel to CV. 

If CV, CV" be thus related, it is easily seen that 


VX. V'X = 0X. 8X. 


THE SEGMENTS OF CHORDS. 


PROPOSITION IX. 


15. The semi-latus rectum is a harmonic mean between the 
segments of any focal chord. 

Let a focal chord PSQ meet the directrix in R, and let 
PM, SX, QN be perpendiculars to the directrix. 
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Then SP: SQ=PM: QN 
= PR : QR, 
or PQ is divided harmonically at S and R. 
But by parallels, and from the definition of the curve, if Z 
be the semi-latus rectum, 
PR: SR: QR=PM: SX: QN 
=SP: L: SQ. 
And, from above, PR, SR, QE are in harmonical progression. 
Therefore also SP, L, SQ are in harmonical progression. 


Corollary. 
This result may also be written in the forms 
] ] 2 
ΒΡ 861’ 
and L.PQ=L (SP + SQ) =2SP.8Q. 


Hence, if PQ, pq be any two focal chords, 
PQ: pq=SP.S8Q: δρ. δα, 
or focal chords are to one another as the rectangles contained by 
their segments. 


PROPOSITION Χ. 


16. A chord of a conic being divided at any point, to determine 
the magnitude of the rectangle contained by its segments. 

Let O be any point on a chord PQ of a conic, or on the 
chord produced; it is required to determine the magnitude of 
the rectangle OP.OQ. 

Let the chord, produced if necessary, meet the directrix 
in R, and let OD be a perpendicular to the directrix. Describe 
the eccentric circle of O, and let it cut SÈ in p aud g. Then, as 
in Art. 5, the radii Op, Og are parallel to PS, QS respectively. 


Therefore OP: Sp=OR: Hp, 
and 0Q: Sq=OR: Βα. 
Hence OP.OQ: Sp. Sq = OF : Rp. Ra, 
= OR: Δι, 
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if Rt be a tangent from È to the circle; or (Euclid 111., 35) 
if it be a semi-chord at right angles to the diameter through 
R, in the case in which E falls within the circle.* 

In this result it is to be noticed (i) that the magnitude 
Sp.Sq depends only upon the position of O, since when O is 
given, its eccentric circle being given, Sp. Sq is constant; and 
(ii) that the ratio OF” : Rt’ depends only upon the directiont of 
PQ, since when the angle ORD is given, OR’ varies as OD", 
and therefore as Οἱ”, and therefore as OR" ~ Οδ, or Re’. 


Corollary 1. 


If through any other point O' there be drawn a chord P'Q' 
parallel to PQ, and if p', g' be the points corresponding to p, g, 
viz, on the eccentric circle of O', then, the ratio OR’: Rt? being 
the same for any two parallel chords, it follows that, 


OP.0Q : Sp. Sq O'P.O'Q' : Sp’. Sq’, 
where the consequents depend only upon the positions of O, Ο'. 


If therefore any second pair of parallel chords be drawn through 
the same points O, O', we have the general theorem that: 


* This happens when P, Q are on opposite branches of a hyperbola, since p, q 
then lie on opposite sides of the directrix. 

t This follows most readily in the case of the parabola, since then the circle 
touches the directrix in D, and the ratio in question becomes that of 20? to RD? 
which is constant for a given inclination of the chord. 
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The ratio of the rectangles contained by the segments of any 
two intersecting chords of a conic is equal to that of the rect- 
angles contained by the segments of any other two chords parallel 
to the former, each to each. 

Taking special cases, we see that this ratio is equal to 
that of the parallel focal chords (Prop. Ix., Cor.); and to 
that of the squares of any pair of tangents parallel to the 
chords; and, in a central conic, to the ratio of the squares of 
the semi-diameters parallel to the chords. 

Hence also, any two intersecting tangents are to one another 
in the subduplicate ratio of the parallel focal chords; and, in a 
central conic, they are in the ratio of the semi-diameters to which 
they are parallel. 

Lastly, to take a case which will be made use of in Prop. XII., 
if OT'O' touch a conic in T, and if OPQ, O'P'Q' be a pair 
of parallel chords, then 


OT": OT*=OP.0Q: O'P'.O'Q. 
Corollary 2. 


If a circle and a conic intersect in four points, their common 
chords will be equally inclined, two and two, to the axis of 
the conic.* For if POQ, »Oq be one of the three pairs of 
common chords of a circle and a conic, the rectangles PO. OQ 
and pO. Oq will be as*the focal chords parallel to PQ, pq; 
and the same rectangles will be equal to one another, by a 
property of the circle. Therefore the focal chords will be equal, 
and therefore equally inclined to the axis. 


Corollary 3. 


Let the conic be a parabola,t so that the eccentric circle 
touches the directrix in D; and let SD meet the circle again 
in Z. Then, for a given inclination of the chord, the rectangle 
OP.OQ varies as SD.SZ. Let V be the extremity of the 


* That is to say, each pair of chords will form an isosceles triangle with the axis ; 
but they will not be parallel to one another, except when they are parallel or perpen- 
dicular to the axis. 

T Another proof will be given in the chapter on the Parabola. 
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diameter through D. Then, since OZ is equal to OD and 
parallel to VS, it is easily seen that 

OV: SZ=VD: SD=SD: 28X. 
Hence OP.OQ varies as 28X. OV, and is equal to F.OV, 
where Fis the focal chord parallel to PQ. 

This may also be deduced as a special case from Cor. 1, 
by regarding any two diameters as chords V co and V'o, whose 
further extremities are at infinity ; for, if the parallel chords 
PQ, P'Q' meet the two diameters in O and O', then 


OP.0Q:0'P'.0O Q — OV.0o:0'V'.O œ 2OV:0O'V', 
since it may be shewn that Ow : O'co is a ratio of equality ; 
and therefore OP.OQ varies as OV. 


POLAR PROPERTIES.* 
PROPOSITION XI. 


17. If a chord of a conic pass through a fixed point, the 
tangents at its extremities will intersect on a fixed straight 
line ; and conversely, if pairs of tangents be drawn to a conic 
from points on a fixed straight line, their chords of contact 
will pass through a fixed point. 

If O be any point on the chord of contact of the tangents 
from T to a conic, and if TZ be a perpendicular to SO, and 





* The theory of Polars, although the name is of later origin, was known to 
Desargues. See Poudra's Œuvres de Desargues, νο]. 1., p. 263, (PARIS, 1864). 
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OM, TN be perpendiculars to the directrix, then will the 
rectangle SO. SZ be in a constant ratio to OM. ΤΝ. 

Draw SP to one of the points in which the chord meets 
the conic, and let 77/ be a perpendicular {ο SP.* Upon ST let 
fall the perpendicular OX, and produce it to meet SP in L". 
Then, since each of the ratios SL’: TN, and SL": OM 
(Prop. 111., Cor. 2), is equal to the eccentricity, the rectangle 
SL’. SL" is in a constant ratio to OM. ΤΝ. 

And because the angles at K, L, L' are right angles, the 
points K, T, L, O, and the points K, T, L/, L", are concyclic. 
Therefore 

SO.SLz SK. STs SL’. SL", 
which has been shewn to vary as OM. TN. Hence, tf O bea 
fixed point, SL varies as TN, and the locus of T becomes a 
straight line, which meets the directrix at a point R, such that 
OSR is A RIGHT ANGLE. Conversely, if 7' be taken on the 
fixed straight line T'R, the chords of contact will co-intersect 
at O. 

When the PoLe O lies without the conic, its PoLAR, the 
locus of T, is the chord of contact of the tangents from O, since 
these points of contact are evidently points on the locus. 


Corollary 1. 


From the above investigation it is evident that, if a point T 
lies on the polar of O, then O lies on the polar of 7. "Take 
any two straight lines A, B, and let a, b denote their poles. 
Then the polar of any point on A passes through a, and the 
polar of any point on B passes through b, and therefore the 
polar of the intersection of A, B passes through both a and b. 
That is to say, the intersection of any two straight lines ts the 
Pole of the straight line which joins their two Poles. 


Corollary 2. 


Since every point at infinity in the plane of a central conic 
is the point of intersection of a pair of tangents whose chord of 





* See the lithographed figure, No. 1. 
1 See Scholium B. 
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contact, being a diameter (Prop. VIII, Cor. 1), passes through 
the centre, all such points at infinity are on the polar of the 
centre, and may therefore be regarded as lying om a straight 
line, which is called the Straight Line at Infinity. 


Corollary 3. 


Since when O is a fixed point SL varies as TN, the straight 
line which is the locus of Τ is a tangent (Art. 8), viz. at the 
point in which it meets SO, to a conic having the same focus 
and directrix, and whose determining ratio is that of SL to TN; 
and further, it will be a tangent to the same conic if O be 
no longer fixed, but subject only to the condition that the ratio 
of SO to OM is constant. Hence, if a point O lie on a conic, 
the envelope of its polar with respect to a conic having the 
same focus and directrix will be a third conic having the same 
focus and directrix, and conversely ; and the eccentricities of the 
three conics will be proportionals. 


PROPOSITION XII. 


18. All chords drawn through any point to a conic are 
cut harmonically by that point, and its polar with respect to 
the conic. 

Let HT, HT" be a pair of tangents to a conic, and PP’ 
a chord which passes through 77, and cuts the chord of contact 
TT’ in K; so that H is on the polar of K, and Κ΄ on the polar 
of H. Through P, P' draw parallels to 77", and let them 
meet the curve in Q, Q', and the two tangents in O, O' and 
R, E. respectively. 
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Then since the straight line which bisects 7'7" and passes 
through H bisects also OR and O'R’; and since, by Prop. VIII., 
Cor. 2, the same straight line is the diameter which bisects 
the chords PQ, P'Q'; therefore the intercepts OQ, PE are 
equal, and likewise the intercepts 649, P'R'. 

Hence, and by Prop. x., Cor. 1, 


OT':0'T'2OP.0Q: OP'.O' Q 
= OP. PR : O'P'.P'R' 
=-OH :05Η", 
by similar triangles. That is to say, HOTO' is cut harmo- 
nically, and therefore ΠΡΚΡ' is cut harmonically. 


Corollary. 


The diameter through Z7 is divided harmonically at that 
point, and the point in which it meets the double ordinate ΤΊ". 
Let it meet the latter in V, and the curve in D and D'. Then, 
if C be the centre of the conic, and therefore the middle point 
of DD’, it follows from the nature of harmonic section that 


CV.CH=CD*. But in the case of the parabola, if D and œ be 
the extremities of the diameter through H, then HV is divided 
harmonically at D and œ , and therefore. HV is bisected at D. 


SCHOLIUM B. 


IN Prop. χι, having shewn that SZ, the projection of ST on a 
fixed straight line SÓ, varies as the perpendicular distance of 7' 
from another fixed straight line, the directrix, we inferred that the 
locus of 7 was a straight line; and that it met the directrix at a 
point R such that Z OSR = a right angle. This is virtually proved 
in Árt. 8, where, leaving the curve out of consideration, we may 
regard the eccentricity as any constant ratio. In Prop. xr. there is 
the same ambiguity as in Prop. 11, Cor., the locus of T apparently 
consisting of two straight lines through R. This arises from the 
circumstance that when the magnitude only of the ratio SO: OM is 
given, the point O is not completely determined, but the choice 
lies between two points O, Ο’ collinear with the focus, each of 
which has its own polar. If, however, the actual position of O b 
given, as in the proposition, then taking into consideration the 
sign of the ratio SZ: TN as well as its magnitude, let the direction 
SO be regarded as positive, and that of OS negative; and let 
perpendiculars to the directrix from its S-side be positive, and 


D 
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those from the further side negative. Then, SZ, ΤΝ being 
positive or negative together, the locus of 7 is seen to be the single 
straight line ZR. 

The polar of O is the straight line through R parallel to the 
ordinates of the diameter through O ; for if c be the pole of that dia- 
meter, and V its point of concourse with the directrix, then 
(Prop. πι., Cor. 1) So is at right angles to SV, and is therefore 
(Prop. virt.) parallel to the ordinates of the diameter OV. In 
the case of central conics this follows at once from Prop. vin., 
Cor. 1. 

If e denote the eccentricity, then, referring to the proof of 
Prop. x1., we see that 


SO.SL-6.0M.TN. 


Hence (i) if SO be less than e. OM, then will SZ, and a fortiori ST, 
be greater than e. TN; but (ii) if SO be greater than e. OM, then 
will SZ be less than e. ΤΝ), and S7, which may have any magnitude 
not less than SZ, may be either less or greater than e. TN. It 
follows that the polar of O will cut or not cut the conic according ae 
O ies without or within the conic. 


SCHOLIUM 6. 


THe Potar Equation of a conic referred to its focus and axis 
may be seen, from Example 4, to be of the form 


ἶ 
z 1+ e cosð, 


where r denotes SP; 0 the angle ASP; and e, J denote the eccen- 
tricity and the semi-latus rectum. The corresponding equations of 
the Tangent, the Normal, of any Chord, and of the Polar of any 
point, may be deduced, as below, from geometrical theorems which 
we have already proved. 


(i) Zhe Tangent. 
In Prop. π., let r, ϐ be the coordinates of 7, and leta be the 
angular coordinate of the point of contact P. 


Then SL = ST cos TSL =r cos (0 — a), 
and e. TIN e(SX—- ST cos AST)2 l —e.r cosé. 
Hence tze cos 6 + cos (0 — a). 


(ii) The Normal. 
In Prop. Iv., let a parallel to the axis cut SP in Z, and PG in 
Q. Denote L ASP by a, and let r, 0 be the coordinates Q. 


Then ZQ=e.ZPa¢e(SP-S8Z), 
or e. NP = ZR 10.82; 
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ΖΩ sin(0-a) SZ sind 


and ; —. 
r sin a r sina 
e.SPsina . : 
Hence ——. . -sin(0- a) +e sinb; 
| esina : : 
or -- Bin (0 — a) 4 e sin 0, 


r’ 146 cosa 
since SP, a are the coordinates of a point on the curve. 
(iii) Any Chord. 
From Prop. 11r., Cor. 2, it is easy to deduce the equation 
l 
= =e 00804 sec Ê cos(0 — a), 
representing the chord which cuts the conic at the points whose 
angular coordinates are a + (3 respectively. 
(iv) Zhe Polar of any Point. 


In Prop. xr, let r, 0 be the coordinates of 7, and p, a those of 
O. Then it is easily seen that 


e. TN- l- e.r cos0; e.OM-1—e.p cosa; SK.ST =p cos (0-a).r. 
Hence, equating SX. ST to ο), ΟΜ. ΤΝ, we deduce that 


ς — € 008 α) -θ cos 6) cos (8 - a), 


which is the equation of the polar of the point (p, a). 


EXAMPLES. 


11. Determine the pole of the latus rectum of a conic. 

12. Every tangent is the polar of its point of contact. 

13. The segments of any focal chord subtend equal angles 
at the point in which the directrix meets the axis. 

14. If two conics have a common focus, their common chord 
or chords will pass through the intersection of their directrices. 

15. The tangents at the ends of a focal chord meet the 
latus rectum at points equidistant from the focus. 

16. The focal distance of any point on a conic is equal to 
the ordinate at that point produced to meet the tangent at an 


extremity of the latus rectum. 
D2 
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17. The directions of any two tangents to a circle are 
equally inclined to the diameter through their point of inter- 
section. State this theorem in a form applicable to all conics. 


18. Given the focus of a conic and a focal chord, the locus 
of the extremities of the latus rectum is a circle. 


19. Given the focus, the length of the latus rectum, a 
tangent, and its point of contact, shew how to construct the 
conic. 


20. When the focus and three points of a conic are given, 
shew how to construct the curve. 


21. Given the focus of a conic inscribed in a triangle, 
determine the points of contact. 


22. Given a chord of a conic and the angle which it 
subtends at the focus, shew that the focal radius to the pole 
of the chord passes through a fixed point. 


23. With given focus and eccentricity construct a conic 
which shall pass through two given points. 


24. Determine in what cases a chord of a conic will be a 
maximum or 2 minimum. 


25. The portion of any tangent intercepted between the 
tangents at the ends of the parallel focal chord is divided zt 
its point of contact into segments whereof each is equal to the 
focal distance of that point. 


26. If the tangent at any point of a conic meet the directrix 
in D, and the latus rectum in Z, then 


SL: 8D- 8A: AX. 
27. If PM, QN be the ordinates of the extremities of a 
focal chord PQ, and if the direction of the chord meet the 


directrix in R, then will RN meet MP at a distance from the 
axis equal to 2PM. 


28. If M be the projection upon the directrix of any point 
P on a conic, then will SM meet the tangent at the vertex upon 
the bisector of the angle SPM. If a focal chord of central 
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conic meet the tangents at the vertices in V, V', give a con- 
struction for determining the points in which the circle on VV' 
as diameter meets the conic. 


29. Prove the following construction for drawing tangents 
to a conic from a given point 7. Divide ST in t, so that 


St: ST=AX: TN, 


where TN is a perpendicular to the directrix; about S as 
centre describe a circle touching the conic, and from ¢ draw 
tangents to the circle, and let them meet the tangent at the 
vertex in V, V'; draw TV, TV', which will be the tangents 
required. 


30. Ifa chord of a conic subtend a constant angle at the 
focus, the locus of its pole will be a conic having the same focus 
and directrix. Shew also that the envelope of the chord will 
be another conic having the same focus and directrix, and that 
the eccentricities of the three conics will be proportionals. 


31. The vertex of a triangle which circumscribes a conic, 
and whose base subtends a constant angle at the focus, lies on a 
conic. 


32. Two sides of a triangle being given in position, if the 
third subtends a constant angle at a fixed point, determine 
its envelope. 


33. Ifa fixed straight line intersect a series of conics which 
have the same focus and directrix, the envelope of the tangents 
to the conics at the points of section will be a conic, have the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conics. 


34. The focal perpendicular upon any tangent to a conic is 
a mean proportional to the segments into which it divides the 
portion of that tangent intercepted between the tangents at the 
extremities of any focal chord. 

35. If SY be the focal perpendicular on the tangent at any 
point P to a conic, and X the point in which the axis meets 


the directrix, then 
SY:YX-28A: AX. 
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Determine the locus of Y, and shew that it is the envelope 
of the circle on SP. 


36. If PN be the perpendicular from any point P on a 
conic to the latus rectum, the straight line connecting N with 
the point in which the axis meets the directrix will pass through 
the foot of the perpendicular let fall from the focus upon the 
tangent at P. 


37. If the diameter at a point P on a conic bisects the 
chord normal at Q, the diameter at Q bisects the chord normal 
at P. 


38. In Art. 10, shew that the normal PG becomes equal 
to the semi-latus rectum when P coincides with the vertex 
of the conic. 


39. The perpendicular from G on SP varies as the ordinate 
of P; and the foot of this perpendicular lies upon the straight 
line which passes through the foot of the ordinate of P, and 


is parallel to SM. 


40. If Q be any point on the normal at P, and L and M be 
its projections on SP and the ordinate of P, shew that 


QOL: PM=SA: AX. 


41. The perpendicular upon a focal chord from the inter- 
section of the normals at its extremities meets the chord at 
a distance from one extremity which is equal to the focal 
distance of the other; the locus of the foot of this perpen- 
dicular is a conic; and the straight line drawn parallel to the 
axis through the intersection of the normals passes through 
the middle point of the chord. 


42. If P be the pole of a normal chord which meets the 
directrix in Q, shew that the circle SPQ passes through an 
extremity of the chord. 


43. If a circle touch a conic on opposite sides of its axis, 
it will intercept a constant length upon the focal chords through 
the points of contact. When the circle passes through the 
focus, determine the focal radii to the points of contact. 
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44. The rectangle contained by the focal perpendicular upon 
the tangent at any point to a conic and the portion of the 
normal intercepted between the curve and its axis is equal 
to the rectangle contained by the semi-latus rectum and the 
focal distance of the point. 

45. If QQ be a focal chord of a conic, and if the normal at 
P be at right angles to the chord and meet the axis in G, then 

PŒ = 560.50. 

46. Shew also that, if a parallel to the chord be drawn 

through G and meet the direction of PS in U, then PU=4}4 QQ". 


47. Ifthe normal to a conic at P meet the axis in G, and 
if SY the focal perpendicular upon the tangent meet the 
directrix in V, shew that 

PG: SY=SV: VY. 

48. The ratio of the normals, terminated by the axis, at any 
two points of a conic is equal to that of the tangents at those 
points. 

49. Given an arc of a conic, shew how to construct the 
curve. 


50. The parallel diameters of two similar and similarly 
situated conics bisect the same systems of parallel chords. If 
the two conics be concentric ellipses or hyperbolas, or equal 
parabolas whose axes are coincident, shew that any chord of 
the exterior conic is divided into pairs of equal segments by 
the interior, and that any chord of the former which touches 
the latter is bisected at the point of contact. 

51. The angle between any two chords of a conic is equal 
to the angle subtended at the focus by the portion of the 
directrix intercepted by the diameters which bisect the chords. 

52. The arms of the angle which a focal chord of a conic 
subtends at any point on the circumference meet the directrix 
upon diameters through the points of contact of tangents at 
right angles. 

53- The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 
through that point. 
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54. The diameter through any point, and the polar of that 
point, meet the directrix and the axis respectively on a straight 
line parallel to the focal distance of the point. Hence shew 
that the foot of the ordinate of any point in the plane of a 
central conic is at a distance from the centre which varies 
inversely as the distance therefrom of the intersection of the 
polar of the point with the axis. 


55. From the preceding example deduce a construction for 
drawing tangents to a conic from a given point. 


56. The triangle whose angular points are the focus of a 
conic and the intersections of the tangent and the diameter at 
any point with the axis and the directrix respectively has its 
orthocentre at the point in which the tangent meets the directrix. 


57. Given the focus and the directrix of a conic, shew that 
the polar of a given point with respect to it passes through a 
fixed point. 

58. If the polar of a point O with respect to a conic intersect 
a conic having the same focus and directrix in P, and if SQ be 


drawn at right angles to SP to meet the directrix in Q, the 
locus of the intersection of QO and SP will be a conic. 


59. Deduce from Art. 16 that the square of the ordinate at 
any point of a conic varies either as the distance of the foot 
of the ordinate from the vertex, or as the rectangle contained 
by the segments into which it divides the axis. 


60. A focal chord of a conic and the diameter which bisects 
it meet any fixed straight line perpendicular to the axis at 
points whose ordinates contain a constant rectangle; and the 
square of the ordinate of the middle point of the chord varies 
either as the distance of the foot of the ordinate from the focus, 
or as the rectangle contained by its distances from the focus 
and the centre of the conic. 


61. If a chord of a conic passes through a fixed point in the 
axis, determine the locus of its middle point, and in the case 
of a central conic, the locus of its intersection with another 
chord which passes through a fixed point in the axis and is 
parallel to the diameter which bisects the former. 
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62. If a tangent be drawn parallel to any chord of a conic, 
the portion of it terminated by the tangents at the ends of the 
chord is bisected at its point of contact. 


63. Two tangents being applied to a line of the second 
order, if from any point in one of them a straight line be drawn 
parallel to the other, the portion of it intercepted by the chord 
joining the points of contact will be a mean proportional to 
its segments made by the curve. Examine the case in which 
the secant becomes a tangent. 


64. In Art. 16, investigate the case in which O coincides 
with S, and shew that SX is then a mean proportional to the 
distances of P and p from the directrix. 


65. Shew also that, if SZ be drawn parallel to PQOZ to 
meet the directrix, then 
OP.0Q: Sp. S92 SZ' : SZ'- L”, 


where Z denotes the semi-latus rectum. 


66. If a chord of a conic subtends equal angles at the 
extremities of another chord, it likewise subtends equal angles 
at the extremities of any chord parallel to the latter. 


67. If ABC be a triangle whose sides touch a conic at the 

points a, 5, c, then 
Ab. Bc. Ca = 4ο. Ba. Cb. 

68. If any conic be drawn through four given points, and 
if a fixed straight line meet the conic in P, Q, and one of the 
pairs of straight lines joining the four points in A, B, then will 
the ratio of the rectangle PA.AQ to the rectangle PB.BQ 
be constant. 


69. Any tangent to a conic is divided harmonically by its 
point of contact and the three points in which it meets any two 
other tangents and their chord of contact. Examine the cases 
in which two of these four straight lines become parallel. 


70. If from any point on a conic parallela be drawn to two 
adjacent sides of a given inscribed quadrilateral figure, the 
rectangles under the segments intercepted by those adjacent 
and by the other two opposite sides will have a given ratio. 
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71. If ABC be a triangle inscribed in a conic, and if from 
any point O on the curve there be drawn a parallel to BA 
meeting BC and the tangent at A in P, Q, and a parallel to 
BC meeting AB, AC in P, Q; then will OP.OQ be to 
OP'.OQ' in a constant ratio, viz. that of the focal chords 
parallel to BA and BC respectively. 


72. If from any point on a conic pairs of perpendiculars 
be drawn to the opposite sides of a given inscribed quadrilateral, 
the rectangle contained by the one pair of perpendiculars will 
be in a constant ratio to the rectangle contained by the other 
pair. 

73. The perpendicular from any point on a conic to a fixed 
chord is a mean proportional to the perpendiculars from that 
point to the tangents at the extremities of the chord. 


74. If from any point on a conic straight lines be drawn 
at given angles to two adjacent sides of a given inscribed 
quadrilateral figure, the rectangle under the segments inter- 
cepted by those adjacent and by the other two opposite sides 
will have a given ratio. 

75. Hence shew that, if from a given point M there be 
drawn two fixed straight lines meeting a conic in A, B and 
C, D; and likewise a variable straight line meeting the curve 
in E, E', and the straight lines 4C, BD in K, L; then 

EM': EM" zZ LE.EK : LE'.E'K; 
and investigate the form which this relation assumes when the 
fixed straight lines become tangents to the conic. 


76. Deduce from the preceding example that, if A, B, C, D 
be any four points on a conic, the three straight linea joining 
the intersections of AB, CD; BC, DA; and CA, BD, are cut 
harmonically by the curve, and that each of these points is the 
pole of the straight line which joins the other two. 


77. Hence shew how to draw tangents to a conic from any 
external point with the help of the ruler only. 


78. If PVP' and QVQ be any two intersecting chords of a 
conic, and if the circle through Q, P, Q' meet PP’ in E, then 
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will the ratio of VP' to VE be equal to that of the focal chords 
parallel to PP’ and QQ’. Examine the cases in which two or 
all of the points P, Q, Q' coalesce. 


79. If PQ be any chord of a conic, and F the parallel focal 
chord, and if the direction of F meet the tangent at P in T, 
then 

PQ. ST =F. SP. 


80. If there be a quadrilateral figure inscribed in a conic 
section, and if from one of its angular points there be drawn 
parallels to the sides about the opposite angle; and if from the 
two remaining angles there be drawn straight lines to any point 
in the curve to meet the parallels; the intercepted portions 
of the parallels, estimated from their common point, will have 
a given ratio, wherever in the curve the fifth point be taken. 


CHAPTER IIL 


THE PARABOLA. 


19. The parabola being a conic whose determining ratio 
ie one of equality, some of its properties may be at once 
deduced by equating SA : AX to unity from properties of the 
general conic already proved; thus SZ becomes equal to TN 
in Art. 8, and SG equal to SP in Art. 10. The semi-latus 
rectum of the parabola is equal to SX; that is, to SA+ AX, 
or 2SA. 

Other properties of the parabola may be derived from those 
of central conics by regarding it as a conic whose centre* and 
second focus are at infinity, and the further extremities of whose 
diameterst are likewise at infinity; but in the present chapter 
we shall give independent proofs of such properties, commencing 
with the original definition of the parabola. 

The portion of any diameter intercepted between the curve 
and the ordinate of any point with respect to that diameter ia 
called the Abscissa or Absciss of the point; and any focal chord 
of a parabola is called the Parameter of the diameter which 
bisects it. 


CHORD PROPERTIES.* 
PROPOSITION 1. 


20. The ordinate of any point on the parabola ts a mean 
proportional to the abscissa and the latus rectum. 


* See Art. 14, Cor. 3. 

¢ See Art. 16, Cor. 3. 

1 Under this head are included such propositions only as can be proved ante. 
cedently to the definition of a tangent; but the restriction does not apply to the 
Corollartes from those Propositions, 
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Let AN be the abscissa of any point P on the curve, and X 
the point in which the directrix meets the axis. Then, by 
Euclid 1. 47, and from the definition of the parabola, 





PN’ + SN* = SP* = NX’, 
Hence PN* + (AN~ AS) =(AN+ ΑΘ)". 


Therefore PN*=4AS8.AN, or PN is a mean proportional 
to AN and 445, which latter, by Art. 19, is equal to the 
latus rectum. 

Conversely, if the square of the ordinate of any point P 
vary as its abscissa, the locus of the point will be a parabola. 

The above proposition suggests an obvious method of tracing 
the curve, since for any assumed magnitude of AN the 
magnitude of PN and the position of P are determined. 


Corollary. 


Hence, to find two mean proportionals between a given pair 
of straight lines,* with latera recta equal to the given lines 
describe two parabolas, having a common vertex, and their 
axes at right angles; then will the ordinates of either of their 
points of intersection be mean proportionals to their latera recta, 
as required ; for it is evident that the ordinate in either parabola 
will be a mean proportional to its own latus rectum and the 
ordinate in the other. 


* This problem, which is of great historical interest, was solved as above by 
Menzechmus, according to the statement of Eutokius. Compare Bretschneider's, 
Die Geometrie und die Geometer vor Euklides, p. 160 (LEIPZIG, 1870). 
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PROPOSITION II. 


21. The locus of the middle points of any system of parallel 
chords of a parabola is a straight line parallel to the axis ; and 
the bisecting line meets the directrix on the straight line through 
the focus at right angles to the common direction of the chords. 

Take QQ', any one of a system of parallel chords, and let 
M and M' be the projections of its extremities upon the directrix. 

Let the focal perpendicular upon the chords meet QQ’ in Y, 
and the directrix in O; and through O draw a parallel to the 
axis meeting QQ' in V. Then will V be the middle point 
of QQ. 

For OM = 04 - QU = 08 - SY 

= OY*— SY’; 
and OM" may be shewn to have the same value. 
Therefore OM, OM’ being equal, the straight line through 


M & 


O parallel to the axis bisects QQ’; that is to say, it bisects 
every chord which is at right angles to OS. 

Hence it is evident that every straight line parallel to the 
axis of a parabola is a diameter of the curve, and that all 
diameters are parallel to the axis and to one another. 


Corollary. 


It follows, as a particular case of the above proposition, that 
the direction of the focal perpendicular SY on the tangent at P 
to a parabola meets the directrix at a point M such that PM 
is parallel to the axis. 


THE PARABOLA. 47 


T A G 


Hence it appears that the tangent at P bisects the angle 
SPM, as will be otherwise proved in Art. 25; and it may also 
be deduced, independently of Art. 7, that the intercept on the 
tangent made by the curve and the directrix subtends a right 
angle at S. 


PROPOSITION III. 


22. To find the length of any focal chord of a parabola. 
Let QQ' be any focal chord; M and M’ the projections 
of its extremities upon the directrix; and O the point in which 





the focal perpendicular upon the chord meets the directrix. 
Let a parallel through O to the axis meet QQ' in v, which, 
by Prop. 11, will be the middle point of the chord. 

Hence, and from the definition of the curve, 


QQ —-8Q--SQ-2QM4QUM' 
--9υ0, 


And because OSv is a right angle, and SP= PO; therefore 
Pv = SP — PO, and therefore vO 2 99. 
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Hence QQ'—4SP, or the parameter of any diameter of a 
parabola is equal to four times the focal distance of the ex- 
tremity of that diameter. In particular, as we have already 
seen, the latus rectum is equal to 4SA. 


PROPOSITION IV. 


28. The ordinate of any point on a parabola with respect 
to any diameter 4s a mean proportional to its parameter and 
the abscissa of the point. 

Let QV and PV be the ordinate and abscissa of any point Q 
on the curve; let VP meet the directrix in O, and the focal 





chord parallel to QV in v; and let OS, which (Prop. 11.) is at 
right angles to Sv and QV, meet the latter in Y. 
Then, as in Art. 21, if D and M be the projections of Q on 
the diameter PV, and on the directrix, 
QD = ΟΜΤΞ ΟΥ" - SY". 


And since, by similar triangles, the lengths QD, OY, SY 
are proportional to QV, OV, vV, therefore, from above, 
QV'2OV'-—wV*. 


And since Pv = SP= PO, as in Art. 22, the sum of OV and 
vV is equal to 2PV, and their difference to 2SP, or vice versa; 
and therefore, in either case, the difference of their squares 


is equal to 2SP.2PV. 
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Therefore QV*=4SP. PV, or the ordinate QV is a mean pro- 
portional to the parameter 4SP (Prop. 111), and the abscissa PV. 


Corollary 1. 


It may be shewn that QD’=4AS.PV; and further, that 
if a straight line QD' be drawn in any direction from Q to the 
diameter PV, it will be a mean proportional to the parallel 
focal chord and the abscissa PV. This follows most readily 
with the help of the theorem (Art. 30, Cor. 1), that if the base 
of a triangle be parallel to the axis of a parabola the squares 
of its remaining sides will be as the parallel focal chords.* 


Corollary 2. 

If the tangent at P meet QM in R, then the figure PVQR 
being a parallelogram, it follows that P* —4SP.EQ. Hence, 
if E be any point on the tangent at a given point P to a 
parabola, and if the diameter through & meet the curve in Q, 
then will RP? vary as EQ. 


Corollary 3. 


On the tangent at a given point P to a parabola take any 
two points T and R; and let the diameters through them meet 
in curve in .É and Q, and let the former diameter meet PQ 
in F. Then, by Cor. 2, and by similar triangles, 

TE- KQ= LP ΠΕ = TIRO. 
Hence TE: TF=TF ;: ΒΩ =PF : PQ, 
or, the portion of any diameter intercepted by any chord and the 


tangent at either extremity of the chord is divided at the curve in 
the same ratio as that in which it divides the chord. 


PROPOSITION V. 


24. A chord of a parabola being divided at any point, to 
determine the magnitude of the rectangle contained by its segments. 
Let any chord QF be divided internally or externally at the 
point O; and let the diameters through O and the middle 


* This may be deduced without the help of tangent-properties from the second 
note on p. 28, or from Art. 22, where QQ’ varies as SQ.SQ’, that is to say, as SO2, 
the angle QOQ' being a right angle. It follows that the focal chords of a parabola 
vary inversely as the squares of the sines of their inclinations to the axis, 

E 
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point V of the chord meet the parabola in M and P. Then 
by Prop. IV, and by Euclid 11. 5, Cor., if MU be the ordinate 
of M with respect to the latter diameter, 
Q0.OR= ΦΥ" OV*= QV* MU” 
=48P(PV~ PU) 
=48P,MO, 
or the rectangle whereof the magnitude was to be found varies 
as MO, which depends only upon the position of the point O; 


and as the parameter 4SP, which depends only upon the 
direction of the chord QR. 


Corollary. 

Hence, if ΟΕ’ be any second chord through O, and 4SP’ 

the corresponding parameter, 
QO.OR: ϱ0.ΟΙ —ASP: ASP', 

or these rectangles are proportional to the focal chords parallel 
to QE, Q'E', as was proved also for the general conic in 
Art. 16. Hence also, the squares of any two intersecting 
tangents are as the focal distances of their points of contact. 


TANGENT PROPERTIES.* 
PROPOSITION VI. 


25. The tangent to a parabola at any point is the bisector 


of the angle which the focal radius makes with the diameter 
produced. 





* See also the Corollaries in Articles 21, 23, 24, 
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(i) Let the tangent at any point P meet the directrix in R, 
and let the diameter produced beyond the curve meet the 
directrix in M. 





Then since PR subtends a right angle at S, and since 
SP=PM, and PR is common to the right-angled triangles 
SPR, MPR, therefore their angles at P are equal, or the 
tangent PR bisects the angle SPM. 

It is likewise evident that SP and MP make equal angles 
with RP produced towards t, as in the figure of Art. 21, Cor.; 
and that if PR, or PR produced, meet the axis in 7, the 
angles at P and T in the triangle SPT, and therefore also 
the sides SP and ST, will be equal to one another. 


(ii) Or we may proceed as follows, taking EUCLID'S 
definition of a tangent. 

Draw the straight line bisecting the angle SPM, and take 
any point upon it. The distance of any such point from S is 
equal to its distance from M, and therefore greater than its 
distance from the directrix, except when the point coincides 
with P. Hence every point except P on the bisector of the 
angle SPM lies without the curve, and the bisector of SPM 
is therefore the tangent at P. 


Corollary 1. 


It is evident from the above that the tangent at P bisects 
the angle SRM between the directrix and the focal distance of 
the point AZ in which it meets the directrix; and, in like 
manner, that the second tangent RQ from ÈE bisects the 

E2 
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supplementary angle SRN between SE and the directrix. 
Hence the two tangents to a parabola from any point on its 
directrix, or at the extremities of any focal chord, are at right 
angles; and conversely, the directrix of a parabola is the locus 
of the intersection of tangents at right angles. 


Corollary 2. 


To draw tangents to a parabola from any external point Æ, 
with centre Æ and radius ES describe a circle cutting the 
directrix in M and N, and let the diameters through those 
points meet the curve in P and Q, which will be the points 
of contact of the tangents required; since, as readily appears, 


EP bisects the angle SPM and EQ bisects the angle SQN. 


Corollary 3. 


The subtangent at any point is double of the abscissa; since, 
in the next figure, ST=SP=NX=AN+ AS, and therefore 
4ΑΝΞ ST- AS= AT, or NT the subtangent is equal to 24N. 


PROPOSITION VII. 


26. The normal at any point of a parabola bisects the interior 
angle between the diameter and the focal distance of the point. 
If the normal at P meet the axis in G, then, by Art. 19, 


£ 


SG = SP; and therefore PG makes equal angles with SP and 
the axis, and bisects the angle which SP makes with the 
diameter through P. 

The same might have been deduced as a corollary from the 
preceding proposition. 
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Corollary. 


If AN be the abscissa of P, then since SG=SP=WNX, 
therefore NG=NX—SN=SX=2SA, or the subnormal is 
equal to the semi-latus rectum. 


PROPOSITION VIII. 


27. The tangent at the vertex of a parabola is the locus of the 
foot of the focal perpendicular upon the tangent at any point; 
and the focal perpendicular is a mean proportional to the focal 
distances of the vertex and of the point of contact of the variable 
tangent. 

(i) Let the diameter at any point P of a parabola be pro- 
duced to meet the directrix in M, and let the tangent at A 
meet SM in Y. 

Then, SY being evidently equal to MY, and SP being 
equal to PM, and PY common to the triangles SPY, MPY; 
therefore PY is at right angles to SM, and it bisects the angle 
SPM, and is therefore the tangent at P. 

Hence Y, which by construction lies on the tangent at 4, 
is the foot of the focal perpendicular upon the tangent at P; 
and conversely, the locus of the foot of the focal perpendicular 
on the tangent at P is the tangent at A. 

This suggests an obvious method of drawing a second tangent 
to a parabola from a given point on the tangent at its vertex. 


(1) Again, since the two tangents from Y to the parabola 
subtend equal angles at S, the right-angled triangles SAY, 
SYP are similar, so that 


SA: SY- SY: SP 
or SY'- $A.8P. 


Corollary. 


Since (Art. 24, Cor.) any two intersecting tangents to a 
parabola are in the subduplicate ratio of the focal distances of 
their points of contact, they are in the same ratio as the focal 
perpendiculars upon them. 
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PROPOSITION IX. 


28. The exterior angle between any two intersecting tangents 
to a parabola is equal to the angle which either of them subtends 
at the focus ; and the inclination of either tangent to the axis is 
equal to that of the other to the focal distance of their common 
point. 

(i) Let the tangents at P and Q intersect in E, and meet 
the axis in T and U; and let O be a point in AS produced. 





Then the exterior vertex angle PSO of the isosceles triangle 
PST being double of the interior base angle STP, and the 
angle QSO in like manner being double of SUQ, therefore by 
gubtraction, in the figure drawn, 


L PSQ—2TRU. 


Therefore, since the two tangents subtend equal angles at 
6, the angle subtended by either is equal to the exterior angle 
TRU between them. 

Hence : TRU will be acute or obtuse according as the 
focus lies without or within the segment of the curve cut off 
by PQ. In either case it will be seen that the acute angle 
between the tangents is equal to half the angle which their 
chord of contact subtends at the focus. 


(ii) Since the angle TRU is equal to PSR, therefore 
LSRU=PSR+ PRES = SPT 


or the angles which QR makes with SR are equal to those 
which TR makes with the axis. 
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Hence also, subtracting the angle TRU, 
4 RP= STP- TRUZ SUQ 
= SQU. 


Corollary 1. 


If from any point R on the tangent at a fixed point P the 
second tangent RQ be drawn, the angle SEQ will be constant, 
since the equal angle SPA is fixed. If one of the tangents 
be the tangent at the vertex, SÈR will be the focal perpendicular 
upon the other. 


Corollary 2. 


The triangles SPR, SEQ are similar, having their angles at 
S equal, and likewise those opposite to SP and SE respectively. 
Hence SR? = SP. SQ, or the focal distance of the intersection of 
any two tangents to a parabola is a mean proportional to the 
focal distances of their points of contact; and each tangent 
is to the other as SR to the focal distance of the point of 
contact of the latter. 


Corollary 3. 


If two fixed tangents be eut by any third in points P 
and Q, as in the next figure, the triangle SPQ will have 
its angles constant, since, by Cor. 1, its angle at P is constant, 
and likewise its angle at Q. Again, in the same figure, if 
the three tangents be fixed, and if any fourth cut them in points 
L, M, N, then, the angles of the tnangles SLN, SMN, 
being constant by the former case, the ratio of LN to MN 
is constant. Conversely, the envelope of a straight line which 
is cut in a constant ratio by three fixed straight lines is a 
parabola touching the three fixed lines. 


PROPOSITION X. 


29. The circumscribed circle of any triangle whose three sides 
touch a parabola passes through the focus. 

Let PQR be any triangle whose three sides touch a parabola, 
and let PE meet the axis in 7. Then, by Art. 28, 


4SRQ=STP= SPQ. 
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Therefore the points S, P, R, Q are concyclic; that is to say, 
the focus jS lies on the circumscribed circle of the triangle 
PQR. 

Corollary 1. 

Let p, q, r* be the points of contact of the tangents QR, 
RP, PQ, and let PQ meet the directrix in D, so that {19 
is a right angle. Let the perpendicular drawn from R to PQ 
meet the directrix in O, and SD in N. Then the angles PQR 
and QSr are equal by Prop. IX., and therefore their com- 
plements are equal, so that 

LQRN=QSN, 
or N lies on the circle QRS, which also circumscribes the 
triangle PQA. Moreover, PQ bisects the angle ODN (Art. 25), 
and therefore also the line ON, to which it is at right 
angles. Hence O is the orthocentre of the triangle PQR, or 
of any parabola be inscribed in a triangle, its directriz will pass 
through the orthocentre. 
Corollary 2. 


If four tangents to a parabola be given, its focus is de- 
termined by the intersection of the circumscribed circles of any 
two of the triangles formed by the four tangents, and its 
directrix is the straight line joining the orthocentres of any two 
of them. Hence it appears that one parabola can in general 
be described touching four given straight lines. 


* See the lithographed figure, No, 2, 
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Corollary 3. 


Since (Art. 13, Cor.) RQ and Pg subtend equal angles at 9; 
and since, in the circle, Z SP = SQR; therefore the triangles 
SPa, SQE are similar, so that 


QR : Pg=SR: Sq. 
Hence, and by Art. 28, Cor. 2, 
QR: Pg= Rp : liq Qp: PR; 
or, if two tangents to a parabola be cut by any third, their 


alternate segments will have the same ratio, and this ratio 
will be constant if the two tangents be fixed. 


SCHOLIUM. 


The above proposition, with several deductions therefrom, is 
found in Section I. 88 15—24 of I. H. ΤΙΑΜΒΕΗΤ8 Insigniores Orbite 
Cometarum Proprietates (Auguste Vindelicorum, 1761). The pro- 
position itself, together with Cor. 1, may be applied to prove 
certain properties of the straight line and circle, as below. 


(1) In any given triangle, and with any point on its circum- 
scribed circle as focus, suppose a parabola to be inscribed. Then, 
since the sides of the triangle are tangents to the parabola, the 
feet of the three focal perpendiculars upon them must lie on the 
tangent at the vertex. Hence, if from any point on the circum- 
scribed circle of a triangle perpendiculars be let fall upon its three 
sides, the feet of the three perpendiculars will be collinear. 


(ii) Supposing a parabola to be described touching four given 
straight lines, its focus must lie on the circumscribed circle of the 
triangle formed by any three of the said lines. Hence the circum- 
scribed circles of the four triangles formed by any four straight 
lines meet in a point. 


(11) The directrix of the parabola touching four given straight 
lines passes through the orthocentres of the four triangles formed 
by those lines. Hence the orthocentres of the four triangles formed 
by any four straight lines are collinear. 


(For the proof of Cor. 1 given above I am indebted to Mr. 
Rawdon Levett, of St. John's College, Cambridge. Another 
elementary proof, based upon the property that the feet of the 
focal perpendiculars on the three tangents are collinear, was given 
in No. 160, p. 63, of the Lady’s and Gentleman's Diary (1863). 
The theorem in question, which is in reality a particular case 
of Brianchon's theorem (Salmon's Conic Sections, Art. 268), was 
propounded by J. STEINER in Crelle's Journal für die reine und 
angewandte Mathematik, vol. 11, p. 191 (Berlin, 1827), and was 
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demonstrated by him in Gergonne’s Annales de Mathématiques pures 
et appliquées, vol. ΧΙΧ. p. 59 (Paris, 1828), with the help of Pascal’s 
theorem, as follows. If S be any point on a conic, PQR an in- 
scribed triangle, and PP’, QQ' chords through any point O; then 
in the hexagon PP'SQQZ the points (P'S, QR) and (SQ, RP) 
will lie on a straight line through O. Ifthe conic be a circle, and 
O the orthocentre of the triangle, the straight line through O will 
evidently meet the continuations of the perpendiculars from S to 
the sides of the triangle at distances from S which are respectively 
double of those perpendiculars, and will therefore be the directrix 
of the parabola drawn with S as focus to touch the sides. Steiner 
himself likewise applied his theorem as in Siii. (Crelle, τι. 97; 
Gergonne, xix. 59). 


PROPOSITION XI. 


90. The portion of any diameter intercepted by any tangent 
and the ordinate of tts point of contact with respect to that 
diameter is bisected at the curve.* 

Let the diameter at P be met by the tangent at Q in 7, 
and by the ordinate of Q in V; and let the tangent at P meet 
that at Q in R. 


Complete the parallelogram QRPO by drawing PO parallel 





to RQ. Then the diagonal £O bisects the diagonal PQ, which 
is also the chord of contact of the tangents RP, RQ. Therefore 
RO is a diameter of the parabola, and hence, all diameters 
being parallel, 

ΡΥΞ ΝΟ: 971, 


or VT is bisected at P. 





* This is included in Art. 28, Cor. 3, See also Art, 18, Cor., and Art, 25, Cor. 3, 
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Corollary 1. 


Any triangle whose base is parallel to the axis of a parabola 
has its remaining sides in the ratio of the parallel tangents; 
for supposing those sides parallel to the tangents in the figure, 
their ratio will be that of RP to RET, whereof the latter is equal 
to RQ. 

Corollary 2. 

If from any external point Æ there be drawn a tangent 
meeting the curve in P, and a chord meeting the curve in 
M, N, and the diameter through P in V, then by Cor. 1, and 
by Art. 16, Cor. 1, it ie easily shewn that R V° = RM. RN. 


Corollary 3. 


It may be deduced from the proposition that the intercepts 
upon any diameter made by any two tangents and the ordinates 
of their points of contact are equal; and hence, that the area 
between the two tangents and the diameter is equal to half the 
area between their chord of contact, the ordinates of its ex- 
tremities, and the diameter; and hence, that the triangle made 
by any three tangents is equal to half the triangle formed by 
joining their points of contact. 


QUADRATURE. 


PROPOSITION XII. 


32. The area of the parabolic segment upon any chord as 
base is equal to once and one-third of a triangle having the same 
base and altitude.* 

Take RF’ as the base of the segment, and suppose it parallel 
to the tangent at P. 

Let the diameters through Æ and through an adjacent 
point @ on the curve meet the tangent at P in M and O; 
and let the diameter through P meet RQ in T, and EE in U; 





* This theorem, one of the great discoveries of ARCHIMEDES, was the first 
example of the exact quadrature by infinitesimals of a continuous curvilinear area. 
It forms the twenty-fourth and last proposition in his special treatise on the Quad- 
rature of the Parabola. See the Oxford edition of his works, p. 33 (1792). 


60 THE PARABOLA. 


and let PV be the abscissa of Q. Complete the parallelogram 
UTLR by drawing TL parallel to the base of the segment 


to meet EM produced. 
Let Q coalesce with Z, so that the chord QR becomes a 
tangent, and P becomes the middle point of VT, and therefore 


PM bisects the parallelogram QL. 





Hence, and by Euclid 1. 43, 
the parallelogram QU= QL =2QM. 

Through any number of points on the arc PR draw parallels 
to RR' and PU, so as to form with PU two series of paral- 
lelograms, the one corresponding to QU and the other 
to QM, and let the number of the points be increased and 
their successive distances diminished indefinitely. 

Then, as above, the several parallelograms in the former 
series become double of those in the latter, and the sum of 
the former, which is ultimately the parabolic area RPU, becomes 
double that of the latter, or of the parabolic area RPM. 

Hence the semi-segment RPU is equal to two-thirds of the 
parallelogram MU, or to four-thirds of the triangle RPU; and 
the whole segment RPR is equal to four-thirds of the triangle 
ΕΡΕ which has the same base and altitude. 

Corollary. 

Let the tangents at R, E' meet in T. Then the area of 
the segment is equal to two-thirds of the triangle formed by 
these tangents and its base, or the portion of the triangle on the 
concave side of the arc is double of that on its convex side. 
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This might have been proved by connecting the points R, 2’ by 
an infinity of consecutive chords, drawing the tangents at their 
extremities, and shewing, after the manner of Prop. X1., Cor. 3, 
that the area between the successive chords and RE is double 


of that between the corresponding tangents and the tangents 
at R, E. 


EXAMPLES. 


81. 'The radius of the circle through the vertex and the 
extremities of the latus rectum of a parabola is equal to five- 
eighths of the latus rectum. 


82. A point on a parabola being given, if the focus also 
be given the envelope of the directrix will be a circle; or if 
the directrix be given the locus of the focus will be a circle. 


83. If two parabolas have a common focus their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 


84. The common chord of two parabolas which have a 
common directrix bisects the straight line joining their foci 
at right angles. 


85. Deduce from Prop. 1. that the ordinate of the middle 
point of a chord whose direction is given is of constant magni- 
tude. 


86. The perpendicular to a chord of a parabola from its 
middle point and the ordinate of that point intercept on the 
axis a length equal to the semi-latus rectum. Hence shew 
that the locus of the middle point of a focal chord, or of any 
chord which meets the axis in a fixed point, is another parabola. 


87. Prove the following construction. Let AN be the 
abscissa of aüy point P on a parabola, and let MP be equal 
and parallel thereto. Divide NP into any number of equal 
parts and through the points of section draw parallels p,, p,, p,... 
to the axis, and divide MP into the same number of equal parts 
in points 1, 2, 3.... Then will the lines p, p, p,.. meet 
Al, 42, A3... respectively on the parabola. 
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88. If PQ be a focal chord of a parabola, SA.PQ = SP. SQ. 


89. If the ordinates or the focal distances of all points on 
a parabola be cut in a given ratio the locus of the points of 
section will in either case be a parabola. 


go. Circles whose radii are in arithmetical progression touch 
a given straight line on the same side at a given point. If to 
each circle a tangent parallel to the given line be drawn it 
will cut the circle next larger in points lying on a parabola. 


91. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line; or 
which touches a given circle and a given straight line. 


92. If a parabola be made to roll upon an equal parabola, 
their vertices being initially coincident, the locus of the focus of 
the former will be the directrix of the latter. 


93. Find the locus of a point which moves so that its 
shortest distance from a given circle is equal to its perpendicular 
distance from a given diameter of that circle. 


94. The circle described on any focal chord of a parabola 
as diameter touches the directrix; and the circle on any focal 
radius touches the tangent at the vertex. 


05. Given the focus, or the directrix, and two points of a 
parabola, shew how to construct the curve, and state the number 
of solutions in each case. 


96. The diameters through the extremities of any focal 
chord of a parabola meet the chords joining them to the vertex 
upon the directrix and intercept upon it a length which subtends 
a night angle at the focus. 


97. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difference 
of their radii is equal to the latus rectum. 


98. Semicircles being: described upon the segments of a 
focal chord, shew that the squares of their common tangents 
vary as the length of the chord. 
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99. The arms of any angle in a focal segment of a parabola 
meet the directrix at distances from the axis to which the semi- 
latus rectum is a mean proportional. 


100. Shew how to place in a given parabola a focal chord of 
given length. 


101. A parabola being given, find its axis, focus, vertex, 
and directrix. 


102. If a chord be drawn to a parabola from the foot of 
its directrix, the rectangle contained by its segments will be 
equal to the rectangle contained by the segments of the parallel 
focal chord. 


103. If AQ be a chord drawn from the vertex 4 of a 
parabola, and QR be a perpendicular to it at its extremity 
Q meeting the axis in Ẹ, then will AR be equal to the focal 
chord parallel to 4 Q. 


104. If PQ be a focal chord of a parabola, and R any point 
ΡΕ 


on the diameter through Q, then will PQ be equal to the focal 


chord parallel to PR. 


105. Find the locus of the points which divide parallel 
chords of a parabola into segments containing a constant 
rectangle. 


106. The latus rectum is a mean proportional to the ordi- 
nates of the extremities of any chord which passes through the 
focus or through the foot of the directrix; and the rectangle 
contained by the abscisses of the extremities of the chord is 
equal to the square of the focal distance of the vertex. 


107. Ifa chord subtends a right angle at the vertex, shew 
that it passes through a fixed point on the axis, and that 
the latus rectum is a mean proportional to the ordinates, and 
likewise to the abscisses, of its extremities. 


108. Shew that the absciss cut off by any chord from any 
diameter is a mean proportional to the abscisses of its ex- 
tremities with respect to that diameter, and that the corre- 
sponding ordinates are proportionals. 
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109. The distances from the focus at which the straight 
lines joining the ends of a focal chord to the vertex meet 
the latus rectum are alternately equal to the ordinates of 
the ends of the chord. 


110. In a given parabola inscribe, and about it circumscribe, 
a triangle whose sides shall be parallel to three given straight 
lines. 

111. A chord of a parabola and the chord joining the two 
points on the curve at which it subtends right angles intercept 
on the axis a length equal the latus rectum. 


112. Deduce from Ex. 54 that the intercept on the axis 
made by any polar and the ordinate of its pole is bisected 
at the vertex. 


113. The intercepts upon any diameter by any two polars 
and the ordinates of their poles with respect to that diameter 
are equal. 


114. On a chord through a fixed point Ó a mean pro- 
portional OM is taken to the segments of the chord. Shew 
that the locus of M is a diameter. 


115. A circle being described on a chord of a parabola 
which is parallel to a given line, shew that its centre is at a 
constant distance from the middle point of its opposite chord 
of intersection with the parabola. 


116. Ifa circle cut a parabola in four points the ordinates 
of the points of section on one side of the axis will be together 
equal to the ordinate or ordinates of the point or points of 
section on the other side. 


117. If three of the points of section coalesce their common 
ordinate will be equal to one-third of the ordinate of the fourth 
point; and the common chord of the circle and the parabola 
will be equal to four times their common tangent measured 
from its point of contact to the axis. 


118. Three chords of a parabola drawn at right angles to 


& focal chord through its extremities and the focus are pro- 
portionals. 
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119. If from the vertex of a parabola a pair of chords be 
drawn at right angles, find the locus of the further vertex of 
the rectangle of which they are adjacent sides. 


120. If a chord perpendicular to the axis be produced to 
meet the tangent at an extremity of the latus rectum, the 
rectangle contained by its segments will be equal to the square 
of its distance from the focus. 


121. A chord of a parabola drawn from a given point on 
the curve is intersected by any ordinate of the diameter through 
that point and by the diameter through the extremity of the 
ordinate. Shew that the chord is a third proportional to its 
segments estimated from the given point to the ordinate and 
the diameter through its extremity respectively. 


122. The ordinate of a point Q on the curve being inter- 
sected by its diameter in V, by any other diameter in R, and 
by the straight line joining the vertices of those diameters in J’, 
shew that 

QV'z VR. VEF. 

123. The straight lines joining any point on a parabola 
to the extremities of a given chord meet any diameter at 
distances from its extremity which have the same ratio as 
the segments into which it divides the chord. 


124. If from the point of contact of any tangent straight 
lines be drawn to two points on the curve, each to intersect 
the diameter through the other point, the two points of inter- 
section will lie on a parallel to the tangent. 


125. If the diameter through any point P of a parabola 
meet a given çhord in a, and the tangents at its extremities 
in b, c, shew that Pa’=Pb.Pc, and deduce the theorem of 
Ex. 73* for the case of the parabola. 


126. Three fixed points and a variable point being taken on 
a parabola, shew that the chords joining the latter to two of 
the fixed points cut off abscisses from the diameter through the 
remaining fixed point which are in a constant ratio. 


* In the example referred to, for “is” read raries as. 
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127. Shew that the preceding theorem is a special case of 
Ex. 80. 


128. If a parabola which bisects the sides of a triangle 
ABC meet its sides again in a, b, c, then will Aa, Bb, Cc be 
parallels. 


129. Through a given point within a parabola draw a chord 
Which shall be divided in a given ratio at that point. 


130. Describe a parabola through four given points; or 
through three given points, and having its axis in a given 
direction; and shew that the latter is a particular case of the 
former. 


131. Shew that a circle can be described touching any two 
diameters of a parabola and the focal radii to their extremities; 
and hence, that any two intersecting tangents to a parabola 
subtend equal angles at the focus. 


132. The four points of intersection of two parabolas whose 
axes are at right angles lie on a circle, and the sums of the 
ordinates of their points of intersection on opposite sides of the 
axis of either are equal. 


133. If ACP be a sector of a circle of which CA is a fixed 
radius, and if a circle be drawn to touch CA, CP and the arc 
AP, the locus of its centre will be a parabola. 


134. If a circle and a parabola touch at one point and 
intersect in two others, the diameters of the parabola at the 
latter points will meet the circle again on a parallel to the 
tangent at the former. 


135. If a straight line be drawn from a fixed point on 
a circle to bisect any chord parallel to the diameter through 
that point, find the locus of its interseetion with the diameter 
through an extremity of the variable chord. 


136. If the two tangents from any point on the axis of 
a parabola be cut by any third tangent, their alternate segments 
will be equal. 
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137. If OP, O@ be the tangents at P and @ to a parabola, 
and Pp, Qg chords parallel thereto, the distances of O from 
pq and PQ will be in the ratio of five to one. 


138. Ifthere be three tangents to a parabola, whereof one 
is parallel to the chord of contact of the other two, shew that 
the three tangents contain an area equal to half the area of 
the triangle whose vertices are at their points of contact, and 
apply this result to prove Prop. ΧΙΙ. 


139. The locus of the vertex of a parabola which has a 
given focus and a given tangent is a circle. 


140. If the tangents at P and Q intersect in E, the circle 
through P touching QR in R passes through the focus. 


141. The tangent at any point meets the directrix and 
the latus rectum at equal distances from the focus. 


142. A chord of a parabola being drawn through a given 
point, determine when the rectangle contained by its segments 
will be a minimum. 


143. Two equal parabolas have the same axis and directrix, 
and from a point on one of them two tangents are drawn to 
the other; shew that the perpendicular from that point to the 
chord of contact of the tangents is bisected by the axis. 


144. If a leaf of a book be folded so that one corner moves 
along an opposite side the line of the crease will envelope a 
parabola. 


145. The three straight lines drawn through the points of 
intersection of three tangents to a parabola at right angles to 
their respective focal distances meet in a point. 


146. The centre of the circle through any two points on a 
parabola and the pole of the straight line joining them lies upon 
the focal chord at right angles to the focal distance of the 


said pole. 
F 2 
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147. Any two parabolas which have a common focus and 
their axes in opposite directions intersect at right angles. 


148. The portion of any tangent intercepted by the tangents 
at two fixed points subtends a constant angle at the focus. In 
what case will the subtended angle be a right angle? 


149. If QV be the ordinate of any point Q ona parabola, 
and if the diameter bisecting QV meet the curve in P, then 
will VP meet the tangent parallel to QV at a distance from its 
point of contact equal to QV. 


150. The tangent from the vertex of a parabola to the 
circle round SPN, where PN is the principal ordinate of a 
point P on the curve, is equal to 3 PN. 


151. The focal vectors to the points of contact of a common 
tangent to a parabola and the circle on its latus rectum as 
diameter are equally inclined to the axis. Express the distance - 
between the points of contact in terms of the latus rectum. 


152. Describe an equilateral triangle about a given parabola ; 
and shew that the focal distances of its vertices pass each 
through the opposite point of contact, and that the centre of 
gravity of the triangle must lie upon a certain fixed straight 
line perpendicular to the axis. 


153. The segments of the sides of a regular polygon cir- 
cumscribing a circle subtend equal angles at the centre. State 
an analogous property of the parabola. 


154. Find the envelope of a straight line which cuts the 
sides OA, OB of a given triangle OAB in points P, Q such 
that the rectangle OP.OQ is equal to AP. BQ. 


155. Find the envelope of the straight line connecting the 
feet of the perpendiculars let fall from any point of a parabola 
upon the axis and the tangent at the vertex. 


156. If PQ be a chord at right angles to the axis of a 
parabola, the perpendicular from P to the tangent at Q will 
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cut off from the diameter at Q a length equal to the latus 
rectum. 


157. À cirele being drawn through the focus of a parabola 
to cut the curve in two points, compare the angles between 
the tangents to the parabola and the tangents to the circle at 
those points. 


158. If the tangents to a parabola at P and Q meet in O, 
and if the diameter through O meet PQ in V, shew that 
0P.0Q2208.0V. 


159. If the tangents at P, Q intersect in O and meet the 
tangent at E in P', Q', then will OE pass through the inter- 
section of PQ' and P'Q. 


160. A parabola being inscribed in a triangle so as to bisect 
one of its sides, shew that the perpendiculars from the vertices 
of the triangle upon any tangent are in harmonical progression. 


161. The vertex of a constant angle whose sides envelope 
a parabola traces a hyperbola having the same focus and 
directrix. 


162. In Art. 29, if PB and QM be perpendiculars to QR 
and the directrix, O the point in which the perpendicular from 
Q to PR meets the directrix, and PP’ a diameter of the circle, 
shew that 

SQ: QM= QB: PQ=Q0: PP, 


and deduce Steiner’s theorem. 


163. To two parabolas which bave a common focus and 
axis, two tangents are drawn at right angles. Shew that 
the locus of their intersection is a straight line perpendicular 
to the axis; and examine the case in which the directrices 
of the two parabolas coincide. 


164. Chords of a parabola being drawn to touch an equal 
parabola having the same vertex, their axes being in opposite 
directions, shew that the locus of the middle points of the chords 
is a parabola, whose linear dimensions are one-third of those 
of the original parabola. 
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165. Two parabolas have a common vertex, and their axes 
are in opposite directions. If the latus rectum of one of them 
be eight times that of the other, the intercept on any tangent 
to the former made by their common tangent and the axis 
will be bisected by the latter. 


166. If the vertex of an angle of constant magnitude move 
on a fixed straight line, and one of its arms pass through a 
fixed point, the other will envelope a parabola of which the 
fixed point and line are the focus and a tangent. 


167. If a focal chord meet any tangent at a given angle: 
determine the locus of their point of intersection. 


168. If the tangents to a parabola at points P and Q 
intersect in O and meet the tangent at any point A in P' 
and Q', and if OE meet PQ in Z, then 


PZ: QZ= 51: QF. 


169. The locus of the foot of the focal perpendicular upon 
a normal chord of a parabola is a parabola. 


170. If PQ be a chord normal at P and parallel to the 
focal chord FF", then 
PQ: FF'= SY.: SA, 
where A is the vertex and SY the focal perpendicular upon 
the tangent at P. 


171. If from a given point on a parabola any two chords 
be drawn making equal angles with the normal at that point, 
the focal distances of their further extremities will contain 
a constant rectangle. 


172. The intercept on any tangent made by the curve 
and the tangent at the further extremity of the normal at 
its point of contact is bisected by the directrix. 


173. If T be the pole of a chord PQ normal at P, and 
AN be the abscissa of P, shew that 
PQ: PT2 PN: AN. 
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174. The perpendicular to a normal to a parabola at the 
point in which the normal meets the axis envelopes an equal 
parabola, and the focal vector of the point at which the normal 
is drawn meets the envelope at the point in which the per- 
pendicular touches it. 


175. The normals at the ends of a focal chord intersect 
upon its diameter, and the locus of their intersection is a 
parabola. 


176. The normal, terminated by the axis, is a mean pro- 
portional to the segments of the focal chord to which it is 
at right angles. 


177. The squares of the normals at the extremities of a 
focal chord are together equal to the square of twice the 
normal perpendicular to the chord. 


178. The normal at any point is equal to the ordinate 
which bisects the subnormal at that point. 


179: The locus of the centre of the circle circumscribing 
the triangle SYP, where SY is the focal perpendicular on the 
tangent at any point P, is a parabola. 


18ο. All circles which have their centres on a parabola and 
touch the tangent at its vertex are cut orthogonally by a circle 
which touches the parabola at its vertex and whose diameter 
is equal to the latus rectum. 


181. From a point on any double ordinate QQ' a per- 
pendicular is drawn to its polar to meet the polar in M and 
the axis in N. Shew that M, N, Q, Q', and the point in which 
the polar meets the axis are concyclic with the focus. 


182. The continued products of the focal vectors to any 
three points on a parabola and of those to the poles of the 
chords joining the three points are equal. 
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183. If the tangents at p, g, r intersect in P, Q, R, as in 
Art. 29, and if O be the point in which the diameter through r 
meets pq, shew that 


pR: QR=RP: q= Qr: vPzp0:40.* 
Shew also that 
PQ.PR= Qr. Rg; QR.QP= Rp. Pr; RP.RQ Pq.Qp; 
and PQ.QR.RPz Pq.Qr. Τρ Pr.Qp. Rq. 


184. Prove that in general two parabolast and any number 
of central conies can be drawn through four given points; and 
that no two parabolas or other conics can intersect in more 
than four points; and that no two parabolas can touch one 
another in more than one point. 


185. If one triangle can be inscribed in a given circle 
(or ellipse) so that its three sides touch a given parabola, 
shew that any number of triangles can be so inscribed, and 
that the locus of their centroids is a straight line. 


186. Any number of parabolas being described with the 
same vertex and axis, the polars with respect to them of all 
points on a fixed ordinate to the axis will meet in a point. 


187. If a polygon be described about a parabola the 
continued products of the abscissz of its vertices and of its points 
of contact respectively will be equal. 


188. If T be the point of concourse of the tangents to a 
parabola at P and Q, and if p, 9 be the points in which any 
third tangent intersects them, then 


189. If from any point on the chord of contact of any 
two tangents to a parabola parallela to them be drawn each 
to intersect the other tangent, the points of intersection will lie 





* This is proved by APOLLONIUS in Lib. 111., Prop. 41, of his Conics. 
t Two chords of a parabola being given, it may be deduced from Art, 80, Cor. 2 
that there are two possible directions of its axis, 
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on the tangent at the extremity of the diameter through the 
assumed point. 


190. If P and Q be any two points on a parabola, and if 
PM, QN be the principal ordinates of P, Q, and AZ the principal 
abscissa of the pole of PQ, shew that PM.QN=4AS.AL.* 
Shew also that if O' be the pole of any chord drawn through 
any point O, and O'V', OV be the ordinates of O' and O with 
respect to the diameter at any point P on the curve, then 


OV.O'V' 228P(PV + ΡΥ". 


(91. If two parabolas be described each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side, prove that they have a common focus and that 
the tangent to either of them at their point of intersection 
1s parallel to the axis of the other. 


192. If two parabolas be described each touching two 
sides of any triangle at the points in which it meets the third 
side, determine the area common to the two curves; and if 
three parabolas be so described, determine the area common 
to the three. 


193. Any two tangents to a parabola intercept on two fixed 
tangents lengths which are in a constant ratio, 


194. If P and Q be fixed points on a parabola, and RR’ 
any double ordinate of a given diameter, then will HP and 
R'Q meet that diameter at distances from the curve which 
will be in an invariable ratio. 


195. The projections of any two tangents upon the 
directrix by lines radiating from the vertex are equal. 


196. A triangle is revolving round its vertex in one plane; 
prove that at any instant the directions of motion of all the 
points of its base are tangents to a parabola. 


* This follows with the help of Examples 108 and 112, whereof the former may 
be deduced from Art. 30, Cor. 2,. or from Prop. ιν. 
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197. If three parabolas be inscribed in a given triangle, 
when will the area of the triangle formed by joining their 
foci be a maximum ? 


198. The area of the parabolic sector cut off by any two 
focal radii is equal to half the area bounded by the arc of 
the segment, the diameters through its extremities, and the 
directrix. 


199. The difference of the ordinates of two points on a 
parabola being equal to QD, shew that the chord joining them 
QD 
AAS’ What 
is the envelope of a straight line which cuts off an area of 
given magnitude from a given parabola ? 


will cut off a segment whose area is equal to 


200. If the foci of four parabolas whereof each touches 
the straight lines joining the foci of the other three lie on a 
circle, the tangents at the vertices of the four parabolas will 
meet in a point. 


omm. 
-Ἱ 
Οι 
wee” 


CHAPTER IV. 


CENTRAL CONICS. 


In this chapter we shall deal with the common properties 
of the Central Conics, and in the next chapter with certain 
properties, viz. those of its asymptotes, which are peculiar to 
the Hyperbola. 

The Adbscisse or Abscisses of any point with respect to any 
diameter of a central conic are the segments of that diameter 
made by the ordinate of the point; and the Central Abscissa 
is the distance of the foot of the ordinate from the centre 
of the conic. 


THE ORDINATE. 


PROPOSITION I. 
33. The square of the principal ordinate of any point on a 


central conic varies as the rectangle contained by its abscissa. 

Let the straight lines connecting the vertices A, A’ of a 
central conic with any point P on the curve meet the directrix 
in Zand Z';* and let PN be the ordinate of P, and X the point 
in which the directrix meets the axis. 





* For the hyperbola, use the figure on p, 80, supplying the lines PAZ, ΓΖ'.4', 
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Then (Art. 12) the intercept 27 subtends a right angle 
at S, and therefore ΖΧ. Z'X has the constant magnitude SX *. 

And since PN : AN = ZX : AX, 
and PN : A'N =Z'X : ΑΧ; 
therefore PN”: AN. A'N—-ZX.Z X: AX. A'X 

= SX’ : AX, ΑΧ, 
which is an invariable ratio. 

Let Ν be taken at the centre C of the conic, and let PN, 
in virtue solely of the above proportion, and without reference 
to the form of the curve, become equal to CB, so that 

CB’: CA = SX’: AX. ΑΧ, 
Then PN’: AN. AN- PN' : CA~ CN* = CB": CA. 





In the ellipse it is evident that CB is equal to half the 
conjugate axis. In the hyperbola the conjugate axis does not 
meet the curve; nevertheless, for the sake of uniformity of 
expression, we shall define CB as the half of its length,* and 
the point B and a corresponding point B’ equidistant from the 
axis as its extremities. 

Corollary 1. 


If the ordinate of P be divided in the ratio of the transverse 
to the conjugate axis at the point p, then pN*= AN. A'N. 


* The conjugate axis of any central conic is occasionally called its Minor Azis, 
although not necessarily less than the transverse axis, unless the curve be an 
ellipse. 
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Hence, when P lios on an ellipse, the locus of p is the circle 
described upon its major axis as diameter, and when P lies 
on a hyperbola, the locus of p is the hyperbola whose transverse 
axis is 4A’, and whose conjugate axis is equal to 4A’, 


Corollary 2. 


If Pn be the ordinate of P with respect to the conjugate axis, 
it follows from the proposition that 


ΑΝ": CA ~ Pn? = CB": CAP, 
and Pë : CBt~ Cn? = 043: CB". 


Hence also it may be shewn, after the manner of Cor. 1, 
that the locus of the point which divides Pn in the ratio of the 
conjugate to the transverse axis is either the circle on BB’ as 
diameter, or the hyperbola whose transverse axis is BB’, and 
whose conjugate axis is equal to BB’. Some of the uses of 
this corollary and the preceding will be pointed out in the 
chapter on Orthogonal Projection. 


Corollary 3. 


From Cor. 1 it appears, conversely, that if the ordinates of 
any number of points lying on the circle upon 4A’ as diameter 
be cut in any given ratio of minority CB: CA, the points of 
section will lie on an ellipse whose transverse axis is AA’, and 
whose conjugate axis is equal to 2CB. The smaller CB in 
comparison with CA, the less nearly circular is the ellipse; and 
ultimately, when CB vanishes, the ellipse becomes coincident 
with its major axis AA’. In like manner, the * complement" * 
of AA’ is the limit to which the hyperbola described upon it as 
transverse axis tends when its conjugate axis is indefinitely 
diminished. 


PROPOSITION II. 


34. The square of the ordinate of any point on a central 
conic with respect to any diameter is in a constant ratio to the 
rectangle contained by its abscisse on that diameter. 


* It may sometimes be convenient to speak of the remainder of an unlimited 
straight line from which any part has been taken away as the Complement of that 
part, 
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For by Art. 16, if QQ' be any chord parallel to a fixed 
straight line, and PP’ be a fixed diameter meeting the chord 
in V, then the ratio QV.VQ': PV.VP' is constant. It follows 
as a special case that, if QQ' be a double ordinate of the 
diameter PP’, then QV? : PV.VP' is a constant ratio. 

It is evident in the case of the ellipse that this result is 
equivalent to 


QV* η PV.VP'zQV* «605. ου = 0D? :OP*, 


where CD is the semi-diameter parallel to the ordinate QV. 

In the case of the hyperbola, supposing that CP meets and 
CD does not meet the curve, we might define the length of the 
semi-diameter CD and the position of its extremity D by the 
condition that CD’ must be to CP" in the above-mentioned 
constant ratio, viz. that of the focal chords parallel to CD 
and CP, so that 


QV':PV.VP'ZQV' : CV -CP' ZCD' : ΟΡ 
and therefore | QV? -CD' : CD'2 ΟΥ” : CP"; 


but we shall at present merely remark that such a definition 
would be in accordance with the conventions usually adopted * 


THE SECOND FOCUS AND DIRECTRIX. 


PROPOSITION III. 


35. Every central conic has a second focus and directrix ; 
and the sum of the focal distances of any point on the curve 
in the case of the ellipse, or the difference of the same in the 
case of the hyperbola, is constant and equal to the transverse 
axis. 

The existence of a second focus and directrix has been 
proved in Art. 14, Cor. 3; but it may also be deduced from 
the relation 

PN’ ; CA’ ~ Pn’? = CB’ : CB’, 





* Upon this subject, see Scholium C. 
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where PN and Pn are the ordinates of any point P on the curve 
with respect to its transverse and conjugate axes. 
For since the ordinates with respect to either axis of the 





points in which a parallel to that axis meets the curve are 
equal, and since, from the above proportion, the corresponding 
ordinates with respect to the other axis must consequently be 
equal, it is evident that points on a central conic may be 
determined in pairs as P, P' or p, γ' ος opposite sides of and 
equidistant from the one axis, and likewise in pairs as P, p 
or P', p' on opposite sides of and equidistant from the other 
axis. 

The curve is therefore divided symmetrically by its con- 
jugate axis as well as by its transverse axis, and it has a 
second focus S’ equidistant with S from the centre, and a 
corresponding directrix meeting the axis at a point .X' whose 
distance from the centre is equal to CX. 

Hence, if P be any point on the curve, 


SP: NX'=S'A': A'X'=SA;:AX=SP : NX. 
Therefore SP+ S'P: NX + NX' =SA: AX. 


Hence, in the ellipse, since NX+NX' or XX’ is constant, 
therefore SP+ S'P is equal to a constant length, viz. to 
SA + S'A or AA’; that is to say, the sum of the focal distances 
of any point of the curve is equal to the major axis. 

In the hyperbola, in like manner, NX~ NX’ is constant, 
and therefore SP~ SP’ is constant and equal to SA~S'A or 
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44’: that is to say, the difference of the focal distances of 
any point on the curve is equal to the transverse axis. 


Corollary 1. 
Since SA: AX = SA' : A'X 24 (SA 2 SA): 4 (AX t ΑΧ); 
and since the latter ratios are equal respectively to CA : CX 
and CS: CA, or vice versa; therefore 


CS: CA=CA:CX=SA: AX, 
and CS.CX = CA’. 


Corollary 2. 
It may now be shewn, as in the next proposition, that 
CB’ = CS ~ CA” = AS. A'S. 
Hence, in the hyperbola, CS*= ΟΑ" + CB’, or CS is equal to 
the distance AB between two adjacent extremities of the axes; 
and in the ellipse, CS*+ CB*= CA', or SB is equal to the 
semi-axis major. In the case of the ellipse it follows more 


directly that, SB= S’B=CA; and hence, conversely, that 
CB’ =CA’ - CS’? = AS. A'S. 
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Corollary 3. 
Hence CS. 5X2 CS? ~ C8.CX -C8* ~ CA? = CB’, 
and SX: CX= C8. 8X: CS.CX= CB’: CA’. 


THE LATUS RECTUM. 
PROPOSITION IV. 
36. The latus rectum is a third proportional to the transverse 
and conjugate axes. 
Since CS: CA- SA: AX=GA': ΑΧ; 
therefore CS+CA:CA=SA + AX : AX = SX: AX, 
and CS ~OA : CA- 8A' ~ A'X : A'X - SX : ΑΧ. 
Hence, and by Art. 33, 
CS’ ~ CA : CA? = SX' : AX. ΑΧ-ΟΡ': CA’, 
and therefore 
CS’ CA", or AS. A'S, is equal to ΟΡ’: 
Hence, by Prop. 1., if SZ be either of the ordinates corre- 
sponding to AS and A'S as abscissa, 
SD: AS. A'S= SL’: CB’=CB’: CA’, 
or the semi-latus rectum SZ is a third proportional to CA and 


CB, and therefore the whole latus rectum is a third propor- 
tional to 44’ and BB’. 


Corollary. 


If FF’ be any focal chord, CD the parallel radius, and LL 
the latus rectum, then by the proposition, and by Art. 34, 


ΕΕ’: ΙΙ’ -CD' : GP ΟΡ»: ALL/.CA, 
or FF'.CA =20D"; 


* The axis being a focal chord, it foliows, from Art, 15, Cor, that SL.CA is 
equal to 43..4'8, which in the ellipse may be shewn to be equal to CB% In 
the case of the hyperbola, the length CB may then be defined as a mean proportional 
to CA and SL. APOLLONIUS (Lib. rir. 45) defined the points which we call 
the foci of central conics as certain points dividing the axis into segments whose 
rectangle is equal to SL. C4; but he nowhere mentions the focus of the parabola. 


G 
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that is to say, any focal chord is a third proportional to the 
transverse axis and the diameter parallel to the chord. 


SCHOLIUM A. 


Tug Larus Recrom of the axis, according to APoLLONIUS, was 
a certain straight ‘line drawn at right angles to it from the vertex, 
equal to the double focal ordinate but defined without reference 
to the focus. The axis being regarded as Πλαγία, the transverse 
side of the **figure," the straight line drawn as above was taken as 
its Ὀρθία, or erect side; the term “figure” being used to denote 
the rectangle contained by those lines. 

If AZ be the latus rectum, and if the ordinate PN in Prop. 1. 
meet A'L in Q, then 


ΡΝ:: AN. A'N- AL: AA' QN : A'N- QN. AN : AN. A'N. 


It follows that the square of the ordinate PN is greater than the 
rectangle 4Z.AWN contained by the latus rectum and the abscissa 
in the case of the hyperbola, and less than the same rectangle in 
the case of the ellipse; and hence the name Hy»rnRsorna, which 
signifies excess, and the name ErrrPsE, which signifies deficiency. 
The PARABOLA was so called from the equality of the square of the 
ordinate of any point upon it to the rectangle contained by its 
abscissa and the latus rectum. The names of the three conics have 
indeed been otherwise explained, but the interpretations of them 
given above are in accordance with the manner in which 
Apollonius introduces them. See Halley's edition of his works, 
Lib. r., props., XI., xir, XIII., pp 31—37 (Oxon., 1657). Moreover, 
it is reported by Proclus in his Commentaries on the first book of 
Euclid, at the commencement of the fourty-fourth proposition, 
upon the authority of ''the Familiars of Eudemus," that the 
terms parabola, hyperbola, and ellipse had been used by the 
Pythagoreans to express the equality or inequality of areas, and 
were subsequently transferred to the conic curves for the reason 
given above. The passage is quoted in the original Greek on 
page 13 of E. F. August's Zur Kenntniss der geometrischen Methode der 
Alten in besonderer Beziehung auf die Platonische Stelle im Meno 22d 
(Berlin, 1843), and it may be seen in English in Thomas Taylor's 
translation of the Commentaries of Proclus, Vol. 11. p. 198 (London, 
1789). The whole work in the original Greek was printed at the 
end of editio princeps of Euclid's Elements (ed. Simon Gryneeus, 
Bast., 1533); and it has also been edited separately by Godífr. 
Friedlein (Teubner, Lxrrzio, 1873). 

More generally, the Latus Rectum of any diameter was a length 
measured from its extremity upon the tangent thereat, equal in 
the case of the parabola to the parallel focal chord (although 
defined without reference to the focus), and in other cases a third 
proportional to the said diameter and its conjugate. Some later 
writers, as Mydorge, used the term Parameter for Latus Rectum in 
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all cases, that of the axis being distinguished as Recta Parameter. 
Hamilton gave the alternative, “Latus Rectum sive Parameter 
istius diametri, &c."; but these expressions are now seldom used 
in geometrical treatises otherwise than as defined above on pages 1 
and 44. 


THE TANGENT. 


PROPOSITION Y. 


37. The tangent at any point of a central conic makes equal 
angles with the two focal distances of that point. 

Let the tangent at any point P to an ellipse, or a hyper- 
bola, whose foci are S and 4’, meet the directrices in E and Β΄; 





and let a parallel through P to the axis meet the directrices 
in M and Μ΄. 
Then since 


SP: SP = PM: PM'=PR: PR, 


and since PE and ΡΕ’ subtend right angles at S and δ’ re- 
spectively, therefore the triangles SPR, SPR are similar, 
having their angles at P equal; that is to say, the tangent 
at P makes equal angles with SP and S'P. 

In the ellipse, the tangent lies without the angle SPS’ and 
bisects it externally. 

In the hyperbola (fig. p. 80), the tangent must cut the axis 
between A and A’ (since otherwise it could not lie wholly 

a2 
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without the curve), and therefore between S and S's it must 
therefore bisect the angle SPS’ énternally.* 


Corollary. 


If P be one of the four points of intersection of an ellipse 
and a hyperbola which have the same foci S and δ΄, their 
tangents at P, being the two bisectors of the angle SPS’, will 
be at right angles to one another. Hence confocal conics in- 
tersect at right angles. 


PROPOSITION VI. 


88. The projections of the foci upon the tangent at any point 
of a central conic lie on its auxiliary circle ; and the semi-axis 
conjugate is a mean proportional to the distances of the foct from 
their respective projections. 

Let S and H be the foci, Y and Z their respective pro- 
jections upon the tangent at any point P. Then will Y and Z 





lie on the circle described upon the axis 4A’ as diameter, and 
the rectangle SY. ZZ will be equal to CB’. 


(i) For let a parallel to HP through Y meet SP in O. 
Then the tangent makes equal angles with SP and the parallel 


* If, in accordance with the principle of the note on p. 22, the distance of any 
point P on a hyperbola from S’ be estimated within the curve, in which case it will be 
the “complement” of S’P, we may say of the hyperbola, as of the ellipse, that the 
tangent bisects the angle between the focal distances externally, 
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to HP, viz. the angles OPY, OYP, and the complements of 
these angles, viz. OSY, OYS are equal, therefore 

OP= OY= 08. 

Hence, the parallel to HP bisects SH, viz. at the centre C 





of the conic, and 

CY=COt OY=4HP* 4S8P=CA,;* 
the upper signs being taken in the case of the ellipse, and 
the lower in the case of the hyperbola. 

Hence, the auxiliary circle is the locus of the foot of the 
perpendicular from either focus to the tangent at any point 
of the conic; and, conversely, the straight lines drawn from 
any point on the auxiliary circle at right angles to the two 
focal distances of that point are tangents to the conic. 

(ii) Let ZH meet the circle again in V; then, the angle 
at Z being a right angle, VY passes through the centre C. 

Hence, evidently SY, is equal to HV; and therefore, 


SY.HZ- HV. HZ = HA.HA' = CB’, 


or CB is a mean proportional to the focal perpendiculars upon 
any tangent. 


* This result might also have been arrived at by supposing SY, HP to meet in a 
point S’, and shewing that CY = 4H8' = CA. 

+ In the figure on p. 88, if T be the point of concourse of any two tangents, then 
SY : HZ’ = SY':.HZ. It follows that angle STY = HTZ’; or, conversely, from 
Prop. ΧΥΙΙΙ, it may be deduced that SY . HZ = 687. 


86 CENTRAL CONICS. 


Corollary 1. 


This proposition enables us to draw a tangent to the conic 
which shall be parallel to any given straight line, viz. by 
drawing SY (to a point Y on the auxiliary circle) at right 
angles to the given straight line, and drawing YP at right 
angles to SY. 


Corollary 2. 


The points V, Zin which any focal chord meets the auxiliary 
circle lie upon parallel tangents to the conic, and the semi-axis 
conjugate is a mean proportional to the perpendiculars HV, HZ 
from either focus H upon any two parallel tangents. 


Corollary 3. 


The diameter parallel to the tangent at P intercepts on 
either focal distance HP a length Pk equal to CY or CA. 


PROPOSITION VII. 


39. The distance from the centre at which any tangent meets 
a given diameter varies inversely as the central abscissa of its 
point of contact with respect to that diameter. 

Let the tangent at any point Q meet a given diameter in 7, 
and let CV be the abscissa of Q with respect to that diameter ; 
then will the rectangle CV.CT be of constant magnitude. 


(i) Let CT meet the curve in P, and let the tangents at 
P and Q intersect in R; complete the parallelogram Q2PO. 


o” 
.. 
΄ 
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Then since, in the parallelogram, RO bisects PQ, and since 
PQ is the chord of contact of the tangents from R, therefore RO 
passes through the centre C. 

Hence, by parallels, 


CV: CP= CO: CR=CP: CT, 


or CV.CT has the constant magnitude CP", and CT varies 
inversely as the abscissa CV. 


(i) Next, let ¢ be the point of concourse of QT with any 
diameter of a hyperbola which does not meet the curve; and let 
the ordinate QV in the former case of the proposition be 
supposed an ordinate of the conjugate diameter, and therefore 
parallel to Ct. 





Then since Ct: CT=QV: VT, 
therefore QV.Ct: CV.CTz QV? : CV.VT. 


And since, by the former case, CV.CT is equal to CP", 
therefore 
QV.Ct: CP Z ΩΡ: CV' - CP’; 
and therefore (Art. 34) QV.Ct is equal to the square of the 
“ semi-diameter " CD parallel to QV; that is to say, Ct varies 
inversely as QV, or as the abscissa of Q with respect to the 
diameter on which Ct is estimated. 


Corollary 1. 


The relation CV.CT — ΟΡ" implies that any diameter PP' 
which meets the conic is divided harmonically (Art. 18, Cor.) 
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at V and T. This likewise involves the equality of the rect- 
angle ΤΟ. TV to TP. ΤΡ’, which may also be deduced indepen- 
dently from the evident parallelism of P'Q and CE, thus 

TP: TV- TR: TQ TC: TP’. 
Or again, supposing the tangents at Q and P’ to meet in E, 
we might have inferred from Art. 16, Cor. 1, that 

RP: RQ=EP': R'Q, 

and thence that TP, TV, TP' are in harmonic progression. 


Corollary 2. 


If CV and OT be estimated on the transverse axis, their 
product will be equal to CA’; or if on the conjugate axis, it 
will be equal to CB’. 


THE DIRECTOR CIRCLE. 
PROPOSITION VIII. 
40. The locus of the vertex of a right angle whose sides 


envelope a central conic is a circle. 

Let T be the point of concourse of a pair of tangents at 
right angles; Y and Z the projections of the foci upon one 
of them; Y' and Z' their projections upon the other. 





( Draw the auxiliary circle through Y, Z, Y', Z'; and 
first, if T lie without it (that is to say, in the case of the ellipse), 
let TO be drawn touching it in O. 
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Then 
TO =TY'.TZ'=SY.HZ= CB’, 
and therefore CT" = 00+ CB’ = CA’+ CB’, 


or the locus of T is a circle concentric with the conic, and whose 
diameter is equal to the diagonal of the rectangle contained by 
the axes. 


(ü) Next let T lie within the circle, as may happen in the 
case of the hyperbola. Then it may be shewn in like manner 


that 
CA! — CT’ 2 TY. TZ2 CB’, 


Dr CT* = σ4”- CB’. 





Hence, provided that the transverse be greater than the 
conjugate axis, the locus of 7' will be a circle, the square of 
whose radius is equal to 04” — CB’; but if the conjugate axis 
be the greater, the locus will be imaginary, or an “ obtuse ” 
hyperbola can have no real tangents at right angles.* 


Corollary 1. 


In like manner it may be shewn that, if the sides of a right 
angle envelope two confocal conics whose semi-axes are CA, CB 
and Ca, CB respectively, its vertex will lie on a concentric 
circle the square of whose radius is equal to C.4* + Cf’, or 
Οα X CB”. When C vanishes, one arm of the right angle 
passes through a focus, and its vertex Y (Art. 38) lies on the 


* In this case it will be seen that the theorem is applicable to the Conjugate 
Hyperbola. In the limiting case in which the axes are equal the locus reduces to a 
point, the only tangents at right angles being the Asymptotes. 
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auxiliary circle. In the proposition itself, if CB be supposed 
to vanish, the director circle becomes the circle on SH as 
diameter. 

Corollary 2. 


A conic and its director circle are so related that any 
rectangle circumscribing the former is inscribed in the latter. 


SCHOLIUM B. 


The term Director Crecte has been used of late years to 
denote the locus of intersection of tangents at right angles to a 
conic, with reference to the circumstance that when the conic 
degenerates into a parabola this locus becomes coincident with 
the directrix (Art. 25). The analogous term '' Director Sphere" 
was introduced by Professor Townsend in the Quarterly Journal of 
Pure and Applied Mathematics, vol. νπι. p. 10 (1867). DE La 
Hıre proved in his Sectiones Conice (Paris, 1685), Lib. vin. 
props. 27, 28, that the tangents to a conic from any point on a 
concentric circle whose radius is equal to ν(64” + C?) meet the 
cirele again at the ends of a diameter, and therefore contain a right 
angle. He also gave the equivalent of Cor. 2. 

In some treatises the term Director Circle is used to denote the 
circle described about the further focus H with radius equal to the 
transverse axis, which possesses a property analogous to that of 
the directrix of the parabola; for if Y be any point on the circum- 
ference of the circle, and if HY meet the conic in P, then SP= PY, 
or the focal distance of P is equal to its normal distance from the 
circle. This circle affords a construction, analogous to that in 
Art. 25, Cor. 2, for drawing tangents to a central conic from any 
external point. Nevertheless it scarcely deserves a distinctive 
name; whereas the ‘director circle," according to the former 
definition, is of considerable importance in the higher geometry 
of conics. The analogy of the circle in question to the directrix of 
the parabola was pointed out by Boscovicg, (Secttonum Conicarum 
Elementa, ὃ 102), but he did not give it a name. 


POLAR PROPERTY. 


PROPOSITION IX. 


41. The tangents at the extremities of any chord drawn 
through a given point intersect on a fixed straight line parallel 
to the ordinates of the diameter through that point. 

(i) Through a given point O within or without the conic 
draw any chord, and let the tangents at its extremities meet 
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inf. Draw Ct bisecting the chord in o, and meeting the curve 
in p, and let pU and ¿T be ordinates of the diameter through O. 

Let CO meet the curve in P, and let it meet the tangent 
at p, which is parallel to oO, in V. 


Then CO: CV= Co: Cp, 
and CU: CTz Op: Ct; 


and therefore, the lengths Co, Cp, Ct being continued pro- 
portionals (Art. 39), 


CO.CT= CU.CV= CP”. 


Hence T is a fixed point, and ¢Z, which was ordinately 
applied to the diameter CP, is a fixed straight line. 

Conversely, the chord of contact of the tangents drawn to 
a conic from any point ¢ on a fixed ordinate passes through 
a fixed point O situated on the diameter of that ordinate. 


(ii) In the case of the hyperbola, either or both of the 
diameters Co, CO may not meet the curve. 

If Co only do not meet the curve, let Pu be the ordinate of 
P with respect to it, and let the tangent at P meet it in v; 
then, Co. Ct being equal to Cu.Cv (Art. 39, § ii), 


CO: CP=Co: Cuz Cv: Ct= CP: CT, 


as in the first case. But if CO only do not meet the curve, 
the first proof is applicable as far as CO.CT=CU.CV; and 
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it is known from Art. 39, §ii. that the latter rectangle is of 
constant magnitude. 

In the case in which neither Co nor CO meets the curve, 
if Cp be taken a mean proportional to Co and Οἵ, and if pV be 
drawn parallel to oO,* it will be seen that CU.CV is still 
constant, and ¿T will be a fixed straight line as in the cases 
previously considered. 


THE NORMAL. 


PROPOSITION X. 


42. The normal at any point of a central conic bisects the 
angle between the two focal distances of that point. 

If P be any point on a conic whose foci are S and H, it 
follows as a corollary from Prop. v. that the normal at P 
bisects the angle SPH in the case of the ellipse, and its 
supplement in the case of the hyperbola. The same may 
also be deduced from Art. 10 (where S may be either Sus) 
as follows. 

If the normal meet the axis in Οἱ, then 

SG: SP- CS: CA- HG : ΠΡ; 
and therefore PG bisects the angle SPH internally or ex- 
ternally, according as 6 lies in SH, as in the case of the 
ellipse, or in the “complement” of SH, as in the case of the 





* The Jine thus drawn is the tangent at p to the Conjugate Hyperbola, which wil] 
be defined in the next chapter. For another proof of the proposition, see Art. 17, 
The proof in Art. 41, $i. applies, with obvious modifications, to the Parabola, 
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hyperbola. In either case the normal bisects the angle between 
those portions of the focal distances which fall within the curve. 

If the circle round SPH meet the conjugate axis in g and f, 
it is evident that Pg and Pt will be the two bisectors of the 
angle SPH; that 18 to say, they will be the tangent and the 
normal at P. This suggests an obvious method of drawing the 
two tangents or normals to a conic from any point on its 
conjugate axis. 


Corollary 1. 


The tangent and normal to a conic whose foci are S and H 
divide the straight line SH harmonically, and CS is a mean 
proportional to the lengths CG, CT which they intercept on 
the axis. 


Corollary 2. 
It is likewise evident by similar triangles that 
PG. Pg = PT. Pt = SP.HP; 
and it will be shewn that each of these rectangles is equal to 
the square of the semi-diameter parallel to the tangent at P. 


PROPOSITION XI. 


48. At any point of a central conic the normal, terminated by 
either axis, varies inversely as the central perpendicular upon 
the tangent, and directly as the radius parallel to the tangent. 

Let the tangent and the normal at P meet the transverse 
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axis in Τ and G, and the conjugate axis in ¢ and g, respectively ; 
draw perpendiculars PN, Pn to those axes, and let them meet 
the diameter parallel to the tangent in M and m; and let the 
normal meet that diameter in F. 


(i) Then (Art. 39, Cor. 2), the angles at N and being 
right angles, 
PG.PF- PN.PM = Cn.Ct= CB’; 
and, in like manner, the angles at n and F being right angles, 
Pg.PF2 Pn.Pn = CN.CT- CA’; 
that is to say, PG and Pg vary inversely as PF, which is equal 


to the central perpendicular upon the tangent at P. 


(ii) It will be proved in the section on conjugate diameters 
that 


PG: CD= CD: Pg= CB: CA, 
where CD is the semi-diameter parallel to the tangent at P. 


Corollary. 
It is hence evident that 
Να: CNZ NG : Pnz PG : Pg = CB’: CA’, 


or the subnormal varies as the abscissa. In like manner it may 
be shewn that the subnormal ng on the conjugate axis varies 
as the abscissa Cn. 
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CONJUGATE DIAMETERS. 
PROPOSITION XII. 


44. Supplemental chords are parallel to conjugate diameters. 
Let ΟΡ’, OP be any two supplemental chords, and CQ, CR 
the diameters to which they are parallel; then will CQ, CR be 


ο 


conjugate. For it is evident that these diameters bisect OP 
and OP" respectively; that is to say, each of them bisects a 
chord parallel to the other. 

This enables us to determine the relation between the 
directions of any two conjugate diameters, for, in Art. 33, 


PN": AN.NA'= CB’: CA’, 


where the supplemental chords AP, ΑΡ may be supposed 
parallel to any assumed pair of conjugate diameters. Hence, 
if the ratio of PN to AN (or the direction of one of the 
diameters) be given, the ratio of PN to A'N (or the direction 
of the conjugate diameter) is determined.* 


Corollary 1. 


It readily follows that if P and D be points on two diameters 
of a central conic whose ordinates PN and DR (as in Art. 45) 
are so related that 


PN: CR=DR: ON=CB: CA, 


* An equivalent result may be deduced from Art. 14, Cor 4 and Art. 35, Cor. 3. 
2 


r ; : _ > 
If 0 and $ be the inclinations of two conjugate diameters to the axis, tanb tano =F E 


(where a, 5 are the semi-axes), the negative sign being taken for the ellipse and the 
positive for the hyperbola, 
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then will CP and CD be conjugate, provided that they lie in 
adjacent quadrants in the case of the ellipse, or in the same 
quadrant or in opposite quadrants in the case of the hyperbola. 
If the ordinates of P and D, in the case of the ellipse, be pro- 
duced to meet the auxiliary circle in p and d, as in the next 
figure, the angle pCd will a right angle, as will be noticed more 
particularly in the chapter on Orthogonal Projection. 


Corollary 2. 

In the hyperbola it is evident that of every two supplemental 
chords one must lie wholly within and the other wholly without 
the curve; and hence that one and one only of every two conjugate 
diameters meets the curve. 


Corollary 3. 


To draw a pair of conjugate diameters inclined at a giver 
angle, let a segment of a circle containing the given angle, and 
described on any diameter PP’ as base, meet the conic again in 
O; then will the diameters parallel to OP and OP’ be inclined 
at the given angle. 


PROPOSITION XIII. 

45. The sum of the squares of any two conjugate diameters is 
constant in the ellipse, and the difference of the same is constant in 
the hyperbola. 

(i) If CP, CD be any two radii of an ellipse, and CN, CR 
the central abscisses of their extremities P and D respectively, 
then, by Art. 33, 


PN’ : 64. - CN’ = DR’: CA- CR = CB’: CA’. 
Let CP and CD be supposed to lie in adjacent quadrants, 
and let 
CN* + CR’ = CA’; 
then the above proportions reduce to 
PN: CR=DR: CN= 0B: CA,* 


* The same proportions will hold when the ordinates are oblique, if CA and CB 
be the lengths of the corresponding semi-diameters. 
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and therefore (Art. 44, Cor. 1) CP, CD are conjugate, and 
conversely. 





Hence also PN’ + DR’ = CB’, 
and ΟΡ ΟΡ ΟΝ PN* + CR’ + DR’ = CA*+ CB’; 
or the sum of the squares of any two conjugate semi-diameters 


of an ellipse is constant and equal to the sum of the squares 
of the semi-axes. 


(i) In the case of the hyperbola, let P be a point on the 
curve, and D a point on the hyperbola whose transverse and 
conjugate axes are BB’ and AA’ respectively ; then, by Art. 33, 

PN’: CN? — CA’=DR’: CR’ + CA’= CB’: CA’. 

Let CP and CD be supposed to lie in the same quadrant 
or in vertically opposite quadrants, and let CD be regarded as 
terminated at the point D.* 


Let CN'— CR’ = CA’; 
then the above proportions reduce to 
PN: CR=DR: CN= CB: CA, 





* The radius CD which does not meet the curve (Art. 44, Cor. 2) is here regarded 
as terminated by the Conjugate Hyperbola. For another proof of the proposition, in 
which the length of CD is defined as suggested in Art. 34, the reader is referred to 
the next chapter; and for a third proof, to the chapter on Orthogonal Projection. 
It will be seen that the above conventions with regard to the length of CD are 
consistent with one another, but the true definition of the lengths of diameters which 
do not meet the curve is that given in Scholium C, 

H 
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and therefore (Art. 44, Cor. 1) CP, CD are conjugate, and 
conversely. 


Hence also DER — PN’ = CB’, 
and CP* — OD = CN’ + PN - (CE + DR) = CA- CB’; 
or the difference of the squares of any two conjugate “ semi- 
diameters ” of a hyperbola is constant and equal to the difference 
of the squares of the semi-axes. 


Corollary 1. 


Let the normal at P, which is at right angles to CD, meet 
the transverse and conjugate axes in G and g respectively; then 
it may be shewn by similar triangles that 


PG: CD=PN: CR=CB: CA, 


and Pg: CD= CN: DR=CA: ΟΡ. 
Hence CD is a mean proportional to PG and Py. 
Corollary 2. 


If P be any point on a conic whose foci are S and H, then 
since C is the middle point of SH, 


2CP?+2CS8’?= SP! - HP^ - ACA! Y28P. HP. 
Hence CP’?+ SP. HP= CA^! 4 CA' — CS" = CA x CB’, 
and therefore, by the proposition, SP. HP is equal to CD’. 


PROPOSITION XIV. 
46. The area of any parallelogram whose sides are equal 


and parallel to two conjugate diameters of a central conic is equal 
to the area of the rectangle contained by the axes. 
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(i) Let a parallelogram be formed by drawing parallels to 
two conjugate diameters PP’, DD' of a central conic through 





their extremities, and let the normal at P meet DD’ in F, and 
let it meet the axis in G. 
Then since (Art. 45, Cor. 1), 


ρα: CD- CB: CA, 
therefore PF.PG : PF.CD = CB* : CA.CB 
But, by Art. 43, the antecedents of this proportion are equal. 
Therefore PF.CD = CA.CB, 


and the area of the whole parallelogram is equal to 4PF. COD, 
that is, to 2 C4.2 CB, or to the rectangle contained by the axes. 





H2 
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In the case of the ellipse the parallelogram described as 
above completely envelopes the curve; but in the case of the 
hyperbola two of its sides only touch the curve (Art. 44, Cor. 2). 


(ii) The proposition might also have been proved by shewing 
that, with the construction of Art. 45, 


APCD = PDRN— PCN* DCR=4(CN.DRiCR.PN), 
which last expression reduces to 264.08. 


PROPOSITION XV. 


47. The intercept upon any tangent by any two conjugate 
diameters is divided at the curve into segments to which the 
parallel radius is a mean proportional. 

Let the tangent at P meet any two conjugate diameters 
in T and t, and let CD be the radius parallel to the tangent. 





Let PV, Dv be ordinates of the diameter CT, and PM an 


ordinate of Ct; and let the tangent at .D meet the former 
diameter in {. 


Then, by similar triangles, the tangent at D being parallel 
to CP, 


PT: CT- CD: Ct, 
and Pt: CV- Pt: PM=CD: Ου. 
Therefore* PT.Pt: CV.CT- OD: €v.Ct ; 
and the consequents in this proportion being equal by Art. 39, 
therefore PT.Ptz CD, 





* More briefly, the condition that CT, Ct should be conjugate (note, p. 96) gives 
at once the relation PT, Pt : CP? = CD: : ΟΡ, 
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or CD is a mean proportional to PT and Pt; and when the 
point P is given the rectangle Pt. PT is constant. 


Corollary. 


If the tangent at any point Q meet any two parallel tangents 
in E and E', then will the radius parallel to the tangent be a 
mean proportional to QR and QR’. For, in the figure of 
Art. 39, it is evident that CR and CR’ are parallel to the 
supplemental chords P'Q, PQ, and are therefore conjugate 
diameters. Moreover, if RC meet E Ρ' in r, the semi-diameter 
parallel to RP will be a mean proportional to P'z, P'R', and 
therefore to PR, PR’. 


SCHOLIUM Q. 


Although the conjugate axis of a hyperbola and its other 
diameters which do not meet the curve are commonly regarded 
as terminated by the conjugate hyperbola, this convention is by 
an neue accurate, but the true account of the matter is that given 

elow. 

Given the relation (Art. 33) between the coordinates of any 
point on the hyperbola 


PN’: CN* - C = CB’: CA’, 


the true length of the semi-axis conjugate is found, by making CN 
vanish, to be /(-1) CB. Let this be denoted by Cf, so that 

PN’: CA*- CN? 2 -CB : CA’= 0 : CA, 
which shews that the hyperbola may be regarded as an ellipse whose 
minor axis 48 a certain imaginary quantity. In like manner the true 


length of the semi-diameter conjugate to CP, in the second case of 
Art. 34, is /(- 1) CD; and if this be denoted by C3, we may write 


QV?: CP! - CV? 2 Οδ: CP’, 
as in the case of the ellipse. Now, treating 6 and ὃ as if they were 


real points on the curve and supposing p to be the projection of ὃ 
upon the axis, we have, precisely as in Art. 46, 51, 

CN?’ + Co? = CA; PN? + Dp = CR; CP? + CF? = CA! + Cp; 
which will be seen to be equivalent to the results of Art. 45, § ii, 
CN? - CR’? = CA; PN’-DR’=—- CB’; CP?- CD*= C£- CB’. 
And so in other cases (cf. Art. 40) we may pass at once to 
properties of the ellipse, in so far as they involve CB? and CD’, by 
writing in place thereof CR? and Co’, that is to say, by changing the 
signs of CB? and CD’. 

Next consider the hyperbola as a particular form of ellipse 
whose determining ratio has become one of majority. When this 
ratio has increased up to unity the further focus and vertex are at 
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infinity; but as soon as it exceeds unity they at once come back 
from infinity to H and 4’ on the opposite of 4. The true length 
of the axis of the hyperbola is therefore 4 « 4’, the complement 
of 4-4’, and the distance between its foci is S co H, the complement 
of SH. In like manner the distance of any point P on the curve 
from the further focus H is to be regarded as Æ œ P, the comple- 
ment of HP; and thus the fundamental bifocal property assumes 
the indeterminate form SP + Z7o P = 4c 4. In order to pass 
io the determinate form of the bifocal property of the hyperbola 
from the property of the ellipse, we may remark that a point 
moving in 8 straight line from the further focus Æ of the former 
to a point P on S-branch of the curve may be supposed to move 
either (1) within the curve, from H to co and from c to P, always 
in the same direction, or (2) along the finite length HP in the 
opposite direction; and we may therefore regard HP, drawn towards 
the convexity of the S-branch, as essentially negative, and the finite 
axis 44’ as likewise negative. The ellipse property, SP4.HP-4 A4', 
thus becomes, in the case of the hyperbola, SP + (— HP) =(- 44’). 
So in Art. 15, Cor., in the case in which the focal chord meets the 
nearer branch of a hyperbola in Q and its further branch in P, we 


] 1 ι 2 : - 
must write 52) πρ I: In accordance with the same prin- 


ciple the normal to a hyperbola at P bisects the interior angle 
between PS and Po H; and if two tangents ΤῸ, TO' be drawn 
from 7' ἰο the same branch of a hyperbola, the angle STO will be 
equal {ο the angle between ΤΟ’ and T œ H. 

Combining the results of the two preceding paragraphs, we 
infer from the property SY.HZ= B? in the ellipse, that 
δΥ.(- HZ) =(- CB’) in the hyperbola; and from SP. HP = CD? 
in the former, that SP.(- HP ) = (— CD’) in the latter. On the 
same principle, Prop. 1. assumes the form 


ΡΝ’: AN.(- A'N) = (- OB): CA 


in the case of the hyperbola. In Art. 36, Cor., if the focal chord 
ΖΡ’ be positive CD’ will be negative, and vice versa. From the 
result PF.CD=CA.CB, obtained in evaluating the conjugate 
circumscribing parallelogram of the ellipse, we deduce in the case 
of the hyperbola that (- PF)./(-1) CD = (- CA).4(-1) CB; 
and the final result is independent of the factor — /(- 1). 


THE BIFOCAL DEFINITION.* 
PROPOSITION XVI. 


48. The tangent to a bifocal conic makes equal angles with 
the focal distances of its point of contact. 





* The theorems in this section have for the most part been already proved in 
other ways; but they are here derived from the bifocal property, SP + HP =A’, 
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(i) Let TPQt be a chord which meets the conic in the 
adjacent points P and Q, and let SM be taken equal to SP 


T 
P 
Q 
7" 
EL 
H 


upon SQ, and Hn equal to HQ upon HP, so that 
Pn = HP-HQ-28Q- SP- Qm. 

Now in the isosceles triangles SmP, HnQ, as the angles at 
S and H are diminished indefinitely, each of the remaining 
angles becomes very approximately a right angle; and hence 
ultimately, when Q coalesces with P, the triangles PmQ, PnQ 
become right-angled at m and n. 

And since these triangles have the common hypothenuse 
PQ, and it has been shewn that Pn, Qm are equal, therefore 
the angle SQT of the one triangle is equal to the angle ΠΡΙ of 
the other. That is to say, the point Q being supposed to have 
coalesced with P, the angle SPT is equal to HPt, or the 
tangent at P makes equal angles with the focal distances of 
that point. 


(i) Or, conversely, taking EucLrD's definition of a tangent, 
we may proceed as follows. 

In the case of the ellipse, P being any point on the curve, 
and δ, S' the foci, in SP produced take Ps equal to PS’, 
draw the bisector of the angle S’Ps, and take any point Y 
upon it. 

Then since S'Y is evidently equal to sY, 

SY+S'Y=SY+sY>Ss> SP4 S'P; 


that is to say, the sum of the focal distances of any point other 
than P upon the bisector of the angle SPs is greater than the 


by which the ellipse and hyperbola are sometimes defined. From this property it 
is evident that an elipse may be traced with the point of a pencil moved along a 
string, whereof the ends are fixed, so as to keep it atretched. 
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transverse axis; every such point therefore lies without the 
curve, and the bisector of the angle S'Ps is the tangent at P. 
The proof applies mutatis mutandis to the hyperbola. 


Corollary. 


The normal at P bisects the angle between the focal 
distances of P, estimated within the curve; and hence it easily 
follows that G being the point in which it meets the axis 


SG: SP- HG : HPz C8: CA. 


PROPOSITION XVII. 


49. The two tangents to a bifocal conic from any external 
point subtend equal or supplementary angles at either focus. 

This may be deduced from the LEMMA that α circle can be 
inscribed in any quadrilateral which 4s such that the sum or 
difference of two of its sides 4s equal to the sum or difference 
of its other two sides. 

If four straight lines touch a circle at points a, b, c, d, and 
if they form by their intersections the quadrilaterals PO QR, 
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SPHQ, SOHR, as in the diagram, it readily follows, from 
the equality of the two tangents (as Oa, Ob) from any external 
point to a circle, that 


OP+ QE — OQ4 PR; SP+HP=8Q+ HQ; 
and SO—-HO-SE-—HR; 


and, conversely, if one of these relations be given, a circle 
can be drawn touching the four straight lines. 

The LEMMA being assumed, if P, Q be points on a conic 
whose foci are S and H, then since 


SP+ HP- SQ * HQ, 


a circle can be described touching SP, SQ, HP, HQ, and 
having its centre 7' at the point of concourse of the external 
or internal bisectors of the angles SPH, SQH; that is to say, 
at the point of concourse of the tangents at P and Q.* 

And since SP and SQ touch a circle whose centre is 7, 
therefore ST bisects the angle between them; and in like 
manner HT bisects the angle between HP and HQ. That 
is to say, the tangents ΤΕ, TQ to the conic subtend equal (or 
supplementary) angles at either focus. 


Corollary. 


One or other of the angles between any two tangents to a 
conic is equal to half the sum or difference of the angles which 
their chord of contact subtends at the foci.t Taking the case 
of a pair of tangents TP, TQ to an ellipse whose chord of 
contact (as in the next figure) does not pass between the foci, 
we may shew, by equating the angles of the quadrilaterals 
TPSQ, TPHQ to eight right angles, that the exterior angle 
between the tangents is an arithmetic mean to PSQ and PHQ. 





* If with S and H as foci an ellipse be drawn through P, Q and a hyperbola 
through O, R, their common diameter through T' will bisect PQ in the one curve 
and OR in the other. Hence the middle points of the three diagonals of any 
quadrilateral in which a circle can be inscribed lie upon one diameter of the circle, 


1 This theorem, with its analogue for the parabola (Art. 28), was proved by 
BoscovicH (Sectionum Conicarum Elementa, $184). In a slightly different form it 
will be noticed again in Scholium D. 
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PROPOSITION XVIII. 


50. The two tangents to a bifocal conic from any external 
point are equally inclined to its two focal distances, each to each. 

Let TP, TQ be the tangents at P, Q to a conic whose 
foci are S and H; then will the angles STQ, HTP be equal 
to one another, unless P and Q lie on the same branch of a 
hyperbola, in which case they will be supplementary. 

(i) In the case of the ellipse, produce HP to any point V, 
and let SP, HQ intersect in Ο. 

Then since the tangent at P bisects the angle SPV, and 





HT bisects the angle PHQ, therefore 
4 HTP= TPV — THP-4SPV -4PHQ-1POH; 
and in like manner it may be shewn that the angle STQ is 
equal to 3 QOS or ΡΟΗ. 
Hence TP and TQ make equal angles with the focal 
distances of T.* 


(1) If the tangents be drawn to opposite branches of a 
hyperbola, they will still make equal angles with ST and HT. 

(iii) If both tangents be drawn to the S-branch of a 
hyperbola, and if HT be produced to a point H’, it will be 





* In Art, 87 the points S, P, M, R and S', P', M', R' are concyclic, as will 
likewise be the case (Art. 9, Cor. 1) if RR’ be any straight line, and P its polar. 
Hence, if X, Χ’ be the feet of the directrices, SPR = SMX = S'M'X'— SPR.. 
It follows by the proposition that the intercepts on any chord made by the curve and 
its directrices subtend equal (or supplementary) angles at the pole of the chord. 
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seen that they make equal angles with ST and H'T respectively, 
which is in accordance with the principles of Scholium C. 


Corollary 1. 


The bisectors of the angles between any two tangents to a 
bifocal conic are the tangent and normal to the two confocals 
through their point of concourse. 


Corollary 2. 


The triangle whereof the base is equal to the transverse axis 
of a conic and its remaining sides to the focal distances of any 
external point has its vertex angle equal to the angle between the 
tangents to the conic from that point and its remaining angles 
to the angles which either tangent subtends at the foct. For in 
the first figure, if SP produced to a point H’ be equal to the 
transverse axis, it is evident that the triangle 7'H'P is identically. 
equal to THP, and hence that the triangle STH’ is of the 
specified linear and and angular dimensions. 


BCHOLIUM D. 


The theorem of Cor. 2 may be expressed as follows. If the 
Straight lines in either diagram be regarded as a framework 
jointed at their ends, and if S and H be drawn apart (or brought 
together) until the distance between them is equal to 4.4’, then 
will SPH and SQH become straight lines, and the angles at the 
joints (except SPH and 50Η) wil be equal to the angles at 
the same points in the original figure, the inner and outer angles 
at T being interchanged. The angle STH in the deformed figure 
is in general equal to the angle between the tangents, but in 
the third case of the proposition it becomes supplementary thereto. 
The following are some applications of this theorem. 
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(i) If the angle between the tangents be a right angle, then 
ST'-HT^—.44", whence the property of the director circle 
readily follows. In any case, the angle 0 between the two 
tangents from any given point 7' satisfies the relation 


ST* 4 HT*—-2ST. HT cos 0 —- A A". 


(ii) Since the exterior vertex angle of the triangle is equal to 
the sum of its angles at S and #, therefore the supplement of 
the angle between any two tangents to an ellipse is equal to 
the sum of the angles which either tangent subtends at the foci. In the 
hyperbola, as may be proved in like manner, the difference of the 
angles which either tangent subtends at the foci will be equal or 
supplementary to the angle between the tangents, according as 
they are drawn to opposite branches of the curve or to the 
same branch. In the one case, P and Q in the deformed figure 
will lie on opposite sides of SH, and in the other case on the 
same side of it. 


(iii) It may be shewn from the deformed figure that 
TP’: TY=SP.HP: SQ. HQ. 
Hence, having deduced (Art. 45, Cor. 2) from the bifocal 
definition that 
SP. HP+ CP = CA' « CP' SQ. HQ CQ, 


we infer, taking the case in which CP, CQ are conjugate, and 
therefore equal and parallel {ο the tangents at Q and P, that 


SP.HP-CQ'; SQ.HQ-CD'; CP*+ CQ=CA'+ CB; 


and hence, that ἐπ ail cases the tangents are as the parallel radii. 


PROPOSITION XIX. 


51. At any point of a bifocal conic the projection of the 
normal terminated by the conjugate axis upon the distance of the 
point from either focus is equal to the semi-axis transverse. 

Let the normal at P meet the conjugate axis in g, and draw 
gk and gl perpendicular to SP and HP respectively. Then 
since the normal bisects the angle £P, therefore 


Pk= Pl, and gk - gl. 
And since also the hypothenuses of the right-angled 


triangles gk 5, gLH are equal, therefore the side Sk of the one 
is equal to the side H? of the other. 
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Hence, in the first figure, 
SP- Pk = Pl— HP= Pk — HP; 





and in the second figure, 
SP+ Pk = HP- Pl= HP— Pk. 





Therefore Pk=4(8P + HP)= 64. 
Corollary 1. 


If GK be drawn, as in Art. 11, it follows from this pro- 
position, together with Art. 52, Cor. 2, that PK.CA = CB". 


Corollary 2. 


By the converse of Art. 38, Cor. 3, the diameter Ck is 
parallel to the tangent at P, or perpendicular to the normal; 
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if therefore it meet the normal in F, 
Po. PF = Pk = CA’, 
and PG .PF=PK.Pk= CB". 


PROPOSITION XX. 


52. The distance of any point on a bifocal conic from either 
focus varies as its distance from a corresponding fixed directrix 
perpendicular to the axis. 

Bisect the angle between the focal distances of any point P 
of the locus, estimated within the curve, and let the bisecting 





line meet the axes in G and g. Let a parallel to the transverse 
axis through P meet gS in M and gH in N; and let per- 
pendiculars be drawn to the axis through those points, meeting 
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it in X and W. We shall shew that these perpendiculars 
are directrices. 


Since £8MP=gSH=gHS= GPS, 


the points g, S, P, H being evidently concyclic; therefore, 
in the similar triangles SPM, SGP, 


SP: PM=SG@: SP=SGi GH: SP: FH=CS: CA; 
and therefore SP is in a constant ratio to PM. 
And since SH: MN= 8G : PM= CS" : CA’, 


therefore MN, or 2CX, is constant, and MX is a fixed straight 
line. 

The curve may therefore be described with S and MX, or, 
in like manner, with H and NW, as FOCUS and DIRECTRIX. 


Corollary 1. 


The line PG in the above construction being evidently the 
normal at P, it follows that the focal distances of the point in 
which the normal at any point of the curve meets the conjugate 
axis pass through the feet of the perpendiculars from that point 
to the directrices. Hence an obvious construction for the 
normals from g with the help of the ruler only. 


Corollary 2. 
Since Gg $ Pg= SA: PM= 66. σα", 
therefore PG : Pj= 643. 65": CA* = CB’: CA’. 


SOHOLIUM E. 


The name Focus has reference to the optical property in 
relation to the conic of the points to which it is now commonl 
applied, viz. that rays proceeding from one of them and rafisotal 
at the curve would converge to or diverge from the other (Art. 37), 
or become parallel to the axis (Art. 25). 

APOLLONIUS, who introduces the foci somewhat late in his 
treatise, proves their properties in the following order (Lib. 1m. 
props. 45—52). Starting with the property, 45. 455 ΟΖ', he 
shews that the intercept on the tangent at any point P by the 
tangents at the vertices subtends right angles at the foci; that 
the tangent at P and either of the fixed tangents make equal 
angles with the focal vectors to their point of concourse (a special 
case of Art. 50); that a pair of the focal vectors to its points of 
concourse with the two fixed tangents intersect on the normal at 
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its point of contact; that it makes equal angles with the focal 
distances of that point; that the axis subtends a right angle at 
the foot of the focal perpendicular SY upon the tangent; that 
the diameter parallel to HP meets the tangent upon the cir- 
cumference of the circle on 4.4’, viz. in the same point Y; and 
lastly, that SP ΠΡ5 AA’. 

The property of the focus and directrix by which we defined 
the general conic is given in the Mathematical Collections of 
ParPvus, Lib. vu. prop. 238 (vol. τι. p. 1012, ed. Hultsch, 
BEnor, 1877). 

Newton, to whom some later writers were indebted for their 
acquaintance with the property, mentions it in the Principia, at 
the end of Lib. 1., Sect. rv., in connexion with his construction (a 
modification of De la Hire's Lib. vin. 25, to which he refers) for 
an orbit whereof a focus and three points are given, viz. by 
determining & point of the directrix upon the chord joining each 
pair of given points on the curve. 


EXAMPLES. 


201. If ABand CD be equal portions of two straight bars, 
and if they be connected by hinges with two equal bars AD, 
BC in such a manner that initially 4B and CD form opposite 
sides of a rectangle and 4D and BO its diagonals; then (1) 
if a side of the rectangle be fixed, the remaining parts of the 
framework being moved about in any way in a plane, the inter- 
section of the cross bars will trace an ellipse; or (2) if a 
diagonal be fixed, the continuations of 4B and CD will cross 
one another upon the arc of a hyperbola. 


202. The sides AD, DC of a rectangle ABCD are divided 
into the same number of equal parts, and straight lines are 
drawn from B and A respectively to the points of section. 
Shew that the corresponding lines of the two series meet on 
an ellipse whose axes are equal to the sides of the rectangle. 


203. A parallelogram ABCD has its diagonal AC at right 
angles to the side AB. If CD be divided into any number of 
equal parts and straight lines be drawn from A to the points 
of section, and if AC be divided into the same number of 
equal parts and straight lines be drawn from B to the points 
of section, then will the corresponding lines in the two series 
meet on a hyperbola. 
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204. The straight lines joining the vertices of a conic to 
opposite ends of any segment of the directrix which subtends. 
a right angle at the focus intersect on the curve. Hence shew 
how to trace an ellipse or hyperbola, and prove that the ellipse 
is a closed curve giving wholly between the perpendiculars to 
the axis at its vertices. 


205. The locus of the point at which the distances of either 
vertex from a focus and directrix subtend equal angles is the 
auxiliary circle. Hence shew that the ellipse cuts the ordinates 
of its auxiliary circle in a constant ratio.* 


206. If AM and A'M be taken on the axis of a conic equal 

to the focal distances of any point P on the curve, shew that 
CP? = CB' 4 ΟΜ; 

and deduce that the square of the ordinate of P varies as the 
rectangle contained by its abscisses. 

207. If a circle be drawn through the vertices of a conic 
and any point on the curve, find the locus of the second point 
in which it meets the ordinate of the former. 


208. If two ellipses whose major axes are equal have a 
common focus, they will intersect in two points only; and their 
common chord will be at right angles to the straight line 
joining their centres. 


209. Given a chord of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola whose foci are at the 
extremities of the chord. 


210. The straight lines from either focus of a conic to the 
ends of a diameter make equal angles with the tangents thereat. 


211. A circle can be drawn through the foci and the 
intersections of any tangent with the tangents at the vertices. 


212. The intercept on any tangent by the tangents at the 
extremities of a focal chord subtends a right angle at the focus. 


* If p be a point on the locus, then Sp: PX = S44 : AX = SA’: A'X, and therefore 
A'p is the outer bisector of the angle SPX, and is at right angles to dp. Hence 
pN'— PN? = Sp? — SP? = e (PX? — NX?) = εἰ. PN?, and PN? varies as pN?, or 
as AN, A'N. 

I 
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213. The major axis is the maximum chord of an ellipse, 
and the minor axis is its least diameter. When is the angle 
subtended at the curve by the straight line joining the foci a 
maximum ? 


214. The focal vectors to any two points on a conic meet 
in two other points lying on a confocal conic, and the tangents 
at the two pairs of points cointersect. Examine the case in 
which the focal vectors are drawn to opposite extremities of 
a diameter. 


215. Find the locus of the centre of a circle which touches 
two fixed circles. Also, if two circles, the sum or difference 
of whose radii is constant, be described about fixed points, 
find the locus of the centre of a circle of given magnitude 
which touches both of them. 


216. If PQ be a chord of an ellipse, and if the ordinates 
of its extremities to either axis be produced to meet the cor- 
responding auxiliary circle in p and q, then will PQ and pg 
meet on that axis; and if the tangent at p meet the same 
axis in T, then will ΤΡ touch the ellipse at P, and the 
abscissa of P will be a third proportional to C7 and CA. 


217. If any tangent to an ellipse meet the axes in 7' and t, 
the tangents from those points to the major and minor auxiliary 
circles respectively will be parallel two and two, and their 
four points of contact will lie on two diameters of the ellipse. 


218. The perpendiculars to the axes from the points in 
which a common diameter meets the two auxiliary circles of 
an ellipse intersect two and two on the curve. Hence shew 
how to construct an ellipse with the help of two fixed con- 
centric circles. 


219. If two points on a straight line move along the arms 
of a right angle, any other point on the line will trace an 
ellipse whose semi-axes are equal to the segments of the line 
between that point and the former two.* 





* The moving line may be supposed parallel to the “common diameter" in 
Ex. 218. This theorem explains the construction of the Elliptic Compasses. 
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220. The ordinates of the points in which any tangent to 
an ellipse or hyperbola meets the curve the tangents at its 
vertices and the conjugate axis are proportionals, and the 
product of the extremes or the means is equal to the square 
of the semi-axis conjugate. 


221. If any ordinate to cither axis be bisected in O, and 
AO, A'O meet the tangents at A’ and 44 in 7" and T re- 
spectively, then will 77" be the tangent at the extremity of 
the ordinate; and the straight line joining the intersections of 
ST, HT' and ST’, HT will be the normal at that point. 


222. If two ellipses with equal axes be placed vertex to 
vertex, and one of them then roll upon the other, each of 
its foci will describe a circle about a focus of the latter. 


223. Given a central conic, shew how to find its centre, 
axes, foci, and directrices. 


224. Given a focus and two points of an ellipse, the locus 
of the other focus will be a hyperbola. If instead of one of 
the two points the length of the axis be given, determine the 
loci of the centre and of the second focus. 


225. Given one focus of a conic inscribed in a triangle, 
shew how to determine the other focus. If an ellipse inscribed 
in a triangle lave one focus at the orthocentre, its other focus 
wil be at the centre of the circumscribed circle, and its 
auxiliary circle will be the nine-point circle of the triangle. 
Examine the case in which a focus of the inscribed conic is at 
the centre of the inscribed circle of the triangle. 


226. The angular points and the sides of a triangle being 
taken as the centres and directrices of threc ellipses which have 
a common focus at the orthocentre, shew that the sum of the 
squares of their major axes is double of the sum of the squares 
of the sides of the triangle; their minor axes are equal to one 
another, the square of cach being equal to the sum of the 
squares of the three latera recta; the sum of the squares of 
the eccentricities is equal to two; the intercepts made by the 


ellipses upon the sides of the triangle are conjugate diameters; 
12 
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the perpendiculars of the triangle are the common chords of 
the ellipses, and their six poles lie on three focal chords parallel 
to the sides of the triangle. 


227. If CP be any radius of a conic, and if a parallel to 
it be drawn from the vertex A to meet the curve in Q and 
the conjugate axis in R, shew that 40. AA is equal to 208". 


228. A straight line equal to the radius of a circle slides 
with one end on a fixed diameter and the other end on the 
convexity of the circumference. Shew that any intermediate 
point on the line traces an arc of an ellipse. 


229. From a fixed point O a straight line OP is drawn to 
a given circle. Find the envelope of a straight line drawn 
through P at a constant inclination to OP. 


230. The straight line joining the foci of a conic subtends 
at the pole of any chord an angle equal to half the sum or 


difference of the angles which it subtends at the extremities 
of the chord. 


231. If CE be the projection of any radius CD upon the 
axis of the conic, and OL the ordinate of the middle point O 
of any chord* parallel to CD, prove that 

OL.DR: CL.CR= CB’: CA’. 


Hence shew that the diameters of conics are straight lines, 
and obtain the relation between the inclinations of any two 
conjugate diameters to the axis. 


232. The ellipse has a pair of equal conjugate diameters, 
which coincide in direction with the diagonals of the rectangle 
formed by the tangents at the ends of its axes, and which are 
equal to the sides of a square whose diagonals are equal to 
those of the said rectangle. 

What is the corresponding property of the hyperbola?f 





* Art. 33 gives PN? ~ QM? in terms of CN? ~ CM?; whence the required 
result readily follows. 

T It has two pairs of (infinite) conjugate diameters which are in a ratio of equality, 
and each pair coincide in direction with one of the equi-conjugate diameters of the 
ellipse which has the same axes, 
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233. The common diameters of equal similar and concentric 
ellipses are at right angles to one another. 


234. Find the loci of the centres of the four circles which 
touch the axis of a conic and the two focal vectors to any 
point on the curve. 


235. A chord of a conic which subtends a right angle at 
the vertex passes through a fixed point on the axis. 


236. If a hyperbola touch the sides of a quadrilateral in- 
scribed in a circle, and if one focus lie on the circle, the other 
will also lie on the circle. 


237. If three circles be described on the transverse axis 
and the two focal distances of any point of a conic as diameters, 
determine their radical centre. 

238. If the tangent at a point P whose ordinate to either 
axis is PN meet the corresponding auxiliary circle in Y and Z, 
shew that C, N, Y, Z lie on a circle, and that PN bisects the 
angle YCZ. 


239. If an ellipse and a hyperbola have the same axes, 


the director circle of the one will pass through the foci of 
the other. 


240. The diagonals of any rectangle circumscribing a conic 
are conjugate diameters.* 


241. The diagonals of any parallelogram circumscribing a 
eonic are conjugate diameters, and the sides of any inscribed 
parallelogram are parallel to conjugate diameters. 


242. The sum or difference of the reciprocals of any two 
focal chords at right angles, or of the squares of any two 
diameters at right angles, is constant. 


243. The locus of the centre of an ellipse which slides be- 
tween two straight lines at right angles is a circle. 


244. The circle described upon the straight line joining the 
foci of a conic meets the conjugate axis in two points such that 


* This appears from De la Hire’s original proof of the property of the director 
circle, in which he assumed the theorems of Arts. 39, 45. 
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the sum of the squares of the perpendiculars therefrom to any 
tangent is equal to half the square upon the transverse axis. 


245. Determine the positions of a chord of an ellipse which 
subtends a right angle at each of the foci; and also the locus 
of the pole of a chord which subtends supplementary angles 
at the foci. 


246. The opposite sides of a quadrilateral described about 
an ellipse subtend supplementary angles at either focus. 


247. The angle which a diameter of an ellipse subtends 
at an extremity of the major axis is supplementary to that 
which its conjugate subtends at an extremity of the minor 
axis. 


248. If a focal chord of a conic be drawn to mect at a 
given angle any taugent, or any chord subtending a constant 
angle at one of the foci, the locus of the point of intersection 
will be a circle. 


249. ‘To what does the theorem that confocal conics intersect 
at right angles reduce when the two foci coalesce ? 


250. The circle described about any point on the axis of 
a hyperbola so as to cut its auxiliary circle orthogonally meets 
the ordinate through that point upon the circumference of an 
equilateral hyperbola. 


251. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets 
the directrices to the nearer foci, and drawing perpendiculars 
through the latter to tlie joining lines. 


252. The straight lines joining any point to the intersections 
of its polar with the directrices touch a confocal conic. 


253. In Art. 4, if the centre of the circle be taken midway 
between the vertices of the conic, shew that the directrix will 
be the polar of the focus with respect to the circle. Hence 
shew that every chord of an ellipse or hyperbola which passes 
through its centre is bisected at tbat point, and that the curve is 
consequently symmetrical with respect to its conjugate axis. 
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254. The locus of the vertex of a triangle whose base 
and the ratio of whose sides are given is a circle, whereof 
a diameter is determined by dividing the base of the triangle 
externally and internally in the given ratio. Hence shew that 
a straight line parallel to the axis of a conic meets the curve 
in general in two points, and that the two points are equi- 
distant from a fixed straight line parallel to the directrix.* 


255. Apply the same method to determine the points in 
which any assumed straight line meets the conic;[ and also 
to shew that the diameters of conics are straight lines. 


256. Prove the following construction for drawing tangents 
to a conic whose foci are S and H from a given external point 
O. About O with radius OS describe a circle, and about H 
with radius equal to the transverse axis describe a circle; then 
will the required points of contact lie upon the straight lines 
drawn from H to the points in which the two circles intersect. 
Prove also that the two tangents as thus determined subtend 
equal or supplementary angles at either focus. 


257. If the diagonals of a quadrilateral circumscribing an 
ellipse meet at its centre the quadrilateral must be a paral- 
lelogram. 


258. If a principal ordinate meet an ellipse in P and its 
auxiliary circle in Q, the distance of the former point from 
either focus will be equal to the perpendicular from that focus 
to the tangent at Q. 


250. The locus of the middle point of a focal chord of a 
conic is a similar conic. In what other cases will the locus 
of the middle point of a chord of a conic be a similar conic? 





* The two points are determined as follows, Let the parallel meet the directrix 
in Q, and let Z and Ζ΄ divide SQ in a ratio equal to the eccentricity. Describe the 
circle on ZZ’, and let it cut the parallel in P and P’. The projection of the centre 
of this circle upon the axis of the conic evidently lies midway between the projections 
of Z and Z' upon the same, that is to say, midway between the vertices of the conic, 

t If the assumed line meet the directrix in Q and make an angle « with the axis, 
divide SQ in the ratio e cosa, and upon the intercept between the two points thus 
determined describe a circle cutting the assumed line in P and P', which will be the 
points required. 
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260. If tangents be drawn to a conic at the extremities 
of a pair of conjugate radii, the focal vectors to their point 
of concourse will meet those diameters in four points lying 
on a circle. 


261. If SY be a focal perpendicular upon the tangent 
at P and CD the radius parallel to the tangent, 


SY’: CB = SP’: CIDP- SP:2CA x SP. 


262. The feet of the perpendiculars from one focus of a 
conic to a pair of tangents are on a straight line at right angles 
to the distance of their point of intersection from the other 
focus. 


263. Find the greatest or least value of the sum of the 
&quares of the focal perpendiculars on any tangent. 


264. The normal at any point of an ellipse is a harmonic 
mean to the focal perpendiculars upon the tangent at that point. 


265. If one focus of a conic which touches the sidea of a 
triangle be at its centroid, the distances of the other focus from 
its sides will be as the lengths of those sides. 


266. Ifthe normal at P meet either axis in G, shew that 
any circle through those points will intercept on the focal 
distances of P chords whose sum or difference has one or other 
of two constant values. 


267. The diameters parallel to the tangent and normal at 
P intercept on SP a length equal to HP; and the latter dia- 
meter meets SP on the circumference of a circle. 


268. The circle described upon the central abscissa of the 
foot of the normal at any point is cut orthogonally by a circle 
described about that point and equal to the minor auxiliary 
circle. 


269. The intercepts on the focal vectors to the points of 
contact of a conic with any circle which touches it in two 
points have one or other of two constant values. 
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270. Any tangent and its normal meet either axis in points 
T and G such that CG.CT' — CS". In what cases does the 
normal meet the conjugate axis without within or upon the 
curve? Ifa circle touch an ellipse in two points and also touch 
its directrices, its centre will be at an end of the minor axis. 


271. The intercept made by the directrices upon any 
normal chord of & conic subtends at the pole of the chord an 
angle equal to half the sum or difference of the angles which 
the distance between the foci subtends at the extremities of 
the chord.* 


272. If two chords be drawn from any point of a conic 
equally inclined to the normal at that point, the tangents at 
their further extremities will intersect upon the normal. 


273. Supplemental chords of a conic which are equally 
inclined to the curve at their common point have their poles 
upon the director circle, and their sum or difference is equal 
to the diameter of the same.T 


274. The normals at the extremities of any two conjugate 
radii meet on the diameter which is at right angles to the 
chord joining those points; and any two normals at right angles 
to one another intersect on the diameter which bisects the chord 
joining the points at which the normals are drawn. 


275. If on the normal at P a length PQ be taken equal 
to the semi-diameter conjugate to CP, the locus of Q will bea 
circle of radius CA + CB. 


276. If normals be drawn to an ellipse at the ends of 
any chord parallel to one of its equal conjugate diameters, 
the locus of their intersection will be a line perpendicular to the 
conjugate diameter. 


* If the normal at P meet the S-directrix in E, and O be the pole of the normal, 
the circle on OR will pass through S and P. 

f See Wolstenholme's Book of Mathematical Problems, No. 493 (London and 
Cambridge, 1867). If PQ, PQ’ be two such chords they will evidently touch a 
confocal, and the parallel chords will also touch the same. Hence the tangent at Q 
will make equal angles with PQ and a parallel to PQ', and will be at right angles to 
the tangent at P. Otherwise thus: the tangent and normal at P divide QQ’ har- 
monically, and the normal is an ordinate of QQ’ and parallel to the tangent at Q. 
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277. .With the construction of Art. 52, shew that 
8g: P922 PG : M= P9: 9gM=CS: CA. 
Shew also that the loci of the middle points of PG and Fy are 
conica. 
278. If N be the projection of any point Pon a conic upon 


the tangent at a given point O, find the relation between the 
lengths of ON and PN.* 


279. If PQ be a chord of a conic which subtends a right 
angle at a given point O on the curve, and ΜΝ be the pro- 
jection of the chord upon the tangent at O, shew that 

τ 
ος οφ 
and that PQ passes through a fixed point on the normal at Ο.Τ 


=a constant, 


280. If PG be the normal at any point P on an ellipse, 
ϱ the point in which the ordinate of P meets the auxiliary 
circle, and ᾖ the point in which CQ meets the ellipse, then 
wil ΘΩ͂ be parallel to the normal at R. Moreover, if any 
two chords of an ellipse be at right angles, its diameters 
conjugate to tlie corresponding chords of its auxiliary circle will 
be conjugate diameters of a certain concentric ellipse. 


281. If .N be the projection of any point in the plane of 
8 conic upon its transverse or conjugate axis, and 7'the point 
in which its polar meets the same, shew that CN.CT is equal 
to CA’ in the former case and to CD” in the latter.] 


282. If P, P' be any two points whereof the one lies on 
the polar of the other, and N, Ν΄ be their projections on the 
transverse axis, then 


CN.CN' " PN.P'N' 
CA" ^" CB 


* Let the normal at O meet the curve again in H, and let NP meet the tangent 
at H in M; then ON varies as a mean proportional to PN and PM (Ex. 73, and note 
p. 65), and also as PN+ PM ~ OH. 

t The intercept on the normal varies as the diameter conjugate to CO. 

{ Let the diameter through the assumed point O meet the directrix in V, and let 
its polar meet the directrix in E, which will be the orthocentre (Art. 14) of the 
triangle STV, Then, ΤΡ being parallel to SO (Art. 17, CN:CX- CO:CV 
= 08: CT. 


=|, 
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283. If P and @ be any two points on a conic, M and 
N their projections on either axis, and 7' the point in which 
PQ meets the same, shew that 


CT(PM-QN)-2 PM.CN —QN.CM.* 


284. Shew also that if CL be the central abscissa upon 
either axis of the point of concourse of the normals at P and 
ΩΙ then CL.CT varies as CM.CN. 


285. If the normals at four points of a conic cointersect, 
and if the three pairs of chords joining those points meet either 
axis in 7, T; U, U' ; V, V’; shew that 


CT.CT'2CU.CU'2 CV.CY*. 


286. If the normals at four points of an ellipse or hyperbola 
cointersect, each pair of chords joining the four points will 
be parallel to a pair of conjugate diameters of the hyperbola 
or ellipse which has the same axes, and will meet either axis in 
points which are conjugates in an involution determined by 
the latter curve.t 


287. The sum or difference of the squares of the perpen- 
diculars from the extremities 7 and D of any two conjugate 
semi-diameters of a conic upon a fixed diameter of the same 
is constant; and if CN and CR be the abscisse of P and D 
upon that diameter, and 2601” be its length and 2CD' the 
length of its conjugate, then 


CN? + Ch’? = CP"; PN’ + DI’ =CD"; 
and PN: CR=DPR:CN=CD': CP’. 





* Equate the areas (CPT — CQT) and (CPM + PMNQ — QCN). 

t If L be the projection upon either axis of any point O on the normal at P, and 
G be the point in which the normal meets that axis, then OL : PM = CG ~ CL: MG 
and CG and MG vary as CM. 

{ The pairs of points in Ex. 285 determine an involution whose centre is C, and to 
which the ends of the axis iu qnestion likewise belong. If these poinis be on the 
transverse axis, CT. CT’ = &c. = CA. CA’ =— CA? ; and if on the conjugate axis, 
CT.CT'is equal to — CB? in the case of the ellipse, and to + CD? in the case of the 
hyperbola. 
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288. The vertices of the conjugate circumscribing parallelo- 
gram of a conic lie on a similar conic, and their polars envelope 
another similar conic. 


289. The inscribed parallelogram whose diagonals are at 
right angles envelopes a circle, the reciprocal of the square 
er 1 1 
of whose radius is equal to σα: + OB 
290. If the polar of any point on an ellipse with respect 
to its minor auxiliary circle meet the major and minor axes 
in H and K, shew that 
OP | CA" _ CA" 
CH*  CK* ορ" 


291. Supplemental chords being drawn to a conic from 
its vertices, the perpendiculars to them at their common point 
make an intercept equal to the latus rectum upon the axis. 


292. Ifan ordinate of any diameter meet the curve in P, 
the diameter in M, and any two supplemental chords drawn 
from its extremities in Q and R, shew that PM is a mean 
proportional to QM and RM, and that QR is bisected by the 
tangent at the intersection of the chords. 


293. If two conjugate semi-diameters CP, CD, or their 
prolongations, make an intercept P'D' upon a line which is 
parallel to PD and meets the conic in Q, shew that 


QP” + QD" = PD". 


294. From extremities of two conjugate diameters of an 
ellipse a pair of parallels are drawn to any tangent; if any 
diameter meet these parallels in P and Q and the tangent in 
E, shew that 

CP'-CQ'CR. 


295. If PP’ and DD’ be conjugate diameters of a hyper- 
bola and Q any point on the curve, then will ϱΡ"-- QP” 
exceed QD' -- QD" by a constant quantity. 
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296. Find the axes of a given conic by means of Art. 44, 
Cor. 3. 


297. Given two conjugate diameters of an ellipse, shew that 
the locus of the centre of the circle through their common 
point and the points in which a tangent parallel to one of them 
meets any two conjugate diameters is a straight line perpen- 
dicular to the other. 


298. Given two conjugate semi-diameters CP, CD of an 
ellipse or hyperbola, prove the following construction for its 
axes. In the direction CP or in the opposite direction take 
PQ a third proportional to CP and CD; draw the tangent at 
P, and through C, Q draw a circle having its centre upon it; 
join C with the points in which the circle cuts the tangent. 


The directions of the axes being thus determined, shew how 
to find their extremities. 


299. Given two conjugate diameters CP, CD of an ellipse, 
with centre C and radius CP describe a circle, and let KK’ 
be its diameter at right angles to CP; then will the axes of 
the ellipse be equal to HD+ K'D, and parallel to the bisectors 
of the angle KDK’.* 


300. Shew also that, if DN be taken equal to CP and 
be placed so as to cut it at right angles in a point L, and 
if AB be that diameter of the circle round CLN which passes 
through D, then will CA, CB be the directions and DB, DA 
the lengths of the semi-axes of the ellipse. 


301. Any point of or in the same straight line with a rod 
which slides between two fixed straight lines describes an arc 
of an ellipse.T 


* See the Ozford, Cambridge, and Dublin Messenger of Mathematics, vol. ΙΙ. 
pp. 151, 227 (1866) ; and the Messenger of Mathematics (New Series), vol. v. p. 122 
(1876). l 

t Of two conjugate radii of an ellipse let CP be the shorter and CD the longer; 
draw a perpendicular DE to CP, and in the prolongation of or within ED take DQ 
equal to CP. Then if a straight line KM equal to EQ slides between CP and CQ, 
the point which divides it into segments KO and OM equal to CP and DE will bea 
point on the curve, viz. one whose abscissa on CD is terminated by the perpendicular 
from M to CP. Asin the special case of Ex. 219, KO. OM = CA. CB. See Leslie's 
Geometrical Analysis, and Geometry of Curve Lines, p. 257 (Edinburgh, 1821), 
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302. The chords joining the extremities of two diameters 
of a conic and of their conjugates respectively are either parallel 
or conjugate in direction. If a series of chords pass through 
& fixed point, the chords of the corresponding conjugate arcs 
have the same property; and the diameters through the two 
fixed points are at right angles. 


303. With the orthocentre of a triangle as centre two 
ellipses are described, the one touching its sides and the other 
passing through its angular points; prove that these ellipses 
are similar, and that their homologous axes are at right angles. 


304. The perpendiculars from opposite foci of a conic upon 
two conjugate diameters intersect on a concentric conic passing 
through the foci. 


305. If a chord AP drawn from the vertex A be divided 
in such a manner that 4Q: PQ=CA’: CB’, shew that the 
perpendicular from Q to the line joining Q to the foot of the 
ordinate of P divides the transverse axis in the same ratio. 


306. From the foot of the ordinate of any point P on a 
conic a parallel is drawn to AP to meet the diameter through 
Pin Q; shew that 49) is parallel to the tangent at P. Shew 
also that the bisectors of the angles 4SP and AHP intersect 
on the tangent at P. 

307. If two conies whose transverse axes are equal be 
inscribed in the same parallelogram, their foci will be at the 
corners of an equiangular parallelogram. 


308. Any one of a series of conterminous circular arcs may 
be trisected by drawing a pair of hyperbolas whose determining 
ratio is equal to two, and whose centres and vertices trisect 
the chord of the arc. Ilow does it appear from this construc- 
tion that the problem, to trisect a given angle, admits of three 
solutions ? 


309. If any two conics have a common focus, one pair of 
their common chords cointersect with the corresponding direc- 
trices, and the other pairs subtend equal or supplementary 
angles at that focus. 
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310. A diameter meets the conic in P, its auxiliary circle 
in Q, and the tangent at either vertex in 7. Prove that when 
the diameter throügh 7'coalesces with the axis PT' and QT'are 
in the duplicate ratio of the axes. 


311. The perpendicular drawn through any point of a conic 
to one of ita focal distances and terminated by the conjugate 
diameter varies inversely as the principal ordinate of the said 
point, and the perpendiculars from the vertices upon the 
tangent at any point meet its focal distances upon fixed circles. 


312. A parabola of given linear dimensions being drawn 
to touch any two conjugate diameters of a conic symmetrically, 
find the locus of its focus. 


313. The tangent at P meets any two conjugate diameters 
in T, t, and TS, tH meet in Q; prove that the triangles SPT, 
fiPt, TQt are similar, and also that the area of the triangle 
CPT varies inversely as CPt. 


314. The two points of a conic at which a given chord 
subtends the greatest and least angles are at the extremities 
of a diameter equal to that which bisects the chord.* 


315. If an ellipse touch a given ellipse at adjacent ex- 
tremities A, B of its axes and also pass through its centre, 
the tangent at the latter point will be parallel to AB. 


316. With the normal and tangent at any point of a conic 
as axes a conic is described touching an axis of the former 
at its middle point; shew that the foci of the conic so drawn 
lie on fixed circles, whose diameters are equal to the sum 
and difference of the axes of the given conic. 


317. Two fixed points being taken in given parallel lines, 
a straight line revolves about each point and meets the opposite 
parallel. If the envelope of the line joining the points of 





* The chord must subtend equal angles at either point and a consecutive point on 
the curve. The two points therefore lie on segments of circles described upon the 
chord so as to touch the conic. 
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concourse be a conic touching the parallels at the fixed points, 
determine the locus of the point in which the revolving lines 
intersect. 


318. A chord of a circle which subtends a right angle at a 
fixed point envelopes a conic whose foci are the fixed point and 
the centre of the circle. 


319. A straight line being drawn through a fixed point 
S to meet a given pair of parallels in Y and Z, shew that the 
envelope of the circle on YZ as diameter is a conic, of which 
the parallels are directrices and S is a focus. 


320. On the axis of a hyperbola whose determining ratio 
is equal to two a point D is taken at a distance from the focus 
S equal to the distance of S from the further vertex A’, and 
AP is drawn through any point P on the curve to meet the 
latus rectum in A. Prove that DK and SP intersect on a 
certain fixed circle. 


321. The parallelograms whose diagonals are any two 
diameters of a conic and their conjugates respectively are 
of equal area. 


322. If tangents TP and TQ be drawn to an ellipse whose 
foci are S and H, and CP’ and CQ be the parallel semi- 
diameters, 


TP.TQ -CP'.CQ'2 TS.TH.* 


323. Find the locus of a point such that the tangents there- 
from to a central conie contain with the semi-diameters to 
their points of contact an area of constant magnitude; and the 
locus of a point such that the product of its focal distances 
varies as the product of the tangents. 


324. The distance between any point and any point on 
its polar is cut harmonically by the tangents at the extremities 
of any cbord through either point. 


* We have to shew that thetriangle STH’ (Art. 50, Cor. 2) is equal to PTR + P'CQ'; 
which follows from Ex. 821, taking into account that PCQ=4 (PSQ + PHQ). 

t In the tractate, De Linearum Geometricarum Proprietatibus Generalibus, forming 
the Appendix to A Treatise on Algebra, ĝe., by COLIN MACLAURIN, late Professor of 
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325. If O and Pbe any two points in the plane of a conic 
whose centre is C, the perpendiculars from O and C to the 
polar of P are to one another as the perpendiculars from P 
and C to the polar of Ο. 


326. If two conics be concentric and similarly situated, the 
pole of any tangent to the one with respect to the other will 
trace a concentric conic; and if the two conics be also similar 
the third will be similar to both. If the axes of the two be 
identical, the pole of any tangent to the one with respect to 
the other will lie on the former. 


327. Find a point which has the same polar, and a line 
which has the same pole, with respect to three conics, whereof ` 
one has double contact with the other two. 


328. An ellipse has double contact with each of two 
circles, whereof one lies within the other.  Shew that its 
chords of contact with them meet in a fixed point on the line 
joining their centres; the locus of its centre is a circle passing 
through their centres; its eccentricity is constant ; and the locus 
of its foci is a circle concentric with the outer given circle. 


329. Any diameter of an ellipse varies inversely as the per- 
pendicular focal chord of its auxiliary circle. 


330. If a parallelogram circumscribing a conic have two 
of its angular points on the directrices, the other two will lie on 
the auxiliary circle. 


331. If two parallelograms be constructed, the one by join- 
ing the ends of two parallel focal chords of a conic, and the 
other by drawing tangents to it at those points; the area of the 


Mathematics in the University of Edinburgh (LONDON, 1779), it is shewn (Sect. I. 
§§ 9-11. Cf. Salmon’s JJigher Plane Curves, Art. 60), that if a straight line revolving 
about a fixed point P meet a curve of the nt? order in n points, and the tangents at 
those points meet any assumed straight line through P in K, L, M, &c. then will 
PR = + oat &c. the constant; and if the assumed line through P meet the 
curve, viz. in the n points A, B, C, &c., this constant will be equal to 71 + $5 + PP 
-- ἅς. In the particular case of Ex. 324, it is evident that the point P, its polar, and 
the tangents at the extremities of any chord through P divide any straight line from 
P harmonically. 
K 
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one will vary directly, and that of the other inversely, as the 
projection of one of the focal chords upon the conjugate axis. 


332. If SY, HZ be the focal perpendiculars upon the tan- 
gent at P to an ellipse, and SY’, HZ’ perpendiculars upon the 
tangents from P to a confocal ellipse, then will the rectangle 
YY'.ZZ be equal to the difference of the squares of their 


major (or minor) semi-axes. 


333. Determine the condition that the intercept on any 
tangent to a bifocal conic by two fixed tangents may subtend 
equal angles at the foci. 


334. The tangents to a conic from any point on a circle 
through its foci meet the circle again in two points such that 
the second tangents therefrom intersect upon the circle. 


335. Given an ellipse and a circle through its foci; prove 
that their common tangents touch the circle in points lying 
upon the tangent to the ellipse at an extremity of its conjugate 
axis. 


336. If the tangent to a conic at a given point be met by 
any two parallel tangents, the focal distances of the points of 
concourse will meet on a fixed circle, whose centre will be on 
the normal at the given point. 


337. The product of the tangents to a conic from any point 
1s to the product of its focal distances as the distances of the 
point from the centres of the chord of contact and of the conic 
respectively. If the tangents from any point to a conic be 
in a constant ratio to the parallel diameters, determine the locus 
of the point. 


338. Given an ellipse and one of its * cercles directeurs," * 
shew that an infinity of triangles can be described about the 
one and inscribed in the other, and that all will have the same 
orthocentre. 


339. An ellipse may be described by means of an endless 
string passing round two fixed points. If one focus be taken 


* See the second paragraph of Scholium B (p. 90) and compare Ex. 225. 
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anywhere on a given straight line whilst the other remains 
constantly fixed, the envelope of all the ellipses described with 
a given string will consist of two arcs of parabolas. 


340. Shew that the line joining any point outside a conic 
to its centre, and the radical axis of a pair of circles through the 
point, the one passing through the points of contact of the 
tangents from the point, and the other passing through the 
foci, are equally inclined to the focal distances of the point. 


341. If a normal to a conic meet the curve again in Q and 
the directrices in R, R'; and if O be the pole of the chord and 
S, S' the foci; prove that SR, OR' and S'E', OR intersect on 
the normal at Q. Jn the case of the parabola, any normal 
chord produced to meet the directrix subtends a right angle 
at the pole of the chord; and the polar of the middle point of 
the chord meets the focal vector to its point of concourse with 
the directrix upon the normal at its further extremity. 


342. At any point P on the auxiliary circle of an ellipse a 
tangent is drawn meeting the axis in 7, and PA, PA’ are drawn 
to the vertices meeting the ellipse again in D and E; prove 
that the chord DE passes through 7. 


343« The polar of any point O with respect to a conic and 
the perpendicular to it from O meet either axis in points T 
and G such that 

CG.CT= CS*.* 


344. Ifa point be taken anywhere on a fixed perpendicular 
to either axis of a conic, the perpendicular from it to its polar 
will pass through a fixed point on that axis. 


345. If perpendiculars SY, HZ, CM, PN be drawn to the 
polar of any point P, and if PN meet the axis in Οἱ, shew that 
SY.HZ-0M.NG ; CM.PG -CB"; and that the normal at 
a point on the curve which has the same central abscissa as P 
is a mean proportional to NG and PG. 





* Comparing Ex. 281 (note), CG: CS = CO: CV = CS:CT. 
K 2 
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346. The poles of a given straight line with respect to a 
series of confocal conics lie upon a second straight line perpen- 
dicular to the former. Hence shew that if a chord of one conie 
touch another conic having the same foci, the tangents at its 
extremities will meet on the normal at its point of contact, and 
conversely the foot of the perpendicular from their intersection 
to the chord will be its point of contact. 


347. If a triangle inscribed in a conic envelope a confocal, 
its points of contact will lie severally on three of the four circles 
which touch the sides of the triangle. 


348. If a chord of an ellipse be drawn touching a confocal 
ellipse, the tangents at its extremities meet the diameter parallel 
to the chord on the circumference of a fixed circle, and the 
intercept on the chord by the diameter parallel to either tangent 
is of constant length ;* the chord varies as the parallel focal 
chord of the outer ellipse, and conversely a chord which so 
varies envelopes a confocal; the projection upon the chord of 
the normal (terminated by either axis) at an extremity thereof 
is of constant length; if any circle touch a given ellipse in two 
points, the chords which can be drawn to the circle from either 
point of contact so as to touch a fixed confocal are of constant 
length, and conversely the envelope of a chord of constaut 
length drawn to the circle from either point of contact is a 
confocal ellipse. Examine the case in which the minor axis of 
the inner ellipse is evanescent. 


349. If the arms of a right angle envelope two confocal 
ellipses the line joining the points of contact will envelope a 
third ellipse confocal with the former two; and if two parallel 
positions of each arm be taken, the perimeter of the parallelo- 
gram formed by joining the points of contact will be constant, 





* If a, b and a’, )' be the semi-axes of the outer and inner ellipses and 


À? = a? — a’? = b? — 0^, the intercept on the chord is : the projections upon it of 


x; and its length in terms of the parallel focal chord f is Y 5 


See the Oxford, Cambridge, and Dublin Messenger of Mathematics, vol. 1v. pp. 11—22 
(1868), in which article several of the examples following are likewise solved. 


the normals are x and 
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and each pair of its adjacent sides will make equal angles with 
the tangent at their point of concourse. 


350. An ellipse which has double contact with each of two 
fixed confocals has a fixed director circle; and an ellipsé which 
has double contact with one of two fixed confocal ellipses, and 
has its foci at the ends of any diameter of the other, has a 
fixed auxiliary circle. 


351. Four tangents being drawn to a conic, if one pair of 
their points of intersection lie on a confocal each of the 
remaining two pairs will lie on a confocal. If ΤΡ and TQ 
be a pair. of tangents to a conic, and tangents be drawn from 
P and Q to a confocal and intersect in points S and H, then TP 
and TQ subtend equal or supplementary angles at S and H; 
the four tangents from P and Q touch one and the same circle; 
and 

SP+ HP= SQ + HQ.* 

352. Given two confocal ellipses, shew that the latus rectum 
of any ellipse which has its foci on the inner fixed ellipse and 
touches the outer is of constant length.t 


353. The locus of the centre of a conie which has four-point 
contact with a given conic at a given point is a straight line 
through the centre of the fixed conic. 


354. Prove Graves' Theorem, that the sum of the tangents 
from any point on an ellipse to a fixed confocal ellipse exceeds 
the intercepted arc of the latter by a constant quantity. Prove 
also that the difference of the tangents to an ellipse from any 
point on a confocal hyperbola is equal to the difference of the 
segments into which the intercepted arc of the ellipse is divided 
by the hyperbola. 


* See the article referred to in the note on Ex. 348. 
A3 
1 With the notation used above, its length is B : 

1 See Salmon’s Conic Sections, Art. 399. The theorem may also be deduced from 
Ex. 351 as in the article referred to in the note. Adding the perimeter of the inner 
ellipse, we see that the outer confocal may be described witli the help of a loop of 
string placed round the inner curve, a construction which becomes equivalent to that 
of the note on Art. 48 when the inner ellipse reduces (by the evanescence of its minor 
axis) to the line joining its foci. 
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355. If three ellipses be described as in Ex. 352, having 
their six foci at three points on the inner confocal, the sum 
of the areas of their minor auxiliary circles will be constant. 
Moreover, if any number of ellipses be described with the same 
number of points on a given ellipse as foci (every such point 
being a focus of two of them), and if the several ellipses touch 
as many fixed confocals, the areas of their minor auxiliary 
circles will be connected by a linear relation.* 


356. If every vertex but one of a polygon circumscribing a 
conic trace a confocal conic, its remaining vertex will likewise 
trace a confocal, and the perimeter of the polygon will be 
constant. 


357. If two points trace an ellipse (in the same direction) 
with velocities which are always as the focal chords parallel 
to the tangents at those points, the tangents will intersect on 
a fixed confocal ellipse, and their angular velocities about their 


points of contact will be as the central perpendiculars upon them. 


358. If a parallelogram can be inscribed in an ellipse whose 
semi-axes are A and B so as to envelope a coaxal ellipse whose 
semi-axes are a and 5, 


ÁA’ -a : =b: B*—P, 


359. If a single quadrilateral can be described about one 
of two given conics and inscribed in the other, any number of 
quadrilaterals can be so described, and they will have one 
diagonal in common.t 


360. If the normal at any point P to an ellipse meet the 
two perpendicular tangents to a confocal ellipse in K and JZ, 
shew that PA. PL is constant and equal to the difference of the 
squares of their major or minor semi-axes. 


* If β be the minor semi-axis of one of the variable ellipses and @ the arc joining 
its foci, then (3? = c (p +c’), where c and ο’ are certain constants (Exx. 352, 354). 

t The quadrilateral and its circumscribing conic can be projected into a rectangle 
and a circle, which latter must be the director circle of the projection of the inscribed 
conic. See also Ex. 382, 
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361. If from the intersections of any two parallel tangents 
to an ellipse with the tangent at a fixed point four tangents be 
drawn to a given confocal ellipse, the four intersections of the 
latter will lie on a certain circle having its centre on the normal 
at the fixed point; and the radius of the circle and the intercept 
made by its centre upon the normal will vary as the perpen- 
dicular diameter of the outer conic.* 


362. If a tangent to a conic (or other curve) cuts off a 
constant area from another, it will be bisected at its point of 
contact, and conversely. 


363. A central conic which passes through four given points 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four points.} 


364. Give a construction for finding a point P such that 
if straight lines PQ, PR, PS, PT be drawn from it to meet four 
given straight lines AB, CD, AC, BD at given angles, the 
rectangle PQ.PE may be in a specified ratio to PS.PZ. Hence 
shew how to draw the tangent at any given point on the locus 


of P; and determine a pair of conjugate diameters of the same.§ 


365. If a parallelogram ASPQ has its opposite vertices A 
and P on a conic, and its sides 4Q, AS meet the curve in 





* The four tangents in any assumed position will intersect on a circle (Art. 50). 
Any other quadrilateral inscribed in the same circle so as to envelope the inner 
ellipse will have the intersections of its opposite sides at points P and Q on the 
Jized tangent (Ex. 859); and it may be shewn conversely that the second tangents 
from P and Q to the outer ellipse are parallel. Making one of the parallel tangents 
coincide with the tangent at the fixed point, we see that the centre O of the circle 
must lie on the normal. Let M now he the intersection of the diagonals of the 
quadrilateral, N the fixed point, CD the semi-diameter conjugate to CN, and p the 


2 272 
radius of the circle; then (Ex. 348) NO = ση CD; MN- x CD; p= (= -- 1) CD?, 


See also Mathematical Questions, dc. from the EDUCATIONAL TIMES, vol. XIII. p. 31. 

+ See SaLmon’s Conic Sections, Art. 996. 

{ Let TP, TQ be tangents to an ellipse, and O.4B, OCD chords parallel to 
TP, TQ. Determine a diameter of each of the two parabolas through 4, B, C, D 
(Ex. 184); then it is easily seen that PQ and the diameter through T in the ellipse 
are parallel to the diameters of the parabolas. 

ὃ See NEWTON's Principia, Lib. 1. sect. v. lemma 19. The next ten examples 
are mostly solved in the same Section, which will repay a careful study. See also 
Book 11. of Leslie's Geometry of Curve Lines. 
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B and C; the straight lines joining any point on the curve to 
B and C will meet PS and PQ in points T and R such that PR 
varies as PT, and conversely. Hence shew how to draw a 
tangent to the conic at any point; and shew how to draw a 
conic through five given points, and prove that one conic only 
.can be so drawn. 


366. If two straight lines BM, CM turn about fixed poles 
B and C so that their intersection M moves along a fixed 
straight line or directrix, and if BD and CD be drawn at given 
angles to BW and CM respectively, the point of concourse D of 
the second pair of lines will trace a conic passing through the 
poles B, C, and conversely.* 


367. By the foregoing construction (or otherwise) determine 
any number of points on a conic passing through five given 
points.T 


368. Describe a conic passing through four points, three 
points, two points, or one point, and likewise touching one, two, 
three, or four straight lines respectively. Examine the cases in 
which two or more of the given points or lines coalesce. 


* For distinctness of conception let the points B, D, 4, P in the following'solution 
be supposed to lie (in the order specified) on one branch of a hyperbola and C on 
the other branch, as in NEWTON'S figure (lemma 21). Now when the moving point 
M has an assumed position N on the directrix let P be the corresponding fixed point 
on the locus of D. Draw BDT, CDR through any other position of D, and make 
the angle BPT equal to BNA and CPR equal to CNM; then it may be shewn 
that PT: NM=PB:NB, and PR: NM— PC:NC. Hence PT varies as PR, 
and therefore by the preceding lemma (Ex. 365)—as NEWTON abruptly concludes— 
the locus of D is a conic through the points B, C, P. The last step (see Le Sueur 
and Jacquier's edition of the Principia) is explained as follows: when ΛΙ becomes 
infinite, let .D assume the position A; then it may be proved that BA is parallel 
to PT and CA to PR. Let PT, CA meet in S and Pk, BA in Q. Then ASPQ 
is the parallelogram of Ex. 365, and PT has been shewn to vary as PR. 

t Still using the same figure, let A, B, C, P, D be the given points. Take ABC 
and ACJ as the given angles which are to rotate about B and C as poles. The 
other two points P and J enable us to determine two points Mf and N on the 
directriz, and the whole curve can then be described. Or again, if A, B, C, D, E 
be five points on a conic, let AC, BE meet in F, and draw from D a parallel to 
CA to meet BE in G; then to determine the point H in which the parallel meets 
the curve again, we have DG.GH: BG.GE- AF.FC:BF.FE. The diameter 
biaecting the parallels can now be drawn, and in like manner a second diameter 
cun be determined. Hence the centre is known, &c. 
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369. If AFP, BQG be the tangents to a conic at the ends 
of a diameter AB, and FG and PQ be tangents to the same and 
Intersect in O, shew that 


AF: BQ=FP: GQ=Ff0: 0G, 
and that PG, FQ, AB cointersect. 


370. If in a parallelogram LMIK any conic be inscribed 
touching the sides ML, IK, KL, IM in A, B, C, D, any fifth 
tangent to the conic will meet those sides in points F, Q, H, E 
such that 

ME: MI = BK : KQ, 
and KH: KL= AM : MF. 


371. Ifthe inscribed conic in the preceding example be fixed, 
KQ.ME= KH. MF=a constant. 


Moreover, if a sixth tangent be drawn to meet DE in e and JQ 
in g, then 


: KQ : Me=Kq: ME=Qq: Ee. 
372. Hence shew that the diagonals of the quadrilateral 
Eq Qe are bisected by one and the same diameter of the conic, 
and that the locus of the centre of a conic inscribed in a given 
quadrilateral is a straight line bisecting its three diagonals. 


373. If 18, ID be the tangents at given points B, D of a 
conic, and EQ the intercept made by them on any other tangent 
to the same, shew that 1.10 varies as HD.QB.* Hence, if from 
iwo fixed points in a given pair of straight lines any other two 
lines be drawn, each to meet the opposite fixed line, shew that if 
the straight line joining the points of concourse envelopes a 
conic touching the fixed lines at the fixed points, the locus of 
the intersection of the variable lines will be a conic satisfying 
the same condition, and conversely. Examine the case in which 
the fixed lines are parallel. 


* By making the sixth tangent in Ex. 371 coincide successively with JE and JB 
we deduce that the two rectangles are as MI to MD. When M is at infinity they 
become equal (Ex. 183). 
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374. Given five tangents to a conic, determine its five points 
of contact with them ;* and given five points on a conic, deter- 
mine the five tangents thereat. 


375. Given the centre of a conic and a self-conjugate triangle, 
shew how to determine the diameters conjugate to its sides and 
to describe the curve. Hence (or otherwise) shew how to 
describe a conic touching five given straight lines. 


376. Given a tangent to an ellipse, its point of contact, and 
the director circle, shew how to construct the ellipse. 


377. Two ellipses have a common focus and equal major 
axes, and one of them revolves about this focus in its own plane 
whilst the other remains fixed: prove that their chord of inter- 
section envelopes an ellipse confocal with the fixed ellipse. 


378. The condition that a straight line which makes inter- 
cepts CB and CD on two fixed straight lines should envelope a 
conic touching the fixed lines is of the form 


a.CB.CD+b.CB+c.CD+d=0, 


where the ratios of a, b, c, d are constant. Determine the points 
of contact of the envelope with the fixed lines; and explain the 
result when the intercepts are connected by a relation of 
the form 

CB.CD =a constant. 





* If ABCD be the pentagon formed by the five tangents, the straight line joining 
D to (AC, BE) passes through the point of contact of AB, as appears most simply 
by supposing two sides of the enveloping hexagon in Brianchon’s theorem to coalesce. 
When five points are given, the tangents thereat may be drawn and number of points 
on the curve may be found with the help of Pascals hexagon. See Salmon’s 
Conic Sections, Art. 269. 

f Call the straight line bisecting the three diagonals of a quadrilateral its 
DrAMETER. The diameters of any two of the quadrilaterals formed by the five 
tangents determine the centre of the conic, and any one of the quadrilaterals gives 
a self-conjugate triangle. For another solution, in which the five points of contact 
are first found, see Lis. I. Sect. v. of the Principia (prop. 27, prob. 19); and see 
Ex. 374 (note), and Besant’s Conic Sections treated Geometrically, Art. 229 (1875). 
It is evident that the diameters of the five quadrilaterals formed by five straight 
lines meet in one point, viz. the centre of the conic touching the five lines, 
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379. In order that the envelope in Ex. 378 may be a 
parabola the ratio of a to the other constants must vanish.* 
Hence shew that the polars of a fixed point with respect to a 
series of confocal conics, and likewise the normals appertaining 
to the tangents drawn to them from that point, envelope a 
parabola touching the axes of the confocals. 


380. If OP and OQ be the tangents from a fixed point O 
to any conic which has two given points for foci, each of the 
corresponding normals is the polar of O with respect to a conic 
having the same foci; and the circle about OPQ passes through 
a second fixed point F, such that CF and CO lie on opposite 
sides of the transverse axis and make equal angles therewith, 


and CF.CO = CS". 


381. A tangent being drawn from an extremity of one axis 
of an ellipse to a coaxal ellipse, find the length of its intercept 
on the otber axis and the ordinate of its point of contact to 
either axis. 


382. Deduce from Ex. 356 that, if a single n-gon can be 
described about a given conic and inscribed in a given confocal, 
any number of n-gons can be so described. 


383. If a triangle can be circuminscribed to two confocal 
ellipses, the straight lines joining the extremities of the axes 
of the outer must pass through the intersections of the tangents 
at the extremities of the axes of the inner ellipse.T 


384. If PQR be a triangle circuminscribed to a pair of con- 
focal ellipses and P' be the point of contact of QE, shew that 
the confocal hyperbola through P passes through P’ and the 





* 'The general condition of Ex. 378 is implied in Ex. 373, and the condition that 
the envelope may be a parabola is inferred from Ex. 183. In what follows, supposing 
h, k to be the coordinates of the fixed point, we see from Ex. 343 (or Ex. 270) that, 
if the enveloping line make intercepts CL and CM on the transverse and conjugate 
axes, h. CL — k. CM = CS?; and consequently that the envelope is a parabola which 

2 2 
makes intercepts and — = on the axes, 

t The proof may be simplified by considering the special case in which a side 

of the triangle is parallel to an axis of the ellipses, The semi-axes a, ὁ and a’, δ’ of 


: , 5 
the outer and inner ellipses are connected by the relation z tg m 
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point diametrically opposite thereto, and that if the outer ellipse 
be regarded as traced by means of a loop PP'P passed round. 
the inner, the loop will be bisected at P’. 


385. The area of an ellipse is a mean proportional to the 
areas of its auxiliary circles. 


386. A quadrilateral can be circuminscribed to two confocal 
ellipses if the common difference of the areas of their major and 
tbeir minor auxiliary circles be equal to the area of the inner 
ellipse; the locus of the pole of any chord of the outer ellipse 
which touches the inner is a circle whose diameter is equal to 
the sum of the axes of the latter; the tangents to the inner from 
any point on the outer ellipse are as the parallel focal chords 
of the latter; the chord joining the ends of a pair of semi-axes 
of the outer touches the inner ellipse and is divided at its poiut 
of contact into segments equal to the semi-axes of the latter. 


387. Prove Fagnani’s theorem, that a quadrant of an ellipse 
can be divided into segments which differ by the difference 
of its semi-axes, the greater segment being that which is termi- 
nated by the minor axis.* 


388. If C be the common centre of an ellipse and a circle 
of equal area, P the point in which the circle meets a quadrant 
AQPB of the ellipse, and CQ be equal to radius conjugate to 
CP; shew that the middle point of the quadrantal arc AB lies 
within the arc PQ. 


389. If a hexagon can be circuminscribed to two confocal 
ellipses, and AP, BQ be the tangents to a quadrant A'B’ of 
the inner from the extremities of the semi-axes CA, CB of the 
outer ellipse, and ῥ᾽ be Fagnani’s point of division of the quad- 
rantal arc AB, shew that 


arc 8 ϱ) — arc A'P= arc BF'— arc AF= CA — CBt 





* The point of contact last mentioned (Ex. 386) divides the inner ellipse in the 
manner specified. For another geometrical proof see Salmon's Conic Sections, Art. 400, 
¢ lf A? = CA? ~ CA" = CB? — τ. and s the tangent at B’ meet the outer 


ellipse in O, it may be shewn that 2 B'0=CA-A; OP=A; AO=CB, ke. 


1 
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390. Any circle through the focus S and the further vertex 
A' of a hyperbola whose eccentricity is two meets the curve 
in three points P, Q, R which determine an equilateral triangle,* 
and conversely the circumscribing circle of any equilateral 
triangle inscribed in a hyperbola whose eccentricity is two passes 
through a focus and the further vertex; the focal vectors SP, 
SQ, SE meet the curve in three other points which likewise 
determine an equilateral triangle; if P be any point on the 
S-branch of the curve the angle A’SP is double of the angle 
SA'P, and if Q be any point on the opposite branch the supple- 
ment of A'SQ is double of the supplement of Sd'Q; any chord 
through S subtends a right angle at A’; the equilateral triangle 
PQR envelopes a fixed parabola having S and the S-directrix 
for focus and directrix; the tangents to the hyperbola at P, Q, R 
form a triangle P'Q'E' inscribed in a fixed hyperbola of eccen- 
tricity four; the tangents to the latter at P’, Q' E' form a 
triangle inscribed in a fixed hyperbola of eccentricity eight, and 
so on continually. 





* This hyperbola— whose directrix bisects SA’—is one of the TRISECTORS (Ex. 308) 
of any circular arc whereof A’S is the chord; and the meaning of the remarkable 
property that PQR is an equilateral triangle is that the problem of bisecting a given 
angle a admits of the three distinct solutions Xa, 4 (2m +a). Since the solution must in 
any case be threefold, it is evident a prior: that it cannot be effected by means of a 
straight line and circle, which can intersect in two points only. All this is fully 
pointed out by BoscovicH in his Sectionum Conicarum Elementa, §§ 274—279. 
NEwTON shewed (Arithmetica Universalis, prob. 36) that the locus of the vertex of 
a triangle on a given base and having one base angle differing from twice the other 
by a constant angle is a cubic curve, which reduces to the hyperbola in question when 
the constant angle vanishes ; and he remarked that (P being a point on the S-branch) 
the angle at .1’ in the triangle .1’5Ρ is equal to ONE THIRD of the exterior angle at P. 


NOTE. 


The undermentioned Examples and others are solved wholly or 
in part in vols. 1-xxix of Jfathematical Questions with their Solutions 
from the EpucationaL Times (London, 1864—78): 

Ex. 79 (vol. xxir); 174, 222, 226 (1); 324 (xxir.); 898 (11); 
331, 832 (111.) ; 334 (xir.); 336 (xir); 838 (xxr.); 339, 840 (xxii ); 
341 (χχτι.); 347, 948 (1v.); 861 (xui ). 
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CHAPTER V. 


THE ASYMPTOTES. 


ὅδ. THE Asymptotes of a hyperbola are two diameters 
equally inclined to the axis and such that, if Æ be any point 
on either of them and CN its central abscissa, then 


EN: CN=CB: CA; 
in other words, the asymptotes are the diagonals of a certain 
rectangle which is determined by the two axes of the hyperbola. 
If any two conjugate diameters meet EN and its prolongation 
in J and M, it follows from Art. 44 and the above relation that 


NL.NM: CN - 68": C432 EN! : ON’; 


and hence that in the limiting case in which the diameter CL 
coalesces with an asymptote CE its conjugate CM coalesces 
with the same, or an asymptote may be regarded as a diameter 
conjugate to itself. 

Two hyperbolas are said to be conjugate when the tranverse 
axis of each is coincident with the conjugate axis of the other; 
thus, the transverse and conjugate axis of a hyperbola being 
AA' and BB’, those of the Conjugate Hyperbola will be BB’ 
and 44’. It is evident that a pair of conjugate hyperbolas 
have the same asymptotes but lie on opposite sides thereof. 


54, Limiting positions of Tangents. 

The asymptotes are so called because, being produced, they 
continually approximate to the curve (Art. 56) but without 
actually meeting it until produced infinitely. We shall shew 
that such lines may be regarded as tangents whose points of 
contact are at infinity. 

The tangent at any point P meets the axis in a point 7 such 
that CT varies inversely as CN the abscissa of P (Art. 39) 
and therefore vanishes when CN is infinite. To determine the 
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position of a pair of tangents which pass through the centre 
of the hyperbola, draw the tangents from S to the Auxiliary 


2 Er 
Y EN 
Circle (Art. 6), and draw the diameters through the points in 
which they meet the S-directrix. The points in question will 
lie on the circle, since the diameter AA’ of the circle is divided 
harmonically at S and X, and the directrix is therefore the 
polar of S with respect to the circle. The tangents to a 
hyperbola from its centre are therefore those diameters which 
pass through the intersections of the directrices with the Auxiliary 


Circle. 
It is easily seen that the said diameters possess the property 


EN : CN S CB: CA, 


and are therefore identical with the asymptotes. 
It is likewise evident that they possess the property, 


CN: CE= Οδ: CA =the eccentricity ; 


and hence that all hyperbolas which have the same (or parallel) 
asymptotes and lie on the same sides thereof are SIMILAR 
conics; and the asymptotes themselves taken together are the 
limiting form to which the curve tends when its axes are 
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diminished indefinitely, and they may be regarded as constituting 
a similar hyperbola.* l 

The hyperbola may be called Acute or Obtuse according 
as the interior angle between its asymptotes is less or greater 
than a right angle; that is to say, according as its conjugate 
axis is less or greater than its transverse axis. In the in- 
termediate case, when they are equal, it is called Rectangular. 

It is easily seen that any two tangents to the same branch 
of the hyperbola intersect within the interior angle between 
the asymptotes and themselves contain a greater angle; and 
likewise that any two tangents to opposite branches contain an 
angle less than the exterior angle between the asymptotes; 
and hence that an obtuse hyperbola can have no real tangents 
at right angles. 


55. «4 construction for the Normal. 
If P be a point on the curve whose ordinate to either axis 
meets the nearer asymptote in Æ, and if the normal at P meet 


the axis in G, then (Art. 48, Cor.) in the case of the transverse 
axis 

'  ON.NG@: ON* = CB": 0A = EN : CN’; 
and therefore ΟΝ. ΝΩ͂! is equal to EN” and the angle CEG is a 
right angle, as may be shewn likewise for the case of the conju- 
gate axis. Hence the following construction for the normal 
at a given point P: 

Let the ordinate of P to either axis meet the nearer asymptote 
in E, and through E draw a perpendicular to CE to meet the 
same axis in G ; then will PG be the normal at P. 

When CN is infinite the normal itself coincides with ZG and 
is perpendicular to the asymptote. 


* Notice in Art. 38 that when SY touches the cirele its diameter through Y 
should be the tangent to the hyperbola; and also that in this case SY = CB = HZ 
Moreover (Art. 14, Cor. 1) the diameter conjugate to C œ must be parallel to the 
tangent at œ, and must therefore coalesce with Co itself. The HYPERBOLA is 
distinguished as the conic which has a pair of tangents whose points of contact are 
at infinity and whose chord of contact is therefore the Straight Line at Infinity 
(Art. 17, Cor. 2); and the PARABOLA is distinguished as the conic to which the 
line at infinity is a tangent, since (Art. 27) SY? = SA.SP = S.4.ST, and therefore 
when SP becomes infinite the tangent TY is removed wholly to infinity. 


THE ASYMPTOTES. 145 


PROPOSITION I. 


56. If a parallel to either axis of a hyperbola be drawn 
through any point on the curve to meet the asymptotes, the product 
of tts segments between the point and the asymptotes will be equal 
to the square of the semi-axis to which it is parallel. 

First let a principal double ordinate PP’ be produced to 
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meet the asymptotes in Æ and E'; then wil PE.PE' or 
P'E.P'E' be equal to CB". 

For by Art. 33 and by a property of the asymptotes, if PP’ 

meet the transverse axis in .N, 
PN’ + CB’: CN*= CB’: CA = EN’: CN’, 
or PN* + ΟΡ'Ξ ΕΝ: 
and therefore 
PE.PE' = P'E. P'E' = EN? ~ PN’ = CB". 

In like manner it may be shewn that CA is a mean pro- 
portional to the segments Pe and Fé’ of a straight line drawn 
through P parallel to the transverse axis to meet the asymptotes. 

Hence it appears that the distance of P (or P") from the 


nearer asymptote varies inversely as its distance from the 
L 
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other, and when the latter distance is increased indefinitely 
the former is diminished indefinitely; the curve therefore as 
it branches out continually approximates to its asymptotes, 
but without actually meeting them at any finite distance from 
the centre. 

It is easy to shew by a reductio ad absurdum that no 
diameter other than CE or CE’ have the above property, 
or in other words, that the hyperbola cannot have more than 
two asymptotes. 


Corollary. 


If PO be drawn parallel to one asymptote E'C to meet 
the other asymptote ÆC, then will PO vary as PE and CO 
as ΡΕ’, and therefore PO.CO (fig. Art. 60) will be constant ; 
and it may be shewn by taking P at the vertex that it 18 
equal to 2 CS* or 2 (CA + CB"). 


PROPOSITION II. 


57. The intercepts on any tangent to a hyperbola between 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter ; and the opposite intercepts on any 
chord between the curve and its asymptotes are equal to one 
another.* 


(i) Let the tangent at P, supposed parallel to the semi- 
diameter CD, meet any two conjugate diameters in Z and L’; 
then by Art. 47 

PL.PL = CD’. 

Hence in the case in which ZL’ coalesces with L and CL 
therefore becomes an asymptote, PL’ is equal to CD’; and in 
like manner, if the same tangent meet the other asymptote in M, 
PM" is equal to CD’. 

Therefore PL — PM -CD. 


* The hyperbola and its Asymptotes being similar conics (Art. 54), the above is 
a special case of Ex. 50. The latter follows at once from Art. 14 since, when 
the direction of CX and the magnitude of CS: CX are given, if the direction of CV 
be assumed that of SV (which is perpendicular to the ordinates of 67’) is determined. 
It is evident that a pair of conjugate hyperbolas also make equal intercepts 
QQ’, qq’ on any chord. i 
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(ii) Next let Qg be any chord of the hyperbola meeting the 
asymptotes in A, r, and let LPM be one of the tangents to 
which it is parallel. 

Then the diameter CP bisects the chord Qg, and from above 
it is evident that it likewise bisects Rr; whence it follows that 


QR =qr, and Qr-gqR. 


PROPOSITION III. 


58. The product of the segments into which any chord of the 
asymptotes is divided by either of the points in which it meets the 
curve 15 equal to the square of the parallel radius. 

(i) Using the same construction as in Prop. rr., let V be the 
middle point of the chord Qg. Then by Art. 34 and by parallels 
(first taking the case in which Q and g lie on the same branch 
of the curve), 


ΩΡ ον": CV*= CD : CP? = PI? CP? 
= RV’: ΟΥ”, 
or QV*+ 0D = Rpy?* 
Hence RQ. Qr = Rq.qr = RV” — QV? = CD’, 


or CD is a mean proportional to RQ and Qr, and to Rg and gr. 
The above proof may be adapted to the case in which Q, q 





* Conversely, if this relation be assumed the point 
of two straight lines which continually approach the cu 
of the asymptotes. 


R must always lie on one 
rve, that is to say, on one 


L2 
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lie on opposite branches of the hyperbola by writing — CP" for 
CD* and — CD’ for ΟΡ". 

(ii) These results may also be deduced as follows from 
Prop. 1. 

From any point Q on the curve draw QRR’ in any given 
direction to meet the asymptotes, and draw QEE' parallel to 





the transverse or the conjugate axis to meet the same. Then 
QR varies as QE and QR’ as QE’, and therefore, QE. QE’ 
being constant, QR. QF’ is likewise constant. 

Supposing 29Η to become a diameter or a tangent, according 
as its direction cuts both branches of the curve or one only, 
we see that QE. QR’ is equal to the square of the parallel 
semi-diameter or of the intercept on the tangent between the 
curve and either asymptote. 


Corollary 1. 

If the tangent at P meet the asymptotes in L, M (fig. 
Art. 60), and if O be the middle point of CL, and OP be there- 
fore parallel to CM, then (Prop. 1. Cor.) 

CL.CM=2C0.2P0= CS’; 
and therefore the area LCM is constant, that is to say, the area 
of the triangle bounded by the asymptotes and any tangent 4s of 
constant area, and it is equal to CA.CB. It is otherwise evident 
that the triangle in question is one-fourth of the conjugate cir- 
cumscribing parallelogram (Art. 46). 


Corollary 2. 
Moreover, if PX be drawn perpendicular to CZ, 
CP*~ PI* = ΟΙ" ~LK*=2C0.20#K; 
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where OK varies directly as OP and therefore inversely as CO. 
Hence another proof that the difference of the squares on two 
conjugate diameters is constant (Art. 45). 


Corollary 3. 


So long as the chord E Qr is drawn in a specified direction 
Qr varies inversely as QE. If the chord be taken constantly 
parallel to the asymptote CM, so that the point r recedes to oo, 
it follows that Qœ varies inversely as QR, or directly as CR; 
and moreover, that if QO be any finite portion of the chord, 
then Oo likewise varies as CE, and the rectangle QO.O œ 
varies as CR.QO. If YOZ be a chord drawn in any other 
specified direction and meeting the chord parallel to the asymp- 
tote in O, then (Art. 16, Cor. 1) OY.OZ varies as QO.O o», or 
as CR.QO; and in the special case in which Q æ is a fixed 
chord O Y.OZ varies as the length QO. 


BCHOLIUM A. 


If the hyperbola be defined as the locus of a point P such that 
if O be its projection upon one of two fixed straizht lines CL, CM 
(the asymptotes) by a straight line parallel to the other, CO.PO=a 
constant c', we may proceed to investigate the properties of the 
curve as follows. 

If LM be drawn in a specified direction through any position of 
the tracing point P, it is evident that PZ. PM is constant, and also 
that in the case in which ZM becomes a tangent it is bisected at its 
point of contact P. In this case CL. CM - 260.290 = 4c’, and the 
triangle CLM is of constant area. It may now be shewn that (with 
the notation of Art. 57) QE -49r; CP bisects Qg and all other 
chords parallel to the tangent at P; QV varies as CV*-CP^; and 
that the difference of the squares of any two conjugate diameters is 
constant (Art. 58, Cor. 2). 

A straight line parallel to either asymptote CM meets the curve 
in one point only, since (figure of Art. 60) if CO be supposed 
constant, CO. ΡΟ vanishes when P is at Ο, and increases con- 
tinuously up to c as P recedes from Ο, and is therefore equal 
to οἳ for one position of P only. Hence at any point P between 
the curve and its asymptotes CO.PO is less than ο. Moreover, 
for any assumed position of the intercept LJ it is evident that 
PL.PM is a maximum, and therefore PO CO is a maximum, when 
PL- PM. Hence at the point of concourse P" of any two tangents 
to the same branch of the curve P'O CO is less than c, and 
P' therefore lies between the curve and its asymptotes, or the curve 
is convex to its asymptotes. 
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Lastly, if the hyperbola be regarded as the envelope of a 
straight line 7,4 which contains a triangle of constant area with 
two fixed straight lines CZ and CM, it may be shewn by the 
following method (which applies also to Ex. 362) that LM is 
bisected at its point of contact. If P be the point of concourse 
of the tangent line in any two positions LM, 7, Μ΄, the areas LPL’ 
and MPM’ are equal, and PZ.PL/ = PM.PM'; and therefore in the 
case in which Z'M' and LM coalesce, PL = PM’, or LM is 
bisected at the point P of the envelope. The hyperbola may also 
be regarded as & special case of the envelope in Ex. 378, which 


makes intercepts = and z upon the fixed tangents, and therefore 
touches them at infinity when b and c vanish. 


PROPOSITION IY. 


59. Any tangent and its normal meet the asymptotes and the 
axes respectively 4n four points lying on a circle which passes 
through the centre of the hyperbola. 

‘The circle whose diameter is the intercept Gg made by the 
axes on any normal passes through the centre, since the angle 
g CG is a right angle. 





Let this circle meet the asymptotes in L, M, and let LM 
meet Gg in P. From any point E in CL draw EN perpen- 
dicular to CG. 


Then 4ECN=GCM= GLP, in the same segment, 
and L CEN — ECg = LGP, in the same segment; 
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and therefore the triangles CNE, LPG are similar, so that the 
angle at P is a right angle, and 
PG: PL=EN: UN= CB: CA. 
Similarly PL: Pg=CB: CA. 
Hence PG : Pg= CB’: CA", 
or P is the point at which Gg is normal to the curve (Art. 52, 
Cor. 2); and LM, which is at right angles to Gg, is the tangent 
at P. 
Corollary. 


From this construction it appears again the tangent LM 
is bisected at its point of contact; and that 
PG: CD=CD: Pg= CB: CA, 


where CD is the semi-diameter parallel to the tangent. 


PROPOSITION V. 


60. The diameters of a hyperbola being regarded as terminated 
αἱ the points in which they meet the curve or its conjugate, 
any two conjugate diameters are the diagonals of a parallelogram 
whose sides are parallel to and are bisected by the asymptotes, 
the tangents at their extremities meet on the asymptotes, and the 
difference of their squares 1s constant. 

(i) From a point Z on either asymptote of a pair of 
conjugate hyperbolas let a tangent be drawn to each, the one 
tangent meeting its curve in P and the second asymptote in M, 
and the other meeting its curve in D and the second asymptote 
in M'. Then will CP, CD be conjugate semi-diameters, and 
PD will be parallel to MM', and will be bisected at the point 
O in which it meets CL. 

For since (Art. 57) the tangent LM is bisected at P, and 
LM' at D, therefore PD is parallel to the asymptote MM', and 
it also bisects CL. | 

Moreover (Art. 56, Cor.), 


PO.CO =} (CA? + CB’) -DO.CO, 


or PO is equal to DO; that is to say, PD ts bisected by the 
asymptote CL. But PD likewise bisects CL, and therefore CD 
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P 


is parallel to the tangent at P and is conjugate to CP. And 
if the parallel tangents touch the curves in P’ and D’, as in 
the diagram, the one will evidently pass through M' and the 
other through M; and P'D will likewise be parallel to one 
asymptote and bisected by the other. 


(ii) Lastly, if PN be the ordinate of P to the transverse 
axis, and if it meet CL in Q, it is easily seen that OQ= OP. 
And in like manner the ordinate DE to the conjugate axis 
meets CL in a point Q such that OQ’ = OD= OP= OQ; that 
is to say, it meets it in the same point Q. 


Hence CQ'— CP'zZQN*— PN’ = CB’, 
and CQ’ - CD’ = ΘΕ’ - DE’ = CA’; 
and therefore CP' - CD’? = CA* — CB’. 


Corollary. 


To describe a pair of conjugate hyperbolas with given 
straight lines CP and CD as conjugate semi-diameters: draw 
CO to the middle point of DP and draw CM parallel to DP; 
then will CM and CO be the asymptotes, and the axes will 
be the bisectors of the angles between them, and the foci will 
be the points in which the axes are cut by a circle whose radius 
CS is a mean proportional to PO and 2C0. 
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SCHOLIUM B. 


CoNJUGATE HYPERBOLAS are by no means to be regarded as 
organically related and together making up one continuous curve; 
but the one is a sort of auxiliary curve to the other, as the circle on 
its major axis is, for example, to the Ellipse. 


(i) The two branches of a single hyperbola are to be regarded 
as constituting one continuous curve as was pointed out on p. 10, 
and as may be further illustrated in the following way. Let the 
hyperbola be considered to be traced by the extremity P of a focal 
vector SP (see fig. p. 145) moving 10und in the direction of the 
hands of a watch from the initial position SA. As SP turns 
through an infinitesimal angle its extremity passes to a consecutive 
point on the curve, till at length by the continuous rotation of the 
focal vector the point P recedes to infinity, SP having become 
parallel to the asymptote CZ: it then passes instantan®ously to 
the opposite position at infinity, that is to say (SP revolving 
gradually as before) the point P passes at once from the extremity 
of the line CH@ to the extremity of the line EC œ: at this 
infinitely distant point the curve crosses its asymptote, and P 
proceeds to trace the opposite branch in the direction φ' 4’, and 
so forth. The two infinitely distant extremities of an asymptote 
or of any straight line may therefore be regarded as consecutive 
points, which likewise results from considering any straight line 
as (1) a circle of infinite radius in its own plane, or (2) as one of 
the great circles of a sphere whose radius has become infinite. 
Carrying on the latter illustration, we see that (since the length 
of a great circle on any sphere is constant) any finite straight line 
in a given plane together with its complement (p. 77) may be 
regarded as making up a constant infinite length; as was implicitly 
assumed in Chap. 1v. Scholium C (p. 102), for if the bifocal pro- 
perty of the hyperbola, 


HP -~SP=AA’, 
be equivalent to Ho P+ SP= 40 4, 
then HP + Hv P=AA'+ 40 4’. 


(ii) It may be useful at this stage to give a conspectus of the 
several ways of viewing those diameters of the hyperbola which 
are not geometrically terminated by the curve. 


a. By introducing the conception of imaginary points we may 
treat the hyperbola as a quasi-ellipse, and ignore the distinction 
between intersecting and non-intersecting diameters of the curve. 


b. If we assign certain real magnitudes to the non-intersecting 
diameters (Art. 34)—arbitrarily, indeed, but in accordance with a 
partial analogy—we may then proceed to shew, (Art. 57) that any 
such diameter is equal to the intercept on the parallel tangent 
made by the asymptotes, and may prove as in Art. 58, Cor. 2 that 
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the difference of the squares of any two conjugate diameters is of 
constant magnitude. 


ο. The non-intersecting diameters may also be treated as ter- 
minated by the conjugate hyperbola, as in Arts. 45 and 60. The 
objection to this mode of treatment is that it not only proceeds 
upon an artificial analogy but tends to obscure the fact of the 
essential continuity and oneness of the two branches of the 


hyperbola. 


d. Another method—very simple in practice, but presenting 
of course the same difficulties at the outset—is to start with the 
Equilateral Hyperbola (some of the properties of which can be 
proved in terms applicable likewise to the circle or Equilateral 
Ellipse) and to transfer the results thus obtained to the general 
hyperbola by the method of Orthogonal Projection. 


(iii) ΑΡΟΙΤΟΝΙύΒ, in Lib. 1. prop. 14 of his Conics, defines the 
two branches of a hyperbola as Opposite Sections (Αντικειμέναι). 
At the end of the same book (prop. 56) he shews, quite indepen- 
dently of the asymptotes, how to construct two pairs of opposite 
sections with one and the same given pair of conjugate diameters, 
and he defines the curves so drawn as Conjugate (Συζυγεῖς). He 
afterwards proves in Lib. 11. prop. 15 that opposite sections have 
the same asymptotes, and in Lib. rr. prop. 17 that conjugate 
opposite sections have the same asymptotes. The term Conjugate 
has also been sometimes applied to the two branches of a single 
hyperbola, as for example in prob. 36 of the Arithmetica Universalis, 
where the words “conveniant ad conjugatam Hyperbolam” refer 
to the further branch. 


EXAMPLES. 


391. The eccentric circle of any point with respect to a 
hyperbola cuts the directrix at two points lying upon radii 
which are parallel to the asymptotes. Trace the hyperbola 
by the method of Art. 4, shewing that the two points in 
which the circle cuts the directrix correspond to the points 
at infinity upon the asymptotes, and the segment of the circle 
beyond the directrix to the further branch of the hyperbola. 


392. The circle described about either focus of a hyperbola 
80 as to bisect the semi-latus rectum cuts the hyperbola at points 
whose focal distances are parallel to the asymptotes; and the 
concentric circle which touches the asymptotes has its diameter 
equal to the conjugate axis. 
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303. Express the eccentricity of a hyperbola as a function 
of the angle between its asymptotes. If the eccentricity and 
two points on the curve be given, and if one asymptote pass 
through a third fixed point in the same straight line with the 
former two, the locus of the centre will be a circle. 


394. If the abscisses upon either asymptote of any number 
of points on a hyperbola be in arithmetical progression, their 
ordinates will be in harmonical progression, and conversely. 


305. The ordinates to either asymptote of the extremities 
of any chord of a hyperbola and the point of contact of a parallel 
tangent are proportionals. 


396. The intercept made by the directrices of a hyperbola 
on either asymptote is equal to the transverse axis. 


397- A hyperbola being regarded as the locus of a point 
whose distance from a given point is equal to its distance from 
a fixed straight line estimated in a given direction, prove that 
the given direction is that of an asymptote. Shew also that 
the straight line drawn from a focus to the nearer directrix 
parallel to an asymptote of a hyperbola is equal to the semi- 
latus rectum and is bisected by the curve. 


398. The distance of any point on a hyperbola from either 
focus is equal to the intercept on either asymptote between the 
ordinate of the point and the corresponding directrix. Hence 
prove in Art. 60 that if S and H be the foci, 


SP.HP= CQ’ - CA’ = CD’. 
Also prove that the difference of the distances of the ends of 


two conjugate radii of a pair of conjugate hyperbolas from their 
nearer foci is equal to the difference of the semi-axes. 


399. Every chord drawn to a hyperbola from a fixed point 
on one asymptote is divided harmonically by that point and a 
fixed parallel to the said asymptote, and is bisected by a fixed 
parallel to the other. 


400. The tangents at the vertices of a hyperbola meet its 
asymptotes on the circumference of the circle of which the 
straight line joining the foci is a diameter. 
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401. For what position of the tangent to a hyperbola is its 
intercept between the asymptotes a minimum ? 


402. The tangent to a hyperbola from the intersection of 
an asymptote with a directrix touches the curve upon a focal 
vector which is parallel to that asymptote. 


403. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between the asymptotes: it also subtends a constant angle at 
the intersection of the corresponding normal with either axis 
of the curve. 


404. Every chord of a branch of a hyperbola which subtends 
at its focus an angle equal to the angle between the asymptotes 
touches a certain fixed parabola. 


405. Find the relation between the intercepts made by any 
tangent to a hyperbola on two fixed straight lines parallel to the 
asymptotes.* If OA and OB be two straight lines given in 
position and AB the intercept which they make on any tangent 
to a fixed conic which touches them, deduce from Ex. 378 that 
the locus of the point P which completes the parallelogram 
OAPB is a hyperbola whose asymptotes are parallel to OA 
and OB; and examine the case in which the fixed conic is a 
hyperbola having its centre at O. Also find the locus of ϱ if 
A and B be the points of contact of the given lines with any 
parabola which likewise touches a third given line. 


406. The chords of intersection of any circle with the asymp- 
totes of a hyperbola are equally inclined to either axis; the 
products of the segments of any two intersecting chords of the 
asymptotes are as the parallel focal chords; and if O be any 





* If ἔ and v be the reciprocals of the intercepts made by a variable straight line 
on two fixed axes, the general condition that the variable line should envelope a conic . 
is that — and v should be connected by an equation of the second degree, This 
system of “tangential coordinates" is fully developed in A Treatise on some New 
Geometrical Methods (vol. 1., 1873) by the late Dr. James Booth, who had also given 
an account of his method in a separate tract published thirty years earlier. His 
discovery had however been anticipated by Prof. Pliicker of Bonn, whose method 
given in Crelle’s Journal, vol. vt. pp. 107—146 (1830), and dated Oct. 1829, is in reahty 
identical with the above. See the obituary notice of Dr. Booth in the Monthly Notices 
of the Royal Astronomical Society, vol. XXXIX. pp. 219—925 (Feb. 1879). 
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point on achord PQ parallel to the radius CD of the hyperbola, 
and L, M the points in which it meets the asymptotes, then 


OL .OM~ OP.OQ= CD’. 


407. The tangent to a hyperbola at P meets one asymptote 
in T and TQ is drawn parallel to the other to meet the curve 
in Q; prove that if PQ meet the asymptotes in L and M, the 
line LM will be trisected at P and Q. 


408. The straight lines joining the points in which any two 
tangents to'a hyperbola meet the asymptotes are parallel; and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact. 


409. If one diagonal of a parallelogram whose sides are 
parallel to the asymptotes of a hyperbola be a chord of the 
curve, the other diagonal will lie upon the conjugate diameter; 
and conversely if the three sides of a triangle be taken as 
diagonals of three parallelograms whose sides are parallel to 
two given straight lines, their other three diagonals will pass 
through the centre of a hyperbola which circumscribes the tri- 


angle and whose asymptotes are parallel to the given lines. 


410. In Art. 39, if CM and CN be the central abscisse of 
the points in which the tangent meet the asymptotes, then 


CV.CT= CM.CN- CP. 


411. If the ordinate of a point on the hyperbola to a given 
diameter be equal to the conjugate semi-diameter, the product 
of the corresponding abscisse will be equal to the square of 
half the given diameter. 


412. Given the asymptotes of a variable hyperbola and a 
line parallel to one of them, if from the point in which it nfeets 
the curve a parallel to the other asymptote be drawn equal 
to either of the semi-axes, the locus of its extremity will be 
a parabola. 


413. If an ellipse and a branch of a confocal hyperbola 
intersect in P and Q, the asymptotes of the hyperbola pass 
through the points on the auxiliary circle of the ellipse which 
correspond to Pand Q. 
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414. A variable ellipse having its centre on a hyperbola and 
touching its asymptotes has in every position the maximum 
area: shew that its chord of contact with the asymptotes will 
envelope a similar hyperbola having the same asymptotes. 


415. A parabola being drawn to touch the axes of a hyper- 
bola at an extremity of each, prove that one asymptote is a 
diameter of the parabola and that the other is parallel to its 
ordinates. 


416. If a parallelogram be formed by drawing two pairs of 
parallels to the asymptotes of a hyperbola, its sides will meet 
the curve at the extremities of two chords which intersect upon 
a diagonal of the parallelogram; and further, if any three 
hyperbolas have their asymptotes parallel, three and three, their 
three common chords will cointersect. 


417. The tangents to an ellipse at P and Q being the 
asymptotes of a hyperbola, prove that a pair of their common 
chords are parallel to PQ, and that if the tangent to the hyper- 
bola at an extremity of one of these chords pass through P the 
tangent at its other extremity will pass through Q. 


418. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are drawn; prove that if 
one of them touch the ellipse the other will touch it, and that 
the diameters through the points of contact will be conjugate. 


419. If from any point P on a hyperbola whose centre is C 
straight lines PM and PN be drawn parallel to and terminated 
by the asymptotes, and if an ellipse be drawn having CM and 
CN for conjugate radii, the direction conjugate to CP will be 
the same in both curves. 


420. Given the base of a triangle and the difference of its 
base angles, or given the base of a triangle one of whose base 
angles is double of the other, it may be shewn that the locus 
of the vertex is a hyperbola. Determine the asymptotes and 
the eccentricity of each by supposing the vertex of the triangle 
to be at infinity. 
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421. If tangents be drawn to a hyperbola from any point 
on the conjugate hyperbola, their chord of contact will touch 
the opposite branch of the latter and be bisected at its point 
of contact. 


422. The four normals to a hyperbola and its conjugate at 
points lying upon a perpendicular to either axis meet one another 
upon that axis, 


423. Find the locus of the centre of. gravity and the locus 
of the centre of the circumscribing circle of a triangle of con- 
stant area contained by one variable and two fixed straight 
lines. 


424. A parabola and a hyperbola have a common focus and 
the asymptotes of the latter touch the former; prove that the 
tangent at the vertex of the parabola is a directrix of the 
hyperbola, and the tangents to the parabola where it meets 
the hyperbola pasa through the further vertex of the latter. 


425. Any two semi-diameters of a hyperbola contain the 
same area with the tangent at the extremity of either. 


426. The asymptotes and any two conjugate diameters of 
a hyperbola divide any straight line harmonically. 


427. The chords joining any point on a hyperbola to two 
given points on the same intercept a constant length on either 
asymptote; and the intercepts on a given parallel to an asymp- 
tote between the curve and two such chords are in a constant 
ratio. 


428. If parallels to the asymptotes of a hyperbola be drawn 
from any point on the curve, any diameter will meet the 
parallels and either branch of the curve in three points whose 
central distances are in continued proportion. 


429. If any two tangents to a hyperbola and their chord 
of contact intersect any parallel to either asymptote, the square 
of the intercept on the parallel between the curve and the chord 
of contact will be equal to the product of its intercepts between 
the curve and the tangents. 
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430. On a straight line drawn in a given direction to meet 
the three sides of a triangle a point is taken whose distances 
from the three sides are in continued proportion; prove that the 
locus of the point is a parabola or a hyperbola touching the 
two sides from which the extremes are measured at the extre- 
mities of the third side. 


431. On a straight line drawn through a fixed point C to 
intersect two given straight lines a length CD is estimated 
a mean proportional to the intercepts between the fixed point 
and the two points of section; prove that the locus of D is 
a hyperbola whose asymptotes are the parallels through C to 
the fixed lines. 


432. A diameter of a parabola and the tangent at its 
extremity being taken as the asymptotes of a hyperbola, what 
are the magnitudes to which the ordinate and abscissa of their 
point of concourse with respéct to that diameter are a pair 
of mean proportionals? Conversely shew how to find a pair 


of mean proportionals to two given magnitudes. 


433. The intercept on any parallel to an asymptote of & 
hyperbola (or to the axis of a parabola) between any point upon 
it and the polar of that point is bisected by the curve. 


434. The intercept made upon any straight line through 
either vertex of a hyperbola by parallela drawn to the asymp- 
totes through the other vertex is bisected at the point in which. 
the straight line meets the curve again; the locus of the middle 
point of the intercept made upon any straight line through 
a fixed point by two given straight lines is a hyperbola to 
whose asymptotes they are parallel; and further, if the latter 
intercept be cut in any other constant ratio,* the locus of the 
point of section will still be a hyperbola. In what case will 
the eccentricity of the locus be independent of the ratio in which 
this intercept is divided ? | 

435. If Q be a point on a hyperbola and N a point on 
the nearer asymptote, and if QE be drawn parallel to that 


* See the Arithmetica Universalis, prob. 25. 
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asymptote to meet the diameter conjugate to QN in E, then will 
the area of the quadrilateral CE QN be equal to half the triangle 
cut off by any tangent from the asymptotes; and if the diameter 
parallel to QN meet QE in F and QJ be drawn in the conjugate 
direction to meet the same asymptote in J, the quadrilateral 
CIQF will have the same constant magnitude. 


436. If O be any point in a chord QQ of a hyperbola 
parallel to the tangent at P and CE an asymptote meeting that 
tangent in Æ, and if QE and OT be drawn parallel to the 
asymptote to meet the diameter which bisects the chord, prove 
that 


QO.OQ' : PE’ = quadrilateral QE TO : triangle CEP. 


437. If P be any point on a hyperbola and CD be con- 
jugate to CP, shew that a pair of straight lines PE, PF drawn 
parallel to the axes or to any other pair of conjugate diameters 
meet CD in points Æ and F such that 


CE.CF- CI, 


438. A parabola which has an asymptote of a hyperbola for 
one of its diameters meets the hyperbola in general in three 
points such that the ordinates of two of them to that diameter 
are together equal to the ordinate of the third. 


439. From any point P on a hyperbola a parallel is drawn 
to one asymptote to meet the other in M, and an ellipse is 
drawn through P and M having its diameter which bisects PM 
parallel to the latter asymptote and in a constant ratio to its 
conjugate diameter, viz. in the ratio of PE to PM, where PE 
is a perpendicular to the latter asymptote; prove that the ellipse 
meets the hyperbola again in three points such that the distances 
of two of them from the latter asymptote are together equal to 
the distance of the third point from the same.* 


440. If two ellipses touch a hyperbola and have its asymp- 
totes for conjugate diameters, any straight line whose pole with 


* For Examples 425, 435—9 and others see De la Hire's Sectiones Conice, libb. Iv., v. 
The references are given in detail in Walton's Problems in illustration of the principles 
of Plane Coordinate Geometry, pp. 276—292 (CAMBRIDGE, 1851). 
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respect to one of them lies on the hyperbola has it pole with 
respect to the other on the hyperbola. 


441. If ABCD be a convex quadrilateral, and AD be pro- 
duced to K and BC to L so that KL may be parallel to AB, 
then will DZ and CK be parallel to the asymptotes of a certain 
hyperbola described about the quadrilateral; and if aB@, BCy, 
yD, δα be the sides of a parallelogram and be parallel to 
the asymptotes, the straight lines drawn from a, 8, y, ὃ to 
bisect AB, BC, CD, DA respectively will cointersect at the 
centre of the hyperbola. 


442. If an ellipse pass through the centre and have its 
foci on the asymptotes of a hyperbola, and if the hyperbola 
passes through the centre of the ellipse, the axes of each curve 
are a tangent and normal to the other, and the two axes which 
are normals are of equal length. 


443. If a diameter be taken at right angles to one asymp- 
tote of a hyperbola and parallels be drawn to the other 
asymptote from its extremities, any two supplemental chords 
from those points will make intercepts whose difference is 
constant upon the parallels. 


444. The axes of the two parabolas which have a common 
focus and pass through two given points are parallel to the 
asymptotes of the hyperbola which passes through the common 
focus and has the given points for foci. 


445. Any circle which touches both branches of a hyper- 
bola makes an intercept equal to the transverse axis on either 
asymptote; the tangents to it where it meets the asymptotes 
pass through one or other of the foci, and those which pass 
through the same focus contain a constant angle equal to the 
angle between the asymptotes; and two of the chords of inter- 
section of the circle with the asymptotes are tangents one to 
each of two fixed parabolas whose foci are at the foci of the 
hyperbola. 

446. If two conjugate diameters of a hyperbola be equal, 
every two conjugate diameters must be equal and the asymp- 
totes must be at right angles. 
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447. If two parallel chords of a conic meet any tangent 
to the same in 7' and ¢, and if any straight line meet the 
chords in O and o and the tangent in L, then 


OT: ot= OL: oL. 


Hence shew that the ratio of any two infinite parallel chords 
of a conic is finite, being a ratio of equality in the case of 
the parabola, and being equal to the ratio of the distances 
of the chords from the parallel asymptote in the case of the 
byperbola.* 


448. From two points O and o parallels are drawn to the 
asymptotes of a hyperbola, the parallels to one asymptote 
meeting the curve in M and m and the parallels to the other 
meeting the curve in N and n; shew that if 


ΟΜ: ON —om : on, 


the points O, o must lie either on one diameter or on a pair of 
conjugate diameters. 


449. Prove by the Cartesian method or otherwise that if 
CA, CB and Ca, CB be semi-axes of a fixed and a variable 
confocal ellipse respectively, P a point of contact of the latter 
with an ellipse drawn through the four extremities of the axes 
of the former, and PN the principal ordinate of P, then 


CN: PN 2 CA.Ca : CB.CB. 


Deduce that the locus of P is a hyperbola; and likewise deter- 
mine its foci and asymptotes by considering special cases of 
the theorem. 


450. Every ellipse drawn through the four extremities of 
the axes of a given ellipse is cut orthogonally by a hyperbola 
confocal with the given ellipse and having its equal. conjugate 
diameters for asymptotes.T 





* See the notes on Geometrical Evaluations by R. W. Genese, M.A., in the 
Messenger of Mathematics, vol. 1v, pp. 154—6 (1876). 
t See Wolstenholme's Mathematical Problems, No, 1182 (ed, 2, 1878). 
M2 
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451. Pind ihe locus of a point whose polar with respect 
to a conic cuts off a constant area from the space between two 
given conjugate diameters; and find the envelope of the polar 
of a point whose ordinates cut off a constant parallelogram from 
the same. 


452. Having given the asymptotes of a hyperbola and a 
point on the curve, determine its foci and directrices. 


453. Having given a focus and two points of a hyperbola 
and the direction of one of its asymptotes, or having given a 
focus and one point and the directions of both asymptotes, 
shew how to construct the curve.* 


454. Given the centre of a hyperbola and three points on 
the curve, determine the directions of its asymptotes. 


455. Having given the centre of a byperbola and a self- 
conjugate triad, determine the directions of its asymptotes. 


456. Having given four points and the eccentricity of a 
hyperbola, or four points and the direction of an asymptote, or 
three points and the direction of an asymptote and the eccen- 
tricity, shew how to construct the curve. 


457. Jf three straight lines be drawn from three given 
poles and two of their intersections lie on fixed directrices, 
their third intersection will trace a curve of the second order. 
By the above system of radiants or otherwise describe a 
hyperbola having given one asymptote and three points or the 
directions of both asymptotes and three points on the curve. 


* Five data in general determine a conic, An asymptote is equivalent to two 
data, viz. to a tangent ahd its point of contact or two coincident points on the curve: 
having given the direction only of an asymptote we have one of the two points at 
infinity on the curve: a focus will be seen to be equivalent to two conditions. 
Compare the note at the end of Salinon's Conic Sections, ‘On the Problem to describe 
a Conic under Five conditions.” 

t See Leslie’s Geometry of Curve Lines, Book 11. props. 10, 21, 22. 
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458. Having given four points on any conic and one point 
on its director, or having given four tangents to an equilateral 
hyperbola, shew how to construct the curve.* 


459. The area of the sector of a hyperbola made by joining 
any two points on it to the centre is equal to the segment 
cut off from the space between the curve and its asymptotes by 
the ordinates of the same two points to either asymptote; any 
other two ordinates in the same ratio as the formerTf cut off an 
equal segment; and the segment cut off by any two ordinates 
is bisected by the ordinate which is à mean proportional to 
them. Prove also that if two equal hyperbolas have two of 
their asymptotes coincident and the other two parallel, any 
parallel to their common asymptote will cut off from the space 
between two adjacent branches produced to infinity an area 
equal to the parallelogram contained by the said parallel and 
the three asymptotes. 


46ο. If O, P, Q, E... be any number of points on a branch 
of a hyperbola whose abscisse CK, CL, CM, ΟΝ... on either 
asymptote are in continued proportion, the hyperbolic sectors 
OCP, OCQ, OCR... will be in arithmetical progression, and 





* The first case of Ex. 458 may be made to depend upon the second by recipro- 
cating the conic with respect to the point on its director, as is done in GASKIS'8 
The Geometrical Construction of a Conic Section sulyect to Five Conditions of passing 
through given points and touching given straight lines, deduced from the properties 
of Involutien and Anharmanic Ratio, with a variety of general Properties of Curves of 
the Second Order, p. 53 (Cambridge, 1852). It is in this very able tract that the term 
DIRECTOR seems to have been first used to denote the locus of intersection of tangents 
at right angles to a conic. The term is defined on p. 26, and in the Preface we read : 
“ By a well known property of conic sections, the locus of the point of intersection 
of two tangents at right angles to one another is in gencral a circle concentric with 
the conic section, and when the curve is a parabola the locus is the dircctrix. There 
are several remarkable properties of this locus which, as far as the aythor is aware, 
have not been hitherto noticed, and he has found, it convenient to denominate it the 
DIRECTOR of the conic section, which in the case of the parabola coincides with the 
directrix." 

1 It is easily seen that the four ordinates to either asymptote o* the : xtremities 
of any two parallel chords are proportionals, and that the ordinate of the point of 
contact of any tangent is a mean proportional to the ordinates of the extremities of 
any parallel chord. 
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the segments OKLP, OKMQ, OKNR... will be in arithmetical 
progression. Given any three terms of a geometrical series 
and the logarithms of two of them, shew how to determine 
geometrically the LOGARITHM of the third.* 


* For the first part of Ex. 460 see GREGORII A. S. VINCENTIO Opus Geome- 
tricum Quadrature Circuli et Sectionum Coni, lib. v1. prop. 125, p. 594 (Antverpise, 
1647), and his Opus Geometricum Posthumum ad Mesolabium, prop. 24, p. 252 (Gandavi, 
1668). The second part may be solved by taking hyperbolic segments in arithmetical 
progression to represent the logarithms of a corresponding series of abscissze which are 
in geometrical progression, as was shewn by Alf. Ant. de Sarasa in a tract published 
(Antv. 1649) in vindication of Greg. de St. Vincent against some aspersions of 
Marinus Mersennus. Logarithms may also be represented by the “residual arcs” of 
a parabola (Booth's New Geometrical Methods, vol. 1. p. 293). 


( 167 ) 


CHAPTER VI. 


THE EQUILATERAL HYPERBOLA. 


61. The Equilateral Hyperbola is a hyperbola whose latus 
rectum is equal to its axis or latus (transversum ;* it is also 
called Rectangular since its asymptotes are at right angles. 
This curve and the circle, which is an equilateral ellipse, may 
be together designated the Equilateral Contes. 

The properties of the equilateral hyperbola may for the most 
part be derived from those of the general hyperbola by equating 
its axes to one another and to the latus rectum, or by sup- 
posing the angle between its asymptotes to become a right 
angle; but since several of the special results thus obtainable 
may also be proved independently with peculiar ease, some of 
them in terms equally applicable to the circle also, we shall 
here treat the hyperbola in question to a great extent ab initio, 
leaving it to be shewn in the sequel how certain of the 
properties of the equilateral conics may be transferred to central 
conics in general by the method of Orthogonal Projection. 


62. The latus rectum being supposed equal to the axis, 

it follows from Art. 33 that 
PN’ = AN. £ N= ΟΝ"-- C4’, 
which will however be proved independently in Art. 63. 

The axes being equal, the radius of the director circle 
vanishes (Art. 40), or the equilateral hyperbola has no tangents 
at right angles except its asymptotes. Again, it follows from 
Art. 45 that every diameter is equal to its conjugate, which 
leads to many further simplifications; but in this chapter we 


* In other words, this hyperbola is called equilateral because the sides of the 
FIGURE upon its axis (Schol. A, p. 82) are equal. 
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shall commence by defining any diameter which does not meet 
the curve as equal in length to its conjugate, in pursuance 
of the analogy between the equilateral hyperbola and the 
circle or equilateral ellipse. 

It is to be noted at the outset (Arts. 35, 54) that the eccen- 
tricity of the equilateral hyperbola is the ratio of the diagonal 
to the side of @ SQUARE, that the foot X of the directrix bisects 
CS, and that 

4 CS* = 64”Ξ20Χ”Ξ2ΡΧ". 


PROPOSITION I. 


63. The principal ordinate of any point on an equilateral 
hyperbola is a mean proportional to its abscisses. 

If X be the foot of the S-directrix and therefore the middle 
point of CS, and if PN be the principal ordinate of any point 
P on the curve, then 


PN?’ + SN? = SP'—2NX', 
and ON? + SN*=2CX*42NX?; 


2 e 


eu 


therefore CN* ~ PN’ =20X* = 0A}, 
or PN* is equal to ΟΝ’ -C£ or ΑΝ, A'N, 
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It is further evident from the figure that if Pn be an ordinate 
to the conjugate axis, 


P»! = Cn’? + CA’, 
as might also have been inferred from the consideration that the 
square of the conjugate semi-axis is — 04", 


PROPOSITION II. 


64. Any two conjugate diameters of an equilateral hyperbola 
make complementary angles with either axis and make equal 
angles with either asymptote. 


(i) If V be any point on the directrix and SZ be at right 
angles to SV, it is evident that CV and SV are equally 
inclined to the axis and CV and SZ make complementary 
angles with the axis. The proposition then follows at once 
as a special case of Art. 14; it may also be proved inde- 
pendently as below. 

(ii) Let Q and q be any two points on the curve, QM and 
qm their principal ordinates, O the middle point of Qq and 
OL its ordinate, qK a parallel to the axis meeting QM in K, 
and η the point in which Qg meets the axis. 

Then since QM*-- CA* is equal to CM” and qm' - CA? 
to Cm’, 


Q 





therefore OM ~ qm? = CM* ~ Cm, 
or QM~ qm : CM 4 Cn 2 CM~ Cm: QM + gm; 
that is to say, 
20L:2CL=qK: QA, 
or the angle OCL is equal to the angle 7 QK. 
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Hence if the chord Qg be parallel to a fixed diameter, the 
locus of its middle point O will be a second fixed diameter, 
and the inclinations of the two diameters to either axis will 
be complementary, and their inclinations to either asymptote 
will therefore be equal, and conversely. 


Corollary 1. 


It is evident that any two diameters which are either 
conjugate or at right angles must lie on opposite sides of an 
asymptote, and therefore that one of the two and one only 
meets the curve. It is likewise evident that if two equal 
diameters be taken on opposite sides of either axis, the one 
will be equal and at right angles to the conjugate to the other, 
and conversely that any two diameters at right angles are equal. 


Corollary 2. 


If the normal at P meet the axes in G and g and the 
conjugate diameter in F, it is evident that POG is an isosceles 


σ a 


triangle having each of its angles at C and G' complementary 
to FCG, and hence that PG = PC- Py, or P is in this case 
the centre of the circle of Art. 59. Hence or by Art. 45, Cor. 1 
the normal is also equal to CD. 


Corollary 3. 


The angles between any two diameters or chords are equal to 
the angles between the diameters conjugate thereto. For example, 
if PQ and PQ’ be any two chords drawn from the same point P 
on the curve and P'Q and P'Q' be the chords supplemental 
to the former from the further extremity P’ of the diameter 
through P, the angles between the former will be equal to 
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angles between the latter (Art. 44), or any chord QQ' of an 
equilateral hyperbola subtends at the extremities of any diameter 
PP" angles which are either equal or supplementary. It will be 
seen that the angles subtended are supplementary when the 
diameter and the chord intersect WITHIN the curve (as in the 
figure of Prop. Iv.) and equa! when they intersect WITHOUT 
the curve. 


Corollary 4. 


The locus of the centre of an equilateral hyperbola circum- 
scribing a given triangle 4s its nine-point circle, since the 
diameters to the middle points of its sides contain two and two 
the same constant angles as the sides to which they are 
conjugate.* More generally it may be shewn that the circum- 
scribed circle of any self-conjugate triangle passes through the 
centre, since the diameters to its angular points are conjugate 
to the directions of its opposite sides. 


PROPOSITION III. 


65. The projections of any two conjugate semi-diameters upon 
the axes are alternately equal to one another, and the triangle of 
which they are adjacent sides is of constant area. 

(i) If CP and CD be conjugate semi-diameters, and PN 
and DR be principal ordinates and Dn an ordinate to the 





* Since each side and its perpendicular constitute a hyperbola (Art. 54), their 
intersections belong to the above locus: hence a fresh proof that the feet of the 
perpendiculars lie on the circle which bisects the sides, 
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conjugate axis, we have to shew that Cn or DE is equal to CN 
and that CÈ is equal to PN; which follows at once from the 
equality of the radii CP, CD and of the angles PCN, DCn 
(Prop. 11.). 

Hence also by Prop. 1., 

CN” — CR? = DR’ — PN* = CN’ — PN*= CA’. 
(ii) The triangles DCR and PCN being equal, therefore 
A(DCR+ DOP-— COR) =PCN+ DOP- COR, 
or APCD = DRNP=}(CN+ CRY(CN- Ch) 
=404'; 

which is an equivalent of the theorem that the conjugate 
circumscribing parallelogram of an equilateral hyperbola is 
equal to 4 C.A* (Art. 46). 


PROPOSITION ΙΤ. 


66. The base of a triangle and the sum or difference of its 
base angles being given, the locus of its vertex 4s an equilateral 
conic.* 

(i) If the base and the sum of the base angles of a triangle 
be given, the third angle is constant and the locus of the vertex 
is a circle. 

(ii) Let P'CP be a fixed diameter of an equilateral hyper- 
bola, V any point in CP produced, and @ any point on the 
curve. ‘Then since QP and ΩΡ’ are supplemental chords, 
the sum of the acute angles which these make with the 
axis is equal to a right angle (Prop. 11), and the sum of 
their inclinations to the fixed diameter PP’ is therefore 
constant. 

The latter constant is at once seen, viz. by removing Q 
to infinity, to be equal to twice the angle which the mearer 
asymptote makes with PP’. 


* This proposition forms prob. 35 of the Arithmetica Universalis, and was sug- 
gested by Eucl. 111. 21, as is shewn by the preamble: “ Ubi angulus ad verticem, sive 
(quod perinde est) ubi summa angulorum ad basem datur, docuit Euclides locum 
verticis esse circumferentiam circuli; proposuimus igitur inventionem loci ubi 
differentia angulorum ad basem datur. NEWTON also stated the corollary given 
above in the text for the case in which the subtended angles are equal. 
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It follows that the angle at P or its supplement, in the 
triangle QPP', exceeds the angle at P' or its supplement by a 
constant quantity; and conversely, that if the base PP’ of 
a triangle be given and the angle at P or its supplement 
exceed the angle at P' or its supplement by a constant quantity, 
the locus of the vertex Q of the triangle will be an equilateral 
hyperbola whereof PP' is a diameter, as was to be proved. 


Corollary. 


Hence it may be deduced that the angles which any 
chord of an equilateral hyperbola subtends at the extremities 
of any diameter are either equal or supplementary, as was 
shewn independently in Art. 64, Cor. 3. 


PROPOSITION V. 


67. At any point of an equilateral hyperbola the ordinate 
to any diameter which meets the curve is a mean proportional 
to the abscisses on that diameter. 

Let QV be the ordinate of any point @ on the curve to the 
diameter PP’; then since the directions of PV and QV and 
likewise the directions of PQ and P'Q are conjugate, the 
angle PQV is equal to QP'V (Art. 64, Cor. 3), and the triangles 
PQV and QP'V are similar, so that 


PV:QVz QV:P'F; 
therefore OV? is equal to PV.P'V or CV? — CP”, 
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By changing the sign of ΟΡ" we obtain the corresponding 
property, viz. 
QV'-CV*4CP*, 


of a diameter which does not meet the curve in real points. 


PROPOSITION VI. 


68. The product of the segments of any chord drawn through 
a fixed point to an equilateral hyperbola varies as the square of 
the parallel radius. 

Let QQ' be any chord drawn through a fixed point O and 
V the middle point of QQ’, and let CP be the semi-diameter 
parallel to the chord, g the point in which CO meets the curve 
or the conjugate rectangular hyperbola, and qv the ordinate of 
q to the diameter CY. 

Then by Prop. V., taking for example the case in which 
CP and Cq are terminated by the curve, 





QV*—COP*:qv'-CP* ZCV* : Cv’ =OV": qv. 
Hence OV* — QV*+ CP’: CP’ = ΟΥ”: q= CO : σα, 
which is a constant ratio since O and q are fixed points. 
It follows that OV* — QV” or OQ.OQ' varies as CP", and 


if ROR’ be any second position of the chord and CP' the radius 
parallel thereto, 


0Q.0Q :OR.OR'2OP*:CP", * 
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PROPOSITION VII. 


69. If an equilateral hyperbola circumscribes a triangle tt 
passes through its orthocentre, and conversely ;* and every conic 
which passes through the four points of concourse of two egui- 
lateral hyperbolas is itself an equilateral hyperbola. 

If ABC be any triangle and AD one of its perpendiculars, 
any equilateral hyperbola which circumscribes the triangle will 
have its diameters parallel to 4D and BC equal to one another. 





B D C 


The hyperbola therefore meets AD again in a point O 


such that 
AD.DO=BD.DC; 


that is to say, it passes either through the orthocentre of the 
triangle or through the point in which 4D produced meets its 
circumscribing circle. 


* This theorem was derived from Pascal's hexagram in a memoir by MM, BRI- 
ANCHON et PONCELET contributed to Gergonne’s Annales (tome ΧΙ. pp. 205—220) 
at the commencement of the year 1821, under the title: Recherches sur la détermination 
d'une Hyperbole Equilatére, au moyen de quatre conditions données—viz. thus. Let a 
hyperbola be described through 4, B, C, and the orthocentre Ο, and let Ε and F 
be the two points at infinity on the curve; let H, 7, K denote the three points of 
concourse (AB, OE), (EF, CB), (AF, CO); then HIK is a straight line parallel to BC 
(since J is at infinity) or perpendicular to 40, whence it readily follows that H is the 
orthocentre of the triangle 40K and that OE the direction of one asymptote is at 
right angles to AK or OF the direction of the other, The remainder of Prop. VII, 
follows independently from the fact that by adding together two equations of the 
form a (z? — y?) + bx + cy + d — 0 we arrive at a third equation of the same form: 
the property of the orthocentre of any triangle is a special case of this latter theorem 
(Art. 54). See Prof. Cayley's Note on the Rectangular Hyperbola in the Oxford, 
Cambridge, and Dublin Messenger of Mathematics, vol, 1. p. 77 (1862). 
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But it cannot pass through the latter point, for if so AD and 
BC would be equally inclined to its axes (Art. 16, Cor. 2) and 
parallel to its asymptotes, and either B or C would be at infinity : 
it therefore passes through the orthocentre. 

Conversely, any conic which passes through the three angular 
points and the orthocentre of a triangle must be an equilateral 
hyperbola. 

Moreover, if three of the points of intersection of any two 
equilateral hyperbolas be taken as the vertices of a triangle, 
both curves will pass through its orthocentre; and therefore 
every conic through their four points of concourse must likewise 
be an equilateral hyperbola. 

From this proposition it is manifest that when three points 
of an equilateral hyperbola are given a fourth can be found; 
and hence that when four points are given the curve is in 
general determined. 


Corollary. 


If BAC be aright angle, the points A and O coalesce and 
AD touches the curve at A. Hence the tangent at any point 
A on an equilateral hyperbola may be determined by drawing 
any two chords AB and AC at right angles and drawing AD 
perpendicular to BC. If 4 bea fixed point, BC is constantly 
parallel to the normal thereat.* 


PROPOSITION VIII. 


70. The product of the distances from the centre at which any 
tangent and the ordinate of its point of contact to any diameter 
meet the same is constant ; and the product of the intercepts on 
any tangent between the curve and any two conjugate diameters is 
equal to the square of the parallel radius. 


(i) Let the tangent at Q meet any diameter CP in T, and 
let QV be an ordinate to that diameter. f 

Then since CP and CQ are conjugate to QV and QT 
respectively, they contain equal angles (Art. 64, Cor. 3), so that 


* The fixed point on the normal (Ex. 279) through which BC passes is otherwise 
seen to be at infinity since when AB and AC are parallel to the asymptotes BC 
becomes the straight line at infinity. 
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CV: QV= QV: VT. 
Therefore CV.O0T=C0V*~ OV.VT= CV'~ QV? 
= CP”. 
(ii) If the tangent at Q makes intercepts CT and Ct on any 
two conjugate diameters, it may be shewn in like manner that 


QT: CQ=CQ: Qt, 
or ϱ1.οι- CQ = 0D, 
where CD is the radius conjugate to CQ. 


SCHOLIUM. 


An excellent machine for describing any number of Recrax- 
GULAR ἨΥΡΕΕΒΟΙΑΒ having the same asymptotes was constructed 
by Mr. H. H. S. Cunynghame, of St. John's College (1873), on the 
following principle. Let a fixed straight line meet the axis of a 
rectangular hyperbola at right angles in 77; from any point P on 
the curve draw PM and PN perpendicular to the fixed line and the 
axis; and on CH produced take HO equal to CA. Then 


0M 1 PM= CN + PA- CH; 


and conversely if O be a fixed point and MP a variable perpen- 
dicular to the fixed line HM, then provided that the length OMP 
is constant the point P will describe a rectangular hyperbola, and 
its centre C, which is determined by taking 77C equal to OMP, 
will be endependent of the distance OH. The machine itself consists 
of a fixed bar HM and a sliding cross bar placed in a horizontal 
plane: a string fixed at O is kept stretched by a weight in the 
direction OMP: and a pencil attached at a point P to the string 
traces an arc of a rectangular hyperbola by the motion of the 
cross bar. By varying the length OH any number of rectangular 


N 
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hyperbolas having the same asymptotes can be traced with the 
same length of string. 

In a note On the Mechanical Description of the Cartesian, by J. 
Hammond, Bath, England (American Journal of Mathematics, pure 
and applied, vol. 1. no. 3, p. 283, 1878), the following, applicable to 
the Ἡσρεβποιια, is given. Suppose two thin circular discs 4 and 
B rigidly attached to each other to rotate about their common 
centre, and suppose the opposite ends of a fine string (which passes 


P 





through small rings at C and D and is kept stretched by the point 
of a pencil at P) to be unwound from the two discs. Then will the 
increments of the lengths CP and DP be as the radii a and 5 of the 
discs, and P will describe a curve having the property 


α. DP —5.CP - a constant, 


which becomes a hyperbola when the discs are equal. If one end 
of the string be wound on to its disc whilst the other is unwound 
the curve traced will have the property 


a. DP t b. CP- a constant, 


and will become an ellipse when the discs are equal. 

The mechanical description of the ellipse by the property of 
Ex. 219 was effected by Guido Ubaldi,* who was considered to have 
made an important discovery; but the property is mentioned by 
Proclus (on Eucl. 1. def. 4) as was remarked in the first volume 
of the ZErariwn Philosophie Mathematica, auctore Mario Bettino, 
Lib. 1. pp. 38—45 (Bononie, 1648). 


EXAMPLES. 
461. Trace the locus of the middle point of a straight line 
which cuts off a constant area from a corner of a square. 


* Quidiubaldi Planisphaertorum | Universalium Theorica, Lib, 11, end (Pisauri, 
1579). 
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462. Place in a rectangular hyperbola a chord which shall 
be equal to and be bisected by a diameter of given length. 


463. The chords connecting the ends of a fixed diameter 
of a circle and of any double ordinate of the same intersect 
upon an equilateral hyperbola. 


464. In the rectangular hyperbola the diameter conjugate 
to the normal at any point is at right angles to the diameter 
through the point; any two diameters at right angles bisect 
chords at right angles, and conversely; and any chord sub- 
tends equal or supplementary angles at the extremities of 
a perpendicular chord. 


465. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle is upon the inscribed circle of the 
triangle, and the centre of the circle is on the hyperbola. 


466. The tangents drawn from opposite foci of a hyperbola 
to any circle which touches both branches intersect upon one 
of two rectangular hyperbolas, each of them having one asymp- 
tote in common with the original hyperbola and having the 
line joining the foci of the latter for a diameter; and these 
two rectangular hyperbolas will coalesce if the original hyper- 
bola be rectangular. 


467. If two points P and Q move with equal velocities 
along the arms AB and BC of a right angle, the one starting 
from A and the other simultaneously from B, and if AA’ be 
drawn equal to AB and in the direction opposite to BQ, shew 
that A’P and AQ intersect upon a branch of a rectangular 
hyperbola, and determine its centre and asymptotes. 


468. 'The circles described upon the six common chords of 
any two rectangular hyperbolas as diameters cut one another 
orthogonally in opposite pairs. 


469. If a parallel to either asymptote of a rectangular 
hyperbola meet any principal double ordinate PQ in O and 
the curve in R, shew that 

AOCK=}t0P.09Q. 
N2 
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470. Of two chords at right angles or conjugate in direction 
in an equilateral hyperbola one and one only is a chord of a 
single branch. Explain the apparent failure of the proof of 
Art. 16, Cor. 2 which arises from the equality of diameters which 
are conjugate or at right angles in the equilateral hyperbola ;* 
and shew that no circle can intersect the curve or its asymptotes 
at the extremities of a pair of chords which are parallel to two 
such diameters. 


471. The foci of an ellipse being situated at any two diame- 
trically opposite points of a rectangular hyperbola, shew that 
the tangents and normals to the ellipse at the points in which it 
meets the hyperbola are parallel to the asymptotes of the latter; 
and shew that the tangents to the ellipse from any point of the 
hyperbola are parallel to conjugate diameters of the latter. 


472. If CA be a semi-axis of a rectangular hyperbola, and 
a perpendicular CY be drawn to the tangent at P, the triangles 
ACP and ACY will be similar. 


473. Prove that the feet of the perpendiculars of any triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle; and shew that the same result 
may also be deduced from Example 76. 


474. Given a chord of an equilateral hyperbola and the 
polar of a given point on the chord, shew how to determine 
two other points on the curve.t 


475. The circle described on the line joining the foci of an 
equilateral hyperbola as diameter meets the asymptotes at points 
lying upon the tangents at the vertices; and the circle described 
about any point on the conjugate axis as centre so as to pass 


* It is only in accordance with a convention which is not strictly accurate that 
such diameters are said to be equal. See Chap. 1v, Scholium C, p. 101. If ABC be 
a triangle simultaneously inscribed in a circle and an equilateral hyperbola, and if 
the perpendicular from A to BC meet the circle in D, the hyperbola in E, and BC 
itself in F, then FB. FC = FA. FD- — FA. FE. 

t On the given chord 4B as diameter describe a circle cutting the polar of the 
given point O in X and Y ; then will the points (4X, BY) and (AY, BX) be the 
extremities of the chord through O at right angles to 4B. 
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through the vertices meets the curve again at the extremities 
of one of its own diameters. 


476. If PQ and P'Q be any pair of supplemental chords of 
a rectangular hyperbola, and if the tangent at Q and its ordinate 
to PP' meet that diameter in 7' and V, shew that the bisectors 
of the angle PQP' are parallel to the asymptotes, the segments 
CP and TP" subtend equal angles at Q, and the circle around 
CQT touches QV. Shew also that any chord subtends supple- 
mentary angles at its pole and the centre of the curve, and that 
the inclinations of any two tangents to their chord of contact 
are equal or supplementary to the angles which they subtend 
at the centre. 


477. if a conic pass through the centres of the four circles 
which touch the sides of a triangle it must be a rectangular 
hyperbola, and its centre will lie on the circumscribed circle of 
the triangle. 


478. The foci of all the ellipses which can be inscribed in a 
given parallelogram lie on a rectangular hyperbola passing 
through its four vertices. 


479. The lines connecting the extremities of any two chords 
drawn through a focus parallel to conjugate diameters of an 
equilateral hyperbola pass through fixed points on the asymptotes. 
Examine the cases in which the focal chords coalesce or are 
parallel to the axis. 


480. The axis of the rectangular hyperbola which touches 
an ellipse and has its axes for asymptotes is a mean proportional 
to the axes of the ellipse. 


481. Construct a rectangular hyperbola having given the 
centre and a tangent and a point on the curve, or having given 
an asymptote and a tangent and its point of contact, or having 
given a diameter and one other point on the curve. 


482. The common tangents to the circles described on any 
two parallel chords of opposite branches of a rectangular hyper- 
bola as diameters subtend right angles at the extremities of the 
diameter which bisects the chords. 
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483. If two right angles revolve about opposite extremities 
of a diameter of a rectangular hyperbola so that the point of 
concourse of two of their arms is always a point on the curve, 
their other two arms will make equal intercepts on the normal 
at that point, and will themselves intersect upon the curve. 


484. Tangents (or normals) are drawn in a given direction 
to a series of confocal conics: prove that the points of contact 
lie on a rectangular hyperbola passing through the foci and 
having an asymptote in the given direction. 


485. The lines connecting the extremities of any chord and 
any diameter of a rectangular hyperbola intersect in two points 
which are concyclic with the extremities of the diameter: deter- 
mine the condition that they may intersect on a fixed circle. 


486. Find the points on an equilateral hyperbola at which 
the normal is parallel to a given chord. 


487. The locus of the pole of any chord of a parabola which 
subtends a right angle at the focus is a rectangular byperbola. 


488. The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa; the tangent from the foot of 
the ordinate to the auxiliary circle is equal to the ordinate; the 
projection of the normal (terminated by either axis) upon either 
focal vector is equal to the semi-axis; and the intercept made 
on any tangent by the asymptotes subtends a right angle at the 
point in which the normal meets either axis. 


489. Any two supplemental chords of a rectangular hyper- 


bola form an isosceles triangle with either asymptote, and con- 
versely. 


490. Any two conjugate diameters of an equilateral hyper- 
bola contain equal and similar triangles with the ordinates and 
abscisse of their extremities to any other diameter. 


491. The sum or difference of the inclinations of any two 
conjugate diameters of an equilateral conic to a fixed diameter 
is constant: distinguish between the several cases. 


at 
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492. Any circle drawn through the extremities of a diameter 
of a rectangular hyperbola meets the curve again at the extre- 
mities of a diameter of the circle, and its tangents at those points 
are ordinates of the diameter of the hyperbola. 


493. The circles described on parallel chords of a rectangular 
hyperbola as diameters have a common radical axis. 


494. The ends of the equal conjugate diameters of a series 
of confocal ellipses lie on the confocal rectangular hyperbola. 


495. The straight line joining the feet of the perpendiculars 
from any point of a rectangular hyperbola to two conjugate 
diameters is parallel to the normal at the point. 


496. The opposite arcs cut off by any two diameters of a 
rectangular hyperbola subtend equal angles at any point on 
the curve. 


497. Any two rectangular hyperbolas so placed that the 
axes of the one coincide with the asymptotes of the other inter- 
gect at right angles, and each of their common tangents subtends 
a right angle at the centre; and if two tangents to a pair of 
conjugate rectangular hyperbolas be at right angles, the straight 
line joining their points of contact subtends a right angle at the 
centre. 


498. If on opposite sides of any chord of a rectangular 
hyperbola equal segments of circles be described, the four points 
in which the completed circles meet the hyperbola again will 
be the angular points of a parallelogram ; and if parallels be 
drawn from any point on a rectangular hyperbola to the sides 
of an inscribed parallelogram, they will meet its opposite sides 
in two pairs of points lying on a circle. 


499. The foot of the focal perpendicular upon any chord of 
a rectangular hyperbola which subtends a right angle at the 
focus lies on a fixed straight line. 


500. The normal at any point P of a rectangular hyperbola 
meets the curve again in Q, and EE' is a chord parallel to the 
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normal: prove that PR, QE' and PE, QR intersect on the 
diameter at right angles to CP.* 


501. In any right angled triangle inscribed in an equilateral 
hyperbola the perpendicular upon the hypotenuse is the tangent 
at the right angle. Hence shew how to find a third point on 
the curve when two points and the tangent at one of them are 
given; and shew that the curve is determined when two points 
and the tangents thereat are given, or three points and the 
tangent at one of them, or two points and the tangent at one 
of them and a second tangent. 


502. Given the middle points and the directions of two 
chords of an equilateral hyperbola, the two points and the 
intersection of the parallels through each point to the opposite 
chord determine a circle which passes through the centre of 
the hyperbola. 


503. If through each of two points a parallel be drawn to 
the polar of the other with respect to an equilateral hyperbola, 
the circle through the two points and the intersection of the 
parallels will pass through the centre of the hyperbola. 


504. Given the centre of a rectangular hyperbola and a 
self-conjugate triad, determine its asymptotes.T 


505. Two equilateral hyperbolas can be inscribed in a given 
quadrilateral, and their centres are at the points in which 
the diameter} of the quadrilateral meets the circumscribed circle 
of the triangle formed by its three diagonals, 


* Examples 471, 482, 484, 492—500 and others are from Wolstenholme's Mathe- 
matical Problems. 

t If C be the centre and PQR the conjugate triad, let CP meet QR in V, and 
upon QR take points Q' and RF’ such that Q'V = R'V = CV; then will CQ’ and CR’ 
be the asymptotes. The following method applies to the general hyperbola (Ex. 455). 
Draw ΟΡ’, CQ’, CR’ parallel to QR, RP, PQ, and find the two double lines of the 
involution determined by the pairs of conjugate rays CP, CP’; CQ, CQ’; CR, CR’. 

{ By a theorem of NEWTON (Principia, Lib. I. sect. v. lemma 25, cor. 3) the 
centres of all the conics inscribed in a quadrilateral lie upon the straight line (Ex. 372) 
which we have called the DIAMETER of the quadrilateral (p. 138), See also Ex. 518. 
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506. The three pairs of chords connecting any four points 
on an equilateral hyperbola intersect upon the circumference 
of a circle which passes through its centre. 


507. The nine-point circles of the four triangles determined 
by four given points cointersect at the centre of the equilateral 
hyperbola which passes through the four points.* 


508. Four points being taken at random in a plane, there 
exists in general one other point in the same and one only 
such that the lines radiating therefrom to the middle points 
of the six lines connecting the four points are inclined at the 
same angles as the lines which they severally bisect. 


509. Given any two points in the plane of an equilateral 
hyperbola and the directions conjugate to the diameters passing 
through them, determine a circle on which the centre lies. 
If a chord and the direction of the polar of a point upon it 
be given, this circle passes through the point and bisects the 
chord and has its tangent at the middle point of the chord 
ip the given direction. 


510. Determine the centres of the four equilateral hyperbolas 
which pass through two given points and touch two given lines.t 


511. Given two points of an equilateral hyperbola and 
two tangents to the same, determine the four positions of the 
chord of contact. 


* Three other circles may be determined by Ex. 502 and another by Ex. 606, 
making in all EIGHT, which pass through the same point, 

t If A and A’ be the given points, C the intersection of the tangents, and X and 
Y the points in which they meet 24.4', the points A, A’ and X, Y determine an 
involution through one of whose foci P or Q the chord of contact of the two tangents 
must pass: let it pass through P, of which CQ will be the Polar. Bisect AA’ in I 
and XY in C, and draw a circle through P and J having its tangent at J parallel to 
CQ (Ex. 509). Through the second intersection of CT with the circle draw Pz meeting 
CK in x, and draw the tangent to the circle and let it meet CQ in y: then the 
intersections of xy with the circle determine two of the required centres, and the 
other two are determined by interchanging P and Q. This construction is given by 
PONCELET in Gergonne's Annales, tome ΧΙΙ., where he corrects (p. 244) the mis- 
statement of the joint article by Brianchon and Poncelet (XI. 218) that the four centres 
lie on ONE circle. 

1 Determine as before the point P on the chord of contact and its polar CQ; 
find a third point D on the curve (Ex. 474); and let F and F' be the foci of the 
involution determined by A, D and the pair of points in which the tangents meet 
AD. Then will PF and PF’ be two positions of the chord of contact. 
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512. Given that the centres of all the equilateral hyperbolas 
circumscribing a triangle lie on a circle, deduce the fundamental 
property of the nine-point circle of any triangle. 


513. The three circles whose diameters are the diagonals 
of any quadrilateral belong to a coaxal system,* whose limiting 
points are the centres of the two inscribed equilateral hyper- 
bolas. 


514. The director circles of all the central conics touching 
the same four lines have a common radical axis,f which is 
also the directrix of the inscribed parabola; and if the conics 
touch but three lines, their director circles have a common 
radical centre. 


515. The circumscribed circle of any triangle which is self 
conjugate with respect to a conic cuts its director circle ortho- 
gonally:{ if the conic be an equilateral hyperbola the circle 
passes through its centre: if it be a parabola its directrix passes 
through the centre of the circle. 


516. The base of an isosceles triangle being upon a fixed 
straight line and each of its equal sides passing through a fixed 
point, whereof one is on the fixed line, shew that the locus 
of the vertex of the triangle is an equilateral hyperbola passing 
through the fixed points and having an asymptote parallel to 
the fixed line. 





* See TOWNSEND'S Chapters on the Modern Geometry of the Point, Line, and Circle, 
Art. 189 (vol 1. p. 253). 

t This follows from Prop. vIr by reciprocation, as in the Ozford, Cambridge and 
Dublin Messenger of Mathematics, vol. 1. p. 159. A direct proof by involution is 
given in vol. III. p. 31 of the same, by * W. K. C." [CLIFFoRD. } 

{ It may be shewn that the circumscribed circle of the triangle formed by the 
three diagonals of a quadrilateral is orthogonal to the circles on its three diagonals 
as diameters, Ex. 515 then follows with the help of Ex. 514 by regarding the sides 
of any self conjugate triangle as the diagonals of a quadrilateral which envelopes 
the conic, This theorem is due to GASKIN, who proved it by the Cartesian method 
in his work (p. 33) already referred to in the note on Ex. 458. Eight years later 
the equivalent theorem: “ On donne un triangle conjugué à une ellipse...la tangente 
menée du centre de l'ellipse au cercle circonscrit au triangle est égale à la corde du 
quadrant d'ellipse," was proposed by Cap. Faure as Quest. 524 in the Nouvelles 
Annales, tome XIX. p. 234 (1860). See also xix. 290, 345; xx, 25, 77; v. 308 
(2me série). 
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517. If through five concyclic points taken in fours five 
equilateral hyperbolas be drawn, their centres will lie on a 
second circle of diameter equal to the radius of the former. 


518. The locus of the centres of all the conics which pass 
through four given points is a conic. Prove that the locus 
will reduce to a circle if any two of the conics through the 
four points be equilateral hyperbolas, and to an equilateral 
hyperbola if the four points lie on a circle. 


519. The angular points and the centroid and orthocentre 
of any triangle determine ten triangles whose nine-point circles 
meet in a point; and this point lies on the circumference of 
the maximum ellipse that can be inscribed in the original 
triangle.* 


520. Shew that the centre of any equilateral hyperbola 
inscribed in an obtuse angled triangle lies upon the circle 
with respect to which the triangle is self conjugate. 


521. The angular points of a triangle and the extremities 
of any diameter of its circumscribing circle, taken four together, 
determine five equilateral hyperbolas whose centres lie on the 
nine-point circle of the triangle. 


522. A variable triangle circumscribes an equilateral hyper- 
bola and its nine-point circle passes through the centre of the 
curve: prove that the locus of the centre of its circumscribed 
circle is the hyperbola in question. l 


523. Prove that the opposite sides AB and CD of a paral- 
lelogram inscribed in a rectangular hyperbola subtend either 
equal or supplementary angles at any point P on the curve; 
the circumscribed circles of the triangles PAB, PBC, PCD, 
PDA are equal; and the product of the perpendiculars from 
P to each pair of opposite sides of the parallelogram 18 the same. 


524. With the extremities of any diameter of the circum- 
scribed circle of a triangle as foci two parabolas are drawn 


* See Mathematical Questions, dc. from the EDUCATIONAL TIMES, vol, Iv, p. 89, 
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touching the sides of the triangle; prove that the tangents at 
their vertices are the asymptotes of one of the series of rect- 
angular hyperbolas which pass through the vertices of the 
triangle. 


525. Given the base of a triangle, prove that if the bisectors 
of its vertical angle be parallel to fixed lines, or if its two 
sides make equal angles with two fixed straight lines, the 
locus of its vertex will be a rectangular hyperbola whose 
asymptotes bisect the base of the triangle and are parallel to 
the bisectors of its vertical angle. 


$26. Given two fixed tangents to a variable parabola and 
a fixed point on its axis, prove that the locus of its focus is 
a rectangular hyperbola having its asymptotes parallel to the 
bisectors of the angle between the fixed tangents and its centre 
at the bisection of the line joining their point of concourse to 
the fixed point on the axis. 


527. If a rectangular hyperbola has double contact with 
a parabola, the line joining the intersection of their common 
tangents with the centre of the hyperbola is bisected by the 
directrix of the parabola. 


528. The circle described with any diameter of an equi- 
lateral hyperbola as radius meets the curve again in three 
points which determine an equilateral triangle; and conversely, 
the circumscribed circle of any equilateral triangle inscribed 
in an equilateral hyperbola has one of its radii coincident 
with a diameter of the hyperbola. If OA and OB be the 
bounding radii of a circular arc AB, shew that a point of 
trisection of the arc lies upon the rectangular hyperbola which 
has OA for a diameter and passes through the point of con- 
course of OB with the tangent at A to the circle. Deduce 
from the above that the problem, to trisect a given angle, admits 
of three solutions. Prove also that that if points P and Q be 
taken on AB such that 


arc AP — 2 arc ΒΩ, 
the intersection of AP and OQ will lie on the hyperbola. 
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529. A pair of mean proportionals to two given magnitudes 
m and » may be found as follows. Describe a parabola of latus 
rectum equal to m, and with its axis and the tangent at its 
vertex as asymptotes describe a hyperbola whose semi-latus 
rectum is a mean proportional to m and 2n; then will the 
distances of their point of concourse from the asymptotes be 
the two mean proportionals which were to be found.* 


530. The circle described on any radius of a rectangular 
hyperbola as diameter meets the curve in two points whose 
distances from the asymptotes are in continued proportion; 
and conversely, the hyperbola drawn through the point of 
concourse of two sides of a rectangle so as to have the other 
two sides for asymptotes meets the circle circumscribing the 
rectangle in a second point whose distances from the asymptotes 
are à. pair of mean proportionals to the sides of the rectangle. 
Hence shew how to find a pair of mean proportionals to two 
given magnitudes.] 


531. The difference of the ordinates of the points in which 
any tangent to an equilateral hyperbola meets the directrices is 
to the difference of their distances from the centre as the diagonal 
to the side of a square; and their distances from the centre are 
to one another as the focal perpendiculars upon the tangent. 


* This construction also (cf. Art. 20, Cor.) is ascribed to Menaechmus. 

t The Delian problem of the DUPLICATION OF THE CUBE (i.e. the construction 
of & cube of twice the volume of a given cube), which so exercised the ancient 
geometers, was reduced by Hippocrates of Chios to the problem of finding a pair 
of mean proportionals to two given magnitudes (Art. 20, Cor. and Exx. 432, 529, 530). 
See Reimer's Historia Problematis de CUBI DUPLICATIONE (Gottingz, 1798); Walton's 
Problems in illustration of the principles of Plane Coordinate Geometry, p. 157; 
Bretschneider’s Die Geometrie und die Geometer vor EUKLIDES, §78. The method 
of Ex. 530 is employed in Grégoire de St Vincent's Opus Geometricum Quadratur æ 
Circuli (Lib. VI. prop. 138, p. 602), and elsewhere. The TRISECTION OF THE ANGLE 
(Exx. 308, 890, 528) like the former problem is equivalent to the solution of a cubic 
equation, and either may be effected by the intersection of a circle with a parabola 
as was proved, in the third book of his Geometria, by DES CARTES; who further shews 
that solid problems in general can be reduced to the same two constructions, and 
gives his reasons for concluding a priori that ** Problemata Solida construi non possint 
absque Sectionibus Conicis, nec que magis composita sunt sine aliis lineis, magis 
compositis." 

1 Exx. 531—7 are from Booth's New Geometrical Methods, i. 291—2 and i. 343 ; 
Exx. 538—40 from Gregory St. Vincent’s Opus Geom. Quadrat, Circuli, Lib. VI. 
props. 146, 156, 166 (pp. 606—16). 


190 EXAMPLES. 


532. The auxiliary circle of an equilateral hyperbola is the 
envelope of the lines joining the points in which any two diameters 
at right angles meet the curve and its directrices respectively. 


533- If tangents be drawn to an equilateral hyperbola from 
8 point on one of its directrices and their chord of contact be 
produced to meet the directrix, the intercept upon it between 
the chord and the point will subtend a right angle at the centre ; 
and if the tangents be drawn from any point not on the directrix, 
the focal distance and the polar of the point will intercept on the 
directrix a length which subtends a right angle at the centre. 


534. The intercepts on either directrix of an equilateral 
hyperbola between any chord and the tangents at its extremities 
subtend equal angles at the centre. 


535. The chords drawn from any two fixed points on an 
equilateral hyperbola to a variable point on the same intercept 
on either directrix a length which subtends a constant angle at 
the centre, the constant angle being a right angle in the case in 
which fixed points are the vertices; and the angles subtended 
at the centre by the intercepts on the two directrices are together 
equal to the angle subtended by the chord joining the fixed 
points. 


536. If aright angle revolve about the centre of an equi- 
lateral hyperbola, the abscissa of any point on either arm varies 
inversely as the abscissa of the point in which its polar meets 
the other arm. 


537- If a diameter of a parabola meet the curve in P and 
the directrix in M and a length MPQ be taken on it equal to 
the normal at P, the locus of Q will be a rectangular hyperbola 
having its centre at the vertex of the parabola. If M'P'Q' 
be any second position of MPQ, shew that the hyperbolic area 
QMM'Q' is equal to the product of the arc PP’ of the parabola 
and its semi-latus rectum.* 


* When the diameters are consecutive the distance between them is to the arc 
PP’ as the subnormal at P to the normal, whence the required result readily follows. 
Thus the QUADRATURB of the Hyperbola is reduced to the RECTIFICATION of the 
Parabola, 
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538. A hyperbola having for asymptotes the axis of a 
parabola and the tangent at its vertex cuts the parabola in Ὁ, 
and 450 is drawn from the vertex of the parabola to meet it 
in @ and to cut the hyperbola in P; prove that if the ordinate 
of Q cut the hyperbola in R, the segment A OP is equal to one- 
third of the segment APR; and if from the latter segment 
AO'P be cut off equal to one-third of its area, then will AO’ 
and the ordinate of O' meet QR and AQ respectively on a 
parallel through Ο to the axis of the parabola. 


539. If from any two points @ and Q' on the above hyper- 
bola parallels be drawn to its asymptotes meeting the curve in 
M, M' and N, N’, the areas OQM, OQN, OQ'M', OQ'N' will 


be proportionals. 


540. If through the point Q a second parabola be drawn 
having the asymptotes for its axis and the tangent at its vertex, 
the arcs of the two parabolas will trisect the area QIN. 


NOTE ON THE NINE-POINT CIRCLE. 


The property of the Nine-point Circle was stated and proved by 
Brianchon and Poncelet in Gergonne's Annales, x1. 215 (1821). 
See above, p. 175, note. The property may be verified as suggested 
in Ex. 512, viz. thus. Each of the six chords connecting a triad 
ABC and its orthocentre O (Art. 69) is a diameter of one of the 
series of equilateral hyperbolas which can be drawn through 
A, B, C: these six chords are therefore bisected by the locus of 
centres (a circle), which also contains the three intersections 
D, E, F of the chords taken in opposite pairs (Art. 54 and p. 171, 
note). A short proof by inversion of the theorem (Salmon's Conic 
Sections, Art. 181, Ex.), that the nine-point circle of a triangle touches 
ats inscribed and exsertbed circles, was given by Mr. J. P. Taylor, 
Fellow of Clare College, in the Quarterly Journal of Mathematics, 
vol. xu. p. 197. The same nine-point circle touches the SIXTEEN 
inscribed and exscribed circles of the four triangles determined by 
& triad and its orthocentre. 
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CHAPTER VII. 


THE CONE. 


71. An unlimited straight line which passes through a fixed 
point in space and moves round the circumference of a fixed 
circle generates a surface which is called a Cone.* The line in 
any of its positions is called a Side or a Generating Line of the 
cone; the fixed point is called the Vertex, and the straight line 
joining it to the centre of the circle is called the Ais of the 
cone.T 

When the axis is at right angles to the plane of the circle 
the surface generated is a Right Circular cone: in other cases 
the cone is called Oblique or Scalene. In this chapter we shall 
shew that the curve of intersection of a cone with a plane is a 
parabola, an ellipse, or a hyperbola; and we shall derive their 
elementary properties from the cone itself, confining our attention 
in general, for the sake of simplicity, to the right circular cone. 

In the particular case in which the section of a right 
circular cone is taken at right angles to its axis, it 1s evident 
that the section is a circle. Any circular section may be 
regarded as the Base of the cone. 

The Focal Spheres of any plane section of a right circular 
cone are the spheres which can be inscribed in the cone so as 
to touch the plane of section. "Their points of contact may be 
defined as the Foci, and the intersections of their planes of 
contact with the plane of the section as the Directrices of the 





* The complete cone consists of two infinite portions on opposite sides of the 
vertex, The (right) cone as defined by Evcuip (Book XI. def. 18) is the finite 
figure (p. 193) described by the revolution of a right-angled triangle about one of 
the sides containing the right angle. 

t The cone and its axis are thus defined by APOLLONIUS at the beginning of his 
Περὶ Κωνικών (p. 18, ed. Halley). In the oblique cone, which has two sets of 
circular sections, this definition gives two lines, either of which may be called the 
“axis.” In analytical treatises on Solid Geometry the term axis is not used as above. 
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section. We shall shew that these points and lines are identical 
with the foci and directrices as hereinbefore defined. | 

In what follows suppose a plane through the axis and at 
right angles to the base of the cone to be taken as the Plane 
of Reference and the Section to be made by a plane at right 
angles thereto. 


THE ORDINATE. 
PROPOSITION I. 


72. The square of the principal ordinate in any section varies 
as the product of the corresponding abscisse. 


(i) Let A and A’ be the vertices of the section, PP’ a 
principal double ordinate meeting 4/4’ in N, and let the plane 
of circular section through PP’ meet OA' in L, and OA in M, 
the point O being the vertex of the cone. 

Then in the circle PN” is equal to LN.MN. And as LM 
moves parallel to itself, MN varies as AN and LN varies as 


0 





A'N. Therefore PN? varies as AN.A'N, or the square of the 
ordinate varies as the product of the abscisses. 

When the section cuts all the generating lines on the same 
side of the vertex it is an Ellipse, and when it cuts both 
branches of the cone (fig. p. 199) it is a Hyperbola. 

0 
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(ii) If the axis AN of the section be parallel to the side OL 
of the cone, then, in the figure of Art. 74, since the length LN 
is constant whilst NR varies as the abscissa AN, therefore PN* 
(or LN. NR) varies as AN, and the section is a Parabola. 

Hence it appears that whatever be the vertical angle of the 
cone the section is a parabola, a hyperbola or an ellipse according 
as the angles LOA and OAN are together equal to or greater 
or less than two right angles. 


Corollary 1. 
Since in the former part of the proposition 
PN: AN. A'N=IN.MN: AN. AN— AH. A'K: AA", 

where AH and A'K are the diameters of circular sections, it 
follows that the conjugate axis of the section 1s a mean proportional 
to the diameters of the circular sections through its vertices, and 
the semi-axis conjugate is a mean proportional to their radii 
or to the perpendiculars from the vertices of the section upon 
the axis of the cone. 


Corollary 9. 


Hence it readily follows that the orthogonal projection of the 
section upon a plane of circular section is a conic having a focus 
upon the axis of the cone.* 


SCHOLIUM A. 


Meyzcuuvs (or Menechmus) is said to have been the discoverer 
of the conic sections, which have been accordingly called after him 
the Menechmian Triads. Thus Proclus in the second book of his 
commentaries on the First Book of Euclid; writing on Def. 4, states 
upon the authority of Geminus: “ But with respect to these 
sections, the conic were invented by Meenechmus (sic.), which also 
Erastosthenes relating says, Nor in a cone Manechmian ternartes 
divide” (Thos. Taylor’s Proclus, 1. 184); and see the end of the 
letter of Erastothenes to Ptolemy, given by Eutokius in his com- 
mentary on Archimedes, De Spher. et Cyl. (Archim. Op., p. 146, 
ed. Torelli), where the same verse, 


μηδὲ Μενεχμείους κωνοτομεῖν τριάδας, 





* This property was given by W. H. Talbot, of Cambridge, in Gergonne's 
Annales, XIV, 126, 
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appears in its original context. The authorities are given as above 
in Bretschneider's, Die Geometer und die Geometrie vor Euklides, 
S 116, p. 155. 

The parabola, the ellipse, and the hyperbola were anciently 
regarded as the sections of right circular cones of different angles 
by planes a£ right angles to their sides, and were accordingly known 
as the sections of the right-angled, the acute-angled, and the 
obtuse-angled cones respectively. APorroNius shewed that they 
could all be cut from one and the same right or scalene cone, and 
he gave them their names Parabola, Ellipse, Hyperbola, for the 
reason assigned above in Chap. rv. Scholium A, p. 82. See Pappi 
Alex. Collectio, lib. vir. 830 (p. 672, ed. Hultsch); and J. H. T. 
Miiller’s Beiträgo sur Terminologie der Griechischen Mathematiker, 
p. 25 (Leipzig, 1860). ΑΠΟΗΠΙΕΡΕΒ is sometimes wrongly sup- 
posed to have employed the term Parabola, for the reason that one 
of his treatises came to be known by the title, ᾿Αρχιμήδους terpa- 
γώνισμος Παραβολῆς, whereas throughout the treatise the author 
uses only the periphrasis, 7 rov ὀρθογωνίου κώνου roud. In like 
manner he calls the ellipse 4 τοῦ ὀξυγωνίου κώνου roud, and the 
exceptional occurrence of the term Ellipse itself in his work De 
οποια. et Spheroid. (lib. 1. cap. 9, &c.) is rightly attributed to an 
error of transcription. 

Eutokius, at the commencement of his commentary on the Conics 
of APOLLONIUS (p. 9, ed. Halley) explains the names of the three 
conics as follows.* Let LOR be the angle of the cone, AN the axis 
of the section supposed at right angles to the side OR, and A the 
vertex of the section, which will be a Parabola, a Hyperbola, or an 
Ellipse, according as the angle of the cone is equal to, or greater or 
less than a right angle. The Parabola is accordingly said to be so 
called because 4N is parallel to OL: the Hyperbola because the 
angles LOA and OAN together excesd two right angles, or because 
VA falls beyond the vertex and meets the side ZO produced: and 
the Ellipse because the angles ZOA and OAN are together less 
than two right angles, or because it is a defective circle (κύκλον 
ἐλλειπῆ). It however the names in question were first introduced 
by APoLLOoNIUS, it is clear that they are to be explained as on p. 82. 
The property of the ordinate there given is used by him to discri- 
minate between the three conics and forms the actual basis of his in- 
vestigations, so that having once obtained it he makes in reality 
very little further use of the cone. 


THE ASYMPTOTES. 
PROPOSITION II. 
73. The sections of a cone by parallel planes are similar 
curves ; and the asymptotes' of the hyperbolic sections made by 


* The passage is given in the Greek at the end of Walton's geometrical Problems 
(sec above, Ex. 530, note). 
02 
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parallel planes are parallel to the sides of the cone which lie 
on the parallel plane through tts vertex. 

If any fixed straight line through the vertex O of the cone 
meet a pair of parallel planes in M and N, and if a variable 
plane through OMN meet the sections made by those planes in 
P and Q, then 


MP: NQ= 0M: ON; 
or the parallel vectors MP and NQ are in a constant ratio, and 
the sections are therefore similar. 

If M and N be the centres of a pair of hyperbolic sections 
the vectors MP and NQ become infinite together: hence the 
asymptotes of any two parallel hyperbolie sections are 
parallel to one another, and therefore also to the sides of the 
eone determined by the parallel plane through the vertex, since 
this is a limiting position of one of the planes of section. 


Corollary. 


The angle between the asymptotes of a hyperbolic section 
cannot exceed the vertical angle of the cone; and conversely 
in order to cut a hyperbola of given eccentricity from a cone 
we must take a cone whose vertical angle is not less than that 
between the asymptotes. 


THE FOCAL SPHERES. 
PROPOSITION III. 


74. The distance of any point of a section from the point of 
contact of tts plane with either focal sphere 4s in a constant ratio 
to the distance of the point from the plane of contact of the sphere 
with the cone, or to its distance from the line in which that plane 
meets the plane of section.* 


Let S be the point in which the plane of the section touches 


* The reader who prefers to define a conic as the section of a cone by a plane 
may define its foci and directrices by means of the focal spheres (p. 192), as Pierce 
Morton (Schol. B) proposed to do. The proposition will then take the form that 
“The distance of any point on a conic from either focus is in a constant ratio to its 
distance from the corresponding directrix.” 
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either of its focal spheres, and MX the line in which it meets 
the plane of contact of the sphere with the cone. 

Take any point P on the section, and let Q be the point 
in which the side of the cone through P touches the sphere, 
and let PM be supposed parallel to the axis of the section. 


() Then the tangent PS to the sphere is equal to the 
tangent PQ, and the perpendicular from P to the plane of 
contact varies as PQ, and likewise as PM; and therefore SP 
varies as that perpendicular, and likewise as PM.* 

Hence the point of contact S and the line MX are a Focus 
and Directrix in accordance with their definition on p. 1. 


(i) This result is usually obtained, rather less directly, as 


follows. 
Having made the same construction, let the side of the cone 
through the vertex A of the section touch the sphere in Æ 





and meet the plane of circular section through P in R; let PN 
be the ordinate of P to the axis AN of the section, and let X 
be supposed to lie in the plane of reference. 





* If a and β be the inclinations of the axis of the cone to the axis of the section 
and to a side of the cone respectively, then SP = cog a . sec 8..PM; or the eccentricity 
is equal cos a.sec(9, and is therefore limited by the vertical angle of the cone and 
cannot exceed sec (3. 
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Then since SP is equal to PQ, and PQ is equal to RE, 
therefore SP is equal to RE. 
Hence and by parallels, 
SP: NX=RE: NX=AE: AX 
=AS: AX, 
or SP is to PM or NX in the constant ratio of SA to AX. 
In the case of a bifocal conic the second focus and directrix 
are determined in like manner, as is indicated in the diagrams 
of Art. 75. 


PROPOSITION IV. 


75. The sum or difference of the distances of any point on 
a section from the points of contact of its plane with the focal 
spheres 4s constant, being equal to the intercept made by the planes 
of contact of the spheres upon any side of the cone. 

Let δ and H be the foci, or points of contact of the focal 
spheres, and Q and R the points in which the spheres meet 
the generating line through any point P of the section. 


0 
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(i) Then since the tangents from P to either sphere are 
equal, therefore by addition in the case of the ellipse, 
SP+ HP=PQ+ PR= QR, 
which is the same for all positions of P on the section. 
(1) And by subtraction in the case of the hyperbola, 





SP~ HP=PQ~ PR= QR, 
which is constant, as in the former case. 


Corollary. 

In the first figure if OA and OA’, drawn from the vertex 
of the cone to the vertices of the section, touch the S-sphere 
in E and Æ’, then 

OA'— A'8= OE' = OE = 0A— AS, 
or OA'~ OA is equal to SH. In the second figure it may be 
shewn in like manner that 0.4'+ OA is equal to SH. Hence 
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the eccentricity is the ratio of OA’'+ OA to AA’, and the 
distance of the foci from the centre is 4(04’4 O4). 


PROPOSITION V. 


76. The tangent at any point of a section makes equal angles 
with the focal distances and with the side of the cone.* 

Let TPt be the tangent at any point P to the section, and 
let the side OP of the cone meet the focal spheres in p and p’. 

Then since the tangents PS and Pp to the S-sphere are 
equal, and likewise the tangents TS and Tp, therefore the 





* This property and ita applications were pointed out by me in an article on 
An Angle-property of the Right Circular Cone contributed in June 1871 to the 
Messenger of Mathematics (vol. 1. p. 67), and in subsequent articles, The same 
methods were employed in Booth's Treatise on Conics published some years later in 
the second volume of his New Geometrical Methods; but from the introduction to 
that volume we learn (p. X) that the substance of the treatise had been read before 
the Royal Irish Academy in 1837, although not published till forty years after, 
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triangles TSP and 7pP are equal in all respects, having their 
angles at 7' equal and their angles at P and their supplements 
equal. 

In like manner it may be shewn that the angles at 7' and 
those at P in the triangles THP and Tp'P are equal. 


Hence LSPrSpPrS p PT- HPT, | 


or the tangent TPt makes equal angles with the focal distances 
SP and HP and with the side OP of the cone.* 


PROPOSITION VI. 


77. If tangents be drawn to a section from any point in its 
plane, and a side of the cone be drawn through either point of 
contact, the intercept upon tt between the focal spheres subtends 


at the point of concourse of the tangents an angle equal to the 
angle between them. 


It may be shewn as in Art. 76 that the angles STP and p TP 
are equal, where 7 is any point on the tangent at P; and in 
like manner that the angles HTP and p'TP are equal. 

Hence ^2pTp-STP4 HTP=STH+ 28TP. 


If TR be the second tangent from T to the section, and 
if the side of the cone through & meet the spheres in g and 4', 
it may be shewn in like manner that 

LqTq = TR + HTR = STH42STR. 

And since the triangles pTp' and g Tg' have their sides which 
touch the spheres equal and their bases pp’ and qq’ equal, their 
angles at T are equal. Hence a fresh proof that the angle STP 
is equal to HTE (Art. 50); and it follows that 

LPTR=pTp' -41q, 
as was to be proved.T 


Corollary. 


If PTR be a right angle, pTp' is a right angle and T lies 
on a certain sphere. The locus of T is therefore the section 





* This may also be proved by the method of Art. 48 (i), since OP ~ SP is 
constant, 

t Observe that the triangle Tpp' is identically equal to the triangle STH’ of 
Art. 50 (Cor. 2 and Scholium D). 
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of a sphere by a plane; that is to say, it is the circle which 
is called the Director Circle. 


PROPOSITION VII. 


78. The conjugate axis of any section ts a mean proportional 
to the diameters of its focal spheres, and its latus rectum varies 
as the perpendicular to the plane of section from the vertex of 
the cone. 

Let AA’ be the axis of the section and f and F the centres 
of its focal spheres. 





(i) Then since fA and FA bisect the supplementary angles 
between AA’ and the side of the cone through 4, therefore 
by similar triangles fSA, FHA, 

JS: AS= AH: FH, 
and therefore {S.FH=AS8.AH= CB’, 
or CB is a mean proportional to the radii of the spheres, and 
2CB to their diameters. - 
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(ii) Draw OL perpendicular to 4A’, and draw fk and FK 
to the points of contact of the spheres with the side OA of 
the cone. 

Then since OK is equal to the semi-perimeter of the triangle 
ΟΛΑ 

Sk.OK=A0AA'=340L.AA’, 
where OX varies as the radius FK. 

Therefore OL. AA’ varies as fk. FK or CB"; that is to say, 
OL is in a constant ratio to the latus rectum. 


Corollary. 


If a sphere be described about the vertex of the cone as 
centre, the latus rectum of the section made by any plane 
touching it will be constant, and will be equal to the diameter 
of the circular sections whose planes touch the sphere. 


PROPOSITION VIII. 


79. The sphere of which the line joining the centres of the 
focal spheres of any section is a diameter contains the auxiliary 
circle of the section. 


(i) Since fF (in Art. 78) subtends right angles at A and 4’, 
the sphere on fF as diameter cuts the plane of section in the 
circle on AA’ as diameter, which is the auxiliary circle of the 
section. 

The annexed duplicate proof further establishes the relation 
between the auxiliary circle and the tangent. 


(1) Through any tangent YZ to the section draw a plane 
through f and likewise a plane through F. These bisect the 
supplementary angles between the plane of section and the 
tangent plane through YZ to the cone, and are therefore at 
right angles. 

If SY and HZ be the focal perpendiculars upon the tangent, 
fY is at right angles to YZ and to the plane FYZ. 

Hence fY is at right angles to FY, and the sphere on fF 
as diameter passes through Y, and its trace on the plane of 
section is a circle, whereof 4.4’ is evidently a diameter. 
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ye 


Corollary. 
The right angled triangles fS Y and FHZ being similar, 


SY.HZ=fS.FH= CB’, 


or the product of the focal perpendiculars upon the tangent is 
constant. 


SCHOLIUM B. 


The constructions for the Foci and Directrices of the sections of 
the cone are due to Hamilton, Dandelin, and others. 

Hues Ἡλνιτον of Dublin, in Lib. rr. prop. 37 of his work 
entitled De Sectionibus Conicis Tractatus Geometricus in quo ex natura 
ipsius Coni Sectionum <Affectiones facillime deducuntur methodo nova 
(Londini, 1758), establishes the following properties. In the 
figures of Art. 75 (supposing the spheres to be omitted) if S be a 
focus and AZ be taken equal to 45, then (1) the S-directrix is 
determined by the intersection of the plane of the conic with the 
plane of circular section EQE'; and (2) the vector SP to any point 
P of the conic is equal to the segment PQ cut off by the same 
circular section from the side OP of the cone; and (3) when the 
conic is bifocal two circular sections are thus determined which 
intercept on any side of the cone a length QR equal to the 
transverse axis. Having thus established the equality of 4S, AE 
and of 4'S, A'E', as well as the equality of OE and OZ’, he had 
virtually proved that the focus S might be determined as the point 
of contact of 44’ with the inscribed circle or one of the escribed 
circles of the triangle O.4.4', or in other words as the point of 
contact of a Focal Sphere with the plane of section. He did not 
however state his conclusion in this form, but presupposed the 
determination of S by the relation 45. 4'S = CB’, and then proved 
MX to be the directrix by shewing that CS: CA = SA : AX. 

QuETELET contributed a Mémoire sur une nouvelle Théorie des 
Sections Coniques considérées dans le Solide (presented Dec. 23, 1820) 
to the Nouveaux Mémoires de V Académie Royale des Sciences et Belles- 
lettres de Bruxelles (tome τι. pp. 123—153, 1822), in which he 
shewed inter alia (1) that the foci of a section are determined by 
the relation 0.4 + O.4' - SH; and (2) that in an elliptic section 
ΟΡ - SP is constant and equal to OB — CA. "These results, so far 
as they go, are identical with Hamilton's; but Quetelet (unlike 
Hamilton) gives no construction for the directrices. In the course 
of the above Mémoire he refers to his tract on the Curva Focalis, or 
“ Focale” (Gandavi, 1819). 

DanDELIN, in a Mémoire sur quelques propriétés remarquables de la 
Focale Parabolique published in the same volume of the Nouveaux 
Mémoires (τι. 171—202), begins by inscribing the Focat SPHERES 
and thus determining the foci of the sections. In tome 111. (1826) 
he extends the same construction to the Hyperboloid of revolution, 
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but in neither case does he make any mention of the directrices. 
See also tome 1ν. 77; Quetelet’s Correspondance mathématique et 
physique, 1. 82; Gergonne’s Annales, xv. 392. 

A complete determination of the Foci and Directrices of the 
sections of the cone by means of the Focal Spheres was at length 
proposed by Pierce Morron (B.A., 1825) before the Cambridge 
Philosophical Society in 1829 (Transactions, vol. 11. pp. 185—190, 
1830; and see pp. 228—9 of the anonymous Geometry, Plane Solid 
and Spherical, in the Library of Useful Knowledge, London, 1830). 
From his introductory remarks it would seem that he was not 
acquainted with the investigations of Hamilton and Dandelin. 


THE SEGMENTS OF CHORDS. 
PROPOSITION IX. 


80. A chord of a cone being divided at any point, to determine 
the rectangle contained by its segments. 

Upon the surface of a right or scalene cone take any two 
points A and J’ (figures of Art. 75), and in the line AA’ or 
its complement take any point X: it is required to determine 
the magnitude of the rectangle ΧΑ. XA’. 

Take any fixed circular section ΚΕΙ’, and from the vertex O 
of the cone draw a parallel to AA’ to meet its plane in Z; 
and let the plane AOZA’' meet the fixed circular section in 
K and K' and the parallel section made by a plane through X 
in E and F’. 

Then by similar triangles 4EX, ZKO and ΑΕΧ, ZK'O, 

XA.XA': XE. XE'zZ 20: ZK.ZK', 


where (1) the latter ratio depends only upon the direction of 
AA’, since when this is given the point Z is known and the 
product ZK.ZK' is determined, and (2) the magnitude of 
ΧΕ. XE' depends only upon the position of X in space. 

By taking A and 4’ on a given plane of section we deduce 
the results of Art. 16. 


SCHOLIUM C. 


The method of Prop. 1x. is frequently attributed to Hamilton, 
in whose treatise it holds a prominent place (Sectiones (οπίοώ, 1758, 
Lib. τ. props. x. xr). He supposed that he had thereby settled 
the old controversy about the cone and the plane in favour of the 
ancients, who derived the “sections” from the cone; not being 
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aware that the property in question could be proved in plano with 
at least equal ease (Art. 16). Hamilton’s proposition had appeared 
in the preceding century in the Tractatus xxiv. De Sectsontbus 
Conicts, props. 48, 49 (pp. 419—20) appended to Evucimszs 
AnpAUCTUS ὅ-ο. auctore D. Guarino Guarino (Augustee Taurinorum, 
1671); where in prop. 48 the case of two parallel chords cut by a 
single chord is considered, and the property of two pairs of parallel 
chords is deduced in prop. 49. See also Synopsis Palmartorum 
Matheseos: or A New Introduction to the Mathematics, by W. Jones 
(London, 1706), Part π. § 69 (3), p. 255: ‘‘In any Conic Section, 
if two Parallels are cut by two others, and all terminate at the 
Curve, the Rectangles of the Segments shall be Proportional.” 
These references are given by Abr. Robertson, Sectionum Conicarum 


libri septem, p. 348 (Oxon, 1792). 
EXAMPLES. 

541. The latus rectum of a parabola cut from a given 
right cone varies as the distance between the vertices of the 
section and of the cone. 

542. The foci of all similar sections of a given right cone 
lie upon two other right cones. 


543. Prove by means of Art. 75, Cor. that the parallel 
sections of a cone have the same eccentricity; and give a 
construction for cutting an ellipse of given eccentricity from 
a given right cone. 

544. The eccentricity of a section is a ratio of majority 
or minority according as the acute angle between the axes 
of the cone and of the section is less or greater than half the 
vertical angle of the cone. 


545. If two or more plane sections have the same direc- 
trix, the corresponding foci lie on a straight line through 
the vertex of the cone. 


546. Shew how to cut from a given right cone an ellipse 
whose axes shall be of given lengths, or whose latus rectum 
and area shall be of given magnitude. 


547. The area of the triangle through the axés*, in the right 


* APOLLONIUS supposed his sections to be made by planes at right angles to the 
plane drawn through the axis of the cone (defined as on p. 192) at right angles to its 
base. The triangle through the axis (viz. of the cone) was the triangle determined 
by the vertex of the cone and the trace of the conic upon the plane through the 
axis, See Chasles, Aperçu Historique, p. 18 (ed, 2, Paris, 1875). | 
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cone, varies as the square of the minor axis of the section, 
and the volume cut off from the cone by the plane of the section 
varies as the cube of its minor axis, and is of constant magnitnde 
so long as the minor axis is constant. Is the same true of the 
scalene cone? 


548. If the minor axis of a section be given in length and 
direction, the locus of the centre of the section is a hyperbola. 


549. Given a right cone and a point within it, construct 
the two sections which.have the point for a focus; and shew 
that their planes make equal angles with the straight line 
joining the point to the vertex of the cone. 


550. The vertical angle of a right cone being a right angle, 
the perpendicular from the vertex to any plane is equal to 
the semi-latus rectum of the section made by that plane. 


531. Shew how to cut a section of maximum eccentricity 
from a given cone. Under what conditions is it possible to 
cut a rectangular hyperbola from a cone? 


552. Shew how to place a given section (when possible) 
In a given cone. 


553. If from the centre C of a hyperbolic or elliptic section 
3 line CVV' be drawn at right angles to the axis to meet the 
sides of the triangle through the axis, the square of the semi-axis 
conjugate is equal to CV.CV'; and the semi-axis conjugate is 
equal to the distance of C from the vertex of the cone in the 
case in which the transverse axis of the section is parallel to 
the axis of the cone. 


554. Two right cones of supplementary vertical angles 
being placed with their axes at right angles and their vertices 
coincident, shew how to cut from them a pair of conjugate* 
hyperbolas. Shew also that if the two cones be cut by a plane 
perpendicular to their common generating line, the directrices 
of one of the sections will pass the foci of the other. 


* That is to say, conjugate in form and dimensions, but not lying in the same 
plane, 
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555. The locus of the centres of the elliptic sections whose 
major axes are equal is a prolate or oblate spheroid. 


556. If V be the vertex of a right angled cone, and PN 
the ordinate of P in a parabolic section whose vertex is A, 
shew that the semi-latus rectum is equal to VP— AN. 


557. An ellipse and a hyperbola lying in planes at right 
angles are so situated that the foci of each are at the vertices 
of the other. Shew that if S be the vertex and A the focus 
and P any point upon a branch of the hyperbola, and if Q 
be any point on the ellipse, then 


AS -- PQ- AP4- 8Q. 


558. If two cones be described touching the same two 
spheres, the eccentricities of their sections by identical planes 
are in a constant ratio. 


559. The vertex of a right circular cone which contains 
a given ellipse lies on a certain hyperbola, and its axis touches 
the hyperbola, and conversely. 


560. Two parallel tangents to a section of a right cone 
meet in M and Ἠ’ a plane which touches the focal spheres 
in points Q and Q'on a generating line: shew that a circle 
goes round MQM’. 

561. Determine the asymptotes of a given section of a 
scalene cone. 


562. Assuming that one focus of the shadow of a sphere 
standing on a horizontal plane and exposed to the light of 
the sun is its point of contact with the plane; find the envelope 
of the corresponding directrix, and the locus of the remaining 
focus, for a given day and place. 


563. By properties of the cone, or otherwise, find the locus 
of the extremity of the shadow of a vertical gnomon erected 
on a horizontal plane, on a given day and in a given latitude. 


564. The centre of a sphere moves in a room a vertical 
plane which is equidistant from two candles of the same height 
from the floor: determine its locus if the shadows upon the 
ceiling be always in contact. 
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565. Ifa point move in a plane in such a way that the sum 
or difference of its distances from two fixed points, one of which 
lies in the plane and the other without it, is constant, its locus 
will be a plane section of a right circular cone whose vertex 
is at the external given point. 


566. Prove in Art. 75 that SH and SE’ bisect the diameters 
of the circular sections through A’ and A respectively; and that 
SO, 48’, A'E cointersect, and hence that S and E'E produced 
divide AA’ harmonically. 


567. Prove from the cone that the intercept on any tangent 
to a conic between the curve and a directrix subtends a right 
angle at the corresponding focus. 


568. Prove also that the tangents from any point to a 
section subtend equal or supplementary angles at either focus. 


569. A tangent to a right cone being drawn, there may 
always be drawn through it pairs of planes cutting the cone in 
sections which have equal parameters. 


570. The section of maximum parameter which can be 
drawn through a given point on a right cone has its plane 
at right angles to the generating line through the point, and 
has its tangent at that point parallel to the base of the cone. 


571. Through a given point on a right cone there may be 
drawn any number of planes making sections which have equal 
parameters; and the envelope of these planes is another right 
cone, having its vertex at the given point and its axis coincident 
with the side of the original cone through that point. 


572. In a given right cone, the locus of the foci of all 
equal parabolas is a circle whose plane is parallel to the base; 
the locus of the foci of all the parabolas whose planes are 
parallel is a straight line through the vertex of the cone; and 
the locus of the foci of all the parabolas that can be drawn 
in the cone is another right cone having the same axis. 


573- The sphere inscribed in a right cone so as to pass 
through a vertex of a section intercepts upon the axis of the 
section a length equal to its latus rectum. 

P 
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574. If sections of a right cone be made having one of their 
vertices at a fixed point on the cone, their circles of curvature 
at that vertex lie upon a sphere inscribed in the cone. 


575. The sum or difference of the tangents from any point 
on a conic to the circles of curvature at its vertices is constant. 


576. Prove from the right cone that a conic section may 
be regarded as the locus of a point such that the sum or 
difference of the tangents therefrom to two fixed circles is 
constant. 


577. Prove from the right cone that a conic section is the 
locus of a point such that the tangent therefrom to a fixed circle 
is in a constant ratio to its perpendicular distance from a fixed 
straight liné; and prove that in the case in which the straight 
line cuts the circle it is the chord of real double contact of the 
circle with the conic;* and prove that the above-mentioned 
constant ratio or modulus is equal to the eccentricity of the conic. 


578. Two circles have double internal contact with an 
ellipse,t and a third circle passes through the four points of 
contact. If ἐ t, T be the tangents from any point on the 
ellipse to these three circles, prove that T” = tf. 

579. Notice the forms assumed by the several properties 
of the acute-angled cone when its vertical angle is diminished 
indefinitely, so that the surface becomes a cylinder. 


580. An oblique cone or cylinder being described upon a 
circular base, shew that its subcontrary sections are likewise 
circular.} 





» Hence it appears that a focus of a conic may be regarded as an evanescent circle 
having double contact with the conic at the two imaginary points in which it is 
intersected by the corresponding directrix; and it may be inferred that the lines 
joining the focus to the two imaginary points at infinity through which all circles 
pass are tangents to the conic, and hence that all conics which have the same two foci 
may be regarded as inscribed in the quadrilateral which has the two foci and the two 
circular points at infinity for its opposite vertices, See SALMON’S Conic Sections, 
chap. ΧΙΥ, on Methods of Abridged Notation. 

t If CM be the central abscissa of a point of contact, and CN the abscissa of any 
point on the conic, the tangent from that point to the circle is equal to real —e.CN. 

{ Two sections are said to be subcontrary when the traces of their planes 
upon the plane of reference are inclined to the sides of the cone or cylinder at angles 
which are alternately equal. 
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581. Extend the theorems of Art. 72 to the oblique cone; 
and shew that if through any point on a side of the triangle 
through the axis there be drawn two planes of circular section 
and any other plane between them, the third plane will cut 
the cone in an ellipse, having its minor axis in the plane of 
reference. 


582. If AA’ be the axis of a section of a scalene cone, 
and AD and Ad be diameters of its circular sections through 
A, shew that the square of the distance between the foci is 
equal to 4’). 4. Shew also in the right cone, with the 
construction of Art. 72, that the circle drawn with the middle 
point of AA’ as centre to bisect AH and A'K passes through 
the foci. 

583. If a scalene cone be cut by any plane at a given 
distance from its vertex, the latus rectum of the section will 
be constant.* 

584. The transverse axis of a section of an oblique cone 
being supposed to lie in ‘the plane of reference, prove that the 
circle which touches the axis and passes through the centres 
of the two circular sections which can be drawn through 
either vertex determines the nearer focus.T 


585. If the conjugate axis lie in the plane of reference, 
and if two circular sections be drawn through either of its 





* This extension of Art. 78, Cor. may be proved as follows. Supposing the 
transverse axis to lie in the plane of reference, let DD' be the diameter (in that 
plane) of the section which is parallel to the base and equidistant with the plane of 
the conic from the vertex O (fig. Art. 72) of the cone. Draw OY Z parallel to AA’ to 
meet AH in Y and ΓΡ’ in Z. Then it may be shewn that AY = ΟΖ, and hence 
that DD’: AH = A'K : AA’. The latus rectum is therefore equal to DD’. This 
theorem is due to James Bernouilli. See the Leipzig Acta Eruditorum, ann. 1689, 
pp. 586—8; and Chasles’ Aperçu Historique, p. 19. 


ἡ Exx. 584 and 585 are from Chasles’ Aperçu Historique, Note Iv, p. 285, where 
it is added that the Eccentricity is a mean proportional (Ex. 582) to the distances 
of the centre of the conic from the centres of the two circular sections through either 
of its vertices. It is to be noted that (before the directrix came into general use) the 
eccentricity was sometimes defined (1) as the distance of the foci from the centre, 


NE . b— 
or (2) as the ratio of that distance to the semi-axis, or (3) as the ratio = 


denotes the semi-latus rectum and a the perihelion distance of the orbit (Euler’s 
Theoria Motuum Planetarum et Cometarum, prob. VIII, cor. 1, p. 36). 
P2 


» where 5 
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extremities, the circle upon the line joining their centres as 
diameter passes through the foci. 


586. Every tangent plane to a cone cuts the cyclic planes 
in a pair of lines making equal angles with the line of contact; 
and every plane through two sides of the cone cuts the cyclic 
planes in two lines which make equal angles with those sides. 


587. The sum or difference of the angles which any tangent 
plane makes with the cyclic planes is constant. 


588. The sum or difference of the lines drawn from the 
vertex of a right cone to the extremities of any diameter of 
a section is double of the line from the vertex to an extremity 
of the conjugate axis. 


589. If a sphere drawn through the vertex of an oblique 
cone cuts the cone in a circle, the plane of a section sub- 
contrary thereto cuts the planes of any two great circles 
of the sphere in a pair of lines inclined at the same angles as 
their planes. 


590. The lines of intersection of any tangent plane to a 
scalene cone with its two cyclic planes are such tbat the product 
of the tangents of the angles which they make with the inter- 
section of the cyclic planes is constant. 


591. The product of the sines of the angles which any side 
of a cone makes with the two cyclic planes is constant. 


592. If a section of a cone be made by a plane which cuts 
the planes of two subcontrary circular sections and the sphere 
containing them in two right lines and a circle respectively, 
and if a chord be drawn to the circle from any point of the 
section; the product of the segments of the chord is to 
the product of the perpendiculars from the assumed point to the 
subcontrary planes in a constant ratio.* 





* For this very general theorem and its corollaries see the article by Mr. 
JOHN WALKER on Geometrical Propositions relating to Focal Properties of Surfaces 
and Curves of the Second Order in the Cambridge and Dublin Mathematical Journal, 
vol. VII. pp. 16—28 (1852). The special case of Ex. 594 is also proved in the Messenger 
of Mathematics, vol. ΙΧ. pp. 98, 34. See also Mr. S. A. Renshaw’s treatise on The Cone 
and its Sections (London, 1875). 
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593. The above-mentioned constant ratio is the ratio of the 
product of the sines of the angles which the cyclic planes make 
with the plane of the section to the product of the sines of the 
angles which they make with any side of the cone. 


594. A sphere being drawn through two subcontrary circular 
sections of a cone, and the planes of those sections being pro- 
duced to meet; prove that their line of intersection is a directrix 
of the section made by either plane drawn through it to touch 
the sphere, and that the point of contact is the corresponding 
focus. 


505. From the above construction deduce that any tangent 
to a conic (from the curve to either directrix) subtends a right 
angle at the corresponding focus. 


596. All the right cones which have the same conic section 
for their base have their vertices upon another conic section, 
lying in a plane at right angles to that of the former, the 
foci of each curve being at the vertices of the other. 


597. If a hyperboloid of revolution and its asymptotic cone 
be cut by a plane, their two sections will be similar.* 


598. If two spheres be inscribed in a conoid[ so as to 
touch a given plane of section, the two points of contact will 
be the foci of the section. 


599. All sections of a conoid made by planes through 
one its foci have that point for one of their foci, and they 
have the intersections of those planes with the directrix plane 
of the conoid for their corresponding directrices. 


600. The cone whose vertex is at a focus and whose base 
is any plane section of a conoid is a right cone. 


* For proofs of the theorems of Exx. 597—600 see Hutton's A Course of Mathe- 
matics, composed for the use of the Royal Military Academy, vol. Ir. pp. 196—203 
(12th edition, ed. Thomas Stephens Davies, 1843); and see Besant’s Conic Sections 
treated geometrically, chap. ΧΙΙ. 

t A conoid is the surface generated by the revolution of a conic about one of 
its axes, 
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CHAPTER VIII. 


CURVATURE. 


81. If PQ be a small arc of a curve and PT its tangent 
at P, the angle QPT is called the Angle of Contact of the 
arc PQ. 

If PQ' be an arc of a second curve touching the former at P, 
and if QQ' meet the common tangent in 7; then will the 
curvature of PQ at P be equal to or greater or less than the 
curvature of PQ' at P according as the limiting ratio of the 
angle of contact QPT to the angle of contact Q'PT (when PQ 
and PQ' are diminished indefinitely) is a ratio of equality: 
majority, or minority. 

The Circle of Curvature of a conic at any point P is the 
circle which has the same curvature as the conic at P: it is 
therefore the limiting position of the circle which touches the 
curve at P and meets it again at an adjacent point which 
ultimately coalesces with P: it is also the limiting position of 
the circle which meets the curve at P and at two other points 
which ultimately coalesce with P. The centre, radius and 
diameter of this circle are called the Centre of Curvature, the 
Radius of Curvature, and the Diameter of Curvature of the 
conic at P, and its chord in any direction through P is called 
the Chord of Curvature of the conic in that direction. 

It is easily seen that a circle which cuts a conic must cut 
it in two or four points, and hence that the circle of curvature 
at any point P of a conic will in general cut as well as touch 
it at P, and will also cut it in one other point. Any other 
circle touching the conic at P must lie wholly within or without 
the former, and since it cannot cut the conic at P it is easily 
seen that it cannot pass between the curve and its circle of 
curvature at that pomt. The circle of curvature is therefore 
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the circle of closest contact with the conic at P, and is called 
‘its Osculating Circle at that point. 

A circle which touches a conic at an extremity of either axis 
will in general meet it again at the two extremities of a chord 
parallel to the other axis; whence it readily follows that the 
circle of curvature at an extremity of an axis is to be regarded 
as meeting the conic in four coincident points. It may also 
be regarded as having double contact with the conic at two 
coincident points,* and it does not cut the curve at its point of 
contact. It is easy to determine the points in which any other 
circle touching the conic at the same point meets it again, 
and hence to shew that no such circle can pass between the 
conic and its circle of curvature at that point. 


PROPOSITION I. 


82. The focal chord of curvature at any point of a conic is 
equal to the focal chord of the conic parallel to the tangent at 
that pomt. 

Let PSP’ be any focal chord of a conic, PT the tangent 
at P, and RSR' the focal chord parallel to PT. 





* By regarding the centre of curvature at the vertex as the ultimate position of 
the foot of the normal at P when P coalesces with 4, we deduce from the property 
SG =e.SP (Art. 10) that the radius of curvature at A is equal to AS (1 + e), or 
to tlre semi-latus rectum. By like considerations it may be shewn that the radius of 


curvature at B in the ellipse is equal to 25 ‘ 
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Describe a circle touching the conic at P and cutting it at 
an adjacent point Q, and let TQ be taken parallel to PP’, and 
let it be produced to meet the circle again in H and the conic 
in Q'. Then by Art. 16 and by a property of the circle, 


TQ.TH: TQ.TQ- TP  TQ.TQ- ΒΕ: PP, 
or ΤΗ: Το = ΕΕ: PP. 

Let PS meet the circle again in U; and let the point Q 
coalesce with P, so that the circle becomes the circle of curvature 
at P. 

Then T likewise coalesces with P, and TQ' with PP’, and 
TH with PU; and therefore (from the above proportion) the 
chord of curvature PU (being the limit of ΤΗ) is equal to 
the focal chord RF’ parallel to PT, as was to be proved.* 


Corollary 1. 
It follows that in a central conic the chord of curvature at P 
: ^ 2 M: 
through either focus is equal to ee (Art. 96, Cor.): in the 


parabola the chord of curvature through the focus, or parallel 


to the axis,T is equal to 4SP: and in the general conic the focal 


chord of curvature is equal to d (Art. 15, Cor. and Ex. 45). 





Corollary 2. 


Given the chord of curvature at P in any one direction, the 
chord in any other direction can be determined. For let PU 
be the given chord and PV any other, and let a parallel to the 
tangent at P meet PU in K and PV in F; then it is evident 
from the circle that 


PV: PU=PK: PF, 





* This proof is due to Professor TOWNSEND (Salmon’s Conic Sections, Art. 397) : 
a variation of it will be given in Prop. 11., where the circle of curvaturé'is regarded as 
the limit of a circle which cuts the conic in three points, two of which ultimately 
coalesce with the third. 

t Draw a circle touching the parabola in P and cutting it in R (fig. Art. 32), and 
let ALR meet the circle again in K. Then MR .MK = MP?-—ASP.JMR (Art. 28, 
Cor. 2), or MK — 4SP. Hence another proof of the result given above in the text. 
It is to be noted that any two chords of the circle of curvature equally inclined 
to the normal at P are equal. 
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AN 
oe 


or the ratio of PV to the given chord PU is known. If K be 
supposed to coincide with S, then 


PV. PF= SP. PU= SP. RR; 


which gives an expression for the chord of curvature PV in any 

direction in terms of the focal chord 191 (of the conic) parallel 

to the tangent at P. For example, in the parabola it follows 
4SP*' 


at once that the Diameter of Curvature is equal to "SY 


where SY is the focal perpendicular upon the tangent. In the 
central conics, supposing KF to pass through C, we deduce that 


the. Diameter of Curvature is equal to κκ. (PU being 


2CD' 2D 2PG’ 
drawn through 5), or ΡΕ; ο oop pe 


PROPOSITION II. 


83. At any point of a conic the chord of curvature in any 
direction 4s to the chord of the conic in the same direction as the 
focal chords (of the conic) parallel to the tangent and to the chord 
of curvature. 

Let a circle mect a conic in three adjacent points Q, P, Q';* 
and let PU be a chord of the circle, and let it meet QQ' in V 
and the conic again in Ρ'. 


* Complete the chord QV Q’ in the figure of Prop. t. 
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Then by a property of the circle and by Art. 16, 
PV.VU: PV.VP'zQV.VQ': PV.VP'zg:p, 
where p and q are the focal chorda of the conic parallel to 
PP' and QQ'. 

Therefore VU: VP'zq:p. 

Hence, if Q and Q' (and therefore also V) be supposed to 
coalesce with P, so that the circle becomes the circle of curva- 
ture and QQ’ becomes the tangent at P, it follows that the 
chord of curvature PU is to the chord of the conic PP” in the 
same direction as its focal chord parallel to the tangent at 
P to its foeal chord parallel to PP’, as was to be proved.* 


PROPOSITION III. 

84. To determine the length of the central chord of curvature 
at any point of an ellipse or hyperbola, and likewise the length 
of the chord of curvature drawn tn any other direction. 

(i) Let PCP’ be any diameter of a central conic, QV a 


double ordinate of that diameter adjacent to its extremity P: 


we have to evaluate the central chord of curvature of the conic 
at P. 








* If any focal chord meet the tangent at P in T, it follows at once by Ex, 79 
(cf. Ex. 447, note) that the chord of curvature at P parallel to it is equal to 


= EE as was virtually shewn in Art. 82, Cor. 2. It will be observed that 


Prop. 11, alone completely determines the curvature of a “conic at any point, but 
it seemed desirable to regard the subject from different points of view, 
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Draw a circle touching the conic at P and cutting it at Q, 
and let it meet PP’ again in U, and let its chord HQ parallel 
to PP’ meet the tangent at Pin T. 

Then since QV*= TP*=T7Q.TH, 
therefore TQ. TH: PV.VP'= CD: CP’, 
or 11: VP’ =CD*: CP’, 
where CD is the semi-diameter conjugate to CP. 

By making Q coalesce with P, so that the circle becomes the 
circle of curvature at P, we deduce that 

PU: PP' 2 Οδ": CP’, 
or PU.CP=2CD*, 
where PU is the central chord of curvature at P. 

(1) More generally, if QH and PU be parallel chords of 
the circle drawn in any direction, and if QV meet PU in R 
and CD in £, then since QE : QV is a ratio of equality when Q 


coalesces with P,* it is easily seen, as in the former case, that 
ultimately 


PR.TH: PV.VP'= CD: ΟΡ"; 





and it follows by parallels that 
PE.TH: CP.VP'= CD: CP’, 


* See NEWTON'8 Principia, Lib. I. Sect. I, lemma 7, cor. 2, Also, upon curvature 
in general, see lemma 11 with the notes in the edition by Mr. P. T. Main (after 
J. H. Evans) of Sections I—III, IX, ΧΙ; and see the Appendiz, pp. 181—141, in that 
edition (Cambridge, 1871). 
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or (TH being now coincident with the chord of curvature PU) 
PU.PE-2CD'. 

2CD' 

PF 

(defined as in Art. 46) is equal to the central perpendicular upon 

the tangent.* 





The Diameter of Curvature at P is equal to , where PF 


PROPOSITION IV. 


85. To evaluate the common chord of a conic and its circle of 
curvature at any point. 

If three of the four points in which a circle meets a conic 
coalesce at P and their fourth common point be Q, it follows 
from Art. 16, Cor. 2 that the chord PQ and the tangent at P 
are equally inclined to the axis; that is to say, the common chord 
of a conic and its circle of curvature at any point and their 
common tangent at that point are equally inclined to the axis. 


(i) In the Parabola, let the common chord PQ meet the axis 
in R, and let the common tangent at P meet the axis in 7. 
Then it is easily seen that the second tangent ΤΡ’ from T 
is parallel to PQ, and that PP’ is a double ordinate to the axis, 
and that PQ is equal to four times PR or T'-T 


(i) In the Ellipse, let the diameter CD parallel to the 
tangent at P meet the common chord PQ in X; then will 
PX . PQ be equal to 207», 

Take a circle of radius CA, and take any diameter of the 
same, and draw the chord PQ making the same angle therewith 
as the tangent at P, and let the diameter parallel to that tangent 
meet the chord in X. 


” 


5 The radius of curvature of the general conic may be evaluated by regarding the 
centre of curvature as the ultimate intersection of two consecutive normals, and 
assuming that SG = e. SP (Art. 10), and PK =} latus rectum (Art, 11), The ex- 


a ^n 
pression -77 (Art. 82, Cor. 2) for the radius of curvature has been obtained in this 


direct manner by Professor ADAMS (Ozf. Camb. Dubl. Messenger of Mathematics, 
vol. III. pp. 97—99). 

f The chord of curvature in any other direction may be deduced. For example, 
it may be shewn by angle-properties that the circle meets PS produced in a point V 
lying on the diameter through: Q in the parabola, and hence that PV is equal to 4SP. 
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Then if PC meet the circle again in P", 
PX.PQ=PO.PP'=20A’. 


It follows by Orthogonal Projection that in the Ellipse (the 
same letters being used) PX. PQ is equal to twice the square 
of the semi-diameter parallel to PQ: therefore, the diameters 
parallel to PQ and the tangent at P being equal, 


PX.PQ-2CD* 


It is left to the reader to obtain the same result by a method 
applicable to the hyperbola also.* 


SCHOLIUM. 


APOLLONIUS in treating of maxima and minima takes a point on 
the axis of & conic at a distance equal to the semi-latus rectum from 
its vertex (Conics, Lib. v. props. 4—6, &c.), which is in fact the 
centre of curvature at the vertex, although he does not in any 
direct manner touch upon the subject of curvature. Cf. Vincentio 
Viviani's treatise, De Maximis et Minimis geometrica divinatio in 
quintum Conicorum Apollonii Pergai adhuc desideratum (Florent. 
1659); and see Abr. Robertson’s Sectionum Conicarum libri septem, 
p. 372 (Oxon. 1792). 


HvvGHENS came very near to the subject of curvature when 
he propounded his theory ‘‘ De linearum curvarum evolutione et 
dimensione" (Horologium Oscillatorium, Pars τι. Paris. 1673), 
since the evolute of a curve is the envelope of its normals and the 
locus of its centres of curvature. The first case of rectification of a 
curve was that of the cubical parabola by William Nz:r:| the 
cycloid was rectified soon after by Christopher Wren. Huyghens 
had previously (1657) reduced the rectification of the parabola 
[ Ex. 535, note] to the quadrature of the hyperbola (.Horolog. Οεειζ]. 
pp. 72, 77). 


* The proof in the text is given to indicate the applicability of Orthogonal 
Projection (chap. IX.) to the treatment of curvature. If any two lines (as PQ and 
the tangent at P) equally inclined to the axis of the ellipse be projected on to its 
auxiliary circle, the projected lines will be equally inclined to the axis; or if the 
term equally inclined be restricted to parallels, we must say that if two lines make 
equal or supplementary angles with the axis, their projections will make equal 
or supplementary angles with the axis. 

t This was suggested by the Arithmetica Infinitorum of WALLIB (Oxon. 1656) : 
Van-Heuraet seems to have rectified the same curve independently (1659) very soon 
after Neil. See Montucla's Histoire des Mathématiques, Part 1v. Liv. VI. $11, tome 11, 
p. 303. Huyghens awards the palm to the later discoverer, considering that Neil's 
investigation was incomplete (JZorolog. p. 72). 
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The Osculating Cirole received its name from LEIBNITZ: see 
Meditatio nova de natura Angult Contactus* & Oseuli by G. G. L. in 
the Acta Eruditorum for 1686 (pp. 289—292, by misprint 489—292). 
See also pp. 292—300, and the Ασία for 1692, pp. 30—35, 
110—116, 440—6. The subject of curvature was considered by 
Newron in the seventh and eighth chapters of his Geometria 
Analytica. 


EXAMPLES. 


601. Prove the following construction for the centre of 
curvature at any point P of a conic. From the point in which 
the normal meets the axis draw a perpendicular to the normal 
meeting SP in Q, and from Q draw a perpendicular to SP 
meeting the normal in Ο. Then Ο is the centre of curvature 
at P. 


602. The circle which touches a conic at P and intercepts 
upon the diameter through P a length equal to its parameter 
is the circle of curvature at P. 


603. The circle of curvature at any point of a conic being 
the circle through that point and two others which ultimately 
coalesce with it, shew that the centre of curvature may be 
regarded as the point of ultimate intersection of two consecu- 
tive normals to the conic. 


604. The circle of curvature at any point of a conic may 
be regarded as touching three consecutive tangents to the 
conic } 


605. Determine the position of the common chord of a 
parabola and its circle of curvature at an extremity of the 
latus rectum. 


606. The diameter at either extremity of the latus rectum 
of a parabola passes through the centre of curvature at its 
other extremity. 


* For earlier controversies on the nature of the angle of contact see WALLIS, De 
Angulo Contactus et Semicirculi disquisitio geometrica (Oxon. 1656). 

t The parameter of any diameter of a central conic is defined as a third propor- 
tional to that diameter and its conjugate. 

f For proofs of Exx. 603-4 see the section on curvature in Main’s NEWTON, 
Appendix (see above p. 219, note). 
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607. The radius of curvature at any point of a parabola 
is double of the portion of the normal intercepted between the 
curve and the directrix. 


608. At any point of a parabola the intercept made by 
the circle of curvature upon the axis is a third proportional 
to the latus rectum and the parameter of the diameter to the 
point. 

609. At any point Ρ of a parabola, if PY be the projection 
of SP upon the tangent, the chord of curvature through the 
vertex is a third proportional to AP and 2PY. 


610. If & be the middle point of the radius of curvature 
at Pin a parabola, PE subtends a right angle at 8. 


611. If the normal to a parabola at P be produced to any 
point O, express the radius of curvature at P in terms of the 
line OP and its inclinations to the tangents from O. 


612. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to the projection upon the direc- 
trix of the focal chord parallel to the tangent at that point. 


613. Given a circle and a straight line, it is required to 
find a parabola (see Ex. 607) having the line for its directrix 
and the circle for a circle of curvature. 


614. The envelope of the common chords of a parabola and 
its several circles of curvature is a parabola, and the locus 
of their middle points is a parabola. 


615. The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the point. 


616. If tangents TQ and ΤΩ’ be drawn to a parabola 
from any point Τ on the fixed diameter which meets the 
curve in P and the directrix in M, the centre of the circle 
round TQQ' lies at a constant distance 2PM from the directrix. 
If O be the centre of the circle, D the projection of O upon 
the fixed diameter V the middle point of QQ', and X the 
foot of the directrix, shew that 

OD: TM=0D : DV = MX: SX. 
Shew also that the radius of the circle varies as ST. 
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617. If from the vertex of a parabola chords AR and AR’ 
be drawn equally inclined to the axis, the normals at the 
extremities of any chord parallel to A intersect upon the 
normal at Z';* and the centre of the curvature at the ex- 
tremity of the diameter which bisects A lies upon the riormal 
at E. 


618. Triads of points can be found on a parabola such that 
the normals thereat cointersect. The circle through any three 
such points passes through the vertex of the parabola, and 
the centroid of the triangle which they determine lies on the 
axis. 


619. In Ex. 616 shew that the ordinate of the point of 
concourse of the normals at Q and Q' is to the ordinate of V 
as the product of the ordinates of Q and Q' to the square of the 
semi-latus rectum. Hence determine the ordinate of the centre 
of curvature at P, and likewise the length of the radius of 


curvature. 


620. Give a geometrical method of drawing normals to 
a parabola from a point on the curve. 


621. Determine a point on a given conic at which the 
circle of curvature is of given magnitude; and in the case of 
the ellipse determine the limits of its magnitude. 





* Let QQ’ in Ex. 616 be supposed parallel to AR. Produce 70 to meet the circle 
again in N (the point of concourse of the normals at Q, Q^, draw the perpendicular 
NH to the fixed diameter, and take HK equal to TM upon MH produced. Then 
it is easily seen that K isa fixed point (the position assumed by N when QQ’ passes 
through S) and ΝΠ: HK — 2MX : SX. Therefore N lies on a fixed straight line 
through Á, which may be proved (from the property of the subnormal) to be the 
normal at J’. For the above I am indebted to the Rev. A. F. Torry, Fellow of 
Bt. John's College.. The following method may also be suggested: since the angle 
OST is a right angle (Ex. 146), we have an intercept TO between two fixed straight 
lines DO and DT at right angles subtending a right angle at a fixed point S, and we 
have to shew that the extremity .V of TO produced to double its length lies upon a 
fixed straight line, Or again, taking three positions of P in Art. 26—P and Ρ’ on 
one side and P" on the other side of the axis, and supposing the normals at the 
three points to cointersect at a point whose projection upon ths axis is Z, we easily 
prove that PN.ZG = P'N'. ZG’ = P"N". ZG"; whence it follows, after some re- 
ductions, that PN + P'N'ZP"N", On the tetrads of concurrent normals to a 


central conic see Ex, 286, 


EXAMPLES. 225 


622. If the osculating circle at a vertex of an ellipse passes 
through the further focus, determine the eccentricity. 


623. The circle of curvature at a point on an ellipse passes 
through a vertex: find the point. 


624. The circle of curvature at an extremity of one the 
equal conjugate diameters of an ellipse passes through its other 
extremity. Explain the corresponding result in the hyperbola. 


625. The circles ,of curvature at the extremities of two 
conjugate radii CP and CD of an ellipse meet the curve again 
in Q and R: shew that PE is parallel to DQ. 


626. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 


627. Express the.chord of curvature perpendicular to the axis 
at any point of an ellipse in terms of the ordinate of the point. 


628. From the point in which the tangent to an ellipse 
at P meets the axis a straight line is drawn bisecting one of 
the focal distances and meeting the other in Q. Prove that 
PQ is one fourth of the focal chord of curvature at P. 


629. If the circle of curvature at P in an ellipse passes 
through a focus, then P lies midway between the minor axis 
and the further directrix, and the parallel to the tangent through 
the focus divides the diameter at P in the ratio of three to 
one. The circle of curvature cannot pass through either of 
the foci if the semi-axis exceed the distance between them. 


630. Shew that a conic can be described with a given focus 
so as to have a given circle of curvature at a given point.* 


631. The foci of all the ellipses which have a common maxi- 
mum circle of curvature at a given point lie on a circle. 


632. The tangent at P in an ellipse meets the axes in H 
and K, and CP is produced to meet the circle round CHK 
in L: prove that 2PZ is equal to the central chord of curvature 
at P, and that CL .CP is constant. 


— — — —— —ÓMÓÁÀÀ— Há—IÓ— M M — — 





* This is a limiting case of the proviein to descriv2 u co.ic of which a focus and 
thrce points are given. 


Q 
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633. A hyperbola which touches an ellipse and has a pair 
of its conjugate diameters for asymptotes has the same curva- 
ture* as the ellipse at their points of contact. 


634. At any point P of a rectangular hyperbola, if PN 


be a perpendicular to an asymptote, the chord of curvature 
2 





A E CP 
in the direction PN is equal to SPN 


635. At any point of a rectangular hyperbola the radius 
of curvature varies as the cube of the radius of the curve. 


636. At any point of a rectangular hyperbola the normal 
chord is equal to the diameter of curvature. 


637. At any point of a rectangular hyperbola the diameter 
of the curve is equal to the central chord of curvature. 


638. If from a given point on an ellipse there be drawn 
a double ordinate to either axis, and if to the diameter through 
its further extremity a double ordinate be applied from the 
given point, it will be a chord of the circle of curvature at 
the given point. 


639. The normal chord which divides an ellipse most 
unequally is a diameter of curvature,f and is inclined at half 
a right angle to the axis. 


640. A chord of constant inclination to the arc of a 
closed curve divides its area most unequally when it is a 
chord of curvature. 


641. Every chord of a conic which touches the circle of 
curvature at its vertex is divided harmonically by that circle 
and the tangent at the vertex.] 


642. The radius of curvature at any point of a parabola 
is bisected by the circle which touches the parabola at that 
point and passes through the focus. 


* Curvature is measured by the reciprocal of the radius of curvature. 


+ The normal in two consecutive positions must cut off equal areas, and must be 
bisected at thé centre of curvature. 


f Exx. 641-3 are from the Mathematician, vol. 1, 290 (London, 1845). 
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643. The radius of curvature at any point of a central 
conic is cut harmonically by the two circles which touch the 
conic at that point and pass one through each focus. 


644. If T be the point of concourse of the common tangents 
of an ellipse and its circle of curvature at P, and if O be the 
centre of the circle, C the centre and S either focus of the 
ellipse; then T lies on the confocal hyperbola through P, and 
OC bisects PT, and SP and ST are equally inclined to OS. 


645. A circle through the vertex of a parabola cuts the 
curve in general in three other points, the normals at which 
cointersect. Ifthe point of cointersection of the three normals 
describe a coaxal conic having its centre at the vertex of the 
parabola, the locus of the centre of the circle will be a conic 
having its centre at the focus of the parabola, and the ratio 
of its axes will be twice as great as the ratio of the axes of the 
former conic. 

646. Find a point P on an ellipse at which the common 
tangents of the ellipse and its circle of curvature are parallel. 
Shew that their common tangents and common chord are 
parallel to the asymptotes of the confocal hyperbola through P; 
and that their finite common tangent is bisected by the common 
. chord. 


647. The common chord of an ellipse and its circle of 
curvature at any point and their common tangent thereat divide 
their further common tangent harmonically. 


648. On the normal at P to an ellipse PO is measured out- 
wards equal to the radius of curvature : shew that PO is divided 
harmonically at the points Q and Q' in which it meets the 


director circle, and that 
1 1 2 


PQ” PQ OP’ 
649. The angle between the normals at adjacent points P 
and Q of an ellipse whose foci are © and $' is equal to 
4 (PSQ+PS'Q). Deduce that, if PE be the focal chord of 


curvature at P, 
1 1 


4 
ΡΕ SP" SP. 
Q2 
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650. Three points can be found on an ellipse whose oscu- 
lating circles meet at a given point on the curve:* the three 
points determine a maximum inscribed triangle, and the four 
points lie on a circle. 





* Let BCD be a maximum inscribed triangle, and A the point in which the 
osculating circle at B meets the ellipse again. If B’ be a consecutive position of B, 
the triangles BCD and B’CD must lie betweeh the same parallels. Hence the 
tangent at B is parallel to CD, which is therefore equally inclined to the axis with 
AB (Art. 85), so that a circle goes through ABCD (Art. 16, Cor. 2). Ex. 650 (except 
as regards the area of the triangle) is due to STEINER, who stated the theorem 
without proof in Crelle’s Journal, vol. XXXII. 300 (1846): it was proved in vol. 
XXXVI. 95, by JOACHIMSTAL, who further shewed that the centroid of the three 
points is at the centre of the ellipse, and that the normals at the three points 
cointersect. 
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CHAPTER IX. 


ORTHOGONAL PROJECTION. 


86. ΤΗΕ foot of the perpendicular from any point in space 
upon a plane is called the Orthogonal Projection, or briefly the 
Projection, of the point upon the plane. The projection of any 
line or figure upon a plane is the aggregate of the projections 
of its several points thereupon. The term Plane Projection is 
defined in Art. 90. 

The Parallel Projection of any figure upon a plane is the 
aggregate of the points in which a system of parallels from all 
points of the figure meet the plane: when the parallels are 
taken at right angles to the plane of projection we come back 
to the special case of orthogonal projection, to which our atten- 
tion will be in the first instance confined. 


PROPOSITION I. 


87. The projections of parallel straight lines upon any plane 
are parallel straight lines, and each line or segment is in the same 
ratio to its projection. 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points on the line. 
The projections of parallel straight lines, being the common 
sections of the plane of projection with a system of planes at 
right angles thereto, are themselves parallel straight lines. 


(ii) If any two parallel straight lines AP and BQ meet a 
plane in A and B (fig. Art. 89), and if AC and BD be 
their projections upon it, then by similar triangles 


AP: AC=BQ: BD, 
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or each of the parallels is in the same ratio to its projection, 
and in like manner it may be shewn that any segment of either 
is in the same ratio to its projection. This ratio is the trigono- 
metrical secant of the angle between any of the parallels and its 
projection. 

Hence it is evident that parallel straight lines (and the 
segments of one and the same straight line) are to one another 
as their projections upon any plane. 

If two or more systems of parallels be projected orthogonally, 
each line in any system will be in a constant ratio to its 
projection, but this ratio will change as we pass from one 
system to another. 


PROPOSITION II. 


88. The points of concourse of straight lines or curves 
correspond to the points of concourse of their projections: tangents 
project into tangents: and a curve of any degree or class projects 
into a curve of the same degree or class. 


(i) Since figures are projected by projecting their several 
points, if two or more figures have a point in common their 
projections must have the projection of the point in common. 
Thus if a variable line pass through a fixed point, the projection 
of the line will pass through a fixed point. 


(ii) If P and Q be adjacent points on a curve, and p and g 
be the feet of the perpendiculars from them to the plane of 
projection, then if Q be made to coincide with P the per- 
pendicular Qg must coincide with Pp, and the point g with p; 
in other words, of PQ become the tangent at P, then in the 
projection pg will become the tangent at p. 


(iii) It is hence evident that a curve and any straight line 
in its plane intersect in the same number of points as their 
projections, and hence that a curve and its projection must always 
be of the same degree or order; and further, that the number 
of tangents which can be drawn from any point to a curve is 
the same as the number which can be drawn from the projection 
of the point to the projection of the curve, and hence that a 
curve and its projection are always of the same class. 
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PROPOSITION III. 


89. The areas of all figures in one plane. are in the same 
ratio to the areas of their projections on a given plane. 

Let AB be the common section of the primitive plane and 
the plane of projection, and let PA and QB be drawn from 





any two points P and Q in the former plane at right angles to 
AB, and let PC and QD be perpendiculars to the plane of 
projection. Then since AP and BQ are in a constant ratio to 
their projections AC and BQ, the rectilinear figure APQB is in 
the same constant ratio to its projection A CDB. 

In like manner, if PP' be any segment of AP and QQ any 
segment of BQ, the rectilinear area PP'Q'Q is in a constant 
ratio to its projection; and hence the aggregate of any number 
of figures as PP'Q'Q is in the same ratio to the aggregate of 
their projections. 

But any rectilinear area in the primitive plane may be 
divided into elements as PP'Q'Q by drawing planes at right 
angles to AB, and any curvilinear area may be regarded as 
the limit of a rectilinear area. Hence every area is to its 
projection in a constant ratio, which is easily seen to be equal 
to the secant of the angle between its plane and the plane of 
its projection. 


90. Plane Projection. 

The above propositions all follow from the constancy of the 
ratio of AP to its projection, where PA is the perpendicular 
from any point P in the primitive plane to its common section 
with the plane of projection. The relations between the locus 
of P and its projection will evidently still be of the same kind 
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if the former plane be turned about AB into coincidence with 
the latter, the situation of P in its own plane being supposed 
to remain undisturbed. The new position of P will lie in AC 
produced, and will be such that its projection C now divides AP 
in a constant ratio. Since all points and their projections are 
thus brought into one plane, we shall speak of the point C 
which divides AP in a constant ratio as the orthogonal Plane 
Projection of P. 

The relations between a figure and its plane projection may 
of course be obtained directly by plane geometry. Thus if PN 
be an ordinate to a fixed axis, and if it be divided (externally 





or internally) in a constant ratio at p, it is easily proved by 
similar triangles that if the locus of P be a straight line meeting 
the axis in 7, the locus of p will be a straight line meeting the 
axis in the same point: parallels as PZ, P'T" correspond to 
parallels pT, »'7": and the results of Props. r.—111. in general 
may be similarly established in plano. 

It may be proved also that if two straight lines make 
supplementary angles with the axis their projections make 
supplementary angles with the axis. 

Thc following examples will serve to illustrate the method 
of orthogonal projection. 


91. The Ellipse. 

A cylinder being regarded as a cone whose generating lines 
are parallel, it follows from Art. 72 that the plane sections of a 
right circular cylinder are ellipses, which may be of any eccen- 
tricity. It follows that an ellipse of any eccentricity may be 
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projected orthogonally into a circle having its plane at right 
angles to the axis of the cylinder. This circle will evidently 
be equal to the minor auxiliary circle of the ellipse. 

An ellipse may also be projected orthogonally in plano into 
a circle by producing its principal ordinates in the ratio of CA 
to CB, or by diminishing the ordinates to its minor axis in the 
ratio of CB to CA; and conversely a circle may be projected 
an plano into an ellipse by increasing or diminishing every 
ordinate pN in a constant ratio. [Art. 33. 

a. Let an ellipse and a circle be projectively related. Let 
PQ be any one of a system of parallel chords in the ellipse: 
pq the corresponding chord of the circle, which will itself belong 
to a system of parallels. 

The middle point O of PQ corresponds to the middle point o 
of pg ; and if the locus of the one be a straight line, the locus 
of the other will be a straight line. But the locus of o in the 
circle is a straight line, and therefore in the ellipse the locus of 
the middle points of any system of parallel chords is a straight 
lne. From this it is further evident that conjugate diameters 
in the ellipse correspond to diameters at right angles in the 
circle. 


b. Next let O be a fixed point and PQ any chord of the 
ellipse passing through it: then pq in the circle will pasa 
through the corresponding fixed point o. 





A! σ A 


Let CD be the radius of the ellipse parallel to PQ, and Cd 
the corresponding radius of the circle, which will be parallel 
to pg. Then by Prop. 1. 


ΟΡ: OQ: CD=op : oq : -σα. 
Therefore OP.0Q : ΟΡ’ 2 op.oq : Cd", 
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or (op.og and Cu in the circle being constant) OP.OQ varies as 
the square of the parallel semi-diameter CD. 


c. Since the ordinates PN and pN in the second figure of 
Art. 33 are as CB to CA, the area of any segment or sector 
of the ellipse is to the area of the corresponding segment or 
sector of the circle as CB to CA, and the area of the whole 
ellipse is to that of the circle in the same ratio. The area 
of the ellipse is therefore equal to 7.CA.CB, and it is a mean 
proportional to the areas of its major and minor auxiliary 
circles. 


d. Any maximum or minimum or constant area related to 
the ellipse projects into an area similarly related to the circle. 
Thus, the greatest triangle which can be inscribed in a circle 
being equilateral, the greatest triangle which can be inscribed 
in an ellipse may be shewn to be that which has its sides 
parallel to the tangents at its angular points and its centroid 
at the centre of the ellipse. 


92. The Equilateral Conics. 

Any hyperbola can be projected into an equilateral hyper- 
bola in the same way that an ellipse can be projected into a circle 
(Art. 33); and thus from certain properties of the equilateral 
conics (Art. 61) we can deduce corresponding properties of 
central conics in general. For example, having proved for the 
equilateral hyperbola (Art. 65) as well as for the circle, that 
the conjugate parallelogram is equal to 464”, we infer that 
in any central conic the conjugate parallelogram is equal to 
AA'.BB'. In like manner other projective properties which 
have been established for the two equilateral conics are at once 
seen to be capable of extension to central conics in general. 


93. Properties of Polars. 

Using the same letters as in Art. 41 but supposing the curve 
to be a circle, we have the angles at o and 7 right angles, and 
therefore 


CO.CT = Co.Ct= CA’, 
or T is a fixed point and ¿T a fixed straight line. 
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In other words, if a chord of a circle pass through a fixed 
point O the tangents at its extremities intersect on a fixed 
straight line ¢Z, and conversely. The same follows at once 
for the ellipse by orthogonal projection. 


94. Property of a Quadrilateral. 

If ABCD be a fixed quadrilateral inscribed in a circle, PQ a 
variable diameter of the circle, Pa, Pb, Pc, Pd perpendiculars 
to AB, CD, AC, BD respectively; then by Euc. vi. c the 
rectangle Pa. PQ is equal to PA. PB, and thus 


PA.PB.PC.PD 
— pp 

Project the circle into an ellipse. "Then (still using the same 
letters) Pa.Pb in the ellipse varies as Ρο. Pd, and the lines 
Pa, Pb, Pc, Pd meet the sides of ABCD at constant angles, 
and therefore vary severally as the perpendiculars from P to 
those sides. 

The theorem is inferred to be true for the hyperbola regarded 
as a quasi-ellipse (Scholium C, p. 101), as also for the parabola. 
Hence the products of the perpendiculars from any point on a 
conic to the sides of a fixed inscribed quadrilateral, taken in 
opposite pairs, are in a constant ratio; and conversely, if a 
point be thus related to a fixed quadrilateral; its locus will be 
a conic circumscribing the quadrilateral. 

It follows by supposing two opposite sides of the quadri- 
lateral to vanish that the product of the perpendiculars to any two 
fixed tangents to a conic from a variable point on the curve varies 
as the square of the perpendicular from that point to their chord 
of contact. 


Pa. Pb = = Pe. Pa. 





95. Curvature. 

The common chord of an ellipse and its circle of curvature 
at any point and their common tangent at that point make 
supplementary angles with the axis (Art. 85), and may there- 
fore be projected into a chord and tangent at a point of a 
circle making supplementary angles with a given diameter. 

[ Art. 90. 
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Given a point O on a circle, three positions may be found 
on the curve of the point P such that OP and the tangent at P 
make supplementary angles with a given diameter, and the 
three positions of P determme an equilateral triangle. 

Hence it may be deduced that there are three points on an 
ellipse, lying at the vertices of a maximum inscribed triangle, 
whose osculating circles cointersect at a given point on the 
circumference of the ellipse. [ Ex. 650. 


PARALLEL PROJECTION. 


96. The parallel projections of straight lines, being the 
common sections of parallel planes drawn through them with 
the plane of projection, are themselves parallel straight lines; and 
it is easily deduced that Props. 1.—11r. in general are applicable 
to parallel projection. Moreover it is to be noted that in the 
figure of Art. 90 the ordinate PN may be supposed to meet 
the axis at any constant angle and not necessarily at right 
angles. We may therefore “project” a point obliquely also 
in plano by increasing or diminishing its ordinate (drawn in 
any given direction) in a constant ratio. 

Although parallel projection is not essentially more general 
than orthogonal projection, it enables us to effect some con- 
structions with greater ease and directness, as will appear from 
the next article. 


97. Any two angles of a triangle may be projected into angles 
of given magnitude. 


(i) Given the angles SHP and HSP, it is required to project 
them into angles equal to SHg and HSg respectively. This 
may be effected most simply by parallel projection (in plano or 
in space) as follows. 

Take SH as the axis of projection, and let it meet gP in 
G. Then (1)if 9G : PG be taken as the projecting ratio, the 
triangle SPH may be projected in plano by ordinates parallel to 
PG into the triangle SgH; or (2) if the triangles be situated 
in different planes (having SH for their common section), the 
one may be projected into the other by lines parallel to Fy. 
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It is hence evident that any triangle may be projected by 
parallel lines into an equilateral triangle; and in like manner 
that any parallelogram may be projected into a square. 

(1) To project any triangle SPH orthogonally into an equi- 
lateral triangle, let an ellipse be described about it so as to 
have its centre at the centroid of the triangle. Then if the 
ellipse be projected into a circle, SPH will at the same time 
project into an equilateral triangle inscribed in the circle, since 
each side of the projected triangle will be parallel to the tangent 
at the opposite vertex. 


LAMBERT'S THEOREM.* 


98. The intercept on any focal vector of an ellipse between the 
curve and any chord parallel to the tangent at its extremity is 
equal to the diametral sagitta of the arc cut off by the corre- 
sponding chord in the auxiliary circle. 

In an ellipse take any focal vector SP, let the diameter 
conjugate to CP meet SP in K, and let any chord QQ' parallel 
to CK meet SP in O. 

Produce the ordinates of P, Q, Q' outwards to meet the 
auxiliary circle in p, g, 4, and let m and o be the middle points 
of QQ' and gq’, which will lie on a common ordinate omM. 





* This name is given to the theorem in elliptic motion deduced below in the 
Scholium from Art. 99. 
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by parallels; and PK is equal to pC (Art. 38, Cor. 3); and 
therefore PO and yo are equal, as was to be proved. 

If O' and o' be any second positions of O and o, it follows 
that OO’ is equal to oo’: thus by taking O' at S we infer that 
SO is equal to the altitude of the triangle 00. If the parallel 
from S to 44 meet Cp in s, it is thus evident that every 
segment of the line AX SOP is equal to the corresponding 
segment of the radius Csop. Hence 

KS.KO= Cs.Co= OS. CM, 


since the angles at s and M are right angles. 

99. If in two ellipses described on equal major axes there be 
taken equal chords QQ' such that SQ-- SQ' 15 of the same 
magnitude in both ellipses, the areas of the two focal sectors S QQ' 
will be in the subduplicate ratio of the latera recta of their ellipses. 

In each of two ellipses having equal major axes make the 
same construction as in Art. 98, with the proviso that SP* and 
PO shall be of the same lengths in both ellipses; then will QQ 
and SQ + SQ' be of the same lengths in both ellipses, and the 
areas SQQ' will be in the subduplicate ratio of the latera recta 
of their ellipses, and conversely. 


(i) For the semi-diameter CD parallel to QQ’, being a mean 
proportional to SP and 44’-- SP, is of the same length in 


* Take SP at random in the less eccentric ellipse, and find an equal SP in 
the other. 
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both ellipses; and, the sagittæ po in the two circles being equal 
(Art. 98), the chords gg' are equal; whence it follows in virtue 
of the projective relation 


QQ': CD=qq': CA, 
that the chords QQ' are equal in the two ellipses. 


(ii) And since CM is the abscissa of the middle point of 
Q Q', therefore 
CS 
CA 
where CS.CM, or KS.KO (Art. 98), is the same in both 
ellipses; and therefore also SQ + SQ' is of the same magnitude 
in both. 


(iii) It is further evident that the segments gpg' are equal 
and the triangles Sqq’ are equal in both circles, and hence 
that the two sectors Sgq’ are equal. It follows by projection 
that (the major axes of the two ellipses being equal) the focal 
sectors SQ are in the ratio of the minor axes of their ellipses, 
or in the subduplicate ratio of their latera recta. Conversely, 
if two focal sectors SQQ' of any pair of ellipses described on 
equal major axes be thus related, then will QQ’ and SQ+ SQ’ 
be of the same lengths in both ellipses. 


SQ4 SQ — A4'— 2 Z9. 0M 


100. The area of any focal sector SQQ' of a central conic 
divided by the square root of its latus rectum may be expressed 
an terms of QQ, SQ+ SQ', and the tranverse axis, and is 
independent of the magnitude of the conjugate axis. 

This may be inferred from Art. 99 for the ellipse: or it may 
be proved by the following method, which will be seen to be 
applicable to the hyperbola as well as to the ellipse. 

In an ellipse whose axes are 4A’ and BB’ take any diameter 
PCP’, and let PS meet the conjugate diameter CD in K and 
the tangent at P' in H, so that PK is equal to CA and PH 
to AA’. 


* Assume that at any point P on the curve SP = CA +e.CN. Notice also in 
Art. 100 (ii) that SK = PK — SP = CA ~ SP =e. CN. 
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With S as focus and P and H as vertices describe a second 
ellipse, and let AZ be its semi-axis conjugate. Then if S’ 
be the further focus of the first ellipse, 

CD’ = SP. PS' = SP. SH = KI”. 


(i) Let QOQ' be any double ordinate to PP’, let it meet PH 
in o, and let gog' be a double ordinate to PH in the second 
ellipse. Then by the nature of ordinates, 

QO': CD  PO.OP': CP*  Po.0H : KP? 
= go : KL’, 
or QO is equal to go and QQ' to gq’. 

(1) And since SH: CN=CS: CA- CS: PK, 


and CN: CM= CP: CO- PK: Κο; 
therefore SK: CM- CS: Κο, 
or in terms of the eccentricities e and ε΄; 

e. CM =e. Ko; 


and therefore 
SQ+ SQ =AA' + 2e.CM= PH + 2e. Ko 
= Sq + Sq’. 
(iii) Let a line through S at right angles to QQ' meet QQ’ 
in m and the tangent at P in n; then will the equal chords 


QQ' and qq’ in any two consecutive positions cut off elements 
of area which, being as their own breadths, are in the constant 
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ratio of Sm to So; and this is also -the ratio of the triangles 
SQQ' and Sgq' on equal bases. 

Therefore the whole segments QP'Q' and ¢Hq', as also the 
sectors SQQ' and Sqq', are as Sm to So, or as Sn to SP, 
or as CB to CD or KL; that is to say (the transverse axes 
being equal) the sectors SQQ' and Sgg' are in the subduplicate 
ratio of the latera recta of their ellipses, 

Lastly (calling the second ellipse described as above the 
auxiliary ellipse) if any two ellipses having equal major axes 
be placed so as to have a common focal vector SP, they will 
have the same auxiliary ellipse; and it is inferred by comparing 
each of the two ellipses with their auxiliary ellipse that their 
corresponding focal sectors SQQ' will be in the subduplicate 
ratio of their latera recta provided that QQ' and SQ + 56 be 
equal in both. Hence, when the three lengths QQ', SQ + SQ, 
AA’ are given the area of the focal sector SQQ' divided by the 
square root of the latus rectum is determined. 


BSOHOLIUM. 


The substance of the preceding section may be found in 
LamsBert’s Znsigniores Orbite Cometarum Proprietates* (pp. 102-125), 
where it is deduced that the time in any are 96 of an elliptic orbit 
described about S is a function of SQ * SQ', the chord ΩΩ, and the 
major axis, and does not depend upon the minor axis. For an 
investigation of the expression for the time the reader may consult 
the Messenger of Mathematics, vol. vir. p. 97: the result may also 
be obtained in the same form by the following process, which has 
the advantage of giving a more direct geometrical interpretation to 
some of the symbols employed. 

Assuming the results of Arts. 98, 99, and noticing further that 
sf is equal to CD (Ex. 651), let a denote the angle oCg, and ĝ the 
angle ες. Then 
Co.Cs CMCS 1 SQ+ SQ' 


CA CA AA’ 
f 8 ‘CD QQ' 
sina. sin 3 = td M T SS 


SQ + SQ + QQ’ 
. AAS 


cosa . cos (5 = 


and therefore 1 - cos(Q 4 a) = 


* See above, p. 57; and for a further account of the work see the Messenger of 
Mathematics, vol. 1X. p. 63. 


R 
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Let » denote the mean motion in the ellipse: ¢ the time in 
the arc QQ’, which is proportional to the sectorial area SQQ' 


CB 
(or Cd sect.Sgg^) divided by the square root of the latus rectum 


(Newton's Principia, Lib. 1. Sect. 111. prop. 14, theor. 6). Then 
since in the circle 


sect. Sgg' = sect. Cgg' - A (Cqq' — Sqq') = CA’ (a — Bina. cos Ê), 
it may be deduced that 


nt = (f + a — sin (B + α)) - (B — a - sin (B -- α), 


where B +a and f — a are known functions of 44’, QQ, and 
SQ + SQ. 

The corresponding theorem in parabolic motion had been given 
by EVLER in the Miscellanea Berolinensia, tom. ντι. pp. 19, 20 (1748). 
LAMBERT (1761) extended it to the central conics generally; although 
Lexell in his elaborate article (Nova Acta Academia Scientiarum 
Imperialis Petropolitane, tom. 1. pp. (140)—(183), 1787) overlooks 
Lambert's references in Preface and text (8857, 95, 213, &c.) to 
the hyperbola. On the parabola see Examples 691 and 692. 


EXAMPLES. 


651. The diameter parallel to any focal chord of an ellipse 
is equal to the projectively corresponding chord of its major 
auxiliary circle. 


652. The orthogonal or parallel projection of a parabola is a 
parabola; and an ellipse or hyperbola may be projected into an 
ellipse or hyperbola of any eccentricity. 


653. Shew how to project a parabola and a given point 
within it so that the projection of the point may be the focus 
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of the projection of the curve:* and thus deduce (from a pro- 
perty of the directrix) that the tangents to a parabola at the 
extremities of any chord drawn through a fixed point within 
it intersect upon a fixed straight line. 


654. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord of an ellipse 
which always touches a similar and coaxal ellipse is bisected 
at its point of contact, and that it cuts off a constant 
area from the outer ellipse; and shew that the portions of any 
chord intercepted between the two curves are equal. 


655. Shew how to project any two coaxal ellipses or hyper- 
bolas into confocal ellipses or hyperbolas; and extend the 
theorem of Ex. 382 to any pair of coaxal conics of the same 
species. 


656. If a chord of an ellipse and the tangents at its ex- 
tremities contain a constant area, the chord cuts off a constant 
area from the ellipse and touches a similar ellipse, and the 
tangents at its extremities intersect on another similar ellipse. 


657. If CP and CD be conjugate radii of an ellipse, and 
if the lines connecting P and D with opposite ends of the major 
axis intersect in O; then will DOP and an extremity of the 
minor axis determine a parallelogram. When 18 its area least 
or greatest ? 


658. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 


659. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 


660. An n-gon described about an ellipse so as to have 
its sides bisected at their points of contact is of constant area, 
and the n-gon formed by joining every two successive points 
of contact is of constant area. 





* Let TP and TQ be the tangents whose chord of contact PQ passes through 
and is bisected by the given point; and let TPQ be projected into an isosceles triangle 
right-angled at the projection of T (Art. 97). 

n2 
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661. If a triangle be inscribed in an ellipse, the parallels 
through its vertices to the diameters bisecting the opposite 
sides meet in a point. 


662. Parallel chords drawn to an ellipse through the ex- 
tremities of conjugate diameters meet the curve again at the 
extremities of conjugate diameters. 


663. Two ellipses of equal eccentricities and parallel major 
axes can have only two points in common; and the common 
chords of three such ellipses meet in a point. 


664. P, Q, E being three points on an ellipse, a diameter 
404’ bisects PQ and meets RP in N and EQ in T; prove 
that CN.CT = CA’. 


665. Through the centre of an ellipse and the points of 
concourse and contact of any two tangents a similar and 
similarly situated ellipse can be drawn. 


666. A, B, C are similar and similarly situated ellipses, 
and B is concentric with A and passes through the centre of 
C. Shew that the common chord of A and C is parallel 
to the tangent to B at the centre of C. 


667. Through a given internal point draw a straight line 
cutting off a minimum area from a given ellipse. 


668. If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in 1’ and 7", any chord of the former 
drawn from A is equal to half the sum or difference of the 
parallel chords of the latter through T and T”. 


669. Determine the greatest triangle that can be inscribed 
in an ellipse with one angular point at a given point on the 
circumference. 


670. Given an ellipse, if a parallelogram be inscribed in 
it so that one side divides the diameter conjugate thereto in 
a constant ratio; or if a parallelogram be described about it so 
that one of its diagonals is divided in a constant ratio by the 
curve; the area of the parallelogram will be constant. 
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671. The tangents to an ellipse at P and P' are parallel, 
any two conjugate diameters meet them in D and D’, and any 
third tangent meets them in T and 7"; shew that 


PD: PT=P'T': P'D. 


672. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of the ellipse; shew that the tangents at the 
opposite extremities of the diameters through A, B, C form 
a triangle similar to and four times as great as triangle ABC. 


673. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cut the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 
1, 3 and 2, 4 be conjugate in the ellipse, and 1, 4 and 2, 3 
in the hyperbolas. 


674. The locus of the middle point of a chord of an ellipse 
drawn through a fixed point is a similar ellipse, having its 
centre midway between the fixed point and the centre of the 
given ellipse. 


675. Determine the greatest isosccles triangle that can be 
inscribed in an ellipse with its base parallel to either axis. 


676. Any two radii of a circle and any pair of the radii 
at right angles thereto determine equal triangles: what is 
the corresponding property of the ellipse ? 


677. Any double ordinate to a given diameter of an ellipse 
being divided into segments whose product is constant, the 
point of section traces a similar coaxal ellipse. 


678. If the tangents at T and T" to an ellipse meet on 
a similar coaxal ellipse having AA’ for major axis, shew that 
the loci of the points (AT, A'T") and (AT", A'T) are ellipses 
similar to the former. 

679. lf PP’ be a diameter of an ellipse and Q, R be 
any two points on the curve, shew that the line joining the 
intersections of PQ, P'E and PR, P'Q passes through the 
intersection of the tangents at Q and R and is conjugate in 
direction to PP’. 
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680. In a given ellipse shew how to place a chord passing 
through a given point in the axis which shall contain with 
the radii to its extremities a maximum triangle. 


681. From the extremities of any diameter of an ellipse 
straight lines are drawn to either focus; shew that the radii 
parallel thereto in the auxiliary circle meet the circle at points 
lying on a chord through the focus. 


682. A triangle of constant area being inscribed in an 
ellipse, find the locus of its centroid. 


683. If Pand Q be projectively corresponding points on an 
ellipse and its major auxiliary circle, the radius of the ellipse in 
the direction CQ is equal to the perpendicular from C to the 
tangent at P. 


684. AA’ being a diameter of a conic and Q any point 
on the tangent at 4, shew that the line 4’Q cuts the conic 
in a point B such that the tangent thereat bisects 4 Q. 


685. If CP, CP' be semi-diameters of an ellipse, Q and 
Q' the points in which the conjugate diameters meet the 
tangents at P' and P respectively ; the triangle determined 
by a pair of its semi-axes is a mean proportional to the triangles 


CPP' and CQQ. 


686. If a triangle inscribed in an ellipse have its sides 
parallel to the diameters 5', 6”, b” and the focal chords ο, c", 
c" 5 and if a, b be the axes and p the parameter of the ellipse, 
and D the diameter of the circle circumscribing the triangle; 


shew that 








ope nee );OH OM $ 

D= bbb _ (5 ο | 
ab p 

687. The square root of the continued product of the six 

focal chords of an ellipse parallel to its six chords of inter- 


section with a circle is equal to the parameter of the ellipse 
multiplied by the square of the diameter of the circle. 


* The theorem is due to Mac CULLAGH. (Salmon's Conic Sections, Art, 369). 
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688. Shew that  Β (fig. p. 79) is perpendicular to the 
tangent from X to the auxiliary circle. If Z be the point 
of contact of this tangent and G its intersection with δ΄ δ, 
determine the eccentricity of the ellipse so that the lines CZ, 
SG, XB may meet in a point. 


689. Two particles describe the same ellipse subject to the 
same force at the centre: shew that their directions of motion at 
any time intersect on a similar ellipse. 


690. A given triangle may be orthogonally projected from 
an equilateral triangle; or it may be orthogonally projected 
into an equilateral triangle. Determine by a geometrical con- 
struction the magnitudes of these equilateral triangles. 


691. Prove by the method of Art. 100 that the area of 
any focal sector SMN of a parabola divided by the square 
root of its latus rectum may be expressed in terms of SM + SN 


and MN. 


692. Prove also that if PV be the diametral sagitta of the 
arc MN, then 


SM 4 SN ΙΝ m 
SE = WP) s (QV! 
and from this last result deduce that 


SM4 SN4 = | (SM+8N- = : 
2 ( 2 





J a 8) sector SMN = | 


693. If in any two ellipses or hyperbolas on equal trans- 
verse axes there be taken equal focal vectors SP, and if chords 
QQ' be drawn in them parallel to the tangents at P and so 
as to make equal intercepts on the equal focal vectors; shew 
that the chords thus drawn are equal in the two conics, and 
that SQ+ SQ' is of the same length in both, and that the 


* This is here suggested as perhaps the most direct way of establishing geome- 
trically the theorem in parabolic motion commonly ascribed to LAMBERT but 
previously discovered by ETLER (Scholium, p. 242). 
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focal sectors SQQ' are in the subduplicate ratio of the latera 
recta of their ellipses or hyperbolas.* 


694. Given, in a conic orbit described about the focus S 
under the action of a given force, a chord QQ’, the parallel focal 
chord, and the sum of the terminal focal vectors SQ + SQ’; 
the time of describing the arc QQ’ is constant.t 


695. Given the directions of two sides of a triangle inscribed 
in a given ellipse, determine the envelope of its third side. 





* The proof is very much as in Art. 100; but the two conics are thus compared 
directly and without the interposition of an auxiliary conic in which the chord gq’ of 
the sector is at right angles to the principal axis. 


t This extended enunciation of LAMBERT'S theorem (as I am informed by Prof. 
TOWNSEND) was given in a lecture in the year 1845 by the late Prof. MAC CULLAGH 
of Dublin, who proved that, the sectorial area SQPQ' and the square root of the 
latus rectum of the orbit vary severally as the sine of the angle between SP and QQ’, 
having previously shewn that OP is constant, and that every chord parallel to QQ' 
which cute SP in a constant ratio is of constant length, 
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CHAPTER Χ. 


OROSS RATIO AND INVOLUTION. 


101. A SET of points on a straight line constitute a Range* 
or row, of which the line is called the base or axis; and a set 
of straight lines radiating from a point constitute a Pencil, of 
which the point is called the Vertex or the centre and the lines 
are called Rays or radiants. 

The ratio of the ratios in which the straight line joining 
two points is divided by any other two points in its length 
is called a Double Section Ratio, or an Anharmonic Ratio, or 
a Cross Ratio of the four points. If two ranges of four points 
have one cross ratio of the one equal to one cross ratio 
of the other, it may be shewn that every cross ratio of the 
one is equal to the corresponding cross ratio of the other: 
we may therefore in practice speak of a tetrad as having 
one cross ratio only, although its four points determine six 
segments to each of which belong a reciprocal pair of cross 
ratios.] l 


102. If a line BD be divided at A and C, the ratio 
AB.CD: AD.CB (which is a cross-multiple of the ratios 
AB CB 
AD and cp! may be taken as the cross ratio of the points 


ABCD, and it is expressed by the notation {ABCD}. It may 





+ Collinear points are (or were) sometimes said to “range on a straight line"—for 
an example see Booth'a New Geometrical Methods, vol. 1. $48. 


+ For a further exposition of the principles of Anharmonic Section see 
TownsEND'S Modern Geometry of the Point Line and Circle, vol. 11. The purpose 
of this chapter is not so much to establish theae principles as to apply them to 
conics, 
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be shewn that this ratio is unaltered by the interchange of any 
two points of the range provided that the remaining two points 
be at the same time interchanged. In other words, it may be 
shewn that 


(A BOD} ={BADC} ={CDAB} = 1926084]. 


The cross ratio of a pencil of four rays is that of the range 
which it determines on any transversal: this ratio will be shewn 
to be independent of the position of the transversal (Art. 103). 
The cross ratio of four radiants ABCD is expressed by {ABCD}, 
and the cross ratio of four radiants Oa, Ob, Oc, Od by O {abcd} 
or {O.abcd}. 

Tetrads of points and rays are said to be egual or eguian- 
harmonic when their cross ratios are equal; and ranges and 
pencils of any number of constituents are said to be Aomo- 
graphic* when every tetrad of the one system and the corres- 
ponding tetrad of the other have equal cross ratios. The 
notation 

{ABODE &c.} 2 (A'B'C'D'E' &c.] 

is used to express that two systems whose constituents corre- 
spond in pairs are homographic. More briefly, if A and A’ be 
a variable pair of homologous (t.e. corresponding) constituents 
of two homographic systems, the equation {4} = (.A'] may be 
used to signify that every four positions of A and the correspond- 
ing positions of A’ have equal cross ratios. ‘The corresponding 
notation for a pencil having its vertex at O is O {A}. 

Thus far we bave spoken only of collinear points and of 
concurrent lines, but the following definitions may be added 
in anticipation of Art. 113. The cross ratio of Four Points on a 
Conic is that of the pencil which they subtend at any fifth point 
on the curve; and the cross ratio of Four tangents to a Conic is 
that of the range which they determine on any fifth tangent 
thereto. In the special case of the Circle it is at once evident 


* This term is sometimes confined to systems of more than four constituents, but 
it may be used with equal fitness for the specialcause of tetrads, in place of the 
longer word equianharmonic. 'The still shorter term equal (although not in general 
60 used) may often be employed with advantage as an abbreviation for “ equal as 
regards cross ratio"—for which the term equicross is suggested by Prof. TOWNSEND. 
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that these ratios are independent of the position of the fifth point 
or tangent, since four given points on a circle subtend a pencil 
of constant angles at any fifth point on the curve, and since 
the segments of any fifth tangent by four fixed tangents 
subtend constant angles at the centre. It will be shewn in 
Art. 113 that the cross ratios of four given points on (or 
tangents to) any conic are likewise constant. 

We proceed to establish certain Lemmas relating mainly 
(1) to Cross Ratio in general, and (2) to the special case of 
homography called Involution, with a view to their eventual 
application to some of the fundamental properties of conics. 


CROSS RATIO. 
103. The cross ratio of the points in which four fixed 


radiants are met by a variable transversal is constant.* 

(i) Let four lines radiating from O be met by any trans- 
versal in the points A, B, C, D, and let the parallel through B 
to OD meet OA in a and OC in b. 


del 
0 
‘in 
κ΄ 
< NM 
Me D 
i 


Then by similar triangles, 
AB: AD=aB:DO 


and CD: CB= DO : Bb. 
AB.CD aB 
Hence (ABCD) = AD.CB = bB? 


which is constant for all positions of ab parallel to OD; and 
therefore {ABCD}; is constant for all positions of ABCD without 
restriction. 


* Itis to be noted that this very important theorem of the ancients implicitly 
contains the method of Conical Projection. 
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We have thuszproved that 
{A BCD} = {aBboo }, 


where oo denotes the point at infinity in which aBb meets OD. 

It is to be noted that the transversal may be drawn so as 
to cut the radiants (produced through Q) upon either side of 
O. Thus in the figure of Art. 107 (i), considering the pencil 
whose vertex is O and supposing QO to meet AB in E and 
CD in F, we have 


{DMA Q} ={BPAE} ={BRCQ} ={DPCF}, 
the rays of the pencil being taken in the same order in every 
case. 


(ii) It is further evident that different pencils have equal 
cross ratios when their corresponding angles are equal or 
supplementary. 

For example, if SR and ST turn about S (Art. 9, Cor. 1) 
so as to be always at right angles, the pencils S {R} and S {7} 
are equiangular and therefore homographic. Or again, if TS 
and TH in Art. 50 remain fixed whilst the conic varies (so 
that the tangents from 7' always make equal or supplementary 
angles with TS and TH respectively), the pencils T {P} and 
T (Q] are homographic. 


104. Condition that a variable straight line should pass 
through a fixed point. 

Four raya determine equal ranges upon any two transversals 
(Art. 103); and conversely, if two equal tetrads of points on 
different axes be such that three of the lines joining them 
in homologous pairs meet in a point, the join* of the fourth 
pair must pass through the same point. 

In particular, if A be a point on one of the four rays, they 
determine equal ranges {ABCD} and (AB'C'D'| on any two 
transversals through A. 


* This term is used by some writers as an abbreviation for the line joining two 
points. See for example HENRIOI’s Elementary Geometry, Congruent Figures, 847 
(London, 1879). The “join” of two lines is their common point. 
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Conversely, if BB' and CC" be any two assumed positions of 
a variable straight line, O their point of concourse and A that 
of BC and BC’, and if OA be a third position and DD' any 
other position of the variable line, the condition that DD’ 
should pass through the fixed point O is that {ABCD} should 
be always equal to {4P C' D}. 


105. Condition that a variable point should lie on a fixed 
straight line. 


A range of four points subtends equal pencils at any two 
vertices; and conversely, if two equal pencils having different 
vertices be such that three pairs of their corresponding rays 
intersect on one straight line, the fourth pair must intersect 
on the same straight line. 

In particular, if O and O' be the vertices of two pencils 
which have OO'A for a common ray, and if B, C, D be the 
intersections of their remaining three pairs of rays, then will 
BCD be a straight line provided that 


O {ABCD} = 0' (ABCD). 


A 





If now (supposing the rays of the two pencils to be variable) 
the intersections of two pairs of homologous rays be at given 
points B and C, the remaining. intersection D will lie on the 
fixed straight line BC. 
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This result and that of Art. 104 may be together expressed 
as follows: 

If two tetrads of points or rays ABCD and A'B'C'D' be 
equianharmonic, then tf one pair (A, A’) coalesce the remaining 


three pairs (B, B'), (C, C’), (D, D) are in perspective. 


106. Condition that a tetrad of points or rays may be har- 
monic. 

(i) If BD be divided harmonically at A and C, and if the 
signs + be used to denote opposite directions, then it is easily 
seen that 

AB CD AD OB OB AD__ 
AD'CB AB'CD CD'AB 
or {ABCD} ={ADCB} = (CBAD| 2 — 1. 

The condition that the range ABCD should be harmonic 
is therefore that the points A and C or the points B and D 
should be separately interchangeable. ^ Each pair of inter- 
changeable points are said to be harmonically conjugate to each 
other with respect to the remaining pair. 


(ii) A pencil O{ ABCD} will be harmonic if a transversal 
drawn parallel to one of its rays OD be cut in equal and opposite 
segments Ba and Bb (fig. Art. 103) by the remaining three 
rays. For example, since DP in Art. 60 is parallel to one 
asymptote and is bisected by the other, it follows that the 
asymptotes and any two conjugate diameters of a hyperbola con- 
stitute a harmonic pencil. 


1, 


(iii) A pencil will also be harmonic if two of its rays be 
the bisectors of the angles between the other two. For ex- 
ample, "the tangent and normal and the focal distances at any 
point of a conic constitute a harmonic pencil. 


107. Properties of a complete quadrilateral. 

Let ABCD be a quadrilateral, and let O, P, Q be the 
intersections of (AC, BD), (AB, CD), (AD, BC) respectively. 
Then the figure as thus completed is called a Complete Quad- 
rilateral, and PQ is called its third Diagonal. 
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(i) Let the ray PO meet AD in M and BC in R. Then 
by the properties of radiants (Art. 103), 


O {DMA Q} = 0{BRCQ} = P{BRCQ} = PLAMDQ) ; 





and therefore the range (DMA Q}, in which the conjugate points 
A and D have been shewn to be interchangeable, is harmonic. 

[ Art. 106 (1). 

Thus it appears that the two pencils whose vertices are O 

and P are harmonie, and in like manner that the pencil Q 

is harmonic; and hence that each of the three diagonals of the 

complete quadrilateral is divided harmonically by its remaining 


two diagonals. 


(ii) Let the sides AB, DC of a quadrilateral meet in P 
and the sides DA, CB in O. Complete the parallelograms 
BODR and 40609, and let BR, PD meet in V and AQ, PD 
in T. 





256 CROSS RATIO AND INVOLUTION. 


Then by parallels 
PC: CL=]=PBiBA=PV : VD, 
or PC: PV=CT: VD=CQ: VR. 


Hence PQR is a straight line, and therefore the middle 
points of OP, OQ, OF lie on a straight line parallel to PQR. 

But the middie point of OQ is also the middle point of 
AC, since the diagonals of parallelograms bisect one another ; 
and for the same reason the middle point of OZ is also the 
middle point of BD. 

Therefore the middle points of the three diagonals AC, BD, 
OP of a complete quadrilateral lie on a straight line. 

The straight line bisecting the three diagonals of a com- 
plete quadrilateral may be called the DIAMETER of the quad- 
rilateral (Ex. 375, note). 


SCHOLIUM A. 


The fundamental anharmonic property of a pencil of four rays 
constitutes prop. 129 of the seventh book of the Συναγωγή of 
Parvus (vol τι. p. 871, ed. Hultsch), which affirms that ¿f two 
straight lines ABCD and .A B' C'D' be drawn across three radiants OB, 
OC, OD (fig. Art. 104), then 


AB.DC: AD. CB« AB.D'C' : AD. BC". 


This property is introduced (pp. 867—919) under the head of 
Lemmas on EvcLiD's three books of Porisms, a subject treated at 
length by Ros. Smuson in the work De Portsmatibus contained in his 
Opera quedam reliqua (Glasgue, 1776), where some things that were 
obscure in Pappus are made clear. In the same section of the 
Συναγωγή (prop. 131) is contained in substance the theorem of 
Art. 107, that either diagonal of a quadrilateral is cut harmonically by 
tts other diagonal and the join of the joins [ note, p. 252] of tts opposite 
sides (Chasles Aperçu Historique p. 36, 1875). And further, it will 
appear (Schol. C) that a theorem in Pappus implicitly contains the 
fundamental anharmonic property of four points on a conic. 

The ancient theory of transversals was revived and largely de- 
veloped in the first half of the seventeenth century by DESARGUES, 
to whom PoncELET, in the introduction to his Traité des Propriétés 
Projeotives des Figures (Paris, 1822), applies the title of honour *'le 
Monae de son siècle” (p. xxxviii) For some further bibliographical 
information on the subject see Poncelet loc. cit. and Chasles 
Aperçu Historique. Of Cannot’s Géométrie de Position (Paris, 1803) 
Poncelet remarks (p. xliv) that in that work ‘‘se trouve exposée 
pour la premiére fois et dans toute sa généralité cette belle Théorie 
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des transversales dont nous avons déjà si souvent parlé dans ce qui 
précéde, et dont les Anciens n'avaient fait qu'entrevoir les principes 
et la fécondité.” This method has been still further developed by 
CHASLES ‘‘qui a mis en œuvre d'une manière trés-heureuse les 
priucipes de la Théorie des transversales pour démontrer la plupart 
des théorèmes de Monae” (ibid. p. xlv). A good section on Trans- 
versals was contained in the 12th edition of Hutton's Course of 
Mathematics, vol. 11. 214—46 (London, 1843). 

For the cross ratio—or as he called it ‘‘ Doppelschnittsver- 
haltniss” (ratio bissectionalts)* —of four points Moxnrvus introduced the 
notation (4, B, C, D) in his celebrated Barycentrische Calcul, § 183, 
Ῥ. 246 Leipzig, 1827); and he used the notation *(c, d, b, a) for the 
cross ratio of the range determined by four lines c, d, 5, a upon any 
transversal e (p. 256). Chasles (Zrasté des Sections Coniques Pt. 1. 
p. 7, 1865), following the example of Mobius, adopts the notation 
(a, b, c, d) for a point-tetrad, and uses O (a, b, ο, d), an abbrevia- 
tion by separation of symbols for (Oa, Ob, Oc, Od), to denote the 
anharmonic ratio of a tetrad of radiants. More generally, whether 
the letters denote points or lines, we may write O(abed) for the 
cross ratio of the **joins" of (O, a), (0, b), (O, ο), (0, d). The 
form {0 . abcd}, used in Satmon’s Conic Sections, is a convenient sub- 
stitute for O {abcd} in cases in which cross ratios are compounded 
with one another (Möbius, p. 257). 

The term Anharmonic was invented by Chasles and has been: 
widely used; but it is an artificial word and wanting in brevity, 
and perhaps ought rather to mean non-harmonic. The short and 
significant term Cross Ratio (which expresses the result of com- 
pounding two simple ratios crosswise) was coined by the late Prof. 
CLIFFORD, and may be found in his Elements of Dynamics (p. 42) 
published some four or five years later (London, 1878). It may be 
used also with & secondary reference to the transversal or cross-line 
on which the ratio is estimated. 


INVOLUTION. 

108. If three or more pairs of points 4, Α΄: 5.5: C, C'; 
&c. be taken on a straight line at such distances from a point 
O thereon that 

0OA.0A'  OB.OB' 2 00.00" =&c., 
they are said to constitute a system in Znvolution. The point 
O is called the Centre and the points (A, A’), (B, B^), (C, ΟἽ, 
&c. are called Conjugate Points or Couples of the involution. 


The centre is evidently conjugate to the point at infinity upon 
the axis. 


* STEINER called it * Doppelverhültniss." 
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If the several points of an involution lie on the same side of 
the centre as their conjugates respectively, the products 04.04’, 
&c. are to be regarded as positive, and the involution is said 
to be positive; but if conjugate points lie on opposite sides 
of the centre the involution is said to be negative. In a positive 
involution there are two points Z'and 7" (on opposite sides of the 
centre) each of which coincides with its own conjugate: these 
are called the Double Points or Foci of the involution. In a 
negative involution the foci are imaginary. 

When two pairs of conjugate points A, B and 4’, B' are 
given the involution is completely determined. For if two 
pairs of parallels be drawn through 4, A’ and B, B' respectively, 
and if they intersect in P and Q, the line PQ evidently meets 
the axis of the involution in a fixed point O such that 


OA: OA'= OP: 0Q= OB' : OB, 


or OA.OB= OA'.OB. 
—K 
ο A Β΄ F A B 


Thus the centre O and the constant of the involution are known, 
and the system is completely determined.* 

A Pencil of lines in involution is a pencil which determines a 
row of points in involution on any transversal: every such 
pencil has one pair of Double Rays, on which he the double 
points of all its transversals. [Art. 112. 


109. A system of circles having a common radical axis de- 
termine pairs of points in involution on any transversal. 
For if a system of circles be drawn through two points P 


. * The six lines joining any four points PQP'Q' determine an involution on any 
transversal; the construction in the text results from taking P’ and Q' at infinity. 
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and Q, and if a transversal meet PQ in O and meet any two of 
the circles in 4, A’ and B, B, it is evident that 


OA.OA'= OB.OB' = OP.OQ. 

Conversely, if circles be drawn through the several pairs of 
conjugate points of an involution and through a coramon ex- 
ternal point P, they will all meet at a second fixed point Q, 
such that PQ passes through the centre of the involution. The 
Foci of the involution are the points of contact of the two 
circles which can be drawn through P and Q so as to touch 
the transversal: these points are émaginary when P and Q lie 
on opposite sides of the transversal. 


110. A pencil of rays in involution has in general two conju- 
gate rays only at right angles ; but of two pairs of conjugate rays 
be at right angles every two conjugate rays are at right angles. 

Let P be the vertex of a pencil in involution, and let a 
transversal meet two pairs of conjugate rays in A, A’ and B, B’. 
Then the circles APA’ and BPB' determine by their intersection 
a second fixed point Q, and every circle through P and Q meets 
the transversal in points C and C' such that PC, PC' are con- 
jugate rays. [Art. 109. 

Now in order that the angle CPC" may be a right angle 
the centre of the circle CPC" must lie on the axis of involution. 
In general one circle only can be drawn through P and Q so 
as to have its centre upon a given transversal ; but if two circles 
can be so drawn the transversal must bisect PQ at right angles, 
and must therefore be the locus of the centres of all the circles 
that can be drawn through P and Q. 

It is hence evident that a right angle turning about its 
vertex generates a pencil of rays in negative involution: for 
example, the conjugate diameters of a circle constitute a negative 
involution. 

It is further evident that there are two points (one on each 
side of the axis) at which all the segments of a range in 
negative involution subtend right angles. 


111. Zf a row of points be in involution any four of them and 


their four conjugates are equicross, and conversely. 
$2 
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(i) For if (A, A’), (B, B’), (ο C), (D, D) be conjugate 
points in an involution of which O is the centre, then since by 
definition, 


| OA' : OB'= OB: OA, 
therefore A'B' : OB'=AB: OA; 
and similarly C'D': OD'=CD: OC. 
Hence A’B’.C'D': OB'.OD'=AB.CD: 04.060; 
and in like manner (or by merely interchanging B and D, 
and δ’ and D^, 
A'D'.C'B' : ΟΒ'.ΟΡ' - 49.05: 04.00; 
and therefore (A'B'C'D') is equal to {ABCD}, or every four 
points and their conjugates are equicross, as was to be proved. 
From the general relation {ABCD} = (A'B'C'D'], where the 
several couples may be taken arbitrarily, we deduce as one 
form of the relation between three couples in involution (by 
substituting A’ for D and A for D’), that 
{ABCA'| - (A'B'C' A}, 
which readily reduces to 
AB.B'C'.CA' = A'B. BC.C'A. 
Another form of the relation between the three couples is 
(ABA'C) ={A'B AC, 
AB.A'C A'B.AC' 
AC.A'B  A'C'. AB" 
or AB.AB': AC. AC' « A'B. ΑΒ’: 46.460. 


Conversely, when one of these relations is established the 
three couples 44’, BB', CC' are proved to be in involution. 


or 


(1) Otherwise thus. Let circles be drawn each through two 
conjugate points of an involution 80 as to cointersect at points 
P and Q (Art. 109). Join P to any four of the points and join 
Q to their conjugates. Then it may be easily shewn that the 
two pencils thus formed have their angles equal (or supple- 
mentary) each to each,* and are therefore equianharmonic. 


* For this proof see Mc Dowell’s Exercises on Euclid and in Modern Geometry, 
Arta. 206, 7 (Cambridge, 1878). 
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112. The foci and any two conjugate points of an involution 
constitute a harmonic range. 

This is evident from Art. 35, Cor. 1, where A and A’ may 
be taken as the foci of an involution of which S and X are any 
two conjugate points. 

Conversely, any two points S and X which form a harmonic 
range with a pair of fixed points A and A’ are conjugate points 
in an involution whereof A and 4’ are the foci. 


SCHOLIUM B. 


The theory of Involution was laid down by Desaraves (1593— 
1662), the friend of Descartes and teacher of Pascal, in his Brov- 
ILLON Prorecr d'une atteinte aux éuénemens des rencontres d'un Cone 
auec un Plan, discovered in manuscript by M. Chasles in 1845, and 
printed in Poudra’s two volume edition of the Œuvres de Desargues, 
νο]. i. pp. 97—230 (Paris, 1864); an analysis of the work being 
also given, in which ite strange and embarrassing terminology is 
replaced by the expressions now in use. 

The germ of the theory is contained in lib. vir. prop. 130 of the 
Collectio of PaPPus (p. 873, ed. Hultsch), which may be stated 
conversely as follows: 

Jf the sides of a triangle PQR meet a transversal in A, D, C, and 
tf the three radiante from any point O to its opposite vertices meet the 
transversal in F, E, D respectively, then 


AF.CB: AB. CF=FA.DE: FE.DA. 


That is to say, the opposite sides and the two diagonals of any 
quadrilateral OPQR meet any transversal in pairs of points (4, F), 
(B, E), (C, D) in involution, the cross ratio {4FCB} being equal 
to {FADE}. 

DrsAnGUES, having defined and established some properties of 
his Znvolutton de six Points, and having enunciated the so-called 
theorem of Ptolemy in & new form, next shews that the pencil sub- 
tended at any vertex by six points in involution is cut in points in 
involution by any transversal (Poudra, pp. 247, 256—8); he fully 
establishes the theory of poles and polars (sometimes wrongly 
attributed to de La Hire), shewing inter alia that the three pairs 
of chords joining four points on a conic determine a self-conjugate 
triangle, and not omitting to notice also the case of polar planes 
(pp, 263, 72, 90); and he proves that any conic and the sides of an 
inscribed quadrilateral determine points in involution on any 
transversal (p. 268). It is to be observed that he regards six 
points as constituting a complete involution (which however does 
not really detract from the generality of his conclusions), and that 
he uses the term Jnvolution de quatre Points to denote the two double 
points or foci together with a single pair of conjugate points; that 
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is to say, he regards a harmonic range as an involution of four 
oints. 

s It may be well to quote from Poudra’s vocabulary of terms 

used by Desargues (Œuvres, 1. 101) the explanation of the still 

surviving term /nvolution, which signifies ‘‘ Trois couples de points 

tels que oa x ος = ob x οὗ = oe x 00' et que tous les points conjugués 

sont tous mélés ou démé és entr' eux." 


ANHARMONIC PROPERTIES OF CONIOCS. 
PROPOSITION I. 
113. The cross ratios of four fixed points on a conic and of 
the tangents thereat are constant and equal to one another.* 


(1) From four fixed points A, B, C, D on a conic draw 
chords to any point P on the curve, and produce them to meet 
the S-directrix in abcd respectively, so that 


P{ABCD} = P {abcd} = S {abcd}. 






a3” 


Pa 
Y! 
LR e 


| 
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Then since the angles ας), bSc, cSd, being equal or 
supplementary to the halves of the constant angles ASB, 
BSC, CSD respectively (Art. 13), are themselves constant, 
it follows that S {abcd} and P{ABCD} are constant, whatever 
be the position of P on the curve. Conversely, a conic can 


in general be drawn through six pointst PP'ABCD so related 





* The reciprocal properties (i) and (ii) were stated in their direct and converse 
forms in STBINER’s Systematische Entwickelung der Abhängigkeit geometrischer 
Gestalten von einanuer, pp. 156, 7 (Berlin, 1882), where itis remarked that: “Die 
Sätze links [= (ii)) sind, unter anderer Form abgefasst, bekannt." The property 
(iii) was given (for the circle) in CHASLES’ Géométrie Supérieure, § 663 (Paris, 1852). 

t The six points in Art. 105 may be regarded as lying on a conic which has 
degenerated into a pair of straight lines. 
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that P{ABCD}=P' {ABCD}; or if ABCD be fixed points, 
and P a variable point such that P{ABCD} is constant, the 
locus of P is a conic through ABCD. 


(i) Next let the tangents to a conic at four fixed points 
ABCD meet the tangent at any fifth point in the range abcd. 


T 





Then since the angles aSb, bSc, cSd, being equal or 
supplementary to the halves of the constant angles ASB, 
BSC, CSD respectively (Art. 13, Cor), are themselves 
constant, it follows that S {abcd} or {abcd} is constant. Con- 
versely, a conic can in general be described touching six 
straight lines so related that four of them determine ranges 
of equal cross ratios {abcd} and {a'b'c'd'} on the remaining 
two; or if four fixed straight lines meet a variable straight 
line in a range of constant cross ratio, the variable line envelopes 
a conic touching the four fixed lines. 

(iii) Lastly let P be a fixed point on a conic, PQ a variable 
chord meeting the S-directrix in R, and let T be the point 
of concourse of the tangents at P and Q. 

Then since the angle RST is always a right angle (Art. 9, 
Cor. 1), 

P(Qj - P(E = S(Bj - S(T] -(T], 
or the pencil subtended at P by any four positions of Q on the 
curve is equal to the range in which the tangents at the Q's 
intersect the tangent at P. 
Corollary 1. 


If two angles MBD, MCD of given magnitudes turn about 
B, C as poles in such a manner that the intersection M of two 
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of their arms describes a straight line, the intersection D of their 


remaining arms describes (in general) a conic passing through 
Band C ;* for since 
B(Dj = B{M} = C{M} = C{D}, 

a conic can be drawn through B, C and any four positions 
of D; and three assumed positions of D together with B and C 
determine a single conic on which every other position of D 
must lie. But if the straight line described by M passes 
through B or C, or if the pencils B{D} and C{D} have a 
common ray, the locus of D is a straight line. "The general 
case affords a ready means of drawing a conic through five given 
points. [Ex. 367. 


Corollary 2. 


If three straight lines md, dr, rm turn about given poles 
B, Ο, D, whilst m and r move along fixed straight lines PG 
and PQ, the point d describes a conic passing through B and C; 
for it is evident that 

Bid} = in] = fr} = C {d}. 
It appears (by taking special cases) that the point P and 
the intersections of BD, PQ and CD, PG likewise belong to 
the locus: and conversely, if these three points and B and C 
be given, the lines PG and PQ can be drawn, and the locus 
of d, which is the conic through the five given points, can 


be traced.t 





* This is NEWTON'S method of generating conic sections. The theorem is proved 
in the Principia, Lib. I. Sect. v. lemma 21, where it is deduced from lemma 
20 [2 Ex. 80], and this again from the theorem Ad quatuor lineas (Scholium C). 
It is also stated, with generalisations and limitations, in his Enumeratio Linearum 
Tertii Ordinis, Cap. VII. (see p. 26 in Talbot's translation, London 1861; or NE&wToNI 
Opera que exstant omnia, vol. 1. 556, ed. Horsley, London 1779), under the head: 
De Curvarum Descriptione Organica. 

t This method of drawing a conic through five given points was discovered by 
MACLAURIN in 1722 although not published by him til 1785. In the Philosophical 
Transactions of the Royal Society of London (vol. viti. p. 50, 1809) he shews how to 
deduce it by elementary geometry from the above mentioned lemma 20 of the 
Principia, “ which iteelf is a case of this description" (p. 43). Braikenridge, who had 
already published Maclauriu's construction, is said to have been in communication 
with him and to have been made acquainted with his theorems in 1727 (idid. pp. 6, 43). 
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PROPOSITION II. 


114. The diameters of a conic form a pencil in involution 
tn which conjugate diameters are conjugate rays. 


(i) For since any two conjugate diameters meet the 
S-directrix in points V and V’ such that 


XV.XV'=CX.SX=a constant, [Art. 14, Cor. 4. 


therefore CV and CY’ are conjugate rays in a pencil in in- 
volution. This involution is negative in the ellipse, and positive 
in the hyperbola: in the latter case the asymptotes are the 
double rays. [Art. 53. 


(ii) The centre of the involution determined by the pencil 
of diameters on any tangent is at its point of contact, since 
this is evidently conjugate to the point at infinity upon the 
tangent. This is in accordance with Art. 47, from which a 
second proof of the proposition may be derived. 


Corollary 1. 


From a fixed point O. draw the perpendicular OP to a 
variable diameter CP, and produce it to meet the conjugate 
diameter in D: then since 

C (D) = C(Pj = οί, 

the locus of D is a conic through O and C, and it evidently 
has real points at infinity on the axes of the original conic. 
At the four points of concourse of tbe conics the positions of 
OD are normal at D to the original conic. Hence we infer that 
there are four points on a given conic such that the normals 
thereat cointersect at a given point O, and the four points lie on 
an equilateral hyperbola, which passes through O and through 
the centre of the given conic, and has its asymptotes parallel to 
the axes of the latter.* 





* This method of drawing a normal OD to a conic from a given point O, with 
the help of an equilateral hyperbola, is given by APOLLONIUS in his Conics, Lib. v. 
props. 58—63, where he regards the normal as a line drawn from O so that the 
intercept upon it between D and the axis of the given conic is a minimum. For 
another treatment of normals see Prof. CREMONA's article On Normals to Conics, in the 
Oxf. Camb. and Dublin Messenger of Mathematics, vol. 111. p. 88. See also Ex. 286, 
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Corollary 2. 


By drawing OP to meet CP (Cor. 1) at any other given 
angle and in a given “sense” or direction of rotation, and 
proceeding as above, we determine a conic passing through O 
and C and having its asymptotes (real or imaginary) parallel 
to those conjugate diameters of the given conic which contain 
an angle equal to the given angle; and the two conics intersect 
at four points D such that OD meets the given conic at the 
given angle. Ifthe sense of rotation be not given, four other 
positions of OD (making in all eight), which meet the given 
conic at the given angle, can be in like manner determined. 


BCHOLIUM C. 


The celebrated problem of the '' Locus ad quatuor lineas" (τόπος 
ἐπὶ Ò ypauudc)—handed down by Parrus from his predecessors 
without solution (Collectio Lib. ντι, vol. 11. pp. 677—9, ed. Hultsch), 
solved only by his new method of coordinates by DrxscanTES 
(Geometria Libb. 1. 11. 7—16, 24—34, ed. Schooten, 1659), and at 
length completely solved by Newron (Principia Lib. 1. Sect. v. 
lemm. 17—19) by the elementary geometry of Apollonius—im- 
plicitly contains the fundamental anharmonic property of four 
points on & conic (Art. 113). The problem and its Newtonian 
solution are as follows. 


(i) If P be any point of a conic and ABDC a given inscribed 
trapezium, and if straight lines PQ, PR, PS, PT meet the sides AB, 
CD, AC, DB respectively at given angles: the rectangle PQ x PR 18 to 
the rectangle PS x PT in a given ratio. 


a. First let PQ and PR be parallel to 4C, and PS and PT 
parallel to 48; and let the side BD be also parallel to 4C. Then 
since PQ.QK varies as 4Q.QB, “peor prop. 17, 19, 21 ἃ 23 
lib. 111. eonicorum Apollonii” (Art. 16, Cor. 1), if K be the point in 
which PQ meets the conic again; and since the diameter of the 
chords 4C, BD, KP bisects also the intercept QR, so that 
QK= PR; it follows that PQ.PR varies as 49 QB or PS.PT, as 
was to be proved. 


b. Next let BD be not parallel to 4C.* Draw Bd parallel to 
AC meeting ST'in T and the conic in d. Join Cd cutting PQ in r, 


note, where if T and U be given T’ and U' can be at once determined; and thus 
from the intersection of any two normals to a conic two other normals can be drawn. 
Corollaries 1 and 2, as they stand, are taken from CHASLzs' Traité des Sections 
Coniques, chap. VII. pp. 142-4. On the parabola 566 Ex. 617, note. 

* Bee the lithographed figure No. 8. 
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and draw DM parallel to PQ cutting Cd in M and 4B in N. Then 
by similar triangles, and by parallels, Bt (or PQ) is to Τί as DN 
to VB; and Er is to 4Q (or PS) as DM to AN; and therefore 


PQ.Rr : PS.Tt=rect. NDM : rect. ANB,* 
= PQ.Pr : PS.Pt, by case a, 
= PQ.PR : PS.PT, dividendo. 


e. Having thus shewn that this last ratio has the constant 
value DN.DM : AN.NB, we see at once that PQ.PR will still vary 
as PS.PT if PQ, PR, PS, PT be drawn each at its own constant 
inclination to 4B, CD, AC, DB respectively. It is further evident 
that if PX and PY be drawn to meet the diagonals 4D and BC at 
constant angles, each of the ratios PX.PY: PQ.PR: PS.PT is 
constant. Conversely (lemma 18), if PQ.P E varies as PS.PT, the 
locus of P is a conic circumscribing ABCD. In lemma 19 and its 
two corollaries NEwroN completes the solution of the problem by 
shewing how to determine the actual locus of P for a given value 
of the ratio PQ.PZ : PS.PT; and he concludes by remarking with 
evident satisfaction: '' Atque ita problematis veterum de quatuor 
lineis ab Euclide incepti & ab Apollonio continuati non calculus, 
sed compositio geometrica, qualem veteres qusrebant, in hoc 
corollario exhibetur." 


(1) The anharmonic property of four points on a conic follows 
immediately from the above theorem Ad quatuor lineas. For if 
PQ, PR, PS, PT be perpendiculars to AB, CD, AC, BD re- 
ΓΟ (cf. Art. 94), so that PQ.AB= PA.PB sin APB, &c., 
and thus 


PQ.PR.AB.CD sin APB gnCPD 

PS.PT.AC.BD = sin APC sinBPD~* ABCD); 
and if the ratio PQ.PR: PS.PT and the trapezium ABDC be 
given; the cross ratio P{ ABCD} will be constant. 


(iii) CmaAsLEs and others have proved the constancy of the cross 
ratios of four given points on or tangents to a conic by projection 
from the circle, and have taken the properties thus proved as the 
foundation of their treatises on conics: but the most elementary 
proofs of the properties in question are those which we have 
adopted in Art. 113 from the Geometrical Demonstration of the 
Anharmonic Properties of a Conic contributed by Mr. B. W. Horne, 
Fellow of St. John's College, to the Quarterly Journal of Mathematics, 
vol. rv. 278 (1861): his proofs assume only those simple angle- 
properties of the focus of a conic which reduce, when the directrix 
is removed to infinity, to the fundamental angle-properties of the 
circle (Scholium A, p. 22). 


* This notation was formerly in use for the rectangle 4.N.NB. 
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RECIPROCAL POLARS. 


PROPOSITION TII. 


115. The polar of any point with respect to a conic is a 
straight line, and conversely.* 


(i) Let a variable chord be drawn to a conic through a 
given point O, and let the tangents at its extremities intersect 
in T; then will the locus of 7' be a straight line. 

For if the variable chord and its diameter CT' meet the 





directrix in R and V respectively, then since SR, ST and 
OR, SV are at right angles (Arts. 9, 14), therefore 
S{T}=S8{R} = O(R] - S(V]- C(T). 
And since the homographic pencils S(7] and C{7} have 
a common ray CS (the point T lying on the axis when OR 
is a principal ordinate), the locus of T is a straight line. 
[Art. 105. 
Conversely, if T be any point on a straight line, it may 
be shewn in like manner that its chord of contact determines 
homographic ranges {R} and {oo} on the directrix and the 
Btraight line at infinity, and hence that it passes through a 
fixed point. [Art. 104. 
(ii) Otherwise thus. Let PL and PN be given tangents 
to a conic, PME any chord through P, and O its intersection 


* For other proofs of the properties of polars see Arts, 17, 18, 41, 93, 
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with LN; and let 4 and B be the intersections of the tangents 
at N, M and N, R. 


Then since the cross ratios of the tangents at L, M, N, E 





€ 
and of their points of contact are equal (Art. 113), therefore 
(estimating the former on the tangent at N and the latter on 
the transversal MR) we have 
{PANB} = L(LMNE| = {PMOR} ; 
whence it follows that the tangents AM and BR intersect on 
the fixed straight line NO, and conversely. (Art. 104. 


PROPOSITION IV. 

116. A row of points on any axis and their polars with 
respect to α conic are homographic, and they determine an 
involution on that axis. 

(i) It follows at once from the construction of Art. 115 (i), 
where RST is a right angle, that if T be taken on the polar 
of a given point O, then 

(Tj - S18j = 0 {B}, 
or the points T and their polars OR are homographic. 

(1) Otherwise thus. In the preceding figure, if the equal 
cross ratios L(LMNE) and N(LMNR) be estimated on the 
transversal ME, then 

{PMOR} = {OMPR}, 
or O and P are harmonic conjugates with respect to M and R. 
[Art. 106. 
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Hence, as P moves along MR, the points O and P are 
couples in the involution of which M and È are the foci 
(Art. 112); that is to say, if P be a variable point on the 
polar of any given point Q, and QO be the polar of P, the 
range {P} is homographic with the pencil Q (O], and the two 
together determine an involution on the polar of Q. 


Corollary 1. 


If a pair of points divide a chord of a conic harmonically, 
each point lies on the polar of the other, and the two are 
said to be conjugate with respect to the conic. From the reci- 
procity of the relation between such points it is easy to deduce 
the theorem of Art. 17, Cor. 1, that the intersection of any two 
straight lines 4s the pole of the line which joins their poles. It is 
evident that a system of conics having a common self-polar 
triangle (note, p. 272) determine an involution on any transversal 
drawn through a vertex of the triangle. 


Corollary 2. 


Two straight lines are said to be conjugate with respect to a 
conic when they pass each through the polar of the other, or in 
other words, when they are harmonic conjugates with respect 
to the two tangents (real or imaginary) that can be drawn to 
the conic from their point of concourse. From a given point 
there can in general be drawn one pair only of straight lines 
at right angles to one another and conjugate to a given conic 
(Art. 110); but if the given point be a focus, every two conjugate 
lines drawn through 4t are at right angles (Art. 7); and con- 
versely it may be shewn that no other real point ia so related 
to the conic. Notice that conjugate diameters are also conjugate 
lines in the sense of this corollary. 


PROPOSITION V. 


117. If the locus of a point be a conic the envelope of its polar 
with respect to a conic 18 a conic, and conversely. 

Take four fixed points ABCD and their polars with respect 
to a conic: and take a variable point P and its polar with 
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respect to the same conic: and let the fixed polars meet the 
polar of P in the points a, b, c, d respectively. 

Then by Art. 116, the points a, b, c, d are the poles of 
PA, PB, PC, PD; and P{ABCD} is equal to {abcd}; and if 
the one be constant the other is constant. 

Hence, if the locus of P be a conic passing through the 
points ABCD, the envelope of the polar of P will be a conic 
touching the polars of ABCD, and conversely. [Prop. I. 


Corollary. 


To any figure generated by points or poles corresponds a 
reciprocal figure generated by their polars with respect to 
any assumed auxiliary conic; and any property of the one 
figure implies a reciprocal property of the other. The method 
of deducing reciprocal properties from one another will form 
the subject of Chapter ΧΙΙ. Notice, as a special case of 
the proposition, that any conic may be regarded as its own 
reciprocal, its several points being the poles of the tangents 
thereat. Also see Scholium E at the end of this chapter. 


THE TRIANGLE. 


PROPOSITION VI. 


118. If two triangles circumscribe a conic their six vertices 
lie on a conic, and conversely. 

Let ABC and DEF be two triangles whose six sides touch 
the same conic: let BC meet DF ind and EF ine: and let 
DE meet AB in b and AC in c. 
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Then by Prop. 1, since the four tangents AB, AC, FD, FE 
are homographic with respect to the tangents BC and ED, 
therefore 

{BCde}= {bcDE}, 
or F{BCDE} = A {BCDE}; 
and therefore the six points ABCDEF lie on one conic. 

Conversely, if the six vertices of two triangles lie on a conic, 
it may be shewn in like manner that their six sides touch a 
conic. 


Corollary 1. 


If the enveloped conic be a parabola, and if D be taken at 
its focus and E and F at the circular points at infinity (Chap. x1), 
the conie through ABCDEF becomes a circle. Hence the 
circumscribed circle of any triangle ABC whose sides touch a 
parabola passes through the focus (Art. 29). 


Corollary 2. 


If two conics be so related that a single triangle can be in- 
scribed in the one and circumscribed to the other, an infinity of 
triangles can be so circuminscribed to the two conics. For let ABC 
be the first triangle, and ab any chord of the outer conic which 
touches the inner: complete the triangle abc by drawing the 
second tangents from a and b to the inner conic: then the 
point c must always lie on the same fixed conic with the points 


ABCab. 
PROPOSITION VII. . 


119. If two triangles be self-polar* with respect to a conic, 
their six vertices lie on a conic, and their six sides touch a conic. 

Let ABC and DEF be two triangles self-polar with respect 
to a conic:[ then evidently the join of any two of their six 
sides is the pole of the join of the opposite vertices. — [Art. 116. 


* A triangle may be called self-polar with respect to a conic~ cf. the French term 
* autopolaire"—when each vertex is the pole of the opposite side. Such triangles are 
usually termed sel/-conjugate, and some writers call them self-reciproal, The vertices 
of a self-conjugate triangle constitute what is called a Conjugate (or self-conjugate) 
Triad of points. 

1 See the lithographed figure No. 4. 
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Let BC meet AD in d and EF in a’: then d' is the pole 
of AD, and d and d’ are therefore conjugate points (Art. 116) 
with respect to the conic. 

Also let BC meet AH in e and DF ine’: then e and e are 
likewise conjugate points with respect to the conic: and it is 
evident that B and C are conjugate with respect to it. 

It follows that the points BC, dd’, ee are couples in in- 
volution, and hence (Arts, 111, 102) that 


{BCde} = { CBd'e'} ={BCe'd'}, 
or A {BCDE} =F {BCDE}. 
Therefore a conic goes through the six points ABCDEF; 


and therefore another conic (Prop. VI) touches the six sides of 
the two triangles. 


Corollary 1. 

If upon a given conic one triad of points self-conjugate with 
respect to a second given conic can be determined, an infinity of 
such triads can be determined upon it. For if ABC be the 
first triad, R any other point on the first conic, S one of the 
points in which the polar of & with respect to the second conic 
meets the first, and 7’ the pole of RS with respect to the 
second conic; the point 7 must always lie on the same conic 
with ABCRS. By taking R at the centre of an equilateral 
hyperbola, and S and 7 at the circular points at infinity 
(Chap. χι.), we deduce that the circle through any conjugate triad 
with respect to an equilateral hyperbola passes through its centre. 

[Art. 64, Cor. 4. 


Corollary 2. 


Let the first conic become a circle, and let Q be one of its 
points of concourse with the second conic. Next let the points 
R and S coalesce at Q, so that the inscribed self-polar triangle 
RST degenerates into the vanishing triangle QQT: then T 
becomes the pole with respect to the conic of the tangent to the 
circle at Q. Conversely, if QQ' be any chord of a conic and 
T its pole, the circle drawn through 7' so as to touch QQ' at Q 
(or Q’) is such that an infinity of triangles self-polar with respect 
to the conic can be inscribed in it. 

T 
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Corollary 3.* 


Let the circle described as above meet the diameter OT of 
the conic in a second point ¢, and let V be the middle point of 
QQ’, and CP, CD the semi-diameters conjugate and parallel 
to QQ’. Then since 


γτγι.. ου. 00 OT~ CV 


cp (CP ~ Cy CD', ae VL 


it follows that CT. Vt is equal to CD', and hence that 
CT.Ct= CP' + CD’ CA' + CB’; 


and hence that the circumscribed circle of any triangle self-polar 
with respect to a conic is orthogonal to «ts director circle. In the 
case of the parabola every such circle is orthogonal to the 
directrix, or has its centre upon the directrix. Otherwise thua: 
let any circle in which self-polar triangles with respect to a 
conic can be inscribed meet the director circle in O and the 
chord of contact of the tangents OQ, OQ' to the conic in P and 
P'; and let V be the middle point of QQ’. Then since the 
points P and P' are conjugate, and since the angle QOQ' is a 
right angle, 

VP.VP'= V@ = VO; 
and therefore the line VO, which is normal to the director circle 
at O, is the tangent at O to the circle OPP". 


THE QUADRILATERAL. 
PROPOSITION VIII. 


120. The intersections of the opposite sides and of the 
diagonals of a quadrilateral are a conjugate triad with respect to 
every conic circumscribing the quadrilateral. 





* The former of the two proofs of GASKIN’s theorem (note, p. 186) in Cor. 8 is 
due to M. Paul Serret (Nouvelles Annales XX. 79, 1861). The theorem may also be 
proved independently of Prop. VII., as follows: let QQ’ be any chord of an ellipse, 
V and Τ its middle point and pole, and P, R any two conjugate points upon it, so 
that VP.VR = QV?. Let the circle round TPR meet VT again in 0: then it may 
be shewn that VO.VT=QV2, and hence that CO.CT = CA? + CB? (Now. 
Ann. XX. 25). See also the Quarterly Journal of Mathematics X. 129, 
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If ABCD be any four points on a conic, and OPQ the 
intersections of (4C, BD), (AB, CD), (AD, BC); then since 





the line OP and the point Q divide both AD and BC 
harmonically (Art. 107), therefore OP is the polar of Q. 

In like manner OQ is the polar of P: and therefore O is 
the pole of PQ, and the points OPQ are a conjugate triad, as 
was to be proved. 


Corollary 1. 


To draw tangents to a conic from a given point Q with 
the ruler only, draw any two chords QAD and QBC from the 
given point: let the line PO (the join of the joins of AB, CD 
and AC, BD) cut the conic in 7' and 7": draw QT and QT", 
which will be the tangents required, 


Corollary 2. 

From a given point P draw a fixed chord PAB and a 
variable chord PDC to a conic. Then since AC, BD and AD, 
BC meet on the polar of P, therefore 

A{Cl=B{D} =A {D}, [Prop. I. 
where C (or D) may be either extremity of the variable chord. 
Hence, taking any three positions of CD, we have 

A(CC'C"DIzA(DDD'C]; 


and therefore any variable chord CD drawn through a fixed 
T2 
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point determines an involution at any point A on the conic,* 
and conversely, For example, a chord of a conic which 
subtends a right angle (Art. 110) "at a given point on the 
curve passes through a fixed point on the normal thereat.t 


PROPOSITION IX. 


121. The three diagonals of a complete quadrilateral deter- 
mine a triangle which is self-polar with respect to every conic 
inscribed in the quadrilateral. 

Let a, b, c, d denote the tangents at any four points 
A, B, C, D on a conic, and ab the join of any two of them 
a and b. 

Then (in the preceding figure), since AB and CD pass 
through P, their poles ab and cd lie on OQ the polar of P. 
And in like manner ad and bc lie on OP, and ac and bd 
on PQ.t 

That is to say, the three diagonals of the circumscribed 
quadrilateral abcd lie upon the sides of the self-polar triangle 
OPQ. 


Corollary. 


In the reciprocal quadrilaterals abcd and ABCD determined 
by any four tangents to a conic and their points of contact 
respectively, two pairs of diagonals cointersect and form a 
harmonic pencil O {PA QB} (Art. 107); and the third diagonals 
lie in one straight line, and their extremities form a harmonic 
range {ac, P, bd, Q}. [Prop. 1v. 





* Otherwise thus: if PE and PF be the tangents to the conic from the given 
point P, then E{ECFD} is harmonic (Art. 18), and therefore 4 (ECFD) is 
harmonic, or AC and AD are conjugate rays in the involution of which AE and AF 
are the double rays. Note that four points on a conic are said to be harmonic when 
they subtend a harmonic pencil at every fifth (Prop.1.); and the tangents at four 
such points are said to be harmonic. 

t This theorem is due to Frégier (Gergonne's Annales vi. 231, 1816). 

1 This was proved by MAOLAURIN in Sect. 11. $835, 36 of the Appendiz to his 
work on algebra above referred to (Ex. 324, note), in which he applied CoTEs' 
theorem of harmonic means to curves of the second order. He thus virtually recipro- 
cated a theorem of Desargues (Prop. VIIL), although reciprocation, as a method, was 
only discovered in the century following. 
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PROPOSITION X. 


122. Any conic and the three pairs of chords joining any 
four points upon it meet every transversal in four pairs of points 
an énvolution.* 


(i) For if any transversal meet a conic in the points 44”, 
and any two of the three pairs of chords joining four points 
on the curve in the points BB’ and CC’, then by the theorem 
Ad quatuor lineas (Scholium C), 


AB.AB' : AC. AC'2 A'B. AB: 40.40” 
and therefore 4A’, ΡΒ CC' are couples in an involution 


(Art. 111); and the third pair of connecting chords determine 
a fourth couple in the same involution. 


(ii) Otherwise thus. Let any transversal meet a conic in 
the points 44’, and any two chords ab and cd in BB’, and 
the chords ad and bc in CC’. 

Then since the points Adj’ on the conic are equicross with 
respect to a and c, therefore (estimating a {AdbA’} and c {AdbA’'} 
on the transversal) we have 


{ACBA’} z (AB'C' A] - (A'C'B' A]; 
and therefore 44’, 38’, 66 are couples in an involution 


(11) The four sides of a given trapezium suffice to determine 
an involution on any transversal (Art. 108), and every conic 
circumscribing the trapezium passes through an additional 
couple in such involution; and no conic which does not circum- 
scribe the trapezium can pass through a couple in such involu- 
tion for every position of the transversal. For if the transversal, 
as it turns about any point A of a conic, meets it again always 


* This is one of the fundamental theorems of DESARGUES. Having first proved 
it for the circle he extended it to the general conic by projection, leaving to others 
to devise some direct proof applicable to the general case (Poudra's Œuvres de 
Desargues 1. 174, 193). The proof given above in Art. 122 (i) shews that the theorem 
is an immediate corollary from the ancient theorem Ad quatuor lineas. For the 
second proof (with a diagram) see Salmon's Conic Sections, Art. 344. The theorem 
seems to have been first etated for the case of three conics, instead of one conic and 
an inscribed quadrilateral, by Sturm (Gergonne’s Annales XVII. 180). At the end of 
the same memoir (p. 198) Sturm alludes to the reciprocal theorem of Prop. xt. See 
also Poncelet Traité des Propriétés Projectives 11, 149. 
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in the conjugate point Α΄, this conic must have an infinity of 
points A’ in common with the conic through A and the four 
summits of the trapezium. Hence the proposition may be 
stated as follows: 

A system of conics through four common points (with their 
three pairs of common chords)* meet every transversal in pairs 
of points in involution, and conversely. 

Each of the two double points belonging to any transversal 
must be at its point of contact with one of the conics of the 
system, or at an intersection of a pair of their common chords. 
There can therefore in general be drawn two conics through 
four given points to touch a given straight line. 


Corollary 1. 


The foci of any transversalt with respect to a quadrilateral are 
evidently conjugate points with respect to every conic circum- 
scribing it. Hence the polar of a given point F with respect 
to a system of conics through four given pointe ABCD passes 
through a fixed point F’,t which is determined as the second focus 
of the transversal which touches the conic ABCDF at F. 


Corollary 2. 


Through three given points 4 ΒΟ draw two conics touching 
a given line at its extremities F and F” respectively. These 
conics intersect at a fourth point D, through which must pass 
every conic through ABC which has F, F” for a pair of conjugate 
points.§ Hence we are led to infer generally that, in describing 
conics subject to given conditions, the condition that two specified 
points F and F' should be conjugate with respect to a conic is 
equivalent to having given one point D on the curve. 


* Each pair may be regarded as a degenerate hyperbola of the system. 

t We use this expression as an abbreviation for “the foci of the involution deter- 
mined upon any transversal by the sides of the quadrilateral, taken in opposite 
pairs.” 


{ It was proved analytically by Lamé (Examen des differentes méthodes employées 
pour résoudre les problemes de Géométrie pp. 34—38, Paris, 1818) that if a system of 
conics (or quadrics) have the same points of intersection, their diameters (or diametral 
planes) severally conjugate to a system of parallel diameters meet in a point. 

§ For example, if F and F’ be the circular points at infinity, the conics are 
equilateral hyperbolas, and they pass through the orthocentre of the triangle ABC. 
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Corollary 8. 


Each common tangent FF” to two conics ia cut harmonically 
by every other conic (or pair of chords) through their four 
common points. By supposing three of the four common points 
to coalesce, and one of the conics to become a circle, we deduce 
that the common chord of-a conic and its circle of curvature at 
any point and their common tangent thereat divide their further 
common tangent harmonically. [Ex. 647. 


Corollary 4. 

A system of conics having double contact cut every trans- 
versal in pairs of points in an involution, having one focus 
upon their common chord of contact CC’. In particular, if a 
transversal meet one of the conics in AA’, and their fixed 
common tangents (which themselves constitute a degenerate 
conic of the system) in BB’, then CC’ passes through a focus 
of the involution 44’, BB'.* Hence, if two points AA’ on 
a conic and also two tangents to it be given, their chord of 
contact passes through one or other of two fixed points on the 
line AA’; and ifa third point A” on the conic be given, the 
same chord of contact passes also through one of two fixed 
points on the line AA”, and may therefore have any one 
of four positions. There are therefore four solutions of the 
problem, to draw a conic through three given points so as to 
touch two given lines. 


Corollary 5. 

If one focus of an involution be at infinity its other focus 
bisects every segment of the involution (Art. 112). Hence 
and from Cor. 4, any two conics having double contact make equal 
and opposite intercepts on every transversal parallel to their 
common chord, and therefore on every transversal without ex- 
ception in the case in which their common chord is the straight 
line at infinity (Art. 57). Conversely, we are led to infer from 
Ex. 50 that every two similar and coaxal conics are to be 
regarded as having double contact with one another upon the line 
at infinity. 





* Notice the special case of Ex, 69, 
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PROPOSITION XI. 


128. The pairs of tangents from any point to a system of 
conics inscribed in the same quadrilateral form a pencil in 
involution, and conversely. 

Let four tangents to a conic intersect in the three pairs 
of points aa’, bb, cc ; and let any transversal meet their polars 
in AA’, BB', CC’ and the conic in DD’; and let O be the 
point of which the transversal is the polar. 

Then: each ray of the pencil O (aa'bb'cc DD'] is the polar 
of the corresponding point in the range (A4A4'BB'CC'DD'), and 
the two systems are therefore homographic (Prop. 1v); and 
since the latter is in involution (Prop. x) the former is also 
in involution. 

If now we suppose the four tangents to remain fixed whilst 
the conic varies, the pairs of tangents OD, OD' from any 
assumed point Ο to every conic of the system are conjugate 
rays in the involution O (aa'bb'cc], as was to be proved. 

Conversely it may be shewn (Art. 122 Sii) that if the 
tangents from every point Ó to a conic belong to the involution 


O (aa'bb'co], the conic must be one of the system inscribed in 
the quadrilateral whose summits are aa’, bb’, cc’. 


Corollary 1. 


The director circles of all conics inscribed in the same quadri- 
lateral are coaxal.* For if O be taken at either point of con- 
course of any two of these circles, the tangents from it to 
their two conics will be at right angles, and therefore the 
tangents from it to every conic of the system will be at right 


* This ia one of GASKIN'8 theorems, for the reciprocal of which see Art. 69. It 
may also be deduced from Art. 119, Cor. 3. combined with Prop. XII., which require 
that the limiting points of every two of the director circles should lie upon a fixed 
straight line, and also upon the circle through the intersections of the three diagonals 
of the quadrilateral, and should therefore be two fixed points. Prof. TOWNSEND 
has established the analogous theorem in three dimensions, that the director spheres 
of the system of quadrics touching eight fixed planes (and therefore inscribed $n the 
same developable surface) have a common radical plane. See the Quarterly Journal 
of Mathematics vol. viri. 10—14. The same theorem appears to have been proved 
independently by M. PICQUET (Chasles Rapport sur les progrès de la Géométrie p. 370, 
Paris, 1870). It occurs to me that the director circle and sphere might have been 
called the ORTHOCYOLE and ORTHOSPHERE, 
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angles (Art. 110). To the same coaxal system belong the 
circles on the three diagonals of the quadrilateral as diameters. 
[Art. 33, Cor. 3. 


Corollary 2. 


If one side of the quadrilateral be at infinity, its three 
diagonals become the parallels through the vertices to the 
opposite sides of a triangle; and the circles upon these diagonals 
become the perpendiculars of the triangle, whose intersection 
must therefore be a point on the directrix of every parabola 
inscribed in the triangle. [ Art. 29, Cor. 1. 


Corollary 3. 


It may be shewn by reciprocation* from Art. 122 (or directly, 
by the kind of reasoning there employed), that the pole of a 
given straight line with respect to a system of conics inscribed 
tn a quadrilateral lies upon a fixed straight line; and that to 
have given that a specified pair of straight lines are conjugate 
with respect to a conic is equivalent to having given one tangent to 
‘the curve; and that two conics can in general be drawn through 
one given point so as to touch four given lines; and that four 
conics can be drawn through two given points so as to touch 
three given lines. 


Corollary 4. 


Every pair of tangents TP, TQ to a conic whose foci are 
S and H are harmonic conjugates with respect to the bisectors 
of the angle STH (Art. 50), as are also the lines from 7' to 
the circular points at infinity $ and $' (Chap. ΧΙ). The 
tangents TP, TQ are therefore a couple in the same involution 
with T'(SH$4$'j, and every conic which has S and H for foci 
may accordingly be regarded as inscribed in the trapezium SPH¢". 
On account of this affinity of the points ¢, $' to the foci of 
every conic in their plane we shall sometimes speak of them 
as the Focorps, comparing the use of the term centroid, or 
quasi-centre. 





* Notice that the proof of Prop. χι. is itself an example of reciprocation. 
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PROPOSITION XII. 


124. The locus of the centres of all conics inscribed in a given 
quadrilateral is a straight line,* which also bisects dts three 
diagonals. 


(i) Since the director circles of the system of inscribed conics 
are coaxal (Art. 123, Cor. 1), their centres, which are also 
the centres of their conics, lie on a straight line. This line 
is evidently the diameter of the quadrilateral (Art. 107), since 
the middle points of the three diagonals (regarded as flat coniés 
inscribed in the quadrilateral) belong to the locus of centres. 

The proposition also follows as a special case from Art. 123, 
Cor. 3 by regarding the centre of every conic as the pole of 
the line at infinity with respect to it. 

(ii) In the following proof the parallelogram of forces is 
assumed. 

Let any conic touch four fixed lines AB, BC, CD, DA in 
N, R, L, M respectively. Then the resultant of AM and AN, 


regarded as representing forces, bisects the chord of contact MN, 
and tberefore passes through the centre of the conic. ) 





C 





* This important theorem of NEWTON (Ex. 505, note), which was originally 
proved by the elementary method of Exx. 870 —2, served as a starting point for 
later researches into the properties of systems of conics subject to leas than five 
conditions. Notice the use made of it by BRIANCHON and ῬΟΚΟΕΙΕΤ in Gergonne's 
Annales ΧΙ. 919. It might have been deduced from it by projection—a method not 
unknown to NEWTON—that there are an infinity of pairs of straight lines conjugate 
to the entire system of conica touching four given lines, which is the equivalent of 
Prop. ΧΙ. on involution. 
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Thus the centre is a point on the resultant of each of the 
pairs (AM, AN), (NB, RB), (CR, CL), (LD, MD); that is 
to say, it is a point on the resultant of 48, CB, AD, CD, and 
its locus is therefore a straight line.* It is evident that the 
resultant of these forces bisects the two diagonals AC and BD; 
and by resolving them severally into 


PB+ AP, CQ+ QB, QD+AQ, CP+ PD, 
we see that it bisects the third diagonal PQ also. 


Corollary. 


One conic and one only can be inscribed in a given quadri- 
lateral so as to have its centre upon any given straight line, 
since this line by its intersection with the diameter of the 
quadrilateral determines a single position of the centre of the 
conic. Hence we are led to infer that to have given a diameter 
of a conic 15 equivalent to having given a tangent to it, since 
either datum alike (when four other tangents are given) deter- 
mines one conic and one only. This is in accordance with 
Art. 123, Cor. 3, since every diameter of a conic is conjugate 
to the line at infinity. 


PROPOSITION ΧΠΙ, 


125. The centres of all the conics which circumscribe a given 
quadrilateral lie upon its eleven-point conic. 


(i) Through four given points two conics can be drawn so 
as to have their centres (real or imaginary) upon any given 
straight line. [Prop. x11. Cor. 

The locus of the centres of all the conics through four given 
points ABCD is therefore of the second order, since every 
straight line meets it in two points and two only. 

The join AB of any two of the four points meets this conic 
of centres in two points, which must evidently be the middle 
point of AB and its intersection with CD. 


(ii) Otherwise thus. If O be the centre of any conic through 
ABCD, the radiants from O parallel to the six joins of the 





* Nouvelles Annales 1. 24 (1862). For a proof depending upon the dynamical 
principle of moments see the Quarterly Journal of Mathematics vt. 215. 
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points ABCD are homographic with the radiants from O to 
their middle points (Prop. 11); and the locus of O is therefore 
a conic through those middle points. And it is obvious that the 
three intersections (AB, CD), (AC, BD), (AD, BC) are also 


points on the locus. 


(iii) The conic of centres will have two real points at infinity 
or one, or none according as two real parabolas or one or none 
can be circumscribed to the quadilateral ABCD. The locus 
will therefore be in general a hyperbola if this quadrilateral be 
convex (Ex. 184), or a parabola if two of its sides be parallel, 
and an ellipse if the quadrilateral be reentrant. 


(iv) Let either of the two parabolas (real or imaginary) which 
pass through ABCD touch the line at infinity in K, which will 
accordingly be the pole of that line with respect to the parabola, 
and therefore the centre of the parabola. 

The conic of centres therefore passes through the two points 
on the line at infinity which are conjugate with respect to all 
the conics through ABCD (Art. 122, Cor.1), as well as 
through the six middle points and the three intersections of 
their three pairs of common chords; and we have therefore 
called it the Eleven-Point Conic of the quadrilateral ABCD. 
Its centre 28 at the centroid of the points ABCD, since at that 
point the joins of the middle points of (AB, CD), (AC, BD), 
(AD, BC) meet and bisect one another.* 

It is evident that the polars of any point on the eleven-point 
conic of ABCD with respect to all the conics round ABCD are 
parallel, since they all meet in a point (Art. 122, Cor. 1), and 
one of them is the line at infinity. 


Corollary 1. 


Since the eleven-point conic E contains a conjugate triad 
(Art. 120) with respect to every conic F through ABCD, 


* This is at once evident, since four equal particles at ABCD balance two and two 
about the middle points of any pair of the above lines; and therefore the centroid 
of the four particles is at the middle point of the line joining any such pair of middle 
points. In the Quarterly Journal of Mathematics vt. 127 I have shewn how to 
verify a simple construction for the centroid of the area of any quadrilateral by an 
extension Of the barycentric principle, 
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therefore if O be an intersection of E and F, the tangent to 
E at O has its pole with respect to F on E. — [Art. 119, Cor. 8. 


Corollary 2. 

The eleven-point conic of any quadrilateral ABCD in- 
scribed in a conic touches the diameter of the quadrilateral 
formed by the tangents to it at ABCD, since the complete 
locus of centres of the system of conics inscribed in the latter 
quadrilateral is its diameter (Prop. xir), and the locus of 
centres of all conics round ABCD is its eleven-point conic, and 
one conic only can be both inscribed in the one quadrilateral 
and circumscribed to the other. 


Corollary 3. 

When the two points at infinity which are conjugate to all 
the conics round ABCD are the circular points the eleven-point 
conic becomes the nine-point circle, and the points ABCD 
become a triad and their orthocentre. The nine-point circle 
really belongs to this form of tetrastigm, and not specially to 
any one of the four triangles determined by its vertices; in 
the same way that the system of equilateral hyperbolas cir- 
cumscribing any one of these four triangles is a system of 
conics circumscribing the tetrastigm. 


SCHOLIUM D. 


We have seen that an ellipse or a hyperbola may degenerate 
into a straight line 4 4’ or its complement (Art. 33, Cor. 3). For 
example, the diagonals of a quadrilateral may be regarded as flat 
conics inscribed in it, and accordingly their middle points belong 
to the locus of centres of all conics inscribed in it (Prop. x11). This 
agrees with the bifocal definition SP + HP=a constant, in 
accordance with which the point P may in the limit lie anywhere 
upon the line SH; or upon the complement of SH, if the lower 
sign be taken. 

Again, if TP, TQ and ΤΡ’, ΤΩ’ be the tangents from any 
point 7' to two ellipses whose common foci are S and H, the angles 
PTP' and QTQ are always equal; and hence when the inner ellipse 
assumes the line-form SH the angles STP and 1706 are equal. 
But since this is also the case when the second ellipse is left out 
of consideration, and the lines 7S and ΤΗ are simply drawn 
through the fixed points S and H, the point-pair S and H are 
so far indistinguishable from the flat conic QZ. 

Again, let the ellipse be regarded as the envelope of a straight 
line subject to the relation Ay = b', where A and p are the perpen- 
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diculars upon it from S and H. When b vanishes the ellipse again 
appears to coincide with the points S and H, which are represented 
by A= 0 and p= 0 taken separately; but by taking A=0 and 450 
aalies we find that (besides the tangents whose points of 
contact are at S and H) the limiting conic has an infinity of 
tangents which ultimately coincide with the line joining S, H and 
have their points of contact distributed along SH.* We may therefore 
say (1) that an ellipse degenerates into the line SH joining its foci 
when its minor axis vanishes, meaning that SH is an actual 
limiting form of the curve ;t or (2) we may say that it ‘degenerates 
into” the point-pair S, H, understanding that at the instant at 
which it does so degenerate it ceases to belong properly speaking 
to the class conic, although the point-pair S, H and the line joining 
them may be, as regards some properties, indistinguishable. 

In like manner the hyperbola may be said to degenerate into 
its asymptotes ECe and E'Ce (Art. 54); but strictly speaking it 
becomes the pair of vertically opposite angles ECE” and eCe, and 
then has for its tangents at C those lines only through C which lie 
within the said angles. The conjugate hyperbola at the same time 
becomes coincident with the two supplementary angles, and has 
for its tangents at C all the lines through C which fall within those 
angles. It is therefore practically sufficient to say that either of 
the two conjugate hyperbolas ‘degenerates into” the line-pair 
ECe, E'Cé and has for tangents every straight line through C; 
but the theoretical difference between these two views of the limit 
becomes apparent when we observe that the one makes the cur- 
vature at C zero whilst the other makes it infinite. 

For some further discussion of these matters see the Quarterly 
Journal of Mathematics vu. 126, 235, 343. x. 93; Oxf. Camb. Dubl. 
Messenger of Mathematics rv. 86, 129, 140, 148; Chasles Sections 
Coniques pp. 30—33; Salmon’s Higher Plane Curves pp. 377, 383 
(ed. 3, 1879). 


HEXAGRAMMUM MYSTICUM. 
PROPOSITION XIV. 
126. The three pairs of opposite sides. of any hexagon inscribed 
4n a conic have their intersections in one straight line. 
(i) Let ABCDEF be any six points on a conic, and let 
Ο, P, Q be the intersections of (48, DE), (BC, EF), (CD, AF). 


* This appears also by projecting the conic upon any plane from any vertex in its 
own plane, 

+ If A, µ, v be the perpendiculars from three points upon a straight line, the 
envelope of a line subject to the relation Auv = c* assumes a corresponding line-form 
when ¢ vanishes. By supposing each coordinate to become equal to a perpendicular 
of the triangle of reference whilst the product of the remaining two coordinates 
vanishes, we see that the limit of the curve is made up of three parts each of 
which constitutes a side of the triangle of reference or its complement. See also 
Mathematical Questions from the EDUCATIONAL TIMES, vol. XVI. 43. 
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Then since the four points 4 CDE are equicross with respect 

to B and F, therefore Ὃ 

(OR DE| - B[ACDE] = F{ACDE}  (QCDL), 
if K be the intersection of BP, DO and L the intersection of 
FP, DQ. 

And since the ranges (OKDE| and (QCDL] are thus equal 
and have a common point D, therefore the lines OQ, EL, KC 
meet in a point, or the points OPQ lie in a straight line,* as was 
to be proved. 


(ii) Otherwise thus. Let O and Q be the intersections 
of AB, DE and AF, CD respectively. And let OQ meet AD 
in R, and BC in P, and EF in P'. Then will P’ coincide with 
T 

For the points O, Q and the conic determine upon the trans- 
versal OQ an involution to which, by a property of the inscribed 
quadrilateral ABCD, the couple PE belong (Prop. x); and 
by a property of the quadrilateral ADEF the couple P'R belong 
to the same involution,] and therefore P' coalesces with P. 


(iii) Otherwise thus.[ Consider the surface generated by 





* This line changes its position when the points ABCDEF are taken in a different 
order. On the various Pascal-lines OPQ see the note on Pascal's theorem at 
the end of Salmon’s Conic Sections; and see Townsend’s Modern Geometry chap. 17. 

t The proposition is thus virtually a corollary (Art 122 §i) from the theorem 
Ad quatuor lineas. See also Salmon’s Conic Sections, Art. 267. 

1 This proof, as it stands, is taken from Math, Questions from the EDUCATIONAL 
TIMES XVIII. 88 (1873). For the corresponding proof of Prop. xv. see vol. ΧΙΧ. 66, 
Both theorems had been treated in this way by DANDELIN in vol, III. of the Nouveaux 
Mémoires de l’ Académie jc. de Bruxelles (1826). 
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a straight line which always meets three fixed non-intersecting 
straight lines in space. 

Let 1, 2, 3, be the fixed lines and 1’, 2’, 3’ any three positions 
of the moving line. Then the common section of the two planes 
through 3', 1 and 2, 2' respectively passes through the points 
(3', 2) and (1, 2^. 

In like manner the common section of the planes through 
1', 2 and 8, 3' passes through the points (1', 3) and (2, 3); and 
the common section of the planes through (2’, 3) and (1, 1’) 
passes through the points (2', 1) and (3, 1). The three common 
sections therefore form a triangle, and consequently le in one 
plane. 

Now let the surface be cut by any arbitrary plane. This 
plane will be met by the planes through 3', 1; 2, 2'; &c. in 
a hexagon 1, 1’, 2, 2’, 8, 8; and by the three common sections 
(since they are co-planar) in three collinear points PQR, which 
are also the intersections of the opposite sides of the hexagon. 
The proposition is thus true for any plane section of the ruled 
quadric, and therefore for any conic. 


Corollary 1. 


Five points BCDEF on a conic being given, we may now 
find any number of sixth points A on the curve, viz. by drawing 
arbitrary lines BO through one of the given points B, and then 
determining successively the points OPQ, and the line QF, 
and its intersection with BO. Notice that A is a vertex of 
the variable triangle AOQ, the extremities of whose side 
OQ slide along fixed lines ED and CD, whilst its three 
sides pass through three fixed points PBF respectively. 

(Prop. 1. Cor. 2. 


Corollary 2. 


If ABCEF be five given points on a conic, the tangent 
at any one of them C may be constructed by this proposition; 
for we have only to make D coincide with C, in which case 
the line CQ becomes the tangent at C. Again, by supposing 
C to coincide with B and E with F, we deduce that the tangents 
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at the vertices B and Fof a quadrilateral ABDF inscribed 
in a conic intersect upon the straight line which joins the points 
of concourse of its sides AB, DF and AF, BD. 


PROPOSITION XY. 


127. The joins of the three patrs of opposite vertices of any 
hexagon circumscribing a conic meet in a point. 

(i) Let the tangents at A, B, &c. in the preceding figure be 
a, b, &c.; and let ab denote the intersection of any two of them 
a and b. 

Then the join of ad and de is the polar of O; the join of bc 
and ef is the polar of P; and the join of cd and fa is the polar 
of Q. And these three joins meet in a point, since their poles 
OPQ are in one straight line. 

(ii) Otherwise thus. Let 44’, BB’, CC’ be the opposite 
vertices of any hexagon circumscribing a conic; and let the 
four tangents AB, BC, ΑΒ. C'A determine the range 
(ECA'F| on the tangent CA’, and the range {@KB'C'} on 
the tangent B'C'. 


G 





These ranges being equal (Prop. 1), we have 
AÍ(BCA'C'] ={ECA'F} ={GKB'C'} = B(ACB'C'); 
and therefore, AB being common to the two pencils, their rays 
(AC, BC), (AA', BB'), (46, BC’) meet on a straight line 
(Art. 105), or the diagonals AA’, BB’, CC’ of the hexagon 


meet in one point. 
U 
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Corollary 1. 


Having given five tangents to a conic we may determine 
their points of contact by this proposition; for if the summit C' 
of the circumscribing hexagon be on the curve, the tangents 
40’ and B’C’ being supposed to coalesce, then the line joining 
the opposite summit C to the intersection of AA’ and BB: 
determines by its intersection with AB’ the required point of 
contact C'. We may also determine an infinity of other 
tangents to a conic when five tangents AB, BC, CA’, A'B', 
B'C' are given; for if we draw any line through the given 
point A’ to meet AB in A, the point C’ may be determined as 
above. 


Corollary 2. 


The orthocentre of any triangle is a point on the directrix 
of every parabola inscribed in it. For if abc be any three 
tangents to a parabola, a'c the tangents at right angles to 
a and c respectively, and oo the line at infinity, which together 
make up a hexagon abcc'oo α circumscribing the parabola, then 
the joins of αὖ, c'oo and be, a'oo. are two of the perpendiculars 
of the triangle abc; and the join of the joins of the orthogonal 
tangents aa’ and cc’ is the directrix; and, by the proposition, 
these three joining lines cointersect.* 


SCHOLIUM E. 


Pascar's theorem (Prop. xiv)—elsewhere called by him the 
theorem of the Mystic Hexagram—was enunciated without proof in 
his Essais pour les Coniques (1640) as a property of the circle, which 
might be generalised by projection, and then used as the foundation 
of a complete treatise on conics. See Œuvres de Blaise Pascal, 1v. 
1—6 (nouv ed. Paris, 1819) ; Chasles’ Aperçu Historique, pp. 68—74. 

Briancuon’s theorem (Prop. xv) was deduced from Pascal's by 
means of Desargues’ properties of what are now called polars 
(Scholium B). The author's proof of his theorem, given in his 
Mémotre sur les Surfaces courbes du second Degré (Journal de 7 Ecole 
polytechnique, tome νι. 207—311, 1806), was as follows. 


è This proof is given, as by Mr. John C. Moore, in Salmon’s Conic Sections (Art. 
268, Ex. 3, sixth ed. 1879). See also Scholium p. 57. Brianchon and Poncelet had 
deduced the reciprocal theorem of Art. 69 from Pascal’s hexagram. 
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Take any three concurrent straight lines P.4A’, PBB’, PCC' 
in space, and let LNM lnm denote the six intersections 


(AB, A'B, (BC, BC’), (CA, C'A”, 
(AB', A'B), (BC, BC), (CA, 6.4) 


respectively. Then the four triads of points LUN, Lmn, ln, lnN 
are evidently collinear, since they lie severally upon the common 
sections of the four pairs of planes 


(ABC, 4250), (ABC, A'B'C), (AB'C, 4'BC^, (A'BC, AB C^. 


And since every two of these triads have one point in common the 
four common sections and therefore the six points ΗΝ [mn lie in 
one plane, which also together with point P divides each of the 
segments 44’, BB’, CC’ harmonically. Ν [Art. 107. 

If the whole figure be now projected orthogonally upon any 
plane, then (with the same notation) the six points LMN im» will 
in general still lie by threes upon four separate straight lines, in 
the order above-mentioned; but if any other three of them as LmN 
be also collinear the siz points will then lie in one straight line, 
since the plane of projection must be at right angles to the plane 
of the original six points; and this line together with the point P 
will divide the segments 4.4’, BB’, CC’ harmonically. 

This is the case when 44’, BB’, CC’ are concurrent chords 
of a conic, since their extremities may be taken in any order 
to form an inscribed hexagon (Prop. xiv) For example, the 
hexagon 4ABC'A’B‘C has for its Pascal-line ZMn, on which the 
remaining three points /mJN must also lie. Brianchon then observes 
that two of the three concurrent chords suffice to determine this 
line, whilst the third CC" may be supposed to turn about P, and to 
coincide with either of the former, or to become itself a tangent 
(if P be an external point). Having thus virtually given a fresh 
proof of the properties of polars,* he at once deduces his own 
theorem (Prop. xv.) from the reciprocal theorem of Pascal, which 
he takes from the Géométrie de position (Carnot), probably not 
knowing to whom it was due. See also Gergonne's Annales Iv. 
196, 379 (1813—14). 

This brilliant application of Desargues' theory of polars, in 
conjunction with the property that the polar planes of all points on 
one quadric with respect to a second envelope a third, which Brianchon 
proved in the same article (as an extension from the case of similar 
and coaxal quadrics), served as a basis for the method of Reciprocal 
Polars, the full development of which was so largely due to 
Poncetet (Crelle’s Journal 1v. 1—71, 1829). 


* Pascal himself also had doubtless deduced the properties of polars (which he 
would have learned from Desargues) from his hexagram, 
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EXAMPLES. 


696. If ABC, DEF be two triangles such that AD, BE, 
CF meet in a point, the intersections of (BC, EF), (CA, FD), 
(AB, DE) lie in one straight line, and conversely*; and 
every tetrad of radiants or collinear points in the figure is 
harmonic. 


697. If the vertices of a triangle slide severally on three 
fixed radiants, and if two of its sides pass through fixed points, 
the third side passes through a third fixed point in a line 
with the former two, and conversely. 


698. If one, quadrilateral be divided into two others 
by any straight line, the diagonals of the three intersect in 
three collinear points. 


699. Prove for the case of the circle that any four points 
on the curve and the tangents thereat are equicross; and 
that the cross ratio of any four points ABCD on the curve is 
AB.CD 
AD. BC’ 

700. Prove that the sides and diagonals of a quadrilateral 
determine an involution on any transversal; and that its six 


summits subtend a pencil in involution at any point in its 
plane. 


equal to 


701. The circles on the three diagonals of a complete 
quadrilateral as diameters are coaxal; and they are orthogonal 
to the circle through the three intersections of its diagonals; 
and they determine an involution on any transversal. 


702. Any two triangles which are reciprocal polars with 
respect to a circle[ are in homology. 


703. Find the locus of intersection of tangents to two 
given circles whose lengths are in a constant ratio. 


4 s 

* Two such triangles are said to be tn perspective or in homology. Solutions of 
Exx. 696-702, 705 are given in McDowell’s Exercises in Euclid and in Modern 
Geometry, pp. 134—187, 227, 239 (new edit. 1878). 

t The same may be proved for any conic, us (for example) in Cremona's Elements 
de Géométrie Projective, p. 227 (1875). 
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704. The pairs of radiants from any point to the vertices 
of a triangle and parallel to its opposite sides respectively 
form a pencil in involution. 


705. Deduce by reciprocation from the property of the 
orthocentre that, if from any point radiants be drawn to the 
summits of a triangle, the radiants at right angles to them 
meet the opposite sides of the triangle in three collinear points. 


706. The nine-point circle N of the tetragon determined 
by a triad of points and their orthocentre (Art. 125, Cor. 3) 
touches the sixteen circles inscribed or escribed by fours 
to the four triangles determined by the summits of the tetragon 
(note, p. 191). If ABC and Ο be the points of contact of 
any of these sixteen circles with its triangle and with N 
respectively, the sixteen sets of lines OA, OB, OC, making 
in all forty-eight lines, pass by fours through the extremities 
of the six diameters of N parallel to the sides and diagonals 
of the tetragon; and every two tetrads which pass through 
opposite extremities of the same diameter have equal cross 


ratios.* 


707. Prove by reciprocation from the theorem Ad quatuor 
lineas (or otherwise), that if a quadrilateral be circumscribed 
to a circle, the ratios of the products of the distances of 
its three pairs of opposite summits from any fifth tangent are 
invariable. Tt 


708. From the anharmonic point-property of a conic deduce 
the theorem Ad quatuor lineas; and thence deduce the theorems 
of Art. 16, and the property of any principal or oblique 
ordinate. Shew also how to deduce the anharmonic property 
of four tangents from that of four points } 


* See Dr. Casey’s article in the Quarterly Journal of Mathematics, 1v. 245. 

t See Mulcahy’s Principles of Modern Geometry, p. 43 (ed. 2, 1862). 

1 All the chords PQ drawn to a conic from a given point P upon it are bisected 
by a similar conic touching the former at P and passing through its centre O. Let 
the tangent at Q meet that at P in R. Then OR meets PQ in a point g lying on 
the inner conic; and by the point-property of the latter, 

P {Q} = P {9} = O (d) = 0 (R) = (E). 
This proof is from GASKIN'S Geometrical Construction of a Conic Section p. 26 
(1852). 
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709. From the anharmonic tangent-property of a conic. 
deduce the relation between the intercepts made upon a pair 
of parallel tangents by any third tangent.* 


710. From the point-property of a conic, A {ABCD} 
= B {ABCD}, deduce that if from any point K on the chord 
AB a transversal be drawn meeting the tangents at A, B 
in Tand 7", and the conic in C and D, then 


KO. KT'.TD=KD.TK.T'C. 


711. Deduce elementary properties of the hyperbola from 
the relation. 


oo [ABoo œ '] 2 oo ' (A4Boo o» ']; 
where œ and oo’ are its two points at infinity, and AB any 
other two points on the curve. 


712. Deduce Art. 23, Cor. 3 from the relation 
P|(PEQo |] 2 o (PEQoo], 
where œ is the point at infinity on the parabola. 


713. Shew also by cross ratio that three fixed tangents to 
a parabola divide any fourth in a constant ratio. 


714. Deduce from Prop. vi. that, if a conic touches the 
sides of a triangle and passes through the centre of its 
circumscribed circle, this circle touches the orthocycle (note, 
p. 280) of the conic. 


715. Deduce from Prop. 1x. that the nine-point circle of 
every triangle self-polar with respect to a parabola passes 
through the focus; and construct a triangle self-polar to every 
parabola inscribed in a given triangle. 


716. If OP and OQ be tangents to a conic, the circle 
through P which touches OQ in Q is such that triangles 
self-polar with respect to the conic can be circumscribed to it. 


* CBASLES has founded his Traité des Sections Coniques upon the anharmonic 
properties of conics (cf. Apergu Historique, pp. 39, 334-344). The properties of 
diameters and of the foci are deduced in chaps. VI. and X. The same general method 
is followed by Cremona; and it is given as an alternative by Rouché and De 
Comberousse (Traité de Géométrie § 1125, 4me ed. Paris 1879). 
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717. Shew how to inscribe in a given conic a triangle 
(or n-gon) whose sides pass severally through given points.* 
8 Ρ y gn given p 


718. Having proved the properties of polars by cross ratio, 
deduce the fundamental property of a diameter of a conic. 


719. Prove Prop. rr. by the same method, and deduce 
the elementary properties by which it was proved in the text. 


720. From the properties of quadrilaterals inscribed or 
circumscribed to a conic, deduce that the diagonals of every 
inscribed parallelogram are diameters of the conic; and that 
supplemental chords are parallel to conjugate diameters; and 
that the diagonals of every circumscribed quadrilateral are 
conjugate diameters. 


721. Ifa variable tangent to a conic meet the tangents from 
a given point L in F and H, and if M and K be a certain 
pair of fixed points on the fixed tangents; shew that MF. KH 
is constant, and deduce that a variable tangent to a conic 
divides any two fixed tangents homographically. 


722. If ABCDE be a pentagon circumscribing a parabola, 
the parallels from B to CD and from A to DE intersect 
upon CZ. 


723. If ABCD be a quadrilateral circumscribing a parabola, 
the parallels from A to CD and from C to AD intersect on 
the diameter through B; and every other tangent divides 
AD and BC (or AB and CD) proportionally.t Consider also 
the limiting case in which ABC is a straight line. 





* On Exx. 717 &c. see Salmon’s Conic Sections 88297, 326—8, Exx, where 
Townsend’s solution is given; Rouché et De Comberousse Traite de Geometrie 
$1184. The problem—for a simple case of which see Pappus Collect. lib. VII, 
prop. 117—was solved by PONCELET, and analytically by GASKIN. See Historical 
Notices respecting an Ancient Problem in The Mathematician vol. III. pp. 75, 140, 
225, 311, 42 (suppl.). 

t See NEWTON's theorem Ex. 371, with Ex. 364, note; and compare Ex. 726, note. 
Bee also CHASLES Géométrie Supérieure ὃ 120; Sections Coniques ὃ 56. 

t Exx. 722—3 having been deduced from Brianchon's hexagon in Quetelet's Corre- 
spondance mathématique εἰ physique 1v. 155, Chasles was led (ibid. 1v. 864, v. 289) 
from Ex. 723 to Ex. 724 (which is equivalent to the anharmonic property of four 
tangents to a conic), apparently without being aware that an equivalent theorem 
(Ex. 721, note) had been proved by NewTon. See also Aperçu Ilistorique pp. 341—4 
(Note ΧΥΙ.). 
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724. In a quadrilateral ABCD circumscribed to a conic, 
the ratio of the ratios in which any fifth tangent divides either 
pair of its opposite sides is constant. 


725. If the fifth tangent meet AB, CD in M and N, 
and if a sixth meet AD, BC in P and Q, then 


AM.BQ.CN.DP- AP.DN.OQ.DM. 


726. Quatuor rectis BL, BI, DK, DH positione datis, ducere 
quintam LH talem, ut partes abscisse HI, IK, KL sint in ratione 
data.* 


727. If a fixed conic S and a variable conic δ’ be inscribed 
in the same quadrilateral, the four points in which S’ intersects 
S subtend at any point on S' a pencil whose cross ratio is constant, 
being equal to that of the range in which the sides of the EM 
lateral meet any fifth tangent to S.T 


728. If the tangent at O to a conic meet any other 
three tangents in the points abc, and meet their three 
chords of contact in a'b'c', prove that { Oabc} = 1 Oa'b'c'}. 


729. If AB be a given chord of a conic, and PQ a 
variable chord such {APQB} is constant, the envelope of PQ 
is a conic touching the former at 4 and B. 


730. If the chords AB and CD of a conic be conjugate, 
and ACB be a right angle, and a chord DP meet AB 
in Q; prove that the angle PCQ is bisected by CA or CB. 


731. If ABC be a triangle circumscribing a parabola 
and abc the points at infinity on its sides, the tangents from 


» 


* LAMBERT Insigniores Orbite Cometarum Proprietates sect. 1. lemma 18 $5 51—53 
(1761). The envelope of LH is shewn to be the parabola touching the four given 
lines (Art. 28, Cor. 8). [The problem had been solved in another way in the 
Arithmetica Universalis prob. 52 (ed. 1707)—al. prob. 56]. Here we have obviously 
the anharmonic property of four tangents to a parabola; and by stating the result 
in the projective form that the ratio of the ratios Zi and =i is constant we at once 
shew the property to be true for all conics. [See also the Principia lib. 1. sect. v. 
lemma 27 Cor., where WREN and WALLIS are referred to for earlier solutions. ] 

t Briefly thus: the cross ratio of the common points of any two conics in the one 
is equal to that of their common tangents in the other. 
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any point O to -the parabola belong to the involution 
O {Aa Bb Cc}. Hence shew that the directrix of every parabola 
inscribed in a triangle passes through its orthocentre. [Art. 110. 


732. The joins of four points on a conic meet any 
transversal in three pairs of points in an involution, to which 
the intersections of the transversal with the conic also belong. 
Hence deduce (by removing the transversal to infinity) that 
every conic through a triad of points and their orthocentre is 
a rectangular hyperbola. 


733. If AEB and CDF be two triads of collinear points, 
the intersections of (AF, CE), (BF, ED), (BC, DA) are in 
one straight line.* 


734. In a hexagon inscribed in a conic, if two pairs of 
alternate sides are parallel the third pair are parallel. 


735. In every hexagon inscribed in a conic the two triangles 
determined by the two sets of alternate sides are in homology. 
State the reciprocal theorem. 


736. The Pascal lines of the sixty hexagons determined by 
a Pascal hexastigm pass by threes through twenty points; 
and the Brianchon points of the sixty hexagons determined by 
a Brianchon hexagram lie by threes on twenty straight lines.t 


737. If two conics touch one another at A and B, and if 
LM be a chord of the outer which touches the inner conic; find 
the loci of the intersections of AL, BM and AM, BL. 


738. The chords joining four points on a conic to any 
fifth P and to any sixth Q intersect in four points lying on 
a conic through P and Q. 


+ PApPUs3 Collectio lib. VII. prop. 139 (vol. 11. p. 887, ed. Hultsch); Simson De 
Porismatibus p. 414; Chasles Porismes p. 77. Note that AFBCED is a hexagon 
inscribed in a line-pair, so that Pascal’s theorem is a generalisation of this lemma 
of Pappus. 

T See TOWNSEND'S Modern Geometry 11. 172. The terms hexastigm and hexa- 
gram are here very appropriately used to denote the figures determined by six points 
and lines respectively, taken in any order. In the text however I have retained the 
term hexagram as a designation of Pascal’s figure out of regard for historical 
considerations, 
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739. If a conic 8 be inscribed in a triangle self-polar 
with respect to a conic δ΄, shew that triangles self-polar with 
respect to S can be inscribed in δ΄. 


740. Given the sum of the squares of the axes of a conic 
inscribed in a given triangle, the locus of its centre is a 
circle concentric with the polar circle of the triangle.* 


741. Given five points on a conic, find (by cross ratio or 
involution) its second intersection with any straight line through 
one of the five points, and its two intersections with any other 
straight line; and determine its points at infinity and its 
asymptotes, real or imaginary. 


742. Prove by cross ratio that five tangents determine 
a conic; and determine other tangents and their points of 
contact; and shew how to construct the tangents from any 
given point, real or imaginary. 


743. Prove by involution that if three sides of a quadrilateral 
inscribed in a conic turn about three points in a straight line, 
the fourth side turns about a point in the same straight line; 
and hence shew how to inscribe in a conic a triangle whose three 
sides pass severally through three collinear points. 


744. Prove Carnot’s theorem, that if aa’, bb’, οσο, be the 
three pairs of points in which a conic meets the sides BC, 
CA, AB of a triangle, then 


Ab. 42’. Bc. Bc'. Ca. Ca! = Ac. Ac’. Ba. θα. Cb. Cb. T 


Prove also that the same relation subsists when 4, B, C denote 
the sides of a triangle; a, a’, &c. the tangents from its vertices 
to a conic; and Ad denotes the sine of the angle between 
any two lines A and b. 


745. The distances pgr of any point on (or tangent to) a 
given conic from three fixed lines (or points) are connected 


* See the Quarterly Journal of Mathematics x. 190. 
1 This is an obvious corollary from Art. 16. It is given in Carnot’s Géométrie 
de position § 236 (Paris, 1803) as a case of a more general theorem. 
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by a relation of the form 
Pp + Qg + Hr! + Ρον + Q'rp + E'pq — 0, 
where P, Q, &c. are constant coefficients. 


746. If four tangents to a conic parallel to four chords 
abcd through either focus meet any fifth tangent in points 4 BCD, 
then 


{ABCD} = [abed] T 


where p, p' and g, q' are the perpendiculars upon the fifth tangent 
from two pairs of opposite intersections of the four tangents. 
If the latter be fixed pp’ varies as 44. Hence deduce that 
the product of the focal perpendiculars upon any tangent to 
a conic is constant.” 


747. lf three summits of a quadrilateral circumscribing 
a conic slide severally on three rays of a pencil, the fourth slides 
on a fourth ray. Hence shew how to circumscribe to a 
conic a triangle whose three vertices lie on three given radiants. 


748. If upon a given arc AB of a circle whose centre is 
O there be taken any arc Am, and likewise an arc Bn 
equal to 24m, then O(m] 2 Bí(n]. Hence deduce a solution 
of the problem, to trisect a given angle 4 OB. [Ex. 528. 


749. The product of the distances of any point on a hyper- 
bola from a given pair of parallels to the asymptotes varies 
as its distance from the chord intercepted by the parallels: 
and the product of the distances of any point on a parabola from 
two fixed diameters varies as its distance from the chord joining 
their extremities. 


* The distances of any two tangents from either focoid (Art. 123, Cor. 4) being 
in a ratio of equality, the products of the focal perpendiculars upon any two tangents 
are in a ratio of equality. The cross ratio of the range in which any tangent meets 

— 4SY. HZ 
the sides of the quadrilateral SpHq’ is equal to δη ^ where SY and HZ are 
the focal perpendiculars upon the tangent (Ozf. Camb. Dubl. Messenger of 
Mathematics 1V. 94). Chasles calls the points of concourse of common tangents to 
two conics "points ombilicaux" (Sections Coniques chap. XIV.), with reference to the 
use of the term Umbilicus for focus noticed above on p. 5. 
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750. From Ex. 744 deduce a construction for a conic 
passing through four given points and touching a given straight 
line: and shew that the lines joining the vertices of a 
triangle circumscribing a conic to the opposite points of contact 
cointersect: and when four points on a conic and the 
tangent at one of them are given, shew how to draw the 
osculating circle at that point. 


751. Through the centre of a conic and any conjugate triad 
with respect to it a hyperbola can be described having its 
asymptotes parallel to any given pair of conjugate diameters. 


752. The system of radiants from any point parallel to the 
tangents to a parabola is homographic with the range in which 
these tangents meet any fixed tangent.* 


753. If from a series of collinear points pairs of perpen- 
diculars be drawn to two fixed straight lines, the joins of the 
feet of the several pairs of perpendiculars envelope a parabola 
touching the two fixed lines. 


754. If any chord of a conic drawn from a fixed point O 
upon it meets the sides of a given inscribed triangle in points 
ABC and the conic again in P, shew that {A BCP} is constant ; 
and deduce a construction for the tangent at a given point to 
a conic of which four other points are likewise given. 


755. If ABC be the intersections and abc the points of 
contact of three fixed tangents to a conic, the product of the 
distances of any tangent from A and a varies as the product of 
its distances from B and C: the product of its distances from 
b and c varies as the square of its distance from A: the pairs 
of radiants from any point O to BC and Aa determine an 
involution to which the tangents from O to the conic belong: 
and these tangents with Ob and Oc determine an involution 
having OA for one of its double rays. - 


756. Deduce from Brianchon’s hexagon that when a quadri- 
lateral circumscribes a conic the joins of its opposite points of 





* For solutions of Exx. 741— 769, 765—800 see Chasles’ Sections Coniques 
pp. 8—67, 72—109, 137—145, 160, 204, 209, 211—299, 321 &c. 


EXAMPLES. 301 


contact pass through the intersection of its two diagonals; and 
that in a triangle circumscribing a conic, the three lines joining 
its vertices to the opposite points of contact meet in a point. 


757. The three pairs of lines from the vertices of a triangle 
to the intersections of its opposite sides with a conic are tangents 
to one conic: and the lines from any two points to the vertices 
of a triangle meet its opposite sides in six points lying on one 
conic. Reciprocate these two theorems; and from the second 
of them deduce the property of the nine-point circle. 


758. The ratio of the products of the distances of any point 
on a conic from the odd and even sides respectively of a given 
inscribed 2n-gon is constant: and the products of the intercepts 
on any chord made by the odd and even sides are in the same 
ratio from whichever extremity of the chord the intercepts are 
measured. 


759. The ratio of the products of the distances of any tangent 
to a conic from the odd and even summits respectively of a 
given circumscribed 2n-gon is constant; and the ratio of the 
produets of its distances from the summits and from the points 
of contact of any given circumscribed »-gon is constant. 


760. If two angles of given magnitudes PAD and PBD 
turn about A and B as poles given in position, then if the inter- 
section P of one pair of their arms be made to describe a conic, 
the intersection .D of the other pair will in general describe 
a curve of the fourth order, having double points at A and B 
and at the limiting position of D when the angles BAP and 
ABP vanish together: but the locus of D will be of the third 
order if the angles BAD and ABD vanish together. If P 
describes a conic passing through A, then D describes a cubic 
having a double point at 4 and passing through B.* This cubic 


* This is NEwWTON’s Curvarum Descriptio Organica (note p. 264). The case at 
the end of Ex. 760 follows from the principle that a cubic proper cannot have two 
double points (Salmon's Higher Plane Curves 842). This special case is given by 
Chasles (Aperçu historique, p. 387) as a generalisation of NEWTON'S construction in 
the Principia. 
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degenerates into the line AB and a conic through A and B 


in the case in which the original conic passes through both 
A and B. 


761. The nine-point circle of a triangle touches its inscribed 
and escribed circles at points lying on the ellipse which touches 
the sides of the triangle at their middle points.* 


762. Reciprocate Maclaurin’s description of a conic given in 
Art. 113, Cor. 2. 


763. The sides of a quadrilateral inscribed in a conic meet 
the tangents at its opposite angles in four pairs of points lying 
on one conic.T 


764. If a quadrilateral be circumscribed to a conic, the four 
pairs of lines joining its vertices to the opposite points of contact 
touch one conic. 


765. If the sides of an n-gon turn severally about fixed 
points, whilst n—1 of its summits slide each on a fixed line; 


‘the n^ summit describes a conic passing through the fixed points 
on the two adjacent sides. 


766. Shew also that any two sides not adjacent intersect 
on a fixed conic through the points about which they turn. 

767. If the arms A and B of an angle pass each through 
a fixed point, whilst its summit slides on a fixed line; shew that 
the join of the points in which A meets one fixed line and 
B another envelopes a conic touching the join of the fixed 
points. 


768. If each summit of an n-gon slides on a fixed line, 
whilst » — 1 of its sides pass severally through (or subtend given 
angles at) fixed points; the ^" side envelopes a conic touching 
the lines on which its extremities slide; and every diagonal 
of the n-gon envelopes a conic. 


769. Any two pairs of conjugate lines from a point O to 
a conic determine an involution whose double rays are the 
tangents from Ο to the conic. State the reciprocal theorem. 


* See Salmon’s Conte Sections, § 345, Exx. 
t Mobius Barycentrische Calcul § 281, 
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770. One point and one only of every conjugate triad with 
respect to a conic lies within the conic; and two sides of every 
self-polar triangle meet the conic. 


771. The lines drawn from any point on a conic to two. 
conjugate points A and B meet the conic at the extremities 
of a chord which passea through the pole of AB. State the 
reciprocal theorem. 


772. If a quadrilateral be circumscribed to a conic, the 
extremities of any chord through the intersection of two of 
its diagonals lie on a conic passing through the extremities 


of both. 


773. Any three pairs of points which divide the three 
diagonals of a quadrilateral harmonically lie on one conic. 


774. If the extremities of two diagonals of a quadrilateral 
be conjugate points with respect to a conic, the extremities of 
the third will be likewise conjugate. 


775. If two of the three pairs of joins of four points be 
conjugate lines with respect to a conic, the third pair will be 
conjugate with respect to it. 


776. The pairs of chords drawn from a fixed point on a 
conic so as to make equal angles with a given line intercept 
a variable chord which passes through a fixed point. 


777. The pairs of tangents to a conic from points on a 
straight line determine an involution on any transversal through 
its pole, or on any tangent to the conic. 


778. The pairs of tangents to a parabola from points in the 
same straight line are parallel to conjugate rays of a pencil 
in involution. 


779. Two tangents being drawn to a conic from any point 
on a fixed straight line, if x and 2’ be their distances from its 
_ pole, and y and γ' their distances from a fixed point, shew that 


x 
a —, =a constant. 


= 
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780. Any two ranges in involution on the same axis have 
one segment in common. 


781. The locus of the middle point of a chord drawn from 
a fixed point to a conic is a conic through the point, and 
through the points of contact of the tangents from it to the 
original conic, and through the two points at infinity on that 
conic. 


782. Find the envelope of a line which meets two fixed 
lines in a pair of conjugate points with respect to a given conic. 


783. The envelope of the parallel from any point on a fixed 
straight line to the polar of the point with respect to a conic 
is a parabola touching the fixed line. 


784. The locus of the intersection of a pair of conjugate 
lines with respect to a given conic, drawn each through a fixed 
point, is a conic, which passes through the two fixed points, and 
through the points of contact of the tangents from them to 
the original conic. 


785. lf two angles be circumscribed to a conic their two 
summits and their four points of contact lie on one conic. 


786. Any transversal being drawn to a conic from a fixed 
point O, the perpendicular to it from its pole envelopes a 
parabola, which touches the polar of O and the tangents to 
the conic at the feet of the normals to it from O. 


787. Circumscribe to a given conic a polygon having each 
of its summits upon a given straight line. 


788. The poles of a given straight line Z with respect to 
the system of conics through four given points is a conic, which 
with the line L divides the six joins of the four points har- 
monically, and passes through their three intersections, and 
through the two points on Z which are conjugate with respect 
to every conic of the system: it also touches the sixteen conics 
which pass through the said conjugate points and touch by 
fours the sides of the four triangles determined by the given 
points, 
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789. If four conics pass through the same four points, the 
polars of any point with respect to them form a pencil whose 
cross ratio is constant, being equal to that of the tangents 
to the four conics at any one of their points of concourse: and 
reciprocally, if four conics touch the same four lines, the poles 
‘of any: straight line with respect to them form a range whose 
cross ratio is constant, being equal to that of the points in 
which the four conics touch any one of their common tangents. 


790. If two conics osculate at O, their tangents at the 
further extremities of any chord through O intersect on the 
tangent at O, and conversely: and every two equal and coaxal 
parabolas osculate at infinity. 


791. Two conics which have two pairs of conjugate diameters 
of the one parallel to two pairs of conjugate diameters of the 
other must be similar and similarly situated. 


792. Deduce from Art. 114 (i) that parallel conics* have a 
common chord (real or imaginary) at infinity; and if also 
concentric they have double contact at infinity. Shew how 
to draw a conic which shall be parallel to a given conic, and 
shall also pass through three given points or touch three given 
lines. 


793. Three fixed conics having four points in common, shew 
that if a variable pair of transversals be drawn from fixed 


points O and w to meet the three conics in triads of points mAB 


and mab respectively, the ratio of the ratios a a -= | 
is constant.ft Hence deduce that a conic may be regarded as 
the locus of a point the square of the tangent from which to 
a fixed circle varies as the product of its distances from two 
fixed lines, which are common chords of the conic and the 


circle. 





* Similar and similarly situated conics may be called parallel since their curves 
are everywhere parallel at corresponding points: they have also been called 
‘‘homothetic” (Chasles Sections Coniques $373), which should rather mean “placed 
together.” For another use of the term parallel see Gergonne’s Annales ΧΙΙ. 1. 

{ Exx. 793 &c. have been extended to quadrics by Mr. Martin Gardiner in the 
Quarterly Journal of Mathematics X, 192—147. 


X 
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794. If from any point on one of three conics which have 
four points in common a tangent be drawn to each of the 
remaining two, the ratio of the ratios of these tangents to the 
parallel diameters of their conics is constant: and if OPQ be 
the middle points of the intercepts made by the three conics 
on any transversal, then OP and OQ are in the ratio of the 
parallel focal chords of the second and third conics. 


795. Four fixed conics having four points in common being 
met by a variable transversal, viz. two of them in the pairs 
of points aa’ and bb', and the third in two points of which m 
is one, and the fourth in two points of which » is one; shew 
ma.ma’ na.na' 


ab amb and ab np ? constant. 


796. If ABCD be four conics such that the eight points 
of concourse of AB and CD lie on one conic, the eight points 
of concourse of AC and BD (or AD and BC) lie on one conic. 


797- When a point O has the same polar with respect to 
three conics ABC, three pairs of the common chords of AB, 
BC, CA respectively pass through O and form a pencil in 
involution: and when two conics A and B have each double 
contact with a third conic C, a pair of the common chords of 
A and B are harmonic conjugates with respect to their chords 
of double contact with C. 


that the ratio of the ratios 





798. The common tangents to three conics taken in pairs 
form three quadrilaterals: shew that the three parabolas 
Inscribed in them have a common circumscribed triangle. 


799. If through the intersections of two given conics A 
and B a third conic C be drawn, and if from any point O 
on C there be drawn tangents Oa, Oa' to A and Ob, O?' to B; 
the lines αὖ, ab’, αὖ, a'b' and the four common tangents of 
A and B touch a fourth conic. 


800. The locus of the point the pairs of tangents from which 
to two given conics form a harmonic pencil is a third conic, 
on which lie the eight points in which the given conics touch 
their common tangents. State the reciprocal theorem. 
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CHAPTER XI. 


CONICAL PROJECTION. 


128. Two figures A and B in any two planes are said 
to be in Perspective when a point O can be found in space 
such that every radiant from it to a point on .4 passes through 
a point on BP, and conversely. Either figure is then said to 
be the Central or Conical Projection of the other on the plane 
of the former, the point O being called the Vertex or the Centre 
of projection. When O is at infinity the projection becomes 
parallel or orthogonal. [ Art. 86. 

Let P and Q be any two points in the plane of A, and Ρ’ 
and Q' their projections from the vertex O upon the plane 
of B. Then evidently the lines PQ and P'Q' intersect upon 
a fixed straight line, viz. the common section of the planes 
of A and B. Now by projecting the whole figure orthogonally 
upon any one plane, or by supposing the planes of A and B 
to become coincident, we see that if to every point P of one 
figure corresponds a single point Ρ’ of another figure in the 
same plane, and conversely, and if PP’ passes through a fixed 
point; then every line PQ in the one figure meets the cor- 
responding line P'Q' in the other upon a fixed straight line. 
For example, if the joins of the vertices of two triangles meet 
in a point, the joins of their opposite sides lie in one straight 
line. [ Ex. 696. 

Two figures thus related in one plane are said to be in 
Perspective or in Homology. We shall in general use the 
former term for this kind of correspondence, and the term 
Projection for the case of figures in perspective in space. The 
terms Reversion and Homographic Transformation will be 


explained in their place. 
x2 
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129. It is evident that Art. 88 applies to central as well 
as to parallel projection. Parallel lines however do not project 
from any vertex into parallels, except in the case in which 
they are parallel to the common section of the primitive plane 
with the plane of projection. 

If through the vertex V of projection (fig. p. 314) there 
be drawn the plane Vab parallel to the plane of projection 
A O' B, and so as to meet the plane of the figure to be projected 
in the line ab; it is evident that all points on ab will be 
projected to infinity, or in other words they will remain unpro- 
jected. For this reason ab is called the Unprojected Line, and 
it is also said to be projected to infinity. 

Since every point at infinity in the plane .4 O' B corresponds 
projectively to some point on ab, we come again to the con- 
clusion that all points at infinity in one plane lie in a straight 
line (Art. 17 Cor. 2). The straight line at infinity is to be 
regarded as parallel to every other straight line in its plane, since 
it intersects every such line at infinity: it is in fact coincident 
with the circle of infinite radius* described about any point 
whatever in its plane. The line at infinity and the two focoids 
(Art. 123 Cor. 4) or circular points at infinity—so called because 
every circle in their plane passes through them—will be seen 
to be of peculiar importance in the projection and transforma- 
tion of curves. 


THE FOCOIDS:.f 


PROPOSITION I. 


130. Every circle in a given plane passes through the focoids, 
and conversely; and every two concentric circles in the same 
plane touch one another at the focoids. 





* For a tangential equation to this circle, which is sometimes inadequately 
said to represent the focoids only, see Whitworth’s Trilinear Coordinates dc 
Art. 382 (Cambridge 1866). 

t This term is open to the objection that it combines a Latin word with a Greek 
ending: but we may perhaps be allowed to treat both as naturalised English 
expressions. In speaking of the focoids &c. we tacitly refer to a specified plano, 
Every plane not at infinity has its two focoids and ite one line at infinity. 
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(i) Any number of right angles turning about their summits 
in one plane generate similar pencils in involution (Art. 110), 
whose imaginary double rays form two sets of parallels; that 
is to say, each set pass through one of two fixed imaginary 
points q, $' on the line at infinity. 

These are accordingly the foci of the involution which the 
arms of all right angles in one plane determine upon the line 
at infinity in that plane; and conversely every right angle 408 
vs divided harmonically by the lines ΟΦ and ΟΦ. 

If therefore O be a variable point at which a fixed line AB 
subtends a right angle, it follows from the harmonicism of 
O (A9$B$'] that the locus of O is a conic through the points 
-ABdo$' (Art. 113). That is to say, every circle AOB passes 
through the focoids, and conversely every conic through the 
focoids is a circle. 


(ii) The centre C being the pole of the line at infinity 
(which is the join of the focoids), it follows that the lines 
from C to the focoids touch the circle at those points; and 
hence that all circles in one plane which have any point C 
for their common centre touch one another at the focoids of 
that plane. Ἢ 


(11) Or by δι and Art. 122 Cor. 5, all concentric circles in 
one plane touch one another at the focoids. This also follows 
from the consideration that any two diameters CX and CY 
of a circle which are at right angles are conjugate lines with 
respect to the circle, and the lines C$ and C$'* with respect 
to which they are harmonic conjugates must therefore touch the 
eircle—and all circles having C for centre must touch one 
another—at ¢ and ¢’. 


Corollary. 


Every rectangular hyperbola has for a pair of conjugate 
points with respect to it the focoids of its plane, since its points 
at infinity lie on two straight lines at right angles, 





* These lines may be regarded as the asymptotes of the circle (Art, 114). 
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PROPOSITION II. 


131. Every conic may be regarded as ‘inscribed in the 
quadrilateral which has for opposite summits the real and 
imaginary foci of the curve and the focoids, and for diagonals 
the two axes of the conic and the line at infinity. 


(i) This is proved by the method of Art. 123 Cor. 4, where 
S and H may be either the real or the imaginary foci. 
[Scholium A. 


(ii) Otherwise thus. Every two lines through 9 which 
are conjugate with respect to the conic being at right angles 
(Art. 7), the lines Sf and S$' which divide them harmonically 
are tangents to the conic (Art. 116 Cor. 2). That is to say, 
the lines joining the real or imaginary foci to the focoids touch 
the conic, as was to be proved. 


PROPOSITION III. 


182. Any two straight lines drawn at a given angle in a given 
plane and the lines joining their point of concourse to the focoids 
Jorm a pencil of constant cross ratio. 

For if ab be a fixed straight line, and ω any point at which 
it subtends an angle of given magnitude a, then by a property 
of the circle wab, the pencil subtended by ad and the focoids 
at w is of constant cross ratio; and the rays wa, wb may be 
parallel to any two lines OA and OB inclined at an angle 
a in the same plane. 


Corollary. 


Any plane figure may be moved about in any way in its 
own plane without changing its relation to the focoids, since 
every angle in the figure has an invariable relation to the 
focoids. 


SCHOLIUM A. 


Desarauss regarded the opposite extremities of an infinite line 
as coincident or consecutive points, and the asymptotes of a hyper- 
bola as its tangents at infinity (Poudra's Œuvres de Desargues 1. 103, 
197, 210, 245). Hence we deduce (Scholium B, p. 153) that the 
hyperbola is a single curve, which spreads completely across its 
plane without breach of continuity. lt follows logically that no 
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transversal can be drawn in the same plane so as not to meet 
the hyperbola. Nevertheless it is obvious that some lines—its 
conjugate axis for example—do not (however far produced) meet 
the curve in geometrical points. Thus we are driven to the con- 
ception of ideal or imaginary points and chords of intersection, and 
are led to say that every straight line meets any hyperbola (or 
other conic) in two points real or ¢maginary, which coalesce in the 
case of tangency. Although this is here given merely by way of 
inference, the words of Desargues himself (used in another con- 
nexion) are very appropriate to this subject: ‘' 77 entendement ne 
peut comprendre comment sont les proprietez que le raisonnement luy en 
Jait conclure” (Qyuvres 1. 195). 

BoscovicR has a very remarkable appendix to his treatise on 
conics, entitled De Transformatione Locorum Geometricorum, ubi de 
Continurtates logeac de quibusdam Infiniti mysteriis (Universes Matheseos 
Elementa, tom. ΙΙ. pp. 228—356), in which he brings out clearly 
and with an abundance of geometrical illustration the notions of 
positive and negative in direction: of geometrical continuity: of the 
transition from positive to negative through zero or infinity: of the 
emagenary chords of the hyperbola, whose squares are negative: 
and of the guasi-elliptic nature of the hyperbola, certain of the 
properties of which follow from properties of the ellipse by change 
of sign (§§ 678, 715, 758, 770, 808, 812, &c.). See also Scholium Ọ, 
p. 191. 

The discussion of these matters having been revived in the 
present century (Chasles Rapport sur les progrés de la Géométrie 
chap. 1. 819, p. 60), ῬΟΝΟΕΙΕΤ at length worked out his theory of 
cordes idéales (1820); and he shewed that all circles in one plane pass 
through the same two imaginary points ¢ and 9' on the line at 
infinity, and that a focus S common to any two conics in one plane 
is a ''centre of homology" or intersection of common tangents 
to the two conics. Hence it follows, by supposing one of the two 
conics to become a circle, that Sp and Sq’ are tangents to every 
conic of which S is a focus. See Gergonne’s Annales XI. 73, XII. 234; 
Poncelet Traité des Propriétés Projectives des Figures S& 89—98, 258, 
967, 453 (Paris, 1822). Plücker extended this conception to plane 
curves of all orders, regarding as a ** focus” of any curve the point 
of concourse of any two tangents drawn to it from the focoids, one 
from each (Crelles Journal x. 84—91; Salmon’s Higher Plane 
Curves § 138). 

According to Pliicker’s definition, the tangents from the focoids 
$ and 9' to an ellipse (or other conic) determine by their opposite 
intersections two pairs of ‘‘foci.” If S be any one of the four, 
every pair of conjugate lines from S to the conic form a harmonic 
pencil with Sọ and Sg’ (Art. 116, Cor. 2), and are therefore a£ right 
angles. This, which is of course a corollary from Desargues' theory 
of polars was proved for the real foci by De la Hire (Sectiones 
Conice Lib. vin. prop. 23, p. 189. Paris, 1685). The two points 
on the transverse axis at distance + /( CA’ — CB") from the centre C 
have been shewn to possess the property in question (Art. 7, Cor.); 
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and by symmetry, the two points on the conjugate axis at distance 
+ ¥(CB’-— CA’) from C must be the remaining two (or imaginary) 
foci. In order to prove that a point S is a focus of a given conic, 
it suffices to prove that Two pairs of conjugate lines at right angles can 
be drawn to the conto from S. ΓΑτι. 110. 


PROJECTION. 
PROPOSITION IV. 


133. All rows of points and pencils of rays are homographic 
with their projections. 

(1) Forif ABCD be any row of four points in the primitive 
plane, and 4'B'C'D' their projections from a vertex V upon 
any other plane, it is evident that (A'D'C'D'] - (ABCD|). And 
if O be any fifth point in the primitive plane and Ο’ its projection, 
then 


ο (A'B'C'D') = (A'B'C'D'] = {ABCD} = Ο!ΑΒΟΡΗ 





A B’ cp 

Thus every tetrad of radiants OA, OB, OC, OD or of 

collinear points ABCD is equicross with its projection; a result 

which may be briefly expressed by saying that figures in per- 
spective are homographic. 


(ii). More generally,* let the joins of any number (say six) 
of points ABCDEF be connected by a homogeneous and 
symmetrical relation 


l.AB. CD. EF m. AC. BE. DF -n. AD. BE.CF— 0, 
in which the terms differ from one another only in their 


* See Salmon's Conic Sections, Art. 361. 


CONICAL PROJECTION. 313 


coefficients and in the order in which the letters ABCDEF 
occur in them. And first let all the points lie in one straight 
line, and let VP be the perpendicular upon it from the vertex 








of-projection. 
Then since 
VA.VB . VC.VD . 
AB = VP .sin. AVB; CD= λα... CVD; &c. 


the above relation reduces, by the omission of a commen factor, 
to a relation between the sines of the angles which the joins 
of the six points subtend at V. It therefore still subsists 
when the points in question are replaced by their projections 
upon any plane. 

And further, if any number of points ABCDEF &c. lie 
on different straight lines, the perpendiculars upon which from V 
are VP, VP’, VP", &., then any symmetrical and homo- 
geneous relation between the joins of the points will still be 
projective, provided that it implicitly involves in every term 


the same factor YA. VB. VO. VD.&c. . Thus Carnot’s theorem 


VP.VP'.VP'.&c. 


(Ex. 744) is projective, so that when proved for the circle 
it is may be extended to all conics by projection. 


Corollary. 


The properties of harmonic section, of poles and polars, 
and of involution are projective; so that it suffices to prove them 
for the simplest figure into which any figure to which they belong 
can be projected. 


PROPOSITION V. 


134. Any straight line in the primitive plane can be projected 
to infinity, and any two angles in that plane can at the same time 
be projected into angles of given magnitudes. 

(i) Draw any straight line ad in the primitive plane, and take 
any plane Vab through ab for the “vertex-plane,” in which 
the vertex V of projection is to lie. Then it is evident that the 
line ab projects to infinity upon any assumed plane of projection 
ABO' parallel to the vertex-plane. 
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(ii) Two conditions now suffice to fix the position of V 
in the vertex-plane. 





B 


To project a given angle AOB in the primitive plane into 
an angle of given magnitude a, let the arms of AOB meet 
the unprojected line in a and 5; and upon ab describe in the 
vertex-plane a circular segment a Vb containing an angle equal 
to a. Then the vertex V may be taken at any point on 
this segment. 

For the vertex-plane and the plane of projection (being 
parallel) are met by the plane V Oa in parallel lines Va and AO’, 
and by the plane VOD in parallel lines Vb and ΒΟ’. Therefore, 
O' being the projection of O, 

L AO'B=aVb=a, 
or the projection .40'B of the angle AOB is of the assigned 
magnitude a. 

To project a second given angle in the primitive plane into 

an angle of given magnitude £, let its arms meet the unprojected 
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line-in α and 6’; then the vertex V must lie also on a segment 
described upon α΄’ in the vertex-plane so as to contain an angle 
equal to β: and the intersection of this with the segment 
on ab completely determines the position of V. 


Corollary 1. 


Project any four collinear points ABCD into points abcd. 
Then in the special case in which one of the latter d is at 
infinity, 

{ABCD} = {abed} = 25-09 ab 


aw .ch cb’ 





If therefore we determine the point D on a given straight 
line ABC so that {ABCD} may be equal to a given ratio, 
and if any straight line through D be taken as the unprojected 
line, the projections of AB and CB will be in the given ratio. 
In like manner a second point D' on the unprojected line is 
determined by the condition that the segments of a second line 
480 shall project in another given ratio. 


Corollary 2. 


Any pencil of rays in involution may be projected into 
a rectangular pencil in involution by projecting the angles 
between any two patrs of its conjugate rays into right 
angles. [Art. 110. 


Corollary 3. 


Any two points F and F' may be projected into the focoids 
of a given plane. For if AB and CD be any two segments 
in the involution of which F and 7" are the foci, we have 
only to project the line FF" to infinity and any two angles 
AOB and CPD in the primitive plane into right angles 
(Art. 190 Si). This construction 18 imaginary when F and Ε΄ 
are real points. 


PROPOSITION VI. 


135. Any quadrilateral may be projected into any other 
quadrilateral of given form and magnitude. 


(i) To project a given quadrilateral ABCD into a square, 


316 CONICAL PROJECTION. 


project one of its angles BAD and the angle AOD between 
its two diagonals into right angles, and its third diagonal 
PQ to infinity. Thus the projection of 4 BCD becomes a square, 
whose magnitude is determined by the distance of its plane from 
the vertex-plane. 


(ii) To project a given quadrilateral ABCD into another 
of given form, it suffices to project one of its angles BAD 





and the angle AOD between its two diagonals into angles 
of certain given magnitudes, and the segments 40, OC and 
BO, OD into segments which are in certain given ratios. 

[Art. 134 Cor. 1. 


For in the projection—the same letters being used—if AO 


be taken arbitrarily, the point C is determined by the ratio SS; 


and the position of the line BOD is known; and from the angle, 


BAD and the ratio i the points B and D are determined. 
The form of the projection being thus determined, its magnitude 
may be increased or diminished at pleasure by moving the plane 


of projection towards or away from the vertex-plane. 


Corollary. 


Any four points or lines in one plane may be projected inte 
any other four points or lines in one plane. 


PROPOSITION VII. 


136. A given conic may be projected into a conic having 
the projections of two given points for foci, or the one for centre 
and the other for a focus. 
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(i) To project a given conic @ and a given point S within 
it into Q' and S' respectively so that S' may be a focus of Q': 
draw from & any two pairs of lines conjugate with respect 
to Q, and project the angles contained by them into right angles. 
Thus δ΄ becomes a focus of Q', being a point such that every 
pair of conjugate lines drawn from it to Q' are at right angles. 
[Art. 134 Cor. 2. 
We may at the same time project a given point C in the 
plane of Q into the centre C' of Q', viz. by taking the polar 
of C with respect to Q for the unprojected line. 


(ii) Otherwise thus. Let CS and the tangent at any assumed 
point P to the conic Q meet the polar of S in X and R 


P 


X A S 


respectively. "Then if the polar of C be projected to infinity and 
each of the angles RXS and RSP into a right angle, the points 
C and S will be projected into a centre and focus of (’, as before. 

(iii) By properly choosing the point C in the foregoing 
constructions, we may project Q so that any two points S and H 
within it project into S' and #’ the real foci of Q’. 

For if SH meets Q in A and B, and if the double points 
of the involution determined by the couples AB and SH be 
the point C on SH and the point G on its complement; 
then in the projection, the double point C" bisects every segment 
S'H', A'B', &c. of its involution, since in conjunction with 
the second double point (in this case at infinity) it divides every 
such segment harmonically. [Art. 112. 

Hence S' and ΙΗ’ are equidistant from the centre 6’ of Q', 
and since S' is a focus Ι΄ is likewise a focus, as required. 


(iv) The system of conics inscribed in a given quadrilateral 


SEHF' may be projected into confocal conics by projecting F and 
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F' into the focoids of the plane of projection (Art. 134 Cor. 3). 
This construction is imaginary when the quadrilateral FSHF” 
is real: but the foregoing constructions are always real, the 
points S and Z being taken within Q. 


PROPOSITION YIII. 


137. A given conic may be projected into a circle having 
the projection of a given point for centre: a system of conics through 
four given points may be projected into coaxal circles: or a system 
of conics touching one another at two given points into concentrte 
circles. 

(i) By taking the point C at S in Art. 136 we project 
the given conic into a conic having the same point (not at infinity) 
for both centre and focus; that is to say, we project it into 
a circle having the projection of a given point for centre. 

(ii) Otherwise thus. Take the polar of any point C for 
the unprojected line: through C draw any chord ACA’, and 





project the angles which it subtends at two assumed points 
P and Q on the given conic into right angles. Then in the 
projection, the same letters being used, 
CA = CA' = CP= CQ, 
or the projection is a circle about C as centre. 
Thus the two angles determine the species of the projection, 
and the unprojected line may be taken arbitrarily.* 


(11) Hence, by projecting any conic into a circle and one 
of its chords FF” into the line at infinity, we may project 


* This may also be deduced from a consideration of the circular sections of a cone 
described arbitrarily on any given conic as base (Salmon’s Conic Sections Art, 365). 
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any two points F and F’ on a conic into the focoids, as was 
otherwise shewn in Art. 134 Cor. 3. 

It follows that all conics through two given points may 
be projected into circles, and all conics through four given points 
into coazal circles, and all conics touching one another at two 
given points into concentric circles. [Art. 1908. 


PROPOSITION IX. 


138. The arms of any angle of constant magnitude in a given 
plane may be projected into rays of a pencil of constant cross ratio, 
whose other two rays pass each through a fixed point. 

For the arms of a constant angle and the lines joining their 
intersection to the focoids form a pencil of constant cross ratio 
(Prop. 111.), which projects upon any plane into a pencil of 
constant cross ratio, two of whose rays pass through the projec- 
tions of the focoids. Note that this pencil is harmonic when 
the constant angle is a right angle. [Art. 130 81. 


139. In the following examples of the projection of angle- 
properties* the theorem to the right follows in each case from 
that opposite to it on the left, as appears conversely by pro- 


jecting the points FF" into the focoids. 


The tangent to a circle is at right 
angles to the radius to its point of con- 
tact. 


Confocal conics intersect at right 
angles, 


The locus of the point of concourse of 
two tangents to a conic which intersect 
at right angles is a concentric circle; or 
in the case of the parabola the locus is the 
directrix, 


The locus of the intersection of tan- 
gents to a parabola which meet at a 


Any chord FF’ of a conic is cut har- 
monically by any tangent and the line 
joining its point of contact to the pole C 
of FF’. 

If two conics be inscribed in a quadri- 
lateral of which FF” are a pair of opposite 
summits, the tangents at any one of their 
common points cut FF’ harmonically. 

The locus of the point of concourse of 
two tangents to a conic which divide a 
given line FF’ harmonically is a conic 
touching the former at FF’; or if FF’ 
touches the original conic, the locus is 
the join of the points of contact of the 
second tangents to it from F and F”. 

The locus of the intersection of tan- 
gents to a conic which divide a given 





* See Salmon’s Conic Sections §§ 356-8; Rouché et de Comberousse Géométrie 


§ 1175. 
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given angle is a hyperbola having the 
same focus and directrix. 


The envelope of a chord of a conic 
which subtends a constant angle at one of 
the foci is another conic having the same 
focus and directrix. 


If P be any point on a given conic, 
S any fixed point, and SPT an angle of 
constant magnitude, the envelope of ΤΡ 
is a conic having S for a focus. 


If the point P be taken on a given 
straight line (instead of a conic), the 
envelope of TP becomes a parabola 
having S for focus. 
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finite line FF’ touching the conic in a 
constant cross ratio is a conic touching 
the former at the points of contact of the 
second tangents to it from F and F’. 

If tangents SF and SF’ be drawn to 
a conic from given points F and F’, the 
envelope of a variable chord 4B such 
that S(AFBF') is constant is a. conic 
touching the former at its points of con- 
tact with SF and SF’. 

If ΕΕ’ be fixed points, and P a 
variable point on a conic through and 
F’, the envelope of a line PT such that 
P {SFTF’} is constant 18:4 conic touching 
SF and SF’. 

If P be taken on a given straight line 
(instead of a conic), the envelope of TP 
becomes a conic inscribed in the triangle 
FSF'. 


PERSPECTIVE. 


140. 'The relation of Perspective in one plane may be treated 
either as a limiting case of the projective relation (Art. 128), 


or independently as follows.* 


From a fixed centre of perspective S in the plane of a given 
figure draw radiants to all points p of the figure, and let these 


radiants meet a fixed axis of 
in points R (fig. p. 10). 
be taken a point g such that 


perspective in the same plane 


Then if on every radiant SA there 


(Sp Eq] =a constant, 


the locus of q is said to be in Perspective with the locus of p. 
Taking any two positions of SR, we have 


(Sp E45 = (SpEg]; 

and therefore pp’ and qq’ always intersect on the axis of 
perspective A’ (Art. 104). Hence also we see that to every 
straight line pp' in the one figure corresponds a straight line 
qq in the other; and to every range {p} in the one a homo- 
graphic range {q} in the other. Figures in perspective in plano 
are therefore homographic, and they possess the same properties 
as figures projectively related in space. 


* See Chasles Sections Contques p. 169. 


CONICAL PROJECTION. 321 


It may be shewn that if two figures in perspective in relief 
be turned about the line of intersection of their planes, their 
centre of perspective describes a circle in a plane perpendicular 
to that line.* [Ex. 850. 


SOHOLIUM B. 


The method of Projection—which is implicitly contained in the. 
ancient theorem of Art. 103—was freely used by Desarcurs. It 
was used also by NEwron, under the name Generatio curvarum per 
Umbras, in his Enumeration of Lines of the Third Order, where 
he remarks (p. 25, ed. Talbot): ‘“ And in the same manner as the 
circle, projecting its shadow, generates all the conic sections, so 
the five divergent parabolas, by their shadows, generate all other 
curves, of the second genus. And thus some of the more simple 
curves of other genera might be found, which would form all 
ounce of the same genus by the projection of their shadows on a 

ane." 
i Desargues also proved the fundamental property (Ex. 696) of 
triangles in perspective, whether in relief or in plano ( Œuvres 1. 
413, 430). The term ‘‘homologie,” for perspective in one plane, 
was introduced by Poncelet, and is now generally used by French 
writers. But since the term is in itself inexpressive, an incon- 
venient distinction has to be made between homologue and homo- 


logique (Rouché et De Comberousse Géométrie §§ 1094, 1167). 


REVERSION. 


141. Take fixed points S, O and a fixed straight line MN: 
and through the fixed points draw any two straight lines 
intersecting at some point & on MN, and also a pair of parallels 
meeting RO and ES in P and p respectively (p. 10). Then 
P, p may be called Reverse Points: O and S the Origins of 
reversion: and MN the Base Line. When the locus of Pisa 
conic having S and MN for focus and directrix, we have seen 
that the locus of the reverse point p is the eccentric circle of 
O; and we have derived properties of the conic from pro- 
perties of this circle.t We now proceed to treat the subject 
of reversion more generally. The original figure from which 
a reverse figure is derived may be called its Obverse. “ 





* Chasles Géométrie Supérieure §§ 368-9; Cremona Géométrie Projective $90. 
+ See Arts, 4—6, 16 and Exx. 6—10, 
Y 
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PROPOSITION X. 


142. To any straight line drawn in a given direction cor- 
responds a reverse line passing through a fixed point on the base 
line. 

Let O and ω be the origins of reversion: P and p any two 
reverse points: wm and PM a pair of parallels, meeting the 
base line in M and m. 





Then, if E be the point on the base line at which Pw and Op 
intersect, 

OP: op- PR : oR= PM: wm, 
and therefore OM and pm are parallel. 

Hence, if wm be a fixed line and P a variable point on 
any assumed line parallel to wm, the locus of p is the straight 
line drawn through the fixed point m on the base line parallel 
to OM. 


Corollary 1. 


The point at infinity on any system of parallels PM cor- 
responds to a reverse point m on the base line. All poiuts 
at infinity in the same plane are therefore to be regarded as lying 
in one straight line, of which the base line is the reverse. 

Furthermore the direction of the line at infinity 13 indeter- 
minate. For, as pm turns about the same point m on the 
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base line, the reverse line PJ remains parallel to wm: and 
ultimately, when pm coalesces with the base line, PM becomes 
the line at infinity, which may accordingly be regarded as 
parallel to any assumed line wm. : 


Corollary 2. 


If the arms of any angle MPN and of the reverse angle 
mpn meet the base line in M, .N and m, n respectively, then 


Z mon = MPN; and { MON = mpn. 


Notice that to every angle PSQ subtended at either origin S 
(fig. Art. 4) corresponds an egual reverse angle pOq subtended 
at the other. For example, the angles PSO, pOS are equal, 
in the figure of Art. 6. 


PROPOSITION XI. 


145. <Any straight line being taken as base line, any two given 
angles may be reversed into angles of given magnitudes. 

For the angle MPN (Prop. x. Cor. 2) reverses into an angle 
of given magnitude a, if the origin O be taken on the circular 
segment MON described on MN so as to contain an angle equal 
to a. By a like construction a second angle may be reversed 
into an angle of given magnitude 8. And if O be taken 
at the intersection of the two segments, the two angles will reverse 
simultaneously into angles equal a and £ respectively. 

The applications of this general theorem are precisely 
analogous to those of the corresponding theorem in Conical 
Projection. [Prop. v. 


Corollary. 


From any origin O a given conic may, by properly choosing 
the base line, be reversed into a conic through two given points 
at infinity, whose magnitude is then determined by the position 
of the reverse origin w. Or if the base line be given, the origin 
O may be determined by reversing the angles between two 
assumed pairs of lines PA, PB and PC, PD—which may be 
drawn conjugate with respect to the given conic—into angles 
a and § respectively. By properly determining the origins 

x2 
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and the base line together we may reverse any conic and point 
U and P into any conic and point U' and P'. For example, 
if a and β be right angles and the polar of P with respect 
to Ube taken as base line, U' becomes a circle whose centre 


is P'. [Prop. VIII. 


144. The following are some applications of the property 
of reverse figures that all angles subtended at the origin in the 
one figure correspond to equal angles subtended at the reverse 
origin in the other. (Art. 142 Cor. 2. 


a. A variable chord of a conic which subtends a right angle 
at a given point envelopes a conic having that point for a focus. 

For if the given point O and its polar be taken as origin 
and base line, the reverse conic has its centre at the reverse 
origin ω (Art. 142 Cor. 1); and a variable chord of the latter 
conic which subtends a right angle at w envelopes a concentric 
circle (Ex. 289), of which the obverse is a conic having O and 
the base-line for a focus and directrix. 


b. A variable chord of a conic which subtends a right angle 


at a given point on the curve passes through a fixed point on the 
normal thereat.* 


For if a conic through O be reversed into a circle through 
w, every chord of the former which subtends a right angle at O 
has for its reverse a diameter of the circle, and therefore passes 
through the fixed point which is the obverse of the centre of 
the circle. Note that the tangents and also the normals at 
O and o are reverse lines. 

Hence, to reverse a conic from any point O upon it as origin 
into a circle, we must have as base line the polar BC of the 
point of concourse of all chords which subtend right angles at O. 


ο. Let DOE be a fixed angle inscribed in a conic, P any 
point on the curve, B and C the points in which PD and PE 
meet the polar of the point of concourse of all chords which 


* This theorem of Frégier—p. 276, note, and Correspondance sur [ Ecole Royale 
Polytechnique tome Ur p. 394, 1816 —is a limiting case of $a. See Scholium D, 
P. 285. 
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subtend right angles at O: then will the angle BOC be equal 
or supplementary to the angle DOE.* 

For if with O as origin and BC as base line the conic be 
reversed into a circle, then (with the same notation) the points 
B and C are removed to infinity, and the theorem follows at 
once from the equality of the angles DOE and DPE in the 
same segment of the circle. 





d. If a straight line PDB turning about a fixed point P 
meet the arms of a constant angle BOD, which turns about a 
fixed point O, in B and D; then if the point B moves along 
a straight line BC, the point D describes a conic through O and P. 
For when BC is the line at infinity the locus of D is evidently a 
circle through O and P; and therefore by reversion, the locus 
of D in the general case is a conic through O and P. 

This is a limiting form of Newton's Descriptio Organica 
(Art. 113 Cor. 1), since the line through P may be regarded as 
a vanishing angle BPD. 

e. Every range {ABCD} and its reverse {abcd} subtend 
similar pencils O{ ABCD} and w {abcd} at the origins, and are 
therefore homographic. All the properties of cross ratio may 
therefore be extended from the circle to the general conic by 
reversion. 


145. The Orthocentre. 
a. Let the sides of a triangle ABC, the reverse of A'B'C', 





* See Mathematical Questions from the EDUCATIONAL TIMES, vol. 1. pp. 83, 40 
(Question 1409). 
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meet the base line in points D, E, F, and let aD, bE, cF be seg- 
ments of the base line which subtend right angles at ω. Then 
Aa, Bb, Cc are reverse to the perpendiculars of the triangle 
A'B'C' (Art. 142 Cor 2) and cointersect at the reverse P of 
its orthocentre. 

It is hence evident that the sides of any triangle ABC and 
the radiants from any point to its vertices determine an involu- 
lution (aD, bE, cF} on any transversal. [Art. 110. 





b. If the triangle ABC envelopes a fixed conic touching 
the base line, the obverse of which is a parabola, the point P 
traces a straight line, the reverse of the directrix of the 
parabola. [Art 29 Cor. 1. 

Or if, starting with the parabola and taking its directrix 
as base line, we reverse it into a circle about w as centre, 
the point P is removed to infinity. Hence, if the sides of a 
triangle ABC touch a circle, and meet any fourth tangent 
to it in abc, and if the diameters parallel to the polars of abc 
meet the fourth tangent in DEF, the lines AD, BE, CF are 
parallel. In other words: 

If the sides of a triangle ABC touch a circle, and if the 
parallel tangents meet any seventh tangent in DEF, the lines 
AD, BE, CF are parallel. 
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More generally : 

Jf from three collinear points X YZ pairs of tangents be drawn 
to a conic, and if ABC be the triangle formed by one tangent from 
each pair and DEF the points in which the remaining three 
tangents meet any seventh tangent, the lines AD, BE, CF meet at 
a point in a straight line with X YZ. 


146. Zhe Normal. 

The reverse of the normal at any point P to a conic is the 
line through the reverse point p which with the tangent at p 
Intercepts on the base line a length which subtends a right angle 
at the reverse origin w.. (Art. 142 Cor. 2. 


147. Conjugate Diameters. - 

lf a conic be reversed into the eccentric circle of w, it 
may be seen that a pair of its conjugate diameters inclined at 
angles a and π--αι reverse into lines through the pole of 
the base line with respect to the circle and which contain angles 
π--α and a, 


148, The Asymptotes. 

If a conic meets the base line in M and N, the asymptotes 
of its reverse correspond to the tangents at M and N, and 
are therefore parallel to MO and NO, where O is the origin 
(Art. 149). We may therefore determine the eccentricity of 
the reverse conic by making the angle ΜΟΝ of any assumed 
magnitude, real or imaginary. 

SCHOLIUM C. 


RzvrnsE lines OP and pw through the origins (which may 
be supposed to lie on the same side of the base line) being reverse 
in direction, figures are consequently, in a manner, íurned over 
in this transformation, so that an original figure and its derivative 
may be regarded as obverse and reverse respectively. Thus 
in Art. 4, if the circle be divided by axes through O parallel 
and at right angles to the base line, its first and third quadrants 
must be turned over or interchanged, and likewise its second 
and fourth, in order that they may become similarly situated with 
the sectors of the conic to which they severally correspond. 

If reverse points P and p be referred to rectangular axes 
of coordinates, the base line being the common axis of z and 
the axes of y being drawn through O and w respectively, then 
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if X, Y be the coordinates of P and z, y those of p, and if OD 
and wd be the ordinates of O and w. it may be shewn that 
Yy= wd. OD, and X:-z2Y: œd. Hence an equation of any 
degree between x and y implies an equation of the same degree 
between X and Y. 

Reversion is a special case of the following transformation. 
Take fixed origins O and w, and a fixed director line (or plane) 
corresponding to each: from any point P draw POD to meet 
the O-director and Pwd to meet the w-director: then the point 
of concourse of wD and Od corresponds to P. The construction 
in the text resulte from supposing one of the directors to be 
at infinity. The analysis for the general case is fully given 
in a section by Prof. Cayley contributed to my article on the 
Homographic Transformation of Angles in the Quarterly Journal 
of Mathematics xiv. 25—39. 


HOMOGRAPHIC TRANSFORMATION. 


PROPOSITION XII. 


149, Any two plane homographic figures of the same species 
are capable of being placed in perspective. 

We have seen that any two plane figures in perspective 
are so related that to every range in the one corresponds a 
homographic range in the other (Prop. 1v). Conversely, 
any two plane figures thus related are capable of being placed 
in perspective. 

(i) For if ABCD be four fixed points and Pa variable point 
in a plane figure, and A’B'C’D'P’ the corresponding points in a 
homographic figure, it is evident from the relation, 


P{ ABCD} = P' {A'B'C'D}, 
that by projecting the points ABCD into .A'B' C'D' (Art. 185) 


we at the same time project every point P into its corre- 
spondent P’. 


(ii) The same result may also be arrived at as follows. 

Let A be a given plane figure, regarded as moveable in 
any way in its plane, and B a fixed homographic figure in 
the same plane. Then to the focoids $ and $', regarded as 
belonging to A, correspond fixed points F and F" related to B. 

(Art. 199, 
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Let Εφ and F'$' meet in the point O related to B, and 
let O' be the corresponding point in A. Also let P and Q 
be any two points in B, and P' and Q' the corresponding points 
in A, 

Move the figure A a certain distance in a certain direction 
until Ó' coincides with O, and then turn it about O until 
the points POP’ are brought into one straight line.* "Then, 
since A and B are homographic, 

0 !PQFF') = 0 {P'Q'FF}; 
and therefore, since three rays in the one pencil coalesce 
severally with three in the other, the fourth ray OQ coalesces 
with the fourth OQ', or every two corresponding points Q, Q' 
are in a straight line with O, the required centre of perspective 


of A and B. It then followa from Art. 140 that A and B may 
be placed perspective in space. 


Corollary. 


Since figures homographie with the same figure are homo- 
graphic with one another, and since any conic and an assumed 
point in its plane may be projected into a circle and its centre 
(Art. 137), and conversely; it follows that any conic and point 
an one plane may be projected into any other conic and point 
an one plane. [Prop. x1. Cor. 


SCHOLIUM D. 


Transformation is a convenient (if not strictly accurate) ex- 
pression for the derivation of one figure from another in accordance 
with an assigned law of correspondence. The general idea of 
homographic transformation may be found in a passing remark 
of Ὀξβαπατεβ ( Œuvres 1. 214), who, having enunciated the funda- 
mental property of the polar planes of a sphere, concludes by 
stating curtly that it may be extended to surfaces which are related 
to the sphere as the ellipse is to the circle: ** Semblable propriété 
se trouve à l'egard d'autres massifs qui ont du rapport à la boule, 
comme les ouales autrement ellipses en ont au cercle, mais il 
y a trop à dire pour n'en rien laisser." 

In the tract on Plani-coniques appended to his Nouvelle méthode 
en Géométrie &c. (Paris 1673), De la Hire derived the general conic 





* See Salmon’s Higher Plane Curves Art. 330, 
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from the circle by a geometrical transformation in plano. A 
similar transformation appears to have been arrived at by Le 
Poivre about thirty years later (Chasles Sections Coniques p. 174). 
Newron shewed how to transform curves of all orders (Principia 


b 
Lib. 1. sect. v. lemma 22) by substitutions of the form X == and 


F = (cf. Schol. C), and added two examples of the application 


of his method (loc. cit. props. 25, 26). The “collinear” figures 
of Möbius “‘eont aussi des figures homographiques les plus générales" 
(Chasles Sections Contques p. 165). Möbius proved tnter alra that 
any four points in a plane may be projected into any other four 
points in a plane (Barycentrische Calcul p. 327, 1827). For a 
general exposition of the principle of Homography see Chasles’ 
Mémoire on duality and homography, at the end of his Aperçu 
historique. See also his Géométrie Supérieure pp. 362—412, and 
Townsend’s Modern Geometry chaps. 19— 22. 


EXAMPLES. 


[Jt is left to the reader in some cases to modify the enunciations of the pairs of 
theorems 4n the double columns so as to bring them into exact correspondence]. 


801. The diagonals of a parallelogram 
and the lines bisecting its two pairs of 
opposite sides form a harmonic pencil. 

802. If two triangles be similar and 
similarly placed, the joins of their corre- 
sponding vertices meet in a point. 


803. Any two pairs of parallels through 
points P and Q meet any transversal in 
an involution having ite centre on PQ. 


804. The centres of the diagonals of a 
complete quadrilateral are in one straight 
line. [p. 256. 


805. Parallel chords of a circle are 
bisected by a straight line through its 
centre. 


806. If two of the three pairs of op- 
posite sides of a hexagon inscribed in a 
circle are parallel, the third pair are 
parallel.* 


807. A system of coaxal circles meet 
any transversal in pairs of points in an 
involution. [Art. 109. 


Each diagonal of a complete quadri- 
lateral is divided harmonically by the 
remaining two diagonals. 


If the intersections of the three pairs 
of sides of two triangles lie in one straight 
line, the joins of the opposite vertices 
cointersect. 


The three pairs of joins of any four 
points in a plane determine an involution 
on any transversal. 


An infinity of pairs of straight lines 
can be found which divide the three dia- 
gonals of a quadrilateral harmonically. 


Concurrent chords of a conic are 
divided harmonically by their common 
point and its polar. 


The three pairs of opposite sides of any 
bexagon inscribed in a conic have their 
intersections in one straight line. 


All the conics through four given points 
meet any transversal in pairs of points m 
an involution. 





* See Gergonne’s Annales tv. 79. 
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808. Four circles can be drawn touch- 
ing three given straight lines. 


: 809. Four conics can be drawn through 
three given points so as to have a given 
point for a focus. 


810. The diameters of a circle subtend 
a pencil in involution at any point on the 
circumference. 


811. Given two pairs of lines conju- 
gate with respect to a circle, the locus of 
its centre is the rectangular hyperbola 
circumscribing the quadrilateral of which 
the conjugate lines are opposite sides.* 


812. Given three pairs of lines conju- 
gate with respect to a circle, the positions 
of its centre constitute an orthocentric 


tetraetigm. 


813. Every circle through the centre 
of & rectangular hyperbola circumscribes 
an infinity of triangles self-polar with 
respect to the hyperbola. 


814. If a triangle PQR right angled 
at P be inscribed in a rectangular hyper- 
bola, the perpendicular from P to QR is 
the tangent at P. 


815. The directions of two sides of & 
triangle inscribed in a circle being given, 
the envelope of the third side is a concen- 
tric circle. 


816. The envelope of the polar of any 
point on a circle with respect to a con- 
centric circle is a concentric circle. 
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Four conics can be drawn through two 
given points and touching three given 
lines. 


Four conics can be drawn through 
three given points so as to touch two 
given lines. 


A system of concurrent chords of a 
conic subtend a pencil in involution at 
any point on the curve. [p. 276. 


Given a chord FF” of a conic and two 
pairs of lines conjugate with respect to it, 
the locus of the pole of FF’ is a conic with 
respect to which F and F’ are a pair of 
conjugate points. 


Through two given points four conics 
can be drawn so as to have three given 
pairs of lines conjugate with respect to 
them ; and their common chord is divided 
harmonically by every conic through ita 
four poles with respect to them. 


If two triangles be self-polar with 
respect to a conic, their six angular pointe 
lie on a conic. 


If F and F' be conjugate points with 
respect to a conic, PQ and PR any two 
chords which divide FF’ harmonically ; 
then QR and the tangent at P divide 
FF’ harmonically. 


If two sides of a triangle inscribed in 
a conic pass each through a given point, 
the envelope of the third side is a conic 
touching the former at two points on the 
join of the given points. 


The envelope of the polar of any point 
on a conic with respect to a second having 
the same focus and directrix is a third 
having the same focus and directrix. 





* From the centre O of the circle draw a perpendicular OP to one of the lines, and 
let it meet the conjugate line in Q; and draw OP' perpendicular to one of the second 
pair of lines, and let it meet the fourth line in Q’. Then since ΟΡ. OQ = (radius)? 
= OP". OQ', the locus of 0 is a conic through the four vertices of the quadrilateral ; 
and it is easily seen that the orthocentre of any three of them is a point on the locus. 
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817. Parallel chords of a circle are cut 
in a constant ratio by a concentric ellipse 
touching the circle at the extremities of 
the perpendicular diameter. 


818. Every parallelogram inscribed in 
a circle is rectangular. 


819. The diagonals of every parallelo- 
gram circumscribed to a circle meet at 
right angles at its centre. 


820. The centres of all the rectangular 
hyperbolas circumscribed to a given tri- 
angle lie on ita nine-point circle. 


821. The circumscribed circle of every 
triangle which circumscribes a parabola 
passes through its focus. 


822. The envelope of the polar of a 
given point with respect to a system of 
confocal conics is a parabola touching 
their axes and having the given point* for 
a point on its directrix. [Ex. 379. 


823. If from a fixed point O tangents 
OP and OQ be drawn to any one of a 
Bystem of confocal conics, thecircle through 
OPQ passes through a second fixed point. 

[ Exx. 340, 380. 


824. Given three concentric circles, 
any tangent to one of them is divided into 
segments of constant lengths by the re- 
maining two. 


825. Four fixed tangents to a parabola 
divide any fifth tangent into segments 
whose ratios are constant. [Ex. 726. 
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Concurrent chords of a conic are divided 
in a constant cross ratio by every conic 
having double contact with the former 
upon the polar of the point of concur- 
rence. 


The intersections of the two diagonals 
and of the opposite sides of any quadrila- 
teral are a conjugate triad with respect to 
every conic circumscribing the quadrila- 
teral. 


The diagonals of à complete quadri- 
lateral are a conjugate triad with respect 
to every conic inscribed in it. 


Given four points on a conic, the locus 
of the pole of a given line is a conic, &c. 
[Ex. 788. 


If two triangles circumscribe a conic, 
their six summits lie on a conic. 


The envelope of the polar of a given 
point with respect to the system of conics 
inscribed in a quadrilateral is a conic 
touching its three diagonals; and the 
chord of contact of the second tangents to 
this conic from the extremities of any dia- 
gonal of the quadrilateral is the line join- 
ing the given point to the point of con- 
course of the remaining two diagonals. 


If from a fixed point O tangents OP 
and OQ be drawn to any one of a system 
of confocal conics, the conic through their 
foci and OPQ passes through a fourth 
fixed point.f 


If three conics touch one another at 
the same two points, any tangent to one 
of them is divided in a constant cross 
ratio by the remaining two. 


Four fixed tangents to a conic divide 
any fifth tangent in a constant cross ratio. 


* The tangents at this point to the two confocals through it touch the parabola. 
t Project the common foci of the first system into the focoids of the plane of the 
second. fee the Quarterly Journal of Mathematics X. 287. 
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826. Any two pairs of points which If the extremities of each of two dia- 
divide the diagonals of a rectangle har- gonals of a quadrilateral are conjugate 
monically lie on a circle. points with respect to a conic, the extre- 

mities of the third are conjugate with 
respect to it.* 


827. If POp, QOqg, ROr, SOs be any four concurrent 
chords of a conic, the conics through OPQES and Opgrs have 


a common tangent at O. 


828. If FF' be a common chord of two given conics, its 
pole with respect to any conic which touches both of them 
and passes through F and F” has for its locus a conic touching 
the tangents at F and F” to the given conics, 


829. If a conic touches the sides SF and S" of a given 
triangle and also two other given lines, the second tangents 
to it from 7'and 7" meet on a fixed straight line. | 


830. Given, in addition to a chord of a conic, two tangents, 
or one tangent and one point, find in each case the locus of 
the pole of the given chord. 


831. If two conics have double contact, the cross ratio of 
four of the points in which any four tangents to the one 
meet the other is equal to that of the remaining four points, 
and also to that of the points of contact taken in the same sense 
of rotation.T 


832. Extend by projection Newton's theorem, that the 
diameter of a quadrilateral is the centre-locus of all conics 
inscribed therein.] [p. 282. 


833. The circle through any triad of points conjugate with 
respect to a conic is orthogonal to its orthocycle (pp. 274, 280). 
Is this theorem projective ? 


* This theorem and its reciprocal are due to Hesse (Crelle's Journal xx. 801, 
1840). 

1 See Salmon's Conic Sections Arts. 276, 354. 

1 Its analogue in space was given in Gergonne's Annales XVII. 200, 
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834. From a fixed point O tangents OP and O@ are drawn 
to any conic inscribed in a given quadrilateral, and through P 
and Q are drawn the straight lines which with PO and QO 
respectively divide the three diagonals of the quadrilateral har- 
monically. Shew that the lines so drawn touch the fixed conic 
which is the envelope of PQ. [Ex. 822. 


835. If AB be one of the diagonals of this quadrilateral, 
the conic through ABOPQ passes through a fourth fixed point 
O', such that 40, 40’ and BO, BO' divide the remaining two 
diagonals harmonically. Shew also that the three positions of 
O' corresponding to the three diagonals of the quadrilateral lie 
in one straight line. 


836. If from a fixed point O tangents OP and OQ be 
drawn to any one of a system of confocal conics, and if the 
normals at P and Q meet in N; the locus of the orthocentre 
of the triangle NPQ is a straight line, and the locus of the 
orthocentre of OPQ is a rectaugular hyperbola having one 
asymptote parallel to the central distance of O.* What do 
these theorems become by projection ? 


837. Given the orthocentre of a triangle inscribed (or cir- 
cumscribed) to a given conic, the product of the segments of 
its perpendiculars is constant. Hence shew that if one solid 
angle contained by three planes mutually at right angles can be 
inscribed (or circumscribed) to the surface of a given cone of the 
second degree, an infinity of such angles can be inscribed (or 
circumscribed) to it. 


. 838. The locus of the point in space from which triads of 
lines mutually at right angles can be drawn to triads of points 


on a given conic is a sphere. 


839. If the conie be supposed to vary, yet so as always 
touch the sides of a given quadrilateral, the sphere will pass 


* See the Quarterly Journal of Mathematics x. 289, 
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through a fixed circle in a plane at right angles to the plane of 
the quadrilateral.* 


840. ABC is a triangle inscribed in a conic: Aa, Bb, Cc 
are chords drawn through a point O: and Ab, Bc, Ca meet 
the polar of O in PQR respectively. Shew that the lines from 
any point on the conic to the points PQR respectively meet the 
sides of ABC in three collinear points. 


841. Rays being drawn from a fixed point on a conic, shew 
that the intercepts upon them between the conic and a fixed 
tangent may all be projected upon a given line through the 
fixed point, from another point on the conic, into segments of 
the same length. 


842. If a point P on a conic be connected with two fixed 
points Fand F” in its plane, all the chords which are divided 
harmonically by FP and F'P are concurrent; and the locus of 
their point of concourse, as P varies, is a conic touching the 
first at two points on FF”. 


843. If a conic passes through two given points and touches 
a given conic at a given point, its chord of intersection with 
the given conic passes through a fixed point. 


844. ABCD being four points on a conic, # and F are the 
poles and O is the point of concourse of AB and CD. Through 
E is drawn a straight line meeting CD in M and the conic 
in Q and KR; and upon this line a point P is taken a fourth 
harmonic to QME. Shew that the locus of P is the conic 
through ABCDEF, the tangents to which at Æ and F pass 
through O; and that the tangents from O to the first conic 
pass through the four points in which the common tangents to 
the two conics touch the second. 


5 On Exx. 837-9 see Picquet's Etude géométrique des Systemes Ponctuels et Tan- 
gentiels de Sections Coniques §§72, 73, 85, 86. Picquet now uses the term orthoptic 
circle (p. 42) to denote the orthocycle, and the term orthoptic summits (p. 41) of the 
* pencil" of conics inscribed in a quadrilateral to denote the two fixed points on their 
orthocycles. Gaskin’s discovery of these points was anticipated by Plücker (Analy- 
tisch-geometrische Entwicklungen 11. 198, 1831). 
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845. Ifa variable conic has double contact with each of two 
fixed conics, find the loci of the points of concourse of its 
common tangents with the fixed conics. 


846. If aa’, bb’, cc’ be parallel chords of a conic and p any 
seventh point on the curve, prove that the three points (ap, 2ο), 
(bp, σα’), (cp, a'b') lie on a straight line parallel to the chords. 


847. If from each of four points on a circle perpendiculars 
be drawn to the joins of the remaining three, the feet of these 
perpendiculars lie by threes on four concurrent lines. Gene- 
ralise this theorem by reversion, or otherwise. 


848. Any two conics may be regarded as homographic 
figures in which any three points on the one correspond to 
three points taken arbitrarily on the other.* 


849. Shew how to place reverse figures in perspective, and 
adapt the constructions of Arts. 141—148 to the case of figures 


in perspective in one plane. 


850. The construction in Art. 134 (ii) for fixing the position 
of V in the vertex-plane is independent of the angle between 
that plane and the primitive plane: as this angle varies the 
vertex remains fixed in its plane: it therefore describes a circle 
in a plane perpendicular to ab, or to the intersection of the 
plane of projection with the primitive plane. 


* Chasles Sections Coniques p. 167. 
NOTE. 


The undermentioned Examples (cf. p. 141) are taken from the 
EpvcaTIoNAL Times Reprint : 

Ex. 441 (1. 52); 442 (xr. 31); 443 (v. 101); 444 (vir. 49); 445 
(xxx. 90); 450 (xir. 27) ; 454 (virr. 72) ; 455 (111. 35) ; 466 (xxx. 90); 
516 (1. 55); 517 (v. 56); 518 (1. 53); 520 (v. 86); 521 (vir 96); 
522 (χι. 59); 528 (xvii. 32); 524 (xvim. 54); 526 (xxr. 35); 527 
(xxiv. 87); 560 (xvir. 85); 562 (ΧΥΙΠ. 52); 563 (xvirr. 98); 578 
(vr. 71); 607 (xv. 88); 611 (xxv. 28); 612 (xxv.21); 613 (ιτ. 70); 
620 (xxiv. 43); 638 (1v. 97); 640 (χι 60); 644 (v. 87); 645 (χι. 
104); 680 (ιν. 69); 681 (x. 82); 682 (xvir, 60); 684 (xxrr. 22) ; 
685 (xxir. 51); 687 (xxiv. 101); 688 (xxvr. 69); 689 (xxv. 95); 
690 (xxxr. 18); 714 (xr. 60); 727 (xin. 26); 737 (xxv. 61); 738 
(rr. 6); 835 χιπ. 61); 840 (πι. 69); 841 (1x. 79); 842 (χι. 100); 
843 (χπ. 54); 844 (κιν. 80); 845 (X1x. 101); 846 (αχ, 94); 847 
(xxx. 64. XXVIII. 57). 
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CHAPTER XII. 


RECIPROCATION AND INVERSION. 


150. WE now return to the method of Reciprocal Polars, 
of which some account was given in Chapter x. [p. 268. 

Take any fixed conie as Director, and let any straight line 
or point be said to correspond or be reciprocal to its pole or 
polar with respect to the director. It is evident that to the 
intersection of any two lines corresponds the join of the 
reciprocal points, and that to a system of concurrent lines 
correspond a system of collinear points. [Art. 17 Cor. 1. 

To any curve, regarded as the envelope of its tangents, 
corresponds the locus of their poles with respect to the director; 
and to the join of any two consecutive points on either curve 
corresponds the join of two consecutive tangents to the other. 
Hence, to every tangent and its point of contact in either figure 
correspond a point and the tangent thereat in the other. 

It is hence evident that if two curves touch one another in 
‘one or more points, their reciprocals touch one another in the 
same number of points. 

Notice that the tangents to the director at its intersections 
with any curve are also tangents to the reciprocal curve. 


PROPOSITION I. 


151. The degree of any curve not having singular points 
ws equal to the class of its reciprocal with respect to a conic, 
and conversely. 


(i) For if U be any curve and u its reciprocal, A any 
straight line and a its reciprocal; then to every point in 
which A meets U corresponds a tangent to u, and every such 

Z 


338 RECIPROCATION. 


tangent passes through a. The number of points in which 
an arbitrary line A meets U is therefore equal to the number 
of tangents that can be drawn from any one point to u, as 
was to be proved. 

It follows that the reciprocal of a conic is a conic, as was 
otherwise shewn in Art. 117; and that the reciprocals of all 
conics touching the same four lines, or having the same foct, are 
conics passing through the same four points. [Prop. v1. 


PROPOSITION TII. 


152. To every point and its polar with respect to a conic 
correspond a straight line and its pole with respect to the reciprocal 
conic: to every conjugate triad of points in the one figure a 
conjugate triad of lines in the other - and to every pencil or range 
an the one a homographic range or pencil in the other. 


(i) For if ab and ac be the tangents from any point a to a 
conic, then to their points of contact b and c correspond a 
pair of tangents AB and AC to the reciprocal conic; and to 
the points of contact B and C correspond reciprocally the 
tangents at b and ο to the original conic. [ Art. 150. 

It follows that the join of B, C corresponds to a, and the 
join of b, c to the point of concourse A of the tangents at 
B and C. 

Hence to any point a and its polar dc in the one figure 
correspond a line BC and its pole A in the other; and there- 
fore to every conjugate triad of points in either corresponds 
a conjugate triad of lines in the other. 


(ii) It has been shewn in Art. 116 that every row of points 
and their polars with respect to any director are homographic. 


Corollary. 


Since the points of concourse of a conic and its reciprocal 
correspond to their common tangents, the cross ratio of the four 
common points of any two conics in either is equal to that of their 
common tangents in the other. [ Ex. 727. 
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PROPOSITION III. 


153. Given in a plane two straight lines and their poles 
with respect to a conic, the ratio of the distances of any point 
in the plane from the given lines varies as the ratio of the 
distances of its polar from their poles.* 

(i) Let the polars of any two points O and P with respect 
to a conic whose centre is C meet CO in L and M respectively, 
and let PN be an ordinate to the diameter CO. 





Then since CL.CO= CM.CN,t 
or CM+ OM: CM=CL+ NL: CL; 
therefore OM: CM=NL: CL=PR: CL, 
if PR be drawn parallel to CZ to meet the polar of O. That 
is to say, the distances of O and C from the polar of P are as 
the distances of P and C from the polar of O. [Ex. 325. 

(ii) If OX and CH be perpendiculars to the polar of P, it 
follows that 

PR: CL= 0X: CH; 

and the same proportion will hold if PE and CL be now 


supposed perpendicular to the polar of O. 
In like manner, taking any second position o of O whilst 


P remains as before, we have 


Pr : Cl =ox : CH. 





+ Chasles Aperçu historique p. 590, 18:5. 

t If CM meets the conic in D and D’, and if œ be the polar of DD’, the point 
M and its polar Po divide DD’ harmonically. Hence CM.CN = CD", whatever 
be the position of P. This follows also by orthogonal projection from Ex. 281. 

Z2 
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m o PI 
Hence, whatever be the position of P, the ratio ---- is equal 


Pr 
0 : - , where CL and Cl are constant for given positions 


of O and o; that is to say, the ratio of the perpendiculars from 
a variable point P to the polars of two fixed points O and o varies 
as the ratio of the perpendiculars from O and ο to the polar of P. 
We may of course, as a special case, suppose either point and 
its polar to become a point on the curve and the tangent thereat. 


Corollary. 


It is hence evident that any homogeneous relation between 
the distances of a variable point P from any number of fixed 
straight lines implies a homogeneous relation of the same 
degree between the distances of the polar of P with respect to 
a conic from the poles of the fixed lines. ‘Chus from the Locus 
ad quatuor lineas, PQ.PR=k.PS.PT (Scholium C, p. 266), 
we deduce a relation of the same form between the distances 
of the tangent at P from two pairs of fixed points, opposite 
vertices of a quadrilateral circumscribed to the conic.  [Ex. 707. 
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154. If O be the centre of a circle, OA the perpendicular 
from it to any straight line L and a the point on OA or its 
prolongation such that OA.Oa = (radius); then a is the pole 
or reciprocal of L with respect to the circle. The same point 
a may also be determined by regarding O merely as a fixed 
point, without reference to the circle, and taking OA.Oa equal 
to a constant quantity ο, This last construction is called 
reciprocation with respect to a point, the point being called the 
origin. When οἳ is negative every line or point and its 
reciprocal lie on opposite sides of the origin. The construction 
is then equivalent to reciprocating with respect to an imaginary 
circle. [ Prop. v. (ii). 

Notice that to the foot of the perpendicular A from the 
origin to any straight line ZL corresponds the line through 
the reciprocal point a parallel to Z or at right angles to Oa; 
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and that to each line in a system of parallels corresponds a 
point on the common perpendicular to them from the origin. 


PROPOSITION IV. 


155. Any two straight lines contain an angle equal to that 
subtended by their point-reciprocals at the origin ; and the distance 
of any straight line from the origin varies inversely as the 
distance of its reciprocal therefrom. 

The first part of the proposition follows immediately from 
the perpendicularity of every straight line to the line joining 
its reciprocal to the origin. 

The second part is merely another way of stating that the 
product OA. Oa, in the construction of Art. 154, is equal to a 
constant c°. 

Corollary 1. 


2 
From the relation Oa = Ê 
ion Oa= η 





we deduce, that to any straight 


line L through O corresponds the point at infinity in the 
direction at right angles to Z, and conversely. All points at 


infinity in the same plane therefore lie on the reciprocal of the 
origin, and are consequently to be regarded as collinear. To 
the polar of the origin with respect to the original conic. 
corresponds the centre of the reciprocal conic, the polar of the 
line at infinity with respect to it. | Art. 17 Cor. 2. 


Corollary 2. 


Το the tangents OP and ΟΡ’ from the origin to any conic 
correspond the points at infinity in the directions at right 
angles to OP and OP’; the eccentricity of the reciprocal conic 
is therefore determined by the angle POP’, the supplement 
of the angle between its asymptotes. Hence the reciprocal 
will be a hyperbola, an ellipse or a parabola according as O is 
taken without, within or upon the original conic. Thus we see 
again that every parabola touches the line at infinity, the reci- 
procal of the origin. The reciprocal of a conic with respect 
to any point at which it subtends a right angle is a rectangular 
hyperbola. In any case the axis of the reciprocal conic is parallel 
to the bisector of the angle POP’. 
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Corollary 3. 


From either point of concourse of their orthocycles as origin 
any two conics U and V reciprocate into rectangular hyperbolas 
u and v; and conversely every conic through the four inter- 
sections of u and v, being itself a rectangular hyperbola (Art. 69), 
is reciprocal to a conic subtending a right angle at the origin 
and touching the four common tangents to U and V. Hence 
the orthocycles of all the conics which touch four given lines have 
two points in common. { Art. 123 Cor. 1. 


PROPOSITION V. 


156. The reciprocal of a circle with respect to any point is 
α conic having that point for a focus, and conversely. 


(i). If the director be a circle about the origin O as centre, 
any other circle C meets it at the focoids ¢ and ¢’, and there- 
fore has for its reciprocal a conic touching 0$ and ΟΦ, the 
tangents to the director at the focoids. [Art. 130. 

This conic therefore has O for a focus; and tts O-directria 
(the polar of O) corresponds to the pole of the line at infinity 


with respect to C, that is to say, it corresponds to the centre 
of C. 


(ii). Otherwise thus. Reciprocate a conic from either focus 
H as origin, and let V be the point corresponding to any tangent 
to the conic, and Z the projection of H upon that tangent. 
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Then if CB be the conjugate semiaxis, and — CB’ be taken 
as the constant of reciprocation, 


HV.HZ- - CB’, 


or V lies on the major auxiliary circle, which is accordingly 
a reciprocal of the conic with respect to either focus. Hence, 
whatever be the constant of reciprocation, the reciprocal of a 
conic with respect to either focus is a circle, and conversely.* 

In the limiting case of the parabola, produce SY and SA 
(fig. Art. 26) to Z and B, so that SY.SZ- SA.SB=a constant. 
Then Z lies on the circle upon SB as diameter, which is accord- 
ingly a reciprocal of the parabola with respect to S, and con- 
versely. 

(iii). In the diagram, the eccentricity of the conic 1s equal to 


CH . 2CB* 
CA? and its latus rectum to σα: 


Moreover, if X be the foot of the H-directrix, 
AC. HX =- UCB’, [Art. 35 Cor. 3 


and therefore (1) the H-directrix is reciprocal to the centre of 
the circle, and (2) the polar of H with respect to the circle— 
which in this case coincides with the H-directrix Gi 35 Cor. 1) 
—is reciprocal to the centre of the conic. 

If the constant of reciprocation be changed the relative 
magnitude of the conic and the circle will alter, but the following 
relations will still be found to subsist. The origin is now 
denoted by Ο, and the centre of the córcle— which will in 
general be distinct from that of the conic—by C. 


_ distance of C from O 
~ radius of circle ' 





eccentricity 


constant of reciprocation 


latus rectum = : — 
i Se radius of circle 


centre of circle = reciprocal of O-directrix. 


centre of conic= reciprocal of polar of O with respect to circle. 


* Another proof has been given by Laquiére, Nouvelles Annales xx, 42, 1861; and 
another by Salmon, Conic Sections Art, 308. 
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Corollary 1. 


One inscribed and three escribed circles can be drawn to 
a given triangle, and their radii are connected by the relation, 


1 1,1,1 
T r, 7. T1 


Hence, by reciprocation with respect to any point O, four conics 
can be described having a given point for a focus and passing 
through three given points, and the latera recta of three of 
them are together equal to the latus rectum of the fourth. 


Corollary 2. 


The point V in the diagram corresponds to the tangent YZ; 
the point C to the Z-directrix ; the line VC to the point of 
concourse D of YZ with the H-directrix ; the point of concourse 
Υ of VC and YZ to the line DV. But Y lies on the circle; 
therefore DV touches the conic. The second point V' in which 
DV meets the circle corresponds to the second tangent from 
Y to the conic. This tangent is evidently parallel to the oppo- 
site tangent DV; therefore Y HV' is at right angles to DV and 
H is the orthocentre of the triangle DYV. [Ex. 330. 


PROPOSITION VI. 


157. All the circles of a coaxal system reciprocate from 
either of their limiting points into confocal conics. 


(i). Whatever be the position of the origin O in the plane 
of the circles, their reciprocals have O for a common focus. 

If the origin be taken at either limiting point* of the system 
of circles, it has the same polar with respect to them all, and 
therefore the line at infinity has the same pole with respect 
to all their reciprocals. That is to say, the latter have a 
common centre as well as one focus in common. ‘They are 
therefore confocal, as was to be proved. 


* These points are the limits of the system “par rapport à l infiniment petit,” 
and the radical axis and the line at mfinity are its limits “ par rapport à Pinfiniment 
grand.” When a circle becomes infinite it degenerates in general into a straight line 
at a finite distance together with the line at infinity. See Poncelet's Traité des Propr. 
Projectives p. 49 (1822) ; Townsend's Modern Geometry 1. 199. 
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(i). The system of conics through four given points reci- 
procate with respect to any one of the system as director into 
conics touching the tangents to the director at the given points. 
The construction Si. corresponds to the case in which the 
focoids are two of the four given points, and the director reduces 
to a point-circle. 


Corollary.* 


The further limiting point O' of the circles corresponds to 
the minor axis of the confocals, and the line bisecting OO' at 
right angles to their further focus. The orthogonal circles 
through O and O' reciprocate at the same time into parabolas 
touching the minor axis of the confocals, and whose directrices 
pass through the further focus of the confocals ; and every common 
tangent to one of the confocals and one of the parabolas sub- 
tends a right angle at Ο. 


SCHOLIUM A. 


REcrPROCATION presupposes the idea of an envelope, which 
originated, according to Montucla (Hist. des Mathématiques tome τι. 
120, 1758), with Florimond pr Braune (1601—i651), a zealous 
advocate of the new Cartesian geometry. In a letter to De Beaune 
dated 20 fev. 1639, Descartes writes: ‘‘ Pour vos lignes courbes, 
la propriété dont vous m’envoyez la démonstration me paroit si 
belle que je la préfere 4 la quadrature de la parabole trouvée par 
Archiméde; car il examinoit une ligne donnée, au lieu que vous 
détermines l'espace contenu dans une qui n'est. pas encore donnée. Je 
ne crois pas qu'il soit possible de trouver généralement la converse 
de ma règle pour les tangentes, &c." (Œuvres de Descartes, ed. 
Cousin, tome vir. p. 105, Paris 1824). Huyghens was the 
discoverer of evolutes (Scholium, p. 221): Tschirnhausen of caustics 
(Chasles Aperçu historique p. 110, 1875). 

ΜΑΟΙΑΤΕΙΝ (Geometria Organica, sect. 111. pp. 94 &c., London, 
1720) propounded the theory of pedal and negative pedal curves. 
Notice, as a converse of Art. 38, that a conic may be regarded 
as the envelope of the arm YZ of a right angle inscribed in its 
auxiliary circle, whose other arm VZ passes through a focus H. 
Hence by projection, if two sides of a triangle inscribed in a 
given conic pass through fixed points C and H respectively, the 
envelope of the third side is a conic having double contact with 
the former on the line CZ. 





* This corollary was suggested by Mr. R. R. Webb, Fellow of St. John's College. 
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We have seen that Newron proved the general tangent-property 
of conics, which was eventually presented in a new form, as a 
property of ‘‘double” or “anharmonic” ratio, by Steiner and 
Chasles (pp. 262, 295. Of. Ex. 726, note). Chasles’ second proof 
of Ex. 724 (Quetelet’s Correspondance &c. v. 289), viz. by recipro- 
cation with respect to a parabola, is interesting as an application 
of reciprocation to metric properties. See also Bobillier in 
Gergonne'& Annales xvi. 185; Poncelet, Propriétés Projectives τι. 
431 (1866); Booth, New Geometrical Methods vol. 1. chap. 29. 

The Principle of Duality was first fully brought out by Poncelet's 
method of reciprocal polars (Scholium E, p. 290). For some 
controversies on the discovery of the principle see his Propriétés 
Projectives τι, 351—396. It has since been illustrated by the 
coordinate methods of Mobius, Plücker, Booth, &c. See also 
Chasles’ Aperçu historique pp. 572—694, 1875; Townsend’s Modern 
Geometry chap. 23. Figures which correspond according to the 
law of duality have been called by Chasles (p. 587) Correlate 
figures. They may also be called Dual figures. Any two dual 
figures are such that to every point in either corresponds a straight 
line in the other, and to every range in either a homographic pencil 
in the other, as is the case, for example, with reciprocal figures. 


MINOR DIRECTRICES. 


PROPOSITION VII. 

158. With either focus and directrix of an ellipse as origin 
and base line the major auxiliary circle reverses into a similar 
ellipse having for its minor auxiliary circle the reverse of the 
original ellipse. 

(i). For in Art. 4 it is evident that the major auxiliary 
circle of the ellipse reverses into an ellipse having the circle 
about O for its minor auxiliary circle; and by comparing the 
segments of the latus rectum of the obverse with the segments 


2 
of the major axis of the reverse we see that ot CB in the 


one is equal to xd in the other. The two ellipses are therefore 


similar. 

(1). Let the annexed diagram represent the reverse figure, 
and let CA, be the major semiaxis of the obverse ellipse, and F' 
the point on the minor axis of the reverse corresponding to C. 
Then F and its polar (the base line) are said to be a Minor 
Focus and Directriz of the reverse. 
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It is evident by parallels that 
OF: OB: OD= CS: CA,: CX, 
CS 
CA, 
where e is the common eccentricity of the two ellipses. 





or OF=—~ OB=e.0B, 


(ui). In the case of the Hyperbola, if 7 — 2y and xy be the 





angles of the obverse and reverse hyperbolas respectively, and F 
as before the point corresponding to the centre C of the obverse, 
it may be shewn in like manner that F now lies on the major 


OA ; 
axis* of the reverse at a distance equal to s from its centre O. 


In the Rectangular Hyperbola the “ major" and minor foci 
and directrices are coincident. In the Circle the minor foci 
coincide with the centre and the minor directrices are at infinity. 


(iv). The properties of the minor directrices may also be 
arrived at by Reciprocation. It is easily seen that the reciprocal 
of an ellipse with respect to its major auxiliary circle is a similar 
ellipse having that circle for its minor auxiliary circle, &c. 


* Notice, in justification of the term minor axis in the general hyperbola, that the 
square of this axis, being negative, is always less than that of the transverse axis. 
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Notice, in illustration of this remarkable identity of results 
arrived at by reciprocation and reversion, that 2 an ellipse and 
a hyperbola have the same axes, each is its own reciprocal with 
respect to the other. [ Ex. 326. 


Corollary 1. 


From S in the obverse draw SY to meet the major auxiliary 
circle and draw Soo at right angles to SY; then Y o» touches 
the conic (Art. 38). Hence, in the reverse figure, if OP be any 
radius of the conic and OR be drawn at right angles to it 
to meet the minor directrix, the envelope of PR is the minor 
auxiliary circle. 

Corollary 2. 


Every chord drawn through S to the major auxiliary circle 
of the obverse has its pole on the base line and makes equal 
angles with the tangents to the circle at its extremities. Hence 
any two parallel tangents QM, Q'N drawn to the reverse 
conic and terminated by the minor directrix subtend equal 
angles at O. 

SCHOLIUM B. 


The theory of Minor Directrices* is due to Boora (New Geome- 
trical Methods vol. 1. 269), who investigated their properties by the 
method of reciprocation. In some cases he makes use of a double 
reciprocation, first reciprocating a figure 4 into B and then B 
into 4’. But since figures reciprocal to the same figure are 
homographic with one another, it should be possible to derive 
the properties of 4’ directly from those of 4. Take for example 
the property that {/ a fixed straight line and the tangents from any 
point P upon it to an ellipse about O as centre meet one of its minor 
directrices in Q and T, T" respectively, then tana7OQ.tan}7' OQ ἐς 
constant. Regard the conic as the reverse of a circle, as in 
Prop. vir, and let gt?’ be the points at infinity corresponding to 
977’. Then the angles TOQ, T'OQ are equal to £Sg, t'Sq or 
tpg, t'pg respectively ; and it remains only to prove for the circle that 
tanjépg.tanà/gq is constant. Compare the longer method of 
double reciprocation by which Booth establishes the proposition 
(loc. cit. p. 276). Similar remarks apply to his double recipro- 
cation of umbilical quadries (p. 208). 

Taking O and w as origins, let it be required to reverse three 
given points PQR in space into given points pgr respectively 


* They have also been called secondary directrices (Proc. Royal Irish Academy 
Τι. 503). 
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(Scholium, p. 328), each pair of points Pp, &c. being supposed to 
lie in a plane through the origins. Each pair Pp determine a 
point (OP, wy) on the O-director and a point (Op, wP) on the 
w-director; and thus the three pairs Pp, Qg, Zr completely 
determine the two director planes. ‘This construction is equivalent 
to reversing five given points OwPQR into five given points 
w Opqr. Cf. Chasles, Aperçu &c. p. 754. If one director-plane be 
now removed to infinity, every two corresponding lines through 
the origins become parallel, as in plano (Art. 142). 

From a given point O on an ellipsoid draw triads: of chords 
OA, OB, OC at right angles, and let the fired point of concourse 
of the planes ABC (cf. p. 324, note) and its polar plane be called 
the Frégier point and plane of O. "Then, if O be taken as origin 
and its Frégier plane as director, the ellipsoid reverses into a 
sphere. If O be not on the surface, we may reverse the ellipsoid 
into a spheroid about w as centre, and thus shew that the envelope 
of the planes 4 BC (Booth 1. 97) is a quadric of revolution having 
O for a focus. [ Art. 144. 


159. Examples of Reciprocation. 


We shall now give some illustrations of the method of 


applying the principles established above. 


The following 


theorems will be seen to be reciprocal: 


Yf two vertices of a triangle slide 
on fixed straight lines whilst the sides 
pass each through a fixed point, the locus 
of the third vertex is & conic passing 
through the fixed points on the adjacent 
sides. [p. 264. 


If two sides of a triangle inscribed in 
a conic pass each through a fixed point, 
the envelope of the third side is 4 conic 
having double contact with the former on 
the join of the fixed points.* 


The diameter of a quadrilateral is the 
centre-locus of all conics inscribed therein. 
[ Ex. 832. 


The envelope of the polar of a given 
point with respect to a system of confocal 
conics is a parabola touching their axes, 
&c. [Ex. 822. 


If two sides of a triangle pass through 
fixed points whilst the vertices slide each 
on a fixed straight line, the third side 
envelopes a conic touching the lines on 
which its extremities slide. 


If two vertices of a triangle circum- 
scribed to a conic slide each on a fixed 
line, the third describes a conic having 
double contact with the former upon the 
tangents to it from the intersection of the 
fixed lines. 


Given four points on a conic, the polar 
of a fixed point passes through a fixed 
point conjugate to the former with re- 
spect to every conic through the four 
given points. [p. 278. 


Given four points on a conic, the locus 
of the pole of a fixed straight line is a 
conic, &c. [Art. 125. 


* This is easily proved by projecting the conic and one of the fixed points into 


a circle and its centre (Art. 88). 
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The six centres of similitude of three 
arbitrary circles lie by threes on four 
straight lines. 


The locus of the centre of a circle 
which touches two given circles is a 
conic having their centres for foci. 


The centre of any one of the eight 
circles which touch three given circles 
may be determined as a point of concourse 
of two conics, each of which has for 
foci the centres of two of the given cir- 
cles.* 


A variable chord drawn through a 
fixed point O to a conic subtends a pencil 
in involution at any point on the curve. 

[Art. 120, 


The product of the focal perpendi- 
culars upon any tangent to a conic is 
constant. 
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If three conics have two common tan- 
gents (oracommon focus), their six chords 
of intersection pass by threes through the 
same four points. 


The polar of the centre of a circle 
touching two given circles with respect to 
either of them envelopes another circle. 


The polar of the centre of a circle 
touching three given circles with respect 
to any one of the three may be determined 
as a common tangent of two other circles, 
The centre itself may then be determined 
from its polar. 


Parallel tangents to 3 conic (or tan- 
gents from points on a given straight 
line) determine an involution on any fixed 
tangent. 


The square of the distance of any 
point on a conic from a frxed origin varies 
as the product of its distanees from two 
fixed right lines. 


For if the polars of any two points P and F be taken with 


respect to a circle whose centre is O, and if Pf be a perpen- 
dicular to the polar of F and Fp a perpendicular to the polar of 
P, it is easily seen (Art. 153 § 1.) that OF. Pf=OP.Fp.t If 
therefore F and F” be the foci of a conic and P any point on the 
curve, it follows that OF. Df.OF'. Pf' -OP". Fo. ΕΤ’, or ΟΡ" 
varies as the product of the perpendiculars from P to the reci- 
procals of Fand £F". 


160. Angles. Confocal Conics. 
We shall next give some examples of the reciprocation of 
angles (Art. 155), and of confocal conics. 


At any point on a circle the tangent 
is at right angles to the radius. 


Any point on a conic and the intersec- 
tion of the tangent thereat with the direc- 
trix subtend a right angle at the focus. 


The polar of any point with respect to The pole of any straight line with 

a circle is at right angles to the diameter respect to a conic and the point of con- 

through the point. course of the line with the directrix sub- 
tend a right angle at the focus. 


T A ee 


* Bee Salmon’s Conic Sections Art. 317. 
T For an independent proof see Macdowell’s Exercises in Euclid Gc. Art. 256, 
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Orthogonal tangents to a conic inter- 
sect on a concentric circle, 


Confocal conics intersect everywhere 
at right angles, and the tangents to two 
confocals from any point, taken alter- 
nately, include equal angles. [Art. 50. 


If XX' and YY’ be two pairs of col- 
linear points on two circles, the tangents 
at XX’ intersect those at YY’ in four 
points lying on a third coaxal circle.* 


Given three pairs of lines conjugate 
with respect to a circle, every conic 
through the four positions of its centre is 
a rectangular hyperbola. [ Ex, 812. 


Tangents being drawn in a given 
direction to a system of confocal conics, 
their points of contact lie on a rectangular 
hyperbola. 


161. Zhe Parabola. 
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A chord of a conic which subtends a 
right angle at any fixed point envelopes a 
conic having that point and its polar for 
a focus and directrix. 


Every common tangent of two circles 
subtends a right angle, and the opposite 
intercepts on any transversal subtend 
equal angles, at either limiting point. 


If tangents be drawn from any point 
to two confocal conics, the four joins of 
the alternate points of contact touch a 
third confocal. 


Given a focus O of a conic and three 
pairs of points conjugate with respect to 
it, there are four positions of the O-direc- 
trix, and the orthocycle of every conic 
touching the four passes through Ο. 


The tangents to the circles of a coaxal 
system at their points of concourse with 
a given transversal through either limiting 
point O envelope a conic, whose ortho- 
cycle passes through Ο. 


a. The reciprocal of a parabola with respect to any point 
O is a conic through O, and if O be the focus of the para- 
bola the reciprocal is a circle through Ο, and conversely. 
Hence the following theorems are reciprocal: 


If AOB be a right angle inscribed in 
a circle the hypotenuse AB passes through 
the centre. 


The locus of the vertex of a right 
angle circumscribed to a parabola is the 
directrix. 


The locus of the vertex of a right 
angle circumscribed to a parabola is the 
directrix. 

A chord of any given conic which 
subtends a right angle at a fixed point O 
on the curve passes through a fixed point 
F on the normal at O. 


Thus by a double reciprocation we deduce Frégier’s theorem 


(Art. 144 δ) from a property 


of the circle. Notice that the 


Frégier-point F corresponds to the directrix of the parabola, the 
normal at O to the point at infinity on the parabola, the further 
extremity of the normal at O to the tangent at the vertex 
of the parabola, and that the tangent at O is parallel to the 
directrix. 





* See Townsend’s Modern Geometry 1. 264. 
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b. A triad of points ABC reciprocate with respect to their 
orthocentre into a triad of lines parallel to BC, CA, AB, and 
having the same orthocentre. Also a parabola reciprocates 
from any point O on its directrix into a rectangular hyperbola 
through O. Hence the following are reciprocal theorems: 


The orthocentre of any triangle cir- The orthocentre of any triangle in- 
cumscnbed to a parabola lies on the scribed in a rectangular hyperbola lies on 
directrix. the curve. 


The former is a special case of Brianchon’s theorem (p. 290), 
the latter of Pascal’s (p. 175). 


c. If the reciprocals of three points ABC with respect to O 
be the lines abc, then to any point A’ on BC corresponds the 
line through bc making an angle equal to 404’ with a. Hence— 


The perpendiculars of any triangle If from a fixed point Ο on a conic 
circumscribed to a parabola meet on the there be drawn any three chords OA, OB, 
directrix. OC and the three lines at right angles to 

them, and if the latter meet BC, CA, 
AB in A’, B', C' respectively, then A’, 
Β’, C' lie on a straight line passing 
through the Frégier point of 0. 


162. The Minor Directrices. 

a. Let the tangent at Q to a conic meet the minor directrices 
in M and Μ΄, and let Fp and ΕΣ’ be perpendiculars to this 
tangent and Q7' and QT" perpendiculars to the minor directrices. 
Then the angle QOM is equal to QOM" (Art. 158 Cor. 2), and 
therefore 

OM: OM'= QM: QM'—2 QT: QT = Fp: ΕῬ, 
2 being to t in à constant ratio (Prop. 111.) which is 
evidently a ratio of equality when Q is taken on either axis. 

b. It may be seen that at any point Q on the conic, 

QT.QT': OQ = OB’: &.0A’, 
QT.QT' 
σφ᾽ 
Q is a conic (Art. 159), and the above proportion requires that 
this conic should meet the axes in the same points as former. 
It then follows that 


Fp. F'p' : OQ = ΟΥ”: 64", 


since if Q be a point such that is constant the locus of 
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if OY be the central perpendicular to ΜΜ’. 


c. lf C be the pole of MM’ with respect to the minor 
auxiliary circle, so that OM is at right angles to FC and OM’ 
to F'C, and FC+ F'C=20B8 (Art. 158 Siv), then, with the 
help of similar triangles, it may be shewn that, if X be the 
intersection of MM" with the major axis, 

FC: OM-OF: OX=F'C: OM’; 
and therefore DM+ D'M'=20X=e(OM+ OM), D and D 
being the points in which the minor directrices meet the minor 
axis. 


d. The following are examples of reversion, or the same 
results may be obtained by reciprocation. 


Any chord of a circle is at right angles Any chord of a conic and the line 

to the diameter through its pole. joining the minor focus F to the pole of 
the chord meet the F-directrix in points 

which subtend a right angle at the centre. 


If AB be fixed points on a circle and The arms of any angle ACB inscribed 

C any other point upon it, the angle ACB in given segment of a conic intercept on 
has one of two constant and supplemen- the minor directrices lengths which sub- 
tary values. tend constant and supplementary angles 

at the centre. 

In like manner it may be shewn that the two pairs of 
opposite sides of a quadrilateral inscribed in a conic make 
intercepts on either minor directrix which subtend supplementary 


angles at the centre. 


6. The major auxiliary circles of a system of conics having 
a focus S and its directrix in common may be reversed into 
concentric conics having the same minor directrices (Prop. VII.). 
Hence, the circles being coaxal and having S for a limiting 
point :* 


The opposite intercepte made by any The opposite intercepts made by any 
two circles on any transversal subtend two concentric conics having the same 
equal angles at either limiting point. minor directrices upon any transversa! 

[Art. 160. subtend equal angles at the centre. 


f. Each focus and directrix of a Rectangular Hyperbola being 
at the same time a minor focus and directrix (Art. 158 Siii), 





* See Macdowell's Exercises in Euclid ác. Art, 251. 
AA 
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we obtain in this case the following property, corresponding 
to that of the ellipse in Art. 158 Cor. 1: 

If PD'DP' be a chord of a rectangular hyperbola touching 
its auxiliary circle and meeting the directrices in D and D", 
the diameters through P and D (or P and Ὁ are at right 
angles. Hence it follows also that PD and P'D' subtend equal 
angles at the centre. 


INVERSION. 


163. We shall conclude with a slight sketch of the method 
of Inversion. 

If O be a fixed point and P a variable point in a given 
plane, and if a point p be taken on OP or its complement 
such that OP. Op is equal to a constant ο, then p is said to be 
an inverse of P with respect to the pole O, and the locus of p 
is said to be the inverse of the locus of P. It is evident that 
a straight line through the pole is its own inverse. 

To curves intersecting in points PQA &c. correspond curves 
intersecting at the inverse points pgr &c.; and therefore to 
curves having contact of any order at P correspond inverse 
curves having contact of the same order at the inverse point p. 


164. The inverses of any two curves intersect at the same 
angles as the original curves. 

For if PQ be any two points on a curve and yq the inverse 
points, then OP.Op= OQ. Oq, and therefore the angles OPQ 
and Ogp are equal. Hence, supposing P and Q to coalesce, 
the tangents at the inverse points P and p are equally inclined 
(on opposite sides) to the radius vector OPp. It then follows 
that the tangents to any two curves at a common point P are 
inclined at the same angles as the tangents to the inverse 
curves at p. 


165. The inverse of a straight line not passing through the 
pole is a circle through the pole, and conversely ; and the inverse 
of a circle not passing through the pole is a circle. 


(i). To a given line draw a perpendicular OX from the 
pole of inversion, take any point D on the given line, and let 
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the point æ be inverse to X and d to D. Then since 
Ox.OX = Od.OD, and since OXD is a right angle, therefore 
Odz is a right angle, or the locus of d is a circle having its 
diameter through O at right angles to the given line. 

Conversely the inverse of a circle through O 4s a straight line 
at right angles to its diameter through O. 

It is further evident that the tangent to any curve at P 
inverts into a circle through O touching the inverse curve at 
the inverse point p; unless P coincides with O, in which case 
the tangent at that point is also an asymptote to the inverse 
curve. 


(ii). The inverse of a circle not passing through O is a 
circle. For if OPQ be drawn to meet the given circle in P 
and Q, and if the point p be inverse to P, and g to Q, then 
since OP.OQ is constant and OP.Op is likewise constant ; 
therefore Op varies as OQ, or the locus of p is similar to the 
locus of Q, which is a circle. 


(11. Notice that by making the constant of inversion equal 
to OP.OQ we may invert the given circle into self. If QQ’ 
be a common tangent to two circles and M its middle point, 
then with M as pole and MQ" as the constant of inversion 
each of the circles inverts into itself. Again, if O be the 
centre and c the radius of a circle orthogonal to a set of coaxal 
circles, then with O as pole and c' as the constant of inversion 
the whole system inverts into itself. 


166. The nine-point circle of any triangle touches the in- 
scribed and escribed circles. 

Let ABC be a triangle, Z the inscribed circle touching 
BC in Q, and E the escribed circle opposite to A touching 
BC in Q. Bisect BC, CA in M and M' respectively," draw 
AP perpendicular BC, and let the nine-point circle N meet 
AP in D, which will be the further extremity of its diameter 
through M. Then, with M as pole and MQ’ (equal to MQ") 
as the constant of inversion, J inverts into itself, E into itself, 
and N into a straight line at right angles to MD. 


* See the lithographed figure No. 5. On the above proof see p. 191, note. 
A A42 
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This straight line meets BC in a point E such that 
MP. MR = MQ", that is to say, in the point of concourse of 
BC with the line joining the centres of 7 and .E;* and it 
makes an angle with BC equal.to MDP, or MM'P, or 
Β-- O, and may therefore be shewn to coincide with the second 
tangent from È to J and £E. 

And since the inverse of N thus touches the inverse of I 
and the inverse of E, therefore N touches J and Æ, which are 
their own inverses; that is to say, it touches the inscribed 
circle and each of the escribed circles of the triangle ABC, as 
was to be proved. 

To determine the points of contact, let RS be the second 
tangent from Ὦ to Z (or E), produce MS to meet the circle 
again in Θ΄, then δ΄ (the inverse of S) is the required point 
in which .N touches J (or £). 


167. The Cardioid. 


The inverse of a parabola with respect to its focus is a car- 


dioid having its cusp at the origin. Hence the following are 
inverse theorems : 


The sum of the reciprocals of the 
eegments of any focal chord of a para- 
bola is constant. 


Every focal chord of a parabola is 
divided harmonicaly by the focus and 
the directrix. 

The tangents to a parabola at the ex- 
tremities of a focal chord which makes 
an angle æ with the axis are inclined at 


angles 5 and 5 -3 to the chord. 


The length of any cuspidal chord of a 
cardioid is constant. 


The locus of the middle points of the 
cuspidal chords of a cardioid is a circle 
through the cusp. 


The tangents to a cardioid at the ex- 
tremities of a cuspidal chord inclined at 
an angle a to the axis make angles equal 


to 5 and 5 — Σ with the chord, [Art. 164. 


Hence the tangents to a cardioid at the extremities of any 
cuspidal chord intersect at right angles; and it may now be 
shewn that the locus of their intersection is the circle concentric 
with the bisector of all cuspidal chords and of thrice its radius. 


The tangents to a parabola at the ex- 
tremities of any focal chord intersect at 
right angles on the directrix, 


The two circles through the cusp 
which touch a cardioid each at one ex- 
tremity of any cuspidal chord meet at 
right angles on a fixed circle through the 
cusp. 





* See Macdowell’s Exercises in Euclid gc. Art. 86, 
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From a fixed point O draw OY to any 
point Y on a given straight line; then 
the envelope of the line through Y at 
right angles to OY is a parabola. 


The intersections of any three tan- 
gents to a parabola lie on a circle through 
the focus, 


It ABCA'B'C' be any six points on a 
parabola, the intersections of (48, Α’ Β'), 
(BC, ΒΟ", (CA, C'A’) lie in a straight 
line. 


If ABCA'B'C" be any six tangents to 
a parabola, the joins of (AB, A'B’), (BC, 
3560), (CA, C'.A") meet in a point. 


168. Circles of Curvature. 


357 


From a fixed point O on a given circle 
draw any chord Oy; then the envelope of 
the circle on Oy as diameter is a cardioid 
having its cusp at O. 


Any three circles touching a cardioid 
and passing through its cusp meet in 
three other points lying on a straight 
line. 

If abca'b' be any six points on a 
cardioid whose cusp is at Ο, the intersect- 
ions of the three pairs of circles (Oab, 
Oo'b^,, (Obc, Ob'c’), Oca, Oc'a^) lie on one 
circle. 


If abca'b'c' be any six circles touching 
a cardioid and passing through its cusp, 
the three circles through the intersections 
of (ad, a'b’), (bc, b'c’), (ca, c'a^) are coaxal. 


The osculating circle at any point P on a curve inverts 
from any point O into the circle (Art. 165) which osculates the 


inverse curve at the inverse point p. 


[Art. 163. 


But if the former circle passes through O it inverts into 
a straight line, and p becomes a point of zero curvature, or of 
enflexion. Hence the following are inverse theorems: 


Three points can be found on an 


The inverse of an ellipse with respect 


ellipse whose osculating circles meet at to any point upon it is a curve having 
8 given point on the curve, and these three points of inflexion, which lie in a 
three points lie on a circle through O. straight line. 


It may be added that a parabola inverts from its vertex 
as pole into a cissotd ; a central conic from either focus into a 
limaçon, and from its centre into an. oval of Cassini or, if an 
equilateral hyperbola, into a lemniscate of Bernoulli ; a conic 
from any point upon it into a circular cubic having a node at the 
pole; and a conic from any other point in its plane into a 
trinodal quartic having its nodes at the focoids and the pole. 


SCHOLIUM O. 


For the principle of Inversion Chasles (Rapport pp. 140—2) 
refers to Ptolemy, and to Quetelet (1827); and for a general state- 
ment of the method to Bellavitis (1836). In 1843—4 it was pro- 
pounded afresh by Ingram and Stubbs (Transactions of the Dublin 
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Philosophical Society vol. 1. 58, 145, 159; Philosophical Magazine 
χχιπ. 338, xxv. 208). It has been applied by Dr. Hirst to attrac- 
tions (Phil. Mag. 1858), and embodied by Peaucellier in his linkages. 
Cf. also Camb. and Dublin Math. Journal vixi. 47; Oxf. Camb. Dubl. 
Messenger of Mathematics 111. 228; Booth’s New Geometrical Methods 
vol. i. chap. 30; Salmon’s Higher Plane Curves, Arts. 348 &c.; 
Proc. London Math. Soc. v. 105, ντι. 91. And for a complete exposi- 
tion of the method as applied to the straight line and circle see 
Townsend’s Modern Geometry, chaps. 9, 24. This method, unlike 
projection and reciprocation, enables us to deduce properties of the 
higher curves from those of a lower order, and is thus peculiarly 
effective as an instrument of discovery and research. 


MISCELLANEOUS EXAMPLES. 


(851. If a triangle is self-polar to a parabola (p. 281), the 
three lines joining the middle points of its sides touch the 
parabola, and conversely. [Ex. 715. 


852. Two rectangular hyperbolas being such that the axes 
of the one are parallel to the asymptotes of the other, and the 
centre of each lies on the other; shew that any circle through 
the centre of either meets the other again in a conjugate triad 
with respect to the former. 


853. If two angles of given magnitudes turn about their 
summits A and B as poles, then (1) if one pair of their arms 
remain constantly parallel, the other pair intersect at a constant 
angle and thus describe a circle C through the poles; and (2) 
if one pair of their arms intersect on a fixed straight line D as 
director, the other pair by their intersection describe in general 
a conic through the poles. The points at infinity on the conic 
correspond to the intersections of C and D; the axes of the 
conic are parallel to the positions which the parallel arms in 
case (1) assume when the arms describing the circle intersect 
at the extremities of the diameter at right angles to D; and 
if the director be any line in a system of parallels the axes 
of the conics described are parallel. 


854. If the tangent at O to a rectangular hyperbola be 
met at right angles in P by a chord QR, the diameters 
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bisecting OQ and OR bisect the angles between the diameters 
to O and P.* 


855. If AA’, BB’, CC' be the three pairs of summits of a 
quadrilateral circumscribed to a parabola whose focus is S, then 


SA.SA'= SB.SB'= SC.SC". 


856. Reciprocate the theorem that the feet of the focal 
perpendiculars upon the tangents to a parabola are collinear. 


857. Given two conics, find a conic with respect to which 
they are polar reciprocals. 


858. The tangent to a circle at any point makes with any 
chord through the point an angle equal to the angle in the 
alternate segment. What does this proposition become by 
reciprocation with respect to any origin? 


859. The problem, to inscribe in a given conic a 2n-gon 
whose n pairs of opposite sides shall pass in any assigned order 
through n given points, is always indeterminate or impossible. 


860. If two circles be drawn meeting a conic in OABC and 
OA'B'C' respectively, every two of the vertices of the triangles 
ABC and Α΄ B' C' subtend at O an angle equal to that between 
the opposite sides. Conversely, if the vertices of two triangles 
inscribed in a conic be thua related to a point O, then O lies 
on the conic. 


* The nine-point circle (Art. 64 Cor. 4) of OQR passes through O. 

1 This question and its solution were suggested by Prof. TOWNSEND. Starting 
from an arbitrary point P on the conic as one vertex, draw n successive sides of the 
polygon through the z points taken in the assigned order, and the other n sides 
through the same points taken in the reverse order; and let the points on the conic 
thus arrived at be Q and Q respectively. As P varies, the three systems of points 
P, Q, Q' are homographic (Art. 120 Cor. 2), and therefore also the two systems 
P+ Q and Q'4- P. If Qand Q' once coincide, one pair of homologous points in the 
two homographic systems P + Q and Q' + P are interchangeable, and therefore every 
pair are interchangeable (Townsend's Modern Geometry 11. § 360), or Q and Q always 
coincide. If then Q and Q' coincide for any ene position of P the solution is inde- 
terminate, and if not it is impossible. 


360 MISCELLANEOUS EXAMPLES. 


861. The circumscribed circles of any two triangles PQR 
and P’ QR’ circumscribing a parabola meet in a point O (other 
than the focus) such that the angle subtended at O by any 
two of the vertices of the triangles is equal to that between 
the opposite sides.* Hence shew that the seven points 
OPQRP'Q'E' lie on a conic. 


862. If three conics have one point in common, their nine 
common chords which do not pass through it touch one conic.T 
Conversely, if three triangles circumscribe a conic, the three 
conics which circumscribe them by pairs have one point in 
common. [ Ex. 861. 


863. Any three parabolas, taken in pairs, have three triads 
of common tangents, whose nine intersections lie on a conic. 
What does this become by projection and reciprocation ? 


864. If ABC be the triangle formed by three tangents to 
a parabola whose focus is S, the inclination of BC to the axis 
is equal to the angle subtended by SA at the circumference 


of the circle. Hence shew that the square of the radius of the 


circle is equal to = , if p be the parameter and abc the 


points of contact of the tangents. 


865. Two triangles ABC and .4'B'C' inscribed in a circle 
being such that every two of their vertices subtend at the cir- 
cumference an angle equal to that between the opposite sides, 
shew that, if O be the centre and OS a given radius of the circle, 

480A + SOB+ SOC SOA' + SOB'+ SOC’, 
and conversely. Hence deduce that, if ABC be a variable 
triangle circumscribed to a given parabola whose focus is 8, 


and inscribed in a fixed circle whose centre is O, the sum of 
the angles SOA, SOB, SOC, measured in the same sense 





* If O be a point on the arc SP (p. 56) and r the point of contact of PQ, the 
angle ROS is equal to RPQ + SPr, and therefore to SrQ. In like manner Z'OS is 
. equal to Sr'Q' ; aud therefore ROR’ is equal to the angle (PQ. P’Q’). 
t Picquet, Etude géométrique des Systemes Ponctuels ἅς, pp. 27, 51 (Paris 1872). 
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of rotation is constant; and the sum of the angles which 
BC, CA, AB make with the axis is constant. Shew also that 
the product SA.SB.SC, or Sa. Sb. δο (Ex. 864), is constant, 
and that the product of the focal perpendiculars upon the three 
tangents is constant. 


866. If a triangle ABC inscribed in a given ellipse 
envelopes a fixed parabola, the sum of the eccentric angles 
of its vertices is constant ;* and the circles ABC pass through 
a fixed point on the ellipse and have a common radical axis. 


867. A variable conic through four given points ABCD 
meets a fixed conic through D at the vertices of a variable 
triangle, which envelopes a fixed conic inscribed in ABC. 
State the reciprocal theorem. 


868. The tangents to an ellipse from any point on a minor 
directrix intercept on the major axis a length which varies as 
the central distance of the point. 


869. Any chord PQ of an ellipse and the tangents at P 
and Q meet the minor directrices in pairs of points RR’, MM" 
and NN’ respectively such that, if O be the centre, the angle 
ROR’ is equal to 3 (MOM' + NON"); and the central distances 
of the points MM'NN' and their perpendicular distances from 
PQ are to one another severally in the same ratio. 


870. Prove by reciprocation with respect to a point, that 
the sum of the reciprocals of the perpendiculars from any 
point O within a circle to the tangents from any point on the 
polar of O is constant. Also prove that the reciprocals of 
equal circles with respect to the same point have equal 
parameters, and the reciprocals of coaxal circles with respect 
to any point on the radical axis have equal minor axes.f 


* This theorem, which is due to Mr. R. Pendlebury, Fellow of St. John’s College, 
follows from Ex. 865 by orthogonal projection. 
t If OAB be drawn from the origin to meet a given circle in A and B, then 
2 2 
ag and oh are equal to the perpendiculars from a focus of the reciprocal conic to a 
pair of parallel tangents, The length of the minor axis is therefore determined by 
the product 04.08. 
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871. Deduce the property of the focus and directrix of a 
conic from the Locus ad quatuor lineas.* 


872. If P and Q be opposite intersections of the common 
tangents to two conics, any two lines OA and OB which are 
conjugate with respect to both conics are harmonic conjugates 
with respect to the lines OP and OQ. Deduce this from 
Newton's property of the diameter of a quadrilateral (Art. 124), 
viz. by projecting OA or OB to infinity. Also state the 
reciprocal theorem. [1. 19. 


873. An ellipse being drawn through the centre O of a 
circle, shew that the lines from Ο to a pair of opposite 
intersections of their common tangents are equally inclined 
to the tangent to the ellipse at O. [1. 33. 


874. Find the locus of the centre of a conic which cuts 
fonr given finite straight lines harmonically, or which passes 


through two given points and cuts two given finite straight 
lines harmonically. [1. 62. 


875. If a given polygon be moved about in its plane so 
that two of its sides touch each a fixed circle, every side of 
the polygon touches a fixed circle. [1. 68. 


876. Deduce from Ex. 738, that if a curve has one tetrad 
of foci (p. 311) lying on a circle it has three other such tetrads, 
and the four circles cut one another orthogonally. [11. 10. 


877. If four circles be mutually orthogonal, their centres 
form an orthocentric tetrastigm, and one at least of the circles 
is imaginary. [11. 10. 


* First deduce the Locus ad tres lineas aß = ἄγ’, and let the two tangents be 
drawn from the focus S. These are represented by the Cartesian equation z? + y? —0, 
and the perpendiculars to them from (z, y) are proportional tozx+J(—1)y. Therefore 
z? + y? varies as y?, or the distance of (zx, y) from S varies as its distance from the 
polar of 8. 

} Ex. 872 ἅς. are taken from the EDUCATIONAL TIMES Reprint, the volume and 
page of which are specified in each case, See also pp. 141, 336, 
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878. Find the locus of the pole of a common chord of two 
fixed conics with respect to a conic having double contact with 
each of them. [11. 46. 


879. If two triangles circumscribed (or inscribed) to a conic 
be in perspective, every radiant through their centre of per- 
spective meets their sides in three pairs of points in involution. 
Reciprocate this theorem, and point out its relation to Steiner’s 
property of the directrix of a parabola inscribed in a triangle. 

[11. 50. 


880. If two conics meet any transversal in pairs of points 
AB and A’B' respectively, the foci of the involution determined 
by 44’ and BB' (or AB' and A'B) lie on a third conic passing 
through the intersections of the former two. [11. 91. 


881. Given that one focus of a conic to which a given 
triangle is self-conjugate lies on a given straight line, find the 
locus of its second focus, and deduce Ex. 715. [ 111. 33. 


882. Given two points P and @ on a conic, find a third 
point O upon it such that OP and OQ may divide a given 


finite straight line in a given cross ratio. Πιτ. 47. 


883. Let abc be the middle points of the sides of a triangle, 
O the centre of its circumscribing circle and 0’ its orthocentre. 
Then if Oa, Ob, Oc be produced to ABC respectively so that 
OA=20a, OB=20b, OC -20c, the sides of the triangle 
ABC and of the original triangle touch one conic, which has 
their common nine-point circle for its major auxiliary circle and 
the points O and O' for foci. [11r. 53. 


884. "Tbrough four given points draw a conic such that the 
chord which it intercepts on a given line shall be of given 
length, or shall subtend a given angle at a given point. [111. 84. 


885. If p, p' be variable points collinear with a fixed point 4, 
and so situated that the segment pp’ always subtends a right 
angle at another fixed point J/, prove the following properties 
of corresponding loci of p and p'. Right lines equidistant from 
the middle point of AM correspond to similar conics passing 
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through A and cutting AM perpendicularly at M. These 
conics are similar ellipses, or parabolas, or similar hyperbolas 
according as the common distance of the primitive lines from 
the middle point of AM is greater than, equal to, or less than 
4AM. The circles which pass through A and M, taken in 
pairs, are corresponding loci, as also are the circles which pass 
through M and have their centres on AM. Πππ. 91. 


886. The critical conic of a quadrilateral being defined as 
the circumscribed conic which projects into a circle when the 
quadrilateral is projected into a square, shew that, if 44’, BB, 
CC' be the three pairs of summits of a quadrilateral, a conic 
can be found having double contact at points lying on AA’ with 
the critical conic of BB'CC', double contact at points on BB’ 
with the critical conic of 66044’, and double contact at points 
on CC’ with the critical conic of 4488’. 11. 92. 


887. If a straight line meet the sides BC, CA, AB of a 
triangle in PQR respectively, and O be any point in the same 
plane, the tangents at O to the conics OAPBQ and OAPCR 
are harmonic conjugates with respect to OA and OP.  [1v. 44. 


888. Shew how to prove the principal properties of the 
lemniscate by inversion. [1v. 47. 


889. Prove that the “characteristics” of a system of conics 
satisfying four conditions are unaltered when, in place of passing 
through a given point, each conic is required to divide a given 
finite segment harmonically. [Iv. 56. 


890. Given four straight lines in a plane, we may project 
one of them to infinity and the remaining three into the sides 
of an equilateral triangle. Is it possible to project two given 
triangles at once into equilateral triangles, or a conic and a 
triangle into a circle and an equilateral triangle? [1v. 88. 


891. The envelope of the circles on a system of parallel 
chords of a conic as diameters is à conic having its foci at the 
extremities of the diameter conjugate to the chords. Find 
where any circle touches the envelope. [v. 40, 
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892. A variable conic being drawn touching three given 
conics, if the normals at the three points of contact cointersect 
investigate the locus of their point of concourse. [v. 50. 


893. Four conics being drawn through the same four points 
so that their tangents thereat form four harmonic pencils, shew 
that if one conjugate pair of the conics be a circle and an 
equilateral hyperbola the other pair must have equal eccen- 
tricities. [v. 103. 


894. Through a given point O on a hyperbola two chords 
are drawn each at right angles to an asymptote, and from a 
variable point P on the curve perpendiculars PM and PN are 
drawn to the two chords through O. Shew that MN passes 
through a fixed point F; find the locus of F for different 
positions of O on the hyperbola; and determine the hyperbola 
for which the locus reduces to a point. [τι. 45. 


895. Three conics being described so that each of them 
passes through the same point O and through the extremities 
of two of the diagonals of the same complete quadrilateral, 
prove that the remaining three points of concourse of the conics 
lie upon their tangents at O. [ V1. 54. 


896. If ABCD be four points on a conic, the intersections 
of AB and CD with any two tangents lie on a conic touching 
AC and BD. [ V1. 56. 


897. The axes of every conic circumscribed to a quadrangle, 
which is itself inscribed in a circle, are parallel to two fixed 
right lines, viz. the asymptotes of the equilateral hyperbola 
(Ex. 518) which is the centre-locus of all conics circumscribed 
to the quadrangle.* [ VI. 88. 


898. If P be any point on a circle, A and B fixed points 
on a diameter and equidistant from the centre, the envelope 
of a transversal which is cut harmonically by the circles 


* If ABC be the common self-polar triangle of all the circumscribed conics; 
Ox and Oc’ the axes of any one of them, so that Ooo œ’ is a self-polar triangle with 
respect to it; the points ABCO% œ’ lie on a conic, which in this case is the rect- 
angular hyperbola ABCO. 
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described with A and B as centres and AP and BP respectively 
as radii is the conic which has 4 and B for foci and touches 
the circle. [vir. 34. 


899. Draw the minimum chord of a given angle which 
can be cut in a given ratio by a given line. [ vir. 41. 


goo. If Q and R be the foci of any ellipse inscribed in a 
triangle ABC, deduce from Ex. 322 that, 


AQ.AE.BC - BQ.BR.CA + CQ. CR. ABz BC.CA.AB. 
[vir. 43. 


901. If Q be the intersection of the polars of any point P 
with respect to two given parallel conies (Ex. 792, note), 
the locus ef the middle point of PQ is their radical axis. 
Hence shew that, if DEF be the feet of the perpendiculars. 
of any triangle ABC, and AL, BM, CN be parallels to EF, 
FD, DE, meeting BC, CA, AB in the points LMN respectively, 
then the axis of perspective of the triangles ABC and DEF 
bisects each of the segments AL, BM, CN. [VIL 78. 


902. Construct geometricaly the four chords of contact 
with a given conic of the four inseribed conics which pass 
through three given points. (ντ. 92. 


go3. Triads of parallels being drawn through the vertices 
ABC of a given triangle to meet the opposite sides in abc, 
shew that the envelope of the axis of perspective of the triangles 
ABC and abe is the maximum ellipse that can be inscribed 
in ABC. [vit. 94. 


904. If from any point on a conic parallels be drawn to 
the diameters bisecting the sides of any inscribed triangle, the 
lines so drawn meet the corresponding sides of the triangle 
in three collinear points. Extend this theorem by projection, 
and also reciprocate it. [VIII. 44. 


905. Prove by inversion, that the circles having for 
diameters three chords AB, AC, AD of a circle intersect again 
by pairs in three collinear points. [V11r. 48. 
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906. If through a pair of opposite intersections AA’ of 
four fixed tangents to a given conic there be drawn a pair 
of lines conjugate to the conic, the locus of their point of 
concourse is a conic passing through AA’ and through the 
points of contact of the four tangents. [ VIII. 62. 


907. If A be any point within or without a conic, B any 
point on its polar, CD a fixed straight line, BC and BD 
tangents cutting CD in C and D respectively; shew that the 
intersections of AD, BC and AC, BD lie on a fixed straight 
line, which meets CD on the polar of A. [ VIII. 63. 


908. If DP and DQ be a pair of tangents to a conic and 
ABC a self-polar triangle, any conic through ABOD cuts PQ 
harmonically. Hence shew that the perpendicular DM to either 
axis bisects the angle PMQ. [virr. 110. 


909. Deux droites qui divisent barmoniquement les trois 
diagonales d'un quadrilatére rencontrent en quatres points har- 
moniques toute conique inscrite dans le quadrilatére. 


ΠΧ. 62, x11. 50. 


910. La condition qu'une conique divise harmoniquement 
les trois diagonales d'un quadrilatére circonscrit à une autre 
conique, coincide avec la condition que la première conique soit 
circonscrite à un triangle conjugué à l'autre. (Ix. 74. 


911. The degree of the locus of the foci of a system of 
conics subject to four conditions is three times as great as that 
of the locus of their centres. [x. 63. 


912. If A and B are fixed points with regard to a conic 
of which ACD is a variable chord, shew that the polar of A 
meets BC and BD in points E and F such that AB, DE, CF 
cointersect. [x. 81. 


913. Given three points ABC and a straight line through 
each, shew how to cut the three lines by a fourth in points PQR 
such that the lengths AP, BQ, CR may be equal. [χι. 19. 


914. If three equidistant lines parallel to an asymptote of 
a hyperbola meet the curve in ABC, prove by involution (or 
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otherwise) that any parallel to the other asymptote is divided 


harmonically by the sides of the triangle ABC and the curve. 
[χι. 20. 


915. The six points which, in conjunction with any common 
transversal, divide harmonically the six sides of a tetrastigm, 
lie on & conic passing also through the three intersections of 
the opposite sides of the tetrastigm ; and the three straight lines 
which join the six points in opposite pairs cointersect at the pole 
of the transversal with respect to the conic. [x1. 21. 


916. Reciprocate the theorem, that if the orthocentre of a 
triangle inscribed in a parabola lies on the directrix, the circle 


to which the triangle is self-polar passes through the focus. 
[xr. 32. 


917. Extend by projection and also reciprocate the following 
theorem. Given two parallel conics (Ex. 792, note) .4 and D, 
two circles can be drawn having double contact with A and B 
respectively and meeting their common chord in the same two 
points, [χι. 43. 


918. If O and O' be the limiting points of a system of 
coaxal circles, and if with O and O' respectively as one focus 
two conies be described osculating any circle of the system 
at one and the same point, their corresponding directrices will 


coincide. [χι. 74, 


919. Given three points ABC and a conic, the envelope 
of a chord PQ such that A(BPQC] is harmonic is a conic 
touching AB and AC at points lying on the polar of A. [xr. 83. 


920. Find the envelope of a transversal on which two 
given conics intercept segments having a common middle 


point M, and find the locus of M. [χι. 84. 


921. Any tangent to a conic is divided in involution by 
three other tangents and the radiants to their intersections 
from either focus S. Prove that the double points of this 


involution, as the tangents vary, subtend a pencil in involution 
at δ. [χι. 105. 
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g22. PQ being a chord of a conic equally inclined to the 
axis with the tangent at P, a circle is drawn through PQ 
cutting the conic again in RS. Shew that the point on the 
circle harmonically conjugate to P with respect to R and S 
lies upon the chord of the conic supplemental to QP. What 
does this become by inversion? [xu. 90. 


923. Any two parallel tangents to a conic meet the tangents 
from a given point O in points 7' and 7" respectively such 
that ΟΊ. ΟἿ" is constant. [ XIII. 44. 


924. Prove by inversion, that if three circles meet two and 
two in AA’, BB’, CC’, and O be any point in their plane, 
the circles O.44', OBB’, OCC' are coaxal. [Χιγ. 102. 

925. Given in a conic two tetrastigms PQRS and pgrs 
whose corresponding chords pass by fours through the same 
three points, shew that a conic may be drawn touching Pp, 
Qq, Pr, Ss at pqrs respectively. [x1v. 104. 

926. Find the constant ratios which five fixed radiants in 
space determine on a variable transversal plane;* and deduce 
the anharmonic property of four radiants in one plane. [xv. 26. 


927. Prove, generalise and reciprocate the theorem, that 
the bisectors of the angles between the two pairs of opposite 


sides of a trapezium inscribed in a circle are at right angles. 
[xv. 36. 


928. The envelope of a transversal cut harmonically by 
two given similarly situated parabolas is a third parabola 
(Ex. 800). [ΧΥ. 86. 


929. The tangents to a conic from a variable point on a 
fixed straight line L meet the tangent at a given point A in 
R and R’. Shew that the relation between AR and AR’ is 
of the form a.AR. ARE --ὖ. AR --ο. 41 +d=0 (Ex. 777) ; and 
determine the positions of L in order that (1) the sum of the 
intercepts AR and ALR’, or (2) the sum of their reciprocals may 
be constant. (xvi. 59. 


* See the Messenger of Mathematics vol. v. 94 (1876). 
BB 
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930. Two sides of a triangle circumscribed to a given circle 
being fixed, the three lines joining its angles severally to the 
points of contact of the escribed circles with the opposite sides 
meet in a point, whose locus is a hyperbola having the fixed 
sides for asymptotes. [χγι. 62. 


931. Given three fixed straight lines /mn and three fixed 
points LMN in a straight line, the lines from a current point on 
l to Mand N meet m and n in four points, the conic through 
which and L envelopes a conic touching m and n at their 
intersections with l. [ΧΥΙ. 98. 


932. The first positive and negative pedals of an equilateral 
hyperbola are reciprocal polars with respect to it. [xvi. 106. 


933. Given a point on one arm of a constant angle in- 
scribed in a circle, find the envelope of the other arm. 
[ΧΥΙ. 110. 


934. Circles being described on the two halves of a diameter 
of a given circle as diameters, shew that the perpendicular 
radius of the given circle is trisected by the centre and cir- 
cumference of a fourth circle touching the three; and deduce 
a new theorem by reciprocation. [ XVII. 23. 


935- Deduce from Ex. 785, that if BC be a chord of a circle 
and A its pole, the conic through ABC which touches the 
circle at a point D has its curvature at D twice as great as 
that of the circle. [ XVII. 109. 


936. An ellipse having double contact with a fixed ellipse Æ 
has one focus F fixed: shew that the other focus describes 
an ellipse confocal with EZ and passing through F. — [xviir. ΤΟ. 


937. The area of the triangle formed by the polars of the 
middle points of the sides of a triangle with respect to any 
inscribed conic is equal to the area of the given triangle. 

[XVIIL 107. 


938. From two fixed points on one of a series of confocal 
conics tangents are drawn to a variable conic of the series: if 
they meet the fixed conic again in QR and Q’R’, shew that 
the locus of the point (QR, QZ’) is a conic. [x1x. 51. 
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939. The ratio of the product of the diameters of two 
circles to the square of one of their common tangents inverts 
into an equal ratio when the circles are inverted from any point 
as pole. Hence deduce Feuerbach's property* of the nine- 
point circle. [xix. 54. 


940. In a quadrilateral whose diagonals intersect at right 
angles shew how to inscribe a conic having their intersection 
for a focus. [Χιχ. 69. 


941. A point C being taken on the diameter AB of a 
semicircle, semicircles are described on AC and BC as dia- 
meters. Also a series of circles are described, the first touching 
the three semicircles, and every n“ circle touching the n — 1% 
and the semicircles on AB and AC. Prove that, as C varies, 
the loci of the centres of the several circles are ellipses having 
a common focus. [xix. 88. 


942. A line being drawn from the focus of a conic to 
meet the tangent at a constant angle, find where the locus 
of the point of concourse touches the conic. [xIx. 111. 


943. The tangent at any point of a cardioid meets the 
curve again in two points PQ the tangents at which divide 
the double tangent AB harmonically; and the locus of the 
point of concourse of the tangents at PQ is a conic passing 
through AB and touching the cardioid at one real and two 
imaginary points. [xx. 34. 


944. If a lamina moves in its own plane so that two given 
points of it describe each a fixed straight line, any other point 
of the lamina describes an ellipse. [xx. 89. 


945. If ABC be three points on a parabola, A’B'C’ the 
intersections of the tangents thereat, and abc the centres of the 
circles BCA’, CAB', ABC’; prove that the circle abc passes 
through the focus. [xxi. 72. 


* On this see Schröter in Neumann's Mathematische Annalen vol. vit. 517—530 
(Leipzig 1874), where the property is cited from Feuerbach's Eigenschaften einiger 
merkwürdigen Punkte des geradlinigen Dreiecks (Nürnberg 1822). The nine-point 
circle itself has been improperly called Feuerbach's by Baltzer and others. 

BB2 
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946. The tangent to the evolute of a parabola where it cuts 
the parabola is also a normal to the evolute. [xxr. 79. 


947. Find at what points on a conic the angle between the 
tangent and the chord drawn to a fixed point on the curve 
is greatest or least. [Χχτι. 29. . 


948. If OP and OQ be tangents to a conic, E the middle 
point of PQ, and O' the point harmonically conjugate to O witb 
respect to the foci on the circle through O and the foci, shew 
that OP.OQ=OR.00'; and deduce that if O and the foci be 
fixed the circles OPQ are coaxal.* | XXIII. 17. 


049. If DD’ be a fixed diameter of a conic and AB any 
two conjugate points in an involution on the tangent at D’, 
then DA and DB meet the conic again upon a chord which 
passes through a fixed point. [ XXIII. 55. 


950. If AB be the base of a segment of a parabola and P 
any point on the curve, the locus of the orthocentre of APB 
1s a line parallel to 4B. Hence shew how to describe a para- 
bolic segment of given base and height by points. [ΧΧΙΙΙ. 61. 


951. À plane figure moves so that two fixed straight lines 
in it always pass through two fixed points: find the envelope 
of any straight line in the figure. (XXIII. 67. 


952. One focal chord of a conic meets the tangents at the 
extremities of another in A and B. If straight lines ACD 
and BEF be drawn perpendicular to AB and meeting the curve 
in CDEF, prove that CE and DF meet AB at a point P on the 
directrix; that CF and DE, AF and DB, AE and BC meet 
on the polar of P; that the intercepts CD and EF subtend 
equal angles at the focus 8; that SA: SC: SD= SB: SE: SF; 
that CF and DE meet AB in two points G and H, having 
properties like those of A and P; and that of the four inter- 
sections of the tangents from A and B two lie on the polar 
of P and two on the directrix. [xxIv. 21. 





* Compare Exx. 322, 387, 310, 380. 
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953. Given a conic inscribed in a parallelogram, if any 
tangent to the conic meets the sides opposite to an angle A 
in B and C, prove that the triangle ABC is of constant area. 

[ΧΧΙΥ͂. 51. 


954. Six circles pass through twelve points on a conic in 
the order, 


(a) 4,4,4,A (b) B,B,B,B,, (c) 0,0,0,C,, 


23" 4 
(d) A,A,B, 6, (e) BB, C,A,, (A C, C, A,B,; 
prove that the circles abc meet the circles def in six new points 


which lie on the circumference of another circle. [xxiv. 75. 


955. Prove that there are eight chords of an ellipse normal 
to the curve at one extremity and to the central radius vector 
at the other. [xxiv. 83. xxv. 73. 


956. If ABCD be a quadrilateral inscribed in a conic, F 
and G the intersections of its opposite sides; prove that every 
conic through ACFG has with the given conic a chord of 
intersection which passes through a fixed point, viz. the pole 


of BD. [ xxiv. 93. 


957. If PP’ be points on equal circles whose centres are 
O and O' respectively, and if the lines OP’, O'P be parallel, 
find the envelope of the line bisecting both. [xxv. 53. 


958. What is the condition that the conic aß = ky" may 
touch the conic a = y* externally ? [xxv. 88. 


959. Given five points ABCDE on a conic, shew that there 
is a sixth point on it the parallel through which to AB passes 
through the fourth point of concourse of the circle CDE with 
the conic. [XXVI. 17, 108. 


960. If six lines taken in the orders 1231'2'9', 1285/1938, 
1991/20’, 195125 respectively form hexagons each inscribed 
in a conic, each pair of the conics have a common chord in the 
same straight line with a common chord of the opposite pair; 
and nine of the common chords are the sides and the joins 
of the opposite vertices of two triangles in perspective, one 
of which is inscribed in the other. [xxv1. 21. 
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961. If two points be such that the tangents to a parabola 
from the one are at right angles to the tangents from the 
other, the loci of the two points are in perspective. What does 
this become by projection and reciprocation ? [XXVI. 94. 


962. The joins of n points on a conic intersect again in 
three times as many points as there are combinations of n things 
taken four together, and of these intersections one third lie 
within and two thirds without the curve. [XxvI. 101. 


963. If the three pairs of opposite summits of a quad- 
rilateral be severally conjugate with respect to a conic, the 
joins of the poles of its diagonals cut the conic in a hexagon to 
which the sides of the quadrilateral are Pascal lines. 

[XXVII. 105. 


964. Shew that there are in general eight positions of 
a chord of an ellipse which meets the curve at given angles 
at its two extremities. (XXVIII. 63. 


965. Three conics 8, 8,8, being such that the polar reci- 
procal of any one with respect to another is the third, a 
triangle ABC is inscribed in S, and circumscribed to Δ. 
Prove that the triangle determined by the points of contact 
is self-polar to S, and circumscribes $,; and that the tangents 
to δ, at ABC form a triangle self-polar to S, inscribed in 6. 

[_ XXVIII. 97. 


966. If S be the focus of a conic inscribed in a triangle 
ABC, and any tangent meet the focal chords perpendicular 
to SA, SB, SC in PQE respectively, prove that AP, BQ, CR 
meet in a point. [XXVIII 99, 


967. A variable circle being drawn through two given 
points, through one of which pass two given lines; find the 
envelope of the chord joining the other points in which the 
circle meets them. [xxix. 24. 


968. If four conics SABC have one focus and a tangent D 
in common, and if a common tangent to each of the pairs 
(SA), (SB), (SC) meet a directrix of ABC respectively upon 
the tangent D; the common tangents of BC, CA, AB meet 
at three points in a straight line. : [xxix. 43. 
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969. If three conics touch one another and have a common 
focus, the common tangent of any two cuts the directrix of the 
third in three points on one straight line. [xxix. 69. 


970. Prove the following pairs of reciprocal properties of a 
system of two conics: 

a. When two conics are such that two of their four common 
points subtend harmonically the angle determined by the tan- 
gents at either of the remaining two, they subtend harmonically 
that determined by those at the other also. 


b. When two conics are such that two of their four common 
tangents divide harmonically the segment determined by the 
points of contact of either of the remaining two, they divide 
harmonically that determined by those of the other also. 

c. The associated conic, envelope of the system of lines 
divided harmonically by the two original conics, breaks up in 
the former case into the point-pair determined by the eight 
tangents to them at their four common points. 


d. The associated conic, locus of the system of points sub- 
tended harmonically by the two original conics, breaks up in 
the latter case into the line-pair determined by their eight 
points of contact with their four common tangents. [ΧΧΙΧ. 88. 


971. If the sides of a variable triangle pass severally through 
three fixed points in a straight line, whilst one vertex moves 
on a straight line and a second describes a given curve; prove 
that the locus of the third vertex is homographic with the 
given curve. [ΣΣΙΣ. 96. 


972. The triangles whose vertices are two triads of points 
on a conic intersect in nine points, such that the join of any 
two not on the same side is a Pascal line of the six vertices. 

[xxx. 25. 


973. Ifa system of conics having a common focus envelop 
a given curve, and have their eccentricities proportional to the 
focal distances of the poles of their directrices with respect to a 
circle about the common focus as centre, the locus of the poles 
is a parallel of the reciprocal of the given curve with respect to 
the circle. [xxx. 93. 
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974. Prove and also reciprocate the following theorem. 
If a circle A touches a circle B internally at P, and if the 
tangent to A at any point Q meets B in R, and R, then 
εδ Ρο £1 RPQ. [xxxI. 65. 


975. Two lines being drawn through any point P on an 
ellipse to meet the major axis in A, B and the minor axis 
in a, b respectively; shew that if PA = PB=} minor axis, the 
intersection of Ad and Ba is the Frégier-point of P. [ΧΧΧΙΙ. 48. 


976. If a circle and a rectangular hyperbola intersect 
in four points, the line joining their centres is bisected by 
the centroid of the four points. [ΧΧΧΙΙ. 48. 


977. If PQ is a chord normal at P to an ellipse, and N the 
intersection of the normal at Q with the tangent at P, then 
DN is to the projection of the semi-diameter CP upon it as 
the square of PQ to the square of the conjugate semi-diameter. 

[xxxir. 58. 


978. The focal radii to the points in which a fixed tangent 
to an ellipse meets a variable pair of conjugate diameters in- 
tersect on a fixed circle. (XIII. 33. XXXII. 81. 


979. Iffour parallel chords of an ellipse αβγδ he met by a 
straight line in abcd respectively, shew that 


a*.bc.cd .db + y*.da.ab.bd = (8*.cd.da.ac + 9 .ab.bc.ca. 
[xxxr1i. 27. 


08ο. If P be a current point on a given segment AB, the 
ellipses of given eccentricities described with AP and BP respec- 
tively as.foci intersect upon a fixed ellipse whose foci are .4 
and B. [ΧΧΧΙΙΙ. 52. 


981. If Pp and Qg be chords of a parabola parallel to the 
tangents at g and p respectively, and Oo the poles of PQ and 
pq; shew that A OPQ — 21 Aopq, and that, if pg be parallel to a 
fixed line, the locus of the intersection of. PQ with the tangents 
at p and ᾳ is a similarly situated parabola. [XXXIII 58. 


982. The locus of the foot of the perpendicular from any 
point on a given diameter of a conic to its polar is a rectangular 
hyperbola. [xxxii 76. 
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983. Any focal chord being drawn to a hyperbola, the circle 
on the portion of it intercepted by the tangents at the vertices 
as diameter touches the hyperbola. [ΧΧΧΠΙ. 110. 


084. The envelope of the axes of a conic which touches 
four fixed tangents to a circle is a parabola.* 


985. Shew how to solve the problems of the two mean 
proportionals and of the trisection of an angle by the intersec- 
tions of a circle and a parabola.t 


986. The axes of a conic, any chord and the normals at its 
extremities touch one parabola. Deduce a construction for 
the centre of curvature at any point.] 


987. If the tangent and normal at any point of a conic 
meet the major and minor axes in TG and tg respectively, the 
radius of curvature at the point subtends a right angle at 
(Gt, gT). To what does this reduce in the case of the para- 
bola? 


988. If from any point of a conic a line equal to the radius 
of curvature be drawn normally outwards, the circle upon it 
as diameter is orthogonal to the orthocycle. What does this 
become in the case of the parabola? and what in the case of 
the rectangular hyperbola ?|| 





* One triangle ABC is self-polar to every conic inscribed in the given quadrila- 
teral; and the axes of any one of them produced to infinity determine & second such 
triangle O œ œ” with respect to it. The conic inscribed in ABC and 0 œ% œ’ is a 
fixed parabola, whose directrix is easily seen to be the diameter of the quadrilateral, 
‘since the orthocentre of ABC is the centre of the circle. 

{ See Descartes Geometria lib. 111 p. 91 (ed. Schooten, 1659). 

1 Exx. 862, 986-992, &c. are to be found, with or without solutions, in Steiner’s 
posthumous work Vorlesungen über synthetische Geometrie, Theil. 11 pp. 80, 206—212, 
222-3, 242 (ed. 2, 1876). On his theorem Ex. 993 see Nouvelles Annales xiv. 108 
(1855); Housel Introd. à la Géométrie Supérieure p. 231 (Paris 1865). 

|| In the rectangular hyperbola the diameter of curvature at any point is equal to 
the normal chord, as Mr. Wolstenholme thus proves. Take on the curve three points 
ABC and their orthocentre O; then OA produced to meet the circle through ABC 
again is bisected by BC, and its halves, when ABC coalesce, become the normal chord 
and the diameter of curvature at 4. 
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989. If aa, b8, cy be three couples in an involution, shew 


that 
{aabc} . {Bbca} . {rycab} = [any] . {bya} . (cya) — — 1, 


where {aabc} denotes the cross ratio aide 2^. Also if abcde be 
ab ac 


any five lines in a plane, shew that 


{ε. abed] . (c. abde] . (d . abec] = 1. 


990. If OA, OB, OC, OD are concurrent normals to a 
conic, the parabola which touches the tangents at ABCD touches 
the axes and the polar of O, has the diameter through O for its 
directrix,* and is the polar reciprocal of the rectangular hyper- 
bola through ABCD (Art. 114 Cor. 1) with respect to the 
original conic. Determine the focus of the parabola.T [ Ex. 379. 


991. The tangents from any point of an ellipse to its 
auxiliary circles are equal to the real and imaginary semi-axes 


of the confocal hyperbola through the point. 


992. lfabcd and αβγὃ be two tetrads of points on a conic, 
the joins of (ab, a8) and (cd, γδ) ; (ac, ay) and (bd, 85); (ad, a8) 
and (bc, By) meet in a point. And if aa, 08, cy be concurrent 
chords of a conic, then 


{aaby} + [βδοα] + [γοαβ] = 1. 


993. If aa, 58, cy are the foci of three conics inscribed in 
the same quadrilateral, then 


ac.ac: ay.ay=bc.Bc: by. By. 


994. If a conic A circumscribes a conic B harmonically, 
then B is harmonically inscribed to 4; the reciprocals of A are 


* As a second proof that O lies on the directrix, Mr. Pendlebury remarks that the 
normals are also normals at points abcd to the reciprocal of the conic with respect 
to O, so that the parabola haa for its reciprocal the rectangular hyperbola Oabcd, and 
therefore subtends a right angle at O (Art. 155 Cor. 2). Thus also we see that the 
normals meet the original conic again in points 44'B'C' D' which lie on a rectangular 
hyperbola through 0; since the reciprocals of ABCD touch a parabola having for 
directrix the diameter through Ο to the reciprocal of the original conic, and (by 
symmetry) the reciprocals of A’B’C’D’ touch a parabola having the same directrix. 

t The parabola is the same for all confocal conics. 
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harmonically inscribed to the reciprocals of B; and the centre 
of perspective of any triangle inscribed in A and its reciprocal 
with respect to B lies on A.* 


995. A conic is harmonically inscribed to every circle ortho- 
gonal to its orthocycle; and a rectangular hyperbola harmoni- 
cally circumscribed to a circle passes through its centre. 


996. The asymptotes of a conic are conjugate lines with 
respect to any parabola harmonically inscribed to it. 


997. Given that a focus of one conic is a point O on the 
orthocycle of another, if one of the conics be harmonically in- 
scribed to the other, it touches the polar of O with respect 
to the latter. 


998. Describe the conic with respect to which five given 
pairs of lines are conjugate; and the conics which pass through 
4, 8, 2, 1 or 0 given points and are harmonically circumscribed 
to 1, 2, 3, 4 or 5 given conics. 


999. The orthocycles of the conics which touch two given 
lines SA and SB at given points A and B, including the circle 
on AB as diameter and the point-circle at S, are coaxal.f 


1000. The number of conics touching five given conics is 
3264 





* On Exx. 994—8 see Picquet's Etude géométrique &c. pp. 58, 91, 108, 131-3; 
Prof. He J. S. Smith On some Geometrical Constructions (Proceedings of the London 
Mathematical Society vol. 11. 85—100). One conic is said to be harmonically in- 
scribed or circumscribed to another when it is inscribed or circumscribed to a triangle 
self-polar with respect to the latter. ] 

t Gaskin Geometrical Construction $c. p. 81. Hence (Ex. 577 note) the theorem, 
lately pointed out by Mr. R. W. Genese and Mr. Torry, that the directriz of a conic 
és a common chord of the conic, its orthocycle and a point-circle at the focus. Notice 
that every straight line through a focoid, as being an asymptote or self-conjugate 
diameter of a circle (pp. 142, 309), is at right angles to itself. 

1 See Salmon's Conie Sections (end); Halphen Proc. London Math. Soc. vol ΙΧ. 
149 and X. 87; and the original memoir by Chasles, Détermination du nombre des 
sections contques qui doivent toucher cinque courbes données d'ordre quelconque, ou 
satisfaire à diverses autres conditions (Comptes Rendus LVIII. 225, 1864). 
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Adams, vi, 15, 220. 
Algebraic metry, xivi, lvi, lxi, Ixxiii, 
T ixi 1x xix. 
e 


pler’s principle of, lviii; 
Boscovich on, xxiv. 
ysis, geometrical, xix, xxxi, xiii. 
Angle. See Trisection. 
Angles, projection of, 819; reciprocation 
of, 841, 350; reversion of, 
823—38. 


Anharmonic properties of conics, lxxxiii, 

oe See ay, on ratio. 

tipho, xxx, xli, lx, 

pollonius, xlii—l, lxxxiv, 72, 82, 154, 
EU on der 81, 111; on concurrent 
normals, xlvii, 966. 

Application οἵ areas, xxv, xliii. 

Archimedes, xixy—xlii, lix, 59. 

Archytas, xxxi. 

Aristeeus, xxxiii, xlvi. 

Ae TUY, 143—154, 327; known 
to Menæchmus, xxxii; tangenta at in- 
finity, lxii, Ixix, 142; of the equilateral 
hyperbola, 169; of the circle, 309, 379. 

Auxiliary circles of conics having a 
Somme focus and directrix are coaxal, 
8 

Axes, of the projection of a conic, Lxiii. 
Bee Self-polar triangle. 

Bellavitis, on inversion, 357. 

Bernoulli, on the latus rectum of a section 
of the scalene cone, 211. 

Besant, 138, 213. 

Booth, '156, 166, 189, 346; on the right 
cone, 200; on minor directrices, 348. 
Boscovich, vi, Ixxi—Ixxvii, 3, 90, 105, 311. 

Bosse, lxi, lxiv. 

Brianchon, lxxviii—lxxxi; his hexagram, 
289—291, 295, 352; and Poncelet, 175, 


r, xxxiv, xlii. 
Cardioid 356, 71. 
Carnot, lxxviii, 256, 291, 298; his theorem 


projective, 313, 
mechanical description of the, 
178. 


Casey, 293. 


945, 
176, 328. 

conics, 75—112. 

ae the pole of the line at infinity, 
lxiii ; of the parabola, lx, 26, 44. 

ο παει. of a conie. gra four a 
gente, 282, given four 

ints, 283," 365; of an equilateral 
yperbola, given ΓΕ ety 171. 

Centroid of a qu 284 

Chasles, lii, erui en 260, 020, 330, 
339, 379; problems from his Sections 
Coniques, 300, 336. 

Circle, a conic ‘whose directrix is at in- 
finity, 7, 22; focus of a conic regarded 
as a point-circle, 210; line-circle in- 
cludes the line at infinity, lxxv, 844; 
or coincides with it, 808; eve circle 
passes through the " focoids, 309; reci- 
procal of a circle with respect, to a 
point, 342. See Quadrature. 

Circular points at infinity, 308 See 
Focoids. 

Circuminscribed polygons, 199, 140, 243. 

Clifford, 186, 257. 

Coaxal ‘circles, transformed into other 
coaxal circles, Ixxxvi; determine an in- 
volution on any transversal, 258; conica 
through four points project into, 818; 
confocals reciprocate into, ; . 
See Orthocycle. Auxiliary circles, 

Complement of a line, ]χχν, 77. 

Concentric circles, touch at the focoids, 
309; conics having double contact pro- 
ject ‘into, 919. 

Concurrent chords of a conic subtend an 
involution at any point on the curve, 
276, See Fré a 

Cone, sections of the, 192—206 ; problems 
on the scalene, 211—3, 334. See 
Sections. 

Confocal conics, intersect at right angles, 
84, 351; locus of vertex of right angle 
which touches two, 89; problems on, 
132—140, 163; conics touching four | 
lines lines project into, 317 ; reciprocate into ' 

circles, 844, $51; transformed 
into other confocal, Ixxxvi, 992. 


Causti 
πο 


INDEX. 


Conic, the general 14—35; Newton's 
organic description of a, lxvi, lxxxiii, 
136, 264, 825, 358; Maclaurin’s de- 
scription of a, 264; determined from 
five data, lxv, lxxx, 186, 164, 175, 279— 
283, 288—290, 879; subject to four 
conditions, lxviii, 275—285 ; conic and 
point projected into a circle and its 
centre 318; or into any other conic 
and point, 329. 

Conjugate diameters, xlix, 95—102, 288, 
827 ; of hyperbola, 149; 151, 169; con- 
struction of a conic from given pair of, 
125, 152; determine a pencil in involu- 
tion, 259, 265. 

Conjugate hyperbola, 1xxv, 101, 153. 

Conjugate lines and points with respect to 
a conic, lxiii, 270, 278, 281 ; every two 
conjugate lines through a focus are at 
right angles, 270, 810, 312. See Hesse. 

Conjugate triads with respect to & conic, 
273; lie on circles orthogonal to the 
orthocycle, 274; or which pass through 
the centre, 171, 273. See Self-polar. 

Conoids, xl, 213. 

Contau. history of, lviii, lx, lxxiii, 

Coordina used by Apollonius, xliii; 


in space, 1. 

Correlative figures, 846. 

Cotes, edits Newton's Principia, lxv ; his 
theorem of harmonic means, lxxi, 216. 

Cremona, xxxiii, 265, 292 —4, 321. 

Cross ratio, 249—290; projectivity of, 
251, 312, 328; history of, lij, lxiv, 
lxxxiii—lxxxv. See Anharmonic, 

Cube, its duplication reduced to the 
problem of the two mean proportionals, 
xxviii, 189. 

Cubics, Newton on, 301, 321. 

Cunynghame, 177. 

Curvature, 214—222, 279, 877; coordi- 
nates of the centre of, xlii, xlviii; 
BSteiner's property of concurrent circles 
of, 228, 236, 357; circles of curvature 
invert into circles of, 357. 

Curves, generated by compounded motions, 
xl; regarded as limita of polygons, xxx, 
lx i organic description of, lxx, lxxxvii, 
178. 

Dandelin, discovers the focal spheres, 204 ; 
his proofs of Pascal’s and Brianchon's 
theorems, 287. 

Davies, lxxxvi, 218, 257. 

De Beaune, on envelopes, 345. 

Degeneration, of conic into line or line- 
pair, 77, 144, 171, 278, 285. See Circle. 

De la Hire, lxiv, lxxi, 112, 161, 311; the 
orthocycle discovered by, 90, 117; on 
transformation, 329. 

Delambre, li. 

Delian problem, xxviii, 189. See Cube. 

Desargues, Ιχ--]χἰν, lxxx; on involution, 
261,277; polars, 291; transformation,329. 

Descartes, lxi, 189, 266, 345, 877. κ | 

Determining ratio, lxxi, 1. See Directrix. 
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Diameter, of a conic, 23; of a quadri- 
lateral, 188, 256. See Centre-locus. 

Director circle, two uses of the term, 90, 
165. See Orthocycle. 

Directrix, history of the, liv, lxv, lxxi ; the 
polar of the focus, lxxi, 15; a conic, its 
orthocycle and a point-circle at either 
focus intersect on the corresponding, 
379 ; of parabola inscribed in a triangle, 
57. See Steiner. 

Double contact, conics having, 279. See 
Concentric circles, 

Double reciprocation, 848, 

Dual figures, 346. 

Duality, discovery of the principle of, 
lxxviii, 290, 346. 

Eccentric circle, 8, 9, 28, 821, Ixxvi; 
works founded upon the, 1xxii. 

Eccentricity, use of the term, 211; of 
conics in the cone, 197. 

Educational Times, problems from, 141, 
836, 862—377. 

Egyptian geometry, xvii, xxii, xxvi. 

Eisenlohr, xxii, xxvi. 

Eleven-point conic, 284, 365 ; degenerates 
into nine-point circle, 171, 285. 

Ellipse, names of the, xliii, 195; area of 

e. xli, 234. Ee Central conics, 

iptic compasses, lviii, 114, 178. 

Rüvslopes 945. x 

Equicross, the term, 250. 

Equilateral hyperbola, 167—177, 842, 352; 
conjugate to the focoids, 278, 309. 

Euclid, xix, xxxv ; onconics, xlvi ; Euc.1.47 
proved by dissection, xxiii, See Porisms, 

Eudemus, xviii, xxiv, xxix. 

Eudoxus, xix, xxxii ; his cubature of the 
cone, xxxviii. 

Euler, 211, 242, 247. 

Eutocius, xxxiii, xxxvi, xxxix, xlii, 45, 194, 

Evolutes, xlviii, 221; homographic pairs 
of, lxxxvi, 358. 

Exhaustions, xxxiv, xxxvii, xli, lix. 

Fagnani's theorem, 140. 

Faure, 186. 

Feuerbach’s property of the nine-point 
circle, 355, 371. 

Figure on the axis, 82. 

Fluxions, lx, lxxi. 

Focal spheres, 196—205. 

Foci, Apollonius on, xlv, 111; named by 
Kepler, liv, lvii; Desargues on, lxiii; 
regarded as point-circles, 210; Poncelet 
on, lxxxi, 311; of the projection of a 
conic, lxiii; Pliicker’s definition of, 
811; fociofaninvolution, 259, 261, 309. 
See Conjugate lines. Confocal conics. 
Directrix. 

Focoid, the term, 281, 308. 

Focoids, Poncelet’s discovery of the, lxxxi, 
311; their relation to the foci of conics, 
281, 299, 310 ; and other curves, 311; pro- 
jection of any two points into, 315; all 
circles pass through and concentric circles; 
touch at the, 309; constant relation of a 
figure moving in itsown plane to the, 310. 
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Focus of parabola, liv, lxxi ; not discovered 
by Apollonius, xlv, 81. "See Kepler. 
Frégier, theorem that a chord which 
subtends a right angle at a given point 
on a conic passes through a fixed point 
on the normal, 122, 176, 276, 324, 351; 

its analogue in space, 349, 

Frégier-point, 349, 351, 376. 

Frisch, lvi. 

Gardiner, 805. 

Gaskin, 165, 280, 293, 295, 335, 379; 
theorem that the circle through any: con- 
jugate triad with respect to a conic is 
orthogonal to the νο. 186, 274. 

Geminus, xxiv, xliii, 194. 

Genese, 163, 379. 

Geometry, no royal road to, xx. 

Graves' theorem, 133. 

Gregory St. Vincent, lxxi, prr 166, 189. 

Halley, on the parabola, xlix , lxxxiv; ; 
editions by, xlii, lxxxiv. 

Halphen, 379. 

Hamilton, 206 ; his determination of the 
oe and directrix in the cone, lxxii, 


Has 178. 

espe the term, xxvi, xlv, liv ; ranges 
and pencils liv, lv, lxxir, 254, 813; 
property of a quadrilateral, 254—6; 
points on or tangents to a conic, 276. 

Harmonically inscribed and circumscribed 
conics, 879. 

Heilberg, xxxv 

Henrici, 252. 

Hesse, ¢ theorem that if two pairs of sum- 
mite of a quadrilateral are conjugate to 
8 conic the third are conjugate, 333. 


Hexagon, inscribed in a line-pair. liii, 
297; Pascals, 286—8; Brianchon's, 
289—291. 

Herastigm, 297 


Homographic, the term, lxxxv, 250. 

Homographic, figures may be placed in 
perspective, 312, 328; correspondence 
of points and lines in reciprocal figures, 
269, 338. See Cross ratio. 

Homology, lxiv, lxxxv, 292, 807, 321. 

Homothetic conics, 305. Bee Parallel. 

Horne, proof of the anharmonic proper- 
ties ὃς conics; 267. 

Hultsc 

τών 221, 845. 

Hyperbola, why so called, 82, 195; a 
continuous curve, 10, 310; a quasi- 
ellipse, Ixxv, 101, 153, 235 ; "degenerate 
forms of, lvii, 285. See Cent conics. 

Ideal chords, 311. 

Imaginary, transition from the real to the, 
lxxv; diameters of a hyperbola, 101, 
153, 180 ; circular points at infinity, 
808; foci, 310, 312. 

Infinite chords of a conic, ratios of the, 
ae eds 149, 163. 


Infinitesimals, method of, lx. 


INDEX. 


Infinity, the line at, 82, 308, 322; paralle[s 


meet at, ; change of sign on 
passing ες επ Ixxiv. See Opposite 
infinities. 

Ingram, 357. 


Inversion, 354—8, 364, 371. 

Involution, lii, lxii, 257—281. 

Joachimstal, 228. 

Join of points or lines, 252. 

Kempe, on linkages, ]xxxvii. 

Kepler, vi, lvi—lx; on the further focus 
and the centre of the parabola, lviii, lx ; 
his doctrine of the infinite, lix; of the 
mi lx; of continuity, lviii, 


Lagrange, vi 

Lambert, on the parabola, 1xxxv, 57, 296 ; 
theorem in elliptic m 281, 248 ; 
in parabolic motion, vi, 24 

Lamé, 278. 

Laquiére, 343. 

Latus rectum, according to Apollonius, 
82; in the acalene cone, 211. 

Leibnitz, lx, lxxi, 222. 

Lemniscate, 357, 364. 

Le Poivre, 330. 

Leslie, lxxii, 125, 196, 164. 

Levett, 57. 

Limiting forms of conics, See Degenera- 
tion. 

Line at infinity, 32: parallel to every 
straight line in its plane, 308, 322; 
a factor of every line-circle, lxxv, 844 ; ; 
its relation to the conics, 144, 310, 341. 

Linkages, lxxxvii. 

Loci, the earliest writer on, xxvii. 

Locus ad quatuor lineas, xlv; Newton's 
proof of the, lxvi, 266 ; proof by ortho- 
gonal projection, 235 ; theorems of 
Desargues and Pascal deduced from 
the, 277, 287; property of focus and 
directrix deduced from the, 862; reci- 
procal of the, lxxxiv, 293, 840, 346. 

απο geometrical Tepresentation 
ο 

Lunes of Hippocrates, xxix. 

Maccullagh, 246, 248. 

Macdoweli, 260, 292, 350— 8. 

Maclaurin, lxxi, lxxx, 128, 276; his con- 
struction of a conic, 264 ; theory of 
pedal curves, 345; on ’ attractions, 


Main, 219, 222. 
Merina and minima, Apollonius on, 
vii 

Mean proportionals, problem of the two, 
zarur xxxi, xxxix, xlviii, 45, 189, 

Mechanical proofs of geometrical theorems, 
xxxvii, 283—4. 

Menzchmus, xxix, xxxi, 45, 194. 

Menelaus, theorem of the six segments, 1. 

Minor axis of hyperbola, 76, 347. 

Minor directrices, 346—8, 362. 


Mobius mary 257, 302, 880, 
Monge, lxxiii, viii, 256. 


INDEX. 


Montucla, lvi. 

Moore, 290. 

Mulcahy, Ιχχχνὶ, 293. 

Neil, his rectification of the semi-cubical 
parabola, 221 

Newton, Bises his property of the 
tangenta to conics, Ix vii, lxxix, ]xxxiv, 
346 ; organic description of curves, lxix, 
lxxxiii, 136, 301; property of the dia- 
meter of a quadrilateral, lxviii, 282, 
333; on the Locus ad quatuor lineas, 
lxvi; 266 ; rational transformation, lxvi, 
330; the equilateral ny Peto 172; 
the projection of cubics, 321. 

Nine-point circle, 191; Feuerbach’s pro- 
perty of the, 302, 357, 971; Casey on 
the, 293: of a right-angled triangle, 
355. Bee Eleven-point conic. 

Normals, concurrent, xlii, xlvii, xlix, 123, 
224, 228, 265, 378. 

Ombilic, 299. 

Oppene infinities adjacent, lix, lxii, lxxv, 


ο ερ description, earliest use of the 

ο. of, xxxi; of curves, xxxiii, 
Ixxxvii, 801; of surfaces, lxx; 

of Ethe rectangular hyperbola, 177 ; of 
Cartesian ovals, 178. See Conic. 

Orthocycle, the term, 2807 characteristic 
property of the, 88—90, 351; Gaskin's 
theorem that the circle through any 
conjugate triad with respect to a conic 
is orthogonal to the, 186, 274; Plücker's 
theorem that the orthocycles ofall conics 
touching the same four lines are coaxal, 
280, 335, 342. See Directrix. 

Orthogonal projection, 229—242; applied 
to curvature, 221, 235. 

Tepe summits of a quadrilateral, 


Once 280. 

Osculating circle, the term, 222. See Cur- 
vature. 

Pappus, li—liv. 

Parabola, 44—61; why so called, xliii, 
82, 195; touches the line at infinity, 
144, 841; properties of triads of tan- 
gents to the, xlv, 55—7, 72, 272, 360—1 
conjugate triads with respect to the 
274, 281, 294, 358; point-reciprocal of 
the, 343, ’ 851—2. See Focus. 

Parallel conics, 305. 

Parallel projection, 236. 

ο ος meet at infinity, lix, lxii. 

Pascal, lxiv, Ixxix, 286—8; applications 
of his hexagram, 58, 175, 290, 852. 

Peaucellier, 1xxxvii, 358. 

Pedal curves, 370. See Maclaurin. 

Pendlebury, 361, 378. 

Perspective, 307, 820, 336; homographic 
plane figures may Ὅς placed in, 328 ; 
Serenus on, lv; Desargues on, lxi ; 
Bosse on, τετ 

Peyrard, xxx 

Picquet, 280, 385, 860, 879, 

Pierce Morton, 196, 205, 
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Plato, xix, xxx, xl. 

Pliicker, on tangential coordinates, 156 ; 
his definition of foci, lxxxi, 311. See 
Orthocycle. 

Pole and polar, the terms, lxxviii. 

Polar equations, 34. 

Polars, 30, 90; with respect to the circle, 
liv; Apollonius on, xlv, liv; Desargues’ 
theory of, lxii, 329; ; reciprocal, 208— 
271, 546: ‘metric relation of any point 
and its polar to two fixed pointe and 
their, 339. See Reciprocation. 

Polygon, inscribed or circumscribed to a 
conic so that its sides pass through 
given points, 295, 302, 349, 359; cir- 
cuminscribed to confocal conics, ' 139, 
140. See Curves. 

Polyhedra. See Solids. 

Poncelet, lxxiii, ixxxi, lxxxiv, 277, 295, 
844, 346 ; on homology, lxxxv; on the 
four foci of a conic, lxxxi, 811. Bee 
Brianchon. 

Porisms, Euclid’s three books of, li, liv. 

Potts, lvi. 

Poudra, xl, lv, lxi. 

Proclus Diadochus, his list of early geo- 
meters, xviii. 

Projection, orthogonal, 229—242 ; parallel, 
236; central or conical, 307—320; of 
cubics, 821; of solids, lxxxv; Brianchon 
on. τα; "Mobius on, 830. See Per- 

ive 

Ptolemy, 357 ; theorem of the six segments 
ascribed to, li. See Almagest. 

Pythagoras, xviii, xxii— xxvii. 

Quadrature, of the circle, xxvi, xxix, xxx, 
xxxix; of the parabola, xxvi, xxxvii, 
59 ; of the hyperbola, 166, 190, 221. 

Quadrics, lxxxi, 280, 305, 333; ruled, 
lxxxiv, 288; of revolution, xl, 213 ; 
polar properties of, lxii, 291, 329 ; in 
homology, lxxxv; reversion of, 349. 

Quadrilateral, properties of the complete, 
lii, 254—6 ; in relation to conics, lxii, 
lxvii, 274—285, 304, 333, 338; projected 
into a parallelogram, lxxix ; or other 
quadrilateral, 316. 

Quetelet, lxxxiii, 204, 295, 346, 357. 

Range, the term, lzii, 249. 

Reciprocation, 337—854. See Duality. 
Polars. 

Rectangular hyperbola, xxxii, xlviii. See 
Equilateral. 

Rectification, of the circle, xxxix, x1; of 
the semi-cubical parabola and ‘the 
cycloid, 221; quadrature of the hyper- 
bola reduced to the rectification of the 
parabola, 190, 221. 

Renouf, xx. 

Renshaw, lxxii, 212. 

Reversion, lxxxvi, 321—8; properties of 
minor foci and directrices proved by, 
946—8, 353 ; of quadrics, 349, 

Rhind papyrus, xxii, XXVi. 

Robertson, 1xxi, 206, 

Roberval, xl 
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Rouché and de Comberousse, ὁ294--δ, 
819, 821. 
Routh, vi. 

Balmon, Ixxxvi, 133, 140, 164, 210, 277, 
286—7, 290, ” 995, 802, 312, 319, 888, 
σαν me ας, discorren, a ; 
why named para ellipse, rbo 
xliii 82, 195; of any cone by an arbi- 
lane, lv, lxiii. See Cone 

Relf-conjugate. Self-polar. 

Self-polar triangle, conics having four 
common pointe or tangents. have a 
common, lxii, 274—6, 332; inscribed or 
circumscribed to a second conic, 272—4, 
881, 879; the axes of a conic and the 
line at infinity determine a, 365, 377. 
See Orthocycle. 

Rerenus, liv. 

Serret, proof of Gaskin's theorem, 274. 
implicius, xxix, Xxx. 


lii, 206. 
Smith, H. J. S., Ixxxvi, 379. 
GET loci and problems, xxviii, xxxiii, 


Bolids, the five regular, xx, xxiv, xxxiii; 
semi-regular, xxxvi, 

Steiner, 877; theorem that the 
directrix of a parabola inscribed in a 
triangle passes through the orthocentre, 
67, 281, 290, 826, 352; on cross ratio, 
Irirv, 957, 262 ; on triads of concurrent 
osculating circles, 228, 236, 357. 

Stubbs, 357. : 

Bturm, 277. 

Bubcontrary sections, 210—2. 


INDEX. 


Sope plemental chords, xliv, xlix, 95. 

vester on linkages, Ixxxviii.. 

Tabet 194, 264, 321. 

Tangential ‘coordinates, lxviii, 156,°346, 

Taylor, J. P. proof of Feuerbach's 
theorem, 191, 355. 

Thales, xviii, XE, XXXV. 

Theztetus, xix, xxxi. 

Torry, 224, 379. 

Townsend, lxxxvii, 216, 249, 280, 287, 
το 830. a 351, 358—9. —€— 

Transformation, homo hic, lxvi, 
See Homographic. grap 

Triangle, through the axis, lv, lxiii, 206 ; 
inscribed or circumscribed to a conic, 
271—4; orthogonal projection of any 
triangle into an equilateral, 237. See 
Self-polar. 

Trisection of an angle, xxvii, lxxiv, 141, 
189, 299, 377. 

Ubaldi, 178. 

Umbilicus, 5. See Ombilic. 

Viviani, xxxiii. 

Walker, G., lxxii; J., 212. 

Wallis, 221—2, 96. 

Walton, geometrical problems, 161, 189, 


Webb, 845. 

Whitworth, 808. 

Wolstenholme, problems by, 121, 163, 
184; proof that the diameter of na 
ture at any point of a rectan 
ο a is equal to the normal c y 

Wie, property of the parabola, lxxxv 
296 ; rectification of the cycloid, 221. 


THE END. 
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eminent Scholars. 8vo. | 


#&schylus. By F. A. Paley, M.A. 18s. 

Cicero's Orations. ByG. Long, M.A. 4 vols. 16s., 14s., 16s., 184, 

Demosthenes. By R. Whiston, M.A. 2 vols. 16s. each. 

Euripides. By F. A. Paley, M.A. 3 vols. 16s. each. 

Homer. By F. A. Paley, M.A. Vol. I. 12s. ; Vol. II. 14s. 

Herodotus. By Rev. J. W. Blakesley, B.D. 2 vols. 32s. 

Hesiod. By F. A. Paley, M.A. 10s. 6d. 

Horace. By Rev. A. J. Macleane, M.A. 18s. 

Juvenal and Persius. By Rev. A. J. Macleane, M.A. 12s. 

Lucan. The Pharsalia. By C. E. Haskins, M.A. [In the press. . 

Plato. By W. H. Thompson, D.D. 2 vols. Τε. 6d. each. 

Sophocles. Vol. I. By Rev. F. H. Blaydes, M.A. 18s, 

Vol. II. Philoctetes. Electra. Ajax and Trachinim. By 
F. A. Paley, M.A. 12s. 

Tacitus: The Annals, By the Rev. P. Frost. 15s, 

Terence. By E. St. J. Parry, M.A. 18s. 

Virgil. By J. Conington, M.A. 3 vols, 14s. each. 

An Atlas of Classical Geography; Twenty-four Maps. By 
W. Hughes and George Long, M.A. New edition, with coloured Outlines. 
Imperial 8vo. 12s. 6d. 

Uniform with above. 

A Complete Latin Grammar. By J. W. Donaldson, D.D. 3rd 

Edition. 14s. 


GRAMMAR-SCHOOL CLASSICS. 
A Series of Greek and Latin Authors, with English Notes. Fcap. 8vo. 
Cesar: De Bello Gallico. By George Long, M.A. δε. 6d. 
Books I.-III. For Junior Classes. By G, Long, M.A. 2s. δά. 
Books IV. and V. in 1 vol. 1s. 6d. 


Catullus, Tibullus, and Propertius. Selected Poems. With Life. 
By Rev. A. H. Wratislaw. 3s. 6d. 
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Cicero: De Senectute, De Amicitia, and Select Epistles. By 
George Long, M.A. 4s. 6d. 

Cornelius Nepos. By Rev. J. F. Macmichael. 2s. 6d. 

Homer: Iliad. Books I.-XII. By F.A.Paley, M.A. 6s. θά. 

Horace. With Life. By A. J. Macleane, M.A. 6s.6d. [In 
2 parta, 3s. 6d. each.) 

Juvenal: Sixteen Satires. By H. Prior, M.A. 4s. θά. 

Martial : Select Epigrams. With Life. By F. A. Paley, M.A. 6s.6d. 

Ovid: the Fasti. By F. A. Paley, M.A. 5s. 

Sallust: Catilina and Jugurtha. With Life. By G. Long, M.A. 
and J. G. Frazer. 5s. 

Tacitus: Germania and Agricola. By Rev. P. Frost. 3s. 6d. 

Virgil: Bucolics, Georgics, and Aineid, Books I.-IV. Abridged 


from Professor Coni n's Edition. δε, 6d. — E neid, Books V.-XII. 5s. 6d. 
Also in 9 geparate Volumes, 1s. 6d. each. 


Xenophon: The Anabasis. With Life. By Rev. J.F. Macmichael. 5s. 
Also in 4 separate volumes, 16. 67. each 

The Cyropedia. By G. M. Gorham, M.A. 6s. 

Memorabilia. By Percival Frost, M.A. 4s. 6d. 


A Grammar-School Atlas of οσα Geography, containing 
Ten selected Maps. Imperial 8vo. 5s. 


Uniform with the Series. 


The New Testament, in as With English Notes, &c. By 
Rev. J. F. Macmichael. 7s. 6 








CAMBRIDGE GREEK AND LATIN TEXTS. 


JZEschylus. By F.A. Paley, M.A. 3s. 

Osesar: De Bello Galico. By G. Long, M.A. 2s. 

Cicero: De Senectute et de Amicitia, et Epistole Selectes. By 
G. Long, M.A. 1s. 6d. 

Ciceronis Orationes. Vol. I. (in Verrem.) By G. Long, M.A. 35.64. 

Euripides. By F. A. Paley, M.A. 3 vols. δε. 6d. each. 

Herodotus. By J. G. Blakesley, B.D. 2 vols. Τε. 

Homer Ilias. I.-XII. ΒΥΕ. A. Paley, M.A. 2s. 6d. 

Horatius. By A. J. Macleane, M.A. 2s. 6d. 

Juvenal et Persius. By A. J. Macleane, M.A. Is. θά. 

Lucretius. By H. A. J. Munro, M.A. 2s. 6d. 

Sallusti Crispi Catilina et Jugurtha. By G. Long, M.A. 1s. 6d. 

Sophocles. By F. A. Paley, M.A. ὃς, 6d. 

Terenti Comeedis. By W. Wagner, Ph.D. 3s. 

Thucydides. By J. G. Donaldson, D.D. 2 vols. 7s. 

Virgilius. By J. Conington, M.A. δε. 6d. 

Xenophontis Expeditio Cyri. By J. F. Macmichael, B.A. 2s. 6d. 


Novum Testamentum Greecum. By F. H. Scrivener, M.A. 
4s. θά. An edition with wide margin for notes, balf bound, 12s. 
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CAMBRIDGE TEXTS WITH NOTES. 
A Selection of the most usually read of the Greek and Latin Authors, Annotated for 
Schools. Fcap. 8vo. 15. 6d. each, with exceptions. 
Euripides. Alcestis.—Medea.—Hippolytus.— Hecuba.— Bacohm, 
ion Le dus .— Phoenisss.— Troades.— Heroules Furens. By F. A. 
e 
Æsohylus. Prometheus Vinctus.— Septem contra Thebas.—Aga- 
memnon.—Persæ.—Eumenides. By F. A. Paley, M.A. 
Sophocles. (Edipus Tyrannus. — Œdipus Coloneus. — Antigone. 
By F. A. Paley, M.A. 
Homer. Iliad. Book I. By F. A. Paley, M.A. 1s. 
Terence. Andria. < Manton Timorumenos.—Phormio.—Adelphoe. 
By Professor Wagner, Ph.D 
Clea. De Senectute, De Amicitia, and Epistole Select». By 
ng, M.A. 
. Selections. By A. J. Macleane, M.A. 
Others in preparation. 
PUBLIC SCHOOL SERIES. 
A Series of Classical Texts, annotated by well-known Scholars. Gr. 8vo. 
Aristophanes. The Peace. By F. A. Paley, M.A. 4s. 6d. 
The Acharnians. By F. A. Paley, M.A. 4s. 6d. 
The Frogs. By F. A. Paley, M.A. 4s. 6d. 
Cicero. "The Letters to Atticus, Bk. I. By A. Pretor, M.A. 4,. θ4. 
Demosthenes de Falsa Legatione. By R. Shilleto, M.A. 6s. 
The Law of Leptines By B. W. Beatson, M.A. 3s. 6d. 
Plato. The Apology of Socrates and Crito. By W. Wagner, Ph.D. 
8th Edition. 4s, θὰ, . 
The Phedo. 7th Edition. By W. Wagner, Ph.D. 5s. 6d. 
—— The Protagoras. 4th Edition. By W. Wayte, M.A. 4s. 6d. 
The Euthyphro. 2nd Edition. By G. H. Wells, M.A. 3s. 
The Euthydemus. By G. H. Wells, M. A, 4s. 
The Republic. Books I. & II. By G. H. Wells, M.A. δε. 6d, 
Plautus. The Aulularia. By W. Wagner, Ph.D. 3rd Edition. 4s. θὰ. 
Trinummus. By W. Wagner, Ph.D. 3rd Edition. 4s. 6d. 
The Menaechmei. By W. Wagner, Ph.D. 4s. 6d. 
—— — The Mostellaria. By Prof. E. A, Sonnenschein. [Inthe press. 
Sophoclis Trachinis. By A. Pretor, M.A. 4s. 6d. 
Terence. By W. Wagner, Ph.D. 10s. 6d. 
Theocritus. By F. A. Paley, M.A. 4s. 6d. 
Thucydides. Book VI. E T. W. Dougan, M.A, Fellow of St. 
John's College, Cambridge. 
ethers ἃ in preparation. 
CRITICAL AND ANNOTATED EDITIONS. 
ZEtna. By H. A. J. Munro, M.A. δε. θά. 
Aristophanis Comedia. By H. A. Holden, LL.D. 8vo. 2 vols. 
934, Gd. Plays sold separately. 
Pax. By F. A. Paley, M.A. Foap. 8vo. 4s. 6d. 
Corpus Poetarum Latinorum. Edited by Walker. 1 vol. 8vo. 186, 
Horace. Quinti Horatii Flacoi Opera. By H. A. J. Munro, M.A. 
Large 8vo. 1]. 1s. 
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Livy. The first five Books. By J. Prendeville. 12mo. roan, 5s. 
Or Books 1..III. 3s. δά. IV. and V. 3s. 6d, 

Ovid. P. Ovidii Nasonis Heroides XIV. By A. Palmer, M.A. 8το. 6s. 

Propertius. Sex Aurelii Propertii Carmina. By F.A. Paley, M.A. 
8vo. Oloth, 9s. 

Sex Propertii Elegiarum. Libri IV. By A.Palmer. Fcap, 8vo. 5s. 

Sophocles. The Ajax. By C. E. Palmer, M.A. 4s. δά, 


Thucydides. The History of the Peloponnesian War. By Richard 
Shilleto, M.A. BookI. 8vo. 6s.6d. Book II. 8vo. 5s, 6d. 


LATIN AND GREEK CLASS-BOOKS. 


Auxilia Latina. A Series of Progressive Latin Exercises. By 
M.J.B.Baddeley, M.A. Fcap.8vo. PartI. Accidence. 2nd Edition, revised. 
2s. Part II. 4th Edition, revised. 2s. Key to Part II. 2s. 64. 


Lann zrong Lessons. By Prof. Church, M.A. 6th Edit. Fcap. 8vo.. 


Latin TER and Grammar Papers, By T. Collins, M.A. 4th 
Edition. Fcap. 8vo. 2s. 6d. 

Unseen Papers in Latin Prose and Verse. With Examination 
Questions. By T. Collins, M.A. 3rd Edition. Fcap. 8vo. 2s. 6d. 

in Greek Prose and Verse. With Examination Questions. 
By T. Collins, M.A. Fcap. 8vo. 3s. 

Analytical Latin Exercises. By C. P. Mason, B.A. 3rd Edit, 38.68. 


Latin Mood Construction, Outlines of. With Exercises. By 
the Rev. G. E. C. Casey, M.A., F.L.S., F.G.8. Small post 8vo. 1s. 6d. 
Latin of the Exercises. 1e. 6d. 

Scala Latina. Elementary Latin Exercises. By Rev. J. W. 
Davis, M.A. New Edition, with Vocabulary. Fcap. 8vo. 2s. 6d. 

Scoala Greeca: a Series of ey Greek Exercises. By Rev. J. W. 
Davis, M.A., and R. W. Baddeley, M.A. 8rd Edition. Fcap.8vo. 26. θά, 

Greek Verse Composition. By G. Preston, M.A. Crown 8vo.4s. 6d. 

Greek Particles and their Combinations according to Attic Usage. 
A Short Treatice. By F. A. Paley, M.A. 2s. 6d. 

By tae Rev, P. Frost, M.A., Br. Joun’s COLLEGE, CAMBRIDGE. 

Eologes Latins; or, First Latin Reading-Book, with English Notes 
and a Dictionary. New Edition. Fcap.8vo. 2s. 6d. 

Materiais Tor Latin Prose Composition. New Edition. Feap. 8vo. 
2s. 60d. Key, 44 

A Latin Verse-Book. An Introductory Work on Hexameters and 
Pentameters. New Edition. Feap.8vo. 3s. Key, 5s. 

Analecta Græca Minora, with Introductory Sentences, English 
Notes, and a Dictionary. New Edition. Fcap. 8vo. Se. θὰ 

Materials for Greek Prose Composition. New Edit. Fcap. 8vo. 
3s, 6d. Key, δε. 

Florilegium Poeticum. Elegiac Extracts from Ovid and Tibullus, 
New Edition. With Notes. Fcap. 81ο. 3s. 


By THE Rev. F. E. GRETTON. 
A First Cheque-book for Latin Verse-makers. Is. 6d. 
A Latin Version for Masters. 2s. 6d. 


Reddends; or Passages with Parallel ante for Translation into 
Latin Prose and Verse. Crown 8vo. 4s. 6d 
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Reddenda Reddita (see below). 

Anthologia Greca. A Selection of Choice Greek Poetry, with Notes. 
By F. Bt. John Thackeray. 4th and Cheaper Edition. 16mo. 49. θὰ 

Anthologia Latina. A Selection of Choice Latin Poetry, from 
Nevius to Bobthius, with Notes. By Rev. F. 8t. John Thackeray. Revised 
and Cheaper Edition. 16mo. 4s. θὰ. 

By H. A. HorpeN, LL.D. 

Foliorum Silvula. Part I. Passages for Translation into Latin 
Elegiac and Heroic Verse. 10th Edition. Post8vo. 7s. 6d. 

Part II. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Verse. 3rd Édition. Post 8vo. ὅς. 
Part III. Select Passages for Translation into Greek Verse. 

8rd Edition. Post8vo. 8». 

Folia Silvuls, sive Ecloge Poetarum Anglicorum in Latinum et 
Græcum eonverss. Ότο. Vol. II. 12s. 

Foliorum Centurim. Select Passages for Translation into Latin 
and Greek Prose. 8th Edition. Post 8vo. 8s. 


TRANSLATIONS, SELECTIONS, &c. 

*, Many of the following books are well adapted for School Prizes. 

Æsohylus. Toni: into English Prose by F. A. Paley, M.A. 
2nd Edition. 8vo. 7s. 6d 

: Ἔα ενα into English Verse by Anna Swanwick. Post 

VO. 

Horace. The Odes and Carmen Seculare. In English Verse by 
J. Conington, M.A. 9th edition. Fcap. 8το. 5s. 6d. 

The Satires and Epistles. In English Verse by J. Coning- 

ton, M.A. 6th edition, 6s. 6d. 

Illustrated from Antique Gems by C. W. King, M.A. The 
tert revised with Introduction by H. A. J. Munro, M.A. Large 8yo. 11. ls. 

Horace's Odes. Englished and Imitated by various hands. Edited 
by C. W. F. Cooper. Orown 8vo. 66, θὰ, 

Lusus Intercisl. Verses, Translated and Original, by H. J. 
Hodgson, M.A., formerly Fellow of Trinity College, Cambridge. 5s. 

Propertius. Verse Translations from Book V., with revised Latin 
Text. By F. A. Paley, M.A. Fcap.8vo. 3s. 

Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 7s. 

Philebus. ‘Translated by F. A. Paley, M.A. Small8vo. 4s. 

Thestetus. Translated by F. A. Paley, M.A. Small8vo. 4s. 

Analysis and Index of the Dialogues. By Dr. Day. Post 8vo.5s. 

Reddenda Eeddita: Passages from English Poetry, with a Latin 
Verse Translation. By F. E. Gretton. Orown 8vo. 6s. 

Sabrinss Corolla in hortulis Regis Schole Salopiensis contexuerunt 
tres viri floribus legendis. Editio tertia. 8vo. 85. 6d. 

Theooritus. In English Verse, by C. 8. Calverley, M.A. New 
Edition, revised. Orown 8vo. 7s. 6d. 

Translations into English and Latin. By C. 8. Calverley, M.A. 
Post 8vo. 7s. 6d. 

zu mto d Greek snd Latin Verse. By R. C. Jebb. 4ἰο. cloth 

Between Whiles. Translations by B. H. Kennedy. 2nd Edition. 
revised. Crown 8yo. 5s. 
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REFERENCE VOLUMES. 


A Latin Grammar. By Albert Harkness. Post 8vo. 6s. 

-By T. H. Key, M.A. 6th Thousand. Post 8vo. 8s. 

A Short Latin Grammar for Schools. By T. H. Key, M.A. 
F.R.S. 14th Edition. Post 8vo. 9s. θά. 

A Guide to the Choice of Classical Books. By J.B. Mayor, M.A. 
Revised Edition. Crown 8vo. 3s. 

The Theatre of the Greeks. By J. W. Donaldson, D.D. 8tb 
Edition. Post 8vo. 5s. 

Keightley's Mythology of Greece and Italy. 4th Edition. δε. 

A Diotionary of Latin and Greek Quotations. By H. T. Riley. 
Post 8vo. 5s. With Index Verborum, 6s. 

A History of Roman Literature. By W. S. Teuffel, Professor at. 
the University of Tübingen. By W. Wagner, Ph.D. 2 vols. Demy 8vo. 216, 


Students Guide to the University of Cambridge. 4th Edition 
rey ieed: Feap. 8vo. 69. 6d.; or in Parts.—Part 1, 2s. 6d.; Parts 2 to 9, 1s. 
eacn. 





CLASSICAL TABLES. 


Latin Accidence. By the Rev. P. Frost, M.A. 1s. 
Latin Versification. 14, 


Notabilia Quedam; or the Principal Tenses of most of the 


Irregular Greek Verbs and Elementary Greek, Latin, and French Con- 
struction. New Edition. 1s. 


ο μεν Rules for the Ovidian Distich, ἄο. By J. Tate, 
D. o 8. Ε 


The Principles of Latin Syntax. 1s. 
Greek Verbs. A Catalogue of Verbs, Irregular and Defective; their 


leading formations, tenses, and inflexions, with Paradigms xs con tio 
Rules for formation of tenses, &c. &c. By J. B. Baird, T.C njugat * 


Greek Accents (Notes on). By A. Barry, D.D. New Edition. ls. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. 8. 
Baird, T.O.D. New Edition, by W. G. Rutherford. ls. 

Greek Accidence. By the Rev. P. Frost, M.A. New Edition. 16. 


CAMBRIDGE MATHEMATICAL SERIES. 


Algebra. Choice and Chance. By W. A. Whitworth, M.A. 3rd 
Edition. 65. 

Euclid. Exercises on Euclid and in Modern Geometry. By 
J. McDowell, M.A. 3rd Edition. 6s. 

Trigonometry. Plane. By Rev. T. Vyvyan, M.A. 2nd Edit. 3s. 6d. 

Geometrical Conio Sections. By H. G. Willis, M.A. Man- 
chester Grammar School. 7s. 6d. 

Contos. The Elementary Geometry of, 4th Edition. By C. Taylor, 
D.D. 4». 64. 

Solid Geometry. By W. S. Aldis, M.A, 3rd Edition. 65. 
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Rigid Dynamics. By W. 8. Aldis, M.A. 4s. 
Elementary Dynamics. By W. Garnett, M.A. 3rd Edition. 6s, 
Hear nn Elementary Treatise. By W. Garnett, M.A. 3rd Edit. 


TE oM ener es By W. H. Besant, M.A., F.R. S. 4th Edition. 
Part I. Hydrostatics 65. 


Mechanics. Problems in Elementary. By W. Walton, M.A. 6s. 


CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 


A Series of Elementary Treatises for the use of Students in the 
Universities, Schools, and Candidates for the Public 
Examinations. Fcap. δυο. 

Arithmetic. By Rev.C.Elsee, M.A. Fcap. 8vo. 11th Edit. 3s. θά, 
Algebra. By the Rev. C. Elsee,M.A. 6th Edit. 4s. 

Arithmetic. By A. Wrigley, M.A. 3s. 6d. 


A Progressive Course of λα. With Answers. By 
J. Watson, M.A. 5th Edition. 26.6 

Algebra. Progressive Course a Examples. By Rev. W. F. 
ο ra and R.Prowde Smith, M.A. 3rd Edition. 3s.6d. With 
Answers. 4s. 6d. 


Plane Astronomy, An Introduction to. By P. T. Main, M.A. 
5th Edition. 4s. l 

Conic Sections treated Geometrically. By W. H. Besant, M.A. 
4th Edition. 49. 6d. Solution tothe Examples. 4s. 

Elementary Conic Sections treated Geometrically. By W. H. 
Besant, M.A. [In the press. 

Conics. Enunciations and Figures. By W. H. Besant, M.A. Is. 6d. 

Statios, Elementary. By Rev. H. Goodwin, D.D. 2nd Edit. 3s. 

Hydrostatios, Elementary. By W. H. Besant, M.A. 10th Edit. 4s. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A. 6s. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. Sth 
Edition, by P. T. Main, M 4s, 

Optics, Geometrical. With Answers, By W. B. Aldis, M.A. 3s. 6d. 

Analytical Geometry for Schools. By T. G.Vyvyan. 4th Edit. 4s. 6d. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
5th Edition, revised. Fcap.8vo. 5s. 

Book of Common Prayer, An Historica] and Explanatory Treatise 
on the. By W. G. Humphry, B.D. 6th Edition. Fcap. 8vo. 4s. 6d. 


Musio, Text-book of. By H. C. Banister. lith Edit. revised. 5s. 


Concise History of. By Rev. H. G. Bonavia Hunt, B. Mus. 
Oxon. 6th Edition revised. 9s. 64. 


ARITHMETIC AND ALGEBRA. 


See foregoing Series. 
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GEOMETRY AND EUCLID. 


Euclid. The First Two Books explained to Beginners. By C. P. 
Mason, B.A. 2nd Edition. Foap. το. 2s. θὰ. 

The Enunciations and Figures to Euclid'a Elements. By Rev. 
J. Brasse, D.D. New Edition. Foap.8vo. 1s. On Cards, in case, 5s. 
Witbout the Figures, 64. 

Exercises on Euclid and in Modern Geometry. By J. McDowell, 
B.A. Orown 8vo. 3rd Edition revised. 6s. 

Geometrical Conic Sections. By H. G. Willis, M.A. 7s. θά. 

Geometrical Conic Sections. By W. H. Besant, M.A. 4th Edit. 
4e. θά. Solution to the Examples. 4s, 

Elementary Geometrical Conic Sections. By W. H. Besant, 
M.A. [In the press. 


Elementary Geometry of Conics. By C. Taylor, D.D. 4th Edit. 
8vo. 4s. 6d. 


An Introduction to Ancient and Modern Geometry of Conics. 
By C. Taylor, M.A. 8vo. 15s. 

Solutions of Geometrical Problems, proposed at St. John’s 
College from 1830 to 1846. By T. Gaskin, M.A. 8vo. 198. 


TRIGONOMETRY. 


Trigonometry, Introduction to Plane. By Rev. T. G. Vyvyan, 
Charterhonse. 2nd Edition. Cr. θνο. 35.64. 
An Elementary Treatise on Mensuration. By B. T. Moore, 


ANALYTICAL GEOMETRY 


AND DIFFERENTIAL CALCULUS. 


An Introduction to Analytical Plane Geometry. By W. P. 
Turnbull, M.A. 8vo. 12s. 

Problems on the Principles of Plane Co-ordinate Geometry. 
By W. Walton, M.A. 8vo. 16s. 

Trilinear Co-ordinates, and Modern Analytical Geometry of 
Two Dimensions. By W. A. Whitworth, M.A. 8vo. 166, 

An Elementary Treatise on Solid Geometry. By W. 8S. Aldis, 
M.A. Srd Edition revised. Cr. 8vo. 6s. 

Elementary Treatise on the Differential Caloulus. By M. 
O'Brien, M.A. 8vo. 10s. θά. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, M.A. 
Demy 8vo. 15s. 


MECHANICS & NATURAL PHILOSOPHY. 
Statics, Elementary. By H. Goodwin, D.D. Fcap. 8vo. 2nd 
Edition. 85. 


, A Treatise on Elementary. By W. Garnett, M.A. 
8rd Edition. Orown 8vo. 6s. 


Dynamics. Rigid. By W.S. Aldis, MA. 4s. 
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Elementary Mechanics, Problemsin. By W. Walton, M.A. New 

Edition. Crown8vo. 6s. 

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit. 
revised and enlarged. Demy 8vo. 16s. 

Hydrostatios. By W. H. Besant, M.A. Feap. 8vo. 10th Edition. 4s. 

Hydromechanies, A Treatise on. By W.H. Besant, M.A., F.R.S. 
8vo. 4th Edition, revised. PartI. Hydrostatics. 5s. 

Dynamics of a Particle, A Treatise on the. By W. H. Besant, M.A. 


Preparing. 
Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. δε. 6d. 
Double Refraction, A Chapter on Fresnel’s Theory of. By W. 8. 
Aldis, M.A. 8vo. 2s. 
Heat, An Elementary Treatise on. By W. Garnett, M.A. Crown 
8vo. 3rd Edition revised. 3s. 6d. 
Newton's Principia, The First Three Sections of, with an Appen- 


dix; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. δίῃ 
Edition. Edited by P. T. Main, M.A. 4s 


Astronomy, An Introduction to Plane. By P. T. Main, M.A. 
Feap. 8vo. oloth. 4s. 

Astronomy, Practical and Spherical. By R.Main, M.A. 8vo. 14s. 

Astronomy, Elementary Chapters on, from the ‘ Astronomie 
Physique’ of Biot. By H. Goodwin, D.D. 8vo. 85.64. 

Pure Mathematios and Natural Philosophy, A Compendium of 
Facts and Formulm in. By G. R. Smalley. 2nd Edition, revised by 
J. McDowell, M.A. Feap. 8vo. 3s. 6d. 

Elementary Mathematical Formulæ. By the Rev. T. W. Open- 
shaw. ls. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 
6th Edition. 8vo. 16s. 

Problems and Examples, adapted to the ‘Elementary Course of 
Mathematica.’ Srd Edition. 8vo. 65e. 
Solutions of Goodwin's Collection of Problems and Examples. 
By W. W. Hutt, M.A. 3rd Edition, revised and enlarged. 8vo. 9s. 
Mechanics of Construction. With numerous Examples. By 
B. Fenwick, F.R.A.S. 8vo. 12s. 

Pure and Applied Calculation, NOME on the Principles of. By 
Rev. J. Challis, M.A. Demy 8vo. 

Physics, The Mathematical Principle of. By Rev. J. Challis, M.A. 
Demy 8vo. 5s. 


TECHNOLOGICAL HANDBOOKS. 


-Edited by H. TRuEMAN Woon, Secretary of the 
Society of Arts. 


1. Dyeing and Tissue Printing. By W. Crookes, F.R.S. 5s. 
2. Glass Manufacture. By Henry Chance, M.A.; H. J. Powell, B.A.; 
and H. G. Harris. 3s. 6d. 
3. Cotton Manufacture. By Richard Marsden, Esq., of Man- 
chester. 65. 6d. 
4. Telegraphs and Telephones. By W. H. Preece, F. Ts 8. 
Preparing, 


10 George Bell and Sons’ 





HISTORY, TOPOGRAPHY, &oc. 
Rome and the Campagna. By R. Burn, M.A. With 85 En- 
gravings and 26 Maps and Plans. With Appendix. 4to. SI. 3s. 
Old Rome. A Handbook for Travellers. By R. Burn, M.A, 
With Maps and Plans. Demy 8vo. 10s. θά. 
Modern Europe. By Dr. T. Ἡ. Dyer. 2nd Edition, revised and 
continued. 5volse. Demy 8vo. 21. 12s. θά. 
The History of the Kings of Rome. By Dr. T. H. Dyer. 8vo. 16s. 
The History of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. Srd Edition, brought down to 1874. Post 8vo. 7s. θά. 
The City of Rome: its History and Monuments. 2nd Edition, 
revised by T. H. Dyer. 5s. 

Ancient Athens: its History, Topography, and Remains. By 
T. H. Dyer. Super-royal 8vo. Cloth. 11. δε 

The Decline of the Roman Republic. By G. Long. 5 vols. 
8vo. 14s, each. 


A History of England during the Early and Middle Ages. By 
Ο. H. Pearson, M.A. 2nd Edition revised and enlarged. 8vo. Vol. I. 
16s. VoL II. 145. 

Historical Maps of τος By C. H. Pearson. Folio, 3rd 
Edition revised. 3ls. 6d 

History of England, 1900 15. 137 Harriet Martineau, with new 


and copious Index. 1 νο]. 8s. 6 

History of the Thirty Years’ mie 1815-46. By Harriet Mar- 
tinean. 4vols. Se. 6d. each. 

A Practical Synopsis of English History. By A. Bowes. 4th 
Edition. 8vo. 2s, 

Student's Text-Book of g neum and General History. By 
D. Beale. Orown 8vo. 2s. 6d 


Lives of the Queens of England. By A. Strickland. Library 
Edition, 8 vols. 7s. 6d. eacb. Oheaper Edition, 6 vols. 5s. each. Abridged 
Edition, 1 vol. 6s. 6d. 


Eginhard's Life of Karl the Great (Charlemagne). Translated 
with Notes, by W. Glaister, M.A., B.O.L. Crown 8vo. 4s. θά. 


Ὃ sel o: Indian History. By A. W. Hughes. Small Post 
8vo. θά. 


The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small Post 8vo. 3s. 6d. 


ATLASES. 
An Atlas of Classical Geography. 24 Maps. By W. Hughes 
and G. Long, M.A. New Edition. Imperial 8vo. 12s. θά 


A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the above. New Edition. Imperial 8vo. 5s. 


First Classical Maps. By the Rev. J. Tate,M.A. 3rd Edition. 
Imperial 8vo. 75. 6d. 


Standard Library Atlas of Classical Geography. Imp. 8yo.7s.6d. 


Educational Works. 11 


PHILOLOGY. 


WEBSTERS eor redi OF THE ENGLISH LAN- 
GUAGE. With Dr. Mahn's Etym ology. 1 vol. 1628 pages, 3000 Illus- 
trations. 21s. With Appendices and 70 additional pages of Illustra- 
tions, 1919 pages, 31s. 6d. 

“THE BEST PRACTICAL ENGLISH DICTIONARY EXTANT.'—Quarterl Review, 1873. 
Prospectuses, with specimen pages, post free on application. 
Richardson’s Philological Dictionary of the English Language. 

Combining Explanation with Etymology, and copiously illustrated by 
Quotations from the best Authorities. Witha supplement. 2 vols. 4to. 
ae 2507 half russia, 5l. 15s. 6d.; russia, 6l. 12s. Supplement separately. 

An 8vo. Edit. without the Quotations, 15s.; half russia, 20s.; russia, 24s. 

Supplementary English Glossary. Containing 12,000 Words and 
Meanings gen in English Literature, not found in any other 
Dictionary. By T. L. O. Davies. Demy 8το. 16s. 

Folk-Etymology. A Dictionary of Words perverted in Form or 
meshing by ee Derivation or Mistaken Analogy. By Rev. A. B. Palmer. 

emy 8vo. 215. 


Brief History of the English Language. By Prof. James Hadley, 
LL.D., Yale College. Fcap. 8vo. 1s. 


The Elements of the English Language. By E. Adams, Ph.D. 
19th Edition. Post 8vo. 4s. 6d. 


Philological Essays. By T. H. Key, M.A., F.R.S. 8vo. 10s. 6d. 


Language, its Origin and Development. By T. H. Key, M.A., 
F.R.B. 8vo. 14s, 


Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2nd Edition. Post 8vo. 5s. 


Synonyms Discriminated. By Archdeacon Smith. Demy 8vo. 16s. 

Bible English. By T. L. O. Davies. 55. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alford 6th Edition. Fcap. 8vo. 5s. 

Etymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Rev. E. J. Boyce. Fcap. 8vo. 3s. 6d. 

A Syriac Grammar. By G. Phillips, D.D. 3rd Edition, enlarged. 
8vo. 7s. 6d. 


A Grammar of the Arabic Language. By Rev. W. J. Bea- 
mont, M.A. 12mo. 7s. 


DIVINITY, MORAL PHILOSOPHY, ἃ. 


Novum Testamentum Græcum, Textus Stephanici, 1550. By 
F. H. Scrivener, A.M., LL.D., D.C.L. New Edition. 16mo. 4s.6d. Also 
en Writing Paper, with Wide Margin. Half-bound. 12s. 

By the same Author. 

Oodex Bezss Cantabrigiensis. 4to. 26s. 


A Full Collation of the Codex Sinaiticus with the Received Text 

r4 Εν nen Tertamans with Critical Introduction. 2nd Edition, revised, 
cap.8vo. 5s. 

A Plain Introduction to the Criticism of the New Testament. 

With Forty Facsimiles from Ancient Manuscripts. 3rd Edition. Sve. 186. 


12 George Beli and Sons 


Six Lectures on the Text of the New Testament. For English 
Readers. Orown 8vo. 65. 

The New Testament for English Readers. By the late H. Alford, 
D.D. Vol I. Part I. Srd Edit. 12s. Vol. I. Part II. 2nd Edit. 10s. 6d. 
Vol. II. Part I. Ind Edit. 16s. Vol. II. Part II. 2nd Edit. 16s. 

The Greek Testament. By the late H. Alford, D.D. Vol. I. 6th 
Edit. 11.8. Vol. II. 6th Edit. 11. 4s. Vol. III. 5th Edit. 18s. MUT E 
Part I. 4th Edit. 18s. Vol. IV. Part II. 4th Edit. 14s. Vol. IV. 11. 12s 

Companion to the Greek Tenanient By A. C. Barrett, M. A. 
Sth Edition, revised. Fcap. 8vo. 5s. 

The Book of Psalms. A New Translation, with Introductions, &o. 
τω Mae Bead i πατε Perowne, D.D. 8vo. Το]. I. 5th Edition, 

ο 
Abridged-for Schools. 4th Edition. Crown 81ο. 10s. 6d. 


History of the Articles of Religion. By C. H. Hardwick. 3rd 
Edition. Post 8vo. bs. 

History of the Creeds. By J. R. Lumby, D.D. 2nd Edition. 
Crown 8vo. 7s. 6d. 


Pearson on the Creed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Post 8vo. 5s. 


An Historical and Explanatory Treatise on the Book of 
Common Prayer. By Rev. W. G. Humphry, B.D. 6th Edition, enlarged. 
Small Post 8γο. 4s. θὰ. 


Tue new Table of ρώτα Explained. By Rev. W. G. Humphry, 
Fcap. ls. 

A Oommentary on the Gospels for the Sundays and other Holy 
Days of the Christian Year. By Rev. W. Denton, A.M. New Edition. 
3 vols. 8vo. 54s. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy 
Days v Christian Year. By Rev. W. Denton, A.M. 2 vols. 36s. Sold 
separa 

Commentary on the Acts. By Rev. W. Denton, A.M. Vol. I. 
8vo. 186, Vol II. 14e. 

Notes on the Catechism. By Rt. Rev. Bishop Barry. 7th Edit. 
Fcap. 2s. 

Catechetical Hints and Hee: By Rev. E. J. Boyce, M.A. 4th 
Edition, revised. Fcap. 2s. 6d 

Examination Eapen on Religious Instruction. By Rev. E. J. 
Boyce. Sewed. 12, δὰ, 

Church Teaching for the Church's Children. An “χρονία 
οἵ the Catechism. By the Rev. F. W. Harper. &q. Foap. 2s 

The Winton Church Catechist. Questions and Anawets on the 
Teaching of the Ohurch Catechism. By the late Rev. J. B. B. Monsell, 
LL.D. 3rd Edition. Cloth, 3s.; or in Feur Parts, sewed. 

Tne ΘΝ Teachers Manual of Christian Instruction. By 
Bev. M. F. Sadler. 28th Thousand. 2s. 6d. 

Short Explanation of the Epistles and Gospels of the Chris- 
tian Year, with Questions. RoyalS2mo. 2s. 6d.; calf, 4s. 6d. 

Butler's Analogy of Religion: with RUM OGUUHOR and Index by 
Rev. Dr. Steere. New Edition. Fcap. 35. 





Educational Works. 13 


Leotures on the History of Moral Philosophy in England. By 
W. Whewell, D.D. Crown 8vo. 8s. 
Kents Commentary on International Law. By J. T. Abdy, 
LL.D. New and Cheap Edition. Orown 8vo. 10s. θᾶ. 
A τν οἵ the Roman Civil Law. By G. Leapingwell, LL.D. 
ο. 125. 


FOREIGN CLASSICS. 


A series for use in Schools, with English Notes, grammatical and 

explanatory, and renderings of difficult idiomatic expressions. 
Fcap. 8vo. 

Schiller’s "Wallenstein. By Dr. A. Buchheim. 5th Edit. 6s. 6d. 
Or the Lager and Piccolomini, 3s. 6d. Wallenstein’s Tod, 3s. 6d. 

Maid of Orleans. By Dr. W. Wagner. δε. 6d. 

Maria Stuart. By V. Kastner. 3s. 

Goethe’s Hermann and Dorothea. By E. Bell, M.A., and 
E. Wolfel. 2s. 6d. 

German Ballads, from Uhland, Goethe, and Schiller. By C. L. 
Bielefeld. 3rd Edition. 3s. 6d. 

Charles XII. par Voltaire. By L. Direy. 4th Edition. 3». δά. 

Aventures de Télémaque, par Fénélon. By C. J. Delille. 2nd 
Edition. 4s. 6d. 

Select Fables of La Fontaine. By F. E. A. Gasc. 14th Edition. 3s. 

Picciola, by X. B. Ssintine. By Dr. Dubuc. 18th Thousand. 1s. 6d, 

Lamartine's Le Tailleur de Pierres de Saint-Point. Edited, 


σον ος by J. Boielle, Senior French Master, Dulwich College. Feap. 
vO. S. 








FRENCH CLASS-BOOKS. 


French Grammar for Public Schools. By Rev. A. Ο, Clapin, M.A. 
Foap.8vo. 9th Edition, revised. 2s. θὰ, 
French Primer. By Rev. A. C. Clapin, M.A. Fcap. το. 5th Edit. 


Primer of French Philology. By Rev. A. C. Clapin. Feoap. 8vo. 
2nd Edit. Is. 
Le Nouveau Trésor; or, French Student’s Companion. By 
M. E. S. 16th Edition. Fcap. 8vo. 3s. θά, 
Italian Primer. By Rev. A. C. Clapin. Fcap. 8vo. 1s. 
F. E. A. GASC’S FRENCH COURSE. 
First French Book. Fcap.8vo. 86th Thousand. 1s. θά. 
Second French Book. 42nd Thousand. Fcap. 8vo. 28. 6d. 
Key to First and Second French Books. Feap. 8vo. δε. 6d. 
French Babies for Beginners, in Prose, with Index. 15th Thousand. 
l2mo. 325. 
Select Fables of La Fontaine. New Edition. Fcap. 8vo. 3s. 
Histoires Amusantes οἱ Instructives. With Notes. 15th Thou- 
sand. Fcap. 8vo. 2s. 6d. 


14 George Bell and Sons’ 


Practical Guide to Modern French Conversation. 12th Thou- 
sand. Feap. 8vo. 2s. 6d. 

French Poetry for the Young. With Notes. 4th Edition. Fcap. 
8vo. 2s. 

Materials for Frenoh Prose Composition; or, Selections from 
ihe Dost English Prose Writers. 17th Thousand. ΕΟΔΡ. 8vo. 49. 6d. 
93.67, 08. 

Prosateurs Contemporains. With Notes. 8vo. 7th Edition, 
revised. 5s. 

Le Petit Compagnon; a French Talk-Book for Little Children. 
llth Thousand. 16mo. 2s. 64. 

An Improved Modern Pocket Diotionary of the French and 


English Languages. 35th Thousand, with Additions. 16mo. Cloth. 4s. 
Also in 2 vols. in neat leatherette, 5s. 


Modern French-English and English-French Dictionary. 2nd 
Edition, revised. In 1 vol. 12s. 6g. (formerly 2 vols. 25s.) 
GOMBERT’S FRENCH DRAMA. 
Being a Selection of the best Tragedies and Comedies of Moliére, 


Racine, Corneille, and Voltaire. With ents and Notes by A. 
πα... New Edition, iio dike E. A. . Fcap. 8vo. 15. each; 


MOLIEBE :—Le Misanthrope. Di. “Le Bourgeois Gentilhomme. Le 
Tartuffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourberies 
de Scapin. Les Précieuses Ridicules. L’Ecole des Femmes. L'Ecole des 
Maris. Le Médecin 6 Lui. 

BAOINE:—Phédre. Esther. Athalie. Iphigénie. Les Plaideurs. La 
Thébaide; on, Les Fréres Ennemis. Andromaque. Britannicus. 

P. CoRNEILLE:—Le Cid. Horace. Cinna. Polyeucte. 

VOLTAIRE :—Zalre. 


GERMAN CLASS-BOOKS. 
Materials for German Prose Composition. By Dr Buchheim. 
9th Edition. Foap. 4s.6d. Key, Parts I. and II., 36. Parts III. and IV., 4e. 
Wortfolge, or Rules and Exercises on the Order of Words in 
German Sentences. By Dr. F. Stock. 12. 6d. 
A German Grammar for Public Schools. By the Rev. A. C. 
Olapinand F. Holl Müller. 3rd Edition. Feap. 2s. 6d. 
A German Primer, with Exercises. By Rev. A. C.Clapin. Is. 


Kotzebue's Der Gefangene. With Noteaby Dr. W. Stromberg. 1s. 


ENGLISH CLASS-BOOKS. 
A Brief History of the English Language. By Prof. Jas. Hadley, 
LL.D., of Yale College. Fcap. 8το. 1s. 
The Elements of the English Language. By E. Adams, Ph.D. 
19th Edition. Post 8vo. 4s. θὰ, 
The Rudiments of English Grammar and Analysis. By 
E. Adams, Ph.D. 14th Thousand. Fcap. 8vo. 2a 


A Concise System of Parsing. By L, E. Adams, Β.Α. Fcap. 8vo. 
8. P 


Educational Works. 15 


By C. P. Mason, Fellow of Univ. Coll. London. 


First Notions of Grammar for Young Learners. Feap. 8vo. 
18th Thousand. Oloth. 84d. 

First Steps in English Grammar for Junior Classes. Demy 
mo. 35th Thousand. 1s. 

Outlines of English Grammar for the use of Junior Classes. 
43rd Thousand. Crown 8vo. 2s. 

English Grammar, including the Principles of Grammatical 
Analysis. 26th Edition. 86th Thousand. Crown 8vo. 3s. 6d. 

A Shorter English Grammar, with copious Exercises. 16th Thou- 
sand. Crown 8vo. Ss. 6d. 

English Grammar Practice, being the Exercises separately. 1s. 

Code Standard Grammars. PartsI. and II. 2d.each. Parts IN., 
IV., and V., 3d. each. 


Practical Hints on Teaching. By Rev. J. Menet, M.A. 6th Edit. 
revised. Crown 8vo. cloth, 2s. 6d. ; paper, 2s. 


How to Earn the Merit Grant. A Manual of School Manage- 
ment. By H. Major, B.A., B.Sc. 2nd Edit. revised. Part I. Infant 
School, 3s. Part II. 4s. Complete, 6s. 


‘Test Lessons in Dictation. 2nd Edition. Paper cover, 19. 64. 
πας for Examinations in English Literature. By Rev. 
W. Skeat, Prof. of Anglo-Saxon at Cambridge University. 2s. 6d. 
Drawing Copies. By P. H. Delamotte. Oblong 8vo. 12s. Sold 
also in parts at 1s. each. 
Poetry for the Schoolroom. New Edition. Fcap. 8vo. 1s. θά, 


Geographical Text-Book; a Practical Geography. By M. E. 8. 


l2mo. 2s. 
The Blank Maps done up separately, 4to. 2s. coloured. 


Loudon's (Mrs.) EAE Naturalist. New Edition. Revised 
by W. 8. Dallas, F.L.B. 5s. 

Handbook of Botany: New Edition, greatly enlarged by 
D. Wooster. Fcap. 2s. 6d 

The Botanist's Pocket-Book. With a copious horer. By W. R, 
Hayward. 4th Edit. revised. Orown 8vo. cloth limp. 

Experimental Chemistry, founded on the Work of Dr. Gtockliardt. 
By Ο. W. Heaton. Post 8vo. 5s. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4to. 
3s. 6d. 





A New Manual of Book-keeping. By P. Crellin, Accountant, 
Crown 8vo. 3s. 6d. 


Picture School-Books. In Simple Language, with numerous 
Illustrations. Royal 16mo. 
The Infant’s Primer. 3d.—School Primer. 6d.~—School Reader. By J. 
Tilleard. er Book ο Her PORC 1ls.—The Life of το 1s. ο 


16 George Bell and Sons’ Educational Works. . 





BOOKS FOR YOUNG READERS. 
e . a ili tethe 9 ene the 
A Seeding ty borg yourg Cui. Pe ola tip cloth, Sd. each. 


The Cat and the Hen. Sam and his Dog Red-leg. μα, 
Bob and Tom Lee. A Wreck. for 

The New-born Lamb. The Rosewood Box. Poor| Infants. 
Fan. Sheep Dog. 

The Story of Three Monkeys. 

Story of a Cat. Told by Herself. 


The Blind Boy. The Mute Girl. A New Tale of 


Babes in a Wood. Suitable 
The Dey and the Knight. The New Bank Note. Sor 

The Royal Visit. A King’s Walk on a Winter's Day. ai ari 
Queen Bee and Busy Bee. Mofa 
Gull’s Crag. 


A First Book of Geography. By the Rev. C. A. Johns. 
Illustrated. Double size, 1s. 


BELL’S READING-BOOKS. 
FOR SCHOOLS AND PAROCHIAL LIBRARIES, 


The popularity of the * Books for Young Readers’ is a sufficient proof that 
teachers and pupils alike approve of the use of interesting stories, in place of 
the dry combination of letters and syllables, of which elementary reading-books 
generally consist. The Publishers have therefore thought it advisable to extend 
the application of this principle to books adapted for more advanced readers. 

Now Ready. Post 8vo. Strongly bound. 
Grimm’s German Tales. (Selected.) 1s. Suitable 
Andersen's Danish Tales. (Selected.) Is. } PRAE ü 
Great Englishmen. Short Lives for Young Children. 1s. 1Π. 
Friends in Fur and Feathers. By Gwynfryn. 1s. 
Parables from Nature. (Selected. By Mrs. Gatty. 1s. 
Gatty’s Light of Truth, and other Parables. 16. 
Great Englishwomen. Short Lives, 1s. 
Lamb's Tales from Shakespeare. (Selected.) 1s. ee 
Edgeworth's Tales. A Selection. 16. à 
Gulliver’s Travels. (Abridged.) 1s. 
Marie: Glimpses of Life in France. By A. R. Ellis. 16. 
Masterman Ready. By Capt. Marryat. (Abgd.) Is. 


Robinson Crusoe. 1s. 

The Vicar of Wakefield. Abridged. 1s. 

Settlers in Canada. By Capt. Marryat. (Abdg.) 15. 

Poetry for Boys. By D. Munro. 1s. ME 
Southey's Life of Nelson. (Abridged) ls. το. 
Life of the Duke οἵ Wellington, with Mapsand Plans. 16. 

The Romance of the Coast. By J. Runciman. 1s. 


London: PPinted by StramaErwars & Sons, Tower Street, 8t. Martin's Lane, 


EXAMPLES AND PROBLEMS ON CONICS 
AND SOME OF THE HIGHER PLANE CURVES. 


CAMBRIDGE: 


PRINTBD BY W, METCALFE AND SON, TRINITY STREET, 


A COLLECTION OF 


EXAMPLES AND PROBLEMS ON CONICS 


AND SOME OF THE 


HIGHER PLANE CURVES, 


BY 
RALPH A. ROBERTS, M.A. 


DUBLIN: 


HODGES, FIGGIS, & CO., GRAFTON STREET, 
PUBLISHERS TO THE UNIVERSITY. 


LONDON: LONGMANS, GREEN, & CO. 
' 1882. 


PREFACE, 


/ 


ΤΗΕ greater part of the Examples on Coniċs 
and Cubics was worked out by me during 
my study of Dr. Salmon’s Treatises on Contes 
and the Higher Plane Curves. Several of those on 
Bicircular Quartics were suggested by Dr. Casey’s 
Memoir* on those Curves, and Darboux’s Sur 
une classe remarquable de Courbes et de Surfaces 
Algebriques.t I believe that either the Examples 
themselves or the methods adopted for their 
solution are original. 

This Volume is addressed to those who take 
an interest in properties of Plane Curves which 
are not of a purely elementary character, and, 
as the results obtained are new, I am in hopes 
that it may prove acceptable. I have throughout 


* Transactions of the Royal Irish Academy, vol. XXIV. p. 457, 1869, 
T Paris, 1878. 
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assumed the reader to be familiar with Dr. Salmon's 
Conics and Curves; and, in fact, these Examples 
may be considered as an addition to those in 
his works. For this reason I have used little 
explanatory matter, and rendered the proofs of 
the Examples as brief as possible. Most of the 
problems can be solved by methods which have 
been employed in the proofs of Examples, and, 
in the case of the more difficult, solutions will 
be found at the end of the book. 

Several of the Examples have appeared from 
time to time in the Educational Times, and some 
of the Theorems on Nodal Cubics formed α 
paper in the Proceedings of the London Mathematical 
Society (vol. xm. p. 99). 

In conclusion, I have to thank the Board of 
Trinity College for their liberality in contributing 
to the expense of publication. 


TRINITY COLLEGE, 
April, 1882. 


CONTENTS. 


SECT. PAGE 
I. Examples and Problems on Conics - - - - 1 
ΤΙ. Examples and Problems on Cubics - - . - 88 
III. Examples and Problems on Bicircular Quartics - j - 188 
IV. Miscellaneous Examples - - - - . 177 
Notes and Solutions to some of the Problems  - - - 190 
CREE / 
ERRATA. 


Page 11 line 2, for centre read points of contact. 


» 19 line 7, for (257) aud (LY red 7 2 - (y : yy 


a? a? 








» . 02 bottom line for a? — c?, read a? + ce. 
» 79 bottom line for e? read et, | 
» 8l Ex. 194 for similar read similarly situated. 


EXAMPLES AND PROBLEMS ON CONICS, 
AND SOME OF THE HIGHER 
PLANE CURVES. 


I. Examples and Problems on Conics. 


1, Zo-find the equation of the circle circumscribing a 
triangle inscribed 4n a conic. 


Let the equation of the conic be 


2 + δ. l= U=0, 
and that of the circle 
(2 — 2’) +(y—y')*- r= S=0. 
Then the discriminant οἵ S — A'U is found to be 
d . y^ 5* 
es-ptp-ptg-1-9 
or k-k (atO tray”) 
4 A: { ab’ + 7* (a* + b’) -- δα". αν — abr = 0, 
But comparing the coefficients of the identity 


8— KU =k | cos} (a+ B)+¥sinj (a + B) -- οο5 (a — ) 


X fz cos (y+ ὃ) +$ sin (y + ὃ) — οοβὰ (y — δ) i 


D 
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(Salmon’s Contcs, p. 208), we get 
h = a* sin' 4 (a +8) + δ᾽ cos 3 (a + 8) 
= the square of the semi-diameter parallel to one of the sides 
of the triangle. 
Hence, from the absolute term of the equation whose 
roots are a’ —h,", a! — Àj, a*—h,", we obtain 


(a. VEAN (à - Πρ) (0 — 45). 


c= 


a V (a — δ") 
Similarly we have 
eae e ὅκα (A -- 57) 
Y b y (a — b") 


Again, from the equation in 4° we obtain r MM , and 

t a" 4 y" sa! UAI ht. 

We may also find the coordinates of the centre thus: 
eliminating y between the equations of the conic and circle, 
we get 

(a* — 5") α΄ — Δα"α΄α + &c. = 0, 


, α-ῤ' 
hence v= jg Gom, Vd a) 





„2 {cosa -+ cos B + cosy + cos(a + B -- y)} 
(Salmon’s Conics, p. 218) 





-7 os} (a+ β) cos (8 +9) cos] (y+ a). 


In the same way we find 


y=" sing (a + B) sing (8+9) sind (y+ a). 
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2. To find the equation of the circle through the middle 
points of the sides. of the same triangle. 
Let the equation of the circle be 
(2—a")* r(y-9') 1" =0, 
and let a’, y', be the coordinates of the centre of the 
circumscribing circle, and a, those of the centroid; then, 
by a known geometrical relation, 
2a" 9a—c-, 2y' -38-y, 
and | 
3a = a (cosa + cos + cosy), 38-5 (sina + ain B + siny) ; 
hence, 
2az" = a" (cosa + 008 + cosy) 
— (α-- b") cos} (a + 8) cosy (B +) cost (y +a), 
2by" = b' (sina + sin 8 + sin y) | | 
+ (a" — ὁ) sin} (a + 8) sin} (8 + y) sing (y + a). 
Again, 
d" ey" 7" 1 ((Ba- a + (88- y)! - 4") 
- 19 (+8) -6 (aa By) e" y" - n) 
= (a + δ) cos (a — 8) cos} (B — y) cost (y — a). 


3. To find the locus of the centroid of an equilateral 
triangle inscribed in a conic. 

Equating the coordinates of the centroid and the centre of 
the circumscribing circle, we get, if 


| 7 a (à! -t ο b(e- 9). 
at) Ty δ, t= a+ 3B cos ô, y=- Tar Bind. 





Hence the locus is the conic 


E (at + 88+ E sau (a - 9 
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4. If the centroid of a triangle inscribed in a hyperbola 
is on the curve, prove that (1) the circle through the middle 
points of the sides cuta the director circle orthogonally, (2) the 
area of the triangle formed by the tangents to the curve 
at the vertices of the given triangle is equal to half the area 
of the given triangle, (3) the ellipse touching the sides of the 
triangle at their middle points passes through the centre 
of the curve. 

(Salmon's Conics, p. 257, Ex. 3). 


5. To find the equation of the circle circumscribing a 
triangle formed by three tangents to a conic. 
The equation of the circle is 


(a° sin’a + b° οοβα) sin (8 — y) 
x (s cos +$ sin 8 -- 1) (s cosy 42 sin y — 1) 
+ (a? sin*B + L" cos") sin (y — a) 


s: ?onycl1)(f Y si -1) 
x (= cosy +5 Sin y 1) (s cosa + A aaa 


+ (α' sin*y + ῥ᾽ cos*y) sin (a — £) 
x (= cosa + T sin a -- 1) (z cos B +% sing — 1) -0, 
or, multiplying out, and reducing, 
t+ yt = (M (cosa + cos 8 + cosy) + (a* — D") cos (a+ B+ Y)! 
-- A {M (sina+ sing+ siny)—(a°—b") sin (a+8+ y)}+M=0, 
where 


Me αἱ U 4 (αἳ — b") {cos (B -- y) + cos (y +a) + cos (a+ 8). 
4 cos} (8 — y) cos4 (y — a) cos à (a —8)} 
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If A, B, C be the angles of the triangle, p,, P, p, the 
perpendiculars from the centre on the sides, A the area of 
the triangle, and Æ the radius of the circumscribing circle, 


we have a= p, sin A + p, sin B+ p, sin C, 
| ab 

bot PT Μία" sin'a + δ' cos'a) ’ 

and smA= ab sin (8 — ν) 


v(a sin*B + b cos'B) (a* sin*y + b" οοὐγ) ? 
also A=abtan4(8—¥) tan 4 (y—a) tan} (α-- £), 
(Salmon’s Conics, p. 209, Ex. 9). 

Therefore 
Ra Vila" sin’a+5" eos'a) (a sin B+" cos’) (αἳ sin*y+b"-cos*y)} | 

Hu 4ab cos 4 (8 — γ) cos $ (y — a) cos 4 (a — 8) 

If this circle pass through the centre of the conic, the 
locus of its centre is the conic | 
4 (αἱ αἱ + δ" y’) = (a* —by. 


6. To find the equation of the polar circle of the same 
triangle. 

We find 
guy 

a” (2 cost (B+) cosk (y -- a) cos] (a+8) -- sion 
c + (a^ + b") cosa s cos | 
[ cos4 (8 — η) co8$ (y --α) οοβὰ(α — 

* (2 sing (8+7) sing (γ--α) sing (a+) + sin ee 
J + (a’ + 5°) sina sin B sin y 
| cos} (8 — y) cos ἆ (y — a) cos ἆ (a — 8) | 


b 


+a +b = 
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If r be the radius of this circle, and ¢,, t, t, the lengths of 
the tangents drawn from the vertices of the triangle to the 
director circle, 





ΠΏΣ, 
for | 7! = —24 cot 4 cot B cot C, 
8 
and cot A : 


- δα tan] (8 — y)? 
(Salmon’s Conics, p. 161). 
For the parabola y' — 4mz = 0, 


x = ABB 


where p,, P, p, are the perpendiculars from the vertices of the 
triangle on the directrix. 


7. To find the equations of the circles touching the sides of 
a triangle formed by three tangents to a conte. 
Let the tangential equation of the conic be 


anr'+ byp'—1= V=0, 
and that of the circle | 
(a'r + μ-- 1)" -rN + p*) = 5 =. 
Then the discriminant of V+ Σ is found to be 


a"? . 


ο ο νο im 
ock Rpt απο 
3 ' 
But if V+ Ax represent two points, they evidently lie on 
the conic (a! — 4") X* + (b — k) μ' — 120, or 
a 


aoe σσ” 
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hence, 5! = αἲ — a", where a’ is equal to half the major axis of 
a confocal conic passing through a vertex of the triangle. 
Hence if μμ μι, #, be the semi-major axes of the confocal 
ellipses, and v, v,, v, of the confocal hyperbole through 
the vertices of the triangle, we have for the equation of the 


inscribed circle 
2y y V 


gy ο. zz e -- νι) (ὁ -- νε) (ο -- νε)} y 


TX εν εν --α --Ξθ0, 
Ν{(α"- νι’) (at -- v,") (at — »,)] 
D EET ab | T3) 


r = 
and for the equation of an exscribed circle 
2 2 μα 2 | , 
zy Mire ure) (- e)? -»)y 
Fui μι. Εν -- αἳ e=, 
v Miet- (ud = 2) (a - v2) 
. αὖ ba! 


From these expressions for the radii we deduce, if s be 
the semi-perimeter, : 


V (n, — a) Ar *) (u.* -a) 


8. Find the equation of the circle touching an ellipse and 
the tangents to it from the point (js, v). 


]t is 
1 2y (a (p -- ο) -- by} |. 
Ῥω" 
Meow -») lan- bu -AA y 


ο γίμ'- ο) -ὂ 
+y— a! -- ο }- 2α ‘— P οι 
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Hence, if the point move along a confocal ellipse, the 
locus of the centre of the circle is an ellipse. 


9. Two vertices of a triangle circumscribed to an ellipse 
move along confocal hyperbole; prove that the locus of 
the centre of the inscribed circle is a concentric ellipse. 


10. To find the locus of the centroid of a triangle inscribed 


an one Conic 
zy 
, (5+ i eps 0) 


and circumscribed to another whose tangential equation is 
(4, B, €, F, G, H) (A, p, v B=0. 
Writing down the condition that the chord 


= cost (a + A) + A 7 sind (a + 8) — cos 4 (α-- 8) = 


should touch Σ and two similar equations for the other sides, 
multiplying them by sin (α — 8), sin(8 —«), sin (Υ --α) and 
adding them together, we get, after dividing by 


sin (α-- 8) sin} (8 — η) sing (y—a), 
C {1 + 4 cos $ (a — 8) cos 3 (B — y) cos ἆ (y — α)] 


2G 
= (cosa + cos B + cosy) — 2^ (sina sin S -- sin γ) 


dde 


3a 
But cosa + 008 + cosy = πα; sina + sing +siny=~2, 


1 + 8 cos} (α-- B) cond (8 — y) cos] di —a)- 9 (5a £s 
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lience we have for the equation of the locus the conic 


n Ge Fy A 2 
σε 1 δ - 12 (= + Ὢ) +2 (3 +5) + 0= 0. 
11. Prove that the locus of the centroid of a triangle 


inscribed in a conic and circumscribed to a parabola is a 
right line. 


12. To find the locus of the centre of the circumscribing 
circle of a triangle inscribed in one conic S' — 0, and circum 
scribed to another conic S=0. | 

It may be shown by the invariants that, if a triangle be 
inscribed in a conic 8 --0 and circumscribed to a conic 90, 
it is also self-conjugate with regard to another fixed conic 


ΑΡ ΘΘ' 20 (Salmon's Conics, Art. 376). 
Hence, if C=0 is the director circle of this conic, and 2. 


the radius of the circumscribing circle, we have SOC 
(Salmon's prm Art. 375, Ex. 2). 


Let Sz ^ + δ 1, then by the invariants we have 
(Salmon's Conics, Art. 376, Ex. 2), 
tar (Pe y ea P) (e 20 Gy) eh 0. 
Hence we obtain for the equation of the locus, pattog 
αἱ + y’ a! +b — C= L a line, the conic 
L? = 4 (a^ + by’ + a!b^). 
Also, since the ο... circle cuts orthogonally a 


fixed circle and has its centre on a fixed conie, it has double 
contact with a bicircular quartic. 


13. Prove that the foci of S are single foci of this quartic. 
If the conic S become a circle, the locus of the centre of 
the circles has double contact with the circle C. 
; η S 
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In this case the bicircular quartic breaks up into two 


circles. 
These two circles have double contact with the conic S, 


and their chords of contact pass through the centre of the 
circle δ. 
A" p 
14. A triangle is inscribed in a conic - ai +35 150 and 
circumscribed to a circle S whose centre is on the directrix. of 


the conic: (s- = 2); prove that the circle 8 has double contact 


with the conic 





and that the circumscribing circle of the triangle passes 
through the corresponding focus (ο, 0). 


. 15.. To find the locus of the centre of the inscribed circle of 
a triangle circumscribed to a comic and inscribed in a circle 8. 
Let 7 be the radius of the circle inscribed in the triangle 
and a the radius of S, then S=2ar by Euler’s equation, and 
7' = V a fixed conic (Salmon’s Contes, Art. 371. Ex. 4), since 
the triangle is self-conjugate with regard to V. Hence the 
locus is the bicircular quartic S*—4a"V=0, having quartic 
contact with the conic U where it is met by the circle 8, | 


16. If ¢ be the length of the tangent drawn from any 
point 6 on a conic to the circle passing through the points 
a, B, y, we can prove that 
Ü = 4c sind (8 — a) sind (8 — 8) sin} (δ-- y) sing (8404844). - 

Let «— 8—, and the equation of the conic referred to 
three osculating circles S,, S,, S, which intersect in the same 
point on the curve, may be written 78, + VS, 4 V8, — 0. 
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If these circles intersect at angles φ, x, Y, and A, B, 0 
be the angles of the triangle formed by their centres, show 
that 

φ-δά-π, χ-ϑΒ-π, ψ-80-π. 


17. A circle touches the tangents drawn from points on a 
conic 6 to a confocal conic, and cuts orthogonally a circle C; 
prove that it has double contact with a bicircular quartic 
whose single foci are thie um of intersection of S and C. 


18. A series of conics are circumscribed to a il 
prove that the director circles have double contact with a 
bicircular quartic, of. which the intersections of diagonals and 
opposite sides are foci.” 

Since the locus of the centre of the variable director circle 
is à conic passing through the intersections of the diagonals 
and opposite sides of the quadrilateral, and since it also cuts 
orthogonally the circle passing through the same points, its 
, envelope is a bicircular quartic whose foci are the intersections 
of the fixed circle and conic. Or thus, substituting for 
a, b, &c., αλα, b - λδ &c., in the equation of the director 
circle | 

€ (2 +4") -2Gz - 2Fy - 4- 8 8-0, 
we get SX + 2+ 8-0, 
where 
Σ-- (a'b + b'a — 20h’) (x° + 9") — 2x (fh' -- fh — bg' — b'g) 
By (gh + gh—af'—af) + acr ca—2gg tbe —2/f'=0. 
Hence the envelope is X’ 2 4S". 
Σ is evidently the director circle of the covariant conic 4. 


| 19. A conic passes through the intersections of diagonals 
and opposite sides of the same quadrilateral and has a focus 
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‘on the bicircular quartic ; prove that its corresponding directrix 
will pass through a vertex of the quadrilateral. 

Taking the intersections of diagonals and opposite sides 
for triangle of reference, and p,, p,, p, denoting the distances 
of a point from the vertices of this triangle, the director circle 
of the conic aa’ + be? + cy’ =0 is 


bc sin! Ap," + ca sin’ Bp? + ab βίη" Cp," = 0, 


(Salmon’s Conics, p. 339), and the envelope of this subject to 
the condition aa” + b8” + cy" — 0 is 
α sin Ap, + B' sin Bp, + γρ, sin C=0. 

But p, p, p, are evidently proportional to the per- 
pendiculars from the vertices of the triangle of reference on 
the directrix of a conic which passes through the vertices 
of the triangle of reference, and has a focus coinciding with 
the point p,, P, p, on the quartic. Hence the directrix of this 
conic passes through one or other of the points (α + S'4 y). 

Again, 1f a conic pass through three fixed points and have 


an asymptote parallel to a given line, the envelope of ite 
director circle is a circular cubic. 


20. To find the equation of the circle circumscribing the 
common self-conjugate triangle of two conics. 

Form the equation of the circle cutting at right angles 
their director circles and the director circle of the covarian: 
conic Φ, | 


21. Prove that the envelope of the director circles of : 
series of conics touching three fixed lines and passing throug! 
a fixed point is a bicircular quartic. (Salmon's Conics, p. 256. 


22. A circle circumscribes a triangle circumscribed to « 
conic S and has its centre on S; prove that it touches th 
director circle of S. 

a 
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Let S =N (la) + /(mB) + (ny) = 0, | 
then the radical axis of the director circle and the circum- 
scribing circle is 

la cot A + mB cot B + ny cot C (Salmon’s Conics, p. 339) 
=0, which touches the circumscribing circle if — 
V (1 08.4) +y (m cos B) + y(n cos C) = 


which is also the condition that the centre of the circumscrib- 
ing circle should lie on 8. 


23. Find the locus of the centre of a circle circumscribing a 
triangle circumscribed to a conic, tf tt cut orthogonally a fixed 
circle whose centre 4s a focus of the conic. 

Let r be the radius of the variable circle, p,, p, the 
distances of its centre from the foci of the conic, and & the 
radius of the fixed circle; then 


r *— (ο) +p," + 46") r* +P; Pa =0, r= =P; "-k, 


hence Pr LIA. — 1 =0 a circle 
e k® +467 i i 


The envelope of the variable circle in this case is a 
Cartesian oval confocal with the conic. 


b 


24. To find the locus of the centroid of an equilateral 
triangle self-conjugate with regard to a conic. 
Let R be the radius of the circumscribed circle, and r of 
the inscribed circle, then, by the invariants, we have 
αἱ + ie =a’ FUE, 
Πα" + α΄ — a* = (a! + ὁ") à =} (a! 1- ὁ ).Ε'. 
P the equation of the locus is 
(αἳ - 903) αἲ 4 (b — δα) ^ — (α’- δ᾽ 
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And the envelope of the circumscribing circle of the same 
triangle is the bicircular quartic 


| 
(à ya to =A (αἱ -- vy (στρ tpa) i 


25. To find the locus of the centroid of an equilateral 
triangle circumscribed to a conic. 
The invariants give us 


RR (+y +a +B) + () y 20 ) --ν) 4 =0, 
gy =a +b? — gh. 
Hence the ' s the locus is the bicircular quartic 
{3 (a? + y) 2a! - δ)" = 4 (a2 + by’ + a). 


26. An equilateral triangle is inscribed in a parabola 
y’—px=0; prove that the locus of its centroid is the parabola 
9j + 2p" — pz « 0. 

Prove that the circles circumscribing equilateral triangles 
circumscribed to a parabola have a common radical axis. 


27. To find the envelope of the director circles of a system 
of conics having double contact with two fixed conics. 
Let the tangential equations of the two fixed conics be 
aa. + b8 +cy=0, a'a + bR tey =O, 
where a, 8, y are the perpendiculars from the vertices of the 
triangle of reference on a line. 
Then (Salmon’s Conics, p. 251) the tangential equation of 
a conic having double contact with the two fixed conics is- 
μ' (la+ πιβ)' — 2μ ((ac' + a'c) a + (bc + ο) β3 -- 2cc'y’} 
t (la— mBy = 0, 
where Ü zac! - ac, and m=- (bc — b'e), 
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or, putting p= tan40, i 
αἳ (ac — a'c) — β' (bc — δ'ο) — 24 {— {(ac'— a'c) (be'— b'c)} cos θα 
— sin  ((ac' + a'c) a* + (26 + b'e) B* + 2cc'y"} -- 0. : 
But if p, p,, p, be the distances of a point from the 
vertices of the triangle of reference, and = be the circle 


described on the side opposite y as diameter, the equation of 
the director circle of 


Αα + BB+ C+ 2 Haß =0 
is (Salmon’s Contes, p. 258) 
Ap? + Bp, + Op, +2H32=0. 
Hence the '. envelope is the bicircular quartic 
(ad — a'o) (be — Be) Σ'- 4o (ap, + bp ορρ) 
| x (d'p + δρ. + epi) =0. 
28. To find the equation of the circle circumscribing the 


drawn from the point (x', y') and their chord of contact. 
The equation will be of the form 


z 


triangle formed by the tangents to the conic S= ES 


Ebo re my en (Cr ΚΚ 0, 
Substituting i in this equation the coordinates of the point 

(z,y), we get n=— (lx' + my'-- 1), and the conditions that 

the equation should represent a circle, give 

ly' πια | ll —d4my 





Hence the equation becomes - 
"6:5 Goh) 
a, (= 4 p at 1 


. (a yy τ - ety) 
- +C (+B 1) (= pi c 0, 
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12 


or T 


5) ο εν) - (at y +e 


-- Y atty" ο) 4 ο e -£)-o. 


- Also if E be the radius of the circle, p, p' the distances 
of (z', y") from the foci 


noa ee). 
y" a b 
τς + πε p 


To find the angle ie which this circle cuts the director 
circle. 


We have 
pon: $) =a + b —2H cos0 v(a + δὴ, 
Ὥ GM Dp 
or la + ὁ") pp” cos'Ü = 4 (D'z* + aty”); 


or, again, | 
2. λιν 
p'p" sin’ = (x + y" — a* — 23) (zen So ma ) 
Hence, if (z', y) lie on the director circle or the inverse 
of the director circle with respect to the circle described 
on the line joining the foci as diameter, the variable circle 
touches the director circle. 
Again, if (z', y) lie on the inverse of S with respect 
to the circle ‘described on the line joining the foci as 
diameter, the variable circle touches 8, 


29. Given the rectangle under the segments of the per- 
pendiculars of a triangle formed by two tangents to a conic 
and their chord of contact, find the locus of the intersection 
of the perpendiculars. 
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If two conics can be reduced to the forms 
2hzy--c£'—0, α } ytz" =O, 
then the invariant relation is satisfied, 
Θ6’.. AA. 
TN os "EA 
Hence, if the conic is - act -1-0, the locus is the 
curve of the fourth order 


x" S | M 
fat h-i- (atp) ο η” 
If the polar circle cut orthogonally the fixed circle 
a” + 4° — k” = 0, the locus of its centre is the conic: 
aa? b ut. e d 
Boot Rao 1 δν 
and its envelope is the bicireular -— 


- (gh Py - 4 (048 G -p) a + (1) -- αἲ a =0. 


a* -r- 5* -- a*b* 


e 9 9 : e 9 Ed 
The two conics coincide if X "NW 


8 
30. Tangents are drawn to the conic S= < + 4 —1=0 


from any point on a εξ —4= 0; prove that they form with | 
their chord of eni a triangle whose centroid is on S=0. 


31. To find the locus of a point such that if from it 
tangents be drawn to S=0, they will form with their 
chord of contact a triangle whose intersection of perpen- 
diculars les on S=0. Let (z, y) be the point, (a, £) 


w 
the intersection of perpendiculars, S = 2 t - 1, 
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then α--ι(α-λῆ, B-h(U-A, 
. at " gi 5 
where v= 7 ; 
ay 


Hence, substituting (æ, 8) in $20, and dividing by 
2 8 
E + ὃς - I, we obtain 
ο 4- by" — (a! 4 5) z 0, 


which is the reciprocal of S with respect to its director 
circle. 

The points (α΄, y), (a, 8) are evidently conjugate with. 
respect to the director circle. 

Given the point (a, 8), (α΄, y) is determined as the 
intersection of the polar of (a, 8) with regard to the director 
circle and the equilateral hyperbola which passes through 
the feet of the normals to S from (a, £). 

If (α΄, ψ) lie on a fixed line parallel to an axis or passing 
through the centre of 6, the locus of (a, 8) is a conic.. 
If (z', y') lie on the quartic 


ο η) i a _ 
-— --(α + 55) ΕΠ’ zm. 
(a, 8) lies on the director circle. 


82. To find the equation of the polar circle of the triangle 
formed by two tangents to a conic and their chord of contact. 

The coordinates of the centre are already known, and 
we τ = absolute term by expressing that (α΄, y) is the 


pole of = --- =f ". 1 20, with regard to the circle; hence the 


Examples and Problems on Conics. | 19 





equation sought is 


(G+) en - TE (rer) oF re v) 


: p a’ 
taU + τα” «τι --0. 
if r is the radius of the circle, 
38/5 τ ΟΣ 72) { day" 
PE: Ty —6 5) s +%- ie 
TY 
(2 E F) | 


The equation of the circle may be written 


CLE 24 (5) ε(θεσ- am (ry 
+ (a*+y"—a'— δὴ (5 4 +3 - 1) = =0, 


which gives the equation of its chords of intersection with 6, 
which meet in (a’, y). These chords never meet S m 
real points, 


If 2z'—-a constant, the circle cuts orthogonally the fixed 
circle x" +3? — : æ — D^ — 0, and, therefore, has double contact 











with a bicircular quartic, If (α΄, y’) lie on the directrix, the 
quartic breaks up into two circles, which are imaginary for 
the ellipse but real for the hyperbola. 
cix 
If (1) a "+3 -- '=0, or (2) a r.p t A me the corre- 


sponding equations are (1) a°+4*+ - = (αἳ -- δ᾽) ata 2 0, 


(2) att yt TN- (f By e 0, 
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which represent fixed circles having double contact with 8. 
These circles are such that 9 is its own reciprocal with regard 
to each of them; they are all imaginary for the ellipse, but 
the two latter are real for a hyperbola whose director circle 
is real. 


33. From the equations of the circumscribed and polar 
circles of the triangles formed by two tangents to a conic 
and their chord of contact we can deduce the equation of the 
nine-point circle of the same triangle :— 


2 (5 + τ) (α" +y") -- = fa” + ος =) y^ + 3a + " 


, ο 
-% fyr = 3 ο" + Sea Tz 4 y" 4 a* 40 — 0. 








84, To find the locus of the vertex of a triangle formed by 
2 3 

^ t ‘a — 1) and their chord of 
contact, if the centre of the inscribed circle lie on δ. 

If a and £ are the tangents, and y their chord of contact, 
S must be capable of being written in the form a8 — ky" = 0. 
But a = 8 =y, for the centre of the inscribed circle, whence 
k=1. Substituting now for a, &c. x cosa + y sina — p, ἅτ, 
and equating the coefficient of xy to nothing, we see that 
the base and the internal bisector of the vertical angle must 
make equal angles with the axis. . 

Hence the locus is the confocal conic - 


two' tangents to a conic ( z 


£c cy! € ωὺ 
α ὃ e+ BF 


The base, in the same case, is normal to the equilateral 
hyperbola which passes through the feet of the normals to S 
from the vertex of the triangle. 


P 
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35. i^i a point (2. y) tangents are drawn to a conic 
(S25, + A —1=0), to find the coordinates of the focus of the 


parabola és double contact with S at their points of contact. 

The equation of the parabola in tangential coordinates is 
(αλ. -F yp v) }- αλ” Uu -- ν'--0; and if (a, y) is the 
focus, we have (Salmon's Conics, p. 228), 


"à 


wey eo) κα, y (o 
S αν -- y" 3 s g” + y * 

If (z, y) lie on a line through the centre of S or a 
concentric circle, (z, y) lies on a confocal conic. 

If (z', y') lie on a line, (a, y) lies on a nodal circular 
cubic which has its foci in common with $. 

Given (a, y), (α΄, y') is determined thus: let a confocal 
hyperbola be described through (a, y); then the tangent to 
the hyperbola at (ο, y) intersects the asymptotes of the 
hyperbola in the corresponding positions of (z', y). The 
directrix of the parabola is 2z'z + 2y'y —2* — y” — a! — b= 0 


2x 


36. From a point (α΄, y') tangents are drawn to a conic; 
prove that the centre of the equilateral hyperbola, having 
double contact with the conic at their points of contact, is the 
inverse of (z', y) with regard to the director circle. 


97. To find the locus of the vertices of equilateral triangles 
self-conjugate with z to a given conic. 


2 
Let the conic be =, zz —1= $20, and let 


MASS x cos B + y sin =0, 


be lines through the origin parallel to the two sides of the 
triangle meeting in the vertex (z, y). Then, expressing that 
these sides form a harmonic pencil with the tangents from (x, y), 
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we have 
cosa cos B (η΄ — 5") + sina sin B (x* — a") — ay sin (a+ 8) — 
or (zy -a - b’) cos (a — β) | 
= (a* -3 - δ) cos (a + B) + Say sin (0+ B), 
now .. cos(a— 8) 21, and α-- 82 2o, 


where cos@ =o, sino = -. hence 


2 | τη {2 a Az" 
ανν ο (ET) -w-y-o (2-5) 
ME rM 

8 quartic curve with a node at the origin. 


If a*—3*=0, the locus breaks up into two imaginary 
conics, 


For the parabola ¥* — 4az = 0, the TE i8 
y" (8x + Τα) — 4α' (x — 3a) = 0. 





38. To find an expression for the radius of a circle circum- 
scribing a triangle self-conjugate with regard to a conte. 
Double the area of the triangle formed by the lines 


ο 1 = 0, εις 0, = + Hp -1=0, 
is equal to 
LU C κ] 5 αι | 
(x,y, — 312) (J,*. — Y2) (2,3, — 9,23) a! at? αἳ 
δι Y ^ 
b! ? Pp 3 p 
d 15 1 
4a! 5 A* 


- ABID DP,’ 
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where a, 8, y are the sides, and A the area of the triangle, 
and p, p, p, are the perpendiculars from the centre of the 
conic on the sides. But, if E be the radius οἵ the circum- 
seribing ος αβγΞ «ΔΑ, therefore 
4 α΄ 2 A 
4AR ppp, 
a'b 
PPPs 
In the same way we can find the expression for the radius. 
ef the circle circumscribing a triangle formed by two tangents: 
and their chord of contact (Salmon’s Conics, p. 230). 


2A = 





or 


39. Given three points on a conic and that a directrix 
touches a fized conic, to find the locus of the en 
focus. 

Let the tangential equation of the conic be 

Ad + BE + Oy! + 2FB3 -Γ 2 Gya + 2 Ha — 0, 
then the equation of the locus is, if p,, P, p, are the distances: 
ef a variable point from the three fixed points, 

"Ap, T Bp; + Cp, + 2FP P; + 2 Gp,p, t 2 Hp p, - 0; 
er, putting Ap,” + Bp,’ + Cp; =28, 

S* — 28' (F'p,'p, + G'p,'p, + Hp, p,) + ο. Pa Ps S 

+ F'p,'p, + EP Ps + H'p,'p 

EN 2P, Pa Ps. (GH'p,' + FH F'G'p,) = 0, 
which represents two curves of the eighth order having the 
eircular points at infinity for quadruple points. . 

If two sides of the fixed triangle are conj jugate with: 
respect to the fixed conic, these two curves coincide. 

If two pairs of sides are conjugate with respect to the 
fixed eonic, the locus is a bicircular quartic of which the 
two corresponding vertices of the trangle exe fou. 
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If the triangle is self-conjugate with regard to the conic, 
the locus is the director circle of the conic. 

If a directrix of the variable conic pass through a fixed. 
point, the locus of the corresponding focus is a bicircular 
quartic of which the three points are foci. 

If this fixed point is the centre of one of the circles 
touching the sides of the triangle, the locus is the circle 
circumscribed to the triangle. | 

We shall get similar results if we substitute for the focus, 
* the centre of a circle of given radius having double contact 
with the conic," and for the directrix * the chord of contact of 
this circle ” (Salmon’s Conics, p. 230). 

Let the chord of contact pass through the centre of a 
circle touching the sides of the triangle, then (Salmon's 
Conics, p. 864) a sin A + B sin Β y sin C — 0, therefore 

sin 4 y (pë --17) + sin B γρ” — K") + sin C y (p; — k’) — 0, 
where & is the radius of the circle having double contact with 
the conic; hence, by Dr. Casey’s equation (Salmon's Contes, 
p. 114), we see that the circle having double contact with the 
conic touches the circumscribing circle of the triangle. 


40. Given three points on a conic, if a focus lie on a fixed 
circle, prove that the corresponding directrix touches a curve 
of the fourth class, of which the centres of the circles touching 
the sides of the triangle formed by the points are double 
points. 


41. Given a self-conjugate triangle with regard to a conte, 
tf a directrix pass through a fixed point, to find the locus of the 
corresponding focus. 

If p, p' are the perpendiculars from two points conjugate 
with respect to a conic on its directrix, S the square of the 
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tangent from the corresponding focus to the circle described 
on the points as diameter, and e the eccentricity of the gonic, 
we have S=e'pp’. 

Hence, if the directrix pass through the fixed point 
la + mB + ny — 0, the corresponding focus lies on the bicireular 
quartic 

18,8, 4 m8,8, + n 8,8, — 0. 


This bicircular quartic circumscribes the triangle, passes 
through the feet of the perpendiculars, and has four foci on 
the polar circle. 

If the directrix be parallel to a fixed line, the locus is a 
circular cubic, of which the intersection of perpendiculars and 
vertices of the triangle are centres of inversion. 

If the directrix touch a fixed conic inscribed in the triangle, 
the locus is the director circle of this conic. 


42. A conic JU is inscribed in a triangle self-conjugate 
with regard to a conic V; prove that the circles, having 
double contact with V, whose chords of contact touch U, cut 
orthogonally the director circle of U. 


43. Given three tangents to a conic, and that a directrix 
passes through a fixed point, to find the locus dl the correspond- 
ang focus. 

If p, be the distance of the focus from a vertex A of the 
triangle formed by the tangents, ¢, the angle subtended at the 
focus by the side opposite .4, a the perpendicular from A on 
the directrix, and e the eccentricity of the conic, we have 


(Salmon's Conics, p. 177) ea= p, cosġ, = P”, , where 8, is 


; 8 
equal to the square of the tangent drawn from the focus to 
the circle described on the side opposite .4 as diameter. 
Hence, if the directrix pass through the fixed point whose 
Σι 
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tangential equation is lat+mB8+ny=0, the focus lies on 
lp, S+ περ πρ 5.0, which represents a bicircular quartic 
circumscribing the triangle. 

When the fixed point is the intersection of the perpen- 
diculars of the triangle, the quartic becomes the product of 
the circumscribing and polar circles of the triangle. The 
former circle belongs to the case when the conic is a parabola. 
If the directrix be parallel to a given line, the locus is a 
circular cubic, as may be also proved thus: let x, y, z be the 
perpendiculars from the focus on the sides of the triangle, 
A, m, v the angles between the sides and the given line; 
then x*+2cx cosA—b"=0, y*--2cy cosu—b*=0, 2°+2cz cosy—b*=O5 
and, eliminating 5 and c, the locus is 

ax cos A (y* — 2") + y cos u (2) — 2°) + z cosy (z* — ^) — 0, 

a circular cubic, of which the centres of the circles touching 
the sides are centres of inversion. 


44. Given a self-conjugate triangle with regard to a conic, 
and that half the length of the least axis 4s equal to the radius 
of the polar cirele, to find the envelope of the major axis. 

If two points are conjugate with respect to a conic 


_ x" 
S25 + δ -1=0, we have 
LT 1 
rx acinis 
2 ο 
or LL + 9,9, 0 os P IIa 
2 
which may be written δ, =a — a P,P» Where S, is the square 


of the tangent from the origin to the circle described on the 
points as diameter, and p,, p, are the perpendiculars from the 
points on the major axis. 
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But if A, B, C are the angles and A the area of the 
triangle, | 


S, tan A 4- S, tan B+ S, tan C224 + ἵ tan 4 tan B tan C, 


where £ is the tangent drawn to the circumscribing circle of 
the triangle. Now (*-a'-- 5", and r'- —2A cot A cot B cot C, 
where r is the radius of the polar circle. Hence 


8 8 
9Δ (1 - =) + A (By tand + ya tan B 1 αβ tan C) 205 . 


and the equation of the envelope is | 
Ay tan A + ya tan B + a8 tan 0-0, 


which represents a conic, inscribed in the triangle, and con- 
centric with the circumscribing circle. 2» . 

If the latus-rectum of the variable conic be equal to the 
radius of the polar circle, the envelope of the major axis is a 
conic confocal with the conic just found. 


45. Given a triangle inscribed in a conic, if the radical 
axis of the circumscribing circle and a circle S, having 
double contact with the conic, pass through the centre of an 
inscribed circle, prove that the chord of contact of S touches 
a conic, having the given triangle for a self-conjugate ΓΝ 
and concentric with the same inscribed circle. 


46. Given a self-conjugate triangle with regard to a 
conic, if the radical axis of the polar circle of the triangle 
and a circle S, having double contact with the conic, pass 
through the centre of the circumscribing circle, the chord of 
contact of S touches a conic inscribed in the triangle. 

If the radical axis pass through the centre of the nine- 
point circle, the chord of contact touches a conic inscribed ia 
the triangle. 
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47. A circle S is inscribed in a triangle self-conjugate 
ασ 
with regard to a conic U= Ah — 1 = 0, and touches a line; 


prove that the centre of 8 lies on the equilateral hyperbola 
which has double contact with U where it is met by the line. 

If the line touch the confocal conic E +%- App the 
circle S has its centre on one or other of the tangents to U 
where it is met by the line. 

If circles inscribed in triangles, self-conjugate with regard 
to U, have their centres on a fixed line, show that they have 
double contact with,a conic whose foci are the points where 
the fixed line meets U. 

Conversely, if a circle have double contact with U (the 
chord of contact being parallel to the minor axis) show that 
it is inscribed in triangles self-conjugate with regard to 
the conic 


b (a! — οἳ) — a'y" + 2fy =0, 
where f is an arbitrary constant. 


48. Given a triangle circumscribed to a conic and the 
length (2a) of the major axis, to find the locus of the foci. 

Let A, B, C be the angles of the triangle, and p,, p,, p, 
the distances of a point from its vertices; then p,sin.A, 
p, sin B, p, sin C are the sides of the triangle formed by the 
feet of the perpendiculars from the point on the sides of the 
given triangle, and a is the radius of the circle passing through 
the feet of the perpendiculars. Hence 


a’ (2p, p,' sin* A sin" B + 2p,'p,' sin*B sin*C 
+ 2p,'p,' sin C εἰπ' A — p,* sin'A — p,' sin'*B — p,' sin' C) 
= p, p, p; sin*A sin'B sin C 
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from the expression for the radius of the circumscribing circle 
of a triangle in terms of the sides. 

Now we may infer from Ptolemy’s theorem that the 
expression between the brackets is equal to 


4 sin^ A sin"B sin” Οἵ, 


where ἑ is the length of the tangent to the circumscribing 
circle. 

Hence PiPPa = αὐ) a curve of the sixth order. We have 
also p,'p, p, = 2αΐ for the other focus; but tt” = 421, where 
E is the radius of the circumscribing rele, from the invariant 
relation between the conic and the circumscribing circle of & 
circumscribed triangle; therefore 


PaPaP aP: Py ρα 
b 16a*b* 


49. The equation of the circle described on a chord of a 
conic as diameter is 


(a^ + bn μέ * 4- y") — 2a!lz — 2b*my + αἲ 1. δ' — a'b (P +m") -- 0, 
where 7 E s -iz = U=0, and lz+my—1=0, are the equa- 
tions of the conic and chord respectively. 

This oe may be written 





(m (4+ h-1)* p (let my—1) (le ls my- 1.0, 
showing that the circle meets the conic again on the line 
πη. (α΄ : (a + b”) ο. 
Hence, if the circle touch the curve, the chord touches 
"nM c 


ote Gath 
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If the ratio of the lengths of an internal and external 
common tangent of the director circle, and the circle de- 
scribed on a chord as diameter, be given, the chord touches: 
a confocal conic; for, if m be the ratio, and a’ the semi-axis 
major. of the conic touched by the chord, we can show that , 
a n αὖ t =") 
a-a e+e Aim) 
If the circle described on the chord /x-my-—1-0 as 
diameter cut orthogonally the fixed circle 
Sza!-y'—2ax —28y + k z 0, 
the chord touches the conic 
aè (K — P) P 4-0 (K — αἲ) m' — 2a%al — 2δ'βηι Fa! 4 0-0. 
2.3 2 
If S-p t LC =a + b", the chord passes through one or 
other of two fixed points; and S is then the polar circle of 
the triangle. formed by the line joining the points and the 
tapgents to U where it is met by this line. 
The circles described on parallel chords of a conie as 
diameters have double contact with a concentric conic. 


50. For the equilateral hyperbola 2* — y* --αἲξ U=0, the 
circle described on the chord /z--y—1-0 as diameter, 
coincides with the polar circle of the triangle formed by the 


tangents to U from the point x= 7 , J= - , and their chord 


of contact. 

Prove that the circles described on conjugate or rect- 
angular chords of an equilateral hyperbola as diameters cut 
orthogonally. 


51. To show that the algebraic sum of the reciprocals of 
the common tangents of a circle and a conic {9 equal to zero. 
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Let a cosw+ysinw— /{(α' cos’ + b'sin'w)| =0 be a 
tangent of the conic, and let p be the perpendicular on it 
from the point (α΄, y); then E is the reciprocal of the 
common tangent of the conic and a circle of radius p, whose 
centre is (x', y). 

Hence, for the four common tangents, 

Σ : = Zw = 0, as we shall show. 
P | 
Putting e" =z In 


x’ cosw + y' sin w — p — Ν(α' cos ΤΣ, sin” ερ) = 
we obtain 


[(z' — ἵψ') 2! — 2pz + α΄ + iy F — (c2 + 2 (à! + b z*+c'} 20, 
from the absolute term of which equation we deduce, if 


tan de = Aog) Σο- ΑΦ. Zw is therefore independent 


If the circle touch the conic, we have 


1 Ρ 1 2p coté 

tS Pr? 
where r is the radius of the circle, p the radius of curvature 
of the conic at the point of contact, and 0 the angle which 
the diameter of the conic at the same point makes with the 
curve. We can show in a similar manner that a circle 
meets a conic at angles, the sum of whose cotangents is 
equal to zero. 

If a cirele touching a conic meet the curve again at angles 

2r" cot 6 


(p-r? 


a and B, we have cota + cot = 





, where ϐ has the 


same meaning as before. 
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52. A triangle is circumscribed to an ellipse S, and in- 
scribed 4n a confocal ellipse ; to show that the osculating 
circles of S at the points of contact of the sides touch the fourth 
common tangent of S and the inscribed circle. 

Using tangential coordinates, the equation of S, referred 
to the triangle, is pv sin®4A + vr sin" 3B + Ap sin' 30 —05 
and 2—4S=0, represents the confocal conic circumscribed 
to the triangle where A, B, C are the angles of the triangle, 
and 

QEN + p? +y — Quy cos A — 2yX cos B — 2.44 cosC. 
Then S—(Asin*4B+ u sin'4A) (A+ mp) =0, represents a 
conic having contact of the second order with S on the side 
opposite v; and expressing that this conic passes through the 
points represented by 2=0, we obtain the equation of the 
circle osculating ὃ on the side opposite ν in the form 


2 sin'43B 2 sin'4.4 Zn 
a-h ge 1) ^ Go ~2) +7} =° 
But this equation is satisfied by 





1 1 
Aa con con? K= osos A? ~~ cosd—cosB? 


which are the coordinates of the fourth common tangent of S 
and the inscribed circle. The* three osculating circles have, 
therefore, this line for a common tangent. 


53. Given four tangents to a conic, to find the locus of the 
centre of a circle of given radius having double contact with the 
curve. 

Let la+ mB+ny+p5=0 be an identical relation con- 
necting the four tangents a, B, y, ὃ, and let r be the given 
radius; then the equation of the locus is 


2 (a — 7) m (B-r) xn (Y! —7) +p νίδ'-Ἔ0, 
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which represents a curve of the sixth order passing through 
the circular points at infinity, and the points at infinity on 
the diagonals of the quadrilateral formed by the tangents. 

Putting r= δ, we see that the locus of the points where 
‘the normal at the point of contact of one of the tangents. 
meets the axes of the conic, 18 a cubic passing through the 
points where ὃ is met by a, 6, y. 

Given three tangents to a parabola, the locus of the centre 
of a circle of given radius, having double contact with the 
curve, is a unicursal curve of the fifth order. 


54. Given four points on a conic, to find the locus of the 
centre of a circle of given radius having double contact with 
the curve. 

Let p,, Pa p, p, be the distances of a point from the four 
points, l,m, n, p the areas of the four triangles formed 
by the points, and r the given radius; then the equation of 
the locus is 


L (p? — 7) +m (o — 7) n (p? — τὴ pA p? 7) =0, 


which represents ‘a curve of the sixth order. (Salmon’s 
Conics, p. 206, Ex. 10). | 

If the four points lie on a circle, the locus breaks up into 
two circular cubics whose foci are situated on a concentric 
circle. | 

If the four points form & parallelogram, the locus reduces 
to a curve of the fourth order. | 

Putting r=p,, we see that the locus of the points where 
the normal at one of the given points meets the axes of 
the conic is a conic; but when the given points lie on a 
circle, the locus consists of two lines passing through the 
centre of the circle. 

| * 
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55. If Pry p, are the distances of a variable point from the 
foci of a conic, and if we " P. ‘= 2a cos 40, p, = 2a sin* 40, 


for & point on the curve, cos! oT EY: + he da? =0 will re- 


present a circle having double contact with the conic. This 
equation will become, if we put 
p, p,77 2p, p, — p,—2v, μ' +r — 2uy cosh — a sin'0 = 0. 
Differentiating the equation of the circle and eliminating 6, 
we obtain for the differential equation of the system of circles 
| dp dv _ 
(à? — u’) T v(a — y! 

Hence, two circles of the system make equal angles with 
the confocal conics which pass through their points of inter- 
section. 

To find the angle between the two circles that pasi through 
'a point. Transforming the equation 

μ' +? —2uy cos -- a’sin’ 0 =0 
to Cartesian coordinates by means of the relations 
μ᾽ 4-γ᾽--α 1 γ᾽} ον µν--οα 
we find if r be the radius of the circle, and 2" the abscissa of 
its centre r =b sinf, z'—ccos0. Hence, if d is the distance 
between the centres of two circles, 
d= — 2c sin (0 — 0") sin} (6 + 0"), 

and d'—r'-4r"—2rr cosó, where œ is the angle sought. 
But solving for the intersection of the circles, we obtain 
p. a cost (0 — 0), v=a cosd (0 -- 0") ; therefore 


tanjó = CET -μ) (c -- ν’) 


0. 


(μ' — ο) [αἲ-- y»)! 


and βὶη ἀφ = 7 WE : 
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If the circles cut at right angles, the locus of their in- 
tersection : the concentric conic passing through the foci 





s+ 5 T =) y =c. Ifthe circles cut at a constant angle, 
the locus of their intersection is a curve of the fourth order. 


56. If ¢ be the length of an external common pen 
of two circles of the system, 


ἐξ κά - (r—$^/] =2 sing (0 — 0) y {a° vida (8-6) - — δὴ 
. =- = ila? -μὴ (ὁ -- v). 
If 4» be the angle which the same tangent makes with the 





axis siny = —- =- “cot } (0+ 0), and for an external 


common tangent siny” = — ? oot 4 (0 — 0^. 


Hence, one or other of the common tangents is parallel to 
a fixed line when the intersection of the circles lies on a 
confocal conic. 


57. If n circles, having double contact with a conic, form, 
with a single point of intersection of cach, a polygon n —1 of 
whose vertices move along confocal conics, the nè vertex will 
also move along a confocal conic. 

This follows at once from the expressions for u, v in 
terms of 6, 6. 

For a triangle the semi-axes μ., H, μ. of the confocal 
ellipses are connected by the relation 


a '— a (p? +p, + με) + 2,04, = 0, 
58. If d be the distance between the centres of two circles 


=Z (etuer) =, /(1-5-¥) 


in Cartesian coordinates. 
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Hence, the theorem in the last example is true, if we sub- 
stitute for confocal conics “ concentric, similar, and similarly- 
situated conics.”’ 


59. If A, B are the base angles of the triangle formed by 
the centres of two circles and a point of intersection, we have 
rtr—-d ὂμ--ονία-- μ') 
r+r +d ὃὖμ--ονψί(α-- p) 
if the intersection of the circles lies on a confocal ellipse. 


An d: san lm P is constant if the intersection of the circles lies 


tan& 4 tang B= =a constant, 





on & put hyperbola. If the difference of A and B is 
given, the locus of the intersection of the circles is an equi- 
lateral hyperbola passing through the foci. 


60. The centres of similitude of two circles having double. 
contact with a conic are harmonically conjugate with the 
foci. 


We have ΝΗ c cos 4 (0 — 6) | 


ntr ~ eosj (0+ 0)? 
, ccosj (0-- 0). 
end 5 —" cosi (0— δ) 


therefore az’ = c*. 

For the system of circles which have their centres on the 
minor axis of the conic, the circle described on the line joining 
the centres of similitude as diameter passes through the foci. 


61. If tangents be drawn from the foci to circles having 
double contact with a conic, show that the product of the 
sines of the angles they make with the axis is constant. 


62. The square of the distance from a focus of a point 
of intersection of two circles having double contact with a contc 
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48 ‘equal to the product of the distances from the same focus 
of their points of contact. The equations of the circles may 
be written in Cartesian coordinates - 

g' 4 y'—2e2,2 ez! —D20, αἳ +y'—2e'a, a+ ea, —0-0, 
where x, z, are the abscisse of the points of contact. Hence, 


1) ""9 
for a point of intersection, we have 


α | yY exa 


gy 2U= 2, +25 


therefore . y'+(xic)’=(atex,) (aex). 


63. If two circles having double contact with a conic 
intersect in the points (α΄, 4), the equation of the circle 
passing through their points of contact may be written 

g 4 y' — 2e°a'a ra^ + y®— 26° = 820. 

If 6 be fixed, and the conics form a confocal system, the 
locus of the points ( + y') is a circle cutting S orthogonally. 

If the points (z', +y’) are fixed, and the conics form a 
confocal system, S has double contact with the Cartesian oval 


(a + y^ + x^ + y+ 263)” — 16822 = 0. 
If the radius of 8 is given, the locus of (α΄, + y') is the conic 
ay? + b (2a? — 23) 2? = at (2b? — 7’). 
If the tangents to 8 from (2’, + y) contain a constant 


angle, the polars of (α΄, +y’) with regard to the given conic 
are touched by a confocal, 


64. The envelope of the polar of a fixed point with 
regard to the circles having double contact with a conic is 
& parabola. | 

For the system of circles which have their centres on the 
minor axis of the conic, the envelope is 

s-yr t (etf i)» 


a* ῥ᾽ 
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(x', y) being the fixed point, and —, “5 +4 ois 0 the equation 


of the conic. Putting y'=0, αἱ =c, we see that the feet of 
the perpendiculars from a focus on its polars with regard to 
this system of circles lie on the corresponding directrix. 


65. Tangents parallel to a given line are drawn to the 
circles having double contact with a conic; show that their 


points of contact lie on a concentric conic passing through 
the foci. 


66. The radical axes of a fixed circle, and the system of 
circles having double contact with a conic, touch a parabola 
which passes through the points of intersection of the conic 
and the fixed circle. We have two parabolas for the two 
systems of circles, the axis of the parabola being, in each 
case, parallel to the chords of contact of the circles. 

Hence, if circles having double contact with a conic be 
described to touch a fixed circle, the tangents at the points 
of contact are touched by the corresponding parabola. 


67. To find the locus of the centres of similitude of a fixed 
circle, and the system of circles having double contact with 
a conic. 

If a, 8 are the perpendiculars from the foci of the conic 
on a line, a tan46 + 8 cot40 —-2b= = =0 will be a tangential 
equation of a circle nev ing double contact with the conic 
a8—b'=0; and if '—r'zZ'—0 be the equation of the 


fixed circle, a tan 40 + 8 cot 40 + - y=0 will be the equation 


of a centre of similitude of Σ and Σ. The envelope of this 
equation with respect to @ gives the locus required, viz. 
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: | 
αβ -- : γ'-- 0, which represents a conic touching the common 
tangents of Z' and the given conic. 

This conic passes through the points on = where it is 
touched by circles of the system Σ = 0. 


68. Taking two circles 

a tanjÓ + 8 cot4é—2b=0, a tan}@’+ 8 cot40' — 25 — 0, 
having double contact with the conic a8 — b’ = 0, we have for 
their common T 

| — a8 = (a + B) tan! 4 (0 — 0"). 
Hence, when ps common tangents touch a concentric, 
similar and similarly situated conic, the intersection of the 
circles lies on a confocal conic; for the angle @ is that used 
in Ex. 55. 
For the system of circles which have their centres on the 
minor axis, if the tangents to the conic from the intersection 
of the circles contain a constant angle, their common tangents 
will touch a confocal conic. 


69. lf a right line touch two circles. having double contact 
with a conic, its points of contact with them lie on the same 
concentric, similar and similarly situated conic. 

Let x cosw+ysinw—p=0, y’+(%—c cos0y— b sin*6=0 
be the equations of the line and one of the circles respectively, 
and let (x, y) be the coordinates of their point of contact; 
then | 
æ= € 0086 + b sinl cosw, y= b sinÓ sinw, 


ών sin ϐθ +c cos@ cosw; 


bod 
a 


hence +%= A + (e cos’ 0 — b’ sin’ 0) βίη” 1ο) 


- -- sin! 0 gin*w = ` 9 


p ο πω a’ 
i ^ ο 
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where α is half the s = of the confocal conic touched 


' 


by theline. The conie 5; x Hed p = Z , therefore, passes through 


the points where the line is as by both the circles. 
Putting a’=c, we see that the tangents drawn to the 
circles from a focus have their points of contact on the conic 


70. To find the distance between the centres of the two 
circles which touch the line xcosw+ysinw—p=0. From 
the equation p — b sin 0 — c cos Ô cosw =0, or 

cos’@ (a^ cow + δ᾽ sin’w) — 2cp cosw cos + p! — b’ = 
2b vile" cos’ 10 ἠ-.δ᾽ sin'w — p y 

a’ cos’ w + δ᾽ sin^w | 


Now d-c(cos0— cosÓ"), and if ὃ be the intercept of the 
line on the conic 


we find cos- cos = 


$= 2ab vile cos’ 20 + D sin w — p] - 
a’ cog w + b^ sin’ 

therefore d= eò. 

71. To find the condition that four circles, having double 
contact with a conic, should be all touched by the same circle. 

If the circles 

(x — c cos)? + y! — b εηῖθ-- 0, (α-- a)'+(y—f)—r=0, 
touch one another, we have 
(r+ ὁ sin θ)' = (a — c cos6)* + £. 


Now this equation also expresses that the point whose co- 
ordinates are c 9086, εὖ sin 0, lies on the circle 


(z-a) + (y— in 8-0. 
Hence, from the known condition that four points on a conic 
should lie on a circle, we have 6, + 0,+ 0, -- 0, — 0. 
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When this condition is satisfied, a confocal conic passing 
through the intersection of one pair of circles will also pass 
through the intersection of the remaining pair (see Ex. 55). 

If four circles having double contact with a parabola be 
all touched by the same fifth circle, the algebraic sum of 
their radii is equal to zero. 


72. Three pairs of osculating circles of a conic can be 
described to touch a circle which has double contact with 
the conic. | 

If circles be described te have double contact with the 
conic at the points of contact of each pair of these osculating 
circles, they will intersect on the confocal conic © 


a" y 
a t'g-7t 


73. To find the equations of the circles which touch three 


Given circles having double contact with a conic 
| oy 
(3+ B19): 
From the equation of the circle passing through three 
2 3 
points on the conic 2 - m= 1, we obtain (see Ex. 1), if the 
equation of the circle sought is 
α + y — 24x —2By + C=0, 

A= = cos] (0, + 6,) cosi (O, + ,) ρε (6, +4), 
B=+ Ἔν (c — a® cos*4(0, + 8,)} (c — a cos} (θ, + 6/)] 


x (c! — a* cos' 4 (6,4 0,)j, 
Q= $a Ícos(0, + 0.) - cos (0, 69) -t cog (0, x 9: — Xf — 29. 
Φ 
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Also, if È is the radius of this circle, | 
3 
R= sing (0, + 6) sin} (0, + 0,) sing (6, + 0). 


The equations of three other pairs of circles are obtained 
by altering the signs of two of the angles 6, 6, θ.. 

74. To find the angle between a tangent to a conte and 
a circle having double contact with the conic. 

‘Let the tangent be 


w cosw + y sinw = p = y (@ cos w + δ᾽ sin’ vo), 


and the circle z'4- (y — 8)’=7’=a" (1 + £) . Now, if Ó be the 
Bp 


angle required, r cos = B sin w — p, and r sinÜ = c sin w + P 


Let p=asina, csinw=acosa, B=ccotd, and σος 


gno? 
then Θα — $. 

Hence, the tangents to a conic meet two fixed circles, 
having double contact with the conic, at angles whose sum 
or difference is constant. 

Also a variable circle having double contact with & conic 
meets two fixed tangents to the conic at angles whose sum 
or difference is constant. 


75. To express the same angle in terms of the coordinates 
(æ, y) of the intersection of the tangent and circle. 


We find cos 0 = ST or aoa. where p, p' are the 








distances of (x, y) from the foci; ϐ is therefore equal to half 
the angle which the points of contact of tangents from (z, y) 
subtend at a focus (Salmon's Conics, Art. 121). 
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This result may be obtained by means of elliptic coor- 
dinates; for the differential equation of the tangents to the 
conic 44 = a, i8 

αι... R dy ο; 
γω αἽ[μ'- δὴ * eA ev) >” 
(Williamson’s Integral Calculus, p. 219, Ex. 32), and that 

of the circles is 
pdp " vdv m 
Νίμ'-α)(μ'- ο) W(ad-v)(e-v) ? 
as can be seen by integrating and transforming to Cartesian 
coordinates, But when two curves are represented by the 
equations in elliptic coordinates, | 
Pdp + Qdv=0, P'dp + 0 ὧν = 0, 
the angle ϐ between them is given by 
tang = PO —P'Q Ve = ο) (ὁ --ν). 
PP 2}+ OG (e=7) | 
whence, in the present case, | 
v(W- a) (=) yn hr 
ΓΕΝΝ 
Hence it may be deduced, that the tangents drawn to 


a conic from the centre of a circle having double contact 
with it meet the circle on the directrices. 


{8η ϐ = 


76. Two circles are described through a point (x, y) to 
have double contact with a conic; to find the angle subtended 
by thetr centres at a focus. 

A circle having double contact with the conic being 
written 


3 
2! y -28y - d — 5 8 =0, 
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we have for the two circles of the system which pass through 
(x, y) Λ -- 
c ἂν 
B,8,- p (a — a — y’) 8, -B,- g 8 


where S25, εὖ -1; 


|  c(8,—8) 2αἑψ8 

but t npe 3188 ! "uua p 

or, the angle sought is equal to the angle between the 
tangents drawn to the curve from (x, y) (Salmon’s Conics, 
Art. 169, Ex. 3). 


77. To find the envelope of the tangents to the circles 
having double contact with a conic at the points where these 
circles are intersected by a fixed tangent to the conic. 

Writing the circle 

3 
a+ y - 2By- d -5 B= B-0, 
and the fixed tangent 


e 
5 cos d + sing — 10. 
we have for a point (z', y') of their intersection 


cos s (e+ 2E sing) " sin = > cong 
p 








$8. 


1 +e ΟΟΒΦ : 
The tangent to S at (α΄, y') is, then, 


ax fcosġ 4 (e+ = ind) T5(y-—8) {sing s wed) 


liecosd 


= (5 A+ By ο) (1 +e cosġ)=0, 


which touches, when 8 varies, one or other of two parabolas. 
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78. Through the centre of a circle having double contact 
with a conic tangents are drawn to a confocal conic; show 
that they intersect the circle on two chords of intersection of 
the conics. 

79. Let Sz (x-a)'+y’—-r'=0 be a circle having 


a 
double contact with the conic — Aat T, — 1 =0, and 


—À — 7 - 0, 


a circle having double contact with the confocal conic 


a? 3 | 
y. 1-0, 
x a’ p’? p 
r? ο α-.-β' +r? — 2rr' cos 
therefore ee σας ἃ 


where ¢ is the angle at which S and S' intersect. 
Hence, when ¢ is given, the ratio of r to 7' is constant. 
Putting r —nr, we have 


δα” + vta = c (b ~ πα"), 


showing that the line joining the centres of S and S' is 
normal to 


z* 3 οἳ 
p τ a aa m n? b? — nq? 


which represents a conic confocal with the given conics. 
If (z, y) be a centre of similitude of S and S', we have, 
in the same case, 
2.2, 2 | e(Pp — n'a") | 
indi: y= πει ? 
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when, therefore, S and S' touch, the point of contact lies on 


80. If, in the preceding example, S and S'caut orthogo- 
nally, show that they interaect on. two chords of intersection 
of the given conics. 


81. Two circles having double contact with a conic are 
described to touch a tangent to a confocal conic; to show that 
the angle subtended by their centres at a focus 4s constant. 

Expressing that the circle 


a+ (y-8gy-r'z0 
has double contact with the conic 


z "m 
tj -—1=0, 
and touches the line | 


æ cosw + y sinw — p = 0, 


we have 
7 
πο σαι B sinw — p =r. 


Eliminating β, we obtain from the equation in r, | 
pP +e sin’ | 


rr = — 
1 — οἳ sinw 7 


13 


and eliminating r from the equation in β, 


e (a - <P) | 
βιθι-- 1- esin*w ` 


But, if $ be the angle sought, 
rr, ΟΟΒΦΞ 9,8, +c’; 
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therefore 
e! (2a? ΞΡ — οἳ sin’) -o 1 
p Tc sn*w (ᾱ- 2) ý 
where a’ is the transverse semi-axis of the confocal conic 
touching the line. 

As a particular case we have :— The circles drawn through 
the foci to touch a variable tangent to a conic cut each other 
under a constant angle. 


cos φ = 





To find the orthogonal trajectory of the system of 
nes having double contact with a conic. 
The differential equation of the.system of circles -- 


pdy νὰν = 
N= a) (we) * Ne -»)e-») * 
that of the orthogonal trajectory will be 


du u! — a^ _ dv α -ν | 
a MV (eee) * v M (exp) 7? 
Taking the lower sign and integrating, we obtain 
log [e vr- ο) +E outa} Byer) +S ular} 
- e log {y(u*— yet -e) We -») + νο -v)j 


=a constant. 





If, then, the eccentricity of the conic be the ratio of 
two integers, the orthogonal trajectory will be algebraic. 

For the system of circles which have their centres on the 
major axis, the orthogonal trajectory is transcendental when 


the curve is an ellipse and algebraic when the curve is an 
σῷ m 
hyperbola whose eccentricity = Vni — 8)? where m and n 


are integers. 
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83. A conic has double contact with two fixed circles, the 
circles belonging to different systems ; to show that its eccentricity 
4s given. 

If the circles 

(α- α)'1γ'--ν᾽-0, cz -(y—-8/y—7r'z0, 


have double contact with the conic 





; a? g? g”? p 
we have αρ] dc. 
| | : 
therefore d = er? — m γ᾽ 
6 


where d is the distance between the centres of the circles. 

Hence it can be shown that the locus of the foci of this 
system of conics consists of two pairs of circles concentric 
with the given circles. 


84. To show that the asymptotes, in the same case, pass 
through fixed points. 

Let A, B be the centres of the given circles, and C the 
centre of the conic, then ACB is a right angle, and the 
asymptotes are inclined to CA and CB at constant angles; 
they, therefore, pass through fixed points on the circle 
described on AB as diameter. 


85. If two circles are connected by a certain relation, an 
infinite number of equilateral hyperbole can be described to 
have double contact with them. 


86. A conic has double contact with two fixed circles, the 
circles belonging to different systems ; to find the envelope of tts 
directrices. 


Examples and Problems on Conics. 49 


The conic 
α + y'—2az + E — ο (x cosa + y sin a)’=0, 
has double contact with the circles 
x +y — 2ax +k =0, (1 -- 6) (a+ y*) - 2az 4 k= 0, 

the origin being a limiting point of the circles. 

Now 2cosat+ysina—-p=0 
will be a directrix of the conic when 

z' + yY? —2axr + E + ον — 2e*p (x cosa + y sin a) =0 
represents a point; which condition gives 
6" (1 — e)p — 2e’ap cosa + k’ -— a? =0, 

showing that the directrix touches a conic having the origin 
for focus. | 


87. To find the envelope of the director circles of the same 
system of conics. 

The equation of the conic being the same as in the last 
example, the equation of the director circle is 


(1 —e”) (z* -- y") — 2az(1— e'sin*a) —2e'aysinacosa--£'(2—6") — a —0. 
The envelope is, therefore, the Cartesian oval 
(α — e) (a +9") - (2 - ejar tk (2- e) - 2] ds (at y) =0. 


9 
88. Let S be a variable circle having double contact 
with a hyperbola, and 6 S, two fixed circles of the other 
system having double contact with the hyperbola; if ¢, be 
a common tangent of S and S, and ¢, of S and S, shew 
that ¢,— ¢,= a constant. | 


89. Given three circles with their centres on a line, there 
ts one conic which has double contact with them. 
| *X 
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If S, S, S, are the equations of the circles in Cartesian 
coordinates, l, m, n the distances between their centres, 


UJ S, tm JS, -n 8,2 0, 
represents the conic which has double contact with the circles 
If Z, Z, Z, are the squares of the intercepts of a line 
on the circles, the tangential equation of the, conic may be 
written l / 9, + m /2, -n / 3, — 0. 


90. If in the preceding example, the line joining the 
centres of the circles is the major axis of the conic, the 
eecentricity (e) of the conic is given by 


e B lmn 
1 --οἳ o lr? + mr - η 


where r, 7,, 7, are the radii of the circles. 


If the same line is the minor axis of the conic, 
Imn 
in lr! nr, ary 

In the first case the foci of the conic are the double points 
of the involution determined by the centres of similitude 
of the circles (see Ex. 60). 

In the second case the foci of the conic are the points 
at which the centres of similitude of each pair of circles 
subtend a right angle. 


91. A conic has double contact with two fixed circles, 
the circles belonging to the same system; shew that its 
asymptotes touch a parabola of which the middle point of 
the centres of the circles is the focus. 


92. The envelope of the director circle of the same conic 
is a Cartesian oval, of which the middle point of the centres 
of the circles is the double focus, and the centres of similitude 
of the circles are single foci. 
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93. To find the locus of the points through which the conics, 
drawn to have double contact with two fixed circles, cut 
orthogonally. Ἦ 

When the circles belong to different systems, the locus 
is found to be a bicircular quartic having the centres of 
the circles for double foci. 

When the circles belong to the same system, the locus 
is the circle described on the line joining the centres of 
similitude of the circles as diameter. 


. 94. A variable circle has double. contact with a conic; 
‘shew that the tangents, drawn through one of the points 
of contact to a fixed confocal conic, intercept on the circle 
segments of given length. 


95. PP’, QQ' are chords of a conic, parallel to an axis 
of the curve; if circles through PP’ intersect circles through 
QQ' on the curve, shew that the distance between their 
centres is constant. 


96. If pairs of circles, having their centres on an axis 
and cutting each other orthogonally, be described through a 
fixed point on a conic, the circles passing through the variable 
points where they meet the curve again have a common radical 
axis. 

The circle passing through two points z,, z, on the conic 


may be written 
x+y- eè (x -α)αἠὀἴσια,--δ'- δ--0. 
Now, a being the abscissa of the fixed point, the circles 
αἱ 4- y' — e (az) x - ear — b — 0, 


T +y -e (a z)z-t cox, - U - S, 
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cut orthogonally, when 
ο" (α ἠ- x) (a -- ο)) — 2e'a (a, + o.) +40" — 0, 


subject to which condition S passes through the points deter- 
mined by 


2 (5-1)s, ey - (1e) ev 
These points lie on the circle 
.... τα ος. 
zx +y -----α--α «σ--δα =0, 
à : 


which represents the circle cutting the conic at right angles 
at the points where it is met by «=a. 


97. If r be the radius and 2’ the abscissa of the centre 
of the circle 


9 * 
sy aeta c'— eg z0, 
we have | 
2 (z^ — a) (z^ — ο) 
7 iG SEE. MEE ο 


This equation is not altered by interchanging a and c; 
whence we infer that the — cutting the conic 


S Bm 1 0, 


orthogonally at points on a ο. to the transverse 
axis, and the circles related to the conic 
LA 
in a similar manner, belong to the same system algebraically. 
98. The envelope of the system of circles 


2 
gy Euge — c 4 ea’ — 0, 
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is (a* + 4° + a + cy — CAN 
or in elliptic coordinates 
(μ' 4 ν' 1 a’) --2Ία'μ'ν =0, 
which may be written 
μὲ + vi+ al -- 0, 

99. The length of the tangent drawn from a focus to 
a circle cutting a conic orthogonally at points P, Q, PQ 
being parallel to the transverse axis, is equal to the semi- 
diameter parallel to the tangent at P. Also, the angle 


between the tangents from a focus to the circle equals vr — 2$, 
where ¢ is the eccentric angle at P. ΄ 


100. If the circles 
2 a 2a 2, 9 21 
x+y το τα +c—ea =0, 
ο ee lode 


cut each other orthogonally, the line joining their centres 
touches the conic 


p y? c? 
d DB gib 


101. To describe through a point on a conic circles cutting 
the curve twice at right angles. 
Eliminating y "e the equations 


=+%-1= 0, 


Pe eee 
a 


and dividing by 2 — a, we obtain 
e (dà + xa) — 2α' — 0. 
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Hence two circles may be described, and the circles passing 
through the variable points where they meet the curve again 
passes through fixed points on the minor axis. 


102. Jf normals be drawn from a point to a conic, and 
the line joining the feet of two normals pass through a fixed 
point, to shew that the line joining the feet of the other two 
normals touches a parabola. 

If one chord of intersection of 


gt oy _ 
SET p i79 


and cary + D ys — ας = 0, 
(Salmon’s Conics, Art. 181, Ex. 1) is 


ζα 4 my 4 02-0, 
the other must be 


Hence, if one chord pass through the fixed point (α΄, y^), 
the other touches the parabola 


m LI) = 
J ( 2) * A F) j 
The locus of the intersection of normals, at the extremities 
of a chord which touches the parabola 
Jv) +v (uy) = 1 
is a curve of the third order (Salmon’s Conies, Art. 370, Ex.). 


103. A triangle being inscribed in a conic 


3 3 
825+ 


Sx 


-120, 
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and circumscribed to a conic 


the normals to S at the vertices of the triangle pass through 
8 point; to find the locus of the point. 

Writing down the conditions that the sides of the triangle 
(Salmon’s Conics, Art. 231, Ex. 2) should touch δ΄, and 
eliminating a’ and 6’, we obtain a relation which expresses 
that the normals pass through a point. 

Forming the invariants of S’ and 

S" =2 (cay + ba — azy), 
we have, since S” circumscribes a triangle circumscribed 
about S", 


relations which agree with 


a’ b 


a b ? 

the invariant relation between S and ©’, the normals at 
the vertices of the triangle intersect on the curve. 

The locus of the centre of the circumscribing circle is, 
in this case (see Ex. 12), 

αδχ' 4 py pat 1 a‘b* : 

and the envelope of the circumscribing circle is the bicircular 
quartic 


i 3 1 
(+y —a!- b*)? -- α΄ζ' e 1 s j-9. 
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105. To find the locus of the centroid of the same triangle. 
Eliminating y between 


ο 


2i T 7 — 1=0, c'zy + b yz — azy =0, 
we obtain 
c'z* — 2a'c'ala* + a* (a'z" + by” — c') α΄ + &c. = 0. 


, 2a" , 
Hence οι X XV +2 my x, 


since x’ is one of the roots of the equation in 2; therefore 
2 3 3 ἃ 
3x = ELE z', and similarly 3y — “ΕΞ y, whence the 
equation of the locus is 
a Y E 1 (a* + py 


ae’ 9 ο 


To find the area of the same triangle. 

















Ly Lay 0, 
We have 2O=| Yn Yar Ys |! 
es | 
therefore, squaring 
Σα, Σαν, Xx 
4A*=| Σαν, Sy", Ey |» 
Σα, Zy, ὃ 
But we have i 
+o, a 42") , 
spat 3 ) y, z=- y; 


we also find wei [(α" + 2c") g” -= by" + ο], 


3 26" 2 3 sg 2/8 4 
zy --C((0 -20)y" -a's +o], 


κ. 
Σχι ---- ο ay. 
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— 





Hence, —- = reducing by means of the equation 
a τὰ h =1, 
we obtain 


2 Tp 2 E 2 d 
wu 27 fla -2py ὃς — (Βα δη St. 


106. From the point where a normal to the conic 
E +8- —1=0 touches the evolute, two other normals are 
bon to the curve; show that the line j joining their feet is 


always normal to the conic α α΄ + 5^ = zc 


107. Normals are drawn from a point (a, y) to the 
parabola y* — 4mz — 05 if A is the area of the triangle formed 
by their feet, show that 

Δ᾽ 24m (x — 2my —21m*y*. 


108. Normals to the parabola y'—- 4mx=0, include a 
constant angle = tant; show that the lou of their 
intersection is 


(€ (y + 8m* — mz) + t (2m* — x” + mz))* 
=m (1 + ἐδ)" (4 (c— οι) — 27my*}. 


109. Zo draw a normal to an equilateral hyperbola from 
a point on the curve. 
lhe curve referred to the asymptotes being written 
2zy —a' —0, the hyperbola which passes through the feet of 
the normals from (2, y') is a — y! —a'z4- yy 20. We have, 
therefore, to determine c 
4α΄ α΄ — Ax"! z^ + atx — ασ = 0, 


a’ 


which gives, after dividing by α-- α΄ 2^ — — dz 
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110. The anharmonic ratio of the pencil, which joins any 


2 
point on the conic a + 4 —1-0 to the feet of the normals - 


drawn to the curve from. (a, y), is given by the equation 
S8 B ( ata? + py - c 


111. A conic circumscribes a triangle so that the normals 
at the vertices pass through a point; to find the locus of fts 
centre. 

The condition that the normals should pass through a 
_ point can be written cot, + cot 9, + cot3, —0, where 9,, 9,, 9. 
are the angles which the sides of the triangle make with 
the diameters bisecting them. But, a, B, y being the per- 
pendiculars on the sides of the triangle, 

9 _ BsinB—-ysin € - a sin(B— C) 
2m 2a sin B sin O : 


and similar expressions for 9, 9,; thus, we have for the 
equation of the locus 


cot 


dag (9 - v) ^ aeg - e) + 2G (e- 8) =0. 


sin C 








This cubic is also the locus of foci of conics inscribed in. 
the triangle, whose axis major passes through the centroid. 


112. To find the condition that the normals at six points: 
on a conic should be all touched by a conte. 
Expressing that the normal whose equation is. 
αι. 
cos sing 
touches a conic given by the general equation, we obtain an 
equation of the eighth degree in taná$, between the roots 





— 6 z 0, 
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of which we find three relations by eliminating the constants 
in the equation of the conic. Eliminating from these 
relations two of the roots, we have the condition required 


-` PQ- R8=0, | 
where P= 3 cos$ (ġ, + p, +$, — 6,— ϕι-- $4, 
Q- Σ sin($, 1 d, 4, $), B= Z οοὐ(ο-- $), 
' S=sin2s+ Z sin(¢, + ¢,), 


2s being equal to ΣΦ. | . 
If the normals at six points on the parabola y'—pz-0 
are all touched by a conic, we have Zy = 0. 


113. To find the locus of the poles of lines making a 
constant angle with the conic z + P 1-0. 
The equation of one of the lines may be written 
a (b cos $ + ma sin $) + y (a sing — mb cos $) 
— (αὖ + πιο sin $ cos $) = 0, 
where m is the tangent of the given angle; comparing this 
with zi T n. 1— 0, we have 


zw beosdt+masind y asnd—mbcosd 


cee Se, —— ee 


αὖ + πιο" sin $ cos $ ? 
hence, eliminating $, the equation of the locus is 
m? (Se αἳ 5) 2mc'ay (5 " y 1) 


ae ow P) ae (275 


1 y (5 y yx 
i a*b* ΕΣ 4 ae p 1)=0, 


a quartic having a node at the origin and two nodes at exis - 
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114. Zo find the condition that three lines making an 


angle tan’*m with S A A l, at points whose eccentric 
angles are a, B, ty should meet ἐπ a point. _ 

The points at which lines making a constant angle with 6 
pass through (α΄, y are determined as the points of inter- 
section of S with the hyperbola 


S'zm (clay + γα — ac y) -- a e: 5 ~ ) : 


Hence, we must have δ' + 4S ZXPQ, where 


== cos] (a+A)+% sing (a +£) — cosi (a - 8), 


== cos] (y + 8) +4 sin} (y + 8) — cos} (y — δ); 


and equating the coefficients of 2*, y*, zy and the absolute 
terms in this identity, we obtain 


k — X cos} (a + 8) cos] (y + ὃ) -- λ. sing (a + 8) sind (y+ 5), 
mc'ab — sind (a+ B+ y 4- δ), 
a'b — k= cos} (a — 8) cosh (y — δ): 
hence, α--β--Υ--ὃτπι 
and sin (8 + y) + sin (y +a) + sin (a+ 8) - 257. 


115. If a triangle be inscribed in Sz A + E. 1 and 
a | 
circumscribed about a concentric conic, three lines at ¢he 
vertices of the triangle making a constant angle {8Η 14 
with S will pass through a point. 
If the conic touched by the sides is 
279 4 oy? 
8" =d + Uy" + Qh'zy -- 1, meee (" Y-) : 


CVM. 
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and the locus of the points aronga which the lines pass 
is the conic 


a'a* (y 4- mz)! - bb (x —my)! -2k ab" (y +mæ)(x- my) — " 0. 


116. Lines making a constant angle with a conic at the 
vertices of an inscribed triangle pass through a point on 
the curve; show that the locus of the centroid of the triangle 
is a concentric conic. 


117. If three lines making a given angle with the 
parabola γ΄ --4αω--0 at the points Y, Y, Y, pass through 


a point, jy, +Y, + Y, = £8 p where m is the tangent of the 
given angle. Now 


y, t3,*9,tT3,— 
i$ the condition that four points should lie on a circle; 
hence the circle passing through the three points passes 


through the fixed point on the curve y =— - : 


118. The locus of the intersection of lines making a 
constant angle with a conic at the extremities of a chord 
which passes through a fixed point, is a curve of the third 
degree (Salmon's Conics, Art. 370, Ex.) If the fixed point 
is on the diameter which cuts the curve at the given angle, 
the locus reduces to a conic, as the diameter in this case 
is part of the locus. The locus also reduces to a conic if 
the fixed point be at infinity. 


119, From the point of πο. ο two lines making 


a constant angle with the conic = — + Ἢ — 1=0, at the ex- 
tremities of a chord which Es through a fixed yond 
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(z', y), the two other lines are drawn which make the same 
angle with the curve; show that the chord joining the feet 
of the latter pair of lines touches the parabola whose tan- 
gential equation is 


ab (a*X* + b*u*) + me (bz µν + a*y'vX — ab Xp) = 0. 


120. A conic cireumscribes a fixed triangle, so that lines 
making a given angle 9 with the curve at the vertices pass 


through a point; the locus of its centre, referred to the 
pdt 18 








EI (8° — ο — a) + aro (a? — B*)+2 cot 9af9y — 0, 


a cubic passing through the vertices and middle points of 
sides. | 


121. If two lines be drawn through the point y' on the 
parabola y*— 4az —0 to meet the curve again at the angle 
tan ' m, the equation of the line joining their feet is 

4maz — (2a — my) y + 2a (4ma + ψ') — 0, 
which, when y' varies, passes through the fixed point 
2a a 
yac s=- 4 + 2m). 


The locus of this point for different values of.m, is the 
parabola y" + 4a (x + 2a) =0. 


122. Eight points on a conic lie on a bicircular quartic; 
show that the sum of their eccentric angles = 0 or 2mrr. 


123. Six points whose eccentric angles are $, &c., are 
taken on the conic 
2 


+%-1= =0; 
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show that the middle points of the centres of the ten pairs 
of circles which pass through them lie on the line 


ax sins — by coss — $c" (P sins + Q coss) — 0, 
where 2s— ΣΦ, P= Xcosfd, Y= Tsing. 


124. Four points whose eccentric angles are ¢, &c., 
being taken on the conic 


2 2 
ο ανω, 


~ 


. the equation of the equilateral hyperbola passing through 
them is 


2ab coss (x° — η. + 2 (αἱ + b°) sinszy — b (αἲ + ὁ) Px 
—a (a^ + b^) Qy + (a° + ὃ") (R — coss) = 
where 2s=%¢, P-Xcos(s-$), Q-—Zsin(s—4), 
R = X cos} ($, + h,- $,- $4. 
125. Four tangents to the conic 7 = + 4 —120, being 
drawn at the points whose eccentric uis are $, &c., the 
tangential equation of the parabola which touches them is 


αἲ (E + cos s) λ' + δ" (R — cos ὁ) p” + 2ab sin sry 
+ aPyX - b Quy — 0, 


where P, Q and È have the same meaning : as in the preceding 
IINE, 


126. Given five points, it is possible to find an equilateral 
hyperbola such that the centre of the circle passing througk 
any three of the points is the pole, with regard to the 
hyperbola, of the line bisecting at right angles the line 
: joining the remaining two points. 
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The five points being taken on the conic 


on 3 


zt — 1=0, 


the asymptotes of the hyperbola are parallel to the axes, and 
the coordinates of its centre are given by the equations 


ο ο : 
m = iz cos2s), y-- 3; (Q- sin 28). 


127. A system of conics has double contact with a fixed 
circle and a fixed conic ; to find the locus οἳ the foci. 
Let the fixed conic be 
IZN P -1-9, 
and the circle 
BE (a4 Bu - 1! n +p) =0, 
in tangential coordinates; then, if A is a root of the equation 


a p p 
α΄ ht + ph T jg i79 
7 
ΣΕ S= EF, 


where E and F are the extremities of a diagonal of the 
quadrilateral formed by the common tangents of Σ and ὅ, and 


9 B+ 29 (2-5 s)+F=0, 


represents a conic having double contact with Zand S. The 
latter equation may be written | 


(SE + FY — 495 (an+ Bp — 1) 491 (M+ p’) =0, 
showing that the points 
3E& F+ 49 (a+ Ba - 1) -0, 
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are foci. Hence, taking the discriminant with respect to 9, 
the locus of the foci is 


EF-* (a+ Bu-1)'=0, or 3- (+p =0, 


a conic confocal with = and passing through the points E 
and Ε. 

This conic gives the locus of the foci, when the major 
axis of the variable conic passes through the centre of S. 
When the minor axis of the variable conic passes through 
the centre of S, the foci are the anti-points (Salmon’s Higher 
Plane Curves, Art. 139) of two points on a conic which are 
collinear with a fixed point. To find the locus in this case, 
let the conic be 


and the fixed point m mn forming then the equation of 
the chords of intersection of S and (#—2')*+(y—-y')*=0 
this (Salmon's Conics, Art. 370, Ex.), and, expressing that 
equation is satisfied for the point (a, 8), we have the 
locus required 


le-ati- B + (G+ 1) y --ὂ 


x(e- are - n - er (44 2-1) (E +% -1)-6 


a bicircular quartic having its foci in common with S, which 
it cuts at right angles at the points of contact of tangents 
from (a, 8), and having a node at the foot of the per- 
pendicular from (a, B) on its polar with regard to S. 

Hence the complete locus for the three systems of variable 
conies consists of three confocal conics and three nodal 
bicircular quartics. 

x 
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128. A system of conics passes through two fixed points 
and has double contact with a fixed circle; show that the 
locus of the foci consists of two confocal conics and two 
bicircular quartics. 


129. A system of conics touches two fixed lines and 
has double contact with a fixed circle; show that the locus 
of the foci consists of two pairs of lines and two circles. 


130. A system of conics passes through a fixed point, 
touches a fixed line, and has double contact with a fixed 
circle ;z show that the locus of the foci consists of two conics - 
and two bicircular quartics. 


131. A system of conics has double contact with a fixed 
circle and touches two fixed conics having double contact 
with the circle; show that the locus of the foci consists of 
eight conics and eight bicircular quartics (see Salmon’s 
Conics, Art. 387, Ex. 1). 


132. A system of conics touches two fixed parallel lines 
and has double contact with a fixed conic; show that the 
envelope of the asymptotes consists of two conics, concentric, 
similar and similarly situated with the fixed conic. 


133. A system of conics has double contact with two fixed 
confocal conics ; to find the locus of the foct. 
| Let Σαλ’ «-ὖμ--10, D'EN 4w —-1=0, 
where a” —a* -- δ᾽ ph 
be the equations of the fixed conics in tangential coordinates ; 
then the equation of the system which have their centres 
on the axis major of Z and Z' may be written 


9345 (ολ + 1)*-+ 29 (bE + BD") + 4? (ολ — 1) 0; 
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and the equations for determining the foci give 


C (ο — 4") τ y (Ca — G) =0, 
where C = aa (9° + 1) — 2 (6° + ὁ”) 9], 


9 
G- (9-1, A- -B- ga P (+ 1) 4 2 454) 9}. 





pp 


Hence,. besides the axis of x, the locus consists of the 
two circles 


V ey se ( Eyt. 
The equation of the system which is concentric with € 
and Σ΄ may be written 
h* cos 9 (02 — μ') + 2À. sin Ap + Σ1Σ- 0, 
the equations for determining the foci giving in this case 
at — y — à — À cos9 20, 2zy — A sing =0; 
hence the locus is the oval of Cassini 
(a* + y'y - 26 (αἳ — ψ') -c* — 4* = 0. 
. The locus of the intersection of rectangular tangents to Σ 
and Σ is the director circle of every conic of this system ; 


and, if h*=—(a'+0*), all the conics of the system are 
equilateral hyperbolas. 


184. The differential equation in elliptic coordinates 
dp - ἄν 

Viet) a )} * a) Pv) 

represents a system of conics having double contact with the 

confocal conics y — a, #=a'; ‘for the integral of the equation 
may be written in either of the forms 

Apv + B y (p^ — a’) (v'—a')} + 650, 
Apv + B' J((a* = μὴ) (a* --À,^ + Ο' --0. 


= 0, 
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where A, B, &c. are constants, and uv = cz, 


viua a) -aza / (1-5 - 5), 


2 3 , 2 pe «2 
V{(a*— μ) (a-mat ay (17 s — 13) 

This system of conics have their centres on the axis 
major of the given conics. The differential equation of the 
system having their centres on the axis minor is 

pdp vdv Ὁ 
Aor - 8) a) a= μὴ] 7 ν[ο-ν) (αν. να] 

135. The differential equation of the system which is 

concentric with the given conics is 
dp dv 
Jr - 8) (μ'--αἩ (a= wl ve») Pa} 

If two of this system cut at right angles, their intersection 

lies on the bicircular quartic 


(α" + γ᾽ 3 (a* + a") x = (δ᾽ + b") y taa” + Db -- 0, 


=0. 


136. Two conics of the same system are described through 
a point to have double contact with two confocal conics; show 
that they make equal angles with the conics confocal with the 
given ones which pass through the point. 


137. To find the differential equation in elliptic coordinates 
of the evolutes of a system of confocal conics. 
The evolute of p = a, is 
(a^ uv) + {δ' (μ' — c) (ο΄ - v*)}8 e =0. 
Now this is the relation which exists between µ, v and a, 
when it is possible to determine A, so that the expression 


x (x — c) +X (z— μ') (x — v’) (£ -- a”) 
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may be a perfect cube. Hence, if 
(z - μὴ (ae - v) (α-- à") = φ (2), 
we have Aó (x) = (px +q) - x (x — ο). 


' Differentiating this identity, and substituting μ᾽, ν' and αἲ for x 
in succession, we obtain 


Ad(g) —, B(utdp + dj) 








ω--φῶ c" 
Ad (ν') E ὃ (y dp + dq) + dq) τ 
[ν' (οἳ --ν')} φοῚ ' 
3 (a^ dp T dq) κ 20; 
$ (a) 
therefore, since | 
| Mol. lol 

23905 * Fe) 
μάμ vdv - 

wu ey ARCET 


It follows from this equation that only one real curve of 
the system passes through a point. 


138. Ift, p, n be the tangents drawn from the centre of 
an equilateral hyperbola to the circumscribing, polar, and 
nine-point circles of a triangle whose area is A, and t, p π΄ 
be the corresponding values for the reciprocal triangle, show 
that 

: üÜ z A n no Δ΄ 3 


"gap 


139. To find the condition that a conic S, should circum- 
scribe a triangle whose reciprocal with regard to S, Ὁ ud 
conjugate with regard to K, 
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We must have © = 0, between S, and the reciprocal of 8, 
with regard to S,; we find thus 9,0, = AO, where A is 
the discriminant of S, and Θ,,.. &c. are the coefficients of the 
several powers of /, m, n in the discriminant of /S,--mS,4* nS, 


If S,22z!4y'—2a2—28, t Ek, 
S,zz-ry' —-2ac-928,9-4 kr, 
αὖ 
| S, = 3i t ^ - 1, 
we have 


k'k’ — 2 (aaa, + 0°8.8,).+ o' + 0* =0. 
Hence, when S, and S, are fixed, S, cuts orthogonally the 
circle 


kë (a? + y*) — 2a'a,x — 20 B,y + a* + bf — 0. 


140. Show that the intersection of the perpendiculars of 
a triangle formed ,by three tangents to an equilateral 
hyperbola and the centre of the circle passing through the 


points of contact of the tangents are conjugate with respect 
to the curve. 


141. If a conic S, touch the sides of a triangle whose 
reciprocal with regard to 9, is self-conjugate with regard 
to S, show that © „O, =Q, where Φ is the invariant which 
corresponds in tangential coordinates to ©, 


142. If a conic 8, circumscribe a triangle whose reciprocal 
with regard to δ, is inscribed in S,, show that 


(© C us s AO, =44" (O1 Oas em Φ). 
143. If a conic U be such that an inscribed and a self- 


conjugate triangle are reciprocal with regard to a conic V, 
show that Θ᾽-- 240", | 
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If σξ(α--α) + (y - 8- r, 
S LAS aM 
V= a + p? 1, 
we have (αἱ 1- 8' — ση) -- 2 (a*a* + ὁ β'") +a‘ -- 0^ — 0. 


. 144. If a conic U be such that a circumscribed and a self- 
conjugate triangle are receiprocal with regard to a conic V, 
show that ©” = 9Δ΄Θ, 


145. If a conic U circumscribe two triangles which are 
reciprocal with regard to a conic V, we have- 


©’ — 4ΔΘΘ' + 8A'A7=0, 


which is also the condition that U should circumacribe 
quadrilaterals circumscribed about V. If U be a circle 
and V an equilateral hyperbola, the areas of the triangles 
are equal, 


146. Iftwo triangles, reciprocal with regard to a conic U, 
be such that their centroids are conjugate with respect to 
the curve, show that a conic circumscribing either triangle, 
so that the tangent at each vertex shall be parallel to the 
opposite side, will pass through the centre of U. 


147. Let lines drawn from the centre of a conic to the 
vertices of a triangle whose area is A meet the sides of 
the triangle in L, M, N; if the area of the triangle L, M, N 
is equal to A, and A’, A’ be corresponding values for the 
reciprocal triangle, show that 


"— enap 


A A’ * 
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148. A system of conics passes through the four points 
determined by the equations in rectangular coordinates 
ax + by! + 29x + 2fy= U=0, 
vty’ —h=V=0; 
show that the locus of the vertices consists of the two cubics 
(a- b) zy +g (y - &) — 2fay — k (ax + 9) = 0, 
(a — b) aby + f (y — 27) + 2gxy +k (by + f) =0. 
These two cubics pass through the points of intersection 
of U and V and the vertices of the common self-conjugate 


triangle of U and V, cutting each other at right angles at 
these seven points. 


149. Let the tangent to an hyperbola at a point P meet 
the asymptotes in 4, B; if perpendiculars to the asymptotes 
at A, B meet the normal at P in A’, B', show that the middle 
point of A’, B' is the centre of curvature at P. 


. 150. If six osculating circles of the conic +: z —1=0 
be described to cut orthogonally the circle | 
a + y! + 3σα 1- 2fy 4 ο-- 0, 

show that their centres lie on the conic 
(29x + 2fy + ο) — (a^ + ὃ") (2gæ + 2y + c) 
— 3 (2 + 05y^) + a + δ' — o' D? = 0. 


151. If the osculating circle of a conic cut the director 


circle at an angle 9, show that conta, where p is the 


perpendicular from the centre on the tangent at the point 
of contact, and & is the radius of the director circle. 
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152. .A, B, C are three points forming a triangle inscribed 
in a conic, so that the tangent at each vertex is parallel to 
the opposite side; P is any point on the curve. If PA, 
PB, PC meet the opposite sides of the triangle in L, M, N, 
show that the area of the triangle LMN is double that of 
the triangle ABC. 


153. Two conics U and V are inscribed in the same 
quadrilateral, the focus of U being the centre of V; show 
that the points of contact of V with the sides of the quadri- 
lateral lie on a circle. 


154. If the two conics described through a point P to 
touch four fixed lines cut orthogonally, show that P lies 
on the circular cubic, which is the locus of the foci of conics 
touching the lines. 


155. If F be the focus of a parabola passing through 
three points A, B, C, show that a circle, touching the lines 
which bisect F4, FB, FC at right angles, passes through 
the centre of the circle circumscribing the triangle ABC. 


156. If two circles touch the sides of triangles self- 
conjugate with regard to a conic S, show that their centres 
of similitude are conjugate with respect to S. 


157. Two conics are described through P to touch the 
lines A, B, C, D, and two to touch A, B, C, E. If the 
tangents to the conics at P have a constant anharmonic ratio, 
the locus of P is a conic touching D and E. 


158. To find the locus of the intersection of rectangular 
tangents to the conics whose equations to rectangular axes are 


ax” + by’ + 292+ 2fy +c = 8-0, 
‘ Qo θα ray -ἶΞξ 9-0. 
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If 9 be the angle which a tangent makes with the axis, 
we have, from the equations of the pairs of tangents which 
pass through (z, y), 

S (a cos’? + b sin*9) = (az + ο) cos 9 + (by +f) sin 9} 
S' (a cos*9 + b sin*9) = (bæ sind — ay 9089) 5 
whence, by ‘division, if A =p", tand oot 

Substituting this value of 9 in the equation of the second 
pair of tangents, we obtain 
8" {a (ubx — by — f b (way t az 9) — labi y) c bg afl ; 
or, restoring the value of p, 
αὖ 8 (1+ δ') + S' (ab S + αὖ" + bg* — abc) 

+ 2ab J(S8)) {(a — b) ay + gy — fa} = [αὖ (^ γ + ὅσα + di 

Now {ab (a* + y") +dgx + afy]" 

= (ab S + af* + bg” — abc) (1 + S") — αὖ [ία — b) xy + gy — fay 
identically; therefore we have 
((a — b) zy + gy — fa}? +2 v (88°) {ία -- b) ay + gy — fa} + BS 
_ of" + bg" — abc 


ab d 


or fla — b) ay + gy -fet Jl (ate yr = 88, 


which represents a pair of bicircular quartics, each having 
quartic contact with the two given conics. 


159. If the tangents to the conie = at 1 —1=0 from 


(z, y) form a harmonic pencil with "bor to the 


tangents to the conic S —1=0 from the same point, 


δα 
show that the locus of (x, y) is the bicircular quartic 
[25 T3)» sem (a* 4- a”) x "EE (b + b”) y + ata" 4- 2123 = 0. 
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160. If the tangents from a point P to the: ellipse 
alie 
contain an angle a, show that the tangents from P to di 
hyperbola 
ay’ 4a (a — D) sin'a 
dà ^ D ^  («—U)sin'a 


contain an angle 8, where 


eos = (5 >) cosa. 





i 


161. A conic passes through four fixed points; prove 
that the locus of the pole of a given triangle with respect 
to the conic (Salmon’s Conics, Art. 375) is an unicursal 
quartic, of which the vertices of the given triangle are nodes. 


162. A conic touches four fixed lines; prove that the 
locus of the pole of a given triangle with respect to the 
conic 18 a conic circumscribing the given triangle. 


163. A triangle is inscribed in a given conic so that 
the polar of a fixed point with respect to the triangle is a 
fixed line; show that the triangle ia circumscribed about 
a fixed conic. 


164. If Σ be the sum of the squares of the lengths of 


the six chords of intersection of the conic m + , —1=0, and 


the circle (a — α)" 1 (y — 8f —7 20, show that 


2-16 v — (a* - 3°) (5 + =) 


For the parabola j'—- px=0, Σ--4(δ'-- p"), where ὃ is 
the intercept of the circle on the axis. 
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165. A conic passes through four fixed points; show that 
the right line which passes through the middle points of the 
diagonals of the quadrilateral formed by drawing tangents 
.8t these points touches a conic. Show also that the right 
line, which passes through the intersections of the perpen- 
diculars of the four triangles formed by the same tangents, 
passes through a fixed point. 


166. Given four concyclic points on a conic, to show that 
perpendiculars at these points to the focal radii vectores are 
all touched by the same circle. 

Eliminating r between the polar equation of the conic 


ο. 9 R 9 s 
EE and the circle 7*— 2r (a cosd + B sin 3) + k= 0, 


we have 
T — 2L (1 + e cos 9) (a cos 9 + 8 sind) + $° (1- e cos 9)* — 0, 


and expressing that the line 
l 
1 + e cos 9 


touches the circle (z — a')' + (y - 8)! 7" 20, we have 
(α΄ cos} + 8' sind —7") (1--eco89) 0-0; 

" and these two conditions coincide, if 

| d -2la—eR, B'—28, lr =k. 


c cos9 + y sind = r = 


167. Show that the polar circle of the triangle formed 
by three tangents to an equilateral hyperbola touches the 
nine-point circle of the triangle formed by the points of con- 
tact of the tangents at the centre of the curve. 


168. A conic passes through two fixed points and touches 
two fixed lines; show that the envelope of the director circle 
is one or other of two nodal bicircular quartics, the node 
common to each being the intersection of the fixed lines. 
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169. Two circles are described through two points A, B- 
on a conic to touch the curve elsewhere; show that the angle 
between the circles is equal to double the angle which their 
‘points of contact subtend at A or B. 


170. A parabola passes through three fixed points; show 
that the locus of the intersection of the perpendiculars of the 
triangle formed by drawing tangents at these points is a 
curve of the fourth class. 


. 171. A conic circumscribes a triangle so that two of the 
vertices are at the extremities of conjugate diameters; show 
that the locus of its centre is a conic with regard to which 
the given triangle is self-conjugate. | 


172. A conic passes through three fixed points 4, B, C; 
if the diameter of the conic parallel to AB be given in 
length, show that the locus of its centre is a conic, whose - 
asymptotes are parallel to AC, BC, and with regard to 
which C is the pole of AB. : 


178. If from any point of the quartic curve 
2,..2 a" y 2 2 az" y e ` 
2+ (1-5 + £) -e-o - £) -ο, 


tangents be drawn to the hyperbola 


zoy . 

a ο πο 

show that the sum of the squares of their lengths is equal 
to a’ --δ'.. 


174. Gir a vertex and two points on a conic, show 
that the locus of its centre is a cubic, of which the given 
vertex is a node. 
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175. If a chord of an equilateral hyperbola subtend a 
right angle at a fixed point, show that the locus of the 
middle point of the chord is a curve of the third order. 


176. A point P moves along a right line; show that the 
locus of the foot of the perpendicular from P on ita polar 
with regard to a conic is a circular cubic passing through 
the foci of the conic. 


177. Show that the line 
(aè — δ᾽) (læ — my) = a* + b + 2ab cot y (α + ὃ πι" —1) 
passes through the two points on the conic 


12 
+ 35-150, 


at which the chord ζω + my =1 subtends the angle ¢. 


j 


178. A circle passes through the centre of the conic 


=Z +% -1=0; 


show that the product of the perpendiculars from the centre 


of S on a par of chords of intersection of S and the circle 





is equal to - c μα" 
179. A circle touches two fixed tangents to a conic; 


show that a pair of its chords of intersection with the conic 
are parallel to given lines, 


180. A circle passes through two fixed points on a conic; 
show that the extremities of one of the diagonals of the 
quadrilateral formed by the common tangents of the circle 
. and the conic lie on a given confocal conic. 


Examples and Problems on Conics. 79 





181. A circle Σ cuts the circle Sz z! + 4 — £* — 0 ortho- 
gonally, and touches the conic 


ΡΞ az? + by + Bhay + 2g: + 9fy + c= 0; 


show that the equation of the reciprocal polar of the locus 
of the centre of Σ is the trinodal quartic 


(EV — cSy + A£ (ga + fy + c) S — 0. 


. 182. Three fixed points A, B, O are taken on an hyper- 
bola so that their centroid lies on the curve; if lines be drawn 
bisecting PA, PB, PC at right angles, where P is a variable 
‘point on the hyperbola, the centroid of the triangle so formed 
will lie on a line which passes through the centre of the circle 
circumscribing the triangle 4, B, C. 


183. Thé centre of the circle passing through a point P, 
and the point of contact of ο... from P to the conic 
lies on the director circle of S; show that the locus of P 
is the bicircular quartic 
Gy - 28 (y) - 4(a V) G4 y)- 
where =a" — δ᾽. | 


184. Let A, B, C be three points on a conic U, and 
Σ a circle having double contact with U at points on a 
parallel to its minor axis. Let t, ¢’ be the lengths of the direct 
and transverse common tangents of = and the circle cir- 
cumscribing the triangle A, B, C, and let p,, Pa Pa p, be 
the perpendiculars from the centres of the four circles which 
touch AB, BC, CA on the chord of contact of = and U. 
Show that t't? = ον p, p, p,, where e is the eccentricity of U. 
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185. S, H are the given foci of a conic U, and 6’, H' of 
a conic V; if U and V are similar, show that their common 
tangents envelope a conic which touches the lines 85’, SH’, 
S'H, ΠΗ͂". 


186. The pairs of tangents from a point P to two con- 
centric equilateral hyperbolas contain equal angles; show 
that the locus of P is an equilateral hyperbola concentric 
with the given ones. | 


187. The perpendicular to a chord of a conic at its middle 
point passes through a fixed point O on one of the axes of . 
the curve; show that the chord touches a parabola, of which 
O is the focus. 


188. From any point of the circle 2*-- y'a! + 07+ k" 
pairs of tangents are drawn to the confocal conics 
2 E ME 
detyre 1-5 
show that the difference of the squares of the reciprocals of 
their lengths is the same for each pair. 


a 2 
ay iad 


189. A triangle is circumscribed about a conic so that 
the lines, which are drawn from each vertex to the point 
of contact of the opposite side with the circle escribed to 
that side, intersect on the curve; show that the circle 
inscribed in the triangle formed by the middle points of the 
sides passes through the centre of the conic. 


2 
190. Through the points on the conic a + ^ —1- 0, 


whose eccentric angles are a, 8, —a, — £, a circle is described ; 
if 9 be the angle subtended by a, 8 at the centre of the circle, 


show that tan49 =; tan (a— B). 
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191. If from points on the line Az -+ py + v = 0, normals 
be drawn to the conic =; + 4 —1=0, show that the poles 


of the chords joining their extremities form a quadrilateral 
inscribed in the cubic 


λα (a 4 A (1-4) zt» fy = 
a ( 5)- p : ae ta-p aty EM 


192. Ifthe foot of the perpendicular from a point P on 
3 2 
its polar with regard to the conic a + ^ —1-0 move along 


the right line Av+py+v=0, show that the locus of P 
is the cubic 


8 
ο (B+ (at 0)y eA fat- (ἲ- δ) 9] + vat (E +H) -o. 
193. Two tangents to a conic, whose foci are given, pass 
through fixed points on the axis minor, show that the locus 
of their intersection is a circle passing through the foci. 
If the tangents, instead of passing through fixed points, 
are parallel to fixed lines, the locus is an equilateral hyper- 
bola passing through the foci. 


194. Given two similar parabolas, show that a right 
line, which cuts off from them areas which are in a constant 


ratio to one another, touches a parabola similar to the given 
ones, 


195. A variable tangent to a conic whose point of con- 
tact is P meets a concentric, similar, and similarly situated 
conic in A, B; show that the lines joining A, B to the 
points where the normal at P meets the axes of the conic 
are inclined to AB at constant angles. 

w 
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196. Show that tangents to the parabolas 
S=y7t+anvt+c=0, 8'=2*+by+c' =0, 
intersect at right angles on 
(2abay — ab*a — aby — οὖ" — c'a*)* — 4a°t* SS' =0, 
a nodal circular cubic having triple contact with S and S". 


197. Show that the polar equation of the evolute of a 
parabola, referred to the focus, may be written 


(5) = (ona)! (ind). 


If the evolute cut a confocal parabola at an angle 4, 
show that cot $ = cot 40. 


198. A triangle is inscribed in the parabola 
Uzy-pz-0, 
and circumscribed about the parabola 
(ax + By)’ — 4pB'a + yay — pBy — 0, 
show that the normals to U at the vertices of the triangle 
pass through a point, and show that the locus of this point 
is a right line. 

199. Tangents to a parabola intersect on a parabola 
having the same focus and axis; show that the product or 
ratio of the tangents of the halves of the angles which they 
make with the axis is constant. 


200. Three circles osculate the parabola y'—pz-0 at 
the points Y, Ya Y; Show that the equation of the circle 
which cuts them orthogonally is 


(9,9, + YY t YY) (8 3") - 2 (9. 9) (9, 9, - 9) 9 
1 2 9. 4 
E p Ys t 343, T 3.4. t 3434.9, (y, +Y, 1-49)] © 
A : : A 8 9 E I. 
τ yo? got nt Hn s roe ye yo) S πο 
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If four osculating circles be cut orthogonally by the same 
circle, show that Σ : - 0. | 


201. Show that there are a real pair of lines passing 
- through the points of intersection of the point circle 


(c—z)yr(y-7)- 


3 : 
T Y izo, 


and the conic p 


whose equations are | 
L 2 (e -v)Y - = lau bu! - ο) =0, 


Ms" -y(t -v)} - ^ (aa 5 y(u- e) =0, 


where u, v are the elliptic coordinates of (z',y). Show 
also that 


(we — a + (y— -yy-e- (Za εἴ αρα 


If = cosy (a + 8) +5 sin $ (a + B) — cosy (a - β)--0 


be the equation of a chord of the conic, show that the elliptic 
coordinates of the antipoints (Salmon’s Curves, Art. 139) 
of its extremities are given by 


p=ccos{0 +$ (a— 8), v=c cost (a +8), 


A 


a 
where cos 0 = 2 


202. Given five lines 


az= æw.cosa +y sina — p = 0, ἕς.. 
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touching the parallel curve of a conic, the locus of the 
centre of the conic is 
a, B^ Y δ', e 
a, B, y. 5, 3 
cos2a, cos28, cos2y, cos25, cos2e | — 0, 
sin 2a, sin 28, sin 2y, sin 20, sin2e 
, l4 d d, 1] 
which represents a curve of the second order, as terms of 
the third order vanish identically. 


203. A conic whose foci are F, P" is inscribed in a 
triangle; if F lie on the polar circle of the triangle, show 
that an equilateral hyperbola can be described having F” 
for centre and passing through the feet of the perpendiculars 
from F” on the sides. 

If F he on the inscribed circle, show that a parabola 
can be described having F” for focus and passing through the 
feet of the perpendiculars from 7" on the sides. 


204. If P be the principal parameter of the parabola 
osculating a curve at the point (x, y), show that 


54q° 
P= 4 2 ICE 
(99° —6prg tr + pr) 
d d* 
where p-7., 2-75; &c. 


205. If z', y' be the coordinates of the centre of the 
equilateral hyperbola osculating a curve at the point (a, y), 
show that 

3gr (1+ p^) 
(99* — 6prq" + 7 +p'r *) ) 
ὃς (L+p) (η 340). 
99° — 6prq" + r" 2220 


x' =% + 


y =y+ 
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206. If p be the radius of curvature of the locus of the 
centre of the conic osculating a curve at the point (a, y), 
show that - 

(96 — 6prg' Tr + pr (901 -- A6grs 40r). 


i ` g(3gs- 57°)’ 


207. A triangle is circumscribed about the conic 
αν y! 
a tp 75 
and inscribed in the circle (z —a)* + (y — 8) —7 —0; if s be 


half the sum of the angles subtended by the foci of the conic 
at the vertices of the triangle, show that 


a + 89 — 7 — c [=ar coss, c =ar sins. 


208. A circle circumscribing a triangle circumscribed 
about a conic meets the conic in A, B, C; show that the 
algebraic sum of the diameters parallel to. AB, B ς, CA is 
equal to zero. 


209. A triangle is inscribed in the conic = = n a -1=0, 


the semi-diameters parallel to the sides of which aro b, ba 5,3 
if the circumscribing circle of the triangle cut the conic at an 
angle $, show that 
a! -- b) brb? A (a'— b) (br — b^) 
bot ci^ αν J ATIS τα (5, τη η 
NAA y (a^ — 5,") (b°— 5,") 
OAOA 
the variation of signs corresponding to the four values of ¢. 


210. A triangle is inscribed in a parabola, the sides of 
‘which make angles a, 8, y with the axis of the curve; if the 
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circumscribing circle of the triangle cut the parabola at an 
angle $, show that 


TE sin'a + 8η” + sin*y — sin* (a+ B + y) 
2 sin (8 + y) sin (y + a) sin (a+ 8) ’ 
the three other values of $ being obtained by changing the 
signs of a, B, vy. 


211. If s be the sum of the angles at which the circle 
æ + y —2ax — 2y + X —0 cuts the conic Z+ , —120, 
show that 


8a'b'a8 
ce (a +4 gy - (aa? 55 bg") ° 
If the same circle meet the parabola y*— 4mæ = 0, show that 
| 4mB | 
ἐν + 2ma — 3m" ` 


tans = 


tans = 


212. Show that the product of the lengths of the common 
tangents of the circle (2 —a)*+ (y—8)*—7* = 0 and the conic 
ὍΝ... 
ate --1--0 is equal to 

(ἦν NM À aye (h 3 yy (À,' ee hy 
| c'r* — 2c*r* (a* B* — b*a*) + (a^ B* + b'a’)? 
where À,', À,*, h, are the roots of the equation 
at g D _ 
JE pkp IA 


213. Show that the products of the lengths of the common 
tangents of the circle (x—a)"+ (y- 8) —7 0 and the 
parabola y* — pz = 0 is equal to 


ir (k, τ k) (k, = k) (k, = k^ 
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where μι Æ, k, are the roots of the equation 
(k +1) (4111) + 4mak + 1°) — 8k — 0. 


214. If X be determined by the equation 
ab b'a” To, 
Bra βλ x 45-79 
show that | 
(a+ y! — 2a + a't B — e — AB'S + 43 (ba + ay — at) = 0 
breaks up into two circles. 


215. P, P' are the points of contact of a common tangent 
of two conics; if C be the centre of one of the conics and 4 
the area of the triangle CPP', show that, taking the four 


common tangents, = IE 0. 
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II.—Examples and Problems on Cubics. 


216. If a triangle be inscribed in a cubic so that the sides 
meet the curve again in three points on a line, then there are 
four pairs of conics such that each pair will touch all the 
tangents drawn to the curve from the vertices of the 
triangle. ' 

The cubic referred to such a triangle can be written 

az (y? + 2") + by (2) + a7) + ez (αἱ + 1’) + 2dxys = 0, 
and the tangents drawn to the curve from zy are then 

[c (2° + γ) + 2dzy]" — dary (ax + by) (ay + bx) = 0, 
or (z y + 2t,xy) (a + y" + 2t,zy) = 0, 
where £,, ¢, are the roots of the equation 

c't — 2 (cd — ab) t-- d — à —0* — 0. 
Now three pairs of lines, whose equations are 
y t£-2/y2—0, £'-a'-292220, αἱ ΕΥ -2hxy -0, 
are all touched by the conic whose tangential equation is 
N + μ' - Y! — 2fuy — 29V — 2ÀX = 0; 

hence we see that the twelve tangents to the cubic are all 
touched by the pair of conics ' 


ρω. ον ο σα... 
σ 13 (E Gee) =O, U+9R (o se) =0, 


where | 
UzXtu-y-2 (S pv—2 {55 = νλ. —2 (25 ) λμ, 








b* c 
R= ab) + ὅ ο + σα" — 2abed, 
four such pairs being obtained by the variations of sign. 
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If atb+c+d= 0, the curve has a double, point at 
229-2, and the tangents drawn to the curve from the 
vertices of the triangle are all touched by the conic 


(A+ wt y+ A (ab + bo+ oa) (Te +t) = = 0. 


917. If a triangle be inscribed in a cubic so that the 
tangents at the vertices pass through the same point on the 
curve, then four pairs of conics can be. found such that each 
pair will touch all the tangents drawn to the curve from the 
vertices of the triangle. | 

The curve, referred to such a triangle, can be written 

az (y* — 2°) + by (2) — x") + cz (à — y") =0, 
and the tangents drawn to the curve from zy are then 
α΄ + 2tay=0, αἲ +y" +t xy = O, 
where £,, t, are the roots of the equation 
cf --2abt -- a! 0 -- 0 —0; 
thus we see that the twelve tangents are all touched by the 
pair of conics 
U+V=0, U- ins. 
where 


2ca 2ab 
UEN 4 were wet η ΓΩ VA d s, 


VzsV(a* - 9) (at - ο} a εν ('-- αἲ (P -- ο} 75 


M 
ο 


£ 2/[(6 -- a) (e -- -- 
four such pairs being obtained by the variations of sign. 


918. If S and T are the invariants of the cubic 
U= az (y! + 2*) + by (2° + x") + cz (3 + 3") + 2dæyz =0; 
| Ν 
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show that S=3B-A", T-4A(24'- 9B), 
T" + 648° = 432.B* (4B - A’), 
where A=a'4b 4c- d, Bz αἲδ' + ὅ ο ca abed. 
Also show that when B vanishes the curve breaks up into 


a line and a conic, and that when 4” — 4B the curve has a 
node at one of the points 2° = y* = s*. 


219. If x, y, z be a point on the cubic U, the points z, y, 2; 


- : : ; : , are corresponding points on the curve. For 
corresponding points on the Hessian of the cubic 
B (bea? + cay’ + abz") — (bex + cay + αδα)᾽-- 0 
are easily seen to be connected by the relations 
απ = yy! = ου = 5 (bex + cay + abe) (bex' + cay’ + abs’), 
and the Hessian of this cubic is the cubic U. 


220. The circle passing through the feet of the perpen- 
diculars from a point P on the sides of a given triangle cuts 
orthogonally a fixed circle ; to find the locus of P. 

The equation of the circle passing through the feet of the 
perpendiculars from a, 8, y on the sides of the triangle of 
reference is given in Salmon’s Contcs, Art. 132, Ex. 7. 
Expressing that this circle cuts orthogonally the circle S 
which we write 
S5 (la+ mB + ny) (a sin. A+ B sin B ¥ sin C) 

+k (a? sin A cos A + β' sin B cos B+ s sin C eos C) « 0, 
we obtain the equation of the locus: 
Us (m sin C + n sin B) a (8*-- f’) + (n sin A + lsin O) 8 (y*- a’) 
+ (lsin B+ m sin A) y (αἳ + 8") 
3 2 (15in.A -- m sin B -- n sinC 4 k sin A sin B sin C) ay — 0, 
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which represents a cubic circumscribing the triangle and 
meeting the sides again in three raw Tem From what 
we have seen the points a, B, y ; JE BiG 
points on the locus, and hence by writing the equation of U 
in the form 

(la + m + ny) (By sin A + γα sin B+ αβ sin C) 
+ (By + mya + naf) (a sin A + B sin B+ y sin C) 

+ 2k sin A sin B sin C ag = 0, 
it appears that corresponding points are conj agate with respect 
to the circle 
(la + m8 + ny) (a sin 4 + 8 sin B + y sin C) 

+ 4k (α" sin A cos A + β" sin B cos B + γ' sin C cos C) — 0. 

It can be seen otherwise that corresponding points on a 

cubic are conjugate with respect to a fixed circle; for corre- 

sponding points on the Hessian of a given cubic are conjugate 

with respect to all the polar conics, and one of the polar 
conics is, in general, a circle. 


L are corresponding 


221. To reduce the equation of a cubic to the form 

Uz la (8* +9") + πιβ (γ᾽ + a") + ny (a + 8") + 2paBy =0. 

Let V be the cubic which has J for its Hessian (see 
Ex. 219), then the polar conic with respect to V of the point 
corresponding to aĝ is a’ — 9' 20, which pair of lines, being 
at right angles to one another, form a harmonic pencil with 
the lines drawn from αβ to the circular points at infinity. 
AP then, that the line joining two fixed points 

Xs Yry 2,3 Vay Yar Za 18 Cut harmonically by the polar conic of a 

point (x, y, z) with respect to V(=a"+ y+ 2° + 6m xyz), we 
get the equation of a line 


(zm, + me (y,2, + 5) e uy, + πε (2,0, mel y 
+ {2,2 e, k m (x E a4)] € 0, 
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which meets U in the three points corresponding to the 
vertices of the triangle αγ. Since there are three systems 
‘of corresponding points, it follows that a cubic can be reduced 
to the required form in three ways. When 


l cos A + m cos B +n cos C—p=0, 


the cubic is circular and has its double focus on itself, and 
then the curve can be reduced to this form in an infinite 
number of ways. 


222. To find the locus of the middle point of corresponding 
points on a cubic. 

From Ex. 220 we see that a pair of corresponding points 
are foci of a conic inscribed in the triangle a, 8, y. Now, 
if a, 8, y be the coordinates of the centre'of this conic, and a 
half the length of its major axis, we can deduce, by means of 
the expression for the perpendicular from the centre on a 
tangent in terms of the angles it makes with the axis, the 
relation 


sin A v(a" — a’) + sin By(a — 6") + sin C y (a° — 9) «0; 


but a! = S= the square of the tangent drawn from a, 8, y to 
the circle S; hence we have for the equation of the locus 

sin Á /(S — a’) + sinB/(S— A’) + sin CV(S— y')20, 
which, being satisfied by the line at infinity, represents a 
curve of the third order. 

We can obtain the equation of the locus otherwise. For, 
as can be easily seen, the line joining two poles of a line with 
respect to a cubic V meets the Hessian in a pair of corre- 
sponding points, and the two poles are harmonically conjugate 
with these points. Hence we have to find the locus of the 
poles of a line one of whose poles is at infinity. Writing V 
in the form az* + By’ + γα" + 9v 2 0, where x+y +2+v=0, 
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= v is a line at infinity, the given cubic (the Hessian of V) 
1 1 . 
A os ut ES m S += =0, and the locus is 


V [Bry (ασ) — 8v) + V {ya (By*— 5v)] + (aB (y2* — δυ3] = 0, 
which, being divisible by v, represents a curve of the third 
order. When the given cubic is circular, the locus is circular 
and has two foci in common with the Cayleyan of V; and if 
it have also its double focus on itself, the locts is a 
right line. 

223. A conic is inscribed in a given triangle; if the foci 
are conjugate with respect to a fixed equilateral hyperbola, 


show that they lie on a circular cubic which has its double 
focus on itself, 


224. Show that 
a(y—z) +b(s—2)'+ce(x—y)*= 
represents the nodal tangents, and 
(bo ca tab) a (20a + 0b + be) y + (2ab + Do ea) =0 
the line of inflexions of the cubic | 
az (y — 2)! 4- by (z =x)" + ez (x — y)! — 0. 
225. If the tangents at the vertices of a triangle inscribed 


in & cubic pass through a point, the cubic, referred to the 
triangle, can be written 


U= ax (y' — 2’) + by (2 — 2") + cz (a? — *) + 2dxyz =0, 
from which it appears that the lines, joining the vertices to the 


points in which the opposite sides meet the curve again, pass 
through a point. s 
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If Sand T are the invariants of U, and 
sza' bU Rod qzo'b «Dv og, radb, 
S-12(s—3g9), T=—4 (28° — 9gs + 211). 
If U has a cusp, q5—97r — 0, and a3 - 63 4 61 0. 


226. A triangle is inscribed in a cubic so that the tangent 
at each vertex passes through the point where the opposite 
side meets the curve again ; the cubic referred to the triangle 
can be written 

U= « (αγ + bz") + y (az* + bz?) +z (ασ' + by") + 2exyg = 0. 

If 3(a+6)+2c=0, the curve has a node at the point 
9 — 9 —2, and then 
j a +y + 2" — xy —y2z— 22 =0 
represents the nodal tangents, and «+y+2=0 the line of 
inflexions. 

If H be the Hessian of J, 

H=c'U + (2abe — αἳ — ὁ) (à + y^ + αἲ — Baryz), 
from which it is evident that 2°+y°+2°—3z2zyz=0 must 
represent the sides of a canonical triangle. Hence each 
vertex is the pole of the opposite side with regard to one of 
the canonical triangles. 

Thus, for the envelope of such triangles inscribed in the 
curve, U being written 

2? + y! + ο) + 6mays — 0, 
we have the equation in tangential eoordinates 
ΣΞ β η) + γα) + a B' + ema 8*y =0; 
and, since there are four canonical triangles, the complete 
envelope consists of four curves of the sixth class. 

By writing the tangential equation of the cubic in the form 

(d? + B' + y, = 12m'a y). — 4 (1+ 8m’) 2 =0, 
we see that Σ touches the cubic in eighteen points. 
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For the nodal cubic the envelope is a curve of the 
fourth class. 

If à side AB of one of such triangles meet the curve 
again in C', the point of contact of AB with its envelope is 
the harmonic conjugate of C’ with respect to 4, B. If 
(z', y', 5’) be the coordinates of the vertex opposite AB, the 


equation of AB will be = + " +5=L=0; and, differen- 
tiating this equation, subject to the condition 
a” + y" + 2? + 6ma'y'z' =0, 
we find for the coordinates (x, y,, z,) of the point of contact 
v=x (p+), y-y (9149), 2, =2 (p+ g9), : 
where p=ax?+9y"+92", gza*-49'y". 92^, FE 
. But Ο' (£, Ya 2), being the tangential of (0, y', 2’), has for 
its coordinates | 
ο (p), ο 2,7 £ (p3— qF); 
"hence (2,9, 2) and (£, Ya 2,) divide harmonically the line 
joining the points a’, 9*y, 96; «, Sy’, Fz. Now these 
points lie on the line Z and also on the curve; they are, 
therefore, the points A, B. 


227. A triangle is inscribed in a circular cubic so that 
the tangent at each vertex passes through the point where the 
opposite side meets the curve again; show that the osculating 
circles at the vertices pass Mic the same point on 
the curve. 


228. Show that the curve 


2 (az + by + cz — (a+ b + c) (ax + by + ez) (x+y +z) 
4 (abe aya 0 
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has a node at the point x =y = z and that 
(a^ — δ' — c' + 42ο) (y — z)' + (δ" — ο" — a® + 4ca) (2 — a)’ 
+ (c — a — b" + 4ab) (z— y) 50 
represents the nodal tangents. 
If Ja -+ /b + Jc — 0, the node becomes a cusp, and 
(b—c)z c (c- a) y - (a—5)2-0 
represents the cuspidal tangent. 


229. Show that the invariant S vanishes for the cubic 


(α +y +2) —24zye — 0, 
and the invariant T for either of the cubics 
(a+ y + z2) — 6 (3 + y3) xyz —0. 


230. A variable cubic is inscribed in two fixed triangles 
so that the points of contact of each of the triangles lie on a 
‘line; to show that the point of intersection of these lines is 
one or other of six fixed points. 

If ABC, A'B'C' be the two triangles, the cubic can be 
written in either of the forms 

ABC — 95.0, A'B'C' — D"F' 20. 
Hence we can deduce the identical relation 
ABC AA'BC'-D'FLAXAD'FE., 

from which it is evident that the point DD’ (the node of the 
cubic D'F + X.D* F' = 0) is one of the six critic centres of the 
triangles ABC, A'B'C' (Salmon's Higher Plane Curves, 
Art. 192). 

Also F and F', the satellites of D and D’, touch and 
intersect on one or other of six nodal cubics. 

Taking one of the critic centres for origin and vil 


ABO-& XA'B O = D'F ADF — a? + y + Gays, 
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we may assume | | 
D=y+6x2, —40F-(0'—20)z4(1—20') y — 66”, 
and then | 
(y + θα)' ((6* —20) x + (1 — 26°) y — 66”2] --A0'ABC x0 


will represent one of the variable cubics inscribed in the two 
triangles. Since the parameter ϐ occurs in the sixth degree, 
and there are six systems corresponding to the six critic 
centres, it follows that thirty-six of the cubics can be drawn 
through a given point. 


231. Show that the polar conic S of a point P with 
respect to a cubic U meets the Hessian in six points, at 
which the tangents to S touch the Cayleyan, and the points 
corresponding to which are the points of contact of the 
tangents from P. 


232. A triangle is formed by three points on a cubic,’ 
and another by three corresponding points of the same 
system ; if the triangles are homologous, show that each of 
them meets the curve again in three points on a line. 


283. If, in the preceding example, U be the conic with 
regard to which the triangles are reciprocal, show that the 
tangents to U from corresponding vertices of the triangles 
intersect on the cubic, and that if O be any point on the 
cubic, and P, P"the points of contact of the tangents from 
O to U, O, P, P' lie on a conic passing through the vertices 
of one of the triangles. 


234. A conic U has triple contact with a cubic; to show 
that the six points on the cubic, at which the tangents touch U, 
lie on a conic. 

> 
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If x, y, z be the tangents at the points of contact, the 
cubic may be written 

(az + by + ce) (a + y* + 9! — 2ψα-- 22x —22y) + xyz — 0, 
where a* + y? + 2° —2yz — 222 — 2zy =U; 
and then the locus of the poles with respect to the cubic of 
the tangents to U is found to be 

ay (æ + y +2) + (ab + be + ca) U* -- 8 (ax + by + cz U 
— 12æyz (ax+by+cz)+{(b +e) ye 4 (c a) 2 t (a - 5) αγ] U — 0. 

Now this locus evidently touches the cubic at the three 
points of contact with U, and meets it again in the six points 
at which the tangents touch U; therefore, putting 

xyz = — (ax + by + cz) U 
from the equation of the cubic, and ginang by U, we 
obtain 
4 (ax + by + cz)” + (ab + be + ca) U — (a2? + By! + c2") =0, 

which represents a conic passing through the six points on 
the cubic at which the tangents touch U. 


235. J is an inflexion of a cubic, and A, B are two 
points on a line passing through J; if a radius vector 
through Z meet the curve in P, Q, show that the locus of 
the intersection of PA and QB is a cubic. 

Hence show, by letting A, B become the circular points 
at infinity, that the cubics, ats equations to rectangular 
axes are 

ola tty Etsy aga τον = 

D'y [Wx + (k + b- ab) y* + 2bhæy + 2ghy + Kh} -- k = 
cut each other at right angles at three points on the line 
Az + by 2: 0. 
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236. Show that a line which meets thezcubic 


(a+ y t 2) —kayz=0 
and the line «+ y --2—0 in four points whose invariant 8 
vanishes, also meets the lines a y, 2, 2-- y -- s in four points 
whose S vanishes. 


237. Show that a line which meets the cubics 


| (ο ) + kays=0 
in six points in involution, is divided harmonically by the 
lines x, y, & 2 }- Ἡ 1-6. 


238. If two points are such, that the polar of each with 
respect to a cubic U passes through the other, show that 
their coordinates (x, y, 2), (a, y, 2) are connected by the 
relations 


cz +m (yz Fey’) yy +m (sal Res) τεσπα £d 


SS ae EM ecc UU eS S 


yz — zy' 2c — a2! , wy — ya 


- o) - V/v): 
where U= +y +e -- 6mayz, 
"Hz -- m (à + +2°) + (1+ 2113) aye. 


239. Show that a point and the intersection of its polars 
with respect to a cubic U and its Hessian Z lie on the same 
cubic of the system U+AH=0. 


240. Two conics are described through four points on 
a cubic, the tangents at which pass through the same point 
O on the curve; show that the line joining any point on 
the cubic to the intersection of its polar with regard to the 
conics passes through O. 
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241. Lines drawn from a point Ρ to three fixed points 
A, B, C intersect three fixed lines respectively in three 
points which form a triangle of given area; show that the 
locus of P is a cubic passing through 4, B, C. 


242. Lines drawn from a point P to three fixed points 
A, B, O intersect the lines BC, CA, AB in three points 
which form a triangle homologous with a given triangle; 
show that the locus of P is a cubic passing through 4, B, C. 


243. The points of contact of the tangents drawn from 
a point P to a conic U lie on a. conic which passes through 
four fixed points; show that the locus of P is a cubic which 
passes through the vertices of the quadrilateral formed by 
the polars of the fixed points with respect to U. 


244. A conic S meets the Hessian of a cubic U in three 
pairs of corresponding points ; to show that K belongs to one 
of two systems of conics which have a common Jacobian. 

Writing the conic 


Sz (a, b, c, f, g, h) (x y, 2) — 0, 
and the cubic 
U= x’ try + 2° + 6mxyz —0, 
if we form the invariant © of S and the polar conic of 
(x, y, 2) with respect to U, we obtain : 
O — a (yz — m'a?) + b (zx — m'y") + c (xy — m2) 
+ 2f (myz — ma?) + 2g (m'zz — my") + 2h (m'zy — mz"). 
Now, by considering the case when the polar conic breaks 
up into right lines, we see that the conic O —0 passes 


through the six points on the Hessian corresponding to its 
points of intersection with δ. Hence, when © passes 
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through three pairs of corresponding points on the Hessian, 
it mugt coincide with ©, and, therefore, be of the form 


a (Az? + yz) + ὁ (λγ" ES 22) -- c (X2 + xy), 


where X-m*x(m*-— m), which iuc to nie system 
having the common Jacobian 


r(x? + y? + 2) —(1 4+ 4X) ayez =0. 


245. If the discriminant of the covariant conic © vanishes, 
a conic S will meet the Hessian at the vertices of two 
triangles, such that each meets the curve again in three 
points on a line, and these two lines are the factors of ©. 

Hence, a triangle being inscribed in a cubic so that the 
sides meet the curve again in three poiuts on a line, if the 
circumscribing circle S cut orthogonally a fixed circle, the 
- locus of the centre of S is one or other of three cubics. 


246. Given the six tangents drawn to a cubic from a 
point of the Hessian H, to find the absolute invariant of the 
curve. | 

The cubic being written in the form 

U= az" + by’ + cz’ + dv’ =0, 
where 2+4+2+v=0, the point zy is on H, and the tangents 
from this point to the cubic are 
(vo+Vd)* (az + by") — ed (w+y)"==0, 
(νο-- νά) (az + by’) — cd (x + y} = $'=0, 
which form, therefore, two sets of three satisfying the in- 
variant relation Q— 0 (Salmon’s Higher Algebra, Art. 199) 


with one another. If we write the discriminant of $ + k$' 
(which has a square factor when Q vanishes) 


(& — a) (k — 8) (k — yy, 
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T” α--βΝ' 
we find $m 5-5 3) : 
where =— abcd, 


T = b'c'd’ + eda + d'a!) + abe 
— 2abcd (ab + ac + ad + bc 4 cd + db). 


The tangents to the Cayleyan from zy are also given in 
the same case, for the Jacobian of $ and $' is 


(z+ y) (az - by") =0, 


and «+y=0, ax'—by' —0 are the three tangents to the 
Cayleyan from zy. 


The Hessians of $ and $' are the tangents from zy to H. 


247. To find the length of the segment (t) which the tangent 
at any point of a cubic intercepts on the curve. 

Suppose the curve, referred to the tangent and normal 
at the point as axes of coordinates, to be written 


U= (x cos, + y sin ϐ)) (x cos 0, -- ἡ sin 0,) (α co80, + sin θι) 
T az’ by + 2hay + 2fy = 0, 


where 6,, 0, 9, are the angles which the normal makes with 
the asymptotes; then putting y — 0, we have 


CNET EIN IL t 
~~ cos0, 0056, cos 0, ' 
Now, at the origin, 


dU\* (dU\* a 
(2) * (ay) 74^ 
and ap =— ἡ where p is the radius of curvature; therefore, 


3 3 
since the value of (=) + (F) is independent of the axes 
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to which the curve is referred, we have referred to any axes, 
NK (dus |. (dUv 
| (a) + i 
~ 9p cos@, cos, cos 
For the circular cubic 


U= (x cos + y sin ϐ) (z* + y") + aa* + by! + 2hay + 2fy — 0, 


dUv (dU 
edd eat na (sts 
we have να), ee 


where r, r, 7%)", are the distances of the origin from four 
concyclic foci; for, expressing the condition that æ + ty —p=0 
should touch the curve, we find 

p+ &c. — 4f* (cos26 + i sin20) =0, 
whence P, PaP, Py = — Af" (cos20 + i η 26), 


and therefore 1,7,7,7,= Αγ". 


For the curve whose polar equation is 


| γ᾽ cos36 + 8br* + a! = 0, 
* — 8b"? — Aba’ 
we have t= ἂν (S. T Ur de (ot ey] 


yt 
and for the curve 7'cos30 — a^, t cg which is a 


minimum when r = a î/2. For the curve r cos30 =a, 


να στ) 


which is a minimum when ram 

For the carves whose equations in rectangular coordinates 
are | 
αἱ — 3ay* — 0, αἱ — 8a!y =0, xy — a^ — 0, 
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we find 


respectively. 
For the cissoid (a-z)y’—2'=0, 


ασ 
=i (a=) Ga- 3a) 


248. A, 4’: B, B' are two pairs of points on a cubic, 
such that the lines 4.4’, ΒΒ’ intersect on the curve; if P be 
a variable point on the cubic, and PA, PA’ intercept a 
segment d, and PB, PB’ a segment d' on one of the asymp- 


totes, show that Z LE- 1, where X and µ are constants, 


d 

249. To show that a line (δ) meets a circular cubic at 
angles whose sum 4s equal to that which ὃ makes with tts 
satellite. 7 πη 

If e be the satellite of 5, and a, £, γ the tangents to the 
cubic where it is met by ὃ, the curve may be written 

αβη — kde — 0. 

If we write now a=2cosa+ysina—p, &c., where x, y are 
rectangular Cartesian coordinates, we have for the conditions 
that the curve should be circular k=1, a+ B y —28-t e, 
the latter of which equations gives the result stated above. 
Since for a non-singular cubic the coordinates of the satellite 
involve the coordinates of the line in the fourth degree, it 
follows that a line which meets the curve at angles whose 
sum is constant touches a curve of the fifth class, 

If a line be written az + 9y--*yz-0, its satellite with 
regard to the cubic 


a +y'+2°+ 6mayz= U-0 
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is 
(a* — 2a8* — αγ" — 6mB*y*) a + (8* — 28" — 3βαΐ — emy) y 
+ (y* — 2ya! — 2γβ᾽-- 6ma'! A’) z =0; 
and, therefore, if the line intersect its satellite on 2 — 0, we 
have, after dividing by a' — 8*, αβ -- 2-0. Hence, 2, y 
being rectangular Cartesian coordinates, a tangent to the 
conic 
4a (y! — 827) + 3b = 0 
meets the circular cubic 
z(z ty )+a (j* - 927) om 
at angles, whose sum = 0. 

For a circular cubic with a node the envelope is 
curve of the third class. 

For a circular cubic with a cusp the envelope is a parabola, 
and if the sam of the angles =0, the envelope touches the 
cuspidal and inflexional tangents. If s be the sum of the 
angles at which the line ls + my —1- 0 meets the cissoid 
(α-- x) y — αὖ 20, we have 
πρ 8m (4al — 1) 
4a (2m* — D) + 31° 


250. Show that, in a circular cubic with a node, the 
angle between two tangents which intersect on the curve 
is equal to double the angle subtended by their points of 
contact at the node. 


251. If two conics be described through four points on 
a circular cubic, the angle between the two chords in which 
the conics meet the curve again, is equal to double the 
angle between the axes of the conics. 


252. If a,a'; 6, δ΄; c, c be three pairs of corresponding 


points on a circular cubic, show that ab'.bc'.ca' = ac.ba'. cb, 
C : 
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where ad’ denotes the length of the line joining the points 
a, δ΄, ἆτο. 


258. If any point οἵ a circular cubic be joined to four 
concyclic foci of the curve, the perpendiculars erected at 
the foci to the joining lines are all touched by the same circle. 
For any point of the cubic is a focus ef a conic passing 
through the four foci (Salmon’s Conics, Art. 228, Ex. 10), 
from which, by Ex. 166, the truth of the theorem becomes 
evident. 


254. If perpendiculars be dropped from any point of a 
circular cubic on the sides of a quadrilateral formed by four 
concyclic foci, four lines joining their feet will form a 
quadrilateral circumscribed about a circle. This theorem is 


"n 
in Salmon’s 








p+p" _p'+p 
an interpetation of the equation auo CDS 
Higher Plane Curves, Art. 279. 


255. lf any point P of a circular cubic be joined to four 
concyclic foci, the tangent to the curve at P is divided in 
a constant anharmonic ratio by the perpendiculars erected 
at the foci to the joining lines. 

From the equation of the cubic 


(b + c) p, + (a — b) p, — (a + ὁ) py 
(Salmon's Higher Plane Curves, Art. 279}, we have, by 
differentiation, 
(b+ ο) i7 Jy τία- - 8) Bh = =(a+0) pi; 


where N,, &c. are ii points in which the tangent meets the 
perpendiculars; whence, eliminating p,, 


ps i (252 4 PN,.N,N, 
bxc) PN,.NN,’ 
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Also, from the equation 


(c-d)p,+(a+d)p,=(a+¢) py 
in the same way we have 
Py (235 PN,.N,N,. 
Pa enl PN, NN? 


therefore, equating the values of : , we obtain 
: 


NN, NN, _ (a—b)(c— d) 
NN, NN, (b+0) (a+) 

To show that one of the conics described through P to 
touch the four perpendiculars is touched by the cubic at P. 

A circle Σ cutting orthogonally the circle 

ἷξα--γ-- k =0, 
and having its centre on the parabola 
, F=(y — 8)’ — 4m (x-a) 
can be written 
Saat y®— 2 (a+ mp’) c—2 (B+ 2mp) y +k =0, 
and the envelope of Σ is a circular cubic, of which the points 
of intersection of F and J are foci. Hence, the envelope of 
the polars of P (α΄, y') with regard to Z, which will evidently 
touch the four perpendiculars, is 
(w+ a!) (za +yy'—a(x+a')—-Blyty') +h} + m (y ty y-9; 
but this conic, as can be easily seen, touches the cubic 
at x, y. 

256. Show that the tangent at any point P of a circular 
cubic is divided in a constant anharmonic ratio by the polars 
of P with regard to four fixed circles having double contact 
with the cubic, and show that this anharmonic ratio is equal 
to that of the pencil joining any point on the parabola F' to 
the centres of the four circles. 
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. 257. Two circles have double contact with a circular 
cubic, and a third circle is described through their points of 
contact; if P be any point on the curve, show that the 
tangent at P is divided harmonically at P, and the points 


where it meets the polars of P with respect to the three 
circles. 


258. Ifa variable point P of a circular cubic be joined to 
three centres of inversion A, D, C, and lines be drawn 
bisecting PA, PB, PC at right angles, the intersection of 
the perpendiculars of the triangle so formed will lie on a 
parallel to the asymptote through the centre of the circle 
passing through A, 5, C. 

This line is the directrix of the focal parabola corre- 
sponding to the fourth centre of inversion. 


259. If a variable point P of a circular cubic be joined 
to the points denoted by the letters S, U, V in the figure in 
Salmon's Higher Plane Curves, Art. 278, and lines be drawn 
bisecting PS, PU, PV at right angles, the centre of the 
circle circumscribing the triangle so formed will lie on a 
parallel to the asymptote through the centre of the cirele 
passing through δ, U, V. 


260. The point U (Salmon’s Curves, Art. 278) is that 
point on the infinite branch of the curve from which the 
tangents to the oval contain a maximum angle. 

. Bince any conic meets a cubic, so that three chords of 
intersection meet the cubic again in three points on a line, 
it follows that a circle meets a circular cubic, so that two 
finite chords of intersection meet the cubic again in two 
points which lie on a parallel to the asymptote. But the 
chord of contact of the tangents from U to the oval is 
parallel to the asymptote (Salmon’s Curves, Art. 150); hence 
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a circle can be described touching the curve at U and passing 
through the points of contact of the tangents from U to the 
oval, which shows that the angle between the tangents is a 
‘haa, 


261. If y be the chord of curvature through a centre 
of i pines at any point P of a circular cubic, show that 


y= an mea , where £ is the length of the tangent from P to 





the circle of inversion, ϐ is the angle which the chord makes 
with the asymptote, and 6 is the projection on the asymptote 
of the segment of the tangent at P intercepted by the curve. 


262. A circular cubic having its double focus on itself 
passes through 4.4’, BB’, CC’ the extremities of the three 
diagonals of a ως. if P be any point on the curve, 
the relation holds 


MN.PA.PA' + NL.PB.PB' + LM.PO.PO' =0, 


where L, M, N are the middle points of the diagonals. 

For any point P on this cubic is the focus of a conic 
inscribed in the quadrilateral, and therefore the feet of the 
perpendiculars from P on the sides lie on a circle (the 
auxiliary circle of the conic); Ptolemy's theorem then 
furnishes the relation given above. 


263. A circular cubic has its double focus on itself; if 
a line through the double focus meet the curve again in 
A, B, show that the circle described on AB as diameter 
passes throngh two fixed points. 


264. Show that the circular cubics, whose equations in 
rectangular coordinates are 
læ (z' y + ο) + my (€ + y* — ο) +n (x*+y*)=0, 
ζα (a? }- ψ'1- ο) + m'y (αἳ y -- ο) ἠ-π' (αἳ +y") =0, 
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cut each other at an angle equal to that between their 
asymptotes. 


265. Points on the cubic 


y (a +F- c)—a (a +y*) =@, 
connected by the relations 
cx — yy'— cP =8, οὐ + ya =0, 
are corresponding points; if d be the distance between such 


a pair of points, and 6 the distance of their middle point from 
the origin, shew that 


d* = 16 [α"ο' + (8 - e. 


From this expression, it follows that the minimum value 
of d is 2 /(ac) if 207 a, but if 2c «a, the minimum value is 


4/ (a^ + 4c’). 

266. The parabola 
(ο) — ψ'-- c*) co82$ + 2zy sin2d 

(ο) -2az -28y +k) = U= 0 
has triple contact with the circular cubic 
(y^ + (α--ο)} (y + (æ + ο)} -- (2° + y” — 2ax — 28y +)? = 0, 

of which the points z — + c, y =0 are evidently foci, and since 
the cubic can be reduced to this form in six ways, it follows 


that there are six systems of parabolas having triple contact 
with the curve. 


Writing U in the form 


2 (x sin — y cosg)” = 2az + 28y — (K + οἳ cos24), 
we have, differentiating with regard to 4, 


2 (æ sin — y cos) (ω cos + y sing) -- οἳ sin2¢, 
whence, by division, 


(x cosh + y sing) {2ax + 28y — (K+ ὁ cos2ġ)} 
— € sin 2¢ (x sind — y cos $) = 0, 
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which represents a third conic passing through the three 
points of contact. Combining these three equations so as to 
obtain the equation of a circle, we find 


cos {a (z^4- y+ οἳ) -- (+c) ο] -- sin $ (8 (α"- ψ'-- ο — (k-e) yf: 

+ (a cos ó-- β sing) (z* + y! — 2ax — 28y + k’) =0, 
which is the equation of the circle passing through the three 
points of contact. This circle, therefore, passes through two 
fixed points. 

The nine-point circle of the triangle formed by the points: 
of contact passes through a fixed point (the middle point of 
the line joining the foci) ; for an equilateral hyperbola having. 
this point for centre passes through the points of contact. 
Writing U in the form | 
2 ((2— 4a) sing — (y — 46) 0084) 

= 2 (a cos $ + 8 sing) (x cos $ + y sin φ) 

+ $ (a sin $ - 8 cosg)? — (13 + οἳ cos24), 
we sec that the axis passes through the fixed point 4a, $8, 
and that the tangent at the vertex touches the parabola 
(2ay + 28 — αβ)- 4 (ax —c'— E'- $6") (38y — k'+ c-34) =0.. 
If p be the principal parameter p=a cos + £ sind; hence 
we see that the directrix touches a parabola, and this para- 
bola, by considering two consecutive curves of the system, 
is seen to be the locus of the intersection of the perpendiculars 
of the triangle formed by the tangents at the points of 
contact. Also the locus of the focus is a circular cubic with 
a node at the point 4a, 48, and this cubic is touched by the 


circle circumscribing the triangle formed by the tangents: 
at the points of contact. 


267. Two parabolas of the same system described through 
a point P to have triple contact with a circular cubic .cut 
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each other orthogonally at P; show that the locus of P is 
a bicircular quartic. 


268. If £, ἐν ¢,, t, be the lengths of the tangents drawn 


from any point of the curve to a circular cubic, show that 

(t," Fe t.) (A is t.) 

(4 E a) (4 E t.) 
is equal to the anharmonic ratio of the tangents taken in 
the proper order. 





269. 4, B, C, D are four points on a circular cubic, and 
A’, B', Ο’, D' are the centres of the four circles circum- 
scribing the triangles ABO, &c.; if P be the point where 
the asymptote meets the curve, and F the double focus, 
show that the anharmonic ratio of the pencil PA, PB, 
PO, PD is equal to that of the pencil FA', FB, FC', FD’. 


270. If the tangent at a point P of a circular cubic meet 
the curve again in A, and the asymptote in B, show that 
AB=2PN, where N is the foot of the perpendicular from 
the double focus on the tangent. 


271. Show that any circle meets a circular cubic at 
angles the sum of whose cotangents =0. 

If a line meet the curve at angles a, 9, y, and the 
asymptote at an angle ô, show that 


. cota + cot 8+ coty = cot ò. 


272. A circle S cuts orthogonally the circle 
ο }- y! —22'v —2y'y +h? - 0, 


and passes through the points where parallels to the asymptote 
meet the circular cubic 


(x -- a) (αἳ +") + lo }- my+n=0; 
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show that the locus of the centre of S is the conic 
2 (my' + n — la) y' + 2m (0 +a) zy + mic —m (E +1 ψ--0. ` 


273. A series of circles having the origin for centre 
meets the circular cubic 
(læ + my) (α" + g^) + ax Fia be ee 0; 
show that the locus of the centres of the quadrangle formed 
by the points of intersection is the quartic 
(ly — πια)' (00 +fy ο) + ((a— b) ay + gy — far} 
x (Im (à + y") — (P — m") ay + 2max — 2lby + mg — If} =0. 


274. Show that the locus of the centre of the circle 
passing through the three centres of the same quadrangle is 
the cubic 
(læ + my + a + D)" {2bgx + 2afy + ὁ (a + p) 

— 2 (læ + my +a + b) (ga + fy + c) (ἶδα + may + 2ab) 
= {(f— mg) x + f (a + b) — me]*-- (Uf — mg) y — g (a +5) 4- kj". 
275. Four lines 
x cos, + y sinÓ, — p, =0, &c., 
are tangents to the conic 
PE NUUS 
i grp ο 
if Zd0 — 0, 
cosódÜ | 0 Σ sin θάθ A 
A (a* cos*6 + b” sin*0) ’ “ J(a'cos'O-rb'sin'O) ’ 
show that they form a quadrilateral inscribed in a fixed 
circular cubic. 


276. 44’. BB' are two fixed chords of a circular cubic 
which intersect on the curve; if P be a variable point on the 
Q 
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curve, and a, 8 the angles subtended by 4.4’, BB’ at P, show 
that λ, cota + p cot = 1, where X and p are constants. 


277. Let a point P be taken on the line bisecting at right 
angles the line joining two poiuts Fi, F, then if p,, P, p be 
the distances of a point from Εμ F, P, respectively, the 
equation of a circular cubic having P for a node, and F, F, 
for foci, is p, + p, — 2p. Transforming to elliptic coordinates, 
F, F, being the foci of the system of conics, this equation 
becomes 

V(t- v) {u t V(u* — c) = cp, 
where £ is the distance of P from the middle point of F, F.. 

If we take a point Q on the line joining F., F, the equa- 
tion of a circular cubic having Q for a node, and Fi, F, 
for foci is in elliptic coordinates 

v {u +v (u^ — ο) = ca, 
where a is the distance of Q from the middle point of F, Fp 

Three points of intersection of these two cubics lie on a 
line perpendicular to PQ, and the remaining points of inter- 
section lie on the point circle (x — α)' + (y- 8} =0. At one 
of the points on the ling the two curves cut each other at 
right angles, for their differential equations are 

dp n ydy —— du dv 
Ν(μ' — c) (c -- ν') ) Jp! — e) t y 
and at the two other points they cut each other at an angle 


= cos" € ; Where c=4 FF. If ὃ be the distance between 


=0, 





the two latter points, 


b= {+e (zs -1))- 


278. Show that, in the preceding example, the Cartesian 
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coordinates x, y of a point ean be expressed rationally in 
terms of a and β as follows: 


αἰαὶ B 4c) 
WEN 


279. Two nodal circular cubics having their foci in 
common meet each other in three points on a line and four 
points on a circle; show that, at one of the points on the 
line, they intersect at an angle equal to that between their 
asymptotes. If this angle is right, show that the radius of 
the circle of intersection vanishes. 

A nodal circular cubic being written 


{(w—a)' (y — β)'-νἽ'-- pp" - 0, 


where p, p' are the distances of x, y from the points +c, 0, 
show that | 


,8(c*8-c) 


22 e B 


» 34 


(αἱ + β' — 2r*) (αἱ + 6") = 2c" (a* — 8"), 


| α(» ο) B(r-e) 
and that αἲ n p 8 r8 8 
are the coordinates of the node. 





280. The equation of a nodal cubic, referred to the 
triangle formed by the inflexional tangents, may be written 
at + yt + 2t=0, or in tangential coordinates X 3 + μὲ +4 3 =0. 
If we combine with the latter equation the equation of a 
point αλ, + ym +zy=0, we get a biquadratic which deter- 
mines the tangents drawn from (a, y, z) to the curve. 

Let us consider the cubics 


J= aw + bv + cw’, f = q'u? TOv t ow, 
where u+v+w=0. Then the discriminant of f+ kf’ is seen 


to be 
(a + ka' + (b + kB)? + (c+ kc) =0. 
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Let us suppose that this equation in k coincides with the 
biquadratic found above; we must have, then, 


A=at+ha, p=b4 kb, v c4 ke; 
and, since zX + yp + £y = 0, identically, 
| 9 í 


E a a 
(bc) (ca) (αὖ)᾽ 
Now the invariants, S and T, of the equation in k are ex- 
pressed in terms of the combinants P and Q, of the cubics 
f and f", thus (Salmon’s Higher Algebra, Art. 204), 
8 -3P(P*'—24Q), 


T= — (P* —86P*' Q +216 Q^). 


But P = (ab') + (06) + (ea), 
Q = (ab’) (bc) (ca); 
hence P=at+y+2, Q=myz, 


and S=3(a2+y+2) {(a+y+tz)*—24ayz}, 
= — {(Œ + y + 2)° — 36xyz (x + y + 2) + 2102*y'2] 5 
BS' X -24y 
T*  (X'— 36A +216)? 
where Ἢ (a + y + 2)! ZXays. 
Let us calculate the invariants of the cubic 
(x+y + z)? — λαγα--0. 
We find $'23X (X- 24), T' « —A* (A? — 3604 216). 


whence 


Hence we infer, that the absolute invariant e of the 


tangents drawn from any point to the nodal cubic 
(e+ y-tz)'—-27zygz-0 
1'3 
is equal to the absolute invariant of the cubic of the 


system (x +y + ὁ)᾽ — Azys = 0 which passes through the point. 
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281. Using trilinear coordinates and writing the cubic 
(la + mB + ny)’ — 27lmnaBy = 0, . 
if a cubic of the system 
(la+ mB + ny)’ — λαβγ --0 
pass through the circular points at infinity, the foci of the 
curve will lie, by fours, on four circles (Salmon's Higher 
Plane Curves, Art. 168). This condition is equivalent to 


making the line of the inflexions meet the curve at angles 
whose sum 0, For writing . 


a= X cosa + Y sma- p, &c., 
la + mB + ny = kô = k (X cos 6 + Y sinô — p), 
where X, Y are rectangular — tiae we have 
for the circular points a: B:y: ὃξο τε: ε"δ: and, 
therefore, when ay — λ. δ᾽ = 0 passes Ls the kw Eng 
points A —1, a+8+y=386, the latter of which equations | 
gives the condition stated above. 


The curve, in this case, has all its foci in common with 
two circular cubics. 


1 


282. A nodal cubic, being referred to the triangle formed 
by the nodal tangents and the line of the inflexions, can be 
written z* + ¥° + 6zyz — 0. Eliminating z between the equa- 
tions of = curve.and the polar conic of (z^, y, 2) 


αἱ (α + 2yz) + y' (y' + 222) + 22'zy, 
we obtain i 


y'a — 2a'a*y — 62a! — 2y'xy’ + ων Ξ 0. 
Multiplying this equation by z'z* + y'y’, it becomes 
αγ (a* + y — Ax) + (x° — 6y'2) a*y* + (y'* — 622) y'a 
— 22"αν — 2y "xy = 0 


118 Examples and Problems on Cubics. 





But, from the equation of the curve, 
α + y! — Az! = θωρ (62° — xy), 
ay = — aly? (yr 622), ey = — ay" (aè 692); 
hence, substituting and dividing by 32*y*, we have 
(y" — 22/27) a? + (x° — 2ψ'2') y* + 122 ye 
+ 4g" yz + 4x" zz — 227423 = 0, 
which represents a conic passing through the points of con- 
tact of tangents from (z', y', 2’) to the curve. 

If we call this conic V, V+2XU=0 represents any conic 
passing through the points of contact of the tangents. 

Hence, the locus of points, from which the tangents have 
their points of contact on a conic passing through two fixed 
points, is a cubic U,V, — V,U, 20. By taking for the fixed 
points the circular points at infinity, we have the locus 


of points whence the tangents have their points of contact 
on a circle. 


Putting A — — 22' in the equation of the conic V+ AU — 0, 
we obtain the equation of the conic of the system which 
passes through (α΄, y', 2’): 

(y* — 42a) α) + (z^ —4y2) y" + 122'y'2" 
+4 (y* — 22) ys +4 (x —y'2') zæ — 2 (x'y' + 22") cy = 0. 
The tangent to this conic at (α΄, y', 2’) is 
ᾳ' (x° + 2y'z') æ + 2' (y™ -- 222) y — (x° +y” + 422) 2 =0, 
which coincides with the tangent to the cubic 
z” (à? + y" + 62yz) — (z^ + y” 62 y'2) 2 =0 
at the same point, as it ought (see Salmon's Curves, Art. 169). 


283. The discriminant of V--XU is found to be, after 
dividing by the Hessian (=2*+ y* — 222), 
A — 62 + 4 (α΄ + y" + 62y'2) = 0. 
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By means of this result we can find the locus of the in- 
tersection of the tangents at the extremities of a chord 
which passes through a fixed point. Forming the equation 
ef the chords of intersection of U and V, and expressing 
this equation is satisfied by the coordinates of the fixed 
point, we obtain the equation of the locus 


W? + 62PW* —4 (2? + y" + Bayz) P? —0, 
where Wz(y"4 4ο'α αὖ + (x + Ay'z') -- 2y yz — 92" gx: 
. *2(62* — zy) ay, 
P= (z" + 2y'2) x+ (y^ + 222) y + 22 yz, 
(a, y, 2) being now the coordinates of a » point on the locus, 


and (α΄, y', 2') of the fixed point. 
When the fixed point is on the curve, . 


1 " 
jum (α-" + yy IP, 


= the locus, after having been divided by P*, becomes 


ay” (a +y’) + (az + yy") — 6x (we — yy") 2 =0, 
d dbi a cubic with zy for a cusp.. 


284. If tangents be drawn from (α΄, y', 2’) to the cubic 
αἱ + y? + 6xyz —0, show that the anharmonic ratios of the 
lines joining the node to their points of contact is given 
by the equation 

_ (w-—4e^y 
= Ὁ 48992 ? 
where 3 4 y’ + 6a'y'2'. 

Show that the ..... ratio of the lines joining the 
node to the points where the tangents meet the curve again 
is given by the equation 

T"  (u*—862"w + 2162")* 
δ. 17282" (9-wy ᾿ 
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285. Show that the conic we have called W (Ex. 283) 
passes through the points where the tangents from (z^, y', β΄) 
meet the cubic again. ᾿ 


286. A line, which meets the cubic zr ¥*—3ayz=0 
and the line y — mg = 0, so that the invariant S of the four 
points of intersection vanishes, is a tangent to 


a — By +m (a8 — η") + 8' — ya — 0, 
which represents a conic touching the three inflexional tan- 
gents and the curve. | 
If the cubic be written z* + y? + z? = 0, and the line 


le + my +nz=0, 
where /+m-+n2=0, the conic is 
(7) «(ὦ + G)=° 

287. Given the foci of a nodal cubic, to determine the 
curve. ᾿ 
Or, in other words, to inscribe a nodal cubic in two 
pencils of four lines each. Suppose the cubic to be written 
in the form 0x =f, 0y =f, 62 =f,, where f,, fn f, are binary 
quantics of the third degree in a parameter A, and az, yz 
are the vertices of the pencils. Since we obtain the equation 
of the tangents from ze to the curve by equating to zero 
the discriminant of 2, — yf., it follows that if the coefficients 
of f, and f, be given, these tangents will be given. If 


we write now 

f, an" + 8b + δολ +d, Γαλ }- 8δ'λ'}- 8ολ d', 
we determine a’, δ, ο, ὦ, by expressing that the tangents 
from yz to the curve are given, or that the coefficients of 
y*, &c. in the discriminant of yf,— zf, are given. Hence the 
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quantities AD, A*D, A'D, Δ' Ρ, where 

Δ-α' εδ Sad Lads, 
and D is the discriminant of f, must be given. These equa- 
tions being of the first, second, third, and fourth degrees 
respectively, give twenty-four values of a’, b', c',d'. Hence 
there are twenty-four curves satisfying the given conditions. 


288. Let U denote the nodal cubic 
(la + mB + ny)’ — 27lmnaBy = 0; 
if EUN ο ο ος 
cos*4.4 — cos'àáB  cos'áC Ἢ 
where A, B, C are the angles of the triangle of reference, U 
touches the inscribed circle and has a focus on the circum- 
circle at the point ! 
sin A cos'dA4 sinBcos'4B αἰπσοοβ 1Ο 
GEM GNO Κα“ ΚΕ 
For it can be easily seen that 
cos 44 (a)? --cos 3 2(8)* + cos$C (y) 3 «0 
represents a tricuspidal quartic passing through the circular 
points at infinity. Reciprocating this equation (see Salmon's 
Conics, Art. 311), and identifying the result with the tangential 
equation of U, we have, since the origin is a focus, 
sin 0, sin' 40, = sin θ, sin*40, £ sin 8, sin*40 
la’ mp’ ny’ τν 
where 0,, 0,, 0, are the angles the sides of the triangle subtend 
at a focus. But for a point on the circumscribing circle 


a b c 
0, =a — A, &c., and τ αν 
l m n 








therefore zx 


cos’ $A ' cos'1B zi cos'à C 
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289. Writing «= 0,y¥=@,2=1+@ for a point on the 
cubic αἱ + y! — zyz — 0, if αθθ' -- b (0-- 0) -c— 0, the chord 
joining the points 0, 6’ touches a conic having triple contact 
with the curve. For the equation of the chord is 

(0*0* — 0 — 6) z -- (1— 0"0' — 0"0) y + 002 0, 
whence the coordinatés of the chord may be written 
=b" at e, p — at! 4 ct b, v — bt, 
where ¢= 66’, showing that the envelope of the chord is a 
conic. If we substitute the coordinates of the chord in the 
tangential equation of the curve 
9Ἴν' — 18rpv? +4 (A+ μ) v — Xp! =O, 
we must get a result proportional to 
(0 — 6')* (6 — 6”) (0 — 6), 
where 9" = — zB is the parameter of the point where the chord 
meets the curve again. Hence it appears that the conic has. 
triple contact with the cubic at the points” 
66° +c? — a8 — 5 — 0, 
and that the points of contact of the common tangents are 
af + 250 1- ο--0. 
From the latter equation it can be seen that the problem “ To . 
describe a conic having triple contact with & nodal cubie to. 
touch two given tangents to the curve " admits of a single 


solution. 
If two lines meet the cubic in the points a, B, y; a, B', 4’; 


respectively, and if 
ααα' +b (α- α) } 0 0, αββ' -- b (B -- 8) c0, 
ayy t b (y y) 020, 
in which case the chords aa’, Bf’, ΥΥ are tangents to a conic 
having triple contact with the curve, then the point of inter- 
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section of the lines is fixed. For eliminating y, y, ας, β' 
between these equations and αβη = a'B'»' =— 1, we obtain 
b (αἳ — bc) (a° P" — a — 8) +b (c! — ab) (1 — a" B — B'a) 
+ (20° -- α — c) a8 — 0, 
which shows that the Ime a, and of course also the line a'f’, 
passes through the point 
c —b (a! — bc), y =b (ο — ab), z=2 -- αἳ -- c. 

In the same way, putting y= θα in the equation of the 

cuspidal cubic γ΄ — z'z — 0, if 
αθθ' --b (0 -- 0") 4:6 — 0, 
the chord 00' is enveloped by a conic having double contact 
with the curve and touching the inflexional tangent. Also, 
if two lines meet the curve in the points a, 8, y; α', 9', Y, and 
if aaa + b (a+a)+c=0, &o., the point of intersection of the 
lines is the fixed point 
z--—3ab, y-a(ac--25), 2 δύο, 

By reciprocation we see that, if 

| αθθ' 4 b (0-6) +c=0, 
the tangents at 0, θ' intersect on a conic having double contact 
with the curve and passing through the cusp. 


290. If the tangent at a pomt a of the cubic 
a+ y? — xyz =0 
meet the curve again in a', we have a'a ----1; hence we see 
that the line 
(1 -- a*8* + Bia") x + (α'β' 1- a* + 8") y + a B'a —0 
is the satellite of 
(ap -a— 8) zt (1- aR- θα) y + νὰ 
Writing the latter line 
Ax + μή + y2 = 0, 
the satellite will be, then, 
(μ᾽ -- 2γλ) ο + (λ' -- 2μν) y + να = 0. 
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Hence if the satellite pass through the fixed point α΄, y", z', 
the four corresponding lines will form a quadrilateral inscribed 
in the cubic and circumscribed about the conic 

y (N - 2uv) + x (p! — 2vX) + zr — 0. 
By considering the case when the satellite is a tangent to the 
curve, we see that this conic touches the eight tangents drawn 
to the curve from the points of contact of tangents from 
gy, m. 

If a line pass through the fixed point a’, y', z', the satellite 
touches the conic 
(222 — y") z' + (22 — x”) y + y" ys + e" ex + (22+ 22y") σφ--0. 

This conic, it can easily be seen, touches the tangents to 
the cubic at the points where the tangents from 2’, y', 2’ meet 
the curve again. 

If the curve be written (z--y--z) —27zyz-0, the 
satellite of Ax + py + vz = 0 is 
(A — 2X4 — 2λν + ὂµν) w + (μ' -- 2μλ. -- ὂμν + ὂνλ) y 

t (ν΄ — 2νλ.-- ὂνμ + 6Xp) z =0. 


291. If we put y = Oz in the equation of the cubic 
z* + y + 6xyz =0, 
the condition that the chord θ,, 9,, should pass through the 
fixed point α΄, y', 2' is 
(6267 — 6,8) 2' + (1— 6/6, 070.) - 66,0 0, 
which may be written 
40, + 30, T C, T 4,0, + BO, + C, =0, 
where A,, &c. are functions of θ,, and A,, &c. of ϐ. Hence, 
differentiating, we have 
(4,0, + Β) d6, + (4,6, + B) 6, - 0; 
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therefore 4/(B*—41A,C,) ἆθι + /(B' —44,0) d0,—0, 
_ d0, - + 20, 
4f (06) ~F) 


or m0, 

where : 

SF (0) = y"0'-- 4 (3)'2'--x) θ1-6 (62-2 y) P+ 4 (822) θα”. 
In a similar manner we find for the cuspidal cubic 


y' -- ας --0 .40, | ἆ o 
| > NfO) wf(0) ^' 
where f (8) = (y' — 02) (28 + 8y'F — 42’). 


292. A triangle being inscribed in the cuspidal cubic 
defined by the equations y = θα, z = @a, so that the tangents 
at the vertices pass through the point z, y, z, the equations 

L—0,0,013»0, L-06M=0, L—60,0,M—0, 
where | 
L —20,0,0:;: — (0,--0,--0) y --z, M=(6,4+0,4+0,) x -- 94, 
represent the lines joining the vertices to the points m which 
the opposite sides meet the curve again. These lines, there- 
fore (see Ex. 225), pass through a point, the coordinates of 
which are, since O,, 0,, 0, are the roots of 226° — 3y#°+2=0, 
α 8ο, y'--—4zxy, 2' = 8za*— 9y’: 
If we are given the point α΄, y', 5 we have 
eax δαν, z=x"z' —9y", 


Hence if one of the points lie on a locus V, the other will lie 
on a curve having the same deficiency as V (see Salmon’s 
Curves, Art. 364). 


293. If a triangle be inscribed in the cubic k'y =æ so 
that the tangents at the vertices pass through a point, the 
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axis of y will be a tangent to the conic touching the sides of 
the triangle at their middle points. 


Let e+ y+2=L, az +by+cz=M, aot Uy +z -- Ν, 
where x, y, z are the sides of the triangle, then 
TLN — M* =x {(a— b)* (a + 25) y* + (a —c)' (a + 2c) 2] 
+ y ((b — ο)" (b + 2c) 2° + (b — a) (b + 2a) ο] 
+z ((c—a)' (ct-2a)2*-- (c—5)*(c--25)y" --2:y2(a^-b +c- 8abc). 
If we seek now the condition that the tangents to this 
cubic at the vertices of the triangle should pass through a 
point, we find ab+4c+ca=0; and when this relation is 
satisfied the line M touches 4/z-4y--42-0. But if 
2+y+2=0 is the line at infinity, this conic touches the sides 
of the triangle at their middle points. In the same case the 


lines joining the vertices to the points in which the opposite 
sides meet the curve again intersect on the conic zy--yz--z2:—0. 


294. Let three points 0, 0,, 0, be taken on the cubic 
y — 02, z 6^, such that 6, + 0, 4- 0, — 0, 


| 4 (0,0, + 0,0, + 0,0, + 27k 00,0," — 0, 

then the tangents at these points form a triangle inscribed in 
the cubic y! — kx'zz V=0.. The points of contact of the 
sides of this triangle lie on a line which touches ky’ — αρ = 0, 
and: the tangents to V at the vertices of the triangle pass 
through a point which lies on 4° — k*a*z — 0. 


295. Show that tbe locus of the intersection of rectangular 
tangents to the cubic (az + y)! — æ” 2 0 is a parabola having 
double contact with the curve; and, reciprocally, that the 
envelope of a chord which subtends a right angle at the 
cusp is a conic having double contact with the curve and 
passing through the cusp. 
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296. The cubic whose equation in rectangular coordinates. 
_is æy” — 4a’ =0 has three foci at the points 
xv=— 3a, y=0; w= fa, ἠ--18 αδ. 

The locus of the intersection of rectangular tangents to: 
the same cubic is x’ + y*—3ax=0, a circle having double 
contact with the curve at points on the line æ = 2a. 

A chord of the curve, which subtends a right angle at the: 
origin, touches the parabola | 


α + y --(α-- — 


297. If the coefficient of ay be absent in the equation of 
a conic, show that it meets the cubic y" — 2*z = 0 in six points: 
where the tangents to the cubic are touched by a conic. 


298. The equation of the conic, osculating the cubic 
a" — z” — 0 at the point where z = 6y, is 
L — 50*y' — 450'2 + A00 y + 240*yz — 150 2x — 0. 
Hence six conics of the system can be drawn through a 


point, and the tangents at the points of contact are all 
touched by a conic. 


Also we can show that the locus of the centres. of hyper- 
bolas osculating the cubic 3y = a” is 1252? + 1929 = 0. 


299. Show that the anharmonic ratio of the tangents. 
from z, y, z to the cubic y? — zz, and (1) the line from the 
same point to yz is given -by the equation in =k, (2) the: 
line to zz, = (1— 24), (3) the line to zy, 

977? (814 -- 36k + 27)* 
S 8-62} ? 


where —, =k. 


128 Examples and Problems on Cubics. 


Hence show that, if the angles of the triangle of reference 
- are connected by the relation 260 — A = r, the cubic B’°—ka*y=0 
has three foci on the circumscribing circle. 

Show also that the circle circumscribing the triangle 
formed by three foci of the cubic ya" + 28* cos (20 — A) — 0 
passes through ay. 


300. The tangent at any point of the nodal cubic 
(y + ke) (y + 4kz)* — a2 =0 
is one of the fourth harmonics to the three tangents from the 
point to y* — 2*z — 0. 
Writing x = 0y in y' — xz, the coordinates of the intersec- 
tion of the tangents at 0, 0' are 


x =400 (0 + 0^), y=} (F + 6” +00), zz 1. 
Hence if 0 — 0' = c, we have 2 —400' (0 + 0), cy =$ (F — 0”), 


c’z = (0 — θ᾽; whence, eliminating 5 


(y + kz) (y + 4kz)* —a*z=0, where k =- 126". 

Now the tangent to this curve is easily seen to meet 2 on 
the line 2 (0 + 6’) x — (@ + 0* + 406’) y — 0, and the tangents 
to y' — xz — 0 meet z on the lines 

20--501--0, 22—830'y20, 2243(0--0)y 20; 
and these four lines form a harmonic system. 
The tangents to the three curves of the system 
(y + kz) (y + 4kz' — αὖε — 0, 
which pass through a point, are evidently the three fourth 
harmonics. 


301. The polar equation of the cissoid, referred to its 


double focus, can be written tan 40 = 3 , 
rta 
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If p be the perpendicular on the tangent, and p the radius 
of curvature, 


. 9o (n — a) (7° — a^) (7? + 15a 
P = 41a? PO 48a° 
302. The cubic, whose equation in rectangular coordi- 
nates i8 
(+ ey 4 ὃ) -hy +e) (à —9—0)g +b (αἳ 04 ο] =0, 
has two foci on itself, viz. x = +a, y =b. | 


The lines joining these foci to the points x=+ c, y =0 are 
tangents to the curve. 


303. The triangle of reference being equilateral, the 
equation 
a (B +Y) +8 (y αἲ) + y (e -- 8") - αβγ--0 
represents a cubic of which the vertices of the triangle are 


foci. Transforming this equation to rectangular axes by 
writing 


a= (cy νθ) --ᾱ, B-3(r-y43)—-a, y=—(a+2),. 
we find | 2^ — Bry’ — Za (αἲ + y*) --ὅα' — 0. 


304. The cubic whose equation to rectangular axes is 
z—p(zty)tge-r-0, 
being the envelope of the circle 
p (a? y) -(q* 39") s t rt 259^ —0, 
has four foci determined by the equation 
27 (ρα) - r — 4(2pz — q) -Ξ 0. 
If ᾳ--- 4pr, two of the foci coincide at the point 2pz = q, 


and the square of the distance of any point of the curve from 


this focus is in a constant ratio to the cube of its distance from 
a fixed line. 


Ἃ 


130 Examples and Problems on Cubics. 


305. A cubic is such that two asymptotes meet on the 
curve; if A, B be two fixed and P a variable point on the 


curve, show that ++ +5, —], where d, ἆ are the segments 


intercepted on the two Beytiptotes by PA, PB, and X and μ. 
are constants. : 


306. Two asymptotes of a cubic are at right angles to 
one another; if a perpendicular to the other asymptote, at 
the point where it meets the curve, intersect the cubic again 
in A, B, show that the locus of the centre of the nine-point 
circle of the triangle PAB is a hyperbola, P being a variable 
point on the curve. 


307. If the cubic whose polar equation is γ᾽ cos 90 = α be 
inscribed in a triangle 8o that the points of contact lie on a 
line, the pole of the curve is one of the points of contact of 
the nine-point circle with the circles touching the sides. 

The polar conic of the line az + 5y-- cz 2 0 with respect 
to the cubic z^ + yë 2°=0 is 

a yz bsc + c2 20; 
it therefore circumscribes the triangle zyz. Now let a, 4 
pass through the circular points and z be the line at infinity, 
when the cubic becomes γ᾽ cos30 — a*. Then, since the polar 
conic of a line touches the tangents to the curve where it is 
met by the line, it follows that one of the circles touching 
these tangents passes through the pole. 

Again, when the cubic is written in the form 


ABC- DF=0, 
where .4, B, C are the tangents to the curve at its points 
of intersection with D, it is evident that the polar conic of 
the point DF circumscribes the triangle ABC. But the 
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polar conic of any point with regard to the curve σ᾽ cos30 =a" 
is an equilateral hyperbola having the pole for centre. Hence 
the nine-point circle af the triangle ABC passes through the 
pole of the curve. 

We can show that the nine-point circle passes through the 
pole otherwise thus: If a conic Σ have ABC for a self- 
conjugate triangle and touch D where it is met by F, the 
‘result of substituting differential symbols in = and operating 
on ABC—D'F vanishes; but such a conic for the cubic 
xv + y°+2°=0 must be of the form 


Sev + gv + ἂλιμ =0, 
or for the curve 7° cos30 =a" must be a parabola having the 
pole for focus. Now the nine-point circle of a triangle self- 


conjugate with regard to a parabola passes through the focus ; 
therefore &c. 


“Aan 
4 


308. The locus of the poles with regard to the cubic 

Uzt t=O 

of the tangents to the conic 
Σ = (aX -t bp ἠ-ον) --λμ--0 
breaks up into the factors 
azè + by + cs" £ ay = =0, 

and these two conics intersect U at the points where its 
tangents touch Σ. ΙΓ 5 is the line at infinity and z, y pass 
through the circular points, the polar equation of the curve 


may be written p' cos30 =a", and we see that if six tangents 
to the curve be touched by the circle 


(a—a')'+(y—y')'- 7° =0, 
the points of contact will lie on the conic 


(+a!) a+ (r-a) y! = 3yay - a? = 0. 
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When the conic and the circle touch one another, it is 
evident that they will both touch the curve. Thus we find 
the condition that the circle should touch the cubic by 
equating to zero the discriminant of the equation 


Pr — {x° — 82'y" — a? +r (z^ + η) 226; NP 
+ (20r + (z^ + y®— 7n] X —o^ (z^ + y^ — P) =0. 


When this equation has three equal roots the circle oscu- 
lates the cubic. 


309. If the normal at a point P of the curve 
x’ — 82y*- a’ =0 
meet one of the lines y* — 32^y =0 in Q, show that 
(δ — 2r) (6+ r)! =a’, 


where r = PQ, and ὃ is the distance of Q from the origin. 
If Φ, Q, Q, be the points corresponding to the three 
lines, show that 


o + pa tag 20 
PQ, PQ, PQ 
310. Show that the six lines represented by the equation 
B gi + yt + (az + by)t=0 
are tangents to both the cubics 
(cx — bz)” — (cy + az)’+ 2° =0, 
a* + y! + 2° — Bayz — (ax + by)" =0. 
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III. Examples and Problems on Bicircular Quartics. 


811. To find the points on a bicircular quartic from which 
the tangents have their points of contact on a conic. 

Let us write the quartic 

Uz zy + 2° (ax? + by’ + οα΄ + 2fyz + 20210 + ens 

where z is the line at infinity and zz, yz are the nae 
points, and let V be the polar cubic of a point (α΄, y', 2) on 
U. Now if six points of intersection of a quartic and a cubic 
lie on a conic, the remaining six points of intersection must 
also. Thus when the points of contact of the six tangents 
lie on a conic, the remaining points of intersection of U and V 
must also; but these latter points are the point a’, y', z' and 
the nodes az, yz, each counted twice over. Hence a conic 
can be described so as to touch V at each of these points, or 
a circle whose centre is the double focus of V must touch the 
curve at 2, y', 2. 

We may express this condition by substituting the μας. 
nates of the double focus of V in the equation of the normal 
atz,y,2. Now the tangents to V at xz, yz are 


σα +bz2'=0, yy + azz =0, 
and the intersection of these tangents is the double focus; 
also the normal to U at z 192 is 
(es - ta) αρ στ — (yz -- s s = 0; 


hence we have, after dividing by z and NP the accents, 
ay (fy — go) + hz (az — by’) + 2° (afe — bgy) — 0 


which represents a circular cubic intersecting the didis in 
eight points satisfying the given condition. 
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If f=g=h=0, the quartic becomes an ellipse of Cassini, 
and the cubic vanishes identically. Hence we see that the 


points of contact of the tangents from every point of this curve 
lie on a conic. 


912. The equation of the quartic being the same as in the 
preceding example, show that the locus of a point, whose 
polar cubic has its double focus on itself, is the circular cubic 


hz (az? + by? — 2abz") + 82" (afz + bgy) 
- xy (gx + fy) + 2 (ab — ο) xyz =0. 
If P be an arbitrary point, and P’ the double focus of the 
polar cubic of F, show that OP and ΟΡ’ are equally inclined 
to FF’, and that OP.OP' = OF", where F, Ε΄ are the double 
foci of the quartic, and O is the middle point of FF”. | 


318. The equation of the quartic being the same as before, 
the locus of the double foci of the polar cubics of every point 
on the curve is the bicircular quartic 


ου γ΄ — 2zyz (afc + bgy) + αὖθ᾽ (aa? + by + αὖσ' + 2hay) = 0. 
This locus is identical with the given quartic, if f=g =0, 
c=ab. Hence the double focus of the polar cubic of any 
point on the quartic 
(£ + bz”) (y + az’) + 2hæyz’ =0 
dies on the curve. 


814. A bicircular quartic has a finite node; to find the 
locus of the points from which the tangents have their points 
of contact on a conic. 

Let us write the quartic 


Us ay + ye! + οφ) + xyz (am + by + cz), 


where c2, yz are the circular points and ay is the finite node, 
and let V be the polar cubic of α΄, y', 5’. 
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Then since the points of contact of the tangents lie on a 
conic, another conic can be described through the vertices. 
of the triangle xyz to touch V at these points, or the normal 
to V at ay must pass through the double focus of V. "This 
eondition gives 
(a — bc) x (y! — 2°) + (b— ca) y (2° —27) + (6-- ab) z (£ — ἡ") = 0, . 
which represents a circular cubic having its double focus on 
itself. 

It is evident that this cubic intersects the quartic in points 
such that the anharmonic ratio of the a from them is 
& maximum or a minimum. 


315. If, in the preceding example, a=b=c=0, the 
quartic becomes a lemniscate and the points of contact of the 
tangents from any point to the curve lie on a conic. 

We proceed to find the equation of this conic. If we form 
the contravariant σ (Salmon's Curves, Art. 292) of the quartic 
y= zu + y'z + zu, 

we find | e — (a 4 B Γη). 
Now, if we put 
a=yz — zy, βξεα ---ᾱ, y= xy yr 
in c, the result must be proportional to the invariant S of the 
biquadratic in & obtained by putting x+ ks’, &c. for x, &c. 
in U=0. Thus we obtain the identity 
12 (U'U— PV) + P= (ys = sy) + (62 — ae!) (ay -yo Y, 
where . | 
ΡΞ α΄ (γ +2) + y'y (2+ 2’), + 2/2 (α" +7"), ‘ 
P za (yer) y (a?) ys (a y")s, 
Q= (y^ + 2?) a? + (z^ + x) y 4 (α” +4”) 2 
+ 4Ay'2 ya + ρα δ- 4 Az yay. 


136 Examples and Problems on Bicircular Quartics. 


Hence, putting U= V=0, we see that the points of contact 
of the tangents from 2’, y', z' to the curve lie on the conic 
(y^ + ο”) 2? + (27+ 27) y! + ("^ ty’) ty 2 yete c 2x m y'oy 0, 
the factor yzyz--zc2o--cymy 
being rejected as irrelevant. 

The discriminant of this conic is proportional to 

(α” + y" + z”) (ay? J- ye" + gg, 
Taking the case when az" y" -- 2" — 0, the conic breaks up 
into the lines 
az + θψψ' + Pzz'=0, απ + Pyy' + θες — 0, 
where Ó is a cube root of unity. These two lines touch the 
conics 


a+ 0 02-0, 2° + Oy + Pz’ =0, 
and intersect each other at the point > : a > on U. 


If we write the lemniscate in polar coordinates 
7? = 2c’ cos 26, 
we see that if tangents be drawn to the curve from any point 
of the equilateral hyperbola 27*cos2@=c’, their points of 
contact will lie on two lines which intersect on the curve and 
touch the equilateral hyperbolas 


27° cos (20 Ł +) -- ο", 


316. From the identity in the preceding example we see 
that the polar line of any point (z', y', 2’) meets the curve 
at its points of intersection with the conics 

adyz-yzc-£zry-0, y£yz-tzgcimx-ccmycy-0. 

Hence the tangent at α΄, y', z' meets the curve again at its 


intersection with 
a'ys + yen + zzy 20. 
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317. If a point lie on one of the conics 
αἱ -- Oy + P2=0, 27+ θῇ" - 02 —0, 
show that the invariant S of its polar cubic with regard to 
LY’ + yz! + za? = 0 vanishes. | 
If a point lie on α΄ 4- y* + 2! — 0, show that the invariant 7' 
of its polar cubic vanishes (see Ex. 218). 


318. Four points on the quartic æy’ 4- y’2'+ ο αἱ — 0, lie 
on the line ax+Py+yz=0; the tangents at these points 
meet the curve again in eight points lying on the conic 


α αἱ + PP + 2? — 2 (αἳ + β' -- y") (Byz + yazan + αβαι)) 
| + 8aBy (ayz + Bzz + yay) — 0. 
The discriminant of this conic is 
a^ Bry’ f(a + A+ 7) — 270 y] m a® By 
multiplied by the tangential equation of the curve, as it 
ought to be. 


319. To find an. expression for the angle of aberrancy ὃ 
(Salmon’s Curves, Art. 407) at any point of a bicircular 
quartic. | 7 

Taking the tangent and normal at the point as.axes of 
coordinates, the equation of the curve may be writteh 
Uz (w^ + yy + (lo + my) (à + y") + az! + by’ + 2hzy + 2fy=0; 
and then the conic 

ad + by + 2h'xy + 2f'y =0 
is easily seen to have four point contact with the curve at the 
origin, if a’ =a’, k =ha — lf, f' —of. | 

The line drawn from the origin to the centre of this conic 


is a^z + (ha — lf) y=0; whence ο. Now if πο 





x 
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express the condition that the circle æ’ + y — 2ry = 0 should 
touch the curve again, we obtain 


(ar +f) (4r* + 2mz? + br 4 f) - 7 (Ir +h) 29; 
3 
whence TTT, = la — Ë 4 
* (If — hay 
ed (ρ-η)ίρ-π)ίρ-ηὀ{ρ-τ)- aay 
where r., 7,, *,, r, are the radii of the four circles which may 


19 93 0 


be described through the origin to have double contact with 


the curve, and p --2 is the radius of curvature at the 


origin. Hence 


w=- (2-1) 6: 6-9 £22) 


Now if the quartic be considered as the envelope of a 

circle whose centre moves along the conic 
ge 2 
Fz x +% —120, 
and which cuts orthogonally the circle 
Jza'-4y'-2ax—28y-- k —0, 
we obtain the equation of the curve in the form 
(a? + y! - IP — 4a' (x — a)’ — AP (y — Bf =0, 
or S'— PQ=0, showing that the points of contact of the 
double tangents PQ lie on the circle & Since the quartic 
can be generated thus in four ways, it follows that S is one 
of four concentric circles. If we write now 
(z + y) + (lc my) (αἲ + y) + a2 + by? + 2hæy + 2fy 
= (æ + y +4 (lot my) +A} - PQ, 


S=a'+y'+4 (le + my) +n, 
PQ- X + (Le + my) + 3λ (2° +4") +} (le + my)? 
— (a2? + by’ + 2Àzy + 2/y). 


we must have 
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But if z*+y4*—2ry=0 touch the curve again, we know 
that it must cut J orthogonally, or, if J=a*-+y*—2a'x—2y'y+e', 
we must have c' —-2ry'. Now J cuts S orthogonally, therefore 
$ (0) + my') 1- σ΄ +X=0, and the point PQ is the centre of J, 
whence X" - 4A (iz + my") = fy'. Eliminating ]α' + my’ and c, 
we obtain — 27k =f. Now f is the value of 


à /(z) *(27)] 


at the origin, and this function is independent of the axes to 
which the curve is referred; also A = ϱ) — ᾖ”, where p is the 
distance of the origin from the centre of F, and k 1s the 
radius of S. Hence 


ER" As) +} 


Pp 


We can express (m) -+ (by in terms of the distances 


Pa Pas Py p, Of the origin from four concyclie foci. Forming 
the condition that æ+ iy- p=0 should touch the curve, 
we get | 

{m — P +4 (a — D) - 2i (Im — 4h)} p* 4... 4f! 50; 
therefore 


E em NON Eod 
PPP Po m IB 4 (a - b) + 94 (lm — 4h) : 


2.3. 3 pc IUE Tere | 
and =P, Ps PsP = (ma? — E+ 4a — 45) + 4 (Im — 4h) 
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Now from the expression for PQ given above we can 
deduce that 


m? — P + 4a — 4b)? + 4 (Im — 4h)? = 168, 
) 


where 8 is the distance between the double foci of the curve. 
Hence we have f= ὃ /(p,p,p,p,), and 


(T) + (2) = 45° (ριριριρ). 


820. Putting y =0 in the equation 
U= (à? + yf + (Le + my) (x? + 3?) + a2 + by + hay + 2fy — 0, 
we get, after dividing by a’, 2è + læ +a=0, whence 
2 ο 2 1.3}/᾽5, 1 2\ (pt 1.5 
ὦ = P — 4a = — 16 (p mi Ee κ.) (p k`) (p ke) 
PPP SP. 


where ὦ is the length of the segment which the tangent 
intercepts on the curve. 
For the central bicircular quartic 


(ωἳ + y'a E) — 4 (aha + by’) =0, 


we find ᾿ 
σι... 4 (p* — k*) (P + K — 2a”) (p + è — 203) 
στο (4 BF) (p* +) —2 ( — Ka? — KP + 2a) p*? 


where p is the distance of the point on the curve from the 
centre. For the ellipse of Cassini 


3 Y (at 49 4 Er (^ — KF’) (ο -- r*)} 
(a? + y) 2c (z^ y) +k = Q, οποιο 
When £ — 0, this curve becomes a lemniscate, and 
2 
d= vlé- τῆ, 


which is à maximum, when ο = 39%, 
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For the Cartesian oval, since the distance between the 
double foci must vanish, we have 
l—m -—4(a—-5)-0, lm—4h=0; 
and if the curve be written in the form 
(ey -E*-s(r-m)-0, ἆ--θ(β--νὴ, 
where r is the distance of the point on the curve from the 
triple focus. 


321. When the origin is a point of inflexion on the quartic 
Uz (xt y) + (0 +my) (2° +y’) + act + by’ + thay + 2fy =0, 
a vanishes, and then d*—- 7. But P= 160”, where g is the 
length of the perpendicular from the centre of the focal conic 
on the normal, or when the curve is written 

(2? + 4? — Ey — Δα} (z — a)* — 46° (y - B = 
_ 8[(α-- 03) ay - b θα — a'a 


adU\* ; 
Va) * (37) ] 
Hence, the points of inflexion, when the curve is written 
in the latter form, must satisfy the equation 
(p^— E") P-k?) (p^— k,’) (p!—k 5) + 16((a)— αν + b Sz — αἲαγ]---0, 
"which may be combined with the equation of the curve so 
as to give a quartic passing through the circular points 
at infinity. 
For the Cartesian oval 
(a? + y^ — K'Y — a (x — m) =0, 
the points of inflexion lie on the circular cubic 
16K? (x — πι) (2° + y* — k’) + à? (92? + 8y^— 24mz + 16m*— Κ) = 


322. The area which the tangent at a point P of a 
bicircular quartic cuts off from the curve is a maximum 
or a minimum, show that the normal to the curve at P 
passes through the centre of the focal conic. : 
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328. If A, B be the points in which the tangent at a 
point P of the lemniscate 7° = 2c’ 90820 meets the curve again, 
and jS be the area which the chord AB cuts off from the 
curve, we have evidently 

dS =4 (PA? — ΡΒ) dd, 


where ¢ is the angle which the tangent makes with a fixed 
line. But (see Ex. 320) 


4,4 
PA+PB=4g=477, 


where p is the perpendicular from the node on the tangent, 
and 


PA- ρβ--- Νίο" -- 7*), 
(Ex. 320); therefore 


d8=— y(t - n) dp EE 





(ct - 7j, 


since 7 —2c'p for the lemniscate. Hence, integrating, we 





4 Q2 
have S= (e sa , adding no constant, as S must vanish 


with the segment AB. 


924. A tangent to the lemniscate r'-—2c!cos20 meets 
the curve again in A, B; the locus of the middle point of 
AB is r* = 265 cos 1 (20). 

If $ be the angle which AB subtends at the node, 


, 2 
cosp =. 


825. To find the locus of the centre of gravity of an arc 
«f the lemniscate which 4s of given length. 
Let 7 -a'cos20 be the polar equation of the curve, 


αὖθ 
then, if ds be the element of the arc, ds= ποστς and, 


Examples and Problems on Bictrcular Quartics. 148 


if æ, y be the rectangular coordinates of the €entre of gravity 
of an arc of rig l, 


2 3 - 1]. 00880 = T 7 (sin£, — sin 0), 
3 
and y= 7 n 6 — co80,) ; therefore 


αἰπ’ (8, — 6) = (a +"), tang (6, 6) -3. 


Now, by the theory of elliptic functions, when 


P - >A) : τ. = 8 const 
ο V(cos28) J, Μζοοβ2θ) κ 8 constant, 
we have πι 9086, cos, +n sind, sin 0, =1, 


where m and n are constants connected by the relation 
m'-4-^'—92. Hence, the τ of the locus is 


(m + n) (2 +3) - [ία —1)a'+ (n—1)y'}. 


326. A variable TENUES γ᾽ =a co820 + b sin20 touches 
the Cassinian oval r‘— 2073 cos20 — 4* 205 to show that it 
cuts off a constant area from the Cassinian 

γ΄. 2c? cog20 — k* — 0, 
where k'<k. 

Let S be the area cut off by the lemniscate from the 
curve 7* = $ (0), then 


8-1 f. [a cos26 +b sin20 — $ (0)} dé, 


where 6, 0, are two roots of the equation 
a cos20 + b sin20 — $ (0) — 0. 


Hence, if S remain constant while a and 5 vary, we 
must have 


[ (da cos26 + db sin20) dO — 0, 
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as the terms outside the sign of integration vanish by the 
condition given above. Performing the integration and 
dividing by sin (0, — 0), we obtain 
da cos (6. + 0,) + db sin (0, + 0,) — 0. 

But it is evident that if we seek the point of contact of 

the lemniscate with its envelope, we have 
da cos20 + db sin26 — 0; 

hence 20 = 0, + 0,, or the radius vector to the point of contact 
of the lemniscate with its envelope bisects the angle between 
the radii vectores to the two points of intersection with the 
curve γ΄ = $ (0). | 

Let us now seek the intersection of the lemniscate with 
the^Cassinian oval | 
γ΄ — 2c’r* cos20 — k'* — 0. 


We find 
(a+ b tan20)' — 2c’ (a + b tan20) — E" (1-r tan'0) = 0, 
_ 9) (ο — a) 
whence tan2 (0, + 0) = 5 aca? 


which being independent of #’, the truth of the theorem 
becomes evident. 


397. If r be the radius vector and p the perpendicular 
from the origin on the tangent, to find the relation between 
p and r for the quartic 

(a Ly ey 4 (αἰαῖ + 2313) Ὁ 

The conic 6 + 0 (αὖ -- γ΄} E) + ad? + by? =0 | 

touches the quartic, and the points of contact lie on the circle 
(δ ἠ- γῇ --ἶ'--260. 
Now when we are given a conic 


ot 2 
gt gh 
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we have 





aia κο πο “η, NG Ne πο]. 


Lp e 4 αρ 4 a" D"? 
therefore P = (rr 9 T ( D (r— E 3 
where a -g-pB, Pab- k. | 
In a similar manner we can find a relation between p and 
r for the Cartesian oval 


(a? +y — 2az + I)! — Δα’ (a? +") 0, 


where the origin is a focus, by considering the curve as the 
envelope of the circle 


p. (x + 4°) + p (2 4-3! 2αα 4 E) ta =O. 
We have from this circle 
"EL. 9 ru Hip f c B GP un) , 
+1) [τ patij? 
and, since the points of contact lie on p! (z* 4 y") — a 20, 
we have p= “5 hence 





D-p 


e- (a+r) (a7) | 


We can also find the relation between p and r for the 
Cartesian oval when the origin is the triple focus, by con- 
sidering the curve as the envelope of the circle 


Bt 2p (2 + y! K) +a (a— m) 0. 
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328. F, ΓΕ’ are the double foci of the quartic 
(£ + y+ Ey — 4 (afa! 1- δρ) 20; 
if the normal at a point O of the curve meet the axis of y 


in P, and a parallel through O to FP meet the axis of α 
in Q, then 


0Q-7 J(2-P). 
If the normal at α΄, γ΄ meet the axis of y in 0, 8, we have 
Ba 2 O Py 
g” +y’ +k —92a Ν(αα’- ον) 
since the equation of the curve may be written 
(α) -- y' -- E- 2a?! + 4ο = a'a", 
where a^ =a’ — k’. 


Hence, if PFF' = 6, cy'=aa' sin, and 0Q=— . 


Alo FQ=2'-0+ ὃς cos0 =(P- OF?) 


where a+b- k=; 
and since the curve can be written 
(OF? — d" (OF" — d*) = 43° (f — £^, 
we have 
b 
FQ.F'Q'23 (P — E). 
The circle 
(zy --αἷ -- a^) cost (6, + ϐ)) | 
+ 2cy sin $ (0, + 0,) — 2aa' cos$ (0, — 0) =0 


evidently passes through the two points ϐ, 0, on the curve. 
Hence the line bisecting at right angles the chord 6, 0 
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meets the axis of y at the point y’=—c tan} (6, + 0), from 
which it readily follows that any line meets the curve so that 
the sum of the angles 0,, &c. is equal to 0 or 2mm. | 
329. The quartic | 
(a? + y? t £y —4 (am + by) = 0, 
being written in the form | 


W + (e—e) - a} fy'+ (24 of d - S U- P) 


where ὧ'--α 1 ζ᾽-- 15, ο-α"-- δ), 
the circle S having double contact with the curve, where 
Sz + y? -2ax cosh —2by sing + k — 0, 
cuts off constant arcs from the circles 
yY t (xtcj- 

For the chord of intersection of S and y! -(y — ο). - d'z0 
is (a cos —c) x + b sin $y — 0-0, and the perpendicular on 
this line from c, 0 is equal to a. | 


330. If p, p' be the distances of a point P on the same 
curve from the double foci, we have | 


(j- #) (p"- δ) =5, (8 - k), 

and, therefore, | 
= pip | 

πα opm 


Now, if the tangent at P meet the polars of P with 
regard to the circles p' — d z:0, p" — d' 20 in A, B, we have 
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from which it follows that the portion of the tangent 
intercepted between these two lines is bisected at the point 
of contact. 


331. Let 
S= æ -- y! —2ax cosh — 2by sind + F= 0 
be a circle having double contact with the quartic 
(a + y" +k) — 4 (a'a + By’) =0, 
then if we form the discriminant of S-- APQ, where 
ΡΟΩΞ(αἱ - κ) 2 + (δ)--) y =0 
represents two double tangents of the curve, we obtain 


a’ cos ó 2 b’ sin*d 
I-X(4—P)' IXYA(U—P) 


or (1 — AK’) (A075? + a” cos’ + b" sin’) =0, 
if we write 


--0, 


ολ aaa 


Taking the value λ.-- 2 » We see that two chords of 
intersection of S and PQ are 
(az — k cos)" + (by — 17 sin $! = 
These two lines are parallel to the double tangents 
aq + By? = 0, 
and intersect on the conic αἰαῖ} Dy --}', If we take the value 


> = — (27 C08 9 + δ’ gi " sin’) 
αλ ---- 
the two chords of intersection are 


zcosp  ysinó (αν v ba! 
y ἐπ *( )- 





c" 


Examples and Problems on Bicircular Quartics. 149 





If 20 be the angle which one of these chords subtends at 
the centre of S, we find 
| aa *tbb 


cos 6 = - e 





Since one of these chords touches the conic 
n1 '3 | 
aa? + by? = ες (ab’ F ba), 


whose asymptotes are a"z* + b7y?=0, we see that the quartic 
can be generated as the envelope of a circle described through 
the points where a tangent to an hyperbola meets the 
asymptotes, so that the angle subtended by these points at 
the circumference is given. 


832. If we write | 
Us (à + y' + ΚΙ —4 (ααἲ + b’y’), 
BE Γ/--2αο-- 24 BEL ry + 2αα 1-2βῃ C, 

we have | 

SS' -- Uzt' —k 4-2 (C— P) (a?+ y") - 4(az-- 8y)-4 (a2 -5y^), 
from which it follows that any circle S meets U' in four points 
which lie on a concentric conic. Hence, being given four 
concyclic points on a bicircular quartic with a centre, the 
locus of the centre coincides with the locus of the centres of 
conics through the same points, viz: the equilateral hyperbola 
which passes through the middle points of all the lines 
joining the given points. This quartic is determined by 
six conditions, and when we are given four points, the curve 
will still contain two arbitrary parameters. Thus the quartic 
may have a node or become an ellipse of Cassini, and 
the locus of the centre of either of these curves, when we are 
given four concyclic points, is the equilateral hyperbola 
determined above. 
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If we write 
ΡΞ az? + by! + 29a + 2fy 4 c, 
S=a°+y'—F, 
it can be easily seen that the equation 


29 2f Z 
S (s) + (ve 725) -PaME AV — 0, 
where @ and X are arbitrary parameters, represents any 
central bicircular quartic passing through the intersection 





xg om 
of S and V. The coordinates of the centre are —— 210' bi O' 


If the curve is an ellipse of Cassini U, the centre must satisfy 
the equation 
a σι aU 
aa * dy’ 
and then if a+5=0, or V is an equilateral hyperbola, we 
get A0 = 2k’. 
Thus the equation 


(oe κ) κ) Ero 


=0; 





represents a system of Cassinian ovals passing through the 
intersection of S and V. 
If we compare this equation with 
(ω-α +y -yN (2-2 -ᾱ 0, 
we have, to determine the double foci | 


zy] c uy Le gy ν Ft o, 
ooft a oca ο Vtg Gt oca Oi 





whence, eliminating 0, we obtain 
(axy + gy -- ο) (2 + y) + Maxy = 0. 
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333. If the conic | 
az! + by’ + 2hay + 29x + 2fy + ο--0 
pass through four concyclic points on the bicircular quartic 
(z* + ^) — 2aa* — 28y* + k*=0, 
one λα), LC bg) a fg— oh _ 
the conic BER F LUE M Er c 


has quartic contact with the curve. This readily follows 
from the fact that if U be a conic having quartic contact 
with the curve, any conic having double contact with U 
meets thé curve in eight points which lie on two circles. 


334, A circle of given radius passes through a fixed 
point F, and an equal circle through a fixed point F’; 
if the sum or difference of the arcs FP, F'P be given, 
where P is a point of intersection of the circles, show that 
the locus of P is a central bigircular quartic of which F, F” 


are foci. 
385. Show that the quartics 
(+y +E- Ad'ay-0, (i c y! - Py -- 4a? (2-3) =0, 
cut each other orthogonally. 


336. If S, S, S, S, be four bicircular quartics podus 

five points in common, the equation 
LS, 4 8, 4- 1,8, 4- 1,8, —0 
represents any bicircular quartic passing through these five 
points. Comparing this equation with SS'—Z=0, where 
S, Θ΄ are circles whose centres are the double foci, and Z is 
a line, we determine the double foci by the equations 
4 (zz, = YY) Zl - Zl (a — ὁ), 2 (ay, 9,2.) xl = Σΐ3, 
(x, αι) Bl = 2Σ]α, (y, + 3.) 20= 2218, 
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where 
S, s (a+ y) —4 (αμα t 8,9) (2 - γ᾽) 1- αι) +d" 

1-9, αν + 29,2 + 2/,9 + 6, 
S,= &c. 


3 
Hence, eliminating 7, 4, 4, l, we obtain a result of the 
form 


A (cm, YY) t H (zy, YE) + G ία, αι) +F(y,+y.) +C=0, 


which shows that the double foci are conjugate with respect 
to the fixed equilateral hyperbola 


A (a — y") + 2Hay +2 Ge +2Fy + C=0. 


When the double foci coincide, the quartic becomes 8 
Cartesian oval; and thus we see that this equilateral hyperbola 
is the locus of the triple foci of all the Cartesian ovals passing 
through the five points. 

For a bicircular quartic U with a centre, the centre, 
in addition to the equations, z2/ — Σία, y El = ΣΙβ, satiffies | 
it = 0, s =0. We find thus that the locus of the centres 
of such quartics which pass through five fixcd points is a 
curve of the fourth order passing through the circular points 
at infinity. 

In the same way the equation /,8,+ 1.8, -- 1,8, 2 0, where 
δ. &,, S, have six points in common, represents a system of 
bicircular quartics passing through six fixed points. If one of 
the quartics reduce to a conic, the six points will lie on 
a conic, and the centres of the focal conics of the system will 
lie on a right line. When the quartic breaks up into two 
circles, the centre of the focal conic is the middle point of the 
line joining their centres; hence we obtain the theorem 
of Ex. 123. 
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337. Writing the equation of a bicircular quartic in 
the form SS'—.L—0, we see that any circle Σ meets the 
quartic at four points of its intersection with the conic 

(S-z)(8—2)— L-0. 

Now the asymptotes of this conic are parallel to $—220,. 
S'— 320, and these lines are perpendicular to the lines 
joining the centre of the circle to the double foci. Hence, 
since the chords of intersection of a conic and a circle are 
equally inclined to an axis of the conic, we see that a pair 
of chords of intersection of a circle and a bicircular quartic 
are equally inclined to the bisectors of the angle between 
the lines drawn from the centre of the circle to the double 
foci. 


338. To show that a line meets a bicircular quartic at 
angles the sum of whose cotangents is equal to zero. 

If we take an arbitrary point for origin and draw any 
line through the origin to meet the curve, it is evident that 
the continued product of the four radii vectores is constant. - 
Hence, differentiating, since 2 =cotġ, we have Σ cot — 0. 

We can arrive at this result otherwise thus: Let us write . 
the curve | 


(æ+ 4*)*-+ (læ + my) (a 3") taxt by* + 2hay +2904 2fy+c=0, 
then if the line is the axis of æ, and f(x) is the result of 
putting y =0 in the equation of the curve, the equation of 
the tangent at the point (x, 0) is 

(22) (n) +y (mz. + hx, + 2f)= 65, 
whence οοἱθ, =— Ν᾽ : 


and, therefore, | = cot 0 — 0. 
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We have also Zx cot = — m= 4y', where y’ is the ordinate 
of the centre of the focal conics, from which it follows that, 
if G be the centroid of the four points in which the normals 
intersect a perpendicular to the line, a parallel to the line 
through G will pass through the centre of the focal conic. 

If the line is à tangent to the curve, the sum of two 
cotangents is replaced by 2 cot 5, where ὃ is the angle which 
the axis of aberrancy makes with the curve. 

Hence, if the tangent at a point P of the quartic meet 
the curve again in A, B, and if the line joining the middle 
point of AB to the intersection of the tangents at A and B 
meet the perpendicular from the centres of the focal conic 
on the tangent in C, then the axis of aberrancy at P passes 
through C. 

By inversion we see that a circle meets a bicircular 
quartic at angles the sum of whose cotangents is equal to 
Zero. 


889. To draw through a point on a bicireular quartic a 
circle to meet the curve again at the vertices of an equilateral 
triangle. 

Taking the point on the curve as origin and the axes 
passing through the circular points at infinity, the equation 
of the curve may be written 


ay + xy (lc my) + az? + by! + Bhay 292 + 2fy — 0, 
and zy — ay — 9: — 0 represents a circle through the origin 
whose centre is a, 8. Forming the equation of the lines 


which join the origin to the points where the circle meets 
the curve again we have 


(ay + Ba)’ + (ay + Bx)” (læ + my) 
+ (ay + 82) (aa* + by? + 2hzy) + 22y (gx + fy) =0. 
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Now if the coefficients of z'y and αγ" in this equation 
vanish, these three lines will be parallel to the sides of an 
equilateral triangle; thus we have 

9a'B + la? -- 2πιαβ + b + 2ha + 2f=0, 
308% + πιβ' }- 91α8 -- aa - 236 4-29 — 0. 

Multiplying the first equation by £ and the second by a, | 
and subtracting, we get. 

͵ maf" — la'B + b8* —aa* + 2/5 - 2ga = 0; 
and, combining these three equations, we have - 

(C — 3a) à! — (m — 3b) β' + (2hl— ma —6g)a 

— (2hm -- lb—6f) B +2 (If — mg) 0, 
which represents an equilateral hyperbola having five points 
in common with the two cubics. , Thus we see that five 


circles can be drawn to satisfy the given conditions, and 
that their centres lie on an equilateral hyperbola. 


340. A rectangle 4s inscribed in a bicircular quartic; to 
find the locus of tts centroid. 

Taking the origin at the centre of the focal conic and the 
axes passing through the circular points at infinity, the curve 
may be written 

zy + ax ^ by! + hay + 2g + Yfy += = 0. 

Let zy —ay — 8z-- À—0 be the equation of the circle 
circumscribing the rectangle; then, eliminating y between 
the equations of the circle and quartic, we get 

(θ" + a) z* —2 (B+ aa - AB — ο) αὖ 1- &.=0; 
hence, θα (8' 1- α) -- FB + aa — h8 — g, 
and, similarly, 2y' (α' + ὁ) = Ka ἠ- 58 — ha — f, 
where z', y' are the coordinates of the centroid of the 
rectangle. 
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But the centroid of the rectangle coincides with the 
centre of the circle; therefore 


B(k—2a8)=ac+hB+g, «(k*—2a8)=ha+t bB tf 
whence, eliminating k*, we have 
aa’ — bf" + ga —fB =0 
an equilateral hyperbola which passes through the feet of the 
normals which can be drawn to the curve from the origin. 


341. By exactly the same method which we used in 
Ex. 255, we can show that, if any point P of a bicircular 
quartic be joined to four concyclic foci, the tangent to the 
curve at P is divided in a constant anharmonic ratio by the 
perpendiculars erected to the joining lines at the foci. 
Also, if D 120 
a 5 
be a focal conic, and 

2! 4 y!—2az-928y-- 020 
the corresponding Jacobian circle of the quartic, a circle 
having double contact with the curve may be written 


DH x+y — 2a (x— a) cosp — 2b (y — 8) sind — 0 =0; 
and the envelope of the polars of P(z', ψ) with regard to the 
circles = is the conic 

(za! + yy!’ — t) =a? (x+ α΄ — 2a)? + b (ΕΥ — 28)", 
which, by the mode of generation, evidently touches the four 
perpendiculars, and also, as can be seen from its equation, 
touches the curve at P. Now, if a point P be joined to 
four points on a circle and perpendiculars be erected at 
these points to the joining lines, we know that these per- 
pendiculars are tangents to a conic of which P is a focus. 
But the two conics, described through any point P of the 
locus of the foci of inscribed conics to touch the sides of a 
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quadrilateral, cut each other at right angles at P; in fact, the 
tangents to these conics are harmonically conjugate with 
every pair of tangents drawn from P to an inscribed conic 
-(Salmon’s Conics, Art. 344); and since, when P is a focus of 
an inscribed conic, one of these pairs passes through the 
circular points at infinity, it follows that the tangents are 
at right angles to one another. The two conics evidently 
correspond to the two confocal quartics which pass through P, 
and we thus have a proof that two such quartics cut 
orthogonally. 

We can also show that the tangent at any point Pof a 
bicircular quartic is divided in a constant anharmonic ratio 
by the polars of P with respect to four fixed circles of the 
same system having double contact with the curve. This 
ratio, it is not difficult to see, is equal to that of the pencil 
joining any point on the focal conic to the centres of the 
four circles. | 


842. To find the tangential equation of a conic touching 
a bicircular quartic at four Wr. on a circle. 
be a focal conic‘and . 

εἶ, zc +y — 20,0 — 24 + t -—0, 
the corresponding Jacobian circle of the quartic, the equation 
of the curve 18 
(at + y*— t) — 4a (072) tb (y—y,)*=0. 

Now we know that the quartic can be generated in this 
manner in four ways, and that the four conics F, F, &c. 
are confocal ; hence, equating the terms in two forms of the 
equation of the curve, we obtain the following cubic in a° 
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(where k, is the radius of F) to determine the semiaxes 
a@,, αμ α, of the three other focal conics. From this equation 
we obtain 


k?= (αι ea ας) (αἱ = ας) (αἱ cui αι) : 
P a, Be 
and, by symmetry, we have similar values for $’, kp, η 
t =a; +a; -αἲ-- αι. —c. 
Now the equation 

P+ αἳ ry -t)ta! (0 --ᾱ)) εδ (yy) m Vad 
represents a conic touching the quartic at four points on the 
circle αὖ + y* +20 —t* 2 0, and if we form the condition that 
the line z cosw + ysin w — p = 0 should touch V, and arrange 
according to powers of 0, we have 


θ' -Γ... Fa b) (v, cog co + y, Bine — p) z0; 
whence 0,0,0, — — a,"b,"p,*, where 0,, 0,, 0, are the parameters 
of three conics of the system which touch the line, and p, is 
the perpendicular from the centre of J, on the line. Let us 
put 0 — A'— a,", and let r be the radius of the circle through 
the contact of V, then 


=t —20 =a" +a; +a; Fa!-0—2N, 


- pis HO UPS, 


) 1 
and by symmetry there are similar values for p, P, Pe 
Eliminating A, and X, between these values ‘of p,, ἅς, 
we obtain 
p, Pa Pe . De 
LA (N' -= αι) z k; (N' ας) i ky (N iu αρ) " ki t = αι) > o 
which may be regarded as the tangential equation of V. 
The discriminant of this equation with regard to A* will 
evidently give the tangential equation of the quartic. 
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343. The three conics of the system in the preceding 
example which can be described to touch an inflexional 
tangent coincide; hence, these tangents are given by the 
equations 

= (αι -Xy ' (a, (a,- X) : (a, -X) ace (a; — xy 
P= abr? P= aj | Ps ab | D, 








and since, as can be easily seen, Z P = 0, identically, A” is 


k? 
given by the equation 
(αὐ 398 | (αὐ ΔῚΣ, (α’ Λα (αὐ--λΠΕ κ 
abk a,b a. ab) a bk, NE 


which when cleared of radicals is of the twelfth degree, as 
it ought to be. 


If we eliminate Δ᾽ between the values of p, p,, Pa we 
obtain | 
(αὐ — as) (ab, p)1 + (αν — αι) (a,b, p)? + (a, — ας) (4,0, 5,1 70; 
hence, the twelve inflexional tangents are touched by this 
curve, which is a projected form of the lemniscate, and, 
therefore, of the sixth class and fourth degree. "There are 


of course four such curves corresponding to the four centres 
of inversion. 


If the tangential equation of V be written 
| AN + Bi + Cr? + D —0, 
the equation 

l (B* 940) + m (BC—9A4D) -n(0C* - 3BD) = 
will represent a system of curves of the fourth class touching 
the twelve inflexional tangents. 

844. If the conic | 
e -0(204y —¢,") +0" (2 —a,)? +57 (y-8)20 
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be referred to its axes, show that it can be written 


Ma! (Met) y+ ο oy) 07 a) = αἱ) πλ μοι. ΠΡ 


where A, a,, &c. have the same meaning as before. 


845. If the two conics of the system 
+ 6 (a* cy — t) +a" (α-- ay + B*(y—f)*=0, 
which pass through a point P, cut each other orthogonally 
at P, show that the locus of P ia the circular cubic 
(o'az + By — a'a* — δ᾽") (ο + y’) 
— faa (x — a) - δ (y — 8) — a‘ (x — a) - à (y - B 0. 


946, Show that the locus of the poles of a fixed line with 
regard to the same system of conica is a nodal cubic passing 
through the four centres of inversion. 


847. Show that the locus of the vertices of the same 
system of conics consists of the two quartics 
a {a (x-a) +b" (y — 8)*] - a^a (a — a)(a* y — ϐ) + α(α--α). = 0, 
yia (o7 9-9 (y-8)] -P'y(y- B) y'- #) + iy - B) =0. 
Show. that these two curves cut each other at right angles 
at the four centres of inversion. 


848. If V20' 4 O(a? + y' —?) + a! (o—ay +t (y — By, 
B= ty! — 0-20, 
the quartic which is the envelope of V can be written 
S'—4V 20. | 
Now let us transfer the origin by parallel axes to a point 
on V, and transform to polar coordinates, then, if we consider 
the radius vector at the origin which touches V, the four 


Examples and Problems on Bicircular Quartics. 161 


points where this radius vector meets the quartic will be 
given by the equation 

(ρ' + Mp + N)*— 4 {(a’ + 0) οοβ΄φ + (δ᾽ + 0) sind} p° = 0, 
where p*+ Mp +N is the result of transforming 6, and ¢ is 


the angle which the radius vector makes with the axis of 2. 
Hence, if a, 8 be the roots of the equation 


pP + Mp + N+ 24 ((a* + 0) cos'$ + (b + 0) sin’d} ρ-- 0, 
and y, ὃ those of the equation 
p+ Mp + N— 24/ ((a* + ϐ) cos’ + (δ᾽ + 0) sin'$] p = 0, 
we have 
(a+B — y — δ)'-- 16 ((αἳ + 0) cos’ + (δ᾽ + 0) αἰπ’φ). 

Now if we consider the three conics which can be described 
to touch a given line, we shall evidently obtain the equations 
(a+ B — y — òf = 16 (0, + à? cos'$ + ῥ᾽ sin*$), 

(a+ y — 8 — è)? = 16 (0, +a" cos'b +8 sin*), 

(a 4- 8 — 8 — y)! — 16 (0, -- a cos'$ + δ᾽ sin'$), 
where 0, 6,, 0, are the parameters of the conics. Hence, 

we have s 
(α-- 8) (8 — y) - 4 (8, — δὲ, 
(8—85)(y—-a) 24(0,—0), (v—5)(«— β)--4(θ,-- θ), 
and = (a — 6)? (8 — y) = 162 (0, — θγ' 
Z (a — 8j (8 — y)? (a— B) (5— η) 
= 64 (0, + 0, — 20) (8, + 0, — 20. (0, + 0, — 20,). 

Thus if a line meet the quartic in a, b, c, d so that: 
Zad'.bc', or Xad'. bc ab. cd, 18 a constant, its envelope will be a 
curve of the fourth or sixth class, obtained by putting H or 
G of the cubic for X in Ex. 342 equal to a constant. 


849. If a line meet the Cassinian oval 
(a! + yy - 20 (αἱ - y) - i0 
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in a, b, c, d, so that Sad’. bc’ = d', its envelope will consist of 
the confocal conics 


a? γ᾽ a y 
"X p? - ^? "X pè cg 3 


where 4", 4,” are the roots of the equation 
p^ — cu! + 1 (c 8k‘) — ιά -- 0. 
If d vanish the line is divided equi-anharmonically by the 
quartic; thus we see that if the curve be written 
ay’ + ye! + 270" kzt =0, 
the contravariant σ breaks up into the factors 
a? + B* +y + 2k 8a = 0. 


350. If a line is divided equi-anharmonically by tlie 


quartic 
(a? + y) — 4 (afa? + By!) =0, 
we can show that it touches the curve parallel to the conic 
α) 
3a- δν t x "in i 
at a distance equal to 4 4/{3 (a? + ῥ᾽]. 
If a’ = 30", we see that for the curve 
(a? + y^)! — 45° (y! + 827) =0 
the contravariant σ is the product of the two circles 
+ y +2b/2a— B= 0, 


351. Referring to Ex. 348 we see that the absolute terms 
of the two quadratics, which determine the intersection of a 
tangent to the conic 
Uz0 + 0 (a? + of —#) + a’ (z—ay--P(y—8y 20 
with the quartic, are equal; hence oa.ob =o0c.od, where o is 
the point of contact of the tangent. If U be fixed, we can 
find the locus of the middle points of ab and cd. We have 


a+ B —y - È=} (a° + 0) cos'ó + (D + 0) sin'$] ; 
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but if » be the perpendicular from the centre of the focal 
conic on the line bisecting at right angles αὖ or cd, it can be 
easily seen that p= +4 (a + 9 —y — 8); therefore 


P= (a + 0) cos*d + (b° + 0) sin’¢, 
from which it follows that the lines bisecting ad and cd at 


right angles are tangents to the conic σποτ ο” 1. 


Now this conic and J are of the same form as the two 
conics in Ex. 158, and the locus of the middle points of ab 
and cd is evidently the locus of the intersection of rectangular 
. tangents to these two conics. Thus we see that the locus 
breaks up into two bicircular quartics. | 
In the case of the central bicircular quartic we can arrive 

at this result directly. For the perpendicular from the origin 
on the tangent to the conic 

€ +6 (αἳ -- γ΄ 4- E) ats ry =0 
is proportional to 

y (a^ + 0) cos'$ + (δ᾽ + 8) sin’¢}, 
and is, therefore, in a constant ratio to the perpendicular from 
the origin on the line bisecting ab or cd at right angles. The 
middle points of ab and cd are, then, the points where lines 
drawn from the centre of a conic meet tangents to the conic 
at a given angle, and this locus evidently consists of two 
bicircular quartics having the origin for a node. 


352. Show that the locus of the foot of the perpendicular 
from the origin on a line cutting off two equal intercepts from 
the quartic | d 

(αἲ y! -- 0) — αφ (x-a) - 4b (y- B! =0 


is the equilateral hyperbola =." 2 “= —c'=0, 
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353. Show that the common tangents of the conics 
P+ 0 (αἳ +y- 0) a! (x-a) +5 (y—f)*=0, 
2 3 
E PEL DTE Eee, E 
P-p-sétg-g-se-i-o 
ere divided harmonically by the quartic whose equation is 
given in the preceding example. 
354. If the quartic 
(c + y' - CY —4a! (x — a)" - A (y- 8 20 
consist of two ovals, one wholly inside the other, two tangents 
to the conic 
Ve P+ 0 (+ γ'.δ) - αἳ (z—-aj-U(y-By2o0 
will cut off from the space between the two ovals areas whose 
difference can be expressed by means of logarithmic and 


circular fanctions, the conic V being supposed to lie wholly 
within the inner oval. 


Referring to Ex. 348, we have 
a! 4. --β'-- = (a+y- B — 8) (a-- B 4-3) 
= 16g y ((a* + 0) cos'$ + (δ᾽ + 0) βἰα"φ|, 
where g is the perpendicular from the origin on the normal 


to V at the point of contact. But if dS, ἆδ' be elements of 


the areas cut off from the space between the ovals by a 
tangent to V, we have 


d=} (αἱ —8')dó, 4S =$ (è —y)d$; 
therefore d8- d'=} (a +y — 8'— è) dh 
= 89 ((a* + 0) cos" + (03 + 0) sin*d} d$ 
=8 y{(a" + ϐ) cos’ + (δ᾽ + 0) sin'$] dp, 


where p is the perpendicular from the origin on the tangent. 
Now, writing V in the form 


(x — ο) εὖτ (ν-Υ s 
ζ' 4-0 +640 =P 
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we find 


pz sin$— y cosd + p V ((a* + 0) cost + (b° + 0) sin*$] ; 

hence 
' , Φι [φας 1 3 

B — 8' «8x ΙΝ u cosh do + 8y IN u sinh d + Au (u,'—u,"), 
where wu. = (a* + 0) cos'$ + (D* + 0) sin. 
The points a, ὃ are supposed to lie on the outer oval, and 
P, y on the inner, and the point of contact with V is such 
that ay=86; the tangents also are supposed to intersect within 
the inner oval. 


For the central bicircular quartic z' and y' vanish, and the 
difference of the areas is algebraic. 


355. If the equation of a Cartesian oval be written 
(zy τ- Vy -a(z- πε) = 0, 
the equation 
= p+ 2p (αἳ + γ'-- ϱ) +a" (2 — m) =0 

represents one of the circles having double contact with the 
curve at points on a perpendicular to the axis. The equation 
of the curve may then be written (x° + 4° --ᾱ' + μ)'-- S, and 
by the method which we adopted in Ex. 348, we can show 
that, if a line meet the curve in a, b, c, d, we shall have ο 


α-β-ηγ-δ-2γί(Ώμ), a+ y- B- ê= 2N (24), 
a + 8- -y= 2 N (2j), 
where /4,, /4, µ, are the parameters of the three circles of the 
system which touch the line, and a, &c. are the distances 
of a, &c. from a point on the line. 


Now if r be the radius and z' the abscissa of the centre 
of S, we find 


zr! = (2) — d,) (αἱ -- ὦ) (α' - αν), 
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where d, dys d, are the distances of the three collinear foci 
from the origin; and from this relation we see that, if 8 
touch the line 


x cose + y sina — p = 0, 
we shall have 
z (p—ac cese)! — (z -d)(z —d,) (x —d,)-0. 
Let 2,, x, x, be the roots of this equation, then since 


EE 8 " a? a? 
1 Ap? μι) ΤΝ, 
9 8 
we have x Se οι ο. v, = &e. 


1 (a 4- 8 — y — y? 9 


Hence, being given the sum or difference of the intercepts 
of a line on a Cartesian, the envelope of the line is a circle 
having double contact with the curve. 


Putting d, +d, + d, =p, &c. the cubic in 2’ can be writtea 
a sin*w — x" (p, —2p cosw) + z' (p,—7p) — p, = 9, 


from which we see that a line touching a circle about the 
double focus as centre meets the curve so that 


Z (a+ 8 — y — ô) =a constant, 
and that a line parallel to a given one meets the curve so that 
(c - y- ò) (at y—8—-95) (a--8— 8 — y) 
is given. 
Substituting d,, d,, d, successively, for z' in the identity 
(c --ᾱ) (ο —d,) (αἱ — d,)—2' ( p-  ουβω) 
= sin'o (α΄ — ο) (α΄ — x.) (a — 2j 


and eliminating p and o, we obtain 


24-4) / (875)6.5206.29] - 
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which gives the identical relation connecting the intercepts 
of a line on the curve. 


If p," = 3p, p,, in which case the curve consists of a single 
oval, we can show that any line drawn through the double 
focus is divided equi-anharmonically by the curve. 


356. If two tangents be drawn to the circle S in the 
same manner as in Ex. 354, the difference of the areas 
intercepted on the space between the ovals of the Cartesian: 
will be algebraic. 


357. If a bicircular quartic meet a conic, the sum of the 
eccentric angles of the eight points of intersection is equal 
to zero or 27, see Ex. 122. If, then, the conic touch the 
quartic four times, the sum of the eccentric angles of the 
points of contact is equal to zero or v. In the former case 
the points of contact are concyclic, and the system of conics: 
is that considered in Ex. 342. In the latter ease the points 
of contact lie on an equilateral hyperbola whose asymptotes: 
are parallel to the axes of the ji see Ex. 124. If we 
write the quartic 

ο m m p^ p = 0, 
where 
Bz a* 4 y 2uz — 28y & IP, pe gy - (e — ο, peg 3 (9-9), 
the equation 
U= 8—m cos ¢ (2° — ψ'-- ο) - 2mzy sind = 0 


will represent one of the latter system of conics. The pointe 
P, Ρ are evidently foci of the quartic, and since there are six. 
pairs of foci, there thus appear to re six systems of these 
conics. 
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If 6 be the angle between the asymptotes of U, we have 
tan 0 = J/(m' — 1), and m = sec ĝ, from which we see that the 
eccentricity of U is given. 


858. We find for the equation of the director circle of U 
(1 — m") (z' + y") —2 (a + ma cosh + mB sin ϕ) 9 
— 2 (B+ ma sind — mB cosd)y + 2 (E -- me! cos) — a? — 8' =0, 
from which we see that the centre of U lies on the circle 
(a — a) + (y - 8 — m (α" +y) — 0. 
We also see that the director circle cuts orthogonally a 


fixed circle whose centre is i : “55 , and that it, 
therefore, has double contact with a Cartesian oval. 
859. Putting m = 8ecÓ, we may write U 
(cos — cosd) a* + (cos0 + cosg) y*— 2 sinday — 2 90506 (az-t-By) 
+ &* cos 0 + c' cosġ = 0. 
The equations of the asymptotes of U are then found to be 
y +a cotü — tang ($ — 0) (x — B cot ϐ) --0, 
y —a cotÓ — tan4 ($ + 0) (x+ 8 cot8) 20; 
they, therefore, pass through the fixed points B cot, — a coté; 
— B cotÓ, a cot 0, respectively. 


From the equations of the asymptotes we easily find the 
equations of the axes of JU, viz. 


B a = 
s-ra tnt (2-5) =") 


B α s 

IT- Taa * 99 (2-1 o) 22 
they, therefore, pass through fixed points. This might be 
seen at once from the fact that the asymptotes include s 
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constant angle and pass through fixed points on the circle 
_on which they intersect; for it can be seen that the points 
F B cot, +a cot lie on the circle 


(x - ay + (y — 8) — nè (αἳ + y") 2 0 (Ex. 358). 
360. Writing U in the form 
ΠΠ (1+) Y- ra 


where X= ( x De t) cos ó + (7-7 - B.) singo, - 


Y -(2- 15) nio - (y- 5) nio, 


Q= a’ (14+ m cos¢) + 8' (1 -- cin) + maning 
l- χι" 











- (+ mc cos $), 

the foci will evidently be given by the equations 

Y=0, X*= ian (n or X=0, Y= ls ἢ 

from which we see that the locus of the foci consists of two 

nodal bicircular quartics, the node in each case being the 
point through which the corresponding axis of- U passes. 

The equations of the tangents at the vertices of U being. 

(1—-m).X'- G 20, (14m) Y' 2 G «0, 
‘these lines touch a pair of conics, and the vertices themselves 
lie on a pair of nodal bicircular quartics. 


961. A circle is described through the centres of the 
quadrilateral formed. by the points of contact of U; show 
that the locus of the centre of the circle is 


(2az + 28y + αἲ 4- B' — 2k*)* = Am" {(ax — By —c*)*+ (ay + βω)'} 


a conic of which the radical centre of the director circles 
of U is a focus. 


L 
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862. To find the equation of a Cartesian oval passing 
through four points on a circle. 


Let S=2'+7-k=0 
be the equation in rectangular coordinates of the circle, and 
let à! — 8=0, where 
a=la+my, B=pxet+qy+r 
denote one of the parabolas whose intersection with 8 
determines the four points, then 


F (a*— 8) - 2 (0a -- X) 8+ 5.0, 

where 6 and A are arbitrary parameters, represents a Cartesian 
oval passing through the four points; for this equation may 
be written 

(S + θα +A) — (A+ PB 4- 9θλα) — 0, 
showing that the curve is a Cartesian oval, of which 

N -- 630 -Γ20λαΞ0 
is the double tangent, and the centre of the circle 
S+6a+r=0 

the triple focus. 

Since two parabolas can be described through the four 
points, it follows that there are two systems of Cartesian 
ovals passing through the points. 

From the equation of the double tangent we see that it 
is always a tangent to the parabola a* — 8 — 0, and from the 
equation S+ θα ἠ-λ.-- 0 we see that the triple focus lies on 
the perpendicular to a at the centre of 6. 

For the equation of the axis of symmetry of the curve 
we find Ἢ 

20 (qa — py) + 4^ (πια — ly) + (Ig — mp) F — 0, 
whence, if the curve pass through another. fixed point, the 
axis will touch a conic. 
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The equation of a circle 3, having its centre on the axis 
of symmetry, and having double contact with the curve, is 
easily seen to be 

K 4- 21 (S 4- θα -- X) - X! 4- 88 + 96λα--0, 
or (A+ μ)' + 20 (X -- μ) a+ 0'8 --280820; 
from which it appears that the radical axis 
(A+ μ)' -- 20 (X -- p) a+ 0820 
of = and S touches the parabola aœ’ — 8 — 0. | | 
Hence, when the radius of Σ is given, its centre lies on a 
given circular cubic; for, expressing that 
22'z + 2y'y — (z" + 3" +h’ — 07)2 0, 
the radical axis of S and 
| ΣΞ(α-α)ἠ-(ψ-)'--ν") 
touches the parabola a’—8=0, we obtain a relation of 
the form | 
Az? + By’ + 2Haæy + (Gx + Fy) (e+ γ--ᾖ--γὴΞο0. 

Putting r equal to the distance of x, y from one of the 
given points, we see that the normal to the curve at one of 
these points meets the axis on two fixed lines passing through 


the centre of S. When r vanishes we obtain the cubic locus 
of the three collinear foci. 


363. Writing a Cartesian oval in the form 
V= ay + 2 (cz + 2fyz + 2922 + 2h23) = 0, 
where æ, y, pass through the circular points, and e is the line 
at infinity, we can verify the identity 
dV αν 
(gat + fy) V- 4 (2 Sty Gy) EF (ay + het) ᾿ | 
| x [{σα' f) (ay + he!) — (aly v η 
where | L z2ga + 2fy + (c — k’) z. 
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Hence the points of contact of parallel tangents lie on 8 
conic which passes through four fixed points. By writing V 
in the form 


(ay + hz*)* + 2° (292 + 2fy + (c — k’) 2] =0, 
we see that two of these points are the points of contact of 
the double tangent. 
If we seek the locus of points from which the tangents 
to V have their points of contact on a conic by the method 


of Ex. 311, we obtain the product of the line at infinity by 
the axis of the curve. 


364. A triangle is formed by two foci of a Cartesian and 
& variable point on the curve; show that the locus of the 
centre of the inscribed circle is a circular cubic passing 
through the same foci. | 


865. Four points A, B, C, D are taken on a Cartesian 
oval, of which O is a focus; if 


P= 04.BCD — OB.CDA 4 0C.ABD — OD. ABO, 
Q= OA'.BCD— OB'.CDA + OC. ABD- OD’. ABC, 


where ABC is the area of the triangle ABC, &c. show that 
the ratio of Pto Q is of an absolute constant of the curve. 


366. Using the notation of the preceding example, if. 0 
be the triple focus of the Cartesian, and 


Rz OA*. BOD— OB. CDA + OC. ABD - OD. ABC, 


show that the ratio of Q to R is an absolute constant of the 
curve. 


867. A circle passing through the double foci and a 
point P on an ellipse of Cassini meets the normal at Pin Q; 
Bhow that the locus of Q is the inverse of the curve with 
respect to the circle described on the double foci as diameter. 


Examples and Problems on Bicircular Quartics. 178 





868. If 5 be the angle of aberrancy at any point of an 
ellipse of Cassini, show that cotó — a sin Ó con 0, where p is 


the radius of curvature, r the central radius vector and ϐ the 
angle which the central radius vector makes with the curve. 


969. Given four points on an oval of Cassini to find the 
locus of the centre. 

The polar equation of the curve referred to its centre 

7* — 9c*r cog20 + c — A* — 0 

18 satisfied by assuming 

- 9 ο0826 = è + À' cos2g, v'sin20 = k" sin2¢ ; 
hence, if p,, denote the central radius vector to the middle 
point of the chord (12), we have 

(12) p, — Vir, v, — 2r/'r,' cos2 (8, — 0,)} =k" sin ($, — $)), 
from which, by means of the identity 
gin ($, zd $,) sin ($, == $.) + sin (, a φὴ sin ($, Pi $.) 
+ sin ($, id $.) sin ($, m $.) =0, 

we deduce | 

(12) (34) p.p, + (23) (14) p,,p,, + (31) (24) pP. στ 0. 

Now this relation may also be written | 
BO. BC'.PA.PA'+CA.CA'.PB.PB+AB.AB'.PC.PC'=0, 
where .A, B, C are three fixed points on the curve, 4’, B’, C' 
the points diametrically opposite 4, B, C, and P a variable 
point on the curve. 

But the middle points of the sides and diagonals of a 
quadrangle form two triangles such as ABC, A'B'C', the 
common point of bisection of 4A’, &c. being the centroid, 
and the chords (12), (34), &c. are equal to double the lines 
AB.AB’, &c. respectively, Thus we see that the required 
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locus is an oval of Cassini passing through the middle points 
of the six lines joining the given points. 

When the four points lie on a circle, we have seen that the 
locus is an equilateral hyperbola (see Ex. 332). 


370. A circle S, cutting orthogonally the circle 
οἶα +f -d+ 
meets one of the ovals of the Cassinian 
tf — 2 (αἱ + P) r cos20 + (à — δ" =0 

in A, B, A’, B, the points A’, B' being inverse to A, B, 
respectively, with regard to J; if the difference of the arcs 
AB, A'B' be given, to show that the locus of the centre of 8 
is a conic. 

If O, O' be the points in which the radius vector 0 —0 
meets the oval, we can show that 


2ab 
arc.A O — arc. A ο’ Va +) F (k, $), 


: : a 
where a sin $ = (a + D") sind, ko Tah + P 9 
We have, then, when arc 4B — arc A'B is given, 
cosa = cos ġ, 908 φ, + sing, sing, /(1 — X* sin'c), 
where σ is a constant, subject to which condition it can be seen 


that the centre of S moves along a conic confocal with 
1 
απ | 

If the sum of the arcs AB, A'B' is given, the centre of 9 
will move along a curve of the fourth order; for it can be 
. shown that 

2ab pear 
v(a +6 *) Fk, $), 


where besing’ =y(a" +b) sinf, k*=1—K. 


arc AO + arc A' Q' = 
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871. If we take two points P, P', connected by the 
relations rr’ = ο", s + 0 = 0, on the curve 


— 2 (2a* + οἳ cos20) r' 1629, 


the distance Ts P and P' is equal to 2a, and the locus 
of the middle point Q of PP’ is the Cassinian oval 


7* — 2c* cos 26r* + c* —a* — 0. 
The normals to the curve at P and P' intersect at a point Q' 
on the Cassinian oval 
(c* — a*) r* — 26 cos26r* + c* = 0, 
Q and Q' being connected by the same relations as P and P". 


872. To obtain an expression for the arc of the inverse 
of the parabola y'zám (z —a), the origin being the centre 
of inversion. 


Putting x=a+ mp’, y=2mp, we have, for the arc 9 of 
the inverse curve, 


LE v (da? + dy’) _ 2mk* /(1 + p?) ἆμ 
ay — (armpy-Amp 
If, then, a be greater than 3m, we find 


"33 Gern] (7p) "8 s od) 
NI rg 
where 
γα -- 2πι 1-2 [πι (am), qa 2m —2 Ν [πι (a+ m)), 
E ETE 


If a<3m and » — m, the second member is replaced by 
a circular function, and when 





" pg 9 + 22/2 
a= 3m, $n log (55 v3) | 
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The semi-perimeter of this curve will be bisected at the 
point where z = 2. 

When a + m > 0, we can obtain the integral by assuming 

mp? +a+2m=2 /{—m (a+m)} tan (0 4- y) 
and determining y by the condition 
(2a + 3m) ( —m | 
a+ 6m α πι) 

(See Williamson's Integral Calculus, Art. 76). 





tan2y =—2 


373, .A is a point on a fixed circle, and B a point on 
another fixed circle; if the line AB pass through a fixed 
point, show that the locus of the anti-points of A and B is a 
bicircular quartic. 

374. Show that the bicircular quartics 
az (ο +y" c) + By (a? + y + ο) ty (2 ty") 

+ (9 + γ᾽ - 28 (2-3) +c =0, 
aa (ο 1- γ'-- ο) By (ety te)ty (ty) 
+ (at +y} - 208 (à 73) 6-9, 
cut each other orthogonally, if 
αα + B8 =2 (yt Y). 
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IV. Miscellaneous Examples. 


375. To find the equation of the circle circumscribing 
the triangle formed by three tangents to a tri-cuspidal 
hypocycloid. | 

If we write the equation of a tangent to the curve in the 
fornt x cosa y sina—b cos3a=0 (Salmon’s Curves, Art. 310, 
Ex. 5), the equation of the circle will be 
sin (8 — y) (ω cos + y sinB — b cos38) (a cosy+y siny— b cos3y) 
+ sin(y— a) (x cosy+ y sin — b cos3y) (2 cosa 4- y sina — b cos3a) 
+ sin(a—)(x cosa+y sina—b cos3a) (x cos8+y sin—5 cos38)=0. 

Multiplying out this equation, and dividing by 

sin (B — y) sin (y — a) sin (a — 8), 
we get 
æ+ y- 2b (cos2a+ cos2 βἠ- cos2y) 2+ 2b (sinda+ Bin28 + sin2y)y 
= η-ζ'{8 cos(8 —y) οοβ(γ--α) cos(a—8)—1—2 cos2 (α1-βΊ-Υ)} = 0. 

If R is the radius of this circle, we find R = 25 cos(a--8--4). 
Hence we see that when the tangents pass through a point, 


a+B+y=4r. When the normals at the points of contact 
pass through a point, a + 8 + y — 0, and then E — 20, 


376. To find the equation of the polar circle of the same 
triangle. 
The equation of this circle is 
sin? (8 — y) (x cosa + y sina — b οοβδα)' 
+ sin2 (y — a) (2 cosB + y sin 8 — b cos3§)’ 


+ 8in2 (a — ϐ) (x cosy + y siny — b cos3y)" 0, 
NN 
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which becomes, when we multiply out and reduce, 
a? + 3" — 2b (cos2 (B + y) + cos2 (y + a) + cos2 (a + 8)] a 

— 2b {sin2 (B + y) + sin2 (y + a) + sin2 (a + 89) y 
+ δ᾽ {1 — 8 cos(8 — y) cos (y — a) cos(a— 8) cos2 (a+ 8 *)j—0. 

* From the expressions for their coordinates, we see that the 

centres of the circles in this apd the preceding example are 
equidistant from the origin; hence we infer that the line 
bisecting at right angles the line joining the centre of the 
tircümscribing circle and the intersection of the perpendiculars 
of the triangle formed by three tangents to a tri-cuspidal 
hypocycloid passes through the intersection of the cuspidal 
tangents. | . 
If a, B, y be the equations of the sides of the triangle in 
trilinear coordinates, the equation of this line is 

a sin3A+ B sin3B+ y sin3C — 0. 

If we take four tangents, the four such lines, which 
correspond to the four triangles formed by the tangents, pass 
through the intersection of the cuspidal tangents. Thus we 
see that, for the four triangles which can be formed out of a 
quadrilateral, these lines in general’ pass through a point. 


. 877. From the equations of the circumscribing and polar 
circles we can obtain the equation of the nine-point circle of 
the same triangle, viz. 
| & -y'— 2b sins {sin( + y—a) + sin(y-+a—8)+ &in(a-- 9—y)]z 
`- + 26 sins (eos(B + y—a) + cos(y-+a—8)+ cos(a t- 8 —y)]y 
+ b* {8 sin's cos (B — y) cos (y — a) eos (a — B) — cos2s}=0, 
Where $ — α 4- B 4 y. 
If s=0, or the normals at the points of cohtact pass 
. through a point, the nine-point circle is the fixed circle 
t y'- p 0. | | 
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378. To find the equation of the circle μα | in the 
same triangle. 

Expressing that the tangent x cosa + y sina — b cos3a=0 
touches a circle whose centre is 2’, y', and radius r, we have 

b (t +1) + 2r? — (α΄ — ἐγ) 6 — (2 }- ἐγ) 6 0, 
where e*=¢. From this equation we get Σ cosa = 0, 
 Zsina=0, Σα--0, a2! — iy - —bxe "P, x + dy = — bze Aerm, 
and from these ος. by ο ας three of the angles: 
we obtain 
x' -b(P'-Q'-2Q9simns), y'=2bP(Q- sins), 
where P= cosa + cosg + cosy, Q=sina+sin§ + siny, 
Ξ--α-- +y. | 

We also get r=) coss(P*+ Q'— 1), and if &* be the 
. absolute term in the equation of the circle, 
KD. {(P*+ QE 1) sin's +2 (P*+ Q") +4Q (Q'— 8P^) sins —1]. 

As the equation of a tangent is unaltered by increasing 
α by 7, we shall evidently obtain the equations of the three 
escribed circles by increasing one of the angles by π. 


379. If four tangents x cosa+ysina—bcos3a=0, &c. 
of a tri-cuspidal hypocycloid are all touched by the same 
circle, we have Σ sin (a + ὁ) --0, or any one of the conditions 
obtained by interchanging a, B, &c. in either of the following: 

sin (a + 9) + sin (B + s) — sin (y + s) — sin (ô + ϐ) = 0, 
cos (a + 8) + cos (8 + s) + cos (y + s) — cos (δ + s) -- 0, 
where 2s — a B y 6. 


380. If the normal at a point P of a tri-cuspidal hypo- 
cycloid meet one of the axes of symmetry in Q, show that 
æ = 27br", where PQ —r, and z is the distance of Q from the 
corresponding cusp. Ifr,7,, r, be the three values of v 
corresponding to the three axes of symmetry, show that 

(r, — 7) + (r, 7 7)!  (r, n)! = 1620", rà trè r=. 
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981. If two tangents from a point P to a tri-cuspidal 
hypocycloid contain a constant angle, show that the locus 
of Pisa tri-nodal quartic which touches the line at infinity 
at the circular points. Show also that the nodes of this 


quartic lie on the axes of symmetry of the curve and form 
an equilateral triangle. 


382. A line cutting off a constant intercept between the 
lines z' — 4° 0 may be written x cosw + y sin w — d cos2w=0, 
the envelope of which, as is well known, is the curve 

(a + y)! + (a — y)! = 2d1. 

If four tangents of this curve x cosa+y sina—d cos2a=0, &c. 
are connected by the relation a+8+7+45=0, it can be 
shown that they are all touched by the same circle. 


It is not, however, necessary that this relation should hold 
if four tangents are touched by the same circle. 


383. Show that three tangents from any point P of the 
circle ο) + y* — d — 0 to the curve, whose equation is given in 
the preceding example, are parallel to the sides of an 
equilateral triangle. Show also that the osculating circles at 
the points of contact of these tangents are touched by the 
fourth tangent from P to the curve. 


884. Show that the equation of the circle inscribed in the 
triangle formed by the lines z cosa + y sina — d cos2a = 0, &c. 


is (€ (z-xyjt(y-y)—-7-0, 

where α--:- 4dcos4(8 + y) cos} (y+) cos (a + 8), 
γ΄ = — Ad sin} (B + y) sin 4 (y + a) sing (a + £), 
r =— dí(cos(B-«)- cos (y +a) + cos (a+ β)}- 
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385. Show that an infinite number of rigid equilateral 
triangles can be circumscribed about the curve which is the 
envelope of the line æ cosw + y sine =k + d cos2e. Show 
also that the locus of the centroids of the triangles is the 
circle z' + y' = d". 


886. If a circle whose centre is z', y', and radius r touch 
the lines 

| 2 cosa + y sina — (k + d cos2a) = 0, 
x cos + y sing — (k + d cos2) — 0, 
show that 


D "3 
l y = . T 
et Ge) + sin") (a+ B) 8d {k +r — d cos (a + ϱ)]. 
887, To show that the algebraic sum of the reciprocals 

of the common tangents of a circle and an arbitrary curve 
is equal to zero. 

We may write the tangential equation of the curve 

αμα --0, 

where v, is a rational homogeneous function of cosa, sin o of 
the r™ degree. Putting 


πρωτ ο. αι 
το 3t ? ~ Ot? 


this equation becomes. | 
tp” -ε ερ (a Tra) ror UU + Lee... LU 0, 
from which we see that the product of all the values of ¢, 
corresponding to the same value of p, is independent of p; 
therefore LÀ DS = 0. 
dp t 

In a similar manner, by the use of polar coordinates, we 
can prove that the sum of the co-tangents of the angles at 
which a circle meets an arbitrary curve is equal to zero (see 
Exx. 51, 271, 338). 
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388. If t be the length of the tangent drawn from a 
point P to a curve, and p be the radius of curvature at the 
point of contact of the tangent, to show that, for all the 
tangents drawn from P to the curve, Σ 37 0. 

If we write the equation of a tangent to a curve in the 
form «+ uy = a, it can be shown that ck ae = 5) where t is the 
length of the tangent measured from the point of contact to 
the point a, 0. But the tangential equation of the curve is a 
rational function of the »" degree in a, p, from which it 
follows that the sum of the n values of μ. corresponding to 
. the same value of a, is of the form aa +b. Hence we have 

NASCE LO 
= ? Σ do? 0. 

989. If two curves be transformed by the substitutions of 
Ex. 35, show that the transformed curves cut each other under 
the same angles as the original curves. 


390, If U is a conic, and z, y are lines, show that a 
common tangent of the curves 
z"—aeay"U"*-0, y"—x"U"*-0 
is divided harmonically at the points of contact and where it 
meets U. 


391. Show that the four tangents to the tri-cuspidal 

quartic 
M ry pete 0, 
at the points where it is met by the line 
| læ + my + nz =0, 
meet the curve again in eight points lying on the conic 
iz + my" + nz" +2 (3l — m — n) yz + 2 (3m —n — D) ex 
+2 (8n — l- m) zy =Q. 
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392. Given three tangents of a tri-cuspidal quartic, show 
that a nodal cubic can be described having these lines for 
inflexional tangents and passing through the three cusps 
of the quartic. 


893. Given three tangents and two of the cusps of a 
tri-cuspidal quartic, show that the locus of the intersection 
of the tangents at these cusps consists of nine right lines. 


394. Show that the equation 
A (y^ + 2 + 2ayz) + /(2*+ a* + 2ὔσα) + (a? + y* + 2exy) = 0, 


represents a quartic of which the vertices of the triangle of | 
reference are nodes. 


395. Let V be the polar cubic of a point P with respect 
to the, tri-nodal quartic 


ay! + ye! + ο ο) + 2yz (ax + by + ee) — 0, 
then if the tangents to V at the nodes pass ἜΝ 8 point, 
show that the locus of P is | 


(a + bc) æ (y? + 2*) + (b+ ca) y (2* }- α-) + (c+ ab) z (m + y’) 
+2 (1 + abc) xyz — 0. 


396. The equation of a trinodal quartic being written 
in the same form as in the preceding example, show that 


4 ((a — be) X + (b — ca) p + (c — αὖ) v]* 

3 (14- 2abc a-b- 8) 320 
is the' tangential equation of the conic touching the six 
inflexional tangents, where 

- BEN +p T y! —2apy — 2byÀ — 204 
is the conic E the six nodal es (Salnion's 8 
Curves, Art. 286). | 
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397. The points of contact of the six tangents from a 
point P to the quartic 


z' + y'g zy + 2089 (ayz + ὅσα + ex") =0, 
(Salmon’s Curves, Art. 289), lie on a conic; show, by the 
method of Ex. 311, that the locus of P is 
2b (1 — a’) α"}- 2 (1 — a") zz + (c — ab) yz + (a + bc — 2ab*) zy = 0. 
398. Show that the same locus for the oscnodal quartic 
(yz + 2°)? + 20zy (y + 27) τ΄ (αἲ + y" + Qhary + 2fyz) =0, 
18 (1 —c —2f)z-t* (ἡ — cf) y 0. 
399. Show that the: equations of the twenty-eight double 
tangents of the quartic 
z* +y + ο) + 2f ye! + 202.) + hay = 0, 
are  y'sin'B + a* sin'a + 227y' sina sin B cosy = 0, 
x* sin"y + ο" sin'a + 204) siny sina cog — 0, 
z‘ ain' + γ' am"y + 2γ7ο' sinf siny cosa —0; 
Ὁ cotio)zy4( coti8)rz4( οοἰἦγ)--0, 
wa/( tanja)zywW( taniB)isW(- cotiy)— 0, 
zX( tanjo) yd (—cotiB) £s Ν( taniy)—0, 
a /(—cotja)ty/( taniS)isw( taniy)-0, 
where 
cosa+ cos) cosy ^ cos8+cosacosy ,  comy- cosa coa 
aa πο O um 
400. A circle S cuts orthogonally the circle r — b, and has 
its centre on the tri-cuspidal hypocycloid 
7* + 8br" cos30 + 185r! = 21513 
show that the envelope of S consists of the two imaginary 


parabolas 


e 


(x + ty)’ — b (x F ty) =0. 
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401. Show that the curve 
(az + by + c)! (à + y! - E) — (£ +a) =0 
has six foci lying on a circle. à 


402. A triangle is inscribed in a conchoid of Nicomedes, 
80 that the circumscribing circle passes through the node; 
show that the centre of the inscribed circle lies on the 
asymptote. 


408. A line through the origin meets the conchoid 
(a —5)* (z + y) = a'a" 
again in two points; show that the locus of the intersection 
of the normals at these points is the parobola y* + bz = 0. 


404. If the centre of the nine-point circle of a triangle, 
whose base is fixed, move along a given conic; show that 
the locus of the vertex is a quartic curve of which the 
extremities of the base are nodes. 


405. If the feet of the perpendiculars from a point P on 
five given lines lie on a Cartesian oval of which P is a focus, 
show that the locus of P is a quartic curve passing through 
all the points of intersection of the given lines. 


406. Given four tangents to the curve parallel to a 
parabola, show that the locus of the focus is a nodal circular 
cubic passing through the centres of the circles inscribed 
in the four triangles formed by the given tangents. 


407. If t be the length of the tangent drawn from a point 
P to the nine-point circle of the triangle formed by the feet 
of the perpendiculars from P on the sides of a given triangle, 
show that 
TE ΕΥ sin2.A + y'a’ sin2B + α"β' sin2C 
- 2(BysnA+yasnB+aR sinl) ? 
BB 
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where a, β, y are the trilinear coordinates of P with regard 
to the given triangle. 





408. If A’ be the area of the triangle formed by the lines 
bisecting at right angles the lines which join a point P to the 
vertices of a given triangle, show that 

"E (By sin A + ya sin B + aß sin Cy 
8B ay i 
where A is the area, È the radius of the circumscribing circle, 
and a, B, y the perpendiculars from P on the sides of the 
given triangle.. 


409. -If 5 be the angle of aberrancy at any point of the 
curve whose polar equation is 7" — a^ sinsnÓ, show that 


tanó = ἆ (==) cot , 


where ¢ is the angle which the radius vector makes with 
the curve. 


410. A curve of the πι degree, passing m times through 
each circular point, meets a conic; show that the sum of 
the eccentric angles of the 4m points of intersection is equal 
to zero. 


411. Show that the foci of the curve 


z y - 
ME dnt 
are the inverse points d respect to a+ y- =k? of the foci 
of the curve 


S ag Le 
7 + ih 
if aad =k’, bb'=k*, 2mnzm-m. 


Miscellaneous Examples. — — 187 





Show that this is also true if the axes are oblique, the 
circle of inversion being, in this case, 
w+ y' + 2xzy cosw = k". 
412. Show that the quartic 
(zy + ye + zæ) = 1627zy 
has a point of undulation at 2=y=2z, and show that the 
tangent at this point is z + y — 4z — 0. 
413. If S and T are the invariants of the four tangents 


drawn from z, y, 2'to the quartic whose equation is given in 
the preceding example, show that 


SS  162(4—zm—9y) 
ο 917; (ay + yz + 2x —82')** | 
414. Show that the same quartic can be written in the 
form 
162 (x — y) = 27 (y^ + za, 
and that the tangential equation of the curve is then 
B (8 + 4a) — 16o*y = 0. 
Hence, show that the reciprocal of this curve is a quartic 
with a triple point at which all the tangents coincide. 


415. Show that the contravariant o of the quartic 
αἱ + 32" (z* + y’) =0 
breaks up into two conics whose equations in a, y, 2 coordi- 
nates are 
αἱ — 2" t2yz-0. 
416, A, B are two variable points on a curve of which 
O is a fixed point; show that the loci of the middle point 
of the chord ΑΡ, corresponding to the conditions 
(1) arc AB=a constant, 
(2) arc 40+ arc BO =a constant, 
eut each other orthogonally. Show also that the tangents 
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to the loci are parallel to the bisectors of the angles between 
the tangents to the curve at A, B. 


417. Show that according as we consider u or v as a 
constant in the equations 
2€ — a cos (mu + mv) + ma cos(u — v), 
y =a sin (mu + mv) + ma sin (u — v), 
we obtain two systems of epicycloids cutting each other 
orthogonally. 


4 


418. Show that the systems of curves whose equations 
in polar coordinates are 


pw i None 
(+ + =) (οοβ)’ =a, ( --) (sin 0)" = B, 
cut each other orthogonally. 


419. If r, σ' are the sides PA, PB of a triangle formed 
by a variable point P and two fixed points 4, B; 0, 0' the 
base angles of the same triangle, and z, y the coordinates of 
P with respect to the axes formed by the base AB and a 
perpendicular to it at its middle point, show that the system 
of curves 

| ly — mr' =a 4 nz, 
where a is variable, and /, m, n are-constants, is cut orthogo- 
nally by the system (tan40) (tan$40)" = 8y". 


420. Show that the systems of curves 


cut orthogonally. 


421. Show that the systems of curves 


(Py) (y E), y 32 P) ee (a y) 
cut orthogonally. _ 
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422, Show that the cuspidal cubic, which is the envelope 
of the line æ+ ty =m (1 + č) 1- a£, cuts orthogonally the tri- 
cuspidal quartic which is the envelope of the line 


t (w+ ty) — nt (1-- €) -- a. 


423. Show that, if we take different values of /, the curves 

of the fifth order, which are the envelopes of 
te + Uy =hi(1+¢)+m(1+?e)*, 

cut each other orthogonally. | 

This and the preceding example may be solved by means 
of the theorem that the curves which are the envelopes of the 
line æ coso + y sinw — p — 0, subject to the conditions 

pocose t f(o)-c, Όοοβω-- Γ(ω-- ἠπ) -- ο, 

cut orthogonally. This may be proved by differentiating the 


first equation, substituting — p, 3 for T , p, and increasing 
œ by $7, when we find the result of differentiating the second 


equation. 


424, To find the length of the inverse of the epicycloid 
with respect to the centre of the fixed circle. 
We have (see Salmon’s Curves, Art. 309) p =b cosnw; but 


d'p 
J= i (p+5 B 25) de _ kK (l—n')d (inno) 
περ (2 ) - nb cog'no-n* sin'no ' 
The arc, therefore, is a logarithm, or circular function 
according as n is greater or less than unity. 


425. To find the length of the inverse of the epitrochoid 
with respect to the centre of the fixed circle. 
Wé have, for the epitrochoid, 
z=mbsing—dsinmd, y=mbcosd —d cosmo; 
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therefore 
dak? fı ων 
d’ + mb — 2mbd cosy) /(b* + d* — 2bd cosy)’ 
where = (m — 1) $. 
The arc, therefore, depends on elliptic functions of the 
first and third kind. 


426. If s be the length of the curve whose polar equation 
is rl = (cos 0)? + (sin 0)!, show that 
s=/3 {ha — tan" (V3 cos24)], 


where tan’¢ = tan 0. 


427. Show that the arc and area of the curve 7° cos30 =a" 
are expressed by means of the same integrals as the area and 
arc of the curve 7* =a’ cos30, respectively. 


428. A circle passing through the origin and a fixed 
point on the curve 7'—a'cos30 meets the curve again 
in A, B; show that the middle point of the arc AB is fixed. 


429. A tangent drawn from a point P to an epicycloid 
is of given length a; to find the arc of the locus of P. 

If p be the radius of curvature of the epicycloid, and ω the 
angle which it makes with a fixed line, it may: be shown that 
de —A(p'--a") do, where o is the arc of the locus; but 
p = b cosno; therefore, 


de = : z (a + 6° cos'$) dd, 


putting no — $. Thus we see that the arc Zope: is always 
equal to that of an ellipse. | 
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Notes and Solutions to some of the Problems. 


7. By means of elliptic functions the equation of the 
circle inscribed in a circumscribed triangle can be written in 
a form similar to that of the circumscribing circle of an 
: , : sac s as do | 
inscribed triangle. For if u, = | err nm &c. where 
P., $n >, are the complements of the excentric angles of the 
points of contact of the tangents, it can be shown that 

y, c snd (u, +u), &c. 
(see Enneper's Elliptische F'unctionen, p. 501). 


If, then, z', y' be the coordinates of the centre, and 7 the 
radina, we We 


ο ας - E (u, + u,) and (u, + u,) βαὰ (u, + ας), 


r= San} (u +u) dnj (uu) dn] (u, +4). 


Comparing the equations of the circles in Ex. 7 and Ex. 1, 
we see that the points of contact of tangents to a conic, which 
are parallel to its chords of intersection with a circle, lie on 
confocal conics passing through the points of intersection of 
the common tangents of the conic and circle. 


13. The locus of Ex. 12 can be written in the form 
S'= (C— p,*) (6--ρή) — 4P C — 0, 
where P, Pa are the distances of a point from ‘the fom oi S, 
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from which it follows that a focus of S ia an anti-point 
(Salmon's Curves, Art. 139) of two points of intersection of C 
on S. But the points of intersection of C and & (Curves, 
Art. 275) are foci of the quartic, and the anti-points of foci 
are also foci. 


89. The equation sin A/(p,*—k)+&c.=0 represents 
two circles concentric with the circumscribing circle and 
situated at a distance + ~ from it. 


44. The point cos), cosy, cosy satisfies the equation of 
the cubic and also that of the line at infinity. But the 
tangents to the cubic at the points 1, 11. +1 pass through 
008}. cosy, cosy; these points are, therefore, the points of 
contact of the tangents parallel to the real asymptote (Salmon’s 
Curves, Art. 278). 


51. When the circle touches the conic, we have in 
the limit 


t— (-47 cot @, and tt’ 2 1(p—r) + 


52. This proposition can be readily established by means 
of elliptic functions ; for, by Chasles’s theorem, the extremities 
of the diagonals of the quadrilateral, formed by the common 
tangents of a conic and a circle, lie on a confocal conic; 
hence, when four tangents are touched by a circle (see Note 
on Ex. 7), u,+u,+u,+ u, — 0, or 4m K. 

Now three tangents coincide at the point of contact of an 
osculating circle; therefore, for the points of contact 
t4, t, U, Of osculating circles which touch the tangent u, we have 
δω, + u = 0, or u,=— du, and u, = — ju + 4K, u,=— du + EK, 

from which it follows that the tangents u,, u, u, are touched 
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by a circle touching u. There are nine osculating circles 
touching a given tangent, but six of these are imaginary, 
corresponding to the imaginary periods of u. 


53. Since there is only one circle of given radius having 
double contact with & parabola, it follows that the coordinates 
of its centre must be expressed rationally in terms of the 
coefficients of the curve. But given three tangents to a 
parabola, the coefficients are quadratic functions of a para- 
meter. We thus see that the locus is unicursal. 


122. Let e* =t, then 


z-da (t τ); y=4- 1} 
and substituting these values in the equation of the quartic 


we obtain + &c....41=0, from which the result stated 
in the question follows. 


126. Let p. = (x = x) + (y zm Y) Ps = &c., 


then the equation Σ.1ρ-0 will represent an equilateral 
hyperbola, if 


Σί,--0, Xlg,-0, Σίῳ,--0, Zl; (ο +y?) =0. 
Now this equation can be written Zla," --0, where 
a, F P E Ps» a= P. σε Ps &c., | 
and Z//,4,- 0, identically. But when the curve is written 


in the latter form, the pole of a,=0 is found from the 
equations a, = a, = &,, therefore &c. 


138. These relations are also true for the circle. 


154. See Ex. 341. 
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155. Let p, 7, 7, r, be the distances of a point from 
F, 4, B, Ο — € then the equation of the circle is 


sind (8 — y) JE; ) +sing (y — α) MG zi) 


+ sin} (a — B) AJ (E-*) - 0» 
where a=angle AFO, &c., and d, = FA, &c. d for the 
centre of the circle sone ABC, r,=r,=r,, and from the 
foeal equation of the parabola Ko =q 680 1a, &c.; therefore 
οοβἆα sin 4 (8—«) + οο5ὰβ sing (ya) + cosdy sind (a— 8) — 0, 
which is satisfied identically. See also Ex. 166. 

163. Let the conic be projected into a circle, and the 
fixed line to infimity, then the centroid of the projected 
triangle is fixed, subject to which condition it can be seen 
that the sides of the triangle touch a conic having the centre 
of the circle for focus. 


165. ‘By considering two consecutive curves οἵ the system 
we seo that the different loci of the centre, obtained according 
as the tangents or points as fixed, must touch one another. 
The line of intersections of perpendiculars is the radical axis 
of the director circles of conics touching four lines, and the 
chord of contact of the director circle, given four points on 
& conic, passes through a fixed point (see Ex. 18). 

170. Considering two consecutive curves of the system, we 
see that the locus coincides with the envelope of the directrix. 


182. If a, B, η, $ are the eccentric angles of A, B, C, P 
respectively, it may be shown that the coordinates of the 
centroid of the variable triangle are given by the equations. 


C= i cosa + ὃ cosè + Σ cos (a+ B + δ)]; 





ya {23 sina + 3 sind — Z sin (a + B + 9)}, 
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from which we see that the locus of P is a line if 

{3 cos (a + 8))" + {Σ sin (a + 8) 79, 
the condition that the centroid of 4, B, C should lie on the 
curve. The locus is in general a conic. 


184. See Ex. 39. 


207. Let a, B, y be perpendiculars on the sides of the 
triangle, and let an imaginary focus satisfy aa'+08'+cy'=2A, 
then since for the imaginary. foci aa' = 98 = yy =a", and 


αβγ-εὖγα--οαβ----- Ü, we have αἲέ---- 2rafy, where t is the 


length of the tangent drawn to the circle. But a=a Ni (2) j 
1 
where r, s, are the distances of the point of contact from the 
imaginary foci, and -- e^, where ¢ is the angle subtended 
by the same point at the real foci. Hence, since the sum of 
the angles subtended at the points of contact is equal to the 


sum of the angles subtended at the vertices of the triangle, 
we have ?' 2 2are" ; therefore &c. 


209. If $, $, are the angles of intersection at the points 
whose eccentric angles are a, 8, we have 


- sin y, sin y, 
cot $, + cot $, — 2 eid o or 
where θ,, Ψ.,, ψ', are the angles which the chord a makes with 
the diameter bisecting it and the curve respectively. But 
= sin (a + 8), 
and it can be shown, from the expressions for the coordinates 
of the centre of the circle in terms of eccentric angles, that 


cot 0 = 


sing, = δι sing (a~ £) sin} (α-- ἡ) sing (20+ 8 + η}; 
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alo 51-b =- e sin} (a — 8) sind (a+ B+ 2), 
and siny, sin, D, e (a — B) ; 


therefore, &c. 
If a, 8, y are the angles which the sides of the triangle 
make with the tranverse axis, it can be shown that 
TT 9 (1— ο) + fsin'a + sin*8 + sin*y — sin" (a + 8 + y)] 
E 2e" sin (a + 8) sin (B + y) sin (y +a) 


211. The sum of the angles which the tangents to the 
circle make with the axis is seen to be zero. Eliminating 
then x, y from 

x cosw +y sino — y (a° cos*w + D" sinw) = 0, 
and the equations of the conic and circle, and putting e = t, 


we find the required expression from the absolute term of the 
equation in t. | 


226. It is known that the sum of the arguments of three 
collinear points on a cubic is equal to a constant, the 
argument of a point being an elliptic function depending 
on the coordinates of the point. The following proof may 
be given of this theorem: Suppose the cubic, the point A 
on the curve being origin, to be written in the form 

Uzaz +...fy=0, 
then, transforming to polar coordinates, if a line making an 


angle 4, with the tangent at the origin meet the curve again 
in B, C, we have 
) 


A4B.A0- ο 


where P, is the value of 
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at A, and Q — a cos'Ü + &c., and, similarly, 
’ 


BA.BO- ns CA. CB. me. 


Now let the line touch a curve in O, then we have, by 
. infinitesimals 
OAd$ — sini, de, =P sini du, if ds = Pdu; 


bence ἄν 
| 0OA.BC OB.CA οὐ. 18) 
and d(u,+u,+u,) =0. 
From Ch = egy qm 
— WAS) * C] 
we have dum = = d 
dy da 


and by writing the curve in a particular form, as for instance, 
y-z(1-a)(1- δα), 
it can be shown that u is απ΄ elliptic function. If we now 
inscribe a triangle in the curve so that the tangent at each 
vertex passes through the point where the opposite side 
meets the curve again, we must have the relationg 
u,— 1,240, u—u,— dio, u,—u,—— fo, 

where | w= 4mK -2niKC. 
Thus we see that there are four systems of triangles corre- 
sponding to the four distinct values of $a, viz. 

$ (4K), ἑ(α“Κ), $ (4K) +$ 2C). 
From the values given above for du, : du,, we see that when 
u, — u, — constant, the line is divided harmonically at the 
three points on the curve and the point of contact with its 
envelope. 
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230. If we put y = Oz in the equation 
æ + y Γ 61920, 


F=0 is the equation of the tangent, and corresponding points 
are connected by the relation 0+ & — 0. 


232. The lines joining corresponding vertices are tangents 
to the Cayleyan. Now if three tangents to the Cayleyan 
pass through a point, the three polar conics of which each 
tangent is a factor must have a common point; but this can 
only happen when the three points which give rise to the 
polar conics lie on a line. Hence the tangents at the vertices 
of one of the triangles meet the curve again in three points 
on a line (Salmon’s Curves, Art. 180), in which case the 
points where the sides meet the curve again will also lie 
on a line. 


235. If A, B are the circular points at infinity, the 
intersection of PA and QB is an anti-point of PQ. When 
P and Q coincide, the locus of the anti-points will cut the 
locus of P, Q orthogonally. 


258. If p, r,, r,, r, denote the distances of a point from 
P, A, B, C respectively, we have, for the intersection of the 
perpendiculars of the variable triangle. 











ο ον ο 
where d,= PA, 0,=L BPC, &c. 
Now, if l+ m+ n=0, the equation 

d, , md, , nd, 





l m aR 
+ cos6, ^ Ὁ» or gt g t g7"9 


cos, — cosÓ, ` s 
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where S, ὧν S, are the circles described on the sides as 
diameters, represents a circular cubic of which A, B, C are 
centres of inversion. Hence . 

lr? 4+ mr! 4 nr, - 0, 
therefore, &c. 


259. The equation 


ἶ LEUTEN MN 
d, cos, i d, cos, d,cos@, ? 
where l+ πι + n = 0, represents a circular cubic of which the 
vertices of the triangle are the points S, U, V (see Ex. 43). 


268. Taking the point on the curve as origin we may 
write the curve 


y (at y^) t... σας - fy =0. 

Transforming then to polar coordinates we have from the 
absolute term /—f--g cot, from which we see that the 
equation whose roots are £,, &c. is a homographic trans- 
formation of the equation which determines tlie direction 
of the tangents.” 


275. If a, 8, y, 6 are the equations of the tangents, and 

la + mB + ny + pò = 0, identically, 7 
l p 

gtgtat§=0 
(Salmon’s Conics, Art. 297, Ex. 15), represents a circular 
cubic passing through the foci and the extremities of the 
diagonals of an infinity of quadrilaterals, such as a, β, y, ὃ, 
circumscribed about the conic. Now, if two tangents a, 8 
to a conic make angles $, ¢, ra the locus of their inter- 
-. du, 
sing, ~ sing,’ 
have the same meaning as in the Note to Ex.7. But the 








section, it may be shown that where u, u 
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tangent to the cubic at αβ i is = 7+ B. =0, whence n Piss me, 


therefore, a - Os , by symmetry, as : KA Now from 
. the identity given qM we have ΣΙ ils Xl sinf = Zlp = 0, 
therefore, &c. 

For the system of quadrilaterals inscribed in a cubic and 
circumscribed about a conic, see an article by Cayley, 
Lnouville’s Journal, tome X. p. 102. 


291. This method of forming the differential equation 


was given by Euler (see Enneper’s Elliptische Functionen, 
p. 132). 


815. When the point is on the curve, the conic breaks up 
into the tangent at the point and a line on which the points 
of contact of the tangents from the point lie. "This theorem 
was given by Dr. Casey. 


843. The curve whose equation is (a,'—a,") (a b p, M--&c.—0, 
can be shown to be the locus of the intersection of tangents 
at a pair of inverse points of the quartic (see Dr. Casey’s 
Memoir on Bicircular Quartics), 


370. These expressions for the arc of the Cassinian were 
given by Serret (see Liouville's Journal, tome VIII. p. 495). 


428. The arc of the curve ^ =a’ cos30 is the area of the 
inverse cubic γ᾽ cos30 = a^ (see then Note to Ex. 226). 
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PREFACE. 


T HE need of some recognized sequence of propositions 
in Elementary Geometrical Conics has long been very 
generally admitted. This need the Association for the Im- 
provement of Geometrical Teaching has attempted to supply 
by the publication of the Syllabus of Geometrical Conics, 
which was drawn up by an influential Committee and ac- 
cepted by the Association at their annual General Meeting 
in January, 188+. 

In the following pages we have given proofs of the 
propositions in the hope that they may be found useful to 
those teachers who desire to adopt the order to which the 
Association has given the weight of its approval. 

We have introduced a chapter on Orthogonal Projection 
immediately after that on the Parabola, as we think it 
important that the student should understand as early as 
possible the close connection between the ellipse and circle 
and should be introduced at once to a method by whiclr so 


vi PREFACE. 


many properties of the ellipse may be deduced from well- 
known properties of the circle. 

At the end of the book will be found a large collection 
of Cambridge problems; we have given a list of important 
properties of Conics, not included in the propositions in the 
text—all of which are considered as well known and may 
therefore be assumed in the solution of any other problems. 

A. C. 
F. B. W. 


May, 1889. 
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PARABOLA. 


Der. 1. A parabola is the locus of a point (P), whose 
distance from a fixed point (S) is equal to its distance (PM) 
from a fixed straight line (XM), 

(SP 2 PM). 


II. The fixed point (S) is called the focus. 

HI The fixed straight line (XM) is called the directrix. 

DEF. A curve is symmetrical with respect to a straight 
line, if, corresponding to any point on the curve, there is 
another point on the curve on the other side of the straight 


line such that the chord joining them is bisected at right 
angles by the straight line. 


Der. The straight line is called an axis of the curve. 


Der. <A verter is a point at which an axis meets the 
curve. 


^ C. G. ] 


2 PARABOLA. 


PROPOSITION I. 


Construction for points on the parabola. The perpendicular 
on the directrix through the focus is an axis of symmetry. 


z^ 


M 





M Pi 


Let S be the focus and ΛΙΓΑ M' the directrix. Through S 
draw a straight line SX perpendicular to the directrix, and 
produce it indefinitely in the direction XS. 


Bisect SX in A; then because Sd = AX, A 1s a point on 
the parabola. 


PARABOLA. 3 


In XS or XS produced take any point VY; through N 
draw a straight line PN perpendicular to XN; with centre 
Sand radius equal to XN describe a circle, to cut (if possible) 
PNP' at P and P'; and draw PM, P'M' perpendicular to 
the directrix. ` 


Then because SP = NX = PM, 
therefore P is a point on the parabola. 
Similarly P' is a point on the parabola. 
Since NP SAF, [Euc. ΠΠ. 8. 


PP’ is bisected at right angles by XS, and the curve is 
symmetrical with respect to XS. | 


(1) If Ν and’S lie on, the same side of A, SN is less 
than NX, and the circle will cut the line PVP’. 


(2) If Ν and S lie on opposite sides of 4, the circle will 
not cut the straight line PN P. 


Hence the parabola is unlimited in extent, but hes 
entirely on one side of a line through d perpendicular to 
AS. 


For riders see p. 7. 


Der. The axis (SX) of a parabola is a straight line 
through the focus perpendicular to the directrix. 


DEF. The vertex (A) of a parabola is the point at which 
the axis meets the curve. 


Der. The ordinate (PN) of a point on a parabola is the 
perpendicular from the point (P) upon the axis. 


Der. The abscissa (AN) 1s the portion of the axis be- 
tween the vertex and the ordinate. 


Der. The focal distance (SP) of a point on a parabola is 
its distance from the focus. 


1—2 


4 PARABOLA 


PROPOSITION II. 


If the chord PP' intersects the darectriz in K, SK bisects 
the exterior angle between SP and SP’. 


Join SP, SP’. 


Draw PM, P'M' perpendicular to the directrix, and pro- 
duce PS to p. 


Then, by similar triangles PAM, PKM, 
RA PFK Pil -PM 
=SP : SP’ 
. SK bisects the exterior angle P’ Sp. [Euc. VI. A. 


PARABOLA. 


Qt 


ΡΠΟΡΟΘΙΤΙΟΝ III. 


If PN is an ordinate to the parabola at the point P, then 
PN’=4AS. AN. 





(1) (2) 
M (P 
| 
| 
A N 
T 
Join SP, and draw PM perpendicular to the directrix. 
Then, since Iul αν. 


and AS is divided in N (Fig. 1), A.V is divided in S (Fig. 2); 
SONG SSN he, cui. [ Euc. 11. 8. 
But NA PA 
SS 
| = PN’+ SN’; 
SP PN EON SSN HIASAN; 
OPN = ES. 


6 PARABOLA. 


Der. The double ordinate through the focus is called 
the latus rectum (LL’). 


PROPOSITION IV. 


The latus rectum LL'2 «ΑΒ. 





SL = 4d S AS [ Prop. 3. 
. SL=2A8; 
Lp = FAS. 


PARABOLA. T 


PROBLEMS. 


Prop. I. 


1. To trace the parabola by points by means of Euc. r. 23. 


2. PP’, QQ’ are double ordinates to the parabola. Shew that PQ, P'Q' 
meet the axis in the same point. 


3. If SM meets the parallel through 4 to the directrix in Y, shew that 
S M is bisected in Y. 


4. Shew also that PY is perpendicular to SM and bisects angle SPM. 


5. SZ is drawn perpendicular to SP to meet directrix in Z. Shew that 
PZ bisects the angle SPM. 


6. If two focal chords of a parabola are equal, they are equally inclined 
to the axis. 


7. Find locus of centre of a circle which touches a given straight line, 
and passes through a given point. 


8. Find locus of centre of a circle which touches a given circle and a 
given straight line. 


9. A straight line parallel to the axis meets the parabola in one point 
only. 


Prop. II. 

1. Pp is a focal chord of a parabola, Q any other point on the curve. If 
PQ, pQ meet the directrix in A and K' respectively, ASK’ is a right angle. 

2. PQ, pq are focal chords. Shew that Pp, Qq, meet on the directrix. 
As also do Pq, pQ. 

3. If they meet the directrix in A and A’, ASK’ is a right angle. 

4. Trace the parabola by means of this proposition, by joining 4 to 
different points in the directrix. 

5. P is any point on the parabola. If P4 produced meet the directrix 
in K, MSK is a right angle. 

6. Given a parabola and its focus, find the directrix. 


7. PQ isa double ordinate of the parabola, PX cuts the curve in P’; 
prove that P'Q passes through the focus. 


Prop. III. 


1. PP’ is a double ordinate of the parabola. If the circle round PAP 
cut the axis again in Q, shew that NQ is constant and find its length. 


2. PNP’ is a double ordinate of the parabola. Through Q, another 
point on the parabola, straight lines are drawn, one passing through the 
vertex, and the other parallel to the axis, cutting PP' in L and L'. Shew 
that NL. NL’=PN”*. 


Prop. IV. 


1. Find a double ordinate PP’ of a parabola which shall be double the 
latus rectum. 


2. The radius of the circle described about the triangle LAL'’=§ latus 
rectum. 


M 


8 PARABOLA. 


Der. Let PP’ be the chord of any curve. Then if the 
point P' move up to P, the chord PP’ in the limiting position 
when P’ coincides with P is called the tangent at P. 


PROPOSITION V. 


If the tangent at P meets the directrix in Z, PSZ is a 
right angle, and the tangent at P bisects the angle between the 
focal distance SP and the perpendicular PM. on the directria; 
and the tangent at the vertex 15 at right angles to the axis. Ἢ 





In the figure of Prop. II. let the chord PP'K become 
the tangent PZ by moving the point P’ up to P, then 
ultimately SA coincides with SZ, SP’ coincides with SP, 
and the angle P'Sp becomes two right angles; but P’SA is 
always half the angle P'Sp (Prop. Η.), hence PSZ is half of 
two right angles, or PSZ is a right angle. 


PARABOLA. 9 


Draw PM perpendicular to the directrix, 
PMP + MZ = PZ? [Euc. 1. 47. 
=SP’+ SZ’; 
^ MZ’? = SZ, since PU =SP; 
MZ =SZ ; 
'. in the triangles ZPM, ZPS, 
PM, MZ = PS, SZ each to each, 
and PZ 15 common to both; 
ο, the angle MPZ = SPZ. [ Euc. I. 8. 


If the point P be at the vertex A, the angle SPM is two 
right angles and coincides with the straight angle SAX. 
Hence the tangent, which bisects this angle, is at right angles 
to the axis. 


Prove from the definition of a parabola that the straight line which 
bisects the angle SPM cannot meet the curve in a second point. 


For riders see p. 11. 


10 PARABOLA. 


PROPOSITION VI. 


The tangents at the extremities of a focal chord intersect at 
right angles on the directrix. 


M A P 


Let PSp be a focal chord, and let the tangent at P 
intersect the directrix in Z. 


Join ZS, Zp, and draw PM, pm perpendicular to the 
directrix. 


PARABOLA. 11 


Then, ." PZ is the tangent at P, 
^. SZ is at right angles to PSp; [| Prop. 5. 
^. pZ is the tangent at p. 


Again, the ASPZ-A MPZ, [Euc. I. 4. 
Z SZP— 2 PZM; 
^. SZP is half of SZM. 


Similarly SZp is half of SZm, 
^. PZp is half of SZM and SZm together, 
is half of two right angles ; 
^. PZp is a right angle. 


PROBLEMS. 


Prop. V. 


1. The tangents at the extremities of the latus rectum meet the directrix 
at the point X. 

2. If any point O be taken on the tangent at P, OM=OS. 

3. If the tangents to the parabola at P and P' meet in O, and PM, 
P'M' be the perpendiculars on the directrix from P and P’, OM, OS, OM’ 
are all equal. 

Deduce a construction for drawing the two tangents from an external 
point Ο. 

4. If two tangents OQ, OQ’ be drawn to a parabola, and F be the middle 
point of QQ’, prove that OV is parallel to the axis. 

5. Hence, given two tangents to a parabola, and their points of con- 
tact, to find the focus. | 

6. If the tangent at P meet the latus rectum produced in A, and the 
directrix in Z, SK= SZ. 


Prop. VI. 


1. If the tangents at the extremities of the focal chord PP, meet in Z 
and PM, P M, be perpendiculars on directrix, shew that MM, is bisected in 
Z. Hence, prove that the circle described on PP, as diameter touches 
directrix in Z. | 

2. PSQ isa focal chord. QG perpendicular to the tangent at Q cutting 
axis in G. GZ is a perpendicular on the tangent at P. Shew that Z lies 
on the latus rectum. 

3. Tangents at the extremities of a focal chord cut off equal intercepts 
on the latus rectum. 


12 PARABOLA. 


Der. The straight line which is drawn through any point 
on a curve at right angles to the tangent at that point 18 
called the normal. 
Proposition VII. 
If the tangent and normal at P meet the axis at T and G 
respectively, SG = SP = ST. 





Draw PM perpendicular to the directrix. 


Then Z£STP = Z MPT [ Euc. 1. 29. 
gio κά [| Prop. 6. 
οι eq 


And since T'PG is a right angle, a circle centre S and distance 


SP or ST will pass through G (Euc. ΠΠ. 31); 
ο SG = SP -- ST. 

1. Prove that SM and PT bisect each other at right angles. 

2. If T is the middle point of 4X, then N is the middle point of 45. 

3. If the triangle SPG is equilateral, the angle TMG is a right angle. 

4. A circle can be described round the quadrilateral SP.MZ, and this 
circle touches PG at P. 

5. If the radius of this circle equal MZ, the triangle SPG is equilateral. 

6. The angle between any two tangents to a parabola is half the angle 
which their chord of contact subtends at the focus. 

7. The base AB and the angle C of a triangle ABC are given. Find 
the locus of the focus of a parabola touching C4, CB in 4 and B. 

8. Two parabolas have the same focus, aud their axes in the same 


straight line, but in opposite directions. Prove that they intersect at right 
angles. 
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Der. If the tangent and ordinate at the point P meet 
the axis in T and N respectively, NT is called the subtangent 
of the point P. 


Proposition VIII. 
Subtangent NT =2AN. 





Draw PM perpendicular to the directrix. 


Then ST=SP [Prop. 7. 
P EL 
Lua 
and Am ΑΕ 
oA SAN 


TANAL το. 


1. If R be the radius of the circle described round the triangle PNT, 
prove that R?=SP.AN. 


2. From S a line SQ is drawn parallel to the tangent at P, meeting 
PE, which is parallel to the axis, in E. Shew that the locus of E is a 
parabola, vertex S and latus rectum =} that of original parabola. 


14 PARABOLA. 
Der. If the normal and ordinate at the point P meet 


the axis in the points G and N respectively, VG is called the 
subnormal of P. 


PROPOSITION IX. 


Subnormal NG =2AS. 
| 
ZO 
M "c 
T στ A S N G 


Draw PM perpendicular to the directrix. 


Then SG =SP [Prop. 7 
TU 
-- ΔΝ: 
NG = SX 
e AS: 
1. If the triangle SPG is equilateral, SP =latus rectum. 
2. Deduce Proposition 4 from Propositions 8 and 9. 
3. To draw the normal to the curve at any given point. 
4. If QM, the ordinate of Q, bisect NG, prove that QM PG. 
5. TP, TQ are tangents to a given circle. Construct a parabola which 


shall touch TP in P and have TQ for axis. 
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PROPOSITION X. 
If the tangent at any point P intersects the tangent at the 
vertex in Y, then SY bisects PT at right angles, and is a 
mean proportional between SA and SP (SY’?=AS.SP). 





Join SP, and draw PN perpendicular to the axis. 
Then, since TN is bisected in A, and A Y is parallel to PN, 
^. PT is bisected in Y. 
The angles SYT, SYP are equal; [Euc. 1. 8. 
^. SY is at right angles to PT. 
Again, because YA is drawn from the right angle per- 
pendicular to the base ST of the triangle SYT, 


S Y= SA. ST [Euc. vI. 8. 
=SA.SP. [Prop. 7. 


The circle on SP as diameter touches the tangent at the vertex in Y. 
Prove PY. PZzSP". 
Prove PY.YZ-AS.SP. 
SY produced meets the directrix in M. 

5. If a circle be described on the latus rectum as diameter, and PQ be 
a common tangent to the parabola and circle, touching them in P and Q 
respectively, shew that SP, SQ are each inclined to the latus rectum at an 
angle of 30°. 

6. Given two tangents to a parabola and the focus, shew how to draw 
the tangent at the vertex, and hence the axis and directrix of the parabola. 

7. <A long rectangular slip of paper is folded so that one of the corners 
always lies on the opposite side. Prove that the crease always touches a 
parabola, of which the opposite side is the directrix. 


tie Oo tB 
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PROPOSITION XI. 


If from any point O on the tangent at P, OI is drawn 
perpendicular to the directrix, and OU perpendicular to SP, 
then SU=OI. (Adams's property.) 


Join SZ, and draw PM perpendicular to the directrix. 
Then, since angle ZSP is a right angle, 
.. ZS is parallel to OU. 
ust δι που αι 
— 0I : Pi. 
But SP= PM; 
ο ου ΟΙ. 
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PROPOSITION XII. 


Tv draw two tangents to the parabola from an external 


point O. 





(Analysis. 

Let OQ, OQ' be the two tangents. Draw QM, QW per- 
pendiculars on the directrix, and join OS, Off, OM. 

Then, since the angle SQM 1s bisected’ by OQ, therefore 
the triangles SQO, MQO are equal (Euc. L +) and OM = OS. 

So OM'— Οδ. Thus the points M and MW’ are found, 
hence construction.) 

With centre O at distance OS describe a circle, cutting 
the directrix in M and ΛΙ’. 

From M and W draw MQ, M'Q' to the parabola, at right 
angles to the directrix. 

Join OQ, OY’. OQ, OQ shall be the tangents required. 

Join OS, OM, OM, SQ, SQ. 

Then, in the triangles SQO, MQO, 

SQ, QO = MQ, QO, and the base OM = base OS; 
ο, the angle SQO = angle JRO; 
^. OQ is the tangent at Q. [ Prop. 5. 
So OQ' is the tangent at Q’. 


Notre. The construction may be made on the principles proved in 
Propositions 10 or 11. 
For riders see p. 25. 


C. G. 2 
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PROPOSITION XIII. 


The two tangents OQ, OQ' subtend equal angles at the 
focus, and the triangles SOQ, SQ'O are similar. 





Draw the tangent at the vertex, meeting OQ, OQ’ in Y 


and Y. 
Join SQ, SQ’, SY, SY’. 
Produce QO to meet the axis in T. 


Then, since the angles at Y and Y” are right angles, 
[ Prop. 10. 


the circle on OS as diameter will pass through Y and Y’. 
Therefore angle SOQ'= angle SY Υ in same segment 
— angle ST'Y [ Euc. vi. 8. 
—angle SQO. [Ῥτορ. 7 and Euc. I. 5. 
Similarly angle SQ'O — angle SOQ; 
'. remaining angles OSQ, OSQ' are equal, 
and the triangles SOQ, SQ’O are similar. 


OS and a line through O parallel to axis make equal angles with the 


tangents. 
For riders see p. 25. 


PARABOLA. 19 


PROPOSITION XIV. 


If a pair of tangents OQ, OQ’ are drawn to a parabola, 
and OV is drawn parallel to the axis, meeting QQ’ in V, QQ’ 
will be bisected in V. 





Let OV cut the directrix in R. 
Draw QM, Q'M' perpendicular to the directrix. 
Join OM, OS, OM', SQ, SQ. 
Then, in the triangles SQO, MQO, 
SQ, QO = MQ, QO, 


and angle SQO = angle MQO ; [Prop. 5. 
.. OM = 08. 
Similarly OM'208S; 


^. OM = OM, 
and OR, which is drawn at right angles to the base of the 
isosceles triangle OMM’, bisects it ; 
^. MEZA'R. 
But QV:QV-2MR: WR; 
^ QV — Q'V, or QQ’ is bisected in V. 


For riders see p. 25. 


| 
to 
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PROPOSITION XV. 

The locus of the middle points of any system of parallel 
chords of a parabola is a straight line parallel to the axis. 
And the tangent at its point of intersection with the parabola 
6 parallel to the chords. 


Q 





Let QQ’ be one of the chords, and RPE the tangent 
parallel to them, touching the parabola at a fixed point P. 

Through P draw OPV parallel to the axis, meeting QQ’ 
at V and the tangent QRO at O. Join PQ and draw RW 
parallel to the axis, bisecting PQ at W. [ Prop. 14. 

Then OR = RQ because RW is parallel to OP, [Euc. VI. 2. 
and OP = PV because PR is parallel to QV. 

Similarly if we draw a tangent Q'E'O' meeting OPV at 
ο’, ΟΡ = PV, hence O and 0’ are coincident. 

Since OQ, OQ’ are tangents and OV is parallel to axis, 
QQ’ 1s bisected at V. [Prop. 14. 

Hence the locus of the middle points of all chords 
parallel to RPE is a straight line through P parallel to the 
axis. 

Der. The locus of the middle points of any system of 
parallel chords drawn in a curve is called a diameter. 


Note. A diameter will not be a straight line for all curves. It has 
just been proved to be so for a parabola. 
For riders see p. 25. 


PARABOLA. 2] 


Der. The half chords (QV) intercepted between the dia- 
meter and the curve are called ordinates to the diameter. 


PROPOSITION XVI. 


If QV is the ordinate of a diameter PV, and the tangent 
αἰ Q meets VP produced in O, then OP = PV. 





Draw PR touching the parabola at P and meeting OQ at 
R; through R draw AW parallel to the axis. 


Since RP, RQ are a pair of tangents, 


PQ is bisected at W, [ Prop. 1+. 
and PR is parallel to QV; [Prop. 15. 
ο OP: PV=OR :. RQ 
=PW: WQ. 


But PW=WQ,. 2. OP=PV.-: 


29 PARABOLA, 


PROPOSITION XVII. 


If QV is an ordinate to the diameter PV, then 
QV?=4SP. PV. 





Let the diameter PV meet the parabola in P. 
Draw the tangent at Q, meeting the diameter in O and 
the axis in 1. 
Draw the tangent at P, meeting OQ in ft. 
Join SP, SR, SQ. 
Then, since RP, RQ are two tangents, 
^. the triangles SRP, SQR are similar; — [Prop. 18. 
'. the angle SRP = angle SQA 
= angle STR | Prop. 7. 
— angle POR, | Euc. 1, 29. 
and the angle SPR — angle OPR. 
'.' the tangent at P bisects the angle SPO, [Prop. 5. 
ο, the triangles SRP, POR are similar. 
S PR=SP . PO. 
Now OV is bisected in P (Prop. 16),.. QV =2PR, 
S ϱΥΞξ 4 ΡΙ 
—4SP.PO-ASP.PV. 
For riders see pp. 25 and 26. 


PARABOLA. 95 


PROPOSITION XVIII. 


If the focal chord QSQ’ is bisected by the diameter PV, 
which meets the curve in P, QQ’ = 4SD. 


| VA 


Draw the tangents OQ, OQ" meeting at right angles on the 
directrix. (Prop. 6.) 

Draw the diameter OV. Join SP. 

Then, since OV" bisects the base of the right-angled tri- 
angle QOQ, 


S ως οἱ: [Euc. 111. 31. 
^ OQ = 20V. 

But OP=SP, [Def. of parabola. 
n OV=28P; [Prop. 16. 


OQ! =48P. 


For riders see p. 26, 


24 PARABOLA. 


PROPOSITION XIX. 


If two chords, QQ’, qq’, of a parabola intersect one another, 
the rectangles contained by their segments are in the ratio of 
the parallel focal chords ; or 


QO. Φο : qO.q/0=45P : 4Sp. 





α΄ 


Draw the diameter PV to bisect QQ’ in V. 
Draw OW parallel to the axis, to meet the parabola in W. 
Draw the ordinate WR to the diameter PV. Join SP. 


Then QO . ΦΟΞΩΥ”-- OV? [Euc. 11. 5. 
=()V?— WR? [Euc. 1. 34. 
=4SP.PV—-—4SP.Ph  [Prop. 16. 
Ξ 4ο, RV 
= 45P.0W. 

Similarly q0 .q'O -4Sp. OW; 


=. QO. QO : q0.q'0 =48P : 4Sp. 


For riders see p. 26. 
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Prop. XII. 
1. If the point O be on the directrix, shew from the construction that 
the tangents intersect at right angles. 
2. Find the point O so that the figure OQSQ’ may be a parallelogram. 


Prop. XIII. 
1. If a third tangent be drawn cutting OQ, OQ’ in R and T, prove that 
the circle which circumscribes the triangle ORT will pass through S. 


2. What is the locus of the focus of a parabola which touches three 
given straight lines ? 


3. A parabola touches each of four straight lines given in position. 
Give a Geometrical construction for finding its focus. 


4. Prove that OS is a mean proportional between OQ and 09’. What 
previous proposition 18 a particular case of this? 


5. Two tangents to a parabola and the point of contact of one of them 
are given. Shew that the locus of the focus is a circle passing through the 
given point of contact and the intersection of the tangents, and touching 
one of them. 


6. The straight line which bisects the angle QOQ’ between the two 
tangents meets the axis in R. Shew that SO— SR. 


Pnor. XIV. 
1. The circle on any focal chord as diameter touches the directrix. 


2. The normals at the extremities of a focal chord intersect on the 
diameter which bisects the chord. 


3. Given two tangents and their points of contact, to find the focus and 
directrix. 


Prop. XV. 
1. Tangents at the extremities of all parallel chords meet on the same 
straight line. 
2. A parabola being traced on paper, find its axis and directrix. 


3. Ifa chord make an angle of 45? with the axis, the line through their 
middle points passes through an extremity of the latus rectum. 


Pror, XVII. 
1. If QD be drawn perpendicular to OV, QD?—44A4S. PV. 


2. If TPV is diameter at P, QV an ordinate, and QT tangent at Q, and 
if QV- TV, shew that T is on the directrix. 


3. Any chord LVL’ is drawn through V, and LM, L'M’ are the ordinates 
of LL' drawn to the diameter PV. Prove that LM. L'MV'—-QV*, 
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4. If from the point of contact of a tangent to the parabola a chord be 
drawn, and another line be drawn parallel to the axis, meeting the tangent, 
curve, and chord, this line will be divided by them in the same ratio as it 
divides the chord. 


5. Draw a chord of a parabola through a given point, so as to be cut in 
a given ratio at the point. 


Prop, XVIII. 


1. To draw a focal chord PSQ such that SP=3SQ. 


2. If a diameter meet the directrix in O, OS is perpendicular to the 
chords bisected by the diameter. 


Prop. XIX. 
1. The semi latus rectum is a harmonic mean between the segments of 
any focal chord. 


2. If QV be an ordinate to the diameter PV, and pv meeting PQ in v 
be the diameter conjugate to PQ, then pv =4P V. 


ORTHOGONAL PROJECTIONS. 


DEF. τ. If from any point a perpendicular be drawn 
to a fixed plane, the foot of the perpendicular is called the 
projection of the point, and the fixed plane is called the plane 
of projection. 


IL The projection of a line, straight or curved, is the 
aggregate of the projections of its points, that 1s the locus of 
the feet of perpendiculars, drawn from points on the line, 
to the plane of projection. 


ΙΙ, The projection of an area is the area contained by 
the projection of the line or lines containing the given area. 


IV. The straight line, in which the plane, containing a 
given curve, intersects the plane of projection, is called the 
base line. 
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PROPOSITION 4. 


The projection of a straight line is a straight line. 
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Let pqrsU be the given straight line meeting the base 
line in U, and let P, Q, R, S be the projections of p, q, 7, s. 

Then the perpendiculars pP, qQ, rR, sS will lie in one 
plane pPU (Euc. xr. 6, 7) which intersects the plane of pro- 
jection in a straight line UP (Euc. ΧΙ. 3). 


Hence the projection of Up is the straight line UP, and 
they intersect in a point U on the base line. 


PROPOSITION ϱ. 


The ratio of the segments of a finite straight line is 
unaltered by projection. 

Let pqrsU be the given straight line, and PQRSU its 
projection. 

Then pP, qQ, rR, sS are parallel because they are all 
perpendicular to the plane of projection, and they are all in 
the same plane PUp; hence the segments PQ, QR, RS are 
in the same ratio as pq, qr, rs (Euc. vr. 2). 
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PROPOSITION y. 


Parallel straight lines project into parallel straight lines 
of proportional length. 





Let pqU, rsV be two parallel straight lines, meeting the 
base line in U and V, and let PQU, RSV be their projections. 


pP and rf are parallel, [ Euc. ΧΙ. 6. 
pq and rs are parallel ; [hyp. 
.. the plane UpP is parallel to plane Vii. | [Euc. X1. 15. 
Hence PQU is parallel to RSV. [Euc. ΧΙ. 16. 


Again, triangles pUP,rVR are equiangular, [Euc. ΧΙ. 10. 
πω ως quocp pp 

= RV : rV, 

=. cons: 


Oxns.—This ratio PU: pU 2cos pUP. 
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PROPOSITION 6. 


A tangent projects into a tangent, cutting the base line in 
the same point. 
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Let pp' be two points on a curve near to one another, 
then their projections PP’ lie on the projection of the given 
curve. 


Let p' move up to and coincide with p, so that pp' 
becomes a taugent to the given curve. 


Then Ρ’ moves up to and coincides with P, and PP 
becomes a tangent to the projection of the given curve. 


Also these straight lines meet the base line in the same 
point. (Prop. a) 
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PROPOSITION €. 


The ratio of areas 1s unaltered by projection. 





——— — ——— ew ο oma 


--- -le mma a e m mw — «ο «Ἡ «- Ὢ 


Case 1. Let pqrs be a rectangle, having two sides pq, rs 
parallel to the base line, and let PQRS be its projection ; 
produce ps, qr to meet the base line in U, V. 


Area PQRS : area pars = PQ x PS : pq x ps, 
— PS : ps, 
— PU : pU. 


Now this ratio (which 1s equal to cos a, if a be the angle 
between the original plane and the plane of projection) is 
independent of the length and breadth of the rectangle; 
therefore all such rectangles are diminished by projection in 
the same proportion, and all such rectangles drawn in the 
original plane bear the same ratio to one another as their 
projections do. 
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Case 2. But a figure of any shape may be divided into 
a large number of narrow strips by lines perpendicular to 






the base line, and each of these strips will form one of these 
rectangles, with two small areas at each end; now the sum 
of these rectangles bears to the sum of their projections a 
constant ratio, ‘also by increasing the number of rectangles 
and decreasing their width the difference between them and 
the given area may be indefinitely diminished, hence an area 
of any shape is diminished by projection in the same ratio 
(1 : cosa) and all areas in the original plane bear the same 
ratio to one another as their projections do. 
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PROPOSITION £. 


The projections of two straight lines at right angles to one 
another are lines at right angles to one another, if one of the 
original lines is parallel to the base lane. 





Let ps, sr be two straight lines at right angles to one 
another, of which sr is parallel to the base line UV. Let 
PS, SE be their projections. Since sr is parallel to UV, it 
does not meet the plane of projection PSU V, hence sr does 
not meet SA; also sr, SR are in the same plane, therefore 
they are parallel to one another. 


But SR is at right angles to Ss, 


therefore sr is at right angles to Ss; [| Euc. 1. 29. 
also sr 1s at right angles to ps, [hyp. 
. $r 15 at right angles to the plane psU S^; [Euc. ΧΙ. 4. 
<. KR is at right angles to the plane ps USP, [Euc. ΧΙ. δ. 


and PSE is a right angle. 


Notre. The projection of a right angle is not a right angle, unless one 
of the arms of the original angle is parallel to the base line. 


ELLIPSE. 


DEF. 1. An ellipse is the locus of a point (DP) whose 
distance from a fixed point (S) bears a constant ratio (e), 
less than unity, to its distance (PM) from a fixed straight 
line (X M), 

(SP =: PM). 


UI. The fixed point (S) 1s called the focus. 
III. The fixed straight line (XM) is called the directrix. 


IV. The constant ratio (e) is called the eccentricity. . 
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PROPOSITION I. 
Construction for points on the ellipse. 
The perpendicular on the directrix through the focus is an 
axis of symmetry. 
To find the vertices A and A. 


s P 


M z 


From the focus S draw SX perpendicular to the directrix. 
Divide XS in A, so that 


SA=e. AX; 
also in XS produced take A’ so that 
SA’ =e. AN. 

Then A and A’ are points on the curve. 


lake any point JV on the straight line AA’, with centre 
© and radius e. X N describe a circle; through ΛΙ draw PNP’ 
perpendicular to AA’ and cutting the circle in P and P’, 
then P and P’ are points on the ellipse. Draw PM, P'M* 
perpendicular to the directrix, 

ο) =e. AN Sen, 
SP'=e. XN =e. PM. 

Corresponding to any point JV on the line AA’, we thus 
get two points P and J” at equal distances on opposite sides 
of AA’; hence the ellipse is symmetrical with respect to 44”, 
or AA’ is an axis, and the points A and A’are vertices. 


Note. It may be proved that the circle intersects the perpendicular NP, 
when N is any part of the axis AA’ between 4 and A’, but not when N lies 
outside the part Ad’, hence the ellipse lies entirely between lines drawn 
through 4 and 4' at right angles to the axis. See Appendix. 


For riders see p. 37. 
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PROPOSITION II. 


If the chord PP’ intersects the directrix in K, SK bisects 
the exterior angle between SP and SP’. 





Join SP, SP’, SK; produce PS to p, and draw PM, 
P'M' perpendicular to the directrix. 


Then SP=e.PM, 
and SP’=e.PM; 
OLS SP = PM UD 
= PK: PK, 
by similar triangles PAM, PAU. 
Therefore SK bisects P'Sp (Euc. v1. Α.). 


Prop. II. 


1l. PSP,is a focal chord. Prove that XP and XP, are equally inclined 
to the axis. 

2. PSP,is a focal chord. PA, P,A are produced to meet the directrix 
in A and A, respectively. Prove that ASA, is a right angle. 

3. Two chords PQ, P'Q meet the directrix in p, p’ respectively. Prove 
that the angle pSp’ is half the angle PSP’. 

i. If the focus of an ellipse and two points on the curve be given, the 
direetrix will pass through a fixed point. l 


ο) é 
9—2? 
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Der. If the axis through the focus (S) meets the ellipse 
at A and A’, AA’ is called the major axis. 


DEF. Bisect AA’ in C, then C is called the centre of 
the ellipse. 

Der. The double ordinate BCB', drawn through C, is 
called the manor axis. 


Proposition III. 


If PN Ὁ the ordinate of a point P on the ellipse, 
PN’: AN. A'N =CB’: CAF, 


and CB 4s less than CA. 





Join PA, A’P, and produce them to meet the directrix 
at K and K'. 
Join SP, SK, SK’, and produce PS to p. 
By similar triangles PAN, WAX, 
ΖΝ: AN=KX : AX. 
By similar triangles PA'N, K'A'X, 
ITN κ S AAN, 
<. PN: AN. A N= KX. ΧΙ AX. AN. 


ELLIPSE. 3( 


But SK bisects the angle ASp, | Prop. 2. 
and SK’ bisects the angle ASP, [ Prop. 2. 
^O KSK’ is a right angle; 

SAGA X 5X [Euc. vI. 8. 


ΕΝ AN A N= SX? ANLAN, 
Similarly, since P may coincide with B, 
BC: AC^ZSX': AX ΑΛ, 
ΣΝ: AN.A'N 2 BC’: AC. 


Again, DO AC οι ΑΝΑΝ. 


Now SX =AY+SA = AX (1 e) 
also SX = A'X - SA' 2 A'X (1-0), 
s SY!'2-ü0-e8)AX.A'X «€ AX . A'X; 
cC DO e ας 
Pnor. I. 


1. If a parabola and an ellipse have the same focus and directrix, the 
parabola lies entirely outside the ellipse. 


2. A point P lies within, on, or without the ellipse, according as the 
ratio SP : PM is less than, equal to, or greater than the excentricity, PM 
being the perpendicular on the directrix. 

3. Any chord PQ of an ellipse meets the directrix in R. Prove that 

SP : PR=SQ: QR. 

4. A straight line meets the ellipse in P, and the directrix in R. From 
K, any point in PR, KU is drawn parallel to SR, to meet SP in U, and KI 
perpendicular to the directrix. Prove that SU=e. KI. 


Prop. III. 


1. If PM be drawn perpendicular to BCB’, prove that 
PM?*: BM . B'M=CA?: CB?. 


3. P,Q are two points on an ellipse. 40, d'Q cut PN or PN produced 
in L and M. Prove that ΡΝ ΞΙΝ. MN. 
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PROPOSITION IV. 


If the ordinates of the circle described on AA' as diameter 
be reduced in the ratio of CA: CB, the locus of their ea- 
tremities is the ellipse. 


a : ^H CB : CA). 


Let ApA’ be the circle described on AA’ as diameter, 
and N Pp the ordinate of p, meeting the ellipse at P. 


A 


ΡΛ’: AN. A'N- CP? : CA’. [ Prop. 3. 

But PN SANAN: [Euc. 11. 3 and 35. 
kN Νις -0P : C A*, 

PN : pN =CB : CA. Q.E.D. 


DEr.r. The circle described on 4 Α΄ as diameter is called 
the auxiliary circle. 


IL The points p and P lying on a common ordinate of the 
ellipse and auxiliary circle are called corresponding points. 


ΠΠ. A chord of the ellipse and a chord of the auxiliary 


circle are called corresponding chords, if their extremities 
are corresponding points. 
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PROPOSITION V. 


The projection of a circle is an ellipse. 


P 


P B | 
A ών Α a a’ 


Let apa’ be a circle, having its diameter aa’ parallel to 
the base line, cb the radius perpendicular to aa’, pn a per- 
pendicular from any point p to aw. 


Let APBA’ be the projection of the circle apba’, and let 
the points A, A’, D, C, P, N be the projections of the points 
a, α, b, ο, p, m. 


Then p) απ. πα;  [Eue. ΠΠ. 3 and 35. 
ο, pn’: cb? απ. πα : ca’. 
But pr’: cb, PN? : CB, [ Prop. y. 
and an.na :cw’=AN,NA’: CA*; 


AOPN*:CBP-AN.NA' : CA? 


Also PN and CB are perpendicular to AA’; [ Prop. ἕ 
therefore the locus of P is an ellipse whose axes are CA, C D. 
[Prop. 3. 

Note. The circle aba’ is equal to the auxiliary circle. The ratio 


CB :CA=cos a, where a is the angle of projection. 
The area of the ellipse=rAC. DC. 
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PROPOSITION VI. 


The ellipse is symmetrical with respect to the minor asis, 
and has a second focus (S') and directrix. 





Let pmp' be a chord of the auxiliary circle, cutting the 
minor axis at right angles in m. Take P and P’ points on 
the ellipse corresponding to p and p’, and draw the common 
ordinates p. N, p. P N', and join PP’, cutting the minor axis 
in ΛΙ. 

Then pN --ρ Ν΄; [ Euc. 1. 34. 

SEN = Ν΄ [Prop. 4. 
therefore /7/ is parallel to N-V and perpendicular to CB. 


Also, pm =p ην; [ Euc. ΠΠ, 8. 
pm [ Euc. 1. 34. 


ELLIPSE. 4] 


Hence, corresponding to any point P on the ellipse, there 
is another point P’ on the ellipse such that the chord PP 
is bisected at right angles by the minor axis, or the ellipse 
is symmetrical with respect to the minor axis. 





If we take CS' equal to CS, and C.Y' equal to CX, and 
through X’ draw a line perpendicular to AA’, the ellipse can 
be described with this line as directrix, S' as focus, and 
eccentricity the same as before. 


Prop. IV. 


1. A straight line cannot meet the ellipse in more than two points. 

2. Of all lines drawn from the centre to the curve CA is the greatest 
and CB the least. 

3. P and Q are corresponding points on the ellipse and the auxiliary 
circle; through P APL is drawn making the same angle with the axes 
which CQ does, and cutting them in K and L. Shew that AL is a constant 
length. 

4. PM drawn perpendicular to BB’ meets the circle on the minor axis 
as diameter in p: Prove 

PM: ppM=CA: CB. 

5. If the two extremities of a rod slide along two fixed straight lines at 
right angles to one another, any fixed point in the rod will describe an 
ellipse. 


Prop. V. 
An ellipse may also be itself projected into a circle. 
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Proposition VI. (Alter.) 


Let aba’ be a circle, and ABA’ its projection. 


All chords of the circle parallel to aa’ are bisected by cb. 
| Euc. ΠΠ. 9. 


Therefore all chords of the ellipse parallel to AA’ are 
bisected by CB. [Prop. y. 


And CB is perpendicular to chords it bisects. [Prop. ζ. 


Hence the ellipse is symmetrical with respect to the 
minor axis. 


And it may be described with reference to a second focus 
and directrix on the opposite side of the centre. 
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PROPOSITION VII. 


CA=e.CX; CS=e.CA; CS. CX = CA. 





SA=e. AX, [Det. 
SA —e.À'X. [ Def. 
by addition 
AA —e(AX--A'X) =e (AN FAN ξεὶ 
ool Oi, BLU DM ο ο ο. (2). 
By subtraction 
SS =e. ddA’; 
E ον ο ο τρως. (8); 
oO SCA OLA rion eim ie a oe (y). 


Pror. VII. 


Given an ellipse and one focus, find the centre and the eccentricity. 
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PnoPosiTION VIII. 
SP +SP = AA’. 


Mechanical construction for the ellipse. 
l À " 
Χ ee i : 
A S S A i 


Draw APAI perpendicular to the directrices. 


Then qe ecco ΓΩ. 
and ο; p 
ASPHSP-e.MM' 
— €. XAX' 

= AA’ 


If an endless string be placed round two drawing-pins 
at © and δ΄, and kept tight by a pencil point at P, the 
pencil can be made to trace out an ellipse of which S, S' are 
the foci. 


Pror. VIII. 


1. If P be any point, SP 4- S'P is greater than, equal to, or less than 
AA’, according as P is without, upon, or within the ellipse. 

2. A circle is drawn entirely within another circle. Prove that the 
locus of a point equidistant from the circumferences of these two circles is 
an ellipse. 

3. Two ellipses have a common focus, and their major axes equal. 
Prove that they cannot intersect in more than two points. 

4. Prove that the straight line, which bisects the exterior angle between 
PS and PS’, cannot meet the ellipse again. 
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PROPOSITION IX. 


CP? = CA’ — CS?=SA.SA’. 





SB--SDB-AA-. [Prop. 8. 
But SB=SB; [Euc. 1. 4. 
^ SB = CA, 
CB = SB — CS’ [ Euc. 1. 47. 
—CA*— CS 


al Sul [ Euc. ΙΙ. 5. 
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Der. The double ordinate through the focus is called 
the latus rectum (LL’). 


PROPOSITION X. 


The sem latus rectum SL is a third proportional to CA 
and CB. 


SL, CA = CB’, 


B 





SL: AS. A'S=CB : CA’. [Prop. 3. 
But AS. A'S = CB’; [Prop. 9. 
(op CB = CB ο 
- SL: CB=CB: CA; 
^A SL.CA = CB’. 
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PROPOSITION ΧΙ. 


If the tangent at P meets the directric in Z, PSZ is a 
right angle. 
Also tangents at the ends of a focal chord intersect on the 


directriz. 
P 


ρω; 


Κ 


Ὃ 


Take a point P' on the ellipse near to P, and let the 
chord PP meet the directrix in A, and produce LS to p. 
Then AS bisects the angle P'Sp. [Prop. 2. 


Z 


When P’ coincides with P, so that PP'KX becomes the 
tangent PZ, P'Sp becomes two right angles; therefore PSZ 
is a right angle. 

Hence ZNp is a right angle, and Zp is the tangent at p, 
or the tangents at P and p intersect on the directrix. 


1. Tangents at the extremities of the latus rectum intersect in X. 


2. If through any point P of an ellipse QPN be drawn perpendicular to 
the axis, meeting the tangent at L in Q and axis in N, QN=SP. 


3. To draw the tangent at a given point P of the ellipse. 
4. By drawing the tangent at D, prove CS. CX-CA*. 
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PROPOSITION XII. 


If the normal at P intersects the major axis in G, 


SG =e.SP. 
M E 
Z 
X 


Draw the tangent PZ, join SZ, draw PM perpendicular 
to the directrix, and join SA. 


ZMP and ZSP are right angles ; | Prop. 11. 
therefore the circle, on ZP as diameter, passes through M 
and δ. [| Euc. 11. 31. 


Since ZPG 15 a right angle, PG touches the circle. 
| Euc. 111. 16. 


Therefore the angle SPG = angle SMP in the alternate 
segment. [ Euc. ΠΠ. 32. 


Also angle PSG = angle SP M. [ Euc. 1. 29. 
Therefore the triangles SPG, SMP are similar; 
^A SG :SP=SP : PM; 
^ SG=e.SP. 


Prop. XII. 


1. P is any point on the ellipse, M a fixed point on the major axis. A 
perpendieular is drawn from M on the tangent at P. Find the locus of the 
intersection of this perpendicular with the radius vector SP. 

2. If GL be drawn perpendicular to SP, the ratio PN : GL is constant, 
and PL-semi latus rectum. 

3. If PG be produced to meet the minor axis in g, gS produced meets 
the directrix in M, the foot of the perpendicular from P. 


ELLIPSE. +9 


PROPOSITION XIII. 


The tangent and normal to an ellipse at any point P 
are respectively the external and internal bisectors of the 
angle between the focal distances. 


W : 





Let TPY' be the tangent and PG the normal, 


SG -e.SD, [ Prop. 12. 
and SG=e.SP; 
vos cus GSS ας 
therefore PG bisects the angle SPS’. | Euc. vr. 3. 


Therefore the complements SPT, S PY' are equal, but 
SPYZWPT; | Euc. 1. 15. 
therefore PT bisects the exterior angle SP W. 


Pror. XIII. 


1. If SY,the perpendicular on the tangent at P, meet S'P produced in s, 
prove (1) sY=SY, (2) SP=Ps, (3) S'szAA'. 

If P move round the ellipse what 15 the locus of s? 

[NorE. On account of (1) s is called the image of the focus in the tangent.] 

2. Ifthe tangent and normal meet the minor axis in t and g respectively, 
the circle on gt as diameter passes through P and the two foci. 

3. If the normal at P meet the major and minor axes in G and g, prove 
that the triangles SPG, gPS' are similar. 

1. SP.S'PzPG.PFDg. 

5. No normalcan pass through the centre, except the normals at the 
ends of the axes. 

6. If a circle be described through the foci of an ellipse, a straight line 


drawn from its intersection with the minor axis to its intersection with the 
ellipse will touch the ellipse. 


C. G. 4 
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PROPOSITION XIV. 
The feet of the perpendiculars (SY, S Y^) from the foci on 


the tangent at P ure on the auxiliary circle. 
Also if CE, parallel to the tangent at P, intersects S'P 


in E, PE=CA. 
Also SY .S’Y’ = ΟΡ’. 


Produce ΞΡ. SY to meet in W. Join CY. 
In the triangles YPS, YPW, Υ is common, right angles 


PYS, PY W are equal augle YPS -- angle YPW; ΤῬτορ. 33. 


SIS PI SY τα: [Euc. 1. 26. 
and SC = CS’, . 8 W is parallel to CY; [ Euc. vi. 9, 
«1 5. W [Eue. vi. 4. 


= (5; +PS8)=4AA' — [Prop. 8. 


᾽ 
therefore Yi is on the Nein y circle. 
Similarly, Y' is on the auxiliary circle. 
Also YCEP is a parallelogram ; therefore 
PE-GCY-CA. 
Produce Y S' to meet the circle in y and join Y y. 


Then, Y Y'y being a right angle, Fy passes through the 
| Éuc. ΠΠ. 31. 


centre C, 
SY = Sy, [Euc. 1. 4. 
SY.S'Y'258y.SY'—- AS'. SA’ [Euc. ΠΙ. 35. 

= Uf". | Prop. 9. 


For riders see page 52 
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PROPOSITION XV. 
Corresponding chords of the ellipse and aurtliary circle 
intersect on the major axis. 
Also tangents at corresponding points intersect on the 
major aas. 





Let PQ be a chord of an ellipse, meeting the major 
axis in T. 

Let p be the point of the auxiliary circle corresponding 
to P. Join Tp, and produce it to meet the ordinate 7t 
produced in η. 


Then gh: pNX-2 RT : NT | Euc. VI. 4. 
ZPR : PN [ Eue. vi. 4. 

gk: QR SPN : PN 
— dC: BC; [ Prop. 4. 


^. gis the corresponding point to Q, and the correspond- 
ing chords PQ, pq meet the axis in the same point 1. 

If Q moves up to and coincides with P, then q moves up 
to and coincides with p, and PT, pT become tangents to 
the ellipse and circle, or the tangents at corresponding points 
intersect on the major axis. 


Pror. XV. 


_ 1. Pp are corresponding points. The tangent at p meets CB produced 
i K. Prove CK . PN 2 AC . DC. 


2. OQ, OQ’ are tangents to an ellipse. ON is drawn perpendicular to 
the axis. Prove that the tangents to the auxiliary circle ut the corresponding 
points q and q' meet in ON. 


Prove also that if QQ’ produced meet the major axis in T, C. V. CT 2 0.15. 


4— 2 
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Proposition XVI. 


If the tungent at P meets the major axis produced at T, 
CN . CT = CA’. 





Produce VP to meet the auxiliary circle in p, and join 


pT, pl. 
pT touches the circle; | Prop. xv. 
therefore CpT' is a right angle; [ Euc. ΠΠ. 18. 
CON .CT = Oy [Euc. v1. 8. 
= CA’. 
Pnor. XIV. 


1. To draw a tangent to the ellipse parallel to a given straight line. 

2. If a straight line through C parallel to the tangent intersect the SP, 
S'P distances in E, Ε΄, prove CE-CE'. 

3. Prove also S'E- SE'. 

4, The circle described on SP as diameter touches the auxiliary circle. 

5. SK is parallel to S'P, and YK perpendicular to Sk. Shew that the 
parabola having S for focus and A for vertex touches the ellipse. 

6. Given in position a focus and tangent, and in magnitude the minor 
axis, find the locus of the other focus. 

7. A chord of a circle which subtends a right angle at a fixed point 
envelopes a conic whose foci are the fixed point and the centre of the circle. 

8. If a second tangent intersect YPY’ at right angles in O, prove that 

OY.OY'zDC-*. 

Hence prove CO*— CA? - 60”. [The locus of the intersection of tangents 

at right angles is called the Director Circle.] 
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Proposition XVI. (Ahter.) 


P 





Draw the circle from which the ellipse is projected, and 
let C, P, T, N, A be the projections of 


ο, p, t, n, a. 


Then pt touches the circle ; [ Prop. ò. 
therefore cpt 1s a right angle, [Euc. rir. 15. 
and enp 1s a right angle; [ Prop. £. 
cn .ct-— ορ; [Euc. vr. X. 
en .ct- ca? ; 
CN.CT-—CA-. [ Prop. β. 
Prop. XVI. 


l. p is the point on the auxiliary circle corresponding to D. Sy is 
drawn perpeudicular to the tangent at p. Prove Sy=SP. 


2. Any circle through N, T, cuts the auxiliary circle at right angles. 


3. If CY, AZ be the perpendiculars from the centre and an extremity of 
the major axis on the tangent to the ellipse at any point P, shew that 


CA .4Z-—CY. AN. 
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PROPOSITION XVII. 


If the tangent at P meets the minor axis produced in t, 
and Pn ws the perpendicular from P on the minor axis 


Cn. Ct = CB” 





Draw the circle of which the ellipse is the projection. 


And let c, p, t, b, w be the points of which C, P, t, B, n 
ave the projections. 


Join cp. Then pt’ touches the circle; . | Prop. 6. 
therefore cpt’ is a right angle. [ Euc. ΠΠ. 18. 
Also cn'p is a right angle; [Prop. €. 
en οἵ — ορ” [Euc. v1. 8. 

— οὐ; 


Ca Ct = OB. [Prop. 8. 


Ct 
wt 
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Proposition XVIII. 


If PF is the perpendicular from P on a line through C 
parallel to the tangent at P, and if the normal ut P meets the 
minor axis in g, then 


PF.PG=CB? and PF.Pg= CA’. 





Draw PNR, Pur perpendicular to the axes meeting CF 
in R and 1, and let the tangent at P meet the axes at 
T' and t. 


Since the angles at N and F are right angles, a circle can 


be described through GNR and δ; [ Euc. ΠΙ. 21. 
Pp PG PY ek [ Éuc. 111. 36. 
= Cn.Ct [ Euc. 1. 34. 
= CL. [Prop. xvii. 
Similarly PF. Pg=Pn.Pr 
=CN.CT [Euc. 1. 3. 
= CA’. 


Pror. XVIII. 
1. If from g a perpendicular gK be dropped on SP or S'P, prove that 
PR=CA. 


9. Ifthe tangent at P meets the major axis in T, then CF . PT is equal 
to the product of perpendiculars from the foci on the normal at P. 


PROPOSITION XIX. 


GN : CN = CP? : CA”. 
Also CG - ο. CN. 





Produce PG to meet the minor axis at 7, and draw CF 
parallel to the tangent at P, meeting Pg at F. 


Then GN : CN - ρα: Pg [ Euc. vr. 2. 
Ευ PG Tr Fg 
=CB : CA’. | Prop. XVII. 
Also CN—-—GN : CN ZCA' CP! : CA’; 
CG : CN 2 CS, : CA: [ Prop. ΙΝ. 
CG =e. CN. | Prop. vir. 


Prop. XIX. 


1. If the tangent and normal at P meet the major and minor axes 
respectively in 7, t, G, g, prove 
(a) σα. CT=CS", 
(b) Cg. Ct=CS?, 
(c) Tg, tG are at right angles. 


2. Prove Να. CT=CB?. 
3. From this proposition deduce the corresponding proposition for the 
parabola, viz. NG —24AS. 


4. Find a point P on the ellipse such that PG bisects the angle between 
CP and PN. 


Sr 
~l 
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PROPOSITION XX. 
If from any point O on the tangent at P, OI is drawn 
perpendicular to the directrix, and OU perpendicular to SP, 


then SU =e. Ol. (Adams's property.) 


P 
I U 
e, 
Εαν. - 
S 





Join SZ, and draw PM perpendicular to the directrix. 


ZSP is a right angle ; [Prop. ΧΙ. 
ZS is parallel to OU ; 
SU: SP-Z0:ZP [Euc. vi. 2. 
—Ol:PM, [Euc. vi. +. 
but SP=e. PM; 
SU=e. 0l. 


If the tangent at P meet the directrices in Z, Z', the perpendiculars from 
Zand Z' on SP intercept a part equal to 4.4’. 
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PROPOSITION XXI. 


To draw a pair of tangents OQ, ΟΦ’ to an ellipse from an 
external point O. 





Draw OT perpendicular to the directrix. 


With centre δ, and radius e. OI describe a circle, and 
draw the tangents OU, OU". [Euc. ΤΙ. 17. 


Draw SZ perpendicular to SU, meeting the directrix 1n 
Z. Join ZO, meeting SU in Q. Draw QN perpendicular to 
the directrix. | uc. vi. 2. 


Then SQ:SU-QZ:OZ 
= QN: 01l; 
NO NUN =D OUr Sel; 
therefore S is on the ellipse. 


And since QSZ is a right angle, OQ touches the ellipse. 
[Prop. 11. 


Similarly a second tangent OQ may be drawn. 
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(Second method.) On OS as diameter describe a circle 
meeting the auxiliary circle in Y and Y". Then SYO is a 
right angle [Euc. rir. 31], and OY touches the ellipse [Prop. 


XIV.]J. Similarly O Y’ touches the ellipse. 


(Third method.) With centre O and radius OS describe 

a circle, and with centre δ΄ and radius cf A’ describe a second 

circle intersecting the first in U and U’. Join SU, S'U' 
meeting the ellipse in Q and Q^, then 

angle OQU = angle OQS, [Euc. I. S. 

and OQ touches the ellipse. [ Prop. XU, 
Similarly OQ touches the ellipse. 
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PROPOSITION XXII. 


Tangents OQ, ΟΦ’ subtend equal angles OSQ, OSQ' at 
the focus 5. 


A. 
K IU 


Bc ce a 


Draw OU, OU', OI perpendicular to SQ, SQ’, and 
the directrix. Join OS. 


Then SU =e.0I [Prop. Xx. 
= SU'; | Prop. xx. 
OU -OU'*; [ Euc. 1. 41. 
ss OSU S O0SU. [ Euc. τ. 8. 
Or OSQ = OSQ'. 


Prop. XXII. 


1. QQ’ produced meets the directrix in K, prove that OSK isa right angle. 


2. Tangents at the extremities of a focal chord meet the tangent at the 
vertex in Τι, To, prove AT, . dT, = AS?, 


9. OQ, OQ’ are two fixed tangents to an ellipse. A variable tangent 
intersects them in q, q’. Prove that the angle qSy’ is eonstant. 


4. Normals at the extremities of a focal chord meet in W, and the cor- 


responding tangents in Z. Prove that ZIV passes through the other focus. 
5 


9. OQ, OY’ are tangents from O, and OS meets QQ’ in R. RZ, parallel 


to the axis, meets the directrix in Z. Shew that QZ and Q'Z are equally 
inclined to the axis. 
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PROPOSITION XXIII. 


Tungents OQ, OQ’ are inclined at equal angles to OS, 
ON’. 


O WwW 


Join SQ, SQ’, SQ, SQ and produce 5'Q' to W, and let 
SQ' meet S'Q in K. 


Then angle SOQ =0Q IV — OS'Q' [Eue. 1. 32. 
—iSQW-1QSQ' [Props .xur, xxi. 
=4 SKR. Eue 1, 32. 

Similarly SOQ =4SKQ; 
SOQ = SOQ. [lZuc. 1. 15. 


Prop. XXIII. 


l. Given two tangents to an ellipse and one focus, find the locus of the 
centre. 


2. On OQ, OQ", lengths OR, OR’ are taken, equal to OS, OS’ respectively. 
Prove that RI’ is equal to the major axis of the ellipse. 
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PROPOSITION XXIV. 


The locus of the middle points of any system of parallel 
chords of an ellipse is a straight line passing through the 
centre; and the tangent at eher end of the straight line is 
parallel to the chords. 





Draw the circle whose projection is the ellipse. The 
middle points of the system of parallel chords of the ellipse 
are the projections of the middle points of a system of 
parallel chords of the circle. [Props. 8 and y. 

In the circle these middle points lie on a straight line cv 
passing through the centre c. | Euc. ΠΙ. 3. 

And the projection of cv is a straight line CV passing 
through the centre ( of the ellipse. | Prop. a. 

In the circle the tangents at either end of cv are parallel 
to the chords, because they are all perpendicular to cv. 

[Euc. ΠΠ. 3 and 16. 

Hence in the ellipse the same is true. — [Props. y and ὃ. 


Der. The locus of the middle point of a system of 
parallel chords is called a diameter. 


Note. The words diameter and axis are frequently used to denote the 
length of the portion of the diameter or axis intercepted by the curve. 


Der. The half (QV) of a chord (QQ’) which is bisected 
by a diameter (CP) is called an ordinate to the diameter. 
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PnoPosiTION XXV. 


Tangents at the ends of any chord meet on the diameter 
which bisects the chord. 


N 


Let OQ), ΟΦ’ be the tangents, join CO, meeting QQ in V. 


Draw the circle whose projection is the ellipse, and let 
O, Q, Ωω’, C, V be the projections of 0, q, d, 6, v. Join cy, cy’. 


Then oq, og’ touch the circle; [ Prop. 6. 
'. 0q—0q; [Euc. ur. 36. 

'. angle ocy - angle ocq'; [ Euc. I. 8. 

ον quoqu; [Euc. 1. 4. 

ΩΩ} [Prop. à. 


Pror. XXV. 


1. The tangent at a point P of an ellipse meets the tangent at 4 in 
Y. Shew that CY is parallel to A’P. 


2. If CP meets the directrix in Z, ZS is perpendicular to QQ'. 


64 ELLIPSE. 


PROPOSITION XXVI. 


QV ts an ordinate of the diameter CP; if the tangent ut 
Q meets the diameter CP produced in O, then 


CV . CO = CP”. 


Draw the circle whose projection is the ellipse. Let 
ο, g, 0, p, v be the projections of C, Q, O, P, V. Join cq and 
produce qv to meet the circle at η΄. 


Then og is a tangent, [Prop. 6. 
qq 15 bisected at v, | Prop. £. 
coq 18 a right angle, | Bue. ΤΠ. 3. 
and cqo is a right angle, [Euc. ΠΙ. 18. 
'" c0. co Ξ ος”, [Euc. VI. 8. 
ρου . co = ορ”, 
^ CV. CO = ο”. [Prop. β. 


Pror. XXVI. 


1. FVR parallel to PQ meets CQ in R. Prove that PR is parallel to the 
tangent at Q. 

2. The tangent at any point P of an ellipse meets the equiconjugate 
diameters [see page 66] in 7’ and 7". Shew that the triangles TCP, TCP 
are in the ratio CT? : CT”. 
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Proposition XXVI. (Alier.) 


Draw the tangent at P meeting QO in Fi. 
Draw PW parallel to OQ meeting QV in W. 
Join PQ, RW. 





Then *.: PRQW is a parallelogram, 
<. RW bisects PQ, 
z. RW passes through the centre, — [Prop. 25. 
^. by similar triangles 
CV:CP=CW:CR 
— CP : CO, 
^ CV.COZCP:. 


What is the corresponding proposition in the parabola? Apply this 
method of proof to it. 


This proof is due to the Master of St John's College, Cambridge. 


Qt 


C. G. 
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PROPOSITION XX VII. 


If CP bisects chords parallel to CD, then CD bisects chords 
parallel to CP. 


Q 


Draw AQ parallel to CD meeting CP in V; 

then AQ is bisected at V. 
Join A'Q cutting CD in W. 
Since AQ is bisected in V 

and AA’ in C, 

^. A'Q is parallel to CP. 
And +.: CD is parallel to AQ, 

and 4 4’ 15 bisected in C, 

ον A'Q is bisected in W, 
^. CD bisects the chord A'Q which is parallel to CP, 
. CD bisects all chords parallel to CP. [Prop. 24. 


DEF. Two diameters which are so related that each 


bisects chords parallel to the other are called conjugate 
diameters. 


N.B. The tangent at P is parallel to CD and the tangent at D is 
parallel to CP. [Prop. 24. 


Prop, XXVII. 


1. To draw the equiconjugate diameters of the ellipse. 


2. The focus is the centre of perpendiculars of the triangle formed by 


two conjugate diameters and the directrix. 
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PnoPosiTION XXVIII. 


. Conjugate diameters in the ellipse are the projections of 
diameters in the circle at right angles to one another. 





Let CP, CD be conjugate diameters. Draw a chord 
QVQ parallel to CD and bisected at V. Draw the circle 
whose projection is the ellipse and let D, Q, P, ΩΦ, V, C be 
the projections of d, q, p, 4, v, ο. 


cd is parallel to qq, [Prop. y. 
and qq' 1s bisected at v, [Prop. β. 
'. cv is perpendicular to qq’, [ Euc. ΠΙ. 3. 


'. cp is perpendicular to cd. 


NorE. Numerous metrical properties of conjugate diameters may be 
deduced from this proposition by the method used in Prop. xxx., e.g.: 


1. P’CP, CD are two conjugate diameters, R any other point on the 
ellipse. PR, P’R meet CD or CD produced in T, t. Prove CT.Ctz CI». 


2. If CP, CD, CQ, CR be two pairs of conjugate diameters, and if the 
tangent at P meet CQ, CR produced in T, t; then PT.Ptz CI, 


c 
| 
ιν 
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Der. Chords (QP, QP’), which join any point (Q) on an 
ellipse to the extremities of a diameter (PCP’) are called 
supplemental chords. 


PROPOSITION X XIX. 


Supplemental chords are parallel to conjugate diameters. 


po? 


M 


Draw the diameters CL, CM parallel to the supplemental 
chords P'Q, QP cutting them in V and W. 


Then TysVvVOoePo:cP. [Euc. vi. 2. 
p οι, 
^. CL bisects all chords parallel to PQ, — [Prop. 24. 
that is parallel to C.M. 
Similarly CM bisects all chords parallel to CL. 
ο, CL, CM are conjugate diameters. 


The diagonals of any parallelogram circumscribed to an ellipse are con- 
jugate diameters. 
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PROPOSITION XXX. 


QV is an ordinate of the diameter PCP’, CD the diameter 
parallel to QV, then 


QV?: PV. PV- CD' : CP 





Draw the circle whose projection is the ellipse, and let 
P, V, C, P', Q, D be the projections of p, v, c, p, q, d. 


Since CP, CD are conjugate diameters 


ped is a right angle. [Prop. 28. 
But qv is parallel to cd. [ Prop. γ.- 
Hence qv 1s perpendicular to cp, 
So αυ = pu. py, [ Euc. 11. 3 and 35. 
ον gu: pu. pv=cd’: ep”, 
but qui:cd®=QV?: CD, [Prop. y. 
pu.pv:icp=PV.PV: CP, [Prop. y. 


S OV?: PV. PV =CD?: CP. 


On QV or QV produced is taken a point R, such that VR: VQ=CP:CD. 
Shew that the locus of R is an ellipse, and find the position of its axes. 
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PROPOSITION XXXI. 
In the triangles CPN, CDR, CR: PN=CA: CB 
and CN: DR2 CA : CB. 





Draw the auxiliary circle. 
Produce NP, ED to meet it in p and d. 
Join Cp, Cd and draw the tangents pT, PT to the circle 
and ellipse respectively, intersecting on the axis. — [Prop. 15. 
Then PT is parallel to CD, [ Prop. 24. 
^. the triangles TNP, CRD are similar, 
e TN: CR 2 NP : RD — Np : Rd, [| Prop. +. 
and the angle TNp = the angle Cid, 
.. triangles ΤΝΡ, C Rd are similar, | [Euc. VI. 6. 
.. pT is parallel to Cd, 

ο, the angle pCd = angle CpT =a right angle, 
therefore the angles VpC, dC RE are equal, each being the 
complement of angle pCN, 
^. the triangles pNC, C Rd are equal in all respects, [Euc.1. 26. 

But pN : PN=CA: CB, 
© # Ch PN δα Cb. 
Similarly CN: DR=CA: CB. 
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PROPOSITION XXXII. 
CP? + CD? = CA? + CB’. 


P 


b. Ay 


EN ^ N 


A N C R A 


Draw the auxiliary circle. 
Produce VP, RD to meet it in p and d. 
Join Cp, Cd. 


Then DI^ CN =CB : CA’, [ Prop. 31. 
and PN”: CK = C0 : CA’, [Prop. 31. 
. D+ PN?’ : CN’? ών ο”. 

But CON FOR = CN? 4+ pN? = CE [ Prop. 31. 


^ DR + PN? = CB". 
Now CP CD = CR + CN? 4+ DR? + PN? 
= C À* + CL. 


Prop. XXXI. 
If the tangent at P meet the major axis in T, and if Q be the foot of 
the perpendicular from C on the tangent, prove that 


COA-Q CIT SCN- PN: CD 
Prove (a) PG: CD=CB:CA; 
(b) Pg: CD=CA:CB; 
(c) PG. Pg=CD?. 
Prop. XXXII. 


1. Find the greatest and least values οἵ the sum of a pair of conjugate 
diameters. 


3. CD, CD are conjugate diameters. If PG, DH be the normals at P 
and D, prove that PG? + DH? is constant. 
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PROPOSITION X XXIII. 


. The area of the parallelogram formed by tangents at the 
extremities of a paw of conjugate diameters is constant. 


PF.CD=CA.CB. 





Let QRST be the circumscribing parallelogram, 
then its sides are parallel to CP or CD. [Prop. 24. 


Draw the circle, whose projection is the ellipse, and let 
p, ο, d, q, r, &c. be the points whose projections are P, C, J), 
Q, R, &c. 

Then pcd is a right angle, because CP, CD are conjugate 


to one another, | Prop. 28. 
qrst circumscribes the circle, | Prop. ὃ. 
and its sides are parallel to cp or cd, [| Prop. y. 


hence qrst 15 a square, equal to the square on the diameter 
and constant 1n area. 


Hence Q RST is also constant. [ Prop. e. 


Again this parallelogram is equal to 47 FF. CD, but if 
CP, CD are the axes, the area 15 4C'A . CB, 


"αμ ου = Cae Cb. 
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PROPOSITION XXXIV. 


If two chords of an ellipse intersect, the rectangles con- 
tained by their segments are as the squares of the parallel 
sema-drameters. 





Let QOQ', UOU' be the chords and CP, CR the parallel 


semi-diameters. 


Draw the circle whose projection is the ellipse, and "i 
q, ο, q', «ο. be the points whose projections are Q, Ο, Q', ἃ 


In the circle qo. oq — wo.ow, [ Euc. ΠΙ. 35. 
and cp — cr, 
'. q0.0q' : uo. ow —cp :cr, 
but qo.oq :cp- QO.0Q' : CP”, [ Prop. y 
and uo. ow : 0° - UO.QU': CR, [Prop. y 


- Q0. OQ : UO. OU = CP* : CR* 


Pror. XXXIII. 


1l. PG.Pg=CD*. (See Prop. 18.) 

2, SP.S'PZCD*. 

3. CD.SY=BC. SP. 

i. CD is conjugate to CP. If DQ be drawn parallel to SP, and CQ 


perpendicular to DQ, prove that CQ is equal to the semi-axis minor. 


5. From D tangents are drawn to the circle on the minor axis as 


diameter. Prove that these tangents are parallel to the focal distances of P. 
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Prop, XXXIV. 
1. The tangents to an ellipse from an external point are proportional 
to the parallel semi-diameters. 


2. If a circle intersect an ellipse in four points, the chords of inter- 
section are equally inclined to the axis. 


3. Ifa circle touch an ellipse at the points P and Q, shew that PQ is 
parallel to one of the axes. 


4. Deduce Prop. 3 and Prop. 30 from Prop. 34. 


5. If PQ, PQ’ are chords equally inclined to the axis, prove that the 
circle circumscribing PQQ’ touches the conic at P. 


HYPERBOLA. 


DEF. A hyperbola is the locus of a point (P) whose 
distance from a fixed point (S) bears a constant ratio (e), 
greater than unity, to its distance (PM ) from a fixed straight 
line (X M), 


The fixed point (9) 1s called the focus. 
The fixed straight line (XM) is called the directriz. 


The constant ratio (e) 1s called the eccentricity. 


HYPERBOLA. (2 


PROPOSITION I. 


Construction for points on the hyperbola. 

The perpendicular on the directrix through the focus is an 
axis of symmetry. 

To find the vertices A and λ΄. 





From the focus 5 draw SX perpendicular to the directrix. 
Divide XS in A, so that 
Sd =e. AN; 
also in SX produced take A’ so that 
SA’ =e. A'X. 

Then 1 and iL” are points on the curve. 

Take any point N on the straight line 4.1’, with centre 
S and radius e. Y X describe a circle, through N draw PNP 
perpendicular to 44’ and cutting the circle in P and P’, 
then P and Β΄ are points on the hyperbola. Draw PM, PM 
perpendicular to the directrix, 

SP =e.NNXN =e. PM, 
SP —e MAX ce I. 

Corresponding to any point Δ᾽ on the line A’, we thus 
get two points P and P’ at equal distances on opposite sides 
of AA’; hence the hyperbola is symmetrical with respect to 
AA’, or AA’ 1s an axis, and the points A and 21’ are vertices. 


Note. It may be proved that the circle intersects the perpendicular 
NP, when N is in any part of the axis 44', except the part between 4 and 
A’, hence the hyperbola lies entirely outside the lines through 4 and 4’ per- 
pendicular to the axis, but it is infinitely extended in both directions (see 
Appendix). 


ΤΟ HYPERBOLA. 


PROPOSITION IIT. 


If the chord PP’ intersects the directrix in K, SK bisects 
the angle between SP and SP’. 





Join SP, SP’, SK; produce PS to p, and draw PM, PM" 
perpendicular to the directrix. 
Then SP =e PM, 
and DE πε. 
T ο οι το αμ. 
=Ph : ΡΝ. 
by similar triangles PAM, PAM’. 


Therefore SA bisects P'Sp. (Euc. VI. A.) 


HYPERBOLA. (4 





Similarly if P and P’ are on opposite branches of the 
hyperbola SK bisects the angle PSP. 


Prove that a st. line cuts the hyperbola in two points only. 


Prop, I. 


1. In any conic, if PR be drawn to the directrix parallel to a fixed 
straight line, the ratio SP : PR is constant. 


2. If an ellipse, a parabola, and a hyperbola have the same focus and 
directrix, the ellipse will be entirely on one side of the parabola, and the 
hyperbola on the other. 


3. In any conic a chord through the focus is divided harmonically by 
the focus and directrix. 


Pnor. II. 


1. Prove that a straight line can cut a conic in two points only. 


2. In any conic if two fixed points PP’ on the curve be joined to a 
variable point Q, and PQ, P'Q meet the directrix in p, p', the angle pSp’ is 
constant. 
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Proposition III. 


If PN 15 the ordinate of a point P on the hyperbola, 
PN: AN. AN 


as a constant ratio. 





Join PA, A’P, and let them, produced if necessary, meet 
the directrix at K and A". 


Join SP, SK, SA’, and produce PS to p. 


HY PERBOLA. (9 
By similar triangles PAN, KAX, 
PN : AN= KX : AX. 
By similar triangles PA'N, K'A'X, 
PN ANSE AEN 
PN αν AN ERKA KA SAN I 
jut SK bisects the angle A Sp, [Prop. 2. 
aud SK’ bisects the angle ASP, [| Prop. 2 
ΛΟΛΑ is a right angle ; 
AX.AOY SM [Euc. vi. 5. 
PAIN ἳ SA CXV b 


which is a constant ratio. 


Der. Take CB’ : CA? in this constant ratio, drawing 
CB perpendicular to AA’. 


L Then AA’ 15 called the trunsverse axis. 
II. Cis called the centre of the curve. 


HI. CB is called the semi-conjugate axis. 
So that PN? : AN. ANV S CP* : CA 


Pnor. III. 


1. PNP’ is a double ordizate of an ellipse. Find the locus of the 
intersection of AP and A'P'. 


2. In the rectangular hyperbola (page 81) PN?— AN. A'N. 


3. PNP’ is a double ordinate of a rectangular hyperbola. Prove the 
angles PAP’, PA'P’ are supplementary. 


i. The tangent at any point P of a circle meets a fixed diameter 4H 
produced in T. Shew that the straight line through T perpendicular to 
this diameter will cut 4P, BP produced in points which lie upon a certain 
rectangular hyperbola. 
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PROPOSITION IV. 


If the diagonals of the rectangle, formed by perpendiculars 
through the extremities of the ares ACA’, BOB', be produced 
indefinitely, and the ordinate NP be produced both ways to 
meet them an p, p’, the rectangle Pp. Pp' = CB’. 


Also the curve continually approaches to each diagonal 
without actually meeting rt, and its distance from it becomes 
ultimately less than any finite length. 


Let parallels to the axes through A and B meet in R, and 
let Pp' meet the curve at P. 


Then PP’, pp’ are both bisected in N; [Prop. 1. 
. pP’ =p'P. 
But pP.pP' Np’ — NP’; [Euc. 11. 5. 


~ pP. p P = Ny — NI”. 
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Now pN? : CN? = AR! ; CA? 
= CD : 64”. 


Again ΡΝ’: AN. A'N =CP : CA’, [| Prop. 3. 
or ΡΝ’: CN’? — CA’ = CF : 64". [Euc. 11. 6. 


Subtracting pN* — PN? : CA* = CP : CA’; 
~n pN? — PN’ =CB’; 
 pP.p P= CB. 


Since the product pP.p'P is constant, of which one 
factor pP constantly increases therefore pP constantly 
diminishes and finally becomes less than any finite quantity. 
And if Pn be drawn perpendicular to CÈR the ratio Pn : Pp 
is constant, therefore Pn continually diminishes and finally 
becomes less than any finite length. 


Der. When a curve continually approaches to a fixed 
straight line without ever actually meeting it, but so that 
its distance from it becomes ultimately less than any finite 
length, the line is said to be a rectilinear asymptote to the 
curve. 


Der. When the asymptotes of a hyperbola are at right 
angles the curve is called the Rectangular Hyperbola. In 
the Rectangular Hyperbola the axes are evidently equal. 
Hence the curve is sometimes called the Eqwilateral Hyper- 
bola. 


(Nore. We shall use the abbreviation n. n. for Rectangular hyperbola.) 


Prop. IV. 


The circle on 4.4’ as diameter cuts the directrices in the same points 
as the asymptotes. 
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PROPOSITION V. 


The curve 1s symmetrical with respect to the conjugate 
axis, and has a second focus and directriz. 


Also all chords passing through C are bisected at C. 





Draw the ordinate PN and take CN’ = CN. 


Since P is on the hyperbola, CN is > CA; 

CN is > CA’: 

therefore a perpendicular through N^ will cut the hyperbola. 
Let it cut it in P'. 
Then P'N?^: AN’. A'N’ = PIN? : AN.A'N. [Prop. 3. 
But A'N’=AN and AN’ = A'N; 
- ΑΝ'.Α'Ν’ SANAN; 
ο ο ea ge 
aPN = PN. 
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Join PLP’, cutting CB or CB produced in n. 


Therefore P'nP is parallel to the axis, and therefore per- 
pendicular to BC, and Pn — Pn. 


Hence corresponding to any P on the hyperbola, there is 
another point P’ on the hyperbola on the opposite side of 
C D, such that PL’ is bisected at right angles by CB, or the 
hyperbola is symmetrical with respect to the conjugate axis. 


If we take CS' equal to CS, and C.YV equal to CX, and 
through X’ draw a line perpendicular to 4A’, the hyperbola 
can be described with this line as directrix, δ’ as focus, and 
eccentricity the same as before. 


Pror. VI. (See page 84.) 


1. If an asymptote meets the directrix in E, CE=C4d, and CES isa 
right angle. 


2. If Pp be drawn parallel to an asymptote to meet the directrix in p, 
Pp=SP. 


3. Having given the transverse and conjugate axis, find the focus and 
directrix. 


S4 HY PERBOLA. 


PROPOSITION VI. 


SA=e.AX; CA =e.0CX; CS=e.CA; CA* 2 CS.CN. 





Because A and A’ are points on the hyperbola ; 


^. SA =e. AX, [ Def. 
SA =e. αν | Def. 
—-e.AX 
By subtraction, AA’ 2e. ΧΑ’, 
Sp. CON e να. (x) 
By addition, SS =e. AA’, 
OS ο Acie een eeu, (8) 
ο αι ον ο (y) 


Note. In this figure the eccentricity is about 2:2, in the figure of prop. 5 
the eccentricity is only 1:1, the student should observe the effect of this on 
the relative positions of S, 4, X, and on the general shape of the curve. In 
this figure CB 22. CA ; in the figure of the last proposition CA =2. CB. 


HYPERBOLA. 85 


PROPOSITION VII. 


5P-SP-AA' Mechanical construction for hyperbola. 


Draw PALM’ perpendicular on the directrices. 


Then S me. PM, 
and ο ο PA: 
ο -ϱῇ-ο. MMI 
zo 


d. 
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PROPOSITION VII. (continued). 





Hence the mechanical construction, 


S'K is a bar of wood hinged at S’, and SPK a string 
stretched tight at P and fastened at S and K. 


S P + PK = constant, 
also SP + PK = constant, 
“. SP — SP = constant. 


Pror. VII. 


1. The locus of the centre of a circle which touches two fixed circles is 
an ellipse or hyperbola. 


2. Given one focus of an ellipse and two points on the curve, the locus 
of the other focus is an hyperbola. 


Note. The figures of this chapter have been drawn by using a wooden 
cone cut by a plane perpendicular to the base. See prop. 3 of the next 


chapter. 
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Proposition VIII. 


CB? = CS — CA? = SA. SA’. 


P adi 


CS CASSAR uA. | Prop. 6. 
^ OS+CA : CA-Z SA AX : AX 
xp qe. quema 


CS: CA=SA’: A'X, [Prop. 6. 
n. CS CA : CA=SA'-A'XN : ΑΧ 
dec um dope (2). 


Therefore, multiplying (1) and (2) together, 
CS ,—CÀ? : CA? 2 SY : AX.A'X 
= Cb 82. ce [ Prop. 3. 
. ο —CA* CP — AS. AS [Euc. ΠΠ. 5. 


Pnor. VIII. 
1. In then. H. e= 4/2, CS?=24C? and CS z2CNX. 


2. If the asymptote meet the directrix in E, and the tangent at the 
vertex in H, SE = BC, and SH is parallel to AE. 
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The latus rectum (1.1) is the double ordinate through 
the focus. | 


PROPOSITION IX. 


SL.CA = CB’. 
B 
L 
A eU S 
ù 
DE : AS. AS-CP' : CA, [Prop. 3. 
But AS. A’S= CB’, [Prop. 8. 


ο Ob =O he eC Ace 
ο Ch =CB 04: 
ο d EE 


Pror. IX. 
l. Prove this Prop. by means of props. 6 and 8. 
2. Inthe m. n. SL=CA. 
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PkoPosiTION X. 


If the tangent at P meets the directrix in Z, PSZ is a 
right angle. 

Also tangents at the ends of a focal chord intersect on 
the directrix. 


N 


τ 





Take a point P’ on the hyperbola near to P, and let the 
chord PP’ meet the directrix in K, and produce PS to p. 
Then XS bisects the angle P'Sp. [ Prop. 2. 

When Ρ’ coincides with P (as in figure 2), so that PP'K 
becomes the tangent PZ, and SK coincides with SZ, P'Sp 
becomes two right angles; and PSZ is a right angle. 


Hence ZSp is a right angle, and Zp is the tangent at p, 
or the tangents at P and p intersect on the directrix. 


Pror. X. 
If ZP, Zp meet latus rectum produced in D and d, prove.S D = Sd. 
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PROPOSITION XI. 


If the normal at P intersects the transverse axis in G, 


SG —e.SP. 


N, 
a 


Draw the tangent PZ, join SZ, draw PM perpendicular 


to the directrix, and join SM. 


ZMP and ZSP are right angles; [Prop. 10. 
therefore the circle, ου ZP as diameter, passes through M 
and 5. [ Euc. ΤΙ. 31. 


Since ZPG is a right angle, PG touches the circle. 


| Euc. ΠΙ. 16. 
Therefore the angle SPG — angle SMP in the alternate 


segment. [Euc. ΠΠ. 32. 
Also angle GSP = angle SP M. [ Euc. 1. 29. 


Therefore the triangles SPG, SMP are similar ; 
"oa ed = OP uM 
. SG=e.SP. 
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PROPOSITION XII. 


The tangent and normal to a hyperbola at any point P 
are respectively the internal and external bisectors of the 
angle between the focal distances. 


, € 


Let TP be the tangent and PG the normal, meeting 
the transverse axis in T and G. 


SG=e.SP, [ Prop. 11. 
* and Sr =e. NSP; 
SG: SGSP: SP. 
therefore PG bisects the angle SPS’ externally. [Euc. VI. A. 


Therefore the complements SPT, S'PT are equal, and 
PT bisects the angle SPS’ internally. 


Notre. Compare this with prop. 13 of the ellipse. 


Prop. XII. 


1. Given one focus of an hyperbola, one point and the tangent at the 
point, find the locus of the other focus. 


2. If an ellipse and hyperbola have the same foci, they intersect at 
right angles. 
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PRoPOSITION XIII. 


The feet of the perpendiculars (SY, S'Y’) from the foci 
on the tangent at P are on the circle described on AA’ as 
diameter. 

Also if CE, parallel to the tangent at P, intersects S'P 
in E, PE- CA. 

Also SY 20 cb. 


Produce SY to meet S'P in W. Join CY. 
In the triangles Y PS, Y PW, Y P 1s common, right angles 
P YS, PYW are equal, angle Y PS = angle Y PW ; [Prop. 12. 
^. SY=YW, SP=PW; [ Euc. 1. 26. 


therefore S'W is parallel to CY; [Euc. v1. 2. 
. CY « 1(S' W) [Euc. vr. 4. 
=4(S’P — PS) 
—1AA [ Prop. 7. 
= Au 


therefore Y is on the circle on AA’ as diameter. 
Similarly, Y' 1s on the auxiliary circle. 
Also YCEP 15 a parallelogram ; therefore 
PE-CY-zCA. 
Let Y'S' meet the circle in y and join Fy. 
Then, YY'y being a right angle, Yy passes through the 


centre C, [Euc. 111. 31. 
SY= Sy, [Euc. I. 4. 

SY.SY 2Sy.SY' 
= AS .S Α΄ [ Euc. 111. 35. 


= J’ [Prop. 8. 
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PROPOSITION XIV. 


If the tungent at P meets the transverse axis in T, 
CN .OT = CA’. 





Draw PALM’ perpendicular to the directrices. 
Join SP, ο. 
Then, ^ PT bisects the angle SPS’; [Prop. 12. 
ple STSD PSP [Euc. VI. A. 
ZPN EM 
= NN ΝΑ. 

SI ST STeSPaNX ENN NA ΝΑ, 
ICS : 9CT z2CN : 90CX ; 
CN.CT-CS.CX 

= CA. [ Prop. 6. 


Prop. XIII. 
The riders on page 52 are also true for the hyperbola. 


Prop. XIV. 


l. Prove prop. 16 of the ellipse by this method. 

2. If Tp be drawn perpendicular to the axis to meet the auxiliary circle 
in p, prove that Np is a tangent to the circle. 

3. Prove CN. NT- AN . NA'. 
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PROPOSITION XV. 


If the tangent at P meets the conjugate axis produced in t, 
and Pn 15 the perpendicular from P on the conjugate axis, 


Cn. Ct = CB’. 





Draw the ordinate PN. 


Then, by similgr triangles, 
TON Cd aN UT. 
πα ο ON ΟΞΕΑ Cre: 
. TN.CN : CA’ = Ν᾽: Ct.Cn. [Prop 14. 


But TN.CN =CN’—CT.CN 
SON — CA?’ [Prop. 14. 
SANAN [Euc. ΙΙ. 5. 


ANAN CA STN ο On 
Therefore, alternately, 
ANANN ECA > C C 
But AN AN EPN SCA Cb, [Prop. 3. 
. Ct. Cn = CB. 
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PROPOSITION XVI. 


If PF ws the perpendicular from P on « line through C 
parallel to the tangent at P, and uf the normal at P meets the 
conjugate axis in g, then 


ΡΕ Ρα CP' and PF. Peg = CA’. 





Draw RPN, Prn, perpendiculars on the axes meeting 
CF in R and r, and let the tangent at P meet the axes in 
T and t. 


Then since the angles at N and F are right angles, there- 


fore a circle passes round GN Εν. [ Euc. ΠΙ. 22. 
Therefore PG.PF=PN.PR [ Euc. ΠΠ. 35. 
= Cn. Ct = CB’. [Prop. 15. 


Again, because the angles at F and n are right angles, 
therefore a circle passes round gFrn ; 

PF.Pg-2Pn.Pr [ Euc. 11. 36. 

= CNC P= Ca. [Prop. 14. 


Note. It will be seen afterwards thai the line CFR, referred to in the 
enunciation, is the diameter CD conjugate to CP. 


96 HYPERBOLA. 


PROPOSITION XVII. 


NG : CN = CP? : CA? and CG = e. ON. 





Produce GP to meet the conjugate axis in g. 


Then πο ON = PG 19 [ Euc. vr. 2. 
=PG.PF: Pg.PF 
= CB’ : CA’. [Prop. 16. 


Again, since NG: CN - CP? : CA’; 
. CN+ NG : CN CA? - CP) : CA*; 


. CG : CN - CS* : CA [ Prop. 8. 
=e I | Prop. 6. 
< CG-e.CN. 


Pror. XVII. 
1. Prove that CG.Cn: Cg. CN DC? : AC". 


2. In the n. H. prove (a) CN=NG, 
(L) PG=Pg=CP. 
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Proposition XVIII. 


If from any point O on the tangent at P, OI is drawn 
perpendicular to the directrix, and OU perpendicular to SP, 
then SU =e. OI (Adams's property). 





Join SZ, and draw PM perpendicular to the directrix. 


Then since the angle ZSP is a right angle, ZS is parallel 
to OU. 
- SU : SP 2 ZO : ZP 


= 01 : MP. 

οὗ OT SP MP 
=e: l. 
. SU -ο. Οἵ. 


If O be a point on the tangent, such that OQQ’, drawn perpendicular 
to the transverse axis, meets the curve in Q and ο, then SU=SQ and 
OU?=0Q.0Q’. See ellipse prop. 20, figure 2. 


C. G. 7 
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PROPOSITION XIX. 


To draw a pair of tangents OQ, ΟΦ’ to a hyperbola from 
an external point O. 





Draw ΟΙ perpendicular to the directrix. With centre S 
and radius e. OI describe a circle, and draw OU, OU' tan- 
gents to it from O. 

Draw SZ perpendicular to SU meeting the directrix in Z. 
Join ZO and produce it to meet SU in Q. Draw QN per- 
pendicular to the directrix. 

Then SQ : οὗ Ξ 02: OZ 

=QN : OI; 
SO ON SU. Of — Ee Ts 
therefore () is on the hyperbola. 

And since QSZ is a right angle, therefore OQ 15 the 
tangent to the hyperbola at Q. [Prop. 10. 

So by drawing SZ’ perpendicular to SU’, and joining 07’ 
and producing it to meet SU’ in Q’, OQ' is the other tangent. 


Note. This problem is solved by the principles of Proposition 18, but 
a construction could also be founded on Propositions 12 or 13. 
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PROPOSITION XX. 
Tangents OQ, OQ’ subtend equal or supplementary angles 
OSQ, OSQ’ at the focus S according as Q, Q’ are on the same 
or opposite branches of the hyperbola. 





Draw O7 perpendicular to the directrix. 
... Join OS, SQ, SQ’, and draw OU, OU" perpendiculars on 
SQ, SQ. 


Then SU =e. 0I = SU". [Prop. 18. 
Therefore the triangles OSU, OSU’ are equal in all 
respects. [Euc. 1. 26. 


Therefore the angle OSU = angle OSU”. 

Therefore, in fig. 1, angle OSQ = angle OSQ’; 

And, in fig. 2, angles OSQ, OSQ' are supplementary angles 
Note. If O lies between the directrices, use the left-hand part of fig. 1. 
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Prop. XX. 
1. The portion of any tangent intercepted between the tangents at the 
vertices subtends a right angle at either focus. 


2. The locus of the centre of the inscribed circle of the triangle SPS’ is 
a straight line. 


8. In any conic the chord of contact QQ’ is divided harmonically by SO 
and the directrix. 


PROPOSITION XXI. 


OQ, OQ’ are inclined at equal or supplementary angles 
to OS, OS’ according as Q, Q are on opposite or the same 
branches of the hyperbola. 


Case 1. Join SQ, SQ’, SQ, S'Q', and produce QS to W, 
and let SQ’ meet S'Q in K. 





Then, angle SOM = OSW — OQS [Euc. τ. 32. 
=$QSIl—48’QS [Props. 20, 12. 
= 15,0. [Euc. 1. 32. 
Similarly, S'OQ' = $5'KQ'; 


. SOQ= SOQ. 
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Case 2. 





‘ t 3 : 
: NET. 


SOQ = 180° — 050 — OQS [Euc. 1. 32. 


= 180° —4QSQ’ —4SQS' [Ῥτορβ. 20, 12. 
= 180° — 1SK S. [ Euc. 1. 32. 
Again, S’0Q’= 180° — OQ δ΄ — OS"Q' [Euc. 1. 32. 
= 1SQ' S — IQS R [ Props. 12, 20. 
-- 150ν δ᾽; [ Euc. 1. 32. 


~ S0Q2180 — SOW. 


In Case 2 the point O hes within one 
of the two angles between the asymptotes, 
which contain the two branches of the 
hyperbola; in Case 1 O lies within one of 
the other two angles between the asymp- 
totes. 


Also the nature of the proof depends 
slightly upon whether O lies between the 
directrices or not. For Case 1 in the text 
the point O is between the directrices; in 
this figure it is not so, and A consequently 
lies in S'Q produced. 


Again, the two positions of O, given in 
prop. 20, figure 1, will supply opposite 
exanples of Case 2. 
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Der. A hyperbola which has CB and CA for trans- 
verse and conjugate axes respectively is called the conjugate 
hyperbola. 


Note. The conjugate hyperbola has the same asymptotes as the original 
hyperbola, because they are diagonals of the same rectangle. [Prop. 4. 


PROPOSITION XXII. 


If through any point P on the curve a, line be drawn 
parallel to CA or CB, meeting the asymptotes in p, p’, the 
rectangle Pp. Pp’ is = to the square on CA or CB respectively. 
The same 1s true if P be on the conjugate hyperbola. 


n P 
a | 
x A N 


A C 


Case l. Draw Ppp’ parallel to CA, meeting CB in n. 
Then PN: CON CA = CB CAS | Prop. 3. 
oon Pi = CA CB CA. 
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Also Cn? : gi? 2 CP! : Be CP : CA’; 
. Pn’? — CA?’ = pn’; 
" Pr? — pn? =CA?; 
or Pp. Pp = CA’, 





Case 2. Draw Ppp’ parallel to CB. 
Then Pp. Pp’ = CB’. [Prop. 4. 
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Cases 3 and 4. 
Since it has been proved for both axes of the hyperbola 


that 
Pp. Pp' = CA? or CB’ respectively, 


therefore it is also true if P be on the conjugate hyperbola, 
as in the figures below. 


AYU 


Prop, XXIII. 


(6 is a chord of a hyperbola parallel to the tangent at P. Pp, Qq, Q'q' 
are drawn parallel to one asymptote and terminated by the other. 


Prove Cq .Cq'=Cp?. 
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PROPOSITION XXIII. 


If through any two points P,Q on the curve or its conjugate 
two parallel straight lines be drawn to meet the asymptotes in 
p, p5 q, q respectively, the rectangle 


Pp. Pp’ = Qq. Qa’. 





First let P and Q be on the same branch of the hyperbola. 
Through P and Q draw lines parallel to CB meeting the 
asymptotes in u, w; w, w. 
By similar triangles, 
Pp : Pu=Qq : Qu, 
and Pp : Pw 2 Qq' : Ωω. 
Therefore, by multiplying, 
Pp. Pp : Pu.Pw — Qq.Qq' : Qw.Qw. 
But Pu. Pw = CB = Qw. Qw’; [Prop. 22. 
^A Dp.Pp = Nq- OY. 
The same argument applies whether Q be on the hyper- 
bola or its conjugate; both cases are shewn on the figure. 


Note. Through the centre draw CD parallel to Qq or Pp, meeting the 
curve or its conjugate at D, then applying this proposition to the points Q 
and D, 

Qq.Qq'2DC.DCzCD*. 


106 HYPERBOLA. 


PROPOSITION XXIV. 


If any straight line cut the curve in Q, Q', and the 
asymptotes in qq’, Qq— Q'q'; 


And if the tangent rPr meet the asymptotes in r and τ΄, 
then Pr = Pr’, 


(η. Q = Vq'.9'9; [Prop. 23. 
^ Qq. QQ' + Qq. Q'q' — Q'q'. QQ' + VA. Qq; 
^ ος QU = Vd. QV; 

. Qq- Qq. 

Let QQ' move parallel to itself until it becomes the tan- 

gent at P. 
Since Qq = 0 always; 

Pra Pr, 


Note. QQ’ may be on opposite branches of the hyperbola, in this case 
there is not a tangent to this hyperbola parallel to QQ’. 


Prop. XXIV. 


1, The same is true if gq’ be on the conjugate hyperbola. 


2. If the normal at P meet the axes in G, g; G, g, r, ' lie on a circle 
passing through the centre. 
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PROPOSITION XXV. 
The locus of the middle points of « system of parallel 
chords ts a straight line passing through the centre ; 


And the tangent at either end of the straight line is parallel 
to the chords. 


»y Lf 
P d 


Let QQ’, EE’, ἅς. be a system of parallel chords meeting 
the asymptotes in q, q^; e, 6; ἃς. 


Draw CV bisecting QQ in V. 

Then CV also bisects 44, because Qq =Q q. [Ρτορ. 24. 
Therefore, by similar triangles, CV bisects ee’. 

Therefore it bisects EE’; because Κε-- 6. — [Prop. 24. 
Therefore CV bisects all chords parallel to QQ. 


Let CV meet the curve in P, and let QQ' move parallel 
to itself towards P. 


Then, since QQ’ is always bisected by CPV, Q and Q’ 
ultimately coincide with P; therefore the tangent at P is 
parallel to the system of parallel chords bisected by CP V. 
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Der. A straight line (CP) passing through the middle 
points of a system of parallel chords is called a diameter. 


Der. A straight line (QV) drawn from any point on the 
curve parallel to the tangent at the extremity of the diameter 
(PCP’) 1s called the ordinate to the diameter. 


N.B. If the diameter is the transverse axis, the ordinate has the usual 
meaning. 


Note. The length of that portion of a diameter, which is intercepted by 
the hyperbola or its conjugate, is sometimes called the diameter. 


PROPOSITION XXVI. 


If one diameter bisects chords parallel to a second, then 
the second diameter bisects chords parallel to the first. 


P aV 


q' 


Let CP bisect QQ’ in V and draw CD parallel to QQ’. 

Produce QQ’ to meet the asymptotes in q, η΄. 

Through q draw RqUr'R’ parallel to CP, meeting the 
curve in A and F’, and the asymptotes in q, η, and CD in U. 

Then, because Qg — Q'q', therefore qq’ is bisected in V; 
and CV is parallel to qr’, 


EE PE EE [Euc. vi. 2. 
. U= Uq; [Euc. vr. 2. 

and Rq is equal to R^”, 
eh: [Prop. 24. 


therefore CD bisects all chords parallel to CP. [Prop. 25. 
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ΡΠΟΡΟΡΙΤΙΟΝ XXVI. (aüter.) 


If one diameter bisects chords parallel to a second, then 
the second diameter bisects chords parallel to the first. 





Draw AQ parallel to CD, meeting CP in V. 
Join A’Q cutting CD in W. 


Since AQ is bisected in V and AA’ in C ; therefore A'Q 
1s parallel to CP. 


And because CD is parallel to AQ, therefore A'Q is 
bisected in W. 


Therefore CD bisects the chord A’Q parallel to CP. 
Therefore CD bisects all chords parallel to CP. 


Der. If two diameters are so related that each bisects 
chords parallel to the other, they are called conjugate diameters. 


Note. Of two conjugate diameters one will meet the hyperbola, and 
the other the conjugate hyperbola. 
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Der. Chords (QP, QP’) which join any point (Q) on a 
hyperbola to the extremities of a diameter (PCP") are called 


supplemental chords. 


PRoPOSITION XXVII. 


Supplemental chords are parallel to conjugate diameters. 


Z 





Draw the diameters CL, CM parallel to the supplemental 
chords P'Q, PQ cutting them in W and V. 


Then PVs VO=PC ο [ Euc. v1. 2. 
ee = το: 
ον CL bisects PQ, and all other chords parallel to CM. 
[Prop. 25. 


Similarly CM bisects all chords parallel to CZ; therefore 
CL, e are conjugate diameters. 
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ProposiTion XXVIII. 
Tangents to the hyperbola and its conjugate at their inter- 
sections with conjugate diameters PCP’, DCD’ form a paral- 
lelogram whose angular points are on the asymptotes. 


Also PD «s bisected by one asymptote and is parallel to 
the other. 


YD 
ρσως 


Draw the tangent rP: meeting the asymptotes in r and η”. 
Join CD. 
Then since CD is conjugate to CP, 
^. CD is parallel to rr’. 
Therefore, by Prop. 23, observing that DC meets both 
the asymptotes in C, 


D@=Pr. Pr = Pr’; [ Prop. 24. 

. DC = Pr and is parallel to it ; 
. rD is parallel to CP; [ Euc. 1. 88. 
~ rD is the tangent at D. [Prop. 25. 


Similarly the tangents at D and P’ meet on the asymp- 
totes, and the four tangents form a parallelogram with its 
angular points on the asymptotes. 

"Join PD, and let rD meet the other asymptote 1n £. 

Then rP = Pr ; 
and rD= Dk: 

«PD is parallel to Ar’, 
and CPrD is a parallelogram, 
- PD is bisected by the asymptote. 
For riders see page 113. 
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PROPOSITION X XIX. 


Straight lines through P and D parallel to the axes form 
a rectangle with two angular points on one of the asymptotes. 


Draw Pp parallel to CB, meeting the asymptote in p; 
and join pD. 


Let AB, PD intersect the asymptote at k and ο, 
then ΑΡ and PD are both bisected by the asymptote, and 
they are parallel to one another (Prop. 28); 


Hence poP, aKA are similar triangles. 
^ Pp: Ααξ Ρο: Ak 
= PD: AB. [Prop. 28. 
And angle pPD = angle aAB. 


Therefore the triangles pPD, aAB are similar. 
[| Euc. VI. 6. 


Therefore pD is parallel to aB, i.e. to CA. 


Similarly, if Dd be drawn parallel to CB, 
Then Pd is parallel to CA. 
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PROPOSITION XXX. 
CP? ~ CD? = CA?’ ~ CB’. 


Draw the ordinates PN, DR to the axes and produce 
them to meet in p, then p lies on the asymptote (Prop. 29). 


Then Cb = pN” — PN” [Prop. 24. 
= Cp — CP”. [Euc. 1. 47. 
Also CA’ = pk -- DR’ [Prop. 2+. 
= Cp’ — CD’; [| Euc. 1. 47. 


CA* ~ CP = CP ~ CD. 


Pror. XXVIII. 


In the R. H. prove 

1. CP=CD and the asymptotes bisect the angle between any pair of 
conjugate diameters. 

2. CP and CD make complementary angles with the axes. 

3. Diameters at right angles are equal. 

4. The angle between any two diameters is equal to the angle between 
their conjugates. 

5. The angles subtended by any chord at the extremities of a diameter 
PP’ are equal or supplementary. 

6. If a R.H. circumscribe a triangle, the locus of the centre is the nine- 
point circle. 


C. G. S 
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PROPOSITION XXXI. 


If any tangent rPr’ to the hyperbola meet the asymptotes in 
r and r’, the parallelogram CPrD 15 constant, 


(or PF. CD = ΑΟ. BO). 


Also the triangle vYOr' is constant. 


Draw Aa, Ba parallel to the axes, meeting the asymptote 
in a. 
Draw the double ordinate through P meeting the asymp- 
totes in p, p. 
Complete the parallelogram DpPd. Join DP cutting 
the asymptote ino. Join AB. 
Then A DCP : ^ DpP = Co : op 
epp [ Euc. vr. 2. 
Again, A BCA : ADpP-BC':Py [Euc. vi. 19. 
=Pp.Pp': γ᾽ [Prop. 22. 
-/γ’ : Pp; 
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.. triangle DCP = triangle BCA. 
ο, parallelogram CPr.D = parallelogram CAaB, which is 


constant. 


Or PF.CD-AC.BC. [See fig. of Prop. 16. 


VI. 


Also the triangle rCr'— parallelogram CPr.D, for they are, 
each of them, a quarter of the parallelogram formed by the 
tangents at P, D, P’, D.. 


Therefore the triangle rCr' is constant. 


Prop, XXXI. 


1. If Po, Po’ be drawn respectively parallel to one asymptote and 
terminated by the other, Po. Po'z 1CS?. 


2. Ifthe two asymptotes and a point on the curve be given in position, 
find the axes and foci. 


3. Two tangents to an hyperbola meet the asymptotes in R, 7, T,t 
respectively. Prove Rt parallel to rT. 


4. In the r.m. if CZ be drawn perpendicular to the tangent at P, prove 
that CZ.CP=CA?. 


8—2 
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PROPOSITION XXXII. 


QV 15 an ordinate of the diameter PCP’, CD the καν 
parallel toQV. Then 


QV? : PV. P'V 2 OD? : CP 


ES 


Let QV meet the asymptotes in q, q. Draw the tangents 
at P, D, meeting the asymptotes in r. (Prop. 28.) 


Then CD’ = Q. RE [Prop. 23. 
μ.ο 
 ϱΥ ου" - CD. 
Also PV.P'VzCV'—CP* 


But, by similar triangles, CPr, CV 
OV = CP CP SoS Pea 
—qV*-CD' : CD’; 
η. Ce SOY eC De. 
Alternando. QV? : PV.PV=CD : CP’. 
In ther. u. QV? PV. 9’ V. 
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PROPOSITION XXXIII. 


Tangents at the ends of any chord meet on the diameter 
which bisects the chord. 





Let QQ’, RA’ be two parallel chords, join RQ, RQ’ and 
produce them to meet in O. 


Bisect QQ’ in V, and let OV produced meet RR’ in W. 
By similar triangles, 


QV: RW=0V:0W 


SOV RW, 
but QV-Q'V, 
.. RW= ERW. 
Since V W bisects the parallel chords QQ’, RR it is a 
diameter passing through the centre C. [Ῥτορ. 25. 


Let R, E/ move up to and ultimately coincide with Q, Q > 
then OQR, OQ E become a pair of tangents at Q, (ὁ, and 
they still intersect on the diameter CV. 


In any conic if a diameter meets the directrix in Z, SZ is perpanlicular 
to the chords bisected by the diameter. 
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PROPOSITION XXXIV. 


QV is an ordinate of the diameter CP; if the tangent at 
Q meets CP in O, then 


CV .CO = CP. 





Draw PU parallel to OQ, and PR parallel to QV, and 
join PQ. 


Then PR touches the hyperbola. [ Prop. 25. 
RPUQ is a parallelogram; therefore RU bisects PQ; 
therefore RU passes through the centre C. [ Prop. 33. 
Now CO : CP CR : RU [Euc. vi. 2. 
ο ρα $e [ Buc. vr. 2. 

therefore CP  CO.CV. 


Prop. XXXV. 
1. If a r.m. circumscribe a triangle, it also passes through the ortho- 
centre. 


2. If OR be drawn parallel to an asymptote to meet the curve in R, 
and ΟΡΡ’ parallel to a fixed line to meet the curve in P, P’, the rectangle 
OP . OP’ varies as OR. 


[See also riders on Prop. 34 of Ellipse. ] 
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PROPOSITION XXXV. 


If two chords of a hyperbola intersect, the rectangles con- 
tained by their segments are as the squares of the parallel 
semi-diameters. 


Jd 


le 
A 


e 


Let the chords POP’, QOQ meet the asymptotes at 
pr, qq. Bisect PP’ at V. Draw kQK' parallel to pp’. 
Then pO.Op 2pV*—OV?, | [Euc. rr. 
PO.OP’=PV*—OV’; [Euc. 11. 
ο. p0.0p - PO.OP’=pV*— PV? 
=pP. Pp; [ Euc. 11. 
^A pO.O0p —pP.Pp — F0 0P. 
Similarly, q0.Oq' — qQ. Q = QO. OQ. 
By similar triangles, 
pO : q0 — EQ : QQ, 
and Op’ : Od 2 QE : Qq'; 
^ pO. Op : q0.0q' 2 kQ. Qi : qQ.Qq' 
= pP. Pp :qQ.Qq'; [Prop.23. 
^ pO.Op —pP.Pp' :q0.0q' — qQ. Qr 
-pP.Pp:qQ.Qq'; 
or PO.OP’ : QO.0Q’ = pP. Pp’ : qQ.Qq' 


= ratio of squares of parallel semi-diameters. [Prop. 23. 


Qt St 


1 | 
e 
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PROPOSITIONS PECULIAR TO THE RECTANGULAR HYPERBOLA. 


1 CS'220A? CS=2CX, e=,/2. 


2, PN?=AN . ΝΑ’ 
3. Latus Rectum = AA’. 
4, CN =NG. 


5. A circle, whose centre is any point P on the curve and 
radius PC, intersects the normal on the axes, and the tangent 
on the asymptotes | 

ο ο... ατα 


6. Conjugate diameters are equal, and the asymptotes 
bisect the angles between them. 


7. Conjugate diameters are inclined to either axis at 
angles which are complementary. 


8. Diameters at right angles to one another are equal. 


9. The angle between any two diameters is equal to the 
angle between their conjugates. 


10. The angles subtended by any chord at the extremities 
of a diameter PP’ are equal or supplementary. 


11. If CZ be drawn perpendicular to the tangent at P, 
CZ. CP =CA?’. 


12. If a rectangular hyperbola circumscribe a triangle 
wt passes through the orthocentre. 


13. If a rectangular hyperbola circumscribe a triangle, 
the locus of its centre is the nine-pornt circle. 
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If a rectangle revolves round one of its sides, the opposite side traces out 
a surface, called a right circular cylinder. 


The length of the rectangle may be considered to be indefinitely extended. 
The fixed side, about which the rectangle revolves, is called the axis of 
the cylinder. 


Der. A right circular cylinder 1s a surface traced ont 
by a straight line, which moves round the circumference of 
a circle, and remains always parallel to a fixed straight 
line, drawn through the centre of the circle, perpendicular 
to its plane. 


DEF. The fixed straight line is called the axis of the 
cylinder. 
Note. The section of a cylinder by a plane parallel to the axis is two 
generating lines of the cylinder. 
The section of a cylinder by a plane perpendicular to the axis is a circle. 


Der. When a cylinder is cut by a plane, the plane 
passing through the axis of the cylinder and perpendicular 
to the cutting plane is called the axial plane. 

Note. The intersection of the axial plane with the cutting plane is an 


axis of the curve of section; and its intersection with the cylinder is two 
generating lines. 


DEF. A sphere inscribed in a cylinder, so as to touch 
the cylinder in a circle and the cutting plane at a point, is 
called a focal sphere. 
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PROPOSITION I. 


The section of a right circular cylinder, by a plane in- 
clined to the axis, is an ellipse. 





Let APA’ be the curve of section. Take the axial plane 
for the plane of the paper, and let it meet the cutting plane 
in the straight line Δ΄ ΑΛ and the cylinder in the generating 
lines KAF, K'F'A' 


Draw a focal sphere, touching the cylinder in the circle 
KRK’ and the cutting plane at δ. 


Let the planes A’RA, A'PA meet in the straight line 
M. 


4 
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Through any point P in the curve APA’ draw a plane 
F’ PFN perpendicular to the axis of the cylinder, meeting 
the cutting plane in the straight line PN, the axial plane 
in the straight line FNF', and the cylinder in the circle 
FPF’. 

Through P draw the generating line PR, touching the 
focal sphere at R; also draw PM parallel to NX. ` 


Suppose SP to be joined. 


Because the planes APA’, FPF" are both perpendicular 
to the axial plane, PN is perpendicular to axial plane (Euc. 
ΧΙ. 19); hence PN is perpendicular to both AA’ and FF”, 


Tangents to a sphere from the same point are equal 
(Kuc. ΙΙ, 36); 
.SP=PR=FAK, 


and SA=AWNW and PM = ΝΑ. 
But FR: NX AK : AX; [ Euc. ντ. 2. 
. SP: PM οδ4 : AX. 


Now AK 1s less than AX (Euc. 1. 19), therefore SA : AX 
is a constant ratio less than unity, and APA’ 15 an ellipse 
whose focus is S and directrix XM. 
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Proposition I. (Second Method.) 





Let APA’ be the curve of section. Take the axial plane 
for the plane of the paper, and let it meet the cutting plane 
in the straight line AA’ and the cylinder in the generating 
lines KAk, K'A'k. 

Draw the two focal spheres touching the cylinder in the 
circles ARK’, krk’, and the cutting plane at ὅ and δ΄. 


Through any point P on the curve APA’ draw a gene- 
rating line RPr, touching the focal spheres at R, r. Join 
PS, PS’ which will also touch the focal spheres. 

Then SP = PR, because they are tangents to a sphere; 
and SP = Pr. 

© SPHEP=PR -+ Pr= Rr= Kk. 

Hence the curve is an ellipse whose foci are S, © and 

major axis equal to Kk. (Ellipse, 8.) 


κί 
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Proposition I. (Third Method.) 





Let A.P Α΄ be the curve of section. 

Take the axial plane for the plane of the paper, let it 
meet the cutting plane in the straight line Ad’, and the 
cylinder in the generating lines AFL, ΑΕΙ, 

Through any point P in the curve of section draw a 
plane {ΕΙΝ perpendicular to the axis of the cylinder, 
meeting the cutting plane in the straight line PN, the axial 
plane in the straight line FNF”, and the cylinder in the 
circle FPL’. 

Draw AL’, A'L parallel to KK”. 

Because the planes KNK’, APA’ are both perpendicular 
to the axial plane, PN is perpendicular to the axial plane 
(Euc. Ix. 19), hence PY is perpendicular to both FP" and 44. 


By similar triangles, 
| ΑΝ: NF AA : ATL, 
and A'N : NF Á' A : AL, 
αν AN SN ΡΠ Lp 
AN VA PN = ala, ο που. 


Hence the section is an ellipse of which 4 Α΄ is the major 
axis, and the minor axis is equal to AZ’. (Ellipse, 3.) 
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If a right-angled triangle revolves round one side containing the right 
angle, the hypothenuse traces out a surface called a right circular cone. 


The length of the hypothenuse may be supposed to be indefinitely 
extended in both directions. 

The fixed side, about which the triangle revolves, is called the axis of the 
cone. 

The angle of the triangle at which the hypothenuse and the fixed side 
intersect is the vertex of the cone. 

The complete cone when the hypothenuse is indefinitely extended in both 
directions consists of two equal and similar sheets on opposite sides of the 
vertex. 

DEF. A right circular cone is a surface traced out by 
a straight line, which moves round the circumference of a 
circle, and passes always through a fixed point in a fixed 
straight line drawn through the centre of the circle, perpen- 
dicular to its plane. 


Der. The fixed straight line is called the axis of the 
cone. 


Der. The fixed point in the axis is called the vertex of 
the cone. 


Nore. The section of a cone by a plane passing through the vertex is 
either a point, or two generating lines of the cone. 


The section of a cone by a plane, perpendicular to the axis, not through 
the vertex, is a circle. 

DEF. When a cone is cut by a plane, the plane passing 
through the axis of the cone and perpendicular to the cutting 
plane is called the aaal plane. 

Note. The intersection of the axial plane with the cutting plane is an 
axis of the curve of section: and its intersection with the cone is two gene- 
rating lines. 

DEF. A sphere inscribed in a cone, so as to touch it 
in à circle, and the cutting plane at a point, is called a 


focal sphere. 


Proposition II. 


The section of a cone by a plane not passing through the 
vertex and not perpendicular to the axis satisfies the definition 
of u conic section (SP =e. PM). 


CYLINDER AND CONE. 127 





Let AP be the curve of section. Take the axial plane 
for the plane of the paper, and let it meet the cutting plane 
in the straight line MAX and the cone in the generating 
lines OK AF, OK’'F’. 

Draw a focal sphere touching the cone in the circle KRK” 
and the cutting plane at S. 

Let the planes A’RA, PA intersect in the straight 
line XM. : 

Through any point P in the-curve AP draw a plane 
F'PFN perpendicular to the axis of the cone, meeting the 
cutting plane in the straight line PN, the axial plane in the 
straight line FN F”, and the cone in the circle FPF”. 

Suppose the generating line PRO to be drawn, touching 
the focal sphere at R; also draw PM parallel to NX. 

Because the planes AP, FPF’ are both perpendicular to 
the axial plane, PN is perpendicular to the axial plane (Euc. 
XI. 19); hence PN is perpendicular to both AV and FF". 

Tangents to a sphere from the same point are equal (Euc. 
III. 36). 

ου SP=PR= FK, and SA = AK,and PMV= NX. 

But Fk: NX2AK : AX; [ Euc. vr. 2. 

So P= SA. MX: 

Hence APA’ is a conic section, having S for focus and 

X M for directrix. 
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PROPOSITION III. 


A plane section of a cone is an ellipse if its focal axis 
meets both generating lines in the axial plane on the same 
sheet of the cone; it is a parabola if its focal axis is parallel 
to one of these two generating lines; it is a hyperbola if its 
focal axis meets both these generating lines but on different 


sheets of the cone. 


O 





Let the axial plane meet cutting plane in AX, the focal 
sphere in the circle A'S, and the cone in the generating 
lines OK A, OK’. Produce A’K and SA to meet in X the 


foot of the directrix. 
Case 1. Produce AS to meet OA" in A’. 
angle ΟΙ > angle K'X A" [ Euc. 1. 16. 
But angle OK" X = angle OA" [Euc. I. 5. 
— angle A AX ; [ Euc. 1. 15. 
'. angle AK X > angle A" ΧΑ’ or AXA, 
CURA dM, [Euc. 1. 19. 
^. SA«AX, [Euc. 111. 36. 


and the curve is an ellipse. 
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Case 9. If AS is parallel to ΟΛ’, 





angle A A.X = angle OKK’ 
= angle OA" 

— angle AY A ; [ Euc. 1. 29. 

SAA EX [Euc. 1. 5. 

E P. ο [| Euc. ΠΠ. 90. 


and the curve is a parabola. 
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Case 3. Produce SA to meet K'O produced in A’. 





angle ΟΙ Ν « angle A"X A. [Euc. r. 16. 
But angle ΟΙ’ X = angle OKK’ [Euc. 1. 5. 
— angle A ALY ; [Euc. 1. 13. 
. angle AK X «angle ΧΑ or A XA, 
ο αν AA; [Euc. ι. 19. 
sd ds [ Euc. ΠΠ. 36. 


and the curve is a hyperbola. 
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PROPOSITION IV. 


. In an elliptic section of a cone the major axis is equal to 
the distance between the focal spheres measured along a gene- 
rating line of the cone. 





Let APA’ be the curve of section. Take the axial plane 
for the plane of the paper and let it meet the cutting plane 
in the straight line AA’, and the cone in the generating 
lines KAk, K'A'K. 

Draw the two focal spheres touching the cone in the 
circles KRK’, krk’, and the cutting plane at S and δ᾽, 

Through any point P on the curve APA’ draw a gene- 
rating line RPr, touching the focal spheres at A, r. 


Join PS, PS’, which will also touch the focal spheres. 
Then SP = PR, because they are tangents to a sphere; 
and S'P = Pr. 
6 SP+SP=PR+Pr= Rr= Kk. 
Hence the curve is an ellipse whose foci are S, S’, and 
its nfajor axis is equal to A. (Ellipse, 8.) 
9—2 
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PROPOSITION V. 


In a hyperbolic section of a cone, the transverse axis 18 
equal to the distance between the focal spheres, measured along 
a generating line of the cone. 
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Let A PA’ be the curve of section. 


Take the axial plane for the plane of the paper and let 
it meet the cutting plane in the straight line AA’, and the 
cone in the generating lines A Ak, A' A. 


Draw the two focal spheres touching the cone in the 
circles KRK’, krk’, and the cutting plane at S and S. 


Through any point P on the curve APA’ draw a gene- 
rating line RPr, touching the focal spheres at R, r. 


Join PS, PS', which will also touch the focal spheres. 


Then SP = PR, because they are tangents to a sphere, 
and S P = Pr. 
.. P~ SP = Pr~ PR= Rr= Kk. 
Hence the curve is a hyperbola, whose foci are S and , 
and its transverse axis is equal to Ak. (Hyperbola, 7.) 


Props. IV. anp V. 


The auxiliary circle lies on the surface of the sphere, whose diameter is 
the line joining the centres of the focal spheres. 
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PROPOSITION VI. 


In a parabolic section of a cone, the latus rectum is a 
third proportional to the distance of the vertex of the cone 
from the vertex of the parabola, and the diameter of the cir- 
cular section of the cone through the vertex of the parabola. 


O 


Ρ HN 


Lect AP be the curve of section. 


Take the axial plane for the plane of the paper, let it 
meet the cutting plane in the straight line AN, and the cone 


in the generating lines OAF, OLE”. 
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Through any point P on the curve of section draw a 
plane F'PFN perpendicular to the axis of the cone, meeting 
the cutting plane in the straight line, PN and the axial 
plane in the straight line FNF” and the cone in the circle 
FPF’. 

Draw AL parallel to FF”. 


Because the planes FPF’, APN are both perpendicular 
to the axial plane, PN is perpendicular to the axial plane 
(Euc. ΧΙ. 19), hence PN is perpendicular to both FF’ and 
AN. 


Take 445 a third proportional to OL, LA. 
By similar triangles 
AN: NFzOL : LA 
-15Α 445: 
AAS. AN= NF. ΙΑ 
=NF.NF' 
= PN’, 


Hence the curve AP is a parabola, of which the latus 
rectum is 448. (Parabola, 3.) 


And 445 is a third proportional to OL, LA. 
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Proposition VII. 


In an elliptic section of a cone, the manor axis is a mean 
proportional between the diameters of the circular sections of 
the cone passing through the ends of the major axis. 





Let APA’ be the curve of section. 


Take the axial plane for the plane of the paper, let it 
meet the cutting plane in tbe straight lime AA’, and the 
cone in the generating lines OAFL, OA'F'L. 


Through any point P on the curve of section draw a 
plane F'PFN perpendicular to the axis of the cone, meeting 
the cutting plane in the straight line PN and the axial 
plane in the straight line FNF’ and the cone in the circle 
FPF. 

Draw AL’, A'L parallel to FF’. 


CYLINDER AND CONE. 137 


Because the planes FPF", APA’ are both perpendicular 
to the axial plane, {Ν΄ is perpendicular to the axial plane 
(Euc. ΧΙ. 19), hence PN is perpendicular to both FF” 
and AA’. 


By similar triangles 
AN: NF — AA : A'L, 
and ΑΝ. NF'z AA' AL, 
Να NE NO SAA ο ο. αν 


ας. NA TPN A AT ιτ 
[| Euc. ΠΠ. 35. 


Hence the section is an ellipse of which dd’ 15 the major 
axis, and the minor axis 15 a mean proportional between AL’ 


and A'L. (Ellipse, 3.) 
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Proposition VIII. 


In a hyperbolic section of a cone, the conjugate axis is a 
mean proportional between the diameters of the circular 
sections of the cone, passing through the vertices of the 
hyperbola. 





Let AP be one branch of the curve of section, and A’ 
the vertex of the other branch. 


Take the axial plane for the plane of the paper, let it 
meet the cutting plane in the straight line AA’ and the cone 
in the generating lines LOAF, 401”. 


Through any point P on the curve of section draw a plane 
F'PFN perpendicular to the axis of the cone, meeting the 
cutting plane in the straight line PN, and the axial plane 
FNF" aud the cone in the circle FPF". 


Draw AL’, A'L parallel to FE”. 
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Because the planes FNF’, APA’ are both perpendicular 
to the axial plane, PN is perpendicular to the axial plane 
(Euc. ΧΙ. 19), hence PN is perpendicular to both FF” and AA’. 


By similar triangles 
AN : NF=AA’: AE, 
and A'N : NF'=AA': AL; 
PAN A NIA Ναι αι. 


ANANS UV παω αυ ας 
[ Euc. 111. 35. 


Hence the section is a hyperbola, of which AA’ is the 
transverse axis, and the conjugate axis 15 a mean proportional 


between AL’ and A'L. (Hyperbola, 3.) 
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PROPOSITION IX. 


The asymptotes of a hyperbolic section of a cone are 
parallel to the two generating lines, which lie in a parallel 
plane through the vertex of the cone. 





/ 
/ 
P S > 
EN > κ ὦ d 


E NEM N œF 


Take the axial plane for the plane of the paper. 


Let P be any point on the hyperbola, PN an ordinate, 
S, S' its foci, A, A’ its vertices, C the centre, and X the foot 
of the directrix corresponding to the focus S. 
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Let OF, OF’ be generating lines in the axial plane, and 
FPF'N a plane perpendicular to the axis. 


Let the focal sphere touch OF at K, then KX is parallel 
to FF" (Prop. 2), 


and SA is equal to A K. [ Euc. ΠΠ. 36. 


Let Opn be a plane parallel to the cutting plane, meeting 
the cone in a generating line Op, the axial plane in On, the 
plane FPE” in pn. 


The triangles OnF, AXK are similar because On is 
parallel to AX, and nF to XK, 


. On: OF AX : AK 
dx : AS, 


. OF =e.0n; 


but the generating lines OF, Op are equal, 
. Op 2e. On. 
In the figure of Hyperbola, proposition 4, 
CR’ = CA’ + AB 
= CA’ + CB 
SCS: 
,. CR=C08 =e. Cd; 


hence pOn is half angle between asymptotes (Hyperbola, 4), 
but On is parallel to the transverse axis; therefore Op 15 
parallel to an asymptote. 
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PROPOSITION X. 


If through any point two straight lines be drawn, parallel 
to two fixed straight lines, to intersect a given cone, the ratio 
of the rectangles contained by the segments of the lines 15 
constant for all positions of the point. 





Let OQQ’, ORR’ be the two lines drawn through O 
parallel to the two fixed straight lines to meet the cone at 
(0, R. 

Through the vertex V draw VG, VII, parallel to the 
fixed straight lines; meeting a fixed plane, perpendicular 
to the axis of the cone at G and H. 


ORR’ and VII are not shown on the figure. 
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First consider only the rectangle OQ . OQ’. 


Let the fixed plane through G and JI meet the plane 
VQQ in the straight line GZ/L, and the cone in the circle LL’. 


Again let a plane through O, parallel to the fixed 


plane GH, meet the plane VQQ’ in OKK’, and the cone 
in the circle KA’. 


The triangles OKQ, GLV lie in one plane and their sides 
are parallel ; 


^. OQ: OK —- GV : GL. 
Similarly OQ: OK'— GV : GL’; 
ον οφ. ο : OK. OK αν»: ασ. ας. 


Now for all positions of O, GV is constant and the rect- 


angle GL . G.L/ is constant [ Euc. ΙΙΙ. 36. 
ο, 0Q. OQ 2XAxOK .OK-*. 
Similarly OR .OR' = u x OM. OM, 


where A and yw are constant, and M, M' are the intersections 
of VR, VR. with the circle AA. 


ο, OK . OK'= 0M. OM [Euc. rir. 36. 
^ 0Q . UQ : OR. OR 2X : p. 
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Important propositions to be proved by the reader. 


PARABOLA. 


1. If POp be a chord of a parabola meeting the axis in 
O, and PN, pn ordinates, prove that AN. An-— 40”. (See 
Prop. 3.) 


2. Lhe circle circumscribing the triangle formed by three 
tangents to a parabola passes through the focus. (See Prop. 13.) 


3. If OQ, OQ' are tangents, and OV a diameter, prove 
that the angle SOV 4s equal to the angle Q'OS. (See Props. 
7, 13.) 


4. If P 15 the end the diameter which bisects a chord 
QQ’, and R the end of another diameter meeting QQ in M, prove 
that QM . MQ'—- 4SP . RM. 


(See Prop. 16.) 


5. If the diameter through any point R on the curve 
meets a, chord QQ', and a tangent QT at M and T, prove that 
TR: RM=QM: MQ'. 
(See Props. 16, 17 and Proof of 19.) 


6. If OP touches a parabola at P, and OQR meets αἱ 
QR, and the diameter through P meets the chord QR in U, 
prove that 

OU*- 0Q. OR. 
(See Prop. 19.) 


7. Ifa circle meets a parabola in four points A, B, C, D, 
the common chords AB, CD are equally inclined to the axis of 
the parabola. (See Prop. 19.) 


8. If a circle cuts a parabola in four points the sum of 
the ordinates of these four points is zero. (See Props. 15, 
19.) 
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9. If the normals at three points P, Q, R meet in a point, 
the sum of the ordinates of D, Q, R is zero, and the circle 
circumscribing the triangle PQR passes through the vertex. 
(By analytical geometry.) 


10. Lf OQ, OQ’ be two tangents to a parabola the chord 
QQ’ cuts off from the parabola a segment whose area is two- 
thirds of the triungle OQQ’. (See Prop. 16.) 


CONIC SECTIONS. 


1. No straight line can meet a conic in more than two 
points. (Prop. 2.) 


2. If a circle meets a conc in four points, the chord 
joining any two of those points makes the same angle with the 
axis as the chord joining the other two posnts. (Ellipse 34.) 


3. To find where a straight line parallel to the axis meets 
a conic whose focus, directrix, and eccentricity are given. 


[Cons. Let the line meet directrix in M. With centre X and radius e. SX 
describe a circle. Join SM meeting this circle in p, X. Draw SP, SP' 
parallel to Xp, Xp’. PP’ are the required points. ] 


4. The semi-latus rectum is a Harmonic Mean between 
the segments of any focal chord 


1 A . 
SP SP SL 
SP;:SP'—SN:SN' 
—NX-SX:SX-N'X 
—-SP-SL:SL-SP*' 
5. The product of the segments of a focal chord varies as 
the length of the chord. 


6. Rectangles contained by the segments of any two inter- 
secting chords are proportional to the lengths of the parallel 
focal chords. (Ellipse 34) 


4. Tangents to an ellipse or hyperbola at right angles to 
one another intersect on a fixed circle, called the Director 
Circle. (Ellipse 14.) 

C. G. 10 
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S. Prove 
PG : CD=CB:CA and Pg :CD- CA :CB. 
(Ellipse 18 and 33.) 
9. Prove 
SP . SP = 0D = PG . Pg. 
(Ellipse 13 and 18.) 
10. If QQ be a focal chord, parallel to a semi-diameter 
CD, QQ'.CA = 2CD*. 
ll. Jf a diameter of a conic meets the directrix in Z, 
ZS 1s perpendicular to the chords bisected by the diameter. 
(Ellipse 11 and 25.) 


12. If OQ, OQ' be tangents to a conic and QQ' meets the 
directriz in K, OSK 15 a right angle. (Ellipse 22. 


13. Lf the tangent at P meet any pair of conjugate dia- 
meters in T and t, 


ΡΤ. Pt=CD. (Ellipse 28.) 


14. The projection of the normal PG on the focal distance 
SP 1s equal to the semi-latus rectum. (Ellipse 12.) 


15. Lf OQ, OQ' are a pair of tangents to an ellipse, and 
a straight line be drawn from O to meet the curve in K, M, 
and QQ in L, OL LM 1s divided harmonically or 


2 1 1 
OL OR OM’ (Projections.) 
16. If CP, CP be semi-diameters of a conic at right 
angles to one another, prove that 25 T ois ts constant. 
(Director Circle and Ellipse 33.) 


li. If one straight line passes through the pole of a 
second straight line, prove that the second straight line 
passes through the pole of the first.  (Projections.) 
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SECTIONS OF A CYLINDER AND CONE. 


1. At any point of a plane section the tangent makes equal 
angles with focal distances and the generating line. 


2. The semi-minor axis of the section is a mean propor- 
tional between the radii of the focal spheres. 


3. For all sections of a cone the latus rectum varies as the 
perpendicular from the vertex of the cone on the plane of 
section. 


4. An ellipse of any eccentricity may be cut from a right 
circular cylinder, and may be projected orthogonally into a 
circle. 


10—2 


PROBLEMS. 


PARABOLA. 


1. QSq is a focal chord of a parabola drawn parallel to 
the tangent at P, PG is a normal. Prove QS. Sq = PG’. 


2. Two parabolas have a common focus, and their axes 
in the same direction: a straight line is drawn through the 
focus cutting them in four points. Shew that the tangents 
at these points form a rectangle of which one diagonal passes 
through the focus. 

3. Given the directrix of a parabola and two points on 
the curve, find the focus, Also draw a tangent parallel to 
the straight line joining the given points. 

4. PNQ is a double ordinate of a parabola and APQ an 
equilateral triangle; prove that AN = ὃ times the Lat. Rect. 

5. Ina parabola the external angle between two tangents 
is half the angle subtended at the focus by their chord of 
contact. 

6. OQ, OQ are tangents to a parabola, the chord QQ’ 
meets the axis in R, and OM is drawn perpendicular to the 
axis, prove that AM = A Fi. 

7. Ifthe normal PG at any point of a parabola be divided 
so that PQ: QG is a constant ratio, prove that the locus of Q 
is a parabola. 

8. Two parabolas have a common directrix, prove that 
their two common tangents are at right angles to one 
another. 

9. The directrix of a parabola is given and also two 
tangents: find the focus of the parabola, and the points of 
contact of the tangents. 

10. A chord of a parabola is equal to four times the 
distance of its middle point from the extremity of the 
diameter bisecting it; prove that the chord passes through 
the focus. 
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11. If OP, OP’ are tangents to a parabola meeting the 
tangent at A in Y and Y’, and PP’ cuts the axis in K, prove 
that K Y, WY’ are parallel to the tangents OP, OP’. (This 
is true for any diameter, and the tangent at its extremity, 
not only for the axis.) 


19. If PY is a tangent at P to a parabola meeting the 
tangent at the vertex in "Y , and a circle on PY as diameter 
meets the axis in K and Κ΄ prove that Pk, ΡΙΚ’ produced 
are normals to the curve. 


13. Two chords AB, CD of a parabola are produced to 
meet in O, and points E, F are taken in AB, CD so that 
OE* — 04. OB and OF? 2 OC. OD, prove that EF is parallel 


to the axis. 


14. Ifa parabola touches the three sides of a triangle its 
directrix passes through the orthocentre. 


15. If two parabolas are drawn through four given points 
on à circle, their axes intersect in the centroid of the four 
points. 


16. POQ is an acute angle whose sides are tangents to 
an ellipse at the ends of a focal chord PQ; find the two 
foci. 


ELLIPSE. 


17. If the diagonals of a quadrilateral circumscribing a 
conic intersect in a focus, they are at right angles to each 
other. 


18. Shew how to draw a pair of conjugate diameters in 
an ellipse inclined at a given angle to one another. 


19. P and Q are corresponding points on an ellipse and 
its auxiliary circle, S is a focus; prove that SP =the perpen- 
dicular from S on the tangent to the circle at Q. 


20. The normal at P on an ellipse cuts the minor axis 
in g; Pn is the ordinate to that axis. Prove that 


Cg : Cn = ο”: CB’. 
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21. Sis a focus of a given conic, and from a fixed point 
on the axis a perpendicular is drawn to the tangent at any 
point P on the curve. Prove that the intersection of this 
perpendicular with SP lies on a fixed circle. 


22. Draw a normal from a given point (1) on the axis of 
a parabola, (2) on the major axis of an ellipse. 


23. From any point P on a common tangent to two 
ellipses, which have a common focus S, tangents are drawn to 
the ellipses intersecting another common tangent in Q, R. 
Prove that the angle QS is constant. 


24. Given an are of a conic, shew how to determine 
whether it is part of a parabola, ellipse or hyperbola. 


25. Given two tangents to an ellipse and one focus, find 
the locus of the centre. 


26. A tangent is drawn to a conic meeting the directrices 
in L, M. If S, H be the foci, and LS, MH intersect in N, 
shew that LN = MN. 


27. PQ is a double ordinate of a conic, and the straight 
line joining P to the foot of the directrix cuts the curve in δι. 
Shew that QR passes through the focus. 


28. Two chords AP, BQ in an ellipse are produced to 
meet each other in 0; QC, PD are chords parallel to them 
crossing each other in R, shew that the triangles AOB, CRD 
are similar, and AB is parallel to CD. 


29. If two conics have a common focus and are so 
placed that they intersect in two points only, then their 
common chord passes through the point of intersection of the 
corresponding directrices. 


30. A system of parallelograms is inscribed in an ellipse, 
with their sides parallel to the equi-conjugate diameters: 
prove that the sum of the squares on its sides 15 constant. 


31. Prove the following construction for drawing a normal 
to a conic. Draw the ordinate PN, on the axis mark off 
NK, NL each equal to NP, produce PA, PL to meet the 
curve again in Q, (Q^, bisect QQ in V, then PV is the normal 
at P. 
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32. An ellipse is inscribed in a quadrilateral A BCD, and 
S is a focus of the ellipse; shew that the angles ASB and 
CSD are together equal to BSC and DSA. 


33. The perpendiculars from the foci on the normal at 
any point of an ellipse are to one another as the perpen- 
diculars from the foci on the tangent at that point. 


34. Given two tangents to a conic and its centre: prove 
that the locus of its foci is a rectangular hyperbola. 


35. If ΡΝ, the ordinate at the point P of an ellipse, be 
produced to meet the tangent at the extremity of the latus 
rectum in Q, prove that QN = SP. 


36. Απ elliptic section of a right cone is projected upon 
a plane perpendicular to the axis, prove that the focus of the 
curve of projection 1s at the point where the axis of the cone 
meets the plane of projection. 


37. If OP, OQ are tangents to an ellipse from a point O 
on the auxiliary circle, aud PCP’ a diameter of the ellipse, 
prove that QP’ passes through a focus. 


38. In any conic if PQ, PQ are chords equally inclined 
to the axis, prove that the circle circumscribing PQQ touches 
the conic at P. 


39. If two quadrilaterals, inscribed in an ellipse, have 
three sides of one parallel to three sides of the other, their 
fourth sides will be parallel. Hence shew how to draw a 
tangent at any point of an ellipse with a parallel ruler. 

(Projections. ) 


40. If RP is any tangent to a given ellipse at P and 
SRP a constant angle, prove that the locus of £ is a circle. 


41. At points Q, Q on an ellipse OQ, OQ’ are tangents, 
and QG, Q'G' are normals meeting the axis major at G, C, 
prove that OQG, Ου are similar triangles. 


12. Tangents OQ, OQ’ subtend equal angles at the foot 
of the ordinate through O. 


43. An ellipse touches a triangle at the middle points of 
its sides, prove the centre of the ellipse is the centre of 
gravity of the triangle. ( Projections.) 
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PARABOLA. 


44. If AR, SY are the perpendiculars from the vertex 
and focus of the parabola on the tangent, prove that 


SY'-SY.AR- SA’. [I. C. S. 1884. 


45. P is any point on a parabola, SY is drawn per- 
pendicular to AP meeting the tangent at the vertex in R, 
prove that AR is one-fourth of PN, the perpendicular from 
P on the axis. [CLARE, 1888. 


46. A parabola touches in A’, B’, C the sides of an 
equilateral triangle ABC, respectively opposite to A, D, C. 
Prove that dA’, BB’, CC’ meet in the focus of the parabola. 

[TRIN. 1887. 


47, A parabola rolls on an equal parabola, the vertices 
originally coinciding ; shew that the tangent at the vertex of 
the rolling parabola always touches a fixed circle. (TRIN. 1887. 


48. P, Q are two points on a parabola such that 
circles described about P, Q as centres and passing through 
the focus S cut orthogonally in S and R. If the line 
joining Q to the points of intersection of the circles meet 
the directrix in T and 7", shew that the angle TPT is equal 
to half of RPS. [ΡΕΜΒ. 1887. 


49. In the parabola if the angle ASP be equal to four- 
thirds of a right angle, prove that the ordinate at P and the 


normal at the extremity of the latus rectum intersect on the 
axis. [ΜΔΩΡ. 1888. 


50. Given in position two tangents to a parabola and 
their points of contact, find the focus and directrix. [Qv. 1888. 


51. OP, OQ are two tangents to a parabola at P and 
Q, S 1s the focus; if OS meet the circle through OPQ again 
in 7, then S bisects OT. [Qu. 1888. 


52. If PG be the normal at P, prove that the tangent 
from any point on the parabola to a circle, centre G and 
radius GP, is equal to the perpendicular from that point 
on the ordinate of P. (JES. 1888. 
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53. H is a fixed point on the bisector of the exterior 
angle A of the triangle A/C; a circle is described upon HA 
as chord cutting the lines AB, AC in P and Q; prove that 
PQ envelopes a parabola which has H for focus, and for 
tangent at the vertex the straight line joining ihe feet of 
the perpendiculars from H on AB and AC. [JEs. &c. 1888. 

54. Points Y, Υ΄ are taken on the tangent at the vertex 
of a parabola so that SY.SY’ is constant, and the other 
tangents through Y and Y' meet in Q; prove that the locus 
of Q is a circle. [Jon. 1888. 

55. A circle is described touching a parabola at a 
point P and passing through the focus. If A be the point 
at which it cuts the axis again, and 4 the vertex of the 
parabola, shew that AZ 15 equal to three times the abscissa 
of P. [SEL. 1888. 


56. Two points P, Q are taken on a tangent to a 
parabola equidistant from the focus. Prove that the other 
tangents drawn from P, Q will meet on the axis. [PET. 1886. 


57. P, Q, R are points on a parabola, the chord PR 
intersects the diameter through Q in S. The chord PQ 
intersects the diameter through R in T. Prove that ST is 
parallel to the tangent at P. [CLARE, 1887. 

58. Sis the focus and SZ the semi-latus rectum of a 
parabola whose vertex is A. P and Q are any two points 
in any line through O, the point of intersection of the 
tangent at A and the diameter through Z. Prove that the 
chord of contact of the tangents from P intersects the chord 
of contact of the tangents from Q in the straight line 
which bisects the angle “OAS. (TRIN, 1886. 

59. Prove that, if P be an external point on the axis of 
a parabola whose focus is S and vertex A, and the tangent 
at A cut the circle described on PS as diameter in Q, R, 
then PQ, PR will touch the parabola. 

Prove that, if any tangent cut the circle in Q’, R’, the 
remaining tangents from Q Ι΄ to the parabola will intersect 
on the circle. [TRIN. 1887. 

60. A point moves so that the sum of its distances 
from a given point and a given straight line is constant, 
prove that it describes a pi arabola and find the length of its 
latus rectum. (Qu. 1887. 
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61. Give a geometrical construction for the axis of a 
parabola which passes through the four given points A, B, 
C, D which are such that AB is parallel to CD. [JEs. 1887. 


62. A and P are two fixed points. Parabolas are drawn 
all having their vertices at A, and all passing through P. 
Prove that the points of intersection of the tangent at P 
with the tangent and normal at A lie on two fixed circles, 
one of which is double of the other. [JoH. 1887. 


63. If PN, PL be perpendiculars from P on the axis 
and the tangent at the vertex, prove that LN always touches 
a parabola. [ PET. 1886. 


64. A variable tangent to a parabola intersects two 
fixed tangents in the points T and 7": shew that the ratio 
ST : ST" is constant. (TRIN. 1886. 


65. If QD be drawn perpendicular to the diameter PV 
of a parabola, then 


QD? : QV?=SA : SP. (TRIN. 1886. 


66. Through Y the foot of the perpendicular from the 
focus S on the tangent to a parabola at P, Y A is drawn 
parallel to the axis of the parabola, meeting the normal 
PG in K, SK is joined. Shew that the triangles SAG and 
SK P are each of them equal to the triangle SPY. 

[T. H. 1886. 


67. If O be a fixed point, MA a fixed straight line not 
passing through O, Q any point in MA, and if on OQ as 
base an isosceles triangle be described on the side of OQ 
remote from MAI such that the vertical angle OPQ is always 
double of the acute angle which OQ makes with MA, shew 
that the locus of P is a certain parabola. [T. H. 1886. 


68. If A BC be a triangle inscribed in a parabola, shew 
that the sides of ABC are four times as long as those of a 
triangle formed by the intersection of tangents parallel to 
them. [I. C. S. 1887. 


69. The tangents at P,, P,, to the parabola whose 
vertex is A and axis AN, Ñ, intersect in P, and AN, N, 
and N are the feet of the ordinates of P, P, and P. Prove 
that PN DN A ο AN ouv. 

Π. C. 5. 1887. 
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70. OQ, ΟΦ’ are tangents to a parabola, OV a diameter. 

If OV meet the directrix in K and QQ’ meet the axis in N, 
shew that OK = SN; S being the focus. 

(I. C. 5. 1886. 


71. If the tangents at the ends of a focal chord PSQ 
intersect in D, SD will be a mean proportional between 


AS and PQ. Π. C. S. 1883. 
72. Find the locus of the centres of circles described 
within a given segment of a given circle. [PET. 1887. 


τὸ. PSP’, QSQ’, RSE’ are three chords through the 
focus S of a given parabola. Prove that the ratio of the 
areas of the triangles PQR and P'Q'I' is the same as that 

of the products of the ordinates of P, Q, K and 15, Q', Γ΄. 
[| PET. 1887. 


(4. A series of parabolas are drawn to touch two given 
straight lines, one of them at a given point; shew that the 
foci lie on a fixed circle and that the directrices pass through 
a fixed point. [TRIN. 1887. 


τό. Two equal parabolas, which have a common axis, 
have their concavities turned in opposite directions. Prove 
that the locus of the middle point of a chord of either 
parabola, which is a tangent to the other, is a parabola 
of one-third the linear dimensions of the given ones. 
[TRIN. 1887. 
76. The normal at P meets the tangent at the vertex 
in F and the curve again in f. If the axis of the parabola 
meets at T and G the tangent and normal at P, shew that 


PF. Pf= TE. [T. H. 1888. 


77. The normal to a parabola at any point P meets 
the curve again in Q; Tis the pole of the chord PQ, and 
the line joining T to the focus, S, meets the line drawn 
through P perpendicular to SP in the point O: prove that 
TS = 50, and that TOQ is a right angle. [Jon. 1887. 


78. V is the middle point of a focal chord QQ’ of a 
parabola, tangents at Q and Q meet at T; prove that the 
locus of the intersection of the circle described round the 
triangle TQQ and the line TV isa parabola. — [ PET. 1887. 
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79. From any point on a parabola normals are drawn 
to the curve at P,, P,; shew that the chord P,P, passes 
through a fixed point. [CLARE, 1887. 


80. Two equal similarly situated parabolas have a 
common axis; a tangent is drawn to one of them meeting 
the other in P and Q; prove that the perpendicular distance 
of Q from the diameter through P is constant and that the 
area of the segment cut off by the chord PQ is constant. 

[PEMB. 1886. 


81. Determine the point in a parabola at which the 
normal is equal to a given straight line. [T. H. 1887. 


82. Ifthe triangle formed by three tangents to a para- 
bola be isosceles the line joining the intersection of the 
equal sides to the focus passes through the point of contact 
of the opposite side with the parabola. [CaTH. 1887. 


83. Two parabolas having the same focus cut at right 
angles. Shew that the line joining their vertices passes 
through the focus and is equal to the focal radius of their 
point of intersection; also that the locus of the middle points 
of this line for different pairs of parabolas through the same 
point is a circle. [Jon. 1886. 


84. PQ is a chord of a parabola, PT the tangent at P, 
and a straight line parallel to the axis cuts the tangent in T7, 
the curve in Æ, and the chord PQ in £’; prove that 


[TI TEP PRSE. [JoH. 1886. 


85. If PN be an ordinate and a chord Q.VQ' be drawn 
through N cutting the parabola in Q and Q’, then the rect- 
angle contained by the ordinates of Q and Q’ is equal to the 
square on PN. [SEL. 1887. 


86. Two fixed straight lines intersect in A, and Bisa 
fixed point; if a circle be described through A and B cutting 
these lines in C and D, then CD always touches a certain 
parabola. [SEL. 1887. 


87. The normal chord to a parabola at the point whose 
ordinate is equal to its abscissa subtends a right augle at the 
focus. [PET. 1885. 
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88. Ifa circle passing through the focus of a parabola 
touches the curve at P and cuts it at L and M, and the axis 
at N, prove that LP is equal to ALY. [CLARE, 1886. 


89. Give a geometrical construction for the position 

of the directrix of a parabola whose axis is parallel to a 

given line, the parabola passing through two given points 
and touching a given line through one of them. 

[CLARE, 1886. 


90. If TP, TQ tangents to a parabola subtend angles 
at the focus which are constant for all positions of T, prove 
that the distance between the centres of the circles described 
about the triangles SPT, STQ will vary as ST”. 

[CLARE, 1886. 


91. If PQ be a focal chord of a parabola, and any 
point on the diameter through Q: shew that the focal chord 


2 J22 
parallel to PR --- | TRIN. 1885. 


PQ' 

92. Points D, E, F are taken on the sides of a triangle 
ABC and three confocal parabolas are drawn, one touching 
BF, FE and EC and the other two the corresponding triads 
of lines; S is the common focus and the directrices inter- 
sect in G, H, K. Prove that the triangles DSG, ESH, FSK 
are equal to one another. [TRIN. 1885. 


93. Two parabolas have à common focus: and from 

a point T external to both tangents TP, TQ are drawn to 

one and tangents TR, TS to the other. If the angles PTQ, 

RTS are supplementary, prove that PR, QS are parallel or 

meet at the focus. If they are parallel, prove that they are 
also parallel to the common tangent to the parabolas. 

[PEMB. 1885. 


94. From two fixed points A, B perpendiculars AP, BQ 
are let fall on a variable line; prove that the envelope of the 
line is a parabola when the area of the quadrilateral A BQP 
is constant. [Ca1Us, 1885. 


95. The normal at one extremity L of the latus rectum 
of a parabola meets the curve again in P, the tangent at P 
cuts the latus rectum produced in M and the axis in T: 
prove that LM is 4 and NT 3 times the latus rectum, PN 
being the perpendicular from P on the axis. [K. 1885. 
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96. A is the vertex, S the focus and P any point on a 
parabola; PN is the ordinate at P, and the perpendicular to 
SP drawn through S meets the normal at P in L; if LM be 
the ordinate of L, shew that SM = 24N. [Qv. 1886. 


97. P,Q are any two points on a parabola, R the middle 
point of the chord joining them, RM is the ordinate of R 
drawn perpendicular to the axis and kG drawn perpendicular 
to PQ meets the axis in G ; shew that MG is equal to the 


semi-latus rectum of the parabola. [Qv. 1886. 
98. Prove that the latus rectum is the least focal chord 
which can be drawn in a parabola. [CaTH. 1886. 


99. Describe a parabola touching three given straight 
lines and having its focus in another given line. [PET. 1861. 


100. From S the focus of a parabola a line is drawn 
parallel to the tangent at a point P meeting the curve in 
Q ; the diameter at P meets SQ in E. Shew that the locus 
of E 1s a parabola whose latus rectum is half that of the 
given one. [| J ES. 1861. 


101. GR 15 drawn from the foot of the normal at a point 
P in à parabola perpendicular to SP cutting the circle de- 
scribed on SP as diameter in L, LS produced meets the 
tangent at P in O, shew that the ratio of OS: OP is in- 
variable. [5ΙΡ. 1861. 


102. Parabolas are drawn passing through two fixed 
points A and D, and having their axes in a given direction ; 
find the locus of the foci. [Jou. 1861. 


103. A series of parabolas is described having the same 
tangent at the vertex as a given parabola, and their foci 
lying on the given parabola. Shew that they intersect in 
the focus of the given parabola. [ΡΕΤ. 1861. 


104. The tangent at any point P of a parabola meets a 
fixed circle whose centre is the focus in Q, k. If the other 
tangents to the parabola which pass through Q, R meet in 7, 
and if the tangents to the circle at QR meet in U, shew that 
T'U is parallel to the directrix. [PET. 1882. 


105. At the middle point of a focal chord of a parabola a 
line is drawn perpendicular to the chord and equal to half 
the chord; find the locus of its extremity. [CLARE, 1882. 
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106. From P, PM 1s drawn perpendicular to the tangent 
at the vertex of a parabola and MQ perpendicular to AP; 
shew that the locus of Q 1s a circle. [T. H. 1882. 


107. Through a fixed point on the axis of a parabola a 
chord PQ is drawn, and a circle of given radius is described 
through the feet of the ordinates of P and Q. Shew that the 
locus of its centre is a circle. [JEs. 1882. 


108. If OP, OQ are a pair of tangents to a parabola and 
PQ cut the axis in R, prove that SK 15 equal to the distance 
of O from the directrix. [JEs. 1886. 


109. <A circle cuts a given circle orthogonally and inter- 
sects a given length on a given straight line; shew that the 
locus of its centre is a parabola, and that the envelope of its 
chord of intersection with the given circle is a conic. 

[|J Es. 1886. 


110. PSP'isafocal chord of a parabola. The diameters 
through P, P' meet the normals at P", P in V, V" re- 
spectively. Prove that PVV'P"' is a parallelogram. 

[JES. 1886. 

111. ACP is a sector of a circle, centre C, of which the 
radius CA 1s fixed, and a circle is described touching the arc 
AP externally, and also touching CA and CP both produced; 
prove that the locus of the centre of this circle is a parabola. 

[JoH. 1885. 


112. If the direction of the axis of a parabola inscribed 
in a triangle 1s given prove the following construction for the 
focus. Through A one of the angular points of the triangle 
draw AWD, perpendicular to the given direction, cutting the 
circle in D, through D draw DS perpendicular to the opposite 
side cutting the circle in S; then S is the focus. 

[| PET. 1884. 

113. P, Qand R are three points on a parabola whose 
focus is S. Through R are drawn RU and AV, respectively 
parallel to the tangents at P and Q, so as to meet the 
diameter through Q in U and V. Prove geometrically that 
kU” = 4SP.QV. 

Utilize this result to obtain a geometrical proof of the 
following :— 
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TQ and TR, tangents to a parabola, meet the tangent at 
Pin X and Y. The tangent at the extremity of the diameter 
through 7 meets the tangent at Pin O. Then if S be the 
focus, "SP. QR = 280.X Y. [Jon. 1886. 


114. Two confocal and coaxial parabolas with the con- 
cavities in opposite directions are met by any straight line 
parallel to the axis in P and P’ and their common chord QQ’ 
meets PP’ in R, shew that RQ. RQ : PP’ is a constant ratio. 

(Per. 1884. 


115. The circle circumscribing the triangle formed by 
three tangents to a parabola passes ‘through the focus : prove 
that the tangent to this circle at the focus makes with the 
axis of the parabola an angle equal to the sum of the angles 
made with the axis by the "three tangents to the parabola. 

| PET. 1884. 


116. PQ is normal at P to a parabola and T is its pole: 
shew that PS passes through the vertex of the diameter 
through 1. [PET. 1885. 


117. A straight line moves so that two fixed circles 
always cut off equal chords from it, shew that it always 
touches a fixed parabola whose focus bisects the line joining 
the centres of the two circles. [| PET. 1885. 


118. Ifthe ordinate at each point of a parabola be pro- 
duced below the axis until it is equal to the distance of the 
point from the focus; prove that the locus of its extremity is 
another parabola, and that the axes of the curves make with 
each other an angle equal to half a right angle. 

(CLARE, 1885. 


119. Two fixed tangents to a parabola TQ, TR are met 
by a variable tangent in X and Y. If a chord of the para- 
bola 1s drawn parallel to X Y and equal to X Y, it envelops an 
equal parabola. (TRIN. 1884. 


120. A line is drawn through any point P of a parabola 
perpendieular to the line Joining P to the vextex. "This line 
meets the axis in KX, and the normal at P meets the axis in 
G: prove that GI is equal to half the latus rectum. 

(Try. 1884. 
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191. Through any point on a parabola two chords are 
drawn equally inclined to the tangent there. Shew that 
their lengths are proportional to the portions of their dia- 


meters intercepted between them and the curve. 
[TRIN. 1884. 


122. PSp is a focal chord of a parabola, and upon PS 
and pS as diameters circles are described; prove that the 
length of either of their common tangents 15 a mean pro- 
portional between AS and Pp. [TRIN. 1885. 


193. A straight line PQ cuts two fixed straight lines 
Ox, Oy which are at right angles, in the points P, Q, and 
the middle point of PQ lies on a fixed straight line AB. 
Prove that the straight line PQ 1s always a tangent to a 
fixed parabola. (TRIN. 1885. 


124. If PG the normal at P meet the axis in G; and if 
GQ be an ordinate erected from G; prove that the difference 


between the square on PG and QG is a constant quantity. 
[PEMB. 1885. 


125. In a central conic if a diameter CT cuts one of 
its chords QQ’ in V, the curve in P and the tangent at Q 
in T, then CV. CT CP'; deduce the corresponding pro- 
position for the parabola. 


126. If PSQ be a focal chord of a parabola, PG the 
normal at P, PN the semi-ordinate, and if PN produced 
meet the diameter passing through Q in H: then HG will be 
perpendicular to PG. | T. H. 1885. 


127. From a point O on the directrix of a parabola are 
drawn two tangents, and through the focus S two straight 
lines parallel to these tangents: the part of the directrix 


intercepted between these parallels will be bisected at O. 
(CHR. 1885. 


128. An endless string OPQ is fastened at Ο, and two 
small beads P, Q slide on it; the string is kept stretched ; 
the beads moving so that OP is always equal to OQ and PQ 
always fixed in direction: shew that the loci of P and Q are 
arcs of two parabolas with a common focus at U. [QU. 1885. 


C. G. 11 
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199. O is a fixed point on a fixed circle; with any point S 

on the circle as focus, and the tangent at O as directrix, a 

parabola is described ; shew that the locus of the points of 
contact of tangents from O to the parabola 1s a circle. 

[Qu. 1885. 


130. Given two tangents to a parabola and their points 
of contact: construct the curve. (CATH. 1885. 


131. From any point on a parabola, chords are drawn 
making equal angles with the tangent at that point; shew 
that they are to one another as the parallel focal chords. 

[CATH. 1885. 


132. C is the centre, and D a fixed point on the circum- 
ference of a given circle, M is the middle point of any chord 
RS which is parallel to DC. Prove that CR, CS intersect. 
DM on a certain parabola. [JES. 1885. 


133. The polar of a point O with respect to a parabola 
meets the axis in U, and a straight line through U at right 
angles to the polar meets OS in R: prove that OS = SR. 

[J ES. 1885. 


134. Three parabolas have a common tangent. Prove 
that the points of intersection of their other pairs of common 
tangents are collinear. [JoH. 1884. 


135. If two tangents be drawn to a parabola, the per- 
pendicular from the focus on their chord of contact passes 
through the middle point of their intercept on the tan- 
gent at the vertex. [J on. 1884. 


136. Pairs of equal parabolas are drawn, having a given 
point S for focus, one touching a given line AB, the other a 
given line AC. Prove that the envelope of their common 
tangents is a parabola whose directrix passes through S, and 
which touches AB and AC at points in one straight line 
with δ. [ Jou. 1884. 


137. OXP, OYQ, XRY are three tangents to a parabola 
(focus S) at the points P, Q, R respectively: find the locus 
of the remaining intersection of the circles SYP, SY D, as 
the tangent A Y varies its position. [ PET. 1883. 
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138. From the vertex of a parabola lines are drawn 
parallel to the tangents of the curve: prove that the locus 
of the points where they meet the corresponding normals is 
a parabola. [CLARE, 1884. 


139. If two parabolas have a common focus, the line 
joining it to the intersection of the directrices is perpen- 
dicular to the common tangent of the parabolas. 

[CLARE, 1884. 

140. Three parabolas are drawn having a common vertex 
and axis, and their latera recta in geometrical progression : 
shew that if PQ be the chord of contact of a pair of tangents 
drawn from a point of the outer to the middle parabola, PQ 
will touch the inner parabola. [CLARE, 1881. 


141. If any parabola be described touching the sides of a 
fixed triangle, the chords of contact will pass each through 
a fixed point. [ TRIN. 1884. 


142. A circle round the focus of a parabola as centre 
cuts the tangent ata point P in the directrix, and also at the 
point 7. TM is drawn perpendicular to SP, produced if 
necessary. Prove that SM is equal to half the latus rectum. 

| PEMB. 1884. 


143. Two tangents OQ, OQ' are drawn from an external 
point O to a parabola and a perpendicular on the axis 
from O cuts it in N; prove that NQ, NQ are equally in- 
clined to the axis. [Carvus, 1884. 


144. Two parabolas have the same focus and axis, and 
the tangent at a point P of one parabola meets the tangent 
at à point Q of the other perpendicularly at T; shew that T 
is equidistant from the diameters through P and Q. 

(Cur. 1884. 

145. A parallelogram circumscribes an ellipse; shew 
that the circles, each of which passes through the extremities 
of a side of the parallelogram and through a focus, are all 
equal. [CHR. 1884. 


146. The portion of the tangent at any point P of a 
parabola intercepted between the tangents at the extremities 
of a focal chord subtends a right angle at the point where 
the diameter through P meets the chord. [ CArus, 1883. 


11—2 
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147. A line is drawn through a fixed point, and through 
the point where a line perpendicular to it meets a fixed line 
a perpendicular to the fixed line is drawn: prove that the 
locus of the intersection of this and the first line is a para- 
bola. [CLARE, 1883. 


148. Any one of a system of parallel lines cuts two fixed 
parabolas in P, P’ and Q, Q' respectively ; through P, P' and 
through Q, Q’ lines are drawn parallel to the axis of the para- 
bola on which they lie; shew that the angular points of the 
parallelogram so formed are on a fixed conic. [CHR. 1884. 


149. A is the vertex of a parabola, P any point on the 
curve, dP is produced to Q so that PQ — AP ; and through 
Q a straight line MQL is drawn perpendicular to 4 meeting 
the axis in M, if QL be equal to QM shew that the locus of 
L is a parabola and find the normal at L. [Qu. 1884. 


150. If the normal at P meet the axis in G the locus of 
the centre of the circle drawn round APG is a parabola. 

(Qu. 1884. 

151. Having given three tangents to a parabola and the 

point of contact of one of them, find the focus and draw the 

parabola. [(ΑΤΗ. 1884. 


152. An isosceles triangle is circumscribed to a parabola; 
prove that the three sides and the three chords of contact 
intersect the directrix in five points, such that the distance 
between any two successive points subtends the same angle 
at the focus. [TRIN. 1886. 


153. If PP’ be any chord of a parabola perpendicular to 
the axis and if the diameter through P' meet the tangent and 
normal at P in Q and R, then will the middle point of QR lie 
on a fixed parabola. [JES. 1881. 


154. The tangents at two points P, Q on a parabola 
intersect in 7' and the normals at the same points intersect 
in O. If TL, ON be drawn at right angles to the axis meeting 
it in L and WV, prove that 

TL .AL=ON. AS. (Jes. 1884. 


155. The tangents to a parabola at Q and P intersect in 
T, and diameters are drawn trisecting PQ. If one of the 
tangents at their extremities is perpendicular to TP, then 


will the triangle PTQ be isosceles. [JoH. 1883. 
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156. Ifthe chord PQ of a parabola be normal at P, and 
if QP produced meet the directrix in R, prove that the angle 
RTQ is a nght angle. [Jon. 1883. 


157. From R, the middle point of PG, the normal to a 
parabola at P, two other normals RQ, RQ are drawn to the 
curve. Prove that QS, (5 are equally inclined to the axis. 

[Jon. 1554. 


ELLIPSE. 


l. The lines AB and AC, at right angles to each other, 
touch an ellipse whose centre is O, and cut the circle, with 
centre U and radius 0.4, a second time in the points B and 
C respectively. Prove that BC and OA coincide with a pair 
of conjugate diameters of the ellipse. Π1. C. 5. 1887. 


2. If the normal to an ellipse at a point P meet the 
axis in G, and PSA be drawn through the focus S to meet 
the diameter conjugate to CP in K; prove that the ratio of 
CG to SK will be equal to the eccentricity. IL C. S. 1885. 


3. Construct an ellipse, having given two points as foci, 
and a given line as tangent. [L C. S. 1554. 


+. Prove that the straight line joining the centre C of 
an ellipse with the point of intersection of the normals at the 
ends P, D of a pair of conjugate semi-diameters CP, CD is 
perpendicular to the straight line PD. [I C. 5. 1855. 


5. If Λ, Λ΄’ are the feet of the directrices of an ellipse 
corresponding to the foci δ. S, and SY, S Y’ are the perpen- 
diculars on any tangent, the lines VY, X Y, will intersect 
on the axis minor. L C. S. 1583. 


6. CL is the projection upon the minor axis of the 
central perpendicular on the tangent to an ellipse at P : prove 
that if PQ be the diameter of the circle circumscribing the 
tnangle SPS’ PQ.CL=AC’. PET. 1887. 

+. Two normals OA, OB drawn to an ellipse from an 


internal point O are at right angles. They meet the ellipse 
again in C and D respectively. Shew that 


Od : OB :: OC: OD. [ PET. 1555. 
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8. In an ellipse the perpendicular bisector of a chord 

P P, meets the axis major in K, shew that CK — e'CN, where 

ΟΝ is the abscissa of the middle point of P,P, measured from 
the centre C, and e 1s the eccentricity. 

[ΡΕΤ. PEMB. &c. 1888. 

9. Lengths Cd, CB are taken on two fixed straight 

lines the sum of whose squares is constant, the parallelogram 

ABPC is completed: prove that the locus of P is an ellipse 

making equal intercepts on the lines. [CLARE &c. 1888. 


10. Any point P on an ellipse is joined to the extremities 
of two conjugate semi-diameters Cd, CB; PA, PB meet CB, 
CA respectively in B’, d’; prove that 


AA. BB’ =2CA . CB. 
[CLARE &c. 1888. 


11. An ellipse entirely surrounds a concentric circle; 
shew that the area cut otf from the ellipse by tangents to the 
circle is à maximum or minimum only when the tangent is 


parallel to an axis of the ellipse, and distinguish the cases. 
[CLARE &c. 1888. 


12. If a parabola can be constructed having its focus at 

C the centre of an ellipse, and having at P a contact of the 
second order with the ellipse, shew that 
80 P* = AC + BC". 

If CP be inclined at 45° to 64, the axis of the parabola 

will be inclined at 75° to 64. [CLARE ὥς. 1888. 


13. If P, Q, R, S be four points on an ellipse such 
that the centre bisects the parts of an axis intercepted 
between the chords PQ, RS, then the part of that axis inter- 
cepted between the chords PÈR, QS, and the part between 
PS, QR will be bisected by the centre. (TRIN. 1887. 


14. From two points at opposite ends of a diameter of 
the auxiliary circle, tangents are drawn to the ellipse: shew 


that the points of intersection lie on the directrices. 
[ TRIN. 1888. 


15. A variable right-angled triangle PQR, of which Q 
is the right angle, is inscribed in a given circle of which the 
centre is C. If the side QR continually pass through a fixed 
point S inside the circle, prove that PQ touches an ellipse : 
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and that if QC and PS intersect in O, the intersection of RO 
and PQ is the point of contact of PQ with the ellipse. 
[Lonp. Ist B.A. Hon. 1870. 


16. Shew that an ellipse has one pair of equi-conjugate 
diameters. If either extremity of the axis major of an ellipse 
is Joined to an extremity of one of the equal conjugate dia- 
meters, the lines drawn from the extremities of the minor 
axis, parallel to the joining line, will meet the ellipse at the 
extremities of the other equal conjugate diameter. ` 

[Lonp. 1st B.A. Hon. 1870. 


17. In a given triangle an ellipse is inscribed. If the 
position of one of the foci is known, shew how to find the 
ellipse and its points of contact with the sides of the triangle. 

[T. H. 1888. 


18. If in an ellipse there be inscribed a quadrilateral 
PQRS such that PQ and SR are parallel, and if tangents to 
the ellipse be drawn parallel to QR and PS, prove that the 
straight line joining the points of contact is parallel to PQ 
and SR. [MaG. 1888. 


19. PQ is a chord of a parabola, and T is its pole; an 
ellipse is drawn with centre on PQ to circumscribe PTQ, K 
is the pole with regard to the parabola of the tangent at T to 
the ellipse; prove that ΤΑ is parallel to the diameter of the 
ellipse conjugate to PQ. [K. 1857. 


20. P, Q are points in two confocal ellipses, at which 
the line Joining the common foci subtends equal angles; prove 
that the tangents at P, Q are inclined at an angle which is 
equal to the angle subtended by PQ at either focus. 

[K. 1887. 

2]. From any point P of a circle PM is drawn per- 
pendicular to the tangent to the circle at a fixed point A on 
it: shew that the locus of the middle point of PM is an ellipse, 
and find the centre and axes. [QU. 1888. 


22. An ellipse is described having its centre at the focus 
of a parabola, and having the two diameters of the parabola 
which pass through the ends of its latus rectum as direc- 
trices. Shew that this ellipse will touch the parabola at two 
points. [QU. 1888. 
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93. If NP, the ordinate at a point P of an ellipse, 
produced meet the perpendicular from C on the tangent at P 
in A, shew that the locus of R is an ellipse, and that the tan- 
gents at P, Q, and R to the given ellipse, the auxiliary circle, 
and the locus of R all meet in a point. [CaTH. 1888. 


24. "Two circles are drawn touching the ellipse at conju- 
gate points P and D respectively and each passing through 
C: shew that their radii are to one another as CP 1s to CD. 

[ΟΑΤΗ. 1888. 


25. A parabola is described passing through the foci 
of a given ellipse and having for focus some point on the 
ellipse. Prove that its directrix always touches the auxiliary 
circle of the ellipse.. Shew also that the point of intersection 


of the tangents at the foci of the ellipse lies on a circle. 
[JEs. &c. 1888. 


26. Through a fixed point O, any chord PQ of a given 
ellipse is drawn; an ellipse of given magnitude similar 
and similarly situated to the given ellipse is drawn through 


P and Q, prove that the locus of its centre 1s an ellipse. 
[JESs. &c. 1888. 


27. An ellipse of given magnitude turns about its 
centre; prove geometrically that the locus of the pole of any 
line with respect to it is a circle. [JEs. &c. 1888. 


28. Of the tangents at the extremities of the minor 
axis of an ellipse, one meets a latus rectum in Æ, and the 
other the corresponding directrix in F; prove that EF is a 
tangent to the ellipse. [JES. &c. 1888. 


29. From P any point on an ellipse a tangent 1s drawn 
to the minor auxiliary circle meeting the director circle 
in Q, R; shew that PQ, PR are equal to the focal distances 
of P. [JEs. ὥς, 1888. 


30. Having given the axes of an ellipse, prove that 
points on the curve are determined by the following construc- 
tion. Describe circles on the axes as diameters, and draw a 
straight line from the centre O meeting the circles in P and 
(); the straight line through P parallel to the transverse axis, 
and the straight line through Q parallel to the conjugate axis, 
intersect each other in a point /i of the ellipse. 
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Prove also, if a concentric circle be described with radius 
equal to the suin of the semi-axes, and if the line OPQ meet 
this circle in V, that VR is the normal to the ellipse at R. 

[Jon. 1887. 

31. PSQ and PS'R are focal chords of an ellipse; prove 
that the tangent at P and the chord QR cut the major axis 
at equal distances from the centre. (Jou. 1888. 


32. In the ellipse BC, AC are the semi-minor and 
semi-major axes and the rectangle ACBD is completed. If 
the curve bisect SD, where S is the focus, shew that 


AC? + BC: =2AC. CS. [SEL. 1888. 


33. The centre of an ellipse, a tangent, the length of 
the major axis and a point on a directrix are given. Shew 
how to find the directrices. In what cases will the construc- 
tion fail ? [ PET. 1886. 


34. PP’ is a diameter of an ellipse, prove that the 
lines joining the foci to the points where the tangent at P 
meets the corresponding directrices intersect on the ordinate 
of P. (CLARE, 1887. 


35. Two tangents TP and TQ are drawn to an ellipse 
and any chord TAS is drawn, V being the middle point 
of the intercepted part; QV meets the ellipse in P'; prove 
that PP' is parallel to ST. [TRIN. 1886. 


36. Two points Q and È are taken on an ellipse having 
DD' for a diameter and QD and RD' meet in P. Prove 
that an ellipse, similar and similarly situated to the given 
one, having D for its centre and passing through P, cuts from 
D'P a chord of which DR is the diameter, and from D'Q a 
chord of which DQ is the diameter. [TRIN. 1886. 


37. A tangent at any point P of an ellipse intersects 
the minor axis in 7, and TM is drawn perpendicular to SP 
produced : shew that the locus of M is a circle. 


[T. H. 1887. 


38. O is any external point to an ellipse and OS, OS’ 
are drawn to the foci S and δ΄ cutting the curve at the points 
P and Q, also SQ and S'P are joined intersecting at the point 
R; a circle is inscribable in the quadrilateral O.P AQ. 
[T. H. 1883. 
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39. If tangents to an ellipse at points P and P’ meet 
on the auxiliary circle, prove that SP and S'7" are parallel. 
[T. H. 1887. 
40. If Y and Y’ be the feet of the perpendiculars from 
the foci upon the tangent to an ellipse at P, and PN the ordi- 
nate of P, shew that PN bisects the angle YNY”. 
[Mac. 1887. 
41. If CP, CD be conjugate semi-diameters of an ellipse, 
PG the normal at P, CZ the perpendicular from C upon 
the tangent at P, GM the.line through G parallel to CD 
and meeting the straight line drawn from P to either focus 
in M, shew that PM is a fourth proportional to CB, CD, CZ. 
[ Mac. 1887. 
42. If P and Q be points on an ellipse whose foci are 
S and H, the four straight lines SP, SQ, HP, HQ, produced 
if necessary, are tangents to the same circle. (Qu. 1887. 


43. The points of contact of tangents to a series of 
confocal ellipses from a fixed point on either axis lie on a 
circle. (Qu. 1887. 


44. If Y and Z be the feet of the perpendiculars from 
the foci on the tangent to an ellipse at P, prove that the tan- 
gents at Y and Z to the auxiliary circle meet on the ordinate 
of P, and that the locus of their intersection 1s an ellipse. 

[CaTH. 1887. 

45. The tangents at the points P, P' of an ellipse 
meet in T, and the normals meet the axis in G, G' respect- 
ively; shew that PG, P'G' subtend equal angles at T. 

[JEs. 1887. 

46. Prove that the locus of the focus of a parabola 
which passes through two fixed points, situated on a diameter 
of a given circle and equidistant from the centre, and which 
has a tangent to the circle for directrix, is an ellipse whose 
foci are the two fixed points. [JEs. 1887. 


47. Prove that the tangents drawn from the extremity 
of a diameter of an ellipse to the circle described on the 
axis minor as diameter form with the focal distances of 
either extremity of the conjugate diameter a parallelogram 
the difference of whose sides is equal to the semi-axis major. 

[JEs. 1557. 
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48. Inscribe in an ellipse a triangle similar to a given 
triangle. [CLARE, 1883. 


49. Two conjugate diameters of an ellipse meet the 
auxiliary circle in Pand Q. If P' and Q be the points on the 
ellipse corresponding to P and Q, prove that the tangents at 
P' and Q are at right angles. [J Es. 1887. 


50. CA, CB are fixed conjugate diameters and CP, CQ 
variable conjugate diameters of an ellipse; AP, BQ meet 
in L; shew that the locus of L is a similar and similarly 
situated ellipse. [JEs. 1887. 


51. If TP, TP' be two tangents to an ellipse and PG, 
P'G' the normals at P and J”, and if on TP and ΤΡ’ points 
Q, Q be taken so that TQ =TG and TQ = TŒ, shew that 
QQ —2PU when U is the middle point of GG’. [Jon. 1886. 


52. If a rectangle circumscribes an ellipse, prove that 


its diagonals are the directions of conjugate diameters. 
[JoH. 1887. 


53. ΤΡ and PQ are two tangents to an ellipse, one of 
whose fociis S. PQ and ST intersect in X and from V, the 
middle point of PQ, a perpendicular VY is drawn to ST; 


prove that Ip Gres CST ess (Jou. 1887. 


504. T, T hne on CA, CB the semi-axes of an ellipse 
respectively, and TT is parallel to AB. Prove that two 
tangents drawn, one from T, the other from T’, to two 
adjacent quadrants of the ellipse will be parallel to conju- 
gate diameters. | PET. 1835. 


55. If SY is the perpendicular from the focus S on the 
tangent to an ellipse at P, prove that SY, CP meet on the 
directrix. | PET. 1886. 


56. PP is a diameter of an ellipse, the tangents at 
P and Q are at right angles: prove that the normal to 
the ellipse at Q bisects the angle PQP'. [CLARE, 1886. 


57. Pp a chord of an ellipse perpendicular to AC is 
produced to meet the auxiliary circle in P' and p’, and 
the normal at P intersects CP’ and Cp’ in Q and q: prove 
that PQ= Pq= CD and PQ- BC. . [CLARE, 1886. 
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58. A tangent to an ellipse at P cuts the major axis 
in T, and CD is the diameter parallel to PT; prove that 


TP +CD’= ST .TH. [CLARE, 1886. 


59. If P bea point on an ellipse, and the focal distance 
SP meet the conjugate diameter in Æ, then the difference of 
the squares on CP and SE will be constant. [ΤΕΙΝ. 1885. 


60. Two fixed points, Q and R, and a variable point P 
are taken on an ellipse; prove that the locus of the ortho- 
centre of the triangle PQR is a similar ellipse. [TRIN. 1886. 


61. Two ellipses have a common focus and equal major 
axes; if one ellipse revolves about its focus in its own plane, 
prove that its chord of intersection with the other ellipse 
envelopes a conic confocal with this ellipse. [TRIN. 1886. 


62. From a point R on an ellipse two chords RQ, 
RQ are drawn parallel to conjugate diameters CP and CD; 
the tangent at R meets QQ’ produced in T. Prove that 


RË Κῶ TET TT 
QT ^ QT ^ CP CD: [| TRIN. 1886. 
63. Two concentric ellipses have the same major axis, and 
their semi-minor axes are CB and Cb; the ordinate of any point 
P on the first ellipse meets the second ellipse in p: shew that 

CP? — CB : Cy - Cb’ = CA - CP? : CA?’ — Cb’. 

(TRIN. 1886. 
64. A series of ellipses is described with equal major 
axes. The ellipses have one fixed common focus and one 
fixed common point. Prove that two cousecutive ellipses 
intersect along the moving focal chord through the fixed 
point. Also prove that the locus of the point of intersection 


is an ellipse having the fixed focus and fixed point as foci. 
[PEMB. 1885. 
65. TP, TQ are tangents to an ellipse at the extremities 
of conjugate diameters, S is the focus, TR is the perpen- 
dicular on SP. Prove that TK is equal to the semi-minor 
axis. [CA1us, 1885. 


66. Being given of an ellipse, a focus, a tangent in 
position, and the length of its minor axis: prove that the 
locus of its centre is a straight line. [Carvs, 1885. 
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67. A given straight line moves with one extremity 
on the circumference of a circle the radius of which is equal 
to the given line, and with the other extremity on a fixed 
diameter of the circle. Shew that every point of the 
straight line describes an ellipse. Also shew that the sum 
of the semi-axes of each ellipse is equal to the diameter 
of the circle. [T. H. 1886. 


68. P is a point on an ellipse, centre C, and J” the 
corresponding point on the auxiliary circle, CP' meets the 
normal at P in a point Q: prove geometrically that PQ 
is equal to the semi-diameter conjugate to CP. [K. 1885. 


69. Let PQ be a chord of an ellipse, & the extremity 
of the diameter CR bisecting PQ, P', (2, FR the corresponding 
points to P, Q, R on the auxiliary circle; shew that K 
is the middle point of the arc P'Q. If CH cut the ellipse 
in 7, and 7" be the corresponding point on the auxiliary 
circle, shew that CT" is perpendicular to PQ. [K. 1855. 


70. From a point 7 on the auxiliary circle of an ellipse 
an ordinate 7PP’N is drawn to the major axis meeting 
the ellipse in P, the chord of contact of tangents from T in 
P’, and the major axis in JV : prove that 

APÉNP.NI. [Qv. 1886. 

71. A, Bare two given points. Ellipses of given eccen- 
tricity are drawn so as to pass through A and have AB for 
normal at A; and so that their axes pass through B: find 
the loci of the foci. [CaTu. 1886. 


72. On PN, any ordinate to a fixed diameter of an 
ellipse, produced if necessary, is taken a point Q, such that 
NQ is to NP as the diameter conjugate to PN is to the 
diameter parallel to PN ; prove that the locus of Q is an 
ellipse and determine the positions of the axes. [PEr. 1861. 


73. If P,Q be two points on an ellipse such that the sum 
of their abscissae is constant, the locus of the intersection of the 
tangents at P and Qis a similar and similarly situated ellipse, 
passing through the centre of the former. [CAIUs, 1861. 


(4. TYLZ is a tangent at L, the extremity of the latus 
rectum, meeting the axis major in 7, and the auxiliary 
circle in YZ. Shew that the ratio YL : YZ is equal to that 
of the latus rectum to twice the axis major. (JES. 1861. 
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75. Ifa circle be described upon the major axis of an 
ellipse, and two diameters be drawn in it at right angles 
to each other, meeting the circle in Q, q: and if from Q, q, 
perpendiculars be drawn to the major axis cutting the ellipse 
in P, p, D, d, respectively, then PCp, DCd are conjugate 
diameters of the ellipse. [Cun. 1861. 


76. TP, TQ are tangents to an ellipse at P, Q; TV, the 
tangent at 7 to a confocal ellipse, meets PB produced in 
V: prove that 

10510 [TRIN. 1861. 


77. If the intercept on the normal to an ellipse made 
by one of its axes is equal to one of the focal radii vectores 
to the point whence the normal is drawn, the intercept 
made by the other axis will be equal to the other focal 
radius vector. [PET. 1861. 


78. From a point P on a parabola a line is drawn per- 
pendicular to the directrix and meeting it in M: prove that the 
locus of the intersection of AP and SM is an ellipse; A being 
the vertex of the curve, and S the focus. [CLARE, 1882. 


79. Two ellipses have equal minor axes and one focus 
common. Prove geometrically that the diameters conjugate 
to the straight lines joining the points of contact of the 
common tangents in each ellipse are proportional to the 
major axes. [CLARE, 1882. 


80. If S, S' be the foci, P, Q any points on the ellipse; 
1, @ the points in which SP, SQ produced are met by 
the perpendiculars from S’ upon the tangent at P and Q 
respectively; & the intersection of the straight lines PQ, 
P'Q'; then will SK bisect the exterior angle of the triangle 
PS'Q. 

81. From the foci S, H of an ellipse, whose centre is 
C, SY, HZ are drawn perpendicular to the tangent at P; 
SP, HZ produced meet in 7; TC, YS produced meet in (ὁ, 
and TS produced meets the circle described about 7QY 
in A. Shew that the locus of R is a circle. [J Es. 1832. 


82. If from any point P on an ellipse chords PQ, PY 
be drawn parallel to the axes, the normal at P cuts Q@ in a 
constant ratio. [JEs. 1882. 
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83. From a point T tangents TP, TQ are drawn to an 
ellipse. If the bisector of the angle PTQ passes through a 
fixed point O on the major axis of the conic, the locus of T 
is a circle. [J Es. 1882. 


S4. If TP, TQ be a pair of tangents to an ellipse from a 
point T'on the auxiliary circle, prove that the quadrilateral 
formed by joining SS’PQ has two of its sides parallel. Prove 
also that if O be the intersection of the diagonals the angles 
CTP, OTQ are equal. (JES. 1886. 


85. The tangents at two points P, Q of an ellipse 
intersect on a concentric circle. Shew that the straight 
line PQ touches a concentric and coaxial ellipse whose axes 
are in the duplicate ratio of the axes of the first ellipse, 
and shew also that the point of contact of PQ with its 
envelope never bisects PQ except when PQ is perpendicular 
to an axis of the two ellipses. [JEs. 1886. 


86. P is any point on a fixed circle, PL is drawn in 
a given direction and is of constant length, and the circle on 
PL as diameter cuts the given circle again in Q: shew that 
PQ always touches a fixed ellipse. [JEs. 1886. 


87. Prove that any focal chord of an ellipse is a third 
proportional to the axis major and the diameter parallel to 
it. [JEs. 1886. 


88. PSQ is a focal chord of an ellipse, and the tangents 
at P and Q meet in Z Prove that 


SZ + BC? : 257": CA : PQ. [JEs. 1886. 


89. If the normals at conjugate points P and D of an 
ellipse meet in E, prove that CE is perpendicular to PD. 
[JoH. 1885. 


90. If the circle passing through the foci and one end 
of the minor axis of an ellipse meet the curve in P and Q, 
prove that the distances of the tangents at P and Q from 
the centre are each equal to the distance of a focus from the 
centre. [Jou. 1885. 


91. Ifa circle roll on the inside of the circumference of 
a circle of double its radius, prove that any point in the area 
of the rolling circle traces out an ellipse. Prove that the 
ellipse traced by the middle point of à radius, and the ellipse 
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traced by the point on the radius produced, whose distance 
from the centre of the rolling circle is equal to its diameter, 
are similar curves. [JoH. 1885. 


92. Two parallel tangents to an ellipse touch it at P and 

Q. Another tangent at R cuts these in T and 7", and PT" 

and QT intersect in V. Prove that RV is parallel to PT and 
QT’, and is equal to half their harmonic mean. 

[Jou. 1885. 


93. Prove the existence of the director circle of an 
ellipse, and prove that the directrix of the ellipse is the 
radical axis of the director circle and of a point circle at the 
corresponding focus. [Jon. 1886. 


94. If CK be drawn from the centre C perpendicular to 
the tangent at a point P of an ellipse, and the circle round 
PKB meet the major axis in M, and with M as centre and 
C B as radius a circle be described cutting the minor axis in V 
and Δ΄, shew that MNG” is circumscribable by a circle. 

| PET. 188+. 

95. An ellipse is drawn through two fixed points A and 
B and is similar and similarly situated to a fixed ellipse which 
it cuts in C and D. AC, AD cut the fixed ellipse again in δ 
and F. Shew that the lines CD, EF each pass through a 
fixed point. | PET. 1884. 


96. If S and H be the foci and TP, TQ two tangents to 
an ellipse at right angles to each other and TM perpendicular 


to SP; shew that 
ST.HT=2TM . AC. [PET. 1884. 


97. Two ellipses have the same foci, from points on the 
outer tangents are drawn to the inner; find the envelope of 
the chord of contact. [CLARE, 1885. 


98. On any chord of an ellipse passing through a fixed 
point on the major axis, a circle is described having the chord 
as diameter; prove that the line joining the other two points 
of intersection of the ellipse and circle passes through a second 
fixed point on the major axis. [CLARE, 1885. 

99. AA’ is the major axis of an ellipse of which S and 
S' are the foci, A Ji, Α' [' are drawn parallel to SP, and S'P’ 


to meet the tangent at P in Jt and Jt’: prove that 
AR+ AA 2 AA", [CLARE, 1885. 
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100. Ifthe tangent and normal at a point P of an ellipse 
meet the major axis in T and G respectively ; prove that the 
circles described on such intercepts as GT have a common 
radical axis. [CLARE, 1885. 


101. Two given ellipses on the same plane have a com- 
mon focus, and one revolves about the common focus, while 
the other remains fixed; prove that the locus of the point of 
intersection of their common tangents 1s a circle. 

[ΤΕΙΝ. 1885. 


102. If AQ be drawn from one of the vertices of an 
ellipse perpendicular to the tangent at any point P, prove 
that the locus of the point of intersection of PS and QA 
produced will be a circle, S being one of the foci. 

(TRIN. 1885. 


103. Through the centre of an ellipse whose foci are 5, 
S’ two constant equal lines are drawn parallel to SP, PS’ 
where P is a point on the ellipse: prove that the locus of the 
fourth angular point of the parallelogram having the equal 
lines as adjacent sides 1s a circle. (Trin. 1885. 


104. Sand H are foci of an ellipse and T a point on the 
major axis produced. A circle is described on SH as diameter. 
Another circle is described to cut the first at right angles and 
also to cut the major axis at right angles in T. Shew that 
the latter circle meets the ellipse upon 7"s polar with respect 
to the ellipse. [PEMB. 1883. 


105. The normal at a point P of an ellipse meets the 
axes in G, G’. Shew that if CK is the perpendicular from 
the centre on the tangent at P, O the middle point of CG 
and Ο’ the middle point of CG’, then will OB = OK = OP, 
and O'A’ = O'K = O'P. [TRIN. 1885. 


106. SY and HY’ are perpendiculars from the foci S and 
H of an ellipse upon a tangent and X and Α΄ are the feet of 
the corresponding directrices ; prove that X Y and X’ Y” inter- 
sect on the minor axis. [Trin. 1885. 


107. An ellipse is traced on paper, shew how to find its 
principal axes. [TRIN. 1885. 


108. If P be any point on the tangent at 4, the ex- 
tremity of the major axis of an ellipse, and if PT be the other 


eo. 13 


178 PROBLEMS. 


tangent from P to the ellipse, prove that PT is longer than 
TA. [PEMB. 1885. 


109. Two similar and similarly situated ellipses, centres 
C, C' touch one another at a vertex A: through A is drawn 
a chord, meeting the ellipses in P, Q respectively: PC, QC’ 
intersect in R. Find the locus of R. [PEMB. 1884. 


110. From any point 7' on the auxiliary circle of an 
ellipse tangents are drawn, touching the curve at P and Q. 
If Pp, Qq be the diameters through these points, shew that 
Pq, Qp will be focal chords. [| PEMB. 1884. 


111. The angular points of a triangle are a point on a 
given ellipse, the centre of the ellipse, and a focus of the 
ellipse: prove that the locus of the centre of gravity of the 
triangle is a similar ellipse. | 1. H. 1885. 


112. If the tangent at any point of an ellipse intersect 
the tangents at the extremities of the major axis in # and 
F’, then the circle described on AA’ as diameter will pass 
through the foci. [T. H. 1885. 


113. Any two fixed points are taken on the major axis 
of an ellipse; through one a line is drawn parallel to δ΄ P, 
through the other are drawn lines parallel to YS, YS’: prove 
that the latter meet the former in points which are the extre- 
mities of a diameter of a fixed circle. [T. H. 1885. 


114. PGg normal to the ellipse at P meets the axes in 
G and g. A circle is described on Gg as diameter and another 
circle described with P as centre, and cutting the former at 
right angles, intersects PGg 1n Q, Q'; prove that the triangles 
SPQ, SPQ are similar. [CHR. 1885. 


115. From any point Q of a given circle QA is drawn 
perpendicularly to a fixed tangent and is divided in P so that 
QP: PR is in a given ratio; shew that the locus of P is an 
ellipse. [Qu. 1885. 


116. If the diameters through the ends of the latera 
recta of an ellipse are conjugate diameters, then the line 
joining the foci subtends a right angle at the ends of the 
minor axis. [Qu. 1885. 
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117. If the normal at P of an ellipse pass through the 
extremity of the minor axis then the circle, described on the 
line joining the foci as diameter, will touch the tangent at P 
to the ellipse. (Qu. 1885. 


118. A circle is drawn touching an ellipse in two points 
P and Q symmetrically situated with regard to the axis and 
passing through the focus S, shew that SP = SQ = latus 
rectum. [CaTH. 1885. 


119. Project the following theorem :—If OA and OB be 
radii of a circle at right angles to each other, and P and Q be 
points lying respectively on the productions of OA and OB; 
then PB and QA will meet on the circle if the rectangle 
AP . BQ be equal to twice the square on the radius of the 
circle. (Jou. 1884. 


120. CA, CB are the semi-axes of an ellipse. If the 
rectangle ACBV be completed, and the curve bisect SV, shew 
that AC? + BC? 2 2AC . CS. [ PET. 1883. 


121. Tangents are drawn to an ellipse from any point 
on the line through the focus perpendicular to the axis: prove 
that the length intercepted by them on the corresponding 
directrix is bisected by the axis. [PET. 1883. 


192. PSQ, PHR are focal chords of an ellipse, QT, RT 

the tangents at Q and R. Shew that PT is the normal at P. 

[PET. 1884. 

123. TP, TQ are tangents to an ellipse at P and Q; Cp, 

Cq are the respective parallel semi-diameters ; Tp, PC (pro- 

duced if necessary) meet in Z and Tq, QC in M; PM, QL are 
produced to meet in V. Prove that T'CV 1s a straight line. 

| PET. 1884. 


124. A circle and an ellipse have à common diameter, 
from any point on this diameter tangents are drawn to the 
ellipse and circle, prove that the lines joining the points of 
contact are parallel to a fixed line. [CLARE, 1884. 


125. A series of ellipses have a common centre and have 
two conjugate diameters given in direction and also the sum 
of the squares of their axes, prove that they all touch four 
straight lines. (CLARE, 1884. 


12—2 
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126. Through the centre of an ellipse whose foci are S, 

S' two constant equal lines are drawn parallel to SP, PS’ 

where P is any point on the ellipse. Prove that the locus 

of the fourth angular point of the parallelogram, having 
the equal lines as adjacent sides, 1s a circle. 

[CLARE, 188+. 

127. Through a given point O, a chord OPQ is drawn to 

a given ellipse: find the stationary values of the rectangle 

OP . OD, and distinguish between the maximum and mini- 

mum values. (TRIN. 1883. 


128. P,Q, R are three points on an ellipse, centre C, 
RP, RQ meet the diameter ACA’ which bisects PQ in N and 
T. Shew that CN.CT-CA- [TRIN. 1884. 


129. The diameter parallel to any focal chord of an 
ellipse is equal to the chord joining the points on the auxiliary 
circle which correspond to the extremities of the focal chord. 

| TRIN. 1884. 


130. Shew how to draw a focal chord of given length in 

a given ellipse and prove that 1f the two chords so drawn be 
PQ and P'Q', then a circle can be described round PP'QQ'. 

[ TRIN. 1884. 


131. If a triangle can be inscribed in an ellipse with its 
centre of gravity at the centre of the ellipse the triangle must 
be the greatest triangle which can be inscribed. [TRIN. 1884. 


132. If the normal PG to an ellipse pass through B, 
prove that BG is equal to half the distance between the foci. 
| ΡΕΜΒ, 1884. 
133. If a tangent, its point of contact and one focus 
of an ellipse be given, find the locus of its centre. 
[Carus, 1884. 
134. On TQ, TQ’ a pair of tangents to an ellipse, whose 
foci are S and H, TR, ΤΕ are taken equal to TS and TH 
respectively; prove that RR’ is equal to the major axis, and 
that if TS cut A’ in. W, TW is equal to TQ. 
[Carus, 1884. 


135. A given straight line moves with one extremity on 
the circumference of a circle the radius of which 1s equal to 
the given line, and with the other extremity on a fixed dia- 
meter of the circle. Shew that every point of the straight 
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line describes an ellipse. Also shew that the sum of the 
semi-axes of each ellipse is equal to the diameter of the circle. 
[Mac. 1884. 

136. If the tangent at a point P of an ellipse meet the 
tangent at the vertex A in 7' and S' be the focus further 
from A, then TA is equal to the perpendicular from 7' on SP. 
(Qu. 1884. 


137. If CY, CZ be drawn perpendicular to the tangents 
to an ellipse at P and D conjugate points, and D' be the 
opposite end of the diameter CD, shew that PD’ is the 
diameter of the circle described round the triangle YCZ. 

[Qu. 188+. 


138. Having given the auxiliary circle of an ellipse and 
a tangent to the ellipse touching the ellipse at a given point, 
find the foci of the ellipse. [ΟΑΤΗ. 1884. 


139. If AA’ is the transverse axis of an ellipse, and if 

Y, Y' are the feet of the perpendiculars let fall from the foci 

on the tangent at any point of the curve, prove that the locus 
of the point of intersection of 4 Y and A’ Y” is an ellipse. 

(TRIN. 1885. 


140. The perpendicular from C on QQ’ meets the auxi- 
liary circle in R; through C a line is drawn parallel to PR 
meeting a perpendicular to QQ through V in O. Prove that, 
if an ellipse be described through Q and Q^ with O as centre 
and major axis equal to that of the given ellipse, 1t will have 
its minor axis equal to DCD”. [ TRIN. 1886. 


141. Two tangents TP and TQ are drawn to an ellipse 
and any chord TRS is drawn, V being the middle point of 
the intercepted part; QV meets the ellipse in P’; prove that 
PP is parallel to ST. (TRIN. 1886. 


142. Two points Q and Π are taken on an ellipse having 
DD’ for a diameter, and QD and RD' meet in P. Prove that 
an ellipse, similar and similarly situated to the given one, 
having D for its centre, and passing through P, cuts from D'P 
a chord of which DR is the diameter, and from D'Q a chord 
of which DQ is the diameter. [TniN. 1886. 


143. Through the foci S, H of an ellipse two lines PSP', 
QHQ are drawn meeting two tangents PQ, P'Q' and such 


182 PROBLEMS. 


that PP’, QQ’ are bisected 1n S and H respectively. Shew 
that a circle can be described about the quadrilateral PQQ F. 
[JEs. 1884. 


144. In the ellipse if the perpendiculars from G and C 
on CP and the tangent at P meet in H, and the circle on CH 
as diameter meet the tangent at P in L, prove that CL 1s 
equal to the tangent drawn from P to the circle described on 
the axis minor as diameter. [JES. 1884. 


145. The locus of the intersection of tangents to an 
ellipse at right angles is a circle. [J Es. 1884. 

If the tangent at P cut this circle in T, prove that ΤΡ 
subtends at the foci angles which are complementary. 


146. A circle passing through the foci of an ellipse inter- 
sects the curve at P and Q on opposite sides of the axis. 
Prove that the sum of the squares of the perpendiculars from 
the centre on the tangents at P and Q is equal to the square 
on AC. | JOH. 1883. 


147. From the foci S, H, SO, HO’ are drawn perpen- 
dicular to SP, HP to meet the normal at P in ο, ο’. Shew 
that OO' 1s bisected by the minor axis. [PET. 1883. 


HYPERBOLA. 


1. Give in magnitude and position the two axes AC’, 
BC D' of a hyperbola, construct geometrically a pair of con- 


jugate diameters PCP’, DCD', which shall contain a given 
angle. [I. C. S. 1886. 


2. Astraight line cuts a pair of conjugate diameters of 

a hyperbola in P and D, and a second pair in P" and D'; if 

O be the middle point of the line intercepted between the 
asymptotes, prove that 

OP . O0OD=0P .OD. [I. C. 5. 1886. 

3. Given one focus, a tangent, and the length of the 

minor axis a hyperbola, shew that the locus of the centre is a 

straight line. [I. C. S. 1885. 
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4. If two tangents of a hyperbola intersect on one 
branch of the conjugate hyperbola, prove that their chord of 
contact touches the other branch. [I. C. 5. 1885. 


5. Through ΛΙ the foot of the ordinate of a point P on a 
hyperbola draw VQ parallel to AP to meet CP in Q. Prove 
that A is parallel to the tangent at P. [I. C. S. 1884. 


6. Two angular points of an equilateral triangle are 
respectively the centre and one focus of a hyperbola, and one 
side of the triangle is an asymptote. Find where the other 
two sides are cut by the curve. [I. C. S. 1883. 


7. If two sides of a triangle are fixed in direction and 
the third passes through a fixed point, the locus of the centres 
of the circles circumscribing the triangle will be a hyperbola. 


I. C. S. 1883. 


8. A circle is described having for diameter a chord of 
a rectanglar hyperbola with its ends on different branches. 
Prove that the perpendiculars drawn to this chord from the 
other points of intersection of the circle and hyperbola are 
tangents to the hyperbola. [ΡΕΤ. 1887. 


9. Given in position the asymptotes and one tangent 
to a hyperbola, shew how to construct the curve. 
[PEr. 1887. 


10. A circle and a rectangular hyperbola intersect in four 
points which he on a given parabola; prove that an axis of 
the hyperbola is parallel to the axis of the parabola; and shew 
that whatever curve the centre of the hyperbola (or circle) 
describes, the centre of the circle (or hyperbola) will describe 
an equal curve, the two centres moving over their respective 
curves 1n opposite directions. | PET. 1887. 


1l. A parabola and rectangular hyperbola, one of whose 
asymptotes is the axis of the parabola, each circumscribe the 
triangle PQA whose sides cut the axis of the parabola in p, 
q, 7, respectively. If A be the vertex of the parabola, and 
PN the ordinate of P, prove that 

dg+dAr=AN. 
[PET. PEMB. ὧς, 1888. 
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12. With each pair of three given points as foci, a 
hyperbola is drawn passing through the third point: shew 
that the three hyperbolas thus drawn intersect in a point. 

(TRIN. 1888. 


13. Shew that all the conics which pass through the 
three vertices of a triangle and the intersection of its three 
perpendiculars are equilateral hyperbolas: and determine the 
locus of the centre of these hyperbolas. 

ΠΠΟΝΡ. 1st B.A. Hon. 1872. 


14. Two points P, Q are taken on a hyperbola so that 
the tangent at P and a parallel through Q to one asymptote 
intersect on the other asymptote; shew that the tangent at 
Q and a parallel through P to the second asymptote intersect. 
on the first asymptote. (TRIN. 1888. 


15. Given a hyperbola traced on paper, how would you 


find its transverse and conjugate axes and its asymptotes ? 
[T. H. 1888. 


16. Having given the asymptotes of a hyperbola and a 
point on the curve, find the foci, directrices, and vertices. 


[C. C. C. 1888. 


17. C is the centre of a rectangular hyperbola, a 
straight line LQ is drawn parallel to one asymptote CM 
meeting the other in L, and the angle QCM 15 bisected by a 
straight line which meets the hyperbola in P; shew that CQ 
1S proportional to CP", Q being any point on the line LQ. 

[CaTH. 1888. 


18. The perpendiculars drawn from the foci of a rect- 
angular hyperbola on the tangent at any point P meet the 
curve in points K, L, M and ΓΝ. Prove that KLMN is a 
parallelogram two of whose sides are at right angles to the 
diameter through P. [JEs. &c. 1888. 


19. One asymptote and three points of a hyperbola 
being given, construct tlie other asymptote. 
[JEs. ὥς, 1888. 


20. If P be any point of a hyperbola and dd’ its 
transverse axis, and if A’? and AP meet a directrix in Æ and 
F, prove that EF subtends a right angle at the corresponding 
focus. [JoH. 1888. 
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21. With two sides of a square as asymptotes, and the 
opposite point as focus, a rectangular hyperbola is described ; 
shew that it bisects the other sides. [JoH. 1888. 


22. An ellipse is drawn having its axes, major and 
minor, coincident in direction and magnitude with those of a 
hyperbola: from any point T on either asymptote, tangents 
TQ, TQ’ are drawn to the ellipse: prove that the circle 
described round TQQ passes through the centre of the 
hyperbola. (CLARE, 1887. 


23. ABCD is a rectangle. Two equilateral hyper- 
bolas having their asymptotes parallel to the sides of the 
rectangle pass through A and C, and B and D, respectively. 
Prove that the polar of the centre of one hyperbola with 
respect to the other coincides with the polar of the centre of 
the latter with respect to the former. [TRIN. 1886. 


24. P is a point in the plane of a triangle ABC, such 
that the perpendiculars from A, B, C upon PB, PC, PA 
respectively meet in a point. Shew that the locus of P is 
a hyperbola circumscribing the triangle ABC and passing 
through the points of intersection of the perpendiculars let 
fall from A, B, C upon the opposite sides of the triangle with 
the straight lines drawn from B, C, A respectively perpen- 


dicular to BA, CB, AC. [ΤΕΙΝ. 1886. 


25. Prove that the parallel focal chords of conjugate 
hyperbolas are to one another as the eccentricities of the 
hy perbolas. (Trin. 1887. 


26. Find the locus of the intersection of the tangent 
with a straight line drawn from the focus making a fixed 
angle with the tangent. (TRIN. 1887. 


27. P isa point ou a hyperbolic branch whose vertex 
is A, LPL’ is the tangent at P terminated by the asymp- 
totes, and MPAM”’ is a straight line terminated by lines 
drawn through the further vertex parallel to the asymptotes : 
shew that LM and L'M' are parallel. [ALac. 1887. 


28. If P and Q be any two points on a rectangular 
hyperbola, C the intersection of the axes, PT the tangent at 
P, QM and QN the perpendiculars from Q upon CP and PT 
respectively, shew that CM and CN are equal. 

[MaGc. 1887. 
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29. If P be any point of a hyperbola whose foci are 
δ and H, and if the tangent at P meet an asymptote in T, 
the angle between that asymptote and HP is double the 
angle STP. [K. 1886. 


30. If a tangent at P meets the asymptotes in L and 
AM the locus of the centre of the circle circumscribing the 
triangle LCM is a hyperbola having its asymptotes at right 
angles to the original ones. [Qu. 1887. 


31. Oz, Oy are any two fixed straight lines; A lies 
on Oz and B on Oy and OA — OB. Through A, B, any two 
parallel lines AM, BN are drawn meeting Oy and Oz respec- 
tively in M and N; shew that the locus of the middle point 
of ALN is a hyperbola. [CaTH. 1887. 


32. <A circle which passes through two fixed points 

S, S, cuts two fixed straight lines, which are perpendicular 

to SS’ and equidistant from its middle point, in the points 

P, Q, and P', Q. Shew that if PP’ be not parallel to SS’, 
it will touch a fixed conic whose foci are δ, S. 

(Jes. &c. 1887. 


33. A rectangular hyperbola is drawn passing through 
two fixed points P, Q on a fixed conic, and having an 
asymptote parallel to a given straight line: shew that if 
it cuts the given conic again in k and S, the straight lines 
Pf and QS intersect on a fixed conic. [JES. 1887. 


34. OX, OY are fixed straight lines; 4 is a fixed 
point on OX and P a variable point on OY ; PM is drawn 
perpendicular to AX and Q taken on PM so that AQ = PM; 
tind the locus of Q. [JEs. 1887. 


35. P is any point on a circle of which AB is a fixed 
diameter. Through 7 a line is drawn to meet dP produced 
in Q so that BP, BQ make equal angles with AB. Find the 
locus of Q. [JEs. 1887. 


36. If à triaugle ABC be inscribed in a rectangular 
hyperbola, prove that its orthocentre P lies on the hyperbola. 
If through P chords PA’, PB’, ΡΟ’ be drawn parallel to 
the sides of the triangle, prove that Ad’, BB’, CC’ are 
parallel. (Jon. 1886. 
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37. A and C are points on opposite branches of a rect- 
angular hyperbola, and the circle described on AC as diameter 
ineets the curve again in B and D. Prove that the distances 
of any point on the hyperbola from the sides of the quadri- 
lateral are proportionals. [Jou. 1886. 


38. The base AA’ of a triangle is fixed in magnitude 
and position: prove that if the difference of the base angles 
16 a right angle, the locus of the vertex is a rectangular 
hyperbola. 

It PN is the perpendicular on AA’ and NQ, NQ the 
tangents from N to the circle on AA’ as diameter, prove 
that PQ passes through A’ and PO’ through 4; and also, if 
(JQ intersect AA’ in M, that PM is the tangent at P. 

[JoH. 1887. 

39. If a family of rectangular hyperbolas be described 
about a triangle, their centres will all lie on the nine-point 
circle. 

If the triangle be right-angled, all the hyperbolas will 
have a common tangent at the right angle. | PET. 1886. 


40. Prove geometrically that the locus of points on a 
system of confocal ellipses where the tangents are parallel to 
a given line 15 an equilateral hyperbola. [CLARE, 1886. 


41. If the conjugate diameters PCp, DCd of an ellipse be 
the asymptotes of a hyperbola, QQ one of the common chords, 
QR, QR chords of the ellipse parallel respectively to CD and 
CP, prove that VR: QR: CDCP. [CLARE, 1886. 


49. Prove that the common chords of a hyperbola 
and circle may be grouped in pairs which meet the asymp- 
totes 4n concyclic points; and that these circles are all 
concentric with the original circle. [TRiN. 1886. 


43. Having given, in a triangle, its base and the differ- 
ence of its base angles, prove that the locus of the vertex is a 
rectangular hyperbola. When is the base of the triangle the 
transverse axis ? [Caius, 1885. 


44. If two concentric rectangular hyperbolas have a com- 
mon tangent the angle between their transverse axes will be 
half the angle between the straight lines from the centre to 
the points of contact. (T. H. 1886. 
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45. In a hyperbola, supposing the two asymptotes and 
one point of the curve to be given in position, find the posi- 
tion of the vertices. [T. H. 1886. 


46. Four tangents to a hyperbola form a rectangle. If 
one side AB of the rectangle cut a directrix of the hyperbola 
in X and S be the corresponding focus, shew that the tri- 
angles XSA, XSB are similar. [Cun. & E. 1885. 


47. In the rectangular hyperbola, the angle between a 
chord PQ and a tangent at P is equal to the angle subtended 
by the chord PQ at the other extremity of the diameter 
through P. 


48. Two rectangular hyperbolas touch one another in P 
and intersect in R and S. Prove that the circle on RS as 
diameter passes through P and the extremities of the two 
diameters through P. [Cun. & E. 1885. 


49. If an equilateral triangle be inscribed in a rect- 
angular hyperbola, find the locus of the centre of its circum- 
scribing circle. [Qv. 1886. 

50. Inthe rectangular hyperbola, prove that the portion 
of the normal at any point intercepted between the point and 
the axis, is equal to that semi-diameter of the conjugate 
hyperbola which 15 perpendicular to the normal. 

(Jou. 186]. 


51. Parabolas are drawn passing through two fixed 
points A and D, and with their axes parallel to a given 
straight line; 1 a tangent be drawn at right angles to AB, 
prove that the locus of its point of contact 15 a hyperbola. 

(Jou. 1861. 

52. <A straight line moves between two straight lines at 
right angles to each other so as to subtend a right angle and 
a half at a fixed point on the bisector of the right angle; 
prove that it always touches a rectangular hyperbola. 

[Jou. 1861. 

53. Prove that a rectangular hyperbola, confocal to a given 
ellipse, intersects it at the extremities of its equi-conjugate 
diameters. [Per. 1861. 

54. lf a parabola be described with any point on a 
hyperbola for focus, and passing through one of the foci of 
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the hyperbola, shew that its axis will be parallel to one of the 
asymptotes. | PET. 1882. 


55. The tangent to a parabola at P meets the tangent 
at the vertex in Y. The ordinate PN is produced to R so 
that RN = PY. Shew that the locus of R is a rectangular 
hyperbola. (JES. 1882. 


56. A aud D are fixed points on a given circle, and CD 
is any chord of given length. If CD be drawn parallel to 
A D, and if A E, BD meet in O, the locus of O is a rectangular 
hyperbola. (Jes. 1882. 


57. Given the auxiliary circle of a hyperbola and a point 

on the curve, shew that the locus of the foci is an hyperbola. 
[J Es. 1886. 

58. Shew that the locus of the intersection of two equal 
circles which touch two given parallel straight lines at given 
points 4 and B and whose centres are on the same side of AB 
is a hyperbola. [JEs. 1886. 


59. Shew that the angle between two tangents to a 
rectangular hyperbola is equal or supplementary to the angle 
which their chord of contact subtends at the centre, and that 
the bisectors of these angles meet on the chord of contact. 


[J Es. 1886. 

60. The tangent at a point P of a rectangular hyper- 
bola meets the asymptotes in A and JZ, and the normal at 
P meets the axis in G ; find the centre of the circle circum- 
scribing the quadrilateral CKGL. [Jon. 1885. 


61. Two hyperbolas have the same transverse axis and 
a line perpendicular to it meets them in points P and P’. 
Prove that the tangents at P and P’ meet on the transverse 
AXIS. [PET. 188+. 


62. A tangent to a hyperbola at a point P meets an 
asymptote in T. A line RPR 15 drawn parallel to this asymp- 
tote, to meet a directrix in J?’ and the line ST in R, where 
S is the focus corresponding to the directrix; prove that 
JP eI. [CLARE, 1885. 

63. Shew that if the tangent at a point P of a hyper- 
bola meet an asymptote in T, the angle between CT and HP 
will be double the angle STP; where C is the centre, and 
S and H the foci of the curve. [ΤΕΙΝ. 1884. 


190 PROBLEMS. 


64. Shew that if CP, CD be conjugate semi-diameters of 
a hyperbola whose foci are S and H, then the distance of D 
from a line drawn through C parallel to HP will be equal to 
the semi-minor axis. [TRIN. 1885. 


65. The tangent to a hyperbola at a point P meets the 
asymptotes in Q, q; QM, qm are the ordinates of Q, q, and 
CT the perpendicular from the centre on the tangent at P. 

If TM, Tm meet the normal at P in K, L respectively, 
shew that OKgL is a rhombus. [ΡΕΜΒ. 1885. 


66. Defining the hyperbola to be the envelope of the line 
which cuts off from two fixed lines a triangle of constant 
area, prove that the hyperbola has two asymptotes and that 
the line touches the curve at its middle point. 


[G. & C. 1885. 


67. Prove that the angle between the tangents at a 
point of intersection of two concentric rectangular hyperbolas 
is double of the angle between their transverse axes. 

[T. H. 1885. 


G8. Let PQ be any diameter of a rectangular hyperbola 
and let a circle be described with centre P and radius PQ, 
then if A, B, C be the other points in which the circle cuts 
the hyperbola, the triangle ABC is equilateral. 

[K. 1884. 


69. A circle meets a given rectangular hyperbola in 
A, A’, P, P’, prove that the tangents to the hyperbola at 
P, P' intersect in a point lying on the diameter at right 
angles to AA’. [Cun. 1885. 


70. 9 is the focus of a parabola whose vertex is A, and 
SA meets the directrix in X ; SX H is an angle of 60° and 
SH is perpendicular to SX, shew that a hyperbola may be 
described with S and H as foci touching the parabola in a 
point P whose focal distance is equal to the latus rectum. 

[Qu. 1885. 


ΤΙ. Through a given point P any straight line is drawn 
meeting two fixed straight lines in P' and Q’; a point Q 15 
taken on P'PQ so that YQ’ = PP’; shew that the locus of Q 
is a hyperbola. (CATH. 1885. 
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72. The tangent and normal at any point of a hyper- 
bola intersect the asymptotes and axes respectively in four 
points which lie on a circle passing through the centre of the 
hyperbola, and the radius of this circle varies inversely as the 
perpendicular from the centre upon the tangent. 

[Jon. 1884. 


73. If the asymptotes of a hyperbola be inclined to 
each other at an angle equal to half a right angle, find (and 
trace) the locus of the orthocentre of the triangle CHK, 
where H and K are the points in which lines through P 
parallel to one asymptote meet the other respectively. 

[ΡΕΤ. 1883. 


τά. If the tangent at a point L meets an asymptote in 

T, and the chords joining L to two other points M and N, 

meet the asymptote in A and O; prove that TA = A'O, 
where A’ is the point in which MN meets the asymptote. 

[CLARE, 1884. 


τὸ. ABCD is a parallelogram; from any point Æ in BC 
a perpendicular EP is drawn on AD, and EG is drawn at 
right angles to AE, the points F and G being on AD, on 
AB a point A is taken so that AK = FG, prove that FG 
always touches a fixed hyperbola. [| TRIN. 1884. 


76. From any point P in a hyperbola, perpendiculars 
PM, PN are drawn to the asymptotes, and PN meets the 
curve again at P’, prove that the ratio of PM to PW is the 
same for all positions of P. [PEMB. 1884. 


77. Parallel tangents are drawn to a system of circles 
which pass through two fixed points; shew that the locus of 


the points of contact is a rectangular hyperbola. 
(Cur. 1884. 


48. The points A, B, C, D, lie on a hyperbola, and the 
lines AB, CD intersect on an asymptote; find the other 
asymptote. [PET. 188+. 


το. ‘Tangents are drawn to a rectangular hyperbola from 

a point 7’ on the transverse axis, meeting the tangents at the 

vertices 1n ( and Q'. Prove that QQ’ touches the auxiliary 
circle in a point R such that RT bisects the angle QTQ. 

(TRIN. 1885. 
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80. A line is drawn parallel to the side AC of a triangle 
ABC meeting, in P and Q respectively, AB and the tangent 
at C to the circle circumscribing the triangle ABC. Shew 
that the locus of the intersection of CP, BQ is a rectangular 
hyperbola. [J Es. 1884. 


81. Given an asymptote and two points on an hyperbola, 
shew that the envelope of the axis 1s a parabola. 
[JEs. 1884. 


82. Chords of a hyperbola are drawn through a fixed 
point Shew that the locus of their middle points is a 
hyperbola, similar to the original hyperbola or to its con- 
jugate. [Jon. 1883. 


83. Ona plane field the crack of the rifle and the thud 
of the ball striking the target are heard at the same instant; 
find the locus of the hearer. [JoH. 1884. 


84. Inarectangular hyperbola if PQ be a chord and CV 
the diameter conjugate to PQ, the angle between PQ and 
the tangent at P is equal to the angle VCP. [SEL. 1884. 


85. From a point A on the conjugate hyperbola A QPpq 
is drawn to meet the hyperbola in P, p and the asymptotes in 
Q, q: shew that KP. Kp=2KQ. Kq. | PET. 1883. 


86. P,Q are two points on a hyperbola, through P is 
drawn a parallel to one asymptote and through Q a parallel 
to the other meeting the former parallel in T, the tangents 
at P and Q meet TQ, TP respectively in p, q; shew that pq 
is parallel to PQ. [PET. 1883. 


87. Let δ, δ’ be the foci of a hyperbola, X, X’ the points 
where the corresponding directrices meet SS’, SY, S'Y' the 
perpendiculars on a tangent, then if XY, X'Y" meet the 
auxiliary circle again in y, γ΄ shew that yy’ 1s also a tangent 
to the hyperbola. [PET. 1883. 


88. If through each of the middle points of two chords 
of a rectangular hyperbola a parallel is drawn to the other, 
their intersection, the centre and the two middle points are 
on a circle. [CLARE, 1883. 


89. If through two vertices of a triangle inscribed in a 
hyperbola two lines be drawn parallel to the asymptotes to 
meet the opposite sides, the line which joins the points of 
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intersection will be parallel to the tangent at the third 
vertex. (CLARE, 1883. 


90. If QV be an ordinate to the diameter PCp of a rect- 
angular hyperbola, prove that QV is the tangent at Q to the 
circle round the triangle PQp. [T. H. 1883. 


GENERAL CONICS. 


1. Sand H are the foci of a conic respectively corre- 
sponding to its two directrices, which latter are rgspectively 
intersected by a tangent to the conic in the points L and M. 
If N be the intersection of LS and MH (produced if neces- 
sary), prove that LN = MN. [I. C. S. 1885. 


2. Given the focus and two points of a conic section, 
prove that the locus of the foot of the directrix 15 a circle. 
[I. C. S. 1884. 


3. In a central conic let PA, PL be the tangent 
and normal to the curve at P, and let KSL be drawn parallel 
to SP, where S and δ΄ are the foci. Prove that KS = SL. 

[ PET. 1887. 

4. The tangent at P meets the major axis in 7, per- 
pendiculars to the axis from the feet of the perpendiculars 
through the foci to the tangent meet the curve in L, L 
respectively: prove that T'LL' are in a straight line. 

[CLARE ἅς. 1888. 

5. A straight line moves so that the intercept made 
on it by two fixed straight lines subtends a constant angle 
at a fixed point, shew that it touches a conic having this 
point as a focus. [TRIN. 1888. 


6. If AB are two points of any diameter of a central 
conic section, and C, D two points on the conjugate diameter, 
prove that if the pole of AC hes on BD then also the pole 
of AD hes on BC. [Lonp. Ist B.A., Hon. 1870. 


7. Prove that if two triangles are circumscribed about 
one conic they are inscribed in another. 
[LoNp. 1st B.A., Hon. 1876. 
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8. If any number of circles touch a conic at the same 
point; prove that the chords joining the points of inter- 
section are all parallel. [ΠΟΝΡ. 2nd B.A. 1873. 


9. A series of conics have a common focus and 
directrix. Any straight line drawn at right angles to the 
directrix meets the conics in points P, Q, R.... Prove 
that the feet of the perpendiculars drawn from the common 
focus on the tangents at P, Q, R ... all lie on a straight line 
passing through the foot of the directrix. [JES. &c. 1888. 


10. Shew that the locus of either extremity of the major 
axis of an ellipse inscribed in an isosceles triangle with that 
major axis parallel to the base, is a parabola with its vertex 
at the middle point of the perpendicular on the base from 
the vertex of the triangle. [J ES. &c. 1888. 


11. Two conics have a focus and directrix in common; 
and P, Q are two points, one on each conic, such that the 
angle PSQ is constant and equal to a. Prove that the 
tangents at Pand Q intersect on a conic with the same focus 
and directrix. [Jon. 1887. 


12. Prove that, if the lines joining to the foci any 
point P on a conic meet the conic again in Q and R, the 
line QR is always a tangent to a concentric and coaxial 
conic. [Jou. 1887. 


13. The tangent at a moveable point P of a conic 
intersects a fixed tangent in Q, and from S the focus a 
straight line is drawn perpendicular to SQ and meeting 11 
R the tangent at P; shew that the locus of R is a straight 
line. [JoH. 1888. 


14. The tangent at any point P of a conic cuts the 
transverse axis in 7 and S is the focus; prove that the conic 
is an ellipse, a parabola, or a hyperbola, according as ST 1s 
greater than, equal to, or less than SP. [TRIN. 1886. 


15. C is the centre of a given conic, O is a given 
point, and CO meets the conic in a point between C and O; 
a straight line OP.RQ meets the conic in P and Q, and 
the diameter conjugate to CO in a point & between P and 

RP EF 
PO QO 
OP RQ. [TRIN. 1886. 


Q; prove that is independent of the direction of 
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16. Prove that the locus of the points of contact of 
parallel tangents to a series of confocal conics is a rect- 
angular hyperbola passing through the foci of the confocals. 

(TRIN. 1587. 

17. A conic has a given focus “S, and a given focal 
chord PSQ. If the normal at P cuts the axis in G, find the 
locus of G. [ΡΕΜΗ, 1886. 


18. A conic is described passing through a given point 
P and having at that point a fixed tangent PT. The 
major axis 1s perpendicular to a fixed line PU and is equal 
to a given line. Shew that the centre lies on a hyperbola 
whose asymptotes are PU, PT. 


19. If P be any point on a conic, PA the perpen- 
dicular on the directrix and AP be produced until PQ is 
equal to the focal distance of P, then the locus of Q is 
another conic. [CaTH. 1887. 


20. Give a linear plane geometrical construction for 
drawing the common tangents of two conics which have 
at least two real points of intersection. [JoH. 1886. 


21. Spheres are drawn passing through a fixed point 
and touching two given planes. Prove that the points of 
contact le on two circles, and that the locus of the centre 
of the sphere 1s an ellipse. 


If the angle between the planes 15 the angle of an equi- 
lateral triangle, prove that the distance between the foci 
of the ellipse is half the major axis. [Jon. 1887. 


22. TP, PQ are two tangents to a conic, focus 5, cutting 
the corresponding directrix in L, M respectively: prove 
that TS bisects the angle LSM. [ PET. 1885. 


23. Given one of the foci of a conic inscribed in a 
triangle, shew how to find the other focus. Is more than one 
solution possible ? [PET. 1885. 


24. Prove that the locus of the middle points of focal 
chords of a conic section is a similar conic section. 

[ PET. 1886. 

25. Two similar and similarly situated conics intersect 

in A, B. A common tangent meets them in P, Q, and 


PQ is produced to a point R, so that QR — PQ. If RA, 
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RB meet the conic through P in H, A, and if HK meet 
QP produced in S, prove that PS = PQ. [ΡΕΤ. 1886. 


26. A conic circumscribes a triangle ABC, and one 
focus lies on BC, find the envelope of the corresponding 
directrix. If 4 be a right angle shew that the envelope is a 
parabola whose focus is A and directrix BC. (Trin. 1885. 


27. Prove that if A, B and C are three given points, 
two parabolas can be drawn through A and B with C as 
focus, and that the axes of these parabolas are parallel 
to the asymptotes of the hyperbola which can be drawn 
through C with its foci at A and B. [TRIN. 1886. 


98. If two conics have a common directrix their four 
points of intersection lie on a circle. (Carus, 1885. 


29. Prove that the locus of the intersection of tangents 
to an ellipse which make equal angles with the major and 
minor axes respectively, and are not at right angles is a 
rectangular hyperbola whose vertices are the foci of the 
ellipse. [CHR. &c. 1885. 


30. The asymptote CP of an hyperbola intersects an 
ellipse whose major and minor axes are respectively its 
conjugate and transverse axes in the point P: shew that 
if CP be produced to 7" so that PP' = CP, and PM, POM 
be drawn perpendicular to Cd meeting it in M, J’ re- 
spectively, Q being the intersection of P'QM’ and the 
hyperbola, QM 1s the tangent at Q. [5ΙΡ. 1861. 


31. The two pairs of common tangents to two similar 
and similarly situated ellipses intersect in S, S’, and are cut 
by a tangent to one ellipse in VT, VT" and by a tangent to 
the other in vt, vt. Shew that if V't' pass through S, Tv 
will also pass through 5. [TRIN. 1861. 


32. A parabola and a central conic intersect in four 
points, A, B, C, D; prove that the axis of the parabola is 
parallel to one of the lines Joining the extremities of the 
diameters of the conic which are parallel to AB and CD. 

[Jon. 1861. 

33. The tangents at two points P’, Q of a conic meet 

in 0), and from O are drawn two straight lines cutting the 
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conic and making equal angles with the transverse axis. 
If they meet PQ in M, N, and the middle points of the 
chords be R, S, shew that R.MNS lie on a circle. 
( PET. 1882. 
34. Two conics have their directrices parallel, and the 
same focus S: if any straight line through S meet the two 
conics in P and Q, find the locus of the middle point of PQ. 
[Cun. 1832. 
35. A, D, C are any three fixed points; through 4 any 
straight line is drawn which cuts a given conic in the 
points P, Q. Shew that the locus of the intersection of 
PB and QC is a conic. [JEs. 1886. 


36. O is a fixed point, and P any point on a given 
straight line. PQ is taken along the line always in a 
constant ratio to OP. Prove that the line joining P to the 
middle point of OQ always touches a conic whose focus is 0. 

[55. 1886. 

37. Prove that if an ellipse and a hyperbola are confocal 
they intersect each other at right angles, and that the 
asymptotes of the hyperbola pass through the points on the 
auxiliary circle of the ellipse which correspond to the points 
of intersection. (Jou. 1886. 


38. A line AB is drawn from a fixed point A to meet 

a fixed circle in B: through B a line BC is drawn perpen- 

dicular to A B, to meet a concentric circle in C. Shew that 
a line through C parallel to AB touches a conic. 

[PET. 1884. 

39. Two tangents are drawn from a point on the direc- 

trix to a central conic, and the points of contact joined. 

Shew that the locus of the orthocentre of the triangle thus 

formed is a conic similar to the given one. [PET. 1884. 


40. A fixed straight line meets one of a system of 
confocal conics in two points. Prove that the locus of the 
point where the normals at these points intersect is a straight 
line. | PET. 1884. 

41. With any point on the directrix of a given parabola 
as focus and the focus of the parabola as the other focus, 
an ellipse or hyperbola is described, shew that the tangents 
and normals at its points of intersection with the directrix 
are also tangents to the parabola. [PET. 1884. 
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49. <A fixed chord PQ of a conic meets any diameter 
in N, and the ordinate to this diameter through N meets 
the tangents at P and Q in H, K. Prove that HK is bi- 
sected at N. [CArvus, 1883. 


43. If any two chords PQ, PQ’ be drawn through a 
point P of a conic and perpendiculars to the chord through 
Q and ( meet the normal at P in N, Ν΄ respectively, shew 
that PN, ΡΝ’ are to one another as the squares of the 
diameters of the conic parallel to PQ, PQ. [ PET. 1885. 


44. If A, B,C, D are four points on a conic the normals 
at which meet in a point, prove that the sum of the squares 
of the diameters parallel to AB and CD is equal to the sum 
of the squares of the diameters parallel to AC and BD. 

[CLARE, 1885. 


45. A parabola passes through two fixed points A, B at 
a distance 2a apart, and has a straight line distant c from 
the middle point of AB as directrix. Shew that the locus 
of the focus of the parabola is a conic section, which is an 
ellipse or a hyperbola, according as c is greater or less 
than a. [ TRIN. 1884. 


46. A circle 1s drawn on a sheet of paper and the 
paper is folded so that one corner of the sheet lies on the 
circumference of the circle. Prove that as this corner 
moves about on the circle the crease on the paper will en- 
velope a conic. [TRIN. 1884. 


47, A semicircular piece of paper is folded over so that 
a particular point P on the bounding diameter lies on the 
circular boundary; prove that the crease-line touches a 
fixed conic. (TRIN. 1885. 


48. If a circle and a conic intersect in the points B, C, 
D, E then the lines bisecting the angles between BC and 
DE, BD and CE, BE and CD are each parallel to one of two 
given straight lines. [Carus, 1885. 


49. TP, TP’ are tangents to a conic, PG, P'G' are 
normals at P, P': prove that TP : TP :: PG: P'G. Prove 
also that if GZ, G'L' ave drawn perpendicular to PP’, then 

ppp [Cun. 1885. 
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50. Two tangents to a conic are drawn from any point T 
touching the conic in P and Q, any straight line drawn 
parallel to TP meets TQ in L, PQ in M and the conic in R, 
S: shew that LO — LR. LS. [Qu. 1885. 


51. P, Q are any two points on an ellipse whose foci 
are S, H; SP, HQ intersect in M, SQ, HP in ÑN, and the 
bisectors of the angles QSP, QHP in R. Shew that RP, 
RQ are tangents to the ellipse, and M, N are points on a 
confocal hyperbola to which RM, RN are tangents. 

(JES. 1885. 

52. Given a line, a circle with centre O, and a point S: 
a variable point # on the line is joined to S by a line which 
meets the circle in U, V, and lines are drawn from S parallel 
to OU, OV to meet RO in points P and Q; shew that the 
locus of these points is a conic with S as focus and the given 
line as directrix. 


Deduce from this mode of generation that tangents from 


any point to a conic subtend equal angles at a focus. 
[JoH. 1884. 


53. Prove that the diagonals of a curvilinear quadri- 
lateral formed by the intersection of two confocal ellipses 
with two confocal hyperbolas are equal. 

Shew that these results are also true for a system of 
confocal and coaxial parabolas. [Jon. 1884. 


54. A hyperbola is described having a focus of an 
ellipse for focus, and the tangent at the corresponding 
vertex for directrix. Prove that tangents to the ellipse 
from points in which the hyperbola cuts the minor axis of 
the ellipse are parallel to the asymptotes of the hyperbola. 

[Jon. 1884. 


55. An ellipse and a hyperbola have the same foci and 
meet in P. PYZ is a tangent to the hyperbola at P; 
SY . HZ the focal perpendiculars. Prove that 


PY PZ = Be, 
where ΖΒ’ is the minor axis of the ellipse. [ PET. 1884. 


56. An ellipse is met in P and Q by a rectangular 
hyperbola having for asymptotes the axes of the ellipse. 
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PM, QN are ordinates drawn to the axis CA; PR, QT 
to CB. Prove that 

CM? + CN? = CA’, 
and that CN COR S οἱ CB. [PET. 1884. 


57. From a fixed point O on the circumference of a 
circle a chord OA is drawn, and produced to B so that the 
difference of the squares on OB and OA is constant, prove 
that the line through B perpendicular to OB will touch a 
conic of which O is centre and the other extremity of the 
diameter of the circle through O is a focus. — [CLARE, 1884. 


58. Given a focus S and two tangents to a conic, prove 
that the envelope of the minor axis is a parabola of which 
the focus is 8. (TRIN. 1884. 


59. A focal chord PSQ of a conic is given in position 
and the position of the axis is also given. Trace the conic. 
[PEMB. 1884. 
60. Prove by projection that, if ACA’ be the major 
axis of an ellipse, and P.NP' a double ordinate bisecting 
CA’ at N, the tangent at P is parallel to AP’. 
[ PEMB. 1884. 
61. An ellipse and a hyperbola are concentric and co- 
axial, and a point P is such that its polars with respect to 
the two are at right angles and intersect in Q; prove that 
the locus of P is two straight lines through the centre C, 
and the locus of Q is two other straight lines through the 
centre; but that if the conics be confocal, C, Q and P are in 
one straight line and CP . CQ is constant. [CHR. 1884. 


62. Given the focus, directrix and eccentricity, give a 
geometrical construction for the points where a given 
straight line drawn through the focus cuts the curve. 

[QU. 1884. 

63. PQ is any chord of a conic, PG, QH the normals, 
G, H being on the axis, GL, HK are perpendiculars on PQ, 
shew that PL = QK. [CATH. 1884. 


64. Prove that if A, B,C are three given points, two 
parabolas can be drawn through 4 and # with C as focus, 
and that the axes of these parabolas are parallel to the 
asymptotes of the hyperbola which can be drawn through C 
with its foci at A and 7) (TRIN. 1885. 
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65. If a parabola, having its focus coincident with one 
of the foci of an ellipse, touches the conjugate axis of the 
ellipse, a common tangent to the ellipse and parabola will 
subtend a right angle at the focus. (TRIN. 1885. 


66. ACA’ and BCB’ are the transverse and conjugate 
axes of an ellipse, of which S and δ΄ are the foci, P is one of 
the points of intersection of this ellipse and a confocal hyper- 
bola, and aCa' is the transverse axis of the hyperbola. Prove 


that SP=Aa, SP=A'a, and aB=CP. 
(TRIN. 1885. 
67. Two fixed points P, Q are taken in the plane of a 
given circle, and a chord AS of the circle is drawn parallel 
to PQ, prove that for different positions of AS the locus of the 
point of intersection of RP and SQ is a conic. [TRIN. 1886. 


68. A circle passes through a fixed point and cuts a 
given straight line at a constant angle. Prove that the 
locus of the centre 1s a conic. [JEs. 1854. 


69. A chord of a conic subtends a given angle at the 
focus. Prove that the tangents at its extremities will inter- 
sect on a conic having the same focus and directrix as the 
original conic. [Jou. 1883. 


70. An ellipse and hyperbola have the same transverse 
axis, and their eccentricities are the reciprocals of one an- 
other; prove that the tangents to each through the focus 
of the other intersect at right angles 1n two points and also 


meet the conjugate axes on the auxiliary circle. 
[Jon. 1884. 


71. From any point Q on a central conic, QS, QH are 
drawn to the foci S, H, meeting the conic again in P, P’; 
shew that if the tangents at P, P meet in T, QT is bisected 
by the minor axis and the locus of 7' 1s a conic. 

[PET. 1883. 


72. Through two points on a central conic shew that 
two circles can be described to touch the conic; and that 


the points of contact are at the extremities of a diameter. 
[Cai1vs, 1883. 
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CON E. 


1. If S be a point within the cone; A its vertex, dB its 
axis; shew that the difference of the acute angles made 
with AB by the planes of the sections having S for a focus is 
twice the angle SAB. Π. C. S. 1887. 


2. Shew how to obtain from a given cone a section 
which shall have the greatest possible eccentricity. 

[I. C. S. 1886. 

3. Under what circumstances may the section of a cone 

by a plane be a rectangular hyperbola? In such a case 

shew how to determine the necessary inclination of the 

cutting plane. [I. C. 5. 1885. 


4. Shew how to find the centre and the asymptotes of a 
hyperbolic section of a cone. Also shew how to cut from 
a given cone a hyperbola, whose asymptotes shall contain the 
greatest possible angle. (1. C. S. 1884. 


5. Prove that the minor axis of an elliptic section of a 
right cone is à mean proportional between the diameters of 
the circular sections of the cone, made by planes drawn 
through the extremities of the major axis of the ellipse. 


If the ellipse be projected upon a plane perpendicular to 
the axis of the cone, shew that the distance between the 
foci of the curve of projection is equal to the difference 
between the radii of the same two circular sections. 


6, From a given right circular cone is cut a series of 
parabolas the axes of which intersect a given straight line 
OM which passes through the vertex O. If any section 
intersect OM at N, shew that the ratio O.N? : AN.CL is 
constant for all the parabolas, where A is the vertex of the 
section and C the centre of its focal sphere, aud L is the 
point where the section cuts the axis OL of the cone. 

[ΡΕΜΒ. 1887. 

7. If two sections of a cone have a common directrix, 
the latera recta of the sections are in the ratio of their eccen- 
tricities. [J Es. &c. 1888. 

8. Prove that the locus of the centres of all plane 
sections, for which the distance between the foci 19 the same, 
1s a right circular cylinder. [Jonu. 1888. 
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9. Prove that the centres of all sections having their 
minor axis of the same length lie on the surface furmed by a 
hyperbola revolving about its transverse axis. [ PET. 1887. 


10. What conditions are necessary in order that it may 
be possible to construct an elliptical cone passing through 
two given circles in different planes? [TRIN. 1887. 


1l. Shew that the locus of the vertices of all right 
cones out of which an ellipse given both in magnitude and 


position can be cut, is a hyperbola passing through the foci 
of the ellipse. [JEs. 1887. 


12. Shew how to draw a plane cutting a given right 
cone in an ellipse of given eccentricity and having a major 
axis of given length. [ΟΑΤΗ. 1887. 


13. If the vertical angle of a cone be a right angle, 
shew that the square of the sum of the radii of the two 
contact spheres of a section by a plane is equal to the sum of 
the squares of the axes of the section. [PET. 1886. 


14. Two right circular cones whose vertical angles are 
right angles, have their vertices and one generating line 
coincident, prove that when a section of each is made by the 
same plane, the minor axis of the one section is equal to the 
conjugate axis of the other. ~ [CLARE, 1886. 


15. Prove that the latera recta of parabolic sections of a 
right circular cone are proportional to the distances of their 
vertices from the vertex of the cone. [ΤΕΙΝ. 1886. 


16. Through a fixed rectangular hyperbola a series of 
right circular cones is described. Prove that the locus of 


their vertices is an ellipse with eccentricity ya: 


[PEMB. 1885. 


17. If P be a common point of two intersecting spheres 
which are inscribed in a right cone, shew that the tangent 
planes at P will make equal angles with the d ‘line 
drawn from P to the vertex of the cone. [Τ. Η. 1886. 


18. Any section of a right circular cylinder by a plane 


not parallel or perpendicular to its axis 1s an ellipse. 
[Qv. 1886. 
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19. Different elliptic sections of a right cone are taken 
such that their axes are equal (the major axes all being in 
one plane). Shew that the locus of their centres is a hyper- 
bola. [ΟΑΤΗ. 1886. 


20. Determine the parabolic section of a given cone, 
which shall have its latus-rectum of a given magnitude. 

[T. H. 1881. 

?]. Prove that the semi minor axis of an elliptic section 

of a right cone is a mean proportional between the perpen- 

diculars drawn from the vertices of the ellipse upon the axis 

of the cone. If V be the vertex of the cone, R the point 

where the axis of the cone cuts AA’, the major axis of the 

section, prove that 
CR : CA :: CS : AV + CS. [ΤΕΙΝ. 1861. 


22. A series of elliptic sections of a right circular cone 
are made by parallel planes; shew that the auxiliary circles 
lie on a right cone having for its base an ellipse similar to 
the given ellipses. [T. H. 1882. 


23. Two cones have their vertical angles supplementary ; 
prove that the sum of the squares of the reciprocals of the 
greatest eccentricities of conics, obtained from them by plane 
sections, 1s unity. | TRIN. 1885. 


24. Shew how to draw a section which shall have a 
given straight line for directrix, the given straight line being 
perpendicular to the axis of the cone. (Qu. 1885. 


25. Given an ellipse and a right circular cone, place the 
ellipse so as to be a plane section of the cone. [TRIN. 1884. 


26. Prove that the latus-rectum of a plane section of a 
cone varies as the perpendicular from the vertex of the cone 
upon the plane of section. [ TRIN. 1884. 


27. If two different plane sections οἵ a cone have a com- 
mon directrix the line joining their foci goes through the 
vertex of the cone. [Qv. 1884. 


28. If the angle of a cone be a right angle, prove that 
the semi-latus-rectum of a section 1s a mean proportional 
between the segments of the major axis made by a perpendi- 
cular on it from the vertex of the cone. . [Ca Tu. 1884. 
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29. Two cones which have a common vertex, their axes 
at right angles, and their vertical angles supplementary are 
intersected by a plane at right angles to the plane of their 
axes. Prove that the distances of either focus of the elliptic 
section from the foci of the hyperbolic section are equal 
respectively to the distance from the vertex of the ends of the 
transverse axis of each, and that the sum of the squares on 
the semi-conjugate axes is equal to the rectangle contained 
by these distances. (Trin. 1885. 


30. If the minor axis of the section of a cone be constant, 


prove that the centre of it lies on a hyperboloid of revolution. 
[JEs. 1884. 


APPENDIX. 
ELLIPSE. 


PROPOSITION I. (continued). 


To prove that the curve lies between lines drawn through A and A’ at right 
angles to the axis. 

On SN or SN produced mark off Sk=e XN. 

We must consider in what positions of N, NP meets the circle whose 
centre is S and radius e. XN; i.e. whether SK is greater or less than SN. 


Case l. If N is between S and 4. 











K N 
he 4 S A 
Sk=e.NX>e.XA or SA; 
^ SA>SN. 
Case 2. If N is between S and A'. 
N Kk 
A d S A’ 
Sh=e.XN, 
and SA'—e.XA'; 
. by subtraction K4'—e.NA'- NA'; 
^ SK>SN, 
Case 3. If Ν is in SA’ produced. 
KN 
X d S 4’ 
SK-—e.XN, 
and SA'—e.XÀ'; 
.. by subtraction A'R —e.A'N « A'N; 
. SK «SN. 
Case 4. If N is between 4 and X. 
N K 
X aA S A’ 
Shk=e.NX<e.AX or SA; 
. SK «SN. 
Case 5. If N isin SX produced. 
N K 
X A S ae 


SH=e.XN<NXN<SN. 


We have now proved that the circle intersects the perpendicular NP, 
when N is in any part of the axis 44’ between A and 4’, but not when N 
lies outside the part 44’, hence the ellipse lies entirely between lines drawn 
through 4 and 4’ at right angles to the axis, 
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PROPOSITION I. (continued). 


To prove that the curve lies outside lines drawn through A and A’ at right 
angles to the axis. 


On SN or SN produced mark off Sk=e. XN. 
We must consider in what positions of N, NP meets the circle whose 
centre is S and radius e. NX ; i.e. whether SK is greater or less than SN. 


Case 1. If N is between 4 and X. 


A' X A S 
Sh=e.NX<e.dAX or SA; 
ed SK < SN. 
Case 2. If N is between X and Δ΄. 


N K 
ee πι ee 
Sk=e. XN, 
and SA’=e. XA’; 
.'. by subtraction, KA'—e.NA' > NA', 


2. SA<SN. 
Case 3. If N is in SA’ produced. 


AN 
A’ X A S 
SK=e. XN, 
and SA'’=e. XA’; 
.. by subtraction, Ὃ A'kh=e.AN>A'N, 
.. SA>SN. 
Case 4. If N is between 4 and S. 
K N 


SK=e.NX>e.AX or Sd; 
^. SK>SN, 


Case 5. If N isin AS produced. 


A’ A 4 S 
Sh=e.XN>XN>SN., 


We have now proved the circle does not intersect the perpendicular NP, 
when N is in any part the axis 44’ between 4 and A’, but they do intersect 
when N lies outside the part 44’, hence the hyperbola lies entirely outside 
the lines drawn through 4 and dA’ at right angles to the axis. 
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PREFACE. 


THIS work contains elementary proofs of the principal 
properties of Conics, and is intended for students who 
proceed to the study of the subject after finishing the 
first six books of Euclid; the curves have not, therefore, 
been defined as the sections of a cone, although that 
method has the sanction of history and antiquity in its 
favour; and for the same reason, no use has been made 
of the method of projections. 

As regards the arrangement of the subject, I have 
thought it best to devote separate chapters to the para- 
bola, the ellipse, and the hyperbola. The plan of starting 
with a chapter on general conics, in which some funda- 
mental propositions are proved by methods applicable 
to all the three curves, has no doubt the advantage of 
securing an appearance of brevity. But, I believe, be- 
ginners find the subject more intelligible when the pro- 
perties of the three curves are discussed separately. 
Besides, in the other method students, and even writers 
of text-books, are apt to overlook the necessity of 
modifying an argument on account of the fundamental 


vi J GEOMETRY OF CONICS. 


difference in the figures of the several curves; see, for 
instance, Chap. IL, Prop. x., and Chap. III., Prop. ix., 
which are ordinarily proved by identically the same 
argument. Also, as the properties of the hyperbola are 
proved, wherever possible, by the same methods as the 
corresponding properties of the ellipse, it is obvious that 
this arrangement does not tend to increase the work of 
the student. 

As to the propositions included in each chapter and 
their sequence, I have not been able to adopt wholly the 
scheme of any previous writer; but I venture to hope 
that the book includes all the classical propositions on 
the subject, arranged in their proper logical order. 
Every attempt has been made to render the proofs 
simple and easily intelligible, though I have never sacri- 
ficed accuracy to brevity. Thus, for instance, I have 
not followed the practice of referring to a proposition 
when the truth of its converse is really assumed—a 
practice which has, in at least one instance, led to a 
remarkable error in the treatment of conjugate dia- 
meters in a famous text-book. Nor have I attempted 
to secure a fictitious appearance of conciseness by adding 
to each proposition a list of corollaries by no means less 
important than the proposition itself, and freely using 
them for the purpose of deducing subsequent proposi- 
tions. 

The exercises, of which there are about eight hundred, 
have been selected with great care; more than six hun- 
dred of these are placed under the different propositions 
from which they may be deduced; they are for the most 
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part of an elementary character, and have been carefully 
graduated. Hints and solutions have been liberally 
added, and these, it is hopéd, will prove materially 
helpful to the student, and render the subject attractive. 
The attention of the student has also been directed to 
various methods of graphically describing the curves, 
including those used in practice by draughtsmen, and 
some very neat problems have been added from Newton, 
Book I., Sections iv. and v. 

At the end of the table of contents will be found a 
course of reading suitable for beginners. 


CALCUTTA, 
19th April, 1893. 
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GEOMETRY OF CONICS. 


INTRODUCTION. 


A Conic is a curve traced by a point which moves in a 
plane containing a fixed point and a fixed straight line, 
in such a way that its distance from the fixed point is in 
a constant ratio to its perpendicular distance from the 
fixed straight line. 

The fixed point is called the Focus. 

The fixed straight line is called the DIRECTRIX. 

The constant ratio is called the ECCENTRICITY, and is 
usually represented by the letter e. 

When the eccentricity is equal to unity, the Conic is 
called a PARABOLA (e-— 1). 

When the eccentricity is less than unity, the Conic is 
called an ELLIPSE (e < 1). 

When the eccentricity is greater than unity, the Conic 
is called a HYPERBOLA (e > 1). 

The straight line drawn through the focus perpen- 
dicular to the directrix is called the Axis of the Conic. 

The point (or points) in which the axis intersects the 
Conic is called the VERTEX. 


The Conics are so called from the circumstance that they are, 
and were originally studied as, the plane sections of the surface 
A 
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of a right circular cone, which is a surface formed by the revol- 
ution of a right-angled triangle about one of its sides. This 
conception does not lead to the simplest way of investigating 
the properties of Conics, as it necessitates a knowledge of the 
geometry of solids. In order to restrict the discussion of these 
curves to the domain of plane geometry, they have been defined 
as above. 

The Conics are said to have been discovered by Menaechmus, 
a Greek mathematician who flourished about B.c. 350, and were 
accordingly called after him the “ Menaechmian Triads.” They 
were first systematically studied by Apollonius of Perga (5.0 
247-205). 


CHAPTER I. 


THE PARABOLA. 
DESCRIPTION OF THE CURVE. 


WE have seen that the eccentricity of the parabola is 
unity, that is, the distance of any point on it from the 
focus is equal to its perpendicular distance from the 
directrix. 

The parabola may be mechanically constructed in the 
folowing manner. 





Let S be the focus and MX the directrix ; and let a 
rigid bar KMQ, of which the portions KM and MQ are 
at right angles to each other, having a string of the same 
length as WQ, fastened at the end Q, be made to slide 

3 
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parallel to the axis SX with the end M on the directrix; 
then if the other end of the string be fastened at the 
focus S, and the string be kept stretched by means of 
the point of a pencil at P, in contact with the bar, it 
is evident that the point P will trace out a parabola, 
since SP is always equal to PM. 

Ex. A point moves so that the sum of its distances from a 
fixed point and a fixed straight line is constant. Show that it 
describes a parabola. 


In the above figure, the sum of the distances of P from S and 
the straight line through Q parallel to XYK is evidently constant. 


PROPOSITION I. 


Given the focus and the directrix of a parabola, to 
determine any number of points on it. 





Let S be the focus and MX M' the directrix. Through 
S draw SX perpendicular to the directrix, and bisect SX 
in A; then 4 is a point on the parabola, since SA = AX. 
Take any point JV in SX or SX produced. Through 
N draw PNP’ perpendicular to XN; with centre S and 
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radius equal to XN, describe a circle cutting PNP’ at P 
and P'; then P and P shall be points on the parabola. 

Draw PM and P’M perpendicular to the directrix. . 

Then PS=XN, by construction, and PM = XN, being 
opposite sides of a rectangle; therefore PS— PM. Simi- 
larly it may be shown that P'S— P'M'. Therefore P and 
P' are points on the parabola. 

In like manner, by taking any other point in SX, any 
number of points on the curve may be determined. 


Ex. 1. The parabola is symmetrical with respect to its axis. 
This follows from the fact that PP is bisected at right angles 
by XS. 


Def. A curve is said to be symmetrical with respect 
to a straight line, if, corresponding to any point on the 
curve, there is another point on the curve on the other 
side of the straight line, such that the chord joining them 
is bisected at right angles by the straight line. 


Ex. 2. Alternative Construction—Join the focus S to any point 
M on the directrix ; draw MP at right angles to the directrix, and 
make the angle MSP equal to the angle SHP. P is a point on 
the parabola. 

Ex. 3. Alternative Construction.—Bisect SM in £, and draw 
EP perpendicular to S.M, meeting MP in P. P is a point on the 
parabola. 

For another construction, see Prop. X., Ex. 3. 

_Ex. 4. Describe a parabola of which the focus and vertex are 
given. 

Ex. 5. Given the focus S, and two points P, Q on the parabola, 
construct it. 

The directrix will be a common tangent to the two circles 
described, with centres P, Q and radii SP, SQ respectively. 

Ex. 6. The distance of any point inside the parabola from the 
focus is less than its distance from the directrix. 

Ex. 7. The distance of any point outside the parabola from the 
focus is greater than its distance from the directrix. 

Ex. 8. A straight line parallel to the axis of a parabola meets 
the curve in one point only. 

Ex. 9. There is no limit to the distance to which the parabola 
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ή extend on both sides of the axis, so that the parabola is not 
a closed curve. 

It is obvious that the point ΑΓ may be taken anywhere on the 
axis. 

Ex. 10. Any two right lines drawn from the focus to the curve 
on opposite sides of the axis, and equally inclined to it, are equal ; 
and conversely. 

Ex. 11. If SM meets in Y the straight line drawn through A 
perpendicular to the axis, SY — Y M, and PY is at right angles to 
SM and bisects the angle SPM. 

Ex. 12. If SZ is drawn at right angles to SP to meet the 
directrix in Z, PZ bisects the angle SPM. 

Ex. 13. PSp is a right line passing through the focus and 
meeting the parabola in P and p. PM and pm are perpendicular 
to the directrix. Show that MS is a right angle. 

Ex. 14. The locus of the centre of a circle which passes through 
a given point and touches a given straight line is a parabola. 

Ex. 15. The locus of the centre of a circle which touches a 
given circle and a given straight line is a parabola. 

The focus is the centre of the given circle, and the directrix a 
right line parallel to the given one at a distance from it equal to 
the radius of the given circle. 

Ex. 16. PSp is a straight line through the focus S, cutting the 
parabola in P and p. PN, pn are drawn at right angles to the 
axis. Prove that AN. An-—AS*, 

Ex. 17. Given the directrix and two points on the curve, 
construct it. Show that, in general, two parabolas satisfy the 
conditions. 

Ex. 18. If from a point P of a circle, PC be drawn to the 
centre C, and R£ be the middle point of the chord PQ drawn 
parallel to a fixed diameter ACD; then the locus of the inter- 
section of CP and AR is a parabola. 

The focus will be at C, and the directrix will be the tangent to 
the circle at A. 


PROPERTIES OF CHORDS. 
Def. The chord (ΩΩ) of a conic is the finite straight 
line joining any two points (Q, Q’) on the curve. 


Def. A focal chord (PSp) is any chord drawn through 
the focus (9). 


Def. The latus rectum (LL) of a conic is the focal 
chord drawn at right angles to the axis. 
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Def. The focal distance (SP) of a point (P) on a conic 
is its distance from the focus. 

Def. The ordinate (P.N) of & point (P) on a conie is 
the perpendicular from the point on the axis. 

Def. The abscissa (AN) of a point (P) on a parabola, 
with respect to the axis, is the portion of the axis be- 
tween the vertex and the ordinate of the point. 


Proposition II. 


The latus rectum of a parabola is equal to four times 
the distance of the focus from the vertex (LL' —44À5). 
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Let LSI be the latus rectum. Draw LM perpendicular 
to the directrix. 


Since the parabola is symmetrical, with respect to the 
axis, LS=L’S. Therefore 


LL'—-2LS-292LM-2XS-4A8S. 


Ex. 1. Find a double ordinate of a parabola which shall be 
double the latus rectum. 
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Ex. 2. The radius of the circle described about the triangle 
LAL'—$£ latus rectum. 


Ex. 3. Find the point O in a given ordinate PN, such that OR 
being drawn parallel to the axis to meet the curve in R, ON+ OR 
may be the greatest possible. [04V —2A5.] 


*PROPOSITION III. 


Any focal chord of a parabola is divided harmoni- 
cally by the curve, the focus, and the directriz. 


Def. A straight line AB is said to be divided har- 
monically in O and Ο’,1 it is divided internally in 0 and 
externally in O’, in the same ratio, that is, if 


4Α0:0Ε5- Α0’:0Ρ. 





Produce the focal chord PSp to meet the directrix in D, 
and draw PM, pm from P, p, perpendicular to the directrix. 
Then, from the similar triangles DMP, Dmp, 
PD: pD=PM:pm. 
But PM = PS, and pm = S. 
Therefore PD:pD-PS:98. 
Hence Pp is divided harmonically in S and D. 
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9 
Ex. 1. Prove that PS 5D = Pa 


1 2 
Ex. 9. Prove that apt hs Dp —Dps 


Ex. 3. The semi-latus rectum is a harmonie means between 
he two segments of any focal chord of a parabola. 


Ex. 4. Focal chords of a parabola are to one another as the 
‘ectangles contained by their segments. 


PROPOSITION IV. 


The square of the ordinate of amy point on a, para- 
οἷα is equal to the rectangle contained by the latus 
‘ectum and the abscissa (PN? 2 4AS. AN). 





Draw PM perpendicular to the directrix, and join SP. 
Then, because XS is bisected in A and produced to N, 


NX*=SN?+4AS. AN. [Euc. II. 8. 
But NX =PM=SP. 
Therefore NX? =SP?=SN?2+ PN. [Euc. I. 47. 
Therefore PN?*—4AS.AN. 
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Ex. 1. If PL be drawn at right angles to AP, meeting the axis 
in 7, XL is always equal to the latus rectum. 

Ex. 2. Ifa circle be described about the triangle SPJ, the tan- 
gent to it from A —4PN. 

Ex. 3. A straight line parallel to the axis bisects PN, and meets 
the curve in Q; NQ meets a line through A at right angles to the 
axis, in 7. Prove that 3.47—2. PN. 

Ex. 4. If SQ be parallel to AP, and QM be the ordinate of Q, 
prove that SJ/?— AM . AN. 

Ex. 5. If O be any point on a double ordinate PV?’, and 0Q 
parallel to the axis meets the curve in Q, show that 

(1) OP.0P =4AS8.0Q; 
Gi.) PV:0N=OR: QR. 

Ex. 6. PNP’ is a double ordinate of a parabola. Through Q, 
another point on the curve, straight lines are drawn, one passing 
through the vertex, the other parallel to the axis, cutting PP’ in ᾖ, 
U. Prove that PV?= NI. NU. 

Ex. 7. A circle has its centre at A, and its diameter is equal to 
348. Show that the common chord of the circle and the parabola 
bisects AS. 

Ex. 8. AP, BQ are two lines at right angles to AB; A is joined 
to any point Q on BQ; a point O is taken on AQ such that the 
perpendicular OV on AP=BQ. Prove that the locus of O is a 
parabola. [Axis, AP; Latus rectum, AB.] 

Ex. 9. PM, QN are the ordinates of the extremities of two 
chords AP, AQ which are at right angles to each other. Prove 
that AM. AN=(Latus rectum). 

Ex. 10. The latus rectum is a mean proportional between the 
double ordinates of the extremities of a focal chord. (See Prop. I., 
Ex. 16). | 

Ex. 11. PSpisa focal chord ; prove that AP, Ap meet the latus 
rectum in points whose focal distances are equal to the ordinates of 
p and P respectively. (Apply Prop. L, Ex. 16.) 


PROPOSITION V. 


The locus of the middle points of amy system of parallel 
chords of a parabola is a straight line parallel to the 
axis. 

Let QQ’ be one of a system of parallel chords. Draw 
QM, QM’ perpendicular to the directrix. Draw SY 
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perpendicular to QQ’, produce YS to meet the directrix 
in K,and draw KV parallel to the axis. Then KV shall 
bisect QQ’. Join KQ, ΚΩ’, SQ, and SQ. 





Then M KE = KQ: — MQ [Euc. I. 47. 

= KQ? — QS”. 

But KQ'—EY?-QY* [Euc. I. 47. 
and QS?— SY?-r-QY*. [Euc. I. 47. 
Therefore MIC-—-KY?*—SY? 

Similarly M Kk? = KQ?— MQ? 
— KQ- Q'S 
=KY*-SY?. 

Therefore ΜΙΑ ΓΙ, 


but, since KV is parallel to MQ and MQR, QQ is bisected 
at V. 

Now QQ being fixed in direction and KSY being per- 
pendicular to it, AS Y is a fixed straight line and K is a 
fixed point. Therefore KV, which is parallel to the axis, 


- 
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is a fixed straight line bisecting all chords parallel 
to QQ. 

Def. A diameter of any curve is the locus of the 
middle points of a system of parallel chords drawn in 
the curve. 


It has just been proved that the diameters of & parabola are 
straight lines. It will be shown hereafter that the diameters of the 
other conics are also straight lines. It should be observed, however, 
that a diameter is not necessarily a straight line for all curves. 


Def. The half chords (QV, Q'V) intercepted between 
the diameter and the curve, are called the ordinates to 
the diameter. 


Def. The abscissa of a point on a parabola with re- 
spect to any diameter is the portion of the diameter 
intercepted between the ordinate of the point and the 
parabola. 


Def. In the parabola, the vertex of a diameter is the 
point in which it cuts the curve. 


Ex. 1. The perpendicular from the focus upon a system of 
parallel chords intersects the diameter bisecting the chords upon 
the directrix. 


Ex. 2. If a system of parallel chords make an angle of 45° with 
the axis, their diameter passes through an extremity of the latus 
rectum (see Prop. IV.). 


Ex. 3. A parabola being traced on paper, find its focus and 
directrix. 

The direction of the axis is given by the straight line joining 
the middle points of a pair of parallel chords. The position of 
the axis is found by observing that the middle point of any chord 
at right angles to its direction lies on it. At any point ΛΙ on the 
axis draw a perpendicular to it WA —2A4N. Join KA, cutting 
the curve in L, which will be an extremity of the latus rectum. 

Ex. 4. The difference between the segments of any focal chord 
is equal to the parallel chord through the vertex. 

Ex. 5. QSQ' is a focal chord; QM, Q'M' are perpendicular to 
the axis. Show that J/J/' is equal to the parallel chord through 
the vertex. 
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Ex. 6. AP is any chord through the vertex, and ΡΕ is drawn 
at right angles to AP, meeting the axis in E. AE is equal to the 
focal chord parallel to AP. 


Ex. 7. The middle points of any two chords of a parabola 
equally inclined to the axis, are equidistant from the axis. 


Ex. 8. If a parabola drawn through the middle points of the 
sides of a triangle ABC meets the sides again in a, B, y; the lines 
da BB, Y? will be parallel to each other. [Each is parallel to 
the axis. 


PROPOSITION VI. 


The parameter of any diameter of a parabola is four 
times the line joining the focus with the vertex of the 
diameter. 


Def. The parameter of a diameter is the length of the 
focal chord bisected by the diameter. 





Draw SK at right angles to the focal chord PSp, to 
meet the directrix in K; draw PM, pm at right angles 
to the directrix, and K BV parallel to them. Then KBV 
is the diameter bisecting the chord PSp (Prop. V.) 
Join SB. 
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Then, since KSV is a right angle, and KB=BS, we 
have 
| KB=BS=BY, 
Or KV =2BS. 
Now, because Pp is bisected in V, 
Pp=PS+Sp=PM+pm 
—2KV-ABS. 


Ex. 1. Given the length of a focal chord, find its position. 
Ex. 2. Draw a focal chord Psp, such that SP=3Sp. 


Proposition VII. 


The ordinate to any diameter of a parabola at any 
Point is a mean proportional to its parameter and 
the abscissa of the point with respect to the diameter 
(QV2=4BS.BYV). 





Let QQ’ be any chord. Draw SY at right angles to it, 
and produce YS to meet the directrix in K. Draw KBV 
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parallel to the axis, so that BV is the diameter bisecting 
QQ' in V, QV being the ordinate and BV the abscissa. 
[Prop. V. 
Draw SV" parallel to QQ’, and QM, QD, V'C at right 
angles to the directrix, KV and QQ’ respectively. 
Then QD? = MK? 
— KY?—SY?*; [Prop. V. 
and, from the similar triangles QVD, KVY, and V'VO, 
QD:QV—-KY:KXV 


=V’C:V'V 
=SY:V’V. 
Therefore QV2=KV?—V’'V2 
But as KV’ is bisected in B, [Prop. VI. 
KV*—-V'V?--4BV. BV’. [Euc. II. 8. 
Therefore QV2=4BV. BV’ 
=4BS.BY. [Prop. VI. 


Ex. 1. If any chord BR meets QM and ϱ6 in L and VN, prove 
that BL?=BN. BR. 

Ex. 2. If QQ’ meets any chord BR in N, and the diameter 
through R in N’, prove that QV?—- VN. VN’. 

Ex. 3. If QOQ be any chord meeting the diameter BV in O, 
and QV, Q' V’ ordinates to the diameter, then BO?=BV. BV’. | 


But QOV?:BV?=9 V2: BR; 
i BV.BV'—-Dm; 
«“. BV: BR=BR:BV'; 
or BV:RV=BR: RV". 
But BV:RV=Q0B:QE 
=BO:RV’'; 

os BO=BR. 

Ex. 4. If POP’ be the chord bisected by the diameter BOV at 
ο, ΡΟ2Ξ9Υ.9’ Γ’. 

Ex. 5. Through a given point, to draw a chord of a parabola 
which will be divided in a given ratio at the point. 

Through the given point O, draw the diameter BO. Then if V, 
V" be the feet of the ordinates drawn through the extremities of 
the chord sought, it is clear that BV': BV is as the square of the 
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given ratio. Also, BV. BV’=BO?, whence the points V, V' are 
known. 

Ex. 6. If any diameter intersect two parallel chords, the rect- 
angles under the segments of these chords are proportional to the 
segments of the diameter intercepted between the chords and the 
curve. 

If QQ' be one of the chords meeting the diameter BV in V, and 
if O be its middle point, 

QV.Q'V-Q0O* OV? -ABS.BV. 

Ex. 7. QQ'is a fixed straight line, and from any point V in it, 
VB is drawn in a fixed direction such that BV is proportional to 
QV.Q'V. Show that the locus of B is a parabola passing through 
Q, Q and having its axis parallel to BV. 

Ex. 8. Given the base and area of a triangle, the locus of its 
orthocentre is a parabola. 

Ex. 9. BO, B'O are any two diameters. A line is drawn 
parallel to the ordinate to BO, cutting the curve in D, and BO, 
BB’, B'O in O, C, E respectively. Prove that OD?=OC. OE. 
(Through δ’ draw a parallel to ΚΟ.) 


*PRoPOSITION VIII. 


If two chords of a parabola intersect each other, the 
rectangles contained by their segments are in the ratio 
of the parallel focal chords. 





q' En - 


Let the chords QQ’ and gq’ intersect in a point O 
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within the parabola. Bisect QQ’ in V, and draw the 
diameters OR, VB. Draw RW parallel to QQ. 
Then, because QQ’ is bisected in T, - 
Q0.Q'O-QV?—OV? [Euc. II. 5. 


—QV?— RW? 
=4BV.BS—4BW.BS  [Prop. VII. 
=4BS.WV 

=4BS.OR. 


Similarly, if bv be the diameter bisecting qq’, 
q0.q'0 —AbS. OR. 

Therefore Q0.Q0:qg0.qO=4BS: 409; 
that is, as the focal chords parallel to QQ’ and σφ’ respec- 
tively. [ Prop. VI. 

The proposition may be similarly proved when the 
chords intersect outside the curve. 

Ex.1. If two intersecting chords be parallel to two others, the 


rectangles contained by the segments of the one pair are propor- 
tional to the rectangles contained by the segments of the other pair. 


Ex. 2. Deduce Prop. III. 


Ex.3. Given three points on a parabola aud the direction of 
the axis, construct the curve. 


Ex. 4. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines, 


* PROPOSITION IX. 


If a circle intersect a parabola in four points their 
common chords will be equally inclined, two and tivo, to 
the axis. 


Let Q. Q^, q, q' be the four points of intersection. 


Then Q0 .Q'0O—q0.q4q'O. [ Euc. III. 35. 
Therefore, the focal chords parallel to QQ' and qq' are 
equal to each other. [Prop. VILI. 


b 
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And they are therefore equally inclined to the axis, 
from the symmetry of the figure. (See also Prop. I., 
Ex. 10.) 





q' 


Therefore the chords QQ’, gq’ are equally inclined to 
the axis. 

In like manner, it may be shown that the chords Qq 
and q'Q' as well as the chords Qq' and qQ’, are equally 
inclined to the axis. 

Ex. 1. Ifa circle cut a parabola in four points, two on one side 
of the axis and two on the other, the sum of the ordinates of the 


first two is equal to the sum of the ordinates of the other two 
points. (See Prop. V., Ex. 7.) 


Ex. 2. If three of the points are on the same side of the axis, 
the sum of their ordinates is equal to the ordinate of the fourth 
point. 


PROPOSITION X. 


If uny chord QQ’ of a parabola intersects the directrix 
in D, SD bisects the exterior angle between SQ and SQ". 


Draw QM, Q'M' perpendicular to the directrix. 
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Then, by similar triangles, 
QD: QVD=QN : OM 
= SQ: SQ. 


Therefore SD bisects the exterior angle Q’Sq. [Εις VI. A. 





Ex. 1. Given the focus and two points on a parabola, find the 
directrix. 

The point D, being the intersection of the chord Q(' and the 
bisector of the angle Q'Sg, is on the directrix, which touches the 
circle described with Q as centre and radius QS. 

Ex. 2. PQ, pq are focal chords. Show that Pp, Qq, as also Py, 
p), meet on the directrix. 

If they meet the directrix in A, A’, ASA’ is a right angle. 

Ex. 3. Given the focus and the directrix, trace the parabola by 
means of this proposition. (For other constructions, see Prop. 1., 
and Ex. 2, Ex. 3.) 

Determine the vertex 4 as the middle point of SX. Take any 
point D on the directrix ; make the angle DSp equal to the angle 
DSA, and let pS and DA produced meet in P. P is a point on the 
parabola. 

Ex. 4. @ isa point on the parabola. If QA produced meet the 
directrix in D, MSD is a right angle. 

Ex. 5. PQ is a double ordinate, and P.Y cuts the curve in 7": 
show that the focus lies on /”Q. 

Ex. 6. If two fixed points Q, Y on a parabola be joined with a 
third variable point O on the curve, the segment qq’ intercepted on 
the directrix by the chords QO, Q'O produced, subtends a constant 
angle at the focus. 
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The angle gSq’ may be proved to be equal to half of the angle QSQ'. 

Ex. 7. If QQ’ be a focal chord, the angle qSg is a right angle, 
and qX. qg’ Y 2 (semi-latus rectum)? 

Ex. 8. Show that a straight line which meets a parabola will, 
in general, meet it in two points, except when the line is parallel to 
the axis, in which case it meets the curve in one point only ; and 
no straight line can meet the curve in more points than two. 

Let DQ' be any straight line which meets the directrix in D and 
the curve in Q'. Make the angle DSq equal to the angle DSQ', and 
let gS, DQ intersect in @. Then since 

SQ:SQ'2QD:Q'D-QM:Q'M, 
Q is a point on the curve. If, however, DQ’ be parallel to the axis, 
gS will coincide with the axis, and D'Q' will meet the parabola in 
the point Q’ only (the other point of intersection in this case being 
really at infinity). Again SQ, SQ’, being equally inclined to DS, if 
there be a third point of intersection Q”, SQ, SQ" will make the 
same angle with DS, which is impossible. 


PROPERTIES OF TANGENTS. 


Def. A tangent to a conic is the limiting position of a 
chord whose two points of intersection with the curve 
have become coincident. 


Thus, if P and P'be two points on a conic, and if the 
chord PP’ be so turned about P that P’ may approach P, 
then in the limiting position when P’ moves up to P and 
coincides with it, the chord becomes the tangent to the 
conie at P. 

Again, if a chord PP’ moves parallel to itself until P 
and /’ coincide at a point B on the conic, PP’ becomes 
in its limiting position the tangent to the curve at the 
point B. 
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Hence, a tangent may be said to be a straight line 
which passes through two consecutive or coincident 
points on the curve. 

It will be seen that, generally, to a chord-property of a 
conic, there corresponds a tangent-property. 

Thus, in Prop. V., if the chord QQ’ moves parallel to 
itself until Q coincides with Q at the point B on the 
curve, the chord in this its limiting position becomes the 
tangent to the parabola at B, which is thus seen to be 
parallel to the system of chords bisected by the diameter 
BV. (See Prop. XI.) 

* Again, in Prop. VIII., let the chords QQ’, gq’ intersect 
at a point O outside the parabola. Let the chord OQQ' 
be made to turn about the point O, until Q' coincides with 
Q at a point F on the curve, so that OR becomes the 
tangent to the curve at the point R, and OQ, ΟΦ’ become 
each equal to OR. In like manner, let Oqq' be made to 
turn about the point O, until φ’ coincides with q at a point 
r on the curve, so that Or becomes the tangent to the 
curve at the point 7, and Oq, Oq', become each equal to 
Or. Hence, we have the following proposition :— 

The squares of any two intersecting tangents to a 
parabola are in the ratio of the parallel focal chords. 


Ex. 1. If OTO be the tangent to a parabola at T, and if OPQ, 
OP'Q' be a pair of parallel chords, 


ο1”:015-0Ρ.0φ.0Ρ. ορ. 

Ex. ο. If TOO’ be the tangent to a parabola at T, O'P a tangent 
from O’, and OPQ a chord parallel to O'P’, cutting the chord of con- 
tact P'Q in R, prove that OP. 0Q— ORC. 

From Ex. 1, 

0P.0Q9Q:0T*—0'P?* : 0T?=O0R?: OT. 
Cf. Prop. XXI., Ex. 8. 


* Next, in Prop. IX., suppose q to coincide with Q, and 
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therefore also with O; then the circle and the parabola 
will touch each other at O, the chords OQ’, oq’ being 
equally inclined to the axis. Hence 

If two chords OP, OQ of a parabola are equally inclined 
to the axis, the circle round OPQ touches the parabola 
at (). 

Ex. If one of the chords OP be at right angles to the tangent 
to the curve at Ο, the angle OQP is a right angle. 

Similarly, if a circle touches a parabola at O and cuts 
it again in P and Q, the tangent at O and PQ are equally 
inclined to the axis. 


Ex. If a circle touches a parabola at O and cuts it in P and Q, 
and PU, QV parallel to the axis meet the circle in U, V, show that 
UY is parallel to the tangent at O. 

Again, consider Prop. X. Let the chord QQ' be made 
to turn about Q, until Q' coincides with Q, so that the 
chord becomes the tangent to the parabola at the point 
Q. The angle QSQ vanishes, and, therefore, the exterior 
angle Q'Sq becomes equal to two right angles. But 
since SD always bisects the angle Q'Sq, SD will, in this 
limiting position, be at right angles to SQ. Hence the 
following proposition :— 

The tangent to a parabola from any point on the 
directrix, subtends a right angle at the focus. (See 
Prop. XII.) 


Def. A circle or a conic is said to touch a conic at a 
point P when they have a common tangent at that 
point, 


PRoPosiTION XI. 


The tangent to a parabola at its point of intersection 
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with a diameter is parallel to the system of chords 
bisected by the diameter 





Let BV be the diameter bisecting a system of chords 
parallel to QQ”. 

Let QQ’ be made to move parallel to itself, so that Q 
may coincide with V. Since QV is always equal to Q']* 
(Prop. V.), it is clear that Q’ will also coincide with B, or, 
the chord in this, its limiting position, will be the 
tangent to the parabola at B. 


Ex. Draw a tangent to a parabola marking a given angle with 
the axis. 


Ῥποροφ]ιτίιον XII. 


The portion of the tangent to a parabola at any point, 
intercepted between that point and the directrix, subtends 
u right angle at the focus. 


Let any chord QQ’ of the parabola intersect the directrix 
in Z. 


Then SZ bisects the exterior angle (δη. (Prop. X. 
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Now, let the chord QQ be made to turn about Q until 
the point Q’ moves up to and coincides with Q, so that 





| 


the chord becomes the tangent to the parabola at Q. In 
this limiting position of the chord QQ’, since Q and Q 





| 

i 
| 
coincide, the angle QSQ vanishes, and therefore the 
angle Q'Sq becomes equal to two right angles. 


But since 
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«ο 


SZ always bisects the angle 24, in this case the angle 
QSZ is a right angle. 


Ex. 1. Ifa line QZ meeting the curve in Q and the directrix in 
2, subtend a right angle at the focus, it will be the tangent to the 
curve at Q. 

Ex. 2. The tangents at the extremities of the latus rectum meet 
the directrix on the axis produced. 


* PROPOSITION XIII. 


If from any point O on the tangent at P of u parabola 
perpendiculars OU and OI be drawn to SP and the 
directrix respectively, then 

SU-OI. 





Join SZ, aud draw PJM perpendicular to the directrix. 
Because ZSP is a right angle, [Prop. XII. 
ZS is parallel to OU. 
Therefore, by similar triangles, 
SU:SP=Z0:ZP 
= OI: PM. 
But SP-PM; 
therefore SU — Ol. 
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This property of the parabola is the particular case of a general 
property of all conics discovered by Adams. 

Ex. If a line OP meet the parabola at P, and OZ, OU being 
drawn at right angles to the directrix and SP respectively, SU — Ol, 
then OP will be the tangent to the curve at P. 


PnhnoPosiTION XIV. 


The tungent at any point of a parabola bisects the 
angle which the focal distance of the point makes with 
the perpendicular drawn from the point on the directriz, 


and conversely. 





Let the tangent at the point P meet the directrix in Z. 
Draw PM perpendicular to the directrix, and join SI’, SZ. 
Then, since the angle PSZ is a right angle, [Prop. XII. 


SP?+ SZ? 2 PZ?, [Euc. I. 47. 
Also DPM?--MZ?-PZ:S [ Euc. I. 47. 
therefore SI?--SZ?*—PM*-MZ:. 
But SP=PM ; 
therefore SZ = MZ. 


Now, in the two triangles ZPM, ZPX, the two sides 
PM, MZ are respectively equal to the two sides SP, SZ, 
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and the side PZ is common ; therefore the two triangles 
are equal, and the angle SPZ is equal to the angle MPZ, 
that is, PZ bisects the angle S.P M. 

Conversely, if PZ bisects the angle SPM, PZ is the 
tangent at P. For, if not, and if possible, let any other 
line PZ’ be the tangent at P, then by what has been 
proved PZ’ will bisect the angle SPAM, which is im- 
possible; therefore PZ is the tangent at P. 


Note.—It may be shown from the definition of the parabola that 
the straight line which bisects the angle between SP and PM can- 
not meet the curve again in any other point ; hence PZ would also 
be the tangent to the parabola at P, according to Euclid's definition 
of a tangent. 


Corollary.—' The tangent at the vertex of a parabola is at right 
angles to the axis. 

Ex. 1. Show how to draw the tangent at a given point of a 
parabola. 

Ex. 2. Draw a tangent to a parabola making a given angle with 
the axis. 

Ex. 3. If the tangent at P meets the axis in 7, SP— ST. 

Ex. 4. Two parabolas have the same focus, and their axes in the 
same straight line, but in opposite directions. Prove that they 
intersect at right angles. 

Note. —T wo curves are said to intersect at right angles when 
their tangents at a common point are at right angles. | 

Ex. 5. Given the vertex of a diameter of a parabola and a 
corresponding double ordinate, construct the curve. (Apply 
Prop. VII.) 

Ex. 6. If ZP be produced to R, the angles SPR and MPR are 
equal. 

TEX. 7. PZ bisects SV at right angles. : 

Ex. 8. Any point Ο on the tangent at P is equidistant from 
Af and δ. 

Ex. 9. If the tangents to the parabola at Q and @ meet in 0, 
and QM, Q’W be the perpendiculars on the directrix from Q and ς΄, 
OM, OS, OX' are all equal. 

Hence deduce, by analysis, the construction for Prop. XVII.. 
ος to draw two tangents to a parabola from an external 
point O. 

Ex. 10. The tangent at any point of a parabola meets the 
ceca and the latus rectum in two points equidistant from the 

ocus. 
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Ex. 11. The focal distance of any point on a parabola is equal to 
the length of the ordinate of that point produced to meet the 
tangent at the end of the latus rectum, (See Prop. XII., Ex. 2.) 

Ex. 19. Oisa point on the tangent at P, such that the perpen- 
dicular from O on SP is equal to 9445; find the locus of O. (A 
parabola of which the vertex is on the directrix of the given one. 
Apply Prop. VII., Ex. 7.) 

Ex. 13. Ifa leaf of a book be folded so that one corner moves 
along an opposite side, the line of the crease touches a parabola. 

Let the leaf 615 be so folded that S coincides with a point Jf 
on CY; let the crease 77" meet YS, BS in T, T" respectively. 
Draw MP at right angles to CY, meeting 77" in P; join SP. 
Then S?P=PM, LSPT-.MPT; TT", therefore, touches at P a 
parabola, of which the focus is S and directrix C. 


Def. The portion of the axis intercepted between the 
tangent at any point of a conie and the ordinate of that 
point is called the subtamgent. 


* PROPOSITION XV. 


The subtangent of any point of a parabola 4s bisected 
at the vertex, that is, 1s equal to double the abscissa of the 
point with respect to the axis. 










j 
tN 


Let the tangent PT at P meet the axis in Τ. Draw 
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PN, PM perpendicular to the axis and directrix re- 
spectively. 
Then, the angle STP =the angle TPM 


=the angle TPS. [Prop. XIV. 
Therefore ST=SP=PM=XN. 
But AS= AN. 
Therefore AT= AN, 
or NT=2AN. 


Ex. 1. If T is the middle point of AX, prove that V is the 
middle point of AS. 

Ex. 2. The radius οἵ the circle described round the triangle TPV 
is (SP. A.V). 

Ex. 3. The locus of the middle points of the focal chords of a 
parabola is another parabola having the same axis and passing 
through the focus. (Apply Prop. VIL, Ex. 7.) 

Ex. 4. The diameter through P meets at £, a right line through 
S parallel to the tangent at P. Prove that the locus of £ is a 
parabola. 

If En be perpendicular to the axis, nS=V7T=2AN. If δ’ be 
taken on the axis, such that 2 = d S, the relation P.Y?—44,S. AN 
gives En?—4SS'. Sn, showing the locus to be a parabola whose axis 
coincides with that of the original one, whose vertex is at S, and 
latus rectum half that of the original parabola. 


Ex. 5. If SV meets PT in Y, VY=TY. 

Ex. 6. If the tangent at P meets the tangent at the vertex in 
Y, 4Υ:-- 45. AV. 

Ex. 7. If SE be the perpendicular from S on the line through 7? 
at right angles to P7, show that SE?*—AJV.SP. (2SE=PT. 
Apply Prop. IV.) 

Ex. 8. Given the vertex, a tangent and its point of contact, con- 
struct the curve. 

Produce PA to Ρ’, such that 47" — AP; if the circle on AJ” as 
diameter meets the tangent at P in T, TA is the axis. Then apply 
Prop. XIV. 


Ex. 9. Find the locus of the intersection of the perpendicular 
from the vertex on the tangent at any point with the diameter 
through that point. (A right line parallel tothe directrix. Apply 
Prop. IV.) 
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* PROPOSITION XVI. 


The tungents at the extremities of a focal chord of « 
parabola, intersect at right angles on the directria. 





Draw SZ at right angles to the focal chord PSp, meet. 
ing the directrix in Z. Join PZ, pZ, and draw PM, pm 
perpendiculars to the directrix. 


Then ZP?-—ZS?-- SP? 
= ZM* + ΡΛ} [ Euc. I. 47. 
But SP-PM. 
Therefore ZS = ZM. 


Therefore from the triangles ZSP and ZMP, the angle 
SPZ=the angle MPZ, and the angle SZP=the angle 
MZP. [Eue. T. 8. 
Similarly, 
the angle SpZ =the angle mpZ, 
and the angle SZp = the angle mZp. 


Therefore, PZ and pZ are the tangents at P and p. 
[Prop. XLV. 
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Also, 
the angle PZp =} the angle MZS 4-1 the angle mZS 
=one right angle 


Ex. 1. Show that J/n is bisected in Z. 


Ex. 2. If two tangents be drawn to a parabola from any point 
on the directrix, they shall be at right angles. 

Ex. 3. If perpendiculars through P, p, to ZP, Zp respectively 
meet in Ο, the distance of O from tlie dreta ie as PS. ps. 
(Apply Prop. IIL, Ex. 4.) 

Ex. 4. Find the locus of O in Ex. 3. [A parabola having the 
same axis as the given one.] 


Ex. 5. Show that the circle described on the foeal chord Pp as 
diameter touches the directrix at Z. 


Ex. 6. If a circle described upon a chord of a parabola as 
diameter meets the directrix, it also touches it ; and all chords for 
which this is possible, intersect in a fixed point. [The focus.] 

The distance of the middle point of the chord from the directrix 
is always greater than half the chord, unless the chord passes 
through the focus. 


Ex. 7. Tangents at the extremities of a focal chord cut off equal 
intercepts on the latus rectum. (Apply Prop. XIV., Ex. 10.) 


Ex. 8. Prove that SM, Sm are respectively parallel to Zp, ZP. 


Ex.9. The locus of the intersection of any two tangents to a 
parabola at right angles to each other, is the directrix. 


Ex. 10. Given two tangents at right angles, and their points of 
contact, construct the curve. 


PRoPosrrION XVII. 


To draw two tangents to a parabola from an external 
point. 

Let O be the external point. With centre O and 
radius OS, describe a circle cutting the directrix in M 
and JW’. Draw MQ, WQ at right angles to the directrix 
to meet the parabola in Q and Q. Join OQ and OQ; 
these shall be the tangents required. 

Join OS, OM, OM SQ and SQ. 
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oud 


Then, in the triangles OQM, OQS, the sides MQ, QO are 
equal to the sides SQ, QO respectively, and OM is equal 





to OS. Therefore the angles OQM, OQS are equal. 
Therefore OQ is the tangent to the parabola at Q. 

(Prop. XIV. 
Similarly, OY’ is the tangent at Q. 


Note.—For an analysis of the construction, see Prop. XIV., Ex. 9. 


It should be observed that in order that the construction may be 
possible, the circle described with O as centre and with radius OS 
must meet the directrix, that is, the distance of Ο from S must be 
either greater than or equal to its distance from the directrix. 
The former is the case when the point is outside the parabola 
(Prop. L, Ex. 7); and as in this case the circle must intersect the 
directrix in two points only, it follows that two tangents, and no 
more, can be drawn to a parabola from an external point. In the 
second case the point O is evidently on the parabola, and the circle 
touches the directrix, that is, meets it in two coincident points ; 
the two tangents in this case coincide, that 15, only one tangent can 
be drawn to a parabola at a given point on it. The distance of 
any point inside the parabola being less than its distance from 
the directrix (Prop. L, Ex. 6), no tangent can be drawn to a 
parabola from any point within it. 
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Ex. 1. if the point O be on the directrix, show from the 
construction that the tangents intersect at right angles. 

Ex. 2. If O be on the axis produced, at a distance from the 
vertex d =145S, the figure OQSQ will be a rhombus. 

Ex. 3. Alternative Construction. — With the given point O as 
centre and radius OS, describe a circle cutting the directrix in 
JM and M'. The perpendiculars from 0 upon SM and SA" will, 
when produced, touch the curve. (See Prop. I., Ex. 3.) 

Ex. 4. Alternative Construction.—In the figure of Prop. XIII, 
taking O as the given point, draw OJ at right angles to the 
directrix. With centre S and radius equal to OJ, describe a circle ; 
and from O draw OU and OU’ tangents to this circle. SU, SU’ 
produced will meet the parabola in the points of contact of the 
tangents from 0. (See Prop. XIII., Ex.) 

For another alternative construction, see Prop. XXIII., Ex. 13. 


ῬΒΟΡΟΞΙΤΙΟΝ XVIII. 


The two tangents OQ, OQ of a, parabola subtend equal 
angles at the focus; and the triangles SOQ, SOQ’ are 
simular. 





With centre O and radius OS, describe a circle cutting 
σ a 
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the directrix in M and M’; draw MQ, M'Q' at right angles 
to the directrix to meet the curvein Q, Q'. Then OQ and 
OQ are the tangents to the curve from O. [Ῥτορ. XVII. 
Join OM, ΟΜ, OS, SQ, SQ’, and SM, cutting OQ in Y. 
In the two triangles MQY and SQY, the sides MQ, QY 
are equal to the sides SQ, QY, and the angles MQY, SQY 
are equal ; [Prop. XIV. 
therefore the two triangles are equal in every respect; and 
the angles M YQ, SYQ are equal, each being thus equal to 
a right angle. | [Euc. I. 4. 
Now, the angle SQO =the angle MQO, 
and the angle MQO =the angle SMM, 
each being the complement of the angle QM Y. 
Therefore 
the angle SQO =the angle SMM’. 
But the angle SMM'— 3 the angle SOM’, [Euc. III. 20. 
and from the equality of the triangles SOQ’, MOQ, 
[Prop. XVII. 
the angle SOQ' =the angle MOQ, 
or, the angle SOQ =+ the angle SOM. 
Therefore the angle SQO=the angle SOQ. 
Similarly, the angles QOS and OQ'S are equal, as also 
the remaining angles QSO, Q'SO. 
Therefore the two triangles SOQ, SOQ’ are similar. 


Ex. 1. Prove that 
4) SQ.SQ'—S0?; (ii) ο: 0Q72=SQ : SQ. 

Ex. 2. If two tangents drawn from any point on the axis be cut 
by any third tangent, the points of intersection are equidistant 
from the focus. 

Ex. 3. The angle subtended at the focus by the segment inter- 
cepted on a variable tangent by two fixed tangents, is constant. 


Ex. 4. OS and a line through O parallel to the axis make equal 
angles with the tangents, 
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Ex. 5. The straight line bisecting the angle QOQ meets the axis 
in R; prove that SO=SR. 


Ex. 6. If two tangents drawn from any point on the axis be cut: 
by a third tangent, their alternate segments are equal. (Cf. Prop. 
XXI., Ex. 10.) 


Ex. 7. If the tangent and normal at any point P of a parabola 
meet the tangent at the vertex in A and Z respectively, prove that 


KE : SP?=SP— AS: ΑΔ. 


Ex. 8. If from any point on a given tangent to a parabola, tan- 
gents be drawn to the curve, the angles which these tangents make 
with the focal distances of the points from which they are drawn, 
are all equal. 

Each angle is equal to the angle between the given tangent and 
the focal distance of the point of contact. 


Ex.9. Of the two tangents drawn to a parabola from any point, 
one makes with the axis the same angle as the other makes with 
the focal distance of the point. 


Ex. 10. Two parabolas have the same focus and axis, with their 
vertices on the same side of their common focus.  Tangents are 
drawn from any point P on the outer parabola to the inner one. 
Show that they are equally inclined to the tangent at P to the 
outer curve. (Apply Ex. 9, and Prop. XIV.) 

Ex. 11. If the Vp at any point R meets OQ, ΟΦ in q, g, 
show that 0-- ads :Q hg qR : Rg. 

[The triangles ΟΦ, y tps are similar 

Ex.12. Iftangents be drawn "d any point on the latus rec- 
tum, show that the semi-latus-rectum is a geometric mean between 
the ordinates of the points of contact. (Apply Prop. I., Ex. 16, and 
Prop. IV.) 

Ex. 13. If PT, P'T" be two diameters, and 7"V, PF’ ordinates 
to these diameters, show that PV—7P'V'.. (Apply Prop. VII. and 
Ex. 1.) 


Ex. 14. If one side of a triangle be parallel to the axis of a par- 
abola, the other sides will be in the ratio of the tangents parallel 
to them. 


PROPOSITION XIX. 


The exterior angle between any two tangents to a 
parabola 4s equal to the angle which either of them 
subtends at the focus. 
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Let OQ and OQ be the two tangents, and S the focus. 
Join SO, SQ, and SQ”. 

The angle SOQ’ =the angle SQO. [Prop. XVIII. 
To each of these equals add the angle SOQ; therefore the 
angles SOQ and SQO are together equal to the angle 
QOQ. But the exterior angle HOQ is the supplement of 





the angle QOQ' (Euc. I. 13), and the angle OSQ is the 


supplement of the angles SOQ and SQO (Euc. I. 32). 
Therefore 
the angle HOQ’=the angle OSQ 


=the angle OSQ’. (Prop. XVIII. 


Ex. 1. Two tangents to a parabola, and the points of contact of 
one of them being given, prove that the locus of the focus is a circle. 

The circle may be shown to pass through the given point of con- 
tact and the intersection of the tangents, and to touch one of them. 

Ex.2. If a parabola touch the sides of an equilateral triangle, 
the focal distance of any vertex of the triangle passes through the 
point of contact of the opposite side. 

Ex. 3. Given the base AB and the vertical angle C of a triangle 
ACB, find the locus of the focus of a parabola touching CA, CB in 
A and B. 


Ex. 4. (18 the centre of the circle described about the triangle 
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OQQ'; prove that the circle described about the triangle QEQ' 
passes through the focus. 

Ex. 5. A circle passing through the focus cuts the parabola in 
two points. Prove that the exterior angle between the tangents to 
the circle at those points is four times the complement of the exterior 
angle between the tangents to the parabola at the same points. 


* PROPOSITION XX. 


The circle circumscribing the triangle formed by any 
three tangents to a parabola passes through the focus. 





Let the three tangents at the points P, Q, R form the 
triangle pqr. 


Join SP, Sp, Sq, Sr. 
The angle Srp —the angle SP, [Prop. XVIII. 
and the angle Sqp =the angle SPr; [Prop. XVIII. 


therefore the angle Srp —the angle Sqp. 
Therefore the points p, q, r, S lie on a circle, or the 
circle round the triangle pgr passes through the focus. 


Ex. 1l. What is the locus of the focus of a parabola which 
touches three given straight lines 1 
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Ex. 2. A parabola touches each of four straight lines given in 
position. Determine its focus, 

The four circles circumscribing the four triangles formed by the 
gren straight lines, will intersect in the same point, namely, the 
ocus required. Hence, the curve may be described. (See Prop. 
XXIII., Ex. 5.) 


Ex.3. If through p, q, r lines be drawn at right angles to Sp, 
Sq, Sr respectively, they will meet in a point. 


Ex. 4. Prove that the orthocentre of the triangle pgr lies on 
the directrix. (Apply Prop. XII.) 


* PROPOSITION XXI. 


If through the point of intersection of two tangents to 
a parabola a straight line be drawn parallel to the axis, 
it will bisect the chord of contact. 





Let OQ and OQ’ be the two tangents, and let OV 
drawn parallel to the axis meet QQ’ in V and the 
directrix in R. Draw QM and Q'M' perpendicular to 
the directrix, and join OS, OM, OM’. 
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Then OM=0OS=0M’, [Prop. XVI. 
and OR, which is drawn at right angles to the base of 
the isosceles triangle OM M', bisects it. | 

Therefore MR=WM'R. 

But since MQ, RV, M’Q are parallel to one another, 
QV:QV-MR:M'h; i 

therefore QV=QF, 

or, QQ’ is bisected in V. 


Ex. 1. The tangents at the extremities of any chord of a 
parabola meet on the diameter bisecting that chord. 


Ex. 2. The circle on any focal chord as diameter touches the 
directrix. 

Ex. 3. The straight lines drawn through the extremities of a 
focal chord at right angles to the tangents at those points, meet on 
the diameter bisecting the chord. 


Ex. 4. Given two tangents and their points of contact, find the 
focus and directrix. 


Ex. 5. Given two points P, Q on a parabola, the tangent at one 
of the points P, and the direction of the axis, construct the curve. 

If the tangent at P meets the diameter bisecting PQ in T, TQ is 
the tangent at Q. Hence the focus by Prop. XIV. 


Ex. 6. If a line be drawn parallel to the chord of contact of two 
tangents, the parts intercepted on it between the curve and the 
tangents are equal. 


Ex. 7. OP, OQ are two tangents to a parabola, and V is the 
middle point of PQ. Prove that ΟΡ. 0Q—20S.0V. 

On QO produced take OQ =0Q; then apply Prop. XVIII. to 
show that the triangles POQ and OSQ are similar. 


Ex. 8. If from any point O a tangent OT and a chord OPQ be 
drawn, and if the diameter TR meet the chord in Zi, prove that 
OP.0Q=OR*. (Cf. Tangent Properties, Ex. 1, 2.) 

Draw the tangent KO'P’ parallel to the chord, meeting RT in A, 
OT produced in O, and the curves in P’. Draw the diameter OH 
bisecting ΤΡ’, so that O'P'— 0. Then 

OP.0Q:0T?=O0P"? :  T?T OK? :0'7?—0m3 : OT". 

Ex. 9. Given a chord PQ of a parabola in magnitude and 
pees and the point A in which the axis cuts the chord, the 
ocus of the vertex is a circle. 

If the tangent at the vertex meets PQ in Ο, O0P.0Q— 0R. 
.. 0 is a fixed point; Ok — PR. ΠΙΚΡΗ — RQ). 
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Ex. 10. The tangents from an external point are divided by 
any third into segments having the same ratio. 
In fig. Prop. XX., draw the diameters rr’, QQ’, gq’, pp’, meeting 
PR in r, Q', q', p. Then 
Prirq—rQ: Qp=qp: pR. 
(Cf. Prop. XVIII., Ex. 11.) 


Ex. 11. The tangent parallel to QQ’ bisects OQ, OQ’. 


Ex. 19. If E be the centre of the circle through O, Q, Q', OE 
subtends a right angle at S. (Apply Prop. XX., and Ex. 11.) 


Ex. 13. If OQQ' be a right angle and QN the ordinate of Q, 
prove that QQ':0Q—QN:AN. 
(Cf. Prop. XVI.) 


* PROPOSITION XXII. 


If QV is the ordinate of a diameter PV of a parabola, 
and the tangent at Q meets VP produced in O, then OP 
shall be equal to PV. 





Let the tangent at P meet OQ in R; through ki draw 
the diameter RW, meeting PQ in W. 
Then, since RP, RQ are a pair of tangents, 
QW=PW. [Prop. XXI. 
Also, RP is parallel to QV; [Prop. XI. 
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therefore OP:PV=OR:RQ 
=PW: WQ. 

But PW= WQ; 

therefore OP = PF. 


Ex. 1. Tangents at the extremities of all parallel chords meet 
on the same straight line. (Cf. Prop. XXI., Ex. 1.) 


Ex. 2. Given a tangent and a point on the curve, find the locus 
of the foot of the ordinate of the point of contact of the tangent, 
with respect to the diameter through the given point. [A right 
line parallel to the tangent.] 


Ex. 3. If OV=QF, O is on the directrix. 


Ex. 4. If the diameter PV meets the directrix in O, and the 
chord drawn through the focus parallel to the tangent at Pin V, 
prove that VP=OP. 

Ex. 5. If OQ, OQ’ be a pair of tangents to a parabola, and 0QQ 
be a right angle, OQ will be bisected by the directrix. 

Fer the diameter OP V and the tangent at P. (See Prop. XVI., 
Ex. 9. 


Ex. 6. If QV bean ordinate to the diameter PV, and pv meet- 
ing PQ in v be the diameter bisecting PQ, prove that PV=4pv. 


Ex. 7. PQ, PR are any two chords; they meet the diameters 
through R and Q in 7 and E. Show that EF is parallel to the 
tangent at P. 


Ex. 8. If from the point of contact of a tangent a chord be 
drawn, and any line parallel to the axis be drawn meeting the 
tangent, curve, and chord, this line will be divided by them in the 
same ratio as it divides the chord. 

. Let the diameter RBV bisecting the chord QQ in V meet the 
tangent at Qin R. Draw the line rbv parallel to the axis, cutting 
the curve and chord in b and v. Then 


But QV?=4BS. BV; (Prop. VIL) 
τε QV :2BV=2SB:QV; 
i Qv.QV-—2SB. vr. 
Also Qv.Q'v —4SB.vb; (Prop. VIIL) 
v QQ : Qv —rv:vb ; 
a | Qv : Q'o» — rb : bv. 
This is a generalisation of Prop. X XII. 
Ex. 9. Through a given point within a parabola, draw a chord 
which shall be divided in a given ratio at that point. 
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PRoposITION XXIII. 


The locus of the foot of the perpendicular from the 
focus upon any tangent to a parabola is the tangent at 
the vertex. 





Draw SY perpendicular to the tangent at P, meeting 
it in Y. It is required to show that Y lies on the 
tangent to the parabola at the vertex. 

Draw PM perpendicular to the directrix, and join 
MY, AY. 

Now, in the two triangles MPY, SPY, the sides MP, 
PY are equal to the sides SP, PY respectively, and the 


angle MPY=the angle SPY. [Prop. XIV. 
Therefore the angle PYM =the angle PYS 
=one right angle; [Euc. I. 4. 
therefore MY and YS are in the same straight line. 
[Euc. I. 14. 
Now, since SYzYM, 
and SA=AX, 


AY is parallel to JLX, [Euc. VI. 2. 
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and is, therefore, the tangent to the parabola at the 
vertex. [Prop. XIV., Cor. 


Ex. 1. Show that SY?— AS..SP. [The triangles SYP, SYA 
are similar. See Prop. XVIIL, Ex. 1:] 

Ex. 2. Show that SM is bisected at right angles by the tangent 
at P. 

Ex.3. If the tangent at P meet the axis in 7, and PN be the 
ordinate of P, prove that PT.TY-.VT. TS. 

Ex. 4. If the vertex of a right angle, one leg of which always 
passes through a fixed point, moves along a fixed right line, the 
other leg will always touch a parabola. 

The fixed point will be the focus, and the fixed right line the 
tangent at the vertex, whence the directrix is known. 

Ex. 5. Given two tangents and the focus of a parabola, find the 
directrix. 

The line joining the feet of the perpendiculars from the focus on 
the given tangents, is clearly the tangent at the vertex. 

Ex. 6. Prove that straight lines perpendicular to the tangents 
of a parabola through the points where they meet a given fixed line 
parallel to the directrix, touch a confocal parabola. 


Ex. 7. The focus and a tangent being given, the locus of the 
vertex is a circle. 


Ex. 8. Given a tangent and the vertex, find the locus of the 
focus. [A parabola, of which A is the vertex and the axis the 
perpendicular through A on the tangent. Apply Prop. VII., Ex. 7.] 

Ex. 9. The circle described on any focal distance as diameter, 
touches the tangent at the vertex. 

Ex. 10. PSp is a focal chord ; prove that the length of the com- 
mon tangent of the circles described on Sp, SP as diameters, is 


A/CA,S . Pp). 
Ex. 11. Prove that 
(i) PY .PZ=PS?; 
(i) PY .YZ=AS. SP. 

Ex. 12. A circle is described on the latus rectum as diameter; 
PQ touches the parabola at P and the circle at Q; show that SP 
S@are each inclined to the latus rectum at an angle of 30°. 

Ex. 13. Alternative Construction for Prop. XVII. 

Let O be the external point ; on OS as diameter describe a circle; 
the lines joining O with the points of intersection of this circle with 
the tangent at the vertex, will be the required tangents. 

Ex. 14. In the figure of Prop. VIL, prove that QD3—4A5S. BV. 

Let the tangent at B meet the axis in 7, and the tangent at 4 in 
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Y. Then SYZ is a right angle, and the triangles QDV, YAT are 
similar (Prop. XI.) 

S0 QD: QV?= YA?: YT?— AS: TS=AS : DS. 
But QD?=4BS. BV. (Prop. VII.) 

D QV?—4A8S. BV. 


Ex. 15. Given the focus and two tangents, construct the curve. 
Ex. 5]. 


Ex. 16. Given the focus, axis and a tangent, construct the par- 
abola. 


Ex. 17. Given the focus, a point P on the parabola, and the 
length of the perpendicular from the focus on the tangent at P, 
construct the curve. 


Ex. 18. Given the focus, a tangent, and the length of the latus 
rectum, construct the curve. 


Ex. 19. If a parabola roll upon another equal parabola, the 
vertices originally coinciding, the focus of the one traces out the 
directrix of the other. [The line joining the foci in any position 
cuts at right angles the common tangent.] 


PROPERTIES OF NORMALS. 


Def. The straight line which is drawn through any 
point on a conic at right angles to the tangent at that 
point is called the normal at that point. 

Def. The portion of the axis intercepted between the 
normal at any point of a conic and the ordinate of that 
point is called the subnormal. 


PROPOSITION XXIV. 


The normal at any point of a parabola makes equal 
angles with the focal distance and the axis. 


Let the normal PG and the tangent PT at any point 
P on the parabola meet the axis in G and T respectively. 
Join SP and draw PM perpendicular to the directrix. 

Then the angle SPT =the angle TPM  [Prop. XIV. 

=the angle STP. ^ [Euc. I. 29. 
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But the angle 7PG being a right angle is equal to the 
sum of the angle STP and SGP. [Euc. I. 32. 
Therefore the angle SPG=the angle SGP. | 





Ex. 1. Prove that ST=SP=SG. 

Ex. 2. The normal at any point bisects the interior angle be- 
tween the focal distance and the diameter through that point. 

Ex.3. The focus is equidistant from P7' and the straight line 
through G parallel to P7. 


Ex. 4. From the points where the normals to a parabola meet 
the axis, lines are drawn at right angles to the normals; show 
that these lines touch an equal confocal parabola. 

Ex. 5. A chord PQ of a parabola is normal to the curve at P, 
and subtends a right angle at S; show that SQ— 2,5 P. 

Ex. 6. Prove that SJfand PT bisect each other at right angles. 

Ex. 7. If the triangle SPG is equilateral, TG subtends a right 
angle at M. 


Ex. 8. Prove that the points S, P, M, Z lie on a circle which 
touches PG at P. 


Ex. 9. If in Ex. 8 the radius of the circle is equal to JZ, the 
triangle SPG is equilateral. 

Ex. 10. PSp is a focal chord; pG is the normal at p; GH is 
perpendicular on the tangent at P. Prove that H lies on the 
latus rectum. (Cf. Prop. XIV., Ex. 10.) 


Ex.11. If PF, PH be drawn to the axis, making equal angles 


46 GEOMETRY OF CONICS. 


with the normal PG, prove that SG°?=SF.SH. [The triangles 
SPF, SHP are similar. ] 


Ex. 12. If SY, SZ be perpendicular to the tangent and normal 
at P respectively, prove that YZ is a diameter. 


PROPOSITION XXV. 


The subnormal of amy point of a parabola 4s equal to 
half the latus rectum. 





Let the normal PG at P meet the axis in G. Draw 
PM, PN perpendicular to the directrix and axis respec- 
tively. Join SP. 

Then, the angle SPG=the angle SGP. — [Prop. XXIV. 
Therefore SG=SP=PM=NX. 

Therefore NG=XS=2AS=} latus rectum. [Ῥτορ. II. 
The subnormal is therefore of constant length. 


Ex. 1. If the triangle SPQ is equilateral, SP is equal to the 
latus rectum. | 


Ex. 2. Show how to draw the normal at any given point with- 
out drawing the tangent. 


Ex. 3. If the ordinate of a point @ bisect the subnormal of a 
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point P, the ordinate of Q is equal to the normal at P. (Apply 
Prop. IV.) 


Ex. 4 Prove that PG*—44A5S. SP. 
Ex. 5. If C be the middle point of SG, prove that 
«3 


CX?2—CP?=44S 
Ex. 6. If PZ perpendicular to AP meets the axis in L, prove 
that GL=2A8. 


Ex. 7. TP, TQ are tangents to a given circle at P and Q. Con- 
struct a parabola which shall touch 7'P in P and have Τῷ for axis. 


Ex. 8. The locus of the foot of the perpendicular from the focus 
on the normal is a parabola. 

[Apply Prop. IV. SG is the axis, the vertex is at S, the latus 
rectum = Α.,5.] 


Ex. 9. If GK be drawn perpendicular to SP, prove that 
PK=2485. 

Ex. 10. Pp is a chord perpendicular to the axis; the perpen- 
dicular from p on the tangent at P meets the diameter through P 
in δ; prove that ZP—44A5, and find the locus of R. 

[The triangles PNG, RPp are similar. The locus of A is an 
equal parabola, having its vertex .4' on the opposite side of X, 
such that 4.4'—44A5.] 


Ex. 1l. A circle described on a given chord of a parabola as 
diameter cuts the curve again iu two points; if these points be 
joined, the portion of the axis intercepted by the two chords is 
equal to the latus rectum. 

Show also that, if the given chord is fixed in direction, the 
length of the line joining the middle points of the chords is 
constant. 

[Apply Prop. VIII. The middle points of the chords are equi- 
distant from the axis.] 


MISCELLANEOUS EXAMPLES ON THE PARABOLA. 


1. Find the locus of the point of intersection of any 
tangent to a parabola, with the line drawn from the 
focus, making a constant angle with the tangent. 

2. OQ, OQ' are tangents to a parabola; V is the middle 
point of QQ'; OV meets the directrix in K, and QQ' meets 
the axis in VY. Prove that OK NS is a parallelogram. 
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3. Inscribe in a given parabola a triangle having its 
sides parallel to those of a given triangle. 

4. Inscribe a circle in the segment of a parabola cut off 
by a double ordinate. 

5. PGQ is a normal chord of a parabola, meeting the 
axis in G. Prove that the distance of G from the vertex, 
the ordinates of P and Q, and the latus rectum are four 
proportionals. 

6. If AR, SY are perpendiculars from the vertex and 
focus upon any tangent, prove that 

SY?-SY.AR-rSA*. 

7. Describe a parabola touching three given straight 
lines and. having its focus on another given line. 

8. OP, OQ are tangents to à parabola at the points 
P, Q. If SP c SQ is constant, prove that the locus of O 
is a parabola, and find its latus rectum. 

9. Through any point on a parabola two chords are 
drawn, equally inclined to the tangent there; show that 
their lengths are proportional to the portions of their 
diameters intercepted between them and the curve. 

10. The focal chord PSp is bisected at right angles by 
a line which meets the axis in 0; show that Pp-2.50. 

11. On a tangent are taken two points equidistant from 
the focus; prove that the other tangents drawn from these 
points will intersect on the axis. 

12. The locus of the centre of the circle cireumscribing 
the triangle formed by two fixed tangents and any third 
tangent is a right line. 

13. À chord PQ is normal to the parabola at P, and 
subtends a right angle at the vertex; prove that 


SQ=3.SP. 
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14. Given the vertex, a tangent, and the latus rectum, 
construct the parabola. 

15. P, Q are variable points on the sides AC, AB of a 
given triangle, such that dP: PC=BQ:QA. Prove that 
PQ touches a parabola. | 

16. Apply properties of the parabola to prove that— 

(i.) In any triangle the feet of the three perpendiculars 
from any point of the circumscribing circle on the sides 
lie on the same straight line. 

(1.) If four intersecting straight lines be taken three 
together, so as to form four triangles, the orthocentres of 
these triangles lie on a right line. 

17. Describe a parabola through four given points. 

18. A parabola rolls on an equal parabola, the vertices 
originally coinciding. Prove that the tangent at the 
vertex of the rolling parabola always touches a fixed 
circle. 

19. If two intersecting parabolas have a common focus, 
the angle between their axes is equal to that which their 
common tangent subtends at the focus. 

20. AP, AQ, are two fixed straight lines, and B a fixed 
point. Circles described through A and B cut the fixed 
lines in P and Q. Prove that PQ always touches 2 
parabola with its focus at B. 


CHAPTER II. 


THE ELLIPSE. 
DESCRIPTION OF THE CURVE. 


PROPOSITION I. 


Given the focus, directrix, and eccentricity of an ellipse 
to determine any number of points on it. 





Let S be the focus, M.X.M' the directrix, and e the 
eccentricity. 
Through S draw SX perpendicular to the directrix. 
Divide SX in A, so that 
SA -eAX. 
50 
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Also in XS’ produced, take A’ so that 

SA'—eA'X.* 
Then A and JA’ are points on the ellipse and are its 
vertices. 

Take any point V on AA’; through N draw PNP per- 
pendicular to Ad’; with centre S and radius equal to 
e. X N, describe a circle, cutting PNP’ in P and P’. Then 
P and P shall be points on the ellipse. Draw PM, PF 
perpendicular to the directrix. 


Then SP=e.XN [Const. 
=e. PM, 
and SP’=e.XN 
=e. PM. 


Therefore P and P are points on the ellipse. 

In like manner, by taking any other point on 44’, any 
number of points on the curve may be determined. 

Def. The length of the axis intercepted between the 
vertices (A and A’) of the ellipse is called the major axis. 

Def. The middle point (C) of the major axis is called 
the centre of the ellipse. 

Def. The double ordinate (BCB’) through the centre 
(c) is called the minor axis of the ellipse. 


Ex. 1. The ellipse is symmetrical with respect to its axis, 

Corresponding to any point V on the line 14’ we get two points 
P and P’, such that the chord PP is bisected at right angles by the 
axis AA’. 

Ex. 2. Any two right lines drawn from any point on the axis to 
the curve, on opposite sides of the axis and equally inclined to it, 
are equal, and conversely. 

Ex. 3. If two equal and similar ellipses have a common centre, 
the points of intersection are at the extremities of central chords at 
right angles to each other. 


* Since e is less than unity it is clear that 4 will lie between X 
and S and 4’ without YS on the same side as δ. 
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Ex. 4. Prove that the ellipse lies entirely between the lines 
drawn through 4 and 4’ at right angles to the axis. 

In order that the circle may intersect PVP’ the point N must be 
so situated that SV may not be greater than the radius of the circle 
SP, that is, e.V.Y. It may easily be shown that this is the case only 
when X lies between A and J’. 


Ex. 5. Show that as P moves from A to 4’, its focal distance 
(SP) increases from SA to SA’, 
For SP=e. NX, and NY*has AX and A'Y for its least and 


greatest values respectively. 
Ex. 6. Hence prove that the ellipse is a closed curve. 


Ex. 7. If a parabola and an ellipse have the same focus and 
directrix, the parabola lies entirely outside the ellipse. 


Ex. 8. A chord QQ of an ellipse meets the directrix in D. 


Prove that 
SQ:QD-—5SQ' :Q'D. 

Ex.9. A straight line meets the ellipse at P and the directrix 
in D. From any point K in PD, KU is drawn parallel to DS to 
meet SP in U, and AT is drawn perpendicular to the directrix. 
Prove that SU=e. KI. (Cf. Prop. XVI., which is a particular case 
of this.) 


Ex. 10. A point P lies within, on or without the ellipse, accord- 
ing as the ratio SP : PM is less than, equal to, or greater than the 
eccentricity, PM being the perpendicular on the directrix. 


PROPOSITION II. 


The ellipse is symmetrical with vespect to the minor 
axis and has a second focus (S^) and directrix. 


Let S be the given focus and MX the given directrix. 

Take any point M on the directrix, and through the 
vertices A and A’ draw AH and A'H' at right angles to 
AA’, meeting the straight line through M and S at H and 
il’ respectively. Describe a circle on HH’ as diameter 
and through M draw MPP’, parallel to AA’, to meet the 
circle in P and P’. Then P and P’ shall be points on the 
ellipse. 

For MH:HS-2XA:ASz-1:e, 
and ΜΗ’ H'S— XA’: A'Sz1:e. 
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Therefore MH:HS-—MH':H'S, 
and the angle HPE is a right angle. [Euc. III. 31. . 
Therefore, PH bisects the angle SPM. - 
Therefore SP:PM=SH:HM 

=AS:AX 

=e. 
Therefore, P is a point on the ellipse. Similarly, it may 
be shown that Ρ’ is a point on the ellipse. 





Again, the straight line drawn through Ο, the centre of 
the circle, at right angles to AA’ will bisect both 4.4’ and 
PF’ at right angles, and will therefore coincide with the 
minor axis in position. 

The ellipse is therefore symmetrical with respect to the 
minor axis. [Def. 

As the minor axis divides the curve into two paris such 
that each is the exact reflexion of the other, if A’S’ be 
measured off equal to AS and A’X’=AX, and ΑΜ be 
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drawn at right angles to X' X, the curve could be equally 
well described with S' as focus and ΑΜ’ as directrix. 
The ellipse therefore has a second focus (S') and a 
second directrix (.X MP). 
Ex. Every chord drawn through the centre 6 is bisected at that 


point. (From the symmetry of the figure.) 
From this property the point C is called the centre of the curve. 


PROPERTIES OF CHORDS AND SEGMENTS OF 
CHORDS. 


Proposition III. 


In the ellipse CAT ECA ο ο ος. (1) 
OS Se iC An ο o trt (2) 
OS SOA SOCA e E ΕΡΜΗ (3) 





We have, from the definition, 
SA =e. ΑΧ, 
SA’=e. A X =e. AX’, 
Therefore, by addition, 
AA’ =e(AX+4AX') 
—eXX. 
Therefore (dor esc hsec ctos ttes dee (1) 
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By subtraction, οι =e(A’X — AX) 
=e. ÅA". | 
Therefore (Sos. cot ee eee (2) 
Therefore CS GA CTS ορ De (3) 


Ex. Given the ellipse and one focus, find the centre and the 
eccentricity. 

Describe a circle with S as centre, cutting the curve in P, P. 
The axis bisects P7" at right angles. 


PROPOSITION IV. 


The sum of the focal distances of amy point om an 
ellipse is constant and equal to the major axis. 





—— 5 —  —— ^ — — —— —— ——  —— .- . 


Let P be any point on the ellipse. Join PS, PS’, aud 
through P draw MPM perpendicular to the directrices. 


Then SP =e. PM, 
SP =e. PM. 
Therefore SPS P=e.(PM+ PM) 
=e, MM 
—eXXY' 
— 4. [Prop. III. 


Ex.1. Show how to construct the ellipse mechanically. 

First Method.—Fasten the ends of a string to two drawing pins 
fixed at Sand S’ on a board, and trace a curve on the with 
a pencil pressed against the string, so as to keep it always 
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stretched. The curve traced out will be an ellipse, with foci at 
S and δ΄, and major axis equal to the length of the string. 


Second Method.—Suppose two equal thin circular discs A and J, 
attached to each other, to rotate in opposite directions round an 
axis through their common centre; and, suppose one end of a 
fine string (which is wrapped round the discs, and passing through 
small rings at C and D in the plane of the discs, is kept stretched 
by the point of a pencil at P) to be wound on to its disc, while 
the other is wound off. The curve traced by P will have the 
property CP + DP —constant, | 
and will, therefore, be an ellipse. 

Ex. 2. The sum of the focal distances of any point is greater 
than, equal to, or less than the major axis, according as the point 
is without, upon, or within the ellipse, and conversely. 


Ex.3. The distance of either extremity of the minor axis from 
either focus is equal to the semi-axis-1najor. 


Ex. 4. A circle is drawn entirely within another circle. Prove 
that the locus of a point equidistant from the circumferences of 
the two circles, is an ellipse. [The centres will be the foci.] 

Ex. 5. Two ellipses have a common focus, and their major axes 
equal. Show that they cannot intersect in more than two points. 

The common points may be shown to lie on the line bisecting at 
right angles the line joining the second foci. 

Ex. 6. Prove that the external bisector of the angle SPS 
cannot meet the ellipse again, and is, therefore, the tangent to the 
ellipse at P, according to Euclid's conception of a tangent. (Cf. 
Prop. X VIL.) 

Prove also that every other line through P will meet the curve 
again. [Apply Ex. 2.] 

Ex. 7. The major axis is the longest chord that can be drawn 
in the ellipse. 

Joining the foci with the extremities of any chord, it may be 
shown that twice the chord is Jess than the sum of the four focal 
distances, that is, less than twice the major axis. 

Ex. 8. In what position of P is the angle SPS’ greatest ? 
[When 7 is at either extremity of the minor axis.] 

Ex.9. If r and A be the radii of the circles inscribed in and 
described about the triangle SPS’, prove that Rr varies as SP. SP. 


PROPOSITION V. 


In the ellipse 
CL? =CA?—CS?=SA . 5A’. 
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Let B be an extremity of the minor axis. Join BS, 
BS’. 


Then SB+S'B=AA’. | [Prop. IV. 
But SB-S'B. 
Therefore SB=CA. 
Therefore CB? = SB? — CS? [Euc. I. 47. 
= CA? — CS? 
— S4 .S 4. [Euc. II. 5. 





: CI" 
Ex. 1. Prove that e?=1—-———. 
(4: 


Ex.2. Prove that δ'δ--- 1' 45. BB. 


Ex. 3. If the angle SBS’ be a right angle, show that 
CA =,/2 ο CB. 


Ex. 4. A circle is described passing through 7 and touching 
the major axis in S; if SA be its diameter, prove that 
Sh. BC=AC% 


Ex. 5. Circles are described on the major and minor axes as 
diameters. PP’ is a chord of the outer circle cutting the inner in 


(, Q. Prove that PQ. P'Q—CS?, 


Ex. 6. Given a focus S and a point P on an ellipse, and the 
lengths of the major and minor axes, find the centre. 

On SP produced, take SA equal to the major axis ; δ΄ lies on the 
circle with centre P and radius PA. On SK as diameter describe a 
circle, and place in it XH equal to the minor axis; S’ lies on the 
circle with centre S and radius SZ. 


58 GEOMETRY OF CONICS. 


* PnoPOSITION VI. 


The latus rectum of an ellipse is a third proportional 
to the major and minor axes (SL = CB*|CA). 





Let LSL’ be the latus rectum. Draw LM perpendicular 
to the directrix. 


Then CS=eCA, [Ῥτορ. ITT. 
SL=eLM [ Def. 
—eSX ; 
therefore SL.CA=CS.SX 

= CS(CX — CS) 
=CS.CX — CS? 
= CA?—CS? [Prop. III. 
= CB [Prop. V. 


Ex. 1. Construct on the minor axis as base a rectangle which 
shall be to the triangle SZS’ in the duplicate ratio of the major axis 
to the minor axis. 

Draw BK parallel to ZS’, meeting the major axis in A ; the other 
side of the rectangle=}CA. 


Ex. 2. The extremities of the latera recta of all ellipses which 
have a common major axis, lie on two parabolas. 

If LN be perpendicular to CB, LV2= AC(AC — CN) ; hence, Z lies 
on a parabola of which CB is the axis, and the vertex is at a 
distance from C=CA 
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* PROPOSITION VII. 


Any focal chord of an ellipse is divided harmonically 
by the focus and the directrix. 





Produce the focal chord PSp to meet the directrix in 
D, and draw PM, pm perpendicular to the directrix. 


Then PD:pD=PM:pm, 
but PS=e. PM, 
and pS=e.pm ; 
therefore PD: pD=PS: pS. 


Hence Pp is divided harmonically in S and D. 


Ex. 1. The semi-latus rectum 1s a harmonic mean between the 
segments of any focal chord. 


Ex. 2. Focal chords are to one another as the rectangles con- 
tained by their segments. 
Proposition VIII. 


If any chord QQ of an ellipse intersects the directrix 
an D, SD bisects the exterior angle between SQ and SQ. 


Draw QM, QI perpendiculars on the directrix, and 
produce QS to meet the ellipse in q. 
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Then, by similar triangles, 
QD: UD=QM: UM 
= SQ DS Q'; 
therefore SD bisects the exterior angle Q'Sq.  [Euc. VI. A. 





Ex.1. PSpisafocalchord. Prove that XP and Xp are equally 
inelined to the axis. 

Ex. 2. Given the focus and three points on an ellipse, find the 
directrix and the axis. 

Ex. 3. If P be any point on an ellipse, and PA, 74’ when 
produced meet the directrix in Æ and F, show that ÆF' subtends a 
right angle at the focus. 

Ex. 4. If A'S be measured off along .Ι’.41 equal to AS, and 
A'X' be measured off along AA’ equal to AX, and if PA and PA’ 
when produced meet the straight line through .Y' at right angles to 
the axis in E', F’, show that ΔΛ’. F£'Y'— £X. FX, and that E'F' 
subtends a right angle at S’. (This is to be proved without assum- 
ing the existence of the second focus and directrix of the curve.) 

Ex. 5. Hence, show that if PA be the perpendicular on £Z'F", 
S'P=e. PK; and deduce the existence of a second focus and 
directrix corresponding to the vertex 4’. 

Ex. 6. If two fixed points Q, Q’ on an ellipse be joined with a 
third variable point O on the curve, the segment gq’ intercepted on 
either directrix by the chords QO and (Q'O produced, subtends a 
constant angle at the corresponding focus. 

The angle gSq’ may be proved to be equal to half of the angle 


QSR. 
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Ex. 7. PSp is a focal chord ; O is any point on the curve; PO, 
pO produced meet the directrix in D, d. Prove that Dd subtends a 
right angle at the focus. l 

Ex. 8. Given the focus of an ellipse and two points on the curve, 
prove that the directrix will pass through a fixed point. 

Ex. 9. A straight line which meets an ellipse will, in general, 
meet it in two points, and no straight line can meet it in more 
points than two. 

The first part follows at once from the fact that the ellipse is a 
closed curve. (Prop. I., Ex. 6. Cf. also Ch. I., Prop. X, Ex. 8.) 
Then, if the line meets the curve in Q and Q’, and the directrix in 
D, SQ and SQ will be equally inclined to DS. Hence, if there bea 
third point of intersection Q^", SQ’ and SQ” will make the same angle 
with DS, which is impossible. 


PROPOSITION LX. 


The square of the ordinate of any point on an ellipse 
varies as the rectangle under the segments of the axis 
made by the ordinate (PN?:AN A’N=CB : CA?). 





Let P.N be the ordinate of any point P on the ellipse. 
Let PA and A’P produced meet the directrix in D and 
If. Join SD, SD’, and SP, and produce PS to meet the 


curve in p. 
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Then, from the similar triangles PAN and DAX, 

PN:AN-DX:AX. 

Also, from the similar triangles PA'N and D'A'X, 
PN:A'N-D'X:4A'X; 

therefore  PN?*: AN. A'N- DX.D'X:AX.A'X. 

Again, SD and SD’ bisect the angles pSX and PSX 

respectively ; [Prop. VIII. 

therefore the angle DSD is a right angle, and 

DX.D'X-Sx*; [Euc. VI. 8. 

therefore PN?*:AN.A'N—-SX?: AX. A'X. 

But the ratio SX?: AX. ΑΧ is constant; therefore the 

ratio PN?: AN.A’N has the same value for all positions 

of P. 

In the particular case when P coincides with the 
extremity B of the minor axis, the ratio ΡΝ: AN. A'N 
becomes CB? : CA? ; therefore 

PN*AN.A'N- CB?:CA?, 
P being any point on the ellipse. 


Ex. 1. Prove that PN? :CA?—CN?2=CB? : CA? 
CN2 PN? 
Ca? ες σα” 
Ex. 3. Prove that CP?=CB?+e?.CN*; and hence deduce that 


of all lines drawn from the centre to the curve CA is the greatest 
and CB the least. (See Prop. V., Ex. 1.) 


Ex. 4. Show that PN increases as N moves from 4 to C. 


Ex. 5. If PM be drawn perpendicular to the minor axis, de- 
duce that PM? : BM. BD M=CA?: CB’. 


Ex. 6. P, Q are two points on an ellipse. AQ, A'Q cut ΡΛ in 
Land M respectively. Prove that PN?— LN. M. 


Ex. 7. Deduce Prop. VI. 


Ex. 8. If VQ be drawn parens to AB, meeting the minor axis 
in Q, show that PN?= BQ. BQ. 


Ex. 9. Ifa point P moves such that PA? : AN. A'N in a constant 
ratio, PN being the distance of P from the line joining two fixed 


Ex. 9. Prove that —], 
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points 4, Α΄, and N being between 4 and A’, the locus of P is an 
ellipse of which Ad’ is an axis. 

Ex. 10. The locus of the intersection of lines drawn through 
A, A’ at right angles to AP, A’P, is an ellipse. [44 will be the - 
minor axis. See Ex. 5, 9.] 

Ex. 11. The tangent at any point P of a circle meets the 
tangent at the extremity A of a fixed diameter AB in T. Find 
the locus of the point of intersection (Q) of AP and BT. 

QM being perpendicular to AB, the triangles QM A, APB, and 
ATC are similar ; so are the triangles QVB and TAB. Hence 

QM? : 41. BYU=AC: AB. 

Ex. 12. The ordinates of all points on an ellipse being produced 
in the same ratio, the locus of their extremities is another ellipse. 

Ex. 19. P is any point on an ellipse; 400 is drawn parallel 
to CP meeting the curve in Q and CB produced in O. Prove that 
40. AQ=2CB*. 


PROPOSITION X. 


The locus of the middle points of any system of parallel 
chords of an ellipse is a straight line passing through the 


centre. 





Let QQ’ be one of a system of parallel chords and V its 
middle point. 
Draw QM, Q'M' perpendicular to the directrix. Draw 
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SY perpendicular to QQ’ and produce it to meet the 
directrix in K. Produce QQ’ to meet the directrix in 


R. Join SQ, SQ”. 


Then SQ:SQ’=QM QM 
—QR:Q'R. 
Therefore SQ?—SQ?:QR?—Q'R? - SQ? : QR?. 
But SQ?— SQ?—QY*—Q'Y* 
- (QY--Q'Y(QY—Q'Y) 
—2QQ'. YV. 


Similarly QR?—Q'R?—2QQ'. RV, 
Therefore YV:RV=SQ?: QR’. 

Now the ratio SQ:QM is constant, also the ratio 
QM:QR is constant, since QQ’ is drawn in a fixed 
direction. Therefore SQ: QE 15 a constant ratio. 

Therefore also YV:RV is a constant ratio for all 
chords of the system. 

But as R always lies on a fixed straight line (the 
directrix) and Y on another fixed straight line (the | 
focal perpendicular on the parallel chords) intersecting 
the former in K, V must also lie on a third fixed 
straight line passing through the same point K. 

Also C, the centre of the ellipse, is evidently a point 
on this line, since the parallel chord through C is, from 
the symmetry of the figure, bisected at that point. 

Hence, the diameter bisecting any system of parallel 
chords of an ellipse is a chord passing through its centre. 


Ex. The diameter bisecting any system of parallel chords, meets 
the directrix on the focal perpendicular on the chords. 


Note.—See Prop. XI., Ex. 10. 


Def. The circle described on the major axis (AA’) as 
diameter is called the auxiliary circle. 


ELLIPSE. 65 


PROPOSITION XI. 


Ordinates drawn from the same point on the axis to 
the ellipse and the auxiliary circle are in the ratio of the 
minor to the major axis. 





Let ApA’ be the auxiliary circle and let NPp be a 
common ordinate to the ellipse and the circle. 


Then PN*:AN.A'N-CB:CA3, [Prop. IX. 
and pN*—AN.A'N. [Euc. III. 3 & 35. 
Therefore PN?:pN? - CB? :CA?, 

Therefore PN:pN=CB:CA. 


Note.—By the help of this important property of the circle upon 
the major axis as diameter, many propositions concerning the 
ellipse may be easily proved, as will be shown hereafter. Hence 


the name auriliary circle. 

Def. The points P and p lying on a common ordinate 
pPN of the ellipse and its auxiliary circle are called 
corresponding points. 


Ex. 1. A straight line cannot meet the ellipse in more than 
two points. (Cf. Prop. VIIL. Ex. 9.) 


E 
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Ex. 2. PM drawn perpendicular to BB’ meets the circle on the 
minor axis as diameter in py’. Prove that 
PM : p'M=C4A : CB. 
(See Prop. IX., Ex. 5.) 


Ex. 3. PN, PM are perpendiculars on the axes, meeting the 
circles on the axes as diameters in p, p’ respectively. 


Prove that p and p’ being properly selected, pp’ passes through 
the centre. 


Ex. 4. Through P, KPL is drawn making the same angle with 
the axes as pC, and cutting them in A and Z. Show that KL is 
of constant length. (&L—CA-rCD.) 


Ex. 5. If the two extremities of a straight line move along two 
fixed straight lines at right angles to each other, any given point 
on the moving line describes an ellipse. 


Let the fixed straight lines intersect in O, and let P be the given 
point on the moving line AB of which C is the middle point. Let 
QPN drawn at right angles to OB, meet OC, OB in Q and V 
respectively. Then, since 0Q— AP, the locus of Q is a circle; 
also as PV:QNV=PB: PA, the locus of P is an ellipse. 


Ex. 6. Given the semi-axes in magnitude and position, construct 
the curve mechanically. 


Mark off on the straight edge of a slip of paper two lengths PA 
and PB in the same direction and equal to the semi-axes respec- 
tively. If the paper be now made to move so that A and B may 
always be on the lines representing the axes in position, P will 
trace out the ellipse. (See Ex. 5.) 


Ex. 7. If a circle roll within another circle of double its radius, 
any point in the area of the rolling circle traces out an ellipse. 


First Method.—Let C be the centre of the rolling circle, and O 
that of the other. If the given point 2 be on the radius CM, M 
will describe the diameter 4'OA of the outer circle. Draw RPN 
perpendicular to OA’, meeting OC in Rand OM in N. Then since 
CR=CP, the locus of E is a circle; and, as PV: RN — PM : OR, 
the locus of P is an ellipse. 


Second Method.—The point Af coincided with A’ at the beginning 

of the motion ; if in any position, the circles touch at Q, 
arc MQ=arc A’Q, angle QCM=2 angle QOM, 

.. OCQ is always a straight line, so also is ACN, N being the 
intersection of the inner circle with that radius of the outer which 
is at right angles to OA. It is clear, therefore, that the motion of 
a point P in MN is exactly the same as that of a point in the 
moving rod in Ex. 5. 
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Ex. 8. From the centre of two concentric circles, a straight line 
is drawn to cut them in P and Q; through P and Q straight lines 
are drawn parallel to two given lines at right angles Prove that | 
the locus of their point of intersection is an ellipse, of which the 
outer circle is the auxiliary circle. 

Ex. 9. Pp, N“ Pp are ordinates of the ellipse and its auxiliary 
circle. Show that PP', pp’ produced meet on the axis in the same 
point 7. 

Ex. 10. Deduce from Ex. 9 a proof of Prop. X. 

Let V, v be the middle points of PP’, pp’. Vv produced bisects 
VV at right angles in M. Now as long as PP’ remains parallel 
to itself, pp' must remain llel to itself, and, therefore, its 
middle point v lies on a fixed straight line, the diameter at right 
angles to pp’. V, therefore, lies on a fixed straight line through 
C, since eH: VM=CB:CA. 


* PROPOSITION XII. 


If a system of chords of an ellipse be drawn through a 
fixed. point the rectangles contained by their segments are 
as the squares of the parallel semi-diameters. 





Ἂς 


Let QOQ be one of the system of chords drawn through 
the fixed point O and CP the semi-diameter parallel to 
QQ’. Then QO. OQ’: CF? shall be a constant ratio. 
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Describe the auxiliary circle, and let p, q, q' be the cor- 
responding points to P, Q, Q. Join Cp and qq’ and draw 
through Ο a line perpendicular to the major axis, meeting 
it in D and qq’ in ο. 

Then, since QM:qM-Q'M':q'M 

=CB:CA, [Prop. ΧΙ. 
the straight lines QQ and qq’ produced meet the axis pro- 
duced in the same point T. 
Again, the triangles PNC and QMT being similar 
NC:MT-PN:QM 


—pN : qM. [Prop. XI. 
Therefore the triangles pNC and qMT are similar. 
[Euc. VI. 6. 


Therefore pC is parallel to qT. 
Therefore the triangles pPC and qQT are also similar. 


Now Q0:qo-QT:qT, 
also OM : 09 = QT: qT. 
Therefore — Q0. 0Q':qo.o9' 2 QT? :q T? 
| = CP? 0, 
or QO .0Q': CP? qo.oq': CP. 
Now, since OD:0D=CB:CA, 
and the point O is fixed, the point o is also fixed; hence 
qo . οφ” is constant. [Euc. III. 35. 
Also Cp — 04 — constant. 
Therefore QO . OQ : CP? 


is a constant ratio. 


Ex. 1. The ratio of the rectangles under the segments of any 
two intersecting chords of an ellipse, is equal to that of the rect- 
angles under the segments of any other two chords parallel to the 
former, each to eac 
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Ex. 2. If two chords of an ellipse intersect, the rectangles 
under their segments are as the parallel focal chords. (Apply 
Prop. VII., Ex. 2.) 


Ex. 3. Ordinates to any diameter at equal distances from the - 
. centre are equal. 


Ex. 4. QCq is the central chord parallel to the focal chord 
PSp. Prove that 
SP.8p:CQ. Cq- CB* : CA?. 


* PROPOSITION XIII. 


If a circle intersect an ellipse in four points their 
common chords will be equally inclined, two and two, to 
the axis. 





Let Q, (δ, q, 4’, be the four points of intersection. 
Join QQ, gq’, intersecting in O. 


Then Q0 .0Q'—q80.0qQ, [Euc. III. 35. 
Therefore the semi-diameters parallel to QQ’ and qq’ 
respectively, are equal to each other, [Prop. XIL 


and they are, therefore, equally inclined to the axis from 
the symmetry of the figure. (See also Prop. I., Ex. 2.) 
Therefore, the chords QQ and qq’ are equally inclined to 
the axis. 
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In like manner it may be shown that the chords Qg 
and Q'g as well as the chords Qq' and qQ' are equally 
inclined to the axis. 


Ex. 1. If two chords, not parallel, be equally inclined to the 
axis of an ellipse, their extremities lie on a circle. 


Ex.2. If P bea fixed point on an ellipse and QQ' any ordinate 
to CP, show that the circle QPQ' will intersect the curve in 
another fixed point. 


PROPERTIES OF TANGENTS. 


It has been already observed in Chapter I. that, gene- 
rally, from a chord property of a conic a corresponding 
tangent property may be deduced. The student should 
work out the following exercises as illustrating the 
method in the case of the ellipse. 


* Deduce from Prop. XII. :— 

Ex. l. The tangents to an ellipse from an external point are 
proportional to the parallel semi-diameters. 

Ex. 2. If the tangents at three points P, Q, R on an ellipse, 
intersect in 7, q, p, show that 

Pr.pQ.qk=Pq .rQ .pR. 

Ex. 3. If two parallel tangents OP, Ο' Ρ’ be met by any third 
tangent OQO', then OP .O'P'—0Q.0'Q. 

Ex.4. If from any point without an ellipse a secant and also 
a tangent be drawn, the rectangle under the whole secant and the 
external segment is to the square of the tangent as the squares 
of the parallel semi-diameters. 

Ex. 5. If two tangents be drawn to an ellipse, any line drawn 
parallel to either will be cut in geometric progression by the other 
tangent, the curve and the chord of contact. 

Ex. 6. Any two intersecting tangents to an ellipse are to one 
another in the sub-duplicate ratio of the parallel focal chords. 

Ex. 7. If two parallel tangents .1Q and OR be cut by any third 
tangent APO, and RP meets QA in B, show that AQ= AB. 


* Deduce from Prop. XIII. :— 


Ex. 1. PQ, PQ are chords of an ellipse equally inclined to the 
axis. Prove that the circle PQQ touches the ellipse at P. 
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Ex. 3. PP is achord of an ellipse parallel to the major axis ; 
PQ, P'Q are chords equally inclined to that axis. Show that 
QQ’ is parallel to the tangent at P. 


Ex. 3. If a circle touch an ellipse at the points P and Q, prove 
that PQ is parallel to one of the axes. 
See also Props. XIV. and XV. 


PROPOSITION XIV. 


The tangent to an ellipse at either end of a diameter is 
parallel to the system of chords bisected by the diameter. 





Let PVCP' be the diameter bisecting a system of 
chords parallel to QQ’. Let QQ’ be made to move 
parallel to itself so that Q may coincide with V. Since 
QV is always equal to QV, [Ῥτορ. X. 
it is clear that Q’ will also coincide with V, and the 
chord in this its limiting position will be the tangent 
to the ellipse at P. 


Ex. 1. The tangent at the vertex is at right angles to the major 
axis. [From symmetry, the chords at right angles to the major 
axis are bisected by it. 

Ex. 2. The line joining the points of contact of two parallel 
tangents is a diameter. 


Ex. 3. Any tangent is cut harmonically by two parallel tan- 


gents and the diameter passing through their points of contact. 
(See note on Tangent Properties, I., Ex. 3.) 
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Ex. 4. An ellipse is described about the triangle ABC, having 
its centre at the point of intersection 0 of the medians. OA, OB, 
OC produced meet the ellipse in a, β, y. Prove that the tangents 
at a, D, y form a triangle similar to ABC and four times as large. 


PROPOSITION XV. 


The portion of the tangent to an ellipse at any point 
intercepted between that point and the directrix subtends 
a right angle at the focus, and conversely. 

Also the tangents at the ends of a focal chord intersect 
on the directria. 





First—Let any chord QQ’ of the ellipse intersect the 
directrix in Z. 

Then SZ bisects the exterior angle Q'Sq. ^ [Prop. VIII. 
Now, let the chord QQ' be made to turn about Q until 
the point Q" moves up to and coincides with Q, so that the 
chord becomes the tangent to the ellipse at Q. In this 
limiting position of the chord QQ’, since Q and Q' coincide, 
the angle QSQ' vanishes and therefore the angle Q'Sq 
becomes equal to two right angles. But, since SZ always 
bisects the angle Q'Sq, in this case the angle QSZ is a 
right angle. 
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Again, let QZ subtend a right angle at S; then it shall 
be the tangent to the ellipse at Q. For, if not, and if 
possible, let QZ’ be the tangent at Q; then the angle 
QSZ' is a right angle, which is impossible. Therefore QZ 
is the tangent at Q. 


Secondly.—Let QSq be a focal chord and QZ the tan- 
gent at Q. Join ZS, Zq. 

Then the angle QSZ being a right angle, the angle 
ZSq is also a right angle, and therefore qZ is the tangent 
to the ellipse at q. Therefore the tangents at Q and q 
intersect on the directrix. 


Ex. 1. Tangents at the extremities of the latus rectum inter- 
sect in X. 


Ex. 2. If through any point P of an ellipse, an ordinate QPN 
be drawn, meeting the tangent at L in Q, prove that QV=SP. 


Ex. 3. To draw the tangent at a given point P of an ellipse. 
Ex. 4. By drawing the tangent at B, prove that CS. CX— CA*. 


Ex.5. If ZQ meets the other directrix in Z, Z'P subtends a 
right angle at S. 


Ex. 6. If QZ intersect the latus rectum in D, prove that 
SD=e. SZ. 


74 GEOMETRY OF CONICS. 


PROPOSITION XVI. 


If from a point O on the tangent at any point P of an 
ellipse perpendiculars OU and OI be drawn to SP and 
the directrix respectively, then 


SU=e.OI, 


and conversely. 





| 


Join SZ and draw PM perpendicular to the directrix. 

Because ZSP is a right angle, [Prop. XV. 
ZS is parallel to OU. 

Therefore, by similar triangles, 


SU:SP=Z0:ZP 


= Ol: ΡΜ. 
But SP=e.PM; 
therefore SU=e. 01. 


Again, for the converse proposition, if a line OP meets 
the ellipse at P, and the same construction is made as 
before, we have 


SU=e. Ol, 
and SP=e.PM; 
therefore SU:SP=O01:PM 


= Z0: ZP. 
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Therefore OU is parallel to ZS, [Euc. VI. 2. 
and the angle PSZ is a right angle. 
OP is, therefore, the tangent at P. [Prop. XV. 


Note.—See Chap. I., Prop. XIIL, also Prop. L, Ex. 9. 


Proposition XVII. 


The tangent at any point of an ellipse makes equal 
angles with the focal distances of the point. 





Let the tangent at P meet the directrices in Z and Z”. 

Draw MPM' perpendicular to the directrices, meeting 
them in M and M’ respectively. Join SP, SZ, S'P, and 
SZ. 

Then, in the two triangles PSZ and PS'Z', the angles 
PSZ and PS'Z' are equal, being right angles, (Prop. XV. 


and SP:S'P-PM:PM* 
—PZ:PZ, 
and the angles PZS and PZ'S' are both acute angles. 
Therefore the triangles are similar; [Euc. VL 7. 


therefore the angle SPZ=the angle S'PZ'. 


76 GEOMETRY OF CONICS. 


Ex. 1. If a line drawn through P bisect the exterior angle 
between SP and S'P, it will be the tangent at P. 


Ex. 2. The tangent at the vertex is at right angles to the 
major axis. 


Ex. 3. The perpendiculars from Z and Z' on SP intercept a 
length equal to AA’, 


Ex. 4. The tangent at any point makes a greater angle with 
the focal distance than with the perpendicular on the directrix. 


Ex, δ. If SY, S'Y’ be the perpendiculars upon the tangent at P, 
and PN be the ordinate of P, prove that PN bisects the angle 
YNY | 


Ex. 6. If SY, the perpendicular on the tangent at P, meet S’P 
produced in s, prove that 
(i) sY=SY, (1) SP=Ps, = (iil) Ss= AA’. 
On account of property (1), s is called the image of the focus in the 
tangent. 


Ex. 7. Prove that the locus of the image of the focus in the 
tangent is a circle. 

The circle, of which the centre is a focus and the radius equal 
to the major axis, is sometimes, though not quite properly, called 
the Director Circle, by way of analogy to the directrix of the 
parabola, which is, in the case of that curve, the locus of the image 
of the focus in the tangent. (See Chap. I., Prop. XIV., Ex. 7.) 


Ex. 8. Given a focus and the length of the major axis, describe 
an ellipse touching a given straight line and passing through a 
given point. (Apply Prop. IV.; Newton, Book I., Prop. XVIII.) 


Ex. 9. Given a focus and the length of the major axis, describe 
an ellipse touching two given straight lines. (Apply Prop. IV., 
cf. Prop. XXIIL, Ex. 4; Newton, Book I., Prop. XVIII.) 


Ex. 10. If a circle be described through the foci of an ellipse, 
a straight line drawn from its intersection with the minor axis 
to its intersection with the ellipse, will touch the ellipse. 


PnoPosrrioN XVIII. 
To draw two tangents to an ellipse from an external 
point. 


Let O be the external point. Draw OJ perpendicular 
to the directrix, and with centre S and radius equal to 
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e. OI, describe a circle. Draw OU, OU’ tangents to this 
circle, and let SU, SU’ meet the ellipse in Q, Q. Join 
OQ, ΟΦ. Then OQ, OQ shall be the tangents required. — 





For OU is at right angles to SQ, [Euc. III. 18. 
and SU —e.OlI. 
Therefore OQ is the tangent to the ellipse at Q. 
[Prop. XVI. 


Similarly OQ’ is the tangent at Q. 


Ex. 1. Alternative Comstruction.— With centre O and radius OS 
describe a circle ; with centre S’ and radius equal to the major 
axis describe another circle intersecting the former in M and A*. 
Join S’M and δ΄ Δ, meeting the ellipse in Q and Q' ; ΟΦ, OQ’ are 
the tangents required. [The angle OQJf —the angle OQS. Then 
apply Prop. XVII., Ex. 1. It may be shown that the construction 
given in Chap. I., Prop. XVI., is immediately deducible from this.] 

Ex. 2. Show that only two tangents can be drawn to an ellipse 
from an external point. (See Note to Chap. L, Prop. XVI.) 


PROPOSITION XIX. 


The two tangents which can be drawn to an ellipse 
from an external point subtend equal angles at the 
focus. 
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Let OQ, OQ’ be the two tangents from 0. 
Join SO, SQ, SQ’, and draw OJ, OU, OU’ perpendi- 
culars upon the directrix, SQ, SQ’ respectively. 





Then SU -e.O0IzSU.. [Prop. XVI. 
Therefore QU —OQU*. [Euc. I. 47. 
Therefore the angles OSU and OSU’ are equal, 

[Euc. I. 8. 


and they are the angles which the tangents subtend at 
the focus S. 


Ex. 1l. QQ' produced meets the directrix in Z. Prove that ΟΖ 
subtends a right angle at S. [Prop. XV. is a particular case of 
this.] 

Ex.9. If P beany point on an ellipse, the centre of the circle 
touching the major axis, SP, and δ΄ Ρ produced lies on the tangent 
at the vertex. 

Ex. 3. The two foci and the intersections of any tangent with 
the tangents at the vertices, are concyclic points. 

Ex. 4. A variable tangent meets a fixed tangent in 7. Find 
the locus of the intersection with the variable tangent of the straight 
line through S at right angles to ST. 

[The locus is the tangent at the other extremity of the focal chord 
through the point of contact of the fixed tangent.] 

Ex. 5. The tangents at the ends of a focal chord meet the 
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tangents at the vertex in 7, and 7,. Prove that A7,. AT, is con- 
stant. (Ξ 492) 

Ex. 6. The angle subtended at either focus by the segment inter- - 
cepted on a variable tangent by two fixed tangents is constant. 

Ex. 7. If OS intersect QQ’ in R and RA be drawn 
dicular to the directrix, prove that QA, Q'K are equally inclined 
to the axis. 

Ex.8. An ellipse is inscribed in a triangle ; if one focus moves 
along the arc of a circle passing through two of the angular points 
of the triangle, find the locus of the other focus. [An arc of a circle 
through the same angular points.] 

Ex. 9. If a quadrilateral circumscribes an ellipse, the angles 
subtended by opposite sides at one of the foci are together equal to 
two right angles. 


* PROPOSITION XX. 


The two tangents drawn to an ellipse from an external 
point are equally inclined to the focal distances of that 


point. 





Let OQ, OQ' be the two tangents from O. 
Join SQ, SO, SQ’, S'Q, S'O, S'Q', and produce SQ to R. 
Let H be the point of intersection of SQ' and S'Q. 
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Then 
the angle SOQ=the angle OQR—the angle OSQ 
[Euc. I. 32. 
—half the angle S'QR — half the angle QSQ’ 
: [Props. XVII. and XIX. 
— half the angle SHQ. 
Similarly, 
the angle S'OQ' -- half the angle S'HQ'. 
Therefore, 
the angle SOQ =the angle S'OQ'. [Euc. I. 15. 


Ex. l. Given two tangents to an ellipse and one focus, show 
that the locus of the centre is a right line. 


Ex. 2. On OQ, OQ take OK, ΟΚ' equal to OS, Οδ’ respectively. 
Prove that ΚΚ’ is equal to the major axis. [If SQ produced to 
E be equal to the major axis, the triangles SOE and ΚΟΚ’ are 
equal. | 

Ex. 3. The straight line joining the feet of the perpendiculars 
from a focus on two tangents is at right angles to the line joining 
the intersection of the tangents with the other focus. 


Ex. 4. The exterior angle between any two tangents is half the 
sum of the angles which the chord of contact subtends at the foci. 
[Cf. Chap. L, Prop. XIX.] 


Ex. 5. The angle between the tangents at the extremities of a 
focal chord is half the supplement of the angle which the chord 
subtends at the other focus. 


Ex. 6. Prove that 
LSOS' -- LS'QO -- LSQ'0 —2 right angles. 
Ex. 7. If from any point on an ellipse tangents are drawn to 
a confocal ellipse, these tangents are equally inclined to the tangent 
at that point. 
Def. Ellipses which have the same foci are called confocal 
ellipses. 


Ex. 8. If a perfectly elastic billiard ball lies on an elliptic 
billiard table, and is projected in any direction along the table, 
show that the lines in which it moves after each successive impact 
touch a confocal conic. 


Ex. 9. Normals at the extremities of a focal chord intersect in 0, 
and the corresponding tangents meet in 7. Prove that OT' passes 
through the other focus. 
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PROPOSITION XXI. 


The tangents at the extremities of any chord of an 
ellipse intersect on the diameter which bisects the chord. 





Let QQ be the chord, and gq’ any other chord parallel to it. 
Let qQ and q’Q’ produced meet in O. Bisect QQ’ in 
V and let OV meet qg in v. 


Then QV:qv20V:Ov 
=Q V: gv. 

But QT =QF. 

Therefore qvu=q'v. 





Therefore O Vv is the diameter bisecting the system of 


chords parallel to QQ. [Prop. X. 
- 
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If now the chord qq’ be made to move parallel to itself 
until it coincides with QQ’, qQO and {9Ο will become 
the tangents to the curve at Q and Q respectively, and 
they thus meet on the diameter bisecting QQ’. 


Ex. 1. The diameter of an ellipse through an external point 
bisects the chord of contact of the tangents from that point. 


Ex. 2. Given a diameter of an ellipse, to draw the system of 
chords bisected by it. 

Ex. 3. The tangent at any point P of an ellipse meets the 
tangent at din Y. Prove that CY is parallel to A’P. 


Ex. 4. If OPCP' be a diameter through Ο, 0Q a tangent from 
0, and QV be drawn parallel to the tangent at P, then 
OP.OP' =0C. OY. 
Hence show that 0P:0P'—PV:P'V. [This shows that PP’ is 
divided harmonically in V and Ο.] 


Ex. 5. If any line drawn parallel to the chord of contact of two 
tangents to an ellipse meets the curve, the segments intercepted 
between the curve and the tangents are equal. 


PROPOSITION XXII. 


If the tangent at any point Q of an ellipse meets any 
diameter CP produced in T, and f QV be the ordinate 


to that diameter, 


CV .CT=CP*. 





Draw the tangent PR at P, meeting QT in R, and 
draw PO parallel to QT meeting QV in 0. 
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Then since POQR is a parallelogram, RO bisects PQ, 
and therefore passes through the centre C. 
[Prop. XIV. and XXI. 
By similar triangles 
CV:CP=C0 :CR=CP: CT. 
Therefore CV.CT-CP*. 


ANote.—Whhen the diameter coincides with the major 
axis, the result is stated thus :— 
If the tangent at Q meets the major axis produced in 
T, and QN be the perpendicular on the major axis, 
CN .CT=CA?. 


When the diameter coincides with the minor axis, the 
result is stated thus :— 


If the tangent at Q meets the minor axis produced in 
t, and Qn be the perpendicular on the minor axis, 
Cn . Ct = CR. 


These two particular cases are important, and should be carefully 
noted by the student. 


Ex. 1. VH drawn parallel to PQ meets CQ in R. Prove that 
PH is parallel to the tangent at Q. 


Ex. 2. Ifa series of ellipses have the same major axis, the tan- 
gents at the extremities of their latera recta meet at the same point 
on the minor axis. 


Ex. 3. If PT be a tangent to an ellipse meeting the axis in 7, 
aud dP, 4’Ρ be produced to meet the perpendicular to the major 
axis through 7' in Q and Q', then QT— 07. [If PN be the ordinate 
of P, the relation CT :CA— CA: CN gives A'T: A'N— AT: AY.] 

Ex. 4. If PN be perpendicular to the major axis, and the tangent 
at P meet the major axis produced in 7, any circle through .V and 
T cuts the auxiliary circle at right angles. [If E be the centre of 
the circle, show that E.V? + C 4?— EC?.] 

Ex. 5. The locus of the middle points of all focal chords of an 
ellipse is a similar ellipse. 

Let O be the middle point of a focal chord PSp, and let the 
tangent at Q where CO produced meets the curve, meet the major 
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axis in 7. If OM and QN be the ordinates to the major axis, it 
readily follows that 
OM? Q.Y? QU? 
CM.SM CN.TN ΑΝ. ΑΛ’ 
Then apply Prop. IX., Ex. 9. 


Ex. 6. If CY, AZ be the perpendiculars from the centre and an 
extremity of the major axis on the tangent at any point P, show 
that CA.AZ=CY. AN. 

Ex. 7. If a variable tangent to an ellipse meet two fixed parallel 
tangents, it will intercept segments on them whose rectangle is 
constant. 

Let the tangent at Q meet the two parallel tangents PR and pr 
in Rand v. Pp isa diameter (Prop. XIV., Ex. 9). Let CD be the 
semi-diameter parallel to PR meeting rint. Let QV and Qv be 
ordinates to CP, CD; and let rR, pP meet in 7. Then apply the 
proposition with respect to the diameters CD, CP. 

Ex. 8. In Ex. 7 prove that the rectangle under the segments of 
the variable tangent is equal to the square of the semi-diameter 
drawn parallel to it. (See Note on Tangent-Properties Ex. 1, 2. 
Newton, Book I., Lemma X XIV.) 

Ex. 9. If P is any point on the ellipse, find the locus of the 
centre of the circle inscribed in the triangle SPS’. [An ellipse. If 
ON be the perpendicular from the centre 0 on dd’, it may be 
shown that ON? : ΝΔ. NS'z SA? : CB» 

Then apply Prop. IX., Ex. 9.] 

Ex. 10. ΟΡ, ΟΡ are two semi-diameters of an ellipse. Tangents 
at D and P meet CP and CD in X and T respectively, Prove that 
the triangles CDA and CPT are equal in area. 


PROPOSITION XXIII. 


The locus of the foot of the perpendicular drawn from 
either focus upon amy tangent to an ellipse is the 
auxiliary circle; and the rectangle under the focal 
perpendiculars on the tungent is equal to the square of 
the semi-axis minor. (SY.S'Y 2CB*.) 


Let SY, S'Y' be the focal perpendiculars upon the tan- 


gent at any point P. 
Join SP and S'P. Produce S'P to meet SY in R. 
Join C Y. 
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Then in the triangles SPY, RPY, 
the angle SPY =the angle S'PY' [Prop. XVII. 
=the angle ΕΡΤ, [Eue. I. 15. | 


and the angles SYP, RYP are equal, each being a right 
angle, and YP is common, 


therefore SP=PR. 
and SY= VR. [Euc. I. 26. 
Also SC=CS’, 
therefore C'Y is parallel to S’R, [Euc. VI. 2. 
therefore CY=3,.SR [Euc. VI. 4. 
=1(S'P+ PR) 
—1(S PSP) 
SAA [Prop. IV. 
=(CA. 


Therefore the locus of Y is the auxiliary circle. 
Similarly it may be shown that the locus of Y’ is the 
same circle. 
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Again, produce YC and Y'S' to meet in y, then y will 
be on the auxiliary circle. 

For, since CS — CS' and SY is parallel to S'y the tri- 
angles SCY and S'Cy are equal. [Euc. I. 26. 
Therefore Cy = CY = CA, showing that y is on the auxiliary 
circle. 


Also SY=Sy 
Therefore SY.SY 2Sy.S'Y' 
=S’A’.S’A  [Euc III. 35. 
=SA.SA’ 
= CB’. [Prop. V. 


Ex. 1. CE parallel to the tangent at P meets SP, S'P in E, E'. 
Prove that 
(1) PE-PE'-CA. 
(ii) SE=SE", 
(ii) the circle circumscribing the triangles CSE and CS'E' are 
equal. 
Ex. 2. The central perpendicular on the tangent at P meets SP 


produced in Q. Prove that the locus of Q isa circle. [Centre δ. 
Radius- C4A.] | 

Ex.3. If from the centre of an ellipse lines be drawn parallel 
and perpendicular to the tangent at any point, they enclose a part 
of one of the focal distances of that point equal to the other. 

Ex. 4. Given a focus and the length of the major axis, describe 
an ellipse touching two given straiglit lines. 

Ex. 5. Given a focus, a tangent, and the eccentricity, the locus 
of the other focus is a circle. [Since CS—e. CY, the locus of the 
centre is obviously a circle.] | 

Ex. 6. Prove that the perimeter of the quadrilateral S Y Y'S'" is 
the greatest possible when YY’ subtends a right angle at the centre. 

Ex.7. A line is drawn through S’ pe to SP meeting Y/Sin 
O. Prove that the locus of Y^is a circle. 

Ex. 8. The right line drawn from either focus to the adjacent 
point of intersection of any tangent with the auxiliary circle is per- 
pendicular to the tangent. 

Ex. 9. If through any point Y on. the auxiliary circle FP be 
drawn at right angles to SY, YP will be a tangent to the ellipse. 


Ex. 10. If the vertex of a right angle moves on a fixed circle, 
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and one leg passes through a fixed point, the other leg will always 
touch an ellipse. (Cf. Chap. I., Prop. XXIII., Ex. 4.) 

Ex. 11. Given the major axis and a tangent, show that the 
directrix passes through a fixed point. 

Ex. 12. The circle described on SP as diameter touches the 
auxiliary circle. 

Ex. 13. Given a focus, a tangent, and the length of the major 
axis, the locus of the centre is a circle. 

Ex. 14. Given the foci and a tangent, construct the ellipse. 

Ex. 15. Alternative Construction for Prop. XVIII. 

Let 0 be the external point. On OSas diameter describe a circle 
intersecting the auxiliary circle in Y and F’. Then OF and OY" 
produced will be the tangents required. 

Ex. 16. The right line drawn from the centre parallel to either 
focal radius vector of any point on an ellipse to meet the tangent at 
that point, is equal to the semi-axis major. 

Ex. 17. Draw a tangent to an ellipse parallel to a given straight 
line. 

Ex. 18. Two ellipses, whose axes are equal, each to each, are 
placed in the same plane, with their centres coincident and axes 
inclined to each other. Draw their common tangents. [The com- 
mon tangents pass through the points in which the lines joining 
the foci of the curves meet the common auxiliary circle.] 

Ex. 19. Given a focus, a tangent, and the length of the minor 
axis, the locus of the other focus is a straight line. 

Ex. 20. If the rectangle under the perpendiculars from the fixed 
points on a right line be constant (42), the line always touches 
an ellipse of which the fixed points are the foci, and the minor 
axis = 2. 

Ex. 21 A chord of a circle, centre C and radius r, subtends a 
right angle at a fixed point O. Prove that it always touches an 
ellipse, of which C and 0 are the foci, and the square of the semi- 
axis minor =r? e CO. 

Ex. 22. If a second tangent to the ellipse intersect FPT at 
right angles in O, prove that OY. OY'—CB*. 

Hence, prove that CO? = CA? + CB. 

(Cf. Prop. XXIV.) 


* PROPOSITION XXIV. 


The locus of the intersection of tangents to an ellipse 
which cut at right angles is a circle. 
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Let the tangents OT, OT" cut at right angles at O. 
Draw SY, CK perpendicular to OT and SU, CK’ per- 
pendicular to OT. Join CY, CU, CO. Let CK, SU 


intersect in H. 





Now Y and U are on the auxiliary circle, [Prop. XXIII. 


therefore CY=CU=CA. 
Then CO? = CK2+ Ck” [Euc. I. 47. 
and CY?=CK?+ YE”, 
therefore CA?=CkKk?+ SH?; 
also CU?=CK?+ Uk”, 
therefore CA? = CK? + CH?, 
therefore 20A*— CK? + CK? + SH -+ HC? 

= CO? + CS? ; [Euc. I. 47. 
but CS? = CA? — CD*, [Prop. V. 
therefore CO? = CA2+ CB. 


Hence the locus of O is a circle described with the centre 
C and radius equal to AB. 


Vote.—This circle is called the Director Circle of the ellipse. 
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Ex. 1. An ellipse slides between two fixed lines at right angles 
to each other; prove that the locus of its centre is an arc of a 
circle. 


Ex. 2. Any rectangle circumscribing an ellipse is inscribed in: 
the director circle, 


PROPOSITION XXV. 


Tangents at corresponding points of an ellipse and its 
auxiliary circle intersect on the major axis. 





Let the ordinate pP.N meet the ellipse in P and the 
auxiliary circle in the corresponding point p. Let qQ.M 
be any other ordinate. 

Then, because 

QM:q.M-CB:CA 
=PN: pÑ, [Prop. XI. 
the straight line QP, qp produced meet the major axis in 
the same point T. 

Now, if qQM be made to move parallel to itself so as to 
coincide with pP N, the points Q, P and q, p will coalesce, 
and the chords QPT and qpT will become tangents to the 
ellipse and the circle at P and p respectively. 

Ex. 1. Deduce this proposition from the property CY. CT =C4?. 
(Prop. XXIL.) 


Ex. 2. The tangent at p meets CB produced in A. Prove that 
CK. PN=C4A.CB. 
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Ex. 3. Show that the locus of the intersection of the normals 
at P and p is a circle of which the radius is CA+CB. [If the 
normals intersect in Ο, and if PR be drawn parallel to the major 
axis to meet CO in R, then, by similar triangles, it may easily be 
shown that OR=CA, CR=CD. | 


Ex. 4. OQ, OQ’ are tangents to an ellipse; ON is drawn per- 
pendicular to the axis. Prove that the tangents to the auxiliary 
circle at the corresponding points q, g’ meet on ON. 

If QQ’ produced meet the major axis in 7, prove also that 

CN. CT = CA?, 

[For the second part, note that if OV meet the auxiliary circle 
in X, the tangent at R meets the major axis at the point where 
QQ’, gq’ meet it. Cf. also Prop. X XIL, note, which is a limiting 
case. 


Ex. 5. In Ex. 4, if ON meets the ellipse in v, the tangent at r 
intersects the major axis in 7’. 
PROPERTIES OF NORMALS. 
Proposition XXVI. 


The normal at any point of an ellipse bisects the 
angle between the focal distances of the point. 





Let the normal at the point P meet the major axis 
in G. Let YPY’ be the tangent at P. 
Then the angle SPY =the angle S'PY'. — [Prop. XVII. 
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But the angles GPY, GPY' are equal, being right angles; 
[Def. 
therefore the angle SPG =the angle S’PG. 


Ex. 1. If the tangent and normal at any point P meet the 
minor axis in ¢ and g, then P, t, g, S, and S’ lie on the same circle. 


Ex. 2. Prove that the triangles SPG and gPS' are similar. 


Ex.3. If from g a perpendicular gA be drawn on SP or SP, 
show that PA —C4A. 


Ex.4. Prove that SP.S'P—PG.Pg. [The triangles PSg, 
PSG are similar. Ex. ].] 


Ex. 5. No normal can pass through the centre, except it be at 
an end of one of the axes. 


Ex. 6. The normal PG and the focal perpendiculars on the 
tangent at P are in harmonic progression. 


Ex. 7. The circle described on PG as diameter cuts SP, SP in 
K and L. Prove that PG bisects AZ at right angles. 


* PRoPOSITION XXVII. 


If the normal at any point P of an ellipse meets the 
major axis in G, SG -e. SP. 





Join S’P. 
Then, since PG bisects the angle SPS’, [Ῥτορ. XXVI. 
SG:S'G-SD:S'P; [Euc. VI. 3. 
therefore SG:SG--S'G-SP:SP--S'P, 
or SG:SP=SG+S'G:SP+S’P. 
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But SG+S’G=SS’=e. AA’, [Ῥχορ. III. 
and SP+S’P=AA’; [Prop. IV. 
therefore SG=e.SP. 


Ex. l. Show how to draw the normal at any point without 
drawing the tangent. 

Ex. 2. If PM be drawn perpendicular to the directrix, and 
-MS meet the minor axis in g, show that Pg is the normal at Ρ, 

Ex. 3. A perpendicular is drawn from a fixed point Jf on the 
major axis of an ellipse, on the tangent at any point P. The locus 
of the intersection of this perpendicular with SP is a circle. 


Ex. 4. If GE be perpendicular to SP, prove that PE is equal 
to half the latus rectum. [PSN and SEG are similar triangles ; 
therefore SH=e.SN, SP=e. NX, so that PE =e. SX.) 


Ex. 5. In Ex. 4, show that GH=e. PN. 


Ex. 6. Show that 
ΡΟ”: SP.SP=CB : CA* 
(Cf. Prop. XXVI, Ex. 4, and Prop. XXVIII.) 


PROPOSITION XXVIII. 


The normal at any pont of an ellipse, terminated by 
either axis, varies inversely as the central perpendicular 
on the tangent. (PG.PF=CB*  Pg.PF-CA?) 





Let the normal at P meet the major axis in G and the 
minor axis in g; let the tangent at P meet them in T 
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and í respectively. Draw PN, Pn perpendicular to the 
major and minor axis, and let a straight line through the 
centre, drawn parallel to the tangent at P, meet P.N, PG, 
and Px produced, in R, F, and r respectively. 

Then, since the angles at .N and F are right angles, 
G, F, R, N lieon a circle; therefore 


PG.PF=PN.PR [Euc. III. 36. 
— Cn .Ct [Euc. I. 34. 
= CB. [Prop. XXII., Note. 


Again, since the angles at n and F are right angles, g, F, 
n, r lie on a circle; therefore 


Pg.PF=Pn.Pr [Euc. III. 36. 
=CN.CT [Ειις. I. 34. 
—04A2. [Prop. XXII., Note. 


Therefore both PG and Pg vary inversely as PF, which 
15 equal to the central perpendicular upon the tangent 
at P. 


Ex. 1. If CF meet the focal distances of Pin E and E, prove 
that Pg subtends a right angle at E and E. (See Prop. XXIII., 
Ex. 1.) 


Ex. 2. If the circle through S, P, S' meets the minor axis in 
g on the side opposite to P, prove that Sg varies as PG. 


Ex.3. PQ is drawn at right angles to SP, meeting the diameter 
parallel to the tangent at Pin Q. Prove that PỌ varies inversely 
as PN. 


PROPOSITION XXIX. 


If the normal at any point P on an ellipse meets the 
major axis in G, and PN be the ordinate to that axis, 


(i) GN: CN - CB::CA?, 
(ii) CG=e. ΟΝ. 
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Let the normal meet the minor axis in g. Draw Pn 
perpendicular to the minor axis, and CF parallel to the 


tangent at P. 
σος 


Then, because the triangles PNG and Png are similar, 


GN:CN=PG:Pg [Euc. VI. 2. 

=PG.PF:P9.PF 

=CB*: 045. [Prop. XXVIII. 
therefore ON — GN : CN=CA?—CB?: 60642 
or CG : CN =CS?: CA” [Prop. V. 
But CS=e.CA ; [Prop. III. 
therefore CG=e?.CN. 

Ex. 1. In the figure of Prop. XXVIII., prove that :— 
(i) σα. CT- CS? 


(ii) Cg. Ct=CS?*. 
(ii) WG. CT=CB. 
(iv) Tg, 10 intersect at right angles. 


Ex. 2. Find a point P on the ellipse such that PG may bisect 
the angle between PC and Py. 


Ex. 3. In the figure of Prop. XXVIII., prove that the rect- 
angle under the focal perpendiculars on PG — CF. PT. 
PROPERTIES OF CONJUGATE DIAMETERS. 
PROPOSITION XXX, 


If one diameter of an ellipse bisects chords parallel to 
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a second, the second diameter bisects chords parallel to 
the first. 





Let CP bisect chords parallel to CD; then CD bisects 
chords parallel to CP. 

Draw A'Q parallel to CD, meeting CP in V; join AQ, 
meeting CD in U. 

Then A’Q is bisected in V and AA’ in C; therefore 


CV is parallel to dQ. [Euc. VI. 2. 
Again, since AA’ is bisected in C, and CD is parallel to 
A’Q, AQ is bisected by CD. [Euc. VI. 2. 


Therefore CD bisects all chords parallel to AQ, [Prop. X. 
and therefore all chords parallel to C.P. 


Def. Two diameters so related that each bisects chords 
parallel to the other are called Conjugate Diameters. 


Thus CP and CD are conjugate to each other; so also are the 
major and minor axes. 


Ex. 1. If one diameter is conjugate to another, the first is 
parallel to the tangent at an extremity of the second. (Prop. XIV.) 

Ex. 2. Given an ellipse and two conjugate diameters, show how 
to draw the tangent at any point. 

If CP, CD be conjugate diameters, and QV is drawn parallel 
to CD, QY is the ordinate to CP. In CP produced take 7, such 
that CT. CT- CP*. QT is the tangent at Q. (Prop. XXIL) 
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Ex.3. If CQ be conjugate to the normal at P, then CP is con- 
jugate to the normal at Q. 

Ex. 4. The focal perpendiculars upon CP and CD, when pro- 
duced backwards, will intersect CD and CP on the directrix. 
(Apply Prop. XXIX., Ex. 2.) 


Ex. 5. The focus is the orthocentre of the triangle formed by 
any two conjugate diameters and the directrix. (See Prop. X., 
Ex. 1.) 


Ex. 6. Any diameter is a mean proportional between the focal 
chord parallel to it and the major axis. [The conjugate diameter 
CD will bisect the focal chord. Then apply Prop. XXII., and 
Prop. XXIIL, Ex. 16.] 


Ex. 7. The rectangle under the intercepts on any tangent 
between the curve and any two conjugate diameters, is equal to 
the square of the semi-diameter parallel to the tangent, and 
conversely. 

Let the tangent at Q meet the conjugate semi-diameters CP, 
CD in T, T", and let CR be the semi-diameter parallel to 77". 
Let the tangent at R parallel to CQ meet CD in t. Draw the 
ordinates Q V, Atv with respect to CD, parallel to CP. Then 

CV.CT' Cv. Ct CD. [Prop. XXII. 
By similar triangles, 
QT:CR—CV:iCozCt:CT' CR : QT. 
Therefore QT. QT' =C. 


Ex. 8. Given in magnitude and position any two conjugate 
semi-diameters CP, CD of an ellipse, find the major and minor axes. 

Produce CP to A, such that CP. PK=CD?. Bisect CK in O, 
and let the line through O at right angles to CA meet the line 
through P parallel to CD in H. With centre H and radius HC, 
describe a circle cutting PH in T, 7"; the circle will also pass 
through A. Then C7, CT" will coincide with the directions of 
the major and minor axes respectively. 

For PT. PT'=C0P.PK=CD*; therefore CT, CT" are conjugate 
diameters (Ex. 7) and as they are at right angles, they must 
coincide with the directions of the major and minor axes. (Cf. 
Prop XXXIII., Ex. 3; see also Miscellaneous Examples, 13, 14, 
15, 16.) 

To determine the magnitudes of the axes, observe that TPT is 
the tangent at P, and apply Prop. XXII., note. 


Ex. 9. PP’ is a fixed line. Find the locus of a point Q which so 
moves that Q V being drawn in a fixed direction to meet PP’ in J, 
QV? is to PV. P'V in a given ratio. 

Bisect PP’ in C, and through € draw CD in the fixed direction, 
such that CD? is to CP? in the given ratio. Then the locus of ῳ 
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will be the ellipse described with CP and CD as conjugate semi- 
diameters (Ex. 8). Apply Prop. XII., and cf. Prop. X XXII. 

Note.—1f QV? - PV. P'V,thesemi-diameters CP, CD will be eguit- 
conjugate. In this case the position of the major and minor axes 
may be at once determined, as they bisect the angles between the 
equiconjugate diameters. (See Prop. XXXI, Ex. 3) 

Ex. 10. A series of ellipses have their equiconjugate diameters 
of the same magnitude. One of these diameters is fixed and com- 
mon, while the other varies. The tangents drawn from any point 
on the fixed diameter produced will touch the ellipses in points 
situated on a circle. (Apply Prop. XXII.) 


Ex.11. If CN, CP are the abscissa and ordinate of a point P on 
a circle whose centre is C, and VQ be taken equal to NP, and be 
inclined to it at a constant angle, the locus of Q is an ellipse. 


Def. Chords which join any point on an ellipse to the 
extremities of a diameter are called supplemental chords. 


PROPOSITION XXXI. 


Supplemental chords of an ellipse are parallel to conju- 
gate diameters. 





Join any point Q on the ellipse to the extremities of a 
diameter LCM. Then QL and QM are supplemental 
chords. 

Draw CP, CD parallel to QZ, QM respectively; then 


they shall be conjugate diameters. 
G 
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Because LM is bisected in C and CP is parallel to LQ, 
CP bisects MQ, [Euc. VI. 2. 
and, therefore, all chords parallel to CD. [Prop. X. 
Therefore CD bisects all chords parallel to CP, [Prop. XXX. 
and is therefore conjugate to CP. 


Ex. 1. Prove that for any assumed pair of conjugate diameters 
there can be drawn a pair of supplemental chords parallel to them. 


Ex. 2. The diagonals of any parallelogram circumscribed to an 
ellipse are conjugate diameters. [The diagonals pass through the 


centre of the ellipse. Then see Note on Tangent-Properties, 
Ex. 1, 3.] 


Ex. 3. The diagonals of the rectangle formed by the tangents at 
the extremities of the major and minor axes of an ellipse are equi- 
conjugate diameters. 


Ex. 4. The tangent at any point Q on an ellipse meets the equi- 
conjugate diameters in 7 and 7". Prove that the triangles QCT 
and QCT" are as ΟἽ: CT”. [Apply Prop. XXII.] 


* PROPOSITION XXXII. 


The square of the ordinate of any point on an ellipse 
with respect to any diameter varies as the rectangle under 
the segments of the diameter made by the ordinate. 


(QV?: PV. PVzCD?: CP?) 


D Q 





Let QVQ' be a double ordinate with respect to the 
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diameter PCP’, meeting it in V. Let CD be the semi- 
diameter parallel to QV. | 
Now CP bisects QQ’ and therefore all chords parallel to: 


QV or CD. [Def. and Prop. X. 
Therefore CD is conjugate to CP. [Def. 
But QV.Q'V:PV.P'V-CD':CP?. [Prop. XII. 
and QVzQ'V. 

Therefore QV?:PV.P'V-CD':CP?, 


Ex. If ΩΡ, QP’ meet CD, CP in M, N respectively, prove that 
CM.CN-CD*, 


PnoPOsITION XXXIII. 


If CP, CD be two conjugate semi-diameters of an ellipse 
and ordinates PN, DR be drawn to the major axis, then 
Gi) PN:CR=DR:CN=CB:CA. 
(ii) CN?+CR?=CA?. 





Let NP and RD produced meet the auxiliary circle in 
pandd. Join Cp, Cd, and let the tangents at P and p 
meet the major axis produced in T. [Prop. XXV. 

Then, because PT is parallel to CD, [Props. X. and XIV. 
the triangles VPT and RDC are similar. 
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Therefore NT:RC=PN:DR; [Euc. VI. 4. 
but PN: DR=pN:dh, [Prop. XI. 
therefore NT: RC=pN: dR, 


and the angles pNT and dRC are equal, being right 
angles. Therefore, the triangles NpT and Πας are 
similar. [Eue. VI. 6. 
Therefore the angles pTN and dC E are equal. 

Therefore pT is parallel to dC and the angle dC P =the 
angle CpT' —a right angle. 

Therefore the angle pCN =the angle CdR, each being 
the complement of the angle d C R. 

Therefore the two triangles pCN and dCR are equal in 


every respect. [ Euc. I. 26. 
Therefore CR=pN 
and PN:CR=PN:pN 
| — CB:CA. [Prop. XI. 
Similarly DR:CN=CB:CA. 
Again, CN*?--CR? CN? -- p.N? 
—Üp*-CA?. 


Ex. 1. If CQ be perpendicular to PT, prove that 
CQ.QT:CT?* CN. PN : 0D. 
Ex. 2. If the normal at P meets the major and minor axes in 6 
and g respectively, prove that 
(i) PG: CD=CB: CA, 
(1) Pg:CD=CA: CB, 
(iii) PG. Pg=CD", 
Ex. 3. Prove that if two conjugate diameters be at right angles 
to each other, they must be the major and minor axes of the ellipse. 
Ex. 4. Prove that 
(SP— CA)? -(SD - 64) - CS*, 
Ex. 5. If the tangent at the vertex A cut any two conjugate 
diameters in 7' and ¢, show that AT. 41- CP", 
Ex. 6. Apply Prop. XXII. to prove this proposition. 
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If the tangents at P and D meet the major axis in T and t, it may 
easily be shown from the relation 


CR: CN=CT: Ct, 
that CN7=CR. R=ANR. A'R. 
Then apply Prop. IX. 


PnoPOSITION XXXIV. 


The sum of the squares of any two conjugate semi- 
diameters is constant.  (CP?--CD?* - CA? -- CB?) 





Let CP, CD be the conjugate semi-diameters, and let 
PN, DR be the ordinates to the major axis. 


Then PN:CR=CB:CA. [Prop. XXXIII. 
Therefore PN? :CR?=CB*: CA?. 
Similarly DR?:CN?=CB?: 642, 
therefore P.V?+ DR?:CN?+ CR? = CB: CA?; 
but CN?+-CR?=Cd?; [Ῥτορ. XXXIII. 
therefore PN?+ DR = CP, 
therefore CP?+CD?=CA*+CB*. — [Euc. I. 47. 


Therefore, in the ellipse, the sum of the squares of any 
conjugate semi-diameters is constant, being equal to the 
sum of the squares of the semi-axis major and semi-axis 
minor. 


Ex.1. Find the greatest value of the sum of a pair of conjugate 
diameters. [The diameters must be equiconjugate. | 
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Ex. 2. If PG, DH be the normals at P and D, prove that 
PG? + DH? is constant. 
Ex.3. Prove that SP.S'P-CD' [SP+8'P=2CA. Then 
square and substitute.] 
Ex. 4. OP, OQ are tangents to an ellipse, and SQ is produced to 
meet the directrices in XR, δ. Prove that 
PR.PR: QR. QR'=O0P?* : ΟΦ, 
[If PA and QN be the ordinates, it can easily be shown that 
PR. PR ΜΛ,ΛΙΛ’ SP.S'P 
QR.Q ΝΑ. ΝΑ SQ.s'Q 
Then apply Ex. 3 and Note on Tangent-Properties, Ex. I., 1.] 





* PROPOSITION XXXV. 


The area of the parallelogram formed by the tangents 
at the extremities of a pair of conjugate diameters is con- 


stant. (CD. PF-CA . CB.) 





The tangents at the extremities of two conjugate 
diameters PCP' and DCD' wil evidently form a 
parallelogram, [Prop. XIV. 
the area of which is four times that of the parallelogram 
CDTP, where T is the intersection of the tangents at P 
and D. 
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Let the normal at P meet the major axis in G and 
DCD’ in F. Draw the ordinates PN and DR to the 


major axis. 
Then, since the angles at N and F are right angles, 


the angle GPN =the angle GCF'=the angle DCR. 
[Euc. I. 15 and I. 32. 


Therefore the two right-angled triangles GP.N and DCR 
are similar. 
Therefore PG:CD=PN:CR 
=CB:CA, [Prop. XXXIII. 
therefore PG.PF:CD.PF=CB*:CA.CB; 
but PG.PF=CB’, [Prop. XXVIII. 
therefore CD.PF=CA.CB. 
Again, the area of the parallelogram CDTP 
=CD.PF=CA .CB=constant, 
which proves the proposition. 


Ex. 1. Find the least value of the sum of a pair of conjugate 
diameters. [The diameters are the major and the minor axis. Cf. 
Prop. XXXIV., Ex. 1.] 

Ex. 2. Prove that the parallelogram formed by the tangents at 
the extremities of a pair of conjugate diameters is the least that 
can be circumscribed about the ellipse. 

Ex. 3. If PG meets the minor axis in g, prove that 

PG. Pg - 6). 
(Prop. XXVIII. Cf. Prop. XX XIII., Ex. 2.) 

Ex. 4. If SY be the perpendicular upon the tangent at P, prove 
that SP:SY-CD:CB. 

[In the figure of Prop. XXIII., 

SP SP ΔΡΕΔΡ CA 
SY SY S¥+S'Y’ CK 
where CK is the central perpendicular upon the tangent at 7. 


A SP CA CD 
Therefore SY PF OR 
Ex. 5. Prove that SP.S’P=CD*. [From Ex. 4 
SP.S'P CI? 


SY.S'Y' CBr 
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Then apply Prop. XXIII. Cf. also Prop. XXXIV., Ex. 3, and 
Prop. XXXIII., Ex. 2, along with Prop. XXVI., Ex. 4.] 


Ex. 6. If the tangent at P meet the minor axis in 7, prove that 
the areas of the triangles SPS’, STS’ are as CD? :ST?, [Cf. Prop. 
XXVI, Ex. 1.] 


Ex. 7. If DQ be drawn parallel to SP and CQ perpendicular to 
DQ, prove that CQ— CD. (See Ex. 4.) 


Ex. 8. The tangents drawn from D to the circle on the minor 
axis as diameter are parallel to the focal distances of P. (See Ex. 4.) 


Ex. 9. If on the normal at P, PQ be taken equal to the semi- 
conjugate diameter CD, the locus of Q is a circle whose centre is C 
and radius equal to CA - CB. [Apply Prop. XXXIV.] 


MISCELLANEOUS EXAMPLES ON THE ELLIPSE. 


l. Find the locus of the point of intersection of any 
tangent to an ellipse, with the line drawn from the focus 
making a constant angle with the tangent. 


[A circle. Cf. Prop. XXIII. Observe that if the vertex of a 
triangle of a given species be fixed, while one base angle moves 
along a fixed circle, the locus of the other base angle is a circle.] 

2. The line drawn parallel to the axis through the 
intersection of normals at the extremities of a focal 
chord, bisects the chord. 


3. S, S' are the foci of an ellipse; S'E is drawn equal 
to AA’; the line bisecting RS at right angles touches the 
ellipse. (Newton, Book I., Prop. XVII.) 

4. Given a focus, the length of the major axis and two 
points on the curve, to construct it. (Apply Prop IV. 
Newton, Book I., Prop. XVIII.) 

5. Given a focus, the eccentricity, and two tangents, to 
construct the curve. (Apply Prop. XXIII, Ex. 5. 
Newton, Book I., Prop. XX.) 


6. Given a focus, the eccentricity and two points 
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on the curve, to construct it. (Newton, Book I, 
Prop. XX.) 


[The directrix touches the two circles having their centres at 
the given points, and radii equal to e times their focal distances. ] 


7. Given a focus and the eccentricity, to describe an 
ellipse touching a given line at a given point. (Newton, 
Book I., Prop. XX.) 


[Let S be the given focus, and P the given point on the tangent 
YPY'. (Fig. Prop. XXIII.) Draw SY at right angles to PY, 
and produce it to R, so that YR= YS. Divide SR internally and 
externally at the points A, L in the ratio SA : AX; the circle on 
KL as diameter meets RP in S’.] 

8. The rectangle under the perpendiculars let fall from 
any point on an ellipse on two opposite sides of an 
inscribed quadrilateral is in a constant ratio to the 
rectangle under the perpendiculars let fall on the other 
two sides, 


[The proposition holds if instead of perpendiculars on the sides, 
lines are drawn making a constant angle with them. Newton, 
Book L, Lemmas XVIL-XIX.] 

9. The rectangle under the perpendiculars let fall from 
any point on an ellipse on two fixed tangents is in a 
constant ratio to the square of the perpendicular on their 
chord of contact. 


10. If two fixed tangents to an ellipse be cut by a 
diameter parallel to their chord of contact and by a third 
variable tangent, the rectangle under the segments of the 
two fixed tangents, intercepted between the diameter and 
the variable tangent, is constant. 

11. The right line joining the middle points of the 
diagonals of a quadrilateral circumscribing an ellipse will 


pass through the centre. (Apply Ex. 10 and Prop. XXI, 
Ex. 5.) 
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12. If a quadrilateral be circumscribed to an ellipse 
the diagonals will intersect on the chord of contact of the 
sides. 

13. Given two conjugate diameters in magnitude and 
position to construct the ellipse. 


[Through the extremities P, P', D, D' of the given conjugate 
diameters PCP', DCD', draw lines parallel to them, forming the 
parallelogram EFGH. Divide the half side DE into any number 
of equal parts at 2’, R’, etc. Divide DC into the same number of 
equal parts at 7', 7", etc. The intersection of Εν and Pr’ deter- 
mines a point on the ellipse. ] 

14. Given two conjugate semi-diameters in magnitude 
and position, determine the axes. 


[Let CP, CD be the conjugate semi-diameters. Draw PR per- 
pendicular to CD, and on PR take PQ, PY on opposite sides of P, 
each equal to CD ; then the axes are in direction the bisections of 
the angle QCQ’, while their lengths are the sum and difference of 


CQ, CY] 
15. Given two conjugate semi-diameters in magnitude 
and position, determine the axes. 


[Let CP, CD be the conjugate semi-diameters. Draw PR per- 
pendicular to CD, and on it take PQ—CD. On CQ as diameter, 
describe a circle, and let O be its centre. Join OP, cutting the 
circle in Æ and 7; join CE, CF, and take on CE, CF, CA=FP, 
CB=EP. Then CA, CB are the semi-axes sought. | 

16. Given two conjugate semi-diameters CP, CD, with 
centre C and radius CP describe a circle, and let KK’ be 
its diameter at right angles to CP; then will the axes of 
the ellipse be equal to KD + K'D, and parallel to the 


bisectors of the angle KDE”. 


l7. Any diameter of an ellipse varies inversely as the 
perpendicular focal chord of its auxiliary circle. 


18. If any rectangle circumscribe an ellipse the peri- 
meter of the parallelogram formed by joining the points 
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of contact is twice the diameter of the director circle. 
(Prop. XXIV.) 

19. Given a focus, the length of the major axis, and 
that the second focus lies on a fixed straight line, prove 
that the ellipse touches two fixed parabolas having the 
given focus for focus. 


20. Two given ellipses in the same plane have a 
common focus, and one revolves about the common focus 
while the other remains fixed; the locus of the point of 
intersection of their common tangents is a circle. 


[If H be the second focus of the fixed ellipse, A of the revolving 
ellipse, and b,, b, their semi-minor axes, 


HT:KT-—b:bg, 
where T is the point whose locus is sought.] 
21. TQ, TQ’ are tangents to an ellipse; CQ, CQ’, QQ’, 
CT are joined; QQ and CT intersect in V. Prove that 
the area of the triangle QCY varies inversely as 


(77) + ov) 


22. SY, S’Y’ are perpendiculars on the tangent at P. 
Perpendiculars from Y, Y’ on the major axis cut the 
circles of which SP, S'P are diameters in J, J respectively. 
Prove that JS, JS’, and BC produced meet in the same 
point. 

23. An ellipse touches two given lines OP, OQ in P 
and Q, and has one focus on the line PQ. Find the other 
focus and the directrices. 


24. S, S' are the foci of an ellipse; SY is perpendicular 
on the tangent at P. Prove that S'Y bisects the normal 
at P. | 


25. CP, CD are two conjugate semi-diameters of an 
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ellipse; Rr is a tangent parallel to PD; a straight line 
CIJ cuts at a given angle PD, Rr in J, J. Prove that 
the loci of J and J are similar curves, [It can easily be 
shown that CI?: CJ?=1: 2.] 


26. A system of parallelograms is inscribed in an 
ellipse whose sides are parallel to the equiconjugate 
diameters. Prove that the sum of the squares on the 
sides is constant. 


27. OP, OQ are tangents to an ellipse; CU, CV are the 
parallel semi-diameters. Prove that 


OP .0Q+CU.CV=OS. Οδ’. 


28. P, Q are points on two confocal ellipses at which 
the line joining the common foci subtends equal angles. 
Prove that the tangents at P, Q include an angle equal 
to that subtended by PQ at either focus. 


29. The foci of a given ellipse A lie on an ellipse B 
the extremities of a diameter of A being the foci of B. 
Prove that the eccentricity of B varies as the diameter 
of A. 


30. Normals at the extremities P and D of two con- 
jugate semi-diameters meet in K. Prove that CK is 
perpendicular to PD. 


31. If CP, CP’ be semi-diameters of an ellipse at right 

angles to each other, prove that 
1 1 
oP: CP? 

is constant. 

32. Having given the auxiliary circle of an ellipse and 
a tangent to the ellipse touching the ellipse at a given 
point, find the foci. 
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33. Find the locus of the centres of circles cutting a 
given ellipse orthogonally. 


34, An ellipse is inscribed in a given triangle. If one’ 
of the foci is known, show how to find the ellipse and its 
points of contact with the sides of the triangle. 


35. Two fixed points Q, R and a variable point P are 
taken on an ellipse; the locus of the orthocentre of the 
triangle PQA is an ellipse. 


CHAPTER III. 


THE HYPERBOLA. 
DESCRIPTION OF THE CURVE. 


PROPOSITION I. 


Given the focus, directrix, and eccentricity of a hyper- 
bola to determine any number of points on it. 


a n M x 


Let S be the focus, MXM the directrix, and e the 
eccentricity. 
Through S draw SX perpendicular to the directrix. 
Divide SX in A so that 
SA =e. AX. 
110 
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Also, in SX produced,* take A’ so that 

SA’ =e. ΑΧ. 
Then A and A’ are points on the hyperbola and are its 
vertices. 

Take any point N on A’A produced. Through N draw 
PNP’ perpendicular to AA’. With centre S and radius 
equal to e. XN, describe a circle cutting PNP’ in P and 
P. Then P and P shall be points on the hyperbola. 

Draw PM, P'M' perpendicular to the directrix. 


Then SP=e.XN [Const. 
—e.PN, 
and SPze.XN 
—e.P'M. 


Therefore P and P' are points on the hyperbola. 

In like manner, by taking any other point on 4'A pro- 
duced, a series of points on the curve may be determined 
lying on the right hand side of the directrix. 

Again, if N be taken on AA’ produced, another series 
of points on the curve may be determined lying on the 
left hand side of the directrix. 

Def. The length of the axis intercepted between the 
vertices (A, A’) of the hyperbola is called the transverse 
axis. 

Def. The middle point (C) of the transverse axis 18 
called the centre of the hyperbola. 

Def. A straight line BCPB’ passing through the centre 
and perpendicular to the transverse axis, such that 

CB? = CB? = CS? — CA? = SA .SA’ 
is called the conjugate axis. 


* Since e is greater than unity, it is clear that A will lie between 
S and X, and 4’ without SY on the side remote from Δ. 
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The conjugate axis, unlike the minor axis of the ellipse, does not 
meet the curve at all. (See Ex. 3 below.) Its utility in establish- 
ing properties of the hyperbola will appear later on. 


Ex.1. The hyperbola is symmetrical with respect to its axis. 

Corresponding to any point N on the line A’A produced, we get 
two points P and P’ such that the chord PP’ is bisected at right 
angles by the axis 4' A. [Def. 

Ex.2. Any two right lines drawn from any point on the axis to 
the curve on opposite sides of the axis, and equally inclined to it, 
are equal, and conversely. 

Ex. 3. Show that the hyperbola lies wholly outside the lines 
drawn through 4 and 4’ at right angles to the axis. 

In order that the circle may intersect the line P,VP', the point JV 
must be so situated that SV may not be greater than the radius of 
the circle SP, that is, e. ΖΛ, It may be shown that this is the 
case only when N does not lie between A and 4’. 

Ex. 4. Hence, the hyperbola consists of two distinct branches 
lying on opposite sides of the lines drawn through the vertices at 
right angles to the axis, 

Ex. 5. There is no limit to the distance to which each branch of 
the hyperbola may extend on both sides of the axis, so that the 
hyperbola consists of two infinite branches. 

It is obvious that the point JV may be taken anywhere on the 
axis beyond A and Α΄. 

Note.—It will be remembered that the parabola consists of one 
infinite branch (Chap. I., Prop. L, Ex. 9) and that the ellipse is a 
closed oval (Chap. II., Prop. I., Ex. 6). 

Ex. 6. In any conic, if PR be drawn to the directrix parallel to 
a fixed straight line, the ratio SP : PR is constant. 

Ex. 7. If an ellipse, a parabola, and a hyperbola have the same 
focus and directrix, the parabola will lie entirely outside the ellipse 
and inside the hyperbola. (Cf. Chap. I., Prop. I., Ex. 6 and 7.) 

Ex. 8. Prove that the locus of a point of trisection of an arc of 
a circle described on a given base is a hyperbola. 

Ex.9. If a circle touches the transverse axis at the focus, and 
passes through one end of the conjugate axis, the portion of the 
conjugate axis intercepted = C 4?/C B. 

Ex. 10. Prove that the locus of the point of intersection of two 
tangents to a parabola which cut at a constant angle is a hyperbola. 

Let OP, OQ be two tangents to a parabola, cutting at a constant 
angle a. Draw OJ, OU perpendicular to the directrix and SP; 
then O7 z SU (Chap. I., Prop. XIII.), and 

OS : 01 0S' : SU, 
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which is a constant ratio greater than unity since LOSP=7 — a. 
(Chap. I., Prop. XIX.) The locus of O is, therefore, a hyperbola 
having the same focus and directrix as the parabola. 

Ἐκ. 11. Pisany point on a given hyperbola (e—2) D 18 taken 
on the axis such that SD—.SA'. If A’P meets the latus rectum in 
K, find the locus of the intersection of DK and SP. [The circle on 
-UD as diameter. | 

Ex. 12. The angular point 4 of a triangle ADC is fixed, and the 
angle A is given, while the points B and C move on a fixed right 
line. Find the locus of the centre of the circumscribing circle of the 
triangle. [A hyperbola of which 4 is the focus and BC the 
directrix.] 


PROPOSITION II. 


The hyperbola 4s symmetrical with respect to the con- 
jugate axis and has a second focus (S^) and directriz. 





Let S be the given focus and MX the given directrix. 

Take any point M on the directrix and through the 
vertices A and A’ draw AH, A'H' at right angles to AA’, 
ineeting the straight line through Jf and S at H and H’ 
respectively. 

Describe a circle on HH’ as diameter, and through Jf 
draw PMP parallel to AA’, to meet the circle in P and 
P. Then P and P shall be points on the hyperbola. 

H 
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For SH:HM-SA:AX 
=e, 
and SH’: MH’=SA’‘': XA’ 
Ξξέ, 
therefore SH: HM=SH’: MH’, 


and the angle HPH' is a right angle; therefore PH 
bisects the angle SPM. 
Therefore SP:PM=SH:HM 
=SA:AX 
=e. 
Therefore P is a point on the hyperbola. 

Similarly it may be shown that P’ is a point on the 
hyperbola. 

Again, the straight line drawn through O, the centre of 
the circle, at right angles to AA’, will bisect both AA’ 
and PI” at right angles, and will therefore coincide with 
the conjugate axis in position. 

The hyperbola is therefore symmetrical with respect to 
the conjugate axis. 

Hence the two branches of the hyperbola, lying on 
opposite sides of the conjugate axis, are such that each is 
the exact reflexion of the other. Therefore, if A'S' be 
measured off=AS and A'X' — A X, and Λ΄ M, be drawn at 
right angles to X’S, the curve could be equally well 
described with S'as focus and X'M, as directrix. The 
hyperbola has therefore a second focus S’ and a second 
directrix .V Λι. 

Ex. Every chord drawn through the centre Cand terminated by 
the two branches is bisected at that point. [From the symmetry of 


the figure.] 
From this property the point C is called the centre df the curve. 
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PROPERTIES ΟΕ CHORDS AND SEGMENTS OF 
CHORDS. 


Proposition III. 


In the hyperbola CAO ON ο ο ο (1.) 
QS e CH ο ος (11.) 
CS CX = CAS Aa, canciones: (iii) 


Rect 


| 
SN YIN A IN uA S 
ET 
.. | | 
i ; \ 
ο. \ 
| N 
| EE 
E NE 
MEC X 
| 


We have from the definition 
SA=e.AX, 
SA’ =e. AX =e. AN. 
Therefore, by subtraction, 


AA’ =e(AX'— AX) 
SBAA. 
Therefore CAS δι iuc (1.) 
By addition SS —e.(AX +A X) 
=e. AA’. | 
Therefore το ο ο ο (ii.) 


Therefore | CS. CX -CA?* ....... E (iii.) 
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Ex. 1. Given the transverse and the conjugate axis, find the focus 
and the directrix. 
CB 
CA* 

Ex. 3. If the line through B parallel to the transverse axis meet 
the latus rectum in D, then will the triangles SCD, SXD be similar. 

Ex. 4. Prove that 

SX?: AX. A. XY- CB? C A?, 

Ex. 5. If any line through: the centre meet the perpendicular 

through A to the transverse axis in O and the directrix in Æ, then 


AF is parallel to SO. | 
Ex. 6. In Prop. I., Ex. 8, find the distance between the centres 
of the two hyperbolas which are the loci of the points of trisection 


of an arc of a circle described on a given base. [One-third of the 
given base.] 


Ex.2. Prove that οἲ-- 1 -- 


PROPOSITION IV. 


The difference of the focal distances of any point on a 
hyperbola 4s constant and equal to the transverse axis. 





Let P be any point on the hyperbola. Join PS, 
PS’, and through P draw PMM perpendicular to the 


directrices. 
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Then SP=e. PM, 
and S’P=e.PM. 
Therefore SP—SPZe«PM —PM) 
--6. MM 
=¢. X X” 
SA. [Prop. ITI. 


Ex. 1. Show how to construct the hyperbola mechanically. 





ς' 


First Method.—Suppose a bar SQ, length r, to revolve round its 
extremity δ’ which is fixed. Then if a string of given length ἶ, 
attached to the bar at Q and also to a fixed point S, be always kept 
stretched by means of a pencil at P pressed against it (the part QP 
of the string being in contact with the rod), the pencil will trace 
out a hyperbola with foci at S and S’, and the transverse axis equal 


to (r- 0). For 
S’P+PQ=r 
and SP+PQ=1, 
s S'P- SP =r —l=constant. 
It should be observed that / must be less than r and greater than 
r- SS’, 

In the same manner, by making the bar revolve round S as 
centre, the other branch of the hyperbola may be described. The 
other branch may also be described by taking the string longer than 
the rod by the length (r — /). 


Second Method.—Suppose two equal thin circular discs A and B 
attached to each other, to rotate in the same direction round an axis 
through their common centre ; and suppose the two ends of a fine 
string (which is wrapped round the discs and passing through small 
rings at C and D in the plane of the discs, is kept stretched by the 
point of a pencil at P) to be wound off from the two discs. The 
curve traced by P will have the property CP — DP —constant, and 
will, therefore, be a hyperbola. 
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Ex. 2. Given the foci and the transverse axis to determine any 
number of points on the curve. 

Describe a circle with centre Sand anv radius 7 ; describe a circle 
with centre δ΄ and radius=r+Ad’. The two circles intersect in 
points on the curve. 

Ex. 3. Given a focus, a tangent, and a point on an ellipse, prove 
that the locus of the other focus is a hyperbola. [The foci will be 
the given point and the image of the focus in the tangent. Chap. 
IL, Prop. X XIII.] 

Ex. 4. Given a focus, a tangent, and two points on an ellipse to 
construct the curve. (Newton, Book I., Prop. XXI.) 

Ex. 5. Given a focus, two tangents, and a point on an ellipse to 
construct the curve. (Newton, Book I., Prop. XXI.) 

Ex. 6. Given a focus, the eccentricity, a tangent, and a point on 
an ellipse to construct the curve. (Apply Chap. IL, Prop. XXIII, 
Ex. 5. Newton, Book I., Prop. XX.) 

Ex. 7. The difference of the focal distances of any point is greater 
than, equal to, or less than the transverse axis, according as the 
point is within, upon, or without the hyperbola, and conversely. 


Ex. 8. The locus of the centre of a circle which touches two fixed 
circles is an ellipse or a hyperbola. (Cf. Chap. II., Prop. IV., Ex. 4.) 

Ex. 9. Given one focus of an ellipse and two points on the curve, 
the locus of the other focus is a hyperbola. 

Ex. 10. A parabola passes through two fixed points, and has its 
axis parallel to a given line ; prove that the locus of its focus is a 
hyperbola. 

Ex. 11. Given the base of a triangle and its point of contact with 
the inscribed circle, show that the locus of its vertex is a hyperbola. 

Ex. 12. Find the locus of the intersection of the tangents from 
two Eh points 4 and B to all circles touching AB at a given 

oint C. 
ή [An ellipse when 6 is outside 4 and B; a hyperbola when C is 
between 4 and B, except when CA=CB, in which case the locus is 
a right line. ] 

Ex. 15. An ellipse and a hyperbola having the same foci inter- 
sect in P. If CA, Ca be their semi-axes major respectively and PN 
the ordinate of P, show that 

CA: CS CN : Ca. 

Ex. 14. P is any point on an ellipse, of which 64, CB are the 
semi-axes ; CD is the semi-diameter conjugate to CP; Cb is the 
semi-conjugate axis of the confocal hyperbola through 7. Prove 


that CD? 4- Ch? = CD. 
Let Ca=semi-transverse axis. 
Then Cb? = CS? — Ca? — CS? — SP - δ’ PY 


—OC8? — M(SP-- S' P? — ASP.. S P} 
=CD?-CB*. [Chap. IL, Prop. XXXV., Ex. 5. 
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Ex. 15. SY, S'Y’ are the focal perpendiculars on the tangent at 
any point P of an ellipse. Prove that PY.PY’ is equal to the 
square on the semi-conjugate axis of the confocal hyperbola 
through P. SP ΔΡ CD 


wa a WB 9 


SY SY CB 
PY PY' JPY.PY' 
Apply Ex. 14. Cf. Prop. XXI., Ex. 8.] 

Ex. 16. Two adjacent sides of a quadrilateral are given in 
magnitude and position ; if a circle can be inscribed on the quadri- 
lateral, the locus of the intersection of the other two sides is a 
hyperbola. 

Ex. 17. Prove that the circle in Prop. L, Ex. 12, always touches 
a fixed circle. [Centre is second focus of the hyperbola, radius = trans- 
verse axis.] 


* PROPOSITION V. 


The latus rectum of a hyperbola is a third propor- 


tional to the transverse and conjugate axes. (sz = re 





Let LSL' be the latus rectum. Draw LM perpen- 
dicular to the directrix. 
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Then CS=e.CA. [Prop. III. 
SL-e.LM [Def. 
=e. SX. 
Therefore SL.CA=CS.SX 

= CS(CS — CX) 
—-CS—CS.CX 
= 0S? — CA? [Prop. III. 
= CB. [ Def. 


Ex. Prove this proposition by means of Frop. III., Ex. 4. 


* PROPOSITION VI. 


Any focal chord of a hyperbola is divided harmoni- 
cally by the focus and directrix; and focal chords are 


to one another as the rectangles contained by their 
segments. 


Ὃς 


P 


Produce the focal chord PSp to meet the directrix in 
D, and draw PM and pm perpendicular to the directrix. 






Then PD:pD=PM: pm; 
but PS=e.PM, 
and 


pS=e.pm; [Def. 
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therefore PD: pD=PS8: pS. 
Hence Pp is divided harmonically in S and D. 

Again, PD, SD, and pD being in harmonic progression, 
PM, SX, and pm are also in harmonic progression. But 
SP: PM=SL:SX =Sp: pm=e; 
therefore SP, SL, and Sp are also in harmonic progres- 

sion. Therefore 


SP+Sp Pp ^ 
therefore the focal chord Pp varies as SP. Sp. 


Proposirion VII. 


If any chord QQ of a hyperbola intersects the directrix 
in D, SD bisects the angle between SQ and SQ. 





First, let Q and Q be on the same branch of the 
hyperbola 
Draw QM, Q'M' perpendicular to the directrix. 
Then, by similar triangles, 
QD: QD=QM: UM 
= SQ ° SQ. 
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Therefore SD bisects the exterior angle Q’Sq. [Euc. VI. A. 

Secondly, let Q, Q' be on opposite branches of the 
hyperbola; then it may be similarly shown that SD 
bisects the anterior angle QSQ’. [Euc. VI. 3. 





Ex. 1. Prove that a straight line can cut a hyperbola iu two 
points only. (Cf. Chap. L, Prop. X., Ex. 8; Chap. IL, Prop. 
IIL, Ex. 9.) 


Ex. 2. If two points Q, Q’ on a hyperbola be joined with a 
third variable point O on the curve, the segment qq' intercepted 
on either directrix by the chords QO and Q'O produced, subtends 
a constant angle at the corresponding focus. 


Ex. 3. Given the focus and three points on a hyperbola, find 
the directrix and the axis. 


Proposition VIII. 


The square of the ordinate of any point on a hyperbola 
varies as the rectangle wnder the segments of the axis 
produced, made by the ordinate. 


(PN?: AN. A'N =C: 645.) 
Let PN be the ordinate of any point P on the hyper- 
bola. Let PA, PA’, produced if necessary, meet the 
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directrix in D and D'. Join SP, SD, SD’, and produce 
PS to meet the curve in p. 





Then, from the similar triangles PAN and DAX, 
PN:AN-DX:AX. 
Also from the similar triangles PA'N and D'A'X, 
PN: A'N=DX: AX; 
therefore PN?:AN.A'N=DX.DX:4X.A'X. 
Again, SD and SD’ bisect the angles pSX and PSX 


respectively ; [Prop. VII. 

therefore the angle DSD is a right angle, aud 
DX.DAX-SX [Euc. VI. 8. 

Therefore PANAN αυ οι UU i.d. 

But the ratio S.X?: A.X. Αχ is constant; therefore the 


ratio PN?: AN. A'N has the same value for all positions 
of P. 


To determine this constant value we have 


SA:AY=CS:CA; [Prop. III. 
therefore SX :AY=CS+CA:CA. 


Similarly SX:A’XY=CS—CA:CA ; 
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therefore SX?:AX.A’X =CS?—CA?2: CA? 
= CB*: CA?; [ Def. 
therefore  PN?:AN.A'N-CB?:049, 


Ex. 1. Prove that 
PN? ; CN? — CA*- CB? : CA? 
Ex.2. Having shown that 
PN?*: AN. A'N—-SX?: AX. A' X, 
apply Prop. V. to complete the proof. [Make P coincide with the 
extremity L of the latus rectum.] 
Ex. 3. Prove that s 
CN* PN 
CA? CB C 
Ex. 4. NQ parallel to AB meets the conjugate axis in Q. Show 
that QB. QD'— P.N?, 
Ex. 5. Qisa point on the curve; AQ, A'Q meet PN in D and 
E; prove that DV. EN - PN?, 
Ex. 6. If a point P moves such that ΡΛ1: ΑΛ. A'N in a con- 
stant ratio, PV being the distance of P from the line joining two 


fixed points A, A’, and . falling outside 4A’; the locus of P is a 
hyperbola of which 44’ is an axis. 


Ex. 7. PVP’ is a double ordinate of an ellipse ; show that the 
locus of intersection of 4 P' and A’P is a hyperbola. 


Ex. 8. A circle is described through A, A’ and P. If NP 
meets the circle again in Q, the locus of Q is a hyperbola. 


Ex. 9. NQ is a tangent to the circle on AA’ as diameter; PM 
is drawn parallel to CQ, meeting AA’ in Jf; show that A.V — CB. 
[The triangles PMN, QCN are similar.] 


Ex.10. A chord AP is divided in Q,so that AQ: QP— CA? : CB. 
Prove that the line through ϱ at right angles to QW is parallel 
to A'P. 


PROPOSITION IX. 


The locus of the middle points of any system of 
parallel chords of a hyperbola is a straight line passing 
through the centre. 


Let QQ’ be one of a system of parallel chords, and V its 
middle point. 
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Draw QM, QM’ perpendicular to the directrix; draw 
SY perpendicular to QQ’ and produce YS to meet the 
directrix in K. Produce QQ’ to meet the directrix in R, 
and join SQ, SQ. 





FANY 
M' 
Q 
R 
Then SQ:QM-SQ:QA" 
therefore SQ:SQ' —QM:Q'M' 
—QR:Q'R; 
therefore 
SQE — SQE: QR — Q R= SQ: QR. 
But SQ? — SR =QY -Q Y [Euc. I. 47. 
=(QY+QYXQY-QRY) 
—292.QQ'. YV. 
Similarly QR? —QR-2.QQ.RV; 
therefore YV: RV=SQ?:QR* 


Now, the ratio SQ: Q.M is constant; also, the ratio 
QM :QR is constant, since QQ’ is drawn in a fixed 
direction. Therefore SQ: QE is a constant ratio; there- 
fore also Y V : RV is a constant ratio for all chords of the 
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system. But as R always lies on a fixed straight line 
(the directrix), and Y on another fixed straight line (the 
focal perpendicular on the parallel chords), intersecting 
the former in K, V must also lie on a third fixed straight 
line, passing through the same point K. 

Again, corresponding to a system of parallel chords in 
one branch of the hyperbola, there is in the other branch 
another system exactly similar thereto; and the middle 
points of the chords of both the systems must lie on VK, 
which therefore divides the two branches symmetrically, 
Hence, from the symmetry of the curve about the major 
and minor axes, and therefore about the centre, VIX must 
pass through C. 

Hence the diameter bisecting any system of parallel 
chords of a hyperbola is a straight line passing through 
the centre. 


Ex. The diameter bisecting any system of parallel chords meets 
the directrix on the focal perpendicular to the chords. 


* PROPOSITION X. 


If any two parallel chords of a hyperbola be drawn 
through two fixed points, the ratio of the rectangles under 
their segments will be constant, whatever be the directions 


of the chords. 


Let OPQ be a chord drawn through one of the fixed 
points O, outside the curve. 

Produce QPO to meet the directrix in R, and join SR, 
SP, SQ. Draw OU, OV parallel to SP, SQ respectively ; 
and draw OD, PM perpendicular to the directrix. 

Then RO: RP=O0U:PS 

=0D: PM, 
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but PS=e.PM; 
therefore QU — e. OD. 
Similarly OV=e OD. 





Describe a circle with centre O and radius equal to 
€. OD, passing through U and V; and draw RT, St 
tangents to this circle. 

Now, by similar triangles, 


OP:ORZSU:RU, 


and 0Q:OR-SV:RV; 
therefore OP .0Q:OR?=SU.SV:RU.RV 
= St?: RT. [Euc. III. 36. 


Therefore OP .0Q:St?=OR?: RT, 

Now. for a given direction of the chord OPQ the ratio 
OR: OD is constant, and, therefore, also the ratio OR: OT, 
since OT =e.OD. Therefore, also, the ratio OR: RT is 
constant. 

If, now, through another fixed point O' a parallel chord 
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O'P'Q' be drawn, and similar constructions be made, we 
shall have OP.0Q:S? -O0'P'.0'Q':St?; 
therefore  OP.0Q:0'P'. O'Q = SE: οἱ, 

But since the points O and 0’ aro fixed, the two circles 
are fixed in magnitude and position, and, therefore, St and 


St’ are constants. 

Therefore the ratio OP. OQ : O'P'. O'Q' is constant. 

Ex. 1. If asystem of chords of a hyperbola be drawn through 
a fixed point, the rectangles contained by their segments are as 


the parallel focal chords, and also as the squares of the parallel 
semi-diameters where they exist. (Apply Prop. VI.) 


Ex. 2. The ordinates to any diameter at equal distances from 
the centre are equal. 


* PROPOSITION XI. 


If a circle intersect a hyperbola in four points, their 
common chords will be equally inclined, two and two, to 
the axis. 





Let Q, Q q, g be the four points of intersection. 
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Then QO. OQR =q0. Og. [Euc. III. 35. 
Therefore the rectangles under the segments of the focal 
chords parallel to οφ and qq’ respectively are equal, 

[Prop. X. 
d therefore the focal chords themselves are equal. 

[ Prop. VI. 
They are, therefore, equally inclined to the axis, from 
the symmetry of the figure. (See also Prop. I., Ex. 2.) 
Therefore, the chords QQ’, qq’ are equally inclined to 
the axis. 

In like manner it may be shown that the chords Qq 
and Qg, as well as the chords Qq' and qQ, are equally 
inclined to the axis. 


PROPERTIES OF TANGENTS. 


The student should work out the following exercises as 
illustrating the method of deducing tangent properties 
from the corresponding chord-properties. 


I. Deduce from Prop. X., Ex. 1 :— 

1. The tangents to a hyperbola from an external point are pro- 
portional to the parallel semi-diameters where they exist, and are in 
the subduplicate ratio of the parallel focal chords. 

2. If two parallel tangents OP, ΟΡ’ be met by a third tangent 
at Q, in O and O’, prove that 

OP: O0P’=00: 09. 

II. Deduce from Prop. XI. :— 

l. PQ and ΡΟ’ are chords of a hyperbola equally inclined to the 
axis ; prove that the circle PQQ’ touches the hyperbola at P. 

2. Ifa circle touch a hyperbola at the points P and Q, show that 
PQ is parallel to one of the axes. 

III. Deduce from Prop. VIL, Ex. 1:— 


1. A tangent to one branch of a hyperbola cannot meet the other 
branch. 
See also Prop. XII. and XIII. 
I 
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PROPOSITION XII. 


The tangent to a hyperbola at either end of a diameter 
4s parallel to the system of chords bisected by the diameter. 


0^ 
/ 





Let P'CPV be the diameter bisecting a system of 
chords parallel to QQ’. Let QQ be made to move 
parallel to itself, so that Q may coincide with V. Since 
QV is always equal to Q'V, [Prop. X. 
it is clear that Q will also coincide with V, and the 
chord in this its limiting position will be the tangent to 
the hyperbola at P. 


Ex. 1. The tangent at the vertex is at right angles to the trans- 
verse axis. | 

Ex. 2. The line joining the points of contact of two parallel 
tangents is a diameter. 


PnRoPosiTION XIII. 


The portion of the tangent to a hyperbola at any point, 
intercepted between that point and the directrix, subtends 
a right angle at the focus, and conversely. 

Also, tungents at the ends of a focal chord intersect on 
the directrix. 
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First, let any chord QQ’ of the hyperbola intersect the 
directrix in Z; then SZ bisects the exterior angle Q'Sq. 

[Prop. VII. 

Now, let the chord QQ be made to turn about Q until the 

point Q' moves up to and coincides with Q, so that the 





chord becomes the tangent to the hyperbola at Q. In 
this limiting position of the chord QQ’, since Q and Q 
coincide, the angle QSQ' vanishes; therefore the angle 





Q'Sq becomes equal to two right angles. But since SZ 
always bisects the angle Q^Sq, in this case the angle QSZ 
is a right angle. 
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Conversely, let QZ subtend a right angle at S, then it 
shall be the tangent to the hyperbola at Q. For if not 
and if possible let QZ’ be the tangent at Q. Then the 
angle QSZ is a right angle, which is impossible; therefore 
QZ is the tangent at Q. 

Secondly, let QSq be a focal chord and QZ the tangent 
at Q. 

Join ZS, Zq. 

Then the angle QSZ being a right angle, the angle ZSq 
is also a right angle. Therefore ηΖ is the tangent to the 
hyperbola at q. Therefore the tangents at Q, q intersect 
on the directrix. 

5 1. Tangents at the extremities of the latus rectum intersect 
1n A. 
Ex. 2. To draw the tangent at a given point of a hyperbola. 


Ex. 3. If QZ, qZ meet the latus rectum produced in D and d, 
then SD=Sd. (Cf. Chap. IL, Prop. XV., Ex. 0.) 


PRoPOSITION XIV. 


If from a point Ὁ on the tangent at any point P of a 
hyperbola perpendiculars OU, OL be drawn to SP and 
the directrix respectively, then 


SU=e. OL, 
and conversely. 


Join SZ and draw PM perpendicular to the directrix. 

Because ZSP 18 a right angle, [Prop. XIII. 
ZS is parallel to OU. 

Therefore, by similar triangles, 

SU:SP-ZO-ZP 
—OI:PM; 

but SP=e.PM. 
Therefore SU =e. ΟΙ. 
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Again, for the converse proposition, we have 
SU- e. OI j 
and SP =e. PM 





Therefore SU:SP=01:PM 
=Z0: ZP. 
Therefore OU is parallel to ZS, [Euc. VI. 2. 
and the angle PSZ is a right angle. 
Therefore PZ is a tangent at P. [Prop. XIII. 


Ex. If a perpendicular through O on the transverse axis meet 
the curve in Q and Q, then SU SQ, and 0U?—0Q. OQ. 


PROPOSITION XV. 


The tangent at any point of a hyperbola makes equal 
angles with the focal distances of the point. 

Let the tangent at P meet the directrices in Z 
and Z. 

Draw PMM perpendicular to the directrices, meeting 
them in M and M respectively. Join SP, SZ, SP, SZ. 
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Then, in the two triangles PSZ and PS'Z, the angles 
PSZ and PS'Z are equal, being right angles, [Prop. XIII. 
and SP: SP=PM:PM 

= PZ: PZ, 
and the angles PZS and PZ’S’ are both acute angles. 


1 Μ Ε 
S j| S 
P dd 
E 
Therefore the triangles are similar. [Euc. VI. 7. 


Therefore the angle SPZ=the angle S'PZ. 


Ex. 1. The tangent at the vertex is perpendicular to the axis. 

Ex. 2. Given a focus, a tangent and its point of contact, find the 
locus of the other focus. 

Ex. 3. If PCp be a diameter, and if Sp meet the tangent at 7^ in 
T, SP=ST. 

Ex. 4. If an ellipse and a hyperbola have the same foci, they 
intersect at right angles. (See Chap. L, Prop. XIV., Ex. 4.) 

Such Conics are called Confocal Conies. 

Ex. 5. If the tangent at P meet the axes in 7, t, the angles J’St, 
STP are supplementary. [The circle round SPS’ obviously passes 
through ¢.] 

Ex. 6. If the diameter parallel to the tangent at 7" meet SP and 
S’P in E and Ζ΄, the circles about the triangles SCH, S'CE' are 
equal. 
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, Ex. 7. Tangents at the extremities of a focal chord PSQ meet in 


T. Prove that 
2: PTQ — _PS'Q=2 right angles. 

Ex. 8. Y, F' are the feet of the focal perpendiculars on the 
tangent at P ; if PN be the ordinate, the angles PNY, PN Y’ are 
'" supplementary. [LPNY=LPSY=LPS' Y =r- LPNT.] 

Ex. 9. A parabola and a hyperbola have a common focus S, and 
their axes in the same direction. A line SPQ cuts the curves in P 
and Q. If the tangents at P, Q meet in T, prove that LPT =} 559. 
(See Prop. I., Ex. 7.) 

Ex. 10. Pisa point on a hyperbola whose foci are S, S’; another 
hyperbola is described whose foci are S, P, and whose transverse 
axis=SP—2PS". Prove that the hyperbolas will meet at only one 

int, and that they will have the same tangent at that point. 

Apply Prop. IV. If Q be a point of intersection, ϱ = QS’ + PS’ ; 
Q, therefore, is the other extremity of the focal chord PS’. } 

Ex. ll. A chord P?V@ meets the directrices in R and V, P, Q 
being on different branches. Prove that PR and VQ subtend, each 
at the focus nearer to it, angles of which the difference is equal to 
the angle between the tangents at P and Q. (Apply Prop. VII.) 


PROPOSITION XVI. 


To draw two tangents to a hyperbola from an external 
point. 





Let O be the external point. 
Draw OJ perpendicular to the directrix, and with 
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centre S and radius equal to ο. ΟΙ describe a circle. 
Draw OU, OU’ tangents to this circle and let US and 
SU’ produced meet the hyperbola in Q, Q. Then OQ, 
OQ’ shall be the tangents required. 
For OU is at right angles to SU, [Euc. III. 18. 
and SU —e.O0I 
Therefore OQ is the tangent to the hyperbola at Q. 
[1τορ. XIV. 
Similarly OQ is the tangent at Q. 
Note.—If it had been necessary to produce both SU and SU' in 
the same direction, to meet the curve, the points of contact would 


have been on the same branch, instead of being on opposite 
branches, as in the figure. 


Ex. 1. Alternative Construction.—With centre O and radius OS, 
describe a circle. With centre S’ and radius equal to the trans- 
verse axis, describe another circle intersecting the former in M 
and Μ΄, Join δ΄ and S'M', and produce them to meet the curve 
in Q and Q'. OQ, ΟΦ’ are the tangents required. (Cf. Chap. II., 
Prop. XVIII., Ex. 1.) 


Ex. 2. Prove that only two tangents can be drawn to a hyper- 
bola from an external point. 


PROPOSITION XVII. 


The two tangents that can be drawn to a hyperbola 
from an external point subtend equal or supplementary 
angles at the focus according as the points of contact are 
on the same or opposite branches of the curve. 


First, let OQ, OY be the two tangents from O, Q and 
Q being on the same branch of the curve. 

Join SO, SQ, SQ’, and draw OJ, OU, OU’ perpendiculars 
upon the directrix, SQ, SQ' respectively. 

Then SU -e.OIzSU. [Prop. XIV. 
Therefore OU=0U". [Euc. I. 47. 
Therefore the angles OSU and OSU’ are equal, [Euc. I. 8. 
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and they are the angles which the tangents subtend at 
the focus. 





Secondly, let Q and Q’ be on opposite branches of the 
curve. Then it may be similarly proved that the angles 





OSU and OSU’ are equal; therefore the angles OSQ and 
OSQ are supplementary. 


Ex. 1. In Fig. 1 prove that OQ, OQ’ subtend equa: angles at S. 
Ex. 2. The portion of any tangent intercepted between the 
tangents at the vertices, subtends a right angle at either focus. 


Ex. 3. Find the locus of the centre of the inscribed circle of the 
triangle SQS'. [The tangent at the vertex .1.] 
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Ex. 4. Show that the chord of contact QQ’ is divided harmoni- 
cally by SO and the directrix. 


Ex. 5. If PN be the ordinate of P, and PT the tangent, prove 
that SP EST = AN AT. 

Ex. 6. Two points P and Q are taken on the same branch of the 
curve and on the same side of the axis; prove that a circle can be 
drawn touching the four focal distances. [The centre is the point 
of intersection of the tangents at P and Q. Apply Prop. xvi 


* PnoPOSITION XVIII. 


The two tangents that can be drawn to a hyperbola 
from an external point make equal or supplementary 
angles with the focal distances of the point according as 
the points of contact are on the opposite or same branches 
of the curve. | 


"ET | | Q 
Q | p 
N _ Tf, 

NS SONNEN : 

yr over 


7S 
- 0 - Se 


First, let OQ, OQ' be the two tangents from O, Q ana Q. 
being on opposite branches of the curve. 
Join SQ, SQ, SO, S'Q', S'Q, S'O, and produce QS to R. 
Let H be the point of intersection of SQ' and S'Q. 
Then the angle SOQ 
=the angle OSR — the angle OQS [Euc. I. 32. 
= half the angle Q'S R — half the angle SQS’ 
[Props. XVII. and XV. 
— half the angle SHQ. 
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Similarly the angle S'OQ' 
— half the angle SHQ. 
Therefore the angle SOQ — the angle S’0Q. [Euc. I. 15. 





Secondly, let Q, Q' be on the same branch. 
Then the angle SOQ 
= two right angles — the angle OSQ — the angle OQS 


[ Euc. I. 32. 
—two right angles —half the angle QSQ’—half the 
angle SQS’ [Prop. XVII. and XV. 


=two right angles — half the angle S.H S. [Eue. I. 32. 
Again, the angle SOQ 
—iworight angles — the angle OQ'S' — the angle OS Q 
[ Euc. I. 32. 
—half the angle SQ'S' — half the angle QS'Q. 
[Props. XV. and XVII. 
— half the angle SHS’ 
Therefore, the angles SOQ and S'OQ' are together equal 
to two right angles. 
Ex. 1. Tangents are drawn from any point on a circle through 
the foci. Prove that the lines bisecting the angle between the 
tangents, or between one tangent and the other produced, all 


pass through a fixed point. [A point of intersection of the circle 
with the conjugate axis.] 
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Ex. 2. A hyperbola is described, touching the four sides (pro- 
duced, if necessary) of a quadrilateral ABCD which is inscribed in 
a circle. If one focus lies on the circle, the other also lies on it. 


[LS CD— LSCB— LSAB—LS'AD.] 


PROPOSITION XIX. 


The tangents at the extremities of any chord of a hyper- 
bola intersect on the diameter which bisects the chord. 
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Let Q(/ be the chord and qq any other chord parallel 
to it. 

Let Qq, Φα” produced meet in O. Bisect QQ’ in V and 
let OV meet qq’ in υ. 


Then QV:qvu=0V:0v 
—Q'V:qv; 
but οὐ, 
therefore qvu=qv. 
Thus OvV is the diameter bisecting the system of chords 
parallel to QQ. [Prop. IX. 


If now the chord qq’ be made to move parallel to itself 
till it coincide with QQ’, QgO and Q'q'O will become the 
tangents to the curve at Q and Q respectively. They 
thus meet on the diameter bisecting QQ”. 
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Ex. 1. Given a diameter of a hyperbola, to draw the system of 
chords bisected by it. 

Ex. 2. If a circle passing through any point P on the curve, 
and having its centre on the normal at P, meets the curve again 
in Q and δ), the tangents at Q and È intersect on a fixed straight 
line. 

[The tangent at P and QA are equally inclined to the axis (see 
Prop. XI.); QR is, therefore, fixed in direction.] 


PROPOSITION XX. 


If the tangent at amy point Q of a hyperbola meet any 
diameter CP in T and if QV be the ordinate to that 


diameter, CV.CT-CP* 
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Draw the tangent PR at P, meeting QT in R, and 
draw PO parallel to QT, meeting QV in O. 


Then since POQR is a parallelogram, [Prop. XII. 
RO bisects PQ, and therefore passes through the centre C. 
[Prop. XIX. 


By similar triangles 
CV:CP-CO:CR-ZCP:CT, 
therefore CV.CT-CP: 
Note. When the diameter coincides with the trans- 
verse axis the result is stated thus :— 
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If the tangent at Q meets the transverse axis in T and 
QN be the perpendicular on the transverse axis. 
CN .CT=CA?2 
From this it may be shown that 
If the tangent at Q meets the conjugate axis, produced 
if necessary in t, amd. Qn be the perpendicular on the 





conjugate axis, Cn. Ct=CB?, 
QN.Ct_ QN? | QN? _ Qu 
CN.CT CN.NT CN*-CN.CT CN:-CA 
Cn. Ct=CB?. [Prop. VIII. 


These two results are important, and should be carefully noted 
by the student. 


Ex. 1. If the tangent at Q meet the transverse axis in 7' and 

QN be the perpendicular on the transverse axis, show that 
CN.NT=AN, NA’. 

Ex. 2. In Ex. 1, if TD be drawn perpendicular to the axis to 
meet the circle described on AA’ as diameter, then DN touches 
the circle. 

Ex. 3. In Ex. 2, prove that 

DN: QN-— CA : CB. 
Also if DA be produced to meet PV in A, 

QN : NK=CB: CA. 
(Apply Prop. VIII, and see Ex. 1.) 

Ex. 4. Any diameter is cut harmonically by a tangent and the 
ordinate of the point of contact of the tangent with respect to the 
diameter. 

Ex. 5. Any tangent is cut harmonically by any two parallel 
tangents and the diameter through their points of contact. (Ex. 4.) 


Ex. 6. If PN be the ordinate of a point P, and VQ be drawn 
parallel to 4P to meet CP in Q, AQ shall be parallel to the 
tangent at P. 

Ex. 7. If the tangent at P intersect the tangents at the ver- 
tices and the transverse axis in Zi, r and T, show that 

(i) AT. A'T=CT. TN. 
di) AR. A’r=CB?*. 

Ex. 8. P is any point on a hyperbola. Prove that the locus 
of the centre (Q) of the circle touching SP, S'P produced, and the 
transverse axis, is a hyperbola. 
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[Let Q.M be the ordinate of Q; then, if the tangents at A and P 
meet in F, QSF is a right angle, and 
QV SA QM ΔΑ 
MS AP MS AP’ | 
oe OM. MS. MS’ = KA? : CB. Ex. 7. 
Then apply Prop. VIII., Ex. 6.] 
Ex.9. The tangent at P bisects any strai i ῃ 
to AA’, and terrain d by AP and 1P. Ἢ 
[Let the tangent at P, AP, Α΄ Ρ meet the conjugate axis in f, 
E, E respectively. Then 


CE-CE CA.A4N-CA'.AYN — 202 — 2Ct 


PN AN.A'N  AN.A'N PN 
[Prop. VIII. 





.. CE— CE —2Ct, or t bisects EE] 


Ex. 10. An ellipse and a hyperbola are described, so that the 
foci of each are at the extremities of the transverse axis of the 
other; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 
[The conjugate axes of the two curves are equal in length.] 


PROPOSITION XXI. 


The locus of the foot of the perpendicular drawn from 
either focus upon any tangent to a hyperbola às the 
circle described on the transverse axis as diameter ; and 
the rectangle under the focal perpendiculars on the 
tangent is equal to the square of the semi-conjugate axis. 

(SY.S'Y'2CB*) 


Let SY, S'Y' be the focal perpendiculars upon the 
tangent at any point P. 

Join SP, S'P, and produce SY to meet SP in R. 
Join CY. 

Then in the triangles SPY, RPY, the angle SPY =the 
angle RPY, [Prop. XV. 
the angles SYP, RYP are equal, being right angles, and 
YP is common. 
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Therefore SP=PR, SY=YR. [ Euc. I. 96. 
Also SC=CS’ ; 
therefore C'Y-is parallel to S’P. [Euc. VI. 2. 
Therefore CY=3S’R [Euc. VI. 4. 
=4(S’P—PR) 
=4(S P—SP) 
=4A A’ [Prop. IV. 
=CA; 


therefore the locus of Y is the circle described on the 
transverse axis as diameter. 





Similarly it may be shown that the locus of Y' is the 
same circle. 

Again, produce YC to meet S'Y’ in y. Then y will be 
on the circle. 

For, since CS— CS', and SY is parallel to S'Y’, the 


triangles SCY, S’Cy are equal. [Euc. I. 26. 
Therefore Cy = CY «CA, showing that y is on the circle. 
Also SY- S ) 


therefore SY.S’Y’=S’y.S’¥Y’=S'A’.S'A [Euc IIL 35. 
=SA.SA’=CB2 [ο 
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Ex. 1. If CE drawn parallel to the tangent at 7 meet S’P in E, 
then ΡΕΞ C4. 


Ex. 2. From a point on the circle on Ad’ as diameter lines are 
drawn touching the curve in P, P’. Prove that SP’, S'P are 
parallel. [Each is parallel to C'Y.] 


Ex. 3. If through any point F on the circle on AA’ as diameter 
FP be drawn at right angles to SF, FP will be a tangent to the 
hyperbola. 


Ex. 4. If the vertex of a right angle moves on a fixed circle, and 
one leg passes through a fixed point outside the circle, the other 
leg will always touch a hvperbola. 


Ex. 5. Given a focus, a tangent, and a point on a hyperbola, find 
the locus of the other focus. [An arc of a fixed hyperbola of which 
the foci are the given point and the image of the focus in the 
tangent.] 


Ex. 6. Given a focus, a tangent, and the transverse axis, find the 
locus of the other focus. [A circle ; centre Zi, radius— A 4*".] 


Ex. 7. If PV be the ordinate of P, the points Y, Y, Δ, C lie on 
a circle. 


Ex.8. The right lines joining each focus to the foot of the per- 
pendicular from the other focus on the tangent meet on the normal 
and bisect it. 


Ex.9. Alternative Construction for Prop. XVI. 


Let O be the external point. On OS asdiameter describe a circle, 
cutting the circle on AA’ as diameter in Y and Σ΄. Then OY and 
OY’ produced will be the tangents required. 


Ex. 10. If tangents be drawn from P to a circle described with 
S’ as centre and radius equal to CB, the chord of contact will touch 
the circle described on AA’ as diameter. [The line through y per- 
pendicular to S’P will be the chord of contact.] 


Ex.11. Ifthe tangent at P cuts the transverse axis in 7, prove 
that AT. A'T- YT. Υ Τ. 


Ex. 12. Find the position of P when the area of the triangle 
ΡΟΣ” is the greatest possible. 


[CY -CY'—CÀ ; therefore YCY' must be a right angle. If the 
tangent at P meets CB in t, PV.Ct=CB*. (Prop. XX.) Also the 
triangles CYS, CY't are equal ; therefore PN . CS— CB*.] 


Ex. 13. If SY, SZ be perpendiculars on two tangents which 
meet in O, OZ is perpendicular to ο. [50 is parallel to the 
bisector of FCZ. Apply Prop. XVII.] 

K 
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Ex. 14. An ellipse and a hyperbola are confocal ; if a tangent to 
the one intersects at right angles a tangent to the other, the locus 
of the point of intersection is a circle. 

Let SY, S'Y’ be the focal perpendiculars upon the tangent to the 
ellipse, and SZ, S'Z' those upon the tangent to the hyperbola ; let 
the tangents meet at O ; let a, b be the semi-axes of the ellipse, and 
a, B those of the hyperbola. Then if CV be perpendicular to YOY”, 


OY.OY'-Y'Y?-0yv? 


and CO? -OY.OY'-CY"?—-C4A?; 
e CO? + SZ.S'Z = a? 
OF CO = a? — β1 


See also Prop. IV., Ex. 14, 15. 


Ex. 15. If an ellipse and a hyperbola are confocal, the difference 
of the squares of the central distances of parallel tangents is con- 
stant (=6?+ 32. Ex. 14.) 


* PROPOSITION XXII. 


The locus of the intersection of tangents to a hyperbola 
which cut at right angles is a circle. 





Let the tangents OT, OT" cut at right angles at O. 

Draw SY, CK perpendicular to OT, and SU, CK’ per- 
pendicular to OT”. Join CY, CU, CO, and produce CK 
to meet SU in 1. 
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Now Y and U are on the circle on AA’ as diameter ; 


[Prop. XXI. 

therefore CY=CU=CA. l 
Now 00?=CK?+CK3, [Euc. I. 47. 
and ΟΥΞΞ ΟΚ ΓΕ YR?; 
therefore CA?=CK*+SH2 
Also CU?=CK"+ UK”, 
therefore CA? —-CK?--HC*; 
therefore 90A?*—CK?--CK?--SH?-- HC? 

= CO* + CS?, [ Euc. I. 47. 
But CS? = CA?+CB?; [Def. 
therefore CO? = CA? — CR. 


Hence the locus of Ó is a circle described with centre C. 


.Vote.—This circle is called the director circle of the hyperbola. 
In the case when CB is greater than CA, CA? — CB? is negative, and, 
therefore, the locus does not exist, that is, when CB is greater than 
CA the hyperbola has no tangents cutting at right angles. 


Ex. Four tangents to a hyperbola form a rectangle ; if one side 


UV of the rectangle intersect a directrix in F, and 5 be the corre- 
7 


sponding focus, the triangles FSU, FVS are similar. 
[SF? CF? - CX?-- SX? 
=CF?+CS?-2C8. CY-CF? —C A? - CP? 
— square of tangent from /’ to the director circle 
—FU.FY.] 


PROPERTIES OF NORMALS. 


ΡΕΟΡΟΡΘΙΠΟΝ XXIII. 
The normal at any point of a hyperbola makes equal 
angles with the focal distances of the point. 


Let the normal HPG at the point P meet the axis 
in G. 
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Let PT be the tangent at P. Then 
the angle SPT =the angle SPT. [Prop. XV. 





But the angles TPG and TPH are equal, being right 
angles ; [ Def. 
therefore the angle SPG =the angle SPI. 


Ex. 1. If the tangent and normal at P meet the conjugate axis 
in ἑ and g, P, t, g, S, δ’ lie on the same circle. 

Ex. 2. Ifa circle through the foci meet two confocal hyperbolas 
in P and Q, the angle between the tangents at P and Q is equal to 
PSQ. 

Ex. 3. The tangent at P meets the conjugate axis in ¢, and ¿Q is 
perpendicular to SP. Prove that SQ is of constant length. 

[lf SY is perpendicular to Ct, CY=CA. Prop. XXI. Also Q, ^5, 
C, t lie on a circle. .°. LtQC=LtSS’=2tPS’=atPs. .. CQ|| SY, and 
SQ=CY=CA.] ! 

Ex. 4. If from g a perpendicular g K be drawn on SP, show that 
PK=CA. (Cf. Chap. IL, Prop. XXVI, Ex. δ.) 

Ex. 5. Prove that SP.S'P-PG.Pg. (Cf. Chap. IL, Prop. 
XXVI, Ex. 4) | 


* PROPOSITION XXIV. 


If the normal at any point P of a hyperbola meet the 
transverse axis in G, | 


SG=e.SP. 
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Join SP. 

Then, since PG bisects the exterior angle between SP 
and S'P, 
SG:SG-SP:SP; [Euc. VI. A. 





therefore S'G—SG:SG2S P—SP:SP, 


Or SG:SP-S'G—SG:S P—SP. 

Dut SG-—SG-SS' =e. dd’, [Prop. 111. 
and SP-SP=AA’; [Prop. IV. 
therefore SG =e. 5P. 


Ex. 1. The projection of the normal upon the focal distance of 
any point is equal to the semi-latus rectum. (Cf. Chap. II., Prop. 
XXVII., Ex. 4.) 


Ex. 9. A circle passing through a focus, and having its centre on 
the transverse axis, touchesthe curve ; prove that the focal distance 
of the point of contact is equal to the latus rectum. 


Ex. 3. Draw the normal at any point without drawing the 
tangent. 


* PROPOSITION XXV. 


The normal at any point of a hyperbola terminated 
by either axis varies inversely as the central perpen- 
dicular wpon the tangent. 

(ρα. PF-CB; Pg.PF—CA?*) 
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Let the normal at P ineet the transverse and conjugate 
axis in G and g respectively, and let the tangent at P 
meet them in T and { respectively. 

Draw PN, Pn perpendicular to the transverse and 
conjugate axis, and let a straight line through the centre, 
drawn parallel to the tangent at P, meet NP, GP pro 
duced and Pn iu R, F, and v respectively. 


9 





Then, since the angles at N and F are right angles, 
G, N, F, R lie on a circle. 


Therefore PG.PF=PN.PR [Euc. ILL. 35. 
ο. οἱ [ Euc. I. 34. 
= CB. [Ῥτορ. XX., Note. 


Again, since the angles at n and F are right angles, 


g, F, r, n lie on a circle. | 
Therefore Pg.PF=Pn.Pr [Euc. III. 36. 


—CN.CT [Euc. I. 34. 
—CA?. [Prop. XX., Note. 


Therefore both PG and Pg vary inversely as PF, which 
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is equal to the central perpendicular upon the tangent 
at P. 
Ex. In Prop. XXIII., Ex. 1, prove that 


Gg =e. Sg 
Apply Prop. ΙΠ., Ex. 2. 


PROPOSITION XXVI. 


If the normal at any point P of a hyperbola meet the 
transverse axis in G, and PN be the ordinate to that 
axis. 


(i) GN: CY =CB?:CA®. 
(ii) CG=e.CN 





Let the normal meet the conjugate axis in g. Draw 
Pn perpendicular to the conjugate axis, and CF parallel 
to the tangent at P. 

Then, because the triangles PNG and Png are similar, 


GN:CN=PG:P [Euc. VI. 2. 
= PG. PF: Pg. PF 
= (0: CA?; [Prop. XXV. 


therefore CN+GN:CN=CA?+CB: CA? 
or CG: CN =CS?: CA. [ Def. 


152 GEOMETRY OF CONICS. 


But CS=e.0A; [Prop. ILI. 
therefore CG —e?. CN, 


Ex. 1. Prove that 
σσ. Cn: Cg. CN — CB? : C 42, 


Ex.2. Show that 
Sn: Cn — CA? : CB. 
Ex. 3. If the tangent and normal at P meet the axis in 7 and 6, 
prove that 
Να. CT= CP. Qi) σα. CT=CS?. 
[Apply Prop. ΧΧ.] 


Ex. 4. Find the locus of the points of contact of tangents to a 
series of confocal hyperbolas from a fixed point on the axis. 

[From Ex. 3 (ii), G the foot of the normal is fixed ; hence P lies 
on the circle of which 7G is diameter.] 


PROPERTIES OF ASYMPTOTES. 


Def. When a curve continually approaenes to a fixed 
straight line without ever actually meeting it, but so that 
its distance from it, measured along any straight line, 
becomes ultimately less than any finite length, the fixed 
straight line is called an asymptote to the curve. 


PROPOSITION XXVII. 


The diagonals of the rectangle formed by perpen- 
diculars to the axes of a hyperbola, drawn through 
their extremities, are asymptotes to the curve. 


Let CR, CR’ be the diagonals of the rectangle formed 
by perpendiculars through the extremities A, A’, B, B’ of 
the axes of the hyperbola. Through any point N on the 
transverse axis draw pPNP’p’ perpendicular to it, meet- 
ing the curve in P and P' and CR, CR’ m p, y 
respectively. 

Now PN?*: AN. A'N = CB? :CA?, [Prop. VIII.. 
or PN?: CN?—CA?=CB?: CA?, [Euc. LI. 6. 
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Again 
pN?: ON? = AR? : CA? 
theref ᾽᾽ 
erefore PN2_ Pye : CA? = CR: CA?, 


or 
ΡΝΣ- PN?=CB? 
τας 
ή» Yl 
IK ῃ 
B’ R D 
P d P 
But since pp’ is bisected in N, 
p.N* —PN?-pP.yP. [Euc. II. 5. 
Therefore pP.yP-CB. 
Now pP=NP+WNp’, 
and NP? varies as AN. A'N, (Prop. VIII. 
and Np’ varies as CN. 


Hence, as V moves along A'A produced, both NP and 
Αρ, and therefore also Pp’, continually increase. But 
the product pP. p'P, of which one factor p’P continually 
increases, is constant; therefore p'P continually dimin- 
ishes, and becomes ultimately less than any finite length, 
however small CR, therefore, is an asymptote to the 
hyperbola. Similarly, CK is another asymptote. 


Ex. 1. The lines joining the extremities of the axes are bisected 
bv one asymptote and parallel to the other. 


Ex. 2. Any line parallel to an asymptote cannot meet the curve 
in more than one point. 


Ex. 3. Prove that the angle between the asymptotes of the 
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hyperbola in Prop. I., Ex. 10, is double the exterior angle between 
the tangents. 


Ex. 4. The circle on 44’ as diameter cuts the directrices in the 
same points as the asymptotes. 


Ex. 5. If the directrix meets CA in F, prove that (i) CF=AC; 
(ii) CFS is a right angle. 

Ex. 6. Given one asymptote, the direction of the other, and the 
position of one focus, find the vertices. 


Ex. 7. If CR meets the directrix in F, AF'is parallel to SR. 

Ex. 8. Given the asymptotes and a focus to find the directrix. 
[Apply Ex. 5 (ii).] 

Ex.9. Given the centre, an asymptote, and a directrix, to find 
the focus. [Apply Ex. 5 (ii).] 


Ex. 10. Given an asymptote, the directrix, and a point on the 
hyperbola, to construct the curve. (Ex. 5.) 


Ex. 11. The straight line drawn from the focus to the directrix, 
parallel to an asymptote, is equal to the semi-latus rectum, and is 
bisected by the curve. (Cf. Ex. 13.) - 


Ex. 12. 'The perpendicular from the focus on either asymptote is 
equal to the semi-conjugate axis. 


Ex. 13. The focal distance of any point on the curve is equal to 
the length of the line drawn from the point parallel to an asymptote 
to meet the directrix. (Cf. Ex. 11.) | 


Ex. 14. Given the eccentricity of a hyperbola, find the angle (6) 
between the asymptotes. 5965 =e. 


Ex. 15. Prove that the tangents to a hyperbola from C coincide 
with the asymptotes. 

Apply Prop. XVI., Ex. 1, observing that the tangents are unes 
bisecting SM, SM' at right angles. 

The asymptotes may thus be regarded as tangents to the hyper- 
bola whose points of contact are at infinity. 


Ex. 16. If the tangent at P meets an asymptote in 7, prove that 
ST will bisect the angle between /’S and the line through S parallel 
to the asymptote. (Apply Ex. 15 and Prop. XVII.) 


Ex. 17. If the tangent at P meets an asymptote in 7, prove that 
LSTP=LS8S'TC=LPS'T. (Ex. 15.) 

Ex. 18. Ifa tangent meet the asymptotes in Z and J, the angle 
subtended by LM at the farther focus is half the angle between the 
asymptotes. 

[Apply Ex. 16 and Prop. XVIII. If S'Z', S'M' be drawn parallel 
to the asymptotes, ZS’, MS" bisect the angles PS'Z', PS'M Ai 
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Ex. 19. Given an asymptote, the focus, and a point on the hyper- 
bola to construct the curve. 

(The feet of the focal perpendiculars on the asymptote and the 
tangent at the point (Ex. 16) will lie on the circle described on 44’ 
as diameter (Ex. 15 and Prop. XXI.) whence the centre is deter- 
mined ; the directrix is found at once by Ex. 5.] 

Ex. 20. The tangent and normal at any point meet the asymptotes 
and the axes respectively in four points lying on a circle, which 
passes through the centre of the hyperbola, and of which the radius 
varies inversely as the central perpendicular on the tangent. 


Ex. 21. The radius of the circle which touches a hyperbola and 
its asymptotes is equal to the part of the latus rectum intercepted 
between the curve and an asymptote. (Apply Prop. V.) 


Ex. 32. A parabola /’ and a hyperbola H have a common focus, 
and the asy mptotes of H are tangents to P. Prove that the tangent 
at the vertex of P is a directrix of 77, and that the tangent to P at 
its intersection with X passes through the farther vertex of H. 

[The line joining the feet of the focal perpendiculars upon the 
asvmptotes is the tangent at the vertex of P (Chap. I., Prop. 
XXIII., and the directrix of H (Ex. 5) If P be a common 
point, and PM be perpendicular to the directrix of H, we have 
SP:PM-SC:CA, and SP=PM+SNX. ~. SP: SY—CS : AS. 
D. SP. AS-S S Y.CSZCD—8SA.SA'.. . SP=SA’ and A'P touches 
the parabola at P. (Chap. I., Prop. XIV.).] 


Ex. 23. If an ellipse and a confocal hyperbola intersect in P, an 
asymptote passes through the point on the auxiliary circle corre- 
sponding to P. (Apply Prop. IV., Ex. 13.) 


Proposition XXVIII. 


If through any point on a hyperbola a straight line 
parallel to either axis be drawn meeting the asymptotes, 
the rectangle under its segments 18 equal to the square of 
the semr-axis to which it is parallel. 


First case. 

Through any point P on the hyperbola draw Ppp’ 
parallel to the transverse axis, meeting the asymptotes in 
p and p' and the conjugate axis in n. 

Then, since pp’ is bisected at 1, 

Pp. Pp = Pr- pr. (Εις. IL 6. 
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Now PN?; AN. A’N=CB?: CA?, 
therefore PN?:CN?—CA?=CB?: CA?; 
Or Cn? : Pn? — CA? CB? : CA 2 
but Cn? : pn? = CB? : BR? 
= 0B? : CA2, 
therefore PN?—CA?= pn’, 
or Pm? — pn? -« C A?, 
therefore Pp. Pp = CA. 


Second, case. 


[ Prop. VIII. 
[Euc. II. 6. 


Through P draw q.Pq' ντ to the conjugate axis, 


meeting the asymptotes i In q, g. 
Then, as before, 


PN?*:CN?*—CA?- CB? CA?, 


or PN? CB: CN? =CL*: CA?, 

or DPN?*+-CB’: Pn? - CB? 613: 

but qN?:Pn?zqN?:CN? 
= A R?: CA? 
= CEP: CA?; 

therefore qN?=PN?2+CB?, 

or |. qN*—PN?zCDP, 

or Pq.Pq¢ =CB?. 


[Euc. II. 6. 
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PROPOSITION XXIX. 


If through any point on a hyperbola lines be drawn 
parallel to the asymptotes, the rectangle under the segments 
intercepted between the point and the asymptotes is con- 
stant. 





Through any point P on the hyperbola draw PH, PK 
parallel to the asymptotes, meeting them in H, K. Draw 
RAF’ and qP4' perpendicular to CA 

Then, by similar triangles, 


PH: Pq=CR’: RR, 


and PK: Pd =CR: RR, 
therefore PH.PK:Pq.Pq'—-CR.CR:ER?^, 
or PH. PK: CB?=CR*:4+RA*. [Prop. XXVIII. 
= CA? -CB* : 4CB? 
= CS": 4CB?. [ Def. 
or PH.PK-10€5. 


Ex. 1. Find the locus of the point of intersection of the medians 
of the triangle formed by a tangent with the asymptotes. [A 
hyperbola having the same asymptotes. | 

Ex. 2. P, Q are points on a hyperbola. PL, QM are drawn 
parallel to each other to meet one asymptote; PR, QN are drawn 
also parallel to each other to meet the other asymptote. Prove 
that PL. PR=QM.OQN. 
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Ex. 3. If through P, P'on a hyperbola lines are drawn parallel 
to the asymptotes, forming a parallelogram, one of its diagonals 
will pass through the centre. 


Ex. 4. If P be the middle point of a line which moves so as to 
form with two intersecting lines a triangle of constant area, the 
locus of P is a hyperbola. 


Ex. 5. If through any point of a hyperbola, lines be drawn 
parallel to the asymptotes meeting any semi-diameter CQ in P 
and R, then CP. CE — CQ. 


Ex. 6. A series of hyperbolas having the same asymptotes is 
cut by a fixed straight line parallel to one of the asymptotes, and 
through the points of intersection lines are drawn parallel to the 
other, and equal to either axis of the corresponding hyperbola ; 
prove that the locus of their extremities is a parabola. 


Ex. 7. Given the asymptotes and a point on the curve, to con- 
struct it. (Apply Prop. XXVII., Ex. 5.) 


Ex. 8. If a line through the centre meets PH, PK in U, V, and 
the parallelogram PUQ V be completed, prove that Q is on the curve. 

[If QU, VQ meet the asymptotes in U’, V', since the parallelo- 
grams HK, U'Y' are equal, PH. PK —-QU'.QV'.] 

Ex. 9. The ordinate VP at any point of an ellipse is produced 
to Q, such that VQ is equal to the subtangent at P. Prove that 
the locus of Q is a hyperbola. 

[If P is on the quadrant AB, the asymptotes are CB and the 
bisector of the angle ACB’.] 


Ex. 10. If a straight line passing through a fixed point C, 
meets two fixed lines OA, OB in A, D, and if P be taken on AB 
such that CP?^— CA. CB, find the locus of P. 

[Through C draw CD, CE parallel to OA, OB, to meet them. 
Through P draw lines parallel to OA, OB meeting CE in K, and 
DC in H. Then οὗ. OE- PH.PK. The locus of P is, therefore, 
a hyperbola of which the asymptotes are CH, CK.] 


Def. Two hyperbolas are said to be conjugate when 
the transverse axis of each coincides with the conjugate 
axis of the other. 


Thus, a hyperbola which has CB and CA for transverse and 
conjugate axes respectively, is called the Conjugate hyperbola, with 
reference to the one we have been dealing with. 

The conjugate hyperbola has the same asymptotes as the original 
one, since they are the diagonals of the same rectangle. It is 
evident that a pair of conjugate hyperbolas lie on opposite sides 
of their common asymptotes. 
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It has already been pointed out that the two branches of a 
hyperbola together constitute one complete curve; but it must 
not, by analogy, be supposed that a pair of conjugate hyperbolas 
together constitutes one entire curve. They are a pair of totally 
distinct hyperbolas, although one is of use in deducing some pro- 
perties of the other. 


Ex. 1. Tangents TP, TQ are drawn to a hyperbola from any 
point 7’ on one of the branches of the conjugate. Prove that PQ 
touches the other branch of the conjugate. 

[CT bisects PQ in V, Prop. XIX.; and CT.CV=CT?. Prop. 
XX] 

Ex. 2. An ordinate VP meets the conjugate hyperbola in Q; 
prove that the normals at P and Q meet on the transverse axis. 

[If the normal at Q meets the axes in G and G’, 


QG CE NG 
Apply Props. XXV., XXVI.] 


PROPOSITION XXX. 


If through any point on a hyperbola or its conjugate 
a straight line be drawn in a given direction to meet the 
asymptotes, the rectangle under its segments is constant. 





Let P be the point on the given hyperbola and Q a 
point either on the same hyperbola or its conjugate. 
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Draw pPp’ and qQq' in the given direction, meeting the 
asymptotes in p, p’ and q,q’ respectively. Through P, Q 
draw wPuw', vQv' parallel to the conjugate axis, meeting 
the asymptotes in u, w' and v, v' respectively. 

Now, by similar triangles, 


Pp:Qq = Pu : Qv, 
and Ἢ Pø : Qq' 2 Pw :Qv', 
therefore Pp. Pp’: Φα. Qg 2 Pw. Pw :Qv.Qv; 
but Pu.Pw -CB*-—Qv.Qv, [Prop. XXVIII. 
therefore Pp. Pp’ -Qq.Qq. 


Ex. 1. Prove that 
Pp. Pp'—Qq.Qq' = 630”, 
where CD is the parallel semi-diameter terminated by the curve 
or its conjugate. 


Ex. 2. An ordinate QV of any diameter CP is produced to 


/ 


meet the asyraptote in #, and the conjugate hyperbola in Q. 
Prove that QV?--Q'V?-2RV*, 

Prove also that the tangents at Q, Q' meet CP in points equidistant 
from C. [Q'V?— 260”. For the second part, apply Prop. X X.] 


PROPOSITION XXXI. 


If amy line cut a hyperbola the segments intercepted 
between the curve and its asymptotes are equal, and the 
portion of any tangent intercepted between the asymptotes 
is bisected at the point of contact. 


Let any line meet the curve and its asymptotes in Q, 
Q’ and q, q' respectively. 


Now Qq . Qq' 2 Q'q . Q. [Prop. XXX. 
or Qg. QQ' +I. QT =R T. QQ' +I. 94, [Euc. IL 1 
or Qq . QU'— Q'q' . QQ', 


therefore Qg -- Q'q'. 
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If now QQ’ be made to move parallel to itself until the 
points Q, Q coincide at a point P on the curve it becomes 
the tangent to the curve at P and Pp= P 





Ex. 1. From a given point on a hyperbola, draw a straight line 
such that the segment intercepted between the other intersection 
with the hyperbola and a given asymptote, shall be equal to a 
viven line. 

When does the problem become impossible { 

Ex. 2. The foot of the normal at P is equidistant from p, γ΄. 

Ex. 3. Prove that Qg. (Q4' = Pr. 

Ex. 4. If QK be drawn parallel to Cg’ and ϱ Α΄ parallel to Cy, 
then Aq— A', and KUSK 4. 

Ex. 5. The tangent at P meets an asymptote in 7,and a line 
Τῳ drawn parallel to the other asymptote meets the curve in Q; 
if PQ produced meets the asymptotes in R, R’, prove that RF is 
trisected at P and Q. 


Ex. 6. The diameter bisecting any chord Θ΄ of a hyperbola 
meets the curve in P; and QH, PA, QH' are drawn parallel to 
one asymptote meeting the other in H, Α H’. Prove that 

CH.CH'—CkK*. 

Ex. 7. Aline drawn through one of the vertices of a hyperbola. 
and terminated by two lines drawn through the other vertex 
parallel to the asymptotes, will be bisected at the other point 
where it cuts the hyperbola. 

Ex. 8& If qT be the tangent from g, and QH, TA, QH' le 
drawn parallel to Cg meeting Cg’ in H, A, Ι΄. prove that 

QH+ Q'H' =2TH. 


au 
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Ex. 9. Through any point P on a hyperbola lines are drawn 
parallel to the asymptotes, meeting them in M and N; and any 
ellipse is constructed having CM, CN for semi-diameters. If CP cut 
the ellipse in Q, show that the tangent to the ellipse at Q is parallel 
to the tangent to the hyperbola at P. [Each is parallel to JLN.] 


* PROPOSITION XXXII. 


The area of the triangle formed by the asymptotes and 
any tangent to a hyperbola is constant. 


Ps 
Ta 


prong 
ec 
4 





Let the tangents at the vertex A and at any point P 
meet the asymptotes in R, Rh’ and T, t respectively. 

Draw PH, PK parallel to the asymptotes, meeting them 
in H and K. 

Then, since Tt is bisected at P, 


| CT=2.CH, [Ῥτορ. XXXI. 

and Ct=2.CK, [Euc. VI. 2. 
therefore CT.Ct=4.CK.CH 
=+,PH.PK 

= CS? [Ῥχορ. XXIX. 

—CR.CR. [Def. 

Therefore the triangle CTt is equal to the triangle CRR’, 

[Euc. VI. 15. 


and is, therefore, constant. 
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Ex. ]. If any two tangents be drawn to a hyperbola, the lines 
joining the points where they met the asymptotes will be parallel. 


Ex. 2. If TOt, T'Ot' be two tangents meeting one asymptote in 
T. T', and the other in t£, t', prove that 
ΤΟ: Ot—t'O : T'O. 

Ex.3. Tangents are drawn to a hyperbola, and the portion of 
each tangent intercepted between the asvmptotes is divided in a 
constant ratio. Prove that the locus of the points of section is a 
hyperbola. (Apply Prop. XXIX.) 


PROPERTIES OF CONJUGATE DIAMETERS. 


PROPOSITION XXXIII. 


If one diameter of a hyperbola bisects chords parallel 
to a second the second diameter bisects chords parallel to 
the first. 





Let CP bisect chords parallel to CD, then CD bisects 
chords parallel to CP. 

Draw AQ parallel to CD meeting CP produced in V. 
Join A’Q, intersecting CD in U. 

Then, because AQ is bisected in V and AA’ πό CV is 
parallel to 4΄ῷ. [Euc. VI. 2. 

Again, since 4 4΄ is bisected in C and CD is parallel 
to AQ, d'Q is bisected by CD. [Euc. VI. 2. 
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Therefore CD bisects all chords parallel to .4’Q, 
[Prop. IX. 
and, therefore, all chords parallel to CP. 
Def. Two diameters so related that each bisects chords 
parallel to the other are called conjugate diameters. 


Thus CP and CD are conjugate to each other; so also are the 
transverse and the conjugate axes. 

It is clear that of two conjugate diameters, one (as CP) will 
meet the hyperbola, and the other (as CD) the conjugate 
pereo | 

he gortion CD terminated by the conjugate hyperbola is 
usually called the semi-diameter conjugate to CP. 


Ex. 1. If any tangent to a hyperbola meet any two conjugate 
diameters, the rectangle under its segments is equal to the 
square of the parallel semi-diameter. (Cf. Chap. IL, Prop. 
XXX., Ex. 7.) 


Ex. 2. Given in magnitude and position any two conjugate 
semi-diameters of a hyperbola, find the transverse and conjugate 
axes. (Cf. Chap. IT., Prop. XXX., Ex. 8.) 


Ex. 3. Draw a tangent to a hyperbola parallel to a given 
straight line. 

[The point of contact (P) of the required tangent is obtained by 
drawing CD parallel to the given straight line, and CP parallel 
to the tangent to the conjugate hyperbola at D.] 


f 


Ex. 4. If CQ be conjugate to the normal at P, CP is conjugate 
to the normal at Q. 


Ex. 5. OP, OQ are tangents to a hyperbola from O. Prove 
that CO, PQ are parallel to a pair of conjugate diameters. (Prop. 
XIX.) 


Ex. 6. An ellipse or a hyperbola is drawn touching the asymp- 
totes of a given hyperbola. Prove that two of the chords of 
intersection of the curves are parallel to the chord of contact of 
the conic with the asymptotes. 

[If PP’ be the chord of contact and CV bisect P7”, then CV, 
PP are parallel to a pair of conjugate diameters in both conics. ] 


Def. Chords which join any point on a hyperbola to 
the extremities of a diameter are called supplementul 


chords. 


HY PERBOLA. 165 


PROPOsITION XXXIV. 


Supplemental chords of a hyperbola are parallel to 
conjugate diameters. | 





Join any point Q on the hyperbola to the extremities 
of a diameter LCM. Then QL and QM are supplemental 
chords. 

Draw CP, CD parallel to QL and QM respectively, then 
they shall be conjugate diameters. 

Because LM is bisected in C, and CP is parallel to LQ, 
CP produced bisects MQ, [Euc, VI. 2. 
and, therefore, all chords parallel to CD. [Prop. IX. 

Therefore CD bisects all chords parallel to CP, 

[Prop. X XXIII. 
and is, therefore, conjugate to 1t. 


9 
' 
9 


PROPOSITION NXXW 


The tangents at the extremities of any pair of con- 
jugate diameters meet on the asymptotes, and the line 
joining the extremities 1s parallel to one asymptote 
and bisected by the other. 
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Let CP, CD be a pair of conjugate semi-diameters. 
Draw rPr the tangent at P, meeting the asymptotes in 
r and ?. Join Dr and produce rD to meet the other 
asymptote in A. 


2 PER 


Za” 


Now, since P is a point on the curve and D on its 
conjugate, and DC meets both the asymptotes in C and is 


V 


parallel to Pr, [Props. XII. and XXXIII. 
DC? =Pr. Pi’ [Prop. XXX. 
exe [Prop. XXXI. 

therefore CD= Pr. 


Therefore Dr is parallel to CP, and Cr, PD bisect each 
other at 0. 


Again, since Pr= Pr, [Prop. XXXI. 
and Or=O0C, 
therefore PD is parallel to »^K. [Euc. VL. 2 
Therefore Drz Dk, [Euc. VI. 2. 
and A Dr is the tangent at D. [Prop. XXXI. 


Ex. 1. If PD be drawn parallel to an asymptote to meet the 
conjugate hyperbola in D, CP, CD are conjugate diameters. 

Ex. 2. Conjugate meters of a hvperbola are also conjugate 
diameters of the conjugate hyperbola. 
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Ex. 3. CP, CD are conjugate diameters of a hyperbola. PVN, 

DJI are ordinates to the transverse axis. Prove that 
(i) CVU: P. NV - CA : CB. 
(i) DU :CN=CB: CA. 

Let the tangent to the hyperbola at P and to the conjugate at 
D, meet the transverse axis in 7, t respectively. Then CP, PT 
are parallel to Dt, DC. Now 

CT.CN—CA?*—Ct. CH. (Prop. XX.) 
CM :CN=CT:Ct=PT:CD=PN:DM=CN : Mt; 
CN2=CM. Mt —CA?-CM?.. (Prop. XX.) 
i ο -—0CY3-0412 
But PN? CN? —CA?=CB*:CA*. (Prop. VIIL) 
(i) follows immediately. 
Ex. 4. If the normal at P meet the axes in G, g, prove that 
(i) PG: CD=CB: CA. 
(ii) Pg: CD=CA : CB. 
(11) PG. Pg=CE. 

[The triangles DCJ and PG.\ are similar, as also the triangles 
DCM and Pgn.] ` 

Ex. 5. A circle is drawn touching the transverse axis at C, 
and also touching the curve. Prove that the diameter conjugate 
to the diameter through either point of contact, is equal to SS. 

[If the normal at P meets the axes in G, g, and the tangent at 
1’ meets CB in t, Ct 2 PG, and CD? PG. Pg - Ct. Cg — CS*.. Prop. 
XXIII., Ex. 1.] 

Ex. 6. The area of the parallelogram formed by the tangents 
at the extremities of any pair of conjugate diameters, is constant 
and equal to 4. CA. CD. (Apply Prop. XX XIL) 

Ex. 7. Thetangent at a point P of an ellipse (centre O) meets 
the hvperbola having the same axes as the ellipse, in C and D. 
If Q be the middle point of CD, prove that OQ, OP are equally 
inclined to the axes. m e ο mae 

Draw OrR parallel to PQ, meeting the ellipse and hyper 
in i and R; then OP, Or are dens in the nines and 0Q, OR 
iu the hyperbola. If PV, QM, rl, RL be the ordinates, we have, 
for the ellipse, 2 . 
PN OB τὶ (Chap. IL, Prop. XXXIII) 


ο 0A ON 
or TN OD οι 
l OY ο rl 


Similarly, for the hyperbola, 
QM OB Ol 
OM Od?” π (Ex. 3.) 
PN:0N-—0QM : OIL] 
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Ex. 8. With two conjugate diameters of an ellipse as asymp- 
totes, a pair of conjugate hyperbolas is described. Prove that if 
the ellipse touch one hyperbola, it will also touch the other. 

[The diameters drawn through the points of contact are con- 
jugate to each other.] 


Ex. 9. Apply this proposition to prove Prop. X. 


PROPOSITION XXXVI. 


The difference of the squares of any two conjugate 
semi-diameters of a hyperbola is constant 
(CP? ~ CD? = CA? ~ CB?), 


| D 


Pp 
Let CP, CD be a pair of conjugate semi-diameters. 


Draw the ordinate qP.Nd, meeting the asymptotes in 
q, 4, and join PD; let PD meet the asymptote in X. 





Join Dq. 
Then, since the asymptotes are equally inclined to the 
ordinate qP.Nq', [Const. 


and PK is parallel to the asymptote 64, — [Prop. XXXV. 
the angles Kq.P and KPq are equal. 

Therefore Kq=KP=KD. [Prop. XXXV. 
Therefore the circle described on PD as diameter passes 
through q, and the angle PqD is a right angle. [Eue. III. 31. 
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If, therefore, gD produced meet the conjugate axis in Jf 
and the asymptote Cg in q”, q Mq" will be at right angles 
to CB. 


Now CQ —CP'-qN*— PAN? [ Euc. I. 47. 
— Pq.Pq [ Euc. II. 5. 
= CB, (Prop. XXVIII. 
and Cq?—CD? -qM?— DM? [Euc. I. 47. 
= Τη. Dg” [ Euc. II. δ. 
—CÀ?; [Prop. XXVIII. 
therefore CP? ~ CD? = CA? ~ CB. 


Ex. 1. If from any point on an asymptote of a hyperbola, 
ordinates be drawn to the curve and its conjugate, meeting them 
in P and D respectively, show that CP and CD will be conjugate 
semi-diameters, and conversely. 

Ex. 2. Apply Prop. XXXV., Ex. 3, to prove this proposition. 
We have CN?-CM?-C A7. 

Similarly, if Pa, Dm be ordinates to CB, 

Cm? — C93? — CI, 
or | DIP- ΡΝΣΞ (ΑΡ. . 
Subtracting, CP? e CP = CA? = CD. 

Ex. 3. The difference between the sum of the squares of the 
distances of any point on the curve from the ends of any diameter, 
and the sum of the squares of its distances from the ends of the 
conjugate, is constant, [=2(CA? « CZ?).] 

Ex. 4. c is the focus of the conjugate hyperbola lving on CB. 
Prove that eD- SP-CA-CD. 

(Apply Ex. 1, and Prop. XX VIL, Ex. 5 and 13.) 


Ex. 5. Prove that SP. S P= CD. 
[SP -S'P=2.CA. Then square and substitute. Cf. also Prop. 
XXIII., Ex. 5, and Prop. XXXV., Ex. 3.] 


Ex. 6. In Prop. XXIII., Ex. 1, prove that 
St : tg CB :CD, 

CD being conjugate to CP. [Apply Ex. 5 and Prop. XXL] 

Ex. 7. If the tangent at P meet any conjugate diameters in 
T and f, the triangles SPT, S’P? are similar. 

[SP: PT=Pt: SP. Apply Ex. 5 and Prop. XXXIII, Ex. 1.] 

Ex. 8. If the tangent at P meet the conjugate axis in t, the 
areas of the triangles SPS’, StS’ are the ratio of CD? : SE. (Apply 
Prop. XXIII., Ex. 1.) 
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Ex. 9. Through C a line is drawn parallel to either focal dis- 
tance of J’; if DE is drawn perpendicular to this line, prove that 
DE=CB. 

[If SY is perpendicular to the tangent at P, the triangles SYP, 
CDE are similar. Then 

DE:CD-SY:SP-SY':SD; 
DE SES Y Dec Prop. XXI. and Ex. 5.] 


— — 
————— — e 


CD SP.sS'P CD: 


* PROPOSITION XXXVII. 


The square of the ordinate of any point of a hyperbola 
with respect to any diameter varies as the rectangle under 
the segments of the diameter made by the ordinate. 


(QV2: PV. P’V=CD?: CP2) 





Let QV be an ordinate to the diameter PCP’, meet- 
ing the asymptotes in η, ο’. 
Draw the tangent at P meeting the asymptotes in r, x. 
Then Pr is parallel to QV. [Prop. XII. 
Therefore, by similar triangles, 
qV?:PrzCVy3iOP? 
therefore qV?— Pre: Pr =CV2—CP?: CP? 
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but Pr. Pr’ =Qq.Qq’, [Prop. XXX. 
or Pr? =qV?—QV?, 
(Prop. X XXI. and Euc. II. 5. 
therefore qV?— Pr?zQV? 
Also CV*—CP'—-PY.PyV, [Euc. II. 5. 
therefore QV?: P? 2PV.P'V:CP?, 
Or OV?: PV. PV=Pr:CP?, 
which is constant. 
Since CD? = Pr. Pr’ [Prop. XXX. 
= Pr, [Prop. XXXI. 


this result may also be expressed as 
QV::PV.P'V-CD*:CP: 
Ex. If the tangent at D to the conjugate hyperbola meet an 
asymptote in 7 and the hyperbola in g’, and the ordinate vq’ 


parallel to the tangent'at P be produced to meet the same asymp- 
tote in R, show that A CPr=4 A, CvR. 


THE EQUILATERAL HYPERBOLA. 


The rectangle contained by the transverse axis of a 
central conic and its latus rectum has been called by 
Apollonius the “figure of the conic upon its axis" It 
is evident that the * minor" or *conjugate" axis of a 
central conic, according as it is an ellipse or a hyperbola, 
is equal to the side of & square equivalent in area to 
the “figure.” (Chap. IL, Prop. VI. and Chap. III, 
Prop. V.) : 

A hyperbola which has the sides of its “ figure" equal is 
called an equilateral hyperbola. "The latus rectum being 
thus equal to the transverse axis it is clear that the con- 
jugate axis is equal to the transverse axis (Chap. II., 
Prop. V.); in other words the two axes of an equilateral 
hyperbola are equal. 
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From Prop. XXVII. it is clear that the asymptotes of 
an equilateral hyperbola are at right angles to each 
other. From this property the curve is also called a 
rectangular hyperbola. 


Ex. Prove that the locus of the intersection of tangents to a 
parabola including half a right angle, is a rectangular hyperbola. 
(Prop. I., Ex. 10, and Prop. XXVII., Ex. 3.) 

The properties of the hyperbola proved in the pre- 
ceding propositions are, of course, true for the equilateral 
hyperbola as well. In some cases, however, the results 
assume forms which are deserving of notice. 

Thus, for the equilateral hyperbola, we have 


Prop. III. e=,/2, (See Ex. 2.) 
CS? —20A?, 
CS —2CX. 


Ex. Ifa circle be described on SS’ as diameter, the tangents at 
the vertices will intersect the asymptotes in the circumference. 


Prop. V. SL=CA, 
or, Latus rectum = A A*. 
Prop. VIII. PN*—-AN.A'N. 


Ex. 1. If PANI" be a double ordinate, the angles PAJ” and 
PA'P are supplementary. 


Ex. 2. The triangle formed by the tangent at any point and 
its intercepts on the axes, is similar to the triangle formed by the 
central radius to that point and the abscissa and ordinate of the 
point. (See Prop. XX., Ex. 1.) 


Ex. 3. If M be a point on the conjugate axis, and MP be drawn 
parallel to the transverse axis meeting the curve in P, then 
PM — AM. 

Ex. 4. The tangent at any point P of a circle meets a fixed 
diameter AB produced in 7, show that the straight line through 
T perpendicular to AB meets AP BP produced in points which 
lie on an equilateral hyperbola. 


Ex. 5. If AB be any diameter of a circle and PNQ an ordinate 
to it, the locus of intersection of AP, BQ is an equilateral hyperbola. 
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Ex. 6. The locus of the point of intersection of tangents to an 
ellipse which make equal angles with the major and minor axis 
respectively, and are not at right angles, is a rectangular hyper- 
bola. (The foci of the ellipse will be the vertices.) 


Prop. XXVI. CN=NG, 
PG=Pg=CP. 
Prop. XXXI. CP=Pr=Pr’. 


Ex. 1l. A circle whose centre is any point P and radius CP, 
intersects the normal on the axes and the tangent on the asymp- 
totes. 


Ex. 2. If the tangents at two points Q and Q meet in T, and 
if CQ, ΟΦ meet these tangents in 7? and Æ’, the circle circum- 
scribing TE passes through C. 


Ex.3. The angle subtended by any chord at the centre is the 
supplement of the angle between the tangents at the ends of the 
chord. 


PROPOSITION A. 


Conjugate diameters are equal in the equiluteral 
hyperbola and the asymptotes bisect the angle between 
them. 


Let CP, CD be any two conjugate semi-diameters. 


Then CP? ~CD?=CA? ~ CB? =0, (Prop. XXXVI. 
since the axes are equal. 
Therefore CP=CD. 


Again, since the asymptote Cr (Fig., Prop. XXXV.) 
bisects PD it must bisect the angle PCD. 

Similarly, it may be shown that the asymptote Cr' 
bisects the angle PCD’. 


Ex. 1. A circle is described on the transverse axis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining the centre of the hyperbola with the point of contact 
and with the middle point of the chord of intersection of the tan- 
geni with the circle, are inclined to the asymptotes at complementary 
angles, 
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Ex. 2. The lines drawn from any point on the curve to the ex- 
tremities of any diameter make equal angles with the asymptotes. 
(Prop. XXXIV.) 


Ex. 3. The focal chords drawn parallel to conjugate diameters 
are equal. (Props. VI. and X.) 


Ex. 4. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will cut at 
right angles. 


Ex. 5. The normals at the ends of two conjugate diameters 
intersect on the asymptote and are parallel to another pair of 
conjugate diameters. (Prop. XX XV.) 


Ex. 6. If QV be an ordinate of a diameter PCy, 
QV?*—PV.pY. (Prop. XXXVII. 


Ex. 7. If tangents parallel to a given direction are drawn to a 
system of circles passing through two fixed points, the points of 
contact lie on a rectangular hyperbola. (Apply Ex. 6.) 


Ex. 8. Given the base of a triangle and the difference of the 
angles at the base, prove that the locus of the vertex is a rect- 
angular hyperbola. (Apply Ex. 6.) 


Ex. 9. PCp isa diameter and QV an ordinate, prove that QV is 
the ον at Q to the circle round the triangle PQp. (Apply 
Ex. 6. 


Ex. 10. If P be a point on an equilateral hyperbola and if the 
tangent at Q meet CP in 7; the circle circumscribing CTQ touches 
the ordinate QV conjugate to CP. (Apply Ex. 6 and Prop. XX.) 


Ex. 11. The angle between a chord PQ and the tangent at /’, 
is equal to the angle subtended by PQ at the other extremity of 
the diameter through P. 


Ex. 12. The distance of any point on the curve from the centre 
is a geometric mean between its distances from the foci. (Apply 
Prop. XXXVI., Ex. 5.) 


Ex. 13. The points of intersection of an ellipse and a confocal 
rectangular hyperbola are the extremities of the equi-conjugate 
diameters of the ellipse. (Apply Prop. XXXVL, Ex. 5, and Chap. 
IL, Prop. XXXV., Ex. 5.) 


Ex. 14. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intersect on the asymptotes. 

[If PSp, QSg be the chords, it may be shown that pg, PQ and 
an iq pris will meet on the directrix at the same point. Prop. 
VII. and Prop. XXVII., Ex. 5.] 
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PROPOSITION D. 


in the equilateral hyperbola the transverse axis bisects. 
the angle between the central radius vector of any point 
and the central perpendicular on the tungent at that 
point. 





Let P be any point on an equilateral hyperbola and 
CD the semi-diameter conjugate to CP; let CZ be the 
perpendieular on the tangent at P. 

If CR be the asymptote, because 

CA=AR, [Prop. XXVII. 
the angle ACR is half a right angle, that is, half of the 
angle DCZ, since CD is parallel to PZ. 

[Props. XIL and XXXIII. 
But the angle PCR is half of the angle PCD; [Ῥτορ. A. 
therefore the remaining angle PCA is half of the remain- 
ing angle PCZ, that is, CA bisects the angle POZ. 


Ex. 1. Prove that CZ.CP=CA* (Apply Prop. XX.) 
Ex.2. Prove that the angles CPA and CAZ are equal. 
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PROPOSITION C. 


In the equilateral hyperbola diameters at right angles 
to each other are equal. 





Let there be two semi-diameters CP, CD at right 
angles to each other, meeting the curve and its conjugate 
in P and D respectively. 

. Then the angle ACB=the angle PCD, 
each being a right angle. Taking away the common 


angle PCB, 
the angle ACP —the angle BCD. 


Henee from symmetry, since the curve and its conjugete 
are equal and similarly placed with respect to the axes, 
CP CD. 
Ex. 1. Prove that focal chords at right angles to each other 


are equal. 

Ex. 2. If a right-angled triangle be inscribed in the curve, the 
normal at the right angle is parallel to the hypotenuse. (See 
Prop. X.) | 

Ex. 3. Chords which subtend a right angle at a point P of the 
curve, are all parallel to the normal at P. 


PROPOSITION J). 


The angle between any two diameters of an equiluteral 
hyperbola 4s equal to the angle between their conjugates. 
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Let CP, CP’ be any two semi-diameters, and CD, CD’ 
the semi-diameters conjugate to them respectively. 





Then, if CR be the asymptote, 
the angle PCR=the angle DCR, — (Prop. A. 
and the angle PCR=the angle D'CR; [Ῥτορ. A. 
therefore, by subtraction, 
the angle PCP’=the angle DCD. 


Ex. 1. Conjugate diameters are inclined to either axes at angles 
which are complementary. 

Ex. 9. If CP, CD be conjugate semi-diameters and P.V, D.V 
ordinates, the triangles PCN, DCM are equal in all respects. 

Ex. 3. The difference between the angles which the lines join- 
ing any point on the curve to the extremities of a diameter make 
with the diameter, is equal to the angle which the diameter makes 
with its conjugate. 

Ex. 4. The angles subtended by any chord at the extremities 
of a diameter are equal or supplementary. (Apply Prop. XX XIV.) 

Ex. 5. AB isa chord of a circle and a diameter of a rectangular 
hyperbola, P is any point on the circle, AP, BP, produeed if 
necessary, meet the hyperbola in Q, @ respectively. Prove that 
BQ and AQ intersect on the circle. (Apply Ex. 4.) 

Ex. 6. A circle and a rectangular hyperbola intersect in four 
points and one of their common chords 1s a diameter of the hyper- 

la. Show that the other common chord is a diameter of the 
circle. (Apply Ex. 4.) 

M 
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Ex. 7. QN is drawn perpendicular from any point Q on the 
curve to the tangent at P. Prove that the circle round C. V P 
bisects PQ. (Apply Ex. 4.) 

Ex. 8. If a rectangular hyperbola circumscribe a triangle, the 
locus of its centre is the nine-point circle. 

[The diameters to the middle points of the sides are conjugate to 
the sides respectively. ] 

Ex. 9. The tangent at a point P of a rectangular hyperbola meets 
a diameter QCQ' in T. Prove that CQ and TQ subtend equal angles 
at P. 


* PROPOSITION E. 


If a rectangular hyperbola circumscribe a triangle 
it passes through the orthocentre. 





Let a rectangular hyperbola circumscribing a triangle 
ABC meet AD, drawn perpendicular to BC, in O. 

Then the rectangles AD.OD, BD.CD are as the 
squares of the semi-diameters parallel to AD, BC. (Prop. X. 
But the semi-diameters being at right angles to each 
other, are equal ; [Prop. C. 
therefore AD.ODzBD.CD. 

Therefore, as is well known, the point O must coincide 
either with the orthocentre or with the point O’ where 
A D meets the circle circumscribing the triangle ABC. 
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But the latter case is impossible; for then the lines 
AD, BC, which are at right angles to each other, will be 
equally inclined to the axis, [Ῥτορ. ΧΕ 
and will, therefore, be parallel to the asymptotes, which 
are also at right angles to each other and equally inclined 
to the axis. [Prop. XXVII. 
Hence BC, being parallel to an asymptote, cannot meet 
the curve in two points (see Prop. XXVII., Ex. 2), which 
is contrary to the hypothesis. 

Hence the curve must pass through the orthocentre. 

Ex. 1. Every conic passing through the centres of the four 


circles which touch the sides of a triangle is a rectangular 
hyperbola. 


Ex. 2. Any conic passing through the four points of inter- 
section of two rectangular hyperbolas, is itself a rectangular 
hyperbola. 


Ex. 3. If two rectangular hyperbolas intersect in dA, B, 6, D, 
the circles described on AB, CD as diameters intersect each other 
orthogonally. 

[D is the orthocentre of the triangle ABC. Observe that the 
distance between the middle points of 4B and CD is equal to the 
radius of the circumscribing circle. } 


MISCELLANEOUS EXAMPLES ON THE HYPERBOLA. 


1. Given the two asymptotes and a point on the curve, 
show how to construct the curve and find the position of 
the foci. 

2. CP, CD are conjugate semi-diameters and the tan- 
gent at P meets an asymptote in r. If rn be the per- 
pendicular from 7 on the transverse axis DPn is a right 
line. 

3. P is any point on a hyperbola whose foci are S, Δ΄ ; 
if the tangent at P meet an asymptote in 7' the angle 
between that asymptote and S’P is double the angle STP. 
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4, Given four points on an equilateral hyperbola which 
are at the extremities of two chords at right angles and 
also the tangent at one of the points, find the centre of 
the curve. 

5. The tangents at the extremities P, P’ of a chord of 
a conic parallel to the transverse axis meet in T. If two 
circles be drawn through S, touching the conic at P 
and P" respectively, prove that F, the second point of 
intersection of the circles, will be at the intersection of 
PP’ and ST. 

Prove also that the locus of F from different positions 
of PP’ will be a parabola with its vertex at S and passing 
through the ends of the conjugate axis. 


6. Given a pair of conjugate diameters PCP’, DCD’, find 
the position of the axis. 

[Join PD, PD’, bisect them in £ and F; join CE, CF’; bisect the 
angle ECF by the line A’CA, and through C draw DCB’ perpendi- 
cular to 464’; these are the axes sought. | 

7. If the focal radii vectores, the ordinate and the tan- 
gent at any point P of a hyperbola meet an asymptote in 
Q, R, E, T respectively, and M be the middle point of 
QR, prove that PQ » PR=2(CM s ET). 

8. If P and Q be the points of contact of orthogonal 
tangents from O to two confocal conics, the normals at P 
and Q to the two conics will intersect on the line joining 
O to their common centre. 

9. Describe the hyperbolas which have a common focus, 
pass through a given point and have their asymptotes 
parallel to two given straight lines. 

10. From each of two points on a rectangular hyper- 
bola a perpendicular is drawn on the tangent at the 
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other; prove that these perpendiculars subtend equal 
angles at the centre. 


11. If the focal distances of a point P on a hyperbola 
meet an asymptote in U and V, the perimeter of the 
triangle PUV is constant for all positions of P. 


12. If a hyperbola be described touching the three sides 
of a triangle, one focus lies within one of the three outer 
segments of the circumscribing circle made by the sides 
of the triangle. 


13. Two fixed points P, Q are taken in the plane of a 
given circle and a chord ES of a circle is drawn parallel 
to PQ; prove that the locus of intersection of RP and SQ 
is a conic. 


14. Tangents are drawn to a rectangular hyperbola from 
a point T on the transverse axis, meeting the tangents at 
the vertices in Q, Q. Prove that QQ touches the 
auxiliary circle at R, such that RT bisects the angle 
QTR. 

15. If the tangents at the ends of a chord of a hyper- 
bola meet in T and TM, TM be drawn parallel to the 
asymptotes to meet them in M, M', then ALM is parallel 
to the chord. 


16. The locus of the intersection of two equal circles 
which are described on two sides AB, AC of a triangle as 
chords is a rectangular hyperbola whose centre is the 
middle point of BC and which passes through 4, B, C. 


17. Through a fixed point O a chord POQ of a 
hyperbola is drawn, PL, QL are drawn parallel to the 
asymptotes; show that the locus of L is a similar and 
similarly situated hyperbola. 
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18. A circle and a rectangular hyperbola circumscribe 
a triangle ABC, right angled at C. If the tangent to the 
circle at C meets the hyperbola again in C’, the tangents 
to the hyperbola at C, C" intersect on AB. 


19. Find the locus of the middle points of a system of 
chords of a hyperbola passing through a fixed point on 
one of the asymptotes. 


20. CP, CD are conjugate semi-diameters ; if 
CD=2,/2. CB, 
prove that the tangent at P passes through a focus of the 
conjugate hyperbola, 


21. Given a focus and three points on a conic, find the 
directrix. Show that three at least of the four possible 
conics must be hyperbolas. 


22. The normal at any point P of a hyperbola meets 
the asymptotes in g,, g, and the conjugate diameter in /; 
prove that Pf is the harmonic mean between Pg, Pg 


23. The sum of the squares of the perpendiculars drawn 
from the foci of a hyperbola on any tangent to the conju- 
gate hyperbola is constant (= 2. CB?) 


24. The tangent at P meets the asymptotes in T, t, and 
the normal at P meets the transverse axis in (7; prove that 
the triangle TGt remains similar to itself as P varies. 


25. The intercept on any tangent to a hyperbola made 
by the asymptotes subtends a constant angle at either 
focus. 


26. Given two tangents to a rectangular hyperbola and 
their points of contact, to find the asymptotes. 


27. A circle touches a conic at a fixed point and cuts it 
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in P and Q; the locus of the middle point of PQ is a right 
line. 


28. If two conics with a common directrix meet in four 
points, these four points lie on a circle whose centre is on 
the straight line joining the corresponding foci. 


29. The locus of the middle point of a line which moves 
so as to cut off a constant area from the corner of a rect- 


angle is an equilateral hyperbola. (Prop. XXIX., Ex. 4) 


30. If between a rectangular hyperbola and its asymp- 
totes a concentric elliptic quadrant be inscribed, the 
rectangle contained by its axes is constant. (Apply 
Chap. II. Prop. XXII., and Chap. III., Prop. XXIX.) 


31. Given an asymptote, a tangent and iis point of 
contact, to construct a rectangular hyperbola. 


[Let the tangent at P meet the asymptote in Z. Make PV — LF 
and draw JC at right angles to LC. C is the centre and the focus 
S, which lies on the bisector of the angle LCM, is determined by 
the relation CS?- CL.CM. Prop. XXXII. The directrix bisects 
CS.) 

32. Straight lines, passing through a given point, are 
bounded by two fixed lines at right angles to each other. 
Find the locus of their middle points. 


[Let O.Y, OY be the fixed straight lines and P the given point. 
If C be the middle point of OP, the locus will be a rectangular 
hyperbola of which the lines through € parallel to OX and OY are 
the asymptotes. Apply Prop. XXIX.] 

33. Given a point Q and a straight line AB, if a line 
QCP be drawn cutting AB in C, and P be taken in it, so 
that PD being perpendicular upon 4B, CD may be of 
constant magnitude, the locus of P is a rectangular 


hyperbola (Prop. XXIX). 


34. Parallel tangents are drawn to a series of confocal 
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ellipses. Prove that the locus of the points of contact is a 
rectangular hyperbola. 

[See figure, Chap. ΤΙ. Prop. XXVIII CF«CG and 
PF Phe Cta CT. Therefore P/.CF« CG.CT=CS?=constant. | 

35. From the point of intersection of the directrix with 
one of the asymptotes of a rectangular hyperbola a tangent 
is drawn to the curve, meeting the other asymptote in 7. 
Prove that CT is equal to the transverse axis. (Apply 
Prop. XX XII. and Prop. XXVII, Ex. 5.) 


36. If a rectangular hyperbola, having its asymptotes 
coincident with the axes of an ellipse, touch the ellipse, 
the axis of the hyperbola is a mean proportional between 
the axes of the ellipse. (Apply Props. XXXI, XXXII, 
and XX.) 


37. Ellipses are inscribed in a given parallelogram ; 
prove that their foci lie on a rectangular hyperbola. 


38. Given the centre, a tangent, and a point on a 
rectangular hyperbola, find the asymptotes. 


39. Prove that the parallel focal chords of conjugate 
hyperbolas are to one another as the eccentricities of the 
hy perbolas. 


40. With each pair of three given points as foci a 
hyperbola is drawn passing through the third point. 
Prove that the three hyperbolas thus drawn intersect 
in a point. 
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PREFACE. 


17 the first chapter of the following work I have proved 

some of the properties of conics by methods which are 
applicable to all the different forms, and have then 
proceeded to consider the three types of conics in detail 
in separate chapters. The book may, however, be said to 
have two beginnings; for the chapter on the Parabola is 
so written that it may be read first by those who prefer 
this arrangement. 

In the first chapter I have made use of the Eccentric 
Circle of Boscovich to obtain a general proof of the 
fundamental theorem that the ratio of the rectangles 
contained by the segments of two chords of a conic drawn 
in fixed directions is constant. This method was first 
introduced into English text-books by Dr C. Taylor in his 
very able and comprehensive Treatise on the Ancient and 
Modern Geometry of Conics. 

I have discarded the usual method of treating a hyper- 
bola as if it were two conics, namely, the curve itself and 
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the conjugate hyperbola. This will, I hope, meet with 
the approval of teachers. | 

Numerous easy examples are given under the different 
propositions throughout the book; the examples at the 
end of each chapter are more difficult, and should not be 
attempted on the first reading. 

The important properties of confocal conics are dis- 
cussed at length, and complete solutions of other interesting 
and important theorems and constructions are given. 

I have endeavoured to make the book suitable for 
beginners, but have included chapters on Cross-ratios, 
Reciprocation and Conical Projection, which are now 
included in the first year’s course at Cambridge. 


CHARLES SMITH. 


October, 1894. 
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CHAPTER I. 


1. Definitions. A Conic Section, or Conic, is 
the curve traced out by a point which moves in the plane 
containing a fixed point and a fixed straight line, in such 
a manner that its distance from the fixed points in a 
constant ratio to its perpendicular distance from the fixed. 
straight line. 

The fixed point is called a focus, the fixed straight 
line is called a directrix, and the constant ratio is called 
the eccentricity of the conic. 

It will be shewn hereafter that if a right circular cone 
be cut by any plane, the section is in all cases a conic as 
defined above. It was as sections of a cone that the 
properties of these curves were first investigated. 

A conic is called an ellipse, a parabola, or a hyperbola 
according as its eccentricity is less than, equal to, or greater 
than unity. | 


2. Our object is to investigate the principal geome- 
trical properties of conics. We first find the position and 
shape of the different curves. 


5, C. e 1 
Ha 
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Prop. I. To find the points in which a conic, whose 
focus, directrix and eccentricity are given, 1s cut by 
the straight line through its focus perpendicular to the 
directrix. . | 

Let S be the focus and KK’ the directrix of a conic. 

Draw through S the line ZSZ perpendicular to the 
directrix and cutting it in the point X. 

In SX take a point A such that the ratio of SA to 
AX may be equal to the eccentricity of the conic; then- 
4 will be a point on the conic. 

Divide XS externally in A’ such that 

D culo ud aX. 


then A’ will also be a point on the conic. 


uv * Fig. 1. 





Z A C X A S Z’ Fig. 2. 


The point’ A’ will be in XS produced if SA < AX, 
that is if the conic 1s an ellipse (Fig. 1); and the point A’ 
will be in SX produced if SA > AX, that is if the conic is 
a hyperbola (Fig. 2). 

If, in either case, we suppose the eccentricity of the 
conic to become more and more nearly equal to unity, the 
distance of the point A’ from the focus will increase with- 
out limit. Hence one of the points in which the line ZZ’ 
cuts the parabola whose focus is S and directrix KK’ is at 
an infinite distance from Ñ.. 

Thus the line through the focus of a conic perpendicular 
to its directrix cuts the conic in two points which are on the 
same side or on opposite sides of the directrix according as 
the conic is an ellipse or a hyperbola. Also the line 
through the focus of a parabola perpendicular to its 
directriz will only meet the curve in one point at a finite 
distance from the focus. 
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3. Prop. II. To find the points in which a contc,- 
whose focus, directrix and eccentricity are given, is cut by a 
straight tine parallel to its directrix. 

Let S be the focus and KK’ the directrix of the conic. 

Draw through S the line ZSZ perpendicular to the 
directrix and cutting it in the point X. 

Through any point N in ZSZ draw the line HNH’ 
parallel to the directrix. 

With centre S and radius SQ such that the ratio of 
SQ to NX is equal to the eccentricity, describe a circle 
cutting HH’ in the points P, P"; then P, P" will be points 


on the curve. 





For, if PM, P'M' be perpendiculars on the directrix, 
PM = NX = P' M. 
Hence SP : PM = 8P : P'M' =SQ: NX. 
It will be proved in Article 6 that the circle described as 
above will intersect the line HH’ provided that N is between A and 


A’ in the case of an ellipse, and is not between A and 4’ in the 
case of a hyperbola. 


Since SP — SP', and XSN is perpendicular to PP’, 
PN must be equal to ΑΡ’ 

"^. Now when a straight line is so related to a curve 
that corresponding to any point of the curve there is 
another point such that the chord joining the two points 
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is bisected perpendicularly by that straight line, then the 
curve is said to be symmetrical about the straight line, 
and the straight line is called an axis of the curve. 

Thus a conic is symmetrical about the straight 
line through its focus perpendicular to its directrix, 
which line is accordingly called an axis of the curve. 

A point where an axis cuts the curve is called a 
vertex. | 


Thus the points 4, A’ in Art. 2 are vertices of the conic. 
Sometimes the line 4A’, terminated by the vertices, is called the 


axis. 


4. If, in Article 2, C be the middle point of AA’, we 
have 
SA : AX =SA’':A’'X; 
84: AX = SA ΓΑ”: AX - A'X 
=SA’-—SA: A'X— AX. 


K 
C ο 
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Hence in the ellipse (Fig. 1) 
SA: AX =2CA : 2CX =2CS8 : 2CA ; 
and in the hyperbola (Fig. 2) | 
SA : AX =2CS -2CA —2CA : 20X. 
Thus in both curves we have 
CS:CA=CA:CX=SA: AX, 
whence also CA? — CS. CX, 
and CS: CX = CS? : CA? 
= SA?: AX? 
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If the eccentricity of the conic be equal to the ratio 
e: 1, so that SA : AX =e: 1, and therefore SA =e. AX, 
the above relations may be expressed more shortly thus 


OS=e.CA, CA-—e.CX, CS.CX =CA?, 
and CS=e?. CX. 


Ex. 1. If two points on a conic be equally distant from a focus, the 
line joining the points must be parallel to the directrix, and the focal 
distances of the points must be equally inclined to the axis. 


Ex. 2. The directrix of a conic is given and also two points on the 
curve; shew that the focus must lie on a fixed circle. 


Ex. 3. Find the focus of a conic whose directrix is given and also 
three points on the curve. How many conics can be drawn to satisfy the 
given conditions? 


Ex.4. A circle passes through & fixed point and cuts a fixed straight 
line at a given angle; shew that the centre of the circle must lie on a 
fixed hyperbola. | 


Ex. 5. S is the focus of a conic and P is any point on the curve. 
Shew that the locus of the middle point of SP is a conic of the same 
eccentricity whose focus is S and whose corresponding directrix is midway 
betwzen S and the directrix of the original conic. 


Ex.6. S is the focus of a conic and P is any point on the curve; find 
the locus of the point Q which divides SP so that the ratio SQ : SP 1s 
constant. 


Ex.7. Shew that two conics with the same focus and directrix cannot 
intersect. 


Ex. 8. Determine the directrix of a conic having given the focus, the 
eccentricity and two points on the curve. How many positions of the 
directrix can there be? 


Ex. 9. Find the focus of a conic having given the directrix, the 
eccentricity and two points on the curve. How many possible positions 
of the focus can there be? | | 


Ex. 10. Shew that the length of a focal chord of a conic is to 
twice the distance of its middle point from the directrix in the ratios of 
the eccentricity. | 
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5. Prop. III. To find the points in which a conic, 
whose focus, directrix and eccentricity are given, 4s cut by 
any line parallel to its axis. 

Let S be the focus and KK’ the directrix. 

Find A, A’ the vertices of the conic, and let C be the 
middle point of AA’. 

Let MM’ be a line parallel to the axis cutting the 


directrix in M. We have to find the points of intersection 
of MM’ and the conic. 


Join MS, and let it meet the lines through A, A’ 
parallel to the directrix in the points a, a’ respectively. 
K 


N po | uo |w 


X κ NI! S' A 


K’ b a 4 


Then, by similar triangles, 
Sa:aM=SA:AX; 
and Sa’:aM=SA': A'X 28A: AX; 
'. Sa: aM - Sa τα M. 
Hence *, if we describe a circle on aa’ as diameter, and 
Q be any point on this circle, then will 
SQ:QM=Sa:aM=SA : AX. 
If then the line MM’ cut the circle in P, P’ we shall 
have SP: PM=SP’:P’-M=SA: AX. 


* Taylor’s Euclid, p. 426. 
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Hence, as P’PM is perpendicular to the directrix, the 
points P, P’ must be on the conte. 


a‘ b 
ο 
αι. p ΜΙ 
EN F a 
N 
S A’ X C χι” A S 


Now, if O be the centre of the circle, O will be the 
middle point of aa’, and the line through O parallel to the 
directrix will therefore be equidistant from Aa and A’a, 
and thus will pass through Ο, the middle point of AA’. 
But OC is perpendicular to PP’ and therefore bisects PP’, 
in F suppose. Thus the middle point of PP’ is on the 
line parallel to the directrix through the fixed point C. 

Hence the conic is symmetrical about the line 
through C parallel to the directrix, which is therefore 
also an axis. 

The axes perpendicular and parallel to the directrix 
are distinguished from one another by being called respec- 
tively the transverse axis and the conjugate axis. 


6. If, in the preceding Article, the circle cut the lines 
Aa, A’a’ again in the points b, b’ respectively, αὖ’ and ba’ 
are both parallel to A.A’, since the angles ab’a’ and aba’ 
are right angles. 

In the case of the ellipse [Fig. 1], PP’ is farther from 
the centre of the circle than ab’ or a’b, since a and a’ are 
on the same side of M. Hence PP’ < ab’, that is PP’ <AA’, 
whence it follows that the ellipse lies entirely between the 
lines Aa and Αα. 
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If P be any point on the ellipse and PM be the per- 
pendicular on the directrix; then, 
since P is between the lines Aa 
and A’a’, PM must be less than 
A’X, and therefore SP less than 
SA’. Thus every point of an el- 
lipse is at a limited distance from 
the focus. Hence an ellipse is a 
closed oval curve. 
If BCP’ be parallel to the directrix, and B, B’ be such 
that SB —SB'—e. CX; then B, B are points on the 


ellipse, and are the extremities of the conjugate axis. 


In the case of the hyperbola [Fig. 2], PP’ is nearer to 
the centre of the circle than ab’ or a'b, since M is between 
a, and a’. | 

Hence PP’ > AA’, whence it follows that the hyperbola 
lies entirely without the lines Aa and A’a’. Since M is 
within the circle, the line MM’ will always cut the circle 
in real points; moreover it is easily seen that PP’ increases 
indefinitely as X M is increased. 

Thus the hyperbola is a curve with two distinct 
branches, as in the figure. 


T. Central Conics. Let P be any point on an 
ellipse or a hyperbola. Draw through P a line parallel 
to the directrix cutting AA’ in N and the curve again 
in Q. Then PN — NQ [Prop. II.]. Now draw through Q 
a straight line parallel to A.A’ cutting the curve in R and 
the line through C parallel to the directrix in M ; then 
QM = MR [Prop. III ]. 
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Since PQ—2PN, and QR=2QM=2NC, it follows 
that PCR is a straight line, and that CR = PC. 


VN, 
SL 


Thus, if P be any point on an ellipse or a hyperbola, 
and PC be produced to R so that CR=PC; then the 
point Fè will also be on the conic, so that all chords of the 
conic drawn through the point C are bisected at Ο. On 
this account the point C is called the centre of the 
conic. 

The ellipse and hyperbola are called central conics 
to distinguish them from the parabola which has no centre, 
or rather whose centre is at an infinite distance from the 
focus. 


Note. The parabola can be considered as the limiting 
form of an ellipse or of a hyperbola. It is a very instruc- 
tive exercise to deduce from any property of an ellipse 
or hyperbola the corresponding property of the parabola, 
when the properties of the two curves are not precisely 
the same; this should however be deferred until the 
geometrical properties of the parabola have been con- 
sidered in detail in the next chapter. 
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8. Prop. IV. To shew that a central conic has two 
foci and two directrices. | 

We first prove as in Art. 5 that an ellipse or hyperbola 
is symmetrical about the line through C parallel to the 
directrix. From this it follows that if the points S', X’ 
be taken on the transverse axis such that CS’=SC and 
CX' — XC, the point © will have the same properties 
with respect to the curve as the point S has; hence 
S' will also be a focus of the conic and the corresponding 
directrix will be the line through X’ parallel to the 
original directrix. 

Thus an ellipse or a hyperbola has two foci and 
two directrices. ; 


9. Prop. V. To find the points in which any given 
straight line cuts a conic whose focus, directrix and 
eccentricity are given. 

Let S be the focus and KXK’ the directrix of the 


conic. 
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Let MM’ be the given straight line cutting the 
directrix in M. 

In SX take a point A such that SA : AX may be 
equal to the given eccentricity, and draw AH parallel to 
MM cutting the directrix in H. 

Join SM and divide it internally and externally at the 
points a, a’ in the ratio SA : AH. Then, if we describe a 
circle on aa’ as diameter, and Q be any point on this 
circle, the ratio of SQ to QM will be equal to the ratio of 
Sa : aM. 

Let the circle cut the line MM’ in the points P, P’; 
then P, P’ will be points on the conic. 

Draw PL, P'L' perpendiculars on the directrix. 

Then, since P is on the circle whose diameter is aq’, 


SP:PM-c$Sa:aM-SA: ΑΗ; 
SP:SA=PM: AH. 
But, from the similar triangles LPM and X AH, 
PM:AH=PL: AX. 
Hence SP:SA=PL: AX, 


whence it follows that P, and similarly P’, is a point on 
the conic. 

It should be noticed that in the case of the ellipse or 
parabola the points a, a’, and therefore also the points 
P, P' are on the same side of M, that is on the same side 
of the directrix. In the case of the hyperbola however 
the points P, P' will or will not be on the same side of the 
directrix, according as SA is less or greater than AH; 
and, although SA > AX, it does not follow that SA > AH. 

It should also be noticed that if the direction of the 
chord be changed so that AH may become more and more 
nearly equal to SA, the distance Sa’ will increase without 
limit, as will also the distance MP’; and that when the 
direction is such that SH = SA, one of the two points in 
which MM’ cuts the conic will be at an infinite distance 
from the directrix. 
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10. Prop. VI. Jf a straight line cut a conic, whose 
focus is S, in the points P, P' and the directriz in the | 
point D ; then will SD be equally inclined to SP and SP’. 





Join SP, SP’, SD, and draw the perpendiculars PM, 
P'M' on the directrix. Produce PS and P'S to meet the 
conic again 1n p, p' respectively. Then, by definition, 

οι Ες. PM: 
SP :SP’=PM:P'M.. 
But, from the similar triangles MPD, M'P'D, we have 
PM : PMW = PD : PD. 
Hence SP : SP'= PD : P'D, 
whence it follows that DS bisects the angle PSp’ provided 
P, P" are both on the same side of D, and that. DS bisects 
the angle PSP’ provided P, P’ are on opposite sides of 


the directrix, which last condition can, however, only be 
the case when the conic is a hyperbola. 


Cor. I. A straight line can only cut a conic in two 
points. 


For, if DPP'P" is a straight line, the points P, P', P" being on 
the conic, the line DS would have to make equal angles with SP, 
SP' and SP"; and this is impossible. 
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Cor. II. If PSp, P' 9p be any two focal chords of a 
conic, the lines PP’, pp’ will meet on the directrix, as will 
also the lines Pp and Γρ. 


For, if PP’ meet the directrix in D; then, as we have just proved, 
DS will bisect the angle PSp’; and the line joining S to the point 
where pp’ cuts the directrix will also bisect the angle PSp’. Hence 
PP’ and pp’ must cut the directrix in the same point. 

Similarly Pp’ and P’p will both meet the directrix in a point D’ 
such that D’S bisects the angle psp’. 

The lines DS, D’S will clearly be at right angles to one another. 


Ex. 1. Shew that, if the focus of a conic be given and also two 
points on the curve, the directrix must pass through one or other of 
two fixed points. 


Kx. 2. Find the directrix of a conic having given a focus and three 
points on the curve; and shew that three at least, of the four possible 
conics, must be hyperbolas. 


Ex. 3. Find the directrix of a conic having given a focus, the 
direction of the transverse axis, and two points on the curve. 


Kx. 4. P, P’ are the extremities of a focal chord of a conic, and Q is 
any other point on the curve; PQ, P’Q cut the corresponding directrix 
in K, Κ’ respectively. Shew that KK’ subtends a right angle at the 
focus. 


Ex. 5. PSP’ is a focal chord, and A is a vertex of a conic; Pd, P'A 
cut the corresponding directrix in K, K’ respectively. Shew that 
KX . XK'—XS*, 
X being the foot of the directrix. 


Ex. 6. P is any point on a conic whose focus is S, and 4 is a vertex 
of the conic. PA cuts the corresponding directrix in K, and KQ is drawn 
parallel to the transverse axis to mest PS produced in Q. Shew that the 
locus of Q is a parabola. 


Ex. 7. Find the focus of a conic having given the directrix, a vertex 
and one other point on the curve. 


Ex. 8. Find the directrix of a conic having given the focus, the 
vertex, and one other point on the curve. 


Ex. 9. Shew that, if P, P’ be the two extremities of any central 
chord of a conic whose focus is S, then SP+SP’ will be constant. 


Ex. 10. Shew that, if two conics have a common directrix, their 
points of intersection must lie on a circle whose centre is on the line 
joining their foci. 


14 CONICS. 


11. Definitions. Let two neighbouring points P, P’ 
be taken on any curve, and let the point P’ move along the - 
curve nearer and nearer to the point P; then the limiting 
position of the line PP’, when P' moves up to and 
ultimately coincides with P, is called the tangent to 
the curve at the point P. Also the line through any 
point P of a curve perpendicular to the tangent thereat 
is called the normal to the curve at the point P. 


12. Prop. VII. The portion of a tangent to a conic 
intercepted between rts point of contact and a directrix, 
subtends a right angle at the corresponding focus. 

Let the straight line DPP’ cut a conic in the points 
P, P’ and a directrix in the point D, the points P, P’ 
being on the same side of the directrix. Then, if S be 
the focus corresponding to that directrix, and PS produced 
cut the conic again in p, it can be proved as in Art. 10 
that DS bisects the angle P’Sp. 

Now let P' move up to and ultimately coincide with 
P, and let PZ be the ultimate position of the line PP’, 
that is of the tangent at P. Then DS will always make 





equal angles with P'S and Sp, and therefore ultimately, 
when P' has moved up to P, and D to Z, ZS will make 
equal angles with PS and Sp. Hence each of the 
angles ZSP, ZSp is a right angle. 

Thus ZP subtends a right angle at S. 
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Conversely, if SZ be drawn perpendicular to SP to meet 
the directrix in Z, then PZ will be the tangent at P. 


13. Prop. VIII. Tangents at the extremities of a focal 
chord of a conic intersect in the corresponding directrix. 

Let PSP’ be any focal chord of a conic whose focus is 
S. Draw SZ perpendicular to PSP’ 
meeting the directrix corresponding Ῥ 
to the focus S in Z. 

Then, since the angles ZSP, 2 
ZSP are right angles, ZP and ZP 
are tangents. x 

Thus the tangents at P and P 
intersect on the directrix. 

Conversely, if tangents be drawn 
to a conic from any point on a 
directrix, the line joining the points of contact will pass 
through the corresponding focus. 


Ρ΄ 


If PM, P'M' be the perpendiculars on the directrix; then M, Z, 
S, P are cyclic. Hence Z SZPZS 4 MZP according as SP=PM; 


go also Z SZP'= L M'ZP' 


Hence LPZP'S a right angle ,, ee ; 
[provided, however, that if the conic is a hyperbola the points P, P’ 
are the same side of the directrix]. 

Def. The focal chord of a conic perpendicular to the 
transverse axis 15 called the Latus Rectum. 

From the above it is easily seen that the tangents 
at the extremities of the latus rectum intersect in the 


point X. 


14. Prop. IX. If from any point Q the perpen- 
dicular QM be drawn to the directrix of a conic, and S 
be the corresponding focus; then will the ratio SQ: QM 
be greater or less than the eccentricity according as the 
point is without or within the conic. 

Α΄ point Q is without a conic when the line SQ cuts 
the conic in one and only one point between S and Q. 


16 CONICS, 


Let Q be without the conic, and let SQ cut the conic 
in P. Draw PN perpendicular | 
to the directrix, and join SM. 
Then SM wil cut PN at a 
point K between P and N. 

Since KP is parallel to QM, 


SQ: QM=SP: PK. 


But SP: PK is greater than 
SP: PN; 

^ SQ: QM is greater than SP : ΡΝ, 
that is greater than the eccentricity of the conic. 

If Q and S be on opposite sides of the directrix, and if 
SQ cut the conic in the two points P, P', of which P is 
between S and Q. "Then, if P'N' be drawn perpendicular 
to the directrix, SM produced will cut P'N' in a point K’ 
between P' and N’; whence it follows as above that SQ: QM 
is greater than SP’: P'N'. 

It can be proved in a similar manner that if Q be 
within the conic, SQ: QM will be less than the eccen- 
tricity of the conic. | 





15. Prop. X. If from any point T on the tangent at 
a pot P of a conic, TH be drawn perpendicular to the 
directrix and TK perpendicular to the focal distance SP ; 
then will the ratio SK : TH be equal to the eccentricity. 

Let the tangent at P meet the directrix in Z. Draw 
P.N perpendicular to the directrix. 

Then ZS is perpendicular 
to SP, and therefore parallel 
to TK. 


Hence 
SK : SP=ZT : ZP 
= TH : PN. 
Hence 


SK :TH=SP:PN 
=SA:AX, 
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16. Prop. XI. To draw tangents to a comic from 
an external point. 

Let T þe the external point. Draw TH perpendicular 
to the directrix, and with S as centre describe a circle 
whose radius is to TH as SA : AX. 

Since T is without the conic, ST : TH is greater than 
SA:AX. Hence ST is greater than the radius of the 
circle. We can therefore draw two real tangents, T'K, 
TK suppose, to the circle. 

Draw SZ, SZ parallel to TK, ΤΚ’ meeting the 
directrix in Z, Z' respectively. 

Join ZT, ZT and produce SK, Sk’ to meet ZT, Z' T 
respectively in Q, Q^; then ΤΩ, TQ’ will be the tangents 
required. 





Draw QN, Q'N' perpendicular to the directrix. 
Then, since SZ is parallel to TK, 


SQ:SK=ZQ:Z2T=QN : TH; 
SQ: QN=SK : TH 
= SA : AX, by construction. 


Hence the point Q is on the conic, and therefore as 
250 is a right angle, ZTQ is the tangent at Q. Similarly 
Ζ TQ' is the tangent at Q. 


S. C. 2 
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17. Prop. XII. Το shew that the two tangents drawn 
to a conic from an external point subtend equal or supple- 
mentary angles at a focus. 





Let TQ, TQ’ be the two tangents, and let TQ, TQ’, 
produced if necessary, cut the directrix in Z, Z' respec- 
tively. 

Draw TH perpendicular to the directrix, and TK, TK’ 
perpendicular to SQ, SQ’ respectively. 

Then [Prop. XL] SK : TH = SA: AX 

= SK : ΤΗ. 
Hence SK = ο”. 


whence it follows that T is on the internal bisector of the 
angle KSK’ and therefore on the internal or on the ex- 
ternal bisector of the angle QSQ. 

If the points Q, Q' are on the same side of the direc- 
trix, and if 7’ be also on that side of the directrix; then 
it is easily seen that SK and SQ will be in the same 
direction and so also will Sk’ and SQ. Hence in this case 
TS will bisect the angle QSQ'. 

Also, if Q, Q' are on the same side of the directrix and 
T be on the opposite side; then SK and SQ will be in 
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opposite directions and so also will SK’ and SQ’. Hence 
in this case also TS will bisect the angle QSQ". 

If, however, the points Q, Q' are on opposite sides of 
the directrix, SK and SQ will be in the same or opposite 
directions according as SK’ and SQ’ are in opposite direc- 
tions or in the same direction. Hence in this case, that 
is when Q, Q' are on different branches of a hyperbola, TS 
will bisect the exterior angle QSQ". 

Thus, af TQ, TQ’ be tangents to a conic whose focus ts S, 
TS will bisect the angle QSQ' unless the conic is a hyperbola 
and Q, Q are on opposite branches, in which case TS will 
bisect the exterior angle QSQ'. 


[The student should draw figures to illustrate the different cases.] 


Cor. If the tangents at the points Q, Q' of a conic 
intersect at T, and the chord QQ cut a directrix m D; 
then will DT subtend a right angle at the corresponding 
ocus. 

d From the above ST bisects the interior or the exterior 
angle QS( according as Q, Q are on the same or on 
opposite sides of the directrix. Also, by Prop. VL, SD 
bisects the exterior or the interior angle QSQ' according 
as Qand Q are on the same or on different sides of the 
directrix. 

Hence in all cases the lines ST and SD are at right 
angles. 

Ex.1. Having given a directrix of a conic and the tangent at a given 


point on the curve, shew that the locus of the focus corresponding to the 
given directrix is a circle. 


Ex. 2. Having given a focus of a conic, two points on the conic and 
the tangent at one of those points; find the corresponding directrix. 


Ex. 3. Having given a directrix of a conic, two points on the curve 
and the tangent at one of those points ; find the corresponding focus. 


Ex. 4. Construct a conic having given a focus, the eccentricity and 
the tangent at a given point. 


Ex. 5. Find the focus of a conic having given the directrix, the 
eccentricity and the tangent at a given point. 


Ex. 6. PN is the perpendicular from any point of a conic on its 
transverse axis, and NP produced cuts the tangent at an extremity of the 
latus-rectum in the point K. Shew that Nk=SP. 


ιο 


—2 
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18. Prop. XIII. The locus of the middle points of 
a system of parallel chords of a conic is a straight line- 
through the centre of the conic. 

Let QQ be one of the parallel chords, and let V be the 
middle point of the chord. 

Draw QM, QM’, VN perpendicular to the directrix, 
and QL, Q'L' perpendicular to VV. 

Then, since V is the middle point of QQ’, V is also the 
middle point of LL’. 

Draw through the focus S a line perpendicular to QQ’ 
meeting the corresponding directrix in Z, QQ’ in Y, and 


NV in K. 


5 C 
D 
Then 
SQ: — SQ: — YQ: - Q'Y* -(YQ - QY) (YQ - QY) 
—4YV.VQ, 
[since Y Q-- ΟΥ - 2VQ and YQ- Q'Y-2YV] 
—4LV.VK, 


Bince Q,.L, Y, K are on a circle. 
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Again, if e be the eccentricity of the conic, 


SÆ =e. QM? =e. LN, 


and SQ?=e. OM? =e. FN. 
Hence SQ?—SQ?=e? (LN? — [/Ν3) = 46. LV. VN. 
Hence LV.VK-e.LV.VN; 
VK =e. VN. 
But [Art. 4] CS =e. CX, where C is the centre 


of the conic. 

Hence ZVC is a straight line. 

But 2 is a fixed point for all chords parallel to QQ’, 
and therefore the middle points of all parallel chords of a 
conic are on the fixed line joining the centre to the point 
where a directriz 1s met by a line through the corresponding 
focus perpendicular to the chords. 

Def. The locus of the middle points of a system of 
parallel chords of a conic is called a diameter. 


From the above we see that all diameters of a conic are straight 
lines through the centre of the conic, and therefore in the particular 
case of a parabola the diameters are straight lines which cut the axis 
at an infinite distance from the focus, and are thus parallel to the 
axis. This result can also be deduced by putting e=1 in the relation 
VK=e?. VN, for if VK=VN, Z and N must coincide. i 


| Cor. I. Jf any diameter of a conic meet the curve 
in P, then will the tangent at P be parallel to the system of 
chords bisected by that diameter. 

For if the line through P parallel to the chords 
bisected by the diameter CP meet the conic again in the 
point R, the middle point of PR will be on CP, and 
therefore at P, which can only be the case when the 
points P and & coincide. 

We know that the diameters ACA’, BC B' bisect chords 
parallel to BB’, AA’ respectively; it therefore follows that 
the tangents at A and A’ are parallel to BCB’, and the 
tangents at B and B' are parallel to ACA’. 
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Since a diameter meets a central conic in two points 
it follows that the tangents at those two points are 
parallel to one another. 

This however follows immediately from the fact that the centre is 
the middle point of all chords of the conic which pass through it. 

For, if PCP’, RCR’ be any two chords, PR will be equal and parallel 


io P'R'. Hence if R move up to P, and therefore R’ to P’, in the 
limit the tangent at P will be parallel to the tangent at P’. 


Cor. II. The tangents at the extremities of any chord 
of a conic meet on the diameter which bisects the chord. 

Let QQ’, RR’ be any two parallel chords of a conic; 
and let V, W be their middle points. Then WV is a 
diameter of the curve. Let RQ cut WV in T. 





Then WT: VT=RW: QV; 
.. WT: VT=RW  : Q7. 

Hence, as R'W is parallel to Q'V, R'Q'T is a straight 
line. 

Thus RQ, ΠΩ’ meet on the diameter which bisects 
QQ’, and this is true for all positions of the parallel chord 
RR’. | 

Now let kR’ move up to and ultimately coincide 
with QQ’; then the lines RQ, E'Q' will ultimately be the 
tangents at Q, Q’ respectively. 


Hence the tangents αἱ Q, Q will meet on the diameter 
which bisects QQ’. 
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Ex. 1. Having given an arc of a conic drawn on paper; find its 
centre by means of a ruler and compasses. 


Ex. 2. Shew that the transverse axis is the greatest and the conjugate 
axis is the least diameter of an ellipse. 


Ex. 3. Shew that the transverse axis is the longest and the latus- 
rectum the shortest focal chord of an ellipse. 


19. Prop. XIV. If the normal at any point P of a 
conic cut the transverse axis in G, then will SG: SP be 
equal to the eccentricity of the conic. 

Let the tangent at P cut the directrix corresponding 
to S in the point K. 

Draw PM perpendicular to the directrix, and join SM. 

Then, since the angles KSP and KMP are right 
angles, K, S, P, M are on a circle. 





Hence | ZSMP-—ZzSKP 

= compt. of Z SPK =z SPG. 
Also < SPM = Z PSG, since PM and SG are parallel. 
The triangles SPM, GSP are therefore similar, and we 


have 
SG : SP = SP : PM = KA : AX. 
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20. Prop. XV. Jf the normal at any point P of a 
conic cut the transverse axis in G; then will the projection 
of PG on SP be equal to the sema-latus-rectum. 


Draw GL perpendicular to SP, and SF perpendicular 
to SX meeting the curve in F; then SF is the semi-latus- 
rectum, and we have to prove that PL = SF. 

We can prove, as in Prop. XIV., that the triangles 
GSP, SPM are similar. 





Hence PG : SM = SP : PM 
=SA: AX. 
But, since Z GPL = 2 SMP —z XSM, 

and 4 GLP =rt. 2 = 4 SXM, 

the triangles GZP and SXM are similar. 
Hence PL : SX = ρα: SM. 
Therefore PL:SX =8A : AX 
= SF : SX. 


Hence PL = SF = semi-latus-rectum. 
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21. Prop. XVI. The semi-latus-rectum is the har- 
monic mean between the two segments of any focal chord. 

Let PSP' be any focal chord of a conic, and let PSP' 
produced, if necessary, cut the corresponding directrix 
in K. Let SF be the semi-latus-rectum. 

Draw PM, P'M' perpendicular to the directrix, and 
vet P'N' perpendicular to the transverse axis. 





Then, since the triangles PSN, P’SN’ are similar, 
SP:SP’=SN: SN’ 
—PM-—SX:SX-—P'M. 
But "2 PM, SF=e.SX and SP' =e. ΡΜ’: 
. SP — SF =e (PM — XX), 
and SF — SP' =e (SX — ΡΜ): 
,. PM — δᾶ : §X — P'M' = SP — XF : SF-—SP; 
. SP: SP’=SP—SF: SF—SP’. 
Thus SP, SF and SP’ are in Harmonic Progression. 
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THE ECCENTRIC CIRCLE. 


22. Definition. The circle described with any 
point in the plane of a conic as centre and the ratio 
of whose radius to the perpendicular distance of the 
point from the directrix 1s equal to the eccentricity of the 
conic, 1s called the eccentric circle of the point. 


23. By means of the eccentric circle we can find the 
points in which any given straight line cuts a conic 
whose focus, directrix and eccentricity are given. 


For, let the line cut the directrix in M. Draw the 
eccentric circle of any point O on the line, and let SM 
cut the circle in p, p. Join Op, Op’, and draw SP, SP’ 
parallel to Op, Op’ respectively, meeting the lme MO 
in the points P, P' respectively. Then P, P' will be 
points on the conic. 





Draw PN, P'N' and OK perpendicular to the direc- 
trix. | 
Then, since SP is parallel to Op and PN to OK, 
SP : Op = PM : OM 
=PN:0K; 
M SP:PN=Op : OK. 
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But, by the definition of the eccentric circle, Op: OK 
is equal to the eccentricity of the conic. Hence P, and 
similarly P’, is a point on the conic. 


24. Prop. XVII. The ratio of the rectangles con- 
tained by the segments of two intersecting chords of a cone, 
which are parallel to two fixed straight lines respectively, ds 
independent of the position of the point of intersection of 
the chords. 

Let one of the chords through the point O cut the 
conic in P, P’ and the directrix in M. Let the line 
SM, joining the focus to the point M, cut the eccentric 
circle of O in the points p, p Then, as in Art. 23, 
Op, Op’ will be parallel to SP, SP’ respectively. 





Hence PO:0M — Sp : pM, 

and P'0:0M = Sp :pM; 
^ PO.P'0O:0M*  —Sp.Sp': Mp. My. 

Hence PO. P'O : Sp. Sp' = OM? : MT?, where MT 
is the tangent from M to the eccentric circle of 0. 

Now, if the line OPP’ be fixed in direction, the ratio 
OM : OK will be constant. Hence, as OK : OT is equal to 
the eccentricity of the conic, OM : OT' will be constant, 
and therefore, as OT'M is a right angle, OM: MT will 


be constant provided that the chord is parallel to a fixed 
straight line. 
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Let another chord through O cut the conic in Q, Q and 
the directrix in W. Let ΜΙΤ’ be the tangent from M" to 
the eccentric circle of O and let SM’ cut that circle in 
q, d. Then, as before, 


QO.Q'0O:Sq.Sq —OM^:M'T*. 
But, as before, the ratio OM^?: 7: will be constant 
if the chord OQQ be parallel to a second fixed straight 


line. 
Also Sp. Sp’ = Sq.Sq, 
whence it follows that the ratio PO..P'O:QO.Q'O will be 


constant for all positions of O, provided that each of the 
chords is parallel to a fixed straight line. 


EXAMPLES. 


1. Given the focus and directrix of a conic, shew that the chord of 
contact of the tangents drawn to the conic from a given point will pass 
through a fixed point. 


2. PSP is any focal chord of a conic, and Q is any other point on 
the curve; PQ, P'Q cut the directrix corresponding to the focus S in K, 
K’ respectively. Shew that the rectangle KX. XK’ is constant. 


3. The tangent at any point P of a conic whose focus is S meets the 
transverse axis in T. Shew that ST is greater than, equal to, or less 
than SP according as the conic is an ellipse, parabola, or hyperbola. 


4. PSQ isa focal chord of a conic and the tangent at P is cut in T 
by the line through Q perpendicular to PQ. Shew that TQ is bisected 
by the directrix. 


5, The focal chord PSP’ of a conic, produced if necessary, cuts the 
directrix in K. Shew that SK is a harmonic mean between PS and P'K. 


6. Achord QQ’ of a conic cuts the directrix in Z and the line join- 
ing the points of contact of the tangents from Z to the conic in K. 
Shew that ZQ, ZK, ZQ' are in harmonic progression. | 


7. Having given the foci of a central conic and the line joining the 
points of contact of the tangents drawn to the conic from a given point ; 
find the directrices. 


8. Draw, parallel to a given straight line, a tangent to a conic whose 
focus, directrix and eccentricity are given. 
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9, The normal at the point P on a conie whose focus is S meets the 
transverse axis in G, and PM is the perpendicular on the directrix 
corresponding to the focus S. Shew that, for all positions of P on the 
curve, MS and PG intersect on a fixed straight line. 


10. Shew that the tangent at a point of a conic is cut by the latus- 
rectum produced and the directrix in points whose distances from the 
corresponding focus are in the ratio of the eccentricity. 


ll. Shew that the tangents at the ends of any focal chord of a conic 


cut the latus-rectum produced in points which are equidistant from the 
focus. 


12. QQ’ is any chord of a conic which subtends a given angle at the 
focus; shew that the locus of the point of intersection of the tangents at 
Q and Q’ is a second conic; and that the line QQ’ touches a third conic, 
and also that the three conics have a common focus and directrix. 


13. Two sides of a triangle are given in position, and the third 
side subtends a constant angle at a fixed point. Shew that the third 
side always touches a conic of which the fixed point is a focus. 


14. On any tangent to a conic two points K, K’ are taken such that 
ΚΚ’ subtends a right angle at a focus; shew that the other tangents 
from K, K’ intersect on the corresponding directrix. 


15. The tangent at a point P of a conic whose focus is S cuts the 
directrix in K and the transverse axis in T, and PM is the perpendicular 
from P on the directrix. Shew that SM touches the circle SKT. 


16. Shew that, if SY be the perpendicular on the tangent at any 
point P of a conie whose focus is S, and if PM be the perpendicular on 
the corresponding directrix, the triangles SYX and SPM will be similar. 


17. The tangents at the extremities of a focal chord PSP’ of a conic 
> 
meet in T, and P, P’ are on opposite sides of S; shew ST? = PS . SP’, 
according as the conic is an ellipse, parabola or a hyperbola. 


18. PSP’ is a focal chord of a conic, and the normals at P, P' meet 


in O; shew that the line through O parallel to the transverse axis will 
bisect PP’. 


19. PSP’ is a focal chord of a conic, and the normals at P, P’ meet 
in O, and from O the line OK is drawn perpendicular to PSP’. Shew 
that SP=P’K and SP’=PK. 


20. The normals at any two points P, P’ of a conic cut the trans- 
verse axis in G, G’ respectively. Shew that the projections of PG and 
P'G' on PP’ are equal to one another. 


CHAPTER II. 
THE PARABOLA. 


25. Definitions. A parabola is the locus of a point 
which moves in the plane containing a given point and a 
given straight line, in such a manner that its distance 
from the given point is equal to its perpendicular distance 
from the given straight line. The given point is called 
the focus and the given straight line is called the 
directrix of the parabola. 


Prop. I. Having given the focus and directrix of a 
parabola, to find any number of points on the curve. ` 

Let S be the focus and M M' the directrix of a parabola. 

Draw through S the line XSW perpendicular to the 
directrix, meeting the directrix in X. Bisect XS in A; 
then, since SA = AX, A 1s a point on the curve. 

Through any point V on X SN draw LNL’ perpendi- 
cular to X SN. 

With centre S and radius equal to XV describe a circle 
to cut LNI’ in the points P, P". 

Draw PM, P'M' perpendicular to the directrix. 

Then, since PM, NX, P'M' are all κο. to 
MXM’ and PNP’, we have 


SP = XN = MP, and SP = XN = M'P. 


Hence P and P’ are points on the curve. 
The necessary and sufficient condition that the circle 
centre S and radius XN should cut the line NL is that 
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XN should be greater than SN, and this will be the case 
provided WV be taken anywhere to the right of A in the 





figure. Thus any straight line parallel to the directrix of 
the parabola, and on the same side of the directrix as the 
focus, will cut the curve in two points provided the dis- 
tance of the line from the directrix be not less than half 
the distance of the focus from the directrix. 

Hence a parabola lies entirely on the same side of the 
directrix as the focus, and extends to an unlimited distance. 

Since SP = SP', and XSW is perpendicular to PP’, 
PN must be equal to NP’. Now when a straight line 18 
so related to a curve that corresponding to any point of 
the curve there is another point such that the chord join- 
ing the two points is bisected perpendicularly by the 
straight line, then the curve is said to be symmetrical 
about the straight line, and the straight line is called an 
axis of the curve. | 

We have thus proved that a parabola is symmetrical 
about the straight line through its focus perpendicular to rts 
directrix, which line is accordingly called the axis of the 
curve. | 

A point where an axis cuts the curve is called a 
vertex. 

Thus, in the figure, the point A is the vertex of the parabola. 
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26. We have shewn how to determine any number of points on the 
curve. The curve may be described continuously in the following, 
manner. | 





Let a straight rod MK be made to slide with one end M on the 
directrix and so that the rod is always perpendicular to the directrix. 
Then, if a string whose length is equal to that of the rod have one end 
fastened at the extremity of the rod and the other at the focus, and if 
the string be kept constantly stretched by a pencil in contact with the 
rod, the point of the pencil will describe a parabola with the given focus 
and directrix. For, since SP+PA=KM, SP=PM. 


27. It is easily seen that SP is less than PM for any point P within 
a parabola, and that SP is greater than PM for all points outside. 

For, if P be within the curve, and PM be drawn perpendicular to the 
directrix it will cut the curve at some point Q between P and M. Then 
SQ=QM, hence PM=SQ+ QP, and SQ+ QP is greater than SP. 

Similarly for a point outside the curve. 


. Ex. 1. If the focal distances of two points on a parabola be equal to 
one another, the line joining the points must be parallel to the directrix, 
and the focal distances of the points must be equally inclined to the 
axis. 


Ex. 2. If the directrix of a parabola be given and also one point on 
the curve, the focus must lie on a fixed circle, 


Kx. 3. Find the focus of a parabola when the directrix and two 
points on the curve are given. How many parabolas can be drawn to 
satisfy the given conditions ? 


Ex. 4. If the focus of a parabola be given and one point on the 
curve, the directrix will touch a fixed circle. | 


Ex. 5. Find the directrix of a parabola when the focus and two 
points on the curve are given. How many solutions will there be? 


Ex. 6. Find the directrix of a parabola having given the focus, the 
direction of the axis, and one point on the curve. 
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Ex. 7. The locus of the centre of a circle which passes through a 
given point and touches a given straight line, is a parabola. 


Ex. 8. The locus of the centre of a circle which touches a given 
straight line and a given circle is a parabola whose focus is at the centre 
of the given circle, and whose directrix 18 parallel to the given straight 
line and at a distance from it equal to the radius of the given circle. 


28. Definitions. The perpendicular from any point 
of a parabola on the axis is called the ordinate of the 
point. The length of the axis, measured from the vertex, 
cut off by the ordinate of any point, is called the abscissa. 

Thus, in the figure Art. 25, PN is the ordinate of the point P, and 

AN is the abscissa. 


A chord PP’ perpendicular to the axis is sometimes called a 
double ordinate. 


Any chord through the focus is called a focal chord. 
The focal chord perpendicular to the axis 15 called the 
latus-rectum. 


29. Prop. II. The length of the latus-rectum of a 
parabola 18 four times the distance 
of the focus from the vertex. 


[LL’=4AS8.] 

Let S be the focus, MXM’ the 
directrix, X AS the axis and LSI’ 
the latus-rectum. Draw LM, L'M* 
perpendicular to the directrix. 

Then, by definition, 

SL = LM = SX, 
and ΘΙ, = I'M’ = SX. 
Hence LL’ =2SX = 454A. 


It should be noticed that two para- 
bolas which have equal latera-recta are 
equal in all respects. For, since the latera-recta are equal, the 
distances of the foci from the respective directrices must likewise 
be equal. One curve may therefore be superimposed on the other 
(as in Euclid I. 4) so that the directrices are coincident and also the 
foci; and in that case the two parabolas will altogether coincide. 


S. C. 3 
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90. Prop. III. The ordinate at any point of a para- 
bola is a mean proportional to the abscissa and the latus- | 


rectum. [PN*=4AS.AN.] 





Join SP, and draw PM perpendicular to the directrix, 
and PN perpendicular to the axis. 


Then, since SP? = PM? = XN?: 
and SP? = PN? ΘΝ: 
PN? = X N2—SN?2 
—-(XN-—SN)(XN + SN) 
=4AS.AN, 
snce AN+SN=2AN and XN — SN —-2A8. 


From the relation PN? 2 44S. ΑΝ it follows that the 
square of the perpendicular from any point of a parabola 
on the axis varies as the perpendicular on a line through 
the vertex parallel to the directrix. 


Conversely. Jf a point move «n a plane in such a 
manner that the square of the perpendicular from 1t on one 
of two fixed straight lines at right angles to each other varies 
as the perpendicular on the other, the point will describe a 
parabola. 


Kx. If PN is the ordinate of any point P of a parabola, the 
locus of the middle point of PN is a parabola. 

For, if Q be the middle point of NP, NQ?=4NP?=AS. AN. 
Hence the locus of Q is a parabola whose vertex is A, whose axis is 
ASN, and whose latus-rectum is equal to AS. 
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Ex. 1. When the ordinate and the abscissa of a point on a parabola 
are equal to one another, each is equal to the latus-rectum. 


Ex. 2. Find the abscissa corresponding to a double ordinate whose 
length is three times the latus-rectum. 


πη 
Kx. 3. PNP’ is a double ordinate of a parabola whose vertex is A, 
and the circle APP’ cuts the axis in ϱ. Shew that NQ is equal to the 
latus-rectum. 


Ex. 4. PM is the perpendicular from any point P of a parabola 
upon its directrix, and on PM is taken a point Q such that PQ is 
constant. Shew that the locus of Q is an equal parabola. 


Ex. 5. The locus of a point which divides the ordinate of a parabola 
in a constant ratio is another parabola with the same vertex and ‘axis. 


Ex. 6. A is the vertex of a parabola and P is any point on the 
eurve. Shew that the locus of the middle point of AP is another 
parabola. 


Ex. 7. If S be the focus of a parabola and P be any point on the 
curve, the locus of the middle point of SP is a parabola whose focus is 
S and whose directrix is midway between S and the directrix of the 
given parabola. 


Ex. 8, Sis the focus of a parabola and P is any point on the curve; 
Q is the point on SP such that SQ: SP is equal to a given ratio. Shew 
that the locus of Q is a parabola. 


Kx. 9. PM is the perpendicular from any point P of a parabola on 
its directrix, and MP is produced to Q so that MP=PQ. Shew that, if 
N, N’ be the feet of the ordinates through P, Q respectively, SN’=2AN, 
and that the locus of Q is a parabola whose vertex is S.. 


ν 


Ex. 10. PM is the perpendicular upon the directrix of a parabola 
from any point P on the curve. Shew that the locus of Q, the middle 
point of MP, is a parabola whose vertex is midway between X and 4. 


31. Definitions. Let two points P, P’ be taken on 
any curve, and let the point P’ move along the curve 
nearer and nearer to the point P; then the limiting 
position of the line PP’, when P’ moves up to and 
ultimately coincides with P, is called the tangent to the 
curve at the point P. Also the line through any point P 
of a curve perpendicular to the tangent thereat is called 
the normal to the curve at the point P. 


3—2 
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32. Prop. IV. (i) If a straight line cut the directrix 
of a parabola, whose focus «s S, in K and the curve in P, P'; 
then will KS bisect the exterior angle between SP and SP’. 


(ii) The portion of any tangent to a parabola, inter- 
cepted between its point of contact and the directrix, sub- 
tends a right angle at the focus. 





Jom SP, SP’ and produce PS, P'S to p, p. Draw 
PM, P'M' perpendicular to the directrix. 
Then, from the similar triangles KPM, KP’M’, we 
have 
KP: KP =M: P M 
=SP:SP’, by def. 
Hence KS bisects the angle PSp’ or P'Sp......(1). 


Now let P’ move up to and ultimately coincide with 
P,and let PZ be the ultimate position of the line PP’, 
that is of the tangent at P. Then KS will always make 
equal angles with P'S and Sp, and therefore ultimately 
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ZS will make equal angles with PS and Sp. Hence each 
of the angles ZSP, ZSp is a right angle. 


Thus ZP subtends a right angle at S......... (11). 


Conversely, if SZ be drawn perpendicular to SP to 
meet the directria in Z, then PZ will be the tangent at P. 


33. Prop. V. Tangents at the extremities of a focal 
chord of a parabola will intersect at right angles «n the 
directrix. 


Let PSP’ be any focal 
chord. Draw SZ perpen- 
dicular to PSP’ meeting 
the directrix in Z. 

Then, since the angles 
ZSP, ZSP' are right angles, 
ZP and ZP’ are tangents. 

[Converse of Prop. IV.] 





Thus the tangents at the extremities of the focal chord 
intersect in. the directrix. 

Draw PM, P'M' perpendicular to the directrix. 

Then, since ZSP and ZMP are right angles, the points 
Z, 8, P, M are on a circle; and, since SP, PM are equal 
chords of this circle, the subtended angles SZP and MZP 
are equal. Therefore ZP bisects the angle MZS. 

Similarly ZP’ bisects the angle M'ZS. 

Hence ZP and ZP are at right angles. 
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Ex. 1. PM is the perpendicular on the directrix of a parabola, whose 
focus is S and vertex A; shew that MS bisects the angle ASP. | 


Ex. 2. If PA cut the directrix in K, KS bisects the exterior angle 
ASP. 


Ex. 3. P is any point on a parabola whose vertex is 4, PM is the 
perpendicular on the directrix, and PA cuts the directrix in K. Shew 
that MK subtends a right angle at the focus. 


Ex. 4. PSP’ is any focal chord of a parabola, and Q any point on 
the curve. PQ, P’Q cut the directrix in K, K’ respectively. Shew that 
KK’ subtends a right angle at the focus. 


Ex. 5. PSP’ is a focal chord of a parabola whose vertex is 4, and 
PA meets the directrix in M ; shew that P'M is parallel to the axis. 


Ex. 6. If two parabolas have à common directrix the line joining 
their common points will bisect at right angles the line joining their foci. . 


Ex.7. If three parabolas have a common directrix the three common 
chords of the parabolas taken in pairs will meet in the centre of the 
circum-circle of the triangle formed by their foci. 


Ex. 8. The tangents at the extremities of the latus-rectum of a 
parabola pass through the foot of the directrix. 


Ex. 9. A series of parabolas have a common directrix and axis; 
shew that they all touch two fixed straight lines at right angles to one 
another. 


Ex.10. Any number of parabolas have a common directrix and touch 
a given straight line; shew that they all touch another straight line 
perpendicular to the former, and that their foci lie on a fixed straight 
line. 


Ex. 11. MKM’ is the directrix of a parabola whose focus is S. Shew 
that the lines bisecting the angles MKS, M'KS will touch the parabola, 
K being any point on the directrix. 


Ex. 12. S, δ’ are the foci of two parabolas which have a common 
directrix; shew that their common tangents meet at right angles at the 
point of intersection of SS’ and the common directrix. 


Ex.13. Shew that the circle described on any focal chord of a parabola 
as diameter will touch the directrix. 


Ex. 14. Having given the directrix of a parabola and the tangent at a 
given point ; find the focus. 


Ex. 15. Having given the directrix and two tangents to a parabola ; 
find the focus. When are the conditions insufficient ? 
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94. Prop. VI. The tangent at any point P of a para- 
bola bisects the angle between SP and the perpendicular 
PM on the directriz. 





Let the tangent cut the directrix in Z Join SZ, and 
draw PM perpendicular to the directrix. 

Then, since the angles ZSP, ZMP are right angles, the 
points Z, S, P, M are on a circle; and, since SP, PM are 
equal chords of this circle, 


Z SZP —z MZP. 
: Hence the complements of these angles are equal, that 15 
Z SPZ — Z MPZ. 


Hence PZ bisects the angle SPM. 


Cor. 1. The tangent at A bisects the angle between 
SA and AX. Hence the tangent at the vertex is perpendi- 
cular to the asis. 


Cor. 2. If ZP be produced to Z, the angles SPZ’ 
and MPZ' will be equal. 
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35. Prop. VII. Zf the tangent at any point P of a 
parabola meet the axis in T, and PN be the ordinate of P; 
then will 


SP=ST and TA=AN. 





Join SP, and draw PM perpendicular to the directrix. 


Then ZPT =Z MPT; [Prop. VI. 
. LZSPT=2 PTS; | 
[since PM and NT are parallel. 
TS = SP. 
And, since TS=SP=PM=XN; 
TA+AS=XA+AN; 
ΤΑ: ΑΝ. 


Def. The portion of the axis intercepted by the 
ordinate of any point and the corresponding tangent is 
called the sub-tangent. 


Hence, in a parabola, the subtangent is equal to twice 
the abscissa. 
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36. Prop. VIII. Jf the normal αἱ P meet the axis 


in G, and PN be the ordinate of P, then will SG =SP and 
NG 245. 





Join SP, and draw PM perpendicular to the directrix. 

Then ZLSPT=2Z MPT [Prop. VI. 
= Z PTS. 

And, since TPG is a right angle and Z STP = Z SPT, 


the complements of these angles are equal, namely 


ZSGP=Z2ZSPG; 
SP = SG. 
Then, since SG=SP=XN, 
SN --.NG — XS ΔΝ; 
NG 2 XSz2AS. 


Def. 'lhe portion of the axis intercepted by the 
ordinate of any point and the corresponding normal is 
called the sub-normal. 


Hence at any point of a parabola the subnormal is equal 
to half the latus-rectum. 
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37. Prop. IX. The locus of the foot of the perpen- 
dicular from the focus on a tangent to a parabola is the : 
tangent at the vertex, and the length of the perpendicular ts 
a mean proportional between the focal distances of the point 
of contact and the vertex. 





Join SP. Draw PM perpendicular to the directrix, 
and join SM cutting the tangent at P in Y. 

Then, since SP = PM, and the tangent at P bisects 
the angle SPM, the tangent must be perpendicular to SM 
and will bisect SM in Y. 

Then, since SY = YM and SA— AX, AY must be 
parallel to X M. 

Thus Y 15 on the tangent at the vertex. 

Again, since SYT and YAS are right angles, the 
triangles ASY, YST are similar ; 


AS:SY2SY:ST-SY: SP. 
Hence οΥ2- 45.9). 


The converse of this proposition is very important, 
namely that if a straight line move in such a manner that 
the foot of the perpendicular upon it from some fixed point 
always lies on a fixed straight line; then the moving line 
will always touch the parabola whose focus is the fixed 
point and of which the fixed straight line is the tangent at 
the vertex. 
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Ex. PN, PM are the perpendiculars from any point P of a 
parabola on the axis and the tangent at the vertex of the parabola ; 
shew that NM touches a fixed parabola. 





Draw MS’ perpendicular to NM meeting the axis in S’. 
Then, since NMS’ and MAN are right angles, 


MA?—S'A.AN. 
But MA?— PN?-4AS.AN. 


Hence S’A=44S, so that δ’ is a fixed point. 
Hence MN touches the parabola whose focus is S’ and of which 
AM is the tangent at the vertex. 


EXAMPLES. VII. anv VIII. 


Shew that TSPM is a rhombus. 

Shew that TP and SM bisect each other at right angles. 

Shew that MPGS is a parallelogram. 

If SPG is an equilateral triangle each side is equal to the latus- 


eS ps 
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Shew that the triangles TMS and SPG are equal in all respects. 
Shew that the triangles TXM and SNP are equal in all respects. 
Shew that the triangles MXS and PNG are equal in all respects. 
If GL be perpendicular to SP; then will PL— NG —24A8S. 


9, Shew that the tangents and normals at the ends of the latus- 
rectum are along the sides of a Square. 


10. If XH parallel to SP meet PM in H ; then NH will be parallel 
to PG. 


11, Shew that the locus of G middle point of PG is a parabola 
whose vertex is S. 


οὐ NPH 
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19. Any number of parabolas have the same focus and axis, and 
tangents are drawn to them from the same point on the common axis; ` 
shew that the points of contact of the tangents lie on a circle. 


13. The line joining any point P of a parabola to the vertex cuts the 
directrix in K. Shew that KS is parallel to the tangent at P. 


EXAMPLES, ΙΧ. 


1. Any tangent to a parabola meets the directrix and the latus-rectum 
produced in points equidistant from the focus, 


2. If the focus S of a parabola be joined to any point M of the 
directrix, the lines which bisect SM at right angles will touch the 
curve. 


9. Tangents are drawn to a series of concentric circles at the points 
where they are cut by a fixed straight line; shew that these tangents all 
touch a parabola. 


4, Having given two tangents to a parabola and the focus, find the 
directrix. 


5. Having given the focus of a parabola and two tangents, find the 
points of contact of the tangents. 


6. Having given the focus of a parabola and the tangent at a given 
point, find the directrix. 


7. If two parabolas have a common focus, their common chord will 
bisect the angle between their directrices. 


8. If two parabolas have a common focus, the line joining it to the 
point of intersection of the directrices will be perpendicular to their 
common tangent. 


9. Iftwo equal parabolas have a common focus, their common chord 
wil pass through the focus and will be perpendicular to their common 
tangent. 


10. O is a fixed point, P is any point on a fixed straight line, and 
on the line a point Q is taken such that PQ=OP. Shew that the line 
through P and the middle point of OQ touches a parabola whose focus 
is O. 


11. PN is the ordinate of any point P of a parabola, and a point 
M is taken on the axis such that AN=NM. Shew that MP touches 
a fixed parabola. 


12. A line is drawn through the focus of a parabola so as to meet 
the tangent at a point P at a given angle; shew that the locus of the 
point of intersection, for different positions of P, is a straight line. 

[The intersection is on the tangent which makes the given angle 
with the axis.] | 
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38. Prop. X. To draw tangents to a ο from 
any external point. 

Let T be the external point. Join TS, and upon TS 
as diameter describe a circle cutting the tangent at the 
vertex in Y, Y’. Then the angles 7'Y'S, TYS are right 
angles, and hence TY, TY’ when produced will touch the 
parabola, for the feet of the perpendiculars from the focus 
on these lines are on the tangent at the vertex. 





A method of drawing tangents which is applicable to 
all conics is given in Art. 16. 


Ex. 1. If P be any point on a parabola whose focus is S, the circle 
whose diameter is SP will touch the tangent at the vertex of the 
parabola. 


Ex, 2. If T be any point without a parabola, the circle whose 
diameter is ST will cut the tangent at the vertex of the parabola in two 
real points. 


Ex. 3. Two real tangents can be drawn to a parabola from any 
external point, 
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39. Prop. XI. Jf TP, TP’ be any two tangents to a 
parabola whose focus is S, the triangles TPS, TSP’ will be | 
similar and SP . SP' — ST*; also the tangents will subtend 
equal angles at the focus. 





Let the tangent at the vertex of the parabola cut the 
tangents in Y, Y’. Then SY, SY’ are perpendicular to 
TP, ΤΡ’ respectively. Hence the points S, Y, T, Y' are 
on a circle. 


Therefore ZSTY' —-ZS8YY. 
But, if PT cut the axis in ἰ, 
LYA = ZStY = Z SPT. 
Hence ZSTP'z Z SPT. 
Similarly ZSTP= 2SPT. 
Hence the remaining angles of the triangles TPS, 
TSP’ are also equal, namely 
ZPST= : ΤΘΡ» 
thus ΤΡ, TP’ subtend equal angles at the focus. 
Again, since the triangles TPS, TSP’ are equiangular, 
they are similar, and 
ο οί πο το 
SP .SP' = 91”, 
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Cor. I. The angle {1ΤΡ’15 supplementary to the sum 
of STP’ and STP, that is to the sum of SPT and STP. 


Hence ZIP = 2TSP=ZISP. 

Thus the exterior angle between two tangents to a 
parabola 15 equal to the angle either tangent subtends at 
the focus. 

Cor. II. Since the triangles PST, T'SP' are similar, 

TP TP PRSTE ST 


Also PS:STSST:SP. 
SO PÈ: 8T?= PS : SP’. 
Hence ΕΞ ΩΡ, 


Thus, the ratio of the squares on any two tangents to a 
parabola is equal to the ratio of the focal distances of their 
points of contact. 


EXAMPLES. 


1. If TP, TP’ be tangents to a parabola, and PP’ meet the directrix 
in Z; then will SZ be perpendicular to ST. 


[For SZ bisects the exterior angle PSP’, and ST bisects the 
angle PSP'.] 


. If TP, TP’ be tangents to a parabola whose focus is S, the circles 
TPS, TP'S will touch TP’, TP respectively. 


3. Having given two tangents to a parabola and the point of contact 
of one of them ; shew that the locus of the focus is a circle. 


4. Having given two points on a parabola and the tangents thereat, 
construct the curve [that is, find the focus and directrix]. 


5, From any point on the axis of a parabola two tangents are 
drawn ; shew that these tangents cut any other tangent in points equi- 
distant from the focus. 


6. A variable tangent to a parabola cuts two fixed tangents in the 
points T, T"; shew that ST : ST" is constant, S being the focus. 


7. Having given three tangents to a parabola, and the point of 
contact of one of them ; construct the curve. 


8. Having given three tangents to a parabola, and the direction of 
the axis; construct the curve. ! 
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40. Prop. XII. 7} the sides of a triangle touch a 
parabola, the curcum-circle of the triangle will pass through 
the focus of the parabola. 

We know that the feet of the perpendiculars from 
the focus of a parabola lie on a straight line, namely on 
the tangent at the vertex of the parabola. 

But it is a well-known geometrical theorem that if the 
feet of the perpendiculars from a point on the sides of a 
triangle lie on a straight line, that point must be on the 
circum-circle of the triangle. 


The theorem may also be proved as follows. 


Let PQR be the triangle formed by the tangents, and let the 
tangent at the vertex of the parabola meet QR, RP, PQ respectively : 
in U, V, W. 





Then, since SUQ and SWQ are right angles, S, U, W, Q are 
cyclic, and therefore 
LSQW= εδῦγ. 


And, since SUR and SVR are right angles, S, U, V, R are cyclic, 
and therefore 
LSUV- ZSRV. 


Hence ZSQW=ZSRV, ie. Z SQP= Z4 SRP, 
whence it follows that S, Q, P, R are cyclic, 
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41. Prop. XIII. The middle points of a system of 
parallel chords of a parabola lie on a straight line parallel 
to the ams of the parabola. 


Let QQ’ be any one of the system of parallel chords. 
Draw QM, Q'M' perpendicular to the directrix. 


Then the circles whose centres are Q, Q' and radii 
QM, Q'M' respectively will 
touch the directrix in 
M, M’ respectively and will 
pass through the focus. 

But it is known that 
the common chord of any 
two circles is perpendicular 
to the line joining their 
centres and bisects any 
common tangent. 


Hence the line through 
S perpendicular to QQ’ will 
bisect MM’, in K suppose. 

Then, since K 15 the 
middle point of MM’, the 
line through K parallel to the axis of the parabola, and 
therefore parallel to MQ and M'Q', will bisect QQ’, in V 


Suppose. 


The point K is the same for all chords parallel to QQ’, 
whence it follows that the middle points of a system of 
parallel chords of a parabola are on a straight line parallel 
to the ams. 





Cor. If the line through V parallel to the axis meet 
the curve in P, then the tangent at P will be parallel to 
the system of chords. 

For, if the line through P parallel to the chords whose 
middle points are on PV, cut the curve again in R; then 
the middle point of PR will be on PV, and therefore at 
the point P, which can only be the case when the points 
P, R coincide. | 


S. C. 4 
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Def. The locus of the middle points of a system of 
parallel chords of a parabola 1s called a diameter. 

From the above we see that all diameters of a para- 
bola are straight lines parallel to the axis of the parabola, 
and that the tangent at the point where a diameter meets 
the curve ts parallel to the system of chords bisected by that 
diameter. 

42. Prop. XIV. The tangents at the extremities of 
any chord of a parabola meet on the diameter which bisects 
the chord. 


Let QQ’, ΒΒ’ be any two 
parallel chords of a parabola; 
and let V, W be their middle 
points. Then VW is a dia- 
meter of the curve. 


Let QR cut VW in T. 





Then WT:VT=RW:QV; 
< WT: VT= WR ο. 

Hence TQ'R' is a straight line. 

Thus QR, Q’R’ meet on the diameter through V; and 
this is true for all positions of the parallel chord RR. 

Now let RR’ move up to and ultimately coincide with 
QQ’; then the lines QR, Q'A' will ultimately be the 
tangents at Q, Q respectively. 

Hence the tangents at Q, Q' meet on the diameter 
through V. 
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Def. A line QV, drawn parallel to the tangent at 
the extremity of any diameter PV of a parabola, is called 
an ordinate to that diameter. 

The portion of any diameter, measured from its ex- 
tremity, cut off by any ordinate is called its abscissa. 


43. Prop. XV. Ifthe tangents at the extremities of 
any chord QQ’ of a parabola meet in T, and if the dia- 
meter through T cut the curve in P and QQ’ in V ; then 
will TP = PV. 





|. We know that the diameter through T will bisect 
QQ’, and that the tangent at P is parallel to QQ. 
Let the tangent at P cut 7Q in L, and let the 
diameter through L cut PQin W. 
Then LW bisects PQ and is parallel to TPV. 
Hence TL: LQ=PW:WQ; 
^ TL=LQ. 
But PL is parallel to QV; 
ATP: PVZ2TL:LQ; 
S TP=PYV. 
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Cor. Since TL = LQ, it follows that 
LO LPSLT LPE. 

Hence the ratio of the lengths of two tangents to a 
parabola is equal to the ratio of the sides of any triangle 
whose sides are parallel to the tangents and base parallel 
to the axis of the parabola. 


44. Prop. XVI. The length of the focal chord which is 
parallel to the tangent at any point P of a parabola 1s 4SP. 





Let QSQ’ be the focal chord parallel to the tangent at 
P. "Then the tangents at Q, Q intersect at right angles 
at a point which is on the directrix and also on the 
diameter through P. 

Hence V is the middle point of the hypothenuse of 
the right-angled prs QTY ; 


. OY =2QV=2VT. 
Also ST 18 perpendicular to QQ’, and P is the middle 


point of TV. Hence P is the middle point of the hypo- 
thenuse of the "n triangle TSV; 


. TV =2TP = 2PS, 
. QU'Z2VT —APS. 
Def. The focal chord parallel to the tangent at P is 
called the parameter of the diameter through P. 


THE PARABOLA. 53 


45. Prop. XVII. The ordinate to any diameter 4s 
a mean proportional to the abscissa and the parameter of 


that diameter. [QV? — ASP . PV.] 





Let the tangent at Q meet the diameter through P in 
O and the axis in T. 


Let the tangents at P and Q meet in K. Join SP, 
SK,S 


; SQ. 

Then PK bisects the angle OPS; [ Prop. VI.] 
ο LSE = Z KPO. 

Since KP, KQ are two tangents, 


ZSKP= Z KRK [Prop. XI.] 
= ZSTQ [Prop. VIT.] 
= Z POK. 


Hence the triangles SPK, KPO are similar; 
“er: PK=FK: OP: 
^ PK*-SP.OPZzSP.PV. 
But, since OV 2 20P, QV =2PK, 
hence  QV*—4PK?*-ASP.PV. 
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Cor. If QD be drawn perpendicular to the diameter 
PV of a parabola, and QV be the ordinate to that dia- 
meter; then will QD? = 4AS. PY. 


For, from similar triangles, 
QID?—QV*—PN*:PT* [Fig. Prop. IX.] 
μάννα, 
=SA : SP. 


From the relation QV?—4SP . PV it follows that if we have any 
two fixed straight lines OA, OB, and if from a point Q the line QV 
be drawn parallel to OB to meet OA in V; then, if Q move in such 
a manner that QV? varies as OV, the point Q will describe a parabola 
of which OA is a diameter and OB the tangent at the extremity of 
that diameter. | 

If QV? varies as OV it at once follows that the perpendicular 
from Q on OB varies as the square of the perpendicular on OA. 
Thus a point describes a parabola when it moves in such a manner 
that its perpendicular distance from one of two given straight lines 
(inclined at any angle) varies as the square of its perpendicular 
distance from the other. 


It is also important to notice that, if a straight line cuts two 
fixed straight lines so that the intercept on one of the fixed lines, 
measured from their intersection, varies as the square of the intercept 
on the other; then the line will always touch a fixed parabola of 
which the fixed lines are respectively a diameter and the tangent at 
its extremity. 

For, if OP, OK are the fixed straight lines, and the line PK be 
such that OK?=OP.OL, where OL is a fixed length; and, if 
through O a line be drawn making with KO an angle equal to the 
angle KOP, and on this line a point S be taken such that OS=OL. 
Then PK will always touch the parabola whose focus is S, which 
passes through O, and of which PO is a diameter. 


Ex. 1. If QV be any ordinate to the diameter through a fixed 
point P on a parabola, and the parallelogram PVQR be completed, 
the line VR will be a tangent to a fixed parabola. 


For PR?-QV?-ASP.PV. 


Thus PR?ccPY. Hence RV touches a fixed parabola of which 
‘VP is a diameter and PR is the tangent at its extremity. 


Ex. 2. OA, OB are two fixed straight lines, and any circle is 
drawn through the fixed point B to touch OA. Shew that, if the 
circle touch OA in the point P, and cut OB again in the point Q, 
the line PQ will always touch a fixed parabola. 
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Ex. 3. The algebraic sum of the ordinates, with reference to the axis, 
of the two extremities of any one of a system of parallel chords of a 
parabola is constant. 


Ex. 4. If two chords of a parabola make equal angles with the axis, 
-but are not parallel, the algebraic sum of the ordinates of their four 
extremities will be zero. 


Kx. 5. Draw a focal chord of a parabola of given length. 


Ex. 6. If two focal chords of a parabola be equal they must be 
equally inclined to the axis. 


Ex. 7. The latus-rectum of a parabola is the shortest focal chord. 


Ex. 8. The line joining the intersection of the tangents to the 
intersection of the normals at the extremities of any focal chord is 
parallel to the axis. 


Ex. 9. QV is the ordinate to the diameter through P, and PW is the 
ordinate to the diameter through Q; shew that VW is parallel to PQ. 


Ex. 10. TQ, TQ’ are tangents to a parabola whose focus is S. The 
diameter through 7’ cuts the directrix in K, and QQ’ cuts the axis in O; 
shew that SOKT is a parallelogram. 


Ex. ll. OQ, OQ’ are two tangents to a parabola, and OM is drawn 
perpendicular to the axis ; prove that QQ’ cuts the axis in a point R such 
that MR is bisected by the vertex of the parabola. 


Ex. 12, PQ isa chord of a normal at P, and the tangents at P, Q 
meet in O. Shew that the diameter through O passes through the other 
extremity of the focal chord through P. 


Ex. 13. TQ, TQ’ are tangents to a parabola whose focus is S, and 
the diameter through T cuts the curve in P ; shew that 


SQ-- SQ'-2TP +2PS8. 


Ex. 14. QV is any ordinate to the fixed diameter PV; shew that 
the middle point of QV describes a parabola. 


Ex.15. QQ is any chord of a parabola parallel to the tangent at a 
fixed point P, and R is taken on QQ’ such that QR : RQ’ is constant. 
Shew that the locus of R is a parabola touching the given parabola 
at P. 


Ex.16. Given a parabola drawn on paper; find by means of a ruler 
and compasses its focus and directrix. 
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46. Prop. XVIII. Jf two chords of a parabola 
intersect one another, the rectangles contained by their 
segments are in the ratio of the parallel focal chords. 





Let the chords QQ’, qq‘ intersect in O. 

Let V be the middle point of QQ’, and let PV be the 
diameter through V. Let OK be the diameter through 
O, and draw KM an ordinate to the diameter PV. 


Then Q0.0Q'=QV?-0V?=QV?— KM 
=4SP.PV—48P.PM 
= 4SP (PV — PM) 
=4SP.KO. 

Similarly, if pv be the diameter which bisects qq’, 
qO .Oq' =4Sp. KO. 

4 QO. OQ : q0. 04 2 ASP : 4Sp. 
But the focal chords parallel to the tangents at P, p 
are 4SP, 4Sp respectively. [Prop. XVI.] 
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If two chords of a parabola be drawn in fixed directions, 
the parallel focal chords will be the same for all positions 
of the point of intersection. Thus the ratio of the 
rectangles contained by the segments of any two chords 
of a parabola is independent of the position of their point 
of intersection, and «s therefore equal to the ratio of the 
squares of the parallel tangents. 


47. Prop. XIX. Ifa circle cut a parabola in four 
points, the line joining any two of the points makes the 
same angle with the ams of the parabola as the line joining 
the other two points. 

For let K, L, M, N be the four points of intersection. 

The chords KL and MN cannot be parallel unless 
they are perpendicular to the axis. For the line joining 
the middle points of parallel chords of a circle is perpen- 
dicular to the chords; the chords must therefore by Prop. 
XIII. be perpendicular to the axis of the parabola. 

Let then KL, MN intersect in O. 


Then, since the four points are on a parabola, 
OK.OL: OM.ON=SP: SP’, [Prop. XVIIL] 


where S is the focus and P, P' are the extremities of the 
diameters which bisect KL, MN respectively. 
But, since the four points are on a circle, 


OK .OL=OM.ON. 


Hence SP and SP’ are equal. They must therefore 
be equally inclined to the axis and on opposite sides of it, 
and the tangents at P, P' will therefore be inclined at 
equal angles to the axis, and these tangents are parallel 
respectively to the chords KL and MN. 

In the same way it can be proved that KM and LN, 
and also that KN and LM are equally inclined to the 
axis. 

If the two points K, L coincide, that is if the circle 
touch the parabola, the tangent at K and the chord MN 
will make equal angles with the axis. Also the lines K M, 
KN will make equal angles with the axis. 
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Conversely, the four extremities of any two chords of 
a parabola which are equally inclined to the axis, but are 
not parallel, lie on a circle. 


48*, Prop. XX. If any line be drawn through a 
fixed point to cut a parabola, the tangents at the points of 
intersection will meet on a fixed straight line. 





Let any straight line through the fixed point O cut 
the parabola in Q, Q. Let V be the middle point of QQ”. 
Then the tangents at Q, Q meet at T on the diameter 
through V, and TP = PV. 

Let OAO’ be the diameter through O. Let the 
tangent at A cut TPV in K, and let AN be parallel to 
QQ. Then KP = PN. 


Hence 
TK—-TP-KP-PV—-PN-NV — AO. 
Hence the line through T parallel to the tangent at A 
wil meet the diameter OA in a fixed point O' such that 
AO’ = KT= OA. 


* The remainder of the chapter should be omitted on the first 
reading. 
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Thus for all directions of QQ’ the point T is on a line 
parallel to the tangent at A, through the point Ο’ such 
that AO’ = 04. 


In the figure the point O is within the parabola, but 
when the point O is outside the parabola the above proof 
applies without change, but in this case two lines can be 
drawn through O each of which will cut the parabola in 
coincident points, namely the tangents from O to the 
curve; and when the points Q, Q coincide, T will coincide 
with them. Thus the locus of T will pass through the 
points of contact of the two tangents drawn from O to 
the parabola. 


We can prove in a similar manner the converse of the 
above theorem, namely that sf any point be taken on a 
fixed straight line and tangents be drawn from it to the 
parabola, the line joining the points of contact of the 
tangents will pass through a fixed pownt. 


Def. The straight line which is the locus of the 
point of intersection of the tangents at the extremities of 
any chord through a fixed point, is called the polar of the 
fixed point, and the point is called the pole of the line 
with respect to the curve. 


From Prop. V. we see that the directrix is the polar of 
the focus, and that the focus 15 the pole of the directrix. 


49. Prop. XXI. Jf any chord of a parabola be 
drawn through the fixed point O, cutting the curve in Q, Q', 
the polar of O in the point R, and the tangent at A, the 
extremity of the diameter through O, in the point T ; then 
will TO be a mean proportional between TQ and TQ’, and 
TO will be the harmonic mean between RQ and RQ. 


By Prop. XVIIL, the ratio of TQ. TQ’ to TA? is equal 
to the ratio of the squares of the parallel tangents. And, 
by Prop. XV. Cor., the ratio of the tangents parallel to TO 
and TA is equal to the ratio of TO to TA. 
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Hence TO.TQ- TA*—TO*: TA*: 
πω d AU ο ca EROR DRE (1). 


Q' 


Let the diameter through O cut the polar of O in the 
point B ; then, since the polar of O is parallel to AT 


OT: TR- 0A: AB. 
Hence, as OA=AB, OT=TR. 
But, by (1), TQ : το τος: 
TQ + TO : TO— TQ = TO + TQ : TY — TO. 
That 1s, since TO = RT, | 
RQ: QO« RQ: OQ; 
RQ : RQ'—-QO : OY 
= RO — RQ: RY — RO...(11). 


Hence RQ, RO, RQ are in harmonic progression. 
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Again, if QN, Q'N' be ordinates to the diameter 40, 
and therefore parallel to AT, we have 


AN: AO=TQ: TO, 
and ΑΟ: AN =TO: TR. 
Hence, from (1), 
AN:AO=A0: AN’, 
or AN AN Οι ο τος κα. (iii), 


a result which is often useful. 


50. Propositions VII. and VIII. may be generalised 


as follows. 


From any point O draw ON perpendicular to the axis 
of a parabola, and OKG perpendicular to the polar of O 
with respect to the parabola, meeting the polar in K and 
the axis in G, and let the polar of O meet the axis in T. 


Then will TA = AN, ST=SG=SK and NG = 24S. 





Let the diameter through O cut the curve in P and 
the polar in V. Let the tangent and normal at P cut 
the axis in 7", G" respectively, and let PN’ be the ordinate 
of P. 
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Then T'T=PV=OP=NN. 
But TASAN: 
^ TA-TT=AN —NN'; 

SAS AN. 

Again GG = 0P= PV =T, 
and T'S =SG, 
. T'S—T’T=SG’ — GC’; 
^. TS=SG 


= SK, since TKG is a right angle. 
Also, the triangles ONG, P.N'G' are equal in all re- 


spects ; 
^ ONG —N'G'—2A8. 


51. Prop. XXII. Any two tangents to a, parabola are 
cut proportionally by any other tangent. 





Let TQ, ΤΩ’ be any two tangents to a parabola, and 
let them be cut by any other tangent in the points R, R’ 
respectively ; then we have to prove that 


QR: RT=TR : RY. 
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Let K be the point of contact of RR’. Draw through 
R, Β΄, T, K diameters cutting QQ' in the points L, L’, V, 
M respectively. 

Then LM —1QM, and ML' =4MQ' ; 


^. LE =1QQ = QV. 


Hence QL- VI’, 
and therefore also LV = 1/Ω'΄. 
Then QR: RT=QL:LV 
= VLI: L'Y 
SIR: RQ: 


We have also | 
RK:KR-LM:ML'—QL:LV 
— QR : RT. 


Conversely. If two fixed lines TQ, TQ be cut by a 
moving line in £, A’ respectively so that 


QR: RT=TR : RQ, 


then will the moving line RR’ always touch the parabola 
which touches TQ, TQ at Q and Q. 


Ex. 1. Two tangents TQ, TQ’ to a parabola are cut by any third 
tangent in R, R' respectively. Shew that, if the parallelogram RTR’O 
be completed, O will be on QQ’. 

Draw RO parallel to TQ’ to meet QQ’ in O. Then 


QO : OQ'=QR : RT=TR': RQ, 


whence it follows that R’O is parallel to TQ. 

It follows from this that if any parabola be drawn to touch three 
fixed straight lines, the chord of contact with any two will pass 
through a fixed point, namely through the other vertex of the paral- 
lelogram of which the two lines are sides and the third side the 
diagonal. 
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Ex. 2. From any point P on the hase BC of a triangle ABC lines 
PN, PM are drawn in fixed directions to cut AB, AC respectively in N, 
M. Shew that MN envelops a parabola. 

[When PM, PN are drawn parallel to AB, AC respectively we 
have the converse of Ex, 1.] 


A 





We first notice that one position of MN will coincide with AB, 
namely when M is at 4 ; 80 also one position will coincide with AC. 
Hence we have to prove that MN touches a parabola which touches 
AB and AC. This could be at once tested provided the points of 
contact of AB and AC were known. These points of contact are 
found by the following constructions. Draw AK parallel to PN 
meeting BC in K, and KQ parallel to PM meeting AC in Q. Then 
draw A K' parallel to PM and K'Q' parallel to PN. 

Now, since Q'K', PN and AK are parallel, 


ΟΝ : NA— K'P : PK. 
And, since K'4, PM and KQ are parallel, 

K'P : PK—AM : MQ. 
Hence ΩΝ: NA— AM : MQ. 


This shews that MN touches the parabola which touches AQ, 
AQ’ at the points Q, Q’. 


Or thus. Let the circle NPM cut BC in L. Then 
L LNM= 4 LPM constant angle, 
and L LMN = 2 NPB =constant. 


Hence the triangle LMN is of invariable form. Butit is easy to prove 
that if a triangle LMN of invariable form be inscribed in a given 
triangle ABO, the circles AMN, BNL, CLM will all meet in a point 
S, and that this point S is fixed for all positions of LMN. This 
shews that MN touches the parabola whose focus is S and which 
touches 4B, AC. 

The other sides NL, LM also touch fixed parabolas of which S is 
the focus. 
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| 
CoNFOCAL AND COAXIAL PARABOLAS. 


52. Parabolas which have the same focus and their 
axes in the same straight line have some interesting 
properties which we proceed to investigate. 


Y. Through any point two parabolas will pass having their con- 
cavities in opposite directions, and the two parabolas will intersect at 
right angles. 

For, if S be the focus and P any point, and a line be drawn 
through P parallel to the axis, and points M, M' on different sides 
of P be taken on this line so that MP—PM'— PS ; it is clear that 
parabolas with S as focus and lines perpendicular to the axis through 
M, Μ’ respectively for the directrices will pass through P. The tan- 
gents at P to the two parabolas will bisect the angles SPM, SPM’ 
respectively and will therefore be at right angles. 


II. One parabola can be drawn to touch any given straight line. 


Draw SY perpendicular to the given straight line, and produce it 
to M so that SY=YM. Through M draw a line parallel to the axis 
cutting the given straight line in P. Then it is clear that the para- 
bola whose focus is S and whose directrix passes through M will touch 
the given straight line at P. 


III. Jf a tangent to one parabola of the system be perpendicular 
to a tangent to another, their point of intersection will be on a straight 
line midway between their directrices. 


Q 





S. C. 5 
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Let QPSP'Q' be a common focal chord of two confocal and coaxial 
parabolas. The tangents at P, P' intersect at right angles on one 
directrix, and the tangents at Q, Q' intersect at right angles on the 
other directrix. 

The tangents at P and Q will be parallel since each tangent makes 
with the axis an angle equal to half the angle PSN. Similarly the 
tangents at P’ and Q' will be parallel. Hence the four tangents are 
along the sides of a rectangle. If K be the point of intersection of 
the tangents at Q, P’, and KM be drawn perpendicular to QSQ’; 
then the distance of K from each directrix will be equal to SM. 
Hence K is on a straight line midway between the directrices. 

{When the parabolas have their concavities in opposite directions, 
the perpendicular tangents to the two parabolas have their points of 
contact on the same side of the axis.] 


IV. If from any point T of a parabola two tangents be drawn to 
a confocal coaxial parabola, these tangents will be equally inclined to 
the tangent at T. 
For if, in the figure to Prop. XI., TL be drawn parallel to the 
axis; then 
LPTSSZISPI-ZIPIL. 


Thus TP’, TP make equal angles with T'S and TL respectively. 

Also the tangent at T to a confocal coaxial parabola through T 
makes equal angles with TS and TL, whence it follows that ΤΡ, TP’ 
make equal angles with the tangent at T to a confocal parabola 
which passes through T. 


V. If achord of a parabola vary as the parallel focal chord it 
will touch a fixed confocal parabola. 


Let QQ’ be a chord of a parabola, and 
κα. diameter which bisects the chord 
in V. 





Then QV?—4SP.PV. Hence, if QVcc4SP, it follows that PV 

will vary as SP. 
. Let SP cut QQ’ in p. Let PM be the perpendicular on the 

directrix. Join SM, and draw pm parallel to PM cutting SM in m. 

Then, since PV and SP make equal angles with the tangent at 
P, they will make equal angles with QQ’. Hence PV — Pp. 

Therefore, as PV varies as SP, it follows that Sp: SP is constant. 
Now Sp: pm=SP:PM; .. Sp=pm. And, since Sm: SM is constant, 
it follows that m is on a fixed straight line parallel to MX. The 
locus of p is therefore a parabola whose focus is S, and since QQ’ 
bisects the angle between Sp and pm, it follows that QQ’ touches this 
fixed parabola. 
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VI. The locus of the poles of a given straight line with respect 
to all parabolas of a confocal system is a straight line perpen- 
dicular to the given straight line. 


If the given straight line cut the axis in 7, and G be taken on the 
axis such that TS=SG. Then we have seen (in Art. 47) that the 
pole of the given line with respect to any parabola whose focus is S 
and axis T'SG, is on the line through G perpendicular to the given 
line. 


VII. The envelope of the polar of a given point with respect 
to all parabolas of the system is another parabola. 


Let O be the fixed point, and let its polar with respect to any 
parabola whose focus is S cut the axis in T, and let the perpendicular 
from O on its polar cut the axis in G. 


Then TS=SG. 





Hence, if through T a line be drawn perpendicular to the polar, 
and therefore parallel to OG, it will cut OS produced in a point O' 
such that OS=SO’. 

Hence the perpendicular from the fixed point O' on the polar 
meets it on a fixed line, namely on TSG the common axis of the 
* system of parabolas. 

Therefore the polar envelops a parabola whose focus is O’ and of 
which the axis of the system of parabolas is the tangent at the 
vertex. 


68 THE PARABOLA. 


53. The following are important examples. 


Ex.1. The locus of the middle points of chords of a parabola 
which pass through a fixed point is another parabola. 


Let O be the fixed point, QQ’ any chord through O. Let AO be 
the diameter through O. 

Draw the diameter through V the middle point of QQ' cutting the 
curve in P and the tangent at A in T. Draw AK parallel to the 
tangent at P cutting PV in K ; and draw PM, KL, VN parallel to 
the tangent at A. 





Then AL=TK=2TP=2AM. 
Also, since AK is parallel to OV, and TV parallel to AN, AL=ON. 
Then VN?—PM?-—-ASA.AM-2SA.AL 

—28A.0N. 


Hence the locus of V is a parabola of which ON is a diameter and 
the tangent at O, the extremity of that diameter, is parallel to the 
tangent at A. 
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Ex. 2. Find the focus and directrix of a parabola which touches 
four given straight lines. | 


Draw the circum-circles of any two of the triangles formed by 
taking three of the four given lines, and let S be the point of inter- 
section of these circles which is not on one of the given lines. Then 
the feet of the perpendiculars from S on the four given lines will lie 
in & straight line, and S will be the only point for which this is true. 

Describe a parabola with S as focus, and with the line through 
the feet of the perpendiculars from S on the given straight lines as 
the tangent at the vertex; then this parabola will touch the four 
given straight lines. 


Ex. 3. Find the focus and directrix of a parabola which passes 
through four given points. 


Let A, B, C, D be the four given points, and let 4C, BD intersect 
in O. 
Take two points X, Y on AC, BD respectively such that 


OX? : OY?— 40.0C : BO.OD. 


Then [Prop. XV. Cor.] XY will be parallel to the axis of a 
parabola through the four given points. Also, if X', Y' be taken 
on AC, BD respectively so that X'O— OX and Y’O=OY, we see that 
there are two possible directions of the axis of the parabola which 
are parallel to the lines XY, X'Y respectively. [These lines will be 
at right angles to one another if the four given points lie on a circle. 
This follows at once from Art. 44.] 

Let V be the middle point of AD. Draw through V a line 
parallel to either of the possible axes, and let the line through B 
parallel to AD cut this diameter in the point W. Then, since AV 
and BW are ordinates to the diameter VW, 


AV? : BW?zVP : WP, 


where P is the extremity of the diameter VW. 'Thus P can be easily 
found. 

Then the tangent at P is parallel to AD, and the focus S lies 
on the line through P such that the tangent bisects the angle 
SPV. 

We can find in a similar manner the extremity of the diameter 
which bisects another side, and also another straight line on which 
the focus must lie. 

The focus is thus determined; and, knowing the focus, the 
direction of the axis, and one point, the directrix is at once found. 
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Ex. 4. If the sides of a triangle touch u parabola, the orthocentre 
of the triangle will be on the directriz of the parabola. | i 


Let ABC be the triangle whose sides touch a parabola whose 
focus is S in P, Q, R. Let the directrix cut the sides BC, CA, AB re- 
spectively in X, Y, Z. Join SZ, and let SZ cut the circle ABCS in 
C’. Join CC’ cutting the directrix in O and AB in F. 


Then Z CC'S— 4 CAS in the same segment 
= Z SRA 
=complement of Z SZR 
=complement of 2 FZC'". 


-. CC’ is perpendicular to AB. 
But BA bisects the angle SZL or OZC'. 
Hence OF=FC’; 


. LOAB= Z FAC'—- 4 BAC’= 4 BCF=complement of Z CBA; 
-. OA is perpendicular to BC. 
Hence Ο is the orthocentre, and it is a point on the directrix. 


THE PARABOLA. 71 


| 
Ex. 5. If a circle touch a parabola at the extremities of a double 
ordinate PP’, the tangent drawn to the circle from any point on the 
parabola is equal to the perpendicular distance of that point from the 
chord of contact. 





The normals at P, P’ meet on the axis at G; and the circle with 
centre G and radius GP will touch the parabola at P and P’. 
If Q be any point on the curve, and QM be the ordinate of Q, 


then 
QG?= QM? + MG? 
= QM* + (MN +245)? 
=4AS,.AM+4AS?+4AS.MN+ MN? 
—4A8S (AM+ MN) +44S?+ MN? 
= PN*+NG*+ MN? 
Ξ PG*+ MN. 


But QG?- PG?-square of tangent from Q to the circle whose 
centre is G and radius GP. 
Hence square of tangent = M N*. 
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Kx. 6. The normals at the extremities of any one of a system of 
parallel chords of a parabola meet on a fixed straight line; also if. 
the normals at three points on a parabola are concurrent, the circle 
through the three points will pass through the vertex of the para- 
bola. 

Let PQ be any one of the system of parallel chords, and let the 
tangents and the normals at P, Q intersect in the points T, N 
respectively. 

Let L be the extremity of the diameter through 7, and let the 
tangent at L cut TP, TQ respectively in the points p, q. Then, 
since the direction of PQ is fixed, L is a fixed point and TL is 
a fixed diameter. Also p, g are the middle points of TP, TQ 
respectively. 





Draw pK, qK perpendicular to Tp, Tq respectively. Then, since 
p, q are the middle points of TP, TQ respectively, it follows that 
TKN is a straight line and that TK=KN. 

_ Bince TpK and TqK are right angles, TK is a diameter of the 
circle Tpq. But this circle passes through S, the focus of the 
parabola. 

Hence TSK is a right angle. | 

Also 4 SKT = Z SpT= Z SpL+ ZLPT- ZSpL-- Z LSp 
= 4 8Lq.. 

But SLq is a constant angle, since L is a fixed point. 

Hence SKT is a constant angle. 


Therefore the right-angled triangle KST is of invariable form, 
and therefore the ratio SK : ST is constant. 


THE PARABOLA. 73 


Now produce TS to H so that SH=TS. 


Then LTHN= 4 TSK —right angle. 
Also ΤΗ: HN=2TS : 28K —const. 
Hence SH : HN is constant. 


But, since S is a fixed point such that TS — SH, and the locus of 
T is a fixed diameter, the locus of H must also be a fixed diameter. 

Then, since SHN is a right angle and SH: HN is constant, the 
triangle SHN is of invariable form, so that the angle HSN is 
constant and SN: SH is constant. The locus of N is therefore 
similar to the locus of H, and we have just seen that H moves on a. 
fixed straight line. Hence the locus of N is also a straight line. 

Thus the locus of the point of intersection of the normals at the 
extremities of any one of a system of parallel chords of a parabola is a 
straight line. [The above proof is given in Taylor's Geometry of 
Conics, p. 224.] 

Now let 4 be the vertex of the parabola, and let AR’ be parallel 
to the system of chords, and let R be the other extremity of the 
ordinate through R, so that AR and AR’ are equally inclined to the 
axis. 

Then, if the normal at R’ meet the axis in G, G is one point on 
ihe straight line on which all the intersections of normals lie. But 
G is also on the normal at R; moreover, if one of the parallel chords 
be drawn through R, the normals at its extremities must intersect 
on the normal at R. Hence the normal at R contains two of the 
points on the straight line on which all the intersections of normals 
lie; and therefore all the pairs of normals must intersect on the 
normal at R. Hence the normals at P, Q meet at a point on the 
normal at R which is such that PQ and AR are equally inclined to 
Mie S of the parabola, whence it follows that P, Q, R, A are 
cyclic. 

This proves Harvey's Theorem that if the normals at three points 
on a, parabola be concurrent the circle through the three points will 
pass through the vertex of the parabola. 
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EXAMPLES ON THE PARABOLA. 


l. Shew that, if the length of a chord of a parabola be double the 
distance of its middle point from the directrix, the chord must pass 
through the focus. 


2. On a given base AB any isosceles triangle ABP is described, and 
on AP as base another isosceles triangle APQ similar to the former is 
described. Shew that the locus of Q is a parabola whose focus is A and 
whose directrix bisects AB at right angles. 


3. A is a fixed point, Q is any point on a fixed straight line, QP is 
drawn perpendicular to the fixed line, and AP is perpendicular to AQ. 
Shew that the locus of P is a parabola. 


4, PSP’ is a focal chord of a parabola, and the lines through P, P’ 
parallel to the axis meet the normals at P’, P respectively in K, K’. 
Shew that PP’K’K is a rhombus. 


5, A line through the vertex of a parabola perpendicular to the 
tangent at any point P meets the line through P parallel to the axis in Q. 
Shew that the locus of Q is a straight line perpendicular to the axis. 


6. The normal at the point P of a parabola cuts the axis in G, and 
SY is the perpendicular from the focus on the tangent at P. YS is 
produced to R so that YS=SR. Shew that PYRG is a rectangle, and 
that the circle PYRG passes through the vertex of the parabola. 


7, Shew that the length of the normal PG at any point P of a 
parabola is equal to the ordinate which bisects PG. 


8. A is the vertex of a parabola and P is any point on the curve. 4 
line through P perpendicular to PA cuts the axis in G, and Q is taken on 
GP produced so that GP=PQ. Shew that the locus of Q is a parabola 
whose focus is 4. 


9. Shew that, if two parabolas have a common directrix, the line 
joining their common points is parallel to and midway between the line 
joining the points of contact of their common tangents. 


10. <A circle is drawn to touch the axis of a parabola, the focal 
distance SP of any point P, and also the diameter through P; shew that 
the centre of the circle must lie on another parabola or on the tangent at 
the vertex of the original parabola. 


11. ACP is a sector of a given circle whose centre is 6, and of which 
the radius 64 is fixed. A circle is drawn touching the arc AP externally 
and also touching CA, CP produced. Shew that the centre of this circle, 
for different positions of P, is always on one or other of two parabolas. 


19. Shew that the locus of the point of intersection of the normals 
to a parabola at the extremities of a focal chord is another parabola. 
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19. An endless string OPQ is fastened at O and two small beads 
P, Q slide along it; the string is kept stretched and the beads move so 
that OP is always equal to OQ and PQ always fixed in direction ; shew 
that P and Q move on arcs of two parabolas with a common focus and 
latus-rectum. 


14, Ρ is any point on a parabola whose focus is S and vertex A. 
The perpendicular from S to AP cuts the tangent at the vertex in R. 
Shew that the ordinate of P is 4AR. 


15. If perpendiculars be let fall on any tangent to a parabola from 
two fixed points on the axis equidistant from the focus, the difference of 
their squares will be constant. 


16. Through any point P of a parabola the chord is drawn which 
makes an angle with the axis equal to that made by the tangent at P. 
Shew that the chord touches a fixed parabola. 


17. PN is the ordinate at any point P of a parabola, and the tangent 
at P cuts the tangent at the vertex in Y. Shew that NY touches an 
equal parabola. 


18. From an external point O two tangents are drawn to a parabola, 
and from the points where they cut the directrix two other tangents are 
drawn meeting the tangents from O in A4, B. Prove that AB passes 
through the focus S, and is perpendicular to OS. 


19. From a point P on 8 circle the ordinate PN is drawn to a fixed 
diameter Α.Α’ and is produced to Q so that the square on PN is equal to 
the rectangle contained by NQ and a given line; prove that 2 locus of 
Q is a parabola. 


20. TP, TQ are the tangents at the points P, Q of a Paanila whose 
focus is S; prove that, if SP+ SQ be constant, the locus of T is a 
parabola. 


21. PSP’ is any focal chord of a parabola whose vertex is A, and 
AP, ΑΡ’ cut the latus-rectum in K, Κ’ respectively. Shew that, if PN, 
P'N' be the ordinates of P, P' respectively, then NPSK' and N'P'SK will 
be parallelograms. 


22. TQ, TQ’ are tangents to a parabola whose focus is S, and the 
diameter through T cuts the curve in P; shew that 


TQ.TQ’=4TP. TS. 
23. If a parabola roll upon an equal parabola which remains fixed, 
the vertices of the parabolas originally coinciding, the focus of 
the moving parabola describes the directrix of the fixed parabola, and 


the latus-rectum and the tangent at the vertex of the moving para- 
bola touch fixed circles. 


24. Two parabolas have a common focus and from any point on 
their common tangent are drawn the other tangents to the two parabolas. 
Prove that the angle between these tangents is equal to the angle between 
the axes of the conics. 


25. Shew that, if TP, TQ are tangents to a parabola, PQ being the 


normal at P; then will TQ be bisected by the line through 5 per- 
pendicular to TS. 
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26. Any number of equal parabolas have parallel axes and a 
common point; shew that their vertices lie on a parabola whose vertex 
is at the given point. 


27. The latus-rectum of a parabola is given, also the direction of 
its axis and a fixed point on the curve. Shew that the locus of its 
focus is a parabola. 


28. Shew that all parabolas which have a given directrix and a 
given tangent at a given point, will touch a fixed parabola of which the 
given point is focus. 


29. Shew that all parabolas which have a common directrix, and 
whose foci are on a fixed circle, touch two fixed parabolas. 


30. Prove that the locus of points at which two parabolas with the 
same focus subtend equal angles is the straight line bisecting the angle 
between their directrices. 


31. If the triangle formed by three tangents to a parabola be 
isosceles, the line joining the vertex of the triangle to the focus will pass 
through the point of contact of the base. 


32. If an equilateral triangle circumscribe a parabola, the lines 
from the focus to the angular points of the triangle will pass through 
the points of contact. 


33. If a quadrilateral be inscribed in a circle one of its three 
diagonals will pass through the focus of the parabola which touches its 
sides. 


34. Normals at P, p the extremities of a focal chord of a parabola 
intersect the axis in G, g. Shew that the line drawn through the 
middle point of Pp perpendicular to Pp will pass through the middle 
point of Gg. 


35. Shew that two parabolas with parallel axes can only intersect in 
two points. 


36. The normals at P, p the extremities of a focal chord of a 
parabola intersect the axis in G, g respectively, and the tangents at P, p 
meet in T. Shew that the circles SPG, Spg intersect at a point R on TS 
produced such that TS=SR. 


97. If ABC be a triangle inscribed in a parabola, and A'B'C' be a 
triangle formed by three tangents parallel to the sides of the triangle 
ABC, then will the sides of ABC be four times the corresponding sides of 
A'B'C", 

98. If the tangent at a point P of a parabola meet the axis in T, 
and the chord PQ and the tangent PT' make equal angles with the axis ; 
then PQ=4PT. 


39. If two tangents be drawn to a parabola, the perpendicular from 
the focus on their chord of contact will pass through the middle point of 
their intercept on the tangent at the vertex. 
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40. If the ordinate PN at any point P of a parabola be produced to 
Q such that PQ=SP; prove that the locus of Q is a parabola which 
touches the tangent at the vertex of the original parabola, the corre- 
sponding diameter being the tangent at the extremity of the latus-rectum 
of the original parabola. 


4]. The tangent at a variable point P on a parabola meets the 
tangent at a fixed point Q in T and PT is divided in a fixed ratio in R. 
Prove that the locus of E is a parabola touching the given parabola at Q. 


49. Shew that the envelope of the directrices of all parabolas which 
have a common vertex A and pass through a fixed point P is a parabola 
the length of whose latus-rectum is AP. 


43. Inscribe in a given parabola a triangle having its sides parallel 
to three given straight lines. 


44. If through a fixed point 4 a straight line be drawn meeting two 
fixed lines OD, OE in B and C respectively, and on it & point P be taken 
such that A4C.A4P-—APB?; prove that the locus of P is a parabola which 
passes through 4 and O, and has its axis parallel to OD, and the tangent 
at 4 parallel to OE. 


45. Inscribe a circle in a segment of a parabola cut off by a double 
ordinate. | 


46. A point V is taken on an ordinate PM, produced, of a parabola, 
and ME is taken on MP a mean proportional between PM and MV ; the 
diameters through E, V meet the curve in R, Q respectively. Prove that 
PQ meets the axis in the foot of the ordinate of R. 


47. Focal chords of a parabola at right angles to one another meet 
the directrix in T, T’. Shew that the bisectors of the angles between the 
tangents from either T or 7" are parallel to the tangents from the other. 


48. ABC is any isosceles triangle described on a given base AB, and 
the tangents at A, C to the circle ABC intersect in P. Shew that the 
locus of P is a parabola whose focus is A, whose axis is along AB and 
whose latus-rectum is equal to AB. 


49. Ifa leaf of a book be folded over so that one of the outer corners 
is on the inner side, the line of the crease will envelop a parabola whose 
directrix is the inner side. 


50. Shew that a line which cuts two fixed lines OA, OB in the 
points P, Q respectively so that ΟΡ--ΟΦ is constant, touches a fixed 
parabola. 


51. Shew that a line which cuts two fixed straight lines so that the 
difference of the intercepts, measured from their point of intersection, is 
constant envelops a parabola. 


52. In 8 given regular polygon is inscribed any regular polygon of 
the same number of sides; prove that the envelope of each side is a 
parabola. 


53. A line cuts two given circles so that the intercepted chords are 
equal; shew that the line envelops a parabola. 
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54. Shew that all chords of a parabola, which have their middle 
points on a line perpendicular to the axis of the parabola, will touch 
another parabola. 


55. If a chord of a parabola subtend a right angle at the vertex it 
will cut the axis at a distance from the vertex equal to the latus-rectum. 


56. QQ’ is any chord of a parabola; any diameter cuts the tangent 
at Q in T, the curve in P and the chord QQ’ in K; shew that 
TP: PK=QK: KQ'. 
57. Draw through a given point within a parabola a chord which 
shall be divided in a given ratio at the point. | 


58. The tangent at any point Ρ of a parabola meets the tangents 
drawn from any point O in A, B and the diameter through O in C. 
Prove that AP=CB. | 


59. Any chord PQ of a parabola cuts the axis in O; shew that 
PQ*—AP?-- AQ? .-2R O? — 240”, 
A being the vertex, and RO the ordinate through O. 


60. T is the intersection of the tangents at the ends of any chord of 
a parabola, T" a corresponding point for any perpendicular chord; shew 
that the rectangle of the abscissw of T and 7" is equal to the rectangle 
of the intercepts of the chords on the tangent at the vertex. 


61. Having given a point, a tangent and the direction of the axis of 
a parabola, shew that the locus of its focus is another parabola. 


62. Two parabolas are described touching the sides of a triangle and 
having their foci at the extremities of a diameter of the circum-circle; 
shew that their axes intersect on the circum-circle and that the tangents 
at their vertices intersect on the nine-point circle of the triangle. 


63. Through two fixed points A, B on the axis of a parabola two 
chords PAQ, PBR are drawn, and QR cuts the axis in T; shew the 
ratio TQ : TR is independent of the position of P. 


64, The locus of the centre of a circle which cuts a given straight 
line and a given circle so that the chords are equal and of constant length 
is a parabola. 


65. The tangent at a point P of a parabola makes the same angle 
with the axis as the line drawn from the focus to the point of intersection 
of the tangents at two points Qand R. Shew that this relation is sym- 
metrical and that the circum-circle of the triangle formed by the three 
tangents will touch the axis of the parabola. 

66. PSP is a focal chord of a parabola; V is the middle point of 
PP’, and VG is drawn perpendicular to PSP’ to cut the axis in G. 
Shew that SG, VG are the arithmetic and geometric means between SP 
and SP’. 

67. OA, OB are tangents to a parabola; shew that the circles 
passing through O and touching AB at A and B respectively will 
ree on the diameter through O, and will have their centres on the 

irectrix. 
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68, Any circle whose centre is at a given point cuts two fixed parallel 
straight lines in the points A, A’ and B, B’ respectively. Shew that the 
lines AB, AB’, A'B, A'B' will all touch a fixed parabola. 


69. P is any point on & parabola whose focus is S, and PS is 
produced to P’ so that PS — SP’. Also P'Q, P’R are the tangents from P'to 
the parabola. Shew that the circle PQR touches the parabola at P and 
passes through Ρ'. 


70. Two parabolas have a common focus and their axes in opposite 
, directions; prove that the locus of the middle points of chords of either 
which touch the other is another parabola. 


7]. The three middle points of the diagonals of any quadrilateral 
are on a straight line parallel to the axis of the parabola which touches 
the sides of the quadrilateral. 


72. Two equal and similarly situated parabolas have the same axis, 
and a tangent is drawn at any point Q of the inner which cuts the outer 
in the points P, P'. Shew that Q is the middle point of PP’, and that 
the distance between the diameters through P and P'is constant for all 
positions of Q. 


73. Two confocal and coaxial parabolas are cut by a line parallel to 
their axis in the points P, P', and the tangents at P, P' intersect in T. 
Shew that T is midway between their directrices, and that TS bisects the 
exterior angle PSP'. 


74. The tangents at two points one on each of two confocal and 
coaxial parabolas meet in T; shew that if T be equidistant from the 
diameters through the points of contact of fhe tangents it will be also 
equidistant from the directrices of the parabolas. 


75. PP’, QQ’ are the chords of contact of pairs of tangents from a 
point to two confocal and coaxial parabolas; shew that if P, Q, S are 
in a straight line, so also will P’, Q', S be, and that PQ’ and QP’ will 
be parallel to the axis. 


76. If a circle through the focus of a parabola touch the curve at P 
and cut it at L and M, and the circle cut the axis in N; then will 
LP=MN. 


77. PQ is a chord of a parabola normal at P; QR is drawn parallel 
to the axis to meet the double ordinate PP’ produced in R. Prove that 
the rectangle contained by PP’ and P’R is constant. 


78. TA, TA’ are two tangents to a parabola and P is any other 
point on the curve; the tangent at P meets the diameters through A, Α΄ 
in a, a’ respectively; also lines through P parallel to the tangents at A, 
A’ meet the diameters through A’, A respectively in Q’, Q. Shew that 
QQ’ is parallel to the tangent at P, and that, if O be the pole of QQ’, Oa, 
Oa’ are parallel to the tangents at A’, A respectively. 


79. A triangle ABC is formed by three tangents to a parabola, 
another triangle DEF is formed by joining the points in which the 
chords through two points of contact meet the diameter through the 
third. Shew that A, B, C are the middle points of the sides of DEF. 
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80. A circle is described on a chord AB of a parabola as diameter, | 
and cuts the curve again in C, D. Prove that, if the chord AB be fixed: 
in direction, the difference of the squares of 4B and CD is constant. 


81. The tangent at any point P of a parabola is cut by any two 
other tangents in the points R, R’, and the diameter through P is cut by 
the chord of contact of those tangents in O; shew that RP. PR' — SP . PO, 
S being the focus. 


82. TQ, TR, tangents to a parabola, meet the tangent at Pin X - 
and Y respectively, and TU is drawn parallel to the axis, meeting the 
parabola in U. Prove that the tangent at U passes through the middle 
point of XY, and that, if S be the focus, 


XY?—ASP . TU. 


83. Two fixed tangents are met by a variable tangent in the points 
X, Y. Shew that, if a chord of the parabola be drawn equal and parallel 
to XY, it will envelop an equal parabola. 


84. If PQ be a focal chord of a parabola and R any point on the 
2 
diameter through Q ; shew that the focal chord parallel to PR—yS s 
85. Through any point on & parabola two chords are drawn equally 
inclined to the tangent there. Shew that their lengths are proportional 
to the portions of their diameters intercepted between them and the 
curve. . | 


86. PP’ is a focal chord of a parabola, and the normals at P, P 
meet the curve again in Q, Q'. Shew that QQ’ is parallel to PP’. 


87. Shew that the locus of the focus of a parabola which touches 
two given straight lines and whose directrix passes through a given 
point, is a circle. 


88. OQ, OQ’ are two tangents to a parabola, and the diameter 
through O cuts the curve in P and QQ’ in V; shew that, if the tangent 
at Ρ cut OQ, OQ’ respectively in R, R’, then will QR’, Q’R be divided by 
the parabola in the ratio 8 to 1. 


89, Two circles are drawn each touching a parabola at the extremi- 
ties of a double ordinate. Shew that the sum or the difference of the 
lengths of the tangents drawn to these circles from any point on the 
parabola is constant and equal to the distance between the chords of 
contact. 


90. Two circles have double contact with a parabola; shew that 
their radical axis is midway between their chords of contact. 


91. ΡΟ, R, S are any four points on a parabola; PQ meets the 
diameter through R in R’ and RS meets the diameter through Q in Q’; 
shew that Q’R’ is parallel to PS. 
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92. The polar of the middle point of a normal chord of a parabola 
meets the focal vector to the point of intersection of the chord and the 
directrix on the normal at the further end of the chord. 


93. The axes of the two parabolas which pass through four given 
points on a circle will intersect at right angles in the centroid of the four 
points. 


04. Shew that, if two parabolas intersect in four points on a circle, 
their axes must be at right angles; and conversely, that if the axes of 
two parabolas be at right angles and they intersect in four points, the 
four points will be cyclic. 


95. A variable tangent to a given parabola cuts a fixed tangent in 
the point P; shew that the line through P perpendicular to the variable 
tangent envelops another parabola. 


96. On any chord of a parabola as diameter a circle is described 
cutting the parabola in two other points. Shew that the portion of the 
axis intercepted between the original chord and the chord joining the 
other two points is equal to the latus-rectum. 


97. If a triangle be inscribed in a parabola, the points where the 
sides produced meet the tangents at the opposite angles will lie on a 
straight line. 


98. The ratio of the segments into which any tangent to a parabola 
is divided by three fixed tangents is constant. 


99, If TP, TQ be two tangents to a parabola, the perpendicular 
distance of T from any other tangent will be a mean proportional 
between the perpendicular distances of P and Q from the same tangent. 


100. If four tangents be drawn to a parabola, and if A and A’, B 
and B’, C and C’ be the extremities of the three diagonals of the quadri- 
lateral formed by the tangents; then will the product of the perpen- 
diculars from A and 4’ on any tangent, be equal to the product of the 
perpendiculars from B and B’ or from C and C’ on that tangent. 


CHAPTER III. 
THE ELLIPSE, 


54. From the definition of an ellipse as the locus of a 
point which moves in the plane containing a given point, 
called the focus, and a given straight line, called the 
directrix, in such a manner that its distance from the 
focus is always in a constant ratio to its perpendicular 
distance from the directrix, we have already proved in 
Chapter I. that an ellipse is symmetrical about the line 
through its focus perpendicular to its directrix; and also 
that, if this line cut the curve in the points A, A’, and C 
be the middle point of AA’, the ellipse is symmetrical 
about the line through C parallel to the directrix, whence 
it follows that there is a second focus in the line 4A’ and 
a second directrix perpendicular to 4A’. 

We have also proved that, if S, S’ be the two foci, and 
if AA’ produced cut the directrices in the points X, X’ 
respectively, then 


CS : CA = CA: CX = SA: AX. 
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The terminated lines AA’ and BB’ are called respec- 
tively the major and the minor axes of the ellipse. 





B’ 


Let BM be the perpendicular from B on the directrix. 
Then 


SB: BM=SA:AX=CA: CX. 
Hence, as BM=CX, SB = CA. 
Therefore BC = BS? — CS? = CA? — CS*. 
Now | CA*—C8* — (CA — CS)(CA + CS) 
| = AS.SA', since CA = 64’. 
Also CA?—CS?*=CS.CX — CS = CS. SX. 
Thus BC?=CA?— CS: = AS . SA'- CS.SX. 
Again, if LSL’ be the latus-rectum, 
SL:SX=SA:AX=CS:CA; 
' SL.CA=CS.SX = BC’. 


Thus the semi-minor axis is a mean proportional to the 
semi-major axis and the semi-latus-rectum. 


6—2 
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55. Prop. I. The sum of the focal distances of any 
point on an ellipse 15 constant. 





Let S, S’ be the foci and P be any point on the ellipse. 
Join SP, S'P, and draw through P the line MPM’ per- 


pendicular to and terminated by the directrices. 


Then SP: MP-—-CA:CX; 
and S’P: PM =CA:CX; 
^ SP+SP: MP4+PMW=CA: CX. 
. But MP + PM = MM = XX’ = 20X. 
Hence SP 4- S'P = 2604. 


It can easily be proved that, if Q be any point external to the 
ellipse, SQ + 50 is greater than 204. 
For, if SQ cut the ellipse in P, 


SQ+8’Q=SP+PQ+S'Q>SP+PS". 
Similarly, if Q be an internal point, SQ -- 50 —2CA. 


The above property of an ellipse enables us to describe 
the curve by the continuous motion of a point. 

For, if the ends of a string of finite length be fastened 
at two points S, δ΄, and the string be kept tight by a 
pencil moving along it; then, if P be any position of the 
point of the pencil, SP + S'P will be constant and equal 
to the length of the string, and therefore P will be on an 
ellipse whose foci are S, S' and whose major axis 1s equal 
to the length of the string. 
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ὅθ. Prop. II. The tangent at any point of an ellipse 
is equally inclined to the focal distances of the point. 

Let S, S’ be the foci of the ellipse, and let P be any 
point on the curve. 

Draw through P the line MPM’ perpendicular to and 
terminated by the directrices. 

Let the tangent at P cut the directrices in K, Κ΄, 


| - | 


Join SP, 5 Ρ, SK and δ’ Κ΄, 
Then, from the similar triangles MPK, ΜΡ Κ΄, 
KP: PRK’=MP: ΡΜ’ 
| =A SPE. | 
Also we know [Art. 12] that the angles KSP and 
K'"S'P are right angles. 
Hence the triangles KPS, K'PS' are similar, and 
therefore ! 
ZSPK — 8 ΡΚ'’. 
Thus the tangent at P to the ellipse bisects the angle 
between SP and S'P produced. 
Since the normal is perpendicular to the tangent, it 
follows that the normal bisects the angle SPS’. 
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57. Prop. III. Jf the tangent at any point P of an 
ellipse cut the major ams CA produced in T, and PN be 
the perpendicular on the ams; then will CN .CT = CA2 

Draw MPM’ parallel to the axis-major cutting the 
directrices in the points M, M”. 





Then, since TP bisects the exterior angle SPS’, 
ST: ST=SP 28 LP 
—PM:M'P-NX:X'N; 
ST-S'T:S'T-ST-NX-X'N:X'N—NX, 
1.6. 2CT : 208 = 20X : 2CN. 
Hence CT.CN » 08.0X =04?. 


58. Prop. IV. Jf the tangent at any point P of an 
ellipse meet the minor axis CB produced in t, and Pn be 
the perpendicular on the axis; then will Cn. Ct = CB? 

Let Pn produced cut the curve again in P’, and the 
directrix in M. Then, since every chord perpendicular to 
the minor axis is bisected by that axis, it follows, as in 
Art. 18, Cor. IL, that the tangents at P, P' will meet on 
the minor axis, and therefore at the point t. 
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Then, we know [Art. 10 and Art. 17] that SM and St 
are respectively the external and the internal bisectors 
of the angle PSP’, and are therefore at right angles. 

Hence Z ΟΦ = complement of 2 XSM 


=Z SMX. 





The right-angled triangles CSt and X MS are therefore 


similar, and we have 
Οἱ: CS = SX : XM = SX : Cn; 
^ Ct. Cn = CS. SX = BC? 


EXAMPLES. 


1. Shew that, if a focus of an ellipse, the length of its major axis, 
and one point on the curve be given, the locus of the centre will be a 
circle. i 


2. One focus of an ellipse and the corresponding directrix are given, 
and it is also known that a given straight line touches the ellipse. Find 
the other focus. 


3. Find the locus of the centre of an ellipse which has a given focus 
and which touches a given straight line at a given point. 


4, A number of ellipses have a common major axis, and are cut by 
any line perpendicular to that axis. Shew that the tangents at all the 
points of section will meet in a point on the major axis. 


5, The tangent and the ordinate of any point P on an ellipse cut the 


major axis CA in the points 7' and N respectively. Shew that NA is less 
than AT. 
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59. Prop. V. If the normal at a point P of an 
ellipse cut the major and minor axes respectively in the 
points Οἱ, g; then will the ratio PG: Pg be constant. 
Also, of PN and Pn be the perpendiculars on the axis 
major and axis minor respectively, then will the ratios 
CG:CN and Cg : Cn be constant. 





Join P to the foci S, S' of the ellipse. Draw through 
P the line MPM’ perpendicular to and terminated by 
the directrices. Then, since MM’ and SS’ are both 
bisected by the minor axis, it follows that MS, M'S' 
when produced will meet on the minor axis. Let them 
meet at the point g, and let Pg cut the major axis in the 
point G. 

Then δα: MP=Gq:Pg=GS': PM’; 


<. SG: GS = MP : ΡΜ’ 
= SP: PS’. 


Hence PGg bisects the angle SPS’, and must there- 
fore [Prop. 11.] be the normal at P. 
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‘Then from similar triangles, 
PG : Pg = MS : Mg = X8: XC; 
^. PG: Pg = C8.8X : OS. OX = CB: CA? 
Again CG : CN = CG : nP = Gg : Pg 
= Sg : Mg 
=08 : CX. 
Also Cg: Cn 2 gG : GP —g8: SM 
= CS: SX. 


60. Prop. VI. The circle through the foci of an 
ellipse and any point P on the curve passes through the 
points in which the manor axis 15 cut by the tangent and 
normal at P. 


Let the circle SPS’ cut the minor axis in the points 
t, g; then these points will clearly be on opposite sides of 
SS. Let P and g be on opposite sides of SS’. 

Then, since £g bisects SS’ at right angles, it is the 
diameter of the circle, and the arcs Sg, S'g must be equal, 
whence the angles SPg, S'Pg are equal. Hence Pg is 
the normal at P, and since tg 1s the diameter,of the circle, 
(Pg is a right angle, and therefore Pt is the tangent at P 
to the ellipse. | 


Cor. Since S, S’, g, t are on a circle, 
gC . Ct=S'C.CS = Οδ’. 
Also, since the triangles GCg and {01 are similar, 
CG : g0 = Ct : CT. 
Thus CG. CT = gC. Ct=S'C. CS = CS”. 
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61. Prop. VII. Shew that the feet of the perpendicu- 
lars from the foci on the tangent at any point of an ellipse 
he on a fixed circle, and that the semi-minor axis is a 
mean proportional to the lengths of the perpendiculars. 

Let SY, S'Y' be the perpendiculars from the foci on 
the tangent at any point P of an ellipse. 

Join SP, S'P and let S'P, SY produced meet in H. 
Join C Y. 





Then ZSPY = 28'PY’= 2 HPY. 
Also Z BYP — rt. angle = Z HYP, 


and PY is common to the two triangles SPY, HPY. 
Hence the two triangles SPY, HPY are equal in all 
respects, so that 


SY = YH and SP= PH. 
Hence SH =8'P + PH = 8P + P8 = 904. 
But, since SH =2SY and SS’ = 280, 
it follows that CY is parallel to S'P, and 
20ΟΥ —S'H = 204A. 
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Thus CY = CA, and therefore the point Y is on the 
circle whose centre is C and radius CA. 

It can be proved in a similar manner that CY’ is 
parallel to SP and equal to CA. 

Thus the feet of the perpendiculars from the foc on 
any tangent to an ellipse are on the circle of which the 
major axis is a diameter. 


Def. The circle of which the major axis of an ellipse 
is a diameter 15 called the auxiliary circle. 


Now produce Y'C to meet the auxiliary circle again 
_in the point Z. Then, since Y'CZ is a diameter of the 
auxiliary circle, the angle Y'YZ is a right angle. The 
angle Y'YS is also a right angle, and therefore YSZ is a 
straight line. 


Since CZ = CY’, C8 « CS and Z SOZ = Z VOY, 


it follows that the triangles SCZ, S’CY’ are equal in all 
respects, so that S’Y’ = SZ. 


Hence SY .S’Y’=SY.ZS= AS.SA’ = BC 


Cor. I. Zf a line through C parallel to the tangent at 
P cut PS, PS’, produced if necessary, in the points E, E' 
respectively ; : then PE = PE’ = 40 


For, CE is parallel to PY’ and CY’ parallel to PSE; hence 
PE=CY'=CA. Similarly PE’=CY=CA. 


Cor. II. The rectangle contained by the perpendiculars 
from a focus on two parallel tangents to an ellipse is 
constant. 


The converse of Prop. VII. is important, namely that 
uf S be any point within a given circle and K be joined to 
any point Y on the circle, then the line through Y perpen- 
dicular to YS will always touch the ellipse of which S 
ts focus and of which the given circle is the auxiliary 
circle. 
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EXAMPLES. 


1, The portion of the minor axis intercepted between the tangent 
and the normal at any point of an ellipse can never be less than the 
distance between the foci. 


2. Shew that PG touches the circle SPM. 
3. Shew that the circles PSM, PS'M' touch one another. 


4, Shew that the triangles PSg, MPg are similar, and that the ratio 
Sg : Pg is constant. 


5, Shew that the triangles GSP, gS'P are similar, and that 
| PG.Pg—SP.S'P. 
6. Shew that the triangles SPT, tPS' are similar, and that 
SP.S'P—TP. Pt. 
7. Drawa tangent to an ellipse parallel to a given straight line. 


8. Find the foci of an ellipse, having given the tangent at a given 
point and also the auxiliary circle. 


9, Construct an ellipse having given the foci and one tangent. 
10. Construct an ellipse having given three tangents and one focus. 


11. Shew that the circle on SP as diameter will touch the auxiliary 
circle, 


12. Any tangent to an ellipse is cut by the tangents at its vertices in 
the points T, T'. Shew that the circle on T7” as diameter will pass 
through the foci. 


18. Shew that YEE'Y' is a parallelogram. 
14, Shew that SY’ and S'Y intersect in the middle point of PG. 


15. Shew that the circle YCY' passes through the foot of the ordi- 
nate of P. 


16. Shew that PN bisects the angle YNY’. 


17. SY, SZ are the perpendiculars from a focus on the tangent and 
xormal at any point of an ellipse. Shew that YZ passes through the 
centre of the ellipse. 


18. An ellipse of given eccentricity has a given focus and touches a 
given straight line. Shew that its centre is on a fixed circle. | 


19. Two ellipses have a common focus and equal minor axes ; shew 
that their common tangents are parallel. 


20. Two pairs of parallel tangents are drawn to an ellipse and 
parallels to them are drawn through a focus; shew that the four points 
where the parallels through the focus meet the tangents lie on a circle. 
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62. Prop. VIII. The point of intersection of two 
tangents to an ellipse which are at right angles to one 
another is on a fixed circle. 





΄ 


Let T be the point of intersection of two perpendicular 
tangents. Draw SY, S'Y perpendicular to one tangent 
and SZ, S'Z perpendicular to the other. | 


Then TZ.TZ' —-SY.S'Y'— BC? 
Hence, as Z, Z' are on the auxiliary circle, the square of 
the tangent from T to the auxiliary circle is equal to BC’. 


Hence CT? — CA? = CB? 


Thus T ts on the circumference of the circle the square of 
whose radius is equal to AC? + BC*. 


Def. The circle which is the locus of the point of 
intersection of perpendicular tangents to an ellipse 18 
called the Director Circle. 

Ex. 1. The director-circle of an ellipse cannot cut the directrix in 
real points. 


Ex. 2. The length of the tangent to the director-circle of an ellipse 
drawn from any point on the directrix is equal to the distance of that 
point from the focus. 


Ex. 3. Find the locus of the centre of an ellipse whose axes are of 
given length, and which touches two fixed perpendicular straight lines. 
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63. Prop. IX. Jf PN be the perpendicular from 
any point P of an ellipse on the major axis AA’, then will 
the ratio PN?: ΑΝ. ΝΑ’ be constant. 

. — Let PA, PA’ produced cut a directrix in the points 
K, K' respectively. Join K, K’ to. the corresponding 


focus S. 





Then KS bisects the angle PSA’, and K’S bisects the 
angle PSA [Art. 10]. Hence KS and K’S are at right 
angles, and therefore 

KIX XK = X8*. 
Now, from similar triangles, 


PN: NA’=K'X: XA’ 


and PN: AN=XK : XA, 
^ PN?:AN.NA’=K'X.XK:XA'.XA 
— XS: ΧΑ. ΧΑ’, 


Thus the ratio PN?: ΑΝ. ΝΑ’ is constant for all posi- 
tions of P. If P be taken at an extremity of the minor 
axis, PN will be BC and AN. ΝΑ’ will be AC*; thus the 
constant ratio must be equal to BC? : AC*. 


Hence PN?:AN.NA'=BC?: AC. 
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Cor. If Pn be the perpendicular from P on the 
minor axis, then VP = Cn and Pn= NC; 


also AN.NA’=CA?— CN? = CA? — Pr. 
Hence Cn? : CA? — Py? = BC? : CA?, 
or Cn? : BC? = CA? — Pn? : CA?; 

ο. BC?—Cn?: BC? = Pre : CA2 
Hence Pre : BC? —Cn?=C A? : BC? 


64. Prop. X. If PN be the ordinate of any point P 
on an ellipse and NP produced cut the auxiliary circle n 
the point p; then pN : PN = BC : CA. 





For, since  PN?*:AN.NA'— BC : CA?, 


and pN? = Cp?— CN? = CA? — CN? 
=AN.NA’, 

it follows that PN? : pN? = BC: CA?, 

or PN: pN=BC: CA. 


If the ordinate of an ellipse at a point P is produced 
to meet the auxiliary circle in the point p, the points P, p 
are called corresponding points. 
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The tangents at corresponding points on an ellipse and 
its auxiliary circle intersect on the major axis. | 


For let P, P' be any two points on an ellipse, and let 
, p be the two corresponding points on the auxiliary 
circle. Let PP’ cut the major axis in K. 


Then NK: N’K=NP: N’P’ 
ΞΝΡ: N'Y, 
whence it follows that Kp’p is a straight line. 
Now let N’P’p’ move up to and ultimately coincide 
with VPp and it follows that the tangents at P, p will 
intersect on the major axis. 


The circle on the minor axis as diameter is called the minor 
auxiliary circle. The properties of this circle are not however 
of much importance. 


If the perpendicular Pn on the minor axis cut the minor auxi- 
liary circle in the point Q, it follows from Prop. IX. Cor. that 


Pn: Qn— AC : BC. 


65. Ifaline be drawn through P parallel to Cp and cutting the 
major and minor axes respectively in the points H, K. Then 
pCKP will be a parallelogram and therefore PK—Cp-—CA. Also 
PH:PN=pC:pN,or PH: pC=PN :pN=BC:CA. HencePH=BC. 
Thus PH, PK and HK are all of constant length. 

Conversely, if a line HK of constant length have its extremities 
on two fixed perpendicular lines, any other fixed point P on the 
line, or the line produced, will describe an ellipse whose seml-axes 
are equal to KP, HP respectively. This is the principle of the 
Elliptic Compasses. 


EXAMPLES. 


l]. QQ’ is one of a system of parallel chords of a circle, and P is a 
point on QQ’ such that QP : PQ’ is constant. Shew that the locus of P 
is an ellipse. 


2. Find the foci of an ellipse, having given the extremities of the 
major axis and one point on the curve. 


3. Shew that, if NP be the ordinate of any point on an ellipse, 
the locus of the middle point of NP is another ellipse. 

4. Shew that, if PP’ be any chord of an ellipse parallel to either 
axis, and Q be the point on PP’ such that PQ : QP’ is a given ratio, the 
locus of Q will be another ellipse. 

b. Q is any point on a given circle, and QM is the perpendicular 
drawn from Q on a fixed tangent to the circle. Shew that, if P be the 
middle point of QM, the locus of P will be an ellipse. 


THE ELLIPSE. 7 97 


66. Prop. XI. Jf TQ, TR be tangents to an ellipse 
whose foci are S, δ΄, the angles STQ, STR will be equal. 


Draw from the foci SY, S Y perpendicular to TQ, 
and SZ, S'Z perpendicular to ΤΩ, and join Y, Z and 
τσι 

Then < YSZ = Z Y'SZ, since each is supplementary 
to QTQ. 

And, since SY.S’Y’ —BO-SZ.SZ, 

SY:SZ=S7Z': SY’. 





Hence the triangles YSZ, Z’S’Y’ are similar, and 
ZSZ2Y— ZSYZ. 
But S, Y, T, Z are cyclic, since SYT and SZT are 
right angles; 
'. the angles STY and SZY are equal or supplementary. 


Similarly the angles S'TZ and S'Y'Z are equal or 
supplementary. 


Hence Z STQ— Z S'TQ', for they obviously cannot be 
supplementary. 


Since Z QTS = 2Q’TS’, it follows that the internal 
and external bisectors of the angle STS’ are also the 
internal and external bisectors of the angle QT. 


S. C. ri 
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PROPERTIES OF DIAMETERS. 


67. We have already proved that the locus of the 
middle points of any system of parallel chords of a conic 
is a straight line through the centre of the conic, which is 
called a diameter of the conic. We have also proved that 
the tangents at the extremities of any chord intersect on 
the diameter which bisects the chord. 

Now it is obvious that any line through the centre of 
an ellipse must cut the curve in two real points; and we 
have proved in Art. 18, that the tangents at the extremi- 
ties of any diameter are parallel to the system of chords 
bisected by that diameter. 


68. Prop. XII. Jf the diameter PCP’ bisect all 
chords of an ellipse parallel to the diameter DCD’, then 
will the diameter DCD’ bisect all chords of the conic which 
are parallel to PCP’. | 





Let QQ’ be any chord of the ellipse parallel to DCD’; 
then V, the middle point of QQ’ is on PCP’. 

Join Q'C and produce it to cut the ellipse again in g. 
Join Qg cutting DCD’ in W. 

Then, since Q’Q is bisected in V and Qg is bisected in 
C, it follows that Qq' is parallel to PCP”. 
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Also, since CD is parallel to QQ and bisects Q’q’, CD 
must also bisect Qg’. 

Thus CD bisects the chord Qg’ which is parallel to 
PCP’, and it must therefore bisect every chord which is 
parallel to PCP". 

Def. If two diameters of a conic are such that each 
bisects all chords of the conic which are parallel to the 
other, the two diameters are said to be conjugate to one 
another. 


69. Prop. XIII. The lines joining any point of an 
ellipse to the two extremities of any diameter are parallel 
to conjugate diameters. 


Q 


P 


Let PCP' be any diameter of the ellipse, and Q be 
any point on the curve. 

Join QP, QP’ and let V be the middle point of QP. 

Then, since V is the middle point of PQ and C the 
middle point of PP’, CV is parallel to QP’. 

Thus the diameter conjugate to PQ is parallel to QP’, 
as was to be proved. 

Conversely, if P, Q, P’ be three points on an ellipse, 
such that QP, QP’ are parallel to some pair of conjugate 
diameters, then will PP’ be a diameter. 

Def. The straight lmes joining any point on an 
ellipse to the two extremities of any diameter, are called 
supplemental chords. 


1—2 
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70. Prop. XIV. 7} the sides of a parallelogram 
touch an ellipse, its diagonals will be conjugate diameters 
of the ellipse. 


Let KLMN be any parallelogram whose sides touch 
an ellipse, and let P, P’ be the points of contact of one 
pair of parallel tangents, and Q, Q the points of contact 
of the other pair. 





Then, since the tangents at P, P’ are parallel, PCP’ 
and similarly QCQ', is a diameter, and therefore PQP'Q' 
is a parallelogram, so that PQ and P'Q' are parallel. 

Now CK bisects PQ, and therefore also the parallel 
chord P'Q. Hence KCM is a straight line, and it is 
clearly parallel to PQ’ or QP’. 

Similarly LCN is a straight line, and CL bisects the 
chord PQ’ which is parallel to KCM. | 

Hence KM and LN are conjugate diameters of the 
ellipse. 

Conversely, f any two conjugate diameters of an 
ellipse are cut by any tangent in the points K, L, the other 
tangents to the ellipse from K and L will be parallel. 
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Tl. Prop. XV. If the tangents at the extremities 
of a chord QQ’ of an ellipse meet in T, and the diameter 
CT cut QQ' in V and the curve in P ; then will 


CV.CT = CP. 





We know [Art. 18] that the tangent at P is parallel 
to QQ’. Let this tangent cut TQ in K. 

Draw PL parallel to TQ meeting QQ’ in L. 

Then, since PKQJL is a parallelogram, KL will bisect 
PQ. 
But we know [Art. 18] that AC will bisect PQ, whence 
it follows that LC is a straight line. 

Then, since LV is parallel to KP, 


CV : CP=CL: CK. 
And, since PL is parallel to ΤΩ, 
CL: CK =CP : CT. 
Hence CV:CP=CP: CT, 
or CY .CLl=Cr>* 
Prop. ΠΠ. and Prop. Iv. are particular cases of the 


above general theorem. 


* This proof was first given by Dr C. Taylor. 
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72. Prop. XVI. If the tangent at any point P of an 
ellipse whose foci are S, δ' be cut by any pair of parallel 
tangents in the points T, T', and CD be the semi-diameter 
conjugate to CP ; then will 


DP PIF τοι ΞΟ 
Let Q, Q be the points of contact of the parallel 


tangents. Jom ST, ST, ST’, ST. Produce SP to H 
making PH = PS’, and join HT, HT’. 





Then, since TT” bisects the angle HPS’ and PH = PS’, 
it follows that TH = TS and HT’ = δ'Τ’ and therefore 
that the triangles HTT’, S'TT' are equal in all respects. 
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Hence Z HTT «z T'TS 
=ZSTQ; [Prop. x1.] 

. ZHTS-zQTT'. 

Similarly LAT’S=2ZQ'T'T. 


Hence 2ATS+Z2AT’S=2ZQTT’+2QTT 


= 2 right angles, since TQ and 
T"Q' are parallel. 


Thus ο, T, H, T" lie on a circle, and therefore 
II PISPIPIDISPOSD 


Now let the tangent at P be cut in t,t by the two 
tangents parallel to CP ; then 


SI ^ =P. Pt 
= CD?, since tP = Pt’ = CD. 
Thus TP. PT =SP.S'P =CD*. 


Cor. Since the diagonals of a parallelogram whose 
sides touch an ellipse are conjugate diameters, the propo- 
sition may be enunciated thus: 


If the tangent at P to an ellipse be cut «n T, T' by any 
pair of conjugate diameters ; then will 


TP.PIE-SPOSI CD: 


It should be noticed that since the angles TST” 
and THT” are supplementary, the angles TST” and Το” 
are supplementary; and therefore the portion of any 
tangent to an ellipse intercepted between any pair of 
parallel tangents, or between any pair of conjugate 
diameters, subtends supplementary angles at the foct. 
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(3. Prop. XVII. The sum of the squares of conjugate 
diameters of an ellipse is constant. | 





Let CP, CD be any pair of conjugate semi-diameters 
of an ellipse. Draw the tangents at P, D cutting the 
axis major in 7, K respectively; and let PN, DM be 
perpendicular to the axis major. 

Then PT is parallel to CD and DK parallel to CP. 

Produce VP, MD to meet the auxiliary circle in p 
and d respectively. 

Then, since CN .CT=CA?= Ορ, it follows that pT 
must be the tangent at p to the auxiliary circle. Simi- 
larly Kd touches the auxiliary circle at d. 

Since PT is parallel to CD, the right-angled triangles 
TNP, CMD must be similar. 


Hence TN :CM=NP:MD 

= Np : Md, 
whence it follows that the triangles TNp and CMd are 
similar, and therefore that Cd is parallel to Tp. But Tp 


touches the auxiliary circle and is therefore perpendicular 
to Cp. 
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Hence Cp and Cd are at right angles, whence it 
follows that CM = Np and CN = Μα. 

Now CP? + CD? = CN? + NP? + CM? + MD*. 

But CN? + CM?=CN?+ Np? =CA?; 
and NP: + MD? : Np? + Mà? BC’: CA?; 
hence,as Næ + Md? = Ne + CN?=CA?, 

NP? + MD? = CB 
Thus CP?+CD?=CA?*+ CB 


Or thus 
(SP +S’PY=SP?+ SP? 255.95. 
But SP + S'P =2CA, 
SP. SP = CDe, [Ῥτορ. ΧΥΙ.] 

and SP? + Y P= 20 P? + 2C8?. 

Hence 4C A? = 2C P? + 208? + 2CD* ; 

ὃν CP?+ CD? 20A? — CS? = CA? -- (CA? — CSS) 

= C A3 + CB? 
, EXAMPLES. 


l. Shew that two diameters of an ellipse which make equal angles 
with either axis are equal to one another. 


2. Shew that the equal conjugate diameters of an ellipse are parallel 
to the lines joining an extremity of one axis to the two extremities of the 
other. 


3. Shew that if a parallelogram be inscribed in an ellipse, the 
diagonals of the parallelogram will be diameters of the ellipse. 


4. Shew that, if CP, CD be conjugate semi-diameters of an ellipse, 
and if the tangents at P, D meet in T, and CT cut the curve in R and PD 
in V, then will 2CV2=CR? and CT?=2CR?. Hence find the loci of V 
and T for different pairs of conjugate diameters. 


5, Shew that, if P, D be any two points on an ellipse, and p, d the 
corresponding points on the auxiliary circle, and if the tangents at P, D 
meet in T and the tangents at p, d meet in t; then will Tt be perpen- 
dicular to the major axis of the ellipse. Hence shew that, if pCd bea 
constant angle, the locus of 7' will be an ellipse. 
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T4. Prop. XVIII. The parallelogram formed by the 
tangents at the ends of conjugate diameters of an ellipse, is 
of constant area. 





Let the tangents at the extremities of the conjugate 
diameters PCP’, DCD’ form the parallelogram KLK’L’. 
Let the tangent at P cut the major axis in T, and draw 
PN, DM perpendicular to the axis. 

Then PKK’ = 4|-AC=8 ADCP 

=8A DCT 
=4DM .CT. 
Now it can be proved as in Prop. xvi. that 
DM :CN=B8C: AC; 
^ DM .CT:CN.CT= BC. ΑΟ: AC. 

But CN. CT = CA? and therefore DM . OT = BC. AC. 

Thus the parallelogram formed by the tangents at the 
ends of any pair of conjugate diameters of the ellipse is 
constant and equal to 4AC . BC. 


Cor. If the normal at P cut the conjugate diameter 
in the point F, then PF . CD = AC. BC. 
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75. Prop. XIX. Ifthe normal at any point P of 
an ellipse cut the major and minor axes respectively in 
the points G, g, and the diameter conjugate to CP in the 
point F; then PF. PG = BC and PF. Pg = AC. 


t 





Let the tangent at P cut the major and minor axes 
respectively in the points T, t. 

Draw PN, Pn perpendicular to the axes, and produce 
to meet the conjugate diameter in the points K, k respec- 
tively. 

Then a circle will circumscribe GFKN, since the angles 
at N and F are right angles; 

ΩΝ 

= Cn. Ct, since NP = Cn and KP = Ct 
= BC 

Again, a circle will circumscribe g Fk, since the angles 
gfk and gnk are right angles ; 

.. PF. Pg = Pn. Pk 


—CN.CT, since ON = nP and CT = kP 
= CA? 
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Since PF .CD=AC. BC, | Prop. XvIII.] 
1t follows from the above that | 
PG : CD — BC : AQ, 
Pg : CD— AC : BC, 
and PG . Pg = 0D.. 


76. Let SP cut CD in the point E; then we know that PE=CA. 
Hence PH?=PF.Pg, whence it follows that the angle PEg is 
a right angle. 





Also, if GL be perpendicular to SP, the points L, G, F, E are ona 
circle, and therefore PL.PE=PF.PG, that is PL. AC-BC?, so 
that PL is equal to the semi-latus-rectum. 

Thus the projections of PG and Pg on the focal distance SP 
are respectively equal to the semi-latus-rectum and the semi- 
major axis. 


77. When a pair of conjugate diameters of an ellipse 
are given, the axes, foci, &c. can be determined. 

For let PCP’, DCD’ be the two given conjugate dia- 
meters, and let the normal at P cut DCD’ in F. 

Then, if G, g be the unknown points in which the 
normal cuts the major and minor axes respectively, and if 
O be the middle point of Gg, we know that 


PF.PG-BC* 
and ΡΕ. Pg = AC 
and therefore PF (PG + Pg)=AC?+ BC.. 
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Hence 2PF . PO = 0P? + CDe, 
from which PO can be found. 
Then, having found PO from the relation 
2PF . PO = QP? + CDe, 
draw a circle with O as centre and OC as radius, and this 
circle will cut the normal at P in the points G, g on the 


axes. Thus the directions of the axes are found, and the 
lengths of the semi-axes are given by the relations 


PF . PG = ΡΟ", 
and PF.Pg =AC* 


Having found the axes of the ellipse, the foci and 
directrices can be easily found. 


EXAMPLES. 


l. Shew that the area of a parallelogram inscribed in an ellipse is 
greatest when its diagonals are conjugate diameters. 


2. Shew that the area of a parallelogram whose sides touch an 
ellipse cannot be less than that of the parallelogram formed by the 
tangents at the ends of the axes. 


78. We have already proved in Art. 24 that the ratio 
of the rectangles contained by the segments of any two 
intersecting chords of an ellipse, which are parallel to two 
given straight lines respectively, is constant for all posi- 
tions of the point of intersection of the chords; and, by 
considering the parallel chords through the centre of the 
ellipse, it follows that the ratio of the rectangles contained 
by the segments of any two chords of an ellipse is equal to 
the ratio of the squares of the parallel semi-drameters ; and, 
as a particular case, the lengths of the two tangents drawn 
from any point to an ellipse are in the ratio of the parallel 
semi-diameters. 


T9. Prop. XX. The length of a focal chord of an 
ellipse varies as the square of the parallel semi-diameter. 


Let PSP’ be the focal chord and DCD’ the parallel 


diameter. 
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Let the tangents at P, P' meet in T; then CT will 
bisect PP’ in V, and CVT will_be parallel to the tangent - 
at D. 


Let the tangent at P cut CD produced in Æ, and let 
PW be drawn parallel to CV meeting CD in W. 


Then CW .CE=CD. [| Prop. xv.] 
But CW=VP=3PP’; 
and CE = AC. [ Prop. vi1.] 
Hence PP'.CA-2CD:. | 


80. Prop. XXI. Jf a circle cut an ellipse in four 
points, the line joining any two of the points and the line 
joining the other two points make equal angles with either 
axis of the ellipse. 


For let K, L, M, N be the four points of intersection. 

Let KL and MN intersect in O. Then, since the 
four points K, L, M, N are on the circle, the rectangles 
KO.OL and MO. OWN are equal. 

Also, since the four points are on the ellipse, 

KO.OL : MO .ON =CP?: CP”, 

where CP, ΟΡ’ are the semi-diameters parallel to KZ and 
MN respectively [Art. 78]. 

Hence the semi-diameters parallel to the chords are 
equal, and they must therefore be equally inclined to 
either axis. 


Secondly, let the chords KL and MN be parallel. 
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Then, since the line joining the middle points of any 
two parallel chords of a circle is perpendicular to the 
chords, it follows that the chords KL and MN are perpen- 
dicular to the diameter of the ellipse which is conjugate 
to them, and therefore the chords must be parallel to one 
of the axes. 

Conversely, if two chords of an ellipse, which are not 
parallel, be equally inclined to an axis, their four ex- 
tremities will lie on a circle. 


EXAMPLES. 
]. If OP, OQ be two tangents to an ellipse whose semi-axes are 
CA, CB, OP : OQ cannot be greater than CA : CB. 


2. Shew that a circle cannot cut an ellipse in more than four 
points. 


3. Ifthe chords PQ, PQ’ of an ellipse be equally inclined to an axis, 
the circle PQQ’ will touch the ellipse at P. 


81. Def. A line QV, drawn from any point Q of an 
ellipse parallel to the tangent at either extremity of the 
diameter PVCP’, is called an ordinate to the diameter 
| PCP’. 


Prop. XXII. Jf QV be the ordinate to any dia- 
meter P VCP' of an ellipse, and CD be the semi-diameter 
conjugate to PCP'; then will 


QV? : CP — CV? = CD: CP» 
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Let QV produced cut the ellipse in Q’; then, since QQ’ 
is parallel to the tangent at P, V will be the middle 


point of QQ”. 

Now we know [Art. 78] that the rectangles contained 
by the segments of two chords of an ellipse drawn in 
given directions is constant. Hence 


QV.VQY:PV.VP’=DC.CD’: PC.CP'; 
s QVI PE VP = De Ες, 
or QV* : CP?—CV?=CD: : OP, 


82. The following generalizations of some of the pre- 
ceding theorems are interesting. 





Let QQ’ be any chord of an ellipse. Draw SY perpendicular to 
the chord and let SY produced cut the directrix in Z. | 

Then we know that CZ will bisect the chord and that the tangents 
at Q, Q’ will meet at some point P on CZ. 

Draw the perpendiculars PM, PN on the directrix and transverse 
axis respectively. Draw through P a line perpendicular to QQ’ 
meeting QQ’ in W, the major axis in G and the minor axis in g. Let 
QQ’ cut the axes in T, t. 
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Then, since PG is parallel to SZ, 
CG :CS=CP : CZ | 
— ON : CX, since PN and ZX are parallel. 


Hence CG: ON-—-CB: CX... veto (i). 
Also SG:SC=ZP : ZE 
=PM: Cx; 
.εα:Ῥιπ-ᾱβσ:σκ........................... (1). 
Again, since #SG: PM=SC: CX 
—S'G : ΜΡ, 


it follows that PG goes through the intersection of MS and M'S' ; 
^ Cn: gC-— XM : gC; 


One BC XB.80 ee pes (iii). 
Also, since PG: Pgz MS : Mg; 
. PG: Pge=KS : KC=BC’: CA’............ (iv). 


Now, since T'K is perpendicular to SZ, and ZK perpendicular to SZ, 
it follows that SK is perpendicular to ZT. 
But we know that SK is perpendicular to SP. 


Hence ZT is parallel to SP ........................ (v). 
Then CN : CX—- CP : CZ 
— CS : CT, since ZT is parallel to SP; 


. CN, CT—-CS.CX-OA? ..................... (vi). 
Also CG :CS=CP : CZ 
— Οδ: CT, from (v); 
«σα. OT = σε ο Mer (vii). 


Again, since PGg is perpendicular to Tt, and TG perpendicular 
to tg, it follows that G is the orthocentre of the triangle Ttg, and 
iherefore that 

tC. Cg -CG.CT—OR* iana (viii). 


And, since tC. Cg — SC.CS', it follows that S, t, S’, g are ona 
circle; and tg must be the diameter of this circle, since tg bisects 
SS' at right angles, whence it follows that W is also on the circle. 


Thus S, 8’, t, g and W are a circle ............... (ix). 
From (iii) and (viii) it follows that 
Cn .Ct-CB^- IS: (x). 


Moreover, if a line through C parallel to the chord OQ' cut PGg 
in F, it can be easily proved, as in Art. 75, that 


PF.PG-BC?, and PF. Pg—AC?............... (xi). 


When P is on the ellipse the relations (i), (ii), (iii), &c. reduce 
to those proved in Articles 57, 58, 59, &oc. 


S. C. 8 
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EXAMPLES ON THE ELLIPSE. 


1. Tangents are drawn to an ellipse from any point on the line 
through a focus perpendicular to the axis. Shew that the length 
intercepted by the tangents on the corresponding directrix is bisected 
by the axis. 


9. A semi-circular piece of paper is folded over so that a particular 
point K of the bounding diameter lies somewhere on the circular 
boundary: prove that the line of the crease touches an ellipse whose 
foci are K and C, C being the centre of the circle. 


3. From any point on the auxiliary circle of an ellipse tangents are 
drawn touching the ellipse in P, Q, and PCP’, QCQ’ are diameters of 
the ellipse. Shew that PQ’ and P’Q are focal chords. 


4. Two tangents TP, TQ are drawn from any point T to an ellipse, 
and any straight line parallel to TP meets TQ in L, PQ in M, and the 
conic in R, R’. Shew that LM?=LR. LR’. 


5. The tangent at a point P of an ellipse whose foci are S, S’ cuts 
the tangents at the vertices in the points T, 7", and TS, T'S’ meet in Q. 
Shew that Q is on the normal at P and that the circle SPS’ is the nine 
point circle of the triangle QT'T". 


6. From the foci S, S' of an ellipse lines are drawn perpendicular 
io SP, S'P respectively, and meeting the normal at P in O, O' respectively. 
Shew that OO’ is bisected by the minor-axis. 


7. PSQ, P'S'Q' are parallel focal chords of an ellipse; shew that 
the tangents at P, Q, P’, Q' form a parallelogram two of whose angular 
points are on the directrix and the remaining two on the auxiliary 
circle. 


8. Shew that, if P, D be extremities of & pair of conjugate diameters 
of an ellipse, the lines joining P and D to the foci will touch a circle 
whose radius is equal to the semi-minor axis. 


9, P,parecorresponding points on an ellipse and its auxiliary circle. 
Shew that the perpendicular distances of the foci S, S’ from the tangent 
to the circle at p are equal to SP, S'P respectively. 


10. The sides of the parallelogram ABCD touch an ellipse whose 
focus is S; shew that the circles ABS, BCS, CDS, DAS are all equal. 


11. If a focal chord of a conic pass through the extremities of a 
pair of conjugate diameters of an ellipse, the length of the chord will be 
equal to the semi-axis-major. 


12. A line AB is drawn from a fixed point 4 to meet a fixed circle 
in B; through B a line BC is drawn perpendicular to AB to meet a 
concentric circle in C. Shew that a line through C parallel to AB will 
touch a fixed conic. 
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19. Any line through the focus of an ellipse cuts the tangents at the 
vertices in the points T, T’ respectively. Shew that the circle whose 
diameter is T'T" touches the ellipse at the ends of a chord parallel to the 
major axis. 


14. If two ellipses have the same auxiliary circle and one pass 
through the foci of the other, the second will pass through the foci of 
the first. 


15, AA’ is the major axis of an ellipse of which S, S’ are the foci 
and P any point on the curve; AR, A’R’ are drawn parallel to SP, S’P 
respectively to meet the tangent at P in R, R’. Shew that 


AR 4- A'R'— AA', 


16. A parabola is described passing through the foci of a given 
ellipse and having for focus any point on the ellipse; shew that the 
directrix of the parabola always touches the auxiliary circle of the ellipse. 


17. The tangents at P, D the extremities of conjugate diameters of 
an ellipse whose centre is C meet in T, and CT cuts the ellipse in Q, and 
the chords QR, QR’ are drawn parallel to CP, CD respectively. Shew 
that RR’ is parallel to PD. 


18. Lengths CA, CB are taken on any two given straight lines so 
that the sum of the squares of CA and CB is equal to a given square, and 
the parallelogram ACBP is completed. Shew that the locus of P is an 
ellipse. 


19. CY is the perpendicular from the centre on the tangent at any 
point P of an ellipse and Q is the point of contact of the other tangent 
from Y. Shew that the normal at P passes through the other extremity 
of the diameter through Q. 


20. Perpendiculars SY, S'Y' are drawn from the foci S, S' upon a 
pair of tangents TY, T'Y’ to an ellipse; prove that the angles STY, δ’ ΤΥ’ 
are equal or complementary to the angles at the base of the triangle 
CYY'. 


2]. If the ordinate at a point P of an ellipse meet the auxiliary 
circle in p, shew that the diameter of the circle through p and the normal 
at P to the ellipse meet on a fixed circle, 


29. Any point P of an ellipse is joined to A, A’, the extremities of 
the major axis, and AF is drawn perpendicular to A’P. AP and AF 
meet the tangent at 4’ 1η K and L. Prove that A'K : A'L— BC? ; 40”. 


23. Through any point P of an ellipse a line is drawn perpendicular 
to the diameter CP meeting the auxiliary circle in R, R’. Shew that 
RR’ is equal to the differences of the focal distances of an extremity of 
the diameter conjugate to CP. 


24. Througha point P of an ellipse aline PDE is drawn cutting the 
axes so that the segments PD and PE are equal to the two semi-axes 


respectively: perpendiculars to the axes through E and D intersect in O. 
Prove that O is a normal. 


8—2 
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25. P is any point on an ellipse whose centre is C and whose foci 
are S, S'. The diameter conjugate to CP cuts SP in E. Shew that the 
difference of the squares of CP and SE 1s constant. 


26. An ellipse of given semi-axes touches three of the sides of a given 
rectangle; find its centre and focus. 


27. Ifa chord of an ellipse be parallel to one of the equi-conjugate 
diameters, the normals at its extremities will meet on the diameter of 
the ellipse which is perpendicular to the other equi-conjugate diameter. 


28. If CP, CD are conjugate semi-diameters of an ellipse, and the 
normals at P, D meet in O ; then will CO be perpendicular to PD. 


20. The normals at P, P', the extremities of & focal chord of an 
ellipse, cut the axis major in G, G’ respectively and intersect in the point 
O. Shew that the line through O parallel to PP’ will bisect GG”. 


30. Two given ellipses in the same plane have a common focus and 
one revolves about the common focus while the other remains fixed: 
prove that the locus of the point of intersection of their common tangents 
is a circle. 


9]. A focus S of an ellipse, the length of the major axis, and one 
point P on the curve are given. Shew that the ellipse always touches a 
fixed ellipse whose foci are S and P. 


32. Having given the focus of an ellipse, the length of the major 
axis, and that the second focus lies on a fixed straight line, prove that 
the ellipse will touch two fixed parabolas having the given focus for 
focus. 


33, The centre of an ellipse, the radius of its director-circle, and one 
point on the curve are given. Shew that the ellipse always touches a 
fixed concentric ellipse. 


34. Two given concentric ellipses in the same plane have equal 
major axes. Shew how to draw their common tangents. 


35. Shew that, if two of the diagonals of a quadrilateral circumscrib- 
ing an ellipse intersect in a focus, these diagonals must be at right angles 
and the third diagonal must be the corresponding directrix. 


36. If PP’ be a chord of an ellipse parallel to the major axis, and 
the two circles be drawn through a focus S touching the conic at P, P’ 
respectively; prove that the circles will intersect at a point F which is the 
intersection of PP’ and ST, where T is the point of intersection of the 
tangents at P, P'. | 

Prove also that the locus of F, for different positions of PP’, will be a 
parabola whose vertex is S. 


97. A circle cuts off equal chords AB, CD from two given parallel 
straight lines, and passes through a fixed point S between the lines; prove 
that the intersecting straight lines AD, BC always touch a fixed conic of 
which δ is one focus. 
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38. If P, p be corresponding points on an ellipse and the auxiliary 
circle, centre C, and if CP be produced to meet the auxiliary circle in q, 
prove that the tangent at the point Q on the ellipse corresponding to q is 
perpendicular to Cp, and that it cuts off from Cp a length equal to CP. 


39. Two ellipses lie in the same plane and have one common focus 
and equal major axes; one ellipse revolves in its own plane about the 
common focus, the other ellipse remaining fixed. Prove that the com- 
mon chord of the two ellipses always touches another ellipse confocal 
with the fixed ellipse. 


40. The tangent at any point P of an ellipse meets any pair of 
parallel tangents in M, N. Prove that the circle described on MN as 
diameter will meet the normal at P at points whose distance apart is 
equal to the diameter conjugate to CP, and whose distances from the 
centre are respectively equal to the sum and the difference of the semi- 
axes. 


41, The diameter parallel to any focal chord of an ellipse is equal to 
the chord joining the points on the auxiliary circle corresponding to the 
extremities of the focal chord. 


49. The sides of a rectangle touch an ellipse; shew that a circle 
through a focus and any two adjacent angular points of the rectangle is 
equal to the auxiliary circle. 


43, Any tangent to an ellipse cuts the director-circle in the points 
P, Q and a directrix in the point K. Shew that, if S be the corresponding 
focus, the triangles KSP, SKQ will be similar. 


44. The area of the parallelogram formed by the tangents at the 
extremities of any two diameters of an ellipse varies inversely as the 
area of the parallelogram formed by joining the points of contact. 


45. A system of parallelograms is inscribed in an ellipse whose sides 
are parallel to the equi-conjugate diameters: prove that the sum of the 
squares of the sides of any parallelogram is constant. 


46. An ellipse is described having the line joining the foci of a given 
ellipse for & diameter and for that conjugate to it & line equal to the 
minor axis of the given ellipse: prove that it always touches the 
original ellipse. 


47. A series of ellipses have their foci on two adjacent sides of a 
given parallelogram and touch the other two sides. Shew that the locus 
of their centres is a straight line. 


48. An extremity of a diameter of a central conic is joined to the 
two extremities of one of its ordinates: prove that the chords so drawn 
are proportional to the diameters parallel to them. 


49. Normal chords of a conie which are at right angles are propor- 
tional to the parallel diameters. 


50. If PP’ be achord of an ellipse normal at P, CY the perpendicular 
on the tangent at P, and CQ the semi-diameter parallel to PP'; then 
wil PP’, CYz2CQ*. 
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bl. PCP’ is any diameter of an ellipse, PQ is any chord which is 
produced so as to cut the tangent at P’in R. Shew that the diameter 
parallel to PQ is a mean proportional between PQ and PR. 


52. From any point on an ellipse two chords are drawn equally 
inclined to the tangent at the point. Shew that these chords are to one 
another as the parallel focal chords. 


53, An ellipse of given major axis has one focus at the focus of a 
given parabola and touches the parabola; shew that the locus of the 
centre of the ellipse is a straight line perpendicular to the axis of the 
parabola. Shew also that all the ellipses touch another parabola co-axal 
and confocal with the given one. 


54. The tangent at any point P of an ellipse cuts the directrices 
corresponding to the foci S, S’ in the points Z, Z’ respectively. Shew 
that ZS, Z'S' will meet on the ordinate through the other extremity of 
the diameter through P. 


55. The line joining the foci of an ellipse subtends at the pole of 
any chord an angle equal to half the sum of the angles which it subtends 
at the extremities of the chord. 


56. The ordinate at any point P of an ellipse is produced to meet 
the perpendicular from the centre on the tangent at P in Q. Shew that 
the locus of Q is an ellipse, 


57, PP’ is a diameter of an ellipse and Q is a point such that the 
tangents at P and Q are at right angles. Shew that PQ, P’Q make equal 
angles with the tangent at Q. Prove also that if R be any other point 
on the ellipse QP + QP’ is greater than RP + ΠΡ’. 


58, Shew that the perimeter of a parallelogram inscribed in an 
ellipse cannot be greater than that of the parallelogram whose diagonals 
are the axes of the ellipse. 


59. PP’ is any chord of an ellipse and PG, P’G’ are the normals at 
P, P' the points G, G' being on the major-axis. Shew that the 
projections of PG, P'G' on the chord PP’ are equal. 


60. Construct an ellipse having given the centre, a tangent, the 
length of the major-axis, and a point through which a directrix passes. 


61. The chord of contact of the tangents drawn from a point O to 
an ellipse cuts the major axis in T, and the line through O perpendicular 
to the chord cuts the major axisin G. Shew that the circle whose dia- 
meter is TG is cut orthogonally by a fixed circle. 


62. Shew that, if any point P on an ellipse be joined to the foci and 
the joining lines be produced to meet the corresponding directrices in 
R, E/; then RR’ and the tangent at the other extremity of the diameter 
through P will meet on the axis of the ellipse. 


63. SY, S’Y’ are the perpendiculars from the foci on the tangent at 
any point P of an ellipse; X, X' are the feet of the directrices correspond- 
ing to the foci S, S’ respectively. Shew that XY, X'Y' will meet on the 
minor axis, and that NY, NY’ will be perpendicular to XY, X'Y', N being 
the foot of the ordinate through P. 
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64. If AA’ is the transverse axis of an ellipse, andif Y, Y’ are the 
feet of the perpendiculars let fall from the foci on the tangent at any 
point of the curve, prove that the locus of the point of intersection of 
AY and A’Y’ is an ellipse, 


65, Any two conjugate diameters of an ellipse cut the director 
circle in the points R, R’; shew that RR’ touches the ellipse. 


66. Shew that, if SY, S'Y’ be the perpendiculars from the foci on the 
tangent at any point P of an ellipse, the tangents to the auxiliary circle 
at Y, Y' will meet in a point T on the ordinate NP, and the locus of T 
will be an ellipse. 


67. SY, S'Y' are the perpendiculars from the foci S, S’ on any 
tangent to an ellipse, and X, X' are the feet of the corresponding 
directrices; XY, X'Y' cut the auxiliary circle again in Z, Z' respectively. 
Shew that ZZ' will touch the ellipse. 


68. The area of a triangle whose vertices are any three points on a 
given ellipse is in & constant ratio to the area of the triangle whose 
vertices are the three corresponding points on the auxiliary circle. 


69. Shew that if à triangle inscribed in an ellipse be of maximum 
area, its centroid will coincide with the centre of the ellipse. 


70. Having given one focus of an ellipse, the directrix corresponding 
to the other focus, and also a tangent to the ellipse. Find the centre. 


7]. A system of ellipses is drawn having a common focus S and a 
common latus-rectum LSL'. A fixed straight line through S is drawn 
to intersect the conies and the normals are drawn at the points of 
intersection. Shew that these normals all touch a parabola whose focus 
lies on LSL/. 


72. The minor-axis of an ellipse inscribed in a given triangle 
cannot exceed the diameter of the inscribed circle. 


73. An ellipse touches the sides of a given triangle and has a given 
centre. Find the points of contact. 


74. If PSQ be a focal chord of an ellipse, and Pp, Qq be chords 
perpendicular to it, then the triangles SPp, SQq will be similar. 


75, Shew that the exterior angle between two tangents to an ellipse 
is equal to half the sum of the angles the chord of contact subtends at 
the foci. 


76. If the double ordinate PP’ drawn perpendicular to the major 
axis of an ellipse whose centre is C meet the auxiliary circle in p and p’, 
shew that the part of the normal at P intercepted between Cp and Cp’ is 
bisected at P. 


77. The normal to an ellipse at P cuts the axes in G, g, and CK is 
ihe central perpendicular on the tangent at P. Shew that, if O, O' be 
the middle points of CG, Cg respectively, then OB—- OK —OP and 
O'A=O'K=O'P. 
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78. Aisa fixed point within a given circle, P is any point on the 
circumference of the circle and PQ is drawn making a given angle with 
AP. Shew that PQ touches a fixed ellipse, and that the eccentricity of 
the ellipse is independent of the value of the fixed angle APQ. 


πο, PNP’ is any double ordinate of an ellipse whose centre is C, and 
the normal at P cuts CP’ in Q. Shew that the locus of Q, for different 
positions of PNP’, is an ellipse. 


80. If a pair of tangents to an ellipse ba: at right angles to one 
another, the rectangle contained by the perpendiculars from the centre 
and the intersection of the tangents on the chord of contact is constant. 


81. A parallelogram circumscribes a given circle, and two of the 
angular points are on fixed straight lines parallel to one another and 
equidistant from the centre; shew that the other two are on an ellipse of 
which the given circle is the minor auxiliary circle. 


82. From the centre C of two concentric circles two radii CQ, Cq 
are drawn equally inclined to a fixed straight line, the first to the outer 
circle, the second to the inner: prove that the locus of the middle point 
P of Qq is an ellipse, that PQ is the normal at P to this ellipse, and that 
Qq is equal to the diameter conjugate to CP. 


83, From P any point on an ellipse a tangent is drawn to the 
minor auxiliary circle cutting the director circle in Q, R; shew that PQ, 
QR are equal to the focal distances of P. 


84, From a point T the tangents TP, TQ are drawn to an ellipse. 
Shew that, if the bisector of the angle PTQ passes through a fixed 
point on the major axis of the ellipse, 7' must lie on a fixed circle. 


85. Shew that, if a circle roll on the inside of a circle of double 
the radius, any point carried with the moving circle will describe an 
ellipse. 

86, Shew that, if P be any point on an ellipse whose foci are S, 9’, 
the locus of the centre of the circle inscribed in the triangle SPS’ is an 
ellipse. 

87. The portion of any normal chord of an ellipse intercepted 
between the directrices subtends at the pole of the chord an angle equal 
to half the sum of the angles subtended at the extremities of the chord 
by the distance between the foci. 


88. TQ, TQ' are any two tangents to an ellipse, and TN is the 
perpendicular on the axis major. Shew that TN bisects the angle QNQ’. 


89. The tangent at a fixed point P of an ellipse whose foci are S, S' 
is cut by any pair of parallel tangents in the points T, 7". The lines 
TS, T'S’ intersect in O, and the lines TS’, T'S in O'; shew that Ο, O' lie 
on a fixed circle through the foci. 


90. Three conics are inscribed in an acute-angled triangle, and the 
three points of bisection of the perpendiculars from the angles on the 
sides of the triangle are each a focus of one conic; prove that these 
three points form with the other three foci a hexagon of which the 
opposite sides meet in the angles of the triangle. 
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91. PG is the normal at any point P of an ellipse and GL is drawn 
perpendicular to CP, and CM is drawn parallel to one of the focal 
distances of P meeting PG in M. Shew that the triangles CLM and 
MCP are similar. 


92. Given a tangent to an ellipse, its point of contact, and the 
director-circle, construct the ellipse. 


93. Shew that, if two chords QQ’, RR’ of an ellipse be drawn 
parallel to one of the equi-conjugate diameters, meeting the other 
equi-conjugate diameter PCP’ in the points V, W on opposite sides of 
the centre C such that 2WC.CV-CP?, then will the normals at the 
points Q, Q’, R, E' meet in a point on the diameter perpendicular to 
PCP’. 


94, Anellipse is inscribed in a triangle and having its centre at the 
centre of the circum-circle of the triangle. Prove that the perpendiculars 
from the corners of the triangle on the opposite sides will be normals to 
the ellipse. 


95. With the orthocentre of a triangle as centre two conics are 
described, one touching the sides and the other passing through the 
angular points; shew that these conics are similar, their corresponding 
axes being perpendicular. 


96. PSQ, PHE are focal chords of an ellipse; prove that the 
tangent at P and the chord QR cut the major axis in points equidistant 
from the centre. 


97. PSQ, PHR are focal chords of an ellipse, and the tangents at 
Q, R meetin T. Shew that the middle point of TP is on the minor axis 
and that the locus of T is an ellipse. 


98, Two ellipses whose major axes are perpendicular intersect in 
four points; shew that these four points lie on a circle. 


99. Two ellipses whose major axes are parallel intersect in four 
points; shew that the four points will lie on a circle, unless the ellipses 
have the same eccentricity. 


100. If OP, OQ are two tangents to an ellipse and CP’, CQ’ be the 
parallel semi-diameters, shew that OP.O0Q+CP’.CQ’=OS. OH. 


CHAPTER IV. 
THE HYPERBOLA. 


83. From the definition of a hyperbola as the locus 
of a point which moves in the plane containing a given 
point, called the focus, and a given straight line, called. 
the directrix, in such a manner that its distance from the 
focus 1s always in a constant ratio greater than unity to its 
perpendicular distance from the directrix, we have already 
proved in Chapter I. that a hyperbola is symmetrical 
about the line through its focus perpendicular to its 
directrix; and also that, if the line cut the curve in the 
points A, A’, and C be the middle point of AA’, the 
hyperbola is symmetrical about the line BCB' drawn 
through C parallel to the directrix, whence it follows 
that there is a second focus in the line SAA’ and a 
second directrix perpendicular to AA’. 

We have also proved in Art. 4 that, if S, S’ be the two 
foci, and SAA’S’ cut the directrices in the points X, X" 
respectively, then 


CS:CA —CA:CX 28A: AX. 
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The curve consists of two separate branches, as in the 
figure, no part of the curve lying between the lines drawn 
through the vertices parallel to the directrices. [Art. 6.] 

The lines ACA' and BCB' about each of which the 
hyperbola is symmetrical are called respectively its trans- 
verse and conjugate axes. 

The axis ACA’ cuts the curve in two points and the 
intercepted portion AA’ is also called the transverse axis. 





The line BCP’ does not cut the curve in real points; 
but if points B, B’ be taken on BOP’ such that B'O = CB 


and - BC = CA? — C83; 
then BC ΟΡ’ —CA?* = (CS + CA) (CS — CA) 2 A'S. AS. 
Also BC = CE — CA? = CC — OS. OX = CS. XS. 
If LSI’ be the latus-rectum, we have 
SL:XS=8A:AX 
=CS:CA. 
. Hence SL.CA=CS.XS= BC? 
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84. Prop. I. The difference of the focal distances of 
any point on a hyperbola 15 constant. 


Let S, S' be the foci and P any point on the hyperbola. 
Join SP, SP and draw PMM’ perpendicular to and 
meeting the directrices in the; points M, M. 





Then SP :MP=CA: CX, 

and SP:M'P-CA:CX 
. SP—-SP: MP—MP-CA:CX. 

But MP—-MP=MM=X'X =2CX. 

Hence S'P—SP =2CA. 

If P be any point on the branch through A, 

| S'P—SP =2CA, 
and, if P be any point on the branch through A’, 

SP — S'P =2CA. 
It can easily be proved as in Art. 55 that, if Q be any point 


external to the hyperbola, that is if Q be such that SQ is cut by the 
curve in one and only one point between S and Q, then 


S'Q-SQ-AA.. 


Similarly, if Q be an internal point, that is if Q be such that 
SQ is cut by the curve in two points or in none between S and 
Q, then 

SQ-S'Q—AA*. 


THE HYPERBOLA. 125 


The above property of a hyperbola enables us to 
describe the curve by the continuous motion of a point. 
For, if the end A of a rod AL be made to turn about the 
fixed point A, and if one end of a string of constant length 
be fastened to the rod at L and the other end be fastened 
to a fixed point B, and if the string be kept tight by a 


« 


L 


B 
A 


pencil moving along the rod LA; then, if P be any 
position of the point of the pencil, LP + PB will be equal 
to the length of the string, and LP -- PA will be equal to 
the length of the rod, so that AP~ BP will be equal to 
the constant difference between the length of the string 
and the length of the rod; and therefore P will always be 
on a hyperbola whose foci are A and B. 


EXAMPLES. 


l]. Construct a conic having given a focus and the two extremities 
of its transverse axis. 


2. Find the locus of the centre of a circle (1) which touches a given 
line and a given circle,. (2) which passes through a given point and 
touches a given circle, and (3) which touches two given circles. 


3. Find the locus of the centre of a circle which cuts two given 
circles so that the common chords may each be equal to a given straight 
e. 


4, On a plane field the crack of the rifle and the thud of the ball 
striking the target are heard at the same instant: find the locus of the 
hearer. 


5, The centre of a hyperbola, the length of the transverse axis, and 
one point on the curve are given. Shew that the locus of the foci is 
another hyperbola. | 
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85. Prop. II. The tangent at any point of a hyper- 
bola 15 equally inclined to the focal distances of the point. κ 


Let the tangent at P cut the directrices corresponding 
to S, S' in K, Κ΄, respectively. 

Draw PMM' perpendicular to the directrices. Join 
SP, SP, SK, SK" 





Then, from the similar triangles MPK, MPR’, 
KP: K'P=MP:MP 
=SP SP, 
Also we know [Art. 12] that the angles KSP, K'S'P 


are right angles, 
Hence the triangles APS, K’PS’ are similar, and 
we have 


ZSPK = 2K’'PS.. 


Thus the tangent at P bisects the angle SPS’. | 
Since the normal is perpendicular to the tangent, it 


follows that the normal bisects the angle between SP and 
S'P produced. 
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If the tangent at P cut the transverse axis in T, PT 
bisects the angle SPS’ and therefore S'T : TS=S'P : PS. 
Now if P be any point on the branch through the vertex 
A, S.P will be greater than PS, and therefore S T will be 
greater than TS. T must therefore lie between C and A. 


86. Prop. III. If the tangent at any pont P of a 
hyperbola cut the transverse axis in T, and PN be the 
perpendicular on the axis; then will CN . CT = 04". 


Μ΄ Μ E». 

ΜΙ IP 
\i M N 
Y ΙΑ’ ΙΧ’ C T A S 


Draw PMWM’ perpendicular to the directrices. 
Then, since PT bisects the angle SPS’, 


ST:TS-SP:SP 
- WP:MP-X'N:XN. 
Hence S'T 4- T8: T— T8S- X'N-- XN: X'N — XN, 
Le. 208 : 20T =20N : 20X. 
Hence CT .CN=CS.CX = 043, 
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87. Prop. IV. Jf the tangent at any point P of a 
hyperbola cut the conjugate axis in t and Pn be the perpen- 
dicular on the amis; then will the rectangle Cn.Ct be 
constant. 


Let Pn produced cut the curve again in P’, and the 
directrix in M. 





Then, since every chord perpendicular to the conjugate 
axis is bisected by that axis, it follows, as in Art. 18, 
Cor. IL, that the tangents at P, P' will meet on the 
conjugate axis, and therefore at the point t. 

Then, we know [Art. 10 and Art. 17] that SM and St 
are respectively the internal and external bisectors of the 
angle PSP’, and are therefore at right angles. 


Hence ZCSt=compt. of 2 XSM = Z X MS. 
The right-angled triangles CS¢ and XMS are therefore 


similar, and we have 
(C: CS=XS:XM=XS:Cn; 
£0. On - CS. X8 — BC 
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88. Prop. V. Jf the normal at a pomt P of a 
hyperbola cut the transverse and conjugate axes respectively 
in the points G, g ; then will the ratio PG : Pg be constant. 
Also, sf PN and Pn be the perpendiculars on the transverse 
and conjugate axes respectively, then will the ratios CG: CN 
and Cg : Cn be constant. 


Join P to the foci S, S' of the hyperbola. Draw 
through P the line PMM perpendicular to and termi- 
nated by the directrices. Then, since MM’ and SS’ are 
both bisected by the conjugate axis, 1t follows that MS, 
M'S' when produced will meet on the conjugate axis. 
Let them meet in the point g, and let Pg cut the trans- 
verse axis in the point G. 


g 


ARN 


Then SG: MP = Gg : Ρο- GS: PM’; 
^ SG : δα PM : PM 
= P8: PË. 


Hence PGg bisects the angle between SP and ΞΡ 
produced, and must therefore [Prop. II.] be the normal 
at P. 


S. C, 9 
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Then from similar triangles, 
GP: Pg SM : Mg SX: XC; 
<. GP : Pg=C8. σον ος 

= CB? CA. 
Agam OG:CN=CG:nP=Gq:P9 

= 8g: Mg=CS: CX. 
Also Cg : Cn = Gg : GP = 8g : SM 

=SC: SX. 


89. Prop. VI. The circle through the foci of a 
hyperbola and any point P on the curve passes through the 
points in which the conjugate axis is cut by the tangent and 
normal at P. | 


Let the circle SPS’ cut the conjugate axis in the 
points ἰ, g; then these points will clearly be on opposite 
sides of SS’. Let P and g be on the same side of SS’. 

Then, since tg bisects SS’ at right angles, it is the 
diameter of the circle, and the arcs S't, tS must be equal, 
whence the angles S'Pt, tPS are equal. Hence Pt is the 
tangent at P, and since £g is the diameter of the circle, 
(Pg is à right angle, and therefore Pg is the normal at P 
to the hyperbola. 


Cor. Since S, S’, g, t are on a circle, 
gC. Ct = S'C.C8 = Οδ’. | 
Also, since the triangles GCg and ΤΟΙ are similar, 
σα: Cg — Ct: CT. 
Thus  CG.CT —-9gC.Ct 2 SC. CS = CS, 
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90. Prop. VII. Ifthe normal at any point P of a 
hyperbola cut the transverse and conjugate axes «n the 
‘points G, g respectively and the diameter parallel to the 
tangent at P in the point F; then PF.PG-BC? and 
PF. ΡΟΞ AC.. 


The proof of Art. 75 is applicable. 


EXAMPLES. 


l. Given the focus of a hyperbola, the length of its transverse axis 
and one point on the curve; find the locus of the other focus and of the 
centre. 


2. One focus of a hyperbola and the corresponding directrix are 
given, and it is also known that a given straight line touches the curve. 
Find the other focus. 


3. Find the locus of the centre of a hyperbola which has a given 
focus and touches a given straight line at a given point. 


4, One focus of an ellipse is given and also two points on the curve; 
find the locus of the other focus and also the locus of the centre. 


5. Shew that the triangles PSg and MPg are similar, and that the 
ratio Pg: Sg is constant. 


6. Shew that the triangles SPg and GPS’ are similar, and that 
PG.Pg-SP.S'P. 


7. Shew that the triangles PST and PtS' are similar, and that 
PT.Pt-SP.S'P. 


8. Shew that the angles PSt and PT'S are supplementary. 
9. Find a point P on a hyperbola such that the circle SPS’ is least. 
10. Shew that CT. NGZ BC? and tC.ng- AC?, 


If the normal at P cut the conjugate axis in g, the projection of 
Pg on either focal distance will be equal to half the transverse axis. 


19. Anytangentto & hyperbola cuts the tangents at the extremities of 
its transverse axis in the points T, T’. Shew that the circle whose 
diameter is TT" passes through the foci. 


9—2 
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91. Prop. VIII. Zf PN be the perpendicular from 
any point P of a hyperbola on the transverse axis AA’, then 
will the ratio PN? : ΑΝ. ΑΝ be constant. 


Let PA, PA’ cut a directrix in the points K, K 
respectively. Join K, K' to the corresponding focus ο. . 

Then KS bisects the angle between SP and AS 
produced, and K’S bisects the angle A'SP [Art. 10]. 
Hence KS and K’S are at right angles, and therefore 


KX. XK = XS. 





Now, from similar triangles, 
PN: AN =KX : AX, 
and PN: A’N=XK':XA’'; 
n PN?: AN. A'N=KX. ΧΚ ΑΧ. ΧΑ’ 
= XS?: AX .XA’. 
Thus the ratio PN?: AN . A'N, that 15 
PN? : CN? — CA?, 


is constant for all positions of P. 
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Let LS be the semi-latus rectum, then the constant 
ratio is equal to LS? : CC — CA? 


Hence PN? : CN?—CA?= LS? : CS— CA? 
= DS? : BC? 
= BC?: CA? [Art. 83.] 


Conversely, if N be any point in the straight line 
AA’ produced, and VP be drawn perpendicular to AA’, 
and such that the ratio .NP?* : AN. ΑΝ 15 constant, the 
locus of P will be a hyperbola of which AA’ is the 


transverse áxis. 


Ex. 1. Nis any point exterior to a given circle and on the fixed 
diameter 44'. NP is drawn perpendicular to 4A’ and equal to the 
tangent from N to the circle. Shew that the locus of P is a 
hyperbola. 


Ex. 2. PP’ is any chord of a given circle perpendicular to the 
fixed diameter 4A’; shew the locus of the point of intersection of 
AP and A'P' is a hyperbola. 


92. If the relation 
PN? : CN? — CA? = ΗΟ: CA?, 


be supposed to hold good for all positions of the ordinate 
PN, and if Cb be the length of the semi-diameter perpen- 
dicular to ACA’, we shall have 


Cl? : — CA? = BC? : CA?, 


whence it follows that Cb? = — BC?, or Cb = y — 1 . CB. 
Thus the imaginary length of the semi-axis conjugate 
is given by the relation Cb? = — CP? = CA? — CS*; and it 
should be noticed that the relation between the squares of 
the lengths of the two axes and the distance between the 
foci is precisely the same in the hyperbola, as in the ellipse. 
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93. Prop. IX. Shew that the feet of the perpendi- 
culars from the foci on the tangent at any point of a 
hyperbola lie on a fixed circle, and that the rectangle 
contained by these perpendiculars is constant. 


Let SY, S'Y be the perpendiculars from the foci on 
the tangent at any point P of a hyperbola. 

Join SP, S'P and let SY be produced to meet S'P in 
H. Jom CY. 





Then, since PY bisects the angle SPH, and SYH is 
perpendicular to PY, it follows that SY=YH and 
SP = PH. 


Hence SH-SP—HP-SP-—SP-z2CA. 


But, since SC = CS and SY = YH, it follows that CY 
is parallel to S'HP, and CY =4S'H = CA. 

Thus the point Y is on the circle whose centre is C 
and radius CA. 

It can be proved in a similar manner that CY’ is 
parallel to SP and equal to CA. 

Thus the feet of the perpendiculars from the foci on any 
tangent to a hyperbola are on the circle of which the trans- 
verse axis is a diameter, and which is called the auxiliary 
circle. 
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Produce YC to meet the auxiliary circle in Z. Then, 
since YCZ is a diameter of the auxiliary circle, Y Y'Z 1s a 
right angle. The angle YY'S' is also a right angle, and 
therefore S’ZY’ is a straight line. 


Since CY = CZ, SC=CS' and ZSCY=2ZSCZ, 


it follows that the triangles SCY, S'CZ are equal in all 
respects, so that S'Z = SY. 


Hence  YS.SY'-SZ.S Y —8'A.S A. 


Cor. I. Ifa line through C parallel to the tangent at 
P cut SP, S'P, produced if necessary, in the points E', E 
respectively ; then PE = PE = AC. 


For, CE is parallel to PY and CY parallel to ο ΕΕ; hence 
PE=CY=CA. 


Cor. II. The rectangle contained by the perpendiculars 
Jrom a focus on two parallel tangents to a hyperbola is 
constant. 


The converse of Prop. ΙΧ. is important, namely, that 
Vf S be any point without a given circle whose centre is C 
and S be joined to any point Y on the circle, then the line 
through Y perpendicular to YS will touch the hyperbola of 
which S is a focus and of which the given circle is the 
auxiliary circle, the point of contact of the tangent being 
ats point of intersection with a line through the other focus 
parallel to CY. 


EXAMPLES. 


1. The locus of the centre of a conic which has a given focus and 
touches two given straight lines is a straight line. 


2. One focus of a conic is given and three tangents; find the other 
focus. 


3. Shew that the circumcircle of the triangle formed by three 
tangents to a conic cannot pass through a focus unless the conic is 8 
parabola. ; 


4. Shew that, if a chord of a given circle subtend a right angle at a 
given point, the chord will touch a fixed conic of which the given point 
and the centre of the given circle are the foci. 
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94. If Y be the point of contact of either tangent 
from the focus S to the auxiliary circle, the line through 
Y perpendicular to SY will, by the converse of the last 
proposition, be a tangent to the hyperbola; and the line 
through Y perpendicular to YS will pass through the 
centre of the conic; moreover, the point of contact of this 
tangent will be its point of intersection with a line 
through the other focus parallel to CY, that is parallel to 
the tangent itself. 

Thus there are two tangents to a hyperbola which pass 
through the centre of the curve, and the points of contact of 
these tangents are at an infinite distance from the centre. 


The above result also follows from Art. 86. 


Def. A tangent to any curve whose point of contact 
is at an infinite distance, is called an asymptote. 

If X be the foot of the directrix corresponding to the 
focus S, CX : CY = CY : CS, whence it follows that the 
triangles XCY, YCS are similar, so that CXY is a right 
angle. 

πο the asymptotes of a hyperbola pass through the 
points of intersection of the auailiary circle and either 
directrix. 
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If the tangent at the vertex A cut an asymptote in F, 
the similar triangles FAC, SYC will be equal in all 
respects, since CY = CA. 

Thus CF = CS, and therefore 


SY?= AF? = CF? — CA? = CS? — CA? = CR. 


The angle between the asymptotes will be greater or 
less than a right angle according as BC is greater or less 
than CA. | 

When BC=CA the asymptotes are at right angles to 


one another, and the hyperbola is called a rectangular 
hyperbola. | 


95. It should be noticed that the focal distances of 
any point on a hyperbola are equal to its distances from 
the directrices measured parallel to an asymptote. 





For, if P be any point on the curve, and if PM be 
perpendicular to the directrix XLM and PL be parallel 
to an asymptote, the triangle LPM will be similar to the 
triangle YCX. 


Hence LP:PM-CY:OX-0A:0X =SP: PM; 
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. 96. Prop. X. The pot of intersection of two 
tangents to a hyperbola which are at right angles to one 
another 1s on a fixed circle. 


Let Y, Y' be the perpendiculars from the foci S, S’ on 
any tangent; then Y, Y' will be on the auxiliary circle. 

Hence, if a tangent perpendicular to YY’ cut YY’ in 
T, this tangent will be parallel to SY or S'Y’; and, since 
the foci are on opposite sides of any tangent to a hyper- 
bola, T must be between Y and Y’ and therefore within 
the auxiliary circle. 





Then, if SZ, S'Z be the focal perpendiculars on the 
other tangent through 7, 


SZ = YZ and SZ = Y'T. 

Hence YT.TY'-2SZ.ZS = BO. 
But Y, Y' are on the auxiliary circle, 

therefore BC = YT. ΤΥ = 0A- 0T. 


Thus T is on the circle the square of whose radius is 
CA* —CB*, This circle is called the Director Circle. 

In the case of a rectangular hyperbola the radius of 
the director-circle is zero, so that the asymptotes are the 
only perpendicular tangents. 

The director-circle is imaginary when CB? is greater 
than 643, that is when the angle between the asymptotes 
is greater than a right angle, and in this case no tangent 
is at right angles to any other. | 
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97. Prop. ΧΙ. The tangents drawn from any point 
O to a hyperbola whose foci are S, S , are equally inclined 
to the bisectors of the angle SOS’. 





Draw the focal perpendiculars SY, S'Y' to OQ and 
SZ, SZ to TQ. Jom Y, Zand Y’, Z. 

Then SY, S'Y' are parallel and in opposite directions, 
and SZ, S'Z' are also parallel and in opposite directions; 
whence it follows that the angles YSZ and Y'S'Z' are equal. 

But SY.SY'-BC-zSZ.SZ; 

ASY:SZ-SZ:SY. 
Hence the triangles YSZ, Z'S Υ̓ are similar, and 
ZSZY-2ZzS8YZ. 

Now ὅ, Y, Z, O are cyclic, since SYO and SZO are 
right angles; and therefore the angles SZY and SOY are 
either equal or supplementary. 

Similarly S'Y'Z and 907’ are either equal or supple- 
mentary. 

Hence SOY and SOZ’ are equal or supplementary; and 
similarly the angles SOZ, S'OY' are equal or supplementary. 

If the tangents cut the transverse axis in the points 
T, T' respectively, the points T, 7" will both be between 
S and S', and therefore the angles SOT, S'OT' must be 
equal. Hence the internal and external bisectors of the 
angle SOS’ are also the internal and external bisectors of 


the angle TOT". 
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PROPERTIES OF DIAMETERS. 


98. We have already proved that the locus of the 
middle points of any system of parallel chords of a conic 
is a straight line through the centre of the conic, which is 
called a diameter of the conic. We have also proved that 
the tangents at the extremities of any chord intersect 
on the diameter which bisects the chord, and that the 
tangents at the extremities of any diameter are parallel 
to the system of chords bisected by that diameter. 

There 1s, however, a very important difference between 
an ellipse and a hyperbola; for in an ellipse every diameter 
must cut the curve in two real points, but this is by no 
means true of every diameter of a hyperbola. 


If the tangent at any point P of a hyperbola cut a 
directrix in K, we know that PK subtends a right angle 
at the corresponding focus S, and therefore SP must be 
less than PK. 

Now if the diameter parallel to the tangent at P were 
to cut the curve in Q; then, since no part of the curve is 
between the directrices, CQ would cut the directrix in some 
point L between C and Q. Also, since C is the centre of 
the curve, QC would cut the curve in another point Q’ such 
that QC = CQ’. 

Then, since QC is parallel to the tangent at P, it follows 
from the definition of the curve that we should have 


SP:PK=SQ:QL = SQ': LQ' =SQ+ SR : QL + LQ. 
But SP< PK, and therefore SQ+ SQ’ <QL4+ LQ’, 


which is impossible since L is between Q and Q. 
Hence the diameter parallel to the tangent at any 
pomt P of a hyperbola cannot meet the curve in real 
points. 
Thus of every pair of conjugate diameters of a hyperbola 
only one will cut the curve in real points. 
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99. Prop. XII. If the diameter PCP’ bisect all 
chords of a hyperbola parallel to the diameter DCD", then 
will the diameter DCD’ bisect all chords of the conic which 
are parallel to PCP’. 


See Art. 68. 


100. Prop. XIII. The lines joining any point of a 
hyperbola to the two extremities of any diameter are 
parallel to conjugate diameters. 


See Art. 69. 


101. Prop. XIV. Zf the sides of a parallelogram 
touch a hyperbola, its diagonals will be conjugate diameters 
of the hyperbola. 


See Art. 70. 


102. Measurement of lines. In order to under- 
stand the full significance of properties of the hyperbola, 
regard must be paid not merely to the lengths of 
segments of straight lines but also to the direction in 
which these segments are measured. 

The direction of any segment is shewn by the order of 
the letters which define its extremities. Thus AB denotes 
a length measured from A towards B, and BA denotes the 
same absolute length measured from B towards A. 

. When we have to consider different segments of the 
same straight line, all lengths measured in one direction 
are considered as positive, and consequently lengths 
measured in the opposite direction must be considered 
as negative. It is immaterial, and it is rarely necessary 
to specify, which of the two directions is taken as the 
positive direction. 

It is at once obvious that AB + BA = 0. 

The relation AB + BC = AC will also hold good for all 
positions of A, B and C on a straight line. 

The relation in fact only asserts that the step from A to B 

followed by that from B to C is equivalent to the step from 4 to C, 


and this is obviously true wherever B may be with reference to 
A and C. 
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Again, the rectangle contained by two segments of 
a straight line which are in the same direction is 
considered as positive, and the rectangle contained by two 
segments of a straight line which are in opposite directions 
is negatwe. Thus AB. AC-- AB. CA — 0. 

Attention to the above principles will enable us to see 
more clearly the correspondence between the properties 
of the ellipse and the hyperbola. | 

For example, we have proved in Art. 87 that tC. Cn= BC?, tC and 

Cn being drawn in the same direction. Hence Ct. Cn = - BC?— C? 


[Art. 92]. Thus in the hyperbola, as in the ellipse, Ct. Cn is equal 
io the square of the semi-conjugate axis. 


103. We have already proved in Art. 24 that the 
ratio of the rectangles contained by the segments of any 
two intersecting chords of a hyperbola, which are parallel 
to two given straight lines respectively, is constant for all 
positions of the point.of intersection; and, by considering 
lines through the centre of the hyperbola, it follows that 
the ratio of the rectangles contained by the segments of any 
two chords of a hyperbola «s equal to the ratio of the squares 
of the parallel semi-diameters. | 

If the rectangle of the segments of one of the chords be 
positive [see Art. 102] and of the other be negative, one of 
the semi-diameters parallel to the chords will be real and 
the other imaginary. Butif both rectangles are positive 
or both negative, the semi-diameters parallel to the chords 
must be both real or both imaginary. 


104. Prop. XV. Jf QV be any ordinate to the 
diameter PCP’ of a hyperbola, then will the ratio 
QV?: CV* — CP? be constant. 


Let QV be produced to meet the hyperbola again in 
Q’; then since QQ’ is parallel to the tangent at P, V will 
be the middle point of QQ. 

Now, we know [Art. 103] that the ratio of the 
rectangles contained by the segments of two chords of 
a hyperbola drawn in given directions is constant. 
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Thus VQ. VQ: VP. VP is constant, 
1.6. — QV* : CV? — CP? is constant. 





Now, if we suppose the proposition to remain true 
when the chords intersect in the centre, and if Cd be the 
semi-diameter parallel to QQ’, which we know is of 
imaginary length; then we have | 


—QV?: CV? — CP? Cd : CP*, 
or QV*: CV? — CP» — Cad? : ΟΡ. 


Conversely, if à line QV be drawn in any fixed 
direction cutting the fixed line PP’ in V so that the ratio 
Ωγ»: VP.VP’ is constant, then the locus of the point Q 
will be a hyperbola or an ellipse according as the point V 
is without or within the terminated straight line PP’. 


Cor. If on any ordinate QV to a fixed diameter PP’ 
of a hyperbola a point R be taken such that VR: VQ is 
constant, the locus of R will be another hyperbola of which 
PP is a diameter. | | 
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105. Prop. XVI. Jf the tangents at the extremities 
of a chord QQ of a hyperbola meet in T, and the diameter 
CT cut QQ’ in V and the curve in P ; then will 


CV.CT CP: 


If the diameter CT cut the curve in real points, the 
proof of Art. 71 is applicable without change. 

If the tangents at Q, q, the extremities of a chord 
which cuts both branches, meet in t, Ct will bisect Qg. 
And, if QQ’ be parallel to Cv, the tangents at Q, Q will 
meet at T on the diameter PCP’ which is parallel to Qg. 





Then vC — QV, and we have 
CT: TV 2 Ct: QV; 
~. CV.CT: OV. TV =C. Ct: ΟΥ. 
Now CV. TV = CV2_ OV, CT = CV? — OP? by the first 
mE "v0.00: QV2=0P?:0V2?—CP? 
=—Cd?: QV? [Prop. XV.] 
Hence vC. Ct = — ΟΦ», or Ου. Ct = Cd, 
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106. Prop. XVII. The length of a focal chord of 
a hyperbola varies as the square of the parallel semi- 
diameter. 


The proof given in Art. 79 is applicable whether 
the focal chord does or does not have its extremities on. 
the same branch of the curve. 


107. Prop. XVIII. Jf a circle cut a hyperbola in 
four points, the line joing any two of the points and the 
line joining the other two points will make equal angles 


with the axes of the hyperbola. 


The proof given in Art. 80 is applicable without 
change to the hyperbola. 

It should, however, be noticed that since the diameters 
parallel to the chords are equal they must both be real or 
both imaginary, from which it follows that both chords or 
neither will cut opposite branches of the hyperbola, and 
consequently that the four points of intersection of a 
circle and a hyperbola must all be on one branch or two 
on each branch of the curve. 


EXAMPLES. 


1. Shew that, if a parallelogram be inscribed in a hyperbola, the 
diagonals of the parallelogram will be diameters of the hyperbola. 


2. Shew that a circle cannot cut a hyperbola in more than four 
points. 


3. If the chords PQ, PQ’ of a hyperbola be equally inclined to the 
transverse axis, the circle PQQ’ will touch the hyperbola. 


4. If the normal at any point P of a hyperbola cut the transverse 
and conjugate axes in G, g respectively, the projections of PG and Pg on 
either focal distance will be respectively equal to the semi-latus-rectum, 
and the semi-transverse axis. 


5, Shew that, if QQ’ be any one of a system of parallel chords of a 
hyperbola, the locus of a point P on QQ’ such that QP : PQ’ is constant, 
is another hyperbola. 


6, Shew that, if SY, SZ be the perpendiculars from a focus of a 
hyperbola on two tangents which meet in the point T, YZ will be 
perpendicular to the line joining T to the other focus of the hyperbola. 


S. a 10 
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108. Prop. XIX. Jf the ATE at any το. P of 
a hyperbola whose foci are S, δ' be cut by any pair of 
parallel tangents in the points T, T" and by an asymptote 
n the point L; then will 


ee eS το ει. 
Let Q, Q' be the points of contact of the parallel 


tangents. Join ST, S'T, ST’, S’T’. On SP take a point 
H, such that PH = PS’, and join HT, HT’. 





e | 
WEN l 


Then, since TT’ bisects the angle HPS’ and 
PH = PS',it follows that ΤΗ = TS' and ΤΗ = T'S’, and 
therefore that the triangles HTT’, STT' are equal in all 
respects. 


Hence ZLATT’ = 2 S’TT’ 
= ZSTQ [Prop. XI. ] 
ud Hz T 1ο 


Similarly Z SPH = 2 TT'Q’. 
But LT'TQ= Z TT'Q', 
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since TQ and T"Q' are parallel ; 
| ZSTH- ZST'H. 
Thus S, 7", T, H lie on a circle, and therefore 
PT. PT’ -ΡΗ.Ρ8- ΡΒ. Ps’ 


Cor. Since the diagonals of a parallelogram whose 
sides touch a hyperbola are conjugate diameters, the 
proposition may be enunciated thus: 


If the tangent at P to a hyperbola be cut in T, T' by 
any pair of conjugate diameters ; then will 


ΡΤ. PT’ = PS . PS’. 


Since an asymptote is in the direction of two coincident 
conjugate diameters, it follows that tf the tangent at P cut 
an asymptote in L; then PS . PS' = PE. 


It is obvious from the above that the portion of any 
tangent to a hyperbola cut off by any parr of parallel 
tangents, or by any pair of conjugate diameters, subtends 
equal angles at the foci. 


EXAMPLES. 


l. If the tangent at any point P of a hyperbola whose foci are S, δ' 
be cut by any pair of conjugate diameters in the points T, T" respectively, 
then will the rectangle contained by the perpendiculars from T and T” on 
SP be constant. 


2. If any tangent to a hyperbola be cut by the two perpendicular 
tangents in the points T, T", the circle through T, T’ and either focus 
will be equal to the auxiliary circle. 


3, If any tangent to a hyperbola be cut by any pair of parallel 
tangents in the points T, 7", the circle through T, T’ and a focus of the 
hyperbola will never be less than the auxiliary circle. 


10—2 
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PROPERTIES OF ASYMPTOTES. 


109. Prop. XX. The portion of any tangent to a 
hyperbola intercepted between the asymptotes is bisected at 
ats point of contact. 


Let the tangent at any point P of a hyperbola cut the 
asymptotes in the points L, L. 

Join P to the focus S, and draw SK parallel to the 
asymptote CL. 

Draw from L and L' the perpendiculars LM, L'M' 
on SP. 

Then the asymptote CZ is a tangent whose point of 
contact is at infinity, and therefore LS makes equal 


angles with PS and SK. [Art. 17.] 


Kl 
NL 


K' 


Hence the perpendicular from L on PS is equal to 
the perpendicular from L on SK, and therefore equal to 
the perpendicular from S on CY, which is equal to BC. 

[ Art. 94. ] 


THE HYPERBOLA. 149 


Thus LM = BC. 
Similarly L'M' = BC. 


Since the perpendiculars LM, L'M', are equal, it 
follows that LP = PL’. 


Ex. 1. The circle circumscribing the triangle formed by any 
tangent to a hyperbola and the two asymptotes, will pass through the 
points where the corresponding normal cuts the axis. 


Let any tangent cut the asymptotes in L, L’, and let the circle 
LCL’ cut the transverse and conjugate axes in G, g respectively. 
Let P be the point of intersection of Gg and LL’. 





Then 4 PLG 4: £PGL= 4GCL’+ 2gCL 
= ZGCL+ εΙ,σο 
right angle. 


Hence Gg is perpendicular to LL’. 

And, since the diameter Gg of the circle LCL’ is perpendicular to 
the chord LL’, it must bisect that chord in P. 

Hence Ρ is the point of contact of the tangent LL’, and therefore 
Gg is the normal at P. 
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Ex. 2. The portion of any tangent to a hyperbola intercepted 
between the asymptotes subtends supplementary angles at the foci. 


Let the tangent at P cut the asymptotes in L, L’ respectively. 
Through S draw SK, SK’ parallel to the asymptotes, and join SP. 
Then LS bisects the angle PSK, and L’S bisects the angle PSK’. 


K 
S E L^ > 
f 
L’ K 
Hence 2ZLSL’= , KSP + 2 PSK’ 
=2ZCSK=22S’'CL. 
Thus Z4 LSL'— 2 LCS’. 
Similarly Z LS'L'- 2 LCS. 


Hence the angles LSL’, LS'L' are supplementary ; and therefore, 
as S and S’ are on opposite sides of LL’, the four points 8, 8’, L, L’ 
are on a circle. 


Ex. 3. Shew that the triangles LSL’ and LCS’ are similar, 


Ex. 4. Shew that the triangles LCS and SCL’ are similar, and 
that LC . CL’=CS?. 


Ex. 5. Shew that LS touches the circle CSL’, and L’S touches 
the circle CSL. 
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110. Prop. XXI. If a double ordinate PNP’ to 
the transverse axis of a hyperbola be produced to cut the 
asymptotes in R, Β΄, then wll RP.PR'=RP.RP’ = BC. 


Let the directrix corresponding to the focus S cut an 
asymptote CR in Y; then we know that SY is perpen- 
dicular to the asymptote. 

Draw PK parallel to the asymptote CYR to meet the 
directrix in K; then we know that SP — PK, and there- 
fore SP — RY. 





Since RR’ and PP’ are both bisected in JN, it is 
obvious that RP=P’R’ and RP = PER. 


Hence RP.PR'—RP.RP'-RN*—PN? 


= Sh? — SP? 
= SR?— RY’ 
= SY?- BO. 


Cor. Since the rectangle ΠΡ. ΡΕ’ is invariable, 
and PJ’ increases without limit as CN becomes greater 
and greater, it follows that RP diminishes without limit 
as CN is increased. Thus the asymptote approaches 
indefinitely near to the curve but never crosses it. 
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111. Prop. XXII. Jf a straight line cut a hyper- 
bola in the points P, P' and the asymptotes in the points 
T, T'; then will the rectangle PT . PT" be equal to the 
square of the parallel semi-diameter of the hyperbola, and 
PT will be equal to T'P'. 


Through P draw a straight line perpendicular to the 
transverse axis and cutting the asymptotes in R, R’ 
respectively. | 

Then we know [Prop XXI. that the rectangle 
ΡΕ. ΡΕ’ is constant and equal to the square of the 
parallel semi-diameter. 

But if the chord PTT'P' be drawn in any given 
direction, each of the triangles RPT, R' PT" is of invariable 
form; and therefore PR: PT is constant, and PR’: PT’ 
is constant for all positions of P. 

Hence the rectangles PT . PT" and ΡΕ. PR' are ina 
constant ratio, and we know that the rectangle PR. PR’ 
is constant. 


The rectangle ΡΤ. ΡΤ’ is therefore constant for 
all positions of P provided PTT’ is drawn in a given 
direction. 
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If the chord be drawn through the point Q on the 
hyperbola, such that the diameter QC is parallel to PTT", 
it follows that 


ΡΤ. PT' = 005. 


If the chord PTT’ cut different branches of the 
hyperbola, the parallel diameter will cut the curve in real 
points. 

If, however, a line be drawn through P which cuts the 
curve in the two points P, p on the same branch of the 
curve and which cuts the asymptotes in £, ť respectively, 
the parallel diameter will cut the curve in imaginary 
points, but the rectangle Pt. Pt will still be equal to the 
square of the parallel semi-diameter, the rectangle Pt. Pt’ 
and the square of the parallel semi-diameter being both 
negative in this case. 

Again, if the straight line PTT" cut the hyperbola 
again in P’, and V be the middle point of 77" ; then 


PI IP PT Bg 
. PV3—TV*- P'y3—T"'ys 
Hence, as TV = VT", PV = VP’. Thus, the middle 


point of TT” is also the middle point of PR’; and therefore 
ΞΕ. 


As a particular case, when the chord is such that the points P, P’ 
coincide, the middle point of TT’ will coincide with either P or P’. 
This gives another proof of Prop. XX. 


Cor. Ifthe tangent at P cut the asymptotes in L, I’ 
and Cd be the parallel semi-diameter, 


Cd? = PL. PEL =~ PL, 
since LP -- PI/. 
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112. Prop. XXIII. The triangle formed by the 
asymptotes and any tangent to a hyperbola is of constant 
area. 


Let the tangent at P cut the asymptotes in L, L’. 
Draw PH, PH’ parallel to CL’, CL respectively, and 
meeting CL, CL’ in H, Η΄ respectively. Draw also 
through P a line perpendicular to the transverse axis 
cutting CL, CL’ in R, R’ respectively. 





Since each of the triangles HPR, H'PR' is of in- 
variable form it follows that PH: PR and PH' : PR’ are 
both constant, and therefore that PH. PH’: RP.PR’ is 
constant. 

But we know that ΠΡ. PR' = Ρο. [Prop. XXI] 

Hence PH . PH’ is constant. 

But, since LL is bisected in P and PH', PH are 
parallel to CL, ΟΙ respectively, | CL'—2HP and 
CL =2H’P. 

Hence CL.CL’=4PH . PH’ = constant, 
and therefore the triangle LCL’ is of constant area. 
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Now, if the tangent at a vertex cut the asymptotes in 
F, F" respectively, we know that 


CF = CF’ = CS. 
Hence CL.CL’=CF.CF’ = με, 
Also 4PH . PH' = CL. CEU = CS? 


Otherwise thus :— 
Since C is the middle point of SS’, 
2ALCL’=ALS’L’ - ALL'S 
—2ALPS' -2ALPS 
—S'P.BC-SP.BC [Art. 109] 


J| 22A4C. BC. 
Or thus:— 


The points L, L’, S, 8’ are cyclic. [Art. 109, Ex. 2.] 

Let then the circle LSL’S’ cut the asymptote CL again in the 
point l. 

Then, since C is the middle point of SS’, and CL’, Cl make equal 
angles with SS' and are on the same side of it, it follows that CL- 61’. 

Hence CL.CL'—-CL.CIZzSC.CS'. 


EXAMPLES. 


1. Construct a hyperbola when the asymptotes and one point on the 
curve are given. 


2. Construct the hyperbola of which one asymptote and three points 
are given. 


3. Construct a hyperbola having given one asymptote, two pote on 
the curve and the tangent at one of these points. 


4. Shew that, if a line move in such a manner that the triangle 
formed by it and two fixed lines is of constant area, the line will always 
touch a fixed hyperbola. Prove also that the locus of a point which 
divides in & given ratio the part of the moving line intercepted between 
the fixed lines, is also a hyperbola of which the fixed lines are asymptotes. 


5, Shew that, if two tangents to a hyperbola cut the asymptotes in 
L, L' and M, M’ respectively ; then will LM’ and L'M be parallel to the 
chord of contact of the tangents and equidistant from it. 


6. Construct a hyperbola having given one asymptote, two tangents 
and the point of contact of one of them. 
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113. Prop. XXIV. The swm of the squares of 
conjugate diameters of a hyperbola is constant. 


Let the tangent at any point P of a hyperbola cut the 
asymptotes in L, L’ respectively. 
Then we know that P is the middle point of LL’. 





Hence CD + CL’? = 2CP* + 2PL?. 

Also, if LK be the perpendicular from L on CL’, 
CD? + CL? —20I/ . CK = LL” = 4PL?. 

Hence CL’ .CK = CP? — PL’. 


But we know that CL.CL’ is constant, and the 
triangle LCK being of invariable form, CK will vary 
as CL, so that the rectangle CL’. CK is constant. Thus 
CP?— PI? is constant. But [Prop. XXII., Cor.] 


PL == δα. 


where Cd is the semi-diameter parallel to LPI’. Hence 
CP? + Cd? is constant. 
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114. When a pair of conjugate diameters of a hyper- 
bola are given, the axes, foci, &c. can be determined. 


For let PCP’ be the given diameter which cuts the 
curve in real points, and let ACK’ be the direction of the 
conjugate diameter. Then the diameter KCK’ will cut 
the curve in imaginary points d, ἆ such that — Cd? is equal 
to a given square. 

Then the line through P parallel to KCK’ will be the 
tangent at P; and, if the points L, L' be taken on this 
tangent equidistant from P and such that 


LP? = PI? = — Cad’, 
then L, L' will be on the asymptotes. Thus the asym- 
ptotes CL, CL’ are found, and the axes are the bisectors 
of the angle LCL’, the transverse axis being along the 


bisector which is in the same compartment as the point P. 
Now take points K, K’ on the asymptotes such that 


CK? = OK" =CL. CL’; 


then KK” is the tangent at a vertex of the hyperbola, and 
CK =CS. Thus the circle centre C and radius CK will 
cut the transverse axis 1n the foci. 


115. Prop. XXV. Jf any line be drawn through a 
fixed point to cut a conic, the tangents at the points of 
intersection, will meet on a fixed straight line. 
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Let QQ' be any chord through the fixed point O, and 
let the tangents at Q, Q’ meet in T; then TC will bisect 
QQ’ in V. Draw Tt parallel to the diameter conjugate to 
CO and cutting CO in t. 

First, if CO cut the conic in real points P, P’. Let Pp 
be drawn parallel to QQ’, and let the tangents at P, p 
meet at K; then K will be on the diameter CT, and 
CV.CT-CK.CW, where W is the point of intersection 
of Pp and CT. 

Then, since Tt is parallel to PK, we have 

Ct: Co=CT: CK 
=CW: CV, since CV. CT-CK.CW 
= CP : CO, since PW and OV are parallel. 


Hence CO . Ct=CP?, and therefore t is a fixed point. 

Next, if CO do not cut the curve in real points, the 
diameter conjugate to CO will cut the curve in real points, 
D, D’ suppose. 

Let Dd be a chord parallel to QQ’ cutting TC in W 
and OCt in F'; then the tangents at D, d will meet in a 
point K on TC such that WC.CK — TC.CV. [Art. 105.] 





Let the tangent at D cut the diameter parallel to QQ’ 
in L. 
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Then, since CL, CK are conjugate diameters, the 
rectangle DL. DK is constant for all directions of the 
chord QQ’. [Art. 108.] 

Then FC :CO=WC:CV 

— CT : KC, since CT.CV=CW.CK, 
= Ct: KD, 
since the triangles T'Ct and CK D have their sides parallel 
and are therefore similar. 

Hence CO . Ct= FC. KD =-— DL. DK = constant. 

Hence ż is a fixed point, and therefore T lies on a fixed 
straight line. 


Def. The straight line which is the locus of the point 
of intersection of the tangents at the extremities of any 
chord of a conic drawn through a fixed point, is called the 
polar of the point, and the point is called the pole of the 
line, with respect to the conic. 

The converse theorem can be easily deduced, namely, 
that if any point be taken on a given straight line and 
tangents be drawn from it to a conic, the line joining the 
points of contact of the tangents will pass through a fixed 
point. 

If the point O be without the conic, two lines can be 
drawn through O each of which will cut the conic in 
coincident points, namely, the two tangents from O to the 
conic; and when the points, Q, Q’ coincide the point of 
intersection of the tangents at Q, Q will coincide with 
them. Thus when a point O is without a contc, the tangents 
at the extremities of any chord through O will meet on the 
line through the points of contact of the tangents from Ὁ to 
the conic. | 

Cor. I. The polar of a fixed point with respect to a 
conic will or will not cut the conic in real points according 
as the fixed point is without or within the contc. 

Cor. II. Jf the polar of a pow A with respect to a 
conic pass through the point B, then will the polar of B 
pass through A. 
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THE CONJUGATE HYPERBOLA. 


116. Def. Two hyperbolas which have the same 
-asymptotes and whose foci are at the same distance from 
their common centre are called conjugate hyperbolas. 

Since the axes of a hyperbola bisect the angles between 
the asymptotes it follows that the axes of two conjugate 
hyperbolas coincide, the transverse axis of one curve must 
however lie along the conjugate axis of the other. 

Let P be any point on a hyperbola whose foci are 
S, S', and let the tangent at P cut the asymptotes in LL, L’ 
respectively. 





From Z draw the tangent LDI touching the conjugate 
hyperbola in D, and cutting the asymptote CL' in V. 

Then we know that D will be the middle point of LY 
and that CL .Cl’=CH?, where H is a focus of the 
conjugate hyperbola. 


Hence LC. C= CH? = 0S? = LC. CL’; 
“LCC: 
But LD = Di' and LP = PI//; therefore CD is parallel 
to LPL’ and CP is parallel to LDV. 
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Thus conjugate hyperbolas have coincident conjugate 
diameters, and the diameter which cuts one curve in real 
points lies along the direction of the diameter which cuts the 
other curve in imaginary points. 

Since PCDL is a parallelogram, PD, and similarly P'D, 
is parallel to one asymptote and is bisected by the other. 

The area of the parallelogram formed by the tangents 
at the extremities of the diameter PCP’ of one hyperbola 
and the tangents at the extremities of the conjugate 
diameter of the conjugate hyperbola is clearly four times 
the area of the triangle LCL ; and is therefore constant. 

Since CD-PL, it follows from Art. 113 that 
CP? — CD? is constant. 

Thus the difference of the squares of any diameter of 
a hyperbola and the conjugate diameter of the conjugate 
hyperbola is constant. 


THE RECTANGULAR HYPERBOLA. 


117. If a directrix cut the asymptotes CY, CY’ of a 
rectangular hyperbola in the points Y, Y' respectively ; 
then, if S be the corresponding focus we know that SYC 
and SY'C are right angles [Art. 94], whence 1t follows that 
the figure SYCY' is a square and CS? = 2CY? = 204», 

Hence the eccentricity of a rectangular hyperbola is 4/2. 


118. Prop. XXVI. Conjugate diameters of a rect- 
angular hyperbola make equal angles with an asymptote. 

Let the tangent at any point P cut the asymptotes in 
the points L, L'. 

Since the angle LCL’ is a right angle, and P is the 
middle point of ZL’ (Art. 109], it follows that P is the 
centre of the circle LCL' and that the angles PCL and 
PLC are equal. 

Thus, f Cd be the diameter conjugate to CP, and 
therefore parallel to EPL’, CP and Cd will make equal 
angles with either asymptote. 


Cor. The angles between any two diameters, or any 
two chords, of a rectangular hyperbola are equal or supple- 
mentary to the angles between their conjugate diameters. 


S. C, 11 
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119. Prop. XXVII. The sum of the squares of two 
conjugate diameters, or of two perpendicular diameters, of 
a rectangular hyperbola, is zero. 


; ~ the tangent at any point P cut the asymptotes in 





Then we know that the square of Cd, the semi-diameter 
conjugate to CP, is equal to — PI?. [Prop. XXII.] 

But LCL’ is a right angle and P is the middle point 
of LL'; hence PL = CP. 


Therefore COP? + Od? = CP* — PL =0. 


Next, let CP’ be the semi-diameter such that the | 
angles P'CA and ACP are equal; and let CP' cut LPL’ 


1n 


Then 2 YCP + ZYPC- 22 ACP - 27 PCL 
— 27 ACL =a right angle. 


Hence CP’ is perpendicular to LPL’. 
Since CP and CP' are equally inclined to the trans- 
verse axis, CP = CP’. 


Hence CP'? + Cd? = CP? + Cd? =Q. 
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Since there are only two pairs of equal diameters 
of any conic, which we know are equally inclined to an 
axis, it follows that, af the sum of the squares of two 
diameters of a rectangular hyperbola be zero, the diameters 
must be conjugate or perpendicular. 


Conversely. If a conic be such that (1) the sum of 
the squares of a pair of conjugate diameters is zero, or 
(2) if the sum of the squares of two perpendicular diameters 
ts zero; then in eher case the conic must be a rectangular 
hyperbola. 


The conic must be a hyperbola, since the length of one 
diameter is real and of the other is imaginary. 
Let P be any extremity of the real diameter, and let 
the tangent at P cut the asymptotes in L, L/. 
Then in the first case, since 
CP?=-— Cd?= PIL, CP=LP=PL, 
whence LCI’ must be a right angle. 


To prove the second case, if CP be the real diameter, 
and if KPK’ be drawn perpendicular to CP so as to cut 
the asymptotes of the hyperbola in K, K’ respectively, 


Then we know that PK.PK’ is equal to Cd?, the 
square of the semi-diameter parallel to KPK’. Thus 
KP. PK'=— Cd? = CP?, by supposition. 

And, since CP is perpendicular to KPK’ and 

ICP PK = CP 
it follows that KCK’ is a right angle. 


Ex. 1. Construct a rectangular hyperbola having given the centre 
and any two points on the curve. 


Kx. 2. Construct a rectangular hyperbola having given one 
asymptote and any two points on the curve. 


Ex. 3. Construct a rectangular hyperbola having given two 
points on the curve and the tangents at those points. 
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120. Prop. XXVIII. <Any chord of a rectangular 
hyperbola subtends equal or supplementary angles at the 
extremities of any diameter. 


Let Q, Q' be the extremities of any chord, and PCP’ 
be any diameter of a rectangular hyperbola. 





Jon QP, ΩΡ, QP’, Q'P'. Bisect PQ in V and 
PQ’ in V’, and join CV, CV". 

Then the angle QPR’ between the chords PQ and PQ’ 
is equal, or supplementary, to the angle VCV" between 
the conjugate diameters CV and CV’. 

But, since PQ is bisected in V and PP’ in C, CV 
must be parallel to P'Q. Similarly CV' must be parallel 
to P'Q. Hence ZQP'Q'2 z VETY”. 

Therefore the angles QP'Q' and QPQ' are either equal 
or supplementary. 


Cor. The locus of a point C which moves so that the 
difference of the angles CBA and CA B ts constant, A and B 
being fixed points, is a rectangular hyperbola of which 
AB 15 a diameter. 


For, if the rectangular hyperbola which has AB as a diameter and 
passes through any one position of the moving point be constructed, 
it is easy to shew that every other position of the moving point is on 
this hyperbola. 
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121. Prop. XXIX. 7} a rectangular hyperbola 
pass through the angular points of a triangle it will also pass 
through the orthocentre ; and conversely every conic which 
passes through the angular points and the orthocentre of a 
triangle must be a rectangular hyperbola. 


Let AD, BE, CF be the perpendiculars of the triangle 
A BC, and let O be the orthocentre. 


A 


B D C 


Then it is easily seen that the rectangles BD . DC and 
DO. DA are equal. 

Let a rectangular hyperbola through A, B, C be cut 
again by DA in the point P. Then, since the sum of the 
squares of perpendicular diameters is zero, we must have 


DP . DA =— DB.DC = BD. DC. 
Thus DO.DA=DP.DA, 
so that P must coincide with O. 


Conversely, if a conic pass through A, B, C and Ο, it 
must be a rectangular hyperbola. 


For since DO.DA=—DB.DC, 


it follows that the sum of the squares of a pair of perpen- 
dicular diameters is zero, which can only be the case when 


the conic is a rectangular hyperbola. [Prop. XXVII ] 


Cor. All conics through the points of intersection of 
two rectangular hyperbolas are rectangular hyperbolas. 
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122. Prop. XXX. The locus of the centres of 
rectangular hyperbolas which circumscribe a triangle is the 
nine point circle of the triangle. 


Let A, B, C be the angular points of the triangle, and 
let D be its orthocentre. Then we know that every 
rectangular hyperbola through A, B and C will also pass 
through D. 

Let U, V, W, K be the middle points of BC, CA, AB 
and AD respectively. 





Then, since the angle between any two chords 1s equal 
or supplementary to the angle between their conjugate 
diameters, if O be the centre of one of the rectangular 
hyperbolas, the angle VOW is equal or supplementary to 
the angle CA B which is equal to VU W. 

Hence O is either on the circle VU W, which is the 
nine point circle of ABC, or on the circle VA W. 

Similarly O must be on the circle KU W, which is the 
nine point circle, or on the circle KA W. 

The centre O must therefore be on the nine point 
circle of the triangle ABC; for it cannot be at the 
point A. 


Cor. The angle CAB is equal or supplementary to 
the angle VOW between the conjugate diameters accord- 
ing as A and the centre of the curve are on opposite sides 
or on the same side of V W. 

Ex. 1. Find the centre of the rectangular hyperbola which 
passes through four given points. 


Ex. 2. Shew that the nine point circles of the four triangles 
determined by taking three out of four given points meet in a 
point. 
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LIMITING ForRMS OF CONICS. 


123. We have hitherto considered that the focus of a 
conic was at a finite distance from the directrix: this may 
not, however, be the case. 

When the focus is on the directrix, and the eccentricity 
is greater than unity, it 1s easy to see that the conic is two 
straight lines through the focus, and that these straight 
lines will become more and more nearly coincident as the 
eccentricity becomes more and more nearly equal to 
unity. 

Thus two «intersecting straight lines may be considered 
as a hyperbola whose foci and centre are at the intersection 
of the lines, and whose directrix is eher of the bisectors of 
the angles between them ; also two coincident straight lines 
may be considered as a parabola. 


It should be noticed that a circle is a conic whose 
directrix 1s at infinity, whose foci coincide with the 
centre of the circle, and whose eccentricity is zero; 
also that two parallel straight lines may be considered 
as a parabola whose focus and directrix are both at 
infinity. 


CONFOCAL CONICS. 


124. Conics whose foci coincide are called confocal 
conics. 

It is obvious that confocal conics have the same centre 
and axes. We proceed to consider other important 
properties of confocal conics. 


When the transverse axis of an ellipse whose foci are given is very 
great the curve approximates to a circle of infinite radius. 

As the transverse axis becomes more and more nearly equal to the 
distance between the given foci, the curve becomes flatter and flatter, 
and the line-ellipse joining the foci is a, limiting form of one of the 
confocals. 
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When the transverse axis is less than the distance between the 
foci the conic will be a hyperbola. : 

As the transverse axis diminishes indefinitely and ultimatel 
vanishes, the two branches of the hyperbola become more and more 
nearly coincident with the conjugate axis, and thus the double line 
coincident with the conjugate axis is a limiting form of one of the 
confocals. 





Again, as the transverse axis increases and ultimately becomes 
equal to the distance between the foci, the hyperbola becomes flatter 
and flatter, and thus a double line coincident with the complement of 
the line joining the foci is a, limiting form of one of the confocals. 


I. Two conics of a confocal system pass through a given point, 
of which one is an ellipse and the other a hyperbola. 


For having given the foci S, S' and one point P of an ellipse, the 
centre C is the middle point of SS’, and the major axis is equal 
io SP+S’P. Hence the vertices 4, A’ are found; and X, X’, the feet 
of the directrices, are given by the relation CS . CX=CA?; also the 
eccentricity is equal to the ratio CS: C4. Thus the ellipse is 
completely determined, and only one ellipse can be drawn. 

Similarly one and only one hyperbola with S, S' as foci will pass 
through the point P. 
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II. One conic of a confocal system and only one will touch a given 
straight line. 


Let S, 5’ be the foci and C the middle point of SS’. Draw S Y, the 
perpendicular on the given straight line. Then CY is equal to the 
semi-transverse axis of the conie, which is therefore completely 
determined. 


XII. Two confocal conics cut one another at right angles at all their 
common points. 


For, if two confocal conics intersect at a point P, one must be an 
ellipse and the other a hyperbola. The tangent to the hyperbola 
bisects the angle between PS and PS’, and the tangent to the ellipse 
bisects the angle between SP and S’P produced: the tangents to the 
two confocals are therefore at right angles. 


IV. If a tangent to one of two given confocal conics be perpen- 
dicular to a tangent to the other, their point of intersection will lie on 
a fixed circle. 

Let T be the point of intersection of the two tangents TP, TQ; 
and let CA, CA’ be the semi-transverse axes of the conics on which 
P, Q respectively lie. 

Draw SY, S'Y' perpendicular to TP; and SZ, S'Z' perpendicular 
to TQ. Then, the points Z, Z' are on the auxiliary circle of the 
conic on which Q lies. 


Hence TZ .TZ'—-CT?— CA", 
But SY=ZT and S'Y'zZ'T; 





—- TZ.TZ'-zSY.S'Y'-CA?- Οδ», 


Hence CT?— CA? -- CA"? — CS?. 


Thus T is on the circumference of a circle concentric with the 
conics. 
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WV. The difference of the squares of the perpendiculars drawn 
from the centre on any parallel tangents to two given confocals is 
constant. 


Let CK, CK’ be the central perpendiculars on two parallel 
tangents to a conic, and let CL be the perpendicular on a parallel- 
tangent to a confocal. | 

Let a line through a focus perpendicular to the tangents meet 
them in Y, Y’ and Z respectively. 





Then CL?- CK2=(CL+ CK) (CL - CK) 
=K'L. KL=Y'Z.YZ. 


But Y, Y’ are on the auxiliary circle of one conic, and Z is on the 
auxiliary circle of the other. 


Hence Y'Z. YZ=CZ*- CY*=constant. 
Thus CL?- CK? is constant, being equal to the difference of the 
squares of the radii of the auxiliary circles of the two conics. 


VI. The length of a chord of one conic which touches a fixed 
confocal conic varies as the square of the parallel diameter. 
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_ Let QQ’ be any chord of a conic and let the tangents at Q, Q’ 

intersect in T ; and let CT cut QQ’ in V and the curve in P. 

ic CK perpendicular to the tangent at P and let it cut QQ’ 

in L. 
Then, if QQ’ touches a fixed confocal conic, we know that 

CK? — CL? is constant. 


But, if CD be the semi-diameter parallel to QQ', 
QV? : CD?=CP?- CV?: CP? 
—CK?-CI?:CK?; 
. ΩΡ: CK?- CL?- CD? : CK? 
—CD*:CD?.CK?. 
But CD .CK=AC. BC, 


and CK? — CL? is constant if QQ’ touches a fixed confocal. 
Hence QV varies as CD?, 


Conversely, if QV varies as CD?, it follows from the above that 
CK? — CL? is constant, and therefore that the chord QQ’ touches a 
fixed confocal. 


Cor. If QQ’, a chord of a conic, touches a fixed confocal conic, 
and Ct be drawn parallel to the chord QQ’ to meet the tangent at Q int ; 
then will Ct be of constant length. 


For Ct. QV — CD?, 


VII. The locus of the poles of a given straight line with respect 
to one of a system of confocal conics is a straight line perpendicular 
to the given straight line. 


If the given straight line cut the transverse axis in T, and if 
a perpendicular line through its pole with respect to any conic whose 
foci are S, S' and centre C cut the axis in G ; then we know [Art. 82] 
that CG . CT=CS?. 

Hence G is a fixed point, and therefore the pole of the given line 
must lie on a perpendicular line through the fixed point G. 

The given straight line will touch one of the conics of the system, 
and if P be the point of contact, the pole of the line with respect to 
the conic it touches will be the point P. 

Thus the locus of the poles of a given straight line with respect to 
the conics of a confocal system is a perpendicular straight line which 
is a normal to the confocal which touches the given straight line. 


VIII. The envelope of the polar of a given point with respect 
to a system of confocals is a parabola which touches the axes of the 
confocals. 
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Let O be the fixed point, and let its polar with respect to any 
conic of the system cut the axes in T', t respectively. Also let the line 
through O perpendicular to its polar cut the axes in G, g respectively 
and the polar in W. 





Take a line CF such that CT bisects the angle OCF, and take the 
point F on this line such that ΟΕ. CO=CS?; then F is a fixed point 
for all the conics of the system. 


Since CF . CO = CS?, and σα. CT=CS? [Art. 82], 
CG: CO=CF: CT; 
also the angles GCO and FCT are equal. 
Hence the triangles GCO and FCT are similar, and 
L CFT= Z CGO 
= supplement of CtT, 


since the angles tCG and tWG are right angles. 

Hence the points t, C, T, F are cyclic. 

And, since the circle tCT goes through the fixed point F, it 
follows that the line tT always touches the parabola whose focus is 
F and of which CT, Ct are tangents. : 


125. We know that the locus of the centres of conics 
which touch two given straight lines at given points is 
a straight line. The following is an extension of this 
theorem :— 
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The locus of the centres of conics with respect to which the poles of 
two given straight lines are given points, is a straight line through the 
intersection of the given straight lines. 





ο 


Let OX, OY be the given straight lines, and A, B the given 
points. Let C be the centre of one of the conics so that A is the pole 
of OX, and B of OY with respect to the conic centre C. 

Let CA cut OX in a, and CB cut OY in b. 

Since 4 is the pole of OX, and B is the pole of OY, O will be the 
pole of AB. 

Hence CO and AB are parallel to conjugate diameters of the 
conic. 

Let AD, BD be drawn parallel to OY, OX respectively. Also let 
CA, CB cut OY, OX in k, l respectively. 

Then, since BD is parallel to OX, the pole of BD is on CA, and 
it is also on the polar of B; hence k is the pole of BD. 

Similarly ἶ is the pole of 4D. 

Hence, if Ck, Cl cut BD, AD respectively in K, L, we have 


CK.Ckzc0A.Ca and CL.Cl=CB.Cb. 
Therefore Ck : CA Ca : CK 


— Ol: CB, 


since BK and al are parallel. 
Hence kl is parallel to AB. 


But k is the pole of BD and lis the pole of AD, and therefore D 
is the pole of kl. 

Hence CD and kl are parallel to conjugate diameters, and there- 
fore CD and AB are parallel to conjugate diameters. 

But we have also proved that CO and AB are parallel to conjugate 
diameters. 

The lines CO and CD therefore coincide, so that C must lie on 
the fixed line OD. 
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EXAMPLES. 


1, From a fixed point S a line SP is drawn to meet a fixed circle in 
P, and PQ is drawn making an angle SPQ of given magnitude: shew 
that PQ envelopes a conic one focus of which is at S, and find the 
position of the other focus. 


2. From any point P on a hyperbola a line is drawn parallel to one 
asymptote to meet the second asymptote in M, and from a point Q a line 
is drawn parallel to the second asymptote to meet the first in N. Shew 
that MN is parallel to PQ. 


3. The tangent at the point P of a hyperbola meets an asymptote in 
T, TQR is drawn parallel to the other asymptote meeting the curve in Q 
and the parallel through P to the first asymptote in R. Shew that TR is 
bisected in Q. 

4, A tangent to a hyperbola at any point P meets an asymptote in 
T. Aline RPR is drawn parallel to this asymptote and meets a directrix 
in E' and ST in R, where S is the focus corresponding to the directrix. 
Shew that P is the middle point of RR’. 


5, A conic of given transverse axis has one focus at the focus of a 
given parabola and touches the parabola; shew that the conic also 
touches another parabola coaxial and confocal with the given parabola. 


6. Conics are drawn with a common focus and with transverse axes 
equal to a given straight line. Shew that the conics all touch two fixed 
conics. 

7. Find the centre and axes of a rectangular hyperbola having given 
a focus, one asymptote and another tangent. 


8. Describe the hyperbolas which have a given focus, pass through 
a given point and have their asymptotes parallel to two given straight 
lines. 


9, Any straight line is drawn in a given direction to cut two fixed 
hyperbolas which have the same asymptotes in the points P, P’ and Q, 
Q' respectively. Shew that the rectangle PQ, QP’ is constant. 


10. PN is the ordinate of any point P on a rectangular hyperbola, 
and NQ is a tangent to the auxiliary circle. Shew that PQ passes 
through a vertex of the hyperbola. 


11. Parallel tangents are drawn to a system of circles which pass 
through two given points; shew that the locus of the points of contact of 
the tangents is a rectangular hyperbola. | 

12. Pairs of equal circles are drawn through the points A, B and 4, 


C respectively. Shew that their other point of intersection is on a 
rectangular hyperbola through A, B, C and having BC for a diameter. 


19. A point moves so that the lines joining it to two fixed points 
make equal angles with a fixed straight line. Shew that the locus of the 
point is a hyperbola. 
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14. Shew that if an equilateral triangle be inscribed in a rectangular 
hyperbola, the centre of its circum-circle will be on the curve. 


15. Shew that the locus of the points of intersection of two equal 
circles which touch two given parallel straight lines at fixed points 4, A’ 
respectively, and whose centres are on the same side of 44’, is a rect- 
angular hyperbola. 


16. If any parallelogram be inscribed in a rectangular hyperbola, 
the rectangle contained by the two perpendiculars drawn from any point 
of the curve to one pair of parallel sides is equal to the rectangle 
contained by the perpendiculars drawn from the same point on the other 
pair of parallel sides. 


17. Points P, Q are taken on a rectangular hyperbola and the conju- 
gate hyberbola respectively such that PQ subtends a right angle at the 
common centre. Shew that the locus of the middle point of PQ is 
another rectangular hyperbola whose asymptotes are the axes of the 
original curves. : 


18. Tangents are drawn to a hyperbola at the points where it is met 
by any tangent to the conjugate hyperbola; shew that the points of 
intersection of these tangents will be on the conjugate hyperbola. 


19. Prove that the common chords of a hyperbola and any circle 
may be grouped in pairs which meet the asymptotes in concyclic points, 
and that these circles are concentrie with the original circle. ' 


20. The normals at the points Q, Q' of a conic intersect at right 
angles in the point O and cut the curve again in the point q, q' respect- 
ively. Shew that qq’ is parallel to QQ’. 

9], A straight line cuts the asymptotes of a conic in R, R’ and any 
pair of conjugate diameters in P, P'; shew that, if V be the middle point 
of RR’, VR?=VP.VP’. 

22. With one focus of a given hyperbola as focus and any tangent 
to the hyperbola as directrix is described another hyperbola touching the 
conjugate axis of the former; prove that the two hyperbolas will be 
similar. 

23. If from any point on a hyperbola a tangent be drawn to its 
auxiliary circle, the tangent will be equal to the semi-minor axis of the 
confocal ellipse through the point. 

24, If the tangents at the ends of a chord of a hyperbola meet in T, 
and TM, TM’ be drawn parallel to the asymptotes to meet them in M, M'; 
then will MM’ be parallel to the chord. 

25. A circle cuts a rectangular hyperbola in the points P, P', Q, Q’. 
Shew that the tangents at P, P’ will meet on the diameter perpendicular 
to QQ’. 

26. Through a given point P any straight line is drawn meeting two 
fixed straight lines in the points Q, Q’ respectively, and the point P’ is 
taken on the line such that QP—P'Q' Shew that the locus of P’ 
is a hyperbola. | 
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27. If a line pass through a fixed point, the locus of the middle 
point of the portion intercepted between two given straight lines is a 
hyperbola. 


28. TQ, TQ’ are tangents to a rectangular hyperbola whose centre 18 
C; shew that, if the bisectors of the angle QTQ’ meet QQ’ in K, K’, then 
will CK, CK’ ‘be the bisectors of the angle QCQ'. 


29. Through a fixed point O a chord PQ of a hyperbola is drawn, 
and lines PL, QL are drawn parallel to the asymptotes; shew that the 
locus of L is a hyperbola whose asymptotes are parallel to those of the 
given hyperbola and whose centre is at the fixed point O. 


30. If P be any point on à hyperbola whose foci are S and H, and if 
the tangent at P meet an asymptote in T, the angle between that asymp- 
tote and HP will be double the angle S TP. 


31. Two tangents to a hyperbola from a point O cut a directrix in 
the points T, 7’,.and S is the focus corresponding to that directrix. 
Shew that the circle whose centre is O and which touches ST, ST’ will 
cut the directrix in two points the radii to which from the point O are 
parallel to the asymptotes. 


32. Describe a hyperbola through the angular points of a given 
parallelogram and having one asymptote in a given direction. 


33. Prove that, if 4, B and C be three fixed points, two parabolas 
can be drawn through A and B with C as focus, and that the axes of 
these parabolas are parallel to the asymptotes of the hyperbola which can 
be drawn through C with its foci at A and B. 


94. A circle is described passing through P, P’ the extremities of 
any diameter of & rectangular hyperbola, and cutting the tangent at P in 
T: prove that P’T and the tangent to the circle at P meet on the 
hyperbola. 


35. The tangent at a fixed point of a rectangular hyperbola meets 
CT, CT’, any pair of conjugate diameters, in T, T’. Shew that the locus 
of the centre of the circle CTT’ is a straight line. 


30. PP’ is any diameter of a rectangular hyperbola and Q is any 
point on the curve. PR, ΡΕ’ are drawn at right angles to PQ, P'Q' 
respectively, intersecting the normal at Q in R, R'. Prove that QR and 
Q’R’ are equal. 


37. The locus of the foci of conics which touch the four sides of a 
parallelogram is a rectangular hyperbola. 


38. A circle and a rectangular hyperbola circumscribe a right-angled 
triangle ABC, C being the right angle, and the tangent to the circle at C 
meets the hyperbola again in C’; prove that the tangents to the hyperbola 
at C and C” intersect AB. 


39, Shew that, if the tangents from a point to a given conic make 
equal angles with a given straight line, the point must 116 on a rectangular 
hyperbola through the foci of the conic, 
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40. Find the centre of a rectangular hyperbola having given three 
points on the curve and the tangent at one of them. 


4]. OT is the tangent at O to a rectangular hyperbola, PQ a chord 
meeting the tangent at right angles at T; shew that the two bisectors of 
the angle OCT bisect the lines OP and OQ. 


49, The locus of the points of intersection of tangents to an ellipse 
which make equal angles with the major and minor axes respectively but 
are not at right angles, is a rectangular hyperbola whose vertices are the 
foci of the ellipse. 


49. The locus of the extremities of parallel diameters of a system of 
co-axial circles is a rectangular hyperbola. 


44, A square is circumscribed to a circle and any tangent to the 
circle meets two parallel sides of the square in the points P, Q, and a 
parallel tangent to the circle meets the other two sides of the square in 
the points R, S. Shew that the points P, Q, R, S lie on a rectangular 
hyperbola passing through the centre of the circle and whose centre is on 
the circle. 


45, Achord PP’ of a hyperbola cuts the asymptotes in R, R’; CTV 
is the diameter bisecting the chord in V, and T is the intersection of the 
tangents at the extremities of the chord. Prove that the parallelogram 
described with TV as diagonal and its sides parallel to the asymptotes, 
has its other corners on the curve and its other diagonal parallel to PP’ 
and a third proportional to RV and PV. 


46. Shew that, if points be taken on a fixed diameter of a central 
conic, and perpendiculars be drawn from them on their polars, the locus 
of the feet of these perpendiculars is a rectangular hyperbola. 


47. PP’ isa diameter of a rectangular hyperbola, and a circle with 
centre P and radius PP’ cuts the hyperbola again in the points A, B, C. 
Shew that ABC is an equilateral triangle. 


48. Construct a hyperbola, having given three points on the curve 
and the directions of the asymptotes. 


49. Through a focus S and the further vertex A’ of a hyperbola 
whose eccentricity is 2, a circle is drawn cutting the hyperbola in the 
points A’, P, Q, R. Shew that the triangle PQR is equilateral. 


50. If an asymptote and two points of a conic be given, the axes 
will envelop a parabola. 


51. Shew that, if a conic touch the sides BC, CA, AB of a triangle 
ABC in P, Q, R respectively, the lines AP, BQ, CR will meet in a point. 


52. A conic touches the sides BC, CA, AB of a triangle in the points 
P, Q, R respectively, and the lines QR, RP, PQ cut BC, CA, AB 
respectively in L, M, N; shew that L, M, N are on a straight line. 


S. C. 12 
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53. A conic cuts the sides BC, CA, AB of the triangle ABC in the 
points P, P'; Q, Q' and R, R’ respectively. Shew that 


BP.BP'.CQ.CQ'. AR. ARZBR.BR'. AQ. AQ'. CP.CP*. 
[Carnot’s Theorem.] 


54, From any point on one hyperbola tangents are drawn to another 
having the same asymptotes; shew that the chord of contact cuts off a 
constant area from the agymptotes. 


55. A circle intersects a hyperbola in four points; prove that the 
product of the distances of the four points of intersection from one 
asymptote is equal to the product of their distances from the other. 


56. Shew that, if a rectangular hyperbola cut a circle in four points 
the centre of mean position of the four points is midway between the 
centres of the two curves. 


57. Having given five points on a circle; shew that the centres of the 
five rectangular hyperbolas, each of which passes through four of the 
given points, will all lie on & circle whose radius is half that of the given 
circle. 


58, From an external point two tangents are drawn to a given conic; 
shew that, if the four points where the tangents cut the axes of the conic 
lie on a circle, the point from which the tangents are drawn must lie on 
& fixed rectangular hyperbola through the foci of the conic. 


59, If the tangents at the points Q, Q’ on a given conic be at right 
angles to one another, the line QQ’ will always touch a fixed confocal 
conic. 


60. From any point T, the tangents TP, TP’ are drawn to one conic 
and TQ, TQ’ to a confocal conic. Shew that PQ, PQ’ are equally inclined 
to the tangent at P. 


61. PP’, QQ’ are the chords of contact of pairs of tangents from a 
point T to each of two confocal conics, whose foci are S, S'. Prove that, 
if P, Q, S are collinear, QS'P' and PSQ’ will also be collinear; prove also 
that the locus of T will be a straight line perpendicular to SS’. 


62. ΤΡ is a tangent to one conic, and TQ 18 a perpendicular tangent 
to a confocal conic. Shew that the line joining T to the centre of the 
conics will bisect PQ. 


63. ΤΡ is a tangent to a fixed conic and TQ is a perpendicular 
tangent to a fixed confocal conic. Shew that PQ touches a third fixed 
confocal. 


64. Tangents parallel to a given straight line are drawn to a system 
of confocal conics; shew that their points of contact lie on a rectangular 
hyperbola through the foci. 


65. A parallelogram circumscribes a conic and has its sides parallel 
to two fixed straight lines; shew that the four angular points are on a 
fixed rectangular hyperbola for all conics of a given confocal system. 
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66. Shew that, if P be any point on an ellipse and p be the corre- 
sponding point on its auxiliary circle, an asymptote of the confocal 
hyperbola through P will pass through p. 


67. Tangents are drawn to a given system of confocal conics from 
any fixed point on the transverse axis. Shew that their points of contact 
lie on a circle. 


68. If the sides of a triangle which is inscribed in one conic touch a 
confocal conic, the points of contact will lie on the escribed circles of the 
triangle. 


69. Shew that, if the line through a point perpendicular to its polar 
with respect to a given conic pass through a fixed point O, the polar will 
envelope a parabola which touches the axes of the given conic. Prove 
also that the same parabola is obtained if the conic be any one of a given 
confocal system. 


70. Shew that, if OP, OQ be tangents to a conic, the normals at P, 
Q and the line FQ will all touch a parabola which touches the axes of 
the conic. 


71. ABC is a triangle inscribed in an ellipse, and a confocal ellipse 
touches the sides in A’, B’, C’ respectively. Prove that the points 4, A’ 
are on the same confocal hyperbola. 


72. A line through one focus is drawn to meet a system of confocal 
conics: prove that the tangents to the conics at the points of intersection 
all touch a fixed parabola. 


73. TQ, TQ’ are perpendicular tangents to an ellipse, and TR, TR’ 
are tangents to an interior confocal. Shew that, R, R’, O, O' are cyclic, 
where O, O' are the intersections of QR’, Q'E and QR, Q’R’ respectively. 


74. Shew that, if tangents TQ, TQ’ be drawn from a fixed point T 
to any one of a system of confocal conics, the circle T'QQ' will pass 
through another fixed point. 


75. Q, Q' are any two points on an ellipse whose foci are S, S^; QS, 
Q'S' intersect in M and QS’, Q'S intersect in N, and the tangents at Q, 
Q' intersect in T. Shew that M and N are on a confocal hyperbola and 
that ΤΝ, TM are tangents to that hyperbola. 


ΚΞ 
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CHAPTER V. 


SECTIONS OF A CONE. 


126. Def. The surface generated by a straight line . 
which passes through a fixed point V, and which moves so 
as always to intersect the circumference of a circle whose 
plane is perpendicular to the line joining its centre, C, to 
the point V, is called a right circular cone, of which 
the point V is called the vertex, and the line CV 1s called 
the axis. 


127. Every plane section of a right circular cone 1s a 
conic. 


It is easily seen that every section perpendicular to 
the axis of the cone is a circle. 

Let DAP be any plane section, and let the plane of 
the paper contain the axis VC of the cone, and be perpen- 
dicular to the plane DAP, VK and VK’ being the 
generating lines in the plane of the paper. 

Let the cutting plane intersect the plane K VK’ in the 
line ASN. 

Then a sphere can be described (whose centre is that 
of the circle which touches the three lines VK, VK’ and 
AWN) which will touch the plane DAP in some point S on 
AN, and will touch the cone along a circle LAL’ suppose, 
LL’ being the diameter of the circle in the plane of the 


paper. 


SECTIONS OF A CONE. 181 


Let XY be the line of intersection of the cutting plane 
and the plane of contact of the cone and sphere; then, 
since these planes are both perpendicular to the plane of 
the paper, X Y is perpendicular to the plane of the paper 
and therefore perpendicular to ASN. 





Through any point P on the curve DAP draw a plane 
perpendicular to the axis of the cone, and let this plane 
cut ASN in the point N and the cone in the circle KPK”. 
Then PN wil be perpendicular to ASN and therefore 
parallel to X Y. | 

Join PS, and draw PM perpendicular to X Y. 

Then, if PV cut the circle LRI’ in the point R, PS 
and PR are both tangents to the sphere and are therefore 
equal. Also PM X N is a rectangle, and PM = NX. 


Hence SP:PM=PR:NX 
| =KL: NX 
—AL:AX 

=AS: AX. 


Hence the curve DAP is a conic whose focus is S and 
directrix X Y. 
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The conic is an ellipse, parabola, or hyperbola according 
as AS or AL is less, equal, or greater than AX, that is 
according as the angle LX A is less, equal, or greater than 
the angle ALX or LL'V. 

Thus the curve is an ellipse or hyperbola according as 
the cutting plane intersects KA, ΚΑ in two points on 
the same side or on opposite sides of the vertex V, and the 
curve is à parabola when the cutting plane is parallel to 
one of the generating lines of the cone. 


Cor. I. The sections of a, gwen right circular cone by 
parallel planes are conics whose eccentricities are equal. 


Cor. II. The angle between the asymptotes of a hyper- 
bolic section of a right circular cone is equal to the angle 
between the two straight lines in which the cone is cut by a 
parallel plane through its vertex. 


128. Another proof that a plane section of a right 
circular cone 15 a conic can be given, provided the section 
is not parallel to one of the generators of the cone. 

For, let the plane of the paper contain the axis of the 
cone and be perpendicular to the cutting plane, and let 
KVK’ and kvk’ be the generating lines of the cone in the 
plane of the paper. 

Then, the line of intersection of the cutting plane and 
the plane A Vk is not, by supposition, parallel to either of 
the generators KK” or kk’; it will therefore meet them in 
points A, A’ respectively. | 

Now two spheres can be described each touching the 
cutting plane in some point in the line AA’ and touching 
the cone along a circle whose plane is perpendicular to 
the axis of the cone. [The centres of these spheres will 
be centres of circles in the plane A Vk which touch the 
three lines AV, A'V and A A*.] 

Let S, S' be the points in which these spheres touch 
the cutting plane, and let LRL, L'E'l' be the circles along 
which they touch the cone. 
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Let P be any point on the section. Join PS, PS’ and 
P V, and let PV cut the circles of contact of the spheres 
in the points R, E respectively. 





K 


Then PS = PR, since they touch the same sphere. 

Similarly PS’ = PR. 

Hence, if A and A’ are on the same side of the vertex 
PS+PS'= RE. 


And, if A, A’ are on opposite sides of the vertex (as in 


the figure) 
PS ~ PS' = RE. 
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But VR and VR’ are obviously constant, and therefore 
RE is constant. 

Thus the plane section 1s a conic whose foci are the 
points of contact of the two spheres which can be inscribed 
in the cone so as to touch the plane of the section. 


129. From the figure to Art. 127, we see that 
A'V—-AV=A’'L’—-AL= A'S—AS=SS". 
Also, from the figure to Art. 128, we see that 
A’'V+AV=Al4+AL=A'S+ AS. 


Hence the vertex of a right circular cone which passes 
through a gwen ellipse (or hyperbola) must lie on a hyper- 
bola (or an ellipse) «n a perpendicular plane through its 
transverse axis whose foci are the vertices and whose 
vertices are the foci of the ellipse (or hyperbola). 


130. Def. The surface generated by a straight line 
which is always perpendicular to the plane of a given 
circle, and moves so as always to intersect the circum- 
ference of the circle, is called a right circular cylinder, 
of which the straight line through the centre of the circle 
perpendicular to its plane is called the axis. 

A right circular cylinder is therefore the limiting form 
of a right circular cone as its vertex passes off to infinity. 

It is obvious that all sections of the cylinder by planes 
perpendicular to its axis are equal circles; also that any 
section by a plane parallel to the axis is a pair of parallel 
straight lines, which become coincident when the plane 
touches the cylinder. 

It can be proved by the method of Art. 128 that every 
other section of a right circular cylinder is an ellipse, 
whose foci are the points of contact of the two spheres 
which are inscribed in the cylinder so as to touch the 
plane of the section. 
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EXAMPLES. 


1. Find the locus of the foci of parallel sections of a given right 
circular cone. 


2. Find the least angle of a cone which it is possible to cut by a 
plane so that the section is a rectangular hyperbola. 


3. The minor axis of any elliptic section of a cone is a mean propor- 
tional between the diameters of the circular sections of the cone which 
pass through the extremities of its major axis. 


4, The minor axes of all elliptic sections of a right circular cylinder 
are equal. 


131. The method adopted in Art. 127 gives a focus and the 
corresponding directrix of any plane section of a right circular cone. 
We may, however, prove that a plane section is a conic without 
finding a focus or a directrix. Let any cutting plane cut the perpen- 
dicular plane through the axis of the cone in the line AA’, the points 
A, A’ being on the same side of the vertex, V, of the cone. 





Let P be any point on the curve, and draw through P a plane 
perpendicular to the axis of the cone, and cutting 44’ in Ν. 

Then, this plane will cut the cone in a circle of which KK’ is a 
diameter, K and K’ being the points in which the plane cuts the 
generating lines VA, VA’ respectively. Also KK’ will pass through 
N and will be perpendicular to PN. 


Hence PN*=KN.NK’. 


Now each of the triangles KNA, K’NA’ has its sides in fixed 
directions, for all positions of N. Hence, for all positions of P, the 
ratios ΚΝ : AN and NK’ : NA’, and therefore also 


KN.NK': 4Ν. ΝΑ’, 
are constant. 
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Hence the ratio PN? : ΑΝ. NA’ is constant for all points on the 
curve, whence it follows that the curve is an ellipse. 

If A, A’ be on opposite sides of the vertex, it can be proved in a 
similar manner that the plane section is a hyperbola; and also that 
when the cutting plane is parallel to a generating line of the cone, 
the section is a parabola. 


132. The following theorem is a generalisation of the 
focus and directrix definition of a conic :— 


If a circle touch a conic at P and P', the extremities of a double 
ordinate PNP’ to the transverse axis, the tangent from amy point Q 
of the conic to this circle is to the perpendicular distance of Q from 
PP' in the ratio of the eccentricity. 


Let V be the vertex of a right circular cone which passes through 
the conic ΑΡ’ 4’, AA’ being the transverse axis of the conic. Draw 
a circular section LPL’P’ of the cone through the points P, P"; L, L’ 
being on the generating lines VA, VA’ respectively. Then a sphere 
can be described which will touch the cone at all points on the circle 
LPLP'. The section of this sphere by the plane APA'P' will there- 
fore be a circle touching the conic at the two points P, P'. 

Let Q be any point on the conic, and let the circular section of 
the cone through Q cut 44’ in M, and VA, VA’ in K, K’ respectively. 

Let QV cut the circle LPL'P' in R. 

Then the tangent from Q to the circle in which the sphere is cut 
by the plane APA'P' wil be a tangent to the sphere, and will 
therefore be equal to QR; also the perpendicular distance of Q from 
PP’ will be equal to MN. 


But QR: MN—KL : MN 
=LA: NA 
--45 : AX, 


which proves the proposition. 


Cor. The sum or difference of the tangents drawn from any point 
of a conic to two circles each of which touches the conic at the 
extremities of a chord perpendicular to its transverse axis is constant. 
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EXAMPLES ON CHAPTER V. 


l. Shew how to cut a given cone so that the section may be a 
parabola of given latus rectum. 


2. Shew that, if the vertical angle of a cone be a right angle, the 
major axis of any elliptic section is equal to the difference of the radii of 
the focal spheres. 


3. P, P’ are the.extremities of any diameter of a given elliptic or 
hyperbolic section of a right circular cone; shew that the sum of the 
distances of P and P’ from the vertex of the cone is constant. 


4. Shew that, if two sections of a right circular cone have a common 
directrix, the latera recta of the sections are in the ratio of their eccen- 
tricities. 


5. Shew that the minor axis of an elliptic section of a right circular 
cone is a mean proportional to the diameter of the focal spheres. 


6. Shew that the latus rectum of any plane section of a given right 
circular cone varies as the perpendicular from the vertex of the cone on 
the plane of section. 


7. If two different sections of a cone have a common directrix, the 
line joining their foci will pass through the vertex of the cone. 


8. Shew that two elliptic sections of a given cone can be found 
which have a given point within the cone for focus. 


9. Shew that, if two cones be described so as to touch two given 
spheres, the ratio of the eccentricity of the two conics in which they are 
cut by any plane will be constant. 


10. Prove that the axis of every right circular cone which has a 
given central conic for one of its plane sections will touch a central 
conic, which is an ellipse or a hyperbola according as the given conic is a 
hyperbola or an ellipse. 


11. Elliptic sections of a right circular cone are made by planes 
perpendicular to a given plane containing the axis of the cone, and the 
ellipses have their minor axes of constant length. Shew that the locus of 
their centres is a hyperbola. 


12. Two cones which have a common vertex, their axes at right 
angles, and their vertical angles supplementary, are intersected by a 
plane at right angles to the plane of their axes. Prove that the distances 
of either focus of the elliptic section from the foci of the hyperbolic 
section are equal to the distances of the vertices of the ellipse from the 
vertex of the cone. 


19. Shew that the locus of the centres of plane sections of a given 
right circular cone, drawn through a given point on the axis of the cone, 
is the surface formed by the revolution of a hyperbola about its transverse 
axis, 
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14, Shew that if the latus rectum of a plane section of a given right 
circular cone be of given length, the foci lie on the surface generated by 
the revolution of a hyperbola about its transverse axis. 


15. If O, O' be the centres of the two spheres inscribed in a right 
circular cone so as to touch any plane, the sphere on OO' as diameter 
will pass the auxiliary circle of the section of the cone made by that 
plane. 


16. Shew that the director-circle of any plane section of a cone lies 
on the sphere which passes through the two circles of contact of the focal 
spheres. 


17. Prove that a right cylinder on a given elliptic base can be cut in 
two ways so that the curve of section may be a circle; and that a sphere 
can always be drawn through any two circular sections which are not 
parallel. 


18. A surface is formed by the revolution of an ellipse about its 
major axis, and a plane is drawn cutting the surface and touching at a 
point S a sphere inscribed in the surface. Shew that the section is an 
ellipse of which S is a focus. 


19. Shew that the centres of elliptic sections of a right circular 
cone which have major axes of equal length lie on the surfaces generated 
by the revolution of an ellipse about one of its axes. 


20. Shew that the locus of the vertices of the right circular cones 
which pass through one conic is a conic of the other species in a perpen- 
dicular plane, whose vertices are the foci and whose foci are the vertices 
of the former; &nd deduce that the sum or difference of the distances of 
a variable point on one of these conics from any two fixed points on the 
other is constant. 


CHAPTER VI. 


ORTHOGONAL PROJECTION. SIMILARITY OF CURVES. 
CURVATURE OF CONICS. 


133. Def. The foot of the perpendicular from a point 
on a fixed plane is called the orthogonal projection of 
the point on that plane, and the fixed plane is called the 
plane of projection. 

If a point describe any curve its orthogonal projection 
on a given plane will describe a curve which is called the 
orthogonal projection of the given curve. 


In general, if any point P be joined to a fixed point V, and VP be 
cut by any fixed plane in the point P’, the point P' is called the 
projection of P on the fixed plane; also the point V is called the 
centre of projection, and the fixed plane is called the plane of pro- 
jection. 

Thus orthogonal projection is only a particular case, when the 
centre of projection is at an infinite distance and in a direction 
perpendicular to the plane of projection. 


134. The principal properties of orthogonal projection 
are the following :— 


(i) The projection of a straight line is a straight 
lane. 


For, let the given line cut the plane of projection in the point 4, 
and let P'be the projection of any point P on the given line. Then, 
if Q be any other point on the given line, and if QQ’ be the perpen- 
dicular from Q on the line AP’, then QQ’ will be parallel to PP’ and 
therefore also perpendicular to the plane of projection, so that Q’ is 


the projection of Q. Thus the projection of every point on AP will 
lie on the line AP’. 
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(ii) Parallel straight lines project into parallel 

straight lines. 

For the pfojection of the point of intersection of two straight 
lines is the point of intersection of their projections, and if one of 
these points is at infinity the other must also be at infinity. Hence, 
if the original lines are parallel, the projected lines will be parallel ; 
and, conversely, if the projections are parallel the original lines must 
have been parallel. 


(iii) Parts of the same straight line, or of parallel 
straight lines, are in the same ratio as thew projections. 
For let A'B' and C'D' be respectively the projections of the 
parallel straight lines AB and CD. 
Draw lines through ‘A and C parallel to A'B’ or C'D' and meeting 


BB’, CC’ respectively in the points X, Y. 
Then the triangles XAD, YCD will be similar, and therefore 


AB :AX=CD: CY; 
~ AB: CD=AX : CY 
— A'B' : C'D', 
since AX — A'B' and CY 2 C'D'. 


(iv) The number of points in which a curve 15 cut by 
a straight line (or one plane curve 15 cut by another) 1s 
equal to the number of points of intersection of their 
projections. 


(v) The projection: of a tangent to a curve is a 
tangent to the projection of the curve. 


For, if two points of intersection of a straight line and a curve be 
coincident, two points of intersection of their projections will also be 
coincident. 

Conversely, if the projections of a straight line and a curve touch 
one another, the straight line and the curve must themselves touch. 


(vi) The area of any curve on a given plane and of 
its projection on another gwen plane are in a constant 
ratio. 


Divide the given area into any number of rectangles by two sets 
of equidistant lines parallel and perpendicular respectively to the 
line of intersection of the given plane and the plane of projection. 
Then, those segments which are parallel to the line of intersection 
-will be unaltered by projection, and those which are perpendicular 
will be diminished in a constant ratio. [This ratio will be 1 : cos 6, 
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where 0 is the angle between the planes.] Hence every rectangle, and 
therefore the sum of any number of rectangles, will be diminished 
by projection in & constant ratio. But when the parallel lines are 
drawn indefinitely near together, so that each of.the rectangles is 
made indefinitely small, their sum is ultimately equal to that of the 
area in which they are drawn. Hence any area in a given plane is 
in a constant ratio to the area of its projection on any other given 
plane. 


135. The projection of a circle is an ellipse. 


Let LM be the line of intersection of the plane of the 
circle and the plane of projection. 

Let ACA' be the diameter of, the circle which is 
parallel to LM, and let BOB’ be the perpendicular 
diameter. : 

Let aca’ and bcb’ be the projections of ACA’ and BOB’ 
respectively ; then since ACA’ is parallel to the plane of 
projection, aca’ = ΑΟ Α΄, and bcb’ is perpendicular to aca’. 





Let NP be any ordinate to the diameter ACA’ of the 
circle, and let np be its projection. Also, let np cut the 
circle on aa’ as diameter in the point q. 

Then, since the circles ABA’ and aga’ are equal and 
cn = CN, nq must be equal to NP. 
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Now np and cb are the projections of the parallel 
straight lines NP and CB respectively ; . 


' np:cb — NP : BC 
— nq : ca. 
Hence np : nq —cb : ca, 


whence it follows that the locus of p is an ellipse of which 
the circle aga’ is the auxiliary circle. 


136. An ellipse can be projected «nto a circle. 


Let ACA’, BCB' be the major and minor axes of an 
ellipse. 

Draw a plane through AA’ perpendicular to BCB’, and 
in this plane describe a circle on AA’ as diameter, and let 
the chord AK of the circle be equal to BCP”. 

In the plane of the ellipse draw any line LM parallel 
to BCB' and cutting the major axis in the point X. Then, 
if X Y be parallel to AK, the projection of the ellipse on 
the plane LMY will be a circle equal to the minor 
auxiliary circle of the given ellipse. 

For, since X Y is parallel to AK, X Y must lie in the 
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plane A’AK. And, since BCDB’ is perpendicular to the 
plane A’X Y, so also is the parallel line. LX M. Hence 
a, α the projections of A, A’ respectively on the plane 
LMY, will lie on the line X Y. 

Let b, b be the projections of B, B’ respectively ; then, 
since BCB’ is parallel to the plane of projection, 


bch’ = BCD'; 
also bcb’ is perpendicular to aca’. 
Let VP be any ordinate to the diameter BCP’ of the 


ellipse, and let np be the projection of NP. 
Then, since VP is parallel to CA, np is parallel to ca, 


and 
np:ca=NP:CA 
= NQ : BC, 


if Q be the point where NP cuts the minor auxiliary 
circle of the ellipse. 

Hence, as ca is by construction equal to BC, np = NQ. 
But cn 2 CN, and np is perpendicular to cn, whence it 
follows that the locus of p 1s a circle equal to the minor 
auxiliary circle of the ellipse. | 

137. If a central conic be orthogonally projected into 
any other conie; then, since every chord through the centre 
of the original conic is bisected in that point, and the 
segments of a straight line are in the same ratio as their 
projections, it follows that the projection of the centre of 
the original conic will be the centre of the projection. 

Also, since tangents project into tangents and parallel 
lines into parallel lines, it follows that any pair of conju- 
gate diameters of the original conic will project into a pair 
of conjugate diameters of the projection. 

Ex. 1. Shew that every orthogonal projection of a conic is a 


conic of the same species whose centre is the projection of the centr 
of the original conic. [Use Art. 45, Art. 81 or Art. 104.] | 


Ex. 2. Shew that any two intersecting straight lines can be 
orthogonally projected into perpendicular straight lines. 


S. C. 13 
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Ex. 3. Shew that any hyperbola can be orthogonally projected 
into a rectangular hyperbola. 


Ex. 4. Shew that the ratio of the area of an ellipse to the area 
of its auxiliary circle is equal to the ratio of the minor to the major 
axis, 


138. Many of the properties of an ellipse may be 
proved by projecting the ellipse into a circle. These are 
called projective properties. 


Ex.1. The locus of the middle points of parallel chords of an 
ellipse is a straight line. 


For project the ellipse into a circle. 

Then the system of parallel chords will project into a system of 
parallel chords, and the middle points of the original chords will 
project into the middle points of the projected chords. 

Thus we have to prove that the locus of the middle points of 
parallel chords of a circle is a straight line, which follows at once 
from Euclid 111, 3. 


Ex. 2. If the tangents at the extremities of the chord QQ’ of an 
ellipse whose centre is C meet in the point T, and CT cut QQ' in V 
and the ellipse in P, then will CV . CT CP. 


Project the ellipse into a circle; then the centre of the ellipse 
will project into the centre of the circle, for every chord of the circle 
through the projection of the centre of the ellipse will be bisected at 
that point. 

Let c, t, q, 4’, v be the projections of C, T, Q, Q', V respectively ; 
then since a tangent to any curve will project into a tangent to 
the projection of the curve, tq and tq’ will touch the circle. 

Also, since parts of the same straight line are in the same ratio 
as their projections ; 


CV : CP=cv : cp, 
and CP : CT=cp : ct. 
But, since the triangles cvg and cqt are similar, 
cv : cq=cq : ct; 
oe ευ : cp=cp : ct. 
Hence CV :CP=CP : CT. 
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SIMILARITY OF CURVES. 


139. Def. Two curves are said to be similar and 
similarly situated when radii drawn to the first from a 
certain fixed point O are in a constant ratio to parallel 
radii drawn to the second from another fixed point 0’. 

Two curves are similar, but not similarly situated, 
when radii making a constant angle with one another, 
drawn to the curves from two fixed points Ο, Ο’ respec- 
tively, are proportional. 

The two fixed points O, O' are called centres of 
similarity ; and when 0’ coincides with O the point is 
called à centre of similitude of the two curves. 


140. Jf one pair of centres of similarity exist for two 
curves, there will be an infinite number of such pairs, and 
uf the curves be similarly situated a centre of similitude 
can be found. 


Let O, Ο’ be the given centres of similarity, and let 
OP, ΟΡ’ be any pair of corresponding radii. Take C any 
point whatever, and draw O'C' making the same angle 
with ΟΡ’ that OC makes with OP, and let C” be such that 
the ratio O'C" : OC is equal to the constant ratio O'P' : OP. 
Then the triangles COP, C'O'P' will be similar and there- 
fore C’P’ will make the same angle with CP that O'P' 
makes with OP, moreover C'P' : CP will be equal to the 
constant ratio O'P’: OP. | Hence C and C” are centres of 
similarity for the two curves. 

Again, if the curves be similarly situated and OP, O'P' 
be any pair of parallel radii; then, if PP’ cut OO’ in the 
point A, OA : O'A — OP : O'P = constant. Hence A is à 
fixed point for all directions of the parallel radii; also 
AP: AP =0P : O’P’=constant. Hence A is a centre 
of similitude. 


141. Jf two curves be similar the tangents at corre- 
sponding points will be inclined at a constant angle to one 
another. 


13—2 
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Let Ο, Ο’ be centres of similarity of the two curves, and 
let OP, O'P’ and OQ, O'Q be any two pairs of corresponding 
radii. 

Then the angles POQ, P'OQ' wil be equal and 
OP : OP  0Q : O'Q.. 

Hence the triangles POQ, P'0'Q' are equiangular, and 
therefore the angle between PQ and P'Q' is equal to the 
constant angle between OP and O'P' When OQ and 
OQ’ move up to coincidence with OP and ΟΡ’ respectively, 
PQ and P'Q' ultimately become the tangents at P and P' 
respectively. 


142. Jf two central conics be similar and similarly 
situated the centres of the two curves will be centres of 
similarity, and the conics must be of equal eccentricity. 


Let O and Ο’ be two centres of similarity of the two 
curves. Draw any chord POQ of the one, and the parallel 
chord P'O'Q' of the other. Then by supposition 

PO.0Q: P'O. ORQ 
is constant for every pair of corresponding chords. But, 
since O is a fixed point, PO. OQ is always in a constant 
ratio to the square of the parallel semi-diameter of the 
first conic; and the same applies to the other conic. 
Hence parallel diameters of the two conics are in a con- ` 
stant ratio to one another. 

Since parallel diameters of the two conics are in a 
constant ratio to one another, the greatest or least 
diameter of one conic must be parallel to the greatest or 
least diameter of the other, and therefore the axes of the 
two conics must be parallel. 

Also, if CP, C'P' be parallel diameters of the two 
curves, the tangents, and therefore the normals, at P, P' 
must be parallel; whence 1t follows that 


CG : CN = CC: CN’, 
which shews that the eccentricities of the two conics are 
equal. 
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The converse theorem, namely that conics of equal 
eccentricity are similar curves can be easily proved, the 
foci being centres of similarity. - 


143. If two curves be similar and one of them 15 a 
conic the other must also be a cone. 


Let Ο, Ο’ be the centres of similarity of the two curves, 
and let OP, O'P' be corresponding radii. Let S, H be 
the foci of the conic, and join SO, HO. Draw the lines 
O'S', O'H' such that the angles S'O'P', H'O'P' may be 
equal to the angles SOP, HOP respectively. Then, since 
OS and OH are fixed in direction, O’S’ and O'H' are also 
fixed in direction. Hence, if the points S', H' be such 
that O'S’: OS = O'H': OH =0P : OP = constant, the 
points ο, H’ will be fixed. 
= The triangles SOP, S'O'P' will be similar, and the 
triangles HOP, H'O'P' will be similar. 


Hence SP:S'P'zOP :0'P' 
and HI H τον ο 
ο, SP+HP: ο Ρ’ + H'P is constant, 


whence it follows that, as P describes a conic whose foci 
are S and H, P’ will describe a conic whose foci are S 
and Η΄. 7 

The above holds good for all positions of the foci of 
the given conic, and therefore it will hold good in the 
limiting case when one of the foci is at an infinite dis- 
tance. Thus the case when the conic 18 a parabola needs 
no separate investigation. A modified proof may, however, 
be given. 

Ex. 1. The middle points of all chords of a conic which pass 
through a fixed point O is a similar and similarly situated conic. 


Let C be the centre of the conic, and let CO cut the conic in the 
point 4. 

Let PP’ be any chord of the conic through the fixed point O and 
let V be the middle point of PP’. 

Draw the chord AA’ of the conic parallel to PP’ and let W be the 
middle point of dA’. 
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Then we know that CVW is a straight line. 

Since AW=4A4A’, the locus of W is a curve similar and similarly 
situated to the locus of A’; the locus of W is therefore a conic similar 
and similarly situated to the given conic. 

Again, since AW and OV are parallel, 


CV : CW—CO : CA=constant. 


Hence the locus of V is similar and similarly situated to the locus 
of W; the locus of V is therefore a conic similar and similarly 
situated to the original conic. 


Ex. 2. The locus of the point of intersection of the tangents at the 
extremities of any two conjugate diameters of an ellipse is a similar 
and similarly situated ellipse. 


Ex. 3. A chord of an ellipse passes through the ends of two 
conjugate diameters; shew that its middle point is on a similar and 
similarly situated ellipse. 


CURVATURE. 


144. The curvature of a curve at any point is the 
rate of its bending at that point. Now the curvature of a 
circle is obviously the same at all points, moreover the 
rate of bending of a circle changes continuously from 
infinity to zero as the radius of the circle changes from 
zero to infinity. Thus there is one and only one circle 
whose curvature is the same throughout as the curvature 
of a given circle at a given point. 

If a circle be drawn through any three adjacent points 
P, Q, R of a curve, and if the points P, R move up to and 
ultimately coincide with the point Q; then the curvature 
of the circle in its ultimate position will be equal to that 
of the curve at the point Q; also this circle in its 
ultimate position may be said to touch the curve at Q 
and cut it in another point indefinitely near to the 


point Q. 
We have therefore the following definitions :— 


Def. If a circle touch a curve at.a point P and cut 
the curve at an adjacent point Q, and if the radius of the 
circle be made to change in such a way that the point Q 
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moves up to and ultimately coincides with P, then the 
circle in its ultimate position is called the circle of 
curvature of the curve at the point P. 

Also the centre of the circle is called the centre of 
curvature of the curve at P, and the chord of the circle 
in any direction is called the chord of curvature of the 
curve in that direction. 


145. To find the chord of curvature at any point of a 
central conic in any direction. 


Let a circle be drawn touching the conic at the given 
point P and cutting it at an adjacent point Q. 

Let the diameter PCP’ cut the circle in p, and let a 
line through Q parallel to PCP’ cut the conic again in Q’, 
the circle in g, and the tangent at P in T. 

Then when Q moves up to and ultimately coincides 
with P, Pp will ultimately be the chord of-curvature at P 
through the centre of the conic. 





Now from the conic we have 
CP’: CD: =TQ.TO: TP, 


where CD is the semi-diameter conjugate to CP. 
But, since TP touches the circle, TP? = TQ. Tq. 


Hence CP?:CD?=TQ.TQY : TQ. Tq 
= TQ: Tq. 
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But when the circle becomes the circle of curvature at 
P, the chords QQ’q and PP'p will coincide, so that 
TQ’ = PP’ and Tq = Pp ultimately. 

Hence we have ultimately 


CI”: CBP? = PP: Pp=2C0P: Pp; 
SOP pO T 2C ο ο... (1). 


Thus the chord of curvature through the centre of the 
conic 15 equal to 2C D*[C P. 

If PK be the diameter of the circle, it will cut CD at 
right angles in the point F, and KpP will also be a right 
angle. 


Hence PK.PF=PC.Pp 
= 2005”, from (1). 


Thus the diameter of curvature is equal to 2C D*[PF. 

Again, if Pl be the chord of curvature in any other 
direction, and if Pl cut CD in the point L; then, since 
PIK is a right angle 


Pl. PL=PF.PK =2CD*. 


If Pl pass through a focus of the conic, we know that 
PL=CA, so that the chord of curvature through a focus 
of the conic is equal to 2C D?|C A. 


146. To find the chord of curvature at any point of 
a parabola in any direction. 


Let a circle be drawn touching the parabola at the 
given point P and cutting it at an adjacent point Q. 

Let the diameter through P cut the circle in p, and 
let the diameter through Q cut the circle in q and the 
tangent at P in T. | 

Let QV be the ordinate to the diameter PVp of the 
parabola. | 

Then, since TP touches the circle, 


TP? = TR. Tq. 
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But PVQT is a parallelogram, and therefore TP = QV 
and TQ = PV. 
Hence QV*—PV.T3, 





whence it follows that Tg — 4SP, where S is the focus of 
the parabola. 

But when the circle becomes the circle of curvature at 
P, the diameters Pp and Qq will coincide, so that 
Tq = Pp ultimately. 

Hence the chord of curvature through P parallel to the 
axis of the parabola is equal to 4SP. 

Since PS and PV make equal angles with the. 
tangent to the circle, the chord of curvature through the 
focus must also be equal to 4SP. 

If PK be the diameter of curvature, and SY be the 
focal perpendicular on the tangent at P, the triangles 
K Pp and PSY will be similar, so that 


PK: Pp=SP:SY. 
Thus the diameter of curvature is equal to 4SP*[SY. 


147. We know that, if a circle cut a conic in four 
points the line joining any two of the points and the line 
joining the other two points make equal angles with an 
axis, 

Hence, if a circle touch a conic at a point P and cut it 
in two other points Q, R; then the tangent at P and the 


202 CURVATURE OF CONICS. 


chord QR make equal angles with an axis. Also, if the 
radius of the circle be changed so that the point Q moves 
up to and ultimately coincides with P, then the tangent 
at P and the chord PR will make equal angles with 
an axis. 

Thus the tangent at any point P of a comic and the 
common chord of the conic and its circle of curvature at P 
make equal angles with an aas. 

The common chord of a conic and its circle of 
curvature at any given point can therefore be at once 
drawn. 


EXAMPLES. 


]. Find a point P on a parabola such that the circle of curvature at 
P will pass through the other extremity of the focal chord through P. 


2. Prove that the distance of the centre of curvature at any point of 
a parabola from the directrix is three times that of the point. 


3. Shew that the common chord of a parabola and the circle of 
curvature at any point on the curve is a tangent to another fixed 
parabola. 


4, Find the points on a parabola the circles of curvature at which 
pass through a fixed point on the curve. 


5, Having given a point on a parabola and the circle of curvature 
of the curve at that point, shew that the focus must lie on a fixed circle 
and that the directrix must pass through a fixed point. 


6. Find a point P on an ellipse such that the circle of curvature at 
P will pass through the other extremity of the diameter through P. 


7. Shew that the diameter of curvature of a conic at an extremity of 
its transverse axis is equal to the latus-rectum. 


8. P is any point on a parabola whose vertex is A, and PM, PN are 
the perpendiculars on the directrix and axis respectively. Shew that, if 
MA and PN intersect in the point O, the diameter through O will pass 
through the centre of curvature at P. 


9, Shew that, if S be the focus of a parabola, P any point on the 
curve and O the centre of curvature at that point; then 


PO?= SO? + 3PS?. 
10. Shew that, at any point P of a conic the chord of curvature 


through a focus is equal to the focal chord of the conic which is parallel 
to the tangent at P. 
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11, The normal at P to a rectangular hyperbola cuts the curve 
again in Q; shew that PQ is equal to the diameter of curvature at P. 


12. Prove that the circle of curvature of an ellipse at P, one of the 
extremities of an equi-conjugate diameter, cuts the auxiliary circle so 
that their common chord is parallel to the diameter through P. 


13. Construct an ellipse having given one focus, one point on the 
curve and the circle of curvature at that point. 


14, Shew that the centre of curvature at any point P of an ellipse is 
the pole of the tangent at P with respect to the confocal hyperbola 
through P. 


15. Shew that, if the circle of curvature at any point P on an ellipse 
cut the curve again in O, there will be two other points Q, R on the 
ellipse the circles of curvature at which will pass through O, and the four 
points P, Q, R, O will lie on a circle. 


16. The circle of curvature of a parabola at P meets the curve 
again in Q, and the tangent at P cuts the axis in T ; prove that 


PQ=4PT. 


17. Prove that, if the circle of curvature at any point on an ellipse 
pass through a focus, the point must lie midway between the minor axis 
and a directrix. 


18, Three points A, P, B are taken on an ellipse whose centre is C. 
Parallels to the tangents at A, B drawn from P meet CB and CA 
respectively in the points Q and R. Shew that QR is parallel to the 
tangent at P. 


19. Two tangents TP, TQ are drawn to an ellipse and any chord 
TRS is drawn, V being the middle point of the intercepted part; QV 
meets the ellipse in P’; prove PP’ is parallel to ST. 


20. Shew that the line joining the points of contact of any two 
parallel tangents, one to each of two given similar and similarly situated 
ellipses, will pass through one or other of two fixed points. 


21. Shew that, if PP’, DD’ and pp’, dd’ are two pairs of conjugate 
diameters of an ellipse, the lines Pp, Pp’ are parallel respectively to 
D'd, D'd'. 

99, Through the two fixed points 4, B of an ellipse the chords AP, 


BQ are drawn parallel to each other. Shew that PQ also touches a 
similar and similarly situated ellipse. 


23, A and B are any two points such that the polar of A with 
respect to a given ellipse passes through B. From D, the middle point 
of AD, a tangent DP is drawn to the ellipse. Shew that, if CQ, CR are 
the semi-diameters parallel to 4D and DP, then 


AB :CQ=2DP : CR. 


CHAPTER VII. 


Cross-RATIOS AND INVOLUTION. 
ANHARMONIC PROPERTIES OF CONICS. 


148. A SET of points on a straight line is called a 
range; and a set of straight lines passing through a point 
is called a pencil, each line being called a ray of the 
pencil. 

If P, Q, R, S be four points on a straight line, the 

2 
πό = or PQ ' RS : PS. EQ, regard being paid to 
the directions of the segments [Art. 102], is called the 
anharmonic ratio or the cross-ratio of the range P, Q, 
R, S, and is expressed by the notation {PQRS}. 


149. When a straight line PR is divided internally 
in Q and externally in S in the same ratio, it is said to 
be divided harmonically; and Q and S are said to 
be harmonically conjugate with respect to P and R. 

Thus P, Q, R, S is a harmonic range if 


PQ:QR — PS: RS, 
or PQ: — RQ'— PS: BS. 


Hence the cross of a harmonic range is equal to — 1. 
When 


{PQRS}=-1, PQ. RS=— RY. PS; 
ο. PQ: PS PR— PQ:PS— PE, 


so that PQ, PR, PS are in harmonical progression. 


w 
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If 1PQRS]) — -1, or PQ.RS=PS.QR and V be the middle 
point of PR; then we have 


(PV -- VQ) (VS - PV) Z(PV -VS) (PV - VQ), 
whence VQ.VS-VP*zVR:. 
Similarly if W be the middle point of QS 
WR.WP=WS?=WQ?. 


150. The definition of the cross-ratio of four points 
on a straight line requires that the points should be taken 
in a particular order. It follows, however, at once from 
the definition that 


(PORS) = (QPSR} = (RSPQ) = (SRQP). 
Hence the cross-ratio of four ‘points ts unaltered 4f any 


two of the points be interchanged and the other two be also 
interchanged. 


By means of the relation 
PQ . RS+ PR . SQ+PS . QR=0, 


which is true for all positions of P, Q, R, S on a straight line, it can 
be shewn that if {PQRS}=z, the different values of the cross-ratios, 
obtained by taking the four points in every possible order, can be 
shewn to be 


1 = 
πα μον and ree ; 
£ 


151. Zf a pencil of four straight lines OA, OB, OC, 
OD be cut by any straight line in the points P, Q, R, S 
respectively ; then will {PQRS| be constant. 


O 
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Through Q draw XQY parallel to OD and cutting 
OA, OC in X, Y respectively. | 


Then PQ: PS = XQ : OS, 
and RS: RQ = OS: YQ; 
^ PQ.RS:PS.RS=XQ: YQ. 


But XQ: YQ is obviously constant for all positions of 
Q, and hence {PQRS} is constant for all positions and 
directions of the transversal. 


Def. The cross-ratio of a pencil of four lines OA, 
OB, OC, OD is the cross-ratio of the range in which the 
lines are cut by any transversal, and is expressed by the 
notation O {ABCD}. 


Ex.1. Having given three points on a straight line, find a fourth 
point on that line such that the range may have a given cross-ratio. 


Let A, B, C be the three given points; draw any line AXY 
through A, and take the points X, Y upon it such that AX: YX is 
equal to the given cross-ratio. 





O 


Let XB, YC meet in O, and draw through O a line parallel to 
AXY cutting ABC in D. Then D will be the point required. 


For {ABCD} ={AXYo@ }=AX: YX. 


Ex. 2. Having given three lines meeting in a point, find a fourth 
line through that point such that the pencil may have a given cross- 
ratio. : 


Let OA, OB, OC be the given straight lines. Draw any line 
eutting OA in X and OB in Y, and take the point Z on this line such 


CROSS-RATIOS. 207 


that XY : ZY is equal to the given cross- ratio. Through Z draw a 
line parallel to OA cutting OC in Z’, and let Z'Y cut OA in X’. 





Then the line OD parallel to X'Z’ will be the line required. 
For O{ABCD}={X'YZ'o |] - X'Y : Z'Y=XY: ZY. 


Ex. 3. If two ranges of equal cross-ratio, on different straight 
lines, have one common point, the lines joining their other common 
points will be concurrent. 


For, if (4BCDj = {AB’C’D’}, and if BB’, CC’ intersect in O, and 
OD cut AB'C'D'in X. (Then |AB'C'X| 2 (ABCD! — (AB'C'Dh, 
whence it follows that X coincides with D'. 


Ex.4. If two pencils of equal cross-ratio through different points 
have one common ray, the points of intersection of their other corre- 
sponding rays are collinear. — 


If O {ABCD} ΞΟ’ (AB'C'D'j, and if X, Y, Z be the three points of 
intersection of the other corresponding rays. Then, if XY does not 
pass through Z, let it cut OO’ in P and OD, O’D’ respectively in 
K, K’. Then 


O {ABCD} ={PXYK}, and Ο’ {AB’C'D'}={ PXYK"}. 


Thus {PXYK}=({PXYK’}, which i is impossible unless K and K’ 
coincide with Z. 


Ex. 5. Each of the three diagonals of a quadrilateral is divided 
harmonically by the other two diagonals. 


Let the straight lines 945, QDC, PDA and PCB be the sides of 
the quadrilateral. The line joining the point of intersection of two 
of these lines with the point of intersection of the other two is called 
a diagonal of the quadrilateral. There are therefore three diagonals, 
viz. PQ, AC, BD, in the figure. 
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We have to prove that 
{AOCR}={BODS}={QSPR}= - 1. 

Let QO cut AD in K and BC in L. 

Then {AOCR}=Q {AOCR} = {AKDP} 


=0{AKDP}={CLBP} 
=Q {CLBP} ={COAR}. 
Q 
ή 
Α 
<p 
ΤᾺ 
L 


B 


And, since: {AOCR}={COAR}, 


40.CR CO.AR. 
AR.CO CR.A40? 


We must take the negative sign, for it is easily seen that two of 
the rays coincide if the anharmonic ratio of a pencil be equal to +1. 

Hence the diagonal AC is cut harmonically. 

We ean prove in a similar manner that the other diagonals are 
divided harmonically. 


. {AOCR} = +1. 
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INVOLUTION. 


152. Def. When several pairs of points A, A’; B, D; 
C, C’; &c. lying on a straight line are such ‘that their 
distances from a fixed point O on the line are connected 
by the relations OA. OA’ = OB . OB' = OC. OC' Ξ..., the 
points are said to form a range in involution, of which 
the fixed point O 1s called the centre. 

Two corresponding points, such as A, A’ , are said to be 
conjugate to one another. The point conjugate to the 
centre is at an infinite distance. 

If each point be on the same side of the centre as its 
conjugate, there will be two points A,, Kz, one on each 
side of the centre, such that OK? — OK2-—0A.04A-. 
These points K,, K, are called double points or foci. 

When the points of a conjugate couple are on opposite 
sides of the centre, the double points are imaginary. 


153. An involution is completely determined when two 
pairs of conjugate points are gwen. 

For, if any two circles be drawn through the points 
A, A’and B, B’ respectively, the radical axis of the circles 
will meet the line 4 A'BB' in a point O such that 


OA.OA’=OB. OB, 


and there is only one such point. 


154. If any number of points be in involution the 
cross-ratio of any four points 15 equal to that of their four 
conjugates. 

Let the pairs of conjugate points be A, A’; B, δ’; 
C, C' and D, D'. 

Let the radical axis of the circles on AA’ and BB’ as 
diameters cut the line ABCD in the point O; then O is 
the centre of the involution. 


If these circles intersect in real points P, P’; then 
APA’, BPB’ and also AOP are right angles. 


S. C. 14 
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Hence AO. OA’ =OP?= BO. OB’ = 00 . 00 = &c., 
the angles COC’, DOD’ are therefore also right angles. 

Hence the angles APB, A’PB’ are equal; also the 
angles BPC, B'PC' and the angles CPD, C'P.D' are equal. 
The pencils formed by joining P to the four points 
A, B, C, D is therefore equiangular to the pencil formed 
by joining P to the four points A’, B’, C’, D', whence 
it follows that P {ABCD} = P(A'B'C'Dj. 





If, however, the circles whose diameters are AA’ and 
BB’ do not meet in real points, which will be the case when 
two conjugate points are on the same side of the centre O, 
draw a circle through A, A’ so as to touch the line through 
O perpendicular to AA’; and let K be the point of 
contact. 





. Then since OK?— 0A. 0A' = 0B . OB’, it follows that 
OK touches in K a circle through B and B’, and similarly 
for the other pairs of points. 
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Hence the angles OK A’, OAK are equal, and also the 
angles OK B’, OBK are equal; therefore the angles 
A'KB', AKB are equal. 

Thus the pencil formed by joining K to A, B, C, D is 
equiangular to the pencil formed by joining K to 
A’, B’, C’, D'. The two pencils are therefore equi-cross. 

It should be noticed that it has been incidentally 
proved that if two pairs of conjugate points of a range in 
involution subtend a right angle at any point, every pair 
will subtend a right angle at that pornt. 


Cor. I. From the above we obtain a necessary and 
sufficient condition that three pairs of points may be τη 
involution, namely the condition 


{ABCA} = {A’B’C’A}. 
Cor. II. Any par of conjugate points in an involution 
form a harmonic range with the two double points. 


For, if the double points be K,, K,, and A, A’ be 


a pair of conjugate points, we have 
UGAR,A'| = UGA' KA}. 


Ex. l. Any transversal cuts the three pairs of opposite sides of any 
quadrangle in three pairs of points in involution. 

Let A, D, C, D be the angular points of the quadrangle. Let 
AB and CD meet in X, AC and BD in Y, and AD and BC in Z. 


Let any line cut these pairs of opposite sides in P, P'; Q, Q' and 
R, Ε΄. 





14—2 
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Then {PQRP’} =A (PQRP') 
(XCDP"'| 
B(XCDP^ 
(PR'Q'P1 2 (P'Q'R'P). 


Ex. 2. T'he three pairs of lines from any point to the extremities 
of the three diagonals of any quadrilateral are in involution. 


155. Def. If any number of pairs of points 1n invo- 
lution be joined to any point O, the pencil so obtained is 
said to be in involution. 

If A, A’; B, B’; C, C'; &c. be pairs of points in 
involution, and if the pencil formed by joining these 
points to O be cut by any other transversal 1n the pairs of 
points a, a’; b, 0’; c, ο΄; &c. 

Then since A, A’; B, B’; &c. are pairs of points in 
involution we have relations of the form 

(ABCA'| - 1A'B'C'A). 

But (ABCA'| = {abca’}, 
and : (A'B'C' A] = {αῦσα]. 

Hence we have 

(abca/] = (a'b'c'a], ὅσο. 
whence it follows that a, a’; ὖ, δ’; c, σ΄; &c. are pairs of 
points in involution. 

Thus, ¿f a pencil be cut by any transversal in pairs of 


points in involution, it will be cut by any other transversal 
in pairs of points which are in involution. 


Cor. I. Pairs of perpendicular lines through a point 
are cut in involution by a straight line. 


Cor. II. Pairs of conjugate diameters of a conic are 
in involution. 

We know that pairs of conjugate diameters of a conic 
are cut by any tangent in pairs of points which are 
in involution, the point of contact of that tangent being 
the centre of the involution [Art. 108]. 
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Conjugate diameters are therefore cut by any straight 
line in pairs of points in involution, the asymptotes of 
the conic being the double lines of the involution. 
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156. The cross-ratio of the pencil formed by joining 
any pomt on a comic to four fixed points is constant and 
equal to that of the range in which the tangents at those 
points are cut by any other tangent. 


Let A, B, 6, D be four fixed points on a conic whose 
focus is S, and let P be any other point on the curve. Let 
PA, PB, PC, PD cut the directrix corresponding to the 
focus S in a, b, c, d respectively ; and let PS be produced 
to p. Then we know that Sa will bisect the angle PSA 
or ASp according as P and A are on opposite branches or 
on the same branch of the curve. | 

From this it follows that, for all positions of P, the 
angle «Sb is constant, being equal or complementary to 
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half the angle ASB according as A and B are on the same 
or on opposite branches of the curve. Since the angles 
aSb, bSc, cSd are constant angles, it follows that S {abcd} 
is constant. | 
But S {abcd} = {abcd} 
= P {abcd} 
= P {ABCD}. 
Thus A, B, C, D subtend a pencil of constant cross-ratio at 
any point on the conic. 
Next, let the tangent at P cut the tangents at A, B, C, D 
in a’, b’, ο, d' respectively. 
Then we know [Art. 17] that Sa’, Sb’, Sc’, Sd’ are per- 
pendicular respectively to Sa, Sb, Sc, Sd, and therefore 


S la'b'c'd'| = S {abcd}. 
Hence (a b'c'd'] 2S (a'b'cd'| 
= ὃ [αὐοά) = P {abcd} 
= P {ABCD}.* 


157. The preceding proposition enables us to construct 
8, conic through five given points, or touching five given 
straight lines. 

If A’ be a point on the curve indefinitely near to A ; 
we have A’ {ABCD} = E {ABCD}. 


Thus the. cross-ratio of the pencil A’{ABCD} is 
known; and A’B, A'C, A'D ultimately coincide with AB, 
AC, AD respectively. Hence the tangent at A is the line 
AX through A which is such that A (X BCD} = E {ABCD}. 
We can therefore draw the tangents at the points 
A, B, C, D. 

Then, if the tangents at A and B meet in X, the line 
through X and V, the middle point of AB, will pass 
through the centre of the curve. 

Also, if the tangents at B and C intersect in Y, the 
line through Y and W, the middle point of BC, will pass 


* This proof is due to Mr B. W. Horne, late Fellow of St John’s College. 
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through the centre. Thus the centre of the conic is 
determined. 

If O be the centre of the conic, and a line through O 
parallel to AB cut the tangent at B in T; then, since 
OX, OT are conjugate diameters, if X, T be on opposite 
sides of B, the conic must be an ellipse and the square of 
the diameter conjugate to OB will be equal to X B. BT 
[ Art. 72]; if, however, X and T are on the same side of B, 
the conic must be a hyperbola, and the asymptotes will 
cut the tangent at B in the points L, L’ such that 


LB?= BL’? = BX .BT [Art. 108]. 


In the first case we have a pair of conjugate diameters of 
an ellipse given in position and magnitude, and the 
axes &c. can be found as in Art. 77. In the second case 
we have the asymptotes and a tangent, and the axes &c. 
can be found as in Art. 114. 


Again, let AB, BC, CD, DE and EA be five given 
tangents to a conic, and let AB, EA, CD, BC cut DE in 
the points L, E, D, N respectively, also let AB cut 
DC in K. 

Then, if A’B’ be a tangent nearly coincident with AB, 
and if this tangent cuts the tangents AB, EA, CD, BC in 
the points F, A’, Κ΄, B’ respectively, we shall have 


(FA'K'B'] - (LEDN]. 


Now let A’B’ move up to and ultimately coincide with 
A B, then K’ will ultimately coincide with K, B’ with B, 
A’ with A, and F with the point of contact of the 
tangent AB. 


Thus (AFBK| ={LEDN}, 


and as the cross-ratio of the range A, F, B, K is known, 
and three of the points are known, the fourth point which 
is the point of contact of AB can be at once found. 
Having found the points of contact of the five tangents, 
the construction can be completed as in the former case. 
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From the above constructions it is clear that one conic 
and only one will pass through five given points, no four 
of which are on a straight line, and one conic and only 
one will touch five given straight lines no four of which 
pass through a point. 


158. The locus of a point which moves so that the 
pencil formed by joining it to four fixed points not on a 
straight lane is of constant cross-ratio is a comic through 
the four gwen points. 

Let A, B, C, D be the four given points, and let 
P, Q be any two points such that 


P {ABCD} = Q {ABCD}. 


By the preceding Article one and only one conic will 
pass through the five points provided no four of the points 
are on a Straight line. 

Hence, if Q be not on the conic determined by the five 
points A, B, C, D, P, let QA cut this conic in R. 

Then, since R is on the conic through A, B, C, D 
and P, | 

R (ABCD| = P {ABCD} 
=Q [A BCD}, 


whence it follows that B, C and D must be on a straight 
line ; and similarly it can be shewn that A, B and C are 
on a straight line. 

Hence Q and R must coincide, for by supposition 
A, B, C and D are not on a straight line. 

This proves the proposition. 


159. The envelope of a straight line which cuts four 
fixed non-concurrent straight lines in a range of constant 
cross-ratio is a conic which touches the four fixed straight 
lines. 


Let the four fixed straight lines be cut by two other 
lines in the points P, Q, R, S and P, Ω, R, S 
respectively. 
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Then one conic and only one will touch the four 
fixed straight lines and the line PQRS; and, if P'Q'/S 
do not touch this conic, draw another tangent to the conic 
from S’ and let it cut PP’, ΩΩ, RE in K, L, M 
respectively. 

Then, by Art. 156, 


{KEMS’| = {PQRS} 
= {P'Q RS’, 
whence it follows that P KP, Q'LQ, R'MR meet in a 
point; and it can be similarly shewn that P'P, Q'Q, S'S 
will meet 1n a point. 
Since the four given straight lines do not meet in 


a point, it follows that the lines P'Q'E'S' and KLMS’ 


must coincide. 


160. Jf any chord of a conic be drawn through a 
fixed point O, it will be cut harmonically by the curve and 
the polar of O. 


If O be without the conic, the polar of O will cut the 
conic; let the points of intersection be A, B. Let any 
chord through O cut the conic in Q, R and the polar of O 
in V, and let the tangents at Q, R meet in T. 

Then, if A', B' be points on the conic very near 
to A, B respectively, we have 


A’ {AQBR} = B' (AQBR]. 


Now when A’, B' move up to and ultimately coincide 
with A, B, the above pencils will ultimately be cut by the 
line OQVQ' in the ranges {OQV A} and (VQOR] respect- 
ively. 

Hence {OOVR} = (VQOR), 
whence it follows that QA is divided harmonically in 
O and V. 

Since OT is the polar of the internal point V, the 
proposition is true for any point, whether external or 
internal. 
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Conversely, if through any point O a line be drawn 
cutting a conic in the ponts Q, R, and V be taken on this 
line such that {OQVR} =—1; then will V lie on the polar 
of O with respect to the conic. 


161. The cross-ratio of a range of four points on 
a straight line is equal to that of the pencil formed by their 
polars with respect to any conac. 


Let A, B, C, D be any four points on a straight line; 
then the polars of these points with respect to any conic 
wil all pass through the pole of ABCD with respect 
to that conic [ Art. 115]. 

Let PA’, PB’, PC’, PD’ be the polars of A, B, C, D 
with respect to a conic whose focus is S, and let the polars 
cut the corresponding directrix in the points a, b, c, d 
respectively. 

Then, since the angles aSA, DSB, οδό, dSD are 
all right angles [Art. 17], it follows that 


S {ABCD} =S {abcd}. 
But S {abcd} = {abcd} = P {abcd} = P (A'B'C'D'|. 
Hence {ABCD} =P {A’BC'D'. 


162. Def. Two points are said to be conjugate 
points with respect to a conic when each lies on the 
polar of the other; also two straight lines are said to be 
conjugate lines with respect to a conic when each passes 
through the pole of the other. 

Conjugate diameters of a conic are conjugate lines 
through the centre of the conic. 


Pairs of conjugate lines with respect to a conic which . 
pass through a point are in involution, the tangents from 
the point to the conic being the double lines of the invo- 
lution. 


Let PA, PA’; PB, PB'; &c. be any number of pairs 


of conjugate lines with respect to any conic. 
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Let the polar of P with respect to the conic cut 
PA’, PB, PC’, PD’ in the points A’, Β, C’, D' respect- 
ively ; then A’ is the pole of PA, for the pole of PA is by 
supposition on PA’ and it must also be on the polar of P. 
Thus A’, 5,06, D' are the poles of PA, PB, PC, PD 
respectively. 

Hence, by. the preceding Article, 

P {ABCD}, = (A'B'C'D'| 2 P {A'B'C'D", 
whence it follows [Art. 154] that PA, PA’; PB, PB’; 
PC, PC’; &c. are pairs of lines in involution, and it 
is obvious that the tangents from P are the double lines 
of the involution. 

It can also be proved in a similar manner that pairs of 
conjugate points on a straight line are in involution, the 


points in which the straight line cuts the comc being the 
double pornts of the involution. 


Ex. 1. Through any point P on a conic the chords PQ, PQ’ are 
drawn making equal angles with the tangent at P. Shew that QQ’ 
passes through a fixed point. 


Let QQ’ cut the tangent at P in the point T, and let the polar of 
T cut QQ’ in V. Then the range T, Q, V, Q’ is harmonic, and TP 
bisects the exterior angle between PQ and PQ’, whence it follows that 
PV bisects the angle QPQ’, so that PV is the normal at P. Hence 
T is a fixed point, namely the pole of the normal chord through P. 


Ex. 2. All conics through four given points have a common 
self-polar triangle. 


Let A, D, C, D be the four given points [see figure, p. 208]. 

Then, since 1BODS| = - 1, it follows that S is on the polar of O 
with respect to any conic of the system. 

Similarly E is on the polar of O with respect to any conic of the 
system. 

Hence O is the pole of the line SR. 

Again, since (4KDPj — — 1, it follows that K is on the polar of 
P with respect to any conic of the system. 

Similarly L is on the polar of P. 

Hence P is the pole of the line LOKQ with respect to any conic 
of the system. 

And, since the polars of O and P both pass through Q, Q must be 
the pole of the line OP. 

Thus the triangle OPQ is such that each an gular point is the pole 
of the opposite side with respect to any conic through the four 
points A, B, C, D. 
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Ex. 3. All conics touching four given straight lines have a 
common self-polar triangle. 


Let AB, BC, CD, DA be the four given straight lines [figure, p. 208]. 

Let X be the pole of AC with respect to any conic touching the 
four given straight lines. Then by Art. 160 the pencil 

A {BCDX}= -1=C {BADX}, 
whence it follows that X must lie on BD, and must coincide with the 
point S, for we know that {BODS}= - 1. 

Thus S is the pole of AC with respect to any conic of the system. 

Similarly R is the pole of BD, and O is the pole of PQ. 

Hence the triangle OSR is such that each angular point is the pole 
of the opposite with respect to any conic which touches the four lines 
AB, BC, CD and DA. 

Since A is on the polar of S, with respect to any conic of the 
system, the polar of A will go through S, that is the line joining the 
points of contact of the tangents AB and AD will pass through S ; 
and similarly for any other pair of the tangents. 

Hence the line joining any two points of contact of any conie of 
the system will pass through an angular point of the triangle OSR. 


163. Conics through four gwen points are cut by any 
straight line in pars of points vn involution. 


Let ABCD be the four given points, and let any 
straight line cut AC, BD in K, K’ respectively, and AD, 
BC in L, 1, respectively. Also let this straight line cut 
any conic through the four points in P, P’ respectively. 


~ 





Then A (P'DCP| = B {I DCP}, since the six points lie 


on a conie. 
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Hence taking the ranges formed by these pencils 
on the line PP’, we have 
{PL’KP} = (PK'LP|; 
. {PTKP} = {PLEK P}, 
which shews that P, P’ are conjugate points of the 
involution determined by the two pairs K, K’ and L, L’. 


164. The pairs of tangents drawn from any point to 
a system of conics touching four gwen straight lines are in 
involution. 

Let the four given straight lines be AB, BA’, A'D', 


B'A. Let the tangents from O to any conic of the system 
cut AB in the points K, K' and A'B’ in the points L, L’. 





Then, since KL, K'L' and the four given straight 
lines touch the same conic, 


(BKAK'| = (A'LB'L/]. 
Hence O (BKAK'|  O(A'LD'L' 
= O(A'KB'K'; 
. O[BKAK'] 2O(B'K'A'K)], 
which shews that OK, OK’ are conjugate rays of the 


involution determined by the two pairs OA, OA' and 
OB, OD'. 
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Ex. 1. The locus of the centres of conics which pass through four 
given points is a conic. 


Let A, B, C, D be the four given points, and let U, V, W, X be 
the middle points of AB, BC, CD and DA respectively. Let O be the 
centre of any conic through the four points, and let OP, OQ, OR, 
OS be parallel to 4B, BC, CD, DA respectively. Then OU and OP 
will be conjugate diameters of the conic, and so also will OV and OQ, 
OW and OR, and OX and OS. 

Hence, as conjugate diameters are conjugate pairs of an invo- 
lution, O(UVWX| =0 {PQRS}. 

The lines OP, OQ, OR, OS are fixed in direction, and therefore 
O{PQRS} is constant. 

Hence O{UVWX} is constant, and therefore O must lie on 
a fixed conic through U, V, W, X. 

The conic on which the centre lies will also pass through the 
middle points of AC and BD. 

Three conics of the system are the line pairs AB and CD, AC and 
BD, and AD and BC: the locus of centres must therefore go through 
the three points of intersection of these pairs of lines. 


Ex. 2. The director-circles of all conics which touch four given 
straight lines have a common radical axis, and their centres lie 
on a straight line which passes through the middle points of the 
diagonals of the quadrilateral formed by the four given straight 
lines. 

We know [Art. 164] that the tangents drawn to the conics of the 
system are pairs of lines in involution. If O be a point of intersec- 
tion of any two of the director-circles, two pairs of conjugate rays of 
a pencil in involution will be at right angles; every pair will 
therefore [Art. 154] be at right angles, so that O is on the director- 
circle of every other conic of the system. 

Since every director-circle will pass through the common points 
of any two of them, the director-circles have a common radical axis, 
and their centres must therefore lie on a straight line perpendicular 
to this radical axis. 

Now the double line joining the extremities of a diagonal of the 
quadrilateral formed by the given straight lines is a limiting form of 
a conic which touches the lines. Hence the middle point of a 
diagonal is on the locus of the centres of the conics of the system. 
The locus of centres must therefore be the straight line through the 
middle points of the three diagonals of the quadrilateral. 

One of the conics of the system will be a parabola, and the 
directrix of this parabola will be the common radical axis of the 
director-circles. 


Ex. 3. Chords of a conic which subtend a right angle at a fixed 
point on the curve will all intersect on the normal at the point. 


Let aa’, bb’, cc’ be three chords of a conic which subtend a right 
angle at the point O on the curve. 
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Then Oa, Oa’; Ob, Ob’; Oc, Oc’ are pairs of perpendicular lines 
and are therefore in involution. 


Hence O {aba’c} =O {a'b’ac’}. 

But O {aba'c} =c’ {aba’ec}, 
and O {a'b'ac'} =b {a'b'ac'}. 

Hence c' {aba'c} =b {a’b’ac’} 


=b {ac’a’b’}. 


These pencils of equal cross-ratio have one ray coincident, namely 
be’: the intersections of their other corresponding rays must 
therefore lie on a straight line. Thus a, a’ and the point of 
intersection of cc’ and bb’ must lie on a line. 

Hence aa’, bb’ and cc’ meet in a point, and therefore every chord 
which subtends a right angle at O must pass through the point of 
intersection of any two such chords. 

The fixed point through which all the chords pass must lie on the 
normal at Ο, for the normal is a limiting position of one of 
the chords. 


Ex. 4. If the perpendicular from a point P on its polar with 
respect to a given conic pass through a fixed point O, the point P will 
lie on a rectangular hyperbola whose asymptotes are parallel to the 
axes of the conic and which passes through the point O and through 
the centre of the conic. 


If the line through P perpendicular to its polar with respect to a 
conic cut the transverse axis of the conic in G, and PN be the 
perpendicular on that axis, we know that CG : CN is constant. 

Hence, if PL, PM be parallel to the axes of the conic, the pencil 
P {CGLM} will be constant. 

But since P{COLM} is constant, it follows that P is on a fixed 
conie through C, O and two points at infinity in the direction of the 
axes. This proves the proposition. 

A particular case of the above theorem is the following :— 

The points on a conic the normals at which pass through a fixed 
point O lie on a rectangular hyperbola through O and the centre of 
the conic, and whose asymptotes are parallel to the axes of the conic. 


Ex. 5. The locus of the pole of a given straight line, with respect 
to a system of conics through four fixed points, is a conic. 


Let the given points be A, B, C, D, ‘and let the given line cut AB, 
BC, CD, DA respectively in P, Q, R, S. Let P’ be the point on AB 
such that {PAP’B}=-—-1, and let Ο’, R’, δ’ be the corresponding 
points on the other lines. Then the polars of P, Q, R, S with 
respect to any conic of the system will go through P', Q', R’, S' 
respectively. Hence, if O be the pole of PQRS with respect to any 
one of the conics, OP, OP’, &c. will be pairs of conjugate lines, and 
therefore O { P’Q’R’S’} ZO { PQRS} = {PQRS} — constant. 
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165. PascaPs Theorem. Jf a hexagon be inscribed 
in a conic, the three points of intersection of the three pairs 
of opposite sides lie on a straight line. 


Let A, B, C, D, E, F be any six points on a conic, and 
let AB and DE intersect in L, BC and EF in M, and CD 
and FA in Ν. We have to prove that L, M, N lie ona 
straight line. 

Let DE cut BC in X, and DC cut AB in Y. 


Then L(BCDM|-BCXM 
—E(BCXM| 
= E (BCDF| 
= A {BCDF}, since the six points 


are on a conic. 


= {YCDN} 
= L{YCDN} 
L {BODY}, 





whence it follows that LM and LN are in the same 

straight line. T 
Sinee six points can be taken in order in sixty 

different ways, there are sixty hexagons corresponding to 
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six points on a conic; and, since Pascal's Theorem is true 
for every one of these hexagons, there are sixty Pascal 
lines corresponding to six points on a conic. 


166. Brianchon's Theorem. Jf a hexagon be 
described about a conic, the three diagonals will meet in 
a point. 

If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum- 
: scribed hexagon will be the pole of the corresponding side 
of the inscribed hexagon; therefore a diagonal of the 
circumscribed hexagon, that is a line Joining a pair of its 
opposite angular points, will be the polar of the point of 
intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal’s Theorem; hence their three polars, that 
is the three diagonals of the circumscribed hexagon, will 
meet in a point. 

If we are given five tangents to a conic, the points of contact of 
the tangents can be found by Brianchon’s Theorem. 

For, let 4, B, C, D, E be the angular points of a pentagon 
formed by the five given tangents, and let K be the point of contact 
of AB ; then A, K, B, C, D, E will be the angular points of 
& circumscribing hexagon, two sides of which are coincident. By 
Brianchon’s Theorem, DK passes through the point of intersection 
of AC and BE, hence K is found, and the other points of contact can 
be found in a similar manner. 

We can also find the tangents to a conic at five given points on 
the curve by means of Pascal’s Theorem. 

For, let A, B, C, D, E be the five given points, and let F be the 
point on the conic indefinitely near to A; then, by Pascal’s Theorem, 
the three points of intersection of AB and DE; of BC and EF; and 
of CD and FA lie on a straight line. Hence, if the line joining the 
point of intersection of AB and DE to the point of intersection of BC 


and EA meet CD in H, then AH will be the tangent at A. The 
other points of intersection can be found in a similar manner. 


167. The following examples are important. 


Ex. 1. If two triangles circumscribe a conic their six angular 
points lie on another conic. 


. Let ABC, A'B'C' be the two triangles. 
S, C. 15 
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Let B’C’ cut AB, AC in F’, D' respectively ; and let BC cut A’D’, 
A'C' in E, D respectively. 

Then the tangents BC, B’C’ will cut the remaining four TET 
in ranges of equal cross-ratio. 


Hence {BCED} - (E'D'P'C'; 
" A' {BOCED} —A (E'D'B'C'Y; 
i.e. A’ {BCB’C'\=A (BCB'C', 


which proves the proposition. 

We can now prove that, if one triangle can be inscribed in a given 
conic and circumscribed to another given conic, an infinite number of 
triangles can be so described. 

For, let ABC be a triangle inscribed in the conic S and circum- 
scribed about the conic S’. Draw any tangent to S’ and let it cut S 
in the points B’, 6’. Let the other tangents to S’ from B’ and 
C’ meet in A’. 

Then, we have proved that A’, B’, C’, A, B, C lie on a conic, and 
five of these points lie on the conic S; the sixth point must therefore 
lie on S, for only one conie will go through five given points. 


Ex. 2. If two triangles be inscribed in a conic, their six sides 
touch a second conic. 

Let the triangles be ABC and A'B'C', 

Let BC cut A'B’, A'C' in E, F respectively, and let B'C' cut AB, 
AC in E’, F’ respectively. 

Then, since the six points A, B, C, A’, B’, C’ lie on a conic, 

A (BCB'C'1 =A’ {ΡΟΡ’Ο'); 
. (E'F'B'C'Y-iBCEF|), 

which proves the ορ δη. 


Ex. 3. If two triangles be self-polar with respect to any comic 
their six angular points lie on a second conic, and their six sides touch 
a third conic. 

Let ABC, A’B’C’ be two triangles which are self-polar with 
respect to any conic. 

Let A’B’, A’C’ cut BC in K, L respectively. 

Then, since B’ is the pole of A’C’ and A the pole of BC, AB’ will 
be the polar of L. Similarly AC" will be the polar of K. 

Now the pencil formed by any four lines through a point and the 
range formed by their poles are of equal cross-ratio. 

Hence A (BCB'C' Z ÁCBLK| 

=A’ (CBLK) 

= A' (CBC'B'| 

= A’ {BCB’C’}, 
whence it follows that A, B, C, A’, B’, C’ lie on a conic, 


ANHARMONIC PROPERTIES OF CONICS. 227 


Again, if B’C’ cut AB, AC in F, G respectively, we have 
{CBLK}=4A (BCP'C'Y 
—(FGB'C^ 
={GFC'B’}, 
so that BC and B’C’ cut the other four sides in ranges of equal 
cross-ratio, whence it follows that the six sides touch the same conic. 
We can now prove that, if one triangle can be inscribed in 
(or circumscribed about) one given conic and self-polar with respect 
to another given conic, an infinite number of triangles can be so 
described. [See Ex. 1.] 


168. Homographic ranges and pencils. Ranges 
and pencils are said to be homographic when every four 
constituents of the one, and the corresponding four 
constituents of the other, have equal cross-ratios. 


Kx. 1. The points of intersection of corresponding lines of two 
homographic pencils describe a conic. 

Let P, Q, R, S be any four of the points of intersection of corre- 
sponding lines, and O, O’ the vertices of the pencils. 

Then, by supposition, O {PQRS} =0' {PQRS}, whence it follows 
that O, O', P, Q, R, 5 lie on a conic. But five points are sufficient 
to determine a conic; hence the conic through O, O’ and any three 
of the intersections will pass through every other intersection. 


Ex. 2. The lines joining corresponding points of two homographic 
ranges on different straight lines envelope a conic. 


Ex. ὃ. AB, A'B’ are any two finite lines; shew that if P, P' are 
points on these lines respectively such that AP : PB—A'P' : P'B', the 
line PP' will envelope a parabola. 


Ex. 4. Find the common lines of two homographic pencils through 
the same point. 

Let OA, OB, OC be any three rays of one pencil and 04’, OB’ 
OC’ the three corresponding rays of the other. Then we have to finde 
the line OP which is such that O {4ΒΟΡ) =0 (A'B'C'P|. 

Draw any circle through O and let the points A, B, C, A’, B’, C’ 
lie on this circle. 

Let AB’, A'B meet in X and AC’, A’C in Y ; and let XY cut the 
circle at a point P. 

Then, if 4A’ cut the line XYP in Z, we have 

{ZXYP}=A{ZXYP\=A (A'B'C'P) ZO(A'B'C'P], 
since the points are all on the circle; and similarly 
{ZXYP}=0 {ABCP}. 

Hence OP is one of the required straight lines; and from the 
construction it will be seen that any two homographic pencils will 
have two real, coincident, or imaginary common rays. 


15—2 
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Ex. 5. Find the common points of two homographic ranges on the 
same straight line. 


Join the points to any point O, and proceed as Ex. in 4. 


Ex. 6. The three sides of a triangle pass through fixed points, and 
the extremities of its base lie on two fixed straight lines ; shew that its 
vertex describes a conic. 


Let A, B, C be the three fixed points, and let Oa, Oa’ be the two 
fixed straight lines. Suppose triangles drawn as in the figure. 

Then the ranges {abcd...} and {a’b’c’d’...} are homographic. 
Therefore the pencils B {abed...} and C (a'b'c'd'...) are homographie, 
and the result follows from Ex. 1. 





The above is MacLaurin’s method of generating a conic. 


Ex. 7. Ifallthe sides of a polygon pass through fixed points, and 
all the angular points but one move on fixed straight lines ; the remain- 
ing angular point will describe a conic. 


169. Circular points at infinity. Since any pair 
of perpendicular lines through the centre of a circle are 
conjugate, and since pairs of conjugate lines with respect 
to à conie which pass through any point are in involution, 
the real or imaginary tangents from that point to the 
conie being the double lines of the involution, it follows 
that the imaginary asymptotes of all circles are parallel, 
so that all circles go through the same two imaginary 
points at infinity ; also concentric circles have common 
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imaginary asymptotes and therefore have double contact 
with one another at infinity. 

The two imaginary points at infinity through which 
all circles pass are called the circular points at 
infinity. 

Again, since any pair of perpendicular lines through a 
focus of a conic are conjugate, and since these pairs 
of conjugate lines are in involution of which the imaginary 
tangents from the focus are the double lines, it follows that 
the imaginary tangents to a conic from a focus are parallel 
to the imaginary asymptotes of any circle, so that the 
tangents to any conic through a focus pass through the 
circular points at infinity. 

Thus all conies with one focus common have two 
common imaginary tangents through that focus, and 
confocal conies have four imaginary common tangents. 


170. We have shewn how to construct the conic 
which passes through five given points or which touches 
five given straight lines. The following other cases are of 
interest. 


Ex. 1. To construct a conic which passes through four given 
points and touches a given straight line. 

Let the given straight line cut two pairs of opposite sides of the 
quadrangle formed by the four given points in A, A’ and B, Β΄. 
Then, by Desargue's Theorem, all conics through the four given 
points are cut in pairs of conjugate points of the involution deter. 
mined by the pairs A, A’ and B, B’; hence if a conic through the four 
points touch the given line, the point of contact must be one of the 
double points of the involution. Thus there are two (real or 
imaginary) conics which pass through four given points and touch a 
given straight line; and since five points on either conic are known 
the construction can be completed as in Art. 157. 


Ex. 2. To construct a conic which touches four given straight lines 
and passes through a given point. 

The tangent at the given point can be found by means of the 
reciprocal of Desargue's Theorem. [Art. 164.] 


Ex.3. To construct a conic passing through three given points 
and touching two given straight lines. 

Let AD, AC be the given straight lines, and D, E, F the given 
points. 
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Let any conic through D, E touch AB, AC in L, M respectively, 
and let DE cut LM in the point P, and AB, AC in the points B’, ©’ 
respectively. 

Then, the lines AB, AC, the double line LMP, and the conic 
through D, E are three conics through the same four points, namely 
two coincident points at each of the points L, M. These conics are 
therefore cut in involution by the line DE, and therefore P is 
one of the double points of the involution determined by the pairs 
D, E and B', C'. Thus the chord of contact of the tangents 4B, AC 
passes through one or other of two fixed pointson DE. Similarly the 
chord of contact passes through one or other of two fixed points on DF. 

The chord of contact is therefore one of four fixed straight lines, 

. and if either of these lines cut AB, AC in the points X, Y, there is one 
and only one corresponding conic through the five points D, E, F, 
X, Y, which can be constructed as in Art. 157 or Art. 166. 

Thus four conics will pass through three given points and touch 

iwo given straight lines. 


Ex. 4. To construct a conic passing through two given points and 
touching three given straight lines. 


Let ABC be the triangle formed by the three given tangents, and 
let D, E be the two given points. 

Then, as in Ex.-3, the chord of eontact of the tangents from A 
passes through one or other of two fixed points, S, S' suppose, 
on DE. 2 

If AX be the polar of S with respect to the conic 4 {SEXD}= - 1, 
and therefore AX can be constructed; and AX’, the polar of S’, can 
be similarly constructed. Hence O, the pole of DE, is on one 
or other of two fixed lines through A. 

Similarly O is on one or other of two fixed lines through B. 

Hence O is one of four fixed points; and when O is found, OD 
and OE will be the corresponding tangents to the conie, which 
is now completely determined since five tangents are known. 

Thus four conies wil pass through two given points and touch 
three given straight lines. 


Ex. 5. Construct a conic having given the poles with respect to it 
of three given points. 

Let BC, CA, AB be the polars of the points A’, B’, C’ 
respectively. | 

Then, if K be the point of intersection of lines through B’, 6’ 
parallel to AB, CA respectively, the centre of the conic will lie on the 
line AK. And, if L be the point of intersection of lines through A', 
C' parallel to 4B, BC respectively, the centre of the conic will lie on 
the line BL [Art. 125]. Hence the centre, O, of the conic is found. 

Let OA’, OB’, OC’ cut BC, CA, AB in the points P, Q, R respect- 
ively. If A’ and P be on the same side of O, and X be such that 
OX*= OA’ . OP, the line through X parallel to BC will be a tangent. 
Hence, if the conic be an ellipse, the tangents at three points can be 
found ; and if the tangent at the point X be cut by OB’ and a line 
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through O parallel to CA in the points Τ, T’ respectively, the rect- 
angle TX . XT’ will be equal to the square of the semi-diameter 
conjugate to OX. Thus a pair of conjugate diameters of the ellipse 
are found in position and magnitude, and the construction can 
be completed as in Art. 77. 

If the conic be a hyperbola the asymptotes will be the double lines 
of the pencil in involution of which OA’ and the line through 
O parallel to BC are one conjugate pair, and OB' and the line 
through O parallel to C'A’ are another conjugate pair ; and knowing 
the asymptotes and the pole of a given straight line the construction 
can be completed. 


171. The rectangle contained by the two perpendiculars 
drawn from any point of a conic on one pair of opposite 
sides of an inscribed quadrilateral, 1s in a constant ratio to 
the rectangle contained by the two perpendiculars from that 
point on another par of opposite sides. [Pappus’s 
Theorem. | 


Let A, B, C, D be four given points on a conic, and 
let O be any other point on the curve. Let Oa, Ob, Oc, 
Od be the perpendiculars from O on AB, BC, CD, DA 
respectively. 

Then we have to prove that the ratio Oa. Oc : Ob. Od 
is constant for all positions of O on the conic. 


Let OB, OD cut AC in the points X, Y respectively. 

Then O{ABCD}={AXCY}=AX. YC: XC.AY. 

Now AX : XC= AOAB: AOBC = 0a. AB : Ob. BC; 
and YC: AY=ADCO: AOAD=0C.CD: Od. DA. 


Hence, as O {A BCD} is constant for all positions of 0 
on the conic, it follows that Oa. Oc : Ob. Od is constant. 


EXAMPLES. 


1. Having given five points on a conic, shew how to find any 
number of other points on the curve. 


2. Having given five tangents to a conic, shew how to draw any 
number of other tangents to the curve. 


3. Construct a conic, having given the centre and three points. 
4, Construct a conic, having given the centre and three tangents. 
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i 5. Construct a conic, having given two points on the curve and a 
triangle which is self-polar with respect to it. | 


6. Construct a conic, having given two tangents and a triangle 
which is self-polar with respect to the conic. 


7. Find the centre of a rectangular hyperbola which touches four 
given straight lines. 


8. Shew that the locus of the centres of rectangular hyperbolas with 
respect to which a given triangle is self-polar is the circle circumscribing 
the triangle. 


9, Shew that, if a triangle be inscribed in the triangle ABC and 
touch the side BC on the point F, the centre of the conic will lie on the 
straight line through the middle points of BC and AF. 


10. «4, B, Ο, D are any four points on a hyperbola; CK parallel to 
one asymptote meets AD in K and DL parallel to the other asymptote 
meets CB in L. Shew that KL is parallel to AB. 


11. Shew that the sixty Pascal lines corresponding to six points on 
a conic, intersect three by three. 


12. The poles with respect to a conic of the sides BC, CA, AB are 
4”, B’, C' respectively. Shew that 44’, BB’, CC’ meet in a point, and 
that the points of intersection of BC and B’C’, CA and 64’, AB and A'B’ 
are collinear. 


13. Find geometrically the points where a given straight line cuts 
the conic determined by five given points. 


14, Find geometrically the tangents from a given point to the conic 
determined by five given tangents. 


15. Through a fixed point on a conic a line is drawn cutting the 
conic again in P and the sides of a given inscribed triangle in A’, B’, C’ 
respectively. Shew that {PA’B’C’} is constant. 


16. On a fixed tangent to a conic any point O is taken and OQ is 
the other tangent from O to the conic. Shew that, if ABC be the 
vertices of any triangle circumscribing the conic, O{ABCQ} will be 
constant for all positions of O. 


17. Two points P and Q are conjugate with respect to a conic, P 
lies on & fixed straight line and QP subtends a right angle at a fixed 
point. Prove that the locus of Q is & conic passing through the fixed 
point. 


18. From a fixed point O on one of the three diagonals of a 
complete quadrilateral tangents are drawn to the conies inscribed in the 
quadrilateral, shew that their points of contact lie on a conie which 
passes through the extremities of the two other diagonals and divides 
harmonically the diagonal on which O lies. 


19. A straight line cuts two given circles in points which are 
harmonically conjugate. Shew that the line envelopes a conic whose 
foci are at the centres of the circles. 
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20. Shew how, by the method of false positions or otherwise, to 
describe a polygon each of whose sides shall pass through a fixed point, 
and each of whose vertices shall lie on a fixed straight line. 


21. Shew that, if three conics pass through the same four points, a 
common tangent to any two of the conics is cut harmonically by the 
third. 


22. Shew that, if three conics touch the same four straight lines, 
the tangents to two of the conics at a common point and the two tangents 
drawn from that point to the other conic form a harmonic pencil. 


23. A hyperbola passes through the centre of a conic and its 
asymptotes are parallel to a pair of conjugate diameters of the conic ; 
shew that an infinite number of triangles can be inscribed in the 
hyperbola which are self-polar with respect to the conic. 


24. Shew that, if ABCDEF be any hexagon inscribed in a conic, 
the continued product of the perpendiculars drawn from any point on 
the conic to the sides 4B, CD and EF is in a constant ratio to the 
continued product of the perpendiculars drawn from the same point on 
the alternate sides BC, DE and FA. 


25. Shew that, if a conic touch the four straight lines AB, BC, CD, 
DA, and any other tangent to the conic cut AD, BC in P, Q respectively; 
then will AP: PB and BQ: CQ be in a constant ratio. Hence, or 
otherwise, shew that the rectangle contained by the perpendiculars from 
A and C on any other tangent to the conic is in a constant ratio to the 
rectangle contained by the perpendicular from B and D on that tangent. 


26. Q is any point on a given straight line, R is the point of 
intersection of the polars of Q with respect to two given conics, Shew 
that the locus of R for different positions of Q is a conic, 


27. Any straight line is drawn through a given point O, and Q, Q’ 
are the poles of the line with respect to two given conics; shew that the 
envelope of QQ’, for different straight lines through Ο, is a conic. 


98, From any two points T, T" the tangents TP, TQ and T'P', ΤΩ’ 
are drawn to a conic; shew that the six points T, 7", P, P’, Q, Q' lie on 
another conic. 


29. Shew that the circum-circle of a triangle self-polar to a conic 
cuts orthogonally the director-circle of the conic. 


30. Shew that the locus of the centres of conics inscribed in a 
triangle and whose director-circles have a given radius is a circle. 


31. Shew that the locus of the centres of the rectangular hyperbolas 
which touch the sides of a triangle is the polar circle of the triangle. 


32. Shew that the director-circles of all conics which touch the 
sides of a triangle cut orthogonally the polar circle of the triangle. 


CHAPTER VIII. 
RECIPROCATION. PROJECTION. 


172. ΤΕ we have any figure consisting of any number 
of points and straight lines in a plane, and we take 
the polars of those points and the poles of the line with 
respect to a fixed conic C, we shall obtain another figure 
which is called the polar reciprocal of the former with 
respect to the auxiliary conic C. 

When a point in one figure and a line in the reciprocal 
figure are pole and polar with respect to the auxiliary 
conic C, they are said to correspond to one another. 

If in one figure we have any curve S the lines which 
correspond to the different points of S will all touch some 
curve S’. Let the lines corresponding to the two points 
P, Q of S meet in T'; then 7 will be the pole of the line 
PQ with respect to the conic C, that is the line PQ 
corresponds to the point 7. Now if the point Q move up 
to and ultimately coincide with P, the two corresponding 
tangents to S’ will also ultimately coincide with one 
another, and their point of intersection T will ultimately 
be on the curve S' and will coincide with the point 
of contact of the line which corresponds to the point P. 
So that a tangent to the curve S corresponds to a point on 
the curve S’, just as a tangent to δ΄ corresponds to a 
point on S. Thus S is generated from δ΄ exactly as δ΄ 15 
from S, and we shall arrive at the same curve S’ either as 
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the envelope of the polars of the different points on S or 
as the locus of the poles of the different tangents to S. 


173. If any line L cut the curve S in any number 
of points P, Q, Β,... we shall have tangents to δ’ corre- 
sponding to the points P, Q, R,..., and these tangents 
will all pass through a point, namely through the pole of 
L with respect to the auxiliary conic. Hence as many 
tangents to S' can be drawn through a point as there are 
points on S lying on a straight line; so also as many 
points on S’ will lie on a straight line as these tangents to 
S drawn through a point. 

The number of points, real or imaginary, in which 
a curve is cut by any straight line is called the degree 
of the curve, and the number of tangents which can 
be drawn to a curve from any point is called the class 
of the curve. | 

Thus the degree of a curve is equal to the class of its 
reciprocal, and the class of a curve 1s equal to the degree 
of its reciprocal. 

We know that a conic is of the second degree and 
of the second class; hence the reciprocal of a conic is also 
of the second degree and of the second class. We cannot 
however conclude from this result that the reciprocal of a 
conic is another conic, unless we prove that no other 
curves except conics are of the second degree and of the 
second class. 


174. The polar reciprocal of one conic with respect to 
another 4s a conte. 


Let A, B, C, D be any four fixed points, and let their 
polars with respect to the auxiliary conic be A’A”, B'B", 
ος D'D'. 

Let P be any other point and let P'P" be its polar, 
and let P'P" cut. A'A”, BB’, C'C", D'D" in the points 
a, b, c, d respectively. 

Then, since a is the intersection of the polars of A and 
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P, a is the pole of the line PA. Similarly b, c, d are the 
poles of the lines PB, PC, PD respectively. 


Hence P {ABCD} = {abcd}. 


Now if P be any point on a fixed conic through 
A, B, C, D we know that P {ABCD} 1s constant. 

Hence {abcd} is constant, which shews that the line 
abcd touches a fixed conic which touches the lines A’A”, 


BB", Coe D'D'. 


175. The method of Reciprocal Polars enables us to 
obtain from any given theorem concerning the positions 
of points and lines, another theorem in which straight 
lines take the place of points and points of straight 
lines. 


The simplest cases of correspondence are the follow- 
Ing :— 

Points in one figure reciprocate into straight lines in the reciprocal 
figure. 

The line joining two points reciprocate into the point of inter- 
section of the corresponding lines. 

The tangent to any curve reciprocates into a point on the 
reciprocal curve. 

The point of contact of a tangent reciprocates into the tangent at 
the corresponding point. 

The chord joining any two points on a curve reciprocates into 
the intersection of the corresponding tangents to the reciprocal 
curve. 

The tangents to any curve from the centre of the auxiliary conic 
reciprocate into the points at infinity on the reciprocal curve. 

The points of contact of the tangents drawn to any curve from 
the centre of the auxiliary conic reciprocate into the tangents at the 
points at infinity, that is into the asymptotes J of the reciprocal 
curve. 

[Hence, if the original curve be a conic, the line joining the 
points of contact of the tangents drawn from the centre of the 
auxiliary conic reciprocates into the centre of the reciprocal conic ; 
also the reciprocal of a conic will be an ellipse, parabola, or 
hyperbola according as the tangents drawn to it from the centre 
of the auxiliary conic are imaginary, coincident, or real; that is 
according as the centre of the auxiliary conic is within, upon, or 
without the original conic. ] 

If two curves touch, that is have two τοπο {πὶ points common, 
the reciprocal curves will have two coincident tangents common, 
and will therefore also touch. 
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176. The following are 


theorems. 


If the angular points of two 
triangles are on a conic, their six 
sides will touch another conic. 

The three intersections of oppo- 
site sides of a hexagon inscribed in 
a conic lie on a straight line. 

(Pascal’s Theorem.) 

If the three sides of a triangle 
touch a conic, and two of its angu- 
lar points lie on a second conic, the 
locus of the third angular point is 
a conic, 

If the sides of a triangle touch 
a conic, the three lines joining an 
angular point to the point of con- 
tact of the opposite side meet in a 
point. 

The polars of a given point with 
respect to a system of conics through 
four given points all pass through 
a fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conics through four fixed points is 
8 conic. 


237 


examples of reciprocal 


If the sides of two triangles 
touch a conic, their six angular 
points are on another conic. 

The three lines joining opposite 
angular points of a hexagon de- 
scribed about a conic meet in a 
point. (Brianchon’s Theorem. ) 

If the three angular points of a 
triangle lie on a conic, and two of 
its sides touch a second conic, the 
envelope of the third side is a 
conic. 

If the angular points of a tri- 
angle lie on a conic, the three points 
of intersection of a side and the 
tangent at the opposite angular 
point lie on a line. 

The poles of a given straight 
line with respect to a system of 
conics touching four given straight 
lines all lie on & fixed straight line. 

The envelope of the polar of a 
given point with respect to a system 
of conics touching four fixed lines 
is a conic. 


177. We now proceed to consider the results which 
can be obtained by reciprocating with respect to a 


circle. 


We know that the line joining the centre of a circle to 


any point P is perpendicular to the polar of P with respect 


to the circle. 


Hence, if P, Q be any two points, the angle 


between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines 16 equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, are inversely proportional to one another. 
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178. If we reciprocate with respect to a circle it is 
clear that a change in the radius of the auxiliary circle 
will make no change in the shape of the reciprocal curve, 
but only in its size. Hence, as we are generally not 
concerned with the absolute magnitudes of the lines in 
the reciprocal figure, we only require to know the centre of 
the auxiliary circle. We may therefore speak of recipro- 
cating with respect to a point O, instead of with respect to 
any circle having O for centre. 


179. ΙΓ any conic be reciprocated with respect to 
a point O, the points on the reciprocal figure which 
correspond to the tangents through O to the original 
curve must be at an infinite distance in directions 
perpendicular to those tangents. Thus the directions of 
the lines to the points at infinity on the reciprocal curve 
are perpendicular to the tangents from O to the original 
curve; and hence the angle between the asymptotes of the 
reciprocal curve is supplementary to the angle between the 
tangents from O to the original curve. 

In particular, if the tangents from O to the original 
curve be at right angles, the reciprocal conic will be a 
rectangular hyperbola. 

Again, the axes of the reciprocal conic bisect the 
angles between its asymptotes. The axes are therefore 
parallel to the bisectors of the angles between the tangents 
from O to the original conic. 

Corresponding to the points at infinity on the original 
conic we have the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the original conic 1s supplementary to the angle between: 
the tangents from the origin to the reciprocal conic. 

In particular, if à rectangular hyperbola be recipro- 
cated with respect to any point O, the tangents from Ο to 
the reciprocal conic will be at right angles to one another ; 
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in other words O is a point on the director-circle of the 
reciprocal conic. 


180. Let any line through O cut a given conic in the 
points P, P’, and let the tangents at P, P' meet in T; 
then we know that T is on the polar of O with respect to 
the given conic. 

If now we reciprocate with respect to O :—correspond- 
ing to the points P, P' on a line through O are two 
parallel tangents to the reciprocal conic, and corresponding 
to the intersection of the tangents to the original conic at 
P, P' is the line joining the points of contact of these 
parallel tangents. Hence corresponding to the line on 
which 7' lies is the point through which the chord of 
contact of parallel tangents to the reciprocal conic passes, 
and this point is the centre of the reciprocal conic. 

Thus the polar of the origin with respect to any conic 
reciprocates into the centre of the reciprocal conic. 


181. The following are important examples of recipro- 
cation : 


We know that all conics which circumscribe a triangle 
and pass through its orthocentre are rectangular hyper- 
bolas. 


Reciprocating with respect to the orthocentre O we 
shall obtain another triangle with the same orthocentre. 

The rectangular hyperbolas will become parabolas, 
since they all pass through QO; and, since the points 
at infinity on any one of the conics are in perpendicular 
directions, the tangents from O to any one of the parabolas 
will be at right angles, so that the point O is on the 
directrix of each parabola. 

Thus the reciprocal theorem is the directrices of all 
parabolas which touch the three sides of a given triangle 
pass through the orthocentre of the triangle. 

Again, the original theorem may be ion e in | the 
form ;— | 
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182. lf two of the conics which pass through four 
given points are rectangular hyperbolas, they will all be 
rectangular hyperbolas. 


If this be reciprocated with respect to any point O, we 
shall obtain the following theorem. 

If the tangents from a point O to two of the conics 
which touch four given straight lines be at right angles to 
one another, the tangents from Ο to any conic of the 
system will be at right angles to one another. Hence all 
the director-circles of conies touching four given straight 
lines will pass through either of the points of intersection 
of any two of them. 

Thus the director-circles of all conics which touch four 
given straight lines have a common radical axis. 


183. To find the polar reciprocal of one circle with 
respect to another. 

Let O be the centre of the given circle to be recipro- 
cated, and S the centre of the auxiliary circle. 





Draw any line through S cutting the given circle 
in the points P, P’. 
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Upon SP take the point Y such that SP. SY may be 
equal to the square of the radius of the auxiliary circle. 
. Then the line through Y perpendicular to SP will be the 
polar of P with respect to the auxiliary circle, and will 
therefore be a tangent to the reciprocal curve. 

Since the rectangles SP.SY and SP.SP’ are both 
constant, it follows that the ratio SY : SP’ is constant, and 
therefore the locus of Y is similar to the locus of P’; the 
locus of Y for different positions of P is therefore a circle. 
[If the point S be on the circumference of the given circle, 
the locus of Y will be a straight line, that is a circle 
of infinite radius. | 
... But a straight line which moves so that the locus of 
the foot of the perpendicular upon it, drawn from a fixed 
point, is a circle, envelopes a conic of which the fixed 
point 15 a focus. 

Hence the polar reciprocal of a circle with respect 
to any point S 15 a conic of which S «s a focus. 


Draw YC parallel to OP’ and cutting OS in Y. 


Then, from similar triangles, 
SC :SO=SY : SP’ = constant, 
and CY : CS =OP’ : OS = constant. 


Thus C is the centre of the reciprocal conic, and CY is 
the length of its semi-major-axis. 
Hence the eccentricity of the conics 1s equal to 


CS : CY = 0S : OP’ 


The reciprocal conic ts therefore an ellipse, a parabola, 
or a hyperbola according as the point S is within, upon, or 
without the given circle. 


Let OD be the radius of the circle which is perpen- 
dicular to OS. Draw SN, the perpendicular on the 
tangent at D, and takea point L on SN such that SN . SL 
may be equal to the square of the radius of the auxiliary 
circle. Then L will be the point on the reciprocal conic 
which corresponds to the tangent DN, and SL will be the. 


S. C. 16 
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semi-latus-rectum of the conic. And, since SN = OD, it 
follows that the diameter of the auxiliary circle is a mean 
proportional to the diameter of the given circle and the 
latus-rectum of the reciprocal conic. 


Again, since L is the polar of DN with respect to the 
auxiliary circle, the polar of D will pass through LL, and it 
will be perpendicular to SD; hence, as this polar touches 
the reciprocal conic, it must be the tangent at the point 
L. Thus the tangent at L is the line through L perpen- 
dicular to SD; and this tangent will cut SO in a point X 
which is the foot of the directrix corresponding to the 
focus 9. 

Now, since the angles DOX and DFX are right 
angles, 

SO.SX=SD.SF 


= square of radius of auxiliary circle, 


whence it follows that the centre O of the given circle 
reciprocates nto the directrix of the conic. | 


If the polar of S with respect to the given circle 
cut OS in the point K, OS . OK = 055 and therefore 


OS . SK = OP? — OS? = 55. SP’. 
Hence SK: SP=SP’: OS 
=SY: SC; 
“ SK.SC-SP.SY, 
whence it follows that the polar of S with respect to 


the given circle reciprocates into the centre of the reciprocal 
conic. [See Art. 180.] 


Ex. 1. Tangents to a conic subtend equal angles at a focus. 


Reciprocate with respect to the focus :—then corresponding to the 
two tangents to the conic, there are two points on a circle; the point 
of intersection of the tangents to the conic corresponds to the line 
joining the two points on the circle ; and the points of contact of the 
tangents to the conic correspond to the tangents at the points on the 
circle. Also the angle subtended at the focus of the conic by any 
two points is equal to the angle between the lines corresponding to 
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those two points. Hence the reciprocal theorem is—The line joining 
two points on a circle makes equal angles with the tangents at 
those points. | 


Ex. 2. The envelope of the chord of a conic which subtends 
aright angle ata fixed point O is a conic having O for a focus, and 
the polar of O, with respect to the original conic, for the corresponding 
directrix. 


Reciprocate with respect to O, and the proposition becomes— The 
locus of the point of intersection of tangents to a conie which are at 
right angles to one another is & concentric circle. 


Ex. 3. If two conics have a common focus, two of their common 
chords will pass through the intersection of their directrices. 


Reciproeate with respect to the common focus, and the pro- 
position becomes—-Two of the points of intersection of the common 
tangents to two circles are on the line joining the centres of the 
circles. 


Ex. 4. The orthocentre of a triangle circumscribing a parabola is 
on the directrix. 


Reciprocating with respect to the orthocentre we obtain—A 
conic circumscribing a triangle and passing through the orthocentre 
is & rectangular hyperbola. 


184. To reciprocate a system of circles with the same 
radical axis into a system of confocal contes. | 


If we reciprocate with respect to any point O we 
obtain a system of conics having O for one focus, and 
[Art. 183] the centre of any conic is the reciprocal of the 
polar of O with respect to the corresponding circle. Now 
either of the two ‘limiting points’ of the system is such 
that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals will have the same centre; and if 
they have a common centre and one common focus they 
will be confocal. Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conics, and is twice as far from the focus as the 
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centre; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 


conics. 


The following theorems are reciprocal : 


The tangents at a common 
point of two confocal conics are at 
right angles. 


The locus of the point of inter- 
section of two lines, each of which 
touches one of two confocal conics, 
and which are at right angles to 
one another, is a circle. 


If from any point two pairs of 
tangents P, P’ and Q, Q’ be drawn 
to two confocal conics; the angle 
between P and Q is equal to that 
between Ρ’ and Q’. 


The points of contact of a 
common tangent to two circles 
subtend a right angle at one of the 
limiting points. 

The envelope of the line joining 
two points, each of which is on one 
of two circles, and which subtend 
a right angle at a limiting point, 
is a conic one of whose foci is at 
the limiting point. 

If any straight line cut two 
circles in the points P, P’ and 
Q, Q'; the angles subtended at a 
limiting point by PQ and P'Q' are 
equal. 
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185. Ifany point P be joined to a fixed point V, and 
VP be cut by any fixed plane in P’, the point P’ 1s called 


the projection of P on that plane. 


The point V 1s called 


the vertex or the centre of projection, and the cutting plane 
is called the plane of projection. | 


186. The projection of any straight line is a straight 


line. 


For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 


187. <Any plane curve is projected into a curve of the 


same degree. 


For, if any straight line meet the original curve in 
any number of points A, B, C, D..., the projection of the 
line will meet the projection of the curve where VA, VB, 
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VC, VD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 


188. A tangent to a curve projects into a tangent 
to the projected curve. 


For, if a straight line meet a curve in two points A, B, 
the projection of that line will meet the projected curve 
in two points a, b where VA, VB meet the plane of 
projection. Now if A and B coincide, so also will a 
and b. 


189. The relation of pole and polar with respect to a 
conc are unaltered by projection. 


This follows from the two preceding Articles. 

It is also clear that two conjugate points, or two 
conjugate lines, with respect to a conic, project into 
conjugate points, or lines, with respect to the projected 
conic. 


190. Draw through the vertex a plane parallel to the 
plane of projection, and let it cut the original plane in the 
line K’L’. Then, since the plane VKE'L' and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K'L/, is at an infinite distance. 

Hence to project any particular straight line K’L’ to 
an infinite distance, take any point V for vertex and 
a plane parallel to the plane VK’L’ for the plane of 
projection. 

Straight lines which meet in any point on the line 
K'L' will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity. 


191. A system of parallel lines on the original plane 
will be projected into lines which meet in a, point. 

For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
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since VP is in the plane through V and any one of the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 

For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the line of intersection of 
the plane of projection and a plane through the vertex 
parallel to the original plane. 

Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel lines, are on a straight line. 


192. Let KL be the line of intersection of the original 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection, and let 
it cut the original plane in the line K’L’. Let the two 
straight lines AOA’, BOB’ meet the lines KL, K'L' in 
the points A, B and A’, P’ respectively ; and let VO meet 
the plane of projection in O’. Then AO’ and ΒΟ’ are the 
projections of AOA’ and BOB. 
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Since the planes VA'B', A O’B are parallel, and parallel 
planes are cut by the same plane 1n parallel lines, the lines 
VA’, VB’ are parallel respectively to AO’, BO’. The angle 
A’VB’ is therefore equal to the angle A O'B, that is, A’ VB’ 
is equal to the angle into which AOB 1s projected. 

Similarly, if the straight lines CD, ED, meet K’L’ in 
C", D' respectively, the angle C'V.D' will be equal to the 
angle into which CDE is projected. 

From the above we obtain the fundamental proposition 
in the theory of projections, viz., 

Any straight line can be projected to infinity, and at the 
same tume any two angles into given angles. 

For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
A’, B' and C', D'; draw any plane through A'B'C"D', and 
in that plane draw segments of circles through A’, 5' and 
C", D' respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
segments of circles may be taken for the centre of pro- 
jection, and the plane of projection must be taken parallel 
to the plane we have drawn through A'B'C"D'. 

_ αἱ the segments do not meet, the centre of projection 
is imaginary. 
Ex. 1. To shew that any quadrilateral can be projected into 

a square. 


Let ABCD be the quadrilateral; and let P, Q [see figure p. 
208] be the points of intersection of a pair of opposite sides, and 
let the diagonals BD, AC meet the line PQ in the points S, R. 
Then, if we project PQ to infinity and at the same time the angles 
PDQ and ROS into right angles, the projection must be a square. 
For, since PQ is projected to infinity, the pairs of opposite sides of 
the projection will be parallel, that is to say, the projection is a 
parallelogram; also one of the angles of the parallelogram is a 
right angle, and the angle between the diagonals is a right angle; 
hence the projection is a square. 


Ex. 2. To shew that the triangle formed by the diagonals of 
a quadrilateral is self-polar with respect to any conic which touches 
the sides of the quadrilateral. 


Project the quadrilateral into a square; then, the circle 
circumscribing the square is the director-circle of the conic, therefore 
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the intersection of the diagonals of the square is the centre of 
the conic. | 

Now the polar of the centre is the line at infinity; hence th 
polar of the point of intersection of two of the diagonals is the 
third diagonal. 


Ex. 3. If a conic be inscribed in a quadrilateral the line joining 
two of the points of contact will pass through one of the angular 
points of the triangle formed by the diagonals of the quadrilateral. 


Ex. 4. If ABC be a triangle circumscribing a parabola, and the 
parallelograms ABA'C, BCB'A, and CAC'B be completed ; then the 
chords of contact will pass respectively through A’, B’, C’. 

This is a particular case of Ex. 3, one side of the quadrilateral 
being the line at infinity. 


Ex. 5. If the three lines joining the angular points of two 
triangles meet in a point, the three points of intersection of correspond- 
ing sides will lie on a straight line. 


Project two of the points of intersection of corresponding sides 
to infinity, then two pairs of corresponding sides will be parallel, 
and it is easy to shew that the third pair will also be parallel. 


Ex. 6. Amy two conics can be projected into concentric conics. 
[See Art. 162, Ex. 2.] 


193. Any conic can be projected into a circle having 
the projection of any given point for centre. 


q Q P' P 


Let O be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of O, and let OQ be 
the polar of P ; then OP and OQ are conjugate lines. 

Take OP’, OQ’ another pair of conjugate lines. 

Then project the polar of O to infinity, and the angles 
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POQ, P'OQ' into right angles. We shall then have a 
conic whose centre is the projection of O, and since two 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 


194. A system of conics inscribed in a quadrilateral 
can be projected into confocal conics. 


Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point B. Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity; then, 
A, B are projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 
all the conics of the system are the same, the conics must 
be confocal. 


Ex. 1. Conics through four given points can be projected into 
coaxial circles. 


For, project the line joining two of the points to infinity, and one 
of the conics into a circle; then all the conics will be projected into 
circles, for they all go through the circular points at infinity. 


Ex. 2. Conics which have double contact with one another can be 
projected into concentric circles. 


Ex. 3. The three points of intersection of opposite sides of 
a hexagon inscribed in a conic lie on a straight line. [Pascal’s 
Theorem. ] 


Project the conic into a circle, and the line joining the points of 
intersection of two pairs of opposite sides to infinity ; then we have 
to prove that if two pairs of opposite sides of a hexagon inscribed in 
a circle are parallel, the third pair are also parallel. 


Ex. 4. Shew that all conics through four fixed points can be 
projected into rectangular hyperbolas. 


There are three pairs of lines through the four points, and 
if two of the angles between these pairs of lines be projected into 
right angles, all the conics will be projected into rectangular 
hyperbolas. [Ατί. 121.] 


Ex. 5. If two triangles are self-polar with respect to a conic, 
their six angular points are om a conic, and their six sides touch a 
conic. 

Let the triangles be ABC, A'B'C'. Project BC to infinity, and 
the conic into a circle; then A is projected into the centre of the 
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circle, and AB, AC are at right angles, since ABC is self-polar ; also, 
since A’B’C’ is self-polar with respect to the circle, A is the ortho-. 
centre of the triangle A’B’C’. 

Now a rectangular hyperbola through A’, B’, C' will pass 
through A, and a rectangular hyperbola through B will go through C. 
Hence, since a rectangular hyperbola can be drawn through any four 
points, the six points A, B, C, A’, B’, C’ are on a conic. 

Also a parabola can be drawn to touch the four straight lines 
ΒΟ’, C'A', A'B', AB. And A is on the directrix of the parabola 
[Art. 53, Ex. 4]; therefore AC is a tangent. Hence a conic touches 
the six sides of the two triangles. 


195. Properties of a figure which are true for any. 
projection of that figure are called projective properties. 
In general such properties do not involve magnitudes. 
There are however some projective properties in which 
the magnitudes of lines and angles are involved: the 
most important of these is the following :— 


The cross-ratios of pencils and ranges are unaltered 
by projection. 


Let A, B, C, D be four points in a straight line, and 
A’, δ, 6, D' be their projections. Then, if V be the 
centre of projection, VAA’, VBB', VCC", VDD are straight 
lines; and we have [Art. 151] 


{A BCD} = V {ABCD} = (A'B'C'D. 


If we have any pencil of four straight lines meeting in 
O, and these be cut by any transversal in A, B, C, D; then 


O(ABCD! = {ABCD} = V {ABCD} = (A'B'C'D'] 
= 0' (A'B'C'D'). 
From the above together with Article 154 it follows that 
if any number of points be in involution, their projections 
will be in involution. 
Ex. 1. <Any chord of a conic through a given point O is divided 


harmonically by the curve and the polar of O. 


Project the polar of O to infinity, then O is the centre of the 
projection, the chord therefore is bisected in O, and {POQo } 
is harmonic when PO=OQq. 
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Ex. 2. Conics through four fixed points are cut by any straight 
line in pairs of points in involution. [Desargue’s Theorem. ] 


Project two of the points into the circular points at infinity, then 
the conics are projected into coaxial circles, and the proposition is 
obvious, 


Ex. 8. If AOA’, BOB’, COC’, DOD’,... be chords of a conic, the 
points A, B, C, D,... and the points A’, B', C', D',... will subtend 
homographic pencils at any point on the curve. 


Project the conic into a circle having O for centre. 


Ex. 4. If there are two systems of points om a conic which 
subtend homographic pencils at any point on the curve, the lines joining 
corresponding points of the two systems will envelope a conic having 
double contact with the original conic. 


Let A, B, C, D,... and A’, B’, 6’, D',... be the two systems 
of points. 

Let AB’, A'B meet in K, and AC’, A'C in L; and project 
the conic into a circle, KL being projected to infinity. Then, it is 
easily seen that 44’, BB’ and CC’ will be projected into equal chords 
of the circle ; and therefore the angles subtended by AB and BC at 
any point on the circle will be equal respectively to the angles 
subtended by A’B’ and B’C’. 

Hence, if P, P’ be any other pair of corresponding points, and O 
be any point on the circle, since O {ABCP} — O {A’B’C’P’}, it follows 
that the angles COP and C'OP' are equal, and that 


PP'—-CC'-BP'zAA*' 


The envelope of PP’ is therefore a concentric circle. 


Ex. 5. In a given conic inscribe a triangle each of whose sides 
will pass through a given fixed point. 


Let P, Q, E be the three fixed points through which the sides 
pass. 

Draw any chord B'C' through the point P, and let C'Q cut the 
curve again in A’, and let A'R cut the curve again in D'. 

Let any other points B", B” be taken on the conic, and the 
corresponding points D", D” be found. 

Let X be either of the points on the conic which are such that 


O (B'B" B" XY = O UD'D"D"xY, 


where O is any point on the conic [see Art. 168, Ex. 4]. Then, if XP 
cut the curve again in Y, and YQ cut the curve in Z, ZX will pass 
through R, and XYZ will be one of the two real or imaginary triangles 
which satisfy the required conditions. 
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196. The following are additional examples of the 
methods of reciprocation and projection. | 


Ex. 1. If the sides of a triangle touch a conic, and if two of the 
angular points move on fixed confocal conics, the third angular point 
will describe a confocal conic. 


Let ABC, A'B'C' be two indefinitely near positions of the triangle, 
and let AA’, BB’, CC’ produced form the triangle PQR. The six 
points A, B, C, A’, B’, C’ are on a conic [Art. 167, Ex. 1], and this 
conic will ultimately touch the sides of PQR in the points A, B, C. 
Hence PA, QB, RC will meet in a point; and it is easily seen that 
the pencils 4 {QCPB}, B{RAQC}, C{PBRA} are harmonic. Now, 
if 4 move on a conic confocal to that which AB, AC touch, the 
tangent at A, that is the line QR, will make equal angles with AB, 
AC. Hence, since 4{QCPB} is harmonic, PA is perpendicular to 
QR. Similarly, if B move on a confocal, QB is perpendicular to 
RP. Hence RC must be perpendicular to PQ, and therefore CA, CB 
make equal angles with PQ; whence it follows that C moves on a 
confocal conic. 

[The proposition can easily be extended. For, let ABCD be a 
quadrilateral circumscribing a conic, and let A, B, C move on 
confocals. Let DA, CB meet in E, and AB, DC in F. Then, by 
considering the triangles ABE, BCF, we see that E and F move on 
confocals. Hence, by considering the triangle CED, we see that D 
will move on a confocal. ] 

If we reciprocate with respect to a focus we obtain the following 
theorem : 


If the angular points of a triangle are on a circle of a co-axial 
system, and two of the sides touch circles of the system, the third side 
will touch another circle of the system. [Poncelet’s theorem. ] 


Ex.2. The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut by a conic, will touch another 
conic. 

The reciprocal theorem is :— 

The six points of intersection of the sides of a triangle with the 
tangents to a conic drawn from the opposite angular points, will lie on 
another conic. 

Project two of the points into the circular points at infinity, then 
the opposite angular point of the triangle will be projected into a 
focus, and we have the obvious theorem :— 

Two lines through a focus of a conic are cut by pairs of tangents 
parallel to them in four points on a circle. 


Ex. 3. The following theorems are deducible from one another. 


(i) Two lines at right angles to one another are tangents one to 
each of two confocal conics ; shew that the locus of their intersection 
is a circle, and that the envelope of the line joining their points of 
contact is another confocal. 
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(ii) Two points, one on each of two co-axial circles, subtend a 
right angle at a limiting point ; shew that the envelope of the line 
joining them is a conic with one focus at the limiting point, and that 
the locus of the intersection of the tangents at the points is a co-axial 
circle. 


(11) Two lines which are tangents one to each of two conics, cut a 
diagonal of their circumscribing quadrilateral harmonically ; shew that 
the locus of the intersection of the lines is a conic through the extremi- 
ties of that diagonal, and that the envelope of the line joining the 
points of contact is a conic inscribed in the same quadrilateral. 


(iv) AOB, COD are common chords of two conics, and P, Q are 
points, one on each conic, such that O 1 APBQ} is harmonic ; shew that 
the envelope of the line PQ is a conic touching AB, CD, and that the 
tangents at P, Q meet ona conic through A, B, C, D. 


(v) If two points be taken, one on each of two circles, equidistant 
from their radical axis, the envelope of the line joining them is a 
parabola which touches the radical axis, and the locus of the inter- 
section of the tangents at the points is a circle through their common 
points. 


EXAMPLES. 


1. Shew that four conics can be described having a common focus 
and passing through three given points, and that the latus-rectum of one 
of the conics is equal to the sum of the latera recta of the other three. 


2. Reciprocate with respect to any point the theorem :— The 
tangents to a circle from any point make equal angles with their chord 
of contact.’ 


3. Reciprocate the following :—‘ The common chord of two circles 
is perpendicular to the line joining the centres of the circles.' 


4. Reciprocate the following :— Four circles will touch three given 
straight lines, and the line joining the centres of any two of the circles 
will pass through one of the points of intersection of the given ΒΡ 
lines.’ 


9. Shew that, if a triangle be reciprocated with respect to any point 
O on its circum- circle, the point O will be on the circum- circle of the 
reciprocal triangle. 


6, Two parabolas touch the sides of a given triangle and cut one 
another at right angles at P. Shew that the point P must lie on the 
circum-circle of the given triangle. 


7. Reciprocate with respect to B the following theorem :—‘If any 
one of a system of circles through the two fixed points A, B be cut by 
any given straight line through 4 in the point P, the tangent at P will, 
for different circles of the system, envelope a parabola whose focus is B.’ 
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8. Reciprocate with respect to one of the limiting points the 
theorem :—‘The tangents drawn to all the circles of a coaxial system - 
from any point on the radical axis are equal.’ 


9, Reciprocate with respect to O and O’ the theorem :— The locus 
of the centre of a circle which passes through a fixed point O and 
touches a fixed circle whose centre is O’ is a conic whose foci are O and 
O’.’ 


10, Reciprocate and so prove the following theorem :—‘ Two chords 
of a rectangular hyperbola are at right angles to one another, and each 
subtends a right angle at a fixed point P. Shew that the locus of their 
intersection is the polar of P. 


1l. Any line is drawn through a fixed point O cutting a given conic 
in the points P, Q, and the point R is taken on the line such that 
{OPQR} is constant. Shew that the locus of R is a conic having double 
contact with the given conic. 


19. Shew that two circles and their centres of similitude subtend a 
pencil in involution at any point. 


19. Shew that, if P, P' be corresponding points of two homograpLic 
ranges on the fixed lines OA, OA’ respectively, and the parallelogram 
POP'Q be completed, the locus of Q will be a conic. 


14. Shew that any conie which passes through the three fixed 
points 4, B, C, and is such that two other given points are conjugate 
with respect to it, will pass through another fixed point. 


15. Shew that the locus of the centre of a conic which passes 
through the two fixed points A, B, and has also two given pairs of 
conjugate points, is & conic. | 


16. A conic circumscribes a triangle and its director-circle passes 
through the orthocentre of the triangle; shew that the polar of the 
orthocentre with respect to the conic touches the polar-circle of the 
triangle. 


17. Prove that, if a conic be drawn through the four points of 
intersection of two given conics, and through the intersection of one 
pair of common tangents, it also passes through the intersection of the 
other pair of common tangents. 


18. Prove that the locus of the vertex from which a system of four 
fixed points in a plane can be projected into a square is a circle in a 
plane at right angles to the third diagonal of the quadrilateral formed by 
the four points. 


19, Shew that any two triangles in plane perspective can be 
projected into equilateral triangles. 
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20. A circle and a rectangular hyperbola are described each with its 
centre on the other curve; a parabola is described with its focus at the 
centre of the hyperbola and its directrix touching the hyperbola at the 
centre of the circle; prove that there are an infinite number of triangles, 
which are at the same time inscribed in one of the three curves, 
circumscribed about another and self-polar with respect to the third, in 
any order. | 


2]. Shew that the envelope of the axes of conics which touch two 
given straight lines at fixed points is a parabola. 


29. Shew that if one conic inscribed in a quadrilateral is a circle, 
the axes of any other inscribed conic are the asymptotes of a rectangular 
hyperbola which circumscribes the diagonal triangle of the quadrilateral; 
shew also that the axes envelope a parabola which touches the diagonals 
of the quadrilateral and whose directrix passes through the middle 
points of the diagonals. 
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PREFACE. 


HE present issue contains the first eight chapters of 

“Conic Sections treated Geometrically,’ the ninth 
edition of which was published in 1895. These chapters 
practically cover the ranges of many examinations, such, 
for instance, as the Higher Local Examinations and some 
of the Civil Service Examinations, and also cover, in the 
majority of cases, the extent of reading in Conics which 
the young student is likely to undertake, and which may 
be wanted for work in schools. 


It is therefore hoped that a small and inexpensive book 
may prove to be useful and attractive to many students who 
may desire to acquire a knowledge of Elementary Conics, 
and for whom the higher regions of thought which are 
dealt with in the later chapters of the Geometrical Conics 


may have no practical value. 
W. H. BESANT. 


CAMBRIDGE, 
April, 1898. 


CONTENTS. 


PAGE 
INTRODUCTION . : : : : : : : 1 
CHAPTER I. 
THE CONSTRUCTION OF A Conic SECTION, AND GENERAL 
PROPERTIES : 8 ; ; : , : 3 
CHAPTER ΤΙ. 
THE PARABOLA. : : : : ; : À: 20 
. CHAPTER III. 
THE ELLIPSE . , : ; : ^ ; : : 50 
CHAPTER IV. 
THE HYPERBOLA . i 3 : : : ; 87 
CHAPTER V. 
THE RECTANGULAR HYPERBOLA , ; : ; : : 126 
CHAPTER VI. 
THE CYLINDER AND THE CONE : j ; : : : 137 
CHAPTER VII. 
THE SIMILARITY OF CONICS, THE AREAS OF CONICS, AND 
CURVATURE : : ; : : : : : : 154 


CHAPTER VIII. 


ORTHOGONAL PROJECTION . ; ; 168 


CONIC SECTIONS. 


INTRODUCTION. 


DEFINITION. 


lr a straight line and a point be given in position in a 
plane, and if a point move in a plane in such a manner that 
its distance from the given point always bears the same 
ratio to its distance from the given line, the curve traced out 
by the moving point is called a Conic Section. 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

When the ratio is one of less inequality, the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained from the intersections of a Cone by 
planes in different directions, a fact which will be proved 
hereafter. 

It may be mentioned that a circle is a particular case of 
an ellipse, that two straight lines constitute a particular 
case of an hyperbola, and that a parabola may be looked 
upon as the limiting form of an ellipse or an hyperbola, 
under certain conditions of variation in the lines and 
magnitudes upon which those curves depend for their form. 


B. C. S. 1 


2 INTRODUCTION. 


The object of the following pages 1s to discuss the general 
forms and characters of these curves, and to determine their 
most important properties by help of the methods and 
relations developed in the first six books, and in the eleventh 
book of Euclid, and it will be found that, for this purpose, a 
knowledge of Euclid's Geometry 1s all that 1s necessary. 

The series of demonstrations will shew the characters and 
properties which the curves possess in common, and also the 
special characteristics wherein they ditfer from each other; 
and the continuity with which the curves pass into each 
other will appear from the definition of a conic section as a 
Locus, or curve traced out by a moving point, as well as from 
the fact that they are deducible from the intersections of a 
cone by a succession of planes, 


CHAPTER I. 


PROPOSITION J. 
The Construction of a Conic Section. 


l. TAKE S as the focus, and from S draw SX at right 
angles to the directrix, and intersecting it in the point Y. 


DEFINITION. This line SX, produced both ways, is called 
the Axis of the Conic Section. 

In SX take a point A such that the ratio of SA to AX 
is equal to the given ratio; then A is a point in the curve. 

Der. The point A is called the Vertex of the curve. 

In the directrix EX take any point E, join EA, and ES, 


produce these lines, and through S draw the straight line 





SQ making with ES produced the same angle which HS 
produced makes with the axis SN. 


1—2 
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Let P be the point of intersection of SQ and EA pro- 
duced, and through P draw LPK parallel to NX, and inter- 
secting ES produced in L, and the directrix in K. 





Then the angle PLS is equal to the angle LSN and 
therefore to PSL; 


Hence SP = PL. 
Also PL :-AS :: EP : EA 
DPA S AX; 
PLS PE AS AN. 
and SP PK : AS: AX. 


The point P is therefore a point in the curve required, 
and by taking for # successive positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 


If E be taken on the upper side of the axis at the same 
distance from X, it is easy to see that a point P will be 
obtained below the axis, which will be similarly situated 
with regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 
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Another point of the curve, lying in the straight line 
KP, can be found in the following manner. 


Through S draw the 
straight line FS making the 
angle FSK equal to KSP, 
and let FS produced meet 
KP produced in P’. 

Then, since KS bisects 
the angle PSF, 

uq op PR TR 
uu Eye ια ας 


and P’ 15 a point in the curve. 





9. Der. The Eccentricity. The constant ratio of the 
distance from the focus of any point $n a conic section to 
its distance from the directrix is called the eccentricity of 
the conic section. 


The Latus Rectum. If E be so taken that £X is equal 
to SX, the angle PSN, 
which is double the angle 
LSN, and therefore double 
the angle ESX, is a right 
angle. 


For, since X = SX, the 
angle ESX = SEX, and, the 
angle SAH being a right 
angle, the sum of the two 
angles SEX, ESX, which 1s 
equal to twice E SX, is also 
equal to a right angle. 





Calling R the position of P in this case, produce RS to 
R’, so that E'S = AS; then E' is also a point in the curve. 


Der. The straight line RSR drawn through the focus 
at right angles to the axis, and intersecting the curve in R 
and Γ΄, 1s called the Latus Rectum. 


It 1s hence evident that the form of a conic section is 
determined by its eccentricity, and that its magnitude is 
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determined by the magnitude of the Latus Rectum, which 
is given by the relation 
Sh 5A ρα αλ. 

93. Der. The straight line PN (Fig. Art. 1), drawn 
from any point P of the curve at right angles to the axis, 
and intersecting the axis in N, is called the Ordinate of 
the point P. 

If the line PN be produced to P' so that NP’ = ΝΡ, 
the line PNP’ is a double ordinate of the curve. 


The latus rectum is therefore the double ordinate passing 
through the focus. 


DeF. The distance AN of the foot of the ordinate from 
the vertex rs called the Abscissu of the point P. 

Der. The distance SP ts called the focal distance of 
the point P. 


It is also described as the radius vector drawn from the 
focus. 


4. We have now given a general method of constructing 
a conic section, and we have explained the nomenclature 
which is usually employed. We proceed to demonstrate a 
few of the properties which are common to all the conic 
sections. 

For the future the word conic will be employed as an 
abbreviation for conic section. 


Prop. IL. Jf the straight line joining two points P, P" 
of a conic meet the directrix in F, the straight line FS will 
bisect the angle between PS and P'S produced. 


/, 


E a 
P 7 
p AAA 
K 
FrF-—-—— . 
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Draw the perpendiculars PI, ΙΑ on the directrix. 
Then ΕΜ ΤΝ 
δ νο 
Theretore FS bisects the outer angle, at S, of the triangle 
PSP’. (Euclid vr, A.) 


Con. If SQ bisect the angle PSP’, it follows that FSQ 
is à right angle. — 


5. Prop. ΙΗ. Vo straight line can meet au conic in more 
than two points. 

Employing the figure of Art. 4, let P be a point of the 
curve, and draw any straight line FP. 

Join SF, draw SQ at right angles to SF, and SP’ making 
the angle QSP’ equal to QSP; then P'is à point of the curve. 

For, since SF bisects the outer angle at δ, 

Dy cus pco ca ue 
ἘΜ er E 

or DI gp cp. 
and therefore, 7" is a point of the curve, also, there is no 
other point of the curve in the straight line FPP’. 

For suppose if possible P" to be another point; then, as 
in Article (4), SQ bisects the angle PSP”; but SQ bisects 
the angle PSP’; therefore P" and P' are coincident. 


6. Prop. IV. Jf QSQ' be a focal chord of a conic, and 
P any point of the conic, and if 
QP, Q'P meet the directrix in E T 
and F, the angle ESF 1s a right Af 
angle. 

For, by Prop. II., SE bisects 
the angle PSQ’, and SF bisects 


the angle PSQ; / 
hence it follows that ESF | 

is a right angle. x 2 A 
This theorem will be subse- A 

quently utilised in the case in Q 

which the focal chord Q’SQ is E Q' 


coincident with the axis of the 
conic. 
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7. Prop. V. Lhe straight lines joining the extrematves 
of two focal chords intersect in the directrix. 


If PSp, P'Sp' be the 
two chords, the point in 
which PP’ meets the 
directrix 1s obtained by 
bisecting the angle 
PSP’ and drawing SF 
at right angles to the 
bisecting line SQ. But 
this line also bisects the 
angle pSp'; therefore 
pp' also passes through 


The line SF bisects 
the angle PSp’, and 
similarly, if QS pro- 
duced, bisecting the 
angle pSp', meet the 
directrix in Æ”, the two 
lines Pp’, P'p will meet 
in δ. Itis obvious that 
the angle FSF” is a right 
angle. 





δ. Prop. VI. The semi-latus rectitm 15 the harmonie 
mean between the two segments of any focal chord of a comc. 


Let PSP’ be a focal chord, 
and draw the ordinates PN, 
TN. 

Then, the triangles SPN, 
SP’N’ being similar, 

SP SP ccs SN 
SNX—SX:SX—N'X 
SSP—SR:SR-—SP', 

since SP, SA, SP’ are proportional to NX, SX, and A X. 
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Cor. Since SP: SP— SR :: SP. SP:SP.SP' —SR.SP',, 
and SP':SR—SP :SP.SP':SR.SP—SP.SP', 
it follows that 
SP.SP—SR.SP-SR.SP—SP.SP'; 
Shef P —28PISP. 
Hence, if PSP’, QSQ' are two focal chords, 
JI QQ' ar e SQ. SQ. 
9. Prop. VII. A focal chord is divided harmonically at 
the focus and the point where it meets the directrix. 
Let PSP’ produced meet the directrix in F, and draw 
PK, P'K' perpendicular to the directrix, fig. Art. 8. 
Then PF: PF:: PK: PR 
TIS EE te d 
SPF—SF:SF—P'F; 
that is, PF, SF, aud P'F are in harmonic progression, and 


the line PP’ is divided harmonically at S and F. 


10. Definition of the Tangent to a curve. 


If a straight line, drawn through a point P of a curve, 
meet the curve again in P’, and if the straight line be turned 
round the point P until the point P' approaches indefinitely 
near to P, the ultimate position of the straight line ts the 
tangent to the curve at P. 
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Thus, if the straight line APP’ turn round P until the 
points P and P' coincide, the line in its ultimate position 
PT is the tangent at P. 


DEF. The normal at any point of a curve is the straight 
line drawn through the point at right angles to the tangent at 
that point. 


Thus, in the figure, PG is the normal at P. 


Prop. VIII. The straight line, drawn from the focus to 
the point in which the tangent meets the directrix, is at right 
angles to the straight line drawn from the focus to the point of 
contact. 





a 


It is proved in Art. (4) that, if FPP' is a chord, and if 
SQ bisects the angle PSP’, FSQ 1s a right angle. 

Let the point P' move along the curve towards 7^; then, as 
P' approaches to coincidence with P, the straight line PPP’ 


approximates to, and ultimately becomes, the tangent T'P 
at P. 

But when P’ coincides with J’, the line SQ coincides with 
SP, and the angle FSP, which is ultimately TSP, becomes a 
right angle. 

Or, in other words, the portion of the tangent, intercepted 
between the point of contact and the directrix, subtends a 
right angle at the focus. 
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11. Prop. IX. The tangent at the vertex is perpendicular 
to the aas. i 


If achord HAP be drawn through 
the vertex, and the point P be near 
the vertex, the angle PS4 is small, 
and LSN, which is half the angle 
PSN, is nearly a right angle. 


Hence it follows that when P 
approaches to coincidence with A, the 
point Æ moves off to an infinite 
distance and the line HAP, which 15 
ultimately the tangent at A, becomes 
parallel to LSE, and 1s therefore per- 
pendieular to A X. E 





12. Prop. X. The tungents at the ends of « focal chord 
intersect on the directrix. 


ρ 





For the line SF, perpendicular to SP, meets the directrix 
in the same point as the tangent at P; and, since SF is 
also at right angles to SP’, the tangent at P' meets the 
directrix in the same point F. 


Conversely, if from any point F in the directrix tangents 
be drawn, the chord of contact, that is, the straight line 
joining the points of contact, will pass through the focus and 


will be at right angles to SF. 


Cor. Hence it follows that the tangents at the ends of 
the latus rectum pass through the foot of the directrix. 
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13. Prop. ΧΙ. Ifa chord P'P meet the directrix in F, 
and if the line bisecting the PSP’ meet the curve in q and q, 
Fq and Fg will be the tangents at q and q'. 

Taking the figure of Art. 7, the line SQ meets the curve 
in q and q’, and, since SF is at right angles to SQ, it follows, 
from Art. 12, that Fq and Fq' are tangents. 

Hence if from a point F in the directrix tangents be 


drawn, and also any straight line FPP’ cutting the curve in 
P and P’, the chord of contact will bisect the angle PSP’. 


14. Prop. XII. If the tangent at any point P of a conic 
intersect the directrix in F, and the latus rectum produced 
in D, 

SD:SF:S5A : AX. 

Join SK ; then, observing that FSP and FKP are right 
angles, a circle can be described 
about FSPK, and therefore the 
angles SFD, SK P are equal. 


Also the angle FSD 
= complement of DSP 
—SPK; X 
" the triangles FSD, SPK are 


similar, and 
po 


SD:SF: SP: PK d / 
| 






IZ 
ES 


bo 


= SA: AY. = 


Cor. (1) If the tangent at the other end P’ of the focal 
chord meet the directrix in D, 
SD :SF::SA:AN; 
. SD=SD 
Cor. (2). If DE be the perpendicular from D upon SP, 
the triangles SDE, SFX are similar, and 
SH: SN: SD: SF 
SA: AY 
OR DANA 


. SE is equal to SA, the semi-latus rectum. 
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15. Prop. XIII. The tangents drawn from any point to 
a conic subtend equal angles at the focus. 


Let the tangents FTP, FTP at P and P' meet the 


directrix in F and F” and the latus rectum in D and D. 
Join ST and produce it to meet the directrix in K; 


then KF:SD: KT :ST 
© Wh’: SD. 
Hence NF: KF'::: SD : SD 


=: SF : SF by Prop. XII. 
'. the angles TSF, TSF" are equal. 





But the angles FSP’, F'SP are equal, for each is the 
complement of FSF”; 


'. the angles TSP, TSP’ are equal. 


Cor. Hence it follows that if perpendiculars TM, TM’ 
be let fall upon SP and SP’, they are equal in length. 

For the two triangles TSM, TSM have the angles TMS, 
TSM respectively equal to the angles TM'S, TSM, and the 


side TS common ; and therefore the other sides are equal, 


and TM =TM. 


16. Prop. XIV. If from any point T in the tangent at 
a point P of a conc, TM be drawn perpendicular to the focal 
distance SP, and TN perpendicular to the directriz, 
SM : TN :: SA : AX. 
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For, if PK be perpendicular to the directrix and SF be 
joined, 

SM:SP::TF:FP 
COPA Ph 
SOSM OTN S SPT 
1-4. 

This theorem, which is due 

to Professor Adams, may be 


employed to prove Prop. XIII. 


For if, in the figure of Art. (15), TM, TM be the 
perpendiculars from T on SP and SP, and if TN be the 
perpendicular on the directrix, SM and SM’ have each the 
same ratio to TN, and are therefore equal to one another. 


Hence the triangles TSM, TSM” are equal in all respects, 
and the angle PSP’ is bisected by ST. 


7 A 


á 





17. Pror. XV. To draw tangents from any point to a 
conic. 


Let T be the point, and let a circle be described about S 
as centre, the radius of which bears to TN the ratio of 
SA : AX ; then, if tangents TM, TM' be drawn to the circle, 
the straight lines SM, SM’, produced if necessary, will 
intersect the conic in the points of contact of the tangents 
from 7. 


18. Prop. XVI. Jf PG, the normal at P, meet the asis 
of the conic in (1, 


SG: SP :: SA : AX. 
P 

F 

ΧΙ S C 


Let the tangent at P meet the directrix in F, and the 
latus rectum produced in D. 
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Then the angle SPG =the complement of SPF = PFS, 
and PSG = the complement of FSX = FSD; 


. the triangles SFD, SPG are similar, and 
SG : SP: SD: SF: SA : AX, by Prop. XII. 
19. Prop. XVII. Jf from G, the point $n which the 


normal at P meets the axis, GL be drawn perpendicular 
to NP, the length PL is equal to the sema-latus rectum. 


Let the tangent at P | p 





meet the directrix in ῥ᾽ and 
join SF. 
Then PLG, PSF are 
similar triangles ; 
c PL: LG: SF: NP. a 
Also SLG and SFX are 
similar triangles ; 





. LG: SX : SG: SE 


Hence PL : SX: NG: SP ; 
SA: AN, Art. (18), 
but Sit: SX :SA:AX, Art. (2); 


M Ξ SR: | 


20. Prop. XVIII. If from any point F in the directrix 
tangents be drawn, and also any straight line FPP’ cutting 
the curve in P and P', the chord PP’ is divided harmonically 
at F and sts point of intersection with the chord of contact. 
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For, if QSQ' be the chord of contact, it bisects the angle 
PSP’, (Prop. XL), and .., if V be the point of intersection of 
SQ and PP, 

ΕΠΕ 
ΠΡ 
SFP-—FV:FV—FP. 
Hence FV is the harmonic mean between FP and FP. 


The theorems of this article and of Art. 9 are particular 
cases of more general theorems, which will appear hereafter. 


21. Prop. XIX. Jf a tangent be drawn parallel to a 
chord of a conic, the portion of this tangent which is inter- 
cepted by the tangents at the ends of the chord is bisected at 
the point of contact. 





Let PP’ be the chord, TP, TP’ the tangents, and EQE’ 
the tangent parallel to PP’. 

From the focus S draw SP, SP’ and SQ, and draw TM, 
TM’ perpendicular respectively to SP, SP’. 

Also draw from Æ perpendiculars ÆN, EL, upon SP, 
SQ, and from Ν΄’ perpendicalars Z'N', E'L' upon SP’ and 


SQ. 
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Then, since LE’ is parallel to PL’ 
PPRPP το F. 


but PPBP LEEN, 
and EP EP TA XN 


IM: EN sS TA: EN’; 
but TM = TM, Cor. Prop. ΧΠΗ.; 
SEN SEN. 
Again, by the same corollary, 
EN =EL and KFN =E'L': 
GL EL 
and, the triangles ZLQ, E'L'Q being similar, 
EQ = EQ. 
Cor. If TQ be produced to meet PP’ in J, 
PV:EQ::TV:TQ, 
and oye Oc TV- TQ 
παπι pp 
that is, PP’ is bisected in V. 
Hence, if tangents be drawn at the ends of any chord 
of a conic, the point of intersection of these tangents, the 


middle point of the chord, and the point of contact of the 
tangent parallel to the chord, ull lie in one straight line. 


EXAMPLES. 


1. DESCRIBE the relative positions of the focus and directrix, first, 
when the conic is a circle, and secondly, when it consists of two straight 
lines. 


2. Having given two points of a conic, the directrix, and the 
eccentricity, determine the conic. 


3. Having given a focus, the corresponding directrix, and a tangent, 
construct the conic. 
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i. Ifa circle passes through a fixed point and cuts a given straight 
line at a constant angle the locus of its centre is a conic. 


5. If PG, pg, the normals at the ends of a focal chord, intersect in 
O, the straight line through O parallel to Pp bisects Gg. 


6. Find the locus of the foci of all the conics of given eccentricity 
which pass through a fixed point P, and have the normal PG given in 
magnitude and position. 


7. Having given a point P of a conic, the tangent at / and the 
directrix, find the locus of the focus. 


8. If PSQ be a focal chord, and X the foot of the directrix, XP 
and XQ are equally inclined to the axis. 


9. If PA be the perpendicular from a point 7 of a conic on the 
directrix, and SA’ meet the tangent at the vertex in Æ, the angles SPE, 
APE are equal. 


10. If the tangent at P meet the directrix in 7'and the axis in 7, 
the angles XSF, FTS are equal. 


11. PSP’ is a focal chord, PN, P'N' are the ordinates, and PK, 
P'K' perpendiculars on the directrix; if KN, A’V’ meet in Z, the 
triangle LNA” is isosceles. 


12. The focal distance of a point on a conic is equal to the length 
of the ordinate produced to meet the tangent at the end of the latus 
rectum. 


13. The normal at any point bears to the semi-latus rectum the 
ratio of the focal distance of the point to the distance of the focus from 
the tangent. 


14. The chord of a conic is given in length; prove that, if this 
length exceed the latus rectum, the distance from the directrix of 
the middle point of the chord is least when the chord passes through 
the focus. ΄ 


15. The portion of any tangent to a conic, intercepted between two 
fixed tangents, subtends a constant angle at the focus. 


16. Given two points of a conic, and the directrix, find the locus of 
the focus. 


17. From any fixed point in the axis a line is drawn perpendicular 
to the tangent at P and meeting SP in R; the locus of / is a circle. 


18. If the tangent at the end of the latus rectum meet the tangent 
at the vertex in 7, A T=AS. 


19. TP, TQ are the tangents at the points J’, Q of a conic, and LQ 
meets the directrix in X ; prove that RST is a right angle. 


20. SR being the semi-latus rectum, if RA meet the directrix in Δ) 
and SE meet the tangent at the vertex in 7, 


AT=AS, 
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91, If from any point T, in the tangent at P, TM be drawn 
perpendicular to SP, and TN perpendicular to the transverse axis, 
meeting the curve in A, $./ 2 SR. 


22. Ifthe chords PQ, P'Q meet the directrix in 7 and A”, the angle 
FSF’ is half PSP’. 


23. If PN be the ordinate, PG the normal, and GZ the perpen- 
dicular from G upon SP, 


GH APN να BY. 


24. If normals be drawn at the ends of a focal chord, a line 
through their intersection parallel to the axis will bisect the chord. 


25. Ifa conic of given eccentricity is drawn touching the straight 
line FD joining two fixed points δ᾽ and D, and if the directrix always 
passes through / and the corresponding latus rectum always passes 
through /), find the locus of the focus. 


26. If ST, making a constant angle with SP meet in T the tangent 
at P, prove that the locus of T is a conic having the same focus and 
directrix. | 


27. If E be the foot of the perpendicular let fall upon PSP’ from 
the point of intersection of the normals at P and 7", 


PE=SP' and P'EZSD. 


28. Ifa circle be described on the latus rectum as diameter, and if 
the common tangent to the conic and circle touch the conic in P and 
the circle in Q, the angle PSQ is bisected by the latus rectum. (Refer 
to Cor. 2. Art. 14.) 


29. Given two points, the focus, and the eccentricity, determine 
the position of the axis. 


30. Ifa chord PQ subtend a constant angle at the focus, the locus 
of the intersection of the tangents at P and ( is a conic with the same 
focus and directrix. 


31. The tangent at a point 7^ of a conic intersects the tangent at 
the fixed point P’ in Q, and from S a straight line is drawn perpen- 
dicular to SY and meeting in / the tangent at P; prove that the locus 
of Ji is a straight line. 


32. The circle is drawn with its centre at S, and touching the conic 
at the vertex 4 ; if radii Sp, Sp’ of the circle meet the conic in P, 7", 
prove that PP", pp’ intersect on the tangent at A. 


33. Pp is any chord of a conic, PG, pg the normals, G, g being on 
the axis; GA, gk are perpendiculars on Pp; prove that PA — pk. 


ιν 
i 


CHAPTER II. 
THE PARABOLA. 


DEF. A parabola is the curve traced out by u point 
which moves in such a manner that its distance from a gwen 
point ıs always equal to rts distance from a given straight 
lane. 


Tracing the Curve. 


P E 


— 


33. Let S be the focus, HX the directrix, and SX the 
perpendicular on £X. Then, bisecting SX in 4, the point 
A is the vertex; and if, from any point Æ in the directrix, 
EAP, ESL be drawn, and from S the straight line SP 
meeting ΚΑ produced in P, and making the angle PSL 
equal to LSN, we obtain, as in Art. (1), a point P in the 
curve. 
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For ΡΕ Ες ENA TAK, 
and ^APLzPK. 
But SP = PL, and .. SP = PK. 


Again, drawing {1 parallel to the axis and meeting in 
P’ the line PS produced, we obtain the other extremity of 
the focal chord PSP’. 


For the angle ESP = PSL = PLS 
= SEP, 
and ol =P E, 
and P' is a point in the parabola. 


The curve lies wholly on the same side of the directrix ; 





for, if P' be a point on the other side, and SN be perpen- 
dicular to P' K, SP’ is greater than P'N, and therefore is 
greater than P'K. 


Again, a straight line parallel to the axis meets the curve 
1n one point only. 


For, if possible, let P" be another point of the curve in 
KP produced. 


Then SP -— PK and SP"-P"K 
ups 
or PP GESPSSP. 
which 1s impossible. 
23. Prop. I. The distance from the focus of a point 


inside a parabola is less, and of a point outside is greater 
than its distance from the directrix. 
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bo 
L2 


If Q be the point inside, 
let fall the perpendicular 
QPK on the directrix, meet- 
ing the curve in P. 


Then SP + PQ» SQ, 
but SP + PQ 


= PK +PQ=QK, 
ο «Ον, 
It Q' be outside, and between P and K, 
SQ + PQ > SP, 
ASQ > QK. 
If Q lie in PK produced, 
SQR +SP > PQ, 
and ASQ SKU. 





24. Pror. II. The Latus Rectum = 4. ΑΔ. 


For if, Fig. Art. 23, LSL’ be the Latus Rectum, drawing 
LK' at right angles to the directrix, we have 


[IS= LK’ =SX =2AS, 
DSL =4. ἂν 


25. Mechanical construction of the Parabola. 


Take a rigid bar HAL, of Ε 
which the portions HK, KL are 
at right angles to each other, A L 
and fasten a string to the end 
L, the length of which is LK. X 
Then if the other end of the 
string be fastened to S, and the 
bar be made to slide along a 
fixed straight edge, EK X, a pencil at P, keeping the string 
stretched against the bar, will trace out a portion of a 
parabola, of which S is the focus, and EX the directrix. 


S 
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26. Prop. III. 7f PK 15 the perpendicular upon the 
directrix from a point P of a parabola, and if PA meet the 
directrix in E, the angle KSE 1s a right angle. 


Join ES, and let KP and 
ES produced meet at L. 


Since SA = ALY, 1t follows 
that PL =PK=SP; 


.. P is the centre of the 
circle through K, S, and L, 
and the angle KSL is a 
right angle. 





Therefore KSE is a right angle. 


27. Prop. IV. If PN 1s the ordinate of a point P of a 
parabola, 


PN?-A4AS.AN. 
Taking the figure above, 
PN: EX:AN: AX 
SPN:EX.KX :4AS.AN : 448? 
But, since ASE is a right angle, 
EX .KX-2SX'2AAS, 
^AOPNLIÉAAS.AN. 


. Cor. If AN increases, and becomes infinitely large, PN 
Increases and becomes infinitely large, and therefore the two 


portions of the curve, above and below the axis, proceed to 
infinity. 


25. Prop. V. If from the ends of a focal chord per- 
pendiculars be let fall upon the directrix, the intercepted 
portion of the directria subtends a right angle at the focus. 


. For,if PA meet the directrix ia Æ, and if the straight 
line through E perpendicular to the directrix meet PS in P’, 
it is shewn, in Art. 22, that Ρ' is the other extremity of the 
focal chord PS; and, as in Art. 26, KSE is a right angle, 
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29. Pror. VI. The tangent at any point P bisects the 
angle between the focal distance SP and the perpendicular 
PK on the directrox. 


Let F be the point in which 
the tangent meets the directrix, 
and join SF. 


We have shewn, (Art. 10) that 
FSP is a nght angle, and, since 
SP=PK, and PF is common to 
the right-angled triangles SPF, 
K PF, it follows that these triangles 
are equal in all respects, and there- 
fore the angle 


SPF = FPR. 





In other words, the tangent at any point is equally inclined 
to the focal distance and the axis. 


Cor. It has been shewn, in Art. (12), that the tangents at the ends 
of a focal chord intersect in the directrix, and therefore, if PS produced 
meet the curve in P", FP is the tangent at P', and bisects the angle 
between SZ” and the perpendicular from 7" on the directrix. 


30. Pror. VII. The tangents at the ends of a focal 
chord intersect at right angles in the directrix. 


Let PSP’ be the chord, and PF, P'F 
the tangents meeting the directrix in F. 


Let fall the perpendiculars PK, P’A", 
and join SK, SA’. 


47 
The angle PSH’ =3 PSN n 
= 4S P kK=SP F, ; ^ 
Μπ K ; 
^. ASK. 1s parallel to PF, P 


and, similarly, SK is parallel to P'F. 
But (Art. 28) KSK is a right angle ; 


.. PFP is a right angle, 
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31. Pror. VIII If the tangent at any point P of a 
parabola meet the axis in T, and PN be the ordinate of P, 
then 


AT -- AN. 


Draw PA perpendicular to 
the directrix. 


The angle SPT — TPK 





SPIS 
<. ST = SP 

Pk 

= NX. 

But ST=SA+ AT, 
and NX=AN+AX; 
“since SA = AX, 
AT = AN. 


DeF. The line NT 1s called the sub-tangent. 


The sub-tangent is therefore twice the abscissa of the 
point of contact. 


32. Prop. IX. The foot of the perpendicular from the 
focus on the tangent at any point P of a parabola lies on the 
tangent at the vertex, and the perpendicular is a mean pro- 
portional between SP and SA. 


Taking the figure of the previous article, join SK meeting 
PT in Y. 
Then SP — PK, and PY is common to the two triangles 
SPY, KPY; 
also the angle SPY = YPK; 
^. the angle SYP = PYK, 
and SY is perpendicular to PT. 


Also SY = KY, and SA = AX, .. AY is parallel to KX. 
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Hence, AY is at right angles to AS, and is therefore 
the tangent at the vertex. 


Again, the angle SPY = STY —SYA, and the triangles 
SPY, SY A are therefore similar ; 


vosque YoY s cs 
Or S 1? = SP . SÁ. 


33. Pror. X. Jn the parabola the subnormal is constant 
and equal to the semi-latus Rectum. 


DEF. The distance between the foot of the ordinate of P 
and the point in which the normal at P meets the axis 18 
called the subnormal. 





In the figure PG is the normal and PT the tangent. 
It has been shewn that the angle SPK is bisected by 
PT, and hence it follows that SPL is bisected by PG, 
and that the angle SPG = GPL = PGS; 
hence SG = SP =ST 
=SA+A7T=SA4+ 4Ν 
=2A S + SN ; 
ο, the subnormal NG = 245. 


34. Con. If Gl be drawn perpendicular to SP, 
the angle GPI —the complement of SPT, 
=the complement of S7P, 
—PGN, 
and the two right-angled triangles GP.V, G PI have their angles equal 
and the side GP common; hence the triangles are equal, and 
Pl -NG-2A5S 
=the semi-latus Rectum. 


It has been already shewn, (Art. 19), that this property is a general 
property of all conics. 
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35. Prop. XI. To draw tangents to a parabola from an 
external point. 


For this purpose we may employ the general construction 
given in Art. (17), or, for the special case of the parabola, the 
following construction. 





T X A| S N 


Let Q be the external point, join SQ, and upon SQ as 
diameter describe a circle intersecting the tangent at the 
vertex in Y and lY. Join YQ, Y’Q; these are tangents to 
the parabola. 

Draw SP, so as to make the angle YSP equal to YSA, 
and to meet YQ in P, and let fall the perpendicular PN 
upon the axis. 

Then, SY Q 1s à right angle, since it is the angle in a 
semicircle, and, 7 being the point in which QY produced 
meets the axis, the two triangles SY P, SYT are equal in all 
respects ; 

^-SPZST,and YT= YP. 
But A Y is parallel to ΡΛ; 
dul Ay: 

Hence SP=ST=SA+AT 

=AX+AN 
= NX, 
and P is a point in the parabola. 


Moreover, if PK be perpendicular to the directrix, the 
angle SPY 2STP = YPK, and PY is the tangent at P. 
(Art. 29.) 

Similarly, by making the angle Y'SP' equal to ASY" 
we obtain the point of contact of the other tangent QY’. 
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36. Prov. ΧΙΙ. If from a point Q tangents QP, QP’ 
be drawn to a parabola, the two triangles SPQ, SQP’, are 
similar, and SQ ts a mean proportional between SP and 
SP. 





T 


Produce PQ to meet the axis in 1, and draw SY, SY 
perpendicularly on the tangents. Then Y and Y' are points 
in the tangent at A. 

The angle SPQ-STY 

= SYA 

=SQP, 
since S, Y', Y, Q are points on a circle, and SYA, SQP are 
in the same segment. 


Also, by the theorem of Art. (15), the angle 
PSQ=QSFP’; 
therefore the triangles PSQ, QSP’ are similar, and 
ps SQ - SQ S 


37. From the preceding theorem the following, which 
is often useful, immediately follows. 


If from any points in a given tangent of a parabola, 
tungents be drawn to the curve, the angles which these tangents 
make with the focal distances of the points from which they 
are drawn are all equal. 


For each of them by the theorem, is equal to the angle 
between the given tangent and the focal distance of the 
point of contact. 


Hence it follows that the locus of the intersection of « 
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tangent to a parabola with a straight line drawn through the 
focus meeting it at a constant angle is a straight line. 


For if QP be the moveable tangent, the angle SQP=SP'Q, 
and therefore, if SQP is constant, SP'Q is a given angle. 
The point P’ is therefore fixed, and the locus of ( is the 
tangent P'Q. 


38. Since the two triangles PSQ, QSP are similar, we have 
PQ: P'Q:: SP: SY 
and PO: PU :: SO SP; 
ο ο opa ο ο δα 
that is, the squares of the tangents from any point are proportional to 
the focal distances of the points of contact. 


This will be found to be a particular case of a subsequent Theorem, 
given in Art. 51. 


39. Prop. XIII. The external angle between two tangents 
is half the angle subtended at the focus by the chord of 
contact. 


Let the tangents at P and P' intersect each other in Q 
and the axis ASN in T and T". 

Join SP, SP’; then the angles SPT, STP are equal, 
and .. STP is half the angle PSN; similarly ST"P' is halt 
PSN. 





m T’ S N 


But TQT' is equal to the ditference between STP and 
ST'P', and is therefore equal to half the difference between 
PSN and P'SN, that is to half the angle PSP’. 


Hence, joining SQ, TQT” is equal to each of the angles 
PSQ, P'SQ. 
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40. Prop. XIV. The tangents drawn to a parabola from 
any point make the same angles, respectively, with the axis 
and the focal distance of the point. 





Let ΩΡ, QP’ be the tangents; join SP, and draw QE 
parallel to the axis, and meeting SP in £. 
Then, if PQ meet the axis in T, the angle 
EQP = STP = SPR 
=SQP’. (Art. 57.) 
t.e. QP and Q7" respectively make the saine angles with 
the axis and with QS. 


41, Conceive a parabola to be drawn passing through Q, having S 
for its focus, S.V for its axis, and its vertex on the same side of S as the 
vertex A of the given parabola. Then the normal at Q to this new 
parabola bisects the angle SQE; therefore the angles which YP and 
QP' make with the normal at Q are equal. 


Hence the theorem, 

If from any point in a parabola, tangents be drawn to a confocal 
and co-axial parabola, the normal at the point will bisect the angle 
between the tangents. 

If we produce SP to any point p, and take St equal to Sp, pt will 
be the tangent at p to the confocal and co-axial parabola passing 
through p. 


Hence the theorem, 

If parallel tangents be drawn to a szries of confocal and co-axial 
purabolas, the points of contact will lie in a straight line passing through 
the focus. 

In these enunciations the words co-axial and confocal are intended 
to imply, not merely the coincidence of the axes, but also that the 
vertices of the two parabolas are on the same side of their common 
focus. 

The reason for this will appear when we shall have discussed the 
analogous property of the ellipse. 
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42. If two confocal parabolas have their axes in the same straight 
line, and their vertices on opposite sides of the focus, they intersect at 
right angles. 





For the angle TPS=3$PST, 
and T'PS-iPST, 
. TPT'=3 (PST+ PST’) =a right angle. 


It will be noticed that, in this case, the common chord PQ is 
equidistant from the directrices. 


For the distance of P from each directrix is equal to SP. 


43. Prop. XV. The circle passing through the points 
of intersection of three tangents passes also through the focus. 





Let Q, P, Q' be the three points of contact, and F, T, F” 


the intersections of the tangents. 
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In Art. (36) it has been shewn that, if FP, FQ be tan- 
gents, the angle 
SQF = SFP. 
Similarly TQ, TQ’ being tangents, the angle 
SQT = STQ, 
hence the angle SFF’ or SFP = SQT, 
= LL, 


and a circle can be drawn through δ, F, T, and F”. 


44 DEF. A straight line drawn parallel to the axis 
through any point of a parabola ts called a diameter. 

Prop. XVI. If from any point T tangents TQ, TQ’ be 
drawn to a parabola, the point T is equidistant from the 
diameters passing through Q and Q, and the diameter drawn 
through the point T bisects the chord of contact. 

Join SQ, SQ, and draw TM, TM’ perpendicular re- 
spectively to SQ and SQ’. 

Also draw NTN per- 
pendicular to the diameters 
through Q and Q, and 
meeting those diameters 1n 
N and N’. 

Then, since TS bisects 
the angle QSQ’, 

TM =TM"; 
and, since TQ bisects the angle SQN, 





TN = TM. 
Similarly ΤΝ = TW, 


AN SN 
Again, join QQ’, and draw the diameter TV meeting 
QQ’ in V; also let QT produced meet QN’ in R; 
then OV ο ο απ 
ΝΕ ΤΙΝ. 
since the triangles Q7'N, RTN’ are similar ; 


OV μα. 
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Hence the diameter through the middle point of a chord 
passes, when produced, through the point of intersection of the 
tangents at the ends of the chord. 


It should be noticed that any straight line drawn 
through T and terminated by QN and Q’N’ is bisected at T. 


45. Prop. XVII. Any diameter bisects all chords parallel 
to the tangent at its extremity, and passes through the point oy 
intersection of the tangents at the ends of any of these chords. 


Let QQ be a chord parallel to the tangent at P, and 
through the point of intersection T of the tangents at Q and 
Q draw FTF” parallel to QQ’ and terminated at F and F” by 
the diameters through Q and Q. 





Let the tangent at P meet TQ, TQ’ in E and E, and 
ΩΡ, QF’ in G and Ο΄. 
Then EG : TF :: EQ: TQ 
cuo 10 
Gs S TE, 
But TF= TF", since (Art. 44) T is equidistant from QG and 
UG, 
AEGBEG. 
Also, EP = EG, since Æ is equidistant from QG and PV, the 
diameter at P. 
M EP=E'P and GP = PG, 
and QV = VQ. 
B. C. 8. 3 
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Again, since T, P, V are each equidistant from the 
parallel straight lines QF, ΩΡ, it follows that TPV is a 
straight line, or that the diameter VP passes through 1. 


We have shewn that GE, EP, PE’, E’G’ are all equal, 


and we hence infer that 
EE =4G@=3QQ, 
and consequently that TP = 4 TV, or that TP = PV. 


Hence tt appears, that the diameter through the point of 
intersection of a pair of tangents passes through the point of 
contact of the tangent parallel to the chord of contact, and. also 
through the middle point of the chord of contact ; and that the 
portion of the diameter between the point of intersection of the 
tangents and the middle point of the chord of contact is bisected 
at the point of contact of the parallel tangent. 


We may observe that in proving that HE’ is bisected at 
P, we have demonstrated a theorem already shewn (Art. 21) 
to be true for all conics. 


46. When the point 7’ is on the directrix, QTQ is a right angle. 


If then Qg is the chord which is normal at @, it is parallel to the 
tangent 110’, and is therefore bisected by the diameter Q'U through Q. 





Since QU is bisected by 7'V, it follows that 
Qq—4T (', 
1.6. the length of a normal chord is four times the portion of the 
parallel tangent between the directrix and the point of contact. 
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47. DEF. The line QV, parallel to the tangent at P, 
and terminated by the diameter PV, 1s called an ordinate 
of that diameter, and QQ 1s the double ordinate. The point 
P, the end of the diameter, is called the vertex of the diameter, 
and the distance PV is called the abscissa of the point Q. 


We have seen that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 


Der. The chord through the focus parallel to the tangent 
at any point 15 called the parameter of the diameter passing 
through the point. 


Prop. XVIII. The parameter of any diameter is four 
times the focal distance of the vertex of that diameter. 


Let P be the vertex, and 
QSQ' the parameter, T the 
point of intersection of the 
tangents at Q and Q's, and 
FPE the tangent at P. 


Then, since FS and FS 
bisect respectively the angles 
PSR, PSQ, FSF” is a right 
angle, and, P being the middle 
point of FF', SP = PF = PF". 


Hence QQ’, which is double 
FF’, is four times SP. 





48. Prop. XIX. If QVR be a double ordinate of a 
diameter PV, QV 4s a mean proportional between PV and 
the parameter of P. 


Let FPF” be the tangent at P, and draw the parameter 
through S meeting PV in U. 


The angle SUT = FPU — SPF' (Art. 29), and, since the 
angles SFQ, SPF are equal (Art. 36), it follows that the 
angles SFT, SPF" are equal ; 


8—2 
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ον SUT=SFT, and U is a point in the circle passing 
through ο) ΤΕ”. 





Hence, Q V being twice PF, 
QV:-4PF*—APU.PT; 


but PUSI. 
for the angle SUP = FPU = SPF = PSU; 
and PT = PV, 


<. QV? =4SP . PF. 


49. This relation may be pre- 
sented in a different form, which is 
sometimes useful. 


If from any point U in the tan- 
gent at P, UQ is drawn parallel to 
the axis, UP and UQ are respec- 
tively equal to the ordinate and 
abscissa of the point Q with regard 
to the diameter through P, and 
therefore 


PU?—ASP . UQ. 
Therefore, if VR is drawn parallel 


to the axis from another point V of 
the tangent, 


PU? : PV? :: UQ : VR. 
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Hence, since σα ους PT 
UE?: VI :: UQ: VR:: UQ. VR: VR? 
and CH2=UQ. VR. 
Hence Ch UO Εν ΕΠΕ: ΞΕ; 


ο: QE :: ΡΕ: ER. 
In a similar manner it can be shewn that VZ?— UQ. VR, and it 


follows that VF'= UE, and therefore that ΕΕ is parallel to the tangent 
at P. 


50. Prop. XX. Jf QVQ' be a double ordinate of a 
diameter PV, and QD the perpendicular from Q upon PV, 
QD 15 a mean proportional between PV and the latus rectum. 





Let the tangent at P meet the tangent at the vertex in 
Y, and join SY. 

The angle QV D=SPYV=SYA, and therefore the triangles 
QVD, SAY are similar ; 


and QD': QV? :: AS : SY? 
HAS AS ASP. 
Be AS : SP 
sd4AÀAS.PV:ASP.PV, 
but QV? —4SP.PV; 


“QD? 2 AAS . PV. 


51. Prop. XXI. If from any point, within or without 
a parabola, two straight lines be drawn in given directions 
and intersecting the curve, the ratio of the rectangles of the 
segments 1s independent of the position of the point. 


From any point O draw a straight line intersecting the 
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parabola in Q and Q', and draw the diameter OL, meeting 
the curve in Æ. 





If PV be the diameter bisecting QQ’, and EU the 
ordinate, OQ . OQ = OV’? — QV” 
= EU’ — QV’ = 4SP . PU —4SP . PV 
=4SP . OE. 
Similarly, if ORR’ be any other intersecting line and 7 
the vertex of the diameter bisecting RA, 
OR . OR =4SP' . OF. 
S00 ο, ος OR : SP ST. 
that is, the ratio of the rectangles depends only on the 


positions of P and J”, and, if the lines QQQ’, ORF’ are drawn 
parallel to given straight lines, these points P, P" are fixed. 
It will be easily seen that the proof is the same if the 
point O be within the parabola. 
If the lines OQQ', ORR’ be moved parallel to themselves 
until they become the tangents at P and P', we shall then 
obtain, if these tangents intersect in T, 


ΤΡ ΠΡ SP, 
a result previously obtained (Art. 38). 
Again if QSQ', RSE be the focal chords parallel to TP 
and ΤΡ’, it follows that 
PP TP” : OS SQ ΞΡ SE, 
(cor, Art. 8) TP? : TP? : QQ' : REC. 
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52. Prop. XXII. If from a point O, outside a pura- 
bola, a tangent OM, and a chord OAB be drawn, and f the 
diameter ME meet the chord in E, 


OL? = 0A . OB. 





Let P be the point of contact of the tangent parallel to 
OA B, and let OM, ME meet this tangent in T and F. 


Draw TV parallel to the axis and meeting PM in V; 
then OA . OB: OM? :: TP? : TM? (Art. 51), 
TR PS 
since PM is bisected in V: 
also TF:TM::0E:0M; 
OE =OA . OB. 
Cor. 1. If AL, BN be the ordinates, parallel to OM, of 
A and D, ML, ME, and MN are proportional to OA, OE 
aud OB, and therefore 


ME:—-ML.MN. 
This theorem 1nay be also stated in the following form : 


If a chord AB of a parabola, sutersect. a diameter in the 
point E, the distance of the point E from the tangent at the 
end of the diameter is a mean proportional between the dis- 
tances of the points A and B from the same tangent. 
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Cor. 2. Let KE be the ordinate through Æ parallel to 
O M. 
Then, since ML:ME:: ME: MN, 
ALP??: KE? :: Kh? : BN? 
AL: KH :: KE : BN, 
so that KE is a mean proportional between AL and BN, the 
ordinates of A and B. 


53. Prop. XXIII. Jf a circle intersect a parabola in 
four points, the two straight lines constituting any one of 
the three pairs of the chords of intersection are equally imn- 
clined to the axis. 

Let Q, Q, R, E' be the four points of intersection ; 
then OQ. OY =OR. OR, 
and therefore SP, SP’ are equal, (Art. 51). 





But, if SP, SP’ be equal, the points P, P' are on cpposite 
sides of, and are equidistant from the axis, and the tangents 
at P and P' are therefore equally inclined to the axis. 


Hence the chords QQ’, R.A, which are parallel to these 
tangents, are equally inclined to the axis. 


In the same manner it may be shewn that QR, QR’ 
are equally inclined to the axis, as also YR’, Q'R. 
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54. Conversely, if two chords QQ', RR’, which are not parallel, 
make equal angles with the axis, a circle can be drawn through Q, Q’, 
R', R. 

For, if the chords intersect in O, and OE be drawn parallel to the 
axis and meeting the curve in Æ, it may be shewn as above that 

οφ. OW =4SP. OE, and OR. OR' =4SP’ . OE, 
P and P' being the vertices of the diameters bisecting the chords. 


But the tangents at P and P’, which are parallel to the chords, are 
equally inclined to the axis, and therefore SP is equal to SJ”. 


Hence οφ. OQ'=0R . OR, 
and therefore a circle can be drawn through the points Q, Q', R, K. 


If the two chords are both perpendicular to the axis, it is obvious 
that a circle can be drawn through their extremities, and this is the 
only case in which a circle can be drawn through the extremities of 
parallel chords. 


EXAMPLES. 


l. FriND the locus of the centre of a circle which passes through a 
given point and touches a given straight line. 


.2. Draw a tangent to a parabola, making a given angle with the 
axis. 


3. Ifthe tangent at P meet the tangent at the vertex in Y, 
AY?=AS. AN, 


4. If the normal at P meet the axis in G, the focus is equidistant 
from the tangent at P and the straight line through G' parallel to the 
tangent. 


5. Given the focus, the position of the axis, and a tangent, construct 
the parabola. 


6. Find the locus of the centre of a circle which touches a given 
straight line and a given circle. 


7. Construct a parabola which has a given focus, and two given 
tangents. 


8. "The distance of any point on a parabola from the focus is equal 
to the length of the ordinate at that point produced to meet the tangent 
at the end of the latus rectum. 


9. PT being the tangent at P, meeting the axis in 7, and P-V the 
ordinate, prove that TY. TP=TS. TN. 
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10. If SH be the perpendicular from the focus on the normal at P, 
shew that 
SE*—AN.SP. 


11. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 


12. Having given the focus, the length of the latus rectum, and a 
tangent, construct the parabola. 


13. If PSP’ be a focal chord, and PN, ΑΝ’ the ordinates, shew 
that 
AN. AN'=AS?. 
Shew also that the latus rectum is a mean proportional between 
the double ordinates. 


14. The locus of the middle points of the focal chords of a parabola 
is another parabola. 


15. Shew that in general two parabolas can be drawn having a 
given straight line for directrix, and passing through two given points 
on the same side of the line. 


16. Ppisa chord perpendicular to the axis, and the perpendicular 
from p on the tangent at P meets the diameter through P in Zt; prove 
that RP is equal to the latus rectum, and find the locus of R. 


17. Having given the focus, describe a parabola passing through 
two given points. 


18. 'The circle on any focal distance as diameter touches the 
tangent at the vertex. 


19. The circle on any focal chord as diameter touches the directrix. 


20. A point moves so that its shortest distance from a given circle 
is equal to its distance from a given diameter of the circle; prove that 
the locus is a parabola, the focus of which coincides with the centre of 
the circle. 


21. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its distance from a given 
straight line. 


22. The vertex of an isosceles triangle is fixed. The extremities of 
its base lie on two fixed parallel straight lines. Prove that the base is 
a tangent to a parabola. 


23. Shew that the normal at any point of a parabola is equal to 
the ordinate through the middle point of the subnormal. 


24. If perpendiculars are drawn to the tangents to a parabola 
where they mect the axis they will be normals to two equal parabolas. 


25. PSP is a focal chord of a parabola. The diameters through 
P, P' meet the normals at 7”, P in V, V' respectively. Prove that 
PV VP’ isa parallelogram. 
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26. If A PC be a sector of a circle, of which the radius CA is fixed, 
and a circle be described, touching the radii CA, CP, and the arc AP, 
the locus of the centre of this circle is a parabola. 


27. If from the focus S of a parabola, SY, SZ be perpendiculars 
drawn to the tangent and normal at any point, FZ is parallel to the 
diameter. 


28. Prove that the locus of the foot of the perpendicular from the 
focus on the normal is a parabola. 


29. If PG be the normal, and GZ the perpendicular from.G upon 
SP, prove that GZ is equal to the ordinate P-V. 


30. Given the focus, a point P on the curve, and the length of the 
perpendicular from the focus on the tangent at P, find the vertex. 


3l. <A circle is described on the latus rectum as diameter, and 
a common tangent QP is drawn to it and the parabola: shew that SP, 
SQ make equal angles with the latus rectum. 


32. G is the foot of the normal at a point P of the parabola, 
Q is the middle point of SG, and X is the foot of the directrix: prove 
that 
QX? — QYP?=4A N. 


33. If PG the normal at P meet the axis in G, and if PF, PH, 
lines equally inclined to PG, meet the axis in F and H, the length SG is 
a mean proportional between SF and SH. 


34. A triangle A DC circumscribes a parabola whose focus is δ, and 
through 4, D, C, lines are drawn respectively perpendicular to SA, SB, 
SC; shew that these pass through one point. 


35. If PQ be the normal at P meeting the curve in Q, and if the 
chord 74A be drawn so that PR, PQ are equally inclined to the axis, 
PRQ is a right angle. 


36. PN is a semi-ordinate of a parabola, and A.V is taken on the 
other side of the vertex along the axis equal to AN ; from any point 9 
in P.V, QR is drawn parallel to the axis meeting the curve in R; prove 
that the lines MR, AQ will intersect in the parabola. 


37. Having given two points of a parabola, the direction of the 
axis, and the tangent at one of the points, construct the parabola. 


38. Having given the vertex of a diameter, aud a corresponding 
double ordinate, construct the parabola. 


39. PM is an ordinate of a point P ; a straight line parallel to the 
axis bisects PM, and meets the curve in Q ; MQ meets the tangent at 
the vertex in 7’; prove that 34 T=2PM. 


40. AB, CD are two parallel straight lines given in position, and 
AC is perpendicular to both, 4 and C being given points; in CD any 
point Q is taken, and in AQ, produced if necessary, a point 7? is taken, 


44 EXAMPLES. 


such that the distance of P from AB is equal to CQ; prove that the 
locus of P is a parabola. 


41. Ifthe tangent and normal at a point P of a parabola meet the 
tangent at the vertex in A and Z respectively, prove that 


KIE : SP = SPAS : AS. 
42. Having given the length of a focal chord, find its position. 


43. elf the ordinate of a point P bisects the subnormal of a point 
P, prove that the ordinate of P is equal to the normal of P. 


44. A parabola being traced on a plane, find its axis and vertex. 


45. If PV, P'V' betwo diameters, and PV’, P'V ordinates to these 
diameters, 


TTE 


46. If one side of a triangle be parallel to the axis of a parabola, 
the other sides will be in the ratio of the tangents parallel to them. 


47. QVQ is an ordinate of a diameter PT, and any chord PR 
meets YY’ in N, and the diameter through Q in L; prove that 


DLP. 


48. Describe a parabola passing through three given points, and 
having its axis parallel to a given line. 


49. If AP, AQ be two chords drawn from the vertex at right 
angles to each other, and PN, QM be ordinates, the latus rectum is a 
mean proportional between AN and AM. 


50. PSp is a focal chord of a parabola; prove that AP, dp meet 
the latus rectum in two points whose distances from the focus are 
equal to the ordinates of p and P respectively. 


51. If the straight line {Ρ and the diamefer through P meet the 
double ordinate QMQ in R and KR’, prove that 


RM.RM-QM?. 


59. A and P are two fixed points. Parabolas are drawn all having 
their vertices at A, and all passing through 7. Prove that the points 
of intersection of the tangents at P with the tangent and normal at A 
lie on two fixed circles, one of which is double the size of the other. 


53. A variable tangent to a parabola intersects two fixed tangents 
in the points 7’ and 7": shew that the ratio ST : ST is constant. 


54. Through a fixed point on the axis of a parabola a chord PQ is 
drawn, and a circle of given radius is described through the feet of the 
ordinates of P and Q. Shew that the locus of its centre is a circle. 


55. If SF be the perpendicular on the tangent at P, and if YS be 
produced to & so that SR=SY’,, shew that PAA is a right angle. 
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56. If two circles be drawn touching a parabola at the ends of a 
focal chord, and passing through the focus, shew that they intersect 
each other orthogonally. 


57. PSQ is a focal chord of a parabola, whose vertex is A and 
focus S, V being the middle point of the chord, shew that 


PV?=AV?4+3AS8?. 


58. QQ' is a focal chord of a parabola. Describe a circle which 
shall pass through Q, Q' and touch the parabola. 


If P be the point of contact and the angle YP’ a right angle, find 
the inclination of YP to the axis. 


59. Through two fixed points Æ, F, on the axis of a parabola are 
drawn two chords PQ, PR meeting the curve in P, Q, R. If QR meet 
the axis in 7, shew that the ratio TR : TQ is constant. 


60. A chord PQ is normal to the parabola at P, and the angle 
PSQisaright angle. Prove that SQ=2S/P, and that the ordinate of P 
is equal to the latus rectum. Also, if 7 is the point of intersection of 
the tangents at P and Q, and if R is the middle point of ΤΏ, prove 
that the angle TSR is a right angle, and that ST —2,5 A. 


61. A straight line intersects a circle; prove that all the chords of 
the circle which are bisected by the straight line are tangents to a 
parabola. 


62. Iftwo tangents TP, TQ be drawn to a parabola, the perpen- 
dicular SE from the focus on their chord of contact passes through the 
middle point of their intercept on the tangent at the vertex. 


63. From the vertex of a parabola a perpendicular is drawn on 
the tangent at any point; prove that the locus of its intersection with 
the diameter through the point is a straight line. 


64. If two tangents to a parabola be drawn from any point in 
its axis, and if any other tangent intersect these two in P and Q, 
prove that SP=Sq. 


65. T is a point on the tangent at P, such that the perpendicular 
from 7 on SP is of constant length ; prove that the locus of T is a 
parabola. 


If the constant length be 9.49, prove that the vertex of the locus 
is on the directrix. 


66. Given a chord of a parabola in magnitude and position, and 
the point in which the axis cuts the chord, the locus of the vertex 
is a circle. 


67. If the normal at a point P of a parabola meet the curve in Q, 
and the tangents at P and Q intersect in 7, prove that 7'and P are 
equidistant from the directrix. 
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68. If TP, TQ be tangents to a parabola, such that the chord 
PQ is normal at P, 
PO DTP CIMA. 
PN and AN being the ordinate and abscissa. 


69. If two equal tangents to a parabola be cut by a third tangent, 
the alternate segments of the two tangents will be equal. 


70. If AP be a chord through the vertex, and if PZ, perpendicular 
to dP, and PG, the normal at P, meet the axis in Z, (/ respectively, 
GL=half the latus rectum. 


τι. If PSQ be a focal chord, A the vertex, and PA, QA be 
produced to meet the directrix in P’, Q' respectively, then P'S will 
be a right angle. 


72. The tangents at P and Q intersect in T, and the tangent at 
R intersects ΤΡ and TQ in C and D; prove that 


προ ος ει ουσ ο DU: 


73. From any point D in the latus rectum of a parabola, a straight 
line DP is drawn, parallel to the axis, to meet the curve in P; if 
XY be the foot of the directrix, and A the vertex, prove that AD, 
XP intersect in the parabola. 


74. PSp is a focal chord, and upon PS and pS as diameters 
circles are described ; prove that the length of either of their common 
tangents is a mean proportional between AS and Pp. 


75. If AQ be a chord of a parabola through the vertex 4, and 
QI be drawn perpendicular to AQ to meet the axis in δύ; prove 
that 1/2 will be equal to the chord through the focus parallel to AY. 


76. If from any point P of a circle, PC be drawn to the centre 
C, and a chord PQ be drawn parallel to the diameter AB, and 
bisected in 2; shew that the locus of the intersection of CP and Ak 
is à parabola. d 


77. <A circle, the diameter of which is three-fourths of the latus 
rectum, is described about the vertex A of a parabola as centre ; prove 
that the common chord bisects AS. 


78. Shew that straight lines drawn perpendicular to the tan- 
gents of a parabola through the points where they meet a given fixed 
line perpendicular to the axis are in general tangents to a confocal 
parabola. 


79. If QR be a double ordinate, and PD a straight line drawn 
parallel to the axis from any point P of the curve, and meeting Ql? 
in D, prove, from Art. 27, that 


QD . RD=4AS . PD. 
80. Prove, by help of the preceding theorem, that, if QQ' be a 


chord parallel to the tangent at P, QQ’ is bisected by PD, and hence 
determine the locus of the middle point of a series of parallel chords. 
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81. If à parabola touch the sides of an equilateral triangle, the 
focal distance of any vertex of the triangle passes through the point 
of contact of the opposite side. 


82. Find the locus of the foci of the parabolas which have a 
common vertex and a common tangent. 


83. From the points where the normals to a parabola meet the 
axis, lines are drawn perpendicular to the normals: shew that these 
lines will be tangents to an equal parabola. 


84. Inscribe in a given parabola a triangle having its sides 
parallel to three given straight lines. 


85. PNP’ is a double ordinate, and through a point of the 
parabola 2QZ is drawn perpendicular to PP’ and meeting PA, or 
PA produced in δ; prove that 

PN S NL Lhe RO. 


86. PNP is a double ordinate, and through R, a point in the 
tangent at P, RQA is drawn perpendicular to PP’ and meeting the 
curve in Q; prove that 


QM : QR :: P'M : PM. 


87. If from the point of contact of a tangent to a parabola, a 
chord be drawn, and a line parallel to the axis meeting the chord, 
the tangent, and the curve, shew that this line will be divided by 
them in the same ratio as it divides the chord. 


88. PSp is a focal chord of a parabola, 2D is the directrix meet- 
ing the axis in D, Q is any point in the curve; prove that if YP, Yp 
produced meet the directrix in X, r, half the latus rectum will be 
a mean proportional between DR and Dr. 


89. A choid of a parabola is drawn parallel to a given straight 
line, and on this chord as diameter a circle is described ; prove that 
the distance between the middle points of this chord, and of the chord 
joining the other two points of intersection of the circle and parabola, 
will be of constant length. 


90. If a circle and a parabola have a common tangent at P, and 
intersect in Q and A; and if QV, UR be drawn parallel to the axis 
of the parabola meeting the circle in V and U respectively, then will 
VU be parallel to the tangent at P. 


91. If PV be the diameter through any point P, QV a semi- 
ordinate, Y’ another point in the curve, and @’P cut QV in R, and 
Q' E, the diameter through Q’, meet QV in 7, then 


VR. VR =0V. 
92. PQ, PR are any two chords; PQ meets the diameter through 


R in the point F, and PR meets the diameter through Q in EF; 
prove that EP is parallel to the tangent at P. 
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93. If parallel chords be intersected by a diameter, the distances 
of the points of intersection from the vertex of the diameter are in 
the ratio of the rectangles contained by the segments of the chords. 


94. If tangents be drawn to a parabola from any point P in the 
latus rectum, and if Q, Q' be the points of contact, the semi-latus 
rectum is a geometric mean between the ordinates of Q and Q’, and 
the distance of P from the axis is an arithmetic mean between the 
same ordinates. 


95. If 4’, D' C’ be the middle points of the sides of a triangle 
ABC, and a parabola drawn through 4’, D’, C” meet the sides again 
in A", B", C", then will the lines 4.1", BD", CC” be parallel to each 
other. 


96. <A circle passing through the focus cuts the parabola in two 
points. Prove that the angle between the tangents to the circle at 
those points is four times the angle between the tangents to the 
parabola at the same points. 


97. 'The locus of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 


98. Having given the vertex, a tangent, and its point of contact, 
construct the parabola. 


99. PSp is a focal chord of a parabola; shew that the distance 
of the point of intersection of the normals at P and p from the 
directrix varies as the rectangle contained by P^, pS. 


100. TP, TQ are tangents to a parabola at P and Q, and O is 
the centre of the circle circumscribing PTQ; prove that TSO is a 
right angle. 


101. P is any point of a parabola whose vertex is 4, and through 
the focus S the chord QSQ’ is drawn parallel to AP; PN, QM, QA", 
being perpendicular to the axis, shew that SM js a mean proportional 
between AM, AN, and that 

MM'= AP. 


102. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two points. 

Extend this theorem to the case in which three of the points are 
on one side of the axis and one on the other. 


103. The tangents at P and Q meet in 7, and TZ is the per- 
pendicular from Τ᾽ on the axis; prove that if PN, QM be the ordinates 
of P and Q, 

PN .QM-—AAS . AL. 


104. The tangents at P and Q meet in 7, and the lines 74, PA, 
QA, meet the directrix in ¢, p, and q : prove that 


(p — iq. 
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105. From a point 7 tangents TP’, TQ are drawn to a parabola, 
and through 7' straight lines are drawn parallel to the normals at P 
and (4: prove that one diagonal of the parallelogram so formed passes 
thr ough the focus. 


106. Through a given point within a parabola draw a chord which 
shall be divided in a given ratio at that point. 


107. ABC is a portion of a parabola bounded by the axis 42 and 
the semi-ordinate Be: find the point P in the semi-ordinate such that 
if PQ be drawn parallel to the axis to meet the parabola in Y, the sum 
of BP and PQ shall be the greatest possible. 


108. The diameter through a point P of a parabola meets the 
tangent at the vertex in Z; the normal at P and the focal distance 
of Z will intersect in à point at the same distance from the tangent 
at the vertex as P 


109. Given a tangent to a parabola and a point on the curve, 
shew that the foot of the ordinate of the point of contact of the 
tangent drawn to the diameter through the given point lies on a fixed 
straight line. 


110. Find a point such that the tangents from it to a parabola 
and the lines from the focus to the points of contact may form a 
parallelogram. 


11], Two equal parabolas have a common focus; and, from any 
point in the common tangent, another tangent is drawn to each ; prove 
that these tangents are equidistant from the common focus. 


112. Two parabolas have a common axis and vertex, and their 
concavities turned in opposite directions ; the latus rectum of one is 
eight times that of the other; prove that the portion of a tangent to 
the former, intercepted between the common tangent and axis, is 
bisected by the latter. 


CHAPTER III. 
THE ELLIPSE, 


Der. An ellipse is the curve traced out by a point which 
moves in such a manner that its distance from a given pont is 
in a constant ratio of less inequality to its distance from a 
given straight line. 


Tracing the Curve. 


55. Let S be the focus, HX the directrix, and SX the 
perpendicular on £X from 8. 





Divide SX at the point A in the given ratio; the point 
A is the vertex. | 

From any point Æ in EX, draw HAP, ESL, and through 
S draw SP making the angle PSL equal to LSN, and 
meeting HAP in P. 

Through P draw LPK perpendicular to the directrix and 
meeting ASL in L. 
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Then the angle PSL = LSN = SLP. 


i SP = PL. 
Also PL: PK + SA : AX. 
Hence SPE PK οι ασ. 


and P is therefore a point in the curve. 
Again, in the axis XAN find a point A’ such that 
SA AN. 22 δα ANA, 
this point is evidently on the same side of the directrix as 
the point A, and is another vertex of the curve. 





Jom HA’ meeting PS produced in P’, and draw P'L'K' 
perpendicular to the directrix and meeting Κµ in L’. 
Then Bu μ.χ 
SA αλ. 
and the angle SL’P’ = L'SA = ΙΡ; 
PL SP. 
Hence P’ is also a point in the curve, and PSP’ is a focal 


chord. 


By giving E a series of positions on the directrix we 
shall obtain a series of focal chords, aud we can also, as in 
Art. (1), find other points of the curve lying in the lines 
KP, K’P’, or in these lines produced. 


We can thus find any number of points in the curve. 
4 2 
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56. Der. The distance AA’ is the major axis. - 


The middle point C of AA’ is called the centre of the 
ellipse. 


If through C the double ordinate DCB' be drawn, BD is 


called the minor axis. 


Any straight line drawn through the centre, and terminated 
by the curve, is called a diameter. 


The lines ACA’, BCB’ are called the principal diameters, 
or, briefly, the axes of the curve. 


The line ACA’ ts also sometimes called the transverse 
axis, and BCB the conjugate axis. 


57. Pror. I. If P be any point of an ellipse, and AA’ 
the axis major, and if PA, ΑΡ, when produced, meet the 
directrix in L and F, the distance EF subtends a right angle 
at the focus. 





By the theorem of Art. 4, ES bisects the angle ASP’, 
and FS bisects the angle ASP; 


^ ESF is a right angle. 


It will be seen that, since ASA’ is a focal chord, this 15 a 
particular case of the theorem of Art. 6. 
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ὅδ. Pror. IL. Jf PN be the ordinate of any pornt 
P of an ellipse, ACA’ the axis major, and BCB' the awis 
minor, 


PN AN NA B0 S uem 





Join PA, A'P, and let these lines produced meet the 
directrix in Æ and F. 
Then LN AGN αντ AN, 
and ΕΝ AN FA ο AN 
SPN AN.NA EX EX αν AY 
OSA LA ANV, 
since ASF is a right angle (Prop. 1.); that is, PAN" is to 
ΑΝ. ΝΑ’ in a constant ratio. 
Hence, taking PN coincident with BC, in which case 
AN = NA = AC, 
Bo: 6 SA X AA, 
aud CTN AN NA F DBO dq 
This may be also written 
PN: AG = CN? =: DOS AC 
Con. It PM be the perpendicular from P on the axis 
minor, 


CM — PN, PM = CN, 


and CM? : AC? — PAM? :: ΠΟ’: AC”. 
Hence AC : AC^— PA :: ΠΟ’: CM, 
and ας ΗΟ pe ec 


or PM? : BM.MB s AC? : BC? 
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ὅθ. Ifa point V’ be taken on the axis major, between 
C and A’, such that CN' = CN, the corresponding ordinate 
P'N' — ΡΝ, and therefore it follows that the curve is sym- 
metrical with regard to BCB’, and that there is another 
focus, and another directrix, corresponding to the vertex A’, 


60. By help of the theorem of Art. 57, we can give an 
independent proof of the existence of the other focus and 
directrix, corresponding to the vertex A’, 


In AA’ produced take a point X’ such that A’X’ = AX, 
and in AA’ take a point δ΄ such that A'Y = AS. 


Through X’ draw a straight line eX’f perpendicular to 
the axis, and let ΚΡ, FP produced meet this line in e and J. 
Join eS’, and fS. 


€ 
P 
P 
A' 25 
X ^4 S S" X 
f 
E τ 
Then EN ον αντ αν 


1 αυ 
d AC νο. 
η eX’. ΙΧ = EX . FX 8X1e 8'X^. 
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T 
Hence eS'f is a right angle. 


Through P draw KPk parallel to the axis, meeting eS 
and fS’ produced in Z and J. 


Then PL: Pk: SA: ΑΧ’ :: SA’: ΑΝ, 


and PEA Εν δα A ασ AX, 
PLS τας 
Moreover, LS'l being a right angle, 
ig 


SoS LUE uL ον. NE. M 


and the curve can be described by means of the focus δ’ 
and the directrix eX’, 


If SA be equal to AX, the point A’, and therefore the points |S’ and 
X’, will be at an infinite distance from 5 and 4. 


Hence a parabola is the limiting form of an ellipse, the axis major 
of which is indefinitely increased in magnitude, while the distance SA 
remains finite. 


61. Prop. III. Jf ACA’ be the axis major, C the centre, 
S one of the foci, and X the foot of the directrix, 


CS : CA :: CA : CX :: SA: AX, 


and CS : CX :: CS? : CA? 
X A S C S A x 

For Su : SA : AX : AX 
CAN uds 
D δα due 
or CS : CA :: SA : AX. 
Again, SA’: SA :: AX’: AX; 
AA’ SA τι ας 
or C OX ο δα ος. 
νο CA ο ον 

or CS . CX = CA’. 
Also CS : CX το : CS. CX 


όλ, ὅσα. 
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62. Prop. IV. Jf S be a focus, and B an extremity of 
the axis manor, | 
SD = AC and BC? = AN, SA’ 

For, joining SB in the figure of Art, 58, 
BOCA οι ταν 
οι ον 
by the previous Article, | 
2 Sb = CA. 
Also BC” = SB? — SC? = AC? ~ SC? 
= AS . SA’, 
63. Prop. V. The semi-latus rectum SR is a third 
proportional to AC and BC. 
For, Prop. II, 
SES: AS.SA’ τ: ΒΟ’; 405: 
V AB, : BC? s BO? ΑΟ 
or SR : BC :: BC : AC. 
Cor. Since SR: SX :: SA: AX 
νύ». "0 
it follows that SA .SC=SR.AC= ΒΟ: 
and hence also, since SC. CY = 403 that 
SA SOX = μα. AC 


64. Prop. VI. The sum of the focal distances of any 
point ts equal to the axis major. 


Let PN be the ordinate of a point P (Fig. Art. 60), then 
SDP:SP:NX:NX; 
Jod" qus ο XX a NN. 
or SP--SP: XY : SP : NX 
νη ους 
Um. E e 
GOSPHSP-AA. 
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Cor. Since SP: NX :: SA: AX 
15 DX Xs 
Dude SIP eC A ας, 
AC ο) spa CN BN. 
and AC—SP:CN :: SA : AX. 
Also, AC —SP-S'P-—AC; 
ASP-AO:ON :: SA : AX. 
Hence, SP-—SP:9CN :: SA : AX. 


Mechanical Construction of the Ellipse. 


65. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board with a 
pencil pressed against the thread so as to keep 1t stretched; 
the curve traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 


66. Prop. VIL The sum of the distances of a point 
from the foci of an ellipse is greater or less than the major 
axis according as the point 15 outside or inside the ellipse. 

If the point be without the ellipse, join SQ, S'Q, and 
take a point P on the intercepted arc of the curve. 

Then P is within the triangle SQS' and therefore, join- 
ing SP, SP, 
SQ+S'Q>SP+S’'P, Euclid 1. 21, 
t.e. SQ+SQ> 44’. 

If Q' be within the ellipse, let 
SQ’, S'Q' produced meet the curve 


and take a point P on the inter- 
cepted arc. 





Then Q’ is within the triangle 
SPS’, and 
SP ΕΣΩ ASR, 
t.e. DO ος AA’ 
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67. Der. The circle described on the axis major as 
diameter is culled the auxiliary circle. 


Prop. VIII. Jf the ordinate NP of an ellipse be pro- 
duced to meet the auxiliary circle in Q, 
PN OW ο ρος AC. 
For (Art. 58) 
PING ΑΝ NA ρου πα 


and, by a property of the circle, 
ΟΛ ΑΝ. NA’; 





Se Ne ον οὐ αμ. 


Cor. Similarly, if PM, the perpendicular on BB’, meet 
in Q' the circle described on BB’ as diameter, 


PM : Q'M :: AC: BC. 
For PM’: ΒΜ. MB’ :: AC : BC, 
and BM.MB'zQ'M* 
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Properties of the Tangent and Normal. 


68. Prop. IX. The normal at any point bisects the 
angle between the focal distances of that point, and the 
tangent rs equally inclined to the focal distances. 


Let the normal at P meet the axis in G ; then (Art. 18) 
SG Or e AX, 
and ους ορια +: AX, 





Hence SG : SG :: SP : SP, 
and therefore the angle SPS' is bisected by PG. 


Also FPF’ being the tangent, and GPF, GPF’ being 
right angles, it follows that the angles SPF, SPF” are equal, 
or that the tangent 1s equally inclined to the focal distances. 


Hence if S'P be produced to L, the tangent bisects the 
angle SPL. | 


Cor. If a circle be described about the triangle SPS’, 
its centre will lie in BCB’, which bisects SS’ at right angles; 
and since the angles SPG, S'PG are equal, and equal angles 
stand upon equal ares, the point g, in which PG produced 
meets the minor axis, is a point in the circle. 


Also, if the tangent meet the minor axis in £, the point £ 
is on the same circle, since gPt is a right angle. 
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Hence, Any point P of an ellipse, the two foci, and the 
points of intersection of the tangent and normal at P with the 
minor axis are concyclic. 


69. Prov. X. Every diameter is bisected at the centre, 
and the tangents at the ends of a diameter are parallel. 


Let PCp be a diameter, PN, pn the ordinates of P 
and p. 





Then CN* : Cw :: PN? : pr’ 
: AC — CN? : AC? — Cr’ (Art. 58); 
POON AU ο SC 
Hence CN = Cn and -. CP = Cy. 


Draw the focal distances; then, since Pp and SS’ bisect 
each other m C, the figure SPS'p is a parallelogram, and the 
angle ΄ 

SPS’ = δρ». 

But the tangents PT, pt are equally inclined to the focal 

distances ; 


“. the angle SPT = S"pt, 
and, adding the equal angles CPS, Cps’, 
CPT = Cot ; 
'. PT and pt are parallel. 


Cor. Since Sp and δ) are equally inclined to the 
tangent at p, it follows that SP and Sp make equal angles 
with the tangents at P and p. 
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70. Pror. ΧΙ. Lhe perpendiculurs from the foci on 
any tangent meet the tangent on the auxiliary circle, and 
the semi-minor axis ts α mean proportional between their 
lengths. 


Let SY, S'Y” be the perpendiculars; join S’P, and let 
SY, S’P produced meet in L. 





The angles SPY, YPL being equal, and PY being 
common, the triangles SPY, YPL are equal in all respects ; 


S PL=SP,SY= ΤΙ, 
and SL-S'P-PL-S'P-SP-AA. 


Join CY, then C being the middle point of SS, and Y 
of SL, CY is parallel to S’L, 


and ο b= ICY, 
Hence CY = AC, and Y is a point on the auxiliary circle. 


Similarly by producing SP, S'Y' it may be shewn that 
Y' 1s also on the auxiliary circle. 


Let YS produced meet the circle in Z, and join Y"Z; 
then Y'YZ being a right angle, Y'Z is a diameter and 
passes through C. 

Hence the triangles SCZ, S'CY' are equal, and 


SY.S'Y'2SY.SZ—AS.SA' = BC’. 
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Con. (1). If P’ be the other extremity of the diameter 
through P, the tangent at P’ is parallel to PY, and there- 
fore Z is the foot of the perpendicular from S on the tangent 


ab P. 





Con. (2). If the diameter DCD’, drawn parallel to the 
tangent at P, meet SP, S'P in E and K’, PECY' is a 
parallelogram, for CY" is parallel to SP, and CE to PY’; 


^ PEZCY'2AC;andsimiarly PE' CY = AC. 
Cor. (3). Any diameter parallel to the focal distance of 


a point meets the tangent at the point on the auxilary 
circle. ΄ 


71. Prop. XII. To draw tangents from a given point to 
an ellipse. 


For this purpose we may employ the general construc- 
tion of Art. (17), or the following. 


Let Q be the given point; upon SQ as diameter describe 
a circle cutting the auxiliary circle in Y and Y’; YQ and 
Y’Q will be the required tangents. 


Producing SY to L so that YL —SY, join S'L cutting 
the line YQ in P. 


The triangles SPY, LPY are equal in all respects, 
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since SY — VL and PY is common and perpendicular to 
SL; 
SP = PL, ad S’L=S'P+PL=SP+S8P; 
but, joining CY, S'L =2CY =24C; 
ALES PS 2AC, 


and P is therefore a point on the ellipse. 


L 


P dd 


Y. Q 
A NZ 
)"Lz / NW 
KE SS sas 
S! C S" 


Also the angle SPY = YPL, 
and ^ QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP’. 


Referring to Art. 35 it will be seen that the construction is the 
same as that given for the parabola, the ultimate form of the circle 
being, for the parabola, the tangent at the vertex. 


τὸ. Prop. XIII. If two tangents be drawn to an ellipse 
from an external point, they are equally inclined to the focal 
distances of that point. 


Let QP, QP’ be the tangents, 
SY, S'Y', SZ, S'Z the perpen- 
diculars from the foci on the tan- 
gents; join YZ, Y Z. 

Then (Art. 70) 

SISSE το 2 ; 

νο. αν ο 
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The points δ, Y, Q, Z being concyclic, the angles YSZ, 
YQZ are supplementary; and similarly, Z'S Y’, Z'QY' are 
supplementary. 

Therefore the angle YSZ—Z'S'Y' and the triangles 
"SZ, Z'S'Y' are similar. 


Therefore the angle SQP 2 SZY = 5'Y'Z —S'QP'. 


τὸ. Der. Elipses which have the same foci are culled confocal 
ellipses. 


If Q be a point in a confocal ellipse the normal at @ bisects the 
angle SQ S and therefore bisects the angle PUP”. 


Hence, Jf from any point of an ellipse tangents are drawn to a 
confocal ellipse, these tungents are equally inclined to the normal at the 
point. 

By reference to the remark of Art. 41, it will be seen 
that this theorem includes that of Art. 41 as a particular 
case. 


T4. Pror. XIV. Jf PT the tangent at P meet the axis 
major in T, and PN be the ordinate, 


CN.CT- AC. 


Y 
LP 


P d 






T' ASN C S' 


Draw the focal distances SP, S'P, and the perpendicular 
SY on the tangent, and join VY, CY. 


Then, as in Art. ΤΟ, CY is parallel to S’P; therefore the 
angle 


CYP-S'Pt-SPY 


=O 
since S, Y, P, N are concyclic. 
Hence CYT=CNY, 


and the triangles CY T, CNY are equiangular. 
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Therefore CN -CY CY ο 


or ON .CT = CY? = AC? 
Cor. (1). CN.NT-CN.CT—CN*— AC? - CN 
= AN i Nz : 


Cor. (2). Hence it follows that tangents at the extre- 
milies of a common ordinate of an ellipse and its auxiliary 
circle meet the axis in the same point. 


For, if VP produced meet the auxiliary circle in Q, and 
the tangent at Q meet the axis in 7", 
CN.CT' = CQ’ = AC”, 
therefore 7" coincides with T. 
And more generally it is evident that, Jf any number of 
ellipses be described having the same major axis, and an ordi- 


nate be drawn cutting the ellipses, the tangents at the points of 
section will all meet the common axis in the same point. 


75. Prop. XV. If the tangent at P meet the axis minor 
in t, and PN be the ordinate, 
Ct. P B. 

For, Ct: PN :: CT : NT (Fig. Art. 74), 
mot EN deve οἱ ον. να 

: AC? : ΑΝ. ΝΑ’ (Cor. 1, Art. 74), 

ΗΠ 

τ ΡΟ 


76. Prop. XVI. If the tangent and normal αἱ P meet 
the axis major in T and G, 
CG .CT = SC’. 
The triangles CGg, CTt, in the figure of the next article, 
being similar, 
CG : Cg :: Ct: CT, 
^A CG.CT= Cg. Ct. 
But, since t, S, g, S’ are concyclic (Cor. Art. 68), 
Cg. Ct = SC. CS’ =SC’; 
ος ο = SC". 


QU 


B. C. 8, 
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Cor. Since CV. CT= AC", and PN.Ct= BOC., 
CG CN 22 SC? AC 
and ος TIN ο Bee. 
We hence see that 
NG : CN :: BO? : AC’. 
ΤΊ, Prop. XVII. Jf the normal at P meet the axes in G 
and g, and the diameter parallel to the tangent at P in F, 
PF. PG = BC, and PF. Pg= AC. 


Let PN, PM, perpendiculars on the axes, meet the 
diameter in W and L, and let the tangent at P meet the axes 
in T and t. 





Then, since G, F, K, N are concyclic, 
PF. PG= PN .PK = PN. t= BC. 


Similarly, since L, M, F, g are concyclic, 
PFL o= PM: PLES CN Crs A0 
Con. If SP, S'P meet the diameter DCD’ parallel to the 
tangent at P in E and £', 
PE = AC (Cor. 2, Art. 70) ; 
uh hg =e =n 


and hence it follows that the angles Pkg, PE'g are right 
angles. 
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78. Pror. XVIII Jf PCp be a diameter, QVQ a chord 
parallel to the tangent at P and meeting Pp in V, and 4f the 
tangent at Q meet pP produced in T, 


CV. ο - 





Let TQ meet the tangents at P and pin R and r, and S 
being a focus, join SP, SQ, Sp. 


Let fall perpendiculars RN, RM, rn, rm upon these focal 
distances ; 
then, since the angle SPR = Spr (Cor. Art. 69), 
RP : rp :: EN : rn 
: RM : rm (Cor. Art. 15), 


a RQ : rQ; 
2 PV: Vp. 
Hence TP : Tp :: PV : Vy, 


o — CT—OP : CT+ CP :: 6Ρ- ον: CP CV; 
CL πες ο οσο 
πε CT. CV = C P. 


Con. l. Hence, since CV and CP are the same for the 
point Q’, the tangent at Q' passes through 7. 


Cor. 2. Since Tp : TP : pV : VP, it follows that 
TPVp is harmonically divided. 


It will be seen in a subsequent chapter that this is a par- 
ticular case of a general theorem. 


5—2 
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Properties of Conjugate Diameters. 


79. Prop. XIX. A diameter bisects all chords parallel 
to the tangents at its extremities. 


We have shewn in Art. 21, that, if QQ’ be a chord of a 
conic, TQ, Τῷ the tangents at Q, Q, and EPK” a tangent 
parallel to QQ’, the length HE’ is bisected at P. 


Draw the diameter PCp; the tangent epe' at p is parallel 


to E PE (Art. 69), and is therefore parallel to QQ. 





Hence ep — pe', and P, p being the middle points of the 
parallels ee’, HE’ the line Pp passes through T, and moreover 
bisects QQ. 

Similarly, if any other chord qq’ be drawn parallel to QQ’ 
the tangents at q and q' will meet in pP produced, and qq 
will be bisected by pP. 

Cor. Hence, if QQ’, qq’ be two chords parallel to the 
tangent at P, the chords Qy, Q'g will meet in CP or CP pro- 
duced. 


80. DEF. The diameter DCd, drawn parallel to the 
tangent at P, is said to be conjugate to PCp. 

A diameter therefore bisects all chords parallel to its 
conjugate. 

Prop. XX. If the diameter DCd be conjugate to PCp, 
then will PCp be conjugate to DCd. 

Let the chord QVq be parallel to DCd, and therefore 
bisected by PC, and draw the diameter qCR. 
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Join QE meeting CD in U; 
then RC= Cq, and QV = γα; 
^. QR is parallel to ΟΡ. 
Also QU : UR :: ας: CR, 
and therefore QU = UR. 





That is, CD bisects the chords parallel to PCp ; therefore 
PCp is conjugate to ΤΟ. 


DEF. Chords drawn from the extremities of a diameter to 
any point of the ellipse are called supplemental chords. 


Thus qQ, RQ are supplemental chords, and hence it 


appears that supplemental chords are parallel to conjugate 
diameters. 


Der. A line QV drawn from a point Q of an ellipse, 
parallel to the tangent at P and terminated by the diameter 
PCp, ts called an ordinate of that diameter, and QVq is the 
double ordinate if QV produced meet the curve in q. 


81. Any diameter is a mean proportional between the 
transverse axis und the focal chord parallel to the diameter. 





From Art. 70, it appears that if CQ7' parallel to SP meet 
in T the tangent at P, 


CT — AC. 
Draw PV parallel to the tangent at Q; 
then CQ 2 CV. CT 2 CV. AC; 
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but the diameter through C parallel to the tangent at Q 
bisects Pp (Art. 80), 

so that Pp =2CV ; 

Qu — Ppa aA: 


82. Prop. XXI. If PCp, DCd be conjugate diameters, 
and QV an ordinate of Pp, 


QV? : PV. Vp s CD : CP? 


Let the tangent at Q (Fig. Art. 80) meet CP, CD produced 
in | and t, and draw QU parallel to CP and meeting CD in 


Then CP -CV.CT, 
and CD*=CU.Ct=QV. Ct; 
ODT CRs OV Cr ορ ο 
OV? CES, 
and CV.Vr=CV . CT-CV?=CP*-CV* 
= Pi. Vp; 
ΡΕ ΟΕ cp 
83. Prop. XXII. Jf ACA’, BCE be a pair of conju- 
gute diameters, PCP’, DCD’ another pair, and of PN, DM be 
ordinates of ACA’, 
CN = AM; MA’, CIP=AN. NA 
poc qoc specs ρα 
and DM : CN τοι AC. 





Let the tangents at 2 and D meet ACA’ in Z and t. 
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CN . CT=AC’=CM . Ct; 


Then 
hence CM:CN:: CT : Ct 
Soke ου 
: PN : DM 
: CN : Mt, 


^ CON=CM . Mt=AC?-CIP=AM. MA’, 
and similarly, CM*=AN. ΝΑ’. 
Also DM? : AM. MA’ :: ΒΟ’: AC’, 
DM: CN :: BC: AC, 
and similarly CM: PN : AC: BC. 
We have shewn in the course of the proof that 
ΟΝ» + CIP? = AC”. 
By similar reasoning it appears that if Pn, Dm, be ordi- 


nates of BCB’, 


Con. 


Cn? + Cm? = ΠΟ": 
. PN + DM? = BC’. 

It should be noticed that these relations are shewn to 
be true when 464, BCP’ are any conjugate diameters, 
including of course the principal axes. 

84. Prop. XXIII. If CP, CD be conjugate semu-diameters, 
and AC, BC the principal senu-diameters, 
CP? + CD? = AC? + BC’. 
From the preceding article, 
CN? + Ci? = AC, 
and PN’ + DM = BC’; 
also ACB being in this case a right angle, 
PN ECN CP, 
DIP + CIP = CD’, 


and 
PCPA CD =] ACs bee 
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85. Der. If the ordinate NP of a point, when produced, 
meets the auxiliary circle in Q, the angle ACQ ws called the 
eccentric angle of the point P. 


Prop. XXIV. If CP, CD be conjugate seni-diameters, 
the difference between the eccentric angles of P and D is a 
right angle. 





From Art. 67, RM : DM :: AC: BC 
and, from Art. 83, CN : DM :: AC: BC 
^. RM = CN, and similarly, QN = CM. 


.. The triangles QCN, CRM are equal, and the angles 
QCN, RCM are complementary. 


^. QCR is a right angle. 


86. Prop. XXV. If the normal at P meet the principal 
axes in G and g, 
Το ορ 6 
and Pg : CD: AC : BC. 


For, the triangles DOM, PGN being similar, 
PGO = CPS PNI Cal 
DC cC. 
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So also Pgn and DCM are similar, and 
Po CD Pws DM 
AC dc. 





Hence it follows that 
PG. Pg = CD. 
87. Prop. XXVI. The parallelogram formed by the 


tungents at the ends of conjugate diameters is equal to the 
rectangle contained by the principal axes. 


For, taking the preceding figure, 


PG = BCs CD: AC: 


but PG : BC :: BC : PF (Art. 77), 
CD  -AC = BOS PF, 
and CD. PF = AC. BC, 


whence the theorem stated. 


88. Prop. XXVII. Jf SP, S'P be the focal distances of 
P, and CD be conjugate to CP, 


SP SPsUD. 
und SY : SP :: BC : CD. 
Let CD meet SP, SP in E 
and E’, and the normal at P in 


F; then SPY, PEF, and SPY’ 


are similar triangles ; 
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tod vos sc Up PR 


and Does pup ἘΠ, 
OS S PE SYS Y ΠΕΠ 
. AC’? : PF? 


: CD? : BC? (Art. 87); 
aS vis = OD? 
Also DEE Sr E PEE PE ον qu 
OY δρ Be CD. 
89. Prop. XXVIII. If the tangent at P meet a pair of 
conjugate diameters in T and T', and CD be conjugate to CP, 
PISTI = CD. 


From the figure 


PI -PN a CD DM: 





and, if TP produced meet CB in 7”, 
PT ON ερ: 0M. 
SPY P ΕΝ. ON CD? ΠΟ31 
But PN .CN = DM . CM (Art. 83), 
DT ER δρ 


Cor. Let TQU be the tangent at the other end of the chord PNQ, 
meeting CB’ produced in (7; and let CE be the semi-diameter parallel 
to TQ. 


Then EI cp OU, 
OT πο DICE Caf AEN LUI ARE πως 
28 ών “σσ 


that is, the two tangents drawn from any point are in the ratio of the κ 
parallel diumeters. 
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In a similar manner it can be shewn that, if the tangent at Z? meet 
the tangents at the ends of a diameter ACA’ in T and 7", 


ARI PI CD 
CD being conjugate to CP, 
and ALA T = CB2, 
CB being conjugate to ACA’. 


90. Equi-conjugate diameters. 


Prop. XXIX. The diagonals of the rectangle formed by 
the principal axes are equal and conjugate diameters. 


For, joining AB, A’B, these lines 


: : B E 

are parallel to the diagonals CF, 7 € A 
CE; and, AB, A'B being supple- XS p 
mental chords, it follows that CD, ΠΝ 
A C E 


CP are conjugate to each other. 
Moreover, they are equally inclined 
to the axes, and are therefore of 
equal length. 


Con. 1. If QV, QU be drawn parallel to the equi-con- 
jugate diameters, meeting them in V and U, 


OVE ο OV ορ p 
pr ee OU ος ο το 
if P’ be the other end of the diameter PCP’. 
Hence OV? + QU’? = CP’. 
CoR. 2. CP? +CD’ = AC + BC? (Art. 84): 
ως SACE DBC 
91. Pror. XXX. Pairs of tungents at right angles to 
each other intersect on a fixed circle. 


The two tangents being TP, TP’, let S'P produced meet 
SY the perpendicular on TP in X. 


Then the angle PTK = STP = STP’; 


ο. EA! a) Ras mee eee : t 
^S TK is a right angle. 


μφ 
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Hence 4AC* —S'R*-gT' + TR? 
su ο: 
= 2CT" + 209° (Euclid, 11. 12 and 13); 
CT? = AC? + BC? 


and T lies on a fixed circle, of which C is the centre. 


ή 







S! 


This circle is called the Director Circle of the Ellipse, and 
it will be seen that when the ellipse, by the elongation of SC 
from S is transformed into a parabola, the director circle 
merges into the directrix of the parabola. 


Cor. If XQ is the tangent to the director circle from 
the foot of the directrix, 
XQ? = CX? — CQ? = CX? — CA? — CH? 
= CX?—SC.CX —SC.SX (Arts. 61 and 63), 
= CX . SX — SC . SX = SXF. 
AQ = SX, 

and hence it follows that the directrix is the radical aats of 
the director circle and of a point circle at the focus. 


92. Prop. XXXI. The rectangles contained by the 
segments of any two chords which intersect each other are im 
the ratio of the squares of the parallel diameters. 


Through any point O in a chord ΟΦ’ draw the diameter 
ORR’, and let CD be parallel to QQ’, and CP conjugate to 
CD, bisecting QQ’ in V. 


Draw LU parallel to CD. 
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Then CD?— RU? : CU? :: CD? ΟΡ» (Art. 82), 
s CDS—QUe; CV? 
But RU σον οι CCS. 
ορ OD CIO FS OV =. Oe 





or CD? : CD*--OV—QVY* :: CU? : CY? 
EOR «ορ 
OD ο = gr c CR: COLOR. 
or CD? : 0Q.OQ' :: CR? : OR.OR’. 
Similarly, if Oqg' be any other chord through O, and Cd 
the parallel semi-diameter, 
σα" : 0q.0q' :: CR? : OR.OR’; 
^ 0Q.0Q' : 0q.0q' :: CD? : Οὐ”. 
This may otherwise be expressed thus, 


The ratio of the rectangles of the segments depends only on 
the directions in which they are drawn. 


The proof is the same if the point O be within the 
ellipse. 


93. Pror. XXXII If a circle intersect an ellipse in 


four points, the several pairs of the chords of intersection are 
equally inclined to the axes. 


| For if QQ", qq' be a pair of the chords of intersection, and 
if these meet in O, or be produced to meet in O, the rect- 


angles OQ. ΟΦ’, Oq . Og’ are proportional to the squares on 
the parallel diameters. 
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But these rectangles are equal since QQ’, qq’ are chords 
of a circle. 


Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
that the chords QQ’, gq’ are equally inclined to the axes. 


Conversely, if two chords, not parallel, be equally in- 
clined to the axes a circle can be drawn through their 
extremities. 


For, as in Art. 92, if ΟΦ’, Oqq' be two chords, and CD, 
Cd the parallel semi-diameters, 
OQ. ορ’ : 0Oq.Oq' :: CD? : Cd?; 
but, if CD and Cd be equally inclined to the axes, they are 


equal, and 
~ 0Q. OY = Oq. Oq', 
and the points Q, Q’, q, q are concyclic. 


EXAMPLES. 


1. Irthe tangent at B meet the latus rectum produced in D, CDY 
is a right angle. 


2. If PCp be a diameter, and the focal distance pS produced meet 
the tangent 5 Pin 7, SP= ST. 


3. Ifthe normal at P meet the axis minor in G' and G'N be the 
perpendicular from G" on SP, then PY — AC. 


4. The tangent at P bisects any straight line perpendicular to A A’ 
and terminated by AP, A’P, produced if necessary. 


9. Draw a tangent to an ellipse parallel to a given line. 


6. SK being the semi-latus rectum, if RA meet the directrix in £, 
and SZ meet HOP tangent at 4 in 7, 


AT=AS. 


7. Prove that SY : SP :: SR : PG. 
Find where the angle S/S’ is greatest. 


8. Iftwo points # and Æ” be taken in the normal PG such that 
PE= PE - 6), the loci of Æ and FE’ are circles. 
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9. If from the focus δ’ a line be drawn parallel to SP, it will meet 
the perpendicular SF in the circumference of a circle. 


10. Ifthe normal at P meet the axis major in G, prove that PG is 
an harmonic mean between the perpendiculars from the foci on the 
tangent at P. 


. 11. The straight line VQ is drawn parallel to AP to meet CP in 
Q ; prove that .1€ is parallel to the tangent at P. 


19. The locus of the intersection with the ordinate of the perpen- 
dicular from the centre on the tangent is an ellipse. 


13. If a rectangle circumscribes an ellipse, its diagonals are the 
directions of conjugate diameters. 


14. Iftangents TP, TQ be drawn at the extremities, P, Q of any 
focal chord of an ellipse, prove that the angle /’7'Y is half the supple- 
ment of the angle which PQ subtends at the other focus. 


15. If Y, Z be the feet of the perpendiculars from the foci on the 
tangent at P; prove that Y, N, Z, 6 are concyclic. 


16. If AY be drawn from one of the vertices perpendicular to the 
tangent at any point P, prove that the locus of the point of intersection 
of PS and Q.1 produced will be a circle. 


17. The straight lines joining each focus to the foot of the perpen- 
dicular from the other focus on the tangent at any point meet on the 
normal at the point and bisect it. 


18. If two circles touch each other internally, the locus of the 
centres of circles touching both is an ellipse whose foci are the centres 
of the given circles. 


19. The subnormal at any point P is a third proportional to the 
intercept of the tangent at P on the major axis and half the minor axis. 


20. Ifthe normal at P meet the axis major in G and the axis minor 
in g, Gg : Sg :: Sd : AX, and if the tangent meet the axis minor in f, 


St : tg :: BC: CD. 
21. Ifthe normal at a point P meet the axis in G, and the tangent 
at P meet the axis in T, prove that 
το TP: BC: PG, 
Q being the point where the ordinate at P meets the auxiliary circle. 


22. Ifthe tangent at any point P meet the tangent at the extre- 
mities of the axis AA’ in F and /”, prove that the rectangle 4AF, A'7" 
is equal to the square on the semiaxis minor. 


23. TP, TQ are tangents ; prove that a circle can be described 
with T as centre so as to touch SP, HP, SQ, and HQ, or these lines 
produced, Sand 77 bheing the foci. 
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24. If two equal and similar ellipses have the same centre, their 
points of intersection are at the extremities of diameters at right angles 
to one another. 


25. 'lhe external angle between any two tangents to an ellipse is 
equal to the semi-sum of the angles which the chord joining the points 
of contact subtends at the foci. 


26. The tangent at any point P meets the axes in T and ¢; if S be 
a focus the angles PSt, STP are equal. 


27. A conic is drawn touching an ellipse at the extremities 4, PB 
of the axes, and passing through the centre C of the ellipse ; prove that 
the tangent at C is parallel to AB. 


28. The tangent at any point P is cut by any two conjugate 
diameters in 7, ¢, and the points 7, tare joined with the foci δ, H 
respectively; prove that the triangles SPT, HPt are similar to each 
other. 


29. If the diameter conjugate to CP meet SP, and HP (or these 
produced) in # and Æ’, prove that SE is equal to ΜΑ’, and that the 
circles which circumscribe the triangles SCE, HC E', are equal to one 
another. 


30. PG is a normal, terminating in the major axis; the circle, of 
which PG is a diameter, cuts SP, HP, in K, L, respectively: prove 
that XZ is bisected by PG, and is perpendicular to it. 


31. Tangents are drawn from any point in a circle through the 
foci, prove that the lines bisecting the angles between the several pairs 
of tangents all pass through a fixed point. 


32. Ifa quadrilateral circumscribe an ellipse, the angles subtended 
by opposite sides at one of the foci are together equal to two right 
angles. 


33. Ifthe normal at P meet the axis minor in G, and if the tangent 
at P meet the tangent at the vertex A in V, shew that 


SG SCS PV = ΓΑ. 


34. P, Q are points in two confocal ellipses, at which the line 
joining the common foci subtends equal angles ; prove that the tangents 
at P, Q are inclined at an angle which is equal to the angle subtended 
by PQ at either focus. 


35. "The transverse axis is the greatest and the conjugate axis the 
least of all the diameters. 


36. Prove that the locus of the centre of the circle inscribed in the 
triangle SPS’ is an ellipse. 
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37. If the tangent and ordinate at P meet the transverse axis in 7’ 
and V, prove that any circle passing through N and 7’ will cut the 
auxiliary circle orthogonally. 


38. If, SY, S'Y" be the perpendiculars from the foci on the tangent 
at a point. 7, and PAV the ordinate, prove that 


PI ος πο. 


39. Ifa circle, passing through F and Z, touch the major axis in 
Q, and that diameter of the circle, which passes through (%, meet the 
tangent in P, then PY= BC. 


40. From the centre of two concentric circles a straight line is 
drawn to cut them in P and Q ; from P and Q straight lines are drawn 
parallel to two given lines at right angles. Shew that the locus of their 
point of intersection is an ellipse. 


41. From any two points P, ( on an ellipse four lines are drawn 
to the foci S, 8S’: prove that SP. S'( and SQ. S'P are to one another 
as the squares of the perpendiculars from a focus on the tangents 
at P and Q. 


42. Two conjugate diameters are cut by the tangent at any point 
P in M, N ; prove that the area of the triangle CPM varies inversely as 
that of the triangle CPN. 


43. If P be any point on the curve, and A V be drawn parallel to 
PC to meet the conjugate CD in V, prove that the areas of the triangles 
CAV, CPN are equal, PN being the ordinate. 


44. Two tangents to an ellipse intersect at right angles ; prove 
that the sum of the squares on the chords intercepted on them by the 
auxiliary circle is constant. 


45. Prove that the distance between the two points on the cir- 
cumference, at which a given chord, not passing through the centre, 
subtends the greatest and least angles, is equal to the diameter which 
bisects that chord. 


46. The tangent at P intersects a fixed tangent in 7’; if Sis the 
focus and a line be drawn through Δ΄ perpendicular to S7, meeting the 
tangent at P in Q, shew that the locus of ( is a straight line touching 
the ellipse. 


iv. Shew that, if the distance between the foci be greater than the 
length of the axis minor, there will be four positions of the tangent, for 
which the area of the triangle, included between it and the straight 
lines drawn from the centre of the curve to the feet of the perpen- 
diculars from the foci on the tangent, will be the greatest possible. 


48. "Two ellipses whose axes are equal, each to each, are placed in 
the same plane with their centres coincident, and axes inclined to each 
other. Draw their common tangents. 


49. An ellipse is inscribed in a triangle, having one focus at the 
orthocentre; prove that the centre of the ellipse is the centre of the 


B. €. S. O 
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nine-point circle of the triangle and that its transverse axis is equal to 
the radius of that circle. 


90. The tangent at any point P of a circle meets the tangent at a 
fixed point 4 in 7, and T is joined with 7} the extremity of the diameter 
passing through dA; the locus of the point of intersection of AP, DT is 
an ellipse. 


δ]. The ordinate VP at a point P meets, when produced, the circle 
on the major axis in Q. If S be a focus of the ellipse, prove that 
SQ : SP :: the axis major : the chord of the circle through Q and S, 
and that the diameter of the ellipse parallel to SP is equal to the same 
chord. 


02. If the perpendicular from the centre C on the tangent at P 
meet the focal distance SP produced in X, the locus of / is a circle, 
the diameter of which is equal to the axis major. 


53. A perfectly elastic billiard ball lies on an elliptical billiard 
table, and is projected in any direction along the table: shew that all 
the lines in which it moves after each successive impact touch an 
ellipse or an hyperbola confocal with the billiard table. 


54. Shew that a circle can be drawn through the foci and the 
intersections of any tangent with the tangents at the vertices. 


55. If CP, CD be conjugate semi-diameters, and a rectangle be 
described so as to have PD for a diagonal and its sides parallel to the 
ases, the other angular points will be situated on two fixed straight 
lines passing through the centre C. 


56. Ifthe tangent at 7 meet the minor axis in 7, prove that the 
areas of the triangles SPS, STA are in the ratio of the squares on CD 
and ST. 


57. Find the locus of the centre of the circle touching the trans- 
verse axis, SP, and S’P produced. ΄ 


58. In an ellipse SQ and 9, drawn perpendicularly to a pair of 
conjugate diameters, intersect in Y; prove that the locus of @ is a con- 
centric ellipse. 


59. If the ordinate VP meet the auxiliary circle in Y, the perpen- 
dicular from S on the tangent at Q is equal to SP. 


60. If ΡΤ, YT be tangents at corresponding points of an ellipse 
and its auxiliary circle, shew that 


LT SOT = BC PE. 


61. If CQ be conjugate to the normal at 7^ then is CP conjugate 
to the normal at Q. 


62. PQ is one side of a parallelogram described about an ellipse, 
having its sides parallel to conjugate diameters, and the lines joining 
P, Q to the foci intersect in D, E; prove that the points D, E and the 
foci are concyclic. 
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63. If the centre, a tangent, and the transverse axis be given, 
prove that the directrices pass each through a fixed point. 


64. The straight line joining the feet of perpendiculars from the 
focus on two tangents is at right angles to the line joining the intersec- 
tion of the tangents with the other focus. 


65. A circle passes through a focus, has its centre on the major 
axis of the ellipse, and touches the ellipse: shew that the straight line 
from the focus to the point of contact is equal to the latus rectum. 


66. Prove that the perimeter of the quadrilateral formed by the 
tangent, the perpendiculars from the foci, and the transverse axis, will 
be the greatest possible when the focal distances of the point of contact 
are at right angles to each other. 


67. Given a focus, the length of the transverse axis, and that the 
second focus lies on a straight line, prove that the ellipse will touch 
two fixed parabolas having the given focus for focus. 


68. Tangents are drawn from a point on one of the equiconjugate 
diameters; prove that the point, the centre, and the two points of con- 
tact are concyclic. 


69. If PN be the ordinate of P, and if with centre C and radius 
equal to PV a circle be described intersecting PV in Q, prove that the 
locus of ( is an ellipse. 


το. If 490 be drawn parallel to CP, meeting the curve in 6 and 
the minor axis in O, 2CP?— AO . AQ. 


71. PS is a focal distance; CA is a radius of the auxiliary circle 
parallel to PS, and drawn in the direction from P to S; SQ is a per- 
pendicular on CR: shew that the rectangle contained by SP and (9A is 
equal to the square on half the minor axis. 


7/2. If a focus be joined with the point where the tangent at the 
nearer vertex intersects any other tangent, and perpendiculars be 
let fall from the other focus on the joining line and on the last- 
mentioned tangent, prove that the distance between the feet of these 
perpendiculars is equal to the distance from either focus to the remoter 
vertex. 


73. A parallelogram is described about an ellipse; if two of its 
angular points lie on the directrices, the other two will lie on the 
auxiliary circle. 

74. From a point in the auxiliary circle straight lines are drawn 
touching the ellipse in P and P’; prove that SP is parallel to SZ”. 


19. Find the locus of the points of contact of tangents to a series 
of confocal ellipses from a fixed point in the axis major. 


76. A series of confocal ellipses intersect a given straight line; 
prove that the locus of the points of intersection of the pairs of 
tangents drawn at the extremities of the chords of intersection is à 
straight line at right angles to the given straight line. 


0—2 
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71. Given a focus and the length of the 1najor axis; describe an 
elipse touching a given straight line and passing through a given 
point. 


78. Given a focus and the length of the major axis; describe an 
ellipse touching two given straight lines. 


79. Find the positions of the foci and directrices of an ellipse 
which touches at two given points 7^ Y, two given straight lines PO, 
(JO, and has one focus on the line PQ, the angle POQ being less than a 
right angle. 


80. Through any point P of an ellipse are drawn straight lines 
AP, ΑΡΗ, meeting the auxiliary circle in (, R, and ordinates Qg, Ar 
are drawn to the transverse axis; prove that, Z being an extremity of 
the latus rectum, 


du cci ιν πα ο Ls 


81. Ifa tangent at a point Z’ meet the major axis in 7, and the 
perpendiculars from the focus and centre in F and Z, then 


Dye pps uq. 


82. An ellipse slides between two lines at right angles to each 
other; find the locus of its centre. 


83. TD, TQ are two tangents, and CZ”, CY’ are the radii from the 
centre respectively parallel to these tangents, prove that P'Q' is parallel 
to PQ. 


81. The tangent at P meets the minor axis in ¢; prove that 
St . PN=BC . CD. 


85. Ifthe circle, centre ἐ, and radius ¢S, meet the ellipse in Q, and 
QM be the ordinate, prove that 


QM : PN :: BC: BC -CD. 


86. Perpendiculars ST, S'Y” are let fall from the foci upon a pair 
of tangents TY, TJ’; prove that the angles STY, S'TY' are equal to 
the angles at the base of the triangle FC)”. 


87. PQ is the chord of an ellipse normal at P, LCZ' the diameter 
bisecting it, shew that PQ bisects the angle LPL’ and that LP 4- PL’ is 
constant. 


88. -ABC is an isosceles triangle of which the side -1B 15 equal to 
the side 4C. BD, BE drawn on opposite sides of BC and equally 
inclined to it meet AC in D and LE. If an ellipse is described round 
BDE having its axis minor parallel to BC, then AB will be a tangent to 
the ellipse. 


89. If 4 be the extremity of the major axis and P any point on 
the curve, the bisectors of the angles PSA, PS'.1 meet on the tangent 
at {0 
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90. If two ellipses intersect in four points, the diameters parallel 
to a pair of the chords of intersection are in the same ratio to each 
other. 


91. From any point P of an ellipse a straight line PQ is drawn 
perpendicular to the focal distance S7, and meeting in Q the diameter 
conjugate to that through P; shew that PQ varies inversely as the 
ordinate of P. 


92. Ifa tangent to an ellipse intersect at right angles a tangent to 
a confocal ellipse, the point of intersection lies on a fixed circle. 


93. If from a point 7 in the director circle of an ellipse tangents 
TP, TP’ are drawn, the line joining T with the intersection of the 
normals at P and Z” passes through ('. 


94. Through the middle point of a focal chord a straight line is 
drawn at right angles to it to meet the axis in 2; prove that S/ bears 
to SC the duplicate ratio of the chord to the diameter parallel to it, S 
being the focus and 6 the centre. 


95. "The tangent at a point P meets the auxiliary circle in @ to 
which corresponds ϱ on the ellipse; prove that the tangent at Y cuts 
the auxiliary circle in the point corresponding to P. 


96. If a chord be drawn to a series of concentric, similar, and 
similarly situated ellipses, and meet one in 7 and Q, and if on PQ 
as diameter a circle be described meeting that ellipse again in PS, 
shew that RS is constant in position for all the ellipses. 


97. An ellipse touches the sides of a triangle; prove that if one of 
its foci move along the arc of a circle passing through two of the 
angular points of the triangle, the other will move along the arc of a 
circle through the same two angular points. 


98. The normal at a point P of an ellipse meets the conjugate 
axis in X, and a circle is described with centre A and passing through 
the foci S and M. The lines SY, HQ, drawn through any point Q of 
this circle, meet the tangent at P in T and £; prove that T and ¢ lie 
on a pair of conjugate diameters. 


99. If SP, S'Q be parallel focal distances drawn towards the same 
parts, the tangents at P and intersect on the auxiliary circle. 


100. Having given one focus, one tangent and the eccentricity of 
an ellipse, prove that the locus of the other focus is a circle. 


101. PS is a focal chord of an ellipse, and pq is any parallel 
chord; if PQ meet in T the tangent at p, 
py «PO Sp SOS. 
102. If an ellipse be inscribed in a quadrilateral so that one focus 


is equidistant from the four vertices, the other focus must he at the 
intersection of the diagonals. 
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103, If a pair of conjugate diameters of an ellipse be produced to 
meet either directrix, prove that the orthocentre of the triangle so 
formed is the corresponding focus of the curve. 


104, A pair of conjugate diameters intercept, on the tangent 
at either vertex, a length which subtends supplementary angles at 
the foci. 


105. The straight lines ΤΡ, TQ are the tangents at the points 
P, Q of an ellipse; one circle touches TP at P and meets Τῳ in 9 
and Q', and another circle touches ΤΏ at () and meets TP in P and 
I"; prove that PQ and P’@ are parallel, and that they are divided in 
the same ratio by the ellipse. 


106. If the normals at P and D meet in δ, prove that EC is 
perpendicular to PD, and that the straight line joining € to the 
centroid of the triangle EPD bisects the line joining E to T, the point 
of intersection of the tangents at P and D. 


107. A chord PQ, normal at P, meets the directrices in A and L, 
and the tangents at P and Q meet in 7; prove that PA and QL 
subtend equal angles at 7, and that AZ subtends at T an angle which 
is half the sum of the angles subtended by SS’ at the ends of the 
chord. 


108. The tangent at the point P meets the directrices in Æ and /; 
prove that the other tangents from Æ and δ΄ intersect on the normal 
at P. 


109. If the tangent at any point meets a pair of conjugate 
diameters in 7 and 7”, prove that 77" subtends supplementary angles 
at the foci. 


110. PSQ, PS’ are focal chords; prove that the tangent at P 
and the chord (A cut the major axis at equal distances from the 
centre. 


CHAPTER IV. 
THE HYPERBOLA. 


DEFINITION. 


an hyperbola is the curve traced by a point which moves 
in such a manner, that rts distance from a given point is in a 
constant ratio of greater imequality to its distance from a 
gwen straight lane. 


Tracing the Curve. 


94. Let S be the focus, £X the directrix, and A the 
vertex. 





Then, as in Art. 1, any number of points on the curve 
may be obtained by taking successive positions of Æ on the 
directrix. 
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In SX produced, find a point A’ such that 
SA’: AX :: Sal : AX, 
then A’ is the other vertex as in the ellipse, and, the 


eccentricity being greater than unity, the points A and A’ 
are evidently on opposite sides of the directrix. 


Find the point P corresponding to A, and let A'E, PS 
produced meet in P’, then, if P'K’ perpendicular to the 
directrix meet SZ produced in L’, 


PE PEC 4 τα 2 SA sy AX, 
and the angle 
PLS =L5\ Ξ LSP: 
ob epp 
Hence Ρ’ is a point in the curve, and PSP’ is a focal 
chord. 


_ Following out the construction we observe that, since 
SA is greater than AX, there are two points on the directrix, 
e and e’, such that Ae and Ae’ are each equal to AS. 


If Æ coincide with e, the angle 


QSL = LSN = ASe = 465 





Hence SQ, AP are parallel, and the corresponding point 
of the curve is at an infinite distance; and similarly the 
curve tends to infinity in the direction Ae’. 


Further, the angle AS is less or greater than 4 ΚΔ, 
according as the point X is, or is not, between e and e. 
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Hence, when Z is below e, the curve lies above the axis, 
to the right of the directrix; when between e and X, below 
the axis to the left; when between X and e', above the axis 
to the left ; and when above e', below the axis to the right. 
Hence a general idea can be obtained of the form of the 
curve, tending to infinity in four directions, as in the figure 
of Art. 102. 


DEFINITIONS. 


The line AA’ is called the transverse axis of the hyperbola. 
The middle point, C, of AA’ is the centre. 


Any straight line, drawn through C and terminated by 
the curve, 1s called a diameter. 


95. Prop. I. If P be any point of an hyperbola, and 
AA’ its transverse axis, and tf ΑΡ, and PA produced, (or 
PA and PA’ produced) meet the directrir in E and F, EF 
subtends a right angle at the focus. 





By the theorem of Art. 4, ES bisects the angle ASP’ 
and FS bisects ASP; 


^. ESF is a right angle. 


SAA’ being a focal chord, this is a particular case of the 
theorem of Art. 6. 


96. Prop. II. Jf PN be the ordinate of a point P, and 
ACA’ the transverse aatis, PN? is to AN. NA’ in a constant 
ratto. 
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Join AP, A'P, meeting the directrix in E and F. 
Then PN: AN : EX : AX, 
and ΝΤ ΔΣ, 
ΝΤΑΛΙ αν οι 
SX? 4X. 4X, 
since ESF is a right angle; that is, PN? is to AN. NA’, 


in a constant ratio. 





Through C, the middle point of AA’, draw CB at right 


angles to the axis, and such that 
bo qc ο αὐ Aa 
then PIN? AN OMA? BC" AC 
or PN* : CN*—AC? :: BC" : AC". 
Cor. If PM be the perpendicular from P on BC, 
PM=CN, and PN = CM; 
Ὁ PM SAC! ο Ρο τας 


or OM? BC? PM? = AC? AC 
“OMET BO =. PO eel AC 
or PM?” : CM + ος AC BC. 


97. If we describe the circle on AA’ as diameter, which 
we may term, for convenience, the auxiliary circle, the 
rectangle AN . NA’ is equal to the square on the tangent to 
the circle from N. 
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Hence the preceding theorem may be thus expressed : 


The ordinate of an hyperbola is to the tangent from its 
foot to the auxiliary circle in the ratio of the conjugate to the 
transverse qaas. 


Der. If CB’ be taken equal to CB, on the other side of 
the axis, the line BCB’ 15 called the conjugate axis. 


The two lines AA’, BB’ are the principal axes of the 
curve. 


When these lines are equal, the hyperbola is said to be 
equilateral, or rectangular. 


The lines AA’, BB’ are sometimes called major and 
minor axes, but, as AA’ is not necessarily greater than BB, 
these terms cannot with propriety be generally employed. 


If a point Ν΄ be taken on CA’ produced, such that 
CN'— CN, the corresponding ordinate P'N'— PN, and 
therefore it follows that the curve is symmetrical with regard 
to BCB', and that there is another focus and directrix, 
corresponding to the vertex A’. 


98. Prop. III. 7f ACA’ be the transverse axis, C the 
centre, S one of the foci, and X the foot of the directrix, 
OS CA ος CX δα uA, 
and CS OX = OS ο” 


Interchanging the positions of S and X for a new 





s Δ X ὄ x A 8 
figure, the proof of these relations is identical with the 
proof given for the ellipse in Art. 61. 
99. Prop. IV. If S be a focus, and B am extremity 


of the conjugate axis, 


BC = AS.SA', and SC? = AC? + BC’. 
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Referring to Art. (98), SY = SA+ AX ; 
SOSX : AX S SAX AX : AX, 
: SC+AC : AC; 
and similarly 
SY : A'X : SC— AC : AC; 
sd MAU V OSC 1ο c 


But Bo AC SN dA MX 
^. BC = SC? — AC = 45.54’. 
Hence SC = AC + BC? = AB’; 


t.e. SC 1s equal to the line joining the ends of the axes. 


100. Prop. V. The difference of the focal distances of 
any pont is equal to the transverse axis. 


For, if PAA’, perpendicular to the directrices, meet 
them in K and A’, 


ρα Εκ SA αν 
and SP : PK ΔΑ: AX; 
"δε -ο KK’: SA : AX, 
: AA’ : XY (Art. 98); 
,SP—-SP-AA,; 


Cor. 1. SP NX ας CAS 
Sede AC Να ος: 

Sos FAC AC SION «ον 

or SP+AC:CN : SA : AX. 

Hence also S'P — AC : CN : SA : AX. 

Cor. 2. Hence also it can be easily shewn, that the 
difference of the distances of any point from the foci of an 
hyperbola, is greater or less than the transverse axis, according 
as the point is within or without the concave side of the 
curve. 
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101. Mechanical Construction of the Hyperbola. 


Let a straight rod S'L be moveable in the plane of the 
paper about the point S. Take a piece of string, the 


L 


v s! 


length of which is less than that of the rod, and fasten one 
end to a fixed point S, and the other end to L; then, pressing 
a pencil against the string so as to keep 1t stretched, and a 
part of it PL in contact with the rod, the pencil will trace 
out on the paper an hyperbola, having its foci at S and S, 
and its transverse axis equal to the ditference between 
the length of the rod and that of the string. 


This construction gives the right-hand branch of the 
curve; to trace the other branch, take the string longer 
than the rod, and such that it exceeds the length of the rod 
by the transverse axis. 


We may remark that by taking a longer rod MSL, and 
taking the string longer than SS+ SL, so that the point P 
will be always on the end SM of the rod, we shall obtain 
an ellipse of which S and S' are the foci. Moreover, re- 
membering that a parabola is the limiting form of an ellipse 
when one of the foci 1s removed to an infinite distance, 
the mechanical construction given for the parabola will be 
seen to be a particular case of the above. 


The Asymptotes. 


102. We have shewn in Art. 94 that if two points, € 
and e', be taken on the directrix such that 


Ae -— Ae = AS, 


the lines eA, eA meet the curve at an infinite distance. 
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These lines are parallel to the diagonals of the rectangle 
formed by the axes, for 
Ae : AX : AS: AX = SC : AC, 
= AB: AC, (Art. 99). 


DEFINITION. The diagonals of the rectangle formed by 
the principal axes ure called the usyniptotes. 
We observe that the axes bisect the angles between the 


asymptotes, and that if a double ordinate, PNP’, when 
produced, meet the asymptotes in Q and Q, 


PQ-PUO. 
The figure appended will give the general form of the 


curve and its connection with the asymptotes and the 
auxiliary circle. 


Uf 
7 
N 


A. "us 


103. Prop. VI. Lhe asymptotes intersect the directrices 
in the same points as the auxiliary circle, and the lines joining 
the corresponding foci with the points of intersection are 
tangents to the circle. 

If the asymptote CL meet the directrix in D, joining 
SD (fig. Art. 102), CL’ = AC? + BC’ = SC, 
and CD οι ο CA SC ο CACY 


^. CD= CA, and D is on the auxiliary circle. 
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Also 
CSa CX =LA ου. 
. CDS is a right angle, and SD is the tangent at D. 


Cor. CD +S = 0S = AC + BC? (Art. 99): 


104. An asymptote may also be characterized as the ultimate 
position of a tangent when the point of contact is removed to an infinite 
distance. 


It appears from Art. 10 that in order to find the point of contact of 
a tangent drawn from a point Τ in the directrix, we must join 7 with 
the focus S, and draw through S a straight line at right angles to S87’; 
this line will meet the curve in the point of contact. 


In the figures of Arts. 94 and 102 we know that the line through S, 
parallel to ο or CL, meets the curve in a point at an infinite distance, 
and also that this straight line is at right angles to SD, since SD is at 
right angles to CD. Hence the tangent from D, that is the line from 
D to the point at an infinite distance, is perpendicular to DS and there- 
fore coincident with CD. 


The asymptotes therefore touch the curve at an infinite distance. 


105. Der. If an hyperbola be described, having for its 
transverse and conjugate axes, respectively, the conjugate and 
transverse axes of a given hyperbola, it is called the conjugate 
hyperbola. 


It is evident from the preceding article that the conju- 
gate hyperbola has the same asymptotes as the original 
hyperbola, and that the distances of its foci from the centre 
are also the same. 


The relations of Art. 96 and its Corollary are also true, 
mutatis mutandis, of the conjugate hyperbola; thus, if A be 
a point in the conjugate hyperbola, 


RM? : CAP — BO :: AC’: BC’, 
and ΟΜ: RAP + AC :: ΠΟ: AC. 
Der. A straight line drawn through the centre and ter- 


minated by the conjugate hyperbola ıs also called a diameter 
of the original hyperbola. 
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106. Prop. VIL If from any point Q in one of the 
asymptotes, two straight lines QP.N, QRM be drawn at right 
angles respectively to the transverse and conjugate axes, and 
meeting the hyperbola in P, p, and the conjugate hyperbola 
in R, v, 

OP. Qp = BC? 
and QR .Qr = AC? 





(i 4 


For QN? : BC? :: CN? : AC’: 
^. QN? — BC? : BC? :: CN? — AC? : AC? 
(TIME BS 
S ON =B = PN?, 
or QN — PN* = BC’; 
t.e. QP . Qp = BC 
Similarly, QM* : AC? :: CM? : BC’; 
ολ — AC : AC? :: CAP — ΠΟ’: BC, 
μμ CS 
. QU — RAP = 4ο, 
or QR. Qr= AC”. 
These relations may also be given in the form, 
QP.Pq- BC, QR. Ry’ = 40. 


Cor. If the point Q be taken at a greater distance 
from C, the length QN and therefore Qp will be increased, 
and may be increased indefinitely. 
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But the rectangle QP. Qp is of finite magnitude; hence 
QP will be indefinitely diminished, and the curve, therefore, 
as it recedes from the centre, tends more and more nearly to 
coincide with the asymptote. 


A further illustration is thus given of the remarks in 
Art. 104. 


107. Ifin the preceding figure the line Qq be produced 
to meet the conjugate hyperbola in # and e, it can be shewn, 
in the same manner as in Art. 106, that 


QE . Qe= BC: 


and this equality is still true when the line Qq lies between 
C and A, in which case Qq does not meet the hyperbola. 


Properties of the Tangent and Normal. 


108. Inthe case of the hyperbola the theorem, proofs 
of which are given in Arts. 15 and 16, takes the following 
form : 


The tangents drawn from any point to an hyperbola 
subtend equal or supplementary angles at either focus ac- 
cording as they touch the same or opposite branches of the 
curve. 


‘N 


us 


For, T being the point of intersection of tangents to 
opposite branches of the curve, let TM, TM’ be the per- 


R. ας, 7 
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pendiculars let fall from T on SP and SQ, then, as in Arts. 
15 and 16, TM = TM; 


.. the angles TSM, TSM’ are equal, and consequently 
the angles T'SP, TSQ are supplementary. 


109. Prop. VIII. The tangent at any point bisects the 
angle between the focal distances of that point, and the normal 
15 equally inclined to the focal distances. 

Let the normal at P meet the axis in G. 

Then (Art. 18), 

SG = SP :: SA: AX, 
and SG ο δα. 115 
έν ορ US e 
and therefore the angle between SP and S'P produced is 
bisected by PG. 


Heuce PT, the tangent which is perpendicular to PG, 
bisects the angle SPS". 


Cor. 1. If PT and GP produced meet, respectively, 
the conjugate axis in ¢ and g, it can be shewn, in exactly the 
same manner as in the corresponding case of the ellipse 
(Art. 68), that S, P, S’, t, and g are concyclic. 


Con. 2. If an ellipse be described having S and δ΄ for 
its foci, and if this ellipse meet the hyperbola in P, the 
normal at P to the ellipse bisects the angle SPS’, and there- 
fore coincides with the tangent to the hyperbola. 


Hence, if an ellipse and an hyperbola be confocal, at 15, 
have the same foci, they intersect at right angles. 


110. Prop. IX. very diameter is bisected at the centre, 
and the tangents at the ends of a diameter are parallel. 


Let PCp be a diameter, and PN, pn the ordinates. 
Then CN? : Cn? :: PN? : pr’, 
=: ON? — AC? :Cn?— AC’; 
hence CN = Cn, and .. CP = Cp. 
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Again, if PT, pt be the tangents, 


The triangles PCS, pCS' are equal in all respects, and 
therefore SPS‘p is a parallelograin. 





Hence the angles SPS’, SpS' are equal, and therefore 


SPT = νι. 
But SPC = S'pC, 


.. the difference TPC =the difference tpC, and PT is 
parallel to pt. 


It can be shewn in exactly the same manner, that, if 
the diameter be terminated by the conjugate hyperbola, it 
is bisected m C, and the tangents at its extremities are 
parallel. 


Cor. The distances SP, Sp are equally inclined to the 
tangents at P and p. 


111. Prop. X. The perpendiculars from the foci on any 
tangent meet the tangent on the auxiliary circle, and the 
semi-conjugate ams is a mean proportional between their 


lengths. 


Let SY, S'Y be the perpendiculars, and let SY produced 
meet S'P in L. 


Then the triangles SPY, LPY are equal in all respects, 
and SY = LY. 
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Hence, C being the middle point of SS' and Y of SL, CY 
is parallel to SL, and S'L = 2CY. 





But SLzS'P—-PLZS'P—-SP-2AC; 
QC de. 
and Y is on the auxiliary circle. 
So also Y' is a point in the circle. 


Let SY produced meet the circle in Z, and join YZ; 
then, Y'YZ being a right angle, ZY’ is a diameter and 
passes through C. Hence, the triangles SCZ, S'CY' being 


equal, 


΄ 


SY = SZ, 
and SY.SY'=SY.8Z=SA .SA'=BC*. 


Cor. 1. If Ρ’ be the other extremity of the diameter 
PC, the tangent at P’ is parallel to PY, and therefore Z 


is the foot of the perpendicular from S on the tangent 
at P. 


Con. 2. If the diameter DCD’, drawn parallel to the 
tangent at P, meet SP, SP in E and E, PECY isa 
parallelogram ; 

SUE Cl) SAC, 
and so also PE =CY'=AC. 


THE HYPERBOLA. lol 


112. Prop. ΧΙ. To draw tangents to an hyperbola from 
a given point. 


The construction of Art. 17 may be employed, or, as in 
the cases of the ellipse and parabola, the following. 


Let Q be the given point; join SQ, and upon SQ as 





diameter describe a circle intersecting the auxiliary circle 
in Y and Y’; 


QY and QY' are the required tangents. 


Producing SY to L, so that Y L — SY, draw S'L cutting 
QY in P, and Join SP. 


The triangles SPY, LPY are equal in all respects, 
and Dd τι το Ες 24€: 
^ P is a point on the hyperbola. 


Also QP bisects the angle SPS’, and is therefore the 
tangent at P. A similar construction will give the other 
tangent QP’. 


If the point Q be within the angle formed by the asymp- 
totes, the tangents will both touch the same branch of the 
curve; but if it lie within the external angle, they will touch 
opposite branches. 
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113. Prop. XII. Jf two tangents be drawn from any 
point to an hyperbola they are equally inclined to the focal 
distances of that point. 

Let PQ, P’Q be the tangents, SY, S'Y’, SZ, S'Z' the 
perpendiculars from the foci; join 12, Y'Z. 





Then the angles YSZ, Y'S'Z' are equal, for they are the 
supplements of YQZ, Y’QZ’. 


Also SY.S'Y' ZSZ.S'Z' (Art. 111); 

or DU ο ZS 
ο, the triangles YZS, Y'S Z' are similar, 
and the angle YZS = {7 Υ W. 
But the angle YQS = FZS, and Z'QS' = ZY'S'; 
^n YQS -Z'QS*. 

That is, the tangent (JP and the tangent P'Q produced 
are equally inclined to SQ and ΔΩ. 

Or, producing S'Q, QP and QP’ are equally inclined to 
QS and S'Q produced. 

In exactly the same manner it can be shewn that if 


QP, QP touch opposite branches of the curve the angles 
PQS, P'QS' are equal. 


Cor. If Q bea point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and δ) produced 
and therefore bisects the angle PQP.. 
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Hence, of frum any point of an hyperbola tangents be 
drawn to a confocal hyperbola, these tangents are equally 
inclined to the normal or the tangent at the pomt, according 
as it hes within or without that angle formed by the usymptotes 
of the confocal which contains the transverse axes. 


114. Prop. XIII. Jf PT, the tangent ut D, meet the 
transverse axis in T, and PN be the ordinate, 


CN. CT —AC-. 


Let fall the perpendicular SY upon PT, aud join YN, 
CY, SP, and S'P. 
The angle CYT = S'PY = SPY 
=the supplement of SN Y = CNY; 


also the angle YCT is com- 
mon to the two triangles 


CYT, CYN; these triangles 
are therefore similar, 
and 
ον CY: -CY OT, 
or | 
CN OCT =CY*=AC7 
Cor. 1. Hence CV. NT —- CN —CN.CT 
= CUN*— AC” 
= AN. NA’. 





Cor. 2. Hence also it follows that 


If any number of hyperbolas be described having the 
same transverse axis, and an ordinate be drawn cutting 
the hyperbolas, the tangents at the points of section will all 
meet the transverse axis in the same point. 


Cor. 3. If CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
through C, as we have already shewn in Art. 104. 
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115. Prop. XIV. If the tangent at P meet the conjugate 
axis int, and PN be the ordinate, 


Ct. PN = BCA 
For Ci ΕΝ ὉΠ Απ) 
OUT ΓΛ ο οι. CN MT 
: AC? : AN. NA’, 
OCEAN aC? SOP WN S SN aN A 
ze AC, 
and Ct. PN = BC’. 


In exactly the same manner as in Art, 76, it can be 
shewn that 


CG.CT =SC’, 
UGC N= SOP ACs. σα PN ose? BCs 
and NG : CN :: ΠΟ’: AC’. 


116. Prop. XV. Ifthe normal at P meet the transverse 
axis in G, the conjugate axis in g, and the diameter parallel 
to the tangent at P in ΚΕ 


PF.PG -—BC', and PF. Pg = ΑΟ 
Let NP, PM, perpendicular 


to the axes, meet the diameter 
CF in K and L; 
Then KNG, KFG being right 
angles, K, F, N, G are concyclic ; 
“PE Ρος ΕΝ 
= Ct. PN = DC". 
Similarly F, L, M, g are con- 


cyclic ; 





n PF. Pg 2 PL.PM-CT.CN- 40: 


THE HYPERBOLA. 105 


117. Prop. XVI. If PCp be a diameter, and QV an 
ordinate, and if the tangent at Q meet the diameter Pp in T, 


CV .CT=CP? 


Let the tangents at P and p meet the tangent at Q in 


Rand v; 
A 
\ 2 
---. ας 
e LW 
V 
| v 


Then the angle SPR = Spr (Cor. Art. 110) 


and therefore if RN, rn be the perpendiculars on SP, sp, the 
triangles RPN, rpn are similar. 


Draw RM, rm perpendiculars on SQ. 


Then μμ ΠΕ ΓΡ Ντ, 
: RM:rm (Cor. Art. 15) 
S ROT. 


Hence, QV, EP, and rp being parallel, 
ρα ΤΝ ΤΙΝ. 
STPMTp:Tp—- TP: PV+pV:pV-P7Y, 
ΟΥ ο 2C op δις 
or CV TU p 
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118. Prop. XVII. A diameter bisects all chords par- 
allel to the tangents at its extremities. 


Let PCp be the diameter, and QQ the chord, parallel to 
the tangents at P and p. Then if the tangents TQ, TQ’ 





at Q and @ meet the tangents at P and p, in the points 
E, E',e, e, 
EP = EP and ep = ey, (Art. 21) 
.. the point T is on the line Pp; 
but TP bisects QQ; 


that is, the diameter pCP produced bisects QQ. 


DEF. The line DCd, drawn parallel to the tangent at 
P and terminated by the conjugate hyperbola, that is, the 
diameter parallel to the tangent at P, 1s said to be conjugate 
to PCp. 

A diameter therefure bisects all chords parallel to its 
conjugate. 


119. Prop. XVIIL Jf the diameter DCd be conjugate 
to PCp, then will PCp be conjugate to DCd. 


Let the chord QVq be parallel to CD and be bisected in 
V by CP produced. 


Draw the diameter qCÀ, and join AQ meeting CD 


in U. 
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Then EC = Cq and QV=Vq; .. QR is parallel to CP. 
Also QU: UR :: Cq : CR, 
and SU UR, 





that is, CD bisects the chords parallel to CP, and PCp is 
therefore conjugate to DCd. 


Hence, when two diameters are conjugate, each bisects 
the chords parallel to the other. 


Der. Chords drawn from the extremities of any diameter 
to a point on the hyperbola are called supplemental chords. 
Thus, σῷ, QR are supplemental chords, and they are 


parallel to CD and CP; supplemental chords are therefore 
parallel to conjugate diameters. 


Der. A hne QV, drawn from any point Q of an 
hyperbola, parallel to a diameter DCd, and terminated by the 
conjugate diameter PCp, is called an ordinate of the diameter 
PCp, and if QV produced meet the curve in Q, QVQ ws the 
double ordinate. 

This definition includes the two cases in which QQ’ may 
be drawn so as to meet the same, or opposite branches of the 


hyperbola. 


120. Prop. XIX. Any diameter is a mean proportional 
between the transverse axis and the focal chord parallel to the 
diameter. 


This can be proved as in Art. δ]. 
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Properties of Asymptotes. 


121. Prop. XX. Jf from any point Q in «n asymptote 
QPpq be drawn meeting the curve in P, p and the other 
asymptote in q, and if CD be the semi-diameter parallel 
ο Qq, 

QP . δᾳ CD? and QP = pq. 


Through P and D draw RPr, DTt perpendicular to the 
transverse axis, and meeting the asymptotes. 





Then OP: RP: CD: DI, 
and Po er ους ως 


POP το ο ο ο Ep. 
But RP. Pr=LC?=DT'. Dt (Arts. 106 and 107), 
COP. τος CD 
Sinilarly qp.pQ2CD':; 
QP. Pq=qp . pR; 
or, if V be the middle point of Qq, 
QV: — PV*3z-QV?*—pV* 

Hence PV z pV, and .. PQ = pq. 

We have taken the case in which Qg meets one branch 
of the hyperbola. It may however be shewn in the same 


manner that the same relations hold good for the case in 
which Qq meets opposite branches. 
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Con, If a straight line PP'p'p meet the hyperbola in 
P, p, and the conjugate hyperbola in P", p', PP = pp’. 
For, if the line meet the asymptotes in Q, g, 
QP'=p'q, and PQ=qp; 
.. PP = pp’. 
122. Prop. XXI. The portion of a tangent which is 


terminated by the asymptotes is bisected at the point of contact, 
and is equal to the parallel diameter. 


LEL being the tangent (Fig. Art. 121), and Cd the 
parallel diameter, draw any parallel straight line QPpq 
meeting the curve and the asymptotes. 


Then QP = pq; and, if the line move parallel to itself 
until it coincides with Ll, the points P and p coincide with 


E, and .. LE = Fl. 
Also QP . Pq = CD, always; 
SLE Al=CD ο LESC. 


Properties of Conjugate Diameters. 


123. Pror. XXII. Conjugate diameters of an hyperbola 
are also conjugate diameters of the conjugate hyperbola, and 
the usymptotes are diagonals of the parallelogram formed by 
the tangents at their extremities. 


PCp and DCd being conjugate, let QVq, a double ordinate 
of CD, meet the conjugate hyperbola in Q’ and g’. 


Then QV = Vq, and QQ’ 2 qq' (Cor. Art. 121), 
“ο = Va: 


That is, CD bisects the chords of the conjugate hyperbola 
parallel to CP. 


Hence CD and CP are conjugate in both hyperbolas, and 
therefore the tangent at D is parallel to CP. 
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Let the tangent at P meet the asymptote in ᾖ,; then 
PL=CD (Art. 122). 





Hence LD is parallel and equal to CP: 
but the tangent at D is parallel to CP; 
^. LD is the tangent at D. 


Completing the figure, the tangents at p and d are par- 
allel to those at P and D, and therefore the asymptotes are 
the diagonals of the parallelogram LWI’. 


Cor. Hence, joining PD, it follows that PD is parallel 
to the asymptote ICL’, since LP = PL’, and LD = DI. 


124. Prop. XXIII. IF QV be an ordinate of a dia- 
meter PCp, and DCd the conjugate diameter, 


OV ea PV ap ος ο”. 





E: 


Let QV and the tangent at P meet the asymptote in 
R and F. 
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Then LP being equal to CD, 
TUE ου COV ο 
ΑΝ OD CD CV SCP CP, 
But RV” — QV? = CD. 
Hence OV CD a CV ο ο, 
or QV*: PV. Vp : CD? : CP”. 
125. Prop. XXIV. Jf QV be un ordinate y a dia- 


meter PCp, and if the tangent at Q meet the con) ugate diameter, 
DCd, in t, 


Ct . QV = CD. 
For, (Fig. Art. ps 
ο CT να. 
and .. Ct. "A QE οσο VL, 
But CV .CT=CP*, 


and CV. VT =CV?—CV .CT=CV’—-CP’; 
Ct OV Opi CP CV = CP. 
CD’: QV’. 
Hence Ct. QV = CD. 


126. Prop. XXV. If ACa, BCb be conjugate diameters, 
and PCp, DCd another pair of conjugate diameters, and tf 
PN, DM be ordinates of ACa, 


CM : PN :: AC: BC, 
and DM : CN :: BC: AC. 
Let the tangents at P and D meet ACa in T and ¢; 
then CN. CT = AC = CM . Ct (Art. 117), 
EOM SON ο 
xp sco 
: PN : DM, 
: CN : Mt; 
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<. CN*= CM . Mt = CM? + CM . Ct = CMe + AC? 
so that CM? = CN? — AC”. 


2 





But PN? : CN* — ΑΟ :: BC? 1 AC’: 
CM EN Se cc pO 
and, similarly, DM : CN :: BC : AC. 


Cor. We have shewn in the course of the proof, that 
CN’ — CM’ = AC. 
Similarly, if Pn, Dm be ordinates of BC, 
Cn? — Cn? = BC’; 
that 15, DM — PN* = BC’; 


and it must be noticed that these relations are shewn for any 
pair of conjugate diameters ACa, BCb, including of course 
the axes. 


127. Prop. XXVI. If CP, CD be conjugate semi- 
diameters, and AC, BC the semi-azes, 
CP = CP =AC? = BC’ 
For, drawing the ordinates PN, DM, and remembering 


that in this case the angles at ΛΙ and M are right angles, we 
have, from the figure of the previous article, 


CP* = CN’ + PN; 
CD? = CM’ + DM. 
But CN*—CM?= AC? and DM* — PN? = BC’; 
SCF= CD = AC? — BC”. 
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128. Prop. XXVII. IF the normal at P meet the axes 
in G and g, 
PG : CD :: DC : AC, 
and Py: CD: AC: BC. 
For the proofs of these relations, see Art. S6. 
Observe also that 
PG.Pg-CL', 
and that 
(Ig CD 22 SC S TC S DC: 


129. Prop. XXVIII. The area of the parallelogram 
formed by the tangents at the ends of conjugate diameters 
15 equal to the rectangle contained by the axes. 


Let CP, CD be the semi-diameters, and PN, DM the 


ordinates of the transverse axis. 


Let the normal at P meet 
CD in F, and the axis in G. 
Then PNG, CDM are similar 
triangles, and, exactly as in 
Art. 87, it can be shewn that 


PF.CD-- AC. BC. 


Hence it follows that, in 
the figure of Art. 123, the 
triangle LCL’ is of constant area. 





For the triangle is equal to the parallelogram CPLD. 


130. Prop. XXIX. Lf SP, S P be the focal distances of 
a point P, and CD be conjugate to CP, 


SP SP =C. 


Attending to the figure of Art. 111, the proof is the 
same as that of Art. 88. 


B. C. S. Θ 
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131. Prop. XXX. If the tangent at P meet a parr 
of conjugate diameters in T and t, and CD be conjugate 
to CP, 

0} 

This can be proved as in Art. 89. 

It can also be shewn that if the tangent at meet two 
parallel tangents in 7" and f£, 

PT Γον. 


132. Prop. XXXI. Jf the tangent at P meet the 
asymptotes in L and L’, 


CL. CL’ = SC. 





Let the tangent at 4 meet the asymptotes in K and 
K'; then (Art. 129) the triangles LCL’, KCK’ are of equal 


area, and therefore 
CL : CK’ :: CK : CL’ (Euclid, Book γι.) 
or ΟΙ,. ο --ΟΪΚ᾽-- Ας} BC’? = S0. 


Cor. It PH, PH’ be drawn parallel to, and terminated 
by the asymptotes, 


4.ΡΗ. PH = Cs", 
for CL = 2PH’, and CL’ = 9PH. 
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133. Prop. XXXII. Pairs of tangents at right angles 
to each other intersect on a fixed circle. 


PT, QT being two tangents at right angles, let Δ] 
perpendicular to PT, meet S'P in K. 


ve 
M 





Then (Art. 113) the angle S TY' 2 QT5, 
and obviously, KTP —PTS; 
therefore S'T'Y' is complementary to KTP, and STK isa 
right angle. 
Hence 
410? = SK? = S71" + TIC 
-—-S8T + ST” 
= 2 , CT? + 2. CS?” by Euclid ir. 12 and 18; 
ES CT” = At? x: BC’, 
and the locus of T is a circle. 


If AC be less than BC, this relation 15 impossible. 


In this case, however, the angle between the asymptotes 
is greater than a right angle, and the angle PTQ between a 
pair of tangents, being always greater than the angle between 
the asymptotes, is greater than a right angle. The problem 
is therefore ὦ priori impossible for the hyperbola, but be- 
comes possible for the conjugate hyperbola. 


As in the case of the ellipse, the locus of T 15 called the 
director circle. 


S—2 
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134, Prop. XXXIII. The rectangles contuined by the 
segments of any two chords which intersect each other are in 
the vatio of the squares on the parallel diameters. 





Through any point O in a chord QOQ' draw the diameter 
ORR ; and let CD be parallel to QQ’, and CP conjugate to 
CD, bisecting QQ’ in V. 


Draw AU an ordinate of CP. 
Then TUUS OUI ου CP 
OD a mU OU ο ο 
= CD --QV? : CV? 
But πο COUP se OV ο 


“OD : CU? s Οὐ’ QV? OV? : OV? 
ör αν’: CD + QV* - 0V? s QU? : ον: 
: OR? : 00; 
ΟΙ»: QV?— OV? s UR? : CO — CR 
ο CD? : Q0.0Q' :: CR! : OR.OR. 


Similarly, if qOq' be any other chord, and Cd the parallel 
semi-diameter, 


σα : q0.Oq' :: CR? : OR OR. 
^ Q0.0Q' : q0.0q' :: CD! : Ca’; 


that is, the ratio of the rectangles depends only on the 
directions of the chords. 
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Prop. XXXIV. Ifa circle intersect an hyperbola in four 
points, the several pairs of the chords of intersection are 
equally inclined to the axes. 


For the proof, see Art. 93. 


EXAMPLES. 


l. Ifacircle he drawn so as to touch two fixed circles externally, 
the locus of its centre is an hyperbola. 


2. If the tangent at 7} to the conjugate meet the latus rectum in 
D, the triangles SCD, S. YD are similar. 


3. The straight line drawn from the focus to the directrix, parallel 
to an asymptote, is equal to the semi-latus-rectum, and is bisected by 
the curve. 


4. Given the asymptotes and a focus, find the directrix. 
5. Given the centre, one asymptote, and a directrix, find the focus. 


6. Parabolas are described passing through two fixed points, and 
having their axes parallel to a fixed line; the locus of their foci is an 
hyperbola. 


-- 


7. The base of a triangle being given, and also the point of contact 
with the base of the inscribed circle, the locus of the vertex is an 
hyperbola. 


8. If the normal at P meet the conjugate axis in g, and g.V be the 
perpendicular on οὐ, then P.Y — AC. 


9. Draw a tangent to. an hyperbola, or its conjugate, parallel to à 
given line. 


10. If AA’ be the axis of an ellipse, and PNP a double ordinate, 
the locus of the intersection of 4΄Ρ and PA is an hyperbola. 


1l. The tangent at P bisects any straight line perpendicular to 
AA’, and terminated by AP, and α΄ P. 


12. If PCp be a diameter, and if Sp meet the tangent at P in 7, 
SP-ST. 


13. Given an asymptote, the focus, and a point; construct the 
hyperbola. 
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14. A circle can be drawn through the foci and the intersections of 
any tangent with the tangents at the vertices. 


15. Given an asymptote, the directrix, and a point ; construct the 


hyperbola. 


16. If through any point of an hyperbola straight lines are drawn 
parallel to the asymptotes and meeting any semi-diameter CQ in P 
and R, 

CP .Ch-CQ*. 


17. PX is an ordinate and VQ parallel to AB meets the conjugate 
axis in Q; prove that QD . QD'— PX.. 


18. NP is an ordinate and Q a point in the curve; 10, -UQ meet 
A P in D and FE; prove that VD. NE=NP?. 


19. If a tangent cut the major axis in the point 7, and perpen- 
diculars SY, HZ be let fall on it from the foci, then 


AD Τ.Ε le 


20. In the tangent at P a point Q is taken such that PQ is pro- 
portional to CD ; shew that the locus of Q is an hyperbola. 


9], Tangents are drawn to an hyperbola, and the portion of each 
tangent intercepted by the asymptotes is divided in a constant ratio ; 
prove that the locus of the point of section is an hyperbola. 


29. If the tangent and normal at P meet the conjugate axis in ¢ 
and A respectively, prove that a circle can be drawn through the foci 
and the three points P, t, A. 


Shew also that 
GA US as Salen aN 
and St: th : BC: CN, 
CD being conjugate to CP. 


93. Shew that the points of trisection of a series of conterminous 
circular arcs lie on branches of two hyperbolas; and determine the 
distance between their centres. 


94. If the tangent at any point P cut an asymptote in Τ᾽, and if 
SP cut the same asyinptote in (ὁ, then SQ — QT. 


25. A series of hyperbolas having the same asymptotes is cut by 
a straight line parallel to one of the asymptotes, and through the 
points of intersection lines are drawn parallel to the other, and equal 
to either semi-axis of the corresponding hyperbola: prove that the 
locus of their extremities is a parabola. 


96. Prove that the rectangle PY. PF in an ellipse is equal to 
the square on the conjugate axis of the confocal hyperbola passing 
through P. 
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27. If the tangent at P meet one asymptote in 7) and a line ΤῸ 
be drawn parallel to the other asymptote to meet the curve in 6); prove 
that if PQ be joined and produced both ways to meet the asymptotes 
in Æ and /", RK will be trisected at the points P and Q. 


28. The tangent at a point P of an ellipse meets the hyperbola 
having the same axes as the ellipse in C and D. If Q be the middle 
point of CD, prove that OQ and OP are equally inclined to the axes, O 
being the centre of the ellipse. 


29. Given one asymptote, the direction of the other, and the 
position of one focus, determine the position of the vertices. 


30. Two points are taken on the same branch of the curve, and on 
the same side of the axis; prove that a circle can be drawn touching 
the four focal distances. 


31. Supposing the two asymptotes and one point of the curve to 
be given in position, shew how to construct the curve; and find the 
position of the foci. 


32. Given a pair of conjugate diameters, construct the axes. 


33. If PH, PK be drawn parallel to the asymptotes from a point 
P on the curve, and if a line through the centre meet them in {ὲ, T, 
and the parallelogram PROT be completed, Y is a point on the curve. 


34. The ordinate VP at any point of an ellipse is produced to a 
point Q, such that VQ is equal to the subtangent at P; prove that the 
locus of Y is an hyperbola. 


35. Ifa given point be the focus of any hyperbola, passing through 
a given point and touching a given straight line, prove that the locus of 
the other focus is an arc of a fixed hyperbola. 


36. An ellipse and hyperbola are described, so that the foci of 
each are at the extremities of the transverse axis of the other; prove 
that the tangents at their points of intersection meet the conjugate 
axis in points equidistant from the centre. 


37. A circle is described about the focus as centre, with a radius 
equal to one-fourth of the latus rectum: prove that the focal distances 
of the points at which it intersects the hyperbola are parallel to the 
asymptotes. 


38. The tangent at any point forms a triangle with the asymptotes : 
determine the locus of the point of intersection of the straight lines 
drawn from the angles of this triangle to bisect the opposite sides. 


39. If SY, S Y' be the perpendiculars on the tangent at P, a circle 
can be drawn through the points F, Y', Δ, C. 


40. "The straight lines joining each focus to the foot of the per- 
pendicular from the other focus on the tangent meet on the normal and 
bisect it. | 
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41. If the tangent and normal at P meet the axis in Τ and 6, 
NG.CT= Bc". 


49. If the tangent at P meet the axes in 7' and 7, the angles 91, 
STP are supplementary. 


43. If the tangent at P meet any conjugate diameters in 7' and 1, 
the triangles SPT, Α΄ Pt are similar. 


44. If the diameter conjugate to CP meet SP and S'P in / and 
Ε΄ prove that the circles about the triangles SCZ, S'CE' are equal. 


45. "The locus of the centre of the circle inscribed in the triangle 
SPS’ is a straight line. 


46. If PV be an ordinate, and VQ parallel to AP meet CP in Q, 
AQ is parallel to the tangent at P. l 


47. If an asymptote meet the directrix in D, and the tangent at 
the vertex in E, AD is parallel to SZ. 


48. "The radius of the circle touching the curve and its asymptotes 
is equal to the portion of the latus rectum produced, between its 
extremity and the asymptote. 


49. If ( be the foot of the normal, and if the tangent meet the 
asymptotes in Z and M, GL GM. 


50. With two conjugate diameters of an ellipse as asymptotes, a 
pair of conjugate hyperbolas is constructed : prove that if one hyper- 
bola touch the ellipse, the other will do so likewise; prove also that the 
diameters drawn through the points of contact are conjugate to each 
other. 


51. If two tangents be drawn the lines joining their intersections 


with the asymptotes will be parallel. ; 


52. The locus of the centre of the circle touching SP, SP pro- 
duced, and the major axis, 15 an hyperbola. 


53. If from a point P in an hyperbola, PA be drawn parallel to 
an asyinptote to meet the directrix in A, then PA — S7. 


54. If PD be drawn parallel to an asymptote, to meet the con- 
jugate hyperbola in D, CP and CD are conjugate diameters. 


55. If QR be a chord parallel to the tangent at P, and if YZ, PN, 
RM be drawn parallel to one asymptote to meet the other, 


CL.CM-CN 


56. If a circle touch the transverse axis at a focus, and pass 
through one end of the conjugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and transverse 
senmi-axes. 
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57. <A line through one of the vertices, terminated by two lines 
drawn through the other vertex parallel to the asymptotes, is bisected 
at the other point where it cuts the curve. 


58. If PSQ be a focal chord, and if the tangents at P and Q meet 
in 7', the difference between PTQ and half PS'Q is a right angle. 


59. If a straight line passing through a fixed point 6 meet two 
fixed lines 04, OB in A and DP, and if P be taken in AB such that 
CP?—04 . CD, the. locus of P is an hyperbola, having its asymptotes 
parallel to OA, OD. 


60. If from the points 7 and Q in an hyperbola there be 
drawn PL, QM parallel to each other to meet one asymptote, and 
PR, QN also parallel to each other to meet the other asymptote, 
PL. PR=QM. QN. 


61. Prove that the locus of the point of intersection of two 
tangents to a parabola which cut at a constant angle is an hyperbola, 
and that the angle between its asymptotes is double the external angle 
between the tangents. 


62. An ordinate VQ of any diameter CP is produced to meet the 
asymptote in /2, and the conjugate hyperbola in (^; prove that 


QV24-Q'V?-2RT?, 


Prove also that the tangents at Q and @ meet the diameter CP in 
points equidistant from C. 


63. A chord QPZ meets an asymptote in J, and a tangent from ZL 
is drawn touching at A; if PM, ΠΛ, Q.V, be drawn parallel to the 
asymptote to meet the other, 


PM+QN=2. RE. 


64. Tangents are drawn from any point in a circle through the 
foci; prove that the lines bisecting the angle between the tangents, 
or between one tangent and the other produced, all pass through a 
fixed point. 


65. If a circle through the foci meet two confocal hyperbolas 
in P and Q, the angle between the tangents at P and Q is equal 
to PSY. 


66. If SJ’, S'Y” be perpendiculars on the tangent at P, and if PN 
be the ordinate, the angles PNY, PN J" are supplementary. 


67. Find the position of P when the area of the triangle Y CY" is 
the greatest possible, and shew that, in that case, 


PN . SC=BC? 


68. If the tangent at P meet the conjugate axis in ¢, the areas of 
the triangles SPS, StS' are in the ratio of CD? : S£. 
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69. If SY, SZ be perpendiculars on two tangents which meet in 7, 
FZ is perpendicular to ST. 


/0. A circle passing through a focus, and having its centre on the 
transverse axis, touches the curve; shew that the focal distance of the 
point of contact is equal to the Latus Rectum. 


71. If CQ be conjugate to the normal at P, then is CP conjugate 
to the normal at Q. 


72. From a point in the auxiliary circle lines are drawn touching 
the curve in P and P’; prove that SP, δ΄ Ρ’ are parallel. 


73. If any hyperbola is drawn confocal with a given ellipse, and 
if PN is the ordinate of a point of intersection of the hyperbola with 
the ellipse, and NT the tangent from N to the auxiliary circle of the 
hyperbola, prove that the angle PNT is always the same. 


714. Find the locus of the points of contact of tangents to a series 
of confocal hyperbolas from a fixed point in the axis. 


19. 'langents to an hyperbola are drawn from any point in one 
of the branches of the conjugate, shew that the chord of contact will 
touch the other branch of the conjugate. 


76. An ordinate VP meets the conjugate hyperbola in Q9; prove 
that the normals at P and Q meet on the transverse axis. 

77. A parabola and an hyperbola have a common focus S and 
their axes in the same direction. If a line SPQ cut the curves in P 
and Q, the angle between the tangents at P and Q is equal to half the 
angle between the axis and the other focal distance of the hyperbola. 


78. If an hyperbola be described touching the four sides of a 
quadrilateral which is inscribed in a circle, and one focus lie on the 
circle, the other focus will also lie on the circle. 


79. A conic section is drawn touching the asyinptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
curves are parallel to the chord of contact of the conic with the 
asymptotes. 


80. A parabola P and an hyperbola M have a common focus, 
and the asyinptotes of H are tangents to P; prove that the tangent 
at the vertex of P is a directrix of //, and that the tangent to J’ 
at the point of intersection passes through the further vertex of /f. 


81. From a given point in an hyperbola draw a straight line 
such that the segment intercepted between the other intersection 
with the hyperbola and a given asymptote shall he equal to a 
given line. 


When does the problem become impossible ? 
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82. If an ellipse and a confocal hyperbola intersect in 7, an 
asylptote passes through the point on the auxiliary circle of the 
ellipse corresponding to P. 


83. P isa point on an hyperbola whose foci are S and 77; another 
hyperbola is described whose foci are S and P, and whose transverse 
axis is equal to SP — 2P 7: shew that the hyperbolas will meet only at 
one point, and that they will have the same tangent at that point. 


84. A point D is taken on the axis of an hyperbola, of which the 
eccentricity is 2, such that its distance from the focus S is equal to 
the distance of S from the further vertex A’; P being any point on the 
curve, 4΄Ρ meets the latus rectum in A. Prove that DA and SP 
intersect on a certain fixed circle. 


85. Shew that the locus of the point of intersection of tangents 
to a parabola, making with each other a constant angle equal to half a 
right angle, is an hyperbola. 


86. The tangent and normal at any point intersect the asymptotes 
and axes respectively in four points which lie on a circle passing 
through the centre of the curve. 


The radius of this circle varies inversely as the perpendicular from 
the centre on the tangent. 


87. "The difference between the sum of the squares of the distances 
of any point from the ends of any diameter and the sum of the squares 
of its distances froin the ends of the conjugate is constant. 


88. If a tangent meet the asymptotes in Z and WV, the angle 
subtended by LJ at the farther focus is half the angle between the 
asynptotes. 


89. If PV be the ordinate of P, and PT the tangent, prove that 
ANI TUN opo PUE 


90. If an ellipse and an hyperbola are confocal, the asymptotes 
pass through the points on the auxiliary circle of the ellipse which 
correspond to the points of intersection of the two curves. 


91. Two adjacent sides of a quadrilateral are given in magnitude 
and position; if the quadrilateral be such that a circle can be inscribed 
in it, the locus of the point of intersection of the other two sides is 
an hyperbola. 


92. The tangent at P meets the conjugate axis in ¢, and ¿Q is 
perpendicular to SP; prove that SQ is of constant length. 


93. An hyperbola, having a given transverse axis, has one focus 
fixed, and always touches a given straight line; the locus of the other 
focus is a circle. 


94. A chord PRIVY meets the directrices in 2 and V; shew that 
PR and VQ subtend, each at the focus nearer to it, angles of which the 
sum is equal to the angle between the tangents at P and Q. 
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95. <A circle is drawn touching the transverse axis of an hyperbola 
at its centre, and also touching the curve; prove that the diameter 
conjugate to the diameter through either point of contact is equal to 
the distance between the foci. 


96. A parabola is described touching the conjugate axes of an 
hyperbola at their extremities; prove that one asymptote is parallel to 
the axis of the parabola, and that the other asymptote is parallel to 
the chords of the parabola bisected by the first. 


If à straight line parallel to the second asymptote meet the hyper- 
bola and its conjugate in P, P’, and the parabola in Q, (', it may be 
shewn that PQ=P' Q. 


97. If two points # and Æ” be taken in the normal PG such that 
PE=PE'=CD, the loci of E and Æ” are hyperbolas having their axes 
equal to the sum and difference of the axes of the given hyperbola. 


98. Iftwo tangents are drawn to the same branch of an hyperbola, 
the external angle between them is half the difference between the 
angles which the chord of contact subtends at the foci. 


If the tangents are drawn to opposite branches, the angle between 
them is half the sum, or half the difference, of these angles according as 
the points of contact are on the same or on opposite sides of the 
transverse axis. 


99. Parabolas are drawn passing through two fixed points A and 
D, and having their axes in a given direction; find the locus of the foci, 
and, if à tangent be drawn at right angles to AB, prove that the locus 
of its point of contact P is an hyperbola. 


100. Tangents are drawn from a point 7'to an hyperbola whose 
centre is C, and CT produced meets the hyperbola in P and the chord 
of contact of the tangents in V. If CD be the diameter conjugate to 
CP, and DT, DV meet the tangent at P in A and U, prove that the 
triangles PUV, TPK are equal in area. 


101. One asymptote and three points P, ϱ, R of an hyperbola are 
given, construct the other asymptote. 


102. If an ellipse be described having its centre on a given 
hyperbola, its foci on the asymptotes, and passing through the centre 
of the hyperbola, prove that the minor axis of the ellipse is equal to 
the major axis of the hyperbola, and the ellipse touches the minor axis 
of the hyperbola. 


103. The angular point 4 of a triangle LBC is fixed, and the 
angle .f is given, while the points D and C move on a fixed straight 
line; prove that the locus of the centre of the circle circumscribing the 
triangle is an hyperbola, and that the envelope of the circle is another 
circle. 


104. Given an asymptote CQ and two points on an hyperbola, 
P, p on the curve, shew that the envelope of the axes is à parabola. 
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105. Find the locus of the middle points of a system of chords of 
an hyperbola, passing through a fixed point on one of the asymptotes. 


106. If a conic be described having for its axes the tangent and 
normal at any point of a given ellipse, and touching at its centre the 
axis-major of the given ellipse, and if another conic be described in 
the same manner, but touching the minor axis at the centre, prove 
that the foci of these conics he in two circles concentric with the 
given ellipse, and having their diameters equal to the sum and 
difference of its axes. 


107. An ellipse and an hyperbola are confocal; if a tangent to 
one intersect at right angles a tangent to the other, the locus of the 
point of intersection is a circle. 


Shew also that the difference of the squares on the distances from 
the centre of parallel tangents is constant. 


108. If a circle passing through any point P of the curve, and 
having its centre on the normal at P, meets the curve again in Y and 
It, the tangents at Q and / intersect on a fixed straight line. 


109. If the tangent at P meet an asymptote in 7, the angle 
between that asymptote and ,S'P is double the angle STP. 


110. Four tangents to an hyperbola form a rectangle. If one side 
LB of the rectangle intersect a directrix in F, and S be the correspond- 
ing focus, the triangles FSA, FBS are similar. 


111. An ellipse and hyperbola have the same transverse axis, 
and their eccentricities are the reciprocals of one another; prove that 
the tangents to each through the focus of the other intersect at right 
ene in two points and also meet the conjugate axis on the auxiliary 
circle. 


112. ACA’ and LCD’ are the transverse and conjugate axes of an 
ellipse, of which S and δ΄ are the foci. P is one of the points of 
intersection of this ellipse and a confocal hyperbola, and ασα’ is the 
transverse axis of the hyperbola. 


Prove that SP= Aa, S'P-—A'«, and aB=C?. 


113. Prove that if A, D and S are three given points, two parabolas 
can be drawn through 4 and B with S as focus, and that the axes of 
these parabolas are parallel to the asymptotes of the hyperbola which 
can be drawn through S with its foci at A and B. 


CHAPTER Υ. 
THE RECTANGULAR HYPERBOLA. 


If the axes of an hyperbola be equal, the ungle between the 
asymptotes 18 a right angle, and the curve is called equiluteral 
or rectangular. 

135. Prop. I. In a rectangular hyperbola 

CS* —2AC?, and SA? 2 2A X. 

For CS τας EDO MAC. 
and SAÁÀ : AX : SC: AC; 

^ SA? z2AX. 

Observe that, in the figure of Art. 102, SDC is an isos- 
celes triangle, since ; 

SD= BC, and CD = AC, 
and therefore SD -- DC. 


136. Prop. II. Lhe asymptotes of a rectangular hyperbola 
bisect the angles between any pair of conjugate diameters. 


For, in a rectangular or equilateral hyperbola, 


CA = CB, 
and therefore, since CP? — CD? = CA’? — CUB’, 
CP=CD, 


CP, CD being any conjugate semi-diameters. 
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Also, in the figure of Art. 123, the parallelogram CPLD 
is a rhombus, and therefore CL bisects the angle PCD. 


Cor. Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to conjugate diameters. 


137. Prop. III. If CY be the perpendicular from the 
centre on the tangent αἱ P, the angle PCY is bisected by the 
transverse axis, and half the transverse axis is a mean propor- 
tional between CY and CP. 

For the angle PCL = DCL 

=) OL: 
so 1-61. 

Hence it follows that the 
triangles ΡΟΝ, ΠΟ Y are similar, 
and that 

CY ed CN) ο 
eG) οσοι Ch AC. 

Hence also, if we jom PA 


and AY, we observe that the 
tnangles PAC, AYC are 


similar. 





138. Pror. IV. Diameters at right angles to each other 
are equal, 


Let CP, CP’ be semi-diameters at right angles to each 
other, and CD conjugate to CP. 


Then, if CL, CL be the asymptotes, 
the angle PCL’ = PCL = DCL; 
. CP =CD=CP. 
Hence it follows, by help of the theorem of Art. 120, that 


focal chords at right angles to each other are equal, and that 
focal chords parallel to conjugate diameters are equal. 
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139. Prov. V. Jf the normal at P meet the axes in G 
and g, 


CN=NG and PG - Pg - CD, 
CD being conjugate to CP. 
For (Art. 115) NG : CN :: ΠΟ’: AC’; 


.ΝΩ-ΩΟΝ. 
Also PF, PG=BC’ and PF. Ρη- 40” 
ο s. 
Further (Art. 128) PG : CD :: BC : AC; 
n PG&G=CD = CP. 


140. Pror. VI. Jf QV be an ordinate of a diameter 
PCp, 
QV? = PV. Vp. 
For Ων PV. Vp ορ ο”, 
and CD=CP; 
QV? =PV.Vp=CV*—CP”. 


141. Prop. ΥΠ. The angle between a chord PQ, and 
the tangent at P, is equal to the angle subtended by PQ at the 
other extremity of the diameter through P. 





Let PQ and the tangent at P meet the asymptote in / 
and L. Then, if CV be conjugate to PQ, 


the angle LPR = PLC — ViC= LCP — VCI 
= VCP = QpP. 
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Or thus, let QU parallel to the tangent at P, meet CP produced 
in U. 
Then QUSS PU. Uy 

OE p ορ το, 

Therefore the triangles PQU, QUp are similar, and the angle 
QpU=PQU = LPQ. 

If P and Q are on opposite branches of the curve, the 
same proof shews that 


the angle QpU = UQP=LPQ; 
^ QPL’ = Qpr. 


or, 





If QP is the normal at P, it follows that QP subtends a 
right angle at the other end of the diameter through P. 


142. Prop. VIII. Any chord subtends, ut the ends of 
any diameter, angles which ure equal or supplementary. 


This theorem divides itself 
into four cases, which are 
shewn 1n the appended figures. 


Let QR be the chord, and 
Pp the diameter. Then, if LP 
be the tangent at P, fig. (1), 


the angle LPR = QpP, 
and LPR = Πρ’; 


ο QPE-QpR. 
B. C. 5, 9 
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In fig. (2), if pl be the tangent at p, parallel to PL, 
Qp Ri = Qpl + WR=Qpl + pP R, 


Q 
l 
R 
D 
D —- 
and QPR=QPL+4+ LPR — QpP - LPR; 


^ QpER + QPR=lpP + LPyp, 
that is, QpR ee QPR are together equal to two right 
angles. 


L e 
In fig. (3) 
QPR-—QPL--LPp-- pPE 
= QpP + Ppl + lpR 
= Qp R. | R Ῥ 


1 

In fig. (4) QPL — QpP, and RPL’ = lipP; 

therefore Ωρ and QPR are to- 
gether equal to two right angles. 


Hence it wil be seen that 
when QR, or QR produced, meet 
the diameter Pp between P and 
p, the angles subtended at P and 
p are equal; in other cases they 
are supplementary. 





In the cases of the second and 
third figures, if one of the angles QPR is a right angle, 
p other angle QpR is also a right angle. The four points 
Q, P, p, R are then concyelic, and QRi is a diameter of the 
circle, 
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143. Prop. IX. Ifa rectangular hyperbola circumscribe 
a triangle, tt passes through the orthocentre. 


NOTE. The orthocentre is the point of intersection of the 
perpendiculars from the angular points on the opposite sides. 


If O be the orthocentre, the 


triangles LOP, LQR are similar, ^ 
and | 
ο ο = LQ- LR: L 
LO. LRSLP LQ. οἱ κκ 
But, if a rectangular hyper- 
bola pass through P, Q, E, the à GR 


diameters parallel to LR, PQ are 
equal: hence O is a point on the curve. 


If the angle PRQ 15 a right angle, the line ROL will be 
the tangent to the curve at R, so that if a rectangular 
hyperbola pass through the angular points of a right-angled 
triangle, the hypothenuse will be parallel to the normal at the 
right-angle vertex. 


144. Prop. X. Ifa rectangular hyperbola circumscribe 
a triangle, the locus of its centre is the nine-point circle of the 
triangle. 





If PQR be the triangle, let L, I’ be the points in which 
an asymptote meets the sides PQ, PR. 


9—2 
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Join C, the centre of the hyperbola, with Æ and F, the 
middle points of PR and PQ. 

Then CF is conjugate to PQ, and CE to PR; therefore 


the angle 
FCE-FCL--LCE-CLF--ELC 
— PLL' -PLL-FPE 
= FDE, 
if D be the middle point of QR. 


ο D, E, F, C are concyclic; that is, C lies on the nine- 
point circle. 


A similar proof is applicable to the case in which the 
points P, Q, R lie on the same branch of the hyperbola. 


EXAMPLES. 


1. PCP is a transverse diameter, and QV an ordinate ; shew that 
QT is the tangent at Q to the circle circumscribing the triangle PQp. 


2. Ifthe tangent at P meet the asymptotes in Z and M, and the 
normal meet the transverse axis in G, a circle can be drawn through 
C, L, M, and G, and LG M is a right angle. 


3. If AA’ be any diameter of a circle, PP’ any ordinate to it, then 
the locus of the intersections of AP, 4’ Ρ' is a rectangular hyperbola. 


4. Given an asymptote and a tangent at a given point, construct 
the rectangular hyperbola. 


9. The points of intersection of an ellipse and a confocal rectangular 
hyperbola are the extremities of the equi-conjugate diameters of the 
ellipse. 


6. If CP, CD be conjugate semi-diameters, and ΡΛ, DM ordinates 
of any diameter, the triangles PCV, DCM are equal in all respects. 


7. The distance of any point from the centre is a geometric mean 
between its distances from the foci. 
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8. If P be à point on an equilateral hyperbola, and if the tangent 
at Q meet CP in 7, the circle cireumscribing CTQ touches the ordinate 
QV conjugate to CP. 


9. If a circle be described on SS’ as diameter, the tangents at the 
vertices will intersect the asymptotes in the circumference. 


10. If two concentric rectangular hyperbolas be described, the 
axes of one being the asymptotes of the other, they will intersect at 
right angles. 


1l. If the tangents at two points Q and Φ’ meet in 7" and if CQ, 
C( meet these tangents in A and Δ΄, the points Δ, T, R', C are con- 
cyclic. 


12. If froma point ῳ in the conjugate axis QA be drawn to the 
vertex, and (YR parallel to the transverse axis to meet the curve, 


QR—-ÀQ 


13. Straight lines, passing through a given point, are bounded by 
two fixed lines at right angles to each other; find the locus of their 
middle points. 


14. Given a point Q and a straight line 42, if a line QCP be 
drawn cutting 17} in C, and P be taken in it, so that, PD being a 
perpendicular upon 4, CD may be of constant magnitude, the locus 
of P is a rectangular hyperbola. 


15. Every conic passing through the centres of the four circles 
which touch the sides of a triangle, is a rectangular hyperbola. 


16. Ellipses are inscribed in a given parallelogram, shew that their 
foci he on a rectangular hyperbola. 


17. If two focal chords be parallel to conjugate diameters, the lines 
joining their extremities intersect on the asymp totes. 


18. If P, Q be two points of a rectangular hyperbola, centre O, 
and QV the perpendicular let fall on the tangent at P, the circle 
through O, Δ, and P will pass through the middle point of the chord 
DP, Q. 

19. Having given the centre, a tangent, and a point of a rectangular 
hyperbola, construct the asymptotes. 


20. Ifa right-angled triangle be inscribed in the curve, the normal 
at the right angle is parallel to the hypothenuse. 


21. On opposite sides of any chord of a rectangular hyperbola are 
described equal segments of circles; shew that the four points, in which 
the circles, to which these segments belong, again meet the hyperbola, 
are the angular points of a parallelogram. 


22. Two lines of given lengths coincide with and move along two 
fixed lines, in such a manner that a circle can always be drawn through 
their extremities ; the locus of the centre is a rectangular hyperbola. 
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23. If a rectangular hyperbola, having its asymptotes coincident 
with the axes of an ellipse, touch the ellipse, the axis of the hyperbola 
is a mean proportional between the axes of the ellipse. 


24. The tangent at a point P of a rectangular hyperbola meets a 
diameter YCY in T. Shew that CQ and TU subtend equal angles at P. 


25. If.1 be any point in a rectangular hyperbola, of which O is the 
centre, BOC the straight line through O at right angles to OA, D any 
other point in the curve, and DB, DC parallel to the asymptotes, prove 
that D, D, A, C are concyclic. 


26. The angle subtended by any chord at the centre is the supple- 
ment of the angle between the tangents at the ends of the chord. 


27. If two rectangular hyperbolas intersect in 4, D, C, D ; the 
circles described on 47, CD as diameters intersect each other ortho- 
gonally. 


28. Prove that the triangle, formed by the tangent at any point 
and its intercepts on the axes, is similar to the triangle formed by the 
straight line joining that point with the centre, and the abscissa and 
ordinate of the point. 


29. The angle of inclination of two tangents to a parabola is half 
a right angle ; prove that the locus of their point of intersection is a 
rectangular hyperbola, having one focus and the corresponding directrix 
coincident with the focus and directrix of the parabola. 


30. P is a point on the curve, and PV, PN are straight lines 
making equal angles with one of the asymptotes ; if MP, WP be pro- 
duced to meet the curve in P'and Q’, then /"(' passes through the 
centre. 


31. A circle and a rectangular hyperbola intersect in four points 
and one of their common chords is a diameter of the hyperbola; shew 
that the other common chord is à diameter of the circle. 


39. AD is a chord of a circle and a diameter of a rectangular 
hyperbola ; 2 any point on the circle; AP, BP, produced if necessary, 
meet the hyperbola in Q, Q’, respectively ; the point of intersection of 
BQ, AY’ will be on the circle. 


33. PP’ 15 any diameter, Q any point on the curve, PR, P' A are 
drawn at right angles to PY, P'Q respectively, intersecting the normal 
at Yin It, R; prove that QR and QI? are equal. 


34. Parallel tangents are drawn to a series of confocal ellipses ; 
prove that the locus of the points of contact is a rectangular hyperbola 
having one of its asymptotes parallel to the tangents. 


35. If tangents, parallel to a given direction, are drawn to a 
system of circles passing through two fixed points, the points of contact 
lie on a rectangular hyperbola. 
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36. If from a point P on the curve chords are equally inclined to 
the asymptotes, the line joining their other extremities passes through 
the centre. 


37. From the point of intersection of the directrix with one of 
the asymptotes of a rectangular hyperbola a tangent is drawn to the 
curve and meets the other asymptote in T: shew that CT is equal to 
the transverse axis. 


35. The normals at the ends of two conjugate diameters intersect 
on the asymptote, and are parallel to another pair of conjugate 
diameters. 


39. If the base AB of a triangle ABC be fixed, and if the differ- 
ence of the angles at the base is constant, the locus of the vertex is a 
rectangular hyperbola. 


40. A circle described through the angular points 4, B of a given 
triangle ABC meets AC in D. If BD meet the tangent at 4 in P, 
shew that the vertex and orthocentre of the triangle APB lie on fixed 
rectangular hyperbolas. 


41. The locus of the point of intersection of tangents to an ellipse 
which make equal angles with the transverse and conjugate axes 
respectively, and are not at right angles, is a rectangular hyperbola 
whose vertices are the foci of the ellipse. 


43. If O7 is the tangent at the point O of a rectangular hyperbola, 
and PQ a chord meeting it at right angles in 7, the two bisectors of 
the angle OCT bisect OP and OQ. 


43. With two sides of a square as asymptotes, and the opposite 
point as focus, a rectangular hyperbola is described; prove that it 
bisects the other sides. 


44. With the focus  οἳ a rectangular hyperbola as centre and 
radius equal to SČ a circle is described, prove that it touches the 
conjugate hyperbola. 


45. If parallel normal chords are drawn to a rectangular hyper- 
bola, the diameter bisecting them is perpendicular to the join of their 
feet. 


46. From the foot of the ordinate PN of a point P of a rectangular 
hyperbola, tangents VQ, NR are drawn to the circle on Ad’ as 
diameter. Prove that PQ passes through A’, and PR through 4, and 
that, if QNR intersect 4.4’ in MV, PM is the tangent at P. 


47. Shew that the angle between two tangents to a rectangular 
hyperbola is equal or supplementary to the angle which their chord of 
contact subtends at the centre, and that the bisectors of these angles 
meet on the chord of contact. 
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48. Through a point P on an equilateral hyperbola two lines are 
drawn parallel to a pair of conjugate diameters; the one meeting the 
curve in P, 7", and the other meeting the asymptotes in Q, (/; shew 


that PP =QQ. 


49. If four points forming a parallelogram be taken on a rect- 
angular hyperbola, then the product of the perpendiculars from any 
point of the curve on one pair of opposite sides equals the product of 
the perpendiculars on the other pair of sides. 


CHAPTER VI. 


THE CYLINDER AND THE CONE. 


DEFINITION. 


145. Ir a straight line move so as to pass through the 
circumference of a given circle, and to be perpendicular to 
the plane of the circle, it traces out a surface called a Right 
Circular Cylinder. The straight line drawn through the 
centre of the circle perpendicular to its plane is the Asis of 
the Cylinder. 


It is evident that a section of the surface by a plane 
perpendicular to the axis is a circle, and that a section by 
any plane parallel to the axis consists of two parallel lines. 


Prop. I. Any section of a cylinder by a plane not 
parallel or perpendicular to the axis 15 an ellipse. 


If APA’ be the section, let the plane of the paper be the 
plane through the axis perpendicular to APA’. 

Inscribe in the cylinder a sphere touching the cylinder in 
the circle EF and the plane APA’ in the point S. 

Let the planes APA’, EF intersect in XK, and from any 
point P of the section draw PK perpendicular to XK. 

Draw through P the circular section QP, cutting APA’ 
in PN, so that PN is at right angles to AA’ and therefore 
parallel to AA. 

Let the generating line through P meet the circle EF in 
R; and join SP. 

Then PS and PR are tangents to the sphere; 

“ SP=PR= LY. 
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But EQ: ΝΑΙ AE: AX 
=“ SA: AX, 
and NX =PK, 


δι ο να αλ. 





R’ 


Also, 4} being less than AY, SA is less than AX, and 
the curve ΑΡΑ’ 1s therefore an ellipse, of which S is the 
focus and X K the directrix. 


If another sphere be inscribed in the cylinder touching 
AA’ in S, S is the other focus, and the corresponding di- 
rectrix is the intersection of the plane of contact K'E” with 
APA’. 

Producing the generating line. RP to meet the circle 
LF’ in K we observe that “P= PR’, and therefore 

SPHSPRHR-EE 

=AN+AK 

= A S+ AS 3 

and AN = A Kk" m AF = al N, 
ple Ss d. 
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The transverse axis of the section is AA’ and the con- 
jugate, or minor, axis is evidently a diameter of a circular 
section. 


146. Der. If O be a fixed point in a straight line OE 
drawn through the centre Æ of a fixed circle at right angles 
to the plane of the circle, and if a straight line QOP move 
so as always to pass through the circumference of the circle, 
the surface generated by the line QOP is called a Right 
Circular Cone. 





The line OF is called the axis of the cone, the point O 1s 
the vertex, and the constant angle POE 15 the semi-vertical 
angle of the cone. 


It is evident that any section by a plane perpendicular 
to the axis, or parallel to the base of the cone, is a circle; 
and that any section by a plane through the vertex consists 
of two straight lines, the angle between which is greatest 
aud equal to the vertical angle when the plane contains the 
AXIS, 


Any plane containing the axis is called a Principul 
Section. 
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147. Prop. II. The section of a cone by u plane, which 
ws not perpendicular to the axis, and does not pass through the 
vertex, 1s either an Ellipse, u Parabola, or un Hyperbola. 


0 


U 


Let UAP be the cutting plane, and let the plane of the 
paper be that principal section which is perpendicular to the 
plane UAP; OV, OAQ being the generating lines in the 
plane of the paper. 


Let AU be the intersection of the principal section VOQ 
by the plane PAU perpendicular to it, and cutting the cone 
in the curve AP. 


Inscribe a sphere in the cone, touching the cone in the 
circle EF and the plane AP in the point S, and let Y Y be 
the intersection of the planes AP, EF. Then XX is per- 
pendicular to the plane of the paper. 


Taking any point P in the curve, join OP cutting the 


circle #F in R, and join SP. 


Draw through P the circular section. QPV cutting the 
plane AP in PN which is therefore perpendicular to AN 
and parallel to . X X. 


Then, SP and PR being tangents to the sphere, 


SP-PR-EQ; 
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and EQ:NX : AE : AX 
TAS AX. 
Also NX=PK; 


Sor PA SA AX, 

The curve AP is therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX. In any case the point S is a focus and the cor- 
responding directrix is the intersection of the plane of the 
curve with the plane of contact of the sphere. 


148, (1) If AU be parallel to OV, the angle 
AXE-OFE-ZOEF-AENX, 
so that SA—AE-AX; 


the section is therefore a parabola when the cutting plane 
is parallel to à generating line, and perpendicular to the 
principal section which contains the generating line. 


(2) Let the line AU meet the curve again in the point 
A’ on the same side of the vertex as the point A. 


Cu 


A 


L 
A | 
ο ρω 
R’ 
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Then the angle 


AEX = OFX 


> FX A, 
and therefore AE«AX, 
that is SA< AX, 


and the curve is an ellipse. 


In this case another sphere can be inscribed in the cone, 
touching the cone along the circle E'7" and touching the 
plane AP in S 


It may be shewn as before that S 15 a focus and that the 


corresponding directrix is the intersection of the planes EF, 
ATA. 


(3) Let the line UA produced meet the cone on the 
other side of the vertex. "The section then consists of two 
separate branches. 


Also the angle AEX-A'FX 


< AXF, 
and therefore AE > AX, 
that is AS > AX, 


and the curve AP is one branch of ax hyperbola, the other 
branch being the section Α’ /'. 


Taking P’ in the other branch the proof is the same as 
before that 


SP’: PR’::SA:AX. 


In this case a sphere can be inscribed in the other 
branch of the cone, touching the cone along the circle EF, 
and the plane U A'P' in S, “and it can be shewn that δ΄ is 
the other focus of the hyperbola, and that the directrix is 
the intersection of the cutting plane with the plane of con- 


tact E FP. 


Hence the section of à cone by a plane cutting in AU 
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the principal section VOQ perpendicular to it is an Ellipse, 
Parabola, or Hyperbola, according as the angle LAX is 
greater than, equal to, or less than, the vertical angle of the 
cone. 





Further, it is obvious that, if any plane be drawn parallel 
to the plane AP, the ratio of AE to AX is always the same; 
hence it follows that all parallel sections have the same 
eccentricity. 


149. This method of determining the focus and directrix 
was published by Mr Pierce Morton, of Trinity College, in 
the first volume of the Cambridge Philosophical Transactions. 


The method was very nearly obtained by Hamilton, who 
gave the following construction. 


First finding the vertex and focus, A and S, take ΑΚ 
along the generating line equal to AS, and draw the circular 
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section through Æ; the directrix will be the line of inter- 
section of the plane of the circle with the given plane of 
section. 


Hamilton also demonstrated the equality of SP and PR. 


150. Prop. III. To prove that, in the case of an elliptic 
section, 
SP--SP--AA-. 
Taking the 2nd figure, 
SP=PR and S'P-PR; 
AOSPLSP-RR-EE 


ΑΡΗ AE 
=AS+ AS. 
But Α Δ΄ -- Α’[΄'-- ΕΕ -- ΑΡ 
= EE — A'S, 
also A'S' + SS = A'S; 
24 4 SS = EE. 
Similarly 2AS+SS = EE ; 
AS HAS. 
and AS = A'S. 
Hence SP+SP=AA’, 


and the transverse, or major axis = ELE’. 
In a similar manner it can be shewn that in an hyper- 
bolic section 
S’P—SP=AA’. 
151. Prop. IV. To shew that, in a parabolic section, 
PN?=4AS. AN. 


Let A be the vertex of the section, and let ADE be the 
diameter of the circular section through A. 
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From D let tall DS perpendicular to AN; 
then PN?=QN.NQ’ 
—QN.AE 
=4NL. AD, \ 


if AL be perpendicular to 
NQ. 


But the triangles ANZ, 
ADS being similar, 


NE AN AS 1} 
NEL. AD=AN. AS, 


and 





PN*=4AS. AN, 


152. Prop. V. Lo shew that, in un elliptic section, PN” 
isto AN. ΝΑ’ in a constant ratio. 


0 


Draw through P the circular 
section QPQ', bisect AA’ in C, 
and draw through C the circu- 
lar section E BE. 


Then 
QN : AN:: CH: AC, 
and NONA CE’: AC. 
QN. NQ': AN. ΝΑ’ 
HOC. ιο 





ΟΥ 
PN: AN.NA: ECC: AC; T 


and, the transverse axis being AA’, the square of the semi- 


minor axis = DC? = EC . CE’. 
b. C. 8, 10 
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Again, if ADF be perpendicular to the axis, dD = DF, and, 
AC being equal to 64’, CD is parallel to A'F, 
and therefore Ch’=FD= AD, 

Similarly, CE = A'D’, the perpendicular from A’ on the 
axis ; 

DOSAD αυ. 

that is, the semi-minor axis is a mean proportional between 
the perpendiculars from the vertices on the axis of the cone. 


Con. If H, H' ave the centres of the focal spheres, the 
angles HAH’, ΠΑ Η΄ are right angles, so that H, A, H', A’ 


are concyclic. 


O 





It follows that the triangles ASH, A'H'D' are similar, as 
are also the triangles 4/5 Π’, AHD, so that 


D ASD AH ATI ΗΠ ΠΗ: 
and SH .S'H’=AD. A'D = BC’; 


ο, the semi-minor axis is a mean proportional between the 
radu of the focal spheres. 
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The fact that H, A, H', Α΄ are concyclic also shews that 
the sphere of which Hf is a diameter intersects the plane 
of the ellipse in its auxiliary circle. 


153. In exactly the same manner it can be shewn that, 
for an hyperbolic section, 


PINE AN NA SUE SE AC 
and that CE= AD, and CE’ = A'D.. 


2 





Also, as in the case of the ellipse, BC is a mean pro- 
portional between AD and A'D', and is also a mean pro- 
portional between the radii of the focal spheres. 


154. Prop. VL The two straight lines in which a cone 
18 intersected by a plane through the vertex parallel to an 
hyperbolic section are parallel to the asymptotes of the 
hyperbola. 

Taking the preceding figure, let the parallel plane cut 


10---2 
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the cone in the lines OG, OG’, and the circular section 
through C in the line GLG', which will be perpendicular to 
the plane of the paper, and therefore perpendicular to EE” 
and to OL. 


Hence GP=EL. EL. 
But EL: EC 0L -AC 
and BRL: ΚΟ: ΟΙ, : AC; 
"αι το στο ας 
or GL : OL :: BC : AC; 


therefore, (Art. 102), OG and OG" are parallel to the asymptotes 
of the hyperbola. 


Hence, for all parallel hyperbolic sections, the asymptotes 
are parallel to each other. 


If the hyperbola be rectangular, the angle GOG' is a 
right angle; but this is evidently not possible if the vertical 
angle of the cone be less than a right angle. 


When the vertical angle of the cone is not less than a 
right angle, and when σος is a right angle, LOG is half 
a right angle, and therefore 


OL = LG, 
and 2. OLD = 0G’ = OL’, 
and the length OZ is easily constructed. 
Hence, placing OL, and drawing the plane GOG per- 


pendicular to the principal section through OL, any section 
by a plane parallel to GOG'" is a rectangular hyperbola. 


It will be observed that the eccentricity of the section is 
vreatest when its plane is parallel to the axis of the cone. 


155. Prop. VII. The sphere which passes through the 
circles of contact of the focal spheres with the surface of the 
cone intersects the plane of the section in its director circle. 

Let Q, Q be the points in which the straight line dA’ 
1s intersected by the sphere which passes through the circles 


EF and K'E. 
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Then the sphere intersects the plane of the ellipse in the 
circle of which QQ is the diameter. 


Ο 





Also CQ -—-CA?=AQ.AQ=AE. AE" 
ud cB ts 
CQ? = AC* + BC”, 
so that CQ is the radius of the director circle. 


Changing the figure the proof is exactly the same for the 


hyperbola. 


156. Prop. VIII. Jf two straight lines be drawn 
through any point, parallel to two fixed lines, and intersecting 
a given cone, the ratio of the rectangles formed by the segments 
of the lines will be independent of the position of the point. 


Thus, if through Æ, the lines HPQ, EP'Q' be drawn, 


parallel to two given lines, and cutting the cone in the 
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points P, Q and P’, Q’, the ratio of EP. ΚΩ to EP’. EQ’ is 


constant. 





Through O draw OK parallel to the given line to which 
EPQ is parallel, and let the plane through OK, EPQ, 
which contains the generating lines OP, OQ, meet the 
circular section through Æ in È and S, and the plane base 
in the straight line DFA, cutting the circular base in D 


and F, 


Then DFK and ERS being sections of parallel planes 
by a plane are parallel to each other: 

Also, EPQ is parallel to OK; 

Therefore HRP, ODK are similar triangles, as are also 
ESQ, OFK ; 

SAP SER: OK : DE, 
and EQ: ES : OK : FK; 
SEP.EQ: ER.ES::0OR*: DK. FK 
OK? AT 

if KT be the tangent to the circular base from X. 


If a similar construction be made for EP'Q', we shall 
have 


EP .EQ:ER .ES : OW? : K T^. 
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But ER.ES-ER EN: 


therefore the rectangles ΖΡ. EQ and EP'. EQ are each 
in à constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 


Since the plane through HPQ, EP'Q' cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes as 
particular cases those of Arts. 51, 58, 82, 92, 96, 124 and 
134. 


The proof is the same if the point P be within the cone, 
or if one or both of the lines meet opposite branches of the 
cone. 


If the chords be drawn through the centre of the 
section PHP’, the rectangles become the squares of the 
semi-diameters. 


Hence the parallel diameters of all parallel sections of a 
cone are proportional to each other. 


If the lines move until they become tangents the rect- 
angles then become the squares of the tangents; therefore 
if à series of points be so taken that the tangents from 
them are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point Æ will be 
the line of intersection of two fixed planes touching the 
cone, that is, a fixed line through the vertex. 


EXAMPLES. 


l. Shew how to cut from a cylinder an ellipse of given eccentricity. 


2. What is the locus of the foci of all sections of a cylinder of a 
given eccentricity ? 


3. Shew how to cut from a cone an ellipse of given eccentricity. 


4. Prove that all sectious of a cone by parallel planes are conics 
of the same eccentricity. 


_ 9. What is the locus of the foci of the sections made by planes 
inclined to the axis at the same angle ? 
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6. Find the least angle of a cone from which it is possible to cut 
an hyperbola, whose eccentricity shall be the ratio of two to one. ` 


7. The centre of a spherical ball is moveable in a vertical plane 
which is equidistant from two candles of the same height on a table; 
find its locus when the two shadows on the ceiling are always just in 
contact. 


8. Through a given point draw a plane cutting a given cone in a 
section which has the given point for a focus. 


9. If the vertical angle of a cone, vertex O, be a right angle, P 
any point of a parabolic section, and P.V perpendicular to the axis of 
the parabola, 

OP=2AS+ ALY, 


A being the vertex and S the focus. 


10. Prove that the directrices of all parabolic sections of a cone lie 
in the tangent planes of a cone having the same axis. 


11. If the curve formed by the intersection of any plane with a 
cone be projected upon a plane perpendicular to the axis ; prove that 
the curve of projection will be a conic section having its focus at the 
point in which the axis meets the plane of projection. 


12. Prove that the latera recta of parabolie sections of a right 
circular cone are proportional to the distances of their vertices from 
the vertex of the cone. 


13. The shadow of a ball is cast by à candle on an inclined plane 
in contact with the ball; prove that as the candle burns down, the 
locus of the centre of the shadow will be a straight line. 


14. 'The vertex of a right cone which contains a given ellipse lies 
on a certain hyperbola, and the axis of the cone will be a tangent to 
the hyperbola. 2 


15. Find the locus of the vertices of the right circular cones which 
can be drawn so as to pass through a given fixed hyperbola, and prove 
that the axis of the cone is always tangential to the locus. 


16. An ellipse and an hyperbola are so situated that the vertices 
of each curve are the foci of the other, and the curves are in planes at 
right angles to each other. If P be a point on the ellipse, and O a 
point on the hyperbola, S the vertex, and 1 the interior focus of that 
branch of the hyperbola, then 


AS + OP = AO + SP. 


17. The latus rectum of any plane section of a given cone is pro- 
portional to the perpendicular from the vertex on the plane. 


18. If a sphere is described about the vertex of a right cone as 
centre, the latera recta of all sections made by tangent planes to the 
sphere are equal. 
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19. Different elliptic sections of a right cone are taken such that 
their minor axes are equal; shew that the locus of their centres is the 
surface formed by the revolution of an hyperbola about the axis of the 
cone. 


20. If two cones be described touching the saine two spheres, the 
eccentricities of the two sections of them made by the same plane bear 
to one another a ratio constant for all positions of the plane. 


21. If elliptic sections of a cone be made such that the volume 
between the vertex and the section is always the same, the minor axis 
will be always of the same length. 


92. The vertex of a cone and the centre of a sphere inscribed within 
it are given in position: a plane section of the cone, at right angles to 
any generating line of the cone, touches the sphere: prove that the 
locus of the point of contact is a surface generated by the revolution of 
a circle, which touches the axis of the cone at the centre of the sphere. 


23, Given a right cone and a point within it, there are two sections 
which have this point for focus ; and the planes of these sections make 
equal angles with the straight line joining the given point and the 
vertex of the cone. 


24. Prove that the centres of all plane sections of a cone, for which 
the distance between the foci is the same, lie on the surface of a right 
circular cylinder. 


CHAPTER VII. 


THE SIMILARITY OF CONICS, THE AREAS OF CONICS, AND 
THE CURVATURES OF CONICS. 


SIMILAR CONICS. 


157. Der. Comics which have the same eccentricity are 
said to be similar to each other. 


This definition is justified by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 


Hence, according to this definition, all parabolas are 
similar curves. à 


Prop. I. Jf radu be drawn from the vertices of two 
parabolas making equal angles with the axis, these radii are 
always n the sume proportion. 


Let AP, «p be the radii, PN and pn the ordinates, tlie 
angles PAN, pan, being equal. 


Then AP? : ap? :: PN? : pi? :: AS. AN: as. an. 
But AP asd dus 
αμ αρ sus, 


It can also be shewn that focal radii making equal 
angles with the axes are always in the same proportion. 
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158. Prop. Il. Jf two ellipses be similar therr axes are 
in the same proportion, and any other diameters, making 
equal angles with the respective axes, wre vn the proportion of 
the axes. 


Let 64, CB be the semi-axes of one ellipse, ca, cb of the 
other, and CP, cp two radii such that the angle PCA = pca. 


Then, since the eccentricities are the same, we have, if 


S, s be foci, 
ACSO wes; 
ο AC? : AC* — SC? :: ac? : ac? — ec, 
or AC* BC? ac be. 
Hence it follows, if P.N, pn be ordinates, that 
ΡΝ’: AC —CN :: pn? : ασ -- ο; 
but, by similar triangles, 
PN: pn : CN :en, 
therefore ON? : AC! —CN? :: cow : ασ — ο"; 
and CONES dU ο eus 
Hence το ον Sec 
ου ας. 
So also lines drawn similarly from the foci, or any other 


corresponding points of the two figures, will be in the ratio 
of the transverse axes. 


Exactly the same demonstration is applicable to the 
hyperbola, but in this case, if the ratio of SC to AC in 
two hyperbolas be the same, it follows from Art. (102) 
that the angle between the asymptotes is the same in both 
curves, 


In the case of hyperbolas we have thus a very simple test 
of similarity. 
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The Areas bounded by Comcs. 


159. Prop. ΠΠ. Jf AB, AC be two tangents to a para- 
bola, the area between the curve and the chord BC is two-thirds 
of the triangle ABC. 


Draw the tangent DPF parallel to BC; then 
AP ΕΝ. 
and BC =2.DE; 
therefore the triangle BPC-2ADE. 


U B 


4 


| 





Again, draw the diameter DQM meeting BP in M. 


By the same reasoning, F'QG being the tangent parallel 
to BP, the triangle PQB = 2FDG. 

Through F draw the diameter FRL, meeting PQ in Z, 
and let this process be continued indefinitely. 


Then the sum of the triangles within the parabola is 
double the sum of the triangles without it. 
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But, since the triangle BPC is half ABC, it is greater 
than half the parabolic area BQPC; 


Therefore (Euclid, Bk. x11.) the difference between the 
parabolic area and the sum of the triangles can be made 
ultimately less than any assignable quantity ; 


And, the same being true of the outer triangles, it follows 
that the area between the curve and BC is double of the 
area between the curve and AB, AC, and is therefore two- 
thirds of the triangle ABC. 


Con. Since PN bisects every chord parallel to BC, it 
bisects the parabolic area BPC’; therefore, completing the 
parallelogram PN BU, the parabolic area BPN is two-thirds 
of the parallelogram UN. 


160. Prop. IV. The area of an ellipse is to the area of 
the auxiliary circle in the ratio of the conjugate to the trans- 
verse AXIS. 


Draw a series of ordinates, YPN, Q'P'N',... near each 
other, and draw PR, QR. parallel to AC. 





Then, since 


PN :QN : BC: AC, 
the area PN QN’:: BC: ΑΟ 


and, this being true for all such areas, the sum of the 
parallelograms PN’ is to the sum of the parallelograms 


ΩΝ’ as BC to AC. 


But, if the number be increased indefinitely, the sums of 
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these parallelograms ultimately approximate to the areas of 
the ellipse and circle. 


Hence the ellipse is to the circle in the ratio of BC to 
AC. 


The student will find in Newton’s 2nd and 3rd Lemmas 
(Principia, Section 1.) a formal proof of what we have here 
assumed as sufficiently obvious, that the sum of the paral- 
lelograms PN is ultimately equal to the area of the ellipse. 


161. Prop. V. Zf P, Q be two points of an hyperbola, 
and if PL, QM parallel to one asymptote meet the other in L 
and M, the hyperbolic sector CPQ is equal to the hyperbolic 
trapezium PLMQ. 





For the triangles CPL, CQM are equal, and, if PL meet 
CQ in R, it follows that the triangle*CPA =the trapezium 
LRQM ; hence, adding to each the area RPQ, the theorem 
16 proved. 


162. Prop. VI. Jf points L, M, N, K be taken $n an 
asymptote of an hyperbola, such that 
CL: CM «ον ος 
and if LP, MQ, NR, KS, parallel to the asymptote, meet the 


curve in P,Q, R, S, the hyperbolic areas CPR, CRS will be 
equal. 


Let QR and PS produced meet the asymptotes in F, F”, 
G, (1; 
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then RF=QF' and SG=PG@ (Art. 121), 
^. NF = CM and KG = CL. 
Hence ANE: KG:: CM: CL 
Ch : CON 


RANSK, 
and therefore SP is parallel to QR. 





The diameter CUV conjugate to PS bisects all chords 
parallel to PS, and therefore bisects the area PQRS; 


also the triangle CPV = CSV, 
and CQU — CUR; 
therefore, taking from CPV and CSV the equal triangles 
CQU, CEU, and the equal areas PQUV, SRU V, the re- 


maining areas, which are the hyperbolic sectors CPQ, CRS, 
are equal. 


Con. Hence if a series of points, L, M, N,... be taken 
such that CL, CM, CN, CK,... are in continued proportion, it 
follows that the hyperbolic sectors CPQ, CQR, CRS, &c. will 
be all equal. 


It will be noticed in this case that the tangent at Q will 
be parallel to PR, the tangent at R parallel to QS, and so 
also for the rest. 
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The Curvature of Conics. 


163. Der. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
(δ move near to, and ultimately coincide with P, the circle 


in its ultimate condition is called the cirele of curvature 
at P. 

Prop. VIL. The chord of intersection of a conic with the 
circle of curvature at any point rs inclined to the axis at the 
sume angle as the tangent at the ρου. 


It has been shewn that, if a circle intersect a conic in 
four points P, Q, R, V, the chords PQ, RV are equally 
inclined to the axis. 

Let P and Q coincide with each other; then the tangent 
at P and the chord RV are equally inclined to the axis. 

Let the point V now approach to and coincide with P; 
the circle becomes the circle of curvature at P, and the 
chord VR becomes PR the chord of intersection. 

Hence PR and the tangent at P are equally inclined to 
the axis. 


164. Prop. VIII. Jf the tangent αἱ any point P of a 
parabola meet the axis in T, and if the circle of curvature at 
P meet the curve 1n Q, 

PQ=4.PT. | 

Draw the ordinate PNP’; then taking the figure of the 

next article, ΤΡ’ is the tangent at P’, 


and the angle PIS CMT US LET 


therefore PQ is parallel to TP, and is bisected by the 
diameter P'E. 


Hence quac Pia AP III 
165. Prop. IX. To find the chord of curvature through 


the focus and the diameter of curvature at any point of a 
parabola. 


Let the circle meet PS produced in V, and the normal 
PG produced in O. 
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The angle PFS=PTS=SPT 
= PRV, 
since PT is a tangent to the circle. 
Therefore QV is parallel to the axis, 
and PV- SP το κα. 
Hence PV=4.SP. 
Again, the angle POQ=PVQ= PSN: 


oo 
p 
AIN, 
NOP : 
a 
7: 
O 
SPOR POs SP Ph, 
or PO: SP ::4PT: PN 


2 4SP : SY, 
if SY be perpendicular to PT. 
Cor. l. Since the normal bisects the angle between SP 


and the diameter through P, it follows that the chord of 
curvature parallel to the axis is 49410. 


B. C. S. 11 
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Cor. 2. The diameter of curvature, PO, may also be 


expressed as follows: 


Let GL be the perpendicular from G on SP; 


then PL =the semi-latus rectum = 245. 
Also PVO being a right angle, 


PO: PG: PV: PL 


(49): PL 
-. PL: 
but 4SP), PL=8SP.AS=8SY"=2PG@?’: 


πο ο ο ο ο. 


166. Prop. X. Jf the chord of intersection, PQ, of an 
ellinse, or hyperbola, with the circle of curvature at P, meet 
CD, the semidiameter conjugate to CP, in K, 


PQ. PK =2CD* 





Drawing the ordinate PNP’, the tangent at P’ is parallel 
to PQ, as in the parabola, and PQ is therefore bisected in V, 
by the diameter CP’. 


Let PQ meet the axes in U and U’; then, U'C being 
parallel to PP, 
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PV: PU VP 2 ος 
eae Oy LER CI. 
since PU, P'T are parallel. 
Also 
DT OT PU A 
SPA VPE το PE. 
Hence 


PV.PK=PU.PU 
=P Poe δρα 


observing that PU=PT, and 
PU’ = PT, by the theorem of 
Art. 163, 


and  .. PQ. PK =2CD*. 





167. Prop. ΧΙ. Lf the chord of curvature PQ', of an 
ellipse or hyperbola in any direction, meet CD in K', 


PQ’. PK’ =2CD* 


Let PO be the diameter of curvature meeting CD in F: 
11—2 
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then PQO, PQ'O are right angles, and a circle can be drawn 
through ϱ FO; 
POY. PK" = PF .PO 
—PK.PQ-22.CD. 
Cor. 1. Hence PO being the diameter of curvature, 
PF. PO=2.CD. 
Cor. 2. If PQ’ pass through the focus, 
PK'=AC, 
and DO ασ». ΕΝ. 
Cor, 3. If PQ’ pass through the centre, 
POOP =2 CD. 
168. We can also express the diameter of curvature as 
follows : 


PG being the normal, let GL be perpendicular to SP, 
and let PR be the chord of curvature through Δ. 


Then GZ is parallel to OR, 


and PO : PG:: ΡΕ: PL 
CPR ΓΗ PIL 
But PR, 40-52. GD’: 


ie AC ο BAC 
2 uda dc. 
and PRIPL:AC. PL ο PG BC 
But, PZ being equal to the semi-latus rectum, 
PL . AC = BC”; 
SPR πο PO, 
and FO? PG? 2 PE PL. 
Hence, in any conic, the radius of curvature at any point 


i to the normal at the point as the square of the normal to the 
square of the semi-latus rectum. 
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169. Prop. XII. The chord of curvature through the 
focus at any point is equal to the focal chord parallel to the 
tangent at the point. 


Since PU .AC=2CD’, 
it follows that PQ. AA’ = DD”. 


But, if pp’ is the focal chord parallel to the tangent at P, 
pp . AA’ = DD? (Art. 81), 
PQ = pp. 


EXAMPLES. 


1. The radius of curvature at the end of the latus rectum of a 
parabola is equal to twice the normal. 


2. The circle of curvature at the end of the latus rectum intersects 
the parabola on the normal at that point. 


3. If PV is the chord of curvature through the focus, what is the 
locus of the point V? 


4. An ellipse and a parabola, whose axes are parallel, have the 
same curvature at a point P and cut one another in ẸQ ; if the tangent 
at P meets the axis of the parabola in 7 prove that PQ=4. PT. 


5. In a rectangular hyperbola, the radius of curvature at /’ varies 
as C'P53, 


6. If P be a point of an ellipse equidistant from the axis minor 
and one of the directrices, the circle of curvature at P will pass through 
one of the foci. 


y 


7. Ifthe normal at a point P of a parabola meet the directrix in 
L, the radius of curvature at P is equal to 2. PL. 


8. The normal at any point P of a rectangular hyperbola meets 
the curve again in Q ; shew that PQ is equal to the diameter of curva- 
ture at P. 


9. In the rectangular hyperbola, if CP be produced to (Φ, so that 
PQ=CP, and YO be drawn perpendicular to CQ to intersect the normal 
in O, Ὁ is the centre of curvature at P. 
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10. At any point of an ellipse the chord of curvature P V through 
the centre is to the focal chord pp’, parallel to the tangent, as the major 
axis is to the diameter through the point. 


11. Ifthe common tangent of an ellipse and its circle of curvature 
at P be bisected by their common chord, prove that 


CD? — AC. BC. 


12. The tangent at a point P of an ellipse whose centre is 6 meets 
the axes in 7'and ¢; if CP produced meet in Z the circle described 
about the triangle 7'Ct, shew that PZ is half the chord of curvature at 
P in the direction of C, and that the rectangle contained by CP, CL, 1s 
constant. 


13. If P bea point on a conic, Q a point near it, and if QZ, per- 
pendicular to PQ, meet the normal at P in E, then ultimately when Q 
coincides with P, P E is the diameter of curvature at P. 


14. If a tangent be drawn from any point of a parabola to the 
circle of curvature at the vertex, the length of the tangent will be equal 
to the abscissa of the point measured along the axis. 


15. The circle of curvature at a point where the conjugate diameters 
are equal, meets the ellipse again at the extremity of the diameter. 


16. The chord of curvature at P perpendicular to the major axis is 
to PM, the ordinate at P, :: 2. CD? : 26”. 


l7. Prove that there is a point P on an ellipse such that if the 
normal at P meet the ellipse in Q, PQ is a chord of the circle of curva- 
ture at P, and find its position. 


18. The chord of curvature at a point 7? of a rectangular hyper- 
bola, perpendicular to an asymptote, is to CD :: CD : 2 . PN, where 
PN is the distance of P from the asymptote. 


19. If G be the foot of the normal at a point P of an ellipse, and 
GK, perpendicular to PG, meet CP in A, then X E, parallel to the axis 
ininor, will meet PG in the centre of curvature at P. 


20. The chord of curvature through the vertex at a point of a para- 
bola is to 4PY :: PY : AP. 


21. Prove that the locus of the middle points of the common 
chords of a given parabola and its circles of curvatureis a parabola, and 
that the envelope of the chords is also a parabola. 


99, The circles of curvature at the extremities 7, D of two con- 
jugate diameters of an ellipse meet the ellipse again in Q, 7i, respec- 
tively, shew that PR is parallel to DQ. 


23. The tangent at any point P in an ellipse, of which S and 77 
are the foci, meets the axis major in 7, and Τῷ91ὲ bisects HP in Q and 
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meets SP? in 2; prove that PR is one-fourth of the chord of curvature 
at P through 5$. 


24. An ellipse, à parabola, and an hyperbola, have the same vertex 
and the same focus; shew that the curvature, at the vertex, of the 
parabola is greater than that of the hyperbola, and less than that of 
the ellipse. 


25. The circle of curvature at a point of an ellipse cuts the curve 
in Q; the tangent at P is met by the other common tangent, which 
touches the curves at Ẹ and F, in 7'; if PQ meet TEF in 0, TEOF is 
cut harmonically. 


26. If Eisthe centre of curvature at the point P of a parabola, 
SE?--3. SP*—PE*. 


27. Find the locus of the foci of the parabolas which have a given 
circle as circle of curvature, at a given point of that circle. 


28. Two parabolas, whose latera recta have a constant ratio, and 
whose foci are two given points 44, B, have a contact of the second 
order at P. Shew that the locus of P is a circle. 


29. If the fixed straight line PY is the chord of an ellipse, and is 
also the diameter of curvature at P, prove that the locus of the 
centre of the ellipse is a rectangular hyperbola, the transverse axis of 


which is coincident in direction with PQ, and equal in length to one- 
half of PQ. 


CHAPTER VIII. 
ORTHOGONAL PROJECTIONS. 


170. Der. The projection of a point on a plane is the 
foot of the perpendicular let fall from the point on the plane. 


If from all points of a given curve perpendiculars be let 
fall on a plane, the curve formed by the feet of the perpen- 
diculars is the projection of the given curve. 


The projection of a straight line is also a straight line, 
for it 1s the line of intersection with the given plane of a 
plane through the line perpendicular to the given plane. 


Parallel straight lines project into parallel lines, for the 


projections are the lines of intersection of parallel planes 
with the given plane. 


171. Prop. I. Parallel straight lines, of finite lengths, 
are projected in the same ratio. 

That is, if ab, pg be the projections of the parallel lines 
AB, PQ, 

ab : AB:: pq : PQ. 

For, drawing AC parallel to ab and meeting Bb in C, and 
PR parallel to pg and meeting Qq in R, ABC and PQR are 
similar triangles; therefore 

AC : AB? PR: Py, 
and AC=ab, PR = pq. 
172. Prop. ILI. The projection of the tangent to a curve 


at any point is the tangent to the projection of the curve at the 
projection of the point. 
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For if p, q be the projections of the two points P, Q of a 
curve, the line pq is the projection of the line PQ, and when 
the line PQ turns round P until Q coincides with P, py 
turns round p until q coincides with p, and the ultimate 
position of pq 1s the tangent at p. 


173. Prop. III. The projection of a circle 15 an ellipse. 
Let aba’ be the projection of a circle ABA”. 





Take a chord PQ parallel to the plane of projection, then 
its projection pq = PQ. 


Let the diameter ANA’ perpendicular to PQ meet in F 
the plane of projection, and let aa’F be the projection of 


A A'F. 
Then aa’ bisects pq at right angles in the point n, and 
an: AN :: aF: AF, 
an: A'N : aF: AF; 
AN. NA’: an. πα :: AF? τα): 
but ΑΝ. ΝΑ’ = ΡΝ”-- pr’, 
ρητών. να :: AF? : af”, 


and the curve αρα is an ellipse, having its axes in the ratio 
of 


aF : AF, or of aw : AA’. 
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Moreover, since we can place the circle so as to make the 
ratio of aa’ to AA’ whatever we please, an ellipse of any 
eccentricity can be obtained. 


In this demonstration we have assumed only the pro- 
perty of the principal diameters of an ellipse. Properties of 
other diameters can be obtained by help of the preceding 
theorems, as in the following instances. 


174. Pror. IV. The locus of the middle points of parallel 
chords of an ellipse 15 a straight line. 

For, projecting a circle, the parallel chords of the ellipse 
are the projections of parallel chords of the circle, and as the ` 
middle points of these latter he in a diameter of the circle, 
the middle points of the chords of the ellipse lie in the pro- 
jection of the diameter, which is a straight line, and is a 
diameter of the ellipse. 


Moreover, the diameter of the circle is perpendicular to 
the chords it bisects; hence 

Perpendicular diameters of a circle project into conjugate 
diameters of an ellipse. 


175. Prop. V. Lf two intersecting chords of an ellipse 
be parallel to fixed lines, the ratio of the rectangles contained 
by their segments ts constant. 


Let OPQ, ORS be two chords of a circle, parallel to fixed 


lines, and opq, ors their projections, 
Then OP. OQ is to op. vg in a constant ratio, and OR. OS 


is to 0r. 0S in a constant ratio; but 
OP.0Q=OR.ON. 


Therefore op.oq is to or.os in a constant ratio; and 
opq, ors are parallel to fixed lines. 


176. Prop. VI. Lf qrg be a double ordinate of a diameter 
cp, and if the tangent at q meet cp produced in t, 


ου. οἱ = cp’. 


The lines qeq’ and cp are the projections of a chord QVQ - 
of a circle which is bisected by a diameter CP, and £ is the 
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projection of 7 the point in which the tangent at Q meets 
CP produced. 


But, in the circle, 
CV . CT=CP", 
or Cp ο CEP ο 
and, these lines being projected in the same ratio, it follows 
that | 
οὗ : cp x cp : οἱ, 
or cv. ct = ορ”. 
Hence it follows that tangents to an ellipse at the ends 
of any chord meet in the diameter conjugate to the chord. 


The preceding articles will shew the utility of the method 
in dealing with many of the properties of an ellipse. 


The student will find it useful to prove, by orthogonal 
projections, the theorems of Arts. 58, 69, 74, 75, 78, 79, 80, 
82, 83, 89, 90, and 92. 


177. Prop. VIL An ellipse can be projected into a 
curcle. 


This is really the converse of Art. 173, but we give a 
construction for the purpose. 


Draw a plane through Α Α΄, 
the transverse axis, perpendicular 
to the plane of the ellipse, and in 
this plane describe a circle on 
414’ as diameter. Also take the 
chord 4 D, equal to the conjugate 
axis, and join A'D, which is per- 
pendicular to A D. 

Through AD draw a plane 
perpendicular to A’), and pro- 
ject a principal chord PNP’ on 
this plane. 

Then PIN Νο Αν οὐ 5ΑῸ 
But PN = pn, 
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An: AN : AD: AA’ 


BO “0 
and Dn : A'N :: BC : AC. 
Hence An. nD: ΑΝ. NA’ :: BC? : AC? 
and therefore pn? = An. nD, 


and the projection ApD is a circle. 


This theorem, in the same manner as that of Art. 173, 
may be employed in deducing properties of oblique diameters 
and oblique chords of an ellipse. 


178. If any figures in one plane be projected on another 
plane, the areas of the projections will all be in the same ratio 
to the areas of the figures themselves. 





Let BAD be the plane of the figures, and let them be 
projected on the plane CAD, C being the projection of the 
point B, and BAD being a nght angle. 


Taking a rectangle FGH, the sides of which are parallel 
and perpendicular to AD, the projection is efgh, and it is 
clear that the ratio of the areas of these rectangles is that 


of AC to AB. 


Now the area of any curvilinear figure in the plane BAD 
is the sum of the areas of parallelograms such as EFGH, 
which are inscribed in the figure, if we take the widths, 
such as JF, infinitesimally small. 
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It follows that the area of the projection of the figure is 
to the area of the figure itself in the ratio of AC to AB. 


As an illustration, let a square be drawn circumscribing 
a circle, and project the figure on any plane. The square 
projects into tangents parallel to conjugate diameters of the 
ellipse which is the projection of the circle. 


The area of the parallelogram thus formed is the same 
whatever be the position of the square, and we thus obtain 
the theorem of Art. 87. 


179. It follows that maxima and minima areas project 
into maxima and minima areas. For example, the greatest 
triangle which can be inscribed in a circle is an equilateral 
triangle. 


Projecting this figure we find that the triangle of maxi- 
mum area inscribed in an ellipse is such that the tangent at 
each angular point is parallel to the opposite side, and that 
the centre of the ellipse is the point of intersection of the 
lines joining the vertices of the triangle with the middle 
points of the opposite sides. 


180. Prop. VIII. The projection of a parabola is a 
parabola. 

For if PNP’ be a principal chord, bisected by the axis 
AN, the projection pnp’ will be bisected by the projection an. 

Moreover pn : PN will be a constant ratio, as also will 


be an : AN. 
And PN*z4AS.AN. 


Hence pn? will be to 4AS . απ in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to pn. 


181. Pror. IX. An hyperbola can be always projected 
into a rectangular hyperbola. 


For the asymptotes can be projected into two straight 
lines cl, cl’ at right angles, and if PM, PN be parallels to 
the asymptotes from a point P of the curve, PM . PN is 
constant. 
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But pm : PM and pn : PN are constant ratios ; 
ο pm . pn is constant. 


And since pm and pn are perpendicular respectively to 
cl and cl’, it follows that the projection is a rectangular 


hyperbola. 


The same proof evidently shews that any projection of 


an hyperbola is also an hyperbola. 


EXAMPLES. 


l. A parallelogram is inscribed in a given ellipse; shew that its 
sides are parallel to conjugate diameters, and find its greatest area. 


2. TP, TQ are tangents to an ellipse, and CP’, CY’ are parallel 
semidiameters ; PQ is parallel to P'Q'. 


3.- If a straight line meet two concentric similar and similarly 
situated ellipses, the portions intercepted between the curves are equal. 


4. Find the locus of the point of intersection of the tangents at the 
extremities of pairs of conjugate diameters of an ellipse. 


w 


5. Find the locus of the middle points of the lines joining the 
extremities of conjugate diameters. 


6. Ifa tangent be drawn at the extremity of the major axis meeting 
two equal conjugate diameters CP, CD produced in 7 and t; then 
P D=24 Τ”. , 


7. Ifa chord AQ drawn from the vertex be produced to meet 
the minor axis in Ο, and CP be a semidiameter parallel to it, then 
AQ. AO=2CP?, 


8. OQ, ΟΦ’ are tangents to an ellipse from an external point Ο, 
and OR is a diagonal of the parallelogram of which OQ, ΟΦ’ are adjacent 
sides; prove that if A be on the ellipse, O will lie on a similar and 
similarly situated concentric ellipse. 


9. AB is a given chord of an ellipse, and C any point in the ellipse; 
shew that the locus of the point of intersection of lines drawn from 
A, B, C to the middle points of the opposite sides of the triangle ABC 
is à similar ellipse. 


10. CP,CD are conjugate semidiameters of an ellipse ; if an ellipse, 
similar and similarly situated to the given ellipse, be described on PD 
as diameter, it will pass through the centre of the given ellipse. 
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11. Parallelograms are inscribed in an ellipse and one pair of 
opposite sides constantly touch a similar, similarly situated and con- 
centric ellipse ; shew that the remaining pair of sides are tangents to a 
third ellipse and the square on a principal semi-axis of the original 
ellipse is equal to the sum of the squares on the corresponding semi- 
axes of the other two ellipses. 


12, Find the locus of the middle point of a chord of an ellipse 
which cuts off a constant area from the curve. 


13. Find the locus of the middle point of a chord of a parabola 
which cuts off a constant area from the curve. 


14. A parallelogram circumscribes an ellipse, touching the curve 
at the extremities of conjugate diameters, and another parallelogram 
is formed by joining the points where its diagonals meet the ellipse: 
prove that the area of the inner parallelogram is half that of the outer 
one. 


If four similar and similarly situated ellipses be inscribed in the 
spaces between the outer parallelogram and the curve, prove that their 
centres lie in a similar and similarly situated ellipse. 


15. About a given triangle PQR is circumscribed an ellipse, having 
for centre the point of intersection (C) of the lines from P, Q, R 
bisecting the opposite sides, and PC, YC, RC are produced to meet the 
curve in P', Q', Δ’, shew that, if tangents be drawn at these points, 
the triangle so formed will be similar to PQA, and four times as great. 


16. The locus of the middle points of all chords of an ellipse which 
pass through a fixed point in an ellipse similar and similarly situated 
to the given ellipse, and with its centre in the middle point of the line 
joining the given point and the centre of the given ellipse. 


17. PT, pt are tangents at the extremities of any diameter Pp of 
an ellipse; any other diameter meets PT in T and its conjugate meets 
pt in 6; also any tangent meets PT in 7" and pt in /'; shew that 
D DP P ipt: 


18. From the ends P, D of conjugate diameters of an ellipse lines 
are drawn parallel to any tangent line; from the centre C any line is 
drawn cutting these lines and the tangent in p, d, t, respectively; prove 
that Cp? + Cd? = Οἵ, 


19. If CP, CD be conjugate diameters of an ellipse, and if BP, BD 
be joined, and also AD, A'P, these latter intersecting in O, the figure 
BDOP will be a parallelogram. 


20. T is a point on the tangent at a point P of an ellipse, so that 
a perpendicular from 7’ on the focal distance SP is of constant length ; 
shew that the locus of 7' is a similar, similarly situated and concentric 
ellipse. 
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21. Qisa point in one asymptote, and g inthe other. If Qq move 
parallel to itself, find the locus of intersection of tangents to the 
hyperbola from Q and q. 


22. 'langents are drawn to an ellipse from an external point 7. 
The chord of coutact and the major axis, or these produced, intersect 
in A, and ΤΝ is drawn perpendicular to the major axis. Prove that 


CN . CK=CA* 


23. € is a variable point on the tangent at a fixed point P of an 
ellipse and # is taken so that 7Q—QR. If the other tangent from Q 
meet the ellipse in A’, prove that RK passes through a fixed point. 


24. If through any point on an ellipse there be drawn lines con- 
jugate to the sides of an inscribed triangle they will meet the sides in 
three points in a straight line. 


25. PCP’ is a diameter of an ellipse, and a chord PQ meets the 
tangent at /"in R. Prove that PQ, PR have the parallel diameter for 
a mean proportional. 


26. If AOA’, BOB’ are conjugate diameters of an ellipse, and if 
AP and BY are parallel chords, A’Y and B’P are parallel to conjugate 
diameters. 


27. Ifthe tangents at the ends of a chord of an hyperbola meet in 
T, and TM, TM be drawn parallel to the asymptotes to meet them in 
M, M, then M M' is parallel to the chord. 


28. If a windmill in a level field is working uniformly on a sunny 
day, the speed of the end of the shadow of one sail varies as the length 
of the shadow of the next sail. 


29. Spheres are drawn passing through a fixed point and touching 
two fixed planes. Prove that the points of contact lie on two circles, 
and that the locus of the centre of the sphere is an ellipse. 


If the angle between the planes is the angle of an equilateral 
triangle, prove that the distance between the foci of the ellipse is half 
the major axis, 


- 
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PREFACE 


Tuts forms a companion volume to the author's Projective Geometry. 
It is designed primarily for those whose main study of the geometry 
of the conic is conducted along projective lines. A course of this 
character requires supplementing, since many metrical properties are 
best tackled without recourse to projection. But this auxiliary 
treatment should be as concise as possible. 

It is hoped, however, that the volume may also be of service^to 
those who have not the time to study projective methods. Alternative 
methods of proof of certain theorems, best treated by projection, 
have therefore been added in an appendix, in order to make thc 
volume self-contained. 

A large proportion of the examples are simple straightforward 
applications of the bookwork, but sufficient riders of a more difficult 
character have been included in order to make the collection repre- 
sentative and to give the reader the experience which is essential 
for success. 

A volume containing hints and solutions of all the more difficult 
riders has been prepared (price 2s. 6d.). 

Although not a complete key, it is believed that it will meet all 
ordinary requirements. 

The author wishes to acknowledge gratefully many helpful criti- 
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SUMMARY OF RESULTS 


It is convenient to denote certain cardinal points by special 
letters. The reader is advised to adopt this plan and to remember 
properties in terms of letters, whencver practicable. 


THE PARABOLA 


Notation. S is the focus, A is the vertex, X is the foot of the 
directrix. 

P is any point on the curve. 

PN is the ordinate of P to the axis. 





Fig. 1. 


PM is the perpendicular from P to the directrix. 
The tangent at P cuts the directrix at R and the axis at T. 
The normal at P cuts the axis at G. 


SY is the perpendicular from S to PT. 
ix 


x THE PARABOLA 


It is suggested that the reader should draw figures in the margin to 
illustrate the following summary. 


Equation of Curve. y?=4az or PN?=4AS . AN. (p. 2.) 


Theorem 9. (i) PT bisects 2SPM; (ii) SP=ST=SG; (iii) SM 
and PT bisect each other at right angles; (iv) Υ lies on the tangent 
at the vertex; (v) AN=AT; (vi) AY=$NP; (vii NG=2AS; 
(viii) SY? -:8Α . SP (p. 26). 


Theorem 10. (i) Tangents at the ends of a focal chord PSP’ meet 
at right angles on the directrix. 

(ii) If K is the vertex of the diameter bisecting PSP’, then 
PP’ =48K (p. 28). 


Theorem 11. If the tangents at P, Q meet at O; (i 2SOQ 
=ZLSPO=ZPTS; (i) SO?-SP.SQ; (iii) the exterior angle 
betwcen the tangents equals the angle either subtends at the focus 
(p. 31). 


Theorem 12. The circumcircle of a triangle circumscribing a 
parabola passes through the focus, and the orthocentre of the triangle 
lies on the directrix (p. 32). 


Theorem 19. "The mid-points of parallel chords of a parabola lie 
on a line (a diameter) parallel to the axis. If the diameter cuts the 
directrix at H, SH is perpendicular to each chord (p. 34). 


Theorem 14. Ifthe tangents at P, Q meet at O and if the diameter 
through O cuts the curve at K and PQ at V, then OK=KV, PV=VQ 
and the tangent at K is parallel to PQ. 

Further og atio of sides of triangle whose sides are parallel to 
OP, OQ and whose base is parallel to the axis (p. 35-6). 


Theorem 15. If PV is the ordinate to the diameter KV, vertex K, 
then PV? —4SK . KV (p. 37). 


NOTATION xi 


CENTRAL CONTCS 


Notation for Central Conics. C is the centre. 

ACA’ is the transverse axis, BCB’ is the conjugate axis. 

S is one focus, X is the foot of the corresponding directrix ; 8’ is 
the other focus, and X’ is the foot of the corresponding directriv. 

LSL’ is the latus rectum. 

P is any point on the curve. 

PN is the ordinate of P to ACA’, PM is the perpendicular from P 
to the directrix XM. 





FIG. 2. 


The tangent at P cuts CA, CB at T, ἰ. 

The normal at P cuts CA, CB at G, g. 

SY, S'Y’ are the perpendiculars from 8, S’ to PT. 

CD is the semi-diameter conjugate to CP. 

It is suggested that the reader should draw figures in the margin to 
illustrate the following summary : 


Equation of Curve. The ellipse 


αὖ” δὲ ἈΝ. ΑΝ T CA? - CN? αἳ P UU 
The hyperbola, 

a ue RM ο NE le ϐ) 
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xii SUMMARY OF RESULTS 


THE GENERAL CONIC 


Theorem 1. (i) If a chord PQ cuts the directrix at R, SR is a 
bisector of 2 PSQ. 

(ii) If the tangent at P cuts the dircctrix at R, 4 PSR =90°. 

(iii) Tangents at the ends of a focal chord meet on the directrix 
(p. 14). 

Theorem 2. T is a point on the tangent at P; TU, TK are the 
perpendiculars from T to SP and the directrix, then SU=e. TK 
(p. 15). 

Theorem 3. If a chord PQ cuts the directrix at R, and if the tan- 
gents at P, Q meet at T, LTSP and L TSQ are equal or supple- 
mentary, and 2 TSR —90? (p. 17). 

Theorem 4. SG=e. SP (p. 18). 

Theorem 5. The projection of PG on PS equals SL (p. 18). 

Theorem 6. If PSP’ is a focal chord, «αρ and 

SP. 9Ρ’--11. PP’ (p. 19). 

Theorem 7. (i) If two lines OPQ, OP’Q’ cut a conic at P, Q and 

P’, Q’ and make angles 0, 0' with the transverse axis, then 
OP.OQ 1-e*cos?0' 
OP’. OQ’ i-&cos?0' 

(ii) If ESF, E’SF’ are focal chords parallel to OP, OP’, and if 
TZ, TZ’ are tangents parallel to OP, OP’, and if HCK, H’CK’ are 
diameters parallel to OP, OP’, then 

OP.OQ EF TZ CH? 
OP’. 0Q’ EF’ Tz? ^ CH? P 39) 

Theorem 8. Ifa circle cuts a conic at P, Q, H, K, then PQ and HK 
make equal angles with the axis (p. 24). 


CENTRAL CONICS 


Metrical Relations. (i) CS=ae; (ii) CX= 


(iv) AS. A’S=6?; (v) b?=a?(1 -- οὐ), ellipse; b? 
bola (pp. 4, 8). 


oe 
ο) 
—a?(e? — 1), hyper- 
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Theorem 16. (i) PG, PT are the bisectors of 4 SPS’ ;, 

(ii) SP 4 S'P —2a ; (iii) if SP > S'P, SP=a +e. ΟΝ; 

(iv) CG=e?.CN; (v) the circle SPS’ passes through g, t (p. 40). 
Theorem 17. If TP, TP’ are tangents 2 STP — Z S'TP' (p. 49). 


Theorem 18. (i) Y, Y' lie on the auxiliary circle ; 

(1) SY. S'Y' ZCB*. 

(iii) If a line through C parallel to PT cuts PS at E, PE — CA (p. 44). 

Theorem 19. If TP, TP’ are perpendicular tangents, 

CT? =a? + b? (p. 46). 

Theorem 20. ‘The mid-points of parallel chords of a conic lie on 
a straight line (a diameter). If the diameter cuts the directrix at K, 
SK is perpendicular to cach chord (pp. 49, 92). 


Theorem 21. If CP bisects chords parallel to CD, then CD bisects 
chords parallel to CP, and the tangent at P is parallel to CD (p. 93). 


Theorem 22. If the tangents at Q, Q’ meet at T, and if CT cuts 
QQ’ at V and the curve at P, then QV=VQ’ and CV.CT=CP? 
(p. 94). 

Theorem 28. If PP’ is a diameter and Q is a point on the curve, 
the (supplemental) chords QP, QP’ are parallel to conjugate dia- 
meters (p. 50). 

Theorem 24. IfCP, CD are conjugate semi-diameters of an ellipse, 
and if DR is the ordinate of P to CA, then 

(i) CN. CT=CA?; Cn. Ct=CB?. 
(ii) If p, d are the points on the auxiliary circle which correspond 
to P, D, then 2 pCd=90°. 

(iii) APNC =ADRC or ΡΝ. NC=DR. RC. 

ἄν) ἘΝ. ΣΕ 0? 

CN.CR a 
(v) CN?+CR?=CA?; PN?+DR?=CB?; CP? .- CD? 2 CA? - ΟΒΕ, 
(vi) The area of the parallelogram having CP, CD as sides equals 
a. b. 
(vii) If QV is the ordinate from Q to PCP’, then 


Ων” CD? 
CP2—CV?2~ CP? (pp. 52, 95-8). 
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Theorems 25, 32. (i) SP.S'P=CD?; 
Ἢ SY_CB 5 
(11) Sp "CD (pp. 54, 66). 

Theorems 26, 33. (i) PF.PG=0?; (ii) PF.Pg—a?; 


pO p. Nm H 
(iii) οσο (iv) Ρα. Pg=CD* (pp. 55, 67). 


THE HYPERBOLA 


If the directrix of a hyperbola cuts the auxiliary circle at Y, Z, 
then CY, CZ are the asymptotes and SY, SZ touch the auxiliary 
circle. 


lf the angle between the asymptotes is 2a, then seca=e; tan a = 
(p. 58). 


Theorem 28. The tangent at a point P on a hyperbola cuts the 
asymptotes at T, T’; a chord QQ’, parallel to TP, cuts CT, CT’ 
at R, R^; then (i) TP=PT’; (ii) TP?=RQ.RQ’; (iii) RQ=Q’R’; 
(iv) TP? =RQ. QR’; (v) TP=CD=CSd. A —1 (p. 59, 60, 64). 


Theorem 29. The tangent at a point P on a hyperbola cuts the 
asymptotes at T, T’; the lines through P parallel to CT’, CT cut CT, 
CT’ at H, H'; then (i) area of parallelogram CHPH’ = iab; (ii) area 
of ACTT’=ab ; (iii) CT. CT’ =4CH . ΟΗ΄-- 085, (p. 62). 


Theorem 30. If CP, CD are conjugate semi-diameters of a hyper- 
bola, then (i) PD is parallel to one asymptote and is bisected by the 
other; (i) CP? -CD?=a?—0?; (iii) the area of the parallelogram 


having CP, CD as sides equals a. b (p. 65). 
Theorem 31. If QV is the ordinate from Q, to PCP’, and if CD is 
conjugate to CP V πῖον (ρ. 66) 
᾿ΟνΣ..ορ1” ορ. ‘Pr 997 


THE RECTANGULAR HYPERBOLA 
e=,/2, a=b (p. 68). 
Theorem 94. If the tangent at a point P on a rectangular hyper- 
bola cuts the asymptotes at T, T’, and if CD is conjugate to CP, then 
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(i) CT and CT’ are the bisectors of 2 PCD ; (ii) CP —CD ; (iii) if CQ, 
CD are perpendicular semi-diameters, CQ — CD ; (iv) supplemental 
chords are equally inclined to either asymptote ; (v) PG: CD — Pg 
(p. 68). 


Theorem 35. (i) Any chord PQ of a rectangular hyperbola sub- 
tends equal or supplementary angles at the extremities of any 
diameter HCH’; (ii) if HCH’ is a fixed diameter, 2 PHH’ ~ 2 PH'H 
has one of two fixed (supplementary) values (p. 70). 


Theorem 36. (i) If a rectangular hyperbola circumscribes a 
triangle, it passes through the orthocentre ; (ii) lf a conic circum- 
scribes a triangle and passes through the orthocentre, it must be a 
rectangular hyperbola (p. 71). 


Theorem 37. If a rectangular hyperbola circumscribes a triangle, 
its centre lies on the nine-point circle of the triangle (p. 72). 


SECTIONS OF A RIGHT CIRCULAR CONE 


Theorem 38. If the semi-vertical angle of the cone is a, and if 
the plane of section makes an angle Ø with the axis of the cone, the 
eccentricity of the conic section equals sec a. cos f. 

Further, the foci are the points of contact of the plane of section 
with the focal spheres, and the dircctrices are the lines of intersection 
of the plane of section with the planes of contact of the cone with 
the focal spheres (p. 76-9). 


Theorem 39. (i) The minor axis of the conic section is a mean 
proportional between the radii of the focal spheres. 

(ii) The latus rectum for a given cone varies as the length of the 
perpendicular from the vertex of the cone to the plane of section 
(p. 80). 


CURVATURE OF A CONIC 


Theorem 40. If the circle of curvature at P cuts the conic again 
at Q, the tangent at P and the common chord PQ make equal angles 
with the axis (p. 84). 


Xvi SUMMARY OF RESULTS 


Theorem 41, 42. For a central conic, 





| 2005 
(1) the central chord of curvature at P equals CP 


2 


x CD? 
t cS 
(il) the radius of curvature at P equals CA.CB 
(ii) the focal chord of curvature at P, and the focal chord of the 


2003 
CA (p. 86). 





conic parallel to the tangent at P, each equal 


Theorems 43, 44. For a parabola, 
(i) the chord of curvature through P parallel to the axis, and the 
focal chord of curvature, cach equal 4SP ; 


D 


3 
(ii) the radius of curvature at P equals 2R (p. 88-9). 
SA 


CHAPTER I 
STANDARD FORMS 


Definitions. Given a fixed point S and a fixed line XM, if a point 
P moves in the plane SXM, so that its distance from S bears a constant 
ratio e to its perpendicular distance PM from XM, then the locus of P 
is called a conie section, or, more shortly, a conic. 





FIG. ds 


——-6 or SP=e. PM. 


The fixed point S is called the focus, the fixed line XM is called the 
directrix, the constant ratio e is called the eccentricity. 

Ἡ SX is the perpendicular from the focus S to the directrix, X is 
called the foot of the directrix, and the line SX produced both ways 
is called the transverse axis, or sometimes simply the axis, of the conic. 
It is evident from the definition that a conic is symmetrical about its 
transverse axis. 

D.G.C. A 


9 ΤΗΕ PARABOLA [CHAP. 


The points of intersection of a conic with its transverse axes are 
called the vertices of the conic. 

Tf e <1, the conic is called an ellipse. 

lf e— 1, the conic is called a parabola. 

lf e > 1, the conic is called a hyperbola. 


Standard Equations of the Conic. 


(1) The Parabola (ο-- 1). Bisect SX at A; since SA=AX, by 
definition A lies on the parabola. ` 





FIG. 4. 


Take AS as z-axis and the line through A perpendicular to Az as 
Y-axis. 
` Let the coordinates of any point P on the locus be (x, y) and let 
SA =a — AX. 
Then ΜΡ- ΧΝ- XA--AN—a-4x 
and SP? = SN? + NP? =(AN — AS)? 4 NP? = (a — a)? + 9. 
But by definition, SP =PM, .. (x-a) 4 3?--(a 4 ay? ; 
'. x? —2ax 4 a? y? =a? -2ax 2? ; 
So y?-4ax. 
This is the equation of a parabola referred to its vertex A as origin 
and its transverse axis as x-axis. 
From the equation, we see that the y-axis, x —0, meets the curve 
where y? —0 and is therefore a tangent. 
The form of the curve is shown in Fig. 5. 


The curve lies entirely on one side of the directrix and is an open 
curve. 


1] EQUATION OF CURVE 3 


If the line through 9 perpendicular to the axis cuts the curve at 
L, L’, the chord LL’ is called the Jatus rectum, and the length of SL, 
the semi-latus rectum, is always denoted by the letter 1. From the 
definition 1=SL=SX «2a, and LL’ —2SL — 4a. 

The equation of the parabola may be interpreted geometrically, 
as follows : 


P 





FIG, δ, 


If PN is the perpendicular from any point P on a parabola to the 
axis, then PN? 2 4AS . AN. 


4 THE ELLIPSE [CHAP. 


(2) The Ellipse (e <1). Divide SX internally at A and externally 
at A'intheratioe. By definition, A and A’ lie on the ellipse. Bisect 
AA’ at C. 





Fra. 6. 


Let CA=a=CA’. Take C as origin and the transverse axis 
as x-axis. Let the coordinates of any point P on the locus be 
(x, y). 

_SA_a-CS SA’ a+CS 
- ; Vt t CS) * (a - CS) (a-4CS)-(a-CS), 
(CX +a) +(CX -a) (CX-a)-(CX-a)' 





Now MP=XN=XC+ON=" 429, 
and = SP*= SN? +NP?=(SC +CN)24.NP2=(ae + x)? +42. 
But SP? =e? . PM? ; 
^ (Ge +x)? 4 y2 — ϱἳ (¢ +e); 
n 4€ + Raer +0? y? a? + Qaex + ea? ; 


απ] - È) + yg] - e; 


I.] EQUATION OF CURVE 


σι 


Put a*1-e?*):bh? (Notee<1, .. b is real.) 


Then ay 1. 


This is the standard equation of an ellipse. 

The points A, A’ are the vertices of the ellipse and the mid-point C 
of AA’ is called the centre of the ellipse. 

The form of the equation of the curve shows that i! is symmetrical 
about both the x-axis and the y-axis. The line here taken as y-axis is 
called the conjugate axis of the ellipse. The form of the curve is 
shown in Fig. 7. 





FIG. 7, 


Since the curve is symmetrical about the y-axis, there exists a 
second focus S’ and a second corresponding directrix X’M’, such that 


CS’ —CS —ae and CX’ 2 Cx =" 


e 


m e y 
From the equation » tt l, we see that, for real values of 
x and y, ~ can never be greater than 1, and A can never be 
α b 


greater than 1. 
" πακας +a and -bey< +b. 


Therefore all points of the curve lie inside or on a rectangle of 
length 2a and breadth 2b. 
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Let the y-axis meet the curve at B, Β΄; if we put x=0 in the 
equation of the curve. we obtain 
5-1 or y=? or y=+b; 

“ΟΡ. 5 

The finite lines AA’ and BB’ are called the major axis and minor 
axis respectively of the ellipse; the lengths a, b of the semi-major 
axis and semi-minor axis are connected by the relation 

b? = a*(1 -- e?), 
so that b is real and less than a. 
Since CS — ae, this relation may be written 
CB? = CA? — CS? - (CA - CS)(CA + CS) - AS. SA". 

The chord LL’ through S perpendicular to AA’ is called the 
latus rectum, and the length of SL, the scmi-latus rectum, is 
denoted by /. 

We see that {-- SL =e . SX =e(CX - CS) 

ων ac PO. pa 
=e | ----ᾱε |--α-- αε--- α(] --ελ-- ;  .. SL=l=—. 
6 a a 
The equation of the ellipse may be interpreted geometrically. 


B 





p 
A A 
B’ 
Fia. 8. 
Let PN be the perpendicular from any point P on the ellipse to AA’. 
y? a? aè- (a-ax)(a-a). 
Mol a 4 o 4 C 
, PN? (A'C-CN)(CA-CN) ΑΝ. ΝΑ, 
CBee CA? EET 


PN? CB? PN? 


Note. This is a special case of Theorem 7, Corollary, p. 23. 


I.] THE AUXILIARY CIRCLE 7 


The Ellipse and its Auxiliary Circle. 


The circle on AA’ as diameter is called the auxiliary circle of the 
ellipse. 
Its equation is 25 +y? =a, 


? 


lig. 9. 


Let the perpendicular PN from a point P on the ellipse to AA’ cut 
AA' at N and the uuxiliary circle at p. . 


Then, as above, PN? E - CN?), 
u 


and pN? = Cp? -- CN? =a? — CN? ; 
PN b 
' pN a 


It should be noted that if the auxiliary circle is rotated about 
, b ΝΕ 
ACA’ through an angle 0 where cos θ---. the new position of pis such 
that 2 pPN =90°, and therefore the ellipse is the orthogonal pro- 
jection of the auxiliary circle in this position. 
Hence or otherwise it is casy to see that the tangents at p and P 
intersect on ACA’ and to deduce a large group of properties of the 


ellipse from those of the circle. [Sce the author's Projective Geo- 
metry, Chap. II. | 


The points P, p are called corresponding points. 


8 THE HYPERBOLA [CHAP. 


(3) The Hyperbola (e — 1). Divide SX internally at A and exter- 
nally at A’ in the ratio e. By definition, A and A’ lie on the hyper- 
bola. Sincee- 1, A and A’ lie on opposite sides of the directrix. 


Bisect AA' at C. 





FiG. 10. 


Let CA=a=CA’. Take C as origin and the transverse axis as 
z-axis. Let the coordinates of any point P on the locus be (x, y). 


Then e= m mud and oSA _CS +4, 
ΑΧ ἀ-ΟΧ ΑΧ α ροκ) 


(CS—a)+(CS+a) (CS-a)-(CS-a). 








' "7 (a- CX) + (a ΕΟΧ) - (a+ CX) - (a - CX)’ 


,.2C8 9a. 
< Da IOC 


' CX = and CS=ae, as for the ellipse. 
Now MP=XN=CN - OX2a - ^, 
and SP? = SN? + NP? 2 (CN - CS)? - NP? « (x ~ ae? ἠ- y?. 
But SP? =e?. PM? ; 
2 
p (x -ae + =el a ed ο) ; 
'. €? — 2aex + ate? +y = e?x? — 2aex 4- a? ; 
; a?(e? un 1) es y? — a? (e? — 1) ; 
ασ απ 
"a? αἴοᾶ-.1) ^" 
Put a%(e?-1)=b?. (Notee>1, .. bis real.) 
x? y? 
Then 23^ pL 
This is the standard equation of a hyperbola. 


1. | EQUATION OF CURVE 9 


The points A, A’ are the vertices of the hyperbola, and the mid- 
point C of AA’ is called the centre of the hyperbola. 

The form of the equation of the curve shows that it is symmetrical 
about both the x-axis and the y-axis. The line, here taken as y-axis, 
is called the conjugate axis of the hyperbola. The form of the curve 
is shown in Fig. 11. 





ΓΊΩ. 11. 


Since the curve is symmetrical about the y-axis, there exists a 
second focus S’ and a second corresponding directrix X’M’, such that 


CS’=CS=ae and CX’=CX=". 


^ 


Tf we put 2=0 in the equation of the curve, we obtain 


so that y is imaginary. 
The hyperbola therefore does not cut the conjugate axis at real 
points. And, since from the equation of the curve, 


25 D? (x? — a?) 
ο. 
we see that, if y is real, x cannot lie between +a and -a, so that 
there are no real points of the locus in the portion of the plane 


between lines through A and A’ parallel to Cy. 


The curve is composed of two branches extending to infinity in 
either direction. 
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lf P is any point on the curve such that CP=r and ¿L PCA — 0, 
the coordinates of P are given by x =r cos 0, y =r sin ϐ (see Fig. 11); 


. f'cosg?0 r* sin? 0 i 
; a? b =? 


a* p? a*b? sec? 0 


μια πο EU E ee k 
b? cos? 0 — a? sin? 07 b2 — a? tan? O 


beet "m 
Consequently, if -> tan 0» =e the value of 7? is positive and 


the two values of r are real, equal in magnitude and opposite in 
sign, corresponding to the fact that the linc through C cuts the 
curve at points P, P' on opposite sides of C, such that PC --ΟΡ’. 


But if tan ϐ >? or if tan 0 < x the value of r? is negative and 


the line cuts the curve at two imaginary points, say ὃ and δ’, where 
9C 2 Có' and Cà? is a real negative number. In this case, the length 
of the actual diameter of the hyperbola is imaginary. 


Take points B, Β΄ on the y-axis such that CB=b=CB’; then the 
finite lines AA’ and BB’ are called the major axis and minor axis 
respectively of the hyperbola; the lengths a, b of the semi-major 
axis and semi-minor axis are connected (see p. 8) by the relation 


b? =a? (e? — 1). 
Since CS — ae, this relation may be written, 
CB? = CS? - CA? =(CS - CA(CS + CA) 2 AS. A'S. 
The following points should be noted : 
(i) Since e > 1, b 18 real. 


(ii) b can be less than a or equal to a or greater than a; b=a if 
e= 4/2 and b Z a as eZz 2. 

(iii) The points B and B’ do not lie on the hyperbola, for the hyper- 
bola does not cut the conjugate axis at real points. 


(iv) The “b?” of an ellipse corresponds, as defined above, to the 
« — p?" of a hyperbola. 


I.| METRICAL RELATIONS 1 


The chord LL’ through S perpendicular to AA’ is called the latus 
rectum, and the length of SL, the semi-latus rectum, is denoted by ἰ. 


We see that | [2 SL «e. SX «e(CS - CX) 
=e( ae --) —ae --α-- α(εἳ -- l); 


ου... 
a 


The equation of the hyperbola may be interpreted geometrically. 





a2 y) αν . y) X, wa (zra)x-a) 
ee 





go a l5 a 
ΕΝ 2 (CN EAC NCN CA) Νας 
UCBH CA? | ΕΑΞ 7 


. PN’ _CB’_ ΕΝ 
" A'N.AN CA? CR- CA? 
Note. (i) This is a special case of Theorem 7, Corollary, p. 23. 
(ii) This result is really identical with that for the ellipse on p. 6. 
The apparent difference of sign is due to the fact that the “ CB?” 
as defined for the hyperbola is minus the ** CB?" of the ellipse. 
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Definitions. If P is any point on a conic and if Q is another point 
on the conie in the neighbourhood of P, the tangent at P is defined 
as the limiting position of the line PQ when Q tends to P along the 
curve, in such a way that the length of PQ tends to zero. 

The line through P at right angles to the tangent at P is called the 
normal] at P, and P is called the foot of the normal. 

If the perpendicular from P to the transverse axis cuts it at N and 
cuts the curve again at P’, then PN is called the ordinate of P to the 
axis and PP’ is called a principal double ordinate. 

If the tangent and normal at P moet the transverse axis at T, G, 
and if PN is the ordinate to the axis, then the lengths of PT and PG 
are called the lengths of the tangent and normal at P ; also their pro- 
jections TN and NG on the transverse axis (see Fig. 2) are called the 
subtangent and subnormal. 


EXERCISE I. 

(For the notation, see pp. ix, xi.) 
1. Prove that CS =e . CX. 
9. Prove that SB =a. 
3. Prove that S'L -a(1 4 e?). 
4. Prove that (i) SP =a +e . ON, (ii) SP + S'P =2a. 
5. If e- 14/2, prove that 4 SBS’ =90°. 
6 
7 
8 
9 


. Prove that CS. ΘΧ-Ξ05. 

. If the line through L parallel to CS cuts BS in K, prove that SK =b. 
. If LA cuts the directrix at R, prove that 2 RSX =45°. 

. If SL cuts the auxiliary circle at K, prove that SK =b. 


10. If P isa point on a parabola such that PN bisects AS, prove that 
ΑΡΞ ΑΝ. 


11. If P is a point on a parabola such that 2 PAS =45°, prove that 
PN --28|.. 


12. If P is & point on a parabola, prove that the tangent from A to the 
circle SPN equals $PN. 


iy METRICAL RELATIONS 13 


19. If in a parabola the perpendicular bisector of AL cuts AS at O, 
prove that SO —$AS. 


14. Prove that CP? — e? . CN? is constant. 
15. A circle touches CA at S and passes through B ; prove that its 
2 


diameter equals 5: à 


16. Two parabolas have the same focus; prove that their common 
chord is one of the bisectors of the angles formed by the directrices. 


17. Two parabolas, foci S and S’, have the same directrix ; prove that 
their common chord bisects SS’ at right angles. 


18. The line through a point P on a parabola perpendicular to AP cuts 
the axis at K; prove that NK =2SL. 


19. The perpendicular from the focus of a parabola to the chord AP 
cuts the tangent at A in K; prove that PN=4AK. 


20. Given the directrix and two points on a conic, prove that the locus 
of the corresponding focus is a circle. 


21. A sphere of radius R rolls between two fixed horizontal straight 
wires which intersect at an angle 2a. Prove that, until the sphere slips 
through, its centre describes an ellipse of somi-minor axis R and eccen- 
tricity cos a. 

22. ΑΡ meets the auxiliary circle at Q; the perpendicular from Q, 


to AA’ cuts AP, AA’ at R, M ; prove that T is constant. 


98. A chord PP’ of a parabola subtends a right angle at A; PN, P’N’ 
are the perpendiculars from P, P' to the axis; prove that 
D AN . AN' 2 4SL*. 
94. Any chord PP’ of a parabola cuts the axis at K ; PN, P/N' are the 
perpendiculars from P, P’ to the axis; prove that PN . P’N’=4SA. AK. 


CHAPTER II 
THE GENERAL CONIC 


Theorem 1. (i) If a chord PQ of a conic, focus S, meets the corre- 
sponding directrix at R, then SR is a bisector of 2 PSQ. 

(ii) If the tangent at any point P of a conic, focus S, meets the 
corresponding directrix at R, then 2 PSR = 90°. 





FIG. 13. FiG. 14. 


(i) Draw PM, QN perpendicular to the directrix ; let PS meet the 
conic again at P’. 

By definition, SP =2 . PM and SQ. —e. QN ; 

ge Oh EN SER by parallels ; 
" SQ QN QR ; 
'. SR is a bisector of 2 PSQ. 

(ii) Now suppose Q tends to P along the curve, then the limiting 
position of PQR is the tangent at P (sce Fig. 14); an the limiting 
value of 4. P’SQ is 180? ; but SR always bisects 4 P’SQ ; 

'. in the limit, when PR is a tangent, 
4 RSP -90*. 
14 


[cHAP. τι.] TANGENT PROPERTIES 15 


Corollary 1. If Risa point on the directrix such that 2 PSR =90°, 
then RP is the tangent at P. 


This is the converse of (ii). 


Corollary 2. If PSP’ is any focal chord, the tangents at P, P^ meet 
at a point R on the directrix, such that SR is at right angles to PP". 

In Fig. 14, ZRSP—90?; ;, ZRSP’=90°; ., ΒΡ’ is the tangent 
at P'. 

Note. If P and Q are points on different branches of a hyperbola, 
SR is the internal bisector of 4, PSQ. The reader should draw a 
figure to illustrate this casce. 


Theorem 2. (Adams! Property) If from any point T on the 
tangent at P perpendiculars TU, TK arc drawn to SP and the directrix, 
then SU =e. TK. 





Fig. 15. 


Let PT meet the directrix at R, so that Z RSP —90^; draw PM 
perpendicular to the directrix. 

Since 4 TUP=90°=ZRSP, TU is parallel to RS; also TK is 
parallel to PM ; 


SU RT UNS 
SP' RP PM' 
SUE SR 
TK PM ^ 
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EXERCISE II. a. 
(For the notation, see p. xi.) 
1. Prove that SP~SL=e. SN. 
2. If PA, PA’ cut the directrix at K, Κ΄, prove that 4 KSK’ =90°. 


3. If the chords PQ, PQ’ of a conic cut the directrix at R, R’, prove 
that 4 RSR’ is equal or supplementary to $2 QSQ’. 


4. The tangent at P meets the minor axis in #; tH is the perpendicular 
from t to SP; prove that SH =a. 


5. The tangent at L cuts NP produced at O ; prove that ON = SP. 


6. The tangent at P and the chord QQ’ intersect on the directrix ; 
prove that SP bisects 2 QSQ/. 


7. The tangent at A cuts SM at H ; prove that HP bisects 2 SPM. 


8. The tangent at P cuts the directrix at R and the transverse axis 
at T ; SM cuts PR at O ; prove that OR. OT -OS*. 


9. PSQ is a focal chord ; prove that SX bisects L PXQ. 
10. PN cuts the tangent at Q in T ; prove that SP=ST . cos QST. 
11. Prove that XY and SM make equal angles with tho axis. 


19. PSQ is a focal chord; the tangents at P, Q cut SL at H, K; 
prove that HS -- SK. 


18. PNP’ is a principal double ordinate ; PX cuts the conic again at 
Q ; prove that S lies on P'Q. 


14. The tangent at P cuts the directrix at R ; SL is produced to cut 
PR at O ; prove that SO =e . SR. 


15. Prove that SY «e. YX. 


16. PSQ is a focal chord; the line through Q perpendicular to QP 
cuts the tangent at P in O ; prove that the directrix bisects OQ. 


17. PSQ is a focal chord ; the normals at P, Q intersect at O ; OH is 
the perpendicular {ο PQ ; prove that HP =QS. 


II. | TANGENT PROPERTIES 17 


Theorem 8. The tangents from any point to a conic subtend 
equal or supplementary angles at a focus. 





FIG. 16, 


Let TP, TP’ be the tangents from any point T to the conic; 
TU, TU’, TK are the perpendiculars from T to SP, SP’ and the 
directrix. 


Then SU =e. TK and SU’=e. TK; 
SUSU": 
.. in As TSU, TSU’, 
Z TUS =90°=2 TU'S, 
SU =SU’ and ST is common ; 

uou TSUSNISU- 

'" ετου-,; Του’, t.e. L TSP—-LTSP". 
Corollary. If PP’ is a chord of a conic which cuts the directrix at 


R, and if the tangents at P, P^ meet in T, then CRST =90°. 
For SR and ST are the two bisectors of 4 PSP’. 


Note. If TP, TP’ are tangents to two different branches of a 
hyperbola, ^s TSP, TSP’ are supplementary. "The reader should 
draw a figure to illustrate this case. The Corollary still holds good. 


p.G.C. B 


18 THE GENERAL CONIC [CHAT. 


Theorem 4. If the normal at anv point P on a conie cuts the 
transverse axis at G, then SG =e . SP. 

Let the tangent at P cut the directrix at R; draw PM perpen- 
dicular to the directrix ; join SR, SM. 

Since LRSP=90°=ZRMP, the circle on RP as diameter passes 
through S, M; it also touches PG, 
since 4 RPG =90°. 


ο, CL SPG — L SMP, alternate scg- 
ment. 


Also 4 PSG=ZMPS, by parallels. 
.. As SPG, PMS are similar ; 





θα SP — 
' SP PM”? 
. SG=e. SP. Fig. 17. 


Theorem 5. The projection of the normal PG on SP is equal to the 
semi-latus rectum. 





Fia. 18, 


Draw GK perpendicular to SP, so that PK is the projection of PG 
on SP. 


I1.] FOCAL CHORDS 19 
Draw PN, PM perpendicular to the transverse axis and the directrix. 
The As GKS, PNS are similar ; 

SK SG SP  SP-SK 


— --- er" = Sa ers τα e: 


' SN SP TPM ^ PM-SN 
But SP—-SK-PK and PM-SNzNX-SN-SX; 


PK 


y Sx ^ 2o PRS=e.SX=SL. 


Theorem 6. If PSP’ is a focal chord with P, P’ on the same branch 
of the conic, then 


] l 


2 
e UP Ae wie ae ee BEST 4 


Let PP’ produced cut the directrix at R; draw PM, P’M’ perpen- 
dicular to the directrix. 


ὦ SP LPM ΡΜ ΡΒ. 
8Ρ’-6.ΡΜ’ ΡΜ’ PR' 


'. {RP’SP} is harmonic ; 
'. RP, RS, RP’ are in Harmonical Progression ; 
'. by proportion, PM, SX, P’M’ are in H.P. ; 
νο. PM, e. SX, ο. P'M' are in H.P. ; 
'" SP, SL, SP’ are in H.P. ; 


T ee pee 2 
ορ ορ SL I πας 





f l 1 SP’+SP_ PP’ . 
(ii) Now Sp + &iy— S5" gp’ =SP.SP”’ 


SP. SP’=41. PP’. 
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Note. If P, P’ lie on different branches of a hyperbola, as in 
Fig. 20, then 





FiG. 20. 


As before {RS; PP’} is harmonic; and it is left to the reader 
; ; l l 2 
to deduce that in Fig. 20, ΡΒ P/R'SR' 
results follow. 


from which the required 


EXERCISE II. b. 


(For the notation, see p. xi.) 


1. PSQ is a focal chord ; the tangents at P, Q cut any other tangent 
at H, K; prove that LHSK=90°. What does this become if P is 
at A? 

9. The tangents at P, Q meet at T ; another tangent cuts TP, TQ at 
H, K ; prove that Ζ HSK is equal or supplementary to 42 PSQ. 

3. If a quadrilateral circumscribes an ellipse, prove that either pair 
of opposite sides subtend supplementary angles at the focus. 

4. If SG=GP, prove that SP =2SL. 

5. Prove that the circle, centre G, radius GP, cuts off from SP a 
chord of constant length. 

6. If P tends towards A along the curve, prove that the limiting value 
of PG equals SL. 

7. If GK is the perpendicular from G to SP, prove that NK is 
parallel to SM. 


8. H, K are points on a tangent to a conic such that CLHSK=90°, 
prove that the other tangents from H, K intersect on the directrix. 


9. Prove that the distance of G from SP equals e. MX. 
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10. The tangent at P cuts the tangents at A, A’ in H, Η΄; A'P, AP cut 
the tangents at A, Α΄ in K, Κ΄» prove that 


AK . ΑΚ’ =4AH . A'H' - 402. 
11. PSP’ is a focal chord of a parabola ; PN, P’N’ are ordinates to the 
axis; prove that (i) AN. ΑΝ’ -Α8:; (ii) PN . P’N’=SL2?. 
19. If, in No. 11, AP cuts SL at K, prove that SK =P’N’. 


Construction. Given the focus, directrix and eccentricity of a 
conie, construct the points in which a given line intersects the conic. 
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Let the given line cut the directrix at R, take any other point O 
on the line. 

Draw OD perpendicular to the directrix. With centre O and 
radius e. OD describe a circle. Join SR and let SR cut the circle 
at p, q. 

Draw SP, SQ parallel to Op, Oq to cut OR at P, Q. 

Then P, Q are the required points of intersection of OR with the 
conic. 

Draw OD, PM, QN perpendicular to the directrix. 


By parallels SP PR PM. 


' PM^OD" OD =” by construction ; 


' P lies on the conic. 
Similarly Q lies on the conic. 


22 THE GENERAL CONIC [CHAP. 


Note. We may construct the tangents from any given point O 
to the conic as follows: From S draw the tangents Sf, Sf" to the 
circle and produce them to cut the directrix at R, R’; then RO, 
R’O when produced touch the conic, for if in Fig. 21, p coincides 
with q, then P coincides with Q. 

Definition. If OD is the perpendicular from any point O to the 
directrix, the circle, centre O, radius e. OD, is called the eccentric 
circle of O. 

Note. The general treatment arising from the use of the eccentric 
circle is not easy, and it may therefore be considered desirable to 
leave it for a second reading. In this case, the various forms of the 
Corollary of Theorem 7 should be established for the ellipse by 
orthogonal projection and should be assumed for thc general conic. 


Theorem 7. If from any point O two lines OPQ, OP’Q’ are drawn 
cutting a conic at P, Q and P’, Q’ and making angles 0, 0' with the 
OP.OQ _ l-e cosg 


transverse axis, then ----------,ΞΞ —--.—: =. 
: OP/..OQ/ 1l-e?cos0 





Fig. 22. 


Make the same construction as on p. 21. 
Draw tangents Rt, Sk from R, S to the eccentric circle of O. 
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OP Sp OQ Sq. 
B Rude un) H 
y parallels OR" Rp and OR Εφ) 


OP.OQ Sp.Sq_ 515 
OR?  Rp.Rq Ri?’ 
Now Ri? = OR? - Ot? = OR? - e . 002. 
But ZDOR=6, .. OD=0R cos 6; 
' Ri? =OR? - e? . OR? cos? 0 = OR?(1 -- e? cos? 0); 





OR? S/2 
° rae? ΑΕ ο ete et RB LUC EA ea ERU 
— S4? 
Similarly, OP’. OQ’ = I cost 0 


OP. OQ a - vos? ϐ 
'" OP’.OQ’  -οὅςοβξ θ᾿ 
Corollary. If, from a variable point O, lines are drawn in fixed 


OP.OQ 
directions cutting a given conic in P, Q and P^, Q/, then ——, OP/. OQ 


is constant. 
Note. There are several important special forms of this constant. 
(i) Let ESF, E’SF’ be the focal chords parallel to OPQ, ΟΡ”; 
OP.OQ  SE.SF EF 
OP’. OQ’ SE’. SF’ EF” 
(ii) Let TZ, TZ’ be the tangents parallel to OPQ, OP’Q’; then 
OP.OQ _ TZ.TZ TZ" 
ορ οὗ TZ. TZ- τσ 
(iii) Let HCK, H’CK’ be the diameters (in the case of a central 
conic) parallel to OPQ, OP’Q’; then 
OP.OQ  CH.CK CH? 
OP’. OQ’ CH’. CK’ CH?’ 
since HC =CK and H’C=CK’. 


then - Th. 6. 
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Theorem 8. Ifa circle and a conic intersect at four points, their 
common chords, taken in pairs, make equal angles with the axis of 
the conic. 
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Let the common chords PQ, P’Q’ intersect at O. 
Then by a property of the circle 
OP .OQ=OP’. OQ’; 

ὃν from note (i) above, the focal chords parallel to PQ, P’Q’ are 
of equal length and therefore make equal angles with the axis of the 
conic ; 

.. PQ, P’Q’ also make equal angles with the axis. 

Note. For a central conic, we could use note (ili) instead of 
note (i), if preferred. 


EXERCISE II. c. 
(For the notation, see p. xi.) 

1. Prove that the auxiliary circle is the eccentric circle of C. 

2. PSP’ is a focal chord, parallel to the diameter QCQ’ ; prove that 
SP . SP’ =" . CQ? 
2092 

CA . 

4. PQ is a chord of a conic; the tangents at P, Q meet at T ; a line 


parallel to TQ cuts PT, PQ and the conic at Ο, R, H, K; prove that 
OR? OH . OK. 


3. With the data of No. 2, prove that PP’ = 


τι.] CONCYCLIC POINTS ON A CONIC 20 


5. A conic touches the sides QR, RP, PQ of a triangle at X, Y, Z ; 
prove that PY.RX.QZ=PZ.QX.RY. 


6. Two conics S,, S, cut at A, B, C, D ; αι, y, and £} y, are the 
lengths of the pairs of diameters of δι and s, parallel to AB, CD ; prove 
that X15 = X. 


7. A circle touches a conic at P and cuts it again at Q, Q’; prove 
that the axis of the conic is parallel to a bisector of the angle between QQ’ 
and the tangent at P. 


8. If PQ and VW are intersecting chords of a conic making equal 
angles with the axis, prove that PV and QW also make equal angles with 
the axis. 

9. PQ, HK are two non-intersecting chords of a conic; also 

LPHQ=ZPKQ; 
VW isa chord parallel to HK ; prove that 2s PVQ, PWQ are equal or 
supplementary. 
10. If the sides BC, CA, AB of a triangle cut a conic at P,, Ρα; Οι, Q; ; 
Βι, R; respectively ; prove that 
AR,.AR, BP,.BP, CQ,. CQ, _ 
AQ,-AQ, BR,.BR, CP, .CP, 
11. A circle touches a conic at P and cuts it again at V, W ; lines 


through V, W parallel to the axis cut the circle again at V^, W’ ; prove 
that V’W’ is parallel to the tangent at P. 


12. PQ is a chord of a conic, normal at P and cutting the axis at G; 
PK is a chord cutting the axis at H. If PG=PH; prove that 


L PKQ =90°. 


18. PH, QK are chords of a conic, normal at P and Q ; if PH is per- 
pendicular to QK ; prove that PQ is parallel to HK. 


14, PQ, PR are two chords equally inclined to the tangent at P ; prove 


l. 





that PQ equals the ratio of the parallel focal chords. 


P 

15. PQ, PQ’ are chords making angles $9, ¢’ with the tangent at P ; 
PQ . sin 9' ; i 

prove that PQ'. sin $ equals the ratio of the parallel focal chords. (In 


Theorem 7, suppose that P^ tends to P along the curve.) 


16. From a point P on an ellipse, a line is drawn perpendicular to AP, 
cutting AA’ in R ; prove that the focal chord parallel to AP equals AR. 


17, HSK is a focal chord parallel to another chord PQ ; the tangent 


. PQ SP 
at P cuts HK at T ; prove that ΗΚ ST' 


CHAPTER III 
THE PARABOLA 


PROPERTIES of diameters (e.g. Theorems 13, 14) are best treated pro- 
jectively. But independent proofs are given in the text, owing to 
their intrinsic interest. 

The notation adopted is explained on p. ix. 


Theorem 9. (1) PT bisects 2 SPM and SP=ST=SG. 
(ii) SM and PT bisect cach other at right angles. 
(11) Y hes on the tangent at the vertex. 

(iv) AN=AT and AY =}NP and NG=2AS. 

(v) SY7=SA. SP. 





Fig. 24. 


(i) By Th. 1 (ii), 2RSP=90° ; 
- in As RSP, RMP, 4 RSP =90° =Z RMP. 
SP = PM, definition ; RP is common ; 
^. ARSPzARMP; .. TRP bisects 2 SPM. 
Further, 4 SPT =4MPT =4 PTS, alternate 2s; ,. SP=ST. 
26 
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Also, 2 TPGz90*, ;, ST=SP=SG. 


(ii) Since ST =SP=PM, and since ST is parallel to PM, TSPM is 
a rhombus ; 

'. SM and PT bisect each other at right angles. 

(iii) From (ii), Y is the point of intersection of SM, PT and SY =YM. 
But SA — AX ; 

., AY is parallel to XM and perpendicular to SX; 

.. AY is the tangent at A, since by (i) the tangent at A bisects the 
angle betwcen SA and AX. 


(iv) Since PY=YT, and since YA is parallel to PN, 
AN=AT and AY=3PN. 


Also, As PNG, YAS are similar, since corresponding sides are 


parallel ; . NG PN 
. AS = AY = 42. 
(v) LASY =4 SMP, alternate 2s, --Ζ Μ9Ρ, since SP=PM; 
'. As ASY, YSP are similar, 
for LASY = 4 YSP and LYAS=90° =z PYS; 
AS SY 


; SY SP or SY2=SA. SP. 
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Theorem 10. If the tangents at the extremities of any focal chord 
PSP’ of a parabola meet at R, then (i) the line through R parallel to 
the axis bisects PP’ at V, (ii) 2 PRP’ =90°, (iii) if RV cuts the parabola 
at K, RK=KV and PP’=4SK. 





Fia. 25. 


By Theorem 1, Corollary 2, R lies on the directrix and 2 RSP =90°. 
Draw PM, P’M’ perpendicular to the directrix and draw RKV 
parallel to the axis, cutting the curve at K; join SK. 
Ζ VRP=ZRPM, alternate angles 
=ZRPV; Th. 9 (i). 
, RV=VP;; similarly RV ΞΝΡ’: 
. PV=VR=VP’, which proves (i), 


and 4 PRP’ =90°, which proves (ii). 
Further, SK «KR (definition) and 4 RSV =90°, by Th. 1 (ii) ; 
. RK=KS=KV; 


-. PP - 2PV — 2VR —4KR —- 48K. 


EXERCISE III. a. 
(For the notation, see pp. ix, 3.) 


1. Prove that PG=2SY. 
9. Prove that AY?—-AS . AN. 


III. | FOCAL CHORDS 29 


3. Prove that PG?=2SL . SP. 

4. Prove that in Fig. 24, PY . YR=SA. SP. 

5. Prove that T Y = YN. 

6. Prove that the line through Y, parallel to the axis, bisects SP. 

x If PSQ is a focal chord, prove that the tangent at Q is parallel 


8. The tangent at P cuts SL at K and the directrix at R ; prove that 
SK =SR. 


9. Prove that tho tangent at A touches the circle on SP as diameter. 
10. If SG=2SX, prove that A SPG is equilateral. 


11. Two parabolas have a common focus and their axes in opposite 
directions ; prove that they cut orthogonally. 


12. The perpendicular through P to AP cuts the axis at K; prove 
that NG=GK. 


18. SK is the perpendicular from S to PG; prove that KY is parallel 
to the axis. 


14. PSQ, is a focal chord ; circles are drawn through S touching the 
parabola at P, Q ; prove that they are orthogonal. 


15. RP, RP' are tangents to a parabola from a point R on the directrix ; 
the lines through S parallel to RP, RP’ cut the directrix at K, K' ; prove 
that KR =RK’. 


16. GP is produced to cut the directrix at K; the perpendicular 
through S to SP cuts PG at H ; proye that KP —PH. 


17. PSQ is a focal chord; the tangents at P, Q meet at T ; TQ, cuts 
SLatK; prove that TK =PG. 


18. If ATPS is equilateral, prove that SP =4AS. 


19. PP’ is a principal double ordinate ; the perpendicular from P" to 
the tangent at P cuts the axis at K ; prove that KG is constant. 


90. If ΘΡῸΝ --60”, prove that the tangent at P touches the circle 
having LL" as diameter. 


91. T is à point on the tangent at a variable point P of a parabola. 
If 4 STP is constant, prove that the locus of T is a straight line. 


99, If PA cuts the directrix at R, prove that ¿MSR =90°. 


23. PSQ is a focal chord ; prove that the circle on PQ as diameter 
touches the directrix. 


94. PN cuts the tangents at L, L'at K, K’ ; prove that SN? -PK . PK’. 


30 THE PARABOLA [CHAP. 


25. If the ordinate QK from a point Q on a parabola to the axis bisects 
PG, prove that QK =PG. 


26. Two parabolas having a common focus intersect at P, Q ; provo 
that the curves cut at equal angles at P and Q. 


27. The normals at the points P, P’ cut the axis at G, G’ ; if PG? - P'G^? 
is constant, prove that the locus of the mid-point of PP’ is a straight line. 


98. PSQ isa focal chord ; PA cuts the directrix at K ; prove that ΚΩ 
is parallel to the axis. 


29. The normals at the points P, P' cut the axis at G, G'; prove that 
PG? -P'G?-4AS . GG’. 


90. AQ, is a chord which cuts tho tangent at P at right angles at K ; 
prove that ΑΚ. AQ —SL*. 


81. PSQ is a focal chord ; PK is a chord equally inclined to the axis ; 
prove that L PQK -3ZPKQ. 


92. PSQ is a focal chord parallel to the tangent at L; prove that 
PQ —4SL. 


33. In Fig. 24, RS cuts PG at H; HK is the perpendicular from H to 
the axis; prove that SK — TN. 


84. YS is produced to Z, so that YS Z SZ ; prove that 2 PAZ =90°. 


35. Two parabolas, having the same axis and focus S, intersect at P ; 
PS cuts them again at H, K ; prove that SP^- SH . SK. 


36. The normals at P, P' cut the axis at G, G' ; if P'G' -PG=2SL, 
prove that P'G' -PG-GG'. 


97. PSQ is a focal chord ; the line through Q parallel to the axis cuts 
ΡΝ at K; prove that 4 PGK =90°. 


38. A chord PP’ of a parabola, when produced, passes through X; 
PN, P’N’ are the ordinates of P, P’ to the axis; prove that AN . AN’ =a. 


99. If a particle is projected in a given vertical plane from a fixed 
point P with velocity 4/(2gh), it can be proved that it describes a para- 
bola whose axis is vertical and whose directrix is at a height ἦν above P. 
Prove that for different directions of projection the parabolic paths all 
touch a fixed parabola, focus P, latus rectum 4h, and that the line joining 
the foci of the fixed and variable parabola passes through their point of 
contact. 


40. With the data of No. 39, show that the greatest range on a plane 


through P at angle a with the horizontal is Es 
1+sina 
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Theorem 11. If OP, OQ are any two tangents to a parabola, 
then (i) the triangles SOP, SQO are similar and SO? -- SP . SQ, (ii) the 
exterior angle between the tangents is equal to the angle cither 
subtends at the focus, (iii) 2 SOQ equals the angle which OP makes 
with the axis. 





FIG. 26. 


Let the tangent at the vertex A cut OP, OQ at Y, Z ; join SY, 82 ; 
let PO cut the axis at T. 
(i) By Th. 9 (iii), 2 SYO «90? = 4 SZO, so that OYSZ is a cyclic 
quadrilateral, and by Th. 9 (v), As ASY, YSP are equiangular ; 
LORY ΕΕ OVAL Or c ου 
= 4. SOZ, since OYSZ is a cyclic quadrilateral ; 
" LSPO=2S0Q. Similarly, 2 SOP=ZSQO ; 
ο. As SOP, SQO are similar and SO 728 ; ., SO?=SP.SQ. 
(ii) LTOQ=180° - (1 SOQ + 2 80P) 2180? - (4 SPO + 4 SOP); 
—LOSP or LOSQ. 
(iii) | £4 SOQ =£ SPO (or L SPT) = ZSTP, Th. 9 (i), since SP=ST, 
Note. 'lhe construction used for proving this theorem gives a 
method for drawing the tangents from any point O to a parabola, for 
the circle on SO as diameter cuts the tangent at A in the points Y, Z ; 
and the required tangents are OY, OZ. 
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Theorem 19. The circumcircle of a triangle circumscribing a 
parabola passes through the focus. 





FIG. 27. 


Let the three tangents form the triangle UVW and let the tangent 
at P cut the axis at T. 
By Th. 11 (iii), L SVU =4 STP, 
and LSWU-LSTP; 
'" LSVUZLSWU; 
^ S, V, W, U lie on a circle. 


Note. The following alternative method deserves notice. 

By Th. 9 (iii), the feet of the perpendiculars from S to VW, WU, 
UV lie on the tangent at the vertex and are therefore collinear. 
Hence by the converse of ** Simson's Line," S lies on the circum- 
circle of the triangle UVW and the tangent at the vertex is the pedal 
line of S with respect to this triangle. 

From this, we may deduce Steiner's theorem. 

The orthocentre of any triangle circumscribing a parabola lies on 
the directrix. 

For if the orthocentre of AUVW is H, it is a well-known theorem 
that SH is bisected by the pedal line of S; .. SH is bisected by the 
tangent at the vertex; .. H lies on the directrix. 
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EXERCISE III. b. 


OP? _:SP 
1. In Fig. 26, prove that og SQ" 


9. In Fig. 26, prove that OQ touches the circle OPS. 


3. The tangents from O to a parabola contain an angle 0 ; prove that 
fho distance of O from the directrix is SO . cos 0. 


4. A variable tangent cuts two fixed tangents at V, W ; prove that 


SV . 
~ is constant. 
SW 
5. PP’ isa principal double ordinate ; any tangent cuts the tangents 
at P, P’ in O, O’; prove that SO=SO’. 


6. UVW is the triangle formed by three tangents to a parabola ; 
prove that the lines through U, V, W perpendicular to SU, SV, SW are 
concurrent. 


7. In Fig. 26, prove that the circumcentre of AOPQ hes on tho 
circle SPQ. 


8. Through each of two points H, K is drawn a pair of lines, forming 
a cyclic quadrilateral, with HK as the third diagonal ; prove that the 
focus of the parabola touching the four lines lies on HK. 


9. In Fig. 26, the lines bisecting 2 POQ cut the axis at R, R^; prove 
that ΘΒ --80 --8Β΄. 


10. UVW is an equilateral triangle circumscribing a parabola; prove 
that US cuts VW at its point of contact. 


11. Given the focus of a parabola and two tangents, construct their 
points of contact. 

12. In Fig. 26, the circles OSP, OSQ cut the axis again at H, K ; prove 
that PH is parallel to OK. 

18. Z, Z’ are points on the tangent at P such that SZ=SZ’; prove 
that the other tangents from Z, Z' mtersect on the axis. 


14. OP, OQ are the tangents to a parabola from a point O on SL; 
the line through Q parallel to the axis cuts SP at K ; prove that 


L KOP =90°. 


15. Prove that the four circles which circumscribe the four triangles 
formed by taking three out of four given straight lines have à common 
point. 

16. If a chord PQ of a parabola cuts the directrix at R and if the 
tangents at P, Q cut at O; prove that RP . RQ =RO?. [Prove that 
RP . RQ =RS?+SP . SQ, using Th. 1.] 

17. Two parabolas each touch the sides of a triangle PQR and have 
perpendicular axes; prove that their axes intersect on the circumcircle 
of APQR. 

D.G.c. ο 
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18. In Fig. 26, OS is produced to cut the circle OPQ at K; prove 
that OS =SK. 


19. In Fig. 26, the tangents at P, Q to the circle OPQ intersect at K ; 
prove that OS passes through K. 


20. In Fig. 26, the circle, centre S, radius SO, cuts OP, OQ at H, K ; 
prove that HK is perpendicular to the axis and that its distance from O 
is twice its distance from A. 


Theorem 19. The locus of the mid-points of a system of parallel 
chords of a parabola is a straight line parallel to the axis, which cuts 
the directrix at a point H, such that SH is perpendicular to cach 
chord of the system. 





Fig. 28. 


Let PP’ be any chord of the system ; draw PM, P’M’ perpendicular 
to the directrix. 

Draw two circles, centres P and P’, radii PM and P’M’; these 
circles pass through the focus S, since SP=PM and SP’=P’W’ ; let 
them cut again at E. MM’ is a common tangent. 

Then the common chord ES cuts the line of centres PP’ at right 
angles and bisects the common tangent MM’ at H, say. 

Through H draw a line parallel to the axis, cutting the curve at K 
and PP' at V. 

Now MH=HM’ and MP, HV, M'P' are parallel; 


'" PV=VP’; 
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.. the mid-point of PP’ lies on the line through H parallel to the 
axis. 

But H is a fixed point, since SH is perpendicular to PP’, which is 
fixed in direction ; 

.. the locus of the mid-point of PP’ is a straight line which cuts 
the directrix at a point H such that SH is perpendicular to PP’, and 
thercfore perpendicular to each chord of the system. 


Definition. The locus of the mid-points of parallel chords of a 
parabola is called a diameter of the parabola and its point of inter- 
section K with the curve is called the vertex of that diameter. 

If a chord PQ cuts the diameter KV which bisects it at V (sec 
Fig. 29), then PV is called the ordinate from P to the diameter KV, 
and KV is called the abscissa, K being the vertex of the diamcter. 


Theorem 14. If K is the vertex of the diameter KV bisecting PQ 
at V, then (i) the tangent at K is parallel to PQ. 


(ti) The tangents at P and Q intersect at a point O on the diameter 
KV which bisects PQ. 


(iii) OK =KV. 





FIG. 29. 


(i) Draw through K a line parallel to PQ ; if this line cuts the curve 
again at K', the mid-point of KK' lies on KV, which is impossible, 
unless K’ coincides with K ; 

.'. the line through K, parallel to PQ, must touch the curve at K. 
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(ii) Draw any chord P’Q’ parallel to PQ; let PP’ cut QQ’ at O’; 
bisect PQ at V; let O’V cut P’Q’ at V’. 
Then by parallels, since PV — VQ, ., P’V’=V’Q’; 
. O'V’V is the diameter bisecting PQ. 
But when P' tends towards P along the curve, Q’ tends towards Q, 
and in the limiting position O’P’P, O’Q’Q become the tangents ΟΡ, 


OQ at P, Q; 
., the tangents at P, Q meet on the diameter bisecting PQ. 





ΤΊΩ, 80. 


(iii) Let the tangent at K cut OP at Z; bisect PK at W ; join ZW. 
Then ZW is a diameter by (ii), and is therefore parallel to OK. 

But PW =WK, .. PZ=ZO. 

Also, ZK is parallel to PV by (i). 

But OZ=ZP, '. OK=KV. 


Corollary. The ratio of the lengths of any two tangents to a 
parabola is equal to the ratio of the sides of any triangle which has 
its sides parallel to the tangents and its base parallel to the axis. 

For in Fig. 30, ZP=ZO; 

ZP ZO 

TK ZK —ratio of sides of A ZOK where base OK is parallel to 

the axis. 
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Theorem 15. If PV is the ordinate from any point P on a parabola 
to the diameter KV, whose vertex is K, then PV?=4SK. KV. 
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Let the tangent at P cut KV at O and let the tangent at K cut OP 
at Z; join SZ. 
By Th. 14, KZ is parallel to PV and OK -KV ; 


, PV=2ZK. 
Also AOKZ is equiangular to AZKS, 
since L OZK — L ZSK, Th. 11 (ii), 
and L ZOK-- Z SZK, Th. 11 (iii) ; 
OK KZ 


,. the triangles are similar and K2 KS! 
. KZ2-OK.KS; 
'" PV?-4ZK? --4ΟΚ. KS =4SK. KV. 


EXERCISE III. c. 


(For the notation, see p. ix.) 


1. PQ, P’Q’ are parallel chords of a parabola : P’Q’ cuts the tangents 
at P, Q in H, K; prove that P’H =Q’K. 

9. P, Q. R are points on a parabola on the same side of the axis. If 
PQ is parallel to AR, prove that the ordinate of R is equal to the sum of 
the ordinates of P and Q. 


3. PQ isa variable chord, fixed in direction ; if P and Q lie on opposite 
sides of the axis, prove that the difference of their ordinates is constant. 
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4. PSQ is a focal chord ; the normal at P cuts the curve again at K; 
prove that the diameter through Q bisects P K. 


5. PSQ is a focal chord ; the tangents at P, Q mect at O; the 
normals at P, Q meet at K; prove that OK is parallel to the axis. 


6. A chord PQ makes 45° with the axis; prove that its mid-point 
is at a distance 2a from the axis. 


7. A circle cuts a parabola at P, Q, Η, K; if P, Q lie on one side of 
the axis and H, K on the other side, prove that the sum of the ordinates 
of P and Q is equal to that of H and K. What happens if P, Q, H lic 
one side of the axis and K on the other side ? 

8. PSP’ is a focal chord parallel to the chord AQ PN, P'N' are ordi- 
nates to the axis; prove that AQ = SP ~ SP’ =NN’. 


9. PQ is a chord, normal at P; the tangents at P, Q meet at O ; 
prove that OP is bisected by the directrix. 


10. PSQ isa focal chord ; the tangents at P, Q mect at R ; prove that 
the normal chord at P equals 4QR. 


11. In Fig. 31, prove that the length of the focal chord parallel to 
ρα 
κν 
12. A chord PQ cuts the axis at K; the tangents at Ρ, Q cut at O; 
prove that SK equals the distance of O from the directrix. 


18. The perpendicular bisector of a chord QQ’ cuts QQ’ at V and the 
axis at K; VH is the perpendicular to the axis; prove that HK =2AS. 


14. PSQ is a focal chord ; the perpendicular bisector of PQ cuts the 
axis at K; prove that PQ =2SK. 


15. If the diameter bisecting the chord PP’ cuts the directrix at O, 
and if OS cuts PP’ at K and if PM, P’M’ are the perpendiculars to the 
directrix, prove that 2 POP’ = 4 MKM'. 


16. A circle has three-point contact with a parabola at P and cuts it 
again at Q ; the tangent at P cuts the axis at T ; prove that PQ =4PT. 


17. OP, OQ are tangents at P, Q toa parabola ; the line bisecting PQ 
at right angles meets the axis at G; prove that the focal chord parallel 
to PQ bisects OG. 

18. Through a point P on a parabola, a line PK is drawn perpendicular 
to AP and cutting the axis at K ; prove that the focal chord parallel to 
AP equals AK. What happens when P coincides with A? 


19. PQ is a chord normal at P. If Ζ PSQ =90°, prove that 
SQ, =2SP — 10a. 


20. QSQ’ is a focal chord, P is the vertex of the diameter bisecting it ; 
PK is the perpendicular to QQ’; prove that SQ . SQ’ =4PK?. 
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21. QV is an ordinate to the diameter PV, vertex P; QK is the per- 
pendicular to PV; prove that Q,K? —4AS . PV. 


92. The tangents at the pairs of points P,Q; Q, R; R, P intersect at 
R’, P^, Q' respectively ; prove that 
PR' πω αρ 
ΠΩ’ QP P’R m: 
(Draw diameters through R, P’, Q’, R' to cut PQ.) 


23. OP, OP’ are the tangents from O to a parabola; the diameter 
through O cuts the curve at Q ; prove that OP . OP' 408 . OQ. 


94, The tangent at P cuts a chord QR, when produced, at T ; the 
diameter through P cuts QRatK ; prove that TQ . ΤΗ =T K?. 


95. The tangents at P, Q meet at T ; O is the centre of the circle PTQ ; 
prove that LOST =90°. 


98. A chord QQ’ cuts a diamoter PO, vertex P, in O; QV, Q’V’ are 
ordinates to PO; prove that PV . PV’ ΡΟ". 


97. PQ isa chord ; the tangent at P cuts the diameter through Q in T ; 
prove that TP?=4SP . TQ. 


98. From a variable point T on a fixed diameter of a parabola, tangents 
TP, TQ are drawn to the curve ; prove that the locus of the cireumcentre 
of ATPQ is a straight line. 


29. PQ is a chord, normal at P; the tangents at P, Q meet at T ; 
prove that L PTQ = «ΡΑΣ. 


30. The tangents at P, Q mect at O ; OK is the perpendicular from O 
to PQ; prove that SK equals the distance of O from the directrix. 





CHAPTER IV 
THE CENTRAL CONICS 


Theorem 16. PG, PT are the normal and tangent at any point P 
on a conic, centre C ; then (i) PG, PT are the bisectors of 2 SPS’ ; 
(ii) SP +S’P=2a for an ellipse and SP ~ S’P=2a for a hyperbola ; 
(iii) if PN is the perpendicular from P to the transverse axis, 


οα-- ο . ΟΝ. 





Fig. 32. 
(i) By Th. 4, SG=e. SP and Θ.-- 6. SP; 
. SG SP, 
"SG S'P' 


* PG is one bisector of 2 SPS’. 


But PT is perpendicular to PG, .. PT is the other bisector of 
4 SPS’. 

(1) SP —e. ΡΜ and S’P=e. PM’; 

.. for the ellipse, 

SP+S/P=e.(PM+PM’)=e.MM’=e. XX’=e. τ -9α, 
and for the hyperbola, in Fig. 33, 
S/P — SP =e(PM’ — PM) =e. ΜΜ = 2a, as before. 
D 40 
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Tf P lies on the other branch of the hvperbola, SP — S’P =2a. 
(iii) S@=e. SP =e? . PM=e?. NX and S’G=e. S’P=e?. NX’. 
For the ellipse, SG - S’G=e? (NX - NX’); 
“, 2CG=e?. 20N. 
For the hyperbola SG+S’G=e?(NX+NX’); 
ὃν 2CG=e?. 2CN; 
*. in each case, CG =e”. ΟΝ. 


Corollary. The circumcircle of ASPS’ cuts CB at points f, g, such 
that Pt, Pg are the tangent and normal at P. 





FIG. 34. 


BC is the perpendicular bisector of SS’; .. g, t are the mid-points 
of the two circular arcs SS’ ; 

'. Pg, Pt are the bisectors of 2 SPS’ and are therefore the normal 
and tangent at P. 

Note. (i) Th. 16 (i) is equivalent to saying that ** the tangent at 
any point makes equal angles with the focal distances of the point," 
4.0. LSPT — L S'PT' (Fig. 32). 

(ii) In Fig. 32, SP 2a +e. CN and ΘῬ--α--. CN. 


For SP =e. NX =e(CX CN) -e( 4 +0N)=a+e. ΟΝ. 
And  S'P-e. NX’ --ε(ΟΧ' - CN) =e( 4 --ον) =a—e.CN. 
Similarly, in Fig. 33, SP —e. CN -a and S’P=e.CN+a. 
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Theorem 17. If ΤΡ, TP’ are tangents from any point Τ to a 
conic, then LSTP=ZS’TP’. 





Fic. 35. 


Join SP, S’P, SP’, S’P’ and let SP’ cut S'P at O. 
Produce SP to W. 

By Th. 16, PT bisects 2 S'PW. 

By Th. ὃ, ST bisects 2 PSP’; 


. £STP=LWPT-—ZPST 
=12WPO - $2 PSO =}(4 WPO - Z PSO) 
—17 POS. 
Similarly, 2 S’TP’=42P’O9’ ; 
“-LSIP=2S TR. 


EXERCISE IV. a. 


(For the notation, see p. xi.) 


1. With the data of Fig. 32, prove that the circles SPM, S'PM' touch 
each other. 


2. PP’ is a variable diameter of an ellipse, prove that SP + SP' is 
constant. 


9. If the incircle of ASPS' touches SP at H, prove that PH is 
constant. 


4. Prove that PN bisects 2 YNY’. 
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R a?e? 
5. Prove that Cg = JE ' Cn. 


6. If the incircle of A SPS' touches SS’ at K; prove that AK =SP. 


7. Find the locus of the centre of a variable circle which touches two 
fixed circles. 


8. PK is the tangent from a point P on an ellipse to the circle on BB’ 
as diameter ; prove that PK? -CG . CN. 


9. If the normal at a point P on an ellipse passes through B, prove 
that CQ? =a? -- 205. 


10. Lines through A, A’ parallel to the tangent at P cut PS’, PS 
respectively at H, K ; prove that S'H =SK. 

11. Prove that the least value of gt is 2ae. 

12. H is à point on AC such that AH — SP, prove that BH =CP. 

13. If there exists a normal to an ellipse which cuts the minor axis at 
à point outside the ellipse, prove that CS > CB.: 

14. Prove that gP = .gS. (Use Ptolemy’s theorem.) 


15. Prove that (i) ZLtSP=ZPTS, 
(ii) SP . S'P -PT . Pt. 
16. With the data of Fig. 35, SY, SZ are the perpendiculars from S to 
TP, TP’; prove that S'T is perpendicular to YZ. 
17. If gK is the perpendicular from g to SP, prove that PK =a. 
18. An ellipse, foci S, S’, is inscribed in the triangle PQR; prove 
that Z QSR + ZQS'R «180? + L QPR. 


19. The tangents at points P, Q on an ellipse meet at T ; SP cuts 80 
at R; prove that TR bisects 2 PRQ. 


90. P is a variable point on the line AB between the fixed points A, B ; 
prove that the ellipses of the same fixed eccentricity with A, P and P, B 
respectively as foci intersect on a fixed ellipse of which A, B are the foci. 


21. Prove that CG. CT =CS?. 
22. If the tangonts to a conic at P, P’ meet at T and if PT is produced 
to Q, prove that 
(1) if PP’ cuts SS’ externally, 4 PSP’ + 2 PS’P’=2Z2P’TQ, 
(ii) if PP’ cuts SS’ internally, L PSP’ ~ L PS’P’=22P'TP. 


23. The focal chord parallel to the tangent at P cuts CB at K; prove 
that (i) SK=e. St; (ii) CK? =e. tB . tB’. 
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24. From a fixed point T, tangents TP, TQ are drawn to any one of a 
given system of confocal ellipses; prove that LSPS’t 2SQS’ is 
constant. 

25. tH, tK are the perpendiculars from £ to SP, S'P ; prove that HKC 
is a straight line. 

26. The tangents at P, Q cut atO; H. K are points on OP, OQ such 
that OH =OS and OK =OS’ ; prove that HK equals the transverse axis. 
(Produce SP to R so that PR =PS’, join OR.) 

27. An endless string, forming a loop, passes round a given ellipse and 
is kept taut by a pencil in the loop. Provo that the pencil traces out a 
confocal ellipse. (Graves theorem.) 


Theorem 18. If SY, S’Y’ are the perpendiculars from the foci to 
the tangent at any point P, then (i) Y and Y’ lie on the auxiliary 
circle (1.6. the circle on AA’ as diameter); (ii) SY. S'Y’ =CRB2. 





Fia. 36. Fig. 37. 


Let SY and S’P cut at W; join YC and produce it to cut S'Y’ at 
Z: 
(1) A SPY = AWPY, for 4 SPY=ZWPY, Th. 16 (i), 
L SYP =90° = L WYP, given, and YP is common; 
.. SP=WP; 
. 1η Fig. 36, S’W=S’P+PW —S'/P 4 PS =2a, 
and in Fig. 37, |S'W «S'P -PW =8'°P - PS -2a. 
But SC -CS' and SY ZYW ; 
.. CY is parallel to S/W and CY =4S’W «a; 
.. Y lies on the circle, centre C, radius CA; and in a similar way 
we can show that Y' lies on this circle, which is the auxiliary circle. 
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(ii) AYSC=AZ’S‘C, for LSCY=ZS’CZ’ and by parallels 
LYSC-L.Z'S'C, also SC-CS'; 
“, CY CZ and SY-zS'Z. 
Since CZ' — CY =a, Z’ also lies on the auxiliary circle; 
ον οὗ δὴ 97 SY 
=S’A.S’A’, intersecting chords, AY'A'Z' being on 
a circle, 
=CB? (see pp. 6. 10). 
Corollary 1. If a line is drawn through C parallel to the tangent 
at P to cut PS, PS’ at E, E", then 


PE=CA= PE; 





For CY is parallel to PS’, Th. 18 (i), and CE’ is drawn parallel 
to PY; 
,. YCE’P is a parallelogram; , PE’=CY=CA. 
Similarly, PE =CY’=CA. 


Corollary 2. If Y is any point on the auxiliary circle, the line 
through Y perpendicular to SY touches the conic. 


Corollary 3. If S'Y’, S'Z' are the perpendiculars from S’ to two 
parallel tangents, then S’Y’. S'Z' =CB?. 

In Fig. 36, Ζ΄ lies on the auxiliary circle; therefore the line through 
Z’ perpendicular to Z’S’ touches the conic; but this line is parallel 
to Y'PY ; also 9/7’. S’Y’=SY. S’Y’=CB?. 

Note. If the conic is a parabola, its auxiliary circle degenerates 
into the tangent at the vertex. (Cf. Th. 9 (iii).] 
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Theorem 19. The locus of the point of intersection of two per- 
pendicular tangents to a conic is a circle concentric with the conic, 
of radius J(CA?--CB?) for the ellipse, and ,/(CA?-CB?) for the 
hyperbola. 


T 





Fia. 39. Fia. 40. 


Let TY, TZ be two perpendicular tangents; draw the perpen- 
diculars SY, SZ, S'Y’, S'Z' from S, S' to TY, TZ. 

Then Y, Y', Z, Z' lie on the auxiliary circle. 

Since 4 YTZ —90?, SYTZ is a rectangle, so is ΘΎ Τσ’; 

.. TZ=SY and TZ'zS'Y'; 
ον TZ. TZ'z8Y . S'Y' CB? [Th. 18 (ii)]. 
For the ellipse, from T, draw the tangent TK to the auxiliary circle ; 
“, CT? ZCK* + KT?c-CA* - TZ. TZ’=CA?+CB?; 
.. T lies on a circle, centre C, radius J(CA? + CB?) 


For the hyperbola, T lies between Y and Y' and is therefore inside 
the auxiliary circle ; 


.. ZT . TZ’ = (radius? - CT?; 
ον CT?zCA? - TZ. TZ’ =CA? - CB? ; 
.. T lies on a circle, centre C, radius /(CA? -- CB?). 
Definition. The locus of a point from which the tangents to a 
conie are at right angles is called the director circle. 


By Theorem 10, the director circle of a parabola degenerates into 
the directrix. 
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EXERCISE IV. b. 


(For the notation, see p. xi.) 


1. CD is the semi-diameter parallel to the tangent at L; S'L cuts 
CD at K; prove that S'K =ae. 


9. If SK is the perpendicular from S to PG; prove that YK passes 
through C. 

3. The line through C parallel to the tangent at P cuts SP, S'P at 
K, Κ΄; prove that SK =S’K’. 

4. The tangent at P cuts the auxiliary circle at Y, Z; prove that 
(i) PN bisects 2 YNZ; (ii) the circle YNZ passes through C. 

5. The line through C perpendicular to the tangent at P cuts SP at 
K; prove that KY —CS. 

6. If the tangent at L cuts CB at t, prove that 4 StL =90°. 


7. Prove that the circle on SP as diameter touches the auxiliary 
circle. 


8. Prove that S'Y and SY’ bisect PG. 


9. The perpendicular from C to the tangent at P cuts SP, S'P at 
K, K’; prove that SK =S’K’ =a. 


10. Prove that the length of the tangent from any point on the director 
circle to the auxiliary circle of an ellipse is equal to the semi-minor axis. 


11. If an ellipse of fixed size slides between two fixed perpendicular 
lines, prove that tho locus of its contre is a circle. 


19. RK is the tangent from a point R on the directrix to the director 
circle ; prove that RK - RS. 


13. TP, TP’ are the tangents to an ellipse from a point T on the 
auxiliary circle ; prove that SP, CT, S'P' are parallel. 


1 2 ] 
14. Prove that SY: SL. SP ES bài 
15. An ellipse is inscribed in a triangle with one focus at the ortho- 
centre; prove that its centre is at the nine-point centre and that its 
major axis equals the circumradius. 


16. The tangent at A to an ellipse cuts the director circle at P, P^; a 
confocal ellipse is drawn through P, P’; prove that the tangents at P, P' 
meet on the director circle of the confocal. 


17. HKPQ is a rectangle circumscribing an ellipse; HK meets the 
directrix in R ; prove that 4 RSH = «ΕΚΕ. 
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18. Prove that the focus is a limiting point of the coaxal systom baving 
the directrix as radical axis and the director circle as a circle of the 
system. 


19. Prove that SY =e. YX. 
20. Prove that XY and X’Y’ intersect on CB. 


91. H, K are points on the tangent at P such that SH=SK=2a; 
prove that the cireumradius of AHKS’ equals θα. 


99, Pisa point on a hyperbola; prove that the tangent from P to the 
auxiliary circle is equal to the semi-minor axis of the confocal ellipse 
which passes through P. 


23. The common tangent of an ellipse and the circle, centre S, 
radius SC, touches the ellipse at P and the circle at Y; prove that 
(i) sec PSY =2e; (ii) S'P =2SL. 


24. If a tangent to one of two given confocal conics is perpendicular 
to a tangent to the other, prove that the locus of the point of inter- 
section of the tangents is a circlo. 


25. CH, CK are the porpendiculars from the centre C to two parallel 
tangents of two given confocal conics, prove that CH? — CK? is constant. 


26. If in Fig. 36, the other tangents YQ, Y’Q’ are drawn to the ellipse 
from Y, Y’, prove that SQ and S’Q’ intersect on the conic. 


CHAPTER V 
DIAMETERS 


Diameters. The fundamental properties of diameters are best 
obtained by projective methods. We shall therefore assume that 
the following theorems have been obtained in this way. Inde- 
pendent proofs will, however, be found in the Appendix. 


Theorem 20. The locus of the mid-points of a system of parallel 
chords of a central conic is a straight line passing through the centre 
of the conic and this line is called a diameter. Further, the line joining 
the focus to the point of intersection of the diameter and the directrix 
is perpendicular to the chords bisected by that diameter. 


Theorem 21. If PCP’, DCD’ are two diameters of a central conic 
such that PCP’ bisects all chords parallel to DCD’, then DCD’ bisects 





Fic. 41, 


all chords parallel to PCP’, and PCP’, DCD’ are called conjugate 
diameters. Further, the tangents at P, P’ are parallel to DCD’ and 


the tangents at D, D’ are parallel to PCP’. 
D.G.C. 49 D 


50 DIAMETERS [CHAP. 


Theorem 22. If the tangents at any two points QQ’ on a conic 
meet at T, then (i) CT bisects QQ’; (ii) if CT cuts the conic at P, P’ 
and QQ’ at V, Ον. CT =CP? or {P’VPT} is harmonic, 

T 





Fiq. 42. 


Definitions. (i) If QQ’ is any chord which is bisected at V by the 
diameter PCP’, then QV is called the ordinate from R to the diameter 
PP’, (See Fig. 42.) 

(ii) If PCP’ is a diameter and if Q is any point on the curve, QP, 
QP’ are called supplemental chords. (See Fig. 43.) 


Theorem 23. Supplemental chords of a conic are parallel to 
conjugate diameters. 





Fia. 43. 


Let PCP’ be a diameter and let Q be any point on the conic. 

Bisect QP, QP’ at H, Η΄’: join CH, CH’. 

Since PC =CP’ and PH=HQ, .'. CH is parallel to P'Q. 

Similarly, CH’ is parallel to PQ ; 

ο CH bisects one chord parallel to CH’ and ,. bisects all chords 
parallel to CH’; 

'. CH, CH’ are conjugate diameters ; 

ον PQ, P’Q are parallel to conjugate diameters. 
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EXERCISE V. a. 
(For the notation, see p. xi.) 


1. TP, TQ are tangents to a conic, prove that A CPT = A CQT. 


9. If the tangent at P cuts the tangents at A, A’ in K, K’, prove that 
ΑΚ. A'K =6?. 

8. The diameters CR, CR’ which bisect the chords PQ, PQ’ cut the 
directrix at R, Β΄; prove that 4s RSR', QPQ’ are equal or supple- 
mentary. 


4. PCP’ is a diameter ; a line through P cuts the conic at Q and the 
tangent at P’ in K; prove that the tangent at Q bisects P’K. 


5. PP’ is a diameter; TP, T’P’ are tangents; prove that Zs SPT, 
SP’T’ are equal or supplementary. 


6. P, Q are. points on an ellipse ; the two circles are drawn which 
pass through both P and Q and touch the ellipse at other points, say H 
and K; prove that HK is a diameter. 


7. PP’ is a chord perpendicular to CB; the tangent at P’ meets the 
tangent at A in T; PN is the ordinate to CA. If AT —AC, prove that 
PN --ΑΝ. 


8. P, Q are points on a conic such that CP bisects the normal at Q ; 
prove that CQ, bisects the normal at P. 


9. PQ, QP’ are supplemental chords of an ellipse and make equal 
angles with the tangent at Q. Prove that the tangents at P. Q intersect 
on the director circle and that PQ + QP’ —24/ (a? + 6). 


10. HK is a chord of an ellipse such that the tangents at H, K cut at 
right angles; CD is the semi-diameter parallel to HK; prove that 


----- is constant. 


cD? 
11. A chord PQ of the director circle of an ellipse touches the ellipse ; 
prove that CP, CQ are conjugate diameters of the ellipse. 


12. PQ is a chord of an ellipse, normal at P; HCH’ is the diameter 
bisecting PQ ; prove that PH +PH’ equals the diameter of the director 
circle. 


18. From the mid-point V of a chord PP’ of an ellipse, VK is drawn 
perpendicular to PP’ and cuts the major axis at K ; prove that 


SK =}e(SP + SP’). 


In the case of metrical properties of diameters, it is best to use 
different treatments for the ellipse and hyperbola. 


52 DIAMETERS [CIIAP. 


The Ellipse. The fundamental metrical properties of diameters 
of an ellipse are obtained most easily by orthogonal projection (sce 
p. 7). Alternative proofs will be found in the Appendix. The 


results may be summarised as follows : 
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Theorem 24. If CP, CD are conjugate semi-diameters of an 
ellipse, and if the tangent at P meets the axes at T, t, and if PN, DR 
are the ordinates to CA, and if P» is the ordinate to CB, then 

(i) CN. CT=CA? and Cn. Ct=CB?. 
(ii) If PN, DR cut the auxiliary circle at p, d, then 2 pCd =90°. 
(iii) As PNC, DRC are equal in area or PN. NC=DR. RC. 
PN.DR CH? 
Ov) CN.CR CA? 
(v) CN? -CR?* CA? and PN?+DR2—CB? and hence 
CP? + CD? —CA? + CB?, 
(vi) The area of the parallelogram having CP, CD as sides is 
constant and equal to CA . CB. 
(vii) If any other pair of conjugate diameters cut PT at H, K, then 
PH . PK=CD?. 
(viii) If QV is the ordinate from any point Q to PP’ (sce Fig. 41), 
then cp ovi see {This is a special case of Th. 7.] 
Note. Th, 24 (i) is a special case of Th. 22 (ii). 
Th. 24 (ii) supplies the basis for proving properties of conjugate 
diameters by orthogonal projections. 
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EXERCISE V. b. 
(For the notation, see p. xi.) 


1. Prove that CG . CT =CS?. 
2. Prove that Να. CT =CB?. . 
9. Prove that the circle SLS' touches the auxiliary circle. 


4. The ordinate at P cuts the auxiliary circle at p; prove that the 
perpendicular from S to tho tangent at p to the circle equals SP. 


δ. lf the auxiliary circle cuts CB at K, prove that KL touches the 
ellipse. 


6. If CP, CD are conjugate semi-diameters, prove that 
PD?=(SP - SD)? + 2CB*. 


7. P, Q are points on an ellipse such that the tangent at P mects the 
normal at Q, on CB ; prove that the tangent at Q, meets the normal at P 
on CB. 


8. The tangent at P makes 45? with CA ; CP cuts the tangent at A 
in K; prove that AK «SL. 


9. CP, CD are conjugate semi-diameters of an ellipse ; H, K are points 
on the normal at P such that HP —CD =PK ; prove that CH =a +b and 
CK «a - b. 


10. AP, BQ arc parallel chords of an ellipse; prove that CP, CQ, are 
conjugate semi-diameters. 


11. rid CQ, are perpendicular semi-diameters of an ellipse ; prove 


that - — — 18 constant. 


on * CQ? 
12. EFHK is a rectangle circumscribing an ellipse ; EF touches the 
ellipse at P; CP, CD are conjugate semi-diameters ; prove that 
EP .PF=CD*. 
18. le Q59 are perpendicular focal chords of an ellipse ; prove 


that —— is constant. 

: PE ag 

14. Two variable conjugate semi-diameters cut the tangent at a fixed 
point P on an ellipse in H, K ; CP cuts the circle CHK at Q ; prove that 
CP . CQ is constant. 
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15. PCP', DCD' are conjugate semi-diameters of an ellipse ; provo 
that 2 PBP’ + 2 DAD’ =180°. 


16. CP, CD are conjugate semi diameters of an ellipse; a tangent to 
the ellipse and a straight line through D parallel to this tangent cut CP 
in T, K; prove that CT? -CK?* - CP*?. 


17. pqr is an equilateral triangle inscribed in the auxiliary circle of an 
ellipse ; P, Q, R are the corresponding points on the ellipse. Prove that 
the normals at P, Q, R are concurrent. 


Theorem 25. If CP, CD are conjugate semi-diameters of an 
ellipse, then SP . S/P -CD?, 





Fia. 45. 


SP + S’P —2a; 
'. SP? - S'P? -28P . S’P =4a?2, 
But from ^ SPS’, since CS = CS’ 
SP? + S'P? = 2CP? + 2CS? = 2CP? + 292 — 903: 
'. 28P . S/P =4a? — (2CP? + 941. 2b?) ; 
,. SP. S’P=a? +b? - CP? CD? 4 CP? - CP?, Th. 24 (v); 
SSUSPLSP-ODS 


Corollary. 1f SY is the perpendicular from S to the tangent at P, 
then η ος 
SP ΟΡ] 
For, with the notation of Fig. 36, p. 44, 


SY_S'Y’_ ος = (C8 CB 
SP S'P NXSP.SP/ Sp) =o: 
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Theorem 26. If CP, CD are conjugate semi-diameters of an ellipse, 
and if the normal at P cuts CA, CB, CD at G, 9, F, then 


(i) PF. PG=CB?; (ii) PF . Pg=CA?; 
PO © Ρ 
(111) CD CA and oon ee! (iv) PG. Pg=CD?. 





Fig. 46. 


Let the tangent at P cut CA, CB at T, t; lct the ordinates PN, Pn 
from P to CA, CB cut CD at K, k. 
(i) PKCé is a parallelogram ; 
', PK«Ct; also PN=Cn. 
The normal PG at P is perpendicular to CD since CD is parallel 
to PT ; . CL GFK z 90". 
Also, Z GNK —90? ; ., GNKF is a cyclic quadrilateral ; 
- PG. PF-PN.PK-OCn.C(L-CB?, Th. 24 (i). 
(ii) Similarly, 2 kng —90? = L kFg, ^. knFg is a cyclic quadrilateral ; 
'" PF.Pg-Pn.PE-CN.CT-OCA?. Th, 21 (1). 
(iii) PF . CD =area of parallelogram whose sides are CP, CD 
=CA.CB. Th. 24 (vi); 
ο tom E a ο. 28. 
CD CD.PF CA.CB CA 
(iv) Similarly, 
Pg CA , PG.Pg CB C^ 


Nada ERO. NER —CD2. 
CD^cB'"* CD? "ca'cg^ bL ^ PG. Pg=0D 
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EXERCISE V. c. 


(Throughout this exercise, CP and CD represent conjugate semi- 
diameters. For other notation, see p. xi.) 


]. Prove that Pg . CD. 
9. Prove that Pe : 

3. Prove that Gq =e? . Pg. 

4. Prove that (SP - CA)? 4 (SD - CA? =CS?. 
5. Prove that Sg —e . Py. 


6. PG, DH are the normals at P, D, terminated by AA'; prove that 
PG? + DH? = CB? + SL?. 


7. Prove that the limiting value of Gg when P coincides with A is ασ”. 
8. If SP cuts CD at K, prove that PK =a. 
9. If SP cuts the circle SG g at K, prove that PK — S/P. 


10. Any tangent to the circle on BB' as diameter cuts the ellipse at 
P, P' and the director circle at Q, Q’: prove that PQ, PQ’ are equal to 
SP, S’P. 


11. HSK is a focal chord of the auxiliary circle of an ellipse ; DCD’ is 
the diameter of the ellipse perpendicular to HK ; prove that 


HK . DD’ =4ab. 
12. Prove that cae + E ee = is constant. 
SY? S'Y? PG 
SP 4% 


13. If SP=PG, prove that SP ορ’ 


14. Prove that the tangents from D to the circle on BB’ as diameter 
are parallel to SP, S’P. 
15. If SP cuts CD at E, prove that CP? -- SE? =b2. 


16. DK is the perpendicular from D to a line through C parallel to SP; 
prove that DK =b. 


CHAPTER VI 
THE HYPERBOLA 


Definition. If PT is the tangent at a point P on a hyperbola, the 
limiting position of PT when P tends to infinity along the curve is 
cailed an asymptote of the hyperbola. 

A hyperbola has two asymptotes, which may be constructed as 
follows : 





FIG. 47. 


From S, draw the tangents SY, SZ to the auxiliary circle. 
Then CY, CZ are the asymptotes. 
By Th. 18, p. 44, if Y is a point on the auxiliary circle, the line 
through Y perpendicular to SY touches the conic. 
Since SY is a tangent to the circle, CYS —90? ; therefore CY is 
perpendicular to SY and so touches the hyperbola. 
57 
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Again, by Th. 18, the point of contact P of the tangent lics on the 
intersection of the tangent with a line S’K through S’ parallel to CY. 
Since CY is the tangent, the point of contact P is therefore at infinity. 





Fig. 47. 


Consequently CY is an asymptote, and similarly it may be proved 
that CZ is also an asymptote. 
If the angle between the asymptotes is 2a, we see that 


Further, if YX is the perpendicular from Y to CS, 
CX =CY cos a="; 


therefore X is the foot of the directrix. Hence the asymplotes cut the 
auxiliary circle at its points of intersection with the directrix. 

From the general properties of tangents, we may deduce special 
properties of the asymptotes by regarding the point of contact as 
the point atinfinity on the curve. This is illustrated in the method 
of proof of the following theorem. 
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Theorem 27. If the tangent at any point P of a hyperbola cuts 
the asymptotes at T, Τ΄, then TP=PT’. 





Fig. 48. 


SY, SZ are the perpendiculars from S to the asymptotes; TH, 
T’K are the perpendiculars from T, T’ to SP; SR is drawn parallel 
to CY. 

Since SR may be regarded as passing through the point of contact 
(at infinity) of CY with the curve, and since tangents subtend equal 
angles at the focus, 


LPST=ZTSR 
— L CTS since SR is parallel to CT ; 
'. AHST=AYTS, 


for LTHS=90°=ZSYT and LHST=ZYTS, just proved, and ST 
is common ; 
ο THS. 
Similarly, T'K -S8Z; but SY=SZ; ,. TH-T'K; 
" AHPT=AKPT’, 
for LHPT =L KPT’ and 2 THP =90° = 4L T'KP and TH —- TK ; 
^ TP=PT’. 
Note. An alternative method of proof is given in the next 
theorem. 
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Theorem 28. If the tangent at any given point P of a hyperbola 
cuts the asymptotes at T, T’, and if a variable chord QQ’, parallel to 
PT, cuts the asymptotes at R, R^, then (i) RQ. RQ’ = ΤΡ”, (ii) TP=PT’, 
(iii) RQ=Q/R’, (iv) RQ. QR'—TP?, 





FIG. 49. 


Let a be the point at infinity at which the asymptote CT touches 
the hyperbola. 

Draw the diameter δ0δ’ parallel to PT and cutting the curve at 
ô, 0. (See p. 10.) 


/ 2 

(i) By Th. 7, ον -- 1, since a is a point at infinity ; 
'" RQ. RQ’=TP®. 

-— RQ. ΒΩ’ Re - --- 

(ii) Similarly, 68.6; "Gg b but C% = - Có; 


" TP?zRQ.RQ'-Có.Có'— -CÓ?. 
In the same way, since C lies on the asymptote CT'R', 
T’'P?=R’Q . R’Q’=C5. Ce’ = C6? ; 
<. TP =TP? or TP=PT’. 
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(iii) Since QQ’ is parallel to PT, the diameter CP, when produced, 
cuts QQ’ at its mid-point V. 
Since TP=PT’, by parallels RV = ΝΒ’; 
But QV-VQ'; .. RQ=Q'R’. 
(iv) By (iii), RQ/'-—RQ + QQ' —Q'R' + QQ’=QR’ ; 
'" by (i), RQ. QR’=RQ. RQ’=TP®. 


Corollary. If the tangent at A cuts an asymptote at E and if a 
chord QQ’ perpendicular to CA cuts the asymptote at R, then 
(i) RQ. RQ’ -EA? =b? ; 
(ii) CE =ae. 





ΕἸΩ. 50. 


For if the conjugate axis cuts the curve at the imaginary point ϱ, 
C3 — —b?; (see p. 9) 
, RQ. RQ/-EA?- - C? =b. 
And CE?=CA? + AE? =a? +b? =a? -- a* (e — 1) -a?e?. 
Or we may say, if SY is the perpendicular from S to CE, since Y 
lies on the auxiliary circle, CY — CA, 
<. ACAE=ACYS; ,;, CE=CS=ae; 
.. AE? CE? - CA? =ae? — a? -- δ, 


62 THE HYPERBOLA (CHAP. 


Theorem 29. (i) If lines are drawn from any point P on a hyper- 
bola parallel to the asymptotes, they form with the asymptotes a 
parallelogram of constant area equal to łab. 

(ii) If the tangent at P cuts the asymptotes at T, T’, the triangle 
CTT' is of constant area cqual to ab. 





ΕἸΩ. 51. 


Let PH, PH' be the lines parallel to the asymptotes. 

Let the perpendicular from P to the transverse axis CA cut the 
asymptotes at R, R’. 

(i) Let the angle between the asymptotes be 2a, so that 








L CRP =90° — a. 
PH sinHRP sin(90°—a) cosa COS a 
PR^sinPHR^ sina "sina 2sinacosa 5 0900 α; 
'" PH=3 cosec a . PR. 
similarly, PH'—1 cosec a. ΡΒ’; 


'. PH. PH'«1cosec?a . ΡΒ. PR’. 
But by Th. 28 (i) and Coroll., PR. ΡΒ΄ --ὖᾶ: 
' PH. PH'—1cosec?a . b? =constant ; 


'. area of parallelogram CH’PH =} cosec?a . b? . sin Θα 
= 1b? οοβος-α . 2 sin a cos a = 10? cot a. 
But b=a tana, .. area of CH’PH — iab. 
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(ii) Since TP=PT’, by parallels TH =HC and T’H’=H‘C ; 
*, ACTT’=4A CHH' =2 parallelogram CH'PH —ab. 
Corollary. CT.CT’=CS? and CH.CH'-1CS*. 
Since CT. CT’ is constant, CT. CT’=CE.CE’ (see Fig. 50), 
= CE? =CS?, 
and CH -CH ο) CT ο. 


EXERCISE VI. a. 


(Throughout this exercise T and T’ are the intersections of the tangents 
at P with the asymptotes. For other notation, see p. xi.) 


1. If SL cuts an asymptote at K, prove that SK=c. b. 


2. If two hyperbolas have the same asymptotes, and if a tangent 
to one at P cuts the other at Q, Q’, prove that PQ =PQ’. 


3. A line from P parallel to an asymptote cuts the directrix at K ; 
prove that SP «PK. 


4. If the directrix cuts an asymptote at Z and if ZP is the tangent 
from Z, prove that SP is parallel to CZ. 


5. Prove that the distance of T from SP is constant. 


6. If the normal at P is parallel to one asymptote, prove that the mid- 
point of Gg lies on the other asymptote. 


7. If SP cuts CT at R, prove that SR=RT. 


8. The line through T parallel to CT’ cuts the curve at Q; prove 
that ΤΩ =1CT’. 


9. P, Q are points on a hyperbola whose asymptotes are CH, CK ; 
if PH is parallel to CK and if QK is parallel to CH, prove that PQ is 
parallel to HK. 


10. Prove that 4 TST’ is equal or supplementary to 4 TCT’. 


11. SP, S’P cut an asymptote in R, R’; prove that the perimeter of 
A PRR' is constant. 


19. Prove that the points T, T', S, S' lie on a circle. 


13. The ordinate at a point P of a hyperbola to the axis cuts an 
asymptote at R; the line through R perpendicular to CR cuts the axis 
at K ; prove that PK is the normal at P. 
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14. Prove that ST touches the circle SCT’. 
15. Prove that 4 PST = 4 CST”. 
16. If PS’ cuts CT at K, prove that 4 S'KC =2 4 STP. 


17. If the line through P parallel to CT cuts the directrix at K, prove 
that 2 KST =90°. 


18. Prove that ST .S’T=CT. TT’. 


19. The line through P parallel to one asymptote cuts the other in 
R; RQ is the tangent from R to the curve; PQ produced cuts the 
asymptotes in H, K ; prove that HK =3PQ. 


20. Tho line through S parallel to one asymptote cuts the curve at Q 
and the other asymptote at R. Prove that (i) 4SQ equals the latus 
rectum, (ii) 4QR equals the transverse axis. 


21. If HK isa fixed chord of a hyperbola, and if P isa variable point 
on the curve, prove that PH, PK intercept a constant length on an 
asymptote. 


Conjugate Diameters of a Hyperbola. The proof of Theorem 28 
shows that Có?— — TP? or that CO=TP../-1, where Có is the 
semi-diamcter conjugate to CP. Therefore the diameter conjugate 
to CP cuts the curve at imaginary points and its length is imaginary. 

If a line CD is drawn equal and parallel to PT, so that CD =C6.,/ --1 
and CD6 is a straight line, it is customary to speak of the length of 
CD as the length of the semi-diameter conjugate to CP. This is 
simply a convention, and it makes the CD of an ellipse equivalent 
to the “CD../-1” of a hyperbola, or the “CD?” of an ellipse 
equivalent to the “—CD?” of a hyperbola, just as we have already 
taken (sce p. 11) the “ CB?” of an ellipse equivalent to the “ — CB?" 
of a hyperbola. 

Consequently certain general theorems of the conic are enunciated 
for the ellipse in a form different from that for the hyperbola, because 
the letters have different meanings in the two cases. 

Thus for the ellipse (Th. 24 (v), CP? + CD?=CA?+CB?. 

But, for the hyperbola (Th. 30 (ii)], CP? - CD?—-CA? - CB?. 

These two cnunciations represent the same theorem, the difference 
of sign is due to the difference of meaning of the letters in the two 
cases. 
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Theorem 30. If CP, CD are conjugate diameters of a hyperbola. 
then (i) PD is parallel to one asymptote and is bisected by the other, 
(ii) CP? -CD* =a? — b?, (iii) the area of the parallelogram having 
CP, CD as sides is constant and equal to ab. 





Fia. 52, 


Let the tangent at P meet the asymptotes at T, T'; join TD ; let 
PD cut CT at H. 


(i) CD is equal and parallel to PT ; 

'- CPTD is a parallelogram ; 
'. CT and PD bisect each other. 
Also since TH 2 HC and TP=PT’, .. PH is parallel to CT’. 
(1) Draw CK perpendicular to PD. 
CP? — CD? =(CK? + KP?) — (CK? + KD?) = PK? - KD? 

=(PK+KD)(PK - KD) 
=2PH . 2HK =4PH . HK. 


Let the asymptotes cut at angle 2a. 
Then ZKHC 2a, ,. KH - HC cos 2a ; 


. CP? - CD? —4PH . ΗΟ. cos 2a=constant. (Th. 29 (i)]. 
But when P is at A, CP=a and CDc-b; 
"| CP? - OD? =a? - 0. 
(iii) The area of parallelogram DCPT =2ACPT=AT’CT 


—ab. (Th. 29 αὐ]. 
D.G.C, E 
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Theorem 31. If QV is the ordinate from any point Q on a hyper- 
bola to the diameter PCP’, and if CD is the semi-diameter conjugate 
to CP, then 





QV? — CD? 
CV- CP? CPP 
2 Q 
V 
p 
p’ Š 
Q 
FIQ. 53. 


By Th. 7, if the conjugate diameter CD meets the hyperbola 
at ô, 6’, then 





VQ.VQ' Οδ.0ΟδΥ. , -QV? -O8 
VP.VP' CP.CP" '* VP. VP’ _ Gp’ 
QV? CD? 
ια 2: ος ον rdiet 
but Cd? = —CD?; ^ Vp vp GPe 
Since PC=CP’, VP.VP'—-CV? - CP? ; 
. QV? _ OD? 


'" CV? -CPT CPP 
Theorem 32. If CP, CD are conjugate semi-diameters of a hyper- 
bola, then SP. S’P =CD?. 
(The proof is similar to that of Th. 25.] 
SP ~S’P=2a, ;. SP?+S’P?-2SP. S/P—4a?. 
But from ASPS’, SP?.- S/P? -2CP? 9052 
= 2CP? + 2a? + 22 ; 
ον 28P . S/P =2CP? + 2a? 4-90? — 4a? ; 
^OSP.S'PZCP?-(a?-D?)-CP? -(CP? - CD?) 
=CD?. 
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Theorem 38. If CP, CD are conjugate semi-diameters of a hyper- 
bola and if the normal at P cuts CA, CB, CD at G, g, F, then 
(i) FP. PG- CB? ; (ii) ΡΕ. Pg CA? ; 
(iti) PG CB Pg CA 


and 


CD CA cp^cpg; Cv) PG. gP=CD*. 





Fia. δά 


The proof of Th. 26 for the cllipse applies unchanged to this 
theorem. A figure is given to assist the reader. 


EXERCISE VI. b. 
(For the notation, see p. xi.) 
. Prove that CG=e? . ΟΝ. 
. Prove that ΟΝ =% - CN. 
. Prove that Να. CT =%?. 
. Prove that Cg . Cf=a’e*. 


5. The tangent and normal at P cut an asymptote and the transverse 
axis at T, G respectively. Prove that Z PTG is constant. 


D m 
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6. Prove that the projection of Pg on SP equals a. 


7. If PCP’, DCD’ are variable conjugate diameters and if 
Q is any point on the curve, prove that QP?+QP”-~QD2-QD” 
is constant. 


8. P is à point on a hyperbola such that CP —CS ; the tangent at P 
cuts CG at T ; prove that ZCPT = «ΡΩΟ. 
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9. A tangent to a hyperbola cuts two conjugate diameters in H, K; 
prove that the othor tangents from H, K are parallel. 


10. The tangent at P cuts an asvmptote at T and the transverse axis 
in K; prove that 2 GKT=ZGITC. 


11. If the tangent at P cuts the asymptotes at T, T', prove that 
L TGT’ is constant. 


12. If the tangent and normal at P cut CB at f, g, and if CP, CD are 
conjugate semi-diameters, prove that S CR, 
) gt CD 
13. If the tangent at P cuts the asymptotes at T, T', prove that the 
circle CTT’ passes through G and g. 


14. If QSQ/' is the focal chord perpendicular to PG, prove that 
QS . SQ’ =PG’. 


15. A circle is drawn to touch CA at C and to touch the hyperbola at P, 
say ; if CP, CD are conjugate semi-diameters, prove that CD - CS. 


The Rectangular Hyperbola. 


If the asymptotes of a conic are at right angles, the conic is called 
a rectangular hyperbola. 


Metrical Relations. With the previous notation, 2a =90°; 
'" e=sec a=sec 45° = J/2, 


b —a tan a=a tan 45? =a, 

Also, CS?—2a?; OX?-—1a?; θι --- = : 

Theorem 34. If CT, CT’ are the asymptotes of a rectangular 
hyperbola, and if CP, CD are conjugate semi-diameters, then (i) CT 
and CT’ are the bisectors of 2 PCD, (ii) CP —CD, (iii) if CD and CQ 
are perpendicular semi-diameters, then CD — CQ. 

Let the tangent at P cut the asymptotes at T, T’. 

(i) Since TP=PT’ and ZTCT'-90?; 
<. TP=PC and LPCT=ZPTC. 

But PT is equal and parallel to CD ; 

'" LDCT=LCTP by parallels = 4 PCT ; 
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ο CT is one bisector of PCD, and CT’, being perpendicular to 
CT, is the other bisector. 
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(ii) CD =PT=CP. 
(iii) 2DCQ=90°:=ZL TCT’, ;, ZDCT—-ZQCT'; 
c LICP=Z1ICD=2 QCr. 
But CA bisects 2 TCT’, ;. LPCA=4 QCA; 
.. CP=CQ, being equally inclined to CA ; 
'" CD=CQ. 


Corollary 1. Any chord PQ of a rectangular hyperbola and the 
diameter CV which bisccts it are equally inclined to either asymptote. 
For PQ is parallel to the diamcter conjugate to CV. 


Corollary 2. Any pair of supplemental chords of a rectangular 
hyperbola are equally inclined to either asymptote. 


By Th. 23, the chords are parallel to conjugate diameters. 


Corollary 3. If QV is an ordinate to the diameter PCP’ of a 
rectangular hyperbola, then QV? =CV? — CP? (see Fig. 53). 
This follows from Th. 31, since CD «CP. 


Corollary 4. If the normal at any point P on a rectangular hyper- 
bola cuts CA, CB at G, g, then PG=CD --Ρᾳ (seo Fig. 54). 
This follows from Th. 33, since CB=CA. 
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Theorem 35. (i) Any chord PQ of a rectangular hyperbola 
subtends equal or supplementary angles at the extremities of any 
diameter HCH’. 

(ii) If HCH’ is a fixed diameter, 2 PHH’ ~ Z PH’H has one of two 
fixed values, which are supplementary ; 





Έα. 56. Fic. 57. 


(i) Join C to the mid-points V, W of HP, HQ. 
By Th. 34, Coroll 1, CV and PH are equally inclined to the 
asymptotes ; so also are CW and QH, for the same reason ; 


'" LPHQ=ZVCW, m Fig. 56, 
and L PHQ = 180° -- 2 VCW, in Fig. 57. 
But CV, CW are parallel to H’P, H’Q ; 
" LPHQ=ZPHQ, in Fig. 56, 
and L PHQ =180° — 2 PH’Q, in Fig. 57. 
(ii) In Fig. 56, 2 PH'H + 2 QH'H — Z PHH’ + Z QHH', just proved ; 
ον L PH'H - L PHH’ = - (LQGH'H - L QHH’). 
In Fig. 57, 2 PHQ =180° - L PH’Q; 
ος 360° — 2 PHH’ — L QHH’ = 180° — 2 PH'H - 2 QH'H ; 
" LPHH'- 2 PH'H = 180° - (L QHH’ — 2 QH'H) ; 
'. in all cases Z PHH’ ~ Z ΡΗΉ has one of two fixed supplementary 
values. 
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Note. The converse of Th. 35 (ii) is also true: 

If H, H' are fixed points, and if a point P moves so that the differ- 
ence of the angles PHH', PH'H is constant, the locus of P is a rect- 
angular hyperbola having HH’ as a diameter. 

This is an immediate deduction from Chasles’ theorem on horno- 
graphic pencils. It can be deduced from Th. 35 (ii) by using the 
fact that a rectangular hyperbola is determined uniquely if its centre 
and two points on it are given. 


Theorem 36. If a rectangular hyperbola circumscribes a triangle 
it passes through the orthocentre. 
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Let PQR be the triangle; draw the altitude PK and let it cut the 
curve in H. 

KH.KP 

Then KQ.KR 

PK, QR ; but these are at right angles ; 


'". by Th. 34 (iii, KH. KP=QK. KR. 
But the orthocentre of A QPR is a point O on PK such that 
KO.KP=QK.KR; 


'" H and O coincide. 


— ratio of squares of the scmi-diameters parallel to 





Corollary. If a conic circumscribes a triangle and passes through 
the orthocentre, it must be a rectangular hyperbola. 
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Theorem 37. If a rectangular hyperbola circumscribes a triangle, 
its centre lies on the nine-point circle of the triangle. 





FIG. 59. 


Let H be the orthocentre of the given triangle PQR. 

By Th. 36, any rectangular hyperbola through PQR must also 
pass through H. 

Let U, V, W be the mid-points of QR, RP, PQ. 

Let C be the centre of the hyperbola. 

By Th. 34, Coroll. 1, CW and PQ are equally inclined to an 
asymptote; so also are CV and PR for the same reason ; 

'. L VOW is equal or supplementary to 2 VPW. 
But LVPW=ZLVUW ; 
' either 2VCW=ZVPW=ZVUW or 
4 VCW = 180° - 2 VPW =180° - Z VUW; 
', C lies either on the circle WPV or on the circle WUV. 


Similarly, C lies either on the circle WQU or on the circle WVU, 
and C lies either on the circle VRU or on the circle V WU. 

Now the circles WPV, VRU, UQW intersect at the circumcentre 
O of A PQR, for 2 OWP=90° =z OVP, ete. ; 

* either C must coincide with O or C must lie on the circle WUV, 
which is the nine-point circle of APQR. If C coincides with O, the 
circle PQR and the hyperbola are concentric, and so one pair of their 
common chords bisect each other at C, consequently C is the mid- 
point of one of the sides of ^ PQR and .'. still lies on the nine-point 
circle of APQR. 
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EXERCISE VI. c. 


(All examples in this Exercise refer to a rectangular hyperbola. For 
the notation, see p. xi.) 


1. Prove that CN =NG. 
9. Prove that C7 . Ct -2a*. 
8. Prove that tho tangent from N to the auxiliary circle equals PN. 


4. PP’ is a principal double ordinate ; prove that the tangent at P’ 
is perpendicular to CP. 


5. If a tangent cuts the asvmptotes at T, T’, prove that 2s TST’, 
TS'T' are 45°, 135°. 

6. CK is the perpendicular from C to tho tangent at P ; prove that 
CA bisects Ζ ΡΟΚ. 


7. PCP’ is a diameter ; Q is any point on the curve ; prove that the 
bisectors of L PQP’ are parallel to the asymptotes. 


8. Tho tangent at P cuts a diameter QCQ’ at O ; prove that 
LOPQ = LCPQ’. 


9. Two hyperbolas are such that the axes of either are the asymptotes 
of the other ; prove that they cut orthogonally. 


10. The tangents at P, Q cut CQ, CP at H, K and cut each other at 
O ; prove that C, H, O, K lie on a circle. 


11. PCP’ is a diameter ; Q is any point on the curve; QP’ cuts the 
asymptotes at R, Η΄ ; prove that PQ =RR’. 


12. A circle ents a rectangular hyperbola at P, Q, V, W : prove that 
the diameter of the hyperbola perpendicular to PQ bisects VW. 


13. PH, PK are the perpendiculars from a point P on the curve to two 
conjugate diameters ; prove that HK is parallel to the normal at P. 


14. If an equilateral triangle is inscribed in a rectangular hyperbola, 
prove that its circumcentre lies on the curve. 


15. The tangents at P, Q cut atO ; prove that LOCP = «ΟΡΟ. 


16. The perpendicular from C to a chord QR cuts tho curve at P; 
prove that the circle PQR touches the hyperbola at P. 


17. PQR is a triangle inscribed in a rectangular hvperbola. 1ἱ 
L QPR =90°, prove that the normal at P is parallel to QR. 


18. PQ and VW are perpendicular chords; prove that ZsPVQ, 
PWQ are equal or supplementary. 
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19. PCP’. QCQ’ are any two diameters ; V is any point on the curve ; 
prove that 2 PVQ = ZP’VQ’. 


90. KCK’ is a diameter; the circle, centre K, radius KK’, cuts the 
hyperbola again at P, Q, R ; prove that APQR is equilateral. 


91. If the normal at P cuts the curve again at Q, and if K is the mid- 
point of PQ, prove that 4 KCP --90*. 


22. PCP’ is a diameter ; any circle through P, P’ cuts the curve again 
at V, W ; prove that VW 18 a diameter of the circle. 


93. PQ is a chord, normal at P ; prove that PQ? —3CP? + CQ?. 


24. P is any point on a rectangular hyperbola ; the lines through P 
perpendicular to AP, ΑΡ cut AA’ at H, Η΄; prove that PH =PA’ and 
that the normal at P bisects HH’. 


SECTIONS OF A CONE 


Historical Note. The discovery of the conic is attributed to 
Menaechmus (350-330 B.C.) who made use of the curves in his 
solution of the Delian problem, the duplication of the cube; it is 
impossible to say whether he regarded it as the locus of a point in 
a plane or as a section of a cone. But there seems no doubt that 
Aristaeus, who lived shortly after Menaechmus, based his investiga- 
tions on the cone. The plane of section was drawn at right angles 
to the generator of the cone. and different species of conics were 
obtained by altering the vertical angle of the cone: the acute- 
angled cone giving an ellipse. the right-angled cone giving a parabola 
and the obtuse-angled cone giving a hyperbola. The names are 
due to Apollonius (247-205 B.C.), who showed that the different 
species could all be obtained from the same cone by altering the 
slope of the plane of scction. Apollonius deduced the property, 

PN? 
AN.NA’ 
this the basis of his researches. The focus-directrix property is 
mentioned by Pappus (300 A.D.), but little use was made of it till 
Newton (1642-1727) called attention to it in the Principia; the 
theory of the real foci was worked out by Kepler (1571-1630), to 
whom the term “ focus " is due. But the method which introduces 
the focal spheres is a recent discovery and is due to Dandelin (1822) 
and Morton (1825). 


=constant, from the geometry of the cone, and made 
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CHAPTER VII 
SECTIONS OF A CONE 


Theorem 38. If the semi-vertical angle of a right circular cone 
is a and if a plane is drawn making an angle β with the axis of the 
cone, then the plane section is a conic of eccentricity sec a cos β. 





Fic. 60, 


Inscribe a sphere in the cone, touching it along the circle EQE' and 
touching the plane of section at S. "The centre I of the sphere lies on 
the axis VK of the cone, which cuts the plane of section at K. 

16 
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Let the plane of the paper be the plane VKS which cuts the cone 
in the lines VA, VA’. Let P be any point on the section of the given 
plane with the cone. 

Let the plane EQE' cut the planc of section APA' in the line MX. 

Let PY be the perpendicular from P to the plane EQE' and let VP 
cut the plane EQE’ at Q. Join YQ and draw YM perpendicular to 
XM. Join PM. 

Every line through S in the plane APA’ is a tangent to the sphere 
and is therefore perpendicular to SI, which lies in the plane of the 
paper; .. the plane APA’ is perpendicular to the plane of the 
paper; but so also is the plane EQE’ ; 

.. the line of intersection XM of the planes EQE’, APA’ is also 
perpendicular to the plane of the paper and is thercfore perpen- 
dicular to the line AA’. 

Since PY is perpendicular to plane EQE’, PY is perpendicular to 
XM, also YM is perpendicular to ΧΜ; : 

.. XM, being perpendicular to PY and YM, is perpendicular to the 
plane PYM and ,. to the line PM; 

'. PM is parallel to AA’. 
But PY is parallel to VK, since cach is perpendicular to plane EQE’; 
'" LYPM=ZVKA=f. 


Also 2 QPY = 4 QVK =semi-vertical angle of cone— o. 
In AQPY, LQYP =90°, ;. QP= PY seca. 
In APYM, ZPYM =90°, ;. PY- PMcos B ; 


'. QP — PM sec a cos β. 
But PQ — PS, tangents to a sphere ; 


'. SP=PM sec acosf ; 


. SP 
. pM 7 866 0 cos p — constant ; 


'. the locus of P is a conic, eccentricity seca cos 9, with S as 
focus and XM as dircctrix. 
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V 


If a sphere is inscribed in the 
cone touching the plane on the 
other side at S’, and if the plane 
of section cuts the plane of con- 
tact of the sphere with the cone 
in the line X'M', it may be proved 
in the same way that S’ is the 
second focus and M'X' the cor- 
responding directrix. 


Corollary. For different sec- 
tions of the same cone, the 
eccentricity e varies as cos β. 





ΤΊα. 61. 


Note. If ϱ «a, e=secacos B >l; the plane of section in this case 
cuts both branches of the cone and we obtain a hyperbola (Fig. 62). 





Fra. 02. 


If B=a, e=secacosB=1; the plane of section in this case is 
parallel to a generator of the cone and we obtain a parabola (Fig. 63). 
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We also can prove that the section is a conic in the follow- 
ing way: 

Let the plane of section touch the inscribed and escribed spheres 
at S, S'. Take any point P on the plane section and let VP cut the 
planes of contact EQE’, FQ’F’ at Q, Q’. 

Then in Fig. 64, 

PS =PQ, tangents to a sphere, 


PS’=PQ’, tangents to a sphere ; 
'" SP+S’P=PQ + PQ’ =QQ’ =EF =constant ; 


.'. the locus of P is an ellipse with S, S’ as foci. 





FIG. 64. FIG, 65. 


The reader should now consider the case of the hyperbola, shown 
in Fig. 65, and prove that SP ~ S'P =QQ/ —EF =constant. 
This method fails in the case of the parabola. 
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Definition. The spheres inscribed in the cone and touching the 
plane of section are called the focal spheres corresponding to the 
plane of section. 


Theorem 99. (i) The minor axis of the conic section is a mean 
proportional between the radii 7, r, of the focal spheres. 

(1) The latus rectum of the conic section, for a given conc, varies 
as the length of the perpendicular from the vertex of the cone to the 
plane of section. 





Fic. 66. 


(i) Let I, I, be the centres of the focal spheres; let C be the centre 
of the conic-section ; IA, ΠΑ are the bisectors of LVAA’, and are 
therefore at right angles. 

Also ZISA «90? =Z21,8/A ; 

<, AJSA is similar to AAS'I, ; 
SA ST, 
“Si SA 
^. SA. S/A« SI. SI, 27r, ; but SA. S’A=b* (see p. 6); 


2 = Try. 
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(1) Let VK be perpendicular to AA’ 
VK . ΑΑ΄ =2A VAA’ =r . (VA+AA‘+A’V) 
=r, 2VF =r . 2r cota 


= 267 cota; 


20?cot« b? 
= —_-—~=~—. cota 
2a a 
p? : 
But a =semi-latus rectum (see p. 6); 


.. VK varies as the semi-latus rectum. 


EXERCISE VII. 


(In this Exercise, the word ** cone " is used as meaning a right circular 
cone.) 


1. The vertical angle of a cone is 120°; prove that a section which 
makes 45° with the axis is a rectangular hvperbola. 


2. Prove that the latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and the parabola. 


3. Two parallel sections of a cone touch the same focal sphere. Prove 
that the geometric mean of the minor axes equals the diameter of the 
sphere. 


4. The major axis of a section of a cone is of constant length ; prove 
that the square of the minor axis varies as the distance of the vertex of 
the cone from the plane of section. 


5. Prove that the sphere whose diameter is the join of the centres of 
the focal spheres passes through the auxiliary circle of the section. 


6. Two elliptic sections of a cone are similar and their transverse axes 
lie in a plane; prove that the quadrilateral whose corners are the ends 
of the transverso axes is either cyclic or is a trapezium. 


7. If in Fig. 66, AN, A’N’ are the perpendiculars from A, Α΄ to VI, 
prove that AN . A'N’ =0?. 


8. If in Fig. 66, A ΑΜΑ’ is of constant area, prove that the volume of 
the portion of the given cone cut off by the plane of section is constant. 


9. PP’ is a variable diameter of a given elliptic section of a given cone, 
vertex V ; prove that VP + VP’ is constant. 


D.G.C. F 
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10. Prove that the locus of the vertices of all cones having a given 
ellipse, eccentricity 6, as section is a hyperbola of eccentricity 2» with its 


foci at the ends of the major axis of the ellipse. 


11. Prove that the tangent to a section of a cone at a point P makes 
equal angles with PS and the generator through P of the cone. 


12. Prove that the director circle of the section of a cone lies on 
the sphere through the two circles in which the focal spheres touch 
the cone. 


CHAPTER VIII 
CURVATURE OF A CONIC 


IF O is any point on the normal at P to a conic, the circle, centre O, 
radius OP, touches the conic at P and cuts it again at two points 
Q, R (real or imaginary). 

If now R is made to move along the conic, towards P, the centre 
O of the circle moves along the normal at P. 





Fte. 67. 


The limiting position of the circle when R coincides with P is called 
the circle of curvature at P and its centre is called the centre of 
curvature at P and its radius is called the radius of curvature at P. 
If PK is any chord of the circle it is called a chord of curvature. 

Since the contact at P of the conic and the circle of curvature is 
the limit of three points of intersection, the circle of curvature 
touches the conic at P and crosses it. 
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Theorem 40. If the circle of curvature at P cuts the conic again 
at Q, then the tangent PT at P and the chord PQ, make equal angles 
with the axis of the conic. 


Έτα, 68, 


By Th. ἃ (p. 24), if a circle ana a conic intersect at (say) P, P’, 
Q/, Q, the common chords PP’, QQ’ make equal angles with the axis. 

If P’ and Q’ move along the conic towards P, in the limit when they 
coincide with P, the circle becomes the circle of curvature at P and 
the common chords become the tangent PT and the chord PQ; 

.. they make equal angles with the axis. 
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Theorem 41. If CP, CD are conjugate semi-diameters of a conic, 


the chord of curvature PCH through C of the circle of curvature at 
2CD? 


CP 


P is of length 
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Take a point Q on the conic near P and draw a chord QQ’ of the 
conic parallel to CP and let it cut the tangent at P in T. 

Draw the circle which touches PT at P and passes through Q; 
Let TQ, and PC cut the circle at H', H. 

TP? CD? 

Py TQ. Τῷ CP 

But from the circle, TP? =TQ. TH’; 

ΤΩ. ΤΗ’ CD? Γη ΤΗ’ CD? 
' TQ. TQ' CP?’ :' τῷ’ CP?’ 

Now suppose Q moves along the curve towards P ; in the limiting 
position when Q coincides with P, the circle PQH' becomes the circle 
of curvature at P. 

Also, T coincides with P, the chord QQ’ of the conic becomes the 
diameter PCP’ of the conic, and H' coincides with H ; 


e πη PH CD? 
, in the limit, Bp’ = ope: 
<. the central chord of curvature 
CD? 9053 


PH = τας. 20P = 


CP2° CP ' 
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Theorem 42. If CP, CD are conjugate scmi-diametcrs of a conic 


then (i) the radius of curvature at P is equal to (ii) the 


CDi 
CA. CB’ 





focal chord of curvature at P is equal to x : 





Fig. 70. 


Let the normal at P cut CD at F and the circle at O ; let PC, PS 
cut the circle at H, K. 
(i) The normal at P is perpendicular to CD ; 


" LPFC 90". 


2CD? 
By Th. 41. PH Gp. T 


Now ZPFC=90° =2 PHO, Z in semicircle; 


'. HCFO is a cyclic quadrilateral ; 
'" PO.PF=PH.PC or PO=PH. BE. 
But ΡΕ. CD =CA . CB, Th. 24 (vi); 


. po 20D? ΟΡ 300; 3007 
a — CP ΡΕ PF CA.CB' 
CD? 


clue. 
.. the radius of curvature = PO = GA CB’ 
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(ii) Draw SY perpendicular to the tangent PT at P. 
Since PO is a diameter of the circle and PY is a tangent, APKO 


is similar to ASYP; 
3 πο aes = CD (Th. 25 Coroll.) > 
* PK __2CD* CB - 20D? n 
; CA.CB' CD CA 
Corollary. The focal chord of curvature PK is equal to the focal 
chord of the conic parallel to the tangent at P. 
For by Th. 7, Coroll. (i) and (iii), 
focal chord of conic, parallel to PT CD?. 
ο κ v DC AE T 
CD? 2CD? κ 


.. focal chord of conic, parallel to PT—GA . 2CA xxm Ga PK. 





EXERCISE VIII. a. 


(For the notation, see p. xi.) 
. Prove that the radius of curvature at A equals a(l -- οὗ). 
. What is the radius of curvature at B ? 
If a? —20*, provo that the circlo of curvature at L passes through S’. 
. Prove that the radius of curvature at P varies as PG?. 
. If e=4, prove that tho circle of curvature at A passes through Θ΄. 


6. The tangents at P and Q, meet at T; prove that the radii of 
curvature at P and Q are in the ratio TP? : TQ?. 


7. Prove that the centre of curvature at B lies on the circle SBS’. 

8. PCP’, DCD’ are conjugate diameters. If the circle of curvature 
at P touches the tangent at P^, prove that CD?—a . b. 

9. If CP, CD are conjugate semi-diameters, prove that the sum of the 
focal chords of curvature at P and D is constant. 


10. If PCP’ is a diameter of a rectangular hyperbola, prove that the 
central chord of curvature at P equals PP’. 

11. Prove that the normal chord which divides an ellipse into two 
portions, the difference of whose areas is & maximum, makes 45° with the 
axis of the ellipse. 


12. If PQ is a chord of a rectangular hyperbola, normal at P, prove 
that the diameter of curvature at P equals PQ. 


19. P is a point on an ellipse such that CP —PX; prove that S' lies 
on the circle of curvature at P. 


Qv δ WW E aa 
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Theorem 43. If P is any point on a parabola, the chord of curva- 
ture through P parallel to the axis is of length 4SP. 





FIG. 71. 


Take & point P' on the parabola near P and draw a diameter 
through it, cutting the tangent at P in T. 

Draw the circle which touches PT at P and passes through P’, and 
let it cut TP’ and the diameter of the parabola through P in H’, H. 

Draw the ordinate P'V to PH, so that P'V is parallel to TP. 

From the circle, Tea το TH. 

By construction, TP’VP is a parallelogram ; 

" TP'zPV and TP?=P’V?=4SP.PV (Th. 15); 
ο, 48P.PV=TP?=TP’. TH’=PV. TH’; 
ο, TH’=4SP. 

Now suppose P' moves along the curve towards P ; in the limiting 
position when P’ coincides with P, the circle PP’H’ becomes the circle 
of curvature at P ; also T coincides with P, and H' coincides with H ; 

'. in the limit, the chord of curvature PH through P parallel to 
the axis =4SP. 

Corollary. The focal chord of curvature through P is equal to 4SP. 

For SP and PH make equal angles with the tangent to the circle ; 
therefore the circle cuts off from PH and PS equal chords. 

Note. Th. 43, Corollary, and so Th. 43, may be deduced from 
ΤΗ, 42, Corollary, since by Th. 10 (iii) the focal chord of the parabola 
parallel to PT equals 4SP. 
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Theorem 44. ‘The radius of curvature at any point P of a parabola 
3 
is equal to — cu 
a SA! 





Let PS and the normal at P cut the circle of curvature in K and O. 
Draw SY perpendicular to the tangent at P. 





Since 4 PYS =:90° = , ΡΚΟ, Z in semicircle, 
and L YPS = 4 POK, alternate segment, 
APYS is similar to AOKP ; 
g POLC SP 
` PK SY 
But PK =4SP, Th. 43, Coroll., 
and SY?=SA.SP or SY=NSA.SP_ [Th. 9(v)]; 
ο 46 — 48gP?. 
VSA.SP ορ 
'. radius of curvature at P — PO = 
Note. PO= nals *. radius of curvature =r . 


SY ’ 
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EXERCISE VIII. b. 


(All Examples in this Exercise refer to a parabola. For the notation, 
see pp. ix, 3.) 
1. Prove that the radius of curvature at L equals twice the normal 
at L. 


2. O is the centre of curvature at P ; OH is the perpendicular from O 
to the diameter through P ; prove that PH =2SP. 


3. If the circle of curvature at L cuts the curve again at K, prove 
that LK is a diameter of the circle. 


4. If the common chord of a parabola and the circle of curvature at P 
passes through 8, prove that 4 ASP =60°. 


5. PK is the tangent from P to the circle of curvature at A; prove 
that PK =AN. 

6. If the normal at P cuts the directrix at H, prove that the radius 
of curvature at P equals 2PH. 

7. Prove that the chord of curvature at P through the vertex equals 
4SP . ΑΝ 

ΑΡ 

8. If the circle of curvature at P cuts the curve again at K, and if the 
tangent at P cuts the axis at T, prove that PK =4PT. 


9. O is the centre of curvature at P; the circle on OP as diameter cuts 
the diameter through P of the parabola in K ; prove that 2 PGK =90°. 


10. O is the centre of curvature at P ; prove that the distance of O 
from the directrix equals 3N X. 


11. Prove that the normal chord which cuts off à segment of minimum 
area from a parabola is the normal at L. 


12. PQ is the common chord of a parabola and its circle of curvature 
at P; prove that the ordinate of Q is three times that of P. 


19. O is the centre of curvature at P ; K is the mid-point of OP ; prove 
that 2 PSK =90°. 


14. With the data of No. 13, prove that OP? =OS? + 3SP?. 


APPENDIX 


THE fundamental properties of diameters may be 
established without using projective methods. The 
object of this appendix is to show how this can be 
done. The Theorems are numbered in the same way 


as in the text. 
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Theorem 20. The locus of the middle points of any system of 
parallel chords of a conic is a straight line (called a diameter) which 
meets the directrix on the line through the focus at right angles to 


the chords. , P τ 
e μα 
t O Pd 
X BN ΄ 
Κ΄ ΣΥ 
Ζ Κ᾽ 
Ω Zr 
^ Cy 
R "d N 
M 
R’ 
Fro. 73. 


Let PQ be one of the system of chords and O its mid-point. Pro- 
duce PQ to cut the directrix at R. Draw SZ perpendicular to PQ 
from the focus S and produce it to cut the directrix at K. 

‘ SP SQ. . SP?- »- SQ? SP? 
As in Th. 1, PR^QR °° PRÉ-QR? ἀπὲ PRÉ 
But SP? — SQ? —(SZ? + ZP?) - (SZ? 4- ZQ?) = ZP? - ZQ? 
—(OP + OZ)? - (OQ - OZ)? 
=40Z.OP, since QO --ΟΡ. 
And PR? —QR?=(RO --ΟΡ)2 — (RO - QO)? 
=4RO.OP, since QO=OP; 
420.0P SP? ZO SP? 
' 4RO.OP PR? ° RO ΡΗΣ 


Let P’Q’ be any other chord of the system ; let its mid-point be O' 
and let it cut SK and the directrix at Z’, R’. 





Z'O’ SP? 
Then as before, ROT PR? 
SP SP’ ES 
But PR PR” since PR is parallel to P’R’; 
ZO ΖΌ’ 


d 


'" RO RO” 
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But RR’ cuts ZZ’ at κ; .°. Ο’ lies on KO; 
.. the mid-points of all chords of the system lie on the line KO. 
Q.E.D. 


Corollary 1. In a central conic, the linc KO passes through the 
centre, since every chord through the centre is bisected at the centre. 


Corollary 2. If the diameter KO which bisects PQ cuts the curve 
at D, the tangent at D is parallel to PQ and the tangents at P, Q inter- 
sect on KO. 

The proof is identical with that used for Theorem 14 (i), (ii), p. 35. 


Theorem 21. If PCP’, DCD’ are two diameters of a central conic 
such that PCP’ bisects chords parallel to DCD’, then DCD’ hisects 
chords parallel to PCP’. 





FiG. 74. 


Let CP, CD cut the directrix at K, H. 

Since PCP’ is the locus of mid-points of chords parallel to DCD’, 
KS is perpendicular to DCD’. (Th. 20.) 

But CS is perpendicular to ΚΗ; 

.. S is the orthocentre of ACKH ; 

.. SH is perpendicular to PCP’ ; 

ον CH or DCD’ is the locus of mid-points of chords parallel to 
PCP’. (Th. 20.) 

Corollary. The tangents at P, P’ are parallel to DCD’ and the 
tangents at D, D' are parallel to PCP’. 

This follows from the definition of a tangent (see p. 12), and 
Th. 20, Coroll. 2. 
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Theorem 22. (i) If QV is the ordinate of any point Q to the 
diameter PCP’ which cuts the curve at real points P, P’ and cuts the 
tangent at Q in T, then CV. CT =CP?, 

(ii) If Qv is the ordinate of any point Q to the diameter DCD’ 
which does not cut the curve at real points and cuts the tangent at 
Q in t, then Ου. Ct=CD?. 
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(i) Let the tangent at P cut QT at O; draw PK parallel to OQ to 
cut QV at K ; join OK. 

Then POQK is a parallelogram ; .', OK bisects PQ ; 

.. OK passes through C ; 
'. by parallels, ot = oo = en 
CP CK OV 
“Ον Οτο. 

(ii) Let ΟΡ be the semi-conjugate diameter to CD; draw the 

ordinate QV to CP so that QV is equal and parallel to Ου. 


: οἱ QV 
By parallels, CT^ Vr 
Ων.ς! QV? QV? QV? CD? 


— — 


^ CV.GT OV. VT CV2—CV. CT ὂνΣ- 6ΡΣ” CP" 
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But CV.CT=CP?, " QV. Ci=CD?. 
And QV =0v, ;, Ου. Ct CD? 





FIG. 76. 


Theorem 24 (iv). If CP, CD are conjugate semi-diameters of an 
ellipse, and if PN, DR are ordinates to ACA’, then 


πο ας. 





Draw A’Q parallel to CP to cut the curve at Q ; join AQ. 
Since A’Q, QA are supplemental chords, QA is parallel to CD; 
draw the ordinate QK of Q to AA’. 
ilar triangles, ΡΝ QK ang DR_@K. 
By similar triangles, ον σα] 91d GR = AK? 
. PN.DR Οκ; _ CB? 
^ GN TCR AK KA’ CA?" (Th. 7, Corollary.) 
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Theorem 24 (v). If CP, CD are conjugate semi-diameters of an 
ellipse, and if PN, DR are ordinates to ACA’, then CN? - CR? - CA? 
and PN? + DR? 2 CB? and CP? - CD? - CA? - CB?, 





Let the tangent at P cut CB at ¢ and let P» be the ordinate to CB. 
Let PN eut DC at d and PC cut DR at p. 


PdCt is a parallelogram, .', Pd —C! ; 
" PN. PézOn.Ct-CB*. (Th. 22.) 
Similarly, DR. Dp-CB?; ', PN. Pd=DR. Dp; 
PN Dp CD CR, 


— ——— 


" DR Pd Cd~ CN? 
PN? PN CR CR? 


— ee eee, 9 


* PN. DR ΡΕ CN CN. GR? 
PN? PN.DR CB? PN 
' CR? CN. CR ^ Ga? LED. TCA? CN? 
‘ CRÉEZ CA? - ON? ; 
* CN? + CR? = CA2. 
Similarly, PN? + DR? =CB?; 


«. by addition, CP?+CD2—CN?+NP?2+CR?+RD? 
—CA?- CB? 


24 (iv)] — (Th. 7, Coroll.) ; 
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PN CB DR 
Corollary 1. CR CA" GN 
For we have just proved that 

PN? CB? PN DR_ CB? 
CR? GA” and by Th. 24 (iv) CR’ ὄν CA?” 


(This proves Theorem 24 (iii).] 


Theorem 24 (vi). If CP, CD are conjugate semi-diameters of an 


ellipse, the area of the parallelogram having CP, CD as sides is 
constant and equal to CA. CB. 





Fra. 79. 


PN and DR are the ordinates of P and D to AA’; let the normal 
at P cut CA at G and CD at F. 


The sides of APGN are respectively perpendicular to those of 
ACDR ; .. the triangles are similar. 


PG PN CB ! 
- CD CR CA [| Th. 24 (v) Coroll. just proved]; 


'. area of parallelogram PCDK -PF.CD —PF. PG. oe 


CB 
But PF .PG=CB* (see p. 55); 
_ arca of PCDK =cB?. CA - cA. CB 
CB 
Note. The above proof supplies an alternative method of proving 
that δα 


CD^CA! the proof on p. 55 assumes that the result of 


Th. 24 (vi) has been obtaincd by orthogonal projection 
D.G.C. α 


98 APPENDIX 


Theorem 24 (vii). If PCP’, DCD’ are conjugate diameters, and if 


any other pair of conjugate diameters cut the tangent at P in H, K, 
then PH. PK =CD?. 


H 





Fie 80. 


Draw D’Q parallel to CH to cut the curve at Q ; join QD. 
Then QD’, QD are supplemental chords; ;. QD is parallel to CK. 
Draw the ordinate QV to DD'. 


A CPK is similar to ^ QVD, since corresponding sides arc parallel ; 


KP DV 
PC VQ 
Similarly, ; NG = VG ; 


΄ 2 
zi : PK ΟΥ ερ (Th. 7. Coroll.); 


, PH. PK - CD*. 


Abscissa, 35. 

Adams’ property, 15. 

Asymptote, 57. 

Auxiliary circle, 7, 44. 

Axis, transverse, 1. 
conjugate, 5, 9. 


Conic, centre of, 9. 
defined, 1. 
equation of, 2, &. 
species of, 9. 
Conjugate diameters, 49, 64. 
Corresponding points, 7. 
Curvature, circle of, 83. 
radius of, 83, 86, 89. 


Diameter of central conic, 49 
of parabola, 35. 

Director circle, 46. 

Directrix, 1. 

Double ordinate, 12. 


Eccentric circle, 22. 
Eccentricity, 1, 58, 77. 


Focal spheres, 80. 
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